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Kurzzusammenfassung

In dieser Arbeit entwickeln wir die Theorie der prdhomogenen Supervek-
torraume. Fiir den Fall, dass G eine komplexe und zusammenhéngende Lie
Supergruppe ist, die linear auf dem Supervektorraum V wirkt und einen
offen Orbit in V hat, beweisen wir, dass dieser Orbit dann, als eine offene
Untersupermannigfaltigkeit betrachtet, eindeutig, zusammenhingend und
dicht ist. Dies erlaubt uns prdhomogene Supervektorrdume zu definieren.
Wir fiihren den Begriff der relativen Superinvarianten ein und kénnen zeigen,
dass die relativen Superinvarianten durch die Supercharaktere bestimmt
sind, die unter der Isotropiesupergruppe invariant bleiben. Dariiber hin-
aus konstruieren wir zwei Beispiele fiir einen prahomogenen Supervektor-
raum und sind in der Lage alle Supercharaktere der allgemeinen linearen
Supergruppe anzugeben. Dies ermoglicht alle relativen Superinvarianten
der supersymmetrischen Matrizen zu bestimmen.

Wir fiihren die lokalen Zeta Superfunktionen fiir den pradhomogenen Super-
vektorraum der supersymmetrischen Matrizen ein und beweisen, dass diese
ganze Funktionen sind. Auflerdem ist die lokale Zeta Superfunktion fiir kom-
pakt getragene Superfunktionen auf einer Zusammenhangskomponente V;;
des Orbits

Fig(.80) = = [ IDEO] [Ber(X)]* 9.(X),

eine Regularisierung des Integral auf der rechten Seite auf den grofieren
Raum der Schwartz Superfunktionen. Diese sind auf dem zugehorigen cs
Vektorraum definiert. Anders als die Regularisierungsmethode von Marcel
Riesz und Hadamard, bei der homogene Distributionen ihre Homogenitéts-
eigenschaft verlieren, erhilt diese schon von Gelfand und Sato verwendete
Regularisierungsmethode die algebraischen Eigenschaften der relativen Su-
perinvarianten.

Es wird gezeigt, dass die Fourier Supertransformierte bis auf einen Super-
charakter eine dquivariante Abbildung fiir die induzierte Wirkung auf dem
Supervektorraum der Schwartz Superfunktionen ist. Wir beweisen auch,
dass die Fourier Supertransformierte der dualen lokalen Zeta Superfunktion
sich mit dem gleichen Supercharakter transformiert wie die lokale Zeta Su-
perfunktion, geshiftet im komplexen Parameter.



Abstract

In this thesis, we develop the theory of prehomogeneous super vector spaces.
In the case that G is a complex connected Lie supergroup, acting linearly on
a super vector space V' and if G has an open orbit in V' then this orbit, as an
open sub supermanifold, is unique, connected and dense. This allows us to
define prehomogeneous super vector spaces. We introduce the notion of rel-
ative superinvariants and show that the relative superinvariants are already
determined by the supercharacters which are invariant under the isotropy
supergroup. Furthermore, we construct two examples of prehomogeneous
super vector spaces. The supercharacters of the general linear supergroup
will be classified and thereby all relative superinvariants for the space of
supersymmetric matrices. We introduce the local zeta superfunction for the
prehomogeneous super vector space of supersymmetric matrices and prove
that these are entire functions. Moreover, for a compactly supported su-
perfunction ®. on a connected component V;; of the orbit the local zeta
superfunction

Fiy(s, ®e) = — / ID(X)] [Ber(X)|* ®.(X),

1(s) Jv,

is a regularization of the integral on the right-hand side to the greater space
of Schwartz superfunctions. These are defined on the associated cs-vector
space. Unlike the regularization methods of Marcel Riesz and Hadamard,
where homogeneous distributions lose their homogeneity, this regularization
method, already used by Gelfand and Sato, maintains the algebraic property
of relative superinvariant.

Moreover, we demonstrate that the Fourier supertransform is, up to a su-
percharacter, an equivariant map for the induced action on the super vector
space of Schwartz superfunctions. We also prove that the Fourier super-
transform of the dual local zeta superfunctions transforms with the same
supercharacter as the local zeta superfunction, shifted in the complex pa-
rameter.
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1 Introduction

Hormander [18] considered the homogeneous function

s z® if x>0,
x = ]
0 ifzxz<O,

which is locally integrable when Re(s) > —1 and discussed extensions to all
s € C as a distribution. There are different ways to define such a distri-
bution: one due to Marcel Riesz and an older method due to Cauchy and
Hadamard, known as Cauchy principle value and Hadamard regularization.
All of these methods destroy the property of homogeneity. But the following
way define a distribution for all s € C, which remains homogeneous. For an
arbitrary Schwartz function ® € .(R) the function

s — I4(P) = /OOO 2 ®(x)dx

is analytic when Re(s) > —1. Using the relation

I,(®) = (=1 I (@) 1.1
A P R A R (1)

where ®*) = 9%® and which holds for Re(s) > —1 and any integer k > 0,
one can define the distribution I; by analytic continuation with respect to
s, if s is not a negative integer. Using the gamma function I'(s) one can

redefine I as
xS

s I4(®) = /Ooo m@(m)dw,

which now extends analytically using
1,(®) = (—1)F Ly (@P), (1.2)

to the whole s-plane and remains homogeneous. Note that dividing by the
gamma function exactly cancels the poles which appear in Equation 1.1.

Mikio Sato generalised this idea to irreducible relative invariants of reductive
prehomogeneous vector spaces. He originated the theory of prehomogeneous
vector spaces around 1960 motivated by finding a testing ground for a general
theory of linear differential equations, which is now called algebraic analysis.

Classically, a prehomogeneous vector space is a finite dimensional C-vector
space V with an R-structure Vg and p : G — GL(V') an R-rational represen-
tation on V of a connected linear algebraic group G, such that there exists a
v € V with O, := p(G)v an open orbit of V. This implies that O, is unique



and dense in the Zariski topology. A relative invariant is a homogeneous
polynomial f : V — C with the property f(p(g)v) = x(g) - f(v), where
X : G — GL; is a rational character. For reductive prehomogeneous vector
spaces, it is known that the dual triplet (G, p*, V*) and O, = O,», where p*
is the contragredient representation and v* € V* is also a prehomogeneous
vector spaces. There is also a dual relative invariant f* corresponding to
x* = x~!. The sets Vg N O,, and Vi N Oy+ split into finitely many connected
components denoted V; and V;* respectively. In [23] the local zeta functions
of the prehomogeneous vector space (G, p, V') and the dual prehomogeneous
vector space (G, p*, V*) are defined by

Fs.9) = = [ o |f@)F 9(a)

* *) L 1 * S FH*
Q@QW—W@AﬁMf@!¢@)
The measures dx and dy are defined by the standard Lebesgue measure on
R™ and isomorphisms V' =2 R™ and V = V*. Furthermore, the space of
Schwartz functions on R" is isomorphic to the space of Schwartz functions
7 (Vr) on Vg, respectively .7 (Vg), with ®(z) € . (Wg) and ®*(x) € L (V§),
(see, for more details, [23]). In the case of reductive prehomogeneous vector
spaces and f a relative invariant corresponding to the character y, we have

S5 (0) f(@)*Th = b(s) f(2)*.

The function b(s) is called the Bernstein-Sato polynomial. It is due to Bern-
stein [5] and Sato and Shintani [32], who introduced it independently. It
is a polynomial related to a differential operator. For reductive prehomo-
geneous vector spaces, the differential operator f*(9,) is given by the dual
relative invariant f* corresponding to x ™! and 9, = (9uy,...,0z,). The
Bernstein-Sato polynomial has the form

d
b(s) = bo [ (s + ).
=1

where a; € Qs for ¢ = 1,...,d ([21]). The meromorphic function v(s) is
defined as the product of gamma functions ~(s) = H?Zl I'(s + ;) and one

finds that Fay o)
. x)® x)®
f (am) )
Y(s+1) 7(s)
where ¢; € {—1,1} depends on the connected component. The purpose of
the function ~y(s) is to absorb the poles that appear by analytic continua-

tion as the gamma function did in Equation (1.2), such that the local zeta
function can be extended to a holomorphic function of s € C by

Fi(s,®) = (—=1)%™(g;b9) ™™ - Fi(s + m, f*(Dy)"®).

= g;bo



Sato proved the following statement in 1961, which Kimura calls the Fun-
damental theorem of prehomogeneous vector spaces in [23, Theorem 4.17].

Theorem 1.1.  Let (G,p,V) be a reductive prehomogenous vector space
and f a irreducible relative invariant corresponding to a character x and
f* a relative invariant of the dual prehomogeneous vector space (G, p*,V*)
corresponding to x~'. Then, the local zeta functions

1 S
Fis.®) = — /V dr |f(x)]* ®(z)

and

1
Fj(s, @%) := / dy |f*()* ©*(y),
o) = o [ W @
extend analytically to holomorphic functions on the whole s-plane. Further-
more the following holds:

l
/W dy [f* ()77 2(y) = (s — 7) - ;cm(b‘)/vidw [f(@)[7* ®(x) (1.3)

J

where ¢;j(s) are entire functions which do not depend on ® € .7 (Vg).

The example described at the beginning of this introduction is the simplest
prehomogeneous vector space (C*,C), with the relative invariant f(z) = z
and I;(®) as the local zeta function for the connected component V; = R*.

In this thesis, we generalise the theory of prehomogeneous vector spaces
to develop the theory of prehomogeneous super vector spaces. We prove
that if G is a complex connected Lie supergroup, acting linearly on a super
vector space V and if G has an open orbit in V' then this orbit, as an
open sub supermanifold, is unique, connected and dense (Theorem 3.21).
Then, after translating this result into the algebraic category, this statement
allows us to define a prehomogeneous super vector space. Moreover, we
show that a relative superinvariant is homogeneous (Theorem 4.9) and if
two relative superinvariants f and h have the same supercharacter y, they
are equal up to a constant ¢ (Theorem 4.7). Hence, we are able to show, by
using preliminary work based on algebraic geometry, (Theorem 4.10) that
the set of algebraic supercharacters X;(G) that correspond to a relative
superinvariant is given by the set of supercharacters, which are invariant
under the isotropy supergroup G,

X1(G) = {x € X(G) | xlg, = 1}

We classify the supercharacters x : GL,,,, — GLi of the general linear
supergroup GL,,),, by integer powers of the Berezinian Ber®(.) and, using



this, all relative superinvariants for the space of supersymmetric matrices
(Theorem 4.11). Analogous to the classical theory, we define the notion of
regular prehomogeneous super vector spaces, which guarantees that the dual
super vector space (G, p*, V*) with the contragredient representation p* is
again a prehomogeneous super vector space. Further we show that X;(G) =
X{(G), which tells us that if we have a supercharacter y corresponding to
a relative superinvarint f there is also a dual relative superinvariant f* on
V* corresponding to x ! (Theorem 4.14).

We derive that the flat Berezinian measure of a prehomogeneous super vector
space of dim V' = m/|n with an irreducible relative superinvariant f, with su-
perdegree deg f = dj, — dy corresponding to the supercharacter x transforms
under the action of G' by the factor y(g)(™~™/%=ds  where 2(m —n)/d, —d;
is a integer number (Lemma 4.16).

We construct two examples of prehomogeneous super vector spaces and use
the prehomogeneous super vector space of supersymmetric matrices 52((C7’|q)
as a toy model to examine the more general results.

Furthermore, we introduce the local zeta superfunction for the prehomoge-
neous super vector space of supersymmetric matrices and prove that these
are entire functions of s € C

Prq
2

Fug(®)i= [ 1DE] By (=2 B0, 1 det(A)]F - P (5,8 (X))

for each Schwartz superfunction ® associated to the cs-structure of the pre-
homogeneous super vector space. Moreover, for a compactly supported su-
perfunction ®. on a connected component V;; of the orbit the local zeta
superfunction

Fiys,20) = o5 [ IDOO] [Ber(X)F 2e(X),
v(s) Jvi,
is a regularization of the integral on the right-hand side to the greater class
of Schwartz superfunctions on . (52(C€Lq)) (Theorem 5.13). Unlike the
regularization methods of Marcel Riesz or Hadamard, where homogeneous
distributions lose their homogeneity, this regularization maintains the alge-
braic property of the Berezinian. We associate a cs-supergroup G.s to an
algebraic supergroup G and G, is the open subspace of G4 such that (G1,)o

contains the neutral element. Under the action of G, we get

_ p—q+1
9-Fij(s,®) = [x(g)| T2 ) Fy (s, @),
* * * — p—g+l * *
9. (5,07 = (o)t 2 ) E (s, @),

(Theorem 5.19).



The reason for this restriction by considering the local zeta superfunction
to the example of supersymmetric matrices is that we cannot express a rela-
tive superinvariant so far in general by the classical relative invariants of the
underlying prehomogeneous vector spaces. But, we believe that the preho-
mogeneous super vector space of supersymmetric matrices is a characteristic
example for constructing general local zeta superfunctions and prove similar

statements as above for the local zeta superfunction of SQ(CE)LQ).

Furthermore, we show in Proposition 5.23 that the Fourier supertransform
is, up to a supercharacter, an equivariant map

—_ m—n

9.8(w) = x(g) * U - g.B(w)

for the induced action on the super vector space of Schwartz superfunctions.
Moreover, we can show that the Fourier supertransform of the dual local
zeta superfunctions, considered as tempered superdistributions, transforms
with the same supercharacter

055 = g ®) = ()| iyl — =g @),

9-Fij(—s5,®) = |x(9)|* - Fij(—s,®)

as the local zeta superfunctions, shifted in the complex parameter. Classi-
cally, this property is sufficient to show that the Fourier transform of the
dual local zeta function and the local zeta function are equal, up to a con-
stant only depending of the complex parameter s (Equation 1.3).

This thesis can be considered as a starting point for the study of prehomo-
geneous super vector spaces. A further question may be: Is it possible to
classify all prehomogeneous super vector spaces?

In Section 2, we give the basic definitions. There the notion of super vec-
tor spaces, locally ringed superspaces, the concept of S-points, affine su-
perschemes, complex analytic supermanifolds are defined and we prove or
recall statements about open and closed sub supermanifolds that we will
need throughout the thesis.

In Section 3, we define Lie supergroups and consider the quotient super-
manifold of a Lie supergroup by the isotropy supergroup in order to prove
Theorem 3.21. We also define the notion of algebraic supergroups and con-
sider quotient superschemes in order to prove Theorem 4.10.

In Section 4, we develop the theory of prehomogeneous super vector spaces,
and prove the results mentioned above. We define relative superinvariants,
the contragredient action and the dual prehomogeneous super vector space
and define the notion of a regular prehomogenous super vector space.



In Section 5, we define the local zeta superfunction for supersymmetric ma-
trices and prove the results mentioned above about it and its Fourier super-
transform.



2 Preliminaries

This section contains preparatory information. We discuss the foundation
of supergeometry in order to set up the basic framework needed to develop
the theory of prehomogeneous super vector spaces.

In particular, we introduce the notion of super vector spaces, tensor prod-
ucts, superalgebras and supermodules following the standard description in
the literature. The reader may consult, for instance Ref. [10, 13, 27]. Then
we define the notion of locally ringed superspaces following [2]. Moreover,
we introduce generalised points, following [3, 13|, in order to capture the
supergeometric feature of the supergeometric objects. We will also need the
following subcategories of locally ringed superspaces: complex analytic su-
permanifolds, cs-manifolds and affine superschemes. In introducing complex
analytic supermanifolds and affine superschemes we follow [13, 28] and in
the case of cs-manifolds we follow [3, 11]. Furthermore, we give, as a warm
up, a proof of Theorem 2.26, which tells us that a morphism of complex an-
alytic supermanifolds, where the Jacobian has maximal rank, admits local
sections. This proof is technically similar to the proof of the inverse funtion
theorem [27, Theorem 2.3.1]. Though one can often choose more general
fields, we restrict our attention to C.

2.1 Super vector spaces

Definition 2.1. A super vector space is a Zo-graded vector space V =
Vo®Vi over C. A homogeneous element vy € Vj is said to be even and v1 € V3
is called odd. The parity function is defined on homogeneous elements by

1= (Vo UVD\{0} — Zy
lv| =i forveV

where i € Zy. For brevity, if {e;} is a homogeneous basis for V' we will
also write |j| for the parity |e;|. We define the superdimension of the super
vector space V by the pair of integers

dim(V) = dim V§ | dim V7.

A linear map ¢ : V. — W between super vector spaces V and W is called even
if (V5) C Wi, and is called odd if ¢(V5) C Wi, 1. The set of all linear maps
between V' and W is a super vector space with Hom(V, W) = Hom(V, W) ®
Hom(V, W);, where Hom(V, W) are the even maps and Hom(V,W); are
the odd ones. The morphisms from a super vector space V to a super
vector space W are linear maps in Hom(V, W) that preserve the grading.



The super vector spaces with their morphisms form the category svct. For
details about categories, one may consult [33].

Definition 2.2. A real Z/2Z graded vector space U = Uy @ U; with a
fixed complex structure Uy will be called cs-vector space. Given a complex
super vector space V' = V5 & Vi, where Vj has a real form, V5 = V5 r ®iVj R,
then the cs-vector space Vs := Vg @ V7 is called a cs-form of V.

We can also construct the tensor product of two super vector spaces
VoaW=VeW;a(VeW)

with o
VeW):= > VieW; LikeZ,.
jHk=1

Definition 2.3.  An associative superalgebra A over C is a super vector
space over C, which is also an associative ring. Furthermore, we require
that the multiplication map A® A — A is even, which implies the following
multiplication rule

a;-a; € Ay ; whenever a; € 4;, a; € 4; i,j € Zs.

A superalgebra A is supercommutative, if the product of homogeneous ele-
ments a,b € A obeys the rule

ab = (—1)llPlpq,

An example of a superalgebra is M(p|q, A). This is the superalgebra of
(p + q) x (p+ q)-matrices, with entries in a superalgebra A. We define

B T i
M(p|Qa A)I = <A C> By, Conn € Af Cins A € Af—i—i 1€ Zs

with
k,le{l,..p} myne{l,..q}
The superalgebra structure is given by usual matrix multiplication. Further-

BT AT
—FT CT .

more, we define the super transpose of X = (g g) by X5 = (
Definition 2.4. Fix a supercommutative superalgebra A. The standard
free module APl9 is the module freely generated by even elements e, .. ., ep
and odd elements epy1,...,€ep14. The endomorphisms of APl4 can be rep-
resented by elements of M (p|q, A)j and the automorphisms are represented
by GL(p|q, A) :={X € M(p|q, A)y | X is invertible}.



2.2 Locally ringed superspaces

Here, we introduce the category of locally ringed superspaces, which includes
as full sub categories affine C-superschemes, complex analytic supermani-
folds and cs-manifolds.

Definition 2.5. A locally ringed superspace X = (X, Ox) is a topologi-
cal space Xg endowed with a sheaf of superalgebras Ox over C such that the
stalk at every point x € Xj, denoted by Ox ., is a local superalgebra, i.e.
Ox ; has a unique maximal ideal m,. For brevity, we will often use the term
superspace instead of locally ringed superspace. A morphism ¢ : X — T of
superspaces is expressed by ¢ = (¢, ¢ﬁ), where ¢ : Xg — T is a map of
topological spaces and ¢ : Op — ¢0,Ox is a local sheaf morphism, so that
¢§C(m¢o(x)) C m,. An open sub superspace U is defined by the superspace
(Uo, Ox|u,), where Uy C Xy is open in Xy. Additionally one has the inclu-
ston morphism jy = (jXIU,(_)’jg(\U)’ where jy|, g is the inclusion of Up in

§<|U : j)}llu :0x — Ox|u, is the identity. We
call a morphism ¢ : T' — X of superspaces an open embedding if it factors
as ¢ = jy o1 where Uy C X is an open subset and ¢ : T — X]|y is an

isomorphism.

