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Abstract

This thesis is concerned with the sequential detection of gradual changes in the lo-
cation of a stochastic process in two different settings: In Chapter 1 we consider a
general stochastic process with a linear drift term which exhibits a possible gradual
(non-linear) perturbation at some unknown time point. In Chapter 2 we approach
the question of how to detect a gradual change in the location of an unobservable
(renewal) process based on observations of the corresponding counting process. We
suggest to base the inference on the inverse of the counting process, which behaves
similarly as the underlying process itself. In both settings, we introduce detectors
and stopping times which follow a common approach on detecting gradual changes
(see e.g. Jaruskova/ (1998)) and |[Huskova| (1998al)): Essentially the idea is to introduce
a weight function in order to put less weight on early observations - where a possible
change has either not occurred (yet) or is still quite small - and heavy weight on
late observations - where a possible change is at its current maximum. This idea is
further supported by a (quasi) maximum likelihood approach which suggests to use
the assumed type of gradual change as a weighting. Via asymptotic results under
the null hypothesis we obtain critical values for the suggested procedures. Under
the alternative we show the consistency of the procedures as well as the asymptotic
normality of the (standardized) delay times, i.e. the time lag between a change point
and its detection.

Zusammenfassung

Die vorliegende Arbeit befasst sich mit der sequentiellen Aufdeckung gradueller An-
derungen im Erwartungswert eines stochastischen Prozesses in zwei unterschiedlichen
Situationen: In Kapitel 1 untersuchen wir einen allgemeinen stochastischen Prozess
mit einem linearen Drift, der zu einem unbekannten Zeitpunkt eine graduelle (nicht-
lineare) Storung aufweist. In Kapitel 2 beschiftigen wir uns mit der Frage, wie man
eine graduelle Anderung im Erwartungswert eines unbeobachtbaren (Erneuerungs-)
Prozesses basierend auf Beobachtungen des zugehorigen Ziéhlprozesses aufdecken
kann. Wir verfolgen den Ansatz, die Untersuchungen mit Hilfe des zum Zéahlprozess
inversen Prozesses durchzufiihren, welcher sich dhnlich verhélt wie der urspriingliche
Prozess selbst. In beiden Szenarien stellen wir Detektoren und Stoppzeiten vor,
die einem allgemein iiblichen Ansatz zur Aufdeckung gradueller Anderungen folgen
(sieche zum Beispiel [Jaruskova (1998) und Huskova (1998a)): Die wesentliche Idee
besteht darin eine Gewichtsfunktion einzufiihren, mittels derer wir wenig Gewicht
auf frithe Beobachtungen - in denen eine mogliche Anderung entweder (noch) nicht
eingetreten ist oder bisher nur sehr klein ist - und stirkeres Gewicht auf die neuen
Beobachtungen - wo eine mogliche Anderung zum aktuellen Zeitpunkt maximal ist
- legen. Diese Idee wird zudem durch einen (quasi) Maximum Likelihood Ansatz
gestiitzt, welcher empfiehlt, die erwartete Art der Anderung als Gewichtung zu
verwenden. Mittels asymptotischer Resultate unter der Nullhypothese konnen wir



kritische Werte fiir die vorgeschlagenen Prozeduren herleiten. Unter der Alterna-
tive zeigen wir sowohl die Konsistenz der Testverfahren als auch die asymptotische
Normalitét der (standardisierten) Verzogerungszeiten, sprich der Zeit zwischen dem
Auftreten und der Aufdeckung einer Anderung.
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Conventions

The following notations will be used frequently:

For any = € R let

x4 = max{z, 0},
log(z) := In (max{z, exp(1)}),

1 if >0,
sgn(z) :=< -1 if z <0,
0 if ==0,

and [z] be the integer part of z.

For any two real-valued sequences {x,}nen and {yn}nen we denote

Ty ~Yn S Tp/yp — 1 as n — oo,

Tp ~2Yp & Je>0: zy/y, — ¢ as n— oo.

For any two sequences {X,}nen and {Y,}nen of real-valued random variables we
denote

29’

X, ®Y, & X,/V, ¥ 1 as n— oo,

Xn

o
wn

12:

Y, & Je>0: X,/Y, 2% ¢ as n— oo.
Further, let min () := oo =: inf ().

By ¢ and ¢ we denote the density and distribution functions of the standard
normal distribution.






Introduction

A lot of decisions made nowadays (e.g. in finance, insurance or medicine) rely on
predictions made by statistical methods. Often, the underlying models depend on
parameters which are either known or estimated from past experience and assumed
to be constant over time. The aim of change point analysis is essentially to survey
the stability of model parameters in a given time series and, if necessary, to reveal
possible changes in those parameters.

The origins of change point analysis date back to |[Page| (1954) who introduced a
control chart for the purpose of quality control. Since then, change point analysis
has developed into a wide research field with applications wherever statistical tech-
niques rely on the stability of certain patterns over time.

Probably the most studied model is a location model with a possible (single) sud-
den jump in the mean: Given n independent random variables Xi,..., X, with
means p;, such that X; —u; are identically distributed, one wishes to test the null
hypotheses

H():/le...zlun

against the alternative

Hyipn=.0= g1 # e = - = [,

where the change point k* and py # pg+ are unknown.

Many results on this problem rely on almost sure approximations of the partial
sums { Zle X; — pi | k € N} by a Wiener process. An invariance principle of this
type was first proposed by Strassen! (1964), who constructed a Wiener process which
approximates the partial sums by the convergence rate of the law of the iterated
logarithm under the assumption of E|X7|? < co. His work paved the way for other
strong approximations, resulting in the seminal KMT-construction (see Komlos et al.
(1975), (1976)), which gives us the best possible rate of such a strong approximation
under the assumptions of E|X;|'/* < co for some 0 < k < 1/2. A general overview
on this topic can be found e.g. in |Csorgs and Réveész| (1981).

The approximation by a Wiener process motivates a derivation of a test statistic
via a maximum likelihood approach, where (for a moment) we assume X; to be

1



2 INTRODUCTION

independently N (y;,0?)—distributed for some o2 > 0. Denoting ¢(z) as the

density of the standard normal distribution one rejects the null hypothesis if

k* ~
In sup,, H¢:1 o(X; — ) SUPj£y H;L:k*—f—l SO(XJ‘ — ji)
sup,, [[72; o(Xi — p)

is large. Since k* is unknown the expression is further maximized over all possible
change points (i.e. all k=1,...,n — 1), which yields a prominent cumulative sum
(CUSUM) statistic

A Z?:l (Xi - Z?:l Xj/n)
k=1,...n—1 (k(n—k))/n '

Many results have been published on this test statistic and various modifications
have been proposed. For a general overview we refer to |Csorgs and Horvath| (1997))
and |Aue and Horvath (2013).

In many applications, however, not a sudden but a gradual change, i.e. a slowly
increasing or decreasing change, in the location of a process seems to be the far more
realistic scenario. For instance (if no obvious shock has occurred) meteorological
parameters, such as global temperature, elevation of lakes or average precipitation,
are more likely to change slowly than abruptly. Still, testing procedures that are
designed to detect gradual changes in the location of a process have gotten less at-
tention in the literature. |Jaruskova (1998)) and Huskova (1998al), (1998b) started to
study models with linearly increasing changes at k*, i.e. (in the latter case)

i — ¥\
X¢:€i—|—5n<z ) , 1=1,....,n,
o/t

where v =1,0, #0 and &; ~ (u,02?) being independently, identically distributed.
A generalization of this model, allowing for a slope parameter v > 0 was further
analyzed by [Huskova (1999), Huskova and Steinebach| (2000), under weak depen-
dence by Steinebach| (2000) and via a permutation approach by Kirch and Steinebach
(2006). Arguing as in the case of an abrupt change (via a quasi maximum likelihood
approach) one rejects the null hypothesis of “no change” if

o (SR T11 o(Xi — 1) sups, o [0 2(Xj — p = 8u((j — k%) /n)")
k=1,...;n~1 sup,, [ [y o (Xi — 1)
is large, which leads to the following weighting of the observations in the test statistic:
> (= k) /m)T (X = 300, Xj/n)
k:{na}’;—l n . n . 2
=l S (= k) ) — (i (G — k) /m))) /)

Heuristically speaking, one puts heavier weights on later observations - where a pos-
sible change will be currently maximal - in order to detect a change faster than by
putting the same weight on every observation.
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All of the procedures mentioned so far evaluate a given time series retrospectively, i.e.
after the n-th observation, having the disadvantage that a perturbed process might
have kept on running for long before the disorder is detected. |Chu et al.| (1996)), on
the other hand, led the way to a sequential approach in change point analysis: The
idea is to decide with each newly made observation whether the null hypothesis of no
change is still justified or whether a significant change in the structure (i.e. in their
case in the coefficients of a linear regression model) has occurred. The idea inspired
further research in this area, among many others |Aue| (2003), Horvath et al.| (2004]),
Berkes et al.| (2004), Kiihn| (2008)) and Mihalache| (2012).

Sequential (or monitoring) procedures can be subdivided into two classes: closed-end
and open-end procedures. For closed-end procedures one prescribes a fixed trunca-
tion point after which the monitoring of the process terminates even if no change
has been detected until then. Typically, the test statistic depends on the trunca-
tion point, hence the length of the monitoring period has to be known in advance.
Open-end procedures, on the contrary, have no fixed sample sizes, which has the
benefit that one does not have to decide in advance for how long the process shall
be monitored.

Chapter [1] of this thesis resumes the work by [Steinebach and Timmermann (2011)),
where a closed-end procedure for a (generalized) sequential version of the gradual
change model from above is introduced. In this thesis, we derive an open-end proce-
dure for a general stochastic process with a possible gradual change in the location
parameter and analyze its properties under the null hypothesis and under the alter-
native. Chapter [2|deals with structural breaks in counting processes. We investigate
a scenario where a gradual change appears in the location of the underlying (e.g.
partial sum) process, which is typically unobservable. We introduce a test statistic
based on the inverse of the counting process, which behaves similarly as the under-
lying process itself, establish closed-end and open-end monitoring procedures in this
setting and study their properties.
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Chapter 1

Monitoring general gradual changes

In this chapter we consider a general stochastic process with a linear trend which
exhibits a possible perturbation at some unknown time point, where we also allow
for a possible change in the scale parameter. We aim to keep the setting as general as
possible, focusing on the required invariance principles, yet, throughout this chapter
one should always keep in mind the standard example of

k
2k =" (a it Go((i — T*)/m)l), keN
=1

where p, v,0,, € R, with v >0, 6, #0, T" >m and {¢; |7 € N} being indepen-
dently, identically distributed random variables, which is a sequential version of the
model investigated by [Huskoval (1998a) (see Example for the precise setting).

This chapter is organized as follows: The testing problem is introduced in detail in
Section and suitable detectors and stopping times, designed to detect the respec-
tive alternatives, are suggested in Section [I.2] Section [I.3]deals with the asymptotic
behavior of the stopping times under the null hypothesis. The results can be used
to adjust the stopping times such that the procedures attain a prescribed a—level
asymptotically. In the two sections following upon, we study the behavior of the
stopping times under the assumption that a change took place. In Section [1.4] we
show the consistency of the suggested procedures and develop a first approach on
approximating the delay time, i.e. the time lag between the change point and its
detection. Under stronger assumptions (namely in case of an “early” change point)
one can also show asymptotic normality of standardized delay times, which is done
in Section [I.5] Finally, the finite sample behavior of the monitoring procedures is
illustrated in a small simulation study given in Section [1.6[ and some minor calcula-
tions are postponed to Section [I.7]

Our detectors will make use of the so called in-control parameters, i.e. the param-
eters which are constant (“in control”) under the null hypothesis but not constant
(“out of control”) under the alternative. Typically, the in-control parameters are
unknown and have to be estimated, so each section is again divided into a subsection
which contains the results for known in-control parameters and another subsection,
where the results are transferred to the case of estimated in-control parameters.
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1.1 Setting of the problem

Assume, we sequentially observe a process

® {bY(t)—l—at, 0<t<T" 11

Y (T%) + 0*Y*(t = T*) + at + A o (t = T7%), T <t < o0,

at integer time points (i.e. we monitor Z(0), Z(1), Z(2),...) where {Y(¢)|t >
0} and {Y™*(¢)|t > 0} are two stochastic processes for which the following in-
variance principles shall hold true: There are Wiener processes {W (t)|t > 0} and
{W*(t)|t >0} and some 0 < k < 1/2 such that

sup Y(t);VV(t)|: Op(1), (1.1.2)
0<t<T™

Y* _ *
wp O =)
0<t<oo (t+T*)H

= Op(1). (1.1.3)

For the sake of generality, we only assume a weak approximation of Y (¢) and
Y*(t). However, in many cases, where such weak approximations are known, they
were in fact deduced from strong approximations.

Further, let a, b, b* € R where b, b* > 0. The “change” A, ,(t —T*) shall
be a strictly in- or decreasing, deterministic function in ¢ > 7™, possibly relying on
further parameters (indicated by ~) and on the length m of a so called “training
period”, i.e. an observation period during which we know that no change occurs.
The assumption of such a training period is known as “non-contamination assump-
tion” and formally states that m < T%, for all m € N. All of the asymptotic
results presented in this thesis rely on m — oo. Moreover, for the sake of simplicity,
we assume Y (0) =Y*(0) =0 as. and Ay, (t—T%) =0 for ¢t <T*.

We are interested in testing the null hypothesis
Hy: T = oo “no change”
against either one of the following alternatives

H1+ : T < oo, A>0 “one-sided, positive change”,
H{: T" <00, A<0 “one-sided, negative change”,
H : T" <oo, A#0 “two-sided change”,

where by A >0 (<0, #0) wemean Ay, (t—T%)>0(<0,#0) forall t>T
In the following examples we describe two processes {Z(t)|t > 0} which fit into

the above framework. Further examples can be found e.g. following [Horvath and
Steinebach! (2000) and Steinebach! (2000).
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Example 1.1.1. Assume we observe a process
i—T*\"
Xi =& +p+ 5m ( ) s
m-/Jy

where p, 7y, 0m € R, with v >0, 6, #0 and {e;|i € N} being independently,
identically distributed random variables with FE(g;) = 0, Var(g;) = o2 > 0 and
Elei|V* < 0o for some 0 < k < 1/2. The parameter § = 6,, may particularly
depend on m, where typically one is interested in so called “local alternatives”, i.e.
0m — 0 as m — oo. On setting

a=p, b=>b"=o,

[t]
= Z €y
i=1

[t]

Y*(t) = Z Eiy

i=[T*]+1

Apr(t —T%) 25 (“T*>
.

we obtain a process in the form of (1.1.1] . Further, by Komlos et al.| (1975) we know
that there is some Wiener process {W(t)|t >0} such that |>. 1+ & —oW(n)|%E
O(n"), hence on approzimating Y (t) by W(t) and Y*(t) by W*(t) := W(t+
T*) — W(T*) the invariance principles and (1.1.3) are fulfilled. (In fact,
and are even fulfilled if we replace Op(1) by O(1) a.s.)

Example 1.1.2. Again, assume we observe
i —T* v
mo /4

with w, v, 0, as above but e; being a linear process, i.e.

o

& = g QL €;—k,

k=0
where for e; it holds that

- {e;|i € Z} are independently, identically distributed random variables with
E(e;) =0, Var(e;) =02 >0 and Elej|'V/* < 0o for some 0< i < 1/2,

- the random wvariables are smooth with density function f satisfying

sup i‘/oo |f(t+s)— f(t)]dt < oo

—o00<s<0

and for the coefficients ai it holds that
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'ak:O(kﬁ) for some [ <3/2, as k — oo,

C S gap 28 £ 0 forall z € C with |z] <1,

2
cn? = 02<Zz°:0ak> > 0.

Lemma 2.2 of Horvdth states that there is some Wiener process {W(t)|t > 0}

such that | S0 e; —nW(n)| &

o(n"‘) for some 0 <k <1/2, as n— oco. On

setting a, Y (t), Y*(t), Apm(t), W(t) and W*(t) asin Example|l.1.1and b =b* =
n  we obtain a process as in (1.1.1), which fulfills the invariance principles (1.1.2))

and (1.1.3). (In fact, and
0@1) as.)

1.1.3)) are even fulfilled if we replace Op(1) by
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1.2 Stopping times

For our sequential testing procedure we are looking for stopping times 7, such that
under the null hypothesis it holds for some fixed « € (0,1) that

lim P(7, < ) =«
m—0o0

and under the alternative it holds that
lim P(7,, < o0) = 1.
m—0o0

The stopping times suggested below are based on detectors that are evaluated with
each newly made observation to determine whether a suitably chosen threshold func-
tion is exceeded (in which case the sequential procedure is stopped) or not (in which
case the monitoring of the process is continued).

We standardize the observations by the in-control parameters, i.e. (in our case)
the location-parameter a and the scale-parameter b. If the in-control parame-
ters are unknown, which is usually the case, they have to be estimated. Detectors
and stopping times for known or unknown in-control parameters are introduced in
Section or Section respectively.

1.2.1 Stopping times for known in-control parameters

We pick up the approach of |Jaruskova (1998)) and Huskova (1998al) constructing our
detectors as sums of weighted, standardized increments of the observed time series,
putting the heaviest weight on the latest observation, where the “size” of a possible
change is the largest. Denoting the increments by Z; = Z(i) — Z(i —1) we consider
the following detectors:

i1 9(i/m) (Zi — a)

b/m ’
where m is a training period after which the sequential testing procedure shall start.
We present our results for a general weight function ¢ which is further specified
in Assumption below. However, throughout this chapter the standard example
for a weight function will be g(t) = t* for some A > 0, where for A, asin
Example and Example a (quasi) maximum likelihood approach suggests
A =~ as a proper choice (see Remark .

T, =

k>m, (1.2.1)

If, for a moment, we assume the increments Z; of the considered process to be
independently, identically distributed with mean a and variance b2, we have

Var (1) = 2o 920/ m) Var(Z) _ S, 6°/m) /Ok/mgz(x) i

b2 m m

Hence, we introduce the function

Glt) = /O 2(2) dz, (1.2.2)
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which we will use to standardize the detectors. In fact, G(¢) 1is the variance
of the process {fgg(m) dW(z)|t > 1}, which will turn out to be the limit of
{Ty |k > m} (see Theorem below for details).

The idea is to stop the testing procedure as soon as the detectors exceed some
critical threshold function h, so our stopping times are

Th=min{k=m,...,00 | Ty/h(G(k/m)) > 1},
T = min{k: =m,...,00 | —T/h(G(k/m)) > 1},
Tm =min{k=m,...,00 | |T}| /h(G(k/m)) > 1},

where 7,7 shall detect the one-sided, positive alternative H f’ , T,, shall detect the
one-sided, negative alternative H, and 7, shall detect the two-sided alternative
H;. In all cases the threshold function h has to be chosen in such a way that the
test attains a prescribed level « asymptotically. Possible threshold functions are

given in Remark below.

For our asymptotic results we need the following set of assumptions on the weight
and threshold functions:

Assumption 1.2.1. Let g:[0,00) — [0,00) be an increasing and continuous
function which is differentiable on (0,00) and (for the sake of simplicity) satisfies
g9(0) =0. Let h=h.:[G(1),00) = (0,00) be an additional increasing (threshold)
function such that the following growth conditions hold true, as m — oo,
g(t/m)
sup
t>m v/m h(G(t/m))
g'(t/m — §)\/t loglog(t/m)

— 0, (1.2.3)

sup su — 0, 1.2.4
tZTIr)z OSESI;/m m?3/2 h(G(t/m)) (124
sup |1 — LGUM) | (1.2.5)

oml| h(G([t]/m))

where Kk is defined in and and G(t) is defined in (1.2.2). Further,
the threshold function h shall be chosen such that supg>ga) (W (0)[/h(t) has a

non-degenerated distribution.
Remark 1.2.2. Possible choices of weight and threshold functions are g(t) = t*, for
some X\ >0, which implies G(t) =722 /(14+2)), and h = h where

A () = ct, >0,

RO (1) = VE 71 n(t) + £(0)), where f(£) = 2+ 2In(6(2)), ¢ >0,

RO = VE@ TI0), W(GA) >~

The functions hﬁl) (t) and th) (t) are suggested for the one-sided stopping times
b and T, and h£3) (t) s applicable for the two-sided stopping time T, (see
Remark-) The growth conditions of Assumptz'on are verified in Section
and the fact that supicy |W(t)|/h(t) has a non-degenerated distribution follows

from Remark [1.2.3
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On choosing one of the threshold functions suggested in Remark [I.2:2] one can make
use of the following distributions, shown by Robbins and Siegmund| (1970)) (see Ex-
amples 1, 2 and 3 therein), to adjust the testing procedures such that they attain a
prescribed level « asymptotically (cf. Theorem and Theorem below).

Remark 1.2.3. Let {W(t)|t >0} be a Wiener process and f(t) = t> + 21In(4(t)).

1. It holds for all ¢ >0 and to >0 that

P<max W) < 1> = 2¢(cv/tg) — 1.

t>tg ct

2. It holds for f(t) =t>+2In(¢(t)), ¢>0 and toy=1 that

" 40 o
P(tziiﬁ 1 n(t) ¢ f(c))<1) Blc) — 9le) (c+ 9(0)/6(0)).

A general expression of the distribution for arbitrary to > 0 is given in
Ezample 2 of Robbins and Siegmund (1970).

3. It holds for all ¢>0 and In(tg) > —c? that

(W)l
P(fil,i’ @t 1)
= 2¢(\/c® +1n(t)) — 2¢(c) V(2 +1n(tg)) /to — 1.
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1.2.2 Stopping times for unknown in-control parameters

The in-control parameters a and b are usually unknown, hence (in this case) they
have to be estimated. On estimating a we consider the empirical mean

k
. 1 ) , Z(k)
ar = o Z} (Z(i) - 2(i-1)) = = k=m, (1.2.6)
whereas on estimating b we consider a general (possibly sequential) estimate
b which satisfies under the null hypothesis

sup  |bp—b|=o0p(1), k>m. (1.2.7)

k=m.,...,0co

A possible choice for by, is given in Remark below. Replacing the unknown
in-control parameters by their estimates we obtain the following detectors:

S gli/m) (Zi — ax)

k= ~ 5 k >m.
b /m
If, for a moment, we assume the increments Z; = Z(i) — Z(i — 1) of the considered
process to be independently, identically distributed with mean a and variance
b2, we have

>

SE L P/m) (SR gli/m))”
m mk

o [ U () da)”

Var (Tk) ~

Hence, analogously to (|1.2.2]), we introduce the function

t 2
G(t) = /Ot P(z) dz — (fog(t)d) (1.2.8)

with G(0) := lim;_,o G(t) = 0, which we will use to standardize our detectors. In
fact, G(t) is the variance of the process {U(t)|t > 1}, (where U(t) is defined in

A

(1.3.14) below), which will turn out to be the limit of {7} |k > m} (see Theorem
below for details).

We consider the following modified stopping times:

P =min{k=m,...,00| Tp/h(G(k/m)) > 1},
fro =min{k =m,...,00 | —Tj/h(G(k/m)) > 1},
Frp =min{k =m,... 00 | |Tx|/h(G(k/m)) > 1},

where, as before, 7,; shall detect the one-sided, positive alternative H 1+ , T,, shall
detect the one-sided, negative alternative H, and 7, shall detect the two-sided
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alternative Hj. In all cases, the threshold function h is to be chosen in such a
way, that the test attains a prescribed level « asymptotically. Possible threshold
functions are given in Remark [I.2.5] below.

For our asymptotic results we need the following set of assumptions on the weight
and threshold functions:

Assumption 1.2.4. Let g:[0,00) — [0,00) be an increasing and continuous
function which is differentiable on (0,00) and (for the sake of simplicity) satisfies
g(0) =0 and ¢'(t) > ét=3? for some &> 0 and for all t>1. Let h = h, :
[G(1),00) — (0,00) be an additional increasing (threshold) function such that the
following growth conditions hold true, as m — oo,

" alt/m)
o N/ h(G(t/m)
g (t/m — &) /T TogTog(i/m)

-0, (1.2.9)

s su t , 1.2.10
tZTIr)L nggll)/m m3/2 h(G(t/m)) ( )
sup |1 = EEm) |y (1.2.11)

=m|  MG([t]/m))

where x is defined in (1.1.2) and (1.1.3) and G(t) is defined in (1.2.8). Further,
the threshold function h shall be chosen such that sup;seay W (2)|/h(t) has a

non-degenerated distribution.

Remark 1.2.5. Possible choices of weight and threshold functions are g(t) = t*, for
some X >0, which implies G(t) = At't?, where \ = A2/((1+2))(1+N)?), and
h asin Remark[I.2.3 The growth conditions of Assumption[I.2.]] are verified in Sec-
tion and the fact that supy>¢ ) [W(t)|/h(t) has a non-degenerated distribution

follows from Remark[1.2.5

Remark 1.2.6. A possible choice for an estimate that fulfills (1.2.7) under the null
hypothesis is

k
b = (20G) = 2 — k)~ kZ(K)/k)*, &k >m,
=k

1
k(k —k+1) ¢

J

where k= k9 for some 2k < q <1 (see Section below). In order to preserve
the consistency under the alternative one can also estimate b mnon-sequentially, i.e.
not with every newly made observation, but rather by only using the data obtained in
the training period.
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1.2.3 Variance of the detectors

As illustrated in the previous sections the choice of the weight function g determines
the variance of the detectors, i.e. Var(Ty) ~ G(k/m), where

2
G) =/Otg2<x>dm—(ﬁ’tg(wx)

t

with G(0) = 0. For our asymptotic results in this chapter we need that G([1,00)) =
[G(1),00), or G([1,00)) = [G(1),00), respectively. This is verified in the following
lemma:

Lemma 1.2.7. Let g:[0,00) — [0,00) be an increasing and continuous function,
which is differentiable on (0,00) and satisfies g(0) =0, andlet G(t) and G(t) be
as above. Then G(t) and G(t) are increasing, differentiable and positive for all
t > 0. Furthermore, it holds that lim; .o G(t) = co and if ¢'(t) > ét=3/2 for
some ¢ >0 and for all t>1, it holds that lim;_ G’(t) = 00.

Proof of Lemma[1.2.7]. Obviously, by the fundamental theorem of calculus G(t) and
G(t) are differentiable with G’(t) = g?(t) > 0 and

2
&) = g2(t) — tfo dﬁ; (fo dz)

g2 (t)t? — 2¢(t) tfo dm—f—(fo da:)
t2

_ <9(t)t — f;fg(w) d:v)z =0

for ¢t > 0, where the strict inequalities follow by the fact that g is increasing. Hence
G(t) and G(t) are increasing and by G(0) = 0 = G(0) we have G(t) >0 and
G(t) >0 forall t> 0.

