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Kurzzusammenfassung

Die vorliegende Arbeit befasst sich im Wesentlichen mit der Frage nach moglichen
Rekursionsbeziechungen zwischen den Fourier-Koeffizienten einer bestimmten Klas-
se von Mock-Modulformen. Die prominentesten Beispiele solcher Fourier-Koeffizi-
enten sind die Hurwitz-Klassenzahlen binérer quadratischer Formen, fiir die einige
Rekursionen bereits lange bekannt sind. Als Beispiele sind hier unter anderen die
Kronecker-Hurwitz-Klassenzahlrelationen sowie die Eichler-Selberg-Spurformel fiir
Hecke-Operatoren auf Rédumen von Spitzenformen anzufiihren.

Im Jahre 1975 vermutete H. Cohen nun eine unendliche Serie von solchen
Klassenzahlrelationen, die eng verwandt sind mit der erwéhnten Eichler-Selberg-
Spurformel. In dieser Arbeit beweise ich Cohen’s Vermutung, sowie einige &hnliche
Formeln fiir Klassenzahlen mit Hilfe wichtiger Resultate aus der Theorie der
Mock-Modulformen.

Mittels einer anderen Methode zeige ich schlieflich, dass derlei Rekursions-
beziehungen ein generelles Phénomen fiir Fourier-Koeffizienten von Mock-Theta-
funktionen und Mock-Modulformen vom Gewicht % darstellen. Als Spezial-fille
erhélt man aus diesem Resultat alternative Beweise fiir die oben erwahnten Klas-
senzahlrelationen.

Abstract

This thesis deals with the question for possible recurrence relations among Fourier
coefficients of a certain class of mock modular forms. The most prominent exam-
ples of such Fourier coefficients are the Hurwitz class numbers of binary quadratic
forms, which satisfy many well-known recurrence relations. As examples one
should mention the Kronecker-Hurwitz class number relations and the famous
Eichler-Selberg trace formula for Hecke operators on spaces of cusp forms.

In 1975, H. Cohen conjectured an infinite family of such class number relations
which are intimately related to the aforementioned Eichler-Selberg trace formula.
In this thesis, I prove Cohen’s conjecture and other similar class number formulas
using important results from the theory of mock modular forms.

By applying a different method I prove at the end that such recurrence re-
lations are a quite general phenomenon for Fourier coefficients of mock theta
functions and mock modular forms of weight % As special cases, one gets an
alternative proof for the aforementioned class number relations.
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Chapter 1

Introduction

I.1 History

One classical problem in number theory is to calculate class numbers of various
objects, such as quadratic forms, number fields, genera of lattices, quaternion
algebras, and many more. It occurs in many different interesting questions, e.g.
in elementary number theory, where it is a vital tool to answer the question
which integers can be represented by a given quadratic form, or in algebraic
number theory, where it “measures”, how far the ring of integers of a number
field, or more generally a maximal order in a division algebra over Q, is from
being a principal ideal domain. One of the first systematic treatments of class
numbers of binary integral quadratic forms is given in C.F. Gaufl’ masterwork, his
treatment Disquisitiones Arithmeticae from 1801 [26]. In Chapter 5 he introduces
so-called reduction theory which means, in a more modern manner, to distinguish
certain standard representatives of equivalence classes of quadratic forms: Binary
integral quadratic forms can be viewed as matrices of the form

2a b
Q—(b 20), a, b, c €.

The number D := —det @ is called the discriminant of the form (). Now the
modular group SLy(Z) acts on the set Qp of quadratic forms with fixed discrim-
inant D via (Q,~) — " Q~. For convenience we shall assume our forms to be
primitive, i.e. ged(a,b,c) = 1.

If we view a quadratic form as a function

1
Q:7* =7, (x,y)— 5(z,9)Q (z) = az® + bxy + ¢y,

2
we may regard the action of Sly(Z) as an orientation-preserving base change
of the lattice Z?, which motivates the notion of (properly) equivalent forms, i.e.
quadratic forms in the same SLy(Z)-orbit. The number of inequivalent forms of
fixed discriminant D is called the class number h(D). Gaufi’ reduction theory
can be formulated as follows:
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Theorem I.1.1 (C.F. Gauf3, 1801). Let D < 0. Then each SLy(Z)-orbit of

Qp contains exactly one reduced form. A primitive form Q = (%* L)) is called

reduced if

b <a<ec
b>0ifa=corlb=a.

In principle, this gives an explicit method to enumerate all reduced forms of
given negative discriminant and thus determine the class number.

Another approach towards calculating class numbers was made by L. Dirichlet
about 40 years after the appearance of the Disquisitiones. In 1839 he found a
closed formula for class numbers of primitive binary quadratic forms [E4, pp.
357-374 and pp. 411-496] using methods of complex analysis.

Theorem 1.1.2 (L. Dirichlet, 1839). Let D be a fundamental discriminant
(i.e. either D is square-free or D = 4m with m = 2,3 (mod4) and m square-
free), xp = (2) the Kronecker symbol and define the Dirichlet L-series to the
character xp as the analytic continuation of

L(s,xp) :== Z Xp(n)n™>.

For D <0 definew_3 =6, w_4 =4 and wp = 2 for D < —4. Then it holds that

w(p) — oVIDl

1
o ( 7XD)

A detailed proof is given in [I6]. Note that the wp is exactly the order of the unit
group of ZQ( VD) From a computational point of view, Dirichlet’s class number
formula is not really an improvement toward reduction theory, since evaluation
of L-functions is not so easy. A faster way to produce tables of class numbers was
introduced by L. Kronecker B8] and A. Hurwitz [32, B3]. They found a somewhat
surprising recurrence relation for so called Hurwitz class numbers. The Hurwitz
class number H(n) is slight modification of the regular class number,

—% ifn=0,
(I.1.1) H(n) = > 2};5_771/];2) ifn=0,3 (mod4) and n >0,
F2In —n/f
0 otherwise
with wy as in Theorem [L1.d. The value H (0) = —15 is merely for convenience.

Kronecker and Hurwitz relate this quantity to certain divisor sums: They prove
the identity

(1.1.2) > H(4n — s%) + 2\i(n) = 204(n),

SEL
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where

(I.1.3) Ae(n) == % Z min (d, g)k

din

is the k-th power minimal-divisor sum and

(1.1.4) or(n) =Y _d*

din

is the usual k-th power divisor sum.

Many other such relations have been discovered since: M. Eichler found in
1955 that for all odd n the identity

(I.1.5) > H(n—s")+M(n )2501( n)

SEL

holds [I8]. Another source of such relations is the famous Eichler-Selberg trace
formula %QL 20, 21, @5 which can be stated as follows (for precise definitions see
Chapter

Theorem 1.1.3 (M. Eichler, A. Selberg, 1956). Letn > 1 be a natural num-
ber and k > 4 be an even number. Then the trace of the nth Hecke operator T,
on the space of cusp forms Sy on SLy(Z) is given by

trace TM = ng s,n)H(4n — %) — \_1(n),

SEZ
where g,il)(s, n) is the coefficient of X*=2 in the Taylor expansion of
(1—sX +nX?)"!

Since the spaces Sy and Sy are 0-dimensional, we get the following class number
relations from Theorem m

(1.1.6) > (s> =n)H(4n — 5°) + 2x3(n) = 0
(L.1.7) 2(34 —3ns* +n?)H(4n — 5*) + 2Xs5(n) = 0.

In 1975, H. Cohen [I4] and D. Zagier [30, b0] made yet another approach
towards understanding class numbers. Cohen considered a slight generalization of

the Hurwitz class number which is motivated by Dirichlet’s class number formula
(see [T4l, Definition 2.1, 2.2]): Let for r,n € N

1
h(r.n) = (—D)Ll 2 e ), iE (1) =1,2 (mod 4)
0, otherwise
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with L(s, x) and yp defined as in Theorem [[1d and define

C(1—2r), ifn=20
H(r,n) := f;:nh (7’7 %) , if (=1)'n=0,1 (mod4)andn >0
0, otherwise.

Cohen defines the generating function of these numbers
(I.1.8) JC(T) = Z H(r,n)q", 7€M, q:=e*""
n=0

and shows the following result (cf. [I4, Theorem 3.1]):

Theorem 1.1.4 (H. Cohen, 1975). For r > 2 the function 7 in ([I13) de-
fines a modular form of weight r + % on I'o(4).

He proves this by writing 7. as a linear combination of Eisenstein series of
appropriate weight.
Zagier on the other hand looked at the generating function

o0

(L.1.9) HO(T) = (1) = ZH(n)q”, T €M, q:= e,

n=0

which turns out not to be a modular form. But using an idea of Hecke (cf. [29,
§2]) and analytic continuation he finds that there is a modular “completion” of
 (cf. B0, Chapter 2,Theorem 2]). Therefore let

100

(1.1.10) B(7) = 116+7f / (Z‘i(?)f i

-7

3
2

with 9 as in Example [11.4 (1v).
Theorem 1.1.5 (D. Zagier, 1976). Define the non-holomorphic function

A7) = A7) + R(7).
Then this function transforms like a modular form of weight % on I'o(4).

In later years it was recognized that Y belongs to a certain class of non-holomorphic
modular forms, the so-called harmonic Maaf forms (see Section m) These func-
tions occured during the research on S. Ramanujan’s mock theta functions: In
his last letter to Hardy, Ramanujan introduced 17 functions in form of g-series
which all had similar asymptotic behaviour as modular forms, but did not have
a nice modular transformation property. He called these functions, which he de-
fined in this very vague way, mock theta functions. Many attempts were made
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throughout the 20th century to put these mock theta functions into an appro-
priate context and give a mathematically precise definition of them. Finally, by
work of S. Zwegers in his Ph.D. thesis [55], J.H. Bruinier and J. Funke in [I1], and
K. Bringmann and K. Ono in [7 B], a proper setting for the mock theta-functions
or more generally mock modular forms was obtained.

Many interesting generating functions arising from combinatorics turn out to
be mock modular forms, such as the rank generating functions (see e.g. [27] and
[B3]) for partitions. Quite recently, in [6], K. Bringmann and J. Lovejoy related
ranks of so called overpartitions again to Hurwitz class numbers.

I.2 Scope of this Thesis

In this thesis, I shall focus on relations among Fourier coefficients of mock modular
forms similar to the Kronecker-Hurwitz formula (LI2) or the Eichler-Selberg
trace formula (Theorem m)

For this we give a brief account of the needed facts about elliptic modular
forms, Jacobi forms, and harmonic Maafl forms/mock modular forms as well as
Appell-Lerch sums in Chapter i)

The first goal is to give a detailed proof of a conjecture of Henri Cohen from
1975. Based on his and Zagier’s work on class numbers and special values of
L-functions as well as computer experiments, he conjectured in [I4] that the
following should be true.

Conjecture 1.2.1 (H. Cohen, 1975). Let

- H(n — s%) - .
(121)  Si(nX)= D | D T s T 2 A ()X "
n=0 SEZL k=0

n odd | $2<p

Then the coefficient of X in the formal power series S}(7, X) is a (holomorphic)
modular form of weight £ + 2 on T'y(4).

The first proof of this is given in [A0)]. Here, I will recall this proof in greater detail.
Its basic idea is as follows. The coefficient in question can essentially be realized
as a so-called Rankin-Cohen bracket (see Definition m) of the functions J¢
and ¢ plus a minimal divisor power sum. One can add non-holomorphic terms
to each of these terms to make them transform like modular forms of the correct
weight, and then it just remains to show that the non-holomorphic corrections
cancel each other. This will be the content of Chapter .

This idea has also been used by Bringmann and Kane [ to prove other class
number relations which were conjectured by Bloom et al. in [I0]. In Chapter
we shall recall and slightly extend their results.

Chapter M is dedicated to a different approach towards the previous re-
sults, namely holomorphic projection, which gives the striking observation, that
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- loosely speaking - for every mock theta function and every mock modular form
of weight % there are class number type relations among the Fourier coefficients.
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Modular Forms and
Generalizations

In this chapter I give a short exposé on the types of modular and automorphic
objects that are going to be used in the rest of this thesis.

We fix some notation: The letter 7 will always denote a variable living on the
complex upper half-plane H := {7 € C | Im(7) > 0} while z,u,v may represent
arbitrary (complex) variables. For brevity, we define x := Re(7), y := Im(7), and
q:= 627FZT.

By I' < SLy(Z) we usually denote the group

(I1.0.1) Lo(N):={y€SLy(Z) | c=0 (modN)},

for some N € N. An element of such a group is denoted by

()

Sometimes, we shall also need the following special subgroups of SLy(Z).

(I1.0.2) [(N):={y€To(N)|a=d=1 (modN)}

(I1.0.3) ['(N) :={y € SLy(Z) | v = L},

where I,, denotes the n x n unity matrix. Note that I'(N) is the kernel of the
canonical epimorphism SLy(Z) — SLy(Z/NZ) and therefore a normal subgroup

of SLy(Z). Tt is called the principal congruence subgroup of level N, and every
subgroup of SLy(Z) containing I'(N) is called a congruence subgroup.

I1.1 Elliptic Modular Forms

Here I give a short summary of the necessary theory of elliptic modular forms.
The main references are [37] and [I2, Chapter 1] for modular forms of integral
weight, half-integral weight is treated e.g. in [47].

11
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II.1.1 Definition and Examples

Throughout this subsection, fix k& € 3Z and T' < SLy(Z) (if k ¢ Z assume
' < Ty4)). It is well-known that T" acts on the upper half-plane via Mobius

transformations,
ar +0b

ct +d

(v, 7) = T =
fory=(2%) eT.
For a function f: H — C and v € I', we define the weight k slash operator as
(er + d)7Ff (42£2) JifkeZ

ct+d

(5)ea(Ver+d) " f(=tt) ifked+z’

where (%) denotes the extended Legendre symbol in the sense of [A7], /7 denotes

the principal branch of the square root (i.e. —% < arg(y/7) < 7), and

(flen)(7) = {

o 1 ,ifd=1 (mod4)
ST Jifd=1 (mod4).
Now let P1(Q) := Q U {oc}. Defining ¢ := oo, £ := 0, and = := oo for

[NS) d

a,b,d # 0 one sees that SLy(Z) acts transitively on Py(Q). Therefore there are
only finitely many I'-orbits on P;(Q).

Definition I1.1.1. (i) A cusp of I is a coset representative of I'\P1(Q).

