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Zusammenfassung

In der vorliegenden Arbeit wird das Problem der sequentiellen Aufdeckung
von Strukturbriichen im Driftparameter von Diffusionsprozessen unter der An-
nahme betrachtet, dass die Prozesse stetig beobachtbar sind. Eine entsprechen-
de Uberwachungsprozedur wird vorgeschlagen und ihr asymptotisches Ver-
halten unter der Nullhypothese wie unter der Alternative untersucht. Das
vorgeschlagene Uberwachungsverfahren dhnelt der CUSUM Prozedur fiir Pro-
zesse in diskreter Zeit.

Zur Konstruktion der Teststatistik wird die Einschrittmethode von Le Cam
angewandt. Um Grenzwertsatze in der Strukturbruchanalyse zu beweisen, sind
typischerweise starke Approximationen durch Gaufiprozesse die wesentlichen
Hilfsmittel. Zwei Hauptresultate der Arbeit sind die starken Invarianzprinzip-
ien (mit Rate) fiir bestimmte stochastische Integrale und fiir den als Prozess be-
trachteten Schatzer. Auf Grundlage dieser Approximationen werden zwei Be-
weismethoden fiir die schwache Konvergenz der Teststatistik unter der Nullhy-
pothese entwickelt. Weiterhin wird die asymptotische Normalitat der Stoppzeit
unter der Alternative bewiesen. Die Arbeit wird mit der Untersuchung einiger
Beispiele von stochastischen Differentialgleichungen vervollstandigt, welche mit
der vorgestellten Methodik behandelt werden konnen.

Abstract

In this work the problem of sequential detection of changes in the drift pa-
rameter of diffusion processes is considered under the assumption that the
processes can be observed continuously. A corresponding monitoring proce-
dure is suggested and its asymptotic behaviour under the null hypothesis as
well as under the alternative is investigated. The proposed procedure is similar
to the CUSUM one for discrete-time processes.

For constructing the test statistic, the one-step method of Le Cam is applied.
In order to prove limit theorems in change-point analysis, typically strong
approximations by Gaussian processes are the key tools. Two main results of
the thesis are the strong invariance principles (with rate) for certain stochastic
integrals and for the estimator process. Based on these approximations, two
methods of proof are developed for the weak convergence of the test statistic
under the null hypothesis. Moreover, the asymptotic normality of the stopping
time under the alternative is proven. The thesis is completed by studying
some examples of stochastic differential equations which can be treated by the
presented methodology.
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Chapter 1

Introduction

1.1 Setting of the problem

In this dissertation we discuss a monitoring procedure to detect a change
in the drift parameter of a diffusion process, which is observed sequentially.
Throughout the entire work we assume that it is possible to collect data con-
tinuously. This assumption is adopted from the monographies of Kutoyants
(2004), Prakasa Rao (1999a), and Prakasa Rao (1999b).

First, let a historical data set be available which is a realization of the unique
solution (X5:0<s<m), m >0, to the Ito stochastic equation

dXs =b(0o, Xs)ds + o(Xs)dWs,  Xo~ u(by), 0<s<m, (1.1)

where 6, belongs to a compact interval © C R, b: ©XxR — R and 0: R -+ R
denote the drift and the diffusion function, respectively, and where a unique
stationary distribution () exists. The interval [0,m] is called training
period.

Immediately after the training period the sequential observation of a diffusion
process begins which may have a structural break, i.e., the diffusion satisfies

( m-+t m—t

X, + / b(0o, Xs)ds + / o(Xs)dWs, 0<t<tr,
Xm-H = " m-+t " m-+t (12)
Xngte + / b(01, Xs)ds + / o(X,)dWs, t>t*,
\ m—t* m—t*

if the change-point t* € (0,00), and it satisfies

m—+t m—+t
Xppst = Xom + / b(6o, X,)ds + / o(X,)dW,, t>0, (1.3)
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if t* = o0o. In case of t* = oo, no structural break occurs. We allow the
change-point t* = t*(m) to depend on the length m of the training period,
but for brevity we often write t*.

Sequential observation, also called “online” observation, means that up to each
time ¢t >0 a trajectory of (X,,1s: 0 <s <t) has been observed.

In the described model the functions b and o are supposed to be known,
while ¢* and the parameter values 6y, 0; € © are unknown. Throughout the
thesis let

be C*(OxR), occCYR), and o*>0. (1.4)

Conventions:

a) We say that a real-valued function f defined on the closed set © is
continuously differentiable if

feCY©) and feC(O)

where © denotes the interior of ©.
b) Set b= b, b’ =,b and b(0)(z) = b6, x).

Assumption (1.4) implies that, for any 6 € ©, b(f,-) and o satisfy the
locally Lipschitz condition: for any N > 0 there exists a constant Ly > 0
such that

b(6,y) — b(6. 2)| + o(y) — o(x)| < Luly — | Va,y € [N, N].

In order to guarantee that the solution of (1.1) does not explode, we can either
assume the classical linear growth condition or, according to Durrett (1996)
and Kutoyants (2004), the following modified condition: there exists some
Ky > 0 such that

b0, z) + |o(z)]” < Ky (1+|2)) VzeR (1.5)

The locally Lipschitz condition together with the linear growth condition or
with condition (1.5) imply the existence of a unique Ito solution to equations
(1.1) - (1.3).

Since the process X can be continuously sampled and the equation

on

2 . 2
— lim 3 Ximjor — Xty “as. Vm >
/(7 (X,)ds nhm ) ‘le/g XG-1ym/2 P-a.s m >0
, > =
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holds, it is possible to determine o2 with arbitrary precision on the image

{Xs(w): s <m},w e Q, of the realization of X, at least from the theoretical
point of view. Note that the image of the trajectory P-a.s. forms an interval.
For the case of sequentially collected data it is necessary to assume that the
functional form of o2 is determined if it is known on any interval, e.g. on
{Xs(w): s < m}. Therefore, the previous assumption of a known diffusion
function makes sense.

Now the question arises whether

Hy: " =
or

Hi: t*<oo and 6y # 6,
is true.

For testing these hypotheses sequentially, the decision rule is given by a stop-
ping time. In change-point analysis and in the case of two-sided alternatives
the stopping rules are usually of the form

T =inf {t > 0: |S]"| > ¢}, m >0, (1.6)

with a suitable statistic S;" and a well-chosen critical value ¢ > 0. From
results in Section 2.2 will follow that 7, is really a stopping time with respect
to any filtration of the process X. By means of 7, the monitoring procedure
is the following: at each time ¢ > 0 one of the decisions

e if 7,, stops, accept Hy,

e if 7,, > 1, continue the observation,

has to be made based on the observation of the trajectories of (X,,4s: 0 <s <
t) and (X,:0<s<m). Note that in contrast to the case of a finite time
horizon there is no explicit decision in favour of Hy. Thus, in applications
the procedure can be stopped if there is no need for monitoring the diffusion
process anymore.

By intuition, S should contain the difference between an estimator 6,,; of
the drift parameter based on the online observed trajectory of (X,,4s: 0 <
s <t) and an estimator éO,m constructed by the historical data set, which
was observed during the training period [0,m]. Thus, we set

(O — Oon) Yyt > 0. (1.7)
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Here, the weighting t/g¢,,(t) and the concrete weighting function
_(m+t+ )+ 1)

m(t) = :
gm(t) Jm

are taken from the literature about change-point analysis for discrete-time
models where we have replaced the discrete time index k& € N by ¢+ 1.
This weighting function was successfully applied, e.g., by Chu et al. (1996),

Horvath et al. (2004), Aue (2004) and Aue and Horvdth (2004).
In (1.7) we choose the same estimator as Lee et al. (2006). 6,,, as well

1
t>0, for 0§7<§,

as By, is the one-step maximum likelihood estimator (one-step MLE or
one-step estimator) introduced by Le Cam. Lee et al. (2006) considered the
asymptotics under the null hypothesis of a statistic used for an a-posteriori
test for parameter change in a continuously sampled diffusion process.
Briefly explained, the one-step estimator, e.g. éO,m; is the sum of a consistent
starting estimator and a correction term such that éO,m becomes asymptoti-
cally efficient as m — oo. Details can be read in Section 2.2.

1.2 Outline of the thesis

The critical value ¢ in (1.6) is determined by the equation

lim P{7, < oo} =«

m—o0

where P is taken under the null hypothesis and « represents the prescribed
level of the test. Thus, it is necessary to obtain under Hy a known limit
distribution of sup,.q|S;"| as m — oo. In Chapter 3, Theorem 3.7, we will

show that W
lim £ (sup ]S;"[) =L < sup | t|> (1.8)
>0

m—00 t o<t<1 ¢ 17

is true under H,. Here, ¢ represents some positive constant. Except for the

factor, the limit distribution is the same as in Horvath et al. (2004) where
some quantiles obtained by simulations are presented.

The convergence (1.8) will be proven in three steps.

Step 1. We adopt from Lee et al. (2006) the Taylor expansion of the cor-
rection term contained in the one-step estimator. Lee et al. (2006) showed
that the term of order zero is responsible for the convergence in distribution.
Following this idea, our term of order zero has the form

Urm,1(00)(X) = 7-40,m(60)(X)
A gm(1) ’

m,t > 0, (1.9)
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where ¢ > 0. Under the null hypothesis, the random variables ), +(6)(X)
and g, (6p)(X) denote stochastic integrals depending on (X,,4s: 0 < s <)
and on (Xs: 0 <s<m), respectively.

Expression (1.9) looks quite similar to the expression in Horvéath et al. (2004)
and Aue (2004) which is responsible for the asymptotics under Hy; this is

1 m+k km
Qmak:— Y;__ Y; ) k,mEN,
B =\ 2wy

i=m-+1

where (Y;:7 € N) 1is a sequence of real-valued random variables. The first
paper deals with the sequential detection of a structural change in a linear
model, while in the second one the same problem is investigated for a location
model with certain dependence of the errors. In order to derive the asymptotic
behaviour of sup, |Q(m, k)| as m — oo, the key tool in both papers is the
following uniform weak invariance principle: there exists a family of Wiener
processes (W™ :m € N) such that

1 m+k .
sup — Z Y;—C,ng N =0p(1) as m— oo
keN k|
i=m+1

for a positive constant .

Step 2. We follow Horvath et al. (2004) and Aue (2004) for proving the con-
vergence of the term given in (1.9). For this purpose, the stochastic integrals
involved in (1.9) should be approximated by Wiener processes with a suitable
rate. We give a simple proof for the following strong invariance principle (see
Theorem 2.3): If Y is a time-homogeneous, ergodic diffusion process and if
f: R — R is a function satisfying suitable conditions, then one can find a
Wiener process B and a constant ¢ > 0 such that

t
/f(YS)dWS —dB,=0 ((tlogzt)1/4(log t)l/g) P-as. as t—oo. (1.10)
0

Here, log denotes the natural logarithm and log, = logolog. From (1.10) we
deduce the uniform weak invariance principle: for any « > 1/4 there exists
a family of Wiener processes (W) : m > 0) such that

m+t

sup / F)AW, — W™ | = 0p(1) as m — .

1
>0 (t+ 1)

Such a uniform approximation is necessary in sequential change-point analysis,
at least for the asymptotics under the alternative.
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Now we explain why it is not appropriate to use an already known result
about strong approximations of stochastic integrals by Wiener processes. In
literature one can find different papers about this topic, e.g. Ekushov (1984),
Besdziek (1991), and Gerencsér (1991b).

Ekushov (1984) approximated general local martingales by Wiener processes
P-a.s. This result contains two problems: first, the proofs are not available and
second, if applied on stochastic integrals, the rate of approximation has the
order of (tloglogt)!/2. In this case the approximation by Wiener processes
does not yield the desired limit theorems of change-point analysis.

Theorems for the strong approximation of real semimartingales by processes
with continuous trajectories and independent increments were derived by Bes-
dziek (1991). He obtained an error term of the form O(t(1/2=%) as t — oo for
some small § > 0. As mentioned above, this rate was sufficient for Horvath
et al. (2004) and Aue (2004) to obtain the weak convergence of sup,, |Q(m, k)|
essentially for all parameters ~ € [0, 1/2). Unfortunately, in the proof of
Theorem 3.7 we will see that in our setting v < ¢ should hold if we apply
the approximation of Besdziek (1991). Therefore, an approximation error as in
Besdziek (1991) would restrict the variability of the test and would furthermore
reduce its performance because the delay time of the detection procedure be-
comes smaller if 7 increases (see Remark 4.22 in this work). Besides, Besdziek
(1991) applied a technique of reducing the problem to the strong approxima-
tion proven by Berkes and Philipp (1979). The most general result of this kind
is a strong approximation of processes with cadlag trajectories (see Eberlein
(1989)). However, the result of Berkes and Philipp (1979) cannot yield a better
rate than the one in (1.10).

Trying to get a small order of the error, the result in Gerencsér (1991b) about
the approximation of vector-valued stochasic integrals seems to be suitable be-
cause it has an error term of the form O,;(t¥°+°) for any § > 0. The Landau
symbol Oj(1) stands for M-boundedness: a stochastic process (Y;: ¢ > 0)
is called M-bounded if and only if

sup ||YtHLp <oo Vp>1.
>0

It is unclear whether the existing methods of change-point analysis work in
combination with the concept of M-boundedness. The second disadvantage of
Gerencsér’s theorem is that it cannot be applied under H; because it requires
the constancy of the function t+— Ff*(X;), t > 0.

In conclusion, to our best knowledge the rate of approximation in (1.10) is the
best one among all strong invariance principles for the class of continuous-time
processes which includes stochastic integrals. This is not surprising because
the stochastic integral as a process is not far away from a Wiener process.
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Step 3. In the last step of the proof of (1.8) we have to show that all remain-
der terms in the mentioned Taylor expansion converge to zero. For this pur-
pose, Lee et al. (2006) assume that there exists a starting estimator 6y, t > 0,
based on the observation period [0,¢] which fulfils

sup @ |§0,t — 90| < oo P-as.
t>1

with some function ¢+ ¢; of a higher order than t'/* as t — oo.
In this doctoral thesis we prove under Hy and suitable conditions that the
estimator of the method of moments (EMM) 67, t >0, satisfies

sup — «90‘ < oo P-as.

\/i_E }éo
t>ee \/logyt 0!
(see Proposition 2.16). In addition, it will be shown that
Vi
su
thE \/log, t
for the EMM égl’t based on the observation of (X,,+5: 0 < s < ). The

possibility of cancelling the length m of the training period will simplify the
proofs essentially (see, e.g. Lemmata 3.3, 3.4, or 3.5).

éSnyt — 0| =0p(1) as m— o0 (1.11)

In Chapter 4 we discuss the asymptotic behaviour of the stopping time under
the alternative. First, it turns out that our test has asymptotic power one,
ie.,

lim P{7, < oo} =1.

m—0o0
Moreover, the stopping procedure asymptotically does not react too early such
that, putting both results together, we obtain

lim P{t"(m) <7, <oo}=1
m—r0o0

(see Theorem 4.1 and Proposition 4.10).

For proving the main result of the chapter, i.e. the asymptotic normality of
the stopping time, we transfer the method developed by Aue and Horvath
(2004) for location models to our diffusion model. It is necessary to prove that
in a slightly modified Taylor expansion of the statistic S;" all expressions
of the order greater than zero does not contribute to the convergence. On
that account, we need a similar result as in (1.11) for the EMM under the
alternative. This result is proven in Proposition 2.17.

It turns out that the asymptotic normality has the same form as the result of
Aue and Horvéth (2004), i.e.,

lim £ (T’"b;“m) = N(0,1) (1.12)

m—o0 m
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for similar families of positive numbers (a,,: m > 0), (b,: m > 0). The
weak convergence in (1.12) is only true for an early change. We have the same
condition for an early change as Aue and Horvath (2004):

1/2 -7\’
t"(m) = O(m”) as m — oo forsome S < < { 7) :
-7
In Chapter 5 we study two examples of stochastic equations which satisfy all
our assumptions for the presented results. These are the Ornstein-Uhlenbeck
equation and

dX; = (0 — X,)*dt + ocdW,;, t>0, (1.13)

where 6 belongs to a compact interval [«,5]. Equation (1.13) represents
some sort of a nonlinear location model because the mean of its stationary
distribution equals 6.

In particular, we show that it is possible to check the technical integrability
condition contained in the definition of the set M (b, o) in Subsection 2.1.1.

Finally, the thesis ends with an alternative approach to change-point analysis
for diffusion processes and with some perspectives for future research.

Under Hy, we derive from the strong invariance principle (1.10) the strong
approximation

t(éo,t — b)) =B, =0 ((tloth)1/4(logt)1/2) P-as. as t—oo (1.14)

where ¢ > 0, B is some Wiener process and where the starting estimator
for éO,t is the EMM. This direct approximation of the estimator process
(t(004 — 0o): t > 0) simplifies the proof for (1.8) essentially (see Section 6.2).
The crucial point in the proof of (1.14) is the following strong approximation
by a stochastic integral:

t .
t(éo,t—eo)—c’/%dw'(s) = O (loglogt) P-as. as t— oo (1.15)
o S

for some ¢ > 0. The proof of (1.15) is given in Proposition 6.1. The idea
for the statements (1.14) and (1.15) was borrowed from Gerencsér (1991a).
Gerencsér (1991a) showed for the maximum-likelihood estimator fy; of a
parameter in a continuous-time linear process that for some ¢ > 0 and for
some Wiener process B

t(Bo; — 00) — B, = On (°7%) as t—00 V3>0

where once again, Ops(1) denotes M-boundedness.
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INTRODUCTION




Chapter 2

Preliminary results

2.1 Asymptotics of stochastic integrals

Let b: R — R be a drift function and o: R — R a diffusion function with
0% > 0. In this section denote by Y the unique solution to the Ito stochastic

equation
dYs = b(Yy)ds + o(Yy)dW,, Yo=¢&, s>0, (2.1)

where the initial value ¢ is independent of the Wiener process W.
Let us introduce

Assumption RP. The functions b and o satisfy

T y b

/exp (—2/ 2(u) du) dy — o0 as r — £oo
o o%(u)

0

1 x
G::/ exp 2/ () du | dx < oo.
o?(x) o 0°(u)
R

RP is a sufficient condition for the process Y to be ergodic with the unique
stationary distribution

and

du(z) = #@) exp (2 /0 ’ :2(22) du> dv, z€R,

(see Kutoyants (2004), Section 1.2).

