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Abstract

In this thesis, we consider optimisation problems of an insurance company
whose risk reserve process follows the settings of the classical risk model. The
insurer has the possibility to control its surplus process by paying dividends to
the shareholders. Furthermore, the shareholders are allowed to make capital
injections such that the surplus process stays nonnegative. A control strategy
describes the decision on the times and the amount of the dividend payments
and the capital injections. To measure the risk associated with a control strat-
egy, we consider the value of the expected discounted dividends minus the
penalised expected discounted capital injections. Because of the discounting,
it can only be optimal to make capital injections at times when the reserve
would become negative due to a claim occurrence. Our goal is to determine the
value function, which is defined as the maximal value over all proper strategies,
and to find an optimal strategy which leads to this maximal value.

First, we solve the optimisation problem for the classical risk model when the
capital injections are penalised by some proportional factor ¢. We show that
an optimal strategy exists and is of barrier type, i.e., all the surplus exceeding
some barrier level b is paid as dividend.

The penalty factor ¢ can be interpreted as proportional costs associated with
the capital injections. In the second part, we extend this model by adding fixed
costs incurring any time at which capital injections are made. The optimal
strategy here is not of barrier type any more, but of band type. That is
a strategy where the state space of the surplus process is partitioned into
three types of sets where either dividends at the premium rate, or lump sum
dividends, or no dividends at all are paid.

In the third part, we allow the dynamics of the surplus process to depend
on environmental conditions which are modelled by a Markov process. l.e.,
the frequency of the claim arrivals and the distribution of the claim amounts
vary over time depending on the state of the environment process. We again
maximise the difference between the expected discounted dividends and the
(proportional) penalised capital injections and show that the optimal strategy
for any fixed initial environment state i is of barrier type with a barrier b;.



Zusammenfassung

In dieser Dissertation werden Optimierungsprobleme eines Versicherungsun-
ternchmens betrachtet, dessen Uberschussprozess mit einem klassischen Risiko-
modell beschrieben wird. Der Versicherer hat die Moglichkeit, seinen Uber-
schussprozess durch Zahlung von Dividenden zu kontrollieren. Ausserdem diir-
fen die Anteilseigner Kapitalzuschiisse tétigen, damit der Uberschuss nichtne-
gativ bleibt. Eine Kontrollstrategie enthélt Entscheidungen {iber die Zeiten
und die Héhen von Dividendenzahlungen und Kapitalzuschiissen. Um das
mit einer Kontrollstrategie verbundene Risiko zu messen, betrachten wir den
Wert der erwarteten diskontierten Dividenden abziiglich der erwarteten diskon-
tierten Kapitalzuschiisse inkl. der dabei anfallenden Kosten. Wegen der
Diskontierung kann es nur optimal sein, Kapitalzuschiisse zu den Zeitpunk-
ten zu tatigen, an denen das Reservekapital aufgrund eines Schadens negativ
wird. Unser Ziel ist es, die Wertefunktion zu bestimmen, die als maximaler
Wert {iber alle geeigneten Strategien definiert ist, und eine optimale Strategie
zu finden, die zu diesem maximalen Wert fiihrt.

Zuerst losen wir das Optimierungsproblem fiir das klassische Risikomodell fiir
den Fall, dass zusétzlich zu den Kapitalzuschiissen proportionale Kosten ein-
gerechnet werden. Wir zeigen, dass eine optimale Strategie existiert und vom
Barrieretyp ist, d.h. der ganze Uberschuss, der ein bestimmtes Barrierenniveau
b iiberschreitet, wird als Dividende ausgezahlt.

Im zweiten Teil der Arbeit erweitern wir das Modell durch Hinzunahme von
Fixkosten, die in den Zeiten entstehen, zu denen Kapitalzuschiisse erfolgen.
Die optimale Strategie ist hier nicht mehr vom Barrieretyp, sondern vom Band-
typ. Es handelt sich also um eine Strategie, bei der der Zustandsraum des
Uberschussprozesses in drei Mengen unterteilt ist, in denen entweder Divi-
denden zur Pramienrate, eine Pauschalsumme oder keine Dividenden gezahlt
werden.

Im dritten Teil lassen wir die Entwicklung des Uberschussprozesses von Umwelt-
bedingungen abhéngen, die durch einen Markov-Prozess modelliert werden.
Das bedeutet, dass die Schadensfrequenz und die Verteilung der Schaden-
shohen in Abhéngigkeit vom Zustand des Umweltprozesses in der Zeit vari-
ieren. Wir maximieren wieder die Differenz der erwarteten diskontierten Divi-
denden und der Kapitalzuschiisse inkl. proportionaler Kosten und zeigen, dass
die optimale Strategie fiir jeden anfanglichen Umweltzustand ¢ eine Barrieren-
strategie mit einer Barriere b; ist.
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Chapter 1

Introduction

Risk lies at the core of the insurance business. An insurer assumes the risk
of an uncertain future loss of an insured person and promises, in exchange for
payment, to compensate the policy holder if the insured event occurs. While
selling safety guarantees to others, the insurance company has to insure its
own economic survival. Thus, it is of primary importance for the insurer to
identify and measure risks in order to control them. This is the role of risk
management. Proper risk management requires good cooperation between
economists and mathematicians. While the economists define risks related to
a company’s objectives, it is the mathematical, or actuarial, task to assign
numerical values to these specified risks by building quantitative risk models
and choosing appropriate risk measures. For this purpose, modern actuarial
science uses not only classical risk theory but increasingly the methods and
techniques of stochastic control theory.

The basic risk in insurance are the claims, since the claim sizes and oc-
curence times are uncertain. The first step to handle this uncertaincy is to
choose a probabilistic model which describes the claims adequately. Next, the
insurer has to determine premia sufficient to cover the future loss. Choos-
ing the initial capital and the premium size is one way to manage the risk.
There are several other possibilities for an insurer to influence or to control
the dynamics of the surplus process, for example by buying reinsurance, mak-
ing investments, paying dividends, or a combination of these actions. A control
strateqy describes the decisions affecting the surplus: when action should be
taken with regard to the surplus, what type of action, and what amounts action
is taken on. By choosing a strategy, the insurer aims to maximise (minimise)
some objective function connected to that strategy. In mathematical formula-
tion, these are problems of optimal control theory (see Fleming and Soner [27]
or Fleming and Rishel [26]).
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The control possibilities that we will consider in this thesis are dividend
payments and capital injections made by the shareholders if the surplus process
becomes negative. Our goal will be to find optimal control strategies which
maximise the expected discounted dividends minus the penalised expected
discounted capital injections.

1.1 Risk Models and Maximisation Problems

General Model Settings

Let X = {X;}i>0 be the surplus process defined on the probability space
(Q, #,1P). Further, let {.# }:>0 be the natural filtration of the process X. By
U = {U:}+>0 we denote a control process with state space Y. We allow only
controls U that are {.%;}-adapted, because the decisions can only be made
based on present and not on future information. Further, we may not allow
all strategies from U, but make some restrictions on them. Let . denote the
set of admissible strategies, i.e., the adapted strategies that are allowed. To
each initial value x and each admissible control process U we associate a value
VY(x), which we call an objective function. The goal is now to find the value
function which is the maximal value over all admissible controls

V(z) = 51611; VY (x)

and to determine - provided that it exists at all - the optimal control process
U* leading to the value function, i.e., V(z) = VU (z).

Risk Models

There are several probabilistic models for describing the development of the
risk reserve process {X;}:>o of an insurance company. The most famous one
goes back to Lundberg [55, 56| and Cramér [15, 16]. Over the course of time
it has established itself as a "classic" and is now called the classical risk model
(the Cramér-Lundberg or compound Poisson risk model). For the initial capital
x > 0, the surplus at time ¢ is given by

Ny
Xt:m—l—ct—ZYn. (1.1)

n=1

¢ > 0 is the constant premium rate. The number of the claims that have
occured up to time ¢t > 0 is described by a homogeneous Poisson process
{N:}i>0 with intensity A > 0, i.e., Ny ~ Poi(At). As a consequence, the



1.1. RISK MODELS AND MAXIMISATION PROBLEMS 3

claim inter-occurence times are exponentially distributed. The claim sizes are
a sequence of positive independent and identically distributed (iid) random
variables {Y,,}n,en with distribution function G and a finite mean u. The
claim sizes and the claim numbers are assumed to be independent. A sample
path of the surplus process in the classical model (1.1) is illustrated in Figure
1.1.

0,84

0,6 1

1 |

|

|

X1 |
0,4 | /|

|

0,24

-0,2

Figure 1.1: A sample path of the classical risk model

A generalised approach allows claim arrivals and the distribution of the
claim amounts not to be homogeneous in time, but to depend on environmen-
tal conditions. As pointed out by Asmussen [4], in, for example, automobile
insurance this could be weather conditions or traffic volume. In health insur-
ance the outbreak of epidemics can considerably impact portfolios. Economic
circumstances or political regime switchings can also be thought of as influ-
ence factors (cf. Zhu and Yang [74]). Let the environment be described by
a Markov process {J;};>0 with a finite state space # = {1,...,m}. Given
the environment state J; = i, premia are paid at rate ¢;, the claim sizes have
distribution G; with mean p;, and claims occur according to a homogeneous
Poisson process { N} };>¢ with intensity \;. The claim counting process {N; }+>o
is given by

m t
Nt = Z/ I{Js:’i} stl
i=1 70
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{N,} is called a Markov-modulated Poisson process (doubly stochastic Pois-
son process or Cox process). The claim sizes {Y,,} again are assumed to be
independent of the claim number. The surplus at time ¢ is then given by

t Ne
Xt::v+/ CJSdS_ZYn. (1.2)
0 n=1

The process {(Xi, Ji) }t>o is called a Markov-modulated risk model. The idea of
Cox processes goes back to Cox [14]. Reinhard [60], Asmussen [4] and Grandell
[37] were the first who integrated them as models in risk theory.

There are several other alternative risk models used in the literature. In the
so-called Sparre Andersen model proposed by Sparre Andersen [3], the claim
counting process {/V;} is modelled as a general renewal process, i.e., {INV;}
is governed by a sequence of iid inter-occurence times with some common
distribution. In diffusion models introduced by Iglehart [45], the surplus is
described by a diffusion process which can be obtained as an approximation of
the classical risk models if one lets the number of claims increase and makes
the claim amounts smaller (for a detailed discussion see e.g. Schmidli [66]).
Gerber [29] had the idea to combine the classical risk model with a diffusion
component in the perturbed compound Poisson model.

Dividend Strategies

We assume now that the insurance company has the possibility to control the
surplus process by paying dividends to the shareholders. Let D = {D;}:>0o
denote a stochastic process representing the cumulated dividend payments up
to time t. The controlled surplus process is defined by

XP=X,-D,.
There are several types of dividend strategies used in the literature.

o A band strategy is described by the partition of the state space of the
surplus process in three disjunct sets A, B and C. The dividends are paid
according to the set where the current surplus x is located: if x € A,
then the incoming premium is paid as dividend; if x € B, then dividends
of the amount x —max{a : a < z,a € A} are paid immediately bringing
the current reserve to the next point in A that is smaller than x; if
x € C, no dividends are paid. The sets B and C may consist of several
disjoint intervalls dividing the state space in bands which legitimise the
nomenclature. An example of a risk process controlled by a band strategy
with A ={0,b}, B = (0,a] U (b,0) and C = (a, b) is given in Figure 1.2.
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e A barrier strategy is a special case of the band strategy where A consists
of only one point, i.e., A = {b} for some b > 0. In this case all the
surplus above the barrier b is paid as dividend. As long as the reserve
process stays below b, no dividend is paid.

e A dividend strategy is called a threshold strategy for a fixed threshold
level b > 0, if dividends are paid continuously at a rate a smaller than the
premium rate whenever the surplus is over b, and otherwise, no dividends
are paid. If there are multiple thresholds b; with associated dividend rates
a;, then we have a multiple threshold or multi-layer strategy.

e A simple type of impulse strategy is characterised by two levels 0 < by <
bs. Each time the surplus process is above by, a dividend payment is
made bringing the surplus to the level b;. As long as the reserves are
below by, no dividends are paid.

In general, one allows all non-decreasing cadlag processes as dividend strate-
gies. The optimal strategies we will be dealing with in this dissertation are
of band and barrier type. Such dividend processes are examples of feedback
control strategies. These are control processes U such that U; = u(X}) for some
measurable function w.

ruin

-0,5-

Figure 1.2: Risk process controlled by a band dividend strategy



6 CHAPTER 1. INTRODUCTION

Value Functions

The definition of the objective and accordingly the value function depends on
the optimisation criterion which is used to measure the risk (or the quality) of
the insurance portfolio. A traditional method to quantify the risk or the credi-
bility of the insurance company is the probability of ruin, i.e., the probability
that the surplus becomes negative in finite time. Thus, it is natural to assume
that the insurer is anxious to keep the probability of ruin small. Therefore,
minimising the ruin probabilities is one of the most discussed problems in risk
theory. Since the first results in Lundberg [56] and Cramér [15, 16], the ruin
probabilities have been extensively studied by many authors, see e.g. Rolski et
al. [61], Asmussen [4], Grandell [37] for the general results, or in the context
of stochastic control Schmidli {63, 64, 65, 66|, Hipp and Plum [40], Hipp and
Schmidli [41], Hipp and Taksar [42].

Even though the ruin probability criterion corresponds to the Value-at-
Risk that is now used for financial institutions, this concept has also been
criticised. Minimising the ruin probability supposes that the company should
allow the reserve capital to grow to infinity, which is not realistic. This led
Bruno de Finetti [17] to direct the focus not on the expected ruin but on the
"expected life" (Borch [9]) and to propose measuring the risk exposure of an
insurance portfolio by the expected discounted value of its future dividends
which the company pays to the shareholders before ruin. This idea served as
an impulse for the further developments in the field of dividend maximisation
problems. Borch [9], Bithlmann [12] and Gerber [28, 30| were the first who
studied de Finetti’s original model in more detail. Since then there has been
a lot of research activity on this optimisation criterion in various settings, for
the classical risk model see Azcue and Muler [8], Albrecher and Thonhauser
[1], Thonhauser and Albrecher [70] and for a diffusion approximation Shreve et
al. [67|, Jeanblanc-Piqué and Shiryaev [46], Radner and Shepp [59], Asmussen
and Taksar [5], Hgjgaard and Taksar [43, 44]. For recent surveys on various
dividend optimisation problems see Albrecher and Thonhauser [2|, Avanzi [6]
or Schmidli [66].

Unfortunately, maximising the expected dividends in de Finetti’s setting
results in optimal dividend strategies which lead almost surely to ruin. There-
fore, Dickson and Waters |21] proposed to allow capital injections from the
shareholders when the surplus falls below zero in order to cover the deficit
at ruin, thereby avoiding bancruptcy. Denoting by Z = {Z;};>0 the capital
injections process, the controlled surplus process is then of the form

XPD = X, - D, + Z,.

Dickson and Waters considered the value of the discounted cash flow if the
dividends are paid according to a barrier strategy, see also Gerber et al. [36]
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and Gerber et al. [32]. The optimal strategy in their model is a simple one
because of the discounting. It is optimal to pay all capital as dividend and
then let the shareholders pay the claims as they arrive keeping the surplus at
zero. A different solution may be obtained if capital injections are penalised.

Having this question in mind, we will here consider the objective function

VDD (1) = IE[ / edD, — ¢ | e dZ| Xy =2 (1.3)
07

with ¢ > 1 and a constant discount factor 6 > 0. As optimisation criterion
we choose the maximal value over all strategies (D, Z) such that the con-
trolled surplus {Xt(D’Z)} remains non-negative a.s. In a diffusion setting, an
analogous problem has been solved by Shreve et al. [67], see also Lokka and
Zervos [54]. Avram et al. [7] showed the optimality of the barrier dividend
strategies in the more general framework of spectrally negative Lévy processes.
Eisenberg [24] considered the problem without dividends and minimised the
expected discounted capital injections in both the classical risk model and a
diffusion approximation model with the control possibility of reinsurance and
investment.

The penalty factor ¢ in (1.3) can also be interpreted as proportional costs
associated with capital injections. A natural extension of this model is to add
fixed costs incurring any time at which capital injections are made. The next
model we will investigate here is of the form

VP (z) =18 [ / e dD—¢ | edZ — LY e " az 0 Xo = 1.
- 0- >0
(1.4)
In a diffusion approximation, dividend optimisation problems with transaction
costs were treated by He and Liang [39] who added the possibility of propor-
tional reinsurance and Paulsen [58] who assumed that costs incure with both
dividend payments and capital injections. Loeffen [53] studied the dividend
maximisation problem until ruin including transaction costs on the dividends
for spectrally negative Lévy processes.
Finally, we adopt the risk measure (1.3) in the framework of a Markov-
modulated risk model. For an initial environment state ¢ and initial capital x,
the objective function is of the form

oo

V2 (3 4) = ]E[/ edD, — ¢ | e dZ| Xy =z, Jy = 2] (1.5)

0—

for ¢ > 1. Dividends problems in a Markov-modulated risk model were treated
e.g. in Wei et al. [71] and Li and Lu [49, 50] who considered the value of the
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expected dividends until ruin. Sotomayor and Cadenillas [69] and Jiang and
Pistorius [47] investigated optimal dividend strategies under a regime-switching
diffusion model.

1.2 Thesis Outline

In Chapter 2, we present some known results regarding the value of a barrier
dividend strategy in de Finetti’s setting in the classical risk model obtained
by Biihlmann [12] and Gerber [28]. Further we discuss the so-called "Gerber-
Shiu penalty functions" first introduced in Gerber and Shiu [34]. These are
functions of the expected discounted penalty due at ruin which depend on
the severity of ruin and the surplus immediately prior to ruin. Finally, we
illustrate a relationship between the expected discounted dividends until ruin
and the Gerber-Shiu penalty functions referred to as the dividends-penalty
identity (see Gerber et al. [32]).

In Chapter 3, we solve the optimisation problem (1.3). For this purpose,
we use the two-step solution concept developed by Schmidli [66]. In the first
step, we consider only strategies which are absolutely continuous processes
with a density bounded by some arbitrary constant uy > 0. We derive the
characterising integro-differential equation — the so-called Hamilton—Jacobi—
Bellmann equation (HJB) — for the associated value function V,,, (), show that
the solution is unique, and identify the optimal dividend strategy as a barrier
strategy. In the second step, we allow all cadlag increasing dividend processes.
Letting the maximal dividend rate uy converge to infinity, we obtain in the
limit the value function for the general problem, i.e., lim,, o Vi, (z) = V(2),
and show that it solves the corresponding HJB equation. Unfortunately, we
are not able to obtain an explicit solution to the HJB equation, nor do we have
a natural initial value for the maximisation problem. Therefore, we will have
to characterise the value function among other possible solutions. The optimal
dividend strategy will again be of barrier type. The results obtained in this
chapter have been published in the author’s paper Kulenko and Schmidli [48].

In Chapter 4, we consider the model (1.4) with both fixed and proportional
administration costs incurring any time at which capital injections are made.
Further, at the time of an injection the company may not only inject the deficit,
but also some additional capital C' > 0 to prevent future capital injections.
We conclude that capital injections are only carried out if the claim process
falls below zero. Again, in a two-step procedure, we derive the associated HJB
equation and show that the optimal strategy is not of barrier type any more,
but of band type. The value function will be characterised as the smallest
solution to the HJB equation, fulfilling a linear growth condition, such that
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V(C) — ¢C' is maximal. By using Gerber—Shiu functions, we derive a method
to determine the solution to the integro-differential equation and the unknown
value () if it is optimal to pay no dividends around zero. Finally, we describe
an algorithm for a piecewise construction of the value function.

Chapter 5 treats the maximisation problem (1.5) in a Markov-modulated
risk model. We show — first for the absolutely continuous dividend processes
and then for the general case — that the value functions V' (x, ) for initial states
i € ¥ simultaneously satisfy the system of HJB equations. The optimal
strategy for every initial state ¢ is again a barrier strategy with a barrier level
b;, i.e., if at time ¢ the state of the environment process is J; = i and the
surplus exceeds the barrier b;, then dividends at the premium rate ¢; are paid.

1.3 Conventions

e In the following, we will use a probability space (€2, .#,P) on which all
stochastic quantities are defined. We supply the probability space with
a filtration {.%,;};>¢ and assume it to be the smallest right-continuous
filtration such that the underlying surplus process {X,} is adapted.

e We will work with cadlag (right-continuous with existing limits from
the left) adapted control processes because this simplifies the presenta-
tion. By the cadlag property of the risk process {X;}, the controlled
process {XP} will be cadlag as well. In the literature one often uses
left-continuous adapted and, as a consequence, previsible controls. Then
one can obtain processes with X2 # XP # X[ . However, the values
connected to a previsible process {D;} and to its right-continuous ver-
sion {D;;} are the same. The latter process is cadlag because it will be
assumed to be increasing and adapted by the choice of the filtration.

The drawback of using cadlag dividend controls is that if D causes a
jump of the controlled process, one observes not the pre-dividend but
the post-dividend process (cf. Schmidli [66]). I.e., the jump size of
XP is composed of the claim size and the dividend. Hence, one cannot
determine the size of the dividend payment without knowing the claim
size. In other words, we need additionally information from the filtration
about the size of the claim in order to get the size of the dividend.

e We assume that all processes we consider are already discounted. The
discount factor § > 0 in the definition of the objective functions (1.3),
(1.4) and (1.5) reflects the preference behaviour of the shareholders (cf.
Borch [9]). They prefer to earn dividends today rather than tomorrow
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and, on the other side, to make capital injections tomorrow rather than
today.

Unless otherwise stated, all statements will hold almost surely. For sim-
plified presentation, we omit the notation almost surely or with proba-
bility one.

For notational convenience, we write
P[] = PL|Xo =] and IE,[] = B[|X, = 1]
in the classical risk model and
Pyl =P}Xo=2Jy=1] and Eg,[|=IE}X,=2,Jy=1]

in the Markov-modulated risk model. If the connection is clear, we dis-
miss the letters x and (z,1).



Chapter 2
Dividends Until Ruin

In this chapter, we cite some known results about dividends until ruin (see
Biihlmann [12], Gerber et al. [32]), the Gerber-Shiu functions (see Gerber and
Shiu [35], Lin et al. [52]) and the dividends-penalty identity (see Gerber et al.
[32]) for the classical risk model which we will use later for the calculation of
the value functions.

2.1 Dividends Until Ruin for a Barrier Strategy

Suppose that the surplus process follows the classical risk model (1.1), and
dividends are paid according to a barrier strategy with the barrier level b. Let
X? denote the controlled surplus process and

™ = inf{t >0: X} <0},

T = inf{t>0: X! =10}
be the corresponding time of ruin and the first time the surplus process reaches
the barrier, respectively. For x > 0, let V°(z) be the expected discounted

dividend payments unitl ruin, i.e.,

b

Vb(z) = E, [ /O T th} .

Biihlmann [12] showed (with the same methods which we will use in the proof
of Theorem 3.2.2) that V°(x) fulfils the following integro-differential equation

(VP () + )\/x Vi(z —y)dG(y) — (A +6)VP(x) =0, 0<a<b,

with the boundary condition

(V) (b=) = 1.

11
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(If the initial value z > b, then dividends of the amount x — b are paid imme-
diately, such that V(z) = z — b+ V?(b) holds, and therefore, (V?)'(b+) = 1.
Thus, the function V? is differentiable at = b, and the boundary condition is
fulfilled even for the derivative at © = b). To solve the above equation, consider
the equation

ch'(z) + /\/w h(z —y)dG(y) — (A +d)h(z) =0, 0<z < occ. (2.1)

There is a unique solution to (2.1) with initial condition
h(0) =1

(see e.g. Schmidli [66, p. 90]). Since any multiple of h(z) is another solution
to (2.1), we have that

V¥(z) = h(z)y, 0<a<b,

where v does not depend on z. Now we can determine the constant v by
differentiating of V®(x) at = b getting
h(z)
Vi) =——=, 0<x<h 2.2
This formula was first obtained by Biithlmann [12, p.172|, see also Schmidli
[66, p. 91].

Remark 2.1.1

Equation (2.2) is well-defined because h'(z) > 0 for 0 < 2 < co. To see this,
one can use the arguments from Lin et al. [52]. Let zy be the largest value
such that h(x) is strictly increasing for 0 < = < xy. Then, xy > 0 since
h'(0) = (A4 6)/c > 0. Suppose, zy is finite, then h'(xy) = 0. However,

W) = =2 [ hoo =) dG(0) + 2 2h(an)

C

> —éh($0>G<l’0) + )\T—Mh(l‘o)

C

> hao) + 2 hae) >0,

which is a contradiction. Therefore, zq = oco. |

Define now the function

C¥(z) = Eyle ™ 1o ] (2.3)
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as the Laplace transform of the time to reach the dividend barrier b without
ruin occuring. C°(x) can also be interpreted as the expected present value of
a contingent payment of 1 due at time when the surplus reaches the level b,
provided that ruin has not occured yet. Since no dividends are paid until time
T®, we obtain by conditioning on .Fs,

Vo(z) = C*(x)VP(b). (2.4)

By the same methods as above, it can be shown that C®(z) satisfies the integro-
differential equation (2.1) for 0 < x < b. Since C®(b) = 1, we get
h(z)

C*(z) = w0 for z <b. (2.5)

This formula can be found by Gerber et al. [32].

2.2 Gerber-Shiu Penalty Functions

Since the first notion of severity of ruin | X, | by Gerber et al. [31], a number
of papers investigating the distribution of the ruin time 7, the surplus just
before ruin X, _ or the severity of ruin | X,| were published, see e.g. Dickson
[18], Dickson and Waters 20|, Dufresne and Gerber [23|, Gerber and Shiu [33].
In 1998, Gerber and Shiu [35] combined the analysis of all three quantities
by studing its joint distribution via the expected discounted penalty function
which depends on the time of ruin, the deficit at ruin and on the surplus
immediately prior to ruin. Their seminal work provided new methods and
techniques for treating the ruin problems and layed a basis for a large number
of later research on the classical risk theory, see for example Lin et al. [52], Lin
and Willmot [51], Schmidli [62], Willmot and Dickson [72|, Cai and Dickson
[13], Yuen et al. [73]. The penalty functions introduced by Gerber and Shiu
became since then the name of "Gerber-Shiu penalty functions".

We present now some results from Gerber and Shiu [35]. Let w : IRy X
R, — IR, be a nonnegative function. For x > 0 and § > 0, the expected
discounted penalty function p(x) is defined as

p(z) = Exfw (X, [ X e ™ oo (2.6)
p(z) satisfies the integro-differential equation
0=cp/(a)+ ) [ plo—y)dGly) — O+ pla) + MI(w) (27
0

with

(x) = /oow(:v,y —2)dG(y).
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To solve Equation (2.7), consider the so-called Lundberg’s fundamental equa-
tion
A+0—cs=Ag(s), s>0. (2.8)

where §(s) = [;° e **dG(z) denotes the Laplace(-Stieltjes) transform of the
claim dlstrlbutlon Let p be the unique positive solution to (2.8) (its existence
will be shown in Remark 2.2.1 below). By multiplying (2.7) with e~**, rear-
ranging the terms and eventually integrating from x = 0 to x = z, Gerber and
Shiu obtained the following representation:

p(z) = % { /0 (@) { / - ePlz=a=v) dG(y)} da + / " et () du} ,

or, as a renewal equation,

p(x) = (p*&)(x) + n(z),

where * denotes the convolution and

we) = 2 [Cerroneay =2 [T [T e ) dci + 2y

fa) = 5/’ ) 4G(y)

C

for > 0. By the method of succesive substitution, p(z) can be expressed as

e}

)+ Y (€ xn) (@) .

