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GPN�GIH�^rO?8yk?K68>GPK68yNZNLO&@JKM=?:*@AT�NJ[>K H 
 :�^rK�O?8�b�[>GI^A[

T
:�^rNJH

HN =

N∏

n=1

⊗ hn , hn ≈ C
2.

+ � � ��3

�{GPNJ[�NJ[>K �!:�<>BPG \]:*NL@JGI^rK6H��ZNJ:�WyK685:�Ha: � :�HLGIH�� NJ[>K �3OXBPN Q \]:�8;8�b�KMGP=?[yNZ^M:�8 � K�ba@JGPNLNLK685:�H

Rα′
α (γ, γ′) =

4∑

i,j=1

wijσ
i
γ′γσ

j
αα′ .

+ � � � 3

E�K��}8>K�NJ[>K � � 	���� L � �
	
��� � � � �

Ln =

4∑

i,j=1

wijσ
iσj

n

+ � � �73

�
σ4

WF%�2&83,�%�.K,�#&%(* WF%�2-,�* , HJ9S1A,�C�* =6L
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baGPNJ[
σj

n
� KMGI8>=]\]:*NL@JGI^rK6HaGI8

HN

σj
n = 1⊗ 1⊗ · · · ⊗ 1⊗σj⊗

︸ ︷︷ ︸HLGPNLK
n

1⊗ · · · ⊗ 1
+ � � ��8 3

NJ[;:*N�O?8>B96):�^rNa8>O?8_C9NL@JGPk_GI:*BPB96�O?8)HLGPNLK
n
� � [ <;H��>NJ[>K

L
C9O 
 KM@A:*NLOX@�[;:�H NJ[>K�cdOX@A\�OXc�:

2× 2
C \]:*NL@JG	�

baGPNJ[�O 
 KM@A:*NLOX@AHaGI8
HN

:�H�KMBPK6\&K68yNJH

Ln =

(

α̂n β̂n

γ̂n δ̂n

)

.
+ � � ��� 3

g_OX@aNJ[>K \&O?8>O_T>@JO?\/6)\]:*NL@JG	�
T
NJ[>GIHa@JK6HJ<>BPNJHaGI8yNLO

T = L1 · · ·LN .
+ � � �
� 3

7wN�cdOXBPBPO�b�H

T =

(
A B

C D

)

, T = A+B.
+ � � � �73

A,B . . .
:*@JK�OXc�NJ[>K HJ:�\&KZO 
 KM@A:*NLOX@LC9N 6�
 K :�H

α̂n, β̂n . . .
� � K�b :�8yN�NLO]T>KM@JGPk?K�NJ[>K�^rO?\]\m<>NJ:*NLGPO?8

OXc!:�8%6UN b�O&NL@A:�8;HLcdKM@�\]:*NL@JGI^rK6H�cd@JO?\�: � � 	���� ^rO?8;T>GPNLGPO?8�W;8>O�b�8):�H NJ[>K���� ���
�
� � � ����� ����� � ��� � ��	

+	�"!�) � � � ��
 3 � ��HJHJ<;\&K�GPNaK��>GIHLNJH�:18>O?8_C HLGI8>=?<>BI:*@�\]:*NL@JG	��

R
� � K�@JK
�_<>GP@JK

R
[
Ln ⊗ L

′
n

]
=
[
L′

n ⊗ Ln

]
R

+ � � ��
 3

:�8;T�8>KMK6T�NJ[>K�K���
;@JK6HJHLGPO?8�cdOX@aNJ[>K�NLK68;HLOX@ 
;@JO_T;<;^rNaOXc�N b�O"\&O?8>O_T>@JO?\/6"\]:*NL@JGI^rK6H
T
:�8;T
T ′

T ⊗ T ′ =

(
AT ′ BT ′

CT ′ DT ′

)

.
+ � � � �73

� [>K�KMBPK6\&K68yNJHZOXc
T ′ :*@JK :�^M^rOX@AT>GI8>=XB96 A′, B′ . . .

� � O
T ⊗ T ′ [;:�H 2× 2

C \]:*NL@JGI^rK6HZ:�H�KMBPK6\&K68yNJH �
� K [;:Mk?K

R
(
T ⊗ T ′

)
R−1

= R
{(
L1 ⊗ L

′
1

)
· · ·
(
LN ⊗ L

′
N

)}
R−1

= R
(
L1 ⊗ L

′
1

)
R−1R

(
L2 ⊗ L

′
2

)
R−1 · · ·R

(
LN ⊗ L

′
N

)
R−1

=
︸︷︷︸

2.14

(
L′

1 ⊗ L1

)
· · ·
(
L′

N ⊗ LN

)
= T ′ ⊗ T .

+ � � �
� 3

g_@JO?\ + � � �
� 3 cdOXBPBPO�b�H

T ⊗ T ′ = R−1T ′ ⊗ T R
+ � � � ��3

:�8;T�baGPNJ[�^�6>^rBPGI^ K��;^A[;:�8>=XK <;8;T>KM@aNJ[>K�NL@A:�^rK

NL@A:�^rK
T ⊗ T ′ =

NL@A:�^rK
R−1T ′ ⊗ T R =

NL@A:�^rK
T ′ ⊗ T .

+ � � �
� 3

� [>GIH GIH3:*BP@JK6:�T 6&NJ[>Ka@JK6HJ<>BPN1� K6^M:�<;HLK�NL@A:�^rK
T ⊗T ′ = AA′+AD′+DA′+DD′ = (A+D)(A′ +

D′) = T · T ′ �a798�NJ[>GIHVb :�6�NJ[>K
��:�8>=�C���: �>NLKM@�K
�_<;:*NLGPO?8;H/+ � � ��
 3�:*@JK :�	���� 	 � � � �S^rO?8;T>GPNLGPO?8 cdOX@

[T, T ′] = 0
�

7wcZb�K :*BPBPO�b.cdOX@
q = 2

:*NUNJ[>K5k?KM@JNLK��{b�K5=XKMN
16

T>G
� KM@JK68yN)^rO?8�� =?<>@A:*NLGPO?8;H � � [>GIHUHLO�C ^M:*BPBPK6T
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a a cb b c d d

g!GP=?<>@JK � � 
 � � RSGP=?[yN C9k?KM@JNLK�� \&O_T>KMB

HLG	�>NLKMK68_C9k?KM@JNLK���\&O_T>KMB}GIH�8>OXN K��;:�^rNLB96)HLOXBPkX:@�;BPK�� K6^M:�<;HLKZGPNa[;:�H 8>O
R
C \]:*NL@JG	� � #�O�b�KMk?KM@��;GI8)^M:�HLK

OXc NJ[>K�KMGP=?[yN C9k?KM@JNLK��)\&O_T>KMB baGPNJ[>O?<>N�K��>NLKM@A8;:*B \]:*=?8>KMNLGI^4� KMBITUHJ<;^A[U:�\]:*NL@JG	�&K��>GIHLNJH � �3K6^M:�<;HLKVOXc
NJ[>K1H 6>HLNLK6\ � KMGI8>=)GI8ykX:*@JGI:�8yN <;8;T>KM@�@JKMk?KM@AHLGPO?8 OXc�:*@J@JO�b�H�K6:�^A[2N b�O�^rO?\/�;GI8;:*NLGPO?8;H BPK6:�T NLO)O?8>K
�3OXBPN Q \]:�8;8�b�KMGP=?[yN/+9HLKMK�� =�� � � 
 3 � `�O�b ba@JGPNLK T>O�b�8

Ln =
4∑

j=1

wjσ
iσj

n, L′
n =

4∑

j=1

w′
jσ

iσj
n,

+ � � � �73

b�[>KM@JK

w1 =
c+ d

2
, w2 =

c− d

2
, w3 =

a− b

2
, w4 =

a+ b

2
.

+ � � � 8 3

� [>K�b�KMGP=?[yNJH"OXc�NJ[>K 
;@JGI\&K6T \&O_T>KMBZ:*@JK�@JK6H 
 K6^rNLGPk?KMB96
a′, b′, c′

:�8;T
d′
� � K NL@56 NLO �}8;T(NJ[>K

R
C \]:*NL@JG	�)GI8�NJ[>K�cdOX@A\

R = P

4∑

j=1

w′′
j σ

j ⊗ σj .
+ � � ��� 3

P
GIH�NJ[>K 
 KM@A\m<>NJ:*NLGPO?85\]:*NL@JG	�)GI8

C
4

P (e⊗ f) = f ⊗ e.
+ � � ��� 3

798;HLKM@JNLGI8>= + � � ��� 3 :�8;T + � � ��� 3 GI8hNJ[>K ��:�8>=�C���: �>NLKM@1K
�_<;:*NLGPO?8;H + � � ��
 3 b�K"=XKMNmHLG	�hGI8;T>K 
 K68;T>K68yN
K
�_<;:*NLGPO?8;H � ��O?8;HLGIT>KM@JGI8>= NJ[>K2^rO K 
U^rGPK68yNJH

w′′
j

<;8_W;8>O�b�8 b�K2[;:Mk?K NJ[>K cdOXBPBPO�baGI8>= HLOXBPkX:@�;GPBPGPN 6
^rO?8;T>GPNLGPO?8

∆ :=
w2

j − w
2
k

w2
l −w

2
n

GI8ykX:*@JGI:�8yNZ<;8;T>KM@aNJ[>K�K��;^A[;:�8>=XK
w → w′

+
i, j, k, n

:*@JK�^�6>^rBPGI^ 
 KM@A\m<>NJ:*NLGPO?8;H�OXc
{1, 2, 3, 4}

3 �+OX@

∆ :=
a2 + b2 − c2 − d2

2(ab+ cd)

GI8ykX:*@JGI:�8yNZ<;8;T>KM@aNJ[>K�K��;^A[;:�8>=XK
a→ a′ . . .