In this section we discuss some asymptotic properties of the stochastic integral

to+t
/f(Ys)dWS as t— o0

to

11
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for an arbitrary starting time ty > 0.
For any function f € L?*(u) with

BiIP = [ 1£@)Pdutz) >0

and
to+t

mn/ﬁmm:a>pm. (2.2)

t—o00

one can apply a representation theorem for local martingales with continuous
trajectories to the concrete process

to+t
M= [ aw., =0 (2.3)
to
with the quadratic variation
to+t
(M), = /f2(YS)ds, t>0. (2.4)

to
Then one obtains that M is a time-changed Wiener process. In fact, for the
family of stopping times

T(t) = 7, (t) = inf {s > 0: (M), > t}, t>0, (2.5)

the process W) given by
to+r(t
W) = / FV)dW,, t>0, (2.6)
to

is a Wiener process, and the equation

to+t

/ FY)AW, =Wis  ¥t>0 (2.7)

to

holds P-a.s. We only have to check that the quadratic variation (M) satisfies
(2.2):
If RP is true, by a time substitution and the ergodic theorem we obtain

to+t t

1
lim — / fA(Yy)ds = hm n - f2(Yigrs)ds = E,|f|* >0 P-as.

t—oo t
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Hence, (2.2) follows.

For a proof of the representation theorem in the case of stochastic integrals
confer Gihman and Skorohod (1972), Part I., §. 4. In the general case of local
martingales a proof is presented, e.g. by Karatzas and Shreve (1998), Chapter
3, Theorem 4.6.

According to the remark after Theorem (4.9) of Durrett (1996), by means of
(2.7) the asymptotic behaviour of stochastic integrals can be derived from the
asymptotics of Wiener processes. We apply this principle in the following

Lemma 2.1. Let ty >0, f € L*(n) and Assumption RP be true. If Y is
a stationary process or if E,|f|* >0, then we have

to+t

[ f(Yo)dw,
lim su to—:\/E 2 P-ag.s.
t—)oop 2tlog,t /]

Proof. If 'Y is stationary and E,|f|*> =0, we have f =0 p-a.s. Hence,
f(Ys) =0 P-as. Vs>0.

Since Y has continuous trajectories, it also holds that
f(Ys)=0 Vs>0 P-as.

Therefore, the stochastic integral of f(Y') vanishes and the statement of the
lemma is true.

Now we consider the case E,|f]? > 0. Since (2.2) is valid, the representation in
(2.7) results, and the law of the iterated logarithm (LIL) for Wiener processes

yields
to+t

f f(Y5)dW,

lim su =1 P-as. 2.8
N \/2 )i logy (M), (28)

Moreover, we have

log(M log M
t—co  logt t—00 logt

because the ergodic theorem gives
M
lim (M)

t—o00

L= E,|f?*>0 P-as. (2.9)

Similarly, one obtains

1 M 1 log(M
m 08 (M), — lim log og(M),
t—o0 log2 t t—o0 10%2 t lOgt

+ 1) =1 P-as. (2.10)
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Equations (2.9) and (2.10) imply
(M), logy (M)

t 2
=K P-as. 2.11

Considerating the definition of the limes superior, by (2.8) and (2.11) we obtain
the statement of the lemma.

[]

2.1.1 Strong invariance principle

First, let us adopt some useful notations of Mandl (1968): using the function

T

B(x) :/ o(u) du, z€R,

o?(u)

define the measure p by dp(z) = e 2@ dx, x € R. Then the stationary
distribution p of the process Y can be written in the compact form

eQB(:v)

) = Gorm

de, xR

Now we introduce the set M(b,0) C L*(u) of functions g which satisfy
(i) Eu.g =0;

@ [ 'g@) / / 9(2) du(=) dp(s)

[e.9]

dp(y) < oo.

The dependence on the functions b and o in the notation M(b,o) shall
indicate that properties (i) and (ii) are formulated by means of b and o.

Remark 2.2. Let t5 >0 and g € M(b,0). Then Assumption RP ensures
the following LIL:

to+t

| 9(Ys)ds

. to
lim sup

t—oo  V/2tloglogt

where D is a positive constant.

=VD < oo P-as.

Proof. First, we show that Assumption RP implies

[ [ o2B()
//O'Q—(ZL‘)dxdp<S) — 00 as r — too. (2.12)
00
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We restrict ourself to the case » — —oo because the other case is similar and
even easier.
There exists a real number A > 0 such that

0 623(96)
/ dr > A Vs< -1

o*()

S

because the integrand is positive. Then consider for r < —1

[ [ o2B() 2B(x)
// 5 dxdp // d;vdp s)
o?(x)
00
-1
QB(a:)
// d.iEdp )+A/dp(3).

—1s r

Moreover, the first condition of Assumption RP states that
-1

lim [ dp(s) = oo. (2.13)
r——00

Equation (2.13) implies (2.12).
Now, by (2.12) and a time substitution one can apply Theorem 10 of Mandl
(1968), Chapter IV, in order to get the following LIL:

to+t
f g(Ys)ds

limsup ———— = =vVD <o Pas.

t—00 \/275 loglogt

where D >0 and P represents the probability measure on the underlying
measurable space if the process Y starts at the arbitrary deterministic point
x € R. Due to the Markov property of Y, we obtain the LIL for any initial
distribution v, too:

to+t
Y.)ds
P”(limsup w = 1)

t—o00 \/ 2Dt 10g2 t

Lto+t g(YS)dS
= [ P°| limsup ———= =1 | dv(x
R/ ( t—>oop \/2Dtlog,t (=)

=1

where PY denotes the probability measure if the initial distribution of Y is
given by v.
O]
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Now we give a simple proof for one of the key results of the thesis, i.e., a strong
invariance principle with rate for certain stochastic integrals:

Theorem 2.3. Let [ be a function in L*(u) such that E,f* > 0 and
(f2=E,f* € M(b,o). Then, under Assumption RP and for any time ty > 0,
there exists a Wiener process W) such that P-a.s.

to+t

Y
/ f(¥s) dWs — VVt(tO) =0 ((ﬂog2t)l/4(logt)1/2) as t— o0.

to " Euf?

Proof. Define a = \/E,f?. Replace the function f by f/a in the definition
of the quadratic variation (M) (see (2.4)). Hence, there exists a Wiener
process W) such that

to+t

f(YS) _ 1x7(to)
/ dWS—W<M>t Vt>0.

a

to

Applied on g = (f/a)* — 1, the LIL of Remark 2.2 implies that for almost
every w € €1 and for an arbitrary € > 0 there exists some 7T > 0 such that

[(M)(w) — 1]
Vitloglogt

By (2.14) and the estimate

<V2(VD+¢e)=:c Vt>T. (2.14)

log, t — %log?,t <log V't = %logt for sufficiently large ¢

we get
’W&%t _ Wt(t0)| g sup {‘Ws(t‘)) — Wt(t°)|: ls —t] <e¢ ﬂoth}
(tlogyt)'/4(log )12 — (tlogyt)'/4(log t)!/?

(2.15)
sup{‘Ws(to) - Wt(tO)}: |s —t] < c\/tlogzt}
= (tlogyt)/4(logt — 5 (logt + logst) + log,t)'/?

if t islarge enough. Set for ¢t > e
a; = /tlogyt, b = \/a;(logt — log a; + logyt),

Elt = Cay, i)t = \/&t(logt — log ELt + IOth)

By Theorem 1.2.1, equation (1.2.3), of Csérgé and Révész (1981) we have

Sup {le(tO) o Wt(t0)|: t<s<t+ dt}
=2 P-as.

lim sup
t—o00 Va(logt — log a, + logyt)
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Thereby, the convergence

ie(log t —Tog s 1 logyl
fj Y 0ellog? — loga, +logst) - (2.16)

t=o0 /a,(log t — log a; + log,t)

implies
sup {!Ws(to) - Wt(tO)‘: t<s<t+ &t}
Vai(logt — log a; + logyt)
In order to obtain
sup {}Ws(to) — Wt(to) t—a; <s< t}
Vai(logt — log a; + logyt)

consider for sufficiently large ¢

=0(1) P-as. as t—o0. (2.17)

=0O(1) P-as. as t— o0, (2.18)

dt(logt — log a; + loth) > dt(log(t — ay) — log a; + log,(t — dt))

and combine (2.16) with (1.2.3) of Csorgé and Révész (1981). By (2.15), (2.17)
and (2.18) the asymptotics

t t
(tlogyt)'/4(log t)!/2

=0O(1) P-as. as t—

results.

]

Corollary 2.4. Let « > 1/4. Under the assumptions of Theorem 2.3 we

have
m-+t

/ FYL)AW, — a2,
0

lim sup =0 P-as.

M—00 4~ (m + t)oz

where a = \/E, f?.

Proof. By Theorem 2.3 for almost every w € €2 and for given & > 0 there
exists some T > 0 such that

m+t 0)
[ FO)AW, = aWD),
0

<ege Vit>0 Vm>T.

(m +t)~
Thereby, we obtain

m—+t

[ r)aw, —aw ),

sup <e Vm>T.

>0 (m + t)a
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2.1.2 Uniform weak invariance principle

Now, from the strong approximation in Theorem 2.3 we derive under H; a uni-
form weak invariance principle for the observed process X. For the definition
of X see (1.2).

We start the subsection with a lemma which will be useful in the proof of the
weak invariance principle as well as in later chapters:

Lemma 2.5. Let f,F € C(R) and to > 0. The maps Py, Py: C[0,00) —
C10,00) given by

®q(2)(t) = F(z(to + 1)) — F(z(ty)), =€ C[0,00),¢t>0,

to+t

By () (1) /f(x(s))ds, v € Cl0,00), >0,

to

are continuous.

Proof. 1t is sufficient to prove the statement of the lemma for ¢, = 0 since
the shift operator T} : C[0,00) — C[0,00), z+ Tyx with

(T;fox)(t) = :L'(to + t)? t >0,

is a continuous map. Note for this argument that by time substitution we have

/ F(a(s))ds = / Flolto+w)du ¥z € Cl0.00), ¢ 0.

to

Let xy € C]0,00). Remember that the topology of the locally convex space
C'[0,00) is given by the sequence of seminorms

x|y == sup |z(¢)], N €N,
te0,N]

in the way that for any xzo the family of neighbourhoods
Uy ={z€C[0,00): |z —mllnv < v}, NEN,

forms a fundamental system of neighbourhoods of xy, also called “base of
neighbourhoods” or “local base”. Thus, in order to prove continuity, for any
N’ € N we have to find an N € N such that for =z € C|[0,00):

1 1
[z —2ollv < = = [[Pi(x) — Pi(wo)|| v < N

~ i=1,2.



2.1. ASYMPTOTICS OF STOCHASTIC INTEGRALS 19

Set ¢ = 1/(2N’). For any N and for any =z with ||z — x|y < 1/N
the image [0, N] is contained in the compact neighbourhood V; (4]0, N])
where

Vl(xo[(),N]) = {y e R: dist(y,xo[O, N]) < 1}.

Since F' is uniformly continuous on Vj (4]0, N1]) for some arbitrarily chosen
integer N; > N’, for the chosen ¢ there exists an N > N; such that

|Fox—Fouxg|n <e if || — x|y <1/N.
Hence,

||(1)1(17)—q)1({[0)”]\[/ S 2||FO,I'—FO.I'0||N/

1
SN
holds if ||z — zo||n < 1/N.
Along the lines of the previous argumentation, it follows from the uniform
continuity of f on compact sets that for ¢ = (1/N’)> an N > N’ exists
such that

1
Iz —wollv <5 = fox—fomlw <e.

Thereby, we obtain the desired estimate:
)

f flaods — [ Flao(s)ds

< sup ¢ sup |f(a(s)) — f(zo(s))]
te[0,N’] s€[0,t]

N/

< N'||[fox— fouxn
1
< ﬁ

]

Theorem 2.6. Let o > 1/4, 6, # 6y and f € L*(u(6,)) N CYR) be a
function such that E, g, f* >0, and (f*—E, @, f*) € M(b(61),0). Suppose
that the functions b(0y,-), o satisfy Assumption RP.

If Hy holds, then there exists a family of Wiener processes (W) m > 0)
such that

m4t* 4t
1 1 / (m+t*)
sup f(X)dW, — W, (2.19)
t>0 (t + 1)a ‘ A /E,u(91)f2 " !

1s a P-a.s. finite random variable which distribution is independent of m > 0.
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Remark 2.7. We write in the denominator (¢ + 1)* instead of t* in order
to avoid complications in the neighbourhood of ¢ = 0.

Proof. Set for brevity t; =m +t*. By Theorem 2.3 the approximation

ot
X
/ L)QdWs —wi =0 ((tlogzt)l/A‘(log t)/%) as t— oo
vV Euonf
to
holds P-a.s. Hence, for any m the expression in (2.19) belongs to R P-a.s.

Set g = f/(Euenf*)"* and denote by F a primitive of g/o. It follows
from the Ito formula that P-a.s.

to+t to+t (X)
glAs
X = -o(X
/g( s)dW /O(Xs) o(Xs)dWy
to to

to+t
= F(Xyy4t) — F(Xy,) — / F'(X)b(6y, X,)ds (2.20)
to
to+t

1
-3 / F"(X,)0*(X,)ds, Yt>0.

to

Thus, by Lemma 2.5 the stochastic integral, interpreted as a process in ¢ > 0,
is a composition of the process (Xy.s: s > 0) and a measurable map in
C10,00). We would like to apply the Ito formula in the same way to the
stochastic integral with random integration limit

t()—‘rT(t)

W) = / g(Xo)dW,, t>0,
to

where we recall that
7(t) = 7, (t) = inf{s > 0: (M), > t}

and
to+s

to
Toward this end, note that the strict stopping time ¢y + 7(¢) is P-a.s. finite
because we can repeat the computations from the introduction of the chapter
in order to obtain by the ergodic theorem and E,,)9> > 0 that
to+s
lim / g*(X,)du = o0 P-as.

S—00
to
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(see equation (2.2)).
Finally, we get

to+() to+7(-)

/ FX)dW, — / FX)AW, = B(Xyypa: 5 > 0)

with a measurable map ®: C[0,00) — C[0,00). Therefore, since X is
a Markov process, the distribution of expression (2.19) only depends on the
transition probabilities and the initial distribution £(Xy,). However, the
distribution of X;, = X,,4+ is independent of m because, by assumption,
the process X runs stationarily up to the change-point m + t*.

O

Remark 2.8. If we replace in Theorem 2.6 6#; by 6, and m +t* by
m, the statement remains true under Hy. L.e., there exists a family of Wiener
processes (W™ :m >0) such that

m-+t

/ f(Xs)dWs - Wt(m)

sup

1 1
t>0 (t + 1)O‘ ‘ ‘/Eu(Go)JQ

is a P-a.s. finite random variable which distribution is independent of m > 0.

2.2 Parameter estimation

Recall that © C R is defined to be a compact interval. For any 6 € © let
X (#) be the unique solution to the Ito stochastic equation

dX, = b(0, X,)ds + o(X,)dW,, Xo~ pu(0), 0<s<m, (2.21)

where a unique stationary distribution () exists and the initial value is
independent of the Wiener process W. Denote by P, the induced measure
of X (0) on the path space C[0,00) and by fy the density of the starting dis-
tribution p(6). Under the defined statistical model we present two procedures
for estimating the unknown parameter 6 if a trajectory of (X (6): 0 < s <m)
was observed. In the first subsection we will prove some important properties
of the estimator of the method of moments (EMM). These properties will be
needed for proving the limit theorems in Chapters 3 and 4.

The set of functions ¢g: R — R which have at most polynomial growth will
be denoted by

P={g: 3K,p>0 st |g(z)|<KQQ+]z]") Va}
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For a function g: © x R — R we say that ¢(f,-) belongs to P uniformly in
@ if the constants K and p can be chosen to be independent of 6.

Let us adopt from Kutoyants (2004) a version of Khasminskii’s condition which
is uniform in 6:

Assumption A,(©). The function 1/o belongs to P and

lim sup (sup sgn(x)b(e’x)) <0. (2.22)

|z|]—o0  \0€O o%(r)

As mentioned by Kutoyants (2004), the condition of Khasminskii implies As-
sumption RP defined in the introduction of Section 2.1. Hence, for any 6 € ©
the process X (0) is ergodic.

Remark 2.9. Set .
b(0,y)
By(x) = dy, = €R.
9() /0‘2(:1/) )

If b(#,-) € P uniformly in 6 and Assumption Ay(O) is satisfied, then the
exponential part e?P¢ of the stationary density

e2Bo(z)
= GO

has exponentially decreasing tails uniformly in 6.

f9 xER,

Proof. The condition in (2.22) means that there exist real numbers &, R > 0

such that b6, 2)
Y x .
sup sgn(z) (1) <—k<0 if |z|>R.

0co
Hence, for = > R we have

T

b0, y) i b(O0.y) i
0/ a*(y) W= 0/ o*(y) Ay =iz = R) (2.23)

< ¢ —k(x — R)

for some positive constant c¢;. For z < —R a similar computation yields

/—b(e’y)dyg/—b(e’y)dy+/<¢(x+R)

a*(y) (2.24)

<+ k(x+ R)

for some positive constant ¢y. Equations (2.23) and (2.24) imply the desired
statement.
[
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A very useful property of the normalization constant G(#) will be proven in
the following

Lemma 2.10. Let 1/oc € P as well as b(f,-) € P uniformly in 6. Then
we have infyeq G(60) > 0.

Proof. We have

infy e2Bo(@)

. s [ b,
1%f G(0) > / () dx
R
If infy G(#) =0, then
Lo 2By (x) .
)\{x eR: 1r01fe o\T) £ 0} =0 (2.25)

would be true where A denotes the Lebesgue measure. By assumption there
exists some positive polynomial p such that for any point = >0

T

12By(z)] < / p(y)dy = q(z) YO €O

where ¢ is a second positive polynomial. Hence, for any = > 0
e2Bol@) > 1@y g e O,

However, this is a contradiction to (2.25).