It follows that the initial value p(0) = 7(0) can be calculated by
A [
p(o>=2/ PTI(y / / w(y, > — y)dG(=)dy.  (2.9)
0

Remark 2.2.1
The Laplace(-Stieltjes) transform f(s) = IE[e=*X] of a (positive) random vari-
able X is an analytic function for all s with Re(s) > 0. It is decreasing and
convex because

f'(s) = E[-XeX]) <0

and
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Define [(s) = A+ § — ¢s and consider the equation

Since

10)=XA+4d>X=\f(0)

and [(s) is a decreasing linear function, there is a unique nonnegative intersec-
tion point of I(s) and f(s), say p, which is then the unique nonnegative root
of the Lundberg’s fundamental equation (2.8). [

Alternatively, one can solve Equation (2.7) by using the Laplace transform
approach (see Dickson [19]). For the Laplace(-Stieltjes) transforms

p(s) = / e “p(x)de, T(s)= / e *Il(z) dz
0 0
we have then

0 = c(sp(s) — p(0)) + Ap(s)d(s) — (A + 8)p(s) + All(s),

or R
R AI(s) — ep(0
sy M) —en(0)
A+ —cs—Ag(s)
The denominator is the Lundberg’s fundamental equation which vanishes at

p > 0. Since p(s) is an analytic function for all s > 0, the numerator must be
zero at s = p yielding M1I(p) = ¢p(0), and therefore,

. A(I(s) — T(p))
pls) = A+0—cs—Ag(s)

(2.10)

Now, for some "nice" forms of p(s) (especially, if p(s) is a rational function),
p(z) can be obtained by inverting its Laplace transform (2.10).

For further use, we consider three examples of the penalty function. Let
w(z,y) = 1 and define the function

w(.f) = ]Ex |:e_6TI{T<OO}] ) (211)
which is the expected discounted time of ruin, and for w(x,y) = y the function

o(z) =IE, [6_6T|XT|I{T<OO}} (2.12)
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as the expected discounted deficit at ruin. Finally, for the positive root p of
the Lundberg’s fundamental equation (2.8) and w(z,y) = e *¥, we define

(@) = T, [e_(STJFpXTI{T@O}] . (2.13)

For these penalty functions holds o(c0) = 1(c0) = x(00) = 0 and by (2.9),

by = 2 /OO e (1 - Ga)) da

o(0) = / / (1—-G(y))dyde , (2.14)

) = 2 [T emadch)

C

Gerber and Shiu [34] showed that C?(z) = IE,[e 97" I4_+] can be determined
by

\_/

b)

O
By (2.4) and the boundary condition (Vb)’ (b) = 1 follows
X(

z) (2.15)

V() = o)

pepb —

In the case, when a constant dividend barrier strategy with a barrier b is
applied, Lin et al. [52] investigated the corresponding penalty function

(@) = Eafw(X0_, |X0 e T cogy].
They showed that p°(z) satisfies Equation (2.7) with the boundary condition

(") (b) = 0. (2.16)

2.3 Dividends-Penalty Identity

If dividends are paid according to a barrier strategy, then there is a connection
between the Gerber-Shiu discounted penalty function with a barrier p°(z), the
one without barrier p(z), and the expected discounted dividends until ruin
V?(x). This so-called dividends-penalty identity was first discovered by Lin et
al. [52| for the compound Poisson model. Yuen et al. [73] extended the result
to the case with interest, and Gerber et al. [32] generalised the formula for
stationary Markov processes which are skip-free upwards.
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We take the way of Gerber et al. [32] to motivate the dividends-penalty
identity. Consider a particular sample path of the surplus process starting at
x < b. Then the penalties at ruin (with and without the dividend barrier)
can be different only, if the surplus reaches the level b before ruin. Thus, by
conditioning on %7+, we have

P(a) —plx) = Bule™ T Tinon](0'(0) — p(b))
= C'x)(p’(b) — p(b), = <b.

By (2.16), we know that (p®)'(b) = 0. Thus, replacing C®(x) by h(x)/h(b) and
differentiating at x = b yields

Using (2.15), we finally obtain the dividends-penalty identity

p'(z) = p(z) — p'(b)VP(x), z <0 (2.17)
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Chapter 3

Optimal Control of Dividends and
Capital Injections in a Classical

Risk Model

3.1 Introduction

We suppose that the surplus of an insurance company is described by a classical

risk process
N

Xp=xztct—) Y
i=1

defined on a filtered probability space (Q, . #,{%# }i>0,IP). x € R is the initial
capital, ¢ > 0 is the premium rate. The number of claims is modelled as a
Poisson process {N;}:>o with rate A > 0, say. Claim occurrence times are
denoted by {7;}i>o with Ty = 0. Claim sizes {Y;};>1 are an iid sequence of
positive random variables with distribution function G, independent of {N;}.
We assume that IE[Y;] = p < oo and, for simplicity, that G is continuous. We
can assume that {.%;}:>o is the smallest right-continuous filtration such that
{X:}i>0 is adapted.

We assume that the insurer controls its reserve process by paying dividends
to the shareholders. Furthermore, the shareholders are supposed to inject capi-
tal if the surplus ever becomes negative. The accumulated dividends process
{D;}1>0 is an {.%;}-adapted, non-decreasing, cadlag process with Dy = 0,
the accumulated capital injections are denoted by {Z;}:>¢, which also is an
adapted, non-decreasing, pure jump process with Z,_ = 0. The controlled
surplus process then becomes

Xt(D7Z) = Xt — Dt —+ Zt s Xé?’z) =

19
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The capital injections have to be chosen in such a way that Xt(D’Z) > 0 a.s. for
all t. Note that no positive safety loading ¢ > Ay needs to be assumed.
The value of a strategy (D, Z) = {(Dy, Zt)i>0} is defined as

V(DvZ) (x) = Em [/ 67& th - ¢ eiét dZt] )

_ 0—

where ¢ > 1 is a penalising factor and § > 0 is a discounting factor. A strategy
(D, Z) is admissible if

IPI[Xt(D’Z) >0foralt>0=1.

Our goal now is to maximise V (?»%)(z) and to find an optimal strategy (D*, Z*)
with leads to the maximal value. The value function of our problem is

V(z)= sup VP (g).
(D,Z)eSs

Note that [~ e **dDy =4 [;~ e "' D, dt. Since the value of the (not admis-
sible) strategy D; = = + ¢t and Z; = 0 is an upper bound for the value of any
admissible strategy, we get that V(P4)(z) < 2 + ¢/§ < oo for any admissible
strategy. We denote by .#, the set of all admissible strategies for the initial
capital x.

If we had chosen ¢ < 1 then we could make a capital injection of size K and
pay it as dividend at the same time. The value would be K (1—¢). Maximising
over K shows that the value function would be infinite. The choice ¢ = 1 would
yield the trivial solution V(z) = = + (¢ — Aw)/d. That is the solution with
Dy =x+ctand Z; = S, := x + ct — X, i.e., any positive surplus is paid as
dividend. Choosing 6 = 0 would lead to an infinite value function. Indeed,
the shareholder would be indifferent to recieving dividend payments today or
tomorrow. Then, they would prefer to wait until some high barrier b such
that it is unlikely that a capital injection has to be made and the value of
the dividends is larger than the value of the capital injections. In the case of
positive safety loading, the barrier is reached infinitely often, and the value of
the strategy would become infinite.

It is clear that, because of the discounting, it cannot be optimal to make
capital injections before they really are necessary. Therefore, we need only
choose the dividend process {D;}. The corresponding capital injection process
becomes

ZP = max(— inf (X, — D,),0) .
0<s<t

Therefore, we will in the following use the abbreviated notation {Z;}, {XP}
and VP (x) for the capital injection process {ZF}, the surplus process and the
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value connected to a strategy {(Dy, ZP)}. If the initial capital is negative,
then Zy = |z|. Thus,

V(z) =V(0) — ¢|z| forz < 0. (3.1)

A very impotant property of the value function introduced above is its
concavity. We state and prove the next lemma for the model and will use
it later also for restricted dividend strategies. It should be noted that the
proof works for any model with independent increments and also for restricted
dividend strategies as long as the allowed strategies form a convex set.

Lemma 3.1.1
The function V (z) is concave.

Proof: Let x,y > 0 and z = ax + By with a4+ = 1 and o, 3 € (0,1).
Consider the strategies (D*, Z*) and (DY, ZY) for the initial capitals z and y.
Define

D, =aD? + DY, Z,=aZ®+ 327

Note that D, = D7, but in general Z, # Z7. With R, = ct — Zf\il Y; we have

Oé.f"—ﬂy—'—Rt—Dt—FZt = Oéx‘i‘ﬂy‘i‘(()é‘i‘ﬁ)Rt—Dt—i—Zt
= ale+ R —Df+Z/)+B(y+ R — D/ + 7).

-~

>0 >0

This shows that the strategy (D, Z) is admissible and Z7 < Z, = aZ? + Z¢
(otherwise the value of the optimal strategy (D, Z*) for the capital z were strict

smaller than the value for the strategy (D, Z) for the same initial capital). It
follows

V(z)

v

E UOOO e (dD, — ¢de)] > B UOOO e % (dD, — ¢dZt)}

> B[ [T (aany +paDY - sz + 5az)]
= aV?” (1;;) + BV (y).
Taking the supremum over all admissible strategies D we get
Viaz+By) > a sup V7'(z)+ 8 sup V7'(y) = aV(z) + BV (y).
DTS, Dve,

O
In particular, because of the concavity of V' the derivatives from the left
and from the right exist a.s. Moreover, V() is absolutely continuous.
The following lower bound, also derived in Parfumi [57], will be useful.
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Lemma 3.1.2
The value of expected capital injections is bounded by /6.

Proof: The worst that may happen is that one has to inject capital for all the
claims. Not taking care of the dividends we find, using that the time of the
k-th claim T} is Gamma I'(\, k) distributed,

= = A \* A 1 AL
B Ve ™| =n) (355) =i o= 5
k=1 k=1 Ato )\+51_)\_+6 0
O
It follows that the value of any admissible strategy is bounded from below

by —pAu/d.

3.2 Strategies With Restricted Densities

In this section, we only consider absolutely continuous dividend strategies
which admit an adapted non-negative density process {U; }+>¢ such that

.Dt:fotUst,
e 0 <U; <up < oo

and denote the strategies by {U;}. The value of such a strategy is then

V) = [ etuide—o [T etaz].
0 0—
Let us denote the set of the admissible strategies by .#,. Then the value

function is V() = supyc »r VY (). Recall that Lemma 3.1.1 applies.

3.2.1 The Value Function and the HJB-Equation

Lemma 3.2.1
V(x) is bounded by ug/d, increasing, Lipschitz continuous and therefore ab-
solutely continuous, and it holds lim, ., V(x) = ug/0.

Proof: It is clear that V(z) is increasing and that V(z) < [* upe™"dt = ug /0.
Consider the strategy U, = ug. 70 = inf{t : x4 (¢ — uo)t — S0, V; < 0}
converges to infinity as z — oo and so IP| fooo e %dZ; > €] converges to zero,

because fooo e % dZ, is bounded by e“sﬂi})\u/é; see Lemma 3.1.2. So we have
that

U

Viz) > VY (@) > E [/ ' uge "t dt — ¢ e dz,
0 0—
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Let b > 0 be small. We choose a strategy U € .7/ o, for initial capital
x + ch and define

Uy = 0-Typany + (0 MAggeny + Ui - I{t>h}> Liry>ny,

Zy = Z) Lipeny + (0 Tg<ny + Zyi - I{t>h}> L7 >ny-

where {Z?} denotes the capital injections if no dividend is paid. Recall from
Lemma 3.1.2 that the value connected to Z° is bounded from by Au/4.

The first claim happens with density Ae™* and 7T} is larger than h with
probability e=**. By conditioning on .Zjar,, it follows

V(z) > V()

hATY hATq
= IE [/ e Oy, dt — (b/ e dZ, + 676(hAT1)VU(Xi(zJ/\T1>}
0 0

> P[T}, > he "V (XY) - ¢P[T} < h]E, [ / e~ dzg]
0
_ _ ,—=Ah
> e MY (g 4o ch) — (e 5 JoA ,
and so
(1 —e o

Viz) > sup e OO (x4 ch) —

Ueyzﬁrch

4]

1—e Mo
5 .

= APy (1 4 ch) — (
The Lipschitz-continuity follows now by the boundedness of V'

0 < V(z+ch)—V(z) <V(x+ch)(1—e PO 4 w(l — e

)
A2 A2
< V(z+ch)(A+8)h+ ¢6“h < %(A+5)h+ ¢5”h.
By Doob [22, p. 164], V is also absolutely continuous. O

In the next theorem, we derive the characterising equation for the value
function.
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Theorem 3.2.2

The function V(x) is differentiable from the left and from the right a.e. on
(0,00). The derivations from the left and from the right fulfil the Hamiltion-
Jacobi-Bellman equation

sup {(c W)V (2) +u— (A OV (x) + A/OOO Viz —y) dG(y)} ~0.(3.2)

Proof: Let h > 0 and fix u € [0,up]. If x = 0 we suppose u < ¢, if x > 0
we let h be small enough such that x + (¢ — u)h > 0, i.e., the reserve process
does not fall below zero because of the dividend payments. Let L > 0 be the
Lipschitz-constant. Choose ¢ > 0 and n € IN such that L(z+(c—u)h)/n < /2
and let x = k(z + (¢ —u)h)/n for 0 < k < n. For every k there is a strategy
{UF} with VU () > V(x3,) — £/2. For initial capital 2’ with z; < 2/ < Tj41,
we choose the strategy {UF}. Then, by the Lipschitz continuity of V(z), we
can choose n large enough such that

VU ) > VU () > Veg) — /2> V(') — L@’ — ) —e/2> V() — ¢ .

Thus, for all 2’ € [0,z + (¢ — u)h], we can find a measurable strategy U such
that VU (2') > V(2') —e.
Let x > 0. Consider now the following strategy

U, u D 0<t<hANT} 7 0~ D 0<t<hANT}
TV Ui, 2 t>hATY ’ T Ziwar, 2 t>hAT '

By conditioning on %,y it follows that

V(z) > VY(x)
hATy — ~
- E { / e udt + e5<hAT1>vU(XgAT1)1
0
hNTY—
> E [/ ety dt + e_J(hATI)V(X;(LJ/\Tl)] —€
0
h
= (/ ue " dt + e "V (x + (c — u)h))
0
h t z+(c—u)t
+/ /\e_At{/ ue™% ds + e_‘st/ V(z+ (¢ —u)t —y)dG(y)
0 0 0
+e§t/ VO === (=) AG(y)} dt - =
r+(c—u)t

h
=M / ue Ot dt + e~ VY (2 4 (¢ — u)h)
0

h t 00
—l—/ )\6_/\t{/ ue % ds + e~ / V(x4 (c—u)t —y) dG(y)} dt — ¢,
0 0 0
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where we used property (3.1). The constant € is arbitrary. If we let tend it to
zero, rearrange the terms and divide them by A then we get

N V(z+ (c —;Lt)h) — V() 1- ehwé)hv(x (- uh)

1 h 1 h t
+6_’\h—/ we 0t dt + = / e M [/ ue %% ds
h Jo h Jo 0

fe70 /000 V(z+ (c—u)t—y)dG(y)| dt . (3.3)

0

If ¢ > u, the first term converges to the derivative from the right as h — 0,
if ¢ < u to the derivative from the left (existence of the derivatives is assured
by Lemma 3.1.1). Starting with initial capital © — (¢ — w)h, we get in the
same way that the first term converges to the derivative from the left in the
case ¢ > u and to the derivative from the right in the case ¢ < u. We don’t
distinguish the notation first and get for both derivatives

(c—uw)V'(z)+u—AN+0)V(x)+ )\/OOO V(z—y)dG(y) <0,
as h — 0, where we have
| ve-wacw)
= [ Ve-nacw + [0 - oy -2 6w (3.4)
= [ Ve—nacw +von-cw)-e [ 0-cu)a

because of the property (3.1). Now choose a strategy U = {a,(h)} such that
VU(x) > V(x) — h® Denote a(t) = fg(c — Ug)ds. In the same way as above
we get

PR C2 Y B S

1 h 1 h t
—i—e_’\h—/ e dt + —/ e M [/ te %% ds
h Jo h Jo 0
+e 0 / V(z+ (c—u)t —y)dG(y)| dt .
0

W.lo.g., let {h,}n,>0 be a sequence with h, — 0 as n — oo such that
limy,, o a(hy)/hy, = c—1, say. Then the limit limy,, o(V(z4+a(h,))—V(z))/hx
exists because of the concavity of V. Letting h,, — 0 yields

(c—&)V’(m)+fL—()\+5)V(x)+)\/OOOV(x—y)dG(y) >0.
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If ¢ > @, the inequality holds for the derivative from the right, if ¢ < u, for
the derivative from the left, where the value of the derivative can be choosen
arbitrarily if ¢ = 4. Since u = 4 fulfils Equation (3.3), we conclude that
equality holds. Now the supremum can be taken over all constant strategies
U =wu with 0 < u < ug. So both derivatives fulfil the HJB equation.

Starting with initial capital x — (¢ — u)h, we get in the same way that
Equation (3.2) holds for the derivative from the left in the case ¢ > @ and for
the derivative from the right in the case ¢ < u, which completes the proof. O

3.2.2 The Optimal Strategy and the Characterisation of
the Solution

First we show that the value function is continuously differentiable a.e. on
(0,00). Equation (3.2) is linear in u, thus, the argument u(x) maximising the
left-hand side of (3.2) can be determined in dependence on the derivative (from
the left or from the right) as

0 o Vix) > 1
u(z) =< €[0,u) : V'(z)=1
U Vi) <1

Since V is increasing, concave, and bounded, there exists a b := inf{z : V'(z) =
1} with

u : x>b (& V'i(x)<1)

By the concavity of V', we have V'(z—) > V'(z+). If both V'(z—) and V'(z+)
are greater or smaller than 1, then it follows by (3.2) and our assumption that
G(y) is continuous that V' (z) is continuously differentiable on [0,b) and (b, 00).
Suppose now that b > 0. At x = b, considering the equation from the left and
from the right, we conclude that ¢V'(b—) = ug + (¢ — uo)V'(b+), or

c(V'(b=) = V'(b+)) = up(1 = V' (b+)) .

If ug < ¢, we conclude that either V/(b—) = V/(b+) = 1 or 1 > V'(b—). Be-
cause the latter is impossible, we find that V' (x) is continuously differentiable.
If ug > ¢, we have a barrier strategy. Thus the process stays at b until time 7T7.
Because the process does not leave the intervall [0,5] and the corresponding
strategy is admissible for any uy > ¢, it must be optimal for any initial value
in [0,b]. Thus, b does not depend on the bound ug. The expected discounted
dividends until the first claim are

00 t A 00
)\/ e_’\t/ ce ™ dsdt = —C/ (1—e e Mdt = c<

u(x):{ 0 @ z<b (&V'(z)>1) ' (3.5)
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Conditioning on Y; yields for the time after the first claim

A/OOO e”{/ObV(b— y) dG(y)

+lm@¢/mewda+e“vw—y+z0daw&dt
:ALM/OOOV(b_de(y).

Thus, we can characterise the value at b through

c A o
VO =757 i V(b—y)dG(y) .

Plugging V'(b) into (3.2), we find that V'(b—) = V'(b+) = 1, and V(z) is

continuously differentiable also in this case.

Remark 3.2.3
Suppose b = co. Then we would have V'(z) > 1 for all z > 0. From the HJB

equation (3.2) would follow
V(x) = (A4 OV (z)— A /0 V(z — ) dG(y) — \WV(0)(1 — G(x))

—m¢/mu—Gw»®
> AV(@)(1 = G(x)) + 6V (x) — AV(0)(1 — G(x)
= 6V(z)+ M1 —-G(x))(V(x) —V(0))
> 0V (x)

and, therefore, V(x) > e%/¢. Thus, V were exponentially increasing on the
whole domain. However, by Lemma 3.2.1, V' has a linear bound. Therefore, it
must be b < oo. |

Before proving the next lemma we make the following observations.

e {Z,;} increases only at claim times. It holds therefore in an interval
(T;_1,T;) between two claims that dXY = (c — U;) dt.

o XY =XU_ —Y,+AZ,

° XIQFZX%
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o If XY —; <0 then the shareholders pay so much that X7 = X7 —
Yi+ AZp, =0, ie., Zp, = —min(X%__ —Y;,0). In this case the value
function fulfils

V(X)) (=V(0) = V(XE_ —Y;) + ¢AZy, .

Thus, it suffices only to consider solutions f to the HJB equation satis-
fying property (3.1).

Lemma 3.2.4
Let f(x) be an increasing, bounded, and positive solution to the HJB equation
(3.2) with property (3.1). Then for any admissible stategy U the process

(o= s -6 [ v az— [ [e-vorxd)

0—

O S A [ Y =) dG e as)

is an {.%;}—martingale.

Proof: We have the decomposition
Nt
f(XtU)e—(St — f(X([)J) + Z [f(X%)e_(sTi _ f(X%_1)€—5Ti71:|
i=1
FFXY)e — F(XY, Yo

Ny
= JIXO) 4 D[ O = p(x e

Ny
3 PO T — (X et
i=1

+f(XV)e % — f(X,Zth>e—5TNt
Nt
= f(z)+ o2y + Z [f(X%_ _ Yj)e_dTi _ f(le{i_)e—zSTi—]
N =1 .
+¢ Z AZT,L-G_(STi + Z [f(X%_)e_JTi— _ f(X%_l)e—(STi—l}
i=1 i=1

FFXY)e " — F(XY, e,

By Theorem B.2.4 (see also Example A.2.6 in the Appendix), we know that
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the process

N

{Z [ﬂXg_ -Y) - f(X%_)}e—5Ti

—/0t655<>\/000 fIXY —)dG(y) — )\f(Xg)) ds}

is an {.% }-martingale. Noting that between the claims

Ti—

PO et = gy e =

Ti—1

((e=U)F(xl) = af(X0))e ™ ds

and using that 7T; and T;_; can be replaced by 7; At and T;_; A t, respectively,
we get that the process

o= s -6 [ e az [ e vty
A [T XY = 0)AG ) - O e s

is an {.% }—martingale with expected value 0. O

We show now that the value function is unique and the strategy (3.5) is
optimal.

Theorem 3.2.5

Let f(x) be an increasing, bounded, and positive solution to the HJB equation
(3.2) with property (3.1). Then lim, .« f(z) = uo/6, f(x) = V(x), and an
optimal strategy is given by (3.5).

Proof: Since f is bounded, f must converge to a f(oo) < oco. Then there
exists a sequence x, — oo such that f'(x,) — 0. Let w, = u(x,). By the
definition (3.5), we can assume u, = ugy. Letting n — oo in (3.2) yields

0 = (c—uo)f’(g;n)+)\[/ooof(xn—y)dG(y)—f(xn) — 0f(xn) + ug
X 5 f(00) 4 uo

showing lim, .., f(z) = up/0.
Let now U = U* be the strategy given by (3.5) and the corresponding
Z* = ZU" . Tt follows from the lemma above and the HJB equation that

{f(XtU*)e_‘” — f(2) +/t e U ds — qﬁ/ot e de}

0
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is a martingale with expected value 0. Then
* t t
fl@)=E|f(X/)e —l—/ e U ds — 925/ e %% dZ:}
0 0

holds. By the boundedness of f and the bounded convergence theorem, we
get IE[f(XY )e ] — 0 as t — oo. Since the other terms are monotone, we
can interchange limit and integration and get f(x) = VY (z). For an arbitrary
strategy U, (3.2) gives

flz) > E[f(XtU)e5t+/te53Usds—¢/te“dZS]
0

t ° t
> IE[/ e=%U, ds — ¢/ =% dZS] .
0 0
Letting ¢ — oo shows f(z) > VY(z). Thus f(z) = V(). O

This shows that it is optimal to pay no dividends as the reserve process
stays below a barrier b (XU < b). As soon as the process reaches or excesses
the barrier b (XU > b), dividends have to be payed at the maximal rate .

3.3 Unrestricted Dividends

In this section, all increasing, adapted, and cadlag processes D are allowed.
The value of a strategy D is

VP(z) = IE[ / e dD, — ¢ | e dZt} :
_ 0—
and V(z) = suppey, VP (x) is the value function.

3.3.1 The Value Function and the HJB-Equation

Lemma 3.3.1
The function V (z) is increasing with V(z) — V(y) >z —y for 0 <y <z and
Lipschitz continuous on [0,00). For any x > 0,

SV(m)Sx—l—g.

V(z) is almost everywhere differentiable with V'(x—) > 1 and V'(z+) < ¢.
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Proof: Let y > 0. Consider a strategy D with VP(y) > V(y) — ¢ for € > 0.
For x > y, we define a new strategy as followed: x — y is paid immediately as
dividend, and then the strategy D with initial capital y is followed. Then for
any € > 0, it holds that

Vi) >z —y+VP(@y) >z —y+V(y) —¢.

Because € was arbitrary, V(z) — V(y) > x — y follows. In particular, V is
strictly increasing.

Consider the strategy D, where z is paid immediately and then the divi-
dends are paid at rate c. We note that for any reasonable strategy, D; is an
upper bound for the accumulated dividend payments. Not taking the capital
injections into account yields the upper bound:

VP (x) Sx—i—IE[/ e_‘%cdt} :x—i-g :
0
The value of the capital injections is calculated in Lemma 3.1.2, which yields
the lower bound. The local Lipschitz continuity follows by the local bounded-
ness of V' as in the proof of Lemma 3.2.1.

V' is concave. Thus, the derivative V'(x) exists almost everywhere on
[0,00). By V(z) —V(z —¢) > e for e > 0, we obtain V'(z—) > 1. For the
other inequality, we consider a strategy by receiving ¢ from the shareholders
immediately and following the strategy for the initial capital x 4 ¢ afterwards,
so that V(z) > V(z +¢) — ¢e. Hence, V'(z+) < ¢. This proves the (global)
Lipschitz continuity. O

Note that the bounds on the derivatives were also obtained by Sethi and
Taksar [68].

From the next lemma, it follows that the value function can be calculated
as the limit of the value functions from the previous section. The proof is
analogous to the proof in Schmidli [66, Section 2.4.2].

Lemma 3.3.2
Let Vi, (z) be the value function for the restricted dividend strategy in the case
ug = u. Then lim, ., V,(z) = V(x).

Proof: Because V, () is increasing in u, it is converging pointwise. The re-
stricted strategy is admissible. Therefore lim, ., Vi, (z) < V(z). We proceed
in two steps. We first approximate V' (z) by the value of a pure jump process
strategy, which on its part can be approximated by a resticted dividend strat-
egy in the second step (see Figure 3.1).

