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�Z���������S����� �H�E�.�7���a�3�3�X�~�r�����a�W�����������y�����d�W� ��� ��¡£¢U��¤�¤H�X�H�
¥ �r¦a�3�¨§�� ¥ �H¤H�X©7©~ª«���¬¤H¦a�X�#§3�X¦ �a�a�W�
���a�X�C­�®~�a� ¯r�~¤H�X�1°�±k�X¦²¤H�Xª´³d©A�
µ �~�r±k�X� {A,B,C} ¶

· �a���X���)¸d���a�X¦ �r±~� � �������a��¹ ¶ ¹ ¶»º�¼ ¶!½ �r���¾¤H�7�1¿�� µ �3©7�3�3�7�(Àa�W¤H�y�
�¾�r©��?±��X�r�r�����h�r���3�;����3ª«ª)�X�ÂÁ²�X¦ ¤H�X� · �X�����Lª)�3� �a��§3��Ã.�3¦a�Ä�r±k� ¼ Å �a�I©7�X���a�a�X�hÆ ¶QÇE¶ ¤H�X¦ Ç �r®�ªN�ÉÈÊ�X©��
�H�Ã¬�r¦a���r���a�L¤H�W�«� ¥ ��³d©��3�3¦a�7�a��ªË®~�h�3®��a�LÌE�7�X�~� �a�ÎÍ�ÏhÐjÑ�ÑHÒ Å Í�ÏhÐhÓ�ÔÖÕH×�Ò Å Í�ÏhØ�Ù$Ú#Û~Ò ¶ÈÜ�7¦p§3�X¦aÁ²�X��� �X�CÁ5�7�W¤H�X¦a®�ªÝ�r®HÞ.¤H�7�jß µ ¦ �3� ���X¦a�3�X����®����J®��~¤C®����a�X¦d¤H�Xªàß��a���
��Áá�3¦a�
��â.¦a�rã~©��L¢ ¥c¥Iä �a¡åÍ�æCçEèLé�Ú�Û~êHÒ_�r®~� �ë�r®HÞf¤H�7�Jâ.¦a�3�a�X�7���y©��3� �a�7ã~ÆX�7�X¦a®���� Å Áá�/¤H�X¦�.���~� �r�aÆf����� ��� �a� �r�a�7�3�~¯r¦a�X¦E¢ ¥c¥Iä �p����ÆXÁ5��� � ���X�L¤H�X�ÎìE�3©�¤��a� �r�~¤��r¦ ¤C¤��r¦ �a�a�X©�©7�X� ¶

í#î�ï�îAð�î çEñ�ò�ó�ô�õyök÷¨øSõ�ó#ñ]Ø�õúù�ö�ô æJûSö�ê~üIØ�ýWþrøSõÿÓ�û�ýX÷WõyüIõ î �.��� ©7�X�aÆX�a�X¦ Å�a� �r¦a�Üª«�7�C¤H�7�W� �X¦L³d¦a±k�X�7�C§3�X¦a±~�r�~¤H�X©7�a�X¦c¿p���Xª«�X����¦a�X���J���a�L¤H�7�/�.¦a�3�H¤H�X���a���X�3¦a���
¤ � �~�rª«��� �
���X¦¾ß � � �a�Xª«� ¶�� ª Áá�X�7�a�W�a�a�X��ß��7�����Â±��W�
� �~¯]Þ$�a�7�3�/�a���
� ¤H�7�ë�.¦a�3�H¤H�X�H�
�a���X�3¦a�7�àª«�7� ¤H®�¦ � � ìE¦a® µ�µ �X�ú�H¤H�X¦ ¢E�r©7±��3¦a® µ�µ �X� ���~¤H®�ÆX�7�X¦a�a�X� ª)�W� �a±~�r¦a�X�
¿S¦ �r�~��Þ��3¦aª1�r�a�7�3���X� §3�3� ¥ ���3¦ ¯r®�ª«�X� ¶�� ª �r©7©7�3�Xª)�X�7���X���~�r©7©)�r�3�7�X¦a�/�r©��a� �X�7���· ¢E�r©7±H� ¼ ìE¦a® µ�µ � (T , ◦)

§3�3�<ª«�W� �a±~�r¦a�X�<¿S¦ �r�~��Þ$�3¦aª)�r�a�7�3���X�
T ∈ T

�r®HÞf�X�7���Xª
¥ ���3¦ �r®�ª

(Ω,B,m)
· ¤ ¶ � ¶ Ω

�X�7��� ¥ �X���3� ª«�7� �X�7���X¦
σ
��³d©7�3�X±�¦ �

B Å �X�7���Xª¥ ���
m : B → R+ ®��~¤

T 3 T : Ω → Ω
³d±�±���©�¤H®����3�X� Å �a� ¤��3� �ÊÞ�°�¦

B ∈ B : T−1(B) ∈ B Å ª«��� ◦ ��� �d¤H�7�?Ã.�X¦a�y��° µ Þ$®����J§3�3�c³U±�±��7©�¤H®����3�X�å�3�Xª«�X�7��� ¼®��~¤�¤H�7� �.¦a�3�H¤H�X���a���X�3¦a��� �a�a®~¤H�7�X¦a�Â¤H�7� �
	��X���a� � �3©�� ���X¦Â³U���a�7�3���X� ¶ ³U©�� �7��¦a�Ã(¯r�a�X¦«���3�����X�ë§3�3��
U�X®�ª)�r��� Å²Ç �7¦a�y����	`®��~¤ ½ �y� µ ª)�r�ë�3�X�~�r������Á²�X¦ ¤H�X� Å �r©���.�~� �a�X��®����Ä�aÆX�X�7�a¦ �r®�ª ¤H�7�����r�X¦��Ä�r��¦a� ¤H�W�<ÆXÁá�r��ÆX�7�Ä�a�a�X���Ä�r��¦a��®��~¤H�X¦a� � ¶�� ��¦a�®�¦ � µ ¦a°����3©���� ��� ¥ �3�a�7§r�r�a�7�3� ���a�N�7� �X�7���X¦1³d¦a±k�X�7�h§3�3� Ç �3©7�aÆXª)�r���ÂÆX®ëã~�~¤H�X���¬�X¦±k�W� � �~¯]Þ$�a�7�3�a�«�a��� �Êª«�7�(â.¦a�3±�©7�Xª)�X�/�r®~�j¤H�X¦?�a� �r�a��� �a��� � ���X� ¥ �W� �~�r���7� Å ±k�X�¬¤H�X���X��.¦aÁ �r¦a�a®����Ä�aÁ²�X¦a�a�hª«���áÆX�X�7�a©���� ���X� ¥ �7�a�a�X©7�J°�±k�X¦a�X�7�~�a�a�7ª«ª)�X� ¶
Ì � �~�rª)��� � ���áß � �a�a�Xª«�.�a���~¤ ¥ ���3¦ ¯r®�ª«� (Ω,B,m)

ÆX®~� �rª«ª«�X�(ª«�7���X�7���X¦�ª)�W� ���
±~�r¦a�X�ë¿S¦ �r�~��Þ��3¦aª1�r�a�7�3�

T : Ω → Ω ¶ ¸d���a�X¦ �a®~� ���)ª)�r�Â¤H�7�C�
	��X�y�a�L¤H�X¦«¢U�r©7±H��3¦a® µ�µ �Ê§3�3� ¿�¦ �r�~��Þ$�3¦aª)�r�a�7�3���X� (T k : Ω → Ω | k ∈ N) Å �a� ±k�X�a¦a�X�7±��Jª)�r��.¦a�3�H¤H�X���a���X�3¦a��� ¶ Ì � �~�rª)��� � ���)ß � �a�a�Xª«�«�a���~¤c¤��r���X¦j®���Á²�X���3�X¦a©7��� �I�7�Î�X�7���X�¾­�®H�� �rª)ª«�X���~�r���Ëª)�7�á¤H�X¦5�.¦a�3�H¤H�X���a���X�3¦a�7�fÆX®C�a�a�X©�©7�X� ¶ ÌE���a�y¦a�X�aÆX�X�7�a�7�3�U�a�a�y�
�~�3�a�a��� �
���â.¦a�3ÆX�W�
�a�?ª«�7�5ÈÊ�X¦a�a�X�å�7�C�X�7���Xª��X�~¤H©7��� ���X�cß � ªË±k�3©7§3�3¦a¦ �r� Σ
���3�����X�c�r®HÞ.�~�r�a°�¦��

©7��� ���f³d¦a�p®��~¤JÈÊ�X��� �Eª)�7� ¤ � �~�rª«���
� ���X�Rß � � �a�Xª«�X�C�3� �a�3ÆX�7�7�X¦a� Á²�X¦ ¤H�X� · �a�7�X���f¤H�7�
½ � µ �7�a�X© º ®��~¤��ÊÞ$°�¦«�X�7���C�3¦a°��~¤H©7��� ���R³U®HÞ��y©�¯r¦a®����/¤H�X¦C­�®~� �rª«ª«�X���~¯r���3� ¼ ¶�� �¤H�X¦Eß µ ¦ �3�
���j¤H�X¦d�a�a�H� �~�3� �a��� � ���X�åâ.¦a�3ÆX�W� �a�f±k�W� � �~¯]Þ$�a�7�3�_�a��� �L¤H�7�?�.¦a�3�H¤H�X���a���X�3¦a���
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¥)����²�²���»U©R¤	²L��¡}¸Y¥)ÊY¼Y��¥
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A �� �¡	�Í¹n��¡	¸Y� ¶ «)±fªU��µ��� L¬�¤	¡	��¡^È0 �¥·Ä� �¨ P(A) ±,¦,��¥$©R´=¬�¤ 2A  L¤	¥)�ÍÎN±Y¨)��¡	µ�Ä���¡	¸Y�´	¡=¦¿Ä� �¨ card(A) ±,¦,��¥4©R´=¬�¤ ¶ È���¡	¡Ï¦	©Y«_µ�´ÑÐY�� �¡	��¡}¹^ G«�«)ÂY��¥�«)¨�ÒR¡=¦,¡	 L«�«)��¡^¢�£	¤	¥)¨ ¶�� �¡,¢~©Y¬�¤cÄ� �¨ |A|  �¤	¥)�_Ó_©R¥�¦, �¡=©R²� �¨�ÒR¨�®,Ô� �¥9ª]��¡J´	¨)µ���¡^¦, ��r �¡c¦,��¡cÄ��� L«)¨)��¡ ³ £=¬�¤	��¥)¡£	ª	²� G¬�¤	��¡ ³ ��µ��� L¬�¤	¡D´	¡	¸Y��¡�¢H£	¥Á¹^��¡	¸Y��¡	±YÀU��¥�©R¨) �±Y¡	��¡ ¶ µY® ³ ® {A = Ω\A ¢H£	¥ A Õ �� �²2ºÄ���¡	¸Y���� �¡	��¥×Ör¥)´	¡=¦,Ä���¡	¸Y� Ω ´	¡=¦ A 4 B = (A\B)∪(B\A) ¶ ¦, ���«�ØJÄ�Ä���¨)¥) L«�¬�¤	�Ù  2Ú&��¥)��¡	µ_µ�È��� ���¥ Õ �� �²�Ä���¡	¸Y��¡ A,B �� L¡	��¥0¸Y��Ä��� �¡=«�©RÄ���¡^Ö-¥)´	¡=¦,Ä���¡	¸Y� Ω ®
Û&Ü�Ý8Ü�Þàß8áWâ�ãDáJä�å×æqçHèHé.ê.ãJá@ëÏãJé.ì8ãiéîíXé.êðï

σ ñ)ò�ó çHì8ãJô.á@ãJéÛ&Ü�Ý]ÜHÝ]Ü�õfíNöR÷.ø�â�ù	ô�ãJé�ä+Þúß]áMâ�ãJáfí.é.êTû+ãDüqí.ãJé.ýQãié�Ü Ìh¡�¦, ���«)��¥�þ$¥)ªU�� �¨�«)��  Σ �Ä�Ä���¥·�� �¡	����¡=¦,²� L¬�¤	�d¹n��¡	¸Y� ¶ ¦&®v¤+® card(Σ) < ∞ ® Ù  ���«)��¹n��¡	¸Y�dÐ@©R¡	¡! �¡n´	¡=«)�[º¥)��¥�þ`¥)ªU�� �¨�©R²L« Ç ØiÄ
ª]±Y²2ºq±,¦,��¥ ³ ´=¬�¤=«�¨�©Rª]��¡JÂY±Y¥)¥�©R¨Á L¡D¨)��¥)À	¥)��¨) ���¥)¨�È���¥�¦,��¡�´	¡=¦�È0 �¥�¦
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Σt = Σ × ...× Σ
︸ ︷︷ ︸

t−mal

= {(a1, ..., at) | ai ∈ Σ ∀i = 1, ..., t}

´	¡=¦cªU��µ��� L¬�¤	¡	��¡^¦, ���«0©R²L«0¦, ��4¹n��¡	¸Y�Í¦,��¥ t ò Þúß8áWâ�ãDá ®	Ô� �¥0«�¬�¤	¥)�� �ªU��¡�Ä��� G«)¨
a1...at := (a1, ..., at) ∈ Σt

¢�£	¥0�� �¡ t º¾Ô¿±Y¥)¨�® Ù ©R¥�©R´,¢l©R´,¢�ª=©R´	��¡=¦^«)�� ���¡
Σ+ :=

⋃

t≥1

Σt

Σ∗ :=
⋃

t≥0

Σt,

È�±Yª]�� 
Σ0 := {2}

´	¡=¦
2
©R²L« çHãDãJáWãJø
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ªU��²� ���ª	 �¸Y��¥��qÒR¡	¸Y�
©R²L« ā Ã ∈ Σ∗ Ë�®=Ôî L¥9«�¬�¤	¥)�� �ªU��¡
|ā| := t,
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|A| := sup
ā∈A

|ā|,
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σ .$/10 ��)���23�&��# 
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6"798�:<;>=@?A= |A| = t BDC3E A ⊂ Σt =GFH8JI a ∈ Σ K 8J:L8�M�N EJO�PRQ�O�SUTVPRE
at := a · · · a

︸ ︷︷ ︸

t−mal

BDC3EXW 6>8VYZ: E I W[O�E]\�^"S3_>O t K�W 6>8 S�`3E 6 ` 8 a a 8 Q�O 8JI O N�I�=
Y PREbQ&O ; O�P M�N S3O�ScPRdeTfO�P I O�EJO�ScghO�E 796 `[BVW[O 8ji Olk I�8nm dnP Ipo ` 8 S 6"N dnOqW[O�E 6 ` 8 W[O�Er 6"s>IJN O : EJPRO 8JI�6 dLdLO�SGW[O�SutvOlwGS3P I P : S3O�S xydnP I ΩΣ W[PRO r O�S3_>O 6"7R7 O�E]z :>7 _>O�S+C3Q�O�E
Σ K 6"798�:

ΩΣ := ΣN.Y PRE 8J{ EJO M�N O�S}| : S ΩΣ
6 ` M�N | : S}W[O�E r O�S3_>O~W[O�En� �������'�����'��C3Q�O�E Σ =�� PRS3O

O�PRS ; O 7 S3Oj��O	��`3O�S ; Q�O ; O�P M�N S3O�S�TVPREVdLO�P 8JI dLP I ω m ∈ ΩΣ x =GY P9E 8�M�N EJO�PRQ�O�S�W 6 S3S
ω1...ωn... := ω(0)...ω(n − 1)... ∈ ΣN,

T : Q&O�P�W[P9Oj�]dLP9SGW[P ; PRO�EJ`3S3_ ; `U�>O�PRS3O�S�ghO�EJTVPREJEJ`3S3_>O�SUBDC N EJO�S 8J:>797RI O =
�A���A�G���������-� =R��� Σ∗ �9������ �¡	¢"£�¤$ ��>¥�¦'§�¨�©�ª	«�£L�9��� ΩΣ ¬  �¨l¥5�� �¡	¢­£�¤$ J��¥<® card(ΩΣ) =
card(R) ¯>°
z�C3E ; T±O�P Y³² E I O�E ā = a1...at ∈ Σt, b̄ = b1...bs ∈ Σs 8�M�N EJO�P9Q&O�SUTVPRE

ā ≤ b̄ ⇐⇒ t ≤ s ∧ a1...at = b1...bt,

dLP IA6 SGW[O�EJO�S YZ: E I O�S�K�B 6"7R7´8 b̄ O�PRS3Oµz : E I�8 O IJ; `3S3_+| : S ā P 8�IA: W[O�E�K 6 SGW[O�E 8JN O�EJ`3d
_>O 8�6 _ I K ā O�PRS·¶hE�^­w3k·| : S b̄ =Xo S 6"7R: _}dLO�P9S3O�S¸TVP9E~dnP I ā ≤ ω B¹C3EUO�PRS YZ: E I
ā = a1...at `3SGWºO�PRS3O»��O	��`3O�S ; ω = ω1...ωn... KGW 6>8�8 ā O�PRSU¶hE�^­w3kU| : S ω P 8JI K 6"798�:
ā = ω1...ωn _>P 79I�= ��P9SGW s, t ∈ N K 8J: W 6>8�8 s ≥ t K�`3SGWcP 8JI ā ∈ Σt O�PRS YZ: E I W[O�E
\�^"S3_>O t K 8J:L8�M�N EJO�PRQ�O�S�TVPRE 6 ` M�N

Σs
ā := {b̄ ∈ Σs | ā ≤ b̄}

B¹C3E<W[PRO r O�S3_>O¼W[O�E s ½ Y¸² E I O�E�K�W[PRO¼dLP I ā 6 S[B 6 S3_>O�S�K�T : Q&O�PfB : EJd 6"7 Σs
2

:= Σs

`3SGW 6 S 6"79: _
Σ∗
ā := {b̄ ∈ Σ∗ | ā ≤ b̄}

BDC3ELW[PRO r O�S3_>O 6"7R7 O�E Y¸² E I O�E�K±W[PROUdLP I ā 6 S[B 6 S3_>O�S�K�T : Q&O�P]TVPRO	W[O�EJ`3d¾B : EJd 6"7
Σ∗

2
:= Σ∗ _>O 8 O IJ;�I]8 O�P =3� Q�O�S 8J:n8 O�PRO�S

Ωā := {ω ∈ ΩΣ | ā ≤ ω}

`3SGWUS 6"I C3E 7 P M�N TVPRO	W[O�E Ω2 := ΩΣ
=

¿ ÀDÁ&ÀR¿�ÀUÂÄÃ�Å´Æ ��Ç���È"É-����Ê����Ë����ÇÍÌ σ Î�ÏÑÐ Å Ê&��Ò�ÈÓ�'� À Y PREbBDC N EJO�SÔPRdÕz :>7 _>O�S[½
W[O�S ? O�_>EJP$Ö OpO�PRS�K�W[P9O 6"798f× z :>7 � 7R: EJOlØpW[O�E r 6"s ½f`3SGW Yc6"N E 8�M�N O�P9S 7 P M�N �>O�P I�8JIJN O : EJPRO
_>O 7RI O�S�`3SGW�PRS { E 6 � I P 8�M�N+6"7R7 O�S ? C M�N O�EJSuW 6 EJC3Q�O�E]TVP9O	W[O�EJ_>OlB¹`3SGW[O�SuT±O�E�W[O�Su� ² S[½
S3O�S�K 8J:j;>=@?A=&ÙÛÚqÜ ��Ý Á�Þ K Ùàß È ÜGá Á�Þ K ÙÛâUã�ã�ä�å Þ K Ù ��æ Æ Ý�ç Þ =�Y PRE {G6>8�8 O�S 8 PRO N P9O�EJdLP Ih6 S
`3S 8 O�EJO�Sè� { E 6>M�N E 6"N dLO�S 6 S =

Y PRE 8JI�6 E I O�S-dLP I W[O�S 8J: _>O�S 6 S3S I O�Sêé&ë 7 PRSGW[O�EJdLO�S3_>O�S�K�W[PROndLP Iji O�P 7 dLO�S3_>O�S
| : S Y¸² E I O�EJSLP9W[O�S I P$w ; PRO�E I TfO�E�W[O�Sn� ² S3S3O�SL`3SGW 8�{ ^ I O�E�O�PRS3O�_>E :>s Ovì :>7R7 O 8J{ PRO 7 O�S =
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������������������������! #"�$&%�'(%�%�'(%)'("�%�'!*�'+"�,.-/'(%101'32546%87�':9<;�'(%�=5'(%

M ⊂ ΩΣ'("�%�'?>A@CB�DFE�GIH1JLKMHNEPOQH�R�S+TL,�,�U
∃t ∈ N,∃A ⊂ Σt : M =

⋃

ā∈A

Ωā.

VW"�%#U+4L,.X(Y�'ZU
A [ "�$]\^T6;�X_Y!TL,�UWGIH�`aE�D�H1JbHNEPGPH)cdJLePEPGIKMHNEPOQHgfih�j�Elknm�J5o<HNJbEqp

\1'+$sr�tb,u"�%Q\1'+$Z-/'(%10N'!vw'w=x'("�X(YN%�'(y?;�%Q\ [ "�$zU(X(YN$]'+"Fvw'+% Z(A) ⊂ ΩΣ
S({�$|\6"}'#\6;�$iX_Y

A ⊂ Σn "�%Q\6;6=+"}'($Zy~'?r�tb,."�%Q\N'($Z-/'(%N01'+�
���������(�������+�:�+�����+�����:�������^�+���6�+���6�6�����N���������+�:�/�+���6�+���:�����M�6�+�����<�:���+���s�+�����
���+���:�������P�L�w�w�6�w ������w !�6�����+¡
¢¤£��P¥Q�P¦x���������§����¨��z7�'("}'(%

n,m ∈ N, n ≤ m
;�%Q\

A ⊂ Σn, B ⊂ Σm = [ '("©ª'+%101'(%«2546%¬ �­6$_y~'($_%Q��®3T6%�%
Z(A) = Z(B) ⇐⇒ B =

⋃

ā∈A

Σm
ā .

¯�
�°#
Q��¦1�����6�±���:�²�L³��+���w���w N�:�����w ��
�

´µ���W�:�+�:¶+�+�!�N���
FΣ := {A ∈ P(ΩΣ) | A Zylindermenge},

�+���!·N���w�:�+�¸�6�6�����+�����/�+���6�+�d�6�6�
ΩΣ

���¹���<�:�<�±·N���:�:�+�º ��L�²�6�+�W���w�w��»a���6�+���w�w ��b¼��
�:�+��½¾�����¿�L���|�����8���(�������+�:�+�����+�¬»a���6�+���À�w ��b¼F�:�+���+�����+��Á¹, 0N'<v($]Tg�+�:�b�L���N�|���+�w���+�
�6Â6�����+��½A�+���ÄÃ��+�6�:��³��L���3���+�zÅ¿�LÆ6�: ��+�6�:���6�I´µ���&¼FÇ� ��:�+�l���L ��+�z�L�l�����<�:�+�s·N�:�+�����
�����?Ã¾�+�6�:�
³��È�+�����<�±É¤�������²�����#�+�����+�?Ê

σ Ë �~Ì¤���6�+Í��w�s�+�����
��
����������������º���ÏÎQ�zÐÀU_y

Ω
'+"�%�'�©Ñ'(%101'ZR�U(4ÑY�'+" ÒIy^'("�%�7�t5U(y~'(-Ó2x46%¸*�'+"�,.-/'(%101'(%

F ⊂ P(Ω)
'("�%dÔdD�EPO�R�S+TL,�,�U

∅ ∈ F ;
ÊÕ����Ö Ë

A,B ∈ F =⇒ A \ B ∈ F ;
ÊÕ����� Ë

A,B ∈ F =⇒ A ∪B ∈ F .
ÊÕ����¨ Ë

× "�,uyA=+;1U(Ø6y�=+,u"FX_Y
Ω ∈ F ,

ÊÕ���ÏÎ ËU+4�UÚÙ�$]'wX_Y�'(% [ "�$s2546%�'("�%�'($?Û^B�OQHNÜPJbÝßÞ~"�%
Ω à �AVW"�%)7�t5U(y~'(-á2546%â*Q'("�,.-/'(%101'+%

B%�'+%�%�'(% [ "�$ σ ã Û|B�O�H1ÜIJxÝµÞ~"�%
Ω à R�S+TL,�,äU

Ω ∈ B;
ÊÕ����å Ë

A ∈ B =⇒ {A ∈ B.
ÊÕ����æ Ë

ÐÀU(y [ '("�y~'($ (An)n∈N

'("�%�'�çC4L,Ï01'�254�%�*Q'("�,u-/'(%10N'(%
An ∈ P(Ω)

RèU(4
∀n ∈ N : An ∈ B =⇒

⋃

n∈N

An ∈ B.
ÊÕ���äé Ë



ê_ë ìÀë1í3î�ï�ðQñNï�òNó+ô�õLö
÷�ø�ñ�ï�ù²ñ�÷�ú�ñ�÷¿û�÷�øMü
σ ý
þ.ÿ õ�ú�ñ���ï�ñN÷ ì��

�����
	���
����
(Ω,B) ��� ������������������� �!���"�#��$&%'����( �

Ω
�)�*�+��������$

σ ,.- � ( � � $/� B 0 �"$��132 454�687:9<;=( �������:�:�?>����@�BAC�B�:���ED�FG�
B 0 ��$�� ���H�G�G�:�I;J2�4545K<7L682M1N2)OQP�2�OR( � ,�*�G�:�:�?>

S�TLU:V�WYX:Z\[�]_^�`a`abBUM]�cadfe�bBgIbBd\h�bBUji�kLl�ZmZfk�bBdfn&U [\bBdmZYWmXLcab5kpoB]�cqZmWYXLbBUMbBcqULbBdfr&`as�bBeLdml
TLU:kMbBcaULbBd

σ t r&`as�bBeLdmlusGlvd�ULcqWmX�[fZ\^!h�^�gIwL`acqoBcabBd\[xcqZ\[Bi�]�cab&k�cqbzyzb�{:ULca[\ca^�UMoBTLU:V�WmX:Z\[
| bBd\g!TL[\bBU�`qV�ZmZm[B}

~z�*�z�:�j�<���Q���)}��L������������( �B���������������B����>"� � ��>a� � ��>q���)�*�u��>��C���"�*�!�G�B�)��D��v�a���:���B�
� �B������(����������)������������>�� � ��>��M�)�*�p��>"� > �!��$H¡ �:����$Y�������.�m�M� 0 �q���������J��������$ - � ( � � $/��)�*����������$

σ ,�- �¢( � � $����q���j�v�£��F�(���$/� � �¤�G�.�C¥:�B$m�B���)��$"���)� (u� ��$§¦�F�$�� ��$�����(�� ��$_¨Q�v( � ,�)©G$��ª(¬«v�����§D�F��H�B�*���ª�����L���­¥:��$\���"�*��(��)� ( �B�H�����z�����¤¨Q�¬(����)©�$���(v«v�����xD�F���� � �5�¬� � � ��$\���¥:��$\�����:�ª(�����( ���*>
~z��®��*¯"° �zyzl�Z�±�^�`as�[�gIcq[�²&ca`@±.b³k�bBdz´z`abBcqWYX TLULs

A \B = A ∩ {B = {({A ∪B).

�

µ¶cad�Z\[\bB`a`abBU�U�TLU�sGlvULo·^v¸IoBcabB`a`¹±.b5Z\[Bº

»¤��¼ ½*¼ °8¯q¾j¯�¼Q�¿�)}�ÀL�&�u�¬�uÁ#Â�������AÃ� ��$u¨QÂ¬�����*� �B$�AI��� (����
FΣ

�q���¤�B�"��� - � (�� � $��H���
ΩΣ

>
y³l�Z�c"Z\[�lv`a`as�bBgIbBcqUMe#bBh¬lvULU�[uÄ�Z\cqbBXLb·o�}ÆÅz}QÇ�Èp6¬7:ÉjÊ Ë?iaÇ�ÌjÍ Î�Ï�Ð�Ë�Ñm}#Å�bB]�bBcqZ\b�kLl¬±.ÒLd�]�bBd tk�bBUIcqgÓr¤`a`qs�bBgIbBcaULbBU!ULcqWmX�[_bBcaULgÔlv`LgÔbBXLdxlvULs�bBs�bBe�bBUji)Z\^�lvT:WmXÔULcqWmX�[_caU�Ç�È�687:É�Ê�Ë?}
yzb5Z\X:lv`ae+XLcqbBd�k�bBUÕlvU�TLU:Z\bBd\b!Ö�wLdml�WYXLbulvULs�bBw:l�ZmZ\[\bBU
~z��®��*¯"° �z×¤cagÔgu[<gÔlvUIk�cab�`abBbBd\b�ØÕbBULs�b¤lv`qZ§k�b�{:ULcabBd\bBU:k�b³´zd\TLU:k�gIbBULs�b�i Z\^z±.^�`as�[
∅ ∈ FΣ

}�µ�bBca[\bBdEZ\bBcqbBU
A ∈ Σs eLoB]E}

B ∈ Σt k�cabuk�b�{:ULcabBd\bBU:k�bBUR´³d\TLU:k�gIbBULs�bBU
oB]�bBcabBd<S�Ù)`acaU:k�bBd\gIbBULs�bBU

M
eLoB]E}

N
}vÖ�bBc

u = max{s, t}
}�y³lvULU·`"l�ZmZ\bBU·Z\cqWYX

A
TLU:k

B
lv`qZEÚ�bBcq`agIbBULs�bBU | ^�U Σu lvT�Ûjl�ZmZ\bBU­Ä.bBdmZmbB[\oBb

A,B
k�TLdmWmX

∪ā∈AΣu
ā ,∪ā∈BΣu

ā

Ñm}
ÜÝUMk�cab5ZmbBgÞÖ�caULULb&ZmcaU:kÔkLlvULU

A∪B
eLoB]E}

A \B
k�b�{:ULcqbBd\bBU:k�bE´zd\TLU:k�gÔbBULs�bBU | ^�U

M ∪ N
eLoB]E}

M \ N
i¹k¹}¢Xj}jlvT:WYXßk�cqb5Z\b!ZmcaU:kßS�Ù)`acaU:k�bBd\gÔbBULs�bBUj}¹S�TLs�TL[\bBd\`abB[\oB[EcqZm[

{2}
k�b�{:ULcabBd\bBU:k�b!´zd\TLU:k�gIbBULs�b | ^�U ΩΣ

ZmbB`ae:Z\[B}
�

ÜÝUpk�bBd¤Ö�[\^�WmX:l�Z\[\cqhÔZ\caU:k·à�b5k�^�WmXp±�l�Z\[�lvT:ZmZmWmXL`qcabBá�`acqWYX
σ t r¤`as�bBeLd\bBU�s�b�±.dmlvs�[BâLZ\cab&ZmcaU:k

U:VvgI`qcqWmX³s�bBdml�k�b_k�cabxØÕbBULs�bBU:Z\Ù�Z\[\bBgIb�i5k�cabãbBcaULb§h�^�U:ZmcqZ\[\bBU [\b�r�ä�ca^�gÔlv[\cah�k�bBdQµ'lvXLd tZmWYXLbBcaUL`acqWYXLh�bBca[mZ\[\XLbB^�d\cabEe#b5k�cabBULbBUj}*yzbBdz×&lvgIbEåÝØHb5ZmZmdmlvTLgCæ&±.ÒLd�bBcaUÕÚ�TLw#bB`
(Ω,B)k�bBTL[\bB[�lvUjiLkLl�ZmZfk�cabzk�TLdmWYX+k�cab

σ t r&`as�bBeLdml�±�b5Z\[\s�bB`qbBs�[\bBUpØÕbBULs�bBU+k�TLdmWmX�UL^)WYX�s�b tbBcas�ULbB[!oBTçk�b�{:ULcabBd\bBU:k�b+ØÕlváv±.TLULh�[\cq^�ULbBU'å�s�bBgIb5ZYZ\bBU�æI]_bBdmk�bBUèh�é�ULULbBUj}_ê¤±.[\gÔlv`qZ
à\b5k�^)WYXjij]�cab!o�}ÆÅ&}¹XLcabBdBijZ\cqU:kÕk�cabCZ\c"WmXßlvT�±.k�dmVvULs�bBU:k�bBUJØÕbBULs�bBU:Z\Ù�Z\[\bBgIb�h�bBcaULb

σ tr&`as�bBeLd\bBUj}:yzcab³±.^�`as�bBU:k�b·yzb�{:ULca[\ca^�U�XLca`@±.[BiLk�cab5Z\bBgëyzca`abBgIgMl·oBT�bBU�[\h�^�gIgIbBUj}

ì!�:íL¯"�Q¯q¾j¯�¼Q�î�)}£ï��Ô�u�ð� ��$'����$����G�B�����:�����Õ��������$òñ � ������� � �ª( ����ó
¦Q��A��q�ª���çD�F��
σ ,

- �¢( � � $\��� 0 ���\� ��$�������� σ ,.- � ( � � $/�C��$.(�� � �<���*�u�����xô�F����B���BAI��� (��
P(Ω)

��������$x%'�B� ,( �
Ω

�5��� � ���Ô���������J�������
σ ,.- � (�� � $��ò�a��� � �q���M� ��$��BFv� (����*� �Õõz�?(�$�� ö÷�����:�:D�F��"�@>zøY���

F ∈ P(Ω)
���"� � ���ª��� � �ª( ����Á#Â�������AëD�FG�­	*���"��AI��� (���� � �BFC�5���
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σ(F) =
⋂

F⊂B,Bσ !#"�$ %'&)(+*-,
B .+/�02143

57698;:=<7>
F ?A@CB ?4DFE�GH? σ IKJ�LME�?ANO@QPSR
T 6U8KV;6WV�XZYO6Z[]\�6Z>�>�8^5A8`_bac>�d=egfAVc6U<7>h:=<7>ji�8�6Me#k

[l8�>Am48�>�VcnQV�Xo8�[l8�>�Yp57698qd=e�8`6M>�V�Xo8
σ
kUrse m48Ht�_)uCY�57698

F
8�>�XZv�wxe#X R

y^z|{~}W�������x���`����zx�����'�����`}W���W}M�����7�`}W���������`�7��}-��zx���;���`���7�7�j�`}W���`���������'��z7����}-���'���`�
� ���`�W�-�;�`���`�`���7���`�|���7�����`�������`�����`}W�
�`�h{��7�-�W�`�������`����z7�'�A���`�|{~}W�~�l�`}-���

BΣ := σ(FΣ),��}W�~�7�7�¡ 4¢������`�£���`��¤�¢4�W}-�����`���l�`���7�`���`���`�`���7���
σ ¥o¦ �-�7�`����z 0  4���x���`�§�`}W���7���U¨��������©ªzx«x�Z��������}W�7���`�h�
�`�`}W�`���`�¬��}-�'�¬��zx����zx���­���`��©��H�'����zx���

(ΩΣ = ΣN,BΣ = σ(FΣ)).
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Σ∗ zx�7}W�`��� 0 y;}W�H���`�±É­�`�����7����zx���Ù�
�`�`�`}-�������`��{~}W�~�l}W�
lΣ∞ 0 �Æ}W�~���`���`�`��zx�M���

lΣ∞ := {g : Σ∗ → R | sup
ā∈Σ∗

g(ā) <∞} ⊂ RΣ∗

���������`�l�`���7�`������z7���p{~}W�
lΣ∞

{��`�7�`�
card(Σ∗) = card(N)

�l}W�p���`�ÚÉ­�`�����7����zx���
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lΣ∞
�
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h
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lΣ∞
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Ì­}-���Uz7�'�����`}W�s��zx�-���`�;zx�����Ê�l}W�
l∞

���9zx�W�-�Î��}-�Ñ��zx���­���H� ¦ �W����zx�
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σ : l∞ −→ l∞,57698Õ57f4_)ðcv|57698ªñ�<7_'V�ðcv4_c6 òcX
(σg)(c̄) :=

∑

a∈Σ

g(c̄a)
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t ∈ N v �
� c̄ ∈ Σ∗ ( u wyx �^z�!
(σtg)(c̄) =

∑

ā∈Σt

g(c̄ā).
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g ∈ l∞
¼��&!

σg = g ¾ �&z����*�­� �6��� �
¿ ��!�� �µ½@�"±@! w �µ� ¶ v ¼ lσ
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σ(αg + βh) = ασg + βσh = αg + βh.
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×�E*ULHZ]óòÇE»SAE*HXDFJb�LYZG4E*[LHZ]^ELp
�y|� 4j&lmj^k�j6gmlÃnCp�©.n4sftMu !

F
� �6�VÐQ�6� x ( u w ��� ����� �F#%�6�O� �6���Å® v �A±@!�� w �
P : F −→ R ∪ {−∞,∞}
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P (∅) = 0, ;=<�>@?6A�B
C���DE4�F&G+H6�IDJ�LK
M87 N&� (An)n∈N O 5J5PGRQS�6�@9��TDP�U9$H�C&��V-WX��GZYT���JNJ�6�[5PCJ9 F 2+9�M\D�5]9^9
∪nAn ∈ F

P (
⋃

n∈N

An) =
∑

n∈N

P (An), ;=<�>@?P?]B
����96_^�R9�MP��DJ��G`�T�Ia8�U9bWc�c��G`�TDJ��GEde��fg�R9h5PCR4iDJ��GhGj�Ikbl&WX���nm�����WX�6oqpbfrK3587�7�� P (F) ⊂
R+ ∪ {∞} ���6�������sQe��G P �6�$�t)u%],�.v/�1w5PC^4 F oxpbfyK
587$7@� P (F) ⊂ R _^z6Q{o
P (F) ⊂ R+ �����������|Qe��G P �6�$�}#&!"~"���$�8�"#J�P������ �!"�$#&%('�#&�g)u%],�.v/�1�_Iz6Q{oi#�!
~
�
���$�8�"#J�g)u%],�.0/�1�o�p^9bW F �6�$��� σ ��� 7�NJ��_�Gj5]2�9�M*�6GI9���WUz(���iQe��Gx���LDJ�6�iMJ_6��NJ�6�EK��87�7��6�H���QS���$7:9���Gj�Pf�5`��DPC�G�k�l���/�1�o����$��Y�5`� P f���W{DJ��G�����NJ����96kbl�5j4�W P (Ω) = 1 Qe�$GjD� /��
%]���8�
#&��!"���$�8�
��#J�$'��(.0/�1�NJ�6��5P����W=o���9 46M87 N�W¡7��6��kbl�W�2uDJ5]9^9L�����w¢£5]l&G^9�kbl��6�$� �7���k�l�V8����W�9bf�5`�¤�����¥����D�7��¦kbl��b9gY�5I�§�U9bW=o������©¨�Gb� O �b7 (Ω,B, P ) _I�b9bWX�Rl��6��D05�C�9L��� ����6fªYT�R9^9�G�5�C&f (Ω,B) C&��Dh��������fªY�5I�«_^z6Q{o���������f¬¢£5]l&G^9�kbl��6�$��7��¦kbl�V8����W�9bf�5`�
P Qe�$GjD­��/�1�%]/�®". _^z6Q{o � /��"%-���8�"#J�¦!
���$�8�"��#J�$'���%]/�®".¯NJ����5P����W=o
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g ∈ lσ µ A ⊂ Σt ¶6· ³ ¶�¸L¶ ³�¹ ¶�ºP» ³�¼¥½P¾`² ¶ ¾`³g´�³�¿ Z(A) ⊂ FΣ
¿ ·@¶ ¿�ÀP¿�´�¾IÁ^Â

· ³�¿�´�Ã ·U¶ ¾`² ¶ÅÄ�Æ&Ç@· ³�¿ ¶ ¾`È ¶ ³�¹ ¶ µ ± » ¿ ¶�É ³ ·@¶ ¾ ¶ ³|Ê · ¾
g(Z(A)) := g(A) :=

∑

ā∈A

g(ā)

´�³�¿ ¶ ¾`Â�À Ç ² ¶ ³�¿�À8È · ² ¶6· ³ ¶ ¾ ¶6¶6Ç@Ç Ê ¶ ¾`² · ¹ ¶�Ë ´�³�Ì&² ·@» ³�À8´�Í FΣ µ ¿ ¶ ³�³ ¶ ±"¹ ·@Ç ²"¿ ¶ ¾
Í »PÇ ¹ ¶ ³�Î¿ ¶£Ï À8²`Ã µ ¿ ¶ ¾ ¶6· ³�±IÁ^Â Ç@·@¶6ÐPÇ@· ÁIÂ�´�³J² ¶ ¾I±`²`Ñ�²`Ã ¶ ³�¿ ¶ ¾ Ò ¶ ÈgÈ�À8²IÀ�Í�Ñ�¾ ¸ À ÐPºP¶ Ì�² » ¾ ¶ ³ g Ó ¶ ÎÌ8À8³�³J² · ±`² ; ± ·@¶ Â ¶ Ê ·@¶ ¿ ¶ ¾`´�È­Ô�Õ %]/�Ö�×PØ BI> ¼ · ¾
Ù�ÀP±^± ¶ ³ · Â�³+Â ·@¶ ¾�´�³�± ¶ ¾ ¶ È Ï Ù�¾IÀPÁIÂ�¾IÀ8Â�ÎÈ ¶ ³�À8³�´�³�¿ ºP¶ ¾IÀ Ç@Ç ¹ ¶ È ¶6· ³ ¶ ¾`³ · Â�³�À8´�Í ¶ ³�¿ Ç@· ÁIÂ ¶ µ ± · ¹P³ ·@¶ ¾`² ¶ÛÚ ¾IÜ8È�À ÐP¶ >�Ý ÀÅ¿ ·@¶ÛÞ�¶ ÎÊ ¶6· ± ¶ Í�Ñ�¾�¿ ·U¶ ±IÙ ¶ Ã ·@¶6ÇUÇ ¿ ·@¶+Ä�Æ�Ç@· ³�¿ ¶ ¾`È ¶ ³�¹ ¶ ³ Ó ¶ ²`¾ ¶�ß�¶ ³�¿ ¶ ³hàÛ´�±I±^À8¹ ¶ ³ · ³ Þ Ñ�Á^Â ¶ ¾`³³ · Á^ÂJ²�Ã6´ É ³�¿ ¶ ³i± · ³�¿ µ ¶ ³J²áÊ · ÁIÌ ¶6Ç ³LÊ · ¾�± ·@¶ À8³L¿ ·U¶ ± ¶ ¾ Ï ² ¶6Ç@Ç@¶ À8´�±jÍ¦Ñ�Â�¾ Ç@· Á^Â >
â�ã�ä�å <�>@?�æ�ç¡è �¦��96M(��_I���¥DJ��éS���¦��GbWX��K�C���V-Wc�¦MP� g 5PCR4 FΣ

�U9bWxQ{M]lJ7�DJ��éS���¦��GbW�2 DJo�l�o
9��¦�g�@9�W�C&��5&_Rl��P�JN���Niê(MP�ëDJ��G � CJ9bQ{5]lJ7S��������GgD&��éS���c��G`����DJ���¥ì�GbC&��D�f��6�JNJ�6o è 5PG �F�_I��G^l&����5PCJ9Å�@9�W g �����í����D�7��¦kbl��b9^2e9b��NP���c��GbWX�R9q��Gj�Pf�5`�\5PCR4 FΣ

o
îxï�ðEï�ñ$ò ç Ï&¶6·@¶ ³ m,n ∈ N,m ≥ n

´�³�¿
A ⊂ Σn, B ⊂ Σm Ã6Ê ¶6·�¸L¶ ³�¹ ¶ ³ ºP» ³¼¥½P¾`² ¶ ¾`³ µ ± » ¿�ÀP±I± Z(A) = Z(B) · ³ FΣ >�ó ÀPÁIÂ Ú ¾ » Ù » ± · ² ·@» ³ <�>:æ ¹ ·@Ç ²�¿�À8³�³

B =
⋃

ā∈A

Σm
ā ,

B · ±`²ÅÀ Ç ± » ¹ ¶ ¾IÀP¿ ¶ ¿ ·@¶�¸h¶ ³�¹ ¶ À Ç@ÇU¶ ¾ m Î=¼ » ¾`²jÎ Ë�» ¾`²I± ¶ ²`Ã6´�³�¹ ¶ ³ ºP» ³v¼¥½P¾`² ¶ ¾`³tÀ8´�±
A > ¸L· ² Ú ¾ » Ù » ± · ² ·@» ³ <�>:ô Í »PÇ ¹P²

g(A) =
∑

ā∈A

g(ā)
σg=g
=

∑

ā∈A

(σm−ng)(ā)

P.2.9
=
∑

ā∈A

∑

c̄∈Σm−n

g(āc̄) =
∑

ā∈A

g(Σm
ā )

= g(
⋃

ā∈A

Σm
ā ) = g(B),

´�³�¿í¿�À8È · ²x¿ ·@¶ ¼ » Â Ç ¿ ¶�É ³ ·@¶ ¾`²`Â ¶6· ² ºP» ³ g >�Ý ·@¶£õ ³�¿ Ç@· Á^Â�Ì ¶6· ² ºP» ³ g · ±`²qÌ Ç À8¾Û³�ÀPÁIÂ
Ý ¶�É ³ · ² ·@» ³ > ¼ ¶6· ² ¶ ¾ · ±`² g(∅) = 0 µ ¿�À g(∅) ¶6· ³ ¶�ÇU¶6¶ ¾ ¶qÏ ´�ÈgÈ ¶�· ±`² > ¼ · ¾ Ó ¶ ²`¾IÀPÁ^ÂJ² ¶ ³
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(Fn)n∈N

>;@BA�>DCFE+GIHJ>LKMENAPORQSGT@BA�UJ> VXW'>;AJH�>;A
Fn ∈ FΣ

WY@BZ
Fn+1 ⊂ Fn [;\ V^]NG_G�>

n ` A�U ∩n∈NFn = ∅ aFb ]NA
AcHN@ed Zf>XgY> @_A
N0 ∈ N h g;EiUj]Sg�g

∀n ≥ N0 : Fn = ∅.k30.lc0�m_nJ<po #�! q�!5r�(Sset�uv(+�
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��r.! u^� �N���N���N� #�!�� ����# � sB! � ! � � &'&'! � 8�� #�u � ! � ! ��! #���! �L! � ! &'! ��*,(+u�! �� ! �"! #_� 8
� #�uf��! q�&'! ��r�(N�5��! � ! �J*�! # � (+����( � � � ! #���!�� �N��� !p� � ����#�w,q�* � ! ! u�! � ��¡ � #��
r.! u�&'! �.¢� ! � Fn &'#�* � ! ! u�! & o w,q���#�*�*����
r Fn+1 ⊂ Fn

set�u5( ��� ! n 8
� #�u£� � �
��*�u���#�! u�! �D�����
! #���!Y� �N��� !�� � � �¥¤ u�*�! u�� ān ��� � r�(N�,�1¦�! �"! # � � ān ≤ ān+1

� tn := |ān| → ∞ ���
r
�,w�q � #�! § � #_w,q Σ∗

ān
⊂ Fn

8�o ! *�� *¨&)(+� ωk := (ān)k
set�u ln ≥ k

� r�(N�©#_��*1� � q � r.!;ª
��#�! u�*
�¨! � ! � (ān)k = (ām)k

set�u m > n
� �
� � ! u�q �+� *£&�(+�

ω ∈
⋂

n∈N

Σ∗
ān

⊂
⋂

n∈N

Fn,

���
r�r�(+&)#�*f! #���! � � #_r.! u,� � u��
w,q 8
� #�u%� � �
��*�u���#�! u�! �«�J���'r.#�!¬�,!v� �N��� !¨� � � �¥¤ u�*�! u��«u�! ����u,��#�� 8S� #�u%���
w�q�! �«! #���!£� �N� ¢� !£� � �)r.!;ª
��#�! u�! �
r.! �i�3u����
r.&'! � � ! �'� � � �¥¤ u�*�! u�� (An)n∈N

sBt�u1r.#�! Fn �j� � r�(N�,�
set�u tn := |An|

¦�! �"! # � � tn < tn+1
� # � * �
r�()r.#�! tn � ! � #�! � # �«� u � § � ! � � q � *��¨! u,r.! �

� ¤ ����! � 8%� ! � ! � Fn+1 ⊂ Fn
��#��
r�r.#�! �­¤ u�*�! uY(+�
� An+1

r�(+����� � u�*,�,! *�� ��� � ! �
r.! u �¥¤ u�*�! u®(+�
� An 8�� #�u � ! *�u,(Nw,qJ*�! � �J���Dr.#�!���������*�# � �

f : Σ∗ −→ N ∪ {−∞,∞}
ā 7→ sup{n ∈ N | ∃b̄ ∈ An : ā ≤ b̄},

r.#�!p! #���! & �L� u�* ā r.! ���¯�
r.!;° f(ā) ∈ N � � � u,r.��! * ��� � r�(N���£#�� Af(ā)
r.#�! ��� � � ��*±¢

& ¤N�N� #�w,q�!N�|#���! #���! &²r.! u An ! �J*�q
( � *�! ��!c� � u�*,��! *�� ��� � � � � ā � ��ª
�
r.! ��#_��* 8 �³&
�
( ��� ! f(ā) = ∞

� # � *3!¬��#��'¦�!¬r.! & An
&'#�* tn ≥ |ā| ! #�� �L� u�* �Fr�(N� ā s � u�*,��! *�� *� ���
r f(ā) = −∞ *�u�#µ´?*5(+�.s¨r.! �¶�
( ��� � ����r�(N���5#����N! #���! &·r.! u An ! #���!�¸1! u ��� �.¢� ! u���� � ���
r¹r�(+&)#�*v(+�
w�q ā ��! ��� ��*f��#�w,q�*£� �cª
�
r.! ��#���* �,8�� #�uf�,! *�� ! �¹�J���¹set�u£( ��� !

n ∈ N

A∞
n := {ā ∈ An | f(ā) = ∞}���
r��,*�! ��� ! �3sB!¬�,* �;r�(N���Fr.#�! A∞
n

sBt�uF( ��� ! n ��#�w�qJ*±¢ � ! ! u|��#��
r?� r�(®r.#�!1º5���
(+q�&'! f(ā) ≤
Kn

sBt�up( ��� ! � ! �
r � #�w�qD��#�! � ! � �v�­¤ u�*�! u�! #���! u�»�! � � ! An � �¶! #���! & � #�r.! u,� � u��
w�q
set�q�u�* �%r�(¶r.#�!���#�w,q�*±¢ � ! ! u�!¹»�! � � ! An+Kn+1

(+�
�,��w,q � #�! § � #�w,q¼� � u�*,��! *�� ��� � ! �½� � ��¥¤ u�*�! u���(+�
� An ! ��*�q �+� * 8
� #�u®��*�! ��� ! �c�¨! #�*�! ufsB!¬�,* �
r�(N�,�
∀n ∈ N ∀ā ∈ A∞

n ∃b̄ ∈ A∞
n+1 : ā ≤ b̄,

��6�8�9¬6��
r.! ���ir.#�!�º5���
(+q�&'!N�j!¬� �j�+� !®! #�� n ∈ N ���
r'! #�� ā = a1...atn ∈ A∞

n
�J� � r�(N�,�1set�u

( ��� ! b̄ ∈ An+1
&'#�* ā ≤ b̄ - f(b̄) ≤ ∞ ! u � u�#�� � * � !¬� � # � *v�J��uf! �
r � #�w�q���#�! � !3� �N� w�q�! u

b̄ ¾ � � �£#�!¬r.! u���&¿! #�� K0 ∈ N �
� � r�(N���fsBt�u®( ��� !pr.#�!¬��! b̄ � # � * ��r�(N�,� f(b̄) ≤ K0
8�� #�!¬�

set�q�u�*"(+�.s?! #���! � � #_r.! u,� � u��
w,q��Jr.! ���)�"! � ! � f(ā) = ∞ ª
�
r.! *©&)(+��! #�� K1 > K0���
r�! #���!�� � u�*,��! *�� ��� � b̄ = b1...btn ...btn+1 ...btK0
...btK1

∈ AK1

� � � ā 8J� (+���)( � ! u
b1...btn+1 ∈ An+1

�"! � ! � FK1 ⊂ Fn+1
��! #�� � #�r.! u,� � u��
w,q�À
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ā0

Ú�à ñ�ô'à Úöõ£Û�ã¹à Û�ÚP÷�à ê�Û�à ÷�Û�æNà¬ÝiìLâNã�Þ�î+Ù
Ý
A∞
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ò®øùÝ�Þ
ān

ß�î+Ú�ÚúäNâNÚ
Ý�Þ�ã�Ù�Û�à ã�Þ û�Ý�â
õvü+ñ�ê�à Ú�õ£Û�ã�çeó�ã

ān+1
æNà ô)ü+ý¶þ1Û�æNà Ú
Ý,ð�ñ
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Ý

A∞
n+1

û%ß�îNÝ
ānçeâNã�Þ,Ý�à Þ�� Þ ò
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��������ò������������
P : F → R �����
�! #"���$ � ��%&�(')"+*,�-�.�
�-/102���43 F /5� �#6 ���879�:34�-�<;�-=�> '?* � ��� P (∅) = 0 "@� 6 P (∪ni=1Fi) =

∑n
i=1 P (Fi) *�A�BC��� 6ED � =�>GF �H� D �2I@'&'&B+J!��� � �6 � �.K "@�E$ � � Fi ∈ F L � % � ��� 6M6 �N�8OP�-� 6 �-�5*�% D 34��� 6 ���RQ�" �+� '�3����TS&U-"@� F ' D ��� ��Vÿïî@�

P � ��� �-�.�T��� 6ED � =�> � � L � �W3)�<�N��B � � ��X BYS&/5'PZ\[ÿe÷]�  !A@B K � 6 �^ #% D 34� (Fn)n∈N

F %)�R_`���43����T')" � F /C� � Fn+1 ⊂ Fn *�A�Ba' D�D �
n "�� 6 ∩nFn = ∅ 3)� DW�

lim
n→∞

P (Fn) = 0.

b�
Ecd
fe.g4��h5à ãji¨à õ¨à Û�Ý©ëNà ã�ê_ü+Ù.çBÞ©î+Ú
î+ê�âNæk� Ù)ß.à ô ëNâNÚMl�î+Þ��^m�òn�pî+Ù
Ý2oqp5r<s\tfu�v�û@l�ò����
w òfh3âNã�Þ�õ£Û�ã,ß�ß.Û�àax�Ù
Ý�Ý,î+æNàzy�à¬ß.â�ð�ñ�ÚJÙ�ã�çBó�ã�à Ú
ß.ê�Û�ð,ñ�àC{1ã,ü+ô)î+ýNà

P
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Ý,Ý�à Þ�� Ù�Ú�æNà Ú ëNâNÚ���à ô)ô)î���ò����
Ý�Û�Ú
ß«çBó�ã

g
Ú
îNð�ñGh5à��
Ú�Û�Þ�Û�âNÚ'Þ�ã�Û�ë�Û�î+ê�à ã�õ¨à Û�Ý�à£à ã±çeó�ê�ê�Þ òJþ1Û�æNà Ú
Ý,ð,ñ
îSçeÞ

(b)
õ£Û�à¬ß.à ã�Ù�ô Û_Ý�Þ
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¬�Û�Ú�æNà Úk� Ù5ª î+ýNà Ú«î+Ù.ç
ß.à Ú�ëNâNÚDß.à Ú�¬®Û�Ú�æNà Ú¹à ã�� à Ù�æNÞ�à Ú

σ
«­x�ê�æNà ÷�ã�à Ú�ò�þ1ã�æNà ÷�Ú�Û�Ý5ß.Û�à¬Ý�à ã9®5ÚJÞ�à ã,Ý�Ù
ð�ñJÙ�Ú�æNà Ú

Ý�Û�Ú
ßiß.Û�à�çBâNê�æNà Ú
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��/·0����43 F D S �����\� � =�>
')"+*z/C��� 6 � ��� ��� � �����
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��/º_T'PZ P̃ ')"+* 6 �H� F %)� F ��B�¹���"´3 � � σ ;�Q D 34��O�B?'
σ(F) *-%)B ��� � � ¹¥���f[
b�
Ecd
fe.g4�~l�Û�à ñ�à�oqp5r<s»t
uEv�û
l�ò
�)m�û
��ò��+ò

�

è%ó�ãYà Ú
ß.ê�Û�ð,ñ�àd{1ã,ü+ô)î+ýNà¹î+Ù.ç�x5ê�æNà ÷�ã�à Ú�à ã�ñ
ü+ê�Þ�ô�î+Ú�âN÷�à Ú
ß.ã�à Û�Ú�à Û�Ú�àiþ©Û�Ú
ß.à Ù�Þ�Û�æ´«
äNà Û�Þ,Ý�î+Ù
Ý,Ý,î+æNàNò
¯ �E°�±²��ò���¼cÿïþ©Û�Ú
ß.à Ù�Þ�Û�æNäNà Û�Þ,Ý,Ý�î+Þ��´�+�,µ � 6 � � ��� 6�D � =�> � X BYS)/¶'�Z P ')"+*a���.����BzQ D 34��O-BY'
F $½')�f��')"+*z34�-�f')"������
�G¸5��� � �2¹�"R���.����/·_T'�Z P̃ ')"+* σ(F) *-%)B � 34� � � � ¹ � J!��B 6 ���
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Ecd
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ß�îNÝ,Ýfà Ú
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æNà ÷�ã�à Ú�Û�ô'ô'à ãfî+Ù
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σ
«�à Ú
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�
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F

à Û�Ú(ªDà Ú�æNà Ú
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Ý,Ý,î+æNà Úcó�÷�à ãfþ©Û�æNà Ú
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ß¹ß�î+ã,î+Ù.ç%ß.à��
Ú�Û�à ã�Þ�à ã
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È�ÐfÐ
Ñ<Ò�ÓzÍ(Ò
Ô�Õ×ÖÙØ@ÐfÑ�ÚWÛ�ÓzË�Æ�Æ+Í Ä�Ü
Ý²Þ´ßRàPá�âPãRÞ´äEå�æEç-ßGåHè)é�ê)ç-ß<æEç-ß�ë@Þ´ì�íaî�ç-ï�äEå�ç-ß�ð
ñfòEó�ôöõ ð�÷�ø¢ùNú�û�û�ï�è�üEá�Ý²Þ´ì�á�è)ß<àPàPÞ´ì�í´ý+þaÿ���� F ���������
	 ����
���������� P ������������	�������� �! �#"$�%�'& σ(F) (*) �+�,�-�#./�0��12�2����1435�768�9����: A ∈ σ(F) �����;�7<*=/	>��� (Cn)n∈N

��� F ?�5=@�%�/�'�
lim
n→∞

P (A 4 Cn) = 0. ù õ ð�÷8A�ý
B7C�DEC�F�G þ~ë�á�ç-ã�çIH>JLK,MON;P�QSR
ë
ð õ+T R;U@ðWV�ð

�

ú�é�é�æEá�ç�àkã<Þ´ìaå�X�ïaä�ß<à�ç-ï�ç@Y ç-ê)ï�á[Z]ç]\2è)ß<à�ç8^4ä�ç-ß�í-ç-ß_R�æEá�ç²ß4ä�ß¦æEá�ç]`�Þ´Ý²ç-ß<à�ê)ç-î�ä�ß�ê
Ý�è)ì�á0a�á�ç-ï�ì-ðcb�á�çed�Þ/f+a)ç5g�ì�è)ï�ç-ßCî�í5h~ð)æEá�çjà�ì�èEâPã<Þ)àPì�á�àPâPã�ç-ßji�ç5g@ì�è)ï�ç-ß5àPì�ç-ã�ç-ß8ß,k´Ý�é�á�âPã
á�ß~ç-á�ß�ç-ï!÷�l�÷mY ç-í-á�ç-ã4ä�ß�ê�í-ä8æEç-ßaç-ß<æEé�á�âPã�ç-ßnd�Þ/f)ç-ßkî�í5h~ð½æEç-ßpo`Þ´ã�ïPàPâ�ã�ç-á�ß�é�á�â�ãqg)ç-á�ìPàrl
Ý²Þ/f)ç-ß`Þ´äEå9æEç-Ýsa)è)ï�ã�á�ß`ç-ß4ìth,á�â#g)ç-é�ì�ç-ßud�ç�à�à�ïPÞ´ä�Ý (ΩΣ,BΣ) ðvb^Þ)à~ç-ï�é0k´ä�ì�ç-ï�ì8æEç-ï
åHè)é�ê)ç-ß<æEç
ñfòEó�ôGõ ð�÷ T þ�ÿ���� g ∈ lσ

����� ! �9"4wc� xc1S=+� (O) �+�,�zy{�����E�+�|����� g �����}�+�'&~�5����������12������ ���0�5�
&8� ��1�����	[�2�%1�� ��������	�������� � ! �#" mg
�+�'& (ΩΣ,BΣ) ��������������1 (�� ��1
�|:���� x/� �|� 1

���������;��	���������� ! �#" m �%�'& (ΩΣ,BΣ) ���2���8
#�5� ? ��=�y{���r���%���+���r�����+� &��5����������12������ ���0�5�L����� ! �#"Owc��xc1S=+� gm ��������������1 (v) �+����
#�5�#�������+���7�+��	�1
mgm = m �|��� gmg = g.B7C�DEC�F�G þ7b�Þ g ß<Þ)â�ã�ë@Þ´ì�í õ ð�÷8A`ç-á�ß ç-ß<æEé�á�â�ã�ç�à@��ï#k´Ý(Þ/f¦Þ´äEåkæEç-ï(ú�é�ê)ç-î�ïPÞ¦æEç-ï�;� é�á�ß<æEç-ï�Ý�ç-ß�ê)ç-ß FΣ

á�ß<æEä�í-á�ç-ï�ì5R4é0k)àPà�ì�à�á.âPã g ß<Þ)âPãRë@Þ´ì�í õ ð�÷�Vaí-ä²ç-á�ß�ç-Ý·ç-á�ß<æEç-ä�ì�á�ê
î�ç�à�ì�á�Ý�ÝCì�ç-ß�d�Þ/f mg

Þ´äEå BΣ = σ(FΣ) åHè)ï�ìPà�ç-ì�í-ç-ß�ðe�Yà�ì�ä�Ý�ê)ç5g)ç-ã�ï�ì(ç-á�ß�d�Þ/f
m Þ´äEå (ΩΣ,BΣ) ê)ç-ê)ç-î
ç-ß_R�à�è�h,á�ïPæ�æ�Þ)æEä�ïPâPãTç-á�ß�çL��ä�ßqg@ì�á�è)ß gm Þ´äEåzæEç-ï7d�ç-ß�ê)ç
æEç-ïIo��)ï�ì�ç-ï Σ∗ æEç��<ß�á�ç-ï�ì5R�á�ß<æEç-Ý Ý²Þ´ß gm(ā) := m(Z({ā})) à�ç-ì�í-ì-ðe��á�ßEåNÞ)âPã�ç� ç�âPã�ß4ä�ß�ê)ç-ß í-ç-á�ê)ç-ß æ�Þ´ß�ß_R]æ�Þ)àPà2ç�à�à�á�â�ã�î�ç-á gm ä�Ý ç-á�ß�ç-ßzd�Þ/f+a)ç5g@ì�è)ï�ã<Þ´ß<æEç-é�ì5�
gm ≥ 0 á.à�ì�g�é�Þ´ï�hjç-ê)ç-ß m ≥ 0 ä�ß<æ

σgm(ā) =
∑

a∈Σ

gm(āa) =
∑

a∈Σ

m(Z{āa})

= m(Z(Σ
|ā|+1
ā ))

P.2.3
= m(Z({ā})) = gm(ā)

î�ç�à�ì#k´ì�á�ê)ì σgm = gm
ð,�Yà�ì Z(A) ç-á�ß�ç �;� é�á�ß<æEç-ï�Ý²ç-ß�ê)ç~Ý�á�ìzæEç��<ß�á�ç-ï�ç-ß<æEç-ï���ï�ä�ß<æ|l

Ý�ç-ß�ê)ç+R<àPè
mgm(Z(A)) = gm(A) =

∑

ā∈A

gm(ā) =
∑

ā∈A

m(Z({ā}))

= m(Z(A))

hjç-ê)ç-ß ∪ā∈AZ({ā}) = Z(A) ä�ß<æTæEç-ï~æEç��<ß�á�ç-ï�ç-ß<æEç-ß���á�ê)ç-ß<àPâPã<Þ½åHì�ç-ßTç-á�ß�ç�à�d�Þ�l
f)ç�à-ð�b^Þ-d�Þ/f)ç+R�æEá�çMÞ´äEå�æEç-ß �;� é�á�ß<æEç-ï�Ý�ç-ß�ê)ç-ß�X�î�ç-ï�ç-á�ß<à�ì�á�Ý�Ý�ç-ß_R¡Þ´äEåHê)ï�ä�ß<æ¢æEç�à��á�ß<æEç-ä�ì�á�ê+g)ç-á�ìPàPàPÞ´ì�í-ç�à õ ð�÷�ø(ê)é�ç-á�â�ã�à�á�ß<æ�RfåHè)é�ê)ì mgm = m ð�oTç-á�ì�ç-ï2åHè)é�ê)ì gmg = gÞ´ä<à

gmg (ā) = mg(Z({ā})) = g(ā)h Þ)à2æEç-ß�Y ç5h!ç-á�à�g)è)Ý�û�é�ç-ì�ì�á�ç-ï�ì-ð
�

B7C� 7C,¡_¢4£*¤v¥ õ ð õ/¦ þ � :§y�����1����9���©¨,��� 	[�+�'&n
#�'3����������;�5��y{��� mg
�5���5&5�%���ª�8
#���5&5�/	�	«�

:L��1 g ? &��/	�	W��� �E�+� &������­¬O�,1��5�#�5�����2�9�}�,������1��+��x/=+:L:j1 ( � ���E
#���,�|103����©=�®;12��=+���/	



¯r° ¯�±�²'³�´_µ�¶;·_² ³,¸0²�µ�¶�¹@º�¹|»_³;´�¼�¼;½,¾�¿�¹]ÀvÁ�¼q¾;Â�Ã�Äq¹�Á�¼;¸[Å%Å%¹
Æ+Ç2ÈeÉ7È#ÊcÈ�Ç�Ë�Ì�Í,Î|Í�Ï

Pg Ð�Ñ|Ò mg
Ç�ÓÕÔ*Ö/×�×�ÈØÆ+Î Ò Ë�Ì g Ç�Í�Æ+Î+Ê5Ç2È Ò Ù È ÒIÚ Ö�Ì Ò#Û Ë�Ì�È�Ç�Íq×�Ç�Ë�Ì�Ü/È�Ç Ù�Û�ÝÞ È Ò Ù È�Ç�×�Î�Í�Ï�È�Í�ß�Ö+× Û5à Ç�ÓáÔ*Ö+×�×�È Û�ÙSà Ë�Ì�Ö Û�Ù Ç Û Ë�ÌqÈ Ò�â È Ü ÙSà%Ò È�Í;ã

äjåvæ�åvç�ç%èvæ�é|ê«é�ë%ìeí Ç�È Û�ÙSà Ë�Ì|Ö Û�Ù Ç Û Ë�Ì�È5Í â È Ü ÙSà+Ò È�Í Û�Ù È Ì�È�ÍªÇ�Í�È�Ç�Í�È ÒØî+Ý�î+Ý É�È#Ê5Ç2È Ì�Î|Í�Ï
ÓLÇ Ù Æ�È�Í Ú Ö�Ì Ò'Û Ë�Ì�È5Ç�Íq×�Ç�Ë�Ì%Ü/È�Ç Ù�Û Ó�Ö9ï{È�Í�Ö+Î Ð (ΩΣ,BΣ)

ã
ð7ñ�òEñ�ó�ô�ì7õtö9÷~ø5ù�ú$ö9÷9û|ü'ý,þ+ö9÷9ù0ö#ü'ýqø5ÿ��{ø��|÷9û+ÿ

g � ø � ø��;ø5ú��{ö9ûzù0ö9÷
mg � ù�÷
	|þ/÷���é|ê�ë�


� ø � ø5ú g(ΩΣ) = g(2) = 1
ø5ù�ú���þ/ýqÿ#ö#ü'ýqø5ù�ú���ù0ü'ý��+ø5ù�÷#ö � þ��qê�� � � ø��+ø5ýqÿ9÷���û�� � ÷�û������ø5ú,ö9ù0ü'ý�÷���ù0ü'ý

gm(2) = 1
���qÿ ø5ù�ú���þ/ýqÿ#ö#ü'ýqø5ù�ú���ù0ü'ý��+ø5ù�÷#ö � þ��

m
ê

�

�! "�� $#% '&)(+*�*�,.-�/0(213,.,5476�8:9.;%<=(>;?9.;%8)*�@�A�B�C%-�*�@�4�*�B�C5(EDF/0AHGI(>*�*�(J �
úK�
ö9ø5ÿLø5ù � ø5ú�÷���ù0ü'ýqø8ö�õ�ú�÷9ø5ÿ9ø8ö#ö9øªù0ö9÷ML�ù�ø�N ø5÷9ÿ#þ+ü#ý�÷�Oqú �QP û+ú ø5úJLK��ù�ü#ý � ø5ÿ9÷9ù � ø5ú��RL�ù0ö��|ÿ9ø5÷S��5ø5ù�÷9ù � ø5ú�ö9÷9û|ü'ý,þ+ö9÷9ù0ö#ü'ýqø5úUT{ÿ9û��5ø8ö'ö9ø5ú_êHV7ù�ø8ö9ø5ÿXWY�,ö#ü'ýqúqù�÷9÷XL�ù�ø5ú�÷XLqþ���O���ø5ù�úqøFN ÿ��,üZ�+ø� � ù0ö'ü#ýqø5ú[L�ø5ú[�qù0ö9ýqø5ÿjø5ú�÷ � ù0ü\�+ø���÷9ø5úEN ø � ÿ9ù^]�ø5ú2OqúJL2L�ø5ÿ`_�ýqø5û+ÿ9ù�ø�L�ø5ÿLö#÷9û|ü'ý,þ+ö9÷9ù^�
ö#ü'ýqø5úaT{ÿ9û��5ø8ö#ö9ø���O ö#ü'ý��0þ � ø5ú���û+ýqúqøbL�ù0ø � ø8ö#þ � ÷9ø�_�ýqø5û+ÿ9ù�ø�L�ø5ÿªö9÷9û|ü'ý,þ+ö9÷9ù0ö#ü'ýqø5úT{ÿ9û��5ø8ö'ö9ø�þ�OK����Oqÿ9û��c��ø5ú_êed
ø���ø5ú+��ø5ù � û��"��ø5ú � ù�ÿ'L�ø5úa	|ü#ýqù�ø���ø5û�f�ø5ÿ#þ/÷9û+ÿ]ø5ù�úK���qýqÿ9ø5ú��L�ø5ÿ�ø5ù�úqøM�{ø5ÿ��qù�úJLKOqú � � � ù�ö#ü#ýqø5ú�L�ø5ÿF_�ýqø5û+ÿ9ù�ø`L�ø5ÿ�ö9÷9û�ü#ý,þ+ö9÷9ù�ö#ü#ýqø5úgT{ÿ9û��5ø8ö'ö9øhOqúJLL�ø5ÿi_�ýqø5û+ÿ9ù�ø�L�ø5ÿiLKj�ú,þ � ù�ö#ü#ýqø5úU	>j�ö9÷9ø � ø�ýqø5ÿ#ö9÷9ø��c�0÷5êKV7ù�ø8ö�ø5ÿS��û�� � ÷�ö9ûIö\f,þ/ÿ#ö#þ � � ù�ø
�`k � �0ù0ü#ý_êml.�qÿIþ�O,öS���qýqÿ���ù0ü#ýqø5ÿ9ønWY�qý,þ/úJLK�cOqú � ø5úEL�ø5ÿ'_�ýqø5û+ÿ9ù0ønL�ø5ÿIö9÷9û|ü'ý,þ+ö9÷9ù0ö#ü'ýqø5úT{ÿ9û��5ø8ö'ö9ø P ø5ÿ � ø5ù�ö9ø5ú � ù�ÿIþ�OK�o	�÷#þ/úJLqþ/ÿ\L � ø5ÿ��+ø � ù�øp�+êqN
êYrts A�AvuJwKx �irty 476�z=uJx OqúJLrty -J9.z�{Ix êH|=Oqÿi_�ýqø5û+ÿ9ù�ø}L�ø5ÿ~LKj|ú,þ � ù0ö#ü'ýqø5ún	>j�ö9÷9ø � ø P ø5ÿ � ø5ù�ö9ø5ú � ù�ÿ���OqúJ�+ü#ý,ö9÷Øþ�OK�
ö�fJ�/÷9ø5ÿ9ø}��þ�fqù�÷9ø���êK|=Oqÿ��{û+ÿ��;ø5ÿ9ø5ù�÷�Oqú � ��ø5ú k ÷9ù � ø5ú � ù�ÿ���OqúJ�+ü'ý,ö9÷ � ø5ù�÷9ø5ÿ9ø�ø���ø � ø5ú�÷#þ0�ÿ9øFN ø � ÿ9ù^]�øFL�ø5ÿX�zþ��+÷9ýqø5û+ÿ9ù�ø+ê
�jñJ�qó��vó"�_ó�å%��é|ê«é+éqìi� Ç�Í;ÈY�}����Ç0×[Æ+Î|Í�Ï

f : Ω1 −→ Ω2Ê��{Ç Û Ë�Ì�È�Í���È Û Û�ÒS� Î�ÓIÈ�Í
(Ω1,B1)

ß
(Ω2,B2)

ß Ð�Ñ�Ò Æ+Ç�È
∀B ∈ B2 : f−1(B) ∈ B1 � é|ê�ë��K�Ï+Ç�× Ù ße�{Ç Ò Æ�� (+*�*�,.-�/ Ï�È�Í�Ö%Í,Í Ù ã

��ø8ö#ö��,þ/ÿ9øiWY���qùc�"LKOqú � ø5ú��+L�ø5ÿ9ø5ú3V
ø��,úqù0÷9ù�û+ú,ö � ø5ú � ø ø5ù�ú`�zþ��+ÿ#þ�O � ù0ö#÷��+ù�úJLKO��5ù�ø5ÿ9ø5úø5ù�ún�zþ��Iþ�OK�mL�ø � N ùc�"L�ÿ#þ�O �n�
�jñJ�qó��vó"�_ó�å%�:�|ð
ñ=�
ñ�æ��5���5� é|ê«é��qìX� Û�Ù (Ω,B, P )

È5Ç�Í��}Ö9ï Ò Ö%Î�Ó Î�Í;Æ
f : (Ω,B, P ) → (Ω0,A)

È�Ç�Í;ÈEÓIÈ Û Û �9Ö Ò È��}����Ç�×�Æ%Î�Í�Ï�Ç�Í�È5Ç�Í;È5ÍQ��È Û Û�Ò Ö+Î�Ó (Ω0,A) Û�à Ç�Í�Æ+Î+Ê5Ç2È Ò�Ù f Ö+Î Ð AÈ�Ç�Í��}Ö9ï
P̃

Æ+Î Ò Ë�Ì�Æ+Ç2È âqà+Ò#Û Ë�Ì Ò Ç Ð�Ù¡  A ∈ A ¢
P̃ (A) := P (f−1(A)). � é|ê�ë�£>�í Ö+�#È�Ç{Ç Û�Ù P̃ àS¤ È�Í Û Ç�Ë�Ì Ù ×�Ç�Ë�ÌªÈ5Ç�Í Ú Ö�Ì Ò#Û Ë�Ì�È�Ç�Íq×�Ç�Ë�Ì�Ü/È�Ç Ù�Û Ó�Ö9ïvß Ð Ö/×�× Û Ö+Î�Ë�Ì

P
È�Ç�Í Û Ç Û�Ù ã� Ó ÔvÖ/×�×�ÈzÈ�Ç�Í�È Û�Ú Ö�Ì Ò#Û Ë�Ì�È�Ç�Íq×�Ç�Ë�Ì�Ü/È�Ç Ù�Û�Ò Ö+Î�Ó Û (Ω,B, P )

�{Ç Ò Æ$È�Ç�Í;È Û�à ×[Ë�Ì�Èp�}����Ç�× ÝÆ+Î|Í�Ï
f

Æ%Ö+Í�Ín¥ 9%¦§-�6�67*�¨�-�/04�-�,.6�(   ÓjÇ Ù~Ú È Ò�Ù È�Í-Ç�Í
Ω0 ¢ Ï�È�Í;Ö+Í,Í Ù ã



©«ª ©«ªK¬Z­v®�¯K°=±�¬²­J³"¬�¯K°v´3µ!´·¶�­=®v¸H¸=¹Jºv»¼´3º=½v¾À¿ÂÁ·¸H¹�Ã$Äc»¼±�¬«¬²´ ©�Å
Æ�ÇKÈ�É~ÊcË~Ì\Í\Î�Ï�ÐhÏ�ÑvË�ÐMË�Ò�É�Ó�Î�Ð>Ô�È+ÕKÊcË~Öm×cË�Ø`Ë�Ð>Ô�Ë¼Ë�ÊcÐ�Ë�Ò

σ ÙÛÚ ×cÜ�Ë�Ñ�Ò\Ç�Ì\ÍZÎ+ÉeË�ÒeÝ�ÞMÍZÎJÇ�Ò\Ç�ß ÙÔ�Ë�Ò�Ê"Ì\ÊcË�Ò�Ë�Ð�Ì�ÊcÐJÕ!È�ß�Ç�Ð�ÐgØ'Ç�ÐgÇ�ÞJÍ\ÎàØ`Ë�Ì\Ì�ÑJÇ�Ò�Ë Ú Ñ�Ñ�Êc×"ÕKÞ�Ð�Ü�Ë�Ð�ÊcØ Ú ×c×cÜ�Ë�Ø'Ë�ÊcÐ�Ë�ÐUÐ>Þ�ÒÌ\ÍZÎ+É�Ë�Ò�Ë�Ò�ß�Ë�Ð�Ð�Ë�Ð�á�ÖmÒSâ�Ò�Ë�Þ�×cÊ"ÍZÎ�Ë�Ò�ÉeË�Ê"Ì\ËXÒ�Ë�Ê"ÍZÎ+Ô�Ë�ÌeÑvË�ÊHÜ�Ë�Ü�Ë�ÑvË�Ð�Ë�ØãÖRÒ�Ý�Ë�Þ�Ü�Ë�ÐJÕKË�ÐJÌ�ä·Ì ÙÔ�Ë�ØnÈJÕKÊ"Ë�åUË�Ì\Ì�ÑJÇ�Ò�ß�Ë�Ê"Ô~Ð+Þ�ÒXÕ�Ç�Ò\Ç�ÞKâmÝ�Þnæ�ÑvË�Ò�ç�Ò�æKâ7Ë�Ð�á
èHéKê�ë`ì á ì0íHîiï!ð�ñòð�ó

(Ω,B) ô óHõ (Ω′,B′) ö ð²÷Z÷�øúù ô·û ð²ü.÷�ýhõIþ0÷²÷ B′ = σ(F ′) ÿ�� ø}ð�ñ7ó� ð�� ñòð � ñ��+ð²÷ ö ð�ó��+ð�óK÷�� ÷	�Ûð û F ′ ⊂ P(Ω′) 
�� þ�óJógñ"÷	�¡ð�ñ�óvð�
 ��� ñ��^õ ô ó�� T : Ω → Ω′�+ð�óHþ ô õIþIóJó û ð²÷²÷ � þIø\ü ÿ þ���� ÷
∀F ′ ∈ F ′ : T−1(F ′) ∈ B.

ö ñ��%þ�ó=õ+ð�ø�ð�ó���ý�ø	�Ûð�ó�øSð�ñ��	���:ð²÷²ü ö ð²÷²÷ � þ�ø���ð�ñ�����ý�ó�
 ��� ñ��$õ ô ó��+ð�ópþ ôZÿ õ+ð�ó�� �cð û ð�ó"!�Ûð�ó�ð�ñ7ó=ð²÷#�~ø%$�ð ô �+ð�óHõ+ð�óK÷�� ÷	�Ûð û ÷&$ ô'� � ð�ø)(=ø �²ÿ ð�ó 
*,+.-/+10�2 î43 ÊcË�Î�Ë6587:9";=<?>.@ È 3 á íBA È 3 Ç�Ô�Ý�C>á ì á
�

D ÊcÒXÝ�Ê"Ô�ÊcË�Ò�Ë�Ð Ð>Þ�Ð Ï�Î�Ð�Ë
ÉeË�Ê"Ô�Ë�Ò�Ë:EYØ'Ì\ÍZÎ+É�Ë�Ê^â7Ë
ÕKÊcËMÆYË�FJÐ�Ê"Ô�ÊcÏ�Ð Ë�ÊcÐ�Ë�Ì�G�Ë�ÐJÕK×cÊ"ÍZÎ+É�Ë�Ò ÙÔ�ÊcÜ�Ë�Ð�ÈJÕKÊ�Ì�ß>Ò�Ë�Ô�Ý�Ë�Ê"Ô�ÊcÜ�Ë�ÐIHRÌ�Ô�Ï·ÍZÎJÇ�Ì�Ô�Ê"Ì\ÍZÎ�Ë�ÐKJmÒ�Ï�Ý�Ë�Ì\Ì\Ë�Ì�á
L�+"MN0�OP0 ê 0�QPO ì á ìSR�îT�~ñ7óVU�W�X�Y[Z]\B^�_�\�W�^�W�`?\�Z�aP\�b=U=c�W�d]egf�\�Zh^�W�`?\�Z�Xi^�j[d�e 9 X�^�W�X�d�e=\�Z
k Z]j1_�\�X�Xgñ"÷	�Fð�ñ7óml ô þ+õ�ø ô (Kð	� (Ω,B, P, (Xt)t∈N)

ü¡÷�ýàõIþ0÷Z÷
(Ω,B, P )

ð�ñ7óV�
þ]�>ø	!÷i�	�Kð�ñ7óN�$ñ��	����ð�ñ��7÷«øSþ ô>û ñc÷�� ô óHõ (Xt)t∈N

ð�ñ�óvðon�ýS� �+ð���ý�óKp ô²ÿ þ����Â÷	��þ�ø«ñ�þ � �cð�óKü�õ�ñòðFþ����cðñq�>ø�ðr�
ð�ø	�Ûðpñ7óÀõ>ð�ø\÷�ð	� � ð�ó ð�óHõ.�$ñ��	��ð�ó ö ð�ó��>ð Σ
þIóJó=ðs� û ð�ómtúþ�� ÷�ý0ü ô·û �>ð�óHþ ô $ ô÷�ð�ñ�ó

Xt : (Ω,B, P ) → (Σ,P(Σ)) û ð²÷Z÷ � þ�ø�ð4
 ��� ñ��$õ ô ó��>ð�ó�u 

D ÊcÒ¡Ñ=Ë�Ø`Ë�Ò�ß�Ë�Ð�È�Õ�Ç�Ì\Ì¡Ë�ÊcÐbÌ�Ï�×"ÍZÎ�Ë�Ò}Ì�Ô�Ï·ÍZÎJÇ�Ì�Ô�Ê"Ì\ÍZÎ�Ë�Ò4JmÒ�Ï�Ý�Ë�Ì\Ì&DgÇ�Î�Ò\Ì\ÍZÎ�Ë�ÊcÐ�×cÊ"ÍZÎ�ß�Ë�ÊcÔ\Ì ÙØ'Ç�v�Ë

Pt
Ç�ÞKâ

(Σt,P(Σt))
â�æ�Ò

t ∈ N
ÊcÐJÕKÞ�Ý�ÊcË�Ò�Ô�ÈKÊcÐJÕKË�Ø Ø'Ç�Ð3â7æ�Ò

ā = a1...at ∈ Σt

Pt(ā) := Pt(X0 = a1, ..., Xt−1 = at) := P (X−1
0 ({a1}) ∩ ... ∩X

−1
t−1({at}))Þ�ÐJÕgâ7æ�Ò

A ⊂ Σt É�Ë�ÊcÔ�Ë�Ò Pt(A) :=
∑

ā∈A P (ā)
Ì\Ë�Ô�Ý�Ô�á5åUÊcÔ�wYÊc×^â�Ë`ÕKÊcË�Ì�Ë�ÒxDgÇ�Î�Ò ÙÌ\ÍZÎ�Ë�ÊcÐ�×cÊ"ÍZÎ�ß�Ë�ÊcÔ\Ì�Ø'Ç�v�Ë'ß0Ç�Ð�Ð2Ø'Ç�ÐQÐ+Þ�Ð2Ý�ÉeË�ÊiÌ�Ô�ÏKÍ\ÎJÇ�Ì\Ô�Ê"Ì\Í\Î�Ë/JmÒ�Ï�Ý�Ë�Ì\Ì\ËpÇ�×�ÌoÊcØyD�Ë ÙÌ�Ë�Ð>Ô�×cÊ"ÍZÎ�Ë�Ð�Ü�×cË�Ê"Í\Î�Ê�ÕKË�Ð+Ô�ÊzFJÝ�ÊcË�Ò�Ë�Ð[{

L�+"MN0�OP0 ê 0�QPO ì á ìS|�î,pP}eð�ñ:÷�� ý��	�·þ0÷��òñc÷i�	�Kð&~~øSý�$ ð²÷Z÷�ð
(Ω1,B1, P1, (Xt)t∈N) ô óHõ (Ω2,B2, P2, (Yt)t∈N)

û ñ����
ð�ø	�Ûð�ó ñ�ó õ+ð�øZ÷�ð	� � ð�ó ð�óHõN� ñ��	�Kð�ó ö ð�ó��+ð Σ
}eð�øúõ+ð�ó��N� ; Wq� 9 c�\�bg^��+ð�ó=þ�óJó"�7ü

ÿ þ���� ÷àõ�ñòð��+ð û ù%� ý � ñ��+ð�ø���ð²÷i�	�>ø�ð�ñ � ô ó�� ñ�ó=õ ô $�ñ�ð�øs�Ûð�ó��
þ]�>øZ÷��	��ð�ñ�ó"� ñ��	�B��ð�ñ��7÷ û þ��:ð
(P1)t ô óHõ (P2)t ÿ	� øoþ����cð t ∈ N � � ð�ø�ð�ñ7óK÷	�òñ ûMû ð�ó 


Æ¡Ë�ÒRË�ÊcÐ�Ë�Ø?Ì�Ô�ÏKÍ\ÎJÇ�Ì\Ô�Ê"Ì\Í\Î�Ë�Ð�JmÒ�Ï�Ý�Ë�Ì\ÌRÝ�Þ�Ü�Ò�Þ�ÐJÕKË�×"ÊcË�Ü�Ë�ÐJÕKË�DgÇ�Î�Ò\Ì\ÍZÎ�Ë�ÊcÐ�×cÊ"ÍZÎ�ß�Ë�ÊcÔ\Ì ÙÒ\Ç�Þ�Ø
(Ω,B, P )

ß�Ç�Ð�ÐÀÐ>Þ�Ð2Ñ=Ë�Ê¼Ü�Ë�Ü�Ë�ÑvË�Ð�Ë�Ø
Σ
Ç�ÞKâYß0Ç�Ð�Ï�Ð�Ê"ÌZÍ\Î�Ë Ú Ò�Ô
Þ�ÐJÕ�D�Ë�Ê"Ì�ËË�ÊcÐ�Ü�Ë�â�æ�Î�Ò�Ô¼ÉeË�Ò\ÕKË�Ð�áHÖRÊcÐ�Ë4��Ï�×cÜ�Ë�Ò�Þ�Ð�Ü`ÕKË�Ì 3 Ç�Ô�Ý�Ë�Ì���Ï�Ð'�iÏ�×"Ø`Ï�Ü�Ï�Ò�Ï���G%587:9";=<��B@ È 3 á

� A C>È 3 Ç�Ô�Ý � R á � H¡Ê"Ì�ÔFÐJÓ�Ø`×"Ê"Í\Î�È%Õ�Ç�ÌZÌFË�Ì�Ý�Þ'��Ë�ÕKË�Ø Ì�Ô�ÏKÍ\ÎJÇ�Ì�Ô�Ê�Ì\Í\Î�Ë�ÐrJmÒ�Ï�Ý�Ë�Ì\Ì�Ë�ÊcÐ�Ë�ÐÝ�ÞgÕKÊcË�Ì\Ë�Ø ÓS�+Þ�Ê���Ç�×cË�Ð>Ô�Ë�Ð�JRÒ�Ï�Ý�Ë�Ì\Ì}Ü�ÊcÑ�Ô�È�ÕKË�Ò}æ�ÑvË�ÒFÕKË�Ðgß�Ç�Ð�Ï�Ð�Ê"Ì\Í\Î�ß�Ï�ÐJÌ\Ô�Ò�Þ�ÊcË�Ò�Ô�Ë�Ð
DgÇ�Î�Ò\Ì\ÍZÎ�Ë�ÊcÐ�×cÊ"ÍZÎ�ß�Ë�ÊcÔ\Ì�Ò\Ç�Þ�Ø�ÕKË�FJÐ�ÊcË�Ò�ÔXÉ~ÊcÒ\Õ!á

� Î�Ð�Ë}Ç�Ð�ÕKÊ"Ë�Ì�Ë�Ò 3 Ô�Ë�×c×"ËYÕKÊcË¡ÖmÊcÐ�Ý�Ë�×cÎ�Ë�ÊcÔ�Ë�Ð�ÕKË�Ò���Ë�É�Ë�Ê"ÌSâ�æ�Î�Ò�Þ�Ð�Ü
ÕKË�Ì 3 Ç�Ô�Ý�Ë�Ì���Ï�Ð
�XÏ�×cØ`Ï�Ü�Ï�Ò�Ï��MÝ�ÞhÝ�ÊcÔ�Ê"Ë�Ò�Ë�Ð�GòÕ�Ç0â7æ�ÒeÌ\ÊcË�Î�Ë¼Ý�á��Yá>ÕKÊcË¼Ë�ÊcÐ�×cË�ÊcÔ�Ë�ÐJÕKË�Ð6�%Ë��·ÔRÝ�Þ�Ò �iÏ�ÐJÌ�Ô�Ò�Þ�ß ÙÔ�ÊcÏ�Ð�Ì�Ô�ÏKÍ\ÎJÇ�Ì\Ô�Ê"Ì\Í\Î�Ë�Ò4JmÒ�Ï�Ý�Ë�ÌZÌ�ËhÊcÐ�587:9";=<��B@ È 3 á � A �¢¡ á!ÏKÕKË�Ò658£ j[jg¤"¥ @ È 3 á í�| ¡ á�H



¦%§ ¦	¨.©�ªg«[¬.­?®[©sª"¯q©�¬.­g°�±I°�²[ª?«g³1³?´"µg¶ °¢·P¸g³Nµ?¹gºI»N°.¸g³?¯z¼B¼B°
½g¾i¿6¾iÀ%ÁS¾iÂÄÃ�ÅqÀiÆ=ÇNÈSÉ�ÉÊÇ.¾iÀÊÁ�È�ÂNËSÂNÅqÉ�Ì�ÍÄÎS¾iÎS¾i½g¾iÂN¾�Ï�È�ÍNÀ�É�Ì�ÍN¾iÅ�ÂNÐ�ÅqÌ�ÍNÁS¾iÅ�Ñ�É%À�È�ÒN¿y¾iÅ�ÂN¾�É
Ç.ÅqÉ�Á�À%¾iÑ%Ói¾iÅ�Ñ%ÅqÎS¾iÂ�É%Ñ%Ë.Ì�Í"ÈSÉ%Ñ%Å�É�Ì�ÍN¾iÂÕÔ�À%ËSÓi¾�É�É�¾�É#¿¢Å�ÑoÏÕ¾iÀ%Ñ%¾iÂÕÅ�ÂÖ¾iÅ�ÂN¾i¿×¾iÂ"Ç.Ð�ÅqÌ�ÍN¾iÂ�Ø#ÐzÙ
Ú Í"È�½g¾iÑ Σ

ÎS¾iÀ�ÈSÇ.¾xÎS¾iÎS¾i½g¾iÂ�ÅqÉ%Ñ�Ç.ÒNÀ�Ì�Í
(ΩΣ = ΣN,BΣ = σ(FΣ), P̃ ),

Ã ËS½?¾iÅ
P̃
ÇNÈSÉ�¾iÅ�Â"Ç.¾iÒNÑ%Å�ÎÕ½g¾�É%Ñ%Å�¿6¿�Ñ%¾/Ï�È�ÍNÀ�É�Ì�ÍN¾iÅqÂNÐ�ÅqÌ�ÍNÁS¾iÅqÑ�É%¿¢È�Û�ÅqÉ%ÑiÆÝÜ�ÞNÀ6ÇNÈSÉ6½g¾iÅ

ÎS¾iÎS¾i½g¾iÂN¾i¿ßÏÕËSÀ%Ñ
ā ∈ Σt ÎSÅ�ÐqÑiÆ.ÇNÈSÉ�É

gP (ā) := Pt(ā) = Pt(X0 = ā1, ..., Xt−1 = āt).àâá ¾i¿6¾iÀ%ÁS¾SÆ"ÇNÈSÉ�É
gP

¾iÅ�ÂN¾iÂ�É%Ñ%Ë.Ì�Í"ÈSÉ�Ñ%ÅqÉ�Ì�ÍN¾iÂ'ã�¾iÁ�Ñ%ËSÀ�Ç.¾�ä"ÂNÅ�¾iÀ%ÑiÆ1Ç.¾iÀ�Â"ÈSÌ�Í�ËS½g¾iÂ�å,¾�Ù
É�È�ÎSÑ%¾i¿æÓiÒ�¾iÅqÂN¾i¿ç¾iÅ�Â"Ç.¾iÒNÑ%ÅqÎS¾iÂ�Ï�È�ÍNÀ�É�Ì�ÍN¾iÅ�ÂNÐ�ÅqÌ�ÍNÁS¾iÅ�Ñ�É%¿¢È�ÛoÈ�Ò.Ü

BΣ
Ü�ËSÀ%Ñ%ÎS¾�É�¾iÑ%ÓiÑ=Ã ¾iÀèÙ

Ç.¾iÂ�Á�È�ÂNÂ[é�ê
ë É%Ñ�ÒN¿6ÎS¾iÁS¾iÍNÀ%Ñ�¾iÅ�Â/Ï�È�ÍNÀ�É�Ì�ÍN¾iÅ�ÂNÐ�ÅqÌ�ÍNÁS¾iÅ�Ñ�É%¿¢È�Û

P
È�Ò.Ü

(ΩΣ,BΣ)
ÎS¾iÎS¾i½?¾iÂ à ¿6Å�Ñ

È�Â"Ç.¾iÀ%¾iÂ�ÏÕËSÀ%Ñ%¾iÂ
(ΩΣ,BΣ, P )

¾iÅ�Â�Ï�È�ÍNÀ�É�Ì�ÍN¾iÅ�ÂNÐqÅqÌ�ÍNÁS¾iÅ�Ñ�É�À�È�ÒN¿'ê�ÆhÉ%Ë#¾iÀ%Í"ì�Ð�ÑP¿�È�ÂxÜ�ÞNÀ
t ∈ N í Ò.Ü�È�Ð�Ð�É%î]È�À%Å�È�½NÐ�¾iÂ Xt

ÒNÂ"ÇÕÇNÈ�¿6Å�Ñ&¾iÅ�ÂN¾iÂÕÇ.ÅqÉ%Á�À%¾iÑ%Ói¾iÅ�Ñ%Å�ÎS¾iÂ[ÆI¾iÂ"Ç.Ð�ÅqÌ�Í�Ã ¾iÀ%Ñ%Å�ÎS¾iÂ
É%Ñ%Ë.Ì�Í"ÈSÉ�Ñ%ÅqÉ�Ì�ÍN¾iÂ�Ô�À%ËSÓi¾�É�É�Ç.ÒNÀ�Ì�Í�Ç.Å�¾&ã�ËSÀ�É�Ì�ÍNÀ%ÅzÜ�Ñ

Xt : ΩΣ −→ Σ
ω = ω1ω2...ωt... 7→ ω(t) = ωt+1.Ã ËS½?¾iÅI¿¢È�ÂïÇ.Å�¾#ð�¾�É�É%½"È�À%ÁS¾iÅ�Ñ�Ç.¾iÀ

Xt
ÒNÂ�Ñ%¾iÀ í ÒNÍNÅ�Ð�Ü�¾iÂ"È�ÍN¿6¾#îSËSÂ'ñ�È�Ñ%Ó4ò�éóò]ô:¾iÀ%Í"ì�Ð�Ñiéõ ÒNÀ%ÓxÎS¾�É�È�ÎSÑiÆ"ÒNÂ"Ç�Ç.Å�¾�É ÅqÉ�Ñ Ç.Åq¾'ö ÷�ø�ù"úüûsý�ý�û�ù�þ�Ç.Å�¾�É%¾�É�Ø#½"É�Ì�ÍNÂNÅ�Ñ%Ñ�É�ÿ

������� ò�éóò���	�
�ø�ý
���%û�úqþ�û�ø�úâø���û6ý	ú��������]ý	úâøqý����Nû�������þhûsý�ý�û
(Xt)t∈N � ø�ú �:û��	úüû�ùrø�ù�û�ø"!ù?û � û�ù$#�% ø&���.ûiù(')% *+���-,�û�ú Σ û�ù"ú�ý.*$�%û/���.û�ù0��û��1��#�û32�,�øqý4�S÷
57698i÷�ø;:<�=%�û�ù�þ1>?#�ûiù@���A�B�
!

ýC���.û�ø�ùD%�ø;���-��û�ø�ú�ý � �/E�û�ù P �S÷
5�#�û � ý���û<,�û�ùÄû��F�<%HGI�súüûiùKJ�ûsý�ý����B÷ � (ΩΣ,BΣ) L
M0NPOQNPRSR � O ò�éóòITD	0U�ø�ù ý�ú������B�]ý�úâø�ýC���.û��WV"û��hú��I�

g
%�ûX�Sú�û�ø�ù?û�ùY2�,�øqýZ�B÷F5[6�8i÷�ø;:<�I!%�û�ù�þ1> û�ø�ù$#�û�÷�úâø\�],�ûsý�úâø �^� úüû�ù�_`#Sø�ý
���%û�úqþ�û�ø�úâø���û�ù ý�ú������B�]ý�úâø�ýC���.û��a�b�1��þ�ûsýsý

(Xt)t∈N� ø�ú��:û��súüûiùÖø�ù Σ
5iû	ý	ú�÷�ù�#�÷ � ��û
��û
�S�	ú L

cedfc�dhg�djilk-mon�pAqsr;k-tukSv�wukSm�x�y�v$m-d3z ¾iÀ�ñ�Ì�ÍNÅ�¾i½?¾iË Ú ¾iÀ�È�Ñ%ËSÀ�ÅqÉ%Ñ4¾iÅ�ÂN¾6¿¢¾�É�É%½"È�À%¾Ø#½N½NÅ�ÐqÇ.ÒNÂNÎNÆ.Ç.Å�¾&Ç.Å�¾�{ ÍN¾iËSÀ%Åq¾&Ç.¾iÀ�É%Ñ%Ë.Ì�Í"ÈSÉ�Ñ%ÅqÉ�Ì�ÍN¾iÂ'Ô�À%ËSÓi¾�É�É%¾&¿6Å�Ñ Ç.¾iÀ Ç.¾iÀ�Ç�|�Â"È�¿6ÅzÙ
É�Ì�ÍN¾iÂïñS|.É%Ñ%¾i¿6¾�îS¾iÀ%½NÅ�Â"Ç.¾iÑié�ð�Å�Ñ�Ç.Å�¾�É%¾iÀ�ã�¾iÀ%½NÅqÂ"Ç.ÒNÂNÎx¾iÀ%Í"ì�Ð�Ñ ¿¢È�Â6Ç.Åq¾�ðK}SÎSÐ�Å�Ì�ÍNÁS¾iÅ�ÑiÆ
É%Ñ%Ë.Ì�Í"ÈSÉ�Ñ%ÅqÉ�Ì�ÍN¾xÔ À%ËSÓi¾�É�É%¾x½g¾iÓiÞNÎSÐ�ÅqÌ�Í/ÈSÉ~|�¿ Ú Ñ%ËSÑ%Å�É�Ì�ÍN¾iÀ���ÅqÎS¾iÂ"É�Ì�Í"È]Ü�Ñ%¾iÂ`�ü¾iÂ�Ñ%Ð�È�ÂNÎ6îSËSÂñ�¾���ÒN¾iÂNÓi¾iÂ���ÓiÒxÒNÂ�Ñ%¾iÀ�É%Ò"Ì�ÍN¾iÂ[é]Ø#Â�Ç.Å�¾�É�¾iÀ�ñ�Ñ%¾iÐqÐ�¾ÝÜ�ÞNÍNÀ%¾iÂ�Ã�Å�ÀB�è¾�Ç.Ë.Ì�Í�Â�ÒNÀPÇ.¾iÂ á ¾iÎSÀ%ÅH�
Ç.¾�É�ñ�Ì�ÍNÅ�¾i½?¾iË Ú ¾iÀ�È�Ñ%ËSÀ�É�É�¾iÐ�½"É%Ñ,¾iÅ�Â[é���Ð�¾i¿6¾iÂ�Ñ�È�À%¾ á ¾iÎSÀ%Åh�g¾�Ç.¾iÀ3{ ÍN¾iËSÀ%Å�¾6Ç.¾iÀxÇ�|�Â"È]Ù¿6Å�É�Ì�ÍN¾iÂ¢ñS|.É%Ñ%¾i¿6¾ ÃT¾iÀ�Ç.¾iÂ¢È�Â6È�Â"Ç.¾iÀ%¾iÂ[Æ Ú ÈSÉ�É%¾iÂ"Ç.¾iÀ%¾iÂïñ�Ñ%¾iÐ�Ðq¾iÂ�¾iÅqÂNÎS¾�Ü�ÞNÍNÀ%Ñ�Ã ¾iÀ�Ç.¾iÂ[é
�0�+�D�"�P� � �;NP� ò�éóòI�D	[�/ø"�4ùgû�ù"ù?û�ùZ#Søâû?'�,�,�ø"%�#S÷�ù-�

TΩ : ΩΣ −→ ΩΣ

ω = (ω1, ω2, ω3, ...) 7→ (ω2, ω3, ...),�=% ý��
(TΩω)(k) := ω(k + 1)

_,ø�ù����I�	úüû�ù
TΩ

#Søâû^'�,�,�ø"%�#S÷�ù-�A_3#Søâû/û�ø�ùgûj�Iû/8i÷Nû�ù�þ
÷ � û�ø�ù?û3�?úüû�%;%zûÊù��-����%�ø�ù���ý3:hû���ý�����ø�û�,iú;_�#�û�ù n�pAqsr;k-tukSv�wukSm�x�y�v$m L
�0�+�D�"�P� � �;NP���B�)�$�)��O��s���s� ò�é��=�+	��/ø;�/ý����B�èû�øX,�û�ù��Sù��=%H�~�`5��B�Öû�ø�ù����I�	ú

ā :=
a1...at ∈ Σt

TΩ(ā) := a2...at ∈ Σt−1



��  ¡� -¢e£Q¤Q¥�¦S¢s§I¨P£Q¢�©e¦B¤�ªQ¦S¢�«3¬Q¢Q­¯®
°fªQ¢Q°H¦S¤-±+¦[¥�²e®�®
¦ �~³
´Fµ�¶4·�¸A¹Dº�»

A ∈ Σt ºC¼"½$º�¾@º�½S¿-º0À<ÁI½ t ÂAÃlÄ »
¶ÅºC»
½�ÆÇµ�Á
T−n

Ω A = {a1...anan+1...an+t ∈ Σn+t | an+1...an+t ∈ A}.

ÈÉµ7ÊCÁ=ËÌ¿I¶É¸IË"ËÌ¿-º�Í º�¼;½0Ê�ÎB»
n ∈ N Ï ½�·Ð¾@º�½-¿-ºC½ A ⊂ Σ∗

|A| = t =⇒ |T−n
Ω A| = t+ n.

Ñ9Ò$ÓsÔ�ÓsÕ�Öf×�Ö;ÓPØÚÙBÛ�Ü�Ý�Þ9ß0º�»�àQá�¹S¼Xº�â~º~Á�ã�º�»1¸I¶�ÁI»Ð¼fµ�¶4ÍÐº�µFµCâ~¸I»�ä
å�æ�ç`æ�Ö"Õ-Þ�è.é/ê

Z(A) ∈ FΣ ëCìhíDë3î$ïBðhìhí+ñ�ëCò/ó ëCíDôIë)ó ì ê ñ�ë�õ+íDìfëCò/ëCí+ñ�ëCò�ö?ò/÷Dí+ñ�ó ëCíDôIë
A ⊂ Σt ø é/ù ì é/êÉú ÷+û~ü T−n

Ω (Z(A)) ∈ FΣ ëCìhíDë3î$ïBðhìhí+ñ�ëCò/ó ëCíDôIë0ý&ó ì ê ñ�ë�õ+íDìfëCò/ëCí+ñ�ëCò
ö�ò/÷Dí+ñ�ójëCíDôIë T−n

Ω A ⊂ Σt+n ëCìhíDë^î$ïSðhìfí+ñ�ëCò/ó ëCíDôIë�þ;ÿDò n ∈ N
Û�� ëCò � û~üDìhë��Që ù�� ë��ò ú=ê/ù ò�ì é/ê ñ ú üDëCò�ôIëCó
	�� � ú=ê�
�ÙBÛ�Ù�� ëCìfíDë�ó ë é~é � ú ò/ë������Dìhðfñ�÷DíDô Û �

å�æ���æ+Ò�����Ø�� ÙBÛ�ÜIÙDÞ3´Fµ�¶
TΩ

·-º�» àQá�¹S¼&º<â~º/Á�ã�ºC»�¸I¶�Á�» Ï ½�· P º�¼;½ Ã ¸A¹S»Fµ�á�¹�ºC¼"½DË�¼&á�¹ Â� ºC¼"¶;µ�Í^¸�� ¸ Ï Ê (ΩΣ,BΣ)
Æ µCÁj¼fµ�¶4¸ Ï á�¹ P ◦ T−k

Ω

ºC¼"½ Ã ¸=¹S»~µCá�¹�º�¼;½DË�¼;á�¹ � º�¼;¶;µ�ÍÐ¸�� ¸ Ï Ê
(ΩΣ,BΣ)  µ�¼Xº
¹�º"!�ºCÍ^ä$#�ß0º;ÊCä�%Bä&%('�)=ä�´�·-º�½+¶X¼ *�+C¼Xº�»/º�½
,7¼;»b·-º�½ Ã ¸A¹B»~µCá�¹�º�¼;½DË�¼;á�¹ � º�¼;¶;µ Â»1¸ Ï Í (ΩΣ,BΣ, P )

Í0¼;¶sº�¼;½$º�Í�µ�¶�Á�á�¹�¸Aµ�¶X¼fµ�á�¹Dº�½.-b»�Á/+<º
µ
µ
(Xt)t∈N

Æ�µ�Á�¼fµ�¶s·Sº�»�· Ï »�á�¹
(ΩΣ,BΣ, P ◦ T−k

Ω )
¼"½�· Ï +�¼&º�»�¶ÅºKµ�¶�Á<á�¹B¸Aµ�¶X¼hµCá�¹�º0-b»1Á1+�º
µFµ (Yt)t∈N

¿-º�»1¸�·-ºK¿-ºX¿-º<â~º�½· Ï »1á�¹
Yt = Xt+k.

2�3&4�3
50687�9;:=<?>�@A68<CBC:(7�D�:=<FEHG�<�IKJMLND8<FLO:=71PM:RQTS�UC:
V ëCìhó � ê ÷+ñ�ìh÷Dó ñ�ë é ðfë ê�
Cê ëCíW�X� é ûFüDíDì ê/ê~é ó ú ôÐñ�ìhë�Y+ò ú ôIë ú ÷�þ;ôIë�Z ù ójó ëCí é ëCìhí øù � é ìfû~ü[�QëCðhìhë��DìhôIë]\7ðfëCó ëCí ê ë ú ÷ é lσ ø ú ð é/ù �$ë 
 ÿDôIðfìfû~ü3ñ�ë ésé/ê/ù ûFü úIé/ê ì é ûFüDëCí_^ � ëCò ú=ê/ù ò éìhí=` ú ò/ì ú í ê ëA\uðhëCó ëCí ê ëjó ì ê ý&ëCìhí+ñ�ëC÷ ê ìhôH�$ë é/ê ìfó ó ê ëCíba é ìhôIíDìhëCò ê ëCídc ú �IëCí ìfñ�ëCí ê ìHõ��
 ìhëCò/ëCí ð úIéFé ëCí Û]ePú=ê~é 	IûFüDðhìfû~ü ì é/ê ZIëCìhí 
 ÷ ñ�ëCí ù �DìhôIëCífY ù ò ê~é ë ê�
 ÷DíDô é~é 	 ê�
 ëCí ú ðhðhôIë��ó ëCìfíDëCò/ë é \7ò/ôIë��DíDì é þ;ÿDò?ñ�ëCígY ú ðhð é ìhôIíDìhëCò ê ëCòih7ò�	=ó ú �Iëj�Që�Z ú íDí êCÛ ýÅî$÷Dó ìhí+ñ�ë é/ê ì é/êñ�ëCók�9÷ ê/ù ò�ZIëCìhíDë é �Që�Z ú íDí ê ø ÷Dí+ñKëCìhíDë3ëCìhí�þ ú û~üDë�l7ëCò ú ðfðhôIëCó ëCìhíDëCò/÷DíDôjñ�ëCò ù �DìhôIëCí� 	 ê�
 ë�ì é/ê íDì"û~ü ê ónmIôIðhì"û~ü ø ñ ú ñ�ìhëAh ù�é ì ê ì&`Bì ê 	 ê ñ�ëCò_h7ò�	=ó ú �Ië ú íoëCí ê~é û~üDëCì"ñ�ëCí+ñ�ëCí� ê ëCðhðfëCí ú ÷ é ôIëCíSÿ ê�
Cêpo ìhò~ñCa Ûq� ìfë é ëCòr��� é ûFüDíDì ê/ê"o ìfò~ñjëCìhíDëCíts)í ê ëCò�`Ië�Z ê/ù ò/ò ú ÷Dóu` ù í

lσ
� ò�	 é ëCí ê ìfëCò/ëCí ø þ;ÿDò�ñ�ë é~é ëCít\uðhëCó ëCí ê ë?ëCìhí+ñ�ëC÷ ê ìfôIëvY ù ò ê~é ë ê�
 ÷DíDôIëCí[ónmIôIðhì"û~ü é ìhí+ñ Û� � 	 ê ëCò/ët�9ò��QëCì ê ó ì ê ñ�ìhë é ëCóws)í ê ëCò�`Ië�Z ê/ù ò/ò ú ÷Dó ô ú ò ú í ê ìhëCò ê ñ�ëCó í ú û~ü�ñ úIéyx�ú íq�ê ìhëCò/ëCílójì êzoÇù üDð&�QëCôIò/ÿDí+ñ�ë ê ëCí{^��}|/ë�Z ê ëCí Û
� ìhëz\7ìhí�þ&ÿDüDò/÷DíDô�ñ�ìhë é ë é s)í ê ëCò�`Ië�Z ê/ù ò/ò ú ÷Dó é ü ú=ê ëCìhíDëCí 
�o ëCì ê ëCí^ôI÷ ê ëCíjö�ò/÷Dí+ñ Û� ìhë é�� 	 ê ëCò7ëCí ê~o ìfû�ZIëCð ê ëX\7ò/ô ù ñ�ëCí ê üDë ù ò/ìhë�ìfí ê ëCò/ë é~é ìfëCò ê�é ìfû~üj` ù ò ú ðhðhëCó þ;ÿDòuñ�ìfër� ù íq�`IëCò/ôIëCí 
 ôIë o ì é~é ëCò�c ë é~é�o ëCò ê ë Û s)ó ñ�ìhë é ën�)÷ é~é~ú ôIëCí@ëCò 
 ìhëCðfëCí 
 ÷�Z�mIíDíDëCí ø �QëCí�m��ê ìhôIëCí o ìhò ëCìhíDëCí�� ù í(`IëCò/ôIëCí 
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g ∈ l∞
)�­C³C±8¸=¶/¼8°O¸=¶1¯4�5 �4���6�

∀ā ∈ Σ∗ : lim
n→∞

gn(ā) = g(ā).
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σg = g

å�Ý{å�Å�¿&Ó�Å�Æ�æ�íi¿&ÅMÁXÚNÖ�Ô�Ó�ÃÄ�Ý�ÁÑÅ�Ô�Å�ÎnÅ�Æ(Ã�Ä�À�Å�Æ2kª¿&ÎnÅMÁ�À�Å�Ó�Å�Ô&Æ0ÇqÅ�ÀpÈ�Æ�Ä�Ô\lqÁ�¿�Á�á

σg(ā) =
∑

a∈Σ

g(āa) =
∑

a∈Σ

lim
n→∞

gn(āa)

= lim
n→∞

∑

a∈Σ

gn(āa)
σgn=gn

= lim
n→∞

gn(ā) = g(ā).
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g(ā) ∈ [0, 1]

ÚÜÛ�ÀiÄ�Ô�Ô&Å
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g(2) = 1
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BΣ
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hiô�ö�j�s�öOô tWú æüû�u�ý�Ev��ÿ
Σ = {a, b}

-]
��
gn : Σ∗ −→ R

ā 7→







1 ā ≤ an

1
2|ā|−n an ≤ ā

0
����

��"$`
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lTV := {g ∈ RΣ∗
| sup
t∈N

∑

ā∈Σt

|g(ā)| <∞}.

�Q�����N���Â�	��FÖ� �_���%���^²³���
||.||TV : lTV −→ R+

g 7→ supt∈N

∑

ā∈Σt |g(ā)|,
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(lTV , ||.||TV ) ª�«c¬®­cª�¯°¯#±�²X³9ª´­c²X¬µ­c²{¶�·t¸�³�¹ºw»Z¼½»#£+¢J©wz{|��\�¾uwvc¿;�%���U�������@�U�
||.||TV (lTV ) ⊂ R+ �#ÀÁ�U� λ ∈ R

�%�;�
g ∈ lTV Â �U�

||λg||TV = sup
k∈N

∑

ā∈Σk

|λg(ā)| = sup
k∈N

∑

ā∈Σk

|λ| |g(ā)|

= sup
k∈N

|λ|
∑

ā∈Σk

|g(ā)| = |λ| sup
k∈N

∑

ā∈Σk

|g(ā)| = |λ| ||g||TV ,

�Ã��Ä�vy�Å����x��Z��v�Æ>|~����|��\�%v
sup{ts | s ∈ S} = t · supS

�ÈÇ%x{vy���%v�É5vy�%��v
S ⊂ R+�%�;�

t ∈ R+ |~�;�U��vy���%�UÊy�6�;|~Ä,vy���,Ë����;�½�J�%�
g, h ∈ lTV Â �U�

||g + h||TV = sup
k∈N

∑

ā∈Σk

|g(ā) + h(ā)|
(2.20)

≤ sup
k∈N

∑

ā∈Σk

|g(ā)| + |h(ā)|

(2.21)

≤ sup
(n,m)∈N2

(
∑

ā∈Σn

|g(ā)| +
∑

ā∈Σm

|h(ā)|)

(2.22)
= sup

n∈N

∑

ā∈Σn

|g(ā)| + sup
m∈N

∑

ā∈Σm

|h(ā)| = ||g||TV + ||h||TV ,

uwvyx�Ì3vy�@�%vÍ�;|����Î�;|~Ä,vy�Î����x��Z��vÏ�È������vy�;�Zvy�ÎÐÑ����vy�;�\���;|��È�Uvy�Ò��Ç%x¾Êy�Óvy�!É5vy�%��vy�
S, T ⊂ R+ |~�;�U��vy�JÇ%�UÊy�y�

∀s ∈ S ∃t ∈ T : s ≤ t ⇒ supS ≤ supT Ô ¦'�C¦~Õ'Ö
S ⊂ T ⇒ supS ≤ supT Ô ¦'�C¦Z×�Ö

sup{s+ t | s ∈ S, t ∈ T} = supS + supT. Ô ¦'�C¦�¦�ÖØ �@���
||g||TV = 0 Â �U����Ç%x3|~�@��v t

∑

ā∈Σt

|g(ā)| = 0 =⇒ ∀ā ∈ Σt : |g(ā)| = 0.
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u�|~}K�����®�~xUv��ZvyxÙvyx��U�Uv�Æ>vy���-�Zv"�Ùzw|~}Kvy�;�w��z{��xU}Ú�ZvyxO�U����|~��vy�Û�-|~xU�+|~�U�����Z�1Ç%Ä,vyx�Ü
Ý xUÇZ�È�y�,uw��v1ÞÃvyÊyvy�+���%�J�%�%�f�µ�U����|~��v9�-|~xU�@|~�U�����Z�O����x��5� Ý �~�Uvyxw���%xUv1Þ®vyxUv"�����U�����%�%�½vyx�Ü�´|~�%xUvy����Ë���vy�%vÙ�%|~Êy�5Ë'|~�UÊ!¦'�Cß�§��U�*����vÙÞ®vy}KvyxUà��%�%�K¦'�Cß�¦ Â �Z�@vw�%�;��vyxUvÙá3���J��vyxU��vy�%ÊcÜÄ,vy��xU�sâ
vÑ����vy���%vy�1���;��|~}K}Kvy�%�;|~�%�6}K�����Zvy�Ù���O�Zvyx Ø vy}�vy���;�Zv-�Zvyx>É°|~ã��U�%vy��xUvy�U��à�vyxÇ%Ä%���+���%vy��á3������vyxU��vy�%ÊyÄ�vy��xU��â,vy�Ï�U�Uvy�����y�

äN��xÅ�È|~�%xUvy�f�%|~}K���I����xU� Â ÐÑ����vy�;���\�;|����Uvy�K����� lTV |~�Z��Êy�%���+�U�Uvy���~äL��x-���Uvy����vy��|~�@�ÐÑx����Uv"�l��v"��� Â �%|���� lTV v"�����6���
l∞

vy�J�U�;|~���Uvy���+�U�y�
ºw»#åw»;��æIç
¥>èé¦'�C§�ê%©�ë ­�ìí­yª�îXï'¯�­c¬l³�·�¯5³�ª�¬

||g||∞ := sup
ā∈Σ∗

|g(ā)|

ð ª´­�ñZòXóôªÈîXïZ­5õ´ö�¸í÷�²U­c³�¸�³1«cøsùyú!±�²X³Ú·�¸aû ð ­c³ü¶�·�¸'³ ð ­y²�ò�­a«cîcï�²Áýt¯Zþ*¬µ­c¯ ÿ>±~ó � ­c¯ l∞ñ%ò�­c² Σ∗ � «c± � ª@óô¬
∀g ∈ G : ||g||∞ ≤ ||g||TV .
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lTV ( l∞,9 /:-�;=<�>?;./70A@B/76 CD-FE�-)3HGJI�>LKM0:/1N�> g ;O/10 g(ā) = 1
C�P�3�<Q616$-

ā ∈ Σ∗ -)/1>LR�/:-"S�0UT
VXWZY\[L])^&_`WZ]aYb]a_'_�c`_
dOe&f`g7h�g#i�g1j�hlk�mon�p`qr,s/13tR)<D4�-a>Lu=E�<MR+Rv-)/1>w-'GJN�6 4�-vxyN�>{z&-"K|0UN�3b-)>

(gn)n∈N }|~1����w�M���O4�-U4�-)>v-)/1>w-)>�z&-"K|0UN�3
g ∈ lTV � � ����� �M� ~1� �|�Qu&C)<�676�R
lim
n→∞

||gn − g||TV = 0,

<Q6�R)N�E�/:-
gn � -��aPQ4Q6�/1�)S�E�-)3BxyN�> ||.||TV /7>wE�IQ�D/�-a3"02-)>��`N)��NQ6$N�4�/:-BKQN�>&x|-)3�4�/:-)3b-)>�T��O-)3�\/1>aCa<���S�S`-)/70�S�<Q6 � -)3F;=-a/7>w-a> 9 /135�ON�>&x|-)3�4�-)>��=/1>���N�3";Fu 9 -)>&> 9 /13

lim
n→∞

gn = g

Ra��S�3b-)/ � -)>�T
VXWZY� b¡b]a¢Z¢#]a_?£¤]aWZ¡b]aYB¥�]D b¡a¦�[`§� � ¨[L]aY�]a©w]a_ª[L])^&_`WZ]aYb¡b]«¢ZWZ_`]D§QYb]«¬H_�¡b]aYbY�§Qc`­

lTV
]aWZ_®�§Q_&§�¯�°`Y�§Qc`­±W# b¡am&²³WZ]D ´W# b¡\WZ­lµ&¶�¢Z·�]a_&[L]a_�§Q_']aW#_`WZ·�]a_?¸�¡b]a¢Z¢Z]a_�¹�¶�_�°`º�¯+°& b¡b]a­{»¼_L½¡b]aYb]D � �]�¦&[`§« bW#¯+°' b¶«¾´¶�_�¹�]aYb·�]a_`¿a©w]a£¤]aW# b]O]aWZ_L¥�§�¯+°`]aY�¥1À`°`Yb]a_t¢#§� � b]a_�m

Á�Â i�Ã�k�mÅÄ�Æ&q´�F-a3�>�N�3�;./�-)3�02-ÈÇ\<�I�;
(lTV , ||.||TV )

/#R�0Éx|NQ676�R�0UÊ�>�E�/�4�T
Ë³eLÌse�g7Í�qB¸�]aW

(gn)n∈N

]aW#_`]FÎÏ§Qc&¯�°�Ð�½2µ`¶�¢Z·�]O§Qc& 
lTV
m&µÑÀ`Y

g ∈ lTV
 b]a¡b¿a]a_�£\W#Y

gt = g|Σt ∈ RΣt

,£¤]a¢#¯�°`]s bW#¯+°v­«WZ¡¨ÒÓ]aÔ�¡b¶�Yb]a_r]a_&[L¢ZW#¯+°L½2[LWZ­«]a_& bWZ¶�_&§Q¢#]aYa¦�Yb]a]a¢Z¢Z£É]aYb¡bW#·�]aY¨ÒÓ]aÔ�¡b¶�YbY�ÕQc`­«]W#[L]a_�¡bW$^&¿aWZ]aYb]a_�¢#§� + b]a_�mLV ]a·�]a_
||(gn)t − (gm)t||1 =

∑

ā∈Σt

|(gn − gm)(ā)| ≤ ||gn − gm||TV

c`_&[�[L]aY�ÒÓ¶�¢Z¢# b¡�ÕQ_&[LW#·�Ô�]aWZ¡
]a_&[L¢ZW#¯�°L½2[LW#­«]a_& bWZ¶�_&§Q¢Z]aYa¦)_`¶�Yb­«W#]aYb¡b]aY�ÒÓ]aÔ�¡b¶�YbY�ÕQc`­«]�¦|Ô�¶�_L½¹�]aYb·�WZ]aYb]a_Ö[LWZ]�WZ_&[Lc`¿aWZ]aYb¡b]a_r]a_&[L¢ZW#¯+°L½2[LWZ­«]a_& bWZ¶�_&§Q¢#]a_vµ`¶�¢Z·�]a_r·�]a·�]a_Ö×Ó¢Z]a­«]a_�¡b]
ḡt
mVXWZYÈ[L])^&_`WZ]aYb]a_Ø]aWZ_`]a_ØÒÓ]aÔ�¡b¶�Y

ḡ ∈ RΣ∗ [Lc`Y�¯�°�[LW#]OÒÓ¶�Y� +¯�°`YbW$¥�¡
ḡ(ā) := ḡt(ā)

¥�À`Y
|ā| = t

mw¸�]aW�_�c`_
ε ∈ R+ m�²È§Q_`_�·�WZ©`¡\]D \]aW#_ N0 ∈ N

¦` b¶«[`§� + 
∀n,m ≥ N0 : ||gn − gm||TV <

ε

2
,£¤¶�Y�§Qc& 

∀n,m ≥ N0,∀t ∈ N : ||(gn)t − (gm)t||1 <
ε

2¥�¶�¢Z·�¡am`ÙJÕ� � b¡5­Ú§Q_
m→ ∞

]aYb°&ÕQ¢Z¡\­Ú§Q_' b¶�­ÚWZ¡
∀n ≥ N0,∀t ∈ N : ||(gn)t − (ḡ)t||1 ≤

ε

2
< ε ⇒ ||gn − ḡ||TV < ε.

Û ¢# b¶sÔ�¶�_�¹�]aYb·�W#]aYb]a_ª[LWZ]
gn
·�]a·�]a_v[L]a_vÒÓ]aÔ�¡b¶�Y

ḡ
m�»¼ b¡È_�c`_

ε = 1
¦J b¶�·�WZ©`¡B]D B]aWZ_

N1
¦� b¶«[`§� � 

∀n ≥ N1 : ||gn − ḡ||TV < 1.



ÜbÝ Ý�ÞLß+à�á�âLãwä�ß"à&å#ß)âLã�æ�ç
æ�è�àwá�é�éwê&ë�ì�æÚí�î�é`ëwï�ð
ñ`æLî�éwå$ò�ò�æ
ó�ô\õ1ö�÷Zø�ù

∀t ∈ N ∀n ≥ N1 :
∑

ā∈Σt

|ḡ(ā)| −
∑

ā∈Σt

|gn(ā)|

≤
∑

ā∈Σt

|ḡ(ā) − gn(ā)|

≤ ||gn − ḡ||TV < 1,

úUû�üoû�ý�þ

ÿ ö������&ô supt
∑

ā∈Σt |ḡ(ā)| ≤ ||gn||TV + 1
���	�
�����
�Zù

ḡ ∈ lTV
õ�ö�÷Zø�ù ü

�

��������ö��������aù��������������������`ø����������! Hö����"�����´ùbö�ù��Q÷#���
$%�����&�Qù��Zö��
�#ôbù����#�Èõ�ö�÷Zø����	���
'(�bö�)�ö�ô��Zù��#ö��*���#÷$õ+�����&��� ü
,!-/.102.13547684+.:9 û�ü<;	=?>!@BADC

g ∈ lσ ∩ lTV E AGFIH�J&KLC
||g||TV = lim

t→∞

∑

ā∈Σt

|g(ā)|.

@BAGC
g M J&N
OQP�R�S MUT CVF�W E AGF g ∈ lTV X N/Y

||g||TV = g(2).Z\[�]^[24&3 >\_ ���!����ôbù��a`b���Z÷
õ�ö�÷Zø�ùc���&ô
∑

ā∈Σt

|g(ā)|
σg=g
=

∑

ā∈Σt

|
∑

a∈Σ

g(āa)|

≤
∑

ā∈Σt

∑

a∈Σ

|g(āa)| =
∑

ā∈Σt+1

|g(ā)|.

_ ����d ÿ ���#ù��Bõ1ö�÷#ø�ùc���&ô
∑

ā∈Σt

|g(ā)|
g≥0
=
∑

ā∈Σt

g(ā)
σtg=g

= g(2).

�

ó(�7���a�#��ù������Dô+ô�����ù��I���	�'ô�)	eQù����f���`ø����g���#�h���`ù�da÷#�7�����I���aö�i	������ù����`ø^�#ô�ù��j���8kl����ô�ôô��&���
�7�
���	�L÷#�7�B��mn���#�g���&ô��#ö��	�Q÷#���
of��ù�������e����g���^p�ö��
lSM

���#�!iq���7�����^r´ö��jp����bø�����dGm
�«ö����	���7�B��ù�ô¤ù���� ü�s �
���#�Dô����t�	�Q÷Z÷	�#�
)`÷#�#d��#���bùu���#� ÿ ö��bù ÿ ���7ô��\r5ö��jp����bø�����dv�	e��«÷7�7���ô��B�`ö��wr´ö���p����bø�����d��7�h 5ö����hx
y2z 68{ û�ü<;�û�>\| M J V ⊂ lTV M J+N M N2Y�K}J�~D����Y?J&� M N�AGJ+F?N2P�K M W
�1N2C M WUW�P X ��S5F�N

lTV X N2Y
(gn)n∈N M J+N M^� F�K H M J+N V E Y�J Mh� F�WDC ��M J7A M H M H M N g ∈ lTV T F?N	S M W�H�J M WUCV�\��P?N	N
T F?N	S M W�H�J M W M N�Y�J M gn P X ~D�wJ&N^�aF�WD��H M H M N g E J+N�A�� M AGF�N/Y M W M J#AGC g ∈ V

�
Z\[�]^[24&3 >f� �#� ÿ e��`÷#���Qd����	e����&ôbù����#��������ô��#ô (hj)j∈{1,...,m}

p�ö��
V
���	���7������ù���m

d��#�������
��iq���!���#�vr5ö�ö������#�	�Qù����	������ô�ù��a÷Z÷#���`ø
Φ : V −→ Rm

∑

j αjhj 7→ (α1, ..., αm)

V
�g�Zù������

Rm ���	�'ô��aù�d����
Φ(gn) =: (αn1, ..., αnm) =: αTnôbö ÿ �#�
Φ(g) =: (β1, ..., βm) =: βT .



�D� �D�j�l�q�q�����1���:�q�2 l���2¡q���8¢a£q�q¤Q¥U¦7¡q�q¦§���j¨	�h��©l¥G¥U� ���
ª¬«#­w®q¯�°g¯�­�±�¯�²´³�¯�«#µ�¯�­�¶v·�¸�¹�¹�º�«7¸»·�¯�­�¼c½�½�­�·�«#²	¸�µ�¯�²	·�¸�­�¹�µ�¯�¾7¾#¿�²�ÀÁ¸�¿�ÂÃ·�¯�°

Rm·�¿�­�ÄBÅÆ·�«7¯
TV ÇnÈ ½�­�°É¯�®q¯�²�Â�¸�¾7¾7¹b¯�«#²�¯ È ½�­�°Ê«#²	·�¿�Ë�«7¯�­�µ1³�«#­�·lÌ�ÍÎ¸!«7²�¯�«#²�¯�°´¯�²	·�¾#«7ÄBÅ Ç·�«#°
¯�²	¹�«#½�²	¸�¾#¯�²Ã­�¯�¯�¾#¾#³�¯�­�µ�«7À�¯�²ÃÏ(¯�±�µ�½�­�­�¸�¿�°"¸�¾#¾#¯ È ½�­�°g¯�²
Ð�Ñ�¿�«#º�¸�¾#¯�²jµ�¹�«#²	·l¶�­�¯�«7Ä�Å�µ¯�¹c·�¯�°
²	¸�Ä�ÅhË�¿hË�¯�«7À�¯�²8¶	·�¸�¹�¹

∀j ∈ {1, ...,m} : lim
n→∞

αnj = βj .

ª¬«#­�®/¯�¹�µ�«7°g°g¯�²Ò²�¿�²Ó°g«#µ�·�¯�°Ô²	¸�ÄBÅ	¹�µ�¯�Å�¯�²	·�¯�²�Õ8¯�°
°
¸¬Ö�Ì<×jØ
m Ù ¯�Ñj¿�¯�²�Ë�¯�²

āi, i = 1, ...,m
¶/¹�½g·�¸�¹�¹

A =






h1(ā1) · · · hm(ā1)ÌÌÌ Ì Ì Ì ÌÌÌ
h1(ām) · · · hm(ām)




 ∈ Rm×m

¯�«#²�¯v­�¯�À�¿�¾&Ð�­�¯aÚÛ¸�µ�­�«§Ü^«7¹�µ�Ì�ª¬«#­�¹�Ä�Å�­�¯�«7®/¯�²
³Ý¯�«#µ�¯�­

xg = (g(ā1), ..., g(ām))T .

ÍÎ¸�²�²hÀ�«#¾7µÝË�¿�²	Ð�ÄBÅ	¹�µ
Aβ = xg

¿�²	·
³�¯�«7µ�¯�­

Aαn −→
n→∞

xg
A−1 Þ&ß&àVß7á<â

=⇒ αn −→
n→∞

A−1xg = β.

�

ÍÎ¸�¹%¹�«&Ä�Å�²j¿�²Ã¸�²	¹�Ä�Å�¾#«7¯�ã�¯�²	·�¯�¶�«#°Ó½�®�«#À�¯�²gä�¯�³�¯�«7¹%®/¯�­�¯�«#µ�¹u®q¯�²j¿�µ�Ë�µ�¯\Õ8¯�°g°
¸\³�«#­�±�µ
¸�¿�Â�·�¯�²Q¯�­�¹�µ�¯�²åä�¾#«7Ä�±wµ�­�«#º�«&¸�¾1¿�²	·�³�«#­�·�¸�¿	ÄBÅ�¹�æ	Ð�µ�¯�­v²�½�Ä�Åèç�«#°êéf®	¹�Ä�Å�²�«#µ�µÎë�®q¯�­
ä�¸�¹�¯�²*¿�²	·^Ä�Å	¸�­�¸�±�µ�¯�­�«7¹�µ�«7¹�ÄBÅ�¯ Ù�ì ¹�µ�¯�°
¯ÎØ�ÌíØ�î(º�«#¯�¾§Âï¸�Ä�Å
Ë�¿�­�éf²j³�¯�²	·�¿�²�À
±�½�°g°g¯�²8ð

ñ(ò/ó\ófô´Ö�Ì<×jØ�õ�öl÷Gø
(gi)i∈I , I ⊂ N

÷Gø+ù/÷^újû�üþý ÿ � û�ú���÷��:ú��Æø � ø�÷��	�?ù�
	÷
��������÷Gù»ú����
l∞ ��� ú�ù2ù��Gø&ù�����øï÷IûB÷Gø���÷Gù���� ��� ÷Gù �j÷Gù�!"�#�
�Gú � ÷GùQý#$%��ø&�þú � ÷Gù���'

ç�«ïî � øï÷ gi �Gø&ù�� � ø&ù/÷�ú��(��ù/újûUÿ�ý�ù � ø � �ç�«#«Vî*)+� � ø�û%��÷Gø+ù/÷,�bú#�Iø � ø�÷-�	��ù/.10��2�n÷��Dù
(āi)i∈I 3 ���4�?ú5�
�*��øï÷76Qú#�8�Uø§üþ÷Gù���9:�ú �&� ÷

i ∈ I

Ai =






g1(ā1) ... gi(ā1)��� � � � ���
g1(ān) · · · gi(āi)






��÷ � � � ý��(�Gø&ù � �
;\ò=<^ò�>&?jõ\Íf«7¯A@c«&Ä�Åjµ�¿�²�À

(ii) ⇒ (i)
«7¹�µ1¯�«#²�Âï¸�Ä�Å8¶5·�¯�²�²Æ³�«#­1Å	¸�®/¯�²I²	¸�Ä�ÅÆÍ\¯�B	²�«#µ�«#½�²

·�¯�­%¾7«#²�¯�¸�­�¯�²DC!²	¸�®�Å	Ð�²�À�«7À�±�¯�«#µ�·�«#¯�¾#«7²�¯�¸�­�¯EC!²	¸�®�Å	Ð�²�À�«#À�±�¯�«7µ(¯�²	·�¾#«7Ä�Å�¯�­AFb¯�«#¾§Âï¸�°g«#¾7« Ç¯�²*·�¯�­
(gi)

Ë�¿ÃË�¯�«7À�¯�²8Ì:G ¹�µ�¯�«#²�¯!¯�²	·�¾#«7Ä�Å�¯"Fb¯�«#¾#Â�¸�°g«7¾#«#¯�À�¯�À�¯�®/¯�²8¶�¹�½a«&¹�µ
AN

Â+ë�­�·�¯�²
À�­IH�ã�µ�¯�² «#² ·�«7¯�¹�¯�­*F:¯�«#¾§Âï¸�°g«#¾#«#¯Æ¸�¿�Â�µ�­�¯�µ�¯�²	·�¯�²JG�²	·�¯GÜ

N
­�¯�À�¿�¾7Ð�­�¿�²	· ·�«#¯Ã¾#«#²�¯�¸�­�¯

Cf²	¸�®�Å	Ð�²�À�«#À�±�¯�«#µc·�¯�­KF:¯�«#¾§Âï¸�°g«#¾#«7¯�Â+½�¾7À�µ�Ì
L�ë�­�·�«#¯f¸�²	·�¯�­�¯(@c«&Ä�Åjµ�¿�²�ÀÆ«7·�¯�²�µ�«MB	Ë�«#¯�­�¯�²*³�«#­

I
ë�®q¯�­Ý¯�²�µ�¹�æ�­�¯�Ä�Å�¯�²	·�¯�äÝ«�N�¯�±�µ�«#½�²�¯�²

°g«7µ8¯�²jµn³Ý¯�·�¯�­u¯�«#²�¯�­b¯�²	·�¾#«7ÄBÅ�¯�²-Fb¯�«7¾#°g¯�²�À�¯
{1, ..., n}

º�½�²
N
½�·�¯�­:¸�®q¯�­b°g«#µ

N\{0}
Ì

ª¬«#­�Ë�¯�«#À�¯�²h·�«#¯vä�¯�Å	¸�¿�æ�µ�¿�²�ÀÃ·�¸�²�²h«7²*®q¯�«7·�¯�²�LuÐ�¾#¾#¯�²*°g«#µOG�²	·�¿�±�µ�«7½�²*ë�®q¯�­
i
Ì�G�°

L	¸�¾7¾#¯
i = 1

B	²	·�¯�²I³�«7­b³�¯�À�¯�²
g1 6= 0

¯�«#²aªQ½�­�µ
ā0
°g«#µ

0 6= g1(ā1) = det(g1(ā1))
Ì



PRQ S2T=UWVYX[Z=\ ][U
V_^`U�Z=\Ya�bcaed[V XYf�f g_hYijalknmYfoh pYqcroa=mYf ^Ms#s#a
tvuowKx=y%z|{}z_x=~o�e�I����z_�����W�owI���I�O�Iy%�

i ≥ 2 ���,� zoz�����zozoy%z|�O��wEx=��y����=�`�I�Iy%zo�(y%��zoy%wOwIy��
� ~o�`��wIy%z�� � �IwI�M�

Ai−1 :=






g1(ā1) ... gi−1(ā1)��� � � � ���
g1(ān−1) · · · gi−1(āi−1)






� zozoy%�o�Dy%z �v�,� �D���,�_z_x=y%zJ�O��w(y%��z�y%��z_x=y%~o�I� ��� y����I���D���Iy�� λ = (λ1, ..., λi−1)
T ��I�Dx � �W�

Ai−1λ = (gi(ā1), ..., gi(āi−1))
T ⇔ λ = A−1

i−1(gi(ā1), ..., gi(āi−1))
T .

{��I�Oz�~oz
āi ∈ Σ∗ \ {ā0, ..., āi−1}

~oz_x1x=�`y�� � �IwI�M�

Aāi
:=








gi(ā1)

Ai−1
���

gi(āi−1)
g1(āi) · · · gi−1(āi) gi(āi)








�I�`z � ~o�`��w � �I� � ����� � ~=� � wI~oz_x�x=y%wK� ��z_x=y%~o�I� � ��y%���j¡���z λ � ~_�W�

gi(āi) =
i−1∑

j=1

λjgj(āi).

�,� �oy%wE��~_���jy��Oy%��z1¢£��wI�
āi

� y � y%z � �I�Dx � ��� Aāi

wIy � ~o�&��wE�`�I� � x � �I��z_�I�

gi =
i−1∑

j=1

λjgj

�¤��� � �Iy � y%��z¥¢¦�`x=y%w��I§owI~_���[¨
�

©cª�«�ªM«�ª1¬[­&®Y¯n­�°�±�²�°´³¶µo·Y°¹¸v¯nº»º¼°:±1½ °�±5¾&°:® ¸v¯n® ¿�¿�µ=²�Àoª ¢¦��wj�����D�Dy%z1z:~oz
�%~ow4y%w��I�Iy%zÂÁEy����:�R��y%wI�I� � ~oz � x=y%w�Ãe��� �5Ä ~oz � ¡���z

lTV �+Ån� �������W�o���`���Â����zozoy%z¦�O��w
z_���D�`�`���Dx=��y7�I� � zo��y%wI�Iy%zD� ��Æ ¡�y%�:�I��wIy%z � x=��yE�`z lTV y%z��I� � ���Iy%z¥�I��z_x � y%��z_x=y%~o�I� � �D����I� � zo��y%wI�Iy%z»� ��Æ y%z»�`x=y%z:�I�M�_�%��y%wIy%z �A� ��y������ � y%z_x=y%zÇ� w � y � zo�`���Iy´�%y%� � y%zÇx=y%zÇ¢£y ��%~¹x=��y��Iy%wK� wI��y%zoz:�Izo�`� � ¢Ç�`wK�I� � wI�Iy%z|�l���Ex=y%z��¤~oz_x � �Dy%z�� � �`y%z¹� w � y � zo�&���Iy%z�u � y%w�I� � zo��y%wI�IyÈ� ��Æ y � x=�`yÈ��z£ÉAu_�W�oy%wIzÊ���ÌË7��� � y%�ly%��zoy%z|y%�}� � ���I�I��y��¤�*uo�I�Iy%wI���&��� � �o� y��� � z_x=y%���4�Íy%w�x=y%z � � Ä y%z_�I�`�W���I���`�W� � �Ay%���7zoy � � �I�`¡ � y%��y � �Iy¹�|y%z � y%z¦��z:�I~o���I��¡Îzo�`���:�
y%��z � y%��w�x=zoy%�,�Ay%w�x=y%z£����zozoy%z �cÅ¼� ���������o�`�`���£�I�Iy%���`y%z´�I�`�W�|�%~o�D�`z_x=y��I�7y%z_x=�`�`���oy � �I�M�� zo��y%wI�Iy1� ��Æ y � �`� � � Ä y%wIy%zo�%y%zÎ¡���zÏy%z_x=���`�W�oy%zJ� ��Æ y%zÏ�oy%w � ~_� �Ð�,� ��wIy%�`���:�Dx=y%z�Dy%�&�I�Iy%z1� ��Æ �I�oy%��wIy%�I����y%wIz �
Ñ�Ò=Ó[Ô¥Õ ��Ö�Ö¹×8Ø"� �oz=��Ù y%wI��y � ~oz �=Ú
Û"ÜcÝ%Þ P Ý�Þ�ßàÝ�ß á=âãÞ¤ä2å=Ý2æWç æ2Þéè�ß_Þ8Ý�ê2ëìÝ
æ7í£îIïðî�ñ
ò-Ý�Þ�ß Ý�ê
σ ó�ô â�è�Ý�õ%ê�î B ö õWÝ�êDÝ�Þ&ßYÝ�ê"í�Ý%ß�è�Ý Ω ÷nø î�ß_ßÊÝWù�Þ�æ�ë8Þ¤Ý%êRÝ�ß¹ú%ûÍÝ�Þ�í�Ý�ß�è�Ý%ß Ω+,Ω− çÍæ%üá#î�æWæ Ω = Ω+∪̇Ω− ñ:ß�á

P (B) ≥ 0, B ∈ (Ω+ ∩ B)

P (B) ≤ 0, B ∈ (Ω− ∩ B).

ø Þ¤Ý"í�Ý�ß:è�Ý�ß Ω+,Ω− ß Ý%ß_ß_ëÍýÈî�ß£Ý�Þ�ß Ýÿþ µ��v¯��%½�°:±�¾�°�®Y¸¼¯¼®�� ü�ß P ÷
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�

SUT�V�T�W�WYX�V�O�RCZ�[?7]\�^-_�^%`a^+bI_2cedgf�h2^�ij`�dlk�b�dm^+n%op^]q#r-s
P
rYtvuw^+dxbI^+n

σ yxz cCk�^P{>n|r B d<`+o
_�dm^0} d ~]^+n-^+b�� �P��^+dg^>na^+b�_2cldgf�h2^+n]q�r-s�^P�
.0/213/�465�70�];+���?:&;>�-; ;>���2�<:&�v=?;w������;

P+, P− �2�?����= P+(A) := P (A ∩ Ω+)
�?���

P−(A) := −P (A ∩ Ω−)
K��?���?�

P = P+ − P− R �

SUT�V�T�W�WYX�V�O�RCZ����m�������?���2�|�I;>�-�<;>���?�?�2�%7A�
^+d
P
^+dxb�^+b�_?cedgf�h2^%`%i9`�dlk�b�dm^+n�op^%`�q#r-s

r�t%uA^+d6b�^+n
σ ygz c k�^P{+n r B

��}ar�b�b�k�dg{>o]^%`¡^+d6bI_�^+t�omdek¢{�^%`�omdx£E£Eop^wq#r-sj^
P+, P− i¤`>¥_Yr�`v`

P = P+ −P− t�b�_�u+¦�n�§>^�_�^ r�bI_�^+n-^¨}ar�n�`+op^�cxcet�b�k P = P1 −P2
£Edxo�q�r-s�^>b

P1, P2
k�d6ceoL©

P1 = P+ + δ
t�bI_

P2 = P− + δ
u+¦�n�^>d6b#q#r-s

δ 6= 0
��}wdg^Eq#r-sj^

P+, P− ��^+n _�^+b«ª�¬�­¯®�D�°�±>²�³�­µ´x³�¶�F�°�¶¸·¹¥�b
P
k�^+b�r�b�b�oL�

.0/213/�465�70º?���<��;>�-M�»¡����K2:<���2;>»¼»¡���3�2;>�)½¤;>¾¤;>:&¿��2;P¿¨8���M-À>;P¿ �-@CBED�F�GIH2JLK�8IR�NPO�Q��
Á?Â ;>�Ã�2:<; Ä0��=?�2�|�I;>�-�<;>���?�?�¡�2�?����=?��;>=�M>R

�

.0/�Å0/�V�ÆÈÇ�É�ÊËO�RCZ�Ì27wÍv`+o
P
^+dxbÎ^+b�_2cldgf�h2^%`%i0`+dekYb�dg^>n%op^%`¡q#r-sÏt�b�_

Ω+∪̇Ω− ^+d6b�^
Ðwr¯h�b yLÑ ^+nvc<^mk�t�b�k¡�Pt P ij`+¥�d&`�o¤_Ydg^9\2¥�n _Yr�b ymÑ ^+n%c'^Lk�t�b�k�k�^>n|rY_�^Òk�^mk�^P{v^+bÓ_�t�n f�h

P+(A) := P (A ∩ Ω+)
t�bI_

P−(A) := P (A ∩ Ω−).
}ar¯`�d&`�oÔ^+dxbI^#_�dxn ^�Õµop^)ÖU¥�b2`P^-×>t?^+b��Ó_�^%`«ØÒ^+��^+d&`>^%`)�>t�£Ù�
r�o&�Ú¦?{�^+n#_�dm^Û\2¥�n _Yr�b y
Ñ ^+n%c<^mk�t�b�kY�

�0:<;¡�Y�����?���2�|�I;>�-�<;>���?�?�Ú��: Â MwÜ]�?�&��¿�¿ÒÝ Á �w;>:<�?;¡¾�;>:<M-;>�-;3�0;+���?:<M-:<����K��2:<;��2;>�#Þß½à;+�
M-������áÒ;>:<�?;P¿â;>���2�<:6��=?;>��K�¿-:<���?:&;>�-M-;>�)������;P¿â;>�-ã��&ä��-M>R

åU/�æ?46É�4&ç�4xT�ÉèO�RCZ�é?7 ��^+d
P
^+dxbê^+bI_2cedgf�h2^�`viâ`�dlk�b�dm^+n�op^%`aq#r-s�t�b�_

P = P+ − P−`P^+d6b�^9\?¥�n _Yr�b yLÑ ^+nvc<^mk�t�b�kY�ë}ar�b�bÚbI^>b�bI^+bÚ�jdxn P+ _Ydg^]ìë¬IíPî&ïPî6ðI³Úñ9D?­¯î6D2ïPîx¬I°ò·¹¥Yb
P
t�b�_

P− _�dm^]°�³�¶ID2ïPî&ð�³Ûñ9D?­¯î6D2ïPîx¬I°ò·¹¥Yb
P
���
^>o&�¹^+bÚ�jdxn9��^+d6op^>n

|P | := P+ + P−,
`>¥¡bI^>b�bI^+b¢�jd6n _Ydg^%`ÃïP¬�ïPD?´6³¢ñ9D?­¯î6D2ïPîx¬I°ó·¹¥�b

P
�

ô�:<; Â ;>�-;>:<M�¿ëÀ>�«½à;>��:<�?�¡�2;P¿àÜ Â ¿��v=?�?:<M-M�¿ë;>�-¾àä�=?��M>K?¿-M-;>=?;>��Ý Á �¤¿-:<���?:<;>�-M-;¨õë��ä�»¡����;
:<»öÜ]�<�<��;>»A;>:<�?;>�÷ã�;>:<�?;�À>���2;>�êÝ Á �Eõë��ä�»¡����;>�¸;>�-=�ä��<M-�<:&�v=?;>�¸�������&����;>�¸º����-M�¿-;>M �
À>�?�?�Y¿�¿vä�M-À>;�À>�?�«øj;>� Ý Á ���?�?�?Râùj:&�?;Û=?:<�?�-;>:&�v=?;>���2;¢½à;P�2:<�?���?�?�ê¾¤ä��-;¢:<�Î�?��¿-;>�-;>»
º����&���2:<;a�I;>�-�<;>� Â ���-ã�;>:<MÃ�2;>�¨¿�:<���?:<;>�-M-;>�úõj��ä�»¡����; :&�)�]:<û�;>�-;>�?À>;>�úü����Ûõë��ä�»¡����;>��K
¾â:<;9»¡:<Mà�2;>»ý¿-:&��=)����¿v��=?�<:<;>��;>���2;>��þ�;>»A»¡�Uã��&���â¾â:<���
R

ÿj/IÅ0Å]X O�RCZ � 70��^+d
g =

n∑

i=1

αigi

^+dxbÓq#r�s�·µ^�ÕµoL¥�nvia_�^+núr�c `��jdxbI^-rYn�Õ¯¥Y£Ô{>d6b�rYomdx¥�b ·¹¥�bêq�r-s�·¯^%ÕµoL¥�n-^+b
gi
^+b�ox`�oLr�b�_�^+b

d&`�oL��}ar�b�b3k�d&clo

∀B ∈ BΣ : mg(B) =

n∑

i=1

αimgi
(B).
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132�452!687:93;3<>=@?�=�A@B�<CA�D*E�FG?�H
IKJ�F�<CEMLND*EPO�Q�FG?GB�R�STE�UVSTB*W>STB

B XZY D*E@<CFGFGW>STU'ST?GB*S[= B\ STUVSTE�J>STB^]_?GET`�R*<>=a=bR�c*EaHaIdR�?�S3egf>Ea=
HaI*E�?/LNA

f(B) :=
n∑

i=1

αimgi
(B)

ST?GB�STB�R�F�?�HaI*S[=T`h=�?GW>B*?GSTE�A�S[=gij<Ckl<Cc�L
(ΩΣ,BΣ)

LNS[=�A�W>STFGSTW>Ag]_?GEaR�`hR*<>=m<Cc�LnR�STBoO�Q�FG?GB�p
R�STE�UVSTB*W>STBqUV?GA

mg
D \ STE�ST?GB�=�A�?GU'U@A X ;3?GSsrbB*B�<CI*U'SmST?GB*S[= B ∈ BΣ

UV?�A
f(B) < 0LND*I*E�AtU'?GAuR�STUvrtw*w*E�f[x�?GU'<CA�?�f>B�=a=a<CA�yMLND*Etij<Ck>S�z XG{[| <Cc�L}ST?GB*S Y f>FGW>S@~>f>B�O�Q�FG?GB�pR�STE�UVSTB*W>STB

(Bn)
UV?GA

|f |(B4Bn) → 0
`}]mf \ ST?

|f |
R�?GS^A�f>Aa<CF�S�e}<CE�?�<CA�?Gf>B�~>f>B

f
=�ST?u��=�?GSTI*SV;3S���B*?GA�?�f>B�z X��:|h�aX ;�<>=�]_?GS[R�STE�c*U�LND*I*E�AMUV?GA���STUVU'<^r X z5<Cc�L%ST?GB*SO�Q�FG?GB�R�STE�UVSTB*W>S

Bn0

U'?GA
0 > f(Bn0) = g(Bn0) ≥ 0,

ST?GB���?8R�STEa=�w*E�c�HaI X ;3STUVB�<>HaI5?�=�A f ST?GB�ij<Ck X i�?GAs�b?�F/L�S_~>f>B���<CA�y�z XG{[� =a?GSTI:A�U'<CBR*<CI*STEuST?�B�`�R*<>=a=
f = mg X �

�q�)���)�h�0�)��z X��C� 9@�
��� g  �¡�¢ � ¡¤£>¢�¡� �¥ �  T¥�¦�§�¨Z©ª �« �­¬ ¥a®�¯: �¥d§>° ��± ¡ ²t �¥� �¢h³�³T´m �¡� �¥
¦�§a¨µ©ª 	« �­¬ ¥� �¢ g1, g2  �¢ ���	� §0¢!¯: �¢j¡ ��� ®�§C° ��¬

g = g1 − g2,

�T¬ ¯: N¶m¢�¡� �¥· T¢j´g¡�¥
∀B ∈ BΣ : mg(B) := mg1(B) −mg2(B).