2.2.1 Estimator of the method of moments

Consider the set D(O) of functions ¢: R — R characterized by the following
regularity conditions taken from Kutoyants (2004), Section 2.4: ¢ belongs
to C(©) NP and the function a: © = R, a(f) = E,@)q, is a continuously
differentiable injection.

Recall from Section 1.1 that under a € C'(©) we understand that a €
CHO) N C(O) and that dpa has a continuous extension on the closed set
O.

Remark 2.11. If b(0,-), 9yb(0,-) € P uniformly in 6, then, under Assump-
tion Ay(0), we have a € C'(O).

Proof. In the interior © the dominated convergence theorem can be applied
on the function

e2Bo(z)
a(f) = /q(m)mdm (2.26)
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For this purpose, note that

02Bo () B [QG(Q)BQ({E) _ G(@)]€2Bg(z)
"Gy G2(0) VoeO, zeR (2.27)

e2Bo(x)
G(6) —/ () dx.
R

In view of Lemma 2.10, it remains to show that the numerator in (2.27) is
dominated uniformly in 6 by an integrable function. The assumptions imply
that By, 9By € P uniformly in 6. Considerating Remark 2.9 and the domi-
nated convergence theorem, this yields G € C1(©). Finally, the boundedness
of G and 0yG, the growth behaviour of 9yBy and Remark 2.9 imply the
boundedness of the numerator in (2.27) by an integrable function uniformly in
6.

By the same conditions and the same arguments one obtains the continuity of
a and 0Jpa in the boundary points.

and

]

We introduce the notations @, = ¢(X,,) and

~ | =

Amt =

m+t
/q(XS)ds, t >0,

where X is the observed process which solves (2.21) with the true parameter
value.

Choose some g € P such that a is a continuous injection. The estimator of
the method of moments (EMM) é?n?t based on the observation of a trajectory
of (XS: m<s<m-+ t) is defined as the point in © where the function

0 — = |CL<0) - dm,t

, 0e0o,

0~ [ axpds

attains its minimum. E.g., if @ is strictly increasing and © = [, f], a < f,
then the EMM has the form

a_l(&myt), &mﬂg € (I(@),
0. =1 a, amy < ala), m, t > 0.
67 &m,t > a(ﬂ)a

Remark 2.12. Under some additional conditions it was proven by Kutoyants
(2004), Theorem 2.28, that for m =0 the EMM is consistent and asymptot-
ically normal as ¢t — oo.
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Lemma 2.13. Let q € P and the function a be injective and continuous.
Then the function t+ 0% ., t >0, is P-a.s. continuous for any m > 0.

m,t?

Proof. Without loss of generality, let a be strictly increasing. Choose an
arbitrary time s > 0. We have to distinguish between two cases:

a)

First, suppose that a,,s € a(é). Then there exists é,?ms € © such that

1 is continuous, the image

a(égw) = Q5. Since the inverse function a~
a(é) is open. Hence, by the continuity of the function a,, ) there exists
some ¢ > 0 such that for all ¢ with |t —s| < one has a,,; € a(©).
Take QA?n’t € © with a(é&ﬁt) = Q. Once again, by the continuity of a™!

we can find for any ¢ >0 an & >0 with (G, — €', ams +¢’) € a(O)
such that from

(g — ms| = |a(02,,) — a(65, )| < €'

we obtain |9ASM — QAS,L7S| < e. Finally, for & there exists some ¢ >0 such
that

|Gy — amys| <& Vit with [t—s| <.
In case of Gy, s & a(é)), we can suppose without loss of generality that
s > a(f) VO € 6.

By the continuity of @, () we can find an & > 0 such that either

() Gme>ad) YOO or (i) amy € a(O)

holds if |Gyt — G, s| < €' for some t > 0. lLe., the case a,,; < a(f) V0 € e
can be excluded. If (i) is valid, we have 6, , =6y ., anyway. In case (ii)

and for any € > 0 one has to choose & sufficiently small in order to get

|a (6!

m,t

)—a(® )] <& = |65,-0%,|<e<

Since a is strictly increasing and 92178 is the right boundary point of ©,

for ¢ there exists a § > 0 such that for ¢ with [t —s| < the estimate
|a(é?n,t) - a(é?n,s){ = ‘dm,t - a(é?n,s” = a’(égv,,s) - dm,t S CAlm,s - dm,t < 5,

finally results.
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Now it is advisable to be more precise with notations and to understand under
éf;m: Cl0,00) — R, z+— é%t(x), m,t >0,

the functional which constructs the estimator of the method of moments from
the restriction (z(s): m <s<m+t) of a path z € C[0,00). Moreover, let
us introduce for any m >0 the map

0° : C[0,00) — C[0,00), x+—> (é?nt(x) t>0).

Lemma 2.14. Let q € P be continuous and the function a be injective and
continuous. Then for any m >0 the map 6° is continuous.

Proof. Without loss of generality, assume a to be strictly increasing. Let
zo € C[0,00) be an arbitrary point. In the course of this proof, let us simply
denote the shifted functions z(m + (-)), zo(m + (-)) by =z, xy, respectively.
As explained in the proof of Lemma 2.5, the issue is to find for each N’ € N
some N € N such that

1 A A 1
|lx — zo||n < N = HH?R(x) — 921(%)”]\], < N
Due to the uniform continuity of a™' on the compact set a(©), for given
N’ there exists an ¢ > 0 with the following implication:
<e = [|6%(z) — 65 (x0)]

la(05(2)) = (@ (20)))]

v < e (228)

N
In the next step we state that
|a (0, ,(2)) —a (% ,(20))| < |ami(x)—ame(zo)| Yt >0,z €C[0,00). (2:29)
In order to prove (2.29), we have to consider three cases:
(1) If Gmu(z), Gme(zo) € a(©), then
|a (9, ,(2)) — a(6D,,(20))] = |ame(x) — @mi(w0)|.

(2) In the case that exactly one of the numbers ay,, (), @m(xo) belongs to
a(©), we suppose that a,,+(zo) € a(©) without loss of generality. Then

|a<é9n,t(x)) - a(ég%t(ilfo))‘ = ‘a(ﬁ*) - dm,t(xl))‘

for some point [, on the boundary 00.

(3) If Gmye(z0), Gme(z) € a(©), two further cases must be considered:
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ami(r) <a(f) YVOe€O or
U t(T0), Gme(z) > a(f) V0 € 06;
<

¢
¢
a(d) < apmqi(xr) YV 6€0O orvice versa.

If (i) is true, one obtains a(09, ,(x)) = a(6%, ,(w)), while in case (ii) we
have |a(09, ,(x)) — a(6%,,(z))| = Ma(©)) where A denotes the one-
dimensional Lebesgue measure.

Hence, for any of the cases (1), (2), or (3) we get (2.29).

Note in the following that for any N € N the function ¢ is uniformly
continuous on the compact neighbourhood V;(x¢[0, N']) of the image x¢[0, N’|
where

Vi ([0, N']) = {y € R: dist(y, [0, N']) < 1}.

Hence, for ¢ we can find some N > N’ such that

sup |z(t) — zo(t)] < S —  sup |q(z(t)) — q(mo(t))} <e.

t<N N <N’

Finally,

SUP Gm ¢ (%) — Amt(z0)] < sup [lg oz — g ozl
<N’ t< N/

< &
Inequality (2.29) yields
la(0h(2)) = (@ (20))]

Taking (2.28) into consideration, the assertion of the lemma results.

v <E

]

Remark 2.15. Let 6, € © and ¢ € D(O). Then there exists some x > 0
such that for all v >0

inf 0) —a(By)| > k. 2.
Jint_[a(6) ~ a(6o)| > wv (2:30)
For proving this, by injectivity and continuity one can derive that for any
v >0 and any compact set K C ©
inf inf |a(f) —a(b.)] > 0. (2.31)

H*GK |0—9* ‘>l/

By means of (2.31) the statement of the remark was proven by Kutoyants
(2004) (see equation (2.111)) where (2.31) was applied without the infimum
over compact sets but in the form

inf |a(f) —a(6y)| >0 Vv>0.

|0—60|>v
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From now on, let X be the observed process defined in Section 1.1. The
next two propositions contain the most important properties of the EMM for
using it in change-point analysis: we will find, under Hy, as well as under Hy,
an almost sure rate of convergence and will show that the length m of the
training period has no influence on the distribution of 69, (X).

Proposition 2.16. Let ¢ € D(©) and (q — a(By)) € M(b(6y),0) for the
true value 6y € © in (1.3). Then, under Hy, we have
su Vi
tzeg \/log, t

‘é?mt —by| <oco P-as. Ym>0 (2.32)

and

S

0% (X) = 6%(X) ¥ m>0. (2.33)

Proof. In order to prove (2.32), we follow the proof of the consistency of the
EMM presented by Kutoyants (2004), Theorem 2.28. Define the function

Vi

ot) = t> e

V1og, t’ N

Suppose that, with positive probability, for any real number M > 0 there
exists some ¢y > 0 such that

0(t0) |69, — 60| > M.

Then, on the set

{YM >0 Fty(M) > 0: £(to) |65, ,, — 6| > M}
the inequality
inf Am —a(f)| > inf Am —al@
|9—90I1<HM/€(to)‘a to — a(0)] |9—90|1ZnM/€(t0)’a o~ al)]

would be true. Hence, by the triangle inequality we get the following estimate:

oo = alG0)] > liman = i) ¥ =0l et [t — a(0)]
> [ty — alt)
inf 0) — a(0y)| — |a —al®
|9—90\1§1M/£(t0)(|a( ) CL( O)| |am,t0 a( 0)|)

B \e—eo|lznf\f4/é(to) [a(6) — a(o)l
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Using (2.30), one obtains
P{VM >0 3to(M): 20(to)|am.z, — albo)| > KM} > 0. (2.34)
Now we proceed to derive a contradiction to (2.34). According to Remark 2.2,
the LIL
m+t

—a@o))dS—\/_ P-as.

lim sup ——— /
t—o00 A/ 2t 10g2
is true with a constant D > 0. Hence, the expression

m—+t

ﬁ [ @) —a@)as| @39

is P-a.s. bounded as ¢t — oco. This statement is a contradiction to (2.34).
Thus, (2.32) is proven.
For proving (2.33), note that by Lemma 2.14 the process

() |ame — a(bo)| =

é?n(X) = é'?n( mtst 8> 0)

is a composition of a Markov process and a measurable map for any m > 0.
Moreover, the initial distribution £(X,,) = w(f) is independent of m.
Since the distribution of any Markov process is determined by the transition
probabilities and the initial distribution, the proof is complete.

O

Proposition 2.17. Let ¢ € D(O) and (¢—a(6,)) € M(b(61),0) for 6, # 6.

Then, under Hq, we have

sup
t>max{t*,e°} 10g2

‘9 ) <oo P-a.s. Ym>0 (2.36)

and R R
00 (X)Z20Y) Ym>0 (2.37)

where Y represents the unique solution to

( t t

Yo + /6(90, Ys)ds + /O'(YS)CZWS, 0 <t<t*(m),
Y, =< 0 t 0 t
Y + /b(ﬁl,Ys)ds—l— /U(YS)dWS, t > t*(m),

\ t* t*
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Proof. Along the lines of the proof of Proposition 2.16, for proving (2.36), it
is sufficient to show the P-a.s. boundedness of the function

vt

\/1og, t

(see (2.34) and (2.35)). By definition we have for all V ¢ > max{t*,e°}
Vi

\/log, t

[max{t*, e}, 00) — [0,00), t+— (] (2.38)

CALmﬂg — a(&l) ‘

m}_t*[q(Xs> - a(91)]d8 + nj[: [Q(Xs) _ a<91)]d8 (239)

\/tlog,t

Applying the LIL presented in Remark 2.2 on the second integral in (2.39), it
follows that
m-+t

J 1a(Xs) = a(6y)]ds

m+t*
sup

t>max{t* e} 7/ 10g2 t

is P-a.s. finite.
Equation (2.37) can be proven by almost the same arguments as in the proof of
(2.33): We have only to note that X runs stationarily up to the change-point
m + t*. Hence, L(X,,) = p(fy). This equality implies that the processes
Xty and Y are equivalent.

O

2.2.2 Omne-step MLE

Denote by B,,: the o-Algebra on C|0,00) generated by the restriction
(X%:m < s < m+t) of the canonical process X°. Let 6, € © be an
arbitrary value. From now on, we do not distinguish between the notations
b(0,x) and b(0)(x) for (0,2) € ©xR. We correspondingly treat all occuring
derivatives of b.

According to Kutoyants (2004), Theorem 1.12; the log-likelihood ratio is given
by

log 5;;9)5;;1 (X) = log f@(Xm> + / |:[b(0) - b(e*)]] (Xs) dx,

fo.(Xom) o
— 71’)(9)22_0;’(9*)2} (X,)ds V0e®
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where X denotes the process defined in Section 1.1 and f; denotes the
density of the stationary distribution pu(6).
Define the function 6 — 1, ,(0)(X), 6 € ©, by

dP, o .
Ui (0)(X) = 8y log APyl (X) — % fo (X,,) for 6€O
dPg* Bm,t f@

and by a continuous extension of the right hand side on the boundary 00 if
the derivatives and the corresponding extension exist (see Remarks 2.20 and
2.21). We often write shorter ,,.(6).

Let

. feo, (2.40)

be the Fisher information which we would get if we observe a trajectory of the
process X (f) defined by (2.21) during a period of length ¢ = 1.

Suppose that 1(f) >0 for all 0 € ©.

Using the previous notations, we define the one-step maximum likelihood es-
timator (one-step estimator or one-step MLE) by

A wmt(em t)
— >0,t>0 2.41
) t[<0m7t) ) m — ) ) ( )

where é(),t; t > 0, represents a consistent starting estimator.

Remark 2.18. Under suitable conditions the one-step MLE is consistent,
asymptotically normal and asymptotically efficient in the sense of the Hajek-
Le Cam bound. Essentially, the same conditions are used throughout this
work.

Now it is necessary to derive from Assumption Ay(©O) the smoothness of the
Fisher information I. Remember that we denoted by G(f) the normalisation
constant in the stationary distribution u(6), i.e,

e2Bo(x)
R

where
X

By(x) :/%dy, z e R.
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Lemma 2.19. Let Ag(O) be satisfied.
a) If b(0,-), 0pb(0,-) € P uniformly in 0, then I € C(O).
b) If b(6,-), Oeb(0,-), O3b(0,-) € P uniformly in 6, then I € C*(O).

c) If b(0,-), Ob(0,-), 02b(6,-) and O3b(0,-) belong to P uniformly in 6,
then I € C?*(O).

1(0) = /

Recall that by Remark 2.9 and Lemma 2.10 the function e?#¢ has exponen-
tially decreasing tails uniformly in 6 and infyeg G(0) > 0. In combination
with the growth conditions 1/ € P and 0pb(0,-) € P uniformly in 6 we
obtain by the dominated convergence theorem that I € C(0).

Moreover, if it is possible to interchange differentiation and integration, then

Proof. Consider
2 62B0 (I)

G(6)o2(x)

b0, )

o()

dx, 0€O. (2.42)

i) =2 / (396(9)2 +b(O)b(6) 1(9)39) du(®) Voeo  (243)

o2

would be valid. However, by the differentiation lemma I belongs to Cl(é)
and fulfils (2.43) because 1/0 € P, 9ypb(0,-), 3b(0,), JyBy € P uniformly
in 0, and because [ is bounded, infgpecg G() > 0 as well as e*?¢ has
exponentially decreasing tails uniformly in 6. The same conditions imply
that 0yl € C(O).

Similarly, one can show that our assumptions yield I € C?(0) with

1(0) _ 2/ 395(9)2 + 2396(9)6(6)24_ 6(9)2 i 6(9)8936(9)

R

+4/ 396(9)2;5(9)19(9) (B — EvioyBo) du(6)

du(0)

o

R

—2I(6) / (B + 2B} — 2By E,9)By) dpu(0)
R
— 2j(9>E“(9)BQ Voeo.
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Remark 2.20. Let m, ¢t > 0. Moreover, let Hy and Assumption Ay(O) be
satisfied.

a) If b(0,-), 090,b(0,-) € P uniformly in 60, then 1, exists, belongs to
C(0©), and has the form

Pma(0) = 71@] (X,) dW, + 71[[’(90) _0_2(9)]6(@ (X,)ds (2.44)

for all 6 € ©.

b) If b(6,-), Dpdub(6, ), D20,b(0,) € P uniformly in 6, then iy, € C1(O),

and we have

Ume(0) = / b—e)] (X,) dW, + / PbWO)_Z(e)w(Q) (X,)ds

for all 6 € ©.

¢) It b(0,-), Bp0,b(0,-), 030,b(0,-), 030,b(h,-) € P uniformly in 6, then
Uy € C%*(O), and we have

Ui (0) = 71331;(9)} (X,)dW, — 3 71%2@36(9)} (X,)ds
j?”{[b(@w - b(f)]a;b(e)ﬂ s o
for all 0 € ©.

Note that
0p0,b(0,-) € P uniformly in 8 = 0pb(0,-) € P uniformly in 0,
0;0,b(0,-) € P uniformly in § = 9;b(f,-) € P uniformly in 0, (2.47)
030,b(0,-) € P uniformly in § = 9;b(f,-) € P uniformly in 6.
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Proof. Considerating the process X wunder Hy (see (1.3)), we get for the
log-likelihood ratio

g APlBns 31 o0 SK) ”ﬂb(e) 0w,

dPy,|B,.. fo.(Xm)

For any 6 € © the functions
b(0,-) —b(0.,-)  Ipb(0,-)  O5b(B,-)  Igb(o,-)

b b )
o2 o2 o2 o2

are continuous (see (1.4)) and thereby, they possess primitives which we denote
by Dy, Fy, Gy and Hy, respectively.
By means of the Ito formula it follows that

log j]fe_iﬁz (X) = / D] (X,)dW, + / [Dyb(00)](X.)ds
1" (o) - b0, )? fo(Xn)
-3/ { N M)ds“og Fo ()
m . (2.48)
= Db(Xns) ~ Da(Xr) 5 [ DX )ds
1 o) - vo.)? 1oy 90X
2m/ { = }‘Xﬁ)d Flog TR

The differentiability with respect to 6 of the density
exp (2By(z)) 1 “b(0,y)
o) = Gt~ G = (2, 7)) TR

where o - R/ 0211:) . (2 /0’““ l;(f(,;)) dy) dr, 0¢€0O,
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can be checked by the dominated convergence theorem: since 0Jpb(6) is domi-
nated by a polynomial uniformly in 6, exp(2By) is differentiable and one can
differentiate By under the integral. The differentiability of G is obtained
by Remark 2.9 and the additional growth condition 1/0 € P contained in
Assumption Ay(O).