Step 1. Let ¢ > 0. We now construct a pure jump dividend process D
such that VP (z) > V(x) — 2e.
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+ T T T + T T T T
SO sl Sl , 282 4 4 5 s3 6
t

dividend process
— — pure jump dividend process
— - — dividend process with a resticted density

Figure 3.1: Approximation of a dividend process

Let ~(Dt,Zt) be a dividend process such that VP(z) > V(z) —e. Let
Dy = Dol;p 5. On {D; — D, < ¢} no dividends are paid, i.e., dD; = 0.
On {Dt — Dy > e} welet Dy = Dy, i.e., once the difference between the
dividend processes has become larger than ¢, a dividend is paid in order that
the accumulated dividends become the same. Then D is a pure jump process

with jumps of at least size €. .
Note that D; — D; < € and Z; > Z;. Using that by Fubini’s theorem,

E [foof e 0t th} =1E [foof de %D, dt], we have then

VP(z) - ng) .
—E, [ /0 de=5(D, — D) ds] I, [ /0 se=9(Z, — 7, ds}
<e,

and therefore i
VP(2) > VP(z) —e>V(x) — 2.
Step 2. We now construct a strategy D with D, = fot U ds for some
bounded process Us in order to approximate the value VP(x).
Let so =0 and Dy = Dy. For n > 0 and 0 < ug < oo, define
S, = inf{t >s,: D, > ﬁsn + ¢},
Sp+1 = lnf{t > Sn . DSn + U/Ot = Dt}
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We let U, = 0 on [s,,S,) and U, = ug on [S,, Su11), 1., as long as both
processes coinside, no dividends are paid; once the process D has made a
jump of at least size ¢, dividends at rate ug are paid, until the accumulated
dividends again have the same value. By construction, we have D, = D, for
t € [$n, Sn),n € IN. Further, it holds Z, > Z,,¢t > 0. Thus,

VP (z) = V() .
:1E$[/ Je=%(D, — Dy)d } S, [/ Se9(Z, — 7,) ds

0
[Z 5/Sn+1 —9%(Dy — lA)S) ds]
n=0 S

As a function of ug, the sum is monotonically decreasing in ug, and as ug — 0o
it will converge to zero. Thus, by monotone convergence we can choose ug
such that A

VP(x) - VP(z) <e.

This shows that )
V(z) = VP(x) <2 +¢e=3e

Because ¢ is arbitrary, this proves the lemma. O

Now we want to determine the Hamilton-Jacobi-Bellman equation for this
problem. We repeat the procedure in Schmidli [66].

Theorem 3.3.3
The function V(x) is continuously differentiable on (0,00) and fulfils the equa-
tion

0 (3.6)
max{cV’(x) + )\/0 V(i —y)dG(y) — A+ 6)V(z),1 = V'(z),V'(x) — ¢}

Proof: Since we let u — o0, it is enough to consider the case u > c¢. Equation
(3.2) can be written as

maX{cV’( )—l—)\/OOV( y)dG(y) — (A 4 0)Vau(z),
)\fo y)dG(y) — (A 4+ 0)Vu(z) + c}

u—=c

1—V!(x)

=0. (3.7)

The two parts correspond to the different cases u = 0 and u = wg for the
restricted problem (see Eq.(3.2)), where the second equation is divided by
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up — ¢. We already know that lim, . V() = V(z), hence, by the bounded
convergence theorem,

uU— 00

lim ()\+(5)Vu(3:)—)\/ooo Vu(x—y)dG(y) = ()\+(5)V(x)—)\/ooo V(z—y)dG(y).

Assume that V/(z) converges for every T a.e. to some function f. The limit is
finite because cV,(z) < (A +0)Vu(z) + Ao [7°(1 — G(y))dy < (A +6)V (z) +
Ao [(1 = G(y))dy. The functlon f satisfies Equatlon (3.7) and so

max{cf(x) + /\/0OO V(r—y)dG(y) — (A + )V (x),1— f(x)} =0.

It follows by the bounded convergence theorem that

V(z) —V(0) = lim i Vu(z)dz—/o lim V,(z dz—/ f(z

U—00 U—00

Le., f is the density of V, V(z) is differentiable at all points where f(x) is
continuous and f(x) = V'(z). By V'(x) < ¢, the assertion follows.

U— 00

It remains to show that V/(z) — f(x) a.e. and f is continuous.

We have seen in Section 3.2 that, for u > ¢ fixed, the optimal strategy is a
barrier strategy, and the optimal level b does not depend on w. In particular,
V(z) coincides with V,,(x) for u > ¢ and initial capital x < b. Therefore, we
can choose b := inf{z : V/(z—) = 1} and V(z) = V.(z) for x < b. Then
f(z) =V!(z) > 1 and f is continuous on [0, b) with f(b—) = 1.

Let now x > b. Then V/(z) <1 for all u > ¢. Let {u,} be a sequence tend-
ing to infinity such that V (x) converges to limsup,_,, V, (). From the sec-
ond term on the right hand side of (3.7) we see that lim,,_.o. V,, (z) = 1. Analo-
gously, we can show that liminf, .. V)/(z) = 1. Thus, f(z) = lim,_.. V,(z) =
1. In particular, we have f(b+) = 1, i.e., V(z) is continuously differentiable.

Condition V'(x) — ¢ < 0 is fulfilled by Lemma 3.3.1. O

Because the function V' (z) is concave, the condition V'(x)—¢ < 0 is fulfilled
whenever V’(0) < ¢. Further, we get that b := inf{z : V'(x) = 1} < oo and
V(z) is continuously differentiable.
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3.3.2 The Optimal Strategy and the Characterisation of
the Solution

We now define the following strategy:

Di = max(x —,0),
t

D; = DS—I—/ c-Tixs—pyds fort >0 (3.8)
0

ZF = max(— inf (X, — D}),0)=2Z"" fort>0.

0<s<t

This is a barrier strategy with the upper barrier b and the lower barrier 0. We
denote by X} = X; — D} + Z; € [0,b] the corresponding surplus process. It
is well-known that the process {X;} exists. This can be seen in the following
way. Suppose z € [0,b]. Let

D} = sup{X,—b:0<s<t}VO,
I inf{t: X, — D} <0},
7} = sup{D? - X,:0<s<t}VO0.

We define X! = X; — DY + Z?. Note that X; = X/ for t € [0,7;]. Suppose
that we have constructed {X;'}. Then we let

D = DM (sup{X" —b:0<s<t}V0),
Tpp1 = inf{t: X' — Dy <0},
7l = ZM U4 (sup{Dr — X' :0<s<t}VO0).

We have X; = X! for t € [0, 7,,1]. Because 7, is a claim occurrence time
and 7,41 > 7,, we have that 7,, — 0o as n — oo. Thus, {X]'} converges almost
surely to {X;}.

Theorem 3.3.4
The strategy (3.8) is optimal, i.e., V*(x) = VP (z) = V(z).

Proof: We can assume that z > 0, i.e. Zf =0. We have V/(X}) =V'(b) =1
on {X; =b} and V'(X}) > 1 on {X] < b}. Z; is a cadlag process with jumps
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at most in claim times 7;,7 > 0. As in Lemma 3.2.4 we get that
V(X{)e™ = V()

Ny
_ ¢/t e Az + 3|V~ Vi) = V(X5 )] e "
0 i=1

Ny

+ [V et - v, et ]

_¢/ —58dz*+2[ (X5 —Yi) = V(X5 )]e‘m

+Z / (eV/(X2) = V(X)) Tz cope™™ dis|

t
+/ <cV’(X )— 5V(X:)) I{X;<b}€765 dS

t
—Z / X)) x:one 58ds} — [ V(X)) Ixempye® ds .

TN,

By Theorem B.2.4, the process

Ny

{Z [V(X:?i_ -Y) - V(Xi—)} 0T,

) [ M (v - nacw) - vixo) as)

is a martingale with expected value 0. Therefore, the same holds for the process

{V(Xt*)e*& V() — ¢ /Ot e=%5 42
= [lvecen [TV a6 - 0 v T ds)

0

B /ot > /ooo V(X! = 5)dG(y) — (A+ 6V (X)| T cppe P ds |

Recall that, by concavity of V(x), the derivatives from the left and from the
right exist, and because V(z) fulfils (3.6), it is continuously differentiable by
our assumption that G(y) is continuous. Because V'(X7}) > 1 on {X] < b},
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the first term on the left hand side of (3.6) vanishes and, thus, also the integral
over { X < b}. From V/(X}) =1 on {X} = b} and (3.6), it follows that

A / TV(XT ) dGly) — (A4 VXD = —c

follows. Altogether, we get that

t
0

t
{V(Xf)e"st —V(x)— gb/ e dz: +/ cIixepye? ds}
0

is a martingale with expected value 0. From the martingale property we get
that

t
0

t
Vi) = B[V o [ e azie [ elpe ).
0

Since V(X;)e™® < V(b)e™ converges to 0, we have that

lim IE[V(X;)e ] =0

t—o0

by the bounded convergence theorem. Because dD; = 0 on {X; < b} and
dD} = cdt on {X; = b}, by the monotone convergence theorem, we finally get
that

t—o0

- E[/Owe—ﬁsdpg —¢/Dooe—58dzg]

= V¥(x).

t t
V(z) = limIE [/ clixempye ® ds — ¢/ e % dZ;‘}
0 0

Remark 3.3.5

The point b is characterised by the equation V'(b) = 1, or equivalently, V' (b) =
(A+8) e+ A [;7V(b—1y)dG(y)). The question is now, how b can be de-
termined if V' is not known? Candidates for b can be found in following way.
Define the function

o(z) = Ai5<c+)\/OOOV(:U—y)dG(y)>.

If G(y) is differentiable at y = x, then b is the smallest solution to the equation
v'(z) = 1. This method was first proposed by Gerber [28]. |
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Because we do not have an explicit solution nor an initial value, we need
to characterise the solution V(x) among other possible solutions. First, we
observe that it is not possible to calculate the value function from Equation
(3.6) with an initial value smaller than 1V (0). Indeed, let f(z) be a solution
with f(0) < V(0). Define h(z) = f(x) — V(z). Then h(0) < 0 and h(z)
satisfies the equation

ch'(x) — (A + 6)h(zx) + )\/Ox h(x —y)dG(y) + Ah(0)(1 — G(x)) = 0.

We can use the same arguments as in Remark 2.1.1. It holds 2'(0) = 6h(0)/c <
0. Let 2 := inf{x > 0: A'(x) > 0}. Then h(z) is strictly decreasing on [0, zo).
Suppose, xg is finite. Then h'(z) > 0. However,

H(x0) = (At 6)h(ro) - /Omhm—y)dc:(y)—Ah<o><1—G<xo>>
< (At &) — M(0)G(zo) — AB(0)(1 — C(x0))
— Sh(zo) + Alh(xo) — h(0))
< 0

since h(x) is negative and decreasing. This is a contradiction. Thus, xg = oo
and h(z) is strictly decreasing on IR. Since V'(z) =1 for all > b, we have
that 0 > h'(z) = f'(z) — V'(x) = f'(xz) — 1, and therefore, f'(x) < 1 for all
x >b. Thus, f(z) cannot be the value function.

Theorem 3.3.6
V(z) is the minimal solution to (3.6). If f(x) is a solution fulfilling property
(3.1) and a linear growth condition f(x) < kix+ ko for some positive constants

) <K
Ki,ky and all x > 0, and either f'(0) > 1 or f(0) = (¢ — Apu)/o, then
f(z) = V().

Proof: We again suppose that x > 0. Let f be a solution to the HJB equation.
Consider the process X* under the optimal strategy. We have then, as in the
proof of the previous theorem, that the process

(e = s -6 [ eoaz
_ /Ot [cf’(X;k) + A/OOO f(X:—y)dG(y) — (A + 5)f(X:)} Tox: cppe™ ds}
_ /Ot [,\ /OOO f(X:—y)dG(y) — (A + 5)f(X;)} Tox: e ds}

is a martingale with expected value 0. By (3.6)

ef(X) + A / T FXT ) dG(y) — (A + 8 F(XT) <0
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and

A / T RXT ) dGly) — (A D) F(XT) < —ef (X7) < —c,

because f'(x) > 1. This yields
t
0
t t
> JE[ / ¢35 dD* — ¢ / =% de}
0 0
and therefore f(z) > VP (x) = V(z).

Suppose that, additionally, f satisfies a linear growth condition. Let b =
inf{x > 0: f'(z) = 1}. Define a barrier dividend strategy D with barrier b

and Z = ZP. In the same way as in the proof of Theorem 3.3.4, we find that
the process

flz) > ]E[f(Xf)e_ét - qﬁ/t e dz; +/ cIixepye ds]
0

{f(Xgi)efat ~ fa) - (b/ot e 547, + /Ot CI{X_?:;,}e*‘SS ds}

is a martingale with expected value 0. Taking expectations and letting ¢ — oo
yields the assertion, since by the linear growth condition, we have f (XtD e ot <
flz 4+ ct)e® — 0 as t — oo. Thus, f(z) = VP(z) < V(z) and, therefore,
flz) =V(z). D

3.3.3 Calculating the Value Function
Dividends at zero

We first consider the value in £ = 0. Then
V(O ) [ V10) - 64) dGly) ~ O+ 5)V(0) =0
0

which is equivalent to
cV'(0) — pAu

5 )
For a diffusion approximation the derivative in 0 is ¢; see Shreve et al. [67].
This cannot hold in general for our model, since, otherwise, in the case of a
positive safety loading ¢ > Ap,

V(0) =

_ V(0) = o _
_ ; _

c— A\

v (0) ;

¢
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was increasing in ¢, which is not possible. We guess that V/(0) < ¢. If the net
profit condition is not fulfilled, i.e., ¢ < Ay, then

_ V'(0) = oA _ Au(V'(0) — 9)
B 4] - o

If V'(0) =1, i.e,, b = 0, then V'(z) = 1 for all x > 0 because V' is not
increasing. x is immediately paid as dividend and the surplus process starts
again in zero. So we have V(z) = 4+ V(0) =z + (¢ — Aug) /9.

The next lemma gives a simple condition for the optimal barrier in 0. It is
surprising, because the premium rate and the claim size distribution does not
play any role.

V(0)

<0.

Lemma 3.3.7
We have b =0 if and only if 6 > A(¢ —1).

Proof: Suppose first that b = 0. We already know that V' (z) = x4+ (c—Au¢) /o
is equivalent to b = 0. V fulfils the HJB equation, so the first term on the left
hand side of (3.6) is

c+A[/Ox(x—y+#>dG(y)+/;(C_(?w—ﬂy—x))dG(y)]

—(A+5)<x+0_;‘w) <0.

This is equivalent to

| e-va-cwn-sa <o,

This integral is a concave function with the initial value zero. So it is negative
if and only if the derivative in zero is negative. Thus, it must hold that
Mop—1)—=d6<0.

On the other hand, if § > A(¢—1) then f(z) = 24 (c— Au¢)/d is a solution
to (3.6). Because V() is the minimal solution, we have V(z) < f(z). But by
Lemma 3.3.1, we also have f(z) < V(). Thus, V(z) = f(x), which implies
that b = 0. O

No dividends at zero

If no dividends are paid at zero (V'(0) > 1) then there is a barrier b* = inf{x :
V'(x) = 1} > 0 such that for all > 0 the barrier strategy, which pays the
capital exceeding b*, is optimal. The value V(0) can be found by comparing
the barrier strategies with a barrier b for all b:

V(0) = sup{f(0) : f = value of a barrier strategy with barrierb} .  (3.9)
b>0
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On [0,b] we have to solve the equation
cf'(x) + /\/OO flx—y) dGy) — A+ ) f(x) =0 with f'(b)=1. (3.10)
0

If f is the value of a barrier strategy with a barrier in b, i.e., f = VP with

dD, =c- L p_yy dt, then we have always f'(b) = 1, because
0o t o
f(b) = / Ae”(/ ce %% ds + e‘”/ fb—y) dG(y)) dt
0 0 0
c A o
)\+5+)\+5/0 f(b—y)dG(y)
and for h > 0

f(b—ch) = e p(p) 4 N / ' e(TAF)! / h f(b—c(h—t)—y)dG(y)dt.
0 0

Therefore

£(0) = (b= ch) g

© ch

(=0 -2 [ 16— 9)d6) =
0
ie., f/(b—) =1. Since f(z) =z —b+ f(b) for x > b, we also have f'(b+) = 1.

Equation (3.10) can be solved for example via the Laplace transform. It
can be written as

ef'(z) + A / " fle — ) dGly) £ AFO)1 - C(x)
2o / T - Gy)dy — (At 8)f(x) =0.

If we denote by f the Laplace transform of f and by g the Laplace-Stieltjes
transform of the density g of GG, then we obtain a linear equation for f:

f(5)s — ef(0) + AF()als) + AFO)(1 — §()
NG5 (51— 14 3(s)) — A+ 8)f(5) =0 .

This yields

o JO) o= EA+ IAg(9)) + Ao (s — 1+ 4(s))
fls) = s+ A3(s) — (A +0)
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If f has a "nice" form, for examle if it is a rational function, then f can be
determined by inversion of f. f depends an f (0) and so f’ does also. From
f'(b) = 1 we can determine f(0) as a function of b and denote it by f°(0).
By (3.9), the optimal barrier b* is the argument which maximizes f°(0), and
V(0) = f*°(0) is the maximal value.

Alternatively, we could use the Gerber-Shiu penalty function. With nota-
tions from Section 2.2, we can write

Tb*
V() = I, [ / e th}
0—
— ¢lE, [6_6Tb* |X£* j <Oo] + V(0)IE, [6_&[)* j I <oo]

= V() = 0" (2) + V(0)y" (2) .

Let f°(x) be the value of a barrier strategy with a barrier b. From the
dividends-penalty identity (2.17), it follows

fPla) = V(x)—¢o’(x) + f(0)¢’ ()
= V(@)1 +¢0' (b)) — go(z) + f(0) (¥ (x) — ¢'(H)V"()).
Finally, by (2.15), the initial value can be calculated by
_ VY0)(A — ¢a' (b)) — ¢a(0)

PO = =0+ v (31D
with b T
VO )

where p is the positive solution to the Lundberg’s funcdamental equation (2.8).
Thus, f°(0) is determined by the functions o(z),%(x) and x(z) with inital
values given in (2.14) and the barrier b. Now we can find an optimal b* which
maximises f°(x) by maximising expression (3.11). Then V(0) = f*(0).

3.3.4 Examples
Exponentially distributed claim sizes

We consider the case with exponentially distributed claim sizes, i.e., G(y) =
l—e®and E[Y|=p=1/a.

Because we already know the solution in the case § > A\(¢ — 1), we suppose
that 6 < A(¢ — 1). There exists a b = inf{z : V'(x) = 1} > 0. On (0,b) the
function V'(z) satisfies the equation

cV'(x)=(A+0)V(x) — Ae™ ™ /Ox V(z)ae® dz — ()\V(O) — %)e“” . (3.12)
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The right-hand side is differentiable and, therefore,

cV'"z) = A+0)V'(z)+are™™ /I V(z)ae* dz

— a\V(z) +004>\V(0)e"m — Ape .
Using (3.12) to remove the integral yields
V') = V() AN+ —ac) —adV(z) =0.
The solution to this differential equation is
V(z)=Cy- e +Cy- e,
where v; and vy are the solutions to
v’ —(A+6—ac)v—ad=0,

ie.,

A+ —ac— /(A +6 — ac)? + 4adc

v = )
2c

A+ —ac+/(A+0 — ac)?+ 4adc

Vo = .
2c

Plugging V(0) in (3.12) yields

A A
0= eV'(0) ~ 8V(0) ~ 2 = Cy(evr — 0) + Cofevn —8) — 22
and from V'(b) = 1, we can conclude that

1201'01'6U1b+02'vg'€v2b.

By using vy - v = —aid /¢, we find that

— 220,62t — 1 4 Svg

Cl — ad

ev2b(vy + a) — e"1P(vy + «)

Ap v1b c
Zve”? — sv; + 1
Cy = — 20— 5 . (3.13)
ev2b(vy + a) — e"1P(vy + «)

Thus,
Ag v2b c A¢ v1b c

—=SU9e " + Uy + xv1ett — v

V(0)=Cy+Cy = ad 2 572" as 1 51

ev2b(vy + a) — e"1P(vy + «)
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with a still unknown 6. By (3.9), we want to find a b which maximises the

function v v
—2209e"" 4 U9 + ZSv1e"T — S
‘/()(.T) — ad ) ald )

eV (vy + ) — e”1* (v + )

The first derivative of Vj(x) is

V() e2Hv)e Nop(vy — v1) — cvg(vy + @)™ + cvy (v + a)e 2
r) = :
0 ) (ev2®(vg + o) — e® (v + ))?

To get Vj(x) = 0, the equation

A
%b(’UQ - Ul) - Uz(UQ + a)e—mx + Ul('Ul + &)e—vzx -0

must be satisfied. We define the function

g(x) == vg(vg + @)e™ ™" — vy (v + a)e” "

and show that there is a point of intersection with the line 2 (vy — v1). Using
v1 < 0 < vy, we find that

Ao
Cc

g’(ZL‘) = V1V (Ul —+ a)e—vzx . (1}2 + a)e—le] >0 7
<0 S ~— L
<eTV1%(v1—v2)<0

i.e., g is increasing and

9(0) = vo(vg + ) — vy (v + @) = (v — v1) (V2 + v1 + @) = (vg — vl))\ 1_ 0 :
Thus, g and %(vg — v1) intersect if and only if
4(0) < A—f(vg—m) G A+6<A & S<A6-1).
If 6 < A(¢ — 1) then b is the point satisfying the relation
vy (Vg + a)e™ — vy (v + a)e 2! = M, (3.14)

where b = 0if 6 = A(¢ — 1). If § > A¢ — 1) then g(z) > 22(vy — 1)
and Vj(z) < 0, i.e., Vo(x) is strictly decreasing. The maximum on [0, 00) is,

therefore, reached in = 0 = b. Then V(0) = V;(b) = V5(0) = (ca — Ap) /()
and V(z) =2+ V(0) for all z > 0.
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Combining the results, we get that

z + (ca — Ag)/(ad), if 6 > A(g — 1),
V(z) =1 Cy-en® + Cy - e, ifz<bandd < Ao—1), (3.15)
z—b+Cp e+ Cy-e? ifz>band d < Ao — 1),

with C}, Cy calculated in (3.13) and b calculated in (3.14).
Alternatively, we can determine V' (x) via Laplace transform. With g(s) =
a(s + a)™!, we get then the Laplace transform of V:

V(0)(cs +ac—\) + 22

c(s —v1)(s — v9)

0(s) =
Inverting 0(s) yields

Vi(z) = V(0)(cv;r + e — \) + %em N & g
c(vy — vg) c(vg —vy) .

From V'(b) = 1, we get that

_2o vab | ¢ Ao vib _ ¢
Ss U267 4 S0 + Tsv1€e 501

e’2b(vg + a) — ev1b(vy + )

V(0) =

To determine the maximising b, we can use the procedure above.

We now calculate the example with parameters ¢ =4, = 3,9 = 0.06, A =
2 and ¢ = 2 in the case 6 < A(¢ — 1). Figure 3.2 shows the function V{(b)
depending on the barrier b. The optimal barrier 0* is the maximising point
b* = 1.271. Figure 3.3 illustrates the value function.

Gamma-distributed claim sizes

We choose the I'(2, 1)-distribution for the claim sizes, i.e., G(z) = 1—(z+1)e ".
Let Ry < R; < 0 < p be the solutions to Lundberg’s equation

cs®+ (2c— (A +68))s* + (c—2(A+8))s—6=0.

Then we have

 Ap+2) . :)\(2p+3) 2
YO T e M T vy

and

w(w) _ KleRm + K2€R2x ’J($) _ K—leRw + [N(—Zesz ’X(x) _ f(-leRlx + R’QeRQCE
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with
K B —Cw(O)(l—FRl)Q—i‘)\(Rl +2)
b clp—Ri)(Ry —Ry)
i c(0)(Lt Ro)® — A(Rs +2)
’ c(p— Ra)(R1 — Ry) ’
P —co(0)(1+ Ry)* + A(2R;y + 3)
b c(p — Ri)(R1 — Ry) ’
o o0+ Ry)? — M(2Ry + 3)
: c(p — Rz)(Ry — Ry) 7
and
Ry = !

T p+ (- R)(Br - Ra)
[—ex(O) [P (Ry + 1) + B (2p + 1)+ 20p + 2Ry + Ry)| + A(p+ B +2)],

N 1
fo= c(p+1)%*(p — Ra)(R1 — Ry) .

X (0) | P2(Rz + 1) + R3(20+ 1) + 2(p + 20Rs + Ry)| = Mp + R +2)|.

By maximising (3.11), we now can determine the optimal barrier b*.

For a numerical example, let A = 4,¢ = 10,6 = 0.1 and ¢ = 1.1. Then
b* = 3.2357. Figure 3.4 and 3.5 illustrate the dependence of the initial value
on the barrier and the value function, respectively.
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Figure 3.2: Exp(3)-claim sizes: initial value dependent on the barrier
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Figure 3.3: Exp(3)-claim sizes: value function
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Figure 3.4: I'(2, 1)-claim sizes: initial value dependent on the barrier

V(x)

Figure 3.5: I'(2, 1)-claim sizes: value function



Chapter 4

Optimal Control of Dividends and
Capital Injections with

Administration Costs in a
Classical Risk Model

4.1 Introduction

We assume the risk reserve process of an insurer to be a classical risk process

Ny
Xt:x—i—ct—ZYi

i=1

on a filtered probability space (2, .#,{.%;}i>0,IP). Here x € IR is the initial
capital, ¢ > 0 is the constant premium rate, and the claim amounts are an
iid sequence of strictly positive random variables {Y;};ew with distribution
function G(y). The claim number process {N;};>o is assumed to be Poisson
with intensity A > 0 and independent of {Y;};,ew. We assume that IE[Y;] =
i < oo and, for simplicity, that G(y) is continuous. We use the smallest
right-continuous filtration {.%;}:>o such that {X;};>¢ is adapted.

In the following the insurer is allowed to pay dividends. The accumulated
dividends process {D; };>¢ is an {.#; }-adapted, non-decreasing, cadlag process
with Dy_ = 0. Further, the shareholders have to inject capital in order to
keep the surplus above zero. The accumulated capital injections are denoted
by {Z:}+>0, which also is an {.#; }-adapted, non-decreasing, pure jump process
with Zy_ = 0. The surplus process then becomes

Xt(D7Z) = Xt — Dt —+ Zt s Xé?’z) =

49
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The capital injections {Z;} have to be chosen in such a way that Xt(D’Z) >0
for all £. Note that no positive safety loading ¢ > Au needs to be assumed.

We assume that at any time where capital injections are made proportional
costs with a factor ¢ > 1 and a lump-sum penalty L > 0 have to be paid.
As a consequence, the insurance company would possibly prefer to inject not
only the minimal amount required but additional capital C' for preventing
future capital injections (which are costs, in fact). The value of a strategy
(D, Z) = {(Ds, Zt) }+>0 is defined as

VO (@) = I, / eMdD— ¢ | e dZ — LY e azsn)

- 0— >0

where AZ, = Z, — Z,_ and § > 0 is a discount factor. A strategy (D,Z) is
admissible if
P, X" >0forallt>0]=1.