(ii) A one-periodic holomorphic function f :H — C is said to be meromorphic
resp. holomorphic at ico if the function f : & — C with f(t) = f(e*™) (cf.
[Z4), Satz VI.1.4]) has a meromorphic resp. holomorphic continuation onto
E, where E := {z € C | |z| < 1} denotes the unit disk and E :=E \ {0}.

(iii) Let ¢ € P1(Q) and vy € SLa(Z) such that ~vo.c = ico. Then a holomorphic
function f: H — C with (f|xy)(r) = f(7) for some k € 1Z and all T € H
and v € T' < SLy(Z) is said to be meromorphic resp. holomorphic at ¢, if

the function
dr \ ?
—1 et

with w = 7.7 s holomorphic at 100.

Definition I1.1.2. A function f : H — C is called a modular form of weight
k€ 3Z on T =To(N) (or of level N € N) and character x for x a Dirichlet
character modulo N if the following conditions are met:

(i) f is holomorphic on H.

(ii) f is invariant under the weight k slash operator, i.e. for ally=(2%) eT
and 7 € H we have (f|xy)(T) = x(d)f(T) .



CHAPTER II. MODULAR FORMS AND GENERALIZATIONS 13

(iii) [ is holomorphic at the cusps of T'.
If we replace (iii) by
(11i°) [ has at most a pole in every cusp of T,

then we call f a weakly holomorphic modular form.

A modular form that vanishes at every cusp of I' is called a cusp form. The C-
vector space of modular forms resp. cusp forms resp. weakly holomorphic modular
forms of weight k on I' = T'o(N) with character x is denoted by My(N,x) resp.
Sp(N, x) resp. ML(N,x). For other groups T' we write analogously My, (T') etc.

Due to the fact that a (weakly holomorphic) modular form f is per definitionem
one-periodic, it has a Fourier expansion (around co) of the form

fr) = ap(n)q"

n=mg

2miT

where mgy € Z and again, ¢ := e

Remark I11.1.3. Clearly it holds that products of modular forms are again mod-
ular forms which turns the graded vector space

M.(T) = P M,

keNp
into a graded C-algebra.
Example I1.1.4. (i) Let k > 4 be an even integer and let

Gr(7) == Z (m1 +n)".
mneZ
(m,n)#(0,0)

These so-called Eisenstein series are absolutely convergent and therefore de-
fine holomorphic functions which are easily seen to be modular forms of
weight k on SLo(Z) (cf. [37, Chapter 111, §2]). They have the following

Fourier expansion,

L
20 (k)

where ((s) is the Riemann (-function, By is the kth Bernoulli number (cf.

[Z4, p. 203]), and oy is defined as in (LIA).

(ii) In the case k = 2, the series Gy is only conditionally convergent and gives,
fizing a certain order of summation, a Fourier development

2k —
Ex(7) = Gi(t)=1- gk Zak_l(n)q",
n=1

Ey(1)=1- 242 o1(n)q",
n=1
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which is perfectly convergent. This function defines a so-called quasi-
modular form of weight 2, see [14] for details. The transformation under
SLy(Z) is given by

+b 6i
(IL.1.1) Io (Z;er) = (e + d)2Ey(7) — %c(wjud).

The non-holomorphic function Ey(7) := Es(7) — % transforms like a mod-
ular form of weight 2 under SLy(Z).

(iii) The discriminant function A(T) := E;ﬂ%ﬁgm is a cusp form of weight 12

on SLy(Z) since the only cusp of SLo(Z) is ico and since the constant term
of the Fourier expansion of A vanishes, /A vanishes at that cusp.

(iv) The Dedekind n-function defined by

1 [o¢]

_4 H 1 — q
1s a modular form of weight % with multiplier system on SLy(Z) which
satisfies n**(1) = A(7). For details, see e.g. [77, Chapter III, §6].

(v) The ¥-series of the lattice 27, defined by
TLQ
=2_a
nez

is a modular form of weight 5 on T'o(4).

(vi) More generally, for N € N and s € N and x an even character modulo N
of conductor F with 4sF?|N, the theta series

(IL.1.2) Dan(T) =Y x(n)g

1s a modular form of weight % on I'1(4N). For an odd character x, the theta
series

(I1.1.3) G5 (T) = Z x(n)ng ’

is a cusp form of weight 5 on the same group.

An important fact about modular forms is, that they are in a sense quite rare.
As B. Mazur put it:

“Modular forms are functions on the complex plane that are inor-
dinately symmetric. They satisfy so many internal symmetries that
their mere existence seem like accidents. But they do exist. 1

lquoted from https://www.math.umass.edu/ weston/rs/mf.html
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Theorem I1.1.5. For every congruence subgroup T, the space My (T') (and there-
fore Sp(I')) are finite-dimensional. Moreover, we have the dimension formulas

0 if k <0 ork odd
dim M, (SLy(Z)) = |45, ifk>0and k=2 (mod12)

£ +1, ifk>0andk#2 (mod12),
dim S (SL2(Z)) = dim Mj_12

fork € Z and

) )0, if k <0
i MelTo1)) = {L%J +1, ifk>0,
0 if k<4
5] =2, ifk>2and k€ 2Z

[T T

fork:E%—i—ZU2Z.

A proof of this can be found in [I7, Chapter 3].
For computational purposes one has the following result called the Sturm
bound or Hecke bound due to J. Sturm (see [36, Theorem 3.13]).

Theorem I1.1.6 (J. Sturm, 1987). Let I' < SLy(Z) be a congruence subgroup
of SLy(Z) of index M and f € My(T') with Fourier series f(1) = >~ ar(n)q"
where there is an mo > 0 such that ag(n) =0 for alln < mq. If

k
M.
mo > 19’

then f is identically zero.

This means that in order to decide equality of two modular forms it suffices to
compare the first Fourier coefficients up to a certain bound. For special groups,
there are are explicit formulas for their indices in SLy(Z).

Proposition 11.1.7. For every N € N we have

[SL2(Z) : To(N)] = N [ | (1 + %) :

p|N

SLo(Z) : Ty (V)] = N2 ]| (1 _ 2%) ,

p|N

where the product is taken over the primes dividing N.
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For a proof, see for example [I7, pp. 13f].

Since in many cases arithmetic functions such as divisor sums occur as Fourier
coefficients of modular forms, the finite dimension of the space of modular forms
is the source of a vast collection of striking identities among these functions. First
examples are the Hurwitz identities for divisor sums which A. Hurwitz discovered
in his dissertation [31]: Since the spaces Mg(SLy(Z)) and M;o(SL2(Z)) are one-
dimensional, it must hold that £ = Es and E,;Es = Fyj since the constant terms
of all the Fourier series is 1. This yields the famous Hurwitz identities for divisor
power sums

o7(n) = o3(n) + 120 z_: oz(m)os(n —m),

11og(n) = 21o5(n) — 1003(n) + 5040 "Z_: os(m)os(n —m),

m=1

which are extremely difficult to prove without using the theory of modular forms
(or of elliptic functions).

I1.1.2 Operators on Modular Forms

As we already remarked, products of modular forms are again modular forms. It
turns out that by involving derivatives of modular forms (which themselves are
not modular forms but rather quasi-modular forms, see [I2), section 5.3]) one can
define a different product on the algebra of modular forms.

Definition 11.1.8. Let f, g be smooth functions defined on the upper half plane
and k,l € Ry, v € Ng. Then we define the vth Rankin-Cohen bracket of f and

B (M (T oy

r4s=v

where for non-integral entries we define

()= rernrm s

Here, the letter I' denotes the usual Gamma function. Furthermore, we set Dy =

Proposition I1.1.9 (Theorem 7.1 in [14]). Let f, g be (not necessarily holo-
morphic) modular forms of weights k and ¢ respectively on the same group T.
Then [f, g], is modular of weight k+ ¢ + 2v on T'.

Since each Rankin-Cohen bracket is obviously a bilinear operator on M,(I"), it can
as well be regarded as a product on this algebra. For v > 0, it is not associative
and it is commutative if and only if v is even. The bracket |-, -] coincides with
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the usual product, while the bracket [-,-]; defines a Lie-bracket on M,(T"). This
gives M, (I") the structure of a so called Poisson-algebra (cf. [I2), p. 53]).
Some important unary operators on modular forms are defined as follows.

Definition I1.1.10. Let f : H — C be a not necessarily holomorphic, but 1-
periodic function with Fourier expansion

fr) =) as(n,y)q"

neL

Then we define for N € N and x a generalized Dirichlet character modulo N the
operators

(IL14)  (FIUN)E) =D ap (Nn. %) ",

(IL1.5) (fIVN))(7) := f(N7),

(IL.1.6) (fISn.)(T) == Z ag(n,y)q" “sieving operator”,
n=r n(iizod N)

(ILL.7) (f@x)(r) =) ap(ny)x(n)q".

If f transforms like a modular form of level M, then each of the above operators
sends f to a modular form of (in general) higher level. Under certain conditions,
the operator U(N) can also preserve or even reduce the level. Note that all
these operators can be realized by extending the definition of the slash operator
to GLo(Q)™, the group of 2 x 2 matrices over Q with positive determinant. In
particular, we have the following.

Proposition I1.1.11. Let f : H — C a function transforming like a modular
form of weight k and character x on T'o(M). Then it holds that

(i) fIUN) and fIV(N) transform like modular forms of the same weight and
character on T'o(NM).

(ii) If N'| M then f|U(N) also keeps the same level as f and if N*|M and x is
a character modulo L then the level of f|U(N) reduces to X.

(111) For f € My(4) with Fourier coefficient af(n) =0 for alln =2 (mod 4) we
have flU(4) € My (1).

w) For N = p a prime and v Z 0 (mod the sieving operator S, , changes
(iv) pap p), g op P, g
the group to To(lem(M, p?)) N T4 (p).

(v) Let 1 be a character modulo m, then f ® 1) transforms like a modular form
on To(Mm?) with character xi?.
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Proof. Assertions (i)-(iii) are contained in Lemmas 1 and 4 of [39], for (v) we
refer the reader to Proposition 2.8 in [A7).

Claim (iv) is mentioned e.g. in [, but not proven, so we give a short prove
here. It is clear that

S0 =2 e=07 (1] (5 1) ) @

2mi

where (, := e » is a primitive pth root of unity. For (¢ %) € I'y(M) we have that

1 —f—; a b a—ﬁc b+£(a—d)—£—zc
0 1 c d 0 1 c d—l—ﬁc ’

thus the group Ty(lem(M, p?))NT(p) is a subgroup of T'y(M) which is normalized
by < ) This implies (iv). O

hSH N

Definition I1.1.12. Let k € Z and f € My(T'o(N)) with Fourier expansion
f(r) = > _yap(m)g™ and let n € N. Then the nth Hecke operator of level
N is defined by

(FITPW > d e () o

m=0 | dged(m,n)
ged(d,N)=1

Remark I1.1.13. The operator T"'™) maps My (To(N)) to My(To(N)) and S(To(N))
to Sp(To(IN)).

I1.2 Jacobi Forms

Jacobi forms appear in many different contexts of modular forms. They are more
or less an amalgam of modular forms and elliptic functions. First examples,
namely the Jacobi Theta function, were already studied by C.G.J. Jacobi in the
19th century, special cases of these even go back to L. Euler, but it was not
until 1985, when the first systematic treatment of their theory appeared. This
treatment [22] by M. Eichler and D. Zagier is still the standard reference for the
theory of Jacobi forms. Here, we only need some basic properties.

Definition I1.2.1. Let ¢ : CxH — C be a holomorphic function and k,m € Ny.
We call ¢ a Jacobi form of weight k and index m on T, if the following conditions
hold.

(i) For ally=(2%) el and (z,7) € C x H it holds that

z ar +b
ct+d et +d

«mmwwﬁw:&v+@*ﬁmﬁé¢( )=¢@J%
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(ii) For all (\, ) € Z* we have

(SN, 1))(2,7) 1= T OTIRIG (2 4 A7 4, 7) = (2, 7),

(iii) ¢ has a Fourier development

S eln, )¢ (=),

n,rez
with ¢(n,r) =0 forn < %.
We call z the elliptic and 7 the modular variable of ¢.

This definition has been extended to include Jacobi forms of half-integral weight
and index as well as Jacobi forms with several elliptic and modular variables
(then indexed by symmetric matrices or lattices), see for example [13], 9], [54],
and the references therein.

The probably most popular and best-known example of a Jacobi form is the
Jacobi Theta function,

u2 : 1
(II.2.1) @(U;T) = Z qTQQﬂ-ZV(U—i_?),
V€%+Z

which has weight and index %

Remark 11.2.2. In the case of integral weight and index, the slash operators from
Deﬁm’tz’onm (i) and (i1) define a group action of the Jacobi group I' X Z? on
the space of holomorphic functions C x H — C.

Recall that for elliptic modular forms we could construct new examples of modu-
lar forms (having possibly different level) by extending the definition of the slash
operator to SLy(Q). Naively trying this here unfortunately yields some trouble
since for (A, p) € Q? B the elliptic transformation property (i7) in Definition

does not define a group action anymore. The proper extension of the slash oper-
ator for Jacobi forms is rather given by the next theorem (see Theorem 1.4, [22]).

Theorem I1.2.3. The set
G’ :={(7,X,()|7€SL:(R), X eR*>, (€ C, [¢| =1}

s a group via the multiplication law

i de ‘XM
(7, X, O (Y, X', ) = (7, Xy + X', ¢¢ - 2™ (%)

2Throughout this thesis a vector shall always be understood as row vector, if not stated
otherwise
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This group acts on the space of holomorphic functions ¢ : C x H — C wvia

A ((2a), (M), (z7)
Com e 27rim<—7c(zti:;“)2+)\27+2)\z+)\u) z ar+b
= (er +d) e 8 ct+d er+d)

The above result now implies a handy theorem that we make use of later on.

Theorem I1.2.4 (Theorem 1.3, [22]). Let ¢ be a Jacobi form on I' of weight
k € N and index m € N and let X and p be rational numbers. Then the function
f(7) == 2 NMT (A7 + i, 7) is a modular form of weight k on the group

{(‘é Z) €T | (a— 1A+ e, bA + (d — Dy, m(cp® + (d — a) A — bA?) ez}.

I1.3 Harmonic Maaf3-Forms and Mock Modular
Forms

The first one to study non-holomorphic modular forms systematically was H.
Maafl. The notion of harmonic weak Maaf$ forms was first introduced by J.H.
Bruinier and J. Funke in [IT]. A survey of their work and its connection to number
theory is given in [A3] and also in [TH].