Moreover, since b(0,-), Ogb(0,-), 090.b(0,-) € P uniformly in 60, we can
apply the dominated convergence theorem in order to differentiate under the
integrals in (2.48). Note that

X+t
b(6,y) — b(0,,
Dalner) = Do) = [ [P g o
o*(y)
Hence, we obtain for any 6 in the interior O:
1 m+t
mal6) = FolXss) = FoXo) = 5 [ (FFo)(X,)ds

(2.49)

o

. 7[6(9)2(9)} s

m

By the Ito formula (2.44) results for any 6 in the interior.
Similarly, one can compute by the dominated convergence theorem that

¢m,t<9) = GG(Xert) - GG(Xm)
m—+t 1
- / [Gb(6) + Fyb(6) + 5Cho?| (X.)ds, €6,

m

(2.50)

and

Ui (0) = Hp(Xni) — Hp(X,)
m—+t
_ / [H3b(6) +3Gyb(0) + %Hga?] (X.)ds, 0c6.

m

(2.51)

Once again, the Ito formula yields (2.45) and (2.46) for any 6 in the interior.

Along the previous lines, the dominated convergence theorem implies that v, ,
and its first and second derivative are continuous in the boundary points of
O.

O
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Remark 2.21. Let m >0, t > t*. Moreover, let H; and Assumption Ay(O)
be satisfied.

a) If b(0,-), 090,b(0,-) € P uniformly in 6, then 1, exists, belongs to
C(©), and has the form

wm,tw):m m/ (L= WO )
N 7t[[b(01) —z;(e)]bw)}(Xs)ds (2.52)
for all ¢ € ©.

b) If b(0,-), 0s0,b(0,-), anmb(@, -) € P uniformly in 6, then ¢, € Cl(@),
and we have

e +t.. m/ { (60) _b b(e)](Xs)ds
+ 7t[[b(91) _02(9)]b<9)](xs) ds — 71@}2()@) ds .
for all 0 €O,

C) If b(@,), 898mb(9,)7 8920961)(8,), agarb(@,) c P Ul’lifOI'l’Illy in ‘97 then
Ut € C?(0), and we have

Um(0) = 7[M} (X,)dW, —3 7t{—896(0)f3 b(g)] (X,) ds

+ / -[b(91> — l;(f)]agb(e)_ (Xs> ds
mt* B

for all 6§ € ©.



2.2. PARAMETER ESTIMATION 37

Proof. We proceed as in Remark 2.20. Once again, for any 6 € © let Dy,
Fy, Gy and Hy be primitives of the functions

b(0,-) —b(0.,-)  Ogb(0,-)  02b(6,-)  O3b(0,")

bl b )
o2 ’ 02 02 02

respectively. Under the alternative the log-likelihood has the form

log L¥lBns () 7{M] (X)) aw,

& dPO* Bt o
Il [CUELTOIE T
Y [CURLT I T
m-+t
1 b(0)% — b(0,)? fo(Xon)
-1 / {—02 }(Xs)ds—l—log X

(see (1.2)). Applying the Ito formula in the same way as in (2.48), we obtain
the same formula as under Hy:

m-—+t
dP, 1
log #(X) = Do) = Do(Xo) — 3 [ 1DG(X,)ds
m-—+t
1 b(6)? — b(6,)? Jo(Xom)
-5/ [a—] (Xo)ds+los 7y

By differentiation we get for ,,; and its first and second derivative the same
formulas as in (2.49) - (2.51). The continuity in the boundary points of ©
follows in a similar way. Applying the Ito formula three times, equations (2.52)

- (2.54) result.
[l

For later use it is convenient to know the facts proven in the following three
lemmata.
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Lemma 2.22. Let g € C'(R). Assume that Y is the solution to (2.1) and
the diffusion function o belongs to C(R).

(i) There exists a measurable map ®;: C[0,00) — C[0,00) such that

to+t

to

(ii) Let X be the process defined in Section 1.1. Then, under Hy, there
exists a measurable map ®o: C[0,00) — C[0,00) such that

m—+t

/ 9(X)AW, = By (Xpsgy)(t) ¥ m, ¢ > 0.

Proof. Denote by F' a primitive of g/o. It follows from the Ito formula that

to+t to+t

[ owoaw.= [ 2wy otviaw,
= (Vi) = FOG) = [ (FB(Y)ds (255)
. todt

-3 /(F”UQ)(YS)ds Vt>0 P-as.

to

Hence, the stochastic integral can be written as the composition of Y; ;) and
the map ®; given by

. (x)(t) = F(x(t)) — F((0)) - /(F’b) (a(s))ds — /w@

for = € C[0,00),t > 0. According to Lemma 2.5, ®; is continuous and
thereby, measurable. This proves (i).
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For proving (ii), we can argue in exactly the same way if we replace (2.55) by

m+t m+(t/\t* )

[ X0, = F )~ F )~ [ (000 (X)ds

m4(tVt*)
_ / (F'b(0,)) (X.)ds

m—t*

e (X,)
—/Tds Vt>0 P-as.

and ®; by the map &,

tAL*

Dy(2)(t) = F(2(t)) — F(2(0)) - / (F'b(0)) (x(s)) ds

tvt* t

- / (F'b(@l))(x(s))ds—/w&

t* 0

for = € C[0,00), t > 0. Here, we use the notations ¢ A t* = min{¢,t*} and
tVt* = max{t,t*}.
0

Lemma 2.23. Let the functions b(0,-), 9y0,b(0,-), 9530.b(0,-) belong to P
uniformly in 0. Then, under Hy and Assumption Ag(©), we have

(i) (Yme(0)(X):t>0) 2 ($,(0)(X): t>0) ¥m>00€0,

(i1) (Vs (0)(X): t>0) 2 (4o, (0)(X): t>0) Ym>0,0¢€6.

Proof. In view of formulas (2.44) and (2.45), by Lemma 2.22.(i) and Lemma
2.5 the processes ¥, (y(0)(X) and Oyt ()(0)(X) are compositions of the
process X,,+() and measurable maps in C0,00).

Now we can argue in the same way as in the proof of (2.33): since the initial
distribution £(X,,) = () is independent of m and the distribution of any
Markov process is determined by the transition probabilities and the initial
distribution, the processes X,,,.) and X are equivalent. This completes

the proof.
m
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Lemma 2.24. Let the functions b(0,-), 0p0.b(0,-), 020,b(0,-) belong to P
uniformly in 6. Then, under Hy and Assumption Ag(O), we have

(i) ($me(0)(X): t>0) 2 (Yu()(Y): £ >0) ¥m>0,0€0,

(i) (V(0)(X): £ 2> 0) 2 (o (0)(Y): £t >0) ¥Ym>0,0€0
where 'Y denotes the unique solution to

t t
Y{)Jr/b(eo,Ys)der/a(Ys)dWs, 0<t<t'(m),
}/t — 0 0

t t

Y, +/b(91,Ys)ds+/a(Ys)dWs, t>t*"(m),
\ t* t*

Yo ~ p(6o).

Proof. In view of formulas (2.52) and (2.53), by Lemma 2.22.(ii) and Lemma
2.5 the processes ¥, (y(0)(X) and Oyt )(0)(X) are compositions of the
process Xp,;() and measurable maps in C[0,00).

The same argument as in the proof of Lemma 2.23 yields the assertion of the
Lemma because the process (Xs: 0 < s <m+t*) is stationary.

(2.56)

]



Chapter 3

Asymptotics under the
hypothesis

3.1 Test statistic

Recall that the question is to decide sequentially between the hypotheses
Hy: t* =00, i.e. no change

and
Hi: t*<oo and 6y+# 6,

for the model defined in Section 1.1.

In this chapter we will determine under the hypothesis the limit distribution of
SUp;~q |97 as m — oo (see Theorem 3.7 and its Corollary 3.8). Therefore,
the critical value ¢ > 0 of the test procedure given by (1.6) can be chosen
according to

a= lim P{r, < oo} = lim P{ sup [S{"| > c}

m— 00
where a € (0,1) denotes the prescribed level of the test.

Remember our test statistic introduced in Section 1.1:
St = ——< (Ot — Oom)

. ot (00 . m (09
__t s +1w_<go +1m>] b >0,

gm(0) |0 1@5,) " m 183,,)

m,t

41
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where it must be supposed that [ > 0. Moreover, assume that I, ¢,,; €
C?(©) for all m, t > 0. Under these conditions, one obtains by Taylor expan-
sion of the functions ty,./I and g,/ around 6, and some rearrangement

_ ¢m,t(00) - %¢0,m(‘90>

Sm
! t[(eo)gm(t) (31)
+m(R1—R2+R3—R4), m,t > 0,
where
. bt (00)  ~
fr = O =00 % wﬂéo;) e = t0)
1(00)ma(00) /0
fz = t12(6,) (O = 00).
N (60, —6,)°
o= 03 (552 )
and
5 Dom(00) 1(80)to,m(00) ,
= (60 —0 M09 — ) — —L T (g0 g
R4 ( 0,m 0) + mI(@o) ( 0,m 0) m12(90) ( 0,m 0) (3 2)
2 ¢O,m ~ (ég,m - 90)2 |
05 (5) o)==

Here, we have |0y, — 00| < [03,,, — 00| and [0, — 60| < |69, , — 6.
The first summand in (3.1) will turn out to be the one which converges in
distribution, while the expressions Ry,..., R4 converge to zero as m — oo.

3.2 Preliminary results

We proceed to approximate the first term on the right hand side of (3.1) by a
functional of Wiener processes. For this purpose, let us introduce the following
assumption of a strong invariance principle with rate:

Assumption 3.1. For any 6, € © there exists a Wiener process B and a
number a < 1/2 such that under H,

Yo1(6o) — /1(6p)By = o(t*) P-as. as t— oo.
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Lemma 3.2. Let Assumptions 3.1 and Ao(O) be satisfied. Suppose that b(6,-),
0p0.b(0,-) € P uniformly in 6.

If 0<~<1/2—a« and Hy holds, then there exists for any m >0 a Wiener
process B such that B s independent of (By:0<s<m) and

[mal00) = VTGO B + £ (v/T(00) B — v, (60)
lim sup

m—00 ¢>( 9m (t)

=0 P-a.s.

Remember that ~ s the parameter involved in the weighting function

m+t+ 1)+ 1)
e
vm
Proof. Under H, we have by Remark 2.20

t>0.

Ut (o) = /90’ AW, ¥Ym,t>0.

m

Set a = \/I(6) and for any m >0 B = (B, — B,:t>0). By the
triangle inequality it follows that

‘¢m,t(‘90> - aBgm) + %(aBm - wO,m(QO»‘

su
0 PG
< sup |Y0,m+t(00) — aBmis — 1/10m(90) + B, - (m+t+1)~
’aBm - wO m(eo)‘ t
+ : su .
me o Mg, (1)

Along the lines of the proof of Corollary 2.4, the invariance principle of As-
sumption 3.1 implies

lim sup

mat(00) — aB,:| =0 P-a.s.
m—00 50 (m—l—t)a |w07 +t( O) +t|

Hence, we get
Yma(00) — aB™ + L (aB,, — %m(@o))‘
sup
t>0 gm(t)

< o(1) sup vm
>0 (m+t+ )I=r=a(t +1)7

t
1
ot 1 1)
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where the Laundau symbols represent terms which have the corresponding
asymptotic behaviour P-a.s. as m — oo. The fact that the family

sup \/m = \/ﬁ

=0 (m+t+1)1ret+1)  (m+ 1)’

m > 0,

is bounded completes the proof.

Remember the notation a(f) = E,)q, § € ©, from Subsection 2.2.1.

Lemma 3.3. Let Assumption Ay(O) be satisfied. Let q € D(O) as well as
(g —a(By)), (|0ab(00,-)/c|> — I(0y)) € M(b(6o,-),0) for 6y € O.

Moreover, suppose that b(0,-), 9p0.b(0,-), 020,b(0,-) € P uniformly in 6.
Then, under Hy, we have

050 = o]
sup

>0  Gm(t) ‘”(00) + ¢m7t(‘90)‘ =op(1) as m — oco.

Proof. Remember that the distributions of the processes (égm: t >0) and
(Optm(0p): t > 0) are independent of m > 0, see Proposition 2.16 and
Lemma 2.23. Hence, it is sufficient to consider the asymptotics of
163, — 6o .
Stgg O |t1(60) + o,4(60)]
as m — oo.
By formula (2.45) one has

t ..

t1(6o) + o,:(6o) Z/%dwg—/t<

0

b(0o, X,)|* )
ol 1(90))(1 (3.3)

for all t>0.

The LILs of Lemma 2.1 and Remark 2.2 yield that both integrals, the stochastic
as well as the ordinary one, are P-a.s. of the order O((tlog,t)'/?) as t — oo.
Choose some « < 1/2 and asmall § >0 with 1/2—a—y<d<1/2—7.
Using temporarily the notation

.

we consider the estimate

sup —‘ ég’t _ 00‘
t>0 9m (t)

i)<00aXs)
o

' 2—](90))ds, £>0,  (3.4)

~ M,
| M| Ssup(t—l—l)"“é’gi—c%‘ - sup | M|
>0

>0 (t+ 1)a+’y+(5
vm(t +1)°
- sup m(t+1) .
t>0 (m—+t+ 1)1

(3.5)
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In view of Proposition 2.16, the first supremum on the right hand side of (3.5)
is P-a.s. bounded. As already explained, the second supremum is bounded,
too. Note that the function

xé

.%!—)W, x>1, for 0<5<1—’}/,

achieves its unique maximum at the point

om

= —. 3.6
RTEEEr) &0
Hence, we have for any § € [0,1/2 —~)
. vm(t+1)°
| = 3.7
oo 15 (m+ £+ 1)1 (3.7)
[

Lemma 3.4. Let Assumption Ay(O) be satisfied. Let q € D(O) as well as
(¢ — a(by)) € M(b(Oo,-),0) for 0y € ©. Moreover, suppose that b(0,-),
2b(0, ), 090,b(0,-) € P uniformly in 6.

Then, under Hy, we have

mt(00)] | 5
i g 1) s oo
t>0  Gm t) ’

Proof. Exactly the same argumentation as in the proof of Lemma 3.3 works
in this case, too. We only have to replace the process (M;:t > 0) in (3.4) by

t .
b(6, X,
My = 1o+(6y) = /EET))dWS, t>0.
0

]

Lemma 3.5. Let Assumption Ag(©) and [ > 0 be satisfied. Suppose that
q € D(O) as well as (q — a(by)) € M(b(y,-),0) for by € ©. In addition,
suppose that o' € P and b(0,-), 9p0.b(0,), 050,b(0,-), J30.b(0,-) € P
uniformly in 6.

Then, under Hy, we have

2 ¢m,t A (é?nt - 90)2
- = 1 .
s;%) 0y ( 7 )(Gmt) ol op(l) as m—
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Proof. The functions 9pb(6,-)/c?, 93b(0,-)/c?, b(0,-)/c* are continuous
and thereby, they possess primitives which we denote by Fy, Gy and Hy.
Recall that we consider the notations b(#,z) and b(#)(x) for (6,2) € © xR
to be equivalent.

Equations (2.49) - (2.51) state that

¢m,t(9) = FG(Xm-i-t) - FG(Xm)

m—+t

- / [ng(f))%Fé’aﬂ(Xs)d&

m

7vZ}mt(e) = Go(Xmrt) — Go(Xom)
- / (Gb(6) + Fyb(6) + 5Gho?| (X.) ds,

m

and

Y (0) = Ho(Xpnss) — Ho(X;n)
. / [Hgb(9)+3G;b(e) Lo 2](X)ds.

m

By the assumptions each integrand as well as each function Fy, Gy, Hy is
dominated by a positive polynomial uniformly in 6. Remember (1.5) which
is a linear growth condition for the diffusion function o. Hence, there exist
positive polynomials ); and () such that for all # € © the estimate

|¢m,t(0)’ + W)m,t(eﬂ + |¢m,t<9)|

m+t

< Q1 Xmae) + Q1(X /Qz

m+t

—90,(X / /(X (3.8)

/[Ql (80) + 5 @0” + Qs] (X.) ds

m

The last equality was obtained by the Ito formula.
Since the Fisher information I fulfils infgce I(f) > 0 and belongs to C?*(0)
(see Lemma 2.19), the functions 1/I, 9y(1/I) and 93(1/I) are bounded.
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Hence, there exists a constant K > 0 such that

ae<¢}”t>(9mt) 62(%) () ,‘259(%) (9)‘,%}.

-sgp(|1/1m,t(9)| + }1/Jmt<9)| + W)mt(&)})

< sup max {
e

< ngp(wm,t(en + [ (0)] + [P (0)]) VT > 0.

We conclude that

0 2 20 2
8 (“5) o] gt < ez o
where for any m >0
m+t
™ = 20,(x / Qi(x
m+t
+ [ @b + @1+ Qo) (X ds. e

Choose some « € (1/4,1/2) and set § = max{0,1—~—2«a}. By Proposition
2.16 we have

sup(t + 1)20“63%775 - 90|2 =0p(l) as m — 0. (3.10)
>0

Moreover, note that by Lemma 2.22.(i) the process Z(™ is the composition
of X,.4() and a measurable map in C[0,00). Then, since the processes X
and X, () are equivalent, the equality in distribution

Zm 2 700 om0 (3.11)

results.
Recall that by Remark 2.9 all polynomials belong to L'(u(6y)). Hence, the
ergodic theorem and Lemma 2.1 imply

sup —‘ Zt(m)‘
150 (t + 1)20005
Combining (3.10), (3.12), and (3.7), we obtain

6, —0))°
Z (m) ( m,t 0
AL

=0p(l) as m— (3.12)

=op(l) as m — 0.
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Lemma 3.6. Let Assumption Ay(©) and I > 0 be satisfied. Suppose that
q € DO) and (q— a(by)), (|0sb(0o,")/c? — I(0y)) € M(b(6y,-),0) for
6y € O.