Γ :=
ab− cd

ab+ cd
.

+ � � � �73

� 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?85NJ[;:*N�ct<>B	� BPBIHVHJ<;^A[�:m^rO?8;T>GPNLGPO?8 GIH

a = −iρΘ(iλ)H

[
1

2
i(λ− v)

]

Θ

[
1

2
i(λ+ v)

]

b = −iρΘ(iλ)Θ

[
1

2
i(λ− v)

]

H

[
1

2
i(λ+ v)

]

c = −iρH(iλ)Θ

[
1

2
i(λ− v)

]

Θ

[
1

2
i(λ+ v)

]

d = iρH(iλ)H

[
1

2
i(λ− v)

]

H

[
1

2
i(λ+ v)

]
+ � � �@
 3

�
R
* .),�#&%��-DG132-,�D&9��

R
��9S1A,�C�* =6L
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b�[>KM@JK�NJ[>K T>K��}8>GPNLGPO?8;H�OXcSNJ[>K�KMBPBPG 
;NLGI^mct<;8;^rNLGPO?8;H�:*@JK�=XGPk?K68�GI8�: 
�
 K68;T>G	� �	�
� [>K��A:�8yNLGDC9cdKM@J@JO KMBPK6^rNL@JGI^��)@JKM=XGI\&K�OXcSNJ[>K�KMGP=?[yN C9k?KM@JNLK�� \&O_T>KMB�GIHa=XGPk?K68=� 6"NJ[>K�@JK6HLNL@JGI^rNLGPO?8;H

0 < k < 1, 0 <
γ

2
< K ′, −

γ

2
< v <

γ

2
.

+ � � � �73

� [>K1K���
;BI:�8;:*NLGPO?8 [>O�b NLO�T>KM@JGPk?K]HJ<;^A[ : 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?8hcd@JO?\ + � � � �73�baGPBPB � K1=XGPk?K68 GI8 : 
>C

 K68;T>G	� � �
� [>K \&O_T>KMB�:@� O�k?K GIHV8>O?8_C ^r@JGPNLGI^M:*B�cdOX@

0 < k < 1
�a7wNaGIH�O�� k_GPO?<;HVcd@JO?\�NJ[>K T>K��}8>GPNLGPO?8 OXc

d
NJ[;:*N

cdOX@
k → 0 d

GIH Q KM@JO&:�8;T�GI8�NJ[;:*N�b :�6�:1HLG	�_C9k?KM@JNLK���\&O_T>KMB�GIH�:�^A[>GPKMk?K6T � � [>K�BPGI\&GPN k → 1
:*BIHLO

BPK6:�T;HaNLO1O?8>B96)HLG	�"k?KM@JNLGI^rK6Hab�[>GI^A[�GIHa8>OXN�O�� k_GPO?<;HaGI8)NJ[>GIH 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?8 �a7wN�HJ[>O?<>BIT)O?8>B96 � K
@JK6\]:*@LWyK6T�[>KM@JK�NJ[;:*N�NJ[>GIHaBPGI\&GPN�GIHaNJ[>K�@JKMBPKMkX:�8yN�O?8>K�cdOX@�NJ[>K ^r@JGPNLGI^M:*B

XXZ
C ^A[;:*GI8 O?8)b�[>GI^A[�b�K

:*@JK�cdO_^M<;HJHLK6T)GI8�NJ[>GIHab�OX@LW � �

��!$#&%�C�% 1AC�%(/�%�C�,"1A* 2J.�* 9;* < 1AC�* , HJ,�C"132&. ?�83C�9S1A,�* 8�2&.K,�#G1A,$'K* < <I,�C"132&. ?�83C�9 ,�#&%E: 1AC"139 %�,�%�C�* ��1A,�* 8�2T1A468�P-%(* 2-,�8 1 /�8�2 �
P-%�2F* %�2-,08�2&%(?�83CK,�#&%(< * 9;* ,

k → 1 � �
	 L



14 Introduction to exactly solvable models

2.2. Correlation lengths in the transfer matrix approach

� [>KUO?8>KrC T>GI\&K68;HLGPO?8;:*B�79HLGI8>=2\&O_T>KMB � � ��GIHmO?8>K)OXc�NJ[>K�HLGI\�
;BPK6HLN&\&O_T>KMBIHmNJ[;:*N&^M:�8 � K"NL@JK6:*NLK6T
� 6 NJ[>KUNL@A:�8;HLcdKM@&\]:*NL@JG	� : 
�
;@JO?:�^A[ �?� O5GPNmGIHmHJ<>GPNJ:@�;BPK�GI8 OX@AT>KM@mNLO K���
;BI:*GI8([>O�b�NLO ^M:*BI^M<>BI:*NLK
^rOX@J@JKMBI:*NLGPO?8{BPK68>=XNJ[;HU<;HLGI8>= NJ[>GIH]\&KMNJ[>O_T � < KM=?:*@AT{: ^A[;:*GI8(OXcVBPK68>=XNJ[

L
� BPBPK6T(baGPNJ[(^rBI:�HJHLGI^M:*B

H 
;GI8;H
σi = ±1

O?8�KMk?KM@56)HLGPNLK
i
� � [>K 
 :*@JNLGPNLGPO?85ct<;8;^rNLGPO?8�GIHa=XGPk?K68=� 6

ZL =
∑

σ1,σ2,... ,σL

e
K �

〈i,j〉

σiσj+h �
i

σi + � � ��� 3

baGPNJ[ 
 KM@JGPO_T>GI^�� O?<;8;T;:*@56�^rO?8;T>GPNLGPO?8;H
σL+1 = σ1

�
〈i, j〉

T>K68>OXNLK6HVNJ[>K HJ<;\]\]:*NLGPO?8�O�k?KM@Z8>K6:*@JK6HLN
8>KMGP=?[%� O?<>@AH �

Z =
NL@A:�^rK

TL [>OXBIT;HabaGPNJ[�NJ[>K 2× 2
NL@A:�8;HLcdKM@V\]:*NL@JG	�

T =

(
eK+h e−K

e−K eK−h

)

.
+ � � � ��3

��O?8;HLGIT>KM@ :�BPO_^M:*B O 
 KM@A:*NLOX@
Θi
O?8UNJ[>KVBI:*NLNLGI^rK HLGPNLK

i
O?8>B96UT>K 
 K68;T>GI8>=mO?8

σi
:�8;T]GPNJH K���
 K6^rNJ:*NLGPO?8

kX:*BI<>K

〈Θ1Θr+1〉 =

∑

σ1,σ2,... ,σL

Θ(σ1)Θ(σr+1)e
K �

〈i,j〉

σiσj+h �
i

σi

∑
e
K �

〈i,j〉

σiσj+h �
i

σi
.

+ � � ��� 3

� [;:*Na^M:�8 � K�K���
;@JK6HJHLK6T)GI8�NLKM@A\]H�OXc�NJ[>K NL@A:�8;HLcdKM@�\]:*NL@JG	��:�H

〈Θ1Θr+1〉

=

∑

σ1,σ2,... ,σL

[
Θ(σ1)Tσ1σ2Tσ2σ3 · . . . · Tσrσr+1Θ(σr+1)Tσr+1σr+2 · . . .

]

NL@A:�^rK
T

L

=

NL@A:�^rK (
σT

r
σT

N−r
)

NL@A:�^rK
T

L
.

+ � � � �73

σ
GIH :�T>GI:*=XO?8;:*B�\]:*NL@JG	�2baGPNJ[ NJ[>K]KMBPK6\&K68yNJH

σσσ′ = Θ(σ) · δ(σσ′)
��798;HLKM@JNLGI8>=�N b�O ^rO?\�
;BPKMNLK

HLKMNJH�OXcSKMGP=XK68yk?K6^rNLOX@AH � B
=
∑

i |ψi〉 〈ψi|
OXcSNJ[>K�NL@A:�8;HLcdKM@�\]:*NL@JG	�)BPK6:�T;H�NLO

〈Θ1Θr+1〉 =

∑

ij
〈ψi|σT

r|ψj〉
〈
ψj|σT

L−r|ψi

〉

∑

i

〈
ψi|T

L|ψi

〉

=

∑

ij
|〈ψi|σ|ψj〉|

2 Λr
jΛ

L−r
i

∑

i
ΛL

i

=
∑

j

|〈ψ1|σ|ψj〉|
2 ·

(
Λj

Λ0

)r

= |〈ψ1|σ|ψ1〉|
2 + |〈ψ1|σ|ψ2〉|

2 ·

(
Λ1

Λ0

)r

+ . . . .