For k € %Z let us first introduce the weight k hyperbolic Laplacian

o* o 0 0
I1.3.1 Api=—1? | =—=+ =— ' —+1— .
(I1.3.1) k Y (8x2+8y2)+2ky<8x+28y)

Definition I1.3.1. We call a smooth function f : H — C a harmonic (weak)
Maaff] form of weight k € %Z on I' = T'g(N) with character x if the following
conditions are met.

1. f transforms like a modular form of weight k, i.e. (f|ry) = x(d)f for all
v=(2a) el

2. f lies in the kernel of the hyperbolic Laplacian, i.e. A, f = 0.
3. [ grows at most linearly exponentially at the cusps of I

The vector space of harmonic Maafl forms of weight k on the group T'o(N) and
character x is denoted by Hi(N, x) (resp. Hi(T) for other groups T").

From the I'-equivariance it is plain that a harmonic Maafl form possesses a Fourier
expansion, and from the fact that it is annihilated by A as well as the growth
condition it is not hard to see the following.

3in the literature the spelling “Maass form” is more common
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Lemma I1.3.2 ([43], Lemma 7.2). Let f be a harmonic weak Maaf form of
weight k # 1. Then f has a canonical splitting into

(4my) ™ —

(11.3.2) £y = 1) + TG 0 + (),

where for some mg, ng € Z we have the Fourier expansions

A=Y ¢fn)g"
n=mo
and -
f(r) = Z c;(n)nk_lf‘(l — k;dmny)q .
"0
As usually we set q := e*™ and
(11.3.3) Do x) = /to‘_le_tdt, x>0,

T

denotes the incomplete Gamma function.

This motivates the following definition.

Definition 11.3.3. (i) The functions f (resp. MC;(O)—Ff_(T)) in LemmallZ3 4

k—1
are referred to as the holomorphic (resp. non-holomorphic) part of the har-

monic Maaf form f.

(i) The holomorphic part of a harmonic weak Maaf form of weight k is called
a mock modular form of weight k.

The non-holomorphic part of a harmonic Maaf form is now associated to a weakly
holomorphic modular form.

Proposition I1.3.4 ([I1], Proposition 3.2). Define for 1 # k € 37 the oper-
ator

0
= 2yF—.
&k W o=
Then the mapping
Hie(N,X) = My 4 (N.X), | = &S

is well-defined and surjective with kernel M(N,x). With the notation from
Lemma we have

(&f)(7) = (4m)' ™5 Y~ e (n)g™.

n=ng
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Definition 11.3.5. Let f be a harmonic Maaf form of weight k on T.

(i) We call the function & f the shadow of f or the mock modular form f7.

(i) A mock modular form of weight %, whose shadow is a linear combination of

weight 3 theta functions as in ([L13), is called a mock theta function.

(iii) The preimage of My (T") resp. So_x(I') under & is denoted by My(I") resp.
Si(T).

In many cases applications, mock modular forms do not occur on their own,
but often combined with regular modular forms. This motivates the following
definition.

Definition 11.3.6. Let f be a mock modular form of weight k and g be a holo-
morphic modular form of weight (.

(i) The product [ - g is called a mixed mock modular form of weight (k, ().

(i) More generally, the vth Rankin-Cohen bracket [f,gl, of f and g is called a
mized mock modular form of weight (k,¢) and degree v.

II.4 Appell-Lerch sums

As already mentioned in the introduction, there were originally 17 examples of
mock theta functions that Ramanujan introduced in his deathbed letter to Hardy.
Further examples were discovered later for example in Ramanujan’s Lost Note-
book. The first consistent framework for all the mock theta functions of Ra-
manujan was given by S. Zwegers in his 2002 Ph.D. thesis [25] written under the
direction of D. Zagier. Actually, Zwegers found 3 different frameworks which the
mock theta functions of Ramanujan fit into: Appell-Lerch sums , indefinite theta
functions, and Fourier coefficients of meromorphic Jacobi forms. In this section,
we shall give a brief account of the most important facts about Appell-Lerch sums
as can be found in |55, B that we use in Chapter [

Definition I1.4.1. For 7 € H and u,v € C\ (Z & Z7) we define the level { (not
to be confuse with the level of a modular form or group) Appell-Lerch sum by the
exTpression

(_1)€nq§n(n+l)€27rim)

AK(U, U) = Ag(u,v; 7—) - 67rz'£u Z

1— 62m’uqn
nez

This function is holomorphic for all u, v, 7 where it is defined, but does not quite
transform nicely under modular inversion, see e.g. Proposition 1.5 in [B5] for
the case of level 1. But by adding a certain non-holomorphic, but real-analytic
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function which has the same “modular defect”, we can complete this sum to
transform like a Jacobi form. This function is defined as

(11.4.1)

R(u; 7) = y;Z {sgn(v) ~E ((V + ImTu) \/@) } (~1)bg T e

(IL4.2) E(t) := z/e—W“Qdu =sgn(t) (1-06(£)),

0
0

(I1.4.3) B(z) = /u_;e_”du,

T

where for the second equality in [[LL2) we refer to [55, Lemma 1.7].
The function R itself satisfies several functional equations that we will need
later.

Proposition 11.4.2 ([55], Proposition 1.9). The function R fulfills the ellip-
tic transformation properties

(i) R(u+1;7) = —R(u;7)
(i) R(u;7)+ e 2 =™ Ry + 7y7) = 2~ ™01
(iii) R(—u) = R(u).

In the proof of Theorem @, the following observation is vital. It has already
been mentioned in [d] (without proof), so we give one here.

Proposition 11.4.3. The function R lies in the kernel of the renormalized Heat
operator 2D, + D?, hence
(11.4.4) D2R = —2D.R.

2 .
Proof. We set Z, = (—1)"""2q~ T e 2" for v € 1 4+ 7Z and abbreviate

o= ((o+ %))

With this we get

— 2D, R(u, )
RS [_ie—%(w—“:“fy. (_Lylmu N (,,+ Im_U) 1 ) _y ,/_2] p
. -9 . v 1%
S m 21y Y 2i4/2y 2

2

1 Imu —27T(l/+lmu)2y 2 :|
= E — —v]e Y +v Y, | Z,
{\/Q.WT< Yy )

V€%+Z
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and
1 mu)2, 1 /2
DuR(uir) = ¥ |- sl Ly [ g,
velrz b vy
(IL.4.5)
1 _ Im(u) )2
-3 [t 4
yE%-}-Z \/%T(
hence

1 1 Imu )2 Imu 1
D?(R(u: = E S —2m (v 1)y —4 N
u(FE(u; 7)) 27 L/2y7r6 AN Y 21y

VE%+Z
m(u 2 1/;
+21/€ 2 (V : ?5 )) v. y:| :

21y

{ L —onor ity }
- Z e VT —vY, | vZ,
I/E%""Z 2y7T

1 Imu _2W(V+M)2y 2 ]
= — —v]e Y +v*Y, | Z,
Z L/Qyﬂ ( Y )

I/E%"‘Z

and the assertion is proven. O

Theorem I1.4.4 (Theorem 2.2, [56]). Define

(I1.4.6)
;{é(uv v; T) = Af(u7 v T)

i (—1 (1
+ §;€2mm@ (v + kT + ?;ET) R (Eu— v—kT — T;ET) )
with © as in ([(L20)). Then the following equations hold true.
(S) Ag(—u, —v) = —A;(u,v).

~ ) ) A2 ~
(E) AZ(U+)\17+U17 U+)\27'+,u2) — (_1)£(A1+H1)e27rzu(€)\1—)\2)6—27rw)\1 qETI_)‘I)‘QAg(U, U)
for \i, pu; € 7.

—Zu2+2u'u ~

(M) AZ(CTI—Ll—d’ CTI-)i-d; Z:Is) = (CT + d)eﬂ'ic ertd Aé(ua U3 7—)

fory=(¢4q) € SLa(Z).

Another way to summarize (E) and (M) is to say that A, transforms like a Jacobi

form of weight 1 and index (*}).




Chapter 111

Cohen’s Conjecture

In this chapter, we give a proof of Conjecture 21 following [A0], but in greater
detail. For this, we need some preparatory calculations which we give in Sec-
tion m, the proof itself is subject of Section frd

IT11.1 Some Preliminaries

I11.1.1 The Gamma function

Since many of the calculations in this and the following chapters involve identities
about the Gamma function, we recall them in this very short subsection. As a
reference, see e.g. [25, Chapter IV.1].

For Re(s) > 0, the Gamma function is defined by the integral

I'(s):= /e_tts_ldt.
0

It has an meromorphic continuation to the entire complex plane with simple
poles in s = —n, n € Ny, with residue % It satisfies the following functional
equations wherever all the expressions make sense,

(TIL.1.1) [(s+1)=sI(s),
(I11.1.2) D(s)D(1—s) = —

sin(7s)’

(II1.1.3) T(s) = 28\/;1“ (%) T (3 ;L 1) .

Equation ([ILTZ) dates back to Euler and is sometimes called the reflection
formula. Tt yields for example immediately the special value

()

Equation (ILT3]) is known as Legendre’s duplication formula.

25
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II1.1.2 Preparatory Lemmas

We first rewrite Cohen’s conjecture [L2] in a matter such that we see, which
kinds of modular objects we are dealing with.

Remark II1.1.1. The coefficient of X in (L2ZT)) is given by

(IT1.1.4) % (1, 0),(7) = [, 9,(T + 1)) + Aayi10aa(7),
where ¢, = IJ!F(T\/E%) and
(11115) Ag odd Z )\g 2n + 1) 2nt+1

n=0
with Ny as in ([LI3). The coefficient of X** is identically 0.
Proof. From [I4, p. 283] we see that the first part of ([T equals

Zﬁnyoddﬁ %)X%
wl(2ri)y

where for smooth functions f, g on H we define

F(f9)(r) = 5 (Bu(f,0)(7) — Eulf,0)(r + 3)

with F, as in [T4] Theorem 7.1]. Using that in general for smooth functions f, g
we have v!(2m)"[f, g], = F,(f, g) we see that this equals

[e.e]
Cy

5 ([%,19]1,(7') — [%,19]1,(7— + %)) X21/

1%

which implies our claim. O

Thus each of the coefficients has to parts, one including the class number gen-
erating function and one including the function Ay, which is sometimes called a
mock Fisenstein series.

Lemma II1.1.2. For odd k € N, the function Ay ,qq can be written as a linear
combination of derivatives of Appell-Lerch sums, more precisely

1
Ak,odd = §(D5A(1)dd)(0, T+ %7 2’7’),

where we define

n(nt1) 2minv
odd . L T (_1) q 2 ¢
A (u,v;T) i=e Z | caringn
nel
n odd

== (A1 (u,v;7) — A (u, v+ 357))

[\D|>—‘
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Proof. First we remark that the right-hand side of the identity to be shown is
actually well-defined because as a function of u, Aj(u,v;7) has simple poles in
Zt + 7 (cf. [B3, Proposition 1.4]) which cancel out if the sum is only taken over

odd integers. Thus the equation actually makes sense.
Then we write Ag .44 as a g-series

20k 0aa(T)

=) ) min(20+ 1,2m + 1)FgPHIEmHY

=0 m=0

:22 ((2€+ 1 Z 2f+l 2f+1+27“) + Z 2€+ 1 k (2@4—1)
=0 = /=0

:22 ( 2£+1 k (2e+122 2(2e+1 ’”) +Z 2£+1 k (2e+1)
£=0

r=1 /=0
=2) (20 + 1)FqH <1_(172€+1 — ) + ) (20 4 1)kgY
(=0 (=0

& 2q(2€—i-l)2 )
k 20+1
Z(2€ + 1) (1 _ q2(2£+1) - q( )

(=0
(% N 1)k q(2£+1)2 + q(2e+1)2+2(2£+1)
1 — ¢2(2t+1)

M

[
Il
()

and compare this to

(DyAT™) (0,7 + 3,27)

>t
= n
_ A2n

nez 1 q

n odd

. (2n+1)242(2n+1)

- Z;Qn +1) 1 — 2Cn+D)

ne

(2n+l) +2(2n+1) ( 2n+1)24+2(—2n+1)

- Z 2n + 1 q2(2n+1) + Z —2n+ 1 1—gq 2(—2n+1)

o0 (2n+1)242(2n+1) o0 (2n+1)2—2(2n+1)
_ k4 o k4
— Z%(Qn +1) Ty + Z%( 2n — 1) ey

o0 (2n+1)242(2n+1) (2n+1)2
_ k4 +q
- Z;(Qn +1) 1 — ¢2@n+1)
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From this lemma we immediately see that the function
(W116) % (1, 0)u(7) = [0 + 1)) + (D2 A0, 7 + L3 27)

transforms like a modular form on some subgroup of I'g(4). Due to the polynomial
growth of the Fourier coefficients it is plain that this function doesn’t explode near
the cusps. Thus in order to prove Conjecture 21 it is enough to make sure that
the mentioned subgroup actually equals I'g(4) and to look at the non-holomorphic
parts

(IL.1.7) % (18, 9)u(7) — [, (7 + 1)
and

: (Z () DR — gsanDE o)+ i
(I11.1.8) =0

2k+1

- () coim-r - tenm-ne)r m)

and show that these cancel each other.

From this we see the necessity to investigate the derivatives of © and R eval-
uated at the torsion points (£(7 4 1);27) and (£(7 + 1);27). First we observe
the following:

Remark IIL.1.3. Assume that (D}0)(7+3;27) = f.(7) and (DLR)(—7—3;27) =
9:(7) for some functions f., g.. From the definitions we immediately see that
(DrO)(v;T+1) =e7 (DIO)(v;7) and (DI R)(u;7+ 1) = e~ 7 (D" R)(u; 7). Then

we see by shifting T +— T + %, we get

(DrO) (T +1;27) = T (D1O) ((T+ 1) + L2(r+ 1)) =e T f (7 +1)

and similarly _
(DIR) (-7 —Li2r)=etg, (T+13).

Hence it suffices to show only one of the identities in question.