We denote by .7, the set of all admissible strategies for the initial capital x. We
want to maximise V(7% (z) over all admissible strategies and to identify the
strategy (if it exists) which gives the maximal value. Thus, the value function
of our problem is

V(z)= sup v (D:2) (x) .
(D,Z2)eSy

Note that [~ e dDy =6 [~ e "D, dt. Since the value of the (not admis-
sible) strategy D; = x + ¢t and Z; = 0 is an upper bound for the value of any
admissible strategy, we get that V(P%)(z) < 2 + ¢/§ < oo for any admissible
strategy. Since D; = z+ct and Z; = S; := v +ct— X, is an admissible strategy,
we obtain the lower bound V(z) > x + (¢ — Au¢p — AL)/6. This shows that
V(z) is finite.

If we had chosen ¢ < 1 then we could make a capital injection of size K
and pay it as dividend at the same time. The value would be K(1 — ¢) — L.
This shows that the value function would be infinite. If 6 = 0 the value can
only exceed —oc if the safety loading is positive. But then consider a barrier
strategy at a high barrier b. Consider the time between the process reaches the
barrier for the first time and reaches it again after leaving the barrier. If the
barrier is high enough, it is unlikely that a capital injection has to be made
and the value of the dividends is larger than the value of the costs. Since
the barrier is reached infinitely often, the value of the strategy would become
infinite. Since always a higher barrier would be better, there would not exist
an optimal strategy.

We first argue that it cannot be optimal to make a capital injection unless
the surplus is negative. Suppose x > 0. Let (D, Z) be a strategy allowing
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capital injections at any time. We assume without loss of generality that Z, >
0 and Dy = 0. We construct now another strategy (D, Z ) that pays no dividend
and no capital injections until some stopping time S to be defined below. At
time S the strategy (D, Z ) is adjusted in such a way, that the surplus processes
coincide from S on. lLe., Xt(D’Z) = X; fort < S and Xt(D’Z) = Xt(D’Z) fort > S.
Let now 75 = inf{¢t > 0: X; < 0} be the first time where no control leads to a
negative surplus, op = inf{t > 0: D, > Z,} be the first time where the initial
injection is compensated by paying dividends, o, = inf{t > 0: Z, > Zy} the
first time after zero where an injection is made, and S = min{ry,op,0z2}; see
Figure 4.1. We define

Dy = (Dy — (Ds A Zo))* Zy = (Z; — Ds + Dg)I1>5y -

Note that the strategy (D, Z ) is admissible. The difference of the value between
the two strategies is

L — e‘5SI{ZS>o,ZS=Zo}) + ¢Zy+ §(Zg — Zy — Zg)e™ %
S
— / e dD, + e % Dy
0
— L(l _ 6_6SI{ZS>O,ZSZZO}) + ¢Z0(1 — 6_63) + ¢(DS _ D5)6_6S

s
— / e dD, + e % Dy
0

v

S
L1 = e 0 gy) + 0Z0(1 — %) — / 5e-0tD, di
0

S
> L(1—e 15 00 7-0) + 0Zo(1 — %) — / de° Zy dt
0

> L(1— 6-551{290725:20}) >0.

Thus, the strategy (D, Z) yields a larger value than (D, Z).
If the initial capital is negative, then capital injections at height Zy = |x|+C
are made; thus,

V() =V(C)—o¢(Jz| +C)—L  forz<0. (4.1)

Let us now consider the decision at the time where a capital injection is
necessary. Suppose the deficit is z > 0. The insurer decides to make a capital
injection of size z+C'. A strategy can be chosen, such that V%) (C) > V(C)—
e. The future value of the strategy becomes then at least V(C)—e—¢(z+C)—L.
The maximum that can be attained is V(C') — ¢(z + C') — L. Maximising over
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Figure 4.1: Construction of the strategy (D, Z) (dashed line) from the strategy
(D, Z) (solid line)



4.1. INTRODUCTION 53

C gives V(—z) = supg=o V(C) — ¢(2+ C) — L. One therefore has to maximise
V(C) — ¢C. Thus, the problem is independent of the deficit z.

We will see below that the function V' (z) is continuous and that there is a
value x4, such that V(z) = V(z1) + « — 2 for « > x;. That is, capital above
11 is paid as dividend. This implies that a choice C' > x; does not make sense.
Therefore, there is Cyy € [0, 1], such that V(Cj) — ¢Cy = supg=, V(C) — ¢C.
It follows readily that any strategy where capital injections are made such that
the process is at a level C' with V(C) —¢C < V(Cy) — ¢ yields a lower value.
In the following we will assume that we already have fixed the value C' = Cj,.
We therefore only consider strategies where the surplus is at the optimal level
C after a capital injection. The reader, however, should be aware that in the
case where C' is not unique the optimal strategy is not unique.

The capital injections process can be described in the following way. For
x>0, let {D?} be a dividend strategy for the process {X;} until the surplus
process falls below zero for the first time at 7 := inf{t > 0 : X, — DY < 0}.
Then Z? = 0 on [0, 7). Now let

AZ, = |X,—-DY|+C,
z) = AZ) Lisy,
X} = X, —-DV+ 2.
Then X7 = X} for t € [0,71]. Suppose now, we have constructed the

process {X}'} on [0,7,]. Let {D}} be a dividend strategy for {X;'} until the
surplus process falls below zero at 7,11 := inf{t > 7, : X]* — D} < 0}. Define

n _ n n
AZTn+l - |X7—n+1 - DTn+1| + C )
n+1

Z = ZAZE;:l Lisry
k=1
XMt = XD 70

We have Xt(D’Z) = X" for t € [0,7,41],n > 0. By construction, the capital
injections at time ¢ depend on the dividend strategy at ¢ and the chosen value
C. Therefore, we will in the following use the short notations {Z;}, { X} and
VP (x) for the capital injection process { ZP}, the surplus process and the value
connected to a strategy {(D;, ZP)}.

In Chapter 3, the value function with only proportional costs associated
with the capital injections was concave. Including fixed costs destroys the
concavity property. This makes the proofs below more complicated. The next
lemma, which is analogous to Lemma 3.1.2, gives the lower bound for any
admissible strategy.
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Lemma 4.1.1
The value of expected capital injections is bounded by N(¢p(u+ C) + L) /9.

Proof: The worst that may happen is that one has to inject capital for all the
claims. Using that the time of the k-th claim T} is Gamma I'(\, k) distributed,
we find that

[i Y+ C)e 4 L i e 1]
k=1

=(¢p(p+C)+ L)E [iem]: dp+C)+ L) i<A+6>
1 O 3

= (@(u+C)+1L)

A+ 61—“5_ 5

O

It follows that the value of any admissible strategy is bounded from below
by —A(¢p(p+C)+ L)/6.

4.2 Strategies With Restricted Densities

In this section, we only consider absolutely continuous dividend strategies with
an adapted non-negative density process {U; }+>¢ such that

o D, = [/ U,ds,
4 OSUt§U0<OO,

and denote the strategies {(U;, ZY)} by {U;}. Then

t
XtU:Xt—/ Usds + Z; .
0

The value of such a strategy is

VU(x) _ IEJ: |:/ e*étUt dt — ¢ *& dZ L Z e I{AZt>O}:|
0

t>0

Let us denote the set of the admissible restricted strategies by .. Then the
value function is V(z) = supycgr VU(x). Because of (4.1) we assume that
x> 0. Then Z; = 0.
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4.2.1 The Value Function and the HJB Equation
We first prove some properties of the value function.

Lemma 4.2.1
V(z) is bounded by uy/0, increasing and Lipschitz continuous. Moreover,

lim, 00 V() = ug /9.

Proof: That V(z) is increasing and that V(z) < [;* upe™®" dt = ug/d is clear.
Consider the strategy U; = ug. The first time the surplus falls below zero
defined by 7Y = inf{t : = + (¢ — ug)t — vaztl Y; < 0} converges to infinity as
z — o0o. By bounded convergence, E[e %" ]

4.1.1, we have that

converges to zero. By Lemma

U

Viz) > VY() > IE[/ ’ upe 2t dt — gzﬁ/ e tdz, — LZ@‘MI{AZQO}]
0 0—

>0
> IE[/OTg uge dt] - E[e’&g} (p(p+C) + L)% — % .

Let h > 0 be small. We choose a strategy U € S rrep, for initial capital
x 4 ch and define the strategy

U = 0-Tiypany + (O Tgeny + Utfhl{tzh}‘i‘) Lir>ny,

Zy = Z) Lmany + (0 Tpeny + thhI{ch}“‘) L >ny,

where {Z?} denotes the capital injections if no dividend is paid. By Lemma
4.1.1, the value connected to Z° is bounded from below. The first claim hap-
pens with density Ae™* and T is larger than h with probability e=*". By
conditioning on Zpar, it follows that

V(z) > VY(x)
. n —5t 0 —ot
> EI[( (Z)/O e "dZ, — L Z e I{AZ?>O})I{T1<h}}

0<t<T)
+ IE, [I{leh}efghVU(Xg)]
(1 — e ) (¢p+ ¢C + L))

> e—(/\+6)hVU(3: +ch) — ; ’
and so
) 1—e M L)X
V(zg) > sup e MY U(p 4 ch)— (1 —e™)(op+¢C)+ L)
Uesr )

(1 —e ) (g +¢C) + L)X

= e APy (4 4 ch) — 5
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The Lipschitz-continuity follows now by the boundedness of V'

0

IN

V(z 4+ ch) = V(x)

V(x4 ch)(1 — eOFOh) 4 (o + ?) + L)\

(¢(p+C) + L)N?
)

(p(p+C) + L)N
)

IN

(1—e™)

IN

V(z+ch)(A+0)h+ h

Ug

J

IN

(A+0)h+ h .

O

V is (locally) Lipschitz continuous and, therefore, absolutely continuous on
IR>o. Furthermore, by Rademacher’s Theorem (see for example [25, section
5.8.3]), V is Lebesgue a.e. differentiable with (locally) bounded derivatives. In
particular, V' is the density of V' and V is differentiable at all points where V"’
is continuous. We denote by D C IRs( the set of points x where V (z) is dif-
ferentiable. Then D = IR and D¢ = R>\D is a set with Lebesgue measure
zero. In the next section, we show that at points of non-differentiability V' has
derivatives from the right and from the left.

Theorem 4.2.2

The function V (z) is differentiable a.e. on (0,00) and fulfils the Hamilton-
Jacobi-Bellman equation (4.2). At points where V (x) is not differentiable, the
deriwatives from the left and from the right exist and fulfil Equation

sup {(c —uw)V'(z)+u—A+0)V(x)+ )\/OOO V(z—y) dG(y)} =0, (4.2)

0<u<ug
respectively, with V' (x—) < V'(xz+).

Proof: Let h > 0 and fix u € [0,up]. If x = 0 we suppose u < ¢, if x > 0
we let h be small enough such that x + (¢ — u)h > 0, i.e., the reserve process
does not fall below zero because of the dividend payments. Let K > 0 be the
Lipschitz-constant. Choose ¢ > 0 and n € IN such that K (z+(c—u)h)/n < /2
and let z;, = k(z + (¢ —u)h)/n for 0 < k < n. For initial capital 2’ where
z, < o' < T4, we choose a strategy {UF} with VU (z,) > V(zg) — /2.
Then, by the Lipschitz continuity of V' (z), it holds that

k

VU ) > VU (@) > Vi) —e/2> V(') — K2’ —ap) —e/2> V(@) — ¢ .

Thus, for all 2’ € [0,z + (¢ — u)h] we can find a measurable strategy U such
that VY(z') > V(2') —e.
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Consider now the strategy

. {u 0<t<hAT, {0, 0<t<hAT,
t:

_ 7, = ~
Un, t>hAT, "\ Zin, t>hAT.

Conditioning on Zpar, yields

hNTY — -
V(z) > VY(z)=E { / e~y dt + e“s(’”Tl)VU(Xf?ATI)}
0
h
> E|( / e tudt 4+ e V(X)) T
0
T
+ </ e Oty dt + e*‘;TlV(XTUl)) ITlgh} — €
0
h
=e M / ue %t dt + e~V (¢ 4 (¢ — u)h)
0
h t T+ (c—u)t
+ / )\e_’\t{/ ue %% ds + e / V(z+ (c—u)t —y)dG(y)
0 0 0
et [ (V(O) =y (@t (e~ i+ C) ~ L) dGly) fdt -

x+(c—u)t

h
— M / ue %t dt + e~ VY (1 4 (¢ — u)h)
h ’ t 00
+ / Ae”{/ ue™% ds + eét/ V(z+ (c—u)t —y) dG(y)} dt —e.
0 0 0

The constant ¢ is arbitrary, thus, we let tend it to zero. If we rearrange the
terms and divide them by A, then we get

0 > V(x + (C —s)h) — V(QZ) _ 1— e;l(M_&)hv(x N (C B u)h)

h h ¢
—l—e_’\hl/ we 0t dt + 1 / e M [/ ue %% ds
h Jo h Jo 0

+e0 /000 V(iz+ (c—u)t—y)dG(y)| dt . (4.3)

Now we choose a strategy W (h) = {W;(h)} with VW ®)(z) > V(z) — h2.
There exists wy, such that IE[thATl(WS(h) —wy)e % ds] = 0. Let w] denote
Wi(h) conditioned on 7} > t and a(t) = f(f(c — wl)ds. In the same way as
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above, we can derive

D Viz+ a(f];)) ~ V() 1- e;w)hV(m +a()

h h ¢
—l—ekhl/ wpe %t dt + l/ e M [/ wpe % ds
h Jo h Jo 0

+e70 /OOO V(z+a(t) —y) dG(y)] dt .

All terms with exception of the second and the forth one converge. We choose
a sequence h, — 0 such that

o V@£ aln)) V@) (et a(h) - Vi)
n—o0 ho, h10 h '

This limit is finite by the local Lipschitz continuity. Without loss of generality,

we can assume that wy, converges to some value @. Then a(h,)/h, converges
to ¢ — limwj;, = c—limwy,, = c¢— @ and
Vv hn)) =V .

lim (z+ alhn)) (z) = lim

n—oo hn n— 00 a

= (c—a)V'(x).

V(z+a(h,)) —V(x)a(hy,)

The sequence {wy,, } fulfils (4.3), and so equality holds for u = .
We can repeat the above procedure for any subsequence w;, that converges
to u, say. Then for the limit

V(o +ain)) = V(o)

lim
n— 00 ]n
we get
lim sup Vi + CL(]}?) — Vi) +u=A+8)V(x)— )\/ V(z —y)dG(y)
h10 0

such that © = 4@ and the limit

) V(z+a(h)—-V(z) .. V(z+(c—ua)h)—-V(x)
fim sup h = (c—@)lim (c—a)h

is unique. If now x € D, the above limit is (¢ — @)V’(x). Otherwise we have
shown the differentiability at x from the right if ¢ > % and the differentiability
at x from the left if ¢ < u. We do not distinguish the notation first and write
for both derivatives the Hamilton-Jacobi-Bellman equation

sup {(c —u)V'(x)+u—A+0)V(z)+ )\/OOO Ve —vy) dG(y)} =0,

0<u<ug
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where we have

/OOO V(z —y)dG(y)
= [ Ve-nacw+ [ we) oty -s+0) - 1)acw)
— [ vee-nacw (4.4)
HV(C) =60 = )1~ Gw) =0 [ (1= Gw)dy.

because of the property (4.1).
Equation (4.2) is linear in u, thus, the argument @ = u(x) maximising the

left-hand side of (4.2) is

0, it V'(z) > 1,
u(x) = ¢ €[0,up], if V'(z)=1,
Uo, if V'(x) < 1.

Consider now the function
H(z):=A\+0)V(z)— /\/ V(z —y)dG(y). (4.5)
0

Since V(z —y) < V(x) for y > 0, it follows by the bounded convergence
theorem and continuity of V'(x) that H(z) is a continuous function on IR. The
HJB equation (4.2) reads

(c—a)V'(z)+a—H(z)=0. (4.6)
for any z € D and @ = u(z).
Let ug < ¢. Then we have shown the differentiability from the right with

Viiz+)>1 & a=0 < H(x) >
Viz+) <1l & a=uy < H(z)<ec,
V'(z+)=1 & aarbitr. & H(z)=-c.

Suppose, H(x) > c¢. Then, by continuity, there exist ¢ > 0 and an interval
U-(x) such that H(z) > c for any z € U(x). Let {x,} be a sequence in
U-(z) ND tending to x from left. For any x,, (4.6) holds. Denote @, = u(x,,).
Then, H(z,) > c and from (4.6) @, = 0 follows. Therefore, u = lim,, o, %, = 0
and we get that V is differentiable from the left with

Vi(a—) = lim 20 Z 80 H@)

n—00 C — ﬂn Cc
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If H(z) < ¢, in an analogous way we get H(z,) < ¢, U, = uo and therefore
u = ug such that V'(z—) = V'(z+) < 1.

If H(x) = ¢, differentiability follows because we can choose u arbitrarily.

Thus, for ug < ¢, we have proved that V' is continuously differentiable and
fulfils (4.2). We denote this solution by V().

We consider now the case ug = ¢. We can follow from (4.6) that

V'i(z+) >1 & =0 & H(x) > e,
(V'(z—=)<1leu=uy) or (V'(x)=1<« aarbitr.)) < H(z)=rc.

If H(xz) > ¢, then, by similar arguments as above, we derive that V' is differ-
entiable at x with V'(x) > 1 and HJB equation (4.2) is fulfilled with u = 0.

Let now H(z) = c¢. Then, H(z) > ¢ for any z € U.(x). Suppose, V'(z—) <
1. For a sequence x,, | x with H(x,) > ¢ we get that 4, = 0 and therefore
V' is differentiable from the right with V'(z+) = 1. In this case (4.2) is again
fulfilled. If there is a sequence with H(z,) = ¢, then we get differentiability at
x.

The last case to consider is ug > c¢. Then

Viiz)=1 & @ arbitr. & H(x)=c,
(V(z—)<lea=uy) or (V(z+)>1<u=0)) & H(z)>c
If H(x) = ¢, then differentiability follows similarly to above.

Let H(z) > c¢. Suppose that V/(z+) > 1 and ¢ = 0. Let {z,} be a
sequence in U.(x) N D with z, T . If v = lim, .4, = 0, then we get
differentiability with V'(x) > 1. If u = ug, then V is differentiable from the
left with V'(x—) < V'(2+) and both derivatives solve (4.2).

Suppose that V'(x—) < 1 and @ = uy. For a sequence x,, |  we again
have to choose either u = 0 or u = ug. The choice u = 0 shows that V is
differentiable from the right with V’(z+) > 1 and both derivatives solve (4.2).
If w = up, then differentiability follows with V'(z) < 1. O

4.2.2 The Optimal Strategy and the Characterisation of
the Solution

Equation (4.2) is linear in u, thus, the argument & = u(x) maximising the
left-hand side of (4.2) is

0, if V'(z) > 1,
u(x) = ¢ min{c,up}, if V'(z) =1, (4.7)
U, if V'(z) < 1,
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where we let V'(x) be the derivative from the left if x ¢ D. Here we used the
fact that, if uy < ¢, any value u solves the equation (4.2). If uy > ¢, then
V'(z) = 1 implies that (A +6)V () + X [;~ V(2 — y) dG(y) = ¢ and

V) = sty Ve 9d6w)

00 t T
= / e M {/ ce % ds + e / V(z —y)dG(y)
0 0 0

+ed /:o V(©) = d(y -+ C)— L] dG(y)} dt .

i.e., V(x) is the value of a barrier-strategy where the incoming premium is paid
as dividend until the first claim occurs. After that, the optimal strategy (if it
exists) is followed. The existence of the optimal strategy has still to be shown.

We consider now the value at z = 0. From (4.2) and (4.4) we get
0= (c—a)V'0)+a—(A+0)V(0)+AXV(C)—o¢(p+C)—L)

where V’(0) is the derivative from the right. If V'(0) < 1, then @ = uy, i.e. the
"optimal" strategy is to pay dividends at the maximal rate. In the case uy > ¢
this means that capital injections are needed to pay dividends from. This
cannot be optimal because of the early penalty. Thus we have that V/(0) > 1
for ug > c.

Before proving the next lemma, we make the following observations.

e {Z,;} only increases at the claim times. Therefore, it holds in an interval
(T;_1,T;) between two claims that dXY = (¢ — U;) dt .

* Linzr >0y = Lyyisxr, 3 -

o If X%f —Y; <0, then the shareholders pay as much that XUZ, = X}JF —
Y+ AZp, = C;ie, Ay, = (C+Y; — X%_)In>XTi,- In this case, the
value function fulfils

V(XT) (=V(0) =V(XE_ = Y) + (oAZy, + L) XAz, >0}

because of the property (4.1). Thus, it suffices to consider only solutions
f to the HJB equation satisfying property (4.1).
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Lemma 4.2.3
Let f(x) be an increasing, bounded, and positive solution to the HJB equation
(4.2) with property (4.1). Then for any admissible strategy U, the process

(XD = fa) = 30 F(XY) = FXY = AZ))e ™

- [e-varxty
O I A [T =) de e ds)

is an {.%;}—martingale.

Proof: We have the decomposition

FX{ e “”—f(XU)

— Z[ )6_6Ti . f(X%,l)e_dTiil]
+ Z (XY = AZ)]e™ + F(XT)e™ = F(XF, Je T
0<s<t

= YD IR — P A2 S IR - AZ) — J(XE e

0<s<t
N
DX e = KR e F(X e — (XD, et
= Z [f(Xg) - f( e 0 4 Z XU_ Z f(XU )] —6T;
0<s<t

+ i[f (XE )™ — FXE_ e+ f(X)e™™ — f(XE, Je "™ .

By Theorem B.2.4, we have that the process

Ny

{Z [f(X:[f];— -Y) - f(XTUZ_)} o =0T

o / / 1) dG() - F(XY)) s}

is a martingale. Now noting that

FXR et = g et = [

Ti—1

T—

((e = U)F(XY) = 6£(XY))e ™ ds
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and using that T;— and T;_; can be replaced by T; At and T;_; At, respectively,
we get that the process

{FXD)e = @) = 3 F(XY) = f(XY = AZ))e™

0<s<t
- [e-varxty
) / T AT~ y)dG() - O+ ) F(X)] e ds)
is an {.%; }—martingale with expected value 0. O

Now we show that the value function is the unique increasing, bounded
solution to (4.2) and the strategy (4.7) is optimal.

Theorem 4.2.4

Let f(x) be an increasing, bounded, and positive solution to (4.2) with property
(4.1) and C > 0 chosen such that f(C) — ¢C = sup,~, f(x) — ¢px. Then
limy oo f(2) = ug/6. Ifug < c or f'(0) > 1, then f(z) = V(x), and an optimal
strategy is given by (4.7).

Proof: Since f is bounded, f must converge to a f(0o) < co. We first note
that C' < f(C) — f(0) < f(oo) — f(0). There exists a sequence x,, — 0o such
that f'(x,) — 0. Let w, = u(z,). By Definition (4.7), we can assume that
u, = up. Letting n — oo in (4.2), yields that

0 = (= uf )+ A Tlea=9) A6 - Flan)] - 5f() + w0

== —6f(00) +uo

showing that lim, ... f(x) = ug/J.
Let now U = U* be the strategy given by (4.7) and the corresponding
Z* = ZY". From the lemma above and the HJB equation, it follows that

{f(XtU*)e“” — flx) + /t e Urds — Y [f(xUT) - fxl - AZ:)]e‘5S}

0 0<s<t

is a martingale with expected value 0. If AZ* > 0, then XV" = C and
fXT=AZY) = [(C-AZY) = f(C)-$(AZ;-C+C)~L = f(C)—¢AZ;~ L.
Thus

t t
fx)=E|f(X)e % + / e U ds — ¢ / e dZr — L Z e " Tiazr>0)
0 0

0<s<t
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holds. By the boundedness of f and the bounded convergence theorem, we get
that IE[f(X )e %] — 0 as t — oo. Since the other terms are monotone, we
can interchange the limit and integration and obtain f(x) = VU (x). Here we
used the condition f’(0) > 1 which is motivated by the considerations above.
For an arbitrary strategy U, Equation (4.2) gives that

flx) > IE[f(XtU)e_5t+/te_‘55Usds—¢/te_5stS
0

0
—-L > 6_5SI{AZS>0}} ,

0<s<t
where we used that
FXD) < F(O)+o(XT = C) = f(X{ = AZ) + 0AZ,+ L.

Letting ¢t — oo shows that f(z) > VY (z). Thus, f(x) = V(z). O

4.3 Unrestricted Dividends

In this section, all increasing, adapted and cadlag processes D € ¥, are al-
lowed. The value of a strategy D is

VP(z) =, [ / e dD; — ¢ / edZ, ~ L) e_atI{AZt>0}}
0 0—

- t>0

and V(z) = suppey. VP (2) is the value function.

4.3.1 The Value Function and the HJB Equation

Again, we start by proving some useful properties of V' (x).
Lemma 4.3.1
The function V (x) is increasing with

r—y<V(r)=V(y) <dlx—y)+ L

for 0 <y < x, locally Lipschitz continuous on [0,00) and therefore absolutely
continuous. For any x > 0,

c—MNopu+¢C + L)
)

<V(z)<az+ <.

x + 5
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Proof: Consider a strategy D with VP (y) > V(y) —¢e for an ¢ > 0 and y > 0.
For x > y, define a new strategy as follows: x — y is paid immediately as
dividend and then the strategy D with initial capital y is followed. Then for
any € > 0, it holds that

Vi) >z —y+V @) 2o —y+V(y) —¢.

Because € was arbitrary, V(z) — V(y) > = — y follows. In particular, V is
increasing.

For the other direction, let ¢ > 0 and D an e-optimal strategy for initial
capital z. For 0 < y < x, capital injections x — y are made immediately and
after that the strategy D is followed. Hence,

V(y) = —dz —y) = L+ VP(2) 2 —¢(z —y) = L+ V(z) —e.
Because this holds for all € > 0, we get the inequality
V(z) = V(y) <oz —y) + L.

Consider now the strategy D paying initial capital immediately and then
the dividends are paid at rate c, i.e., the whole surplus exceeding 0 is paid
as dividend. For such a strategy we have C' = 0, since for C' > 0 the sum of
the dividends would be lower because of the penalty ¢. Thus, the value of the
dividends is -

VP (z) :x+]E[/ e"”cdt] :x+§ .
0
The value of the capital injections is calculated in Lemma 4.1.1, which yields
the lower bound. We note that for any reasonable strategy, V?(z) is an up-
per bound for the accumulated dividend payments. Not taking the capital
injections into account yields the upper bound for the value function.

The local Lipschitz continuity follows by the local boundedness of V' as in
the proof of Lemma 4.2.1.

By Rademacher’s Theorem, the local Lipschitz continuity ensures the exis-
tence of the derivative V'(z) almost everywhere on [0, c0). Then V"’ is a density
of V. O

We note that since (¢ — A(¢p + ¢C + L))/ is the lower bound for V(0),
the positivity of V' can only be assured, if

¢> Mop+¢C+L). (4.8)

As in Chapter 3, the value function can be calculated as the limit of the
value functions of the strategies with restricted densities.
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Lemma 4.3.2
Let V,(x) be the value function for the restricted dividend strategy in the case
ug = u. Then lim, . V,(z) = V(x).