+ � � � 8 3

{Λi}
:*@JK]NJ[>KUKMGP=XK68ykX:*BI<>K6H1OXcaNJ[>K]NL@A:�8;HLcdKM@1\]:*NL@JG	���

Λ0
NJ[>KUBI:*@J=XK6HLNmO?8>K � � :�W>GI8>= cdOX@ =X@A:�8yNLK6T

NJ[;:*NaK��>GIHLNJHa:m=?: 
 � KMN b�KMK685NJ[>K�BI:*@J=XK6HLNV:�8;T�HLK6^rO?8;T_C9BI:*@J=XK6HLNZKMGP=XK68ykX:*BI<>K NJ[>K�BI:*@J=XK6HLN�KMGP=XK68ykX:*BI<>K
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T>O?\&GI8;:*NLK6H�GI8�NJ[>K�BPGI\&GPN
L→∞

OXc + � � � 8 3 �4�_<�
�
 O?HLGI8>=&N 6�
;GI^M:*B1�V@A8;HLNLKMGI8_C �}KM@A8>GDWyK�� K6[;:Mk_GPO?<>@

g(x) ∼ x−τe−x/ξ, x→∞
+ � � � � 3

^rO?8;^rKM@A8>GI8>=2NJ[>K�T>K6^M:�6 OXcV^rOX@J@JKMBI:*NLGPO?8;HU:�8;T(^rO?\�
 :*@JGI8>= baGPNJ[ + � � � 8 3 NJ[>K)BPK6:�T>GI8>=h^rOX@J@JKMBI:*NLGPO?8
BPK68>=XNJ[�GIHaNLO"� K�GIT>K68yNLG	� K6T baGPNJ[

ξ−1 = − ln (Λ1/Λ0) .
+ � � � � 3
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2.3. The six-vertex model

798 NJ[>GIH HLK6^rNLGPO?81b�K�b :�8yN NLO�[;:Mk?Ka:�^rBPO?HLKM@�BPO O�W1:*NSNJ[>K�^rBI:�HJHLGI^M:*B}HLG	�_C9k?KM@JNLK��1\&O_T>KMB�� K6^M:�<;HLK GPN ^M:�8
� K�\]: 
�
 K6T�O?8yNLO]NJ[>K

XXZ
C$#�KMGIHLK68%� KM@J=)^A[;:*GI8 :*N Q KM@JO&NLK6\�
 KM@A:*NJ<>@JK � �{GPNJ[>GI85NJ[>K�cd@A:�\&KMb�OX@LW

OXc NJ[>K/�_<;:�8yNJ<;\ NL@A:�8;HLcdKM@Z\]:*NL@JG	��O?8>K 8>KMK6T;HZ:&\&O_T>G	� K6T5HLG	�_C9k?KM@JNLK�� \&O_T>KMB!GI8�OX@AT>KM@VNLO"T>KM@JGPk?K
NJ[>K�NJ[>KM@A\&O_T 6>8;:�\&GI^MH�OXc�NJ[>K

XXZ
C ^A[;:*GI8 �

2.3.1. Origin of the six-vertex model

��N � @AHLN�^rO?8;HLGIT>KM@1\&O_T>KMBIH�NJ[;:*N T>K6HJ^r@JG9� K]GI^rK ��� � 6_=XK682:*NLO?\]H cdOX@A\.:"NJ[>@JKMKrC T>GI\&K68;HLGPO?8;:*B�BI:*N C
NLGI^rK1baGPNJ[ ^rO OX@AT>GI8;:*NLGPO?8h8 <;\/� KM@

4
:�8;T � KMN b�KMK68 K6:�^A[2:�T��L:�^rK68yN	
 :*GP@�OXc�:*NLO?\]HZGIH�:][%6>T>@JOX=XK68

:*NLO?\ ��R :�^A[ GPO?8 GIHVBPO_^M:*NLK6T28>K6:*@ZO?8>K OX@ZNJ[>K OXNJ[>KM@�K68;T5OXc�NJ[>K/� O?8;T5O?85b�[>GI^A[ GPNZBPGPK6H ��� BI:*NLKM@
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 O?HLK6T&+wO?8�NJ[>K � :�HLGIHaOXcSBPO_^M:*B�KMBPK6^rNL@JGI^m8>K6<>NL@A:*BPGPN 6 3�NJ[;:*N�NJ[>K�GPO?8;HVHJ[>O?<>BIT�HJ:*NLGIHLc 6)NJ[>K
� 	 � � ��� � ���(� ��� � � � �O� � � ��	 	��O��� � � � � � ��� � �
	 � � � � ��� ��� � �R��� 	 � � 	 � � � ����� � � � ��� � �R���
����� ��� � � �	� � � ����� � � ��� � ��� ����	 	 � 	���� � ��� � � � 	
	 ��H�b�K ^M:�8)O?8>B96�:�^A[>GPKMk?K K��;:�^rN�HLOXBPkX:@�;GPBPGPN 6�GI8
N b�OUT>GI\&K68;HLGPO?8;Hab�K @JKM=?:*@AT�NJ[>K�cdOXBPBPO�baGI8>=):�<��>GPBPGI:*@56�\&O_T>KMB �

� |�|
����qt~
�

�wpM~�~

g!GP=?<>@JK � � � � � � b�O�C T>GI\&K68;HLGPO?8;:*B \&O_T>KMB�cdOX@aGI^rK

� [ <;H��?BPO_^M:*B 8>K6<>NL@A:*BPGPN 6]@JK
�_<>GP@JK6H�K6^M:�^rNLB96]N b�O
H
C :*NLO?\]H 
 KM@�k?KM@JNLK��&b�[;:*N�@JK6HJ<>BPNJH3GI8]HLG	��
 O?HJHLG9�;BPK

k?KM@JNLK�� ^rO?8�� =?<>@A:*NLGPO?8;H �"`�O�b @JK 
;BI:�^rK]NJ[>K&^rO?\/�;GI8;:*NLGPO?8hcd@JKMK
��O_^M^M<�
;GPK6T O?8 : � O?8;T � 6
→
:�8;T

O_^M^M<�
;GPK6T���cd@JKMK�� 6
←
� � [>K68 NJ[>K 
 O?HJHLG9�;BPK]^rO?8�� =?<>@A:*NLGPO?8;H ^M:�8 � Km@JK 
;@JK6HLK68yNLK6Th:�H�GI8 � =�� � � � �

�3K6^M:�<;HLKZNJ[>KM@JKZGIH 8>OmK��>NLKM@A8;:*B KMBPK6^rNL@JGI^ � KMBIT"NJ[;:*N �;@JK6:�W;H�NJ[>K�:*@J@JO�b�� G 
"GI8ykX:*@JGI:�8;^rK�N b�O&^rO?8�� =�C

+
+

−
−

+
+

−
−

+

−
−

+

+

−+

−+

+

−

−

−

−

+

+

a = exp(− ε1
kT

) c = exp(− ε3
kT

)b = exp(− ε2
kT

)

g!GP=?<>@JK � � � � �>� 6>\]\&KMNL@JGI^�HLG	�_C9k?KM@JNLK���\&O_T>KMB

<>@A:*NLGPO?8;Ha:*Na: NLGI\&K�BPK6:�T�NLO1O?8>K �3OXBPN Q \]:�8;8"b�KMGP=?[yN � � [>K ��:�8>=�C���: �>NLKM@�K
�_<;:*NLGPO?8;HaGI8"NLKM@A\]H OXc
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NJ[>O?HLK�b�KMGP=?[yNJHV@JK6:�T
∑

µ1µ2µ3

Rµ3
σ3

(σ2, µ2)R
′σ4
µ3

(σ1, µ1)R
′′σ5
µ2

(µ1, σ6) =
∑

µ1µ2µ3

R′′µ2
σ2

(σ1, µ1)R
′µ3
σ3

(µ1, σ6)R
σ4
µ3

(µ2, σ5)

+ � � ���73

baGPNJ[�NJ[>K�=X@A: 
 [>GI^M:*BS@JK 
;@JK6HLK68yNJ:*NLGPO?8 GI8 � =�� � � � � � [>K�@A<>BPK6HaOXcSNL@A:�8;HLBI:*NLGI8>="NJ[>K =X@A: 
 [;HaGI8yNLOUNJ[>K

σ1

σ4 σ5

σ6

σ2 σ3

µ3 µ2

R′′
R′

σ1

σ2 σ3

σ6

σ5σ4

µ1

=

µ1

R
R′′

R

R′

µ2 µ3

g!GP=?<>@JK � � � � �>� 6>\]\&KMNL@JGI^�HLG	�)k?KM@JNLK���\&O_T>KMB

K
�_<;:*NLGPO?8;HV:*@JK

� � � [>K�� O?<;8;T;:*@56)H 
;GI8;H
{σi}

:*@JK�� �>K6T �

� � �_<;\]\]:*NLGPO?8 O�k?KM@&GI8yNLKM@A8;:*B�T>KM=X@JKMK6H1OXcVcd@JKMK6T>O?\
{µi}

OXc 
;@JO_T;<;^rNJHmOXc�BPO_^M:*B �3OXBPN Q \]:�8;8
b�KMGP=?[yNJH �

798 OX@AT>KM@&NLO HLOXBPk?K�NJ[>K6HLK�K
�_<;:*NLGPO?8;HU^rO?8;HLGIT>KM@
R
:�8;T

R′ baGPNJ[(NJ[>K�b�KMGP=?[yNJH a, b, c, a′, b′, c′ :�H=XGPk?K68h:�8;ThHLK6:*@A^A[ cdOX@
R′′, a′′, b′′