Lemma II1.1.4. Forr € Ny one has

(IIL.1.9) (DrO) (T + %:27) = —¢~

=
o
VO
N
)
N~
/?
DN | —
~
5
=
—~
T
N »
=
3
S—

and

1

(IIL1.10)  (D'O)(r +1;27) = iqlﬂli <2rs) <—§)HS (DY) (1 + 1)
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Proof. The proof is just a simple calculation:
Obviously it holds that

(DZ@)(’U,T): Z I/Tq§627riy(v+%)'

I/E%"‘Z
Therefore
(Dz@) T—|— 1 27_ Z VT y2+y 2miv
Ve +Z
nez
SO () e
neZ Ls=0 o 2
i (T 1\’ s n
EO() g
s=0 o nez
=0 for s odd
L%J r 1 r—2s
— -1 - 2\s n?
() () X
L%J r 1 r—2s
1
=—q * . Dy
() () e
By Remark [IL1d one gets the result for plugging in (7 + 1, 27). O
Lemma I11.1.5. The following identities are true:
(II1.1.11) R(—7—1%27) =igi
(I11.1.12) R(—7 — 1;27) = —¢i
14 [ () i .
II1.1.13 D,R) (—T — l;27’ = gt /7:612— —q4
( ) ( ) ( 2 ) 47 2 (Z —+ 7')% 2
1 ) 1 20019 z + l 1 1
(111.1.14) (D R)(—7 —1;27) = — * ZqZ / <723)dz + —qt.
4 2 (z + 7-)5 2

Proof. As above, we only prove ([ILTII) and (ILT.I3).

Equation ([EEE%OWS easily from the transformation properties of R as
given in Proposition (the numbers above the equality signs give the used

transformation):

R (—7 - L;2r) @ oemi(rra)=5 _ 2ri(r+a)2nirg (r — Loo7)
(iii) (%)

= 2@'qi +R(—T+ %;27) = Qiq% —R(—T— %;27),
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which gives ([ILTII).
Let us now turn to (ILTI3). We have by ([[LZH) that
1 1
(DuR) (=7 = 5:27) =ig* 3 ( TRl sen(n) (n + 5) ﬂ(4n2y)) "

nez

with § as in ([L43) and sgn(0) := 1. By partial integration we get for real ¢ > 0
that

1 . 1 1
M1.1.15 t)y=—tze ™ — —=T( —=;7t
(111.15) B) = 2-te™ = 5 oor (—gimt)
with I'(; x) as in ([L33).

We further observe the following (7 € H,n € N):

10 2minz N 2min(—x+it)
e Rl e
| (=i(z + 7)) (y+1)2

Y

-7
e

e—27rn(y+t)
- —2minx+2mny /

= 1€ 3
(I1L.1.16) (y+1)2

=1iq "V2mn / e "2 du

Ay
1
=iq "V2mnl’ (—5; 47my) .
From here we calculate

_y {sgn(y) ~ sen (V - %) (1= (10- %)) }) .
—igt Z <\/41_y7r€_4MQy

nez

= (w4 5) {osn (ot 3) —sen- (1= stan )

iy ( e sgn(n) (n ¥ %) 6<4n2y>) o

nez
Y mseatnr (gt )
=iq ——sgn(n)nl’ [ —=;4mny | q
neZ\{0} 2ﬁ 2

7 1
— R 0O

=1
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100

1 1 627rz'n22 1
=101 — d
" Z 2\/%‘71‘ /(—i(z+7))3/2 NG

neZ\{0} T

1
1q4

which is what we claimed. O

Remark I11.1.6. From ([ILTI6) we can also deduce another representation of
the function % :

1 1 & 1 :
A7) = = nl (—dmnPy ) ¢
)= &g T aym 2" ( g y)q

With this, we can modify ([ILLS) in the following way.

Lemma II1.1.7. For all v € Ny it holds true that

Z (—1)~ (2” + 1) (DER) (=7 — L27) (D2#410) (1 + L 27)

2v—p—A)+1
2n+1

1 2(v—p—2N)
X bu,u,)\ (5) (Di\’&)(T)

(D?**1R) (—T - L 27’)

(V)
N
M H
il
|
H
N—
=
7N\

2w+ 1) (D*R)(—7 — 1;27)(D*#*O) (1 + 1;27)
1

2 —p—A)+1
2u+1

(D#HIR)(—1 — 1; 27)}

N (2v +1)! _( 2v+1 )
PRI — = A+ D \20, 20, 20— — A+ 1)
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Proof. Again by Remark rid it s enough to prove the first claim. For simplic-
ity, we omit the arguments of the functions in the calculation. We obtain

S (Y wemozore)

u=0 H

- <21/+1

u=0 2u W

L. T LK (2u+ 1) (2(1/ — 1) + 1) (_1)2(”‘“‘”“ (D R)(D)

(D2R) (DY e) — 37 (2 ) (D Ry (D2 e)
— \2u+1

=by,p,x

SRR

=0 A\=0

Vv
_2w—p=N)+1
- 2u+1 b p.n

2 —p—AN)+1
2n+1

Il
L}
I

v oV—p 1
IR
=0 A=0

1 2(v—p—2A)
R, (5) (02

Interchanging the sums gives the desired result. O
This yields the
Corollary III.1.8. Up to the level, Conjecture [L2.1 is true iof the identity

(IT1.1.17)
A A—p
=B ()0 o
20N —pu)+1 2t 1
s A DBR) (7 - )

holds true for all A € Ny.
Proof. Lemma 17 gives us that Conjecture [L21 holds true if the identity
(I11.1.18)

(U (0 )

2v—p—A)+1
2u+1

(DF1R)(~7 — §;27)
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does as well.
We can simplify this a little further: We have

D) iy et ety

B (y) ( VAT (v +2)

AT (v=2+5HT (A +1)

By Legendre’s duplication formula ([ILT3) we see that

2\ =T(2A+1) = %Q”F (A + 2) A,

2 = X) +2)!
F(”_“ ) V2 W —A+1)
3 o2 (20 4 2)!
r (V — 5) = /72 m
Thus we get that
(%)2(%“_)\) bwm
e (N (3)
AN =NIT@=A+3 (A +3) (2v +1)! (E)V_H
Y Vil (v + 2) IR —p— M)+ 1) \4
o (v — A)! I'(v+3) (2v +1)! (1)”‘“
V! (V—)\—|—§) CuN2v—p—XN)+1)\4
oz (v — A) VA2V RS (20 +1)! <1)
B v! N 2((2?12)) 2u)2(v —p—N) +1)! \ 4
~ 1 2(v — ) +2)! (1)”—*“
2 =A+1) )2 —p—A) + 1) \4
20— A +1\ (1"
(6
and hence the corollary. O

Before we conclude this section, we take care that the completed coefficient in
([ITId) indeed transforms like a modular form on T'y(4).

Remark I11.1.9. Note that we already know by Propositionlm the function
Co (1 —
L (1907 = 1A, 3), (7 + 3))

from [ILIA) transforms like a modular form of weight 2v + 2 on T'y(4).
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Lemma II1.1.10. The function (D>+1A%4)(0, 7+ £:27) transforms like a mod-
ular form of weight 2v + 2 on T'o(4).

Proof. 1t is plain from Theorem [L.4.4 that the (2v + 1)st derivative of ﬁl(O, v;T)
with respect to v has the modular transformation properties of a Jacobi form of
weight 2v + 2 and index 0. By Theorem @, we therefore see that A, (1) :=

(D21 A}) (0, 7L, 7) transforms like a modular form of that weight on the group

a—1 ¢ b d—-1
I'y:= Lo(Z)| ——+ - € Z —+——cZ;.
A {7682( )| 5 T3¢ and2+ 5 € }

The function that we are interested in is

1

~ 1
(Dgu-i-lAl) (O,T+ 5’27') = 2£+1Ay‘2ll+2 (g (l)) .

Since one easily sees that

we get that (D2 +1A4;) (0,7 4 %;27) transforms nicely under T'y(4) and therefore,
by Remark [1L.1.d, so does (D2r+1 A9dd) (0,7 + %;27) O

I11.2 The Proof

Our proof for Conjecture [L2.1 makes use of Corollary 14 We show by in-
duction that the identity stated there does indeed hold. The base case of the
induction gives a new proof of Eichler’s class number relation (LIH), so we give
this as proof of a separate theorem.

Theorem III.2.1 (M. Eichler, 1955). For odd numbers n € N we have the
class number relation

ZH(n — s+ M(n) = %al(n).

SEZL

Proof. Let
Eg¥(r) = o120+ 1)g**,
n=0

which is known to be a modular form of weight 2 on T'y(4).
Plugging in A = 0 into ([ILTIM) gives us the equation

g [ER (—7 = 4:27) + (D,R) (~7 — % 27)

27 2
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This equality holds by Lemma [IL1d Hence we know by Corollary m,

Lemma , Remark [L1d and Lemma [IL1.1d that

1
5 (%(T)ﬁ(T) — % (T + %) Y (T + %)) + Al,odd(7—>
is indeed a holomorphic modular form of weight 2 on I'y(4) as well.
By Theorem and Proposition m, a comparison of the first non-zero
Fourier coefficient yields the result. O

The methods employed in [I8] to prove this, are very different from these here.
Eichler uses topological arguments about the action of Hecke operators on the
Riemann surface associated to I'g(2) and counting of ideal classes in maximal
orders of quaternion algebras.

Now we can prove the main result of this chapter.

Theorem II1.2.2. Cohen’s conjecture (2.1 is true. Moreover, for v > 0 the
coefficient of X* in Si(1; X) (see (L20))) is a cusp form.

Proof. The base case of the induction in Theorem 21 Thus suppose that
([[IITTI7) holds for one A € Ny. Again omitting the arguments of the occurring
R-derivatives for the sake of clearence of presentation, the induction hypothesis
gives us

D*'%(r) = D, (D(7))
e (g e el () ()

p=0
A A—
1 200 —p)+1 22 +1 1 H
—(D.D*R = B (D.D*FR)| - z
Here we omitted again the argument (—7’ — %; 27) of (D,R) again for the sake

of clearence of presentation.
The theorem of Schwarz now tells us that the partial derivatives interchange
and therefore we have

D; ((D4R) (-7 — 3;27)) = =(D'R) (=7 — 5;27) + 2(D.DyR) (—7 — ;27) .

According to Proposition [L4d this equals

. A
ot s 1 2% 1 2()‘_/1')+1 1 2p41
iy {;[8@” (2 D) o)
1L 20—p)+1 2542 20 —p)+1 s
*(TW) DS R) + —rr (PTR)
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X (QAQZ 1) G)A—u}
= L { BR + (@A + 3)(DUR)] G)m . ﬁ: (2>\ + 1) (1)@“

{<}+2(2A—u)+5‘ (2p —1)(2p)

2 dp —2 (2(A =) +2)2A = p) +3)

<2(>\+/~L)+3 20 —p) +3 (21 = 1)(2p) )
2u+1 2u —1 (2N — ) +2)(2(\ — p) + 3)

220+ 3 1 22+ 1
D2)\'|‘2 D2A+3R )
* {4>\+2( A Ten L P

The last summand of the last equation simplifies to

5) o)

(i)

1
2 (D22
{2( SR 20+ 3

(D”*?’R)} S(2A +3).

For the rest we see by elementary computations that

(2)\ + 1) (1 L A -p+5)2p )
21 2 A= +2)2A—p)+3)
L2A+3N (2N —p) +2) 2N —p) +3)  2u(22A—p) +5)
§< 21 ) < (2X +2)(2)\ + 3) (2>\+2)(2>\+3))

12243\ [ 4N +10A+6
_§< 2 )((2A+2)(2>\+3))
1/2\+3

:5( 2 )

and in the same way that

(2)\+1).(2()\+u)+3+2()\—u)+3‘ (20 — 1)(2p) )
2/ 2n+1 2p—1 2\ —p) +2)(2(N = p) +3)
_2()\—,u)+3‘<2>\+3)

2p+1 2u )

Thus in summary, we have that

. A+l A—p+1

i 1 20+ 3) (1\""T (1

DY (r) == 14 (=DM < 2 )(Z) {5(1)3“3) (=7 —3;27)
p=0

2N —p) +3

G QT)}

which proves Conjecture L2
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The additional assertion that the modular forms we get from S} are cusp forms
except when v = 0 can be seen by the fact that for smooth functions f,g: H — C
and real numbers k, ¢ we have

[(Fle7)s (glen) = ([f; gl) [kser2n

for all v € SLy(R) (cf. [14, Theorem 7.1]). Now for v > 0 the function 7 —
[, 9], (7) vanishes at the cusp ico by construction and the intertwining property
from above then yields that it has to vanish at all cusps. A similar intertwining
property also holds for derivatives of index 0 Jacobi forms which is essentially
shown in Lemma [IL1.1d. Since (D21 A;) (0,7 + 3;27) also vanishes at the
cusp 200 if v > 0, it has to vanish at all cusps, which finally proves the theorem.]

As an easy consequence from this theorem, we get some new class number rela-
tions. The first few are worked out below.

Corollary II1.2.3. By comparing the first few Fourier coefficients of the modular

forms in Theorem one finds for all odd n € N the following class number
relations
D (45" —n) H (n— ") + X (n) =0,
SEZL
1
294(3, n)H (n — 32) + X5 (n) = 1 Z Va(z,y,2,1),
SEZL n::c2+y2+22+t2
1
Zgﬁ(s,n)H (n — 32) + A7 (n) = —3 Z Ve(z,9,2,1),
SEZ n:m2+y2+z2+t2
1
Zgg(s,n)H (n—$2> +>\9 (n) = _% Z yS(xayaz7t)
SEZ n::c2+y2+22+t2

where go(n, s) is the (-th Taylor coefficient of (1 — 25X +nX2) " and Vy(z,y, 2, 1)
is a certain harmonic polynomial of degree d in 4 variables. Explicitly, we have
ga(s,n) = (16s* — 12ns* + n?),
g6(s,n) = (64s° — 80s'n + 24s*n” — n%)
gs(s,n) = (2565° — 4485°n + 240s*n” — 40s°n” + n*)
and
Vi(w,y, z,t) = (a* — 62°y* + ),
Vo(z,y,2,t) = (2° = 5a'y® — 102*2° + 302°y*2* + 5a*2* — By’z")
Vs(z,y,2,t) = (132° + 632%* — 4902°2" + 632°¢* — 630z"y*2* — 3152%y*t?
+14352%2* — 6302222 + 31527y 2" + 18902%y 2> — 6162°2°
+3152% 2" — 31567y 2" + 222%) .

The first two of the above relations were already mentioned in [17).
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Remark I11.2.4. Because of its close resemblance to the Fichler-Selberg trace
formula in Theorem (1.3 one is lead to think that these class number relations
somehow also encode traces of certain Hecke operators. This is indeed true as we
shall see in Sectz’on since the proof requires a different method.



Chapter IV

Other Class Number Relations

In [I0], B. Brown and others have conjectured several identities for sums of class
numbers of similar shape as the Kronecker-Hurwitz formula (LI2), e.g. Let for
an integer a and an odd prime p

H,p(n) = Z H(4n — s%).