To see G(t) — oo we note that (again by the fact that ¢(¢) is increasing)

Gt > /1 Pz)dz > () —1) = 0o

To see G(t) — co we rewrite

) _/Ot (g(ﬂ?)w—fg(y) dy>2dx




1.2. STOPPING TIMES 15

and give the following lower bound for the square root of the integrand: By the
assumption on ¢’ it holds for all = > 2 that

x)z — foz 9(y) dy

vz — [ gy) dy = [, 9(y) dy

glx)x —g(x/2)x/2 — g(x) x/2
9(x) —g(z/2) ©
x/2 4

g (&) z/4 for some & € [z/2,x]
g'(8) &/4

(c/4) €717

(é/4) =12,

Y

AV VARV,

Hence, we have

5 &2 t
G(t) > / zlde — oo
16 J,

as t — oo. OJ

Remark 1.2.8. Note that the condition ¢'(t) > é/t=3/% for some é > 0 and

forall t > 1 (see also Assumptionm is given for the sake of simplicity. The
proof of G(t) — oo in fact holds true, if there is some decreasing function r :
[0,00) — (0, oo) such that ¢'(t) > ér(t)/t, for some ¢ >0 and t sufficiently
large, and fo r2(t)dt = co. In Assumption and Lemma we considered
) =12
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1.3 Asymptotics under the null hypothesis

In this section we study the asymptotic properties of our test statistics under the
null hypothesis for known in-control parameters (Section [I.3.1)) and unknown in-
control parameters (Section [L.3.2). The results of Theorem [1.3.1] or Theorem [1.3.4]
respectively, can be used to adjust the threshold functions such that the monitoring
procedures attain a prescribed a-level asymptotically. In Section [1.3.3| we suggest a
suitable estimate l;k for estimating the scale parameter of the observed process.

1.3.1 Asymptotics for known in-control parameters

Theorem 1.3.1. Let {W(t)| t > 0} be a Wiener process. With the notation and
assumptions of Section [I.1] and Section[I.3 it holds under the null hypothesis that

lim P(7,) =o00) = P< sup W (t)/h(t) < 1>,

lim P(7, =o00) = P< sup W(t)/h(t) < 1>,

lim P(r,, =o00) = P< sup |[W(t)|/h(t) < 1>.

A key tool throughout this thesis is the following a.s. bound for the increments of
a Wiener process, which was obtained by |Csorgé and Révész| (1979) and, for the
convenience of the reader, is partly restated here. A comprehensive overview on the
behavior of Wiener processes, as well as the proof of Proposition [[.3.2] can be found
in (Csorgs and Réveész| (1981)) (for the latter, see Theorem 1.2.1 therein).

Proposition 1.3.2. Let ap (T > 0) be a monotonically non-decreasing function
of T such that 0 < ar <T holds true and T/ar is monotonically increasing.
Then we have

limsup sup sup Br |[W(t+s)— W(t)| T,
T—oo 0<t<T—ar 0<s<ar

¥

where Br = (2ar(log(T/ar) + log log(T)))_l/Q.

Further, we will frequently make use of the following index shift which is known as
summation by parts or Abel transformation.

Remark 1.3.3. For sequences {a;}ien, and {b;}ien, and ki, ko € N it holds
that

ko ko ko—1
g a; (b; —bi—1) = g a;b; — E ai+1b;
i—k1 i—k1 i=k1—1

ko—1
= akzbkz - aklbkl_l - Z (ai+1 - ai)bia

i=k1
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which further implies the following two upper bounds: If {ai}ien, 1is increasing, it
holds that

‘Zaz (bi — bi—1 )‘ < |agy| |bky — bky—1] + 2 |ak, — akl\k km%x bk,

Z:kl I 7
ko

‘Z’;a (b,-—b,-_l)( < dlo,| | max bl

i=k1

In the following we give the proof of the main theorem of this section.

Proof of Theorem[1.3.1] The idea of the proof is to make use of the invariance prin-
ciple to replace the standardized observations (Z(k) —ak)/b by Wy, (k) :=
W (km)/+/m which is by the Brownian scaling property again a Wiener process. The
corresponding Gaussian version of the detectors is then replaced by a stochastic inte-
gral and the resulting (Gaussian) process can be analyzed via its covariance function.

By (1.1.2) and summation by parts (see Remark |1.3.3)) we have
Ty >t 9(i/m)(Win(i/m) = Win((i = 1)/m))

bt o | R(G(k/m)) h(G(k/m))
4g(k/m) i
= b oofb hG(k/m)) i:séjl.l.).,k‘y@) W)l (1.3.1)
g(k/m)
< oofm (kjmy) O
= op(1),

where the last equality follows from (1.2.3). Making use of Remark once more
allows us to replace the sum of the increments of W,,(t) by a stochastic integral:

k
Zg(i/m)( m(ifm) = Wi ((i = 1)/m))
1=1 o
= g(k/m) Wi (k/m) = > (g((i+1)/m) —g(i/m)) Wi(i/m)
1=0
k=1 .(i+1)/
= g(k/m) Wi (k/m) =) y Win(i/m) dy
o iy (1.3.2)
= g0/m) Winh/ ) — Wonly) dy
i=0 7 i/m

Al G/
t Z/ 9'(Y) Win(y) — Win(i/m)) dy
i—0 i/m

k/m k—1 1+1)/m
S )+ / 9) (Win() — Win(i/m)) dy,

@
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where in the last line we applied the integration by parts formula for stochastic
integrals (see e.g. (3.8) on p.155 of Karatzas and Shreve (1991)). Making use of
the a.s. upper bound for the increments of Wiener processes (see Proposition
we see that the second term of (divided by the threshold function) does not
contribute to the asymptotic:

|0 S @) (Wan(y) = Won(i/m) dy|

k=m.,...,00 h(G(k/m))
Wi (y) — Win(i/m)| g(k/m)
T R S Y WG (k/m))
o \/8(E) g(k/m)
= k(@ km)) OV

where the last equality follows by (1.2.3). On replacing the discrete process by a
time continuous one we need to confirm that

h(G(t/m)) h(G([t]/m))

sup
t>m

T g(y) dWaly) [ g(y) dWm<y>’ _ on(L). (1.3.3)

This is shown via the following straightforward decomposition of the above expres-
sion:

L™ 9@) dWinly) [0 9(y) dWin(y) '
| R(G(t/m)) h(G([t]/m))
o [ 079 @) W) | R(G(E/m)
=T e <t/m>> t>}2‘1 h(G([t]/m))‘
‘fﬁ/ffn (y)‘
t>m t/m)) .

As we proceed in the proof, we will see that the first term on the right hand side
is of order Op(1) whereas, by (L.2.5]), the second term is of order o(1), hence
it remains to show that the third term is of order op(1). Applying the law of the
iterated logarithm and Proposition [I.3.2] to the following

t/m
/ o) AW (y)
[t]/m

= g(t/m) Wi (t/m) — g([t]/m) Win([t]/m) _/[t]/ 9' () Wi(y) dy
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yields

sup it 96 W)
tzm ( (t/m))
b [(g(t/m) — g([t]/m)) Wi (t/m)]

= o W(G(t/m))
sy [9U/ ™) (Wan(t/m) = Wan([t]/m)|
i WG {/m))
SUPg<e<i/m [Wm(t/m — &) fi]//?:] (y) dy
T WGEm)
— sup  su g (t/m — &) /m/t/m loglog(t/m)
" mosesim h(G(t/m)) Op(1)

g([t]/m) /log{®)/m
T G m)
= op(1),

where the last equation follows from (1.2.3)) and (1.2.4)). The two relations above
imply ((1.3.3)), which as a result gives us

Op(1)

B Y 11/ e L1 )
k:m,.l.).,oo h(G(k/m)) tz}; h(G(t/m)) +op(1). (1.3.5)

Note that for 0 < s <t it holds true that

Cov ( /0 sg(y) dWin(y), /0 tg(y) dWm(y)>

= /OSQQ(y)dy (1.3.6)

= min{G(S),G(t)}
— Cov (W(G(s)), W(G(t))),

hence by the fact that { fog ) dW(y) |t > 0} is a Gaussian process, we have

{/0 9(y) AW (y) |t > O} D (W(G(®)) |t >0}

Finally, note that by Lemma we have

W) _ W
oy h(G) T e (D)

Combining this with (1.3.5)) yields

sup T Ly qup wit)
k=m.....0o (G ([t]/m)) >a@ ht)’
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which proves the assertion for the one-sided, positive stopping time 7,;. The ana-

logue assertions for 7, and 7, follow in the same manner, where for the result on
7,, we also use the fact that {W(¢)|t > 0} Z {=W(t)|t > 0}. O
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1.3.2 Asymptotics for unknown in-control parameters

In this section we transfer the results of Theorem [[.3.1] to the more realistic case of
unknown in-control parameters.

Theorem 1.3.4. Let {W(t)| t > 0} be a Wiener process. With the notation and
assumptions of Section [I.1] and Section [I.2 it holds under the null hypothesis that

lim P(#} =o00) = P< sup W(t)/h(t) < 1),

m—00 t>G(1)

lim P(7, =o00) = P< sup W(t)/h(t) < 1),

lim P(7,, =o00) = P( sup |W(t)|/h(t) < 1).

Proof of Theorem[1.3.4 First of all, we note that we can neglect the estimate b in
our further considerations: Let Tk = Tk l;k /b denote the test statistic with estimated
location but non-estimated scale parameter. By the assumption on the convergence
of by (see (1.2.7)) it holds that

sup 7‘j:k_f’k|
bt oo W(G(k/m))
|| 5
—_— b/br. — 1
= e oo W(G(k/m)) kziﬁ?m' /b =1 (1.3.7)
|T|
= — . op(1
S @ my) P
= OP(l)v

where the last equality holds true if we confirm that

sup  |Tx|/h(G(k/m)) = Op(1),

k=m.,...,0co0

which is a consequence of the remaining part of the proof.

We decompose T}, into one part that corresponds to the detector for known in-
control parameters and another part that corresponds to the estimation of a:

k . ~
Ti=Th+ > 9i/m) é“’“ —a), (1.3.8)
=1

Replacing G by G in the proof of Theorem [I.3.1] and taking Assumption
into account allows us to approximate T} as follows:

WGy wGgmy |- orW: (1.3.9)

sup
k=m,...,00

‘ T, S g(@) AW ()
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In order to approximate the second expression of (1.3.8)) in a similar manner we make
use of the invariance principle ([1.1.2)) to replace the estimate a; by a corresponding
Gaussian one:

sup Zf 1g(~/m)(&k—a) B Zleg(/ ) (k/m)‘
k=m,oo | /T b W(G(k/m)) k h(G(k/m))

'Z,lg i/m)(Z(k) —ka) 323 g(i/m)W ()‘

T e |k m b h(G(k/m)) =Y v W(G/m) (1.3.10)
_ o Zhigl/m) ke

= S i h(@km)) W

= OP(1)>

where the last equality follows from (1.2.9)). We replace the sum by an integral:

Sk lg /m) wlk/m) — J3""g(y) dy Wi (k/m)

sup —

..... (G(k/m)) k/m h(G(k/m))
\/loglog k/m)k/m

T Tk m (G (km))
x ;gg(i/m)_/ok/mg(y)dy' Op(1) -
L S o
" o/ h((k(/zg/l;)) bg,j:fék/ ") op(1)
= op(1),

where the difference between the sum and the integral was approximated in the
obvious manner, i.e.

B ggu/m) - [otwra

k

< 3" glifm) — gl — 1)/m)
=1

= g(k/m)/m

On rewriting
Jo " 9() dy Win(k/m) as. / o 9y)dy

k/m 0 k/m
and combining (1.3.9), (1.3.10)), (1.3.11)) and (1.3.12) we obtain
Th U(k/m) ‘

AW (z) (1.3.12)

sup = - =op(1), (1.3.13)

k=00 | (G (R/m))  h(G(k/m))
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where

Yo b9®)dy D for
[ (ote) = D82 i) tor >0

(1.3.14)
0 for t = 0.
The next step is to proceed to a time continuous argument:
g | UEm) U((H/m) ‘
=m | W(G(t/m))  h(G([t]/m))
1M h(G(t/m))
< s ary | wGt (13.19)

where in the remaining part of this proof we will see that the first term of (1.3.15)
is of order Op(1). Thus, by (1.2.11]) we have

U(t/m)] WG(t/m)) |
2 A@m) || w@@m)| - (1.3.16)

As to the second summand of (|1.3.15) we have

U(t/m) = U([t]/m)]

A EOVED)
| Jif (@) dWon ()|
S ENTA@ (H/m)
4 sup| J0 9w Ay Wintt/m) _ J3"™ y) dy Wi (t)/m)
| t/m h(G([H/m) [1/m h(G({H]/m))

On the one hand, similarly as from ([1.3.4)) onwards we see that

N \f[i{ﬁ () AW (2)|
em (G ([H]/m))

On the other hand, by the law of the iterated logarithm, Proposition [I.3.2] and by
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We have
up | J5"9w) Ay Won(t/m) [ g() dy Won () >‘
G| t/m WG /m) [{1/m h(G({H]/m))

 Walt/m) Jijjn9() dy
rom t/m B(G([f]/m))

s | fot];m h(dgf[v]ing; = ‘ B [%

+ sup B9y %ﬁié%ﬁi m)v)v w([t]/m) -
= sup Vt/m Biioi((t/gz/)mg/m)/m (1)

" f;fi A t\{f(/gz;?i)l;g(t/m) Op(1)

ot/m) /T 1og(0) ()

TN @)
= op(1).
Plugging (1.3.16|) and (1.3.17)) into (1.3.15)) yields
U(t/m) u(ft/m)

sup | ——= — — =op(1),

t=m | (G(t/m))  h(G([t]/m))
which again yields in a combination with (1.3.13]) that

sup ~ Ty, — sup Ut/ m)
k=m,....c0 M(G(k/m))  t>m B(G(t/m))

Finally, we calculate the covariance of the process {U(t)|t > 0}, where U(t) is

+op(1). (1.3.18)

defined in ([:3.14). Let I(t):= [ig(z)dz/t and consider 0 < s <t first:
Cov(U(s),U(t))
= Cov( J3(g(w) = 1(5)) dWin (). [y (g(x) = 1(£)) dWin(2))

- /O (@) — I(5)) (gla) — 1(t)) da
g*(x) dx — I(s) /Osg(a?) dx — I(t) /Osg(x) de+sI(s)I(t)

G (x)dr —I%(s)s — I(t) I(s)s + I(t)I(s) s

(1.3.19)

|
w
<)
[N}
=
QU
K
|
| =
VR

Il
[}
—

V)
S~—
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For 0 =s <t, on the other hand, we have
Cov(U(s), U(£)) = 0 = Cov(W (G(s)), W(G(2)))

and since {U(t)|t >0} is a Gaussian process it holds true that {U(t)|t > 1} Z

{W(G(t))|t > 1}. Hence, by G([1,00)) =[G(1),00) it follows that
U o WG W)
=1 h(GE) D hGH)  se) hO

Combining this with (|1.3.18]) completes the proof for the one-sided, positive stopping
time 7,7. The proof of the corresponding assertions for 7,, and 7, follows by the
same arguments. OJ
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1.3.3 Estimating the scale parameter

In this section we show that the sequential estimate lA)% suggested in Remark
fulfills the convergence stipulated in under the null hypothesis. In order to
preserve the consistency under the alternative, one can estimate b?> non-sequentially,
i.e. use Igi =02, forall k> m.

We consider an overlapping batch means estimate which was already studied by
Timmermann (2010)), hence just the key steps of the proof are presented here.

Lemma 1.3.5. With the notation and assumptions of Section[1.1] let

k
Ek—k+1) k+1 P ~k) =k Z(k)/R)’, (1.3.20)

J=k

(=
TN

where k = ki, is some integer sequence such that k — oo but l%/k — 0 as
k — oco. Then it holds under the null hypothesis that, as m — oo,

sup |b2 —b*| = sup (k”\/log(k‘/l%)/\/g—i—\/loglog(k/l%)l%/k) Op(1).

k=m.,...,co k=m,...,0co0

Remark 1.3.6. On setting k = k% for some 2k < q¢ < 1 we obtain the desired
consistency of the estimate, that is under the null hypothesis that, as m — oo,

sup | b2 — % = op(1).

k=m.,...,0co

Proof of Lemma[1.53.5 The idea of the proof is to decompose the overlapping batch
means estimate bi into % non-overlapping batch means estimates

[k/k]
Z(jal%arakak>)2 1[0,]@}(.7]:”‘_'_71)7 (1321)

where r:O,...,/%—l and
Z(G, kol k) = Z(Gk+7)—Z(( — Dk +7r) —kZ(1)/k.

Note that
. E[k/E] y
b2 _ [ _ b2
P k—k+1)k Z_: kor
hence, if we show that

sup max |b — b7
k=m,...,0oT= =0,.

= sup (k:*’” Viog(k/k)/VE + /loglog(k) k/k) Op(1)

k=m,...,00
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the assertion follows by

Elk/R
iy S O

Denoting

W,k k) =W (G k+r)—W((G—Dk+r)—EW()/E,

we have
1 /8 A ) .
Z j,k?“k‘k)) Lo (Fk + 1)
=1
< (4, kyr ke k) — bW (5, kyr K, k) |
<  max
J=1..,[k/E] VEk
‘Zj,ff )—bW(],krkk)—i—QW(j,krkk)])
Tr .

Applying the invariance principle (1.1.2) yields uniformly for & = m,..., 00, r =
0,....,k—1 and j=1,...,[k/k] that

Z(G, k,r k k) — bW (G, k,r k, k s
| (] T )\/75 (] r )| :k sup k /\/% Op(l).

Further, by Proposition and the law of the iterated logarithm we have uniformly
for k=m,...,00, 7=0,...,k—1 and j=1,...,[k/k] that

Wk, k A
PUELLO - s /loglE/B) 0p(1)
k k=m,...,00

where a combination of the two convergence rates from above yields the first rate in
(1.3.20). Finally, by the law of the iterated logarithm, making use of the fact that the
increments (W (i) —W (i—1))? are independently, identically distributed with mean

1 we have uniformly for k=m,...,c0, r=0,....k=1 and j=1,..., [k/K] that
L o )
k[k/E] i ((W(J’k’r’k’k)) _k> Lo (Jk + 1)
I )
D [k/k]; (WG 1/ b k1) = 1) 104G+ 1)
= 0(1) i sup  +/loglog(k/k)k/k,

which completes the proof. ]
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1.4 Consistency of the testing procedures

The monitoring procedure is said to be consistent, if the probability of a correct de-
tection of a change (i.e. a stopping of the monitoring procedure at some time point
N < o0) converges towards 1 as m — oo. This is shown in Theorem and
Theorem of Section or Section [1.4.2] respectively, under rather general
assumptions on the type of change, i.e. under general growth conditions which de-
pend on the type of gradual change A, ,, the weight function g and the threshold
function h. In Section[I.4.3] we analyze the growth conditions for the type of change
introduced in Example and Example and the weight and threshold func-
tions suggested in Remark [[.2.2] and Remark [I.2.5]

Note that throughout this section the assumptions on the process Y*(t — T%) can
be weakened, namely we can replace Assumption (1.1.3]) by

sup  |[Y*(t—T%)|=0p(VT) (1.4.1)
T*<t<T

as T — oo. This is of course the case if the invariance principle of ([1.1.3]) holds
true.

1.4.1 Consistency for known in-control parameters

Theorem 1.4.1. With the notation and assumptions of Section[I.1] and Section
it holds that

+ 1 + _
under H Trlbgrcl)OP(Tm < N) =1,
under H;  lim P(T_ < N) =1,

m—0o0
N 1,

under H, ~ lim P(1,,

m—0o0

IN

)

where N = N, > T* is an arbitrary integer sequence fulfilling the following growth
conditions:

9IN/m) VN/m 5y (1.4.2)

hG(N/m))
but
[An| ~
HGIN/m) — 00, (1.4.3)
where

Ay = g(i/m) (Amy (i = T7) = Apy (i — 1= T7))
’ i:;Jrl vm b

denotes the deterministic perturbation of the detector Tj, and K* :=[T*] denotes
the last integer time point before the change point.
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Remark 1.4.2. Possible choices of weight and threshold functions are given in Re-
mark[1.2.2. If the change is of the type as introduced in Example and Example

113 i.e.
Ay (i = T*) = Ay (i = 1 =T*) = 6((i = T*) /m) ],

where § # 0 shall be constant and ~ > 0, a possible choice of N is N =
[pT*] where 1 < p < (A+ 1)YA If we choose h),  Assumptions and
1.4.3) are fulfilled for any v > X >0 and if we choose h® or h), Assumptions
1.4.2) and are fulfilled for arbitrary -, A > 0, which is verified in Section
[ below.

Proof of Theorem[I.7.1. As stated above, let N = N,,, > T™ be an integer sequence
depending of m. Since T* will not be integer in general we consider K* = [T"],
so Z(K*+1) is the first observation we make after the change point. By Theorem
the observations before K* + 1 are bounded in the following sense:

N . K* .
_ g(i/m) (Z; — a) g9(i/m)(Zi — a)
TN_Z';—H Vm b +¢z; Vm b

N . 4
= > g(z/%zg ) 4 Op(h(G(E" /m))).
i=K*+1

We decompose the remaining term into its stochastic part and its deterministic part
and show that under the growth conditions (1.4.2]) and ([1.4.3) the latter one is
dominating and tends to infinity. Via Remark we have

i g(i/m)(Zi —a) _ g(N/m)(Z(N) — aN)

i=K*+1 vmb vm b
N-1 .
_ (g((i + 1)/m) — g(i/m))(Z(i) — ai)
i:;-l-l vm b
_9((K*+1)/m) (Z(K™) — aK™)
J/m b
- o) (1 PN sV 7))
N-1 . .
B g((i +1)/m) — g(i/m)
i:;Jrl vm
x (Y(T*)+ =l (Z_T )4 A’””(Zb_T ))

_ (BT +1)/m) Y (K™)
Jm
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N g(i/m) (Apn (i = T*) = Ay (i = 1 = T))
_ Z g Y Y
Jm b

i=K*+1
g(N/m)b*Y*(N —T%)
Jm b
= (g((i + 1)/m) — g(i/m)) b* Y*(i — T%)
i=;+1 \/m b
9l 4 1)/m) (YV(T*) — Y (K))
Jm
= An + Op(v/N/m g(N/m)).

Combining this with (1.4.2)) and ((1.4.3)) yields the assertion for the one-sided stopping

time Tnt :

P(1}h < o)

> P(In/WG(N/m)) > 1)
- P(AN/h(G(N/m))

+ Op(v/NJm g(N/m)/h(G(N/m))) + Op(1) > 1)
— 1.

The analogue assertions for 7,, and 7, follow in the same manner.
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1.4.2 Consistency for unknown in-control parameters

Theorem 1.4.3. With the notation and assumptions of Section [I.1] and Section
it holds that

under Hf li_r>n P(An‘*; < N) =1,
m—0o0

under H li_r>n P(A,; < N) =1,
m—0o0

under H, li_r>n P(f'm < N) =1,
m—0o0

where N = N, > T* is an arbitrary integer sequence fulfilling the following growth
conditions:

g(N/m) /N/m _
b BN ) Op(1), (1.4.4)
but
[An] £ o, (1.4.5)

by h(G(N/m))

with K* = [T*], by being an estimate for which MaXp—p, . K* |I;i—b2| =op(1) holds
true and

- i/m)=35 19(i/m moy(t =T%) =Ap (i =1 =T
Akzz(g(/ )= 5190/ )/k)(jﬁb( T*) — Apn (i —1 —T%))
i=K*+1

being the deterministic perturbation of T.

Remark 1.4.4. By estimating b non-sequentially, i.e. not with every newly made
observation but rather by only using the data obtained during the training period,
one can preserve the consistency of the estimate even if a change occurred. So, if
we choose by = by, = b+ op(1), (see e.qg. Remark and Section , the
estimate by in ([T.4.4) and (1.4.5) can be dropped.

Remark 1.4.5. Possible choices of weight and threshold functions are given in Re-
mark[1.2.5. If the change is of the type as introduced in Example and Example

1173 i.e.
Ay (i = T*) = Ay (i = 1 =T%) = 6((i = T*) /m) ],

where § # 0 shall be constant and ~ > 0, a possible choice of N is N =
[pT*] where 1<p<(A+1Y>  If we choose hY, Assumptions and
1.4.5) are fulfilled for any v > X > 0 and if we choose h® or h®)  Assumptions
1.4.4)) and are fulfilled for arbitrary -, A > 0, which is verified in Section
(L7 below.
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Proof of Theorem[1.4.3 Similar as in the proof of Theorem [I.4.1] we consider the
statistic for k& = N and decompose the detector into its stochastic and its deter-
ministic parts, which yields

T = An/bn + Op(\/N/m g(N/m)/by) + Op (W(G(K*/m)).

Now the assertions follow by the growth conditions ([1.4.4)) and ([1.4.5]). O
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1.4.3 Local alternatives

In this section we focus on the type of change introduced in Example and
Example i.e. on

where we particularly consider local alternatives, that is 6,, = 0 as m — oco. Our
objective is to find an upper bound for the time the test takes to detect a change de-
pending on the rate of convergence of §,, and on the time when the change occurred.

For the sake of simplicity we assume the change point 7% to be integer, how-
ever, the same asymptotics hold true if this is not the case. Also, we focus on the
more realistic setting of unknown in-control parameters a and b. For known in-
control parameters the results can be obtained in the same manner.

We consider the weight function suggested in Remark , namely ¢(t) =t for
some A > 0, which implies G(t) = At2**! where X = X2/((2A 4+ 1)(A 4+ 1)?). We
ailm to find a “small” N such that P (i’ <N ) — 1, where 7 represents either
of the stopping times 7,0, 7, or 7,. By the calculations given in Section
(assuming that we have an estimate by = b+ op(1) and that N —T* — oo) it is
sufficient to find a sequence N = N,, such that

b Ol (N =T (N/m) 6| R (N/m)*

VT T i G(N/m)) | miPH RGN m))

where R = N —T* is an upper bound for the time the procedures take to detect a
change in the sense that P(% -T* < R) — 1. The choice of N, however, depends
on whether R or T™ is dominant, hence we distinguish three cases:

R/T* —0: 1f

1 mY* h(G(T*/m)) 0
T : (1.4.6)
T (1 /m)™ 6]

one may choose

T(m)7

B ml/zJWh(G(T*/m)) 1/(1+7)
R_( (T*/m)" |6,] >

where r(m) — oo such that R — oo, but R/T* — 0. Now, plugging
R into Fy yields Fy ~r(m)!*7 — oo.