Proof: The proof is analogous to the proof of Lemma 3.3.2. O

To prove the Hamilton—Jacobi—-Bellman equation for this problem, we can
repeat the procedure in Schmidli [66, Section 2.4.2].

Theorem 4.3.3
The function V (z) is differentiable a.e. on (0,00) and fulfils the Hamilton-
Jacobi-Bellman equation

maX{cV'(x) A /Ooo V(z —y) dG(y) — (A + 8)V(z),1 — V’(x)} —0. (49)

At points where V(x) is not differentiable, the derivatives from the left and
from the right exist and fulfil Equation (4.9) with V'(x—) =1 < V'(z+).

Proof: Since we let u — oo, it is enough to consider the case u > c¢. Equation
(4.2) can be written as

max {CV’( ) + )\/OO Vulx —y)dG(y) — (A + 6)Vi(2),
A]O y)dG(y) — (A + ) Va(z) + c}

1-V/(z

u

=0.

u—c
Similarly to (4.5), we let H(z) = (A+6)V (2)—=A [;° V(z—y) dG(y) and denote
the corresponding function in the case uo = u by H,(x). Then the equation
above reads

—H,
max {cVu’(x) — Hy(z),1—=V!(z) + C—(I)} =0. (4.10)
u—c
We show that V(z) — f(z) a.e. for some positive function f(z) and that f(x)
really is the density of V' (z).
We already know that lim, .. V,,(z) = V(z), hence by the bounded con-
vergence theorem lim, .., H,(x) = H(x). Assume, V!(x) converges for a.e.

x to some function f. The limit is finite because c¢V/(x) < (A 4+ §)V,(x) <
(A +0)V(z). This function satisfies the equation (4.10) and so

max {cf(z) — H(x),1 — f(x)} = 0.

It follows by the bounded convergence theorem that

V(z) —V(0) = lim i Vu(z)dz:/o lim V(2 dz-/ f(z

U— 00 U— 00
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Le., f is the density of V, V(z) is differentiable at all points where f(z) is
continuous and f(x) = V'(z).

It remains to show that V/(z) ™= f(z) a.c.

From (4.7) and (4.10) follows that H,(x) > ¢, therefore the same holds for

Let us first consider the case H(x) = ¢. Let {u,} — oo be a sequence such
that V,; (x) converges. By (4.10) we conclude that lim, ..V, (z) <1 as well
as lim, o V,, (z) > 1, depending whether we take the first or the second term
on the left hand side of (4.10). Since the first term is taken if V/(x) > 1 and
the second one if V/(z) < 1, we find in both cases lim, . V,(z) = 1.

Suppose now H(x) > ¢. By continuity, there exist ¢ > 0 and 27 < x < x5
such that H(z) > ¢+ 2¢ for all 27 < z < zy. Hence for u large enough
H,(z) > c+e¢. In this case V/(z) # 1 for all x; < z < 5.

We consider now a sequence u,, — oo such that the optimal strategy for
all z € [x1,22] is to pay dividends at rate u,. Therefore V, (2) < 1 and
lim,, .V, (z) = 1. By bounded convergence we have then

€2

Vi(zg) = V(ry) = JLIEO Vo (2)dz = xp — 3.

Similarly we can show

lim V,/(z) = A+ oVie) X fgo Ve —y)dG(y)

uU— 00

if there exists as sequence {u,} such that it is optimal not to pay dividends
on [z1,2]. In both cases V is differentiable at .

The last possibility is that V,(z) not differentiable in [z, z5] for u large
enough. Then, there is a unique point z, € [z, 25| where V,,(2) is not differ-
entiable. Moreover, V/(z) < 1 for z < z, and V/(z) > 1 for z > z,. Choose
now a sequence u, such that z, converges. If y = lim,, ., 2,, # z, then the
argument given above works on [z1,y] or [y, x| if <y or x > y respectively.
Then lim, .o, V/(z) exists. Consider therefore the case lim, o 2,, = . In
this case the argument above shows that f(z) =1 for z < x and f(z) > 1 for
z > x. Thus, the left and the right limits of f(z) exist at z. In particular,

flz—)=1. O

Remark 4.3.4
From the theorem above follows that the differentiability of V' is only violated
at the switching points from paying dividends to paying no dividends. ]
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4.3.2 The Optimal Dividend Strategy and the Charac-
terisation of the Solution

Motivated by the proof of Theorem 4.3.3, we consider the following three sets
which will be essential for the definition of the optimal strategy. Let C' be
chosen optimally.

e A={x€[0,00): V'(z) =1and H(x) = ¢},
e B={z€(0,00):V'(z)=1and H(x) > c},
e C=(AUB)={zre0,00):V'(z) >1and H(z) > c} .

Here we again mean the derivative from the left if the derivative does not exist.
First we discuss some properties of these sets. The proof of the next lemma is
based on Schmidli [66, Section 2.4.2].

Lemma 4.3.5 1. A is closed.

2. B is a left-open set, i.e., if x € B, then there exists € > 0 such that
(x —e,x] CB.

3. If (xg,x] C B and x¢ ¢ B, then zo € A.

4. C s a right-open set, i.e., if v € C, then there exists 6 > 0 such that
[z,z+ ) CC.

5. We have (A(¢pp + ¢C + L)/d,00) C B.
6. A, B # 0.
Proof:

1. Since H is continuous, H(z) > ¢ for all = € [0, 00) and {c} is closed, the
set {x € [0,00) : H(z) = ¢} is closed.

2. Let x € B. Since A is closed, there must be € > 0 such that (x —e,z) C
A° because, otherwise, z € A. Since (z—¢,x) C C¢, we get (r—e,z) C B.

3. Let {z,} C (o, ] such that z, | xg. Then, V'(z,) =1 and H(x,) > c.
By continuity, V'(xy) = 1 and H(z¢) = ¢, since, otherwise, z( € B.

4. If x € C, then, by the continuity of H, there must be a 6 > 0 such that
[z,x + 0) C A° If there would be some z; € B within this interval,
we could follow the existence of an =y € A with zy < x; such that
(2o, 1] C B. Since x ¢ B this z( has also to be in the interval (x,z + 0)
which is a contradiction. Therefore, [x,2 4+ 0) C B¢ and [,z + ) C C.
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D. Let C be chosen optimally. Since V(z) is strictly increasing, we get
4 y)dG(y) > V(z)(1 — G(z)) and therefore

A+6)V(x) — )\/Ox V(z—y)dG(y)
“AV(C) = 6C — L)(1 - Cla +A¢/ (1-G

> AV (2)(1 — G(z)) + 6V (2) — A(V(C) — ¢C — L)(1 — ))
= §V(2) + M1 — G@)(V(z) — V(C) + ¢C + L)
> 5V (2).

The last inequality holds because obviously V(z) —V(C) > 0 for z > C.
For # < C' we have by Lemma 4.3.1 that V(z) — V(C) > —
and thus V(z) — V(C) + ¢C + L > ¢z > 0.

From Lemma 4.3.1 we can follow that for any x > A(¢u + ¢C + L)/

V) 3 o coéOurOCTD
)\(gbu+¢C’+L)+c—)\(¢u+¢C+L) _c
) ) 6

holds. Assume now that there is z > AN¢pu+¢C'+L)/§ with V'(z—) > 1.
Then V’'(z) > 1 for all z > x. To prove this claim, we suppose that there
is z =inf{y > 2 : V'(y) = 1} < oco. For this point we have

(o /\fO y) dG(y) _ oV (2)

Cc

for all z > x, or equivalently, log(V(2)/V(z)) > (2 — x)d/c, i.e., V(x)
is exponentially increasing on [z, 00). This is a contradiction to Lemma
4.3.1. Thus, V'(z—) = 1.

6. The assertion follows from the forth and fifth point.
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Now we define the following strategy D*:

o If XP" € A, then we pay a dividend at rate c until the next claim occurs,
ie., dDf = cdt.

o If z:= X2 —Y € B, then there is a x; = sup{z < z : 2 ¢ B} such that
(1, 2] C B, and the sum

AD; =z — 1
is paid as dividend. Then, x; € A.
o If X" € C, no dividends are paid.

This is a strategy of band type. By construction, the dividend process D* is
measurable.

For the constructed strategy D*, we denote X; = X" = X; — D; + Z; the
corresponding surplus process. We again can derive the following facts.

e The process X* only jumps at the claim times. Thus, in an interval
(Ti-1,T;) between two claims holds that dX; = cIjxyecy dt .

o X7, =X7,_ —Yi—ADplix; —vieny + AZ7Tix; —vi<o) -
. I{Az;;i>0} = I{Xi,_—Yi<0} ~

e [t can not be optimal to pay dividends at claim times when the sur-
plus falls below zero, i.e., when capital injections are needed. Thus,

I{AD}i>O} =1- I{AZ;Z,>0}~

o If X7 —Y; <0, then the shareholders pay as much that X7 = Cj i.e,
AZ7 = —(X7,_ —Y;) + C. In this case, the value function fulfils

V(XT,)(=V(C)) = V(XT,_ = Y) + (9AZ7, + L)Tiaz; >0

because of the property (4.1). Thus, it suffices to consider only solutions
f to the HJB equation with the property (4.1).

We now can show the optimality of the constructed strategy.
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Theorem 4.3.6
The strategy D* is optimal, i.e., V*(z) = VP (z) = V(x).

Proof: We have already shown that C' is chosen optimally. Similarly as in
Lemma 4.2.3, we can write, using property (4.1),

Ve

Ny
= V(X5)+ > (¢AZ; + L)Tiaz; sope ™"

=1

N
+y [V(X;;i_ ~Yi — AD} x; —view) V(X:’;i_)} =T,
=1
Ny
+ [V(X;Fi_)e“m‘ — V(X 1)6—57’1'71]
=1

+V(X])e™ = V(X7 Je ™,
Further,
V(X3 )e ™t = V(X7 )e *h
T;—
_ / (V' (0) = V(X)) Tpxeeye * ds
Ti 1
T»L'f
— / V(X)) Iixseaye ™ ds.

Ti—1

Not taking the jumps of D* into the generator, we conclude from Theorem
B.2.4 that the process

Ny

{Z [V(X;F ~Yi = ADj L, yieny) = V( X;;F)] e

i —)\/ / V(X? —y)dG(y) — V(X;)) ds}

is a martingale with expected value 0. Noting that on B

V(Xj,_ —Yi— ADy) - V(Xj_) = ~ADj,
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and V(X§) = V(z) — D holds, it follows that the process

Nt N

{V(Xt*)e—ét — V() + Y AD;e™ " =Y (¢AZ}, + L)I{Azi>0}e‘5Ti

=0 =1
t
- [ fevexn
0

A [TV = 0)dG0) - 0+ V) Lixzecye ¥ ds
- [ v = a6 - 0+ 9V O e as)

is a martingale. On C we have V'(X}) > 1 and the first term of (4.9) vanishes.
On A both terms of (4.9) are zero, therefore

)\/OOO V(X —y)dG(y) —(A+0)V(X]) = —c.

Thus, we get that

Ny t
{V(Xt*)e_& —V(z)+ Z ADje " + / cIixseaye  ds
i=0 0

Ny

- (¢AZ; + L)I{Az;i>o}€_5Ti}

i=1
is a martingale with expected value 0. From the martingale property we get
that
N ‘
Vi(e) = B[V(X)e™ + > ADe T + / Apxrenpe™ ds
i=0 0
N
- Z(QﬁAZE + L)I{Az;i>0}€7m
i=1
Since
V(XNe® <V((@+ct)vVC)e ™ < ((x4ct) vV C* +c¢/5)e™™

converges to 0 as ¢ — oo, we have that

lim B[V (X})e ] =0

t—o0
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by the bounded convergence theorem. By monotone convergence, we finally
get that

t Nt
V(z) = limIE [/ CI{X;GA}B_(SS ds + Z AD}ie_éTi
0

t—o0
=0

Ny
~6Y Az LY e*ésl{AZ;w}}
=1

0<s<t
= IE[ / e dD! — ¢ / edzi—L ) e*‘sSI{AZpo}}
0 0 0<s<oo
= V*(z).
O
Remark 4.3.7

If 9 > 1, C € B cannot be optimal. Thus C € Aor C € C. If ¢ = 1, it
follows from Lemma 4.3.1 that V(z) —2x > V(C) — C for « > C. Since C
is optimal we also have V(z) — z < V(C) — C, therefore equality holds, i.e.
V(z) =V(C)+x— C for x > C. That is, the capital injection is such that
the surplus is at the maximal level in A. |

Because we do not have an explicit solution nor an initial value, we need
to characterise the solution V'(x) among other possible solutions.

Theorem 4.3.8

V(z) is the minimal solution to (4.9) with C' chosen such that V(C) — ¢C
becomes mazimal. If f(x) is a solution with only positive jumps of its derivative
fulfilling property (4.1) and a linear growth condition f(x) < K1x+ ks for some
positive constants ki, ke and all x > 0, then f(x) =V (z).

Proof: Let f be a solution to the HJB equation with property (4.1) and
C' chosen such that f(C) — ¢C becomes maximal. Then f(z) is increasing.
Consider the process X* under the optimal strategy and denote the optimal
surplus after a capital injection by C*. We have then, as in the proof of
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Theorem 4.3.6, that the process

Nt

(XD = 1(%5) = S [FX3) = £, — AZ3)|e "

=1

+ 3 [F(G0) - £ — Y= AD}) | T vienye ™

_/0 [cf’(X;“) + )\/Ooof(X;k —y)dG(y) — (A + 5)f(X:)} Toxcecye™ ds
- /Ot [A /0 TFX? - 1) G () — (A + ) f(X;)} Txcqe™ ds}

is a martingale with expected value 0. Since f'(x) > 1, we have f(x) >
f(Xg) + Dg and f(X7, ) = f(X7,_ —Y;—AD;) = ADj,. By (4.9)

f (X044 [T X =) dG) - A+ 0 (X)) <0
and N
A / F(X: = g)dGly) — (A+ ) F(XZ) < —cf(X0) < —c.
Noting that if X7. —AZ} = C*—~AZ} = X7._ —Y; <0, then, since f(C) —¢C

is maximal, we also have

f(X7,) = f(X7, = AZr)

F(C) = [f(C) = o(AZy, = C* + C) — L]
< ¢AZr + L.
This yields

/()

Vv

t
_5t + Z AD* —0T; \/0 6_6SCI{X;€A} ds

Ny

— (9AZ;, + L)I{AZ;L.>0}€*5T"]

=1

> ]E[ / e dD: — ¢ / e dzr — LZ SI{AZ;‘>O}]

0<s<t

and, therefore, by monotone convergence, f(z) > VP (z) = V().

Suppose that, additionally, f satisfies a linear growth condition. Define
H(z)=\+0)f /fx— ) dG(y)
“AMf(C)=oC—-L)(1 -G +)\¢>/ (1-G
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and the following sets:
e A={zxe[0,00): f'(z) =1and H(z) = ¢},
e B={xe(0,00): f(x)=1and H(z) > c},
e C=(AUB)X ={ze[0,00): f(z) >1and H(z) > c} .

The results of Lemma 4.3.5 remain valid. Let D be the strategy corresponding
to f(z) defined in the same way as D*, i.e. if the current # € A, then every
incoming premium is paid as dividend; if + = XP —Y € B, then the sum
AD, = z — z; is paid as dividend reducing the reserve process to the next
point z; € A which is smaller than z; if z € C, no dividend is paid. In the
same way as in Theorem 4.3.6 we find that the process

N Ne oo t
{f(XtD)e_‘St — f(x) + ZADTie_(STi + /0 cI{XPEA}e_‘SS ds
=0
Ny

=D OAZ + Dy e
i=1 ¢

is a martingale with expected value 0. Taking expectations and letting t — oo
yields the assertion since f(X)e % < f((z + ct) vV C)e™® tends to zero as
t — oo by the linear growth condition. Thus we get f(z) = VP < V(x) and

therefore f(z) = V(z). 0
Remark 4.3.9

The condition that f(C')—¢C' is maximal is needed in order to exclude solutions
with a non-optimal choice of C' |

4.3.3 Calculating the Value Function
Dividends at zero

We now consider the case where dividends are paid in zero. Then 0 € A,

V'(0) =1 and H(0) = ¢. It follows that

_c+AV(C) —¢C — L —g¢p)
N A+6

V(0) .
By Lemma 4.3.5, there exists zo < oo such that (0, x¢) C B because B is left-
open and only elements of A can be lower boundaries of subsets of 5. Thus,
V(z) is the value of the barrier strategy with barrier at zero for x € [0, x|,
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i.e., all surplus exceeding zero is paid as dividends. Of special interest is the
case C' = 0, where
¢c—ANop+1L)

5 .

Since 1 —V'(x) = 0 is fulfilled obviously, we consider the first part of the HJB
equation (4.9) which reads

c+)\/m<x—y—|—C_A(¢M+L)>dG(y>

V(0) =

4]
o [T(EHEED gy - ) aGi)

J

—()\+6)<x+ C_A(?HL)) <0
This is equivalent to
ALG(z) + /Ox()\(qb - 1(1-G(y)) —d)dy <0. (4.11)

The condition simplifies to ALG(x) < 0z in the case ¢ = 1. The condition also
simplifies if G(z) is concave. Then the left hand side of (4.11) is concave as a
function of x. The condition is fulfilled if the derivative in zero is non-positive.
Le., ALg(0) + A(¢ — 1) — 0 < 0, where g(z) is the density of the claim size
distribution. This can be written as

d— Ao —1)
Q(U)ST-

Note that § > A(¢ — 1) is necessary. It should further be noted that condition
(4.11) is necessary for a barrier in zero and C' = 0.

No dividends at zero and ¢ > 1

If V'(0) > 1, ice., 0 € C, then no dividends are paid in zero. We already
know that C' € A or C' € C. In particular, V is differentiable at C'. Since C
maximises V(C) — ¢C, we find V'(C) = ¢ if C' # 0. It follows that C' ¢ A
since V'(x) =1 for all x € A.

If C =0and V'(C) = V'(0) = ¢, then, in the case of positive safety loading
c> A\,
cV'(0) =X — AL c—Ap AL

J B ) J

was increasing in ¢, which is not possible. Thus, V'(C) # ¢ for ¢ > 1.

V(0) =



4.3. UNRESTRICTED DIVIDENDS 7

For small initial values, V'(z) is the value of a barrier strategy on [0, b*] for
some (locally) optimal barrier b*. We now denote the optimal surplus after a
capital injection by C* and assume that C* < b*. Then we could apply the
method from Gerber and Shiu [34] and Gerber et al. [32] to determine the
value function at least for z € [0, b*].

Let 7 be the first time the (uncontrolled) surplus process X; falls below
zero and 7% the time of ruin of the controlled surplus process X/ if dividends
are paid according to the barrier strategy with barrier b*. Then we can write

b*

V(z) = E, [ / —— th]
0
—¢IE, [6—57”* X 4 |I{Tb*<oo}} +(V(CY) — ¢C* — L)E, [6—57”* I{Tb*@o}] .

Using notations (2.11) and (2.12) of the Gerber-Shiu penalty functions and
letting V" (z) be the value of the expected discounted dividends until ruin, we
can write

V(z) = V" (2) = ¢a” (2) + (V(C7) = 6C" — L)Y (2).

Since we still do not know the barrier b* nor the constant C*, we proceed as
follows. For A fixed, denote by V4 the function

VAb(z) = Vb(z) — ¢o®(x) + (A — L)(x)
for a barrier b = b(A). We now have to find A*, b* = b*(A*) and C* = C*(A*)
such that VA" (C*) — ¢C* = A*. Then V(z) = VA" ().

Note that A* =V (C*) —¢C* > V(0). By (2.15) and the dividends-penalty
identity (2.17), we have

VA () = V(2)|1+¢0'(b) — (A~ L)W(b)] — ¢o(x) + (A = L)y (x)
. 1+ ¢o'(b) — (A — L)Y'(b
(o 97O (A D))
per® — x'(b)
Thus, VA*(z) is determined by the functions (), (z) and x(z). Since these
funtions do not depend on b, we can find an optimal b* = b*(A) which max-
imises V4*(x) by maximising the expression
1+ ¢o'(b) — (A= L)' (b)
pert — x'(b) '
Then b* is independent of z (for z < b*). By maximising VA" (2) — ¢z, we can

find an optimal C* = C*(A). Finally, we solve the equation V4" (C*) — ¢pC* =
A to find the correct A. For this purpose we observe the following.

— ¢o(x) + (A= L)y(x) .
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Denote by A* the correct A and 7%, 0%, C* the time of ruin, the optimal
barrier and the optimal level for the capital injections corresponding to A*.
Let A > A* and 7° b, C the analogous notation for A. For A* must hold
VALY (C*) — ¢C* = A*. Then we have

VALC) — ¢C — A
(VAA(C) = ¢C = A) = (VAV(C7) = 9C = A)

(VAH(C) = 6C) = (VA (C) = 6C) - (A— ")

VAYC) = VA(C) — (A - A

VANC) = VAC) — (A - A7)
b

IN

C
C

IN

Ec [ / e dD; — ¢ | X | Loy + (A — L)e ™™ I{Tb@o}}
0
7.b
~TEc [ / et AD; — ¢ | X | g ooy + (A" — L)e*‘STbI{Tb@o}]
0
—(A—-A")

= (A-47) (EC [67571) I{Tb<oo}} - 1)
< 0,

where the first inequality follows by the maximality property of VA" (C*) —
¢C*. The second inequality holds because the value V4 *"(z) for the optimal
barrier b* is greater than the value VA"*(x) of the strategy with the non-
optimal barrier b. If A < A*, in the analogous way we get that

VAHC) = 6C = A = (A" = A) (1= B [ Tireang] ) > 0.

Thus, the function A —— VAY(C) — ¢C' — A is decreasing. In this way, A* =
V(C*) — ¢C* can be found.

Remark 4.3.10
VAL(x) is the unique solution to (2.1) on [0,b]. Thus, VA™" is unique on
[0, b%]. |

No dividends at zero and ¢ =1

In this case, we know that C' is the largest value in A. If A consists only of
one point b, then the optimal strategy is a pure barrier strategy with a barrier
b, and we have C' = b. We can determine the value function in the same way
as described above omitting calculating C'.



4.3. UNRESTRICTED DIVIDENDS 79

Piecewise construction of the solution

Assume that it is optimal to pay dividends according to a barrier strategy
with barrier at z( for some xy > 0 in a bounded intervall [0, a) and for x > a
it is optimal to pay no dividends in some intervall. Additionally assume that
we already know the value function v on [0, zo], i.e., v : [0,20] — [0,00) is a
given continuous and increasing function. If C' < xy (in fact, we assume that
C < inf{xz: V'(x) = 1}, so C is below the lowest barrier), then for x > xg, we
are looking for a solution to the equation

0 = cu(x)+ )\/i v(z —y)dG(y) + )\/wao u(z —y)dG(y)

()~ 6C — L)1 = Gla)) 30 [ TG dy
—(A+ d)u(x) (4.12)

v(wo) = u(zo),

where u = v on (—o0, xg).

Similarly to Albrecher and Thonhauser [1] we can show the next result.

Lemma 4.3.11

Let z9g > 0. For any continuous and increasing function v : [0, z9] — [0, 00)
there exists a unique, in (xg,00) differentiable and strictly increasing solution
u: [zg,00) — [0,00) to (4.12) with u(zg) = v(zo).

Proof: Let ¢ = m and denote by CI[zg, zo + €) the set of all continuous

and increasing functions u : [xg, zg+¢) — [0,00). For a u € CI[xg, zo+€), let

u(r) =

SN

O =3 [ wle =)o) A [ ule - ac)

~A(C) = 60 — 1)1 = G(w) + 30 [ T1-cw) dy] .

By the continuity of u and v, # is continuous for x > (0. Define now for
u € Cllxg,xo+€)

T(z) = / " (s) ds + v(xo)

o
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Because of the monotonicity of u and v and v(xg) = u(xg) we get

ci(z) = ()\+5)u(x)—/\/w v(z —y)dG(y) — A/Hou( y)dG(y)

~AW(C) = 6C = L)1 =G + 30 [ (16
> (A F0)u(z) — M(xo)(G(x) — G(z — x0)) — Au(z )G(x — )
—M(C)(1 = G(z))
> du(z) + Au(x) — Mu(z)G(z) — Aw(C)(1 — G(x))
5“@) +A(1 = G(=))(u(z) —v(C))
> Ou(x)
> 0.

By the positivity of u and v, we get the upper bound for u(z)
cu(z) < (A+0)u(x) + M@C + L + ¢p).

It follows that T, is increasing, positive and continuous for = € [xg, g + €).
For uy,uy € Cl[zg, zo + €) holds

(@ () — s(x) )
= (A4 8) (s (2) — un(z)) — A / (ur(z — ) — us(z — 4)) dG(y)

< (A+9) |lur — ual| + AMur — u|| G(z — x0)

where ||| is the supremum norm. It follows
2040

1
Ty (z) = Typ(z) < ¢ [ur — ua]| < 5 |ur — uzl| .

Interchanging u; and us yields ||T,, — T, || < 3 |luy — usl|, i.e., T is a contrac-
tion on C'I[xg,zo + €). This proves the existence of a u € CI[xg, o + €) such
that

u(z) =T,(x) = /m u(s)ds + v(zg) -

zo
This provides v'(x) = u(x) everywhere in [zg, xg + €). Thus, we get the exis-
tence of a unique solution to (4.12) with the required properties on [z, 2o +¢).
Since £ does not depend on zy, we have shown the existence of a unique
solution on [xg, c0). O

Now we describe an algorithm to determine the value function piecewise.
The procedure is similar to Schmidli [66] (see also Albrecher and Thonhauser

[1])-
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Step 1. Check condition (4.11). If it is fulfilled for = € (0, ), then V(z) =
x+(c—=Aou+L))/6 for all x <z, where x is chosen maximal. If o = oo we
have solved the problem. If ¢y > 0, we expect that we have found the solution
on [0, zo] and go to Step 3. If xy = 0, no dividend will be paid in zero and we
proceed with Step 2.

Step 2. We expect for small x a barrier strategy. In order to fix the first
barrier, we proceed as in Section 4.3.3. Let fy(z) be a solution to (4.9) with
the (locally) optimal xy and C. Define

vo(@) = { fo(x) s <

x—x0+ folzo) : x>z

If now vy fulfils the HJB equation, then the value function is V' (z) = vo(z). If
not, go to Step 3.

Step 3. For n > 0, we are looking for some interval (x,,a) € B. If some
adjoining interval [a,z,1) belongs to C, then we have to find a solution to
(4.12). Suppose that we have constructed v,(z) and z,. Let f,11(z;y) be a
function such that f,1(x;y) = v,(z) for z <y and f,1(z;y) is a solution to
(4.12) for x > y, i.e.,

T

0=cfialzin) A [ ulo-2)d6(e)

=y

A / T = 219) dG(2) + A0a(C) — 6C — L)(1 - G(a))

36 [ (1= Gz — A+ sy

Then we have to choose the smallest y > x,, such that the derivative f,_ ()
has its minimum at 1, i.e.,

a = inf{y > | iI>1f fani(ziy) =1},
2>y

where the derivative is taken with respect to the first argument. If a is chosen
too small then the derivative f;_ (x;-) will be larger than 1 and will not reach
1 again. If a is chosen too large, then the derivative will reach a value smaller
than 1. The point x,,,1 can now be determined as

Tpy1 = sup{z > a|f'(z;a) = 1} .
Let

v 1(1}) _ fn-&-l(x;a) - S Tni1
nr T — Tpg1 + fop1(@ng1;a) 1 2> Tppy
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If v,41(x) solves (4.9), then it is the value function. If not, we repeat the
procedure in Step 3. The algorithm terminates because of Lemma 4.3.5.