In addition, suppose that o € P as well as b(0,-), 0s0.b(0, ), J20,b(6, "),
950,b(0,-) € P uniformly in 6.

Then, under Hy,

R . Yon(B0)  1(00)0.m(00)
s | B 0 (1 ] — S )

(ég,m - 90)2

m

+ 85 <%Tm> (Go,m)

=op(l) as m — oc.

Proof. According to (3.9), the third remainder

N (00, —6,)°
Ry = 82 (b) <9m,t)<7tf0)7

t>0
[ )

in the Taylor expansion of (3.1) can be bounded by

) (m)
K@, 0" 2= 150

for some K > 0.
Hence, by the proofs of (2.33) and of Lemma 2.23, there exists for any m > 0
a measurable map

R,,: C[0,00) — C0,00), =+ R,(x),
such that, using the notations of (3.1),

|R1 + RQ + R3| S Rm(X)(t) P—a.s.,
’R4| S Ro(X)(m) P-a.s.

where, for = € C[0,00), R,,(x)(t) represents the value of the function
R, (z) € C[0,00) in t > 0. From (2.33), Lemma 2.23 and (3.11) it fol-
lows that

t D t

st;lg) gm—(t)Rm(X)(t) = Stli%) gm—(t)RO(X)(t) V' m > 0.

According to the proofs of Lemmata 3.3, 3.4, and 3.5, we have

stl>1£) gm—(t)Ro(X)(t) =op(l) as m — oo.
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Consider the following lower bound:

R
. (Qmm+ 1) (mlﬂ) Vi Ro(X)(m).

Hence, /mRy(X)(m) tends to zero in probability as m — co. Finally, the
inequality

t t\/m
su =su <+vm Ym>0
t>10) Im(1) t>g (m4t+ 1)1 (t+ 1)y — =
yields
sup ——Ro(X)(m) =op(1l) as m — oo.
t>0 gm(t)

3.3 Main result

Theorem 3.7. Let Assumptions 3.1 and Ay(©) be satisfied. Let 1 > 0,
q € D©) and (|0pb(00,)/c|> — I(00)), (¢ — a(by)) € M(b(by,-),0) for
0y € O.

In addition, suppose that o' € P as well as b(0,-), 9p0.b(0, "), 050.b(0, "),
030,b(0,-) € P uniformly in 6.

If 0<~y<1/2—a«a and Hy holds, then we have

lim E(sup|5§”|) zﬁ( sup ﬂ)
m—oo \ >0 o<t<1 v/ 1(0p)t"

where W represents a Wiener process.

Proof. In view of Lemmata 3.3, 3.4, and 3.5, it is sufficient to show

(smp Lm0 _ £ @)} _ g, L)
o<t<1 \/T(0)t7) "

sup - —
0 gm(t)| I(6o)  m I(6o)

It was proven in Lemma 3.2 that the assumption of the strong invariance

principle yields

lim £

m—0o0

1
sup
t>0 Im (t)

wm,t(eo) B;n t ( Bm _ wo,m<90)

100 o T m )|:o(1) (3.13)
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P-as. as m — oo where for any m >0 B and B represent two inde-
pendent Wiener processes. Similar to Horvath et al. (2004), one can compute

that o
B, — LB,
lim £ (sup B 1 ’) =L ( sup M) (3.14)

m—00 >0 dm (t) 0<t<1 t

with a new Wiener process W in the following way:
Note that the weighting function can be written as

t+1 t+1 K
gm(t)_\/m(u ;)( * > £>0,m> 0.

m+t+1

Due to the independence of B and B, we can replace B for any
m > 0 by an arbitrary Wiener process W and apply the property of rescaling
in order to obtain

BBl W28
=0 gm® b gl
D Gup [Wepm — 5B .
o (1+ 55 (GH)”

Then the substitution ¢ = ms yields

(m)
B, _%Bm‘ D |W, — sBy| ( m )'y
su = su
=0 gm() w0 I+s+ )\ T T+ms
m o0 WS - B 1 ’Y
¥ sup | sBil ( i S) (3.15)
s>0 (1+9) s

where the convergence holds pathwise. According to equation (5.15) of Horvéath
et al. (2004), the limit random variable in (3.15) has the same distribution as

Wi
sup —.
o<t<1 Y

Finally, since for all functions a,b: (0,00) — R the inequality
sup |a;| — sup |b|| < sup |a; — by (3.16)
>0 >0 >0

holds, Slutsky’s lemma can be applied in order to obtain the statement of the

theorem from (3.13) and (3.14).
[
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Theorem 3.7 is still useless for determining the critical value ¢ of the test
procedure (see (1.6)) because the unknown parameter 6, is involved in the
limit distribution. Therefore, we shall estimate 6, from the training period
[0,m]. For this purpose, consider the modified statistic

g Vo “é()’m)'té o

m _ it — m), ,t > 0. 3.17
t gm(t) ( it 07 ) m < )
Corollary 3.8. Under the assumptions of Theorem 3.7 the convergence

lim £ (sup ]éﬁ]) =L ( sup %)

m—+00 >0 o<t<1 t7
holds.

Proof. Since the Fisher information [ is continuous (see Lemma 2.19), Slut-
sky’s lemma implies the desired statement.
O

Remark 3.9. We proved in Theorem 2.3 a strong invariance principle of the
form assumed in Theorem 3.7 and Corollary 3.8. The approximation error is
o(t*) for an arbitrary « > 1/4. Thus, the presented test procedure works as
long as 0 <~ < 1/4 is chosen in the weighting function g,.

Remark 3.10. The problem of a one-sided alternative can be treated along the
lines of the previous discussion. In this case we would like to test sequentially

H()Z t" =00
Versus
Hi: t*<oo and 6 > 6.
Toward this end, we modify the stopping rule by cancelling the absolute value:
Tm:inf{t>0:§fl>c}, m > 0,
where §t7\” is the same statistic as for the two-sided alternative. The method

used in the proofs of Theorem 3.7 and Corollary 3.8 can be applied once again.
We only have to replace the inequality in (3.16) by

< sup |a; — by
>0

sup a; — sup by
>0 >0

for functions a,b: (0,00) — R.
Then, under the assumptions of Theorem 3.7, the convergence

lim £ (sup 5”?”) =L < sup %)
m—00 t>0 o<t<1 t7

holds.
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Chapter 4

Asymptotics under the
alternative

4.1 Asymptotic power

In this section we prove that the procedure given by (1.6) has asymptotic
power one. In sequential change-point analysis the asymptotic power of a test
with infinite time horizon is defined by

lim P{7, < oo} (4.1)
m—oQ
where P represents the measure under H,.
Now we study a Taylor expansion of the statistic S}" although the mean value
theorem would be sufficient in this section. However, in order to simplify the
proofs, we want to use the same expansion for the asymptotic normality of the
stopping time (see Section 4.3).
Consider

and expand ,,;/I around ¢; and g,,/I around 6,. We have to assume
that I, t,,, € C*(0©) and I > 0. One obtains

gm (61 — 6o)t n Uma(0r) T Pom(bo)
' gm (1) gm(O)1(01)  gm(t) mI(6o)
¢ (4.2)
+gm—(t)<R1_R2+R3_R4)

23
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where the terms Ry, ..., Ry are similar to the terms in (3.1), i.e.,
%) 1/.}m,t<01) A
Ry = (6),,—61) + 1100 (Onc — 1),
o j(61>@bnut(61) 0
R == rm) (s = 01).
A 2
92 wm,t ~ (egz,t - 01)
s = 89< I )wm) t
and
Yo (0o) 1(60) 0. (6)

A 0 A
Ry = (0, — bo) + W(Q(O),m — ) — ng,m )

)
3L gy =)

Here, we have ‘éo,m — 00‘ < }é&m — 60{ and ‘émt — 91} < |9Agm — 91‘.
Theorem 4.1. Assume that either

(i) t*(m) = O(1) as m — oo or

(i3) lim,, 00 t*(m) = 00 and t*(m) = O(m*?) as m — oco.
Let Assumption Ay(©), I >0 and

b(eb) ?

Eu(gl) >0 for 0, 7é 00

be satisfied.

Suppose that q € D(O), (|0sb(6o, )/ — 1(60)), (q — al6h)) € M(b(By, ), 0)
for 6y € © and (|0s0(01,-)/c|> — 1(61)),(q — a(hy)) € M(b(by,-),0) for
01 # 0.

In addition, suppose that o € P as well as b(0,-), 9p0.b(0,-), 030,b(0, ),
030,b(0,-) € P uniformly in 6.

Then, under the alternative, we have

lim P{Tm < oo} =1.

m—ro0

Proof. We observe that

{7 < o0} = {stggwﬂ >c} V' m > 0.
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Set t, =m?+t*(m), m >0, and

—00)tm
I A,
G (tm)
Since
{sup\SZ”\ >c} >{IS| > ¢} D{W—\—Rm\ >c} V'm >0,
t>0 mam

it is sufficient to show that the deterministic drift term (61 — 00)t1./gm(tm) is
unbounded as m — oo and that R, = Op(l) as m — oco. Note that

te tran/ T £/ T

_ > Y m > 0.
Inltm)  (MA b + D) (b + 1) ~ mA b+ 1

Hence, the drift term crosses the critical value as m — oo. We show in
Lemmata 4.2 - 4.7 that (R,,: m > 0) is bounded in probability. O

Lemma 4.2. Assume that either
(i) t*(m)=0O(1) as m — oo or
(i3) lim,, 00 t*(m) = 00 and t*(m) = O(m*?) as m — oco.

Moreover, let Assumption Ao(©) be satisfied. In addition, suppose that b(6,-),
090:0(0,-) € P uniformly in 0 and that

2

b1 for 61 # 6. (4.3)

1(61) = Eyon)| ———

Then, under Hq, we have

|Vt (01)]
gm(tm)

Proof. By Remark 2.21 we have

=0p(l) as m — .

Uit (01) m?jm%dwfs + th*%dl/lfs
. 7”[[19@0) O] x4

m
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Remember that by Lemma 2.24 1), (0;) has the same distribution as

URG 6.,
wo,tm((?l):/ (UZY))dWSJr/ (U(Y>)dWS
t* 0

*

(4.4)

[ [ beben) g,

o2

where the process Y is the solution of (2.56).
For studying the asymptotic behaviour of the first stochastic integral in (4.4),
define the process

s .

M*:/de 530
0

Y

’ o(X(01).) "

where X(6;) represents the solution of the homogeneous equation (2.21)
with € = #; but with initial condition u(6y) = L(Y3+). According to Lemma
2.22.(i), the random variable A*, represents the composition of the process
X(01) and a measurable functional defined in C]0,00). Since, in addition,
the process (Ypys: s> 0) is equivalent to X (6;), it follows that

t

x« D mb(glayu)
-, 2 / W (4.5)

t*
By Lemma 2.1 one obtains for any ¢ € (0,1/4]

Vi | My [Mya|
(m+ty + 1)1 (b, + 1)1 = (m2)1/2H0 (m2)1/2=0

P-a.s. as m — oo.
In order to investigate the integrals up to the change-point in (4.4), define the
process

M:jggﬁhm+]F@W%%umqu&tzu

o(Yy) o?
The ergodic theorem and Lemma 2.1 yield

; Mt*(m) 6<917 )[b(e(b ) _ b<917 )]
H}Ll_{noo 7 (m) = E,00) ( P-as.

2
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Hence,

V| My -t | My
Mt b+ 1) (b + 1) — (m2+17) (4.7)

=0O(1) P-as. as m— o0

according to the growth condition of t*.
Combining (4.5) - (4.7), we obtain the statement of the lemma.
O

Lemma 4.3. Let Assumption Ay(©) be satisfied. Moreover, suppose that
b(0,-), 0p0.b(0,-) € P uniformly in 0 and that

2

6(907 )

1(90) = EM(QO) >0, 6y€0. (48)
Then, under Hy, we have
tm Yo,m(00)

P - =0p(l) as m — 0.

Proof. By (4.8) the central limit theorem for stochastic integrals can be applied
(see Kutoyants (2004), Theorem 1.19):

¢O,m (60>
\/ﬁ

=0p(l) as m — 0.

Hence,

\/%tm 77D0,m(00)

(MA+tm+ 1)t +1)7 m

Lemma 4.4. Let either t* be bounded or lim,, ,, t*(m) = co. Let Assump-
tion Ap(O) and

2

>0, 6 # 6, (4.9)

6<917 )

Eo1)

be satisfied. Suppose that q € D(©) as well as (|0pb(61,-)/c|* — 1(6y)),
(q — a(@l)) S M(b(el, '), O') fO’I” 91 7£ 90.
In addition, suppose that b(0,-), 9p0,b(0, "), 030,b(0,-) € P uniformly in 6.

Then, under the alternative, we have

|t (61) + %bo,tm(@l)‘ |
gm<tm)

ég}tm — 6] =0p(1) as m — oco.
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Proof. First, by means of Proposition 2.17 and Lemma 2.24 we obtain that
0., and Opthm.,, (01) have the same distribution as 6, —and gy, (61),
respectively. Therefore, it is sufficient to discuss the asymptotic behaviour of
|t (61) ) + o, (01) )|

Gim(tm)

as m — o0o. By Remark 2.21 one can see that

ye — 0

tI(0y) + o (61) = M} + Zpo V>t

where, using the process Y defined in (2.56),

o [ U | (10 -

t*

o b(elays)
Zt*—/ (V) dW,

b(6s, )
a(Ys)

2
)ds, t >t

t*

+/ (1(01)+ {5(91)[6(90)—5(91)] - ’6(91)’1@;))@

o2
We can argue as in the explanation of (4.5) in order to obtain

(Mjyy: 5> 0) 2 (M,: 5> 0) (4.10)
with

g 2
M, = / 91’ dW +/(1(91)— )du, s >0,
0

where X (6;) is the solution of (2.21) starting with the distribution ().
From the laws of the iterated logarithm given in Lemma 2.1 and Remark 2.2
follows that P-a.s.

\/m|Mm2’ < \/m ‘Mm2|
(M A4t + 1)1t + 1) = 414 34

b(01, X (61).)
o(X(01))

=o(l) as m—oo  (4.11)

where we use t,, = m? +t*. Choose some « € (1/4,1/2). We remark that
Proposition 2.17 yields

(tm + 1)“‘«987% — 0| =0(1) P-as. as m— oo, (4.12)
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Moreover, by Lemma 2.1 and the ergodic theorem we have

7 7 t*
: <G Vmo (4.13)

P-as. as m — oo.
Finally, combining (4.10) - (4.13), we get

\M;;@ + Ty

00 — 0| =o0p(l) as m — oo.
gm(tm> 0,tm, ‘ ( )

Lemma 4.5. Assume that either
(i) t*(m) = O(1) as m — oo or
(i3) lim,, o0 t*(m) = 00 and t*(m) = O(m*?) as m — oco.

Moreover, let Assumption Ay(©) be satisfied. In addition, suppose that b(6,-),
090,0(0,-) € P uniformly in 0 and that

2

M >0 for 60,

1(91) = EM(91)

Then, under Hy, we have

[t @150 o p
(6 00, — 6| =0p(1) as m— oo.

Proof. The assertion directly follows from Lemma 4.2 because the parameter
set © is bounded.
O

Lemma 4.6. Let either t* be bounded or lim,, , t*(m) = co. Let Assump-
tion Ag(©) and I >0 be satisfied.

Suppose that q € D(©) and (q — a(0y)) € M(b(0y,-),0) for 01 # 6.
In addition, suppose that o € P as well as b(0,-), 0s0.b(0,-), D20,b(0, "),
030,b(0,-) € P uniformly in 6.

Then, under the alternative, we have

N 2
o Vit \ (5 (0, —01)
89( 7 >(9m’tm)W = Op(].) as m — OQ.

Recall that t,, = m? + t*(m).
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Proof. Similar to the proof of Lemma 3.5, let Fy, Gy, Hy be primitives of
Dpb(0,-) /%, 93b(0,-)/c* and O3b(0,-)/c?. The local integrability of the last
three functions is guaranteed by their continuity. For any m,t > 0 the
Ito formula and Remark 2.21 imply for the function 6 — v,,:(6) and its
derivatives

m+t

na®) = FolCner) = ) = [ [P0 BT ) a,

na(6) = GolXona) = Gat) = [ MR CO7 ) ) s

and
Gint(0) = Ho(Xpnse) — Ho(Xin)
) 71[309[)(9)692[)(9) + b(@)@gb(g) N HgaQ

g 5 ](Xs)ds.

m
By our assumptions each integrand as well as each function Fy, Gy, Hy
is dominated by a positive polynomial uniformly in 6. Hence, there exists

positive polynomials (); and (> such that for all # € © the inequality

m+t
< Q1(Xomye) + Q1(X /Qz
m+t m+t*
= 2@ (X /Q1 s)dWs + / Q1 (X)b(0y, X,)ds
mt mt
1
Q1(X5)b(0:, X,)d SQ0” + Q2| (X,) d
+m+/t* 1 1 8+m/[2 107+ 2] s

holds. The last equality was obtained by the Ito formula. Taking into account
that, combining infyeg I(f) > 0 and Lemma 2.19, there exists a constant

K >0 such that
08 (L) G %(3)®) ,‘2@,(%)(9)‘,%}.
SUD ([ma ()] + [V (6)] + [ (6)])

< sup max {
e
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we conclude that

R 2 R 2
0 —0 09 — 0
Yt ‘emvtm i mtm U pm) g (mee)
m < Y g ‘
(1 )(emtm) i) <K i) (Zt +A” )(414)
where
m+t*
—2Q1 /Q W,
m-t*
[ o+ 5010t + Q) (X
m-+t*+s
A0 — / Q' (X))o (X, )dW,
m-t*
m—+t*+s .
+ / [Qllbwl)"'§Q/1/02+Q2](Xu)d% s> 0.
m-+t*

Let a € (1/8,1/2). By Proposition 2.17 we have

R 2
(tm + 1) |6, — 91’ =0Op(l) as m — 0. (4.15)

Note that by Lemmata 2.5, 2.22.(i) and by the argumentation used in the proof
of (2.37) the equalities in distribution

Zy" 2 7 Ym >0,
(AT s> 0) 2 (A9 s>0) Vm >0

S

(4.16)
result where

A© = / Q,(X(01).)0 (X (61),)dW,

+ Ql (61) + Q (0% + Q2| (X (01).) du

o\

and where X(6;) is the solution of (2.21) starting with the distribution
pu(0o) = L( KXo pee)-
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Since, by assumption, the functions Q}o, Q1b(fy,-), Q/c? and @, are
1(6p)-integrable, Lemma 2.1 and the ergodic theorem imply
A% Jm A%

t + 1029 (tn) (M A+t + DV (m+ty, + 134 (8, + 1)2007 (497
(4.17)

=o(l) P-as. as m — o0.