T* ~ R: If (1.4.6) does not hold true, but

[0 (T /m) 247 /m
W(G(T*/m))

— 00 (1.4.7)
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does, one can choose R = T". In this case we have

O (T /m) T /m

NETGa )

T*/R — 0: If neither (1.4.6]) nor (1.4.7) holds true, one has to choose R large
enough such that, for one thing, R/T* — oo and, for another thing,

_ 10m] (BR/m) Y /m

LR (T 77 B

Choosing h = h(!) of Remark and v > X >0 a possible choice is
R= max{(\ém\\/rn)fl/(v*)‘)m, T} r(m),

and choosing h = h® or h = h®), respectively, and if |6,,]/m 4 0, a
possible choice is

R =max {m (|6 |v/m) =Y O+ T*HE} r(m)
for some € >0 and if |0,,[\/m — 0, a possible choice is
R = max {m (|6,,]/m) /AT = pIH o (m)

for some e >0, where in all three cases r(m) — co as m — oc.
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1.5 Asymptotic normality of the delay times

The results of the previous section state that under quite mild assumptions a change
is detected with probability tending to one. However, Theorem [I.4.1] and Theorem
do not give us much information about when a (detected) change took place. In
this section we will prove limit distributions for delay times, i.e. the time lag between
the change point and its detection. It turns out (under the assumptions below) that
the suitably standardized delay times are asymptotically normally distributed and
the results can be used to establish asymptotic confidence intervals for the change
point. However, these more sophisticated results also require a more narrow setting
compared to the one in Section [I.4] Particularly, we restrict the considerations to
changes which fulfill

Ay (i =T") = Ay (i = 1 =T*) = §((i = T*) /m) ., (1.5.1)

where ¢ # 0 is constant (see also Example and Example [1.1.2)). The tech-
niques of the proofs of Theorem and Theorem also require us to know
the “direction” of the change, that is whether ¢ is positive or negative, hence
the asymptotic distributions can only be shown for the one-sided stopping times
T4 Ty T and 7,,. Nevertheless, the results for the one-sided stopping times can

be used to construct asymptotic confidence intervals under the two sided alternative,
as well.

A key assumption in this section is an early-change scenario (see Assumptions (|1.5.3))
and ) which states that the change occurs soon after the training period. Such
early-change settings are common assumptions if one wants to prove asymptotic nor-
mality of the delay times, cf. e.g. |[Aue and Horvath (2004)) and Gut and Steinebach:
(2009).

We stick to the pattern of showing the results for known in-control parameters a and
b first (Section @ , and then carrying those results over to the case of unknown
parameters (Section@[). Moreover, since we are working under the alternative the
standardization for the asymptotic distribution also depends on + and &, therefore
we introduce a consistent estimate for §. The slope parameter ~ is assumed to be
known.

1.5.1 Asymptotic normality of the delay times for known in-control pa-
rameters

Theorem 1.5.1. With the notation and assumptions of Section[I.1] and Section
as well as h(G(t)) being continuous at t =1, (L1.5.1) holding true with § being

constant,

sup  [g/(€)] = O(1) (15.2)
1<¢<H/m

(where H is defined in (1.5.5) below) and the early-change assumption
T =m+ o(m) (1.5.3)
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it holds for all = > —h(G(1))/\/G(1) under H; that

( (= 17) 7 98 h(EW) <w>

P e e vem Ve

m— 00

and under H that

(7 = T g(1) 1] _hGQ) ) o(z)
w1 b6 Ve T ) T

lim
m—00

The rather longish proof of Theorem [1.5.1]is given further below.

By Slutsky’s lemma the convergences above still hold true if we replace (5 by a
consistent estimate 4, where a possible choice is suggested in Lemma Note
that in order to obtain consistency for 5 we need to have a sufﬁment amount of
observations made after the change point which might require to let the process
Z(t) run on (in its perturbed form) in order to determine at which time point the
change has occurred. In the following situation we obtain a consistent estimate:

Lemma 1.5.2. With the notation and assumptions of Section[1.1] let
k
S m)m (-
myr k 2 :
> iz (@ = m)/m)y
If for some ¢ > 1 it holds that

T —m= o(mg),
then we have under either of the alternatives H , H{ or Hj that

Sm,m-‘rmc =0+ OP(1>'

In Section [1.5.2] we give a proof for a slightly more general version of Lemma [[.5.2
(i.e. for @ unknown), hence the proof is omitted here. Combining Theorem and
Lemma [1.5.2] gives us the following asymptotic confidence intervals for the change
point:

Corollary 1.5.3. Let the assumptions of Theorem hold true. On setting

/1) ml/2? ™
q(xi) = ((h(G(l)) +Xi> 1+7) b VG M) )

G(1) 1) |9]

where & 5§ is a consistent estimate (e.g. 8m7m+mg from Lemma|1.5.2 for some
¢(>1)and

X:{¢ H1—a+o(-h(G)/VED))  if i=1,
T 61— A+ 20(—h(G(1)//GQ)) if i=2,
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with
- {(¢<—h<c<1>>/m>, ) feri=1, (154
(26(~h(G(1)/v/GD), 1) for i=2,

we obtain for 7,5 and 7, asin Section and T :=min{7,}, 7.} that
Py —q(x1) ST" < 7)) =1—a+o(1),
P(r, —q(x1) <T" < 7,) =1-a+o(1),
P(fm — q(x2) <T* < Fm) > 1—a+o(1)
under Hfr, H{ or Hi, respectively.
Remark 1.5.4. Note that in Remark [I.2.7 we suggest different threshold functions
for the one-sided and two-sided stopping times, corresponding to the known (limit)

distributions of Remark [I.2.3 However, if one applies the same threshold function
for the one-sided and two-sided stopping times, it holds that T,, = Tpm.

The proof of Corollary is given at the very end of this section. First, we give
the proof of the main theorem of this section, which is Theorem [I.5.1] For a better
readability the proof is subdivided into three steps and the following notation is

introduced: For x> —h(G(1))/4/G(1) we set

H:= K"+ [V mlﬁv} (1.5.5)
where
K*:=[T"], (1.5.6)
(14, YOO\ Q+)bh(G)) T
V= <<l * h(G(l») o) 9 ) | (15.7)
Further, let
Ay o Sty 906/m) 8 (= T%) )’ (155)

Jm b

denote the perturbation of the detectors. We state and prove two technical lemmata
which will be used in the proof of the main theorem. The first lemma covers the
convergence of some deterministic terms.

Lemma 1.5.5. Under the assumptions of Theorem [1.5.1] it holds for all = >

—h(G(1))//G(1) that, as m — oo,

H-T*
m 0 (1.5.9)
H~ K, (1.5.10)
sen(0) Au . VG
WG(Hm)) b h(G(1))’ (1.5.11)
sgn(d) Ag G(1)
k:KI*nfl}f...,Hm 1tz n(G1)) (1.5.12)

where H, K* and Ay are defined in (1.5.5)), (1.5.6) and (1.5.8)).
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Proof of Lemma[I.5.5. The first two assertions are immediate consequences of the
definition of H and of the early-change assumption . On showing
we first note that the early-change assumption allows us to approximate
the argument of the weight function and the threshold function in the considered
expression by 1

Ar Y98 (=T /m)
h(G(H/m)) Vm b h(G(1)

o T Bl (=T my ’ gGG/m) (1)
- Vm'b j=K*+1,..H |h(G(H/m)) h(GQ))|

On the one hand, by the definition of H it holds that

S e (= T%) /m)
Jm
<H—T*)y (H — K7)
m vm
= (mW/2N/ AN o (1)
= 0(1)

and, on the other hand, by the continuity of the weight function and of the threshold
function it holds that

i ' g9(j/m) g9(1) ‘
j=K*+1,..0 | h(G(H/m))  h(G(1))
< max ‘(J/m) 9(1)‘+‘ gy g1
T j=K*+l..H| h(G(H/m)) MG(H/m))  h(G(1))
g(H/m) — g(1)
nGm) W
= o(1).

Thus it is sufficient to consider ZfiK*H((i —T*)/m)Y/y/m. In a next step, we
replace the usually non-integer change point 7% by K*, which is the last integer
before the change point. By 0 <T* — K* <1 we have

'_i (imK*>v_ i (imT*>v

i=K*+1

™
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Now we can show that ZiH:K*H((Z’—K*)/m)'Y/\/ﬁ converges towards v /(147),
where v is defined in (1.5.7):

1 i (i-K*)"’
mz‘:K*ﬂ m

(H — K+ T8 i\ 1
m'y+l/2 ( >

=1
C(H-KYY 1

VH—')/
= +o(1).
147 (1)

Combining the assertions above we have

sgn(6) Ay sgn(6) g(1) v+
MG(H/m)) b h(G(1)) (147)
= 14+2+/G1)/h(G(1)) + o(1),
which proves assertion (1.5.11). On proving (1.5.12) note that by the fact that
sgn(d) Ay and h(G(k/m)) are increasing in k we have

sgn(0) Ay < max sgn(0) Ay < sgn(0) Ay h(G(H/m))
h(G(H/m)) ~ k=K*+1,...H h(G(k/m)) = h(G(H/m)) h(G(K*/m))’
hence follows by the continuity of h(G(t)) at ¢ = 1. O

The next lemma allows us to replace the current detector (at time point k > T%)
by the last detector before the change point and the deterministic perturbation of
Ty.

Lemma 1.5.6. Under the assumptions of Theorem it holds that, as m — oo,

max | T — T — A = op(1)
k=m,...H  h(G(k/m)) ‘

Proof of Lemma[I.5.6, We demonstrate the proof for k¥ = K* + 1,...,H. For
k=m,...,K* the assertion follows by the same argument, yet in a more simple
manner. By the definition of Z(t) we have for k= K*+1,...,H

| Thy — Trer — Ay |
h{(Gk/m))
g(i/m) | Y*(i %) = Y*(i =1~ T")|
< 2 Vim b W(G(k/m))
L 9L )/ [V +1-T) |
Vi b h(Gk/m))
L 9L+ 1)/m) | Y (T) — Y (K°) |
Vm b h(Gk/m)
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Hence, by the invariance principles (1.1.2)) and ((1.1.3) it holds that

max |Tk—TK*—A]€’
k=K*+1,..H h(G(k/m))

Cgli/m) | Wi~ T%) — Wi — 1 - T*)]|
>

= k:quff...,Hi:K*+2 Jm b h(G(k/m))
b+ omax  JETAD/m) [WHET+ 1T
k=K*+1,..H vm b h(G(k/m))
b omax  JETAD/m) [WTT) - W(KY)|
k=K*+1,...H vVm b h(G(k/m)) ’
v Al B 0p(1),

k=KoL H /. h(G (k/m))

where by (1.2.3), (1.5.3) and (1.5.10) the last term is of order op(1l). A further
approximation by Remark yields

k
S glifm) W= ") = Wi~ 11|
i=K*+2
< 4g(k -7
< dg(k/m) | max [W(1-T")

and by Propositionwe have |W(T*)—W (K*)| = Op(y/log(T*)) = Op(VH — K*).
Thus, by (1.2.3), H ~m and (H — K*)/m — 0 it holds that

- | T — T+ — Mg |
k=K*+1,..H h(G(k/m))
g(k/m) H*

k’=Km31XH vm h(G(k/m)) Op(1)

L glk/m) VAR
k=K*+1,...H ~/m h(G(k/m))
= OP(1)>

+ Op(1)

which completes the proof. ]
We are now in the position to prove the main theorem of this section.

Proof of Theorem |[1.5.1] As done before, we show the assertion for the positive stop-
ping time 7,5 (i.e. on § > 0) in detail and the proof for the negative stopping time

7., (i.e. for § <0) follows analogously. The first step of the proof is to show that

P(r} < H) = P( max Tj,/h(G(k/m)) > 1) — P(W(1) > —z).

k=m,....H

Once again we decompose the test statistic into its stochastic and its deterministic
parts, where, heuristically speaking, the former shall give us W (1) and the latter
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shall give us —z. By Lemma [I.5.6] and an approximation of the maximum in an
obvious manner we have

T Ay
nGHm) - hem) Tt
DR T (1.5.13)
= k=m,...H h(G(k/m)) B
T+

max

< S S— A
)

—_ 1
k=K* 1o, R(G(k/m)) +or(l),
where in the last line, we also used the fact that Ay =0 for k£ < K*, but Ag > 0 for
k > K*. The continuity of h(G(t)) at t =1 in combination with Lemma [L.5.5]
yields

Tk TK* i G(l)
X G m)) . R(GEm)) LT

= ————= +op(1).
h(G(1))
Now, along the lines of the proof of Theorem we obtain

T _ Jy Mgy dWale)
WG m) Gy o

and by K* ~ m it holds that
LM g(@) dWnla) p EE/mMWQA) _ VEOWE)
WGE fm) — ~ RGE/m)) T he)

Hence, under the alternative H 1+ it holds that

P(Tn—i; < H) — P(W(1) > —z) = ¢(x).

(1.5.14)
Similarly, under the alternative H,  we have
— Ty —Apy
+ + op(1
wa/m)  wawEmy) oY
< a T
max ——————
= k=m,...H h(G(k/m))
—Tges —Ay
< . h Tk
S X G m)) e namy TP
hence by Theorem and Lemma [1.5.5| we obtain
ax Tk
kemos i B(G(k/m)) w515
=B g) dWi (@) VG() .

nGE my  F

and therefore

P(r,, <H) = P(-W(1) > —x) (1.5.16)
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Finally, by the fact that »m{/2t7)/(+7) i non-negative we see that
1/24~

P(T+ < H) = P(T:;—T* < [Vm Ty D

m

= P((rf -1, <vm ™ 4+ 0())

(T — T*)iﬂ 1+
:P<7wm7§V”+dU

(=TT g 18] a(G()
- P(m1/2+”/ G+bvem  vem - F OU))'

Combining this with the convergence obtained in ([1.5.14]) shows the assertion for the
one-sided, positive stopping time 7,°. Replacing 7,; by 7, in the calculation
above and combining this with (|1.5.16)) completes the proof. O

Finally, we give the proof of Corollary

Proof of Corollary[1.5-3 Note that for ¢ = 1,2, x; > —h(G(1))/+/G(1), hence
the following applications of Theorem hold true: For the one-sided, positive
stopping time 7,7 we have under Hfr that

P(T+ —qx1) <T < Trt)

m

= P(0<7h—T" <q(x1))

m

= P —T"<q(x1)) = P(r;, —T" <0

- P<(Tn+1 -7 < Q(xl)””) - P((Tnﬁ -1 < 0)
= 1—a+¢(—-hG1)/VG1)) —é(—hG(1)/V/G(1))
~ 1-a

where the same holds true under the one-sided alternative H; for the stopping
time 7,,. We demonstrate the corresponding assertion for the two-sided stopping
time 7,, for the case of § > 0. We decompose the suggested confidence interval as
follows:

P(Tm = q(x2) ST" < 7)

= P(T* <7m <T*+4q(x2))

= P(min{r,, 7.} <T" +q(x2)) — P(min{r,}, 7.} <T7)

= P(r,) <T" +q(x2)) + P(rn <T" + q(x2)) (1.5.17)
— P(max{r};, 7.} < T" +q(x2))

- (P(Tnt <T*)+ P(r,, <T*) — P(max{r,},7,,} < T*))

Y

P(T* <7 T+ q(x2)) — P(r, < T7),
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where for the first expression, since ¢ > 0, we can make use of Theorem [1.5.1] once
more. Similar as above we have

P(T* <75 <T"+q(x2))
— 1—a+26(-h(G(1)/VG(1)) - 6(=h(G(1))/V/C(1))
= 1-a+¢(-h(G(1)/VG(1)).
On the other hand, by the early-change assumption (see for details) we have

max T _ = OK*/m’g(@ AW (z) o
W G Gk T orl):

(Note that by k < T* the deterministic term in (|1.5.15)) disappears.) Further, by

—Jo 9(@)dW(z) p —W(1)/G(D)
h(G(1)) h(G(D))

it holds that

P(r,, <T*) = P(—=W(1) > h(G(1))/\/G(1))
= ¢(—h(G(1)/VG(1)).
Combining the two relations above yields the confidence interval under Hj in case of

positive d. For negative J, the assertion follows in the same way, yet by exchanging
the roles of the stopping times 7,, and 7. O
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1.5.2 Asymptotic normality of the delay times for unknown in-control
parameters

In this section we prove a theorem corresponding to Theorem for the case of
unknown in-control parameters a and b.

Theorem 1.5.7. With the notation and assumptions of Section[I.1] and Section
as well as h(G(t)) being continuous at t =1, (1.5.1) holding true with § being

constant,

sup 1’ (&) = O(1) (1.5.18)
1<¢<H/m

(where H is defined in (1.5.21)) below) and the early-change assumption
T =m+ o(m) (1.5.19)

it holds for all x > —h(G(1))/\/G(1) under H;" that

e Lt ol ) dx ~
. P((Tnt )7 (9() = Jo 9(@)dz) & n(G(1) <x> o)

m—o0

ml/25 (144) b /G /G

and under H that

lim P

m—0o0

<z

m/2t7 (144) b /G(1) VG(A) —

By Slutsky’s lemma the convergences above still hold true if we replace b and ¢ b
consistent estimates b and d, where possible choices are suggested in Remark
and Lemma (See also the discussion on  of Section h)

Lemma 1.5.8. With the notation and assumptions of Section[1.1] let
Sy (i = m)/m)) (Zi — Z(m)/m)
S (@ = m)/m)7

If in addition for some (¢ > 1 it holds that

((t; - 77 (9() = fy 9(@) dz) 18] h(@) ) o

6m,k =

T —m= o(mq),

then we have under either of the alternatives H1+, H{ or Hy that

6m,m+m< =0+ OP(l)'

The proof of Lemma [1.5.8]is given at the very end of this section.

Combining Theorem and Lemma [1.5.8] gives us the following asymptotic confi-
dence intervals for the change point:
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Corollary 1.5.9. Let the assumptions of Theorem[1.5.1] hold true. On setting

> 7 /C1) ml/2? e
q(x:) = <<h(G(1)) +Xi> u +7) bm( cl) ﬂ) )

(
G() 1|6

: P ;P , . 2 .
where 6 = and by, — b are consistent estimates (e.g. 0O, ¢ @S in Lemma

with ¢ >1 and by as in Remark and

X:{gb "1—a+o(— (1 ))/v/C( ) if i=1,
R (1—a+2¢ (G(1)//GQ)) if i=2,

with
- (1))/\/(1(1)), 1) for i=1,
Q€ P , (1.5.20)
G(1)/VG(1), 1) for i=2,
we obtain for 7% and %, asin Section[1.2.1 and %, = min{?}, 7} that
P(75 —qx) <T" <73) =1-a+o(l),
P(7, —qa) <T" <7,) =1-a+o(l),

P(fm —q(x2) ST < Fp) >1—a+o(1)
under H1+, H or Hi, respectively.

The proof of Corollary [I.5.9]follows along the lines of the proof of Corollary [I.5.3] and
is therefore omitted. Hence, we turn to the proof of Theorem[1.5.7] As in the previous
section the proof of the main theorem is subdivided into three steps and to shorten
the upcoming proofs we introduce the following notation: For 2 > —h(G(1))/y/G

and K* =[T%*] let

Hi= K+ [0 mlﬁﬂ (1.5.21)
where

(. VEDN  men@ay) T

o <<H h<@<1>>>( Jo 9()dz) w)
Further, let

iy oz Shoac 1 06 =T /m) (oifm) ~ S 06 /m) /) -

Jm b

denote the deterministic perturbation of the detectors.
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Lemma 1.5.10. Under the assumptions of Theorem and with K*, H and
Ay as in (15.6), (1.5.21) and (1.5.22)) it holds for x > —h(G(1))//G(1), as

m — 00!

2 &T* -0, (1.5.23)
H~ K, (1.5.24)
sgn(0) Agr aQ)
WG m)) T REm)’ (1.5.25)
sgn(6) Ay G

Proof of Lemma[I.5.10. The first two assertions are immediate consequences of the

definition of H and of the early-change assumption (1.5.19). On proving (1.5.25))

we decompose Ag in the typical manner, i.e.

o Sl 8 =Ty S g/
H — 1\ — \/m b ’

>

(1.5.27)

where Ay is defined in ((1.5.8). Along the lines of the proof of Lemma one can
show that the Ag converges towards §'T7g(1)/(b(1+47)). As to the second term

we note that, for one thing, by (|1.5.24])

H . A
gG/m) _m( (Hom . _[
Z 7= ﬁ</0 g(x) dm—{—O(g(H/m)/m)) —/Og(:b) dxr 4+ o(1) (1.5.28)

J=1

and, for another thing, similar as in Lemma [1.5.5

ZfiK*+1 (i = T7)/m)” _ 6 v + o(1)
Vm b h(G(H/m)) b (1+7) h(G(1)) '

Combining the two assertions above yields

Sgn(ci) Ag sgn(6) 0 717 (g(1) — fol g9(z) dz)

L (1) - a()
WG /m) (1) b A(G(1)

h(G(1))

=14z

By elementary calculations we see that sgn(8) Ay—sgn(0) Ag_1 > 0, hence sgn(d) Ay, is
increasing and the convergence of ((1.5.26]) follows along the lines of (1.5.12)). O

Lemma 1.5.11. Under the assumptions of Theorem[I.5.7 it holds that, as m — oo,

T — Twe — A
| Ty, — Tk k|:0P(1)’

max _

kemeeit h(G(k/m))

where Tk = Tk Bk/b shall denote the test statistic with an estimated location but a
non-estimated scale parameter.
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Proof of Lemma[1.5.11. We demonstrate the proof for k = K* +1,...,H; for
k=m,...,K* the assertion follows by the same arguments, but in a more simple
manner. In order to make use of the results for known in-control parameters, we
detach the proportion of the detectors which is due to the estimation: For k =
K*+1,...,H we have

Tk - TK* - Ak

= Tk — Tk~ — Ag
>y g(i/m) (= a =637y (( = T7)/m)) [k)

vVm'b
>ois 9(i/m) (axc — a)
Vm'b

= T — Tk~ — Ay

i gli/m) (Y (T*) + b Y (k= T))

k/mb
Dicy9(i/m) Y (K)
K* /m ’

where as in Lemma (taking Assumption into account) we have

_l’_

+

Ty —Trg~— A
| Ty — Tk k‘:ola(l).

max _

k=m,..i  h(G(k/m))

We look at the additional terms, which arise from the estimation of a: By the

invariance principles ([1.1.2) and ([1.1.3)) an approximation of the respective sums in
the manner of (1.5.28) we have uniformly for k= K*+1,...,H

SIS gt/ m)Y (K*) ST g(i/m) Y(K”)

K* \/m k /m
and by Proposition we have uniformly for k= K*+1,..., H
S gli/m)Y (K*) ST g(i/m) Y(T™)
Further, taking (1.1.3) into account, it holds uniformly for k= K*+1,..., H that

= op(1)

= Op(l).

k . * VK *
> 9(1/213/%5; (k—T%) _ Op ((H" +VH — K*)/v/m) = op(1),

which completes the proof. ]

By the means of Lemma|[I.5.10|and Lemma|[I.5.11] the proof of Theorem [I.5.7]follows
along the lines of the proof of Theorem hence it is omitted. Finally, we give
the proof of the consistency of the estimate 4.
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Proof of Lemma[1.5.8, Note that by T* —m = o(m¢) it holds for sufficiently large
m, that T* < m+m¢. We start by separating the stochastic and the deterministic

parts of 5m7m+mg :
m+mS
Z (@ =m)/m)] (2(i) = Z(i = 1) = Z(m)/m)
i=1 e
= > ((G=m)/m)7b(Y (i) =Y (i 1) =Y (m)/m)
i=m+1

+ (K" 4+1—-m)
+ (K" +1—m)

m—l—mC

m)" b (Y(T™) = Y(K*) = Y(m)/m)
m) b Y (K* +1—T%)

/
/

+ > (VY= T*) =Y (i —1—T%))

i=K*+2

m—i—mC

— Y (i=m)/m)"bY(m)/m
i=K*+2

m+m<

T8 D0 (= m)/m) (=T m),

i=K*+1

(1.5.29)

where that the last (deterministic) sum converges towards ¢ and the remaining
(stochastic) terms do not contribute to the asymptotic. For the latter, we confine
ourselves to showing that the fourth sum is of order op(1); the same follows for
the remaining four stochastic terms in a similar manner. As usual, the first step is
to make use of the invariance principle to replace Y*(i —T™) by a Wiener

process. Note that

ermC

Z ((i —m)/m)] D)=y — p(C=1)+C

i=1

m+m<

Z ((i — m)/m)i_'y ~ mSCrHD) =2y — mQW(C—lHC’
i=1
which gives us via Remark [I.3.3] the following rate of convergence:

S (= m) m) L (Y = T*) = Y*(i = 1 = T*))
S (i~ m) fm) )
S (i — m) /m)L(W* (i — T*) = W*(i — 1 = T%))

m+msS
S (= m)/m)T
e Op(l)

((¢-1)+0) /710
== m g +0p(1)
m27(< D+¢

= OP(1)7
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where in the last two equalities we used ¢ > 1. Now, we show that the deterministic
part of (1.5.29) (i.e. the last summand) converges to ¢, which is equivalent to
showing that

S = ) (G- m) - T))
Z?Hl_mc (i — m)iv

The latter term vanishes for i < K* = [T*], hence we have

— 0.

m+mS
Y i—m)Y(E—m)]—@GE—-T%7)
=1
K* m+mS
= > (i-mP+ Y (i-m)](G-m)]—@G-T7).
i=m+1 i=K*+1

On the one hand, we have

K* . 2y
Lt U2 (7 = m)/m€)>"*) = (1),

<. 2
Zyglm (i— m)ﬁ

On the other hand, we have by the Cauchy—Schwarz inequality and the mean value
theorem for some &; € [i —T™,7 —m] that

ST (i —m)L (= m)] = (i = T)])
ST (i = m)Y
(Smisat-m®) (S - m - -7

<. 2
Zyg{m (i— m)ﬁ

m+ms 9\ 1/2
— O(mCCTH/2 (241 ( S (g7 —m) )
i=1
= O(m —4(27+1)/2) @(mC(%—l)ﬂ (T* —m))
= O((T* —m)/m*)
= o(1),

where the last equality follows by our assumption on (. O
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1.6 Finite sample behavior

In this section we present some simulation results in order to demonstrate the finite
sample behavior of the suggested procedures. As introduced in Example we
consider a process Z; = g; + 6((i —T*)/m)], where the innovations ¢; are indepen-
dently, identically distributed. For the results below we choose &; ~ Exp(1). We
consider different lengths of the training period m, where in each case the pro-
cess is monitored for time period of 10m and the null hypothesis is kept if no
change has been indicated until then. For the results under the alternative we choose
T* = m + m%5, which fulfills the early-change assumption of Theorem and
Theorem [I.5.7] Moreover, we choose different sizes for the parameters ¢ and =,
varying in between 0.5 and 3 or 0.2 and 2, respectively.