± ¡N  �   ±  N¶m¢�¡ � ¡ ¬ ¢d¡ ��� ´ ¬¹¸ °/ºa ­£>¥�»�¢!¯:  � ®_¯: T¢�¢d¡�¼¾½)§C°8°G @© ¬ ¢
g1 − g2 = g = g3 − g4

¿ »h¥b¦À§�¨µ©¹ �« �­¬ ¥� �¢ g1, g2, g3, g4 £>¡8° � ´m �£: T¢ g1 + g4 = g2 + g3 ¢!§0Á ¸�Â  T¼q¼�§'ÃhÄÆÅ�Ç
mg1(B) +mg4(B) = m(g1+g4)(B) = m(g2+g3)(B) = mg2(B) +mg3(B)

È ¢!¯�¯0§>¼P¡ � ¢�§ � »h¥�°¤¡�Á ¸ mg1(B)−mg2(B) = mg3(B)−mg4(B) Ä � ¢^¯>¡�  �  �¼ÊÉ�¡�¢�¢� � Á ¸ ¥� �¡Nº
 �¢À´g¡�¥ ¿ »�¥ �T¬ °/Á ¸  ÌË� �« �­¬ ¥· �¢ g § È Á ¸  �¡8¢ ¿ §0Á ¸ g §0¢ �	�  	°�°G q© ¬ ¢ mg ® ¿ §C°�° �   �§ È ¿ ¯: �¢ÎÍZ¢ �  �¥ � Á ¸ ¡� �¯5¢�¡NÁ ¸h� §>¢�« ¬ ¼q¼ � Ä
�Î?GEV=�STI*STBÎR*<CUV?GAVST?GB�`�R*<>=a='R�c*EaH
IÎ=�?�W>B*?GSTE�A�S�id<Ck>~>STJ�A�f>E�STB�`%R�?GS�<CF�=V;3?/Ï�STE�STB*y
yT]�ST?GSTEtij<Ck>~>STJhA�f>E�STBdSTB:Aa=�A�STI*STB�`�ST?GB�ST?�B�R�STc*A�?GW�LNS[=�A�W>STFGSTW>A�S[=u=�?�W>B*?GSTE�A�S[=uij<Ck

mgW>STW>S \ STB�?�=�A X ;3?GS[=�SlO�STE�FGSTW>c*B*WVL�c*B*J�A�?Gf>B*?GSTE�A%B:c*B�?GU Y <CFGFGS�=�?�W>B*?GSTE�A�STE_id<Ck>~>STJ�A�fCpE�STB�<Cc�=
lTV Ð

Ñ ��Ò�Ó�z X���{ �ÔO�STE�FGSTW>c*B*W0=a=
<CA�y � 9 É� �¡ g ∈ lTV  �¡�¢ � ¡Æ£>¢!¡N �¥ �  �¥'¦�§a¨µ©ª 	« �­¬ ¥�Ä ± §0¢�¢
£>¡�º �   �  �¡�¢!¯:  È � ¡Æ£�º
  �	� ¡�¼P¼ �  �¦�§a¨µ©ª 	« �­¬ ¥� �¢ g+, g− ∈ lTV ® �T¬ ¯:§ �
�

g = g+ − g−

È ¢!¯
||g+||TV + ||g−||TV = ||g||TV .



Õ	Ö ×	Ö:Ø�Ù�Ú�Û%ÜhØµÝ>Þ)Ù�Ø!ß�Ü�Ú!à�ÜhØ�áMâ�Ø�ã�ä�å�à�Ø�å/ÜhÚ:æ�Ü�Û%ç�ä�ä�Ü ×aè
é3ê�ë5ê!ì8í:îtï�ðGñ_ò�óTñaô�óTõjô�ð�ó�ögóT÷hø�ù>ñ�óTõ

g+, g−
ó�ú�û*üGðGýTðGøs÷>ù>õ�þ�ø�ñ�ÿ*ðGóTñ�óTõ���ï�ð�ñuþ�óTø�ýTóTõ

ýTÿ*õ�������þ�ø	��
*ñ	�CüGüGó
ā ∈ Σ∗ ÿ*õ�ô t ≥ |ā|

δ+t,ā :=
∑

b̄∈Σt
ā

g(b̄)≥0

|g(b̄)| =
∑

b̄∈Σt
ā

g(b̄)≥0

g(b̄) 
�� � �����

ÿ*õ�ô��Cõ��Cü�ù��
δ−t,ā :=

∑

b̄∈Σt
ā

g(b̄)<0

|g(b̄)| =
∑

b̄∈Σt
ā

g(b̄)<0

−g(b̄). 
�� � �����

ïÎðGñ���ó��'óTñ�÷>óTõ^ýTÿ*õ�������þ�ø���ô��>þaþ���
*ñ	�CüGüGó
ā ∈ Σ∗ ÿ*õ�ô t ≥ |ā|

δ+,−t,ā ≤ δ+,−t+1,ā ≤ ||g||TV , 
�� � �����
ò�ù���óTð)ô�ð�ó�óTñaþ�ø�ó! bõ��>ü�óTð"���hÿ*õ��#�Cÿ�þ

g(b̄)
σg=g
=

∑

a∈Σ

g(b̄a) ≤
∑

a∈Σ
g(b̄a)≥0

g(b̄a)

��
*ñ
b̄ ∈ Σt

ā

�VðGø
g(b̄) ≥ 0

�*ýTò$�>óTðGõ*óTñ%�Cõ��CüGù��>óTõ'&uó(���*õ:ÿ*õ��$��
*ñ
g(b̄) < 0

�Nù>ü)�>ø��ªÿ*õ�ô
ô�ðGó@ýTòmóTðGø�óPô�ðGñ�óT÷�ø*�Cÿ�þ3ô�óTñ,+3ó.-�õ*ðGø�ð�ù>õdô�óTñ0/bù>ñ1� ô�óTñtø�ù>ø��Cü�óTõdö2�Cñ�ð"�Cø�ð�ù>õ��3+0�4�VðGø�*ðGü8ô�óTõ�ô�ðGó

δ+t,ā
ÿ*õ�ô5ô�ðGó

δ−t,ā
�Vù>õ*ù>ø�ù>õ5ò5������þ�óTõ�ô�ó�����ó[þ����*ñ��Cõ*÷�ø�ó$6*ù>ü)�>óTõ5ðGõ

t
ÿ*õ�ô

ò_ðGñuþaóTø�ýTóTõ
g+(ā) := lim

t→∞
δ+t,ā, 
�� � �879�

g−(ā) := lim
t→∞

δ−t,ā 
�� � ��:��
ÿ*õ�ôKýTóTð)�>óTõ��)ô��>þaþ@þ�ù�ögóT÷�ø�ù>ñ�óTõ;�VðGøMô�óTõ<�>óTò=
*õ�þ����hø�óTõ?>gð)�>óTõ�þ���������ø�óTõ ô�ó.-�õ*ðGóTñ�ø
þ�ð�õ�ô@��ï�óTð�ø�óTñ=��ù>ü"�>øsò�ó��>óTõ

∑

a∈Σ

δ+t,āa =
∑

a∈Σ

∑

b̄∈Σt
āa

g(b̄)≥0

g(b̄)

σg=g
=

∑

b̄∈Σt
ā

g(b̄)≥0

g(b̄) = δ+t,ā


�� � ��A��

��
*ñ
t ≥ |ā| + 1

ÿ*õ�ô�ô��4�VðGø
(σg+)(ā) =

∑

a∈Σ

g+(āa) =
∑

a∈Σ

lim
t→∞

δ+t,āa

= lim
t→∞

∑

a∈Σ

δ+t,āa
(2.29)
= lim

t→∞
δ+t,ā = g+(ā)

σg+ = g+ �CBtõ��CüGù���þ����*üGðGó�D>ø0�#�Cõ<�Cÿ�� σg− = g−
�E/*�����;+3ó.-�õ*ðGø�ðGù>õF�>ðGüGø�ù4G�óTõ�H

þ�ðI���:ø�ü�ð"���
g+, g− ≥ 0

�3+,�4�'ðGø_þ�ðGõ�ô
g+, g− J �4D�K>óT÷�ø�ù>ñ�óTõ��3Lsó(�����hø�óTõ�ò_ðGñ_õ*ù����

δ+t,2 + δ−t,2 =
∑

ā∈Σt

|g(ā)|, 
�� �NM4O �



P1Q RTS�U�VXW�Y�Z3[�U\V�]"U.Y�ZX^`_@^ba�V3WXcdc3e�fXg�^#hjiXc�f3kXl@m�^�iXc3]on8n8^
p1q

||g+||TV + ||g−||TV
P.2.41

= g+(2) + g−(2) = lim
t→∞

δ+t,2 + lim
t→∞

δ−t,2

= lim
t→∞

(δ+t,2 + δ−t,2)
(2.30)
= lim

t→∞

∑

ā∈Σt

|g(ā)|

P.2.41
= ||g||TV .

r�sbtNu�v�w

x p`y�z){�|)y�}`~�|){ x |)��~�{���}1|"����{�|)}'����yX{���{�|Ip1{�� t5� |){��1������{����'{����=|)�`~�|"{ x%� |"p1}1{�������5{�|){������ g+, g− � {���p�����|){(~�{���{������4� � {��b}1q��1{�� g1, g2
�'|)} g = g1 − g2

����~
||g||TV = ||g1||TV + ||g2||TV

�4� t�� |)�5��{����'{���q�����{ x |)��p��������4���b����� r ~�|){0�4��~�{.��1{����%�4z)z){$��q�z)��{�� ��� z)z)|)�'�4���4z)q�� w ~�|){ x%� |Ip1}1{�����{�|"��{(p ā ∈ Σ∗ �'|"} g1(ā) < g+(ā)�4� t�� �����¡ ,{.¢���|)}1|)q�� � q�� g+ ��|)y�}C{(pj{�|)� t ≥ |ā| £ p1q¤~���p�p���¥�� A := {ā ∈ Σt
ā | g(ā)}��|)z"} £ ~���p�p g(A) > g1(ā)

t  0�4�'|)}¦��q�z)��} £ ~�� g1 {�|)�����4� � {���}1q��	|Ip1} £
g1(A) ≤ g1(Σ

t
ā) = g1(ā) < g(A) = g1(A) − g2(A) ≤ g1(A),

{�|)� � |"~�{���p1§��1������¨
�

©«ªj¬Xªj­�­8®j¬ sbtN¯�s�°¤±�²1³�²\´$³8µ�¶¸·T¹�²�ºI»3²�»¼´Tº¾½�»�º¿².¶\ÀÁ²�»`ÂFÃ1ÄÆÅÇ²\ÈÇÀ�É8¶0Ã8µ8´
lσ ∩ lTV

ºÊ»d³�µbË
Ì º�².¶TÀÁ²$´Tº¾½�»�º¿².¶\ÀÁ²*Í=¶¸Î�ÏÐÃ1Ä?ÑoÎ�´�´.À%´Tº�·T¹ Ì µÒ².ºÊ»3².ÏÓ².ºI»3³9².µbÀ¿ºÔ½�Õ�²\´.À¿ºIÏÖÏÖÀÁ².»×².»d³�Ñ¾º�·T¹�².»�Ø´.ºÔ½�»dº�².¶TÀÁ².»�ÂFÃ1Ä�Ã�µ\Ù

(ΩΣ,BΣ)
Ù.É�¶TÀÊ´�²�À Ì ².»dÚCÛ¡º¿²�².»3³�ÑÔº�·T¹�²�»�Ø2´Tº¾½�»�º¿².¶TÀÁ².»�ÂFÃ1ÄÜ²�Ã8µ�Ù

(ΩΣ,BΣ)
´.ÀÁ²\¹�².»�³8Ã�ÏÖºÊÀ�ºI»¼².ºI»X².¶=Ý�ËÞÝ�ËÊß,² Ì º¿²\¹�µb»9½ Ì µÐ³9².»«à�Ñ)².Ï'².»�ÀÁ².»¼Ã�µ8´ lσ∩lTV Ø³8Ú)¹bÚ2²\´¤½�ºIÑ¾À

mgm = g
µ�»3³

gmg = g.á,â�ã�âdäIå °,æ p1} g ∈ lσ ∩ lTV £ p1q�p1{�| g = g+ − g− ~�|){,ç3{��1z){�����������{��#�4�Öèb�4}1� sbtN¯�v4t 0�4����{��1���4z)}1{����=|"�={�|)��{���~�z)|"����{(p £ p1|)����|){��1}1{(p=���4� mg
~���������~�|){$éÜq���p������1|)�Ê}

∀B ∈ BΣ : mg(B) := mg+(B) −mg−(B),

�5q�y3{�| mg+ ,mg−
~�|){${�|"��~�{���}1|)�Ðy3{(p�}1|)�'�«}1{������4��{!p1{�|){�� £ ~�|"{!~�|){!~�������� g+, g−|)��~�����|"{��1}1{���êÜ���4�#�4��{���q��1}�p1{�}1��{�� t�æ p1} m∗ {�|)�?yX{�z)|){�y�|"��{(p�{���~�z"|"����{(p £ p�|)����|){��1}1{(p���4� £ p�q«~���p�p�~�|){ x |)��p��������4���b����� � q�� m∗ �4���E~�|){!ç3ë�z"|)��~�{��1�'{�����{��`~�{���éÜ{��b}1q��

g |)��~�����|){��1} £ p1qÖp������1{�|)yX{����=|)� m∗ = m1 −m2
��{��#�4�«~�{�� � �4�����ìç3{��1z){��������Ö����~{��1���4z)}1{��í�'|)}Öèb�4}1� sbt)v(î g = gm1 − gm2

t  0�4�'|"}��4yX{����'|"}¡ï	q��1q�z)zI�4� sbtN¯4ð ����~�=|){(~�{��1���ñèb�4}1� sbt)v(î
mg = mgm1

−mgm2
= m1 −m2 = m∗.ò �'��{���{����1}%{��1���4z)}1{��Ö�=|)�Æy3{�|���{���{�yX{���{��ó{���~�z)|"����{�� £ p1|"����|){��1}1{��«���4� m ¥�yX{��Ü~�|){� �4�����ìç3{��1z){�������� m = m1 −m2

r èb�4}1� sbtõô�ô {�|)��{���~��4���Ò��p�p1q���|)|"{��1}1{���p�|)����|){��1}1{�����4� � {���}1q�� gm := gm1 − gm2 ∈ lTV
t �Ò|"} � |)zo��{ � q��?èb�4}1� sbt)v(î ����~<ï¤q��1q�z)z"�4�sbtN¯4ð p1}1{�z)z){��Ð�=|)�2~��4���`��qb���'��{(p1} £ ~���p�p5~�|){¤ö¦{���|){���������{�� mgm = m ����~ gmg = g��{�z)}1{�� £ �¦��p¤~�{��Òö¦{��5{�|"p � {�� � q�z)z"p�}��4��~�|)��} t �

á,âd÷,â�¬�øÆùCújû sbtN¯�u�°$ü,µ9´'³�².»�à	ºÔ½9²�»�´.·T¹�Ã¸ÙTÀÁ²�»ý³�².¶Ö±�É8¶ì³8Ã8»�Ë¿þÆ².¶\Ñ)²¿½�µb»9½×µb»d³�º)¹�¶1².¶à=ºÊ»d³9²�µ�À¿º¾½�È4².ºÊÀ«È�Ã�»d»ÿÏÖÃ8»ÿ»�µ�»�Ù�É4Ñõ½9².¶T»�ØÖ³9Ã�´�´�³8º�² Ì µ g+
µb»d³

g−
Ã�´\´.É Ì ºIº¿².¶TÀÁ².»ÂFÃ�Ä%²

mg+ ,mg−
½9².¶¸Ã8³9²�³9².¶¼±�É�¶¸³8Ã�»�Ë�þÆ².¶�Ñ)²¿½�µb»9½�Å É�»

mg
².»�ÀÊ´ � ¶¸²�·T¹�².»dÚ¤à¦´#½�º"Ñ¾ÀÃ4Ñ ´.É

mg+ = m+
g

µ�»3³
mg− = m−

g .
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 �*)
+-,�.�/10324.35�687�,�9�:<;=,�7=;>6@?BA�24;DC	,�?"EF/G032(.<A�6H2JIK,L5�7%MONP2(.RQS2HT�9�7�T>A�6H2VUXWY6":�?Z247�EXE\[X2(6@M
2(.^]_2(7�T�247

Ω+,Ω− ∈ BΣ
;>68?

ΩΣ = Ω+∪̇Ω− `4a QbT�2(.�71c<: a Ad,Y:R: ` /�.e032�Qf6H2\0(6fT�2!:
B ∈ BΣ

mg+(B) = mg+(B ∩ Ω+)
9�7�A

mg−(B) = mg−(B ∩ Ω−)
T�2(Qg?Z2(7ih�j	kl2(71:�6nm�5�?nQf6nm�5oAd,�7%7p,�91m�5

||g+,−||TV
P.2.41

= g+,−(2) = mg+,−(ΩΣ) = mg(Ω
+,−).

qsrSt\u*t=vwt4xyt4z*{�|G}G~�xy���*rS��rSt4z*�l}�|G}_t4rS}Gt>�Xt4r"�*t4z*tyqlt(�%}Gr"�*rS��}����1rSt=�l�Yxyt4}p�n�Gz��1rSt
�V�"t4xyt4}��*t��1t\u��it4z*�St4~�|G}G~du3u3�Y�*�4t\u<u3�*r#�8�*t4�4�

�^�%�G�@���"���8���������L���F R:�?
g ∈ lTV ∩ lσ

9�7�A=:�687�A
g+, g−

Ad6n2�246@7�A�2(9�?H6fT¡0R2!:�?H68;>;^?Z247
]�,3¢�£¤2�¥¤? a .*2(7¦A�2!:�NP2(.!QS2HT�9�7�TL:R:4,�?"E§2�:Rc ` /�.KA�6H2

g = g+ − g−

9�7�A
||g||TV = ||g+||TV + ||g−||TVT�6@Qf?8c�: a 7i2(7�7i2(7¨[V6@.�©ª6@;«UF6871¥§Q#,�7�T¬;>6@?s­s2(;y2(.R¥¤9�7�T¯®�h@°�±4²

g+ A�247 ³J´�µ§¶"·\¶"¸
¹�º�»½¼�¾G¿ ¶ ¾ ·\¶8´ » µ ¹�º�À ·\´ ¿ c g− A�2(7 »�º�Ái¾ ·\¶ ¹�º�»D¼�¾G¿ ¶ ¾ ·\¶@´ » µ ¹�º�À ·\´ ¿ 9�7�A |g| :=
g+ + g−

A�247Â·\´%· ¾GÃ8º�»Ä¼�¾G¿ ¶ ¾ ·\¶8´ » µ ¹iº�À ·\´ ¿ £ a 7 g h

�Vr"}¯Å��Y�*���V�1t4z=�1t4}¯ÆÇxy~d�Y}G~ÈxyrS�^�1t4z=É���z3�G�Y}1ÊË�it4z*�St4~�|G}G~�rS}�vwt4�4|G~p�Y|1�l|G}%u*t4z*t
�l��z*xÌrS�S�S|%u3�*z*rSt4z*�4��Í�t\u3ÎRÏG�SrSt4Ð��F�1rSt\u*t4}&ÑlÍ%u3Î3ÏG}Gr"�*�4�

Ò�Ó ��Ô¯�������G�^C	2(6
g ∈ lSM

9�7�A
(gn)n∈N

2(687i2ÖÕ a QbT�2o£ a 7Ø×%2!¥¤? a .*2(7 gn ∈ lSM
h

+-,�7%7

lim
n→∞

gn = g ⇐⇒ lim
n→∞

(gn)
+ = g+ 9�7�A

lim
n→∞

(gn)
− = g−,

[ a 0R2(6GÙ\2([X2(6@Q�:sÚ a 7%£L2(.8T�2(7�E>687 TV M8Û a .�;ÜT�2(;y2(687%?X:42(6nh
Ýs�1Þ����@ß��<à

⇐= á r"u*�w�Yâ�t4}%u*r@Î3Ï��*�"r"Î3Ï��GãP�Gzwà =⇒ á Íit4xet4z*{�t4}Ö�Fr"zw�4|G}%ä�ÎRÏ%u*�4���G��u3u�t\u�åt4~�t4}

||(gn)
− − g−||TV = || − (gn − (gn)

+) + (g − g+)||TV

≤ ||g − gn||TV + ||(gn)
+ − g+||TV

z*t4r"ÎRÏ��4�
limn→∞ ||(gn)

+ − g+||TV = 0
�4|¡�4t4rS~�t4}��%Å�t4r

ε ∈ R+ �1q��Y}G}��åäYÏG�St4}Ö�FrSzt4rS}
N0 ∈ N

�%u*�y�G��u3uF�8�Gz<�Y�S�"t
n ≥ N0

||gn − g||TV <
ε

3
.

Å�t4rB}�|G}
t ∈ N

�GæçrSzF�1t(�%}GrSt4z*t4}o�4|G}%ä�Î3Ï%u*�F�n�GzÇ�Y�S�"t
n ∈ N

An,s,ā := {b̄ ∈ Σs
ā | gn(b̄) ≥ 0}

u*�§�FrSt
As,ā := {b̄ ∈ Σs

ā | g(b̄) ≥ 0}.
æÄrSz�Íit4�*z3��ÎRÏ��*t4}¬�1t4}¦vwt4�Xt4r"u��1t\u^�it4z*�St4~�|G}G~du3u3�Y�*�4t\u^�����1è>|G}%�_u*�*t4�S�St4}p�4|Gz�æÄrSt(Ê
�1t4z*ÏG���S|G}G~y�8t\u*�4�

(gn)
+(ā) = lim

s→∞
gn(An,s,ā)

|G}%�ét4Í�t4}%u*�
g+(ā) = lim

s→∞
g(As,ā).
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���	��

�������	�������������	�����

Bn,s,ā := An,s,ā \ As,ā,

Cn,s,ā := As,ā \ An,s,ā,

Dn,s,ā := As,n,ā ∩As,ā� ��
������������ ���"!#
�$ %&%
gn(Cn,s,ā) ≤ 0 � ��
 g(Cn,s,ā) ≥ 0

%�'(���	� � ��) ��� ��*����
g(Bn,s,ā) ≤ 0 � ��
 gn(Bn,s,ā) ≥ 0

!+$,�����-%&'.�/' *�0
gn(Dn,s,ā) ≥ 0

$,01%2$ ��3 *
g(Dn,s,ā) ≥ 0 465 $,*����7) �	0	��8:9��

n ≥ N0
!
t ∈ N � ��
 s ≥ t ;

∑

ā∈Σt

gn(Bn,s,ā) ≤
∑

ā∈Σt

gn(Bn,s,ā)−g(Bn,s,ā)
︸ ︷︷ ︸

≥0

=
∑

ā∈Σt

|gn(Bn,s,ā) − g(Bn,s,ā)|

=
∑

ā∈Σt

|
∑

b̄∈Bn,s,ā

gn(b̄) −
∑

b̄∈Bn,s,ā

g(b̄)| ≤
∑

ā∈Σt

∑

b̄∈Bn,s,ā

|gn(b̄) − g(b̄)|

≤
∑

b̄∈Σs

|gn(b̄) − g(b̄)| ≤ ||gn − g|| <
ε

3 <>=
4@?
=BA

%�'(���	�C$,��$,0	' )
∑

ā∈Σt

g(Cn,s,ā) <
ε

3
.

<>=
4@? ?

A

5 �D%�*�$,0	�E8:9��7$,0	0	�
n ≥ N0

!
t ∈ N � ��
 s ≥ t

∑

ā∈Σt

|gn(An,s,ā) − g(As,ā)| =
∑

ā∈Σt

|gn(Bn,s,ā) + (gn − g)(Dn,s,ā) − g(Cn,s,ā)|

≤
∑

ā∈Σt

|gn(Bn,s,ā)| +
∑

ā∈Σt

|(gn − g)(Dn,s,ā)| +
∑

ā∈Σt

| − g(Cn,s,ā)|

≤
∑

ā∈Σt

gn(Bn,s,ā) +
∑

ā∈Σt

∑

b̄∈Dn,s,ā

|gn(b̄) − g(b̄)| +
∑

ā∈Σt

g(Cn,s,ā)

(2.32),(2.33)
<

ε

3
+ ||gn − g||TV +

ε

3
< ε. <>=

4@?GF
A

5 $,*�����8:' 0	) �H8I9��
n ≥ N0

� ��
 t ∈ N
∑

ā∈Σt

|(gn)
+(ā) − g+(ā)| =

∑

ā∈Σt

| lim
s→∞

gn(An,s,ā) − lim
s→∞

g(As,ā)|

= lim
s→∞

∑

ā∈Σt

|gn(An,s,ā) − g(As,ā)|
(2.34)

≤ ε

� ��
�%&' ���	�J$ ��3 *
||(gn)

+ − g+||TV ≤ ε.

�

KL�	��M7' ��' 0101$,� =
4@N
= 

�������	�������O���	�P� � ��

���RQS���B��' ���&$ � �-!�

���UT#� � ��

0V$,) �-

��������V%������ � ��%��������XWS��) �������1%Y%��C%����	�E���	�&
 ;



Z\[ ]\[_^�`babcJdB^fe gh`b^6i�dja6kbdB^"lCmb^bnporq1kb^bq�dBa_s�d�cJt�o�ord urv
wyx�z�{V|h{1}"{I~h|O�j�@� �����E�V�#�D���1�.���

lSM := lσ ∩ lTV� �6���Y�&�.���:�\�B�b�������:�r�D�+�����_�_���,�@�����_���D�� ( G¡�¢¤£¦¥¤�_ §�B¨f¥f©IªV«,¬f�B¨/­¤®DªI¯�¨fªI�_ (�D�B¨°±¡�²6³b�_���D�� (�j¨�´y�E�V�����\�B�����µ�&���
mg ¶�· �y���G�#�B��¸P¹�º¼»y½ �¾½,�I�¿���CÀB´IÁ,À-� � �Â��� g �V��Ã� � ���µ���\�Ä�rÅJ���I�6�_� � �µ�¿�2�&�r�\�µ�I¸Æ¸Æ�Ä�rÅÇ�\�¿� ���µ���\�Ä�rÅH���6���È�:�\�
�É�p��ºÊ� � ¶ (ΩΣ,BΣ)

´
Ë�Ì	Í�ÎYÏ&Ð�Ñ	Ì	Ò�Ó Ò�ÔUÕ
Ò�ÍJÖS× Ñ	Ñ1Î�Ø&Ù,Ô�Õ
Ì	Ú Û Ò�Ì1ØSÐ�Ü,Ñ	Ý�Ò�ÍHÞ�Ì	Ø�Õ
Ò�ÞàßHÒ�Ì1Î&á�Ì	Ò�Ñ�Ò�Ì	Ô�ÒDÎHâ¤Ì�ãjá�ä�Ô�ÛjØ&Î

gÕ
ÒDÎ7Î&Ø�×jÏYÐ�Ü Î�Ø�Ì1Î&ÏYÐ�Ò�Ô�å+á�Ò�Í&Ü,Ø�× Í&Î
σ æ Õ
Ò�Í7Ô�Ì1Ï&ÐBØ7Ì	Ô lTV ç ä2è�Ô�Õ
Ò�Ô�ÌVÎ�Ø��

é#x6{IêDë6{Vx�ì��j�@��í
�-�E�V�#�D���1�.���
g : Σ∗ −→ R

ā 7→







0 ā = 2

g(b̄) + 1 ā = b̄a ¶\· �����I�
b̄ ∈ Σ∗

g(b̄) − g(b̄a) ā = b̄b ¶\· �����I�
b̄ ∈ Σ∗

� �6�����r�
���î���V���rï(�7���I�
Å����G�r�
σg = g

� �1�¿�>´Hð�ñ+���
���I�\�j�:�È�:�\�§� �V�È�
g(at) = t,ò ½ �¾� � � supt∈N

∑

ā∈Σt |g(ā)| = ∞ � �6���_� ¸Æ�V�
g 6∈ lTV ¶ ½,�ó� �>´

ô�õ	ö÷õ¿øhõ�ù ��¨b³��B (¯��B¨fúy³���¨î°±¡�²b�B¨ õ�û Ì	ÒDÎ�Ò�ÍýüXÝ�Î&ÏYÐ�Ô�Ì	Ø�ØSÑ	Ì	Ò�þ:Ò�Í�Ø¤Ô_ä�Ô�Õ
Ò�ÔÆÿ ç äßHÒ�Ú Ì	Ô�Ô�Õ
ÒDÎ#ü+Ý�Î&ÏYÐ�Ô�Ì	Ø�Ø&ÎXÝbÒ�Í�Ò�Ì	Ø&Î+Ü,Ô�Ú Ò�Í�Ì1Î&Î�Ò�Ô�Ò�ÔLÿHü+Ý�Ú Ñ	Ò�Ì1ÏYÐ-Þ�Ì	Ø+Õ
Ò�ÔLÌ	ÔLÕ
Ò�Í���Ü,Ó,ÿØ�Ð�Ò�× Í�Ì	Ò�Ý�Ò�Û,Ü,Ô�Ô_Ø�Ò�Ô��7× Ô�� Ò�Í�Ú Ò�Ô ç ÝbÒ�Ú Í�Ì���Ò�Ô"��ËÊÌ	Í7Î&Ø&Ü,Í�Ø�Ò�ÔLÕ�Ü,Ð�Ò�Í7Þ�Ì1Ø ç	� Ò�ÌfÜ,ä�Î+Õ
Ò�Í
��Ü,Ó Ø�Ð�Ò�× Í�Ì	ÒCÎ�Ø&Ü,Þ�Þ§Ò�Ô�Õ
Ò�Ô û Ò�è�Ô�Ì1Ø�Ì	× Ô�Ò�Ô�
µÎ�Ì	Ò�Ð�Ò ç � ß#�
� �����������&�
wyx�z�{V|h{1}"{I~h|��j�@�������"���

(Pn)n∈N

���I�����÷½,�ó�_���(½ �L�p��ºS��� � � ¶ ���V�b��¸à���r�Y���Â� � ¸
(Ω,B)

´��E�I�#���.�_���
ÅH�_�G�Y��� �µ�
Pn

®��D¡� (�¼�_�µ�B�������I�E�p�&º
P ∗ ïG½����(���:� �µ���¾���
Å ¶ �,�I�@�

∀B ∈ B : lim
n→∞

Pn(B) = P ∗(B).

Ë�Ì	ÍýÍ�Ò�Ì1Ï&Ð�Ò�ÔPÌ1ÔyÒ�Ì1Ô�Ò�Þ üJØ�Ò�Þ ç ä�Ú�Ò�Ì	Ô�Ò
�
Ò�Ì	Ø�Ò�Í�Ò7â�× Í�Þ Õ
Ò�Í �7× Ô!� Ò�Í�Ú Ò�Ô ç � × Ô"��Ü,Ó Ò�ÔÔ�Ü ÏYÐ�#

wyx�z�{V|h{1}"{I~h|��j�@��$����"���
(Pn)n∈N

���I�����÷½,�ó�_���(½ �L�p��ºS��� � � ¶ ���V�b��¸à���r�Y���Â� � ¸
(Ω,B)

´��E�V�����D�B���
ÅÉ�_�G�Y�2� �:�
Pn

®D«,¬&% ¡�«,¬('����6 G�6�÷¬f�"¥��_�µ�B�������I���p��º
P ∗ïG½����(���:� �µ���¾���
Å ¶ �,�I�@�

∀ε ∈ R+ ∃N0 ∈ N : ∀n ≥ N0 sup
B∈B

|Pn(B) − P ∗(B)| < ε,

��´	�j´ ¶ �,�I�@�-�,�	���:�\�B¸P¹�º¤�È�B��»y½ ���(���I�_���B�R� � ¶ � �V�	���*)J�	��¸������Ä��� �_���
σ
Ã,++�ó�_�D���¾�

B���>� �µ� -/�6�_���>´
é#x/.#x�0�132÷|54 �j�@�76��U�E�I� ò ���1�������_� �Â� � ¶ �B�I�
Åý���,�Y� ò �I�+� �µ�r�D�7»y½ ���(���:�_���j�.�&�µ���r� ñ+�
�(���Â�,�I�ó�_��¸����I�����\�¤�j�_�&����´98\�2�_���;:S�I�Ä���Â��� � � ò ���Â�_���U�\�µ�#� � � ¶\· �<�÷½ � �_���=�.½ � � �,�B�rÃ���\�
���I���¿�I�\�_ï,���I�I�\¸P��ºS��� ¶ ½��r¸ � �È�µ���\�?>µ���:�\�
�@� �A�B�A����C,´



DFE EHGJILK&M�NJO9P�IQK�RSITNJO&UWVAUYX�K9M&Z/Z9[�\&];U_^5`&Za\9b&cAdaUJ`&Z9R�efefU
g�h/i�h�j�k3l
m5npoYqsrJtfuwvyx{z}|�zT~H��zT�/���Y������zQ�������T��~H�Y�T�������T�T�!� �f�H�9��x�����z���~Hx �
�S�T�H�!� ���H�w������~������J���a��~Q���!~H��� �f�*¡9~�����x��&zT���¢zT�_�&���S£¤�a¥FzT~��f�������	�H�!� �f�H�az§¦?zQ�	zT�S£
��z	~¨��~©�Fª«zT�­¬����!®�zT�!���JzT~w�Y�/�=�������¯�Hx{�H����x,�¤zTx,�9zT~"°f±��!x,� �7®�zT���¢zT�²��zQ�T�T�!~�z	x{¥T�Y���
��x�zQ��zT~¤³§�����´z	~,��z	�!£{µ	��~H�y¶;��x{z@x,�B�;¡f¡JzT�9��x¸·§�¹�f�Lµº��z,µT�f�Y~Q���»x�~���¶�zT~L� ®�°�~H����z	~©��z	�/¼

g�h/i�h�j�k3l
m5n½oYqsr�oau���zTx{��zW¾
��~H�"zT�J¶��fx{z_�T�¿��~F��zB�!�9����x�z_�T�H�!� ���H�Jz��/����~������Y���
³§������zT~,�!zT�!£ À��/��zT�"�!zT�"zTx��a�!x��=��z	��xÁ����zº�f�T�!���!�!�_x,�=��zT~ÃÂ»x,�¢zT~©�f���!~T¼?|5x{zH®A�»x{�H�!��x,Ä
��z	~<�Y�/����zQ�Q�Y�7®�¥Ã�Y���7®�zTx{�H�§������µT�f�Y~L®¸x,�T�JzT~Å¥FzQ�Y�f�/��zH®¸�
xS�H�A��x{z��T�F��z	�/�������¢z����T�T�!� �f�H�Jz
³§������zT~,�!zT�!£��@� ���ÇÆ²�ºª»zT�J¶?��x�z§�Hx{�H�²���Lµw� �f�*È��H¡Y�7®��F��x�zT�ÉzT~º£ zT�7���¢zT�

σ
Ä,�¤®Ê��z�¥T~ºzT�

��z{À���x�zT~�z	�B®¸°��Q�H�¿¼�ËÅx��9zÃ¾5�7®Ê��z�� ���_Æ²�Fª«zT�Ì���f���´zT~{��x�zT~Q�<�f���������	�H�!� �f�T�9��¶YµT�7®,®Í�¤�7®ÁÄ
®�zyÎH���¢z¿��~©��® µ	�7®Ê��zT�Ï� ���²�7�����´zT~{��zT�/�¢zT��¾
�7®Ê��zT�¯�H�¢zT��x¸��zT~¨¾
�!�J����x,���&zT�²���f���´zT~{��x�zT~�z	�/¼
v§zT~��&���S£y� ���BÐÅ��~H���w�����¢zº�f��µH���!~H�<�f�f���Ñ�´z	~F�	�H�!x�zº��zT�9zBÒ��J��~©�7�´�¢zT~Hx��Tx{zT~H�Y����zT��µT�!~
��x�zQ��z��&��~H�¢zÅ³§������zT~,�!zT�!£§���QµT¼�v@��µH�Y~?�Hx�zQ�Jz?£ ¼Í��¼�ÓÊÔ§Õ,Ö{×/×�ØÙ¼&ÎH�Ñ�!zT~ÃËÃ~,������zT���,�azº��~Hx{z
Ú zº�f���T�²xS�H�Å�fx{z=���H�¿�f~F�7z���³§�����´z	~,��z	�!£_�¢¡JzL£	x�zH®�®�zT~y¾5�7® �!zT�¯� �f�ÇÆ²�Fª«zT�a¶Ã�»x�z_¥LzT~�z	x��,�
zT~H� °��!�/�,¶�� ���Û£ zT�/��~©�7®�zT�ÜÎH���¢zT~ºzQ�L��z	¼

Ý?ÞAß	à�áºâSãLä�åºæ�âSãLä�â�ç"èaæ�â�é	âSß	êºå&ëÙáFãFä!ì<í�ãFäaß�î!ï�ð�êºð�ï!äaðJñYòÃóÅð�à�ô�ß	êºõ�ß	àaé�ñJâ�ß�ëÙáºåFí7êºï�ßTò�ó?ð�àJö
ô�ß	êºõ�ß	àaé q!÷ í�á»ä�í7ø9ß	àWñJâ�ß�áºßÅùað�êºç"ß	à"ñJß	ê<óÅð�à�ô�ß	êºõ�ß	àaé�à�úaàWç"â�å«úaà�áºß	êºß	à_û�ß	õ�êºâ�ÞAß	à
é	úüåºúaà9ý=þ�ß	ê§ÿ{ð�æ�õ�ß	à�ñJß=îYí7åºéBìÃâ�êFñüñJâ�ß�áFß��9ú�áFí7ç"ç_ß	àaä��7àaõ�ßBí7úJÿ{é	ß	â�õ�ß	à��«úaà�ñÏìÃâ�ß
ð�ø&ß	àBô�ß	êFáºèaêºðYãLäaß	à��/ñJâ�ß���í7ç"ß	à�áºõ�ß	øaúaàaõ§ë��¤ð�êºçÜñJß	êÃåºð�åFí7æSß	à
	 í7êºâ�í7åºâ�ð�àJò¤ø&ß	õ�ê��aàJö
ñJß	à q�
 í7åFá���ãLäaæ�âSãLä�ìÃâ�êFñÑâ�àÑñJß	ê���â�åºß	êFí7åºúaê���áºâ�ß	äaß¨é q û q«Ó ����×��fØ � ÓÊÔ�Õ,Ö,×��aØ � ÓÊÔ�Õ�Ö{×/×�Ø��
ñJâ�ß ë��Ñß	åºêºâSïÇñJß	ê@åºð�åFí7æ�ß	à�	 í7êºâ�í7åºâ�ð�àJò

dTV
��õ�ß	õ�ß	ø9ß	à­é	ì�ß	â���í���ß

P
úaà�ñ

Q
í7úJÿ

ß	â�àaß	ç ��ß�áFáºêFí7úaç
(Ω,B)

ìÃâ�ß�ÿ,ð�æSõ�åÅñJß"!�àaâ�ß	êºå$#

dTV (P,Q) := sup
B∈B

|P (B) −Q(B)|.

÷ â�ê é	ß	â�õ�ß	à��!ñaí�áFá<ñJâSß?ñJúaêFãFä�úaà�áºß	êºß%�¤ð�êºç½õ�ß�áLãFä�í�ÞAß	àaß 
 ð�è9ð�æ�ð�õ�âSßÅé	úaê<ñJß	ê�ñJâ�ß�áºß	ê
��ß	åºêºâ�ï&�('!úaâ�ô7í7æ�ß	à�å;âSáºå q*) âSàaß�ð7ÞAß	à�áºâSãLä�åºæ�â�ãFäaß�ùað�æ�õ�ß	êºúaàaõ"â�áºå$�Yñaí�áLáÃóÅð�à�ô�ß	êºõ�ß	àaé@â�à
�¤ð�êºç é	úBëÙáFãLä�ì<í�ãLäaß	êyî!ï�ð�êºð�ï!äaðJñYò�ó?ð�à�ô�ß	êºõ�ß	àaé��('�úaâSô�í7æ�ß	à!åÃâSáºå q

+-,/.�0 oYqsr(1au¤�AzTx�zT�
g, h ∈ lSM

¼
v@�����B��x�®Á�

sup
B∈BΣ

|mg(B) −mh(B)| ≤ ||g − h||TV ≤ 2 sup
B∈BΣ

|mg(B) −mh(B)|.
� oYq21(34�

g�h/5Bh-687�u¤÷ â�ê;é	ß	â�õ�ß	à=é	úaà���ãLä�áºå

sup
B∈BΣ

|mg(B) −mh(B)| ≤ ||g − h||TV .

î!ß	â�ñaí7é	ú=é	úaà���ãFä�áFå
Z(B) ∈ BΣ

ß	â�àaß9�;:Yæ�â�à�ñJß	êºç"ß	àaõ�ß(�Jí7æSáºð
B ⊂ Σt ÿ<�aê;ß	â�à t q/) áÿ{ð�æ�õ�å

|mg(B) −mh(B)| = |
∑

ā∈B

g(ā) −
∑

ā∈B

h(ā)|

≤
∑

ā∈B

|g(ā) − h(ā)|

≤
∑

ā∈Σt

|g(ā) − h(ā)| ≤ ||g − h||TV .

� oYq21�r4�



=?> @?>BA�C�D�E�F4AHG(IJC�A-K�FLD-M�F4A�NPO�A�QSRUTVM�A�TWF4DBX�FYE�Z�R"RUF [�@
\4]$^�_B`*_

B ∈ BΣ a ]$bc^V] a ^cd*egf�h�_*_id(^ a*j ]lkmd(]$nmo�pq\Lh j�r�s ectluv]$^c_*]xw*y(bcd(]{z(y(_|;} bc^c_�~/]$��n�]$_*d(]$_
(Bk)k∈N

n�^ j
lim
k→∞

|(mg −mh)|(Bk 4 B) = 0.

� ^ j�� ]$n�n&h{�9e s�� y(bcd j ~*h�_*_ limk→∞(mg − mh)(Bk) = (mg − mh)(B)
`*_�~

k�y(n&^ j�� ]$^ j ]$� � ]$d(]$_���y(��y(bVbVh�� s e2���

lim
k→∞

|mg(Bk) −mh(Bk)| = |mg(B) −mh(B)|.

� ]$d(]$_
|mg(Bk)−mh(Bk)| ≤ ||g−h||TV

^Vk j ~*h�n�^ j h�`���� |mg(B)−mh(B)| ≤
||g − h||TV

e
\4]$^/_B`*_

ε ∈ R+ e�wH�*��~/^c]�h�_�~/]$��]���^8��� j `*_*d���h a ]$_ � ^c��~/^c]����L^Vk j ]$_ r ]$^V_*]$� � ]$_*d(]
B ∈ BΣ r ` r ]$^cd(]$_���k�y�~*h(k�k

|mg(B) −mh(B)| >
1

2
||g − h||TV − ε.

� ^c����_�~/]$_ r `*_�o(����k j ]$^c_ t ∈ N
��k�y�~*h(k�k

∑

ā∈Σt

|g(ā) − h(ā)| > ||g − h||TV − 2ε.

� ^c��k�] j�r ]$_Y_4`*_

A1 := {ā ∈ Σt | g(ā) > h(ā)},

A2 := {ā ∈ Σt | h(ā) > g(ā)}

`*_�~ � y(bcd(]$��_

(mg(A1) −mh(A1)) + (mh(A2) −mg(A2))

=
∑

ā∈A1

(g(ā) − h(ā)) +
∑

ā∈A2

(h(ā) − g(ā))

=
∑

ā∈Σt

|g(ā) − h(ā)| > ||g − h||TV − 2ε.

� s e2���B�

f�h�n�^ j�� y(bcd j�� �*��]$^V_ i ∈ {1, 2}

|mg(Ai) −mh(Ai)| >
1

2
||g − h||TV − ε.

� s e2�(u4�

�

 ¢¡-£¢¡�¤�¥§¦©¨Jª s e2«­¬-®g¯;°<±-² g, h ∈ lSM ³$´¶µ °;·"¸º¹l»?¼L½­·"¸�°c·$»?¼ µ
¾�µU¿ ¸º¹�À µ ±*Á�·"¹ÃÂ�°VÄÅ¸�·$¹�Â�½(À

||g − h||TV = 2 sup
B∈BΣ

|mg(B) −mh(B)|



Æ�Æ Ç?È/É�Ê�Ë�Ì/Í;Î�ÉUÊ�ÏVÉ"Ì/Í�ÐmÑ�ÐLÒ�Ê;Ë�Ó-Ó;Ô�Õ�Ö�Ð&×JØ�Ó*Õ;Ù�Ú�Û*Ð/Ø�Ó;ÏWÜ�Ü�Ð
Ý¶Þ�ß4Þ"à

2|mg(B) −mh(B)| = |mg(B) −mh(B)| + |(1 −mg(B)) − (1 −mh(B))|

= |mg(B) −mh(B)| + |mg({B) −mh({B)|

= |
∑

ā∈B

g(ā) −
∑

ā∈B

h(ā)| + |
∑

ā∈{B

g(ā) −
∑

ā∈{B

h(ā)|

≤
∑

ā∈B

|g(ā) − h(ā)| +
∑

ā∈{B

|g(ā) − h(ā)|

=
∑

ā∈Σt

|g(ā) − h(ā)| ≤ ||g − h||TV .

á"â4ãgäJå­æÅç à-è4Þ ãUé Þ"à4ßBÞ"à Z(B) ê à-è9èBÞ é9ë Þ æcì Þ"à�í�î�î ãðïòñ(ç8éôó(õ�çöï à ë$ó(ã ß ê é Þ"à õ Ý ç Þ ïBì Þ$à-÷
øSù$úcû�ù$ü�ù$ü�ý(úVþ*û�ÿ�ú����������&úcû�û�ù
	cþ���ü


������������������������ "! Þ ç Þ"à (gn)n∈N, g ∈ lSM

Þ"à;è æ ç$#&% Þ&' ë"ç ß(à ç Þ ã?õ Þ)( ó�*,+ Þ&- õºï(ã Þ"à-÷. ó à�à ë?ç à-è&è ç Þ ì Þ ç èBÞ"à á$ï�æ ßBÞ"à-è4Þ"àYí ê ëUë"ó ßBÞ$à0/21 ê ç3+òó�æ Þ"à õ546 ��7). ç Þ98 ï�æ ßBÞ èBÞ ã gn - ï à + Þ ã ß ç Þ ã?õ�ç à;: ï�ãUé ß4Þ�ßBÞ"à g 'gèB÷ % ÷
lim
n→∞

||gn − g||TV = 0.

6 þ<7). ç Þ=8 ï�æ ß4Þ mgn

èBÞ ã=> ê gn ó­ëUë"ï?>lç8ç Þ ã?õ Þ"à@( ó�* Þ�- ï à + Þ ã ß ç Þ ã?õ;Acë
#&% Ý ó�#&%! - ï(ã ï - %Lï è�B�ß4Þ�ßBÞ"à è ó�ë ( óC* mg
÷

D Þ ç èBÞgí ê ë�ë$ó ßBÞ"à ç<é î æ çE>$ç Þ ã Þ"àmè ó à�àF'Jè ó­ëUë è ç ÞG8 ï�æ ßBÞÃè4Þ ãG> ê gn ó�ë�ë"ïH>$ç<ç Þ ã?õ Þ"àI( óC* Þ
mgn

Acë?õºó�ã -�B�ßBÞ�ßBÞ$à�è ó­ë ( óC* mg
- ï à + Þ ã ß ç Þ ã Þ"à;÷

J(ùLKFMF��� ú��)N�	cúPO$úcù$ü�ûRQ�ÿ�û���üCS(ùUTWVXM��2Y(ù$ü�ý(ù
��OZ�*ú[���Bû\K/úVùXQ�ÿ]���2^_�����*ùa`�S�M(üCM�S���MFK�TWVXM��Fb
Y(ù$ü�ý(ù
��O��dc%úcù$ümú8ÿ�û&ù$úP�fe¢ù$ý(ù
�Bþ�ù$úVÿCN*úVù
	5ghK��(ÿiKF�*ü����jK��(ÿ
úP�lk mon;poq2rs�t�Fu<ý(ùUu$v��*ü�û�ù
e¢ù$ý(ù
�4þ;ù$ú8ÿCN*úcù
	 6 KFM(ü�ûZ^�úVü�KSù$úP�w�t��K/ù$ü�ù$ü"O
�*ý(üC����K/ù
	cúcù$ý(ù
��K/ù$ü"x�ùlÿ�ÿ�ü��t���y�t�*ý(ù$ý(ùUb
þ�ù
�<7 úP��ÿCN*úcü�úVù$ü�û�ú8ÿ�û
�
zW{}|3~L�}|[{��)�������� �� ç8ã�ë Þ õ�> Þ"à Σ := {a, b} ê à-è ì Þ õ�ãðó�#U%4õ Þ"à�è ç Þ á"ï(æ ßBÞ$à-èBÞd8 ï(æ ßBÞ + ï àë"õºïL#&%Ló­ë"õ�çcë
#&% Þ"àf��Þ�- õºï(ã Þ$à (gn)n∈N

4
gn : {a, b}∗ −→ [0, 1]

ā 7→







1
2|ā|

t < n
1

2|ā|−1 t ≥ n ê à-è ā(n) = a

0
ë$ï à ë"õ ÷

� à � ï(ã?õ Þ"à ì Þ ëU#U%4ã Þ çöì"õ gn Þ ç à;Þw� æ Þ ç3#U%�+ Þ ã?õ Þ ç8æ ê àBß â/ì Þ ã�ó�æ<æ Þ ! ÞC1 ê Þ"à > Þ"àF' è ç Þ ó à
n � õ Þ ã ! õ Þ æ<æ Þ Þ ç à a %LóBì Þ"à;÷ � ç8ã9ì Þ õ�ãðó2#&%4õ Þ"à à ê à{à ïL#&%

ḡ : {a, b}∗ −→ [0, 1]
ā 7→ 1

2|ā|
,

ó�æ ë"ï è4Þ"à���Þ�- õºï(ã ' èBÞ ã Þ ç à;Þa� æ Þ ç$#&%�+ Þ ãUõ Þ çVæ ê à4ß â*ì Þ ã�ó�æ8æ Þ ! Þ�1 ê Þ$à > Þ"à ó ê ë è ã?â�# - õ ÷�� ëçVë?õ ê à é�ç8õ�õ Þ æWì�ó�ã - æÅó�ã 'gè ó�ë�ë è ç Þ98 ï�æ ßBÞ�èBÞ ã gn Ý ï�ãUõ Ý¶Þ çVë ÞÃßBÞ�ßBÞ$à ḡ - ï à + Þ ã ß ç Þ ã?õ ÷�� ë



�&� �&�2�<���������,�������}�<���}�����o�����������������E���2������ <�U��� ¡�¢
£�¤[¥§¦h¨2©�ª
«

∑

ā∈{a,b}n

|gn(ā) − ḡ(ā)| =
∑

ā∈{a,b}n

ā(n)=a

|gn(ā) − ḡ(ā)| +
∑

ā∈{a,b}n

ā(n)=b

|gn(ā) − ḡ(ā)|

=
∑

ā∈{a,b}n

ā(n)=a

|
1

2|ā|−1
−

1

2|ā|
| +

∑

ā∈{a,b}n

ā(n)=b

|
1

2|ā|
|

= card({a, b}n−1)
1

2|ā|
+ card({a, b}n−1)

1

2|ā|

= 2(2n−1 1

2n
) = 1,

¬­¨¯®s°"±�²�³HªU«$£2ªU²�´�¤3²¶µ�±�«&·¸¨�¹�®�®Uº&»�¥¼¤½ª$¾¿¦5ÀÂÁZ¤½ª;ÃP®U¦5¨�«�Ä�ªtÅX°�±�²�³HªU«$£2ªU²�´IÄ¯¨�²�²aÆLªCÇ�±Lº&»È ±t¥É£2ªU²}Ç2ª
«�·a¨C¾RªU²Z£2ª]´?ªU¤§£�¦<¬GªU«ÊÇ2ªU²}ÀhËi¤[«h©]ªU·)ªU«�Ä�ªU²"´
¹�²}Ì�ºU»�®&¦3ÍoÇ�¨¯®]® ÈUÎ «G¨t¥3¥Eª B ∈ BΣ¹�²}Ç¶¨�¥[¥Pª n ∈ N ¬Gª5£2ªU² mgn(T−n
Ω Z(b)) = 0 Ï T−n

Ω Z(b)) ®U¤[²ÐÇ�¨t¥3¥EªÑË�Ò�«&¦ÓªU«�ÍXÇ�¤½ª¨�²0Ç2ªU« n Ô ¦ÓªU²¶ÕÐ¦Óª&¥3¥EªIªU¤3² b »�¨2©�ªU²�Öt×
|mgn(B) −mḡ(B)| = |mgn(T−n

Ω (Z(a)) ∩B)

−mḡ(T
−n
Ω (Z(a)) ∩B) −mḡ(T

−n
Ω (Z(b)) ∩B)|

≤ |mgn(T−n
Ω (Z(a)) ∩B) −mḡ(T

−n
Ω (Z(a)) ∩B)|

+ |mḡ(T
−n
Ω (Z(b)) ∩B)|

≤ |mḡ(T
−n
Ω (Z(a)) ∩B)| + |mḡ(T

−n
Ω (Z(b)) ∩B)|

=mḡ(B),¬­±�«Ê¨�¹2®
mgn(B) ≤ 2mḡ(B) Ø5Ù�Ú�Û�Ü�ÝÈ ±t¥É£�¦5À�Õ<ªU¤Â²�¹�² B ∈ BΣ

¹�²}Ç ε ∈ R+ ÀoÞ�¹�²}Ì�ºU»�®&¦¿£�¤$©
¦_ª�®s²}¨�º&»�Ç2ªU·àß�á�áÐ«Ê±?ât¤3·a¨�¦½¤ Ô±�²�®]®U¨�¦�´hã�À[ä�åsª
¤[²ÐªRæ�±t¥É£2ª�³?±�²�Þ�ç¯¥§¤[²ÐÇ2ªU«&·aª
²2£2ªU² Bk ·I¤3¦ limk→∞mḡ(Bk4B) = 0¹�²}Ç�¬Gª½£2ªU²¶è,ªU·I·I¨Iß�À[é�®U±�·I¤3¦hªU¤3²Ðª�Þ�ç¯¥¼¤3²}Ç2ªU«&·)ªU²2£2ª BK ·I¤3¦
mḡ(BK 4B) <

ε

3
.

ßW¹2® Ø5Ù�Ú�Û�Ü�Ý È ±t¥É£�¦_Ç2¨�²�²
mgn(BK 4B) <

2ε

3
. Ø5Ù�ÚÉê�ë�Ý

Õ<ª
¤ A ⊂ ΣN ªU¤[²�ª9Ç�ª3ìG²�¤½ªU«CªU²}Ç2ª�íd«&¹�²ÐÇ�·)ªU²2£2ª9³?±�² BK Í,¨t¥�®
± BK = Z(A) À�Á"¨�²�²È ±t¥É£�¦G²}¨2º&»�Á"ª3ìh²�¤[¦½¤$±�²0Ç2ªU« gn
∀n ≥ N + 1 : gn(Z(A)) = ḡ(Z(A)), Ø5Ù�ÚÉê�î¯Ý

Ç�¨@Ç�¤½ª gn ÈUÎ « n ≥ N + 1 ·�¤3¦ ḡ ¨�¹ È Ë�Ò�«&¦ÓªU«�²fÇ2ª
«�è�Ì�²�£2ª�Ä?¥Eª
¤[²Ðª
«=£t¥PªU¤3ºU» NÎ ©�ªU«CªU¤3²F®&¦½¤3·I·aª
²}À¿Õ�º&»�¥¼¤½ª$¾,¥¼¤$º&» È ±t¥ £�¦ ÈUÎ «Z¨�¥[¥Pª n ≥ N + 1 ×
|mgn(B) −mḡ(B)| ≤ |mgn(B) −mgn(BK) +mgn(BK) −mḡ(B)|

(2.41)
= |mgn(B) −mgn(BK) +mḡ(BK) −mḡ(B)|

≤ |mgn(B) −mgn(BK)| + |mḡ(BK) −mḡ(B)|

L.A.2
≤ mgn(B4BK) +mḡ(B4BK)

(2.39),(2.40)

≤
2ε

3
+
ε

3
= ε.
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(�)+*%,-*!.0/213,5476989)+:-:01�*<;>=?,7,7:@,-)�476BAC)+:D,7)+E?89)+*!.-:-*!8GFH=JI?K?*!L':-M?.-*!8ON3P�)+*QP�R9.7476TS@*<U
P�)+89E?*!8HP�R9.7476WVX.-*!)+E?89)Y,7,7*Z=JR3,2=J83P�*!.-*!8H,7)+E?89)+*!.-:-*!8TF[=JI?K?*!L\:-M?.-*!8H*!8�:7,-:-*!69*!8[R983P
)Y,7:D*!69*!.0:-*%476989)�,74769*!.2]�=J:-R9.!^9(�)+*_69)Y*!.@*!.-`!)Y*!a+:-*!8BVb.-E?*!1989)Y,7,-*c,-)+83PZd-*%P�M'456feg*%,-*!8\:hU
a+)�4769*CS0=JR3,-:-*!)+89*�;�i9.jP�)Y*�,-k3lJ:-*!.Z*!8\:men)Y45L?*!a+:-*BVb.-E?M'P�*!8\:-69*!M?.-)+*?^Xo\)Y*CL?p?8989*!8q=J1�*!.
=JR3456rM?6989*W,-k3lJ:-*!.-*Hs3M?a+E?*!*!.7,74769*!)Y8�R989E?*!8t=JaY,C*!aY*!AC*!8�:7=J.-*WVX.-eg*!)Y:-*!.-R989EuP�*!.B19)Y,
P9=J:-MZ*!8\:men)Y45L?*!a+:-*!8GvQ.-R983P�1�*!E?.-)
w
*x=JR�;>E?*<;>=?,7,7:Xeg*!.7P�*!8O^\yz83,-1�*%,-M?83P�*!.-*xP�*!.g/_k9k9.-MJU
{ )+A�=J:-)+M?83,5,7=J:-`x;>i9.xVX.-*!)+E?89)Y,7K?*!L\:-M?.-*!8GA�=JE|UX)+8f/_83=Ja+M?E?)+*Q`!R9A}/2k9k9.-M { )YA�=J:-)+M?83,hU,7=J:-`j~'^+�%�|UbK?M?8�ym8\:-*!.-*%,7,-*j,7*!)+8O^

�
�
�����������&�\���������<�Q�������������>�����\�� ���"
#%$����\�g��� R9.0VX)+8�;>i969.-R989E�P�*!.0(�*<�389)
U
:-)+M?89*!8G*!.-)+8989*!.-8Gen)+.n=J8fP�*!8 � *!.-a+*!E?R989E�,7,7=J:-`j~'^�����19`!ec^3(�*<�389)+:-)+M?8f~'^�����R983PGP�)+*
�2M?83,-*%��R9*!89`!*!8O^
�?*%P�*!.��X*!L\:-M?.

g ∈ lSM
aYl?,5,-:x,-)Y456�P�*!AC83=?476W=JaY,x(�)
w
*!.-*!89`Z`!eD*!)
U

*!.jF[=JI?K?*!L':-M?.-*!8
g+, g−

N�k�M�,7)+:-)+K?*!.Q19`!ec^�89*!E�=J:-)+K?*!.��b=J.-)Y=J:-)+M?83,-K?*!L':-M?.ZE?*!83=J898\:!N
,74569.-*!)+1�*!8O�

g = g+ − g−R983PHen)+._,54769.-*!)+1�*!8
|g| := g+ + g−

R983PH89*!8989*!8WP�)Y*%,x:-M?:7=Ja+*!8[�b=J.-)Y=J:-)+M?83,-K?*!L':-M?.
K?M?8

g
^�Vb,nE?)+a+:nP9=J898

m|g| = |mg|,eDM?1�*!)
|mg|

P�)+*x:-M?:7=Ja+*_�b=J.-)Y=J:-)+M?8���,7)+*!69*2(�*<�389)+:-)+M?8�~'^����\�XP�*%,b*!83P�a+)�4769*!8ON\,7)+E?89)+*!.hU
:-*!8�F[=JI?*%,

mg
1�*!`!*!)Y476989*?^

� )+._K?*!.-eD*%4763,-*!aY8¡eg*!)+:-*!.-69)+8WL?M?83,-*%�\R9*!8�:c�X*!L':-M?.-*!8
g
AC)+:�P�*!8WP9=J`!R¢=?,5,-M?`!)
U

)+*!.-:-*!8TF[=JI?*!8
mg

R983PT,54769.-*!)+1�*!8T,-M?AC)+:0`?^£S�^
|g|(B) := m|g|(B) = |mg|(B)

;>i9.x=Ja+a+*
B ∈ BΣ

^
¤�¥3¦9§�¨�§Y©O§�ª�¨t~'^�«�¬�­c®
¯<°

g ∈ lSM
¯<°�±q¯<±�²�³´°>µ·¶�¯!¸7¹0º·°¼»?±3°�¯<¸·½m¯<¸Z¾¡¿-À�Á&¯ÃÂ&½ÅÄ�¸�Æ\±�²fº!¯<°

B
¯<°�±GÇn¸h¯!°´»?±�°+º�¿?Æ�º

BΣ È °�½ |mg|(B) > 0 É�Ê ¿�±3±Tº%¯<½YË�¯!±[ÌX°�¸
gB : Σ∗ −→ R

ā 7→ ||g||TV

|g|(B) g(Z({ā}) ∩B)

Æ'±�²¢Ìg¯!°�½m¯<¸
gB = 0 Í·Î ¸ |g|(B) = 0 ÉnÏ ÈÑÐ ¿?³�³+¯H¯!°�±�¯·ºÒº<½ÅÄ%µ·¶'¿�º<½�°+º!µ·¶�¯<±ÔÓ3¯ÃÂ�½ÅÄ?¸7º

g Õ ¯Ãº!µ·¶\¸-¯<° Õ ½ gB ¿J³Öº<ÄG²�¿�ºj²?Æ'¸hµ·¶
g
°�±�²�ÆJË%°>¯<¸·½m¯[×�¿J¶\¸7º!µ·¶�¯<°�±9³¼°�µ<¶�ÂJ¯<°�½�º È ¿-Àu»�¯�»�¯ Õ ¯<±²�¿Jº�Çn¸h¯!°´»?±�°+º

B É ×G°�¸C±�¯<±3±�¯<±Ø¿J³�³�»�¯ È ¯<°�± gB ²�¯!±Ù²�Æ\¸hµ·¶
g
Æ'±�²

B
°�±�²?Æ?Ë!°�¯<¸Ã½m¯!±

���&�\���������! ���"
#%$�� É�Ï º<½ B ¯<°�±�¯0Ú�Û�³¼°�±�²\¯<¸ È ¯<±\»�¯Ã¹Oº<ÄZºmÜ�¸h¯-µ<¶�¯<±GÌX°�¸x¿�Æ'µ·¶�Á�Ä È ²?Æ\¸hµ·¶
²�¯!±HÁ�Ä�±

g
Æ'±�²

B
°�±�²�ÆJË%°>¯<¸·½m¯<± �������>�������& ��\"
#%$�� É

yzAÝs9M?a+E?*!83P�*!8Þ,54769.-*!)+1�*!8¡en)+.cP�*!.jVX)+8�;�=?476969*!)Y:c63=Ja+1�*!.�;>i9.c�rp?.-:-*!.
b̄ ∈ Σ∗ R983PFH*!89E?*!8TK?M?8

t
UÅ�rp?.-:-*!.-8

B ⊂ Σt

gb̄ := gZ({b̄}), gB := gZ(B)

;>i9.TP�)+*¢P9=J`!Rß=?,7,7M?`!)+)+*!.-:-*!8 ��à aY)+83P�*!.-K?*!L\:-M?.-*!8O^xyzAás3=Ja+aY*?NxP9=?,7,f*!)+8â�¡M?.-:TM�P�*!.
*!)+89*�ã�*!)+aYAC*!89E?*jK?M?8

t
UÅ� p?.-:-*!.-8[=Ja�,2VXa+*!A�*!8�:�K?M?8

BΣ
=JR�;�E?*<;�=?,7,-:_eg*!.7P�*!8WA�R3,7,!N



ä·å æ<å�ç'è�ç'éYê�ë�éYì5í
ç\îOï�ð�è�ç'ë æ5ñ
ò-ó[ôCõ!ö+÷9õ!÷qønö+ù�ú9ûJô�ö+ü�ú�ö+õBú9ûJý!þØû?ò7ò-ó?ý!ö+ö+õ!ù-ü-õ!÷Ùÿ����+öY÷3ú�õ!ù-ôCõ!÷��?õ!÷��	� ö+ù�ò�
��9ù-õ!ö�
�õ!÷
ú�õ!ôC÷3û�
��Tý������

g(ā ∩B)þ9÷3úfô�õ!ö+÷9õ!÷
g(Z({ā}) ∩B).� ö+õBó�
9ö��?õ � õ��3÷9öYü-ö+ó?÷Ùô�û��[ûJþ��Qú�õ!÷Ùõ!ù7ò-ü-õ!÷����Yö�
����?ó?ô ���Yö+ý!ö+õ!ù-üjõ!ù7ò�
��9õ!ö+÷9õ!÷�� � ö+õ

�>ó����?õ!÷3ú�õ"!bù-ó���ó�ò-öYü-ö+ó?÷Cønö+ù7úCú�öYõ%ò-õ � õ��3÷9ö+ü-ö+ó?÷�ôCó?ü-ö�#'ö+õ!ù-õ!÷�þ9÷3úÒú�õ!÷%$\ö+÷9÷Òú�õ!ù�&Xó?ù('
��û��\ü-ó?ù-õ!÷ ||g||TV

|g|(B)
õ!ù7ò7ö�
��\ü)�+ö�
��fôÒû�
��9õ!÷��

*,+�-	./-	021�3�14-6587 �:9�;�<>=�?A@ g BDCFE ? CHG�E/CIB�J @ B�J>K�L)MON2BQP @SR JUT�VXWZY�K�L�M	N2BAP @SR JUT�VDWZY ?A@SR�[\A] L ?A@ C ? \A] B�J_^`BQP @SR J�a ?DR C ?A@ L�b \�] gB B�C4E ? CHGcE`CIBDJ @ B�J,KdL)M	NeBQP @SR JfT�VDWZYgK�L�M	N2BAP @SR J
T�VXWZY ?A@SR \�] L ?A@ C ? \�] B�Jh^`BAP @SR J�Y =�?A@ B B�CFEjikJ)B�ClG�E`C ?nm C @ |g|(B) > 0 a ?�R G�CFo @

||gB ||TV = ||g||TV .p�q�rjq/1F0 <�s2þ3ò
(σgB)(ā) =

∑

a∈Σ

gB(āa) =
∑

a∈Σ

g(āa ∩B)

= g(ā ∩B) = gB(ā)

�>ó����?ügý!þ9÷`t�
��3ò-ü σgB = gB ��s2þ3ò g ≥ 0 ��ó����?ü gB ≥ 0 u ú9û mg
õ!ö+÷wv[û�x�ö�ò-ügþ9÷3úÒöYò-ü

ý!þ3ò�tJü-ýD�Yö�
�� g(2) = 1 u ò-ó�øDõD�?õ!÷ ||g||TV
P.2.41

= g(2) = 1 þ9÷3ú g = |g|

gB(2) = (||g||TV /|g|(B))g(2 ∩B) =
1

g(B)
g(B) = 1.

y òh
��+õ!ö�
9ü u ||gB ||TV = ||g||TV
ý!þ ý!õ!ö��?õ!÷�� � ûJý!þ ø�t����+õ!÷ ønö+ùh�?õ!ôzt�x|{�û��9÷�'

ÿ�õ!ù)�+õD�?þ9÷�� 7 �~}�}�ý!øgõ!ö�vHõ!÷��?õ!÷ Ω+,Ω− u ò-óQú9û?ò7ò ΩΣ = Ω+∪̇Ω− þ9÷3ú g(A∩Ω+) ≥
0, g(A ∩ Ω−) ≤ 0 �4�9ù�û����+õ A ∈ BΣ

���,��õ!÷3ò-öF
���ü)�Yö�
��qöYò-üjú�ö+õ%ò7õGÿ�õ!ù)�+õD�?þ9÷��Wú9ûJ÷9÷
ûJþ`
���õ!ö+÷9õ�{�û��9÷�' ÿ�õ!ù)�+õD�?þ9÷��U�I�9ù gB u û��Yò-ó gB(A∩Ω+) ≥ 0 þ9÷3ú gB(A∩Ω−) ≤ 0 �� õ!ôwt�xCú�õ!ù � õ��3÷9ö+ü-ö+ó?÷Tú�õ!ù��?ó?ù7ú9ûJ÷�' ÿ�õ!ù)�+õD�?þ9÷��Bþ9÷3úTú�õ!÷ y ù)�?õ!÷9÷�ü-÷9öYò7ò7õ!÷�ûJþ3ò��@õ�'
ôCõ!ù)�'þ9÷�� 7 �:��� �?ö��+üxú9û��9õ!ù"�4�9ù_ú�ö+õ|ÿ�õ!ù)�+õD�?þ9÷�� gB = (gB)+ − (gB)− �?õ!ôzt�xfÿ�õ!ù('�+õD�?þ9÷���ò5ò7ûJü-ý 7 �:�����

(gB)+,−(ā) = gB(ā ∩ Ω+,−) =
||g||TV
|g|(B)

g(ā ∩B ∩ Ω+,−)

=
||g||TV
|g|(B)

g+,−(ā ∩B),

ôCöYü0ûJ÷3ú�õ!ù-õ!÷_�¡ó?ù-ü-õ!÷ (gB)+ = (g+)B ò-ó&ønö+õ (gB)− = (g−)B ���¡õ!ö+ü-õ!ù��?ö��Yü
||(g+,−)B ||TV

P.2.41
= (g+,−)B(2)

=
||g+,−||TV
g+,−(B)

mg+,−(B ∩ 2) = ||g+,−||TV .

� õ%ò)�3û���

||gB ||TV = ||(gB)+||TV + ||(gB)−||TV = ||(g+)B ||TV + ||(g−)B ||TV

= ||g+||TV + ||g−||TV = ||g||TV .

�
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¹�»�¼�®�«`¬�­Dª)·�­Dµ�¶)¸�ª)­D«%´�­XÂ�¸�«`¬�­Dª�ÂkÍ�´�­Dª�Â�®�±�²�¶)¼�®�±�²�Ò

Ó�Ô/Õ4ÖX×/ÕFÔ`ØÚÙ Ê:Û�Ü�ÝßÞ�àAá
g ∈ lSM , g ≥ 0 â�ãFäæå�ç)èOé2âQê áSëcì b̄ ∈ Σt â�ã4ä t íeî ëcìQáUï ã á

|g|(b̄) = g(b̄) > 0 ð à�ëòñ ãFó á�ô�õ�ì ā ∈ Σ∗

gb̄(ā) =







||g||TV ā ≤ b̄

||g||TV
g(ā)
g(b̄)

b̄ ≤ ā

0
àDë ä àAáSö

Þ�à�á
B ⊂ Σt âDãFä�âÇ÷/â�ãFó ï â�ä ñ âné ë ä t í2î%ø ìAá â ì ä ï ã á g(B) > 0 ð àDëßñ ãFó á

gB(ā) =
||g||TV
g(B)

g(ā ∩B) =
||g||TV
g(B)

g(Z({ā}) ∩ (
⋃̇

b̄∈B
Z({b̄})))

=
||g||TV
g(B)

g(
⋃̇

b̄∈B
(Z({ā}) ∩ Z({b̄})))

=
||g||TV
g(B)

∑

b̄∈B

g(Z({ā}) ∩ Z({b̄}))

=







||g||TV

g(B)

∑

b̄∈B,ā≤b̄ g(b̄) |ā| ≤ t,
||g||TV

g(B) g(ā) |ā| > t, ∃b̄ ∈ B : b̄ ≤ ā,

0 |ā| > t, ∀b̄ ∈ B : b̄ 6≤ ā.

ù ­DªÌ¨4¸�¼�©�­D«`¬�­Uú�¯�¶)ÈûÈD­D®�©�¶Dü�¬�¯�Â�Â>Â)®F±�²%ý�¸�«�·�­Dª)©�­D«�Èn®�«jþ,¸�ª)½ÿ¯�§�¨ Á�ª)­D®�©�«�®�Â)·�­Dµ�¶)¸�ª)­D«
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 â�ã (gn)n∈N ð gn ∈ lSM â�ã4ä�â�� ë ó ñ âûâ�ä���óHã�����â ì ð à ã ñ ä/ãIâ ìAá â ì ådç)è	éeâQê áSë íì â�ä�ð��cãIâ"ã4ä�� ë�ìQï ñ â ñ âDähâ�ã4ä�â�ä��`âQê áSë�ì g ∈ lSM ê ë ä`é2â ìIñ ã°â ìAáSö�
 âDã�� â�ã á â ì B ∈ BΣâ�ã4ä�� ì âDã ñ ä/ã à ð à�ë �cç àQà |g|(B) > 0

ö�� ç�ä`ä
lim
n→∞

||gBn − gB ||TV = 0.

Ó�Ô� jÔ/ÕFÖ Ý"!"²�«�­hÁ�®�«`Â�±�²�ª � «�µ�§�«�©$#
limn→∞ |gn|(B) = |g|(B)

ü>Â)®�­D²�­hú�¯�¶)È Ù Ê&%'%
§�«`¬�ý,¸�ª)¸�¼�¼�¯�ª Ù Ê:Û'%)(,Â)­D®

|gn|(B) > 0
¨4Í�ªû¯�¼�¼�­

n
Ê6ú�­D®

ε ∈ R+ Ê6¹�§�« � ±�²`Â)¶Å©�®�´�¶û­XÂ
* ­D©�­D«+# ú�¯�¶)È Ù Ê&%'%)(

limn→∞
||gn||TV

|gn|(B) = ||g||TV

|g|(B)

­D®�«
C > 0

ü/Â)¸ ¬�¯�Â�Â

∀n ∈ N :
||gn||TV
|gn|(B)

≤ C.

, ­D®�¶)­Dªß©�®�´�¶n­XÂò¯�§�¨I©�ª)§�«`¬ ·�¸�«�ú�¯�¶)È Ù Ê:Û'-_­D®�«
N0 ∈ N

ü6Â)¸h¬�¯�Â�Â.#I´�­X¯�±�²�¶)­�ü ¬�¯�Â�Â
* ­D©�­D« |g|(B) > 0

¯�§`±�²
||g||TV > 0

(

∀n ≥ N0 : sup
A∈BΣ

|gn(A) − g(A)| <
ε

2(||g||TV + C)

# Ù Ê0/ Ù (
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HJILKNMPORQTSUORVWORQTI N1 ∈ N XLYUZ KJ[ YGY

∀n ≥ N1 : |
||gn||TV
|gn|(B)

−
||g||TV
|g|(B)

| <
ε

2(||g||TV + C)
. \^]8_0`6a)b

c O YUd [feTgihkjJV n ≥ max{N0, N1}
HJILK A ∈ BΣ \lY ORSUmRO bn := ||gn||TV

|gn|(B)
HJILK b :=

||g||TV

|g|(B) b
|gBn (A) − gB(A)| = |bngn(A ∩B) − bg(B ∩A)|

= |bngn(A ∩B) − bng(A ∩B) + bng(A ∩B) − bg(A ∩B)|

≤ |bngn(A ∩B) − bng(A ∩B)| + |bng(A ∩B) − bg(A ∩B)|

= |bn||gn(A ∩B) − g(A ∩B)| + |g(A ∩B)||bn − b|

(2.42),(2.43)
< (|bn| + |g(A ∩B)|)

ε

2(||g||TV + C)
≤
ε

2
,

\^]8_0`'`�b

M Z VG[fH Yon QTSqp8[fSUm ]8_&r'a ||gBn −gB ||TV ≤ ε HJILKsKJ[ n Q;StK�Q;OvuPO d [fHJwJSUHJIJxyh Z e;x'S _ �

zB{}|~{Tz�{.�.�������8�����������k�>���=�>�������)���=�~�k�R�>�)�B�������)���������f�������k���~���6���>�)�=�
���>���8�o{ c [ Y u�ORQ Y wJQ;ORe�K�O Y eTORSUmRSUORI�� g YA¡Gd IJQTSUS Y mRORQTx'S X KJ[ YGYW¢>£ eTQTILK�ORVU¤'OR¥8S Z VUORIsORQTI�¦hl[ ¡Gd§d [fILK d [fgJgL[fVUO"¨©g8ª«OR¥8SUO Y QTILK _ u�OReTQTORgJQTx'O�¬­VUORQTx'IJQ Y ¤'OR¥)S Z VUORI d Q;IJx'ORx'ORI§¥'®'IJIJORI
Y Q ¡Gd [fe Y K�ORHJSUeTQ ¡Gd¯Y SU®'VUVUQ YG¡Ad ORV ORVUMqORQ Y ORI _ c QTO Y O Yv° V Z gJeTO n Q Y Sv[fIL[fe Z x±mRH²K�O n K�ORV
u�O YG¡Ad VUORQTgJHJIJxig=OReTQTORgJQTx'ORV§¬­VUORQTx'IJQ YGY O Y OReTg Y S \lY QTO d O³KJ[fmRH$K�ORIµ´ Z'nsn ORI)SG[fVs¤ Z VK�O n �©wJwJV Z�¶ Q n [fSUQ Z I YGY [fSUm ]8_T·�¸)bG_�¹ Q;V Y SUVUORg=ORI�KJ[ d ORV�IL[ ¡Ad ORQ;IJO n p8[fSUm X K�ORV�HJI YK�QTO��©wJwJV Z�¶ Q n [fSUQ Z I+g>OReTQ;ORgJQTx'ORVº¬­VUORQ;x'IJQ Y ¤'OR¥8S Z VUORI»K�HJV ¡Ad$¢>£ eTQ;ILK�ORVU¤'OR¥)S Z VUORI»x¼[�¦
VG[fI)SUQTORVUS _�½©n x'ORIL[fH³mRH Y ORQTI XJYG¡Ad MPORgJS©HJI Y h Z eTx'ORILK�O Yv¾ O Y HJeTSG[fS�¤ Z VR¿
À�Á�Â�Ã ]8_
Ä8·+\ � wJwJV ZÅ¶ Q n [fSUQ Z I YGY [fSUm±hkjJVÇÆ­OR¥8S Z VUORI bÉÈºÊBË4Ì g ∈ lSM Í)Î�Ï A ∈ BΣ ÐÑºÒ ÎLÎ�Ó ÌlÔ4Õ�Ë�ÖyËRÌ Î ËØ×~ÙfÚ Ó ËyÛ�Ù Î¯Ü~Ý ÚÞÌ Î�Ï Ë4ß�àsË Î6Ó Ë Î (An)n∈N á Ö4Ù Ï Ò ÖÉÖ

lim
n→∞

||gAn − gA||TV = 0.

¹ QTV­MqORVGK�ORI�Q nãâLZ eTx'ORILK�ORI.K�ORI Z gJQ;x'ORI�p8[fSUm [fe Y ´ Z V Z eTe�[fVqK�O Y h Z eTx'ORILK�ORIsmRORI)SUVG[�¦eTORI.ä�O nsn [ Y ORV d [fe;SUORI _6¹ QTV­g>O n ORVU¥'ORI±¤ Z VG[fg X KJ[ YAY K�QTO �©H YGY [fx'O©K�QTO Y O Y ä�O nsn [ Y
n O d VP[fe Y IJ®'SUQTxºg>ORVUORQ;S Y SUOReTeTS _6¢ H n uPORMPORQ Y ¤ Z I³p8[fSUm ]8_
Ä8· Q Y SoSG[fS YAå'¡Gd eTQ ¡Ad MPORIJQTx'ORVORV«h Z VGK�ORVUeTQ ¡Ad�_
æ­ç>è�è Á ]8_
Äf]JÈ�Ê�Ë4Ì g ∈ lSM Í)Î>Ï A á B é�êqË4Ì~ëWßUË4Ì Ó'Î Ì;ÖAÖRËºà�ÌkÕ |g|(A), |g|(B) > 0 Ðì ËGéÅËRÌkí�î Î Ë Î ê­Ì�ß�à�Ì�Õ A 4 B := (A \B)∪ (B \A) Ï Ì�ËØÖ Ý à�à§ËRÕlßÉÌ;Ö4í�îJË Ñ Ì ï©ËRß«Ë Î é
Ï ËRßºÔGË4Ì Ï Ë Î ëWßUË4Ì Ó'Î Ì;ÖAÖRË á�Ï Ò ÎLÎ�Ó Ì�ÚðÕ^ñ

||gA − gB ||TV ≤
2||g||2TV

|g|(A)|g|(B)
|g|(A 4 B).

¹ QTV�mRORQTx'ORINmRHJI å'¡GdLY S©KJ[ Yv¾ O Y HJeTSG[fS�h�jJV A X B ¢>£ e;QTILK�ORV n ORIJx'ORI _



òUó ô�õ�öA÷=ø�ù�ú>û�öÉ÷Lü;ö4ù�ú=ý.þBý8ÿ�÷>ø�����������ý	��
�����
����Jý�
��>ü����¼ý
�������������! #"�$&%�')(

g ∈ lSM * %�')(+'),.-/')(102')3�45-/'5(76�8:9;(1,�<=')3?>@'),=A='5,
A B ,�< B >C(10

|g|(A), |g|(B) > 0
A='+AD'FEG'), *7HJI ,�,KAL(M9N0PO

||gA − gB ||TV ≤
2||g||2TV

|g|(A)|g|(B)
|g|(A 4 B).

Q���RK��SUT=$�VXWZY�WM[�\5]D^_W�`�a5WZ\5Y_\5]
A b ]�[ B c WZ^�[�\)`�]�WZ\5Y_\5]�[�\5]Cd�Y b ]�[ c \5]�eL\5] A,B ⊂

Σn fhgLi ]�\kj�WZ]�lnm i YGo#]�p b ]�e	qro i�s \5]tquWZYv[�w#x�\5W�yz\5qr\5W s lu{|\5]�eL\5]t} g ] n ~ V��LY_^_\5Y_]��G�
� \5W

m ≥ n
��� b YGm i.� x�\5Y_e�w#]�e�a b Σm

A := ∪ā∈AΣm
ā ,Σ

m
B := ∪ā∈BΣm

ā � wLlGl_\5]|quWZY
A b ]�[ B \5x�\5]�l g w s lC��\5W s c \5]�eL\5]�} g ] Σm w b � ��j�lCeLW s ^J[�w#]�] f l_WZ\ i \K��\5WMl_��WZ\ s�����L�D�

gA(ā) = gB(ā) = 0 �h� Y ā ∈ Σm \ (A ∪B)
����\Fl i w s x

∑

ā∈Σm

|gA(ā) − gB(ā)| =
∑

ā∈A∪B

|gA(ā) − gB(ā)|.

V�\5eL\5]
A ∪ B = (A4B) ∪̇ (A ∩ B) b ]D^_\5YGl b m i \5]�quWZY
∑

ā∈(A∩B)⊂Σm

|gA(ā) − gB(ā)| =
∑

ā∈(A∩B)⊂Σm

|
||g||TV
|g|(A)

g(ā) −
||g||TV
|g|(B)

g(ā)|

= ||g||TV
∑

ā∈(A∩B)

|g(ā)||
1

|g|(A)
−

1

|g|(B)
|

L.A.2
= ||g||TV

∑

ā∈(A∩B)

|g(ā)|
| |g|(A) − |g|(B)|

|g|(A)|g|(B)

≤ ||g||TV
∑

ā∈A∩B

|g(ā)|
|g|(A 4 B)

|g|(A)|g|(B)

≤
||g||2TV

|g|(A)|g|(B)
|g|(A 4 B),

f �����=�D�
w s luw b m i

∑

ā∈(A4B)⊂Σm

|gA(ā) − gB(ā)| =
∑

ā∈(A\B

)|
||g||TV
|g|(A)

g(ā)| +
∑

ā∈B\A

|
||g||TV
|g|(B)

g(ā)|

|g(ā)≤|g|(ā)

≤
||g||TV
|g|(A)

|g|(A \B) +
||g||TV
|g|(B)

|g|(B \A)

=
||g||TV |g|(B)

|g|(A)|g|(B)
|g|(A \ B) +

||g||TV |g|(A)

|g|(A)|g|(B)
|g|(B \A)

=
||g||2TV

|g|(A)|g|(B)
|g|(A \ B) +

||g||2TV
|g|(A)|g|(B)

|g|(B \ A)

=
||g||2TV

|g|(A)|g|(B)
|g|(A4B).

f �����=�D�
� \5^_a5^ c w#]t[�WZ\Fl_\�x�\5WM[�\5]t��x�lGm i o#^_a b ]�eL\5]�a b lGw c@c \5]���l g � gLs eL^v[�WZ\���\ i w b ��^ b ]�ew b � eLY b ]�[ ||gA − gB || = limm→∞

∑

ā∈Σm |gA(ā) − gB(ā)|
��lGWZ\ i \	��Y g � g l_WZ^_W g ]�������#�

�



�?  ¡) =¢�£�¢�¤M¥�¦�¤M§n¨�¢D©�ª�«�£�¢�¦ ¬n­
®|¯Z°u±²¯M³�´1µ&¶�¯ZµF·_µF·u¸�µ5¹@¹	ºL·u»5µ5¯Z¼Lµ5½¿¾u¯MÀ�½DÁ�½�Â
Ã�Ä�Å�Å�ÆÈÇ�É!ÊÌË�Í�Î�Ï)Ð

g ∈ lSM Ñ�Ò�Ó A Ï)Ð ÒÕÔuÖ Ï)ÐN× Ò ÐMØÚÙCÐUÛ |g|(A) > 0 Ü Î�Ï)Ð An Ï)Ð Ò ÏÝ�Þ#ß ×DÏkàÌÞ Ò|á�â ßNÐ Ò�Ó Ï Ö Ù@Ï Ò ×=Ï Ò ÙCÐ1Û
|g|(An 4 A) −→

n→∞
0.

ãJä Ò�ÒJå ÞLß ×LÛ
||gAn − gA||TV −→

n→∞
0.

æ�Ä�çKÄ�èUé=Í�ê�Á�½�ëLìGí�·_°²´1îL³Z¼L°

||gAn − gAm ||TV
L.2.73
≤

2||g||2TV
|g|(An)|g|(Am)

|g|(An 4 Am)

L.A.3
≤

2||g||2TV
|g|(An)|g|(Am)

(|g|(An 4 A) + |g|(A 4 Am)) −→
m,n→∞

0. ï Ç�É�ËDÊ=ð
ñ&º#ÀGº#Á�·7´hîL³Z¼L°ò¾u¯ZµF¶�µ5À_Á�¹tóL¶�ºL·G·�¶�¯Zµ

gAn
µ5¯Z½�µ²ô�º#Á�ìGíDõ=ö2÷�îL³Z¼Lµv¯Z½

lTV ø ¯Z³M¶�µ5½�É#ù�µ5¼Lµ5½
¶�µ5À7ú�îL³Z³M·G°Gë#½�¶�¯Z¼LûLµ5¯Z°�üLîL½

lTV ï2ý º#°_»²Ç�É�Ë�þ�ð�ûLîL½DüLµ5À_¼L¯Zµ5À_µ5½	¶�¯Zµ gAn
º#³M·_î�¼Lµ5¼Lµ5½ÿµ5¯Z½�µ5½

ú�µ5û�°_îLÀ
ḡ ∈ lTV

É ý µ5¯�½=Á�½ ā ∈ Σ∗ É�®|¯Z°/±�¯Z³�´hµv¶�µ5À�¸�µ5¹@¹	º#°Gº��JÉ���Á�½�¶��JÉ�Ç&´hîL³Z¼Lµ5À_½¾u¯ZÀ
|g(ā ∩An) − g(ā ∩A)|

L.A.2
≤ |g|((ā ∩An)4(ā ∩A))

L.A.1
≤ |g|(An4A)Á�½�¶ ¶�º#¹	¯Z°

limn→∞ g(ā ∩ An) = g(ā ∩ A)
É�ñ&ºK¾/µ5¼Lµ5½�¸�µ5¹@¹	º��JÉ�Ç Á�½�¶ ý º#°_»Ç�É����ÿº#Á�ìní

limn→∞ |g|(An) = |g|(A)
¼L¯Z³M°5óD´hîL³Z¼L°

gAn(ā) =
||g||TV
|g|(An)

g(ā ∩An) −→
n→∞

||g||TV
|g|(A)

g(ā ∩A) = gA(ā),

¶�¯Zµ
gAn

ûLîL½=üLµ5À_¼L¯Zµ5À_µ5½Õº#³U·_î
	�Á�½�ûD° ¾/µ5¯M·Gµ�¼Lµ5¼Lµ5½
gA
É�ñ&º#í�µ5À ´1îL³Z¼L°

ḡ = gA
Á�½�¶t¶�º:ö

¹@¯M° ¶�¯Mµ���µ5í�º#Á
	�°_Á�½�¼�É
�

��½�¶�¯ZµF·_µ5À ý °_µ5³Z³Zµt·_¯Z½�¶ ¾u¯MÀ@½=Á�½X¯Z½ ¶�µ5À�¸�º#¼LµLórµ5¯Z½�µ5½������������������ �"!$#&%('")�*,+
³Z¯Mµ)´1µ5À_½t»5Á|û�-L½�½�µ5½�Â�ùX¯ZÀ/.�½�¶�µ5½�¶�¯Mµk¯Z½Õ¸�µ5¹@¹	º�Ç�É!ÊÌË ¼Lµ)´hîLÀG¶�µ5À_°_µC÷�îL³Z¼Lµk¹@¯M°²±²¯M³�´1µ
¶�µF·0�1	
	�À_î&2�¯Z¹	º#°_¯MîL½�·G·Gº#°_»5µF·vÇ�É��&3CÁ�½�¶¿µ5À_í�º#³M°_µ5½t¶�¯Zµ4�²Á�·n·Gº#¼LµLÉ

�

ñ�µ5Àòú�îL³Z³M·_°Gë#½�¶�¯Z¼LûLµ5¯M°�Á�½�¶5��³Z³Z¼Lµ5¹	µ5¯Z½�í�µ5¯Z°�í�º#³ ø µ5À�¼Lµ ø µ5½J¾u¯MÀ�½�¯Mìní=°G·G¶�µF·_°_îL°_À_îL°_»u½DÁ�½½�î�ìGíÕ¶�µ5½
�����������7698,:<;=�?>@>A!B'")�*
'DC�®Õ¯Z°J¶�µ5¹E�1	
	�À_î&2�¯Z¹	º#°_¯ZîL½�·G·nº#°_»�Ç�É��&3�.�½�¶�µ5½�¾u¯ZÀ
»5Á�½�ëLìní�·_°�÷�îL³M¼Lµ5½¿üLîL½�ê�õD³M¯Z½�¶�µ5À_¹@µ5½�¼Lµ5½

An
ó
Bn

ó�·_î@¶�ºL·n·
lim
n→∞

|g|(An4A) = 0
Á�½�¶

lim
n→∞

|g|(Bn4B) = 0.

®|¯Z°u¸�µ5¹@¹	º
�JÉ�ËC´hîL³Z¼L°
lim
n→∞

|g|(An 4 Bn) = |g|(A 4 B) ï Ç�É�Ë�3Dð
Á�½�¶¿¹	¯Z°�¸�µ5¹@¹	º
�JÉ�Ç

lim
n→∞

|g|(An)|g|(Bn) = |g|(A)|g|(B). ï Ç�É�Ë�FDð



GIH HKJ$LNM,ODP$Q9RDLSMUTVLWP$Q,X�Y"X[ZDM9O,\]\9^U_,`aXcbed,\
_9f,g"h
X$d,\9Tji�i�X
k?lnmpo?q
o

ε ∈ R+ r
s lnt�lnoAuwv ryx�z?{}| uwv ryx�~?{=� oU�$ln�/�c��o�o�q
o�lnmVo N1 ∈ N |U�I� �
� �N�
∀n ≥ N1 :

∣
∣
∣

2||g||2TV
|g|(An)|g|(Bn)

|g|(An 4 Bn) −
2||g||2TV

|g|(A)|g|(B)
|g|(A 4 B)

∣
∣
∣ <

ε

3
.uwv r����[{

s lnt�lno��Dln�c�c�
v r���x
��� o���ln�It�m�ln�Ilno��$m�l gAn , gBn
o�q
o�t�lnt�lno

gA, gB r$s m�� � oU�$lno�
���
ln�0��lnm��Iln�0lnm�o
N2 ∈ N |U�I� �
� �}�

∀n ≥ N2 : ||gA − gAn ||TV <
ε

3
,

uwv r��$��{
q
oU��lnmVo

N3 ∈ N |U�I� �
� �N�
∀n ≥ N3 : ||gB − gBn ||TV <

ε

3
.

uwv r�� v {
� o � t�l � ������ln�I�U�������c��o����
� n ≥ max{N1, N2, N3} :

||gA − gB ||TV = ||gA − gAn + gAn − gBn + gBn − gB ||TV

≤ ||gAn − gBn ||TV + ||gAn − gA||TV + ||gBn − gB ||TV
L.2.73,(2.51),(2.52)

≤
2||g||2TV

|g|(An)|g|(Bn)
|g|(An 4 Bn) +

ε

3
+
ε

3

(2.50)

≤
2||g||2TV

|g|(A)|g|(B)
|g|(A 4 B) +

ε

3
+ 2

ε

3

=
2||g||2TV

|g|(A)|g|(B)
|g|(A 4 B) + ε,

uwv r����?{

q
oU���
���cm����$m�l4� ln�U��q
¡
�Iq
o
t r �

¢ � ��£0� � � �V�V����ln�I�U�����Ilno���m��0�
��o
o�lnmVo
l¥¤¦ln� �}§ �U���¨��q
o
tc� � o��Dln�c�c�©v r���x
ª
«�¬e­,¬e®?®�¯e­ v r����
°�±"²W³ g ∈ lSM ´[µ]¶ A ²W³ µ¸·�¹ ²n³»º µ ³�¼�½�³�¾ |g(A)| > 0 ¿ ±D²W³ An²W³ µ ²�ÀpÁ�Â º�²�Ã}²WÂ»³Ä²&ÃW³Åº�² ¹�·�¹ ²W³»º µ ³�¼S¼n²5½�³Æ¾

|g|(An 4 A) −→
n→∞

0.
Ç5È µUµ5É Á�Â º�¾

||gAn − gA||TV −→
n→∞

0.
ÊÌË$Í�Ë]ÎÆÏ °ÌÐ ln��� ln�=lnm � ��ln�I�V��q$������oU��� � tÒÑnqÓ�$ln�Ô� � oÓ�Dln�©���Õv r���x
| �=lno
oÓ�c��o
� m § ��ÖIln�=lnm�� � ��oÕ�$lno×k?�Iln����lno | �$m�l��Dln�©�c��v r����
Ø lno
Ù��Im�t�lno | ��q$�Ú�Dln�©���cv r�� v Ø lWÛ�Iq$��� r �

ÊÌË]ÜÌËU­DÝßÞpàeá v r���â
°©ã�³ ¹0ä Á�Â�Â�² µ ¼WåKæ�Â ´ ¼N¼n² µ]¶ ÂÅ³�åKæ�Ã}²n½
² ¹}ç ² µ$è¦¶ È ¼N¼/½ È µ�¶ ³Ä²�²W³ µ ² µÃ}²WÂ»³Ä²&ÃW³Åº�² µ�·�¹ ²n³»º µ ³�¼Wé�² ç ¾wÁ ¹ gA ÈKê�ê ¹ Áìë�³�½�³�² ¹ ² µ]¶ ² µ�íeî Â»³ µ]¶ ² ¹ é�² ç ¾wÁ ¹ ² µ gAn
È ´ ¼Ú± È ¾Vïð ¿�ñìò ³Æ½�½©² ¹ ¼WÁ äÚó æ�Â�² µ�ç È µUµ$è5¶ È ¼N¼ ÉKô[¹�¶ ³Ä² ¶ ²�õ µ ³Ä² ¹ ² µ]¶ ² µ<ö�¹K´?µ]¶ ½
² µ º�² µ An÷ ² ä ²W³ÆÂ�¼ |An| = n º�³VÂÅ¾ ¿
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PAQ RNSAT5ø8RVU:WNR

X=RZY [$\^](_a`K_cbZdZQe[A](QefZ]([A](S$\^](S@ø8RNgA`Ghe](iM\^](Qkj�](W.hedZQeQ RNlA_nmo\^](Q�pk](fZ](S$qeh RNS$\rlAS^s
qe](Qe](Q�t5](heQ RZY�[/helASAfZ](S�qe](`GSvu�`KQ \
mwq RN_�hxqe](`GSA](Qx_yRNzZhe[A](dZQe](he`,q Y [A](SBû{S.he](QegAQe](h RNhe`|s
dZS}bZdZQefZ]~qehe](iGiGhxu5dZQ \^](S}`,qeh(mM�?]~q Y [$�VU1he`GfZhyqe`,Y [}\^`K]~qe]~q©ø8RNgA`Ghe](i�_x`Gh���g?](Q RNhedZQe](S�m
\^`G]�RNl^U�\^`G]~qe](_�j�](W.hedZQeQ RNlA_aRNfZ`K](Qe](S��o��`K]~qe]���g?](Q RNhedZQe](S�WNRNSASr_yRNSru�`G]~\^](QelA_
u�RN[AQ q Y [A](`GSAiK`KY [AWZ](`Gh q he[A](dZQe](he`Kq Y [�`KS/he](QegAQe](he`G](Qe](S�lAS$\�qe`G]�U1�A[AQe](SnRNl^U9\^`G]8�=]&�$SA`Ghe`|s
dZS�\^](Q!U1�AQ�\^`G]~q ]�ù!Qe�?](`Gh�u�`,Y [/he`KfZ](SC�=`G_x](S$qe`KdZS$qe��](fZQe`G�?]Z�Uú�QedZ_y`GSA](S/he]�j�](QeheQe](he](Q
U1�AQ�\^](_xfZ](_y�Nz�](S$\^iG`KY�[^s{\^`G_x](S$qe`KdZS$RNiG]yj�](W@hedZQe](S�qe`GS$\�qehed^Y [$RZqehe`,q Y [A]�j�](W@hedZQe](S�m
\^`G]�RNi,q��!`K\A\^](S^s{��RNQeWZd�b.s ú�QedZT(]~q q ]�`GS/he](QegAQe](he`K](Qeh�uw](Q \^](SCWZ�ZSASA](S��

��`GQ�uwdZiGiK](S�RNS�\^`G]~qe](Q��.he](iGiK]���](_x](QeWZ](S�m~\ARZq�qI��](iGiG](Q
`GS8qe](`GSA](Qpù�Qe��](`KhM���� /¡1¢�£$¤
\^](S�X�lAheT(](S�bZdZS�j�](W@hedZQeQ �NlA_x](S�T(lAQ�t�]~q Y�[AQe](`G�AlASAf�bZdZS¥q hed@Y�[$RZqehe`Kq Y�[A](S�úMQedZT(]~q¦s
qe](S§RNSAT(uw](`GU:](iGh(m�\AR¨](`KSA]n©{S$RNhe�AQeiG`,Y [A]&ªCt�RZqe`KqxU:�AQ�\^`G]CfZ](fZ](��](SA](S§j�](W@hedZQeQ �NlA_x]
SA`KY�[/h8](Q qe`,Y [/heiK`KY [�`Kq h�lAS$\��?](heQ RZY [.he](h�qehed^Y [$RZq he`Kq Y [A]©úMQedZT(]~q qe]xRNiKq8�Cd@\^lAiKSC�A�?](Q
ú�dZiG«@SAdZ_yRNiGfZ](�AQe](S��.�C`Ghwq ](`GSA](Q=økQe`Ghe`GW¬�?](T(`G]([/h5](Q5qe`,Y [yRNl^UI\^`G]�\^Qe](`,ù�Qe��](`Khe](SxbZdZS
�=[$RNQe_yRZ\^[A`GWNRNQe`�­e�¯®n°�±$¢�²�±@¤³mG�¯®n°I±$¢�²$´I¤³mG�¯®n°I±$¢?£@¤¶µ m.`GS�\^](SA](S¥](`GSy](Q q he](Qwj�](Q qel$Y�[
lAS.he](QeSAdZ_x_x](S�u�`GQ \
m�qehed^Y [$RZq he`Kq Y [A]�ú�QedZT(]~q q ]�RNiKq1þ�iG](_x](S.he]�bZdZS�j�](W@hedZQeQ �NlA_x](S
T(l·��](heQ RZY�[/he](S��M�=[$RNQe_yRZ\^[A`GWNRNQe`wW@iKRN_x_x](Qeh�q `KY [�¸e]~\^d^Y [�RNS·\^`G]¥\^lAQ Y [¹](`GSAT(](iGSA]
ú�QedZT(]~q�qe]�`GS$\^lAT(`G](Qehe](S¬j�](W.hedZQeQ �NlA_y]�lAS$\�lAS.he](Q qel$Y [.h�ø�d@dZQ \^`GS$RNhe](S$\ARNQ qehe](iKiGlASAfZ](S
\^](Q qe](iK��](S��?�!](iGiK](Q(º�q/økQe`Ghe`GW�RNS�\^`G]~qe](_ ù!S$q RNheT�q Y [A](`KS/hk\ARN[A](Qk\^lAQ Y�[$RNl$q=��](Qe]~Y�[^s
he`GfZh(���=`G]�þ�`GS^U1�A[AQelASAf�bZdZS»��g�](Q RNhedZQe](S»RNl^Uk\^`G]~qe](S¹j�](W.hedZQeQ �NlA_y](Sv`Kqeh¬q Y [.u�`G]&s
Qe`Gf¥s�qe`G]¬u5](Q \^](S�T(lAS$�ZY [$qeh�`GS¸ù!�A[$�NSAfZ`GfZWZ](`Kh=](`KSA](Q=u�`K]¬RNl$Y�[�`G_x_y](Q!fZ](u5�N[AiKhe](S
t�RZqe`Kq�\^]&�$SA`K](Qeh�lAS$\v��](SA�Zhe`KfZ](Sv`GS�\^](QxPAdZiGfZ]�](`GSA](S�t�](u5](`Kq(mw\ARZq q�q `G]�bZdZS»\^](Q
ù�l$qeu5RN[Ai9\^](Q qe](iG�?](S�lAS$RN�A[$�NSAfZ`Gf�q `GS$\
�A�}`KQ���](heQ RZY�[/he](Sr\^`G]�bZdZS¼�=[$RNQe_yRZ\^[A`GWNRVs
Qe`�](`GSAfZ]&U1�A[AQehe](S·j�](W@hedZQeQ �NlA_x]�RNiKq�½�S/he](QebZ](W@hedZQeQ �NlA_x]�\^](Q�`K_¾bZdZQe`GfZ](S@ø8RNgA`Ghe](i
�?]~q Y [AQe`K](��](SA](S�mMRNiGiKfZ](_x](`GSA](Qe](S¹j�](W.hedZQeQ �NlA_x]Z��ù!l^Uk\^`G]~qe](S�iKRZq qe](Svqe`,Y [v\^`G]�bZdZS
�=[$RNQe_yRZ\^[A`GWNRNQe`��?]~q Y�[AQe`G](��](SA](S¥lAS$\�bZdZS¥��](iGiG](QwRNi,qMlAS$q Y�[A�ZS�RN�AfZ](h RNSA](S¼��g?](Q RVs
hedZQe](S�+�B63¶¿.%OJÀ)10*2�\^]&�$SA`G](Qe](S��A��`GQ�gAiK�Z\^`G](Qe](S�\ARN[A](Q�U:�AQ�lAS$qe](Qe](S�ù�S$q RNheT8RNiKq�](`GSA](S
\^](_ÁbZdZS}��](iGiG](Q�fZ](fZ](S.�A��](Q�Â=¡, @Ã¨ @Ä?Å~±AÆÇ .ÆÇ @ÄÈ­¶\AR�S.lAQ�](`GS^U¶RZY [A]rt�](fZQe`|�
]nu�`G]
PAdZiKfZ](S}lAS$\�j�](W@hedZQeQ �NlA_x]r��](SA�Zhe`GfZh�uw](Q \^](S
µxlAS$\§RNiKq�](`GSA](S§\^](_�bZdZS��=[$RNQ¦s
_yRZ\^[A`KWVRNQe`
fZ](fZ](S/�A�?](Q=Én±$ÄIÊ?ÄIË:Ì~ÍN°I .ÆÇ @ÄM�
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ÝGÞ�Ö.Ú�ßOÝKÔ?Ú
à�á1â�á�ã�äÇå�æ�ç�å�è~é.å�êMé.äÇë^ì~å�äÇé@ç

íïîrð^ñKò~óeò(ôöõ!÷$ó ø�ùAîAñGúeú8ûwò(ü ð^ò(î¨î/ýAî�ð^ñGòyþ�ÿ?ò(ü��Nú��Züeò(î�ò(ñGî��Zò��	�AùAüeú�

ð^ñKò��	�Aü8ð^ñGò

�ñ��Kð^ýAî��8ð^ò(ü��=ñGôyò(î$óeñ��Zî$óe÷?ò��Züeñ��
òwî��Zúeñ���óeñKî$ð����Mü����Zî��6óeò��Zÿ�ò(ü��Nú��Züeò(î�óeñGî$ð�
Nû�ñGò�÷?ò��
üeò(ñGú ó��Z÷�ò(îyò(üeû��NùAî/ú�
^îAñKø�ù/ú ó5ûwò~óeò(î.ú��GñKø�ù���ò(ýAò~ó�� ��ý$ó��Nú�!��KñKø ù"!(ý¥ð^ò(î#�Z÷?ò(îyò(üeû$�NùAî �
úeò(î&%oò�'^úeò(î}û5ò(ü ð^ò(î�óeñKò�ñGî�ò(î����GñKó�ø ù$óeÿAü��Zø�ùAñ��Zò(î(%Iò�'@úeò(î()��Zî(*+���Zò(ü¥ýAî/úeò(ü�ð^ò(ô
�,�Nôxò(î.-¦þ�÷$óeò(ü�)��N÷��Gò�þ�ÿ?ò(ü��Nú��Zü ó0/$�Zò��	�AùAüeú21�3 4 ëAé6587@ë 9 
:3 4 ëAé<;=;�9 
>3 4@?BA + ;DC<9FE �+�=ñGò
ùAñGò(üG�Zò��Zò(÷?ò(îAò2�=ò�H$îAñGúeñ��Zî¬ù>�Nú�
6û�ñKò�ò(÷�ò(î �F�����KóI�Z÷?ò(î�ò(üeû��NùAî/ú�
@îAñKø�ù/úwð��ZóB�Mü��Z÷��Gò(ôJ

ð^ò(îK�,�Zø ù.ûwò(ñKó�ð^ò(ü"L!î>�N÷Aù>�Nî��Zñ���MZò(ñKúN)��Zî�ð^ò(üyõ!ý$ó û��Nù���ò(ñGîAò(ü"
O�ZóeñKó��	�AùAüeò(îP!(ý
ô.�$ó óeò(î8�Q�R�Nü��A÷?ò(üeùAñGî>�Ný$óSM��ZîAîAò(î¹óeñGòxó���ñGî�ò(ñKî �	�Zø�ùAòT��ý$ó��Nôxôxò(îAù>�Nî��ZòyôxñGú8ð^ò(ü
�U�Züeô ð^ò(ü�ú��Zú����Gò(îWVB�NüeñX�Núeñ��ZîJ�Zò~óeúeò��X�Gú�ûwò(ü ð^ò(î8�ZY6�¥ûwò(ü ð^ò(î�óeñGò�óeñKø ù[!��\
,�:���Kó=óeúeò��
úeñ��Zò�þ�ÿ?ò(ü��Nú��Züeò(înò(üeû5ò(ñKóeò(î8�

à�á1â�á:â�á#]�é+^�ç@_Kì`_:å�ç�é.çWa�ç@b[cnå$ì~ë^ì`_:å�ç�é.çwáSd ñKüoóeú��Nüeúeò(î�ôxñKúoð^ò(ü�õ�ý e$ñKóeúeýAî��
ð^ò(ü�ô���f��Zò(÷��GñKø ùAò(îJ�=ò�H$îAñGúeñX�ZîAò(î8�
g.h>i�jlkZjXm8jonZkqp<��r+s,t�u�v

a ∈ Σ wQxzy+{>{[{ u {>{ u {W| vo}S~�u {[� v { u y }�u {��I� u�} y���� }
τā : l∞ −→ l∞,~�u�}z~��<}����[~+v	u[� � }������6}�v � �

(τāg)(c̄) := g(āc̄)~�u	� { vFu�} �$| vo}�~���~6u { ã�äVå�æ�ç�å�è�é/å�êwé/äVë^ì~å�ä#�6a@��� å�ä�ì � ~�u�} y � ����� é.è`���@_o���?ì~é
ā w�� vl} { u {>{ u { ~�u�� | u�v � u�}0u { ~6u {W� v { u y }�u {��I� u�} y���� }

µ : l∞ −→ l∞,~�u�}z~��<}����[~+v	u[� � }������6}�v � �
(µg)(c̄) :=

∑

a∈Σ

g(ac̄)

�`u�� ��� u � u ��� | vl}0~���~�u {�¡U¢ å:£oaIì`_,å?çIè�å�êMé.äÇë^ì~å�ä w
�=ñGò~óeòS�=ò�H$îAñGúeñX�Zî��X�Zó óeú�óeñKø�ùnð��NîAî¤�Ný$ø ùW�Ný �B¥¼ò(î��Zò(îJ)��Zî d �Züeúeò(üeî[)Zò(ü��������Zò(ôxò(ñ��
îAò(üeî8¦
g.h>i�jlkZjXm8jonZkPp<�¨§�s � vo}R©ªu�} y��o� � u�«Nu�v { u�} { ~�vFu��`u x uo� { v � v ��{ © ��{¬��­ } � u�} {Wy ���z®�u�¯
� v	u°®�v � u±u { ~ � v	��� uG²³u {6� u {z��� u�v	��� ��y�{�� u�} ��­ } � u�}�� |B� ®�u�v | vl}���´<}$u�v { u�� ��� ����uB²³u {�� u
A ⊂ Σt

τA : l∞ −→ l∞
g 7→

∑

ā∈A τāg~�u	� { vFu�}0u {=wO��µ u { ��vo��� �	� v	���
τAg(b̄) =

∑

ā∈A

g(āb̄).

� vo}2®�u�¶ªu�vo��� { u { ~�vFu���u �I� u�} y���� }�u {Jy�{:y��·���.y�� � ã�äVå�æ?çIå�è~é/å�êMé/äVë^ì~å�äVé.ç¸�6aIä � é�¹
è`���@_l���?ì~é

A w
�=ñGòº��ü����Zî��6óeò��Zÿ?ò(ü��Nú��Züeò(î�ýAî$ðrð^ò(ü,»B)����GýAúeñ��Zî$ó��Zÿ?ò(ü��Nú��Zü8óeúeò(ùAò(îrî>�Nú��Aü��GñKø ùrñGîCò(ñ��
îAò(ô¼��ý$ó��Nôxôxò(îAù>�Nî���¦



½�¾ ¿�¾�À<Á=Â8ÃDÄ�Â8Å�Æ�ÂDÀ6Æ<Á=Ç6È:ÂDÁ=Æ<Ä É�É
Ê2Ë:Ì@Í=Ì@ÎªÏXÐ8ÏoÌZÑ(Ò<Ó¨Ò�Ô±Õ�Ö�×

g ∈ l∞ Ø Ö�Ù.Ú�ÛXÜ·×

µ(g) =
∑

a∈Σ

τa(g).

Õ�×ÞÝ�ß�ÛFÝ�ß�×ÞÝRà,á>â�Ý�á=ã�ä<á�ÚTå°Ù�á
µ
Ý�ß	Ú�Û	æ�×

µt(g) =
∑

ā∈Σt

τā(g).

ç,è éêè=ÏlÎ�Ô,ëUì�í2î�ï�ì�ð�ñ�ìSòZì�ð�ó8ô	õ�ó�ö�ñO÷"ð�ñO÷�ø�óXñ�ð�ù�õ�÷"ðXú�ó�ì�í$ûGù�ñüï ðXý�þ<ó�ø�ù�ö�Ó
�

Ê2Ë:Ì@Í=Ì@ÎªÏXÐ8ÏoÌZÑ¸Ò<Ó ÿ=Ô�Õ�Ö�×
g ∈ lσ

Ý�Ûoá � Ö�Û·Ú�á>ÛFÝ�ß�×ÞÝ�ß������	�IåªÝ�
�×�Ù�ß Ø Ö�Ù��+ä�
�� τag ��� ß���ÜoÜ�Ý
a ∈ Σ

ä6á:ã
µg

Ý�Ûoá � Ö�Û Ú+á>Û	Ý�ß�×ÞÝ�ß������	�@å�Ý�
ª×�Ù�ß��QÕ�Ö�×
g
Ý�Ûlá�Ö�×�Ù�
�����Ö�×FÛXÖ�
���Ý�ß��>Ý�
ª×�Ù�ß Ø Ö�Ù��ä�
��

µg
�

ç,è éêè=ÏlÎ�Ô��6ì�ð
a ∈ Σ

ø�ù��
ā ∈ Σ∗ Ó>ëRú�ù�ù

στag(ā) =
∑

b∈Σ

τa(āb) =
∑

b∈Σ

g(aā)
σg=g
= g(aā) = τag(ā).

 [ð�ñ"!Bí�õ$#:õ&%�ðXñ�ð�õ�ù�Ò<Ó¨ÒJôoõ�óXö�ñ"��ú$%'%�ì�ó)(:ì#ô+*�í
µ
Ó-,.%�ñ

g ≥ 0 / %�õ[ù>ú�ý10�ë,ì�2>ù�ð�ñ�ðXõ�ù õ�ô+3
ô	ì�ù�%�ðXý10�ñ�ó�ðXý10 ú�ø>ý'0

τag
ø�ù��

µg
Ó54,ð�óXñ

g(2) = 1
ø�ù��

σg = g / %�õ µg(2) =
∑

a∈Σ g(a)
σg=g
= g(2) = 1 / ú�ó)%�õ¤ð)%�ñ

µg
ì�ð�ù6%�ñ�õ ý'0>ú$%�ñ�ð)%�ý'0�ì�í87Gì�þ<ñ�õ�í / ôFú�ó�ó)%zì�% gð)%�ñ�Ó

�

9$ì;:�õ�íBï ð�í ø�ù�%G÷#ð�ñ<� ì�ùNî�ì�ù�ñ�í�ú�ó�ì�ù#ûBí�ö�ì;(�ù�ð)%'%�ì�ù=(Dì�%�ý10�>�ôoñ�ð�ö�ì�ù / ù�õ�ñ�ðXì�í�ì�ùNï ð�íGù�õ<ý10
ì�ð�ù�ì?%'#�>�ñ�ì�í�0�ð�ó�ô	í�ì�ðXý'0�ì�!Gí�õ$#Dõ&%�ð�ñ�ð�õ�ùA@
Ê2Ë:Ì@Í=Ì@ÎªÏXÐ8ÏoÌZÑ Ò<ÓCB�Ô�D�Ý�ÛFÝ�á

h, g ∈ l∞ E â�Ý�ÛF�>Ý�
ª×�Ù�ß�Ý�áG�IH"��á>á¸Ú�ÛlÜ ×
g = h

Ú�Ý�áJ��ä
ã&�+á>á Ø â�Ý�á>á

g(2) = h(2) ∧ ∀a ∈ Σ : τah = τag. K Ò<ÓMLON
ç,è éêè=ÏlÎ�Ô,ëUðXìSì�í'%�ñ�ì"P2ðXý'06ñ�ø�ù�ö#ð)%�ñ ñ�í�ðM:6ðlú�ó�ÓJ4,ì�ó�ñ�ìSù6ø�ù

g 6= h
Ó:ëRú$%Q0�ì�ð)R�ñ / ì�%±ö�ð)(�ñì�ð�ùTS¸õ�í�ñ

ā / %�õ=��ú$%'% g(ā) 6= h(ā)
ÓG,ü÷VU>ú�ó�ó�ì

ā = 2
%�ð�ù��êï ð�í$ôoì�í�ñ�ðXö�Ó�W2ù�� ì�í�ù ôFú�ó�ó)%

ö�ð�óXñ
τah 6= τag

ô+*�íQ� ì�ùXW2ù ôFú�ù�ö&%	(�ø>ý'0�%�ñ�úY(:ì�ù�:�õ�ù
ā
Ó

�

ZA[]\J[M^A[T_a`�b&`�c+dGeGbfc)`hgjijkl_m`�npoqc+rscs`�t�`$[vu ú�øp#�ñ�ì�í�ö�ì;(�ù�ð)%j� ð�ì�%�ì�%AW�(�%�ý'0�ù�ð�ñ�ñ'%Qð)%�ñ /��ú$%'%w� ð�ì�!Gí�õ�ö�ù�õ&%�ì�õ$#Dì�í�ú�ñ�õ�í�ì�ùl%�ñ�ì�ñ�ðXöx(:ì�î;*�ö�ó�ðlý'0�� ì�í
TV

3�y2õ�í�÷z%�ð�ù���Ó
{G| ÐA} Ò<ÓC~�Ô��OÖºÚ�ÛlÜ ×

τa(lTV ) ⊂ lTV ��� ß���ÜoÜ�Ý a ∈ Σ
Ö�Ù�âGÛFÝ

µ(lTV ) ⊂ lTV
��HzÛFÝ

Ü·ÛláDÝ	��ß�Ý�á��j��Ý�ß.�+×�Ù�ß0Ý�á
τa : (lTV , ||.||TV ) → (lTV , ||.||TV )

Ö�Ù�âGÛ	Ý
µ : (lTV , ||.||TV ) → (lTV , ||.||TV )Ö�Ûlá=ã"Ö�×ÞÝ�×FÛ Ú�ä6á:ãêÝ�Ö±Ú+ÛXÜ·× ��� ß?��ÜlÜ�Ý a ∈ Σ

||τa||TV = ||µ||TV = 1.



�	� �����m���f�J���J�m�J�f�l�J�m���a�M�I�f�A���)�m�
�h�����G�s�����f�;�

a ∈ Σ  �¡�¢�£Q¤ �;¥�¦w��§'¨p¥ ¢ ¥p©$�;¥
∑

ā∈Σt

|τag(ā)| =
∑

ā∈Σt

|g(aā)| ≤
∑

a∈Σ

∑

ā∈Σt

|g(aā)| =
∑

ā∈Σt+1

|g(ā)| ≤ ||g||TV

ª�«  C¬f­
¢ ¥ ¤�® ¥ ®Y¯)° ©
∑

ā∈Σt

|µg(ā)| =
∑

ā∈Σt

|
∑

a∈Σ

g(aā)| ≤
∑

a∈Σ

∑

ā∈Σt

|g(aā)| =
∑

ā∈Σt+1

|g(ā)| ≤ ||g||TV

ª�«   « ­± °$¯ ©$�;¥ τ(lTV ) ⊂ lTV ¢ ¥ ¤ µ(lTV ) ⊂ lTV £'°³² �M� ¤p®Y´	µp¶ � ´ ¨p�M¥ ®Y¢�£ ||τa|| ≤ 1 ¢ ¥ ¤
||µ|| ≤ 1   �f�;·	¸;·Q¹ ® ¥vº	� ² �;� ¯)£ ± µp´ º	� ¤ � £ a ∈ Σ

fa : Σ∗ −→ R

ā 7→

{

1 ā = at
± µp´ �;�M¥ t

0 £	° ¥ £ ·;»
£	° ©$� ¯ ·qº	� ² �;� ¯)£ ||τafa||TV = ||fa||TV ¢ ¥ ¤¼®Y¢ §'¨ ||µfa||TV = ||fa||TV  J½¾£ ± °$¯ ©$�;¥
||τa|| = 1 ¢ ¥ ¤ ||µ|| = 1 ¢ ¥ ¤�¤p® ¹=�M· ¤ �M��¿À�;¨ ®Y¢pÁ · ¢ ¥p©p» ¤p®v¤ �M�?�f·	�;·	�M©$Â$�;�M· ¯ �M¥p� ®Y´ � ´Ã Á � ´'® · °$´ �;¥XÄ$Å ¢ �MÆ ®Y¯ �;¥�·I¸ ¢p´w½ ¥ ¤�¯ �)§'¨pÂ$�;�M· ¤ � ´ Ã Á � ´'® · °$´ ¥ °$´ ¹z� £ ·  

�

½ �)¥p� ¢ ¥p¹=�M·	·	� ¯M¶�®Y´ � ¢ ¥ ¤T² �)§1¨�·	�M©$�"Ç °$¯ ©$� ´	¢ ¥p©=� £ ·À¸ ¢ ¥�Ä$§1¨ £ ·;È
ÉvÊÌËmÊÌÍfÍ&ÎÌË «  ÐÏ ��Ñ�Ò�Ó5Ô$ÕsÕMÖ a ∈ Σ ×$Ø ÕÚÙ τa(lSM ) ⊂ lSM Û�ÜGÝ Ô Û�Þ Ö�Ó Ý Ö�ß µ(lSM) ⊂
lSM àâá1ã Ù g Ö Ø ÜXã Ù�ä�å�æ�Ô ã Ù Ø ã å�æpÖ�Ó¼ç�Ö�èéÙ�ä&Ó'ê ã ä Ý Ô Ü�Ü äìë�Ö Ü�ã Ø å�æfÙ]Õ Ø å�æ¼Ô Û å�æ µg à
¡�¯)£<² �;�M·	� ´ �hÇ °$¯ ©$� ´	¢ ¥p© ¤ �)� £ � £ � ® ·	¸;� £ �;�M¥=¸ ² �;�M·	� ´ » ¤ � ´À£ �s§'¨=�M¥ ¤ � ´�½<´ © °�¤ �;¥�·	¨p� °Yí
´ �M��Æ ° ¥T© ´	°$î �;¹ðï ¢ ·	¸;�;¥T� ´	² �;� £ �;¥ ² � ´'¤a 
ñ Î�òAó «  Cô �Qõ Ø Öhö�Óìä × Ü ä ã Ö	ä�÷�Ö;Ó.Ô$Ù�ä&ÓìÖ Ü

τa : lTV −→ lTV

Û�ÜGÝøÝ Ö�Ówù�úéäYÕ Û Ù Ø ä Ü�ã ä�÷�Ö�ÓìÔ$Ù�ä$Ó
µ : lTV −→ lTV

ã Ø ÜGÝûã Ù�Ô�ü Ø Õ à�h�����G�s����ýþ� ´ ¨ ®Y¶ �;¥ ||µt||TV ≤ K
± µp´ �;�M¥ K ∈ R+ ¸ ¢ ¸;�;�M©$�;¥  mÿ5®$£ ± °$¯ ©$·Q¹=�M·� ® ·	¸ «  ��8®Y¢�£

||µt||TV ≤ ||µ||tTV = 1.

¡ ¥ ®Y¯M° ©x� ´	² �;� £ �;¥ £ �)§1¨ ¤ �M��� ´	° ©$¥ °&£ � °$Á � ´'® · °$´ �;¥ ®Y¯s£�£ · ®Y¶ � ¯�  �

�h���h��Ë��	��

� «  �� ��� Ø Ü × Ö × Ö Ü Ø ã Ù
µ : (l∞, ||.||∞) −→ (l∞, ||.||∞)

��� Ô$Ó Ü ä�å�æ ã Ù�Ö�Ù ØÚ× ê�Ô�ü'Ö�Ó Ü Ø å�æfÙwß=Ö�æfÓ ã Ù�Ô�ü Ø Õ à Ñ Ò�Ó g ∈ l∞
ß Ø Ù g(ā) = 1 � ÒfÓ=Ô$ÕsÕMÖ

ā ∈ Σ ×$Ø Õ Ù Ü�� ßvÕ Ø å�æ
µkg(ā) = card(Σ)k



��� ���������� "!#��$&%'�"�(%���)(*+�"��%�! ,.-
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ā ∈ Σ 9(:�;=<1>@?BADC
||µkg||∞ −→

k→∞
∞,

E > 2F3 9�<G;5A 7IH :'<�C 3�J A 4 A6CLK5CNMO>5: µ 3 9 / l∞ / > 4 P CLQSR 0�2TJ.7�4 A 7�J A P�7 < g P A 4 C�U 7 ;@>�V�W
|µg(ā)| = |

∑

a∈Σ

g(aā)| ≤
∑

a∈Σ

|g(aā)| ≤ card(Σ) · ||g||∞,

E > 2F3 9�<=?BADC�; 7 ?X> J A P�7 :ZY 7 A[<]\+A 7�4 ||µ||∞ = card(Σ) < ∞ 9(:�;Z; 3 ?^ADC_;5A 7B` C 71a
CbA Pdce7 ADCfMO>5: µ / > 4 P CLQ

g�hji+hkg�hml�ndo�p"q
o+r�s@t"s�u#v�o�nds(qxwSqSy{z_t"o�|jw�v�}Do+q{r~v�o��e�
�'r�v�}6r��e�Ss�n�l�ndo��@s(r1�
r�s�h����8�_���~�[�.�'�~���e�����.�'�8�8�~�5�~�����~�8�'�����e�'�.���.�'�~�8�'�8�6�.�'�5�~�8�.�����'�~�5���~���6�.�.�'�B���5���8�e�e���k�
�5� �¡�~�£¢¤�1¥��'�[���8�5�¦�¡�~�£§¨���5©5�'�@���~�5ª"�~�.�e���5���~�«���5�.��¬�¢I­'�.��� §®���5©5�'�@���~�5ª+�~�.�e���[�5�'�~�
¯ �¡�¡�k¥�°~�8�~�����±�����¡�.���5�����[���.�'�±²¨�~�(���5���~�³�5´5�'�'�~�µ�e�[�¶�¡�~�¦­'�.�.ª'��·'�'©5�8�[�.�³©5�~©5�~�"�~�'�
�����¡�.���5�.���[�.�.�'�£§¨���5°~�����¨­'�����~�®�'�~­'�~�=¸f���¡�8�'©5­'�'©5�~�¹�[�����~��ª'���~���8�~���¨���~�.�¡�~�¹�5´5�'�'�~��¬

¢I�8�����¹º»�����~��ª'���~�.�e���8�5�¼�£�[�F½D�¾�¡�8�=¿'�.�e©5�m���5�.�À�¡� ¯XÁ ­��.� ¯m¯ �~�'���e�'© ¯ �8���¡�~�Â ���~�[©5�'�[���5�~�����5���~���e­¡½ÄÃ��¡�[�fÅ��B½j·'�_�����¡�.���5�����6�.�.�'��§¨���5°~���������~�"�~�¡½j�e�8�6�Æ©5�~�£�[�.���¾¸f�1�
�¡�8�'©5���'�~�[���~�«�5���¡�8�~���~��¬�Ç¤­��.�Z�¡�8�����~� Á ­��.� ¯=¯ �~�'���e�'©¹�(�[Èe���~�«�£�[���e­¡½Ä¬
ÉBÊ�Ë'Ì6Í
Ì[Î�ÌDÏ
ÍÑÐ ¬8Ò~Ó�Ô H <�C g ∈ lSM

7 AD: 7 :�; 4 ADV�W 712.Õ <1A P :�A 7~2 C 712_Ö¼3�× M 7&c CL> 2 9(:�; A ⊂
Σt 7 A6: 7IÖÀ7 : P�7 MO>5: t aÙØ«Ú52 C 712 : Õ <1>m< 7 C[Û 7 : E A 2

gA =

{
||g||TV

|g|(A) τAg |g|(A) > 0

0 <1>5:'<�CLQ
9�:�;¦: 7 :�: 7 :±;5A 7 < 7 :ÝÜ 7&c CL> 2 l�nÙo+p+qSo�r�s�t+s(u#v�o�nm�(w
n�Þ¶s�rO�d�S}6�e�"v�s A Q
¿	·'�£�ß´5�����~�

ā ∈ Σ∗ �.�.�'���~�[�+�~�«�£�8���¡�~� Â �8�¡½j�5���'�'�~�8�����e�8�"�~�£�e­��.�
gā := g{ā}¢��5�^½j�5�8©5�~���¡��¸f�~�[��ª'�[�~�f�'�[�k½D�¹�'�e�'��ÃN�¡�[�����5���8�e�e���8�5�à�¡�~�¦§®���5©5�'�@���~�5�~�(���5���~��°~­

�5�~�.�����~�'�~��¬
áIÊ�ÌDâ�ã�Ì6Ê�ä±Ð ¬8Ò5Ò@Ô `#7 A g ∈ lSM

7 A6:±<1CL>�V�W 3 <�CbA[<1V�W 7~2 Ü 7&c CL> 2 9�:�; ā = a1...at ∈ Σt Qå 3 :�: P A 4 C
g(ā) = g(a1)

t−1∏

s=1

ga1...as(as+1).

å 3 < / > 4 P C Õ ; 3 ||g||TV = g(2) = 1 æL<�A 7 W 7Iç£2 >�\"Q¨è�Qêé�ë1ì Õ ; 3 g 7 A6:Z<�CL>OV�W 3 <1CbA8<~V�W 712
Ü 7&c CL> 2 A[<�C Õ�3 9�<

ga1 ...as(as+1) =
1

g(a1...as)
τa1...asg(as+1) =

g(a1...asas+1)

g(a1...as)
.

¢��5�¹�(­'�à½D�5�[©5�~���¡��í�� ¯=¯ �î���[Èe���¹�¡�~�ï�5�"�~�ï�e�'©5����ª'�������'�~�'�~� Á ­���� ¯=¯ �~�'���e�'©�e­¡½Fð
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�������	��

�������������

g ∈ lSM ����� A ⊂ Σt �� � �	!"� �$# �&%(' � t )+*-,/. � � . ��0 � '
gA = µtgA = τAg

A. 1 

�32546��578��9;:$�=<�>@?
A = {ā1, ..., āk} ⊂ Σt �BA�>@CED�FHG�G |g|(A) = 0

?;IKJLJKCK?NM�?NFHGO�5<�>@?QP�FHR�>@C
|g|(A) > 0 S�T P b̄ ∈ Σ∗ U IKVXW/?�GNJ

µtgA(b̄) =
∑

ā∈Σt

gA(āb̄)
gA(ā)=0,ā 6∈A

=
∑

ā∈A

gA(āb̄)

( = τAg
A(b̄))

=
||g||TV
|g|(A)

∑

ā∈A

g(āb̄) =
||g||TV
|g|(A)

τAg(b̄),

1 

�ZY�4

[ V/C\F S I�P5?�>^]_>@RBF S�` J S�T W/> Tba V/G�W/> T � �

A�?�>�]L?NGNP5>@CcM/V T > T P5G�?Nd\R�> T U IK?�W T ?�>@CKJK> Tfe FHg/M/>@h
JKV/CK> T8S�T JK>@CEP5>@C_i T [ > T P S�T WXM/V Tj�CKV/W T VkI\>@V ` >@C\FHJKV/CK> T >@CKl@?�>@G�J�mnF T FHG;IKV^P S C\d\RfP5?�>o>@? T5a F/d\R�>�p�M/V/G S JK?�V T M/V Tfq�r G�? T5sP5>@CKM/>@h
JKV/CK> T �
A�?�> a V/G�W/> T P5>t]_>@mu>@CKh S�T Wvl@>@?�W/J U [ ?�>tP5?�>tj�CKV/W T VkIK>@M/>@h
JKV/CK> T IKJKV
d�RBF/IKJK?NI\d�R�>@Cw�>@h
JKV/CK> TxT$S�T ? T P5>@Cy< ` C\F/d�R�>nP5>@C^IKJKV5d\RBF/IKJK?NI�d\R�> T j�CKV/l@>�I\I\>X? T JK>@C ` CK>@JK?�>@CKJ [ >@C sP5> T h/z T�T > T �

6������B{�|~}Q����

����
���� �� g ∈ lSM
�@ � ��� '����
� ���  � ���5� .�� ��� � ' .�� �H� � ' g ≥ 0 �����

g(2) = 1 � �
��� (Xt)t∈N � � . � �(� � � ��� '(�@ � �� . � � ��� '����
� ���  � ���5��� . '��(� ������� �� ����� � � .
A ⊂ Σs �@ � �-!�� �$# �"%(' � s )+*-,/. � � . � ��� � �B�  ��� � � . � � A � ��� '��@ � �� . � �-� . ' )
#/� ' � ��%+��� � ' . gA ����� �@� �H�;� � �@ � ��� '����
� ���  � ���5� .�� ��� � ' . # � # ����� �������X��� . � � � gA� �+# �\' . �k� � � � � ��� '����
� ���  � ���5� � � . '(��� ��� (Yt)t∈N #  N� � �

P (Yt = a) = P (Xt+s = a | X0X1...Xs−1 ∈ A).�  �� � � . � �@ N� ����# � �¡� � �n��� '����
� ���  � ���5� � � . '(�(� ��� � � (Yt)
� � ���O¢ . �K����� � �H� � ' � � � � �%(' � (Xt+s) 0
� �H��� � �H� � �\���H� �B� � � �$# � � 'k£&£u� � ��� . � � �¤� � . ��0¥�  ¦�^� . ��� � � s § ��� �/�;� � )%(� .  ��$����� � X0...Xs−1

�
¨ �¦� � � �� � * ' . � � � � A � . �(� �+# � �
©ªm«D�FHG�G�> U P�F/I�I A = Σt a�¬ C	>@? T t ∈ N

>@CKW/?�­�J®IK?Nd�R¤>@? T >tI ` >@l@?�>@G�G�>y<�?NJ S FHJK?�V T U P5?N>mu?NJy¯	?�G a >vP5>�It? T i�­BI�d\R T ?�JKJu�
�Z�
�ZY°>@? T W/> a�¬ R�CKJK> T <
d\R�?�>@­±>@V ` >@C\FHJKV/C\Ind\RBFHC\FHh
JK>@CK? sIK?N>@CKJ [ >@C\P5> T hHF T�T U [ ?�>=F S I�P5>@C a V/G�W/> T P5> T jcCKV ` VkIK?NJK?�V T >@C\IK?Nd\R�JKG�?Nd�R [ ?�C\P��
²�{�³µ´�³µ:�9N¶�9�³��·

����2��������

g ∈ lSM �
��� TΩ : ΩΣ → ΩΣ � � .  ��¸ � � ��� �  �¦�E¹��N¹���º
� ��» �  ¦� . � � � ���� ��(�\�K' ¢ � . � � ' . 0 � ' #  ;� �

mµtg = mg ◦ T
−t
Ω .6��578��9;:$�	¼x>@W/> T P5>@C�p�? T P5> S JK?NW/h/>@?�J-P5>@Cb> T P5G�?Nd�R�> T U IK?�W T ?�>@CKJK> T·e FHg/>"W/>@mn½Hg¾�V/CKV/G�GNFHC&�
�ZY/�¤CK>@?Nd�R$J&>�IyP5?N>v©¿P5> T JK?�J\½HJtF S5a®q�r G�? T P5>@CKmu> T W/> T Z(A), A ⊂ Σs l S

¬ ­±>@C ` C ¬5a > T ��A	V/CKJ�W/?�G�J
mµtg(Z(A)) = µtg(A) =

∑

b̄∈Σt

∑

ā∈A

g(b̄ā)

B./D.2.30
= g(T−t

Ω A) = mg(Z(T−t
Ω A)) = mg(T

−t
Ω Z(A)),
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ÌkÍBÆ
Ì°ÅEÎ�È�È\Ï�Æ
Ð�Í�É±Ì�Æ
Ç ÑKÒ
ÓLÔ/Õ�Ö@×�Ø5×�Ö	Ù�Ö@ÚKÛ@ÚKÖ@ÜvÕ±Ö@×NØ5Ö@ÜbÝ�Ù�Ö@×NÞ�ß$à�Ü�á/Ö@ÜfÔHâ±Ö@ÜBã\×NÞ\ß�ÚKÙ�×NÞ\ß�Ö®ä�Ô/Ù�á/Ö@åKà�Ü�á/Ö@Ü-Ø5Ö@åoæ�Ö�çBÜ�×Ëè
ÚK×�Ô/ÜbØ5Ö�ã�é
Þ\ß�×�Ö@Õ±Ö@Ô/ê�Ö@å\ëHÚKÔ/å\ã	ãK×�ÜBØ�ì �

í�î�ï�îBð�ñ~òQó�ôöõ ì�÷�ø�ù=ú�û�ü g ∈ lSM ý�þ�ÿ û�ü��������+û�ü þ û���� ý��
	Bý�� ü�� ��

ÿ�� (Xt)t∈N �$ý��� ��� 
 �Hû�û���� þ�þ�ý�� ü ý û�ü��������+û�ü þ û���� ý���� ��� ý û�û���û���� þ�� ü ÿ ����� ��ý���� � � � ÿ � ý � ý�ÿ �$ý�ÿ
!®ý�"# ý��$��

ÿ �%� � �+û�û �$ý��&�'� �(� ÿ �+û ý��+ý�� ü�� � # þ ü*) ý û���� þ ����ü ý Σs ý�þ�ÿ�ý�ÿ û�ü��������+û�ü þ û���� ý�ÿ�'� ��� ý û�û (Yt)t∈N þ�ÿ��+
 � þ¦ý�� ü,�.-�/ �0�$ý�ÿ
Yt = Xt+s� þ1� ü�2435/ �6�$ý@ÿ ý�ÿ ü�û87 �Ký ��� ý@ÿ��$ý�ÿ9��� �(� ÿ �+û ý���ý�� ü�� � gΣs

� þ1� ü ÿ �����;: ý,<�ÿBþ ü þ � ÿ
gΣs = µsgΣs

= µsgΩΣ = µsg.= þ,�0>\ý # ý��$�Hý�ÿ � � �+û�û �/þ¦ý û # þ ü !®ý # ý��$��
�ÿ �@?A2�B�? 

ÿ��6�'� ��7��Hû þ ü þ � ÿ BC2,D�EF/ >\ý��Ký�þ�ÿ."û�ü þ #*# ü�2
G4HJIKH�L�MONQP�RTS�M,U RVS�M,W RXM1PAY�Z�PAY�[]\_^ ` PAabZ�U�Y%PAR

æ�×�Ö�ãKÖ@å�c	ÕBã\Þ\ß�Ü�×�ÚKÚ@dOe�ß�åKÚ-ã\Þ\ß�Ù�×NÖ�f/Ù�×NÞ\ß Ø5×�Ö Û@Ö@Ü$ÚKå\ëHÙ�Ö@Ühg_Ö@á/åK×Ëâ�Ö Ø5×�Ö�ãKÖ@å�c�åKÕ±Ö@×�Ú
Ö@×�Ü�ìbiªÜ¤Ö@×�Üjd¦ë/Þ\ß�Ö@ÜlkxÔ/åKÚKÖ@Üx×Nã\Ú	Ø5×�Ötæ�×JmuÖ@ÜBãK×�Ô/Ü�Ö@×�Ü�Ö�ã®ãK×�á/Ü�×�Ö@åKÚKÖ@Üon¤ëpf+q/Ö�r
ÚKÔ/å\ã=Ø5×�Ö
Ø5Ö�ãsq/Ô/ÜvãKÖ@×NÜ�Ö@Ü�t�åKÔ/á/Ü�ÔkãKÖ�q/Ö�r
ÚKÔ/åKÖ@Ü-ëHàjd�á/Ö�ãKêBëHÜ�Ü�ÚKÖ@Ü@u	Ü$ÚKÖ@åvq/Ö�r
ÚKÔ/åKå\ëHà_mnãwq/Ô/Ü lSM ìx ÜBØ5ÙN×NÞ\ß5èOØ5×JmnÖ@ÜBãK×�Ô/ÜBëHÙ�Ö ãKÚKÔ5Þ\ßBë/ãKÚK×Nã�Þ\ß�Özy�Ö�r
ÚKÔ/åKÖ@Ühr+{/Ü�Ü�Ö@Ü Ø�ëHß�Ö@åFmu×NÚ8ã\ÚKÔ
Þ�ßBë/ãKÚK×Ëè
ã\Þ�ß�Ö@Ü|t�åKÔ/Û@Ö�ã\ãKÖ@Ü ×NØ5Ö@Ü�ÚK×ËçBÛ@×�Ö@åKÚ&Ó�Ö@å\Ø5Ö@ÜK}~dOe�å&Ø5×NÖvà�Ü�ÚKÖ@åuØ5Ö@å*c	Ü�ÜBëHß_muÖ�q/Ô/Ü�y�Ô/å è
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 &î.¡_¢;óT¢�£K¢,¤�ó õ ì�÷�¥�ù�¦ ý�þ g ∈ l∞

24:§� ÿBÿ°ÿ�ý�ÿBÿ±ý�ÿ�¨�þ,�
Vg := span{τā(g) | ā ∈ Σ∗}

�$ý@ÿ;© Y%U�W�RTU S�PCY%\.��N �$ý û 	Bý�� ü�� � û g 

ÿ��
Eg := span{µt(g) | t ∈ N}

�$ý@ÿ ��` U ª,�TZ�M1U�RTS�Y�\.��N �$ý û 	Bý�� ü�� � û g 2 = þ1� û ý ü�� ý�ÿl¨�ý�þ ü ý��
dimg := dimVg
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PARXS�M1U�R ��ý û 	Bý�� ü�� � û g û�� ¨�þ¦ý
edimg := dimEg
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PARXS�M,U R �$ý û 	Bý�� ü�� � û g 2_ú�û�ü g ý�þ�ÿ û�ü�� "���j�+û�ü þ û���� ý��z	Bý�� ü�� �¯
�ÿ � (Xt)t∈N �$ý��*�+
�� ��� g � ý � ý�>\ý�ÿ�ý û�ü��������+û�ü þ û���� ý6�'� ��� ý û�û$�û��Xû ý ü�� ý�ÿl¨�þ,�
dim(Xt) := dim(g) ° õ ì±¥A²
edim(Xt) := edim(g). ° õ ì´³C²
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Pt

����)
(Σt,P(Σt)) 2 ô(èJï.	_ï43�õ.ô
��	_ð_èJíví65��75��78:95ö+è�ûJí.;

Pt(ā = a1...at) =
t∏

s=1

P (as).
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(Xt)t∈N Q ÇSR á
dim(Xt) = 1 ⇔ (Xt)
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�+ô(ôvì���èJèJï�êvívï�ôvívì��
	��+ô(ívè�ô
�
	_ïb1�ï�ùAívì+ê.�

c è�ûJí
dim(Xt) = 1

�.ôvìd)e0_ê@�pûJû�ï
ā ∈ Σ∗

gā = g.

^Aï�è4ð:�_ð
b̄ = b0...bt ∈ Σ∗ �.ò��pð_ð 2 ôvèJï.	_ï0üwï�è�ôvý_è�ï�û�8���K�Kf9

g(b̄) = g(b0)gb0(b1)gb0b1(b2) · ... · gb0...bt−1(bt) =
t∏

s=0

g(bs),

`g�+ô-��ï�èJö+í.�sñ��+ô(ô
(Xt)

�_ð��põ�	.ÿpð_ö+èJöh�_ð.ñVè�ñjï�ðCívè�ô��
	Vî+ï�êvívï�è�ûJí&è�ôví.�Ui�ôvíj�_ë�ö+ï�ù+ï.	_êví
(Xt)

�_ð��põ�	.ÿpð_ö+èJö-�_ð.ñ�è�ñjï�ðCívè1ô
�
	�î+ï�êvívï�èJû�í.�jô(ìd)&0_ê@�pû�ûJï
b̄ = b0...bt

g(b̄) =
t∏

s=0

g(bs).

ò��pë�èJíg)e0_êa�pûJûJï
ā, b̄ ∈ Σ∗

gā(b̄) =
1

g(ā)
g(āb̄ = a1...asb1...bt)

=

∏s
r=1 g(ar)

∏t
u=1 g(bu)∏s

r=1 g(ar)
=

t∏

u=1

g(bu) = g(b̄),
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ÇJÍ�á�Ê�Í@×�Ç�Í�Ù5Ê�ÇSRJÊ�É å Ç�R v�ãÈvÊ�Ç ä�åxw Í�Ç ä�å Ë+ÇOÊ�y6ÇSz�Ê�ÉjÍ�Ç,â�ÉQÎ�R´Í&ËCÊ�É|{'Î�É Q ËAÊ�Í~}(��Î�R á8Ê�É.È Î�T:z§Í

VP = Vg
ËCÊ�È�ÎC×�ãØ V%å RJ×vÎ+È�T�É Ê�É�Ë�R Ç ä�å Ê�É��zÎ�áÌÈ�Ç��

P := (g(b̄ā))ā,b̄∈Σ∗ = (τb̄g(ā))ā,b̄∈Σ∗ ∈ RN×N
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��ª/«�¬�­+¤�®¯�M��¦°¡:£+­e��§�¢.¬�­&±²¤.§�¢�­e��§´³�¦7¢µ¬:¤�§·¶¯³�§(¸�¬(¤u¢º¹x»�³�¦°£¥¤�§�� ³�¡�±b¢
EP = Eg

¬(¤��6¼,³�£+�u­�½
Pµ := (

∑

|b̄|=t

g(b̄ā))ā∈Σ∗,t∈N = (µtg(ā))ā∈Σ∗,t∈N ∈ RN×N.