Xy and the sheaf morphism j

An example of a superspace is CPl9, which is the model space in the category
of complex analytic supermanifolds. The superspace CPl7 := (CP, Ocplq) is
the topological space CP endowed with the following sheaf of superalgebras
over C. With any open set Uy C CP we associate the superalgebra

Ocria(Uo) := H(C)(Uo) & \(C)",

where H(CP)(Uy) consists of the algebra of complex analytic functions on
Up and A(C?)* is the Grassmann algebra of (C%)*.

2.3 The concept of S-points

In the case of supergeometric objects (or in the generality of schemes), the
points of an object X do not fully capture the supergeometric (respectively
scheme-theoretic) features of X. Without full knowledge of the sheaf Oy,
essential information would be omitted. In order to recapture this informa-
tion, we use Grothendieck’s functor of points. We consider the object X
along with all morphisms S — X, where S runs through all objects of the
same type.

Definition 2.6.  Let C be a category, for instance the category of locally



ringed superspaces. For S, X € Ob(C), we denote by X (S) := Hom¢(S, X)
the set of morphisms from S to X and call @ € X(.5), also written as o €5 X,
an S-point of X. By definition, the set of S-points X (S) is functorial in S,
which means that a morphism v : ' — S and s €¢ X induces the map
s+ sou from X(S) to X(T'). Thus, we get a contravariant functor

hx : C — set
S X(S),

where set is the category of sets. The functor hx is called the functor of
points of X.

The notion of S-points is motivated by the following: A point x € X, where
Xy is an ordinary set, can be considered as a map from the singleton set
{x} to Xo and Xo(*) = Xo. In this way Xo(S) contains Xy as a subset and
shows that S-points serve as generalised points.

Definition 2.7. A contravariant functor F : C — set is called repre-
sentable if there exists X € Ob(C) such that F' = hx as functors. In this
case, X is unique up to canonical isomorphism and is called the representa-
tive of F.

Let F¢ be the category of contravariant functors, from C to set, where the
morphisms are natural transformations. Every category embeds in a functor
category, which often has nicer properties than the original category. The
use of this language is justified by the Yoneda Lemma, and can be found in
any introduction to category theory, for instance [33]:

Lemma 2.8 (Yoneda Lemma).  For any X € Ob(C) and F € Ob(F¢), we
have
Homg,(hx,F) = F(X).

In particular, the functor h is fully faithful and the full subcategory of Fe
consisting of the representable functors is equivalent to C.

Each natural transformation hx — hy is defined by a unique morphism
f: X — Y, so finduces amap fg from X (5) to Y (S) functorial in S. By the
Yoneda Lemma, this construction is a bijection from the set of morphisms
f: X — Y to the set of maps between systems of maps fs : X(S5) — Y(S).
There is a natural topology on the set of S-points defined as follows:

Definition 2.9. Let U C X be an open sub superspace, with the inclusion
morphism jy. By composing elements of U (S) with ji7, we get an embedding

10



of U(S) in X (S). In this way we are able to identify U(S) with the subsets
of X(S) as
U(S) ={v: 8 — X [¥o(5) € Uo}

The collection of these open sets U(S), such that U C X is an open sub
superspace, gives a topology on X (.5)

Top(X(9)) :={U(S) | U C X open}.

Proposition 2.10. Let f : X — Y be a morphism of superspaces. The
induced map on the S-points fs : X(S) — Y (S) is continuous.

Proof. Let V C Y be an open sub superspace, then the continuity follows
from fgl(V(S)) = f~1(V)(S) with the Yoneda lemma, where f~1(V) is an
open subspace with the underlying space f;, 1(V0). This is an open subset of
Xo, so fg'(V(S)) is open in X(S), which proves the continuity of fg. O

Proposition 2.11. If Wy C Vj is dense and open in Vy, then W(S) is
dense in V(S).

Proof. Let u €5 V and U(S) be an open neighbourhood of u, then ug(Sy) C
Up C V. We know Wy is dense in Vy, hence Uy N Wy nonempty and open.
For z € Uy N Wy, it follows that the morphism zs : S — x is an element of
(UNW)(S) and zg € U(S) N W(S), thus U(S) N W(S) # 0. Hence, each
neighbourhood includes an element of W (S). O

Now we define the main categories we will work with, the category of affine
C-superschemes, the category of complex analytic supermanifolds and the
category of cs-manifolds.

2.4 Affine superschemes

Definition 2.12.  Let salg be the category of supercommutative superal-
gebras over C and A € salg. An affine superscheme X (over C) is defined as
a locally ringed superspace Spec A = (Spec(Aj), Ox ), where Spec(Ag) is the
set of prime ideals of Ag. The basic open sets of the underlying topological
space Xy = Spec(Ag) are given by

Uy = {p € Spec(4g) | (f) £ p}

for f € Ag and the structure sheaf Ox is defined on basic open sets by

aeA}.

Ox(Uy) = Ay = {;n

11



The superalgebra of global section Ox(Xp) is isomorphic to A.

Remark 2.13.  Here, we only deal with affine superschemes over C, given
by finitely generated superalgebras, such that the algebra A,.q := A/(A7)
has no nilpotents.

A super vector space V. = Vi @ Vi can also be viewed as an affine su-
perscheme V = (V5,Oy) given by the superalgebra Clzy,...,zp, &1, ... &)
of polynomials in the even coordinate functions z1,...,x, on V5 and the
odd coordinate functions &1,...,&;. The underlying topological space, also
called Vp, is Spec(Clz1,...,zp,&1,...&l5) and is built from the prime ide-
als of Clzy,...,2p,&1,...,&]. Each of these prime ideals is of the form
(p,&&; | 4,5 € {1,...,q}), for a unique prime ideal p C Clz1,...,xp]. Fur-
thermore, one has Spec(Clz1,...,xp,&1,...&lg) = Spec(Clz1,...,z,]) as
topological spaces, so the ringed space (Vj, Oy /1°%) is a usual affine vari-
ety, where the ideal 1°% is generated by the odd coordinates &1, ... &g

Definition 2.14. A superfunction h is called regular on the affine su-
perscheme X if h € I'(Ox) or equivalently, if for all points v € Xj there
is an open affine sub superscheme U with v € Uy and polynomials p €
Clzi,...,xp,&1,...,&] and g € Clz1, ..., zp] such that g is nowhere zero on
U and h can be expressed by h = g onU.

Example 2.15.  Let Clz1,...,xp, &1, . .. &;| be the superalgebra of polyno-
mials of the super vector space V. The structure sheaf of the regular super-
functions Oy is defined by Oy (Uy) := Oy (Vg)¢ = Clz1, ..., 2p, &1, ., & f
for f € C[Vg]. Forevery h € Oy (Uy), there existsap € Clzy,...,2p, &1, - -, &gl
and an n € N such that h = £ € C(Vg)[&1, . .., &), where C(Vf) is the func-
tion field of the affine scheme Vj.

Definition 2.16.  The set of rational superfunctions on the affine super-
scheme X, denoted by C(X), is defined as equivalence classes of pairs (U, f),
where U is an open dense sub superscheme of X and f is a regular super-
function on U. Two pairs (U, f) and (V, g) are called equivalent if f = g on
unv.

Example 2.17.  The rational superfunctions on V' form the space of func-
tions of the type C(Vg)[Vj], consisting of rational functions in the even
coordinates z; and polynomials in the odd coordinates §;. An element
fe (C(V())[Vﬂ can expressed by f = ZMGZZ fu&t with f, = Z—Z and py, q,
coprime polynomials in the even coordinates.

12



The following proposition will be important for Theorem 4.10, telling us
about the relation between relative superinvariants and supercharacters.

Proposition 2.18.  Let V be a super vector space and O a Zariski open
sub superscheme, then a reqular superfunction on O defines a rational su-
perfunction on V.

Proof. Let f be a regular superfunction on O. Furthermore, let U be a
Zariski open cover of Vg, then there exist f; € C[V5] (i € N) with U = |, U;
and U; := {x € V| fi(x) # 0} principal open sets. The Zariski topology
is quasi compact, so there exists a N € N such that U = Uf\il U;. As the
intersection of two such Zariski open and dense sets, (O)g N Uj; is open and
dense in V. Let Oy be the structure sheaf of regular superfunctions defined
by Ov(D(g)) := Ov(Vg)y = Cla1,...,2p, &1, .., &glg for g € C[Vj]. For
every h € Oy(D(g)), there exists p € Clz1,...,2p,&1,...,§ andan € N
such that h = g% e C(Vp)l&r,.--,&]- Let f e OyU) and flo = f, then
there exists a p; € C[V] and a ¢; € C[V] with ¢; # 0, such that f|y, = b
and p; =), pi &l for alli € {1,..., N}, where the greatest common divisor
ged((pir)r,qi) = 1. On U; N Uj, we have that % = Z—j & qjpir = qipjr and g;
also divides all g;p;; for all I. It follows that ¢; is a divisor of ¢; for all ¢ and
all j. Hence, ¢; = a - g;, where a € C[Vj]* = C*. Therefore, o - ¢;pir = ¢ip;jr
and ¢;, q¢; # 0 on U;NUj, so that a-p;; = pjr on the Zariski dense set U; NU;.
Consequently p;q; = pjq; and % = :;—j in C(V). Since j is arbitrary and N

finite, f = % = f on U and f is a rational superfunction on V. O

2.5 Complex analytic supermanifolds

Here, we define complex analytic supermanifolds and cs-manifolds. We show
that a sufficient condition for a morphism between complex analytic su-
permanifolds to admit local sections is the Jacobian having maximal rank.
Technically, this proof is similar to the Inverse Function Theorem [27, Theo-
rem 2.3.1]. We will need this statement for the proof of Theorem 3.19, which
ensures that if a complex connected Lie supergroup, acting linearly on a su-
per vector space, has an open orbit, then this orbit is unique, connected
and dense. Furthermore, we recapitulate when an ideal sheaf determines a
closed sub supermanifold, which will be necessary in the context of orbit
supermanifolds.

Definition 2.19. A complex analytic supermanifold of dimension plq is

a locally ringed superspace X = (X, Ox) such that the topological space
Xy is Hausdorff and X admits a cover by open subspaces U; such that every
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U, is isomorphic as a locally ringed superspace to an open subspace of CPI4.

That means, that X possesses a cover by chart domains U. By definition, a
chart domain U is an open subspace that admits an isomorphism ¢ : U —
W to an open subspace W of CPl?. Then (¢,U) is called a chart. Local
coordinates for U are then given by the tuple

Yy = (’Ul, teey Upa m,..., 77(]) = (@ﬁ(u1)7 teey Saﬁ(up% Spﬁ(é-l)? ceey ¢ﬁ<€q))7
where u; are the standard coordinates on CP, and {¢;} form a basis of (C?)*.

The structure sheaf Ox contains an ideal sheaf Jx, where Jx (U) = (1, ..., 14)
is generated by the nilpotent coordinate functions. This allows us to con-
struct the ringed space X,.q = (Xo,Ox/Jx), which is a complex analytic
manifold and is often called the underlying manifold. The quotient map
7t . Ox — Ox/Jx, which sends a complex analytic superfunction f to a
complex analytic function f , induces a morphism 7 : X,.q — X. Here ng is
the identity map of Xj.

Definition 2.20. A cs-manifold X of dimension p|q is a topological space
Xo with a sheaf of C-algebras Oy, such that locally (Xy, Ox) is isomorphic
to (RP,C°®@ A(C?)*), where C;° denotes the sheaf of complex valued smooth
functions on RP?.

To each super vector space V' = V5@ V7 of complex superdimension dim V' =
plg we can functorially associate a linear complex analytic supermanifold,
V = Vo, H(Vg) ® A(V7)*) where V* C T'(Oy). Analogously, one can as-
sociate to any cs-vector spaces Vs the cs-affine superspace, which is also
denoted by Ves. The cs-affine superspace Vs is given by (Vg g, Ov.,), where
Oy, := Vs © A Vi and C“’%R is isomorphic to Cp°.

The following proposition is the obvious extension of [8, Proposition 4.6.1]
to complex analytic supermanifolds or affine superschemes or cs-manifolds.
The case of superschemes is an immediate generalisation of [14, I, 1.6.3].

Proposition 2.21.  Let be complex analytic supermanifolds, where Y is
an open subspace of CPl4 or X a locally ringed superspace and Y an affine
superscheme or X,Y cs-manifolds with Y an open sub superspace of Cﬂq.

There is a bijective correspondence
I’IOHI()(7 Y) = Hom(Oy(Y()), O)((XQ))

Definition 2.22.  Let X and Y be complex supermanifolds or ¢s-manifolds.
Let ¢ : X — Y be a morphism and charts x = (u,§) and y = (v,n) on the
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open sub superspaces U C X and V C Y. The Jacobian of ¢ is then defined

as
, (%0 o
oy = (%”(n) 06 () > :

ou o€

where Jﬁy € M (plg, Ox(Up N anl(Vo)))ﬁ. The rank of Jf,y is the rank of

Wﬁ(Jﬁy), where 7 : X,.q — X was the canonical embedding of X,..4 in X.
The differential (d¢), at p € X can be expressed by the matrix

9% (v)

7Tﬁ ( auv

(dg)p = 7 (J2,) (p) = p> (a;ﬁ( >‘)
0 m# Tgnp

Definition 2.23. The supermanifold X is an immersed sub supermani-
fold in Y, if there exists an injective immersion j : X — Y, which means
that jo : Xo — Yp is injective and (dj), is injective for all p € Xy. Moreover,
we say that X is an embedded sub supermanifold if j : X — Y is an injective
immersion and jp : Xg — Yp is a homeomorphism onto its image.

A morphism ¢ : X — Y is a submersion at p € X if (d¢), is surjective.

Definition 2.24. Let X and Y be complex analytic supermanifolds of
dimension n|s and m|r, with n > m and s > r. Moreover, let ¢ : X — Y
be a morphism. For an open sub supermanifold V of Y we call a morphism
YV — X alocal section, if ¢g 01y = Idy, and 9% o ¢f = Ido, |y

Remark 2.25. We can interpret the existence of a local section as the
fact that there are neighbourhoods U and V, such that ¢ : U — V is a
submersion. Furthermore, ¢ : V' — U is an immersion (cf. [28]).

Theorem 2.26. Let ¢ : X — Y be a morphism between complex analytic
supermanifolds X and Y. If the rank of the Jacobi matrix Jf,y s equal to
the dimension of Y for a point p € Xy, then there exists a local section
YV — X, where V is an open neighbourhood of ¢o(p) and there exists an
open neighbourhood U for p, such that the map ¢ : U — V is a submersion.

Proof. The statement is purely local and therefore it is sufficient to prove
the statement with X = C™* and Y = C™I". Let (z = (u,£),U) be a chart
on C"* with p € Uy, and (y = (v,7),V) a chart on C™" with ¢o(p) € Vo.
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The matrix Wﬁ(Jf’y)(p) is of the form

At (v
't ( afs !

)

s
T (Jy =
( 7y)(p) 0 ﬂ'ﬁ 3¢ﬁ(77)‘ )
3
p
f
By assumption, rank(Jf,y(p)) = m|r and so, 7! (8‘§£”) > = L’gxo) and
p

ot (6@5(77)’ ) are both of maximal rank with entries in C.
P

If the tangent map df : T,C" — T, C™ of a holomorphic map f : C" — C™
has rank m, then by [25, Theorem 0.5.2] there exist open neighbourhoods
Up and Vj of p and f(p) respectively, where f : Uy — V} is surjective.

After possibly shrinking our sub superspaces U and V, it follows from the
last statement that ¢¢ is a surjective map from Uy to Vy and Vj is already
open. Furthermore, we are using the same symbols here for the refined open
sub superspaces U and V. It remains to show that a superalgebra morphism
Yt Ox(Uy) — Oy (Vp) exists such that (¢po))f = ¢pfogh = Ido, (vy), which
immediately implies the existence of a sheaf morphism ¥f : Ox — Oy. Sine
D : Uy — V) is surjective, we may choose cordinates such that Uy = Vp x U]}
and @ is the projection onto Vy. Hence, u; = 7 (¢#(v;)) for i € {1,...,m},
which implies that
¢ (v;) = u mod(Jy,), i€ {l,...,m}.

Possibly shrinking U further, we may assume that the (rxs)-matrix (%ﬁ(n))

with entries in H(C™)(Up) has rank r for all p € Uy. Further, there exists a
matrix 7' € GL(s, H(C™)(Uy)) such that

A= (wﬁ <8(§§7)>> T=(A 0), (2.1)

with fl~€ GL(r, H(C™)(Uyp)). Now, we define an invertible (s x s)-matrix by

A= <61 Iod> T~! and new odd coordinates on U by

S
&= Ajrér.
k=1
In this new coordinate system, we have

¢ (v;) = u; (mod Jy,) i€ {l,..,m}
¢*(n;) = & (mod JG,) j€{l,..,r}.
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We now construct the morphism ¢ : Y — X, which is a right inverse to ¢.
Define a morphism wg : Ox(Up) — Oy (Vp) by

and the morphisms 1/12: recursively by
i N el (e Eor — it (s
wk+1($2) : 7/)1@(551) +o(xi — @ 1/%@%)):

where z; = (u,§); € Ox(Uy). We claim that wg for r < k is the required
morphism. To prove this, consider the maps
Ay :0y (Vo) — Oy (Vo)
Ak(f) = Ui (f) - f.

By construction,

Apr1(yi) = wlug-;-ﬁbﬁ (i) — yi
= Vio* (i) + Vit (1) — Vi iet (v) — v
= —[%ﬁgﬁf)ﬁ(%ﬁ&(yi) —yi) — (%ﬁgbﬁ(yi) —yi)]
= —Do(Ak(yi))-
Since the homomorphism wggbﬁ : Oy (Vy) — Oy (Vp) satisfies

wggbﬁ(vi) = @Z)g(u@ (mod Jy,)) = v (mod Iy,) i€ {1,..,m}
660 (ny) = Wi (mod JE)) =n; (mod 1) j € {1,..,},

it follows that Ag(]{ﬁo) C I@:l. Hence, Ag(f) C I‘l‘“/0 for all f € Oy (Vp) and
A(f) =0 for k > r. Hence, ¥!¢? is the identity map on Oy (Vj) and % is a
right inverse to ¢. O

Definition 2.27. A p|g x m|n-supermatrix T' € M(p|q, A); for A a super-
commutative superalgebra is said to have constant rank (r|s), if there exist
G1 € GL(m|n, A) and G2 € GL(p|q, A) such that

Id, 0 0 0
0 0 0 0
GiTG2=| o o 14, 0
0 0 0 0



Remark 2.28. Notice that not all 7' € M(p|q, A)j are of constant rank.
A counter example is given by (2 8), because it is not possible to transform
this matrix with left and right multiplication by elements of the general
linear supergroup into the required form.

Now, we need two more definitions to state the next proposition.

Definition 2.29. A morphism of supermanifolds ¢ : X — Y has constant
rank 7|s in a neighbourhood U of p € X, if the Jacobian J, has constant
rank r|s on U.