:�8;T
c′′
�)7wN [;:�H NLO=� K&@JK6\]:*@LWyK6T NJ[;:*N O?8>B96 :)HLKMN

{σi}
baGPNJ[

σ1 + σ2 + σ3 = σ4 + σ5 + σ6
BPK6:�T;H�NLO]8>O?8_C9NL@JGPk_GI:*B�K
�_<;:*NLGPO?8;H �

R �;:�\�
;BPK ��`�OXNLK NJ[;:*NaKMk?KM@56)HLGI8>=XBPK �3OXBPN Q \]:�8;8�b�KMGP=?[yNVGI8�HJ<;^A[5: 
;@JO_T;<;^rN�\m<;HLN � K�8>O?8_C Q KM@JO��

+ −

−

− −

µ3 µ2

R′′
R′

µ1

R

+ −

−

− −

µ3 µ2

R′′
R′

µ1

R

6= 0 = 0

σ1 = + σ1 = −

� �Vg!GP@AHLNa=X@A: 
 [ �
� �
µ3 = µ2 = +⇒ µ1 = +

:�8;T�:*BPB!b�KMGP=?[yNJHZ:*@JK <;8>K
�_<;:*B!NLO Q KM@JO
� �
µ3 = µ2 = − ⇒ µ1 = −

:�8;T�:*BPB!b�KMGP=?[yNJHZ:*@JK <;8>K
�_<;:*B!NLO Q KM@JO��

� � � K6^rO?8;T�=X@A: 
 [ �
� �
µ1 = µ2 = +⇒ µ3 = − ⇒ R = 0

� �
µ1 = µ2 = − ⇒ µ3 = +⇒ R = 0
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� [>K"^rO?8;T>GPNLGPO?8{:@� O�k?K"@JK6T;<;^rK6HmNJ[>K)8 <;\/� KM@ OXcV8>O?8_C9NL@JGPk_GI:*BaK
�_<;:*NLGPO?8;H1NLO
20
� �a@J@JO�b � G 
 GI8_C

kX:*@JGI:�8;^rKm[;:*BPk?K6HVNJ[>GIHZ8 <;\/� KM@���R �;^A[;:�8>=XGI8>=
σ1 ↔ σ6

�
σ2 ↔ σ5

:�8;T
σ3 ↔ σ4

NL@A:�8;HLcdOX@A\]HaNJ[>K
@JGP=?[yN C [;:�8;T HLGIT>K"OXcaK
�_<;:*NLGPO?8 + � � ���73 GI8yNLO GPNJHmBPKMcdN C [;:�8;T(HLGIT>K � � [ <;H NJ[>KM@JK):*@JKUNJ[>@JKMK 
 :*GP@AH OXc
K
�_<>GPkX:*BPK68yN�K
�_<;:*NLGPO?8;H�BPKMcdN �

� @A: 
 [>GI^M:*BPB96

−

− +

+

+ +

+ +

R′′
R′

=

+

R

ac′a′′

−

+ +

+

+−

+(−)R′′

R

R′

−(+) +(−)

ca′c′′ + bc′b′′

ab′c′′ = ba′c′′ + cc′b′′
+ � � � 
 3

cb′a′′ = ca′b′′ + bc′c′′.
+ � � ���73

� [>K6HLK�K
�_<;:*NLGPO?8;HV:*@JK�BPGI8>K6:*@VGI8
a′′, c′′

:�8;T
c′′
�>GPc :�8;T�O?8>B96)GPc

a2 + b2 − c2

2ab
=
a′2 + b′2 − c′2

2a′b′
=: ∆

+ � � � � 3

NJ[>KM@JK�K��>GIHLNJH�:m8>O?8_C9NL@JGPk_GI:*B HLOXBI<>NLGPO?8 �
7wN!GIHSHJ<>GPNJ:@�;BPK�NLO(�}8;T : 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?81OXc;NJ[>K�b�KMGP=?[yNJH a, b :�8;T c GI8 NLKM@A\]H!OXc 8>KMb 
 :*@A:�\&KMNLKM@AH

%, λ
:�8;T

u
GI8"OX@AT>KM@�NLO1=?<;:*@A:�8yNLKMK

∆ = ∆(λ)
� � [>K�T>KM@JGPkX:*NLGPO?8�OXc�HJ<;^A[�: 
 :*@A\&KMNLKM@JG Q :*NLGPO?8�baGPBPB

� Ka=XGPk?K68]GI8U: 
�
 K68;T>G	� � � � [>KM@JK�:*@JK�NJ[>@JKMKVT>G
� KM@JK68yN ^M:�HLK6H3cdOX@3NJ[>K 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?8"NJ[;:*N�[;:Mk?K
NLO"� K�T>GIHLNLGI8>=?<>GIHJ[>K6T�� KMGI8>=]K���
;BI:*GI8>K6T5GI8�NJ[>K 8>K��>NaHLK6^rNLGPO?8 �

2.4. Classification of phases

��HS:Z\]:*NLNLKM@ OXc ct:�^rN NJ[>K cd@JKMK K68>KM@J=�6 OXc}NJ[>K�HLG	�_C9k?KM@JNLK��&\&O_T>KMB_NJ:�WyK6H�:VT>G
� KM@JK68yN�cdOX@A\ T>K 
 K68;T>GI8>=
O?8]b�[>KMNJ[>KM@

∆ > 1
�
1 > ∆ > −1

� OX@
−1 > ∆

��798]NLKM@A\]H�OXc+NJ[>K �3OXBPN Q \]:�8;8Ub�KMGP=?[yNJH a, b :�8;T cGPN3cdOXBPBPO�b�H cd@JO?\ + � � � � 3 NJ[;:*N�NJ[>KM@JKV:*@JK�cdO?<>@�^M:�HLK6H3NLOm^rO?8;HLGIT>KM@��_NJ[>K�cdO?<>@3@JKM=XGPO?8;H�NJ[;:*N�:*@JKVHJ[>O�b�8
GI8 � =�� � � � � � � �

� �Vg_KM@J@JO KMBPK6^rNL@JGI^ 
 [;:�HLK �
a > b+ c

+w@JKM=XGPO?8 7$3
798)NJ[>GIHV^M:�HLK

∆ > 1
:�8;T

ε1 < ε3, ε5
� � [ <;H��;NJ[>K�BPO�b�K6HLNZK68>KM@J=�6�HLNJ:*NLK GIHaO?8>K�GI8�b�[>GI^A[5:*BPB

k?KM@JNLGI^rK6HV:*@JK�OXcSN 6�
 K
1
�;OX@�:*BPB!OXcSN 6�
 K

2
��RSGPNJ[>KM@Z:*BPB�:*@J@JO�b�H 
 OXGI8yNV<�
�OX@aNLO&NJ[>K�@JGP=?[yN�� OX@

:*BPB 
 OXGI8yN T>O�b�82OX@�NLO�NJ[>K&BPKMcdN � #�K68;^rK��S:*N�k?KM@565BPO�b NLK6\�
 KM@A:*NJ<>@JK&NJ[>K]H 6>HLNLK6\ GIH�cdKM@J@JO�C
KMBPK6^rNL@JGI^M:*BPB962OX@AT>KM@JK6T?+9:*BPB 
 :*@A:*BPBPKMB3:*@J@JO�b�H 
 OXGI8yN�NJ[>K1HJ:�\&K b :�6 3 �!:�8;T5NJ[>Kmcd@JKMK K68>KM@J=�6

fGIHZK
�_<;:*B NLO
ε1
� � [>GIH�\&K6:�8;HVNJ[;:*N�K��;^rGPNLK6T HLNJ:*NLK6H�=XGPk?K&:U8>KM=XBPGP=XG9�;BPK)^rO?8yNL@JG9� <>NLGPO?8 NLO"NJ[>K


 :*@JNLGPNLGPO?85ct<;8;^rNLGPO?85:�8;T�NJ[>@JO?<>=?[>O?<>N�NJ[>K�@JKM=XGPO?8 7 NJ[>K H 6>HLNLK6\�GIHacd@JO Q K68)O?8�O?8>K�OX@aOXNJ[>KM@
OXc�NJ[>K�=X@JO?<;8;T�HLNJ:*NLK6H � �V@aGI8�OXNJ[>KM@�b�OX@AT;H��;b�K [;:Mk?K ^rO?\�
;BPKMNLK cdKM@J@JO KMBPK6^rNL@JGI^ OX@AT>KM@��

� �Vg_KM@J@JO KMBPK6^rNL@JGI^ � [;:�HLK �
b > a+ c

+w@JKM=XGPO?8 7L7$3
� [>GIHUGIH"NJ[>K HJ:�\&K :�H"^M:�HLK27 � K��;^rK 
;N"NJ[;:*N)8>O�b GPN"GIHUk?KM@JNLK�� N 6�
 K6H

3
:�8;T

4
NJ[;:*N):*@JK

T>O?\&GI8;:�8yN � � [>KM@JK GIHZ^rO?\�
;BPKMNLK1cdKM@J@JO KMBPK6^rNL@JGI^mOX@AT>KM@���R � K6^rNLGPk?KMB962:*BPB :*@J@JO�b�HVKMGPNJ[>KM@	
 OXGI8yN
<�
�:�8;T�NLO&NJ[>K�BPKMcdN�� OX@aNJ[>K�6�:*BPB 
 OXGI8yNVT>O�b�8�:�8;T�NLO&NJ[>K�@JGP=?[yN �
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c

a
c
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1
g!GP=?<>@JK � � � � � � [>K 
 [;:�HLKVT>GI:*=X@A:�\ OXc+NJ[>K Q KM@JO � KMBIT]GI^rKrC9N 6�
 K�\&O_T>KMB GI8]NLKM@A\]H�OXc NJ[>K �3OXBPN Q \]:�8;8

b�KMGP=?[yNJH
a, b, c

� � [>K T;:�HJ[>K6T5^rGP@A^M<>BI:*@��_<;:�T>@A:�8yNV^rOX@J@JK6H 
 O?8;T;HaNLOUNJ[>K cd@JKMKrC9cdKM@A\&GPO?8
^M:�HLK b�[>KM@JK

∆ = 0
:�8;T�NJ[>K \&O_T>KMB!^M:�8 � K�HLOXBPk?K6T=� 6 �Sct: 
U:�8;H � � � �

� �VE�GIHLOX@AT>KM@JK6T 
 [;:�HLK �
a, b, c > 1

2(a+ b+ c)
+w@JKM=XGPO?8 7L7L7$3
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−1 < ∆ < 1
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a = b = c = 1
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a2 = b2 = c2
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� � [>K68"NJ[>K�\&O_T>KMB+^M:�8 � K�HLOXBPk?K6T � 6 �Sct: 
U:�8;H � � � � � [>K�^rOX@J@JKMBI:*NLGPO?8;HVT>K6^M:�6�:�H�:�8

GI8yk?KM@AHLK 
 O�b�KM@VBI:Mb GI8
r
�;@A:*NJ[>KM@�NJ[;:�8�K���
 O?8>K68yNLGI:*B � � [>K�^rOX@J@JKMBI:*NLGPO?8 BPK68>=XNJ[5GIHaNJ[>KM@JKMcdOX@JK
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 K�\&O_T>KMB ^rOX@J@JK6H 
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;@JO 
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a, b, c
GI8�NJ[>K�@JKM=XGPO?8 7L7L7 �


 � ��8yNLGDC9cdKM@J@JO KMBPK6^rNL@JGI^ 
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c > a+ b

+w@JKM=XGPO?8 7���3
7985NJ[>GIH�^M:�HLK

∆ < −1
:�8;T

ε5 < ε1, ε3
� � [>K BPO�b�K6HLN�K68>KM@J=�6�GIHZNJ[>K O?8>Kmb�[>KM@JK1:*BPB 8>KMGP=?[_C

� O?<>@JGI8>= :*@J@JO�b�H O?8h:�HLNL@A:*GP=?[yN1BPGI8>K"OXc�NJ[>KUBI:*NLNLGI^rK 
 OXGI8yN GI8hO 
�
 O?HLGPNLK)T>GP@JK6^rNLGPO?8;H � � [>GIH
=XGPk?K6H�N b�O 
 O?HJHLG9�;BPKZBPO�b�K6HLN K68>KM@J=�6UHLNJ:*NLK6H � ��N HJ<�
U^rGPK68yNLB96"BPO�b NLK6\�
 KM@A:*NJ<>@JK�b�KVNJ[>KM@JKMcdOX@JK
K���
 K6^rNaNJ[>K H 6>HLNLK6\�NLO"� K�GI8�:�8�OX@AT>KM@JK6T�HLNJ:*NLK�baGPNJ[�NJ[>GIH�:�8yNLGDC9cdKM@J@JO KMBPK6^rNL@JGI^mOX@AT>KM@��

��H�NJ[>KVb�KMGP=?[yNJHaGI8"@JKM=XGPO?8�7S:�8;T)7L7�^M:�8 � K 
 :*@A:�\&KMNL@JG Q K6T"GI8"NJ[>KZHJ:�\&KVb :�6Ub�K�:*@JKVBPK6T"NLOmNJ[>@JKMK
T>G
� KM@JK68yN 
 :*@A:�\&KMNLKM@JG Q :*NLGPO?8;H/+9T>KM@JGPkX:*NLGPO?85GI8�: 
�
 K68;T>G	� � 3

� �(< KM=XGPO?8 7
+
7L7 +wcdKM@J@JO KMBPK6^rNL@JGI^ �+8>O?8_C ^r@JGPNLGI^M:*B 3

a, b, c = % sinh(λ+ u), % sinh(u), % sinh(λ)

u, λ > 0
+wcdOX@ 
 O?HLGPNLGPk?K b�KMGP=?[yNJH 3

∆ = cosh(λ)
�

� �(< KM=XGPO?8 7�� +9:�8yNLGDC9cdKM@J@JO KMBPK6^rNL@JGI^ �!8>O?8_C ^r@JGPNLGI^M:*B 3
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a, b, c = % sinh(λ− u), % sinh(u), % sinh(λ)

0 < u < λ
+wcdOX@ 
 O?HLGPNLGPk?K b�KMGP=?[yNJH 3

∆ = − cosh(λ)
�

� �(< KM=XGPO?8 7L7L7 +9:�8yNLGDC9cdKM@J@JO KMBPK6^rNL@JGI^ �!^r@JGPNLGI^M:*B 3
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2.5. The relation between quantum chains and
two-dimensional classical models
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(αᾱ)(β,β̄)
= Rβ

α(µ, λ)R̄β̄
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2.6. The algebraic Bethe ansatz
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3.1. Spin models
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XXZ-model at arbitrary temperature
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ln ā(x) = −
πβ

γ

1

cosh π
γ x
− πi

−
π

π − γ

βh

2
+K

(

x− (Θ1 − i
γ

2
)
)

+K
(

x− (Θ2 − i
γ

2
)
)

+

∞∫

−∞

k (x− y) ln Ā(y) dy −
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3.3.2. Description of the string motion
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3.4. Crossover in the correlation length
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4.1.1. Twisted boundary conditions and external fields
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4.1.2. Curvature of energy levels and Drude weight
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4.1.3. Drude weight at arbitrary temperature
7wN GIH1^rBPK6:*@1NJ[;:*N1NJ[>K"BPGI8>K6:*@&@JK6H 
 O?8;HLKUOXcaNJ[>K)H 6>HLNLK6\
NLO :�8 : 
�
;BPGPK6T �}<��hGIHm8>OXNmO?8>B96h@JK6HLNL@JGI^fC
NLK6T NLO NJ[>K"=X@JO?<;8;T HLNJ:*NLK � � [>K �}<��hbaGPBPB�^M:�<;HLK):5HJ[>GPcdN1OXcV:�8 :*@5�;GPNL@A:*@56hK68>KM@J=�6hBPKMk?KMB

En
OXc

NJ[>K)<;8�
 KM@JNJ<>@5� K6ThH 6>HLNLK6\ � � [ <;H�� NJ[>K)HJ:�\&K"^M:*BI^M<>BI:*NLGPO?8 ^M:�8?� K 
 KM@JcdOX@A\&K6T GI8 OX@AT>KM@mNLO =XKMN
: �fE�@A<;T>K �*C9b�KMGP=?[yN

Dn
NLO NJ[>K"KMGP=XK68;HLNJ:*NLK

|n〉
� #�O�b�KMk?KM@���b�K)8>KMK6T :�NJ[>KM@A\&O_T 6>8;:�\&GI^M:*B cdOX@LC

\m<>BI:*NLGPO?8 NJ:�W>GI8>="GI8yNLO�:�^M^rO?<;8yN�NJ[;:*N�8>O�b KMk?KM@56�K68>KM@J=�6�BPKMk?KMB�[;:�HZ:]^rKM@JNJ:*GI8 
;@JO�� :@�;GPBPGPN 6
pn
OXc

: 
�
 K6:*@A:�8;^rK � � [>GIH3GIH 
;@JO�k_GIT>K6T � 6]<;HLGI8>= NJ[>KZ<;HJ<;:*B ^M:�8>O?8>GI^M:*B�K68;HLK6\/�;BPK��_NJ[;:*N�GIH3b�KMGP=?[yNLGI8>=]NJ[>K
HLNJ:*NLK6HabaGPNJ[�NJ[>K�b�KMBPB!W;8>O�b�8 �3OXBPN Q \]:�8;8�ct:�^rNLOX@AH

Dn =
1

L




1

2

〈

−T̂
〉

−
∑

m6=n

pn
|〈n|ĵ|m〉|2
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4.2. The Drude weight with magnons
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4.4. Alternative derivation of the Drude weight
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(1)2

β ρβ).