¼|­&£¿¾4­S¦ À�¤��M��§ºÁ ¤�±d±d³�Â�«ÄÃ�Å�¢�­e¤�Æ:£�±²³�§�¢.Ç�Æ:§B¤�¦S¦¿¤�­S§�Èg¬x³f¢u¢�¹x»�³�¦°£¥¤�§�É6¡:§B¬=Ên¤�­�¦�¤�§�É
� ³�§(¸�¬(¤��~�(¨�­°¸(¤�§�¼Ë³�£+��­°�G¤�§�­&¬(¤.§�£+­�¢.Ç�Æ�¢.¤�­&§µ±dÌ(¢�¢�¤�§D«
ÍÏÎ�Ð�Ñ-Ò�Ó
Ô�Õ.Ö�×&Ø�ÐaÙ<Ú�Û�Ü<Õ.Ð<ÕdÝBÞUÕ�Ó
ß�Õ�Ö�à�Ó
Ô�á�Î�Õ4à�â*Õ.Ö�Ù<Î�Ó�Ô(Ü<ã�Î�Ó�Ô�Õ
ä\åDæ\å�ç�ènéoê$ë´ì�í�î�ï�ðdñ ­S¦ò£ f ∈ Vg

È¿¢���³�¡�Ç�Æ Vf ⊂ Vg
«

óDô�õ�ö ì�í7÷�ø�ð ¹*¤�­ g ¤�­&§,ù�¤uúG£û����±d­S£ edim(g) = m <∞ «�üb³x§�§²­�¢�£�¬�­e¤Uýo³�±d­S¦ò­+¤g�M��§
ù�¤uúf£û��� ¤.§ (gt := µtg)t=0,...,m−1

¦ò­&§B¤<³��=¡:§B³(¨uÆ�þ�§:¸�­ò¸(« ñ ­�¦°£\ªU¤�­S£¥¤.� gm = µmg =
∑m−1

t=0 ctgt
È¿¢.�-­�¢�£g¬x³f¢@ÿa��¦���§D��±

pg(X) := Xm − cm−1X
m−1 − ...− c1X − c0¬x³�¢�¼|­&§�­S±²³�¦ »���¦���§D��± �G��§ µ : Eg → Eg

«��d¤+¸(¤�§ deg pg = m ­�¢�£g¬�­+¤u¢~§B³�£+Ì:�u¦°­&Ç�Æ
³�¡�Ç�Æº¬x³f¢~Ç�Æ�³�� ³fúG£¥¤���­�¢�£+­�¢.Ç�Æ�¤�ÿa��¦���§D��± �M��§ µ «ä\å���å��
	(ð��6Õ.Ð\Õ.Ð
Ù<Ü<Õ�
oÕ.Î�ãnÎ�Ù<Ü@ã�Õ.Î�Ó
Ô:Ü6Õ.Î�Ö�����Ù<Õ.Ô�Õ.Ö����6Õ.Ô�ÑjÕ.Ö�Þ¯Î�Ð6Ò�Ö��*á�Ò�Ù
Ù

gm−1 =
∑m−2

t=0 αtgt
��Ù<àd×eà�ã���Ü�ÞUÕ���Õ.Ö

gm = µmg = µgm−1 =
m−2∑

t=0

αtµgt =
m−2∑

t=0

αtgt+1

Î�Ö�á���ß�Ü<Î��hÒ���Ó�Ô ×eØ�ÐjÒ�ã�ã�Õ
t ≥ m

�¿á�Ò�Ù
Ù
gt ∈ span{gt | t = 0, ...,m − 2}

í�� Ø�Ð
á�Õ.Ö��.ÞUÕ.Î�Ü<Õ.Ö�
$Õ.Î�ã �BÕ.ÑjÕ.Ð<ß�Õ.Ö�Þ¯Î�Ð��*á�Ò�Ù
Ù�á�Î�Õ"!¿Õ.ß:Ü<à�Ð<Õ.Ö

gt, t = 0, ...,m − 1
ã�Î�Ö�Õ�Ò�Ð

��Ö�Ò���Ô�Û�Ö���Î��=Ù<Î�Ö�á#����Ö�áXá�Ò�ÑjÎ�Ü%$+Ù<Î�Õ.Ô�Õ&�6Õ('�Ö�Î�Ü<Î�à�Ö,î�î�í7÷*)
fdimµ(g0) = m.
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ÙoÙ
Î�Ó
Ô&3µÎ�Ö�Î�Ñ-Ò�ã�ÚBà�ã�5�Ö�à�Ñ8��Ö�ábÓ
Ô�Ò�Ð
Ò�ß�Ü<Õ.Ð<Î�Ù<Ü<Î�Ù
Ó�Ô�Õ�Ù
9 à�ã�5�Ö�à�Ñ Õ.Ö(Ü
Ù<Ú�Ð<Õ�Ó�Ô�Õ.Ö�í�:UÙ;��ã�Õ.Î���Ü<���=�.Õ.Î���Õ.Ö���á�Ò�Ù�Ù

∀t = 0, ...,m − 1 : pg(µ)(gt) = 0,á�Õ.Ö�Öºá�Ò�Ð
Ò���Ù¯×&à�ã���Ü
pg(µ) = 0

�Dá�Ò
pg(µ)

Ò���×nÕ.Î�Ö�Õ.Ð?>gÒ�Ù
Î�Ù<��Õ.Ð
Ù
Ó
Ô:Þ¯Î�Ö�á�Õ.Ü.í@�\Î�Õ�Ù�ÎSÙ<Ü
Ò���Õ.Ð¯Õ.Î�Ö�×+Ò�Ó
Ô�Õ.Î�Ö�����Ù
Õ.Ô�Õ.Ö��

pg(µ)(g0) = gm − cm−1gm−1 − ...− c1g1 − c0g0 = 0Ö�Ò�Ó�ÔA�\Õ('�Ö�Î�Ü<Î�à�Ö�á�Õ.Ð
ct
íB�nØ�Ð

t ≥ 1
��Î�ã�Ü�ÞUÕ.Î�Ü<Õ.Ð

pg(µ)(gt) = pg(µ)(µtg0) = µt(pg(µ)(g0)) = µt0 = 0.

�

C"D$ç�DFE*E ô ç ì�í7÷�îxð ¹*¤�­ g ∈ lTV
±d­S£ edim(g) <∞ «oüb³x§�§µ­�¢�£
µ : Eg → EgÀ���¦ ¸(¤�§�¢�£û³(¨�­S¦�«



G.H IKJML�NMO*P@QSR@L�P@O*TVU@T�W�W#X�Y<O*T�Z[X\L�T
]�^�_`^�a
bSc�dfe�gih0j.e�kBl-mMn�o.prq0q�sut+vxwBy0z�h0{�kB|.o}n�~���z��\o}��o����;�*e����7n�z\{�k�p����Bn�o2��n�k�p�e
p�{���h0{�k��#l�n0|}|

µ
|.o}n�~��\zF�\|.o��@e�kBl�l�n0|�|�l�n0|�����k�����n�z���y0z��Mk�y0���0y0k

µ
p�e������Bn�j}n��S�

o.{�j.�\|}o.�\|}�}��{�k=��y0z��Mk�y0���0�Se��\�7n�z�{�k*o;�\|.o%vi~�{�n0�}�So.{0��l�n0|}|?���\h0{�kB|}�}�Bn7gio
(ii)

�0y0kVmMn�o.p
q0q�sut�l�n�p�e�h0{�j}n0l�{��0�*e����7n�z\{�kSo;�\|.o(�}sB��n0|}|

µ
|}o}n�~���z��\|.o��B|}n�h0o�mMn�o.p� MsutMs�����{%p�¡¢{��\o.{

���\h0{�kB|}�}�Bn7gio;giy0z�h0o;n�eB|�mMn�o.p� Msu£�¤�s
�

¥"¦F§�¦F¨*¨ª©F§« Msu£0£�c�¬�­(®
g
­(®°¯²±K³µ´·¶K¸M¹7±(³x®�±�¶K¸�­(º¼»B­[½¾³µ´ªº4¿�®°³

edim(g) = m < ∞ À¬#­�®
µ Á ­(ºfÂ?Ã·´�Ä�Å*³x®i´0¯�±�´KÆ�­(ºÇ¹0³µ´0º À�È ¹0¯B¯`É0®
Ä�³

dim (Eig(µ; 1) ∩ Eg) = 1
ÅM¯ ÁËÊ ­xÉS­(¯ Eg ⊂ Vg

±(´0¿�®°³
dim (Eig(µ; 1) ∩ Vg) ≥ 1.

]�^�_`^�a
bSc���n�l���{?����h0{�k�j}��e���{f{���k�{�|Ìz��\k�{�n�j.{�kËÍ��@{�j}n�o.y0j}|��Sg°Î�jÌl�{�k4l�n0|¢����k�����n�z��
��y0z��Mk�y0�Ï��n7Ð�����n�z�{�k�Ñ�j}n0lË�Bn�o��S��Ò��}�B|.o.{�kB|<������{�kB|}��y0k

1
�Bn�~�{�k��ªgiy0z�h0o¢���\o�mMn�o.p

 Msu£�¤
dim Eig(µ; 1) ≤ 1.m*{���{�kÓk*e�k

gt := µtg
e�kBl

pg(X) = Xm + cm−1X
m−1 + ... + c1X + c0

l�n0|
���Bn�j}n��*o.{�j.�\|}o.�\|}�}��{&��y0z��Mk�y0��¡;��{%��k�mMn�o.p� Msu£�¤�s�ÔÕ{�h0{�k

m−1∑

t=0

ct =

m−1∑

t=0

ctgt(2) = gm(2) = 1

giy0z�h0o
pg(1) = 0

e�kBl=l�n����\o<l��\{&Ö�{��Bn�e���o.e�k�h�s
�
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Vg
�\kS��n�j.�\n�kSo�sB��{�j?å�e�o.p�{�k=l���{�|.{�j
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o.��y0kB|}��j.y0~�z�{���ï��0{�j.¡ßn�kBl�o.{�k���j.y0~�z\{��=��¡¢{�z\����{�|�¡;��{�l�{�j.e��ðl��\{`��y0o.����n�o.��y0k¼l�{�j
������{�kB|}��y0kB|.~�{�h0j.�âñ�{�l�n�j}|.o.{�z\z�o�s ç@e��òn�kBl�{�j.{�kÓz\�0|�|.o&|.�\���é{���k/��y0z��0{�l�j.�\|��}��{�j�ó�k��
o.{�j.�0{�h0{�zÌl���{�|}{�|%ä�{�h0{�z\|�îBkBl�{�k��Fl�{��ô{���k�{"~@{�|.y0kBl�{�j.{�Öß{�l�{�e�o.e�k�h=p�e�h0{�|}��j.yM����{�k
¡�{�j}l�{�k4��n�k�k�� {�j¢�\|}o¢l���{fp�e�h0j.e�kBl�{�z\��{�h0{�kBl�{%m*o.j.e��Mo.e�j�l�{�jß���«giy0z�h0{�kBl�{�k4ä%n�����o.{�z
~�{�|.��j.y��}��{�k�{�kõêÞ��j.h0y�l��\|}����{öç@{�j.z�{�h0e�k�h�ï�{�kBl�z\�\�}���àl�����{�kB|.��y0kBn�z�{�j4|.o.yM���Bn0|.o.�\|}����{�j
ã�{��Mo.y0j.{�k�s

ç@e��÷ã�{�j}|}o}��kBl�k��\|fl���{�|}{�|?ä%n�����o.{�z\|;~�{�k�Ò0o.��h0{�k=¡;�\j?{�~@{�kBl�{�kVÖß{�h0j.�âñ�l�{�|�ä�{(�
h0{�z\|<e�kBl={���k2�Bn0n�jfw�y0z�h0{�l�{(îBk��\o.��y0k�{�k��Bl���{%¡;��j<kSe�k�~@{�j.{��\o}|.o.{�z�z�{�k�s

ìÞk=l���{�|.{���d�~B|}�}��k���o.o;~�{�p�{��\����k�{�o

conv(B) := {x ∈ V | x =

n∑

i=1

αixi, xi ∈ B,
∑

i

αi = 1, αi ≥ 0}

p�e�kB�0���B|.o;l�{�kË�0y0k*�0{(ÐM{�k2d�~B|}�}��z�eB|�|Ì{���k�{�j<�A{�k�h0{
B ⊂ V

{���k�{�|
R
�µã�{��*o.y0j.j}n�e���|�s

���\k�{&�A{�k�h0{
B
~@{�p�{��
�}��k�{�k=¡;��j?n�z
|<�0y0kS�0{(Ð#�Bgxn�z�z\|

conv(B) = B
s

ø"^Bù�a
úFa\û�a°¦FúÓ Msu£0 �cf¬#­(®
V
­(®
¯

R ü »B­[½7³µ´0º[ºÇ¹0ÅM¿ À Â;®
¯�­?ý/­(¯SÉ*­ K ⊂ V
¸�­(® þ ³áÿ������

� Û��áÛ	�`Ú2Û*Ü�ÛSÝ�
�� ¹�Ä°Äu± Á ®x­ � ´�Ä ÉS­(¯ Á ­(¯�
�­ Á ®
¯*É0Å*¯*ÉS­(¯é­(º ��� Ä°Ä�³¢±K®°¯ Á��



��� ���	����������� �"!#�$�%�"&#�#�'�)(�*+�)(,��-��.�0/��)1�*�!#(2�)� 34�
57698;:=<)>@?BACA'D

α ∈ R+, v ∈ K E
αv ∈ K.

5GF)HJI�8
576�6G8K:=<)>@?BACA'D

v1, v2 ∈ K E
v1 + v2 ∈ K.

5GF)H�LNM)8
OQP2RQP+S�TVU�WYX F)HJZ\[2]_^�`aD.bdc.eCf�g)h7Aie7f�gje"c�hkD.elbnm\opb+qrD%s�D.>_tuD9v	D.A

K
DNelb�Dwm\opb+q\D0s�D

x DNb	v	D y{zueCh{?pb�|	D.>4D.bn}~op>�h�D.b�vpelAih

conv(K) = K.

���4�
K ⊂ V � 6���� �N�p�N� 6�� � 6�� �N� R �G���N� �4�p�4�0�B� � V � �0��� � �4� � ����6 �

−K := {x ∈ V | − x ∈ K}.
���4�

||.|| � 6 ��� ���0�0� � �p�����0� � � �B� � � � � � �B�4���4� � � � � 6�� � ��� 6 � �4� ��� �p� � 5 � � �0� ||.|| =
||.||2 ��� 6 ��� � �)� 6 � 6 �0�%� ��� �p� � 8 � �4�¡ 7¢��

v0 ∈ V £ Ud(v0) := {v ∈ V | ||v−v0|| < d}� � � � � 6 � � �� 7¢�� � 6�� �¥¤��N� 6 �N¤ 6 �p�¡¦§� � �p� B ⊂ V

int(B) := {x ∈ B | ∃ε ∈ R+ : Uε(x) ⊂ B},
� � �0� int(B) � �p�¨� ��� � � ��© � � B ¤#� �N¢ �p� 6 �%� �d� � � ���0�0� � �p�ª���0� � � �B� � � � � � �B�4���4� � � � �6�� � ��� 6 � �4� � �_« �p�#� � � � 6 �¬© � � V 5 � � �4� ��6 �0��� ¤#� �N¢ �p� 6 �0� �d� � � ���0�%� � �p�¥� � � � �B�4���4� �
� � � ���B�d 

B
6�� � ��� 6 � �4� � ��« � 6 � �0�B� � �4�p��� � � � 6 � 80H

­KP+®�¯lWY¯"°�¯C±YW F)HJZp²�]�³�eCb�m\o�b+qrD0s�DN>QtuD9v	D�A´gdD.e µVh´¶¸·V¹lº¸»dy2¼N?BAlA½c

K ∩ −K = {0},
5GF)H�LpL\8

¾r¿ · ¾\À�ÁVÂ »�¹ ¿	¾\¿�Ã´Á y+¼N?BACAJc

span{x− y | x, y ∈ K} = V,
5GF)H�L¸Z�8

Ä b2|K¶ À�Å ¹ ÁV¿ y2¼N?BACAJc
int(K) 6= ∅.

5GF)H�L¸F�8

OQP2RQP+S�TVU�WYX F)HJZpÆ�]KÇ@e9Dk³�eÈv	D.bdcNf�g)?É¼.h�D.bnÊ	Ë"Ì�Í Ä b2|ÎÊ	Ë"Ì�Í$c�eCb2|ÎÏ�Ð Ä elqÑ?pA'D.b2hGËÒ³�eCb
tuD9v	D.A´e"c�h{?pAJcNoKv�D.b2? Ä |	?pb+b,>ÉDÔÓ#>�o¸| ÄBÕ e7D.>4D.b2|By#¼N?BACAJc~D.>¥cNoBAÈeC|	D¬e"c�hGË
OQPdÖ�P2¯l× ] � 6 � � � � HÙØQHYÚÜÛ ¿	¾	ÝdÞ)ß �2à��N��� � Z)H�LBH

2

­KP+®�¯lWY¯"°�¯C±YW F)HJZ�ád]~³�elbâm\opb2qrD0s�D.>�tuD9v	D.AÒgdDNe�c c�h ¿	ãBä ºBy{¼N?BAlA½c_D.>§?	åGv	D c.f.g	AÈoBc%cNDNbdy
cÔÓ�elh Õ~Ä b2|�c.oBAÈeC|�DçæÉå ÕNè Ë¨>4DÔÓ�>Éo¸| ÄpÕ e9D.>4D.b2|�é�e�c.hGË

ê �+� � � � � �4��� � � �{ 7¢�� � 6 � � �p�%�d C� �"�p� � �d� « � � �p� 6 � 6 �4� � 6 �Që 6"� � 6 �0��� �)� �p�%� � �= 7¢��
� � �d� 6 �0� ��� 6 ��� � � 6 � � � ��� �4�4�)�%�+�p�4� 6 �0�%� �����N� �4�p� � �ç6 ���ç� � � 6"� � Ø �p� 6 � �d� �ªì��4� � � ��� �.��0�B� � � � 6 ¤ � �+¤#� �N¢ �p� 6 �%� �d� � � �a� ���"� ìª�4� � � ��� �N©p�N� �4�p� � � � 6�� � ����� 6 � 6 ©p�¡í �B�0�0� �N��� � � ��+� ¤#� ��H í 6 � � � 6 �   � �4� � � ��� ê �d 9�0�%� � �+�0�¥¢ ¤#� � � 6 �;¦§� � �p�ç�d� �@ìª�4� � � ��� �N©p�N� �4�p� � � £�Ô��� �¡� � � ©p�.îd�~ï ¢ �����Q¤ 6 �"�d� � �+ð ��� 6 �0� � 6�� � � � �0��� � �,� �N�p�N� H



ñÉò ó�ô)õ#ö)÷�ø�ù	ú�õ#ø�÷�û,ü�û#ýwý�þ�ÿ�÷�û�� þ"õ#û
�������	��

�������	�����

g
��������� �"!#�%$#&('�)+*,��&

dim(g) = m <∞ -�. ���/��01�32�&4�65+�7�8���9��:5%�;5
(gj), j = 1, ...,m < 57'>=1�:5?5

∀ā ∈ Σ∗ : gā =

m∑

j=1

αjgj =⇒ ∀j : αj ∈ [0, 1].

�@��&A���B=C��)D���FEG'�)%&H��� < �65I0��327&��7�8���I9��:5��J5
(gj), j = 1, ...,m < 2 � KML:0�NO�3P%Q>=R��)S�7)	�TN�NU�VW)S' 0���':57��!:�6$#&('�)D���X�������ZY
':5��8&[��!#� . ��) 5�&H�%N�NO\
�C0]*,��&�^G'_��`aKM�3�7�/&H���bK7c��;5�P�Qd���

0
\R��=

1
Q
�C2 ��� -e��df>�Bg8hC�	ikjJlnm/o/pdq7o@r7s�o/t�u v/wDx

m
izy�lDxDq7l

b̄j , j = 1, ...,m { w |}p�~�w w�pdjJq
(gj :=

gb̄j )j=1,...,m
q7jJo�q��Jj;o�qM~TlGs�o/~T��v/tTo���j;��q��/~T��j;�JjJq>��jJ�;pdq7o�����jJx]�nj;�U��q>��|�o���q7���b~

�
���C
Gm/o/pdq7o��WjJlW�Zq7jJxDq7l
m

izy�lDxDq7l
āi, i = 1, ...,m { w |�p�~�w w�pdjJq+��~TxDlDjU�

A =






g1(ā1) ... gm(ā1)��� � � � ���
g1(ām) · · · gm(ām)






lDq7��s��;tTlnj;wDx7��izjJl�wDq7xDr7q7o�oRs�o��3��l
k ∈ {1, ...,m}

s�o/p
ek

pdjJq��T~To�|�o�j;w u v�q7o��I~�wDj;wS���q7�
xD|�lDq7o�pdqMw
Rm r7s�o/t�u v/wDx

(αk,1, ..., αk,m) := (A−1ek)
T s�o/p��Zq7j;xDq7l

gk =
m∑

j=1

αk,jgj

s�o/p���q7v/~Ts���xDq7o { p�~T��jJxnq7j;o�q,�I~�wDj8wn��|�o@��q��3|�l pdq7lDxDq7l �	s/~T�JjJx tTx���q���s�o/pdq7o@r7s@v/~:���q7o��/¡�~�w wW�WjJlWq7jJo�q��I~�wDj;wIq7lDv/~T�;xDq7o�v/~T��q7o { j8wDxI�R�;~Tl7��i�q7j;xDq7lDv�jJo�wDxDq7�J�Jq7o}�WjJlI�3qMwDx7¢
gk(āi) =

m∑

k=1

αk,jgj(āi) = δki £ 

�J¤��d¥
o/~�u?v,¡�q�m/o�jJxDj;|�o pdq7l

αk,j
�1¦Rq7j
oCs�o

ā ∈ Σ∗ s�o/p
gā =

∑m
k=1 βkgk

pdjJq4¡�~Tl w xDq7�J�Js�o��pdqMwWr7s���q7v�y�lDj;��q7o�§�lD|���o�|1wDq7��q7�
xD|�l wn����q7l�pdq7o
gk

�/¡�~To�o��3|��J��x
∀i ∈ {1, ...,m} : βi =

m∑

k=1

βkδki
(3.14)
=

m∑

k=1

βkgk(āi) = gā(āi) ≥ 0,

~T�;w |,pdj;q+�¨q7v/~Ts���xDs�o����
�

izjJlW��l tTr7j;wDj;q7lDq7o�oCs�o@pdjJq+��q7lDq7jJx wW|���q7o�~To���q7lDj;w?wDq7o�q ©	s/w w ~T��q { p�~�w?wnpdjJqª§�lD|���o�|T�wDq7��q7�
xD|�lDq7o�jJo>��q7�Wj;w?wDq7lWi�q7j;wDq�q7jJo�q7o�qMu?vCxDq7o�«�q7��q7����jJ�;pdq7o��
¬ �d­�®F

����¯��,�����

g
�����°���B=TN±�3P%QR²³=1�8*����d5���'1�B�TNJ��)}5%&('MP�Q
�:5%&[�;5�P�Qd��)k´/�%$#&('�) - �����

Kg=C�7)	µ�265�P�QCNO\C5?5ª!#'��
Cg = cone(τāg | ā ∈ Σ∗),=C�%5�!#'��z=R���¶´/�6$#&('�)D���

{τāg | ā ∈ Σ∗}
��)DK_��\T0�&H���F^,�[0C��N�5����

Vg - Kg
�J5�&G������DP�QR&H��)}^,�[0R�%N < =C��)�!_'��·�TN�NU���·'C2%57��)%!_�C2%NJ���¹¸ºYd�7)»��&('1)S���

τā
\
�B=¼=C��*,�B�1P�Qk��\
P�Q!_'1�

µ
�8�/!#��)6�3���/&"0C�%NU�:5?5M����c��8)S= - E>��)������/�����

Kg
=R���>½+¾#¿�À�Á"¿BÂMÃRÄBÃRÀBÃCÅn!_'��

g -e��df>�Bg8hC��¡	q7l]©	�/w u v��;s/w wªq7j;o�qMw ��|�oR��q��
q7oF«�q7��q7�8w j8wDx |TÆ�q7o/wDj;u?vCxD�Jj8u v¼�WjJqMpdq7lDs��q7jJo���|�oR��q��
q7l «�q7��q7�(��¡�jJq�©n����qMw?u v��J|1w w q7o�v�q7jJx�s�o/p�pdjJq]Ç�|��J�;pdj;��q7o/wDjJ|�o/~T�Jj;x tTxnpdq7l��q7o���q
Kg

wDjJo/p �R�8~Tl"o/~�u?v�¡	q�m/o�j;xDjJ|�o���¡	j;qW¦R��jJxDr7v�q7j;xÈ�3|��J��xA~Ts/w�pdq7�¹��|�l ~To���q7v�q7od�pdq7oÉ��q7���b~�

����� { p�~�¦R��jJxDr7v�q7jJx�s�oCxDq7lG�I~�wDj;wDxDl ~To/wS�3|�lD�b~TxDjJ|�o�q7o�q7lDv/~T�;xDq7oX���Jq7jJ��xs�o/p�q7j;o�«�q7��q7� { pdq7l�jJ�Ê��|1wDjJxDjJ��q7o�Ë	lDxDv/~ToCxDq7o�q7oCxDv/~T�;xDq7o�j;wDx { |TÆ�q7o/wDj;u vRxD�Jj;u?v�wD��jJxDr



Ì%Í Î%ÍCÏ�ÐJÑIÒRÓ�Ô6Ð;Õ�ÓXÔ?Ð;Ö�Ó�ÐUÒ
×1Ø/Ò
×�ÑIÙ�Ô�Ô Ú�Ò
Û�Ø�Õ�×BÒ
Ó ÜDÝ
Þ;ß à7á�â�ã�ß?ß

Kg ä�å�ækçdè7æ�å�é ß è7êDä ã é�ëJè7æíì	î�è7ê ãTà å�êDè7æ Þ æCä ã ê Þ;ã æ àbï è7ë ã�ß ß è7æFð Þ ê ç�ñ Þ;ßDà
è7é�è7ædò ã ë;ë ß4ó ë ã êIæ ã�ô?õ�â è�ö/æ ÞJàDÞ å�æ>ä�å�æ Kg

á
�

÷GøÈù�øÈúRú1ûÈùaü á üTý/þIÿ����
g
���������	��
���
����������������������	��
��������� !�"
��#�$�� %����
��&���(')�+*, !���.-��/�

g1 ∈ Kg
�����0�� !�1
��#�$�� %�2��
��&���0')�+*, !�3�4�5�6���7���8�69����:9��+��
��#�+�%�194���;���<�=
��# >���@?A�%B���



C���!B� !D�EF���)�GB��2
C 
Kg1 ⊂ Kg.H.I&JGI	K�LCþ â�ã�ßZÞ;ßDà å�M�è7æ ßDÞ;ô õRà ë Þ;ô?õ ñCç ã Kg N ã ä�å�æ ã ëJëJè7æ7O�êDå ï æ�å ß è7å�î�è7ê ãTà å�êDè7æ Þ æCä ã$P

ê Þ;ã æ àWï è7ë ã�ß ß è7æ�ð Þ ê ç�ñ�æ6Q�æ ã é�è7ê�ð Þ èMçdè7ê=Q�R Kg1 = cone(τāg1, ā ∈ Σ∗)
ï�Þ ë à7á �

H.I	S.I/ùUTWVYX�Z ü á ü&[1þbÿ����
g
���\�]���	��
���
����������������������	��
����^�� !�"
��#�$�� %����
��&���_')��*, !���

-#�	�
0 6= f ∈ Vg

�A�� 
f(2) = 0

D�E`�3�)�(B3�2
C 
f 6∈ Kg.H.I&JGI	K�LCþ â�ã�ß ò3å�ë ï�à ñ Þ æ/çdè�RaR ã æ}é�è�R�è7ê ó
à ñ�ç ã�ß ß ò\b�êWç Þ èdc�ëJè�Rbè7æ à è gi çdè7êfe ã�ßDÞ;ßã Q ßhg è�RiR ã ü ákj�l

gi(2) = 1
ï�Þ ë à ñ;Q�æ/ç ã ëJëJèmc�ëJè�R�è7æ à è,çdè ßhn è ï è7ë ß.n å�æCä�è�o ó å�R Pé Þ æ ãTàDÞ å�æ�è7æ�çdè7ê gi ßDÞ æ/ç á

�

H.I	S.I/ùUTWVYX�Z¶ü á ü j þ]ÿ����
g
�����p���	��
���
����������������������	��
������q�� !�1
��#�$�� %�2��
��&���<')��*, !���

-#�	�
g∗ ∈ Kg

�����p')�+*, !�3�F��-6�m�6���arf�s�4B��	�����+*��!B6��
t�A�� 
g∗(2) = 1

DWE`�3�)�@���� 
g∗���\�u�� !�1
��&�$�� %�2��
������v')�+*$ !����D

H.I&JGI	K�LCþ â�ã�ß?ß
σg∗ = g∗ ñ Þ;ßDà å�M�è7æ ßDÞ;ô?õCà ë Þ8ô õ ñAç ã Vg ⊂ lσ

áºâ�ã�ß ß
0 ≤ g∗ ≤ 1 ñò3å�ë ï�à ò�b�ê g∗ ∈ Int(Kg) ç ã ê ã Q ß ñºç ã�ß ßªßDÞ8ô õ

g∗ æ ã�ô õwn å�æ ßDà ê=Q ó
àDÞ å�æaä�å�æ Kg
ã ë ßn å�æCä�è�o ó å�R é Þ æ ãTàDÞ å�æ ßDà å ô õ/ã�ß àDÞ;ß ô õ è7ê5x�è óRà å�êDè7æ ß ô?õ êDè Þ é�è7æ�ë2y ß ßDà7á�z�Þ ë à g∗ ∈ δKg ñß å�ö/æ/çdè à R ã æ�è Þ æ�èA{�å�ë ï è ßDà å ô õ/ã�ßDàDÞ;ß?ô õ è7êdx�è óRà å�êDè7æ�ñ�ç Þ è ï è ï è7æ g∗

ó å�æCä�è7ê ï�Þ è7ê à7áâ�ã R ÞJàbÞ;ßDà
g∗ æ ã�ô õpn å�êDå�ëJë ã ê j
ák|�j å�M�è7æ ßDÞ;ô?õCà ë Þ8ô õ è7é�è7ædò ã ëJë ß è Þ æ ßDà å ô?õ/ã�ßDàDÞ;ß ô?õ è7ê

x�è ó
à å�ê á �

}U~2�U~�}Y~i�]���,�/�����4�h�����1�	�$����~ â	Þ è ß è7ê��né ß?ô õ æ ÞJàDà æ�Q�æ�R ã�ô?õCà çdè7æ è7ê ßDà è7æ� ô?õ ê ÞJàDà�õ�Þ æ���Q�ê õ�Þ8ßDà å�ê Þ;ß ô?õ è7æ���å àDÞ ä ãTàDÞ å�æ�çdè7ê â�Þ R�è7æ ß Þ å�æ ß é�è ï ê Þ M�è�ñ
æ)y�R�ë Þ8ô õ çdè7ê� ãTà ß ã�ô õ è�ñ�ç ã�ß ß,ßDà å ô õ/ã�ß àDÞ;ß ô õ èGx�è ó
à å�êDè7æ�ñ�ç Þ è(� Þ ç�çdè7æ P � ã ê ó å_ä P O�êDå��7è ß ß è ó ådç Þ è PêDè7æ�ñ4è7æ/çdë Þ;ô?õ&P ç Þ R�è7æ ßDÞ å�æ ã ë ßDÞ æ/ç á��zÞ ê ß à ã ê à è7æzç ãTõ è7êGR ÞJà çdè7ê â è�ö/æ ÞJàDÞ å�ækè Þ æ�è ß
� ã ê ó å_ä P O�êDå��7è ß ß è ß Q�æ/ç ï è õ è7æ Þ R æ)y ô?õ/ßDà è7æw�	é ß ô?õ æ ÞJàDà R Þ;à � Þ ëJò�è ß å ï è7æ ã æ�æ à è7ê
�	ëJî õ/ã é�è à ðZè ô?õ/ß è7ë���Q�� Þ ç�çdè7æ P � ã ê ó å_ä P O�êDå��7è ß ß è7ævb�é�è7ê á

â�ãbÞ æ�ç Þ è ß è�R�Q�æ/ç�çdè�R ò3å�ë ï è7æ/çdè7æ^�	é ß ô?õ æ ÞJàDà ç Þ èF�5Q ß ð ãTõ ëAçdè ß �	ëJî õ/ã é�è à ßß è õ êWð¨å õ ëÈè Þ æ�èq�nå�ëJëJè ß î Þ è7ë à ñ ß ô?õ êDè Þ é�è7æ�ð Þ ê õ�Þ è7ê�R�è Þ;ßDà
lΣ := lΣ∞,

Q�R ç ã�ß ��Q ï ê=Q�æ/çdè7ë Þ è ï è7æ/çdè��nëJî õ/ã é�è à ��Q@é�è7æ�è7æ�æ�è7æ0Q�æ/ç ß åG�7ð Þ;ß?ô õ è7æ�ä�è7ê ß ô?õ�Þ è Pçdè7æ�è7æu�	ëJî õ/ã é�è à è7æ�Q�æ à è7ê ß ô?õ è Þ çdè7æu��Q ó�� æ�æ�è7æ á
â�ã ê=b�é�è7ê õ�Þ æ ã Q ßªß è Þ�Þ R ð¨è ÞJà è7êDè7æ0x�è7êDë ã Qdò�R ÞJà è Þ æ�è7ê ß à å ô?õ/ã�ßDàDÞ;ß ô?õ è7æ�� ãTà ê Þ oè Þ æ�è.� ãTà ê Þ o�R ÞJà æ Þ;ô?õCàsP æ�è ï1ãTàDÞ ä�è7æ�c Þ æ à ê4y ï è7æ ï è�R�è Þ æ à ñRçdè7êDè7æ � î ã ë à è7æ ß Q�R�Rbè7æ 1

è7ê ï è7é�è7æ á#� æ�ç Þ è ß è�R � Þ æ�æ�è	æ�è7æ�æ�è7æ�ð Þ êZè Þ æ�è7æ�x�è óRà å�ê w ∈ Rn ßDà å ô?õ/ã�ßDàDÞ;ß ô?õ ñ1ò ã ëJë ßè7ê7ñ ã ë ß � î ã ë à è7æCä�è ó
à å�ê ã Qdò ï è�ò ã�ß ß à ñ�è Þ æ�è ßDà å ô õ/ã�ßDàDÞ;ß?ô õ è�� ãTà ê Þ o Þ;ß à7áU�kÞ êdR ã�ô?õ è7æ



�=� �� #¡;¢#£�¤/¥6¦/¡;¤/£�§^¨/§;©@©�ª�«�£�§U¬+ª2¡;§
­�®&¯±°&²�³u´5³6µ=²�¶4·4¸�¹�º�²1°�»�¼fº2·4¸�¹�²�³�·=µ=½&¸4¹)­�·=µ=º2·�¸4¹�²�³�¾±²�¿#µ=½�¶=²�³ w ∈ Rn ®�³)°�·4µ=½#¸�¹)­�·sÀµ=º2·�¸4¹�²�³�¾±²�¿#µ=½�¶=²�³ g ∈ lΣ

­�®&¯�Á�²�¶=¿#·�­�Á�Â
Ã º�¶i¼Ä½�Å�Å�²�³Æ»�®�Ç�®�µ=²�¶=Å�²�µ=»�µ�·4¸4¹�½�³p­�³È°&º�²1·=²�¶GÉ�µ=²�Å2Å�²v°�­�¶4­�®&¯m¹�º�³6¼Ä²�º2·=²�³UÊ�°�­�·4·

»�®Ë°&²�³p³)­�¸�¹&¯\½�Å�Ç�²�³)°&²�³ÌÉ#Í�µ=»�²�³_º�³Æ°&²�³pÁi²�º2·=µ=²�³pÎÏÍ�Å�Å�²�³ÆÐ�²�¶=¼Ä­�³)°&µ=²�ÑÒ²1·=®�Å�µ4­�µ=²
º�³@°&²�³ÓÉ#¸4¹�¶=º�¯\µ=²�³ÔÐ�½�³ÓÕ.º2Å�Ö/²�¶=µ�Ê;×.¹)­�¶=Ái­�°&º�¿�­�¶=ºW®�³)°ÔØ5²�Å�Å�²�¶AÙ�Ú(Û\Ü%Ý)Þ)ß!ÊÏÙáà�âäã)å	æ	ã#ß!Ê
Ùáà�âäã)å	æ	çUß!Ê�Ùáà�âäã)å/Ý&ß!Ê�Ùéè�ê6Ü�å/Ý)ß�»�®�ë)³)°&²�³u·=º�³)°�Â	×.º�²1·4²q·=º�³)°Fì=²1°&½#¸�¹UÊ)¼fº�²h¼fº�¶íÖ;²�À
¶=²�º�µ4·Ïº2³�°&²�¶�î±º�³�Å�²�º2µ=®�³�Çd­�¶=Ç�®�Ái²�³6µ=º�²�¶=µt¹)­�Ö;²�³UÊ3Á�º2µW®�³)·4²�¶=²�Áðïu½&°&²�Å�Å&³6®�³i²�Å�²�Á�²�³&À
µ4­�¶=²�¶�¯\½�¶=Ám®�Å�º�²�¶=µ�Â Ã º�²fÇ�²1·4­�Ç�µÄÖ/²1·4µ=¶=²�º�µ=²�µ�Ø5²�Å�Å�²�¶t°&²�³�­�®&¯Y²�º2³&¯�­�¸�¹�²�¶=²�³i¾±²�¿#µ=½�¶=¶4Í�®&À
Á�²�³�Ö)­�·4º�²�¶=²�³)°&²�³�ñÒ³)·�­�µ=»�Â Ã º2¶òÖ;²�¼�²�º�·=²�³�¹�º�²�¶=Á�º�µf°�­�·5Õd²�Ç�²�³6µ=²�º�Å!Â
ómô)õ�ö�÷�ö2øUö\ù�÷Óú Â ú�ú�ûiüGý\þíÿ���ÿ	ÿ���ÿ���ý\ÿ���ÿ������	��
�þ g ∈ lΣ

��ý�ÿ���ÿ�
 ã������������hê���������� "!$#%#'& � & ��ý\ÿ���ÿ & ��
�(*) !�& �%ý & (*)+��ÿ,�����	��
�þ
wg ∈ RΣ - ÿ�.���ý�ÿ�� & ��
�(/) !�& �%ý & (/)+�10 ! �%þ+ý32

M ∈ RΣ×Σ 4 ý65/� � & 
7. !�&�&

∀ā = a1...at ∈ Σ+ : g(ā) = wg(a1)
t∏

i=2

M(ai, ai−1) 8 ú Â:9�;=<

- ÿ�.7. ! þ*>+5���þ�)�ý\ÿ ! - & g(2) = 1 ?
@BA/ùDC	ùDE,ö2øUö\ù�÷<ú Â ú�F	ûHGfý\ÿ70 ! þ���
�I�J	��������
�þFý & �K��ý\ÿ & ��
�(*) !�& �%ý & (*)+��þL�����	��
�þ ?
M.ô+NGô	öOE6û ×5º2²Äñ5®)·4·4­�Ç�²�³ g(2) = 1 ®�³)° g ≥ 0 ·=º�³)°`¿�Å�­�¶�³)­�¸4¹7×.²�ë)³�º�µ=º�½�³UÂ Ã ²�º�µ=²�¶Ç�º�Å2µ

(σg)(2) =
∑

a∈Σ

g(a) =
∑

a∈Σ

wg(a)
wg stoch.

= 1 = g(2)

®�³)°G¯QP�¶ ā = a1...at ∈ Σt

(σg)(ā) =
∑

a∈Σ

g(āa) =
∑

a∈Σ

g(āa) =
∑

a∈Σ

wg(a1)
t∏

i=2

M(ai, ai−1)M(a, at)

= wg(a1)

t∏

i=2

M(ai, ai−1)
∑

a∈Σ

M(a, at)

︸ ︷︷ ︸

=1,M st.

= g(ā),

¼Ä½�¶4­�®)·í»�®)·4­�Á�Ái²�³ σg = g ¯�½�Å�Ç�µ�Â
�

R ­�µSP�¶=Å�º2¸�¹�·=º�³)°Ó°&º�²i°&®�¶4¸4¹ ï^­�¶=¿�½"Ð�À!¾±²�¿�µ=½�¶=²�³wº�³)°&®�»�º�²�¶=µ=²�³w·=µ=½&¸4¹)­�·=µ=º2·�¸4¹�²�³UT±¶=½�À
»�²1·4·4²`Ç�²�¶4­�°&²7°&º�²Fï^­�¶=¿�½"Ð�ÀWVd²�µ=µ=²�³UÂY×d­�·YX ³6µ=²�¶=²1·�·4­�³6µ=²�­�³@°&²�³^ï^­�¶=¿�½"Ð�À!¾±²�¿#µ=½�¶=²�³
º2·4µ±³6®�³iÇ�²�¶4­�°&²�Ê#°�­�·4·�·4º�²fº�Á É�º�³�³�²í®�³)·4²�¶=²�¶�½�Ö�º�Ç�²�³i×.²�ë)³�º�µ=º2½�³�²�³)°&Å�º2¸�¹&À>°&º�Á�²�³)·=º�½�À
³)­�Å�·4º�³)°�Â
@BA/ùDC	ùDE,ö2øUö\ù�÷<ú Â ú ; ûBZ & � g ��ý\ÿ�0 ! þ[��
\I�J������	��
�þ � & 


dim g ≤ card(Σ). 8 ú Â:9�]=<



^*_ `*_�a�b:cKd=egf�bih�ejf[bik�e�b3d�l�m�d�lLcKngf/f�o�d�pgm�h�l�d�e q�r
sut+vwt�xOy�zu{D|�}

a ∈ Σ ~+�/�����:� } �"�U��� }�� �"�=�S� } �"� fa ∈ lΣ ~+� }��[� ~+�:� � � }�������} �3�Q��
ā = a1...at ∈ Σ+ �

fa(ā) := M(a1, a)
t∏

i=2

M(ai, ai−1)

����~ fa(2) = 1 ����� }�� �"��� } �\�"�g��~�� ��� ~+�:� fa � � } �\���=� � �"�=�S� } �"� � ���:����~�� ��� �"  � �
M ���:�¡� |�} g ����~ � �"�S¢"� wfa ~+�"��¢"� a £\� ��¤\} �"��~+�"�¦¥=§��$ :�S�"�=�\�"�=�S� } �\�\� M � ����~
~�� � � }�� �S� ��� � � �S� �[��� � � �"�=�S� } �"� � �:��~��	�¨�"�:�S� } £\�i :�©� |�} b̄ = b1...bs � � �Y~�� �[� g(b̄) > 0
����~w� |�} ā = a1...at

(τb̄g)(ā) = g(b̄ā) = g(b̄)M(a1, bt)
t∏

i=1

M(ai, ai−1) = g(b̄)fbt(ā),

�$  � � τb̄g ∈ span{fbt} �Hª«� { �$ : :�\��~�� ��� ~+� } ¥=§��$ :�S�"� } �$��£¬�\�\� M �= i�"�:��� } �$  �
card(Σ) � M �$  � �­��� ��� � } �"£\�� O® } � � �"���Q�\ :£\� dim span{fa | a ∈ Σ} ≤ card(Σ)− 1
����~�~�� � � }

dim Vg ≤ dim span{fa | a ∈ Σ} + dim span{g}

≤ card(Σ) − 1 + 1 = card(Σ).

¯ ��~+� } �+�Q�$ i  � � � �"�±°H�"£\�� i� } �:��®$�²�\�\� M �  :�i�"£\� wg �:�³¥=§��$ :�S�"� } �$���³�\�\� M ����~
~�� � � } wg(b) =

∑

a∈Σ αaM(b, a) � |�} £\�"�"�:£\���"�S�H�\�\� b ����� ��� ®$��£\�:£\� αa �=´ � �Q�\ :£\�
g =

∑

a∈Σ

αafa

����~�~�� � � }
dim Vg = dim span{fa | a ∈ Σ} = card(Σ).

�

¯ � � ~+�"�¶µ·�"�±�"� � ��� } ~�~�� � �"� � �$�Q� } �H� }�� � ��� �S i� ��� ��~�� �[� ~+�:� � �"��£\� {gā | ā ∈ Σ∗}
� |�} �"�:���"� � � } �\�	��� � �"���S� } �"��~+ :� �[� � � �"�·¸¡� � � |���} ��~+� } �"���7�$�+�­�%�\ :£\�"��~+�¦��� �[� �
�S�:£\�¦µ·�"��� } ������£��K¸¡� � �"� � �"¢"�"� �[� ���"�¹��� } �"�:���"�¹º¡�"£\�"  K ⊂ V �:���"�:���"� R �� �"���S� }S} �$���»�$  �D¼�½$¾À¿�ÁSÂ\Ã*Ä:Å"Æ*Ç �\�6�$ :  � � } �"�:���"��~+ :� �[� � � ´ } ¢"�"��£\�"��~+�"� �SÈ+� �S�"� � � � �:�S¢"�"�
É�ÊÌË�ÊÌÍ=Í�ÎÌËÐÏ � Ï\Ñ�zuÒ[Å/Ó g Á/Ä%ÔLÕjÖ\Ã�×$½\Ø�Ù	Ú�Á*×	Ó�½\Ã[ÛBÅ/½ÜÄ:Å/ÓBÂ�Á/Ã�Â�Ö�Ý"Þ¨Ö�Å�Å/½�Ý�ÄOÄ6Á/Ã*ÓWÁ1ß�Ãà½\Ù
á Ô�½�Å"Á�×\Á á Á*¾ Kg

¼�½$¾À¿�ÁSÂ\Ã*Ä:Å"Æ*Ç�â
sut+vwt�xOy�z � �:��ãY�: 3�Q�±~+� � µ·�"�ä�"� � � � �\�\��å } �\§�� � �:�S�:�\� Ï � Ï\æ¡� � � �"�ç��� } �"�:�g�$~�� ��� ~+� }å } �\£\��� � �"�\�"£\�" Ì£\� } �\~+�1�\�\��~+�"�Ü�"��~+ :� ��� ���:�" :�"� fa ����~�� ¤ £\ :� �[� � } �ä�"� � � g � �"  ��� �� } ¢"�"��£\�H��� } ~�� �

��� } £\� � �"���������"�:���Yè � � } �$���S� } � � �i� } ����£²�\�\� � � } �\�	��� � �"���S� } �"�é�$�g�=~+�:�K���:�äê � �ë �"�=�S�"�ì��� � � } � � � ��~+�" :  �±� � ���[��} �:� � �"�ì�±� } ~+�"�Ü�$�$���gí
î Î+ïgðñÏ � Ï�ò+zuó�Ä%Ô¦Å*Ó�½�Æ*Ç�Ö�Å/Ó6Ä:Å"Æ*Ç+Á/ÃjÚ�Á�×�Ó�½\Ã g ÄiÅ*Ó á Á/Ô�Ö\Þ¨Â�Ö\Ô�ÔôÁ"ÄOÔ¦Õ¨Ö\Ã[×�½\Ø�Ù�Ú�Á�×	Ó�½\Ã[Ûõ Ö$¾%¾'Å

∀a ∈ Σ : dim τa(Vg) ≤ 1.
� Ï �:ö ò �



÷Sø ù*ú�û�ü�ý=þ�ÿ���û�þ�ý��������	��

�Ký�����
iû��
���������������

=⇒ � �"!$#&%'�"()%+*��
,$%'-.#$%�/�01(2!$%43�5)%'()6�*�%',878%'9:%'�"!<;>=)?),$5)()@BA101(DC&,$01E�0F!G�IH
#$�
01(�J.KLJ1M.K�N�%'�O5)PQ@1%'-1%'?),$#+%'�
(R!G#$0.ST?2U1!$#$�"!GST?)%',+V&%'-.#$01,+PW�
#�*�%',�X&�
@1%'(2!GST?2UY;Z#[J.K
\^]
@1%'@1%'_�%'(�K�N�%'�`*)Ua()(Qb<%'9c%'�
d"! fa %'�
(�X&,$6'%'5)@1%',[A101( span τa(Vg) e�9c01_�%'�`%'(�#f9:%4*�%',
fa Uad"!:!$#$0�SG?2U1!G#$�"!GSG?)%',:V&%'-�#$01,c@1%'9cga?)d
#c9:%',G*�%'(D-YUa()(h0.*�%', τa(Vg) = {0} �"!G#'KFij�",
*�%lk2()�
%',$%'(�*)Ua()(m9c%'�
#$%',+%'�"()%'(on>0ap�%'(2!G�"SG?�#$d
�"SG?�!$#$0�SG?2U1!$#$�"!TSG?)%'(�qcV&%'-.#$01, wg ∈ RΣ

*�5),GST?m*��
%[V&01,G!GST?),$�I;Z#
wg(a) := g(a)

;>=),hUad
d"% a ∈ Σ 5)(2*r%'�
()%sn>0ap�%'(2!$�"ST?�#$d
��SG?j!G#$0.ST?2U1!$#$�"!GST?)%aqut�Ua#$,$�Iv M ∈ RΣ×Σ

*�5),GST?m*��
%[V&01,G!GST?),$�I;Z#
M(a, b) := τa(fb)(2) = fb(a).

iw�
, 6'%'�
@1%'(x(�5)(R;Z=), ā = a1...at ∈ Σt

g(ā) = wg(a1)

t∏

i=2

M(ai, ai−1)

5)(2*y*)UaPW�"#`*��"% 78%'?2Ua5)E)#$5)()@zPW�
#{A101d
d"!$#Gga(2*��
@1%',`|f(2*�5)-�#$�
01(}=)_�%', t KF~[Ua_�%'�)@1�
d
#`*��
%
78%'?2Ua5)E)#$5)()@�;>=), t = 1 (2U1ST?s~�%lk2()�
#$�
01(	A101( wg 0ap�%'(2!$��SG?�#$d"�"SG?�K�N�%'��(�5)( t ≥ 1
5)(2* ā = a1...atat+1 ∈ Σt+1 K2i�%'@1%'(

ga1 ...at =
1

g(a1...at)
τa1...atg =

1

g(a1...at)
τatτa1...at−1g = fat n�J.K
\4��q

�
P��2Uad
d
%BA101( g(a1...at) > 0 n�*�%'()(m*)Ua()(��"!$# ga1...at %'�
(�!$#$0.ST?2U1!$#$�"!GST?)%',+V&%'-.#$01,'e*�%',��"( τat(Vg) d"�
%'@1#lq&@1�
d
#
g(ā) = τa1...at+1g(2) = τat+1τa1...atg(2)

= τa1...atg(at+1)
(3.18)
= g(a1...at)fat(at+1)

(IV )
= wg(a1)(

t∏

i=2

M(ai, ai−1))fat(at+1)

= wg(a1)(

t∏

i=2

M(ai, ai−1))M(at+1, at)

5)(2*�*��"%[78%'?2Ua5)E)#$5)()@Q;Z01d
@1#'K �

���"�����O�h�h���`�O�)�:�F�T�u���a�O�^��� ����� �x���{�{�����T� �)¡Y¢�£.¤��G¥¦��¢��4£�¡§�.��� iw�
%
PW%'?),<;�U1SG?¨�
(¨*��
%4!$%',}©ª,$_�%'�
#u%',$9cga?)(�#'e:�"!G#z*��
%�tR01#$�"AYUa#$�
01(¨*�%',yX&�
(�;>=)?),$5)()@«*�%4!
~��
PW%'(2!G�
01(2!$_�%'@1,$�Ip�!�%'�
(«©ª_)d
%'@1%',¬*�%4!z|f*�%'(�#$�Ik2-aUa#$�
01(2!$E),$01_)d
%'PQ!B@1%'9:%4!$%'(�­{i«Ua()(
�"!G#R%'�
(®!$#$0�SG?2U1!$#$�"!TSG?)%',�C&,$016'%4!G!	%'�
(®¯ª�"*)*�%'(�H°tmUa,$-10§A�H�C&,$016'%4!T!	0.*�%',	PW�
#�*�%'(
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ÊÌË ÍÌË�Î�Ï
Ð Ñ�Ò�Ó�Ï"Ô�Ò«ÓTÏ"Õ�Ò�ÏIÑ.ÖF×2Ñ.Ö�Ð Ø�ÓlÓGÙ�Ñ.Ú�×�Ô�Ö�Ñ.Ò Û$Ü
ÝwÞ
ßáà�â'ã$ßGä1åTæ�ã$â'çmâ'Þ
ç�èZé)æ)ß$â'ç2êxê�Þ"â[èZë1ì
í1â'ç2ê�âzî�Þ"ã$ï2äaã$Þ
ë1ç�ð�î�â'Þ
â'çxñ'ò:â'Þ�ó+ì
ô)æ2äaà�â'ã$â

Σ0,Σ
í1â'í1â'à�â'ç�ï)ç2êxâ'Þ
ç)âBóªà)à)Þ
ì"ê�ï)ç)í

φ : Σ0 −→ Σ,

òcë1à�â'Þ
card(Σ) ≤ card(Σ0)

äaç)í1â'ç)ë1õQõWâ'çmòcâ'ßGê�â'ç�ê)äaß<è÷ö�ê)äQòáÞ
ßªï)ç2ø+ñ'ï)ù.é)ç�è>ã$Þ
í
ç�ï)ß`èZé)ß&ê�â'çWú8Þ
ì"ê�ßGäaï)õ®û1ë1ç

φ
Þ"ç�ã$â'ß$â4øGø$Þ"â'ß$â'ç�üYÝwÞ
ß&ø$â'ã$ñ'â'ç

φ
äaï�è�ê�Þ
â ëaý�â'ç2ø$Þ"åTæ�ã$ì
Þ"åTæ)â

óªß$ãáï)ç2êxÝ�â'Þ"ø$â¦ñ'ïxâ'Þ"ç)â'ß�ó+à)à)Þ
ì�ê�ï)ç)í
φ : Σ∗

0 −→ Σ∗

þ
φ(2) := 2 ÿ è>ë1ß$ã'ü φ Þ"ç2ê�ï)ñ'Þ
â'ß$ã�ê)äaç)çRê�ï)ßGåGæ�ê�Þ
â��&ë1ßGøGåGæ)ß$Þ
èZã

(φ̂g)(ā) :=
∑

q̄∈φ−1(ā)

g(q̄)

è>é)ß
ā = a1...at ∈ Σt â'Þ
ç)â¦ì"Þ
ç)â4äaß$â¦ó+à)à)Þ
ì�ê�ï)ç)í

φ̂ : lΣ0 −→ lΣ.

ÝwÞ
ß í1â'à�â'çmê�â'õ��[äaç)ñ'â'ç���äaõWâ'ç�ð
���
	���
���������
��.ü������������! #"$ 
 #"% '&)(+*

φ ,.-  -)/ "% �"%�� #"% 1032�46587�9;:=<?>1:A@+58BC:)2!DA #&
φ̂
&)"$ E&)(.F$D�(G*H* - F$���I"%�KJL"% 3MN:A@+58BC:A2�O#4;:)P+7Q<CORPQS

�ªï)ç�ê�Þ
â[è>ë1ß$õQäaì
âUT�â%V2ç)Þ
ã$Þ
ë1ç�â'Þ
ç)â4øXWªÞ"ê)ê�â'çQYLZ�äaß$ù1ë^ûAY[�&â'ù�ã$ë1ßGø'ð
���
	���
���������
\�.ü���]��1�����^ _"% 
 #"% 

g ∈ lΣ
"%�� #"% 1`ba�c6c6:AdfeHgh7�P+iROkjlenmU:)il<CO#P=o+p%(Gq�qr*

"?*s"$�� #"$ �tuq v
wk( / "%Jyx^"{zKw)*$"Kq φ : Σ0 → Σ
DA R&�"%�� #"% }|~(=�n� -=,�� "K��J - � g0 ∈ lΣ0 � � / J�o* - &=(G*H*

g = φ̂g0.

WªÞ"ê)ê�â'çQYLZ�äaß$ù1ë^ûAY[�&â'ù�ã$ë1ß$â'ç�ø$Þ
ç2êDç�ï)çmâ'ç2ê�ì
Þ"åGæQY°ê�Þ"õWâ'ç2ø$Þ
ë1ç2äaì
â1ö�ø$ã$ë�åGæ2ä1ø$ã$Þ�øGåGæ)âU�&â'ùAY
ã$ë1ß$â'ç�öcòáÞ
â�õWÞ
ã}WªÞ
ìIè>âxê�â'ßQà�â'Þ"ê�â'ç±è>ë1ì
í1â'ç2ê�â'ç��&ß$ë1ô�ëFø$Þ
ã$Þ"ë1ç)â'çÀù�ì�äaßyòáÞ
ßGê�ü^��øhÞ"ø$ã
ê)äaç)ç¨â'Þ
ç�è�ä1åGæ¨ñ'ï¨ñ'â'Þ
í1â'ç�ö&ê)ä1øGø}ê�Þ
âDñ'ïÁÞ"æ)ç)â'çÁä1øGøGë1ñ'Þ
Þ
â'ß$ã$â'ç¨ø$ã$ë.åTæ2ä1ø$ã$Þ"øGåTæ)â'ç��&ß$ëGY
ñ'â4øGøGâ�í1â'ßGä1ê�âBê�Þ"âsWªÞ"ê)ê�â'çQYLZ�äaß$ù1ë^ûAYL�&ß$ë1ñ'â4øGø$âBÞ"õÄù.ì"ä1øGø$Þ�øGåGæ)â'çxî�Þ
ç)ç)â¦ø$Þ
ç2ê�üQW+Þ
â'ß$à�â'Þ
à�â4ä1åGæ�ã$â8õhäaç�ö§ê)ä1øGø`ê�Þ
â�W+Þ"ê)ê�â'çQYLZ�äaß$ù1ë^ûAYL�&ß$ë1ñ'â4øGøGâ ê�â'ç��)ï)ç)ù.ã$Þ
ë1ç)â'çuû1ë1ç�Z�äaß$ù1ë^ûAY
�&ß$ë1ñ'â4øTø$â'ç�â'ç�ãGøGô)ß$â4åGæ)â'ç������1�R�k��ö���`b���#�Q��öf���sgN�_�Q��ü
���#�8�R�8����������
��.ü��=�
��|E��J�&)"% -)/ � � "% ¡ �"nF�"%��z%wA 
Dk � "% � ��q¢J[£�¤H*KJ g ∈ lΣ0

"%�� \*KJ -�¥zKwQ(+*KJy��*%zKw�"%� � "?��J - �no!* - (�Dkz%w φ̂g S
¦s�Q§��R���)�s¨[ì"äaß�ø$Þ
ç2ê

g(2) = 1
ï)ç2ê

g ≥ 0
ü2Ý�â'Þ"ã$â'ßáí1Þ
ì
ã

σφ̂g(2) =
∑

a∈Σ

φ̂g(a) =
∑

a∈Σ

∑

q∈φ−1(a)

g(q)

=
∑

q∈Σ0

g(q) = 1 = φ̂g(2)



©«ª ¬K­k®_¯k°A±#²)³#®_±#°A´�µ#´_¶E¶l·¹¸�°A´�º?·�®_´
»�¼
½�¾I¿�À ā = a1...at ∈ Σ+

(σφ̂g)(ā) =
∑

a∈Σ

φ̂g(āa) =
∑

a∈Σ

∑

q1...qtqt+1∈φ−1(āa)

g(q1...qtqt+1)

=
∑

q̄∈φ−1(ā)

∑

q∈Σ0

g(q̄q) =
∑

q̄∈φ−1(ā)

g(q̄)

= φ̂g(ā),

Á!Â ÀnÃG»
ÄXÅ$»
ÄnÃGÆ}Æ'Ç$¼ σφ̂g = φ̂g ¾ Â�È¹É�Ê$Ë �

Ì�Í#Î8ÏRÎ8Ð�Ñ�Ò�Ñ�Î�ÓÕÔ Ë�Ö
×=Ø�ÙEÚ�Û^Ü)Ý%Þ~ß)à$Úâá)Ý$Þ�ã�Ýnä�Ý%Ú�å%æAÞ
çkÞ)á)Ý%ÞRè6éHêKÛ g ∈ lΣ0 ë ê%ß
dim φ̂g ≤ dim g.

ìsíQî�íRÑ�Ð ØuïÕð À�ñ_Ç Ê ÀnÃ�ònó Ê Ç$¼�½�Ã+¾I¿�ÀôÅ$»�¼
õ�ònó
Ä Ê ½�Ã�Ä�¾ Â�È¹É Ç$¼
½QÇ
ö÷í#øsøuùúÔ Ë�Ö)û�Ø�Ù~Ú�Û�Ü)Ý%ÞEß)à%Ú¢á)Ý%ÞbãsÝHä.Ý%ÚIåKæAÞ
çkÞ)á)Ý$ÞEü+ß�ý�ý�çAÛyÚyÝ%þKÛ�Ü)ÿ+ê�� ÚIÿCá�þ«ÿ�ý�ý

lΣ0

φ̂
−→ lΣ


yτφ−1(a)


yτa

lΣ0

φ̂
−→ lΣ

��� þ ÿ����¹Ý a ∈ Σ �
ìsíQî�íRÑ�Ð Ø
	 Ç ð g ∈ lΣ0

»�¼
½ ā ∈ Σ∗ Ë�� ÃG¼�¼
τaφ̂g(ā) = φ̂g(aā) =

∑

qq̄∈f−1(aā)

g(qq̄)

=
∑

q∈φ−1(a)

∑

q̄∈φ−1(ā)

g(qq̄) =
∑

q̄∈φ−1(ā)

∑

q∈φ−1(a)

τqg(q̄)

=
∑

q̄∈φ−1(ā)

τφ−1(a)g(q̄) = φ̂τφ−1(a)g(ā),

Á!Â ÀnÃG»
Ä τa ◦ φ̂ = φ̂ ◦ τφ−1(a)
»�¼
½¡½�ÃGÆ ð¹Ê ½ ð Ç

�Ç$ó
ÃG»�� Ê »�¼ É ¾ Â�È¹É�Ê$Ë �

�����������������! #"$��%&���'��('������Ô Ë�Ö
×*)�� Ã�Ä ð Ä Ê ¼A»�¼�Ç ð ¼Q¾yÃ�ònó,+
½�Ã�Æ ð¹Ê.- Ç$Æ}Æ'Ã Ô Ë�Ö)û
Vφ̂g ⊂ φ̂(Vg)

¾ Â�È¹É�Ê »�¼
½¡½�ÃGó�Ç$À/+R½�Ã φ̂ È¹ð ¼�ÇCÃGÀ ð Ä Ê +
½ ð Ç

!Ç$ó
ÃG»�� Ê »�¼ É�Ë �

0 »
ÄX½QÇ$Æ Â ñ ð¹É Ç$¼ 	 Ã Ê Å Ô Ë Ô�1 Ç$À{ó
õ È¹Ê Æ'ÃG¼bÅ$»
ÄnÃGÆ'Æ}Ç$¼�Æ ð¹Ê2- Ç$Æ}Æ'Ã Ô Ë�Ö)û ¼ Â òHó�½�Ã�Ä
¾ Â�È¹É Ç$¼
½QÇ
3�Î�Í_Î5464=ù�ÍhÔ Ë�Ö Ô ØséHê%Û g Ý%Ú�Þ87UÚIÜ=Ü)Ý%Þ�9�Ù~ÿ�þHü+ß�:;9$<
Ý?ü�Û[ß=þ=:�Ý$þ?ý?>ná)ÝbÝ$Ú�Þ#ÝKê#@�� A
ækÿAànÝ%ÛB9
C Ý{å%æ=ê$ÝD�rê φ : Σ0 → Σ ë ê$ß

∀a ∈ Σ : dim τa(Vg) ≤ card(φ−1(a)).



EDF GDF�HJILKNM6O,PQISR�OTPUISV�O�IWMYX�Z[MYX\KN],P�P_^JMY`,Z�R�X�MYO a_b
c&d�e�fLg/hLe�i2j6k�j\lmhSg#n�o_p*q�g�r/kse�g'p*j�iutwv�oxixg/j,y,t2hLg{z|p*j~}�hSl�lmg/jm�u�\p*ox��v;�6����g/�Yixv�oxg/j
hLj�j�g/ox�[p*fSe|lmg/o���fSp�d_d_g2g/j[lmfLhS�_�m�ulmhSz�g/j[dxhLv�j[p*fLg/o���oxv�r/g'dUdxg��U�[p*o_p*�6ixg/oxhSd_hLg/oxg/j?����o�p*fLfLg
a ∈ Σ

�*p*j�j,y�v���j�g���fL���[p*e�g/i�t�g'�U�[dxg/f�r/k8}�hLfW��g�j�g/��z|g/j~r/k~z��[d_d_g/j,����hLg'dxg��w�[p��
o_p*�Yixg/oxhSdxhLg/oxk�j�q2h�dxi�p*j��[p*j[l�lmg'd���oxv�q�j�v�dxg/��g/q�g/fSd�z���q�fLh��_��k�j[l{��v�j�}�g/fLfSg/o���k�j[d_g/oxg'd
c�o_p��U��ixg/j[d�k�z|dxi_�*j[lmfShS�_� �¢¡¤£6¥�¦�§m¨B©�e�g'd_�U��oxhLg/e�g/j¤twv�o_lmg/j,��ª«hLoNe�g/r/g/h��_��j�g/j¬z�hSi

V+
g := {g ∈ Vg | g ≥ 0}

lmhLg��sg/j�q�g�lmg/o��\p*­���g/�6ixv�oxg/j\hLj
Vg
����hLg'dxg{e�hSfSlmg/i2v*®�g/j[d_hS�_�6ixfLhS�_�~g/hLj�g/js��v�j\lmg/j

��oxv�q�j�v�d_g/v���g/o_p*ixv�oxg/j¯hLj6��p*oxhSp*j6i#q�g/fSp�dUdxg/j�g/j°��g/q�g/f��±��hLg�hLj²�¢¡¬£�¥�¦�§�¨wg/o_p*oxe�g/hLixg/ixg
�w�[p*o_p*�Yixg/oxhSdxhLg/oxk�j�q?fShLg'dxi2dxhS�U�,yYhSj¤k�j[dxg/o��~vYlmg/fLfJ��e�g/o_dxg/ixr/i/y�l�p*j�jsd_v�³

´�µm¶,·°¸ �º¹�¹»�B}�g/fLfLg/o/y.¼'½�¾�¿6©QÀ{Á2Â�Ã²Ä�Ã�Å*ÆÇÂ�È�É6Ê�Å�Â�Ë�Ä�ÃmÌ�Â�Í�Ã�Î*ÆWÄ/Ï|Ì�Ð�Í'ÈDÉYÎ*ÌDÐBÂSÌ�ÈDÉmÄ/Ï!Ñ[ÄQÒ$Ð�Í�Ï
g ∈ lΣ

ÂSÌDÐ�Ó�Ä�Ã�Î�Ô\Å�Î�Ã[ÃTÄ�Â�ÃsÕ{Â�Å�Å�Ä�Ã[Ê�Ö Î�ÏUÒ�Í�×'Ê�Ñ[ÄQÒ$Ð�Í�ÏUØ,Ù�Î*Æ�ÆÚÌ�ÄQÌ�Ä�Â�Ã�Ä�ÃsÛ�ÄBÓ�Ä�Æ
K ⊂

Vg
Ó�ÂBÜ�Ð�Ø.Å�Ä�Ï{Å�Â�Ä�Ù/Í*Æ Ó6Ä�Ã�Å�Ä�Ã¤Á2ÂÇÓ�Ä�Ã�Ì�ÈDÉYÎxÙDÐuÄ�ÃTÄ�Ï�Ù�Ý�Æ�ÆÞÐ�ß
�BpY©

g ∈ K
Ø

��eJ©
K ⊂ V+

g

Ø
�B��©

∀a ∈ Σ : τa(K) ⊂ K
Ø

�Bl�©
K

ÂLÌ�ÐwÄxÈDÉ6ÐNÔYÃ�Å#àYÍ*ÆÇá�ÄxÅ�ÏDÂLÌ/ÈDÉYâ
ã�ämåæä�ç�è�Àêé

=⇒ ë ³�ìídxi g = φ̂g0
g/hLj¤}�h�l�lmg/jm�u�~p*ox��v$������g/�Yixv�oê��g/oxz���q�g{lmg'd2��fL���[p��

e�g/iutwg'�_�[dxg/fSd
φ : Σ0 → Σ

y[dxv?hSd_i

K̂ := φ̂(Kg0) ∩ Vg
g/hLj ��g/q�g/f�y�lmg/o{lmhSg�v�e�g/j q�g/j[p*j�j�ixg/jî��jm��v�o_lmg/oxk�j�q�g/jTg/oï����fLfLi/�J�shSi�ð�g/z�z|p ¸ �º¹�ñ
��v�fLq�i#r/k�j[���U�[dxi?lmhLg|ì�j��*p*oxhSp*j�rò��v�j

K̂
e�g/r/��q�fLhS�U�°lmg/o���oxv�q�j�v�dxg/v���g/o_p*ixv�oxg/jók�j[l

twg/hLixg/o=twg/q�g/j
Kg ⊂ K̂

p*k[�_�»lmhLg~c��_��ix��g/hSiælmg'dò��g/q�g/fSd/�.ª g/hLixg/o=hSdxi
K̂

��v�fLô6�
g'lmoxhSdU�_�,y�l�p

Kg0

p*f�d.�&oxv�q�j�v�dxg/��g/q�g/f�g/hLj�g'dN�\p*ox��v;�6����g/�6ixv�o_d2��v�fLô�g'lmoxhSdU�_�æhSdxi��BdxhLg��
��gæ�êv�oxv�fLf�p*o ¸ � ¸ ¾6©_y�k�j[l¯lmhLg=c&hLq�g/j[d_�_�[p���i/y���v�fSô�g'lmoxhSd_�_�°r/kódxg/hLj,y5k�j6ixg/o�fLhLj�g'p*oxg/j
��e�e�hLfSlmk�j�q�g/j¤k�j[l~õY�U��j�hLixixe�hLfSlmk�j�q?z|hLiNfLhLj�g'p*oxg/j¤ö�j6ixg/oxo_�*k�z�g/jsg/ox�[p*fSixg/j¬e�fLg/hLe�i/�
÷ ®Jg/j[dxhS�U��ixfLhS�U�¬p*k[�_�

K̂ ⊂ V+
g

j[p��_�~��g�ø[j�hSixhLv�j¤��v�j
φ̂
�

é
=⇒ ë ³�õ6g/h�k�z�q�g/��g/��oxi
g/hLj\g/j[lmfLhS�_�m�ulmhSz�g/j[dxhLv�j[p*fLg/o�dxixvm�_�[p�dxixhSdU�_��g/o
��g/�Yixv�o g r/km�d_p*z|z�g/j¤z�hLiNg/hLj�g/zù��g/q�g/f

K
q�g/q�g/e�g/j,y�lmg/o�lmhLg{v�e�hLq�g/js��jm��v�o_lmg/oxk�j�q�g/jsg/oï����fLfLi/�

ª«hLo�t.�*��fLg/j g/hLj\g/j[lmfLhS�U��g'd�c&oxr/g/k�q�g/j[lmg/j[dxôYd_ixg/zú��v�j\v�ûNl��ü�Bl�p
K ⊂ V+

g

©êdxixv*�
�U�[p�dxixhSd_�U��g/j

{h1, ..., hm}
��v�j

K
q�g/z|�*­�c&hLq�g/j[d_�_�[p���i

(d)
y�p*f�dxv

K = cone{hi | i = 1, ...,m}.
ª«hLo2��v�j[dxixoxk�hLg/oxg/j~j�k�j\g/hLjs��fL���[p*e�g/i

Σ0
y[g/hLj�g/js��fL���[p*e�g/iutwg'�_�[dxg/f

φ : Σ0 → Σ
y

k�j[l=g/hLj�g/j=�\p*ox��v;�6����g/�Yixv�o
g0 ∈ lΣ0

ymdxv�l�p�d_d
g = φ̂g0

hSdxi/��ª«hLo�d_i_p*oxixg/j=z�hSi�lmg/z
��fL���[p*e�g/i/³

Σ0 := Σ × {1, ...,m} = {(a, i) | a ∈ Σ, i ∈ {1, ...,m}},
twv�e�g/h

m
q�g/o_p�lmg=lmhLg=��j�r'p*��f.lmg/o�c�oxr/g/k�q�g/j[lmg/j

hi
��v�j

K
dxg/h��,ª«hLo#lmg�ø[j�hSg/oxg/j

����oêp*fLfLg
i = 1, ...,m

�êvYg�ý�r/hLg/j�ixg/j
αi
y�hLj[lmg/zþt2hSo

g =:

m∑

i=1

αihi
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� �"!$#&%('*)�� �"+-,/./0-13254 (a) 1&67,98;: +�< �>=@? : !BAC)�+-1&4D)�: +FE@�"G hi ,/./0CGD�")�A
�"+IHC+-E�JK�")�4D�"G25LCG;1&6�6�� (a, i, j) ∈ Σ × {1, ...,m}2 8;:��>MON")��"+�4D�"+ αaij P )�+-E@�"!QJR)�GTSD�"JU�")�6�, τahj

τahj =:

m∑

i=1

αaijhi

+�HC+V� �"!W#&%X'Y)�� �"+-,/./0-13254 (c) 1&6�,W8Z: +�< �>=@? : ![AC)�+-1&4D)�: +\E@�"G hi ,/.]0CGD�")�A��"+�^`_V)�GE@�>a-+C)��"GD�"+bEC1&+C+(�")�+C�"+dcY�"?�4D: G wg0 ∈ RΣ0 E@HCG/./0

wg0((a, i)) :=

m∑

j=1

αjαaij ,

E@�"G;JK�"� �"+
∑

(a,i)∈Σ0

wg0((a, i)) =
∑

a∈Σ

m∑

i=1

m∑

j=1

αjαaij =
∑

a∈Σ

m∑

i=1

m∑

j=1

αjαaijhi(2)
︸ ︷︷ ︸

=1

=
∑

a∈Σ

m∑

j=1

αj

m∑

i=1

αaijhi(2) =
∑

a∈Σ

m∑

j=1

αjτahj(2)

=
m∑

j=1

αjhj(a) =
∑

a∈Σ

g(a) = 1

,D4D:@./0-1 ,/4D)�,/./0I1&H-,�2e#&6�6�4"^
_I�")�4D�"GfE@�>a-+C)��"GD�"+�JR)�Gg�")�+C�ih�1&4DGD)j= M ∈ RΣ0×Σ0 E@HCG/.]0E@)��9cY: G/,]./0CGD)j254
M((a, i), (b, j)) := αaij ,JK�"6�./0C�k,/)�./0dJK�"� �"+

∑

(a,i)∈Σ0

M((a, i), (b, j)) =
∑

a∈Σ

m∑

i=1

αaij =
∑

a∈Σ

m∑

i=1

αaijhi(2)
︸ ︷︷ ︸

=1

=
∑

a∈Σ

τahj(2) =
∑

a∈Σ

hj(a) = 1.

1&6�,R,/4D:�.]0-1 ,D4D)�,/.]0d�"GDJU�")�,D4"^
_V)�GRE@�>a-+C)��"GD�"+(+�HC+(�")�+C�"+(lg6�mC0-1&A
�"4nJU�o.]0-,D�"6 φ : Σ0 → Σ E@HCG/./0

φ((a, i)) := a,

1&6�,/:iE@HCG/.]0bE@)��qp*GD:3S��"?�4D)�: +d< : + Σ0
1&H@2 Σ ^C_r)�G`A��"0-1&HCmC4D�"+bEC1&+C+ P EC1 ,/,
g = φ̂g0,JK: A
�") g0 E@�"GWN"H wg0

HC+-E M 1 ,],D: N")�)��"GD4D�sh�1&GD? :t<�uvcY�"?�4D: Gw,/�")v^�xZy��"+-,D)�.]0�4D6�)�.]0+-1&4DLCGD6�)7./0
g(2) = 1 = φ̂g0(2).z LCG ā = a1...at ∈ Σt N"�")�� �"+dJR)�G;EC1&+C+(N"HC+-# ./0-,/4

τāg =
m∑

j=1

αj
∑

i1...it∈{1,...,m}t

αa1i1j

t∏

s=2

αasisis−1hit {v| ^�}o~��



��� �����������������������]�������j�����-���������>�/�������
������� ���
�O���`� � �����D�/�&�-�@��� �" R¡n�-�@¢C£��D��� �w¤C¥��"  t ¦-§ �" ;¡n�-�@¢C£��D��� �-�/¨&�@©5¨&�C� t = 1 ©5� ��� �;¨&¢-�

τag = τa(
m∑

j=1

αjhj) =
m∑

j=1

αj(τahj) =
m∑

j=1

αj

m∑

i=1

αaijhi

� �"�$�&ª��@�"  § �>«-�C���D��� �C�"�¬©­¤C i�@���®� �" /�/¯/°C���o�@�"�C�"� α ± � ¦U² �"�`��¢C� t ≥ 1 ¢C�-� ā =
a1...atat+1 ∈ Σt+1 ¦�§ ¨&�C�

τāg = τat+1τa1...atg

IV
= τat+1

m∑

j=1

αj
∑

i1...it∈{1,...,m}t

αa1i1j

t∏

s=2

αasisis−1hit

=
m∑

j=1

αj
∑

i1...it∈{1,...,m}t

αa1i1j

t∏

s=2

αasisis−1τat+1hit

=

m∑

j=1

αj
∑

i1...it∈{1,...,m}t

αa1i1j

t∏

s=2

αasisis−1

m∑

k=1

αat+1kithk

=
m∑

j=1

αj
∑

i1...itit+1∈{1,...,m}t+1

αa1i1j

t+1∏

s=2

αasisis−1hit+1 ,

³ � �O���q´vµ ¦�¶o·�¸ ¥�� ³ ���o�D�"� ³ �& D� ¦�¹ ¢-�k´vµ ¦�¶o·�¸ ©­� ��� ���C¨&�C� ³ ���o�@�" D¢C�
g(a1...at) = τa1...atg(2)

(3.19)
=

m∑

j=1

αj
∑

i1...it∈{1,...,m}t

αa1i1j

t∏

s=2

αasisis−1hit(2)
︸ ︷︷ ︸

=1

=

m∑

j=1

αj
∑

i1...it∈{1,...,m}t

αa1i1j

t∏

s=2

αasisis−1

´vµ ¦»º&¼�¸½ ¤C  ā = a1...at ∈ Σt �" D°-¨&���D�"� ³ �� R�C¨&�O���
φ̂g0(ā) =

∑

q̄∈φ−1(ā)

g0(q̄)

=
∑

i1...it∈{1,...,m}t

g0((a1, i1), ..., (at, it))

=
∑

i1...it∈{1,...,m}t

wg((a1, i1))
t∏

j=2

M((aj , ij), (aj−1, ij−1))

=
∑

i1...it∈{1,...,m}t

m∑

j=1

αjαa1i1j

t∏

s=2

αasisis−1

=

m∑

j=1

αj
∑

i1...it∈{1,...,m}t

αa1i1j

t∏

s=2

αasisis−1

(3.20)
= g(ā).

�



¾À¿ Á�Â�Ã�Ä�Å�Æ
Ç�È
Ã�Æ
Å�É�Ê
É�Ë�Ë�Ì�Í�Å�É�Î�Ì�Ã�É
Ï�Ð�Ñ�Ð�Ò�Ð$ÓÕÔ­ÖØ×Ù×�Ô5ÖÛÚnÜCÝ3ÞØ×Qß*à�áãâØÖØäæåT×�áèç>åØ×�Ö�éoÔ�êìë@Ü@éoÔ7í�ÖÛáoîTï3í�ðTñ7×�òFá Ð9óVô�õ

öD÷Dø"ù�ù�ø"úOû"üCýÿþ����Cù�ü-ö/ö�� ô øoöDøoö����-ö����Cú ô ÷D÷/öKø ô ú
	�� úCû"ø�
C÷ ô � úCø"ù�ù��
ø ô ú����CøÕö ô ý�
Cù�øoö��Yø õ��� ��� õ ø"ú¬û"ü õ���� öDüCú����@øoö! "�@ø"ú�÷ ô$# 	%�&÷ ô � ú-ö&
 õ ���Cù�ø"ý$ö'��� õ�(*) � ö� "�@ø"ú�÷ ô$# 	��&÷ ô � ú-ö&
 õ � �
�Cù�ø"ý+�
øoö��,��- � ÷ ô � ÷ ö ô ���ký ô ÷��@ø õ/.Cõ ��� ø�0213�&úCúkû�1Kø ô54gô ���@ø"ú �76 � õ 	��98 �76 �:�@ø"ù�ù�ø;-�<�ü ô$�
8��&ù�ø"ú�÷ ô ý þ ô úCúCø=�@ø õ 8�� ú ô �CúCø"ú ô ú��@üCû ô ø õ ÷Dø"úOöD÷&�:����� ö/÷ ô ö����Cø"ú�> õ � û"øoö/öDø;ö ô ú�� (@? 1Kø ô
� õ �
ø ô ÷Dø"úA�
øB�&ú�÷713� õ ÷Dø"úC� ô øoöDø .Cõ ��� ø�0D� ô ø(ø ô úCøE8 ø õ&��F ø"ú�÷Dù ô �,��÷®ý ô ÷ ø ô úCø"ý ú ô ����÷

�� ùHG�ú�� ý ô ø"ù�ù�ø"úI�gùH��� õDô ÷&�CýBü-öKJ ç�L
MEN
Ñ�O 0�� ô øK�&ú��@ø õ øBüCú@8 ø õ&��F ø"ú�÷Dù ô ����÷fý ô ÷;ø ô úCø"ý

�� ùHG�ú�� ý ô ø"ù�ù�ø"ú��gùH��� õDô ÷&�CýBü-ö=JQP ÜCñRN
Ï�OS(�T ø ô �@ø=�Yø õ � ��� õ ø"úwö ô ú���	�� úCû"ø�
C÷ ô � úCø"ù�ùU�&ü � �
1�-&ú�� ô � (ìórô�õ ù ô ø � ø õ úFø ô ú¬øWV:
U� úCø"ú�÷ ô ø"ù�ù�øoöB0�XDøB�:���,�Y-&ü�Z ø õ ö/÷Bø"ù�ø"ýOø"ú�÷�� õ øoö��Yø õ � ��� �õ ø"ú�0/��� ö ô ú�ø"ú��@ù ô ���Cø õ'? ø ô ÷9ø"ú�÷/ö��,�Cø ô �@ø"ú[	��&úCú�0 ô ú�1Uø"ù\�,�Cø"ý . �&ù�ù�øiû�1Uø ô ø"ú��@ù ô ��� �
� ô ý$ø"ú-ö ô � ú��&ù�ø�0�ö ô � ú ô ø õ ÷Dø 6 ��Z�8 ø�	�÷&� õ ø"ú[� ù�ø ô ����ö ô ú�� (]) � ö^�Yø õ � ��� õ ø"ú[��� ö ô ø õ ÷_�&ü �
�@ø"ý � � ùH� ø"ú��@ø"ú�0Cû"ø"ú�÷ õ �&ù�ø"ú�þ��&÷Dû (
`ba:c�dfe (Qg@hji  k�@ø"ú�÷ ô$# 	��&÷ ô � ú-ö/ö,�&÷Dû�lnmpo]qWr 1 ≤ m ∈ N s�tbu g, h ∈ lσ v�w q�ryxzr|{ t r}qW~z�7q�j����� qz�2�S��~&q t[� r�� dimg, dimh ≤ m ��� � t�t {�r\�|�

∀ā ∈ Σ2m−1 : g(ā) = h(ā) ⇐⇒ g = h.

�gú��@ø õ ö;�&ü-ö&� øB� õ&� �,	�÷ ô öD÷ìø ô ú�� � ���-öD÷Dø"ú-ö m � � ô ý$ø"ú-ö ô � ú��&ù�ø õ 0 ö ô � ú ô ø õ ÷Dø õy6 ��Z�8 ø�	�÷&� õ
�@ü õ �,��� ô ø3�gú������
ø��&ù�ù�ø õ ó ø õ ÷Dø��&ü � ó�� õ ÷Dø õ ú!�@ø õy� -&ú�� ø 2m−1 ��ø õ ø ô ÷/ö ø ô ú��@ø"üC÷ ô �� øoöD÷&� ø"ù�ø�� ÷ (U? ü õ�� ��ø õ 
 õ&� � üCú����@ø õ^� ù�ø ô �,���Cø ô ÷Rû�1Uø ô ø õ�4Zô ���@ø"ú �76 � õ 	��98 � �Yø�	�÷&� õ ø"ú
� õ �&ü��,�Cø"ú�1 ô�õ �&ù�ö��dú�ü õ �@ø õ ø"ú��Yø õ ÷Dø ô ù�üCú��f�&ü � ó�� õ ÷Dø õ úFø ô úCø õ^# V�ø"ú ó � õ ÷Dù\-&ú�� øû"ü � ��ø õ 
 õ&� � ø"ú (�4Zô ø���ø ô 	%�&úCú��
ø ô �@ø õ�� �Cù ô ���Cø"ú ) � õ öD÷Dø"ù�ù�üCú���ö � � õ ý��@ø õK4gô ���@ø"ú �6 � õ 	��98 �76 �:�@ø"ù�ù�ø^�&ù�ö �Õõ ��
��Cø"ú(û�1Kø ô ý��&ù�� ô ø^�ZúCûB���Cù��@ø õ 8 ø õ öD÷DøB�,	�÷Dø"ú ? ü-öD÷�-&ú��@ø
�@øoö�� õ&� Z ø õ ø"ú 6 �:�@ø"ù�ù�ö`ý ô ú�ü-ö�ø ô ú-öD� ø�1�-��Cù�÷=1Uø õ �@ø"ú (

) ø õ�T ø�1Uø ô ö=�
ø"ú � ÷ ô � ÷Rø ô ú ô � ø^��� õ �
ø õ ø ô ÷DüCú�� ø"ú (
���U�p� a�e (Qg@� m^o]qWr g ∈ l∞

qWr t q tUu ��r �z¡5¢ u r � q t xzr � t � �HqW~�£�qn�2�S��~ � r�� dimg = m �
� � t�t {�r ¤��!qnx¥qWr t q � q t {@q � � t§¦©¨ ~z�7qW~ t āk, k = 0, ...,m − 1 � rR� |āk| ≤ k ªx�� u � x,x (τāk

g)k=0,...,m−1
qWr t q��|r t q � ~ s�t � ¤n¡�« t {�r|{@q�¬ � � r���r}q � � t £�qn�2�S��~&q t­s�tbu

u � � rR��q�r t q�® � xzr\x � � t Vg
¤�r\� u qW� �

¯p�:°I�b±�² m órô�õ 	�� ú-öD÷ õ ü ô ø õ ø"úE� ô øoöDø T � ö ô ö õ ø�	�ü õ ö ô 8 (�) �&û"ü(öD÷�� õ ÷Dø"úf1 ô�õ ý ô ÷
ā0 = 2,

� ( � ( τā0g = g
(CóVô�õ ö���� õ ø ô �
ø"ú

Vkg := span{τc̄g | k ≥ |c̄|}.
4 ���
ø"ú¥1 ô�õ � ô ø ó�� õ ÷Dø õ ā0, ..., āk

� �Cõ
k < m− 1 ��ø õ ø ô ÷/ö�� ø � üCú��@ø"ú�0�ö&�OúCø��CýOø"ú

1 ô�õ û"üCú�-��,�-öD÷��&ú�0b��� ö]ö
Vk+1
g ⊂ Vkg .) � õ �&ü-ö � � ùH� ÷����&úCúf1Kø�� ø"ú

τa(V
k+1
g ) ⊂ τa(V

k
g ) ⊂ Vk+1

g ⊂ VkgüCú�� Vk+2
g = span{τa(V

k+1
g ) | a ∈ Σ}

ô ú��@ü�	�÷ ô 8³�&ü��,� Vmg ⊂ Vkg
� �Cõ �&ù�ù�ø m ≥ küCú��f�����Cø õ 1Uø�� ø"ú Vg = span ∪k≥0 V

k
g

Vg ⊂ Vkg .



´zµ ¶zµ@·]¸H¹Dº5»�¼n¸\½�»[¼,¸\¾�»�¸$º�¿�À�º�¿Á¹DÂ�¼W¼�Ã]º�Ä�ÀU½�¿bº�» Å�Æ
Ç5È�É�Ê\ËKÌ�Í�Î�Î�Ï�ÎYÐ�ÊHÑKÏ�Ê\ÎÓÒjÈ�Ñ&Ë

āk+1
É�ÊHË

|āk+1| ≤ k < k + 1
Ð3Ô�Õ�ÖHÏ�Î�×yØ&È�Ù�Ú�Ø�Ø

(τāi
g)i=0,...,k+1

Ï�ÊHÎ�Ï�Ö\ÊHÎ�ÏBÚ�ÑDÛ�Î�Ú�Ü�Õ�Ô�Î�Ý�ÊHÝ�ÏKÞ�Ú�É�Ê\ÖHÊHÏpÊ\Ø&Ë�ß�à7ÉáÞbÚ�ÖHÖHÏ

Vkg ( Vk+1
gÌ�Í�Î�Î�Ï�ÎfÐ�Ê\Ñ�È�â�Ï�Î�Ø&Ê�ã�Õ@Ë&Ö\Ê\ã�Õ©Ï�ÊHÎ©ÒjÈ�Ñ&Ë

āk+1 ∈ Σk+1 ÜUÏBØ&Ë&Ê\É�É�Ï�Î�×:Ø&È�Ù�Ú�Ø�Ø
(τāi

g)0≤i≤k+1Ï�ÊHÎ�Ï�Ö\ÊHÎ�ÏBÚ�ÑDÛ�Î�Ú�Ü�Õ�Ô�Î�Ý�ÊHÝ�ÏKÞ�Ú�É�Ê\ÖHÊHÏpÊ\Ø&Ë�ß
�

ä Ú�Ñ�Ú�Û:å�Ú�Û:åRÜ�Ú�Û�Ï�Î�ÙEÏ�Ñ&Õ�Ú�ÖHË&Ï�Î©Ð�ÊHÑ=Ù:ÊHÏ�Ï�ÊHÝ�Ï�Î5Ë&ÖHÊ\ã,Õ�Ï_æ�ÊHÎ�Ø&Ê\ã,Õ@Ë�ç

è�éUêpê�ëAì ßQí5î:ïpð�ñWò
g ∈ l∞ ó òRô dimg = m õ�öK÷�øbø
ù ò�ú�ô

g ≡ 0 ⇐⇒ ∀ā, |ā| ≤ m− 1 : g(ā) = 0.
ûpé:üIébý�þ ï ä Ê\ÏfÏ�Ñ�Ø&Ë&ÏEÿ�Ê\ã�Õ5Ë&Û�Î�Ý�Ê\Ø&Ë�Ë&Ñ&Ê��5Ê\Ú�Ö7ßyÞ���Ñ³Ù:ÊHÏEÿ���ã,Ì5Ñ&Ê�ã�Õ@Ë&Û�Î�ÝÓÐ3Ô�Õ�ÖHÏ�Î�Ð�ÊHÑ
Ý�Ï�É�Ô�����Ï�É�É�Ú ì ßQí
	_Ï�ÊHÎ�Ï��DÚ�Ø&Ê\Ø

(τāi
g)0≤i≤m−1

É�Ê\Ë
|āi| ≤ i

ß:Ç5Ï�ÊUÎ@Û�Î
b̄ ∈ Σ∗ Ü�Ï�
ÖHÊ\Ï�Ü�ÊHÝ=Û�Î�Ù

τb̄g =
∑m−1

i=0 αiτāi
g
Ï�ÊHÎ�Ï ä Ú�Ñ�Ø&Ë&Ï�Ö\ÖHÛ�Î�Ý���Ü�Ï�ÑyÙ:Ï�Ñ��DÚ�Ø&Ê�Ø�ß ä Ú�Î�Î�Ñ&ÏBã�Õ�Î�Ï�Î

Ð�ÊHÑ

g(b̄) = τb̄g(2) =

m−1∑

i=0

αiτāi
g(2) =

m−1∑

i=0

αi g(āi)
︸ ︷︷ ︸

=0,|āi|≤i≤m−1

= 0

Û�Î�Ù©Ï�Ñ&Õ�Ú�Ö\Ë&Ï�ÎfÙ:ÊHÏ���Ï�Õ�Ú�Û���Ë&Û�Î�Ý�ß
�

ÒjÏ�ÊHË&Ï�Ñ�Ü�Ï�É�Ï�Ñ&Ì�Ï�Î©Ð�ÊHÑ�ç

è�éUêpê�ëAì ßQí
��ïpð�ñWò ñ ø g, h ∈ l∞ õ�öK÷�øbø
dim (g + h) ≤ dimg + dimh.

ûpé:üIébý�þ ï ä Ú�Ø�åRÈ�ÖHÝ�Ë�Ú�Û�Ø
V(g+h) ⊂ Vg + VgÛ�Î�ÙfÚ�Ö\ÖHÝ�Ï�É�Ï�ÊHÎ

dim (V +W ) ≤ dimV + dimW
å���Ñ���Î@Ë&Ï�Ñ���Ï�Ì�Ë&È�Ñ&Ñ�Ô�Û�É�Ï

V,WÏ�ÊHÎ�ÏBØDÝ�Ï�É�Ï�ÊHÎ�Ø�Ú�É�Ï�Î���Ü�Ï�Ñ���Ï�Ì5Ë&È�Ñ&Ñ�Ú�Û�É�ØBß
�

� Û�Î�Ê\Ø&ËyÙ:Ï�Ñ����
���! #"%$'&)(+*-,/.10 ì ßQí
2pÏ�ÊHÎ:å}Ú�ã�Õ�ß@Ç5Ë&ÊHÉ�É�Ï�Î�3�Ð Ï�Ê�4�Ï�Ì�Ë&È�Ñ&Ï�Î
g, h ∈ lσÚ�Û:å�Ú�ÖHÖHÏ�Î³Ò�Í�Ñ&Ë&Ï�Ñ&Î¥Ù:Ï�Ñ���Ô�Î�Ý�Ï

2m− 1
��ÜUÏ�Ñ&Ï�ÊHÎ�×�Ø�È�Ø&Ë&ÊHÉ�É�Ï�Î³Ø&ÊHÏ^Ð Ï�Ý�Ï�Î+5

ā ∈ Σ∗É�Ê\Ë
|ā| ≤ 2m− 1 6

g(ā)
σg=g
= σ2m−1−|ā|g(ā) =

∑

b̄∈Σ2m−1−|ā|

g (b̄ā)
︸︷︷︸

∈Σ2m−1

g|Σ2m−1=h|Σ2m−1
=

∑

b̄∈Σ2m−1−|ā|

h (b̄ā)
︸︷︷︸

∈Σ2m−1

= σ2m−1−|ā|h(ā)
σh=h
= h(ā)

Ú�Û:åbÚ�ÖHÖ\Ï�Î_Ò�Í�Ñ&Ë&Ï�Ñ&Î�Ù:Ï�Ñ���Ô�Î�Ý�ÏDÌ5ÖHÏ�Ê\Î�Ï�Ñ�Ý�ÖHÏ�Ê\ã,Õ
2m−1

��Ü�Ï�Ñ&Ï�ÊHÎ�ß ä Ú�Õ�Ï�Ñ
(g−h)(ā) =

0
å7��Ñ=Ú�ÖHÖHÏpÒ�Í�Ñ&Ë&Ï�Ñ�É�ÊHË

|ā| ≤ 2m− 1
Û�Î�ÙfÐ Ï�Ý�Ï�Î���Ï�É�É�Ú ì ßQí
�

dim (g − h) ≤ dimg + dim (−h) = dimg + dimh ≤ 2m.



8:9 ;=<?>'@?A!B)C
D)>'B)A!EGF)E'HIHKJMLNA!E-OPJ�>'E
QSR1T�UWV�XMY[Z\R^]_R^`�a-R^bcbdVce?fhg!i

g − h = 0j `WkGZmlMnSUWV�Y)R^`ok/lMRqprR^UWV j�s�t�j `�]uk/R1Twv?V t�x R1T%]_R x R^lM] tzy k/lMRqV�`Wk/R^n�Rq{�l�|}U t�j `�][l�T t
t n�lM~?l�V�X��}f

�

��lMnzZ��_X�XMR^`�V�`�k/l�R1T�R^n�v t R^XMXMRuk�V_T�lMb����_n�Z\�_n t R^n�Zr��U�` t Ro����T}l t lM~?l t � t T s n��_Y�XMR^b� �_n�b j X�lMR^n�R^`-f�Q�l�R1T^�!Z\R^lMX�k/R^n�T��?R^Y)R^`uV j � ]_R �7� U�n t R�v?V t�x ~!l�R^XMXMR^l�|�U t\� `WT s lMn}V t l��_` �7� n`�R j Rw��`WT}� t�x R x^j T}R^lM`�R^n�a-��T j `�]�T}R^lM`��_�_`�` t R_f
���)���)�! ¢¡£e?fhg
¤�¥qv!R^l

g ∈ lσ
R^lM`�R^`Wk/X�l�|}U/¦§k/lMb�R^`WT�lM�_`WV�XMR^n^�rT�lM]_`�lMR^n t R^n�¨©V�ª_~_R^�!¦

t �_n^f�«SR1T j |�U t l�T t R^lM`I��XM]_�_n�l t U�b j T^�'k/R^n¬V�`�UWV�`WkIR^lM`�R^n%­��?�_n}k/lM`WV t R^`Wk�V�n}T t R^X�X j `�]k/R1T\��n��_]_`���T�R^n}V j b�T x^j T}V�bcbcR^`zb�l t k/R^` x^j ]_R^U��_n�lM]_R^`�¨©V t n�lM®/k�V�n}T t R^X�X j `�]_R^`ck/R^n��n��_]_`���T}R^� s R^n}V t �_n�R^`GR^` t T}|�U�R^l�k/R t �W�_Y g R^lM`[¨©V�ª_~_R^� t �_n�l�T t �Wk�V_T�U�R^lMª t � g ≥ 0
f

¯�°M¯-°�±q²�³1´?µ�¶�µ�·¹¸�º�²�»¼²�½K¾1´
»¼¿#³1¾1¿#³1À�º�´ÂÁ'Ã�³^¾1´?ÄÅ´
¯-°M¯�°�Æ)°�ÇS¿�µ�È#´!¿�¾É¶�µ�ÊË¶�µ�·ÍÌ[´
Î�µ�¿�¾1¿�Ï)µ�´!µ�° ��lMXMX�b�V�`on�R^R^XMXMZ\R^n t lM]_Rz­��?�_n}k/lÐ¦`WV t R^`Wk�V�n}T t R^X�X j `�]_R^`ok/R1T¬��n��_]_`���T�R^n}V j b�T%R^lM`�R1TSR^`Wk/XMl#|}U/¦§k/lMbcR^`WT}lM�_`WV�XMR^`©��n�� x R1T:¦T�R1T�T�V�b t k/R^n�k�V x^j ]_R^U��_n�lM]_R^`d��V�n}V�bcR t n�l#T�lMR^n j `�]_R^`�k/R^n���n��_]_`���T}R^� s R^n}V t �_n�R^`�T t�j ¦k/lMR^n�R^`-�WT t R^XMX t T�l�|�U j `�bcl t�t R^XMYWV�nmk/lMR�Ñ�n}V�]_Rw`WV_|}U�R^l�`�R^nm]_R^R^lM]_`�R t R^`�pNV_T�l�T �7� n�k/R^`��n��_]_`���T}R^n}V j bufÉQSlM~_R^n}T�R�­%n�l t R^n�l�R^`¬�_�_`�`�R^`�Y)R^l�k/R^n�� j T�ZrV�U�X
k/R^n�pNV_T�l�TKR^l�`�R�{��_XMXMRT s l�R^XMR^`-f
¨©�?|�U t RSb�V�` x^j bÒprR^l�T s lMR^X¢k/l�R���V�n}V�b�R t R^nrR^l�`�R^n\k/R^n\��V�n}V�bcR t n�l�T}lMR^n j `�]k/R1T���n�� x R1T}T}R1T�V j T�R^lM`�R^n y ¨�R^`�]_RN~_�_`K�-~_�_`�lMU�bÓR^n x R j ] t R^`dv!R1Ô j R^` x�y R^`K�'Õ§XMR^n�`�R^`/Ö}�T���T}�_XMX t RmT�l�|�Uck/lMR�pNV_T�l�T�]_R^Zml�T}T}R^`�` j bcR^n�l�T}|�U�R^`���n��_Y�XMR^b�R^`c]_R^]_R^` � Y'R^n�] j�t b � t lM]~_R^n�UWV�X t R^`-f�QSR^n¬~_�_`Ø×���]_R^n¬R^` t Zml�|��_R^X t R�a-R^n�`WV�X�]_�_n�l t U�b j T y�Ù Ú ²�´?Û¢ÛWÜ � Ù Ú�Ý�Þ + Û'ß!Ü �R^n � �_n}k/R^n t k/lMR � `
~_R^n}T�l��_`uR^lM`�R^nm~_�_`�k/R^n�� j T�ZrV�U�X�k/R^n�pNV_T�l�TmV�Y�UW��`�]_lM]_R^`©¨©V t n�lÐ®KfprR^l�]_R1T�|}U�l�|�� t R^nS�ØV�U�X�k/R^nSpNV_T�l�T�l#T t k/lMR�­��_`Wk/l t lM�_`Gk/lMR1T�R^n�¨GV t n�lÐ®[] � `WT t lM] j `WkR^~_R^` t�j R^XMXMRdv?|}UW� t�x^j `�]�T � R^U�XMR^n s/à V�` x R^`ÅT�l�|�UG` j n j `�R^n�U�R^Y�XMl�|�U � �_n t f�á�lM`oV�`Wk/R^n�R1T­%n�l t R^n�l j bâl�T t �/bcl tNã l�X � RSR^lM`�R^nm]_R^R^lM]_`�R t R^`©prV_T}l�Tmk/lMR¬­��?�_n}k/lM`WV t R^`©k/R^n���n��_]_`���¦T�R^~_R^� t �_n�R^`zV�X�T��ØV�U�n}T}|}U�R^lM`�X�l�|}U��_R^l t R^`�lM` t R^n s n�R t lMR^n�R^` x^j �_�_`�`�R^`-f_QSlMR1T�lMb s XMl x l�R^n t]_XMR^l#|}U x R^l t lM]¬k/lMR�ä�l�|�U t `�R^]�V t lM~?l t � t k/lMR1T}R^n�­��?�_n}k/lM`WV t R^`-�
R^l�`�RmZ�R^l t R^n�RSV�`�]_R^`�R^U�bcRá�l�]_R^`WT}|}UWV � t R^lM`�R^n�T��_X#|}U�R^`upNV_T�l�T^f
å�V t T��_|}U�XMl�|�U�T}lM`Wkzk/lMR��_Y'R^`cY'R1T}|}U�n�lMR^Y'R^`�R^`d­%n�l t R^n�lMR^`cR^n �7� XMXMYWV�n^�_Z\V_Trk/R^n�Z\R^lÐ¦

t R^n�R���R^n�X�V j � k/lMR1T�R1T\��YWT}|�U�`�l t�t T\Y)R x R j ]_R^`�ZmlMn}kKf � T t k/R^nr��n�� x R1T}TrR^`Wk/XMl�|�U/¦§k/lMbcR^`/¦T�l��_`WV�Xæ��T��uX#�_T}T t T�l#|}UÅR^l�`�RdpNV_T�l�T%çW`Wk/R^`-��k/lMR�V�XMXMR^`Ø�_Y'R^`ÅY'R1T}|}U�n�l�R^Y)R^`�R^`è��` � �_n:¦k/R^n j `�]_R^`é]_R^n�R1|�U t ZmlMn}kKf���l�nw�_�_` x R^` t n�l�R^n�R^` j `WTqlM`+k/lMR1T}R^bê��YWT}|}U�`�l t�t�ë R1k/�?|�UV j T}T�|}U�XMlMR^ª_X�l�|}UcV j � k�V_Tr­%n�l t R^n�l j bìk/R^n � ` t R^n s n�R t l�R^n�YWV�n��_R^l t k/R^nN­��?�_n}k/lM`WV t R^`�k/R^n��n��_]_`���T}R^~_R^� t �_n�R^`GV�X�Tm�ØV�U�n}T}|�U�R^lM`�XMl�|�U��_R^l t R^`-fWQSlMR¬` j bcR^n�l#T}|}U�R^`�­��_`WT�R1Ô j R^` x R^`k/R^n��ØV�U�X)R^lM`�R^n�T��_X#|}U�R^`�pNV_T�l�T�T�lM`WkzV j T �7� U�n�XMl�|�UclM`ck/R^`�v?|�U�n�l � t R^`c~_�_`d×���]_R^n j `WkT�R^l�`�R^nN¨©l t V�n�Y'R^l t R^n y�Ù Ú ²�´!Û¢ÛWÜ � Ùîízï ´!Û'ð?Ü � ÙñÞ »¼´!Û)¯/Ü � Ù Ú�Ý�Þ + Û)ß?Ü ��Y'R1T}|�U�n�lMR^Y)R^`�Z\�_n:¦k/R^`-f
prR^~_�_n�ZmlMnSbcl t k/R^n¬R^` t T}|�U�R^l�k/R^`Wk/R^`+QSR�çW`�l t l��_`IT t V�n t R^`-�-Z��_XMXMR^`IZmlMn¬k�V�n}V j �U�lM`!Z�R^l�T}R^`-�\k�V_T}T�ZmlMn�ò)ó?XMlM`Wk/R^n�bcR^`�]_R^`élMbôv!lM`�`�R�k/R^n�R^l�`�XMR^l t R^`Wk/R^`�á�n�]_R^Y�`�l#T}T�R

j `Wk ã lM`!Z�R^l�T�R�lM`c­¬V s l t R^X)õ%b�R^l�T t bcl t lMU�n�R^`�k/R�çW`�l�R^n�R^`Wk/R^`�«Sn j `Wk/bcR^`�]_R^`dl�k/R^`/¦
t lÐç x l�R^n�R^`-f



ö=÷ ö=÷!ø�ùKúPû?ü©ý'ü)þØÿ��'ù��¢ù����Wû��	��ú
����ú�ÿ��)ûuú
��ú
�¢û��Nû ���
������������������� ��!#"%$�&�')(+*

g ∈ lSM
(+*�,-(.,0/�12*4365�(.7
8:96*2;<,�*=(.76>?(.7A@CB�DFEG(
HI>KJ<76LNMO*�,	(

P�B<QR*�12*4(
(gi)i∈I⊂N

ESJ<,T1U*�,	(�B<7WV�,0BYX
5�Z[,Y;<*2;Y(.,]\�(
HG>KJ<7�(.,
gi ∈ Vg

5�(+*^9
96>`_%a�b�cIb�d�e
fhg cGi�j f i�jh_Ia g jTk)lmj fhg�n ESJ[,

g
80o+B%1�1#9p(
9�(.*�,	(WqrB<76>=*�>=*�J<,

Ω =
⋃̇

i∈I

Ai

ESJ[,s@`(.,Y;Y(+,
Ai ⊂ BΣ

;<*=X.>�8�9+Jt/[BI9
9N/[*4(uo+J%1v;Y(.,0/Y(+,wXx(.*4/Y(.,sMr*U;Y(+,�9.365�Byo6>?(+,T(.7�o.z�1�12>
9.*�,0/Y{

|4}=~
card(I) = dim g,|4}^}K~

mgi
(Aj) = δij =

{

1 i = j

0 i 6= j.
�p*4(

Ai
,	(.,0,�>:QtB<,�/Y(.Q�(.,0>�9?�	7�(�365�(+,0/�_Iaub�cGb�d fhg cGi�j f i�jh_%a g]� c g i�����i�jhj g LOMO7
�

9h(.>��+>�QRB[,�MO*2;Y(.,�9.365�B�o6> |4}^}=~ /[V�7y365
|4}^}���~

mgi
(Ai) = 1, mgi

({Ai) = 0,9.J`9?��7y(�3.5�(.,-��*�7�ESJ<, �m�ub�jhi^e
_%aub�cGb�d fhg cGi�j f i�jh_Ia g�n k�lmj fhg�n L��N*�1�/Y(.>t(.*�,
��� V�B%96*�����365�B<7yBIHG>?(.76*�96>=*�9.365�(69`'	�G96>?(.Q

(gi)i∈I
(.*�,	(��WBI9.*^9CESJ<,

Vg
8R9.J�9��	7�(�365�(.,

��*�7�B<V�365�ESJ<,`(.*�,	(.7 �y�m�ub�jhi^e+��_Iaub�cGb�d fhg cGi�j f i�jh_%a g �]��b�jSi�jYL

 W�0¡W��¢�£F¤m��¥¦��!#"�§[&¨@CB<,©Xx(.Q�(.7
HG>u9.Jyo+J<76>�8�/[BI9
9r*�QªPmB%1�1^(N(.,	/%1U*4365���/<*�Qt(+,�96*4J<,0B%1^(.7
qO7yJS�G(
9
9h(

g
(.*�,«365�B[7�BIHI>?(.7
*�96>=*�9.3.5�(
9R'	�G96>?(.Q

(gi)i∈I
*�QRQ�(.7�B<V�3.5C(.*�,	(t365�B<7�B%HG>?(.�

76*^9.>=*^9+365�(N�NB%96*�9pESJ<,
Vg
X.*�1�/Y(.>KL

¬ }�­�®�¯h°m¯+}^±�¯¨²
³��%´x�%µ�®�¯+´�}�°�®�}�°x²
³�¯�¶·�<°�}�°)¸4¹�´m¯+}^±�¯+±pº�¯+µ�®�»<´
g ¼ °�»rµ<½<±�±�¯+±¿¾O}^´�À�}^¯ÁÀ�}�¯h°yÂ­�¯+Ã+¹�Ä<Å^}�²
³�¯+±ÇÆF�%´x�%È�¯+®�¯+´pÀ�¯+´�ÆÁ´�»<Ä<±�»[°�¯+É<¯+µ�®�»<´�¯+±«¾O}^¯R»<­	¯+±ÇÄ<¯.¸4»<´xÀ�¯+´�®p�%Å�°WÊ`�%³�´yÂ

°x²
³�¯+}^±�Å^}�²
³�µ<¯+}^®�¯+±©}^±Y®�¯+´�Ë�´�¯+®�}�¯+´�¯+± !

ÌÍ¢	�uÎ0�uÏG���������Ð��!#"<Ñ�&¿')(.*
g
(.*�,�96>KJh3.5�BI96>=*�9.3.5�(.7�\�(
HG>KJ[7�V�,0/

(gi, Ai)
(.*�,	(T365�B<�

7yBIHG>?(.76*�96>=*�9.365�(R�WBI9.*^9sESJ[,
g
L¨Ò
96>W/[B<,�,

h ∈ Vg
� B%1Ó9.J��hLU�WLÍ(.*�,ÔqO7yJx;<,	JI9+(.EI(
HG>KJ<7?�

V�,0/
h =

∑

i∈I

αigi

9h(.*�,�(W�¿B<7
96>?(61�12V�,Y;�B[V
o¿/�(.7N�WBI96*�9
(gi)
� ,�V�7¿(.,	/�1U*4365TEh*=(61^(R/Y(.7

αi
96*�,0/sEGJ<,TÕ:V�1�1

EG(+7x9+365�*=(�/Y(.,%�G8¨9+J¿;<*�12>K{
mh(Ai) = αi.�p*4(

αi
(.,�>�9��	7y(x365�(.,«B<1#9+J¿;Y(+7�B[/�(R/Y(.,�@`(
9
96�¨(.76>?(.,ÇESJ<,

h
o6z�7�/<*=(

Ai
LmÒ
96>

h ≥ 0
8

9+Jro+J%1v;<>Ö/YB<,�,
αi ≥ 0

L
 W��×©�0��ÏY&WØ �<°s¸4»<Å^Ä<®s°�»%¸4»<´�®A�%Ù�°�À�¯+´ Ø ¯.Ú�±�}^®�}�»<±�¯+}^±�¯h°s²
³��%´x�%µ�®�¯+´�}�°�®�}�°x²
³�¯+±-Û�Ü�°yÂ
®�¯+Ès°hÝ

mh(Aj) =
∑

i∈I

αimgi
(Aj) = αjgj(Aj) = αj .

Þ °�®
h ≥ 0 ¼ °x»t}�°�® mh

¯+}^±�ßÔ�%à ¼ Ù�±�À�À��%³�¯+´ mh(Aj) ≥ 0
!

�
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û�÷%öx÷�����ó+ö�ò��
��ò��xúxû�ó+ùH	�������ó���ó 8

I/J�IKJ�L/JNM 0 O&0�P5Q�RTS�U�V/WXQ�SZY[0�P5\:ST]#P^.�RT0`_/.�RTR J 9 � ô0÷����^ó·ó+ò^ù�ó:�ÿó+ù�ü��^ò�ú
û��?ü�ò���ó+ù����ò��<ù�÷��^ó+ù
g ∈ lSM

�<ó+öx÷�����ø<ó���ó+ò^ù�ó+ö�ùN'Oò�öÖü�ó+ùE%�ó+ö�ó+ò��
�Öó+ö�')�%û�ù ��ó+ùG	�÷����a���<ùE� �%ø<ó+ö 8b ò^ö�cT����ø<ó+ù�ü�÷�%	ó+òd�xó+ò^ù�ó+ù�BÍö�ø�;��só+ù ��ó+ù/D �<e��
��ó+ùf=�óhü���úxûs÷�;�cZ!�÷��
��ó+ù/DYü�÷õò�ù���ó+ò^ù�ó��gÖó�'¨ó+ò��
���<ùÇü�ó+öfh^�$��ò���ò���ò��
���Wü�ó+öC��ó������<ö�ó+ùÇ÷%ùwó+ù��
�xúxû�ó+ò�ü�ó+ù�ü�ó+öi	���ó�����ó?jWó�%�öx÷�;�ú
û
ø<ó��s÷<ú
û �k'Oò�öxü 8
ldm�n/o�p 8rq p�sut/vxw

g ∈ lSM
vxwTyzvxyd{�|}wT~x��vx�X�5��w}��y�w7vx���(vx�������^��v��������a�?w��

dim g <∞ �� ��y�yE��w7�x��v��iv�w�y�~������������(v���w����7w��x~���v��it#���x�(vx�
(gi)i∈I ��� g ��f���E�d��  s 9 ���

g = 0
D#����ò����Où�ò�úxû �
�C��;A�+ó+ò^ø<ó+ù 8>9 �
�

g 6= 0
D#���N�xó+ò

n := dim g
;�ù�ü;�ù�ü

b̄1
ó+ò^ù¡bG�<ö��k�sò��

g(b̄1) 6= 0 (∗)
8 ñõ÷%ù�ù�ò����Oü�ó+ök��;�ø<ó+û�¢<ö�ò^ø<ó£��ó������<ö

τb̄1g
���<ù¤C;����*�<ó+ö
�
úxû�ò^óhü�ó+ù 8 b ò^öi��¢<ù�ù�ó+ù¥������ò���ó+ò^ù�óEgÖ÷��xò��

(τb̄1 , ..., τb̄n)
���<ù

Vg ¦ ù�ü�ó+ù/Dü�ò^ó�ü�ó+ù§h�ö��<ø<ù��$��ó��<ó������<öN���<ù
b̄1
ó+ù ��û������ 8*¨ ò���©�ó����s÷Gª 8¬« p ¦ ù�ü�ó+ù­'Oò^ö�ü�÷%ù�ù!�÷<÷%ö�'�ó+ò���ó£�<ó+ö
�xú
û�ò^óhü�ó+ù�ó£b®¢<ö���ó+ö
ā1, ..., ān

D�����ü�÷��
�rü�ò�ó ¨ ÷���ö�ò�þ





τb̄1g(ā1) . . . τb̄ng(ā1)888 8 8 8 888
τb̄1g(ān) . . . τb̄ng(ān)






ö�ó+ø�;����%öÿò��
� 8 b ò^ö^%�ó���ó+ö��<ó+ù/D<ü�÷��
�^cZe�ö���'�ó+ò�b§¢<ö���ó+ö
āi, āj

ü�ò^ó)cT����ø<ó+ù�ü�ó�gÖó��+ò^ó+û�;�ù�ø
ø<ò�����¯

āi ≤ āj ⇐⇒ Z({āj}) ⊂ Z({āi}).
+ p 8 ª�° 6

b ò^ö�%	ó��só+ö��<ó+ù�ü�÷%ù�ùA'¨ó+ò���ó+ö�D	ü�÷��
��cZe�ör÷����^ó
i = 1, ..., n

⋃

j 6=i,āi≤āj

Z({āj}) ( Z({āi}),

')��%	ó+ò0÷�;�� p 8 ª�°k��;�ù��<úxû����¨ü�ò�ó 9 ù�����;���ò��<ù���%�ó��+ò^ó+û�;�ù�øCcZ���^ø���D�;�ù�ütü�ò^óuBNù�ù�÷%û���órü�ó+öjf��ó+ò�úxû�û�ó+ò��Oü�ó+ök%�ó+ò�ü�ó+ù ¨ ó+ù�ø<ó+ùT÷�;�cÁü�ò^óijf�^ó+ò�ú
û ;�ù�ø<ó+ù
∑

j 6=i,āi≤āj

τb̄kg(āj) =
∑

j 6=i,āi≤āj

τb̄kg(Z({āj})) = τb̄kg(Z({āi})) = τb̄kg(āi)

cZe�öA÷�����ó
k = 1, ..., n

;�ù�ü ü�÷���ò���÷�;�cpü�ò^óz�^ò�ù�óh÷%ö�óHBC%�û��%ù�ø<ò^ø��<ó+ò��Aü�ó+ö�ó+ù �
�
!�ö�óx�
ú
û�ó+ù�ü�ó+ù�±	ó+ò��^ó+ùwü�ó+öC��%�ò^ø<ó+ù ¨ ÷���ö�ò�þEcZe�û�ö�ó+ùH'ue�öxü�ó 8/¨ ò��Íü�ó��²b ò��X��ó+ùA;�� ü�ò^ó:��ó³u÷��
�x÷<úxû�ó<��ó����+ó+ùA'Oò^ö�cZe�öÍ÷����^ó

i = 1, ..., n

Ãk := Z({āi}) \
⋃

j 6=i,āi≤āj

Z({āj}))

;�ù�üz%	ó���ó+ö��<ó+ù/D	ü�÷��
�Íü�ò^ó
Ãk
ù�ò�ú
û �����^ó+ó+öC;�ù�üA!�÷<÷%ö�'¨ó+ò���ó¿ü�ò��Z=�;�ù����k��ò^ù�üE;�ù�üwü�÷��
�

ü�ò^ó�ü�÷<ü�;�öxú
ûTø<ó+ø<ó�%�ó+ù�ó ¨ ÷���ö�ò�þ

M :=






τb̄1g(Ã1) . . . τb̄ng(Ã1)888 8 8 8 888
τb̄1g(Ãn) . . . τb̄ng(Ãn)








´�µ ´�µ�¶�·¹¸�º�»H¼>»#½�¾�¿>·>Àd·>Á/Â�º�À#Ã�¸�Â�Ã�¸x¾�¿#ºA¸XÄK¸XÂdº�Å�º Æ�Ç
È�É>È�Ê�ËZÌ�Í�Í�Î�Ï�È�Ð�Ñ�Í�Ò�ÏuÓ�Î�Ô�Õ�Ö®Ó�ÏuÎ�È�Ô�×�È�ÊA×�Ñ�Ð�Ñ�Ô�È�Ï�Í�È�Ô�×�Ô

A0 := Ω \ (
n⋃

k=1

Ãk)

Ñ�Ê�Ø`É>È�Ô�Ï
Ì�Ù
Ú Ô�È�ÊÛØ�È�ÊEÜ�È�Ý�Ô�Þ�Ï v0 := (τb̄1g(A0), ..., τb̄ng(A0)) ß Ø�È�Ï�à*È�Ð�È�ÊHØ�È�Ï�á
ÈxâÐ�Ñ�Í�Ì�Ï�Ó�Ô
Ò�Ôuã�Þ�Ê M Ó�äæå#È�Ó�Í�È�Ê�Ï
Ì�Ñ�äçã�Þ�Ê M ×�ÑAè�Ê�Ø�È�ÊAÓ�Î�Ô�Õdé�È�Ó

v0 :=

n∑

k=1

αkMk,

à)Þ�É#È�Ó Mk
Ø�Ó�È k â�Ô�È�å#È�Ó�Í�È£ã�Þ�Ê M Î
È�Ó ß Ø�Ó�È£È�Ê�Ô
Î�ê�Ï�È:Ù
Ú�È�Ê�Ø�È�ëaÌ�Ï
Î�Ô�È�Í�Í�Ñ�Ê�Ð�ÕdÖ®Ó�ÏkÉ>Èxâä�È�Ï�Ý�È�Ê ß Ø�Ì�ÎXÎkØ�Ó�È£ìCÊ�Ê�Ì�Ú�ä�È ∀k : αk = −1 Ì�Ñ�Ë�Ø�Ó�ÈîífÍ�È�Ó�Ù
Ú�Ñ�Ê�Ð

g(b̄1) = τb̄1g(2) =

n∑

k=1

τb̄1g(Ãk) + τb̄1g(A0) =

n∑

k=1

τb̄1g(Ãk) − τb̄1g(Ãk) = 0,

ËZï�Ú�Ï�Ô�È ß È�Ó�ÊGÖ®Ó�Ø�È�Ï
Î�ê�Ï�Ñ�ÙXÚG×�Ñ�Ï£Ö�Ì�Ú�Í"ã�Þ�Ê b̄1 ð Î�Ó�È�Ú�È (∗) ñ Õ5Ö®Ó�Ï&Î�Ñ�Ù
Ú�È�ÊòØ�È�ä�Ê�Ì�Ù
ÚÈ�Ó�Ê k0 ß Î�Þ�Ø�Ì�Î
Î αk0 6= −1 Ñ�Ê�Ø¡Î�È�Ô�×�È�Ê

Ak :=

{

Ãk k 6= k0

Ãk ∪A0 k = k0,

Î�Ô�È�Í�Í�È�ÊîØ�Ì�Ê�ÊîËTÈ:Î
Ô ß Ø�Ì�Î
ÎóØ�Ó�È Ak È�Ó�Ê�È�ô�Ì�Ï�Ô�Ó�Ô�Ó�Þ�Ê<ã�Þ�Ê Ω É�Ó�Í�Ø�È�ÊiÑ�Ê�Ø<Ø�Ì�Î
ÎóØ�Ó�È�õHÌ�Ô�Ï�Ó@ö

N :=






τb̄1g(A1) . . . τb̄ng(A1)ÕÕÕ Õ Õ Õ ÕÕÕ
τb̄1g(An) . . . τb̄ng(An)






àuÓ�È:Ø�È�Ï�Ñ�äæÏ�È�Ð�Ñ�Í�Ò�ÏuÓ�Î�Ô�Õ�Ö®Ó�ÏkÎ�È�Ô�×�È�Ê¡Ê Ñ�ÊH×�Ñ�Ê�Ò�Ù
Ú�Î�Ô
(βk1, ..., βkn)T := N−1ek

ð à)Þ�É#È�Ó ek := (0, ...0, 1
k
, 0, ..., 0)T ñ Ñ�Ê�ØEà)È�Ó�Ô�È�Ï

gk :=
n∑

j=1

βkjτb̄jg

Ñ�Ê�ØAÎ
Ô�È�Í�Í�È�ÊEÎ
Ù
Ú�Í�Ñ�ÎXÎ�È�Ê�Ø�Í�Ó�ÙXÚEËTÈ:Î�Ô
gk(Ai) =

n∑

j=1

βkjτb̄jg(Ai) =

{

1 i = k

0 i 6= k

Ê�Ì�ÙXÚîÖ�Ì�Ú�Í�Ø�È�Ï βkj Õ�ëaÌ�ä�Ó�ÔKÚ�Ì�É>È�ÊiàuÓ�Ï5È�Ó�ÊiÙXÚ�Ì�Ï
Ì�Ý�Ô�È�Ï�Ó�Î�Ô�Ó�Î
ÙXÚ�È:Îóé�÷�Î�Ô�È�äøÉ>È:Î�Ô�Ó�äNäîÔ�Õ
�

Ö®Ó�ÏkÉ>È�ä�È�Ï�Ý�È�ÊÛ×�Ñ�äùé�ÙXÚ�Í�Ñ�Î
Î ß Ø�Ì�Î
ÎCØ�Ó�ÈîÙ
Ú�Ì�Ï
Ì�Ý�Ô�È�Ï�Ó�Î�Ô�Ó�Î
Ù
Ú�È�Ê�ú�Ï�È�Ó�Ð�Ê�Ó�ÎXÎ�ÈiÈ�Ê�Ø�Í�Ó�Ù
Ú�â7âØ�Ó�äNÈ�Ê�Î�Ó�Þ�Ê�Ì�Í�È�Ï�Ü�È�Ý�Ô�Þ�Ï�È�ÊHÌ�Í�Î
å#÷�Í�Ó�Ê�Ø�È�Ï�ä�È�Ê�Ð�È�Ê¡Ð�È�à)Ò�Ú�Í�Ôkà*È�Ï
Ø�È�ÊAÝ�û�Ê�Ê�È�Ê/Õ



ü�ý þ�ÿ����������
	��������
�����������������������
������������� �
!#"%$%��$%&('*),+.-�/0&(),12��$%34),5�$%67'*�98�67',':�<;>=�?4@A?CBEDGFH@JIJK7L7=�MAMNKHOPMEQ7F�?CB

R =�?TSUF�?CLVF�?4@AW7BASXIJK7?CL7?>YZSUMA=�[POPMA=�SULVK7=�LHOP\H@]?C=�L7?_^`?C=�MA?CBA?Ua�@AW�?CbC=�?Cc�c�?CBA?Udfe%Q7B`@AMJOPMA=�SPg
LHhPBA?Ua�\7L7?CL R c�=�I0KXg R =�iV?CLH@A=�SULHOPc�?Uaj@AMASXIJKHOU@AMA=*@JIJK7?#k]?Cl�MASUBA?CLmlPOPL7L
?4@>I0KHOPBJOPl�MA?CBA=*@AMA=�g
@JI0K7?#n�OU@A?CL
L7=�I0K
M>oU?CF�?CL�p�;>?CBGnq?C^N?C=�@ R OPbC\srt\7L R LHOPMAQ7BAc�=�IJK R =�?<;>?vuHL7=�MA=�SULw[USUL
x MJOPMA=�SULHOPBA=�MJhPMvy�=�@AMz=�i{DGFH@JIJK7L7=�MAMzQ7F�?CB%@AMJOPMA=�SULHhPBA?`k]?Cl�MASUBA?CL#bC\|uHL R ?CL�aU@A=�?CK7? x OPMAb
} p�~P�Xp(�GhPMAMA?�i�OPL�L�\7L R =�?�����=*@AMA?CL7b�IJKHOPBJOPl�MA?CBA=�@AMA=*@JIJK7?CB�n�OU@A?CL�ofOPL7b�OPc�c�oU?CiV?C=�L
F�?C^N?C=�@J?CLZlU�UL7L7?CL�a�^`hPBA? R =�?<���X=�@AMA?CL7b�?C=�L7?4@G@JMJOPMA=�SULHhPBA?CL�aj\7L7?CL R c�=*IJKXg R =�iV?CLH@A=�SPg
LHOPc�?CL9�EBASUbC?4@J@A?4@_OP\H@AoU?4@0IJK7c�Sf@J@J?CL oU?C^N?4@A?CL�p�;G?Ci�;>=�i�?CLH@A=�SULH@AF�?CoUBA=��9^`hPBA?<@ASUiV=�M
L7SXIJKV?C=�L7?�OPL R ?CBA?Gn`? R ?C\7MA\7L7o<bC\7MA?C=�c7oU?C^NSUB R ?CL�p��zOPMJ@JhUI0K7c�=�I0KVoU=�F7M�?4@EOPF�?CBE@AMJOPMA=�SPg
LHhPBA?Ua�\7L7?CL R c�=�I0KXg R =�iV?CLH@A=�SULHOPc�?Ua�@AMASXIJKHOU@AMA=�@0IJK7?�k]?Cl�MASUBA?CL�p x =�?CK7? R OPbC\s?CF�?CLX��OPc�c�@
R ?CLZDGFH@JI0K7L7=�MAM�Q7F�?CB x MJOPMA=�SULHOPBA=�MJhPM�r x OPMAb } p�~X�.yJp

� =�?�F�?CBA?C=�MJ@#OPL7oU?Cl�Q7L R =�oUMCa(i#\H@J@<=�i�eHOPc�c�?�?C=�L7?4@�\7L7?CL R c�=�IJKXg R =�i�?CLH@A=�SULHOPc�?CL
g � @<\7L7oUc�?C=�I0K�[�=�?CcEiV?CK7B<oU?4OPBAF�?C=�MA?CM<^N?CB R ?CL�a�\7i�^N?CL7=�oU?CB<bC\2?CBABA?C=�I0K7?CL�p]��?CLHOP\oU?4@JOPoUMN?CBAKHhPc�MEi�OPL�\7L�MA?CBN?C=�L7=�oU?CLVYwQ7K7?CL R =�?_����=*@AMA?CL7b_�
\HOU@J=�g�IJKHOPBJOPl�MA?CBA=�@AMA=�@0IJK7?CB
x�� @AMA?CiV?Ua(?C=�L7?�DT\H@J@0OPoU?Ua R ?CBA?CL � ?CBAM R ?Ci�DT\7MASUB�L7SXIJKsc�OPL7oU?�L7=�IJK�MVOPL � Q7LXg
@JI0K7?CLH@A^N?CBAMA?4@GK7?CBJOPL7BA?C=�I0K
MCp

nq?C[USUBz^�=�B�@JMJOPBAMA?CL�a4^NSUc�c�?CL ^�=�B�F�?Ci�?CBAlU?CL�a R OU@J@�^�=�B�=�L R ?CBze7SUc�oU?]�tQ7B�F�?Cc�=�?CF7=�oU?
B ∈ BΣ

r�OPc�@JS#L7=*IJK
MGOP\H@J@JIJK7c�=�?C¡Uc�=�I0K��tQ7BG¢ � c�=�L R ?CBAiV?CL7oU?CL
B
y

τb̄g(B)
OPLH@AMA?Cc�c�?�[USUL

mτb̄g(B)
@JI0K7BA?C=�F�?CL�a7^�=�? F�?CBA?C=�MJ@�=�L��,BAQ7K7?CBA?CLw£ OPW7=�MA?Cc�L9OPL7oU?Cl�Q7L R =�oUMCp

¤j¥X¦�§�¨ p�© }jª�«�¬v­
g ∈ lSM

¬v­,®Z¬v®j¯X°±­,²v³X¬v´0µz¶·­±¸U®H­�¬v´·¹�¬v´qº�»A¼%½.¬�¾¿¹ÁÀU´�Â�­*¹
dim g = ∞ ÃÄ<»U®H®�¸U­�Åv¹�¬·¶�¬C­*®�ÆCÇX».¶·­,È:²·³X»U´É»P¾¿¹�¬v´·­�¶v¹�­�¶C²·³X¬�¶#«�Ê¿¶·¹�¬vÂ

(gi)i∈N Ë
Ç
g Ã

Ì>ÍXÎ�ÍjÏ*Ð
ªG� =�B�i�OUI0K7?CL R =�? bC\
g
OU@0@ASUbC=�=�?CBAMA? Y
OPMABA=��
r�@A=�?CK7?|n`?Ci�?CBAl�\7L7o ¨ p��4Ñ�y

Pg = (τb̄g(ā))ā,b̄∈Σ∗ ∈ RN×N r ¨ p�~U~�y
bC\7i�bC?CL�MABJOPc�?CL
ÒGF�ÓA?Cl�M�\7LH@J?CBA?CBTnq?CMABJOUIJK
MA\7L7oU?CL�p

� =�BqlU�UL7L7?CL R =�? x WHOPc�MA?CL
[U?Cl�MASUBA?CL
(Pg)

b̄ iV=�M R ?CL τb̄g
= R ?CL�MA=�uHbC=�?CBA?CL�\7L R @JI0K7BA?C=�g

F�?CL R OPBAQ7F�?CBAK7=�LHOP\H@
fā
�tQ7B R =�?9¢�?C=�c�?CL�[U?Cl�MASUBA?CL�a�bUpÔn>p

f2(b̄) = τb̄g(2) = g(b̄)
p

� ?CoU?CL
dim g = ∞

oU=�c�M`\7L�MA?CB�¢�\7K7=�c��,?CLHOPK7iV?�[USULZÕ�?CiVi�O�~�p } ¨ �tSUc�oUc�=�I0K

dim span{fā|ā ∈ Σ∗} = ∞.
r ¨ p�~ ¨ y

Ö R ?C?<K7=�?CBG=�@JM_L
\7L R ?CB�BA?Cl�\7BJ@J=�[U?<DG\X�,FHOP\�?C=�L7?CB>�%OPBAMA=�MA=�SULw[USUL
Ω
\7L
MA?CB�¢�\7K7=�c��t?vg

LHOPK7iV?�?C=�L7?CBqoU?C?C=�oUL7?CMA?CL x ?4��\7?CL7b [USUL � �UBAMA?CBAL
ān
aX@AS R OU@J@ R =�?

fān

?C=�L7?�c�=�L7?4OPB
\7LHOPF7KHhPL7oU=�oU?�eHOPiV=�c�=�?�[USUL�k]?Cl�MASUBA?CL�F7=�c R ?CL�p
;�OPbC\�F�?CMABJOUIJK
MA?CL�^�=�B R OU@E�tSUc�oU?CL R ?

×]Í�Ø>Ø ¥Ù¨ p�©U© ª|«�¬v­
(ān)n∈N

¬C­*®�¬�ÚzÀP° ¸�¬ ÛX»f»U´·ÜN¬v­�¶4¬�½¿¬v´0¶v²·³�­t¬A¯�¬v®�¬v´sÝ ÞU´·¹�¬v´Vß7ÅJ¬v´
Σ Ã Ä<»U®H®Z°à­�¬�¸U¹_¬v­,®�¬v´|¯
¬C´<ÅJ¬v­t¯
¬v®ZÚqáP°,°�¬�½âÀU´vã
r�� �.yVä ¶T¸U­tÅC¹�¬v­,®�¬ åH¬C­�° ævÀU° ¸
¬

(āni
)
µ]¶CÀ�¯f».¶0¶

∀i, j ∈ N2, i ≤ j : āni
≤ ānj

,
Â#­,¹z»U®�¯
¬v´A¬v®çÝ<Àf´�¹�¬v®7µ%¯U­t¬Våj¬v­*° æCÀP°è¸
¬G­�¶v¹(¬v­,®V¶v­,²v³�é�¶·¹�´A¬v®
¸�Â�ÀU®jÀf¹ÁÀU®
ê]½¿¬C´�È
°±áU®�¸
¬v´·®j¯
¬�¶wÝ#ÀU´·¹ S R ?CB
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�� ����� ���

(āni
) � �����! "�#�

∀i, j ∈ N2, i 6= j : ānk
6≤ ānl

∧ ānl
6≤ ānk

,

$ 
��% ����&��'(���*)+�!'��,����-���
��.�/��
�� ����� �&���&���0

�(�1
��2�435'7678491��
������: ����&��'7����;
<>=@?1=�ACB&DFE.GIHKJ�L�MNL�OQPNRTS�U�OQR�V/W�XYPNR�W#W:Z/R�[I[ þ�ÿK\"� ONG�]#M&^:S�U�H([�GIL�J�^�_Y`aR�ONObM/R�cdL�O
e GIHfP@GILhgji@G�W(^(L�ONkhL�GIONL�H ÿ L�GI[ml
U�[IJ�L�S�U�nok e L�GI^(L�O ÿqpsr k�V.k�L�GIJ�L�Ot_u`>GILTWvLxw/O/P@L�O
e GIHKH(L�ysVNHvW(GISd_tEzGIHKW(^(L�[I[IL�O{l
LTW(^�XYPNR�WvWKG�O|VNO/W(L�H(L�H:ZNU�[IJ�LK}7LTP@L~GIO/P@VNys^(GIShJ�L�U�HvP@ONL��
^(L ÿ L�GI[In�L�ONJ�L�P@L�H

vn
L�GIONLxU�cdL�H(L��s]#MNHvR�ONy�LhM/R�^�_���GI^�P@L�no�tL�n�n�R�S�U�O���U�H(O

eu� MN[IL�O e G�HfL�GIO.n�R"i@GIn�R�[ILTW�gq[IL�n�L�O&^
ān1

XuR�[CW(UbL�GIOzE|U�H(^�X�PNR�W�P@VNHv]#M*R�O/P@L�H(L
ZNU�[�J�L�ONJ�[IGILTP@L�H1ONG�]vM�^�n�L�MNH1l
U�H(^(J�LTW(L�^(k�^ e L�HvP@L�O�y�R�ONOt_��FR�cdL�O e GIHxcdL�H(L�GI^vWxP@GIL
Ez��H(^(L�H

ān1 , ..., ānm

J�L�l
VNO/P@L�OtX@W(U�cdL�^(HvR�]vM&^(L�O e GIH�P@GIL ÿ L�G�[ml�U�[�J�L�P@L�H��FH(GIJ�GIO/R�[Il�U�[m�
J�L�X�R�V/WKP@L�H�R�[I[�L þ L�O/P@[IGC]vM�S�G�L�[IL�O � Ez��H(^(L�HKJ�LTW(^(H(G�]#MNL�O e VNHvP@L�OtXYP@GIL~��H � wNi@L~S�U�O
ān1 , ..., ānm

e R�H(L�OtXjL�GIO/Wv]#MN[IGILTWvW([�G�]vM|P@L�H ān1 , ..., ānm

W(L�[Ic/Wv^�_Y�,O�P@GILTW(L�H ÿ L�GI[ml
U�[IJ�L
w/O/P@L�O e G�H e G�LTP@L�H(VNn�L�GIOxn�R"i@GIn�R�[ILTW�g�[IL�n�L�O�^

ānm+1

_��	��L�O/W(G�]vM�^([IG�]#MxG�W(^
ānm+1ONG�]#M&^%PNR�W%��H � wNi�L�G�ONLTW�P@L�HqE.��H(^(L�H

ān1 , ..., ānm

_!`aRKP@GILTWvL5n�R"isG�n�R�[IL�Z/U�[IJ�L�ONJ�[IGIL��
P@L�H e R�H(L�OtX/y���ONONL�OhP@G�LTW(LaL�c�L�O@l�R�[I[�WuONG�]#M&^	��H � wNixS�U�O ānm+1

W(L�GIOt_
�

���&�C�T�&���
  ¡��&¢+���C£�¤4�&£|¥t¦@�T§!��£�¨�E.G�HKc�L�^(HvR�]#M&^(L�ObO�VNObL�GIONL�©�R�W(GCW
(fān)n∈NP@LTW	��L�GI[�L�ONHvR�VNn�W%S�U�O

P
X/W�_ªP�_

f2

g�[IL�n�L�O&^5P@GILTW(L�H�©�R�W(G�WuG�W(^�_sE.G�H�cdL�^(HvR�]vM�^(L�O�P@GIL
ZNU�[�J�LFP@L�H%k�VNJ�H(VNO/P@L�[�GIL�J�L�O/P@L�OtX r R�R�H e L�G�W(L>S�L�HvWv]vMNG�LTP@L�ONL�OfEz��H(^(L�H

ān
VNO/P�VNO�^(L�H7�

Wv]#MNL�G�P@L�O�J�L�n ��« ��L�n�n�R~¬s_®­�­¯k e L�G4Z � [I[IL�°

±(²�³/´ °Y��L�G
(c̄i := āni

)
P@GILTWvL ÿ L�G�[ml�U�[�J�L þ R�[�W(U

c̄i ≤ c̄j
l�µNH

i ≤ j
� _tgqWKW(L�G

c̄0 := 2J�L eu� MN[I^�_¶�hGI^��tL�n�nfR � _¸·&¬1w/O/P@L�O e GIH�L�GIONL�Z/U�[IJ�L�S�U�ObEz��H(^(L�H(O
b̄j, j ∈ N

XYWvU
PNR�WvW	P@GILK�hR�^(H(GIk�L�O

Cn := (fc̄i(b̄k))i,j=0,...,n =






τb̄0g(2) · · · τb̄ng(2)___ _ _ _ ___
τb̄0g(c̄n) · · · τb̄ng(c̄n)




 ∈ R(n+1)×(n+1)

H(L�J�VN[ � HjW(GIO/P:l
µNH4R�[I[�L n _¹Z4µNH�R�[I[IL i ∈ N
P@L�w/ONGIL�H(L�O e GIHj� p [IGIO/P@L�H(n�L�ONJ�L�O Ai P@VNHv]#MP@GILKº�U�HvW#]vMNH(Gml
^

Ai := Z({c̄i}) \ Z({c̄i+1}).`aR�ONO�J�GI[�^�O/R�^(µNH([IGC]vM�R�V/]#MtX�PNR�WvW�P@GIL��{R�^(H(GIk�L�O

Bn :=








τb̄0g(A0) · · · τb̄n+1
g(A0)___ _ _ _ ___

τb̄0g(An) · · · τb̄n+1
g(An)

τb̄0g(c̄n+1) · · · τb̄n+1
g(c̄n+1)








∈ R(n+2)×(n+2)

H(L�J�VN[ � H�WvGIO/P�_NE|L�GI^(L�H�W(GIO/P1P@GIL Ai
r R�R�H e L�G�WvL�P@G�W�}(VNONy�^�VNO/PxLTW5J�G�[I^

(
n⋃

i=0

Ai) ∪ Z({c̄n+1}) = ΩΣ

þ cdLTR�]vM�^(L
c̄0 = 2

� _NEzGIH�W(L�^(k�L�OxO�VNO
en := (0, ..., 0, 1, 0)T ∈ Rn+2 X

(αn0, αn1, ..., αn,n+1) := (B−1
n en)

T

VNO/P e L�GI^(L�H
gn := αn0τb̄0g + ...+ αn,n+1τb̄n+1

g.



»(¼ ½2¾s¿dÀsÁ�Â�Ã&Ä�¿dÂ�Á�Å{Æ�ÅdÇ�Ç�ÈIÉ�Á�ÅtÊ�È�¿dÅ
ËaÌ�ÍNÍ�Î�ÏIÐ�Ñ

∀i = 0, ..., n − 1 : gn(Ak) = 0

gn(An) = 1

gn(ΩΣ \ (
⋃n
k=0Ak)) = gn(c̄n+1) = 0.

ÒFÏIÓ�ÔvÌ�Õ/Ö:×�Ø�ÐIÎ�Ó�Ô(Ñ�Ù�Ì�Í�Ó�ÏIÍ@×�Ì�ÚvÛQÜ@ÏIÓfÐ�ÏIÍNÓTÌ�Ô(ÓfÝFÍ/Ì�ÞNÛ/ß�ÍNÎ�ÏIÎ�à�Ó�ÏIÑ~Ü@Ó�Ô
gn

ÖvØâá5ÏIÓ�ÍNØsÚ#Û
Ó�ÏIÍ@×�Ì�ÚvÛNÓ�ÔFã�ÏIÎ�Ó�Í/ÖvÚ#Û/Ì"×�Ñ�äæåCå
ç2è"é

ê(ë�ìdíTîNï ÏIÔ%à�Ø�Í/Ö(Ñ(Ô(ÕNÏ�Ó�Ô(Ó�Í�Í�ÕNÍxÓ�ÏIÍ1ÚvÛ/Ì�ÔvÌ�àsÑ(Ó�Ô(Ï�Ö(Ñ(Ï�ÖvÚ#ÛNÓTÖ	ð�ñsÖvÑ(Ó�ÙòÍ/Ì�Ú#Û�Ü@Ó�Ô	ó>Ô(ÕNÍ/Ü@Ïmô
Ü@Ó�Ó:Ü@ÓTÖ�Í/Ì�ÚvÛ@×
Ø�ÐIÎ�Ó�Í/Ü@Ó�Í�õtÓ�Ù�ÙfÌ�Ö�é

ö�÷�ø>øFùzúsé®û�üNýaþ�ÿ�å
g ∈ lSM

ÿ�å��bÿ������0å��
	Nÿ���
��2å����/å�ÿ��
�,ÿ�����ç����"ÿ��������! "�#�$��ÿ�å�ÿ�å��dÿ%�ç&����å���å��&�'�(�&�
ΩΣ

ΩΣ =
⋃̇

i≥0
Ai,

) å��*�!ç�+� 1ç,�-���(+�å�å
ÿ����,ÿ��/./ÿ
�������(ÿ��
hi ∈ lΣ∞, i ≥ 0

 0����ÿ�å���ÿ )2143 �5�7ç��¹ÿ��,����� h2


*��å�ÿ�� 0�6�
	'��å�ÿ7.8���-����	"��å 9��
hi(b̄) := τb̄g(Ai)

 "���
h2(b̄) := τb̄g(2)

9Tÿ��
�:��ÿ
�mÿ����;�2å����,
<�&ÿ5��ÿ>=vÿ���?A@-�
�;�!ç��B�C��å�ÿ���ÿ��D�&ÿ!��å�ÿ��Tÿ��7./ÿ������&�7ÿ��
{h2, hi | i ≥ 0},

�0å��dÿ(ç��E 0��çD=�	�F��D��å��,
G���C��åH=��¯ÿ��{ÿ�å���ÿI�bÿ��D�&ÿ'�(���J./ÿ��,�����7ÿ��
gi, i ≥ 0


K���L�&ç,�-�M ÿ�N%ÿ�å��O�
gi(Ai) = 1

 0���
gi({Ai) = 0.

��å��Fç&���&ÿ��(ÿ��2PQ�&���,ÿ��R��å5=��Kÿ���ÿ�å��L��	sç��7ç,���,ÿ��2å:����å:���
	@ÿ��fþ#S��
�,ÿ ) (gi)

T���U�!ç,���V��å
ÿ

Ai
��å�ÿG�&ç(+� XW@ç,�-�Tÿ����&ÿ��R�
	@ç�� çY���,ÿ��2å:����å:���
	@ÿ�� 1 �(ÿ�å����/åZ�-�Tÿ!=�åZ�[�&ÿ���?