Definition 2.30.  An ideal sheaf I determines a closed sub supermanifold
N of a complex analytic supermanifold M, if for Ny := supp Oy /I =
{x € My | I, € Ona}, N := (No,jg (Om/I)) is a supermanifold and
j = (jo,j*) : N — M is an immersion for j* : jal(’)M — jgl(OM/I)
defined as the canonical projection.

Proposition 2.31. Let ¢ : M — W be a morphism of complex analytic
supermanifolds with ¢ € Wy. For each p € gégl(q) suppose there exists a
neighbourhood of p where ¢ is of constant rank r|s. Then the ideal sheaf
I C Oy generated by gzﬁﬁ(Jq), where Jg is the mazimal ideal associated to the
point q, determines a closed sub supermanifold N of M.

For a proof, the reader may consult Ref. [27, Theorem 2.3.9], but we ex-
amine the idea behind the proof. One finds that I C J, for all p € gf)gl(q).
This set is a closed subset of My defined by I. Since ¢ is of constant rank,
there exists for each p a neighbourhood U,, and homogeneous superfunctions
fi, .. fn in I(Up) which come via #* from coordinates around ¢, such that
the germs [f1],...[fn] generate I, the stalk of I in z. The (df1)p, ..., (dfn)p
are linearly independent and therefore the f;’s can be supplemented to coor-
dinates around p in the neighbourhood U,. One can define locally a super-
manifold structure for U, N ¢y 1(q), where the superfunctions are functions
only in the supplemented coordinates. And by the transition function one
can carry the structure over to ¢, ().
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3 Quotient superspaces

The theory of prehomogeneous super vector spaces relies on the general the-
ory of supergroup quotients. In this section, we give the basic definitions
both in the case of real or complex supermanifolds and in the case of al-
gebraic supergroups. Therefore, we introduce group objects in a category
in order to define Lie supergroups and algebraic supergroups in an efficient
way. An important step to define a prehomogeneous super vector space is
to understand the orbit of a Lie supergroup through a supervector v €
in a super vector space V, considered as a linear supermanifold. Partially
following [8, p.149ff], we show that the isotropy supergroup is a closed sub
Lie supergroup and that the quotient superspace is a supermanifold.

One of the main results is Theorem 3.21, which tells us that if G is a con-
nected Lie supergroup, acting linearly on a super vector space, and if G has
an open orbit, then the orbit is a unique, connected, and dense sub super-
manifold. Moreover, we are in the situation to translate this statement in
the algebraic category, such that the orbit is a Zariski-open sub superscheme
of V.

Furthermore, we need to handle the quotient space of an algebraic super-
group by an isotropy supergroup. The nontrival question when such a quo-
tient of supergroups exists is answered by Masuoka and Zubkov in [29]. The
authors answer this question in a very general manner, generalising ideas
presented in [19] and [12], by regarding superschemes as functors from super-
algebras to sets, which are sheaves on the opposite category of supercommu-
tative superalgebras equipped with a Grothendieck topology. The existence
question is answered by the representability of a functor by a superscheme.
Considering this approach, we can prove that the orbit morphism is an iso-
morphism between the quotient scheme and the orbit (Theorem 3.44).

3.1 Group objects in a category

Now, we define a group object in a category C and a left action of such a
group object in order to avoid repeating ourselves by defining Lie super-
groups or algebraic supergroup. The reader may consult Ref.[34, p.76 ff.].

Definition 3.1. Let C be a category that admits finite products. In
particular, C admits a terminal object, which we denote by P. For instance,
if C is the category of locally ringed superspaces Irss a terminal object is
(x,C4) € Irss. Let G be an object in C with morphisms p: G x G — G
(multiplication), e : P — G (unit) and ¢ : G — G (inversion). If these

19



morphisms make the following diagrams commute:

(associativity of multiplication) (two sided unit)

GxGxG—upuxidg— GxG PxG—G—GxP

idg X p e X idg idg idg X e

| [ R
G

GxG B GxG-Ht->G«r-GxG

(right inverse compatible to p) (left inverse compatible to 1)

GxG—idgxi— GxG GxG—ixidg— G xG
I | ! |
(idg,idg) B (idg,idg) u
| | |
G—— P —e— @G, G—— P —e— @G,

then we call G a group object in C.

Remark 3.2.  For a group object G the functor hg becomes group valued
by the Yoneda Lemma. Making hg group valued is the same as giving an
object G a group object structure.

Definition 3.3. Let G be a group object, X an object of C and a mor-
phism a : G x X — X. If the following diagrams commute:

GxGExX —pxidx— G xX Px X exidy — G x X
| | AN e
idg X a a Prx a
| | NS
GxX a X X.

then a is called a left action of the group object G on an object X. Note
that pry : P x X — X is the projection on to X.

The action morphism a : G x X — X induces a natural transformation h,,
such that for all objects T' € Ob(C) the transformation satisfies the following
relations:

1l-z=z and (g192) - =g1- (92 - x)

for all g1, 92 € hq(T') and = € hx(T'), where 1 is the unit in hq(7T). Here we
set for example hy(T)(g1,2) = g1 -« and h,(T)(g1, 92) = 919
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Definition 3.4. If p €r X, we define the orbit morphism a, by the
natural transformation given by

ha, : hg — hx, g+ g-p.

3.2 Lie supergroups

Since we will be dealing with complex analytic supermanifolds, we will refer
to them simply as “supermanifolds”. Partially following [8, p.149ff], we show
that the isotropy supergroup is a closed sub Lie supergroup and that the
quotient superspace is a supermanifold. However, the results of this section
carry over to the case of cs-manifolds.

Definition 3.5. A group object in the category of supermanifolds is a
complex Lie supergroup.

Remark 3.6.  One can associate to each complex Lie supergroup G a Lie
group G,eq. This Lie group is given by the underlying manifold of G and
the canonical morphisms g, eg, ¢9-

An example of a Lie supergroup is the general linear supergroup GLy,. It
illustrates the power of the approach via S-points. Using it, we can represent
this Lie supergroup as a matrix group with entries in a superalgebra of global
sections. This example is also important later on.

Example 3.7.  Let the superspace M, = CP*+4*12P4 be the linear super-
manifold corresponding to the super vector space M (p|q, C) of (p+q) X (p+q)

matrices L R R

A B\ (A O n 0 B

C D) \0 D c 0
with entries of the block matrices A, B, C, D in C. The underlying topolog-
ical space (Mp4)o of the supermanifold My, is the direct product of p x p

matrices and ¢ X ¢ matrices My, X My. The structure sheaf of M, is given
by the assignment

Ve O (V) = Hatpar, (V) @ \(C#9)"

for all open subsets V' in M, x M,. The open sub superspace GLy, =
(U,Om,,,|v) is associated to the open subset U of invertible matrices in
M, x M,. It has a Lie supergroup structure which will be defined now and
will be referred to as the general linear supergroup. For brevity, we write
O(S) and O(CP*+2°1209) for the superalgebras of global sections Og(S,) and
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Ocp2+421204 (CPQ‘HIQ). By Proposition 2.21, the S-points of the supermanifold
CP*+a*12pa gre given by
CP*He’12r(S) = Hom(S, CP 4’ I2pa)
= Hom(O(CP’+2°12p0) 0(S)).
This means that a supermanifold morphism f: S5 — CP*+a*12pa corresponds
to a superalgebra morphism f* : (’)(Cp2+q2|2pq) — O(S). By Ref. [27,

Theorem 2.1.7] such a morphism is known once we know the image on the
canonical chart,

Myi(S) = {(fH(uh), o fE@PHD), FH(ED), o, fHEPD) | f 2 S — OV 2P0y
= M(p,q; O(9))g-

By M (plg, O(S))5 we mean the block matrices (A B) where the entries of
A, D are in O(S); and the entries of B,C are in O(S);. The group of
automorphisms of

CPl9(S) = (O(S) ® CPl1)5 = O(S)E & O(S)!

is given by G'Ly4(S), the functor of points of the general linear supergroup
GLy)4 Thereby

GLy,(S) = { (é‘, g) ' AD invertible} C M(p.q: O(5))g

is an element in the category of set theoretical groups.

Now, we want to define the Lie superalgebra g associated to a Lie supergroup

G.

Definition 3.8. A Lie superalgebra is a super vector space g = gg @ 91
with multiplication [.,.] satisfying the following two axioms: For all homo-
geneous X, Y, Z € g, we have

(X, Y] = — (=), X]
(X[, 2] = [1X, Y], 2] + (=), [, 2],

The first axiom is called skew supersymmetry and the second axiom is called
Jacobi superidentity.

Definition 3.9. Let M be a complex analytic supermanifold. The sheaf
Der(Oyy) of C-linear graded derivations is defined for any open subspace U
of My by Der(On)(U) =

{D € Hom¢(On(U), On(U)) | D(gf) = D(g)f + (—1)PWlgD(f)}.
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A super vector field V on a complex analytic supermanifold M is an C-linear
gradded derivation of Oys. The set of super vector fields of M is denoted
by Vecy,.

Now, we can define the Lie superalgebra g of G to be the left invariant super

vector fields. A super vector field X € Vecq is said to be left invariant if
(1®X)ou =pfoX.

Here, 1 ® X is the unique vector field on G x G such that

(1@ X)PL(f1)ph(f2) = PL(F1)PE(X (f2))

for any local sections f; and fy of Og. We define g to be the set of left
invariant super vector fields, i.e.

g={X e Vecg | (1®X)u* = pfX}.

This is the Lie superalgebra associated to G, where for homogeneous ele-
ments X,Y € g the bracket is given by [X,Y] = XYV — (-1)XIVly X,

For example, the Lie superalgebra of GL,,, is given by the super vector space

CP’+212P4 via the functor A — M(p|g, A) and the fact that M(p|q, A) =
CP+a*l2pa( 4),
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3.3 Isotropy supergroups

An important step to define a prehomogeneous super vector space is to
understand the orbit of a Lie supergroup through a supervector v € Vj in
a super vector space V, considered as a linear supermanifold. To that end,
we have to define the isotropy supergroup G, of a point p, which we will do
in the generality of supermanifolds. Moreover, we will see that the isotropy
supergroup is a closed sub Lie supergroup.

We recall the definition of an action morphism for a Lie supergroup. Let G
be a Lie supergroup, M a supermanifold and

a:GxM—-M

a left action of G on M. Moreover, let p € My, ‘which can be considered as
a map p: CO0 — M. Recall that the function f was defined by 7#(f). For
p € My the orbit morphism is given by

ap:G— M, ap:=ao (idg,p),

where p denotes the composition of the map p : CO0 — M given by the
evaluation at the point p through pf(f) := f(p) with the unique map G —
C%°. The orbit morphism a, satisfies

G =G xCoo idg xp—— G x M

N, 7
~N S
M.

We also need the isotropy supergroup.

Definition 3.10. Let G be a Lie supergroup and a : G x M — M an
action of G on the supermanifold M. The isotropy supergroup at p € My is
the supermanifold G, equalizing the diagram

JG, ap
G— =M,
p

Gp

where jg, is the canonical embbeding. The isotropy functor at p is defined
by
Gp(S) :={g €5 Glg - ps = ps}
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for all supermanifolds S. The set G (.S) defines a subgroup of G(.5). We will
now show that the isotropy functor is representable by a sub supermanifold
of GG, which then is automatically a sub supergroup.

Theorem 3.11 ([13], Prop. 8.4.7).  Let G be a Lie supergroup acting on a
supermanifold M and p € My. Then there exists a supermanifold G, which
can be embedded as a closed sub supermanifold in G, equalizing the diagram

JG, ap
G ~
p

G

M.

Further Gy is a sub Lie supergroup of G and the functor G,(S) = Hom(S, G))
is represented by the sub supermanifold G of G.

Proof. We give a sketch of the proof. The orbit morphism a, : G — M has
constant rank ([13, Prop. 8.1.5]). Proposition 2.31 implies that there exists
a closed embedded sub supermanifold G, of G, such that the embedding jg,

is closed and jép is surjective. ]

With the knowledge of the isotropy supergroup, we are in a position to define
the quotient superspace.

3.4 Quotient supermanifolds

Definition 3.12. Let G be a Lie supergroup and H a closed sub Lie
supergroup. The quotient superspace is defined by G/H = (Go/Ho, O )
The quotient sheaf Og,y is defined in the following way: For any open set
V C Go/Hp we set Og (V) =

= {f € Oc(ry (V) |(rh(f) = f) and (Z(f) = 0) V(h € Ho, Z € b)}.

Here, the morphism m : Go — Gp/H)y is the canonical quotient map and
rp : G — G is the right translation by h.

Theorem 3.13.  The superspace (Go/Ho, Og/pr) is a supermanifold.

Proof. A proof can be found in [1, Theorem 5.3], where the authors use
Godement’s Theorem on quotients. For another proof, which uses Frobenius
Theorem, the reader may consult, for instance, Ref. [8, Theorem 9.3.4]. [
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Proposition 3.14. Let f : G — X be an H-invariant morphism, i.e.
flgh)=f(g) VYT, ger G, her H. Then there is a unique morphism

f:G/H — X,
so that the following diagram commutes:
G—f—X

-
-
-,
-
-,

G/H.

Now, we intend to understand the orbit through a point by the action of a
Lie supergroup in more detail.

Proposition 3.15 ([13], Prop. 8.1.5).  Leta: G x M — M be the action
of the Lie supergroup G on a supermanifold M through a point p € My. The
orbit morphism a, : G — M has constant rank.

Note that by the universal property of the quotient we get the following
commuting diagram

G
T Gyp
.
.
|-
P

G/Gyp

and we get a morphism a : G/G, — M, which also has constant rank.

Proposition 3.16.  The morphism a, : G/G, — M ‘s an injective im-
mersion.

Proof. If g1, g2 € Gy are such that gy - p = ga - p, then g5 'g1 € (G))o, hence
(Gp)o is injective. Moreover, the orbit map a, is a morphism of constant
rank and so G, : G/G, — M. The morphism @, is an injective immersion,
because ker T.a, = TcGp. L]
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Definition 3.17.  We call the pair (G/Gy, a,) the orbit of G through p.
Furthermore, if Gop is open we denote by Op" := (Gop, (’)M|G0p) the sub
superspace, given by the underlying orbit Gop := ao(Go, p) C Mp.

Remark 3.18.  In general, the morphism a, is not an embedding, as one
can already see in the classical example, where one takes the irrational action
of R on the torus.

Now, we can prove our next proposition.

Proposition 3.19.  Let G be a Lie supergroup acting on a supermanifold
M. If for p € My the differential of the orbit map a, has maximal rank, then
ap is an open embedding and G/G) = Op" is an open sub supermanifold.

Proof. We already know by Proposition 3.16 that a, : G/G, — M is an
injective immersion. It remains to show that (a,)o is a homeomorphism
onto its image. But this is the case by Theorem 2.26 and the maximal rank
assumption. [

Corollary 3.20.  If for two open orbits the intersection of their underlying
spaces is not the empty set, then the orbits are equal.

Proof. Let v,w € My such that (O%™)o N (O%") # 0. There are g1, h1 € Gy
satisfying

giv = hjw
s(hitg)w = w.
Therefore w € (O¢")o and the underlying topological spaces are equal
(0™ = (0O%7)p. The result follows from the fact that two sub super-

manifolds of the same superdimension as M and with the same underlying
topological space are equal. O

Now, we can prove the main theorem of this section, which is a crucial
requirement for prehomogeneous super vector spaces.

Theorem 3.21. Let G be a complex connected Lie supergroup, acting

linearly on a super vector space V. If G has an open orbit in V, then this
orbit is unique, connected, and dense.

Proof. Let z1, ..., zp, &1, ..., §; be a homogeneous basis of g with dim g = p|g
and v7,...,v5, 0}, ..., a homogeneous basis of V* with dim V' = m|n. The
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action is denoted by a : G x V — V. For each v € V[ we consider the even
linear map da,, : g — V given by X +— da,(X). This gives us a dim V xdim g
matrix A, in our selected basis. The entries of A, are linear functions of v
with values in C and the matrix is given by

Ay = <v:(dag(xj)) n;(daov(&))> '

Since we have assumed that G has an open orbit in V', we know for some
v = vg that da,,(g) = V. Thus the rank of A,, is m + n, and so there is
some non-zero (m +mn) x (m + n) minor of A,,. Let P be the vector-valued
function P(v) := (pr(v),7s(v)) with

pr(v) = det(v;k(dav(a:ij)))%zl I1=1<i < ... <im <p,

my(v) = det(ﬁZ(dav(sz)))Z,z:1 J=1<j1<..<jn<gq

on V whose value at v is the tuple of all (m + n) x (m + n) minors of A,.
This function P is a vector-valued polynomial function on V' whose value
at vo is non-zero. Let Qy = {v € V | O an open orbit} be the set of v
for which P(v) # 0. Because P is a holomorphic polynomial function not
identically zero, € is connected, and dense. Proposition 3.15 tells us that
since da,(g) = V we have da,(g) =V for w = a(g,v) and g € Gy. Hence,
a(g) maps Qg onto itself. Thus g is the union of disjoint orbits under a(Gy).
Since g is connected, there is only one orbit in the open sub supermanifold
Q = (Qo, Oy|q,), which is already Q. By Theorem 2.11 we conclude that
Gu(S) CV(S) is dense. O

Remark 3.22.  For the classical case, compare [26, Theorem 10.1].

Proposition 3.23.  Let a complex connected Lie supergroup G act linearly

on a super vector V. The open orbit O™ of G at v € V can be regarded as
alg

an open sub superscheme, denoted by Oy .

Proof. From Theorem 3.21, we know that the open orbit of a complex
connected Lie supergroup in a super vector V is unique, dense and con-
nected. Also, we saw in the proof of the Theorem 3.21, that the com-
plement of the set (O™)p is the set of common zeros of finitely many
polynomials, which were expressed by the vector-valued polynomial func-
tion P. Let i € {1,...,q} be an index running over the components,
such that P; is a polynomial on Vj. Then the underlying open set is
(089)y := {p € Spec(C™) | (P1,...,P;) ¢ p} and the superalgebra A =
[% | pe(P,....,P), g € Clay,...,xm;&1,...,&]} defines an open sub

superscheme of C™", 0
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Remark 3.24. In the following we will refer O2" or 03’9 simply as O,.
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3.5 Superschemes as functors

In this section we are preparing the proof of Theorem 4.10, which tells us
about the relation between supercharacters and relative superinvariants of
a prehomogeneous super vector spaces. Therefore, we need to handle the
quotient space of an algebraic supergroup by an isotropy supergroup. The
authors of [29] answer the question of the existence of such quotients in a very
general manner by regarding superschemes as functors, which are sheaves
on the opposite category of supercommutative superalgebras equipped with
a Grothendieck topology, thereby following the work of Demazure-Gabriel
in the ungraded case. They show that the quotient sheaf of algebraic super-
groups is a Noetherian superscheme.

At first we like to motivate this approach. The functor Spec is a covari-
ant functor from the opposite category of supercommutative superalgebras
(salg)?? to the category of affine superschemes sschem. This functor has
a quasi-inverse D, sending an affine superscheme X to the superalgebra of
global sections A = Ox(Xy), which is also often called the coordinate su-
peralgebra C[X]. Moreover, we have as a consequence Homggchem (S, X) =
Homgalg(A, B), with S = Spec(B). Because of the anti-equivalence of the
categories salg and sschem, and the embedding property by the Yoneda
Lemma, one can consider an affine superscheme X as a functor h* : B —
Homgaig(A, B), which is represented by the superalgebra A with Spec(4) =
X. In this way the category of affine superschemes over C is embedded as
a full subcategory of the category of covariant functors from salg to set,
denoted by F5218, We also write X or Spec(A) for the functor h4.