SEZL
s=a (mod p)
Then for a prime ¢ and p = 5 it holds that (cf. H], Equation (4.3))
(&l ifa=0 (mod5)and (=1 (mod5)
1 ifg=0 (mod5)and f=2,3 (mod 5)

3
Yl ifg=+1 (mod5)and f=1,2 (mod5
(IV.0.1)  Has(l) =4 5005 o ) ( )

(

(mod 5) and /=4 (mod 5)
ST ifa=42 (mod5)and /=1 (mod 5)
\“Tl ifa=+2 (modb5)and ¢ =3,4 (mod 5),

which have been proven by K. Bringmann and B. Kane in [].

In this chapter we aim to show a slight generalization of their result using
similar methods as in Chapter m, which also give a “mock-modular” proof of
the Kronecker-Hurwitz class number relation (LI2). It is organized as follows.
We shall first prove some preliminary results similar to those in Section L in
Section l@l, and then in Section we prove Theorem l@l, our main result
of this section.

IV.1 Completions

First define for N,r k € N the functions

(IV.1.1) Y= Y
nez
n=r (mod N)

2

39
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and
(IV.1.2) A7) =) N ()"
n=1
, 1
OIS I SENTE Sl
dn, d<\/n din, dS/n
d=—r (mod N) d=+r (mod N)

where for simplicity we write ¥, Ay, and X; instead of 90 A} and .7,
respectively. Note that this setting is consistent with ([I3J) and that 9" from
above is not to be confused with ¥, from ([[LIT3), although they are of course
closely related.

By Gk, k > 2 we denote in this section the weight k& Eisenstein series on SLy(7Z)
which is normalized such that the coefficient of ¢ in its Fourier expansion is one,
so that we have for example

(IV.1.3) Go(T) = —2—14 +) oi(n)g".

Finally, let for p an odd prime y, = (;) denote the non-trivial, real-valued

character modulo p.
With these notations, we can state our main result.

Theorem IV.1.1. We have the identities

1 1 5
— 4N S5, — 4A37| S5 4
1 1
(A9 TN |U(4) = 192 = 5792 @ xa(1 = x7) — 14, |V(49)

1
— 4AI’2‘S773 — 4A§’4‘S775 — 4A§’1|S7,6 -+ 197,
where g; denotes the cusp form of weight 2 associated to the elliptic curve with
equation y? + vy = 23 — 2% — 20 — 1 defined over Q (its Cremona label is 49al,

of- [23])

The plan to prove this is similar to that in Chapter . We find non-holomorphic
completions of both sides of the equations and then show that their non-holomorphic
parts are equal, so that the difference of both sides is a holomorphic modular form.
With Theorem [[L1A we then show that this difference must be zero.

We start by completing the left-hand side of the identities in Theorem v,
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Lemma IV.1.2. Let N € N be an odd integer and a € Z. Then the function

(%ﬁ(NvQG)) |U(4) + ge%)wzr (i) P 2atTN) (%)

with Z as in ([LII0) transforms like a modular form of weight 2 on some con-
gruence subgroup I' of SLo(Z). Moreover, one can take I' = SLo(Z) for N =1
and T = To(p*) NT1(p) for N =p an odd prime number.

Proof. For N = p, the level has already been determined in [, Lemma 3.1]. For
N =1, one may assume a = 0 (which we do). Since the nth Fourier coefficient
of # (resp. ¥) is 0 unless n = 0,3 (mod 4) (resp. n = 0,1 (mod 4)) one
sees that necessarily the nth Fourier/\coefﬁcient of their product is 0 whenever
n =2 (mod 4). By Theorem [L1d, o7 rufils weight 2 modularity on I'g(4) and

¥ is a modular form of Welght = on the same group, thus 9 fulfills weight 2
modularity on I'g(4). Now Proposnlonm tells us that applying U(4) to such
a form reduces the level to 1, thus the claim about the level follows.

It remains to compute the Fourier expansion of the non-holomorphic part of
AN 20)|U(4) explicitly. This is given by

(Z a(hy)q’“) U(4) + (Z b(k,y)q'“> U(4),

where
alk,y) = 4\/_ Z nl’ (—% 4mn y) and b(k,y) := Z 87T1 :
nGN meZ meZ \/@
m2—n2:k m2=k
Obviously, the second summand equals 5 fﬁ(QN 2a) (2), whereas for the first one,

we get by splitting the sum into k& even and k odd

1
Z a (4]{3 Z Z nl’ (_%; 7T712y) qmz—gnz
her =0 nEY:”GN(’;noEdZQ)

m=2a+rN (mod 2N)

s\

Hence putting these together the assertion follows O

Remark 1V.1.3. For N = p an odd prime, Lemma [LV.1.4 becomes exactly [
Lemma 3.1] by twisting the formula therein with Xf,.

We now proceed to the right-hand side of the identities to prove.
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Lemma IV.1.4. The following identity is valid for all T € H and odd k € N:

N-1

; : ‘

2L () = 5 S0 G (D) (o,N;T),
=0

where (1= eN s a primitive Nth root of unity.

Proof. Since
an(n—i-l) 2minv
(DFA) (u,v;7) = e’”Z“Zn
nez
we see that the limit lin%) (DFAy)(u, v; 7) exists for k > 0, thus the right-hand side
u—
of the identity to show indeed makes sense.
As in Lemma m, we write A]kV’T as a g-series.

ANr :ii SN—l-’f’ k (sN-H“)(sN—i—r-l—t +ZZ SN )k (sN—r)(sN—r+t)

eQmu qn

s=0 t s=1 t=0
L (sN—i—r +(sN+r)? q(sN )2
:Z(SN+T> ]__qu—i-r +ZSN_T ]__qur

(sN—i—r)—l—(sN—i—r)

_Z SN+T _qu-i-r

SEL

This equals the kth v-derivative of a sieved level 2 Appell-Lerch sum evaluated
at (0,0;7), which is what we stated. a

The following lemma is again a slight generalization of [, Lemma 3.3].

Lemma IV.1.5. For odd k € N, the function A\ (1) can be completed to trans-
form like a modular form of weight 2 on T'1(N) by adding the non-holomorphic
term

(IV.1.4)
. N-1 k of + N
ﬁ Q;,Z’"Z [Z ( ) k (D;O) ( ;]PV + 4T 27')

20+ N 1
DI *R) (- —j7;2 —
x(Dy R)( 5N JT; 7)} +5k’147ry’

where 0; ; is Kronecker’s ¢ function.

Proof. By differentiating the transformation law of A\g in Theorem [L4.4 with
respect to v, we obtain for all (2Y) € SLy(Z)

~ U ) at +b
D,A : ;
( 2>(c¢+d cT+d et +d

2
) =(cT +d)e™ G cudy(u, v;7)

u2+2u'u -~

+ (er + d)Qemc_ ertd (D, Ag)(u,v; 7).
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Since Ay (viewed as a function of u) has simple poles in Z7 + Z and Res,—¢ Ay =

—5= (cf. b5, Proposition 1.4]), the limit u — 0 of the above equation becomes

2mi

~ v ar+b cler +d) ~
(D,As) (0, T d ot d) =5t (c7 + d)*(Dy,Ay) (u, v; 7).

Recall, that the weight 2 Eisenstein series Gy transforms in almost the same way
(see (ILTT)) under SLy(Z) and that Gao(7) + g, transforms like a modular form
of weight 2, hence we can deduce that

(DUfAlz)*(O, V;T) 1= (Dvﬁg)(O,v; T) + po

has the modular transformation properties of a Jacobi form of weight 2 and index
0.

Taking the kth derivative (k > 2) always gives terms of the form C - uf(DF~*A,),
such that the limit v — 0 is 0 unless £ = 0. Thus in this case we see that
(DFA5)(0,v;7) without any additional term has the modular transformation
properties of a Jacobi form of weight £ + 1 and index 0.

Using Lemma m, we get the formula for the completion term that we

claimed and from Theorem we can see, that the completed function trans-
forms like a modular form on the group {(¢ %) € SLy(Z) | N | ¢=0(N) and d =
1 (N)} which obviously contains I'; (V). O

Next, we express the derivatives of R and © evaluated at the necessary torsion
points in terms of % and 9V,

Lemma IV.1.6. For j € {0,1} we have that
9 (
(IV.1.5) O (jr+12r) = L
4

(IV.1.6) (DyO) (T + 1;27) =

{éqiﬁm for j =

Proof. The case 7 = 1 is already contained in Lemma 14 Thus put j = 0.
We calculate

/o) (%’ 27_) _ Z qu2€27ri1/ _ Zq§(2n+1)2

u€%+Z nez

-1 (3).

and

(D,O) (3;27) = Z g ¥ = 0,

V€%+Z
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Lemma IV.1.7. We have that

Y )0 foryj=0
(IV.1.7) R(—j7 —4;27) = {iq% forj — 1.
X 2Z%|521 (I) fO’I"jZO
IV.1.8 DyR) (=j7 — 3;27) = A
( ) (DuR) (=i = 3:7) {2@192\52,0 (3) forj=1.

Proof. Again, the identities for j = 1 have already been proven, see Lemmal[IL1A.
From the properties of R in Proposition [Lad we get

R(-1:27) D _p (—1+1;27) W _R (=3;27),

2

hence it must be 0.
From ([IZH) we get as in the proof of Lemma [111.4 that

D) (~427) = 3 | =™ = {sent) = sgnlo /)1 - 50}

—€
yE%—i—Z T 4y
% (_1>y—%q—u2€7riy
1 A2 2
~i e ()|
21: [w4y
Z/€§+Z

With ([ILTTIH) we can simplify this to

(D.R) (~ki27) = —— > l2n+ 1T “Lgron 128 )
2’ 4./ —~ 2’ 4
i °° 1 y _(2n+1)2
= — 2 DI —=: 47 (2 1)22 I —
NI (5 tmten+ 122 )
By Remark m, the claim follows. [

IV.2 The Results

We begin this section by the announced new proof of the Kronecker-Hurwitz class
number relation.

Theorem IV.2.1. For every n € N we have that

> H(4n — s%) 42X (n) = 201(n).

SEL

Proof. In terms of generating functions the equality to show is equivalent to the
identity
(F9)|\U(4)(7) + 2A1(7) = 2Ga(7).
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We complete both sides such that they transform like modular forms of Weliht 2

on SLy(Z). By Lemmam Lemmam Lemma m, and Lemma

the non-holomorphic parts on the left-hand side add up to ﬁ which is exactly

equal to the non-holomorphic part on the right-hand side (see Example 14
(7)). Therefore, the difference of both sides is a weight 2 cusp form on SLy(Z),
and hence indentically 0. This completes the proof. O

The proof of Theorem [0V 1.1 works more or less in the same way:
Proof of Theorem V1] Let

1 1 D
Fs 1= (AVCNUM) = 562 = 5% © x5(1 = x5) + GV (5) — 56a[V(25)
+ 5AL|V(25) + 2051 S5 4 + 2A02[ S5 4,

1 1 7
Fr o= (AOTONU) = 162+ 5202 © xal1 — xa) — LGolV(49) + TA,|V(49)

1
+ 2077|875 + 207"|S7 5 + 2077|876 — Jo7
We want to show that these functions vanish identically. To do so, we write these
in the form

Fp=TFp@Xo+ FplSpo. pE{5,T}

From Corollaries 4.3 and 4.5 in [] we already know that F, ® X, = 0, thus it is
enough to look at F,|S, 0, explicitly

1 5

F51Ss.0 = (s050)|U(4)[S5,0 — §gz|55,0 + G|V (5) — 592“/(25) + 5A;|V(25),
1 1

TS0 = (9TN)|U(4)|S70 — Zg2|57’0 + TA |V (49) — 197\57,0.

As in the proof of Theorem m, we complete all occuring functions to make
them transform like modular forms and show that the non-holomorphic parts add
up to be 0.

For any odd prime p we immediately get from Lemma [V.1.d that the non-
holomorphic part belonging to (J9P0)|U(4)]S, is

1

> ﬁ > nr(—%;mQy)qpmz‘l 005 qu(pm

7=0 neEN,meZ meZ
n,m=j (2)

From the Eisenstein series we get the non-holomorphic term

1
—  f 5,7
oy or pe {57},
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and finally, using Lemma m, Lemma m, and Lemma m, we get the
following contribution from pA;|V (p*) (now again for every odd prime p):

S (i ()]

J

Obviously, these terms cancel each other such that F, is a holomorphic modular
form of weight 2 on I" := [y(p?) N T (p).

The index of this group in SLy(Z) can be determined as follows. The in-
dex of Fo(pz[%iﬁ(p + 1), the index of T'y(p) is p* — 1 by the index formulas in
Proposition . These two groups are obviously not equal and their intersec-
tion contains I';(p?) as a proper subgroup, which has index p? in T';(p), hence
[Ty (p) : '] = p which implies [SLy(Z) : T] = p(p* — 1).

Therefore we know by Sturm’s theorem Theorem [L1d that F, = 0 if and
only if the first £(p®— 1) Fourier coefficents vanish. This being the case, the proof
is done. 0J

Remark 1V.2.2. In the proof of Theorem m, we have not really used the
fact that p € {5, 7} except when we use the results of [4, hence we can find other
such identities for every odd prime p in the very same way. For another method
of finding such identities, see Section V4.



Chapter V

Relations for Fourier Coefficients
of Mock Modular Forms

Both in Chapter [ and Chapter [ we have used the same kind of calcula-
tions to prove class number relations. A natural question that arises is whether
there is a general way to prove these results simultanecously. The answer to this
question is, as we shall see in this chapter, yes. We even prove that recurrence
relations of the type of the Cohen-conjecture, the Kronecker-Hurwitz formula or
the Eichler-Selberg trace formula are in a way not even a special phenomenon
for class numbers but they hold essentially for Fourier coefficients of mock mod-
ular forms of weights % and mock theta functions. We begin with a section
about some general results concerning holomorphic projection, the main tool of
this investigation, then we deal with the special cases of weight % and the mock
theta functions separately, and conclude this chapter by a section with examples,
which contains alternative proofs (and generalizations) for the main results of the
previous chapters. This chapter is an extended version of [AT].

V.1 Holomorphic Projection

Holomorphic projection has been introduced by J. Sturm in 1980 H8] and has
been used and developed further in the seminal work 28] of B. Gross and D.
Zagier on Heegner points and derivatives of L-functions. In the theory of mock
modular forms, holomorphic projection has for example been used in [H], |34,
where the definition has been extended to vector-valued forms, [3], and [IJ.