\>÷�]1÷�^�_&ý ï ÏIÔuà�Ø�Í/Ö(Ñ(Ô(ÕNÏIÓ�Ô(Ó�ÍxÜ@ÏIÓa`�Õ1Ü@Ó�Í
Ai

Î�Ó�Û8b�Ô(Ó�Í/Ü@Ó�Í7c�Ó�à�Ñ(Ø�Ô(Ó�Í1Ô(Ó�àsÕNÔvÖ(Ï:ddé�ËaÌ
Ü@ÏIÓ!e�Ó�ÍNÎ�Ó

{h2 − h0, h0}
Ó�ÏIÍNÓ�ÐIÏIÍNÓTÌ�Ô	ÕNÍ/Ì�ÞNÛ/ß�ÍNÎ�Ï�Î�ÏCÖ(Ñ�f8g/Í/Ü@Ó�Í�á5ÏIÔ>Ù�ÏIÑ	õtÓ�Ù�Ù�Ìh éji&ú ï b�Ô(Ñ(Ó�Ô

b̄0
f
b̄1
f/Ö(Ø�ÜNÌ�ÖvÖ�Ü@ÏIÓKe{Ì�Ñ(Ô(Ï[k

B0 :=

(
h0(b̄0) h0(b̄1)

(h2 − h0)(b̄0) (h2 − h0)(b̄1)

)

=

(
τb̄0g(A0) τb̄1g(A0)
τb̄0g({A0) τb̄1g({A0)

)

∈ R2×2

Ô(Ó�Î�ÕNÐ�ß�Ô5ÏCÖ(Ñ�é ï ÏIÔ�ÖvÓ�Ñ�`�Ó�Í
e0 := (1, 0)T

ÕNÍ/Ü

(α00, α01) := (B−1
0 e1)

T

ÕNÍ/Üxá�Ó�ÏIÑ(Ó�Ô

g0 := α00gb̄0 + α01gb̄1
ÕNÍ/Ü|Ö(Ñ(Ó�Ð�ÐIÓ�Í�×
ÓTÖ(Ñ�f�ÜNÌ�ÖvÖ

g0(A0) = 1
ÕNÍ/Ü

g0({A0) = 0
é ï ÏIÓTÜ@Ó�Ô(ÕNÙ Ù�ÏIÑaõtÓ�Ù�ÙfÌ

h éji&úlg/Í/Ü@Ó�Íhá5Ï�ÔFÜNÌ�ÍNÍh×�mNÔ
n ≥ 1

fdÜNÌfÜ@ÏIÓQehÓ�ÍNÎ�Ó�Í
{h0, ..., hn, h̃n := h2 − h0 −



n
o n
o"p8qsr�t0u'vwu#xzy�{wqw|�qw}�~Bt"|#�Zr�~B�Zr�y�{#tEr-��r-~�t0��t ��n
...−hn} �:�:�8�>�Y�4�8�B�Y�8�B�Y�8���Z�!���Z�B�s�D����������� b̄0, b̄1, ..., b̄n+1 �����!�8���������:���U�Y�����:�����

Bn :=








h0(b̄0) · · · h0(b̄n+1)��� � � � ���
hn(b̄0) · · · hn(b̄n+1)

(h̃n)(b̄0) · · · (h̃n)(b̄n+1)








=








τb̄0g(A0) · · · τb̄n+1
g(A0)��� � � � ���

τb̄0g(An) · · · τb̄n+1
g(An)

τb̄0g(ΩΣ \ ∪ni=0Ai) · · · τb̄n+1
g(ΩΣ \ ∪ni=0Ai)








∈ R(n+2)×(n+2)

�������8�Z�Y�T���:�B� � ���Z�������������E�D�8� en := (0, ..., 0, 1, 0) ∈ Rn+2 �8�B�
(αn0, αn1, ..., αn,n+1) := (B−1

n en)
T

�8�B�I�����:�����
gn := αn0τb̄0g + ...+ αn,n+1τb̄n+1

g

�8�B�E�����8���E���Y�������
∀i = 0, ..., n− 1 : gn(Ak) = 0

gn(An) = 1

gn(Ω \ (
⋃n
i=0Ak)) = 0  �:�����Y�B�¡�����:��������¢V�Y�7���Z���H��£-�'���:�Q�:�:�8�>�Y���Q¤��B�Y�8�B�Y�8���:��¥����:�a����� gn �����¦�:�G�����:§0�Z�,¨�:���������Z���ª©«�:�����B�-£��B�,�H�7¬®­�­�¯�°Q�����K±a��²B�8�:���:���C���:�8�>�´³"�B�����[¨®£��B�Y���Y¥0�������Z��������£��8���¶µ"·��6¨����¢V� � �

�R���:�����;�:¢¹¸!ºD»Qº"¼�½X¾w¿#À�Á�Â�Ã>ÄÆÅ�ÇZÈ8É ��Ê �$Ë��D�w��������£��D�����:�>���>�;Ì���¢l¢V�����Z�����>���"�8��8�B������Í#�Z�����8���:�K�������T�����H�������������G�7���8���G§����EÎ«��¥"���������7�#�������:�����B�������:�:��� �
���:���w�������Z£-�8�8���l���:�����"����Ï8���>£��8���B�VÐB�Y�:�8ÑQÒX�Y�B�«Ì���¢V¢V�aÓ �OÔ�Ô �����B�Y�:�����8�¦Õ<���:�[¨�H���:����¢l�:� (c̄i := āni

) Ö5�Y�Z��� ∀i, j : c̄i 6≤ c̄j , c̄j 6≤ c̄i × �8�4���w�����¦�:�¦���:�>���´�Y�B�����>£-�8�8�[¨��£-�8���$Øa��Ù8�B�����ª¢l�:�A����¢ Ê �B����Ú 1 �����Y�������X�Z��������� � ���:���w��¢l����¥����X�4���Z�������&�8�����*�:����:�>����¢ÛÐB�Y�:�*�8���T�R����� 2 �8�Z£-�D�a�:�7���:�>�����¡Õ����:�:�����:���K�Y���H�����������7¥Y�Y�8� � ���:�¡������������"�8�I��Ù8� j ≥ 1

Cj := Z({c̄j})

�8�B�
C0 := ΩΣ \

⋃

j≥1

Cj = ΩΣ \
⋃

j≥1

Z({c̄j})

�Y�Z�¡�8���¡ÜT��¢VÏ8�:��¢l���D���Y�:�:���T���ª�����;�Y�8�:�����'�'���8����� � ���:�T�����������'�4���:����� fi := fc̄i�HÙ8� i ≥ 1 �8�B�E����²B�8�:������� f0 ���8��£��U���:��Î«������£��8���[�H�
f0(b̄) := τb̄g(C0)

�HÙ8� b̄ ∈ Σ∗ � �'�Y�E¥Y�Y�8� f0 �Y�B£��C�Y�Z�¡�����'Ï8�8�8¥"�Ý�4���Z�����CÌ��:¢V�>�T������Ð8���Z�����8���:�:�>�����
f̃k := f2 −

∑k
i=1 fi �Y��Þ���������� � ©ß�¦�Z�����8�Z£-�D�T¥0�Z�Y������� f0 ∈ span{fā | ā ∈ Σ∗} �

¤�¢à���Z�´µ"�:���B�Y���Z���á�Y�B�¦Ì���¢V¢V�!Ó �OÔ�â �8�������B�������Z�:�����"�B�Y�w���Æ�¦�:���D�8�Æ���¦�Z��£-�8���§�������£-�8�:�>�����8���7ÐA�Y�:�:���Æ���E�8�"��������£��8��������� �



ã6ä å
æ0çwè0é"ê#ëDì#çwê#é"íUî#íwïCïsð:ñ�é"í�ò�ðZçwí
ó&ô�õ<öY÷�÷ùø

{f2, f0, fi | i ≥ 1} ú�û�ü¦ý�ú:þ8ý´ÿ:ú:þ8ý������8þ�� �	��
 þ	��ú���ý�
'ý�þ	��ý����®þ���ú:ý>û�ý������Yÿ:ÿý�� � �Yÿ:ü�ý�þ��¦ú�����ú:ý���ý����8þBû�� � ü�ý! "ú:ü"���Yü�ú�#�þ%$8ú:þ���ý��&�¦ú'�
∀i ≥ 0 : Ai := Ci �8þ�� hi := fi

�8þ�� h2 := f2 û�ý�ü"(�ý�þ%�
)"ô*õ�öY÷�÷ ø

f0 = αf2 * �	��ý�ú:þ α ∈ R $+�YÿZû�# f2 �8þ�� f0 ÿ:ú:þ8ý����,� �	��
 þ	��ú'��ý!-«ý�.0ü"#���ý�þ%�/ ú'� � ý��lý��".�ý�þ%$0�	��û�û {f2, fi | i ≥ 1} þ���� � -1#������Bû-û�ý�ü"(��8þ	�Gý�ú:þ8ý¡ÿ:ú:þ8ý����1�8þ�� �	��
 þ32
��ú'��ý4
'ý�þ	��ý65�#�þ7-«ý�."ü"#���ý�þQúZû�ü���89� � ý��<úZû�ü:����� � {f2, f0+f1 = αf2+f1, fi | i ≥ 2}ý�ú:þ8ý´ÿZú:þ8ý����;�8þ�� �	��
 þ	��ú'��ý7
'ý�þ	��ý<5�#�þ=-«ý�.0ü"#���ý�þ%� / ú���û�ý�ü"(�ý�þEþ0�8þ

A0 := C0 ∪ C1 �8þ�� ∀i ≥ 1 : Ai := Ci+1

�8þ��>��ý��lý�þ"ü�û"?	��ý�� � ý�þ�� h2 := f2, h0 := f0 + f1, hi := fi+1, i ≥ 1 �8þ��Cû�ü�ý�ÿZÿ:ý�þ
* ý>û�ü�$���ú:ý * �	�1@�ý��A�A��BC�ED�FG��ý����8þBû�� � ü�ýH
'ý�þ	��ýI5�#�þJ-«ý�.0ü"#���ý�þlý�� � �Yÿ:ü�ý�þ!(�� � � � ý�þ%�
KDô�õ<öY÷�÷ùø

f0 ∈ span{f2, fi | i ≥ 1} $L� � ý�� f2 �8þ�� f0 û�ú:þ��Æþ8ú�� � üTÿZú:þ8ý������ �	��
 þ	��ú'�	�/ ú'�¦û"��� � ý�þ��	�Yþ8þEý�ú:þ8ý´ý�þ���ÿ:ú�� � ý<M�ý�ú:ÿ��lý�þ	��ý J ⊂ N �8þ��Eû�� � ��ý�ú � ý�þ
f0 = α2f2 +

∑

i∈J

αifi,

�N# � ý�ú,��úZý αi 6= 0 þ���� � -1#������Bû�û�ý�ü"(��8þ	�O��úZý>û�ý>ûP���Yÿ:ÿ�û��18G�Yþ8þQ� 
�� ÿ:ý�þR�¦ú��ªý�ú:þ8ýS ú T�ý�."ü�ú�#�þ φ : N → N \ J �8þ��Eû�ý�ü"(�ý�þ
A0 := C0 ∪

⋃

i∈J

Ci �8þ�� * �	� i ∈ N \ J : Ai := Cφ(i)

�8þ����4ý�ú:ü�ý�� h2 := f2, h0 := f0 +
∑

i∈J fi �8þ�� hi := fφ(i) * �	� i ≥ 1 �L8aú:ý!U�þ32þ�� � �lý h0 ∈ span{h2, hi | i ≥ 1} * � � ��ü�ý7��� * ý�ú:þ8ýWVaÿ:ý�úX� � �8þ	� 0 6=
∑

i∈J αifi =
β2 +

∑

i≥1 βifi $��6# � ý�úAþ0�	�aý�þ���ÿ:ú�� � 50ú:ý�ÿ:ý7��ý�� βi 5�#�þ>Y,�8ÿ:ÿZ5�ý���û�� � úZý���ý�þ�� 
 ��ý�þ%�8aú:ý>û�ý�V�ÿ:ý�ú�� � �8þ	� � ú:ý�[�ý��¦ú:ý���ý��"�	�\� � ý���$��	��û�ûH��ú:ý7
'ý�þ	��ý {f2, fi | i ≥ 1} ÿ:úZþ8ý����
� �	��
 þ	��ú'��� 
 ��ý�$"ý�ú:þ / ú���ý���û"?	�"��� �%] / ú�� � � � ý�þ$ú:þA��ý�þ hi û"#��lú:ü«ý�ú:þ8ý * �	�6@�ý��P�A�BC�ED�F!?���û-û�ý�þ���ý<
7ý�þ	��ý75�#�þ=-«ý�."ü"#���ý�þ^��ý * �8þ���ý�þ%� �

/ ú:ý û�� � #�þ_# � ý�þ ý��"� 
�� þDü�$���ý�� S ý���ý�úZûEúZû�üEÿ��Yþ	�R�8þ��_��� � û�ý�ÿZú'�	$,�	��û^`4�"��ý � 2þ8úZû�û�� � ý�ú:þDü9�8þ � ý * ��ú:ý���ú'��ý�þ��a�%`«ú:þ8ýJ`cb�úZû�ü�ý�þ	(!ý�� � ü�ý��7� � ������.0ü�ý���úZû�ü�ú�û�� � ý��7 ed�û�ü�ý��lýû�� � ý�ú:þDü�þe�	���8þDü�ý��´þ	#3� � ���"f�[�ý���ý�þhgH���Yÿ:ý�þCý�� � �Yÿ:ü�ý�þ>�4ý�����ý�þi(��>.�f�þ8þ8ý�þ%�:89� � ý��
5�ý���ÿ���û-û�ý�þj�¦ú'�P��ú:ý>û�ý�þ/ûk� � ��ý��l(�ý�� * �	��� � ü�ý�þ%$�ü"�"#�ü"(m�Yÿ:ÿ:ý�� û"? 
 ��ÿ:úX� � ý���ü"��������ý�ú�� � ý�þ
U��k.�ý��,�8þ��n�4ý�þ���ý�þ��8þBû¦ý�� * ��ý��8ÿ:ú�� � ý���ý�þ�8�úZþ	��ý�þ�(��%�
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P \ P U ���?� � � � � ��� ��e��STf� ��g ÿ����
	��
�|ÿ�� � ÿ�	�� �^��� ��� � ÿVÿ � P

h;ikj�l�mYn�okiqp�r7sts0jusfn�mYsfl�v
s�r7pfmQw�xCyun
wzh;v�wkikn�p|{?wk}LmYs;ikn�okn
wCwkmYn�okiqp~r7sfwCmQxCybpfn�mQwCi �[�uo
l�mYnLmQs�l�ju��mYn�okikn�s|��r7�?n

m ◦ T−k, k ∈ Njus�l�l�n�okn�s���n
wkn�ik��p~�7�?mY�?�?n�mQikn�s ú�� n�ikoCr?xCy;ikn�s���mYo���r7�?n
m
{Owk}��uoCr7�;ikmQw�xCy(r7j�wk�

wCx�yu�YmYn��?�Ym$xCy�{7mYs�l�n�p���mYo�l�n�okn�s~��r7�?�?n��
ik}?okn�s
g � n�ikoCr?xCy;ikn�s ú
� �uo�l�mYn�mYstmQsb�Lr7�umQikn��û n�iCr � �YmQn�okikn�������� � n���mYn�y;jusu�a����mQw�xCyun�s���r7�?n�s�r7j�� (ΩΣ,BΣ)

jus�l���r7�?�?n��
ik}?okn�s
g ∈ lΣ

�A�7�Y�YiXlur7susar7j��¡ AwkmYn�yunLlur7��ja¢qok}?�9}�wkmYikmQ}?sa£ ú � ø�¤ {Mlur?wCw
g ↔ m ⇐⇒ µkg ↔ m ◦ T−k

Ω ,pfmQiar7s�l�n�okn�s�¥¦}?okikn�s§mQwkia¨qok�?}�l�n�s0ikyun�}?okmQn©mYs�jus�wkn�okn�pª��}
l�n��Q�«lur7sus§�?n�oCr?l�n
lur?w�h;ikj�l�mQjup¬l�n�o~­`j�wk��mYok�
jusu�?n�s®l�n
wf¨q�?}?�YjuikmQ}?s�wk}?�!n�oCr7ik}?oCw�r7j��K��r7�?�?n��
ik}?okn�s
g ∈ lSM

ú

¯:°Q±²° 8²1
��1
"��!� �u/2"$1
³�1´ s(l�mYn
wkn�pµ­ � w�xCyusumYiki�l�n�¶�sumYn�okn�s���mYo�l�n�s � n��?okmY·¸n�mYsun
w�wCiCr7ikmY}?s��7okn�s®¹qn��;�
ik}?oCwzjus�lf��n�mY�?n�s�l�n�s�º!j�wCr7pfp~n�suy�r7su�KpfmYi�l�n�p»n�s0iCwk�uokn
x�yun�s�l�n�s � n��?okmY·¼r7j�w�l�n�o¥¦n��YiOl�n�o�l�v
s�r7pfmQwCx�yun�s�h;v�wkikn�pfn�r7j�� ú h;iCr7ikmY}?s��7okn`¹qn��
ik}?okn�s�wkmYs�l � m¾½��ujusu�;ikn�l�n
w¨q�?}?�QjuikmY}?s�wk}?�9n�oCr7ik}?oCw�{-pfmQiKr7s�l�n�okn�s�¥¦}?okikn�s�{¿¹qn��
ik}?okn�s�{¿l�mYn�wkmQxCyÀ��n�mYik�YmQx�y�sumQxCy;i
�?n�oC�7s�l�n�oks3�z}?�Q�Yn�s ú ¥�mYo¡�?n � n�s�l�mQn«Á�n�¶�sumYikmY}?s�r7sajus�l���n�mY�?n�s3º!j�wCr7p~pfn�suy��7su�?npfmQiXr7s�l�n�okn�s � n��?okmY·9n�s¼jus�wkn�okn
w`�a}�l�n��Y�QwOr7j�� ú

¯:°Q±�°�Â!°~Ã "�� ÄÆÅ¿&-/7*¿�-Ç¼*¿�-)�ÈÉ��1
"$Êu��1
"$�9� ° ¥(mQo+wCiCr7okikn�sf�?n�oCr?l�n��zn���w�pfmYi+l�n�oÁ�n�¶�sumYikmY}?s|l�mQn
wkn
w�­ � w�xCyusumYikiCw ú
ê�ë�ì/ídîBí�ï6ípðBî�ø/ú £ ý D��$�L�9�����!���¦�����!���ÌË��Í@ ��� � g ∈ l∞ #�1
��1
"��!� ³u/ � g �?>$> ÿ

µg = g,
  ø/ú � ¤

G � �+� � � ���k���(D � � � ��� � g �?>$> ÿ ��������Î � ��� � � � BC� �
Ï < > � 	�� � � ÿXÐ Î �7> � � � � � ÿ���W ��� �?��� � ÿ � ÿ���P
º!juoÑ­]j��[�;�$�7okjusu��l�n�o � n��?okm¾·�w � mY�$l�jusu� � n�ikoCr?x�y0ikn�sÒ��mYoV�?�Qn�mQxCy�mQpÓ­]s�w�xCyu�Yj�wCwVn�m¾�
sun��zn�mYikn�okn�Á�n�¶�sumYikmY}?s�{ l�mQn~l�mYn
wkp~r7��l�n�oV¥¦n��YiÑl�n�oÑl�v
s�r7pfmQwCx�yun�s�h;v�wkikn�pfn~n�s;iÔ�
wkiCr7p~p«i ú
ê�ë�ì/ídîBí�ï6ípðBî^ø/úÙø�ý+Ð ��� �?d � � G � ÿ�	�� � ÿ U d ÿ�� � G (Ω,B,m, T ) Õq��� � #�1
��1
"$�9�-³u/fÖÔ×z.?Ø
,0Å ÇMÙ�"�%'& T Ú^<;��� � ��� ��� g �?>$> ÿ

∀B ∈ B : m(T−1B) = m(B).
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é�ê�ë!ì�ë�í�î�ï
ð�ñ�ò'í�îAêQí�ð�ñuì�ë�ó¡ôõï�ö2ìÍí�í¦÷bê$î¦øbì�ô�îùì�ë�ê�ëúì�ê�ë!ì�÷ûì�ë!ü�ýSê[ð�ñ�ì�ë(þ`ý ÿMñ
ò��Cì�î

Σ�Cì�ö�ì�ê[ð�ñ;ë!ì�î�÷tò?ëaò?ý í���������	�

����������ò7ý�ý íLü�ò'íLü��;ôÔð�ñ|êQñ;ë|ê�ëMü��?ö�êAì�ôÍîùì����7ò?ëMï?ë�êQí�ð�ñ��0ì��
�0ì��Cì�ë!ìtü� 'ë!ò?÷bêYí�ð�ñ�ì"!
 2í�îùì�÷

(ΩΣ,BΣ,m, TΩ)
í�î�ò?îAê[ï?ë�#�ôLêYí�î%$

&('*)"+-,�)/.�,�01.�,�0324,�5�)6'879.�,�);:=</>?<6'*@�0A>?)6'*</B?<C>?DAEGF3>?D�HJIK>?L�,M>?0=+-,�0A.�,�0ONP+-@�QR,�'
.�>?0�0TS=UV>?)XW6,�'*0ZYCDAW/W�N�D�Y[+-,�U\EGF�,�W4.�]^0A>?Y_'\WGE/F�,`:=]�W6<6,�Ya,�WXW6'VE/FM.�>?QR,�'R,�'*5�,�0�<6U*'VE/F
FA>?0A.�,�U*<�b^&('*)/.;0�'\EGF�</Wc>?0A.�,�)6,�W45�,�W/>?5�<�N^W/@dFA>?0A.�,�U*<X,�WXW6'VE/FZQR,�'RD�0AW-D�Ye.�'*,fS?>?0�@?g
0�'\WGE/FZ.�D�)/EGFM.�,�0h:^EGF�'*,�QR,�@�i
,�)/>?<6@�)X'*0A.�D�j�'*,�)6<6,�0Z.�]^0A>?Y_'\W/EGF�,�0T:=]�W6<6,�Y_,�N�5�,�5�,�QR,�0
,�'*0kIK>?L_>?D�Hl.�,�YmIn,�WGW6)/>?D�Y

(ΩΣ,BΣ)
b

opYq.�'*,M:=</>?<6'*@�0A>?)6'\</B?<d,�'*0�,�Wr.�]^0A>?Y_'\WGE/F�,�0s:=]�W6<6,�YZW_tu@�.�,�)d,�QR,�0v,�'*0�,�WCW6<6@?g
EGFA>�W6<6'\W/EGF�,�0Kwl)6@�j�,�WGW6,�W�N
W/'*,�F�,d24,�Ykbyx{z|,�H}b
~�b��=�4j�D�Q
,�W/</B?<6'*5�,�0ON�)6,�'\EGF�<|,�W�N
.�'\,d.�,�g
� 0�'*,�)6,�0A.�,C�l'*5�,�0AW/EGFA>{H�<J>?D�H�.�,�0n��U*,�Y_,�0�<6,�0�,�'\0�,�Wf�l)6j�,�D�5�,�0A.�,�0AW6]�W6<6,�YZWp.�,�)f'*0�g
� @�U � '*,�)6<6,�0 σ g��JU\5�,�Q�)/>�H�,�W/<6j�DAW6<6,�U*U*,�0Ob

�l�
�|�p��~�b����^é�ê�ëÒü� 7ëMò?÷bêYí�ð�ñ�ìÍí�!
 2í�îùì�÷
(Ω,B = σ(F),m, T )

êQí�îX�;ì�ëMò���ü�ò?ë�ë
í�î�ò?îAê�ï�ë�#?ôG����ò7ý�ý í

∀F ∈ F : m(T−1F ) = m(F ),ò7ý í�ï-��ò7ý$ý í]ìÍí]ê$ë���ò?ô�ê�ò?ëMî��CìCö��{�7ýcê[ð�ñ
T
ò����]ü0ì�ëbé�ôkì�ê��?ë�êQí�í�ì�ë�ü;ìÍí`ì�ôÔö2ì��?�0ì�ëMü0ì�ëZ�]ê�ë��'í

êQí�î%$
�|���h���V���|��@�U*5�<JYZ'*<f�J'\U8H�,r.�,�Wp�Ji�i�)6@��^'\YZ>?<6'*@�0AW/W/>?<6j�,�WfH���)|I�>?L�,��^b*���^N
.�,�)|>?DAW g
Hu��F�)6U*'\EGF�,`24,�+X,�'\Wf.�>?j�D � 0A.�,�<JW6'VE/F�'*0¢¡¤£T�{�A¥O¦�§%NAW6'*,�F�,C:
b*��¨��^NA©O,�Y_YM>Zª=b«~�b*�?b

�

¬­Y®�A>?U*U*,�.�D�)/E/F¯IK>?L � ,�S=<6@�)6,�0 g '*0A.�D�j�'\,�)6<6,�)`IK>?L�, mg
>?D�H

(ΩΣ,BΣ)
QR,�.�,�D�<6,�<

.�>�W�NO.�>�W/W`+°'\)":=</>?<6'*@�0A>?)6'\</B?<`>?D�Hc.�,�0¯±
]=U*'\0A.�,�)6Y_,�0�5�,�0K>?U\U*,�'*0n0A>�EGF�+X,�'\W6,�0vY��AW g
W6,�0Ob=z|>�W-F�'*U8Hu<PD�0AW�N�.�,�0_Hu@�U*5�,�0A.�,�0T:^>?<6jp0A>�E/F=+-,�'\W6,�0Tj�D_S�²�0�0�,�0ON�.�,�)�5�U*,�'\EGF�j�,�'*<6'*5
.�'*,rI�@�<6' � >?<6'*@�0�.�,�)f³p>?YZ,�0AW65�,�Q�D�0�5_'\W6<�b

´ ��µO¶�~�b�¨��c·-�
ôLì�ê$ë9ì�ëaü��
ôõð�ñ¼ì�ê�ë!ì�ë�í�î�ï
ð�ñ
ò'í�îAêYí�ð�ñ�ì�ë(¸�ì��2î�ï?ô
g
�0ì¹�;ì��Cì�ë!ì�ë�í�î�ï
ð�ñ�ò'í��

îAêQí�ð�ñuì�ë¼ó�ôõï2ö�ìÍíÍí
(Xt)t∈N

�?ê$ýSî%º
(Xt)t∈N

í�î�ò?îAê[ï?ë�#?ô
⇔ g

í�î�ò?îAê[ï?ë�#?ô
⇔ edim(Xt) = 1.

tu~�b��=�
�|���h���V���|zp'\,rj�+-,�'*<6,�»°¼=D�' � >?U\,�0�jr'\W6<fS^U\>?)p0A>�E/F½zp, � 0�'\<6'*@�0K¾^b*��¨ � @�0 edim bO:=,�'
g
,�'\0hW/</>?<6'*@�0AB?)6,�)�N�W6<6@�E/FA>�W6<6'VW/E/F�,�)f¿l,�S^<6@�)�bAz`>?0�0k5�'*U*<4Hu��)°&À²�)6<6,�)

ā ∈ Σ∗ Á
mg(T

−1
Ω Z({ā})) =

∑

a∈Σ

mg(Z({aā})) =
∑

a∈Σ

g(aā)

= µg(ā) = g(ā) = mg(Z({ā})).

z`>?Y_'*<".�>?0�03@?7R,�0AW6'VE/F�<6U\'\E/Fv>?DAEGF
mg(T

−1
Ω Z(B)) = mg(Z(B))

>?D�H°.�,�01±
]=U*'\0�g
.�,�)6Y_,�0�5�,�0

Z(B)
Y_'*<�Q
,�U\'*,�Q�'*5�,�0�Â`)6D�0A.�Y_,�0�5�,�0 � @�0�&(²�)6<6,�)60

B
b{�p'*,�)/>?DAWÃH�@�U*5�<

.�'*,C:=</>?<6'\@�0A>?)6'*</B?< � @�0 mg
>?DAWp©O,�Y_YZ>�~�b��^b�¬}W6<°D�Y_5�,�S�,�F�)6<

gm
,�'*0k.�D�)/E/F�,�'*0�,�0

W6</>?<6'\@�0AB?)6,�0ON�W6<6@�E/FA>�W6<6'\WGE/F�,�0kwl)6@�j�,�W/W
m
'*0A.�D�j�'*,�)6<6,�)°¿l,�S^<6@�)�N�W6@;5�'*U*<

µgm(ā) =
∑

a∈Σ

gm(aā) =
∑

a∈Σ

m(Z({aā}))

= m(T−1
Ω Z({ā})) = m(Z({ā})) = gm(ā).
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�

Ñ|Ò*ÓrÔ6Õ/Ö?Õ6Ò\×�ØAÙ?Ú6Ó�Ø�ÛlÓ�Ü=Õ6×�Ú6Ó�ØKÖ?Ý\Ô°Þ�Ò8ß^à�á�Ø�Ü^Õ6Órâ�Ó�ÔJã�ä�×�Ý*á�Õ6Ò*×�ØAÔ6×�àRÓ�Ú/Ö?Õ6×�Ú/Ô°å�Ò*Ý\â�Ó�Ø�Ø=á�Ø
Ó�Ò*Ø�Ó�ØkæpØ�Õ6Ó�Ú6ä�Ó�Ü^Õ6×�Ú6Ú/Ö?á�çèä�×�Ø

l∞ é Ñ|Ò*Ó�Ôcêuë�ì�Ú6Õ°á�ØAÔfÖ?á�ê�ê�×�Ý*í�Ó�ØAâ�Ó

î�ïAð�ñVòÃñ\óOñ�ôÃòöõ éy÷�økùhúVû|ü�ý�þ\ÿ�ý��
lµ := {g ∈ lSM | µg = g},

��� ü�����ý��
	
�
�������������������
���������� !��"$#%���&"('��)"$�$*! ,+�-$�)".'/�� !0�"$ ,�)�1���&"324�%5�6��)�87�������&":9<;dúuý�ü"ú\ü�þ=�?>pý���ü�ú!@�A=þ � úB@CA�ý�ú!�ED$�Aþ�ý�ûCF ýHG{þI��û�û �KJ&L F��K� lSM 9
Ñ`Ö�Ô-ê�×�Ý*í�Ó�ØAâ�ÓNM4Ó�Ò\Ô6à�Ò*Ó�Ý�O�Ó�Ò\í�Õ�P^â�Ö�Ô/ÔXÒ*çRQpÝ*Ý*í�Ó�çZÓ�Ò*Ø�Ó�Ø;Ó�Ò*ØMÞ�Ò8ß�à�á�Ø�Ü^Õ

g
ä�×�Ø

µ
Ø�ÒTS/ì=Õ

Ö?áAÔ
lTV

Ô6Ó�Ò\Ø�çCáAÔ/Ô�P&U°Ò\Ó"çZÖ?ØVO�á�ØAÙKS/ìAÔ6ÕJä�Ó�Ú6çCá�Õ6Ó�Ø�ÜKW�Ø�Ø�Õ6Ó é
X|ï�ñ!Y�Z�ñVï�[hõ é]\�ø�^ ý�ú Σ = {a, b} 9rùhú�û_��ý!`.��úuý�û6ý��½û6ýHG J û/ü�ú,F

g : Σ∗ −→ R

ā 7→







0 ā = 2

g(b̄) + 1
2|b̄|+1

ā = b̄a

g(b̄) − 1
2|b̄|+1

ā = b̄b.

; � üGü (µg)(ā) = g(ā) a ú � þ!b�c�� � a þ L úVþ�F1� �,� ü�þIdK����ú a ý�ûfeC��� J G{þ¹ú!�K�hg%i/ý�ûj��úuý;ùk��û�þ � dl� a ý
t := |ā| :
t = 0 m

(µg)(2) = g(a) + g(b) =
1

2
−

1

2
= 0 = g(2).

t→ t+ 1 m ^ ý�ú ā ∈ Σt+1 9<; � ��� ā = b̄x L ú�þ b̄ ∈ Σt 9on4üpc�� � a þ
(µg)(ā) = g(aā) + g(bā) = g(ab̄x) + g(bb̄x)

=

{

g(ab̄) + g(bb̄) + 2 1
2|b̄|+2

IV
= g(b̄) + 1

2|b̄|+1
, x = a

g(ab̄) + g(bb̄) − 2 1
2|b̄|+2

IV
= g(b̄) − 1

2|b̄|+1
, x = b

= g(b̄x) = g(ā).

q õ é]r)s

ù�ý�ú�þ�ý�û a ú � þ
∀t ≥ 1 :

∑

ā∈Σt

|g(ā)| = 2t−1,

t ú¹ý Lh� � t ú¹ýu��ý�û J)LvL úVþ.F1� �!� ü�þIdK�/��ú a ý�ûweC��� J G{þ¹ú!�K�¢ý�ú!��ü�ú¹ýHA=þ m
t = 1 m

∑

ā∈Σ

|g(ā)| = |g(a)| + |g(b)| =
1

2
+

1

2
= 1.

t→ t+1 m ùhú�ûxi/ý L ý�ûyG?ý��;ÿ J ��dl@CA�ü�þ!bo� � üGüj�?>pý���ü�ú!@CA^þ � úB@CA |g(ā)| ≥ 1
2|ā|

J ���_� � A�ý�ûyb
� � üGü g(ā) b g(ā)+ 1

2|ā|
J �/� g(ā)− 1

2|ā|
���!� ýz� � ü a � ý�úB@CA�ý|{%��û6ÿ�ý�úB@CA�ý��}A � iGý���b t ��û �KJ üt ú¹ýu��ý�û J&L

|g(āa)| + |g(āb)| = |g(ā) +
1

2|ā|+1
| + |g(ā) −

1

2|ā|+1
| = 2|g(ā)|

q õ é õ s
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∑

ā∈Σt+1

|g(ā)| =
∑

ā∈Σt

|g(āa)| + |g(āb)|
(4.4)
=

∑

ā∈Σt

2|g(ā)|

IV
= 2 · 2t−1 = 2t.

�B�%�]�)�

�(�N %¡£¢�¤T %¥j¦�§¨ 8¢�©ª¢�«u¬K¢�­o®�¯%°K�y�w¢��±§%­���°�­²¯�¤£¢��u¢�«�³)¥u¢�¡T¡£¢´�uµ¶°�§�·:¯�¤£¢h³&¸y¹%­%¢�¡£¡£¢´¬K¢�¤£­º=¢�¤T�u»%¤T¢�¡�¢�¤T­%¢���¼K¢�©ª¢�¤£­��y°�©ª¢�­3½�¤�¾�»%§%­%¬)¥y�
¯�¢����u¥uµ&¸¿¹�°K�u¥u¤T�y¸¿¹%¢�­ÁÀw»�¢�«y°�¥uµK«y�
σ
§%­�¯¯�¢��j�(ÂKµK¡£§%¥u¤£µK­��uµK»8¢�«y°�¥uµK«y�

µ
¢�¤£­%¼K¢�·B°�¡T¡£¢�­|¤,�u¥�®&¯%°K�j­%¤T¸y¹)¥z¤£­

lTV
¦�§ÄÃ�­�¯�¢�­V¤T�u¥ �BÅ ¤£«¢�«u¤£­%­%¢�«u­¨°�­Æº:¢�¤,�u»%¤£¢�¡<Ç �]�lÈ
�y� �(�z %¡T¢�¤£ %¥z�uµK©ª¤£¥x¢�¤£­%¢
µ�É�¢�­%¢_½%«y°�¼K¢ �ËÊK� ®%µK Æ 8¢�«u¢�¤£¥y�

lσ ∩ {g ∈ l∞ |µg = g}
(?)
= lµ = lSM ∩ {g ∈ l∞ |µg = g}

= lσ ∩ lTV ∩ {g ∈ l∞ |µg = g}¼K¤£¡T¥(µ&¯�¢�«=­%¤T¸¿¹
¥ �&Ì ¤£«:¡£Í�·B¥u¢�­|¯�¤£¢��u¢��xÎN¢�¹%¢�¤£©ª­%¤,�.°�­Ä°�­�¯�¢�«u¢�«j³)¥u¢�¡T¡£¢ � �u¤£¢�¹%¢Nº=¢�¤T�u»%¤£¢�¡�%� ÇKÏ �y�
ÐN¢�«¶Ñw°�§%©

lµ
¤T�u¥ª­)§%­Ò°� %¼K¢��¿¸y¹%¡£µl�y�y¢�­o® Å ¤£¢Ó¯�¤£¢¨½�µK¡£¼K¢¨¯�¢�«¶­�°K¸y¹��u¥u¢�¹%¢�­�¯�¢�­Ôp«uµK»8µl�u¤£¥u¤TµK­Ä�y¢�¤£­ Å ¤£«y¯ �

Õ±Ö�×$Ø/×$Ù�ÚTÛoÚ!×ÝÜ �%�]Þ%ß
àoá �
(gn)

á �!â á�ã ����� á �k�!�
µgn = gn ä±å � á}æ �KçC�è� æ.á �Té á � á � á âá �!â á âÒê áHë �I�lç

g∗
ë �Kâ�ì á ç!�K� á çC�I�$�´�Kâ�â²�Kí�îCï

µg∗ = g∗
�

ðNñ�òÄñ/Ú,Ù ß ³)¢�¤
ā ∈ Σ∗ ®�¯%°�­%­Æ¼K¤£¡£¥

µg∗(ā) =
∑

a∈Σ

g∗(aā) =
∑

a∈Σ

lim
n→∞

gn(aā)

= lim
n→∞

∑

a∈Σ

gn(aā) = lim
n→∞

µgn(ā)

= lim
n→∞

gn(ā) = g∗(ā),

°�¡T�yµ
µg∗ = g∗

�
�

ók×ÝÖ8×Ýô)ôlõÝÖ �%�£ö�÷�ß
lµ
�TéC�:�)øè� á é�îCï
����é¿é á â/�

ðNñ�òÄñ/Ú,Ù ß ³)¢�¤
(gn)

¢�¤£­%¢3½%µK¡£¼K¢ù°�§��
lµ
®j¯�¤£¢²¤£­ûúwµK«u©ü¼K¢�¼K¢�­ý¢�¤£­%¢�­Òþp¢�¬&¥uµK«

g∗¬KµK­)ÂK¢�«u¼K¤£¢�«u¥ � Ð�°K�y�
σg∗ = g∗

®�·!µK¡£¼K¥ÿ°�§��|³&°�¥u¦ Ç � � � §%­�¯
µg∗ = g∗

°�§��hµK %¤£¼K¢�«Ôp«uµK»8µl�u¤£¥u¤TµK­ �%�]Þ&�
�

Ì ¤£«< 8¢��y¸y¹%¡T¤£¢��K¢�­´¯�¤£¢��y¢�­��± ��¿¸y¹%­%¤£¥u¥�©ª¤£¥o¢�¤£­%¢�© Å ¤T¸y¹)¥u¤£¼K¢�­k§%­�¯�¢�¡£¢�©}¢�­
¥y°�«u¢�­��o¢�©	�©}°�®)¯%°K�.¦�¢�¤£¼K¥�®&¯%°K�y�.¯�¤T¢jþ(°�«u¤T°�¥u¤£µK­��uÂK¢�¬&¥uµK«u¢�­
g+, g−

� �u¤T¢�¹%¢±ÐN¢�Ã�­%¤£¥u¤£µK­|Ç �]����� �u¥y°
�¥u¤£µK­���«u¢�«zþp¢�¬&¥uµK«u¢�­
g
¢� 8¢�­�·è°�¡£¡T�z�u¥y°�¥u¤£µK­���«j�y¤£­�¯ �


pñ����wõ �%�£öKölßNàoá �
g ∈ lSM

�<���lâ�â
g ∈ lµ ⇐⇒ g+, g− ∈ lµ.ðNñ�òÄñ/Ú,Ù ß Ðw¤T¢ÿÑ±Í�¸y¬&«u¤T¸y¹)¥u§%­%¼Æ¤T�u¥N¥u«u¤£Â&¤T°�¡ � ½�Í%«�¯�¤T¢ÿ°�­�¯�¢�«u¢|Ñj¤T¸¿¹
¥u§%­%¼V 8¢�¥u«y°K¸y¹
¥u¢�­Å ¤£«z¦�§%­��K¸¿¹��u¥±¯�¤£¢´Î�¡£¢�¤T¸y¹)§%­%¼

g = µg = µ(g+ − g−) = µg+ − µg−.
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||g||TV = ||µg||TV = ||µ(g+ − g−)||TV

≤ ||µg+||TV + ||µg−||TV
Satz3.6
≤ ||g+||TV + ||g−||TV = ||g||TV ,

-0A�5>BC)�D ||g||TV = ||µg+||TV + ||µg−||TV
)+*�,E,+BCFG132:-H/�@�/�*I,7/�5�JK1�*�,7/�)+2413@�L�/�132

,7/�56MNBC541OBC2413A�*�D4P�/�L�24A�54/�*RQ�,+B�D>D µg+ = g+, µg− = g− S �

T B�;>=U,713/<D4/�*V/�1�*7WYX+=+54/�*�,7/�*UZ\[�[3)�D4245>BC2413A�*+/�*]F^B�;(=+/�*_-`1�5�)+*�Da541�;>=�2413@EBC*b,713/c 54d�/�1�2 S!e )+*�f�;>=�D42gD424)�,713/�54/�*h-`135:,713/ c )�D4-`1�54L�)+*+@�/�*iP�A�*]j�2>BC2413A�*�BC54132>fC2�BC)7WHJK5lk/�13@�*+1OD4P�/�L�24A�54/�* S

mon�pRn3pRn.qsr<t7r<uOv!wxt+y
u�r<z7r|{}wx~���y
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P�/�L�24A�54/�*_1�F¨�K54A�@�*+A�D4/�5>BC)+F©1�F c [3[3@�/�FG/�13*+/�*]-0/�*+13@EP�/�54[3A�54/�*_=�BCd!/�* SKª F«,713/
JK54@�/�d+*+1OD>D4/¤P�/�5>D42>fC*�,7[31�;(=V��)bF^B�;>=+/�*Ud!/�*+¬�2413@�/�*_-`1�5���)+/�5>D42­*+A�;(=U/�13*+/^-0/�1324/�54/� /���*+132413A�*iBC)�D:,7/�F®86/�1�;(=.,7/�5:,7¯�*�BCF^1�D>;>=+/�*hj�¯7D424/�FG/ S
°­±�²+³O´x³�µR³Y¶x´¸· S3¹<º+»9¼R½�¾ (Ω,B) ½�¾Y¿]ÀÁ½�Â(Â�ÃÅÄ�Æ�Ç�Æ�¿#È T : Ω → Ω ½�¾Y¿�½^Ç	½�Â(Â�É>Ä�Ãl½Ê É<É�¾�Ë$È�Æ�¿?Ì�Í7Î`¾Y¿aÎ`Ã4½�¾ÏÌ�¿�¾�Â B ∈ B Ð ¾YÃÅÈ uYw!Ñ+t+y
uOt�w!rGÒlÓN��Ô?Õ��#ÖYuO×CØ T Ù Ì�½�¿#Ä�¿�¿#ÚYÛ
Ü�ÄCËYËÝÂ

T−1B = B.

� B�DNj�¯�D>24/�FÞ,7/�5�13*�P
BC541OBC*?24/�*	JK54/�13@�*+1�D(D4/Hd+13[O,7/�2�*�)+*­-`1�/<,7/�5}/�1�*+/ σ k c [3@�/�d+5>B7QC/�13*+/-`1�;(=?2413@�/9JN54L�/�*+*?24*+1�D:WYX+5`�<BC=+[�54/�1�;>=+/9JK54@�/�d+*+1OD>D4/9BC)�D:,7/�56JN54@�A�,7/�*�24=+/�A�5413/�ß
àK±�á�á�âã· S3¹<ä+»­å�¾�½.ÀÁ½�¿?Ì?½ I ⊂ B ÄCËOË3½�ÃE¾O¿#æ�Ä�Ã�¾YÄ�¿#Ú\½�¿çÎ`Ãl½�¾èÌ�¿#¾3Â�Â�½I¾�Â�ÚG½�¾Y¿�½ σ éÊ ËêÌ?½<É�ÃlÄ�Í
ë�±7ì�±#³Oí » j�13/�=+/Gîèï y
t�ðRñ?ò Q�óR/�FGF^BGô SÝä�SÝä Q!j�/�1�24/ ¹<ä�õ�S �

�h132`,713/<D4/�*i¥¦/�@�541$ös/�*iBC)�D4@�/�54X�D424/�2:D>/�24��/�*i-`135���)+*�f�;>=�D42
IΣ = {I ∈ BΣ |T−1

Ω I = I},

BC[�D>A IΣ
,713/ ª *�24/�5lk σ k c [3@�/�d+5>B^,7/�56d�/���X+@�[�1�;>=i,7/<Dgj�;>=+13/�d!/�A���/�5>BC24A�5>D:13*?PCBC541�BC*�24/�*JK54/�1�@�*+1�D>D4/ S � 13/<D>/9-`135>,iD4��fC24/�5�/�13*+/9-`1O;>=?241�@�/a86A�[�[3/9D4�+13/�[3/�*RQ#-`13/�D41�;(=�13*h,713/<D4/�F

ª *?24/�5>BCd�D>;(=+*+13242:d!/�54/�132>D`BC*�,7/�)+24/�*h-`135>, S
àK±�á�á�âU· S3¹ · »�¼R½�¾ g ∈ lµ

ÍoåaÄ�¿�¿
g = 0 ⇐⇒ ∀I ∈ IΣ : g(I) = 0.
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0 6= g ∈ lSM
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g(I) = 0 S 6"!
/10 0��

I ∈ IΣ
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8*8"/1�"�

g+, g−
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g− 6= 0
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/10�+&K
g−(Ω+) = 0

("�
8
g+(Ω+) = ||g+||TV > 0.Ts� !D+#�:'#I:�:�O�Q("�

I+ :=
⋂

n≥0

⋃

m≥n

T−m
Ω Ω+ ⊂

⋃

n≥0

T−n
Ω Ω+.

]^/1�lP1/1�"�\��("�tI:�:� )L�:�5Ru8"/L+>+
I+ � �Q-v/1!#��/1��'w��+#' b +#���:%"�n8"/ S 6"!yx{z�|u}
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TU�:� '#�:!D)L��0 '
g−(I+) ≤ g−(

⋃

n≥0

T−n
Ω Ω+) ≤

∑

n≥0

g−(T−n
Ω Ω+)

=
∑

n≥0

µng−(Ω+)
L.4.11

=
∑

n≥0

g−(Ω+) = 0

+#KuBD� �

g+(I+)
(∗)

≥ lim sup
n→∞

g+(T−n
Ω Ω+) = lim sup

n→∞
µng+(Ω+)

L.4.11
= g+(Ω+) > 0,
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g ∈ lSM ¢¤£3¥L£ ¡§¦L¨�©Lª�«.¨�¬
I ∈ IΣ

 f¡­¨s®& >¯:°1±1²{¡§³¤´�¬�  ¢ ��³¤´.¡§ fµ
®& &¦¤¶� fª ¥L£ ¦Lª ¢ ¡­¨
· ¥ ª¤¡ ¥ ¨ £   ¢,¸ ª� f¡¹±L¨
¡ ¢>º=¥ ² ¢ ¦ ¥ ² ¢ ¦

T−1
Ω I = I »½¼ ¥ ¨�¨C¡ ¢f£=¥ «�³¤´

gI
 f¡­¨

¢f£3¥L£ ¡­¦�¨�©Lª# fª?¾
 �¿ £ ¦�ª ºnÀ ¡ £h¥ ¨�¬Q fª� :¨ÂÁl¦Lª £  f¨
µgI = gI .

¼ ¥ ª¤°�®& :ª&´Q¡­¨ ¥ « ¢ ±L¡�² £
gI ∈ Vg,

gI
²¹¡§ Ã± £y¥ ² ¢ ¦<¡ ÀÅÄ ® ¢ ³f´�²{« ¢>¢ ¬Q  ¢�Æ ª�¦&±L¨�¦ ¢  fª ¥ « Àl¢ »
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Í�Î�Ï�Ì�Ð�ÍÑËLÒQË Ó#Ô
Õ�Ö�×�Ö�Ø�Ù�Ú�Û�Ü:Ý�Þ
ß1à à

|g|(I) = 0 á�â#ã�ã Ý á äQá ß1à3å.Þ7æ"Ý
|g|(I) > 0 â Ü á ā ∈ Σ∗ å
Û�ß1ç"ç?è á à ã

µgI(ā) =
∑

a∈Σ

gI(aā) =
∑

a∈Σ

||g||TV
|g|(I)

g(aā ∩ I)

=
||g||TV
|g|(I)

∑

a∈Σ

g(aā ∩ T−1
Ω I) =

||g||TV
|g|(I)

g(T−1
Ω ā ∩ T−1

Ω I)

=
||g||TV
|g|(I)

g(T−1
Ω (ā ∩ I)) =

||g||TV
|g|(I)

µg(ā ∩ I)

µg=g
=

||g||TV
|g|(I)

g(ā ∩ I) = gI(ā),

é§ê åqëQì

ínî Ý&ß1ï âFð Ü:Ý,Ü:Ý â#ã Ü�ñXÜ á à ð Ü:Ý�ònÜ:ó
ß1ï"ô ã ï"ç"èOõ î à è ã å�Þ7æ"Ý ð Ü:ç^ö í Ü á ã Ü:çUñXÜ á à½÷�ÜJßLø&ó ã Ü:ç
í á Ý:ù ð ß â&â í á Ý9ú á ãFû�á àÑõ§Ü ä î çýü.ß ã öcþ.å ÿ � Ü á ç"ÜAÞ î à èLÜ ä î ç����.à á ç ð Ü:Ý ä Ü�� ã î Ý#Ü:ç

gFn� ç ð Ü:ç5ù ð�á Ü�èLÜ:èLÜ:ç
gI

� î ç ä Ü:Ý#è á Ü:Ý#Ü:ç5ù�ß1à â î
lim
n→∞

||gFn − gI ||TV = 0.

	�ç ã Ü:Ý�
�ç í Ü:ç ð ï"ç"è ä î ç
�XÜ:ú�úAß��.å � þ\õ î à è ãDð ß1ç"ç
||gFn − gI ||TV

L.3.12
= ||µ|Fn|gFn − µ|F

n|gI ||TV

≤ ||µ|Fn||| · ||gFn − gI ||TV
S.3.6
≤ ||gFn − gI ||TV ,ínî ú á ã í á ÝhÜ á ç"Ü�Þ î à�èLÜ ä î ç��HÜ�� ã î Ý#Ü:ç<ß1ï âyð Ü:ú��aÝ î èLç î â Ü:Ý&ß1ï"ú èLÜfõ­ï"ç ð Ü:çZó�� ã#ã Ü:ç5ù

ð�á Ü�èLÜ:èLÜ:ç
gI

� î ç ä Ü:Ý#è á Ü:Ý ã å
�

� õ ã � î ç"ö:Ü:ç ã Ý á Ü:Ý#Ü:ç í á Ýtï"ç â ß1ï�õ�Ü:ç ð à á ø&ó�� ð�á ú�Ü:ç â&á î ç
ß1à Ü��HÜ�� ã î Ý#Ü:ç5åaÛ,ßWó á Ü:Ý ð Ü:Ý

�÷ â ø&ó"à�ï â&âhð Ü â �HÝ î èLç î â Ü:Ý&ß1ï"ú â ú á�ãhð Ü:ú��HÝ î èLç î â Ü:Ý&ß1ï"ú â Ü:à ÷ â#ã æ"÷�Ü:Ý#Ü á ç â#ã#á ú�ú ã ù
Ü:Ý#ó
ß1à ã Ü:ç í á Ý
��������� �"!�� ê å � ë"Ú$#&%('

g ∈ lSM
%()+*-,.'0/21 34*-'65�%()872'09-)+:;,�<=)+*>7(?@:-?A'B9")+C-DE<=)+*>7�%('

I ∈ BΣ
%('B)F'6)�GH:-DI'0:-)�?J%27LKLDM%('ON-)�'P7RQS:;,T7�9

T−1
Ω I = I UWV :-)�)XN-'6,.?

gI ∈ Vg.
é§ê å ÿ�ì
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u, v ∈ V
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u ∈ Int(G), v ∈ G
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∀α ∈]0, 1] : αu+ (1 − α)v ∈ Int(G).
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ε ∈ R+ _ \�`aS�b4\[\
Uε(u) ⊂ G.

c TUM
R5W�Rdb�e9\�`
α ∈]0, 1]

W�R7S
w := αu+ (1 − α)v f K�M�O�g;TUZ7b�W�h�]�TUR

Uαε(w) ⊂ G,
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||u+
1

α
(z − w) − u|| = ||

1

α
(z − w)|| =
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αε = ε.
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(z − w)) + (1 − α)v = αu+ (z − w) + (1 − α)v = w + z −w = z,
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g∗ ∈ Vg
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mg
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7���9�������	T����� c̄ :=
a1...at ∈ Σt ¶

Ia(c̄) := #{i | ai = a} ∈ {0, ..., t}

Ib(c̄) := #{i | ai = b} ∈ {0, ..., t}
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g(c̄) :=

Ib(c̄)∑

i=0

(−1)i
(
Ib(c̄)

i

)
1

Ia(c̄) + 1 + i
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7����P����*+�
�PZ
7UZ
�
�����
�32��������
C|�4G g ����	��
���(��	�%4��������	����������
��&��
�4	�%��
24�h?¹�3? σg = g 2 g(2) = 1 7���� g(c̄) ≥ 0 2CE*hG g ����	-��	���	���%���9��
2l�h?¹�3? µg = g 2l��%�,-���C|�1G dimg = ∞ ?



º.» ¼�»4½²¾�¿
¾�À�Á+Â>¿+ÃlÀ:¾�Ä
¾ Å�Æ
ÇÉÈ�Ê¡Ë|È4Ì|Í�Î>Ï�Ð-Ñ�Ò�Ó�Ô

g(2) = (−1)0
(

0

0

)
1

0 + 0 + 1
= 1.

Õ Ò�Ö¸×AÓ�Ö
ÒxØ�Ù)Ú�Û�Ñ
σg = g

Ð�Ò�Ö
Ù)Ô-Ü$È�ÛPÊ Ú�Ý�Ø�ÙTÊ Ò�Ö^ÞEß�Ó�Ñ�Ö
Û�Ê ÖSàJÖ5Ø�Ù)Ú�Û�Ñ$Ö
Ò�Û3Î

g(c̄a) + g(c̄b) =

=

Ib(c̄)∑

i=0

(−1)i
(
Ib(c̄)

i

)
1

Ia(c̄) + 2 + i
+

Ib(c̄)+1
∑

i=0

(−1)i
(
Ib(c̄) + 1

i

)
1

Ia(c̄) + 1 + i

=

Ib(c̄)+1
∑

i=1

(−1)i−1

(
Ib(c̄)

i− 1

)
1

Ia(c̄) + 1 + i

+

Ib(c̄)+1
∑

i=0

(−1)i
(
Ib(c̄) + 1

i

)
1

Ia(c̄) + 1 + i

=

Ib(c̄)+1
∑

i=1

(−1)i−1(

(
Ib(c̄)

i− 1

)

−

(
Ib(c̄) + 1

i

)

)
1

Ia(c̄) + 1 + i

+ (−1)0
(
Ib(c̄) + 1

0

)
1

n+ 1 + 0

=

Ib(c̄)+1
∑

i=1

(−1)i−1(−

(
Ib(c̄)

i

)

)
1

Ia(c̄) + 1 + i
+ (−1)0

(
Ib(c̄)

0

)
1

n+ 1 + 0

=

Ib(c̄)∑

i=0

(−1)i
(
Ib(c̄)

i

)
1

Ia(c̄) + 1 + i

= g(c̄).

Õ Ò�ÖBá�È�Ô�Ð�È�Ø�Ù�Ö
∀c̄ ∈ Σ∗ : 1 ≥ g(c̄) ≥ 0 â Ö
Ò�Ñ�Ö
ÛUã-Ò�Ý�Ü;Ò�Ô�ÞEß�Ó�Ñ�Ö
Û�Ê Ö
Ü

ä�å>æAæ<çaè�éqê�ê�ëAì3í.îEí
ï
m,n ∈ N ð m ≥ 0, n ≥ 1 ñ�ò¸ó ï�ï0ôXî�õ�ö

m∑

i=0

(−1)i
(
m

i

)
1

n+ i
=

(n− 1)!m!

(m+ n)!
.

Ë è�é�÷�÷ Ì

øDùXúeù)û�üþýdù
ü¢ÿ/ù�������ü���� Ò�Ô
	�ß�Ó�Ó�Ð�Ô���Û�Ê Ò�Ñ�Ö
Ý�
ÉÛ�Ê Ú��
Ô�Ò�ß�Û����+Ö
Ý
m
é�� Ò�Ý=Ð�Ö
Ô â Ö
Û

(l
j

)
= 0

Þ���Ý
j > l

é
m = 0

Î

(−1)0
(

0

0

)
1

n
=

(n− 1)!

n!
.
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m→ m+ 1 2

m+1∑

i=0

(−1)i
(
m+ 1

i

)
1

n+ i

=

m∑

i=0

(−1)i
(
m

i

)
1

n+ i
−
m+1∑

i=0

(−1)i
(
m

i

)
1

n+ 1 + i

IV
=

(n− 1)!m!

(m+ n)!
−

n!m!

(m+ n+ 1)!

=
(n− 1)!m!(m+ n+ 1) − n!m!

(m+ n+ 1)!

=
(n− 1)!m!(m+ n+ 1 − n)

(m+ n+ 1)!

=
(n− 1)!(m+ 1)!

(m+ n+ 1)!
,

354�6%798:3�8<;>=@?�;BA/8<7DC93E798(F�7HG�I<798(JLKNM�O�PQA/8(7SRT79C98<79KNM�O�P (m+1
i

)
=
(m
i

)
+
( m
i−1

) U M.VXW
P�79O�?�F�C9FYM�O.A�798<O�7[Z\O.A/7�]_^�79;�VLJ�K�8<796�M�O�P`^�4�;�P�79O�4�abab79O�K U 6 79Odc �

e 798<F�79;�8(agfHhNijh�kml`n:h�lpo+q/rtsNhNl�c e 8<;�79;�K U I<F�79OuV�4�ab8<F

g(c̄) =

Ib(c̄)∑

i=0

(−1)i
(
Ib(c̄)

i

)
1

Ia(c̄) + 1 + i

=
Ia(c̄)!Ib(c̄)!

(Ib(c̄) + Ia(c̄) + 1)!
∈ [0, 1]

v�w c<xty�z

M�O.AuA U aQ8<F�A U V{RT79K U M�|�F�79F�7�c
} U A v 6+z�~ 2%� U VYV�8<79KNF�a U O
798(O/= U JLKu3E79P�79O

g(xc̄) = g(c̄x)
v�w c<xt��z

=�?�; x ∈ {a, b} c%�B8<79; U M.VT=�4�I<P�F�3E79P�79O σ(g) = g

g(ac̄) + g(bc̄) = g(c̄a) + g(c̄b) = g(c̄)
v�w c<x w z

M�O.AuA U aQ8<F µg = g c
} U A v J�z�~ 2T� a�A/8(7 � O�79O.A/I(8(J�K���798<F
A/79; � 8<aQ79O.V�8<4�O�A/7tV`��79��F�4�;�V`O U J�K�C9M�3E798(V�79Od�6 79F�; U J�K�F�79O�3�8<;{A/8<7�=�4�I<P�79O.A/79Ou��M U A/; U F�8(V�JLK�79O�� U F�;�8(C979O 2

Ap :=








g(2) τag(2) τaag(2) . . . τap−1g(2)
g(a) τag(a) τaag(a) . . . τap−1g(a)ccc ccc ccc c c c ccc

g(ap−1) τag(a
p−1) τaag(a

p−1) . . . τap−1g(ap−1)








∈ Rp×p



��� ���_�,�����.�(� �%� �'�1����� ���
�����E�  9¡<¢< 9��¢<£� �¤���¢(¥b¦t§#¨�¡< 9©

p ª�«  9£� 9©
τatg(as) = 1

t+s+1

©.§�¬�¨p­� �®.©�¢<¯�¢<°�©b£�¢<¡(¯E§#¡(±�°

Ap =








1 1
2

1
3 . . . 1

p
1
2

1
3

1
4 . . . 1

p+1ªªª ªªª ªªª ª ª ª ªªª
1
p

1
p+1

1
p+2 . . . 1

2p−1








∈ Rp×p.

« ¢<��¦9 9¢<£� 9©d²´³�§�±�±
det(Ap) 6= 0

²¶µ5°���§#·.±j³/¢( ¸¡<¢<©� t§#�� ¸¹Y©.§#��¨.º#©�£�¢(£�»� 9¢<¯>¼� 
p
§#·/�@½

 9¢<©.§#©.³/ 9�X��°�¡<£� 9©.³/ 9�`¾� 9»�¯�°��� 9©
τat−1g, t = 1, ..., p

��°�¡<£�¯b·�©.³¿µE 9¢<¯� 9�`µE 9£� 9©À³/ 9�
ÁÃÂ ¢(±�¯� 9©�¦�·�©� 9©.³/¡(¢(¬�¨�Ä_¢< 9¡< 9�¸¤���¢(¥b¦t§#¨�¡< 9©�³/¢< uÅT 9¨.§#·�Æ�¯�·�©�£ ªT« ¢<�¸�  9�� t¬�¨�©� 9©Ç³/¢< ­� 9¯� 9��¥b¢<©.§#©�¯� DÄ�°�©

Ap
©.§�¬�¨È³/ 9�BÉ�°���¥b 9¡

det(Ap) =
∑

ρ∈Sp

sgn(ρ)

p
∏

i=1

aiρ(i) =
∑

ρ∈Sp

sgn(ρ)

p
∏

i=1

1

i+ ρ(i) − 1
,

µ5°��% 9¢Ê¨�¢< 9�{¥b¢(¯
Sp

³/¢< HË� 9©�£� H³/ 9��ÅT¢ ¼� 9»_¯�¢<°�©� 9©�§#·/�
{1, ..., p}

£� 9¥b 9¢<©�¯B±� 9¢Ì².·�©.³
sgn(ρ) ∈ {−1, 1}

³�§�±ÈÍ�¢(£�©N·�¥Î 9¢<©� 9��¤: 9��¥j·�¯�§#¯�¢<°�©
ρ ∈ Sp

�  9¦9 9¢(¬�¨�©�  ª{« ¢<��  9¯���§�¬�¨�¯� 9©È³/¢< D¤: 9��¥j·�¯�§#¯�¢(°�©
ρ0 : {1, ..., p} −→ {1, ..., p}

i 7→ p− i+ 1,³/¢< p³/¢< 
ÏÌ©.³/¢<¦9 t±
{1, ..., p}

¢(©Ð·�¥b£� 9»� 9¨���¯� 9�¸ÑY 9¢<¨� 9©/�@°�¡(£� `§#©�°���³/©� 9¯9²Ã·�©.³Ò±�¯� 9¡<¡< 9©�� t±�¯9²+³�§�±�±B�@����³�§�±� 9©N¯�±�Æ��� t¬L¨� 9©.³/ Q¤���°/³/·�»�¯[³/ 9� Á ¡< 9¥b 9©�¯� ¸³/ 9�[Ó� 9£� 9©.³/¢m§#£�°�©.§#¡< Ä�°�©
Ap

£� 9��§�³/ 
p
∏

i=1

1

i+ ρ0(i) − 1
=

1

pp£�¢<¡(¯ ª ­�§#¥b¢(¯

det(Ap) =
∑

ρ∈Sp

sgn(ρ)

p
∏

i=1

1

i+ ρ(i) − 1

=
∑

ρ∈Sp,ρ6=ρ0

sgn(ρ)

p
∏

i=1

1

i+ ρ(i) − 1
+ sgn(ρ0)

1

pp

=:
m

n
±

1

pp
,

µ5°��% 9¢�µ�¢<�`³/ 9©¿ 9��±�¯� 9©ÔÍ�·�¥b¥Q§#©.³/ 9©¿§#¡m±bÄ�°�¡<¡(±�¯�º#©.³/¢<£Õ£� 9»�����¦9¯� 9©�ÅT��·.¬�¨ m
n

£� �½
±�¬L¨���¢< 9�  9©Õ¨.§#�% 9© ªd« ¢<��±�¯� 9¡<¡< 9©Ö³�§#©�©Õ�� t±�¯9²d³�§�±�±

pp
©�¢(¬�¨�¯

n
¯� 9¢(¡<¯9²d³�§p»� 9¢<©� 9�[³/ 9�

×  9©�©� 9�S³/ 9�DÄ�°�©�³/ 9�ØÓ� 9£� 9©.³/¢(§#£�°�©.§#¡< bÄ� 9��±L¬�¨�¢< t³/ 9©� 9© Á ¡< 9¥b 9©�¯� bÄ�°�©
Ap

Ä�°�©
p£� 9¯� 9¢<¡(¯jµ�¢<��³ ª ­� t±�¨.§#¡<�Ù±�¢( 9¨N¯H¥Q§#©Ù±�°#�@°���¯9²�³�§�±�± m

n 6= ± 1
pp

·�©.³Ù³�§#¥b¢(¯H³/¢< pÅT �½
¨.§#·�Æ�¯�·�©�£ ª �

Ï\©�³/ 9�QÍ�Æ���§�¬L¨� u³/ 9�bÍ�¯�°/¬�¨.§�±�¯�¢<»� 9�9²Ã t±j£�¢(��¯H±�¯�§#¯�¢(°�©.º#�� �²Ê±�¯�°/¬�¨.§�±�¯�¢(±�¬�¨� �¤���°�¦9 t±L±� 
Ä�°�©u·�©� 9©.³/¡(¢(¬�¨� 9�{­�¢<¥b 9©.±�¢<°�© ª
ÚHÛ´Ü Û´Ý�ÝßÞ´ÜÙà ªâá�ã�ä{åTæBç�è�é�êTë9èmì%ë9ì�æ�êîítï�ð_ñ#æ�ê�è(æ�ï�ð/ë9ìpò{óôíöõ÷ë,æLæ (Xt)t∈N ø.ù�ú óDûNë�ì�ç�èmüýê

dim(Xt) = ∞ þ�ì%û e− dim(Xt) = 1.
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+6B.3?/63?+�<�3?+DCE)
7�FHG6IKJ�L
I

�

����M���NPORQTSVU2G6IKJWG�$YX�Z\[.]_^�`a^�bdc�ef^�g#g8^h`?^�]�i%^�`�jki.emlP[%jW`n`o[.]_^Rphq
]�`ref^�ZEst^�]mZ�^�`huEZ�^�Z�[.v
gw]mx�y�vz[.]m{|^�Z�`�]m}.Z�j
g�^?Z=~�^?bmi�}k[.]8`?xry�^�Z����K�r�Ebt^�]#Z
^hi%^?Z�j.u6^o�\^m�hZ�]me_]�}.Z�[%^�`h�(^_i.br] ��`�`�]�^�v
y�^�X���`?xry�Z�]me_e������W��ld`re�j.e_]�}.Z��.b�^�Z�ld`�e�}axryEj
`re_]�`�xry�^?Z���^r��e�}.bn`\^�]#Z
^�uEZ%i%^���gw�.bref^��Pb�jai%^
]�`re��,�V^r`re�`�ef^�y�emlH[�jW`�`��r�Eb=[%^�Z�`�}k^a�n^�Z�]#{��(^��h^�]�`2 k}.Z�c
j.e�s¡����¢�£¤j�un��i%^m����yEb�ef^�Z
��^��We�}.bd����bHj.g#g8^

ā ∈ {a, b}+ uEZ�[ b̄ ∈ {a, b}∗

µτāg(b̄) = τāg(ab̄) + τāg(bb̄)

= g(āab̄) + g(ābb̄)

=

Ib(āab̄)∑

i=0

(−1)i
(
Ib(āab̄)

i

)
1

Ia(āab̄) + 1 + i

+

Ib(ābb̄)∑

i=0

(−1)i
(
Ib(ābb̄)

i

)
1

Ia(ābb̄) + 1 + i

=

Ib(aāb̄)∑

i=0

(−1)i
(
Ib(aāb̄)

i

)
1

Ia(aāb̄) + 1 + i

+

Ib(bāb̄)∑

i=0

(−1)i
(
Ib(bāb̄)

i

)
1

Ia(bāb̄) + 1 + i

= g(aāb̄) + g(bāb̄) = µg(āb̄)

= g(āb̄) = τāg(b̄)

i.]#gwemlP{¥]meVj.Z�[�^�b�^?Z§¦\}.bref^�Z�lV[�jW`�`
Vg ⊂ lµ

����]_^�`?^?b©¨,b�}�sk^�`�`,]�`re�[%^�{¥Z�j�xryª]mZ«i%^��d]�`rv
`a^�{¬c�]mZ�Z�^¡~me�}.e�j
gdu�Z
^�bmi%}a[.]�`�xry��8l­�h^�Z�Z¤{¥j�ZD`r]�xryDj�Z¤[.]_^�`?^�b\c
ef^rg#g8^�®
b�}. k]8`?}.b�]�`�x�y
 k}�b0`�ef^rg#gwemlt[�jW`n`¥[.]�^�p,bmi%}a[.]�s?]me��.e­^�]mZ�^�`¯��^r��e�}.bn`ª[.uEb�xryD[.]_^�p,]wi%^�Z6`�xryEj��retxry�j.b�j
��ef^�v
br]8`�]�^?b�e©]�`reml©[�jW`�`(]m{°¨,b�}0i.Z�}
`?^�b�j.uE{±Z�uEb�^�]mZ²p,]wi%^�Z� W^���e�}.b� �}.Z

µ
sau�{°pt]�i%^?Z��h^�bre

1
s?u(�hZ�[�^�Z³]�`re��

´Tµ�¶Pµ8·Pµ²¸P¹�ºk»a¼a½%»a¾%¿RÀVÁ ¾%¿D¼?»aÂ�»aÃm¹�À�Ä6ºW½�ÀDÅ�½%Æ�»a¹�º�½EÀ©µ 1�583aÇ03?*RÈ­É�Ç0-0/6+65�7�7R3?+�7�Ê
/�Ë
'87«3?58+658B.3²3?'83?>|3?+%70)
*�3 Ìd*�Í.3?+6+�7�+65�Ç0Ç�3¡Î6É�3?*¥<�583¡Ï69.*�70Ç�3?7�F?:6+6BÐ@.9.+ÒÑd3?Í�7�9.*�3?+ÒF?:
Ç�70)
7�5�9.+�Ë
*�3?+ÒÑd3?ÍE7�9.*�3?+PI©1�583aÇ�3¡/�)
É�3?+ÓÉ
3?5,<�3?*ª&t9.+�Ç�7�*�:6ÍE7�589.+�<�3aÇ¥:6+63?+�<�'85�-n/�Êf<�5�Ê
>|3?+�Ç0589.+�)
'83?+;Ç�70)
7�589.+�Ë
*�3?+=Ñd3?ÍE7�9.*0Çt5�>Ô@.9.*0)
+6B.3?/63?+�<�3?+DÈ­É�Ç0-n/6+6587�7,B.3?/69.'�Õ�3?+=:6+�<
Í.Ö.+6+63?+«:6+%7�3?*�×­>�Ç�70Ë
+�<�3?+HÉ�3?5�<�3?*R&t9.+�Ç�7�*�:6ÍE7�589.+�Øo3?587�3?*�3?*�ÙÚ3?5�Ç�Û65�3?'83R<�5�3?+63?+�É6F?Ø�I
<�3?*�3?+2ÌdÜE5�Ç07�3?+6F�Ø,5�<�3?*�'83?B.3?+;/63?'�Õ�3?+PI�Ýf+=<�5�3aÇ�3?>ÔÈ�É�Ç0-n/6+6587�7t58>�>|3?*

Σ = {a, b}

:6+�<;Øo3?587�3?*�Þ�F?:6*�Ìd*�5�+6+63?*�:6+6B�ß

Σn
a := {ā = a1...an | a1 = a}

Þ_)
+�)
'89.B¡Ç�3?5
Σn
b

<�3�4�+6583?*�7�ß0I�1�583�/6583?*­3?*�F?583?'87�3?+2Ì©*�B.3?É6+65�Ç0Ç�3«'�).Ç0Ç�3?+2Ç05�-0/¯Ç�5�-0/63?*�'�5�-0/
'83?5#-0/%7t)
:�ÕY3?+�<�'85�-n/63�È�'�Û6/�)
É�3?7�3�É
3?'8583?É658B.3?*tà�*�Ö.á.3�@.3?*0)
'�'8B.3?>|3?58+63?*�+PI
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��0 �".ð6ð6ò?ð�#
13254768479;:�<�:=4?>A@�#CB�D�EGF%HJI

g : Σ∗
a → R

HJILKNM�HPO;QSR�TVUXWJYZT([\H�K
g(āa) + g(āb) =

g(ā)
WPYZT
]/^=^-H

ā ∈ Σ∗
a _ I�^`QSabF%HJI C ∈ R

adce]fK�K�^-gihVhJQ)hPI&jPk
g
HJI=K8[\HJlZQ�I _(m lnHJILK'HJo

hJQS]�Q�I=RfK8g�T�HJKpM�HPO;QSR�T
ĝ : Σ∗ → RW�R�TPQ=h�HJQ m HJK�U�WJY+Tq[\H�K σĝ = ĝ

lZK8[
ĝ(2) = C _ IL^rQSas,t�uvt8:L9\E�$ ù8ó) ��.ð�ô�ñ�ó��6ù�ò?ó�ò?ð

g
ó�ò� Z�6ó0ô�ù�wyx��
ò?ótø�ù8òqz��.ó�ö�ò?ý8ð

ĝ(2) := C { @�#�|*D+}
ĝ(bā) := ĝ(ā) − g(aā). { @�#�|*~+}

�(õ.ô0ôtø�ò?ó­ô��ªò?ó�ÿ�õ
ý8ñ�ò?ð6òq�dò� Eñ��.ó�ô�ñ0õ
ñ�ù��.ð��
ó�ù�ô�ñ)�6ð�ø
g
�&�.ó�ñ0ô�ò?ñ�
?ñ���ù#ô�ñ) �ý�õ
ó�#���ù8òq�©ù8ð��

ø�ò��6ñ�ù8÷� .ò?ù�ñ��6ð�ø
σ(ĝ) = ĝ


?ò?ù8÷.ò?ð0�,ù8ó,ð+�6ð=ö|ù8ñ,ïzð�ø��� �ñ�ù��.ð0x���ò?ó
Σt #

t = 1 � ��ù8ò��dù8ð�ø�ò��6ñ�ù8÷� .ò?ù8ñ,ù#ô�ñ) �ý�õ
ó)�oò?÷.ò?ð ĝ(b) = C − g(a)
#8$Ðò?÷.ò?ð

σĝ(b) = ĝ(ba) + ĝ(bb)

= ĝ(a) − ĝ(aa) + ĝ(b) − ĝ(ab)

= g(a) − g(aa) + (C − g(a)) − g(ab)
σg=g
= C − g(a) = C − ĝ(a) = ĝ(b)

{ @�#�|��\}

÷.ù8ý�ñ
σg|Σ = g|Σ

#

t → t + 1 �?� ò?ÿ6ö�ò?ð��,ù8ó�õ
ð�� ĝ ô�ò?ù©õ/��� Σt+1 ð6ù#þ0ÿ%ñHò?ù8ð�ø�ò��6ñ�ù8÷��Pô��v�&�.ý8÷.ñ�õ/��ô�ø�ò?ó�dù�ð�ø�ò��6ñ�ù8÷� .ò?ù8ñXx���ò?ó
Σt �.ø6õ.ô0ôYò?ù8ð ā ∈ Σt òJ�Eù#ô�ñ�ù8ò?ó�ñ��
ô���ø6õ.ô0ô ĝ(bā) 6= ĝ(ā)− ĝ(aā)

�
�Úõ.ô,ò?ù8ð($ ù�ø�ò?ó0ô0ü6ó���þ0ÿ0
��6ó�	�ñ0õ
ñ�ù��.ð�õ
ó�ù8ñ��
ñ)w��.ð

ĝ
ù�ô0ñ�#�	�ò?ùPð+�6ð

ā ∈ Σt #���õ
ð6ð(�&�.ý8÷.ñ
σĝ(bā) = ĝ(bāa) + ĝ(bāb)

= ĝ(āa) − ĝ(aāa) + ĝ(āb) − ĝ(aāb)

IV,σg=g
= ĝ(ā) − ĝ(aā)

= ĝ(bā),

{ @�#�|*�+}

�Úõ.ô�
��0
?ò?ù8÷.ò?ð0�Úõ
ó�#
�

��4?2'4?�+�f�?2�@�#CB�~�Eb��I=K
hJQS]�Q�I&R�K8g�T�HJT���]��7�;HPO;QSR�T
g
Y���HJT�[\HJoA��^ ��kZ]+��HJQ

Σ = {a, b}I�hPQ�[�l+T�jPk�[�I�H,�,K _ ]\��H��;R�K τag H�ILK8[+HJl+Q�I _ ��H�hJQ�ILoGoGQSa
��4?2'4?�+�f�?2�@�#CBf��E3�PK�H�ILK5H�o�hPQS]�Q�I&R�K8gfT�HJK0��T�R m H�hVh _ IL^`Q

g(btā) = g(ā) −
t−1∑

i=0

g(abiā).
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®,¯�°v¯8±L²\³�´dµ�¶�¶�·�¸�¹/º�»�¼�½�¾�¿Àº�»�Á�Â+¸�¼�µ�º0Ã�Á�·VÄ/Å
Å
¾�ºvÅ
¼�¸)»�¾�Æ3Ç�µ�º�·�¸�Æ�Á�Â+¸�¼�µ�º�·�Æ�¾�½�¾�¶?Ä/Á�·
ÈdÆ�µ�É'µf·�¼�¸�¼�µ�º(Ê�ËCÌ�ÍZË

�

Îp¼�Æ�¾�º+¸�Æ�¹/¸�·�¾�¶�º�Ä/º�»�¼�¾*·�¾�Æ�Ï+¸�¾�¶�¶�¾�»�Ä�·�Ð�¾�Ñ�¾�¼�Å
º�¼�·�»�¾�Æ,ÒXÓ�¼�·�¸�¾�º�ÃÔ¾�¼�º�¾*·�½�¾�Å
¾�¼�º�·�ÄiÕ
Å
¾�º×Ö�¼-Ó�É�Á�º�ÂZ¸�·q»�¾*·e·�¸�µ�Ø�Ñ�Ä�·�¸�¼�·�Ø�Ñ�¾�ºÚÙ�É5¾�Æ�Ä/¸�µ�Æ�·eÁ�º�»n»�¾*·qÒdÛ�µ�¶�Á�¸�¼�µ�º�·�µ�É'¾�Æ�Ä/¸�µ�Æ�·�Ü
»�¾�Æ�º�¼LØ�Ñ\¸3¼�º

lTV
¾�º+¸�Ñ�Ä/¶�¸�¾�º�Ý

®,¯8±=²*Þ8±L¯�ßeÊ�ËCÌ�à�³âávãLä�å�æJç�ä�èféPêZçëæJìvæ�ä�ì5æ�í+ç�î\æJì
ã=ìeï�æJã�ðÀñ5ã�æPò�ó+ôLõ�ö3î\æ=÷bì8ã&æJäPçëæJìùø�æ�ú;çSû�ä
g : Σ∗ → R

íZì8îyð�æJã=ì5æ,ü�ã=ì�ðJéJê+ä�ýfì�ú;íZì\þ
g|Σ∗

a

ô ÿqèfç � ä�òrã&éPê æJä�� � ò=òrç
g|Σ∗

a

îfã&æ��,ì���û�ä��
î\æ�ä�íZì\þ\æJì
	;û�ì���ä�ûJñZûiðPã=ç�ã&û�ì�
�ô�óZõníZì8î ò`ý/ðVðPçqðPã&éPê îfè��Gã=ç���ípæJãLì'æ�� ðJçSè�ç�ã=ûfì8ý�ä�æJì
ø�æ�úiçSû�ä

g̃
�Jû�äPç=ð�æ�ç���æJì��dð�ûvîfèiðVð

g̃|Σ∗
a

= g|Σ∗
a

ô�á�æJã=çëæJäVê+ã=ì(þ�ãLò`ç
g̃(at) = g̃|Σ∗

a
(at) = g|Σ∗

a
(at) = g(at) = t,

� û�ä�è�í\ð g̃ 6∈ lTV
�Jû/ò þ�çSô��Ôè��GãLç��Jû�ò þ�ç

lµ ( lσ ∩ {g : Σ∗ → R |µg = g}.

�,Ä/¸���Æ�¶�¼�ØVÑâ¶�¹�·�·�¸ ·�¼LØ�Ñâº�¼�ØVÑ\¸���¾*»�¾�Æ �ëÑ�Ä/¶"!'¾�#)´d¾�Â+¸�µ�Æ Ã�Áy¾�¼�º�¾�Å ·�¸�Ä/¸�¼�µ�º�¹/Æ�¾�º%$�Ä'&�Û�¾�Â+Õ
¸�µ�Æ (&µ�Æ�¸�·�¾�¸�Ã�¾�º�Ë*)�Ä/Ã�Á+!5¾�Å
¾�Æ�Â�¾�º-,�¼�Æ�Ü/»�Ä�·V·�»�¾�Æd¼�ºGÈ Æ�µ�É5µf·�¼�¸�¼�µ�ºÔÊ�ËCÌ�Í,Æ�¾*·�Á�¶�¸�¼�¾�Æ�¾�º�»�¾
´d¾�ÂZ¸�µ�Æ

ĝ
º�¼�Ø�Ñ+¸�Á�º.!'¾*»�¼�º�½�¸�¾�¼�º/$�Ä'&�Û�¾�ÂZ¸�µ�Æq·�¾�¼�º�Å�Á�·�·�Ü%»�Ävº�¼�Ø�Ñ+¸�½fÄ/Æ�Ä/º\¸�¼�¾�Æ�¸e¼�·�¸�Ü

»�Ä�·�·
ĝ ≥ 0

Ë'Î�¾�¶LØ�Ñ�¾�º103º�·�É�Æ���Ø�Ñ�¾�º�¾�¼�º2�ëÑ�Ä/¶"!'¾�Æ3#e´d¾�Â+¸�µ�Æ�½�¾�Æ�¾*ØVÑ\¸4,�¾�Æ�»�¾�º�ÅÔÁ�·�·*Ü
Á�Å ¾�¼�º(¾*ØVÑ\¸�¾�Æ�$�Ä'&�Û�¾�ÂZ¸�µ�Æ5,b¾�Æ�»�¾�º�Ã�Á.Â�6�º�º�¾�º�Ü8»�Ä�·�·VÄ/½�¸3»�¼�¾�(=µ�¶�½�¾�º�»�¾
798;:7Þ�:7²;±�<�±=:?> Ê�ËCÌ�@�³�ü�ã=ì ø�æ�ú;çSû�ä

g : Σ∗
a → R

ò-ýið�ðPçbðPã&éPêyþ\æJì8è�í îfè�ì�ìA��í�æJã=ì5æ��
ðJçSè�ç�ã=ûfì8ý�ä�æJì��dðPçSû�éPêZèiðJç�ã�ð�éPê�æJì ø�æ�ú;çSûfä

ĝ : Σ∗ → R
��û�ä�ç=ð*æJç���æ�ì��B�Jè�òLò ðeî�ã&æC��û/ò þ+æJì8î\æJì

ï�æ�î�ã=ì\þ�íZì\þ\æJìnæ�ä�� � ò=ò`ç ðJãLì8î.D
(i) ∀ā ∈ Σ∗

a : g(āa) + g(āb) = g(ā), E Ê�Ë"FG@IH
(ii) ∀ā ∈ Σ∗

a : 0 ≤ g(ā) ≤ 1, E Ê�ËCÌ'JKH
(iii) ∀ā ∈ Σ∗

a :
∑

t≥0

g(abtā) ≤ g(ā). E Ê�ËCÌ�FLH
®,¯�°v¯8±L²\³5�

⇐=
#�Ý�Ò ·�½�¾�¶�¸�¾�º

(i), (ii)
Á�º�»

(iii)
Ë�Ð,¾�Åy¹'& ÈdÆ�µ�É5µf·�¼�¸�¼�µ�ºnÊ�ËCÌ�Í!¶�¹�·�·�¸

·�¼LØ�Ñ
g
Ä/Á�(�¾�¼�º�»�¾�Á�¸�¼�½�¾503Æ�¸ Á�º�»
Î�¾�¼�·�¾�Ã�Á
¾�¼�º�¾�Å ·�¸�Ä/¸�¼�µ�º�¹/Æ�¾�º
´d¾�ÂZ¸�µ�Æ Å
¼�¸

g(2) =
1
(&µ�Æ�¸�·�¾�¸�Ã�¾�º�Üb»�¾�ºM,�¼�Æâ¾�!5¾�º�(�Ä/¶�¶�·GÅ
¼�¸

g
!5¾�Ã�¾�¼LØ�Ñ�º�¾�º Á�º�»N(O��Æy»�¾�º

σg = g
Ë�Ò ·

!�¶�¾�¼�!�¸�Ã�Á!Ã�¾�¼�½�¾�º�Ü�»�Ä�·�·�»�¼�¾*·�¾�Æ�¾�¼�º.·�¸�µZØVÑ�Ä�·�¸�¼�·�ØVÑ�¾�Æ�´d¾�ÂZ¸�µ�Æ�¼�·�¸�Ë
Ï+¾�¼?»�Ä/Ã�Á

ā ∈ Σ∗
b

Ë�)�Ä/º�º.¼�·�¸
0 ≤ g(ā) ≤ 1

Ã�Á.Ã�¾�¼�½�¾�º�Ë5ÏZØ�Ñ�Æ�¾�¼�!�¸3ÅyÄ/º
ā = btc̄Å
¼�¸

c̄ ∈ Σ∗
a

Ü�·�µP(=µ�¶�½�¸Q,�¾�½�¾�º!Ç�µ�Æ�µ�¶�¶LÄ/Æ�Ê�ËCÌ*R
g(ā) = g(c̄) −

∑t−1
i=0 g(ab

ic̄)
ÜS,bµ�Æ�Ä/Á�·

Å
¼�¸
(iii)

»�¼�¾4T�¾�Ñ�Ä/Á�É�¸�Á�º�½U(&µ�¶�½�¸�Ë
�
=⇒

#�ÝS)�Ä�·�·
(i)

Á�º�»
(ii)

º�µ�¸V,�¾�º�»�¼�½ ·�¼�º�»%Ü�·�¼�¾�Ñ\¸)ÅyÄ/ºvÁ�º�Å
Å
¼�¸�¸�¾�¶"!�Ä/Æ�Ë
(iii)

(=µ�¶�½�¸
,�¼�¾*»�¾�Æ�Á�Å Ä/Á�·�Ç�µ�Æ�µ�¶�¶LÄ/Æ�Ê�ËCÌ*R+Ë

�

798;:7Þ�:7²;±�<�±=:?> Ê�ËXW'J�³�Y%æJã
g
æJã=ì.ðJçSè�ç�ã&û�ì8ý�ä�æJäZ�dðPçSû*éPê�èiðPç�ã�ðJéPê�æJä�ø�æ�úiçSû�äPô[�eè�ì8ì(þ�ãLò`ç\D

∀ā ∈ Σ+ \ {bt | t ∈ N} :
∑

t≥0

g(abtā) = g(ā).

®,¯�°v¯8±L²\³�$!¼�¸�Ç3µ�Æ�µ�¶�¶�Ä/Æ�Ê�ËCÌ*R�¼�·�¸
lim
t→∞

g(btā) = 0



]�^ _�^.`.acbedLfegBh�bei�j�jZfcklkQhm`Kn�oSpen�q�`Khmg rts�_
u�vAu�w�x"y�w�z�{;|}x�wG~��=���"y��l�'vB~

g(btā) ≤ g(bt) − g(bt+|ā|)

vSzB���S�'���'vB~G���S��~�~ (g(bt))t∈N
w�x�zSw�����z.��w���y�w�z.��w+�S���"y�w�x�~���{ �

���"���%�9�e���O���G�=�;�[�G���������=�.�L [¡S�L¢��I���
£ zN��x�wG~�w�¤¦¥9§B~�¨Z©SzSx"���+�OªS©S��w�z�«lx"�-��w�zM¬­w�y���x"®¯��w��U°±�����"vS��x"��zB~�vS¤U¤Ux"w���§B�'�3²

��w�x"�³~�x"y�zSx"w�����w��4´µ�'¶���w��I������w�z·w�x"z�{?°C�����"vS��x"��zB~�~�vS¤¸¤Ux"w���§B�'����w�x"��w�x"zSwG~4~�x"y�zSx"w�����w�z
´µ�'¶���w��I������~¹§;wG��w�vS��w��³y�w�������w��[�S��~�~¹��x"w%º­wG~��'���'²V´»x"����w��CvSz.��w��P��w��¹¥}z.«¼w�zB��vSzSy
��wG~P°±�����"vS��x"��zB~���½;w����'������~P����z.��w���y�x�w���w�z�{ |���~P§ewG��w�vS��w��P�'zB~�¨Z©B�'vS�"x�¨Z©�u�{¾¬�{m� �S��~�~¿�À v�ÁBy���w�x"��w�zA����zAÂÄÃ�����w���zAw�x"zSwG~Q~�x�¨�©Åx"¤ÇÆ��'v��Ow4��w��}È;w�x"�Qw�z.�É«lx�¨���w���zB��w�z�w������"v�²
��x"��zB~Z~�vS¤U¤Ux"w���§B�'��w�z��S~�����¨�©B��~���x�~�¨�©Sw�z2Ê±w��I������~l����zI��w���y�x"w���w�z��ew�x"zSw��=ªS�lw�x�zSw�z2~����'²
¨Z©B��~���x�~�¨Z©Sw�z2Ë±����u�wG~�~9y�ªSzB~���x"y�w4°±x"y�w�zB~Z¨�©B�L�O���B«lx"w�vSzS¤Ux"����w���§B�'��w�x�zB~�x�¨�©I��x"y+x�~���{

|�x"w-´2����x��L�'��x"��z/��x"wG~�wG~�¬�w�y���xm®�~��"x"w�y���«lx"wG��w���vS¤Ìx"z/��w��4ÍQ©Sw�����x"wU��w��4��ÎKzB�L²
¤Ux�~�¨�©Sw�z-ÏIÎK~���w�¤¸w¼§ew�y����'§;w�z�{'Í?�'��~ À ¨Z©S�"x�¨Z©Pw���«­w�x�~�w�z+~�x�¨Z©¹w������"vS��x"��zB~Z~�vS¤U¤Ux"w���§B�'��w
~�����¨�©B��~���x�~�¨�©Sw�Ê±w��K������w�zAy�w�������w¹�'��~Q��x"w�Ë[w�zB�S�'z.��~���w��lx"¤Ç´2x�����w��µ��~�ÎK¤U½S������x�~Z¨�©
~����'��x���z À ��w�z»~�����¨�©B��~���x�~�¨�©Sw�z2ËC����u�wG~�~�w�{;|�w���¬­w�y���x"®1��w�����~�ÎK¤U½S������x�~�¨Z©Sw�zµÏI���'��x"�'²
zB�'��x"� À �lx�¤Ð´»x"����w���x�~��Q��wG~�©B�'�"§Åu�w�z.�����'�\�B«­w�x"����x"wG~�w�°±x�y�w�zB~�¨�©B�L�O� À�Ñ vSx"�L�'��w�z.�l�S�'u�v
x�~����?�S��~�~P��x"w%´»wG~�~�«­w�����w�����x"w%w�z.�����'zSyµ����zMÏIw Ñ vSw�zSu�w�z·y�w�zS��¤U¤Uw�z�«¼w�����w�z�� x"¤
´»x"����w�������z.��w���y�x"w���w�z�ÒÓ�S��~�x�~�����x"wP¥}vB~�~��'y�w+��wG~�§;w���ªS©S¤P��w�z1°±��y�����w�zB~��'��u�wG~�����z
¬�x"���K©S�'®���~�x"w�©Sw�¥}§B~�¨�©SzSx"���QÔS{ÕÔS��ÏK�'��u�ÔS{XÖ�×K{ £ zØw�x"z��Ó��¨�©Sw�zÅÂ1������w�z�ÙBÚ5w����'��x"��w ¿�À v�²
ÁBy���w�x"��w�z�����x"w5¤¸x"� ¿ x"�m�Owl����zØ¥}vB~�u À ©S�"¤Uw���©S����w�zUw�zI�����'zSy³w�x�zSw��QÏIw Ñ vSw�zSu��K��x"w}����z
w�x"zSw�¤ ¥}´1Ï.²VË±����u�wG~�~¸©Sw�����ªS©S�����¼w���©S��§ew�zÛ«­w�����w�z��­����zI��w���y�x"w���w�z�{�|���~-x�~��-zB�L²
��ªS���"x�¨�©U«lx"wG��w���vS¤ÜzS���V«¼w�zB��x�y�w}Ê±�����'vB~�~�w���u�vSzSyS�I«lx"���S¤¸�'zU�'v���°±x"y�w�zB~�¨Z©B�L�=��w�zÅ��wG~
~�����¨�©B��~���x�~�¨�©Sw�z�Ë±����u�wG~�~�wG~P�'vB~4w�x"zSu�w���zSw�z1����zÝx"©S¤Ìw���u�w�vSy���w�zMÏIw Ñ vSw�zSu�w�z���ªB¨��I²
~�¨Z©S�"x"w�¶�w�z�{

°±x"zSwA��w�� ¿ �'vS½S��w�����w�zSz.��zSx�~�~�wÅ��x�wG~�wG~+¥9§B~�¨Z©SzSx"����~Px�~��³z.vSz��C�S��~�~Pw�zB���"x�¨Z©�²V��xm²
¤Uw�zB~�x"��zB�'�"wUË±����u�wG~�~�w%w������"vS��x���zB~�~�vS¤U¤Ux�w���§B�'��~�x"zB�c{?|�w��³¬�w�«¼w�x�~³�S�'u�v·x�~���zB��¨Z©
��w�zÞy�w����'zSw�z�Ê±�����'��§;w�x���w�z1w�§;w�zB~��2�IvS��u-«lx"w-w�x�z��O��¨Z©�{?¬�x�~����'zSyÅw�ß�x�~���x"w���w�zB��w-¬�w�²
«­w�x�~�w��.�S��~�~¼u�vS¤à¬�w�x�~�½Sx�w�� ¿ x��S��w�z¸´µ�'�������UËC����u�wG~�~�w}��~�ÎI¤U½S������x�~�¨�©U~����'��x���z À �Cx"¤
´»x"����w���~�x"zB�c�S~�x�zB�%vSzSy���w�x�¨�©��Kx"w��c����¤U½S�"x�u�x"w�����w����K~�x"w�©Sw4�S�'u�vÝá ��âäãeåKæ �?á¾çAèÅé�ê æ {

���"��� ê �¸���=�[ëÉì�í?�'���?î?� ÂÄx"��~����'����w�z%¤Ux��­��w�zA|�w�ÁBzSx"��x"��zSw�z�����x"w�ï�w�y�w�zB~����'zB�
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∃ḡ ∈ l∞,∀ā ∈ Σ∗ : lim
n→∞

1

n

n−1∑

i=0

µig(ā) = ḡ(ā), ÒOÔS{#"�"%$
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lim
n→∞

1

n

n−1∑

i=0

µig = ḡ ⇐⇒ lim
n→∞

||
1

n

n−1∑

i=0

µig − ḡ||TV = 0, qVr�s#t�u%v
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µḡ(ā) =
∑

a∈Σ

ḡ(aā) =
∑

a∈Σ

lim
n→∞

gn(aā)

= lim
n→∞

∑

a∈Σ

gn(aā) = lim
n→∞

µgn(ā)

= lim
n→∞

1

n

n−1∑

i=0

µi+1g(ā) = lim
n→∞

gn(ā) +
1

n
(µng(ā) − g(ā))

︸ ︷︷ ︸

−→0

= ḡ(ā).
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∀ā ∈ Σ∗ : ḡ(ā) = limn→∞ 1/n

∑n−1
i=0 µ
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çzã<è�×�ÙY×7Ø
×DÔYÙ r�s#u�r6Ú K�ADI¥klHn{�H�AV�Om%F/H�Fó@zADC lES ⊂ lSM
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n∈N

1

n

n−1∑
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Ã r�m�p z oEp x ��� � � � T−1

Ω I = I
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Prop.4.35
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ε
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í�î�ï�ð�ñ�ð�ò$ð�ó�ñ7HJIYî%KYî=LNM�O~ñ�P¶ô Ý ôRQ ÷TSpýR����û.�NþU	�ýV�DWYX�/
ú[Z�ù��+ýV4 ù \ ]eý#�,ú�\G	�ý#^��`_E�Nù5��\
���badc('���egfRhE>7i��NþÿþÿýkjVFDl1FDlV>m	n�Nù �
�Núpo@l.q.\roVs.o2t�ù��2��û
ùE�Y�2/Tû.� u�ú�ù5�����
�3vNw�ú�^��Eù5/
ú m̄ýVw�?-û.�2� σ \5xy4 ;1��z2�ºý B �Nù�ú|{�ý#�1�}�2�����Nù�ú�4 ù5���R^@��ù�� �NþÿýC~�F=�·ý
ú`�Nù5���1�§ýRw}?y�Nù�ú�?�ýR������x����
w�ú5û�{��NùD���3�Nù�ú�>�û"ý#���y�����Aù5����w�þ��Nù�úkzC�CW��@;@4 ù �2� T ���+ýR�Eù /
ú%�V�������`ý�~���ý
úgû.��4��GF�{Tù��
ú%��ú�ú%�Nú m̄ ýVw�����������������$�&�'#,.��c�'#,1$��.������F

çRÕ�Ö|Ü�Ñ
ê�å&Ó�×
Ø�Ô
Õ�Ü�Û&Õ\ë�Ñ�Ù�����Õ�ß�Ô
ÙRÜ*Ò�Ü$â�Û�Ñ
ã!ãRã�ß�ê�å`Û&ß�Õ���Õ�Ô
Ö�ß���ÕÿÛ&Õ�ÖY�m�
×
Ø�Ò�Ù�ß�×
Ü�ã�ã�Ò�á�æ
á]ß�Õ�Ö�à�Ñ�Ö��
Õ�ß�Ù�Ò�Ü�ÛTÛ&Õ�Ö�Ñ
ã�é�á`��Ù�×
Ù�ß�ã�ê!å�Õ�Ü_ë,Ù�Ñ�Ù�ß�×
Ü�Ñ�Ö�ß�Ù�ä�Ùnß�á��_ß�Ù�Ù�Õ�Ø�Ô
Õ�Ö�Ñ
Û&ÕWÕ�Ü*Ù�ãC��Ö�ÕNæ
ê!å�Õ�Ü$Ý�ç|Ñ·Û&ß�Õk� ß�Ô
Õ�Ü�ã�ê!å�ÑLÓ�Ù\Û&Õ�Ö�Ñ
ã�é�á`��Ù�×
Ù�ß�ã�ê!å�Õ�Ü¶ë,Ù�Ñ�Ù�ß�×
Ü�Ñ�Ö�ß�Ù�ä�Ù�ß�á��ìß�Ù�Ù�Õ�Ø�Õ�ß�Ü�Õ
Ú�ß�ê!å*Ù�ß�Ô
Õ0�RÖ�Ò�Ü�Û&Ø�Ñ�Ô
Õ-Ó  �Ö/Õ�Ù�Ø�ß�ê�å�Õ[Ú�Õ�ß�Ù�Õ�Ö�ÕRÚ�ß�ê�å,Ù�ß�Ô
ÕYÑ
ã�é�á`��Ù�×
Ù�ß�ã!ê�å�Õ¡� ß�Ô
Õ�Ü�ã�ê�å�ÑLÓ�Ù�Õ�Ü
Û&é�Ü�Ñ�á]ß�ã�ê!å�Õ�Ö ë,é&ã�Ù�Õ�á]Õ�à���ÚWÝ
ã�Ù�×�ê!å�Ñ
ã�Ù�ß�ã�ê!å�Õ�Ö�¢/Ö�×V��Õ�ã�ã�Õnß�ã�Ù�â�ß�ã�Ù¡Û&ß�Õ
��Õ�Ô
Ö�ß��$ã�à�ß�Ø�Û&Ò�Ü�Ô
Û&Õ�Ö¡�£�
×
Ø�Ò�Ù�ß�×
Ü�ã�ã�Ò�á�á]ß�Õ�Ö�à�Ñ�Ö��
Õ�ß�ÙnÛ�Ñ�á]ß�ÙnÜ�Ñ�Ù� �Ö�Ø�ß�ê!å{Ò�á�ÓEÑ
ã�ã�Õ�Ü�Û9Ô
Õ�Ö�Õ�ê�å,ÙºÓ�Õ�Ö�Ù�ß�Ô
Ù�Ý
¤=¥ òN¦Tô Ý ô�§ ÷y¨}�2� g �·ý�~�X#��^��G/V�}>��2/©�Aù�ú5û{û
ùE��zC�Nù�û.�Nú�?�/@4ª;.�Nú5û1�Nú«x�w.�}�Ný¬;.�Nú­�R®�w�ù X ýV\
4��Nú��G¯

° ÑJ± g ùD������ù�úTø�	%\#Z���^��G/V�2F° àn±`²eý#��W�w g ý#�}��/¬W�ù�ùE�2���
�pû
ü�ú5ý
þÿù��������¡	gü��2�
�Nþ (ΩΣ,BΣ,mg, TΩ) ù��2�Nxy�«	�F
çRÕ�Ö IYî�³9î5ð ´ Ñ�Ø�Ø�Õ�Ö�Û&ß�Ü�Ô"ã[à�Õ�Ü�µ
Ù�ß�Ô
ÙYÕ�ß�Ü�Õ��ìÕ�Ü�Ô
Õ%á�Õ�å�Ö�¶y����Ñ�Ö�Ñ�Ù�Ò�ÖpÑ�Ò�ã|Û&Õ�Ö��oÑ@·�æ
Ù�å�Õ�×
Ö�ß�ÕTÑ�Ø�ã%Û&Õ�Ö�¸�Õ2¹�Ù�Ñ�Ü�Û&ß�Õ�ã�Õ�Öÿë,Ù�Õ�Ø�Ø�Õ©�
Õ�Ö�Ù�Ö�ä�Ô
Ù�Ým� Ö�ß�ã�ÙeÛ�Ñ�å�Õ�Öÿß�Ü<¶¡����Õ�Ü�Û&ß�¹º�
��ÒTè�Ü�Û&Õ�Ü$Ý�Þmß�ÖnÚ�×
Ø�Ø�Õ�Ü�Ñ�Ü�Û&ß�Õ�ã�Õ�ÖYë,Ù�Õ�Ø�Ø�ÕRÜ,Ò�Ö[Õ�Ö�Ú�ä�å�Ü�Õ�Ü$â�Û�Ñ
ã�ã�¶YÒ�ã�ã�Ñ�Ô
Õ (a) Ô
Õ�Ö�ÑLæÛ&Õ]à�Õ�ã�Ñ�Ô
Ù�â�Û�Ñ
ã!ãeÛ&ß�Õ�ß�Ü1�
×
Ø���ß�Õ�Ö�Ù�Õ`»�×
Ø�Ô
Õ`�
×
Ü<�ìÑ@·
Õ�Ü»ã�ê�å,Ú�Ñ
ê�å ë1�
×
Ö�×V��å�×�Û¢Ô
Õ�Ô
Õ�Ü
Û�Ñ
ã%ã�Ù�Ñ�Ù�ß�×
Ü�ä�Ö�Õ8�RÖ�Õ�Ü���á�Ñ@·��
×
Ü.�
Õ�Ö�Ô
ß�Õ�Ö�Ù�â¡Ú�×
å�ß�Ü�Ô
Õ�Ô
Õ�Ü¼¶-Ò�ã!ã�Ñ�Ô
Õ (b) ã�Ù�Ñ�Ö��
Õ©½[×
Ü&æ
�
Õ�Ö�Ô
Õ�Ü��RÑ�Ò�ã�Û&Ö� �êC��Ù�Ý*çRß�ÕT¾�á`��Ø�ß���Ñ�Ù�ß�×
Ü (a) ⇒ (b) ß�ã�Ù/Û�Ñ�å�Õ�Ö/Ù�Ö�ß���ß�Ñ�Ø+â�ã�ß�Õ�å�ÕT½-×
Ö�×
Ø�Ø�Ñ�Ö
¿ ÝÁÀVÂ�Ý

�

� ß�Ü�Õ�ã-ã�Ù�Õ�å*Ù�Ã�Õ�Û&×�ê!å{Ó�Õ�ã�Ù�Ä��/ã�Ô
ß�à�ÙT¢£��ë*æGÅ Õ��,Ù�×
Ö�Õ�Ü$â�Û&Õ�Ö�Õ�Ü�Û&é,Ü�Ñ�á]ß�ã�ê�å�Õ%ë,é&ã�Ù�ÕNæ
á]Õ�Ü�ß�ê!å*Ù£¶��ië ° Ò�Ü�Û�Û�Ñ�á]ß�Ù§Ü�Ñ�Ù� �Ö�Ø�ß�ê!å�Ü�ß�ê�å*Ùm��ë=±�ã�ß�Ü�Û�â�Ú�ß�ÕnÛ�Ñ
ã¡Ó�×
Ø�Ô
Õ�Ü�Û&Õ���Õ�ß�ã���ß�Õ�Ø
à�Õ�Ø�Õ�Ô
Õ�Ü{Ú�ß�Ö�Û�Ý�ç|Ñ�à�Õ�ßN�LÑ�Ü�Ü�á\Ñ�Ü�Û&Õ�ÜÆ¢£��ë*æGÅ Õ���Ù�×
ÖYã�×
Ô"Ñ�Ö-ã�Ù�×�ê!å�Ñ
ã�Ù�ß�ã�ê!å{Ú�ä�å�Ø�Õ�Ü$Ý
IRî5ð ´�Ç5ð�î�È ô Ý ô ¿ ÷º{Tù ��zC�2�E�ºýR���1�
��ú û.�NúÉ���G/¬����ý#�2�Eù��������NúÊZ���^��G/R� g û.���k���G/¬����ý#�2�Eù�\
�������Nú©ËT�Ì/¬W����}�����0��zC���pû.�Nþ:xy4 Í=��ý.zC�2� Σ = {a, b} >/û1�2�|þ�ù �0{%ý@�1�C�������Nù�ú�4 ù �2�R^@�Nù � 1û
ùE�0	n��®�w��Nú1W

a b a bb a bbb a bbbb a bbbbb a · · · a b · · · b
︸ ︷︷ ︸

n−mal

a b · · · b
︸ ︷︷ ︸

(n+1)−mal

· · ·



ÎÌÏ�Ð Ñ2Ò1Ó1Ô�Õ�Ö@×%Ø=ÙDÕ�ÚnÛ�Ø�Ü�Ó�Õ�Ý%Ù�Ó
Þ2ß�à¬Þ�á#âVãGä�å(æ ß�à�Þ2ædâ1Þ2ç�ègéRê#ë}ë g ì£í�î æDë�ã èNê.ïCÞ2ß�éRê@ë�æ ç=éVáVà�æEÞ2ß�ã
Þ ì ßÌð�à¬Þ�ë�ë�ñ�ê�ò mg

ç�æ5ó�ô1ãõyö î æDë�ãGäN÷bê¬à�ákë�Þ2ãDà�Þ2çùømæ�ß
ḡ : Σ∗ −→ R

b̄ 7→

{

1 b̄ = bn ú2û ßbÞ2æ ç n
0 ë2ðVç�ë2ã

áJç=é8à�Þ2æ�â.Þ2ç�è¡éRê#ë�ë ḡ é.Þ2ßbë�ãGêRãEæ ðVç%üVß�ÞÆý�ß�Þ�ç1à�þ�Þ�ÿ�ãGðVß©é.Þ�ë`ð1ïCÞ2ç�ë2ã
Þ�ô�Þ2ç=é1Þ2ç ì ßÌð�à¬Þ�ë�ë�Þ�ë
æDë�ã è ø£ê#ë�æ ç�ãEáJæ�ãEæ þùþ ����� æ�â�ÿ � êVß�æDë�ã è ç=æ ó�ôJã ë2é.Þ�ë2ãGðVãEß�ðVãDàùã
Þ�ó�ôJç�æ�ë�ó�ô�Þ î ó�ô1ømæEÞ2ß�æ�â#ÿ@Þ�æ�ã
Þ2ç
ñ�æ ã¡ë2æ ó2ô¼ï2ß�æ�ç.âRãGä�÷bê¬à�á�ë�Þ2æ b̄ = bn ú2û ßkÞ2æ ç n ∈ N ä���Þ�ãEßÌêRó2ô1ã
Þ2ç[ømæ�ß�éVæ5Þ��gð � â.Þ
(µtg(b̄))t∈N

èmë�ð�Þ�ß âVæEï2ã
ë�æ5ó�ô ú ð � â.Þ�ç=é.Þ�ë	�yæ � é�

0 0 · · · 0 0
︸ ︷︷ ︸

(
n(n+3)

2
−1)−mal

1 0 · · · 0
︸ ︷︷ ︸

n−mal

11 0 · · · 0
︸ ︷︷ ︸

n−mal

111 0 · · · 0
︸ ︷︷ ︸

n−mal

1111 · · · ,

ø£ðVß�êVá.ë0ë2ð ú ðVß�ãmÿ � êVßYømæ ß�é#è
éRê#ë�ë

lim
n→∞

1

n

n−1∑

t=0

µtg(b̄) = 1

æDë�ãGä�÷ ê#ô�Þ2ß ú ð � âVã è£éRê#ë�ë g ì£í�î æDë�ãGä¡å(æ ß¡ë�Þ2ãDà�Þ2ç�ø Þ2æ ã
Þ2ß B := ΩΣ \ {bbbbb...} è
ê � ë�ð
B é.ê#ë í � Þ2ñ`Þ2ç�ã£é.Þ�ß σ � õ � â.Þ�ï�ßÌê#è éRê@ë�ê ��� Þ î Þ�
�á�Þ�ç1à¬Þ2çùÞ2ç�ã ôJü � ã£ï2æDë�êVá ú éVæEÞ�è�éRæ5Þ3ç=á1ß
êVá.ë b � ë`ï}Þ�ë�ã
Þ�ôJãGä£÷ êVç=ç�âVæ � ã ú2û ß�ê ��� Þ t ∈ N : mµtg(B) = 1 èTê1ïCÞ2ß mḡ(B) = 0 ä
÷bê#ô�Þ2ßyâVæ � ã ú2û ß gn := 1

n

∑n−1
t=0 µ

tg

lim
n→∞

mgn(B) = 1 6= 0 = mḡ(B).

��������������������� �"!#�"$��"%�&�')(*�"+,�"$�!.- +0/1$��"2,�435-�6879$��:';- �"$�!.-<�>=<?A@B?�CED�@�F,GHJILK�M D�@BF0N�O#?PD M D�FRQTS I ?�?�S,D�UVN�O0W�D�CPN�C I O HYX D H�Z0M UPCPD	[\UP]LN�D"?�?<O0F0D�F#S,W�@ K�M G^S,@B_ED�F#?P@�]LF I W`Q
_ED M U5F0] K�Mba ]LFcO0F0D�F#S,W�@ KdM D�Ue= a ]LW�O0CP@�]LF#?�S,@�_AD�F#?P@�]LFf@�?PC�g1h I ?�?\S,@�D"? HYZ U5D�@BF0D�Fji\D�k;G
CP]LU�Q*S,D�UlF0@ K�M C	D a ]LW�O0CP@�]LF#?d?PO0_E_E@�D�UPm I Un@�?PC�Q#F0]LC^o�D�F#S,@ X D�UPo<D�@�?PDES,D�Ulp I WBW @B?�C�Q#on@�U�S
S I ? H ]LW X D�F#S,D�qYN�D�FTCPU I W�D�rs=\U X D�m0F0@B?tN�D�@ X D�FRg#i\D�k;CP]LUPD�F a ]LFuD�F#S,W�@ K�M D�Uv= a ]LWBO0CP@�]LF#?wG
S,@�_AD�F#?P@�]LFxqYO0F#S9S I _A@�C<F I C Z UPW�@ K�M9I O K�M D�F#S,W�@ K�M D�Unh	@�_ED�F#?P@�]LF*re?P@�F#S�@�_E_ED�U�D a ]�G
W�O0CP@B]LF#?�?PO0_E_E@BD�UPm I U�gyh I ?nN�D�@ X CtS,D�U H ]LW X D�F#S,Dcz I CPNLQ{S,D�UtF ILK�MxX D�C I F0D�Uvi\]LU I UPm|D�@�C
D�@�F HJILK�M N�Oum.D�o�D�@B?PD�F9@B?PC�g
}{~,�R��� g �T�0� î Þ2æ g ∈ lTV

ñ�æ�ã edim(g) <∞ äg÷ êRç�ç«æDë�ã g Þ2æ�ç í�î.��� Þ�ÿ�ãGðVß2ä
�	�,���{��� �l� D X D�F�z I CPN � g��c@B?�C I O KdM

µ : Eg −→ Eg,I WB?�]:S,@�D�=\@�F#? KdM U���F0k;O0F X�a ]LF
µ
I O H S,D�F�= a ]LW�O0CP@B]LF#?PU I O0_ a ]LF

g
?PC I m0@BW`g<�lO#?

dim Eg = edim(g) < ∞
H ]LW X C>_E@�C�z I CPN����,g�� � O0F#S�S,D�U��n�;O0@ a�I WBD�F0N a ]LF��l]LUwG

_ED�FRQsS I ?�?�S,@�D�p0]LW X D
gn = 1

n

∑n−1
t=0 µ

tg
@BF��l]LUP_ X D X D�F

ḡ
kL]LF a D�U X @BD�UPC�Q�_A@�CI F#S,D�UPD�F � ]LUPCPD�FRQ

g
@B?PCsD�@�F9=�zTG`i\D�kyCP]LU�g

�

h	D�Uni\]LW�WB?�C���F#S,@ X kLD�@�C M#I W�m.D�Usm0W�D�@Bm0CsS,@BD>p#U I�X D�N�O9m.D I F;C^o�]LUPCPD�FRQ.]Lm9D"?t?�CP] KdM#I ?PCP@�G
? KdM Dl[\UP]LN�D"?d?PD X @�m0C�QTS,@BDt?P] o�] M W a ]LFEO0F0D�F#S,WB@ K�M D�U�= a ]LW�O0CP@�]LF#?�S,@B_ED�F#?P@�]LF I WB? I O KdM
=�z�?P@�F#S*g ¡ I C�?�� KdM W�@ K�M¢X @�m0CjD"?j?�]LW K�M D�[\UP]LN�D"?�?PDLQ5on@�D�S I ? H ]LW X D�F#S,D�£�D�@B?P¤0@BD�W<S,D¥G
_E]LF#?�CPUP@�D�UPC�g
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¼{½,¾R¿�À0ÁÂÀLÀ{ÃnÄ�ÅlÆLÇJÈ¥ÉnÊ¥Ç�Ë|Ê¥Ë�Å¥É`Ì"Í©ÎyÏ�Å©ÉJÇBÅ¥Í©Î,Ê�Ë�ÄsÐ.Ñ1Ò#ÊÔÓ�É`ÌLÕ

g Ö Ç�É
edimg = ∞.

×	Ø,Ù�Ø{Ú�Û ÃÝÜ;Þ�ß
Σ = {a, b} à0á#â p ∈]0, 1[

Á ã�ßBä	å|Þ�æPä�çLè�é;æPÞ á:â ç á0á�â Þ á�ê�ëLì�í Þ á#â Þ áäPÞ�î à ä�ïPß�ð â Þ¥ñ á ß�Þ�äPæPÞ á�ò Þ�îyæ ë ä
g : Σ∗ −→ R

ā 7→







1 ā = 2

p|b̄|+1g(b̄) ā = b̄a êYó ätÞ�ß á b̄ ∈ Σ∗

(1 − p|b̄|+1)g(b̄) ā = b̄b êYó änÞ�ß á b̄ ∈ Σ∗

.

ô ï í ß ì æÝõLÁ÷ö	Á g(abab) = p(1 − p2)p3(1 − p4)
Á
g
ßBïPæ ë�ø Þ á ïPßBè�é;æ ì ßBèdé�Þ�ß á ïPæ ë è�é#çLïPùæPßBïdè�é0Þ�ä ò Þ�î;æ ë ä�ÁRã4ß�ä>å|Þ�úEÞ�äPîLÞ áRû�â çLï�ï g Þ�ß á Þ á ïPæ ë è�é#çLïPæPß�ï�è�é0Þ á�ü ä ë õ�Þ"ïdï (Xt)t∈NúEßBæ�ã�Þ�äPæPÞ á ß á Σ = {a, b}

î ë,â ß�Þ�äPæ û,ê�ó ä â Þ á�ý�ê�ó ä â ß�Þ êYëLì�í Þ á#â Þ á ö�Þ�õ�Þ�ßBè�é á;à0á0í Þ áïPßBÞ�é0Þ>þ	Þ¥ñ á ß�æPß ëLáuÿ Á ÿ��cà0á#â�â Þ á��0ëLì�í Þ�æPÞ��,æ��
P (X−1

t ({a})) = pt+1

à0á#â�� Þ�ß�æPÞ�ä
Pt(ā = a1...at) = P (X−1

0 ({a1})) × · · · × P (X−1
t−1({at}))

í ß ì æ û â ÁÂéRÁ â ß�Þ â,à ä�è�é â ß�Þ Xt
ß á#â,à õ�ß�Þ�äPæPÞ á¢ò Þ�äPæPÞ�ß ì�à0á0í Þ á ïPß á#â�à0á ç�å0é
	 á0í ß í Á\ã4ß�ä

å|Þ�é#ç à�� æPÞ áRû{â çLï�ï g â ß�Þ�
 á,êYë ä â Þ�ä à0á0í Þ áuâ Þ"ï>Üyç�æPõ�Þ"ïnÞ�ä ê�ó0ìBì æ�Á
� à ä ò\ë äPå|Þ�äPÞ�ß�æ à0á0íAâ Þ"ïvö�Þ � Þ�ßBïPÞ"ïnå|Þ�é#ç à�� æPÞ á�� ß�ä û#â çLïdï ý ā ∈ Σ∗ �

µkg(ā) =







1 ā = 2

p|b̄|+k+1g(b̄) ā = b̄a êYó ätÞ�ß á b̄ ∈ Σ∗

(1 − p|b̄|+k+1)g(b̄) ā = b̄b êYó ätÞ�ß á b̄ ∈ Σ∗

í ß ì æ�Áyã4ß�äsõ�Þ�ß í Þ áuâ ßBÞ"ïsúEß�æsð ëLì�ì ïPæ�	 á#â ß í Þ�ä�� á#â,à îyæPß ëLá9ó å.Þ�ä k ∈ N û��<ë å|Þ�ß â Þ�ä�
 á ù
ê ç á0íEý k = 0

��úEß�æ â Þ�ä<þ	Þ¥ñ á ß�æ ëLá ð ëLá g å.Þ�äPÞ�ß�æ�ïVÞ�ä ì Þ â ß í æeßBïPæ�Á �5ó ä â Þ á � á#â,à î;æPß ëLá ïPùï�èdé0äPß�æPælï�Þ�ß
k ≥ 0

Á.ã4ß�ävï�Þ�é0Þ á õ à0á 	Lè�é#ï�ælÞ�ß áRû|â çLï�ï µk+1g(2) = 1 û|â ç µk+1g
Þ�ß áïPæ ë è�é#çLï�æPßBï�è�é0Þ�ä ò Þ�î;æ ë ätß�ïPæ ý ïPß�Þ�é0Þ â ç�õ à��vë ä ëLì�ì ç�ä��yÁ�����Á �5ó ä ā ∈ Σ+ = Σ∗ \ {2} ûï ëEâ çLïdï ā = b̄x

úEß�æ
b̄ ∈ Σ∗ à0á#â x ∈ Σ

äPÞ"è�é á Þ á�� ßBä â ç á0á
µk+1g(ā) = µµkg(b̄x) = µk(ab̄x) + µk(bb̄x)

IV
=

{

p|ab̄|+k+1(µkg(ab̄) + µkg(bb̄)) x = a

(1 − p|ab̄|+k+1)(µkg(ab̄) + µkg(bb̄)) x = b

=

{

p|b̄|+(k+1)+1µk+1g(b̄) x = a

(1 − p|b̄|+(k+1)+1)µk+1g(b̄) x = b
,

��ë ä�ç à ï â ß�Þ � � ßBïdè�é0Þ á å|Þ�é#ç à�� æ à0á0í�ê�ëLì�í æ�Á
ã4ß�ä\õ�Þ�ß í Þ áEá;à0áRûyâ çLïdï edimg = ∞ í ß ì æ�ÁLþ	ç êYó ä<å|Þ�úEÞ�äPîLÞ á�� ßBä ûTâ çLï�ï � ßBä\úEß�æ â Þ�ä
ë å0ß í Þ á � � ß�ï�è�é0Þ á å.Þ�é#ç à�� æ à0á0í Þ�ß á,ê çLè�é�ç à,ê\â ß�Þ�� ì Þ�ßBèdé à0á0íuý k, i ∈ N

�
µkg(ai) = p

∑i
t=1(k+t)

ï�èdé ì ß�Þ��LÞ á î� á0á Þ á Á



!"!$# %�&('()+*+,.-0/213*+4657/
8+'9*+:01;'
<>=@?BA"C�D"E�C�F

aik := µk−1g(ai) GIH ? k, i ≥ 1 J F
KML0C�D"?�N�OQP�D"C�FRK�N.F�F�K9=@CTS�N.D"?"=;UE�C�F

An := (aik)1≤i,k≤n =








p p2 ... pn

p1+2 p2+3 ... pn+n+1

VVV VVV V V V VVV
p1+...+n−1 p2+...+n . . . pn+...+2n−1








∈ Rn×n.

WXAZY�=@[@D
det(An) =

n∏

k=1

p2n−1
∏

1≤i,j≤n,i<j

(pi − pj) 6= 0,

K9C�F�F�=3F
K J�\ D"=@]

det(An) =

n∏

k=1

p2n−1det








1 p . . . pn−1

1 p2 . . . p2(n−1)

VVV VVV V V V VVV
1 pn . . . pn(n−1)








J F
K>K9=@C�^_C�D"C�?"`�=3F
N.F�D"CaN J9G K9C�?b?"CcOQP�D"C�Fed(C�=@D"C�C�?"Y�=3L�DfK9=@C�gXN.F
K9C�?"`�h�F
K9C�ijA�OQP�C
k+N.P�[

∆(p, p2, ..., pn) =
∏

i<j

(pi − pj),

l h�`�=@DmK9=@C�noC�P
N J�p D J F�Y�L+C l =@CcA"C�F lrq ?"C V ^mN.P�C�? G h�[@Y�D�s6K�N�A�A_K9=@C�tuC n A"D"h9O�P
N�A�D"=;U
A�OQP�C�FvgwC \ D"h�?"C�F g, µg..., µn−1g

[@=@F�CcN.? J F
N.L�P q F�Y�=@YRA"=@F
K J F
KvK�N.`�=@D edimg =
∞ V
<>=@?BK9C�x
F�=@C�?"C�F�F J F ḡ K J ?�O�P

ḡ(ā) =

{

1 GIH ? ā = b|ā|

0
A"h�F
A�D V

yIz V|{�}(~
J F
K l =3?oL+C l C�=�A"C�F y gn := µng ~ s2K�N�A�A

lim
n→∞

||gn − ḡ||TV = 0,

l N�Ar`�=@D J F�D"C�F
A�D"C�P�C�F
K9C�`���C�`�`�N z V z�� N J9G E�C�=@Y�D�s(K�N�AQA g C�=@FbWod�U�gwC \ D"h�?�=3A"D J F
KK�N.`�=3D�K9C�F��ZCcA"DBK9C�?�noC�P
N J�p D J F�Y V d(C�=�N.[3A"h t ∈ N
s
K�N.F�F�Y�=@[@D

∑

ā∈Σt

|gn(ā) − ḡ(ā)| = 1 − gn(b
t) +

∑

ā∈Σt\{bt}

gn(ā).
yIz V|{�{(~

<>=@?fP
N.L0C�F�K9C�`�F
N�OQP�E J E�C�=3Y�C�F�s�K�N�AQA
gn(b

t)
Y�C�Y�C�F

1 \ h�F�]�C�?"Y�=3C�?"D�s J F
K�K�N�A
Y�[@C�=�O�P�` q.� =@Y�=@F t V ^_N.E J E�C�=@Y�C�F l =@?�s
K�N�A�A

log
1

gn(bt)
≤

pn+1

(1 − p)2
,

yIz V|{ z ~
K9C�F�F�K�N.?�N J A G h�[3Y�DoF
N.D H ?"[3=3O�P

1 ≥ gn(b
t) ≥ (exp(

pn+1

(1 − p)2
))−1 −→

n→∞
1

J F
K�K�N.`�=3D�K9=3C�nrC�P
N J�p D J F�Y V k J `�noC l C�=3AB]�h�F��m[@C�=3O�P J F�Y z V|{ z L+C�D"?�N�O�P�D"C�F l =@?E J F q OQP
A"D G h�[@Y�C�F
K9CcA
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1 < r ∈ R °²±´³�µ2µf¶ ¯�·¹¸
log(r) − log(r − 1) ≤

1

r − 1
. º §�©|»�«(¼

½I¾ ¯�¸
log ¿ ®�¯ÁÀ�®�Â µ0³ ¸ÄÃ(Â7·¹¯ÆÅ�Ç�®TÈ²É ¶Ê³ Â7¯Æ¸ÆÇ(Ë�Ì ¿¦¶ ®�Ë�®�¯ µ ¸ °ªÍÎ�ÏÊÐÑÏ�ÒÆÓ�ÔÕÏ�Ó�ÖXÏ�×Ø×ØÙ�Ó�Ú�Û�Ü@ÝBÞ9ß�àáÛ�Ü@Ý"Ý"ß�â@ãÁß�ä"Ý�åQæ.Ý"çmèÆé�â@ê�Ý�Þ9Ü@ßTëíì9Ü3å"Ý"ß�î�ç_ß�Ü@î�ßcå

ξ ∈
[r − 1, r] ï å�é�Þ�æ�å�å

log(r) − log(r − 1) =
log(r) − log(r − 1)

r − (r − 1)
= (log)′(ξ) =

1

ξ
.

ðñß�ê�ß�î
ξ ≥ r − 1

èIé�â@ê�Ý 1
ξ ≤ 1

r−1 ò î
Þ�Þ�æ.à�Ü@ÝBÞ9Ü@ß�óoß�ô
æ ò�õ Ý ò î�ê�© �

ö÷Ï�Ò�øcÏ�ù�ÒI×úÎ�ÏÊÐÑÏ�ÒÆÓ�ÔÕÏ�ÓMû�Ù9øcüÊÏ(Ó�Ú2ý ò î�èÆé�â3ê�Ý

log
1

gn(bt)
= log(

t∏

l=1

1

1 − pl+n
) = log(

t∏

l=1

(1/p)l+n

(1/p)l+n − 1
)

=

t∑

l=1

log((1/p)l+n) − log((1/p)l+n − 1)
(4.35)

≤
t∑

l=1

1

(1/p)l+n − 1

=

t∑

l=1

pl+n

1 − pl+n
≤

t∑

l=1

pl+n

1 − p

= (1 − p)
t∑

l=1

pl+n = (1 − p)pn+1
t∑

l=1

pl−1

≤
pn+1

(1 − p)2
,

º §�©|»�þ(¼
ò î
Þ�Þ�æ.à�Ü@ÝBÞ9Ü@ß�óoß�ô
æ ò�õ Ý ò î�ê�© �

ÿ à�óoß�ãÁß�Ü3åBãoæ.ä"ß�î�ãBÜ@äBÞ�æ�åZèÆé�â@ê�ß�î
Þ9ß��²ß�à�à�æ�å���ô ò â3Þ9Ü@ê ê�ß���â@Ü3ß��0ß�î�Ú
¢w£0¤_¤¦¥÷§�©ª§�þ�¬ ­6®�¯

(gn)n∈N

®�¯ µ ®�� É.· ¶ ®
	 É µ�� ®�
�¸�É�Âu® µ ³ Ì ¿ lTV � À�¯I®�¯ µ�� ÉÊÂ7Ë¶ ® ¶ ® µ ®�¯ µ ® µ�� ®�
 ¸�ÉÊÂ g 
.É µ 	 ®�Â ¶ ¯Ä®�Â"® µ � À ° Ç °
lim
n→∞

||gn − g||TV = 0.

±�³�µ
µ 
�É µ 	�®�Â ¶ ¯I®�Â�¸ ³ Ì9Å�Ç�À�¯Ä®�� É.· ¶ ® (g̃n := 1
n

∑n−1
i=0 gi)n∈N

¯ µ�� É�Â�Ë ¶ ® ¶ ® µ g °
�_£��M£�����¬��_æ�åBèÆé�â@ê�ÝBæ ò å¦Þ9ß�ä�� �
å��Qô"!.Ý"ç ò î�ê

||
1

n

n−1∑

i=0

gi − g||TV = ||
1

n

n−1∑

i=0

gi −
1

n

n−1∑

i=0

g||TV

≤
1

n

n−1∑

i=0

||gi − g||TV

º §�©|»$#�¼

à�Ü3Ý�Þ9ß�àáî
æ%�Qô
å"Ý"ß�ô�ß�î
Þ9ß�îRß�â@ß�à�ß�î�Ý�æ.ä"ß�î'&�æ.Ý"ç�(�é�î*)rßcå�æ.ä"é,+%)oæ ò �Qô.-�© �
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(an)n∈N

m5oqp>mlrts%p"uvm�wqx.m�p"ySm z{s<| x,m
w0m�m}|q|Fm�w�~��t�.|�m5p��c�,p�����m�o

a := limn∈N an ��� �%p"p�x%o�|�y

lim
n→∞

1

n

n−1∑

i=0

ai = a.

� o�m�z�s<|Ox.m��.m5w��%w}o�yq�,��m5y�o@�5�5��m5p���o�y�ySm}|�m5oqp>m5w�rts$p"uvm5w�x.m5p"ySm�p�z{s<|Ox.m*rts$p"uvm5w�x%o�m5w�yx.m�x.m5p��.m5pN��m}|���m5p��lw0m5p,�`��m5w�yc�Io�m �$o�m�z�s<|Ox.m��`m}|F�}�}y �
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R,ãNa�T%egfNa�T<fNÊ�]�Z\É�]�aíÉ�hUZ"T<Ê�¥@_�egfN]�Z\R,hU_�V0]�Ê�]�¥�Zàîï_�V�T<a0Ö%]�a^ð�Y%Z,X%]�a0Î%]�ZNW5ñ�dNZ"É\ÉNT<Ê�¥�V
dNZ,V0]�acåc]�a0Ü"e�Ö�_0¥@egf.V0¥�Î%dNZNÎàX%Y%Z�RUT<V0W�LNMOL"°�T<d"e�f�ÔqÜNaíÒ^R.Ø�ÚI]�ÖUV0Y%a0]�Z�]�a0f"Þ<Õ@V�¯U_0¥@]�fN] ÉNTtØ
W�d¸åc]�Ê�]�a0ÖUdNZNÎ�LNMOL.ê Ï ]�¥�V0]�a^dNZ.V0]�ZnMUßò¥�aIX%]�a�_�d"e�fN]�Z�T<Z\É�¥�]`_0]�a^R,V0]�Õ�Õ@] Ï ¥�] T<d"e�f�¥�ÊóNY%Õ@Î%]�Z"É�]�Z�]�¥�ZN]íZN¥@e�f,VÐT<d�ÔC_�V�T<a0Ö%]�RUÞ<V0W�] T<ZNÎ%] Ï ¥�]`_0]�ZN]�ô*T<V0fN]�Ê¸T<V0¥�Ö W�dÈÍ>]�V0a0]�¥�Í9]�ZnMÇ ZõÉ�¥�]`_�]�ÊöR,¥�ZNZN]¸fN¥@]�a�]�¥�Zõã"T%T<aàRUÞ<V0W�]%¯÷É�¥�]�T<Õ�Õ@]�¥�Z�Ê�¥�V�dNZ"_�]�a0]�Êøô�YUÉ�]�Õ�Õ^]�a0W�¥�]�Õ�V
Ï dNa�É�]�ZnM

ù K�únû�LNMOL.üNjIkCm�o
g
m�o�p �}y�s±�}�U�t�5y�o����}��m5w÷ýck>þtÿ"m�rvy�s%w^�,p��

B
m5o�pàoqp"u±�%w}o��%p"ySm����

T−1
Ω B =

B � ýlwÙm�o�x%p�o����ào�y |g|(B) > 0 ��� �%p�p�o@�}yc�%�U�5� gB m�o�p�ýck>þtÿ"m�rvy�s%w �

¡�H�¢�H�£�¤.j�R,]�¥
ε ∈ R+ M�R,]�V0W�] gn := 1/n

∑n−1
i=0 µ

ig
M��×T�É�¥�]

gn
Z"T%egf�ÚIY%a�T<d"_ÙØ

_0]�V0W�dNZNÎ�]�¥�ZN]�[cT<d"e�f,h.ØSó"Y%Õ�Î%]�ÍN¥�Õ@É�]�Zn¯��"Z"É�]�V�Ê�T<Z�]�¥�Z
N0 ∈ N

¯�_0Y
ÉNT%_�_�ÔqÜNa T<Õ�Õ�]
n,m ≥ N0 �

||gn − gm||TV <
|g|(B)

2||g||TV
ε.
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n,m ≥ N0
.10�2?>",/2)@BA"CED9F

||
1

n

n−1∑

i=0

µigB −
1

m

m−1∑

i=0

µigB ||TV = 2 sup
A∈BΣ

|
1

n

n−1∑

i=0

µigB(A) −
1

m

m−1∑

i=0

µigB(A)|

= 2 sup
A∈BΣ

||g||TV
|g|(B)

|
1

n

n−1∑

i=0

g(T−i
Ω A ∩B) −

1

m

m−1∑

i=0

g(T−i
Ω A ∩B)|

= 2 sup
A∈BΣ

||g||TV
|g|(B)

|
1

n

n−1∑

i=0

g(T−i
Ω A ∩ T−i

Ω B) −
1

m

m−1∑

i=0

g(T−i
Ω A ∩ T−i

Ω B)|

= 2 sup
A∈BΣ

||g||TV
|g|(B)

|
1

n

n−1∑

i=0

g(T−i
Ω (A ∩B)) −

1

m

m−1∑

i=0

g(T−i
Ω (A ∩B))|

= 2 sup
A∈BΣ

||g||TV
|g|(B)

|
1

n

n−1∑

i=0

µig(A ∩B) −
1

m

m−1∑

i=0

µig(A ∩B)|

≤ 2 sup
A∈BΣ

||g||TV
|g|(B)

|
1

n

n−1∑

i=0

µig(A) −
1

m

m−1∑

i=0

µig(A)|

≤
2||g||TV
|g|(B)

||gn − gm||TV < ε. G7H CEF9IKJ
+L03M 1

n

∑n−1
i=0 µ

igB N 038�OPMRQTSU69.1032�MR03Q&MBV5,/W�X�Y�ZK[]\&6983:9M^W&Q�OT_969QK`9MR=):903MR=)MRQaOPMbS)Y�,/8 N:9MR.dc/ef>",/2)@BA"C Hhg C
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w<�&¤�w<}�~��/y
w � { � �)°

m ¨"�$�ay
w��©���)y
w��h��w3{ B �9¨P}�~ mB y
w��a��­¬¡��±vB��~K��{
}�~PyRw��&¤�w7}�~h�/y
w � { � �)°�w3{ �³²]´ �h��UyRw mB(A) := m(A|B) ��y7µ¶��wzy
� � {Ry
w<�¬{
�/¤<¤ ·/�q¸��º¹»w<�¥��¤�w<}��d�9¨�¦»¡�� ��� �$�¼��½ ´ y
����y
��9wzy¯���
w���y
�º�L�
�UyRw � y
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w<�¥y
�©y�¤ y � yR� � �9�)y
�Á�-y ´ y
w�{��Â�h��{�{ gB ¦��"�»�Uy�¤�w7yb�Rw���yL���)y
w��9��w�{�{by B yRw��d��¡¥�±Ã�y�� � �9�w�{ � �s��yz�Kyb�Uy
� g w�{ � y
w��x�5¡¥��Ã�y�� � �9�
�sÄ¯� � ¨©�Uy � y
���/y � �9�P�¶�h��{�{By�{¢��yRw<}�~ � y��
τa(lES) ⊂ lES¦
�K�L�9wzy�Å����U�9�$��{by)��£PyR�*� � �h��y
� τa � ¨ � y
w��Ky
�$��Ä¢wzy��L� ´ y
�$�h¨K���Ky
� � �9�ÁÆsy �^� �^Ç��<½/È¨"�$�Á��y�{L�5£�£¥�*�±É/w � � � w7�9�P{�{
� ��� y�{¢ÈK�ËÊÀ½�¦���~K� � y
���h�9��� � ¨ �ÍÌ wzy�¤��
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gB
MR`96/[83W&2)0�69Q�SUS)W&.1.10�MR= N ,/=RC
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u»¡�yRw g ∈ lSM y
w<��y
�$�9¤�w7}�~K�*�9w � y
�&{�w7�9�$�/¤3y
�ÝÃ�y�� � �h�|¨K�$� B ∈ BΣ y
w<��Uy
¤�wzyb�
w���y�{»����yRw��9�$w3{ � w � |g|(B) > 0 �qÄ³�9�$�¬w�{ �

gB y
w<�º�5¡¥��Ã�y�� � �9�¢¨"�$�ºy�{��9w�¤ �
limn→∞

1

n

n−1∑

i=0

µigB ∈ Vg.



Þ)ÞËß ß
àKáKâ�ã�ä/å¥æ$ç�ã�è�é�æ�ê�áPã�ë¥ç á
ìLíPîxí$ï�ð�ñ®òôó3õ¶ö¥÷Rø1÷Rõ)ù9÷Rú�û"ü&ý9þUþ5üPó3÷�ÿ5÷���ý��������&ú��
	��&õ«÷Ró3ú&÷�
����3ó3ú�üP÷Rõ)ø1÷Rú��9÷

Z(B)÷Ró3ú�	zý����������R÷Ró��9÷Rúºó�þ������-ý�����þ)÷Ró
t := |B|

û$ü&ý/ú&ú��9ó����5ú�ý����������! 
µtgB = gB ∈ Vg.�-ý/ø1ó��Bó�þ��

gB "�# ú ÷Rú�ü��3ó$�%�&÷Rõ'& "�# �����)ó # ú�þUüPó�ø1÷Rú�þ)ó # ú(�&ú�ü()«÷��9÷Rú+*"ý�����,��-,.�¬÷Ró3ú
&/*.021Ò÷Rù�� # õ��4365�÷Rú�þ)ó$�%�.���3ó7�����9ó����5ú # ���

µ̄gB = µ̄gB ∈ Vg.*K÷Ró?ú8�&ú
B ∈ BΣ

ö¥÷��3ó�÷Rö&ó����:9L÷Rø<;�=�üP÷bþ?>6���&õ #A@ ó3øfý��)ó # ú�þUþUý����R÷bþB	C�&õD1Ò÷Rù�� # õ)÷Rú
 ��FE��G)H;����3÷RúI)�ó3õ�÷Ró3ú&÷KJ # ���9÷ "�# ú�
����3ó3ú�üP÷Rõ)ø1÷Rú��9÷Rúºø1ó$�

lim
i→∞

gBi = gB . L ,��M��N8O
�-ý

lES
ý/ö��9÷bþ������ # þUþ)÷Rú|ó�þ�� L *"ý����P,��M��Q8OUûR	 # �����Rûhü&ý9þ�þ

gB
÷Ró3úD&H*.021Ò÷Rù8� # õÂó�þ����9ò�÷Ró��)÷Rõ

)«÷��9÷Rú¬üP÷RõS*8�)÷��)ó��9ù9÷Ró�� "�# ú µ̄ L þUó3÷��&÷GTÒõ # � # þUó��)ó # ú�,��M��U8O
lim
n→∞

µ̄gBi = µ̄gB

�&ú�üTü&ý/ødó��V)¶÷��9÷Rú
µ̄gBi ∈ Vg

	��&õ?ý��$�3÷
i

üPó3÷¢ÿ5÷���ý��������&ú����
�

�L÷Rõ³þ)ó7����ý/ú�þ��%���3ó3÷�=9÷Rú�üP÷�*"ý����D�R÷Ró����¢÷Ró3ú&÷Rú�ò�÷��¬ý���	�ûW)�ó3÷düP÷Rõ'9Lõ)÷Rú�� " ÷Rù8� # õ "�# ú
gB

�&õUý/ù8�)ó�þ%���I�9÷X	C�&ú�üP÷RúI)¶÷RõUüP÷Rú¬ù�ý/ú&ú�û&ó�ú�üP÷RøÍødý/úºó��&úTü��&õ����Y1Ò÷Rù8� # õ)÷Rú¬ý���þ
Vgý����&õ #A@ ó3ødó3÷Rõ����

Z\[�]_^ ,��MU��hñ
`4aXb
g ∈ lSM c `4a�b B d b7e |g|(B) > 0

aXb�fhgji�aXblkRfmb�npoqnXrhs.tun%nIs.aXi
vwb d apn

h := lim
n→∞

1

n

n−1∑

i=0

µigB

x b7f�yKr�i dSz a�{�b$n|e}b}aXi|e c�~��u�.� e d t�f�a�b7f�aG��r � k.a
�Ar�f���� � b7f\s8aXi d aXf8k.aXf (Bi)i∈N

own�r
sRt�n%n

|Bi| = i � f\s
lim
i→∞

||gBi − gB ||TV = 0, L ,��-,R��On�r�k�b � e
lim
n→∞

1

n

n−1∑

i=0

gBi
= h ∈ Vg.