Let G and H be supergroup superschemes, one can easily define the quotient
by the universal property of the quotient in the functor category, where the
functor given by A — G(A)/H(A) is the quotient. However, this functor
is usually not even a sheaf in the Zariski topology, and so cannot be rep-
resentable by an affine superscheme. Moreover, the inclusion of sheaves in
the Zariski topology to the category of presheaves (i.e. of functors) does not
have a left adjoint (i.e. a sheafification functor). Such a left adjoint func-
tor to the inclusion functor exists, if one consider the category of functors,
which are sheaves on the fppf-topology and will be called faisceaux below.
At first we have to give some definitions.

Here, by following [19, p. 73] and [29, p.7f] we outline the sheafification of
a functor in the fppf-topology.

Definition 3.25. We call an object X in the functor category Fs218

functor. A functor X = h?, which is represented by A € salg, is called an
affine superscheme.
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Remark 3.26. In general, one can work with superalgebras over a com-
mutative ring instead of our restriction to C-superalgebras (cf.[19, p.3]).

Definition 3.27. Let I be a superideal of A € salg. An principal open
subfunctor D(I) of Spec(A) is defined as follows. For any B € salg, we set

D(1)(B) ={x € Spec(A)(B) | a(I)B = B}
={z € Homgaig(A, B) | (1)B = B}.

Let X be a functor from salg to set. A subfunctor ¥ C X is said to be
open iff for any morphism f : Spec(4) — X in the category of functors from

salg to set the preimage f~1(Y) is the union of principal open subfunctors
of Spec(A).

Example 3.28. A Zariski-open sub superscheme Spec(Ay) = (Uy, Ox|u,)
of an affine superscheme (Spec(Ag), Ox) where Uy = {p € Spec(A4g) | (f) €
p}, defined in Definition 2.12, can be considered as an example of such an
open subfunctor.

A collection of open subfunctors {Y;};cr of a functor X is called an open
covering of X whenever X (A) = J,c; Yi(A) for any A € salg.

In order to define a sheaf on a category, it is not necessary to have a topolog-
ical space in the conventional sense. The notion of a Grothendieck topology
is enough, which we define in the following.

Definition 3.29. Let C be a category together with, for each object U
of C, a distinguished set of families of morphisms {U; — U };c; called the
coverings of U with the following axioms:

1. For any U, the family {U 94 } consisting of a single morphism is a
covering of U.

2. If {U; — Ulier is a covering and V' — U is any morphism, then the
fiber products {U; xy V}ier exist and the collection of projections
{U; xuy V' — V}ieg is a covering.

3. If {U; — U}er is a covering and for each index 4, there is a covering
{Vij — Ui}i jer, then the collection {Vj; — U; — U}, jer is a covering
of U.

The system of coverings is then called a Grothendieck topology and a cate-
gory C with a Grothendieck topology is called a site.
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For example, let X be a topological space, and let C be the category whose
objects are the open subsets of X and whose morphisms are the inclusion
maps. Then the families {U; — U };cr such that {U;};cr is an open covering
of U. It is a Grothendieck topology on C and for open subsets Uy and Us of
Vis Uy xy Uy = Uy NUs.

Now, we define a Grothendieck topology 7j,. in (salg)®’ as follows: A cov-
ering in 7;,. of A € salg is defined to be a collection of finitely many mor-
phisms {Spec(Ay,) — Spec(A)}1<i<n, where A € salg and fi,..., f, € Ag
such that > ,c.., Agfi = Ag. Each Spec(Af,) — Spec(A) is an isomor-
phism onto D(Af;) and the open subfunctors D(Af;) form an open covering
of Spec(A). By that, the Ay ,..., Ay, form an open covering of A. These
coverings satisfy the conditions given in Definition 3.29, so that 7y, is indeed

a Grothendieck topology.

Definition 3.30. Let 7 be a Grothendieck topology on salg a functor
X is called a sheaf iff for any superalgebra A and any open covering {A;}icr
the diagram
X(4) = [[x) = [T X(4i0a4))
il ijel

is exact.

Notice, any affine superscheme is a sheaf on 7j,. (cf. [19], Part I, 1.8(4)).

Definition 3.31. A sheaf X on 7}, is called a superscheme, if X has
an open covering {Y;}ic; with Y; ~ Spec(4;) and A; € salg. The full
subcategory of all superschemes, defined as a sheaf on 7, with an open
covering, is denoted by SF518. A superscheme X is said to be Noetherian,
if it has an open covering {Y;};e;r with Y; ~ Spec(A4;), such that I is finite,
and each A; is Noetherian. An affine superscheme Spec(A) is Noetherian iff
A is Noetherian. S

Remark 3.32.  Any superscheme in the sense defined above is represented
by a locally ringed superspace covered by affine superschemes (Ref. [29,
Theorem 5.14]).

In the following we work in the finer Grothendieck topology 7f,,r, where
fprpf stands for the french term with the meaning faithfully flat, finitely
presented.

Let us define a Grothendieck topology 7Tfp,r in (salg)? as follows: A cov-
ering in 7yp,,r of A € salg is defined to be a collection of finitely many
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morphisms {Spec(A;) — Spec(A)}1<i<n, where each A; is a finitely pre-
sented A-superalgebra and B = A; x --- X A, is a faithfully flat A-module.
An A-superalgebra is finitely presented if it is the quotient of a polynomial
ring in a finite number of even and odd variables by a finitely generated
ideal. Note, that for f € Aj the A-superalgebra Ay is finitely presented,
as Ay =2 A[T]/(Tf — 1), and a flat A-module. If fi,..., f,, € Aj satisfy
S Afi=A, then A :=T[" | Ay, form an fppf-open covering of A.

Definition 3.33. A sheaf Y on 7Ty, is called a faisceau.

Remark 3.34. It can be seen that 7y,,; is finer than 7;,.. Hence, a
faisceau is also a sheaf on 7.

Proposition 3.35 ([29], Proposition 3.6).  For any X € F53I8 there is
a faisceau X, called the sheafification of X, and a natural transformation
j X — X such that for any faisceau Y the canonical map Mor(X,Y) —
Mor(X,Y") induced by j is a bijection.

Definition 3.36 ([29], Definition 3.7).  For A, A’ € salg and A’ an fppf-
covering of A. A functor X is called suitable if it commutes with finite direct
products of superalgebras and the induced map X (A) — X (A4’) is injective.

Remark 3.37 ([29], Remark 3.8).  If X is suitable, then for any A € salg
£(A) = lim X (B, A),

where X (B, A) = Ker(X(B) = X (B ®a B)) and B runs over all fppf-
coverings of A. Besides, j : X — X is an injection.

In order to prove Theorem 3.44, we need to prove the next proposition.
Here, we are generalising ideas for affine schemes, which can be found in
[19, 5.4] and [12], to the supercategory of affine superschemes.

Proposition 3.38. Let X,Y : salg — set be functors, where Y is a
faisceau and f : X — Y a natural transformation and X is suitable. The
canonical map j : X — X embeds the functor X in X, the sheafification of
X. It holds that the map j(A) is injective for all A € salg and the diagram

—f/—Y

i

-

by e 5
\\
N
AN
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is commutative. Moreover, there exists a unique natural transformation f:
X =Y and, if f(A) is injective for all A € salg, then f(A) is also injective
for all A € salg.

Proof. Let Y be a faisceau and B an fppf-covering of the superalgebra
A. For any morphism f : X — Y any f(B)z with z € X(B, A), where

X(B,A) == {z € X(B) | X(i1)(z) = X(i2)(z)} with i;(b) = b® 1 and
i2(b) = 1 ® b, has to belong to Y(4) C Y(B). Hence, one can define
f: X — Y through f(A)z = f(B)z € Y(A). It holds that f|X = f. Now,
we prove the injectivity. The faisceau X of X is defined by the direct limit
X(A) = lim X (B, A), where B runs over all fppf-coverings of A. Let
I1,@9 € X(A) with f(#1) = f(&2), then there exists a fppf-covering B of
A, such that Ty, 6 X(B,A) :={x € X(B) | X(i1)(x) = X(i2)(z)} and
F(B)(@1) = F(A)(51) = F(A)(F2) = £(B)(F2) and by injectivity of /(B) it
follows that 71 = :cg. ]

3.6 Algebraic supergroups

We now give the definition of an algebraic supergroup.

Definition 3.39. A group object in the category of affine superschemes
is called an algebraic supergroup.

From the context it should be clear whether G is considered as a functor or
as a superscheme, and so we drop the notation hg.

Recall that a morphism f : X — Y of affine superschemes is called an
epimorphism if for any two morphisms g1, g2 : Y — Z of affine superschemes,
the equality g1 o f = g2 o f implies that g; = go. By the anti-equivalence
of salg and sschem, f : Spec(B) — Spec(A) is an epimorphism if and
only if f# : A — B is a monomorphism. Here, a monomorphism in salg
algebras is an even superalgebra morphism ¢ : A — B such that for any
two even superalgebra morphisms 1,19 : C — A, the equality ¢ o9 =
p o o implies that ¢¥; = 5. Certainly, any injective algebra morphism is
a monomorphism. Conversely, the elements a € A are in bijection with the
even superalgebra morphisms 1 : C[x,£] — A, where the correspondence is
via ¢ (z) = ag and ¥(£) = aj. Thus, it follows easily that monomorphisms in
salg are injective. If ¢ : A — B is an injective even superalgebra morphism
and f = (fo,f%) : X = Spec(B) — Y = Spec(A) is the corresponding
epimorphism in sschem, then f* is an injective sheaf morphism. Indeed,
if p C B is a prime ideal, then fg = ¢p : Ap — B, is injective since
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localization is exact. However, although one can show that fy has dense
image, in general, fj is not surjective. In spite of the above remark, we say
that the action a is transitive if a is an epimorphism.

The stabilizer supergroup functor at the point v € Xy with respect to the
action a is defined by G,(A) :={g € G(A) | g-va = va}, where v4 denoted
the morphism {A — v}.

Now, we are in a situation to state the following proposition.

Proposition 3.40.  Let G be an algebraic supergroup acting on an affine
superscheme X and v € Xg. Then G, is a closed algebraic supergroup.

Proof. A proof can be found in [13, Theorem 11.8.3]. O

The general linear supergroup GL%(p|q, C) as an algebraic supergroup is
given by affine superscheme

Spec (Clzij, ki, t1, t2, Emn, Nrs) / (t1 det(zi;) — 1, ta det(yr) — 1))

where i,j,m,s € {1,...,p} and k,I,n,r € {1,...,q}.

Definition 3.41.  An algebraic sub supergroup G of GL(p|q, C), such
that G is a Zariski-closed sub superscheme of GL9(p|q, C) is called a linear
algebraic supergroup.

3.7 Quotient superschemes

We need an isomorphism from the quotient of the supergroup G by the
isotropy supergroup G, to the orbit scheme by the action of G for the proof
of Theorem 4.10. The nontrival question when such quotients of supergroups
exist is answered by Masuoka and Zubkov in [29]. In this context a super-
scheme, as is common in algebraic geometry, is considered as a functor from
the category of superalgebras to the category of sets. The existence question
is answered by the representability of a functor by a superscheme.

Recall that an algebraic supergroup is considered here with the structure of
an affine superscheme given by a finitely generated superalgebra. Masuoka
and Zubkov proved the following theorem.

Theorem 3.42 ([29],Theorem 0.1).  Let G be an algebraic supergroup,

and let H be a closed sub supergroup of G. Then the faisceau G/H ‘s a
Noetherian superscheme.
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They show that for an algebraic supergroup G and a closed sub supergroup
H the functor 57?[ , which is obtained by the sheafification of the naive quo-
tient, is representable by a superscheme, also denoted by 5/\1{{ . The naive
quotient functor is defined as the functor A — G/H(A) := G(A)/H(A)
from the category of superalgebras to category of sets. This superscheme
6/17?[ fulfills the universal property of a quotient.

In the following, we show that under favourable circumstance, such as are
relevant in this thesis, the orbit map is an isomorphism of superschemes,
which maps from the quotient supergroup to the orbit. We need the follow-
ing definition, which is given in [20].

Definition 3.43. Let f: X — Y be a morphism of set-valued functors
on salg. Then f is called formally smooth if for any supercommutative
superalgebra A and any graded ideal I C A of square I? = 0, the map

X(4) = {(4:2) € Y(4) x X(A/D) | F(A/D)(@) = yasr |,

defined by
= (f(A) (), 2a/1)

is surjective. If X and Y are superschemes and f is, in addition, locally of
finite presentation, then f is called smooth. A C-superscheme X is called
smooth, if so is the structural morphism X — SpecC.

Theorem 3.44. Let G be a smooth algebraic supergroup acting on V,
where V' is a super vector space, and let G, be the isotropy sub supergroup

at some v € Vg such that dimV = dim G —dim G,,. Then the quotient G/G,

—_—

exists as a superscheme and a, : G/G, — V induces an isomorphism of
superschemes onto the open subspace corresponding to the orbit of Gg in Vg
at v.

The proof of Theorem 3.44 requires some preparatory work. We will give
the proof below after these preparations.

3.7.1 Effective monomorphisms and epimorphisms

We begin our preparations with some general facts on effective monomor-
phisms and epimorphisms.

Definition 3.45. Let C be a category and f : X — Y a morphism in C.
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We say that f has a cokernel pair if there are an object Z and morphisms
i1,32 : Y — Z such that iy o f = i5 o f, satisfying the following universal
property: For any object W and any two morphisms g1,g2 : ¥ — W such
that g1 o f = g2 o f, there is a unique morphism ¢ : Z — W such that
goi; =g; and goipx = go. When Z exists, we write Z =Y [[ Y.

Dually, we say that f has a kernel pair if there are an object Z and mor-
phisms p1,ps : Z — X such that fop; = fops, satisfying the following uni-
versal property: For any object W and any two morphisms g1,g2 : W — X
such that f o gy = f o go, there is a unique morphism g : W — Z such that
prog=g1 and p2 0 g = go. When Z exists, we write Z = X xy X.

We say that f is an effective monomorphism if a cokernel pair Y [ Y exists
and f is moreover the equalizer of i1,4 : Y — Y [[ ¢ Y. The latter condition
amounts to the following: For every object W, any morphism g : W — Y
such that i1 o g = iy o g factors uniquely through f.

Dually, we say that f is an effective epimorphism if a kernel pair X xx Y
exists and f is moreover the coequalizer of p1,ps : X Xy X — X. The latter
condition amounts to the following: For every object W, any morphism
g : X — W such that g o p; = g o po factors uniquely though f.

Lemma 3.46. Let C be a category and f : X — Y be a morphism that
s either both a momnomorphism and an effective epimorphism or both an
effective monomorphism and an epimorphism. Then f is an isomorphism.

Proof. We will show the conclusion only under the first assumption, the
other one follows by categorical duality.

Firstly, fop; = fopa, because f is the coequalizer of pi,p2 : X xy X — X.
But then p; = po, since f is a monomorphism. It follows that idy coequalises
P1, P2, and hence factors uniquely through f to a morphism g : ¥ — X. That
is, go f = idy. In particular, fogo f = f = idx o f, but then, since f is an
epimorphism, it follows that f o g =idx. Hence, f is an isomorphism. [J

3.7.2 Monomorphisms and epimorphisms of faisceaux

The next step is to see that in the category of faisceaux, all monomorphisms
and epimorphisms are effective. Moreover, we will need a characterization
of epimorphisms in terms of faithful flatness.

Proposition 3.47.  All monomorphisms and all epimorphisms in the cat-
egory of faisceaux are effective. In particular, any morphism of faisceaux,
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which is at the same time a monomorphism and an epimorphism, is an
isomorphism.

Proof. The conclusion concerning isomorphisms will follow by the token of
Lemma 3.46 once we have established the first two assertions.

Our proof follows [12, III, §1, no. 2, 2.1-2] closely, where the same facts
are established for the case of ordinary faisceaux (without grading). Let
f X — Y be a monomorphism of faisceaux. We define

2(A) =Y (A IV (A)/ ~,
where ~ is the equivalence relation that identifies all elements of f(A)(X (A)).

By construction, there are canonical morphisms i1,72 : ¥ — Z that are
equalised by f. Obviously, i1, 2 define a cokernel pair in the category of set-
valued functors on salg. Since left adjoints preserve colimits, Y [[y Y = Z
is a cokernel pairs in the category of faisceaux.

We need to show that f : X — Y is the equalizer of 71,i2. Sheafification
preserves projective limits by [12, II1, § 1, no. 1, 1.12]. Hence, it is sufficient
to show that f is the equalizer of i1, i9 in the category of set-valued functors
on salg.

But this is quite straightforward: Assume that g : W — Y is a morphism of
faisceaux such that i;og = igog. Let w € W(A). Then g(w) € f(A)(X(A)).
Since f(A) is injective (f being a monomorphism), there is a unique = €
X (A) such that f(A)(x) = w. Define g(A)(w) := x. By the uniqueness, one
checks that g is a morphism of functors such that f o g = g, and moreover
the unique such morphism. Thus, f is indeed an effective monomorphism.

Now, assume that f is an epimorphism. Sheafification preserves projective
limits by [12, ITI, § 1, no. 1, 1.12], so the fibre product of f with itself in the
category of faisceaux exists, and is the sheafification p1,ps : X xy X — X
of

2(A) = {(wr,22) € X(4) x X(A4) | F(A)(@1) = f(A)(a2) }.

together with the obvious morphisms ¢q1,q2 : Z — X. We need to see
that f is the coequalizer of py,p2. Since left adjoints preserve colimits, the
coequalizer of pi,po in the category of faisceaux is the sheafification of the
coequalizer g1, g2 in the category of set-valued functors.

The coequalizer of these morphisms is the functor defined by
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together with the obvious morphism p: X — I. Let ¢ : I — Y be given by
the inclusion of subsets. Since Y is a faisceau, 7 : I — Y is a monomorphism
of faisceaux, so it is effective by the above. Moreover, iop = f = f, to
i is an epimorphism by the assumption on f. Hence, by Lemma 3.46, i is
an isomorphism, and f : X — Y is indeed the coequalizer of py,ps in the
category of faisceaux. Thus, f is indeed an effective epimorphism. O

Lemma 3.48.  The point-functor of any superscheme is a faisceau. The
functor from superschemes to faisceaux is fully faithful.

Proof. The first claim is a straightforward generalisation of [12, III, § 1,
no. 1, 1.3 Corollaire]. The second follows from the Yoneda Lemma and the
fact that faisceaux are by definition a full subcategory of set-valued functors
on salg. ]

Lemma 3.49. Let f: X — Y be a morphism of faisceaux. Then f is an
epimorphism of faisceaux if and only if for any A and y € Y (A), there is an
fopf A-algebra B and an x € X (B) such that f(B)(z) = yp.

Proof. The same as [12, II1, § 1, no. 2, 2.8]. O

Definition 3.50. Let f: X — Y be a morphism of superschemes.

It is called flat if for any z € X, f* : Oy.f(z) — Ox makes Ox; a flat
Oy, f(x)-module, and faithfully flat, if in addition, fo: Xo — Yo is surjective.

The morphism f is called locally of finite presentation if for any x € X, there
are open subspaces U of X and V of Y containing 2 and f(z), respectively,
such that f|y : U — Y factors through ji : V' — X and the superalgebra
morphism f* : Oy (V) — Ox(U) exhibits Ox(U) as a finitely generated
Oy (V)-module.

We call f of finite presentation if in addition, f is quasi-compact—i.e., for
any quasi-compact subset K C Yy, f; 1(K ) € Xj is quasi-compact—and
quasi-separated—i.e., the diagonal morphism A : X — X Xy X is quasi-
compact. Here, a topological space is called quasi-compact if any open cover
admits a finite subcover.