Step 4. Control, whether V(C') — ¢C' is maximal. If not, denote the solution
obtained in Step 3 by Vi(z) and let Cy = argmax{Vi(z) — ¢x}. Let Va(x) =
Vi(Ch) + ¢(x — Cy) — L for o < 0. Solve the problem with the corresponding
Vo(z) for z < 0. | ie.,

0 = eVi(x) — (A + 6)Va(x) + A / Vil — ) dG(y)
TAVI(CY) — 6Cy — L)(1 — G(a)) — Ao / T Gy)dy.

Note that V(z) will not be continuous in 0. The solution V(z) has the fol-
lowing interpretation. After the first capital injection, one has to follow the
strategy that gives V;(z). Find the optimal strategy until the first capital in-
jection. Repeating this step give a policy improvement, that will converge to
the optimal value function and therefore to the optimal strategy.

4.3.4 Examples
Exponentially distributed claim sizes

We consider the case with exponentially distributed claim sizes, i.e., G(y) =
l—e®and E[Y|=p=1/a.

We start by looking for the candidate points of the set A. Since H(z) = ¢
and V'(z) =1 on A, we have to differentiate the function

- )\ ' hatd f— — —Qax
Vie) = A+ * A+ 0 UO V(e —y)aedy + (V(C) — ¢C — L)e
_¢/ e—ay dy:|
—C )\ — QT * « 1
BT AT [/0 V(y)aeydy+v<0)_¢c_L_¢a].

where we used the representation (4.4). This yields

, co o
L=V =153 s" @
and therefore
_ca—(A+0)

V(z) . (4.13)

do
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Since V() is strictly increasing, this equation can only be fulfilled for at most
one point, i.e. A consists of at most one point, b say. Because A is not empty,
a point b exists. By Lemma 4.3.5, b is the lower boundary of B. Thus, a barrier
strategy with a barrier b is optimal.

We now want to determine the parameters for which b = 0 and therefore
V(z) =2+ V(0) for V(0) = (¢ — A(L + ¢/a))/6. Then, by (4.11), we have to
check whether

F(z) = A(l—e‘“z)L—éx—l—/\(Qﬁ—1)/x6_°‘y dy
0
6 —1

«

_ A(l—e‘a””)(L+ )—&pgo
for all z > 0. The first derivative of F',
F'(z) = (AaL+ g —1))e " —=§

is a decreasing function, i.e. F(z) is strictly concave. Therefore, it is non-
positive if and only if F'(0) <0, i.e. if

5> AaL+ Mo —1).

Let 6 < AaL + A(¢ —1). Then b > 0. Let p and R be the positive and the
negative solution to Lundberg’s equation

s>~ (A+d—ac)s—ad=0,

ie.,

A6 —ac+ /(A + 38— ac)? + 4ade

P 2¢ ’
R — A+ —ac— /(A +0 —ac)?+ 4adc
- 5 :

By Gerber and Shiu [34], we know that ¢ (x) = ¥(0)e™ o(x) = 0(0)e® and
x(z) = x(0)ef™* with
A A pYel

P(0) = ——, 0(0)= x(0) =

~p+a) calpra)’ T dprap

Then, for A fixed, we can find an optimal b(A) by maximising the function

1+ ¢o(0)Re™ — (A — L)y(0)Re™
peP’ — x(0) Reft '
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As an illustration, we let A = 1.8, = 0.5, = 0.3,¢c = 11,L = 2 and
¢ = 1.2. Then b* = 4.313 is the (globally) optimal barrier height and C* =
0.1047 is the optimal capital injections level which are reached for A* = 18.087.
Figure 4.2 shows the corresponding value function.

234
22
214

V(x)

20+

C* b*

Figure 4.2: V(z) for Exp(1)-distributed claim sizes

Gamma-distributed claim sizes

Let now the claim sizes be I'(2, 1) distributed with G(z) =1— (z 4+ 1)e™*. We
first check whether f(z) = x + (¢ — AM(¢p + L))/ is the value function. By
(4.11), we have to verify the condition

F(z) = MG(x)L —dx+ Mo —1) /Om(y + e ¥ dy

= AT [(1—¢—Lz+2(1—¢)—I]
~A2(1—¢) = L) — 6z
0.

IN

The first derivative of F(z) is F'(x) = e *((¢ — 1+ L)x + ¢ — 1) — 0. The
second derivative is F"(x) = e (L — (¢ — 1+ L)z). We see that the function
F(z) is first convex and then concave. Since F'(0) = 0, F'(0) = AM(¢ — 1) — 0
and F is continuous, we can conclude that if 6 < A(¢ — 1), then the derivative
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18-
16
14

V(x) 12

[C b
T T T T T T T T T T T 1
0 2 4 6 8 10 12

X

Figure 4.3: V(z) for I'(2, 1)-distributed claim sizes: barrier strategy

in zero is positive and F'(x) > 0 on some interval [0,¢). Therefore, f(z) is not
the value function on [0,00). Moreover, for the value function V(x) we get
V’(0) > 1. To find the barrier b and the capital injection level C' we use the
approach of Section 4.3.3.

For a numerical example, let A =4,¢=10,6 =0.1,¢ = 1.3, L = 2. Then,
for A* = 5.463 we get the (globally) optimal barrier level b* = 11.4143 and
the optimal capital level C* = 3.7026. The corresponding value function is
illustrated in Figure 4.3.
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Chapter 5

Optimal Control of Dividends and
Capital Injections in a
Markov-modulated Risk Model

5.1 Introduction

In this model, we suppose that the reserve process is influenced by an exter-
nal environment process {J;}:>o which is a homogeneous irreducible Markov
process taking values in a finite state space # = {1,2,...,m}. Denote the
intensity matrix of {J;}>¢ by

Q=(g)]mr, Gi=-G=-Y ¢, 1€F, (5.1)
i#]
and its unique stationary probability distribution by @ = (my,..., 7). Let
{W, }n>0 be the nondecreasing sequence of transition times of the environment
process {J;}, where Wy = 0 and W,, = inf{t > W,,_; : J; # J,_}. Denote the
transition probability matrix of the embedded Markov chain {Jw, },>0 by

m 0: 1=y, .
P = (p;)i"_y, pij:{ w . 2 i,je 7 . (5.2)

qi

It holds for all n > 0,s € R} and ¢ € _Z that
P[Wyir =W, < s, dw,,, = jlJw, =i = (1 — e ")pj; .

Assume that, given J, = i , ¢ € _#, premia are paid at rate c;, claims
occur according to a Poisson process { N} };>o with intensity \; and the corres-
ponding claim size distribution is G; with finite mean p;. We denote by Y,

87
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and T,,, respectively, the amount and the arrival time of the n-th claim, with
the assumption Yy = Ty = 0. The sequences {Y,, },ew and {71, — T,,_1 }neN are
assumed to be conditionally independent given {J;}:>o.

Denote by N; = sup{n € IN : T,, < t} the number of claims that have
occurred up to time t. The counting process {N;}:>¢ is a Markov-modulated
Poisson process (see Example B.2.2 in the Appendix) and is given by

t
Ne=>_ / Igj—sy AN .

ic g0

Let = be the initial capital, then the corresponding surplus process is given by

Nt
Xt:x—l—C't—ZYn tZO,

n=1

where C; = fot cj, ds = Zie 7 fot 1;;,—icids is the cumulative premium re-
cieved in (0, t].

We suppose that all random variables and stochastic processes are defined
on a filtered probability space (2, .%,{%; }i>0, IP), where {#; }+>¢ is the small-
est right continuous filtration generated by {(X}, J;) }+>0. Note that the process
{(X4, Jt) }+>0 is @ homogeneous piecewise deterministic Markov process.

We augment our model by the possibility to pay dividends to the sharehol-
ders, if the surplus is positive. Furthermore, if it is negative, the shareholders
are expected to make capital injections to keep the process above zero. The
accumulated dividends process is an {.#; }+>o-adapted, non-decreasing, cadlag

process {D; }¢>0 with Dy_ = 0. The accumulated capital injections are denoted
by {Z;}i>0 which is a non-decreasing, adapted pure jump process with Z,_ = 0.
The surplus process then becomes

xP =X, -Di+ 2z, XPP=u.

By the model assumptions, the capital injections have to be chosen such that
Xt(D’Z) > 0 for all £ > 0. Note that no positive safety loading Ziej mi(c; —
Aipt;) > 0 needs to be assumed.

For initial capital x and initial environment state i, we define the value of a
strategy (D, Z) = {(Dy, Z;) }+>0 as the expected present value of the dividends
minus the penalised capital injections, i.e.,

T [ Y e B
_ 0—

where ¢ > 1 is a penalising factor and 0 > 0 is a discount factor. We call a
strategy (D, Z) admissible if

Py [ X 77 >0forallt >0/ =1 forallic 7 .
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Let ¢ = max{cy, ..., ¢y }. Because the value of the (not admissible) strategy
Dy =z+ f(f cds and Z; = 0 is an upper bound for the value of any admissible
strategy we get that V(P%)(z,4) < 2 +¢/§ < oo for alli € ¢ for any strategy
(D, Z). We denote by .7, the set of all admissible strategies for the initial
capital x and initial state <.

Foralli € #, we now want to maximise Vi x,1) and to find an optimal
strategy (D*, Z*) — provided that it exists — which replicates the maximal value.
Our value functions are

D,Z)(

Viz,i)= sup VPD(xi), ic 7.
(D,Z)Ey(xyi)

By the same arguments as in Chapter 3, we can show that the value function
would be infinite for ¢ < 1 or 6 = 0. If ¢ = 1, the optimal strategy would
be a barrier strategy with barrier at zero, i.e., any positive surplus is paid as
dividend. The value of such a strategy will be calculated in (5.24).

It is clear that, because of the discounting, it cannot be optimal to make
capital injections before it really is necessary. We can therefore assume that
{Z;}1>0 only increases at claim times. Then we only have to choose the divi-
dend process {D;}+>0. The corresponding capital injections process then be-
comes

D _ o _

Z; = max( Olér;fgt(XS Dy),0) .
Therefore, we will in the following use the abbreviated notation {Z;}, { X"}
and VP (x) for the capital injection process { Z”}, the controlled surplus process
and the value connected to a strategy {(D;, ZP)}. If the current surplus X7
after a claim is negative, then ZP = | XP| and the process starts again at zero,
thus

V(z,i) =V (0,i) — ¢|z| forx <0,ie ¢ . (5.4)

As in Chapter 2, we can show that the value functions are concave. The
next lemma holds for both restricted dividend strategies and general cadlag
strategies.

Lemma 5.1.1
For alli e #, the function V (x,1) is concave.

Proof: Let z,y > 0 and a € (0,1). Set z = ax + (1 — a)y. Consider the
strategies (D*, Z%) and (DY, Z¥) for initial capitals x and y. For initial capital
z, define

D =aD®+ (1 —a)DY, Z7=aZ'+(1-a)Z.
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With R, = C; — 3", Vi we have

2+ R, — D + Zf
=arx+(1—a)y+ R —aDf — (1 —a)D{ +aZ + (1 —a)Z}
=aX +(1-a)XP”
>0.

This shows that (D?, ZZ) is an admissible strategy for initial capital z and
initial state 4. Moreover, ZP" < Z* = aZ¥ 4+ 3Z} (otherwise the value of the
optimal strategy (D?, ZP") for the capital z were strict smaller than the value
of the strategy (D?, Z) for the same initial capital). It follows

L%zj):IE{Awe‘&<de—¢dej}

> E{/'65(d05—¢d23]
> EL/ e“Qmﬁﬁ+u—ampﬁ—¢md@w41—@dﬁ»]
= VP (w,3) + (1 — )V (y,).

Taking the supremum over all admissible strategies D we get

Viex+ (1 —a)y,i) > a sup VP (z,i)+(1—a) sup VP(y,i)
DTES (a,1) DYES y,i)

= aV(z, i)+ (1 -a)V(y,i),
which proves the concavity for all : € _Z. O

In particular, because of the concavity of V(x,1), the derivatives from the
left and from the right exist a.s. Moreover, V(x,7) is absolutely continuous.

Lemma 5.1.2 B B
The value of expected capital injections is bounded by i/ for X = max;c 5 \;
and fi = maXe 7 ;.

Proof: We consider the worst case that may happen, i.e., i) no dividends
are paid, and one has to inject capital for all the claims; i7) the claims occur
according to the maximal intensity A = max;c 7 Ai; and 74i) the claims have
the maximal expected height ;i = max;e  yt;. Denote by {N;} the Poisson
process with intensity A, and by {7, },>0 the claim times according to the
process {Nt}tZOa independent of the environment state. Then the time 7}, is
Gamma T'(\, n) distributed. We now want to construct a Markov-modulated
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Poisson process {Nt}tzo with the local intensity Aj,. Let {I,},>0 be a sequence
of independent random variables with
Ai
A
Independently for each n = 1,2,..., we retain T, as a point of {Nt} with
probability A Iz, /A and delete it otherwise. Then, by Lemma B.1.2, the process

N¢
=2
n=1

is a Poisson process with intensity {A;,}. Thus, for any ¢t > 0, N, and N, have
the same distribution. Denote by {7}, },>o the claim times of the process N,.
Then, for every n, T, and T, have the same distribution, and T,, < T}, a.s.
Thus, we have

P[I, =1|Jp =i =% =1-1P[l, =0|Jg, =i

By [ DYoo ] = B [ Vee | < B |3 Ve
n=1 n=1 1
< Dy | =Y p (ﬁ)
”:17 B n=1 +
D S S
AL
A+01— 5 )

It follows, that the value of any admissible dividend strategy is bounded
from below by —¢An/J.

5.2 Strategies With Restricted Densities

In this section, we only consider absolutely continuous dividend strategies with
an adapted non-negative density process {U; };>¢ such that

o D, = [ Usds
e 0<U; <ug <o

and denote the strategies by {U;}. The value of such a strategy for initial state

7 is then - -
VY (i) = B [ / e U, dt — ¢ / e dZt

Let us denote the set of the admissible restricted strategies by 5” Then we

(z,8)"

have V(x,i) = SUPyesy, , VU (z,i). Recall that Lemma 5.1.1 applies.
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5.2.1 The Value Function and the HJB-Equation

Lemma 5.2.1
For allie 7, V(1) is bounded, increasing, Lipschitz continuous and there-
fore absolutely continuous.

Proof: Let Jy = i. It is clear that V(z,4) is increasing in « and V(x,7) <

o7 uoe™0dt = ug /6.

Because we can express V(x,i) = V(0,i) + ¢z for < 0, we can assume
that © > 0. Let h > 0 be small. We choose a strategy where no dividend is

paid up to time h and then a strategy U € 5”& teihd) with initial capital =+ c;h

is followed, i.e.,

Us = 0-Tipawi<ny + <0 Apeny + U - I{t>h}) Lo awi>nys
Zy = 7} L awy<ny + (O Tp<ny + Zyp- I{t>h}> L awisny-
where {Z}'} denotes the capital injections if no dividend is paid. Recall from

Lemma 5.1.2 that the value connected to Z° is bounded by Afi/d. Conditioning
on Fparaw,, We obtain

V(z,i) > VY (x,i)
hANTY AW hAT1 AW
~E, [ / e, dt — ¢ / e 4z,
0 0

+6_6(h/\T1/\W1)VU (XII'L]/\Tl/\Wl):|
> P[Ty AW, > hle VU (2 + ¢;h, 4)
_¢IP[T1 AW < h]]EX%/\Wl |:/0 e_5t dZE]

> e_()‘i+%+‘;)hv0(x + c;hyi) — (1 — e_(’\”“‘“)h)@
1Yy 6

and so

- )\_
V(z,i) > sup e’(’\”qi”)hVU(:U + cih, i) — (1 — e’(’\ﬁqi)h)—qﬁ H

Uey(r.lr-&-ch,i)

_ 6—(>\¢+q¢+6)hv(x +¢ih,i) — (1 — 6_(/\i+Qi)h)_
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The Lipschitz-continuity follows now by the boundedness of V'

0 < V(x+c¢h,i)—V(x,i)
< V(z+ch,i)(1— ef(Ai+q¢+6)h) +(1— e(/\i+(h)h)¢#?ﬂ
X_
X7
< %O\i +aqi+0)h+ (N + %)%h :
O
By monotonicity and boundedness, the limit lim, .. V(z,i) =: V(00,1)
exists for all 7 € ¢ . Then

) = i 5.5
Vo) = L5+ g sV (o (5.5)

holds. To show this, let x > 0 and consider the strategy
Ut = U'OI{t<7'1/\W1} + Ut—ﬁ/\Wl I{tle/\Wl}a Zt Z )

where 7 = 7y (,4) = inf{t : &+ (¢; — ug)t — S_0°, ¥, < 0} is the first time the
process XU falls below zero for initial environment state i and initial capital x.
Then 7 (x,7) converges to infinity as z — oo and so, by bounded convergence,
[E[e~™] converges to zero. Further, Zy, Iy, <, = 0 and Z, 1, -y, is bounded
by Lemma 5.1.2. Conditioning on %, Aw,, we obtain

V(z,i) > VY (x,14)

TIAWL
/ uoeftst dt — (befﬁ(‘rl/\Wl)ZTl/\Wl
0

E|
te —§(T1AWY) VU (XZ/\WN JTl/\Wl)]

o) T1
= IE[/ q,-e_‘ht</ upe *ds — gpe " Z, + e_‘sTlVU(Xg, )) dt

T 0
T1 t F7
—l—/ Qz'eqit(/ upe %% ds + e Zpiij(Xtqu)) dt]
0 0 JAi
=K |:€ EE <%(1 - 67571) - ¢€767—1 ZT1 + 6757—1 VU<X7['{7 ))

W () Gl @)y -
+F<1 —e % — P > + i el +6)t§Qiij(XtUaj)dt] ,
JFi
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where we used that ¢;; = ¢;p;;. Note that XU =z + Cy — upt — Zﬁil Y, + Z,
converges to infinity as x — oo. Now, taking supremum over all admissible
strategies U and letting x — oo yields

. Ug
‘ J#i

- g 52% o

On the other hand, we obtain

Wi
V(Ia Z) < ]E(x,z) |:/ UOG_& dt + 6_6W1V(X‘(/]V17 JWl ):|
0
00 t
= / qie” % (/ upe % ds + e ZpijV(XtU,j)> dt
0 0 gy

_ W —(qi+0)t
ok [Ty i)

JFi

and, by monotonicity, also

1

g +96 qi+5#i

Thus, equality holds. Equation (5.5) can be rewritten in matrix form as

[0 — Q]V (c0) = uge (5.6)

where V' (00) = (V(00,1),...,V(oco,m))T, I is the identity matrix on IR"™*™,
and e = (1,...,1)T. By Lemma 5.2.2 below, the matrix 61 — @ is invertible,

and
V(o0) = [0 — Q] tupe

is the unique solution to (5.6). If we denote Q = 0I — Q and by Q* the
adjugate matrix (see definition C.1.1 in the Appendix), then we obtain

V(oo):qu%,
det Q
or .
Uo ~
V(oo,1) = = w for i€
(00,9) detQZq] 7
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Lemma 5.2.2
The matriz 61 — Q is invertible.

Proof: Let {01,...,0,} and {e’,... e} be the eigenvalues of the matrices
Q and €9, respectively. The matrix e? is a regular stochastic matrix (see
Remark A.3.7). By Perron-Frobenius theorem (see Theorem C.2.3), there is
an ig € {1,...,n} such that €% = 1 and |e%| < 1 for i # 4y. Thus, we have
0;, = 0 and Re(0;) < 0 for i # iy. Since § > 0, it cannot be an eigenvalue of
Q. Therefore, det(61 — Q) # 0 and the matrix is invertible. O

Theorem 5.2.3
For all i € 7, the function V(-,i) is differentiable a.e. on (0,00) and the
deriwvatives from the right and from the left solve the Hamilton-Jacobi-Bellman
equation

sup {(ci — WV (@,0) +u— (A + 8V (1) (5.7)

0<u<ug
o [ V- n 6w + Y eV} =o.
0 Py

Proof: Lei Jy = i be the initial state of the Markov process {J;}+>0. Let h > 0
and fix u € [0,up]. If x = 0 we suppose u < ¢;, if z > 0 we let A be small
enough such that = + (¢; — u)(h A Wy) > 0, i.e., the reserve process does not
fall below zero because of the dividend payments. Let L; > 0 be the Lipschitz-
constant. Choose £ > 0 and n € IN such that L;(x + (¢; —u)(hAWY))/n < /2
and let z; = k(x + (¢; — u)(h AW7))/n for 0 < k < n. For every k there
is a strategy {UF} with VU (24,4) > V(xy,i) — ¢/2. For initial capital 2’
with @), < 2’ < .1, we choose the strategy {UF}. Then, by the Lipschitz
continuity of V(x,7), it holds that

VU i) > VT (i) > Vi, i) —e/2 > V(2 i) — Li(z' — zx) — €/2
> Vi(a'i)—e.

Thus, for all 2/ € [0,z + (¢; — u)(h A W})] we can find a measurable strategy
U such that VU(2/,i) > V(i) — €.

Consider now a strategy such that within the interval [0,h A Ty A W]
dividends at a constant rate u are paid, and thereafter, an e-optimal strategy
U for the initial capital z + (¢; — u)(h ATy A W)) is followed, i.e.,

U - {1{  0<t<hATy AW,
! Uwrriaw, = t>hANTI AW, ’

7 0 D 0<t<hNANTI AW,
! Zi_wamiaw,  © t>hRANTI AW,
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Conditioning on Fjar aw,, we distinguish three cases:

(i) h < Ty A Wi no claim and no transition of the environment process
occur in [0, A,

(ii) 77 < h A Wj: the first claim arrives in [0, k| before the first change of
environment, and

(iii) Wy < hATy: the first transition of the environment occurs in [0, ] before
the arrival of the first claim.

It follows that

V(z,i) > VY(x,i)
hNATY AW -
— ]E(a:,z) [/ efétu dt + 675(h/\T1/\W1)VU(XhU/\T1/\Wl’ Jh/\Tl/\Wl):|
0

:A1+A2+A3

with

h -
A = Euy {Ih@w( / e—5fudt+e—5th(Xg,z)>]
0

o) 00 h
— / )\ie_)‘it/ q;e” 1° [/ e udv
h h 0

+e VU (2 + (¢; — u)h, z)} dsdt

s i
= ef(AiJrqi)hl—eu + 67(/\i+qi+6)hVU(l' + (Ci - u)ha Z) )

5
Ty -
Ay = Euy {ITK,MWI( / e Mty dt + e Y0 (XY z)ﬂ
0

h 00 t
= / )\ie_’\'it/ qie” 1* [/ e %y dv
0 t 0

+e‘6t/ V[](m + (¢ —u)t — y, 1) dGi(y)] dtds
0

h —ot
= / Aie—“iﬂi)tul_; dt
0

h 0o
—I—/ )\ie_(/\i‘f‘qr'ré)t/ VY (x + (¢; —u)t —y,4) dG;(y) dt
0 0
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and

Wy ~
Ay = Eqo [IW1<hAT1 ( / e—%dt+e—5W1vU(XVUV1,JW1)ﬂ
0

h [es) s
= / qie_q"s/ e it [/ e udv
0 s 0

+e7% ZpijVU(x + (¢ — u)s,j)} dsdt
J#i

h —ds
= / qie_()‘i'i_qi)sui dS
0 )

h i
+/ gie~ Nitatos E piiVV(x + (c; —u)s,j)ds .
0 Y
JFi

Then we obtain

V(z,i) > A+ A+ Az
Z e_o\i‘f’Qi)hl_Te_u + 6_(/\i+qi+6)hV([L’ + (Ci — U,)h, 'l)
h 1—e 0
+ / (N + qi)e”Nitadty—— gy
0 )
h 00
+/ )\ie—()\i+qi+§)t/ V(x + (Ci _ u)t —, z) dGZ-(y) dt
0 0

h

—I—/ gie~ Mitatos E pijV(r + (¢; —u)s,j)ds — ¢ .
0 vy
J#i

The constant ¢ is arbitrary. If we let tend it to zero, rearrange the terms and
divide them by h, then we get

V(e + (e —uh,i) = V(z,i) 1= Wtaton

0 > h - V(z + (¢; —u)h,i)
1—e 1 (" 1— e
—(Nita@i)hZ = _ by Ne~Nitai)ty, =~ 44
+e 7 U+h/0(z+%)6 u—s
1 h 00
o / Nje~Pitaitolt / V(z+ (¢; —u)t —y,1)dG,(y) dt
0 0
1 [k
+s / gie” Mitatos Zpl-jV(x + (c; —u)s,j)ds (5.8)
0

J#i

If ¢; > u the first term converges to the derivative from the right as h — 0,
if ¢; < u to the derivative from the left (the existence of the derivatives from



98 CHAPTER 5. MARKOV-MODULATED RISK MODEL

the left and from the right is assured by Lemma 5.1.1). Starting with initial
capital = — (¢; — u)h, we get in the same way that the first term converges to
the derivative from the left in the case ¢; > u and to the derivative from the
right in the case ¢; < u. We do not distinguish the notation first and, using
that ¢;; = ¢;pi; and —¢; = ¢;;, get for both derivatives

(c; —w)V'(x,0) +u— (N + )V (x, i)+ N\ /000 V(z —y,i)dG;i(y)
+> V() <0,
i€s

as h — 0, where we have
| via =y dci)
= [ Ve-niiGw + [ V0.0 - ol - 0)d6i) 59)
= [ Ve—niiGi) + V.00 -G —o [0 -G

because of the property (5.4). )

Now choose a strategy U(h) in .#" such that VU(Ah)(x,i) > V(x,i) — h?
Denote a(t) = fot(ci — us(h)) ds, where @ (h) denotes U(h), if Ty AW, > t. In
the same way as above we get

V(r+a(h),i) = V(z,i) 1—e Qitatdh

0 < N - . V(z+ a(h),i)

1" I !
+e“i+‘h‘>h—/ a(v) dv+—/ <)\i+Qi)e(Ai+qi)t/ a(v)e™” dvdt
h 0 h 0 0

1 [h >
+E/ /\ie—(Ai+qi+5)t/ V(z+a(t) —y,i)dG,(y) dt
0 0

1 [t o .
+E/ qie_(AZJrq'LM)S g piiV(r+a(s),j)ds+h.
0 .
JF#i

W.lo.g., let {h,},>0 be a sequence tending to zero such that lim,,_, a(hy)/hy,
= ¢; — @. Then, the limit lim, . (V(z + a(h,),?) — V(z,1))/h, exists because
of the concavity of V. Letting h,, — 0 yields

(c; —w)V'(z, i) +a— (N +0)V(x,4) + N /000 V(z —y,1)dG;i(y)

+Z%‘jv(xaj) >0.

jeJ
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If ¢; > u, the inequality holds for the derivative from the right, if ¢; < u, for
the derivative from the left, where the value of the derivative can be chosen
arbitrarily if ¢; = 4. Starting with initial capital x — (¢; — u)h, we get in the
same way that the inequality holds for the derivative from the left in the case
¢; > u and for the derivative from the right in the case ¢; < u. Since u = 4
fulfils (5.8), we conclude that equality holds. Now the supremum can be taken
over all constant strategies U = u with 0 < u < wug. Thus, both derivatives
solve Equation (5.7). O

5.2.2 The Optimal Strategy and the Characterisation of
the Solution

First we show that V'(-,4) is continuously differentiable. Since V (-, %) is increas-
ing, concave, and bounded, there exists a b; := inf{x : V'(x,7) < 1}. Equation
(5.7) is linear in u, thus, the argument maximising the left-hand side of (5.7)
can be determined in dependence on the derivative (from the left or from the
right) as

0 o <b (& V/(xi)>1)
u(z,i) =4q €[0,u] : xz=b (& V'(r,i)=1)
U o >b (& V(xi)<1)

By the concavity of V(-,i), we have V'(z—,7) > V'(x+,7). If both V'(z+,1)
and V' (x—, i) are greater than 1 or both are smaller than 1, then differentia-
bility follows from Equation (5.7). By our assumption that G; is continuous,
we have that V'(x,7) is continuously differentiable on [0, b;) and (b;, c0). Now
suppose that b; > 0. At x = b;, considering the equation from the left and
from the right, we obtain that ¢;V'(b;—, ) = uo + (¢; — uo)V'(b;+, 1), or

Ci(V/(bi—,i) - V,(bz—l—,l)) = Uo(l - V/(bl—f—, Z)) .