+ 
 � � 8 3

� [>K6HLKa:*@JK�NJ[>K�@JKMBPKMkX:�8yN3GI8yNLKM=X@A:*B}K
�_<;:*NLGPO?8;H3cdOX@ NJ[>K�:�<��>GPBPGI:*@561ct<;8;^rNLGPO?8;H ��g_OX@�NJ[>K�E�@A<;T>K�b�KMGP=?[yN

D
b�K1[;:Mk?K1NLO)HJ<;\�<�
 NJ[>K&^M<>@JkX:*NJ<>@JK6HVOXc3NJ[>KmK68>KM@J=�6�BPKMk?KMBIH�baGPNJ[ @JK6H 
 K6^rNZNLO

φα
� � [>KM@JKMcdOX@JK��

b�K1[;:Mk?KmNLO"K���
 :�8;T5NJ[>KmK68>KM@J=�6�ct<;8;^rNLGPO?82<�
 NLO)HLK6^rO?8;T OX@AT>KM@�� ��HVNJ[>K/� @AHLNVOX@AT>KM@�^rOX@J@JK6^rNLGPO?8
NLKM@A\�GIHaBPGI8>K6:*@ZGI8

φα
b�K �L<;HLNaba@JGPNLK T>O�b�8�NJ[>K HLK6^rO?8;T�OX@AT>KM@�NLKM@A\�b�[>GI^A[5HJ[;:*BPB � K�T>K68>OXNLK6T=� 6

E2 =
∑

α

∫ ∞

−∞

(
1

2
ε(0)

′′

α g(1)2
α ρα + ε(0)

′

α g(2)
α ρα

)

dλ
+ 
 � � � 3



4.4 Alternative derivation of the Drude weight 61

:�8;T�NJ[>K HLK6^rO?8;T�T>KM@JGPkX:*NLGPk?K OXcSNJ[>GIHaGIH

2D = Ë2 =
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4.4.1. The Drude weight for T = 0
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äα

1 + aα
−

ȧα
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A. Jacobian elliptic functions and related
quantities

RSBPBPG 
;NLGI^�ct<;8;^rNLGPO?8;H&:*@JK"^rO?\�
;BPK�����\&KM@JO?\&OX@ 
 [>GI^U:�8;T T>O?< �;B96 
 KM@JGPO_T>GI^Uct<;8;^rNLGPO?8;H � � K�T>K��}8>K
�_<;:*@JNLKM@LC 
 KM@JGPO_T;H

K,K ′ � \&O_T;<>BI<;H k :�8;T�^rO?8��L<>=?:*NLKm\&O_T;<>BI<;H k′

K =
1

2
π

∞∏

n=1

(
1 + q2n−1

1− q2n−1

1− q2n

1 + q2n

)2

K ′ =
1

π
K ln(

1

q
)

k = 4q
1
2

∞∏

n=1

(
1 + q2n

1 + q2n−1

)4

k′ =

∞∏

n=1

(
1− q2n−1

1 + q2n−1

)4 + �	� � 3

b�[>KM@JK
k2 + k2′ = 1

��:�8;T NJ[>K&8>O?\&K
q = exp(−πK ′/K), 0 < q < 1

� � [>K �X:�^rO��;GI:�8 KMBPBPG 
;NLGI^
ct<;8;^rNLGPO?8;H HJ8 ��^M8 ��T;8 :�8;T)NJ[>K�@JKMBI:*NLK6T HJ8;[ ��^M8;[ ��T;8;[ ct<;8;^rNLGPO?8;HV:*@JK

HJ8
(u) = k−

1
2
H(u)

Θ(u)
,
HJ8;[

(u) = −i
HJ8

(iu)

^M8
(u) =

k′

k

1
2 H1(u)

Θ(u)
,
^M8;[

(u) =
^M8

(iu)

T;8
(u) = k

1
2

′ Θ1(u)

Θ1(u)
,
T;8;[

(u) =
T;8

(iu)
+ �	� � 3

b�[>KM@JK
H(u),Θ(u)

:*@JK�=XGPk?K685:�H

H(u) = 2q
1
4 sin

( πu

2K

) ∞∏

n=1

(

1− 2q2n cos
(πu

K

)

+ q4n
)

(1− q2n)

Θ(u) =
∞∏

n=1

(

1− 2q2n−1 cos
(πu

K

)

+ q4n−2
)

(1− q2n)

H1(u) = H(u+K)

Θ1(u) = Θ(u+K)
+ �	� �73

b�[>GI^A[5HJ:*NLGIHLc 6)NJ[>K�GIT>K68yNLGPNLGPK6H

H(u+ iK ′) = iq−
1
4 exp

(

−
iπu

2K

)

Θ(u)

Θ(u+ iK ′) = iq−
1
4 exp

(

−
iπu

2K

)

H(u)

HJ8
(u+ iK ′) =

1

k
HJ8

(u)
.

+ �	� 
 3



71

� [>K�BI:�HLN�ct<;8;^rNLGPO?8�b�K [;:Mk?K NLO&BPO O�W�:*NaGIHaNJ[>K ^rO?\/�;GI8;:*NLGPO?8

h(u) = −iΘ(0)H(iu)Θ(iu)
+ �	� �73

b�[>GI^A[5HJ:*NLGIH-� K6H

h(u+ i2K) = −h(u)

h(u+K ′) = −q−
1
2 exp

(πu

K

)

h(u).
+ �	� � 3

��NaBI:�HLNV:18>K6^rK6HJHJ:*@56):�T;T>GPNLGPO?85cdOX@A\m<>BI:1cdOX@aKMBPBPG 
;NLGI^ ct<;8;^rNLGPO?8;H�GIHa=XGPk?K68=� 6

HJ8
(u− v) =

HJ8
(u)

^M8
(v)

T;8
(v)−

^M8
(u)

T;8
(u)

HJ8
(v)

1− k2
HJ8

2 (v)
.

+ �	� ��3



B. Parameterization of the eight- and
six-vertex model
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C. The connection between spinon and
magnon approach
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D. Derivation of the non-linear integral
equations for the XXZ-Heisenberg model
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D.1. Integral equations for the leading eigenvalue Λ0
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(
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γ
2
kFk [lnΛ]
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′

+ FΓ
k [lnA]
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š
KrW�� � [%6>H � < KMk�� : KMNLN �

74
� �7� � + � �����73

� � 
 � � � g �+Y):*BIT;:*=?<>K�� � [%6>H � < KMk��
B16

� �@
 �7� + � �7����3

� ��� �*� � g><�� GI\&OXNLO �+` �}lZ:Mb :�W?:�\&G������ � [%6>H �
A 21

� 
%� � + � ��� � 3

� � � ��� ���}OXNLO?H�� ^rO?8;T_C \]:*N � � ������8 � � + � �����73

� �7�	� � � �}i<>NLNJ8>KM@�� �	� lVB i<;\�
 KM@��
��� �_< Q <_W>G��;^rO?8;T_C \]:*N � � ������8 � � � + � ��� � 3

� � � �
� �
��[;:*@A:�8>O�k � E �
�3O?[;\ �
� [%6>H � < KMk��
115

� 
%� � + � �����73

� ��� �mR �}EV:*=XOXNLNLO �>< KMk�� Y"O_T � � [%6>H �
66

� � � ��C �@
78 + � ��� 
 3

� 
78 � �	�}lVB i<;\�
 KM@�� E � � �
��O?[;8;HLNLO?8��}^rO?8;T_C \]:*N � 8�8�87����
78 + � 8�8�8 3

� 
 � � � �}ja[>@JGP= � #a:@�;GPBPGPNJ:*NLGPO?8 � [>K6HLGIH��}lmiOXBI8�� + � �����73

� 
%� �m` � � HJ<;T;:
��l �!`a:�HJ<�� �	����:�8;:�HLKU:�8;T l � � GPNJ:*NLOX@JG�� � � � 	���� � ��� 	 
 � � � � 	���� � � � � � � � � ��	��
�SOXB �>� 
 OXcSNJ[>K�� 	 � � ���
��������� � ��	 � �
� � � � � �

��� � ����� 	 � � ��	 ��	�� � 
;@JGI8>=XKM@�� �3KM@JBPGI8 + � ��� � 3

� 
 � �mg � � K�� [;:*@AT�� � � � � � � ���
�
� ��	���� � � � � � � � ��	������ � � �O�SOXB � 137 OXc}NJ[>K � KM@JGPK6H � � �
� � ����	�	 � � ���

����� � ��� � � � �	�O� ����	�	 � ��	�	 ��������� � � � 
;@JGI8>=XKM@�� �3KM@JBPGI8 + � ���7��3
� 
�
 � �	� � � #a:*@J@JGIHa:�8;T�< �@� � :+:�8>=XK���� [%6>H � < KMk��

157
� � ��� + � � � ��3

� 
 � � �	� ��<>KM@5� :�^A[�� � � ����� �
	���� ��� � � � 	���� � ��	 � � � � � � � �	�O� � � � � � ����	-��� � � � � � � ��� � ��� � 	 � �

 � � ����� 	 � � �R� ��� � � 	�� 	 	�� � 
;@JGI8>=XKM@��}`�KMb � OX@LW�� + � ��� 
 3

� 
%� �*� � : GI:�8>= � � � E�O?<;^rOXN�� � � � � ��8;T>KM@AHLO?8�� � [%6>H � < KMk�� : KMNLN �
61

� � � � + � � ��� 3

� 
 �	�mg � E � Y � #a:*BIT;:�8>K���� [%6>H � < KMk�� : KMNLN �
47

� �
�@
78 + � � ��� 3

� 
%� �mg � E � Y � #a:*BIT;:�8>K������ � [%6>H �
C14

� � � � � + � � ��� 3



Bibliography 89

� 
 � � �	� Y � � HLk?KMBPGDW�� � � � � �	�O� � � � � � � � � � � � � � 
 � � � � ��	 � � � � � ����� � � � 	�� 	 	�� � :�\/�;@JGIT>=XK
ja8>GPk?KM@AHLGPN 6 �S@JK6HJH�+ � �����73