Lemma 3.51. Let f: X — Y be a morphism of superschemes. Then f
s an epimorphism of faisceaux if and only if the following is true: For any
y € Yy, there are an open subspace U of Y such that y € Uy, a faithfully flat
morphism g : U' — U of finite presentation, and a morphism h : U — X
such that foh = jyog.

39



Proof. The same as [12, III, § 1, no. 2, 2.9]. O

3.7.3 Quotient faisceaux and orbits

Finally, we apply the general considerations given above to supergroup ac-
tions.

Let G be an affine algebraic supergroup of finite type over C and H a closed

subsupergroup. As we have noted above, the sheafification G/H of the naive
quotient functor A — G(A)/H(A) is a Noetherian superscheme.

Lemma 3.52. The canonical quotient morphism m : G — X is an epi-
morphism of faisceauz.

Proof. By [29, Corollary 9.10], 7 is affine and faithfully flat. Then = is
separated (the diagonal morphism is a closed immersion), and hence quasi-
separated. By Lemma 3.51, 7 is an epimorphism of faisceaux. O

Lemma 3.53. Leta:G x X — X be an action on_a scheme X, and x
be C-rational point of X. Then the morphism ay : G/Gy — X induced by
the orbit morphism a; : G — X is a monomorphism of faisceauz.

Proof. Let I be the functor defined by

Then a, factors into morphisms p : G — [ and i : I — X of functors.
Certainly, 4 is a monomorphism of set-valued functors on salg. Hence, i is
a monomorphism of faisceaux.

Clearly, I is isomorphic to the naive quotient functor G /G,. Thus, G /~Gz is
isomorphic to I, and under this isomorphism, ¢ corresponds to a,. Hence,
G, is a monomorphism of faisceaux. O

Finally, we are in a position to prove Theorem 3.44.

Proof of Theorem 3.44. By Proposition 3.47 and Lemma 3.53, it is sufficient
to prove that a, is an epimorphism of faisceaux. For this, it is sufficient that
a, be an epimorphism of faisceaux. But by Lemma 3.51, it is to that end
sufficient to show that a, is faithfully flat. By [23, Proposition 2.11], (ay)o
is surjective. Hence, it is sufficient to show that a, is flat.
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Clearly, the local rings of V' are regular superrings in the sense of [35, Def-
inition 3.2]. To see that the local rings of G are regular, we remark that
[35, Lemma 3.4.4] allows us to copy in the graded case the usual proof of
the standard fact that an equicharacteristic formally smooth local ring is
regular [30, Chapter 10, § 28, Lemma 1].

Thus, to see that a, is flat, it is by [35, Proposition 3.6.2] sufficient to show
that for every g € G, the morphism Oy g,/ Jv 40 — Og,4/Jc,» induced by
(ag,)g is flat. Here, Jy and Jg denote the ideal sheaves of Oy and Og,
respectively, that are generated by the odd part of the structure sheaf. But
by [23, Proposition 2.11], this morphism is an isomorphism, and hence flat.
The assertion follows. O
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4 Prehomogenous super vector spaces

We are now in a position to define prehomogeneous super vector spaces,
which will be a natural generalisation of prehomogeneous vector spaces. A
prehomogeneous vector space is a finite-dimensional vector space V' together
with a subgroup G of GL(V') such that G has an open dense orbit in V.

In this section, we develop the theory of prehomogeneous super vector
spaces. We are able to generalise the notion of relative invariants and results
about them, as well as the notion of regular prehomogeneous vector spaces,
to prehomogenous super vector spaces. As the previous sections indicate
and as we will see in this section, these generalisations are not obvious. We
define relative superinvariants and show that two relative superinvariants
corresponding to the same supercharacter are equivalent up to a constant.
Moreover, we will see that a relative superinvariant is, in a generalised sense,
homogeneous and that the set of relative superinvariants are equal to the set
of supercharacters invariant under the isotropy supergroup. For example,
we determine all supercharacters of GL(m|n,C).

Furthermore, we introduce the contragredient action and answer the ques-
tion: When is the dual super vector space of a prehomogeneous super vector
space also a prehomogeneous super vector space? And how are the sets of
relative superinvariants of V' and V* connected?” We will see how one can
understand how the Berezinian measure of the prehomogeneous super vector
space transforms under the action of an element of a Lie supergroup. It will
turn out that we can express this transformation by a suitable power of a
supercharacter.

We construct two examples of prehomogeneous super vector spaces, the su-
per vector space of supersymmetric matrices with an action of GL(p|q, C)
and the super vector space M(p|2¢gxm|2n, C) with an action of OSp(p|2¢q, C) x
GL(m|2n,C). The prehomogeneous super vector space of supersymmetric
matrices is also used to consider the general results for prehomogeneous su-
per vector spaces in a sufficiently complicated example, where we know all
relative superinvariants.

Furthermore, we calculate explicitly the transformation of the flat Berezinian
measure of the super vector space of supersymmetric matrices under the ac-
tion of GL(p|g, C). We end this section by generalising the partial differen-
tial equation of the Bernstein—Sato polynomial for prehomogeneous vector
spaces by introducing an operator equation for prehomogeneous super vector
spaces.
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4.1 Definition of prehomogeneous super vector spaces

By Theorem 3.21, we know that an open orbit is connected, unique and
dense in V', which says that V is almost a homogeneous super vector space.
If the orbit O, in v € V| is open, we call v a generic point. By Proposition
3.23 we know that such an open orbit, which we considered in the analytic
category, can also regard as an open sub superscheme of V. Furthermore,
the next proposition tells us, that one can embed an algebraic supergroup
into some GL,,,, analogous to the classical case.

Proposition 4.1 ([13], Theorem 11.7.9).  Let G be an algebraic super-
group. Then
G C GLy,p,

is a closed affine sub superscheme of the general linear supergroup GLy,,
for suitable m and n.

This motivates the following definition.

Definition 4.2.  Consider a triple (G, p, V'), where G is a connected linear
algebraic supergroup, V' is a complex super vector space of finite dimension
dimV = m|n and p : G — GL(V) is a rational homomorphism of super-
groups. Then (G, p, V') is a prehomogeneous super vector space if there exists
an open orbit of G in V. We will refer to the triple (G, p,V) as V when G
and p are clear from the context.

4.2 Relative superinvariants

Here we are going to introduce the notion of relative superinvariants, for
which we need to define rational supercharacters.

Definition 4.3. A rational supercharacter for an algebraic supergroup G
is a morphism of algebraic supergroups x : G — GL;. The set of rational
supercharacters is denoted by

X(G)={x:G — GLy | x is a rational supercharacter}.

Definition 4.4. Let V be a prehomogeneous super vector space with
an open orbit O,. A rational superfunction f on V is called a relative
superinvariant if f is regular on O, and there exists a rational supercharacter
x such that we have

f(p(g)-x) =x(9) - f(z) Vaer Oy VgerG (4.1)
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on T-points.

Remark 4.5.  We use p(g) -  and for brevity g - = as notation for a(g, x)
on T-points.

Let X1(G) = {x € X(G) | there exists a relative superinvariant f to x} be
the set of rational supercharacters which correspond to relative superinvari-
ants. The set X1(G) is a subgroup of X(G). A rational supercharacter
x : G — GLq is a constant supercharacter if it is constant as a superfunc-
tion on G. If x € X (G) is a constant, then the corresponding relative
superinvariant is called an absolute superinvariant.

In the next theorems we consider how far relative superinvariants are deter-
mined by their supercharacters. First, we need the following lemma.

Lemma 4.6.  The orbit map a, : G — O, is an epimorphism.

Proof. By Theorem 3.44, the induced morphism a, : G/G, — O, is an iso-
morphism and in particular, an epimorphism. By Lemma 3.52, the canonical
projection 7 : G — G/G, is an epimorphism of faisceaux and in particular
of superschemes. Since a, = a, o 7, the assertion follows. O

Theorem 4.7. If V is a prehomogeneous super vector space, then all
absolute superinvariants are constant superfunctions and two relative super-
invariants f and h corresponding to the same supercharacter x are equal up
to a constant factor.

Proof. Let f € C(V;)[V;] be an absolute superinvariant. We show that
f=F).

Let f':= f(v) a constant superfunction (constant on O,). We have for all
T,g €1 G the following equations

flav(g)) =f(g - vr) = f(vr)
=f(v)r = f'(av(9)).

Note, that a,(g) = a(g,vr) with vp =T — x 5 V. Hence, foa, = f' oa,
and the fact that a, is an epimorphism by Lemma 4.6, it follows f = f’.

Let f, h are relative superinvariants with the same supercharacter y, then
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we have
flav(g)) =f(p(g)vr) = (f(vr)/h(vr))h(p(g)vr)
=(f(vr)/h(vr))h(av(g))-

Since h(vp) is invertible and a, is an epimorphism, we get that f is equal
to h on the orbit and by the first statement f = ¢ - h. O

Definition 4.8.  We define a map deg : C(Vy)[V1] — Z, by

deg(fu€") = degy(pu) — degy(qu) + |1l
— Dbu

where deg, stands for the standard degree of a polynomial and f, = 0
Moreover, we set deg(f) = max,(deg(f.£")). We call a rational superfunc-
tion Zu fu&t homogeneous if deg(f) = deg(f.&") and p,,q, are homoge-
neous polynomials for all u € Z3.

For the next theorem, we introduce the Lie supergroup G = G x GL; with
the extended homomorphism p : G x GL; — GL(V) which is given by
p(g) = p(g) - (t-1dv) for g = (g,t) €r G x GLy.

Theorem 4.9. A relative superinvariant f is homogeneous of degree
degf = deg fo.

Proof. Let f be a relative superinvariant with supercharacter x. Fix A € C*.
Then the rational superfunction, defined by h(z) := f(Ar - x) for all T' and

x €r Opand A\p ;=T — x A C*, has the following relation for all g, ¢’ €r G
hg-au(g) =h(g-g -vr)=fAr-g-d -vr)
=X(9)f(A\r-g- g - vr) = x(g)h(av(g))-

By the fact that a, is an epimorphism, it follows that h is a relative super-
invariant corresponding to x with

h(g - z) = x(g) - h(x).
Hence by Theorem 4.7, there exists a constant ¢(\) such that
c(N)f = h. (4.2)
In particular, (fo(A-v))r = f(Ar-vr) = h(vr) = c(A) fo(vr) = (c(A) fo(v))r,

so that
fo(Av) = ¢(A) fo(v).

Since the latter holds for any A, we find by Equation 4.2 that fy has to be a
homogenous relative invariant as described in Ref. [23, Corollary 2.7]. This
implies that ¢ = \desfo, ]
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We are in the situation to reap the benefits of our labour by using Theorem
3.44 to prove the following theorem. It plays a crucial role in telling us when
the dual super vector space V* is also a prehomogeneous super vector space
and how the relative superinvariants are related.

The following theorem tells us that the set of supercharacters corresponding
to a relative superinvariant is equal to the set of supergroup homomorphisms
from G to C* invariant under the isotropy supergroup G,.

Theorem 4.10. Let (G,p,V) be a prehomogeneous super vector space
and v € Vg a generic point. Then

X1(G) ={x € X(G) | xlg, = 1}.

Proof. Let x € X1(G), then there exists a relative superinvariant f # 0
corresponding to x. There exists y € (Oy)o with f(y) # 0 and for all
x € (Oy)o there exist a g € Gy with = = gy, such that

f(x) = x(9)f(y) # 0.

Hence f(z) # 0 for all z € (O,)o. In particular 0 # f(vr) = f(gur) =
x(g)f(vr) for all g €7 G, and it follows that x(g) = 1 for all g €7 G,.

On the other hand, let x € X1(G) with x|g, = 1. Then by the universal
property of CT/\GTU, there exists an f’ € C[%} with 7#(f’) = x. Moreover,
ay : C/}_/\é/v = O~U is an isomorphism in ssch by Theorem 3.44, so there
exists f € C[O,] with @*(f) = f’. Then for all g €p G we have f(gv) =

flay(9)) = f'(7(g9)) = x(9) = x(g9)f(v). Since, by Proposition 2.18, regular
superfunctions on Zariski open sub superschemes are rational superfunctions
on V, the statement follows. O

We now consider the example G = GL,,),,. For a super commutative super-
algebra A recall from Definition 2.3, the invertible elements in Mat(m|n, A)g
are denoted by GL(m|n, A). The Berezinian is then a morphism

Ber : GL(m|n, A) — A}

defined by

R S L . -1 -1
Ber(T V> =det(R— SV "T)detV~".

The multiplicative property of the Berezinian [27, Theorem 1.7.4], implies
that it is supercharacter of the general linear supergroup GLy,/;-
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In the classical case, a character y : GL,, — GL1 of the general linear group
must have the form

x(g) = (detg)* z € Z,
see for example Ref. [23, p.44]. Now we state a similiar theorem for the

general linear supergroup.

Theorem 4.11.  The rational supercharacters x : GL,, — GL1 are
exactly integer powers of the Berezinian.

Proof. Let x be a supercharacter of GL,,,, and ( be an arbitrary affine
superscheme. For brevity, we also write x : GL,,(Q) — GL1(Q). Let
X € GLy 1, (Q) = GL(m|n|O(Q)). Since each supermatrix X = (£ &), can
be decomposed as

v (1 SV (R=SVTIT 0 1 0
—\0 1 0 v)\vir 1)’
we have

) = x (! SV (R—-SVT 0\ 10
2=x{o 1 )X 0 v) X\v-ir 1)

The supercharacter y is a rational function in the matrix entries and equals
1 for the identity matrix. We can express

(6 °% ) =1y,

where f is a rational superfunction of degree d independent of ). The

relation "
1 Syt _ 1 n-SV-1
Xlo 1 —X\o 1

1+ f(SVIN =1+ f(n-SV1).

The function f has degree d, so the expression on the left-hand side has
degree nd. The only solution to this equation is f = 0. Analogously,

1o0)_,
X\y-1r 1) ="

Since, in the classical case the character is an integer power of the determi-
nant, the most general form of the supercharacter, which is still a character
of the underlying classical group, is

gives

X(X) =det(R— SVIT)* - det(V)™2 2,20 € Z
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which is the same as

V(X) = Ber @ 5) L det(V) ), (4.3)

Furthermore, a supercharacter y has to fulfill for two supermatrix Xy, Xo

the relation
X(X1 - Xa) = x(X1) - x(Xa2)
with
Yo X — RiRy + 51T R1S2 + 51V
! 2= T\Ry +ViTy T1S9+ViVa )~

The Berezinian fulfills this relation, but
det(ViVa + Ty S2)™ %2 = det(Vi) 1 7%2) det(V5)(*1~)

only if z; = z9. It follows by Equation 4.3, that the most general form of a
supercharacter is an integer power of the Berezinian. ]

4.3 Contragredient actions and dual
prehomogeneous super vector spaces

In this subsection, we define the notion of the contragredient action and
of a regular prehomogeneous super vector space. As main results, we prove
Theorem 4.14, which tells us that each regular prehomogeneous super vector
space has a dual prehomogeneous super vector space and the set of relative
superinvariants is equal to the set of dual relative superinvariants. Lemma,
4.16 is crucial to understand how the Berezinian measure on V transforms
under the action of the supergroup G induced by the representation p.

Let V be a prehomogeneous super vector space with the data (G, p, V') and
V* = {v*: V — C | v* is an even linear mapping} the dual super vector
space of V. The contragredient representation of the Lie supergroup G on
V*, written as p* : G — GL(V™), is defined by the relation

(" ()", plg)w) = (v, w), (4.4)
with g €7 G, w €7 V and v* €7 V*. For a homogeneous basis vy, ..., Uptq
of V(T) and the dual homogeneous basis v!, ..., vP*4 of V*(T) the canonical

pairing is defined by (v%,v;) = 6;- (T'), where 5; is the Kronecker delta. Here
we use Einstein’s summation convention and get for v* € V* and w € V

(U*7w> = <yivi,’0j$j> = yixi~
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{p*(9)v", plg)w) = (p*(9) (wiv'), plg) (vz?)) = yilp*(9)(v"), p(g)(v;))a?
z<7}k *( )kuvlp(g)lj>xj

—1)HUEHED 5% (g) s (0F, 0i) p(g )iy
(DRID 5 () )
The relation in Equation 4.4 is fulfilled, if

(—1)MURHED 5% (g)ip(g) ks = 635(T),

or equivalently (p*(¢))57"p(g) = I, which gives the expression p*(g) =

(p(g)~H)ST for the contragredient representation of G' on V*.

4.4 Regular prehomogeneouses super vector spaces

Here, we answer the question when the dual vector space with the contra-
gredient action is a prehomogeneous super vector space. Let x €p O,, we
define ¢f(x) ep V*

o Z 5, @ (4.5)

This defines a morphism ¢y : O, — V*. ThlS definition is independent of
the choice of a basis on V. Indeed, let v1, ..., p +q be another homogeneous
basis of V and ¢!, ..., v’PT? the dual basis. Then there exist unique matrices
A € GL(V) and B € GL(V*) such that v" = v*ai and v = vlbé with
A= (az-) and B = (b;), so we have
i =(v" ,v]> <vka};,vlbf>
=(—1)lC |+|’“|)a§€<vk,vl>b{

3

Let v = vz = v]xj, then we have vé ;

Moreover, let 321, Cik Oi; , then

— [ _ /
= vibijxj = UV;X; and xTr; = bi]’Ij.

9 0 0 A
B, (1) = it g (i) = cin o (o) (<) Oy, = (CBTy.
v k

k
Hence, one gets for v €7 V:

5@' =

9
f@os(0) =L )
,kBST(BST)lllg:f/( )
l
_ o 9f
=v 6.’E§€ (U)v
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which shows that ¢ is independent of the choice of basis.

Let = Idp, € 0,(0,) and g €r G. Note, that zf(z;) = x; and g -z =
a(g,z) € Oy(T x Oy). In order to express the next calculation in a stream-
lined fashion, we can identify g—i(x) = g (%) = c’% € I'(Op, ) and note
that

Flp(9)z) = (p(9)2)*(f) € CX(T x Oy) = T(Orx0,);;:

Now we get the following proposition.
Proposition 4.12.  Let g €7 G and x = Idp, € O,(0,), then

or(p(9)x) = p*(9)¢s(2).

Proof. For simplicity we may assume G(T) C GL(OPl4(T)), so by differen-
tiating f(gz) = x(g) f(x) we obtain

<) 5L ) =0, 5(gw) = DL (g

0
=<amgijj>ajk<gx>

— (&), 5. 2
( 1) gkj(sl] 81‘k (gﬂ?)

ST) 8f

=(g ikaka(gx)-

Here, we used the chain rule in the second step and expanded the linear
action in coordinates. With the previous calculation we obtain

1 of v _ 1 xlg) 9f (@)
f(x) O f(x) x(g) Oz
_ b osry OF
= Flo7) (g )Z’“axk (97)
" (352 ) (00).
It follows ¢¢(p(9)x) = (g7) ¢ (x) = p*(9)d 5 (). O

Now we define the matrix H = (H;j;)i j=1,..p+q DY

_ 9 (1of
Hij(x) = 0x; (f ox;j

)(m) fori,j=1,...,p+¢q
to state the following proposition.
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Proposition 4.13.  H(gz) = (¢57) L H(z)(¢57")

Proof. Using the same ideas as the last proposition, we calculate

O (1OFN 0 s (1OFY,
o (Foe) 0 =50 (5 ) o)

: (1 = ) (ga) (= 1) MIHED (65T 5
k

0 \ f Oz,

e (55 ) @D,

and it follows that H(gx) = (gST)_lH(JU)(gST2)_1~ O

Now we see that the sheafification of the functors ¢ (O, (T)), ¢¢(p(G(T))v),
and p*(G(T))¢s(v) are equal and give an orbit of V*. If this orbit is dense,
we call the relative superinvariant f nondegenerate and (G, p, V) a regular
prehomogeneous super vector space. Moreover, (G, p*, V*) becomes a preho-
mogeneous super vector space.