If ug < ¢;, we conclude that either V'(b;—, i) = V'(b;+,i) = Lor 1 > V'(b;—,1).
Because the latter is impossible, we find that V'(b;,) is continuously differen-
tiable. If uy > ¢;, dividends are paid according to a barrier strategy with
barrier b; keeping the surplus process at b; until time 77 A W;. Because the
process does not leave the intervall [0,b;] and the corresponding strategy is
admissible for any uy > ¢;, it must be optimal for any initial value in [0, b;].
Thus, b; does not depend on the bound uy. The expected discounted dividends
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until time 77 A W are

[e%e) t S
/ )\iem/ qieqis/ c;e % dvdsdt
0 0 0
00 t s
+/ ql-e_q"t/ )\ie_m/ c,e % dvdsdt
0 0 0

SNt gto
For the time after T} A W7, we obtain as in the proof of Theorem 5.2.3 that

/ qie_q"s/ )\ie_’\ite_‘%/ V(b —y,1)dG;(y) dt ds
0 0 0
o0 t
+ / e it / gie e sz-jV(bi, j)dsdt
0 0

J#
A > 1
S CUES TR ) R —— A N )
)‘i+%’+5/0 (bi = y.4) (y)+Ai+qi+5;qj (bi- )

Thus, we can see that V(b;,7) can be characterised through

O [ v a6+ X a9}
0 i

Plugging V' (b;,4) into (5.7) shows that V' (b;—, i) = V'(bi+,4) = 1, i.e., V(-,4) is

continuously differentiable in the case uy > ¢;, also. With the same arguments

as in Remark 3.2.3, we can show that b; = inf{z > 0: V'(z,i) = 1} < 0.

C; 1
= -
/\i—f‘(]i—f—(s )xl-+q,-+5

V(b;, 1)

Let now
0 o <b (& V/(xi)>1)
w(z,i) =< min{c,uo} : z=0b (&V'(x,i)=1) . (5.10)
U o >b (& V(i) <1)

The surplus process controlled by the strategy {U;} = {u(X7, J;)} is then

t N
XV = x+/ (cr, = Us)ds =Y YV, + Z,
0 n=1
t N
= I+/ (CJSI{XSU_<bJS}+(CJs _u(])I{XSU_ZbJS})dS_ZYTL—i_Zt .
0 n=1

Before proving the next lemma we make some observations. Between two
changes of the environment the following holds:
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e In an interval (T,,_1,T}) between two claims the risk process XU is go-
verned by the differential equation dXU = (¢, — uy,) dt.

° X%:X%_—Yn—i—ZTn.
o XU _ >XU.

o If X% _ —Y, <0, then the shareholders pay, idependently of the state
Jr,, as much that X¥ = XY —V, + AZ; = 0. In this case, because
of the property (5.4), the value function fulfils

V(Xz,,0)(=V(0,i) = V(X _ — Yo, i) + 0AZr, .

Thus, it suffices to only consider solutions f to the HJB equation with
the property (5.4).

Lemma 5.2.4
Forie 7, let f(x,i) be an increasing, bounded, and positive solution to (5.7)
with the property (5.4). Then for any admissible strategy U the process

{f(XtU, Jo)e™® — f(X{, Jo) — gb/t e " dZ,
0
o A CELATC ARV VIE (A

[y 160+ Y (XE e s}
0 =

is an {Z: }i>o-martingale.

Proof: Let S; be the number of the jumps of the environment process {.J; }+>0
in the interval [0,¢], i.e. S; = sup{k : W} < t}. Note that S; < oo and Sy = 0.
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Then we have the decomposition

f(XtU7 Jt) - f(X([)Ja JO)
o Z[ XI(/I]/M JWk e Wk — f(X‘%/k—l’ Jkal)eﬂkuil}

+f<XtU7 Jt) o f(XI[/{/St7 JWst)eiél/VSt

St
= Z [f(XI(/{/ka ‘]Wk)e_SWk - f<X‘[/{/k77 JWk—)€_6Wk_i|
k=1

St
+ Z [f(X‘[/JVk—7 JWk—)e_(SWk_ - f(XI(/]Vk_I, JWk_l)e_(SWk_1:|

HF(XY, e = F(Xip, s Jws, Je "5t
= Y A&y - X ]

0<s<t:JsAJs_

St
+ Z [f(X{%-k,, ‘]qu)e_&Wk_ - f(XVl{/k,p JWkA)e_éWkil
k=1

HFX J)e™ = f( Xy, Jr)e™*Vse (5.11)

where we used that Jy,_ = Jw,_, for k=1...5, and J;, = JWst'

First we consider the behavior of the risk process between two changes of
the environment in [Wy_1, Wy), k =1,...,S;. In the same way as in the proof
of Lemma 3.2.4 we can show that the processes

Mtk — f(XI/L{/k—/\taJWk—At)e_é(Wk_At) . f(XVUVk 1/\t7‘]Wk71/\t)6_6(Wk71/\t)

o0
S g, 1D

(Wk_l/\t)<SS(Wk_/\t)
Wi—At o)

o P (TR A TE O A TS VA TR AT ®)
Wi _1At 0

= (A, + ) F(XY, )] s (5.12)
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and
M= f(X, e = [( Xy, s Jwg, Je s
-0 > 6_581Js:JwStMAZs

Ws, <s<t

_ / e [(cjs —U) (XY, T+ Ao, /OO F(XS =y, J5)dG,(y)
Ws, 0

— O, + AKXV 1) ds 19

are { % }i>o-martingales.

Next we consider the changes of the environment. Since the dividend strate-
gies are absolutely continuous, there are no jumps of the risk process because
of the environmental change. Further, f(XY J,) = f(XY,J,). We follow
from Theorem B.2.4 that the process

M= Y [ ) = fXE )|
0<s<t:Js#Ts—

_/ Z |:f(XsU7j) - f(Xg7 (]s):| €_JSQJSJ‘ ds
0 je st
— Z [f(Xg_,Js) —f(XSU_’JS_)}e—és
0<s<t:Js#Js—
_/0 > FXT e gy ds (5.14)
je s

is a martingale, where we used that Zjef:#i ¢j = —qi forallie ¢7.

Now combining (5.11), (5.12), (5.13) and (5.14) yields that

St
Z MF 4+ M + M/
k=1

= f(XY, 1)e? — F(XY, 7)) - qﬁ/t e %% dZ,
0
t
= [ len = 0P O ) = O+ 9S00
0

+ )‘Js/ F(XT =y, J) dG, (y) + Z QJsjf(XsU7j)] e %% ds
0 =

is an {.%; };>o-martingale with expected value 0. O
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We show now that the value function is unique and the strategy (5.10) is
optimal.

Theorem 5.2.5
Forie #, let f(x,i) be an increasing, positive, and bounded solution to (5.7)
with the property (5.4). Then f(x,i) = V(x,1), and an optimal strategy is
given by (5.10).

Proof: Since f(z,i) is bounded, f must converge to a f(co,i) < co. Then
there exists a sequence x,, — oo such that f’'(z,,7) — 0. Let u,, = u(z,,7). By
the definition (5.10) we can assume u, = ug. Letting n — oo in (5.7) yields

0 = (ci—wuo)f'(zn,i) + )‘[/Ooo f(xn —y,1) dGi(y) — f(xml)]
+ Y f (@ d) + (@ — 8) f(@n,4) + uo

€ J i

n—oo

— Gij (00, ) + (i — 6) f(00,) + ug -
€ F i
Denote f(oo) = (f(oo,1),..., f(co,m))T. Then we have that f(oo) is a solu-
tion to
(0 — Q) f(o0) = we,

(compare with (5.6)).
Denote by U* the strategy given by (5.10) and the corresponding Z* = ZY".
It follows from Lemma 5.2.4 and the HJB equation (5.7) that

{f(Xt[J*7Jt)e‘5t — f(z,9) +/t =S ds—qb/t e~ dZ;“}
0

0

is a martingale with expected value 0. Then

t t
P, i) = B [FO, e + / U ds — ¢ / e az:)
0 0
holds. By the boundedness of f and the bounded convergence theorem, we
get B[ (XY, J)e ] — 0 as t — oo. Since the other terms are monotone,
we can interchange limit and integration and get f(z,i) = VU (z,i). For an
arbitrary strategy U, Equation (5.7) gives

t t
flai) > By [f(XE,Jt)e*‘M / e=9U, ds — ¢ / e*ésdzs}
0

0

t t
> B /0 e, ds — ¢ /0 edz,] .
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Letting t — oo shows f(z,i) > VY(x,i). Thus f(z,i) = V(z,1). O

This shows that, if the environment process at time ¢ is at state i, then it
is optimal to pay no dividends while the reserve process stays below barrier b;
(XP < b;). As soon as the process reaches or excesses the barrier b; (XU > b;),
dividends have to be payed at the maximal rate uy.

5.3 Unrestricted Dividends

In this section all increasing, adapted, and cadlag processes D are allowed.
The value of a strategy D is

VP (2,i) = B | / e dD, — ¢ /0 ez, .

0

and V(z,1) = suppey, VP(x,i) is the value function for the initial state

Jo = i.

)

5.3.1 The Value Function and the HJB Equation

Lemma 5.3.1
For alli € Z, the function V(-,1) is increasing with V(z,i) — V(y,i) >z —y
for 0 <y < x and Lipschitz continuous on [0,00). For any x > 0,

Ci — PAifhi <

+ V(x,i) <+
x S (x,i) <z

Sh | ol

with ¢ = maxie y ¢;. The function V(-,1) is almost everywhere differentiable
with V'(x—,i) > 1 and V'(2+,1) < ¢.

Proof: For initial capital y consider a strategy D with VP (y,4i) > V(y,i) — ¢
for a ¢ > 0. For x > y define a strategy where x — y is paid immediately as
dividend, and then the strategy D is followed. Then it holds for any £ > 0

Viz,d) >x—y+VP(y,i) >r—y+V(yi)—e.

Because € was arbitrary, V(x,i) —V(y, i) > x —y follows. In particular, V'(-,17)
is strictly increasing.

Consider a strategy D such that initial capital is paid immediately and
after that the dividends at rate ¢; are paid until the first transition of the
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environment state. Conditioning on .Zy,, we have
Vi) = VP(.9)
W1 Wl
> z+ E [/ cie ’tdt — gb/ et dZ, + 6_5W1VD(X‘?,1, le)]
0 0
W1 Wl
x+1E [/ ce % dt — gb/ e 0t dZt} .
0 0

The value of the dividends is

Wy o] S Cs

]E[/ c;e 0 dt] = / qie_"”s/ e Ve, dtds = —— .

0 0 0 0+ g
By Fubini’s theorem, we get for the value of the capital injections
Wy fe’e) s
E [ / e dZt] —E [ / e / ez, ds]
0 0 0
= E |:/ / ge %% ds e~ dZt] _ IE[/ e—(5+Qi)t dZt]
0o Jt 0

' \; n i
<IE[ ~(Ota)Tny; }z Z( : ) =—,
B ZG " ;M Ai +0+ g 0+

n=1

v

where we applied the same arguments as in the proof of Lemma 3.1.2. Thus,
we obtain the lower bound

Ci — Ol

Viz,i) > VP(x, i) >z +
(x,1) > (x,i) > 5T

Consider now the strategy D where z is paid immediately and then the div-
idends are paid at rate ¢. We note that for any reasonable strategy, D, is an
upper bound for the accumulated dividend payments. Not taking the capital
injections into account yields the upper bound

VP(z,i) < x+IE[/ e“StEdt} = a:—l—g :
0

The local Lipschitz-continuity follows by the local boundedness of V(1)
as in the proof of Lemma 5.2.1.

From Lemma 5.1.1 we know that V(-,4) is concave, and therefore, V' (-, 1)
is differentiable almost everywhere on [0,00). At the points where V'(-,4) is
not differentiable, the derivatives from the left and from the right exist. By
V(z,i) — V(x —e,i) > € for ¢ > 0 we obtain V'(x—,i) > 1. For the other
inequality we consider a strategy by receiving € from the shareholders imme-
diately and following the strategy for the initial capital z + ¢ afterwards, so
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that V(z,i) > V(xz + ¢,i) — ¢e. Hence V'(z+,i) < ¢. This proves the global
Lipschitz-continuity. Moreover, it follows that V' (-,4) is absolutely continuous.
O

Remark 5.3.2

It is possible to calculate a finer upper bound for the value functions. Consider
a strategy such that z is paid immediately and then dividends at premium rate
cj, are paid, i.e., Dy = + fot cj, ds. Then the value of the dividends is

:c+IE[/ e ey dt] = x+/ e " Pl = o =i dt
0 0 -

J=1

=z +/ e (eM)iedt =z + (/ eI+ Q) dt) c,
0 0

)

where (e9'); denotes the i-th row of the matix €@ and ¢ = (c1, -+ ,cm)T.
From Lemma 5.2.2, we know that the matrix —dI 4+ @ is invertible and for all
eigenvalues holds Re(—é + 6;) < 0. By Lemma C.3.3, it follows

Vi(z,i) <z +[0I - Qe

As in the case m = 1, the value function can be calculated as the limit of
the value functions from the previous section. The proof is analogous to the
proof of Lemma 3.3.2.

Lemma 5.3.3
Forie 7, letV,(-,i) be the value function for the restricted dividend strategy
in the case ug = u. Then lim, o Vy(z,i) = V(x,1) for all x > 0.

Now we want to determine the Hamilton-Jacobi-Bellman equation for this
problem. We repeat the procedure in Schmidli [66].

Theorem 5.3.4
Foralli € Z, the function V (-,i) is continuously differentiable on (0,00) and
fulfils the equation

max{ciV’(x, i)+ A /000 V(i —y,i)dGi(y) — (N + )V (x,1) (5.15)

3 V(@) 1= V(i) V(@) — 6} =0,
jes
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Proof: Since we let u — 00, it is enough to consider the case u > ¢;. Equation
(5.7) can be written as

0= maX{ciVu'(m, i) — (N + 0)Vi(x, 1)

Y / Va(o — ,0) dGi(y) + 3 aigVa(w, ) 1 — Vi(2,3) (5.16)
0 j€s
+Zjej Qijvu(xuj) + )‘z fooo Vu('x - Y, Z) dGz(y) - (/\2 + 5)Vu(xa Z) + Ci}
u—c )

The two parts correspond to the different cases u = 0 and u = wug for the
restricted problem (see Equation (5.7)), where the second equation is divided
by u — ¢;. We already know that lim, .. V,(z,7) = V(z,7). Hence, by the
bounded convergence theorem,

lim (A + 6)Vi(z, ) — )\2-/ Valw — 1, AGi(y) — 3 @iV, )
— V) =N [ V(- 06 — Y Vi)
0 j€s
Assume that V/(-,i) converges pointwise to some function f(-,7) a.e. The
limit is finite because ¢;V,(x, z) ()\ +0+q)Vul(z, 1)+ Xio [T(1—-Gi(y)) dy <

(N +0+¢)V(x, i)+ Xo [°(1— Gy(y)) dy. From Equation (5.16) follows that
the function f satisfies

max{cif(m, i) — N+ OV (@, i)+ N /OO V(z—y,i)dGi(y)

0
+ 3 V(@) 1= flai)} =0,
i€s

It follows by the bounded convergence theorem that

V(x,i) = V(0,i) = lim V’(z z)dz—/ lim V/(z,i dz—/ f(z,9)d
0 0

U—00 U—00

L.e., f is the density of V, V is differentiable at all points where f is continuous,
and f=V'. By V'(x,i) < ¢, Equation (5.15) follows.

It remains to show that V/(z,i) = f(z,i) a.e. and f is continuous.

We have seen in Section 5.2 that, for u fixed, the optimal strategy is a
barrier strategy, and the optimal level b; does not depend on u. In particular,
V(z,1i) coincides with V,,(z,7) for u > ¢; and initial capital x < b;. Therefore,
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we can choose b; := inf{z : V! (z—,i) = 1} and V(x) = V,,(z) for z < b;. From
(5.16) we get that
Vi(z,1) = Vi(x,9)
()‘ _'_5 — A fo dG ( ) Zje] qijv<x>j)

C;

> 1,

i.e., (5.15) is valid. By the continuity of V(-,i) and G;, V'(-,7) is continuous
on [0, b;).

Let now x > b;. Then V/(x,i) <1 for all u > ¢;. Let {u,} be a sequence
tending to infinity such that V, (z,7) converges to limsup,_,, V,(z,4). From
the second term on the right hand side of (5.16) we see that lim,, .o V, (z,7) =
1. Analogously, we can show that liminf, .., V/(z,i) = 1. Thus, f(z,i) =
lim, o V./(x,7) = 1. In particular, we have V'(b;—,i) = V'(bi+,i) = 1. 0

5.3.2 The Optimal Strategy and the Characterisation of
the Solution
Because the function V(x,7) is concave, the condition V'(z,i) — ¢ < 0 is
fulfilled whenever V'(0,7) < ¢. Since V(x,1) is continuously differentiable, we
have b; := inf{x : V'(z,i) = 1}.
We now define the following strategy:

Dy = max(x —by,,0),

t

D = DS—}—/CJSI{XSD*:bJS}dS—F > ADY (517)
0 0<s<t: Jo £ Js

7ZF = max(— inf (X, —D!),0)=2"" fort>0,

0<s<t

where AD?”=7 is a lump sum payment due to the change in the environment
from state J,_ to state Jg, i.e.,

AD*JS Js — max{( — bJS)I{]g_;ﬁJS}, 0}
We denote X; = X" = X, — D} + Z}.

Theorem 5.3.5
The strategy (5.17) is optimal, i.e., VP (z,i) = V(z,i) for alli € ¢ .

Proof: We can assume that z > 0, i.e. Zj = 0. The process D* only jumps
if the state of the environment changes. The process {(X;, J;)e™%*} is then a
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piecewise deterministic Markov process. As in Lemma 5.2.4, we decompose
the value V (X}, J;)e~% at the times W) of the transition of the environment

state and obtain

V(X], e = V(X5 Do)
= Y v - aD ) VX g e
0<s<t:Js#Js—
Y VL) VL ) e

0<s<t:Js#Js—

St
+ Z |:V(X;/<Vk77 JWki)eféwk* _ V<X;Vk717 JWk71)675Wk71i|
k=1

FV(XS, J)e™™ = V(X J)e s (5.18)
Since V'(X*_ — AD =7 J)y =V'(b;,, J,) = 1, we find first that

3 [V(X;‘_ ~ADYT T~ V(XE JS)] e~
0<s<t:JsAJs_

=— Y VI(X: —ADY J)AD e

0<s<t:Js#Js_

=— ) ADle (5.19)
0<s<t:Js#Js—

By Theorem B.2.4, we follow for the second sum in (5.18) that the process

> Ve ) - v )|

0<s<t:Js#Js—

t
_/ S V(XD j)e ™ ds (5.20)
0 jes

is an {# }1>o-martingale with expected value 0.

Again, because V (z, 1) is absolutely continuous, we have between two changes
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of the environment that the process defined as

St
SV X e ™ = V(X e (5.21)
k=1
HV(XT, J)e ™ = V(X J)e ™ —¢ e P AZL
0<s<t

t oo
[ eveci e, [ v -y a6
0 0

(g + O V(XE, Js)] Lo oo, ye ds

t 0o
_/ |:)\JS/ V(‘X: -y, Js) dCJJS (y)
0 0
(g + V(X Js)] Txes, ye ds

is a martingale with expected value 0. Recall that for all i € _#, V(x,1%) is
continuously differentiable by our assumption that G;(y) is continuous. Be-
cause V'(X7, J5) > 1 on {X¥ < by}, the first term on the left hand side of the
HJB equation (5.15) vanishes and, thus, the integral over { X < b} collapses

to
/ZqJ] s?] I{X <bJ}e Sds-

i€t
From V/(X}, Js) =1 on {X} =b,,} and (5.15), it follows that

A / V(X? —y, J) dGo(y) — (g, + V(X2 L)
0

=—cs,— > V(X))

i€t
Finally, putting (5.18), (5.19), (5.20), and (5.21) together shows that the
process

VX[, J)e ™ = V(X5 Jo)
—gb/ _‘55dZ* /CJSI{X;:bJS}e_ést“[‘ Z AD:JS*JSe_‘SS
O<s<t:JoA s

is an {% };>o-martingale with expected value 0. For Jy = ¢, using that X} =
x — D, we get from the martingale property

t
V(z,i) = Eq, [V(Xt*,Jt)e‘&—gb / e dZ: + D
0

t
+ / crliximy,ye P ds+ Y AD e
° 0<s<t:Js#Js—
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Since V (X}, J;)e % <V (by,, J;)e™® converges to 0, we have that

lim B, [V (X;, J)e ] =0

t—o0

by the bounded convergence theorem. Finally, by monotone convergence, we
get that

t
V(I’, Z) = lim ]E(mﬂ) |:DS -+ / CJ, I{X;‘=bJs}6_65 ds
0

t—oo
t
+ ) ADY e g / e—f‘sdz;]
0

0<s<t:Js#Js—

= By / e dD: — ¢ /0 e dz;]

= VP (x,4).
a

If the environmental process at time ¢ is in the state J, =i for i € _#, then
the optimal strategy is a barrier dividend strategy with reflecting barriers b;
and 0. Then the corresponding surplus process X" does not leave the interval
[0,5] with b := max{b; : i = 1...m}. The existence of such a process {X;}
can be seen in the following way. Let

D} = sup{X,—b; :0<s<t}VO,
n = inf{t: X, — DY <0},
7} = sup{D? - X,:0<s<t}VO0.

We define X! = X, — DY + Z?. Note that X; = X} for ¢t € [0,71]. Suppose we
have constructed {X;'}. Then we let

D} = DM (sup{X"—b; :0<s<t}V0),
Tor1 = inf{t: X;'— D} <0},
7t = ZM 4 (sup{D? - X" :0< s <t} V0).
We have X; = X;**! for t € [0,7,,1]. Because 7, is a claim occurence time

and 7,1 > 7, we have that 7,, — 0o as n — oo. Thus { X'} converges almost
surely to { X/ }.

Because we do not have an explicit solution nor an initial value, we need
to characterise the solution V(x,7) among other possible solutions.
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Theorem 5.3.6

Forallie ¢, V(x,i) is the minimal solution to the HJB equation (5.15). If
f(x,4) is an increasing, positive solution to (5.15) such that f(x,i) < kiz + K
for some ki, kY >0 and all x > 0, then f(x,i) = V(z,i).

Proof: We again suppose that x > 0. Let f(x,i) be a solution to the HJB
equation. Then f(x,1) is increasing. Consider the process X* under the opti-

mal strategy. We have then, as in the proof of the previous theorem, that the
process

t
FOXG T)e ™ = F(X3,Jo) — 6 / ez
0

- Y [Fe At ) = fX )|

0<s<t: oA s

_/Ot [CJSf’(X;,Js) + A, /Ooo F(XZ =y, Jo) dG o (y)

~ O+ P T + D 4 FX ) Toxs o ye ™ ds
jes

_ / t [ / X = 4,0 AG () — O, + ) F(X0 L)

T Z QJsjf(X:aj)] I{X;:bJs}e_‘ss ds
€S

is a martingale with expected value 0. By (5.15), we have

er fI(X T + A, / FX* = 9,00 dGy. (1)
0

_(AJ@' + 6)f(X:a Js) + Z QJsjf(X:aj) S 0
jes

and

M, / X =y, 2 G () — (g, + O F(XEL L)

+ Z QJsjf(X;kvj) S _CJsf/(X:a Js) S —C,
i€t
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because f’(x,i) > 1. For the same reason, we have

Z [f(X;’l — ADMs=5 1) — f(XE, Js)]e—as

0<s<t:Js#Js—
= — Z f/(X:— — AD:JS_L,? JS)AD:JS‘J56_55
0<s<t:Js#Ts—
< — Z A D=5 =0
0<s<t:Js#Js—
and f(x,Jo) > f(x — D§, Jo) + Dy = f(X§,Jo) + Di. Taking expectations
yields

t t
f(xa Z) > ]E({L‘,’L) [f(Xt*a Jt)e_ét - ¢/ 6_65 dZ: + / CJs I{X;*:bJS}e_(SS ds
0 0

IDp4 Y AD e

0<s<t:Js#£ s

t t
> B / e dD? — ¢ / e dz; |
0

and therefore, by monotone convergence, f(x,i) > VP (z,i) foralli € ¢.

Let now b; := inf{z : f(z,i)’ = 1} and define a strategy D analogously to
the strategy D* as

Dy = max{z — by, 0},

t
R K ERT D SR
0 0<s<t:Js_£J,

7, = max(— inf (X, —D,),0)=2ZP fort>0,

0<s<t
with AD7~7s = max{(XP —b;)1,_4;.,0}. With the same arguments as in
Theorem 5.3.5 we can show that the process

FXP, J)e™ — f(XP, Jy)

¢ t
—0s 177 —ds NJs_Js —0ds
_¢/0 e dZS—l—/O crXixpg, e ds + E ADy"e

0<s<t:Js#Js_

is an {# }i>o-martingale with expected value 0. Taking expectations and let-
ting t — oo, we obtain f(z,i) = VP (x,1), since f(XP,J)e % < f(by,, J;)e
tends to zero as t — oo by the linear growth condition. Thus, f(x,i) < V(x,1)
and, therefore, equality holds. O
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5.3.3 Calculating the Value Function
General case

Suppose that 0 < b; < --- < b,,. We have to calculate the value functions
on each intervall [0,b1],..., [bpm_1,bm] separately. For 0 < x < by, the value
functions V' (z, i) are solutions to the sytem of the integro-differential equations

cif/(x,i)—l—/\i/ flx—y,1) dGi(y)—()\i—l—5)f(x,i)+Z giif(z,j)=0,1€ 7.
0 j€s

Let k € {2,...,m}. Suppose that we have constructed solutions V'(z,1i),i €

Z, for x € [0,bg]. For any j < k and « > b;, the value function is linear, i.e.,

V(z,j) =x —b; + V(b;,j). Thus, for by <z <byyyandi=k+1,...,m, we

have to solve the reduced system of the integro-differential equations

T

cif (x,4) + )\i/ V(e —y,i)dGi(y) + \; /Off— ' flz —y,i)dG;(y)

T—by

S ) () + A0, (1 — Gila)) — A / T - Giy) dy

k m
+Z€Iz‘j(9€—bj+v(bjaj))+ Z qij f(z,7) = 0.
=1 j=k+1

This procedure is complicate and requires intricate numerical calculations. For
simplicity reasons, we consider two special cases when we have only one barrier.