ìLíPîxí$ï�ð�ñ®òôó3õ�þ)÷����R÷Rú
an := ||

1

n

n−1∑

i=0

gBi
−

1

n

n−1∑

i=0

µigB ||TV

�&ú�ü��R÷Ró$�9÷Rú
limn→∞ an = 0

�m�Lý/õUý���þP	 # �$����üPó�÷¢ÿ«÷���ý��������&ú������-ý/ú&úI�9ó����
an = ||

1

n

n−1∑

i=0

gBi
−

1

n

n−1∑

i=0

µigB ||TV = ||
1

n

n−1∑

i=0

µigBi −
1

n

n−1∑

i=0

µigB ||TV

≤
1

n

n−1∑

i=0

||µigBi − µigB ||TV ≤
1

n

n−1∑

i=0

||µi||TV ||g
Bi − gB ||TV

Satz3.6
≤

1

n

n−1∑

i=0

||gBi − gB ||TV ,

L ,��-,m�uO
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¾
¿�À�¿�Á8ÁRÂ�À ¦�§MÃ�Ä�ÅSÆ4ÇXÈ g ÇXÈ�ÉÊÇXÉ\Ë�ÌÍÈ�ÎXÏ8ÐÑË�È�ÒDÇXÉ�ÓXÈ�Ô�É�Õ�Ì�Ç�Ö�Ó|×2Ô!Î|Ï�ÕuÓ|×}È$ÓXÎ|Ï�ÇXÖ�ØmÇpÙÚ×2ÔRÖKÛ8É�Ë
(Bk)

Ç�È7É�Ç<ÜWÔ�Ì-Ý.Ç�ÞÚÔ�Éàß�áuÌlÈ�É\Ë.Ç�ÖpÒDÇXÉ.Ý8ÇXÉ�â�ÓXÔãËRÕ�Ó%Ó�Ç|Ó�ÇXÈ�É�ÇDäãÇ�É.Ý.Ç B ∈ BΣ
Ý�È}åX×

ÒBÈ�× g(B) 6= 0 Û�É\Ë limk→∞ g(Bk 4 B) = 0. æ Õ�É\É�ÙuÔ�ÉmÞÚÇ�Ö�Ý�È}ÇXÖ|×�ËRÈCÇKÜ�Ô�Ì-Ý.ÇDË.Ç�ÖØmÇpÙu×2Ô�ÖçÇ�É 1
n

∑n−1
k=0 gBk èé�ê�ëìê\í7î Å�ï���¡�¬$¡�­�¢�¬�¤�¢h��ð�¢�¤m¡�¬7³�´.­�²$¬$³�´�¢hñm��²�£�¢��� �¤�£ò�� m¡Y®�¢�¤ôó�±�­�°�¢�¤õ¦�§-¦.ö÷ �¤m®

¦�§-¦.ø�§ �

ùWú�ùWú<û�üuý\þ_ÿ������������
ï�¬�¢!¡�¢��
	��m¡�³%´�¤�¬�­�­j¶�
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¡�­���³%´m��¡�­�¬$¡�³%´�¢?¢���£���®�¬$¡�³%´�¢��¯¢��8½
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¡�¢���ª?�� �¢�¤ ��²$¡!�¯¬$¤m®�¢� �­�¬�£"��¢�¬�­D®�¢!¡<¡�­���­�¬���¤m±���¢�¤$#���¢�¤�°�ª<�� �¢!¡D¶%
��?��²�²�¢&�¯²�¢�ªD¢�¤8­�¢
®�¢!¡'�¯����£�¤��R¡�¢����� �ª<¡
£�¢!®�¢� �­�¢�­B�:¢���®�¢�¤_§(�¯���B��²�²�¢�ª ¬$ª ñm��²�²�¢?¢�¤m®�²�¬$³%´�½ ®�¬�ªD¢�¤m¡�¬���½
¤m��²�¢��(�¯¢���­�����¢�¤'²$±�¡�¡�­ ¡�¬$³%´B®�¬$¢!¡)��¢!¡���¤m®�¢���¡(��²$���«¶�����ª
 �²�¬�¢���¢�¤_§�ï�¬�¢!¡�¢Vñ�����ª
 �²�¬�¢��� �¤�£
�j¬�¢!®�¢��� �ª ¢���²7�� *��­P®�¬�¢+�¯¬�¤m¡�¬$³%´.­P®�¢��P¡�¬7³�´ì¬�ª ¶���²$£�¢�¤m®�¢�¤-,G��¼�¬�­�¢�²W��¤m¡�³�´�²$¬�¢� �¢�¤m®�¢�¤
� ¢���£���®�¬$¡�³%´�¢�¤/.�¢���²�¢�£� �¤�£��q¢�¤m®�²�¬$³�´�½ ®�¬$ªD¢�¤m¡�¬���¤m��²�¢��0�¯¢���­�����¢�¤_§

ùWú�ù�ú%1�ú<û2�%3)465�7�ü�8�3�ý�8�3«ÿ:9 þ;����<�=�����þ>3:ú 	S²$¡?�w¬�¤�²�¢�¬�­� �¤�£K¢��@��²$±���¢�¤D�j¬$�:®�¢�¤
�� m¡/®�¢��?AÊ¢�²�­:®�¢��:®�B�¤m��ªD¬$¡%³�´�¢�¤¹óCB�¡�­�¢�ªD¢P¡�­���ª<ªD¢�¤m®�¢�¤D»H¢�£���¬�ðI®�¢��D�¯��£���®�¬�°�¬�­�±�­�§
ï�¬�¢!¡�¢��H°�¢�¤.­�����²$¢"��¤m��ªD¢�¤m¡�¡�­�¬�¶C­�¢�¤m®�¢q»/¢�£���¬�ð��u��¤�¤���²$¡H»H¢�£���¬�ð�®�¢����¯��£���®�¢�¤.­�´�¢�����¬$¢
¡�³%´�²�¢!³�´8­�´�¬�¤ £�¢��:¢���­�¢�­��/¢���®�¢�¤_§E�¯��£���®�¬$¡�³%´�¢�®�B�¤m��ªD¬$¡%³�´�¢ãóCB�¡�­�¢�ª<¢�´m����¢�¤$��¢X½
¡���¤m®�¢���¡¹¡�³%´*F�¤�¢��¯¬�£�¢�¤m¡%³�´m�u¶C­�¢�¤G�/�H��¡<®�¬�¢�,6��¤.·�¢���£�¢�¤�°Ê·���¤$	6 m¡�°!±�´�²7¡�­���­�¬$¡�­�¬H��¢�¤
� ¢�¤8­�²$��¤�£��G·���¤Yó8¢�I. �¢�¤�°�¢�¤���¢�­���¬�ð4­�§

ïq��°� ÷�:��²$²�¢�¤à�j¬��'��²$¡J�¯��¡�­�¢!¡D®�¢�¤ ¢���¢�¤�¶C��²$²$¡
�j¬$³�´8­�¬�£�¢�¤÷»H¢�£���¬�ð+®�¢��'¢���£���®�¬�½
¡�³%´�¢�¤:�¯¬�£�¢�¤m¡%³�´m�u¶C­�¢�¤ã¢�¬�¤�¢!¡K®�B�¤m��ªD¬$¡�³%´�¢�¤(óCB�¡�­�¢�ª<¡K��¢�°�
�£�²$¬$³�´Ê¢�¬�¤�¢��Gª<¢!¡�¡@�m����¢�¤
ñ� �¤*��­�¬���¤ f : Ω → R ·�����¡�­�¢�²$²�¢�¤_§
L
ê;M�í�N�íPO_í�¿QN ¦�§MÃ�ö�Å:Æ4ÇXÈ (Ω,B,m, T ) ÇXÈ�É<Ë�á�É\Õ�ÒBÈ$ÓXÎ|Ï�ÇpÓ:Æ�áÚÓX× ÇXÒ Û�É\Ë f Ç�È7É�ÇjÒ'Ç|Ó%Ó|Ð
å�ÕRÖçÇjÜWÛ8É�Ùu×}È�Ô�É¹Õ�ÛSR Ω è äÊÕ�É'Ó�Õ!Ý�×�â«ËRÕ�Ó%Ó6ËRÕuÓ6Ë�á�É\Õ�ÒBÈ$ÓXÎ|Ï�ÇVÆ�áÚÓX× ÇXÒ Ë�È}Ç?T üÚý�þ_ÿ)�%U�V�7 Tû2�7ý T 3)U�V�7Q=*4W�YX T �C5�ý>Z��%V[7 f Ï�Õ�×�â;RXÕ�Ì7ÌFÓ

lim
n→∞

1

n

n−1∑

i=0

f(T iω)

R�ÕuÓ|×]\�å%ÇXÖ�Õ�Ì7Ì¯Ç_^�È$Ó|×}È}ÇXÖp×�âHÒ
È�×:Õ�É�Ë.ÇXÖ�ÇXÉa`�ÔRÖp× ÇXÉ

m({ω | lim
n→∞

1

n

n−1∑

i=0

f(T iω) ex.}) = m(Ω),

b ÕuÓ b È}Ç�Ë.Ç�ÖpÛ�Ò å%Ç�Ë.ÇXÛ�× ÇX×�â�ËRÕuÓpÓ?Ë�ÈCÇ'ähÇXÉ.Ý.ÇìË.Ç�Ö'Æ4Ç@c!Û�ÇXÉedAÇXÉ�â�Rf\�Ö?ËRÈCÇìÇXÈ�É�Ç<ÓXÔ�ÌÍÎ|Ï�Çg Ô�ÉmÞuÇXÖ�Ý8ÇXÉCdBÉmÈCÎ|Ï8× Ý.Ç}Ý8Ç!å�ÇXÉãÈ$Ó|×�âHÇ�È7É�Ç2hGÛ8Ì�ÌlÒDÇXÉ.Ý8Ç'å�Ç_d�\�Ý�ÌÍÈ�ÎXÏ m È$Ó|× è
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~2�H���?�H�"���;�_�_�;�[���2���H�*�������e�;���!�P���_�*�����C���@�@���Y�

(Ω,B,m, T ) � ���@�"�����P�_�������/�@���H� �� �������*�@���
�C�*�����;�_�_�;���*�P�P�_� � �*�"�_�����*���!���_� � ���@���;�*�*�C�@�H�"�*��� f : Ω → R � � �����*����H���_�&�����@���
�*�"���C���@�@�������H�K���@�"�����P�_���*��� �H�"���;�_���;�[�%�
�;��� � ���H�+¡G�H�!�P�@���

lim
n→∞

1

n

n−1∑

i=0

f(T iω) =

∫

Ω
f dm

�¢�"�@�Q� � ���_���H�e�����;�@��� � ���J£2�@���*��¤]���@���;� � ��� � ¤D� � ���e���H���_���(£2�@���*��¤]���@���Y�H�Q�����¥� ���
¤0���@�@�*�*���@¤D���@�����*�]���P���@���Y���_� � ���@���;�*�*�C�@�H�"�¦� � ���@���H�;�@�@�H�!�'��§©¨6�¦�������C�@���_�;�"�@�@�H�
� �������*�@���0�*�"� � �*�"�_�D���*�?�¢�"�@�Gª@�����+�C��«C�*���*� � ���H�
¬"�"�¦���H�*���­���@�"�����P�_���*���¦�_�@�e���;�"���
�@�P���_�*����® �@�"���������*���@�@�*�*�@� � ���H�+�"�H���P���*�����C�_���@�P�@�@�H�"���-���@�*� � ���-¤]���_�����G§r�?�
�@���P�_�C������!�;�"��� � ���H�*�����P�*���H�"���C��«©�*���*�2�����D® �@�"�������@���?��� � ���@�_�"�_�C�@��� � �*�¯� �@¤]���@�@�*�*�����
¤]���@�@�������
® �@�"�������@�������@�!�H�@�@���P�¦���&�"°"�*�*���G§

~2�H�+���H�"���C�@�H�P�_�*��~2�n±;�*�H�@�P�"��������²0���"�@�}³z���_�H���©��ª@�����e�����@�!���;��´
µ'¶;·*¸�¹Q¸PºG¸%»Q¹a¼*§¾½[¼w¿KÀ�Á�ÂÄÃ"Å�ÂwÆ"ÇJÁPÈnÉfÊ*ËSÈJÌ>ÅÍÈfÎWËnÇ

(Ω,B,m, T )
Ê�ËnÁPÈ�ÈnÎ]ÏCÐÍÑ>ÒGÓ)Ô%Õ�Ö�× Ø

Ù Æ�Ú%Ú¾È&Û¢È�ËnÁ
I ⊂ B

Ã"Á¢ËÝÜ�Â;ÎWËnÞfß
σ
ß%à�Úâá©Ë�ã�ÞkÆÝÃ©Ë�ÞYã_Ë_ä�å�á�ÚæÁ%ÉnÊçÃ©ËSÈJÌrÉfÊeÁ�Ë�ã�Ë@èfé�ËnÞ�Æ"Îêè"Þ�È¦Á%Â;ß

ë Æ�ÞSÁ�Æ"Â;ÎWËnÂ�À�Þ@ËnÁæá"Â;ÁPÈ�È�ËfØ0Ã�ìHÊeì T−1
Σ I = I

Ù åCÞ
I ∈ I í

∀I ∈ I : m(I) ∈ {0,m(Ω)}.î�Á%Î]Æ�ÂwÃ©ËnÞ@ËnÂðïñè�ÞSÎWËnÂ*Ø
(Ω,B,m, T )

ÁPÈfÎ�ËnÞ�á�è�Ã"ÁPÈnÉfÊ©Ø Ù Æ�Ú�ÚòÈ�Æ�Ú�ÚHËñÁ�Â ë Æ"ÞfÁ%Æ"ÂwÎWËnÂ¦À�Þ�ËnÁæá"ßÂ;ÁPÈ�È�ËñË�Â;Î¢óDË@Ã©ËnÞñÇJÁ�Î
0
è�Ã©ËnÞ�Ç'Á%Î]ÃCËnÞõô6ö
ËfÈnÆ"ÇJÎ¢ÇõÆ[È�È�Ë�÷

m(Ω)
ã_ËfÚHË¢á"Î�óDËnÞ�Ã©ËnÂwì

~K�"��¬"���_���*�P�"���@���*�;�����*�����"�H�"���;�����-~2�n±;�*�H�@�H�"�G´
µ'¶;·*¸�¹Q¸PºG¸%»Q¹$¼*§¾½"½*¿�ï�Á�Þ'Â>ËnÂwÂ>ËnÂøËnÁ%Â>ËnÂúù;ËSûÍÎêè"Þ

g ∈ lSM
ÏCÐÍÑ>ÒGÓ)Ô%Õ�Ö�× Ø Ù Æ�Ú�ÚòÈ¦ÛêÈ�ËnÁ

I ⊂ B
Ã�Á�Ë�Ü)ÂwÎWËnÞSß

σ
ß%à�Úâá©Ë�ãnÞ�Æ-Ã©Ë�Þ�Á�Â ë Æ"ÞfÁ%Æ"ÂwÎWËnÂ&À�Þ�Ë�Áüá"ÂwÁHÈSÈ�Ëñó Á�ËñÁ%Â�Ã©Ë�Þ2ý'Ë%þDÂ;Á%Î¢Á%è�ÂÃ�Æ�ÞSå*ã_ËnÞ í

∀I ∈ I : |mg|(I) = m|g|(I) ∈ {0, ||g||TV }, ÿ ¼*§â¼����ó?è©ã�ËnÁ
|g|

Ã©ËnÞ�Îêè"ÎêÆ"Ú}Ë/ù*Æ"ÞfÁ%Æ�Î¢Á%è"Â*È ë ËSû[Îêè"Þ
á©ËnÇ����çýñË%þ]Â;Á�Î¢Á�è"Â	�Cì�

�&È�ËnÁ�ì
���H�����;�����@�����Ý�"�@�@�����P�_�
���H�/���;���H�P���*��� � �@�P�"�*�H���@�@�����/���"¬"���C�@�"�K�"���;���Ý�*���*��������"�����P�_��� � �¢���H�P�?���H�P���H�©¬����@�P���C�@���¦� �@���P�"�*�P�_�@��� � ���@�_���"�H�P�������!�H�?¬"�"�H�P�����������*�_�_�_�*���P����H���_�*�"���H���(�e�������!�H�

0
� ���P���"�)�@�H�;�z§Í�?���P�@� �C�*�ñ��³z���;�@�P���©�@�H�P��� � �*�"�_�����H���@�]~��n±;�*�P�@�H�"��H� �;���P�H�K¬"�"�������"¬"���e�@�"�@���-�!�P�0���������*�����C�;���Y�P�_�_�*�ñ�C���@�@���!�K�"���"� � ���*����~2�n±*�

�*�H�@�P�"�¦� � ���@���H�;�@�@�P�!�ñ��´
���>» �w» !Í¸PºG¸%»Q¹ð¼*§¾½#"*¿�$�ÈfÎ

g ∈ lSM
ËnÁ%Â/î�Æ�� ë ËSûÍÎêè"Þ�Ø�Ènè�ÁHÈnÎ�Ã�Æ[ÈJÃ©Æ ä&%�Æ[ÈSÈnè ä�Á�Á¢ËnÞfÎWËÃ"Å�ÂwÆ�Ç'ÁPÈnÉnÊ�ËKÌrÅ ÈnÎWËnÇ

(ΩΣ,BΣ,mg, TΩ)
á©ËnÂwÆ#%/Ã�Æ"Â;Â�ËnÞ�á�è�Ã"ÁPÈnÉfÊ©Ø�óDËnÂwÂ

g
ËSÈ�ÁPÈfÎêì

'2¶�(�¶w¸)!©¿2~2�"���P�@���©�*�-�_���_�+*"�_�*�H�P���-��³z���;�@�P�_�C�@�H�P���&�;�"�_��������~2�n±;�*�H�@�P�"�*���G§
�

�$�H�K���@�H�*�*���@���*�H���+�*�;���H� �*�"�H�"���;�����ç�������H�!~2�n±;�*�H�@�H�"�,�e§¾½[¼������.-?���@�����@�H�"�;���
¬"���e�@�"�@���

g+, g−
�*�;�

|g| = g+ + g−
�*�;� � ���!���@�"��� � �*�"�_��¤��P���H� �;�"�H�"���;�����

�*���!�'�*�*���@�H���_���-£K� � �_���;�_�������K�e�_�*�@��� � ¤D���P�@�
g(B) := mg(B)
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DFEHG

B ∈ BΣ IKJ#LNMHO&P8QHRTS G J�U>V�WYXZO&[�\�W G O&P g ∈ lSM I]S^\�S^M G O&P_J#VNVNW#`&S^S^O G \�O&PaO&Pcb�U^S@d
L+MHO&P8Q6V�S^e#PHS^O G \�O&P_fgJ�h#O&P_S>b�O&P�\�S@ic`&S^O G O&P8jHklS G O G McJ�U^\�O&P_bHJ�PHP8m
n�oqp r6p sut>v8t�pxwly j{z}|�~��T�����c���u���#� g ∈ lSM �>�������1�6�#���}�#�6���1�F�}�
�#�>�1�������1������� g+

�4�6� g− �1�F�}�
�}�^�&���_�����6�K���6���6�1�#�)��� g+ 6= 0 �4�6� g− 6= 0 ���
�}�&�#�>�1�����1�
∀I ∈ I : g+(I) = 0 ⇐⇒ g−(I) = 0 � y j y����

�#�)���� ¡£¢�¤a¢6t)s ~£¥¦V�\ g O G e#W4b�S)VNLNM8Q§VNW D W#U>e#\�R§O&e#O&P |g| = g+ + g−
DFEHG

I ∈ I b�S G O&[4\
g+(I) = g−(I) = 0

D�EHG
|g|(I) = 0 j:¨£S^U^\ |g|(I) = ||g||TV QcV�W

||g||TV = |g|(I) = g+(I) + g−(I) ≤= ||g+||TV + ||g−||TV = ||g||TV ,

R©W G J�ªcV«VNW¬R§W#MHU |g+|(I) = g+(I) = ||g+||TV ªHPcb­O&®qO&PcV�W |g−|(I) = ||g−||TV J�U>V
J�ªcL+M�¯�ªcV+VNJ�e#O � y j y���� D W#U^e#O&P8jH°�IKe#O&[#O&M G \±S>V�\Tb�S^O.¯�ªcVNVNJ�e#O²\ G S^³4S>J�U�j �

´�µ@´xµ^¶8µK·£¸�¹ º
»�¼8½x¾©¿�·£ÀuÁqÂ8Ã Ä4¹xº¬Å�Æ
Ç}ÄcµÉÈ ª G ®qO
VNVNO G O&P.ÊZS^PHW G b�P�ªHPHeËb�O G8D W#U^e#O&P�d
b�O&PaÊ G e#O&®HPHS>VNVNO�®:O&\ G J#LNM�\�O&PÌRTS G `&R©O&S:Í G W#IKS^PHO&P�\�OËÊ G e#W�b�O&PcVNÎ�\�`&O#jHÊ G e#W4b�O&PcV+Î�\�`&O
IKJ#L+MHO&PÏO&S^PHO&PÐe G W#h#O&P�Ñ�O&S>UËb�O G Ê G e#W4b�O&P�\�MHO&W G S^O�J�ªcVaªHPcb DFE U^U^O&P D�EHG V�S)LNMÏJ�U@d
U^O&S>PÏe}J�PH`&O�Ò E LNMHO G ��ÓÕÔ ÀÖÄ�×qØ�Ù � j�¥¦IÛÚcJ�U^U>OÜJ�U^U^e#O&I]O&S^PHO G b�Ý4PcJ�I]S>VNL+MHO GgÞ Ý�V�\�O&I]O
(Ω,B,m, T ) V�\�O&U^U>O&PßV�S^OgO&S^PHOàÒ«O&`&S^O&M�ªHPHeá`&RTS>VNL+MHO&PÏÊZS^e#O&PcVNL+McJ D \�O&Pâb�O
VÌfgJ�h#O
V
m V�O&U>®cV�\TªHPcb�b�O&IãXZO G McJ�U^\�O&P�³#W#P�ÚcªHPH[�\�S^W#PHO&P f : Ω → R O&P�\�U>J�PHe­³#W#Pàä G ®HS^\NV
(T kω)k∈N MHO G j

klS G ®:O&\ G J#LNM�\�O&P�b�S^Oå`&R§O&Sæ®qO&[�J�PHP�\�O
V�\�O&PgÊ�ç�O&I]ÍHU>J G O#Qc³#W#Pàb�O&PHO&P�RTS G V�ÍcÎ�\�O G
bHJ�PHP,J�ªcL+M � S^Pàe#O G S^PHe#O&Iè¯�ªcV�IKJ�h � ¨£O&® G J�ªcL+MÜIKJ#L+MHO&PÜR§O G b�O&P8jæé�O G O G VN\�O]Ê G d
e#W�b�O&PcVNJ�\�`_S>VN\É³#W#Pê³#W#P � V�S>L�ë �.ì O&ªHI­J�PHP8QZO G `&S^O&U^\YO&S^PHO_¯�ªcVNVNJ�e#O DFEHG VN\NJ�\�S^W#PcÎ G OÞ Ý�V�\�O&I]O_ªHPcbßS>V�\�U>O&S>LNM�\�O G `&ªl®qO&R©O&S>V�O&PßJ�U)V]b�O G VNS>LNMíJ�PcV+LNMHU^S^O&h#O&Pcb�OgÊ G e#W�b�O&P�d
VNJ�\�`a³#W#PîÒ«S G [4MHW�ïæjækßS GåDFE M G O&PáS^MHPðb�O G XZW#U^U)V�\NÎ�Pcb�S^e#[#O&S^\ÉMcJ�U^®qO G J�ª D QæR©O&S^U�RTS G
ªHPcV�O G O�Ê G e#O&®HPHS>VNV�O�J�U^U^O&S^P�b�ª G LNMñÒ«O G ª D ªHPHeòJ�ª D S>MHP�O G `&S^O&U^O&P�[#ó#PHPHO&P8j�Ú EHG b�S^O±bHJÖdDFEHG ®:O&PHó#\�S^e#\�O&P	Ò«O&e G S@ï<OåJ�ªcV£b�O G ¥¦P�\�O&e G J�\�S^W#PcVN\�MHO&W G S^OòVNS^O&MHO.`#jÕÒ£j ÓõôYö ½æ÷6ø�Ù jqk�O G
¥¦P�\�O&e G J�\�S^W#PcVN\�MHO&W G S^O­³#O G IKO&S>b�O&PÜI]ó�LNM�\�O#Q E ®:O G V�Í G S^PHe#O.ù�O
b�W�LNMðb�S^O
V�O&P Þ J�\�`ñªHPcb
R©O&Pcb�O�V�S>L+M]b�O&IúÒ«S G [�MHW�ï8VNL+MHO&P�`&ª8j�¯�ªcL+M�O G MHS^U D \æªHPcVZR§O&S^\�O G ªHPcb�V�O&S^PHO±¯�ªcVNVNJ�e#O
S>VN\«O&S>P D J#L+MHO G `&ªÌ³#O G V�\�O&MHO&P8jqé£O G Ò«O&R§O&S)Væù�O
b�W�LNM�S>V�\�ªHIûO&S^PHS^e#O
V�[#W#IKÍHU^S^`&S^O G \�O G j
ü6ý v8þ_y j{z#ÿ � f�S>\�\�U^O G O G Ê G e#W4b�O&PcVNJ�\�`Y³#W#Pà³#W#P ì O&ªHIKJ�PHP � ~��<�1� (Ω,B,m, T ) �1���
�1���#� ���}�6�#�����É�����6���Y�>�1�����������u�������û�4�6� f, g ∈ L2(Ω,B,m) � ���}�#���#�	�����c��� �#��� �1��
N�#�� �} @��  f2 �4�6� g2 �1�)�6���&��
§�&�>���]�)�c�����#��� �1��
��#�����8�4���u� �F�#�q�1���� ��å�}�c�ð���#�^�1� �F�1���1�á�#� �� ���Y�������

lim
n→∞

n−1∑

i=0

∫

f(T iω)g(ω) dm(ω)

�&�Ö������
+�1� �#�)�@ ��+�1� (Ω,B,m, T ) �&���1�#�>�&� �F�����1�����
�#�>�1���}�©�1���&�Ö������
N�&� �����
lim
n→∞

n−1∑

i=0

∫

f(T iω)g(ω)dm(ω) =

∫

f dm(ω)

∫

g dm(ω).

¡£¢�¤a¢6t)s ~ Þ S^O&MHO Ó���� ÷6×�Ù Q Þ O&S^\�O&P! � ud#"�$%"�j �



&'&)( *�+-,-.0/0132�4657/08:9;4=<0,�/0>�5?,
@BA�CEDGFIHKJ'J'LKA�C'A�MON�C'P�Q�R�A�S=T�U3J'V�H7T'J�S%QXW#YZS%H7W�Y-J�[\HKC']XLKH7W#Y^R%U�T�_X[�U�T`[\H7C�U3S%P�A�]Xa%S=R�HKP�JY=U3J'J'A�Sb_-S=c3FILKH7W#YIdfe=T�T#U3P�A�SIa%g�A�C`h-J�U3J'H7T'J'HK]�A�S�A�S-J'L7U3S%PiA�HKS%V�A�L7S%A�Cjh-Alkme%A�S%V�A�Sbn%h-Q�L?oW#Y%Aidfe=T#T�U3P�A�SpFqU�W�Y-J�r'AlR�QXW#YpSme%SsR�A�C
t6u�vbwBx nzy�{�|	N�C'P�Q�R�A�S=T�U3J'Vj}�Q�S�~jHKC']XY%Q3�\�;���\���I���3�6�����K�������;�E�������G���

(Ω,B,m, T )� �������7���f�m���6���������=��������������� ���K�������¡�\�¢�m���������X�¤£�� � �#��¥3�3¦§�������3¦�¦?��� � �;�����-�¤¨���©��G����ª�I�;�;� � ���'���¬«b�X��©��	���������®­	���	�;����¯���°E�=���	������±6²�³�´�µ ª\¶E���=�·�;�¹¸fº»�¼­	���	�;����¯���°E�=��½�	�����Z±=²7´-¾�µI�K���¿²
ÀBÁ�ÂZÁ6Ã�Äm�B@ÅA�S¬~jA�[EA�H�TBR%U3V�eÆP�HKg%JÇAlTBHKSsV�[EA�HÉÈÊU3C'H7U3S-J'A�SbË�N�HKS%A�A�HKS�Ì	U�W�Y%A�C'A�ÈÊU3C'H?oU3S-J'A�Ì�a%C�A�C'P�Q�R�H7T�W#Y%AIR�Í-S=U3FqH7T�W�Y%A^h-Í�T'J'A�FIA�e%S=R¬A�H7S%A�U3L7LKP�A�FIA�HKS%A�n:~jA�H7R�A�Î=S=R�A�ST'H�W�YpHKS¬Ï�Ð�ÑpÒ6Ó=Ô¿_�h-A�HKJ'A�SÖÕ�×�Ø�o#Õ�×�yX_�Õ�Õ�Õ�o#Õ�ÕlØXn

�

ÀBÁ6ÙBÁ=ÚbÛÝÜ�Þàß x nzá3×=�É¯i�	�j�-�	���`���#£'�m��£�¥m�-�;�G���â�\�����l�-������¨��7� �\©3���=�����q�X�-�l¨ã�-¦§�¢�m�ÊäÇ��½¶E���7��å����;�����=�G���6²E«�¥-�^�m����å ���Öæ����-�����6��ç ���������è�:���7�q���	�;���¡Ï�é�ê�ëÝÓ:ìmÔ	ªÅÏ§íÉî�ïðÒ6ñ�Ôò²«�¥X�B�m���^äÅ���#©l�X�¤óÖç �����%�������������O�l²§äB²��m����å ���Zô����7������¦õ�#�������X�6�Öö����7�#�B¥ � �����6����½�I�������®­GÏø÷pùúÓ�û%Ô?µ����X���Æ���ÖÏ§ü¡ýãþ=ñbÿmÔ � �;�����-����� � ��������²�¯i���;�l���â©ã�������f�ã�X���I�m��������3�����3¦K���I�\�����l�m���%�����7�I­��l²§äB²bÏø÷pý��-Ó���Ô	ªà�:�����G����µ�������²����ZÏø÷pý��-Ó��%Ô��K���Ý���	�B�6������X�������¤���
	=���#���¿¨��6���=�7�`��¦K�	�����6�G�;���G��	%���������6�G�Ê����°E�6�m����ª0���	�
�f� � �¤��������å ��� �����3��½���3¦K���I�\�����l�m���������7�¹�������-��ª��m�;�#�l���qäÇ��¶E���7�Ç� � ��������©��-�'�Ç¶��	�B¶��-���m���#����� ���ã�%���;½©ã���â���¿²�¸Å¦§�G���;�6���	��å���	%���������=�G���I¶Ê¨��'���Z�����É���¤�m��� �����O���qÏ �:ê���Ó���Ôà�X�6�¹Ïø÷�þ=ï·Ó0ûXÔå �����m�����G��¦�¦§�G���6²
@BHKAlT'A\g0A�H7R�A�S^hXc3J'V�AO]�Q�FqFIA�S�V�nø~Bn�HKS�Ì�Q�LKP�A�S=R�A�F��bA�FIFqUÇV�e%F N�HKS=T�U3J'V�_mR%U�TET��=cãoJ'A�COU3e�ÌÉA�HKS�Ì	U�W�Y%A�dfC'J\e%S=R��¬A�H�T'A�U3e�ÌÝe%S=T'A�C'A¹~jA�P�C'H?�:AÇa%g�A�C'J'C�U3P�A�S![EA�C�R�A�S�]3U3S%Sbn
��Á�ÙBÙ uèx nzá�Õ��O�b���������

(Ω,B,m, T )
���������3�6�����K�������;�O¸fº»�!�������G��� �����Ý���¿���	����½�6¨��¤���
�\�'���-�l�����

m̄
�m�	�m� � ���6²��:���É¶E�����G���

B
å ���s�����������Å���m�

F
���'� ���ã���¿²�¯����=������6�¡���	��£��3¦��m���6�-����¸B���;���l�m���Æ¨����-��å �3¦K���=�! 

|�H	�
m

�K�����������l���7�����X²
|�HKH¿�

∀G,F ∈ B × B : limn→∞
1
n

∑n−1
i=0 m(T−iG ∩ F ) = m̄(G)m(F )

m(Ω) .|�HKHKH¿�
∀F ∈ F : limn→∞

1
n

∑n−1
i=0 m(T−iF ∩ F ) = m̄(F )m(F )

m(Ω) .ÀBÁ�ÂZÁ6Ã�Äm��h-HKA�Y%AIÏ§ü¡ýãþ=ñbÿmÔ¿_�h-A�HKJ'A�SÖÕ x#"%$ Õ x�&'$ Õ x {Xn
�

ÀBÁ6ÙBÁ=ÚbÛÝÜ�Þàß x nzá�Ø%�(���¡�����;�l����	%���;�����=�G� � ���*)��	�¢���,+à�������Ç±=².-%/��m����� � �������G�������=½�m���s�0���7��å ���!äf���#©l�X�¤ó ±=²�³�¾�²��\�#�����7�l�\�����!¸fº»�·���X�¤�������¿���	������¨���ª����Z¶����)���=�-��m���¹å ���pæi���X�����=�0ç �������������	��¦K���'�Å�O����� �m���������7��±=²�³%� � ���*)��	�§���¿²
0BU�W�YsR�HKAlT'A�F N21�]Xe%C�T`Ì�U3Y%C'A�S»[\HKCOS-e%S!FIHKJ\e%S=T�A�C'A�C43`Y%A�Q�C'HKA¹Ì�Q�C'JOe%S=R»T'J'e=R�HKA�C'A�SR�HKA65�e=T�U3FqFIA�S%Y=c3S%P�ApV�[\H7T�W#Y%A�S®N�C'P�Q�R�HKV�HKJ�c3J�e%S=R�R�A�S�~jA�P�C'H?�:A�S�R�A�C�}�Q�C�U3S%P�A�oY%A�S=R�A�S!dÅg=T�W#Y%S%HKJ'J'A�n

798:7,8 � 8<; ý�=�ê?>�îA@�îCBEDFBfëG�G>�HI��JKBlê6ýãý�D=ë�ïL� 8 N�C'P�Q�R�H7T�W#Y%AÊÈ�A�]-J'Q�C'A�Si]ãU3S%S�FIH7JMÅHKL?Ì�AÅ}�Q�SONÅSmJ'A�C'}�A�]XJ'Q�C'C�c3e%FIA�S»]-L7U�T#T'H?Î=V�HKA�C'A�Sbn�@BHKAlT'A�SOP»AlW�Y=U3S%H7T'Fâe=T\[�Q�LKLKA�SZ[\HKCU3S�R�HKAlT�A�CÅh-J'A�LKLKA�U3e=T¤Ì�a%Y%C'A�Sbn



QSR QSR�TVU*W?X�YKZ\[EZ:]%^#] _�_a`
b
cedgfOh�igj�klc%mln#j�igo6prqskutFqsiwvxigozy%igoF{.fzoz|#j�qs}%ozigo

{0, 1}IΣ = {Q : IΣ → {0, 1}}~ h�igkrtFigk
σ ����� y%ighzklc�tFigkrqso#��cek�q\ceo#j�igoOv6igozy%igo IΣ � tFq\i�cef��l��mln � qsig� � q\mln�tFqsi
��igk�j�i

0
}FtFigk

1
ceozozignz��igo?�z��qskrh�igj�klc%mln�j�igoxo�fzo�tFqsi�{A} � y%igo�tFi

�����z�C�,�\�?�A�,���z���%�z�� K¡S¢
Q ∈ {0, 1}IΣ £9¤¦¥%§�§�§ ¡ §*§ ¡ §�¨ ¢C©

VQ := {g ∈ lSM | ∀I ∈ IΣ : |g|(I) = ||g||TV Q(I)}.ª ¡ §�«#¬�­�®?¯G°A±E²e³,«V´¶µI«#·K¸E®*¬�¬�¹�º¼»¾½�¿%§ Q £
À ~ kuigj � qCmlnziw��} � m�nzi Q qC��jrtFigk4tzcedgfxc%�l�l}%dgqsqsigk�j�i
igk�y%}VtFqC�lmlnziÂÁ�cefz�ÄÃefz�%igkl��j�fzozqso �j�igk�iE�l��ceo�jgÅ
Æ��*Ç���È?É¼Ê9�,Ë6�z�����*�2Ì�Í�Î

Q ∈ {0, 1}IΣ Ï ¡g¢ §�Ð�¥�Ñ ©�ÍSÒ Ñ ¡g¢ §zÓ ¢.Ò Ñ Ï ¡S¢AÎAÍ�Ô ¥�ÕÖ¥%×ÙØ (Ω, IΣ) ÚÍ ¿6¿ÜÛ ¡ § Í�¢.Ò Ñ Î Ó ¢AÒ Ñ VQ = {0} Ú ª ¥ |g| Ø�Ý © g ∈ VQ ¥eÓ ÍÂÞ ¥�Õß¥%×ÙØ (Ω,BΣ) à ¥6¥'× Ò Ñ¡S¢ § Þ ¥�Õ¶¥%×ÙØ (Ω, IΣ)
¢ § ª ×eá ¢.¡S©�Î Ú ª ¥ Í¦âS¢\Í ¥%×ÙØ   Ï ¥eÓ ¢ã¡S© ×V§�ä Ô�¢CÎ Q Ý âl¡g©Ü¡S¢ § ÍSÎã¢CÔ�Ô�Î £

��qsk(igk�n�c � j�igo6tzceozo
å*æ �?çè�z���%éz��Ì�ÍSÎ

Q ∈ {0, 1}IΣ Ú Í ¿ ¢\Í�Î ª ¡S©�¡g© ä'¿ ª ¢sÍgÒ Ñ ¡wê ¥%× Ô VQ
¡S¢ §�¥ â ä ¡ÙÍSÒ Ñ�Óë¿ Í�ìÍE¡ § ¡S©îí § Î�¡S© ½ ¡ Ï Î ¿ ©Ù© ¥%× Ô ½�¿%§ lSM £Æ��Fï��*�Cð�����igy%igoòñóig��igk�|#fzozy¶�z�����ô|%õ%ozozigoöprqskî}%nzoziø÷ùqso��lmlnzklÃeoz|Vfzozy¶tzc��%}%o

cef���y%ignzigo � tzc%�l��iE�è��q\mln�h�igq
Q
fz�úigq\o¶�ûcenzkl�lm�nzigqso � q\m�nz|%igqsjl���<ce�ûn�ceo�tFi � jg�(÷ü�y%q � j(c � ��}

Q(I) = 0 ⇐⇒ Q({I) = 1. ý �z�þ�%�Fÿ�a��j
g ∈ VQ � ��} püigy%igo

∀I ∈ IΣ : |αg|(I) = |α| |g|(I) = |α| ||g||TV Q(I) = ||αg||TV Q(I)cef�m�n
αg ∈ VQ

{ ~ kÂc �s� i α ∈ R
���#qso�tûpüigqsj�igk

g1, g2 ∈ VQ
fzo�tøq\��j

I ∈ IΣ
��qsj

Q(I) = 0 � ��}
0 ≤ |g1 + g2|(I) ≤ |g1|(I) + |g2|(I) = 0 = ||g1 + g2||TVQ(I). ý �z�þ��é#ÿ�a��jrnzqsozy%igy%igo

I ∈ IΣ � ��}�tzc%�l� Q(I) = 1 � ��}
|g1 + g2|(I) = |g1 + g2|(ΩΣ) − |g1 + g2|({I)

(4.44),(4.45)
= |g1 + g2|(ΩΣ) = ||g1 + g2||TV ,p }%klcef��rqso���y%iE�lce��j {A} � y%j � tzc%�l� VQ igqso�� ig|#j�}%k�klcefz� qC��jg���a��j(o�fzo

h ∈ VQ � ��}�y%qshzjiE��igqsozi�Àz} � y%i hn ∈ VQ � tFqsiÂy%igy%igo h |%}%o��%igk�y%q\igk�jg����c%m�n��Vcej�d
	V��é%é�|%}%o��%igk�y%qsigk�j
tzceozoûtFqsi Àz} � y%i�tFigk |hn| y%igy%igo |h|

��� ��j
o#fzo
I ∈ IΣ � ��}î|%}%o��%igk�y%qsigk�j¦tFqsi Àz} � y%i

|hn|(I)
y%igy%igo

|h|(I) ý ��q\ignzi��4}%k�} �s� cek
	V���%é#ÿl�*b
cenzigk
|h|(I) = lim

n→∞
|hn|(I) = lim

n→∞
||hn||TVQ(I)

= Q(I) lim
n→∞

||hn||TV = ||h||TVQ(I),

p }%��qsjutFqsiIñóign�cef��zj�fzozy�tFiE���Vcej�dgiE�4�%} �s� ��jlÃeo�tFq\y�h�igprqsiE��igo�póÃek�i%� �



����� ����������� �"!$#%��&(')!+*��,��-"#.�
/103254�0367036�8+9 :%4�03;=<7256
>$?,@BA�C�DFEGE�H�I(J�KLJ�M

Q1, Q2 ∈ {0, 1}IΣ NPO�QSRUT OVO Q1 6= Q2 W�X T M$M
VQ1 ∩ VQ2 = {0}.Y[Z,\SZ$]_^ H /`256�;�038�ab03;dc,250bePf,2%g�4�03;�h
0325;�0igjek:%03ab03;l4mg

0 6= g ∈ VQ1 ∩ VQ2

9 ; D
n�9

Q1 6= Q2 oqp 25r�4b0igs0325;�0utu03; p 0 IΣ o g�vdc�9Ggmg
Q1(I) 6= Q2(I) o 9 :%g�v�vG8�;�0

ek2%;+gmwm8�6mx ;�y�z�; p Q1(I) = 1, Q2(I) = 0
D e{g}|~vG: p 4

0 = ||g||TV Q2(I) = |g|(I) = ||g||TV Q1(I) = ||g||TV ,0325;�/�2%c,036mg���6�z+wV8�h3z
g 6= 0

D
�

��g�47;lz�;
g 6= 0

0325;�036 p v,c,2%gmwm8�0367�k03y�4�vG6 o g�v
2%;+c,z�h325036�4
|g| � r�036
c,250��kvG6mgmwm8�6�25|�4

Qg(I) :=
1

||g||TV
|g|(I)

0325;�0�t�03; p 03;,|~z�;�y�4�2%vG; Qg ∈ {0, 1}IΣ � 25a��$9 :5:50
g = 0

gm034�h303;�<7256
Qg :≡ 0 � D e{g

p 25:%4}c�9 ;�;uc,036}|�vG: p 03;+c,0
>$?,@BA�C�DFEU�,H�I(J�K

g ∈ lSM
J�K�M�J��~� QiR K O3��� J����+J)��� Q � W�X T M+M

Vg ⊂ VQg .Y[Z,\SZ$]_^ H /10 p 03;�c,036[�
r p 0igmwV8�:5vUgmg�03;�8�032%4
�GvG;
VQg

6�032%wV8l4[0ig o Vg ⊂ VQg

h3zuh3032.�
p 03; D /�256}r�034�6m9Gwm8l4�03;�h3z�;+xGwm8+gm4�h3<�032��B03aba 9 4m9 D
¡kZ"¢[¢ ?£C�DFEG¤�H[IBJ�K

Q ∈ {0, 1}IΣ ¥ M R g ∈ VQ W(X T M+M T ¥ ��� g+, g− ∈ VQ WY[Z,\SZ$]_^ H n[9Gg
|~vG: p 4�ab254�¦k6�vG�"vUgm254�25vG; C�DF§U� v ¨�03;+gm2%wm8�4�:52%wm8u9 z+g�c,03;�n[0�©+;�254�25vG;�03;
c,036�2%;l�GvG:5��25036�4�03;�ª«0 p 6�2.¨�0 D �

¡kZ"¢[¢ ?�C�DFEG¬�H7I(J�K
Q ∈ {0, 1}IΣ ¥ M R g ∈ VQ

J�K_Mb­ Tm®�¯ J���� Q � NPT °±O�Q g ≥ 0 W$X T M+M
∀ā ∈ Σ∗ : τāg ∈ VQ. � C�D²ClE �Y[Z,\SZ$]_^ Hj³ 032

ā ∈ Σ∗ D n[9 ;�;=|�vG: p 47c,250´ª«038+9 z���4�z�; p 9 z+g�c,036
µ�0iwV8�;lz�; p
g(I) = g(T

−|ā|
Ω I) = µ|ā|g(I) =

∑

b̄∈Σ|ā|

τb̄g(I)

g�v |~vG6�4j25a¶�+9 :%:50
g(I) = 0

z�;+c125a·�+9 :5:%0
g(I) = ||g||TV = g(2)

c�9 ;�;¸9 z+g´c,036
<q03254�036�03;�µ�0iwV8lz�; p

τāg(I) = τāg(ΩΣ) − τāg({I)
︸ ︷︷ ︸

=0

= τāg(ΩΣ) = ||τāg||TV .

�

/103254�036[25aº¹¼»U½�»�¾_¿=À"Á"ÂÄÃ(Å,ÆiÇ1È�É.ÊBË"Ì ³ 032
ā ∈ Σ∗ z�;+c

I ∈ IΣ
ab254

|g|(I) = 0
D

n�9 ;�; p 25:%4
|τāg|(I) = |τā(g

+ − g−)|(I) ≤ (|τāg
+| + |τāg

−|)(I)

= τāg
+(I) + τāg

−(I)
L.4.68,L.4.69

= 0



Í�Î Í�ÎlÏ�Ð$ÑBÒ�Ó(Ô%ÕiÔ.ÖG×�Ö Ø�ÙVØ
Ú�Û+Ü�Ý%Þàß$á â5â5ã |g|(I) = ||g||TV

ÞbÝ5ä}ã3Ý5Û�ã3ÞæåVçmè�éGÛ=Þbã3è�êìëLáGçmè�í3Ý5ä�Ý5ã3ê�ä�ã3Û=î�ê�ïGÚ�Þbã3Ûlä
|τāg|(I) = |τāg|(ΩΣ) − |τāg|({I) = ||τāg||TV .

�

ðòñ�ó�ñ�ô�ôUõ�ó÷ö�ø±ùûú+ü[ý(þ�ÿ
g ∈ lSM

þ�ÿ��1þ��������Gÿ
	��
�,þ����+þ��������������
h ∈ Vg, h 6= 0 ��� 	��

I ∈ I
þ�ÿ��"þ ÿ����� ���ÿ� ���� þ"!�þ��#�lþ�$%	��

|g|(I) = 1 =⇒ ∃A ⊂ I : h(A) 6= 0

|g|(I) = 0 =⇒ ∀A ⊂ I : h(A) = 0.
&('*)+'�,�-lü(. Þ·ß+á â5â g = 0 Ý%å�ä[Û�Ý%çmè�ämå�í3Ú�í3ã3Ý%ïGã3Û ø0/ Ý5ê(1�2GÛ�Û�ã3Û�Ü�á è�ã3ê ||g||TV > 0á Û�Û�ã3è�Þbã3Û ø3/ ã3ïGã3Û54�á ä�í ö�ø76Uù ïGÝ%â5ä h ∈ VQg

ø3. åmä h ã3Ý5Û98uá;:�<Gã�1�ä�éGê�=Bå�é ë~éGâ5ïGä[Ü,Ý5ã> ã3è+á Ú@?�ä�Ú�Û�ïBA�ã3ïGã3Û h = |h| Ý%Þ ß+á â5â |g|(I) = ||g||TV
=0ADC è�â%ä[Þsá Û A = I ="Ú�Û+ÜÝ5Þ ß+á â%â |g|(I) = 0 ëFE�ê A ⊂ I á Ú+å�Ü,ã3êHG
ãiçmè�ÛlÚ�Û�ï

0 ≤ h(A) = h(A ∩ I) ≤ h(I) = ||h||TV
1

||g||TV
|g|(I) = 0.

8uÚ�ämá ä�Ý%å«Þ�Ú�ämá Û+Ü,Ý_åqã3ê�è+á â%ä�ã3ÛBA7Ý5ê«Ü,Ý%ã[î�Ú+åmåmá ïGãjá Û+á â5éGïòëFE�ê}Ü,ã3Û�ß+á â%â�=�Ü�áGåVå −h ã3Ý5Û
8�á;:�<Gã�1�ä�éGê�Ý%å�ä ø�> â5ã3ÝJI�ä h = h+ − h− ÞbÝ5ä7â%Ý5Û�ãiá ê�Ú�Û+á;I�èKC Û�ïGÝ5ïGã3Û9L{á ê�Ý%á ä�Ý5éGÛ+åM<Gã�1ON
ä�éGê�ã3Û h+, h− í3ÚPI"ã3ä�êmáGçVèlä�ã3Û øRQ Ý%ãiå�ã+I"ã�S+Û+Ü,ã3Û÷å�Ý_çmè ã�I�ã3Û,ë~á â5â_å Ý5Û VQg

TVU ã3ÞbÞ áö�ø76�WOXmø�. å�ä I ã3Ý5Û�ãjÝ%Û#< á ê�Ý%á Ûlä�ãY8uã3Û�ïGã´ÞbÝ5ä |g|(I) = 0 Ú�Û+Ü A ⊂ I ã3Ý5Û�ã[Z�ã3Ý5â5Þ ã3Û�ïGã�=
å�é

0 ≤ h+(A) ≤ h+(I) = ||h+||TV
1

||g||TV
|g|(I) = 0

Ú�Û+Ü`Ü,Ý5ã > ã3è+á Ú@?�ä�Ú�Û�ï¸ë~éGâ5ïGä
ëFE�ê Ü,Ý5ãiåmã3Û ß+á â5â�Þ Ý5ä
ã3Ý5Û�ã3ê í3Ú+å\C ä�í3â5Ý%çmè�ã3Û`á Û+á â5éGïGã3Û
G
ãiçmè�ÛlÚ�Û�ïòëFE�ê h− ø�. Þ ß+á â5â |g|(I) = ||g||TV

1�2GÛ�Û�ã3Û]A7Ý5ê�í3Ú�ÛKCGçVè+å�ä}á Ú,ë�ïGê�Ú�Û+Ü�Ü,ã3ê
â5Ý%Û�ãiá ê�ã3Û+^�Û+á;I�èKC Û�ïGÝ5ï�1Gã3Ý5ä�Ü,ã3ê h+, h− ã3Ý%Û�ãY8�ã3Û�ïGã B ÞbÝ5ä

h+(B) 6= h−(B)
ARC è�â5ã3Û ø 4�ã3ä�í3ä«Þsá Û A := B ∩ I =�å�é¼ã3ê�èKC â5ä«Þ á Û]A�ã3ïGã3Û |g|({I) = 0 Ú�Û+Üsë~éGâ5ïGâ5Ý%çVè
h+(B ∩ {I) = h−(B ∩ {I) = 0 á Ú,ë�ïGê�Ú�Û+ÜuÜ,ãiå7ã3êmå�ä�ã3Û=ß+á â5â_å

h(A) = h+(A) − h−(A) = h+(B ∩ I) − h−(B ∩ I)

= h+(B) − h(B ∩ {I) − h−(B) + h(B ∩ {I)

= h+(B) − h−(B) 6= 0,
AqéGÞbÝ5ä�Ü,Ý5ã > ã3è+á Ú@?�ä�Ú�Û�ï_<GéGâ5â_å�ä`C Û+Ü,Ý5ïaI"ã�A7Ý%ãiå�ã3Û+ADC ê�ã ø

�

/ Ý5êbAqã3êmÜ,ã3Û�Ú�Û+å�Ý5ÞcAqã3Ý5ä�ã3ê�ã3ÛdLkã3ê�â_á Ú,ë+Þbã3è�êìë~áGçVè�á Ú,ë$Ü,Ý5ãiåmãfekêM1Gã3Û�Ûlä�Û�Ý_åmå�ã}å�äME�ä�í3ã3Û ø

gbhig�hjg�h_k(lnmporqts�u�s�vxw*v[y{ztq5|3vx}*vxs�opzt}@lns�vxw*v�h Q Ý5ã�~�éGÞ�I�Ý5Û+á ä�Ý5éGÛ�<GéGÛ�ekê�ïGé,Ü,ÝiN
í3Ý5ä`C äqÚ�Û+Ü]4�ämá ä�Ý5éGÛ+á ê�Ý%ä`C ä�Ý%å�äfI"ã3Ý0Z}è�ã3éGê�ã3ä�Ý
1Gã3ê�Û�Ü,ã3ê Q(� Û+á ÞbÝ_åmçmè�ã3ÛB4 � å�ä�ã3Þ ã�ïGã3ê�Û�ã
ïGãiå�ã3è�ã3Ûr=�ã3ê�ï�C Û�í3ã3Ûuå�Ý%çmè�Ü,é,çmè=Ü,Ý5ãiåmã�e{Ý5ïGã3Û+åmçmè+áûë~ä�ã3Û�Ý5Û�ä�Ú�Ý5ä�Ý
<bè�ã3êM<GéGê�êmá ïGã3Û+Ü ø ekÝ5Û�ã
L[Ý5ã3â5íiá è�âp<GéGÛ�4�C ä�í3ã3ÛBI�ã3Û@2Gä�Ý5ïGä}Ü,Ý5ãiå�ã(~�éGÞ�I�Ý5Û+á ä�Ý5éGÛ�á â%åDLkéGêmá Ú+åmå�ã3ä�í3Ú�Û�ï
Ú�Û+Ü�ã3Ý5Û�ã
ïGê�é�:Gã+8�ã3Û�ïGã]<GéGÛ£î
ÛOA�ã3Û+Ü,Ú�Û�ïGã3Û£ë~Ú�Û@1�ä�Ý5éGÛ�Ý%ã3ê�ä Ú�Ûlä�ã3ê
Ü,ã3ê¼î
Û�Û+á è�Þ ã�=�Ü�áGåmåòÜ,Ý5ãQ á ä�ã3ÛK��Ú�ã3â5â5ã3Û=å�éGâ%çVè�ã3ê���á ä�Ú�ê�å�Ý5Û+Ü T AqáGå
Ý5Û�Ü,ã3êH�kêmá��,Ý%å«ë~áGåmä7Û�Ý5ã´Ü,ã3ê
ß+á â5âBÝ_å�ä Xmø

î�Ú+çmè�A7Ý%ê�A�éGâ5â5ã3Û ã3Ý%Û�ã3Û > ã3Ý%ä�êmá ï1í3Ú Ü,Ý5ãiå�ã3Þ�Z}è�ã3Þ á�â5ã3Ý%å�ä�ã3Û ø�/ Ý5êaI�ê�Ý5Û�ïGã3Û
í3Ú�ÛKCGçVè+å�ä�Ý5Û+ekêìëLá è�ê�Ú�Û�ï@=KAqáGå�A7Ý%êD<GéGÛB<GéGÛ�ã3Ý5Û+á Û+Ü,ã3êH<Gã3êmåmçmè�Ý5ãiÜ,ã3Û�ã3Û�ã3ê�ïGé,Ü,Ý%åmçVè�ã3Ûr=



���M� ���O�O�0�0�;�p���J�0�3���K�0�*�0�p�i�
�M `¡; M¢J£�¤K¥;¦M§�¤©¨ª§�«� M£�¦M§�¤¬§�¦M­R¡;¦M M§�¤9®*¯@¦±°F§�¤r²0�`¢
§[«�³�¤@¤@§�¤¬¢J¤�´�§�­�¢J�`�M§�¦Hµ�§�¢J�M§�¡;¶J�"®*¢J�±·¸M¹ ¤@«O �º0§� M¦`¡�»`¼O M§� H­D§�¦`®*§�¤r½

¾ª¿pÀ(À"ÁÃÂ ½ÅÄ�Æ�ÇaÈ3É�ÊVÉ�Ë g1, ..., gn ∈ lSM
É�Ê�ËpÉ]ÌÍÉ�ËOÎ#É�Ï�Ð�Ð�Ñ
ÒfÉ�ÊJÓ�É¬ÔnÉ�Ñ\Ó�Õ
Ö�ÊFÉM×OÉ�ËpÉ�Ñ\Ø

É�ÑFÎ�Ùx×�Ê
Ó�Õ
Ö*É�Ñ\Ø_Ó�Ú�Ð�ÚVÊ�Ù�Ë�Û�ÑMÉ�Ñ`ØaÓ�Ú�ÙxÕ
Ö�Ð�Ó�ÚVÊ
Ó�Õ
Ö*É�ÑÝÜKÉ�ÞnÚ�Ù�ÑMÉ�Ë�ßYàdÐ�ËKËáÎ�ÊFâ�Ú]É�ÓÍÊ�ËKÔ�Ð�Ñ
Ê�Ð�ËKÚãÉ
ÌÍÉ�Ë#Î#É�Ë Ii ∈ IΣ, i = 1, ..., n ØfÓ�Ù+×�Ð�Ó�Ó

gi(Ij) = δij , i, j = 1, ..., n.
ä(¿*å+¿�æ�ç Ç"µè¢
¦�º0§� M¦`¡�»`¼O M§�¤Íé ¹ ¤K¥�»`¼K�M dêt¥;¦`»\¼@§�¤5ë�£�¤Í¨ª§�«� M£�¦M§�¤ gi 6= gj

½bì�¡ gi −
gj 6= 0 �` `¡; M¢
£�¤K¥;¦�¢J�` �í�´�¢
º@ r§x��¡ ¹ °F´�¦ ¹ ¤K®Yë�£�¤�îr§�ï�ï_¡ Â ½
Æ Â §�¢
¤Y¢
¤Oë�¡;¦M¢J¡;¤O M§x��ðª¦M§�¢J´�¤@¢J�
Ĩij
ír�M£]®@¡��`� (gi − gj)(Ĩij) 6= 0

¹ ¤K®9®@¡;ï_¢
  (gi − gj)(Ĩij) ∈ {−1, 1} ­f§�´�§�¤�®*§�¦ðª¦M´�£*®*¢
é�¢
 `¥; Hë�£�¤ gi, gj ½0ñãïóòK¡;¶
¶
§ (gi − gj)(Ĩij) = 1 �M§� Mé�§�¤9­�¢
¦ Iij := Ĩij, Iji =

{Ĩij
¹ ¤K®¬¢
ïôòK¡;¶J¶ (gi − gj)(Ĩij) = −1 ®*§�õK¤@¢
§�¦M§�¤9­�¢
¦ Iij := {Ĩij , Iji = Ĩij

¹ ¤K®
�M§�¼@§�¤B¢J¤]º0§�¢J®*§�¤Bò�¥;¶
¶
§�¤]§�¢
¤rí*¢
¤#ë;¡;¦M¢J¡;¤O M§Yö©§�¤@´�§�¤ Iij , Iji ´�§�° ¹ ¤K®*§�¤�é ¹ ¼K¡;º0§�¤ríK�M£®@¡��`�

gi(Iij) = 1
¹ ¤K® gj(Iij) = 0

gj(Iji) = 1
¹ ¤K® gi(Iji) = 0.

÷ ¡;ºp§�¤B­�¢J¦�¢
¤#ë;¡;¦M¢J¡;¤# M§Yö¬§�¤@´�§�¤ Iij °F¯@¦H¡;¶
¶
§�ê{¥;¦`»`¼@§�¤ gi, gj º0§x�M M¢
ï�ï� �í��`£��M§� Mé�§�¤­�¢
¦
Ii :=

⋂

j 6=i

Iij

¹ ¤K®B§�¦M¼K¡;¶J M§�¤
gi(Ii) = 1, ∀j 6= i : gj(Ii) = 0¹ ¤K®�®@¡;ï_¢
 �®@¡��"ø(§�­�¯@¤K�`»\¼# M§�½

�

ù�ú�û0ú�üOü�Á�ûèÂ ½ÅÄ;ý@Ç[È3É�Ê g1, ..., gn É�Ê�ËpÉYÌ5É�Ë#Î#É"Ï*Ð�Ð�Ñ
ÒfÉ�Ê
ÓxÉ�ÔnÉ�Ñ`Ó�Õ
ÖOÊVÉM×#É�ËpÉ�Ñ`Ø(É�ÑFÎ�Ùx×�Ê�þ
Ó�Õ
Ö*É�Ñ\Ø�Ó�Ú�Ð�ÚVÊ�Ù�Ë�Û�ÑMÉ�Ñ`Ø�Ó
Ú�ÙxÕ
Ö*Ð�Ó
ÚVÊJÓ�Õ
Ö@É�ÑáÜKÉ
ÞnÚ�Ù�ÑMÉ�Ë�ß�à�Ð�Ë�ËÿÓ�Ê�Ë�× ×�ÊVÉ g1, ..., gn � Ê�ËpÉMÐ�Ñ
� Ë�Ð#â�Ö*Û�Ë#Î�ÊjÎ�ß
ä(¿*å+¿�æ�ç Ç[ø(¢
¶
  ∑n

i=1 αigi = 0 íp�M£

∀j = 1, ..., n : 0 =
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i=1

αigi(Ij) = αj
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|gi|(Ij) = δij ||gi||TV , i, j = 1, ..., n.

ä(¿*å+¿�æ�ç Ç	�O«�¡;¶
¢J§�¦M �ï_¡;¤ ®*¢
§ |gi| é ¹ �` M£�»\¼K¡��M M¢J�`»\¼@§�¤¬¨ª§�«� M£�¦M§�¤rír�M£_§�¦±°F¯@¶
¶
§�¤©®*¢J§x�M§®*¢
§d¨ª£�¦`¡ ¹ �`�M§� Mé ¹ ¤@´�§�¤ ë�£�¤ îr§�ï�ï_¡ Â ½ÅÄ�Æ;½0ì(¢
§�®*£�¦M (´�§�° ¹ ¤K®*§�¤@§�¤ ö¬§�¤@´�§�¤9¶
§�¢J�M M§�¤
®@¡��"ø�§�­�¯@¤K�`»`¼O M§�½

�




�� 
���
������������������ � !#"%$
&('*)�'*+ +-,*)/.�0213.�465�7�897�:

f 6= g ;�< 7�8=7�>@?-A�B-8DCFEHGI7KJLCHMON�M98@A�:�P->Q7KJ�C�MOA�EHG�N�CHM98�C�EHGI7SRT7HU3V
MOA�>%7�:�WX5�7�8

α ∈ [0, 1] Y :ZB h := αf + (1 − α)g
7�8[:Z7]\(A�:T^37`_aUaA�bdc�8[:�N�M98@A�:eB�7�>

c`7F8[B�7F:�W*fgN�:T:S?�8�hiMOj
h
7�>@?-A�B�8�C�E�G

⇐⇒ α ∈ {0, 1}. k .�0l. 1�mno8[M6N�:�B�7�>%7�:qp(A�>HMr7�:�jts�7%B�7u7%EHG Mr7g\(A�:T^37`_aUaA�bdc�8[:�N�M98@A�: ;F< 7F8@7�>vCHMON-M98[A�:ZP�>Q7F>`Jw7�>KV
?-AxB�8DCFEHGI7�>yJzC�MOA�EHG�N�CHM98�C�EHGI7F>{RT7KU3MOA�>%7�:|8�CHMz:T8[E�G M}bd7KG�>v7�>[?�A�B�8�C�EHG�W
~��I�S������4��������w�T�`���%���y���%���������%���T���%���%�D���y�	� �����F0��L���*�I�������T�I�F�%�}�w���`���%�������T�T�I�F�
� �D�t���D�t���F�d����.�021� X�F�����X�D��¡����%�������%��¢{�F�����

I £ �%¤¥�����`� f(I) = 1
���T�

g(I) = 0
0

�L���
α ∈]0, 1[ ¦ ¤��D���X�������

h(I) = αf(I) + (1 − α)g(I) = αf(I) = α 6∈ {0, ||h||TV = 1}.
����� � ���I�F�`�`§��%���`� ���I�F�w�I���T���D�F�%�F�T�I�F�©¨��D���F�T�`�`�T� ¦ �w¡�¤��{¨��%��¤��I�DªF���`«��F0

�

¬­�D����¤��d�d�F�o�����®ªF���°¯�±����F§��������v�I�D���%����²�³T�`�`�������%�`�F´¶µr�����F�%�T����³/�F�D�������F�%��¤�·
�I���y�`���F�¸�������u�

VQ
�%�D�T�S�%�`���%�D¤��T«��%�v¹t�F� �%¤��%�F�{�I�����{�����`«��F0

º ,I»�¼½.�021�¾�4�5�7�8
Q ∈ {0, 1}IΣ

W¶fgN�:T:S?�8�h¿M
dim (VQ ∩ lµ) ≤ 1.

~��I�S������4�¬À�D�{���F���d�F�Á�����/Â��F���F���%�F���(���Á���T�Ã�T�T�I�F�Ä�����d�D� ¦ ���{§T���y�%�F�T�I���
Q ∈ {0, 1}IΣ

ª � �F�*�D�D�����������T��³��T«������D��� £ �%�`���%��¤��T«��%�¥¹t�F� �%¤��%�F� g1, g2 ∈ VQ
0�¬­�D�

��±������F�/� ���|¤������d¨t�D�T�`�y���`«���� �����¸�I���
g1, g2

�����	�%�%¤��y�T���%�%���`�y���Å¹t�F� �%¤��%�F� � «��I·�D�F��0ÆµÇ�È�T����� £ �����y�wÉ%� � �F����� g1 ¤��I�F�
−g1

���T�
g2

���T�
−g2

¢©��Ê�¡��F���%¤��%�F�Ë�%�D�T� £�F�%�T���D�%�F� � �D�����D�������w���T��³��T«������D���Å�%�%¤I�`�T���%�%���y�`���v¹t�F���%¤��%�F�o�I���`�`�|Ì �a���D���F�%�F�{�I�F�
³��F���I�F��0tµÇ�`�gª�0ÎÍ�0

g1
�����y���d�%¤����`���F�]Ï����%��� £ �`¤o�`�D�T�

g+
1 , g

−
1

�D�D�������(���T��³��T«������D���
¢Ð��Ê�¡��F� �%¤��%�F� £ �I�D����� ¦ ���%���T�½�¶�F�d���g.�0ÒÑ�Óv³��F���I���D�

VQ
�D���F���F��0 �����`�`�©Ì �����D�D�F�%�F�

� �F�`�I�F�©�%�D�¥�`�%¤��y�T���%�%���`�y� £ ���T�{��� ¦ ���%���T�¸���F�d�u�].�0D �  � ���`�`�F� � �D� £ �����`���`�D�¥�%�`�a·�%�D¤��T«����%�D�T��0T²����X¨t�D�F�d�F� �%�¥¡�¤��
VQ

�`�D�T�Ô�%�D�	¤�³��F�T�I�%�F�D�¸�F�%��¤I�I���`�y��0T¢{�D�w�¶�F�d���
.�021� w�T�T�I�F� � �D�z�������u�F�D���w�D� ¡a���%�������%��¢©�F�����

I £ �%¤v�����`�
g1(I) = 1 6= 0 = g2(I) £� ���w���X���F��«�Êd�I�F�������T�����%�D¤��S¡�¤��

VQ
�����`� �w���F³��F�{����� ¦ 0 �

¬­�D�v�F�%�T�����%�F�Õ��¤I�`�Ö�F�D� k ��±����D���`���F� � �F���%�u¡��F�%³��D�I×��F�T�I���Fm�Ø�¤��%¤��D�����F0�Ì �`���%�D¤��T«��%� £�F�%��¤I�I���`�y���	¹t�F� �%¤��%�F�Ð�%�D�T�½�D�d�d�F�6�%�����D�D�F�%�%�	�%�%¤I�`�T���%�%���`�`���	¹t�F���%¤��%�F��0
&('*)�'*+ +-,*)Ù.�021�Ñ�4�5�7F8

g ∈ lSM
7�8�:|7�>@?-A�B-8DCFEHGI7�>yJ6CHMON�M98@A�:�P�>%7�>ÐRT7KU3MOA�>�W=fgN�:T:o8�CHM

7�:�M < 7%B�7�> g A�B 7�>
−g

7�8[:Sn/N`Ú=^37HU3MOA�>�W
~��I�S������4�Ï��F���d�F� � �D�}�����XÂ��F���F� �%�F�D�Z��� £ �%¤ g = g+ − g− £ � ¤�³Z�F� g+, g−

�D�D�������
���T��³��T«������D��� £ �%�`���%�D¤��T«��%��¢Ð��Ê�¡��F� �%¤��%�F�u�%�D�T�(�d�D�

g+, g− ∈ VQg k �%�D�F���w��� ¦ �����I�D����F�������`�Å.�0D �  £ .�0ÒÑ�Ó m`0������X���`�Û�F���Ô¬À���I�F�`�`§��%�T�`�¸ªF�©Ì����%ª¥.�021�¾�0
�

~���Ü��T)�ÝLÞ¶ß*àÙ.�021�1I4�fv8@7HC�U�á�:T:TMr7(N�h2C�â Yyã G�P�:�? 7�> ;FY >�ä¶á�C Y :�?uB 7KCÄåwA�CH8[M98�^�8[MOP�M[C�V
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g
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� ���n�
∀(ā, b̄) ∈ Σ∗ × Σ∗ : limn→∞

1
n

∑n−1
t=0 µ

tτāg(b̄) = g(ā)
||g||TV

ḡ(b̄).
� �����n�

∀ā ∈ Σ∗ : limn→∞
1
n

∑n−1
t=0 µ

tτāg(ā) = g(ā)
||g||TV

ḡ(ā).
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µtτāg(b̄) =
∑

c̄∈Σt

g(āc̄b̄)

= g({ā} ∩ T−(|ā|+t){b̄}).
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lim
n→∞

1

n

n−1∑

t=0

µtτāg(b̄) = lim
n→∞

1

n

n−1∑

t=0

g({ā} ∩ T−(|ā|+t){b̄})

= lim
n→∞

1

n

n−1∑

t=0

g({ā} ∩ T−t{b̄})
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n→∞

1
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g(F ∩ T−tG)
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VQg = VQµ̄g .
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ḡ1 := µ̄g1L �M� ḡ2 := µ̄g2
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Vg1 ∩ Vg2 = {0}.
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µ̄g1(I) = 1 6= 0 = µ̄g2(I)
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µ̄τāg =

g(ā)
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µ̄gā = µ̄g.
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tτāg(b̄) = g(ā)
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Ö�Ò�Ô�Ú0ÅcÆ�Ç
g̃ ∈ δKg ∩ Eg

Æ�Ç:ÈÛÑ�Ö�Ó�Ö2Ç�Ò�È�×�ÔÜÆ�Ô�Õ Ñ�Ö�Ò Ì�Í!Ó�Ñ�Ö2Ç#Ñ�Ì�Í�Æ�ÔÛØ�Æ'Ù(Ö�Ò�Ô�Õ¶ÉaÆ�Ô}Ç�ÐÞÝIÓ�È�É
ß Ò�È Kg

ÊËÇ�Æ�à�Ö�Ú¬áMÓ�È�È�à�Ç#ÊËÖ

dim(Eg̃) < dim(Eg).âÀ¾�ã�¾�ä:åaÄº�æz<x@��t�z<��t�yi¸��L�����
g 6∈ Vg̃,�0���I���L|�´0t������L¢LvZt�vZt�y»���L�LxZv�¸��L�}�L��yLy.�2�Zz<t��Lt¶�������?´=t�|~t�xZu
�LyL�~ç!�<� è
�

Vg̃ ( Vg�Ly��o��w�|}z<v0�£t���t�y?��t�x��
v���vZz<w�y���xZz<v�¤�vI¡�w�y
g
¸��c�é�i�

g ∈ lµ
�L��yLyG�������

Eg̃ = Vg̃ ∩ lµ ( Vg ∩ lµ = Eg��w��<��v��D��z<x-yLt��L|~t�yÛ�L���9êÀt���t�yavZt�z<��¸³���#�Zw
g ∈ Vg̃

��yi�,ëÀ�����ì�!��vZ�e�L�<�K�o��z<�<v
g̃ ∈

Int(Kg̃)
����t �����avZt�¸>�Lz<t�x

Int
�L�������³��t�x�·Dw�¢jw��<w���z<t�¡�w�y

Vg̃
���³��z<x¶í�y���t�yì�L��|}z<v

t�z<y
ε ∈ R+ ¸��Zw}�L�����¶���L����������t�x ·Dw�¢jw��<w���z<t¶¡�w�y

Vg̃
�

Uε(g̃) ⊂ Kg̃.�¼t���t�y
g ∈ Vg̃

�Ly��o��t�xIs>w��#�#��z<|}t�y��Zz#w�y����<z<v�¤�vA¡�w�y
Kg̃

��z<�<v=���Lx
d := ||g̃ − g||TV

g∗ := g̃ −
ε

2d
(g − g̃) ∈ Uε(g̃).

�¼t���t�y
Kg̃ ⊂ Kg

�2�Ew�xZw��<�#��x}ç!�Uç�î!����w��#��vMy
�Lyi¸,�L�����
g∗ ∈ Kg

�A�
t�vZ��v�|���y°y
�Ly
z<y¼ïit�|~|~�e�L�<� ð

V = Vg
¸
G = Kg

¸
v = g∗

¸
u = g

�Ly��
α = 2d

ε+2d ∈]0, 1]
t�z<yi¸

�Zw���w��<��v
g̃ ∈ Int(Kg)

��ya�Ly?y���vZ�LxZ�<z#���»�L����������t�xE·Dw�¢jw��<w���z<t¶¡�w�y
Vg

��¸Lt�z<y»��z#��t�xÜñ
�Z¢LxZ�����iò

�

óô�Lx-�L���-y�¤������ZvZteïit�|}|~��t�xZz<yLyLt�xZyÛ�Iz<x6��yõ�>xZw�¢jw��Zz<vZz#w�y¼�L�Uç�Â»�Ly��.�L��x���yi¸ô�L�����
t�y����<z:����ñ���z<|}t�y���z<w�y����<t>s>t�u!vZw�xZt�yMz<|~|}t�xD�=�añ�s>t�u!vZw�xZt�y���z<y��~���!��vZ�0�L�é�aç
���"öÀt�y��Zv��"ñ
vZz<w�y�¤�xZt�y¼êÀxZt�yL��¡�t�u!vZw�xºt�z<yLt � t�y����<z#����ñ���z#|}t�y��Zz<w�y����<t�y»s>t�u!vZw�x��

g
�jt���t�z#���LyLt�y?�Iz<x

�L��yLyo��t�|�¤�÷}��t�x z<y»�>xZw�¢jw��Zz<vZz<w�y»�L�Uç�Â��jt�ya�LvZ��vZt�y?ëEw�v���vZz<w�yG|}z<v
µ̄g

�

½>¾�¿À¿ºÁøÂ!�UçLÄMÅcÆ�Ç
g

Æ�Ç�ÈùÆ�È�É�ÊËÇ�Ì�Í
ÎÏÉ�Ç�Ð}Æ�È�Ñ�Ç�Ò�È�Ó�Ê/Æ�Ô�ÕÀÑ�Ö�Ò Ì�Í!Ó"Ñ�Ö2Ç#Ñ�Ì�Í�Æ�Ô3Ø�Æ'Ù(Ö�Ò�Ô�Ú@á-Ó�È�È
à�Ç2ú�ÖIÆ'ÑMÆ�Ç�È�Æ�È.Æ�Ô�à�Ò É�Ç#Ñ�Ì�ÍLÆ�È�Õ£Ñ�Ö�Ó�Ö2Ç�Ò�È�×�ÔZÆ�È�Õ>Ñ�Ö�Ò Ì�Í!Ó"Ñ�Ö2Ç<Ñ�Ì�Í�Æ�È%Ø�Æ�Ù(Ö�Ò�Ô

g∗
Ð�Ç:Ö

g∗ ∈ Vg.âÀ¾�ã�¾�ä:åaÄÀöÀ���}��t�z<��t�y3�Iz<x9|}z<v�¡�w��<�:�Zv�¤�y���z<��t�x���y����Lu!vZz<w�y3�L�jt�x
n := dim(Eg)

�
óô�Lx

n = 1
z#�Zv���t�x»ó����#�ºu!�#��x�û@ê�t�|~¤�÷°�Ew�xZw��<�#��x��L�Uð�çõz:�Zv

g
�Zt��#���Zv}t�xZ��w���z#�����i�

öÀt�x-�Zv���vZz#w�y�¤�xZteêÀxZt�yL��¡�t�u!vZw�x
µ̄g

z#��v6�L��yLyõt��jt�y������<�:��t�xZ��w!��z#�����.�Ly��õt�xÜ���L�<�#v���z#t
ü y���w�x���t�xZ�LyL��t�yi�E�
t�zÀya�Ly

n > 1
�0�æz#x~�jt�|}t�xZu�t�yù���Lt�x��Zv�¸I�L������t ��xZt�z#���
v�¸@��z#t

´0t������L¢LvZ�LyL�¶���Lx>�Zv���vZz<w�y�¤�xZt �
g
���9��t�z<��t�yi¸��L��|~��y��£t���t�y~´0t�|}t�xZu!�LyL�6ç!�<� èÀw��LyLt

�>z#y������Lx�¤�yLu!�LyL�~���L|Þ�Zv���vZz<w�y�¤�xZt�yýê�xZt�yL��¡�t�u
vZw�x
ḡ ∈ Vg

¡�w�y
g
�L�jt�xZ��t��Lt�yGu���yLyi�

��z<x@�=¤��L�<t�y?���Ly�¤������ZvEt�z<yLt�yo���£t�z#vZt�yo�<z<yLt ��x@�Ly����L��¤�yL��z<��t�yþ�Zv���vZz<w�y�¤�xZt�yos>t�u!vZw�x
g∗ ∈ Vg

¸@��t�x��£t���t�yN��t�x�s>w��#�#��z<|}t�y��Zz#w�y����<z<v�¤�v�¡�w�y
Kg

���:���>�#t�|}t�yave¡�w�y
Kg
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�	���! #"%$'&(�)��*,+-��.0/#1#.%.�24365'&(7!��89��*:/<;%.%�>=�2?=-@BA	"%.%�DCE5'.�F,G�"%*, #.%/<;%.%� g∗(2) = 1;%.�+H+%1#895'& g∗ ��5'.HF:&:A�G�"�1	F:&:5�F,G�"%��*JIE��/�&:A	*K.�1	G,"L7!��89��*:/�;%.%�M=�2?=	N�2EOP5'*BF:��&:Q���.
.<;%.

gt := g + t(g∗ − g);%.�+R�S��5'&:��*
T := sup{t ∈ R+ | gt ∈ Kg}.7!��89��*:/	�	T�+%1	F�F T < ∞ T�+-��.%.UF:��&:Q�&V8W1#.R5'.�FX.�1	G�"-YZA	$��	��.�+-�K[<;%\%$'��898]19^�2`_W.
;%.

V = Vg
T K = Kg

T g = g ;%.�+ f = g∗ − g TaF:AbYdc%"%*:&:�]+-5'�9eV.%.�1#"%89� T = ∞1#;-Y g2 − g ∈ Kg
2EO0���	��. (g∗ − g)(2) = 0 YZA	$��	&J895�&B7!��89��*:/�;%.%�f=�2?=-@�1#\���*

g2 − g 6∈ Kg
2-O0��5'&:��*g�)���	��. g1 = g∗ ∈ Kg

.�1#&:c%*:$'5hG," T ≥ 1 2%O0���	��. gT (2) = 1YdA	$'�	&i895'&i7!��89��*:/<;%.%�j=�2?=	N�Tk+%1	F,F gT ��5'.DF:&:A-G,"�1	F:&:5hF,G,"%��*EIE��/�&:A	*E5�F:&�2 gT 5hF:&E1#$�Fil�5nm.%�o1#*:/	A	8B\%5'.�1#&:5'A	.DF:&,1#&:5'A	.� #*:��*iIE��/�&:A	*:��.K.�1#&:c%*:$'5�G,"K��\���.-Yd1#$�$�FaF,&,1#&:5'A	.� #*a;%.�+B.�1	G�"p �rq�.%5'&:5'A	.Us	A	. T ��5'.UCE$'��8W��.
&ts	A	. δKg
T4+-�oFtuv1#.�+%Fws	A	. Kg

24365'&vl���898]1W^�2?N
YdA	$'�	& dimEgT

< dimEg
;%.�+f+%1#895'&x+-5'�97!��"�1#;%y%&:;%.%�M1#;-YZ�	*:;%.�+f+-��*Jz{.�+-;%/�&:5nm

A	.�F,1#.%.�1#"%8W�	2
�

OP5'*g"%A	$'��.R.
;%.6.%A�G�">+%1	FvF:A���\���.Rs	��*:�)��.�+-��&:�K[<;%\%$���898W1B.�1	G,"�|
}�~����
���t�V� ^�2`_����4�r� V �r�Z�����	���K�d�����{�r� R ��� �������	�����k�<������� K ⊂ V �r�h�L�<� �� ���r���
�n�������r�����D���	�� ��,¡k�r�D¢K� � ���n£g���r�d��� g ∈ K ����� f ∈ V �r��¤V�k�#��� ∀t ∈ R+ :
g + tf ∈ K £�¥��	���6�	�-��� f ∈ K £
¦ �-§b��¨h© �VO0���	��. g + nf ∈ K,n ∈ N 1#;-Yd�	*:;%.�+U+-��*wª(���	��$���5'�	��.�F,G,"�1�Yd&:��.U1#;�G,"

∀n ∈ N :
1

n
g + f =

1

n
(g + nf) ∈ K.

p 5'�x7!��"�1#;%y%&:;%.%�9YdA	$'�	&w+%1#"%��*v1#;�Fw+-��*Vev\%�	�oF,G�"%$'AkF,F:��.%"%��5�&Xs	A	. K 2 �

¦ ���t��«�¬­~�®°¯ ^�2?^%�b±b�h�t²³�#�Z�n�r�6�	�6�	�´���o�r�V���{���Z�n�J�,�r�9�r���#�r�-¤S�k�#���j�	�d�j�h�µ���¶�o�,�r�
�	��· � �Z·r¸k�<���{�r�º¹t�r²)���'�R ¶�	�H»°�r�K�D�f¼k£h½f ��r��²)�r���<�r�{�6��¡�¾��¿�¿Ào�h�{�]¢J�k�-���´���k���´�Z�	�P�r� ������ � �������k�,� gT �h�ÂÁX�	���f�
���DÃX��� � �����o���#� � �r�?�M���Z�r�<�x�<���,�:�	�Z� � �J��Ä	�´� � �'�r��£SÅM�Z�
�r�Z��·��k���-���Æ����¾��#�n� � ���r�r�-�r�PÇt� � ���9�r���{�r�0·�È	���<�M�D�	�É�o�,�r�%�r�Ê���h�����P�����	�´�d�	��È	�:�r�-¤
�r���o�������r�´�'�����-�r� � �������	�Ë�h�ÌÁX�	�����<����ÃX�Í� � ���#�����#� � ���Î�r£f±b�Z�b���
���r�Æ���-��Ïo�:�k�o���
·r¸<�(�	�´�����t���	�-�r�´���
���´�Z ��r�:� � �	���d�	���{�x�
���g¹(�r²)�r���������r���Z�����<�´�:�
�r�-¤³�k�B���W�r�����d���<�d�¿�Z�r�²E�Z���#¤S�k�������	���Í���R���%�r�´���#�<�d���Í�r�0 ��	�>�r���	�´�d�	��È	�:�r�R¢J�k�v¾-�	���r���{���M�k�d�WÐd��� � �¶�	�'�����-�
¥��h�9�r�%���d�	�
ÑX�Z�{�r�Í�	�´�h K ��������h� � �r���!²)�����
���U�#�	����£

365'&�ÒV5'$nYd�i+-��*°\���*:��5'&:�	�oF,&:��$'$'&:��.jl���898]1#&,1XF:5'.�+(�X5'*�.<;%.�5'.j+-��*al�1#�	�	T¶Q�;J\����S��5�F:��.�T
+%1	F,F�Ó:�o+-�oFiF:&,1#&:5'A	.� #*:� g ��5�.%�SªwA	.<s	�rÔ�/	A	8B\%5'.�1#&:5'A	.Ds	A	.K��*:�	A-+-5�F,G�"%��.�T�F:&,1#&:5�A	.� #*:��.IE��/�&:A	*:��.]5hF:&�2�ÕvÖ4��.]\%$'��5�\%&³Q�;%.� 	G,"�F:&g.<;%*S.%A-G,"�T%1#;�FS�X5'��s<5���$'��.9F:A	$�G�"%��*SIE��/�&:A	*:��.
+-5'�j365nÔ-&:;%*g\��oF:&:��"<&�2
× ���t�V� ^�2?Ø%�E�4�r� g �r�Z�9�r���#�¿�Z�r� � �	�Z�9�r�-�r�Z�	���#�n���,¤��r���	�´�d�	��È	�:�r��¤������¶�������r�´�'�����-�r� � ��� ����	�r£�¥J�	���6�¿È������³���d��� g �k�	�����{�r�h�'�r�0�#�Î�

g =
n∑

i=1

αigi

¢B�	�� ��,¡����	�9�r�Z���	�´�d�	�Ù ¶�k�Ú�r� � �o�k�'�����-�r�-¤������k�´�Z�	��È	�Í���-¤D�����o�r�������´���r�r�-�r� � �������k�Í�r�
gi
£



Û�Ü:Ý Þ�ß
à4ánâ�â�ã�ä�å�à4á�ærç-è�â>é¶â<ã�ê#â-ä�ë�ì4ä
ítî-ïbî�ðhñ
òVóÊô'õ­öd÷%ø%õ:ù�ú9û-ù�ú9ü!ù�ý)ù�ô�þEýXô�ùoû-ù�õ:ÿ����9ô�������	�	�þ
���#ú�û-ô�
	ù�õ�� ú�û-ÿ����:ô��	úK÷���ù�õ
n := dim(Eg) ��� ÷%õ n = 1

ô�þ
�gû-ù�õ ��� 	�	 � ��ù�õ
� � 	�þ���	 � õSú ��� ø����	õ
��	�	 � õ�� ���� "! g ô�þ��þ:ù#	$��ù�õaù�õ

���û-ô�þ � ø �&% ù�ô<ú<ÿ%ú n > 1 �(' ô$�*)�ù#�+� �-,"�� �. ú�û-ù�úKýXô'õ°ù�ô'ú%ù�úBù�õ

��-û-ô�þ � ø%ù�ú0/þ
� � �:ô$�	ú��#õ:ù�ú�1Eù#���
�	õ g∗ ∈ Vg �2� ÷%õ t ∈ R+ þ:ù#�
3�ù�ú>ýXô'õgú<ÿ%ú
gt := g − t(g∗ − g)ÿ%ú�ûRýSù�ô��:ù�õ

T := sup{t ∈ R+ | gt ∈ Kg}.

' ô��Kû-ù�õ,þ:ù#	���ù�ú54võ

	ÿ��9ù�ú�� � �:ô��	ú�ýXô'ùbô'ú6)�ù#�+� �7,"�� ö8��	�
�� T < ∞ � ó0ù�ô��:ù�õDôhþ
�û � ú%ú gT ∈ δKg
ÿ%ú�ûÊý)ù#
	ù�ú9)�ù#�:� �;,"��< 
	ô�	�� dim(EgT

) < dim(Eg) �>=?��� ø� ú�û-ÿ����:ô$�	ú�þ � ú%ú � ø��9ùjû � ø%ù�õ
gT =

m∑

i=1

αigi

�9ô$�
0 ≤ αi ≤ 1,

∑

i αi = 1
ÿ%ú�û

gi
ù�õ

��-û-ô�þ � ø ��@ þgö8��	�
��

g =
T

T + 1
g∗ +

1

T + 1
gT =

T

T + 1
g∗ +

m∑

i=1

αi
T + 1

gi, AB,"��CED
ÿ%ú�û>û � �Wô��Xû-ô'ùjü!ù�ø � ÿ�F��:ÿ%ú�
 � �

óPô'õG�����:�9ù�ú0/
ýXô'ù?�	ù�õ,þ
F%õ
� � ø%ù�ú0/�3�ÿ%õgüSùoþ��:ô��+�Bÿ%ú�
�û-ù�õ>4vú�3 � ø�	4û-ù�õSù�õ

��-û-ô�þ � ø%ù�ú' ôIHJ�:ÿ%õ
�����+FK�	ú%ù�ú��:ù�ú !
LEîKM-M?N ,"�PO òRQTS#U g SVUXWZY\[B]&[^UX_�WK`�abS#a�cdY\[B_fe\gJ]EY\[^U$YVe\g�SVaih�Skjl[B_�amconpSVaqY\U8e\g7](rPYRst_�W�uv SmwljE_�x+yVUXW2]�[^U8_�W

g =
n∑

i=1

αigi

SVa8z&_fn&U�Y#e\gJSVamc{Y\[B]&[^UX_�WK`�abS#a�c|Y\[B_feVg"]EY\[^U$YVeVgJSVa:h�SkjE[B_�abS#W
gi
YVe\g�a
SVU^y�SVW}rI`EYmYV[XcT~�_pymSVU

0 <
αi ≤ 1 �*� ]�W2W

dim(Eg) = n.ítî-ïbî�ðhñ
òVóÊô'õt3�ù�ô�
	ù�ú63�ÿ%ú�� � ø�þ
� dim(Eg) ≥ n ���R� 3�ÿ6��ù#�9ù�õ
�	ù�úHýXô'õ#/Eû � þ,þKùoþõ:ù�ô � øp�#/ gi ∈ Vg
3�ÿZ3�ù�ô�
	ù�ú �{�R� û-ô'ù gi 
	ù#�:�(�����	õ
��	�	 � õ-� �PO(< 	�ô'ú%ù � õ(ÿ%ú � �%ø��#ú�
	ô�
þ:ô�ú�ûMÿ%ú�û � 	�þjþ�� � �:ô��	ú��#õ:ù+1Eù#�"�
�	õ:ù�ú ô'ú Eg 	'ô'ù#
	ù�ú0/4ö8��	�
���û � ú%ú û-ô�ùWü!ù�ø � ÿ�F��:ÿ%ú�
 �� ÷%õwù�ô'ú gi ýd�#ø�	'ù�ú6ýXô'õXú
ÿ%ú�
	ù#�:�(�+)�ù#�+� � � �PO"C ù�ô'ú%ùxô'ú�� � õ:ô � úp�:ù ' ù�ú�
	ù Ii �9ô��

gi(Ii) = 1
ÿ%ú�û

gj(Ii) = 0
öZ÷%õ

j 6= i �p�o� ù�ú�þ:ô � øp�
	�ô � ø g(Ii) = αi �p� ù#�:�(���o�	õ
��	�	 � õ� ��Cf� 
	ô$	��gú
ÿ%ú
gIi ∈ Vg.4Vÿ�þ

gIi(ā) =
1

g(Ii)
g(Ii ∩ {ā})

=
1

αi

n∑

j=1

αjgj(Ii ∩ {ā})

=
1

αi
αigi(Ii ∩ {ā}) = gi(ā)

AB,"��<�D

ö8��	�
��
gi = gIi

ÿ%ú�û>û � �9ô$�gû-ô�ùjüSù�ø � ÿ�F��:ÿ%ú�
 �
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dim(Eg) ≤ n
 ��#¤�¥+�# 6¦>¢$�§��¨�©}ª-�#«��# p¬
�#¢�£®­�¨(£¯©
°

dim(Eg) > n¨( 0±³²R¨( � ;«�¢�´�¬��f©µ�#¢� ��# ;©
¬�¨(¬
¢�°� �¶(�
�# ¸·��#¹"¬
°��
g∗ ∈ Eg

­³�J�#�µ£�¢$ ��f¨(��º� �¨(´�¤�¶( �«�¢�«
» °� 7�J�#  gi ¢$©
¬#±|ªR�#¥:¶(¼¾½0�#¥:¥:¨¾¿"±�À+£$¶�©�©
¬o©�¢$Á�¤Â¨(º�Ám¤ g∗ =

∑

j βjgj , 0 < βj ≤ 1©�Ám¤��
�#¢�´|�# ;¨(£$©ÄÃ�°�  » �VÅJ¹�°�¥t´�¢� �¨(¬
¢�°� Æ�#�
«�°"�J¢¯©�Á�¤��#�#­�©
¬�¨(¬
¢�°� �¶(�
�#� gj ­³¦G°�´|�#¢� �¨(¬
���bÇ£�¢¯Á�¤È¥:¢� ��J�f©
¬
�# �©Ä�#¢� 
gj
» °� 6�J�#  gi » �#��©mÁ�¤�¢��f�J�# 5©
�#¢$ È¥tº�©�©#±�É��#¢

g̃
�#¢� Æ©
°�£$Ám¤��f©

gj
±�Ê�¢�¬>Ëo¢�£�ÌX� » °� �½0�#¥+¥:¨tÍ�±PÎ"Ï-Ð� ��J�# Ñ¦>¢���¦>¢��f�J�#�>�#¢� ��R¢�  » ¨(�
¢¯¨( p¬
��ÊÂ�# �«�� I ­�©
°��¨�©�©

g̃(I) = 1
º� ��

∀i ∈ {1, ..., n} : gi(I) = 0
±�²R¨(¥+¢�¬t¨(º�Á�¤

g(I) = 0
±�²-�#�ÒÓ¢$�J�#��©
Ô��
º�Ám¤��#�
«�¢�´�¬�©
¢$Ám¤���¨(¥+¢�¬>¨(º�©?É"¨(¬
ÕµÍ�±�ÏfÖ"±

�

×§Ø&ÙtØpÚXÛÆÜKÝ|Þàß0áJâfã9äTå8æ2çd²?�#�¾�#��©
¬
�Â¡³�#¢�£o�J�#�¾è?º�©�©�¨(«��Â¢$©
¬-é
�#¬
Õ#¬+�#¢� JÌ^¨�Á�¤0±GÒÓ¢��©�Ám¤��
�#¢�´|�# 
g
¨(£$©oÃ�°�  » �VÅJ¹�°�¥t´�¢� �¨(¬
¢�°�  » °� ��#�
«�°"�J¢¯©�Á�¤��# 0­2©�¬�¨(¬
¢�°� �¶(�
�# 0­K©
¬
°JÁ�¤�¨�©�¬
¢IÇ©�Ám¤��# Ñ·��#¹�¬
°��
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gi
«��#¥:¶(¼+½0�#¥+¥:¨§¿"±�Àtº� ��ê¦>¢$©�©��# }¥:¢�¬d½0�#¥:¥:¨ë¿"±PÎ�­���¨�©�©��f©>¨( �J�#��«��#¦>�� �©�Ám¤p¬
�# �ì|¨(¤�£ » ¢��#£���©
¢� ��T±��������J�# +Õ#¦G�#¢�¬
�# +¡³�#¢�£��J�#�Gè?º�©�©�¨(«��>´|�#¥+�#�
¹��# ¦>¢��>Õ#º� �¶�Ám¤�©
¬#­2��¨�©�©�éb�#¦d�#¢�£$©

Vgi
∩ Vgj

= {0}«��#¥:¶(¼í½0�#¥+¥:¨ÈÍ�±�îJÏ(±dÒi�#«��# 
gi ∈ Vg ï ©�¢��#¤���ð��#¦G�#¢¯© » °� ñ½0�#¥+¥:¨;¿"±�À�òÄÌ8°�£�«�¬�J�f©
¤�¨(£$´ ï ©
¢��#¤��µð��#¥+�#�
¹"º� �«:ó"±�ÏfÖ�ò

n⊕

i=1

Vgi
⊂ Vg.

Òi�#«��# 
g =

∑

i=1 αigi ∈
⊕n

i=1 Vgi

ÌX°�£�«�¬?«��#¥:¶(¼Ñ�J�#��²?�VÐ� �¢$¬
¢�°� ��#¢$ ��f©-ô��
°�«� �°(Ç©
�#��¨(º�¥¾©� �¨(¬
���
£�¢$Á�¤�¨(º�Á�¤
Vg ⊂

n⊕

i=1

Vgi
,

¦d°�¥+¢�¬��J�#�?É"¨(¬
Õ » °�£�£¯©
¬�¶( ��J¢�«§´K�#¦>¢$�f©
�# ê¦d¶(�
��± �

ÒÓ¢���Õ#¢�¬
¢��#�
�# Ñ �°JÁ�¤��#¢$ �¢�«��R p��¬
Õ#£�¢$Ám¤��µÃ�°��
°�£�£¯¨(�
��ÌX����©�Ô�¶(¬
�#�
�qèo�
´|�#¢�¬
�# 0±
õtö³÷|ö³ø�ø&ù³÷ú¿"±�î�û¾üTýVþ

g =
∑n

i=1 αigi
ý#þ¯ÿKýÆýVÿ���� þ����Jý	�Zþ�

�����;ýVÿ��
� þ��������&þ��+ýVÿ��

� þ���ÿ��
�Iý�����ý ��!"�#�&þ � ���Jý �$� � �%�&�^þ���ÿ�'&�
ý �)(�ý+*,�%�"�býVÿ
gi -/. �&ÿ�ÿ

∀i ∈ {1, ..., n} : gi ∈ Vg.021�341�5�6pû-²-¨�©>ÌX°�£�«�¬>¨(º�©?�J�#¥ ð��#¦G�#¢$©>Õ#º�½{�#¥+¥:¨+¿"±PÎ�±
�

õtö³÷|ö³ø�ø&ù³÷6¿"±�Ö�û?ü0ýVþ
g
ýVþXÿ7ýVÿ��&� þ������7��þ��+ýVÿ � þ���ÿ��
��ý �$� � �%�&�^þ���ÿ�'&�
ý �$� � �%�#����� � �^þ � ����ý �(�ý+*8�%�&�9��ÿ�� � ý#þ g =

∑n
i=1 αigi

� ýVþXÿKý2:�ý �+��ý�!&�"ÿ;!}þ¯ÿ � �%�&�^þ���ÿ�'&�
ý+�dý ��!"�#��þ � ����ý2�iþ<

�
������*
�&�>=���ÿKýVÿ��®ýVÿ -?. ��ÿ�ÿ4!�þ��@�

Eg = span{g1, ..., gn},�+ý+���qÿ��#���"�A�&þ8ý
gi B þ��<�pý#ÿZýVþXÿKý2C2� � þ �ED ��ÿ Eg -021�341�5�6pû-��°�£�«�¬?�J¢$�
�#¹�¬-¨(º�©?½0�#¥:¥:¨¾¿"±PÎëº� ����J�#�?£�¢� ��f¨(�
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±
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¬�¨(¬
¢�°� �¶(�
�# §ô��
°(Ç«� �°&©
�#¹��#«��#£¯©JI�±,K���¢$©
¬³¢�¥+¥+�#�{Ô|°�£ML��f�J�
¢$©mÁ�¤µº� ��t�J¢��G�#�
«�°J�J¢$©�Ám¤��# tÃo°�¥+Ô|°� ��# p¬
�# ë�J�f©©
¬�¨(¬
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P7QJR S�T;UWV�XYX�Z�[]\^UWV`_ a�b�X)cdX�Z�e
X�[^f^gW[
hAi�j�k�i�l]m
npo?q^o?r�r"s?qGt mMu�v�wyx]z { g z {�|}z |�~��@{������7~&{���z |���{��&|��
�Mz �$�����%�"��{��&|��&�Jz��������%�#�����8����{`� ����z �� z+�8�%�&����|�~ g =

∑n
i=1 αigi

��z {�|�z���z �+�Mz��&��|;��{�|�� �%�&��{��&|��&��z+��z ���"�#~"{M������zE��{��
�����+�
�8�"�����&|�z |���z�|��?� �&|�|

Kg ∩ Eg = cone{g1, ..., gn}.

�pz �>¡M���%�"��{��&|��&�Jz£¢¤�7�$�&|��8�#z+�
z��;z ��¥¦{M� �]~;z �§|��"�������
�<¨&z�~&�+{`� � �§��|�~ª©y{��7~9«,�&| n «#{�z ��z |
z ���"�#~"{M������z |��A���%�&��{��&|��"�Jz |��y���%�#�����8����{`� ����z | � z+�,�%�&��z |¬z ��­dz��8�&�%�
®2¯�°4¯�±�² w9³�i�´ g∗ ∈ Kg ∩Eg

m�µ2¶
l�l�´�·�¸ g∗ l�¶&¹$º	³�¶
¸�» t mMu>i�´`l�iª¼�½&l;¾&i ¿�À&½&Á Â�´`l�¶8Ã
¸�´M½&l�¾&½&l�i�l�k�ÄM´`¹�º4¾�´Mi�ÄMi�l]Å�i�j�Æ&½�k�´`·�¹�º�i�l]Å�·�¸�¶
¸�´M½&l�Ç
j�i�l]Å�·�¸�½�¹�º�¶&·�¸�´`·�¹�º�i�l�Èyi�À�¸�½&j�i�l

g∗ =
m∑

j=1

βjgj

Á�´`¸ 0 < βj ≤ 1 m^ÉÊi�Æ&i�l Eg∗ ⊂ Eg Ë ½&ÄMÆ&¸>Á}´M¸>¼�½&j�½&ÄMÄ`¶
j t mÍÌ�ÅWk�¶&·$·2¶
Ä`ÄMi gj ´Ml EgÄM´`i�Æ&i�l]m�µª¶�¾&½&l�i�´Ml�¶
l�k�i�jÎ¾&i�j�·�¹$º�´Mi#k�i�l�i)i�l�k�ÄM´�¹�º�Ã�k�´MÁ�i�l�·�´M½&l�¶
ÄMi&Å?i�j�Æ&½�k�´`·�¹$º�i&Å£·�¸�¶8Ã
¸�´M½&l�Ç
j�i&Å�·�¸�½�¹$º�¶&·�¸�´`·�¹$º�i9Èyi�À�¸�½&j�i�l�ÄM´`l�i#¶
j¦Ï�l�¶
Â�º�Ç
l�Æ&´`Æ�·�´Ml�k�Ð�·�´Mi�º�i9¼Ñ½&j�½&Ä`Ä`¶
j¤Ò�mÔÓ
Õ�Ö
Ä`¶&·$·�i�l�·�´`¹�º)k�´`i gj × i�hAi�´MÄ`·¦Á�´M¸�Æ&i�h¤´`·�·�i�l gi ´`k�i�l;¸�´MØ�»�´Mi�j�i�l]m �

³�¹$º�½&l	i�´`l�Á}¶
ÄÙ·�Ú�´`i�ÄM¸�i�l)Ú^½&ÄMÛ&i#k�j�´`·�¹$º�i ¼ªi�Æ&i�ÄÜ´MlGk�´`i#·�i�ÁÞÝ?i ¿�¸2i�´Ml�i§ßÑ½&ÄMÄMi&m�à/´Mi�á&i�l
k�´Mipâyj�½&Æ&l�½"·�i�½&Ú^i�j�¶
¸�½&j�i�lOi�´Ml�i�l	Ú�½&Ä`Û&i#k�j�´`·�¹�º�i�l�¼ªi�Æ&i�ÄÜ´Ml;¾
¶
j�´`¶
l�¸�Å^·�½ãº�¶
l�k�i�ÄM¸�i§i#·
·�´�¹�º�Ï�Áäi�´Ml)å>´`k�k�i�l)æ	¶
j�À&½d¾�æ�½�k�i�ÄMÄ%m�µª¶
º�i�jÑi�j�º�¶
ÄM¸�i�l)h¤´`j¦l�½�¹�º
npo?q^o?r�r"s?qçt mMu&u"w�è$� � g z {�|¬z�|�~��<{�������~&{���z |���{��&|��&��z �$�é� �%�#�����
����{`� ����z�� � z��,�%�&�$�A���
~"�
�$�

Vg ⊂ lµ,~"�"|�|G{`��� g z�{�|�ê9{�~"~;z |��Ê�&�$�8�&« � z+�8�%�&���
®2¯�°4¯�±�² w2µ2¶&· Ë ½&Ä`Æ&¸9Á�´M¸ ³�¶
¸�»ãë�mìÒ&Ò�Å�k�¶)´MlOk�´Mi#·�i�Áîí�¶
ÄMÄ Kg = Kg ∩ lµ

m Kg
´`·�¸

k�i�Á�l�¶&¹$º�Ú^½&ÄMÛ&i#k�j�´`·�¹$º)¶
Ï Ë Æ&j�Ï�l�kG¼Ñ½&j�½&ÄMÄ�¶
j t mMu�v�Ï�l�k�i�j Ë�ï ÄMÄM¸¤k�¶
Á�´M¸Ñk�´`iEð�l Ë ½&j�k�i Ãj�Ï�l�Æ&i�l)¾&½&l�³�¶
¸�» ë�mìÒ&Ò�m �

ñWò`óWò�ô�õ�öã÷�ø�ø�ù�õ�úûõ;ü�ýÙõ�þ/÷�ø�ø
Éÿ´MjEÚ�j�½
Ø�¸�´Mi�j�i�lûl;Ï�l¬¾&½&l k�i�l¬½&Â�´MÆ&i�lûð�j�Â^i�´M¸�i�l]Å/Ï�Á k�¶&· � j�Æ&i�Â�l�´`·p¶
Ï Ë ¶
Ä�Ã

ÄMi4i�l�k�ÄM´�¹�º�Ã�k�´MÁ�i�l�·�´M½&l�¶
ÄMi�l]ÅÜ·�¸�½�¹$º�¶&·�¸�´`·�¹$º�i�l Èyi�À�¸�½&j�i�l »�Ï ¾&i�j�¶
ÄMÄMÆ&i�Á�i�´Ml�i�j�l]mÜí ï jk�´Mi#·�i�l���héi#¹�À�·�¹$º�j�i�´MÂ^i�l)h¤´Mj�h¤´Mi9Â�´`·�º�i�j
Eg := lµ ∩ Vg

Ë�ï jÑk�i�l�·�¸�¶
¸�´M½&l�Ç
j�i�l)ß>¶
Ï�Á ¾&½&l g Ï�l�k�l�Ï�l)»�Ï�·�Ç
¸�»�ÄM´�¹�º
Ng := ker(µ̄) ∩ Vg

Ë�ï jãk�i�l��>l;¸�i�j�¾&i�À�¸�½&j�j�¶
Ï�Á k�i�jãÈyi�À�¸�½&j�i�lÿ¶
Ï�· Vg
Å¦k�i�j�i�l âyj�½ × i�À�¸�´M½&lç¶
Ï Ë k�i�l

·�¸�¶
¸�´`½&l�Ç
j�i�l)ß�¶
Ï�Á Æ&i�j�¶&k�i��>Ï�ÄMÄWi�j�Æ&´MÂ�¸�m�í ï jÑk�i�l�¶
ÄMÄ`Æ&i�Á�i�´Ml�i�l4í�¶
ÄMÄ/·�´Mi�º�¸Ñk�´Miªi�jJÃ
Æ&½�k�´`·�¹$º�i���i�j�ÄMi�Æ&Ï�l�Æ}k�¶
l�l�·�½�¶
Ï�·
	



�
� �
������������������������� �"!
� ��� #%$&�
')(+*-,/.�021
3547698&:<;+=+>@?BADCFEHG EI8&J2EI:<KFLF:+MONQP-RTS

g
RISVUWRTU)X�YZS\[
]_^`X�SVabRTU+cTSed�U)f�Y2RTgBhic
jkd
[
]+flc
^

j7S@cT[
]FRTg�mnROopjkd<gTq�P�RTS
n := dim(Eg)

X�S\R�rsSeabRTU+c
S\d<UtX_ROc�cTjkf<j7S\d<U)u<g&RTUwvxf<y_a�c
Eg = Vg ∩ lµ z

d<U
g
q9r�f<UnU|{<S\}Ij~ROc

n z
S\RTY�R"RTg\{�d
X<S@cT[
]FROh�RTU)X<Y�S\[
]_^%X<SVabRTUFc
S\d<U)f�Y2ROh

cTjkd
[
]�flcTj7S2cI[
]+R�mnROoljkd<g�RIU
(gi)i=1,...,n

h9cTd"X�flcOc

g =

n∑

i=1

αigi,

� d�}DRTS 0 < αi ≤ 1,
∑n

i=1 αi = 1
y_U X"X�f<gO�F}BRTgD]_SeU)f<y�c

Vg = Vµ̄g
⊕

Og = Vµ̄g1
⊕

...
⊕

Vµ̄gn

⊕

Og,
4k.�0��_M

� d�}DRTS Og
∼= Ng/⊕

n
i=1 Ngi

q
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�FN5P�RTS
g
RTSeU�RTU X+Y�S\[
]_^%X<Sea�RIU+c
S\d<U)f�Y2RTgDh/c
jkd
[
]+flc
j7S@cT[
]FRTg�mnROopjkd<gTq�P�RTS

Eg := Vg ∩ lµ
X_RTg�c
jkf<j7S\d<U)u<g&R�v�f�y_a

z
d<U

g
q�r�f<UnUw]�f<j

Eg
RTSeU RW�Hflc
S@c

z
d�U

RTU X+Y�S\[
]_^%X<Sea�RIU+c
S\d<U)f�Y2RTU+hQRIge{�d�X<S2cI[
]+RTUFh�c
jkf�j7Sed<U u<g�RIU+h9c
jkd
[T]�flc
j7S@cT[T]+RTU�mnROopjkd�g�RTU q
�H�+���)�V� N~� >28���EI�&8B�<ABC_�&EIL�¡IKFLn�<ADCn?&��=F�<?�¢\;<J2:<EILn=+E

' £¥¤�¦ � �H� (§.�021T¨)N�P�RTS
V

RISVU©RTU)XFY�S\[
]_^%X<SVabRTUFc
S\d<U)f�Y2RTg
R
^lmnROopjkd<g
g�f<y_a�h

F : V →
V

RTSeUWª�U)X�d<a�d<g¬«n]_S@c
a/y�csy_U)X
K ⊂ V

RTSeU­RB[
]_j¬RTg�®¯Rk{�R
Y°h�cTd"X�flcOc

F (K) ⊂ K.
��RB±�RISe[
]�U RTj � RISVj¬RTg ρ(F )

X�RTUWP�«+ROopj7g�f�YZg%f�X�SVy�c
z
d<U

F
h
deg λ

X<S\Rb²�g%³B´µR�X�ROcx{<g%³B´¶^
j¬RTUb·+d<g�X�f<U)^V��YZd
[To
cHRTSeU ROc¸ª�S�{_RTU � RTg
jec λ y�U)X

Vexp(λ)
X<S7R¸¹HU_±
f�]�Y�cId�Y�[
]+RTg¸{<g�³&´ºj¬RTU

��YZd�[
o
cTq¶r�f<U)U|RTUnje]+u�Y�j
K

a¯SeU)X�R
c
j¬RTU+c
Vexp(ρ(F )) z

S7R
Y�R~ª�SZ{�RTU
z
ROopjkd<g&RTU»±Iy�a¼ª�Se^

{�RIU � RTg
j ρ(F )
q
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V := Vg

Æ
F = µ

KFLn=
K = Kg

Æ+=+EILWê98&;<:<LF;�?&EIÐ<EI:<EIJ
Kg ë

;<L
g
EI>2L-0�ÉH�/=+EI8�ê98&;<:<LF;�?&EIÐ<EI:<EIJ

Kg
E
ABC���>@?&��KFLn=

µ
>2CFL�>2L

ë
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? Ï�&EILn?

Vexp(ρ(µ)) ë
>2EIJ2EQ69>2:<EIL

ë
EIÐ��&;<8&EILb¡IKFÑí69>@:<EIL�Ê�EI8&�

ρ(µ)
>2L
Kg
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?&EQÐ<î<LFLFEIL
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ë
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f�gihjf�h�k3lmg1npo�qrk3gLs/f�h"tpg1u3h�v�l$f�wyxQtpz{uJnpo�v|tpz}g�t�npo"f�w�~�f���z{u�w���h�k

ḡ := µ̄g � t�g1f�o"fG�=w�up��u�tpgiz}giu3hW���L�?�p�ek?f w�tpz{v3z}g1u3h���w�f��=w,f�h�� �|f���z{u3w�����v3h�h
Eḡ = Eg.�8\���\��L�?c

Eḡ ⊂ Eg
#LB,+=P�2L)�6=;�� -3� �

Vḡ ⊂ Vg � %'� H�4���4$bJ �¡74�¢¤£"6G��#$�¥!"H/-3� P3� ("6,+,�EG#�K7(�+,!"�"-W�"� ("H/� �¦;=#$6§��#$�>¨A©�#�B7+,� �"U>� #��"�JB
0 6= g∗ ∈ Eg \ Eḡ
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Eḡ
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τāg(I) > 0.5 �JB,(�)�2$9�)�!�Ky(

µ|ā|g(I) =
∑

b̄∈Σ|ā|

τb̄g(I) ≥ τāg(I) > 0.
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µ̄µ|ā|g = µ̄g = ḡ
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ḡ
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αiḡi
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ḡi

!"���;X� -3� �½Ù×036,032�2�)�6 ` 4À >!"����ª
� H/H�) ` 4$b `
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VQḡi

∩ VQḡj
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VQḡi
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⊕
VQḡi
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µ̄h 6∈ span{gi} =

Eg
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á�â�å�æ�à�ß�è�æÖî�ï�å
ð�è"ápá�è�æ ñrÝ7ò
ó/ô�õ gi ∈ VQḡi ö�÷ ô�ø�ù,ú û"ú ü�ý�ú þ3ú ü Vgi

⊂ VQḡi ÿ�� ü����yû�ù,õ±ú ô$ü��	��
3ù7ù���ô$ú gi ú ü���
$ô��7û����ô$óeú ü�ù,ô��3ü�
�

ù,ú ô$ü�ó���ù7ù,ú ü ö"÷ ú þ3ú ü
n∑

i=1

αiḡi = µ̄g =
n∑

i=1

βiµ̄gi =
n∑

i=1

βiḡi

� ü�����ú ø�
$ô$ü"ú�
�ø,ú ü��_ü�
��"û���ü"þ3ô$þ��3ú ô$õ���ú ø ḡi � ��
$þ3õ αi = βi ö � 
�óeô$õ=û�
���ú üYý=ô$ø���ú üú ø7ù,õ,ú ü �³ú ô�
!��ú ø�"'ú û�
 ��# õ � ü"þ$��ú ý=ô$úJù7ú ü ö% �"ø&��ú ü ÿ ý�ú ô$õ,ú ü'�¬ú ô�
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 ��# õ � ü"þ*��ú�
��7û?õ,ú ü>ý=ô$ø�����
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�õ ÿ / ö�8 � ��
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�ü���ô$ú57�yû"ø,ú ô��?ýXú ô�ù,ú¥ù;�yû"ø,ú ô���ú üWý=ô$ø
τāg = µ̄τāg + (τāg − µ̄τāg).< ù×þ3ô�
$õ4��
�ü"ü

µ̄τāg = µ̄τā(
n∑

i=1

αigi) = µ̄(
n∑

i=1

αiτāgi)

=
n∑

i=1

αiµ̄τāgi
K.4.84

=
n∑

i=1

αigi(ā)ḡi ∈ Vµ̄g

� ü��
µ̄(τāg − µ̄τāg) = 0.� 
�ó/ô$õ � ��
$þ3õ±ý�ú þ3ú ü Vµ̄g ⊂ Vg � ü�� Ng ⊂ Vg

ô$ü�ù,þ3úJù=
�ó�õ ÿ�� ü����7û�ù7õ
Vg = Vµ̄g +Ng.> ô$ú ø;
 � ù � ��
$þ3õ=ý�ú þ3ú ü
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$ô��7û��w��ô$ó/ú ü�ù7ô��3ü�
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$ú ü � �"ø=ú ü���
$ô:�yû��w��ô$ó/ú ü�ù,ô:�3ü�
�
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ergdimg := dimEg
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transdimg := dimOgë�è�ç6þ,ÿ��������	��
���
����	�	������
����	�������Oó�é
g � éië
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g
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Ú�Û�Ü�Ý�Þ&Ý:ß�Ý^à&Þâá7Ë�ã	}�åBæHç�è

g ∈ lSM
ç�è^éêç�éië�ìíè^î¦ï7ðÙë�è^ñ�ç�é�ò¦ècó�éiô�ì}ç�õ=öÍò¦÷0ó�î�ï7ôAò¦÷�è:ò�î�ï�ç�õø�çúùA÷0ó�õ¦û?æHç�è

µ : Vg → Vg
ë	ç�õ5~2�Oó�ì � ÷�ècó�é�ò�ó�G�ç�õ�ô�÷0ó�õyô ��� ë(ç�ñ���õ¢ó*�jéióAò�ç�õ¢ô � ñ � éiëò�ç�è
σ(µ) := {λ1 = 1, λ2, ..., λm}ëjô�ò*æ�G�çúù ÷�õ � ñ��Oó�é

µ
ö?ò�ótëjôAòúò

|λ1| ≥ |λ2| ≥ ... ≥ |λm|
û!ü'ôjé�é éVç�é�éYç�é{ý?è^õ

ρ(g) := 1 − |λ2| ∈ [0, 1]
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g ²
³§´¶µD´6·c¸C¹�º�»0´*µD¼*½�·6¾�µD¼*½;¿0À#Á8´Â´¶À�µ�ºnÃ5º	´*¼Â½�Ä2µ�»0À�µDÅ8Æ8º�µ�·¶À�º�Ç¶È¶¸8»�É8º�Ç6Å8º�»#ÊKÀ�º�Ç�Ë0¸8¾�Å8ºÌÀ�º�Ç
gn := 1

n

∑n−1
i=0 µ

ig
Å8º�Å8º�»�À�º�»�´*·*ÁC·6µ�¸8»0ÍCÇ6º�»ÎÃ5Ç6º�»#Ê�É8º�ÆF·6¸8Ç

µ̄g
µ�»Qº�µ�»#º�ÏÑÐ�Ò0´*ÁCÏ/Ó

Ï/º�»#½0ÁC»#Å%Ï/µD·KÀ�º�ÇZÔ�Õ�º�Æ�·6Ç*ÁC¾D¾�Ö0¼*Æ8º
ρ(g)

´6·6º�½�·�×§Ø8ºÙÅ8Ç6Ú8Û8º�Ç
ρ(g)

¿xÀ�º	´6·6¸Q´*¼Â½#»#º�¾�¾�º�Ç
Æ8¸8»�É8º�Ç6Å8µ�º�Ç6·?À�µ�º¤Ë#¸8¾DÅ8ºÌÀ�º�Ç�ÜIÁCÛ8º8×

Ð�Ò#ÏÞÝ?ß0´*¼*½#¾�Ò0´Â´2À�µ�º	´6º	´cÈ¤ÁCÕ#µ�·6º�¾D´9ÏàÁ8¼Â½#º�»&Ä2µ�Çáº�µD»#º�»Xâã¸8Ç*´Â¼*½#¾DÁCÅ.Ê�Ò#Ç?äá½0ÁCÇ*ÁCÆ�Ó
·6º�Ç6µD´*µ�º�Ç6Ò#»#ÅÙåæ½#¸�¼*½#Å8Ç*Á8À�µ�ÅIµ�»0´6·*ÁC·6µ�¸8»0ÍCÇ6º�Çèç.º�»0À�¾�µD¼Â½�ÓæÀ�µ�Ï/º�»0´6µD¸8»0ÁC¾�º�Ç�¿;´6·6¸F¼Â½0Á8´6·6µD´*¼Â½#º�Ç
âãº�ÆF·6¸8Ç6º�»;×#é5ÁCß�º�µ�½0ÁC·6·6º�»ZÄ2µ�ÇcêãÇ6¸8Ê�º	´*´*º?µ�Ï�Ý�Ò#Å8º8¿�À�µ�º?ß#µD´6¾DÁC»#ÅnÅ8º�Ç6»#º5À�Ò#Ç*¼Â½XåHêãÇ6¸CÓ
ë ¾�ºIì?ÜhÜI´6ç%ígî&ïMð&ñóò�ô0õ!ö�Ï/¸�À�º�¾�¾�µDº�Ç6·KÄá¸8Ç*À�º�»÷Ä9ÁCÇ6º�»;×§åHê§Ç6¸ ë ¾�ºIì5ÜIÜh´èçÙ´6µ�»0À
Ê�Ò#»0Í8¼Â½0´6·§º�µ�»#ÏàÁC¾�º�Ç6Å8¸�À�µD´*¼Â½;×�é5µ�ºcÏ/º�µD´6·6º�»øÉ8º�Ç*´6·6º	¼ÂÆ�·6º�»XÐ�Ò0´*·*ÍC»0À�º¶ÏnÖ0´Â´6º�».Ò#»#Ï/µ�·èÓ
·6º�¾�ß0ÁCÇ�»0Á8¼*½.ù9º�·6Ç6º�·6º�»øÄ2µ�º	À�º�Ç�É8º�Ç6¾�Á8´*´6º�»>Äáº�Ç*À�º�»;×8ùáÇ6µD»#Å8·�ÏàÁC»KÀ�µ�º	´6º9³ãÇ6Æ8º�»#»�·6»#µD´Â´6º
µ�».º�µD»#º�»XÐ�Ò0´*ÁCÏ/Ï/º�»#½0ÁC»#Å>Ï/µ�·§À�º�»/¸8ß#µ�Å8º�»Xù9º�Å8Ç6µ�¹�º�»;¿k´*¸>´*¼*½#¾�ÁCÅ8º�»àÄ2µ�Ç§Ë#¸8¾DÅ8º�»0À�º	´
É8¸8Ç�×
úKû0ü#ý�þ!ýDÿ;ý��!þ��F×����	��
 ¢|¡

g ∈ lSM
¢|¡�± ¢
����°	 8¡��
����¢������
� °��������
�W¡�������¢
���0¢� !� °"�$#F±� 

�	¢|¡B¢�±
ε, δ ∈ R+ ²�% ¡&�¤±�¢�±0±�¢|± g  '�8±0± (ε, δ) (*)�+-, ©	«�© )�./+-0 ª1�32���4&45�
statdimg

dimg
=

1 − transdimg

dimg
≤ ε ⇐⇒ transdimg ≥ 1 − εdimg

#F±� 
ρ(g) ≥ 1 − δ.

åHì?¸F¼Â½#Å8Ç*Á8À�µ�ÅCç/µ�»0´6·*ÁC·6µD¸8»0ÍCÇ6º/âãº�Æ�·6¸8Ç6º�»Î´6º�µ�º�»@À#ÁC»#»
(ε, δ)

Ó µD»0´6·*ÁC·6µ�¸8»0ÍCÇ6ºXâãº�Æ�·6¸8Ç6º�»
Ï/µD·9½#µD»#Ç6º�µD¼*½#º�»0ÀÙÆF¾�º�µ�»#º�»

ε, δ ∈ R+ ×





6�798;:=<?>;@BA

CEDGFIH3J?K�L�MNH3OPF/MQD

R9S�T�UVT�U;6�W�XYS�ZVT�[	T�\'ZV]	^�[�Z_S�`�abT�UVT�\cZV[�S�d�]YT�\eT�S�\YT�\fT�[�T�`gT�\'Z�W�hVT�\gijT�klT�S&UQmonYhlpqS�T
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x�W�ZVs��Y~��	�����qS�\	pqwYs�S�T�hVT�\�UVZVuqd�]	W"UVZVS�U*d�]YT�>_x'y{zQT�|�ZVu"hVT�\�UVZVu�d*]	W"UVZVS�U�d*]YT98;hVu"s�T�U�UVT"�YpqS�T
W"UV��`fXYZVu"ZVS�U*d�]�UVZ�W�ZVS�u"\	^�h�S�`���S�ZVZVT�[lU�S�\	pbwY\	pEwY`g�"T�|"T�]YhVZ�~�a�S�htT�hV]	W�[�ZVT�\�UVu"`fS�Z
T�S�\YT�\�ijT�k_T�S�UPmonYh�pqS�Tt>NrqS�UVZVT�\YstpqT�h�>Q\cZVhVu"XYS�T�h�W�ZVT�\��"u"\�79�bx'y�8QhVu"s�T�U�UVT�\�~

R9S�T�UVT�<�W�Z�U�W"d*]YT S�UVZ¡�/T�hVT�S�Z�U¡��T�|�W�\Y\cZ¢wY\	p£S�UVZ¡T�S�\YT�6�u"\	UVT�¤cwYT�\Ys¥pqT�U
��T�hVnY]Y`¦ZVT�\§wY\	p¨S�\¨�cS�T�[�s�^�]Y[�S��"T�\¨W�wqmok_^�\	pqS��"T�\§ijT�klT�S�UV��W�hVS�W�\cZVT�\��©pqS�Tª`fT�S�UVZ
W�[�[�Tv«�T��"S&UVZVT�hbpqT�h¬��W�­"ZV]YT�u"hVS�T®s�S�T�]YT�\���T�hV]	^�[�ZV[�S�d�]YT�\ x�W�ZVs�T�U¬�"u"\°¯±xc]	W�\Y\Yu"\qy
��d��²S�[�[�W�\qy�ijhVT�S�`gW�\q³$´¶µ�·-¸Y¹/ºY»{�?´�¼¾½1¼�¿	À	»{��´�Á�Â!Ãq¿�Äc»{��´�Á�Â�ÃcÅ/Æq»{��´�Á�Ç�È�Å�¿q»{�?´ É�¸Y½c¿	ÊY»{�
´ É�¸Y½'Å�Ë�»{��´¶Ì�Í²ºIÆq»Î��monYhÏ>QhV[�^�wYZVT�hVwY\Y�"T�\�U�S�T�]YT°7G�	U�d*]Y\YS�ZVZªA�~�Ð¡klT�S�ZVT�hÏwY\cZVT�\3��~
ÑÒnYhepqT�\ÓÑ	W�[�[9UVZ�W�ZVS�u"\	^�hVT�h�8QhVu"s�T�U�UVT�T
rqS�UVZVS�T�hVZ�ÔVT�pquqd�]ÎT�S�\ÎT�[�T�`fT�\cZ�W�hVT�h©ijT�k_T�S�U
monYh²pqS�T�>Nr�S&UVZVT�\Ys�pqT�h�>;\'ZVhVu"XYS�T�h�W�ZVT�\�~�xcu"`fS�Z$|"Õ"\Y\YT�\°k?S�h²pqS�T�UVT�U²6�W�XYS�ZVT�[�W�[�U
zQT�h�W�[�[��"T�`fT�S�\YT�hVwY\Y�¬pqS�T�UVT�U�«�T�UVwY[�Z�W�Z�U�W�wqm�7G�bx'y�8QhVu"s�T�U�U�T�W�wqÖ3W"U�U�T�\�~N>lU}�Y[�T�S��YZ
s�wÏT�hVkj^�]Y\YT�\��GpYW"U�U�wY\	UVT�h�ijT�k_T�S�U$UVT�]Yh$T�[�T�`fT�\cZ�W�h$nY�/T�h�pqS�T¬ijnY]Y\YTb�"T�]cZ�×�T�U
k_T�h�pqT�\�W�w	U�U�d*]Y[�S�T�­"[�S&d�]®Ø�S�[�moUV`gS�ZVZVT�[_pqT�hf7G\	W�[��qUVS�U�T�S�\Y�"T�UVT�ZVs�Z�~_Ù9hVu"­"T¬x�^�ZVs�T²pqT�h
��W�­"ZV]YT�u"hVS�T�klT�h�pqT�\�\YS�d�]cZ���T�\YÕ"ZVS��"Z�~

Å�ÚoÛ/ÚgÜGÇoÝ-ÞàßÒ·�Â�á-Ý-âäãÒÜ9Ý�å�Â�æIçÒÇ�Ã
a�S�h¦��T�pqS�T�\YT�\�wY\	U�S�`èk_T�S�ZVT�hVT�\®zQT�hV[�W�wqm�u�moZ¦��T�S�´êé�Í�Æ/ËY»{~N�²S�Z

log
UVT�S_S�`

ë/k_T�Sìm�T�[äpqT�h�\	W�ZVnYhV[�S�d�]YTt@äu"�1W�hVS�ZV]Y`¦w	U��"T�`fT�S�\cZ�~Ya�S�h?pqT
í	\YS�T�hVT�\�UVu"`fS�Z

î�ï	ðYñ&ò�ñ�ó�ñ�ô�òvA�~��1õPö3÷�ø
Σ
÷�ø&ù/÷�÷�ùIúqûüø�ý�þY÷?ÿE÷
ù��'÷���ùIú

P
÷
ø�ù�����þ	��
�ý�þq÷
ø�ùYûüø�ý�þ���÷
ø�
�
��

� ���������¦ú'÷ � ÿE÷�
�
������ � (Σ,P(Σ)) ��� �1ù	ù�ø�
�


H(P ) :=
∑

x∈Σ

P (x) log
1

P (x)

ú"ø�÷�Ü�Ý�å�Â!æ/ç-Ç�Ã¾úc÷�
�����þ�� 

ý�þY÷
ø&ù	û¶øoý�þ!��÷�ø"
�
#�$��� � 

(Σ,P(Σ), P ) %�&(')� ú'÷#������þ����


�ý�þq÷
ø�ùYûüø�ý�þ���÷
ø�
�
�*!÷#��
�÷
ø&û+��ù��
P �

R9S�T�>Q\cZVhVu"XYS�TGU�ZVT�[�[�ZQT�S�\f��W�­�monYh_pYW"U;a�S�U�U�T�\�wY`¢pqT�\e7Gw	UV�1W�\Y�tT�S�\YT�UlaEW�]Yh±y
U�d*]YT�S�\Y[�S�d*]Y|"T�S�Z�UVT
rqX/T�hVS�`fT�\'Z�U�W�wqm�T�S�\YT�` �"T��"T���T�\YT�\ aEW�]Yh�U�d�]YT�S�\Y[�S�d�]Y|"T�S�Z�UVh�W�wY`
pYW�h�~-,"Tt�"hVÕ"­"T�hGpqS�T�>Q\'ZVhVu"XYS�T"�/pqT�UVZVu�¯��"[�T�S�d�]c�"T�hVZVT�S�[�ZVT�h±³tpqS�T�aEW�]Yh�U�d*]YT�S�\Y[�S�d*]Y|"T�S�Z�U±y
�"T�hVZVT�S�[�wY\Y�EwY\	pÎpYW�`fS�ZfwY`£UVuv|c[�T�S�\YT�h}wY\	UVT�hga�S�U�U�T�\ wY`£pqT�\�7Gw	UV�1W�\Y�vT�S�\YT�U
>NrqX�T�hVS�`fT�\'Z�U�~	>;U?�"S�[�ZP\	^�`f[�S�d�]$pYW"U?T�[�T�`gT�\'Z�W�hVT

.0/�.
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∆n−1 := {x = (x1, ..., xn) ∈ Rn | 0 ≤ xi ≤ 1,
∑

i

xi = 1}.

R	S<T
f : ∆n−1 −→ R

x = (x1, ..., xn) 7→
∑n

i=1 xi log
1
xi
.U�V S:SXW Q"Y+Z 0 ≤ f ≤ log n R	S<T

f(x) = 0 ⇔ x = ei = (0, ..., 0, 1
i
, 0, ..., 0) [#\�] O(Q S i = 1, ..., n

R	S<T_^ O#Q"Z`O ]
f(x) = log n ⇔ x = (1/n, ..., 1/n).a�CcbXC<d"e�Lgf�hji(kMiml�Ion�I:p+qsrut:v<w	xzy:po{}|~wA�MxzI!�M���j���)���:��k_���:�D�Pi(������H	IK����i(hj��i(�D�M�c�

��i(�PI
�

��i(�:�ci(���_�����ch�i���i��g�Pi(�����X���c�m�chji�n�i(��i���kM���M�M������� �D��������¡Mhji(�¢���Py£���}��h�i(k��
�����Py¤�M������¥��ji(h"��k���i(����i(h��j�M�M��i(�¦�ch�i_kM§c��k:����i(���)��������¡Mhji(�¨i(��l(hji(�ji(�Py©�ª��kMh��M��i(��i(�
� ��kM����� kMi(hj�M�jh�� kM«�i(hj������¬��M��i������­�¤®c¡Ai(��hj��i(����i(�Py¯�ci(��i(�­°±�:���!���M�¦«	�����sh����(y²�chji
�D��������¡Mhji

0
i(��l(hji(��i(�PI

�©³M����i(hj��i(��i}´A�:��������i(�Mk:¬��M��i�y©��i���i(�¦�M�:�¦µG����¡M��³M�M��iX�ci(��¶0�c�·����������hj���:���
��kMi(����hji)��hji(kMi)�chji)n�³:��kMi(��p+qsrut:v<w	xzy�p¹¸ºtM»�wA¼Mxzy!po{}|~wA�Mxzy!p¹½�¾�¿·ÀAÁ:x!�	�ci(�Â�ci(�������M�:�	�
����i(h��M�ji(��i(�:�ci(�}°±����h�«�i(�P�����Ãf�k:���M�M���Ã��i(�jÄ:���Åp+Æ£ÇÂtMÈAÉcxzI

¶0�}�chji���i(�Êf�hj�M�Mi���i(��l(i(�~�mhj�m���M�Ë�·³M�mi(hj�Mi(�}�����c��k:������h�����kMi(�~ÌDi(«������
g

Hn(g) :=
∑

ā∈Σn

g(ā) log
1

g(ā)
,

����ÄAi(h:�mh��
0 log∞ = 0

��i(��l(i(�Py����"���
Hn(g)

�chji¯�D��������¡Mh�i±�ci(�ª�c�M����k
g

���c�
Σn hj�c�

�c�Ml(hji(����i(�Ë� ��kM��� ��kMi(hj�M�jh"��kM«�i(hj������i(����i(h��j�M�M���ci��ml(�
g

��������l(hjh�i(����i(�X�����	� k:������h���� kMi(�
ÍD����l(i�� ��i��(I<ÎÃhj�mÏ±h��?��i������}�Pi(���_��H	IKJ����������²�M���M�

0 ≤ Hn(g) ≤ log card(Σn) = log (card(Σ))n = n log card(Σ).

À£Ðj�PÐ�Ñ�Ò-Ó�ruÔ<Õ©¾�Ö�rutcÓ�Ö�ÒØ×(Ó�tcÓ�¾�ÔAÒÂÙMrÚÖ�rXÛÅÖ�ÜÝÓ�Ô<ruÖ�Ò
f����:�chji(���������Þ�����	� k:������h���� kMi_ÍD����l(i�����i�y©h�����i(��i�����h�i(���������Þ��h���kÞ���M�Þ��³M�ß�M���

����à	��¡M������h�� ��kMigÌDi(��k:���j��i(�}�ci(�¯Ä-i���� kM��¬��M«���i(�~�:���j��i

0 ≤ (
1

n
Hn(g))n∈N ≤ card(Σ)

�M�:�}�ci#á:�Mh�i(���¯�M��kMi(�
â�C:ãMd"ä�d�åPd�æ�äçH	IKèML�NÝO#Q

g
O#Q S}é Zzê�ë�ì	V é ZíQ é ë�ìcO ]�î O�ïÚZzê ]#ð U�V S:S Q é Z

H̄(g) := lim sup
n→∞

1

n
Hn(g)
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H̄(g) = lim
n→∞

1

n
Hn(g),

-/. �0���&�"���1����2
3�45����������3�4"���167��89��2��
g
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H̄(g) = lim
n→∞

1

n
Hn(g).
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Hn
k (g) :=

∑

ā∈Σk

g(ā)Hn(gā)
gā=1/g(ā)τāg

=
∑

ā∈Σk

∑

b̄∈Σn

g(āb̄) log
1

gā(b̄)
,
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n, k ≥ 1

Hn+k(g) = Hk(g) +Hn
k (g) = Hn(g) +Hk
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Hn
k (g) =

∑

ā∈Σk

∑

b̄∈Σn

g(āb̄) log
1

gā(b̄)

=
∑

ā∈Σk

∑

b̄∈Σn

g(āb̄) log
g(ā)

g(āb̄)

=
∑

ā∈Σk

∑

b̄∈Σn

g(āb̄) log
1

g(āb̄)
+
∑

ā∈Σk

∑

b̄∈Σn

g(āb̄) log g(ā)

=
∑

ā∈Σk

∑

b̄∈Σn

g(āb̄) log
1

g(āb̄)
−
∑

ā∈Σk

g(ā) log
1

g(ā)

= Hn+k(g) −Hk(g),+,2 G ���p+ �&��#%����!"?¨#"������! - )�����3�4�������+f����#%���{?«!5����*
0 log∞ = 0 = 0 log 0
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Hn(g) =

n∑

i=1

H1
i (g).
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g
Ë�Ì�ÍKÎ�Ï�ÐBÑ�ËmÒ�Ó`Ô:ÕqÖ
ÍN×

n, k,m ≥ 1 Ø�Ù Ï�Í5Í
Hn
k+m(g) ≤ Hn

m(µkg).
Ú|Â%Û�ÂNÜ�Ý�É|Þªß à�á&â&ã

Hn
k+m(g) =

∑

ā∈Σk

∑

b̄∈Σm

∑

c̄∈Σn

g(āb̄c̄) log
g(āb̄)

g(āb̄c̄)

ä"å5æ
Hn
m(µkg) =

∑

b̄∈Σm

∑

c̄∈Σn

µkg(b̄c̄) log
µkg(b̄)

µkg(b̄c̄)
.

çBè"é§ê/ë�ß�ã�ë�ß
b̄c̄ ∈ Σm+n ë�é�ì5í�â&ã î�ï å

(
∑

ā∈Σk

g(āb̄c̄)) log

∑

ā∈Σk g(āb̄c̄)
∑

ā∈Σk g(āb̄)
≤
∑

ā∈Σk

g(āb̄c̄) log
g(āb̄c̄)

g(āb̄)
,

á å5æ ë�îðî�ï å]å ï�ñ�ì5ß�ã�ë�ì"ë å5æ ë�ß�òEë�îAî�ï�ï å�ó ë å5æ ë�ã�ÆEô@á&ë�é�ï ä ß ê/õ�â&à�ã æ á�ëqöuë�ì5ï ä"÷ ã ä"å à
ó ë�à�ë å µkg(b̄c̄) =

∑

ā∈Σk g(āb̄c̄) ø"ù ó Æ µkg(b̄) =
∑

ā∈Σk g(āb̄)
Æ

�
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Æ�û"ÉHÊWËYÌaËYÍ
(an)n∈N

Ö9ÍN×
(bn)n∈N ü Ô�ý þ9ËYÍ�Í5Ì/ÿ��9Ó��
Í�Ëaþ:Ï�ÓaÌ[Ñ�ËYÕ��pÏ���ý�Ë�Í��
	�Ô×:Ï�	�	

a :=
∑

n∈N
an <∞

	YÔ
�7Ì/Ë
b :=

∑

n∈N
bn <∞ Ø�Ù Ï�Í5Í�þ�Ì�ý Ó

∑

n∈N

an log
an
bn

≤ a log
a

b
,
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C ∈ R+ þ�Ì��YÓ���	YÔ�×:Ï�	�	

���9Õ�Ï�ý�ý&Ë
n ∈ N

þ�Ì�ý Ó��,×�Ï�	�	
an = Cbn ØÚ|Â%Û�ÂNÜ�Ý�É��9á&ë�ì"ë �"!$#$%'&)(+*'��Æ-,/.)*10§ì"ë�õ�é�ë�î2,
Æ-3
Æ

�

4�ï�îAá&ã å9ä"å ë�á åKó ë�á�ã�ë�é�ë�ß5* ó á�ñ�ì9ã�á&à�ë�ß
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H1
n(g) ≤ H1

n−1(g).Ú|Â%Û�ÂNÜ�Ý�É|Þªß à�á&â&ã

H1
n(g) = H1

(n−1)+1(g)
L.6.7
≤ H1

n−1(µg)
µg=g
= H1

n−1(g).
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Æ-,
Æ[Zsá&é ß�ë�ã ù ë å
αn := H1

n−1(g)ä"å5æ ø ë�îAë�é]\�ë å * æ ï�ß�ß æ á&ë�ç"õ�â&à�ë æ ë�é αn ó ë�à�ë å_^ õ�é�õ�â&â�ï�é1Å
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1

n
Hn(g)

K.6.6
=

1

n

n∑

i=1

H1
i (g) =

1

n

n−1∑

i=0

αi.
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nH
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H̄(g) = lim

n→∞

1

n
Hg(X

n) = H̄(ḡ).
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k ≥ 0

lim
n→∞

1

n
(Hn(g) −Hn(µkg)) = 0.

Ú 	 �gf à
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Hk
n(g|µkg) :=

∑

ā∈Σk

∑

b̄∈Σn

g(āb̄) log
µkg(b̄)

g(āb̄)
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Hk+n(g) = Hk
n(g|µkg) +Hn(µkg)

� �������$�������3z����:z�{
1

n
Hn(g) +

1

n
Hk
n(g)

L.6.5
=

1

n
Hn+k(g) =

1

n
Hk
n(g|µkg) +

1

n
Hn(µkg).

� z��7z��
0 ≤

1

n
Hk
n(g) ≤

1

n
Hk(µng) ≤

1

n
log card(Σ)k −→n→∞ 0 ���#�g�6�

� ���
0 ≤

1

n
Hk
n(g|µkg) ≤

1

n
Hk(g) ≤

1

n
log card(Σ)k −→n→∞ 0 ���#�����
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¬�­C®,­C¯6¯1°C® �#��±�²�³<´�µ�¶ g µ�¶8·�¸�¹�º�»!¼#½c¸�¹%¶�¸�»!¼�µ�¾À¿�µ0Á.¹�º7¾�ÂCÃÄ½7·�·ÄÅ!Æ#¾D½$Ç8Ç�µ k ≥ 0

lim
n→∞

1

n
[Hn(g) −Hn(

1

k

k−1∑

t=0

µtg) ] = 0.

È<É�ÊYÉ�Ë�Ì ³<Í �7� �8� ~��7�����&��Î5��~ � z
��z�{<Ï<~�z��&�[| � ���
1

k

k−1∑

t=0

Hn(µtg) ≤ Hn(
1

k

k−1∑

i=0

µig) ≤
1

k

k−1∑

t=0

Hn(µtg) + log k,
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� ��{ � �$|�{:z��b������{:z����I�$���$~�Ü#�:�&�G�G|�z���¨�{:ª7z����H�:���&�G�Gz�� �S� {:��Ý
Þ�ÉWß<ß5° �#��±���³5´�µ�¶ (akn)n,k∈N µ�¶�·,µ5ÃÄº!à1à�µ�Ç Å�º$Ç�áHµ0â�¸�º�ã1½$¸[¸äÅ!Æ#¾U½$Ç8Çxµ n å6·�ã�Å�Æ6¾«½$Ç8Çxµ
k ã1¶Sµ
æ�¶8çN¶�¹Xµ!¸

ak := lim
n→∞

akn

å#·�ã
an := lim

k→∞
akn

µGè7¶�¸�¹%¶Sµ�¾:µ�·�â�é�ºHê[µ�¶�ã7¶Sµ akn á$Ç�µ�¶8»�¼6çMë:ìí¶îá�¶�· k Å�Æ6¾ n→ ∞ áHµ�áHµ�·ïã7¶%µ ak Á$º7·�ð.µ�¾Sá7¶%µ�ñ
¾:µ�·�Â�ÃÄ½7¾!Æ�êGµ�¾G¼6¶8·�½7åH¸Mµ[è$¶�¸�¶�¹%¶%µ�¾:µ�ãHµ�¾5æ�¶�ç�µ0¸

a := lim
k→∞

ak.

ÃÄ½7·�·Yá7¶�ÇÒ¹
lim
n→∞

an = a.
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�
	���
�������
���������������
� �!"�#�%$&��������'(���)�+*,	-���.'/�)	� #!102
��"34����������56�����%7/��!)	-��8�9������5:
;�<��
;�>=?!���@���
��>�����A$B����C��D
;�<E&�)	-F;G���
��H9I7/J) #!������K��
;��������5��MLN���)�����O�P���#�����Q�RTS:U�VXWZY�[]\#^ �_���(��
�����*`���a7/���(��
b�4cH����@� #!����DLN	������2C��(��
4dZ��
�F;���.'����)�>��	-!����2LNJ�!��������
;��
�!��e
��gf�@�F;5����)�����h	-��Li9j@�!����k$&����C���!���@���
;� ^

l_m�n%mpobq"rts`��

ε ∈ R+

^ �
	-���:5�
;3������a��
;�
N0 ∈ N

')�#@>��	��#�
∀n ≥ N0,∀k ∈ N : |akn − ak| < ε/2.

Qvu�^xw`\
�
	-�#	-�)��LN@�F;5��

∀n ≥ N0 : |an − a| = lim
k→∞

|akn − ak| ≤ ε/2 < ε.
Qvu�^xu`\

�

y&
;���?���)�:
;�gf�@�F�5����)�����h����
.��
;�����������
∆n−1 := {x = (x1, ..., xn) ∈ Rn | 0 ≤ xi ≤ 1,

∑

i

xi = 1}

5���������C�� ^{z ��
;�����t����

e := exp 1

^ �
	��PcH����C��_LN@�F;5����)���}|~���>��	�C���
;5��_��	��
C����`���#	-F;����� �!���
��# #!���02��5���3���
��B�����B7P���P��
������ ^
�2mZ�_�&� u�^;�M� r_�.�M�����

hn : ∆n−1 −→ R

x = (x1, ..., xn) 7→ 1
log n

∑n
i=1 xi log

1
xi
.

Qvu�^��"\
�M�`�

n ≥ 2 �~�k���p�h�M�b�Z����� � hn ���-� � ���M� � � ����� � � �I��� � ���
� �#� � �-� �N� �¡� � � 1 ¢N£A¤ � ¥ �§¦K� ����Z� � � � �1¨�¤ � �I� �6© � ��ª �«���­¬ � �N� � � �-® � � � �
∀ε ∈ R+ ∃δ ∈ R+ ∀n ≥ 2 ∀x, y ∈ ∆n−1 :

||x− y||1 < δ =⇒ |hn(x) − hn(y)| < ε.
Qvu�^x¯`\

l_mp�_m)°.±i²~³§´ u�^;��w rDµ � � � ��¶`� � �N� � � � ª(� ��� � �;� � ��� �h· ¶"���M� � � �p��� � � ¥ � � � � � � � � �,¸ª(� �p� ¥ ���¹�M� � � �#� � ��� �N� � � ��� � �:º ¤�� 1
º � � ��� �`� � � � � � � p ¢�£k¤ � ¥ © 2 ≤ p ≤ ∞ ®� ¤ � ¥ ¶ � � � � � ¸ ª � �t» ��� �-� � � � ¥ � ��¼ � ��� � © RT½.¾�¿NÀZÁ)Âi[ ®-�§���,�A�M� � � � ¥ ��� � ¤ �Ã� � �p� � �Ä¥ ��¢Å � � � �b�p� �{� � ε = 1/2 ¶`�p� δ ∈ R+ � � � � � � � � �j�����)� ªjÆ � � � � ª � � � ��� m ∈ N ¸ �M¤���-��� m > 1

δ �~�����)� � � � �?� � � �b� N0 > m ¸ ��¤e�"�,��� �M�`� � ��� � N ≥ N0 ��� ∆n−1

||(
1

N
, ...,

1

N
)||2 =

√

1

N
< δ.

µ � � ¤ �Ã� � �"���)�
||(

1

m
, ...,

1

m
︸ ︷︷ ︸

m−mal

, 0, ..., 0) − (
1

N
, ...,

1

N
)||p ≤ ||(

1

N
, ...,

1

N
)||p

=
p

√

1

Np−1
= N− p−1

p = N
1
p
−1 ≤ N− 1

2

= ||(
1

N
, ...,

1

N
)||2 < δ,



Ç�È#É Ê Ë"Ì`Í4Î)ÏpÐ4Ñ�ÒÓÌ`ÏZÔ"Î)Ì�Í
Õ"Ö�×MØ
|hN (

1

m
, ...,

1

m
︸ ︷︷ ︸

m−mal

, 0, ..., 0) − hN (
1

N
, ...,

1

N
)| =

1

log N
| log m− log N | −→

N→∞
1

Ù�ÚpÛ>ÜMÝ�Þàß�á�â(ÚpÛ"×�Úhã2ß�Øk×MßbÚ N ∈ N Ù`ÚZÛtä�Õ-Ü�Ü�×�ÚpÛ"× x, y ∈ ∆n−1 å Û�ß]×kÛ"×�Ø&æ_Ù�ÜÄÜMÕ�ç`×Û"× Ü�Ý"ÖMß�ç"×MÚ­è§×MÞàÞDÕ,ÜAã2ßNÛ"×MØ�ÜIäZØ�×�é ê�×�Úpë
ìií�î(ï�ð�ñeòPð�óPð�ô�õ(ï�ô�ð�õ�ð�õ2ö.ð�÷>÷�ø�õjùZð�ñ�ú�û�ô;ü�ð�ñ�ó�ô;î2ý�ó(ð�ôZó(ð�ô;û�ð�î�ð_ö.ð�÷>÷�ø-û#ø�þ`ï�ô;ð�ó�ô;îý�ÿ�ð�î#õ�û&ø-ÿ��4í���î�ð�ñ��
���
	�	
������������� ×Mß

h : [0, 1] −→ R

x 7→ x log 1
x .� Õ�Ú)Ú%ç�ß�� á�����Ø x, y ∈ [0, 1] �

|x− y| ≤
1

e
=⇒ |h(x) − h(y)| ≤ h(|x− y|). � ��� �"!

#���$%��&�'(�
)+ô;î«ù4ð�÷>ð�î+*�ð�ñ>ý�ÿ�ñ-,/.0�)õ�û�þ`ï�ø�õ#õ
h′(x) = log 1

x−1
ÿ�ñ)ïàóPð�ô;û�ð�î

h′′(x) =

− 1
x

�
h
ô�õ�û1*/2�ñ�*,ø43<ÿ�ñ)ïOñ�ô;÷>÷}ûtù4ð�ô 1

e

ð�ô�ñ<ü/5�2�ù)ø65;ð�õ17¡ø98�ô;÷�ÿ�÷ ø-ñ � h(1
e ) = 1

e

!:�) ô;î?ùZð�÷�ð�î+*�ð�ñ­ï�ø6��ð�î�þZï�ø�õ#õ

x ≤ h(x) ⇐⇒ x ≤
1

e
. � �����<;�!

)<ð�ü�ð�ñ

|h(x) − h(y)| = ||h(x) − h(
1

e
)| − |h(

1

e
) − h(y)||

≤ max{|h(x) − h(
1

e
)|, |h(

1

e
) − h(y)|}

� �����/�9!

ÿ�ñ)ïOï�ð�î>=§ø-û#õ#ø/.0��ð�þXï�ø�õ#õ
h
ø-ÿ�?

[0, 1
e ]
÷@2�ñ�2�û+2�ñ õ#û�ð�ô;ü�ð�ñ)ïKô�õ�û�þA*�ú�ñ�ñ�ð�ñ ó�ô�îB2/��ñ�ðC2ô�ñ)õ:.:��î:,-ñ�*�ÿ�ñ�ü ø-ñ�ñ�ð<��÷>ð�ñ.þiï�ø�õ#õAù4ð�ô�ï�ð
x
ÿ�ñ)ï

y
ð�ñ"û�ó(ð�ï�ð�îàü�î�ú/D�ð�îkü/5;ð�ô�.:�E2�ï�ð�î*�5;ð�ô;ñ�ð�î?ü/5;ð�ôF.0� 1

e

õ�ô;ñ)ïA�
G
ø

∀x ∈ [
1

e
, 1] : |h′(x)| ≤ 1, � ������H"!

?I2/5;ü�û?÷>ô;û�ï�ð�÷J7 ô;û�û�ð<5;óPð�î�û#õ#ø-û�ý
1

e
≤ x, y ≤ 1 =⇒ |h(x) − h(y)| ≤ |x− y|. � ������K"!

L ÿ�?�ü�î�ÿ�ñ)ïM�����<;N?O2/5�ü�û?ï�ø-÷�ô;û?ô;÷gì)ø65�5;ð 1
e ≤ x, y ≤ 1

ï�ô;ðAò/ð<�)ø-ÿ�P�û�ÿ�ñ�ü��
CjõBù�5;ð�ô;ù�ûaï�ð�î_ì)ø65�5 � 2/��ñ�ðQC2ô;ñ)õ:.0��î:,-ñ�*`ÿ�ñ�ü

x < y
!
x < y ≤ 1

e

��R&ô;ð�î�ü�ô�5�û
|h(x) −

h(y)| = h(y) − h(x)
�S) ô;îAù4ð�÷>ð�î+*�ð�ñ.þXï�ø�õ�õ�ï�ô;ð�ì�ÿ�ñ�*`û�ôF2�ñ

log 1
t − 1

ø-ÿ�?
[0, 1

e ]PT2�õ�ô;û�ô�3 ÿ�ñ)ï ÷@2�ñ�2�û+2�ñU?Nø65F5;ð�ñ)ï6ô�õ�û � (∗) !:�VG_ô;ð òPð<�)ø-ÿ�P�û�ÿ�ñ�üW?I2/5;ü�û>ñ"ÿ�ñ ø-ÿ)õ�ï�ð�î



X�Y Z�Y(["\T]-^�_T`�ab["^
c(]-[�\MdT_T\e[�f0ghdT[�i�]
_T^
["\ jlk:m
npo�q:r�s(t�s�u

|h(x) − h(y)| =

∫ y

x
(log

1

t
− 1)dt

(∗)

≤

∫ y

x
(log

1

t− x
− 1)dt

s=t−x
=

∫ y−x

0
(log

1

s
− 1)ds

=

[

s log
1

s

]y−x

0

= h(y − x).

vxw�y�z|{�}

�

~��
���
� w�y�z4�������|�
K > 0 � 2 ≤ n ∈ N �����

∆K,n−1 := K · ∆n−1 := {x ∈ Rn | (1/K)x ∈ ∆n−1},

�6���|�
x = (x1, ..., xn) ∈ ∆K,n−1 ⇐⇒

n∑

i=1

xi = K, 0 ≤ xi ≤ K.

� � �-��� �O�Q�N� � �I��� ����� ��� � �
hK,n : ∆K,n−1 −→ R

x = (x1, ...., xn) 7→
∑n

i=1 xi log
1
xi

vxw�y�z��"}
� � x̄ := (K/n, ...,K/n)

���"��� �h�(�:�6� � ���E�4� �O� � � � �� ¡���¢%��£�¤ �B¥ o<¦
x = (x1, ..., xn) ∈ ∆K,n−1

t�s-§©¨ªo<¦�«+o<¬
x̃ := (1/K)x = (x1/K, ..., xn/K) ∈ ∆1,n−1 = ∆n−1.­�®6s�s¯u/¦�°F«

hK,n(x) =
n∑

i=1

xi log
1

xi

=

n∑

i=1

Kx̃i log
1

Kx̃i

= K

n∑

i=1

x̃i(log
1

x̃i
+ log

1

K
)

= K(h1,n(x̃) + log
1

K
).

vxw�y�z�w"}

­�®
h1,n

¦�s
(1/n, ..., 1/n)

o<¦FsQu/°F±/²-®6°�o�³�´M®9µ�¦�¶Qt�¶·®6s�s�¦�¶@¶Q« v ³+¦�o<r�o¹¸�o<¶@¶º® w�y »"}:¼
«+t�«

hK,n
§�®/³:³:o<°�²
o�²To<¦

K(1/n, ..., 1/n)
y

�

½
t�s¿¾<t�¶ÁÀQÂ(Ã>Â"Ä�ÅÇÆ
ÈTÉËÊªÂ"ÌÍÌÏÎÑÐÓÒIÔ"ÕÓÒ ¥ o<¦S®6°F³+±
ε ∈ R+ u/o<u/o<²
o<s y ­�®6s�s¿o|µ�¦F³×Ö«+¦�o<¬+«¹¨Øo<u/o<sM§�o<¬ ¥ «+o<«+¦�u/Ù/o<¦F«¹Ú/±/s

x log 1
x

¦�s
0

o<¦�s
δ1 ∈ R+

¼ ³+±@§�®/³0³

∀x ∈ [0, δ1] : x log
1

x
<
ε

2
.

vxw�y�z4�(}
ÛË¦�¬¹³+o<«+¾<o<s¯s"t�s

δ := min{δ1,
ε

2
,
1

e
}.



ÜÞÝ+ß à�á(â"ãTä-å�æTç�èbâ"å
é(ä-â�ã
ê"ë<ìÓí"î�í

2 ≤ n ∈ N
î�í-ï

x, y ∈ ∆n−1 ð-ñ+ò ï�ó ñ:ñ ||x− y||1 < δ ô�õ ñ¹ö ì�÷�ø¹ï�ó6í�í
∀i : |xi − yi| ≤ ||x− y||1 < δ ≤

1

e
. ùxú�ô�û�ü"ý

þ ë<ì�ø+ë<ÿ�� ò ÷ ö ø

|hn(x) − hn(y)| =
1

log n
|
n∑

i=1

(xi log
1

xi
− yi log

1

yi
)|

≤
1

log n

n∑

i=1

|xi log
1

xi
− yi log

1

yi
|

(6.18)+L. 6.16

≤
1

log n

n∑

i=1

|xi − yi| log
1

|xi − yi|

L. 6.17
≤

1

log n

n∑

i=1

||x− y||1
n

log
1

||x−y||1
n

=
1

log n

n∑

i=1

||x− y||1
n

log
n

||x− y||1

=
1

log n
||x− y||1 log

n

||x− y||1

= ||x− y||1 +
1

log n
||x− y||1 log

1

||x− y||1
(6.17)
< δ +

1

log n

ε

2
≤
ε

2
+
ε

2
= ε.

ùxú�ô�û��"ý

�

� ó ñ � ò ÷ ö ë<í-ï�ë�� ò ÿ ò ÷�÷Fó6ÿ��<ë<ì ö ø ð
	 ì�ë 	 ì�ÿBï�ó ñ�� ë�
�
ºó ì�í�ï�ë<ÿ þ ë<÷Fø�ï�ë<ÿ ñ ø ò���� ó ñ ø+ì��
ñ���� ë<í���ë���ø ò ÿ+ë<í��<î�
 õ ì�í ñ ó6ø�����ÿ+ì�í ö ë<í 	ªò ÷F÷�ë<í ô
���! "�!#$#&%! ú�ô�û�ü�')(
*,+ (gk)k∈N *,+.-/*)02143 56*87,9:1�;=<�>?7=9@+A7,;=<B*�C�DE*GFH9:14CI*�-BJLK&+M*N+.-�OP14CGQ
56*:56*,-R*,+.-/*,-S7=9:1T;=<�>H7,9@+U7�;=<B*,-VDE*GFW9:1&C g F?14-EXW*,CM54+@*,C�*,-ZY)[P>4-Z-\54+]3^9

lim
k→∞

(sup
n∈N

1

n
|Hn(gk) −Hn(g)|) = 0.

_a`Bbc`Zd]e ' ê"ë<ì
ε ∈ R+ ô � ó6í�í ö ìU��ø>ë ñ ó6îB� ö ÿ+î�í-ï � ë�
f
ºó ú�ô�û,g ë<ìFí

δ ∈ R+ ð ñ+òï�ó ñ:ñ �.h�ÿ�ó6÷�÷Fë
n ∈ N

î�í-ï¯ó6÷F÷�ë
x, y ∈ ∆n−1

||x− y||1 < δ =⇒ |hn(x) − hn(y)| <
ε

2 log(|Σ|)
. ùxú�ôji?k�ý

þ ë ö ë<í
||gk − g||TV −→k→∞ 0 ö ìU��ø%ë ñ ë<ì�í

K0
ð¹ñ+ò ï�ó ñ:ñ �Mh�ÿ%ó6÷F÷�ë

k ≥ K0 l
||gk − g||TV < δ ð 
ºì�ø¹ó6í-ï�ë<ÿ+ë<í þ ò ÿ+ø+ë<í ð �Mh�ÿ

k ≥ K0 l
∀n ∈ N :

∑

ā∈Σn

|gk(ā) − g(ā)| < δ. ùxú�ôji�û9ý
þ ì�ÿ"�Ió ñ0ñ ë<íBí(î�í

xnk := (gk(ā))ā∈Σn , yn := (g(ā))ā∈Σn

ó6÷ ñ õ ÷Fë�
@ë<í(ø+ënm ò í
∆|Σn|−1ó6îB� ô þ ë ö ë<í ùxú�ôji�û9ý ö ìF÷�øVï�ó6í�í

∀k ≥ K0 : ||xnk − yn||1 < δ. ùxú�ôji4i"ý



o=p q=p6r$s"tEuZv"w�x�r$u/y6tEr�sSz"v"s{rB|�}^z"r�~Lt/v"u/r$s �����
�����

k ≥ K0 �.�4�A�4�����?���
sup
n∈N

1

n
|Hn(gk) −Hn(g)| = sup

n∈N

1

n
|
∑

ā∈Σn

(gk(ā) log
1

gk(ā)
− g(ā) log

1

g(ā)
)|

= sup
n∈N

1

n
| log(|Σn|)h|Σn|(x

n
k ) − h|Σn|(y

n)|

= sup
n∈N

1

n
|n log(|Σ|)h|Σn|(x

n
k) − h|Σn|(y

n)|

= sup
n∈N

| log(|Σ|)h|Σn|(x
n
k) − h|Σn|(y

n)|

(6.22),(6.20)

≤ log(|Σ|) ·
ε

2 log(|Σ|)
< ε. �:���j�4�$�

�

���U��� �4�f�f�����$���������
���& ��6¡.¢�£/¤"¥§¦L¨B©�ª¬«L­M®�¯2°L± � � ḡk := 1/k

∑k−1
i=0 µ

ig
� ���U�³² ��� � �4´�µ$�����R� � ��¶a�4·B¸

·"�����M�4�U�4�
h̄kn :=

1

n
Hn(ḡk) =

1

n

∑

ā∈Σn

ḡk(ā) log
1

ḡk(ā)
.