For the testing procedure we follow Remark Remark and Remark
As a weight function we use g¢(t) =¢*, where we consider A =0.2, A =0.5 and
A= 1.5, and as a threshold function we use h(t) =ct where c¢ is adjusted such
that we attain the prescribed level « asymptotically. In case of unknown in-control
parameters, the parameter b is estimated (non-sequentially) by

I 1 = . o 2
bkzbmzﬁM_MJZ;Z(Z(])_Z(]_m)_mZ(m)/m) )

where m =m%2?> (see Remark[[.2.6). Each result is based on 5000 repetitions.

Table and Table show the relative frequency of a false alarm for known or
unknown in-control parameters, respectively, with a prescribed asymptotic level of
a=5% and a=10%. We see that the asymptotic level is (mostly) well attained,
where, as one would expect, in case of known in-control parameters the simulated
sizes are slightly closer to the prescribed asymptotic size.

For the simulation results under the alternative we restrict ourselves to the case
of a=5%. The consistency of the testing procedure is investigated in Table
and Table (for known in-control parameters) and Table Table and Table
(for unknown in-control parameters), where each table gives the power of the
procedure for a fixed A. In case of known in-control parameters and A = 0.2 all
changes were detected, hence the corresponding table is omitted. Note that the case
of v=0.5 and A= 1.5 does not fulfill the assumptions of the consistency results

obtained in Theorem and Theorem [1.4.3] (i.e. A <7, see Remark Re-
mark and Section which explains the poorer detection rate in this case.

Finally, we illustrate the asymptotic normality of the delay times (see Theorem
m and Theorem by comparing histograms of the standardized delay times
with the density function of the standard normal distribution. For training peri-
ods of length m = 500 and m = 1000 we consider the parameter combinations
A=02 v=05 and A= = 0.5. For larger A and ~ the results become
worse and the histograms have a stronger tendency to the right, which indicates that
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a smaller A might be the better choice in practice. In Figure [I.2] the parameter
0 was estimated by 0,, ,,, ¢ of Lemma where we choose ¢ = 1.05, whereas
for Figure [I.1] we used the true values of .

a=5% a = 10%
m A=02 | A=05 ] A=15|A=02|A=05|)A=15
25 .0576 .0590 .0684 .1036 .0956 .1044
50 .0604 .0644 .0572 1110 .1006 .1054
100 .0574 .0592 .0524 .0952 .1076 .1038
250 .0500 .0478 .0606 .1030 .0956 .1048
500 .0538 .0534 .0558 .1008 .0986 .1020
1000 .0512 .0628 .0610 .0968 .1044 .0990

Table 1.1: Relative frequency of a false alarm under the null hypothesis for known
in-control parameters

a = 5% a = 10%

m A=02 | A=05 | A=15 | AX=02|A=05|)A=15
25 .0864 .0922 .0730 .1584 .1624 1212
50 .0564 .0650 .0518 1112 .1268 .0916
100 .0620 .0616 .0576 .1092 1138 .0928
250 .0520 .0450 .0392 .0932 .1016 .0846
500 .0454 .0480 .0340 .1054 .1060 .0928
1000 .0518 .0452 .0458 .0982 .1022 .0816

Table 1.2: Relative frequency of a false alarm under the null hypothesis for unknown

in-control parameters for m = m%2°

A=0.5 v=0.5 v=2
m | 0=05]6=1]0=2]06=05]6=1]05=2
25 .0872 1 1 1 1 1
50 .9950 1 1 1 1 1
100 1 1 1 1 1 1
250 1 1 1 1 1 1
500 1 1 1 1 1 1
1000 1 1 1 1 1 1

Table 1.3: Relative frequency of a correct detection of a change for known in-control
parameters for A = 0.5, T* =m +m°® and a =5%
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A=15 v=0.5 v =2
m 0=05|6= 0= 0=05|6= d=2
25 .0690 | .0680 | .1184 | .0610 | .1316 1
50 .0656 | .0750 | .9792 | .0572 1 1
100 .0620 | .2076 1 .9660 1 1
250 .1040 1 1 1 1 1
500 .6248 1 1 1 1 1
1000 1 1 1 1 1 1

Table 1.4: Relative frequency of a correct detection of a change for known in-control
parameters for A = 1.5, T* =m +m®® and a =5%

A=0.2 v=0.5 v =2
m 0=05|6d=1|0=2|6=05|0=1|6=2
25 9170 1 1 1 1 1
50 9978 1 1 1 1 1
100 1 1 1 1 1 1
250 1 1 1 1 1 1
500 1 1 1 1 1 1
1000 1 1 1 1 1 1

Table 1.5: Relative frequency of a correct detection of a change for unknown in-
control parameters for A = 0.2, T* = m +m®® m =m"% and a=5%

A=0.5 ~v=0.5 v=2
m | 6=05]6=1]0=2]6=05]6=1]0=2
25 .2824 .9984 1 1 1 1
50 .9256 1 1 1 1 1
100 1 1 1 1 1 1
250 1 1 1 1 1 1
500 1 1 1 1 1 1
1000 1 1 1 1 1 1

Table 1.6: Relative frequency of a correct detection of a change for unknown in-
control parameters for A = 0.5, T* = m +m®®, m =m"? and a= 5%
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A=15 v=0.5 v =2
m =05 |6= J = 0=05|6= 0=2
25 0960 | .0984 | 4754 | .0804 | .9648 1
50 0666 | .1040 | .8540 | .0560 1 1
100 0772 | .3394 1 0718 1 1
250 0828 | .9068 1 1 1 1
500 .2450 1 1 1 1 1
1000 .8982 1 1 1 1 1

Table 1.7: Relative frequency of a correct detection of a change for unknown in-
control parameters for A = 1.5, T* = m +m%°, m =m%?® and o =5%
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1.7 Some calculations

In this section we verify the growth rates of Assumption and Assumption
and the growth conditions of Theorem [I.4.1] and Theorem [T.4.3] for the weight and
threshold functions suggested in Remark and Remark and the type of

change suggested in Example and Example [1.1.2]
Recall that ¢(t) = t*, which implies
G(t) = "2 /(1 +2))
and
G(t) = M2 where A = A2/((1+20)(1+ ))?)
and
A () = ct,
W () = Vi £ (In() + f(e), where f(t) = t* +2In(¢(t)),
K3 () = \/t (2 + In(t)).
The following remark implies h(®(t) ~ h®)(¢) and therefore

sup t'/272/ ) (G(1)) = O(1)

t>m

and
sup 11/202/ 10 (G(1)) = O(1)
t>m

for i =1,2,3.

Remark 1.7.1. The function
FiRZO 5 RO 4 12 4 21n(g(t)),

s continuous, increasing and surjective, hence it is invertible with a continuous, in-
creasing inverse function f~1:RZO) — R0 We do not have an explicit expression
of f~1, however the following properties can easily be shown:

1. f(t) ~t* as t — o0, sup;sp f(t)/t? < oo,
2. Vt< ft) <Vt+1 forall t>0,
8. fHE) ~ VTt as t— 00, supsy fTH(E)/VE < .

Proof of Remark|(1.7.1. The first assertion is trivial. The second assertion immedi-
ately implies the third one, hence we focus on the second assertion: Note that, on
the one hand, for all ¢ >0

t=ff710)) = (F7' 1) +2m(e(f (1) < (f71(#)°
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hence v/t < f~1(t). On the other hand, we have for all ¢ >0
t<t+1+2In(e(l) <t+14+2In(p(vVt+1)) = f(VE+1).
Via the monotonicity of f~! this implies f~1(t) < vt + 1. O

Now, we verify Assumption and Assumption [1.2.4] Since G(t) ~ G(t) it
is sufficient to consider the latter one. The following convergences hold true for
i =1,2,3 and uniformly for t > m as m — oc:

tE g(t/m) B tn—1/2 (t/m)A—H/Z

Vim h(G(t/m)) — hO(G(t/m))

=o(1)

and

sup g (t/m —e€) \/t log log(t/m) _ V/loglog(t/m)
0<e<1/m m3/2 b ( (t/m)) t

Concerning Assumptions (1.2.5) and (T.2.11]) we have for h(1):

O(1) = o(1).

P_%Zzﬂm‘t<lzmn

k= m
Showing the same assertion for h() is somewhat more tedious since we do not have
an explicit expression for f~!. Decomposing

t/m ‘_‘ \/7t/m f '(In(t/m) + f(c))
~H(In([t]/m) + f(c))

‘ 1= (2)
we have, on the one hand,

| VE/[t] = 1| =o(1)

and, on the other hand, for some ¢ € [In([t]/m) + f(c), In(t/m) + f(c)],

‘ In(t/m) + f(c)) 1’

7 (n({d/m) + 7))

F(tn(t/m) + £(e)) = £ (in[e)/m) + £(2))
([l /m) + f(c))

_ '€)" In(t/[t) ‘

f ln ([tl/m) + f(c))
1

f'(€)

= o(1)

= o(1),

which shows the growth rates of Assumption and Assumption 4 for h®2
and (analogously) for h(®).
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Next, we show that the assumptions needed for the consistency of the procedure
hold true with the weight and threshold functions suggested above and

Ay (i =T*) = Ay (i = 1 =T*) = §((i = T*) /m) 7,

for some (constant) § # 0 and v > 0, Where by Remark m we know that we
can neglect the estimate by. Conditions and (| can easily be verified:
For any sequence N > m it holds for i = 1 2 3 that

(N/m) /N/m _ (N/m)*'/?
’ h(i)(N\//nr ~ (N/m)M1/2 o@1) = 0(1).

On showing (1.4.3) and (1.4.5), we focus on the latter one, which is the stronger
condition. If N — K* — oo it holds that

Ax]
h(G(N/m))
19| Zij\;K*+1 ( i—1T%) /m) ( J 1(]/m) /N)
NG h(é(N/m >
O e (= T /m)” (N /)
Vi h(G(N/m))
S e (G =T7)/m) (/N = S, G/N)N)
Zij\;l{*-&-l ((i - T*)/m)y
6] S5 " (i/ (N = T%)" /(N = K*) (N = K*)'*7 (N/m)*
ml/2+ h(G(N/m))

. (zivf (G+1)/N) & )

X

va 1T* i~ ]Z_;(]/N))\/N
o 1OV = K (N /m)?
— mY* W(G(N/m))

X( v ﬂ((HT*)/N)A_ 1 +O(1)>

N-T*
le A+1

= B x (Fy+o(1)). (1.7.1)

We show that F, does not contribute to the asymptotic for any integer sequence
N with N —T* — oco. On the one hand we have
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and on the other hand we have

ST (T ) (/N1

Fy = -

2 SV A+1
L LN VELTAY
T NA\N-T+) TNTy o x4l

_ 1 (N-T)" 1y I
I L N L R e
Ay

BRSNSV o(1),

hence the convergence is determined by Fj. A possible choice of N is N = [pT™] for
some 1< p < (A+1)Y* which yields

(p _ 1)1+'y TEI+r+A N (T*/m)1+7+)\ NGD

N S G T m) T G Tm))

For h(1) it holds that
T* =X
F ~ <> Vm — oo
m

if v> X For h® and h® it holds that
T* 1/24~
o~ <m> vm/log(T* /m) — oo
for arbitrary v, A > 0.

Note that in this section we assumed & to be constant. Possible choices of N for
0m — 0 can be found in Section [1.4.3






Chapter 2

Monitoring gradual changes in renewal processes

In this chapter we establish results on detecting gradual changes in an unobserv-
able (renewal) process based on observations of the corresponding counting process.
Counting processes appear in many applications in various areas such as manufac-
turing, physics or insurance. For a general survey on counting processes and renewal
theory we refer to |Asmussen| (2003)) and |Gut| (2009)) and for some application exam-
ples of counting processes we refer to Parzen (1999).

Gut and Steinebach (2002), (2009) considered the following scenario: One wishes
to (sequentially) detect an (abrupt) change in the location of an unobservable pro-
cess {Si|k € Ny} , where Si is the sum of k independently, and up to a possible
shift in the mean identically distributed random variables, via observations of the
corresponding counting process N(t) := inf{k|Sy > t}. They suggest stopping
times and detectors based on (equally weighted) increments of the observed process
N(t). Motivated by Gut|(2011), who investigated the behavior of first passage times,
with an underlying partial sum process that exhibits a non-linear trend, the question
arises how to detect a gradual change in the above setting. As described earlier, if
one expects to detect a gradual change, it is reasonable to put heavier weights on
later observations where a (quasi) maximum likelihood approach suggests to choose
a weight function based on the assumed type of change. The idea which we pursue
in this chapter is to consider Sy, := inf{t € No| N(t) > k}, i.e. the inverse process
corresponding to our observed process {N(t)|t € Ng}, expecting that Sk behaves
similarly as Sp does. Hence, we construct our detectors as we would, if we observed
{Sk} directly, i.e. we consider weighted increments of the observations Sy, where
the weight function is deduced from the (assumed) type of change.

This chapter is organized as follows: The testing problem is introduced in detail
in Section 2.1} Suitable detectors and stopping times for closed-end and open-end
monitoring procedures are introduced in Section In Section 2.3 we demonstrate
how a strong approximation of {S,|n € Ny} implies a strong approximation of
{S,|n € Ny} under the null hypothesis and under the alternative. Making use of
these results we can describe the asymptotic behavior of the stopping times under
the null hypothesis (Section , show consistency of the suggested testing proce-
dures (Section and establish results on the asymptotic normality of the (suitably
standardized) delay times (Section under the alternative. Each section is again
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subdivided with respect to known and unknown in-control parameters. The finite
sample behavior is investigated in a small simulation study in Section
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2.1 Setting of the problem
Consider the following counting process
N(t) =inf{k| Sk > t}, t>0,

sequentially observed at integer time points (i.e. we monitor N(0), N(1), N(2),...),
where {S:|t > 0} is an unobservable process that consists of a cumulated noise
term Y and a mean function M:

Sy =Y () + M(t).

More precisely {Y(¢)|t > 0} shall be a general stochastic process, which fulfills a
strong invariance principle
sup |Y(t) —oW(t)| = sup |S;— M(t) —aW(t)| B O(T*) (2.1.1)
0<t<T 0<t<T
for some o >0, some 0 < xk < 1/2 and some Wiener process {W(t)|t > 0}. (Ex-

amples for such processes are given in Section [I.] and e.g. in Section 2.1 of [Kirch
(2006).)

We are interested in testing for a possible change in the mean function M, which
we characterize via its increments denoted by pu(k) = M (k) — M(k —1). We as-
sume that S has a linear drift in the in-control state, i.e. constant increments
M(k) — M(k —1) =: up > 0, which might start to in- or decrease (monotonously)
towards a (different) level p; := pp+0 >0 at some unknown time point k*:

pk)=pm =061+ (k—k)) " =p+6(1—-(1+k-k)0)7), (212

where for the sake of simplicity we assume k* € N. For the consistency results (see
Section [2.5)) we also allow for local alternatives, i.e. § =d,, -0 as m — co.

2.5 4

2.0 -

1.5
u(x)

1.0

0.5

0.0

I I I I I I I
0 20 40 60 80 100 120 140

Figure 2.1: pu(x) for pp=2, pp=1/2, y=1/4 and k* =20
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One may think for example of N(¢) as the number of insurance claims arriving
in a certain time period. Calculations, like pricing insurance policies, can be based
on the frequently collected counting data rather than on the (possibly unobservable)
inter-arrival times and in our framework one may test whether the frequency of e.g.
accidents increases.

We want to consider a closed-end as well as an open-end scenario. In both set-
tings we rely on the non-contamination assumption, i.e. we assume that we have
some training period of length

m < puok*, meN, (2.1.3)

during which p(k) stays constant. In the closed-end setting we also have a fixed
truncation point T = T,, = [¢mP], where the sequential testing procedure will
finally terminate, even if no change has been detected up to that time point. The
truncation point shall either be a multiple of the training period, i.e. p =1 and
¥ > 1, or dominate the training period in the sense that p > 1 and ¥ > 1. To
shorten the notation we further introduce

5. [y it p=1
T lo if p>1.

In the open-end scenario we have no such fixed time horizon, but rather monitor the
process until we either detect a change or (theoretically speaking) forever.

We are interested in testing the null hypothesis
Hp: 6§ =0 “no change”

against either one of the following closed-end alternatives
Hfffed: 0>0, k" <T/up “one-sided, positive change”,
Hilgsed: 0 <0, k" <T/uy “one-sided, negative change”,
H{losd: 540, k* <T/po “two-sided change”,

or one of the following open-end alternatives

H"": 8> 0, k" < oo “one-sided, positive change”,

HP": 5 <0, k" < oo “one-sided, negative change”,
HP": §#0, k* < oo “two-sided change”.

Remark 2.1.1. The term “renewal process” wusually refers to partial sums of in-
dependently, identically distributed random wvariables, which are almost sure non-
negative (e.g. inter-arrival times), whereas the more general case considered here
s also known under the heading “renewal theory for random walks”. Further, the
term “counting process” rather refers to N'(t) = sup{k| Sk <t} than to N(t) =
inf{k | Sg > t}, which are known as “first passage times”. If non-negative summands
are assumed, N(t) = N'(t) + 1. For general summands, however, it is essential to
consider the first passage times N(t) which are stopping times with respect to the
filtration {Fp}tnen, where Fp = 0{Sk, k <n} (cf. Section 3 of Gui (2011))).
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2.2 Stopping times

In this section we introduce detectors and stopping times for testing the null hypoth-
esis of no change against either of the alternatives introduced in the previous section.
In our setting we assume that a change might occur in a process {S;|t > 0}, how-
ever, we only observe the corresponding counting process N(t) = inf{k|S, >
t}. The observations are made at discrete time points, i.e. in the closed-end setting

te{0,....m,...., T} =1,
and in the open-end setting
te{0,...,m,..., 00} =:T,.
Our test statistic will make use of the inverse of N(t), that is
Sp=inf{t € T|N(t) >k}, k&N,
where Z denotes either Z. or Z,, depending on the setting we are working with.

The general idea is that {S,|n € Ng} behaves similarly to the unobservable real-
izations of {S,|n € Ng}. This duality is further described in Section where we
resume how the invariance principle for {Y(¢) |t > 0} (or {S;|t > 0}, respectively)
can be converted into an invariance principle for {gn |n € No}. One problem arising
in this setting is that the number of observations of S, depends on N(t), hence
it is random. In Section [2.2.1] we give some asymptotics for the length of the train-
ing period m and the truncation point 7. In Section and Section [2.2.3] we
propose detectors and stopping times for known or unknown in-control parameters,
respectively. Note that in this setting we do not allow for a change in o2, so strictly
speaking, o? is not an in-control parameter. However, for the sake of clarity, we
will still refer to o and o2 as such.

2.2.1 Randomness of the sample size

The sequential testing procedure shall start after the training period, that is after
m observations of the counting process N(¢) are made. At this time point we have
Sy < oo if and only if k& < N(m), hence we have m = N(m)—1 observations of the
process {Sy}. The asymptotic size of N(t) is determined by the following strong
law of large numbers for counting processes: Under the null hypothesis it holds that

N(t) as 1

t o’

which is a well known result if S,, is e.g. the sum of independently, identically
distributed random variables (cf. e.g. Theorem 3.4.1 of |Gut| (2009)) and, in our
case, is an immediate consequence of Assertion ([2.3.1) below. Hence, it holds that

a.s.

m = m/po + o(m).
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In the closed-end setting we also have to take the total number 7 of observations
of S, into account. By the same arguments as above we have that under the null
hypothesis

n ="T/po+o(T),
where T is the total number of observations of N (t).

Under the alternative we do not have a precise asymptotic for N(T') but rather
asymptotic upper and lower bounds. In case of p; < pg, ie. d <0, the bounds
are derived as follows: Note that under the alternative we have p; < p(k) < po for
all k, hence

Ny (t) < N(t) < Ny (1),
where N, (t) and N, (t) are the counting processes based on {Y(n) +npuo} or
{Y(n) +npui}, respectively. Similarly as above, we obtain

1 a n

S, n .
< liminf = < limsup
Ho T—o0 T—o0

as. ]
< = (2.2.1)
M1

NI =

Conversely, in case of 1 > po (2.2.1]) holds true with 1/u; as alower and 1/ug as
an upper bound.
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2.2.2 Stopping times for known in-control parameters

The monitoring procedure will be based on the weighted, standardized increments
of the process Sk, i.e

k y ~. JR— . p—
Ry = ZQ(Z) (Si USzl M0)7 k>,
i—1

where g(t) = 1 — (1 +¢)~* for some A > 0. The choice of the weight function
is, as in the previous chapter, motivated by a (quasi) maximum likelihood approach
which suggests to use (u(t) — po)/0 as a weight function. Note that in our case the
relation between the weight and the change function is g(t) = (u(t+k*) — po)/6, if
A=r.

On standardizing our detectors, we will make use of the function

G(t) = /0 62 () d,

which will turn out to be asymptotically the variance of our detectors (see the cor-
responding discussion in Section |1.2.1)).

We shall stop the monitoring procedure as soon as a detector (divided by a threshold
function) exceeds some critical value ¢, thus our stopping times for the alternatives
Hffised7 Hili‘%d and Hi:losed are

closed

Tt =min{k =m,...,n| Rp/hi(k,T) > c},
rdosed — min {k =mm,..., 7| — Re/hi(k,T) > c},

m,

rdosed — min {k =mm,..., 7| |Ryl/hi(k,T) > c},

whereas our stopping times for H"[", H{"" and H{"" are

open

T =min{k=nm,...,00|  Ry/ha(k,m) > 1},
T =min {k =m,...,00| — R/hao(k,m) > 1},

m,

P =min{k =m,...,00| |Rg|/ha(k,m) > 1},

where h; and hs are suitably chosen threshold functions. It seems natural that
the different settings (closed-end and open-end) require different threshold functions
to bound the detectors. In the closed-end setting we will use

hi(t,T) = G()PG(T/uo) 7P, 0<B<1/2

where the parameter [ controls the sensitivity of the testing procedure towards
early or late changes. If an early change is expected, one would rather choose a large
B, whereas if a late change is expected, one would rather choose a small 5 (also
cf. |Aue (2003)), Sections 2.3 and 2.6).
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In the open-end setting we consider the following threshold functions: For the one

sided stopping times 7'25 i" and 77" we bound the detectors by

m,—

ha(t,m) = VG(t) f~ (In(G(1)/G(m)) + f(c)),

with f(t) = t?+21In(¢(t)) and ¢ > 0, and for the two-sided stopping time 77" we
bound the detectors by

ha(t,m) = v/G(t) (In(G(1)/G(m)) + ¢2),

with ¢ > 0. These two threshold functions are chosen such that one can obtain
critical values for the testing procedure via the distributions quoted in Remark

(see Theorem and Theorem for details).
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2.2.3 Stopping times for unknown in-control parameters

In this section we suggest estimates for the typically unknown in-control parameters

po and o2. The mean is estimated via
1~
( = 75 5
Ho,k Lok

whereas the variance o2 is replaced by a general estimate &,3 which fulfills under

the null hypothesis

sup |67 — o®| = op(1). (2.2.2)

k=m,...,co

By replacing the unknown in-control parameters by the corresponding estimates we
obtain the following detectors:

L _
Z (S; — Siza ,U«Ok), k>

where g(t) =1— (1+¢)™ forsome 0 <\ < 1/2—k (see the discussion on X in
Remark below). Further, to shorten the notation we introduce A :=1—2A.

Due to the estimate fig; the variance of the detectors slightly changes (see the
corresponding discussion in Section [1.2.2]). Hence, instead of standardizing the de-
tectors by G(t) we now have to standardize them by

¢ t 2
G(t) = /0 g*(x) dx — M. (2.2.3)

t

We consider the following stopping times: for the alternatives H d"“d, H ilﬂsed and
Hclosed

ﬁféof_e”l—mm{k— .| Ry/h(k,T) > c},

elosed — min {k =, ..., 7| — Rp/hi(k,T) > c},

pelosed — min {k =m,...,n|  |[Ryl/hi(k,T) > c}

and for the alternatives H{"y", H{""" and H{"™"

#PN =min {k =mm,...,00| Ry/ha(k,m) > 1},
#P" = min {k =1, ..., 00| — Ry/ha(k, >1}
= min {k =1i,...,00| |Ril/ha(k, i) > 1}.

~open
Tm

The corresponding threshold function for the closed-end setting is

~

ha(t,T) = G()°G(T/fio,9) " °
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and the corresponding threshold functions for the open-end setting are either for the

one-sided stopping times 7, f and 777"

m,—

= VG(@) f n(G(t)/G0n)) + f(o)),

with f(t) =t>+2In(¢(t)) and ¢ >0, or for the two-sided stopping time 77"

)= \/G(t) (In(G(1)/Cm)) + c2)
with ¢ > 0.

Remark 2.2.1. The restriction on A arises from the fact that (e.g. on prov-
ing the limit behavior of the testing procedure under the null h othesis) we need
t°/\/G(t) = 0, as t — oo. Since G(t) ~t" (cf. Section|2.2.4| below) this holds
true for k < A/2. Note that this assumption is not needed in case of known in-
control parameters, since G(t) ~t (cf. Section , hence t"/\/G(t) — 0, as

t — oo, is an immediate consequence of Kk < 1/2.

Remark 2.2.2. A possible choice for an estimate fulfilling (2.2.2)) under the null
hypothesis is

where k = k9 for some 2k < q < 1. (See Section ' note that by Theorem
- 2.5. 1| the assertion of Lemma carries over in this setting if we replace Z(k) by
Sk.) In order to preserve the conszstency under the alternative one can also estimate
o? non-sequentially, i.e. not with every newly made observation but rather by only

using the data obtained in the training period.
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2.2.4 Variance of the detectors

In this section we analyze the functions

G(t) = /0 ¢*(z) da

and

t

t d 2
G(t) — /th(x) dr — (fog(x)aj)7
0

which were introduced in Section 2.2.2] and Section 2.2.3] Note that the function
g(t) = 1—(14t)~ fulfills the assumptions of Lemma (where for G(t) — co the
restriction A < 1/2 applies), hence the assertions of Lemma hold true in the
setting of this chapter, as well. The following additional growth rates will help us to
prove the asymptotic results on the behavior of the test statistic.