Theorem 4.14. If (G,p,V) is a regular prehomogeneous super vector
space, then the dual triplet (G, p*,V*) is also a regular prehomogenous super
vector space. In this case, if X{(G) denotes the group of supercharacters
corresponding to relative superinvariants of (G, p*,V*), we have X1(G) =
X{(G). Moreover, O, = O;..

Proof. We are going to show that for all A € gand x €5 V, y €5 V* the
following holds

(dp"(A)y, ) + (y, dp(A)z) = 0.
We define F' € T'(Ogxv+xv) through F(g) := (p*(9)y, p(g)z) = (y,z) with
g=idg €qg G, y=idy~ €y« V*, x =idy €y V.

Recall, that the tangent super vector space T, X at p € Xy of X is defined
by T,X := Der(Ox,p,C) and we can identify g = T1G. Furthermore, one
can express

TPX(S) = {¢ GSMT] X ’ ¢‘t=7:0 = pS}a
with S[t|7] = (So, Os ® C[t, 7]/ (%, tT)).

For all A €5 T1G there exists a unique g €gpj,) G, such that gli—r—0 = 1
and £ *(f)li—r—0 = Ag(f) and Zg*(f)li—r—0 = A1(f) with f € Og.
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We know F'(g) = (y, z) is independent of g, so dF'(A) = 0, such that we get

+ 2)@*(9)970(1)33%:7:0 + (5 + 2)(p*(1)y,p(g)x>t:T:0
(

(5 T t  OT
Ay, x) + (y,dp(A)z),

¢
=(dp"

)
0= A(F) =(2 + )0 (), plo)) e
0
0

where dp(A)f := A(p!(f)) for f € Oar(vy-

If (G, p,V) is a prehomogeneous super vector space and f a relative super-
invariant with the supercharacter y, then we have

(¢f(x),dp(A)x) = dx(A)
forxz ep V.

We define H € I'(Ogxv) by H(g) = f(p(9)z) = x(9)f(z) for z =idy €y V
and g = idg € G and set dH(A) := A(H) and dx(A)f(z) := A(H). Since

Let f be a nondegenerate relative superinvariant. We now show that the
map (¢¢)o : (Oy)o — (V*)5 is injective. If z, 2" € (Oy)o and ¢¢(z) = ¢g(a’),
then we have

(A)z) — (95(2"), dp(A))

0=dx(A) —dx(A) = (¢y(x),dp
') = (dp*(A)ps(x), x — ')

)
= (9f(x), dp(A)(x -

Since f is nondegenerate, ¢¢(x) is a generic point of (G, p*, V*) and in the
proof of Theorem 3.21, we saw that for a generic point

{dp*(A)ps(x) | A € Lie(G)} = V7,
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which implies z = 2’ and (¢¢(z))o is injective.

Since ¢¢(p(g)v) = p*(g)dr(v), it is clear that Gy(T') C Gy, () (T). On the
other hand, if g €1 Gy,(,)(T) then ¢r(p(g)v) = p*(9)¢f(v ) ¢f(v) and by
the injectivity of (¢r)o we get (Gg,(v))(T) € (Gu)(T). Hence Gy = Gy, (v)
and by Theorem 4.10, X;(G) = X{(G). Let x be the supercharacter cor-
responding to the relative superinvariant f, then x™! € X1(G) = X7(G).
Hence, there exists a relative superinvariant f* of (G, p*, V*) correspond-
ing to the supercharacter xy~!. Let ¢3. + O3 (T) — V(I). We have
(dp*(A)y, ¢} (y)) = —dx(A) for A € Lie(G) and y = ¢(z) €r O} (T).
Using (—x,dp*(A)¢s(x)) = dx(A) we get

(07 (0p(x)) — 2, dp™(A)ds(x)) =

and since {dp*(A)d¢(z) | A € Lie(G)} = V*(T'), we have ¢}.(¢f(z)) =z €r
Oy (T). In particular, (G, p*,V*) is a regular prehomogeneous super vector
space. [

Corollary 4.15.  Let (G,p,V) be a regular prehomogeneous super vec-
tor space. Then there exists a relative superinvariant corresponding to the
supercharacter Ber(p)?, such that Ber(p)? € X1(G).

Proof. Let f be a nondegenate relative superinvariant, then ¢; : O,(T) —
Oy+(T) is an isomorphism and (d¢y) is a bijective linear mapping given by

the matrix 0 [(10f
H(z) = (81:@- (f%) (x))z‘,jl---ﬁq-

Hence, Ber(H(x)) # 0 for x = Idop, €0, O,. By Proposition 4.13, Ber(H (z))
is not identically zero and a relative superinvariant corresponding to the
supercharacter Ber(p(z)) 2. O

Lemma 4.16. Let (G,p,V) be a regular prehomogeneous super vector
space, f a relative superinvariant and x the corresponding supercharacter.
Assume that any relative superinvariant is a constant multiple of f™, for
somem € Z and that C* C p(Gp). Let r|s =dimV and d := degf := degfo.
Then

Ber(pQ) _ X2(r—5)/d

where 2(r — s)/d is an integer.

Proof. By Corollary 4.15, there is a relative superinvariant corresponding
to the supercharacter Ber(p)?, which is of the form ¢ - f™. Hence, there
exists an integer m such that Ber(p)? = x™. We may assume that there
exists an element g € Gy such that p(g) = ¢tIy with ¢ € C*. Hence, we
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get Ber(p(g)) = ¢"7%. Further x(9)f(x) = f(p(g)x) = [f(tz) = t*f(=)
for any x, such that y(g) = t?. Hence t2"=%) = 4" and it follows that
m = 2(r — s)/d € Z and Ber(p)? = x2r—9)/4, O

4.5 Examples of prehomogeneous super vector spaces

We present the construction of two examples of prehomogeneous super vec-
tor spaces. The first example is the super vector space of supersymmetric
matrices with an action of GL(p|g, C). We will use this example in order to
make some of our statements explicit. The second example is the super vec-
tor space M(p|2g x m|2n, C) with an action of OSp(p|2¢, C) x GL(m|2n, C).

Example 4.17. Let V = CPl¢, with ¢ an even number and S2(V) be
the super vector space of supersymmetric matrices. We define an action of
G = GL(V) on §2(V') by first defining one on @* V. The action on the latter
is simply the natural extension of the action on V. In terms of the canonical
basis (e;) of V, it is explicitly given, for g €7 G and R = ¢;R;;®e; €7 ®2 V,
by
gR = g(ei)Rij ® g(e;)
= engriRij ® ey = ex(griRij (—1) 1 g ) @ ¢
3
= er(griRij (95" )j) ® ey,

The super symmetric matrices S?(V) are given as the fixed point set on
T-valued points of the right linear map 1, defined by

P:VeV-VeV
O(eiRij © e;) ::(_1)Ii\\j\+(\R|+1)(Ii|+\jI)ejle. ® e;.
So the coefficents I;; have to fulfill the relation
Ry = Rji(_l)\i||j|+(|R\+1)(|i|+|j|)_

Written as a block matrix R = (2 &) this means that (2 §) = (j;T :Z; )’
ie. S=8T,C"=-B; A=—-A".
For g €7 G, we compute
19(9(61) ® g(e])) = ﬁ(ekg;ﬂ X elglj) = Q?(ek X el)(_1)|gm””gkzgl]
=(g® ek)(_1)|k\ll|+lgkilll\gkiglj
= (e ® €)1 gri |95 l1gkil+ 1IN+ gri 1]
e1g1; @ exgri)

(-1)
= ( (_1)|k||glj|+|glj||9ki\+|k|\l\+\gki\|l|
= g(e;) ® glea) (1) = gi(e; @ ¢).
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Hence, G leaves S?(V) invariant. This action is compatible with matrix
multiplication. For an even super matrix R = (2 §) €7 S*(V) the action

g.R= gRgST3 can be calculated for concrete matrices g €r G as

g.R = Gy G S B G(I; —G?,:
' Gs Gy -BT A GF{ G:{ ’

The isotropy supergroup of J = (Ié’ 2,) under this action, where I, is

. . . 0 I . .
the p X p identity matrix and J, = (_ L2 qo/ 2) is the standard symplectic
q

matrix, is isomorphic to OSp(V'). Its T-valued points are given by

[p 0 . GoGg + GleiF —G()Gg + Glez
0 Jg - GgGg + G4JG{ G4JG:{ — GgGg ’

The Lie superalgebra is defined by the relation X7 + JX (ST)* — 0, which
is isomorphic to osp(V') via the Chevalley automorphism

7 X - 7r(X) = -Xx5T,
A dimension calculation gives

dim G — dim OSp(V)

_ (2 + ¢ | 2pg) (p(p;rl) N C1(q2—1) ‘pq)
_ p(pQ— DI Q(q;‘l) ’pq
= dim S?(V).

By this calculation and Theorem 3.21, the next proposition follows directly.

Proposition 4.18.  The action of GL(V) on S?(V') admits an open orbit,
whose T-valued points are given by the invertible elements R € S*(V)(T).

The irreducible relative superinvariants for the space of supersymmetric ma-
trices is given by the Berezinian and all integer powers of it give a relative
superinvariant. One calculates

Ber(G.R) = Ber(G) - Ber(R) - Ber(GSTB)
= Ber(G)? - Ber(R).

to confirm this statement.

Now we consider the second example of a prehomogeneous super vector
space.
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Example 4.19. Let p > m > 2 and ¢ > n > 2. We define an ac-
tion of OSp(p|2¢, C) x GL(m|2n,C) on M(p|2q x m|2n,C) by p(A, B)(X) =
AXBST? where A € OSp(p|2¢, C) and B € GL(m|2n, C) and X € M(p|2¢ x
m|2n,C). The infinitesimal representation dp is given by dp(Y,Z)X =
YX + XZ5T° with (Y, Z) € osp(p|2¢, C) & gl(m|2n,C). Now, we calculate
the isotropy algebra at

The isotropy superalgebra is given by the elements for which the equation
dp(Y,Z)I = 0 holds. An element Y € o0sp(p|2¢q,C) is given by the equation
YT +JY5T° = 0, compare with Example 4.17, and has the general form

Ay Ay o ¢t —-BT -BT
As Ay ¢f cF -BY -BT

Y = By Bg —FlT —Fg D1 Do

B3 By —-Ff —F] D3 Dy

Cl 02 E1 E2 Fl F2

03 04 E3 E4 F3 F4

where the square submatrix, denoted by A = (ﬁl 1‘22) is skew-symmetric
3 4

3 D1 Do E1 Eo . .
and the submatrices ( Dy D. ), ( Fa E4> are symmetric. We write a general

element Z € gl(m|2n,C) in the form
G1 Hi1 K,
Z = (G2 Hy Kz) .
G3 Hs K3
Now we get that the elements of the isotropy superalgebra satisfy:

YI+1257° =0

or equivalently

A of  -BY ¢t G af

As ¥ B o 0 o0 333
By —-F D + —HT HI HI | _ |0 0 0
Bs —FI Ds o 0 0 000
G By Fy -K{ Kj Ki 8 8 8
C3 E3 F3 0 0 0
so that the general form of an element from gy is
A0 ¢ o -BY o
0 A o cf 0o -BF
‘ 4 4 A, BT cf
B1 0 -—-Fl o0 D1 0 | -cv B o-ET
0 B4 0 —FE 0 D4 Bl _D’.lT‘ _FiT

Ci 0 Eq 0 F 0
0 Cy4 0 E4 0 Fy
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and we see that gr = osp(p — m|2¢ — 2n,C) & osp(m|2n,C). A dimension
calculation shows that

dim(OSp(p|2¢, C) x GL(m|2n,C)) — dim(M(p|2¢ x m|2n,C)) — dim(gr)
=p(p+1)/2+ q(2¢ — 1) + 2pq + (m + 2n)* — (p + 2¢)(m + 2n)
—((p=m)(p—m+1)/2+ (¢ —n)(2(¢ —n) — 1)
+(p—m)2(g—n)+m(m+1)/2+n(2n— 1)+ 2mn)
=0,

and this defines a prehomogeneous super vector space.

In order to construct a relative superinvariant, we define a super bilinear
form by b(X,Y) := X57° 7-1Y. Then b(p(A, B)X, p(A, B)Y) is

(AXBST3)ST3J—1(AXBST3) _ pST? x ST° (AST3J—1A)XBST3
— pST? x ST° (AST3J—1A)XBST3
— psT*? (XST3(A—lj(A—l)ST3>—1XBST3
— psT*? (XST3J—1X)BST3’
where we used the relation
ATAT = 7 & (A71)5T3‘771(A71) — gL
since A € OSp(p|2¢q,C). Hence, we get by
F(X) == Ber(X5T’ 771 X)
a relative superinvariant with f(p(4, B)(X)) = Ber(B)?f(X).

Now we go back to the first example and calculate the contragredient action
of GL(p|q,C) on S?(V)* from Example 4.17.

Let eq, ..., ep1q be a homogeneous basis of CPl7 and el, ..., Pt be the dual
homogeneous basis.

X =v®0v=e¢e; ®’L~)]’€j

Y =w®w=-cew,;, ® ﬁ)jej.

Let us define

(X,)Y)=(v®@0,w®w) = (v,w) - (0,0)

k

(
= (e'viepw®) (B0 0" ey,)

= (—1)liHlly, W' v = (—1 1) I+l 5 0w
= (=)Wl (1) UelHaDIEl gy, 5 japtep = str(XST Y),
i

where XST (— )( [+15D)1d IX
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Proposition 4.20.  The contragredient action for the pairing
(X,Y) = str(X5T°Y)
on S%(CPl9)* ® S2(CPl4) — C has the form

P(9)Y = (g )y (g7HT".

Proof. The action of GL(p|q; O(T)) on S?(OPI4(T))*, which fulfills the rela-
tion

(p(9)-X,p"(9).Y) = (X,Y)

is given by Lsp R
p(g)Y =(g )" Y(g ).

O
We also like to calculate the transformation of the flat Berezinian measure
on S?(V) under GL(plg, C).

Let us define the flat Berezinian measure on S?(C). A globally defined
super coordinate system is given by (s;5, axi, b ), where the indices are i, j €
{1,...,p} and k,l € {1,...,q} with i < j and k < [. The flat Berezinian
measure on S%(C) is defined by

du(X) = D(s,a,b) Hdsw Hdakl H@b

1<j k<l
where we took the wedge product for the even coordinate differentials.

The following definition is needed.

Definition 4.21.  Let (s; ), (ai;) and (x; ;) the standard coordinate sys-
tems of the vector spaces of symmetric matrices, skew-symmetric and ar-

bitrary n x n-matrices. We define the Lebesgue measures on these vector
spaces Sym(n, C), Skew(n,C) and Mat(n,C) by

:Hdsija Hdakl and du(B Hdbklv

i<j k<l

with 4,7, k,0l € {1,...,n}, where the wedge product is used as necessary.

The next proposition follows directly by Lemma 4.16.
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Proposition 4.22.  Let X e S%(CP1%) and g €7 GL(p|q, C), then the flat
Berezinian measure transforms under the action given by p(g).X = ngST3
as

du(p(g).X) = Ber(p(g))du(X) = Ber(g)? " du(X).

Proof. In order to apply Lemma 4.16, we have to calculate two numbers,
r — s where dim S?(CPl¢) = r|s and d = deg Ber. For the first number we
get

and d = p — q, so that

Ber(p(g)) = x(g)#*~2pata*+p=a)/2(p=q)

= x(g)P79+D/2 = Ber(g)P—a+h),

O]

We also give a more elementary proof for Proposition 4.22, which shows how
powerful Lemma 4.16 is and which gives some insight to Proposition 4.22
from another point of view.

Now we give the proof.

Proof. First, we have to calculate the Jacobian of the coordinate transfor-
mation. Second, we have to take the Berezinian from this Jacobian and
express it as the Berezinian of g €5 GL(p|q,C) to some power. Let T be

the transformation map X’ = T(X) = ¢Xg¢57". With g = (: ’g) we get
X' =T(X)=

aSa® — BBTaT + aBBT + BABT  —aSyT + BBTHT + aBsT + BAST
vSal —6BTal + yBAT 4+ 6ABT  —4SyT + 6BTAT +yBST 4 5A5T |

Now, we introduce the following notation c¢; 4(z) := zzy’, where 1, z are
matrices. Because we are interested in the coordinate transformation we
write it as

Car CBB Cap— a0 ()T S
Crn G Cpatesyo () )AL,
C()j7’y Cﬁ)(s ca76 + 0/8)7 o (')T B

which also gives us the Jacobian by linearity in X. Notice that one has a
decomposition for an invertible super matrix g €7 GL(p|g, C). Such a matrix
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can be written as a product of an upper triangular matrix, a diagonal matrix
and a lower triangular matrix

S TR [ A R

with o € GL(p, Orp), § € GL(q,Orp), B € (’)I;%q and v € O%Xip. We have
to check the statement for each matrix in the decomposition case by case.

But first we need the following classical lemma.

Lemma 4.23.  Let the invertible n x n-matrices GL(n,C) act on these
vector spaces Sym(n,C), Skew(n,C) and Mat(n,C) by g.X := gXg' for
g € GL(n,C). The corresponding Lebesgue measures transform as follows:
In the symmetric and the skew-symmetric case, we have

dp(gSg™) = det(g)"'du(S) and du(gAg") = det(g)"'du(A)
and in the case of arbitrary n X n-matrices by

dp(gBg") = det(g)*"du(B)

for S € Sym(n), A € Skew(n) and B € Mat(n,C).

Proof. Every invertible matrix is the product of finitely many elementary

matrices. In order to prove the lemma, it is enough to show it for elementry

matrices of type S;i(\) = (é g\ (il)) and R;;(\) = (é g ?1)\), where A € C* is

positioned in the row of the first index and in the column of the second.
Acting by ¢ gives a linear coordinate transformation for all of these three
vector spaces.

We have to calculate the Jacobian of these transformations. We give the
proof for symmetric matrices, the other cases are similiar. First let g =
Sii(A). Multiplying an arbitrary matrix B from the right-hand side with
Si;(\) multiplies the i*" column of B by A and multiplying B from the
left-hand side with S;;(A\) multiplies the i*" row of B by A, so that

)

bl,l e Ablﬂ‘ e bl,n
gBgT = [ Xbi1 ... Ny ... Abig
bpi oo Abpi .o bun

Hence, the coordinate transformation is a diagonal matrix in this case. Here,
a A appears when the entry comes from a coordinate from the i** column or
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the i*® row of the matrix gBgT. The entry associated with the coordinate
function with the indices 7i gives a A and all the other diagonal entries are
one.

Now we regard B as a symmetric matrix S. Hence, we get
dp(gSg") = X" Vdp(S),
where ) is the determinant of the elementary matrix S;;(\).