Recall for the last computation that t,, = m? + t*(m).

In order to apply Lemma 2.1 on the stochastic integral contained in the process
A we have to choose a polynomial @, such that u(6,){Q; # 0} > 0.
Then E, @) ]Q’10|2 > 0 and, applying Lemma 2.1 and the ergodic theorem,
one obtains

AY) . Ym A)
(tm + 1)2%Gm(tm) (M4t + 1)V (m+ by + 134 (b + 1)2057 (4.18)

=o(l) P-as. as m — o0.

Finally, equations (4.14) - (4.18) yield the statement of the lemma.
[l

Lemma 4.7. Let Assumption Ay(©) and I > 0 be satisfied. Suppose that
q € DO) and (q— a(by)), (|0sb(0o,")/c* — I(0y)) € M(b(y,-),0) for
Oy € O.

In addition, suppose that o € P as well as b(0,-), 9p0.b(0,-), 050,b(0, ),
050,b(0,-) € P uniformly in 6.

Then, under the alternative, we have

tm (ég}m . 80) (1 + w.O,m(eO) j(90)¢07m(90)>

Im(tm)

mI(QO) mI2(90)

2

N/ —
() B

m

(4.19)

as m — OQ.

Proof. For any m > 0 the expression on the left hand side of (4.19) has under
the alternative the same distribution as under the hypothesis. Since

tm t
<sup——= Vm>0,
gm(tm) t>0 gm(t)

the application of Lemma 3.6 completes the proof.
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4.2 Probability for non-detection

Under the alternative and for any m > 0 the probability for non-detection is
given by
P({7m < t*} U {7, = 00}). (4.20)

We want this probability to become arbitrarily small if m is large enough.
Since we proved in Theorem 4.1 that the test has asymptotic power one, it
remains to show that the procedure asymptotically does not stop before the
structural break occurs.

The following two lemmata are preliminary results.

Lemma 4.8. Let some a € (1/2—~,1—7~) exist such that

1/2 —~

t*(m) =o(m®) as m—oo for = -

(4.21)
Remember that ~ is the parameter involved in the weighting function g,,. Let
Assumption Ay(©) be satisfied. Suppose that b(0,-), 0p0,b(0,-) € P uniformly
in 6.

Then, under Hq, we have

wm,t(eo)

sup
9m (t)

0<t<t*(m)

=op(l) as m — oo.

Proof. As in previous proofs, it is possible to simplify the problem by means

of
Umt(0o) | D Yo,(6h)
sup |——=| = )
o<t<t* gm(t) o<t<t* gm(t)
Take some « € (1/2 —+,1— ) such that (4.21) holds. Then we have
Yo, (6) 00, (60)] (t+ 1)~
———| < V/m sup ———— su . 4.22
o<t<t* | gm(t) | = 0<t<pt* (t+1)r+e 0<t<pt* (m4+t+ 1) ( )

In view of equation (2.44), g(6y) is given by a stochastic integral. Apply
Lemma 2.1 in order to see that the first supremum on the right hand side of
(4.22) is P-a.s. bounded as m — 0.
Moreover, note that the function

xOé

is strictly increasing up to the point

am

T
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Since t*(m) < zy for large m, it follows that

(t+1) (tr+ 1)~
sup = .
o<t<t (m+t+1)1=7  (m+t+ 1)

In conclusion, we obtain

0,(6h)

sup
9m <t>

o<t<t*

(& +1) \*
< O(1) (W =o(l) P-as. as m — oo.

[]

Lemma 4.9. Let some (3 <1 exist such that t*(m) = O(m?) as m — oo.
Let Assumption Ay(©) be satisfied. Suppose that b(0,-), 0p0,b(0,-) € P uni-
formly in 6.

Then we have

t10,m(00)

————~2|=0(1) P-a.s. as m — oo.

su
b mdgm (t)

o<t<t*

Proof. Lemma 2.1 implies

m (0
lino’l/;%) =o(l) P-as. as m—
forany 6 >0. If d=(1—0)(1—~), then
m’(t+1) m’(t* 4+ 1)

- = o)

Ssu
v M+t + DI+ 17 (et + )

P-a.s. as m — oo.
Hence, we obtain

tho,m(6o)
mgm (t>

P-a.s. as m — oo.

S wO,m<00)

5
m(t+1
/240 i =o(1)

su =
oothe (m + t+ 1)1t + 1)

sup
o<t<t*

[
Proposition 4.10. Let some a € (1/2 —~,1—7) exist such that
1/2 —
t"(m) =o(m?) as m —o0 for f= u (4.24)
a

Let Assumption Ay(©) and I >0 be satisfied. Suppose that q € D(O©) and
(g —a(y)), (|0sb(00,-)/c|> — I(0y)) € M(b(0y,"),0) for Oy € O.
In addition, suppose that o' € P as well as b(0,-), 9p0.b(0, "), 050.b(0, "),
030,b(0,-) € P uniformly in 6.
Then, under the alternative, we have

lim P{r, <t"(m)} =0.

m—00
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Proof. Denote the weighted remainders in (3.1) by R(m,t), i.e.,

R(m, ) = gmL(t)(Rl ~ Ry + Rs— Ry).

By
{Tm‘<t*}=:{ mu>|sr|>>c}

o<t<t*

and Lemmata 4.8 and 4.9 it remains to prove

lim P( sup |R(m,t)| > c> =0.

m—o0 0<t<t*

Applying the asymptotic results obtained under Hy (see Lemmata 3.3, 3.4,
3.5, and 3.6), we obtain

%(mmmm»):%<wmmmM>

o<t<t* o<t<t*

< Py, ( sup |R(m,t)| > c)

0<t<oo
= o(l) as m— o0

where Pp,, Py, represent the probability measures under Hy and under H;,
respectively.
m

4.3 Asymptotic normality of the stopping time
Now we start to prove the key result of this chapter: the existence of two
families (a,: m > 0), (b,: m >0) such that

Tm — Qm

2 i>N(0,1) as  m — oo.

Toward this end, we will follow the procedure developed by Aue and Horvath
(2004). Define in a similar way

12—\ /(1=7) —
Ay = (C/rn—) ) bm = fm ) m Z 07
(1 =01 = o]/ 1(61)

|01 — 6o
where ¢ is the critical value of the test.

In the course of this section we will assume the following uniform weak invari-
ance principle:
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Assumption 4.11. For any 6; # 6, there exists a family of Wiener processes
(W m >0) and a number a < 1/2 such that, under H,,

m+t*+t .,
1 b(01, X
su — — 10 W 4.25
50 (1) / a(Xs) DW= orlt) - 429)
m—+t*

as m — Q.

Remark 4.12. We already know from Theorem 2.6 that, under suitable con-
ditions, (4.25) is true for any « > 1/4. E.g., the assumptions of Theorem
2.6 are satisfied if (|9pb(61,-)/c|* — 1(61)) € M(b(64,-),0), 1(6;) >0, and if
Assumption Ay(©) is valid.

Along the lines of the proof of Theorem 1.1 of Aue and Horvath (2004), it is
sufficient to show that

lim P{r, > N(m,z)} = ®(z), z€R, (4.26)

m— 00

where ® denotes the standard normal distribution function and

1/2 ~
./—191—90

The differences to Aue and Horvéth (2004) are some constants in the definition
of @, by, and N(m,z) and the fact that we have continuous time parameters
t, m>0.

We often will suppress the dependence on m and z of the function N(m,z)
and simply will write N. Note the growth behaviour of N:

N(m,z)'™" =a-7"

1/2—

N=0(m") as m— oo with = (4.27)
Proposition 4.10 implies

lim P{r,, > N} = hm P{ sup [S7"] <e¢, sup |S]"| < c}
m—00 —+00 o<t<t* t*<t<N

= lim (P{ sup |Sy"| Sc}

— P{ sup |S"| > ¢, sup |S]"| < c})
0<t<t* tr<t<N
= lm P{ suwp |57 <} (4.28)
m—o0

t*<t<N



4.3. ASYMPTOTIC NORMALITY OF THE STOPPING TIME 67

4.3.1 Preliminary results

In order to compute the limit on the right hand side of (4.28), the first step is
the approximation of the test statistic by Wiener processes with drift:

Proposition 4.13. Assume that either
(i) t*(m)=0O(1) as m — oo or

(i1) Ty t*(m) = 00 and ¢ =o(m?) as m o0 for §= LS.

Moreover, let Assumptions 4.11 and Ao(©) be satisfied and let I >0 as well

as .
b(61,-)
o

2

E/J(gl) >0 fOT 0, 7£ 60.

Suppose that q € D(©), (|94b(6,)/0l> — 1(8)), (4 — albb)) € M(b(6, ), )
for 6y € © as well as (|0gb(6y,-)/c|? — 1(61)), (¢ — a(6y)) € M(b(by,-),0)
for 01 # 0y.

In addition, suppose that b(0,-), 9p0.b(0,-), 030,b(0,-), D30.b(0,-) € P uni-
formly in 6.

Then, under the alternative, we have

(m)
S gm(t) — =A== — (61 — o)t

m\ 1/2— \1(61)
<—> sup

N t*<t<N gm(t)

=op(l) as m — oo.

Before starting with the proof, remember the Taylor expansion in (4.2):

gm _ (01— bo)t n Uma(01)  t Yom(o)
' gn(t) gm(O)I1(01)  gm(t) mI(6h)
t
+gm—(t)(R1—R2+R3—R4).

Proposition 4.13 is proven by means of Lemmata 4.14 - 4.19.
Lemma 4.14. Assume that either
(i) t*(m)=0O(1) as m — oo or

(i3) 1im,, 00 t*(m) = 00 and t* =o(m?) as m — oo for B = (1({2__7;32

Moreover, let Assumptions 4.11 and Ay(©O) be satisfied. Suppose that b(6,-),

090,b(0,-) € P uniformly in 0.

Then, under Hq, we have

(my na(02) = TEW,™|
— sup

N t<t<N gm(t)

=op(l) as m — oo.
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Proof. Due to the formula

() — 7 b(el, b6 X) m/ (61, X.)
m e ‘ (4.29)
o [[bwo) - sgemb(el)] (X.)ds.

only the first stochastic integral will be approximated by Wiener processes.
Choose some o € (,1/2) which fulfils Assumption 4.11. Then we have for
large m

i (t+ 1) m' (N +1)
————— su -
N2 28y m+ e+ DIt + 1) N2 (m + N+ 1) (4.30)

=o0(l) as m— o0

(confer the statement for the function defined in (4.23)).
Assumption 4.11 and (4.30) imply

m-+t .

b(61,X5s) (m)
s L s, - @,
— su =op(l) as m — oo.
<N> t*gtEN 9m<t) P( )

For investigating the integrals up to the change-point in (4.29), define the
process

(B0 [ 100 — b6)]E6n) 8
Mt—o/ ; dWs+0/[ = ](X(eo)s>d, £>0,

O'(X(H(])s

where we denoted by X(6p) the unique solution of (2.21) with 6 = 6,. By
Lemmata 2.5 and 2.22.(i) M can be written as the composition of X (6) and
a measurable map in C[0,00). From the equivalence of the Markov processes

(X(00)s: 0<s<t"), (Xms:0<s<t7),

the equality in distribution

Mt*gmj b<91’ dW /{ [5(8) _bel)]b(el)]m)ds (4.31)

m

follows. The ergodic theorem and Lemma 2.1 yield

i Mo _ (6(91,»[17(60,»—b<91,->1> P

=F

o

o2
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Hence, according to the growth of ¢* and N (see (4.27)), we obtain

<m)1/2—v Vm | My
— 8

N ooy (mAt £ D)+ 1)
@+ m | My (4.32)
N2=r (m 4+t 4+ D) (t + 1)
=o0(l) P-as. as m — 0.
By (4.31) and (4.32) the proof is complete.
[
Lemma 4.15. Assume that either
(i) t*(m)=0O(1) as m — oo or
(ii) lim,, oo t* = 00 and t* = o(m?) as m — oo for B = %

with some o < 1/2.

Moreover, let Assumption Ay(©) and
b(6y,-)|”

EM(91) >0 fOT 0, §£ 90

be satisfied. Suppose that q € D(©) as well as (|0pb(61,-)/c|* — 1(6)),
(g —a(0y)) € M(b(0y,-),0) for 6y # 6.
In addition, suppose that b(6,-), 9p0.b(0,-), 930,b(0,-) € P uniformly in 6.
Then, under the alternative, we have
m\ 1/2— 1 . R

(B, gl o
as m — oo.
Proof. First, by Proposition 2.17 and Lemma 2.24 we know that the distri-
butions of the processes (ég%t: t > 0), (Ogptme:t > 0) are independent of
the starting point m. Therefore, it is sufficient to discuss the asymptotic
behaviour of

m\ 1/2— 1 . R
(5w, s [(0160) + due(90)) (@8, - )

as m — oo where Y is the unique solution to

= op(1)

(Y)

( t ¢

Yo +/b(00,Y5)ds + /J(YS)dWS, 0<t<t"(m),
Y;t — 0 . 0 .
Y- +/b(01,Y8)ds+/a(§§)dWS, t > t*(m),

\ t* t*

Yo ~ u(bo).

(4.33)
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By Remark 2.21 one can see that
tI(0y) + o (01) = M} + Zpo Yt > t*

where according to the proof of Lemma 4.4,

t*

Zt* = / b(817 YS) dWS

o(Ys)
- ( . {bwl)[b(eo) ~U0) - o) } v, )) i
and
(Mjyy:5>0) 2 (M: s> 0) (4.34)
with

b(eh X(91>u)
(X (01)u)

e /%MW Oj(w e

X (01) represents the solution of (2.21), but starting with the distribution
1) = L(Ye).

Choose real numbers o € (0,1/2) and § >0 with 1/2—a/—y < § < 1/2—7.
Applying Lemma 2.1 and Remark 2.2 on the process M and considerating
(4.34), it follows that

M*
BN 1

t*<t<N W =0Op(1) as m— o0 (4.35)

where we have used the fact that P-a.s. boundedness implies boundedness
in probability. In view of the increasing property of the function defined in
(4.23), the equality

(t+ 1)~ (N +1)"

i = 4.36
t*Slg)N (m+t+1)=  (m+N+1)7 ( )

holds for any x € (0,1 —~) if m is large enough. Thereby, the choice of o
implies

m /2= (t+1)°
lim (—) vm su = 0. 4.37
m—oo \ [N t*gtEN (m+t+ 1)1 ( )
Applying Proposition 2.17, we obtain
sup(t + 1) ég,t — 6| <oo P-as. (4.38)
>0
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Finally, by (4.35), (4.37), and (4.38) the asymptotics

x| [0
m\ 1/2—v | M| 907,: — 0,
— sup vm =op(l) as m—
<N> t*gtEN (m+t+ D)7t + 1) r(1)

results.

In the last step we discuss the asymptotic behaviour of the family (Zt*(m) tm >
0). Let a € (0,1/2) be chosen according to the growth condition in (i).
Proposition 2.17 implies

| Z x|
sup

4.39
tr<t<N Gm(t) ( )

1
sup ——————
t*<t<N gm(t>(t + 1>a

where the Landau symbol is understood for m — oo and P-a.s.
Note that

< O(1) |2

2
8, -6,

1
sup = vm . (4.40)
tr<teN ()t +1)*  (m+t* + 1) (tr + 1)oty
By the growth of N and t*, the ergodic theorem, and Lemma 2.1 we have
Ly

n}gnoo N (- £ 1)+ =0 P-as. (4.41)

Putting together (4.39) - (4.41), the desired convergence follows:

lim <@>1/2_V su 2] ’égt—éﬁ =0 P-as.
m—oo AN tr<t<n gm(t) 1
[
Lemma 4.16. Assume that either
(i) t*(m)=0O(1) as m — oo or
(ii) lim,, oo t* = 00 and t* = o(m?) as m — oo for B = %

with some o < 1/2.

Moreover, let Assumption Ag(©) and

6(617 ) ?

[(91) = E,U«(el) >0 fOT' 91 7é 90

be satisfied. Suppose that q € D(O) and (q— a(by)) € M(b(b1,-),0) for
01 # 0o. In addition, suppose that b(6,-), 0s0,b(0,-) € P uniformly in 6.
Then, under the alternative, we have

(@)1/2—7 (Y (01)]

N S —_—

0 —0
pr<t<N  Gm(t) mt !

=op(l) as m — oo.
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Proof. Along the lines of many previous proofs, e.g. the proof of Lemma 4.15,
we simplify the problem by using
m.t(01)
sup [ 1"«9 — ‘(X)

t*<t<N gm

where Y is given by (4.33). Remark 2.21 yields
Yo (1) (Y) =M+ Zp, t>1,

D sup [o. (01 “9 —91‘(Y)

t*<t<IN gm

where

t .
b(eh }/S)
M = AW, t >t 4.42

f /‘oog W (4.42)

t*

RO e [HEBE) 6] .
Zt*_o/ (V) dW5+O/[ = (Yy) ds.

We can replace the process M* of the proof of Lemma 4.15 by the process
defined in (4.42) because the new M* has the asymptotic behaviour (4.35),
too. In the same way, the new family (Z;«(,): m > 0) fulfils (4.41). Therefore,
by the argumentation in the proof of Lemma 4.15 the statement of Lemma 4.16
results.