Lemma 2.2.3. Let g(t)=1—(14+t)"* for some A\>0 and A=1-2\

1. It holds that G(t) ~ t (as t — o0), sup;>1t/G(t) < oo as well as
sup;>; G(t)/t < oo.

2. If 0<A<1 wehave G'(t) ~ ()\/((1—)\)75)‘))2 as t — oo.
3. If 0<A<1/2 we have

2 2
lim th) = A 5 >0,
oo ¢ A=)

SUpP;>1 Gt)/th < oo and SUP;>1 tA G (t) < .
Proof of Lemma[2.2.3. We prove the three assertions separately.
1. Integration yields

A+t -1 (Q+pr-1
1—A A

G(t)=t—2

Nt’

as t — 0o. The latter two assertions follow by the continuity of G(t)/t.

2. Plugging the particular definition of ¢(t) into the derivative calculated in
Lemma [T.2.7 we obtain for ¢ >0

i (g(t)t - ftgg@c) dx>2

G'(t) =

_ <(1 + 1) — ft(;f(l +z)7* d:c)Q

- (L4 1 2
- (“*“ ey +<1—A>t>
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_ o (LEE T (1t 17A—+4444?£———7 2
t 1—x \ ¢ (1—X)ti=A
A 2
- <<1 By tA) |
3. Once again, integration yields for ¢ > 0

a1 1((1+75)1—A—1>2

() = A Tt 1\

and therefore, since A\ < 1/2,

G (L+1/ph -1 <(1 F 1A 1/t1_/\>2

tA A 1—A
L
A (1—=N)2
A2
BRI

The remaining two assertions follow by the continuity of G(t)/t".
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2.3 Preliminary results

Horvath| (1986) has shown that under the null hypothesis the strong approximation
for {S;|t >0} (see (2.1.1)) implies a strong approximation for the corresponding
inverse process N(t) = inf{k|Sy > t} by the same Wiener process with the best
possible rate being (¢ loglog(t))'/* log(t)'/2. |Csorgs et al.| (1987) on the other hand,
have constructed a different Wiener process which preserves the approximation rate
of the underlying process. In Section we apply their result to S, and obtain
a strong approximation with the same rate as the strong approximation of 5,. In
Section we give an invariance principle for S, and (as a consequence) a

growth rate for S,, which holds true under the null hypothesis and under any of
the alternatives introduced in Section [2.1]

2.3.1 Invariance principle under the null hypothesis

Theorem 2.3.1. With the notation and assumptions of Section [2.1] it holds under
the null hypothesis that, as n — oo,

sup

0<k<n o

where {W(t)|t >0} is a Wiener process.

Proof of Theorem[2.3.1] By Theorem 3.1 of [Csorg6 et al.| (1987) we know that (2.1.1)
implies that there exists a Wiener process {W)(¢)|t >0} such that

T v

sup
0<t<T

=0T, (2.3.1)

where N(t) = inf{k|Sy > t}. Denoting Z(t) = N(t) ,ug/Q we have

sup Z(t);t\/lTo —wO@)| = o(T").

0<t<T

Hence, by the same argument as above there is some Wiener process {W®)(t) |t >
0} such that

N*(t) - t/\/rlTO B W(Q)(t)

= o(r),
o/ud*

sup
0<t<T

where

N*(t) = inf{s| Z(s) > t}
= inf{s|N(s) >t/1(;3/2}
- inf{k e N|N(k) > tuo_?’/Q} +0Q)

= gt/‘«o_s/z + 0(1)7
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where the transition from a continuous to a discrete argument follows by N (t) being
non-decreasing. Thus,

N*(t) B t/\/lTD o W(2)(t)‘

su
otz o/
S’ —3/2 —t/\/,uo
= sup o =7 —W(2)(L‘)’ + O(1)
0<t<T O’/HO/
Ss—s
= sup | TR WO (s |+ 0(),
0<s<8 | o /pg

where S = ,uag/QT. Setting W(t) = u63/4 w® (t ug/Q) yields

sup Sk —kpo W (k)

0<k<n

= O(n”).

g
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2.3.2 Behavior under the alternative

The following two results hold true under the null hypothesis as well as under any
of the alternatives introduced in Section However, under the null hypothesis we
can make use of the invariance principle of Theorem [2.3.1] which is certainly easier
to handle. Thus, Theorem can be seen as an analogue of Theorem under
the alternative.

Theorem 2.3.2. With the notation and assumptions of Section[2.1] it holds that, as
n — 0o,

max !S’k —V(k)| ' O(n"),

L)

V(k) = liIllaX,k (eW () + M(1)), (2.3.2)

with {W ()|t >0}, o and k asin (2.1.1).
Proof of Theorem[2.5.3. By the duality

{N(t) > k} = {max{S,..., Sk} < t}
we have
S'k = inf{t S I‘ max{Sl, .. ,Sk} < t},

hence we can rewrite

3 — [max{Sl,...,Sk}]—i—l if max{Sl,...,Sk}gN,
b max{Si,..., Sk} if max{Si,...,5} eN.

This yields, as n — oo,

max ‘S’k — V(k)|

k=1,....,m
< kiriaxnlirllaxk ‘Sl —oW(l) — M(l)] + O(1)
= O(n”).

Via Theorem one can show the following growth rate for S

Corollary 2.3.3. With the notation and assumptions of Section it holds that,
as n — 0o,

 nax ‘S’k—M(kﬂ =) O(y/n loglog(n)).

=L..,n
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Proof of Corollary[2.3.3 By Theorem [2.3.2]and the law of the iterated logarithm we

have, as n — oo,
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2.4 Asymptotics under the null hypothesis

In this section we establish results on the asymptotic behavior of the stopping times
introduced in Section [2:2:2] Theorem [2:4.T] and Theorem [2.4.2] can be used to adjust
the threshold functions, such that the testing procedures attain a prescribed level
o asymptotically.

2.4.1 Asymptotics for known in-control parameters

Theorem 2.4.1. With the notation and assumptions of Section [2.1] and Section [2.3
we have under the null hypothesis for any c € R

lgn P( closed_ ) — P( sup W(t)/tﬂ SC),

9<t<1
lim P(7, ClOsed— o0) = P( sup W(t)/t? < c>,
m—ro0 @Stﬁl

%gnooP( closed — o) P( sup W ()| /17 < c>.
d<t<1

Theorem 2.4.2. With the notation and assumptions of Section [2.1] and Section [2.3
we have under the null hypothesis for any ¢ > 0

wen ol W)
s P = 00) = P<t>11)x/if‘1(ln(t)+f( ) Sl)’
open x0) = su W(t)
i Pl = 00) = P(»‘f\/f In(t) + f(c ))§1>’
|

X
open _ ) — su &
rggnoo P = 00) = P< tzg) t (In(t) + ¢?) = 1)

Before we turn to the proofs of the theorems, we state two remarks which ensure the
applicability of the results in practice.

Remark 2.4.3. All of the random variables appearing on the right hand sides in
the two theorems above have a non-degenerated limit distribution (cf. Lemma 2.1
in Section 4.2 of |Csorgd and Horvath (1995), Theorem 1.5.1 of | Csérgd and Révész
(1981) and Example 2 and Example 8 of Robbins and Siegmund (1970)). The distri-
butions of supj,.; W(t)/t? and supg .., |[W(t)|/t? are not explicitly known for
5,5 # 0, thus they have to be simulated in applications. Some selected simulated
critical values are given by Horvdth et al.| (2004). The distributions of the random
variables on the right hand sides in Theorem are known (see Remark .

Remark 2.4.4. By choosing the constant ¢ we can adjust the threshold functions
such that the probabilities on the right hand sides equal to 1 — . In Theorem[2.4.3
we are limited to the case of ¢ > 0. However, this restriction does not interfere in
practice since it 1s fulfilled, if the asymptotz'c false alarm rate « € (0,1/2+1/m) (for
Ty and T ") or a € (0,1) (for "), respectively (see Remark .
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Proof of Theorem[2.7.1. We make use of Remark [I.3.3] Lemma [2:2.3] and Theorem
to approximate the difference between our test statistic and the corresponding
“Gaussian analogue”

RS g6 - Wi 1))
k=mm,..., hi(k,T)

4g(k) maxlzl’wk (gl - ,uol)/O' - W(l)‘
k=m,...,it hi(k,T)

IN
=
&
"

[

%

N
N

Il
E
Y]

(2.4.1)

ket i kP Ilf:/?—ﬁ <Gl(€k;)>/8 <G?T/7/jo)> a o)

max (k/T)27 k5~1/2 0(1)

I
»n

k=m,...,n
— ,';hﬁ—l/Q 0(1)
= o(1).

Next, we approximate the sum of the weighted increments of {W(¢)|¢t > 0} by a
Wiener integral:

k
> g() (W) = W((i—1))
= k—1
= g(k)W(k)— > (g(i+1) — g(i)) W(5)
=0
k=1 41
= g(k) W (k) — / g'(x) W (i) da
i=0 "

k k=1 pit1
= / g(x)dW (z) + Z/ g (x)(W(i) — W(x)) dz,
0 i=0 7*

where by Proposition [I.3.2] it holds that

k=1 a1 .
g (z)(W (i) — W(z))
X z; / hi(k,T) d

. Jo d'(x)dzx
< _ JOZ VT
B k%?x,ﬁz:glaj}li—lzgiil;_l|W(Z) W($)| hl(k?7T)

g(k)

< _ 2.4.2
< jmax | max [W() — W=+ | max oo (242)
as (G(T /o) /G(K))”

O(Vlog(T)), max

O (y/1og(T) TB*%)
o(1).
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Hence, it holds that

2

k
R  a Jo 9(z) dW (z)
sup sup ——— —=

+o(1). 2.4.3
k=m.....» h1(k,T) k=m...n hi(k,T) 1) ( )

Analyzing the covariance structure of the processes (see (|1.3.6))) yields
! D
{/g(:ﬁ) AW ()|t > o} D (W(G(t) | >0} (2.4.4)
0
The next step is a transition to a continuous argument:

sup
m<t<i

([, 1) h

W(G([t]) WG )’
hi

< SuUp

[tLT))
(t,T) (2.4.5)

where we already plugged in the following three asymptotic relations:

1. As we proceed in the proof, we see that

wE)|
2 ) - W

2. If =0, we have 1— hy([t],T)/h1(t,T) =0. If B >0, we have by the
mean value theorem

GP(t) — GA([t])
msgl?;n GA(t)
G719 429

= ms;gﬁﬁ —ora) for some ¢ € [[t],] (2.4.6)
GO\’ 1

X CoOE

= 0(1/m)

= o(1).

3. Since 0 < G(t) —G([t]) = f[i}th(x) dxr <1, we have by Proposition |1.3.2| and
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Lemma [2.2.3] that

as. log(T)

= mggnm o) (2.4.7)

= Vlog(T) m~B+r(/2=8) 0(1)
= o(1),

where the last rate of convergence follows by £ < 1/2.

On setting by = G(m)/G(T /o) and by = G(n)/G(T/pno) we have

W(G(?)) W(G(#)/vG(T/ o) Wi(t)

s M(ET)  meien (GO G(T/0))?  poisy, 7

(2.4.8)

Note that by Lemma and T = [9m”] we have

~ Gm)  Gm) T/uw  m oas 5 10 if p=1,
= G(T/m)  m  G(T/po) T/po U= {O if p>1,

and

G(’Fl) T/HO n a.s.

by = — — 1.
T n G(T/p) T/mo

Thus, we have by the almost sure continuity of W (t)/t?

W(t W(t
sup # 2% sup # (2.4.9)
bi<t<by t I<t<1

Combining (2.4.3), (2.4.4), (2.4.5)), (2.4.8) and (2.4.9) yields

Ry, D W(t)
Sup ———— —> sup ——=—, (2.4.10)
k=m,...,h hi(k,T) I<t<1 t

which yields the first assertion of Theorem The latter two assertions follow by
similar arguments. O

Proof of Theorem[2.4.2. By Remark we know that, as t — oo,

Vit f7HIn() + f(0) ~ v/t (In(t) + ¢2),

hence if we show the assertion for the stopping time T{jﬁ i", the proof carries over
to the assertions for the stopping times 77~ and 77"

Much of the proof follows along the lines of the proof of Theorem 2.4.1] As usual,
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the first step is the transition to a Gaussian version of our test statistic. Along the

lines of (2.4.1)) we have by Lemma

R S gV () W - D)
k=m,...,00 ho(k,m)
g(k) k"
k:r%?.}foo Bty O (2.4.11)

= —— 0(1
G(m) )

o
w

Following ([2.4.2)) we find that

e S gV () Wi~ 1)) — [Fg(e) dW ()]

k=m,...,00 hg(kﬁ,ﬁl)
as. g(k) /log(k) (2.4.12)
01 2V VPSR
O), max = b
= o(1).
Hence, we can make use of (2.4.4) again. As in (2.4.5) we see that
Z(ta 17~’L) a.s
su — — 1| = o1 2.4.13
tzg ha([t], ) W ( )
and
(W(G®) = W(G([E))] as
s 5 5(1), 2.4.14
o ha(t, m) oV ( )

yield the transition to a time continuous process, i.e. (if (2.4.13)) and (2.4.14]) hold
true) we have

sup W(G(k) _ sup W(G(1))
k=rin,....co P2(k, ) y>m ha(t,m)

Further, by Lemma [2.2.3] we then obtain
o, WG

t>m hg(t,?’h)
. W (G(t)/Gm/ ) oa1s)
m \/G(D]Glm o) £~ (In(G(O)/Gm) + /() B
W(t)

a.s.
— sup

21 VE f7H () + f(c)’

+ Op(l).

which shows the first assertion of Theorem and, as before, the second and third
assertion follow by the same arguments. Thus, we focus on proving (2.4.13]) and
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(2.4.14): Assertion ([2.4.14)) can easily be verified: Via Proposition and Lemma
[2.2.3] we have

su }W(G(t)) — W(G([t]))| a.s. \/10?
tZTI~r)L ha(t, m) t>m \/7

Proving Assertion ([2.4.13)) is somewhat more tedious: On rewriting

2 0(1).

ha(t, m) G(t) f'(In(G(t)/G(m)) + f(c)

U= ha@om T \ GO GG + fl@)
we see that, on the one hand,
G) _  GW-G) | _ 1 as, o
PEXRC TR e ' Sam Tt o)

and, on the other hand, it holds by the mean value theorem for some ¢ € [G([t])/G(m)+
f(e), G()/G(m) + f(c)] that
| < ST In(G®)/G(m)) + f(c))
~ S In(G(J ])/G(m)) +£(0)
. V(g) (GG + 10
- F@tner o ) !
IO (1, G
/')
- (1 gy
By Lemma we have

<

1 a.S
sup In (1 RNt f(c)> = o)

and since f'(t) = 2t + 2p(t)/p(t) > 2t it holds that

—1/ o ]. 1 i
S FO = s Gy S O 2 S e

Combining the assertions above yields (2.4.13]), which completes the proof. ]

(2.4.16)
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2.4.2 Asymptotics for unknown in-control parameters

Theorem 2.4.5. With the notation and assumptions of Section [2.1] and Section
we have under the null hypothesis for any ¢ € R

lim P(%ﬁfbf’fd =o0) = P( sup W (t)/t? < c),
m—00 d<i<1

lim P(%f,fffed = oo) = P( sup W(t)/tﬁ < c>,
m—ro0 1§§t§1

lim P(%ﬁiosm =00) = P( sup |W(t)|/t? < c>.

Theorem 2.4.6. With the notation and assumptions of Section [2.1] and Section [2.3
we have under the null hypothesis for any ¢ > 0

. ~open __ 00) = su W(t)

Jm P75 = 00) = P < W () £ f(0) 1)’
. ~open __ 00) = su W(t)

Jm P8 = )—P(t;fﬁ ) + ) 1)’

t
lim P(77P" = o0) = P(supW()‘ < 1).
m=—00 t>1 +/t (In(t) + ¢2)

Proof of Theorem[2.].5 We start by eliminating the estimate fig ) in the threshold
function: Denoting by
hi(t,T) = G(O)PG(T o) 27

the function corresponding to hi, yet with the estimate fig; being replaced by the
true value pg, we have

~ ~

Ry, Ry, ‘

max

= .

hi(k,T)  hi(k,T)
| Ry,|

max = max
k:ﬁ’bvﬂ:" hl (k7 T) k:ﬁ’b7,ﬁ

(2.4.17)

(&)

As we will see later on in this proof, the first factor is of order Op(1) as m — oo.
We take care of the second factor: By the mean value theorem we have

S (6 ~CTios) G T T
G(T/ k) G(T/fio k) G(T/fo)) [ro  Pok
where & = &, € [T/po,T/fior] or & € [T/fuwx,T/po], respectively. Hence, by
Lemma 2:2.3] we have

(T
max M - 1’
k=mm,...in | G(T/ fio )
—2)\ T/ i (0
N et /im,;; fok 1’ o) (2.4.18)
k=mm,...n (T/ o 1)~ Ho
= o(1),
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where for the last equality we used

max _|fior — pol = O(V/loglog(m)/m) = o(1),

=m,...,n

which is a consequence of Theorem and the law of the iterated logarithm.
Plugging this in (2.4.17)) yields

~

Ry, Ry,
sup |= — =
k=m,...,n hl(k,T) h1<k,T)

=op(1).

In addition, note that by the same arguments as in (|1.3.7)) we can neglect the estimate
6,% in our further considerations, thus we focus on determining the limit distribution
of maxg—y, 7 Ri/hi(k,T), where Ry := (6/0) Rj. Decomposing

Ry, _ R n (1o — frok) 31y g(i)
iLl(k,T) iLl(k,T) g ill(k,T)

we see that if

dw as.
sup | _ o I@AV@) | as g (2.4.19)
k=m,...n | hi(k,T) hi(k,T)
and
. k . k
— - dz W (k)/k| as.
oy [0 S0 @ WK e
k=r,...,7i o hi(k,T) hi(k,T)
hold true, we have
sup |k U Jae )
k=m,..a |hi(k,T)  hi(k,T)
where
' Jog(y) dy
_Jo
Ut) = /0<g(a?) , >dW(x) for t > 0, (2.4.21)
0 for t = 0.

Analyzing the covariance structure as in ((1.3.19)) and taking the fact that {U(t) |t >
0} is a Gaussian process into account gives us

U@ |m<t<n} Z2{W(@Q)|m<t<a}. (2.4.22)

So, if (2.4.19), (2.4.20) and, in addition,

wp |WEE) _ W(E®)

m<t<n| hi([t],T)  hi(t,T)

= op(1) (2.4.23)
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hold true, we have similarly as in (2.4.10)), that

—> sup —5—, (2.4.24)

which then completes the proof for the one-sided stopping time Tdojed

m ) follows along the lines of Theorem [1.3.]] _, yet we have to check that the
convergence rates hold true for hi(k,T) instead of hi(k,T). Recall that A =
1—2X > 0. Concerning (2 we note that

K A(1/2-8)
max ?(k)k L max kA2 i O(1) = o(1)
k=m,...v hy(k,T) k=m,...,in T

log(T) max = 9(k)
k=m,...,nn hl(k‘7T)
L\ A/2=6)
= /log(T) max~l<:_A/2< ) 0(1)

which shows (2.4.19)). As to (2.4.20) we have by the invariance principle of Theorem
231

max (o — fro + o W(K)/k) Sor_, 9(i)
k=m,....n o iLl(k,T)
as. B S g() (2.4.25)
— e & W
= 0(1)
and further
wp | S g@OW Rk Jig(@)da W >/k‘
k=mm, ...t hl(kz T) hl(k; T) (2426
T ko h1 k, T <Zg / dx) |

where, on the one hand, we have

W (k)
hi(k,T)k

as. k loglog(k) s
T oemnn KMZE O(1) = o(1)

k=m,...,n
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and, on the other hand, we have uniformly for m <k <n

k

<> g(i)—gli—1) = O(1),

=1

k

k
S gi) - /0 o(x) da

i=1
which yields (2.4.20). Concerning ([2.4.23) we decompose

W(G([t])  W(
Bl(mvT) El(u T)

sup

m<t<n

where in the last line we took the following relations into account:
1. By the arguments of (2.4.24)) we obtain

wp WD o W (GG )|

]
= Op(1).
meesa h([t,T)  w<n (G([H)/G(T/mo))” "

2. Similar as in it holds that

LT B e
miiﬁﬁ(l‘ ; T)>§C([t])_ -

3. By the mean value theorem and Lemma there is some ¢ € [[t],¢] such
that

< G - G(1) < G'(e) = (fo ! dx) <gt? <1,

hence by Proposition [I.3.2] we find that

4

(W(G([t])) = W(G())] as. 1og(T) _
i hi(t, T) mA/2 O) = o(D).

The corresponding assertions for TClOS@d and 7clesed follow by the same arguments.
O

Proof of Theorem[2.].6. As in the proof of Theorem [2.:4.5]it is sufficient to show the
assertion for Ry = (6%/0) Rg. Decomposing

Ry, Ry, +Z] 19(7) (1o — fok)
ho(k,m)  ho(k,m) o ha(k, )
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we aim to show that, for one thing,

k
B 9@ V@) s g (2.4.27)

ho(k,m) ha(k,m)

sup

k=m,...,0co

and that, for another thing,

&
9}

— 0 x)dx W (k)/k
'Z] lg (,U,() HO,k) fO x )/ = 0(1)7 (2428)
k=m,.. ,oo o h2 k m) hg(k‘,m)
which combines to
R Uk
sup K = ( ) a.:S. 0(1)7
k=i....00 | ho (e, 77) h?(kvm)

where U(t) is defined in (2.4.21). Analyzing the covariance structure of U (see
(1.3.19)) we have {U(t)|t > m} 2 {W(G(t))|t > m}. Thus, if we show that
) W(G®)

(G(1) .,
hg([ ) ﬁg(t,m) ' p(1) (2.4.29)

holds true, the assertion for T:np 7" follows by the arguments of (2.4.15) and the
assertions for 777" and 7"

sup
t>m

follow in the same manner. In conclusion we find
that the proof is complete if we show that (2.4.27), (2.4.28) and (2.4.29) hold true.

(2.4.27) follows along the lines of the proof of Theorem yet we have to show
that the convergence rates hold true for ha(t,m) instead of ha(t,m). Concerning

(2.4.11)) we note that

M O as.
k=1,....00 ho(k,m)

As to (2.4.12)) we note that by A >0
log(k) as. +/log(m —o(1)

k:ﬁz,...,oo h2(k m) A/2

Furthermore, assertions (2.4.13)), (2.4.14]), (2.4.25)) and (2.4.26|) carry over to the case
of ho(t,7) in the same manner, hence (2.4.28) and (2.4.29) hold true. O
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2.5 Consistency of the testing procedures

In this section we show that if the detectors contain a sufficient amount of per-
turbed data, i.e. observations made after the change point, the testing procedures
have asymptotic power 1. Sufficiently many perturbed observations means that
(7 — k*) /T needs to be a.s. bounded away from zero as m — oc.

In Section and Section [2.5.2] we show consistency of the testing procedures
for known and unknown in-control parameters. The assumptions in case of known
in-control parameters are generally rather mild, whereas the assumptions on the
slope parameters v and A in case of unknown in-control parameters are more
restrictive.

2.5.1 Consistency for known in-control parameters

Theorem 2.5.1. With the notation and assumptions of Section[2.1] and Section

and if, in addition, |0|\/T/loglog(T) — oo and k* < 0T for some 0 < 0 <
min{1/po,1/p1}, it holds that

under H{9* lim P(Tfnlojed <n)=1,
’ m—»o0 ’

under Hffﬂsed, lim P(Tﬁi"fed < ﬁ) =1,

m—o0 ’
under H0% lim P(Tﬁfosed <n)=1.
m— 00

Hence, the tests are consistent.

Theorem 2.5.2. With the notation and assumptions of Section|[2.1] and Section [2.3
it holds that

open . open .
under HLJr , n%gnooP(Tm,Jr < oo) =1,
under HP?", lim P(7,7"" < o0) =1,

’ m—00 ’
under HP*", lim P(77" < o0) = 1.

m—0o0

Hence, the tests are consistent.

Proof of Theorem [2.5.1] Our assumption on k* ensures that a.s. we have realiza-
tions of S that contain observations made after the change point: Without loss of
generality, assume pg < p1. As in Section we denote by N, (t) the counting
process based on {Y(n) + nu; }. Then we have for sufficiently large T

N(T)-1 - TNM(T) -1

T - T

Hence, we can proceed under the assumption of k* < n. We split the detector into
two parts, where the first one only contains observations made before the change
point and the second one also contains observations made after the change point:

R Ra __ Re  W(T) Ri—Re
k=m,...,in ]’Ll(k‘,T) - ]’Ll(’FL,T) N hl(k‘*,T) hl(ﬁ, T) hl(ﬁ,T) .

n="T

= T(1/m +o(1)) > TO = k*. (2.5.1)
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The first summand is of order Op(1), as m — oco. We take a closer look at the
second summand: Using the decomposition of Remark and the growth rates of

(2.2.1)) and Corollary we obtain
Zn: 9(@) (i) — po)

|Ri — Ry+| =
o

+g(n) O( n log log(ﬁ))

i=k*+1

(k™ +1) — ol
g

Z g(i) + O(\/T loglog(T))
i=k*+1

a.s.
>

n

> ol =27) Z g(i) + O(\/T loglog(T)).

g .
i=k*+1

Now, since ¢(t) is increasing we have for sufficiently large T

> o) > (2 Yo E Tlmin{1/o. 1/} - 0 +0(1)) g(1)
i=k*+1
and therefore

max ’Rk|
k=m,...in h1(k,T)

By \5|<d+o<1>>m<ﬁﬁT>+ Op (VT loglog(T) /hu (3. T).

where d=(1-277)¢g(1) (min{1/pg,1/pu1} —6)/o > 0. Note that

MnT) <G<Tﬁ>)ﬂ <W>/ﬁ (252)

T
where the second factor has a constant, positive limit and, by (2.2.1)), the first factor
is a.s. bounded below and above by positive constants for sufficiently large T. Com-

bining this with [d| /7T loglog(T') — oo completes the proof. O

Proof of Theorem[2.5.9 Let N = N,, be some sequence satisfying k* < § N for
some 0 <1 and 0/N/log(N)— co, as m — oco. A possible choice for N is for

example

N k*/(0|6,]?) if 8 — 0,
k46 if 6, A 0.