Here, we are interested in the action of holomorphic projection on Rankin-
Cohen brackets of harmonic Maafl forms with holomorphic shadow and holomor-
phic modular forms. To some extent, this has been worked out in a talk [52] by
D. Zagier, but since the notes of this talk are not publicly available, we recall and
slightly extend his general results here.

Let us start by defining our object of interest.

47
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Definition V.1.1. Let f : H — C be a continuous function satisfying weight k
modularity on I'o(N) (k > 2) with Fourier expansion

fr) = ag(n,y)q".

For a cusp kj, j = 1,..M and ky := ioco, of To(N) fix v; € SLao(Z) with
vk = 10o. Assume that for some d,e > 0 we have

k
2

1. f('yj_lw) (Lr)? = c(()j) + O(Im(w)™0) for all j =1,.... M and w = T,
2. ar(n,y) =0y ") asy — 0 for alln >0

Then we define the holomorphic projection of f by
(Thot f)(7) 7= (Wt f)(7) 7= co + Y e(n)q",
n=1

with ¢y = cél) and

(47rn)k—1

(V.1.1) c(n) = =

/ ag(n,y)e” myF2dy
0

forn > 1. For { ¢ Ny we set as usual 0! :=T({ +1).

The holomorphic projection operator has the following properties, see Proposition
5.1 and Proposition 6.2 of [28], and Proposition 3.2 and Theorem 3.3 of [34].

Proposition V.1.2. Let f : H — C be a continuous, periodic function as in
Definition N

(i) If f is holomorphic, then mho f = f.

(ii) For k > 2 it holds that mh, f is a holomorphic modular form of weight k on
Co(N) and for k =2, mpof is a quasi-modular form (cf. [33] for details) of
weight 2 on T'o(N).

Furthermore the operator m,, behaves nicely under the modular operators from
([CTA)-[TIT3).

Lemma V.1.3. Let f : H — C be a function as in Definition IE, N e N,
and r € {0,..., N —1}. Then the following holds.

(i) The operator Ty, commutes with all the operators U(N), V(N), Sy, and
XX .-
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(i1) If f is modular of weight k > 2 on I' < SLo(Z) then we have
<fa g> = <7Thol(f)ag>a

where (-,-) denotes the Petersson scalar pmducﬂ, for every cusp form g €
Si(T") such that the integral defining the scalar product converges.

Proof. Due to [0, Lemma 3.4] we have that 7, interchanges with the slash op-
erator provided that everything converges nicely. Since the modular operators
are all built from slash operators, the claim (i) follows. For (ii), we refer to
Proposition 5.1 of [2§]. O

From now on for the rest of this section, let v € Ny and f € My(N) be a
harmonic Maafl form with holomorphic shadow with a Fourier expansion as given
in Lemma [L39 and ¢ € M,(N) be a holomorphic modular form (k,¢ € 3Z,
k, ¢ # 1) with Fourier expansion

Z aq(n)q

n=0

such that k + ¢+ 2v € N and > 2 and [f, g], satisfies the conditions of Defini-
tion V11, This is the case for example if f € S, and fT - g is holomorphic at
the cusps (cf. Theorem 3.5 in [34]).

We would like to investigate

(4m)L-k
k—1

(V.1.2)  mha(lfsgle) = [f7 gl + ;O mna([y ™, gl) + ot ([ glb).

Let us first deal with the second of these summands.
Lemma V.1.4. We have
(4m)* - kv n
[y gl) = f{:jn’“* tag(n)g

where k depends only on k,{,v. To be precise, it holds that

. (T2 = k(04 20 — p)
= r(k,l,v) = (k;+£+2y—2)(/€—1)z{ I'2—Fk—p)

O]

this scalar product on Si(I') is defined by the integral

. / fr S dxdy

F(I)

(V.1.3)

where F(T'") denotes a fundamental domain for the action of I" on H. See e.g. [31, Kapitel IV,
§3]
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Proof. 1t holds that

pgi-ky — L2 —F) L R
D= e ()

and

Vu v—p n
(D gn ag .

Thus the nth coefficient of [y*=*, g], equals

B (e () e

=0

We also calculate

o0 1 04+2v—p
/6—47myyé+21/—u—1 — (_) 1"(€+ 20 — :u)?
0

4mn

so that we get the following for the nth coefficient of m,([y*~*, g],):
(4rrn)ktt+2v=1 » (n)i k+v—1\(l+v—1\ T2-k [1\"
(k+0+2v—2) "7 — 1 2 —k—p) \47m

{42v—p
't +2v—
(47m) T2v—p

(4Rt (n) k+v—1\[l+v—1\T2—-KI{+2v—p)
(b l+ 20— 2)! nagnuzo vV—p i L2—Fk—p) ’
which yields the asserted formula. O

For the third summand in (V.I2), we need a little more work. Let us define for
this purpose the homogeneous polynomial

l\D

a—

(V.1.4) Py(X,Y) = (J +;’ a 2) XX 4+Y) 2 C[X,Y]

<.
Il
o

of degree a — 2. Then we get:

Theorem V.1.5. Assuming that the coefficients c;(n) and a4(n) grow suffi-
ciently moderately, i.e. the integral defining w0 ([f~, gl,) is absolutely convergent,
the holomorphic projection of f~ and g is given by

Thol f 9 Zb
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whereas b(r) is given by

br) = —T(1— k) 3 z”: <kzji;1) <€+V_1)my_“ag(M)W

(V.1.5) mM—mer =0 H

X (m“_b_“lPk+£+2u,2—k—u(7’a n) — nkw_l)
For the proof, we need some additional lemmas. First we compute the derivatives
of f~.
Lemma V.1.6. It holds that
- _ ku=1,= ([ \T(] —
(Df7)(r) = (=1 1_k 0 Zn " I'(1 =k — pydmny)q

Proof. We write f~ as

an et (n) — k,dmny)g "

where I'*(a; z) := €"I'(a; ). We compute

IM(a;z) = e'T'(a;2) = €° / et dt = /6_t(t + ) dt,
x 0

which makes calculating derivatives fairly easy:

d o0
d—F*(ozx a—l/e (t+2)*%dt = (a — DI (o — 15 2)
x
0

and hence

Therefore we have

00 = (55) S50 (5) T

1 -n
x I (1—k ,u747m22(7—7))q

_ k=10 ()
_(—1)” 1—k: MZn we (1 —k — pdmny)q

which is what we have claimed. O



CHAPTER V. RELATIONS FOR FOURIER COEFFICIENTS OF MOCK
MODULAR FORMS 52

Now consider the integral

oo

(V16) /= /F(l — k= 1 47Tny>6—47rryyk+£+2y—2dy.
0

Lemma V.1.7. The following identity holds true.

1—(k+€+2u)n1—k—ur(1 —k —p)(k+(+2v —2)!
rh+t+2v—1

% [(T + n)u_e_zy—HPk+€+2u,2—k—p(7", n) o nk+u—1]

I =—(4m)

with P as in (T4).

Proof. Recall the functional equation ([ILT2).
Written as double integral, I equals

/ / e—tt—k—ue4ﬂryyk+é+2u—2dtdy

0 4mny

Substituting 4mnyt’ = t, hence dt = 4wnydt’, this equals

(47Tn>1—k—,u//6—47ry(r+nt)t—k—uy€+2y—1dtdy
0 1

:(47rn)1—k—,u/t—k—u/6—4wy(r+nt)y€+2u—1dtdy‘

For the inner integral we get substituting 47 (r+nt) = y/, hence dy = (4= (r +nt))~'dy/,
the expression

(47r(7’—|—nt u —l— QV/e—ny+2V—u—ldy — (47T(r+nt))“_é_2yf(€+2y—u).
0

Therefore we get

I = (4W)1—(k+€+2u)n1—k—pr(€ 42U — ,U) /t—k—u(r + nt),u—f—m/dt’
1

L hence dt = t,%dt’ , simplifies to

which after yet another substitution ¢ = 7

1

() 1= OHH2) k=i (g {0y )/tk+“_2 <T N %>u—€—2u o

1
:(47_‘_)1—(143-‘1-(-1-21/) 1-k— 1T £+21/ /tk+ﬂ+2u 2 rt+n)“ —{— 2th

0



CHAPTER V. RELATIONS FOR FOURIER COEFFICIENTS OF MOCK
MODULAR FORMS 53

Since k + ¢ is an integer by assumption, we note

IF'k+p—1)
T(p—(—2v+1)

ak+€+2zx—2

(Tt + n)k+u—2 _ tk+€+2u—2(7,t + n),u—f—2z/’

ark+ﬂ+2u—2

and thus (writing M := k + ¢ + 2v for brevity)
1
/ M2t 4 )T dt
0
Tp—0—2v+1) 0M?
F'k4+p—1) orM-2

1
/ (rt 4 n)"H2dt

0
Y M—2
:F(N (—2v+1)0 { 1 1 ((7“ o)kt nk—u—l)]

Fk+p—1) orM=2 | k4+pu—1r
CT(p—l—2v+1) Ag (M - 2) (—1)M=i=2(M — j — 2)!
T T(k+p) —\ pM=i—1
D'(k + p) kdp—j—1 (_1)M_2(M —2)! k+p—1
Toru-n" e

o D — £ — 20+ 1)(k + £+ 20 = 2)] [1&1 DM=I2T(1 =k — p+ )

Tk + 1) jUorM=t T(1—k — p)

sin((1 — &k — p)m) (r + n)k+u—j—1 _ (_1)M_2nk+u—1

8 sin((1 =k — p+ j)m) PM-1
:(fl)j
_(qyuelle = =2+ (M - 2)!
B T(k + p)rM—1
M2,
X j(r + n)k+u—j—1 .
=0
(el = = 2v 4+ DM —2)!
D(k + p)rM-1

x [(r+ )2 Py g () — n* et

D D0k — )01 =21 sin((k+ )
F'2v — p+ O)rM-1 §in((u —0(—2v+ 1)7r)1

~~
:(_1)k+l—1

x [(r+ )2 Py g () — n* e

So in total, the assertion follows. O

Now we can prove the main result of this section.
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Proof of Theorem K} By Lemma B.1.d we see that

= b(r,y)g

rez

Z Z(kz—:i—l)(fjtz—l)

m—n=r pu=0

where

X %n““ 1cJT( n)T(1 — k — p; dmny)a,(m)m” .

Applying 73, then yields

Thol f 9 Zb

) (e ()

m—n=r pu=0

'l —«k — T
X —F(l(— k _>M)nk+“_lc; (n)ag(m)m”—* / (1 — k — p; dmny)e ™oy Hr2r=2qy,
0

The interchanging of integration and summation is justified by the assumption on
the growth of the Fourier coefficients and applying the Theorem of Fubini-Tonelli.

The remaining integral is precisely the one from ([L.I.0) so that the claim
follows by Lemma . !

To end this section, we state and prove some useful identities for the polynomial
P which we shall need in the following two sections.

Lemma V.1.8. For b # 1,2, the polynomial P,,(X,Y) from [\LTA) fulfills the

following identities.

i (a +b—3
J

> et G e

Proof. We first prove the first identity by induction on a.
For a = 2 we have 1 = 1.
Assume the claim to be true for one a > 2, then we get for a + 1:

P,,(X,Y) )XJY“ 27

pw
I\DO

J=0

a—1 .
b—2 , ,

=0
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a—2
v (x+y) <a+b'— 3)ija_2_j n (a+b—3)Xa—1
’ J a—1
7=0
a—2 b a—2 b
_ <a + - - 3) Xj+1ya—2—j + Z (a + ‘ 3) X]ya-‘rl j—2
=0 J =0 J

+<a+b—3)Xa_1
a—1

a—1 a—2
_ (a + b— 3) Xiye1-i 4 Z (a + b - 3) Xiyae—i-1
=1 =0 J

<.

a—2
_ [(a{rb—S)+(a+§—3)]XjYa_l_j
— Jg—1 J
+Ym4+[<a+b—§>+(a+b—3)}Xkl
a—1 a—2
a—1
_ Z (a + b - 2) XjYa_l_j,
j=0 J

hence the first equation follows.
Now we show that

Poy(X,Y) = i (“b_g) (j+b._2)(X+Y)“‘2‘j(—Y)j,

= a—2—7 J

again by induction on a.
The case a = 2 again yields 1 = 1.
Suppose the equality to show holds for some a > 2 (Z:=X+Y):

a—2
(j + b— 2) (Z o Y)jza—Q—j
- J

_ <a+b 3)<]+Q 2)20—2—1(_)/)]’,
—\a—2—] J

Integration with respect to Y gives (C' some constant to be determined later):

a—2 .
_ (J +b—2) 1 (Z — Y )i+ go—2-i
— J J+1

a—2 R
:O+ (a+b—3)(]+b_ )Za2]( 1) Y]—i—l
c\a—2—] J J+1

j=
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Since by assumption we have b # 2, one easily sees that

L(ﬁb—z)_((j+1)+(b—1)—2)!_ 1 <j+b—2)
j+1 j G+ DIe=-2  b—2\ j+1 )

and therefore the above is equivalent to (replacing b by b+ 1)

a—1 .
<J + b - 2) (Z — Y)jZa+1—j—2
J

=1

.

a—1

a+14+b—3\/j+b—2 o -
— Za+l] 2_1 YT,
C+;<a+1—2—j)( j ) -

If we let both sums start at j = 0, then we just add constant terms in Y, thus
comparison of the constant terms yields the assertion. Hence we have to prove

a—1 .
Za—lz:<]_‘_b._2):Za—1<a—i_bz2)7
j=0 J “r

which follows from the first identity we showed by pluggingin X = 1and Y = 0.0

V.2 Mock Modular Forms of weight (2, 2)

In this section, we apply the results of Section 1 to the case where f e
M (F1(4N)) and g € M1(T'1(4N)) for some N € N such that [fT,g], is holo-
morphlc at the cusps of I'. In this case, we obtain the following main result.

Theorem V.2.1. Fiz v € Ny. Then there is a finite linear combination L19 of
functions of the form

where s,t € N and x, 1 are even characters of conductors F(x) and F () respec-
tively with sF(x)? tF()?|N, such that

[f, gl, + L9

is a (holomorphic) quasi-modular form of weight 2 if v = 0 or otherwise a holo-
morphic modular form of weight 2v + 2.
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Apart from some calculations, this result relies on the important theorem of
Serre-Stark, see 46|, Theorem A.