O

Lemma 4.17. Assume that either

(i) t*(m) = O(1) as m — oo or

(ii) lim,, 0o t*(m) = 0o and t*(m)* =277 = o(m”) as m — oo for some

a<1/2 and B=(1/2—7)*/(1—"7).

Let Assumption Ay(©) and I >0 be satisfied. Suppose that q € D(O©) and
(q — a(el)) S M(b(@l, '), O') fOT' (91 7é (90.
In addition, suppose that o' € P as well as b(0,-), 9p0.b(0, "), 050.b(0, "),
030,b(0,-) € P uniformly in 6.

Then, under Hy, we have

m 1/2 wmt N (éA;)nt 61)2
(N) . S<1:£)N 0 ( ) ( ’t)—m(t) OP( ) as m — X

Proof. Along the lines of the proof of (4.14), one obtains

1/2— %m) -
— sup |02 =] (0,
(N) t*StI<)N o ( I ( 7t) gm(t)
R 2
‘m 0,

<K ( >1/2 v mit
sup ——
N t*gtEN gm(t)

0 2
8., -6,

(4.43)

(2 + Al
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where K > 0 is some constant and where
Zm 2 70 v > o,
) o (4.44)
(A s >0) = (A9 5>0) YVm>0

with

+ / [Q’b(eo) + %Q”f +Q] (Xs)ds,
0

S

AD = / Q (X (61).)0 (X (8:),)dW,

0

+ / Qb)) + %Q%? + QX)) du, s> 0.
0

Here, X(6;) is chosen to start with the distribution p(6y) = L(Xomis).
Since the functions Q'c, Q'b(f), Q"c> and Q are u(fy)-integrable, the
ergodic theorem, Lemma 2.1 and the growth behaviour of t* imply

70
lim L

i, S =0 P (449

where « € (0,1/2) is some number satisfying (ii). By Proposition 2.17 we
have

sup (t+ 1)2"‘|0A2L’t - 01’2 =0p(l) as m — 0. (4.46)
t*<t<N

From (4.45) and (4.46) the asymptotic behaviour
2 Z(:n)

m>1/2'y 50
— su 6, —0 =op(l) as m — o0
(N t*gtEN mt 1‘ gm(t) r(1)

results.
For discussing the expression in (4.43) containing the process A+ take
new real numbers « € (1/4,1/2) and ¢ = max{0,1 —~ — 2a}. Moreover,
choose the polynomial ) such that p(6,){@" # 0} > 0. Remember that
P-a.s. boundedness implies boundedness in probability. Then we have

‘ A(mtt)

t—t*

sup =0p(l) as m— (4.47)

peten (t+ 1)2a+7+5
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due to (4.44), the ergodic theorem, and Lemma 2.1.
Moreover, from (4.36) it follows for 0 = max{0,1 —~ — 2a} that

1— t 1 9
sap " (t+1) <
r<ten (m+t4 1)1

(N +1)°.

Finally, applying (4.46) and (4.47) with the chosen «, we obtain

. | [ A 2
(m>1 fon o ‘2 A i [ 450 |60, 6,
— su — — = su
N paion ™ T T edeen NP (m o D)+ 1)
(N+1)°
=op(l) as m — o0
because § < 1/2 — .
O]

Lemma 4.18. Let Assumption Ay(©) be satisfied. Moreover, let b(0,-),
090,0(0,-) € P uniformly in 0.

Then, under Hy, we have

1/2- t m (0
<m> ! sup  Yom() =o(l) P-a.s. as m — 0.
N te<t<N Gm(t) m

Proof. For any real number § > 0 one obtains by Lemma 2.1 that

wO,mwO)

gy el o(l) P-as. as m — oc. (4.48)
m

Choose ¢ € (0,1/(4 —4v)). Moreover, observe that

t (N+ 1)
e < : 4.49
t*gtEN (m+t+1)1=7(t+1)y = (m+ N+ 1)1 ( )

Then
m1/2+§<N =+ 1)1—7
lim

m—o00 N1/2*’Ym’7(m + N + 1)1*7

holds by the asymptotic behaviour of N (see (4.27)). By (4.48) - (4.50) the
proof is complete.

=0 (4.50)

]
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Lemma 4.19. Let Ay(©) and I > 0 be satisfied. Suppose that q € D(O)
and (|0gb(00,-)/a|? — 1(60)), (¢ — a(by)) € M(b(6y,-),c) for by € O.

In addition, suppose that o € P as well as b(0,-), 0s0.b(0,-), J30,b(6, "),
950,b(0,-) € P uniformly in 6.

Then, under the alternative, we have

m\ /2= 50 .O,m 0o (6 0,m (0o
G sy o @) (1 s~ it ™)

+ ag <%T’m> (éO,m)

m

(89, — 90)21 (4.51)

=op(l) as m — oc.

Proof. For any m > 0 the expression on the left hand side of (4.51) has the
same distribution under the alternative as under the null hypothesis. One can
check that

m

( )1/2’7 t <
— sup —— < sup
N tr<t<N Gm(t) = 10 gm(?)

for sufficiently large m > 0

(see (4.49)). Hence, Lemma 3.6 yields the statement of the lemma.

Thereby, the proof of Proposition 4.13 is complete.

The way is now paved for
Proposition 4.20. Assume that either
(i) t*(m) = O(1) as m — oo or

(1/2—9)*
(1-v)?2 -
Moreover, let Assumptions 4.11 and Ao(©) be satisfied and let I >0 as well
as

(ii) lim,, .o t*(m) = 0o and t* =o(m?) as m — oo for =

) )
b(eaﬁ >0 for 66,

E1)

Suppose that q € D(O), (|9sb(0y,-)/0|* — 1(0)). (q — a(bo)) € M(b(by,),0)
for 6y € © as well as (|0gb(01,-)/c|? — 1(61)), (¢ — a(6y)) € M(b(by,-),0)
fO?” 91 7é 90.
In addition, suppose that o € P as well as b(0,-), 0s0:b(0,-), D20,b(6, "),
030,b(0,-) € P uniformly in 6.
Then, under the alternative, we have

m P{ sup || <c}=P(z) VxeR

li

where ® denotes the standard normal distribution function.
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Proof. Aue and Horvath (2004) had the idea that by Proposition 4.13 it is
sufficient to prove

wm)

m\ 1/2— ‘ t At‘

; o L R < _

lim P ((N) [sup ™) AV N Ty p = ®(z) (4.52)

m—0o0 t*,N)
where A = /1(01)(61 — 0y) and the family (z,,: m > 0),

=T () (- ST

converges towards = as m — oco. Remember that N is a function of (m, z).
We have suppressed the time variable under the supremum for typographic
reasons and will suppress it in the course of this proof.

Without loss of generality, assume 6; > 6,. This assumption is allowed be-
cause the stopping rule in (1.6) is based on the absolute value of the test
statistic. Hence, for proving Proposition 4.20, the considerations about S™
can be replaced by considerations about —S™.

Now we follow the method of proof developed by Aue and Horvéath (2004).
For the reader’s convenience we recall the program of approximations of Aue
and Horvath (2004), Lemma 3.4, and explain the modifications which are nec-
essary in our context.

Since the distribution of W™ is independent of m, we can simply use an
arbitrary Wiener process B instead of W (™. Moreover, note that we have

1B, + At] B, + At
2 s g T
Ny Im(t) N m(t)

due to the continuity of the trajectories of Wiener processes.

1. One should change the weighting function:

"
— sup
N [t*,N}

as m — OQ.

B + At B + At
gm(t)  m2(t+ 1)

= op(1) (4.53)

Proof. Along the lines of the proof of (3.18) by Aue and Horvéth (2004),
one obtains

"
— sup
N [t*,N]

B; B B,
gm(t)  mi2(t+ 1)

=op(l) as m — co.
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Second, consider for any m > 0

t
T enm (1)

1 m o
S \mtt+1 '

Note that by the mean value theorem there exists for any m > 0, t > t*
a number &,,; with m/(m+t+1) <&, <1 such that

11v_< m )1_7_1—7 t+1

t t
su —
on | gm®) M2+ 1)
(4.54)

5
mt+1 T mAtt1 (4.55)
m+N+1\" t+1
<(1=7)
m m+t+1
for all ¢ € [t*, N]. Then we have
<m)1/2—7 t+D)" (m+N+1\" t+1
— su
N [t*ﬁ] mi/2= m m+t+1
_ (N +1)*7 (4.56)
- NY22vymy(m+ N+ 1)1
=o(l) as m— o0
because N(m) = O(mP) for 8= (1/2—7)/(1—7).
Equations (4.54) - (4.56) yield (4.53).
[

2. In order to get a functional corresponding to the one in the discrete-time
case of Aue and Horvath (2004), consider for any ¢ € (0,1) the following

approximation:
By + At By + At | 1
{(1_832,m N2t +1)7 N2 | or(l) as m = oc.

Proof. Similar to the proof of 1., using the mean value theorem, one
obtains for any ¢ € [(1 —J)N, N| the existence of a number ¢ where
t/(t+1) <& <1 such that

17—( ! )7 L 7 (4.57)

t+1) & t+1 - (it + 1)y
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Hence, there exists some constant K > 0 such that

t K
sup 1—— < 5 (4.58)
[(1=6)N,N] t+1 N7 (1+ (1 -6)N)
According to equations (3.16) and (3.17) of Aue and Horvath (2004), we
have
| By | B D | By

ol ol ey 4.59
o NPT = (o NP8 o) 8 459

Considering (4.57), it follows that
v
t l — 1 =t (1= L
o (t+ 1) t+1

v
< CESIE Vitel[(l-0)N,N|

and thereby, that

¢ v
su — < .
[(1_5)11\);,]\,] (N1/2—wtw N1/2—7(t + 1)7) - N1/2—7(1 + (1 . 5)N)w
(4.60)

The statement in 2. follows by (4.58) - (4.60).
[

For proving the convergence in (4.52), we proceed to bound the corresponding
distribution function from above and below. For this purpose, consider

my /2= | B + At
P — sup ——— — AVN | <z,
{((N) el gm(D) ) = }

()<

In view of the approximations in 1. and 2., for any ¢ > 0 and any & >0 we

have
p { ((@)”M |By +AN| Mﬁ) < mm}

(4.61)

N Im (N
/ (‘B) AN (4.62)
m\Y/2=7 |By + ,

for sufficiently large m.
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3. Using similar considerations as for equation (3.20) of Aue and Horvath
(2004), the absolute value can be cancelled: i.e.,

lim P |By + AN| By +AN .
and even
lim P sup M — sup M — 1
T )N, N) 2T gy gm0

for any 0 € (0,1).

Combining (4.62) and part 3., we get for large m

() ) <)

N gm(N)
m\1/2-7 By + AN . (4.63)
SP{<<N> e —A\/N) Sl‘m—l—s}—}—Q&

= ®(z,, + ) + 2¢.

Second, we need three further approximations for bounding the left hand side
in (4.61) from below.

4. Similar to Aue and Horvath (2004), the supremum is attained in the
neighbourhood of the right boundary, i.e., for any ¢ € (0, 1)

lim P < sup |B: + At = sup |B: + At =1
m—o0o [t*,N] m1/2—'y(t + 1)7 [(1-8)N,N] m1/2_7(t + 1)7

Proof. For the reader’s convenience we explain the necessary modifica-
tions caused by using (t+41) instead of k£ € N in the weighting function.
It must be shown that

lim P su 1B, + At |B: + Af] =
P 12— > sup /2= = 0.
m=oe | = gy MY A1) T gy Ny M2 (4 1)

(4.64)
The supremum over [(1 — )N, N| is bounded from below by

AN | Bw|
PN A1y miP AN+ 1)
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Moreover, we have

su t = (1—0)N for large m
[t*7(1}§)N} (t+ 1) ((1 — )N + 1)7 '

Then the probability in (4.64) is dominated by

mY2=7(N +1)7 | By |
P sup
AN [t*,(1=8)N] m1/2*'7(t + 1)7
(4.65)
A(l—=0)N | By|
> 1
A (TN 1)) | mPA(N T 1)
By the inequality
N+ 1) B N+ 1) B
—( +1) sup B < (V+1) sup —| d (4.66)

N e aean (1) T NV qogyn NY2(t/N )

and the scale transformation of Wiener processes the expressions which
contain a Wiener process tend to zero P-a.s. as m — oo. Hence, since
0 <0 < 1, the probability in (4.65) tends to zero.

]

By the approximations presented in 1. and 4. we get for any ¢, & > 0 and
for sufficiently large m

m\ /2= | B + At|
P — sup ———— — AVN | <z,

B, + At
> P sup —AVN | <z, —cp—2¢
{ <[(1_5>N,N] N2 (4 1)

Applying 2. and 3., one obtains for large m

m 1/2— |Bt+At|
P — sup ———— — AVN | <=z,
{<<N> [t*l,lzrv)] Im (t) ) =7 }

B, + At /
> P { ([( sup N A\/N) < Xy — 25} — 4e

(4.67)

1-8)N,N]
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5. The same argumentation as for equations (3.22) and (3.23) of Aue and
Horvath (2004) yields that, independently of m,

By + At — (By + At)
sup

[(1-6)N,N] N1/2—ty =op(l) as & —0.

6. In addition, we have

By + At By + AN

[(I—S;;E,N] (N1/27t’*> " NI2NY or(l) as 0=0

independently of m.

Since this quite easy statement is not mentioned by Aue and Horvath
(2004), we give a proof for it:

Proof. First, compute for any m > 0

By By By 1 1
su — — _
[(1_6)27]\,] N1/2=v¢y N1/2=v N~ VN (1 — 5)7

. (4.68)
D
Dp (>~ 1)
1 <<1 — 3y )
Second, we have
At AN
[(1_832,1\1] N2y — N2 NT 0 vm>0. (4.69)
O

From the approximations in 5. and 6. follows that for sufficiently small § and
independently of m

P{( sup M—AW) Sxm—Qs}
[(

1—syn,N] N2ty

(P o) s

Finally, considering (4.67), we obtain for the lower bound and for any ¢, ¢’ > 0

mAVEY o 1Bet At .
P{<<N> N () Am) : m} (4.70)

> ®(z, — 3e) — 5¢'
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if m is sufficiently large.
By the fact that z,, -« as m — oo and by (4.61), (4.63), and (4.70) we
have

1/2—
O(z — 3¢) — 5e' < liminf P (ﬁ) ! sup 1Bt At AVN | <z,

1/2— By + At

< limsup P (E> ! sup w — AVN | <z,
m—00 N [t*,N] gm(t)

<Pz +e)+ 2

Since ¢ and &' can be chosen arbitrarily small, (4.52) follows.

4.3.2 Main result

Theorem 4.21. Under the assumptions of Proposition 4.20 we have

lim C(

Tm — am)
m—0o0

= N(0,1
bm (07 )

where

12—\ /(=) —
Ay = <m—> 5 bm = m ) m > 07
|81_‘90| (1—’}/)|91—60|\/[(01)

and where ¢ represents the critical value involved in the stopping rule ,,.

Proof. As mentioned above, the theorem results from (4.26), (4.28), and Propo-
sition 4.20.

m
Remark 4.22. Theorem 4.21 has two important consequences:
(i) We obtain
Tm Po1 as m— oo (4.71)
Am

where — stands for convergence in probability.

In order to see this, write

Tm bm (Tm_am am)
—= | — 4+ — ,

A Am bm bm

note that b,, = o(a,,) as m — oo, and use Slutsky’s lemma.
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Since t*(m) = o(a,) as m — oo, (4.71) implies

_t*
Tm—<m)i>1 as m — 00.
Am

Hence, for a large training period [0,m] the delay time 7, —t* of the
detection can be estimated by a,,.

(ii) By (4.71) we obtain the result of Theorem 4.1 under somewhat stronger
conditions, i.e.,
lim P{r, <oo} =1

m—o0

under H;.

This equality results from
. Tm
lim P{—> 1+€} =0 Ve>N0.
m—oo Ay,

Remark 4.23. As in Remark 3.10, we consider the problem of the one-sided
alternative at the end of the chapter. Recall that we want to study a sequential
test for

H()Z t* =00
versus
Hi: t* <oo and 60; > 6,.

The stopping time 7,,, m > 0, is defined as in Remark 3.10. Along the
lines of the proofs in this chapter, but in many cases by easier arguments, we
obtain the asymptotic power one of the test and the asymptotic normality of
the stopping time.
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Chapter 5

Examples

This chapter is devoted to some examples of stochastic equations. We will focus
on checking the technical integrability condition contained in the definition of
the set M(b,0) in Subsection 2.1.1 because the other assumptions do not
cause problems.

5.1 Ornstein-Uhlenbeck process
Let X Dbe a solution of the Ornstein-Uhlenbeck equation
dX; = —0X,dt + odW,, t>0, (5.1)

where o > 0 and the parameter 6 is an element of the compact interval
© = [a, 5] € (0,00). The Ornstein-Uhlenbeck process X is ergodic, and
its stationary distribution is given by u(f) = N(0,02/(20)). The measure p
defined in Subsection 2.1.1 has the form

2

6
dp(x) = exp <a_x2> dr, z€R.

As indicated in Kutoyants (2004), Section 2.4.2, for constructing the EMM
in the Ornstein-Uhlenbeck case it is suitable to choose the function ¢(z) =

22, 2z €R.
o

The functions
where b(6,z) = —0z, x € R, belong to the class of functions

2 5(97.) 2
- Eu((’)‘T‘ ) , (¢- Euoq),

f(z)=c(z*=7%), c¢>0,
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where 72 = 0?%/(20).
It will be sufficient to check whether f(z) = 22 — 7%, 2z € R, belongs to
M(b(6,-),0) which essentially means that

/‘(?f - 72)/0 /S(Z2 —77) dp(0)(2) dp(s)

Yy —x

dn(B)(y) <00 (5.2)

Toward this end, denote the density of the normal distribution p(6) by g 2.
The integration by substitution leads to

S S

[ @ =enntz = [ () - 1] tmE
=72 S//T [2%p0.1(2) — o (z)]da.

The equation
%01 (z) = ©o1(2) +poa(z) YreR

implies

S

/ (2% — 1) gora(2)dz = (%) b, (5/7)

= —T8poa(s/T).