As in the proof of Theorem [2.5.1] we have for sufficiently large N

as. |5 (1 —277 N
xS P20 S 56) 4 0p (VN Togloa(™)
i=k*+1

> |6|d (N — k*) + Op (/N loglog(N)),
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where d=(1—-277)¢g(1)/oc > 0. Hence,

R a.s
Byl o519 N K —i—(’)p(\/W/thm)

ha (N, m) h2(
> \5|d0 ( —|— Op( N loglog(N)/ha(N,m)).
Finally, the assertions follow by ho(N,m) = /N log(N/m) (cf. Remark )
and our assumptions on N. ]
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2.5.2 Consistency for unknown in-control parameters

Theorem 2.5.3. With the notation and assumptions of Section [2.1] and Section [2.3
and, in addition, k* < 0T for some 0 <60 < min{1/po,1/p1},

|5| T1/2—>\—'y
log log(T')
as m — 0o, and & being an estimate such that

6| 7> p
— — 09,
07

as m — 0o, we have

closed : ~closed ~\
under Hy (™, nll_rgo P(Tm’_f_ <n)=1,
under Hffﬁsed, lim P(%nciofed <n)=1,

under Hfosed lim P(7eo%d < ) = 1.

Hence, the tests are consistent.

Theorem 2.5.4. With the notation and assumptions of Section [2.1] and Section [2.9
and, in addition, some sequence N = N,, satisfying k* < ON for some 0 <1,

|5| N1/2=A—y
log log(N)

)

as m — 0o, and & being an estimate such that

9] N1/2— p
— 00,
V1og(N/m) én

as m — 0o, we have

open . ~open o
under HLJr , W}g]%OP(TmJr < oo) =1,
under H{P", lim P(77" < o0) =1,

> m—o0 )
under H{P?", lim P(7P" < o0) = 1.

m—o0

Hence, the tests are consistent.

Remark 2.5.5. If 6, =64 forall k, i.e. if we estimate o only by observations
made in the training period, and if A+~ < 1/2, a possible choice for N in Theorem

(257 is

k¥ /(016 A=2=) if 6y — 0,
k*/6 if Om /0.
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Proof of Theorem[2.5.3. The first part of the proof follows along the lines of the
proof of Theorem [2.5.1] i.e. we have k* < n a.s. We focus on the detectors with
known variance, i.e. Ry = (61/0) Ry, first and replace o by its estimate later on
in the proof. Via the decomposition of Remark the growth rates of and
Corollary and Theorem we obtain for k* <7

=1 i=1
- OP(%(’“*’T))*iW (2.5.3)
=1
+ Op(V/T loglog(T)) — ig > 1u( ) /7~ o)
=1

— A+ 0p(V/T loglog(T)),

where

:éga) (nt) Uz i H)/E)

Hence, we have to find the rate of convergence of As. To shorten the notation we
introduce

k
> g,

i=1

=

k
Z and g =

By elementary calculations we obtain the following representation of the increments
of Ay forall k=1,...,n—1:

?r'\b—‘

k+1 . _ k . . _

R — A= 3 20 Q_ fiest) _ 5~ 90) <u<;>uk>
= =1 (2.5.4)
_ k(g 1) =0 (u(k+ 1) — i)
k41 o

Before the change point the mean function p(k) is constant, thus u(k)—p; =0 for
k < k* and therefore Ay = 0 for k < k*. Hence, we can express Aj; as the
following telescoping series and make use of representation (2.5.4):

a1l
3

R X R . 1) g 1) —
A; = A — A g = Z : ¢ (g(Z + ) gz) (:U’(Z + ) ,U/z)'
: —~ i+1 o
i=k* i=k*
For the sake of simplicity, we restrict ourselves to the case of d > 0, i.e. the case
of u(k) being increasing. The weight function is assumed to be increasing, too, so
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it holds that u(i+1) —f; >0 and g(i+1) — g >0, hence

Raz 5o 3 (41 =5 (i +1) — ).

i=k*

We take a closer look at the two factors separately: On the one hand, we have

gli+1)— g
= —(2+0) 7+ % ZZ:(1 +45)7

j=1

1 +1
> —(2+i))‘+,/ (14 2) M dz
tJ1
(2_1_2')1—/\ _ 21—/\

TSN

_ (2_1_7;)—>\<1i)\ _ 1) N (21+_i))\—A (24[2 _ 1> - (121_:)1

2+ r2 217
1-X i (1-=XNi

= —(24149) "+

A
1_)\( +i) M+

On the other hand, it holds that

p(i+1) = fig
=90 (—(2+z‘—k*)7+1(k*+l’k:(1+j) ”))
> 5<—(2+¢—k*)—'¥+1(k*+/1i_k*+1(1+x)—wx>>
- <— (2+i—k*)—7+1</~c*+ (2”_?*2177 _2M>> (2.5.5)
524k (1_17—1)
L5 ((2+1z':l;:*)‘”<2+z'i—k* _1> +kz_(121_’:)z>
> e (1) - )

The second sum of the right hand side of (2.5.5) is positive (hence can be dropped)
if and only if i > k*+T, where I':= (1—+)~1/7 =2 is constant. So, for one thing,
we have

ke +[T]

| S (ol 1) = ) (i + 1) — )

i=k*

< T +1) lpo — m|=0(),
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and, for another thing, we have

Y (9li+1) = g) (uli+1) — )
i=k*+[T]+1 ) (2.5.6)

n

Ay 9 N\ —(A+7) .
> Y 200 (544,
T N =)

where, for some constant d > 0, |r(i)|] < d i~ ™A1 and therefore

i A+l _

Z T(Z)‘ < d/ x—mm{)\;y}—l dr
i=k*+[T]4+1 :

p k*—min{)\,'y} _ 5~ min{A,v}

N min{\, v}

. d *—min{\,v} _(p* /) — min{\~}

~ min{)\,~} b (1 (k™/7) )

a':S' O (mf min{)‘v"/}>

= o(1).

The first summand on the right hand side of (2.5.6]) gives us the required rate of
convergence:

n

Z (2 4 )=+

i=k*+[[]+1
n—2
> / (2 + 2)" O dg
k*+[T]+1

A=) — (k4 1] 4 3)1- ()
1—(A+7)

A=) (0T 4 1] 4 3)1 O+
I—(A+7)

T1-(A+7) ﬁ 1-(A+7) B 0T + [I'] + 3 1=(A+7)
1—(A+v) \\T T

Tlf()\Jr’y) B _
T vy (7005 005 o)),

Y

a.s.
>

where by our assumptions on @ it holds true that (1/po)'~*7) — g1=O+7) >
0. Combining the inequalities above yields

An 2 (d+o(1)) 6T, (2.5.7)

where

A ((1/pg)' =) — 1A
L T Ry s ey Ry
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Plugging this relation into (2.5.3)) yields

S~ T2 . R
> (d+o(1))————— + Op(\/Tloglog(T)/(h1 (1, T) 65)).
hi(n,T) 65
By the definition of 7 (see Section we have
Si =inf{t € T.|N(t) > N(T) — 1} = T,

thus the estimate f[ig and the threshold function simplify to

and
P — BN S WL/2=B /20y &S ~1/2-0
hi(n,T) =G (n)(G(T/,uo,n)) =G4 (n) ~ n .
Hence, by it holds for some d > 0,

R~ a.s. , . 5T1/2*’Y
—" >(d+0o(1)) ——— + Op(\/loglog(T) T /57,).
(. T) ( (1)) P= p(\/loglog(T) 1" /67)

By the first assumption on the convergence of T in Theorem we know that
the deterministic part on the right hand side of the upper expression dominates the
stochastic part and by the second assumption on the convergence of T° we know
that the deterministic part converges to infinity, hence (if § > 0)

g

hl (ﬁv T)
The case of § < 0 follows in the same manner. O

Proof of Theorem[2.57) As in the proof of Theorem [2.5.1 we have
A as. §| N1=2=

Ry| > (d+ 0(1))A|’7~A

ho(N,m) o N

+ Op(V/N loglog(N)/ (ha(N, 1) 6))

— @+ o)L
B V1og(N/m) 6
+ Op(y/oglog™) T/ (/Iog(N/m) &)

for some d, d > 0, which, by our assumptions on N yields the assertion. O
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2.6 Asymptotic normality of the delay times

In this section we restrict ourselves to an early-change setting (see ([2.6.2] - and (2 -
in which we are able show that the delay times of the testing procedures are asymp-
totically normal. The early-change assumption in the closed-end setting is somewhat
stronger because the interplay between T (the total number of observations) and
k* (the change point) has to be taken into account.

So far, the results in the closed-end setting are based on a truncation point T =
[0mP] where p > 1 (see Section [2.1]), however, for the (closed-end) results below
we have to tighten this condition to p > 1. The reason for this restriction can be
found e.g. in the arguments of Lemma where we prove that (in the early
change setting) the probability to stop before the change point is negligible.

For the sake of readability, the results of Section [2.6.1] and Section [2.6.2] are given
at the beginning of the respective section, whereas all the proofs are postponed to

Section [2.6.1.1] or Section [2.6.2.1] respectively.

On standardizing the delay times we introduce the function
xl=
11—~
which is discussed further in Lemma [2.6.6] below.

r:[l,00) = [—7/(1 —7v),00), T+ x— , (2.6.1)

2.6.1 Asymptotic normality of the delay times for known in-control pa-
rameters

Theorem 2.6.1. With the notation and assumptions of Section[2.1] and Section [2.2
as well as T = [9mP] where 1 < p < (3/2—-28)/(1—28) and 9 >1, 6 being
constant and being estimated by 6 =6+ Op( (1=p)(1/2— 5)), the critical value c being
positive and

kK =m/po + O(m") (2.6.2)
for some 0 <n<1—(p—1)(1/2—=p) it holds for all x € R wunder the alternative
Hclosed that

1+

lim P

m—r0o0

5 g(m) r( max T"’losed * oc—chi(m
(59( ) ( { k 71})/ hl( 7T) )I(]ﬁ(l‘)

<z
G(m) =

and under the alternative Hf{ﬁse‘i that

<5|g(~) (maX{TdOSEd k*al})/U_Chl(m7T) > :¢($)>

<z
G(m)

lim P

m— 00

where r(x) is defined in (2.6.1)).
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Theorem 2.6.2. With the notation and assumptions of Section [2.1] and Section[2.9

as well as 0 being constant and being estimated by 55 0, the parameter ¢ in the
threshold function ho being positive and

k* =m/po+ O(m") (2.6.3)

for some n <1 it holds for all x > —c wunder the alternative H’." that
n 1,+

hm}?8ﬂmw(mwhﬁT_kﬁuwg_cﬂﬂm)§x = ¢(x)
and under the alternative Hip_en that
5| g(7 P _ 1Y) o — e /G(n
i (L0 P (max 1) o e/ _ Y

where r(x) is defined in (2.6.1)).

In the following lemma we suggest a suitable estimate which fulfills the assumptions
of Theorem or Theorem [2.6.2] respectively.

Lemma 2.6.3. With the notation and assumptions of Section [2.1] and Section [2.3
let

_ X () (Si = Sic1 — o) , (2.6.4)

SoF (i)

S

m,k

where

1—(L+k=0)" if k>1,

k) =1—1+((k—-1)4) 7 = {0 if k<.

If k¥ —m= o(mc), as m — oo, for some ( > 1 it holds that, as m — oo,

b L5+ 0(m' ) +0(m 7)) + O(y/loglog(m) m_</2).

m,m+ms

On choosing
¢ >max{l+(p—1)(1/2-8),(p = 1)(1/2 = B) /v, (p — (1 - 28)}

the assumptions on ) of Theorem are fulfilled and on choosing ¢ > 1 the
assumptions of Theorem [2.6.9 are fulfilled.

Since a slightly more general version of Lemma m (i.e. with unknown pg) is
shown in Section [2.6.2] the proof is omitted here. Combining Lemma [2.6.3| with The-
orem or Theorem [2.6.2] respectively, gives us the following confidence intervals
for the change point:
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Corollary 2.6.4. Let the assumptions of Theorem[2.6.1] hold true. On setting
(x/ m) ¢~ (1 — &)+ chi(m, T)>
101 g(m) /o 7

where & € (0,1), we obtain for Tﬁfbojed, Tﬁfffed and TEo%ed s in Section
that, as m — o0,

P(raosed — q < k* <750 =1 —a+o(1),
P(Tclosed q< B < closed) S 0(1)’

m,— m -
P(rglosed — g < k* < relosed) > 1 — G+ o(1),

hold true under Hd"“d HClosed or Hfl"“d, respectively.
Corollary 2.6.5. Let the assumptions of Theorem hold true. On setting

(\/ m) ¢~ H(xi) + G(im ))
0] g(m)/o ’

q(xi) = r~

where

. {¢_1(1—d—¢(—0)) i i=1,
et -a-20(—e) if i=2,

with

S (@(=0), 1) for i=1,
c {(2 ¢(—c), 1) for i=2, (2.6.5)

we obtain for T, and 77" asin Sectzon- 2.2.% and Ty = min{7,) ", 7'} that,

as m — oo,

P(rdl —a(x) ST < 7Y =1 a+o(1),
P —q(xa) < T <P ") =1—a+o(1),
P(7P —q(x2) < TF <7P") > 1 —a+o(1),

hold true under HY"(", HY"™" or H{"™, respectively.

Note that in this section we assume o to be known. Confidence intervals where
o is being estimated as well can be found in Section [2.6.2

2.6.1.1 Proofs

Before we turn to the proofs of the two main theorems, we introduce some notation
which we will use throughout this section. Let

H:=k"+ [w(k*)] (2.6.6)
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with

oyt VG o [ Rk
w(k®) == (g(k*) o < @) + )) (2.6.7)

where h(t) shall denote either chi(t,T) or ho(t,m), depending on the setting
we are working with. If not stated otherwise, throughout this section w shall
denote w(k*). The idea of the proofs of Theorem and Theorem is to
show P(7 < H) — ¢(x) and then solve the inequality 7 < H(x) for = (where
7 shall indicate the respective stopping time). Remark below, ensures that
the expression w in is well-defined.

To further shorten the notation, let

g

k . .
Ao e 30 40 (00 =) 2.65)
=1

be the deterministic perturbation of the detectors and

M) = (o e 50 ) 10

k=[a],.o]  h(k) h(H) G (2.6.9)

be the difference between the test statistic and the perturbation at time point
H, where again the expression h(t) shall denote either chy(¢,T) or hg(t,m) de-
pending on the setting we are working with.

The following lemma will help us handling the term w (defined in (2.6.7))).
Lemma 2.6.6. The function

P [1,00) = [=7/(1=7),00), @z —a' /(1 -7)

has an increasing, continuous inverse function v~ :[—y/(1 —7),00) = [1,00) for
which r~1(x) ~x holds true as = — co.

Proof. The existence of 7~1 follows immediately by r being continuous and

increasing, where the latter can be seen via the derivative /. As to the asymptotic
behavior of 7~!, we note that, on the one hand,

(7’_1(3:))1_7

T = r(r_l(m)) =r1(z) -

hence

7’*1(3:)‘

X

1<

On the other hand, for £ € (1 —+,1) and z sufficiently large it holds that

(a: + :165)1_7

&) — &
rlz+a*) =2+ T

>z,
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which yields for x sufficiently large that

7"_1(33) x+ 2t
<
x x

—1

as xr — 00. O
Remark 2.6.7. By Lemma[2.6.6 we see that w(k*) is well-defined if
G(k* *
ETo (1), )51
g(k*) 19| G(k*) 1—v

which is equivalent to

vk ol h(k)

~ NGk o Gk

On the one hand, we have ¢(k*)/+\/G(k*) — 0, and, on the other hand, we have
either

chi(k,T) _ <G(T/Mo)>1/2_6_>oo

)

hg(k‘*,m)_ . ) . s . a.s.c
e = 17 (@) /GO0 + () 2

so in the closed-end setting, if the critical value is positive, the expression w is well-
defined for any x, yet, in the open-end setting, one has to restrict the considerations
to the case where x > —c.

The proofs of Theorem [2.6.1] and Theorem [2.6.2] are each subdivided into a sequence
of lemmata given in the two paragraphs below.

Proof of Theorem [2.6.1]
We begin with some technical but important details on the interplay of the conver-
gence rates of the sequences m, k*, w and H. Note that H is chosen such that

[2.6.13) is fulfilled.

Lemma 2.6.8. Under the assumptions of Theorem we have, as m — 00,

w =~ hy(k,T) ~ (G(k*))? (G (T/Mo)) =B = 00, (2.6.10)
H ~ k* ~m/po, (2.6.11)
hi(H,T)/h(k*,T) = (G(H)/G(k*))" =1+ O(w/m), (2.6.12)
<Sgn(5) 4 éf T)) hl(éz;:)) — —sgn(d) , (2.6.13)

where H, w and Ay are defined in (2.6.6)), (2.6.7) and (2.6.8).
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Proof of Lemma[2.6.8 Recall that

_ G(k*)a<ch1(k*) )
1
w=r +z .
( g(k*) 16| \\/G(k*)
Via Lemma and the early-change assumption (2.6.2)) we have, as m — oo,
ha(k,T) (G(T/m)”?‘ﬂ
= — 0.
G(k) G(k*)
Combining this with Lemma yields, as m — oo,
G(k*)o <h1(k*,T)
0] g(k*) G (k)

which shows the first assertion. Combining this with the early-change assumption,
our assumption on p and Lemma [2.:2.3 we have

—i—x) ~ hy(k*,T),

B ml1/2—p
o< = B 0(1) =m0 001) = o)
which yields the second assertion. As to the third one, we first note that for 8 =0 it
holds true that hy(H,T)/hi(k*,T) = 1. If 0 < B < 1/2, on the other hand, it

holds by the mean value theorem that some ¢ € [k*, H]

hm(H,T) . (GH)\?

M (G(k*)) .
_ GP(H)-GP(k*) H—Fk*
B H — k* GB(k*) (2.6.14)
= BGOGCNE) =5

GB(k*)
= O(w/m).

The last assertion of Lemma requires some more effort: Since p(k) = po for
k < k*, we have

VRS L) = po)

i=k*+1
gk <& :
= £ 37 (i) — o) + O((9(H) — (k")) w)
i=k*+1
(0]
_ (Sg((,k) D (1= (1+9)77) +0(d (m)uw?)

i=1

_ 59(}]{:*) ([w] _ [;U]_l_; n (’)(w_w)) i O(m—A—1w2)
Tolb)r(fn]) g

w7+ m_A_le).
g
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Now, an application of the mean value theorem gives us that r([w]) = r(w) +
O(1), hence
0 g(k*
Ay = SIEIT) o1 A ? 4 1), (2.6.15)
o

Plugging this relation into yields
Ag )hl(k*,T)
5 e —

<sgn( )c hl(H, T) G(k*)
sgu(d) chi(k*,T)  dg(k*)r(w) ha(k,T)

G(k*) o\/G(k*) hi(H,T) (2.6.16)
4 O(w*mel/Q Lo A2,2 mfl/z)
_ Sgn((S Chl(k*7T> _ 5g(k*) r(w) —|—O(1),

G(k*) o/ G(k¥)

where we already made use of the following four asymptotic relations:
1. Since w — 0o, as m — 0o we have w™Im /2 = o(1).

2. By our assumptions on p we have

mf>ﬁ3/2 w2 = O(mf)\73/2+25+p(1726)) _ 0(1).

3. Making use of (2.6.12) and our assumptions on p, we have

r(w) hi(k*,T)
G (1 - (H, T)>
= C’)(wQ/mg/z)

_ O(mp(lfQ,B)+2ﬁf3/2)
= o(1).

4. Obviously it holds that m~1/2 — 0.

Plugging the definition of w into (2.6.16|) yields the assertion. O

The following lemma allows us to neglect the time period before the change point in
our asymptotic considerations.

Lemma 2.6.9. Under the assumptions of Theorem [2.6.1] we have, as m — oo,
Al k%) 5 — oo,

where A(a,b) is defined in (2.6.9).
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Proof of Lemma[2.6.9 Let 1< p < p. By Theorem [2.4.1] we have
| B |

k:%axk hi(k,T)
<  max 7|Rk| max L(kj’mﬁ)
T k=m,.. k* hl(k mp) k=m,....k* hl(k,T)
= Op(1)o(1)
= op(1).

Combining this with sgn(0) Ag/(hi(H,T)) — ¢ >0 (see (2.6.13)) and
T)/VG (k) = (G(T/p0) /G(k*)*7F = o0,
yields the assertion. O

To shorten the upcoming proofs we state another technical lemma, showing that
after the change point, the detectors are (asymptotically) driven by their proportion
up to k* and their deterministic perturbation.

Lemma 2.6.10. Under the assumptions of Theorem we have, as m — 00,
= k*)/hi(K*,T)).
b—koitoH  hi(k,T) or (VG(k*) /(K" T))

Proof of Lemma[2:6.10, Recall that M (k) = 3% | (i) denotes the mean of Sy (see
Section [2.I). Via the approximation of Remark we have for all k& = k" +
1,...,H that

Ry — Ry — Ag

‘ hi(k, T)
B g()(Si = Sic1 —mo) A
N . ;1 hi(k,T) hi(k,T) ‘
= g() (8= M) — (S — M(i— 1))
- i:;—l O‘hl(kﬁ,T) ‘
_ 9(k) |k = M(k) — (S — M(K"))|
- O'hl(k‘,T)

4o 9W =9 e 18— M),

ohi(k,T) i=k*,...k
On the one hand, by the mean value theorem we have

_ V| s A+1
emax  lg(k) = g(k)] = O(w/k™™)

and on account of Corollary [2.3.3] and Lemma [2.6.8] it holds that

‘71kriaxH|§,~ — M(i)] = O(\/k* loglog(k*)).
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Combining the two relations yields

g(k) — g(k") = ,
g\k) — 9{~k") M
R hi(k,T) —e ek S ()]

2 0(/loglog(k*) k* 2w /hy (k*,T)).
On the other hand, we have via Theorem [2.3.2] that
|Sk — M (k) — (Si- — M(K"))|

max

k=k*+1,...H o
s VM) = (V) MOy
k=k*+1,...H o
V(k) = o W (k) = M(K)

< 2 max + O(k*"),

k=k*,.. H o

where V (k) = maxj—1,_ 5 (e W()+M(l)) (see (2.3.2))). For each k = k*,.

(2.6.17)

.., H we

squeeze the upper expression into the following two bounds: On setting [ = k& in

the maximum of V(k) we obtain as a lower bound

(V(k) = o W(k*) — M(k)) /o > W(k) — W(k*).

On establishing an upper bound we consider a sequence ¢ = ¢, € (0,1) with
Sm — 0 but ¢, VE* — oo. Taking into account the fact that M (k) in increasing

we obtain as an upper bound:
(V(kz) —oW(k*) — M(k))/a
< <maXl:1,...,[k*(1—<)] (eW(l) 4+ M(l) — o W(k*) — M(k))>
n

g
< Z(E*). + W(l) — W(k")|,
< 2(K)+ l:[k*(ln—l?))]{-&-l,...,k‘ © (k)]
where
o " M([k*(1 —<)]) — M(k")
Z(k*) = oy e (W) —W(k")) + -
k*
= max (WO -WE)) - Y pi)fo
1=1,....[k*(1=¢)] .
i=[k*(1—¢)]+1

< W) — W (k) — k* . ’
= 1:1,..?[1;3}@_0]( () = W (k")) ¢ min{po, 1}/

and, by the fact that W (t 4+ k*) — W(k*) is again a Wiener process,

wi(l) — W(k*
e LA Ol

< max
[=[k* (1=6)]+1,.... k"

Op(V<k*) + Op(VH — k*).

W(l) — W (k*)| + e (W (1) — W (k*)|
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Combining the upper and lower bound yields
VR = o W) — M)
k=k*,...H o
< Z(k:*)+ + Op(\/ d{Z*) + Op( H — k‘*)
= Op(l) + Op(\/ §k‘*) + Op(\/a),

where we already plugged in the fact that

P(Z(E)+] > 0) = P(Z(k*) > 0)
< P(Op(m) — k*< min{uo, 1 }/o > 0)

= P(Op(1) — VE* ¢ min{pug, p1}/o > 0)
— 0,

since Vk*¢ — o0o. In conclusion we have

s |R, — Ry — Ay
k=k*+1,...H hi(k,T)

= Op(Vloglog(k*) k* *"Y2w/hy (k*, T)) + Op (k*" /by (K*, T)) (2.6.18)
+ Op(Vk*sm/h1(k*,T)) + Op(Vw/hi (K, T))
= Op(\/G(k*)/hl(k*,T)),

where the last equation is a consequence of the following implications of Lemma[2.6.§]
and our assumption on p:

. k*”\’l/Qw/m ~ mAL/2+(p=1)(1/2-8) _
2. k)G ~ kY2 5 0,

 AVFGRIG) = fam — 0,

- Vw/G(E) = Jw/k* — 0.

—_

w

e

O

The next lemma allows us to restrict the range of the maximum to an area arbitrary
close to H.

Lemma 2.6.11. Let € > 0 and H = H(e) = k*+[(1—€)w]. Under the assumptions
of Theorem [2.6.1] it holds that, as m — oo,

P(A(K*+1,H) = A(H,H)) — 1.

Proof of Lemma[2.6.11] The proof follows essentially by the fact that Ay — Ay —
oo sufficiently fast. For the sake of simplicity we demonstrate the proof for ¢ > 0.
The case of § < 0 follows by the same arguments. The first step of the proof is to
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show that is sufficient to consider the (deterministic) perturbation of the detectors
in the respective range:

P(A(K*+1,H) = A(H,H))
= P(A(K*+1,H—1) < A(H,H))
> P(A(k*+1,H —1) < A(H,H))

_p e Ry« + R, — Ry < Ry
O \k=wert,mo1 m(kT) T h(H,T) (2.6.19)
Ry Ry — Ry~ Ry >
> P max ———+ max <
- <k:k*+1,A..,H—1h1(k,T) k=k*+1,.. . H—1h1(k,T) = hi(H,T)
Ry — Ry~ _ Ry — Ry~ >
=P max < +op(1) |,
(kk*-i—l,...,H—l hi(k,T) = hi(H,T) P(1)
where in the last line we already plugged in that by Lemma [2.6.8] we have
max Ry B ‘
k=k*+1,...0-1 h1(k,T)  hi(H,T)
| Ry | < N hi(k*,T) B hl(k*,T)>
= hi(k*,T) \ k=k*41,...8-1 ha(k,T)  hi(H,T) (2.6.20)
hi(k*,T)
= H1—-——~—
o )< h1<H,T>)
= op(1).