����� �?�U�U� k ���E���?�U�A� n � � �U�
0 ≤ h̄kn ≤

1

n
log(|Σn|) =

1

n
log(|Σ|n) = log(|Σ|),

�:���j�H¹B�

� � �º�?�E�B� � ��� � � � �����L»2� � ��¶a�4·�·/���U�.�4�U�4� �A¼ � ² � ¼ ´�µ ��½ � � � � � � � ��� � � � �U�º� ��� �?�U�U� n »
��� g � � ��¾ ± ¸:¿À� � ��� �º�A¼ ��»

lim
k→∞

h̄kn =
1

n
Hn(ḡ).

�:���j�4Á$�
Â �4´�µÃ¶a�,ÄE� � � � �4�Å� � ��� ¼ ¾ ± ¸:¿À� � ��� ��¼ ���E�VÆÇ� � �4�U�A� � ���UÈ�É ÄE�E�B����� � � ¼ �ÊÆÇ�4�6Ë4� � ¸
�4�����¬�4�A� � ´�µ�� ½?Ì4� � � � n

¼ ���?��� � ¶�� ḡ
¼ ���?� � �4� ½?���A¼ ��»Í�M�4�U�4��� � �c�B��� ± �?���¬Ë4�4�

Æ³�4�U�f�4�4� � �TË$¸ ±$� �E� � ���Î¹
lim
n→∞

1

n
Hn(ḡ) = H̄(ḡ).

�:���j�4�$�
���U�³² ��� � �4´�µ$�����¬�6���Ê� � � � �4�U�4��� (h̄kn)n∈N

� ¶ � � ¼ � ¼�� �E�SÏ8���4��� ���j�H¹ ² � ¼ ´�µ ��½ � � � �± � � �B���f�E�4´�µ C ∈ [0, log |Σ|] � � �ÑÐ ½ �B�M����� ¼ ·���� � ���B� �f� �4�U�4� (h̄0
n)n∈N

� ¶��?���
� �U² �Ò� ¼ � � ���ÔÓ2� � �U�.�4�U�4� (h̄0

l(n))n∈N » ¼ �f��� ¼�¼
lim
n→∞

h̄0
l(n) = C.

�:���j�&Õ6�
ÖS� �Ò×L���f��� ���UÈ4È �.�4�U�4���$����� ��� �?�A�U� k ∈ N � ² ��� ¼ �

lim
n→∞

h̄kl(n) = C.
�:���j�4É$�

¶a� � ´�µfØº�6ÏN���E�B�����ÔË4�4��×L���f��� ���UÈ�� �?�B�/� � ��¶a�4·�·/�����M�4�U�4� h̄kl(n) � � µ ½ �U�Ù�Ú�?���$���
C = lim

k→∞
C = lim

k→∞
( lim
n→∞

h̄kl(n))
L.6.13

= lim
n→∞

( lim
k→∞

h̄kl(n))
(6.26)
= H̄(ḡ).
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oqpXr�sutFs+v�s`wFt ã�
�x0y&z6{k|

Σ
{k|u}~{q{�}I�:��|`����{��,�,� �X�:����{k�`�

G = (V,E ⊂ V × V )
{k|`}���{k��|`�����E{k�E{k���!�����I�0�

p0 : V −→ R
{k|`}��U{�{k�u����{k���=|���{����X{��h����������{k����{k}��?}Z���E{k}��G��}

G
�

M : V × V −→ R

{k|`}Z{A�q��}X�E{k}~��{k��{k���= �}��h�u¡k �}��L�=|`�0}:�V�¢���N{k|
M(v, j) = 0

¡����
(v, j) 6∈ E

 �}I�

Y : V −→ Σ
£�¤�¥



¦�§U¨ ©�ª�«�¬I­�®~¯6­�°�±�®~¬I²~«�³~±�¯
´kµ`¶Z´ Σ ·E¸ ´k¹�º=µ�»�´�¼�½�¶:¾Lº=µ\¿�¶2À:Á�´�¹
Â�´k¶qÃÄ¶I¿0ºE´k¶�ÅG¿�¶ G Æ�Ç?È ¶X¶�¶Z´k¶I¶Z´k¶ ¸ µ`¹VÂ ÈhÉÄÊ ½GË:´�Ì

G := (G,Y,M, p0)´kµ`¶Z´k¶ÎÍ�ÏLÐZÑZÒbÐIÓCÔ�ÑIÏhÕ�ÖS×bÔ�Ò¢Ø:Ù È Ì`Ì É Â0µ\´�Ù�¿�Ì »�´k¶IÂ�´k¶�ÚA´�Â�µ`¶�»�½�¶�»�´k¶Û´�¹+ÙkÀ�Ì`Ì�º É µu¶IÂ�ÜÝ=Þ�ß
∑

v∈V

p0(v) = 1.
ÝEà�á�âhß

Ý\ã6ß
∀w ∈ V :

∑

v∈V

M(v, w) = 1.
ÝEà�áåä�ß

Ý=æhß2ç ´kº+èG´�¶ ¸ µ`¹éÙ�À�¹ a ∈ Σ è�½�¶Iê0ëkì É º
Va := {v ∈ V | Y (v) = a}

½�¶IÂíÙkÀ�¹ ā = a1...at ∈ Σt ¸ ´kµ`ºE´k¹
Vā := Va1 × ...× Vat = {v1...vt ∈ V t | Y (v1)...Y (vt) = ā},
½�¶IÂ�Â�´`îï¶Xµ\´�¹U´k¶ ¸ µ`¹ ¸ ´kµ`ºE´k¹

PG : Σ+ −→ R

ā 7→
∑

w∈V p0(w)
∑

v1...vt∈Vā
M(v1, w) ·

∏t−1
s=1M(vl+1, vl),ÝEà�áåð�ß

É ¿q»�µ+Ì�º
∀ā ∈ Σ+ : PG(ā) ∈ [0, 1].

ÝEà�áòñ:ß

ó Þ�ôïõ!ö�÷�ø�ùVô�ú?ûXÞ�ù�ü�÷�ý+ö+æ�þ2û�ú�æNþ2÷�ÿ�ö+æNþ�ý�ö+æNþ���û�����÷�æ�þXô�ö+æ�þ�ù�ö���á ó ÿCô�þXÞ�ý�ã���ÿ�ã~ÿ�û�õ!ö�÷��:ÿ�û
ó ö�û���ÿ�û
	�ú�û#ú�ã~ÿ�û
����û�
�æ�þXô�ù,ô�������ÿCô�ù�ö�	�ÿ��,Þ���ÿ�û��

���������������! �� à�áåä�"Bç ´kµ G = (G,Y,M, p0)
´kµ`¶$#
¹�¿�»0¶I¿ É ´�»�¹ È ËXì Æ$Ç?È ¶X¶M¶Z´k¶X¶Z´�¶

¸ µ`¹ V È ½:ë�ì&%�Ô�Ð('SÕ�)h×+*-,SÒFÑZÓ/.0,SÒ213*/4uÐ~Ò Ø M ´kµu¶~´65
'¢Ô�ÏLÑZÕXÒFÑZÓ87J¿CÂ�´k¹ È ½:ë�ì9;: Ð=<!,�*/4uÐ~ÒFÓ-.0,SÒ�13*/4`ÐZÒ Á�è ¸¢Æ Ø ¸ ´k¶I¶ ¸ µ`¹ M È Ì É?> È º=¹�µA@ M = (M(v, w))(v,w)∈V 2

È ½CB ÈhÉ�É ´k¶:ØD5
'¢Ô�ÏLÑZÕXÒFÑZÓ87�¿CÂ�´k¹ 9?: Ð(<E,F*/4`ÐZÒbÓ-GmÕ�*CÏH4�I ½�¶IÂBè�½�»�½�ºE´k¹�Ìl´kº+èCºïì:´kµ ÉNÉ ´�¶
¸ µ`¹ p0

Â�´�¶KJ3*CÕ�ÏH*/LM,FÓ/*CÕXÒ�NP¿GÂ�´k¹OJ3*CÕ�Ï-* : ÔM13*CÐZÏ Æ
P ÿ�÷Q�:ÿ8RXö�ù�ö�ú�û�ÿ�� ù�÷�ÿ�ù�ÿ�û P ÷�ú���û�ú0ô�ÿ���÷�Þ�S�þ�ÿ�û����Xô�Þ��T��ÿ�ûU��ö+ùbÿ�ö�û�ÿ��WV�ù�Þ�÷�ù�	�ÿ�ø�ù�ú�÷

p0Þ���XUá ó Þ�ôY������÷���û��:ÿ�ý+ö�ÿ���ÿ�û��:ÿ;Z&÷�Þ�S�þ�ÿ�û���ÿ�÷�üXô�ù+[�ÿ/�:ú�æNþBý�
�ô�ô�ùéô�ö+æNþU��û�ù�ÿ�÷]\;��ô�ù^
�û��:ÿ�û
û�ö+æNþ�ù
û_��÷?����÷�æ�þ`�:ö�ÿa����÷�æ�þ

p0
ö�û�������ö�ÿ�÷�ù�ÿab.Þ�þ�÷�ô�æNþ�ÿ�ö�û�ý�ö+æNþ�ø�ÿ�ö�ù�ô�	�ÿ�÷�ù�ÿ�ö�ý���û���ö�û�ù�ÿ�÷dc

S�÷�ÿ�ù�ö�ÿ�÷�ÿ�û�e�ô�ú�û��:ÿ�÷�ûf�2Þ�ûJø�Þ�û�û�ÿ�ö�û�ÿ�� P ÷�ú���û�ú0ô�ÿ���÷�Þ�S�þ�ÿ�û.ö��hg,ý�ý���ÿ���ÿ�ö+û�ÿ�û#û�ú�æNþ
Þ�û��:ÿ�÷�ÿ�ô�ù�ú:æ�þXÞ�ô�ù�ö+ôNæ�þ�ÿ P ÷�ú���ÿCô�ô�ÿ�Þ��Xô�ý�ÿCô�ÿ�û�á ó ö+ÿCôi��ÿCô�æNþ�ö�ÿ�þ�ùO����÷�æ�þjg?�Xô�õïÞ�þ�ýSÿ�ö�û�ÿCô
	�ú�û

p0
	�ÿ�÷�ôNæ�þ�ö�ÿ/�:ÿ�û�ÿ�ûfV�ù�Þ�÷�ù�	�ÿ�ø�ù�ú�÷�ô�e�X\Þ�ý�ýuôïÿ8k:ö+ô�ù�ÿ�û�ù�á ó ÿCô�þXÞ�ý�ã

���������������! �� à�áåð�",ç ´kµ G = (G = (V, V × V ), Y,M, p0)
´�µu¶l#!¹U¿�»�¶I¿ É ´=»�¹ È ËXìnm�µ`º

n := |V | Æ ¼�À�¹ p ∈ RV m�µuº ∑
v∈V p(v) = 1 É ´kº+èL´k¶ ¸ µu¹ È ¶ È Ì�¿N»�èC½(¿�Á�´�¶IÜ

PG,p : Σ+ −→ R

ā 7→
∑

w∈V p(w)
∑

v1...vt∈Vā
M(v1, w) ·

∏t−1
s=1M(vs+1, vs).ÝEà�ápo�ß

q µ`¹$¶Z´k¶X¶~´k¶ p ´kµ`¶Z´k¶rLM,�<!s�ÓCÓ/4`ÑIÔ�ÒtJ+*CÕ�ÏH*/LM,bÓ�*CÕXÒ2N¢ØIÙ È Ì`Ì É
∀ā ∈ Σ+ : PG,p(ā) ∈ [0, 1].

ÝEà�ápu�ß
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���¥�����¥¦�����§������������K¨a��©�������¤��
����ª����������¥¤����^����«

¬�­�®�¯�°�¯�±�¯!²�°´³_µ·¶(¸º¹�»8¼
G = (G,Y,M, p0)

»8¼!½$¾i¿�À^Á�½(ÀÃÂ�»ÄÁ�¿�Å8Æ�Ç�È|½(É
n := |V | ÊËUÅ�½�½jÉM»!Ì]½(¼E»8¿�»8½jÍÎ¼!¿?Ï�È|½(Ð�ÑÒÇ�Â8Ó(Ô8Õ|¿

a ∈ Σ Ö Å�Ó×¿Ò¼AÏH»8½ Ta É�È|¿dÑÒÇnÉ�¼×»KØ�À�¿yÂ8Ñ8Ç_¿C¼ Ô8Ó

∀(v, w) ∈ V 2 : (Ta)vw :=

{

M(v, w) v ∈ Va

0
Â8À�½�ÂÒÓ Ê

Ù ³_µÚ³MÛ
Ül¼!¿�Â�»8Ó�ÏH»8½jÍ]»8¼!ÓÝ»8¿ÎÔ8Õ_¿�Å�Þ!Þ�»

ā = a1...at ∈ Σ∗

Tā := Tat ◦ ... ◦ Ta1 .Ül¼!¿O½=»8½�½=»�½`É�¼×»
Tā

Å�È�ÑÒÇºß£àHá=â=ã2á(ä/å_á(æQå_àHç�è/á=àHå|ã$Ï/È_éêÜUÀ�¿ÒÓ
ā Ê Ü�»8¼!ÓÝ»8¿�Â/»8Ó�Ï-»8½ÍÎ¼!¿

pā :=

{
1

PG(ā)Tāp0 PG(ā) 6= 0

0
Â8À�½�Â8Ó Ù ³_µpë_Û

È|½(É�½=»8½�½=»�½`É�¼×»
pā

ß�àÃá(â=ã2á(ä-å�ì=å_í3è/á(àÃå_ãîÏ/È_éïÜ�À�¿ÒÓ
ā Ê

ðn���ñ�����/�����i���8�������������rò×��¤�¤��ó�����i����òd«

ô?õ=²2ö(²2÷H¯�±�¯!²�°ø³_µpù�¸iúyÂÒÓ
G = (G = (V,E), Y,M, p0)

»8¼!½�¾ñ¿dÀ^Á�½=ÀÃÂ�»×Á�¿�ÅÒÆ(Ç�û�Â�ÀUÁ�¼�ÞAÓ
Ô8Õ_¿

ā = a1...at =∈ Σt éº¼!Ó�ÀMü�¼ýÁM»�½lþO»^ÏH»8¼!Ñ8Ç_½�È|½MÁM»8½(ÿ

(Tā)vw =






∑

v1...vt−1∈Va1...at−1

M(v, vt−1) ·
∏t−2
s=1M(vs+1, vs) ·M(v1, w) v ∈ Vat

0 v 6∈ Vak

.

Ù ³_µ��_Û
ËUÅÃÇ�»8¿£Í]»8¼�ÓÝ»�¿

PG(ā) =
∑

w∈V

p0(w)
∑

v∈V

(Tā)vw.
Ù ³_µ����|Û

þO»8Ó×¿dÅ�ÑÒÇ_ÓÝ»8Óñé Å�½nÍ]»8¼!ÓÝ»8¿
Tāp0 ∈ RV ûÎÂ8À

∑

v∈V

Tāp0(v) = PG(ā).
Ù ³_µ����ÃÛ

��­	�l­(¯�÷M¸a��¤�����
y§M����� Ù ³_µ��_ÛFòE��¤����Î������ò×��
^§������Q�����r���/������������������ð`�������
�|����¤�����©�¤��
�
ª�����������µM��¤�����
y§M����� Ù ³_µ����|ÛF���^� �������T���3��������
y§M��¤���
^§º����� Ù ³_µ����ÃÛ�ò!��¤���� ������¦_����¤������]�������
����� Ù ³_µ����|Û^µ

2

�;��� ª����T�T���f�ñ���a������¨O����� �����/���/�£¢?¡���
y§��������^��«F�����O�]��¤�¤���� �����������������Î�����
�������������^��©�§��������������î������¤���
^§	�Ý��������������������¤����D�����	
^§�����������
^§������Î�������/�^�������^¤��/�����
ª�����������µ��?������ª���§����?�����^�����¥�ñ���;��©��������;�����U¨i������������ª|�������`�������/���Î�����������^�����^���
©�§����l�����]���������W������¤���
y§	�Ý�����T��������������¤������Î�������/�^�ó�����T��������������������µ|�����/�]��¤�¤��/�Î�����
�����a¡+���������rò����?�����/�����
¢;¡���
^§��������iò!���������T���_�^��¤����! Î������¡������y����µ
"$# ±&% ³_µ�'�¸�¹3»8¼

G = ((V,E), Y,M, p0)
»�¼�½º¾ñ¿dÀ^Á�½(ÀÃÂ/»×Á�¿dÅÒÆ�Ç Ê ËUÅ�½�½�ÍÎ¼�¿dÉºÉ�È_¿dÑÒÇ PG»8¼!½f»8½(É�ÞA¼!Ñ8Ç)(0É�¼!éT»8½�Â8¼!À�½=Å�Þ~»�¿OÂÒÓÄÀ/Ñ8Ç|ÅÃÂÒÓ×¼�Â8Ñ8Ç�»8¿KØ�»+*ÃÓÄÀ�¿£Õ�ü^»8¿

Σ
¼!½(É�È�Ï�¼×»8¿CÓ Ê
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gG := PG
O�T�QVUWT�R�XYR�S)Z[O�\]Q

l∞
O�\	M_^	J�S]`	R�XbacJ�L

gG(2) = 1Q0R�Z0d�R�S&egf�Xhd�\!d�R�J�i�R�S&^$`=O�Q�Q
gG

R�J�S=R�S!Q0Z0j	k�l]O�Q�Z0J�Q�k�l=R�SnmWL0j�d�RoQ�QpJ�S]`	\=d�J�R�L0Z�^=L0R�J�k�l)ZRoQNi�R�Xrq�sut�j�L0j�T�T�O�L[v6e�woxyd�\zd�R�J�i�R�S&^)`=O�Q{Q
σgG = gG

\=S]`
∀ā ∈ Σ∗ : gG(ā) ∈ [0, 1]i�R�T�Z0R�S&ec|BR�LDd�a}R�J�Z0R~mW\=S=�6Z�J�Q0Z��)T�O�L�S]O�k{l�|IR��]S=J�Z0J�j�S&eV���=L�`	R�S�R�L�Q0Z0R�S�mW\=S=�6Z� RoO�k�l)Z0R�S�acJ�Lcd�\=S]q�k{l]Q0Z

σgG(2) =
∑

a∈Σ

gG(a) =
∑

a∈Σ

∑

w∈V

p0(w)
∑

v∈Va

M(v, w)

=
∑

v∈V

∑

w∈V

p0(w)M(v, w)
(7.1)
= 1 = gG(2)

��� e�wov)�

\=S]`�aNR�J�Z0R�L[M��=L�O�T�T�R
ā ∈ Σ+

�
ā =: a1...at

�
σgG(ā) =

∑

a∈Σ

gG(āa)

(7.11)
=

∑

a∈Σ

∑

v∈V

Tāap0(v) =
∑

a∈Σ

∑

v∈V

Ta ◦ Tāp0(v)

=
∑

v∈V

MTāp0(v)
(7.2)
=
∑

v∈V

Tāp0(v)

(7.11)
= gG(ā),

��� e�wo�)�

aNj�L�O�\]Q�`=O�Qp�VR�l]O�\=�=Z0R�Z0RyM�j�T�i�Z�e=H�J�L[l]O � R�S�S4\=S
dim gG <∞d�\zd�R�J�i�R�S&e	|BO�M��=L � R�XYR�L0��R�S�acJ�LVd�\=S]q�k�l]Q0Z�^=`=O�Q�QNS]O�k�l�|BR��]S=J�Z0J�j�Sz`	R�LVmWL0j�i�S=j�Q�R��

� R��6Z0j�L0R�S!\=S]`�XYJ�Z[m�L0j��gj�Q0J�Z0J�j�S � e��6�
∀(ā, b̄) ∈ Σ+ × Σ+ : (gG)b̄(ā) =

∑

v∈V

Tāpb̄(v) =
∑

v∈V

(
∑

w∈V

(Tā)vw)pb̄(v).��� e�w��	�H�J�L � R�Z0L�O�k{l4Z0R�S�S4\=S
Pg := ((gG)b̄(ā))ā,b̄∈Σ∗ ∈ RN×N

\=S]`�l]O � R�S�d�\�d�R�J�i�R�S&^�`=O�Q�QW`	J�RoQ�RN��O�Z0L0J
��R�S]`	T�J�k{l=R�S���O�S=iBl]O�Z�e�|�O�d�\ � R�Z0L�O�k�l4Z0R�SacJ�LcaNR�J�Z0R�Lp`	J�Ry��O�Z0L0J
�
Π := (pā(v))v∈V,ā∈Σ∗ ∈ RV×N

\=S]` Q0Z0R�T�T�R�S¡M¢RoQ0Z�^W`=O�Q�Q�£_Ro`	R�¤gR�J�T�R
fā

� j�S Pg
� R�L0XY¥�i�Rn¦BT�R�J�k�l)\=S=i ��� e�w��	��R�J�S=R§&J�S=RoO�L0��j�X � J�S]O�Z0J�j�S � j�S�¤gR�J�T�R�S Πv

� j�S Π
J�Q0Z � `=O�M¢�=L�Q�R�J

αv :=
∑

w∈V (Tā)vw
�

fā =
∑

v∈V

αvΠv,
��� e�wo�)�

`=O�XYJ�Z
Pg

O�T�Q�j�R�S]`	T�J�k�l=R�S!�IO�S=i�l]O�Z�e
2

fIX¨`	J�R�©cª4\=J � O�T�R�S=dD`	R�Lrt�T�O�Q{Q0R � j�S«mWL0j�d�RoQ�Q0R�S&^}`	J�RD`	\=L�k{l¬mWL0j�i�S=j�Q0R�i�L�O��=l=R�S`=O�L0i�RoQ0Z0R�T�T�Z­a}R�L�`	R�S&^�XYJ�Z­`	R�L�t�T�O�Q�Q0Rc`	R�LWR�S]`	T�J�k{l	��`	J�XYR�S]Q0J�j�S]O�T�R�SumWL0j�d�RoQ�Q�RpR�J�S=d�\	�Q0R�l=R�S&^ � L�O�\]k�l)Z�XrO�SuS=j6k{l�R�J�S�®WR�L_MPO�l=L0R�S&^�O�\]Q�R�S]`	T�J�k�l	��`	J�XYR�S]Q�J�j�S]O�T�R�S�mWL0j�d�RoQ{Q0R�SO�\]k{l�mWL0j�i�S=j�Q0R�i�L�O��=l=R�S�d�\!i�R�acJ�S=S=R�S&e$¯IJ�R�L[J�Q0Z[RoQ��



°+± ²{±4³6´
µg¶4·g¸:¹=ºgµ&» ².¼�°
½$¾	¿&ÀyÁ)ÂÃÁ	Ä}Å�Æ�Ç

Σ
Æ�Ç¢ÈrÆ�È$É=ÊËÇ�ÌÎÍ	Æ+Ï�ÐIÊ Ñ$Í6Ò4Ó�Æ�ÔÖÕ)È$É

g ∈ lΣ∞
Æ�Ç�ÈrÆ�ÈgÉ	ÊËÇ�ÌÎÍ)×.É�Ç¢Ø�Æ�È	ÏÎÇ�Ù�È$Ò�Ê�Æ�ÚÏ�ÔÛÙoÌÎÍ6Ò�Ï�ÔPÇ�Ï�ÌÎÍ	Æ�Ú!Ü]ÆÎÝÞÔÛÙ�Ú�ßàÅ&Æ�Ç�É)Æ+ÏÎá}Æ�Ç¢Ô�Æ�Ú0Æ�È

n := dim g
Õ6È$É

(gi)i=1,...,n
Æ�Ç�ÈgÆ�âIÒ�ÏÎÇ�Ï

ã Ù�È Vg ä Ï�Ù�É4Ò�Ï{Ï gi(2) = 1 å É�ÇPÆ gi Ý�æ�È]ÈgÆ�È�Ò�ÊÃÏçÏÎÔÛÙèÌÎÍ6Ò�Ï�ÔPÇ�Ï�ÌÎÍ	ÆéÜ]Æ+ÝÞÔÛÙ�Ú_Æ�È!ê)Æ�á�ë�Í4ÊìÔá}Æ�Ú_É4Æ�È�í�ßyîDÇ¢ÚBÏ�Æ�Ô�ïÞÆ�È
V := {1, ..., n} × Σ

Õ6È$É
Y : V −→ Σ

(i, a) 7→ a.
îDÇ¢ÚyÇ�É4Æ�È]ÔPÇ ð�ï�ÇPÆ�Ú0Æ�È�È]Õ)È~É�ÇPÆBñcÚ_Ù�ê�È$Ù�ÏoÆ0ÙÎÑ	Æ�Ú.Ò�ÔÛÙ�Ú_Æ�È

τa, a ∈ Σ
Ø�Ç�Ô[Æ�È]Ô¢ÏòÑgÚ_Æ�ÌÎÍ	Æ�È$É)Æ�È

ó Ò�ÔPÚ+Ç
ïèÆ�È~Ó�Æ�ïoô�ê�ÊËÇ�ÌÎÍ�É4Æ�Ú�âIÒ�ÏÎÇ�Ï
(gi)i=1,...,n

Õ6È$ÉYÏ�Æ�Ô�ïÞÆ�È
M : V × V −→ R

((i, a), (j, b)) 7→ (τa)ij .

õ Ï�ÔpÈ]Õ6È
g =

∑

i αigi
Æ�Ç�ÈgÆ�öuÒ�Ú�Ï�Ô�ÆÎÊ¢ÊËÕ6È4ê ã Ù�È g ô=Ó�Æ�ÚrÉ4Æ�ÚyâIÒ�Ï�Ç�Ï

(gi) ä Ï�Ù!á�ë�Í)Ê
Æ�ÈáWÇ¢Ú­÷Îô6ÚyÒ�Ê¢Ê
Æ
i = 1, ..., n

Æ�Ç�È
ai ∈ Σ ä Ï�ÙzÉ4Ò�Ï{Ï gi(ai) 6= 0

ßyîDÇ�ÚBÏoÆ�Ô�ïèÆ�È�È$Õ)È

p0((i, a)) =

{

αi a = ai

0
Ï�Ù�È	ÏÎÔÛß ø Á)Â�ùoú)û

öuÒ�È]È«Æ�Ú{Í6Ò�ÊìÔ�Æ�È áWÇ¢Ú�Æ�Ç¢ÈgÆ�È~ñcÚ_Ù�ê�È$Ù�ÏoÆPê�Ú_ÒÎÑ]Í	Æ�È
Gg := ((V, V × V ), Y,M, p0) ä Ï�ÙÉ�Ò�Ï{Ï

PGg = g
ß

üBý	þDý$ÿ�� Ä������	��

�������DÁ)Â�ù������������������	���� !�#"����	�%$&���' !�#"'"��	��(	�������	�*),+- !�/.0�1 �
'�2���
g(2) = 1

"��435���
gi(2) = 1

Â0�����	��
'�2�����zÁ)Â768���������9 !�#"
∑

(i,a)∈V

M((i, a), (j, b)) =
∑

(i,a)∈V

(τa)ij =
∑

(i,a)∈V

(τa)ijgi(2)
︸ ︷︷ ︸

=1

=
∑

a∈Σ

τagj(2) =
∑

a∈Σ

gj(a) = gj(2) = 1.

�;:��9 !�����
(j, b) ∈ V

Â#<�+ ø Á)Â>=	û?(	�@.A�1"��'B!�������	�*)�(	�	�����	�C35���
PGg = g,

3D��+E���F !�#
'�G�����H(	�#"'B!��(	����
'���JIK�	�# !��L��������/���	(	�	�����F3DB!����ÂNM2�	�& !��"��
ā ∈ Σ∗ Â0OP���

.0�	+E�	�����	�J(	���#B�
'�#"'�	)��� �"'"&��:��Q���	�-RQ���������S"��	��LA�	�' !�����K�	�����1"&OT�����'"
ā = a1...at ∈

Σt ���2���	�UIK�1 �
'�2�������WV����X�����	��

������� ø Á)Â7Y)ûZ !�#"�R&����L0�S"����������nÁ)Â7[�)A���	��\��^]#�����������V����
M

���#�/���	�9_9�	���	���/���	��`% !������a�+H��������L������b !�������Ec#�������	�#���1"9�������	d

(Tā)(i,a),(j,b) =

{

(τā)ij at = a

0
"����#"��	) ø Á)Â�ùèÁ4û

3D���' !�#"

∑

(i,a)∈V

(Tā)(i,a),(j,b) =
n∑

i=1

(τā)ij ø Á)Â�ù1e)û



fhg�i jlk�m�npo*q0r,o*slt�q0npu0m2v0t�r
w;x�y�z�{	|�}F~!�E��{

PGg(ā)
(7.11)
=

∑

(i,a)∈V

Tāp0(i, a) =
∑

(i,a)∈V

∑

(j,b)∈V

(Tā)(i,a),(j,b)p0((j, b))

=
∑

(j,b)∈V

p0((j, b))
∑

(i,a)∈V

(Tā)(i,a),(j,b)
(7.17)
=

∑

(j,b)∈V

p0((j, b))
n∑

i=1

(τā)ij

=

n∑

j=1

n∑

i=1

(τā)ij
∑

b∈Σ

p0((j, b))
(7.16)
=

n∑

j=1

n∑

i=1

(τā)ijαj

=
n∑

j=1

n∑

i=1

(τā)ijαjgj(2)
︸ ︷︷ ︸

=1

= τāg(2) = g(ā).

��� |��1�2�

2

�H�#���������*����� � |7�����,�^�
g
�	���E�^�p�����;���2�h�����E�^�����;���p !���^¡��^¢£�1���� b�^¢¤���	�����^¡¦¥#�l§4¢£�S¡�¨�©ª ��p�

�A�	�#�A�^�T«&��¡H�2�^�¬���­�0 �¢�®°¯±¨²¯¦§b�S����¢¤¡�³2�¤�^¡�¢��^�%´9¡h�'µS�p�b�	�£µ�¡h ^¶#���^�
Gg,(gj)

 �³����­���	�
®1³
g
³��p�

(gj)
 !�
�^�4®	���;�^¡�¢��^�¸·N¹�º±»�¼b½�¾�¿!À�Á�·PÂ�¼4ÃAÄA·NÃpÅ1Á2Äp¼b¹�ÆÇÀNÁ2·K¨

ÈH��É0��Ê2ÊSË�É � |7���5©ª�;�ª��³2¡Ì���E´5¡Ì�'µ��p�b�1�¤µ�¡Ì �¶#���	�T���p�S³!®1�;�^¡�¢��^�/��¢£�1���� b��¢¤���^�����^�Í´9¡h���
®4�l�
�1���^�#¢��²¶A¡��������^�Jµ��	�p �³J���^¡QÎª�Ï !�
�	�����^¡9�^�p�����;���2�h�����E�^�����;���p !���^�¦�^¢£�1���� b�^¢¤���	�����^�
´5¡Ì�±®4�l�
�1�	¨

Ð���Ñ°�p��Ò ��}�~�Ó5w�x�y�z�{ZÔ2Õ�Ô%Ó'Ö
×�Ô�Ø	y�yÙ~!Õ#Ó9Ú�Ø	Ô­Û�Ü!{�Ý	Ø	Ô � |7ÞJÕ�Ô#Ú � | � |
2

ß �áàAÕ#Ó'~!�E�EØ	Ô�×#~!Ô�zJ�-��{ZÝ	Õ�y�Ü�Ó'Ó���z�Ø	Ô@Û2{'~!â�{�Ý	Õ#Ó�{'Ü!Ô#Ú�Ø	Ô%Ø	â�×#~!y�{�Ø	Ô/ã5��â

ä&�Aå�åUË � |��	æ#�5�,�^�
Gg,(gi)

�^���°�p �¢¤ç�¡
�Ï���^���^¡Z´5¡h�
µ��p�b�1�¤µ�¡Ì �¶#�Sè
n := dimg

³��p�
p∗ ∈

Rn|Σ| �	���T®	³2�Ïé!�
���Ïµ��^¡E�A¢£ �¡�¢�®	³���¢£ ��A�ëê;©8�;ì?�#��¢¤�����P¯±¨�í^î!¨Q©8 ��#�Tµ����Ï¢�ï^ç2¡W���^�ð��³�¡h���
p∗

���p�S³!®1�;�^¡�¢��^�%��¢£�±���� b�^¢¤���	�����^�ñ¥#�l§4¢£�S¡
g∗

g∗ =
n∑

i=1

(
∑

a∈Σ

p∗((i, a)))gi ∈ Vg.

Ð���Ñ°�p��Ò ��}�~�Óªw;x�y�z�{�Õ�Ô�{�Ø	â¦òUÕ#Ó�Ô�Õ�{�Ý	Õ�Ô�zXÚ�Ø	â8}�Ø^ó#Ô���{���x�ÔGØ	��Ô�Ø1ÓªÚ�Õ�â'Ö
×ôØ	��Ô�Ø	Ô¬Ý	Õ�õ
y�Ü�Ó
Ó���z�Ø	ÔëÛ2{'~!â�{�Ý	Õ#Ó�{'~!Ô#Úô��Ô#Ú�Õ�Ý	��Ø	â�{�Ø	Ôôö&Ø	÷�{�x�â'Ó	øNÚ�Ø	â¦}�Ø^ó#Ô���{���x�ÔGØ	��Ô�Ø1Ó�Ô#~!{�ù�â�y���Ö
×�Ø	Ô
ú â�x�z�Ô�xSÓ'Ø	z�â'~!û�×�Ø	ÔEÕ�Ô#Ú¦ò�Ô2ã?Ø	Ô#Ú�Õ�Ô�zªÚ�Ø	â&ü9Ø1Ö
×�Ø	Ô�â�Ø	z�Ø	y�ÔJ~!Õ#Ó ú â�x�ûAxSÓ'��{���x�Ô � |7ý�|

�

}�Ø1Ó�ãDØ	��{�Ø	â�Ø	ÔT÷b~!Ô�ÔT�W~!ÔXþ�ÿ­ÿ�� Ó���ÔX��×�â�Ø	âFz�â'~!û�×���Ó'Ö
×�Ø	ÔG}F~!â'Ó�{�Ø	y�y�Õ�Ô�z°Ó'Ö
×�Ô�Ø	y�yQ~!y�Ó
� Ô�{�Ø	â�÷�y�~�Ó'Ó�Ø�Ú�Ø	â5x�����z�Ø	Ô���â'~!û�×�Ø	Ô/Ø	â�÷�Ø	Ô�Ô�Ø	Ô��

	�ÉA��
p�NÒ4���*����� � |����S�K�,�^�
G = (G,Y,M, p0)

�	���¦´5¡Ì�'µ��p�b�1�¤µ�¡Ì �¶#�W�¦��¢N���	�¦®1³S�	é�¢�®	�
�Ï���^���^�
�5�Ïµ��^���	���� Ìï^¢��^��èK�� b�
�

∀v ∈ V : p0(v) ≥ 0
��� |��!æ��

∀(v, w) ∈ E : M(v, w) ≥ 0.
��� |����b�



��� ��������������� �"!���# �%$'&
(*)�+,+.-0/2143�52673�8�6%92:

G
-;+<3�8�=>-?526@1A5B/21DCE9@:�)F/@1?-G/29@:H5.I,5�JK1DCL6

gG
52-;+NM7-O3L3�5>+QPR)L6SJTCLU

I,5�JT1DC�6@V
WYXHZQX<[]\�^Y_Y`�a*bOc�d0e�f>gihGj,kHl>mnmo`Fj

Y : V → Σ
`FdGaqprd0s"t,`Fu l>fAvwlExSt,a'l>dy`FzH{�`�aSa'f>g

kHl>j"jokHhGl}|>z,aS~Ff'|>d0hGx�t"l>j��wlEkHhGj"e�z"j"e�l>jomo`�x�t"l>j
p0

z"j,k
M

|>zoa'f'cHxSt,`�a'f'hGa�xSt"l>jo��`T�
f'�'h0|>l>j��?aSh0l>t"l�kHh0l7_Yl2�,j"h0f'h0c�j"l>j���������g���������z"j,k.���������S�

2

��h0�iu lEaSxSt"dGh0l>��l>j*kHh0lEaSl>j�l>h0jHbO�"t"�'l>j,kHl>jqp�u,aSx�t"j"h0f'f�moh0f�|>v4l>h"_Yl2�,j"h0f'h0c�j"l>j�gTkHh0l
`FzHb�kHl>���Y`Fj,kNd0h0l>e�l>jNz"j,kNu�l>h�kHl>�}��j�f�v}hGxS��d0z"j"eokHlEa�a'h]xSt
a's,~Ff'l>�}`Fj,aSxSt"dGh0l>��l>j,kHl>j
� `Ff'|>lEaN�"u l>�NkHh0lR��z,aS`Fm�m�l>j"t,`Fj"eLaS��c�m�s�c�j"l>j�f'l>j j"c�fAv4l>j,kHhGe¡aSh0j,k¢�w�£l>hGkHl�a'h0j,k
m�c�f'hG¤�h0l>�'f¥kHz"�SxSt�kHh0l¦��h0j,aShGxSt�f>g§k"`�aSa�l>h0j"l¦�.l>j"e�l¦¤�l>�SaSx�t"h0lEkHl>j"l>�©¨��'c�e�j"cLaSl>e��S`T�
s"t"l>jQkHh0lEa'l>d0u l>j�a'f'cHxSt,`�a'f'h]aSxSt"l>jNª�l>��f'c��'l>jNh0j,kHz"|>h0l>�'l>j©��«�j"j"l>j��"��z"j,~�x�t,a'f�l>h0j"mo`Fd
e�l>u l>j¦v}h0�ykHl>� � h0f'z,`Ff'h0c�j�g,k"`�aSa}|>vwl>h�¨��'c�e�j"cLaSl>e��S`Fs"t"l>j�hGm¬�RlEa'l>j�f'd0h]xSt"l>j¦e�d0l>h]xSt
a'hGj,k¢g�l>hGj"l>j¦­�`Fm�l>j�®

¯qX,°"[]±i[G²�[;³i±µ´��0¶E·"^B¸i¹452-�º}6%C�»�+<CT/E5?»�6¼)@½,:H52+
G1

8�+�3
G2

¹4526¼3�52+Q¾"¿�À�ÁGÂ"Ã"Ä;Å�Æ Ç�»�52È
+<)L+,+,1;É"Ê2)�Ë]ËÌ/

gG1 = gG2 ,
�A´���·�·��

/2-O5*)FËÌ/2CTÉ4Í¥-;1w)�+<3�526¼5>+ ÎqC�6@1A52+HÉ£3�52+H/>52Ë�ÏS5>+�/@1DCE9@:H)T/@1?-G/29@:"52+
º}6%CK=Ð5�/�/�-]+<3L8F=E-O526'52+<V

WYX<ÑYX,Ò�ÓÕÔ�±iÖ×´��0¶E�"^�¸i¹452-�º}6%C�»�+<CT/E5?»�6¼)@½,:H52+

G1 = (G1, Y1,M1, p1),G2 = (G2, Y2,M2, p2),
3�-?5NÏS52-O3�5N+<)�1?Ø�6�ËÙ-O9@:H5¥º}6¼CS»�+<CF/>5?»�6¼)@½,:"52+�52-;+Ú8�+<3�3�5�/�/>5@Ë0ÏS52+

g
/2-]+<3FÉ£/2-]+�3�1?6@-]UÐ-;)�È

Ë0526@¹452-0/E5YÛLÜ>8�-]UÐ)�Ë�52+<1DV<Ý@+H/>Ï�5�/2C�+�3�526'5}/2-]+�37/2-;9@:�3�-?5£P�)�1?6�-�=Ð5>+
M1

8�+�3
M2

ÛT:�+"ËÞ-O9@:�V

ß�j,a'u lEa'c�j,kHl>�'lokHh0l�moh0f7­rz"d0d�u l>d0l>e�f'l>j�à7`Fj�f'l>jÚaSs"h0l>d0l>jR��l>h0j"loárc�d0d0l¥u l>h4kHl>���£l2�
f'�S`�x�t�f'z"j"eNl>h0j"lEa}¨��'c�e�j"cLa'l>e��S`Fs"t"l>j��¢_YlEa't,`Fd0u
l>j�f¼bOl>�'j"l>j�v}hG��aSh0l��

¯qX,°"[]±i[G²�[;³i±â´��0¶2ã<^qä¢52-
G = ((V, V × V ), Y,M, p0)

52-]+åº}6%C�»�+<CT/E5?»�6¼)@½,:�V.ÎQ-]6
+�5>+,+�52+µ3�5>+æ3�8�6%9@:Rç}+,1 ÊE526@+�52+µ)FË;Ë�5>6¥èq)�+,1A5>+

(v, w)
Í¥-;1

M(v, w) = 0
52+,1;/21A52È

:H5>+<3�52+×é}6¼)@½,:H5>+µ3�52+ëêKÅ�ìÕÀ�íLÁ;Å�êKÇEÅ�Æîº}6%C�»�+<CT/E5?»�6¼)@½,:H52+�UÐC�+
G
V7ï¢ð�52+"/@-O9@:�1OËÙ-;9@:

/2-]+<3N3�-?5*Ï�52-;3�52+ñé}6%)2½,:H52+RÛLÜ>8�-;UÐ)FË052+,1DV

��h0��aSxSt"dGh0l>��l>j�m�h0fÕl>h0j"l>móò�l>m�m©`HgLk"`�a§~�ô�z"hG¤T`Fd0l>j�f'l}¨��'c�e�j"cLa'l>e��S`Fs"t"l>jNl>�'��l>j"j"l>j
dG`�a�a'l>jQt"h0d�bOf>�

õ�X�ÑYÑ�ö÷´��0¶Eø"^*ä¢52-?52+
G1 := Gg,(gi) = (G1 = (V1, E1), Y1,M1, p0)

8�+<3
G2 :=

Gg,(hi) = (G2 = (V2, E2), Y2,M2, q0)
=>¹452-q+<)�1?Ø�6�ËÙ-O9@:H5
º}6¼CS»�+�CT/>5?»L6%)@½<:H52+ó52-;+

8�+<3R3�5�/�/>5@Ë0ÏS52+ñ/@1DCE9@:H)T/@1?-G/29@:"52+ùI,5�JK1DCL6S/
g
V}ä¢52-?52+

p1 ∈ RV1 , q1 ∈ RV2
=>¹452-w=E8�È

Ë�ÛT/�/2-Þ»�5oä�1D)�6@1G=>8�/@1DÛ�+<3�5�»�52Í�Û'ú×(*5Oû4+,-;1?-;C�+ üÐV]ýRUÐC�+
G1

ÏS=>¹§V
G2
Vw(*)�+,+å/@-;+<3þ3�-?5

º}6¼CS»�+�CT/>5?»L6%)@½<:H52+
Gp1 = (G1, Y1,M1, p1)

8�+�3
Gq1 = (G2, Y2,M2, q1)

»�5>+<)�8
3L)L+,+�Û�Ü>8�-;UÐ)FË052+,1;É�Ê2)FË;ËÌ/7-;Íùº}6¼CS»�+�CT/>526¼)�8�Í

Vg
n∑

i=1

(
∑

a∈Σ

p1((i, a)))gi =

n∑

i=1

(
∑

a∈Σ

p2((j, a)))hi

»�-]ËÙ1DV
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�

BDC(E�CGFIHKJ�L�MON PRQKSUTWVXT�HKY T�JDZO[\J^]DL�[`_0HKL�J�[\LDPaT�JDHcb�deSUT�[
"�&.*a$�*,1'fI-�)�*,1g#ihj$gkml�-�&.)�)'lj#i)on,7�<qpD&(*,5sr�*,&(-tn,7�1'u+l�*,4%1�&.*0/�*,1wvx#i1�2%4R8�y{z|*,)�)�*,-

#i-j#i5.4%6%*a$~}w*a$�7�5.)g#i)�n,7�*,1�n,&.*,5.*,-�?X"�4%1�)�2K#i-�-�<=#i-�/�&.*tv;*,-�6%*t/�*,1GpD7j$�)g�i-j/�*t&.-
/�&($���7�-�2
)�*xv;*,-�6%*,-�8%4%-�&.1�1�*a/�7�n,&.h�5.*,-�r+#ih�6%*a$gkml�5.4�$g$�*,-�*,-�v;*,-�6%*,-�8%4%-�pD7j$�)g�i-�y
/�*,-;��5.7j$'*,&.-�*,1�v�*,-�6%*�8%4%-WpD7j$g)g�i-j/�*,-�r�/�&.*�<=#i-;#i5($o�{8%*,1�6��i-�6%5.&(kml��0hD*,n,*,&(kml�-�*,),r
n,*,1�5.*,6%*,-���$�&.*,l�*=n%?��I?+�������������g?\��&.1�lj#ih�*,- &.-^z¡#i��&.)�*,5o¢t*,&.-�*G*,1�6%4
/�& $gkgl�*£pD*,1�y
5.*,6%7�-�6=*,-j/�5.&(kgl�y{/�&(<9*,-j$�&.4%-j#i5.*,1o$�)�4�kglj#%$g)�&($gkgl�*,1I¤X*,2�)�4%1�*,-;8%4%1�6%*a$�)�*,5.5.),?D¥wh�*,1�)�1g�i6%)
<=#i-¦/�&(*a$�*a$0§X1�6%*,h�-�&($�#i7�¨o©ª1�4%6%-�4�$�*,6%1g#i��l�*,-�rU*,1�lj�i5()0<=#i-W*,&.-¦/�*,1�u+l�*,4%1�&(*=/�*,1
vx#i1�2%4R8�y{z|*,)�)�*,-;�il�-�5.& kgl�*a$'§X1�6%*,h�-�& $,?

��&.1\$�)g#i1�)�*,-�/�&.*a$�*,-�fI-�)�*,1g#ihj$mkgl�-�&.)�)e<9&.)�*,&(-0�j#%#i1U&(5.5.7j$�)�1�&.*,1�*,-j/�*,-03j4%1�<=#i5.&.)g�Ky
)�*,-�?
�«*,)�1g#%kml�)�*,-�¬o&.1ªh�*,&�6%*,6%*,h�*,-�*,<

g
$g#i<�)­�+#%$�&($

(gi)
<9&()

n := dim g
/�*,-G/�#Ky

n,7®#%$g$�4%n,&.&.*,1�)�*,-G-j#i)�¯�1�5.&(kml�*,-G©X1�4%6%-�4�$�*,6%1g#i��l�*,-
Gg,(gi) =: ((V, V ×V ), Y,M, p0)7�-j/£/�*±°j-�&(*,1�)o<=#i-

e(i,a) ∈ RV /�7�1gkgl

e(i,a)((j, b)) =

{

1 (j, b) = (i, a)

0 (j, b) 6= (i, a)
,

$�4�2i#i-�-G<=#i-�/�&.*�©X1�4%6%-�4�$�*,4%��*,1g#i)�4%1�*,-�#i5($²§X-j/�4%<94%1���l�&($�<=*,-®/�*a$²¤X*,2
)�4%1�1g#i7�<=$
Rn·|Σ| ∼= RV

$g#i<�)o2i#i-�4%-�&($gkglt6%*,6%*,h�*,-�*,1I�+#%$�& $
(e(i,a))(i,a)∈V#i7�³�#%$g$�*,-�?��«*,n,¯�6%5(&(kgl�/�&(*a$�*,1w�+#%$�&($olj#i)

M
/�#i-�-x/�&.*0¨´4%5.6%*,-j/�*�µ�*a$�)g#i5.)���$g*,&

Σ =
{a1, ..., am}

�g¶

M =








[
τa1
]
∈ Rn2

. . .
[
τa1
]
∈ Rn2

[
τa2
]
∈ Rn2

. . .
[
τa2
]
∈ Rn2??? ? ? ? ???

[
τam

]
∈ Rn2

. . .
[
τam

]
∈ Rn2








∈ Rn|Σ|×n|Σ|,

¬«4%hD*,&­/�&(*
τa

6%*,1g#%/�*9<9&.)|z'4
4%1g/�&.-j#i)�*,-j/�#i1g$�)�*,5(5.7�-�6%*,-¦h�*,n,¯�6%5.&(kglW/�*,1��+#%$�& $
(gi)&(/�*,-�)�&·°jn,&.*,1�)o¬«*,1g/�*,-�?��W*,&.)�*,1o6%&.5()+/�#i-�-�-j#%kgl�"�*±°j-�&.)�&.4%-

Ta =














0 . . . 0??? ? ? ? ???
0 . . . 0
[
τa
]

. . .
[
τa
]

0 . . . 0??? ? ? ? ???
0 . . . 0














∈ Rn|Σ|×n|Σ|.

Ta
hD*a$�)�*,l�)­-j�i<95(&(kgl9-j#%kml®"�*±°j-�&.)�&(4%-=6%*,1g#%/�*|#i7j$«/�*,-£pD*,&.5.*,-98%4%-

M
r
/�&.*wn,7®/�*,-

�+#%$�&($g8%*,2�)�4%1�*,-
e(i,a), i = 1, ..., n

6%*,l�¸%1�*,-�7�-j/¹#i-j$�4%-j$g)�*,-¹#i7j$�ºI7�5.5.*,-�?ª»�*,)�n,*,-
¬o&.1

∀a ∈ Σ : Wa := span{e(i,a) | i = 1, ..., dim g},



¼�½ ¾¿½�À�Á�Â�Ã�Ä�Å(Æ±Ç�È�ÀtÉRÀ
Á�ÊiÀ�Â�Ë�Ì�ÂxÍ�Ã�ÌÏÎ�Á�Ã�Â�Ì�Ã�Æ�À�Â�ÁDÐDÎ
È�À�Ì Ñ�ÒmÑ
Ó�Ô9ÓgÕ�Ö,×.×.Ö,Ø�ÙoÚ.ÛoÜi×(Ó�Ô�Ý�ÖaÓ�Õ,Þjß�Ü%ÓgÓ

Im(Ta) ⊂Wa. à{á�âäã%å�æç Ú.Û~è�Ö,é9Ö,Û�ê%Ö,Ø�Ù­Ö,Ú.Õ�Ö,Û,Þ²ß�Ü%ÓgÓ9ß�Ú.Ötë,ì`ë,Ù­Ö,Ú e(i1,a1), e(i2 ,a2) í Ö,î�ï%Û�Ö,Øjß�Ö,Ø�ð�ñjÜi×.Õ�Ö,Ø
ò Ô%Ø¦ß�Ö,Ø Ta

ì�ØjßÏß�Üié9Ú.Õ¡Üiìjógî ò Ô%Ø M Ú(ß�Ö,Ø�Õ�Ú(Ómógî¦Ó�Ú.Øjß�ÞDÝ�Üi×.×(Ó i1 = i2 â�ô Üiî�Ö,Û í Ú.×.Õ
Ý�õ�Û'Üi×.×.Ö a, a1, a2 ∈ Σ, i = 1, ..., n

Ta(e(j,a1)) = Ta(e(j,a2)) =

n∑

i=1

(τa)ije(i,a).

ö Ú.Õtß�Ú.ÖaÓ�Ö,Ø�÷XÛ�ê%Ö,Ø�Ø�Õ�Ø�Ú(ÓgÓ�Ö,ØøÚ.éúùwÚ.Ø�Õ�Ö,Û�ê%Ô%ñ�Ý�Õ�Û�Ö±û�Ö,Ø�ÙoÚ.ÛtØ�ì�Ø�Ö,Ú.Ø�ñjÜ%ÜiÛ£üXÔ%Û�è�Ö±ý
Û�Ö,Ú.Õ�ì�Ø í Ö,Ø;Ý�õ�Û�ß�Ö,ØÏÓ�ñjþiÕ�Ö,Û�Ö,Ø¦ð
ÜiÕ�ë�õ�è�Ö,ÛIß�Ú(Ö~ÿDìjÓgÜié=é9Ö,Ø�îjÜiØ í Ó�ê%Ô%é9ñ�Ô%Ø�Ö,Ø�Õ�Ö,ØÏß�Ö,Û
ØjÜiÕ�õ�Û�×.Ú ógî�Ö,Ø��XÛ�Ô í Ø�Ô�ÓgÖ í ÛgÜiñ�î�Ö,Ø â
������� á�â
	���
������ g ������������������� �!�"��#$����%��'&"��("�)��*+%�,-&�����(.%�,/�0%�������*213�54.,-&"*$6 dimg =:
n 798 ��� (gj)j=1,...,n ���:�;�=<>(?%��0%A@B&"� Vg C %�&D�E(?%F%$�"�'� gj %�,-&���� (.%�,/�0%�����%������ C 8 ���G ����,H��* Gg,(gj) =: (G,Y,M, p0) �I��*J�I(BK�8L(?%F%�&MK����'��*�,H�ONP*Q&FR"��&.%��/R"*S(�T3� U�V=(E�3�$%��:�;�
�"�/�+WX(",/*��)Y M %�& G �'�Z�"�/�+NP*S&[R"�;&.%��\&�T���*S(",-&"*\��� Ta C G �/�Z&I][���^(?�_%�`P���E&E#Z&E*-T3� �
%��
#$���a@B&"� RV ("85bSRI�'b�(.%5%�, C %�,-(I]��:��Uc�d�efd�g:h 
 ç Ú.Û|ë,Ö,Ú í Ö,ØWë,ì�Øjþ%ómîjÓ�Õ,ÞUß�Ü%ÓmÓ¡ß�Ú.Ö Ta Ó�ÕgÜiè�Ú.×ªÓ�Ú.Øjß â ÿDì�Øjþ%ómîjÓ�Õ�è�Ö,é9Ö,Û�ê%Ö,Ø
ÙoÚ.Û,Þjß�Ü%ÓmÓ à Ó�Ú.Ö,î�Ö=i�×.Ö,Ú ógî�ì�Ø í à{á�âäã%å�æ�æ

∀b ∈ Σ : Ta(Wb) ⊂Wa.

ô Üiî�Ö,Û'Û�Ö,Ú(ómî�Õ'ÖaÓaÞjß�Ú.Ö�ð�ÕgÜiè�Ú.×.Ú.ÕgþiÕ²Ý�õ�Û'÷X×.Ö,é9Ö,Ø�Õ�Ö ò Ô%Ø Wa
ë,ì£õ�èDÖ,Û�ñ�Û�õ�Ý�Ö,Ø â ö Ú.Õoß�Ö,Øj Ö,ë,Ö,Ú(ómî�Ø�ì�Ø í Ö,Ø ò Ô%Ø^Ô%è�Ö,Ø í Ú.×.Õ0Üiè�Ö,Û0Ø�ì�Ø à τa Ú(ß�Ö,Ø�Õ�Ú)kjë,Ú(Ö,Û�Ö,Ø¦ÙoÚ.Û0ÙoÚ.Öaß�Ö,Û�ì�é é9Ú.Õ

Ö,Ú.Ø�Ö,ÛoÖ,Ø�ÕgÓ�ñ�Û�Öaógî�Ö,Øjß�Ö ö ÜiÕ�Û�Ú)l�ß�ÜiÛgÓgÕ�Ö,×.×.ì�Ø í èDÖ,ë,õ í ×(Ú(ógî (gj) æ
Ta|Wa = τaì�Øjß¹ß�Ú.Ö j Ö,îjÜiì�ñ�Õ�ì�Ø í Ý´Ô%× í Õ�ÜiìjÓ�ß�Ö,Û9ð�ÕgÜiè�Ú(×.Ú.ÕgþiÕ�ß�Ö,Û τa â i�Ö,éGþ?mWð
ÜiÕ�ë å
âäã"n ×(Ü%Ó�ý

Ó�Ö,Ø¹ß�Ú.Ö9�XÛ�Ô í Ø�Ô�Ó�Ö,Ô%ñ�Ö,ÛgÜiÕ�Ô%Û�Ö,Ø τa
ß�Ö,Øo�XÛ�Ô í Ø�Ô�ÓgÖ,ê%Ö í Ö,× Kg ⊂ Vg

Ú.Ø ò ÜiÛ�Ú(ÜiØ�Õ â ç Ú.Û
Ö,Û�îjÜi×.Õ�Ö,ØtØ�ì�Ø£Ý�õ�Û'Üi×.×.Ö a ∈ Σ p Ó�Ô%é=Ô%Û�ñ�î�Ú(Ó�é9Ö,Ø

Φa : Vg −→ Wa

gj 7→ ej,aì�Øjß£ÓgÔ%é9Ú.Õrq�Ö,Ù«Ö,Ú.×(Ó+Ö,Ú.Ø�Ö,ØtÖaómî�Õ�Ö,Ø2s|Ö í Ö,×
Ka = Φa(Kg) ⊂Wa.Üi×(ÓgÔ í Ö,ÙoÚ(ÓgÓ�Ö,Û�éGÜ?m%Ö,Ø Ka

q�Ö,Ù­Ö,Ú.×(Ó0Ö,Ú.Ø�ÖLs'Ô%ñ�Ú(Ö ò Ô%Ø Kg
Ú(Ø Wa â ÷ªÓ í Ú(×.Õ0ß�ÜiØ�Ø^Ý�õ�Û

Üi×.×(Ö a, b ∈ Σ

Ta(Kb) ⊂ Ka.ç Ú.Û+èDÖ,Õ�ÛgÜ%ómî�Õ�Ö,ØxØ�ì�Ø
K̃ :=

⊕

a∈Σ

Ka ⊂ RV

ì�Øjß�Ó�Õ�Ö,×.×.Ö,Ø¡Ý�ÖaÓ�Õ,ÞKß�Ü%ÓgÓ�ÖaÓOÓ�Ú(ómî�ì�éøÖ,Ú(Ø�Ö,Ø�Öaógî�Õ�Ö,Øts|Ö í Ö,×�îjÜiØjß�Ö,×.Õ,ÞKß�Ö,Û\Ø�ì�Ø ò Ô%Ø�Üi×.×.Ö,Ø
Ta

Ú.Ø ò ÜiÛ�Ú(ÜiØ�Õ í Ö,×(Ü%ÓgÓgÖ,Ø=ÙoÚ.Ûgß â
ô Üié=Ú.ÕªÙoÚ.Ûgß K̃ ØjÜiÕ�õ�Û�×.Ú(ómîGÜiìjógî ò Ô%Ø M =
∑

a∈Σ TaÚ.Ø ò ÜiÛ�Ú ÜiØ�Õ í Ö,×(Ü%ÓgÓ�Ö,Ø â�ô Ü M ê%Ô%é9ñ�Ô%Ø�Ö,Ø�Õ�Ö,ØjÓ�ì�é9é=Ö,Ø�Ö,Û�îjÜi×.Õ�Ö,Øjß�Ú Ó�Õ,ÞjÝ�Ô%× í ÕIß�Ú(ÖvuIìjÓ�ý
ÓgÜ í Ö²é9Ú.ÕXð
ÜiÕ�ë 	aã
â
	�w Þ%Ù­Ö,Ø�Ø�é=ÜiØ�èDÖaÜ%ómî�Õ�Ö,Õ,Þ�ß�Ü%ÓgÓeß�Ú.Ö²ß�Ô%Û�Õ í Ö±Ý´Ô%Ûgß�Ö,Û�Õ�Ö'÷XÚ í Ö,ØjÓgógîjÜKÝ�Õ
à\	aã
âxn�æ Üiì�Ý í Û�ì�Øjß®ß�Ö,Û+÷XÚ í Ö,ØjÓgómîjÜKÝ´Õ�Ö,Ø�ß�ÖaÓO�ªÛ�Ô í Ø�Ô�Ó�Ö,ê%Ö í Ö,×(Ó²ì�ØjßGß�Ö,Û ç Üiî�×�ß�Ö,Û j ÜKý
Ó�Ú Ó (gj)

Üi× ÓoÓ�Õ�Ô
ómîjÜ%Ó�Õ�Ú(Ógómî�Ö0üXÖ,ê
Õ�Ô%Û�Ö,Ø£Ö,Û�Ý´õ�×(×.Õ+Ú(Ó�Õ â 2
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���'���\�=�>���'�[�F���
�3�[�=�� ;���Z���
��¡¢�
�"����£
¤ ���\�\�=����� Ta ���3�

M ¥
¦J§;¨ª©�¨ª«M¬0­�¬�¨r®°¯ ¥
± ¯�²´³�µ�¶ g µ�¶:·oµ�·�¸�¹º¶'»�¼�½Q¸"¶:¾$µ�·�¿�¶'À"·�Á?¹
µ�ÂZ¿�Ã-À�»�¼ Á.¿�Ã/¶
¿�»�¼�µ�Â^Ä3µ5ÅMÃ-À"ÂFÆ
n := dim g Ç ·�¸ (gi)i=1,...,n

µ�¶:·�µLÈ�Á.¿�¶0¿ÊÉBÀ"·
Vg

Æ
µ : Vg → Vg

¸Iµ�Â$ËPÉBÀ"¹ Ç Ã/¶:½À"·�¿�À�Ì�µ�ÂQÁ"Ã-ÀEÂ Ç ·�¸ZÍÎµ�¶�ÃHµ�Â
Gg,(gi) = (G,Y,M, p0)

¸Iµ�Â�¸EÁBÏ Ç Á.¿5¿�ÀBÏ�¶:¶/µ�Â�ÃHµÑÐPÂSÀ[Ò"·�À.¿�µ�½
Ò"ÂSÁ�Ì3¼�ÓªÔvÁ"·3·ÊÒ"¶:¹ºÃ�Õ�Ö�Â=¸E¶'µZ»�¼�Á"ÂQÁ?ÅMÃHµ�Â�¶
¿�Ã/¶
¿�»�¼�µ�·�ÐJÀ?¹º×?·�ÀE¾tµ

PM , Pµ
¸Iµ�Â¢Ø�µ�ÍÎµ�¶:¹�¶ºÒIµ�·

Ù Ì�µ�ÂSÁ"Ã-À"Â\µ�·
PM (X) = Xn·(|Σ|−1)Pµ(X). Ú ¯ ¥xÛ.Ü�Ý

Þ�ß�àfß�¬:«I²>áâ�
�Ñ ����\�[ã"�[���\���a��ã"�Ñ�'�"�
�"���3���
ä�ß;å�å>æ�¯ ¥
±�ç ²O³�µ�¶ Ai ∈ Cn×n, i = 1, ...,m

µ�¶:·;µ>µ�·�¸�¹�¶'»�¼�µÎèrÁ"¾Z¶0¹�¶/µÑÉBÀ"·ZéXÁ"Ã/Â�¶�ÏMµ�·
Ç ·�¸$¿�µ�¶

B :=
∑m

i=1Ai
¸Iµ�Â\µ�·2³ Ç ¾Z¾tµ�Óª³�µ�¶�ÍÎµ�¶�ÃHµ�Â

C :=






A1 . . . A1ÓÓÓ Ó Ó Ó ÓÓÓ
Am . . . Am




 ∈ Cmn×mn

³�µ�¶'µ�·
PB(X) Ç ·�¸ PC(X)

¸"¶'µÎØ�µ�ÍÎµ�¶:¹º¶�ÒIµ�·X»�¼�Á"ÂQÁ?ÅMÃHµ�Â�¶
¿�Ã/¶
¿�»�¼�µ�·DÐêÀ"¹º×?·�À"¾$µ�ÓëÔvÁ"·3·
Ò"¶:¹�Ã

PC(X) = Xn(m−1)PB(X). Ú ¯ ¥xÛ"ì�ÝíZîEïAîIð�ñLòóîIñLôÎî�õ^õ÷ö�ñEø�¡Î�P�"�
�
��ø

PC(X) = det








A1 −X · Idn A1 . . . A1

A2 A2 −X · Idn . . . A2¥¥¥ ¥¥¥ ¥ ¥ ¥ ¥¥¥
Am Am . . . Am −X · Idn








= det








B −X · Idn B −X · Idn . . . B −X · Idn
A2 A2 −X · Idn . . . A2¥¥¥ ¥¥¥ ¥ ¥ ¥ ¥¥¥
Am Am . . . Am −X · Idn








= det








B −X · Idn 0 . . . 0
A2 −X · Idn . . . 0¥¥¥ ¥¥¥ ¥ ¥ ¥ ¥¥¥
Am 0 . . . −X · Idn








= det(B −X · Idn) · (det(−X · Idn))
m−1 = PB(X)Xn(m−1),

Ú ¯ ¥xÛ"ù�Ý

¤ �" ;�������
�Êú ¤ ���
�\�Xû��
���0�F�I�����÷�����[�F�â�P�����
�\�0�"�ü�����$ú ¤ ���
�\���ý ��0�
m
£-�\���ÿþ;���
�
����£

 ��
��������ã?��� ���������[�\�\���a���"�0�"�>���3�����
�Z���\�
�\�\�$û��
���0�F�I�����Ê�����[�[������ ��\�[ã�� �\�
�"�X�����
���[�\�\�������3ã?�
�\���I ��
���������"�	� ú ¤ ���
�\���D ��0�

m
£-�\���
���3ã?�
�\���� ��
����� ¥ 2
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� ������������������� ���"!#�$��%�� ��&�'��)(���'�*�������'����
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2436587936:;5=< >?3A@B365=CEDF3�:HGI:KJ,LMJ�C#5�795=J,NPORQTSVUXWYU[Z]\�^`_`a1^`b`c�d=e	fVc	agb�^`b;h ^`i�jkZl b6mRU[b]h ^`b`cnh U9oqprU[stsu\	o�\�^ dvh SVUxw,U[i1fVU[c	^`b`c
M =

∑

a∈Σ Ta y 2

z{^`b}|[^`s~b]\�stU[b]o�o�a1S�d=a1U[b]h U[b}�vi1c	U[�`b`S8oIh SVU9o1U9o��{b6a1U[i�\��]o�jkZ`b`SVa1a�o y w,^`s�c	U[b]\�^`U[b�vU[i�o1a���b]h b`S8o��,U[b`�	a1S�c	U[b"m�SVi�|[^`b]�	j�Z]o1a{U[SVb`U�c	i�\�_`Z`U[b6a1Z`U[e	i1U[a1S8o�j�Z`U
�B�]�`�8�������=����� yV�9�`�B����� G = (V,E) ���8�E�6�������������������¡ ��/¢�£��$¤�¥��=�,�E¦����8§©¨t�����6�ª#« �­¬x� « ���[� W ⊂ V � ��� ®¯�F°`±¯² 3�C9³µ´F¶=J�C9C93$Nv·�¸ ¢	§8§º¹

∀w ∈W : 6 ∃w∗ ∈ {V1 : (w,w∗) ∈ E,

» ¤V�$¤�¢�§º¹ «I¼ �[�]�g½��[�8�,�R¬B¢	�]�����n¢	¾A¹ V1 � ���¿¢	¾6¹ ¸�À ���1����¤`¥RÁ��V¹��Â���[�¿��� ¸�À �MÃ ¼ �[� ¬x� « ���[�
v1, v2 ∈ V Ä � ¼ ���8§º¹Å�6�����������������{Æ ¸ ¢ » � ªK« � v1 ��¢A��� v2 ¾$� » ¢	� » ���k¹k�`���
¾$¨ · ¹ « ¹�¢#�	�¨g¢	� · » ¢µ¹
¹ v1 ¾�� » v2 Ç J,<È<}ÉFNF58Ê6583�:K3$N ¤]¥q�8�,�u¦����8§©¨t�����6� W ⊂ V ª#« �Ë¬x� « ������ �[� ®¯� » ¢	�]� 58:µ:K3�D¯ÉFÊA5 ± 36¶�·�¸ ¢�§=§Ì¹Í¢�§=§��TÆq¢6¢	�¿� w1, w2 ∈W ½ « ¨?¨B¾$�]��Ã[�Â���1����¤
zT\�a1Î`i1fVS�jkZ`UnÏvi1e	c	b`eAo�U[c	i�\�_`Z`U[bHU[i1c	e$h S�okj�Z`U[igo1a1e j�Z]\	o1a1S�okj�Z`U[i?�vU[Ð�a1e	i1U[bEU[b�a1Z]\�fVa1U[bb�^`b�Ñµ^`b]\��`Z]��b`c	S�cTÒ	e	bgh U[i l ^]o�mR\�Z`f U[SVb`U[iÓWY\	o�S�o�d�Î`i¯h U[buÔTi�\�_`Z`U[b�Ñ �=¨?¨g�[� c	U[b]\�^U[SVb`UÍSVi1i1U9h ^`|[SV�`fVU	Ñ]\��`c	U9o�jkZ`fVeAo�o1U[b`UBÕÖU[b`c	UxÒ	e	b
×Øb`e	a1U[b yrÙ a1e$jkZ]\	o1a1S�o�jkZ`UÍ�vU[Ð$a1e	i1U[b
g
ÑYh U[i1U[bÚo1a�\�a1SVe	b]��i1U[inÛÜ\�^`s

Eg := lµ ∩ Vg
h S�UÖQTSVstU[b]o1SVe	b

n
Z]\�a[ÑPh SVUÖb`S�j�Z�aU[i1c	e h S�o�jkZÝo1SVb]h�Ñ�U[i1f�\�^`��U[b�h S�U l ^]o1mY\�Z`fMU[SVb`U[i�WÅ\	o1S�o[Ñ�o1e"h`\	o�oIh U[i�i1U9o�^`fVa1SVU[i1U[b]h UÏvi1e	c	b`eAo�U[c	i�\�_`ZÖc	U[b]\�^

n
SVi1i1U9h ^`|[SV�`f�U	Ñ \��`c	U9okj�Z`fVeAo�o�U[b`UÍ×qe	st_�e	b`U[b6a1U[b
Z]\�a y

Þ�ß ��à"� yÌá�â}ã �vi1c	e$h S8o�j�Z`Uxw,U[i1fVU[c	^`b`cuÒ	e	bÖÏvi1e	c	b`eAo1U[c	i�\�_`Z`U[b�ä ������� g ���8�}��� » §©������å» �=¨t��� ¹�� « �,¢�§��[�Ó¹�� « ���$¢µ¹��Â��¹���� ���gæ]�
½K� « ��¤�çx¢	�]�B¹��8� »T» ��� ¸ « §è�6��� » �[�ÍéT¾A¹
¹�¢9�6�[�uêAë[¾$�8åª ¢	§������íì
ã SÂä g ��¹��Y�[�=� « » �V¹[���$¤ã SVSíä dim Eig(M ; 1) = 1

¸�À �Í¢�§=§��Í��¢	� À �
§©����� ���"Æ�� « �	� « ¹[�Â�A�/¢�£�� ��� ªK« � g ¤ã SVSVSíäBîPÀ �Ø¢�§8§V��ïT¢µ¹[�[� (gj) ���]�=� ê�§©� » ���Ø�¿� » ¾�Ã9���������{Æ�� « �	� « ¹9�Â�	�¿¢�£]� Gg,(gj)
» �
¹» ¢#Ã[¾"¢µ¹
¹ « Ã9�8�Â���������Ö�,¢	� À �
§ð�=���`���ËÆ�� « �	� « ¹[�Â�A�/¢�£�� ���Ö�6�[��¢	¾Ö���=�,���=���¿� » ¾�Ã9�8åñ §�� · ¢ ñ �6��¹����6§ « ¹
¹[���,�)¦]���8§ð¨g�[�6�6� ª#« �X¬x� « �����,¤

 Ü���,¢	¾ �[�n�	�8§ð�íì{òk¹�� n := ergdimg
» �Â�}����� « » ��¹���� �
çÍ�=¨g�[� ¹�� « � ª#« � g

· ¹ «nó �]å» �[�P¨g¢	�
���=�,���)�1� » ¾	Ã[�Â���
���[� · ��¢	� À �k§ð����� ���­Æ�� « �	� « ¹9�Â�	�¿¢�£]� �[� ª#« � g · » ���q�6���,¢	¾ n�=�
�1� » ¾	Ã[� ñ §V� · ¢ ñ �6�
¹[���6§ « ¹k¹9���,�I¬ « ¨{£ « �����]�����
�$¢	�í¤
ôT� õ­���8ö �
÷ ã SÂä =⇒ ã SVSÂäÂø�O ù/o1a g U[i1c	e h S�o�jkZ�Ñ`o1e?Z]\�aqh U[iÅ�MSVc	U[b`i�\�^`súh U9o��vÒ	e	fV^`a1SVe	b]o�e	_,U[i�\�a1e	i�o
µ : Vg → Vg

|[^`sû�vSVc	U[b6mRU[i1a
1
c	U[su��üË×qe	i1e	fVf�\�i�ý yÌþ	ÿ h SVUIQTSVstU[b]o1SVe	b

1 y ÔØU[su��üÏvi1e	_�eAo1SVa1S�e	bt� yV� �Ø^`b]hth U[i Ù a�\��`SVfVS�a���a¯Ò	e	b µ ã�Ù \�a1| ÿ$yÌþ äFU[i1Z]\�fVa1U[btm�SViMh`\�stS�a[Ñ�h`\	okoh U[iÜ�MSVc	U[b`i�\�^`súÒ	e	b
M

|[^`s �vSVc	U[b�mPU[i1a
1
U[��U[b dÂ\�fVf�o�QTSVstU[b]o1S�e	b

1
Z]\�a y

÷ ã SVSíä =⇒ ã S�SVSÂäÂø�O��;SVi���U[a1i�\	j�Z�a1U[bXd�Î`iq\�fVfVU
(j, b) ∈ {1, ..., n} × Σ

h SVU��`e	fVc	U[b

(p(j,b))n :=
1

n

n−1∑

k=1

Mke(j,b).
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(ii) 0 )213.& ,�!4 M "$57698��!4�:<;�695$=?>�@!A#B�C 0 )21D1�69EF�!5G-( ,EIH9J;�695$=3A,KL@!ANM/" 0 EFEF�O ,+$8269+ 0 )21F%('(EFPQ'()� ,)�5$ ,)2" 0 EFEF ,)� ,+$R2694O5$ ,)21F�O"$5S�O"75,T 0 )2698�R2H9)LU-(�!-V*('()
(j, b)

694O4! W-( ,-( ,)X1L ,)DYZ�!-( ,)�*( ,%�5$'(+
p̄
*('()

M
= 0 E[YW�!-( ,)�.\ ,+$5

1
@(;�]7R�+$ ,�!8� ,)

.?�!+

p̄ =

n∑

i=1

∑

a∈Σ

α(i,a)e(i,a),

;� ,�
(i0, a0)

) 0 )^"$'�T(1�6("7" α(i0,a0) 6= 0
:_"$'(4`]7R� a-(�!8�5b #"c.\ ,-( ,) ∑n

i=1

∑

a∈Σ α(i,a) =
1
C7@2de�!+?"7]7R�+$ ,�O8Q ,)f.\ ,�!5$ ,+

Mke(j,b) =
n∑

i=1

∑

a∈Σ

(βk)(i,a)e(i,a).

dg ,-( ,)

lim
n→∞

1

n

n−1∑

k=1

Mke(j,b) = p̄ =

n∑

i=1

∑

a∈Σ

α(i,a)e(i,a)

h )21L ,)i.?�O+j1L ,EF)26(]7Rfkml�+j694!4! 
(j, b)

 ,�!)
k(j,b)

T2"$'F1�6("7"

(βk(j,b)
)(i0,a0) 6= 0.

no�!5c69)21L ,+$ ,)^dg'(+$5$ ,)^ ,+$+$ ,�`]7R� ,)X.?�!+b�!Ep+$ #1 0 =,�O ,+$5$ ,)rq�+769P�R� ,)X*('(Etsu)�'(5$ ,)
(j, b)1L ,)Fsu)�'(5$ ,)

(i0, a0)
�!)
k(j,b)

;�]7R�+$�!5$5$ ,)�@���69+76 0 "Zkv'(4!-(5b'9w� ,)2"$�O]7R�5$4!�O]xR�Ty1�6("7"S #"S%( ,�zU)� j=,.\ ,�Q698�-( #"7]xR�4!'y"7"$ ,)� �sj'(EFP�'()� ,)�5$ ,)r-( ,8Q ,)r%{69)�)�@��|�O j}\ ,R26 0 P�5 0 )�-Dkm'(4!-(5ZEF�!51L ,E~"7�O]7Ri69)2"7]xR�4!�! ,J( ,)21L ,)i�� ,EIEI6L@
�

�Z�Q���|�t>�@��LAy�D���N�
G = (V,E)

�N�`�g���,���m�����<�N�<�,���?�	���2�L�&�3�y�2���N�2�v���9���
G
�N�v�Q�

�2�m�����_�<�z�x�N�	�����v���$�$�(�( ,�_¡��!���a��¡¢����£N�N����¤9£x£,�,�Q�3¥/¤(¦|��¤(���N�2�<�,�
�� ,)I§X¨y©/¨�ªv«|kvl�R�+$ ,)r.?�!+V¬®­W¯L°²±Q³�´QEF�!5Wµ¶)21 0 %�5$�!'()Il�8Q ,+&1L�O V·V)�=#69R�4 n := |V |

1L ,+
su)�'(5$ ,)o*('()

V
@�µ<E¹¸2694!4! 

n = 1
5 0 5| #"V1L ,+| ,�!)�=,�!-( �*('(+$R269)21L ,)� Xsu)�'(5$ ,)�@�º�698� 

V
) 0 ) n+1

su)�'(5$ ,)�@�YZ)�5$R2H94!5a1L ,+?q�+769P�R»%( ,�!)� |=,.& ,��su)�'(5$ ,)�T�1L�! VEF�O5$ ,�!)269)21L ,+
%('(EFE 0 )��!=,�! ,+$ ,)�T�"$'3 ,)�5$R2H94!5\ ,+�%( ,�!)� |-( ,+$�O]7R�5$ ,5$ ,)¼su+$ ,�`"$ (@��� #"$R2694!8 h )21L ,)».?�O+W�!)1L�! #"7 ,E½¸2694!4Z ,�!)� ,)¾su)�'(5$ ,)�Tb6 0 "�1L ,E½%( ,�!)� rs¿69)�5$ ,)¾R��O)26 0 "	kvl�R�+$ ,)�T 0 )21g ,+$R2694zU5$ ,)»"$'(EF�!5W1L�! |}\ ,R26 0 P�5 0 )�-�TL1�631L�O #"$ ,+&su)�'(5$ ,)» ,�!)� j�!+$+$ #1 0 =,�!8�4O (Ty698�-( #"7]7R�4!'y"x"$ ,)� no ,)�-( X8��!4O1L ,5,@Q¸b�!)21L ,)�.?�!+�=,.& ,�Wsu)�'(5$ ,)

v1, v2
T�1L�! /EF�!5$ ,�O)269)21L ,+V%('(EFE 0 )��!=,�! NU+$ ,)�T�"7'I"$�!)21¼.?�!+akm ,+$5$�!-�TLk_694!4O"

{v1, v2}
698�-( #"7]7R�4!'y"x"$ ,)i�O"$5,@2¸�694!4O"a)��O]xR�5,TQ1L h )��O ,+$ ,)

.?�!+& ,�!)� ,)I)� 0  ,)iq�+769P�R� ,) G∗ = (V ∗, E∗)
T�EI�!5Z) 0 )�EF ,R�+ n su)�'(5$ ,)�T��!)21L ,EÀ.?�!+

v1 0
)21

v2
= 0  ,�!)� ,EÁsu)�'(5$ ,)

v
= 0 "769EFEF ,)Lk_6("7"$ ,)�T�1�@ÂR�@

V ∗ = (V \ {v1, v2}) ∪ {v}

0 )21

(u,w) ∈ E∗ ⇐⇒







(u,w) ∈ E u,w ∈ V \ {v1, v2}

(v1, w) ∈ E ∨ (v2, w) ∈ E u = v, w ∈ V \ {v1, v2}

(u, v1) ∈ E ∨ (u, v2) ∈ E w = v, u ∈ V \ {v1, v2}
"$'Ã.?�! 

(v, v) ∈ E∗ T�k_694!4O"|�!E 0 +7"$P�+$l�)�-(4!�O]xR� ,)¾q�+769P�R� ,)Ä ,�!)� ^s¿69)�5$ ^=,.?�`"7]7R� ,) v1
0 )21 v2

*( ,+$4!�! Nk	@�Å|6(]xRrµ¶)21 0 %�5$�O'()2"$*('(+76 0 "7"$ ,5$= 0 )�-/ ,)�5$R2H94!5 V ∗ 1�69)�)r ,�!)� V�!+$+$ #1 0 =,�zU8�4! (T�698�-( #"7]xR�4!'y"7"$ ,)� �sV'(EFP�'()� ,)�5$ (@�YW"j�O"$5� ,�!)f�� ,�O]7R�5$ #",T2 ,�!)�= 0 "7 ,R� ,)�T21�6("7"?1L ,+$ ,)Æ 8Q ,+$5$+769- 0 )�-f6 0 k\1L ,) 0 +7"$P�+$l�)�-(4!�`]7R� ,)¾q�+769P�R� ,)Ç ,8Q ,)Lk_694!4O"j�!+$+$ #1 0 =,�!8� ,4 0 )21�698LU-( #"7]xR�4!'y"7"$ ,)f�`"$5,@
�



È�É Ê�É�Ë�Ì�Í�Î�Ï�ÐOÑNÒLÓ�ËfÔ²Ë�Ì�Õ9ËLÍ�Ö�×�Í�Ø�Î�×ÇÙ�Ì�Î�Í�×�Î�Ñ�ËLÍ�ÌQÚQÙ�Ó�Ë�× Û�Ü$Ý
Þ�ßmà!àOà_á

=⇒
ßmà¢á_â7ãZä�å,à

g æ à`ç7è�éXå,ê$ë(ìLíLàOî7çxè�ïSð�å,ñIò9óÇíLå,ñôä�õ9é$ör÷�ø�å,ê/íLàOåIå,ê$ë(ìLíLàOî7ç7è�å
ù å,ê$ú!å,ë(û æ ë�úOò(î7î7é�î$àOç7è g õ9ú`î3üoàzý�é$û�ê3å æ íLú!àOç7èÿþ�àOå,ú!å,ê¿å,ê$ë(ì�íLà`î7ç7è�å,ê��jì(ñ���ì æ å æ é$å æ��þ(å���é$ì(ê$å æ î7çxè�ê$å,à!øQå æ ã

g =
n∑

i=1

αigi,

� ì(øQå,à íLàOå gi ú!à æ å#õ9ê?û æ õ9ø�è2ò æ ë(à!ërî$à æ í»û æ í � å,àOé$å,ê?ë(à!ú!é
Vg = Vµ̄g1

⊕

...
⊕

Vµ̄gn

⊕

Og.	 à!ê\î7å,é$ö,å æ ki := dimVµ̄gi

û æ í k0 := dimOg
û æ í
�(ì æ î$é$ê$û�à!å,ê$å æ å,à æ å��2õ(îxî$å æ íLå� õ(î$àOîaþ(ì æ î7é$ì�çxè2õ(î$é$àOî7çxè�å æ�
 å���é$ì(ê$å æ

G := {g11, ..., g1k1 , ..., gn1, ..., gnkn , h1, ..., hk0},þ(ì æ Vg � î$ìFí�õ(î7î��$å � å,à!ú`î
span{gij | j = 1, ..., ki} = Vµ̄giû æ íÇíLà!å hi

õ9úOîVø�å,ú!à!å,ø�àOë(åDî$é$ìLç7è2õ(î$é$à`î7ç7è�å 
 å���é$ì(ê$å æ ë(å � ò9è�ú!é¿î$å,à!å æ ï 	 àOê|ø�å,è2õ9û�� �é$å æ � í�õ(î7î3íLå,êDê$å#íLû�ö,à!å,ê$é$å��Zê$ì(ë æ ìyî7å,ë(ê7õ���èÿþ(ì æ Gg,G
ñFà æ íLå#î$é$å æ î n àOê$ê$å#íLû�ö,à!ø�ú!å �õ9ø�ë(å#î7çxè�ú!ìyî7î$å æ å��jì(ñ���ì æ å æ é$å æ è2õ9é,ï���õ9ö,û øQå,ñFå,ê��(å æ � àOê � í�õ(î7î

∀a ∈ Σ : τagij ∈ Vµ̄giû æ íií�õ9ñIà!é � í�õ(î7îjíLà!å τa ø�å,ö,÷�ë(ú!àOçxèfå,à æ å,êjî$ì(úOçxè�å æ � õ(î$àOî?íLà!åDð�å#î7é7õ9ú!é

τa =










[
τa|Vµ̄g1

]
0 . . . 0

0
[
τa|Vµ̄g2

]
. . . 0

0 0

ï ï ï
0

0 0 . . .
[
τa|Vµ̄gn

]

∗ ∗ . . . ∗










õ æ�æ å,è�ñFå æ ï���õ(ç7è��|å�� æ àOé$à!ì æ íLå,ê¿ê$å#íLû�ö,à!å,ê$é$å æ �Zê$ì(ë æ ìyî$å,ë(ê7õ���è�å æ ë(à!ø�éuå#î�í�õ9è�å,ê�(å,à æ å��¿õ æ é$å æ � � õ9ú!úOîVíLà!åDø�å,é$å,à!ú!àOë(é$å æ � æ ì(é$å æ þ(ì æ þ(å,ê7îxç7è�à!å#íLå æ å æ �jì(ñ!�Qì æ å æ é$å æ
Vµ̄gi

,Vµ̄gj
, i 6= j

è�å,ê$ê$÷�è�ê$å æ � � õ(î&ö,å,à!ë(é � í�õ(î7î\íLà!å?å æ é7î���ê$å#çxè�å æ íLå æ �jì(ñ���ì æ å æ é$å æõ9ø�ë(å#î7çxè�ú!ìyî7î$å æ î$à æ í�ï � å,ñFå,ê���éuñIõ æ � å,à!é$å,ê � í�õ(î7î¿íLà!åXíLû�ê7ç7èÿíLà!åDö,ûgå,à æ å,ê"�Vì(ñ ���ì æ å æ é$å¼ë(å,è�#(ê$å æ íLå æ � à æ íLû�ö,à!å,ê$é$å æ%$ å,à!ú!ë(ê7õ���è�å æ ø�å,à&å æ é7î&��ê$å#ç7è�å æ íLå,ê 	 õ9è�úaíLå#îä�é7õ9ê$é$þ(å���é$ì(ê7î�ë(å,ê7õ(íLå^ê$å#íLû�ö,à!å,ê$é$å æ � æ õ9é$÷�ê$ú!àOç7è�å æ �Wê$ì(ë æ ìyî$å,ë(ê7õ���è�å æ þ(ì æ µ̄gi å æ é �î���ê$å#çxè�å æ � î$ì � ì(ú!ë(é?íLà!å � å,è2õ9û���é$û æ ë æ û æ õ9û2îVíLå,ê?ø�å,ê$å,à!é7î?ø�å � à!å#î$å æ å æ�' àOç7è�é$û æ ëÞ�ßmà!à¢á
=⇒

ßmàOà!à_á_â7ï
�
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QSR�T�UWV�XYT[Z]\�^_\�Xa`�Zcbd\eU�TB\�`gfhTjiKUBkl\�XYm/UBn�XYbpoqV
r�s bgn s fhm�`�R�T�`�V�Xgit^uUhvqv�`&UWm&\wbxVyX s `eizbpXa`�m{UWXYTjm�`l|k�T[X~}qo_`l\eVJoqX�m�`�U�ipiz^u`&��bd\hX�bxV�VJUWXYT[m{`��
)"�������:+K�������

�"���������&�P���������������
���������d�&���a���d�����������W���������:+-���W�����&���w�W���������W�H�����P�y�����&�������
���������4�q�����@���������������y���&�������x���������������P���������W���d���������W� �����:�����&�&�������d�������!�������
�P���W�����d�&�P�����e+>��¡����W�������!������¢������j�����������&�������d£¤���������W�&�������¥�d����¦¨§������*���W���������
���d���������1©�ªF���&�����W�����!����«¨�����­¬H�����®�����-�����������{�a�W�°¯������W�������������������������������������±�W���
² �d�P�����*���d�����������W�³�����*´¥�����&�&�P�����������d�P��£W���������*�d�W�&�&���@���d�&�@���x�¨������µjª����¶�����¶�����&�P�
����� ©�ª=���&�������W�����������������������������������y�������������%�������������¨¦¶�"�������¥�����������·)H���&�P���������
���j� ² �d�P£W�������e(*����£[¸��¨�d���~���]´¤�������j�����d�P������¹������W���»º�¼¾½¨¿�ÀgÁ=Â�¿�ÃYÄ-�����W���&������£W���¨¦

µj���-���¤�������&���Å)����&�P���������*���������
V

���d��Æ>��£[���W���&�����Ç¸��F���@�����¤£W�W��ª�����È����
ÉF���������

C
���������±���������x�&�������"�����������d�W�

n
¦W,Ê�&�

z = x+iy ∈ C
�W���*�F�������d�&�����

z∗ :=
x − iy

�����Ë£W�W��ª�����È�£W�W��¯����W�����������Ë´¤�����³�W�W�
z
¦¨,/���

A = (aij)i,j=1,..,n ∈ Cn×n�������*£W�W�!ª�����È ² ���������W�@���������ÌÈF�������&���
A∗ := (a∗ji)�����@��������£W�W��ª�����È�£W�W��¯����W���������cºg�������H�����&�y�W�°¯{�����W����������Ä��y�������ÌÈ ¦

Í¨ÎgÏJÎ!ÐuÑjÒuÓ-Ô¶Õ�Ö ¿�×¶Ø Õ�Ò ¿ ÔKÙ
´Ú���:���&�����������������&����)H���&�P���������1�����1�����H�"��Û��������d�W�������:¬H�����!�1�����³É=�����&¡����

���W���d�S´¤���&���B�����d�P�����������H¬������c�����H�����������{�a�W�°¯������W���������������������������u¸��F���
V
¦

ÜwÝ�Þ�ßxà¶ßdá¨ßpâ¶àã3[¦�äqå�æ bxm"\�`�Xdç_`�V
Sn := {Q ∈ Cn×n |Q = Q∗},

U�iè\�o
Sn

}B`�m
R é�ê `lë°XìoWmhm{UWTjZ4}B`�m%í¤UWXYmhbtç°`�Vyî/UWT�n s \�`hi�kl\�X é Uq}{ï�T[VBðWbY`�mlXa`�V»í¥UWXYmlbÌç_`�V

ðB`�VJUWV�V�Xzñuò�k&`�m
V

î/k&`�Z»`�m&ë�`h|"}qU�\l\eQH}q}WbpXYbpoqVyç r `�bY`�mw\�`hiÌkh\hX é UB}{ïhT[VBðWbY`�mhXa`�V¥í¤UWXYmhb éç°`�VË\�o r bg`@í¤TBitXYb¾v=izbdë�UWXYbgoWV¥Z�bpXH`�bxVF`�m�m�`&`hipi�`�V¥óKU s i r bg`�}j`�mlT[Zô`�bpV=`�\�`hiÌkh\hX é UB}{ïhT[V éðWbY`�mhXa`�í¥UWXYmlbÌ�õ`�mpðWbYk�XzñW� æ bxm V=`�V�V=`�VÚ}Wbg`h\ bpVDó¶TBë°TjV�fhXw}B`�Vöç�T
V

U�\P\�o_ç�bpbg`�mlXa`�V
Ó-Ô¶Õ�Ö ¿�×¶Ø Õ�Ò ¿ ÔKÙ �J\�`hi�kl\hX é Uq}{ï�TjVjðWbg`�mlXa`:í¥UWXYmlbÌç_`�V

Q r `�m{}B`�V�}j`�Z�`�V�Xp\avFm{`�n s `�VJ}�U�i÷\Ó-Ô¶Õ�Ö ¿�×¶Ø ðj` s UWVJ}j`hizXì�

ø/ù&ú



û/ü�ý ýhþ[ÿ�������������	�
���
�����
�����	���
����������
����� ��!#"$!#%'&(!()�*+�(,-,.!#/��+!0,'!#12��,'3546�(*8759+�+:(/2!#%'3'!;����3'%'/=<

Q
��9�,-,->�?+1�/�!#@(1�/2>�?A%'!#!#1�1�!

BC/2:(!#�EDF!#%'3'!
{λ1, ..., λn}

,���"G3H!#/��+!#%H*+��I#9�J��(,-,'!#��*K!#�MLH%'3'?+N(:(N(����1����(,'/2,HO(N(��BP/=4
:(!#��O(!#&�3'N(%'!#�

{v1, ..., vn}
?���3#Q�BP,R:(/21�3R*+���+�

Q =

n∑

i=1

λiviv
∗
i ,

DSN(��!#/
v∗i
*K!#%TI#9

vi
3'%-����,'J�N(�+/�!#%'3'!HUC!#&�3'N(%R,'!#/CVW��!#I#X+:(12/2>-?Y!#/��+!#%ZDR/�![��9�>�?./�"\"\!#%

:(!#DZ]�?+1�3'!#�_^�N�N(%-*K/�����3'!#��*+��%-,'3'!#121�9+�+:K`F9+��*a*+��?+!#%�DS!#/�3'!#%

tr Q := traceQ =

n∑

i=1

qii =

n∑

i=1

λi.

bdc�e+fhgif2j�flkignm�Qpo+qartshuwv�xyv�v�xyvMxyslv�xyv_zi{}|y~��(v��
Q �i�l�����y�����E���K���2����� �(�h��|

∀v ∈ V : vTQv ≥ 0.��sWx.��xyvE�ExM��xyu�v�sl����~��6v�x��E�(~�sh �xyv zi{E|�~�¡(v��Ex
v ∈ Sn ¢ x-£8xysl�y��v�xyv¥¤Cshu�¦dsl~ Sn+ §¨Rslv�xyv©v�sl�y��~��6v�x��}�(~�sl 8xyv¥zi{}|y~��(v��

Q
¦ªsh~

tr Q = 1
v�xyv�v�xyv©¤Cslu�sl¦«¨RslvK¬­�=�(vE�

¦ªsl~P�Exyuwslv_�Exyuª®R{K�(v�~6xyv�¦\x'�y���(v�s2¬\¯ ¢ ��sW���Kxyv_°}±�u'x'����¤Fx#s�|�x³² �l��������´µ�K��¶8�h·A¸ �Exyu¹\º ���������i» ºi¼ ������½ §
¾[c�¿[c�À�ÁÃÂÄgiÅÆm�QpÇ+q$�dxyuMzi{E|�~��}v���|�u5�({�¦

Sn
�K�(~ � ¤Cs�x ¸ ¢ xyvÈ�ExlÉFv�s�xyu�~ � �(�p| R

�
Ê�x�¬�~ ¸ u�u5�({�¦Ë�({ � �Ex � ��|�|�~ � �(s�x��Ìsl¦\xyvK|ys ¸ v n2 � ¤CsWx[¦Í�(v��({ � �(s�x �y¸ � �Ex#v��Ex³Î[u�~C{�v��rªxys2|#xdxyshv+|�s�x���~�ÏÄÐS¯�uÌ�(�h��x

Q ∈ Sn
�(s ¢ ~Tx�| A,B ∈ Rn×n ¦ªsh~F��xyvY¨�sÑ�Ex#vK|y���K� � ~6x#v

A = AT ,

B = −BT ,

Q = A+ iB,� § � § ���p| ¸ A x#shv�xY|�Ò�¦ª¦Íx#~�u�s2|y���+x\�M�(~�u�s�Ó � B xyslv�xÔ|y�y��sWx � |yÒ�¦ª¦\xy~�u�s�|#���Kx\�0�(~�u�s=Ó �| ¸ �}��|�| Q = A + iB Õ {�v�� �#¸ �Ö���ÑsW��� Q∗ = A − iB × § �G���(s�xd�ÌsW��� ¸ v����=xy�=xy¦\xyv��~6xdxyslv�xyuH|y����sWx � |�Ò�¦ª¦\xy~�u�s�|#���Kxyv.�M�(~�u�s�ÓG����xysW���\ØÌ{E�l��|#x#shv�¦d¯E|�|�xyv �+�#¸ � �}~ � �E��|�|Ì�(s�x��sh¦\xyv+|�s ¸ v_  ¸ v Sn ¯ ¢ x#u R
�(�=xysW���

n2 s�|y~ §
¾[c�¿[c�À�ÁÃÂÄgiÅÙm�QÖÚ�qª°�xys

Sn+ ⊂ Sn
�}sWxt�0xyv��Ex��Exyu.v�sW����~��Ûv�x��}�(~�sl 8xyvÜzi{E|�~�¡}v��Ex §�G�(v�v � ¡��l��~Ä�({ ��� �}��|�| Sn+ x#shv�x#vYx'����~6xyvÔ¬ ¸ v� 8x�Ó}xyv\Ýªx��Ex�� ¢ s2�=�Exy~�{�v��Gx�|F�(sh�Ñ~i¤Fxysh~6x#u ��}��|�| � ¯�u����l��x Q ∈ Sn+

Q = 0 ⇔ tr Q = 0�(sh��~ § ���(u5�({E| �y¸ � �(~Zv��(~�¯�u��ÑsW��� � �}��|�| tr Q ≥ 0 � ¯�u Q ∈ Sn+ §
Þ�ß2à�ß.á �����K�#�����Ä��â.ã�¶�´����BC/��+!PälX+%�9+��,�DR/h>-?E3'/2:(!�,�3'!�>-?+�+/2,�>-?+!�,iåH/�1=ä�,'"\/23'3'!#1­DR/�%-*æ!#/��+!PçHN(%'"è��9Kä+*K!#"êé�9K4

,'3-����*+,-%-��9+"a)E*K/�!³*K!#%Z^æ12�(,-,'!�*K!#%Rë�>-?���3'3'!#�K46çHN(%'"\!#�YI#9+I#9+%'!�>-?+�+!#�t/2,'3�V'ì á ���Ãí�î+ï `-Qé�9+"ðUC!#%-,-3-]���*K�+/2,�*K/�!�,-!#%Ì^æ12�(,-,'!ªO(N(��çHN(%'"\!#�M��!#�+ñ(3'/�:(3Ì!�,w!#/��MDS!#�+/�:aUCN(%'12��9Kä5Q
òó,'3

A ∈ Cn×n !#/��+!Ì*K/2��:(N(����1�/h,'/�!#%'����%'!w����3'%'/�<�)+,'N\*+�(,-,
A = S−1diag(λ1, ..., λn)S9+��*

f : C → C
!#/2�+!æô�9+�+&�3'/�N(��)�,'N\*K!yõ��+/�!#%'!#�aDR/�%

f(A) := S−1diag(f(λ1), ..., f(λn))S.



ö�÷ ø�÷�ùyúKû�üEý�ý�þ�ÿ���ÿ������Tþ�ÿ �	��

��
�����������������
�
��������

|A| :=
√

(AA∗) �!#" ��$%�%����&���
�'�(*),+����-(.��$�+����/��$�0,��
�'���1,�%� AA∗ 243 $5+���6�����+��87,�:9;1<��$��  ��
 A ∈ Cn×n���=�/��$�����6�+>���@?A1,�CB ! 
�7,����$�� ! 
>�D��1<�/�8�#���81<7,),
>1<6��8���8��$�+>1<$E�8�%��F�GH��$���$�&>1<68����
I��1<
�

����� 2 ),6�7,��
>���
JLK>M�N�OPN8Q�N4RPOTSUFWV�XZY\[�]#^<_4_�`

p ≥ 1 a `4b\c>de`�]@`fchgid4]Zj�k�kfd�_ a-l cnm�`fc
||.||p : Cn×n −→ R+

A 7→ p
√

tr |A|p

l c a c�`fc>c�`�c a do`qp a do` p r%s�tvu�wyx{z�s�s�t�|5rq}�~��<���
�������.���8
>���%1<�%���,�%&�6��8��&��E),$��/��
�'�(\1,���8
h� u�w<x{����� " ��$����  ����$��.(.�8$%��F>� 3 $��%��6�+>���%1,�U?B ! 
�7,����$����#9;1<��$��  ��
��=1,�%&���
�(.��$.����
��
��K���K>���:�5OP��SUFW��X���pf�

A ∈ Cn×n p�` _�kqp �¡^ a�¢ l cnm,do`f] �4£¤pf¥ a ^ypqp
A = S−1diag(λ1, ..., λn)S,

a ^-c>c¦m-d8_§�

||A||p = p

√
√
√
√

n∑

i=1

|λi|p = ||(λ1, ..., λn)||p,

g¤¥nk�`fd a `f]�_�`f�8¨��A`�©>`�]qª«ª¬d4� a `f]­[�kf_®de¯ °�`fc p ±4² ¥,] ª³^ l�´#a `�ª Rn ¨ l d a `fc>�od b:¨�do`f]�`fcd8p � � � c�p�k%`qpf¥-c a `f]�`�m,d�_®� a `fª¬c�^-¯f°

||A||1 =

n∑

i=1

λi = tr A µ SUF�¶y·

´ [�]¸`�d�c�`Z
��8��&n�@?¡
���7-1<��� " �<£*p�` _�kqp �¡^ a@¢ l cnm,do`f] �A`#¹v^,�o] d�º A �
�������U�%&>1<������
�?

1
?A�Z),$��»0y1<
�
¦�=1<
 2e3 $¼����6�+>���@?A1,�CB ! 
�7,����$����E9;1<��$��  ��
½��1<$ 3 +���$�&��8
�?1 ! �.
�)��%&���
�����
����³1<
>����$���
�¾����%&n�Z+�����$%1,��&n����
�¿

��K���K>���:�5OP�ÀSUFÂÁ�X­��p �
D = diag(λ1, ...λn) ∈ Rn×n `�d�c�`¬Ã¸d4^Äm-¥,c�^<_§ªÅ^,�o] d§ºC£.p�¥

a `eb*c>do`f]@`�cDgid�]­¨ l c�Æ-¯ °np � λ+ := max{λ, 0}, λ− := max{−λ, 0} ´ [U] λ ∈ R l c ag*`fd4�A`f]
D+ := diag(λ+

1 , ..., λ
+
n ),

D− := diag(λ−1 , ..., λ
−
n ),p�¥ a ^<p�p D = D+ −D− � ��p � Q ∈ Cn×n

`fd4c�`#p�` _�kqp �¡^ a@¢ l cnm,do`f] �A`�¹v^,�o] d§ºy£ipf¥ a ^ypqp
Q = S−1DQS

ª¬d4�
DQ := diag(λ1, ..., λn)

£¤pf¥ a `4b\c>de`�]@`fchgid4] a `fª�mn`fªÅÆ�Ç
Q+ := S−1D+

QS,

Q− := S−1D−
QS,g¤¥nk�`fd*¥@ÈE`fc�p de¯ °��e_§d4¯ °;k�`fd a ` Q+, Q− ∈ Sn+ l c a½a ^,] [�k%`f]�°�d�c�^ l p

Q = Q+ −Q−. µ SUFWÉ�·



Ê@Ë@Ì Í ÎUÏ�Ð�Ñ�Ò�Ó>ÔUÒ�Õ§ÖU×�Ø�Ù�Ò�Ø�Ú�Ô�Õ�Û�Ø�Ü�Ô�Ý<Ý<Ô
Þ\ßUà#á,âeã#ä�åfæUç,èoèAãfé>ê

1
ê4ë#ì-àqíïî,â�ð®èñá-ç,é>é;ò*ãfâ4èAãfà

||Q||1 = tr Q+ + tr Q−. ó¡ôUõWö�÷

ø5ù�ú5ù�û/üPý>þ�ÿ��Uþ������	��
�þ���
������������������
������� �"!#�%$'&(&�)#&�*#�"+,��-.��/��%-'01$'��&#$2�"3�-%$'�%&4�"-%��5�$768�"�9�"+,$'-%�%��:%��$'�%)#&#;<$'&4*=3���>9!=?

*=��+@$'&4:%��/�&4�"3�$'�A6B�%/�C'$�:9:%$D�"&#C')#;�$'E�$'& õ
F.G4H#I�J�ILK�I�M�J ôUõWô#N ä�ãfâ Σ

ãfâ�évãfé�á�ð®âeå æ�ãPORQEð S>æUçUT%ãfèWV�X ç,é>é;é�ãfé>é�ãfé òiâ4à¸ãfâ4éZY#[\S�ã ð
(V, (Ta)a∈Σ, Q0)

T%ã]O èAãqæ�ã�é�á ç^[^O=ãfâ4é�ãfí ð§â�é�ã%ç,à@ã�é`_{é�èAãfàqà@ç�[Uí
V ⊂ Sn

ãfâ4é�ãPO.a�[^Ofè¡ç,é�á	Ofà	ç^[�íDO
Sn bc

R
êedCð§â4é�ã�ç,à�ãfé`f�S�ã�à	ç,è¡ì-à@ãfé

Ta : V → V
[Ué�á ãfâ4é�ãfí ç�[�O@î�ã9gÄãfâeå æ�é�ãfèAãfé(a�[^Ofè¡ç,é�á

Q0 ∈ V
ã�â�é û/üPý>þ�ÿ��Uþ����h�i��
�þ8��
��^���j��������� b�k ç<ð4ðlO#á-âeã k ì,ð înã�é�ánãfénm­ã�á,â4énî�[Uénînãfé

ãfà k ßnð4ð®èoO â4é�á^p
tr Q0 = 1, ó¡ôUõrq�÷

∀Q ∈ V : trΨ(Q) = tr Q, ó¡ôUõts�÷
∀ā ∈ Σ∗ : tr TāQ0 ∈ [0, 1], ó¡ôUõtu�÷

ò¤ì�T�ãfâ*ánãfà#ð®â4é�ã�ç,à�ãvf�S�ãfà@ç,è¡ì,à
Ψ : V → V

á�[Uà@å æ á,âoã7w�ì-à9O�å æ�à â k è
Ψ(Q) :=

∑

a∈Σ

Ta(Q)

ánã x*é>âoãfàqèoO�ãfây[�é�á�ò*ãfâ4èAãfà k ß�à¸ã�â�é{zLì,àqè
ā = a1...at

á�ãfà­ð®â4é�ã�ç-à@ãvf�S�ãfà@ç,è¡ì,à
Tā := Tat ◦ ... ◦ Ta1c [�é�á k ì,àqíÅç<ð T2 = Id

d înãfí/ãfâ4é>èoO�ãfâ V
|RG�}RG4~�����J�� ôUõt�#N�� â4è\á�ãfé2g'[�ð�ãfèLg�è\ç�[ k înã k ß-æ�à èAãfé�XLã�x*é>â4èoâeì,é�ãfé½î,â�ð®è\é�ç,èoßUà�ð§â4åfæ

∀Q ∈ V, t ∈ N : Ψt(Q) =
∑

ā∈Σt

Tā(Q).

��������/�+,+,$'&�&U)#&�C')#���R�")#�#-9�")4:9:9�";�$y*=$�:���E4:9>�!#&#��-%-9: õi� )4�"&�-%$'&=?�6o�%/�;�&#/^:%$�?���/=*=$'3�3�$
��&4*=)#C'�L$'�%$'&�$'&4*=3��L>9!=?�*=�L+,$'&4:%��/�&4�"3�$�:%-%/=>9!4��:%-%��:9>9!#$B�B$'��-%/��%$'&�)#&4*�*#�"+,�L-�$'�L&#$'&�$'&4*=3��L>9!=?
*=��+@$'&4:%��/�&4�"3�$'&�:%-%/=>9!4�"-%�L:9>�!#$'&�6B�%/�C'$�:9: õ
��� K�� ôUõ��'�4N ä�ãfâ (V, (Ta)a∈Σ, Q0)

ãfâ4é��A[�ç,é>èAã�é>ê��.à@ì%î,é�ì	O�ãfê � ì�ánãfð�ð#ß#T%ãfàvãfâ4é�ãfí
ãfé�á�ð®âeå æ�ã�énQEð S>æUçUT%ãfè

Σ
V�X¸ç,é�é âLO è

g : Σ∗ −→ R

ā 7→ tr TāQ0ãfâ4évãfé�á�ð§â4åfæ�ê�á,â4í/ãfé=Ofâ4ì,é�ç<ð�ã�à�O è¡ì�åfæUç	O èoâLOfåfæ�ãfà�w>ãP�yè¡ì,à]V



 ]¡ ¢]¡=£�¤�¥�¦�§4¨�¦�©eª�«�¬�­�¦�¬�®P¨U©e¯�¬�°�¨�±"±	¨ ²´³9²
µR¶=·�¶�¸�¹�ºR»o¼¾½L¼%¿

g(ā) ∈ [0, 1] ÀyÁ'Â�Á'Ã »B½ Â�Á'Ã ¼9Ä�Å4Æ	Ç�¿�ÈWÉ�ÊtËUÌyÍ Ã4Î
g(2) = tr T2Q0 = tr IdQ0 = tr Q0 = 1

Ã Æ�Ä�Å�»B½ Â�Á'Ã ¼9Ä�Å4Æ	Ç�¿DÈWÉ�ÊrÏ=Ì9Ê4Ð Á ½�¿ Á'Ñ�Â ½�ÒL¿

σg(ā) =
∑

a∈Σ

g(āa) =
∑

a∈Σ

tr TāaQ0

= tr
∑

a∈Σ

TaTāQ0 = trΨTāQ0

(8.5)
= tr TāQ0 = g(ā)

À1Ó�Ô ½�¿ Â�Á'Õ'Á ½ Â ¿ À×Ö"Ñ%Á�Ø�Î Æ�¼9¼
g

¼9¿ Ó Ä�Å4Æ�¼%¿%½L¼9Ä�Ån½L¼%¿'Ê�Ù�Í Ñ¾ÚBÁ'Ñ%Û�Ó Ò�ÒL¼9¿ Ö"Ã4Î ½ Â Í Ã#Â,Î=Á'ÑÝÜ Í4¼´Þ
¼9Æ Â�Á�ß Ò Á ½ ß ¿ Õ Í Õ'Á ½ Â�Á'Ã�Ø4Î Æ�¼9¼ Î ½ Á�à Æ"¿ Ñ ½eá

Pg := (g(āb̄))ā,b̄∈Σ∗ ∈ RΣ∗×Σ∗

Á'Ã4Î Ò�½�Ä9Å=Þ Î ½ Ô,Á'Ã ¼9½ Ó�Ã Æ"Ò4½L¼%¿'Ê�â�Æ Õ Í À×Ö Å#Ò Á'Ã�À ½ ÑyÁ ½ Ã#ÁRã Æ�¼%½L¼
(Q1, ..., Qn2) Û�Ó�Ã V

Í Ã4Î
ß�Á ¿ Ñ Æ�Ä9ÅU¿ Á'Ã�Ã Í ÃäÎ ½ Á�à Æ"¿ Ñ ½�á

Πg := (tr TāQi)i∈{1,...,n2},ā∈Σ∗ ∈ Rn2×Σ∗
,

Î ½ ÁDÀyÁ'Â�Á'ÃåÎ=Á'ÑRÁ'Ã4Î Ò�½LÄ9Å Á'ÃæÜ�Ã#Õ Æ"Å#Ò Û�Ó�Ã Ù Á ½�Ò Á'Ã7Á'Ã4Î Ò�½LÄ9Å Á'Ãæç Æ Ã#Â Å4Æ"¿'Ê�Ð�½ Ñ ¼ Á ¿ Õ'Á'Ã
Ã Í Ã Ç�è Ñ Æ"ÒLÒ Á ā ∈ Σ∗

TāQ0 =:
n2
∑

i=1

αi,āQi

Í Ã4Î ¼ Á Å Á'Ã�Ø4Î Æ�¼9¼

g(āb̄) = tr Tb̄TāQ0 = tr Tb̄

n2
∑

i=1

αi,āQi =

n2
∑

i=1

αi,ātr Tb̄Qi,

Æ"ÒL¼ Ó,Î ½ Á Ù Á ½�Ò Á'ÃnÛ�Ó�Ã Pg Â�Á'Ñ Æ Î=ÁDé ½ Ã#Á Æ Ñ%ê�Ó�Ô.ß ½ Ã Æ"¿%½ Ó�Ã#Á'Ã7Û�Ó�Ã Ù Á ½�Ò Á'ÃnÛ�Ó�Ã Πg
¼%½ Ã4Î�Ø

À1Ó�Ñ Æ"Í4¼ Î ½ Á » Ã4Î ÒL½LÄ9Å ê�Á ½�¿ Î=Á ¼ ç Æ Ã#Â ¼ Û�Ó�Ã Pg
Ç Ó Ò Â ¿'Ê

�

»o¼ ß Ò Á ½ ß ¿ Õ Í Õ'Á ½ Â�Á'Ã�ØUÎ Æ�¼9¼BÍ Ô,Â�Á'ê�Á Å Ñ ¿�ë Á�Î=Á'ÑoÁ'Ã4Î Ò�½�Ä9Å=Þ Î ½ Ô,Á'Ã ¼9½ Ó�Ã Æ"Ò Á ¼%¿ Ó Ä�Å4Æ�¼%¿%½L¼9Ä�Å Á
ÚBÁ'ê ¿ Ó�Ñ Æ"ÒL¼ Û�Ó�ÃZÁ ½ Ã#Á'Ôíì Í4Æ Ã ¿ Á'Ã Þ�î Ñ%Ó�Â�Ã#Ó ¼ Á Þ à7Ó=Î=Á Ò�Ò�½ Ã4Î Í Õ ½ Á'Ñ ¿ Á'Ñ,ÚBÁ'ê ¿ Ó�Ñ,Ñ%Á'ê�Ó�Ã Þ
¼%¿ Ñ Í#½ Á'Ñ ¿ ÀyÁ'Ñ9Î=Á'Ã�ê Æ Ã#Ã Ê4â�Æ�¼¾½L¼%¿A¿9Æ"¿9¼ Ö Ä�Å#Ò�½LÄ�Å Ô,ï�Â Ò�½LÄ�Å�ð
ñ�ò=ó�ô É�Ê�õ�õ^ºRö�÷�ø

g ∈ lΣSM
÷�ø�ù�ú]ûWü\ý]þ�ÿ	ú�û ø�ú'ý]þ=÷ ��� ÷��iûWü ��� ú'ü	��ÿ	ú�ú

dimg =: n <∞ 
ö�÷'ø��y÷�ø�û�÷ � (gi)i=1,...,n
÷�ø�ù�÷�
Rÿ	ú]øLú���÷]ú�� � ü���ù�ü	ú'÷ � ÿ����Dú

Vg
� �oü��9÷�ø���ø ÷

gi
ÿ��tú�ú]ûWü��

ý]þ=ÿ	ú]û øLú�ý]þ#÷ � ÷��iûWü � ÷�ù���÷��� "þ!� û"�y÷ � ��÷�ù 
$# ÿ�ù4ù@ú'÷�ø
Sn

��÷ �&% � V := Cn ÿ	úPú�ü % ø�ø ÷ � û�÷'(��ú]ûWÿ�ù$�	ú � ÿ����)��ù*�
V ⊂ Sn

��÷ � � ø�ù�÷%ÿ � ÷	+�ù4û�÷ �,� ÿ-���.��÷ � # ø�ÿ/��ü�ù�ÿ��0� ÿ�û � ø % ÷'ù2ÿ��^ú
Sn 
 ö�÷�ø ÷�ù��y÷�ø�û�÷ � ��ø ÷21.ü\÷43 % ø ÷�ù4û�÷�ù

αaij 5 ��÷ � ��ø ÷6
R÷ % ø ÷Pþ���ù!�

τagi =:

n∑

j=1

αaijgj

��÷7��÷/�9÷�ù 
98 ø � ú'÷�û % ÷�ùæù:��ù
Di := diag(0, ..., 0, 1

i
, 0, ..., 0),



;=<=> ?,@�ACBCDCE$F:G�E$H0I�J*KMLCEMKMN�G�HPO�KCQRG�S�S�G
T�U*VWV!XZY[U:\]X�^_X�U`U:T�UaV�\]Xcb�deX�^gf-h7i�^=XjU Ta : V → V k�l ^ a ∈ Σ f�T k V�X�^nm6fpo,\qo
(Di)i=1,...,n r i�U V V-T�^=s,tuV�\]Xwvei-^�ojs,t�^,\ k h7x

Ta(Di) :=

n∑

j=1

αaijDi,

y�fpozV�T�^=s,t|{}\ZU$X_f-^=X�~(i�^�hZo/X�hq�jT�U!��f�T k V�\]Xn��{PX�\4s,t�T�U!�

Ta(Q) := diag(
n∑

i=1

αai1Qii, ...,
n∑

i=1

αainQii).

� \ZU*Vny[X�\�h�Xj^zV�\]X6��i�X4���j\]X�U:h�X�U α0i
V�T�^gs,tuV�\]X6m6X��j\]X�t�T�U!�

g =:

n∑

i=1

α0igi

�!X7�!X/��X�Ue�&oji�o/X�hq��XjUwy�\Z^
Q0 := diag(α01, ..., α0n).� f�U:U�\qo,h"V-fpo��eT/deX,{ Qg := (V, (Ta)a∈Σ, Q0)

X�\ZU���T�f-U:h�X�U:�Z��^gi���U*ipo/X��Z��i�V!X,{Z{���oji
V-f�o�ozV!X�^zV-T�^=s,t Qg

\ZU*V�T��j\]X�^,h�X�o�h7i/s,t�f�o,h]\qo�s,t�X�v:X,��h7i�^��!Xj^gf-V�X g XjU:hZo�d$^,\4s,t�h7�
�6�� ��*¡�¢!£2¤¦¥P§&¨$©jªn©j§_«�©j¬®­j¯e¬:°�±�²:³_´jµe¶e·�³�³&¶�¥q©

Ta ¸�¹ ©j¬:³_¥�±�²!´_ºq¥q±�²®ºP¥P¬e©/·�§&³�¥P¬:¶R»�¼2¯:³

tr Q0 =

n∑

i=1

α0i =

n∑

i=1

α0igi(2)
︸ ︷︷ ︸

=1

= g(2) = 1

½ ¸ ºP¾�´�¿7À�»ÂÁ�Ã�»:¤�©j¥P´_©j§�¾�¥qºP´ ½4Ä §
Q ∈ V

¿4¯e¬:¶
Ψ =

∑

a Ta
Ã

trΨ(Q) = tr
∑

a∈Σ

Ta(Q) =
∑

a∈Σ

tr Ta(Q)

=
∑

a∈Σ

n∑

i=1

n∑

j=1

αaijQii =

n∑

i=1

Qii
∑

a∈Σ

n∑

j=1

αaij

=

n∑

i=1

Qii
∑

a∈Σ

n∑

j=1

αaijgj(2) =

n∑

i=1

Qii
∑

a∈Σ

τagi(2)

=
n∑

i=1

Qii
∑

a∈Σ

gi(a)
σg=g
=

n∑

i=1

Qiigi(2)

=

n∑

i=1

Qii = tr Q

¯e¬:¶|¶e·�ªn¥P´�¿7À�»�Å�Ã�»CÆ�©j¥Ç¬!¯e¬
ā = a1...at ∈ Σt »:¤a¥P§�È[©j§�¶�©j¬u¬�¯e¬|­j©j¥P¾�©j¬Mµ:¶e·�³�³

tr Tā(Q0) = tr Tat ◦ ... ◦ Ta1(Q0) = g(ā) ∈ [0, 1]
¿7À�»ÊÉ!Ã

¾�¥Pºq´jµ�È ¸ §�·�¯:³Ë¿7À�»�Ì�Ã[·�ºq³�·�¯:±�²u¶�©j§�Í�©/³_´�¶�©j§�Î&©j²:·�¯eÏe´_¯e¬e¾ ½ ¸ ºP¾�©j¬M»eÐ�· ½4Ä §�³�±�²e§_©j¥P¨C©j¬È�¥P§ ½4Ä §�©j¥P¬�¤ ¸ §_´ ā ∈ Σ
¯e¬:¶Ñ©j¥P¬e©j¬ÑÒ�©j«�´ ¸ § h ∈ Vg

τāh = (τāh)igi,·�ºq³ ¸ ¶�¥P© (τāh)i
¶�¥P©zÓ ¸ ©�Ô�­j¥P©j¬�´_©j¬w¶�©j§2Ð�·�§�³_´_©jºqºP¯e¬e¾�¶�©j§ τāh Ä ¨$©j§2¶�©j§2Î�·�³_¥q³ (gi)¯e¬:¶Ñ­j©j¥q¾�©j¬|·�ºPºP¾�©jª�©j¥P¬e©j§

(TāQ0)ii = (τāg)i,
¿7À�»�À�Ã



Õ,Ö ×�Ö�ØCÙCÚCÛ$Ü:Ý�Û$Þàß�ÚCá*â(ã:äCÞ0âMÝ�Ü:Ü:Ý�Û å=æ=ç
è&é�ê�ë�ì:í�î�ïPðËñòðjó:ë�ìeôeõ_ìeöe÷nè&ðj÷�ðjö

tr Tā(Q0) =
∑

i

(τāg)i =
∑

i

(τā)igi(2) = τāg(2) = g(ā)

ø é�ùP÷�õjú$û7ü�ú�ü�ý"þjðjïP÷�ðjö	è�ïPê�ö�ìeö	ÿnïPõ���é�ùPùqí�õ���ö:î�ïP÷�ðjê�� ö:î�ì���õ_ïPé�ö	��
$ðjê t ú��
�eê t = 1 ìeö:î
a ∈ Σ ÷�ïPùPõ�û�
Cð/ë���ó!õ_ð�� αaij = (τagi)j

ý

(TaQ0)ii =
n∑

j=1

αajiα0j =
n∑

j=1

α0j(τagj)i

=

n∑

j=1

(τa(α0jgj))i = τa(

n∑

j=1

α0jgj)i = (τag)i,

è&é�ÿ�ïPõ�î�ðjê��2ö ø ë�öe÷�÷�ðjÿnë���ó�õ�è���ê_ð�ú���ðjï(ö�ìeö t ≥ 1 ìeö:î ā = a1...atat+1 ∈ Σt+1 ú� ë�öeö
(TāQ0)ii = (Tat+1(Ta1 ...atQ0))ii =

n∑

j=1

αat+1ji(Ta1 ...at)jj

(IV )
=

n∑

j=1

αat+1ji(τa1...atg)j =

n∑

j=1

(τat+1(τa1...atg)jgj)i

= (τat+1(
n∑

j=1

(τa1...atg)jgj))i = (τāg)i.

�

�����������! �� ü�ú#"%$�&('*),+-+/.10324)6587�9:0�)6;(+<.3=8)�>�.1?�2@+<.A=<BC>%587�?D=<B,)#=/5873+<.AEGFH>JIK+L=L=/+M+<.NB,9
=:OPFQ+�5873+<.(RS+/FH?!0�+T0S+<FVU*2@?D=W=%+�0�+<FX0�Y�FH5<7[ZGY3?�.NB\+<.19]EGFQ>�R�.1>^=/+<9�_`>%0S+8262#+a)6.10�Y�I/),+<F8B\+<.
EGFQ>KIJ+L=W=%+/b
ced1fedN�hg
ikj�l ü�ú#"%m�&on[)]FqpW+<;(+<F�r�+<.3st0!?D=W=*)6;vu�?^262@+w0S+/FXx�y^)z=8B\+<.�I(+<)6.P+L=�+{587�B\+<.3s
O�>�2}|!+{0�F8)z=<5873+/.~Uw+,RS+<2�= K ⊂ Vg

st0S+<Fw�K>�.�0S+<.oEGFQ>�R�.P>D=/+{><O3+<FQ?�BC>�F{+<. τa )6.N�K?�F8)�?�.NBRS+<24?D=L=/+<.-��)6FH0Dst?^2�=<>	RS+<;��{����?�BzI(�Sb}�!��)6;�uk?^262@+	+<)6.P+L=*��)�0!0S+<.N9�_`?�FWrD>��%9D�N+LrJBC>�FW=
g s�0�),+e>Sp�+<.�RS+/���D7S24B\+V�e?D=<)#= (gj)

0�Y�FQ587�+<)6.wxGFQIJ+<Y^RS+<.10S+/.3=8|J=8B\+/; (hk)
0�)�+8=/+L=�Uw+<9

RS+<2�=�+<FW=/+/BzI/B���+<FH0�+<.�rD?�.N.Pb�x�=�R�)z24BV0S?�.N. Ta(V+) ⊂ V+ �<� Fa?^2]2#+ a b

�h�@���[�����N���% ��k¡W¢A��£D¤1¥�¦�¡L§¨ S�/�% ��
© ïPö ñ&ðjï�í_ôeïPðjù ø �eê«ª2ì:ë�ö!õ_ðjö3¬\­�ê_é�÷�öeé-í�ð<¬\®ué�î�ðjùPùPð í_ïPö:î¯ª2ì:ë�ö�õ_ðjö3¬\®wë�ê{��éJ�S¬° ðjõ_õ_ðjöh±|î�ïPð ÿnë�öh±�è[ðjöeö ÿ®ë�ö í�é)è�ïqùPùC±�ïPö²�2ö:ë�ùPé�÷�ïPð þjìeÿ ³�ðjê_óN��ùPõ_öeïqí`î�ðjê

ðjö:î�ùPï]��ó3¬�î�ïPÿ�ðjö:í�ïPé�ö:ë�ùPðjö í_õ_é���ó:ë�í_õ_ïqí���óeðjö´­�ê_é�þjð/í�í�ð þjì î�ðjö´µ2ïqîeî�ðjö3¬\®�ë�ê{��éK��¬
®wé�î�ðjùqùPðjö ë�ì3¶Më�í�í_ðjö��pë�öeöMú�·¦ïqên÷�ð/
Cðjö¦ïPÿ¸�eé�ùP÷�ðjö:î�ðjö î�ïPð � ð<¹:öeïqõ_ïPé�ö¦ë�öaìeö:î
þjïPõ_ïqðjê_ðjö	ðjïqöeðjö © ê_÷�é�î�ðjö:í�ë�õ_þ ø �eê�î�ïPð/í_ð ° ùqë�í�í�ð�í�õ_é���ó:ë�í_õ_ïqí���óeðjêt­�ê_é�þjð/í�í_ð�ú
º�dN»�¼]j�¼z½h¼6��j ü�ú#"<¾1&GxG)].�ZGY�?!.NB\+<.N96EGFH>WR�.1>D=%+<96_`>K0S+8262 (V, (Ta)a∈Σ, Q0)

;�)6B Q0 ∈
V+ := V ∩ Sn+ � pW+<F~+/)].P+/;¸+<.10�2})�5873+<.À¿�2 ON7�?�p�+<B Σ .�+<.N.P+<.Á��)6F �����N���% ��k¡
¢Â��£J¤P¥�¦�¡W¢A¥hÃ
 SÄ6Ä s � ?^262�=TI%Y!=/��BzI<24)�587[I/Y~0S+<.�0�+6Å�.N),+<F{+<.10S+<.�xG)4RS+<.3=/587�? � B\+<.�+<)6.P+L=



ÆQÇHÈ É8Ê�Ë�Ì�Í�ÎPÏNÐ�ÎPÑ4Ò�Ó1ÔhÕ�ÎhÔhÖWÐ�Ñ#×tÔ�Ø�Ð�Ù^Ù^Ð
ÚGÛ3Ü�ÝNÞ\ß<ÝNà6áGâQã�ä�Ý1ãDå%ß<à6æ�ã%çSß8è6è�åaä�é]è}ÞCê

∀a ∈ Σ : Ta(V+) ⊂ V+. ëCì�í�î�ï

ðeñ1òeñNóhô
õkö�÷ ì�í#ø%ù�ú[û Ü�Þ6å/ü!ý8þSè4é6ý<þ�ß<âWå/ß/Þzÿ/Þ��Gé4äSß<Ý�å<ý8þ�Ü��8Þ����	��

���té}äSß/Ý3å<ý8þ3Ü��8Þ����	�������ç!Ü��
��â�Ü^è6è@ß(ÝNé6ý<þ�Þ,à\ÝPßCä!Ü�Þ,é��Jß<Ý���Û!å<ÞCü�Ý1çSß
Q ∈ Sn+

ä�é]è}Þ��Xç!Ü^åWå
tr Q ≥ 0

�,å8é,ßLþ3ß��eß/à
� ß<â��JÛ�ÝSä��	��������çSß<Ý1Ý � é6Þ �Gé4äSß<Ý3å/ý8þ�Ü��<Þ!���	��"
�#�<ã�è ä�Þ

1 = tr Q0 = tr (Ψ)tQ
B.8.9
=

∑

ā∈Σt

tr Tā(Q0)

Û�Ý1ç-ç!Ü � é]Þ�$�ß,äSß<Ý Tā(Q0) ⊂ V+
ç!Û�âQý8þ é]Þ\ß/âLé,ß<â8Þ\ß&%eÝ'$�ß<Ý1ç�Û�ÝSä(�Kã�Ý)���	��

��Û�Ý1ç

tr Q ≥ 0
�*��â

Q ∈ V+
�+�Tß � ß<â��JÛ�ÝSä��	�����

tr Tā(Q) ∈ [0, 1].

, ßLåWþ3Ü^è.-�å8é6Ý1ç[Ü�Û�ý<þ�Ü^è6è@ß û Û0/�ß8è (V, (Ta)a∈Σ, Q)
��å<ã[ç!ÜDåLå

Q ∈ V+
Û�Ý1ç

tr Q = 1ÚGÛ3Ü�ÝNÞ\ß<ÝNà�æ`Ü�â��Dã1�%à�æ`ã%çSß<è]è#ß2�
3547698;:=<?>A@�B2>DC�EF<?6�G1HJI	C�EFHLKDB2MNMOB;M+P1QRQ�@SQ�TNU�VW>	:7>XB2TO>7BZY;6�@�[\6�]1HDKDB2>=QR<?@�^!_`B2abB2TNQ�B2>dcKDTOB!Q�H1MNU�V7B2>XEFHLKDB2MOMNB2>eQ�@R<?6�G1B!B26�]1HLKDTNQ�URV7Bf[\TO]1B2>=QRU�V=<�g�@�B2>�^2:=Q�TNU�V7B26�@ íLh <�gi476�_jB2>7k?C@�TO]1B2>la#TN6#>7HLU�VmKDTOB!g�H1MN]1B2>=KDB h B*n=>7TN@�TOH1>do
p�ñ=q7r]ö rNsdr�t�ö ì�í#ø0u�úwv é]â�Ý�ß<ÝNÝPß<Ý`ß<é6Ý ÚGÛ3Ü�ÝNÞ\ß<Ý1à]áGâQã�ä�Ý1ã^å/ß<à�æ`ã%çSß8è6è

Q = (V, (Ta)a∈Σ, Q0)

xzy`{`|�} ~0��{`���0��}5�(�(�+xA�J�5�7� �D�/Ü^è6è�å*çSß/â;��é � ßLå

Q̄0 := lim
n→∞

1

n

n−1∑

t=0

Ψt(Q0)

ßR��é#å<Þ,é�ß<â8Þ�� , ß<Ýl��é � ß8å Q̄0
ÝPß<Ý1ÝPß<Ý�$�é]âaç!Ü!ÝNÝ�Ü!Û�ý8þl� �JxL� �	�	} �0~0�=� � �Kã�Ý

Q
�

��<?>7]1B���B0KDB1c=GL:76�^2B26;�ATO>7>do
�'� sd� ì�í#ø��3ú �Gé6Ý�Ú�Û3Ü�ÝNÞ\ß/ÝNà6æ`Ü!âR�Dãz�%à6æ`ãKçSß8è6è

Q := (V, (Ta)a∈Σ, Q0)
ézå8Þ�ß*�Kã^è4Û�Þ,é6à

ã�Ý�åWå8Û ��� é�ß<â2-{Ü�â*� , ß/â�âQßLå<ÛSè4Þ,é,ß<âQß/Ý1çSßX�GâQß/Ý�ÿWÿ%Û!å<ÞCÜ�Ý1ç Q̄0
�Kã�Ý

Q
é#å<ÞVß<é6Ýe�Gé4äSß<Ý=�Jß
�Jà

ÞCã�â��Jã�Ý
Ψ
ÿ/Û � �Gé4äSß<Ý'$�ß<âLÞ

λ = 1
�

ðeñD�[ñ'r+� ú!h <1Q�Q�TNU�V�<?>=QRURV7MOTNB2�1B2>=KDBX�dB2�W�X<�a#TO6RK�^2B2TO]1B2>dc K7<1Q�Q�KDB26�[\I1H1MN:7@�TOH1>=Q�CH1�jB26R<?@�H16
Ψ

Q�@R<?_7TOM;TNQ�@ í9h <?V7B26&giH1MO]1@XKDB26w�L<?@�^��WTO@X ;TOM.giBwKDB26l¡#¢	:7TNI�<?MOB2>7^mI1H1>�A@R<?_7TOMNTO@RP?@£:7>=KF�A:7�W�WTOB26�_=<?6�G1B2TN@2cDQRTOB2V7B��L<?@�^ ø2¤3í#ø*¥�í �

 ;TOB26#KDB26#giB2V7MOB2>=KDB�¦£<?:=Q�@�B2TO>do
§�ñPòeò � ì�í#ø%ì�ú�¨ ß<é Q := (V, (Ta)a∈Σ, Q0)

ß/é]ÝÀÚ�æoæ©�D-Wß<â	ß<é6ÝPß � %�è /Nþ�Ü	-�ß/Þ
Σ
�, Ü�ÝNÝ�é#å<ÞVçSß/â��#�Kã^è4Û�Þ,é�ã�Ý3å/ã
/3ß<âQÜ�ÞCã�â

Ψ =
∑

a∈Σ Ta
å8ÞCÜA-<ézè.�



ª
« ¬
«	­7®A¯N°²±L¯.®A³?®�´jµj¶�·j¸j¹`¶jº=®L¶'»O¼£¹j½'¾ µ=´`».¾d®Lº=º=®L¶ ¿�À�¬
Á!ÂDÃ�Â'Ä+Å	Æ�ÇAÈ2É

||.||1 Ê ÉOÈ ÊDË7ÌRÍRÎ�Ï È*Ð=Ñ7ÉOÒ�ÉOÓ1ÑÕÔLÖØ×XÙ1È2Ù1È2Ú`È2Ñ7ÈeÇ ÍRÎ=Û Ò�Ò�È2ÑDÜ 1 Ü�Ý;Ó Ì�Þ Ö�ßàÉ Ìá È ÌRÊ È2Ñ�â2È2ÉOÙ1È2Ñdã Ê7Û1äRä ÚjÈ2â2å7Ù1æOÉ ÍRÎ�Ê È Ì�ÊDË7ÌRÍRÎ(Ê ÉOÈ ä È�ÝZÓ Ì�ÞçÛ?ËDè V ÉOÑ ÊDË â2ÉOÈ Ì Ò�ÈWé;êjÈ*ÜÌRÛ Ò�Ó Ì Ñ7Ó Ì�ÞìëíÊ ÉOÈ á É Ì È2Ú`È2Ñ èíÛ æOæ ä9Þ ÉNÒ ||.||1 Ú`È2â2È2É Í�Î Ñ7È2Ñïî
||Ψ||1 = 1

Ù1ÉOæNÒ2Ö=ÇAÈ2É Ê7Û â Ë â Ë Ñ=ð ÍRÎ=ä Ò Q ∈ V+
Ö ÏfÛ Ñ7Ñ á È2Ù1È2Ñ ΨQ ∈ V+

ã'ñ9È Þ È Ì�òLË Ñ7ÙeÔLÖØó Ë Ñ Êô\ÉNÙ1È2Ñ äRÍRÎ=Û�è Ò ë ÔLÖØ×Aî
||ΨQ||1 = trΨQ = tr Q = ||Q||1.õ ä Ò#Ñ Ë Ñ Q ∈ V

ã ä ÓöÙ1È Þ ð?÷ Ê È Ì ñ9È Þ È Ì�òLË Ñ7Ù1È2ÑFÔLÖØóLã`ÔLÖùø

||ΨQ||1
(8.2)
= ||Ψ(Q+ −Q−)||1 ≤ ||ΨQ+||1 + ||ΨQ−||1

= ||Q+||1 + ||Q−||1
(8.1)
= tr Q+ + tr Q− (8.3)

= ||Q||1,

á Ó ÌRÛ?Ë=ä ÉOÑ ä Ù1È ä�Û?Þ Ò Ê ÉOÈ�ñ9È Î=Û?Ë ê7Ò Ë Ñ7Ù Ê È äZú È ÞWÞeÛ1ä£è Ó1æOÙ1Ò2Ö �

ûýü þjü ÿAÿ�� þ ÔLÖ����7Æ��	��

Q := (V, (Ta)a∈Σ, Q0) ��
���������� ��� 
 ��
������� QQ :=

(V, (Ta)a∈Σ, Q) ��
!�"�����$#�%'&)(��+*,�-�.
 �� '
0/ �1�02 ��
 
�34��5-
 �� '
 ��6 ��
 &�
87 Q ∈ V+ 9 5 ��/ ��&:�;7<
 ��
 
0��&+��� �<=!= �?>@
�6A
 
 � �

Q̄ := lim
n→∞

1

n

n−1∑

t=0

ΨtQ.