Special case: one constant barrier b = 0
We assume that by = --- =b,, = 0. Then V’(0,7) =1 and
V(z,i) =2+ V(0,i) forall ie ¢Z. (5.22)
Consider the value in z = 0. Then Equation (5.15) reads
¢i — o — OV (0,4) + > qi;V(0,5) =0, (5.23)
ies

or in matrix form,

Ce — ¢Ap=[51 - QIV(0) .

where

o
|

1,...,)7, V() = (V(0,1),...,V(0,m))",
C = diag(ci,...,cm), A = diag(A1, ..., \n)
r = (,ula---a,um)T .
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By Lemma 5.2.2; the matrix 6I — @Q is invertible. The value at zero is given
by
V(0) =[0I — Q]'[Ce — ¢Ap].

Denoting Q =4I — Q and by Q* the adjugate matrix, we obtain

V(o) = @Ce—oAn]
det Q
or,
V(0,1) - Q qu — PN\ju;) for i€ £ (5.24)

We can now derive a necessary condition for (5.24). Plugging (5.22) in the
HJB equation (5.15) yields

¢+ M /j(z —y+V(0,4))dGi(y) + MV (0,4)(1 — G;(x))

—oh [ Gl dy = O+ )+ V.0 + Y (e + V(0.9)
T je/
— Ships — 6V (0,8) + > a4,V (0,5)
j€s
+; /Ow(:c —y)dGi(y) + oA /Ox(l —Gi(y)dy — N+ )z + Y gy

JjESL

- /O [)\i(qﬁ - 1)1 -Giy)) - 5] dy ,

where we used (5.23) and > jeg @iy = 0. The latter integral is a convex
function in x. Thus, it is non-positive if and only if the derivative at zero is
non-positive, i.e., if

Ni(p—1) =<0 forall ie ¢Z.

Thus, a necessary condition for all barriers to be at zero is

max \; < L (5.25)

(154 gb -1
Remark 5.3.7
Since in the general case V'(0,7) > 1 and ¢;; > 0 for i # j, we obtain from
(5.23) that
Ci— QNifli G — PAip;

V(0,i) > — =
(0,6 2 0 — Qi 0+ qi
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and therefore

)\Z 7
V(x,i) > x4+ V(0,i) > aj+% :

This is the lower bound in Lemma 5.3.1. |
Special case: one constant barrier b > 0
Suppose that by = --- = b,, = b for some b > 0. Then we have to solve the
system of integro-differential equations

¢ f (i) + )‘z‘/ [z —y,1)dGi(y) + X f(0,4)(1 — Gi(x)) (5.26)

—)\z¢/ (1-Gi(y)dy — (N +0)f(x,1) +quf:cj)—0 ie ¢/,
jes

for 0 < x < b. We apply the method of Laplace transforms. Denote for
Re(s) > 0 the Laplace(-Stieltjes) transforms (i = 1,...,m)

o = [ e a6 = [ e aG)

Fi(s) 1= / / (1 - Gi(y)) dydz

Then we obtain for i = 1,.

(cs5 + Aigi () = A = 0) fils) + 3 aisf(s)

ics
= (e = 2 20 10,4y 4 o),

S

or in matrix form,
[sc +AG(s) — A — I + Q] f(s) = [C + éAG(s) - %A f(0) + oA7(s),

where I is the identity matrix and

}(S) = (fl(s)a"'afm(8>>T7 f(0> = (f(ovl)v"'7f<07m))T7
Q’ = diag(cy,...,cm) , A = diag(A, ..., \n)
G(s) = diag(gi(s),...,dm(s)), 7(s) = (F1(8),...,Pm(s))T .

If we denote
A(s) = sC+AG(s)— A —I+Q,
B(s) = C+ %AG@) _ éA,
r(s) = A7r(s),
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then we have to solve

We have

Fs) = [A@) [ BE)F(0) +or(s)

A*()[B(3)£(0) + or(s)]
- det A(s) ! (5:27)

where A*(s) is the adjugate of the matrix A(s). By inverting the Laplace
transform, we obtain the function f which depends on f(0) and so f' does
also. From f'(b) = 1 we can determine f(0) as a function of b and denote it
by £°(0). For the stationary initial distribution 7« = (m,...,m,,) consider the
function

Z mV(zr,i) =V ().
ic 7

Then we can determine the initial value V'(0) by

7V (0) = sup{mw f°(0)}.

b>0

The optimal barrier b* is the argument which maximises 7 £°(0), and V' (0) =
F7(0) is the maximal value.

5.3.4 Illustrations for a Two-State Model

We consider the case of one constant barrier and a two-state Markov process,
i.e., m = 2. The two states of the environment process correspond to the
different environmental effects due to, probably, "high risk" versus "low risk"

conditions. We have
_ —q1 q1
@ ( 2 —q2 ) '

Let w7 = (7, m2)T be the unique stationary distribution of {J;}. Then

q q g
7TT=< =, : ) :
@1+ q q1+ Q2

(see Example A.3.8).
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Exponentially distributed claim sizes

Assume now that the claim sizes are exponentially distributed with parameters
a; >0 and ag > 0, ie., g1(x) = ape” " and go(x) = age 2. Their Laplace
transforms are of the form

N (051 R o
91(8)_3+041 (S)_s—l—ozz
Then we have
A(S) = ( SC1 — 311;1 - 5 —q1 R q1 >
qo SCy — ﬁ _ 5 — ¢ 5
A1
C1 — 0
B(s) = ( sta; . > ’
O C2 — S+i&2
A1
r(s) = al(i‘;’al) '
az(staz)
By Corrolar C.1.3, the adjugate matrix A*(s) is
A*(s) = [A(S)]_l det A(s) = 5€2 — sfofg —0—=(Q2 —q1
B - —q2 scl—ﬁ_(s_ql -

Let Ry < Ry <0 < p; < p2 be the solutions to the Lundberg’s equation

oS A1 S
2 —0—q2)(sc; — !

det A(s) = —
¢ (S> (862 S+ Qo S+ o

—0—q) —qg=0.

Then the functions f(z,1) and f(z,2) obtained by inverting of (5.27) are of
the form

f(z,i) = Kje™* + Kie"™" + Kie™ + Kje”*, i=1,2.

The constants K’ ,n = 1,...,4 depend on the unknown initial values f(0,1)
and f(0,2) which can now be determined by solving the system

fl(b,i) =1 = KiRye™" 4 KiR 1™ 4+ Kipief + KipyeP?, i=1,2.

For a numerical example, let ¢; = 11, = 10, A1 = 1, A\ =4,0 =0.1,¢; =
1/4,g0 = 1/2,a1 = 1,0 = 0.5,¢p = 1.5. Then m; = 2/3,m = 1/3 and we get
the optimal barrier level is b* = 4.1668. Figure 5.1 shows the function 7 £°(0)
dependent on the barrier. The value functions V(x, 1) and V' (z,2) can be seen
in Figure 5.2.
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68

66

64+

62+

60

58+

Vo)
651
64—-
63
62
61
60—-
59
581

574

Figure 5.1: The function 7 f°(0)

[— vix.D —— V(x,2)|

Figure 5.2: The value functions



5.3. UNRESTRICTED DIVIDENDS 121

Gamma-distributed claim sizes

We assume that the claim sizes are I'(2,1)— and I'(2, 2)—distributed with the
density functions g;(x) = ze™® and go(x) = 4ze >*. The Laplace transforms
are

. 1 R 4
(s) = (s+1)2° gals) = (s+2)2°
Then we have
Als) — 801+(Si—11)2—/\1—5—Q1 ¢
72 802—1-%—)\2—5—% ’
)\1(2—‘,-8)
C1 — S 0
B(S) = é +1)2 .o Ao (s44) ) )
(s+2)2
A1(342s)
s 2
T(S) - )\(Q(J;}‘r)fi) ) :
(s+2)2
The Lundberg’s equation
A 4\
det A(s) = (scl—{—m—)\1—5—q1)(562+m—)\2—(5—q2)—q1q2 =0

has six solutions Ry < R3 < Ry < R; < 0 < p; < py such that the functions
f(z,1) and f(z,2) obtained by inverting (5.27) are of the form

f(x,i) = Kje™* + Kie™® + Kie™ + Kl + Kle/* + Kie™*, i=1,2.

For a numerical example, let ¢; = 11,¢0 = 10, A\ = 1, Ao =4,0 =0.1,¢1 =
1/4,q0 =1/2,¢ = 1.5. Then m = 2/3,m = 1/3 and we get the optimal barrier
level is b* = 3.2806. Figures 5.3 and 5.4 show the functions 7 £°(0) dependent
on the barrier and the value functions V(x,1) and V' (x,2), respectively.
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Figure 5.3: The function 7 f°(0)
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Figure 5.4: The value functions



Appendix A

Markov Processes

Let E C R. Let B(E) denote the o-algebra of Borel sets in E, M(FE) the
family of all real-valued measurable functions on E, and My(E) C M(FE) the
subfamily of all bounded functions on £ endowed with the supremum norm

9]l = sup,ep [9(2)] for g € My(E).

A.1 Definition of Markov Processes

Let {X:}+>0 be a (cadlag) process with values in E.

Definition A.1.1
A real-valued stochastic process {Xi}i>0 on (Q,F,IP) is called an {Z}i>0-
Markov process if it is adapted to {.Z; }1>0 and the Markov property holds, i.e.,

P[X,1: € B|#] = P[X,1 € B|Xy], P-as.,
for all s,t >0 and B € B(F). The transition function is defined by
Pt(S, xZ, B) = ]P[XtJrS € B’Xt = i[)]

If the transition function does mot depend on t, we call the Markov process
homogeneous.

We assume in the following that the Markov process is homogeneous and
omit the index ¢. The transition function has the following properties:

e P(s,x,-) is a probability measure on B(FE),
o P(0,z,{x}) =1,

o P(-,-,B) € M(IRy x E) for fixed B € B(E),

123
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o P(Sl_’_S?axMB fE 327,% P(th, dy)

A probability measure v on (F,B(F)) is called initial distribution of
{X;} if IP[X, € B] = v(B) for all B € B(E). We have then

IP[Xy € By, Xy, € By,..., Xy, € By
/ / / t —tn 1, Tpn—1, dxn)-~P(t1,x0, dxl)y(dxo)
By v/ B1 n
fOI'aH’n,>OBo,B1,.. B GB( )t0—0<t1_ N

We call {X;} a strong Markov process with respect to its history {Z;* },
if with probability 1

P[X, ., € B|.FX] = P(h, X;, B)
on {1 < oo}, for all h > 0, B € B(E) and each {.%;* }-stopping time 7.

Lemma A.1.2
Every stochastic process {X;}i>0 with stationary and independent increments
is a Markov process.

A.2 Generators

Definition A.2.1
Let {T'(h)}n>0 be a family of bounded mapping from My(E) to My(E). {T'(h)}
is called a contraction semigroup on My(F) if

e T(0) = I, where I denotes the identity mapping on My(E),
o T'(hy+ hg) =T (h)T (h),
o IT(R)fI < I/

for all hyhy,hy >0 and f € My(E).

Lemma A.2.2
Let { X} be an E-valued Markov process with transition functions P(h,z, B).
Let

~ [ Fo)Pha d) ~BFX)X =2l (A
E
for any f € My(E). Then {T'(h)} is a contraction semigroup on My(FE).
Proof: Refer Rolski et al. [61, p. 440]. O
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Definition A.2.3 (Generator)
The infinitesimal generator of a contraction semigroup {T'(h)} is a linear

operator defined by
Th)f—f

Af =lim———

for each function f € My(E) for which the limit exists in the supremum norm
and belongs to My(E). We call the class D(A) C My(E) of functions with
these properties the domain of A.

For the semigroup given in (A.1) we have

i B (XR) — f(2)| Xo = 7]
Af(z) = lim 3

for all functions f € D(A).

Theorem A.2.4 (Dynkin’s Formula)

Assume that {X;} is an E-valued Markov process with transition functions
P(h,z,B). Let {T'(h)} denote the semigroup defined in (A.1) and let A be
its generator. Then, for each f € D(A) the stochastic process {M;}i>0 is an
{FX }-martingale, where

M, = F(X,) — F(Xo) - / AF(X,) ds.

Proof: Refer Rolski et al. [61, p. 442]. O

We now extend the definition of the generator and allow it acting on un-
bounded functions.

Definition A.2.5 (Full Generator)
A multilinear operator A C {(f,g) € M(E) x M(E)} is called the full ge-
nerator of the Markov process {X,} if

¢
{ree)— e = [axo s}
is an {F;* }-martingale. The set D(A) = {f € M(E) : (f,g) € A for some g €
M(E)} is called the domain of the operator A.

Theorem A.2.4 implies that the domain of the infinitesimal generator of a
Markov process is always contained in the domain of its full generator. We
write Af if we mean a function g such that (f,g) € A. Note that g is not
uniquely defined.
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Example A.2.6

Let X; = ct — vaztl Y; be a compound Poisson process with drift and f be a
(bounded or unbounded) continuous function. We want to analyse the process
{f(X;)e~%*}. For this purpose, we consider the process between the jumps and
compensate for the jumps:

FR)E = FX0) + 30 [ (X )e T F(Xr )]

+ (X )e ™ — f(X;N )e TN

— F(X0) + i | F(Xr)e ™ (X, e |

t

+§/TT__ [cf’(Xs) —6f(X5)]658ds+/

Tn,

[c F(X) —0 f(XS)} =% ds.

Consider now the jump part. We want to find a measurable function g such
that the process

Ny

{Z [f(XTF —Yi) — f(XTf)}@*&T" - /tg(Xs) ds}

i=1 0
becomes a martingale with the zero expected value. Since the above expression
can be written as

Ny Tif

) [(f<XT¢— ~Y;) - f(XTi_))e—éTi _ /

i=1 Ti—1

t

g(Xs)ds} —/ g9(X,)ds

Tw,

it is enough to replace t by T} A t, i.e.

tA\Ty
(£ =) = £t ) e = [ gl ds.
0
T is exponentially distributed. By the lack of memory property of the expo-

nential distribution we do not take the conditioned expectation with regard to
Z, but consider the expected value. We are looking for a function g with

E[(f(XTl— -V) - f(XTl—)>€_5T1 In< — /OMT1 g(X,) ds} = 0.

The expected value of the first term is

/Ot e M08 /Ooo{f(az +es—y)— flx + cs)} dG(y)ds
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and of the second one

t s t t
/ Ae™ s / g(x +cv)dvds + e / g(x +cs)ds = / e g(x + cs) ds,
0 0 0 0

where in the last step we used integration by parts. Thus we can choose
o) = 2e [ (10~ y) - £()) d6L)
0

= e / T X -y dGl) - ATRX) . (A2)

Another posibility to determine ¢ is to use Theorem B.2.4. Since

Nt

S (£ =¥ = s ) = [ (7%= ¥) — X))o av,

=1

we have that
]E[/Otg(Xs) ds} - IE[/Ot <f(XS, Y- f(Xs,))e*‘Ss st}
= m[[ e [T (100 -0 - 0) a6 o

and therefore (A.2) holds a.s. |

A.3 Continuous-Time Markov Chains with Fi-
nite State Space

Let E be a finite countable set and {X;};>¢ be an E-valued stochastic process.

Definition A.3.1

{Xi} >0 is called a continuous-time Markov chain if for all i, j, iy, ... i €
E, allt,s >0, and all s1,...,s, > 0 with s; < s for all | € [1,k], the Markov-
property

P[Xpp = j|1X, =0, Xy, = i1,..., X, = in] = P[Xpus = j|1X, =] (A.3)

holds, whenever both sides are well-defined. The Markov chain is called ho-
mogeneous if the right-hand side of (A.3) is independent of s.

Let P(t) = (ng (t))i,jEE with

pij(t) = IP[Xt+s = j‘Xs = Z]
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The family {P(t)}:>0 is called a matrix transition function. It fulfils the
Chapman-Kolmogorov equation

P(t+s)=P(t)P(s)
and is continuous at zero, that is,

lim P(t) = P(0) = I.

The distribution at time ¢ of X; is given by the vector v(t) = (vi(t))icp with
v;i(t) = IP[X; = i]. It is obtained from the initial distribution by

v(t)" = v(0)"P(t),
and it holds

P[Xy, = in,. oy Xoy = in) = > v(0)igPigis ()Dirin (ta = 11) - Pi_yin (bn = 1),

0EE
forallm=0,1,,...,60,%1,...,0p, € E,0<t; < ... <t,.
Theorem A.3.2

If {P(t)}1>0 is a matriz transition function, then the following limits exist and
are finite:

e pi(t) =0y
Gij = lgfgl -
Proof: Refer Rolski et al. [61, p. 311]. O

Corollary A.3.3
For each @ # j,q;; > 0 and q;; < 0. Furthemore, for each i € E,

JEE

The matrix Q = (¢;;)i jer is called the intensity matrix. It is convenient
to set ¢; = —qii = Z#i Qij-
Remark A.3.4
The family {P(t)}+>0 of the transition matrices is a contraction semigroup of

the Markov chain, and the intensity matrix @ is the infinitesimal generator,
since by Theorem A.3.2,

o P(h) — P(0)
Q=lm——"—""
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Theorem A.3.5
Foralli,j € E andt > 0, the transition functions p;;(t) are differentiable and

satisfy the following system of differential equations:
d
< P(1) = PQ = QP()

with the initial condition P(0) = I.
Proof: Refer Rolski et al. [61, p. 313]. O

Theorem A.3.6
The matriz transition function {P(t)}i>0 can be represented by its intensity
matrix Q via

P(t) =9,

Proof: Refer Rolski et al. |61, p. 316]. O

The Markov process { X} is called irreducible if for all i # j, p;;(t) > 0
for all t > 0, or, equivalently, if for each pair ¢ # j there exists a sequence
’il, .. ,in € FE such that Qiiy Givio " Qi1 > 0.

Remark A.3.7
If the Markov process {X;}>0 is irreducible, then the transition matrix P(t)
is regular for each ¢t > 0. |

A probability function 7v on FE is called a stationary distribution if

' P(t) =t
for all t > 0. On the finite state space E the condition
Q=0

is necessary and sufficient for the probability distribution 7 to be a stationary
distribution (refer Brémaud [11, p. 343]).

Example A.3.8
Let £ = {1,2} and {X;};>0 an irreducible Markov chain with the intensity

matrix @ given by
_ [ ¢ 41
@ ( q2 —Q2 ) '
Then the stationary distribution is given by

T

T T q2 q1

m = (m,m)" = , )
(m, m2) (%—1—(12 Q1+92)
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Theorem A.3.9
If the Markov process { X:}i>o is irreducible, then for each i € E,

lim IP[X; =i| = m;,

t—o0
where 7 is the stationary initial distribution of {X;}i>o.
Proof: Refer Rolski et al. [61, p. 323]. O

Example A.3.10 (Embedded Markov chain)
Let {7, }n>0 be the nondecreasing sequence of transition times of the Markov
chain {X;};>o with 7o =0 and 7, = inf{t > 7,,.1 : X; # X;_}. We set 7, = 00
if there are strictly fewer than n transitions in (0, co).

Let A be an arbitrary element not in £ with the convention X, = A. The
process { X, }n>0 is called the embedded process.

Theorem A.3.11
Let { X }i>0 be a homogeneous Markov chain with intensity matriz Q and tran-
sition times {7y, }n>0. Then

1. The embedded process { X, }n>o is a discrete-time homogeneous Markov
chain with state space En = E'U{A} and transition matriz given by

4ij

Pij =
N qi

if ¢ > 0 and j # i; by paan = L,pia = 1 if i € E and ¢; = 0; and by
pin =0 1fi € E and ¢; > 0.

2. Gwen {X,, }n>0, the sequence {Tp11 — Ty }n>0 1S independent, and for all
n >0 and all a € Ry,

]P[Tn+1 - Tn S a|{XTk}k20] frnd 1 — e_qX‘,-,na‘

Proof: Refer Brémaud [11, p. 348] [ |



Appendix B

Poisson Processes

Let{T; }x>0 be a sequence of nonnegative random variables on the positive
half-line such that, almost surely,

(i) To =0,
i) 0<Th<Th< ...,
(iil) limy o Ty = 00.
We call {T;} arrival (or occurrence) times and consider the random
counting measure {N(B) : B € B(IR)} with
N(B) =) Kreny
k=1

We define a counting process {N;}:>o by

N = N((0,)) =Y Tyne<ny-
h=1

B.1 Homogeneous Poisson Processes

Theorem B.1.1
Let {N:}i>0 be a counting process with occurrence times 0 = Ty < Ty < ---
and A > 0. The following conditions are equivalent:

1. {N:} has stationary and independent increments such that

P[N, = 0] =1 — M +o(h), P[N,=1=X+o0(h) as h|O0.
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2. {N:} has independent increments and Ny is Poisson-distributed with pa-
rameter At for each t > 0.

3. The interarrival times {Ty, — Ty—1 }x>1 are independent and exponentially
distributed with parameter \.

Proof: Refer Rolski et al. [61, pp. 157-160]. O
{N,} is called a homogeneous Poisson process with intensity A.
Let {Y;}i>1 be a sequence of iid random variables independent of {N;}.

Nt
The process {Z YZ} is called a compound Poisson process and has inde-

i=1
pendent and stationary increments. By Lemma A.1.2, the compound Poisson
process (and, as a special case with Y; = 1, the Poisson process) is a Markov
process.

Lemma B.1.2 (Thinning)
Let {N;} be a Poisson process with parameter \. Let {I;}rew be a sequence of
iid random variables independent of {N;} with P[I, = 1] =1—-1P[[, =0] =p

Nt Nt
for somep € (0,1). Then {Z Ik} and {Z(l—[k)} are independent Poisson
k=1 k=1

processes with parameters )\p_ and A\(1 — p), respectively.

Proof: Refer Grandell [37]. O

B.2 Cox Processes

Definition B.2.1
Let {\(t) }1>0 be a nonnegative measurable stochastic process such that

¢
/ A(s)ds < oo, TP-ae., t>0.
0

We call {\(t)} an intensity process, and {A(B) : B € B(IR)} with A(B) =
[z A(v) dv a cumulative intensity measure. A counting measure N(B) is
called a Cox process or a doubly stochastic Poisson process if for all
n=12,,..., forky,....k, € N, anda; <by <ays <by <...<a,<b,

P [ﬁ{N((ai, b)) = k)] = E[ﬁ Mﬂ exp (- /b Mw) dv) .

=1
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Thus, conditioning on {A(¢)}, {IV;} is a Poisson process with intensity
function {A\(¢)}. If {\(¢)} is deterministic, then {/NV;} is a (non-homogeneous)
Poisson process. If A(t) = A for some nonnegative random variable A, then
{N:} is called a mixed Poisson process.

Example B.2.2 (Markov-modulated Poisson process)

Let {J;:}+>0 be a Markov process with state space £ = {1,...,m} and intensity
matrix Q = (¢;;)ijer. By a Markov-modulated Poisson process we mean
a Cox process whose intensity process {A(t)} is given by

)\(t) == >\Jt'
|

Lemma B.2.3
A Markov-modulated Poisson process has stationary increments if {J;} has a
stationary initial distribution.

Proof: Refer Rolski et al. [61]. 0

Theorem B.2.4
Let { N} be an {F#:}-adapted (doubly stochastic) Poisson process with intensity
function {\(t)}. Then

1. My =N, — fg A(s) ds is an {F}-local martingale;

2. if { X4} is an { % }-predictable process such that
t
IE[/ X.A(s) ds] < 00, >0,
0

then [, X, dM, is an {.F}-martingale.

Proof: Refer Brémaud [10, p. 27]. O
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Appendix C

Linear Algebra

C.1 Determinants

Let A = (a;;)};=; be a n x n-matrix. We denote by A;; the (n —1) x (n — 1)-
matrix resulting from A by removing the ¢—th row and the j—th column.
Definition C.1.1
The (i, j)-minor M;; of the matriz A is defined by
Mij = det Aij .

The adjugate A" of the matriz A is defined by

a;; = (=1)" M, .
For the special case n = 2, the adjugate can be easily calculated as

A*:( 22 —G12) _
—G21 an
Theorem C.1.2 (Laplace’s formula)

Forall j =1,...,n holds

det A = Z(—l)i+j(lij . Mij .
=1

Corollary C.1.3
For any invertible matriz A holds
LA
det A~

For n = 2 we have
Al — 1 Q22  —ai2
1122 — Q12021 —agz; an
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C.2 Eigenvalues

Let A be a n X n-matrix, ¢, be n-dimensional non-zero vectors and 6 € IR
or f € C.

Definition C.2.1
If
Ap =09,

then 0 s said to be an eigenvalue of A and ¢ a right eigenvector corre-
sponding to 6. If
YrA =097,

then 1) is said to be a left eigenvector corresponding to 6.

The eigenvalues are exactly the solutions to the characteristic equation
det(A —0I) = 0.

This is an algebraic equation of order n, i.e. there are n eigenvalues 6., ...,0,,
which can be complex and some of them can coincide. We assume that the
eigenvalues are numbered such that

01] > |02] > - - 16,

and denote the set of eigenvalues of A by sp(A).

Definition C.2.2

A nonnegative matriz A is called stochastic, if Zj a;j =1 foralli=1,...,n.
A nonnegative matriz A is called regular, if there exists some ng > 1 such
that all entries of A™ are strictly positive.

Theorem C.2.3 (Perron-Frobenius theorem)
If A is a reqular stochastic matriz, then 61 =1 and |0;] <1 fori=2,... n.

Proof: See Rolski et al. [61, p.284].

C.3 Matrix-exponentials
The exponential e of a n x n-matrix A is defined by the series expansion

ooAn
€A:ZF

n=0

The next Lemma shows that the series is a well-defined matrix.
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Lemma C.3.1 .

For h € IR, the series Z (h:')n converges uniformly with respect to h €
[—ho, ho|, for each hg > (;L.ZO

Proof: See Rolski et al. |61, p. 314]. O
Lemma C.3.2

On the whole real line holds

dZI;LA — AhA — hAQ
Proof: See Rolski et al. |61, p. 315]. 0

Lemma C.3.3
If all ergenvalues of an invertible matrix A have negative real parts, then

/ Adt=—A"",

0

Proof: See Rolski et al. [61, p. 328]. O
For the eigenvalues of the exponential e holds

sp(e?) = {e’ : 0 € sp(A)}.
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