We also have to prove the statement for g = R;j(\). Again let B €
Mat(n, C). Multiplying B from the left-hand side with R;;(\) adds A times
the j* row of B to the i row of B. Multiplying B from the right-hand
side with R;;(A\)T adds A times the i*® column of B to the j*' column of
B. The Lebesgue density of Sym(n,C) is an alternating form in the co-
ordinate functions, so it vanishes if a coordinate appears twice and we get
dp(gSgT) = du(S), which proves the lemma. O

Now, we can proceed to prove the proposition. Consider the case where

o 0\  [(a—p51y 0
0o &) 0 )

The transformation is given by

Ca/ o 0 0
T = 0 Cs! 8! 0 s
0 0 Co/ 5

which gives
Ber(T) = (det o/)P*! - (det 8")?" - ((det a/)? - (det 5’)p)_1

= (det o/)PH1=9 . (det §)~ (P79

and proves the first case. In the second case we have
1 g\ (1 p&!
0 1) \0o 1

1 gy cp—cpa()"
T=1[0 1 0
0 Cpr1 1

and we get
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so that

Ber(I') = det((é Cﬁ;ﬂ’)-(ﬂﬂ"gﬁ’vl“T)-(o cgal))-detu)—l

—q+1
1 0/8/,5/ B 0 = - - 1 /8/ poet

for the second case. The proof for the third case is the same. O

Now, we consider the relative superinvariant under such a supermatrix de-
composition. An invertible supersymmetric matrix X €p O, can be decom-
posed by Corrollary 4.18 as X = gngT3 with g €r GLy, and such a g
can also be decomposed as in Equation 4.6. Let g = (é Bf‘fl ), then we can
express X as

S B -1gT ST3 —-1RT
Xz(,BTA)zg(“B% B E,)g ZP(Q)(S“B% B 3)-
For a supercharacter y in general, we obtain:

Lemma 4.24.  For y €7 g7, it holds that x(exp(Y)) = 1.

Proof. We know x is an even morphism of Lie supergroups, and that the
differential dy : g — C satisfies
dx ‘91 =0

and hence dx(Y) = 0 for all Y €p g;. Furthermore, one has for Lie super-
groups the commutative diagram

g—dx— C
eXpg exfcc
G —x— C*,
so that x(expg(Y)) = expe(dx(Y)) =1 for Y €7 g3. O

We know that the Berezinian to any integer power is an relative superinvari-
ant of the prehomogeneous super vector space of supersymmetric matrices.
On the underlying even space, we have a product of two prehomogeneous
vector spaces of symmetric matrices Sym(p) and skew-symmetric matrices
Skew(q). Their irreducible relative invariants are the determinant (det) and
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the pfaffian (pf) respectively, (of course pf2 = det is also a relative invariant
of Skew(q,C)). By Lemma 4.24, we have x(g) = 1 for ¢ = exp(z) with
x €T g7, and from Equation 4.6 we see that

Ber (5 i) = det(S + BA'BT) - det(4) .

Note, that we express the relative superinvariant Ber as a nilpotent (in the
boson—boson sector) of the relative invariants of the underlying prehomoge-
neous vector spaces. Of course, we also have

Ber (jT ﬁ) = det(S) - det(A + BTS™1B)~?

with a shift in the fermion—fermion sector. In order to extend the local zeta
function to an entire function, one needs to consider the Bernstein—Sato
polynomial of a relative invariant. The notion of the local zeta function of
a prehomogeneous vector spaces is explained in the next section.

The function b(s) is called the Bernstein—Sato polynomial. It is attributed to
Bernstein [5] and Sato and Shintani [32], who introduced it independently.
It is a polynomial related to a differential operator. Here for reductive
prehomogeneous vector spaces, the differential operator f*(0,) is given by
the dual relative invariant f* corresponding to the character x~! and 9, =
(Ozyy...,0z,). The Bernstein—Sato polynomial is of the form

d
b(s) = by H(s + ;).
i=1

By [21] it is known that a; > 0 and «; € Q.

For regular prehomogeneous vector spaces we have the following proposition.

Proposition 4.25 ([23], Proposition 2.22).  Let f be the relative invari-
ant of a reqular prehomogeneous vector space, which we denote by fy for
Sym(p,C) or by fr for Skew(q,C), corresponding to the character x and f*
the dual relative invariant corresponding to x !, then

F*(2) f(2)** = b(s) f(2)°,

where x = (xi;) is a vector of the coordinate functions and 0, = (aa

) is

the corresponding vector of partial derivatives.

In order to derive a similar relation for the relative superinvariant f(X) =
Ber(X), we introduce suitable coordinates. Let X = <_]§T g ) be the stan-

dard coordinates on S?(CPI9). Let x = S+ BA'BT, y = A, z = B.
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In these coordinates we have f(X) = det(z)det(y)~'. The correspond-
ing coordinate derivatives are 0, = ( )1<1<]<p, 8y = (%ﬁ)lgiggq and
0, = ( )1<J<q, which are uniquely determlned by az (xp) = 605 and

1<z<p

de; 9_(z1) = 0 and similarly for y and z, see [27, 3.3.13]

égg(ym)
We have by Ref. [23, p. 261]
det(8y) (det(y))_s _ (_5) . (_3 — 14+ q) (det(y))_(s+1) :

so that we get the relation

det()\*"  (s+1)---(s+p) det(z)\*
det(ax)(deuy)) "5 1t9) det(ay)(deuy)) |

The Bernstein—Sato relation for Sym(p) is given by

det(0,) (det(z))*™ = (s + 1) (s+ 3) <s+p;1) (det(x))®

k( k+1> (det(x))*

and for Skew(q), it is given by
pE@y) (Pf(y))™ = (s + 1)(s +3) -+~ (s +q — 1) (pf(y))°

q
:H (s +2k —1) (pf(y))*.

E@

The reader may, for instance, consult Ref. [23, p.262]. It follows that
det(d,) (det(y))* = pt(9,)pf(dy)pf(y)**

(25 + 25 — 2)pf(0,)pf(y)**

I
=

j=1
=[] (@s+ 25 —2) [ (2s + 2k — 3)pf(y)** >
j=1 k=1
q q
=[] (@s+2j —2) [[ (25 + 2k — 3) det(y)*"
j=1 k=1
and thus
det(z)\*"" by (s) det(z)\*
@) (Ge) = 5z oz (i)
_ b (s + %) det(z)\”*
- e T e—m =5 ()



where by(s) = [Th_;(s+ %) and by(s) = [[7_,(s+2k—1). One can rewrite
this relation using the gamma function. Let us define the bosonic gamma
function by

(s + &) (4.7)

i :jw

and the fermionic gamma function by

q

H (s 42k — 1), (4.8)

then we can rewrite the relation to get the following theorem.

Theorem 4.26.  For the prehomogeneous super vector space of supersym-
metric matrices we have in the super coordinate system (x,vy, z) the relation

det(8,) <det(1‘)>s+1: det(8,) (da@:))s
Yo(s + 1)vp(=2(s + 1)) \ det(y) (s)v7(—2s) \det(y)
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5 Local zeta superfunctions and Fourier supertrans-
form

In this section, we consider the prehomogeneous super vector spaces of su-
persymmetric matrices, although our methods are in principle not restricted
to this example. We introduce the local zeta superfunctions as regulariza-
tions of the integral

Fij(s, ) = / ID(X)] [Ber(X)[* (X)),

1) Jv,

which is a priori defined only for superfunctions with compact support con-
tained in a connected component V;; of the intersection of O, with a cs-
form V. of V. As we show, the regularizations form families of tempered
superdistributions, analytic on the whole complex plane. Moreover, the
regularizations preserve the relative superinvariance of the Berezinian.

Furthermore, we show in Proposition 5.23 for an abitrary regular preho-
mogeneous super vector space that the Fourier supertransform is, up to a
supercharacter, an equivariant map:

m—n

g.®(w) = |x(g9)| 7 - g.B(w).

We are able to show that the Fourier supertransform of the dual local

zeta superfunctions Fy, (s — %, .), considered as tempered superdistribu-

tions, transform by the same supercharacter as the local zeta superfunction
F; j(—s,.) and that

9-F5i(s = 350 ®) = Ix(9) 7 (s — 3=, @),
g-Fij(=s,®@) = |x(9)|7° Fij(—s,®).

Classically, this property is sufficient to show that the Fourier transform of
the dual local zeta function and the local zeta function are equal, up to a
constant depending only on the complex parameter. Besides the fact that
the local zeta functions are entire functions, this is the main content of the
Fundamental Theorem of Prehomogeneous Vector Spaces proved 1961 by
Sato [23, Theorem 4.17].

5.1 Preliminaries

We recall the definition of a cs-form and a cs-affine superspace of V. Given
a complex super vector space V = V5 @ V7, where V5 has a real form,
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Vo = Vor © 1V, then the cs-vector space Vs := Vg @ V7 is called a cs-
form of V. The cs-affine superspace, associated to a cs-vector space and also
denoted by Vs, is given by Vs = (Vg g, Ov,,), where Oy, = C‘C}%”R @ ANV
and C*° denotes the sheaf of complex-valued smooth functions.

From now on, we assume that (G, p,V) is a regular prehomogeneous super
vector space (recall that (Go,po, V) is a regular prehomogeneous vector
space) and analogous to the classical case

e a real form Vg of Vj,
e areal form Gy := Go N (GL(m, R) x GL(n,R)) of Gy, and

e a linear action ap : Gor X Vor — Vor

such that the following diagram commutes

GoXV@—%—»V@

| W

Gor X Vor —ao— Vog-

By definition, the cs-supergroup Ges = (Gor, Og,,) with Og,, := Ogla,y
associated to G (where G C GL(m/|n,C)) leaves Vs := Vg @ Vi invariant.
Let G, be the open subsupergroup whose underlying group is the connected
component of the identity in Gor. The underlying vector space Vj is then
a classical regular prehomogeneous vector space with R-structure V5. The
R-structure of the open orbit (Oy)g in Vj is O, g and can be decomposed into
Oyr = Ui‘:1 Vp,i (compare with [23, Proposition 4.5]). This decomposition
induces a decomposition of the cs-orbit

with V; = (Vg;, Oy;) and Oy, := Oy, |v;,. Moreover,
ao(Gy g, vi) = po(Gyg)vi = Vg
with v; € V5 ;, which induces for the corresponding cs-supergroup G, that
p(GE(T))vi = Vi(T)

for v; €7 V;.
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Let Vs be a cs-form of V| considered as a cs-affine superspace. Furthermore,
let = (u,§) and y = (v,n) with z;,y; € T'(Oy,,) be a global supercoordi-
nate system of Vs, where the underlying coordinates are equally oriented.

Now, we need the notion of a retraction.

Definition 5.1. A morphism v : X — Xj is called a retraction if it is a
right inverse of the canonical embedding jx, i.e.

vyojx =idx.

Let wuy,...,u, be a coordinate system of Xo and uy,...,up,&1,...,&; a co-
ordinate system of X, the associated retraction v is called the standard
retraction.

A compactly supported superfunction f can be written as f = 3 rezn Y (frn!
with fr € I‘C(C“}gm) and «y the standard retraction. Here, the letter c stands
for compactly sﬁpported. The flat Berezinian measure is given by

0 0
D =dvi A Ndvpy, @ — -+ —
(Ua 77) U1 Um & 37771 87’]1
and the Berezinian integral is defined by
0 0

(Ula‘--vvﬂ’mnlv"‘?nn)

D) fosm)i= [ doyeedvg 5
Ves ( ?7) f( n) cs ! 8nn 8771

:/ dvy - - - dop, f1,...,1(U17-~-7Um>-
Vo,r

The Berezinian of a coordinate transformation, which is a map « : Vg — Vg
with a*(y;) a superfunction in the coordinates x;, is defined by

Oa* (v) oa* (v)
D(v,n) D ~—~
* .= Ber(J%,) =B Ju 2N
Dlu,g) — D Va) = Per (f)aagm 0a' ()

The following proposition tells us how the Berezinian integral for compactly
supported superfunctions transforms under such a coordinate transforma-
tion.

Proposition 5.2 ([27], Theorem 2.4.5).  Let x = (u,&) and y = (v,n) be
two coordinate systems on Vs, with the same orientation, and f compactly
supported, then

D(v,n)
D(u,§)

D(v,g) = /V D) o*(f).

Ves
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Remark 5.3. Without the assumption that f is compactly supported,
one has to regard a boundary term, which would appear by transforming
the measure. Applied to the superfunction f this boundary term gives after
integrating out the odd variables an exact m-form.

Now we introduce the space of Schwartz superfunctions and the space of
tempered superdistributions for a cs-vector space V.s. We are following
Appendix C in [3]. Let S(V) be the symmetric superalgebra and jy; the
embedding of Vg in the cs-affine superspace V.

Definition 5.4. A superfunction ® € I'(Oy,,) will be called tempered if
for every u € S(V¢s), there exist N > 0 such that

supevy || 1775 (0u®) ()| < o0, (5.1)

Definition 5.5.  Similarly, a superfunction ® € I'(Oy,,) is a Schwartz
superfunction if for any u € S(V.5) and any N > 0

PNu(®) = supgey |2V |7, (0. @) ()] < 0. (5.2)

The totality of all tempered superfunctions is denoted by I'temp(Ov,,) and
the space of Schwartz superfunctions are denoted by .(V.s). The space
7 (Ves) is endowed with the locally convex topology defined by the semi-
norms pn.. By #'(Ves) we denote the topological dual space of .&(Ves),
with the strong topology. The elements of .#/(V,s) are called tempered
superdistributions.

The space of Schwartz superfunctions on Vs is also given by
S (Ves) = S (Vo) ® \ V7'

where (V5 r) is the classical space of Schwartz function on the vector space
Vor-

Let Vor = Usr © Wy be the even part of the cs-vector space, then by [3,
Corollary C.10], there is an isomorphism between the locally convex super
vector spaces

I (Ves) 2 (S (U p) B (Wog)) ® N\ V7, (5.3)

where & denotes the completed projective tensor product topology, for in-
stance the reader may consult [37, Theorem 51.6].

Let us define an action of G, on the space of superfunctions I'(Oy,,).
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Definition 5.6. For g er G, ® € T'(Oy,,) and ®* € I'(Oy; ), we define
p(9)-® € I'(Orxv..) by

(p(9)-®)(p,v) := @(p(gr)v),

and p*(g).®* € I'(Orxvy,) by

(r"(9)-27)(p,v) == (" (g17)v);

p: T — T, v e V. Here, gp := gop.

This definition automatically give actions of G.s; on the spaces of Schwartz
superfunctions .7 (V) and .7 (V%) respectivley. If & € .7 (Vs), then p(g).® €
[(O07)®.7 (Ves) and if ®* € .7(V%), then p*(g).®* € T(O7)®.7 (V) respec-
tively by [3, Appendix C.2].

Induced by the standard pairing we also get actions of G5 on the spaces of
tempered superdistributions .’ (V,s) and .#/(V%) respectivley.

Definition 5.7.  For F € .%'(V,;) we define for all ® € . (V,,) the action
on the tempered superdistributions p(g).F € T'(Or1)®.7"(Ve.s) with g €1 G,
by

(p(g).F, ®) := (F, p(g).®) € T(Or),

where (-,-) is the standard pairing ./ (V,s) ® .7 (Ves) — C.

Analogously for F* € .#/(V%) and g €1 G, we define for all &* € .7 (V)
the action on the tempered superdistributions p*(g).F* € I'(O7)®.7" (V)
by

(p"(9)-F", @%) := (F", p*(9).9%) € I'(Or),
where (-, ) is the standard pairing ./(V%) ® ./ (V.) — C.

Now we extend Proposition 5.2 to Schwartz superfunctions. By [3, Appendix
C.9] is the space of compactly supported superfunctions dense in the space of
Schwartz superfunctions. We assume that the transformation « : V.3 — Vg
is polynomial. Hence, o*(®) is obviously a Schwartz superfunction. Under
this assumption and the fact that the Berezinian integral is a continuous
map between the space of Schwartz superfunctions to C, we can extend
Proposition 5.2 to Schwartz superfunctions.

Definition 5.8. The morphism « : Vs — Vs is called a polynomial

transformation, if o is an isomorphism and of(z;) € Clx1,. .., oy, for all
i€ {l,...,p+ q} with x a supercoordinate system of V.
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Corollary 5.9.  For all ® € ¥ (V,s) and a polynomial transformation
o Ves — Vg we have

Dwm) @ = [ Dlug) 200

“(®).
Vs Vs D(u,§) o(®)

Before we define the local zeta superfunctions, let us define |f|. Note, that
one has T'(Oy,,) = Mor(V,s, C'') and even superfunctions can be regarded
as Mor(Vs, C).

Definition 5.10. Let f € I'(Opy,,)" an invertible superfunction on Vs
and |.| : C — R0 the usual norm of the complex numbers, then we define

[f1:= f5(|.]) € Mor(Ves, RY).

5.2 The local zeta superfunctions

In this section, we define the local zeta superfunctions for the prehomo-
geneous super vector space SZ(CP“]) of supersymmetric matrices, where
q is even. Let (S, A,¢§) be a global supercoordinate system, where S =
(8171, R N TR Sp7p), A= (aLQ, ey ALy e ,aq_l,q) andf = (§171, e ,§p7q)
with ¢ < j and k < I. We denote by Sym(p) the complex vector space of
p X p symmetric matrices, which we also call the boson—boson sector; and
we denote by Skew(q) the complex vector space of skew-symmetric matrices,
also called the fermion—fermion sector. Together Sym(p) x Skew(q) form the
even part of S2(CP9). A supermatrix X €7 S?(CPI%) can be represented by
a p X p symmetric matrix S, a ¢ X ¢ skew-symmetric matrix A, both with
entries in Op(T)g, and a p X ¢ matrix £ with entries in Op(T')1. It is of the

form S ¢
X = (_ ’ A) |

(The subscript b is related to the boson—boson sector and the subscript f to
the fermion—fermion sector of the supermatrix X.) The aim of this section
is to find a superdistribution, that regularizes the expression

[ 1D Ber(x)F (). (5.4)

where |D(X)| is the flat Berezinian measure, Ber(X) a relative superin-
variant and ®.(X) a compactly supported superfunction on the connected
component V;; of the cs-orbit.

The vector spaces of Sym(p) and Skew(q) are prehomogeneous vector spaces
and we recall some facts about them.
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The local zeta functions for Sym(p) are

Fuafs®) = [ 1as] |det(s)[* a(s)

Yb(s)
1

(2

(s, %) =

ds'| | det(S")[* ®*(S"),
%(5)/%| [ det()]* @*(S)

where yp(s) = [[8_;T'(s + %), as in Equation 4.7. For this preho-
mogeneous vector space we have the determinant as the irreducible rel-
ative invariant, the real symmetric matrices Sym(p,R) as the real form,
¢ € . (Sym(p,R)) and ®* € . (Sym(p,R)*), and the intersection of the
open orbit Ogyy, () With Sym(p, R) are the invertible real symmetric matrices
Osym(p,r)- They decompose into p+1 connected components Vi p, ..., Vi1 p.

The local zeta functions of Skew(q), where ¢ is even, are

1 S
Fiss. ) = s [ 1Al i)
J.f
1
Fr.(s, ®* ::/ dA'| |pf(A)]* ®*(A"),
o) = s 141 AP #°()

where y¢(s) = ngzl I'(s + 20 — 1) as in Equation 4.8. For this prehomo-
geneous vector space we have the Pfaffian pf as irreducible relative invari-
ant, the real skew-symmetric matrices Skew(q,R) as the real form, ® €
7 (Skew(q,R)) and ®* € .(Skew(q,R)*), and the intersection of the open
orbit Oggew(q) With Skew(g, R) are the invertible real skew-symmetric matri-
ces. They decompose in two connected components Vi ¢, V5 .