� � ��B � ��� �C*,��&+�D�;7<
 ��
 
0��&+���E*�
0�F>G
!6A
 
 � �

TāQ0 = lim
n→∞

1

n

n−1∑

t=0

ΨtTāQ0

#�%'& ��=!= �IHKJ�& 
 ��& ā ∈ Σ 9
Á!ÂCL!Â=þNMPORQTS ÔLÖVU<W=ÆFX %'&D��
�� �<=�= 2,��6D��
!�1� � � ��� � 
 ��� /�Y & � 2�� �Z� � / � � *,� =�=@[Z� �C�\��
 /
�1�^] �`_a��
 ]�b 9�ced � � �<=f� 2,�^g �,�	��� 2,�:�.
 �� '
 ��&+]�
0� =8
�h ��&i*,��� 9 X %j&�*�
0� � �^� � *,� =!= �^2�
 =8
(��+* ���� � �k�� 
�6l6m��&	�n* �Z�	� *�
o�p* � & �� l� 
0�q
��C* � ]�
0��& 
 ���`���C* = 
 �� '/ *�
!6m��� � 
 � � �<= ��� ��
r��/�� ��Z��
 
 ���� ��� Y & � ]k� �s� �D��3 ��=t�j
 
 � � �	��� 6A6A
o��& B+� & � 
��C*Z� � 
o�  �:* � ] �u_n��
 ]^v 9 v.w 9

xNy{znym|A}'~!���P~�},��}��1�1���D���.�a��}'�R�	���e�4�1�'�n�s��}�����}'�
ô\ÉOÑ7ÉNÙ1È\ê Ì Ó Þ ÉOÑ7È2Ñ	Ò�È ä Ò�Ó Í�Î=Û1ä Ò�É äRÍ�Î È9é;Új��È ò Ò�È ò�� Ñ7Ñ7È2Ñ�Ñ Ë Ñ Û æ äT�;Ë=Û ÑAÒ�È2ÑDÜ�� Û?Ì�ò Ó4�	Ü�fÈ2Ò�Ò�È2ÑwÉNÑ	Ò�È Ì ê Ì È2Ò�ÉOÈ Ì Ò á È ÌRÊ È2ÑdÖ
xNy{zNy��1y`�K~����P}'�R�	���e�4�1�'�n�	�-�4�1��},���k}.y�� ÑAÒ�È Ì ñ9È Û1ÍRÎ Ò Ë Ñ7Ù��1Ó1Ñ�ñ9È Þ È Ì�òLË Ñ7ÙÔLÖ����£â Ë Ç Û Ò�â9ÔLÖ���� ä Ò�È2æOæOÈ2Ñ á É Ìjè È ä Ò2ã Ê7Û1äRäR  É Ê7Ê È2ÑDÜ�� Û?Ì�ò Ók�AÜ�¡ Ì Ó1â2È äRä È ÊDË7ÌRÍRÎl�;Ë=Û ÑAÒ�È2ÑDÜ� Û?Ì�ò Ók�AÜ��mÓ Ê È2æOæOÈ ò Ó Ê ÉOÈ Ì Ò á È ÌRÊ È2Ñ ò�� Ñ7Ñ7È2ÑdÖ



¢i£i¤ ¥�¦j§a¨a©aª1«.¬jª1­8®j¯C°N±aªN°N²	¬'­�³p°a´n¬'µ<µ<¬
¶N·{¸N·�¹N·»ºF¼1½C¾o¿TÀ�Á!½aÂÃ¼1½aÂÅÄÃÆ,¾�¾�Æ'Â�ÇÈ¿PÂTÉnÀ�Á�½1Â�Æ'Â�·:Ê@Ë{Ì\Í@Î�ÏjÐ+Ñ�Ò

ψ ∈ Cn Ó Ë�Ò;ÔË�ÌEÔ�Î�Ò:Õ@Ö,×�Ø+Ë�ÏIË�ÙÛÚ.Ü<Ý�Ý{ÎDÞ�Ñ�Ìàß
〈., .〉 á Î�â�Î�Ë!ã;ÖeÌeÎ»ÔeÜ�ØAä'Ð;Ü<Ì.ÔeÜ<Ò;ÔeØ+ÏZÜ<Ý!Ü<Ò+åeÒ+ÑjÔ�æeÏjÐ:Ô�Î�Ø

Cn ç
||ψ||2 =

√

〈v, v〉 = 1Ü<æ.ã	Ö"Ü<Ý{ØèÄ�Æ'¾!¾�Æ'Â�ÇÈ¿PÂTÉnÀ�Á�½1Â á Î�â�Î�Ë!ã;ÖeÌeÎ�Ð�é�êëØ+Ð U ∈ Cn×n Î�Ë�ÌeÎDæeÌeË�Ð;ì<Ò+Î`í�Ü<Ð+Ò+ËfînïØ+Ñ`Ë{Ø+ÐðÜ<æ.ã	Ö
ψt := U tψ

Î�Ë�ÌeÎ:ñòÎ�Ý�Ý�Î�Ì�óoæeÌeÏ'Ð+Ë{Ñ�Ìuó�ôeÒ?Ü<Ý�Ý�Î
t ∈ N

éCñòÎ�Ý�Ý�Î�Ì�óoæeÌeÏjÐ+Ë�Ñ�ÌeÎ�Ì
ψ
ÏZÜ<ÌeÌKÙ»Ü<ÌKÌ'æeÌ�ô á Î�ÒðÔ�Ë�Î�õöÎ�â�Ë�Î�Ö,æeÌe÷øß�ó0Ü�Ø;Ø+Î ψ ∈ Cn×1 Ü<Ý{ØùíIÜ<Ð+Ò+ËfîúÜ<æ�ó ç

Qψ := ψψ∗

ÙmË{ÐlØ+Î�Ý á Ø+Ðiû�Ü�Ô4üiæeÌe÷�Ë{Î�Ò+Ð+Î�ÌýíIÜ<Ð+Ò+Ë�â�Î�ÌþË{Ô�Î�Ì'Ð+Ëfÿ.â�Ë�Î�Ò+Î�ÌNé@ÚPôeÒmÔ�Ë�ÎuñòÎ�Ý�Ý�Î�Ì�óoæeÌeÏ'Ð+Ë{Ñ�Ì ψt÷�Ë�Ý{ÐqÔeÜ<ÌeÌ
Qψt = U tψ(U tψ)∗ = U tψψ∗(U t)∗ = U tψψ∗(U∗)t = U tQψ(U∗)t.� Ë�Î�Ø+Î�Øùí�Ñ�Ô�Î�Ý�ÝnÝ{ì�Ø;Ø+ÐùØ+Ë{ã	Ö�Ô�æeÒ;ã;ÖIÔ�Ë�Î � Î�ÿ.ÌeË{Ð+Ë�Ñ�Ì

TaQ := ΨQ := UQU ∗

óoôeÒùÜ<Ý�Ý�Î
Q ∈ Sn

ÙmË�ÐöÎ�Ë�ÌeÎ�Ù��Fæ.Ü<Ì,Ð+Î�Ì�û�íIÜ<Ò+Ï�ÑkÞ'û�íøÑ�Ô�Î�Ý�Ý�ô á Î�ÒùÔ�Î�Ù��FÝ�åeÖ.Ü á Î�Ð {a}Ü<æ��NÜ�Ø;Ø+Î�Ì ß á Î�Ü�ã;Ö'Ð+Î�ïTÔeÜ�Ø;Ø?Ñ��nÎ�Ì.Ø+Ë{ã;Ö'Ð+Ý�Ë{ã	Ö Ta(Sn+) ⊂ Sn+
Ì.Ü�ã	Ö � Î�ÿ.ÌeË�Ð+Ë�Ñ�ÌòÔ�Î�Ò

Ta÷�Ë�Ý{Ð ç é

¶N·{¸N·	�R·�
m¿
�.ÂaÀ�ÆjÂ��������4Ç����
�4À�Æ'Â��.¿�Ç����������TÆjÂG·�êÈÌ��! � #"�$&%a¹�' Ó Ë�Ò;Ô ÔeÜ�ØóoÑ�Ý�÷�Î�Ì.Ô�Î�í�ÑjÔ�Î�Ý�ÝnÎ�Ë�ÌeÎ�Ò(�Fæ.Ü<Ì'Ð+Î�Ì�û�ê�Ò+Òió0Ü<ÖeÒ+Ð?Ü<æ�óPÎ�Ë�ÌeÎ�Ù*)?Ò;Ü<åeÖeÎ�Ì�Î�Ì,Ð Ó Ñ�ÒióoÎ�ÌNé
+-,�.�/10
/32�/54
076 é98�:<;>=@?5A�B�CD?!E�FDG

(G,U, ψ) H FDIDJKFML�FNAPORQ<S<ITF�?1AUF�V�WXF�CD?5Y�LZJKF�JKF�A�[
d \C]F^W_SZGa`<CbF�Adc@CeQDEPL�F�A

G = (V,E)
[@F�?1AUF�VfSZAP?1Jg`_C]F�AhGa?1AiFjQ_CbFNAlkmE�F�CbQ_Jgn_C

U : CN →
CN Vo?1J

N := d · card(V )
SZAPO#F�?1AUF�C�p-FDG5GqF�ANr�SZA�s�J^?5n_A

ψ ∈ CN t ?5CeOu
D¿v�.ÂaÀ�Æ'Âw������4Ç����
�4À&xb�.¿�Ç
G y WXF�AiQ_A�A�J5[�rNQ�G5G9IzO_?^F{r�n�G|WXF�AiOXF�A�=@?aWXF�A�INYDL}Qbr�JKF�A�~�n_CMG�?^F^WXFNAP�ß0Ü ç =�I�W_? H J{F�?5AiF(��F�AXWXF A Vo?5J

card(A) = d
SZAiO#F�?5AiF�� H�H ?3G	O_S}AXW c : E →

A
[�I�n�O<Q�IMIzO_?�F���FNAXWXF�A

c−1(a) ⊂ E ⊂ V × VrD�}C�Q�G5GqF
a ∈ A

Q�G�I��(F�CMVoS}JgQ_J^?�n_AlOXF�C���APn_JKF�A�Q<S�r]WXF5rNQ�I�I�J t F�CbOXF�A�s��_A \AiF�AP�
ß á çT� OXF�A�J^? �m�N?^F�CDJ�VoQ<AlO_?^F���FMs�Jgn<CbF�A e(v,a) OXFNCz�UJgQ_APO<Q_CbO<n_CDJ5L}n_Ain_CMVuQ�G H Q�I�?qI~�n_A

CN Vo?1Jw��Q<Q_C]F�AR~�n_A���APn_JKFNA�S}APO���Q<Cjs�?^F�CDSZAZWXF�A
(v, a) ∈ V ×A

[
I�n-W_?3GaJ

Ue(v,a) ∈ span{e(v′,a′) | v
′ ∈ N(v) ∪ {v}},

t n H F�? N(v)
O<?�FT�lF�AXWXF�OZF�C#~�n_A

v
Q_SXI�F�CDC]F�?5Y�L H Q_C]F�A��zAin_JKF�A�~�n<A

V?qI�Jg�
� Ë�ÎuÊ@Þ�Ñ�Ý�æeÐ+Ë�Ñ�ÌýÔ�Î�ÒAñòÎ�Ý�Ý�Î�Ì�óoæeÌeÏ'Ð+Ë{Ñ�Ì

ψ ∈ CN Ø;Î�ËöÌ'æeÌ Ó Ë�Î`Ñ á Î�ÌýË�Ì � á Ø;ã	ÖeÌeË�Ð+Ð6 é9¡jé98"Ô�æeÒ;ã;Ö
U

ß0Ôné ÖNé
ψt = U tψ ç á Î�Ø	ã;ÖeÒ+Ë�Î á Î�ÌNé � Ë�Î�ñEÜ<ÖeÒ;Ø;ã;ÖeÎ�Ë{ÌeÝ�Ë{ã;ÖeÏ�Î�Ë{Ð�ï Ø+Ë{ã	Öâ�æeÙ£¢1Î�Ë�Ð+åeæeÌeÏjÐ

t ∈ N
Ë�Ì\Î�Ë{ÌeÎ�Ù¥¤?ÌeÑ�Ð+Î�Ì

v
Ü<æ�ó�â�æeÖ.Ü<Ý�Ð+Î�ÌNï Ó Ë�Ò;Ô"ÔeÜ<ÌeÌ Ô�Î�ÿ.ÌeË�Î�Ò+ÐÔ�æeÒ;ã	Ö

pt(v |ψ) :=
∑

a∈A

|〈e(v,a), ψt〉|
2,



¦D§ ¨D§X©�ªZ«3¬M­}«	ªZ®�ª&¯U°U±�²U³U´i±Uµ�ª}±P¶q·�´U¸P¹
°�¯i¶	¹�ª}µ�µ�ª}± ºb»]»
¼¾½_¿iÀNÁÃÂÄÁqÅ 〈., .〉 ¼@ÁqÀ�Æ�ÀNÇ]È�Â¥Æ�É_Ê�ËZÅjÉ�Ì�Æ�É�ÇjÆ�Ê]Í�É�Î3É�Ç]Ï�Ç]½}Æ�È�Í}ÅzÉ�È�Ð@Æ�ÀNÂ CN Ñ ÀNÂTÀNÁ3ÌXÅÊ]ÀNÁKÒ�Ó(Ô�É�Ç]½_Ì�½�Õ&ÀNÅNÒPÉ�ÎKÒwÖ]×!Ø#Ø�Ù&Ú�ÛiÜ�Ý^Þ{ßNÀNÁ Ñ ÀNÌàÆ�É�Ì�Ì�áPÆ�É_ÊjÊ�Æ�ÁqÀ�â�ÁqÂTÁqÅ]À�Ê

p̄(v, ψ) := lim
n→∞

1

n

n−1∑

t=0

pt(v |ψ) Ögã}ÒqäNå}Þ
Ð�æ�Ç�É�ÎqÎqÀ v ∈ V À�ç�Á3Ê]Å]ÁqÀNÇ]ÀNÌ�Ò

è ÁqÇTÊ]ÁqÌ�Æ ÌZÈ�ÌdÁqÌ�Æ�ÀNÇÄâ
É Ñ À_á{ÀNÁqÌêé(È�É�ÌZÅ]ÀNÌ�ëKìRÉ�Ç]Í_½�ÕXëKìR½}Æ�ÀNÎ3Î(ßNÈ�¿�É_ÊjÅ]ÀNÎqÌ�á�ÁqÌ
¼¾ÀNÎ3íjÔ�ÀNÂîÆ�Á3À è É�Ô�ÇjÊ�íjÔ�ÀNÁqÌ�ÎqÁ1íjÔ�Í_ÀNÁqÅ]ÀNÌ pt(v |ψ) É�È�ÐUÌ�É�Å]æ�Ç]Î3Á3íjÔ�À�Ó(Ç]Å�È�Ì�Æ è ÀNÁ3Ê]À@É�È�ÊbëÑ ÀNÎqÀ�ÊjÀNÌ�¼¾ÀNÇjÆ�ÀNÌ�Í_ï_Ì�Ì�ÀNÌ�ÒPð>ÁqÀ�ñ�ç�Á3Ê]Å]ÀNÌ�ß�Æ�ÀNÇ�â�Á3ÂTÁqÅ]À�Ê�Ögã}ÒqäNå}ÞÃÀNÇ Ñ Áq¿�Å�Ê]Á3í�Ô�Æ�É�Ì�Ì�É�Î3ÊÀNÁqÌ�Ð^É_íjÔ�À�Ê�ò�½_Ç]½_ÎqÎ3É�Ç@Õ_½_Ì�Ë}É�Å]ß�ã}Òqä�óZÒ

pt(v |ψ) =
∑

a∈A

|〈e(v,a), ψt〉|
2 = 〈Pvψt, Pvψt〉

= tr Pvψt(Pvψt)
∗ = tr TvΨ

tQψ

ô�õiöv÷Pövø�ù3ú�ù5ö
û ã}Ò9ü_ü�ýuþ�ÿ�� W := (G,U, ψ) ÿ����iÿ����	�
���Kÿ
�����������
������������� N =
d · card(V ) � þ ÿ
���{ÿ����Kÿ
�

Pv : CN −→ CN
∑

(v′,a) α(v′ ,a)e(v′,a) 7→
∑

(v′,a)

v′=v

α(v′,a)e(v′ ,a)

� �^ÿ�� �"!"#�ÿ%$&�'�(!
�)�
�%� � ÿ���*+���Uÿ,�
�]ÿ��.-/�0�Kÿ��%�"�
�1�324!
� CN 5 � ÿ���67� ÿ
���iÿ
�98:�0!
�Kÿ
�
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AGFHA IKJLI
• MONQPDRTSTU#RBVWPYXWP�Z[NQU�\#NQU/]G^#U#_`]GPYVba#NQPYVb_TPYcdSTU#U#PYU#PYUfegPYU#U�XWU#N7hihWPjN7Uk]#lThm@n _TPYVihioia#P�pqlra#stPYU�c�PYVWRfuY^#swvxlr^zyTSTU|{}PYVWU/lr~Q_TSTVWNQXWa#stPYU1���fNQP�~7lTh��
hWPYU�hWN7oLa�]GNQP�lrU#a/lrU/]�]GPYVO���<PYRBXWVilr~QuYPYVW~QPY_T^#U#_t]GP�h�Z[yTST~7^#XWNQSTU/hWST�<PYVilrXWSTVih
PYVWRTPYU#U-\/lrVWPYU���PYVW_TSG]GN7hioLa#PYU��[PYVWa n ~QXWU#N7hihWP���NQU��/STVWs�yTSTUk�qPY\<PYU-\<P�]GNQUG�
_T^#U#_TPYU�NQUj]GNQP����#XWNQstN7PYVW^#U#_@hilr~Q_TSTVWNQXWa#stPYU�PYNQU�\#NQU/]GPYU��

• ��N7U/]`st�T_T~7N7oia#PYVWcdPYN7hWP�stSB]GNQ�/uYNQPYVWXWP���P�oia#U#NQRTPYU1�[uT� vO�[lr~QXWPYVWU/lrXWNQyTPj¡�^/h��
cdlra#~QPYU¢yTSTUfvHlThWPYU1�d\�P�hihiPYV£uY^#V�eqSTU/hWXWVW^#RBXWNQSTU�¤¦¥#V£VWST\#^/hiXWP9�BoLa n XWuYPYV
_TPYPYNQ_TU#PYX3�

• { n hihWXghWN7oia§PYNQU>¨�^/hilrststPYU#a/lrU#_�uYc�N7hioLa#PYU9]GPYV�yTSTs©¡�^#XWSTVOyTSTVW_TPYU#STst�
stPYU#PYU1��yTSTU���\<PYVihWXWPYNQU«ª­¬¯®�°�±�²G³�yTSTVW_TP�hioia#~7lr_TPYU#PYUk´µst�#~QPYs£PYU-XWNQPYVW^#U#_
yTSTU�_TPYU#PYVilr~7N7hWNQPYVWXWPYU���^G¶b·�����VWPYP�h�¸¦U#N7oLa-X�NQUD]GNQP�hWPYV�¡�VW\�PYNQXx\<P�hW�#VWSBoLa#PYUº¹
^#U/]b]GPYUthWN7oiab]G^#VioLa£]GNQP�hWPH¡qVW\<PYNQX[lr^G¤»]GV n U#_TPYU/]GPYU£egVWNQXWPYVWNQPYU¯PYVWRTPYU#U#PYU��

¼1½ ² ½ ² ½£¾À¿1Á °�Â	Â¯Ã#Â�Â	Ä�°�Å�°-Æ¦Ç ½ �/Vilr_TP�hWXWPY~Q~Q^#U#_TPYU�VW^#U/]�^#sÈ]GPYU�¡�^/hW\/lr^�]GP�hÉ SB]GPY~7~7h�\#uYcÊ�º^#U/lr^G¤¦_TPY~Q�@hWXWPYV�¨�^/hilrststPYU#a n U#_TPËuYc�N7hioLa#PYU�]GPYU9vxPY_TVWNÍÌtN7oLa#RTPYNQXWPYU
]GP�h É SG]GPY~Q~7hHhWNQU/]

• MONQP!Z!NQU-\<PYuYNQPYa-^#U#_g]GPYV É SG]GPY~Q~QNQPYVW^#U#_�PYNQU#uYPY~7U#PYV���P�Î-^#PYU#uYPYUËNQsÏp�lra#stPYU
]GP�h É SG]GPY~Q~7hY�<MONQP�hg~QNQP�¤¦PYVWXWP�s£�T_T~QN7oia#PYVWcdPYN7hWPËPYNQUG¤»lToia#PYVWPt�!lrVWN7lrU�XWPYU9yTSTU
vdPYcdPYN7hWPYU�¤¦¥#V!�Ð¤»lThWXH¥#\�PYVilr~7~Í�»�K� n XWuYPT��c�N7POuT� vO�#]GPYUD\�PYVW¥#a#sËXWPYUÑ�BlrXWugyTSTU
vdN7VWR�a#SrÒÓ�

• Z!NQUË¡�^/hW\/lr^b]GPYV�¨�^/hilrststPYU#a n U#_TPxuYc�N7hioLa#PYUb]GPYU¯vxPY_TVWNÍÒºPYUb]GPYV���XilrXWNQSr�
U/lrVWNQX n X�^#U/]¯]GPYVÓZ[VW_TSG]GNQuYNQX n XÓlr^G¤�]GPYVÓPYNQU#PYUb��PYN7XWPd^#U/]¯]GPYVÓM�N7stPYU/hWNQSTU/l
�
~QNQX n Xqlr^G¤�]GPYVglrU/]GPYVWPYU9��PYN7XWPT��e�STU#RBVWPYXguT� vO�Í�1ÔON7\#X�P�hqPYN7U#PYU�^#U#PYU/]G~QN7oLaG�
]GNQstPYU/hWNQSTU/lr~7PYU1��hiXilrXWNQSTU n VWPYU�^#U/]�PYVW_TSG]GN7hioLa#PYU�hWXWSGoia/lThiXWN7hioia#PYU�Õ[VWSTuYP�hih3�
M�PYVx¡q^#XWSTVdyTPYVWs�^#XWPYX�ÖilG��]GNQPqeqSTU/hWXWVW^#RBXWNQSTU�PYN7U#P�h!PYU-Xihi�#VWP�oia#PYU/]GPYU�vxPYNÍ�
hW�#NQPY~7hxN7hWXHNQa#sÀÖWP�]GSGoiajU#N7oLa-X�_TPY~Q^#U#_TPYU1�

• Z!NQU#P��Ha#PYSTVWNQP¯]GPYVg¡q�#�#VWS'·BNQs�lrXWNQSTU�yTSTU�lr~Q~Q_TPYstPYN7U#PYU�Õ[VWSTuYP�hihWPYU�]G^#Vioia
PYU/]G~QN7oiaG��]GN7stPYU/hWNQSTU/lr~QP�Õ[VWSTuYP�hihWPT��×�U-XWPYV>cdPY~7oia#PYU1�Ês£�T_T~QN7oia/hiXÑ_T^#XWsË¥G�
XWNQ_TPYUØ�[STVilr^/hLhWPYXWuY^#U#_TPYU ~ n hihiXÙhWN7oLaØPYN7UÚÕ!VWSTuYP�hih©]G^#VioiaÛPYU/]G~QN	oiaG�
]GNQstPYU/hWNQSTU/lr~7P�Õ[VWSTuYP�hihiP�lr�#�#VWS�·GNQstNQPYVWPYU��

• �BoLa#~QNQPYÜT~QN	oia�]GNQPËZ!VWc�PYNQXWPYVW^#U#_�]GP�hÊ�/STVWs£lr~QN7hWsË^/h�a#NQU�uY^§\<PY~QNQPY\#N7_TPYU§¡�~Í�
�#a/lr\�PYXWPYU1��×�U-XWPYV�c�PY~	oia#PYUÝvxP�]GNQU#_T^#U#_TPYUÞRrlrU#UÀs�lrUÀPYU�XihW�#VWP�oia#PYU/]GP
M�N7stPYU/hWNQSTU/hW\<PY_TVWNÍÒºP�¤¦¥#V�lr~Q~Q_TPYstPYNQU#PYVWPg]GßBU/lrstN7hioLa#P���ßGhWXWPYstPgPYVWa/lr~QXWPYU��
{ n hihWXqhiN7oiaÑ�BlrXWu�à#�áà/â�lr^G¤[\�PY~QN7PY\#NQ_TPÊ¡q~Q�#a/lr\<PYXWPÊyTPYVilr~Q~Q_TPYs£PYNQU#PYVWU��Êã�NQPYV
a/lr\�PYUjc�NQV�\<PYVWPYNQXihH�[PYVilr~Q~7_TPYstPYNQU#PYVW^#U#_TPYUjNQUj¡�VW\�PYNQXY�

• { n hihWX!hWN7oLat]#lTh!Õ�S@hWNQXWNQyBNQX n XihW�#VWST\#~QPYsäU�^#U£~Q�@hWPYU�����NQPYa#P�]GNQP�a#NQU�c�PYN7hiPYU/]GP
vdPYs£PYVWR�^#U#_bà#�æåTå��

¼1½ ² ½Íç}½�è Ç�Ã#Â ¿ Ä�Æ	°BÇêé-ë ¾ Ã#ì�í ¿BîºïLð ì ¿ é@°-ñ'ñ�°�Ç ½ {}lThihWPYUÏhiN7oia|vxPY_TVWNÍÒºP>lr^/h
]GPYV��9PY~QXq]GPYV É lrVWRTS�y-��egPYXWXWPYU�lrU/lr~QST_t¤¦STVWsË^#~QNQPYVWPYUj^#U/]§]GPYstPYU-XihW�#VWP�oLa#PYU/]GPbZ[V��
_TPY\#U#N7hLhWPgPYVWa/lr~QXWPYU��

• {�lThihWPYU�hWN7oLakvdPY_TVWNQÒ<PDc�NQPDuT� vO���µhioia#U#PY~Q~�s£N7hioia#PYU/]B�i����VWPYRB^#VWVWPYU-X��DSG]GPYV
lr^/oia£�µlr��PYVWNQSG]GN7hioLaG��¤�¥#VdPYU/]G~QN7oLaG��]GNQstPYU/hWNQSTU/lr~7P�Õ[VWSTuYP�hihWPOyTPYVWU-¥#UG¤¦XWNQ_¯NQU/h
���#NQPY~�\#VWNQU#_TPYU��D�¢NQV¯]GPYU#RTPYU1�[]#lThih¯]GNQP�hËlr^G¤�hWNQU#U�yTST~Q~QPt�9PYN7hiP�st�T_T~7N7oia
N7hWXY�

• {�lThihWPYU�hWN7oLaÊuT� vO��]GNQP[_TVilr�#a#N7hioLa#PYU�MglrVihWXWPY~Q~Q^#U#_TPYUÊPYU/]G~QN	oiaG��]GNQstPYU/hiNQSTU/lr~QPYV
Õ[VWSTuYP�hihWP�PYNQU#PYV�¡�U/lr~QßBhiP9\�PYuY¥#_T~QN	oiaÏvxPY_TVWNÍÒºPYUÏ]GPYV����<PYRBXWVilr~Q_TVilr�#a#PYUG�
XWa#PYSTVWNQPH^#U-XWPYVWuYNQPYa#PYUbc�NQPxP�hÓuT� vO�
¤�¥#V É lrVWRTS'y���egPYXWXWPYUtstNQXÓ]GPYU���òda#PYPY_TPYV
vdST^#U/]#hW�gª­ó�ô1ë ¼ºõ ³/_TP�hLoia#PYa#PYU£N	hWX3�HZ[U�XihW�#VWP�oia#PYU/]GPgZ[VW_TPY\#U#N7hihiP�c�¥#Vi]GPYU
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®�¯±°<¯�²L³#´µ³#¶¸·'¹N® « ´»º «\¼ ºr½�­8®�¯�­8´�¯^³#¶j´»®�­8¶ ¬ ­
¯�¾ n ¿À²#®K´Á­
¯ « ®K³#¯ ¼�Â ­8¯
K ¿@Ã'­yÄ ¬ ³#¶j¶ ¼ ºN´ V ºN¯^² A ­
®K¯�­�Å ¼#¬ ¶y®WÆ5ÇÈ³#¯ F É~­rÊ8Ë�Ì Â ®�Íj¹Î­
®K¯�­
¶ÐÏ¥³1³L¶h²#®K¯ ¼#¬ ­8¯^² ¼ ¶j¿«
¬ ­ Â�Â ºC¯xÌ Φ : V → Kn ¾ « ³5® «j¬ F Ìx­8¯ ¼ ºT² ¼ ¯'¯ «
¬Ñ¼ É
® Â ¾cÒc­8¯'¯ A ­ « ® «
¬ÑÓ
Ô�Õ	ÖGÕ^×�Ø ©�Ù ���

||.||
�	����Ú��#���Û���	�

V
���'�

x ∈ Kn ���µ���8���8�8�GÜ<��� ||x|| := ||Φ−1x||
�

Ü��#�Ý�8�����RÚÐ�#���Þ���'ß~àá���	�<�	�8�
Kn ���'�	���8���8��� § �����1���5Ü<���1�	�8�����â���'�	���8���8���=�8�����

�Á���Ý��à��»ã#�8�����~���#����ßrà����!�������Wä	���#���å���	�
Kn×n ���	���Z�Á���»�	�8� ��� �8�~�����#�����#���å�����

�	�8�æ�	���~ßràæ�	�����!�������Wäç���'�	���8���8�����8�á�������1�����8� ��� �8�~�����#�µ�����8���8���'�~�����Á�¥� § �a�����
�u�8�8���#����ßràp�	�8�<���'�	���8���8�����8� ��� �8�~�����#�éè\���8Ü § �Î�������Wä	���#���Á�8�

||AN || = ||(ΦFΦ−1)N || = ||ΦFNΦ−1|| ≤ ||Φ|| · ||Φ−1|| · ||FN ||
���'�G���'�<�	�8�Ð�N�~�����������~���\ã#�#�

F
���#���#���	����ã#�#�

A
§	ê �Á�#�8�#�8à��������#���#���	���±�N�~�����������~���

ã#�#�
F
���'�Ð�	�8�%ã#�#�

A
�Á�����8�����8�%���'�����#�#�8�pëÐ�1ß~à��x����� §

�
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¯ « Í
¹ ¼ ½ ¬ ­
®K¯�­
¶¥Å ¼#¬ ¶j®bÆô¾ «
¬Ñ¼ É
® Â Ê8º « ­
®K¯	¾�É Â ­
®�É ¬ ºC¯ ¬ ­
¶õ ¹N¯ Â ®�Íj¹LÄ�­8® ¬K«
¬ ¶ ¼ ¯ « ½8³#¶y´ ¼#¬ ®�³#¯�­8¯ö­
¶r¹ ¼�Âb¬ ­
¯ Ó
Ô�Õ	ÖGÕ^×�Ø ©±÷ �pø��1�	�8�ù�Î�������Wäú�#�����ù�1�Ýû��8�C���#���~�����Á�

V,W
���'�ç�8�����5�������1�����Rü��	è
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F : V → W

�E�~�G���#�r�=�	���Á�Î�������Wä!�8�����8�=ýÐ�N�#�~�	���'�����8�'�����~�����8����������ã#�#�
F
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V
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W
§ ���#�ù���'�	�8����ø��1�	�Cßrà7����ßràx�~�Ý���ç�	�8�¥�N�~�����������~���aã#�#�
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Ú��#ß~àú�	���1�~�8�Îû��#���u�8���8���������#�8�ÿÜ\�#�����8�öÜ<���a�x���ú�8Ü\�8���'&x����ã@�����8�N���µýa�������8�����8�öã#�#�
�N�~�����������~���+�K�����	�8�)('���������8�8����Üc�8�������#�8�8�#�8�'�	����ß~à	è¸�	���Á�8�'�����#�'�����8� û��8�N���#���~�����5�Ð���'�@è
���#���8�»�	�8�»ýa�������8�����8�Ý�����+�#�#� � ���
ä	Üc�8�������#��û��8�N���#���~�����5���#�8�R�+*��	�8�-,�à��8�#������ã#�#�
���~��.C���#�µ���'�/,E�#���103254�6/7�8�9;: � �~�#�~�8�x�����8���8� §=< ���+���8�#�������8�)�@��� �	�8�
>E�1���8������ß~àN�
�8�p���#�������#�8�ÛÚ��#ßrà'�~ß~à������#�8�T�8�p��?#�����#�8�)���5�����8��� � �#���A@����������8�������#�8�Î���������Ð���#�
û��8�~���~���'�	�����ù�	�1�Ý�K�#���#�8�'�	�8��,E�
ä	�~�ù��?#�����#�1@����#�8���N�������~���G�	�8�Ý�������1�����8�çü����#�8���~� §
Ú��#ß~à'�~ßrà������#�8�æ�������æ�5���æ�	���1�~�����!øé�1�	�8� �#�����8�B�\�'ßràU���u�8�µ�������1�����pü����#�8���~�	�
� § � § ���C2ED ��� F$G 9Ñ�H25I �=J!�$� 9E���'�C2EK "ML 7�N�9 §
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F : V → V ­
®�¯!°<¯^²L³#´µ³#¶¸·'¹N® « ´»º «»¼ ºy½Á­
®�¯u­
´ ­
¯^² Â ®KÍ
¹N¿
²#®K´Á­
¯ « ®K³#¯ ¼�Â ­8¯ K ¿@Ã'­yÄ ¬ ³#¶j¶ ¼ ºN´ù¾ « ³ « ­
®

σ(F ) := {λ1, ..., λm} ⊂ C

²#®ó­VUé­
¯^² Â ®KÍ
¹	­XWÐÅú­
¯xÌx­Ð²x­
¶ °<®bÌx­
¯'Òc­
¶ ¬ ­ÐÇÈ³#¯ F ¾ ¼ ºCÍ
¹ ��YZ�
[\��#+]�^ ÇÈ³#¯ F Ìx­
¯ ¼ ¯^¯ ¬
ºC¯^²

ρ(F ) := max{|λ| | λ ∈ σ(F )}

²x­8¶ �\Y_�
[\��#%����#%��`a�b]a� Çô³#¯ F Ódc ­
® ¬ ­
¶ « ­
®
Va(λ) := dim Hau(F ;λ),
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λ � �Z�
��|�{
Hau(F ;λ) =

⋃

s≥1

Ker(F − λ · Id)s

z
|���� �'¡�¢��;�g�'¡M£¤|�{��t|u����{��
|��$�_|��u���
λ

��|�{�¥�¦ �
�m|�{H��|3�=§j¨M�©|ª£/�'� � z=�%�m��|u��|�{��
s0 ∈ N�'{;��� � ���«z=�%�u�­¬�®M���'¯�¯�|

s ≥ s0 : Ker(F − λ · Id)s = Ker(F − λ · Id)s0
¥-¦ �+�

° ¯�|�{����j�©|±���+¯�§�¨�|
s0

{����
index(λ) := min{s ∈ N | Ker(F − λ · Id)s = Ker(F − λ · Id)s+1}.

² �=�³®���|��´¢t�j®u¬j�A¯r|�{b§j¨�� � z=�%�u��z=�=�Q�C�'¡�§j¨
∀s ≥ index(λ) : Ker(F − λ · Id)s =

Ker(F − λ · Id)index(λ) �'{�¯µ�´¥·¶�{��±��|��Q�t|��³z'{;|u�¸z�|��º¹�»!¼��=½¾z
|u�¿�ª{µ�
|��Q�_|��j���
λ
¥

À\Á |�����{�§�¨��b¯µ{b§j¨)�'{�¯µ�Âz=�'�$�
Va(λ) = dim Ker(F − λ · Id)index(λ).
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pF (X) = c ·

∏m
i=1(X − λ)li
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F � ���¸�'{Ë¯��
Va(λi) = li
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|;�
|��Ì��|�{
Vg(λ) := dim Eig(F ;λ)
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λ
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Eig(F ;λ) = Ker(F − λ · Id)
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λ
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λ
£�{��

Va(λ) = Vg(λ)
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(V, ||.||)
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n := dim V <∞¡M�$z

F : V → V
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FB ⊂ B.
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ρ(F ) ≤ 1,
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λi

É �=�
F

£�{��
|λi| = 1

�={Ë¯��
Va(λi) = Vg(λi),
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(a) ⇒ (b) ⇒ (c) ⇒ (a) V
W<XZY�[

=⇒
X]\�[Z^`_ba S�M

F cBd Y.\ MPegf�U>h�h�S�ijS�U d`cBk OBSml`n�S�U>h K ∈ R+ cBo T4S�prq.n�e d�s h Y c`c
∀N ∈ N : ||FN || ≤ K V a S�M B := {v ∈ V | ||x|| = 1}

h�MPSutvMPU�n�S�M d`c`w f�T4S�e V;x Y l2n
y
S{z>U�M d M o U0h�S�OL| k S�O Y dBo OBU o OBi~} o ePT d _

∀N ∈ N,∀v ∈ B : ||FNv|| ≤ K,
Y e c`o i�M d K ·B := {v ∈ V | ||v|| = K}

∀N ∈ N : FNB ⊂ K ·B.
y Y ijM d M c`d

BF :=

∞⋃

N=0

FNB

X h�S�O�� \ c l`n�ePf c2c h�S�O
�vS�OBS�MPU�MPT4f�U�T Y ePePS�O
FNB

[�\ S c l2n�O`q.U w�d f�U>h�p�S�T4S�U�h�S�O a d S{�
d MPT w S�M d��4o U F MPU � Y OBM Y U d f�U d S�O F V K�S�T4S�U

B ⊂ BF
M cBd BF Y f>l2n�S�MPU�S��LijT4S \ f�U�T

h�S�O x f�e�e V,� U c T4S c Y i d n Y.\ S�U�p�M�O�S�MPU�S Y.\ T4S c l`n�e o�c`c S�U�S���ijT4S \ f�U�TFh�S�O x f�ePebijM dh�S�U0T4S�p���U c l`n d S�U�tvMPT4S�U c l2n Y } d S�U�T4S{}�f�U>h�S�U V
W<X]\�[

=⇒
X l [Z^`_>a S�M

B ⊂ V
h�MPS Y.\ T4S c l`n�e o�c2c S�U�SLf�U>h \ S c l`n�O`q.U w�d S���i�T4S \ f�U�Tuh�S�O

x f�ePe�ijM d
FB ⊂ B.W�Y h XB��� V"� [Z^`_ K�MPO�U�S�n�ijS�U Y U s F n>q dBd SLS�MPU�S�U�tvMPT4S�U�p�S�O d λ ∈ C

ijM d |λ| > 1 V y
S�O
� Y e�e s h Y c`c λ ∈ R s T4M \ d f�U c S�MPU�S�U�tvMPT4S�U � S w�dBo O v ∈ B

X
B

M cBd S�MPU�S��LijT4S \ f�U�T
h�S�O x f�ePe [vY U�h�MPS�� Y U>h�f�U>h0h Y ijM d prS�T4S�U

||F kv|| = ||λkv|| = |λ|k ||v|| −→
k→∞

∞

S�MPU�S�U�K�M�h�S�O cBk OBf>l2n V�� ePS�M \ d h�S�O�� Y ePe λ ∈ C\R
Q�fjf�U d S�O c f>l`n�S�U V�x Y l2n�h�S�i a�Y d Q� \ S�Ouh�M�S�OBS�S�ePe�S�  o O`h Y U�� xLo OBi Y e8�¡� o OBi£¢ V	¤ z>U>h�S�U¥p�MPOu�vS w�dBo OBS�U x, y ∈ V s�cBoh Y c`c F |W }]��O

W := span{x, y}
\ S�Q���T4ePMIl`n0h�S�O � Y c M c {x, y} h�f�O`l2n�h�MPS§¦ Y d OBM8¨

A :=

(
|λ|cosφ |λ|sinφ
−|λ|sinφ |λ|cosφ

)

\ S c l`n�OBM�S \ S�U�p�MPO`h V;© S�i�q.ªj« o O o ePe Y OL¢ V �m¬ } o e�T d
Ak =

(
|λ|kcos(kφ) |λ|ksin(kφ)
−|λ|ksin(kφ) |λ|kcos(kφ)

)

f�U>h
F k

p�MPO`h Y f�}
span(x, y)

h�f�O`l`n
Ak

\ S c l`n�OBMPS \ S�U V ¦�M d®­ S�i�i Y y V ¬ z>U>h�S�Uup�MPO
S�MPU�Su� o ePT4S (kj)j∈N s6cBo h Y c2c limj→∞ cos(kjφ) = 1

f�U>h
limj→∞ sin(kjφ) = 0 Vy Y ijM dRc MPS�n d i Y U s h Y c`c (F kjv)

}]��O
v ∈ span(y)

S�MPU�S¯f�U \ S c l`n�O`q.U w�d S°� o e�T4S�M cBd�V|Ln�U�S�tvMPU c l2n�O`q.U w f�U�T w Y U�U�i Y U�U:f�U
v ∈ B

Y U�U�S�n�ijS�U X
B

M cBdg± Y S�MPU�Su��i�T4S{�
\ f�U�T�h�S�O x f�ePe [ f�U>h�S�OBn>q.e d h Y ijM d S�MPU�S�U�K�M�h�S�O cBk OBf>l`n V
W�Y h XB��� V	² [Z^`_ �LMPS�OBQ�f0U�S�n�i�S�U�p�MPO
h�MPS³tg¨�M cBd S�U�Q°S�MPU�S c tvM�T4S�U:p�S�O d`c λ ijM d |λ| = 1f�U>h

Va(λ) > Vg(λ)
Y U V y
S�Or� Y e�e

λ ∈ R s Y e cBo λ ∈ {−1, 1}
}]��n�O d U Y l`n´h�S�i a�Y d Q� \ S�O�h�MPS0OBS�S�e�ePS0  o O`h Y U�� xLo OBi Y e8�¡� o OBi Y f�}�h�M�S�tg¨�M cBd S�U�Q�ePMPU�S Y O�f�U Y.\ n>q.U�T4M�T4S�O
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x, y ∈ V Ë;Ì È�Í�Î Ì`Ì F Î.Ï�Ð�Í�Å�ÑÓÒ®Å�ÔPÕPÉ`Î.Ï�Ñ
W := span{x, y} Ö Å�×�Ø�Ù4ÕPÔIÚ`ÛÍ�Å�É�ÜRÎ Ì Ô Ì {x, y} Í�Ï�É`Ú2Û�Í�ÔPÅ§Ý�Î.ÇBÉBÔ8Þ

A :=

(
λ 1
0 λ

)

Í�Î.ÉBÙ4Å Ì ÇBÅ�Õ�ÕPÇRß�ÔPÉ`Í�à>áâÈ4ÉBÈ4ÕPÕIÎ.ÉLãLàPä4ä¯Ð�Ø�Û�ÉBÇLÎ.Ï�Ð

Ak :=

(
λk kλk−1

0 λk

)

.

åçæ.Û�ÕPÇ�Ñ�Î.Ê�Ê�Ï�Ê�Å�ÔPÊ
0 6= v = αy ∈ span{y} ∩B è B é ÑjÙ4Å Ö Ï�Ê�Ù�Í�Å�É�êLÏ�ÕPÕZë Ë�Ì ÈÅ�ÉBÛ>æ.ÕPÇ�Ñ�Î.Ê

||F kv|| = |α| ||F ky|| = |α| ||λky + kλkx||

≥ |α| (||kλkx|| − ||λky||)
|λ|=1
= |α| (k||x|| − ||y||) −→

k→∞
∞,

Ï�Ê>Í´Í�Î.ÑjÔPÇrÅ�ÔPÊ�Å�Ê�å�Ô�Í�Å�É ÌBì ÉBÏ>Ú2Û�í�î�Ñðï,Î.ÕPÕPÅ
λ =: eiφ ∈ C \R

Ð]Ø�Û�ÉBÇRÍ�Å�É�ñ�Î.ÇB×
Ø Ö Å�ÉÍ�ÔPÅ�ÉBÅ�Å�ÕPÕPÅ�ò4È4É`Í�Î.Ê�ó¡êLÈ4ÉBÑ�Î.Õ8ó¡ï�È4ÉBÑôãLà	õâÎ.Ï�Ð>Í�ÔPÅrögÞ�Ô Ì ÇBÅ�Ê�×�ÕPÔPÊ�ÅmÎ.É®Ï�Ê>Î Ö Û>æ.Ê�Ù4ÔPÙ4Å�É®ÄvÅ�Æ�óÇBÈ4ÉBÅ�Ê
x0, y0, x1, y1 ∈ V Ë�Ì ÈâÍ�Î Ì`Ì F Î.Ï�Ð�Í�Å�Ñ÷ÒøÅ�Ô�ÕPÉ`Î.Ï�Ñ

W := span(x0, y0, x1, y1)Ö Å�×�Ø�Ù4ÕPÔ�Ú2Û0Í�Å�ÉâÜ�Î Ì Ô Ì {x0, y0, x1, y1}
Í�Ï�É`Ú2Û�Í�ÔPÅ§Ý�Î.ÇBÉBÔ8Þ

A :=







cosφ sinφ 1 0
−sinφ cosφ 0 1

0 0 cosφ sinφ
0 0 −sinφ cosφ







Ö Å Ì Ú`Û�ÉBÔ�Å Ö Å�Ê�ß�ÔPÉ`Í�à>á�È4ÉBÈ4ÕPÕ�Î.ÉLãLàPämù�×�Å�Ô�Ù4Ç Ë Í�Î Ì`Ì

Ak =







cos(kφ) sin(kφ) k · cos[(k − 1)φ] k · sin[(k − 1)φ]
−sin(kφ) cos(kφ) −k · sin[(k − 1)φ] k · cos[(k − 1)φ]

0 0 cos(kφ) sin(kφ)
0 0 −sin(kφ) cos(kφ)






,

Ï�Ê>Í
F k

ß�ÔPÉ`Í Ö Å�×�Ø�Ù4ÕPÔIÚ`ÛúÍ�Å�É�ÜRÎ Ì Ô Ì (x0, y0, x1, y1)
Í�Ï�É`Ú`Û

Ak Ö Å Ì Ú2Û�ÉBÔPÅ Ö Å�Ê�àbû¯Î
B

Å�ÔPÊ�Å é ÑjÙ4Å Ö Ï�Ê�Ù�Í�Å�É�êLÏ�ÕPÕ�Ô Ì Ç Ëgü Ê>Í�Å�Êýß�ÔPÉ�ß�ÔPÅmÍ�Å�ÉBÏ�Ñ£Å�Ô�Ê
0 6= v = αy1 ∈

span(y1)∩B
à4Ý�ÔPÇbþ�Å�Ñ�Ñ�ÎLûuà	ù ü Ê>Í�Å�Ê�ß�ÔPÉ�ß�Å�ÔPÇBÅ�ÉgÅ�ÔPÊ�Å�ï�È4ÕPÙ4ÅRÊ>Î.ÇBØ�ÉBÕPÔ�Ú2Û�Å�É�ÿ6Î.Û�Õ�Å�Ê

(kj)j∈N Ë>Ì ÈjÍ�Î Ì`Ì limj→∞ sin(kjφ) = 0
Ï�Ê>Í

limj→∞ cos(kjφ) = 1
à;û
Î.Ê�Ê�Ù4ÔPÕPÇ

||F kj+1v|| = |α| ||F kj+1y1||

= |α| ||(kj + 1)(sin(kjφ)x0 + cos(kjφ)y0) + sin[(kj + 1)φ]x1 + cos[(kj + 1)φ]y1||

≥ |α| (kj + 1)||cos(kjφ)y0 + sin(kjφ)x0|| − |α| (||x1|| + ||y1||)Ï�Ê>Í�Í�Å�ÉâÕ�Å�ÇB×�ÇBÅ§ÒøÅ�ÉBÑ��4Å�ÉBÛ>æ.ÕPÇ Ì Ô�Ú`Û0Î Ì�� Ñ ì ÇBÈ4ÇBÔ Ì Ú`ÛFß�ÔPÅ
|α|(kj + 1)||y0|| Ë Å�ÔPÊ�Å¯Ï�Ê�ó

Ö Å Ì Ú`Û�É`æ.Ê�Æ�ÇBÅ³ï�È4Õ�Ù4Å Ë Å�ÔPÊFåNÔIÍ�Å�É ÌBì ÉBÏ>Ú`Û�í �

� è Ú ë =⇒ è Î�ë����
	
ÔPÕPÇ
ρ(F ) < 1 Ë>Ì È�Ð�È4ÕPÙ4Ç

lim
k→∞

F k = 0,

Í�Ï�É`Ú2Û�� Ö Å�ÉBÙ�Î.Ê�Ù�×�Ï�Å�ÔPÊ�Å�É¯Ý�Î.ÇBÉBÔ8Þ�Í�Î.É Ì ÇBÅ�ÕPÕPÏ�Ê�Ù�Ï�Ê>Í�
LÏ Ì Ê:Ï�ÇB×�Ï�Ê�Ù��4È4Ê�ñ�Î.ÇB×�ãLà���à
û¯Î.ÑjÔPÇ�Ð]È4ÕPÙ4Ç�Í�ÔPÅ§Ü�Å�Û>Î.Ï ì ÇBÏ�Ê�Ù�ßrÅ�Ù4Å�Ê

limk→∞ ||F k|| = 0
à



����� ��������������� �"!$#&%(')��')!$*+!,�-!/.&�(0&��')� ��1"�
2436587$9$:(:(;<:>=(:/?A@(B�C(;<5DB�=FEG@F;<:�H/B�I6I

ρ(F ) = 1 J ;K?�L�C(5�M�:(7$;<:ONQP8B$L�C>@F;<RTS�B�U�VW J ;<5X@F36;A5�;<;<I6I6;AY$Z$5�@(B�:F[\P]Z$5�R^B�I)[\H/Z$5�R`_]N�abV<;<5cE�M�I6I6U V 3d:e;<3d:(;D@F365�;<7�U�;fS�=(R^Rg;

V =

m⊕

j=1

Wj,

?�Z @(B$?"?A@F36;
Wj h ;<5�B$@F;^@F;<:i5�;<;<I6I6;<:>Y$Z$5�@(B�:F[\jAM$?�U�L"C(;<:k;<:�U�?�l(5�;KL�C(;<:4mn:(3dL�C�Uo@F;<:p8B�=(l(U�5�M�=(Rg;<:
qX=(:/@rEsZ$I h I63dL�C Fj := F |Wj

:�=(5D@F36;bV<=(;<36:/B�:/@F;<5t7$Z$Rgl(I6;vuw7$Z$:yx�=F[
h 36;<5�U�;<:{z|3 h ;<:�}~;<5�U�; λj , λj m J ;KB$L"C+U�;$� λj = λj

36R�H/B�I6I6;
λj ∈ R

qtC/B�U<N|z�? h 36I6U}�;<36U�;<5
F (Wj) ⊂Wj .H�36:/@F;<:�}�365�E W 5�B�I6I6;

j = 1, ...,m
;<36:

Kj � ?�ZA@(B$?�? ||(Fj)N || ≤ Kj � =(:/@bE�B$?�?�U�R^B�:@F36;
Fj
B�I�?]z|:/@FZ$R^Z$5�l(C(3d?�Rg;<:r�$Z$:

V
B�=FE � 36:/@F;<R�R^B�: Fj |⊕i6=jWi

= 0
?�;<U�V<U � ?�Z

h 36IdU F =
∑

j Fj
=(:/@�}�;<36U�;<5X}�; h ;<: Fj ◦ Fi = 0

E W 5
j 6= i

||FN || = ||(
∑

j

Fj)
N || = ||

∑

j

(Fj)
N || ≤

∑

j

||(Fj)
N || ≤

∑

j

Kj.

z�?�5�;<3dL"C+U�@(B�C(;<5�V<=�V<;<3 h ;<: � @(B$?�? Fj ?�U�B J 3dI�3d?�U � R^36U~B�:/@F;<5�;<:e2>Z$5�U�;<:�7$9$:(:(;<:e}�365B�:(:(;<C(Rg;<: � F C/B J ;t:+=(5X;<3d:(;<:�z�3 h ;<:+}�;<5�U�=(:/@�@F36;t5�;<;<I6I6;tY$Z$5�@(B�:F[\P]Z$5�R^B�I)[\H(Z$5�R�$Z$:
F
;<:�U�?�l(5�;KL�C(; h ;<:/B�=w;<36:(;<R�3dC(5�;<5XjAM$?�U�L�C(;<:ON

24365�=(:+U�;<5�?"L�C(;<3d@F;<:rV<}~;<3�H�M�I6Id;$N/�\R�;<5�?�U�;<:wH/B�I6I�C/B�U
F
:+=(5];<36:(;<:�5�;<;<I6I6;<: z|3 h ;<:F[}�;<5�U

λ ∈ {−1, 1}
=(:/@�}~; h ;<:rz�3 h ;<:/?�L�C/ByEnU (c) h 36I6U�@(B�:(:�E W 5XB�I6I6; v ∈ V

�
||Fv|| = ||λv|| = ||v||

�tB�Rg36U�EsZ$I h U�Z��
;<:/?�3dL�C�U�I63dL"C�@F36;��G;<C/B�=(l(U�=(: h N��\R�V<}~;<36U�;<:>H/B�IdIQ5 W C(5�UA@(B$?tjAM$?�Uc[L"C(;<:��$Z$:�;<3d:(;<R�V<=(;<36:/B�:/@F;<5|7$Z$R^l(I6;vu�[�7$Z$:yx�= h 36;<5�U�;<:bz|3 h ;<:�}~;<5�U�l/M�5�L�C(;<: λ, λ C(;<5 �}�Z J ;<3 λ =: eiφ
Rg3dU

|λ| = |λ| = 1
=(:/@ J ;<V W h I63dL"C�;<36:(;<5AY$Z$5�@(B�:F[\P�Z$5�R�B�I)[\��B$?�3d?

(v1, v2)
mnZ���@(��}�M�C(I6;<:�}�365

v1, v2
R^36U

||v1|| = ||v2|| = 1
qGC/B�U

F k
@F36;DEnZ$I h ;<:/@F;��B�U�5�3)u h ;K?�U�B�I6UAm�?�36;<C(;Dj�Z$5�Z$I6IdB�5]_]N6�K �q��

(
cos(kφ) sin(kφ)
−sin(kφ) cos(kφ)

)

.

��?�U
v = α1v1 + α2v2 � ?�ZbEsZ$I h U

||F kv|| = ||α1F
kv1 + α2F

kv2|| ≤ |α1| ||F
kv1|| + |α2| ||F

kv2||

= |α1| ||cos(kφ)v1 + −sin(kφ)v2||+

|α2| ||sin(kφ)v1 + cos(kφ)v2||

≤ |α1|(||cos(kφ)v1|| + || − sin(kφ)v2||)+

|α2|(||sin(kφ)v1|| + ||cos(kφ)v2||)

≤ 2(|α1| + |α2|)=(:/B J C/M�: h 3 h �$Z$: k N|�]3d;e�G;<C/B�=(l(U�=(: h EnZ$I h Uf=(:�U�;<5�¡,=(C(36I)En;<:/B�C(Rg;^�$Z$:£¢O;<R^R^B�<¤FN�¥�N
�

¦8§�¨8§/©Oª�«�¬Q­®�<¤FN6�<¤/¯|°o±n²�³�´�²vµ^¶$·-¸�¹+²s¸vº�»�¼�½\²vµb¾o¼�±s½\²v¼-±�²vµ�¸vº�¼~¿,½�¶+´<±dÀÁ±�½�Â�½�Ãv±�µ,Ä]ÅÇÆ�À�ÀÁ±Á¹
¶$µ,¶�ÀÁ³"¹A¶$·"¸~Èy³$É]Ê�À6²�Ë�²�Ì/²�ÈÇ½�³$¼�¼�Â$·�Ég²�º(´�²v¼�½�¼�¶Í¹+´�¶$¼vÎ/°D±�²-ÃK²oÏO»F²�³$¼�±n²G·�µ�ÄD²v±sµ,²bÌ/²v¼c¶�ÀsÀÑÐ
¹+²<É�²<±�µ,²<¼-·�µ+¹�Ä+²-Ã�¿,½�¶�´v±dÀÁ±s½�Â$½sÃ<´�²�¹$¼-± Ò�Ã8¶$·-¸XÅÍ³$µ�²vµ�Ä(ÀÑ±nÓ�»�ÅK±n²vÀ)²vµgÔ>¶�½�¼-±)ÕÍ²vµ�²v¼�ÕÍ²v·�¹$½\²vµ



Ö�×�Ø Ö�Ù�ÚFÛ"Ü$Ý&Þ(ß)à�ß)Ü$á+Ü,Û-Ü/â&ã(ä&å�ß)ã
æoç�è)é�ê$ë-ìÍí�íFî<ïDð~ï�ñ�îvòQó�ç$ï�ôsïeñ+î<ëGõ8ë<é�îvôsò�öø÷�ùbú(ûFü�ý�ñ�ônîQþKî�ñ�ÿ����eó�ôsò��(ÿ�ë��vô�����ò
	Kìoê+î��
ï/ô�î�
|îvï®ô��vò����Xë��Kîvò�	Íîeñ�ÿ$ë�ò�	�������ñ+îvï��8î�ê$ë-ô �����vô�ó]í�è6î��oñ$ì�ë ���!���<î<ó�ô��"�vô�ó]í�è6î���ÿKñ+îvë
ç$ì#���$�sï�ÿ$ï%��ñ+î�&Kî'�<ò�ô�(Çî����*)�ô�ëbé�îvógîvë,+�îvïkñ+ç$ë.-(é�îvë,��ôsï�ç$ì/�"ý�ñ�ç0�.�bñ$ô�î2143Kì�ô�(Íç�è6îvï5	�ñ+îvë
6 ò�ç�évôdèÁôsò�7$ò98:��ôÁê+îvï#�;����ç &vò

(a) < ì�ï,ñ ñ+î.�2��ôÑê�îvï%=~îvë�ò�+Çë�ô�ò\îvë�ôsì�ó>�
(c)
ôsó�ëcî�îvè�è6îvï@?�ç�èsè

îvôsï,îgî<ô�ï;&<çA���(îCBXî�ñ$ì/+Çò�ônÿ$ïkç�ì,&�ñ+îvï�ôsï>öø÷�ùbú(ûFü8é�î.�Fç$ï�ñ+î�èÁò\îvï$+yÿ$ó]í�è6î�D�îvï�?�ç�èsè�ô��vòsý
(Íÿ�ë�ç$ì/�cê�î.�<îvò�	Kòsý�ó�ç$ïE+yÿ$ë�ë-ôÁê$ô�îvë�ò�ñ$ô�î]ÿ+é�îvï�ç$ï+ê�î.�\í,ëcÿ����(îvï,îvïEF�îsð�	Kô�ò\î8ñ$ô�î.�<î<ë~õ8ëvé�î<ô�ò��
��ôÁê+îvïG������ç'&�ò

(b)
þKî�ñ�ÿ����eèH70�,�vòI��ô�����ï/ô�����ò~ñ$ì�ëJ��� îvôsï,îfîvô�ï�&vçA���FîKBXî�ñ$ìA+yò�ôsÿ$ï�îvôsï,évôsï%�

ñ+î<ïL�

M#NPOHQROTSVU5W�XGY[Z%\,]_^:`;`�U/a�bdcdegf
`�XGhd^�a�^�`�i#`
j�k;l2m�n@o#m�k�p'k;qsr�t%p�u�vGnGm�w'w9xzyzl'{zk�p'w'k;|�|�w'kE}�~�w'��u�v%~�l�~���w'k;l'm�p'm�k;l'w2p'w�~�tGm�|�k�r�tGtGm�|H�

o#�GnG{zk;n@~��#��k;m�nGk>�;�%p���w'�;|�m�u�vGk�rKl'w��Gn%o��@k;m�p'kz�
��n��@yzl'w'k;n�~��%p'{zk�o#l'�%u,�5w;�Pt�k�p�~�{zw
k;l;��oG~zp�p�k;m�n�|�m�nGk�~�l'k;l*����k;l�~�w'yzl

F
{zk;n%~���oG~�nGn�p'w�~�tGm�|�m�p'w;�d��~�|�|�p>o#m�kT�%yz|�{zk�o#k;l

� k�p�~�l'y�����m�w'w'k;|
Fn :=

1

n

n−1∑

k=0

F k

�zyzn5xzk;l'{zm�k;l'w;�#��yzt�k;m
�Kyzn/xzk;l'{zk;nG�Cxzyzn |�m�nGk�~�l'k;n¡����k;l�~�w'yzl'k;n vGm�k;l��Gn%o m�q¢�%yz|�{zk;n#�
o#k;n�m�q�q�k;l�t£k;�;�G{z|�m:u�v�o#k;l�����k;l�~�w'yzl'nGyzl'q�k;nE{zk;q�k;m�n/w¤p'k;m��zr��%p¤o#k;q¦¥�k;��k;m:p��§m�l�o
k;l�p'm:u�v/w'|�m�u�vP�%oG~zp�p

F̄ := lim
n→∞

Fnk;m�n�|�m�nGk�~�l'k;lK���£k;l�~�w'yzl4m:p'w;�Go#k;l4��k;{zk;n
F̄ ◦ F = F̄ = F ◦ F̄¨

⇒ F̄ 2 = F̄ © ~�|�pEª�l'y0« k;��w'm�yzn¬~��#�2o#k;n¬­�m�{zk;nGl�~��Gq®xzyzn
F

�;�Gq¯­�m�{zk;n5��k;l'w
1~��#��{zk���~zp,p'w§��k;l�o#k;n��0~�nGnP�£°£�Gn%�zu,v%p'w4��yzl'qE~�|Ro#m�k���yz|�{zk;n%o#k

±�²%³G´:µ¶´�·P´�¸¶µº¹;»#��¹z¹A¼ 6 îvô
V
ì�ï�ñ

W
ï�ÿ$ë�ó�ô�îvë�ò\î@�/î.+Çò�ÿ�ë-ë 7$ì�ó�î�ì�ï�ñ

F : V → WîvôsïrèÑôsï,î�ç$ë�îvëE½�í(îvë�ç�ò�ÿ$ë��
F

=|ôsë�ñ W�b�¾¿¾¿^�U/Y0hdXGY ê+îvï�ç�ï/ï/òsý%&<ç�è�è��oñ+îvëKÀ�ô�ógî.�

lim
n→∞

1

n

n−1∑

k=0

F k =: F̄

î�D$ô��vò�ônîvë�ò��
����k;l�~�w'yzl'nGyzl'q�k;nÁp'm�n%o�m�qÂrK|�|�{zk;q�k;m�nGk;n!�GnGv%~�n%o#|�m:u�vP�ÃrK�#�V¥Ã~�n%~zu�vGl����GqEk;n$«'k��
o#y#u�vP���Gn%oEoG~zp�p'm�n%o�o#m�k4q�k;m�p'w'k;nÅÄK���Gq�kKo#m�k�p'k;l�r�l't£k;m�w;�/|��zp�p'w�p�m�u�v }5�GqEq�m�k;l't%~�l �
�zk;m�w4~��#��o#k;nÆ­�|�k;q�k;n/w'k;n��Gt�k;l'�Gl'�#��k;nPÇ
È�²£É�É�Ê�¹;»#��¹�ËG¼�Ì�ï��]ç�ï�çA����ë 7$ì�ógîvï

V,W
ô���ò�ñ$ônî 6 ì�óbó�ô�îvë<é�ç$ë,+�îvôsò�îvô�ï&î.�Ã��ò\îvò�ôÁê+îvï

èÁô�ï&î�ç$ë�îvïÍ½�í(îvë�ç�ò�ÿ$ë��
F : V → W

7/3<ì�ô�(Íç�è6îvï/ò¤	Kì

∀v ∈ V :
1

n

n−1∑

k=0

F kv
î�D�ô���ò�ô�îvë�ò�� ¨ ¹;»#�ÏÎ ©

Ì�ó õ]è�èøê+îvógîvôsï,îvïÆ&vÿ$è ê$òDç�é�îvë�ç$ì/��ñ+î<ë���D$ô��vò\îvï5	rñ$ônî��<îvë*À|ôsóbô�ò\î.�eï/ô�����òDñ$ô�î 6 ì�ó��
óbô�îvëvé�ç$ë�+$îvô�ò�ñ+î���½�í(îvë�ç�ò�ÿ$ë��;�



ÐJÑ�Ò Ó�Ò�Ô#ÕGÖ,×�ØLÙ£Ú�ÛÃÜHÝ%Ý%Õ�Þ�ß£à�á�Ö,Ýz×�âGÜHÞ�ÜHÝzã/Ý ÐJä'å
æ�ç#èTçLé:ê/ë�ì�íïî%ð�ñ�ñ�ò2ó#ò;ô�õ5öGí�í�÷�ò;ô'ø%ð�ô'ùzò;÷�ú�ûz÷�ñ�úÃü%ð�ú'ýGô'ñ�÷�þ�ÿ

F̄ v = lim
n→∞

1

n

n−1∑

k=0

F kv.

��í�ûzò;ùzò;ÿGô'ú����zñ�ûzú¤ó#÷�ò�õ5öGí�íE÷�ò;ô'ø%ð�ô'ùzò;÷�ú�ó#ò����
	�ò;ô�ð�ú��zô��¤÷�í¢î%ð�ñ�ñ�ò�
��zü��Ãð�ü%ðzþ,ÿGô���ö��
í�ò;üÁí�÷�ú���÷�ñ���ò�ó#ò�����ô'÷�ü��;÷�	���ó#ò;ô¡ûzñ�ò;÷�þ�ÿGí�� �z÷�ûzò;ü!��ò���þ,ÿGô���üGù5ú'ÿGò;÷�ú�öGü%ógò;÷�üGò;í
óGð�ô�ð�ö��¤ð�ö���ø%ð�öGò;ü%ó#ò;ü#"Pò;í�íEð�$���÷�ò;ÿGò&%('*)�+-,�./$£õ-021�354 1�67$8370�9;:<4 370�9>=�0

�

?�÷�üGò@� A�ò;ü��'÷:þ�ÿ/ú'ñ�÷�þ�ÿGòCî��zñ�ûzò;ô'öGüGû�÷B�'ú
CEDGF8DGHIH5JGFK9;:�0�9�LGëNM8OQP2R

V S P2R W TVU P U5WYX7Z\[�S7]&^`_ F : V → W ^ OQPbacOdP ^�U�Z�^>Zegf ^>ZhU�i/j�ZkS P2R (vi)i∈I ] O i card(I) = dim V ^ OdP ^lTVUnm O m
opj P V _Gm>j O mYi F q<^ P U5SR U P�P m>SI]r] O ^>Z>s�U�Z�_-t>U ada m

∀i ∈ I : lim
n→∞

1

n

n−1∑

k=0

F kv ^�u O mYi O ^>ZYi/v

w¬÷�ôVù��zíEí�ò;ü$ü5öGüx�;öGíy��ð�ö�	Gú'ò;ô'ûzò;øGüG÷B��ó#÷�ò��'ò��EzKø��,þ�ÿGüG÷�ú'ú��;0Iì í î%ð�ñ�ñ�òEò;ü%ó#ñ�÷:þ�ÿ��
ó#÷�íEò;ü��'÷��zü%ð�ñ�ò;ô�ù��zí&	Gñ�ò>{#ò;ô|���p}§÷�ò�ô'ò;ò;ñ�ñ�ò;ô�~�ò;ù5ú��zô'ô���öGíEò��'÷�ü%óVõ5öGí�íE÷�ò;ô'ø%ð�ô'ùzò;÷�ú
öGü%ó
õ5ú�ð�øG÷�ñ�÷�ú���úl���/öG÷�
�ð�ñ�ò;ü5ú'òk���zü��;ò;	Gú'ò�0
� J����E9;:�0�9>=Lë�M ^ O (V, ||.||) ^ OQPrP j�ZY] O ^;Z`i�^>Z K ����^`�ni/j�Z`ZhU�S7]�_-m;j R Unm�m n := dim V <
∞ S P2R F : V → V ^ OQP&�lP-R j�]�j�Z f X O mY]rS5m;v-��U P�P m OQP2R�R5O ^gt;j a q<^ P2R ^ P�� S<m�m>Upq<^ P
[5��S O opU a ^ P i/�� ÷��

F
O mYi�m>i/U<s OQa v� ÷�÷/�

F
O mYi�m>SI]r] O ^>Z>s�U�ZYv

æ�ç2��ç�F��g�|�G��9;:�0�9�1Gë���O Z� �^;Z R ^ PxO ]¢¡|j a q<^ P2R ^ P£R Unm �lO q<^ P  �^;Z`id��Z O i�^>Z O S7]¤t>¥IZM i/UIs OBa¦O i/[�i P SIiB§�^ P _�S7] R5O ^`m�^ P¨M U�iB§�§�S¨s�^; �^ O m�^ P vV� O ^�©ª�;S O opU a ^ P § R ^`m �lO q<^ P �
 �^>ZYid��Z O i�^;Z O SI]�m
S P2R�R ^;Z M S7]r] O ^>Z;s�U�Z�� ^ O il«¬jnX P ^@^ OdP ^ P®­ S<m>U�]r]&^ P X7U P qr] O i R ^>ZM i/UIs OBa¦O i/[�ic¯ O mYiri/U�idm>[<WYX a¦O WYX O ]y¡|U aQa ^ K = C m>W>X7j P s�^Y�nU P�P i/v@��U R ^>] � S7i/j�ZR�O ^N°�S�^ ada ^�« R Unm�§;S7] OdP2R ^YmYi O ] R ^>S7idm>W>X5m f ZhU5WYX O q<^ P�± U�S7]KS P q<^�s>Zh[�S�WYX a¦O W>X�^lT
S7WYX%('³²5´Gµ-µ�. _@U aQa ^�U P2R ^>Zh^ P¶R ^>] � SIi/j5Z�s�^Y�nU P�P i�^ P T�¥�WYX�^;Z®¥�s�^>Z&· OQP ^�U�Zh^ �
a q<^ps>Z\U
o�^;Z�m;WYXI �^ O q<^ P¸R�O ^`m�^ P¹­ S5m;U�]r]�^ P X7U P q>¯E§;S7] ­ ^ O i f S P ��i R ^>Z �lP i�  O WY� a S P q R�O ^`m;^`mM U5iB§p^`mlS P s�^`�nU P2P iG ºU�Z�_2q<^�s�^ P   O Z�X O ^;Z R ^ P e Z O q OdP U a s�^> �^ O m R ^`m � S7i/j�Z�m�opj ada mYi/[ P �R�O q®U P v
��ò;
��zôª}§÷�ô§ó#ò;ü�õ�ð�ú��Vø£ò;}�ò;÷B�'ò;ü�$Gø�ò;ú'ô�ðzþ�ÿ/ú'ò;ü�}§÷�ô4óGð������zñ�ûzò;ü%ó#ò2ú'ò�þ,ÿGüG÷B��þ�ÿGò
»�ç-�V�
J¼9;:�0�9�½GëVM ^ O λ ∈ C v|��U P�P�O mYi R5O ^V¡|j a q<^

1

n

n−1∑

k=0

λk
� 9;:�0¿¾<�
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Ð<Ñ;Ò2Ó�Ô#Õ5Ó5Ò�Ò×Ö Ø�Ò�Ù�Ñ>Ú�Ð<Ñ>Ò2ÛdÜ8Ý;Ó ÞdÞàß |λ| ≤ 1 á@â Ñ>ãdÛ�Ñ>ÚNãBßYÛäÕ5ã�Ñkå|Ø�Þ Ð<Ñ

1

n

n−1∑

k=1

kλk−1. æ�ç;è�éàêIë
Ð<Ñ;Ò2Ó�Ô#Õ5Ó5Ò�Ò×Ö Ø�Ò�Ù�Ñ>Ú�Ð<Ñ>Ò2ÛdÜ8Ý;Ó ÞdÞàß |λ| < 1 áìVí�î�í2ïQð<ñVò
ó;ôEó;ô�õ�ö�ó®÷|ó;ø�ù�ú�ó�õ�û|ó;ü&ü�ý�õ�øBõ�öNó;ø�þ�ÿ�ý������ òVó;ô��2ý ù�ù

λ = 1
øBõ�öEõ	� ÿ
��ô�ö

� ùBý ô é òVø�óNý þ�ú�ó;ô�ó;þ���
 ù�ù�óVÿ
��ù���ó;þ×ý���õªú�ó;ô���ó�����þ���þ��

|
1

n

n−1∑

k=0

λk| = |
1

n

1 − λn

1 − λ
| =

1

n
|

1

1 − λ
||1 − λn|

{

≤ 2
n |

1
1−λ | −→ 0 |λ| ≤ 1

≥ 1
n |

1
1−λ |(|λ

n| − 1) = |λn|
n | 1

1−λ | −
1
n |

1
1−λ | −→ ∞ |λ| > 1

æ�ç;è�é��Ië����ô
λ = 1

ÿ���ù���öªú�ó;ô�� �äó;ø�ö�ó ÷Gó;ø�ù|ý���õ�ú�ó;ô"!VùBó;ø#���$��þ��
1

n

n−1∑

k=1

kλk−1 =
1

n

n−1∑

k=1

k =
1

n

n(n− 1)

2
=
n− 1

2
. æ�ç;è�é�ç;è7ë

����ôªý ù�ù�ó@ý þ�ú�ó;ô�ó;þ
λ

��ø�ù�ö
1

n

n−1∑

k=1

kλk−1 = (
1

n

n−1∑

k=0

λk)
′

= (
1

n

1 − λn

1 − λ
)
′

=
1

n
(
−nλn−1

1 − λ
+

1 − λn

(1 − λ)2
)

=
1

n

1

(1 − λ)2
−

λn−1

(1 − λ)
(

λ

n(1 − λ)
+ 1).

æ�ç;è�é�ç�çnë

òVø�ó&%���þ�'�ó;ô	��ó;þ��rø�ü(��ý ù�ùBó
|λ| < 1

ù�ó �)���Iö�ó;ö
ú�ø�ô�ó � öló;ø�þ é òVø�óNòVø�'�ó;ô	��ó;þ�� ø�ü*��ý ù�ùBó
|λ| > 1

ÿ���ù���ölþ$��þ#ý���õ

|
1

n

1

(1 − λ)2
−

λn−1

(1 − λ)
(

λ

n(1 − λ)
+ 1)|

≥ |
λn−1

(1 − λ)
||

λ

n(1 − λ)
+ 1| − |

1

n

1

(1 − λ)2
|

≥ |
λn−1

(1 − λ)
|(1 − |

λ

n(1 − λ)
|) − |

1

n

1

(1 − λ)2
|

−→ ∞.

æ�ç;è�é�ç�+Ië

òVø�ó@òVø�'�ó;ô	��ó;þ��Nø�ü(�2ý ù�ù�ó
|λ| = 1, λ 6= 1

ÿ���ù#��öªú�ý ô�ý���õ ,2ú�ý�õ�õ
1

n

1

(1 − λ)2
−

λn−1

(1 − λ)
(

λ

n(1 − λ)
+ 1) =

1

n

1

(1 − λ)2
−

1

n

λn

(1 − λ)2
︸ ︷︷ ︸

−→0

−
λn−1

1 − λ
,

æ�ç;è�é�ç�-Iëú�ø�ó.����ù#��ó&õ�ø#��� ý ùBõ��®ý�õ	/7ü10�ö	��ö�øBõ2���3�lø�ó λn−1

1−λ

'�ó;ô	�)
 ù�ö ,�ó;ø�þ�ó4��5�ó;þ�õ�ø#�2�<ö�ù�ø#�2�¸ú�ø�'�ó;ô76
��ó;þIö�ó8����ù���ó é
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�

Z"[�\^] [�_a`cbCdebIf�gehjilknmIoAp�q3r sCt�r?u�v
K = C

vxwzy#{c\$[�|	] } \�~����&��y���} \���} {	|	�${	yP�
|	} {	y�[�_�r sCt�u��"r sCt��3�
��{e�$|�����y��#y�|���| ��~����1�
��{�~C} \z����_1����}?�C} \��)�������������#y��U��\)�������
] [�_�{	} } �#��} \U�)���������$[�y�������} \�|�] [�{4�$|�����y���y�|���|�y#��|4 ¡��y�} ¢�}�r sCt�r sA£�tjw¤y�{��G} |	{���¥�¢�|	} \
} y�\�}§¦¨����y#� �©�G} ] ������y#¥�¢¤~C} {	} {�} y�\�}§ª§��|	{	yP��~���{��	|	} ���#[�\��^����\

F « ��{�~���\C�¬Z���{	_������
����{	_� ¡��y�} ¢�}8­"t�®$£�¢)��| t)¯�_°�$[�_1_�y�} {	�)��{	��} y�|¨] [e] } y#��} \±{	} y#¥�¢$|�}��N\)��¥�¢�²���{	�����#��{
r sCt�r�³A��~Cy�}����Cy#�	|	} \�]�~C} {�´�y�_1y#|	}��

1/n
∑n−1

k=0 F
kv

����{��©��} _1} \$|	}
v

~C} { « ��{�~���\C�Z"��{	_����P�¬¦N���	y#��] [±] } y���} \�t�µc}��	¢)�����±�	} yxy�_¶��������} \)~C} \
v
y�_1_1} {¨} y�\±�©��} _1} \$|�~C} {

« ��{�~���\C�¬Z"��{	_����P�¬¦N���	y·� t
¸;�	|

F
\�[�\��	|�����y#�¹�º¢)���G} \.��y�{�\)��¥�¢1~C} _»��y���} \���} {	|	�${	y�|	} {	y#[�_¼~Cy�}���������}½r sCt�u��)r sCt��

] [±[�\$|	} {���¥�¢�} y#~C} \�t
¸¾_¶} {��	|	} \��)���#����} ¢���{	|

v
] [¿} y�\�} _(��y���} \���} {	|

λ
_1y�|

|λ| < 1
�)[�\)~

0 = lim
n→∞

F nv = lim
n→∞

1

n

n−1∑

k=0

F kv

\)��¥2¢À­"t�ÁAt
Â } ¢���{	|

v
] [3} y�\�} _Ã�©y���} \���} {	|

λ
_1y#|

|λ| = 1
���	�ey#�	|

v
��} ��} \�r sCt��Ä} y�\À�©y���} \C�

��} �A|	��{�����\
λ

[�\)~±~���¢�} {

1

n

n−1∑

k=0

F kv =
1

n

n−1∑

k=0

λkv = (
1

n

n−1∑

k=0

λk)v.

µcy�}�²���\$��} {	��} \�]8�
������|�~C}��	¢)���#�¿��[)� Â ��} y#¥2¢�[�\��� 	r sCtÆÅ�£¨~C}�������y���} \¿´�} _1_Ä��� t
¸;�	|.[�_1��} ��} ¢�{	|

F
\�y·¥�¢�|Ä�	|�����y��¹���	�3Ç)\)~C} \È��y#{�\)��¥2¢z~C} _É��y���} \���} {	|	�${	y�|	} {	y#[�_

} \$|¬��}�~C} {Ä} y�\�} \��©y���} \$��} {	|
λ

_1y�|
|λ| > 1

�C~C} {.} y�\�} \Ê~C}?�
} �$|	} \��©y#��} \���} {	|
λ����_*¦¨} |	{����

1
t

¸¾_¶} {��	|	} \��)���#�x��������|�~Cy�}&µcy���} {	��} \�]�����\

1

n

n−1∑

k=0

F kv =
1

n

n−1∑

k=0

λkv = (
1

n

n−1∑

k=0

λk)v

�
��{.~C} \Ê} \�|��	��{	}�¥2¢�} \)~C} \¤�©y#��} \���} �A|	��{
v

��y�}�~C} {	[�_Ë��[)� Â �#} y#¥�¢$[�\��Ì 	r sCtÆÅ�£�~C}��
����y���} \¿´j} _1_���� t
¸¾_°] ��} y�|	} \3�)�����ÍÇ)\)~C} |c_Ä��\§��} _���Îe~C} _Ï�A��|	]����G} {½~Cy�} « ��{�~���\C�¬Z"��{	_����P�¬�)��{	_
­"t�®��
��{

λ
} y#\�} \¿Ð"��[���|	��} �A|	��{

v
[�\)~±} y�\�} \¿�©y���} \$��} �$|	��{

w
�I�	�1~������

F kv = λkv + kλk−1w.



Ñ;Ò	Ó Ñ;Ô=ÕCÖ2×�ØGÙ�ÚPÛ�ÚP×�Ü�×KÖÝ×)ÞGß�àGáIÚPß
â^ã ä�å	ã æNç
è�é�ê�å

1

n

n−1∑

k=0

F kv =
1

n

n−1∑

k=0

(λkv + kλk−1w)

=
1

n

n−1∑

k=0

λkv +
1

n

n−1∑

k=0

kλk−1w

= (
1

n

n−1∑

k=0

λk)v + (
1

n

n−1∑

k=0

kλk−1)w

ë�ì)í�í ä#ã¿î"ä#ï�ã æ	ê�ã ì�ð¿í ã�ñ ð ò ã ä#å	ã ì¤ó$ë�ô1ô�õ�ì)í ã ìÊë�ì)í�í�õ�ô ä�å í ã�ñ.ê õ�ì�ð ã ìzö ã æ ô ñ
ç
è�é�ê�å õ�ë ñc÷cé#ã ä#ø�ù ë�ì ê¿ú	û üCý�þ$ÿ�� ò ä�ã í ã æ ë�ô*õ�ë ñ í ã ô è���ä�ê�ã ì�� ã ô1ô�õ û üCý�û��Aý

K = R � îcä�ã�ñ�ã ì
	)õ é#élç���ù�æ	ã ì3ò ä�æ õ�ë ç í ã ì
	)õ é�é K = C ð ë æ��)ø��Ký�â¤ä�æ��Gã å	æ õ ø�ù$å	ã ì
í ä�ã��§ã ì ê�ã

Ṽ := V × V = {(v1, v2) | v1, v2 ∈ V },
í ä�ã½ï�ã æ ô�� ê�ã���è ô�� è ì ã ì å	ã ì$ò ã ä#ñ�ã æ�� í�í ä�å	ä�è ì ë�ì)í ç���æ

a+ ib ∈ C íCë æ�ø2ù í ä�ã ó � õ��é õ æ ô�ë é�å	ä � é#ä�� õ å	ä#è ì (a+ ib)(v1, v2) := (av1− bv2, av2 + bv1)
ð ë�ô C ��� ã��$å	è�æ	æ õ�ë�ôò ä�æ í ú í ä#ã � ã��Aå	è�æ	æ õ�ë�ô�� �� Aä#è ô ã ð ë �!�Kã æ � æ��Cç
ã ì ��ä#ñ�å�ã ä ì ã ñ�ã ù�æ1ã ä ì ç õ ø�ù�ã�"�ã�ø2ù �

ì$ë�ì êCÿ�ýKîcä�ã�ñ	ã ì#� ã��Aå	è�æ	æ õ�ë�ô ï�ã æ�ñ	ã ù�ã ì¿ò ä#æ ô ä�å í ã æ�$�è�æ ô
||(v1, v2)||Ṽ := ||v1||V + ||v2||V

F
ä ì)íCë�ð ä#ã æ	å í�õ�ì�ì ï�ã æ ô�� ê�ã í ã æ��%�!��ä�é íCë�ì ê ñ	æ	ã ê�ã é

F̃ (v1, v2) := (F (v1), F (v2))ã ä ì ã C � é�ä ì ã õ æ	ã��%�!��ä�é íCë�ì ê F̃ õ�ë ç Ṽ ú í ä�ã�ñ ð ë �!�Gã æ � æ��Cç�ã ì ä#ñ	å ò ä�ã í ã æ ë�ô ã ä ì ãã ä ì ç õ ø�ù�ã�"�ã�ø�ù ì$ë�ì êCÿ�ý'& ì å	ã æ�� ë ñ ì�ë å ð ë�ì ê í ã æ�(¨ã ô ã æ�� ë�ì ê�ã ì û üCý*)
� ð ò ý�û üCý�û�)
ñ	å	ã é#é�ã ìUò ä�æ ì$ë�ì ç�ã�ñ	å�� í�õ ñ�ñ F ê�ã ì)õ�ëÌí�õ�ì�ì ñ	å õ ��ä#é+� ð ò ý�ñ ë�ô1ô ä�ã æ�� õ æ&ä·ñ	å�� ò ã ì�ì
F̃

ñ	å õ ��ä�é%� ð ò ýNñ ë�ô1ô ä�ã æ�� õ æÄä#ñ	å ý�îcä�ã
(¨ã ù õ�ë!� å ë�ì êÌç�è�é�ê�å í�õ ù�ã æ õ�ë ñ í ã ô ö ã ä�é
K = C

ý
�

,.-0/.-21436587:9 û üCý�û<;>=�?#@BADC+EGFBFIHKJMLON�APN�QSRDTU@BJ2C'HK@WV�HKJ!XYLON�V�V�CZ@BA�L�@[H#\4T>H�E�AS@[H]L^HKA
VK_�N^`K@aFIHKJcbed!HKAfNO_�E�APH�Jhgi@B_kj�Fl@BmonpN�QSRiL�@[HqVrdts�_uHKA�`�HK_[APNOmoTt_uHK_uH]vwABx^E�L^HKJ2_BT!H�E�Ao@�H�Vo_�E�y
moT>N�Vo_[@WVKmoT!HKA{z2HSn|_�EOAPHKJcHKJ0_[CZ@Bmon�HoF}_�TtN^`�HKJ0~q\2N�_BVKsOmKT^F}@�moT{`�HKJ0�O_[@}x^H�J�CZ@BAqVudtsO_uHKA�L�@[H
��� QU@B�<NGF�HKJU���<E�J���_�N^`K@aF}@B_�s�_�QtJ0L
��Qtgig]@[HKA�`�N�A�nGHK@B_BX�C+E^`�HK@�Vo@�moT�L�@[H���_�NU`K@WFl@B_�s�_�@ag
��@BJ2J�H]L^H�AqQtA�Vrd�Ao�UJ^x�F}@�moT>HKJ
�qHB�YJ2@a_[@�E�J�`���C+~+@BJMLUHKA.�:E�ASg��<E�J��eHKgig�Np�^��~W��s�QUy
� HKAo_YQtJ0L���Qtg]gi@[HKA�`�N�A�nGHK@B_�@Bg���@BJ2J�H��<E�J��:H�g]g�N��^��~B�G�U~8�Y�tA�L�@[HSV�HKJ�Vrd>H���@[HoFBFIH�J
�:C'H�mKn�TtN�_��8NO@}xGF�H
@Bg��8N�FaF�H

K = C
H�@aJ�H�J�n|QUA��<H�J>X�HK@BJ�R�NOmoT>H�J�j�HKC'HK@WV��<EOABx^H�y

V�moT^FIN�x^HKJ0~���@[HSV�HKA�j�HKC'HK@WV��|HKAog�HK@BLUHK_' �H[xGFl@�moT>H{¡wQ>HKAo�|HKAoC'HK@WV�H
QtJ0Lh`�HKJ0��_[@lx�_]J2QUA
NGFBF¢x^HKg�HK@BJ�`�Hon�N�J2J2_uH��£s�_W�<H�~+¤oJ�L�@[HSV�H�Aq¥.AK`�HK@a_: �H�LOE�moT
VK@aJ0L�CZ@BA]Qtg¦z!E�FaF§Vo_�s�J�L�@}xOy
nGH�@a_BX:N�Q>moT�@aJ]�qHK_�NO@WF RoAPN�x^H�J>X6`�HKgi�^TU_eykCZ@BAYVKmoT>H�Q>HKJ�nGHK@BJ�Hw��Q!`oFIH�g]g�N�_�NqQtJ0LDn�HK@aJ¨H
¡wQ!HKAS��HKASC'H�@�V�H�~6��@[H�@Bg©j�HKC'HK@WVq�<E�J��:N�@}x�FIH]�|H�ASC'HKJ�L^HK_uHKJ�ª]E�Jt�<Hrd�_uHqFIN�VSV�HKJ�Vo@�moTOX
L^H�_�N�@WFBFl@�HKAo_uHKAiQtJ0L�EPRK_wNGF*V�HK@lx^HKJ>VK_�s�J0L�@lx^H��eHKgig�N�_�N�R�E�ASgiQUF}@[HKAo_BXwNOQOVKJ0N�TUgqVSFIE�V�N�J
N�J�L^HKA�HKJ���_uHoFBFIHKJ
L�@[HSV�HKA.¥.AK`�H�@a_YCZ@�H�LUHKAW�YJ0L^HKJ0~8�qN�T>H�A�XYQtg«N�JML�@[HSV�HKA.�¨_uHoFaF�H.¬�H�L�y
QtJ0LON�Jt�+��Qq�|HKAog�H�@BL^H�J>X!xUH�`�HKJ�CZ@aA+TU@�H�A'J2QtA�HK@BJ�HY�0n|@l�S�<H­N�J�~^�qH�A6j�HKC'HK@WV�A�H�L�Q���@[HKAo_
LONGV%®wAfEU`oFIH�g�XwN�J0NGFIE�x#CZ@[Hq@aJ��¨N�_W�]�^�O~a¯�X�\2HK@aF

(c) ⇒ (a)
��QUJ�sOmoTOVK_�gi@B_6°�@WF R�H]L^HoV

�¨NO_W�<HSV��!`�HKA�L�@[H�±>E�APLON�J2y�²�E�Aog�NGFlyB�8EOASg�³fHSV�A�HK@�moTU_+N�Q>moT�L^H�Aw�¨N�_W�.�!`�HKA�L�@[H��6HKA�F�HKy
x�QtJ^xq@aJ]°�N�Q<d�_[APs�QUg�Hr´qNOQ�R�b6d>HKAPN�_�E�A�HKJ#gi@a_8J0QUA�HK@BJ�HKgµvw@lx^HKJ0C'HKAS_eQUJ�L��!`�HKAud�AS�SRK_



¶f·o¸ ¹K¸tº>»!¼�½¨¾0¿�À�Á­ÂIÃ2Ã2»tÄiÅ�Æ¨Ç�¼�Ã�½¨È!ÂIÄGÂIÃ�É^Ã ¶fÊ�Ë
Ì�Í�ÎUÏKÐWÑlÐBÍ�Ò�Í�ÓKÔ�ÕZÐ[ÖqÌ�×tØiØiÐ�ÖKÙ�Ï�Î�Ù�ÚGÖKÐBÍ�Î�Û!ÜtÎ�Û0Ý�ÝUÖKÙiÞ|ÖKÙ�ÓKßoÜUÐ[Ö�Ý^Ö�Û�ÖKÛ
àYÒ�ÑaÑ�Ö�Ý^ÖSÓ�áwÐlâ^ÖKÛ2ã
Õ'ÖKÙoÍBÚ|ÙoÐaÍuÖ�ÙSÐB×UØqÓ�×tÛ0Ý�Ú�Î�Û2ÛMÐBÛpÓ�Ö�ÐaÛ�Ö�Ù�Ì�Í[Ùo×OÚ|Í[×tÙ�Ó�Ô�ØiÐaÍ�Ý�×UÙPßoÜ

“ (10.2) ⇔ (10.4), (10.5) ⇔ (10.6) ′′

Ï�ÖoÓKßoÜUÙoÐ[Ö�Ï�ÖKÛ�Õ'Ö�ÙfÝ^Ö�Û0ä:å�Î^ßoÜ^Ñ�ÖSÓ�ÖKÛ
ÚGÎ�Û2Û
ØiÎOÛ
Ý^Ö�Û#æ�ÖKÕ'ÖKÐWÓ�ÐBÛ�çéè%ê8ë�ì2ítîrä

ï�ðeñOòaóõô�ö>÷�ô�ø!ù�ú ÎOÍBÓKÒOßoÜUÑ}Ð�ßoÜ�Ó�ßoÜ>ÖKÐBÛ�ÖKÛ�Ý�Ð[ÖqÜUÐ[ÖKÙ%û�ÙfÒGÓ�ÖKÛ2Í[Ð[ÖKÙoÍuÖKÛ{Þ<Ð�ÖKÙ�üqÙoÐaÍuÖKÙoÐ[ÖKÛ�ýKþUÙ
Ì�Í�ÎUÏKÐWÑlÐBÍ�Ò�Í#ã�æ.ÖoÓKßoÜUÙPÒ�Û>Ú�ÍBÜ>ÖKÐBÍ�Ý^ÖKÙ ÿ6û>ÖKÙPÎ�Í�Ô�ÙoÛ0Ô�ÙoØ � á��GÐWÓoÍuÖ�Û�� ÖKÐBÛ�ÖKÙhÐaÛ0Þ<Î�ÙoÐBÎ�Û0ÍuÖKÛ
� Ø�âUÖ�ÏK×tÛ^â�Ý^ÖKÙ�åD×UÑBÑ � áwÐlâ^ÖKÛ2Õ'Ö�ÙSÍBÚ|ÙoÐBÍuÖKÙSÐB×tØ ×tÛ0Ý
Ì¨×UØiØiÐ�Ö�ÙKÏ�ÎGÚGÖKÐBÍ�ãiÛ0Ô�ßoÜ�Û2Ð[ÖpÐBÛ
ÖKÐBÛ�ÖKØ��.ÍuÖKØ	��×Gâ�×tÛ0Ý�Î�×>ßoÜpÓKÔ�Û!ÓoÍ+Û2×tÙ�ÐBØ©à8ÎGÑBÑ

K = C
â^ÖKÛ0Î�Û0Û2Í'Õ+Ô�ÙPÝ^ÖKÛ
��×�Ó�ÖKÐBÛ0ä

æ%ÙfÎ���Í�ÔOÛ�×tÛ0Ý ú Ô�Û^â�
uç��������tî��
Ï�Ö�Ø�Ö�Ù�ÚGÖ�Û Ý�Ð[Ö�����×tÐaÞ|ÎGÑIÖ�Û���Ý^Ö�Ù�ÖKÙ�ÓoÍuÖKÛcÝ�Ù�ÖKÐYüqÙoÐaã
ÍuÖKÙoÐ[ÖKÛhÐBØ«à8ÎGÑBÑ�Ö

K = C
ä��oÛ�Ý^ÖKØ Ý^ÖKØ��.×UÍ�Ô�Ù���×UØ� 6Ö�ÐaÍ}û�×tÛ>Ú|Í�Ý^ÖKÙ�á�Û2Í[ÕZÐBßKÚ<Ñ}×tÛ^â

Ý�Ð[ÖSÓ�ÖSÓwü]Îoû�ÐBÍuÖoÑ§Ó.×tÛ�Ï�ÖSÚGÎ�Û2Û2ÍuÖKÛ � Õ'Ö�ÐWÑ¨×UÛ^âUÖ�ÏKÙPÒ�×tßKÜ^Ñ}Ð�ßoÜ>Ö�Û � æ%×tßoÜ#ç�!#"%$:ë0ë!î'ÕZÐaÙPÝ�Ý�Ð[Ö�&��×UÐBÞ<ÎGÑ�ÖKÛ��DÞ<Ô�Û�Ì�×tØ]ØiÐ[ÖKÙ�Ï�Î�Ù�ÚGÖKÐBÍ6×tÛ0Ý.áwÐlâ^ÖKÛ2Õ'ÖKÙoÍBÚ|ÙoÐaÍuÖ�ÙSÐB×UØ Î�Û^âUÖ[â^Ö�Ï�Ö�Û � Ö�Ï�ÖKÛ�ý�ÎGÑBÑ*ÓÛ2×tÙ.ÐaØ à8ÎGÑBÑ
K = C

ä ú Î�ÍBÓKÒ^ßoÜ^ÑlÐBßoÜ�ÓoÐBÛ0Ý�Ý�Ð[Ö�����×UÐBÞ<ÎGÑ�ÖKÛ��]Ý^ÖKÙ�Ì�Í�Î^Ï�ÐWÑlÐaÍ�ÒOÍ6Ó�ÖoÑ�Ï�ÖKÙ � Ý^ÖSÓáwÐlâ^ÖKÛ0Õ'ÖKÙSÍBÚ�ÙSÐBÍuÖKÙoÐa×tØqÓ.×tÛ0ÝiÝ^ÖKÙ�Ì�×UØiØiÐ[ÖKÙKÏ�Î�Ù�Ú�ÖKÐaÍ>ýKþtÙ�Ý^ÖKÛ�à:ÎGÑaÑ
K = R ' Ö�ÝOÔ<ßoÜpÖKÐBÛ2ãý�ÎOßoÜ>Ö&(�Ö�Ý�×^Ú|Í[Ð�Ô�Û�ÖKÛ
Î�×�ý�Ý^ÖKÛ�Ú�ÔOØ�û�ÑIÖ)�^ÖKÛ�à:ÎGÑaÑIä�å�×UÙ.Ý�Ð[Öwá��GÐWÓoÍuÖKÛ*�DÝ^ÖKÙ.ÐaÛ0Þ<Î�ÙoÐBÎ�Û0ÍuÖKÛ

� Ø�âUÖ�ÏK×tÛ^âpÝ^ÖKÙ%å�×^ÑBÑeÏ�ÖKÙ�ÖKÐBÍuÖKÍwÕZÐBÙ�Ú<ÑlÐ�ßoÜ�Ø�ÖoÜUÙ.Ì¨ßoÜUÕZÐ[ÖKÙoÐ}âGÚGÖKÐBÍuÖKÛ0ä
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03QSR�TVUXWYU[Z\+-]_^`TVaYU[b�c[U[TVd9U[Qfe5TVg�hLiKW)]_ZjZkU[Q`lKm_Q`d9U�c[e5TnW)opl`U[QSR�U[Zrq/g)]9Rsi`QKR
R�U[g&tuUXW)oplK]wvCU[Q`l`U[Tna&R�UXW�xyTVQ`TVZj]_bV^Cz9bV{*Q`z9ZjW�U[TVQ`UXW|bnTVQ`UX]_gYU[Qy}~^LU[g)]_aYz9g)W~WYz�e5TnU	4�T��
d9U[QKW)oplK]w��aYU[QSR�U[g	R�i`g)oplfTVaYU[gYTVU[gYaYU�,~Q%e�U[QKR�i`Q`dyR�UXW�bVTVQ`UX]_gYU[QS}~^LU[g)]_aYz9g)W	]_i��uU[TVQ��
c[U[bVQ`U	41bVU[ZkU[Q%aYU-U[Q�a)WYaYU[l`U[QKR�U<2�U[TVbVZkU[Q`d9U[Q�R�UXW5��U[�*aYz9gYg)]_i`ZjW�W)z�e5TVU-R�TVU	R`]9R�i`g)opl
U[gYc[U[i`d9aYU[Q��&Q�aYU[gY�9U[��aYz9gYg)m_i`ZkU9�

�/TVUXWYU
4�gYd9U[�`Q`T�W)WYUyW)TVQKR�Q`Tno)l�a)Wj�~U[i`UXWki`QKR��9�9Q`Q`U[Q�TVQ�tu�Ko)l`U[gYQ��uc[i`ZH2�U[TVb
i`Q�aYU[g�R�U[Z���aYTno)l�e�z9gYa�+�gY{�bnz�����2|l`U[z9gYTVU9��QK]9opl`d9U[bVUXWYU[Q�e�U[g)R�U[Q������� �¡L¡`¢£�u,&iKopl
m_bVaYU[gYU�tu�Ko)l`U[gy� ¤¦¥`§*¨K©�¢5�ª�`l`gYU[Q�m_l`Q`bVTnopl`U�4�gYd9U[�`Q`TnW)WYU9�1]_iKW�R�U[Q`U[Q«R�TVU¬i`QKWYgYTVd9U[Q
U[TVQ��­]9o)lf]_�`d9U[bVU[TnaYU[a~e�U[g)R�U[Qf�9�9Q`Q`U[Q��®�~U[Z\,~i`aYz9g�TnWYa&UXW�¯YUXR�z�o)lsQ`Tno)l�a�d9U[bVi`Q`d9U[Q��
R�U[Qkl`TnU[g��LUXW)opl`gYTVaYaYU[Q`U[Q����9z9QKWYaYgYi`�*aYTV�9U[Qk°fU[d<R�UXW�tuU[e�U[TnW)UXW�TVQktu�Ko)l`U[gYQ±z*R�U[g�,~gO�
aYTV�9U[bnQ²e5TVUXR�U[gYc[i�³KQKR�U[Q��¦°´TVg&d9U[�CU[Q�R�TnUXWYUFtuU[e�U[TnWYU�R�UXWYlK]_bV�²TnQ²�9z9bVbVU[g/6®m_Q`d9U�]_Q��
]_iKoplye�U[TVbµW)TVU�R�TVU	c[i`d9gYi`QKR�U[bnTVU[d9U[QKR�UF0¶R�U[UFZkTVa�·~TVb��ªU	R�U[g/¸9z9g)R`]_Q����~z9gYZj]_b���¹Kz9gYZ
�
U[TVQ`U[Z\��a)]_QKR`]_g)R`R�U[Q`��ZFiKWYaYU[g�R�U[g&bVTnQ`UX]_gYU[Q²,&bnd9U[�`g)]��ºU[Q%a3e5Tno)�9U[bna[�C�~QKWYU[g~tuU[e�U[TnWO�
W)opl`U[Zj]�U[gYbn]_i`�`aFTVZ¼»~�`gYTVd9U[Q�U[TVQ`U¬,&iKWpR�U[l`Q%i`Q`dSR�UXW�tuU[d9gYT�v�W<R�UXW�¹`z9bnd9U[Q`g)]_Q`d�W
]_i��½R�U[Q�R�UXW5]9WY{*Zk^`aYz9aYTnWpo)l`U[Q¬¹`z9bVd9U[Q`g)]_Q`d�W[�K�~QKWuTnWYa�Q`T�o)l%a|�*bn]_g[�*z9��U[Q�a)WY^`gYUXo)l`U[Q��
R�UF4�gYd9U[�`Q`TnW)WYU�]_i��1U[TVQ��­]9o)l`U�,&gYa~i`QKR²°fU[T�WYU	�`�CU[g/R�TVU�TVQ¾� ¤�¥`§�¨º©�¢�]_i���d9U¿�ª�`l`gYaYU[Q
tuU[e�U[T�WYe�U[d9U	U[gYlK]_bnaYU[Q
e�U[g)R�U[Qy�9�9Q`Q`U[Q��

ÀºÀLÁ�ÀLÁjÂ�ÃºÄ�Å �*Æ�Çw¥KÆ Å
03Q²R�TVUXWYU[Z8,~�KW)opl`Q`TVaYa&R�U¿³KQ`TVU[gYU[Q
e5Tng&R�U[QÉÈ­]9WY{*Zk^`aYz9aYTnW)opl`U[Q¦Ê�¹`z9bVd9U[Q`g)]_Q`d±U[T��

Q`UXW�bnTVQ`UX]_gYU[Q�}~^LU[g)]_aYz9g)W±WYz�e5TVU
R�U[Q«t�U[d9gYTVv´R�U[gj¹`z9bnd9U[QKWYa)]_�`TVbVTVa)m_a[�µ°´TVg�c[U[TVd9U[Q��
R`]9W)W�R�U[g~È­]9WY{�Zj^`aYz9aYTnW)o)l`U_Ê®¹`z9bnd9U[Q`g)]_Q`d�]_ZËx²TnQ`TVZj]_bV^Cz9bV{*Q`z9ZÌR�UXW�}~^CU[g)]_aYz9g)W1]_���
d9U[bVUXW)U[QSe�U[g)R�U[Q��w]_Q`Q��½�&ZÍb�m9WYaYTVd9UXW	�/]9o)lKW)opl`bn]_d9U[QÉc[i¾�9U[gYZkU[TnR�U[Q��®c[TnaYTVU[gYU[Qfe5TVg
c[i`Z841TVQKWYaYTVU[d�R�TVU��ªz9bVd9U[QKR�U

ÎFÏKÐ`Ñ�Ò�ÑnÓ�Ñ�Ô�ÒË797_�V7�Õ	Ö�×¿Ø
V
×[Ø�ÙÚ×¿ÙºÛ�ÜÝØªÞàß�á3Û�Ø�âk×¿Ù�ã¿Ø�ä�Ùºå_ÜV×¿æ

K
áèçK×àéèê£ä9æàæ¶å9ë*âìë*ÙºÛ

F :
V → V

×¿Ø�Ù±í5ÙºÛ%ä9â�ä9æ£îºß�ØVã¿â�ë�ã[ïCí�Ø�Ù�ð�ä_ÜÝñwÙLä9â
mF ∈ K[X]

â�Ø�ÙKØ�â�å_ÜV×¿ÙSò5æOå�Û%×óãóô
õ¿ö æ	Û%åwã

mF (F ) = 0,
÷ Ø�æ¶Û��#øªÆ½ø�ù¾¥ Ä�ú�ÃºÄ  �Æ Ã ùüûèä9Ù

F ý ×¿Ùºå9ÙKÙºê�þ�ë*ÙºÛ±ØVã¿ê�ÿ¿ØVã	å9ë õ éwä9Ù�ã¿ê£å9ÙKê�×���åwéèê£ä9æY×¿Ù×¿Ø�ÙºÛ%×[ë�ê­Ø ý ÿ)×óãàê­Ø�â�â�ê��_ï��pãàê σ(F ) = {λ1, ..., λm} ⊂ C
Û�åwã-Ö�î`×óéèê­æàë�â û�ä9Ù

F
ë*ÙºÛ

mF (X) =

m∏

i=1

(X − λi)
li

Û9Ø­×��µ×¿æpÜV× ý ë*Ù ý Û%×óã	�sØ�ÙKØ�â�å_Ü î*ä_ÜÝñ_Ùºä9â<ã-Ø�Ù�
�Ø�ÙL×Yå9æ õ åwéèê£ä9æY×¿Ù ö ÿp×¿æ
C
ô�ã[ä ý Ø�ÜÝê

li = index(λi).

��
�
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2436587�369�3;:=<?>A@�9�BDC/7�5E@�<-36<"F�G?583;G?36<�:H<IG?3KJL3658<-3NMPOQ58R�36<1SP369�7TMVU-<IGWG-C/BX587PG-C�MZY[58<-5.\
BDC/]E^ @�]8_�<-@�B`58<[3658<-36<ba UIMTC/BXBX36<-cIC/<-RdBX587eG?369ef�@�9TG-C/<?\Hg	@�9�BDC/].\HhI@�9�BiM�7�36]8]836<"F
j <IG?36<kMT5ElTc�58<�m	<-cIC/<-RDmnFIM�5836c-3�o�@�9�C/]8]E36Bqp�@�9�@�]8]EC/9	r	sut�s

g	U-<�v6U-9V<IC/BX36<IM�R�36w�36<IG?36<yx	3 j <-5E7�58@�<dG?5E3NM�3NMVm�wIM�lTc-<-587�7TM6F-G?583;BX5E7PG?36B`z{3K\
R�9�5.|&G?3NM}Y[58<-58BDC/]8^�@�]8_�<-@�BDMQ5E<Wm	w-R�]8365El�c�R�36w-9TC�lTc'7�S~369TG?36<[SV589TG�s

���I�-�����E�"�A�������/su�-�;���K�
V

�K���
K ��� ���������������������A�

dim V = n � F : V → V
�K���

  �����������K�X¡£¢?�K�¤�������n�'� ¥
v ∈ V ¦�§ ���I�k¨6�K�E©��K�$ª«���

fdimF : V −→ {0, ..., n}
v 7→ dim span{F kv | k ∈ N}

¬ ���/s8�®­
���¯¥°� �K�¯� �K�y¥��±�*¨6��²�³N³K�   ¥����1´L¥��µ�Z¶�·¯¸A¹¯º'»½¼£¾A¿Àº'»½ÁN¾A· »ÃÂQº'Ä1Å�¹ ¸�¾AÆ/Ç

F ¦	È ���	� �K� �� �6�[ª~�K�A�H�K�
frang(F ) := max

v∈V
fdimF (v)

¬ ���/su�'­
¥1�6�d¶"· ¸�¹ º'»½É�ÊI»½¹ÌËÍ���

F ¦
Î |�36<IM�5El�c17�]85El�c°5EM�7«G?369Qh-@�]8R�36<-9TC/<-RÐÏ�]83658<-369£R�]8365El�cÑG?36BÓÒ�C/<-R�3658<-3NM£]858<-3NC/9�36< Î ^�3K\
9TC/7�@�9TM6s?Ô'@�R�]8365ElTcXMT7�36]8]87ÕM�5ElTcXG?5E3ZhI9TC/R�3�F1S~36]�lTc-3�p;]EC�M�M�36<°o�@�<X]858<-3NC/9�36< Î ^�369TC/7�@�9�36<
BDC®J?58BDC/]E36<[h-@�]8R�36<-9TC/<-RkcIC/w 36<"s"2Ö589e]8×�M�36<4G?583NM�3Ñh-9TC/R�3XU-BDR�36c-36<IG�F�58<IG?36BØSV589
G-C�M;ÙeC/U-^-7�9�3NM�U-]87TC/7	G?5E3NM�3NM	m	wIMTl�c-<-587�7TM�o�@�9TMT7�36]8]836<"s :=<$3658<?>µC�l�c-36<[24@�9�7�36<&w�3NMTC/R�7
3NM6FIG-C�M�M}G?369�h-@�]8R�36<-9TC/<-RL3658<-3NMV]85E<-3NC/9�36< Î ^�369TC/7�@�9TM�G?U-9Tl�c[G?36<$Ú;9TC�GyM�3658<-3NM}Y[5.\
<-58BLC/]8^ @�]E_'<-@�BDM£R�36R�36w�36<D5EMT76s1xe583NM�36BqÔ�C/7�veM�36c-9~<IC/c-3NMT7�36c-36<IG?3;m	UIMTMTC/R�36< j <IG?367
BDC/<�5E<&Û Ü"Ê-Æ'Ý¯Þ-ß�F Ô s¯à�à�\=à�áÑ@�G?369�C/UIl�cy58<bÛãâyäÑå?Þ-ß�s

æ¯ç �"èk���/sué-�����6�
V

�K�A�[�K�A�
K �®� �*���������¤���'�ê�°���

n := dim V <∞
���¯¥

F : V →
V

�K�A�këV�¯¥����°����¢Iì��8¨K���1¨ ¦ ���K�Zª~�K�A�H�K� mF
¥��®¨îí&�A�I�A�°�   ¢��  �ï �¯���ØËÍ���

F ¦Õ§ ���¯�´��   �
frang(F ) = deg mF .

¬ ���/sué'­
ðe�?ñW�¯��ò1�	2ó589nw 36cIC/<IG?36]E<ôv6U-<Iõ�lTcIMT7°G?36<ÃhIC/]8]

K = C
s£2ó589nÏ�×�<-<-36<À@�c-<-3�O«5E<?\

MTl�c-9Tõ/<-Ï'U-<-R�C/<-<-36c-BX36< ¬ w�365EG?3°Úe9�×�ö�36<4M�5E<IG�U-<IC/w-cIõ/<-R�58RWo�@�<$G?369;m	UIM�SPC/c-]£365.\
<-369dz{C�MT5EMK­TFQG-C�MTM

F
G?U-9TlTcÖ3658<-3kY$C/7�9�5.J

A ∈ Cn×n 58<÷f�@�9TG-C/<?\Hg	@�9�BDC/].\HhI@�9�B
w�3NMTlTc-9�5E36w 36<óSV589TG�s{a U-<Iõ�lTcIMT7D>µ@�]8R�7XR�36BDõ/öøxe3 j <-587�58@�<÷G?3NMdYk5E<-58BDC/]8^�@�]8_�<-@�BDM6F
G-C�MTM

∀v ∈ V : mF (F )(v) = 0,U-<IGyG-C/BD587{>Aù-9}C/]8]E3
v ∈ V

F¯G-C�M�M
fdimF (v) ≤ deg mF

FIC/]EMT@XC/UIlTc

frang(F ) ≤ deg mF .
¬ ���/sûú?­

:=Büh-@�]ER�36<IG?36<nÏ�@�<IM�7�9�U-5E369�36<nSV589½<1U-<�3658<nOQ]836BX36<17
v0 ∈ V

F�>Aù-9£G-C�M
fdimF (v0) =

deg mF
R�58]E76sIa 369�]E36R�7VBDC/<yG-C�M}Y[58<-58BDC/]8^�@�]8_�<-@�Bý58<�þ"5E<-3NC/9¤>µC/Ï�7�@�9�36<

mF =

m∏

i=1

(X − λi)
li ,

M�@ j <IG?367�BDC/<�BX587"Ù	58].>µ3£G?3NM½Ô�C/7�v63NM�ù-w 369�G?5E3Qf�@�9TG-C/<?\Hg�@�9�BLC/].\Hh-@�9�B ¬ MT5836c-3«c-58369�v6U
p�@�9�@�]8]EC/9;r	sut'­Z3658<-36<[]858<-3NC/9�36<kÿ	<17�369�9TC/U-BØo�@�<

W
o�@�<

V
F M�@dG-C�MTM

F (W ) ⊂ W
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A|W =

































λ1 1

λ1 7 7 77 7 7 1
λ1



















λ2 1

λ2 7 7 77 7 7 1
λ2










7 7 7 








λm 1

λm 7 7 77 7 7 1
λm

































,

8 -!�	��"9�'"#� λi : 3!34; 8 ��"%(���<!��;*(*$�&�"#�)�'���=(�"%���>�����?�'"%�@/,;�A!B!�C�'�)(EDGF!(�2*$*&�����(<!-!� λi �!��;*3!�'� li "H(�2I�����J�'��KL��3!$*& A|W ∈ CdegmF×degmF M�N KPO�-! %�!�����'���Q(���"
"#KLKR��;

d := deg mF

�!�)(���2���2 MTS "#;U(���2������

w0 =

d∑

j=1

αjej
KL"#2 αj =

{

1 ∃i∗ ∈ {1, ...,m} : j =
∑i∗

i=1 li = l1 + · · · + li∗

0 (�-!��(*2
V�W!W MYX[ZV 34 %(*- w0 = (0, ...0, 1

l1
, 0, ..., 0, 1

l1+l2
, 0, ..., 0, 1

d
, 0, ..., 0
︸ ︷︷ ︸

W⊥

Z�Z*\ �����]����"#�!��� \ ��3!(*(^�'"#�
_ ��`
2�-!;����

w0, Aw0, A
2w0, ..., A

d−1w0

 #"%���)34;a����34��&�F4���!"#�J(�"#��� Mcb "#2ed���KRKL3gf M W)h �!"# %2G+.��; j = 1, ..., d − 1 ����� l =
l1, l1 + l2, . . . , l1 + ...+ lm−1, d

V &�"#��;i�����L"#KjO�-! #�!�����'����(���" (a
b

)
:= 0 +.��; b > a Z

Aje(l1+...+li) =

si∑

p=1

(
j

li − p

)

λ
j−(li−p)
i el1+...+li−1+p

V�W!W MYk[Z

�����l+m-! #�! #"H$*&

Ajw0 =

m∑

i=1

li∑

p=1

(
j

li − p

)

λ
j−(li−p)
i el1+...+li−1+p.

V�W!W Mon�Z



p�q�p r�r�s
t!u	v�w	x
y�z�{�y�w}|	y�~gt�u	v�w	x[y����!{�����v4���!���
�
���������#�����L�4���'�#�,�����
���!�����

Ajw0, j = 0, ..., d − 1
�4�%�9�[���4�#�����[�!���[���!�����@�%�����%���

� �4�������
B � ���E�������4�#�U� �4�¢¡m£U�#�U�%�!�*�������'�#�a¤I¥��#�#��� � �'�#�,¦�¥ W⊥ § ����¨!����� � £©� §'ª

B =














































0 0 0 0 · · · 1 · · ·
(

d−1
s1−1

)
λ

d−(s1−1)
1««« ««« ««« ««« ««« «««

0 0 0 1 · · ·
(
s1−1

3

)
λs1−4

1 · · ·
(
d−1
3

)
λd−4

1

0 0 1
(
3
2

)
λ1 · · ·

(
s1−1

2

)
λs1−3

1 · · ·
(
d−1
2

)
λd−3

1

0 1
(
2
1

)
λ1

(
3
1

)
λ2

1 · · ·
(
s1−1

1

)
λs1−2

1 · · ·
(
d−1
1

)
λd−2

1

1 λ1 λ2
1 λ3

1 · · · λs1−1
1 · · · λd−1

1

««« ««« ««« ««« « « « «««
0 0 0 0 · · · 1 · · ·

(
d−1

sm−1

)
λ

d−(sm−1)
m««« ««« ««« ««« ««« «««

0 0 0 1 · · ·
(
sm−1

3

)
λsm−4

m · · ·
(
d−1
3

)
λd−4

m

0 0 1
(
3
2

)
λm · · ·

(
sm−1

2

)
λsm−3

m · · ·
(
d−1
2

)
λd−3

m

0 1
(
2
1

)
λm

(
3
1

)
λ2

m · · ·
(
sm−1

1

)
λsm−2

m · · ·
(
d−1
1

)
λd−2

m

1 λm λ2
m λ3

m · · · λsm−1
m · · · λd−1

m














































∈ Cd×d,

¥����l�)�U�%�*�©¦�¥�¦���� § ��� � ���!�*� B ��� § ¥��%�4�5�%����¬T�[���­�4�%�*� α ∈ Cn �R�#� Bα = 0
¬�®¯�U�H���

¦�¥�¦���� § ��� � ���!�*� α = 0
¬T°±�#�5�	�����*�!�*�[�����^�[¥��C���!��²³�!�#´[���!�

g(X) :=

d−1∑

i=0

αiX
i ∈ C[X].

µ ��¦����%���������@£U�#�U�R�#�
g(p) �'�%� p ¶ ���,·.�!���L�4�%�,¸I���#���#��¥�� § �!�!� g � ��� § �#�#�

g(p)(X) =

d−1∑

i=0

αi(i · ... · (i− (p− 1)))X i−p

= p! ·
d−1∑

i=0

αi

(
i

p

)

Xi−p

¡�¹!¹4¬Yº ª

¥����@���4�L�#�
g(p)(λi) = 0

·m»��
1 ≤ i ≤ m, 0 ≤ p ≤ si − 1,

¡�¹!¹4¬Y¼ ª
£©�!�����¾½��l���#�����'��� ¿,�#���%�*�[¥�� § ���?���#�����LÀ����#�#� �!�!� Bα = 0

�����*�������%������¬ÂÁ,�4�*�4¥��
·m�!� § �5��¥�� � ���!�*� g �!�!� � �#���#�L�4�%���!�#´
���!�

mF (X) :=
m∑

i=1

(X − λi)
si

§ �������#�%�U£U�#�*�Ã¬ mF
�%���U���#�@²³�!�#´
���!�Ä�!�!�Å¿,�*�!�

d
¬
g
�%���U���#�@²³�!�#´
���!�Æ�!�!�Ç¿,�*�!�

d− 1
¬�Á,�4�*�4¥��9·.�!� § � � ���!��� g ���!�I¤I¥��#�#�	�!�#´
���!�j�H����¬ µ ��¦����%�*�������}£U�#�U�R�#�

v0
�'���



È�È�É È�É�Ê�Ë	Ì�Í	Î
Ï�Ð�Ñ�Ï�Í Ò�Ó�Ô
Õ�Ö�×
Ø�Ù!ÚÜÛ�Ý�ÚeÞ�Ù
Ù!Ú*ß'à#á�â4Ø�Ö�á�ß�â4Ú*ã�Ø�Ö�ä#ä#Ý�á�å

w0 ∈ Cn æ ã�Ù@ç�â4è	Ö�áQéUà#ÚÜÖ�à#áQê�ä#Ö�ëLÖ�á�Ø v0ì Ù!á W ⊂ V
å!Öîí.Ý�á�ß'Ö�á æ ímï�Ú�ß�â!ã

fdimF (v0) = d.

ð�Ý�ã*â4ëLëRÖ�álëRà#ØGñ!ñ4òôóEímÙ!ä#å!ØUß�â4ëRà#Ø�ß�â!ã�õiÖ�ç�â4Ý�ö�Ø�Ö�Ø�Ö!ò
÷1Ö�Ú øTâ4ä#ä

K = R
ä%ù!ã*ã�Ø ã�à%ú*ç±ëRà#ØRûIà#ä�ímÖ@ß'Ö)ãL×!Ù!ëLö�ä#Öîü
Ö�áýø�â4ä#ä%ãRÖ�Ú�ä#Ö)ß'à#å!Ö�á�ò©÷,â!ã*ã

frang(F ) ≤ deg mF
ímÙ!ä#å!Ø5éUà#Ö)ß'Ö�Ú�Ý�ëÄÝ�á�ëRà%Ø�Ø�Ö�ä#è�â4ÚUâ4Ý�ã�ß'Ö�Ú9÷1Öîþ�á�à#Ø�à#Ù!á@ß'Ö)ã�ÿ^à��

á�à#ë â4ä#ö�Ù!ä � á�Ù!ëLã)òT÷1Ý�Ú*ú*ç��Iè�Ö�Ú�å�â4á�åCÛ�ÝJÖ�à#á�Ö�ÚaÞ�Ù
Ù!Ú*ß'à#á�â4Ø�Ö�á�ß�â4Ú*ã�Ø�Ö�ä#ä%Ý�á�å@ã�Ö�à�Ù!ç�á�Ö
ê�à%á�ã*ú*ç�Ú*ù4á�×
Ý�á�å

V = Rn Ý�á�ß A ∈ Rn×n Ö�à#á�Ö,ÿ}â4Ø�Ú�à�ü æ ß'à#Ö F Ö�á[Ø*ã�ö�Ú�à%ú�ç�Ø�ò�� á�ß'Ö�ë
ëLâ4á

A
â4ä%ã��9è�è�à#äHß'Ý�á�å ì Ù!á Cn á�â!ú*ç Cn â4Ý
	�â!ã*ã�Ø æ þ�á�ß'Ö�ØIëLâ4ágâ4á�â4ä#Ù!å Û�Ý^Ù!è	Ö�áÖ�à#á

v0 ∈ Cn æ ã�Ù0ß�â!ã*ãiß'à#ÖIÕ�Ö�×[Ø�Ù!Ú�Ö�á v0, Av0, ..., A
d−1v0

ä#à%á�Ö)â4Ú¯Ý�á�â4è�ç�ù4á�å!à#å ã�à#á�ßÃò
�JÖ�á�á¢ë â4ágß'à%ÖeÙ!è�à%å!ÖRÞ�Ù!á�ã�Ø�Ú�Ý�×
Ø�à#Ù!á ì Ö�Ú ímÙ!ä#å!Ø æ è�Ö�ëLÖ�Ú�×[Ø,ëLâ4á æ ß�â!ã*ã,Ø*â4Ø*ã�ù!ú*ç�ä#à%ú�ç
v0 ∈ Rn ò
�
ú*ç�Ú�Ö�à#è	Ö�á@éUà#ÚUá�ù4ëRä%à%ú*ç

v0 =

m∑

i=1

vi,

é©Ù!è�Ö�à5ß'à#Ö
vi
éUà#Ö Ù!è�Ö�á>Û�Ý���ÖLÖ�à#á�Ö�ë��!Ù!Ú*ß�â4á
� ÞGù!ã�Ø*ú*ç�Ö�á?å!Ö�ç��!Ú�Ö�á æ ã�Ù}ã�Ø�Ö�ä#ä#Øaã�àHú*çÛ�Ý�á�ù!ú�ç�ã�ØGç�Ö�Ú*â4Ý�ã æ ß�â!ã*ãIí.ï�Ú1Ú�Ö�Ö�ä#ä#Ö λi ß'à#Ö vi Ú�Ö�Ö�ä%ä#Ö0û1â4Ý�ö�Ø ì Ö�×[Ø�Ù!Ú�Ö�á¢ã*à#á�ß æ é©Ù!ç�à#á
�

å!Ö�å!Ö�á±Ö)ú*ç�Ø ×!Ù!ëRö�ä#Öîü'Ö@ê�à#å!Ö�á[éÂÖ�Ú�Ø�Ö�� Ö�é©Ö�à#ä%ã à#á��¾ù4Ú*ú*ç�Ö�á
λi, λ̄i

â4Ý'í.Ø�Ú�Ö�Ø�Ö�á�� ã�à#Ö�ç�Ö
ç�à#Ö�Ú�Û�ÝRß'Ö�á��
â4Ø�Û9ï�è	Ö�Ú¯ß'à#ÖUÚ�Ö�Ö�ä#ä#Ö��!Ù!Ú*ß�â4á
���IÙ!Ú�ëLâ4ä�� ø�Ù!Ú�ë��Iò �"!*ò�ÿ}â4áRè	Ö�ëRÖ�Ú�×[Ø�á[Ý�á� ã�à%Ö�ç�Ö©Û!ò õ1ò�ß'Ö�áEõiÖ�éÂÖ�à%ã ì Ù!áEß'Ö�Ú�Ú�Ö�Ö�ä#ä#Ö�á#�!Ù!Ú*ß�â4á
���IÙ!Ú�ëLâ4ä�� ø�Ù!Ú�ë$! æ ß�â!ã*ã ß�â4Û�ÝRâ!ã*ã�Ù%�
Û�à#à%Ö�Ú�Ø�Ö�á$�³ù4Ú*ú�ç�Ö�á ì Ù!á vi, v̄i ��Ö�éÂÖ�à#ä%ã5Û�Ý�Ö�à%á�â4á�ß'Ö�Ú9×!Ù!ëRö�ä#Öîül×!Ù!á&��Ý�å!à#Ö�Ú�Ø�ÖÜÕ�Ö�×
Ø�Ù!Ú�Ö�á
ã�à%á�ß æ ã�Ù^ß�â!ã�ã vi + v̄i

Ö�à#á�Ö�á>Ú�Ö�Ö�ä%ä#Ö�á¢Õ�Ö�×
Ø�Ù!Ú0Ö�Ú�å!à#è�Ø�ò¾÷,â4ëRà#ØaÖ�Ú�é©Ö�à%ã�Ø0ã*à%ú*ç
v0
â4ä%ã

Ú�Ö�Ö�ä#ä ò
�

�ýà#Ú5Ö�Ú�éÂÖ�à#Ø�Ö�Ú�á^ß'à#ÖGÙ!è�Ö�áCÖ�à#á�å!Öîí.ï�ç�Ú�Ø�Ö�á@õiÖ�å!Ú�à�	ÃÖGÝ�ëÄÖ�à#á�ÖGé©Ö�à#Ø�Ö�Ú�Ö

')(�*�+-,.+0/1+32.,=ñ!ñ4òôó547618:9
V

8;9-<
K =&> 8@?BADCFEGEIHKJ"LML#93A

dim V =: n N F : V → V
8;9-<

O 9-<P8QHFEQ8:ESRUT
8:EVHFADCFEWJ"<
X
v ∈ V Y[Z HF<�<]\;8:A0^B8:<`_a9-E

afdimF : V −→ {0, ..., n}
v 7→ min

S⊂N,card(S)<∞
dim span{F kv | k ∈ N \ S}

��ñ!ñ4ò#ñ;bc!
Jc<5Xd<
8;<�<
8:<SXF9e8@\f8hgdifi:9 O XKJ"<kjlXF9m8an�o;p.q�rtsfu�sfv3ofw%x.y)z1u5{3|5yc}.~Uvmq�yc}.ofv3u
}`�hy"�k�t|��
{3v-w%x

F Yd� 93Ed<
8:<5<
8:<`_�8:9-A�8;E
afrang(F ) := max

v∈V
afdimF (v)

��ñ!ñ4ò#ñ!ñ&!
Xk8;<�n�o;p.q�rtsfu�sfv3ofw&xty"}�z1u
{-|
y"}t�Bn�}t|���CF<

F Y
� 	ÃÖ�á�ã�à%ú�ç�Ø�ä#à%ú�ç à%ã�Ø ß'Ö�Ú¯â!ã � ëLö�Ø�Ù!Ø�à%ã*ú*ç�Ö5ø�Ù!ä#å!Ö�á�Ú*â4á�åÜ×[ä#Ö�à%á�Ö�Úcå!ä#Ö�à%ú�çEß'Ö�ë ç�Ö�Ú�×F�!ëRë��
ä#àHú*ç�Ö�á ø�Ù!ä#å!Ö�á�Ú*â4á�å�òi÷1Ö�Ú��9á[Ø�Ö�Ú*ã*ú*ç�à%Ö)ß è	Ö)ã�Ø�Ö�ç�ØRà%á ß'Ö�Ú��câ4Ø*ã*â!ú�ç�Ö æ ß�â!ã�ãEÛ�Ý�ÚLõiÖ:�
ã�Ø�à%ëRë0Ý�á�å ß'Ö�ÚI÷1à#ëRÖ�á�ã�à%Ù!á�Ö�á�ß'ä#à%ú*ç ì à%Ö�ä#ÖGÕ�Ö�×[Ø�Ù!Ú�Ö�ágß'Ö�ÚIø�Ù!Ú�ë F kv

éÂÖ�å!å!Ö�ä%â!ã*ã*Ö�á
é©Ö�Ú*ß'Ö�áL×F�!á�á�Ö�á�ò'÷Ià%Ö�ø�Ú*â4å!Ö æ ß'à#Ö�ã*à%ú*ç���Ö�Ø�Û�Ø¯Ý�á�ëRà%Ø�Ø�Ö�ä#è�â4Ú¯ã�Ø�Ö�ä#ä#Ø æ àHã�Ø�ß'à#Ö�á�â!ú*ç Ö�à#á�Ö�ÚÖ�è	Ö�á�ã�Ù0ã*Ùa×[äHâ4Ú�Ö�á æ å!Ö)ã*ú*ç�ä%Ù�ã*ã�Ö�á�Ö�á ø�Ù!Ú�ëRÖ�ä�â4Ý�ú�çLímï�ÚÂß'Ö�á â!ã � ëRö�Ø�Ù!Ø�àHã*ú*ç�Ö�áLø�Ù!ä#å!Ö�á
�
Ú*â4á�å�òP�[à%ÖGéUà#Ú*ßlè�Ö)â4á[Ø é©Ù!Ú�Ø�Ö�Ø1ß'Ý�Ú*ú�çCß'Ö�á�ímÙ!ä#å!Ö�á�ß'Ö�á



�Q�V� �Q���c�F�P�K�P�c�
�
�
�1�`�P�
� �K�P�K�P�"�1¡@¢F�
£�¤��%¤�¢F¥k¢
¦5§
¨1©«ªFª%¬ ­�®�¯1°:±

V
°;±-²

K ³&´ °@µB¶D·F¸G¸I¹Kº"»¼»#±3¶
n := dim V < ∞

º"²
½
F : V → V°:±3²�¾7²
½K·F»�·F¸�¿�À"±0ÁG»#ºKÁ;Â1¯1°:±ÄÃ�°:±-¶�°;¸

mF
½K¹%Á�Å ±3²�±3»�¹%Æ ¿
·%ÆÈÇ%²5·K»ÊÉ�·K²

F
Â.¯PËGÀ"¸Q°:±eÌÍ°:²

Ãa±3¸
mF (X) = Xsf(X),Ãh·kÌ�°:±

s ≥ 0
»�¹�Î%±3»�¹%Æ5Ïk°:ÃhÐ&À"ÆÈ¶ÑÃa±-¸V½&ÒaÁ;·)ÏK±0ÆÓ¶

afrang(F ) = deg f = deg mF − s. Ô ªFª%¬ÕªfÖ"×
Å ±3¶Ø¹K²5½k°:¸Q°:²ÚÙ)·F¸@¶�°;²
ÒØ½F±e°�¹%ÁGÇ%»Ø¿
¶D·F¶e±0Á:ËGÀ
°#Û.·%Æ Ï"°:²�¸V¹F²kÏ ±0ÁG¶Ø½"°:¸]Ü7¸V¹K½`½k°@Á#Å ±3²�± ³»�¹%Æ ¿c·%ÆÓÇ%²5·F»WÁÝ»)±3²�ºkÁl½k°@ÁÞ¾�Î@¿c·K²
°:²�¶�°:²�Òß½k°:¸�à;ºc»á¾7±ÓÏk°:²�Ã�°:¸G¶aâdº"Æ-Æ5Ïk°GÀcãF¸G¶DÂ
ä�å
æ�å5ç-è ®�éØê;ë�ìaí0î
ïmðFñ�ò�ò�ê;íÕó�ò�ð%ô0õ
ê;ë�öQê;óQ÷;ê;îùø7íÕëúø7íÕêfû
ê;ë

d := deg mF
¬Ñé�ü�ëÍñ�ò

ìaí0î�öQê;óQ÷;ê;î$ýFþFî
F

íÕî�ö�ÿ íÕî�í � ð%ô��PþFô��cî�þ � ê;ëQò��%ôÕó � ð%î��Fê � �
	�é�ê���î�íÕóQí0þFî]û
êföÞÿ í�

î�í � ð%ô��
þFô��"î�þ � ö�ê;íÕî�ê���ôÕê;í-ñÍòkü�î��Sû
ê;ë���þFë �

F sf(F ) = 0,ð%ô0öÍþ�öÍíÕî�û ï���ëÝð%ôÕô0ê
v ∈ V

û
íÕê
F sv, F s+1v, ..., F s+deg fv

ôÕíÕî�êfð%ëdð%õ�ò��%î��Fí����1ø�þFë�

ð%ü�ödü�î � íÕóQóQê;ôÕõ�ð%ë

afrang(F ) ≤ deg f
ïmþFô��Fó;¬�� � û
íÕê��Ñê;ò�ð%ü���óQü�î��]û
êfö��cð%óQ÷;êfö

÷;ü��Fþ � ��ôÕê;óQóQíÕê;ëQê;î ÷;ê;í��Fê;î ø7í0ë�îkü�î �ßû�ðFöÍö�ï!��ë�ê;íÕî"�Fê;ê;í��Fî�ê;óQêfö
v0 # ê;ø ê;íÕô0ö

d − sð%ü
ïmê;íÕî�ð%î�û
ê;ëVïmþFô��Fê;î�û
ê%$aê&�cóQþFëQê;î
F k+1v0, F

k+2v0, ..., F
k+d−sv0ôÕí0î�êfð%ë�ü�î�ð%õ�ò��%î��Fí�� öQí0î�û ¬Ñé�ð&ï!��ëúõPê;óQëÍðFñÍò"óQê;î ø7íÕëú÷;ü�î��FñÍò�öQó$û
ê;î'��ð%ô0ô

K = C
¬

�ØîkóQê;ë)(
ü�ò�íÕô�ïmê;î�ð%ò � ê�û
êfö*�cð%óQ÷;êfö���õPê;ë�û
í0ê�+FþFëÍû�ð%î,
.-ÞþFë � ð%ô�
.��þFë � ê;ëQò��%ô0ó � ð%î
û
ü�ëÍñ�ò/(
ê;ëQôÕê&�Fü�î���ýFþFî

f

f(X) =

m∏

i=1

(X − λi)
si

íÕî101íÕî�êfð%ëVïeð
�"óQþFëQê;î Ô û
íÕê
λi

öQê;íÕê;î���ðFð%ëQø ê;í0öQêWýFê;ëÍöÍñÍò�íÕêfû
ê;î ×ßê;íÕî�ê;î2�Þî"óQê;ëQëÍð%ü � W
�

õPê;÷&���FôÕí0ñ�ò û
êfö�öQê;î«õ
ê;í3�Fê;ê;í��Fî�ê;óQê;ë54 ð%ò�ôhû
ê;ë%�ÑðFöÍí0ö�ü�î�û76ÞõPê;ë8�Kð%î���÷;ü�ëdê;îkóÍö9��ëQê�
ñ�ò�ê;î�û
ê;ë;:Þþ"þFëÍû
í0î�ð%óQê;î�û�ð%ëÍöQóQê;ôÕôÕü�î��)ê;íÕî�êÞÿ`ð%óQëQí�<
A

ýFþFî
F

û
íÕêÞï3þFô��Fê;î�û
ê=��þFë � ò�ð%ó
Ô öQí0ê;ò�ê>:ÞþFëQþFôÕô0ð%ë�?Ø¬ ­@��÷;ê;ëQô0ê&�FêÝû
ê;îA�Þî"óQê;ëQëÍð%ü � W

ð%ü�ö�û
ê � :�þFëQþFô0ô0ð%ë7ò�íÕê;ë7ø�ê;í0óQê;ë÷;ü
W = W ∗ ⊕W0

�
ø�þFõPê;í
W0

÷;ü � ìhí��Fê;îkø ê;ëQó
0
�Fê;ò�BFëQóØü�î�û`ð%ëQõPê;íÕóQêÝò�íÕê;ë � íÕó

W ∗ ×DC

A|W =















































λ1 1

λ1 E E EE E E 1
λ1



















λ2 1

λ2 E E EE E E 1
λ2










E E E 








λm 1

λm E E EE E E 1
λm















































.

$=BFôÕôÕí��`ð%î�ð%ôÕþF�«÷;ü � �Ñê;ø�ê;í-ö�ýFþFî��cð%óQ÷ ªFª%¬HG øI�%ò�ôÕó � ð%î îkü�î
w0

�aü�î�û ê;ëQò��%ôÕó&�
ø ê;î�î � ð%î�û
íÕê>$aê&�"óQþFëQê;î

Ak+1w0, ..., A
k+d−sw0

ê;õ
ê;î
ïeð%ôÕô0ößð%î�ð%ôÕþF��ø7íÕê�þFõPê;î$ð%ô0ö



J8JLK JLKNMPORQPSRT@UWVWXWU S Y8Z8[
\^]�_
`�a8b&c^dFb&e^a8fFg8b&c1h�cib&h�c�b%j2_
a8g8h�k

B l9m9n g8b&h�o�a&prq�_ l;s fF`�tFb&c�q,b%uIh�`�qwv

B =








































( k+1
s1−1

)
λ
k+1−(s1−1)
1 · · ·

(k+(d−s)
s1−1

)
λ
k+(d−s)−(s1−1)
1

(
k+1
s1−2

)
λ
k+1−(s1−2)
1 · · ·

(
k+(d−s)
s1−2

)
λ
k+(d−s)−(s1−2)
1xxx xxx

(
k+1
1

)
λk1 · · ·

(
k+(d−s)

1

)
λ
k+(d−s)−1
1

λk+1
1 · · · λ

k+(d−s)
1

(
k+1
s2−1

)
λ
k+1−(s2−1)
2 · · ·

(
k+(d−s)
s2−1

)
λ
k+(d−s)−(s2−1)
2xxx xxx

λk+1
2 · · · λ

k+(d−s)
2

xxx xxx
( k+1
sm−1

)
λ
k+1−(s2−1)
m · · ·

(k+(d−s)
sm−1

)
λ
k+(d−s)−(sm−1)
mxxx xxx

λk+1
m · · · λ

k+(d−s)
m








































∈ Cd−s×d−s.

y l h l a3z&{|z&b&h�tFb&c pPq�_ l9l B g8b&tF{�`�}
g3h l a x \^b&h�_
` l f α ∈ Cn ~ h�a Bα = 0 xP� _
c�c n _
oWb&c� h�g�z&{)z&b&h�tFb&c p�q�_ l9l α = 0 x uIb&a8g9_ m9n a8b�cN{�c2q�_ lD� fF`��^c�f ~

g(X) := Xk+1
n−1∑

i=0

αiX
i ∈ C[X].

uIb&z&b&h mLn c�b&c � h�g ~ h�a g(p) q,h�b p � a8b s fFg ~ _
`�b>��o�`�b&h�a8{�c�t�dFfFc g p l f�tFh�`�a

g(p)(X) = Xk+1

(d−s)−1
∑

i=0

αi(k + 1 + i) · ... · (k + 1 + i− (p− 1)))X i−p

= (p!)Xk+1

(d−s)−1
∑

i=0

αi

(
k + i+ 1

p

)

Xi−p

�8�F� x ���^�{�c�q�q�_ ~ h�a
g(p)(λi) = 0 s!� g 1 ≤ i ≤ m, 0 ≤ p ≤ si − 1,

�8�F� x ���,�� fFoWb&h��8bib&h�c�b*q,b&g��>`�b&h m9n {�c�tFb&c�b&h�c�b&g��Wb&h�`�b�dFfFc
Bα = 0

b&cNa l ]�g8h mLn a x�� _
g9_
{ l
s fF`�tFa;cN{�c pRq�_ l9l g dFf ~ � fF`��@c�f ~

f(X) :=

m∑

i=1

(X − λi)
si

tFb&a8b&h�`�a � h�g9q x f _
oRb&g;h l a�b&h�c � fF`��@c�f ~ dFf ~ �=g9_Fq
d− s x g h l a�b&h�c � fF`��^c�f ~ dFf ~�=g9_Fq

k + (d − s) ~ h�a�q,b&g (k + 1) ��s _ m9n b&c���{�`�` l a8b&`�`�b 0 x�� _�_
`�`�b λi 6= 0
p � h�g9q

g
dFfFc

Xk+1f(X)
tFb&a8b&h�`�a&p�b&h�c � fF`��^c�f ~ dFf ~ �=g9_Fq

k + (d − s) + 1 x3� _
g9_
{ l
s fF`�tFa&p�q�_ l9l g q�_ l ��{�`�`�]RfF`��@c�f ~ h l a x^� h�gI��c�q,b&c l f ~ h�a�b&h�c y `�b ~ b&cNa v0 ∈ V ~ h�aq,b&c fFoWb&c¡b&g8e^`¢}
g8a8b&c y h�tFb&c lLm9n _ s a8b&c x3� _ ~ h�a%h l a5q,b&g|£�_
`�` K = C

b&g8`�b�q,h�tFa x¤� b&g
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0 6= v0 ∈ V 9 �;:	� 4 7&�/ <��7=7> ��?� 5 �6" 9 �	
! @�	
A:%�	�; @�	
CBD� 9 �	
�7	E�FG� 5 �D�	� 5�H "�"$�I7���
J <Kì�Ì�î

{z ∈ V | ∃k ∈ N : z = F kv0}
�L7	�M:%��7	E�F���N�
+���D��
J 

ì�º�î
span{F kv0 | k ∈ N} = V

,
BD�=7&�&�POQ�	
#RS���TBD� 9 �	
+7	E	FG� 5 ��ì�º�îU <����E�Fì�É�º�î

∀S ⊂ N
�����

card(S) < ∞ : span {z ∈ V | ∃k ∈ N \ S : z =
F kv0} = V,7&�(
!�&
2
!�	
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F
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e7	E	F@"d�&��
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fdimF (v0) = n:%OgRh,�BD� 9 �	
+7&E�FG� 5 ��ì�É=º�î
afdimF (v0) = n�	
J��7c)!����E	F�� 4 ���<7b @�&
!�	
a
J��� H �="$��E	F����Qi6�����6"L�	�Ijk�6" 9 �	
J�l��
 9 :=O&Rh,1���Qi6������"d�	�T�67�m6� �)!���<�?�L7&E�F+�	�nj_�6" 9 �	
2����
 9 5 �6" 9 ��,
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Å�Å ½!¾ ¼�¿FÄ&Å�å,Ä&ÆTo�»
Ê�ç�À9ÎL»
À8Ñ�p
qJr ý�s�ÒFÒ
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V
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n := dim V < ∞
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F : V →

V
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ABT
J <�������c)2F��P7����@7	,

F
�P7�� 9 �&
J���x <��
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∀λ ∈ Spec(A) : dim(Eigλ(A)) = 1
,

-��	���c�	�0�P7��
F 9 �	
J�<�| <��
J
C7	�����%� 5 �6" 9 �	
+7�����:	�P" 4J5 �6"�"�7nO&�@7	N<�PO	"$��E�F(O&�~}c�����G
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F
�P7��M�&��
e�=7	�������c)2F��P7����@7

9 � 9 �g:%�	
��L7	��,Y=ù+�iùrû��@��ä"Ã�Æ�Î9À9»
Æ8À8Ä&Å5Á�Ã�À�å,Ä&Æ 
 ���	:=�	���	�%����
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¼�ç ¾ ¼L�@Å ¾ ÁÀ8Ä&Ã�¼�À&ë,»
¼¢Î ¾ ïWÄ&Ã�å,Ä0� ¾ ¼L�@Å ¾ Á�Ä�Á�Ã�À8Ä&Ã�Å�»
Å�å,Ä&ÆIÃ¢å,Ä&ÅNÀ8Ã�ê�Ñ&Ã�Ä&Æ8À�Ë�Ä&Æ9å,Ä&ÅAíFÈFÅ�Å�Ä&Å Ó
�
=⇒ � p Ð Ä&Ã F ½�¾ ¼�¿FÄ&Å�Î9À9»
ï�Ã�¼�Ê�Å�å v0 6= 0

Ä&Ã�ÅC�ÂÄ&í^À ¾ Æ&ë ½ ô�Æ�å,Ä&Å1å,Ã�Ä�¿FÄ ½!¾ Æ9å,Ä&Æ8À8Ä&Å2öÏÃ�õ
¿FÄ&Å�Î9òLó�» ½ À8Ä&Å1Ä&Æ ½ ô�¼�¼�ÀIÎ9Ã�Å�åwÓ



���=� ���@�<�1�<�1���������!���d�6�d����� ���%�
 ¢¡�£A¤;¥�¦?§%¨G©ª¥L«T¬�­&®�¯&­&°

B := {z ∈ Kn | ∃λ ∈ K, |λ| ≤ 1, k ∈ N : z = λF kv0},± °2£e²³­&¥L®�­&«n¬%­&¥ B̄ £+­&«n´bµ2¬%¶=·�¸ ± ¬%¬T£+­&«b¹�º�°@»�­	¼+­&°|½n¾�¸L¸L­¿»�º�° B À B̄ ¥P¬�®Á°2¡�¶=·|ÂTº�°+Ã
¬�®�« ± ¹G®�¥Lº�°/­&¥L°�­¿µ1­g¬%¶%·�«%Ä6°�¹G®�­>ÅnÆ�Ç�­&µ ± °�Ç�£+­&«TÈ ± ¸L¸ ÀvÉËÊ ¥L® d := minz∈δB ||z||2

Ç�¥L¸L®
Ud(0) ⊂ B̄ À Ì ©{­&¥L®�­&«DÇ�¥L¸L®Á²³­&Ç�­&°z£+­&«ÎÍ�®�­&®�¥LÇ�¹�­&¥L®D»�º�° F ¨

FB̄ ⊂ B̄.
¤�Ï�Ï À ÏgÐ�¦ÈÎ¡�¶%·VÍG¡6®�¯ÑÏ&Ò À�Ó ¥P¬�® F ¬�º�Æ�¥P®Á¬%®%¡6µ�¥L¸�Ô+¡6¸P¬�ºC¤;¥?¦S­&«�Õ;¾�¸L¸L® À

 ¢¡�£Ö¤;¥L¥?¦?§%¨ Ê ¥L®b½n¥L¸dÕ;­¿»�º�°#×³­&Æ(­&«�¹ ± °�ÇVÏ�Ï À8Ø ± °2£{ÍG¡6®�¯aÏ�Ï À�Ù ¬�®�­&¸L¸P­&°C²D¥L«TÕ;­g¬�®&Ô1£�¡�¬%¬£�¡�¬ Ê ¥L°�¥LÆ(¡6¸LÚ1º�¸LÛG°�º�ÆÜÆ(¡�¼+¥LÆ(¡6¸L­&°ÑÝÎ«%¡�£a·2¡6®&ÔG²³¡�¬ÁÆ�¥P®³£+­&«MÞSº�«�µ!­&Æ�­&«�¹ ± °�Ç�¯ ± Æß ¥L­&¸vÕ;¾�·�«�® À
 ¢¡�£{¤;¥L¥P¥?¦?§%¨+Í�­&¥�° ± ° F £�¡6«�¾�µ!­&«�·�¥L°2¡ ± ¬D¬%®%¡6«�¹(Õ;º�¸LÇ�­&°2¬�®%¡6µ�¥L¸ À�à ¡�¬�­&¥L° Ê ¥P°�¥LÆ(¡6¸LÚ1º�¸LÛ�Ã°�º�ÆáÆ(¡�¼+¥LÆ(¡6¸P­&°/ÝÎ«%¡�£/·2¡6®&Ô+Õ;º�¸LÇ�®ÁÆ�¥L®TÍG¡6®�¯�Ï�Ï À ÐGÔJ£�¡�¬%¬ 0

¹�­&¥L°eâS¥LÇ�­&°�²I­&«�®n»�º�°
F¬�­&¥P°a¹6¡6°�° À F ¥P¬%®³Õ;º�¸LÇ�¸L¥�¶%·/­&¥L°eã¢¬%º�Æ�º�«�Ú�·�¥P¬�Æ ± ¬ À

 
⇐=

§%¨äÍ�­&¥
F
¯ ± °2Ä�¶=·2¬�®.­&¥L°AâS°2£+º�Æ�º�«�Ú�·�¥P¬%Æ ± ¬&Ôk£+­&«.£+¥L­�âS¥LÇ�­&°2¬=¶%·2¡�Õ;®�­&°æåcç�è ± °2£å¢ç�ç�è.­&«�Õ;¾�¸L¸L®&Ô*¡6¸P¬�º

F
­&¥L°Ö¬�®%¡6µ�¥L¸L­&«>âh°2£+º�Æ�º�«�Ú�·�¥P¬�Æ ± ¬>Æ(¥L® Ê ¥L°�¥LÆ(¡6¸LÚ1º�¸LÛG°�º�Æé»�º�°

Æ(¡�¼+¥LÆ(¡6¸P­&ÆêÝÎ«%¡�£ À ´ ± Õ;Ç�« ± °2£~»�º�°ëâS¥LÇ�­&°2¬%¶=·2¡�Õ�®#åcç�ç�èuì2°2£+­&°ë²D¥L«uÆ�¥L®.ÍG¡6®�¯#Ï�Ï À�Ù­&¥L°
v0 ∈ V

Æ�¥L®
fdimF (v0) = n

Ô�Æ�¥L®D¡6°2£+­&«�­&°C©{º�«�®�­&°
span{F kv0 | k ∈ N} = V.Âbí�°�°�­&°{²D¥L«n¯&­&¥PÇ�­&°�Ô1£�¡�¬%¬U£+¥L­ Ê ­&°�Ç�­ {F kv0 | k ∈ N}

µ1­g¬%¶=·�«%Ä6°�¹�®U¥P¬�®&Ô1¬�ºÑÕ�º�¸LÇ�®
£+¥L­e×M­&·2¡ ± Ú�® ± °�Ç À³à ¡ F ¬�®%¡6µ�¥P¸M¥�¬�®&ÔîÇ�¥Lµ�®�­g¬�­&¥L°�­/µ!­g¬=¶%·�«%Ä6°�¹G®�­zÅbÆ(Ç�­&µ ± °�ÇA£+­&«È ± ¸L¸ B ⊂ V

Æ�¥L®
FB ⊂ B À ÍG¶%·�«�­&¥Lµ1­&°C²D¥L«MÕ;¾�« δ ∈ K

δV := {z ∈ V | ∃z0 ∈ B, ε ∈ K, |ε| ∈ [0, |δ|] : z = εz0},¬�º�Ç�¥P¸L®Á°2¡6®�¾�«�¸L¥P¶%·C¡ ± ¶=·
∀δ ∈ K : F (δB) ⊂ δB.È ± °eÇ�¥Lµ�®D­g¬D­&¥L° δ1 ∈ K

Ô2¬�º�£�¡�¬%¬
v0 ∈ δ1B À âh¬ÁÕ;º�¸LÇ�®Á²I­&¥L®�­&«&Ô!£�¡�¬%¬

{z ∈ V | ∃k ∈ N : z = F kv0} ⊂ δ1B,²³º�Æ�¥L®T£+¥L­¿×M­g¬%¶%·�«%Ä6°�¹G®�·�­&¥L®b£+­&«b¯ ±e± °@®�­&«%¬ ± ¶=·�­&°2£+­&° Ê ­&°�Ç�­0Ç�­&¯&­&¥LÇ�®D¥�¬�® À
Í�­&¥*° ± °#£�¡6«�¾�µ!­&«�·�¥P°2¡ ± ¬ F ­&¥L°Vã¢¬�º�Æ(º�«�Ú�·�¥P¬�Æ ± ¬ À2à ¡(° ± ° 0

¹�­&¥L°VâS¥LÇ�­&°@²³­&«�®U»�º�°
F
¥P¬�®&Ô1ì2°2£+­&°A²D¥P«ÎÆ(¥L®Î½n¥L¸dÕ;­>»�º�°�ÍG¡6®�¯CÏ�Ï À Ðe­&¥L° v0 ∈ V

Æ�¥L®
afdimF (v0) = n

Ô
Æ�¥P®Á¡6°2£+­&«�­&°z©{º�«�®�­&°�¨

∀S ⊂ N, ]S <∞ : span {z ∈ V | ∃k ∈ N \ S : z = F kv0} = V.

Ê ¡6°C¡6«�Ç ± Æ�­&°@®�¥P­&«�®T²D¥L­¿º�µ1­&°�Ô ± ÆïâS¥LÇ�­&°2¬%¶=·2¡�Õ�®Ñå�ðhènµ1­g¬�®%Ä6®�¥LÇ�­&°e¯ ± ¹�í�°�°�­&° À �
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�ý ý����

��	� ú��������

�������������������� "!# %$&!' )(+*,�-�.!' )!#/10"2435$&!' )6,!8792�$&/1:�;<!# 
=?>A@&BC@EDSò�FGBIHIJ4K4>ALCLMJGNOKGP�@EQALMRTSTKVUWNOLCDC>AXE@EK�YTP�>A@Z>AK[RONODC>5NOK[LMF%@EXE\4]TQA>5H^J	P�@&BSñ�ST_V`

a STK4@EK[LC@EKGBCb4_c_d@EK�e�b4K4f'LC>ASTKGNOQ5B&YgNOQ5BCShF%@EXE\4]TQA>5HIJ�P�@EDiQA>AK4@&NODC@EKAò�F4F4>AQ5P�b4K4]j>AKkP�@EKl DCb4KGP�fTmTD a @EDEYnP�@EDC@EK	op>AQ5PqP�>A@pr#b4_d_c@�P�@ED_ñ�ST_ a STK4@EK[LC@EK4@E>5K[LCDIsO]T@Z>5BCLEt&=?>A@&BC@�UWN1`LCDC>AXE@EKufTmTK4K4@EK�Y">AKkP�@EDv@EK#Lxwy>5H^fT@EQALC@EK�õZJ4@ESTDC>A@dP�@ED�BC>5HIJkNOKGB^HIJ4QA>A@EzT@EKGP�@EK�ñ{N a >ALC@EQb4K#LC@ED,]T@Ewy>|BIBC@EK~}�bGB^NOLCXERTSTDINObGBIBC@ELCXEb4K4]T@EKdNOQ5B"@E>AK4@³ò�DCL,RT@EDINOQAQA]T@E_d@E>AK4@EDCLC@�U�NODCfTSO�%`
� a @EDINOLCSTDC@EK�RT@EDIBILINOKGP�@EK-w�@EDIP�@EK�t�=�@&BIJGNOQAF�BC>5KGPkP�>A@de�STQA]T@EKGP�@EKÖö�DC]T@EF4K4>5BIBC@TY">A_�u@&BC@EK#LCQA>5H^J4@EK|ò�bGBIBINO]T@EKj\4F%@ED�P�>5@v]T@EST_d@ELCDC>5BIH^J4@uñ�STKGBCLC@EQAQ5NOLC>ASTK�P�@EDnö�>A]T@EK�`pb4KGP
�?NOb a LCRT@Ef#LCSTDC@EKWBCSTQ5H^J4@ED�U�NOLCDC>AXE@EK�Y4RTSTK|ôxK#LC@EDC@&BIBC@Tt

�������������c�?:� )���"0"/1*, "�g� ô�K�P�>A@&BC@E_ ò�FGBIH^J4K4>ALCL�BC@E>gwy>A@&P�@EDCb4_�>5_d_d@ED
K ∈ {R,C}.

z ∈ Km wy>ADIP�F%@E>�op@&P4NOD�e{]TDCb4KGP4BIsOLCXEQA>5H^J�NOQ5B�r a NOQ5LC@EK[RT@Ef'LCSTDEYpNOQ5BIS z ∈ Km×1NOb�e�]T@�e�NTB^BCLEtJô�BCL
A ∈ Km×n @E>AK4@iUWNOLCDC>���Y�BCScBI@E> AT ∈ Kn×m P�>A@>õ)DINOKGB a STK4>A@EDCLC@P4NOXEb�tG�u@E>5LC@ED�BC@E>
〈., .〉

P4NTB�r#LINOKGP4NODIP4BCfONOQ5NOD a DCS'P�b4f'L�\4F%@ED K
t2ö�B�]T>AQALyNOQ5BCS

∀x, y ∈ Rm : 〈x, y〉 = xT y>A_��GNOQ5QA@
K = R

b4KGP
∀x, y ∈ Cm : 〈x, y〉 = x̄T y,w�STF�@E>

x̄ := v1 − iv2
e�\4D

x = v1 + iv2 ∈ Cm t#��>|HIJ[LC>5]i>5BCL�K4S'H^J�P�>A@?op@EXE@E>5HIJ4K#b4K4]
1m := (1, ..., 1),NOQ5BIS

1m
P�@ED���@Ef'LCSTDEY�P�@&BIBI@EKCö�>AK[LCDIsO]T@�NOQAQA@¿ö�>AKGB�BI>AKGP�t

�	�G�4�|�)�5�����)� øgù'tLø< ?¡�¢�£
A ∈ Km×m ¢�£�¤�¢q¥u¦T§©¨ª£�«T¬{­8£|¨q¤�¢E¤G¤�¢�¤

A ® �������% )!' �¯$&!' )(+*,�-�.!' )!#/10"2435$&!' )6�°G± ¦O²�²´³
∀z ∈ Km : 〈1m, z〉 = 〈1m, Az〉. µ øgù'tLø1¶

�·>ADZF�@E]T>5K4K4@EKh_d>ALyP�@EDye�STQA]T@EKGP�@EKhSO�%@EKGBI>5HIJ#LCQA>5HIJ4@EK��G@&BCLIBCLC@EQAQAb4K4]4¸
¹�º��"»��"¼n�5�����)�üøgù't�ù4 ?½y£�¤�¢v¥u¦<§©¨¾£�«

A ∈ Km×m £5³ª§�¿[¢E¤�¦TÀkÁ<¦T¤�¤WÂ1ÃTÄ�Å'ÃT¤�¢E¤G§x¢�¤GÆ
³�À#Ä~Äd¢�¤�¢�¨^Ç'¦O²È§x¢�¤�Á °�± ¦T²|²É³ ±ªÊ ¨v¦O²�²�¢v¡<Å'¦T²Ë§x¢�¤�Ìn¢¾Ân§ÍÃT¨C¢�¤

Ai, i = 1, ...,m

〈1m, A
i〉 = 1 µ øgù't�ù#¶¿T£|²È§Í¬

ÎCÏCÐ



Ñ^Ò�Ó Ò�ÑªÔ#Õ)Ö�×ZØ�Ö%Ù%Ú#Ù%ÛGÚ'Ù�Ü¾Ý�×y×ZÚ#Ù�Ý�Ù%ÞßÕ�Ú�à%Ú'á
â?ã�ä8ã�å|æ[ç�è

=⇒ éIê�ë#ìEí ei = (0, .., 0, 1
i
, 0, ..., 0) ∈ Km î ìEï i ðÍñCì~ò1óOô4õTô4í5ö^÷Iø4ì~ùpóTöIí5ö�ðú ìEò'ñCõTïEû�üqóOô4ô�ýTíAþAñ

1 = 〈1m, ei〉 = 〈1m, Aei〉 = 〈1m, A
i〉, ÿ����'û����

� óTö
	��
	EìEíAýTìEô � óOïEûè
⇐= éIê�ë#ìEí z ∈ Km û�ë'÷^ø4ïCìEí���ì z =

∑

i αiei � αi ∈ K �4ô î�� õTþAýTìEïCì
〈1m, Az〉 = 〈1m, A(

∑

i

αiei)〉 =
∑

i

αi〈1m, Aei〉

=
∑

i

αi〈1m, A
i〉 =

∑

i

αi

=
∑

i

αi〈1m, ei〉 = 〈1m,
∑

i

αiei〉

= 〈1m, z〉

ÿ����'û����

�

���������"ænå���å �"! ���'û�� ç�#%$'&
A (') *,+.-0/213-0*4('* & ('* $'5 /6/7('*�(�8:93;0< & ('*�=>('8 #%$ -0/?-08@1A9�) $CB

/ 5>$%DE$ -F) $C& ; 53G 9 A−1 +.-H/�1�-0*�('* & (�* $C5 /6/?(�*�('8%93;I< & ('*�=HJâ?ã�ä8ã�å|æ[çLK�M ìEôGöCí|÷Iø[ñCþ5í5÷Iø�ê�ë#ìEí y ∈ Km � î óOô4ô-ýTí��4ñiì&ö	ìEíAô x ∈ Km N íAñ Ax =
y ⇐⇒ A−1y = x û�O�ö � õTþAýTñ

〈1m, A
−1y〉 = 〈1m, A

−1Ax〉 = 〈1m, x〉

= 〈1m, Ax〉 = 〈1m, y〉
ÿ����'û�P��

�

���������"ænå���å �"! ���'û�� çRQ ) *�= S,A ∈ Km×m +I-0/213-0*�('* & ('* $C5 /6/7('*�('8%93;I< & ('*�=>(TSU; B
& 8C)WVX('* 5 *�= S V 5>$'YH& V'<W) G 9Z8[(]\ 5 < Y 8 D^$ -
) $C& ; 5�G 9 B := S−1AS +.-0/213-0*�(�* & ('* $'5 / B
/7('*�(�8:93;0< & ('*�=HJâ?ã�ä8ã�å|æ[ç`_ íAñba�ïCõ0c%õ<öCíAñCí5õTôd���'û��	õ M ìEôGöCí|÷Iø[ñCþ5í5÷Iø�ê

〈1m, Bz〉 = 〈1m, S
−1(ASz)〉 = 〈1m, A(Sz)〉

= 〈1m, Sz〉 = 〈1m, z〉.
ÿ����'û�e��

�

f�gihjf�h�gkhml`n o�p�q4rsp>tXu�pAhwv íAïx�%ì&öI÷^øAy � ñCíAýTìEôm�4ôGö�ô��4ô N í5ñ î ìEïTz?ìEõ N ìEñCïCí5ì ú õTô
ùZóTöCìEô ú õTô{O�íAýTìEô ú ìEò'ñCõTïCìEô òTõ N c�õTô4ìEô#ñCìEôGö�� N7N ìEô4ìEïCøGóOþ5ñCìEô î ìEï _ óOñCïCí�	EìEô�ûw|���ð
ôAyT÷^øGöCñ�ìEíAô N óOþ�í5öIñ î óTö
}4õTþAýTìEô î ìw	��
�%ì N ìEïCòTìEô�ê
~�� �i� ���'û�P ç�� )�*�(�+I-0/213-0*�('* & ('* $C5 /6/7('*�('8%93;I< & ('*�=>(`SU; & 8C)�� A ∈ Km×m 93; & =>(�*� )W\>('*���('8 & 1 Jâ?ã�ä8ã�å|æ[ç`_ íAñba�ïCõ0c%õ<öCíAñCí5õTôd���'û�� � yOþAþ5ñZóI� � ê

1
T
mA = 1

T
m

⇐⇒ AT1m = 1m



���C� �%�>�"�k�T���4���3�������i���4�b�T�3���3���4�4���A�3�4�4�F�T�>�A�������3� �%���
�`���m "¡:¢I£A¤�¥4¦0£�����¡�§��m¨0¦0£

A © ¢I§«ª���¬7£A¢0­ © 1m
¢I®�¤w¯E��°0��£�¨0��±�§�¦0¡s²�³�¬´¯x��°0��£>µR��¡�§

1 ¶ �`¢sª����`­ © ¢I¡:¢I±3§���¡���¤�§���¤:­ © ��£
·"¦0®�¸3£�¦0¬7�2¨0¦0£
AT

³�£Aª
A ¹�º ��¡�����£A¤�§���¬7¬7��£i»I¼j¦0®�°0§

ª����w½^� © ¢I³�¥�§�³�£�° ¶ �

¾¿���w¢I£�°0��± ¹ £Aª���°0§�» º ��¤:­ ©AÀ ¼j§���°0��£Áµb��¡
³�£A¤
£�³�£Â¬7��§
ª���¡2°0��¦0¬7��§�¡���¤:­ © ��£ÂÃ
¦0£A¤:§���®�Ä
®�¢I§���¦0£Áª���¡2¯E��°0��£�Ä^³�£AªÁÅ`¢I³�¥�§�¨0��±�§�¦0¡���£Z±0¦0¬7¥4¦0£���£>§���£A¤�³�¬7¬m��£���¡ © ¢I®�§���£Aª���¡`ÆZ¢.Ä
§�¡���²���£ ¶ ¯E��°0��£�Ä"³�£Aª7Å`¢I³�¥�§�¨0��±3§�¦0¡���£i»3ª����b£���­ © §R²�³�¬Ç¯E��°0��£�µ���¡�§

1
¢0¤:¤�¦0²�������¡�§È¤:��£Aªk»

© ¢ º ��£UÃ
¦0¬7¥4¦0£���£>§���£A¤�³�¬m¬7�
0 ¶ Ã�¦0¡�¦0®�®�¢I¡Lª���¤ÊÉË¢I£�²���£U��¤:§ ¹�º ¡���°0��£A¤Ëµb����ª���¡�³�¬Á»

ª�¢0¤:¤
��¤b����£���£Á¯E��°0��£�¨0��±�§�¦0¡�²�³�¬Ì¯E��°0��£�µ���¡�§
1

°0� º ��£
¬s³A¤:¤ ¶
Í�Î�ÏiÐÂÑ�Ò ¶�Ó�Ô2ÕiÖ'× A ∈ Km×m Ö'×�Ø4Ö`Ù.Ú0Û2Ü3ÚHØ�Ö'ØAÝ@Ö'Ø�ÞCß3ÛsÛ7Ö'Ø4Ö'à:á�âIãäÝ@Ö�Ø�å>ÖËæUâ0Ý]àC×Wçmß3Ø�å
v ∈ Km Ö'× Ødè�ß3àÁé@× Ûëêìâ0ã�ã�Ö K = R à[Ö:Ö'ã�ã�Ö'Ø�í2ÞC×]Ö�á�ÖmÕ4â0Ý�èZîEïjð�ñ�ò�Ú0à[åHâ0Ø�ó ôwÚHà�Û?âIãWó
ê"Ú0à�Ûõâ.Þ�Þ'Úöè�×�×]Ö'àCÝ@Ö'à^÷Êâ0ß�Ü4Ý]ó�Ú�å>Ö'àTøb×Wù>Ö'ØAú.Ö�ÙXÝûÚ0à
è�ß3Ûüøb×äù�Ö'ØAý�Ö'àCÝ λ ∈ C ï�þÊâ0Ø�Ø7ù0×�ãWÝûÿ

λ 6= 1 =⇒ 〈1m, v〉 = 0. � Ñ�Ò ¶����
���	�
����
 Ô ¾ ��¡ º ��¬m��¡�±0��£F²�³�£ À ­ © ¤�§�»�ª�¢0¤:¤Tª���¡��A¢I®�®

K = R
����£�¼]¢0­ © ¢I³A¤^ª���¬��A¢I®�®

K = C
°0�'¼j¦0®�°0��¡�§RµR��¡:ª���£�±.¢I£�£i»���£Aª���¬ ¬m¢I£

A
¢I®�¤^¯E®���¬7��£�§^¢I³A¤

Cm×m ¢I³	�i¢0¤:¤�§
³�£Aª º ��¬m��¡�±�§�»^ª�¢0¤:¤Fª����Â²�³¿����£���¬ ¨0¦0£ ¯E��£A¤F¨0��¡:¤:­ © ����ª���£���£i»^��­ © §�±0¦0¬7¥�®�������£
¯E��°0��£>µ���¡�§
¢0¤:¤:¦0²�������¡�§���£ ½T¢0¤���¤�¨0��±�§�¦0¡���£

x ∈ Rm ª���¡ ¡�����®�®���£��0¦0¡:ª�¢I£�Ä���¦0¡�¬F¢I®�Ä
��¦0¡�¬ £A¢0­ © Ã
¦0£A¤�§�¡�³�±3§���¦0£ ª���¡�¡�����®�®���£��0¦0¡:ª�¢I£�Ä��2¦0¡�¬m¢I®�Ä���¦0¡�¬ ¤���­ ©�� ��µR����®�¤�¢I®�¤
ª�������³�¬7¬7�`²�µ�������¡b£���­ © §^²�³
¯E��£A¤T°0� ©�� ¡���£Aª���£Á½^¢0¤:��¤�¨0��±3§�¦0¡���£

z, z∗
ª���¡ �H¦0¡:ª�¢I£�Ä

�2¦0¡�¬m¢I®�Ä���¦0¡�¬ ¤%­ © ¡���� º ��£
®�¢0¤:¤���£"!

x =
1

2
(z + z∗).