Theorem V.2.2 (J.-P. Serre and H. Stark, 1977). Let Qy be defined as the
set of all pairs (s,x) of natural numbers s and characters x of conductor F(x)
such that 4sF(x)?|N. Then the set

{Usx | (s,x) € Qn}
with Oy, as in [LI2) forms a basis of the space M%(Fl(N)).

The calculations rely on some basic facts about hypergeometric series which we
recall in Section @ﬁ The calculations themselves can be found in Section [.2.9
and the proof of Theorem 2.1 in Section V.29 concludes this section.

V.2.1 Hypergeometric series

Definition V.2.3. (i) For a € C and n € Ny we define the Pochhammer

symbol by
n—1
o . T(a+n)
(a)n L H(a+j)_ F(a) .
7=0
(ii) For |x| < 1 and complex numbers ay,...,a,, by, ..., b, with b; ¢ —Ny we

define the (generalized) hypergeometric series

a,...,a > (a1)p - (ap), ™
V.21 F, . = -— .
(V-2.1) v q(bl,...,bq’”’) nzzo (b1)n - (bg)n 7!

Remark V.2.4. (i) By considering the residues of the Gamma function (see
Section lﬂ) one sees that also for a € —Ny the description of the
Pochhammer symbol by a quotient of Gamma functions makes sense.

Cn+1
Cn

o
(ii) Every (convergent) power series . c,z" (¢, € C) where the quotient
n—=
1s a rational function in n can be written as a multiple of a hypergeometric
series, more precisely, if
Cot1 _ (a1 +n)---(ap +n)

Cn, (by+mn)---(by+n)-(1+n)

then

[e.e]
al,...,Q
n o__ ) » P,
E cpt" = coply b paT )
Tyevees
n=0

q

For details, see [3, pp. O1f].

Among the vast collection of identities for hypergeometric series, we will make
use primarily of the following one.
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Theorem V.2.5 ([2], Theorem 2.2.6). For complex numbers a,b,c such that
c,a+b—c & —Ny and a non-negative integer n € Ny the so-called Pfaff-Saalschiitz
identity holds,

(V.2.2) o ( —7,,b 1) _ (e=a)u(c=b)n

cl+atb—c—n (€)n(c—a—10),

V.2.2 Calculations

We first prove some identities for sums of binomial coefficients that we need to
use the formulas in Lemma [V.1.4 and Theorem

Lemma V.2.6. (i) The following identity is valid for v > 0,

~ (=¥ v —2p—1 _ odv(_1V\i (2v —j)ly!
Zu—j+%<2(v—u),2v—u—1) =27 (27)!2(v —j) + 1)1

=0

(ii) For k from (.I13) we have for all v > 0 that

31 2u
. :21—21/ ]
() =2 ()

Proof. We first prove (7). Write

2”: (—1)" (2( dv —2u —1 ):i%

1
n—Jt —p)2v—p =1/ =
Then we have
(—1)r+1 (4v—2u—3)!
Cut1  n—j+3 Qv—p—1))!Qv—p-2)(p+1)!

&= (Gv—2p—1)!
p—j+3 —p)!v—p-1)lul

P45 —p)2r—p) - Hv—p—1)

p—j+5 (4v—2p—1)Av -2 -2)(n+1)
(i) =) (p—v+3)
(h=d+3)(p—2v+3)(n+1)

Cu+1
C

Cu

As we can see, the quotient is a monic rational function in s, hence ) ¢, is

a multiple of a hypergeometric series, more precisely we have

o ) (2 )
Cp=—""71 3Fo 3 2 1% )
; —j—l—% 2v —J+35 2w+
which by the Pfaff-Saalschiitz identity (L.2.2) equals
1 <4y—1) (v —j+1),
—ita\ 2w ) (=i+3), (v +y),
<41/—1) (2v =) T(=j+3)T(v+3)
= V! _ —= .
2v v=i)!Tw—i+3)T(2v+1)
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Simplifying this a little further yields the assertion:

v m<4y_1) '(QV—j)!(_l)j L (v +1)

=R e I N A R e
=) [4v — 1 (2v — 7)! . Wl;(?:rll)) N
- < 2v )V. (v =) = 1)] F(2(V J +3 )\ /722 =j+1)
y 1
R R

_(Av -1 ‘ o2 CON 20 =N jl(v —j+1)
_( 2w )(2”_3)!(_1)2 =1 202w —j)+2)

(2v —j)!y!
(2)'2(v —4) + 1)

The proof of (ii) works in the very same way, but is simpler:
We have

(i) EE CN0G)

This sum can again be written as a hypergeometric series:

i _T@v—p—3)  T(v+3) T (v+3)

=2 (-1)/

" D(—2—p) w=—p—=D(p+2)(p+DIT (v
F(%—,u) (V—u)!F(u+ ) 'F(V— —i—%)
F2v—p+3) T+3) I'(v+1)
_ () =) (p—v+y)
(m=2v+3) (p+3) (1)

hence it holds that

C

2l 2v+3) T (v+3) (), (v+1),
@ TEY (), +s),
2 (1/ + %)
- vl
ML /1o (21/)7
which is what we claimed. OJ

With this we can prove the following.
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Proposition V.2.7. Let r = m —n. Then it holds that

v 1 1
Z (1/ + 2) <V 2) <m%—up2y+2 %—u(r’ n) — n%+umu—u>
//L k)

p=0 voH
oy 2V 1 1y2u41
=27 (mz —nz)>
v

Proof. For v = 0, the identity is immediate, thus assume from now on v > 1.
First, we can simplify the binomial coefficients on the left-hand side using
Legendre’s duplication formula ([ILT3) several times.

(w)(u—%): C(v+3)T (v +3)

v—u)\ p Tv—p+ DT (u+3)T(p+ 1)L (v —p+13)
_ Fv+y) vty

- VmICEIENT (2 — ) + 1) - /2 GIT (2 + 2)

_ T+T(p+Y)

272 ir(2p + D)!I(2(v — p)!

CVm2 T 2w+ DI (v + 3)

2wl (2 + D)I(2(v — p)!

T (v+3) <21/+ 1)

Vvl \2u+1

o 2v\ (2v+1
v)\2u+1)

On the one hand we have

(m% — n%)2y+1 = Z <2V + 1) m¥ Tt — Z (;V T— 1) m"
" I

pu=0

on the other we see by Lemma .14 that

~ (2v+1 1, in e
Z(2u+1) (3 Py ulrim) =m0

p=0

D||1

z (2y+1

2n+1

©=0

(2y+1
= 2u+1

<

~
]
<
VRS
)
[\Dt .
< |
| =
SO
DO =
N~
VR
<
|
<. =
|
rolw
~~
3
AN
4
i
|
3
S~—
o
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Thus it remains to show the following identity.

v 2v 1 . 3
V2.3 = 2n+1 = 2v — J
- Z (2V2+ 1) my_‘“r%n“.
=0 H

Again, we first simplify the product of the binomial coefficients in the inner sum.
We calculate

w—p—3\(i—r—3
QV—j ]
 Tlveprd)  T(Gped
Fv—j+1I (j—p+3) TG+ (—p—1)
_ 1 I'(2v—p+3)
j—u—%F@v—j+UFU+1ﬁ( i1
my 1 v—p+d)T(k (( ) )
= SlIl
J—p—3 m(2v — j)1j!
u+1
o (1)t V2R o 1£;%§§?
j—pn—3 (2 — )15

U (2 D2 1)
j—n—5  (2v—p—=1DI2v—j)jul
Now we have a look at the left-hand side of ([Z23)).

v 2v .
2v+1 21/—,u—% ]—,u—% o i
z@MJZ( ) e

B Qv+ 1)(4v —2p—1)! =i\
?;;;j IR e e

oty Z <21/ + 1) (2)'2(v —J) + 1)!m2zx—j(_n>j

27 2(v — j)lj!

1)rtt v —2u—1 )
X .
z%j_ - <( —/L),Ql/—,u—l,,u

1
pn= 2

J=0

By Lemma [V.2.d(i) we see that (V23) is valid and hence our Proposition. [

V.2.3 Proof of Theorem [V.2.1]

With our results from the previous subsection we can now step towards the proof
of Theorem
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Proof of Theorem vad By assumption both (£f) and g are holomorphic mod-
ular forms of weight %, hence by the Theorem of Serre-Stark V.22 linear combi-
nations of unary theta functions, i.e. functions of the form

Do (1) =Y x(n)g™,
ne”L

where s, x fulfill the conditions given in our Theorem. Thus we may assume
without loss of generality that (£f) and ¢ are in fact unary theta series; sair

(&f) = U4y and ¢ = Uy,. By formally using Proposition , Lemma
and Lemma (17) inside (WIH) we immediately get except for a constant
factor of

(V.2.4) 4 (2:) NG

the formula for A;"’ZZ’ that we stated in the Theorem.
To complete the proof, we have to check that the sum

Z x(m)p(n)(v/sm — vV/tn)* !

sm2—tn?=r
m,n>1

for the coefficients converges. If s and ¢ are both perfect squares, the sum is
actually finite, since then sm? — tn? factors in the rational integers and thus each
summand is a power of a divisor of r of which there are but finitely many. Let us
now assume for simplicity that s = 1 and ¢ is square-free, the general case works
essentially in the same way. The Pell type equation

(V.2.5) m? —tn® =r

is well-known to have at most finitely many fundamental integer solutions: if
(a,b) is the fundamental solution of a? — tb*> = 1 (i.e. € := a — \/tb > 1), then

there is a solution (mg,ng) of (L2ZH) such that [mg| < ;% 7 and ng < /mQt_r'

In particular, there are only finitely many such so-called fundamental solutions.
Then all solutions (m,n) in Z of (V.25 satisfy

m+ Vin = :I:(m0+\/¥n0)-€k

for one k € Z. We are interested in solutions (m,n) in N. It is plain that such a
solution exists, provided that there is one in Z. Furthermore, we see immediately,
that the power of the fundamental unit ¢ has to be negative to parametrize all
possible solutions. In particular this means that

> X(m)p(n)(Vsm — Vin)* !

sm2—tn?=r

m,n>1
o0
< Z (m _ \/zn)2u+1 _ Z (mo _ \/gno)2u+l Zg_k@u-l—l) < 00
sm2—tn?=r mo,no k=0

m,n>1
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[ee]
because Y 7% is a geometric series and the set of possible (mg, ng) is finite. This

k=0
completes the proof. O
This theorem has the following nice corollary about the space of mixed mock
modular forms of weight (%, %) and degree v.

Corollary V.2.8. With the notation from Theorem [12.2.1 the following 1is true.
The equivalence classes A;"’ZZ’ + M), .o(I1(4N)) generate the vector space

(M1 (4N)), My (D1(4N))], /My, 5 (D(4N))

of all vth order Rankin-Cohen brackets of mock modular forms of weight % with
holomorphic shadow with weight % modular forms modulo the space of weakly
holomorphic modular forms of weight 2v + 2.

Proof. This is just another way to state Theorem f.od. O

V.3 Mock Theta Functions

In this section, we prove an analogue to Theorem 2.1 for mock theta functions.
Note that there is no analogue for the theorem of Serre-Stark in weight %, so that
we don’t automatically get that the shadow of a weight % mock modular form is
a linear combination of theta functions, thus the assumption to deal with mock
theta functions is really a restriction. Solet f € Sy (I'1(4N)) be a completed mock
theta function and g € Sy (I'y(N)) be a (linear combination of) theta functions

as in ([LT3), such that again, for all v the degree v mixed mock modular form
[f7T,g], is holomorphic at the cusps. Then we have the following result.

Theorem V.3.1. Let v be a fizred non-negative integer. Then there is a finite
linear combination DI of functions of the form

A (mv)y=2> | > xm)y(n)(Vem — Vin)* | ¢,

sm2—tn2=r
m,n>1

where s,t € N and x,v are odd characters of conductors F(x) and F (i) respec-
tively with sF(x)? tF()?|N, such that

[f, 9], + D9

is a (holomorphic) quasi-modular form of weight 2 if v = 0 or otherwise a holo-
morphic modular form of weight 2v + 2.

Once we have done the necessary calculations to use the general formulas from
Theorem m, the proof of Theorem .31 works in exactly the same way as
that of Theorem , so we don’t repeat it here. Note that because the shadow
is a cusp form, the evaluation of Lemma .14 is not necessary.
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V.3.1 Calculations
Lemma V.3.2. For all v € Ny we have that

- (—1)~ v —-2pu+1 Vo (2v — j)j!
Z;@@—uw4(%u—m+wﬂu—é>‘(1’2<%v—ﬁmw+4w

Proof. As in Lemma m, we write the left hand side as a hypergeometric series
where we call the summand ¢,. We get

(—1)rt1 (4v—2p—1)!
Cutl _ RG-@—D) 20—~ DI@v—p—Dl{pt1)!
Cu - (1)~ (dv—2p+1)!

(2(—w+1 Qr—p)+1)!I(2v—p)!p!

:(_1)2(j_/1')+1(2( — ) )(

20— =1 (v =2p+1)
(== (—v—3) -V
(n=i+3) (w=2v=3) (p+1)

2(v — ) (2v — p)
(4v —2p)(p + 1)

hence we see that

S v +1 _1 1
a 2]—1—1 2v+1 ——21/—5

=0
(m_m) v +1 I/—]+1)
N <21/+1) % (v+32),
B 4v +1 21/— (1/+ HT (—j+1)
S 2j+1 <21/+1) —j+ YT (2v+3)
@ 1 [(w+1 2y— 1y F(v+3)n
25 +1 <2u+1) Tv—ji+HT G+ (2v+3)
2 2 2
s 1 (4v+1 2V— (—1)
27 +1\2v+1

r(2y + 3 f2 w27 (y — j+ DI + D20 + 2)

T+ 2T — ) + /a2 20-DT(2j 1 1)/72-5T (40 + 3) /a2 -2

1 [+ , oy (2v + 2)151(2v + 1)!
“3 11 (2u+ 1)”!(2”_”'(_1) 2 DI = ) @) 1 2]

1 [4v+1 » 2(2v 4+ 1)15!(2v)!
:2j+1(2v—|—1> 2 = D ) s e 2y T T
_(1\iodv (2v —4)!5!
= e 1)

and the proof is finished. O

Now we prove the analogue of Proposition 2.7 in weight (2,2).
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Proposition V.3.3. The following identity holds true for all v > 0 and r :=
m —n.

il _1 1
Z (l/ 2) <1/ + 2) <m—u—%P2y+2’%_u(r’ n) _ nu—%mu—ﬂ>

V —
(V.3.1) o N T HIAH
1 1 1\ 2v+1
= 2% <2y) (mn)~2 <m§ — ni)
v

Proof. The assertion is obvious for v = 0, thus suppose v > 1.
From the proof of Proposition .21 we immediately get that

(u—é)(u+§)_ [t I'(v+3) I'(v+32)

v— wo) v—p+itw—p+ D0 (u+ )T+ D (v —p+1)

o 2p+1 o2 2v\ (2v+1
2 —p)+1 v ) \2pu+1
e (2 (21

v 2u )

Thus using Lemma [V.1.d we get that the left-hand side of (YZ3L) equals

S (S0 B ()0

while the right-hand side is given by

2v v+ 1 1 1 (w1 1
() (3 (T bt (G L et )
v (; 2u Mz:% 2u+1

Hence we just have to show that

v 2v 1 . 1
o e G R
— 2v—7 J

=0 24

The product of the binomial coefficients in the inner sum can be simplified as in
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the proof of Lemma fod:

ey (G [ G G

r—2p+1)(—p—3) (=1 9—4v+1
QU-m+1Cp+1) j—p
(dv —2p — 1)1 (2p + 1)!