Hence, the second integral in (5.2)

0 y
—7’/8 ~poa(s/T)dp(s) = T/sds
y 0
is equal to Q(y) = Ty*/2. Since f-Q is again a polynomial, (5.2) follows.

5.2 Nonlinear location model

Let the process X be a solution of
dX, = (0 — X,)*dt + odW,, t>0, 0¢€]a,p] (5.3)
The stationary distribution is given by du(0)(x) = pe(z)dx where

po() = a\l/g exp (_(:::2;29)4) , z€eR,
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and where the constant a > 0 represents the normalization factor. Observe
that the drift coefficient b(0,x) = (6 — z)®, z € R, satisfies the modified
growth condition

rb(0,7) < Ko(1+ |2*) Vo eR forsome Ky >0
presented in (1.5).

Remark 5.1. We have chosen the name “location model” for the stochastic
equation (5.3) because one has

BX, = / 2u(0)(dz) =0 V>0, (5.4)

The last equality in (5.4) follows by means of the Gamma function.

The measure p defined in Subsection 2.1.1 has the form

i) = exp (70

572 )dx, reR,
o

with some constant a' > 0.

In order to avoid too many cases, we suppose that ¢ =1 and «, § > 0.
As a preliminary result, a kind of Feller inequality has to be proven for the
distribution function Fy of p(0). The elementary proof is similar to the one
of the Feller inequality (see Feller (1968), Chapter 7, Lemma 2).

Lemma 5.2. For x >0 the inequalities

(i) po() <2ix3 2:%) <1— Fy(x)

hold.
Proof. Note in the following that
op(r) = —22°po(r) Vo €R.

(i) The first inequality results from the following computation for any z >
0:

o0

1—%m=/%@@
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(ii) Consider

@o( )(ﬁ—%> :/SOO(ZJ)( _j_;g)dy
Hence,
o) (535~ 1) <1- Folo

Now we are able to show that the function

(‘ b0, 2) |2 b, )

) = |22 - Bao| =5

=9(z—-0)'-7% z€R,

2)
where 7% = E,(5)|0pb(0, -)[?, is an element of M(b(0, ), 0).

Lemma 5.3. Let 0 =1 and 0 <a <. Then for any 0 € |, 3] we have

/k@][ﬁ@www@@

[e.9]

wo(y)dy < oo. (5.5)

Proof. Let the centred interval [—K, K|, K > 0, be large enough such that
for |z| > K
9" — 72 >0, 4a°—62" >0,

and
9zt < 42°% — 622 (5.6)

hold. Consider an arbitrary number s > K + 6 and note that

= /9$4g00($)d$.

R
We have
s s +
/ (92* — %) po(z)dz| = / 9zt po(z)dr — T*Fy(s — 0) (5.7)

s—0
+ / 92t po(2)dr — T2 Fy(s — 0)

o0
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If
s—0

/ 92t po(z)dr > T2 Fy(s — 6),

—0o0

then we get by Lemma 5.2

s—0
/ (93;4 — 7'2)900(37)(13: <7 T2F0(s —0)
2 wo(s —0)
2(s — 0)3
In case of ,
/ 92t po(z)dr < T2 F(s — 0),
it follows that
s—0 s—0
/ (72 = 92%) po(z)dz < 7° — / 92t po(7)dx
= / 9x4g00( )d

Hence, by (5.6) and the formulas

po(r) = (42° — 62%)po(x), —wpla) = 22°pp(z) Yz eR

one obtains
/ (7’2 — 9x dx <

—00 S—

4% — 62%) o (z)dx
0

s |
[ o

‘P
s—0

= 2(s — 9) @o(s —0).

(5.9)

(5.10)

Putting together (5.7), (5.8), and (5.10), we finally get for the inner integral

n (5.5)

/ (92" — 72) po(z)dax| < (%87—50)3 +2(s — 9)3> vols — 0)

(5.11)
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for all s > K + 6.

For analysing the integral with respect to the measure p in (5.5), we observe
that po(s—0)dp(s) = cds with some ¢ > 0. Consider for y > 0 the following
decomposition:

/y ‘ 5/0(9:& — ) go(a)de|dp(s)
- /y Lo, x+0)(8) 8/9(9:54 — %) po(z)dz|dp(s) (5.12)
+ /y 1k 46,00 (5) 70(9904—72)900(:70)@ dp(s).

The first integral on the right hand side of (5.12) is bounded by some constant
for all y > 0. According to (5.11), the second integral is bounded by

¢ / <2<ST—_29)3 +2s — 0)3) ds. (5.13)
(K+6,y]

If y <0, we can proceed in a similar way: there exists a number ¢ > 0 such
that

s—0

/0 ‘ / (02 — 72) g0 ()

—00

dp(s)

(5.14)

dp(s).

< / ‘70(9;54_72)%(9;)@;

ly,6—K) —oo

Similar to (5.11), from (5.6) and (5.9) follows that

/0 ' /0(9554 —7°) @o(x)dx

Y

dp(s)

(5.15)
<d- / 2(s — 0)3po(s — 0)dp(s).

[y,H—K)
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Note that the right hand side of the last equation represents some polynomial.
Therefore, (5.12), (5.13), and (5.15) imply

‘/ / (9= = 0)* = )y (=) dzdp(s)| < h(y) Vy€eR

o0

for some function h € P.
For completing the proof, observe that the product f-h is integrable with
respect to u(f) because the density ¢y has exponential decrease.

O

It remains to prove that (¢ — Eu@g)q) € M(b(0,-),0) where ¢ is a function
chosen for constructing the EMM according to Subsection 2.2.1.

We follow Kutoyants (2004), Section 2.4.2, and take the function ¢(z) = z,
z € R.

Lemma 5.4. Let 0 =1 and 0 < a < (. Then the function
f(Z)ZQ(Z)_EM(Q)q:Z_Qa Z€R7

satisfies

/ ‘f(y) / / F(2)0(2) d= dp(s) | po(y)dy < o0

Yy —o0

for any 6 € [a, B].

Proof. Let the centred interval [—K, K], K > 0, be large enough such that
for |z—0|>K

4(z—0)°—6(z—0)>>0 and |z—0] <4(z—0)°—6(z—0)* (5.16)

hold. Similar to the proof of Lemma 5.3, consider the decomposition

0 s

| [ G-0ec)dzaus)

oo

:/(1[—K,K+9}(8)/8(2—9)%(2)612 (5.17)

Yy —0o0
S

# tscsnr(s) [ = O)gal2)dz ) dols),

—00
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We have to distinguish between the signs of y. If y < 0, there exists a
constant ¢; > 0 such that by (5.16) and the assumption that 6 > 0 one
obtains

S

/0 [ =01z ot

Y o0
s

<+ / / (4(z = 0)° — 6(2 — 6)*) po(2)dz dp(s).

[y,—K) —o0

It follows from (5.9) that

/0 /S (z —0) py(2)dz| dp(s) < 1 + / /S@g(z)dz dp(s)
y oo [y,—K) —o0
—cit [ eis)nts)
ly,—K)

A second application of (5.9) yields for y <0

0 s

/ / (2 = 0) oo(2)d2| dp(s) < 1 — / 2e(s — 0)%ds  (5.18)

Y o [yva)
where we have used that ¢g(s)dp(s) = cds for some ¢ > 0.

Now let y > 0. Similar to equation (5.7), consider for s > K + 6

/S(z —0)py(2)dz| = /s zpp(2)dz — OFy(s) +

s

+ / 2pg(2)dz — 0Fy(s)

o0

It

S

/ 2pg(z)dz — 0Fy(s) > 0,

—00
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we have by Lemma 5.2

s

/ 29(2)dz — 0Fy(s) < 0(1 — Fy(s — 0))

. (5.19)
wo(s —0)
< 0—2(3 I
In case of .
OFy(s) — / 2pp(2)dz > 0,
we obtain
OFy(s) — /chg(z)dz <60 — /zgpg(z)dz

_ / cop(2)dz.

s

Note that z > s implies z—60 > K. Apply (5.16), (5.9), and Lemma 5.2 in
order to get

o0 o0

[znteriz < [ Teie) + ogatz)] s

= —py(s) + 9(1 — Fy(s —0)) (5.20)

< o5 — 0) (2(5 —0)3 + ﬁ)

Combining (5.17), (5.19), and (5.20), we have for y >0

/y /s(z — 0)pg(2)dz|dp(s) < ca+c¢ / <ﬁ +2(s — 9)3> ds (5.21)
0 Fee (K+6,9]

where ¢y is a positive constant. From (5.18) and (5.21) results that

w%f@//f@w@M@@,yeR

Yy —o0

is dominated by a function of at most polynomial growth. Hence, f satisfies

the integrability property stated in the lemma.
O



94

CHAPTER 5. EXAMPLES




Chapter 6

Alternative approach

6.1 Strong approximation of the estimator pro-
cess

Now we consider the statistical model
(C[0,00), B, Py, 0 € O)

from Section 2.2 where B represents the Borel g-algebra, © a compact
interval, and P, the distribution of the unique solution X () to the Ito
stochastic equation

dXs =b(0, Xs)ds + o(Xs)dWs, Xo~ p(d), s>0. (6.1)

Let [0,t],¢ > 0, be the observation period and p(f) be the stationary
distribution with density fy. Recall from Subsection 2.2.2 that the one-step
MLE for the parameter 6 was defined to be

Vo,:(00.1)

Oy s = Oy + 0L
0,t 0t + i1(60.) )

where 6p; denotes a consistent starting estimator, I(f) denotes the Fisher
information given by

and where 6 +— 1o,(f) represents the function

dPy|s,,
dPy,

Yo(0) = 9y log (X) = = =(Xo).

Bo,t f9

We follow some ideas of Gerencsér (1991a) in order to approximate the esti-
mator process (t(0o: —6p): t > 0) Py,-a.s. by a Wiener process.

95



96 CHAPTER 6. ALTERNATIVE APPROACH

Denote by 6, the true parameter value. Assume that there exists a positive,
increasing function ¢+ ¢, t > 0, with lim;,. ¢; = co and some ty; > 0
such that
sup gpt‘é[Lt — (90‘ < oo P-as. (6.2)
t>to
Proposition 6.1. Let Assumption Ay(©) and [ > 0 be satisfied. Sup-
pose that b(0,-), 0p0.b(0,-), 020,b(0,-) € P uniformly in 6 and that
(|10ab(00, )/ |> — I(0y)) € M(b(0o,-),0) for Oy € O.
If (6.2) holds, then we have

R \/tlogyt
t(6or — 6o) — Youlbo) =0 (—Og2> P-a.s. as t— o0 (6.3)

1(6o) Pt

where
t .

Yo,(00) = / %dW(s) Vit>0.

Proof. The definition of the one-step MLE gives

t(éo,t - 6’0) = t(éo,t —0o) + ¢;f£0’2;t)'

The mean value theorem

Vo(0os)  tou(bo)
I1(60,)  I(6)

40520 (&) B — ),

where |& — 0| < |6os — 0o|, implies

_ thou(6o)

t(éo’t — 90) = ](60> 7700,13

+ {t + 89(7) (ft)} (Bo,c — o). (6.4)

Since the functions
(0,1) — os(0), (6,1) — 1o4(0), (8,1) € O x [0,00),

are P-a.s. continuous, we obtain by the continuity of I and 0yl

Jim [%(%(@)—%’“W“)0}2@5(9“)%’“00)] 0 Pas (65)

It remains to investigate the process

dos(b)  1(6o)
I(6o)  I*(bo)

t+

Yo(bo), t=>0, (6.6)
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where, according to Remark 2.20, we have

t ..

0

b(0o, X,) 2ds
o(Xs)

We can apply the LIL of Lemma 2.1 on both stochastic integrals in (6.6) as
well as the LIL of Remark 2.2 on the process

t .

X
t1(6p) —/ oo, X+)
0
It follows that

o(Xs)
. 1/’}37(750(5;) _ ]IQ((%)O)) Yo.4(0o) = O(\/@) P-as. as t—o0. (6.7)

2
ds, t>0.

Combining (6.2), (6.4), (6.5), and (6.7), we obtain (6.3).
[

Now, since under the assumptions of Proposition 6.1 the strong invariance
principle of Theorem 2.3 is also valid, we obtain a strong approximation of the
estimator process by a Wiener process:

Theorem 6.2. Let Assumption Ag(©) and I >0 be satisfied. Suppose that
b(0,-), 0e0,b(0,-), D30,b(0,-) € P uniformly in 6 and that (|0pb(6y,-)/c|? —
I(6p)) € M(b(by,-),0) for By € O.

If (6.2) holds, then there exists a Wiener process B such that

A B, (t log, 75)1/2 1/4 1 )
t(lg, —0)) — ——=0 ax ¢ ——— (¢l )4 (log t)1/?
( 0.t 0) T(60) (m X{ 2 (tlog,t) /" (log ) }

P-a.s. as t — oo.

Corollary 6.3. Suppose that the starting estimator Q_O,t,t > 0, 1is chosen
to be the estimator of the method of moments (see Subsection 2.2.1) where
the determining function q belongs to D(©) and satisfies (¢ — a(by)) €
M(b(0,-),0) for the true parameter value 6y € ©.

Then, under the assumptions of Theorem 6.2, we have

B

—_=0 ((tloth)1/4(logt)1/2) P-a.s. as t— 0. (6.8)

t (0o — 0o) — e

Proof. According to Proposition 2.16, (6.2) holds with ¢, = v/t/1/log,t for
t > e’
]
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6.2 Asymptotics under the hypothesis

By means of the strong approximation in (6.8) we can give an alternative and
very easy proof for Corollary 3.8. Suppose that X follows the model given in
Section 1.1 (see equations (1.1), (1.2), (1.3)) and that the EMM is chosen to be
the starting estimator in the one-step procedure. Recall that ém,t, m,t > 0,
represents the one-step estimator based on the observation during the time
interval [m,m + t].

Theorem 6.4. Let 0 <~y < 1/4, I >0, ¢ € D(O) aswell as (|0pb(y,-)/c|*—
I(60p)), (¢ — a(by)) € M(b(By,-),0) for Oy € ©. In addition, suppose that
b(0,-), 0p0.b(0,-), 020,b(0,-), gd.b(0,-) € P uniformly in 6.

Then, under Hy and Assumption Ay(©), we have

I(Bom) -t . W
Ot HOm‘—> sup ‘ ! as m — 00,

sup
o<t<1 7

t>0 9m (t)

where W represents an arbitrary Wiener process.

Proof. Since the Fisher information [ is continuous and the one-step estimator
is consistent, by Slutsky’s lemma it is sufficient to prove that
I(6o) - t Wil

sup Qm HOm‘ N sup as  m — 00.
t>0 gm<t) 0<t<1

First, we approximate the processes

(at(ém,t —6p): m,t >0), (am(égﬁm —6p): m > 0),

by
(ma(00): m,t > 0) and  (tbom(fo): m > 0),
where a = +/I(6y), as follows:
) wmt(QO)
_ _ mt\P0J 1 .
SUD o at(Om,. — 6o) - Op(l) as m—o0  (6.9)
and P-a.s.
¢ 5 Yo,m(0o)
— ) — 2 = (1 .
St‘ig mgm () m(0o,m — 0o) ” o(l) as m — o0

Equation (6.9) is obtained by means of the Markov property of X,,,) using
the same argumentation as in the proof of Theorem 2.6.

In the second step, we apply Lemma 3.2. In conclusion, for any m > 0 there
exist independent Wiener processes B (M) and (Bs: 0 < s <m) such that

sup
t>0 Gm (t)

Then equation (3.14) completes the proof.

=op(l) as m — oo.

at (B o) — (B~ %Bm>
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6.3 Perspectives

6.3.1 Moving sum type procedure

A moving window procedure is determined by a chosen window size h = h(m)
and by the detection process

Szn ~ (ém+t7h,h - éo,m)v t7 m 2> 0. (610)

L.e., at each time t of the online observation we compare the estimator based
on (Xpii—s:0<s < h) to the estimator based on (X;:0 < s < m). If
the estimator in (6.10) is constructed by means of partial sums, typically the
expression “moving sum procedure” is used.

So far, it was common in the analysis of moving sum procedures to approximate
the estimator process (h(émﬂ_h’h —6p): t > 0) by the process of increments
(Winst — Winai—n: t > 0) of a Wiener process W as ¢t — oo. Unfortunately,
it is an open problem how this approximation can be carried out for estimators
which do not have the structure of partial sums.

However, we suggest a moving sum type statistic where we replace émﬁ_h,h
by the weighted increment

(m + 7f)éO,m-‘,—t - (m +t— h)éo,m—l-t—h
h )

t,m > 0.

Subtracting (m + ¢t — h)0ymie—n/h, we hope that the contribution of the
observation period [m,m +t — h] is compensated. We set

gm \/E ((m + t)é07m+t — (m +t— h)éo,m+t7h A
t

g(t/h) h O,m)’ 7m_07

where g and the weighting h'/2/g are borrowed from Aue et al. (2009). The
function ¢ should belong to a suitable class of functions.

It is highly probable that one can derive from the strong invariance principle
of Corollary 6.3 the limit distribution of sup,.,|S;*| under Hy. One should
follow Horvath et al. (2008).

6.3.2 Strong approximation under the alternative

In order to study the cumulative window procedure (see Section 1.1) as well as
the proposed moving sum type procedure under the alternative, it is necessary
to prove a strong approximation result for the estimator process under H.
However, this problem does not seem to be difficult. The strong rate of the
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EMM under H; proven in Proposition 2.17 should be applied in order to obtain,
under suitable conditions, for any change-point t* > 0

B,
V1(01)

where 6 is the true parameter value after the change and B is some Wiener
process.

t(éo,t —6) — =0 ((tloth)1/4(logt)1/2) P-as. as t— o0

6.3.3 Multidimensional parameter set

Under the approach of Chapters 3 and 4 it is possible to extend the change-
point problem presented in Section 1.1 to a multidimensional parameter set
© € R?, d > 2, if the existence of a starting estimator with the properties of
Propositions 2.16 and 2.17 is assumed. Choosing the estimator of the method
of moments to be the starting estimator, the strong rate can be proven simi-
larly, but it might be more difficult to show the measurability. © should be
chosen to be compact and convex.
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