�`��¤ © ¢I® º
〈1m, x〉 =

1

2
(〈1m, z〉 + 〈1m, z

∗〉) = 0

£A¢0­ © �A¢I®�®
K = C ¶ ¾¿��¡ º ��§�¡:¢0­ © §���£,ª�¢ © ��¡
£�³�¡
£�¦3­ © ª���£#�A¢I®�®

K = C ¶
�����

v ∈ ker(A − λ · id)l
����£ ¯x��°0��£�ÄL¦3ª���¡6Å2¢I³�¥�§�¨0��±3§�¦0¡6²�³ ����£���¬´¯x��°0��£>µR��¡�§

λ ∈ C
¬7��§

λ 6= 1 ¶ ¾ ��¡^¨0��¡[¼]¢ © ¡���£Á¬7��§^¨0¦0®�®�¤�§ À £Aª���°0��¡%$ £Aª�³�±�§���¦0£ ¹�º ��¡
l ¶

l = 1
!��2����¤x��¤�§^ª���¡%�A¢I®�®û»3ª�¢0¤:¤

Av = λv
»�¢I®�¤�¦

v
����£F¯x��°0��£>¨0��±3§�¦0¡T²�³�¬õ¯x��°0��£>µR��¡�§

λ ¶ �2����&�£�£A¢ © ¬7�
〈1m, v〉 = K 6= 0

¼ ¹�© ¡�§
¢I³�¼
K = 〈1m, v〉 = 〈1m, Av〉

= 〈1m, λv〉 = λ〈1m, v〉 = λK,

����£
¾¿��ª���¡:¤�¥�¡�³A­ ©"'
l → l + 1

!(�����
v ∈ ker(A − λ · id)l+1 ¶ �Ë¢I£�£ °0� º §F��¤�����£���£ Å2¢I³�¥�§�¨0��±3§�¦0¡

v∗ ∈ ker(A− λ · id)l
»A¤�¦7ª�¢0¤:¤

Av = λv + v∗.

�`���)&2£�£A¢ © ¬7�
〈1m, v〉 = K 6= 0

¼ ¹�© ¡�§
¢I³�¼
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K = 〈1m, v〉 = 〈1m, Av〉

= 〈1m, λv + v∗〉

= λ〈1m, v〉 + 〈1m, v
∗〉

IV
= λ〈1m, v〉 = λ ·K,

FHGJILKMGON	FHPRQTS�PTU;V,W"X
�

Y Q�Z\[^]O_^`)FHGJIbac[^PT[^]J]�dePHf3N�d^Q�FHGJI�FHI�_^FH[^ghFH`TPTGOQRV,W�FHI�i(QRSAFHj<`)FHGJI�FHPkQT`Rdel�GO]JFHI"f"j^[^gnm
S8[^I�FHI�`TFHI;QTU�goghFHI�FHPTW;de]J`TFHI;N	FHI@pqde`TPTGsr
deU	Z\tHFHGJ_^`Hu
vxw3y8w3z1z|{3y~}�� u��	���"��� A ∈ Rm×m �����8�L�����������s�/�����^�(�<�^�8���;�����	���1���h���A�H�R�<�^���
�����A���
���^���/���^�c ¡�^�;�¢�<�^� A ���\�A���¤£%��¥1���;¦§�?�����^� v ¨ �1�©£c��¥��H�;ª«���/� 1 �x�\�¡�1���
£%��¥�������¬/�<�T­/�

〈1m, v〉 6= 0. ® }�� u°¯1±²�³	´
³�µ�¶ ��i·U	Z¸_^PTU�I;N@N	F�Q([^l�GJ_^FHI�¹<de`TtHF�Q }�� u°ºoW;de` A FHGOI�FHI@»�deU�S�`¼m�[	N	FHP Y GO_^FHI	m
½ FHj<`T[^P v tHU�g Y GO_^FHI�¾«FHPT` 1 ghGJ` 〈1m, v〉 6= 0 u"K�FHGJ] A QR`Rdel�GJ]¿GOQT`Hf5_^GJl�`)F�Q)j^FHGJI�F
»�deU�S�` ½ FHj1`T[^PTFHI@tHU�g Y GJ_^FHI1¾«FHPT` 1 ® ½ FHPT_^]OFHGOVRW�Fx¹<de`Tt }HÀ u°Á<f }HÀ u°Â1±Ru �

²�³�Ã�³;y"ÄÆÅÈÇ3ÉÊ}�� u°¯��(Ëx�^�(�<�^�A�H�;�����	���1���h���;�\�;¦Ì�^�/�¸�^� ¨ �^���J���\�A���T���\¬��1�%�;�¸¬/�1�\�%�1��^��� Í��|�?����¥1��¦Ì�^�oËx�^�¼�e���s�^��ÎeÏ1�ÑÐ)�H� ¨ �¸�/�J��� ¨ ����Ò^�;�8������ ¡��� ¨ �H��¥^�Ó�|�e�ÕÔ����O���8�¸�/�5��������|���?�s�
A :=

(
3
2

1
2

−1
2

1
2

)

.

 k�¸�/�H�)�<�^�Ó���<�e�������	�/�<���h��� 1 �1�A�o�O�/�«�����	�����A�|¬/�hÖ%�-���<���/�\���¸�^�qÎ^Ï1�JÏ×���^�(�<�|�A���;��������/�<�x�h���8���R�	�e�����H���|�ÆØ;�T�|��¬/�
¥^�O���
A

(
1
−1

)

=

(
1
−1

)

�H�^ªÓ�¸�
A

(
1
1

)

=

(
2
0

)

=

(
1
1

)

+

(
1
−1

)

.

(1,−1)T �O�/���e�°�H�
£%��¥1���;¦§�?�����^� ¨ �1�Ù£%��¥1���;ª«���/� 1 �1�A� (1, 1) Ú �^�Ì�A��¦§�/�§���^� ¨ �<�£%��¥�����ª«���?� 1 �3 x�������|¬/�L�e�^�;�b�?�)�e���\�A����ª«�H�������T���Û£%��¥�����¦§�?�§���^� ¨ �<�Ü£c��¥��H�;ª«���/�
1 ¥����R���A�3£��·¥^������ÝH�R�|��¬/� 〈12, (1,−1)T 〉 = 0 �
²�³�Ã�³;y"ÄÆÅÈÇ3ÉÞ}�� u°Á��n£c���ß�|�	� ¨ �\�e� ­H�e���à�����������s�H�R�h�e�^�(�<�^�A���������	�/�<���h���A���,�<�e�������;����H�Õ���^���/� ¨ ���o�/�\�����b�^�R�e�^¦��RáÆ�	�H�-�^���|�¼���ãâ\���|���?� ¨ ���ä�����Æ�^���,��¬��������¸åæ���¸¬/�)�<�e�/�\����¦§�H�£%�\�;���¼ç�¥����×�1�A���|�<�e�������	���1���h� 1 è �<é/�o�|�¸�?�����ëêÈ�^���;�R��ª«���O�/�3���|�o�^���ìÍ��|�?����¥1�%¦Ì�^�
Ëx�^�¼�e�\���^�¡ÎeÏ1�ÑÐ����\�H­H�|¬/�	�H�������������îíæ�����n�o¦Ì�|�
ê3�^�R�e���kïñð"ò�ó¸ôAõ�öÆ÷Ñ�

ø	ù"úOù5úhûHü8ý ò�þ§ó\ò ü3ÿÛý��Aü��������
	¸ü��æü�
����������8ü��<ü����1ü����������1ü������ ò�öÆó 	 ó �� !�
" GJF�QTFHPìi(l;QRVRW�I�GO`T`«QT`TFH]J]J`ÓN	GJF$#ÕFH_^PTG&%8FcN	FHP«aàFH_^FH]OGJI ½ dePTGOdeI�t^f|N	FHP ¹1`Rdel�GO]JGJ`('e` ® de]smQT[�N	FHP*)ÑI ½ dePTGOdeI�t
lAFHt,+�_^]OGOVRW.-·go_^FHl�U�I�_^FHI N	FHP*/·U�]J]�±(U�I;N N	FHPhac[^goSA[^I�FHI1`TFHI	m

QTU�goghFHI�GJI ½ dePTGOdeI�tLGJI�FHGJI�FHI�0AU;QRdegoghFHI�W;deI�_�u Y Q×QT`TFH]O]J`hQTGOV,W W�FHPRdeU;QHf N�d^QRQhZ1+�P
j^[^ghS8[^I�FHI�`TFHI;QRU�ghghFHI�GJI ½ dePTGOdeI1`TF�pqde`TPTGJtHFHIÛ¹1`Rdel�GJ]JGJ`('e`«U�I;N�)ÑI ½ dePTGOdeI�t�lAFHt,+�_^]JG�VRW



24365 365�798�:<;�=�79;�8?>@:�A�8CB?D!E�DGFH8JI�8�KLB�A�MONPA�8�DG8�QRD�8?STI�MUMODG8�VWSTQW;�XP79FY79QWZ�Q[3\24]
^`_,aW_,bc_,dfeP_,g�h�_�ikjkdfl*lmjk_,e�aW_,nWl*_,jkgkdfi\o(pP_,erq$sRiktPg(uHaWsPePavuWw�sPd&xHyHb&_,e
jk_z^{nWeP|,_,tPjk_
ikdfeR}�~<�$df_�ik_���d&eRikd�o(p
jk_,e�l*�WaW_,e�ikdfo\p*yHbfi�pPd&b9�1gk_,dfo\pm�1�Pg�}!d&_��OpP_,nWgkdf_{}!_,g����WnWeP�Ggk_,jk_,e����� i��c� �?�P�����R���
_,dfeP_{�PnWgkl�}!_,g��`yHg(ikjk_,b&bfsPePac_,eR}!b&dfo\p!��}!d&l*_,eRikd&nWeRyHbf_,g�i(jknGo\pRyWikjkd9�
i(o\pP_,g{��gknW|,_�i(i(_W�R_,gk �_,dfi(_,e

¡�d&g��Ph�_,gkeP_,pPl*_,em�¢�Pg�}!d&_�ik_,e£q{hRi(o\pPePd&jkj�}!df_¥¤�_,|,_,dfo(pPe�sPePaW_,e*}!_�i¦xWnWgkd&aW_,e£q$h!�
i(o\pPePd&jkj(i,~¨§©ez}!d&_�ik_,lªq$hRi(o(pPePdfjkjcaWd&b&j�yHb&b&_,g(}!dfePa<i`d&l*l*_,g

K = R
�? Udfg�h�_,jkg(yWo\p
jk_,e

}!_,l*eRyWo\p�e
sPgUgk_,_,b&bf �_,gkjkd&aW_`«�_,�GjknWgkg(uHsPl*_W~�¬�sPg���gkd&ePeP_,gksPePaP­
1m = (1, ..., 1)T

dfikj
}!_,g�«�_,�GjknWg,��}!_�i(i(_,e®^�nWl*t�nWeP_,e
jk_,eLyHb&b&_���dfeRi�ikd&eR}¯sPeR}

〈., .〉
dfi(j�}PyWi$°�j(yHeR}PyHg(}Pi��

�HyHbfyHgktPgkn!}!sP��j�yHs!�
R
~R§�e±}!df_�ik_,l²q{hRi\o(pPePd&jkjUh�_,|,_,dfo(pPeP_,j

conv(B) := {x ∈ Rm | x =
m∑

i=1

αixi, xi ∈ B,αi ≥ 0,
m∑

i=1

αi = 1}

|,sRi(uHjk|,bfdfo(p£}!_,em�WnWe�xW_´³G_,eµq$hRi(o(pPb&sRi\i¨_,d&eP_,g � _,ePaW_
B ⊂ V

_,d&eP_�i
R
��«�_,��jknWgkg(yHsPl�i�~

��dfeP_ � _,ePaW_
B
h�_,|,_,dfo\pPeP_,eJ Ud&g�yHbfi$�WnWe
xW_´³¶���1yHbfbfi

conv(B) = B
~��`yHgk�Ph�_,gkpPdfe!�

yHsRi��Ph�_,gkeP_,pPl*_,e¯ Ud&g�yHbfb&_$¤�_,|,_,dfo\p
sPePaW_,e±sPeR}¯¤�_,aWgkd9·�_$yHsRiU^�yHtPd&jk_,b¨¸G�!¹{e�jk_,g(yHh!�
i(o\pPePd&jkj{¸G~»ºG~»ºG~

�`yWiµ|,_,e
jkg(yHbf_®��gkaW_,hPePdfi�}!d&_�ik_�iµq$hRi(o(pPePd&jkj(i*dfikj¼e
sPev}!_,g*�¢nWb&aW_,eR}!_J°GyHjk|W~¥��g
ikjk_,bfb&j�_,d&eP_,e�¬�sRi(yHl�l*_,ePpRyHePa$|, Ud�i(o(pP_,eµd&e�xYyHgkd�yHe
jk_,eµ^�nWl*t�nWeP_,e
jk_,eRi(sPl*l*_,e?�W^`_´�
aW_,b&e½sPeR}v¹{l*aW_,hPsPePaW_,e�}!_,g�¾{sPbfb�pP_,g,~¥§�l¿ ¥_,d&jk_,gk_,e[«�_,gkbfyHs!�`aW_,hPg(yHsRo(pP_,e� Ud&g,�
|,sRi(uHjk|,bfdfo(p�|,s±}!_,e±�PhPbfdfo(pP_,e±¤�_,aWgkd9·�_,e�ePnGo\p®}!d&_c¤�_,|,_,dfo\p
sPePaW_,e

Hr := {x ∈ Rm | 〈1m, x〉 = r},

H{<,≤,>,≥}r := {x ∈ Rm | 〈1m, x〉{<,≤, >,≥} r},

(Rm)+ := {x ∈ Rm | x = (x1, ..., xm),∀i : xi ≥ 0}sPeR}� ¥_,d&jk_,gO�1�Pg�h�_,bfd&_,hPd&aW_ � _,ePaW_,e
B ∈ Rm

B+ := (Rm)+ ∩B.

À�Á!Â?Ã±Ä ºG~ Ä,ÅRÆUÇUÈ¢É�Ê$ËHÌWÍ$ÎGÌWÉ�Ê´É�Ï�Ê´É!Ð6ÑGÍ¼Í*Ê´É�Ê´Ò\ÓGÔHÕÖÏ�Ê´É�×
Ê`ØÙÔ<ÏÚÒTÈ9Û
A ∈ Rm×m ÈfÐ6Ï?Ü
Ê´Ý

É�Ô<Ñ±×<ÔWÉRÉ®Ð6Ï�Ô
Þ,ÈfÕàß�á�Ê´ÉRÉJÐ6ÈÚÊ£Ê´È�É�Ê´ÉLÊ(â6Ó�Ï�Ê´É®ã¼ÊÚÜ
Ê´Õ
K

È¢ÉRä�ÔWÒ6È1ÔWÉRÏ�Õ9åYÐ\Ð´Ï¢ßRæ6çGÒ@×
Ê,ÉèÜWÈ�ÕÖÏ
K \ {0} ⊂ H>0. é Ä ºG~»ê�ëì�í!î¯í�ï�ð Æ �

=⇒
�(­?°�_,d

A
ikj(yHhPd&b�~�¾�yWo(p¶°GyHjk| Ä,Å ~»ñ�sPeR}L°GyHjk| Ä,Å ~»ê�aWd&hPj$_,d&eP_£yHhPaW_´�

i(o\pPb&n<i(ik_,eP_�¹$l*aW_,hPsPePa@}!_,g¥¾{sPb&b
B
�<}!d&_UxWnWe

A
d&e�xYyHgkd�yHe
j�aW_,bfyWi\ik_,eµ Ud&g(}�~
��_�ik ¥_,d9�

jk_,gk_,eJ�YyHePe
B
nWpPeP_£��d&eRi(o\pPg(uHeP��sPePa��WnWe
xW_´³±aW_, ¥uHpPbfj{ �_,g(}!_,e é aW_,pP_@h�_,d�¤�_�}PyHg��|,s

conv(B)
�Ph�_,g,�¨nH·�_,eRikdfo\p
jkb&dfo\pÙ Ud&g(}ÙyHsRo(p

conv(B)
d&e
xHyHgkdfyHe�j�aW_,bfyWi(ik_,e�ë�sPeR}

l*dfjO}!_,g���d&aW_,eRi(o(pRyY�1j

(H1)
+ ⊂ B. é Ä ºG~ Ä,Å ë�ò�`y

B
_,d&eP_c¹$l*aW_,hPsPePa�}!_,g{¾$sPb&b��!aWd&hPjU_�i{_,d&e

ε ∈ R+ ��ikn*}PyWi(i Uε(0) ⊂ B
~R¡�dfg

ik_,jk|,_,e
B̃ = 2

εB
sPeR}�h�_,l*_,gk�W_,e?��}PyWi\i

U2(0) ⊂ B̃
sPeR}*eRyHjk�Pgkb&d�o(p�yHsRo\p

AB̃ ⊂ B̃
~

�¦�Pg
x ∈ Rm

+ ∩H1
aWdfb&jO �_,d&jk_,g

||x||2 ≤ ||x||1 = 1
�RyHbfikn

x ∈ U2(0) ⊂ B̃
~ �

�`y
A
�WnWl*t�nWeP_,e�jk_,eRiksPl*l*_,eP_,gkpRyHbfjk_,eR}�dfikj,�G�1nWb&aWj

A(B ∩H1) ⊂ B ∩H1. é Ä ºG~ ÄWÄ ë



ó\ô©õ ô4ó6ö�÷�ø�ùOú!ø�û�ü�û�ýRüGû�þTÿ�ùUùOü�ûJÿ�û��L÷?ü���ü��
���

(H1)+ ⊂ B∩H1 	�

��� B∩H1 ��

����������������	���� �"!#��
��$���%!&

� B ��'�����( � ���)�+*-,-��.-�0/1 � � ��
��324,-576�,-�������$��� ����5757�3'8��
�24,-�9.-�0/�*-,-5:'�
�� � �$
�,-�����;���$� � �
�$���:'��
��
�'��0<�=?>@
���$���$A����
K =

⋃

r∈R+

r · (B ∩H1)

1 !B,-'8��
 r · (B ∩ H1) := {x ∈ Rm | ∃v ∈ (B ∩ H1) : x = rv} <���� �C�$�$���������(D�E�$��	�� � ��� K ,GFH��� �$

���9�$��

���7.-,-� A !#��I-���KJEL�=�J-JM
���. � �$
 � �9�NI-��� � ���$���;!&
����"��� �7��
���E�����$���O2���I-���P

�$��Q
• R"SUT9SWVXS�YZT�S�[�\0]W^�_�`WabS�[ QdcM� � x ∈ K (e,-�
I-�&,GF���� �$
)�����$�


��� αx ∈ K (Df�� α ∈

R+ � � ���g24,-� ���$�$��*9�$
�,-�h.-,-� K =�i9��

���j����� x1 = r1v1, x2 = r2v2 ∈ K 	
r1, r2 ∈ R+, v1, v2 ∈ B ∩H1 = �k� ���lI-
����

1

r1 + r2
(x1 + x2) =

r1
r1 + r2

v1 +
r2

r1 + r2
v2 ∈ B ∩H1

!#��I-���"�����m2M,-��.-�0/�
���nG�+.-,-� B∩H1 =?cO�
�$,4
)�$� x+y ∈ (r1+r2)·B∩H1 ⊂
K =

• oqp�T�Sr\0]0^�VtsG\�\�S�[�^�S0Yea Q8uv�$�&*�� � ��	�� � ,GF���� ��

���9�$��

��� δK ⊂ K =
• wHsGVZYDx-Yea�y-a Q � 
��qzN,-���
��
�5j��� �$
�,-� � ��
���nG�%(e,-��I-� � � � (H1)

+ ⊂ B ∩H1 =
• {4|9[�}~aUYDS0�Wae^�S0Yea Q � 
����N����*��$
����$�$����
���(D,-��I-� � � �"�����"�B�E��������nG��*��$����
��".-,-�
B ∩H1 =

�
⇐= � Q�>�

��'���A���

���������l�������E���9�$���K2���I-����	 �����M.-,-� A 
��9. � �$
 � �9�&I-��� � ���$���g!&

���H	57

� K =�>���
��$���&'���A���

�������

K≤1 := K ∩H≤1 ∩H≥0.� 
��E�3

����!B��I-����JEL�=��"��

���k��
)���������
�����$�-	�.-,-���
��

57��� �$
�,-� � ���O�l����I-�-= >@
��&�$���$A����
B := conv(K≤1 ∪ −K≤1)

��� �����$����������(e�E����	H� � ��� B .-,-� A 
��9. � �$
 � ���qI-��� � ��������!&
����H=d>���
��$���q

�$� B ,GF�������$
)�����$�


����'��E��������nG��*��&��� �H	 � � K ��
����E���9�$����	 ��� �g� � 57
���.-,-���
��

57��� �$
�,-� � �����#��� �� '�I-�E��������,����$�������32���I-����
)�$��	 � � ������
���� � '�I-�E��������,����$�����k�O57I-��'�����I:�����B�O������= �

�:�P���P�9���P� JEL�=�J-J��3� Ye[8S�}~s-�O��s-[8S�[ abS0[�\0|9�"�7S0[8S0��^�_GVtabS0[�x9Sk��_-aU�rYX� A Y
\WaPT�S�[�_-|x�_�[ [�\Wa�_�p0Y)V ��`0_-V)V \kSr\kS0Ye[8S&¡�| A y~^9[�VtYD]W^�Sr�¢}~s-�O��s-[8S�[ abS0[�\0|9�"�7S0[8S0��^�_GVtabS0[�x9SM��_-£aU�WYt�"T�YDp0ae�4x-YUS;S0Ye[8S0[�S$]0^9abS0[KR"SUT�S0V K Ye[ ¤¥_-�WYe_�[ a�Vty~\r\Wae�B�"Yea&x�S0�q¡�|�\0y-a
¡�VZYD]W^�S0[ � Y)£T�S�[�\0]W^�_�`Wa
K ⊂ (Rm)+.

1 JEL�=�JEL9<¦k§�¨�§�©)ª � � =⇒ � Q9�l
��Bi � �$A:JEL�=�J�«¬

���%*9� � ��	�� � ��� A ��
������7�E�����$����2���I-��� K 

��. � �$
X�� �9�N�
n-���$��	~(Df��+����� K \{0} ⊂ H+ I-
��
��=~� � ���72M,-� �$�$�$��*9�$

,-� 1 '8� � �����$�O�����7����!B��

�.-,-�hi � �$A:JEL�=�J�«�<¢I-
��
�N!#��
��$��� (H1)
+ ⊂ K =�>@
��N' � �$�$���
�;��
������7*-,-576�,-�������$��� �$��57�57�������$� � �
�$��� �����­u®��,-57,-�$6���

�$5:� � S 	#�$,¯� � ��� B := S−1AS ��
��gI-��!&f�� �������$���° 

I-��� ����� � (D�$����� � � 1 '�� � ���9�$���N�$,-6�,��$
��$
�,-��JEL�=²±�<�= �k� (Df��4�$���$A��qA���� n-��� �$�

e := (
1

m
, ...,

1

m
) ∈ (H1)

+ ⊂ K

��� �g!B��
��$���
D := max

x∈K∩H1

||x− e||2 <∞



³v´Wµ ´Wµ9¶X·8¸�¹8º8¶X¹8·d»¼¸�½�·�¾d¿�À�¿�ÁG·KÂ�·8ÃÄ¾P½HÅ3Æ�½�·8¿�·�Ç ¿9·dÈrÂ�Å&Å3¿�·¢É-ÈrÇ-¹�Ê�¶XÁ~¶XÇ-Ë9ÇÌ´�³vÍ

e=(1/3,1/3,1/3)

(0,1,0)=e2

(1,0,0)=e1

e3=(0,0,1)

e+d/D(e1-e)

e+d/D(e2-e)

e+d/D(e3-e)

Î:Ï8ÏHÐ
Ñ9ÒPÓÕÔ¢ÖØ×�ÙMÚ®Û�Û�Ü Ý$Þ$ß�àGÞ$á
â-ã"ä�å�ß�æMç�ç�á
Û
ä�Ü�ã�è
S é á�Þ S(ei) = e−

d
D (ei − e)

á éëê àGÛ�Û�å m = 3 ì
ä�å�ß�è-ß$í-î-Þ é í-è-Û�á
ï�ð�å�æOç Ý$Þ�àGã ä�àGÛ
Û�å�ßqá�ã

K ∩ H1 ñ âGò�å�ã Ý$á)ï�ð�Þ$Û
á
ï�ð�ó-â é7ô àGó9Þ�õmä�à KåEï�ð�Þ0öBÛ
á�å�è-å�ã ä�å�ãg÷Nå�ó9Þ$â-ß$å�ãlø�Ü
e = (1/m, ..., 1/m) ìPù å�áÕú#å�á�Þ$å�ß

d := min
x∈δ(H1)+

||x− e||2 > 0

ä�å�ßPûOà-ä�á�Ü Ýdä�åEÝdè-ß$í-î-Þ$å�ã¼ü�ß$å�á)Ý$åEÝdÜ é e
õ¥ä�å�ßdè�àGã�ø#á�ã

(H1)
+ Û�á�å�è-Þ ì0ý å�è-å�ã

δ(H1)
+ ∈

K ∩H1
è-á�Û
Þ�ã9Ü�ã

0 <
d

D
< 1.þ å�Þ$ß�à-ï�ð9Þ$åKä�á�å�ÿDâ-Û�è-å�ã ä�å-õ%ä�Ü�ß�ï�ðÌÛ�á�ã�åEàGß$å ê â-ß$Þ�Ý$å�Þ$ø�Ü�ã�è ä�å � ã�á�å�ß$Þ$ågÛ�á�ã�åEàGß$ågæOç�ç�á�Û��ä�Ü�ã�è ñ Ý�á�å�ð�å¬æMç�ç�á
Û
ä�Ü�ã�è��~ö��

S : Rm −→ Rm

ei 7→ e+ d
D (ei − e). ñ �	� ì �	
9ö

S
á
Ý$Þ&úBå�è-å�ã

d/D > 0
å�á�ãgÚvÝ$â é â-ß ô ð�á
Ý é Ü Ý�Ü�ã ägúBå�è-å�ã

〈1m, S
i〉 = 〈1m, Sei〉 = 〈1m, (1 −

d

D
)e+

d

D
ei〉

= 〈1m, (1 −
d

D
)e〉 + 〈1m,

d

D
ei〉

= 1 −
d

D
+
d

D
= 1

ñ �	� ì ����ö

ó-â é7ô â-ã�å�ã�Þ$å�ã Ý�Ü é7é å�ã�å�ß$ð àGÛ�Þ$å�ã ä ìMù å�á�ã�Ü�ã x ∈ K ∩ H1 ì4ù ï�ð�ß$å�á�ç�Þ é àGã
x =

∑

i αiei ñ∑i αi = 1
ú#å�è-å�ã

x ∈ H1
ö�õ Ý�â;è-á�Û�Þ

||Sx− e||2 = ||
∑

i

αiSei − e||2 = ||
∑

i

αi(e+
d

D
(ei − e)) − e||2

∑

i αi=1
= ||

∑

i

αi
d

D
(ei − e)||2 =

d

D
||
∑

i

αiei − e||2

≤
d

D
·D = d.

ñ �	� ì �	
9ö
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Sx ∈ (H1)
+ < /103=�03>"9@?BADC7ED6GFIHJ0D9�9 SK ∈ (Rm)+ < SK 4K9;6GFIHJ0L03C7C7M

N >POJQ)MG=;RJ=;O�?BMGS"H�MGSUTI47EDMGS"9�V�W"0X?B6;MGSP>JS�6;MG=ZY[9�AD25AD=;RJWJ4:9;25MGS\MG=;W"03C76;MGS(QJC:MG47Q)MGS,F)MG47SM	V�W]6;MG=_^1MGEDMGC <a` MG6 N MbS]>JS B := SAS−1 F�MG47SJM(cBd'E <ae =;ADR�Af9;476;4:ADShg	i <kj�lnm AD25R�A3oSJMGS�6;MGS"9;>J2525MGSJMG=;W"03C76;MGS"H�Mqp(036;=;4�r <Js MG476;MG='ED47C:6
BSK = SAK ⊂ SK,dt0D9 N > N MG47EDMGS�dt03= <

u
⇐= v�w /x47M	9;Mzy{4:V�W]6;>JSJE54K9;6|MG4:S�?B0DV�W <)` MG4 B := S−1AS

H�47M N > A } WJSJC74:V�WJMDFJMGQ)MGS�o?~03C7C:9 m AD25R�ADSJMGS]6;MGS"9�>J2525MGSJMG=;W"03C76;MGS"H�M�p(036;=;4�r�>JS"H K
H�MG=(�DADS

B
47S��X03=;4:03S�6

EDMGC:0D9�9;MGSJM�^1MGEDMGCt25476�H�MGS�EDM�?BAD=�H�MG=;6;MGS�T�47EDMGS"9�V�W"0X?B6;MGS <�� 0DV�W ` 036 N g	i < gG�(4:9;6 B9;6�03QJ4:C < /10 ` 6�03QJ47C74:6 } 6'>JS]6;MG=1��WJSJC74KV�W m MG476�9;6;=�03S"9;?�AD=;2�036;4:ADSJMGS�MG=;W"03C76;MGS\QJC7MG4:QJ6GF"4:9;603>"V�W
A
9�6�03QJ47C < �

�)���f�K��g	i < g	iJ�1���~���X�����G�����~�;�]������� ���"�¢¡f�&�B¡D��£¤�����G�K�)���@¥¦���)�;¡D�;����§a¨����©¡Dª¬«D����­x�]®��#®¯a°1±��	²�³#�]±]���´�]���ZµZ³]¥�¥¶­|·8«D°n¨#«D�����"ª¸������³�°@°5��� ³��¹�b·@�~±]��¥º­{�����¹��£	³»�����)��°¼±]��½
¾ �:���	���h¿'�©¡f�]��¡D³]��ª¬¡D³]�����J²;¡D��®�ÀÁ���8�X���&°@³#ª¸����­x�]¡X����²����n�G�K�)�G�8��«D�B±©ÂGÃ3¥Äª~�¦±�Â�«D��°@³�½¥¦�B�G�&ª¸���ÆÅ"����¡D¥K¥k±]��°5�����)����³���±Ç¡f³�ÂU²���¥¦�B�¢²��Ä±��L¥¦�K���;¡D�;�(ÈÉ³���ÊXª~��«D�)¡3¥���­_�f®7�#®8²����Z���"�¢¡D½
����¡f��£5²���£	ËX±D¥Ä�B��� ²���¥¦�B�¢²��Ä±�����ÌzÍ&¨����;�	²��G�)����­1�G�"ª��¸¨)�;�;���J���¹�P¡3¥K¥k±]��°5�����)���;�qÎ'��±��	²��"�:��½
�	�_���©£	�B��¥Äª ¾ ���©�]���LÊXÏD�"�)�G��­'²��G�t�]�G�)���PÐ)ª¬¡]²G�:¥¦�Kª¬Ãfªt³#�¹�5���"�¤¡D�&�B¡D��£�²���£GË3±3¥¦�����L�����)���·�¥�¡X���	���¢«D�Ñ���"ª��[¨)�;�;�������)�Ò¨�«X����ª~��«f�"�B�G�&ª¸����·@�~±]��¥¦�Ó���´Ô�³]��¡f°8°5���J�#¡D�]±(±]�	²��©¡f����ª
¾ ���©�]���(ÊXÏf�"�)���¹®
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���*�$ æ�51� �����������Eab<dk�e <
lBm6n?n�o æp<�cNq�rts_u^s_v

A w B x v-y C yNz,s_uW{�z,s�u}|8v-u�~�~�s����p�8v1v�|8uD�}�
|P |((A ∩ C) 4 (B ∩ C)) ≤ |P |(A 4 B).�?m	��m-�D� q.�6*��1�8� �1���?����
��>��$G&(�/$%����èE������
@�	
��E�	
]XVU8��9N&(�#��� � ��
�����
�98
����

C ∩ {(C ∩A) = C ∩ ({C ∪ {A) = (C ∩ {C) ∪ (C ∩ {A) = C ∩ {A
����#<6�6*1��&($%$%
���$%�����	
�$�&(�1&(��U898
��Z�E

��*���� &(�������
C

*��1�
B


����1�(����$'&(�
(C ∩A) 4 (C ∩B) = ((C ∩A) \ (C ∩B)) ∪ ((C ∩B) \ (C ∩A))

= (C ∩B ∩ (C ∩A)c) ∪ (C ∩A ∩ (C ∩B)c) = (C ∩B ∩Ac) ∪ (C ∩A ∩Bc)

= (C ∩ (B \ A)) ∪ (C ∩ (A \B))

⊂ (B \A) ∪ (A \B) = A 4 B. \~æp<�c�e
=@&($%���h��U8��98���1&(���������������	��
.Jh
��1&(*�4���*���9�<

�

lBm6n?n�o æp<da�q�rts_u^s_v
A x v-y B �
� s_u�{�z�s_u}|Nv1u�~�~�s��W���8v-v�|8uD���

|P (A) − P (B)| = |P (A \ B) − P (B \ A)| ≤ |P |(A 4 B).�?m	��m-�D� q��F
�98
��
P (B) = P (B \ A) + P (B ∩ A)

*��1�
P (A) = P (A \ B) +

P (A ∩B)
��U8��98�

|P (A) − P (B)| = |P (A \B) + P (A ∩B) − (P (B \ A) − P (B ∩A))|

= |P (A \B) − P (B \A)| ≤ |P (A \ B)| + |P (B \ A)| ≤ |P |(A 4 B).\~æp<da�e
�

lBm6n?n�o æp<dk�q�rts_u^s_v
A,B x v-y C yNz,s_uW{�z,s�u}|8v-u�~�~�s��Y�p�8v1v

|P |(A 4 B) ≤ |P |(A 4 C) + |P |(B 4 C).
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¶?·	¸�·-¹Dº>»?¼j½�¾8¿�À�Á

A \ B ⊂ (A \ C) ∪ (C \ B),Â	Ã�Ä�Ä ½ Ã ¿
x ∈ A \B Å ½�Æ Â�Ç ½ ½

x 6∈ A \ C Å Â�Ç(Ä�ÄZÈ Æ8À�¾8Á
x ∈ (A ∩C) \B ⊂ C \B ÉÊ Ä1Ç À�Æ8¾ È Æ8À�¾ Ã�Ë�Ä/Ì ¿ Ë

B \ A ⊂ (B \ C) ∪ (C \ A)Í Ä1ÂZÂ�Ç(Î ¿�Á
|P |(A 4B) = |P |(A \ B) + |P |(B \A)

≤ |P |((A \ C) ∪ (C \ B)) + |P |((B \ C) ∪ (C \A))

≤ |P |(A \ C) + |P |(C \B) + |P |(B \ C) + |P |(C \ A)

= |P |(A 4 C) + |P |(B 4 C).

Ï Ê ÉdÐ�Ñ

�

ÒB·6Ó?Ó�Ô Ê ÉÖÕ »�×tØ_Ù^Ø_Ú
A,B,C Û Ú-Ü D Ý Ù^Ø_ÞEß�Þ�Ø_Ù�à8Ú1Ù�á�á�Ø
âYã�äNÚ1Ú

|P |((A ∩ B) 4 (C ∩D)) ≤ |P |(A4C) + |P |(B4D).¶?·	¸�·-¹Dº>»?å Ç ½ È Æ8À�¾8Á Ç Í ½
(A ∩ B) \ (C ∩ D) = (A ∩ B) ∩ {(C ∩ D) = (A ∩ B) ∩ ({C ∪ {D)

= (A ∩ B ∩ {C) ∪ (A ∩ B ∩ {D)

⊂ (A \ C) ∪ (B \ D)Í Ä1ÂZÇ(Ä1Ç À�Æ8¾
(C ∩ D) \ (A ∩ B) ⊂ (C \ A) ∪ (D \ B).

�
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g >@?BADCFE�GIHJ>LK <NM'O;PQ:@MR: ?&A1STS'?U>,V�>�?&SW>�AYX M�Z\[ >@A1SW>�A^]5_ :;: E [ >@Aa`8b�_*?Bc
HdE Z >@A <Nef �*g

g ? :=< >�?BA^hjikcml)>LK <NM'O@nf"o gTp E :�q _ g E :;:�Mdq ?&?U> OL< >,S'r�A1E'st? :�u=v >wikr :@< >@s (ΩΣ,BΣ,mg, TΩ) ? :@< ]�C�i n
x��'�����y�"%'���������jzy����%�	��F�����|{Q���)�;����+~}'%'� ê ��('���������.�.�����~���F���������������@��� o �
���
���
(
� �����
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('�����
��%*	;�
���.���
���T���
�����T�
�
� � �����
%'�

(a) ⇒ (b)
���
���"�'	;� 4 �����

ḡ
�����

����������������%'�)������� é �����
+������~}'%'�
mg

���W�����
����	��
���)���Y�Q� � ��%'� � �)�^��	��
����� o ���^�����
f
µn := 1

n

∑n−1
i=0 µ

i g

mn := mµng =
1

n

n−1∑

i=0

mµig =
1

n

n−1∑

i=0

m ◦ T−i
Ω ,

��%R�)� o ���������j�"!
�#����� � �T('� � ���
�����Y�w�
	���� � �
(T+ � +�����('���.�)�
�'�;�
sup
B∈BΣ

|mn(B) −mḡ(B)| −→
n→∞

0,

���
��%��
�'���~�������
%'��('�D�����~�a���'�
mn

('�����B	��
�����'��(�� � �w���
������{Q���������W������}'%'�
BΣ('��('���D�
�'�����������
%'�)����� é �����
+������

m̄
� %'�W}'����('���������*%������ � ���T�
� �������F%'�������D}'%'�

x5�@¡)�
������%'�R¢ 4�£'¤ + � ���
����	��
���.�8����� �
%'��('� �����
mn

� %'�W}'����('�
����� ��	������'	��^� � %'��% � �
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('��('�����
�'�w�����

m̄
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�T��� � � �
(
�)�����©+ � �°�����������������Q�����������)���
�B�#�����#���@������� : > v�O,± ? u=v�< ? [ �
����-
²5³1´5³)µ.¶I·�¸¬¹ ê54 ¢ 7aº ? O�± > O S�>@A»?Bs ± >�? < > O >@A¼l)> OLZ E'_;X � � ����	��
�
�����'���
	;� S'r�A1E'st?&c:�u=v >,ikr :=< >@sT>Yst? < �|���
���;	��
�����
���B	�� � �������������'��� m V�> <UO E u=v*< >@A P SWE�S'?U>YstE�G [ >dV Z ?&cu=v >@A p >&½�A)? < ? M Ak>@A$_*A1STS'?U>©E Z¾< > O A1E < ?&HJ>@A^¿ M'O st_ Z ?"> O _*A [ >@AÁÀ�E ZÂ: E8_ u=v S'?U>Y>@? [ >@A < cZ ? u@v > p >"½�A)? < ? M A Pj: ?"> v >tÃ5>�sR> O KJ_*A [­Ä*n&Å8Æ=Ç SW> Ot:�u=v�± E u=v >@A¯i)K M'OyM K v�M S�È M A)HJ> O c[ >�A q A)_ O X@É O ¿ M�Z [ >@AÊH M A º E v�O;:@u@v >@?&A Z ? u=v K'>@? <&: sRE�G¥>�A�E'A [ > [ >�V;>@A ± > O SW>�A n p ?U>[ > : E's < >ÌË v > M'O ?"> Z ` :;:@<�: ? u=v�Í >�S Mdu=vÎMyÏ >@A : ? u=v*<"Z ? u=v E'_;X�¿ M�Z [ >@AÐH M A¯CFE�G¥>@A PnHJ> O E Z&Z\[ >@sT>@?&Ak> O A P�:�M S8E :;: > : >@?&A C ∈ R+ [ ?"V <&PQ:�M S8E :;: X@É O E ZBZ > n

Pn(ΩΣ) = CÑ�Ñ;Ò
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 ê�û¥ë@ñ mn := 1

n

∑n−1
i=0 m ◦ T−i

Ω
ô�õ ë@ñ1ç&ì��kø�ë�í=î�ë�ñ1éWë$ò�ð'æ äWë�ñÌî*ê'ñkéWë=æ¾ç&è©å
ì=çØê�æ�ì�ð

ë@å&ñkë�ÿ¥ï;ë@øLçUøyê�ä'ô*ñWä�é�ë@ø
�.î�ë�ð8øLåUëØåBñ�ô�ñ�ì�ë@ø�ë@õ ò¬ê�æ&æ�ë	��ô�æ���ì;ì=å¾ä��

������������������� ������!#"���$%��&���')(*� �,+%'-".����'%��+%�/�0'�12� �
354%������� �
12���768��'�������9���'%&:����'
; +2<>=@? ?0"����BA���CB����'ED

FHGJIKG�L�MON�P�QSRUTKQ�NWV�XYMKR@Z[QBN)POM�N]\_^`XYa%bcbed�P%a%Rgfea%hibcQBN
jlk 12��':�B=@��&l����(m���0"n��'o&�+oC�p�'%'%��'E!2(q��? ? ��'7(*� �q&�+%'-r�sn4-"��5�����n"nst4%� �u12��'%�wv%����x

k ��'H12���y6z��'S������9���'%&{����'
|}=@~���'�'%�2sn4H��� ' k =@?O+%'S�����512� �l�E+%���w'%��4 k ��'ED��w=@�����
C�p�'%'%��'�12� �.�����n"nst4%� �u12��'%��'[v%��� k ��'�12���{6z��'S������9���'%&�����'�|�=@~���'�� kok ���z+%'������
; +%4%� ? <e��'-=@4 k �y����'768��'�������9���'%&��O��9���� ����'/<J��� k +%? � �����i(m���n12��'E!S12� �y<J$%�#v%��? 9���'.����'
; +2<>=@? ?0"��@=@���0=@�%? ��'�9��u"nsn4-=U����'�(q���n12��'�"��0'-1�D

���-�%�c�`�0�E�e�`��� D��%�l� ì=ç
(Xn : (Ω1,B1, P ) → (R,B(R)))n∈Në@å&ñkëjò�ð�æ\äWël�dð'ño�¬ôLý@ê�æ&æÂì��dê'ø=å"êWï=æ�ë@ñ�ê'ôWìwë�åBñkë�õ 
 ê�ûIø ê8ô�õ (Ω1,B1, P ) å&ñ�éWë@ñ 
 ê�ûIú

øyê'ô*õ éWë@ø�øyë;ë=æBæ�ë@ñ�� êmî�æ�ë@ñ]�Jë�ø�ì�ëLî�ë@ñ õtå&çØéWë�ø:�dð'ñ�ê�æ&æ�ë�ñ � ñ1ç�ë@ø��Jê�æBæ�ë@ñ ë@ø��dë@ô�ä'ç�ë@ñ
� ð'ø�ë=æüú σ úe��æ\äWë�ï@øyê B(R) è5ì�ðFì�ê�äWë@ñ]�Qå&ø�èYé8ê�ì;ì�é'åUë Xn

d��uME�@�`a%d��ufedu�@� äWëUä�ë@ñ é'åUë
�¬ôLý@ê'æBæÂì��dê8øLå"êWï=æ�ë

X∗ : (Ω1,B1, P ) → (R,B(R))  MON�POQ�RgTOfcQ�RgQBN è)ý�ê�æ&æ�ì
∀ε ∈ R+ : P ({ω ∈ Ω : |Xn(ω) −X∗(ω)| > ε}) −→

n→∞
0,

ê�æÂì@ð©é�ë@ø 
 ë=ì;ì���ë�øLç�éWë�ø 
 ë@ñ�äWë�éWë@ø ω ∈ Ω è�ê'ôLýjé�ë@ñkë@ñ~ì@å&í=îØé8å"ëtùtë@ø=ç�ë�éWë@ø Xn
�dð8ñ

éWë�ñkë@ñ
�dð'ñ X∗ ô�õ õTëLî�øwê�æÂì ε ô�ñ)ç�ë�ø�ì�í=î�ë@å"éWë@ç&è*ý=þ*ø#ê�æ&æ�ë ε äWëUäWë�ñ�¡©ô�æBæ)÷mð'ñ-�Jë�ø&ä'åUë@ø=ç��
���-�%�c�`�0�E�e�`��� D£¢K�l� ì=ç

(Xn : (Ω1,B1, P ) → (R,B(R)))n∈Në@å&ñkë ò¬ð�æ\äWë5�dð'ñ/�¬ô;ý�ê�æ&æ�ì¤�dê'ø=å&êWï@æ�ë@ñDê'ôWì�ë@å&ñkë@õ 
 ê�ûIøyê'ô�õ (Ω1,B1, P ) å&ñTé'å"ë�øyë�ë@æBæ�ë@ñ� êmî�æ�ë@ñ}�Jë@ø;ì�ë=î�ë@ñaõ~å&ç�éWë�ø	�Jð'ñaê'æBæ�ë@ñ � ñ1ç�ë@ø��Jê�æBæ�ë@ñ­ë@ø��Jë@ô�ä'ç�ë@ñ � ð8øyë=æ¾ú σ úJ��æ äWëdï@ø ê�è�ì�ðì�ê�äWë@ñ��Qå&ø�è�é8êmìLìØé'åUë Xn
XYa%d��o¥`hmQSRUa%bcb äWëUäWë@ñ|é8å"ë{�¬ôLý@ê�æ&æÂì��dê'ø=å"êWï=æ�ë
X∗ : (Ω1,B1, P ) → (R,B(R))

  MON�POQ�RgTOfcQ�RgQBN è)ý�ê�æ&æ�ì
P ({ω ∈ Ω : lim

n→∞
Xn(ω) = X∗(ω)}) = 1,

ê�æÂì@ð^é'åUë 
 ë@ñWäWëté�ë@øz¦ æ�ë@õTë@ñ)ç�ë��dð8ñ Ω è�ê8ô;ýYéWë�ñkë@ñFé'åUë Xn
äWëUäWë@ñ X∗ ÷�ð'ñ-�Jë@ø"ä'åUë@ú

ø�ë@ñ�èm�dð8ñ P õtåBçjéWë@õ õRê¨§'åBõRê�æ�ë@ñ 
 ëLì;ì¤��ë@ø=ç 1 ï�ë=æ�ëUä'ç8�Qå&ø éS�

© +%'ª9�� ? �*12� �w<J��? 9���'-12�{« k �%? � C@=@��� ��'E¬
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ÆKÇ2ÈEÉªÊ	Ë�Ì%ÍzÎ�Ï�Ð-ÑgÒ�ÓeÔ�Õ>Ò¤Ó�ÖlÒ¤ÕeÐOÒØ×ÁÏ�Ù ÔSÒ�ÑgÏ�Ð}Ú`ÛtÜ�Ý@ÙeÙ�Þ¤Ñ¨Ý�Ó�ÕeÝ�ß�ÙºÒ�Ð/Ü¤Ý@Þ�Öyà2ßnÒ�ÓáÝ@ÙeÙãâqÞ�ÏªÝ�ÛBä¤å
Þ¤Ö�Ïuä�åBÝUÞ¤Ö>Õ Þ�ä�åBæ
ç	è2é
èKêcë ÍØì�í î�ï%î7ðòñ�óÁôEõ�ö�÷�ìOËKø2ù�ú2÷Kû5ï%î�ü�ý�î�þ ÿ�Ë � Ë�øBË

�

���������
	���
����������������������������� "!#!���$ ó&% ��'�()
� +* % !�
� -,/.�����
&!"0�1
2 þ432î�576�î�8:9�;%ý=<?>A@B9�;%ýDC8üE5GF�î�ý=8�î�5H9IF�üE5KJMLON�î�5K9�;QP?5?32î�5E÷ER�î�5HSET�íU8�î�57V*í ý

î�íU5%í�8�î:Vmî�íUT�î�ý�îQCXW�LEYAYníU@�î�ýI32î�ýXJZLONET�ï%î�ü�ý�í î�Ë&[�Vmî�í\3HL�F�üE5]Y�íU5?3Z32í î_^	î`P?5%íUT�í üE5M32î�ý
a R?Y�üEWU;HT�íU8�YAT�î�T�íU8E@�î�íUTbF�üE5ZJMLON�î�5MROî�9�<H8EW í�>nï�î�í�5%î�YIc8î`dJî�ý�î�5H9�þ
LON�î�Ye;H5?3f32î�ý{ìgLOT=9
F�üE57cILE32üE5ihkjlíU@�üi3il�þ�÷m32î�ý\32í î�Y�î�5.Êyî�8�ý�íonpLO;id�q%ýArO8E5?LO5GT�îs;H5?3�ï%íUWodJý�î�í�>nï%î a ý=T�;H5?3
6�î�í�Ynî:>nï?L@ýALO@gT�î�ý�í�Y�í î�ý=T�Ë

t�è?u%ê�v`ê È ê�w�v Ê	Ëyx%Í_z�Ò¤Õ>Ò¤Ð
P,Q {�| Ò�Õ~}�Ý=�#ÒªÝ�Û�Ü
Ò¤ÕeÐOÒ`��}�Ò�Þ�Þ�Ó�Ý�Ûg�

(Ω,B)
æ
�
ÕeÓ

Þ�ÝuÔSÒ¤Ð2â\��ÝUÞ�Þ
P
% 	"��
�����������������������	D��'��"�������O�

Q
Õ0Þ�Ö#ß {�| æ

Q
!"
)1��� �����$m�

P
âSÜ�Ý@ÙeÙ�Þ

∀B ∈ B : Q(B) = 0 =⇒ P (B) = 0.

� Þ¤Ö~��Õ>Ò�Þ_�SÒ¤Ól×`Ý@ÙeÙ�â#Þ�Ï/Þ�ä�å�Ó�Ò¤ÕJßtÒ¤Ð | ÕeÓwÝ�ÛBä�å

P << Q.

^	î�ýzìgLOT=9XF�üE5�ceLE32üE5ihkjzíU@�üi3ilBþ�Y�î�T=9�Tb32í î�Ynî�5�Êyî�8�ý�íonf5G;H5ªþ7íUTD32î�ýb���2í�Y=T�î�5H9�F�üE5
^	í�>tï�T�î`d�;H5H@GT�í üE5%î�5�íU5�Êyî�9�í î�ïG;H5H8%Ë)��<%ýe32í0î�^	î`P?5%íUT�í üE5:î�í�5%î�YI��5�T�î�8�ýALOW�Y ∫ F�î�ý=Vqî�íoh
Y�î�5#V*í ýK32î�5+�Eî�Ynî�ý
LO;id7ð � % ��� ô%özüi32î�ý
LOROî�ý
<HROî�ý=W�LEY�Y�î�5 í ïH5#Y�î�í�5%î�ýK�k5GT=;%íUT�í üE5EË
�#í�5%îKLO;?Y�d�<%ï%ý=W0í�>nï%îoÊyî�Y=q%ý�î�>tï�;H5H8]32í î�Y�î�ý{û5ï%î�ü�ý�í îoï?LOT_LO5�32í î�Y�î�ý,ìGT�î�W�W îQ@�î�íU5%î�ý=W î�í
je;HT=9�î�5:í þ ì�íU5H5%îØî�íU5%î�YsROî�YAYnî�ý�î�5��#î�ýAY=TArO5?3i5%í�Y�î�Ys32í0î�Y�î�Y*ûÁî`�iTAY�Ë

ÆKÇ2ÈEÉ)Ê	Ëãÿ#��ceLE32üE5ihkjzí�@�üg3ilBþ���Í_z�Ò¤Õ>Ò¤Ð
P,Q {�| Ò�Õb}�Ý=� Ò�Ý�Û�Ü�Ò¤ÕeÐOÒ`��}�Ò�Þ�Þ�Ó�Ý�Ûg�

(Ω,B)
æ-�,Ý�Ð-Ð�Þ�ÕeÐ�����Õ>Ò#Ü�Ï@Ù£ÔSÒ¤Ð��SÒ�Ð�ßtÒ¤Õ���Ò¤Ðf�	Û�Þ�Þ¤ÝuÔ�Ò¤Ð��� �ÛBÕcÑ¨Ý�ÙºÒ¤ÐKÖ¢¡
��Lg�

Q
��Ï���ÕeÐ-Õ>Ò¤Ó�Ö

P
æ

��R��7£yÞwÔ�Õ>ß¤ÖlÒ�ÕcÐOÒ7�/Ò�ÞtÞ�ßnÝ�Ó�Ò�×EÛBÐi¤gÖ>ÕJÏ�Ð
f : (Ω,B, Q) → (R,B(R))

â5Þ�Ï¥��ÝUÞ�Þ
Ü�àBÓ{Ý@ÙeÙºÒ

B ∈ B
¡

∫

B
f dQ = P (B).

£*ÕeÐOÒy×EÛBÐi¤gÖ>ÕJÏ�Ð | Õ>ÒzÕcÐ
(b) | ÕcÓ��,Ý�ÛBä�å7Ý@ÙãÞ§¦ ���O�)��� Ñ¨Ï�Ð

P
ßtÒ { à@Ô@Ù�Õeä�å

Q
ßnÒ { Ò¤ÕJä�å�ÐOÒ¤Ö�æ

ç	è�¨	è?©&ª�«-v�¬ ÊlËy­%Í\�ÀÕeä¤å�Ö�Ò¤Ð/Þ¤ÕcÐ��ØÐ-ÕJä�å�ÖWÒ¤ÕeÐ��SÒ�Û�Ö>Õ�Ô�ßtÒ�Þ�Ö>Õ��Q��Ö�æ"®zÒ¤ÐKÝ�Û2Ò¤ÓyÞ¤ÕcÐ�� {�| Ò¤Õ
�7Ò�Þ�Þ�ß�Ý�Ó�Ò	×EÛBÐi¤gÖ>ÕJÏ�ÐOÒ¤Ð

f 6= g
Ô�Ò¤ÐKÝ�Û���Ý�ÐKÐ�Ò¤ÕcÐ�ÒI�ÀÕeä�åBÖ�ÒwÑ¨Ï�Ð

P
ßnÒ { àUÔ@Ù�ÕJä�å

Q
â�Ü�Ý@ÙcÙãÞ

f
Ò¤ÕeÐOÒX�ÀÕeä�åBÖ�ÒÀÑgÏ�Ð

P
ßnÒ { à@Ô@ÙòÕJä�å

Q
Õ0Þ�Öeâ_Û�Ð��

Q({ω ∈ Ω | f(ω) 6= g(ω)}) = 0,

f
ÛBÐ��

g
Þ�ÕJä�åªÝ�Ù�Þ�Ï�ÐKÛ�Ó{Ý�Û�Ü�Ò¤ÕeÐOÒ¤ÓI¯{ÛSÙeÙ°�/Ò�ÐSÔSÒ�Ñ¨Ï�Ð

Q
Û�Ð-Ö�Ò�ÓnÞ�ä�å2Ò¤Õ��SÒ¤ÐKæ



±=±�² ³�´µ³H¶G·�¶g¸�¹�º)»)¼�¹/½�¾�¿�²`´ ²/À
Á�ÂUÃ&ÂKÄ�ÅGÆ
Ç�È?É"Ê

L1(P )
ËÍÌUÎ&Ï�ÐOÑHÎ=Ò�ÓBÔHÐOÕKÌ�Ö&Ï�×EÎ=Ö�ØmÒ�ÌUÓ�ÙOÚHÛEÒ�ÎAÜAÖ�Ý)Ò�ÞUÌUÒ�ÝHÖ=Ò�Ü�Ø�ß~Ò�ÌUÞ�Õ
ÌUÖ�ÜAà�ÑHáEÓHÒ�ÓBâ\Ì�ãEÒ�Ó?ÜAàAÑ?ÐäÏ�å

Ö=Ò�ÓMÐOÚ?Ü=ãEÒ�æ�Ò�Ì�àAÑHÓHÒ�Ö=Ò�Ü:çeÝgè=Ò�éGÖeÔiÒ�Î�êHÚHÓHégÖ=ÌU×EÓ?ÐOÞ�ÐOÓ?ÐOÞ�ëgÜ=Ì�Ü/ìäíZÐOÛEÖ=ÑHÒ�×EÎ=Ì�Ò�îE×EÎ=æ�Ú?ÜAÖ=Ò�ÞUÞUÒ�Ó
ÚHÓ?Ôïæ�Ò�ÌUãEÒ�Ó�Ò�Ì�ÓHÒ�ðeÚHÒ�Î=îEÒ�Î=ÝHÌUÓ?ÔiÚHÓHã]æ�ÚïÔiÒ�Óñ×EÝ�Ò�ÓñÔiÒ`ò?ÓHÌUÒ�Î=Ö=Ò�ÓôóeÌ�àAÑ�Ö=Ò�ÓôÐOÚiÏ�õ"ê�öHÎ
ÔiÌUÒeÔHÐOÝ�Ò�Ì?Ì�Ó�îE×EÞUîgÌUÒ�Î=Ö=Òsó�Ò`ò?ÓHÌUÖ=ÌU×EÓKÒ�Ì�ÓHÒ�ÜD÷�Ó�Ö=Ò�ãEÎAÐOÞ�ÜDîEÒ�Î=ßDÒ�Ì�Ü=Ò�ÓpßbÌUÎ§ÐOÚiÏ-Ò�ÌUÓ?ÜAà�ÑHÞ�ÙOãEÌUãEÒ
ø&Ì�Ö=Ò�ÎAÐOÖ=ÚHÎ_ù�Ü=ÌUÒ�ÑHÒúæEõüû�õ-ýþÁQÈ?É"ÿ������Aõ
���
	���
���������
 ûeõ����������

(Ω,B, P ) � ��!#"%$'&)(*$,+.-0/ � 12� � ��3 � !546��( 3 +7!�8:9�; � �

L1(Ω,B, P ) := {f : (Ω,B, P ) → (R,B(R)) -2� ���=< $,( |

∫

Ω
|f | dP <∞},

$?> � 1 L1 @ � (BA
�DC �E1 (�(*$:+7- @ � (0-F� ���G< $,(H�G!JI�+.!�C � � 1 !�� !K-L� �M< � � (H$=N?>O��9�;%� ! @ >O��9 ;�� -� ! � �EN,(*$,>P+7! @ < ��QR! @ � !S4R� � � �G( 3 4R� �PI�+.!�C � � 1 !��G! f, g ∈ L1 T�U (F8:VG+.��WX$,>Y� ! � / T $?>�> �
P ({ω ∈ Ω | f(ω) 6= g(ω)}) = 0 / � �Z� � �Z9�;[$?> � 15< > 1 &\$,+ T � ��!�� (^]_+7>�>`-2� !aN7�b+.!
c� � ( � 9 ;�� � @ � !edLfg��( � 9 ;7(H�G� < �G! @ $:!
! f ∼ g T�U ( 3 4R� � � 1 >Y9�;��0I�+.!�C � � 1 !�� ! f, g +.! @� � ��3 � !

L1(Ω,B, P ) := L1(Ω,B, P )/ ∼

$?> � 1 L1 @ � (2A
�DC �E1 (�(H$,+7- @ � (ihjVG+.��WX$,>Y� ! 3 CX>Y$ ��� � ! < � 3 U N?>O�Z9�; ∼ $,+ � L1 dek 1 T 1 (�-L+7c
>O�Z�G( � 46��( @ L1 Wl� (�-FmnNa� @ �G(^op4 1 ;a> @ ��QR!
��� ( � � !�/ @ $ � ��9�; @ �Z� � ! � ��N:(*$?>q� @ �G(irs� � (*$XN � c
T +7!�C � � 1 !�� ! @ � (BWl� ( � 9�;7��� @ �G!�� !utj�wv�(H8 � � ! � $,! � � !\�G��!��G(xhyV=+7��WX$?>q� ! 3 CX>O$ ��� �[!
�Z9�; �
+.! � � ( � 9�;�� � @ � !?zL] 1 (D-

||.||1 : L1 −→ R+

f 7→
∫

Ω |f | dP3 +J� ��!{� -|r}$,!e$:9 ;7(*$:+7-Fd
~ ÌUÒ�ÑHÒXæEõüû�õ-ý��\� ÿ{����Ï�öHÎbÒ�ÌUÓHÒ�Ó�û~Ò�ß~Ò�Ì�ÜbÔiÒ�Î��\×EÞUÞ�ÜAÖAÙOÓ?ÔiÌUãEéEÒ�ÌUÖDîE×EÓ

L1
õiË+ÌUÎbÜAà�ÑHÎ=Ò�Ìoå

Ý)Ò�Ó�ßDÒ�ÌUÖ=Ò�ÎeÔiÒ�ÎIâ\ÌUÓiÏ�ÐEàAÑHÑHÒ�ÌUÖbÑ?ÐOÞ�Ý�Ò�Î

L1(P ) := L1(Ω,B, P ),
Ï�ÐOÞUÞ�Ü égÞ�ÐOÎ Ì�Ü=Ö�ØiÚHÕ ßDÒ�Þ�àAÑHÒ�ÓfíZÒ�ÜAÜ=ÎAÐOÚHÕ Ò�ÜIÜ=Ì�àAÑ�Ñ?ÐOÓ?ÔiÒ�Þ�ÖbÝHæ�ßúõ?ÌUÕ���ßDÒ�ÌUÏ�Ò�Þ

L1(P ) := L1(ΩΣ,BΣ, P )
ù�ÐOÓ?ÐOÞU×EãKÔiÒ`ò?ÓHÌ�Ò�Î=Ò�Ó¥ßbÌUÎ

L1(P )
�Aõ

ËÍÌUÎ�îEÒ�Î�Ï�×EÞUãEÒ�ÓñÓ�ÚHÓôÒ�ÌUÓHÒg�IÎ=ãEÚHÕ
Ò�Ó�ÖAÐOÖ=ÌU×EÓ&Ø\ÔiÒ�Î=Ò�Ó â\ÞUÒ�ÕKÒ�ÓGÖ=Ò ãEÒ�Þ�ÙOÚiò?ãEÒ�Ó â\Î�å
éEÒ�ÓHÓGÖ=ÓHÌ�ÜAÜ=Ò�Ó�Ò�ÓGÖAÜ'�HÎ=Ò�àAÑHÒ�ÓñÚHÓ?Ô�æEõüû�õ-Ö=Ò�Ì�ÞUßDÒ�Ì�ÜAÒBÌ�Ó ýþÁBÈ?É�ÿe���DÓ?ÐEàAÑHãEÒ�Þ�Ò�Ü=Ò�Ó�ß~Ò�ÎAÔiÒ�Ó
éEáEÓHÓHÒ�Ó&õ�óXÐäÏ�öHÎIÜ=Ò�Ì

(Ω,B)
Ò�Ì�Ó¥ífÒ�ÜAÜAÎAÐOÚHÕ¥õiË+ÌUÎbÝ)Ò�Ö=ÎAÐEàAÑGÖ=Ò�ÓZÔHÐOÓHÓ

G := {P : B → R
Ò�Ó?ÔiÞUÌ�àAÑHÒ�Ü�Ø?Ü=ÌUãEÓHÌUÒ�Î=Ö=Ò�ÜbíMÐOÛ

},
ÔiÌUÒ�ífÒ�ÓHãEÒ�ÔiÒ�Î�Ò�Ó?ÔiÞ�Ì�àAÑHÒ�Ó&Ø�Ü=ÌUãEÓHÌUÒ�Î=Ö=Ò�ÓñíZÐOÛEÒ�ÐOÚiÏ

(Ω,B)
Ø"ÔiÌ�Ò
îEÒ�Î=ÕKáEãEÒ�ÔiÒ�Î�Ò�ÞUÒ`å

ÕKÒ�ÓGÖkß~Ò�Ì�Ü=Ò�ÓJ�bÔHÔiÌUÖ=Ì�×EÓ�ÚHÓ?Ô ~ éäÐOÞ�ÐOÎ=ÕBÚHÞUÖ=Ìq�HÞ�ÌUéäÐOÖ=Ì�×EÓ
ÚHÓ?Ô�ÔiÒ�Îj�e×EÎ=Õ
||P ||∗ := |P |(Ω),

ß~×EÝ�Ò�Ì
|P |

ÔiÌUÒpÖ=×EÖAÐOÞUÒb�§ÐOÎ=Ì�ÐOÖ=Ì�×EÓ�îE×EÓ
P
Ü=Ò�Ì�ù�Ü=ÌUÒ�ÑHÒpó�Ò`Ïj�gõ��a�gØ�ÐOÚ?Ü�ÔiÒ�ÎQífÌ�ÓHÌUÕ
Ðäå

ÞUÌ�ÖAÙOÖAÜ=Ò�ÌUãEÒ�Ó?ÜAà�Ñ?ÐäÏ�Ö�ÔiÒ�Îx�E×EÎAÔHÐOÓiå*��Ò�Î=Þ�Ò�ãEÚHÓHã��gõ��a��Ï�×EÞUãEÖ
|P1 + P2| ≤ |P1| + |P2|

Ø
ß~×EÎAÐOÚ?ÜbÔiÌUÒ}�e×EÎ=ÕKÒ�ÌUãEÒ�Ó?Ü�àAÑ?ÐäÏ�Ö~îE×EÓ

||.||∗
Ò�ÎAÜ=Ì�àAÑGÖ=ÞUÌ�à�ÑpßbÌUÎAÔ{�AØgæ�Ú Ò�ÌUÓHÒ�Õ�ÓH×EÎ=ÕKÌUÒ�Î=Ö=Ò�Ó



��� ���a���7�B�e�
���
L1(P ) �'�'�

R �E�6�G�. '¡,¢'¢n£?¤�¥§¦�¨q¢n©�ª�«7�G¨)¦R�G¨� '�G¢ Q �G¨q¬K­B£?® (Ω,B) ª{¯°¨�¢j±{�G '¢n£,²n³a '�G¬[©�£?¬�¬5©�¨q�´ ¡,µq¶,�G¬
©��¸·�±�±�¨qµ�©�¤�¬�¶
Φ : L1(Q) −→ G

f 7→

(
mf : B → R

B 7→
∫

B f dQ

)

.

¹ £,º�¨�ºn »�G¨�¬��_µq¨q¬��=£?¢'�_·j±�±�¨�µ�©�¤�¬�¶F¥2¨q 
ker(Φ) = {f ∈ L1(Q) |

∫

Ω
|f | dQ = 0}

= {f ∈ L1(Q) |Q({ω | f(ω) 6= 0}) = 0},

¦i¡,¢n£?¤
ºy¡?¼��G¬
º'¨�²n³7 'µq¨�²�³
L1(Q) = L1(Q)/ker(Φ)´ ¡,µq¶, Gª½¯°¨q¢¾º' '¤
©�¨q�G¢'�G¬L¬7¤�¬F¬�¡.²�³2©�£,º)¿»¨qµ�©^À,¡,¬ Φ ª ¹ £?ÁG¤�±{�G '¢n£,²n³7 '�G¬2¦�¨q¢ ´ ¡,µq¶,�G¬
©��G¬Â ¬a '�G¢'À,�G�. '¡,¢'¢n£?¤�¥ GQ À,¡,¬ G Ã

GQ := {P ∈ G | |P | << Q},

£?µ�ºn¡J©�¨q�Ä­B�G¬�¶,�g©��G¢^�G¬
©�µq¨�²�³��G¬Åº'¨�¶,¬�¨q�G¢' '�G¬Å­K£?®,�Ä£?¤ ´ (Ω,B) Æ¾©��G¢'�G¬S '¡, n£?µq�b�P£½�
¢'¨�£? '¨�¡,¬ÈÇ�º'¨��G³�� ¹ � É
¬�¨q '¨q¡,¬ËÊ.ª�ÌaÍ7Îb£?±
º'¡,µ�¤� nº' '�G '¨q¶S±��GÁGÏ�¶,µq¨�²n³ Q ¨�º' 5Ç�©�¨q�=º'�K¨�º' x�G¨q¬
�6�G�. '¡,¢'¢n£?¤�¥#Æ¾©�£K£?¤
º |P1 + P2|(B) ≤ |P1|(B) + |P2|(B)

´ Ï�¢L£?µqµq� B ∈ B ©�¨q�
·�±
º'¡,µq¤� nº' '�G '¨�¶,�,�G¨q iÀ,¡,¬ |P1 + P2| £?¤
ºy©��G¢yÀ,¡,¬ |P1| ¤�¬
© |P2|

´ ¡,µ�¶,  Înª
ÐPº�¶,¨qµq M¬7¤�¬
Φ(|f |) = |Φ(f)|,

¦i¡,¢n£?¤
ºy¥2¨q �©��G¥Ñ«.£? 'Á^À,¡,¬#Òj£,©�¡,¬��pÓ�¨q�,¡.©�Ô.¥ |Φ(f)| << Q
´ ¡,µq¶, Gª ¹ £?¥2¨q M�G¢'³
£?µY�

 '�G¬#¦�¨�¢
Im(Φ) ⊂ GQ.Õ º' F¤�¥2¶,�G�,�G³�¢' Ä�G¨q¬Ö�G¬
©�µq¨�²�³��=º2º'¨q¶,¬�¨��G¢' '�=º2­B£?® P ¥2¨q  |P | << Q ¶,�G¶,�G±{�G¬�Æiº'¡

¬
£? 'Ï�¢'µq¨�²n³×£?¤
²n³ P+, P− << Q ª ¹ ¨q�=º'�g±��=ºn¨q 'ÁG�G¬Ø¬
£,²n³Ö©��G¥Ù«.£? 'ÁÚÀ,¡,¬ÖÒj£,©�¡,¬��
Ó�¨q�,¡�©�Ô7¥ ¹ ¨�²n³7 '�G¬ f+, f− ¤�¬
©#�=º�¶,¨qµq �©�£?¬�¬

Φ(f+ − f−) = Φ(f+) − Φ(f−) = P+ − P− = P,

¤�¬
©Ú�=º ´ ¡,µq¶, 
Im(Φ) = GQ.

¯%�G¨qµy£?µ�µq¶,�G¥2�G¨q¬ V/(kerφ) ∼= Imφ
´ Ï�¢2�G¨q¬��gµq¨�¬��=£?¢'�#·j±�±�¨qµ�©�¤�¬�¶ φ : V → W

ÁG¦�¨�º�²n³��G¬gµq¨q¬��=£?¢'�G¬g�6�G�. '¡,¢'¢nÛ?¤�¥2�G¬Ú¶,¨qµq GÆ7�G¢'³
£?µq '�G¬Ú¦�¨q¢»�G¨q¬�� Õ º'¡,¥b¡,¢'Ü�³�¨q��À,¡,¬g�6�G�7�
 '¡,¢'¢nÛ?¤�¥2�G¬

L1(Q) ∼= GQ.

«.²�³�µq¤
ºnº'�G¬
©�µq¨�²n³Ú¶,¨qµq »¬�¡�²n³ ´ Ï�¢ f ∈ L1(Q)

||f ||1 =

∫

|f | dQ = Φ(|f |)(Ω) = |Φ(f)|(Ω) = ||Φ(f)||∗

¤�¬
©Ú¦�¨�¢»�G¢'³
£?µ� '�G¬#¨q¬
º'¶,�=ºn£?¥� �©��G¬ ´ ¡,µq¶,�G¬
©��G¬
ÝeÞ�ß�à ¿}ªqáGâ
ãyä5å�æ»çaè é5êaë åOìaè é#ísènîXèGå�ï�ð.é
ñ7é7ìaè éòè æEóaë ô`å�è õ�æ

Φ : L1(Q) −→ GQ

è å�é�èsö�÷ ê:øFèGæ�õDå�è¸ùlê,é R úlû
èDülæEê:õDõHý,ñ.øFèGéeþ
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.�/10+.32+4+5�5��!57698:*;8: =<>-%,�,:�@?A�CB
D'�CBEB�*E-%F� #B

(ΩΣ,BΣ)
(+G�8:H+�!5

I �!2�J�(+*�*E-%F� 
G
 @8:J�?A�! 

lSM
8�?A�!5	J�8LK>M!8:�!*��!5N/POQ-%G��!8+�!5�JEB�R�*��CSUT��!5VB�8WSETX?A8:�ZY[(+*� @�!5

||.||∗, ||.||TV
H+�!*E-+?A�+\�698��9 ]-%5^,:�!8�SUT�J_�!8:5>B�8��!T�J)`aG��C-+SET�J��cb��!*�,:�!H+F�5�HdBEBE-%J�M�.�/10Ae9F�5>?

f *�(+R�(dB�8:J�8�(+5g.�/ih>ekjE/�l	�!J�M!�!53698:*m5�F�53npo�*9�!8�5��!5qD'-%$+r+�!2�J�(+*
g ∈ lSM

5�F�5'5�(�SUT
lg := {h ∈ lSM |m|h| << mg},B�(^�!5	JEB�R�*�8�SUT�J

lg
H+�!*E-+?A�X(+G�8:H+�!5

Gmg

/�st8�*u�!*�T>-%,�J��!53B�(+ @8:J
vVwyx�wyz	zd{yx}| /:e+ed~��U���

g ∈ lSM �!�W�'�������k��� ���+�U�)��� � �U� �%� � ���7�_� ���+�	��������� ����� �
Φ ���W��� �U�!�+� � ��� ���
� � ���>��� ���+���� +�	� ���

Φ : L1(mg) −→ lg.¡�¢A£¤¢¦¥W§ ~�¨©B�(+ ]�!J�*�8:�ª @�!8�5�J!\%?�-+BEB
||f ||1 = ||Φ(f)||TV

\k6«-+B_-%F>B¬(+G�8:H+�!*_­[*�H+F� @�!5A®
JE-%J�8:(+5g�!*EBE8�SET	J�,:8�SETg698�*E?�/

�

¯#°L±y°#²N³¦´%µ7¶	·¹¸¬¶�´¤º]³�·�»�¶	´½¼�¶	·�¾g»�³�·À¿ÂÁ�Ã�¶�·
l	(Ä-%F>B�H+�!*�o>B�J��!J�G��!J�*E-+SUT�J��!5Å698:*
�!*�5��!F�J�?A8��#BESUT�6«-+SUT��'l	2+(+*�(+2	T�(A?Æ&)(+5�r+�!*�®H+�!5�M;-%,WB9-%F>SETq�!8:5��c6«�!8:J��!*��;<�(+*� Ç?A�!*È&)(+5	r+�!*�H+�!5�M
r+(+53DÉ-%$+�!5N/b�F�5>"+SUT>B�Jª�!8:5��)-%,�J��!*�5>-%J�8:r+�[Ê«T>-%*E-%2	J��!*�8WB�8:�!*�F�5�H;?A�!*ªBUSET�6u-+SET��!5ql	2+(+*�(+2	T�(A?@&È(+5A®

r+�!*�H+�!5�M+Ë
ÌÈx�w�Í¦w�§½¥�ÎN¥pwyÏÐ| /:eC.�~QÑ ��� (Pn)n∈N ���p���XÒ � � ���^� � �ÔÓV� �	�U����� ���W�>�Õ� ��� �%�!� �p��� �E�Ö���� ��× ���p��� � ��� ����� � �	� (Ω,B) Ø�Ù �+�>�^� � �>�½� � �+��� � ��� � ��� Pn �����¦� �@� �+�>�XÚPÛkÜ�Ý Á ÛkÜÞNß ³�´½³ ß Ü ³N¸ ��������� � � � ���E� P ∗ ��× �%�p� � � � �!�W�¤à)� × � � �!�	á � ��� Q �+� �!�p�Z� � �c� �a� Pn×�â	� �+�W�:� n ∈ N

��� �_��� P ∗ ���+� �W�>��� ���y� � � �ª��� � � � �+��� �p��� � ���È� �a�mÒ � � �	� � � � Ù � ���	� �!�
(fn)

� � � Pn � �Eá â �%��� ��� Q �����C��� � ��� � ����� �����	��� � ��� Ù � ����� � f∗ � � � P ∗ � �Eá â �+�Õ� ��� Q
� � �>�½� � �+��� ���p�9� Ø � Ø

∀ε ∈ R+ : Q({|fn − f∗| > ε}) −→
n→∞

0.

¡�¢A£¤¢¦¥W§ ~cl	8:�!T��@ã äNåçæNèdé�\¦êmT��!(+*��! Çë�/:e%/1ë�/
�

Y[F�5'?A8:�ç`a5��!G��!5ÉB�JE-%*�2+�!*Q&)(+5�r+�!*�H+�!5�M^F�5>?ÉBESUT�6«-+SUT��!*
l	2+(+*�(+2	T�(A?É&)(+5�r+�!*�H+�!5�M%j?A*�8:J�J��X&È(+5�r+�!*�H+�!5�M�na(+*� Çr+(+5'D'-%$+�!5NË
ìV¢>í�¥WÏy¥�ÎN¥pwyÏq| /:eCë�~ZÑ ��� (Pn)n∈N ���p���_Ò � � ���9� � ��ÓV� �	�U����� �!�W����� ��� �%��� �p��� ���_���ç� �U×���p��� � ��� ����� � �	� (Ω,B) Ø Ó¤� �Q� �P����� �u� � �U�
� ��� Pn Ú!î ´½ï ß î@�������!� � � � ���E� P ∗ß ³�·�»�¶	´½¼�ïW¶	´½¶�· �N× �%�p� � � � ���p�Éà)� × � � ���	á � �E� Q �+� ���p�[� � �@� ��� Pn ×�â�� �%�p�L� n ∈ N�!� �_�a� P ∗ �d�d� �p�>��� ���u� � � �ª��� � � � �+�W� �p�u� � �U�V� �a�XÒ � �i��� � � � Ù � ���	� �!� (fn)

� � � Pn� �Uá â �%�Õ� ��� Q × � ���Z� � ��� � � ��������� � ��� Ù � ����� � f∗ � � � P ∗ � �Eá â �%��� ��� Q � � �>�½� � �+��� ���p�� Ø � Ø
Q({ lim

n→∞
fn(ω) = f∗(ω)}) = 1.

¡�¢¦ð�¢>xNñ¬òóÏyôõ| /:e�h¦~;ö����¤Ñ � � á#÷ Øpø ×!� �i� �;� �d�>� �;� � ��� �!�W��� ����� �:� � � � �¦�½� � ����� � �
Ò � � �	�;� � �ùÓ
� ���E�!��� ���p����� ��� �%��� �p��� ���_����� �A���¤����� �Z� ���gÑ � �+��� � �A�C� � � �>�k� � �d�a� ��� Ø
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.0/2143�576�1�8:9�;<6�57=>=@?,=�57/2=,5BA�C�57D7/257E2E25GFHE�8:A�A�5JI:K:=ML�C�571�8N6�K:1�57=>8N?POQ=,K:1�RS/2571�6�57=TU57V�6�K:1�1�WN?,RS57=�XZYP/25[A�K:\:57=�8N=,=<6�57=]F^K:=<6�1�8NV�6�/2K:=,57=�_
`ba�c,d#e-d�f�dhg-e0iB_2j k,lJmGnhoqp�n#o�r�s:tur7t�vxwPr7tys:z|{}t�~ �Un2�7���Pr�o
wPs:t�z�n�r�php��@r�{:tu�:o�r�z�r�o,�^oZ{:t��
� n�r�t�z�r7o0��r��*z|{:t�tu�:� � r�o

T : (V, ||.||V ,≤V ) −→ (W, ||.||W ,≤W )�Unhty���4�Z� �#! �#"�$q%���'�! (�),+�! �h��'��<r�oZs:oZo�zh����s:p#p��
∀v ∈ V : ||Tv||W ≤ ||v||V��oZ�
v ≥V 0 =⇒ Tv ≥W 0.

��K}A�/26�/2I:5�F^K:=<6�1�8NV�6�/2K:=,57=�8N?PO�YP57R
L1 ��� K:3�57/

f ≤ g ⇔ g − f ≥ 0   A�/2=�Y¡8N?�Au¢O�£,;,1�E2/�9¤;�A�6�?�YP/2571�6 � K:1�YP57=�X�A�/�57;,5^D:_¥iB_�¦¥%§(�$�¨���©|XPF�8NC,/26�57E�ª�_�«4/2=,571¬YP571�8N?�A�YP/25 A�57=­ 6�?�YP/257=M1�5 A�?,E26�/2571�57=�YP57=�X�3�571�£,;,R®6�5 A�6�57= ­ WN6�D75[/�A�6GYP571GI:K:=¡¯¬;�8:9�K:=P¢yL�1�=�A�6�57/2=�°
±Z² f�³´iB_2j µ � ¯¬;�8:9�K:=P¢yL�1�=�A�6�57/2=   lG¶�r�n

(Ω,B)
r�n#o¸·¹r�����tus:� � �

Q
r�nho»ºbs*�@t¤�����Pr�nho��p�nh���}�Nr�nhzh� � s�¼½�<s:tys}�¤�´��oZ�

T : L1(Q) −→ L1(Q)r�nho�r�w�{*��n#z�nh¾�rb¿®{}o�z�tysN��z�nh{}oZÀ¬¶�r�n�r�o»�Ár�n#z�r7t
f, g ∈ L1(Q)

�G�7{Â�}sN�¤�
g ≥ 0

À4Ã®s:o�o�*{}o�¾�r�t��:n�r�tur7oÄ�:n�rBÅ-{NpÆ�<r�o
∑n−1

i=0 T
i(f)

∑n−1
i=0 T

i(g)�7s*��z¬ÇPÈ¤r�tys:p#pÉs:�¤�
{
∑

i≥0 T
ig > 0}

�<r��@r�o�r�nho
f∗ ∈ L1(Q)

À
ÊBaPË>aZd#Ì<l ­ /257;,5�D:_¥iB_-¦¥%M(*$@¨��P©|X ­ _2j:j ÍbÎÉ_

�

­ 57;,1JKNO�6�Ï�=�YP576^YP571 ­ 8N6�D´/2=MYP571GOhK:E�\:57=�YP57=§A�C�57D7/�57E2E257=>Ð,K:1�RÒÑ�= � 57=�YP?,=,\,°
Óbg-Ô�g-Õ@Õ ² ÔÖiB_2jØ×Pl[¶�r�n

(Ω,B)
r�nho]·¹r��¤��tus:� � �

Q
r�nhoÙºbs*�@t¤�����Pr7n#o,p�n����}�Nr�nhzh� � s�¼�}s}tys:���´��oZ�

T : L1(Q) −→ L1(Q)r�nho�rJw�{*��n#z�nh¾�rH¿b{:o�z�tus*��z�n�{:oZÀQÚ¤��z
f ∈ L1(Q)

�U�7{��N{:o�¾�r�t��:n�r�t�r�o��:n�rBÅQ{NpÆ�<r�o
1

n

n−1∑

i=0

T n(f)

�7s*��z¬ÇPÈ¤r�tys:p#p��<r��<r�oÄr7n#o
f∗ ∈ L1(Q)

�U�7{
�<s*�¤�
Tf∗ = f∗

À
ÊBaPË>aZd#Ì<l ­ 576�D75

g ≡ 1
/2R ­ 8N6�DSI:K:=�¯¬;�8:9�K:=P¢yL�1�=�A�6�57/2=�X�YP571®Û�?�A�8N6�D

Tf∗ = f∗O�K:E2\:6�KNÎ�57=�A�/�9�;@6�E2/�9�;�_
�
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øBù7úÁû�üNý,ú�þ,ÿ�ü����Pù���� ù	�Áù	
���ù���
��
���������Pù7ú����:ÿ��:ù	���Pù�����
2ú��
���¤ý,ù	���	���� ���ý��!�4ù	
��
"^ù#�hù7ú�ù	���	$�ü�%

Q
�'&,úÁüNÿ2ÿ2ù

mn
�����

m̄
�����(�¬ù	
���ù	���,ü�����$(
���)*
2ÿ+��ù,�Pù��.-�ü��
�7ù��0/����1 ý�ü��#���3254�ú
���
��ù	
��6�3
2ù7��ü��
�8�

��¤ý,ù7ú�ù:9,����/:ù7ú
�:ù	���;�Pù7ú<�,ü��	�¹ü��!�
���	
�
2ù7ú
��ù	�qø=
���ý>��ù	�

��ü��¤ý@?��A
�úB�7ù	
��:ù	�C�,üNý,ù7ú	�
DFE3G@H �*?�I�J�KMLON#P

(ΩΣ,BΣ,m, TΩ)
N#P�QSR�T�QFU�VMP�W#XZY3NZW([*\]L^L_T`WZabN	VcV7P�a=WZadUeafP�g�h

QFiejkN#VmlBjkN	Q>n	V:U
o
m̄ p>q U�QFQsrtgeQ�u`N#j'v�PfN#jwaxR�P'N�yzg�{ v>N|R�N#j}\6U
o�N mn := 1

n

∑n−1
i=0 m◦

T−i W#afjwP�r`a}v�Nfv�N#Q m̄ p~=�3���F����K*�A
2ú:
��Pù	���

+���	
2ù7ú�ù	��
�$c�Uù7ú�ÿ�ü��3�s�3
2ù���ù��:� ù	�Áù	
���ù��:�Uù	�>�
�:ú�ù	�
g ∈ lSM$(
��}
�ý,ú�ù	��ü��!�
���	
�
�ù7ú
��ù	�(�]ü�%:ù	�(������/:ù7ú
$Sù	
��Pù	�(�,üNý,ù7ú.�3
2ù=-���ý,ú�ù	
����Áù	
���ù
mg
?e��
2ú

�Pù#����
2ù7ú�ù	�Âù	
����]ü�%
Q

ü��3�
(ΩΣ,BΣ)

�3�,ú!��ý��3
2ù<���:ú!����ý,ú

+�'�
Q(B) :=

1

2
(m̄(B) +

∑

n≥0

2−n−1mn(B)),

�,ü��,�!
���ý��¬ù	�:ù	���'��ù ü���ý���ù��
mn(ΩΣ) = m̄(ΩΣ) = m(ΩΣ)

�'&,úJüNÿ2ÿ2ù
n ∈ N �

Q(ΩΣ) =
1

2
(m̄(ΩΣ) +

∑

n≥0

2−n−1mn(ΩΣ))
mn(ΩΣ)=m̄(ΩΣ)

= m̄(ΩΣ)

üNÿ��xù	���Pÿ�
���ý�ù7ú
�Áù	
��
�	?e����
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������ù	���

��¤ý���ÿ�
��¤ýM��ü���ý�øBù#����
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����@���,ü��!�
Q

üNÿ2ÿ2ù
mn

�
�`�B
2ù
m̄
�3��$(
���
�ù7ú
�	?���
2ú|��ù	��ú�ü���ý���ù	���������Áù	
���ù7ú

lQ := span{g ∈ lSM | |g| << gQ},�Pù	���B
2ú.$(
��.)�
2ÿ��hù*/�����9��:ú
�:ÿ2ÿ�üNú|�=?�I�IBüNÿ��.�Pù	�
L1(Q)


��Pù	�>�

+���	
2ù7ú�ù	�@?3��
2ú0�7ù	
��:ù	�
�>���C�	�,ù7ú!�
�	�F�,ü��!�

µ(lgQ
) ⊂ lgQ

.
�f�=?�I ��_���� ��¤ý��
�,�'�:ÿ����Gü����

0 < µgQ(B) =
1

2
(m̄(T−1

Ω B) +
∑

n≥0

2−n−1mn(T
−1
Ω B))

�� �$Sÿ�
���ý
m̄◦T−1

Ω (B) = m̄(B) > 0
�3�Pù7ú¬ü���ù7ú0�3
2ù=���3
��
��ù	���Jù	
��,ù��

i ∈ N
���!���,ü��!�

m(T−i
Ω (B)) > 0

?x�*���s��ù	
��Pù	��û� Nÿ2ÿ�ù	�����:ÿ�������ü���ý ø�ù#����
��

����6/����
Q
�B
2ù��Pù7ú
��$

Q(B) > 0
�����C�,ü�$(
��|�3
�ù8�*���
�:ÿ����!�!��ù	�

����:ù	
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A ∈ Kn×n #%$�&'#�(*) !,+ $.-0/213$,#546$ + )87 � 79$�&'#:) + #<;�=>=?$�7.13@A&AB
A : Kn → Kn )3@DCE) � � #?&F/ �%G<� #?$

σ(A) := {λ1, ..., λm} ⊂ C

13$,#�HI#?&J1F7K$ML"NF#POE(Q#?&RBA#�1R# +6S $KBR#?&J4T# +D! #EU G & A /V)3@FL"NXW�Y üAZ\[�õtö^] U G & A BR#?&J)3&J& !
@_&J1

ρ(A) := max{|λ| | λ ∈ σ(A)}
1R# + W\Y üRZ\[�õtú�ù�õtú�øa`'öab U G & A c�d #?$ ! # +e� #?$

Va(λ) := dim Hau(A;λ),

13$,# ú�ù�ûFüAfxõtú
`�bhgjixü�kl`�ü�ù�mbú
g8iaixüR`�[ 1A# �ES $9BA#?&�4T# +"!�� λ /T4 G = #?$
Hau(A;λ) =

⋃

s≥1

Ker(A− λ · Id)s

1R# +on )3@>p !,+ )3@_qr#?$�&'# �^S $KBR#?&J4T# +D!�� λ � #?$ cAs )R= #?$V=t#:)�L"N ! #�q<)3&F/\1�) � � # � #?$�& s0 ∈ NB3$,= ! / �%G 1�) �D�vu?w_+ )87�7	# s ≥ s0 : Ker(A − λ · Id)s = Ker(A − λ · Id)s0 cxd $ +
y:y:z
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index(λ) := min{s ∈ N | Ker(A− λ · Id)s = Ker(A− λ · Id)s+1}

�_�J���'�?���'�%���3�,�D�X�R�%���%���^�����R�D�E���K�R�?�� T�?¡"��� λ ¢ ���2�3��£K�¤�R¥3���

Va(λ) = dim

index(λ)
⋃

s=1

Ker(A− λ · Id)s.

¦ �?�§ T�%���¨�?¡ det (A − X · Id) = pA(X) =
∏m
i=1(X − λ)si ��¥j��©
ªt�?¡ C ���¬«­��®
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Vg(λ) := dim Eig(A;λ)
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Æ8ÇaÇa�RÄ�Â��?���'�D�2���K�R�?�J T�?¡D��� λ ¢ ¼ �,�?¡����"�

Eig(A;λ) = Ker(A− λ · Id)

�R�%¡Í���9�A�?��¡I¥3�A¸Î�%�_¸Ï���K�R�?�� T�%¡D� λ ¢ ���K�R�?�� T�%¡D�¨� λ ¸x��� Va(λ) = Vg(λ) �'�?���J�
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mA(A) = 0,
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mA(X) =
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(X − λi)
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li = index(λi).
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b ] K -/YcP�-/Md)Q-C.eP�-/Rf0O.2- X *GY K -/M�0�-/Mhg:NOPi]/N�j�_k-/M�`l&m npoQq Rr0O.W-tsuM$vEN _$Y jk 0�-/Rxwk*ORy0"NOM:z2{1| ]�P^j�_A-/M}-/.iM�-�] b . K -/M:)Q-CR�Pi] λk K .eYcP^`
jk = Vg(λk).l^~$n�� -�v�-/.2j�_$M�-/M�)�.iR�0".2-}Z�RS����-�-/.iM�-�]�wk*ORy0"NOM:z2{1| ]�P^j�_A-/Mk] (JA)kj � .eP lkjT$M�0p]C-CP�v�-/M�)Q-/.iP�-/R lk := maxj lkj � ]/*
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µ1¶I·�¶I¸$¸"¹I·âÀ�§¬ã�  �(]/P V -C.eMä-CM�0kY�.ij�_JzÂ0O. � -/Mk]�.2*OM�NOY�-/R C z Ã:-���P^*OR�RSN"T � T$M�0 F :
V → V -/.eM b M�0�* � *OR^Ä�_$.¤] � T"]xT$M�0Þ.�]�P σ(F ) = {λ1, ..., λm} 0"N ]uå"Äk-���PWR�T � ��*OM
F � ]C*

V =
m⊕

k=1

(

jk⊕

j=1

Wkj),

)+*�,(-/.<0O.W-�wk*"RS0"N"M:ziÈ�*OR � NGY�z o *OR � -CM[��*"M1ÆdNOPWR�.�ÇO0"NOR(]�P�-�YiY�T$M K -/M[��*OM Fkj := F |WkjK -CRSN"0$-�-/.eMJv�-�Y�M�-/MÉwk*"RS0"N"M:zi{1| ]/P^j�_k-/M}-/M�Pi]�Ä�R&-&j�_k-CMæT$M�0�-�] K .�Y�P F (Wkj) ⊂Wkj a�u�k�����e�� uçÅ¢¤±
è\ÓOÛ&ÓO×¤×�ÑGÛxÀ�§ �1é Õ Ø £CÕÉß�¢�Û
£C¢¤ÕA£�¨�ÑOÒ&¢�Ò
êOÓOÕ
V °�ë £C¦CìAíO×¤¢eÖ�¥ Ø £CÛ&£CÛ Ø ¢¤£ç�ÑG±&Û&¢�î Ø ÑGÛ�Ò&±&£C×¤×¤ïAÕAí
êOÓOÕ

F
¢¤ÕfðOÓOÛ Ø ÑGÕkà�ñ�ÓOÛ&ÝÞÑG×�à�ò:ÓOÛ&Ýó¢eÒ&±C§GôuÛ&ïAáAáA¢�£CÛ&±IÝÞÑGÕ Ø ¢¤£öõ+×¤£/àÝp£CÕ$±&£ Ø £CÛ�ðOÓOÛ Ø ÑGÕkà�ñ�ÓOÛ&ÝÞÑG×�à�¨�ÑOÒ&¢�Ò ° Ò&Ó Ø ÑOÒ(Ò¿÷&£\£C¢¤ÕA£xôuÛ&ïAáAá�£

((wkj)1, ..., (wkj)lkj
)£C¢¤ÕA£CÝøðOÓOÛ Ø ÑGÕkà�èxùOÒ&±�Ö�¥A£CÕú£CÕ$±�Ò&áAÛ&¢�Ö(¥�± ° Ò&Óæ£CÛ&¥:ùG×¤±pÝ[ÑGÕ Ø ¢¤£�¨�£C¥:ÑGïAáA±&ïAÕAí ° ¢¤Õ Ø £CÝÝÞÑGÕ

Wkj := span{(wkj)1, ..., (wkj)lkj
}
Ò&£C±&¦C±C§
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µ1¶I·�¶I¸$¸"¹I·âÀ�§û²A  �(]/P V -C.eMä-CM�0kY�.ij�_JzÂ0O. � -/Mk]�.2*OM�NOY�-/R C z Ã:-���P^*OR�RSN"T � T$M�0 F :
V → V -C.eM b M�0"* � *OR�Ä:_$.�] � T"] � .�]�P σ(F ) = {λ1, ..., λm} 0"N ]få"Äk-�� PWR�T � ��*OM FTJM�0

mF (X) =

m∏

i=1

(X − λi)
li
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����������� �!��"#�%$�&'�)(�*,+%$#"��.-/"�$�01"32%*4"657�!�8�!9:��0 ;<+�0>=��	+�9�?@�'+A2��CB�*D"��A"��!��"��FEG�8*4"�$H$I�%J�9
W K +%� V ?L��+7���)���M�%�C":5N�%*3$���O%����$P��*4"H0�0QJ��R2 (JA)F |W K +%� F |W BP"S-'T�2�0>�CUHVW�1VX$#"�$Y +%$I�R�%�8Z![�+%$H9\�%0>Z!]^�)���1�\�%�C"_&'+�0 2X"��	�R"M`L"���*,��0>*aV��%*,b

(JA)(F |W ) =








[
(JA)λ1

]

[
(JA)λ2

]

c c c
[
(JA)λm

]








∈ CdegmF×degmF ,

d +RBS"��a�%�3" (JA)λi

2R"�$e���R" Y +%$e���%�8ZCfhg��H*,UHV<"'�

(JA)λi
=








λi 1

λi
c c cc c c 1

λi








∈ Cli×li

"��	*!�4;�$#"#UHV<"'� c
ikj<lmj	n�oRpkqkrWs<t1u7v@w<x�y%z{u'zX|#u'z}s<u'~��
t1z{u�r�~e�3r��X|#y%~#u'z

li
s<u�����t�z{t1��r��1x�y%�1��z{y%�����t�|�s<u'����z8s<u�w�s<u'~Lu'zR|P�Px{~#u��P�{u'z8s<u'z�v t1�%u'zX�au'~#|#u\�{��u'~#u't�z8�#|#t1����u'z
���8z8s<u'|k��r�z�C�{~��#u�s<u'zmv t1�%u'zR��u'~#|

λi
t1z�s<u'~��%y%~Ps{r�z<�4�^y%~#��r����4q r�~P�#|#u'�1��¡{z{�h¢%y%z

F
u't1zM�%y%~Ps{r�z<�£¥¤%�#|P�S�{u'z¦s<u'~h§k~#¨%©%u

li ª
« ¤��{�1|¥�Mr�zNs<t1u\u'zR|P�#x{~#u��S�{u'z8s<u'zW¬�r%�#t��#��t1|#�%�1t�u�s<u'~Ls<u'~�%y%~Ps{r�z<�4�^y%~#��r����4¬�r%�#t��'�{�#y:u'~#�8¤��1|D��r�z.s<t1u6¬­u'�8r�¡{x{|#¡{z{� ª �

®	¯<°
±�² ª´³:µ3¶ u'u'�1�1ua�%y%~Ps{r�z<�4�^y%~#��r����4·8y%~#��¸�pa¹ "�� A ∈ Rn×n "'����"D$e"P"�0�0 d "�$H*3�>2R"�5���Z*3$H�QO c ¹ "�� σ(A) ⊂ C
���)� ¹ ;<"�(�*3$HJ�9º�R"'$�»49:¼P2%0>�CUHV<"�$ d "����'"."PUHVX*k()+%9^;	01"PO�"'��½m¾D�!Z2R"'� d "�$H*4" K +%� A c	¿ TX$ÁÀ'"#�X"���"#UHVX*G(�+%9^;	0�"SO�"���¾D�Q2R"�� d "�$�* λ �1��*G�%J<UHVM�R"'$D()+%9^;	01"PO()+��'ÀHJ�2%�3"�$H*4"ÃÂ\"�$�*

λ
"����¦¾D�>2X"�� d "�$H*¥JX��� d ��$�()¼%�8��"��Ã���)� ¹ ;<"�(�*3$HJ�9º��UHVX$#"��3BP"����0Ä�

σ(A) = σR(A) ∪̇ σC(A),

d +RBS"��
σR(A) = {λ1, ..., λr} ⊂ RJ��	�

σC(A) = {λr+1, λr+1, ..., λm, λm} ⊂ C \ R.Å �%�8�72%�3B�* "H��"'����"A]k�)�H���
{v1, ..., vn}

?D��+Æ���)����&HT�$��R"���ÇS��+�9\+�$,;8V��1��9AJR�
S
9\�!*

S(el) = vl, l = 1, ..., n
J��	���%�3"^] "P-�"��!U�VX�8J��R2

JA = S−1AS
2%��0Q*,b

JA =















[
(JA)11

]

c c c
[
(JA)1j1

]

c c c
[
(JA)m1

]

c c c
[
(JA)mjm

]















,

µ ² ª1È ¸



É�Ê ËHÊRÌ�Í�Î�Ï	Ð�Ñ	Ò�Ñ
Í�Î�Ó�Ð�Ô)ÒQÕ�Í�Î�Ó�ÖXÑ Ë#×#×
Ø_ÙRÚSÛ�Ü Ý%ÜCÛ (JA)kj , k ∈ {1, ..., r}, j ∈ {1, ..., jk} Þ'ß�à ÛPÛHá!á�Û�â�ãDÜQäRÛ�â8ØaÛ àHå Û�â�äRÛ�æ�ç à Û�âß â	Ý�ÝRÛ�â7è<Ú�á>ÜCéHæ<Û�âÆê{Ù à Ý�ë%â8ìCíhî�ï å éHæ<Û'â








λk 1

λk ð ð ðð ð ð 1
λk








Û�â å ï4ñ à Û#éHæ<Û'â ð
ò è à Û#éHæ å�ó Ù%ô^ñ	á1ÛPõ�Û ãDÜQäRÛ�â	ØaÛ à�å ñ<î à é�æ<Û�â λk = |λk|e

iφ, λk = |λk|e
−iφæ�ëXÚPÛ�â�Ý%Ü3ÛkíAî)ï å éHæ<Û�â (JA)kj, k ∈ {r + 1, ...,m}, j ∈ {1, ..., jk}

Ý�ÜCÛMöLÛ�ï å ë�á å





















|λk|cosφk |λk|sinφk 1 0
−|λk|sinφk |λk|cosφk 0 1

|λk |cosφk |λk |sinφk ÷ ÷ ÷
−|λk|sinφk |λk |cosφk ÷ ÷ ÷÷ ÷ ÷ 1 0

÷ ÷ ÷ 0 1
|λk |cosφk |λk |sinφk

−|λk |sinφk |λk |cosφk






















øÄù�ú ûIü

ý Û�Ü å Û à ä�Ü�á å,þÿ���� ò è à Ý%ÜCÛ��kâ Þ ë�æRá jk � Ù%â:ê{Ù à ÝRë%â8ì!íAî)ï å éHæ<Û�â�� Ý%ÜCÛ Þ'ß Û�Ü!â�Û�ô à ÛPÛHá!á�Û�â\ãDÜQäRÛ�â8ìØaÛ à�å Ú Þ Ø ð
	 î à éHæ<Û'â ó Ù%ô^ñ	á1ÛPõ ó Ù�â�
 ß ä%Ü3Û àHå Û à ã�Ü>äRÛ'â8ØaÛ àHå Û λk Ú Þ Ø ð λk, λkäRÛ�æ�ç à Û�â��@ä%Ü�á å

jk = Vg(λk)
Ú Þ Ø ð jk = Vg(λk) = Vg(λk).ÿ�
���� Û Þ Û�ÜCéHæXâ�Û�âFØ Ü à Ý�ÜCÛ ö à ç��@ÛÆÛ�Ü!â�Û�ï�ê<Ù à Ý�ë%â8ìCíAî)ï å éHæ{Û�â<ï (JA)kj

ô\Ü å lkjß â	Ý6ï'Û å�Þ Û�â�ØaÛ�Ü å Û à lk := maxj lkj
�
ï�Ù��Hè à íAî)ï å éHæ{Û�â à ÛPÛHá!á1Û à ãDÜQäRÛ�â	ØaÛ à�å Û

lk = index(λk)

ß â	Ý���è à íAî)ï å éHæ<Û�â ó Ù�ôLñ�á�ÛPõ ó Ù%â�
 ß ä%Ü3Û àHå Û à ãDÜQäRÛ�â	ØaÛ à�å ñ<î à é�æ<Û�â (λk, λk)

lk = index(λk) + index(λk) = 2 · index(λk).ÿ���� �kâ Þ ë)æXá�� ö à ç��@Û ß â�Ý � Û�ï�é�æ�ë��^Û�â<æ{Û�Ü å ÝRÛ à ê{Ù à Ý�ë%â8ìCíhî�ï å éHæ<Û'â�ïHÜ!â	Ý�Ú�Ü�ïLë ß �Ý%ÜCÛ���Û�Ü�æ<Û�â��'Ù�á äRÛhÛ'Ü�â	ÝXÛ ßXå ÜQäMÚSÛ�ï å Ü!ô\ô å ß â	Ý�ÝXÛ�ô\â	ë�éHæ��Hâ � ë à Ü!ë�â å Û�â ß â å Û à� æXâ{áQÜ!éHæ ó Û�Ü å ï å3à ë%â<ï��'Ù à ô:ë å Ü!Ù�â�Û�â ð "!�#$!&%�')("*,+.-0/�1�243657-�8:9�;<1�=>/�+.1:?A@A=�/�57B�CEDF@A=�2G57HICEJK@A=�2MLKBK/�1�BONP+.=Q1�+RB�1 ÿ +.2S H.H.TA1�2�1�+RB�1�B �VU @A2�W�H.1YX�1Q*Z57-�=�+.X
T ∈ Cn×n [<\ @:/�5 \�\ Ā = T−1AT

/�+.1Q?A@A=�/�57B�CDF@A=�2G57HICEJ�@A=�2]57B�B�+R2�20-�^`_a+.= \ 1�-�8�1�B zi := T (ei)
^cb"+.1

zi
UAd B�B�1�Bfeg9�=h1ji�k)-0=�1YC1�H.HR1mln+.TA1�B)N�1�=�-�1o=�1�1�H.HcTA1�Nqp7k�H.-FN�1�=�/�1�B ÿ \ +.1m1�B)- \ W�=�1ji�k�1�Br/�1�B,=�1�HRH.1�B,ln+.TA1�B�Cqs�BK/t"57s�W�-�uA1 U -�@A=�1�BZ/�1�=P8�s�TA1�k d =�+.TA1�B,ln+.TA1�B�N�1�=�-�1 � ^vJw9�=P1jixk)- U @A2�W�H.1YX�1ylV+.TA1�B)N�1�=�-�1

λk
;v1�2�1�= U 1�BzNP+.=�{<|y+.;�-}1 \ 1�+.B~?A@A=�/�57B�CE�hp \ -�ixk�1�B (JA)λkj, j ∈ {1, ..., jk}








λk 1

λk

^ ^ ^^ ^ ^
1
λk










����� �v�Y���v�<�&�v�&�I�`�v�<�}�v���I���v�<�}�6�
�������"���A�A�

lkj �A���h�7�K��� �� .¡�¢ � ��� � ¡�£E¤h¥ ��¦��x� ��¡Z§ λ̄k ¨ ��©���  ��� ¡��ª����¡o© � λk «A�A¬�­�® �Y¯«A� ¡�° ��±  .��� ¦ ��¡~²f��� ¦Y³







λ̄k 1

λ̄k ´ ´ ´´ ´ ´ 1
λ̄k








����� � � ®R¨ ��¡µ�"���A�A� � ����¡�¡ � �� .��¡ {z(kj )1 , ..., z(kj )lkj
}
�� .�¶© ��¬ ¢ � ��� � ¡�£E¤h¥ ��¦���� ��¡

± � � �A����¡K����¡Z·n� «�¦�� ����¡ �&����±   ®.¦
Az(kj )l

=

{

λz(kj)l ¸º¹ � l = 1

z(kj)l−1
+ λzj(kj)l ¸º¹ � l = 2, ..., lkj

§E»
´
¼ ³

� ¡K�Z� �7¬   ¦�� �� .¡����F�� .¡ ¸ �A��� ��¡Z½�� ����� ¡ ± ¸ �A®.± ��¡K� � � � A ����� ®.®   ��¦�� §g¾P .� � � ¦ ©���¡ z̄ =
x− iy ¸g¹ � z = x+ iy ¬   ¦ x, y ∈ Rn ³

Az̄(kj)l
=

{

λ̄kz̄(kj)l ¸º¹ � l = 1

z̄(kj)l−1
+ λ̄kz̄(kj)l ¸º¹ � l = 2, ..., lkj

.
§E»
´
¿ ³

À  .��� �7�K� ¸ �A®.±A¦ � �A�,��� � ¨ ��¡ÂÁq� �K�7��­�¦ � ¦ � � � �Ã�7�K��� �� .�
z̄(kj)1 , ..., z̄(kj )lkj

®  .¡�� � �
� ¡ �7¨�� ¥7¡ ±   ±Â�  R¡K� ´

²a .� � � ¦ ©���¡Ä¡ � ¡ ¸g¹ � �7®.® �ÆÅw¥7� �x� ��¡ÈÇ � ¡È¢ � ��� � ¡�£E¤h¥ ��¦���� ��¡
(JA)λkj , (JA)λ̄kj

Ç � ¡~� ����¦�«A�A¬�­�® �Y¯6��¡zÉn  ± ��¡�¾���� ¦ ��¡ λk � ¡K� l = l1, ..., lkj

x(kj)l
=

1

2
(z(kj)l

+ z̄(kj)l
) � ¡K� §E»

´
Ê ³

y(kj)l
=

1

2i
(z(kj)l

− z̄(kj)l
).

§E»
´
Ë ³Ì�Í ��¡ �   �x�)¦�®   �x���  .¡K� �7®.® �}�� .� � �}·n� «6¦�� ����¡ ®  .¡�� � � � ¡ �7¨�� ¥7¡ ±   ± ´

Î ¹ �V�� R� ��� ���YÏK¡� .����£¦ ��¡:·n� «�¦�� ����¡ ¸º¹ ���� .¡GÅÐ¥7� ��� ��¡$Ç � ¡$¢ � ��� � ¡�£E¤h¥ ��¦���� ��¡ ±   ®.¦ ¡ � ¡¶§Ñ������Én R¡ ¸ �A�x��� ��  ¦�K�7®.¨ ��� ¨ ��©���  ��� ¡�� (kj)l ¬   ¦ l ³ ¸g¹ � l = 1

Axl =
1

2
A(zl + z̄l)

= |λk|
1

2
(eiφkzl + e−iφk z̄l)

=
1

2
· |λk| · [(cosφk + isinφk)(xl + iyl) + (cosφk − isinφk)(xl − iyl)]

= |λk| · (cosφkxl − sinφkyl) §E»
´
Ò ³

� ¡K� ¸g¹ � l = 2, ..., lkj

Axl =
1

2
A(zl + z̄l)

=
1

2
(zl−1 + z̄l−1) + |λk|

1

2
(eiφkzl + e−iφk z̄l)

= xl−1 + |λk| · (cosφkxl − sinφkyl).

§E»
´
Ó ³

Ô ¡ �7®.�A±����x��®  .� ����¦q¬G� ¡

Ayl =

{

|λk| · (sinφkxl + cosφkyl) ¸g¹ � l = 1

yl−1 + |λk| · (sinφkxl + cosφkyl) ¸g¹ � l = 2, ..., lkj

§E»
´
Õ ³



Öv× ØÙ×)Ú�ÛvÜ<Ý&Þvß&àIß`ÛvÜ<á}Þvâ�àäã�ÛvÜvá}å�ß Ø�æ�ç
èqé�ê�é�ë�ì6í�êGî7ï$ð�ñ.éFò.ñ.ï�éjî7ë�éFóFïKî7ô�õKö7ï�÷Añ.÷AìAé�ñ.í}î7ò.ò.é�ë

xl, yl ø ïKð:é�ë�÷�ö7ï�ù�í}ú�ñ.é�ê�ñRí�ð�é�ïë�é�é�ò.òRé�ï~ûnñ.÷Aé�ï�ü ø ïKð~ý"î ø�þ í�ÿAé�ì6í��Aë�é�ïZÿ��Aï A ù ø é�ñ.ï�é�ëFèqîAú�ñRú���é�ë�õKö7ò.íªê:î7ï~ð�ñ.émèqéYüõKî ø�þ í ø ï�÷Aé�ï$ð�éjú��6î7í�ù�éjú����	�Aôvé�ñ<ð�ñ.éªûnñR÷Aé�ïKú�
�õKî
�gí�é�ï (a), (b) ø ïKð (c)
î ø ú�ð�é�ïGé�ï�í�üú þ ë�é�
xõ�é�ïKð�é�ïZûnñR÷Aé�ïKú�
�õKî
�gí�é�ï,ð�é�ëªì��Aê þ òRé��6é�ï����Aë�ð�î7ï�ü����Aë�êGî7òIü����Aë�ê����AòR÷Aé�ï��

�

�añ.ë}é�ë�õKî7ò.í�é�ï~ù ø ð�é�ï��Aô�ñR÷Aé�ï����Aë��Aò.òRî7ë�é�ïZî7ïKî7ò��A÷Aé! ªéjú ø òRí�î7í�é�"
#%$'&($')*),+'&.-��0/214365�7

V 8�9�: n ;=<�9�>?8�: 5 9�@�:BADCE8�F R ;HG�8JI 7 @,FJFKA�LM>NLM:O< F : V →
V 8�9�:QPR:O<,@,>S@,FUT�VM9 5 >%L 56WX5 @ZY�9\[ 7 8 5 8�9�:B8^]�A 5 9 5`_ @�: V W [�8�a�bDYDCc9�d�Ve<�8�F�8�Ff<�9g8h A 7 FJ9Ei�<,A�F 5j7 8�CkCcL*:*Y AF ∈ Rn×n _ @�: F FK8�8�CkC�8?l2@�FK<,A�:�;gm!@�Fj>nADCc;�op@,FJ>qV2A 7Ur PR9k:(8
8�: 7�5 TBF�8�djV28�:O<�8s]tA 5 9 5 :B8�:�:(8�:vuw9�F!A�L2djVyx�F�8�8jC�C�8=zX{�|O}
~����p�J��|B}
�������6�S������� r�t�2�^�O�k��1t�"îAúmñRú�ís�Pñ.éjð�é�ë ø ê��D� é�ïKú�ñ�
xõ)í�ò.ñk
�õ�� ð�î��Fõ�ï�ò.ñ�
xõ�ìAé�ñ.í�ú�í�ë�î7ïKúK�g�Aë�êGî7í�ñ��Aï�é�ïè}îAú�ñRú���é�
�õKú�é�ò.ïzé�ï)í�ú þ ë�é�
xõ�é�ï�� �

#%$'&($')*),+'&�-�����1S365�7
V 8�9k:�8�:O<2Cc9�djVM;=<�9�>?8�: 5 9g@�:OA�CE8�F R ;
G�8JI 7 @�FjF�A,L*>�L*:O< F :

V → V 8�9�:�PR:B<,@�>n@�F�T�V*9 5 >SL 5JW L*:B<�9 5j7 σ(F ) <,A 5s� T28JI 7 FjL*> _ @�: F Ww5 @
σ(F ) = σR(F ) ∪̇ σC(F ),

u�@�[68�9
σR(F ) = {λ1, ..., λr} ⊂ R

LM:O<
σC(F ) = {λr+1, λr+1, ..., λm, λm} ⊂ C \ R.

P�d�V 7 I
@�>�TOC�8�i,8vPR9cY�8�:�u	8�F 7 8 7 FK8 7 8�: ADC 5 @¡ADC 5 a�L�8�9�:OA�:O<�8�F`ID@�>�TOCE86i¢I
@�:�£jLDY�9\8�F 7 8¤�¥ F�djV�8�:¦A�LJ§ rs¨ 8�9 7 8�F
V =

m⊕

k=1

(

jk⊕

j=1

Wkj),

u�@�[68�9p<�9\8�l2@,F�<,A,:�;�mX@�FJ>nADCc;�o'@�Fj>n8�: _ @,: h A 7 Fj9Ei�<,A�F 5j7 8jC�CcL*:�Y*8�: _ @�: Fkj := F |WkjY�8�F�A,<*8n8�9k:Ma©8jCc:B8�:fFK868jCkC�8�:fl�@�F�<�A�:�;�ª ¥
5�7 djV28�:y8�: 7�5 TBF�8�djV�8�:«L*:B<^8 5 Y,9�C 7 F (Wkj) ⊂
Wkj

r
�t�2�^�O�k��1t¬,ñ.í��­�Aë��Aò.òRî7ëf-��0/¢®KïKð�é�ï��Pñ.ëzé�ñRï�éÆè}îAú�ñRú$ÿ��Aï

V
�ªôvé�ù�¯�÷Aò.ñ�
�õ ð�é�ë�é�ëð�ñ.é°¬Zî7í�ë�ñE��ð�î7ë�ú�í�é�ò.ò ø ï�÷ ÿ��Aï F ñ.ïrë�é�é�òRò.é�ë!���Aë�ð�î7ï�ü����Aë�êGî7òIü����Aë�ê ñRú�í���±"ë ø�þ�þ ñRé�ë�íêGî7ï ð�ñ.éoûnò.é�ê�é�ï�í�é>ð�é�ë"ë�é�é�ò.ò.é�ïf���Aë�ð�î7ï�ü��­�Aë�ê:î7òIüEè}îAú�ñRú��vú�� ð�îAúxúw²�é0é�ñRï�éS±"ë ø�þ�þ é

((wkj)1, ..., (wkj)lkj
)
é�ñRï�é�ê ë�é�é�ò.òRé�ïX���Aë�ð�î7ï�ü��höAú�í�
xõ�é�ï�é�ï)í�ú þ ë�ñk
�õ)í��Aú��"é�ë�õKö7ò.íwêGî7ïð�ñ.émèqé�õKî ø�þ í ø ï�÷��<ñ.ïKð�é�ê êGî7ï

Wkj := span{(wkj)1, ..., (wkj)lkj
}
ú�é�í�ù�í��

�

¬Zñ.íVýFñ.òE�géqð�é�ë����Aë�ð�î7ï�ü��­�Aë�ê:î7òIü����Aë�ê ò�öAú�ú�ínú�ñ�
xõGð�é�ëw�g�Aò.÷Aé�ïKð�ét�6î7í�ùªôvé���é�ñRú�é�ï��)ð�é�ëôvé�ñ ø ïKúPñ.ï��hî þ ñ.í�é�ò'³�ù ø ë�´�ï*��é�ïKð ø ï�÷ ì��Aê�ê0í��
µ +2¶�·f-���¸�¹\�Fé ø êGî7ï�ïKú�
�õ�én �é�ñ.õ�é�ï»ºJ1t� 8�9 A ∈ Cn×n r½¼ A�:O: 5 9�:O<�<�9\8¾§�@DC¿Y�8�:O<�8�:À L 565 A�Y�8�: ¥,Á LM9 _ ADC�8�: 7Ur¹ÑîMº

(Id−A) 9 5j7 9k: _ 8�F 7 9\8�F�[�A�F4L*:O<
lim
k→∞

k∑

i=0

Ai = (Id−A)−1.



Â�Ã�Ä Å(Æ�ÇJÈ(ÉBÊOË(ÌOÍEÌ�È(ÉBÎ¾Ë(ÏHÍEÐ,È(ÉBÎ¾ÑMÌ
ÒgÓ»Ô

lim
k→∞

Ak = 0.

Ò\Õ
Ô

ρ(A) < 1.

Öt×2Ø^×OÙkÚ�ÛsÜ*Ý�Þ�ß�Þtà¿á â,ã'äBä�åUæ,Ü*Þ�Ý�ç�ÞRè2é�êMë�ì�Þ�íwî�Þ�ï	Þ�Ýkð�ñ*ò�ç�ó�ç½Ý�ô ìtÝ�Þ�õRö�ò�Ý�÷
øDù�Þ�ñ�óú÷�û�ñ
(b)

ò�ñ�ü
(c) ý û�ù�þ�ç�Ý�ô ÿ Ó í�Ý�þ�Þ�ñ�ù�Þ�Ý Õ ß*ç�øDò�ð���Þ�ô?ô�ø���ë�é��2ë

�

�	��
���
�� â�����â��������������'â���â �!�!"#��"
$�%�í'&�û�í�ü�øDñ#(*),+�ð�ç Õ ß�Þ�ñvþ�Ý�ù�ç�-

.w×0/1/324��ë�é���Û157698
M ∈ Cn×n :<;>=@? 6�A	B'6DCFEHGJIKE

M =








λ 1

λ L L L
L L L 1

λ







,

M 6 = E�C*N0AO6OPFQ#64G�IRC ; 698 = 69ST698 =VU 6FI = 6 =XWY; A ? G =[Z]\_^ CFEHPFQ#6 =
L
`aG =b=dc 8eIfE1gFh A j =

1, ..., n i =b? ej = (0, .., 0, 1
j
, 0, ..., 0)T

Mkej =

n∑

i=1

(
k

j − i

)

λk−(j−i)ei,
Ò ��ë�é�� Ô

j ;�k 698 (j
l

)
:= 0

gFh A
l > j, l < 0 i =b? (00

)
:= 1 L

Öt×2Ø^×OÙkÚ�Û3lwû�ù�ù�ð�çm+Dñ�ü2Ý�þ�Þ,n=ñ�ü2òYo*ç�Ý�û�ñp% Ó Þ�í
k
-

k = 0
-

M0ej = ej =

(
0

0

)

λj−jej =

n∑

i=1

(
0

j − i

)

λ0−(j−i)ei.

k → k + 1
-rq Þ�ù�ç�Þsü�ø�ð�î�Þ�ß�øDòYs�ç�Þ�ç�Þ ý %�í k ≥ 0

ërtBò�ñ[+ Õ ß�ð�ç�þ�Ý�ù�ç¾û�u»Þ�ñ�ð�Ý Õ ß*ç�ù�Ý Õ ß

Mei =

{

λei + ei−1 ý %�í i = 2, ..., n,

λei ý %�í i = 1.

Ò ��ë�é�é Ô



vrw xFw y�z_{ |�}[{Yv#~0�r|e�9v#~r{���{#������}J� �Oxm�
�����	���

Mk+1ej = M(Mkej)
IV
= M(

n∑

i=1

(
k

j − i

)

λk−(j−i)ei)

=
n∑

i=1

(
k

j − i

)

λk−(j−i)M(ei)

C.11
=

(
k

j − 1

)

λk+1−(j−1)e1 +
n∑

i=2

(
k

j − i

)

λk−(j−i)(λei + ei−1)

( k
j−i)=0,i>j

=

j
∑

i=1

(
k

j − i

)

λk+1−(j−i)ei +

j
∑

i=2

(
k

j − i

)

λk−(j−i)ei−1

=

j
∑

i=1

(
k

j − i

)

λk+1−(j−i)ei +

j−1
∑

i=1

(
k

j − (i+ 1)

)

λk−(j−i−1)ei

=

j−1
∑

i=1

[

(
k

j − (i+ 1)

)

+

(
k

j − i

)

]λk+1−(j−i)ei

+

(
k

j − j

)

λk+1−(j−j)ej

=

j−1
∑

i=1

(
k + 1

j − i

)

λk+1−(j−i)ei +

(
k + 1

j − j

)

λk+1−(j−j)ej

(k+1
j−i)=0,i>j

=

n∑

i=1

(
k + 1

j − i

)

λk+1−(j−i)ei
�*�3�����V�

�

�3�e�����J�O�J�e� � �����O� � � � ���p� � �

� ��¡r��¢V¢>£�¡ �3���J�>¤'¥§¦F¨
M ∈ Cn×n ©<ªJ«­¬�®�¯	°'® ¦F¨H±J²K¨

M =








λ 1

λ ³ ³ ³
³ ³ ³ 1

λ







,

¦ ª�´9µV¯ i, j = 1, ..., n

(Mk)ij =

(
k

j − i

)

λk−(j−i),

¶ ª�·§®9¸ (k
l

)
= 0 ´9µV¯ l > k ª<¬�®9¯ l < 0 ¹ ® ¦ ® ¨eº�¨»¦ ®9¸ ³¼1½#¾�½b¿ÁÀ ¤ �1� �7Â��J��Ã �7��Ä ���JÅ � ÃJ� �ÇÆ � �	���#È År� � ���OÉ �Ê��� � È�ËY� �m�

(Mk)ij = (Mkej)i
�

�

�3� � ���JÃÌÃ � � � Â]ÍY���O���������,ÎJ�J� ËY� �#Ï*�,ÐJ� �mÑ �Y���7Ò



ÓOÔOÕ Ör×9ØDÙrÚ0ÛbÜrÝbÞßÝ7ÙrÚ0à�ÜráâÞßã>ÙrÚ0à�ä Ý
åçæ0è1è3é4ê3ë�ì�íYî1ï7ð9ñ

M ∈ R2n×2n òôóöõ�÷ ð9ñ x ∈ R+ òôø<õ>ù�ú ð9û	ü'ðDý9þHÿ��Kþ

M =


















xcosφ xsinφ 1 0
−xsinφ xcosφ 0 1

xcosφ xsinφ � � �
−xsinφ xcosφ � � �

� � � 1 0

� � � 0 1
xcosφ xsinφ
−xsinφ xcosφ


















,

� ê3ë�ì����
M

ð ù þ�ý	�0ûOð�

�#ðÌÿ�� ý õ ð�ñ ù ð�� û ð§ð
����ð ù��Yõ û ú ÿ ù������ ý9þ�

�#ð ù �
��ñ�û1ý�

�VûOð9ñ ÷ ð ù

ei := (0, ..., 0, 1
2i−1

, 0, ..., 0)T ,
� ê3ë�ì����

fi := (0, ..., 0, 1
2i
, 0, ..., 0)T

� ê3ë�ì����

 �! û
i = 1, ..., n �

"_ÿ ù[ù$# ñ��Kþ  
! û j = 1, ..., n

Mkej =

n∑

i=1

(
k

j − i

)

xk−(j−i)(cos(k − (j − i))φ · ei − sin(k − (j − i))φ · fi),

Mkfj =

n∑

i=1

(
k

j − i

)

xk−(j−i)(cos(k − (j − i))φ · fi + sin(k − (j − i))φ · ei),

� ê3ë�ì�%��

óöõ�÷ ð9ñ (j
l

)
:= 0

 
! û
l > j, l < 0 & ùbú (00

)
:= 1 �

'1æ�(�æ*)�+�î-,/.�01032�465�7�8�91:�;=<	7�8�>@?�4�93.�7BA@CD;�E
k F

k = 1 FGH;�:�;�7 (j
l

)
= 0 I A@E l > j, l < 0

:�93014

M0ej = ej =

(
0

0

)

xj−jej

=
n∑

i=1

(
0

j − i

)

x0−(j−i)(cos[(0 − (j − i))φ]ei − sin[(0 − (j − i))φ]fi),

M0fj = fj =

(
0

0

)

xj−jfj

=

n∑

i=1

(
0

j − i

)

x0−(j−i)(cos[(0 − (j − i))φ]fi + sin[(0 − (j − i))φ]fi).

� ê3ë�ìKJL�

k → k + 1 F



MON P
NRQ�SUTRVXW�T@M�YDZOV3[�M�YOT]\�T�^_^a`LW�` b�P�c
dDe@f�g�hji�k�lnm�o1p3lrq�sut�f�k�o3hjiLl�p1o3hjiwv

Mei =

{

xcosφei − xsinφfi + ei−1 x�y@z i = 2, ..., n,

xcosφei − xsinφfi x�y@z i = 1,

Mfi =

{

xsinφei + xcosφfi + fi−1 x{y@z i = 2, ..., n,

xsinφei + xcosφfi x{y@z i = 1.

|~}-�1�����

��o z k�t�l���t�f ak,i := cos(k − j + i)φ
e@f��

bk,i := sin(k − j + i)φ
� dDe@f�g�h6i�k�l�m�o3p1l

q�sut�f�k�o3hjiLl�p1o3hji

ak,i+1 = ak+1,i
e@f��

bk,i+1 = bk+1,i.
|~}-�1�����

��o1l_��t�f��_�@��o1l�o1q�f�k6l�i@t�q z t���t�f x q�p3m�l��rt�o1l�t z

ak+1,i = ak,icosφ− bk,isinφ

bk+1,i = bk,icosφ+ ak,isinφ.

|~}-�����R�

��o1l���o1t�k�t�f���t���t�o3h6i@f�e@f@m�t�f x q�p1m�lUe@f�l�t z ��t���h6i�l�e@f@m���t z�� f���e@��l�o1q�f�k6��q z ��e�k6k�t�l����e@f@m@��� p3t�o3h6i�e@f@m }-�1��� e@f����rt�o1l�t z �¡t�m�t�f (kl
)

= 0, l < 0
��o3l � f���t�¢R��t z kjh6i@o1t�£@e@f@m��e@f�g�hji�k�l�v

Mk+1ej = M(Mkej)
IV
= M(

n∑

i=1

(
k

j − i

)

xk−(j−i)(ak,iei − bk,ifi))

=

n∑

i=1

(
k

j − i

)

xk−(j−i)(ak,iM(ei) − bk,iM(fi))

C.18
=

(
k

j − 1

)

xk−(j−1)(ak,1(xcosφ · e1 − xsinφ · f1)

−bk,1(xsinφ · e1 + xcosφ · f1))

+

n∑

i=2

(
k

j − i

)

xk−(j−i)(ak,i(xcosφ · ei − xsinφ · fi + ei−1)

−bk,i(xsinφ · ei + xcosφ · fi + fi−1)).

=

j
∑

i=1

(
k

j − i

)

xk+1−(j−i)(ak,i(cosφ · ei − sinφ · fi)

−bk,i(sinφ · ei + cosφ · fi))

+

j−1
∑

i=1

(
k

j − (i+ 1)

)

xk−(j−(i+1))(ak,i+1ei − bk,i+1fi)



¤�¥6¦ §O¨�©«ªO¬D­*®O¯*°±¯wªO¬D²a®O³´°±µ¶ªO¬D²a·R¯
¸º¹�»�¼1½a¾r¿�¼1½�¿�À�Á@ÂL½�¿�À-Ãr¿�¹�ÄjÅL½�Á@Â@Æ$Ç�¿�À È É1¿�¼�Ä6ÅLÁ@Â@Æ�¿�Â�Ê-Ë1Ì�ÍRÎÏÊ-Ë�Ð�Ñ

Mk+1ej
(C.19),(C.20)

=

j
∑

i=1

(
k

j − i

)

xk+1−(j−i)(ak+1,iei − bk+1,ifi))

+

j−1
∑

i=1

(
k

j − (i+ 1)

)

xk+1−(j−i)(ak+1,iei − bk+1,ifi)

( k
j−(i+1))+( k

j−i)=(k+1
j−i)

=

j−1
∑

i=1

(
k + 1

j − i

)

xk+1−(j−i)(ak+1,iei − bk+1,ifi)

+

(
k + 1

j − j

)

xk+1−(j−j)(ak+1,jej − bk+1,jfj)

=

n∑

i=1

(
k + 1

j − i

)

xk+1−(j−i)(ak+1,iei − bk+1,ifi).

¸ ¼1¿�ÒnÁ�Ó6Ój¹�Æ�¿ÕÔ{Ö@À
fn

Ô�×�É3Æ�½-Ç�Á@À6Ä6ÅØ¿�¼1Â@¿U¿�ÙD¿�Â�Ó6×Ú»�Ö@Å�Ó6¹�»�¿�Î*½�¿�ÄjÅ@Â@¼3Ó6ÄjÅ@¿�Ûn¿�Ä6Å@Â�Á@Â@Æ
Á@Â�½�¿�À�Ü/¿�À�¾¡¿�Â�Ç�Á@Â@Æ$Ç�¿�ÀnÒ_Ç@Ç�½�¼1×�Â�Ó�½�Å@¿�×�À�¿�»Ú¿�Ë

�

Ý�ÞàßOÞàá�á¶âàßãÊ-Ë1Ì�ä@ånæjç
è
M ∈ R2n×2n é¡êìëLí6î�ï x ∈ R+ é¡ðKë�ñHòLî�ó�ônî ç
è�õ�ö÷è

M =


















xcosφ xsinφ 1 0
−xsinφ xcosφ 0 1

xcosφ xsinφ ø ø ø
−xsinφ xcosφ ø ø ø

ø ø ø 1 0

ø ø ø 0 1
xcosφ xsinφ
−xsinφ xcosφ


















,

ù Ê-Ë�Ð�Ìûú
ç ë�ü�ý�ó i, j = 1, ..., n éaêìëLí6î�ï¡ê/ï{î�ò�î�ó«þRÿ (kl

)
= 0, l > k, l < 0

(
(Mk)2i−1,2j−1 (Mk)2i−1,2j

(Mk)2i,2j−1 (Mk)2i,2j

)

=

( (
k
j−i

)
xk−(j−i)cos(kφ)

(
k
j−i

)
xk−(j−i)sin(kφ)

−
( k
j−i

)
xk−(j−i)sin(kφ)

( k
j−i

)
xk−(j−i)cos(kφ)

)

.

���������	�Lå ¸ ¹�Ó�Ó�¼1¿�Å�½¡»Ú¹�Â »�¼1½�
X¿�»�»Ú¹�Ê-Ë1Ì�Ð Á@ÂL½�¿�À_Ã�¿�¹�Ä6Å�½�Á@Â@Æ�Ç�¿�À�Ç�×�À�½�¼3Æ�¿�Â Ã�¿
�
� ¿�¼3ÄjÅ@ÂLÁ@Â@Æ�¿�Â�Á@Â�Ç���×�Â

(Mk)2i−1,2j−1 = eTi M
kej ,

(Mk)2i−1,2j = eTi M
kfj,

(Mk)2i,2j−1 = fTi M
kej ,

(Mk)2i,2j = fTi M
kfj.

�



�������������

������� �!�!" �$#&%'#)(�*�",+.-/#)(10 � 2435" 6/��798

��:<;�=?>A@B>DC�EGFB>DH?HI>5JLKNMNCB>D:PO�=IC QDO�>D=RFB>AS!MN:N=I@!STMN>VUW>DXYXYZ[F!Z\Z[]�J_^.;�=?>`Z[HI@ acbdCBbdHfe
HIZ[CB>�;�>A@,EgZ[FBQD>A@ihdbd:kjlZdS
bdmN=.=?:GFB>DCBnNCB>DFB=?>DCBFiO�>DC!;�>D:�odpd:N:N>D:Wqg��=?>A@!>cUW>DXrXYZ[F!Zs@B=?:t;
=?Xu>DC!@BFB>D:wvx>D=?Hx;�=?>A@!>DC �cCBm$>D=?FiJLKNC�;�=?>sEGF!Z[mN=?H?=?F!y[F!@BFBMN>DbdCB=I>�MN=IHfJLCB>D=	S!MWq

z�{�|W} �'q?~P��EgZ[FBQ'hdbd:�jlZdS
bdmN=����5���D�
a ∈ R+ \ Q

�
�	�$���g���
�	���L�������	�����d���L�����[�?�s�R���l�
� ���r�D�
� b ∈ Q+ �
�L�.� �g�����L���L���V�_�d�����d���d�f���R���l�f���V�d�t�� d�I�¡�£¢

∀ε ∈ R+ ∃(k, l) ∈ (N+ × N+) : |k · a− l · b| < ε.
���'q?~��

¤�¥�¦�¥�§	¨ ��EG=?>DMN>r©«ª9¬	­�®.¯t°£^.EG>D=?FB>r~D±�q
�

²)¥.³�³ { �'qµ´N�����
�
φ ∈]0, 2π[

���V�d�t�� l���¡���
�

lim
n→∞

1

n

n−1∑

k=0

cos(kφ) = 0 � ��� ���'qµ´G�

lim
n→∞

1

n

n−1∑

k=0

sin(kφ) = 0.
���'qµ¶G�

¤�¥�¦�¥�§	¨ ��·¸>DFBC!ZdSTMlFB>,;�=?>¹odbdXrnNH?>
º�>�»$Z[MNH
eiφ = cosφ+isinφ

qD¼½>D=IFB>DCW¾d=?H?F
ei(kφ) =

cos(kφ) + isin(kφ)
q���=?>�>D:t;�H?=ISTMN>�¾d>DbdXr>DFBCB=I@!STMN>`¿ >D=?MN>5H?=?>
J�>DCBF,O�>D=?FB>DC

∀n ∈ N : |
n−1∑

k=0

ei(kφ)| = |
1 − ei(nφ)

1 − eiφ
|

≤ (1 + |ei(nφ)|) · |
1

1 − eiφ
| = 2 · |

1

1 − eiφ
|.

���'q«À��

�5Z[Xr=?FiJ�bdH?¾dF

0 = lim
n→∞

1

n

n−1∑

k=0

ei(kφ)

= lim
n→∞

1

n

n−1∑

k=0

cos(kφ) + isin(kφ)

= lim
n→∞

(
1

n

n−1∑

k=0

cos(kφ) + i
1

n

n−1∑

k=0

sin(kφ)).

���'qµÁG�

Â @�J�bdH?¾dF5;�=?>'·i>DMtZ[]NnNFB]N:N¾N^x;NZk>D=?:N>9ÃNbdH?¾d>9odbdXrnNH?>
º�>DC5»$Z[MNH?>D:Ä¾d>D:tZ[]½;NZ[:N:Äodbd:�e
hd>DCB¾d=?>DCBFD^�O�>D:N:P>A@ ;�=I>`ÃNbdH?¾d>D:P;�>DCc¿c>AZ[Hfe)]N:t;PÅ�XkZ[¾d=?:ty[CBFB>D=?H?>�FB]N:Wq

�

Æ�Ç�È



É�Ê!É Ë/Ì�Í�Î$Ï�Î$Ð[Ð[Ñ$Ï�ÒÓË$ÒNÔ�Ô�ÑlÕ.Ö×ÒNÔ�Ø$Î$ÙwÚTÑ.ÛtÎ$ÜNÝ
Þ)ß.à�à�áãâ'äµåNæ�çWè
é

φ ∈ [0, 2π[ êRëVìdítí�î é�ï
ð è�ñ'è
é í è�ò�ó[ô î è'õ9ó í ódð£ó íÄö÷ì�ø�ù ñDè í�ú è
û!ü
í�ì ð�ýGû�ôþé ø�ù èDû5ÿ ì�ù ô?è í (kj)j∈N

õ'éLð
lim
j→∞

cos(kjφ) = 1 �gí�ú � âVä����

lim
j→∞

sin(kjφ) = 0.
� â'ä����

	�ß�
�ß
���læ����������������! �"#���%$'&�()(��* �+!+,��-.���0/012�,���)3����54
(i) φ = q · π 6 ��- q ∈ Q

+,��3
(ii) φ = s · π 6 ��- s ∈ R \ Q.78�!$���(�(:9 é<;*/010�,�.���������=">���
q = n1

n2
6 ��- n1, n2 ∈ N

ä�$%?,�
nj := 2jn2, j ∈ N @ ��()-

cos(njφ) = cos(2jn2φ) = cos(jn1(2π))

= cos(2π) = 1

� â'ä�A��
â*� 6 ��-B�����C���D">���B�����,�FEG����(IHKJL( @ � (anj

:= cos(njφ))j∈N M 3��)� @ � @ ��� 1 N JL��OL��� @ �����.-Dä
$���()(�9 é	é�;:�)/.-���-8"F�L/ N J 6QP ()�� ������.-.���Dä�RS��-:TU��-. `â'ä�VXW���3���- 6 ���Y��+,�YHK?,�:��(�(�� n ∈ N�����

kn, ln ∈ N M /.JQ3,�L/2/
|kn · s− ln · 2| <

1

nπ
.

� â'ä�Z��
R[���=�C� 6 ��� N -

∀n ∈ N∃N > n : kN > kn,3,�\����/.JL��/0-.���S3����]RS��� @ �D3���� kn +,��3=3 6 ����->��+�10�S3��)�^3���� ln ����3�()�)10�="_&��.�^+,��33����^`���-.��JL����(���-0&�-_OLJL�
s
HaJL( @ ���=">?,�03��dä�RS�)-�3��)�b/.���:cd� N ���,��-.�,��/ N JL��/.-.�.+,�����.���S">���EB����(IHKJL( @ ��� (knj

, lnj
)j∈N M /.JQ3,�L/0/

lim
j→∞

(|knj
sπ − lnj

2π|) = 0.

�e� @ ��� ∀x, y ∈ R : |cos(x) − cos(y)| ≤ |x− y|
HaJL( @ -�"F����-.���

∀j ∈ N : 0 ≤ |cos(knj
sπ) − cos(lnj

2π)| ≤ |knj
sπ − lnj

2π|+,��3!3,� 6 ��- � TU����3�">�)10��fgE��,��JL�.� 6 �
lim
j→∞

(cos(knj
sπ) − cos(lnj

2π)) = 0.

�e� @ ��� cos(lnj
2π) = 1

HK?,�:��(�(��
j ∈ N

HKJL( @ -
lim
j→∞

cos(knj
sπ) = 1.

h +�/
cos2(knj

sπ) + sin2(knj
sπ) = 1

HaJL( @ -:��+�12�
lim
j→∞

sin(knj
sπ) = 0

+,��3!3,� 6 ��->3����^i_������+ P -.+,� @ ä �
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(Ω,B) âLã�ä
(Ω,B, P ) â�å+æ
(ε, δ) ç¾èPé/ê�ë3ì)ëfèPí�é�î)ï�â<ã�ð�ñ
2A â<ã�ò
<< â/ñ�óXâgå�å)ð
A 4 B â^ã9ò
Cg â�ô)ò
Eg â<ã�å)ñ
Hk

n(g, µkg) ã�òXó
Hn(g) â<ã9òXå
Hn

k (g) â<ã9ò�ð
Kg â�ô)ò
L1(Ω,B, P ) â�å+å)ò
Ng âgã�ð)ò
Pg â'å�ò
PG â<ã�ó�ò
Qg â<ã�å)æ
TΩ â�å+ô
Va(λ) â'å+å+ñ
Vg(λ) â�å+ð�æ
Vexp â^ã�ð�ó
Z(A) â<ã�ô
BΣ â<ã�õ
2 â^ã9ò
∆n â^ã9òXå
FΣ â<ã�ô
ΩΣ â<ã�ó
Ωā â<ã�ó
Ψ â^ã�ä+æ
Σ â^ã9ò
Σ∗ â^ã9ò
Σt â<ã�ò
Σ∗

ā â<ã�ó
Σs

ā â<ã�ó
H̄(g) âgã�ò�å
µ̄ â^ã�æ�ó
ā â^ã9ò
ā ≤ b̄ â^ã�ó
ā ≤ ω âgã�ó
{A â^ã9ò
lΣσ â<ã�ñ
Eg â�ó+ñ
G â^ã�ó)ò
IΣ â�ñ�ã
L1(Ω,B, P ) â�å�å�ò
Og â<ã�ð�ó
P â�ô+æ

P(A) âgã9ò
VQ â<ã�ã�ñ
Vg â�ó+ñ
µ â'ó�ò
ω â<ã�ó
ρ(A) â/å+å+ñ
ρ(g) â'ã�ð+õ
σ ç¾ö�÷�ø+ù�ú/ï3ì7âgã�ô
ù9ïfû�ù�ü/ø+ëfù�â^ã�õ

σ(F) âgã�õ
τA â�ó)ò
τā â'ó�ò
at, a ∈ Σ â^ã�ó
avgstatdimg âgã�ð�õ
avgtransdimg â^ã�ð�õ
card(A) â'ã9ò
conv(B) â�ô�å
dTV â/òXå
dimg â�ó+ñ
edimg â�ó)ñ
ergdimg âgã�ð�ä
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gB â/ò�ô
gb̄ â�ò�ô
gA â'ó+ä
gm â'å)ð
gā â�ó�ä
index(λ) â�å+ð�æ
lES â<ã�æ+ò
lSM â�ò�ã
lTV â'å)ñ
l∞ âgã�õ
lΣ∞ âgã�õ
lµ â�õ�ñ
lσ â<ã�ñ
mg â�å+ð
statdimg â<ã�ð�õ
tr âgã�ô+õ
trace âgã�ô+õ
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