By Lemma [2.6.10] we know that the stochastic terms of (2.6.19) are asymptotically
negligible, hence

P(A(k*+1,H) = A(H,H))

Ay Ay >
> P max < +op(1
- <k:k*+1,...,f{—l hy(k,T) = hi(H,T) p)

g P < T '
<k=k*+ﬁ}ig1 Gk)? = G(H)P © or( )

By (2.6.13]) and the fact that Ay is positive and increasing for k > k* we have

uniformly for k=k*+1,...,H -1

A Ay GH)\?  Ag_
"Gy = M Gy (G(k*)) = Gt o)
which gives us
Ak AH B
P(kk*ﬂ?fg_l G(k)P = G(H)? +op(T"? ﬁ))
- P<0 = G?;I{)B - (;Xg{)lﬁ(l +o(1)) + 0p(T1/2—5)> (2.6.21)

= P(O <Ay -— AfI—l + O(AH—l) + Op(hl(H, T)))
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Now, on the one hand, it holds that

Am = Aoy
v 5 k*+[w]
= — Y g1 -(+i—k)T)
i=k*+[(1—€)w]
> gt 10— ul) (1 (1 4+ [ u))) L
N %

On the other hand, we have Ap_; = O(w) and w ~ hy(H,T). Plugging this in
(2.6.21)) yields

P(o < Ap—Ag_y+o(Ag_y) +op(hi(H, T)))

> P(0<6e+op(l))
1,

which completes the proof. O

The following lemma gives us the required convergence towards the standard normal
distribution.

Lemma 2.6.12. Under the assumptions of Theorem we have under Hdosed re-
spectively H flised that

lim P( closed < H) qb(l‘),

m— 00

lim P(75, closed H) = ¢(z).

m—00

closed
+

Proof of Lemma[2.6.13 We consider the one-sided, positive stopping time 75 (ie.
the case 6 > 0) in detall On combining Lemma [2.6.8) Lemma and Lemma
[2.6.11] we have

Pt < )
P(A(m,H) > —x+0(1))

(2.6.22)
= P(A(k* +1,H)>—z+0(1)) + o(1)
= P(A(H,H) > —z +o(1)) + o(1).
We squeeze A(H ,H between the following bounds:
ha (K", )( Ry Ay >
VG(E*) \hi(H,T) hl(H,T)
S A(H,H)
_ M A < R, Ag > (2.6.23)
VG k=d,u \l(k,T)  hi(H,T)
hi(k*, T R A
= I(G(lw))k:né?)ig <h1(kle) - hl(k’jT)> +oll),
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where in the last line we used, for one thing, Ay being increasing for k > k* and, for
another thing, a combination of Lemma the early change assumption (2.6.2))
and our assumptions on p, i.e.

hl(k‘*,T) max ‘ AH _ AH }
VG (k) k=H,..mhi(k,T)  hi(H,T)
< mET) | —polw ‘
- VG mMHT) k=n..m!h(kT)
_ o) m.D) w
GlRe) m
= o(1).

Applying Lemma [2.6.10| to the lower and upper bound of (2.6.23)) yields
hi(E*,T) Ry~

\/G(k}*) hl(HvT)
< A(H,H)
ho (k*, T) Ry
< 7
= G ket hi(k, T)

+ Op(l)

+op(1),

where in a last step we confirm that we can replace the argument in the threshold
function by k*: Making use of Lemma and the assumption on p, once more,
we obtain

W( e B Re >
G(k*) \k=m,...0 ha(k,T)  hi(k*,T)
D) R max M—1’
~ VGE) (kT k=p,..m | hi(k,T)
= % Op(1) O(w/m)
= op(1).

Hence, the upper and lower bound are asymptotically equal and we obtain

Ry

A(H,H) = NGED]

+ Op(l).

Along the lines of the proof of Theorem we have

Ree [y g(x)dW()

VG JGE)
and fok*g(ac) aw (z)/+/G(k*) 2 W (1). Hence, by we have

P(rgosed < H) = P(W(1) > —z + o(1)) + o(1) — ¢(x),

+ OP(l)
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which completes the proof of the assertion for the one-sided, positive stopping time
T_f_losed. We briefly outline the analogue steps on proving the assertion for the one-
sided, negative stopping time: Under Hffﬂsed we have

P(Tclosed < H)

m,—

_Rk
=P —
(k:IT?LaXH hi(k,T) ~ C)

Il
s
VRS
|
S
S\*
&
S
=]
4
S
)y
=
V
N
o
+
g
T
N————
>
=
5
\.*
3
N———
™
o
[\
B

Finally, we present the proof of the first main theorem of this section.

Proof of Theorem[2.6.1. Lemma gives us the required convergence towards
the standard normal distribution. So, it just remains to solve Tﬁf?f_ed < H(z) =

k* + [w(k*)] for = and to replace the unknown k* by 7 (which is possible by
the early-change assumption). By Lemma we have w — oo, so it holds for
sufficiently large m that

P(raft < H)
- P - < )
= P(max{rfosed — k* 1} < [w]).

m

Thus, we can apply the increasing function r on both sides of the inequality and
obtain

P(raeet < H) = P(r(max{rao — k°,1}) < r([w(k")). (2.6.25)
On replacing the unknown k* by m we aim to show that
r([w(k*)]) 2 r(w(m)) + o(v/m). (2.6.26)

An application of the mean value theorem shows that r([w(k*)]) = r(w(k*)) +
O(1). On comparing r(w(k*)) and r(w(m)) we have, for one thing, that for some
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€ € [m, k¥
‘ VGE) /G ‘
* g(m)
VG (k*) — \/G(m) = [
< | eE VR s v

1 . -
3 G(g)‘k —m| +0(Vm) o(1)

O((k* —m)/v/m) + o(v/m)
o(v/m)

and, for another thing, by the early-change assumption and a repeated application
of the mean value theorem that for 0 < 5 < 1/2

‘ hi(k*,T)  hy(m,T) ‘

I
)

I
)

g(k*)  g(m)
D) —mm) 11
- ) + i D)| s~ s |

= O(TY*0) [(G(k)? — (G(m))”]
+ O(T1/2—,3 8 Ik* — 1| m—)\—l)
L O(TV2 8|k — | mP) + O(TY2Pmf =21y
(f)(Tl/2 B Btn— h
— (f)(m(pf )(1/275)+n*1/2)
= o(v/m).

For 8 =0 the first term in the second line disappears, yet we obtain the same rate
of convergence. Hence, ([2.6.26]) holds true and therefore we have

P(\ayg(m)r(max{fgfﬁed k*,1}) /o — chi(m, T) . I) L o).

5

G(m)

The proof is complete if we replace § by its estimate §=06+op (m(p_l)(l/z_ﬁ)). De-
noting Xy, := g(m) r(max{rg — k*,1}) /(o /G(m)) we find that

|(§|Xm . Chl(ﬁl,T)
G(m)
A Chl(m T)
= (181/18]) 18] Xm — ——=t
(lo1/1a1) 1] Neto)
chi(m,T) _ _
= 6| X — %Jr 0P< (1-p)(1/2-B) Xm)
= 0] Xom — Chlg?? + op(mU=PU2=B) 1y (7, T) /1 /G (1)),
:wmﬁ”ﬂZ?+@m



2.6. ASYMPTOTIC NORMALITY OF THE DELAY TIMES 111

which yields the first assertion. The same arguments hold true for Tle’fed, hence

the proof is complete. O
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Proof of Theorem [2.6.2]

Lemma 2.6.13. Under the assumptions of Theorem [2.6.3 we have, as m — oo,

w E hy(k*,m) £ oo, (2.6.28)
H %k ~m/uo, (2.6.29)
G(H)/G(K*) € 1+ O(w/k*) (2.6.30)
ho(H,m)/ho(k*,m) 1+ O(w/k*) (2.6.31)
<sgn(5) - hz(j.;I}fTh)> hQ(;’kzz) 2% —sgn(d) x. (2.6.32)

Proof of Lemma[2.6.15. Recall that
G(k* ho(k*, 1
w:Tfl E )J< 2( ’m)—FCE) .
g(k*) 9| G (k")
By the non-contamination assumption (2.1.3)) it holds that

’m > £ (In(Gm/ o) /Gm)) + F(c) =2 ¢,

so, by = > —c the sequence hg(k*,m)/\/G(k*) + = is as. bounded away from
zero. Combining this with /G(k*) / g(k*) — oo and Lemma 6| yields the first
assertion. The second one can be seen as follows: By Remark Lemma [2.2.3

and ([2.6.28)), we have

H—k* as. ho(k*,m) \/G(kz*) \/m(G(k*)/G(m)) + f(c)
k* oV ke k*

Assertion is shown in Lemma and just restated here for the sake of
completeness. Concerning we first note that by the mean value theorem we
have for some ¢ € [G(k*)/G(m) + f(c), G(H)/G(m) + f(c)], that

f~H(In(G(H)/G(m)) + ())_1
7 (In(G(k*)/G(m)

)+ f(c))
= (f7'9)

r In(G(H)/G(m)) —In(G(E)/G(m))
f= (ln( (k‘*)/G( )+ fle)
where, on the one hand, by (2.4.16] (&) = O(1) and, on the other hand, by
a further application of the mean value theorem for some ¢ € [1, H/k*|
In(G(H)/G(m)) — In(G(k")/G(m))

7 In(G(k*)/G(m)) + f(c))

< In(G(H)/G (k"))

= [ In(G(m/ o) /G (m )) f(©)

L Gu/eE) -

cg ffl(ln(G(m/Mo)/G(m)) + /()
L O(w/k").

»

2200.

12
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Combining this with yields
ho(H,m) _ |G(H) f~'(In(G(H)/G (™)) + f(c))
ha(k*,m) G(k*) [ (In(G(k*)/G(m)) + f(c))
2 14 0(w/kY)) (1+ O(w/kY))
= 14+ O(w/k").
So, remains to be shown. By we have
ws. S9(K") r(w)

o

A +O0(w™ 7 +mtw? + 1),

which yields

= sgn(5)< G - N - )+0(1)
- ho(H,m) (o ho(k*,m) . o
= sg (5)<T(k*) <1 hz(va)> >+ (1)
2 sgn(8)z + of1),
and therefore completes the proof. O

Lemma 2.6.14. Under the assumptions of Theorem [2.6.3 we have

max ’Rk - Rk* — Ak-| _
k=mm,....H ha(k,m)

op(1).

Proof of Lemma|2.6.14 We consider the maximum for k < k* and k > k* sep-
arately. Note that before the change point Ay = 0. By the invariance principle of
Theorem 2.3.1] we have

| Ry~ — Ryl
k=m,...k*  ha(k,m)
| S g@(W (i) — W (i — 1)) o o
= k:mmfﬁ(’k* hg(k,ﬁl) + O(]C /hg(m,m)),

where the latter sum can be approximated as shown in Remark

.
| > 9w () - wii-1)
i=k+1

< g(k") W) = WK)| + 2]g(k") — g(k + 1)| max

W ().
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Making use of the fact that W (t+k*)— W (k*) is again a Wiener process, the mean
value theorem and the law of the iterated logarithm we obtain

max 1By = R
k=mm,...k* ha(k,m)
= Op (k™ /ha(m,m))
+ Op(V/(k* —m)/ha(m,m)) (2.6.33)
+ Op((k* = m)/k* loglog(k*)/(m!' ™ hy(m, 1))
= Op(m" /%) + Op(m"=1/2\/log(m))
= op(1).
On the other hand, by replacing hy(k,T) by ha(k,m) in Lemma (cf.
(2.6.18))), we obtain

k=k*+1,...H ha(k,m)
= Op(Vloglog(K*) k* 12w /hy(k*, 1)) + Op (k*" [ha(K*, 1)),
+ Op(VE*m/ha(k*, 1)) + Op (ha(k*, 1) ~1/?).
= OP(l)v

where the last equality follows from w = hy(in,m) = \/m. O

Lemma 2.6.15. Under the assumptions of Theorem we have under H{’(™ re-
spectively H fﬁfn that

lim P(rr" < H) = ¢(x),

m—r0o0 m
. open. - _
n%l_H)él)oP(Tmyi < H) = ¢(x).

open

Proof of Lemma[2.6.15. We consider the one-sided, positive stopping time 7,5 (i.e.
the case § > 0) in detail: By Lemma [2.6.14f we have

max Rk: — AH
k=m,..,.H hz(ki, Th) h2 (H, Th)
Rk* + Ak AH
- 1
X o) e TP,

where we replace the right hand side by Ry«/ho(H,m) via the following three
arguments:

1. By (2.6.31)) we have

max By — By
k=m,...H | ha(k,m)  ho(H,m)

= Op(w/k*) = op(1).
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2. Since Ap =0 for kK <k* but Ap >0 for k> k* it holds that

Ay, Ay,
ket ho(k, 1) ho(H,m)
Ay, Ay,
k=t Lo hp (k1) o (H, m)

and by (2.6.32)) and (2.6.31)) we obtain

Ay Ay
hmk e ‘ ha(k,m)  ho(H,m) ‘
~ ex A <h2(H, m) 1)
k=k*+1,...H ho(H,m) \ ha(k,m)
= (’)(w/k*)

I
%)

o(1).

3. Since A is non-decreasing in k, it holds that maxg—ys  #(Ax —Ag) = 0.

The three assertions can be combined as follows:

Ry + Ay, B Ay Ry~ ‘

ket ho(k,m)  ho(H,m)  ha(H,m)

Tkttt ho(k,m)  ha(H,m)
Rp- + Ay, Ry« +Apy (2.6.34)
< max —~ po
= k=m,...H | ho(k,m)  ho(H,m)
= k=m,...H hg(k‘,m) hQ(H, 77~”L) h2(k,m) hQ(H,fn)
= Op(l).

Thus, it holds true that

max Bo __Am __ Bw +op(1)
ke dl ho(k, M) ho(H,m)  ho(H,m) ©

and by the early-change assumption it holds that

ho(H,m)

= m c) = :
) ST (In(G(H)/G(m)) + f(¢)) = O(1)

Combining the assertions above gives us

ha(H, m) max Be __Aw _ Be +op(1)
JGk) k=t ho(k,m)  ha(H,m) Gy

Along the lines of the proof of Theorem [2.4.2] we make use of the invariance principle
to replace our observations by a Wiener process. The Gaussian analogue of the
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detectors can be approximated by a Wiener integral which is again distributed as a
Wiener process. Combining this with (2.6.32) gives us

P(r?" <H) — P(W(1) > —z) = ¢(x).

The same arguments yield in case of § < 0 that

W<k=%?§’f hz(}f’:ﬁ) + méfm)) = j(';**) + op(1),
hence
P(r" < H)
= P(, max | ~Ri/ha(k,) > 1)
_ P( —W1) > <1 + hzéf@) hQ(g(’g)) o (2.6.35)
= P( -w(1)> <sgn(5) h2(jf\fm)> hQ(é{(’;L))) e
= P(=W(1) > -z +0(1)) +o(1)
— ¢(z)
O

Now, we are in the position to prove of the second main theorem of this section.

Proof of Theorem[2.6.3. Lemma gives us the required convergence towards
the standard normal distribution, however it remains to convert P(7 < H) into
the expression given in Theorem [2.6.2] Since w < ho(k*,m) 2%, o0, we have for
sufficiently large m

P — k* < [w]) = P(max{r,’"" —k*,1} < [w]), (2.6.36)
which by Lemma [2.6.6] and Lemma implies that for sufficiently large m

P — k* < [w]) = P(r(max{r,""" —k* 1}) < r([w])).

m,

An application of the mean value theorem allows us to replace r([w]) by r(w)+
O(1) and the early-change assumption allows us to replace r(w(k*)) by
r(w(m)), hence we obtain a standardization of the delay time independent of
k*. The latter is carried out in detail: By we have

VGE)  Gm) as o).

g(k*) g(m)

Similar arguments as in the proof of (2.6.31) yield ho(k*,m
0(1). Combining this with the mean value theorem, ha(m,m) ~ /m and the
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early-change assumption yields

]
- () o (o )

= o(vim) + O((K* —m)m'/21)
= o(m) —I-O(m”*)‘*l/Q)
o(v/m).

The latter two assertions give us r(w(k*)) = r(w(m)) + o(y/m). Plugging this in
(12.6.36)), solving the inequality for x and replacing J by the consistent estimate

o completes the proof for the stopping time 7,7¢". The corresponding result for

Tﬁfj “ follows by similar arguments. O
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Proofs of the corollaries

Proof of Corollary[2.6.4) First of all, note that

\/7¢ 1—a +Ch1<m T) a.s. - a.s.
S o = (@) = oo,

hence ¢ is a.s. well-defined for sufficiently large m and by Lemmam q >
00. So, for sufficiently large m we have

P(Tﬁif’_f_ed —k*<q) = P(maX{Tfrfofd k*,1} < q).
Further, by the proof of Lemma we have

p(rdosed < ) < p(k:mm?;fk* | Ryl /h (k, T) > c) 0.
Combining the assertions above yields
P(Trc)ij)Jsred _g<k < Tﬁioied)
— P < < 4 )
— Pl k< q) - Pt < )
= P(max{Tﬁiojed k", 1} < q) +o(1).
Plugging in the definition of ¢ and applying Theorem yields the first assertion.

The second one follows in the same manner. On proving the third assertion one can
copy the arguments of ((1.5.17): If 6 > 0, we consider

P(Tclosed —q< k< 7_Tcrfosed)

m
> P(K* < 73% <k 4 q) — P(r% < k),
where similar as above we obtain
(k}* closed < k*+ ) S 1—a
and
P(rglosed < ) — 0.

Exchanging the roles of T%O_ffd and Tdosed yields the assertion in case of § < 0. O

Proof of Corollary[2.6.5. By Lemma and Lemma we know that ¢(x;) is
a.s. well defined and ¢(x;) 2% o0, for i =1,2. Thus, for sufficiently large m we
have

P(r2T — k* < q(x1))
= P(max{r’]" — k*,1} < q(x1))
= P(r(rrl&m{ﬂ?f‘j:I k*,1}) <r(g(x1)))
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and due to x1 = ¢~ }(1 — &+ ¢(—c)) > —c we can apply Theorem as follows:
P(rd =k <q(x1)) = o(x1) =1 —a+ é(—c). (2.6.37)
By Lemma and Lemma we have
PlpT <)

- P(k:mm?.).(,k* hg(‘ij{:ﬁl) > 1)

_ Ry~ o ho(k*,m)
= P(G(k‘*) +op(1) > 7G(k*) >

Along the lines of Theoremwe have Ry+/\/G(k*) = fok*g(x) dw (z)/\/G(k*)+
op(1) and fok*g(a;) aw (z)/+/G(k*) 2 W (1). Further, by the early-change assump-
tion ([2.6.3) we have ha(k*,m)/\/G(k*) = ¢+ o(1), which yields

P(r —k* <0) = P(W(1) > ¢) = ¢(—0). (2.6.38)

Combining (2.6.37) and (2.6.38]) completes the proof for the one-sided, positive stop-

ping time 7'35 in The proof for the one-sided, negative stopping time 7'25 " follows

by the same arguments. On proving the assertion for the two-sided stopping time
7" we copy the arguments of Corollary O
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2.6.2 Asymptotic normality of the delay times for unknown in-control
parameters

In this section we carry over the results of the previous section to the case of unknown
in-control parameters.

Theorem 2.6.16. With the notation and assumptions of Section and Section
as well as T = [9mP] where

1/2 + A(1 — 28)

he A(1 - 25)

and ¥ > 1, § being constant and being estimated by §=0d0+op (m(l_”)A(l/Q_B)), o be-
ing estimated by & = 65 = 0 + OP(m(l_P)A(l/z_ﬁ)) forall k=m,...,n, the
critical value ¢ being positive, A < min{l/2 —k,1/4} and

kK =m/po + O(m") (2.6.39)
for some n<1—A(p—1)(1/2—73) it holds for all x € R wunder the alternative
Helosed  that

lim P

m— 00

O A r(max{7aesed — k*,1}) /6 — cha(m, T)
G(mn)

)
and under the alternative Hffﬂsed that

lim P

m— 00

5| A 7 ( max{7closed _ k* 11} /62 — chy (1, T

3V r(mac{teed — k1)) o el (i) N
G(m)

where r(x) is defined in (2.6.1) and Apm = M/ (1 —X)m.

Theorem 2.6.17. With the notation and assumptions of Section [2.1] and Section

as well as 6 being constant and being estimated by 55 6, o being estimated

l}y O = O, L forall k=m,...,n, the constant ¢ from the threshold function
ha being positive, A < min{1/2 —k,1/4} and

*=m/po + O(m") (2.6.40)
for some n < A it holds for all x > —c wunder the alternative Hipf" that

i P(ékmr(max{?ﬁﬁf _Gk;ll)})/&m —cy/G(m) - m) _ (@)

and under the alternative Hffﬂsed that

lim P

m— 00

<5| A (max {7 — *,1}) /65 — cy/G(1n)

where r(x) is defined in (2.6.1) and Apm = M/ (1 —X)m.
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The following Lemma gives us a suitable estimate for ¢, which fulfills the assump-
tions of Theorem [2.6.16| or Theorem respectively.

Lemma 2.6.18. With the notation and assumptions of Section[2.1] and Section [2.3
let

L 1= k=DT i k>,
my_{o if k<l

If k¥ —m = o(mc), as m — oo, for some ( > 1 it holds that, as m — oo

dmanrme = 54 0(m' ™) +0(m™7) + O(/loglog(m)m™~*/?).

On choosing

C>max{1+(p —1)A(1/2 = B), (p— 1)A§1/2 - f)

(o= DAG-25)}
the assumptions on B of Theorem are fulfilled and on choosing ¢ > 1 the
assumptions of Theorem [2.6.17 are fulfilled.

The proof of Lemma/2.6.18|is given at the very end of this section. The following two
implications of Theorem [2.6.16] and Theorem [2.6.17] give us asymptotic confidence
intervals for the change point:

Corollary 2.6.19. Let the assumptions of Theorem [2.6.16] hold true. On setting

where & € (0,1), we obtain for Td‘)fd, pelosed gng  fclosed g5 in Section
that, as m — o0,

Pt —x <k < 7%) = 1= @+ o(1),
P(,}A_closed —x < k* < »f—ClOSEd) =1—a+ 0(1),

m,— m,—
P(#gesed — x < k* < 700%0) > 1 — &+ o(1),

hold true under Hffj’rsed, Hffﬁsed or chlosed

, respectively.
Corollary 2.6.20. Let the assumptions of Theorem hold true. On setting

q(xi) = r~ ( m) ¢ () + Gl )>7

101 g(17) A/ 6m
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where

Jet(t—a—-o(-e) i i=1,
Xi = o (1—a—20(—c)) if i=2,
with

(2¢(—c), 1) for i=2,

ope

5e {((b(—c), 1) for i=1,

we obtain for T,
as m — 0o,

n vopen . open .open
" and 77" asin Sectzon- 2.2.9and T " = min{7,0", 77"} that,

P(#2P —q(x1) < T* < 72" =1—a + o(1),
P(EPT —qa) ST < 707) =1—a+o(1),
P70 — q(x2) < T* < 7P") > 1—a+o(1),

—_

hold true under HY"(", HY"™" or H{"™, respectively.

Corollary [2.6.19] and Corollary [2.6.20] can be shown along the lines of the proofs of
Corollary and Corollary hence the proofs are omitted.

2.6.2.1 Proofs

We start by introducing some notation which will be used in this section frequently.
Let

A~

H o=k + [(k")] (2.6.41)

sy o gt (VOO o ()
(k") = ( e ( T )) (2.6.42)

where h(t) shall denote either chy(t,T) or ha(t,m), depending on the setting we
are working with. If not stated otherwise, throughout this section @ shall denote
Remark 2.6.21. Along the lines of Remark [2.6.7 we see that in the closed-end
setting w s a.s. well-defined for any x € R, whereas in the open-end setting w 1is
well-defined for any x > —c, where ¢ s the critical value of the respective stopping
time.

with

To further shorten the notation let

fey (i) (p(i) — iZjl u(j)) | (2.6.43)

e sgn(8) Ry ~ sgn(d) H> h(k*)
=l (k) h(H) G(k)’
T

where again A(t) shall denote either chy(t,T) or ha(t,m).
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Proof of Theorem [2.6.16

Theorem follows in a similar manner as Theorem [2.6.1] yet, for one thing,
we have to make sure that the estimate [ig) does not cause any problems and,
for another thing, we have to check that the respective rates still hold true for
G, izl, H and % instead of G, h, H and w. We start with a technical lemma:

Lemma 2.6.22. Under the assumptions of Theorem [2.6.16 we have, as m — oo,

a.s.

b % m (G)? (G m)) 2P = oo, (2.6.44)
H %k ~m/po, (2.6.45)
GH)/G(k*) = 14+ O0(i/m), (2.6.46)
h(H,T)/hi(k*,T) = 14+ O /m), (2.6.47)
A 3 j ¥ a.s
sgn(6) c — ~—A (k. T) = —sgn(d) z, (2.6.48)
where H, w and Ay are defined in (2.6.41)), (2.6.42) and (2-6.43).
Proof of Lemma[2.6.29 Recall that
w:r_l G(%)U(Chl(k 7T)+l‘> )
[6] A G(k*)
Arguing as in yields
(k" T) as <G(T/Mo)>l/25
=S S — 00, 2.6.49
k) G(k) > (2649

hence by the definitions of w and Am and by Lemma we get

a

w

hi(k*,T) as.
W 1(~ ’ )

B (@) (G )

i.e. (2.6.44) holds true. Combining this with the early-change assumption ([2.6.39)
yields

12;

(I‘AI _ k*)/k* _ Tf)/k* a.s. O(m)\flJrAﬁerA(l/Qfﬁ)) _ 0(1)7

where the last equality follows from our assumptions on p- Further, by Lemma|2.2.3
and the mean value theorem we have for some ¢ € [k*, H| that
G'(&) (H — )

o

= 0(wm PR = O(w/kY),

hence (2.6.46) holds true. By H * k* and the growth rate of Corollary
we can show that the estimates up to fi, ; converge towards the in-control mean
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Lo, even though they contain (some) observations made after the change point:

max _|fok — Hol
i

k=k* ...,
R k . k .
< max [Tl o S i)
as. 6K (= (1 4i— k)| (26.50)
= O(+/loglog(k*)/k*) + max =R
( glog(#")/ ) k=k*,.. H k
= (’)( loglog(k*)/k*)—i—@(u?/k*)
= o(1).