2v —p— D20 — j)ljlu!
Wy —2u+1) (= 1)+l (4v —2p —1)!1(2p)!

G-+ 1) (v — = iy — )5’

such that we have for the left-hand side the following,

v 2v

: 2 D! (v —2 1!
2—41/22(_1)] (V+ )(V A s ) _
== 2 —p) + DICr = ! (2( — ) + 1) 2v — 5!
X (—1)“m”_j_%nj
2v | v . .
Y S HC AR LINEE M) S e ( 4v— 2+ 1 )

= (2v — )l S RU-m 12— )+ 1,20 —p

thus by Lemma B34 the assertion follows. !

Of course, there is also an analogue to Corollary od.

Corollary V.3.4. With the notation from Theorem [12.3.1 the following 1is true.
The equivalence classes Azftw + Mj,.»(T'1(4N)) generate the vector space

(S (D1 (4N)), S§ (D2 (4N))]u /My, 5 (T2 (4N)

of all vth order Rankin-Cohen brackets of mock theta functions with weight %
theta functions modulo the space of weakly holomorphic modular forms of weight
2v 4 2.

To conclude this section, we make the following remark.

Remark V.3.5. It is plain that the functions A;‘f’ﬁ; v) and A;‘f’(T; v) in this
chapter’s main theorems are clearly (except for a polynomial factor) indefinite
theta series. Suppose from now on that s and t are coprime. In the case where
s and t are both perfect squares, we see that the coefficients of Azftw and Aiftw
are essentially minimal divisor power sums where there may be some congru-
ence conditions on the divisors taken into account, see e.q. P'mpositionlﬂﬁ or
Proposition Im From Lemma [LLL14 and Lemma we know that these
can be realized as derivatives of (sieved) Appell-Lerch sums.

In the case when s and t are not both perfect squares however the coefficients
still resemble minimal divisor power sums, but then in a certain subring of a real-
quadratic (if exactly one of them is a square) or real-biquadratic (if both are non-
squares) number field. But these can, at least to my knowledge, not be represented
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as derivatives of reqular Appell-Lerch sums, which brings up the question for a
generalization of Appell-Lerch sums. I hope to come back to this question in my
further research.

V.4 Examples

Tn this section, we use Theorem V2.1 to obtain new proofs of the main results
in Chapters [[1Jl and .

V.4.1 Trace Formulas

From Remark [IL1d and Proposition [L3.4 we see that the shadow of the class
number generating function 7 is ﬁﬁ. Thus Theorem V2.1, equation (VZ7)
and Proposition tell us that

2
[%7 19],/ + 2—21/—1( V) A
v
with A'(1;v) = Ai}(T; v) as in Theorem Vodisa quasi-modular form of weight
2 for v = 0 and a holomorphic modular form of weight 2v + 2 otherwise, both on
the group I'y(4).
With a little elementary number theory we see the following.

Proposition V.4.1. With \;, defined as in (LI13) we have

(NUA)(m3v) = 2%+ Z 2X041(n)q"
n=1
and
(N[Sg1)(5v) =2 Z A2vt1(n)q".
n odd
Proof. Let L, := {(m,n)|m >n >0, m?>—n?=r}and D, := {d|r|d < /n}.
Then the map
—n
2
defines a bijection between the two sets for all » € N since in order to fulfill
m? —n? = 4r, it must hold that m =n (mod 2). The inverse map is given by

L4r - Dr> (m> n) =

DT—>L4r,dn—><d+g,g—d>.

For odd r we also have the bijection
L, — D,, (m,n) — m —n,
since with r every divisor of r is odd and thus the inverse map
+r r— d2)
2d 7 2d
is well-defined. 0

DT—>Lr,dl—><
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By [4, Theorem 6.1] and Remark [IL1.1 one as the formal identity

SirsX) =3 (Z o iX) = (A;Z) 10 (7),

n=0 SEZ v=0 \v

where f(7) = > a(n)q™ is a modular form of weight 2. From there we can deduce
n=0
that also the following is true

(SHU@) () =3 (Z — S?S?);izm?) 7 =3 7 @))

n=0 SEL

Hence the function (N € {1,4})

CO(r) = 30 )"

n=1
with
(V.4.1) cP(n) = Z g (s, n)H(4n — %) 4+ 2Xap41(n)
SEL
S g (s,n)H(n — 52) 4 Agyia(n)  for n odd
(V.4.2) c®(n) = sez
0 otherwise,

where gl(,l)(s, n) (resp. gl(,4)) is the coefficient of X2 in the Taylor expansion of

m (resp. ﬁ }]2 :2 is a holomorphic modular form of weight 2v + 2 on
['o(4). By Proposition , the modular forms with coefficients (ZT]) are in
fact on the full modular group SLy(Z). That we actually have cusp forms follows
as in the second part of the proof of Theorem

Due to the invariance of the Petersson scalar product under holomorphic pro-
jection one can even say something about the nature of these cusp forms. For
the case of the Eichler-Selberg trace formula this can be found e.g. in [51]. There
this is carried out in greater detail as here.

Theorem V.4.2. It holds that

(V.4.3) _% S g, m)H (4n — 22) — A1 (n) = trace(T3+2)(1))
SEZL

(V.4.4) -3 Z gD (s,n)H(n — 2%) — 3\gpq1(n) = trace(T >+ (4)),
SEZL

where Ty(bk)(N) denotes the nth Hecke operator acting on the space Sk(I'o(N)).
Note that A4 is only valid for odd n.

The equation (V.43) is the Eichler-Selberg trace formula from Theorem L1d
the equation (V.44]) has been alluded to in Remark 2.4,
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Proof. In order to prove these two trace formulas (VA3)) and (Z4)) one may use
the Rankin-Selberg unfolding trick to see that for any normalized Hecke eigenform
f on SLo(Z) (resp. T'g(4)) we get for v > 1 (cf. Lemma m)

([0, [) = ([, 0),), [) = (f, )

(for SLy(Z) one has to apply U(4) to obtain a cusp form of level 1). The Hecke
trace generating function

Ty = § trace(T,***)q"

is the sum over all normalized Hecke eigenforms, hence we also have (75,2, f) =
(f, f) since Hecke eigenforms are orthogonal (actually, the summation should be

restricted to the n coprime to the level). Therefore 7, ([.7,7],)) = T2,4+2 which
proves both trace formulas. O

V.4.2 Class Number Relations

With Theorem [V.2.1 we can consider more general types of sums as in ((YAL1)
without too much more work. Let therefore

(V.4.5) Hé”p)( )= Z gW(s,n)H(4n — s°)

SEL
s=a (mod p)

with g,(jl) as in (4], a € Z and p an odd prime. This is up to a constant factor
the coefficient of ¢" in the Fourier expansion of the function ([#,9®],|U(4))
with 9”@ as in (.L)). From Theorem V.21 we can now deduce that for

a v m2—n? v m?
AL (7) = Z 2 Z (m —n)* g + Z m* g

+ m2—n?>0 m2>1
m,n>1 m=ta (mod p)
m=+a (mod p)

the function ([22,9®%)],)+ A®»)|U(4) is a holomorphic modular form of weight
2 4 2v (resp. a quasi modular form of weight 2 for v = 0) on T' = [y(p?) N Ty (p)
as described in Lemma 3.1 of m

We can also represent A(V 11 as a minimal divisor power sum:

Proposition V.4.3. Let

D(pa Z )\(pa ¢
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where

AWn)y= > d > A

dln din
d<\/n dsv/n
d=—a (mod p) d=a (mod p)

Then it holds that for v € Ny we have for a # 0

(g2 uay) =2 [Z( DY, o ) (1) (D) + DD I50) 0

b#+a
2 DLV (9)(7)]

and

(A2 U()) =22+ [Z (D§fﬁ3\s %)ﬂa%( DDV ()

b£0

otherwise.

Proof. To ease up notation a little bit, we write d| < r in the following if d|r
and d < /r. All equivalences from now on are to be understood modulo p if not
stated otherwise.
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We have

(AL U@) ()

00
ZE 2 E : 21/+1 r 4 E : 2m 2v+1 m
+ r=1 m2—n2=4r m>1

m,n>1 E}%
mE:I:a

:22y+1 Z f: 9 Z (m 2— n) vt qr + 221/+1 Z 7n21/—i-1qm2

+ r=1 m2_p2=4r m>1

m,n>1 m=+%
m==+a
2v+1
RPN VDS <m_n ¢
2
+ b (modp),—a?2-t2 mZ-n2=4r
4 m,n>1

mE:I:a, n=b

+221/+1 Z 7,’7,21/—i-1qm2

m>1
m=+3g

221/-4-1 Z Z Z Z d21/+1 qr

(mod p) ,.—a2-b2 dj<r
4 d= +a—b
- 2
2
4 221/-‘1-1 E m21/+lqm
m>1

p— a
m_:|:§
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Now we have to distiguish two cases. First assume a # 0. Then the above equals

92w+l Z Z Z a4 Z e

b#+a,0,._a2-b2 d|<r d|<r

_—a—b —_ —a—b
d=%5= A==

+ Z 9 ZdQV—i—l + Z d21/+1 + ZdQV—i—l qr
r=0

d|<r d|<r d|<r
d=0 d=—a d=a
+ Z 2 Zd2y+1 Z piian q + Z m21/+1 m? 2u+1qm2
—a? d|<r dl<r m=g mE%
4 =3 d=—2
=2 [Z ( DS, )( )+ (D85 + DR ) 18)0) (7)
bZ+a

DAV (P)(7)]

For a = 0 we get that the expression equals

92v+l Z Z 2 Z J2v+t qr+ Z ZdQV—i—l +Zm2u+l m?

b0 TE—% d\<7“b r=0 (mod p2) Cgll|<g
d=—2

o2t Z ( 2(1/—‘,-1)‘5 lf) (r) + p2*+ <D§,1,’2)1|V(p2)) (T)] .

This yields at once the following generalization on Theorem 1.4 in[].

Theorem V.4.4. Forv € Ny, p an odd prime, and a # 0 the function

(L, 00, [U () (7) + 22 [Z ( P s ) ()

b#+a
+ <<Déu+)1 + D21/+1 ) |Sp, o) (1) + 2V+1(D(i40rl|V( ))(7)}

s a quasi-modular form of weight 2 for v =0 and a cusp form of weight 2v + 2
on To(p*) NT1(p) and analogously

b0

(DO @)(r) + 2 [Z( DYA1S, o ) )+ (DERIV0R) o >]

is quasi-modular resp. cuspidal on Ty(p?).
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From this general result, we get in particular an alternative proof of Theo-
rem [V.1.1 and several class number relations conjectured in [1a].

By comparing Fourier coefficients one could therefore figure out infinitely
many further class number relations but we won’t do this here.

V.5 Conclusion

The proofs of the results in Chapters [ and M are rather ad hoc proofs. Al-
though they are similar in nature, One proof only applies to one of the results.
The method of holomorphic projection now yields a general theorem which im-
plies both Cohen’s conjecture [L2J] and a not unexpected, but also not obvious
generalization of Theorem [OV.1.1 to mixed mock modular forms of higher de-
gree as simple corollaries. For instance, the identities for smallest parts functions
proven in [I] can now be extended in the same way without too much more effort.
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Nomenclature

o x)
Hk(N, X)

M ('), Si(T")

or(n)

SL..(R)

&k

Pochhammer symbol, cf. p. BE1

vth Rankin-Cohen bracket, cf. p. [0

complex upper half-plane

re-normalized Eisenstein-series of weight k, cf. p. EQ
generating function of Hurwitz class numbers, cf.
non-trivial, real-valued character mod p, cf. p. EQ

hyperbolic Laplacian of weight k, cf. p.

principal congruence subgroup of level N of SLy(Z), cf. p. [l
certain congruence subgroups of level N of SLy(Z), cf. p. [l

2 x 2-matrix of the form (29%), mostly contained in a discrete
subgroup of SLy(R)

incomplete Gamma, function, cf. p. EII

vector space of harmonic weak Maaf} forms of weight k on I'g(IV)
with character y, cf. p.

k-th power minimal-divisor sum, cf. p. [

spaces of harmonic Maafl forms with holomorphic resp. cuspidal
shadow, cf. p.

k-th power divisor sum, cf. p. [

special linear group of degree n over the commutative ring R,
{g € R | detg =1}

variable from H
Jacobi Theta function, cf. p. @

&-operator of weight k, cf. p. EI
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L ring of integers in an algebraic number field K

¢(s) Riemann (-function

Ay Appell-Lerch sum of level ¢, cf. p.

D, differential operator, ﬁ%

E normalized Eisenstein series of weight k > 4, cf. p.

ft f holomorphic and non-holomorphic part of a harmonic Maafl form
f,cf. p. 21

G Eisenstein series of weight k£ > 4, cf. p.

h(D) class number for discriminant D, cf. p.

H(n) Hurwitz class number, cf. p.

H(r,n) generalization of the Hurwitz class number, cf. p.

h(r,n) generalization of the class number, cf. p.

M,(T) graded algebra of modular forms on T’

q 27T

Si(T) vector space of cusp forms of weight & on I', cf. p.

T (N) nth Hecke operator on M (I'g(N)) or Si(I'o(N)), cf. p.

U(N),V(N), Sy, ®x modular operators, cf. p. [1

wp \Za( \/5)\ for D < 0 fundamental discriminant, cf. p.
M, () vector space of modular forms of weight k on T, cf. p.
M(T) vector space of weakly holomorphic modular forms of weight &

on I, cf. p.
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