Sato proved the following statement in 1961, which Kimura calls the Fun-
damental theorem of prehomogeneous vector spaces in [23, Theorem 4.17].

Theorem 5.11.  Let (G, p, V) be a reductive prehomogenous vector space
and f a irreducible relative invariant corresponding to a character x and
f* a relative invariant of the dual prehomogeneous vector space (G, p*,V*)
corresponding to x~'. Then, the local zeta functions

1 S
Fis.®) = /V dx |f(x)]* @ (x)
and
* O - 1 * S *
Fi(s, @)= 275 /V] dy |f*W)I* @7 (),

extend analytically to holomorphic functions on the whole s-plane. Further-
more the following holds:

Lo 17 8) = 2= Yeuls) | do 1@l o) (59

l
J ]:1 2

72



where c;j(s) are entire functions which do not depend on ® € .7 (Vg).

By the last theorem we can consider F;, and F}; as entire functions. Let
Viio == Vip x Vj ¢ and Vi; be the corresponding open sub superspace of Vs.

7

Moreover, let X €7 S?(CPl9) be the supermatrix

_ (5 €
x= (& 5)

We define, when A is invertible, the bosonically-shifted supermatrix Xp_gnif
of X by
o ([(S—eaTlm ¢
b-shift -— _éT A
and when S is invertible, the fermionically-shifted supermatrix X ¢ gnif; of X
by

X f_shitt := < ST é:F -1 >
—& A-gS5¢
Below we will also use for the flat Berezinian measure |D(X)| the nota-
tion |DE||dS||dA|. The norm of an invertible superfunction |f| is defined in

Definition 5.10. Now, we can define the local zeta superfunctions for the
prehomogeneous super vector space SQ((Cp‘q) and its dual.

Definition 5.12.  The local zeta superfunctions for the prehomogeneous
super vector space S2(CPI?) are defined by

Figls®) = | |Dg| Fyy (=2s+ 5. |det(4)

prg
2

- Fiyp (s, ‘I’(Xb-shift))> ;

Fij(s, @) ¢=/V |DE| Fip (8 — 20| det(S)| 7 - Fj (—237<I’(Xf-shift))> :
1

For the dual case, we define the local zeta superfunction by

* * * bq bg * *
Fii(s, ®@%) = /V |D¢| Fis (‘2(3 + ?)7 |det(A")|=2 - F (s, (Xl;-shift))> ;
1
ol * * bq g * *
Fi(s,@%) == /V |DE'| Ffy (5 -3 |det(S")|2 - Fjp (—2s,® (X}-shift))> :
1

Theorem 5.13.  The functions F; j(s, ®) and F;(s, ®*) are entire func-

tions on the whole s-plane for each ® € y(SQ(Cﬂq)). Moreover, for any
compactly supported superfunction ®. on Vi;, we have

! / D(X)] [Ber(X)[* ®u(X).

F;i(s,®0) = —
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Therefore, F; j(s, ®) is a reqularization of the right-hand side to the greater
class of Schwartz superfunctions on 5/(52(@2‘;1)).

Remark 5.14. Later we show that this regularization still respects the
algebraic properties of the Berezinian.

Before we prove the statement of the theorem, we need the following lemma.

Lemma 5.15. Let h : R" — R be a homogeneous polynomial of degree
d, ® € S(R") a Schwartz function, and s € C. Then the function |h|*® is
integrable over R™ for Re(s) > —14.

Proof. In the first step, we transform the integral to spherical coordinates
and obtain

[ @) e(x)ds

/R+ [ o) ateytdw dr

Because the integrand is a continuous function and attains its maximum on

a compact set, we can define ®(r) := % - maxyesn [h(w)|*|®(rw)|. Here,
2

the factor % is the surface area of S™. Hence,
2

/ </ \h(w)|s<I>(rw)dw ) rsd-i—n—ld,r < / (i(r)rRe(s)d'i_n_ldr.
R+ n R+

In the following expression the second integral is absolutely convergent for
all s € C

1 oo _
/ (I)(T)T‘Re(s)d+n_ld7“ + / (I)(T)TRG(S)d+n_1d7“
0 1

and the first integral is absolutely convergent for Re(s) > —7%, since

1 1
/ &)(T)rRe(s)d—kn—ldr < C/ TRe(S)d+n_1d7“
0 0

TRe(s)d—Q—n
Re(s)d +n

0

where C' 1= max,c[g ] D(r). O

Remark 5.16. The statement of Lemma 5.15 holds also for ® with values
in some Banach space.

As a corollary, we obtain the following;:
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Corollary 5.17. Let h : R®™ — R and g : R™ — R be homogeneous
polynomials of degree dy and dg, then the function |h|*|g|”*® with ® €
Z(R™ x R™) s integrable over R™ x R™ for — 2 < Re(s) < %.

Proof of Theorem 5.13. We set 7(s) := v (s)v7(—2(s + &) and define for
det(A) # 0, the parameter-dependent integral

Fj (A s, ®) =
1
= A)|? A7) A, ).
el [ DS (s 647160 005, 4.6

This integral is absolutely convergent for —% < Re(s) by Lemma 5.15.

Furthermore, the measure |D(S,¢)| is invariant under the translation S’ =
S+ EATLET | ¢ = ¢, which Jacobian has the Berezinian equal to one. Since
the transformation is polynomial

F‘%f(Aa 5; (I)) =
v(ls> det(4)]~* /v ID(S,0)] [aet(S))" @(5 —£47ET, 4,6,

by Corollary 5.9. We express ®(S — ¢A71¢T, A €) as a Taylor expansion,
for which we will use the following multi-index notation.

Let ﬁ = (ﬁllv e 7ﬁij7 s 7@0]?) € NPXP be a multi-index with
1Bl == 1Bul + -+ Bij + -+ Bpp| and Bl:= gl Bzl Bypl.

Moreover, we abbreviate 85 = Q’gﬁ e 852 e 6:25;’ and
(AT = (AT N - (AT - (AT

The Taylor expansion is then

B(S - AT A=Y
=0

(D) (S, A,€) - (—€- A7 €T)P.

The inverse matrix of A can expressed in terms of the adjugate adj(A) of A,
ie. A7! =det(A)"!-adj(A). Hence, we get

—1)!8l
Z : ;? det(A)*W\(@gq))(S’ A (5 - adj(A) - fT)B-
B=0 '
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The sum is finite because for || > &, (EA7YETYB is zero. The expression is
then equal to

pg - |’6‘ pa
det(4)"2 > ( ;f det(A)F 171(93®)(S, A,€) - (¢ - adj(A) - €7)".
0<|B|< B '

For brevity, we define

O(S,A,8) = >

0<|BI<H

(_1)|BI
g!

det(A4) 2 ~19(039) (S, 4,€) - (¢ - adj(A) - ¢T)".

As the sum of products of superpolynomials with Schwartz superfunctions,
it is a Schwartz superfunction. By this calculation, we obtain
1
Vr(=2(s + 7))
1 ~
[ D9 ders) 85, 4.9).
Vo (s) Vp,ix Vi

From Equation 5.3 we have the isomorphism
S (8%(CP)y) = (' (Sym(p, R))&.7 (Skew(q, R))) @ \(V1)".

This and Theorem 5.11 imply that the function

1 s =
Ws A8 = [ 1as] |det(S) B(S,4,6)
Yb(s) Vi
with values in the space of Schwartz superfunction . (Skew(g,R)) ® A(V7)*
extends as an entire function in s to the whole s-plane. Integrating out the

odd variables, the function
1
vsA)i= s [ DO [det(S) v(s, 4.8)
Yo (s) Vp,ix Vi

is a Schwartz function in A. Now, we consider the integral

1 o(sipd
[ 1Al Ipt(a) 2 s, a),
1

pq

Fj (A, s,®) = sign(det(A))Z |det(A4)|~F2)

)

vr(=2(s + ) Jv,

where pf(A) is the Pfaffian of A. This integral is absolutly convergent for
s < —Bl and again extends analytically by Theorem 5.11. It follows that

pPa
2

F; (s, @) := /V |DE| Fj g <—2($ + 51, [det(A)[2 - Fiy (37(I)(Xb—shift))> ,

extends as an entire function to the whole s-plane. As we have seen, it
regularizes the integral

| 1DEO] Ber(0) @)

The other local zeta superfunctions are analogously entire functions. O
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The next expression is a representation of the function Fj (s, ®), which is
integrable for —ZH < Re(s) < 951, It is given by

y _ =yl det(S
Fij(s, @) = Yo(s)75(—25) / ol ’

with dy = deg(pf) and 9a = (04 5, - -, 0a,_1,)- Here, we have used

94))P1 B(S, A, €),

Fj (=25 = pg, ®) =0 /V |dA| [pf(A)|~27P1 $(A)
fi3

_1)49f P9 _92s
= [ Al ) o0 o(4),
£

which follows from [23, Proposition 4.7] for pg € N, and Corollary 5.17.

Furthermore, one can express, using the same idea, the local zeta superfunc-
tion Fj (s, ®) for m > s + pg by

Fy(s,®) = — 07" D(S, A
z’,j(sa ) = ()77 2m—25—pq) - ‘ (S, 75)’ :
ij
| det(S)[*| det(A)| 5~ % pf(9.4)>™ | det(A)] ' B(Xp-snirt)- (5.6)
It is absolutly convergent for s > 0 and m > s + pq. The following lemma
will be needed for the proof of the next theorem.

Lemma 5.18 ([23], Proposition 2.21).  The differential operator pf(da4)
transforms under the GL(q,C) action p(g)A := dAd" on the underlying
fermionic prehomogeneous vector space by

pf(0y,(g)4) = Pf(Dgagr) = det(d)'pf(a) = xs(9) ' pf(Da).

Now we state the relative superinvariance of the local zeta superfunctions.

Theorem 5.19.  The local zeta superfunctions, considered as superdistri-

butions, are relatively superinvariant under the action of GJ,, with

_(s+ P q+1
9-Fij(s,®) = |x(g)] T2 >-Rj<s ),

9.F (5, @) = [y (g)| "¢+

) L FY (s, 9%).

Proof. By analyticity, it is sufficient to consider s > 0 and use Equation
5.6 for some m > s + pq. The transformations we consider are polyno-
mial isomorphisms, which means that we can use Corollary 5.9. In order
to prove the statement we have to calculate g.F; ;(s,®). First consider
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(9-9)(Xposhitt) = P(p(g).Xpshitt). An arbitrary element g €r GJ; can be
expressed as

3 T _.T S—¢A1ET
g=(21),¢°" :(ZT dCT) ande-shift:< §_ng fx)
Explicitly, p(g).X = ngST3 =

a(S—EATETYaT + agbT+ bAVT — beTaT  atd”— a(S—EALET) T+ beT T +bAdT
c(S—EA71ETYaT+ cebT+ dAVT — deTaT  cdT— c(S—6A1ET) T+ deTcT+dAdT

An arbitrary element g = (‘é g) can be decomposed into matrices of the
form g1 = (29), g2=(}?%), and g3 =(19). In the first case, we get

3 S— A—l Ty,T dT
nXg" = (a( —EdsTaéT " Zfé&dT)

(71)df-7n
Y (8)vr(2m—2s—pq)

In the next calculations, we drop the factor

g1-Fij(s, @) =/ [D(S. A, €)| | det(S)[*| det(A)[™ "% pt(9)*"

| det(A)|Z ®(a(S — AT, dAdT, agd").

Under the polynomial transformation {S + S’ := aSa’, A +— A’ := dAd", ¢ —
¢ = atd’} Lemma 4.22 implies that the measure transforms as | D(S, A, £)| =

p—g+1

Ix(g1)|” 2 |D(5, A,¢)|. Using Lemma 5.18 we obtain

p—q+1

91.F: (5, @) = [x(g)| "+ )/ ID(S, A", €] | det(S")|°| det(A')[™ =~

ij

pE(Oar)?™ | det(A)| 2 ®(S" — ¢'(A) 1N, A ¢)
S+P*Q+1

2 )Fi,j(s, @)

— ()| (

In the second case,

ST3 S—EALET) 4 ebT —beT +b ALY £4+bA
g2X92 = (( 5 é_ng_AbTé fA )

and we have to consider the following integral
[ 1D(S. A €)1 det(S)F det(A) "> ¥ pr(0)2"| det(4)| ¥
‘/Z..
CD((S — EATET) 4 bt —beT 4 bADT, A £+ DA).

Making the polynomial transformation £ — & 4+ bA, which has Berezinian
equal to one, we get
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Pq

[ 1S, A€ det($)]°| det A"~ (o) det(4)| %

CB(S — (€ —bA)ATHET + AT + T —beT — AV, A €).
which is

[ 1D Al ()| den )= pi(0)"] det(4) %

’ q)(S_gA_lgTv Av g)

Now we come to the third and hardest case

ST — ( (S—gA~teT) §—(S—gA~TEN)eT )
93 g3 C(S—ﬁA_lgT)—fT A+C€+§TCT—C(S—§A_1£T)CT .
For g5 = (19) we have g5 - g5 = (Cjc/ ), and we can assume, without

loss of generality, that the entries of the matrix ¢ are zero up to one entry
n € (A\(CP9)*);. For such a matrix ¢, we know that ¢(S — €A~ = 0,
which means n? = 0 and setting D := (A7tc€ + A71¢Tel), we get the
following equations
det(1+D)=1+tr(D) and (1+D)"'=(1-D).
Therefore, the integral expression is
/ID(S,A,é)Hdet(S)ISIdet(A)lm_s_qupf(aA)Zmldet(A)p;
ij
C (S - €A AL+ D), 6 — (S — AT,
Making the transformation A — A(1 + D), polynomial in A, which has
Berezinian equal to one, we get, by replacing A by A(1 — D),

s—Pa pg

/V__ |D(S, A, )] det(S)[*| det(1 — D)|~*| det(A)|™ "= pf(94)*"| det(A)| =

S O(S -1+ D)ATIET A6 — (S — AT,

The next transformation, polynomial in £, is € + £ — (S —£A71ET) e which
again has Berezinian equal to one. Setting
S'(S.A,€) =5 — (§+(S — A7) 1+ D)ATH(E + (S —€A7'EN)
= S(Id— S teA teS — TA ) — A LT
this expression is
/ D(S, A, €)|| det(S)[*| det(1 — D)| | det(A)|™ >~ % pf(9a)>"| det(A)|
ij

- ®(S'(S,A,€), A,6).
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With the transformation S — S(Id — S~1¢A~1eS — T A=1¢T) polynomial in
S, which has again Berezinian equal to one, and setting D' := (S~1¢A~teS+
T A=1ET), we get, after replacing S by S(Id + D),

/ |D(S, Aa £)|| det(S) det(Id + D/)|$| det(l _ D)|—S| det(A)|m—s—%
Vi,
PHOA™ | det(4)]F B(S — £ATET, 4,6).

We calculate

det(S)det(Id + D) det(S)(Id + tr(S~1EA™eS) + tr(cT A71eT))
det(A)det(Id — D)  det(A)(Id — tr(A—1cf) — tr(A—1ETcT))
~det(S)(Id + tr(§A 7 e) + tr(cT ATIET))  det(S)

~det(A)(Id — tr(A-1c€) — tr(A-1ETcT)) — det(A)’

where in the last step we used that the trace is invariant under cyclic per-
mutations. Furthermore, the trace is invariant under similarity transforma-
tions, so that we finally get

/' . |D(SvAa£)||det(8)|s|det(A)|m—s—%

- pf(94)%™| det(A)] 2 (S — £ATET, A, €).

For the other local zeta superfunctions, the proof is entirely analogous. [
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5.3 Fourier supertransform on prehomogeneous super vector
spaces

In this subsection, we recall the basics about the Fourier supertransform on
cs-vector spaces and consider the Fourier supertransform of the local zeta
superfunction. Presenting the Fourier supertransform, we follow [3].

Let V.5 be a cs-vector space of dim Vs = m|n, endowed with a homogeneous
basis (vq, ), where it is assumed v, € Vg . Let (v%,1°) be the dual basis.
The Lebesgue measure |dv| is the unique translation invariant measure on
Vo r such that the unit cube spanned by v* has volume 1. Moreover, there
is a unique Berezinian measure |Dv| on the cs-vector space Vg, considered
as a cs-manifold such that

/ Dol f o] -2 %% fralder(oy.).  (57)

vl f = v — or a Vi )- .
cs V(),IR 87771 8171

Let VX be the dual cs-vector space, with measures |dv*| and |Dv*| associated

with the dual basis (v, n). For & € .#(V,s), the Fourier supertransform
F(®) = e (V%) is defined by

1 —i(-,v
F(®) ::wp/?/v Dole= 0 B (v), (5.8)

where (-,-) : VX x V.3 — C denotes the canonical pairing.

Proposition 5.20 ([3], Proposition C.17).  The Fourier supertransform
F S (Ves) — L(VE) is an isomorphism of locally convex super vector
spaces.

Definition 5.21.  For any homogeneous I € #/(Vs) and @ € 7 (Ves),
the distributional Fourier supertransform F € .%/(V) is defined by

(F,®) := F(D). (5.9)
Proposition 5.22 ([3]).  The Fourier supertransform F : (V) — ' (V*)

s an isomorphism of locally convex vector spaces.

For the prehomogeneous super vector space of SQ((Cp‘q), for instance, the
Fourier supertransform is

el

(X') = / IDX] XX B(x),

cs

where (X, X) = str(X5T° X') = t2(S9") — 2tr(£€'T) + tr(AA).
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The next proposition shows that the Fourier supertransform is, up to a
supercharacter, an equivariant map.

Proposition 5.23. The Fourier supertransform acts on the space of Schwartz
superfunctions as follows:

o — m—n

p(9)-@(w) = |x(g)] »~ - p*(g).D(w).

Proof. For ® € T'o(V,s)

pla)(w) = [ Dvlexp(ilw,o))B(p(g)0).
By denoting p(g)v = v/, we obtain |Dv| = \X(g)\idb:df (9)|Dv'| by Lemma
4.16 and (w,v) = (p*(g)w,v’), so that

o(9) @ (w) = /V D] exp(—i{w, v))®(p(g)0)

— [x(g)| % - / DV exp(—ilp" (g)w, o)) B ()

cs

O]

Remark 5.24. The exponent dT—_c?f is not singular, because m — n is

divisible by dj — d, and moreover a natural number by Lemma 4.16. For

2 m—n_ __ p—q+1
the prehomogeneous super vector space S*(CP Iq)cs we have d—d; = 2

Proposition 5.25.  Let F,j’l(s, .) be the local zeta superdistributions on

the prehomogeneous super vector space . (S?(CPIO)* ) and ®* a Schwartz
superfunction. Let x*(9) = x"(g). The Fourier supertransforms of Fy, are
relatively superinvariant superdistributions on . (Ves), with

m—n
_ o 577_ _ o~
9.Ffy(s — o ) = [x(g)| P - Fy (s - 2n )

and transform like the local zeta superdistributions

s— m—n
9.F;j(—s,®) = |x(9)| %% - F;j(—s,®).

Proof. By Theorem 5.19 the dual local zeta superdistribution has the fol-
lowing property

9-Fra(s = 3=4-> @) = X9 - Fiey(s = =175 @),
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such that with Proposition 5.23 we get

—

(9.Fy; (s — ﬁ, ), @) =Fy (s — %,9@)
:FI:,I(S - dT:(;Lf ,9.9)

m—n

=Fiu(s — = (@) #~% - g.9)
=7 3
_ * _
=Ix(g)| @~ - Fg(s — J,jijff,q))

m—n

S—T 3 = —
=x(g)| B (F (s — ), ®).
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