Combining this with (2.6.46) (glimpsing at (2.4.18))) yields (2.6.47). On showing
(2.6.48) we decompose the Ap into one part corresponding to the case of known
in-control parameters and another part corresponding to the estimation of ug:

q
Aﬁ:zg()( — ko) +Z ] 1#( )/H) (2.6.51)

For the first part we make use of the asymptotic we derived for known in-control

parameters (see (2.6.15))):

Zﬁ: g(i) (u(ai) —Ho) _ 59(’5;) r(@) O™ +m>"1w? + 1), (2.6.52)
=1

We approximate the second term in a similar manner. On the one hand, we have

a . -
;9( i) = H— o+ 0™ (2.6.53)
and, on the other hand,
Xu)
Lo I A
_ (. Th0+G —k:*>+>-v>
H
_ B )
B _5<1 - i > (2.6.54)
as. K4 (H = k)7 /(1 =) v B
= —5<1— B + O(w /H))
A o) N ) -
= 5(151 ﬁ(1_7>+0( 7/H)
= 0@ L o(ayi 1 1/8),
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which combines to

Y
2 as. 0 (W * H “ . “A—
AFI: 0(_ )(g(k)—l—f‘l_)\)—FO(w’y—i‘me)‘1—|—1)
. A=A
_ 9r(@) (1H /\—(1+k*)‘A>+O(w T4 m A 1)
0‘ [R—

By applying the mean value theorem and the early-change assumption (2.6.39)) we
have

(/) = 1] 2 O((H — ) /m) 2 O((@ + m") /m) (2.6.55)
and
1= (m/(L+E )Y E o@m"1), (2.6.56)

which yields

T O™ +w?m ! +wm" 17 4 1)
(2.6.57)

SRR UV
where for the last equality we used that
L A= M1 =X m™,
2. w7/ /G(k*) = 0,
3. @2 m 1A TR 2 O(ml~DAI=28)-1/2) — o(1),
4. wmn—l—/\/m &5 (f)(mn—1+/\(1/2—ﬂ)(1—p)) = o(1),
5. 1/y/G(k*) — 0.
Now, plugging the approximation of A ; into the left hand side of yields
(sgn(é)c— A Ay ) hn(k*,T)
h(H,T) G(k*)
sgn(d) chi(k*,7) Ay hi(k*,T)

VG GG (d,T)

as. sgn(0) chy(k*,T) B 8 A (D) o @/m
- Gk (wm* (1)>(1+O( f)
_ sgn(®) e (K, T) — 6 A () /0 +o(1).

G(k*)
Plugging the definition of @ in the equation above yields ([2.6.48|). O
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Lemma 2.6.23. Under the assumptions of Theorem [2.6.16 we have

~

Al k) 5 — .
Proof of Lemma[2.6.23 Let 1< p < p. By Theorem [2.4.2) we have
| R
m i —
k:mvvk* hl(k, T)

| Ry h(k,mP)
= k=iokt by (k, mP) k= kb (k, T)
= Op(1)op(1)
= op(1).

Combining this with
sgn(d) Ay /(h(H,T)) ** ¢>0
(see (2.6.48)) and
ill(k*vT)/\/W = 00
(see (2.6.49)) yields the assertion. O

Lemma 2.6.24. Under the assumptions of Theorem we have, as m — 00,

(VG(k*)/hi (K, T)).

Proof of Lemma |2.6.24 We decompose the expression into one part which corre-

sponds to the case of known in-control parameters and a second part which corre-
sponds to the estimation of pg: For k=k*+1,..., H we have

Ry — Ry — Ai|
max = = op
k=k*+1,...H hi(k,T)

g

Ry — Ry — Ay = 5 (R — Ri» — Ay)
o ~gi) Sp—M(k) o ~gi) Spr — M(k)
B O Zz; o k O ; o k*
= 5 B = e = M) (2.6.58)
o zk:g i) S — M(k) — (Sge — M(k))k/k*

where Rj; and A are the counterparts of R, and Ay in case of known in-
control parameters and M (k) = Zle p(i) denotes the mean of Sy (see Section
. A careful examination of the calculations in the proof of Lemma with
¢ =k*"? for some ¢ € (2A,1/2) yields that from
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1 k120 /() ~ m~Y2He-DAW/2=5) _, ¢
2. kG ~ kN2 o,
3. VE* Gu/G(k*) = mP=9/2 5 0,
4. )G (k) ~ mp=DAA/2=B)-1430)/2
we obtain

R — Ry — Ay
max = =op
k=k*+1,....H hi(k,T)

(VGG /ha(k,T))

(see (2.6.18])). Hence, we focus on the latter two summands of the right hand side of
(2.6.58)). Concerning the first of the two summands we have

z’“: (i) Sk — M(k) — (Sp- — M(K))k/k*
=1

o k
max{ (o, f1} |'§k — M(k) — k/k* (Sp+ — M(k"))|
max{ /o, (1} |(gk — M(k)) (1 = k/k*)|
max{ o, p1} |5’k — M(k) — S + M (k*)|k
* o k* ‘

By Corollary [2.3.3] and Lemma [2.6.22 we have

o Sk = MK)) (1 k/K))|
k=k*+1,....H ﬂl(k, T)

= Op(\/loglog(k*)/k*w/h1(K*,T))

= op(/G(k*) /M (K", T)),

where the last equality holds since our assumptions on A and p yield

Vioglog(k*)/k* w//G(k*)
— /loglog(k*) m(P~DA(/2-5)+A-1/2

— 0.

(2.6.59)

Further, by the proof of Lemma [2.6.10| (see (2.6.17) onwards) and the calculations
above we have

= op(\/G(k*)/h1(K*,T)).

max

S — M (k) — (S — M(K*))]
k=k*+1,...H fll(kz, T)

Finally, similar as in (2.6.59|) we have

k . O * ~
Z g(i) Sk _k;]*\/[(k ) = Op(m/hl(k*7T))'

g
i=k*+1

Combining the assertions above with the consistency of &,; completes the proof. [
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Lemma 2.6.25. Let H = H(e) = k*+[(1—€)w]. Under the assumptions of Theorem
it holds for any € >0 that, as m — oo,

P(A(k* +1,H) = A(H,H)) — 1

Proof of Lemma [2.6.25. The proof is given for & > 0, yet follows by the same
arguments if § < 0. Along the lines of (2.6.19)) and (2.6.20)) we have

P(A(k* +1,H) = A(H, H))
» — : * RA _R *
= P< max _ ]:Zk ol <TH % +0p(1)>,
k=k*+1,...0-1 hy(k,T) hi(H,T)

where to both terms in the latter expression we can apply Lemma [2.6.24t For the
first term we have

(2.6.60)

A~

Rk — Rk* Ak

max = ——————— = max =
k=k*+1,..H-1 hy(k,T) k=k*+1,...0H-1 hy(k,T)

By the fact that Ay is increasing (see (2.5.4)) we have

A i A
— =L < pax —F < max 2 (2.6.61)
hi(H —1,T)  k=k*+1,..H-1 hy(k,T)  k=k*+1,..0-1 hy(k,T)

which, in combination with (2.6.47)) and (2.6.48)), yields
A a.s. A
max = b = =l O(w/k").
k=k*+1,...0-1 hy(k,T) hy(H,T)

+ op(1).

Thus, by the fact that w/k* 2% 0 we have

max Ry — By = AAI{A + op(1)
k=k*+1,.,00-1 hi(k,T)  hi(H,T)
and, similarly,
Ry — R Ay,
hi(k,T)  hy(H,T)
Plugging the two assertions above into in yields
P(A(K* +1,H) = A(H, )
- P(o < (A — Ay )/ (H,T)+ 0p(1)),
hence we approximate the difference between the two deterministic terms: Making
use of (2.6.52), (2.6.53) and ([2.6.54) gives us

+ Op(l).

(2.6.62)

Ay —Ap
H H . H
— 1o) 9(1) = 1(4) — ko
2L TR
i=H i=1 Jj=1
H-1 Z H 1 ()
N g( 11 1uo

—

.
[y
<
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- <1 = 1H__(i + O(H “)) (Mf”) + O+ 1))
+ <1 - (H1—12‘A + O(H“))
x <5r((1;€)w) + 0> + 1))

o
n
=2
>~
—~
=
—~
S
S~—
|
<
—
—~
—_
|
[}
~
S
~—
P

where the last equality is shown in (2.6.55) and (2.6.56]). Further, by the definition
of r we have

r(w) —r((1 - ) % Lo o) = 14 0@,

€W
hence
Ay =Ry as Shed s er
o7 -1 as o) E 4 o)),
hi(H,T) o(1—=X)m > hi(H,T) I-=A
Plugging the relation above into (2.6.62|) yields the assertion. O

Lemma 2.6.26. Under the assumptions of Theorem we have under Hffﬁ’rsed re-
spectivly H f’lised that

lim P(7505d < ) = ¢(x),

m—r0o0

lim P(750% < ) = ¢(x).

m— 00

Proof of Lemma|2.6.26, On combining Lemma [2.6.22] Lemma [2.6.23] and Lemma
2.6.25| we have

P(rdosed < H) = P(A(H,H) > —z +o(1)) + o(1).
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Along the lines of the proof of Lemma[2.6.12] taking Lemma[2.6.24] and the fact that
Ay is non-decreasing (see (2.5.4))) into account we see that

A(H,H) = Ry /\/G(k*) 4+ op(1)

By the arguments of the proof of Theorem [2.4.5] we have
Ry /\/G(k*) = UK*)//G(k*) + op(1)
where U is defined in (2.4.21), and U(k*)//G(k*) D W (1). Hence, the assertion

for the one-sided, positive stopping time %frff’fred holds true. The corresponding
result for the one-sided, negative stopping time %,ffbf’fed follows similarly (cf. also

2-6.24)). O

Finally, we give the proof of the first main theorem of Section [2.6.2]

Proof of Theorem [2.6.16. By Lemma [2.6.26| and the arguments of the proof of The-
orem [2.6.9] we have

P(r(max{%frfofd k1)) < r([w(k*)])) = ¢(a). (2.6.63)

In order to obtain a standardization of the delay time which is independent of k* we
aim to show that

r([@(k")]) = r(@(m)) + op(v/G(k*) [ Am)- (2.6.64)

By an application of the mean value theorem we obtain r([w(k*)]) % r(w(k*)) +
O(1). Further, by the early-change assumption it holds that

’\/G () — /G(m

“o(1). (2.6.65)

The mean value theorem and our assumptions on 7 yield for 0 < < 1/2 that

h(k*,T) (i, T) ’
Am VG k:*
= o™ o m V) (G0 = (Gm)°)
= (Q(TA(l/2 Bm A/Q)mn (G(m))P~1 & ()
as @(TA(1/2 B) —A/2+77+A(6—1)—2/\)
(1),
where the same rate of convergence holds true if f = 0. Plugging (2.6.64) into

(2.6.63]) yields

P ( 18] Ay 7 (max{zclosed — k* 1}) /o — chq (i, T)

I
S
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Finally,
18] A 7 (max{7glosed — k¥, 1})
G(m)

= Op(ha(, T)/\/G ()

= Op(mlP A28

and the convergence rates of § and 6 allow us to replace the unknown parameters by
the respective estimates, which completes the proof of the first assertion of Theorem
2.6.16] The second assertion follows by the same arguments. O
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Proof of Theorem

Lemma 2.6.27. Under the assumptions of Theorem we have, as m — 00,

b FomA b (k) L oo, (2.6.66)

H “ E ~m/ o, (2.6.67)

G(H)/G(E*) = 14 O0(w/kY), (2.6.68)

ho(H,m)/ha(k*,m) = 1+ O(w/k*), (2.6.69)

(sgn(é)— - AAH )hQ({_Lm) % —sgn(6) . (2.6.70)
ho(H,m) G(k*)

Proof of Lemma [2.6.27. The first assertion follows along the lines of (2.6.28), taking
An ~ m* into account. The second assertion can be seen as follows: By Remark

- Lemma” 2.2.3| and m we have
W as. mMhy(kK*,m)  mA Gk \/m(é(k*)/(;(m)) + f(e)
ke T k* VE* k
2.6.68|) follows along the lines of (2.6.46) and (2.6.69)) follows along the lines of
2.6.31]). So, (2.6.70) remains to be shown. Similar as in (2.6.57) we have

A 8 Ay (0
Ap = 2 r(@) | Op(w™ 7 +@?m ™ +om" 174 4 1)

as. W +0P( G(k*))v

— 0.

where for the last equality we used

1. w—wm = o0l

2 @2 m NG O(m ) o),

N A O(m (k) /B o
4. 1//G(k*) = o(1)

The approximation of A g gives us

w

(Sg“(é) i ([;Hm)> 8 (g(’k?
as. 5gn(9) gz](j m) j *m(;"((;z)) +o(1)
B sgn(&ézg, ) : 'w(g*(’k T)) +m> To(1)
LI gzgg;g;) —sgu(d) o + o(1)
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where in the last equality we used (|2.6.69)). O

Lemma 2.6.28. Under the assumptions of Theorem we have

|Ri — Ry — Ay _
k=rm,...H  ho(k,m)

op(1).

Proof of Lemma|[2.6.28. On replacing hy by ho the assertion for k > k* follows
along the lines of Lemma [2.6.24] i.e.

Ry, — Ry — Ay
max =

= op(1).
k=k*+1,...H ho(k,m) p(l)

For k <k* we have Ak = 0, thus in this case we consider

g

Rk — Rk* = s (Rk - Rk*)
s (fﬁ g(i) <Sk£k —) _$~ 9l (g"ff* - m) |
=1 i=1

o
wn

For one thing, we have along the lines of Lemma [2.6.14] taking Bg(ﬁl,rﬁ) ~
m?/2 and our assumptions on A and 7 into account, that

k=m,....k* iLQ(k’m)

= Op(l).

For another thing, making use of Proposition Theorem and Corollary
we have uniformly for k=m,..., k*

Zk) 9(i) (S/k — o) i g(i) (Si/k* — o)
=1

o P o
k NS & k* N G
9(i) (Sk/k — Sk /k7) 9(@) (Sk+ /K™ — po)
= -

o
1
-

9(0) (( Sk — Sk S (K
4 k +k:* k 1

(O(m”_l/2 log log(m))
g(i) W (k) — W(k))
k

1

+ O(m")

114

-
I
_

+ O (m”_l/2 log log(m))

O (m"?/log(m) +m" + m"1/2\/loglog(m)).

o
1]
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Hence by ho(m,m) = mA?2 it holds that
SF L g0 (Sk/k — o) — S8 (Si/k* — o)

max 2
k=m,....k* o ha(k,m)
L O(m=N2 A2 = 127A2 floglog(m))
= 0(1)’

which yields in combination with the consistency of &,, that
Ry — Ry — A
na | o i} k - k| a.:.o(l)
k:mr"?k* hQ(k,m)

and thus completes the proof. O

]

Lemma 2.6.29. Under the assumptions of Theorem|2.6.17 we have under H{’t™ re-
spectively H fp_e" that

lim P(%;;fjf < H) — o(x)

m—0o0
lim P(ﬂo,fin < I:I> = ¢(x).
m—00 ’
Proof of Lemma[2.6.29. By Lemma [2.6.28) we have

Ry, API
max S — = ~
k:rh,...,H hg(k‘,ﬁl) hQ(H, m)
= max = — = ~
k:m,...,ﬂ hg(k,fn) hQ(H, 77~”L)

(2.6.71)
+ Op(l),

where in the following we aim to replace the right hand side by Ry / ho (fI ,m):
1. By (2.6.69) we have
Ry~ Ry~
max | - —
k:m,...,l:l hz(k*, m) hQ(H, ﬁl)

= Op(W/k*) = op(1).

2. Since Ak =0 for kK <k* but Ak >0 for k> k* it holds that

max = -

k=k*+1,...H hg(kﬁ,fn) hQ(H, ﬁQ)

= o(1).

and by (2.6.69) and (2.6.70|) we obtain

Ay Ay
max - - —

k=k*+1,...H hQ(k,ﬁL) hQ(H, ﬁ“L)
max Akl (he(H )

k=k*+1,...H hao(H,m) (

= O(w/k).

I

o
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3. Since by ([2.5.4) Ay is non-decreasing in k it holds that max, - g(Ap—
Ay)=0.
b4

Combining the three relations as in (2.6.34) and plugging the result into ([2.6.71])
yields
R A Ry~
max ——  — _H Tk +op(1).
k:m,...,I:I hQ(k’, ﬁl) hQ(H, ’ﬁl) hQ(H, TNfL)

Since by the early change assumption

ho(H 1) as. oy oo o as.
Nk S (n(G(H)/G(m)) + f(c) ) = O(1)
it holds that
hom) o B Ay ae Re
G(k*) k=it ha(k, ) ho(H, ) G (k) '

Along the lines of the proof of Theorem we make use of the invariance principle
to replace our observations by a Wiener process. The Gaussian analogue of the test
statistic can be approximated by U(k*)/\/G(k*), where {U(t)|t > 0} is defined

n (2.4.21)). Finally, the fact that U(k*)//G(k*) D W (1) and (2.6.32)) yield
PPy < H) —» P(W(1) > —2) = ¢().

The assertion for the one-sided, negative stopping time %nof " follows analogously

(see also (2.6.35)). O

Now, we are in the position to formulate the proof of the main theorem:

Proof of Theorem [2.6.17. The arguments of the proof of Theorem [2.6.2| carry over if
we ensure that

(k) B w(m) + o(VE(E)/Am).

By the early-change assumption we have, for one thing,

‘\/G (k) — /G(m

’ NI

and, for another thing,

‘iﬁ(k*,m o (1m0, 1M '
A A |VG(E)
G(K*)/G(m)) + f(c)) — e /G(m) /G (k)]

o
1
Q
—~
—_
~—

Combining this with the consistency of & and § completes the proof for the stopping

time 7.7 in The corresponding result for Toz: “" follows by similar arguments. [
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Proof of Lemma [2.6.18]

Proof of Lemma[2.6.18 Note that

m+ms mS

S ma() =) (1-1+49)7) = mt +0(m)

i=1 i=1

and similarly
m4+mS
7 k()= m + @(mé‘(l—v))’

Z piin (1) e (1) = mS — k* + O(mC(l_V)).

Making use of Remark and Corollary we obtain

5 SR mal) (M() - M(i - 1) - M(m)/m)
e Do 45, (i)

S (i) (S — M(3) — Sy + M(i — 1))
Z?:l H%n(l)
S (i) (S — M (i) /in)
i i (D)
as. S 1 () 6 puge (3)
i i (D)
mé — k*
mC
= 5§+ 0(m'™¢) + O0(m ™) + O(y/loglog(m) m_C/Q),

+

+ (9( ms loglog(m)/mg>

=4 +O(m™¢7) + O(y/loglog(m) m~*/?)

where in the last line we used k* —m = 0<m<). O
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2.7 Finite sample behavior

In this section we present a few simulation results in order to give an idea of the
finite sample behavior of the presented monitoring procedures. We consider an (un-
observable) process

k
Sk = Zsi + pu(i),
i=1

where {eg;|i € N} are independently, Exp(1)-distributed random variables and
k) =po+6(1— 1+ (k—k")p)7)

determines the drift of the process, which (possibly) changes at k*. We analyze
the case of a “negative” change, i.e. the case where the mean drops from a level
o towards a lower level py = po—9 (where § > 0 is constant). The simulations
are carried out for different lengths of the training period, i.e. the number of obser-
vations of N(t) which are available at the beginning of the monitoring procedure.
Note that the corresponding number of available observations of the inverse process
S, is mam /1o- So, for the sake of comparability all simulations are carried out
with pg =5 and o%=1.

Due to the strict assumptions on A and ~ in case of unknown parameters (e.g.
T'/2-2=7/,/loglog(T) — oo, as m — oo, see Theorem, the choice of A and
~ is rather limited. Note however, that a small ~ corresponds to a smooth, slowly
changing mean, whereas a large v corresponds to a steep, almost abruptly changing
mean. Hence, we are interested in small values of v and for the sake of clarity we
focus on the case of A =~ =0.2.

2

In case of unknown in-control parameters we estimate o“ (non-sequentially) by

S — (S — Sy — 100 S 1),

22 _ A2
Tk =T i — i+ 1)

J=m
for all k > m, where we set 7 = m"2> (see Remark[2.2.2). Further, for Figure
and Figure 2.5 we estimated the parameter § by
it N(E & 5~
. ™ (@) (Si = Sic1 — Sa/m)
¢ F+mS ;
S i, ()

where we used ¢ = 1.05 (see Lemma [2.6.18]), while for Figure and Figure

we used the true value of 4. Each result is based on 5000 repetitions.
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2.7.1 Closed-end setting

For the simulation results in the closed-end setting we fix a truncation point of
T = [m'?], whereas we consider different values for the parameter 3 of the thresh-
old function, more precisely we consider 8 =0, 8 = 0.25 and [ = 0.49. Table
and Table show the relative frequency of a false alarm for known and un-
known in-control parameters for an asymptotic level of the tests of o = 5% and
a = 10%. We see that the asymptotic levels are well attained, however for [ close
to 1/2 the tests become very conservative.

Tables and Table show the relative frequency of a correct detection of a
change, where the change point is located in the middle of the time horizon in the
sense that pg k™ = T/2 and where we content ourselves with the case of o = 5%. We
see that the procedures have power 1 as the training period increases.

In Figure and Figure we compare histograms of the standardized delay
times with the density of the standard normal distribution (again for known or
unknown in-control parameters, respectively). Note that the convergence results of
Section merely hold true under the early-change assumptions, hence we consider
k* = m/puo +mP3. As one would expect, we obtain a better fit in case of known in-
control parameters, while in case of unknown in-control parameters the histograms
have a slight tendency to the left.

a = 5% a = 10%

m | B=0]5=025]8=049 | B=0] =025 ] B =049
100 | .0336 .0296 .0034 .0750 .0628 .0088
250 | .0438 .0366 .0080 .0900 .0788 0174
500 | .0448 .0420 0112 .0936 .0826 .0254
1000 | .0466 .0474 .0138 .0924 .0854 .0336
2000 | .0462 .0482 .0150 .0980 .0954 .0374
3000 | .0486 .0476 .0200 .0990 .0934 .0402

Table 2.1: Relative frequency of a false alarm under the null hypothesis for known
in-control parameters for 7 =m!'3 and \ =0.2

a=5% a = 10%

m | B=0]B8=025]8=049 | B=0] B=025] B =049
100 | .0036 .0312 .0068 .0770 .0896 .0198
250 | .0380 .0310 .0078 .0784 0778 .0202
500 | .0376 .0472 .0104 .0916 .0856 .0274
1000 | .0458 .0408 .0106 .0918 .0868 .0234
2000 | .0410 .0470 .0138 .0976 .0928 .0274
3000 | .0474 .0464 .0164 .0976 .0972 .0290

Table 2.2: Relative frequency of a false alarm under the null hypothesis for unknown
in-control parameters for T'=m!3, A =0.2 and m = m"?
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5= 3 =025 B =0.49
m |0=1]0=2]06=3|0=1]06=2]06=3|0=1]06=2]06=3
100 | .6980 | .9950 | 1 | .6596 | .9918 | 1 | .3718 | .9696 | 1
250 | 9986 | 1 1 | .9966 | 1 1 | .0826 | 1 1
500 | 1 1 1 1 1 1 1 1 1
1000 | 1 1 1 1 1 1 1 1 1
2000 1 1 1 1 1 1 1 1 1
3000 1 1 1 1 1 1 1 1 1

Table 2.3: Relative frequency of a correct detection of a change with known in-control
parameters for T = m!'3, k* = [T'/(2u0)], « =5% and A=~ =10.2

B=0 B =0.25 B =0.49
m |6=1]0=2]0=3|06=1[0=2]6=3|0=1]06=2]6=3
100 | .4286 | .9586 | .0098 | .3814 | 9428 | 1 | .1212 | .7530 | .9908
250 | 9446 | 1 1 | .0278 | 1 1 | .6804 | 1 1
500 | 1 1 1 1 1 1 | .9988 | 1 1
750 | 1 1 1 1 1 1 1 1 1
1000 | 1 1 1 1 1 1 1 1 1
2000 | 1 1 1 1 1 1 1 1 1
3000 | 1 1 1 1 1 1 1 1 1

Table 2.4: Relative frequency of a correct detection of a change with unknown in-
control parameters for T = m'3, k* = [T/(2u)], a = 5%, A = v = 0.2 and
m = m0.25
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0.5 051 051

(d) m = 1000

Figure 2.2: Histograms of the standardized delay times for known in-control param-
eters for A\=7=02, a=5%, u1 =3, § =2, T =m'3 and k* =m/ug+m®3
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(d) m = 1000

Figure 2.3: Histograms of the standardized delay times for unknown in-control
parameters for A = v = 0.2, o = 5%, pp = 3, § = 2, T = m!'3, k* =
m/po +mP3, m =m0 and ¢(=1.05
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2.7.2 Open-end setting

For the open-end simulations we consider a time horizon of T = 10m realizations
of N(t). Table and Table show the relative frequency of a false alarm for
known and unknown in-control parameters, where the asymptotic level of the test is
a=5% or a=10%, respectively. The asymptotic levels are well attained, in fact,
the procedures are quite conservative.

On illustrating the behavior of the monitoring procedures under the alternative,
we consider the case of k* = m/ug 4+ m%3 which corresponds to the early-change
setting under which the asymptotic behavior of the (standardized) delay times is
known. Table and Table show the relative frequency of a correct detection
of the change, where the histograms below (Figure and Figure compare the
standardized delay times with the density function of the standard normal distribu-
tion. The results are quite satisfactory as m increases.

o " 100 250 500 750 | 1000 | 2000 | 3000
5% .0108 | .0162 | .0232 | .0246 | .0280 | .0258 | .0320
10% .0344 | .0560 | .0572 | .0602 | .0662 | .0556 | .0682

Table 2.5: Relative frequency of a false alarm under the null hypothesis for known

in-control parameters for A = 0.2

o " 100 250 500 750 | 1000 | 2000 | 3000
5% 0262 | .0256 | .0272 | .0338 | .0289 | .0322 | .0344
10% .0508 | .0516 | .0698 | .0634 | .0604 | .0708 | .0656

Table 2.6: Relative frequency of a false alarm under the null hypothesis for unknown
in-control parameters for A =0.2 and m =m

0.25

5 100 250 | 500 | 750 | 1000 | 2000 | 3000
0.5 83421 9992 | 1 1 1 1 1
1 1 1 1 1 1 1 1
2 1 1 1 1 1 1 1
3 1 1 1 1 1 1 1

Table 2.7: Relative frequency of a correct detection of a change with known in-control

parameters for o = 5%, A=+ =0.2 and k* =m/ug +m®3
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5 " 100 250 500 750 | 1000 | 2000 | 3000
0.5 1624 | .4130 | 0.8096 | .9584 1 1 1
1 6850 | .9896 1 1 1 1 1
9950 1 1 1 1 1 1
3 1 1 1 1 1 1 1

Table 2.8: Relative frequency of a correct detection of a change with unknown in-
control parameters for a =5%, A=~ =02, m=m"% and k* =m/ug+m">
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Figure 2.4: Histograms of the standardized delay times for known in-control param-

eters for A\=~v=0.2, a=5% and k* =m/pug+m"3
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