� � 8 �*: � E �}g>:�T;T>KMKMk � : � �	� � :�W;[yNJ: �L:�8���� [%6>H � : KMNLN �
A 85

� �7� � + � � ��� 3

� � � � � �
�}i<>NLNJ8>KM@�� �	�}lVB i<;\�
 KM@������ �_< Q <_W>G��;^rO?8;T_C \]:*N � �7� 8 � 8 � � + � ���7��3

� � � � � � ��OX@AT;:�8��}R � �{GP=?8>KM@�� � � � [%6>H �
47

� � � � + � � ��� 3

� ��� �1E � ��� �_^M:*BI: 
;GI8>O � � � < � � [>GPNLK��>� � � [;:�8>= � � [%6>H � < KMk��
B 47

� � ����� + � �����73

� � 
 �"� � ` � ��:�8>= �>� � � � ��:�8>= �����}Y):*NJ[ ��� [%6>H �
10

� ����� � + � � � �73

� ��� � � � � � �_[;:�HLNL@56��
� � �_<>NJ[>KM@JBI:�8;T�� � [%6>H � < KMk�� : KMNLN �
65

� �@
 � + � ��� 8 3

� � � �&Y � � :�<;T>GI8�� � � � � ��	���� � � ��� � � � � � � � � ��� � �>� KM@�� �_^rGPK68yNLG	� �_<>K��+Y):�HJHLO?8����!:*@JGIH�+ � � � �73

� �7�	�*# � g � � @JOXNLNLKM@����S@JO_^ �
��\ �}Y):*NJ[ � � O_^ �
10

� � 
 � + � �����73

� � � � �	� lVB i<;\�
 KM@���
;@JGPkX:*NLK ^rO?\]\m<;8>GI^M:*NLGPO?8



Kurzzusammenfassung

79\$KM@AHLNLK68 � KMGPB T>KM@ k?OX@JBPGPKM=XK68;T>K68 �a@5� KMGPN baGP@AT T;:�H :�H 6>\�
;NLOXNLGIHJ^A[>K �SKM@A[;:*BPNLK68 T>KM@ BPO?8>=XGPNJ<;T>GDC
8;:*BPK68 � 
;GI8_C-� 
;GI8{lVOX@J@JKMBI:*NLGPO?8;HLct<;8_W>NLGPO?8 T>KM@mGI8yNLKM=X@A:@�;BPK68 :�8>GIHLOXNL@JO 
 K68�#�KMGIHLK68%� KM@J=�CFlVKMNLNLK <;8_C
NLKM@AHJ<;^A[yN � � < T>GPK6HLK6\ �}b�K6^LWyK)baGP@AT T>GPK �Z<;:�8yNLK68_C � @A:�8;HLcdKM@LC Y):*NL@JG	�_C � K6^A[;8>GDW + ����� :�<;H � � � 3
� K68 <>N Q N��!\&GPN�T>KM@JK68 #�GPBPcdK]\]:�8 KMGI8 8>GI^A[yN C9BPGI8>K6:*@JK6H]798yNLKM=X@A:*BP=XBPKMGI^A[ <;8>=?HJH 6>HLNLK6\ [>KM@JBPKMGPNLK682W?:�8;8��
T;<>@A^A[ T;:�HST>KM@�=X@ iO��?NLK�RSGP=XK68yb�KM@JN3T>KM@ ����� � K6HLNLGI\]\ N!GIHLNS<;8;TmT;:�\&GPNST>GPK � [>KM@A\&O_T 6>8;:�\&GDW T>K6H
� 6>HLNLK6\]H � Y"O_T>G	�;W?:*NLGPO?8>K68]T>KM@3798yNLKM=X@A:*NLGPO?8;HLb�KM=XK�\]:�^A[>K681K6H \ iOX=XBPGI^A[�� GI8;8>KM@A[;:*B9�]T>K6H�g_OX@A\]:*BPGIH C
\m<;H T>GPK6HLKM@V798yNLKM=X@A:*BP=XBPKMGI^A[ <;8>=XK�8 :�<;^A[�8 i:�^A[;HLNL=X@ iO��?NLK RSGP=XK68yb�KM@JNLK Q < � KM@JK6^A[;8>K68 � � O?\&GPN GIHLN�KMGI8
�SKM@Jct:�[>@JK68 Q <>@ �3KM@JK6^A[;8 <;8>=]k?O?8�lVOX@J@JKMBI:*NLGPO?8;HLB i:�8>=XK68 KM@AHJ^A[>BPO?HJHLK68 ��g i<>@a8>GI^A[yNLk?KM@AHJ^A[ybaGI8;T>K68;T>K6H
g_KMBIT

h > 0
<;8;TU[>GI8>@JKMGI^A[>K68;T)[>O?[>K � K6\�
 KM@A:*NJ<>@�GIHLN�T>KM@ Q b�KMGPNL=X@ iO��?NLK RSGP=XK68yb�KM@JN�KMGI8;T>K6<>NLGP=&<;8;T

T;<>@A^A[5KMGI8>K
1
C-� NL@JGI8>=�C$: iO?HJ<;8>=�T>KM@ ����� =XKM=XK�� K68 ��RS@ZGIHLNZ@JKMKMBPB�<;8;T 8>KM=?:*NLGPk <;8;T5c i<;[>@JNZT;:�[>KM@

Q <UK���
 O?8>K68yNLGPKMBPB�:@�;ct:*BPBPK68;T>K685lVOX@J@JKMBI:*NLGPO?8>K685\&GPN�:�8>GPNLcdKM@J@JO?\]:*=?8>KMNLGIHJ^A[>KM@ �ZH Q GPBPBI:*NLGPO?8 � �3KMG+[>GI8_C
@JKMGI^A[>K68;T�NLGPKMcdKM@ � K6\�
 KM@A:*NJ<>@aKM@J=XG9�;N�HLGI^A[�KMGI8�:�8;T>KM@JK6H �SKM@A[;:*BPNLK68 ��R Ha=XG9�;N � KMN Q N Q b�KMG�K68yNJ:*@JNLKMNLK
Q b�KMGPNL=X@ iO��?NLKZRSGP=XK68yb�KM@JNLK�� T>GPK�WyO?\�
;BPK��mWyO?8��L<>=XGPKM@JN HLGI8;T]<;8;T Q <>@�HLKMB9� K68UlVOX@J@JKMBI:*NLGPO?8;HLB i:�8>=XK�\&GPN
GI8_WyO?\]\&K68;HJ<>@A:@�;BPK68 �ZH Q GPBPBI:*NLGPO?8>K68 c i<;[>@JK68 �
EV:�H�O�� K68 � K6HJ^A[>@JGPK�� K68>K"� Q K68;:*@JGPO&GIHLNVT;:�HVRS@J=XK�� 8>GIHVT>KM@�8 <;\&KM@JGIHJ^A[>K68 <;8;T�:�8;:*B96_NLGIHJ^A[>K68���8;:�C
B96>HLKmT>KM@ ����� ��Y):�8�� KMO�� :�^A[yNLKMN�KMGI8>K1b�O?[>BIT>K��}8>GPKM@JNLK ��@JO?HJHLO�k?KM@LC � K6\�
 KM@A:*NJ<>@ � KMG T>KM@ZT>GPK

1
C

<;8;T
2
C-� NL@JGI8>=�C$: iO?HJ<;8>="T>KM@ ����� K68yNJ:*@JNLK68 �

79\ Q b�KMGPNLK68 � KMGPB+baGP@AT)T;:�H�E�@A<;T>KrC � KMbaGI^A[yNVT>KM@�:�8>GIHLOXNL@JO 
 K68=#�KMGIHLK68%� KM@J=�CFlVKMNLNLK :�8;:*B96_NLGIHJ^A[ � KrC
@JK6^A[;8>KMN �(EV:@� KMG�baGP@AT KMGI8 GI8yNLKM@JK6HJHJ:�8yNLKM@ � <;HJ:�\]\&K68;[;:�8>= � 
78 � Q baGIHJ^A[>K68{T>KM@ ����� C � K6^A[;8>GDW
<;8;T T>K6\
NJ[>KM@A\&O_T 6>8;:�\&GIHJ^A[>K68 �3KMNJ[>KrC ��8;HJ:*N Q + � !(' 3�:�<;HL=XK68 <>N Q N � Y):�8hKM@A[ i:*BPN ����� � ���&RS@LC
=XK�� 8>GIHJHLK�� KMG � � � � � 	 � ��� � K6\�
 KM@A:*NJ<>@�� E�K6HLb�KMGPNLKM@JK68 b�KM@AT>K68 GI8yNLKM@JK6HJHJ:�8yNLK � [ i:�8>O?\&K68>K���baGPK
BPOX=?:*@JGPNJ[;\&GIHJ^A[>K&lVOX@J@JKrW>NJ<>@JK68)GI\ E�@A<;T>KrC � KMbaGI^A[yN � KMG!8>GPK6T>@JGP=XK68 � K6\�
 KM@A:*NJ<>@JK68 � KMO�� :�^A[yNLKMN �



Zusammenfassung

798 T>KM@�k?OX@JBPGPKM=XK68;T>K68 �a@5� KMGPN�b�KM@AT>K68 Q b�KMG�NLK6\�
 KM@A:*NJ<>@A:@� [ i:�8>=XGP=XK � @ iO��?K68 T>KM@�:�8>GIHLOXNL@JO 
 K68
#�KMGIHLK68%� KM@J=�CFlVKMNLNLK1<;8yNLKM@AHJ<;^A[yN �
� <;\ KM@AHLNLK68UbaGP@AT)T>GPKZBPO?8>=XGPNJ<;T>GI8;:*BPK"� 
;GI8_C-� 
;GI8_CFlVOX@J@JKMBI:*NLGPO?8;HLB i:�8>=XK1T>K6HaY"O_T>KMBPBIH � KMG � � � � � 	 � ���
� K6\�
 KM@A:*NJ<>@4� KM@JK6^A[;8>KMN �
E�GPK6HLK � @ iO��?K�GIHLNUk?O?8 798yNLKM@JK6HJHLK���T;: \]:�8{KMGI8 <;8yNLKM@AHJ^A[>GPK6T>BPGI^A[>K6HB�SKM@A[;:*BPNLK68 T>K6H � 6>HLNLK6\]H1GI\
: GI\&K6HaNLGPKMcdKM@V<;8;T�[>O?[>KM@ � K6\�
 KM@A:*NJ<>@aKM@Jb :*@JNLKMN �
79\ cdOXBP=XK68;T>K68]baGP@AT]T;:�H � 6>HLNLK6\%\&GPN�KMGI8>K6\ cdK6HLNLK68]<;8;T1K68;T>BPGI^A[>K68�Y):*=?8>KMNLcdKMBIT � KMNL@A:�^A[yNLKMN � g i<>@
NLGPKMcdK � K6\�
 KM@A:*NJ<>@JK68mBPGPKMcdKM@A8&T>GPK ��<;HJHJ:*=XK68&T>KM@SWyO?8>cdOX@A\&K681g_KMBIT>NJ[>KMOX@JGPK Q <>cd@JGPK6T>K68;HLNLKMBPBPK68;T>K5�SOX@LC
:�<;HJHJ:*=XK68 � E�K6\]8;:�^A[�KM@Jb :*@JNLKMNV\]:�8

2kF
C-�ZH Q GPBPBI:*NLGPO?8 T>KM@VlVOX@J@JKMBI:*NLGPO?8;HLct<;8_W>NLGPO?8 \&GPN 2kF 6= π

�
79\ #�O_^A[yNLK6\�
 KM@A:*NJ<>@LC$: GI\&K6H HLOXBPBPNLKUHLGI^A[2T;:�H�� 6>HLNLK6\ �_<;:�HLGDW>BI:�HJHLGIHJ^A[2k?KM@A[;:*BPNLK68 �&EV:�[>KM@�b i<>@AT>K
\]:�8

π
C-�ZH Q GPBPBI:*NLGPO?8>K68 GI8�T>KM@ZlVOX@J@JKMBI:*NLGPO?8;HLct<;8_W>NLGPO?85k?OX@A[>KM@AHJ:*=XK68 �

Y):�8)KM@Jb :*@JNLKMN�T;:�[>KM@�KMGI8>K�W>@JGPNLGIHJ^A[>K � K6\�
 KM@A:*NJ<>@�� � KMG�T>KM@aT>GPK �_<;:�8yNLK68;\&K6^A[;:�8>GIHJ^A[>K �3K6HJ^A[>@JKMGDC
� <;8>= Q <;HJ:�\]\&K68%�;@JGI^A[yN�<;8;T :�<;^A[ KMGI8 8>GI^A[yN C :�8;:*B96_NLGIHJ^A[>K6H �SKM@A[;:*BPNLK68 T>KM@ � KMNL@JO�� K68>K68 � @ iO��?K68
b i:*@JK�cdOXBP=XKM@JGI^A[yNLGP=��
��<;HL=?:�8>=?H 
 <;8_W>N�c i<>@�T>GPK	�3KM@JK6^A[;8 <;8>=&b :*@aT>GPK g_OX@A\m<>BPGPKM@A<;8>=]T>KM@�NJ[>KM@A\&O_T 6>8;:�\&GIHJ^A[>K68 �3KMNJ[>KrC
��8;HJ:*N Q � BPKMGI^A[ <;8>=XK68 T;<>@A^A[ #�GPBPctHLct<;8_W>NLGPO?8>K68�� T>GPK T;<>@A^A[ 8>GI^A[yN C9BPGI8>K6:*@JK{798yNLKM=X@A:*BP=XBPKMGI^A[_<;8>=XK68
+-,/.102)43 � � � � K6HLNLGI\]\ N�HLGI8;T �3798]T>KM@�T>GP@JKrW>NLK68)g_OX@A\m<>BPGPKM@A<;8>=mT>GPK68>K68"T>GPK�,/.102) Q <>@ �3KM@JK6^A[;8 <;8>=
T>K6H)=X@ iO��?NLK68 RSGP=XK68yb�KM@JNLK6H T>KM@ �Z<;:�8yNLK68_C � @A:�8;HLcdKM@A\]:*NL@JG	����:*BIHLO Q <>@ �3K6HLNLGI\]\m<;8>={T>KM@)cd@JKMGPK68
R 8>KM@J=XGPK �"ja\.lVOX@J@JKMBI:*NLGPO?8;HLB i:�8>=XK68 GI8;8>KM@A[;:*B9� T>GPK6HLK6H g_OX@A\]:*BPGIHJ\m<;H Q <&� KM@JK6^A[;8>K68���GIHLN�K6H�8>OXN C
b�K68;T>GP= � :�<;^A[&T>GPKa8 i:�^A[;HLNL=X@ iO��?NLK68URSGP=XK68yb�KM@JNLK Q < WyK68;8>K68 � ��<>c T>K6\%`�GPk?K6:�<]T>KM@ �3KMNJ[>KrC ��8;HJ:*N Q C
� :�[>BPK68 + � <>@ Q KMBI8 3�HLGI8;T]:�8>=XKM@JKM=XNLK	� <;HLN i:�8;T>K�T;<>@A^A["Y)<;HLNLKM@3k?O?8 � <>@ Q KMBI8]=XKrWyK68;8 Q KMGI^A[;8>KMN��;T>GPK
HLGI^A[ HLNL@A<_W>NJ<>@JKMBPB!k?O?\$Y)<;HLNLKM@Vc i<>@�T>K68�=X@ iO��?NLK68 RSGP=XK68yb�KM@JN�<;8yNLKM@AHJ^A[>KMGIT>K68 �Zg i<>@VT>GPK BPO?8>=XGPNJ<;T>GDC
8;:*BPKmlVOX@J@JKMBI:*NLGPO?8;HLB i:�8>=XK1HLGI8;T

1
C�<;8;T

2
C-� NL@JGI8>=�C Y)<;HLNLKM@Z@JKMBPKMkX:�8yN��}T>GPK Q <;\&GI8;T>K6HLN�:�8;8 i:�[>KM@A<;8>=?H C

b�KMGIHLKZT>GPK � NL@JGI8>=�C-� NL@A<_W>NJ<>@ :�<>c Q KMGP=XK68��>T>GPKZ\]:�8U:�<;H3NL@A:�T>GPNLGPO?8>KMBPBPK68 �3KMNJ[>KrC ��8;HJ:*N Q C$< K6^A[;8 <;8>=XK68
WyK68;8yN �3Y):�81\m< �Z8 <;8&798yNLKM=X@A:*BP=XBPKMGI^A[ <;8>=XK�8"c i<>@ST>GPK6HLK�Y)<;HLNLKM@�:@�;BPKMGPNLK68 ��E�GPK6HS=XK6HJ^A[>GPK6[yN�K � KrW>NLGPk
T;<>@A^A[&E�KMcdOX@A\]:*NLGPO?81T>KM@3798yNLKM=X@A:*NLGPO?8;HLb�KM=XKVGI81T>K68 ��<;HL=?:�8>=?HLGI8yNLKM=X@A:*BP=XBPK6GI^f[_<;8>=XK�8 �aE�GPK ��8;:*B96>HLK
T>KM@ � <>@ Q KMBI\m<;HLNLKM@�� Q <;\ �3KMGIH 
;GPKMB3c i<>@�T>K68

1
C-� NL@JGI8>=�CFg>:*BPB��S\]:�^A[yN � K6T>O_^A[ W>BI:*@��+T;: ��T>GPK]E�KMcdOX@LC

\]:*NLGPO?8 T>KM@1798yNLKM=X@A:*NLGPO?8;HLb�KM=XK :*BPBPKMGI8(8>GI^A[yN]:�<;HL@JKMGI^A[yN���T;:�H"� Q K68;:*@JGPO Q < � K6HJ^A[>@JKMG9� K68��3T;:�T>KM@

1
C-� NL@JGI8>=�T>K68���8;:*B96_NLG Q GPN i:*NJH � KM@JKMGI^A[ T>KM@/,/.102) k?KM@JB i: �?N���b�K68;82\]:�8�� KMGScdK6HLNLK6\$\]:*=?8>KMNLGIHJ^A[>K68
g_KMBIT T>GPK � K6\�
 KM@A:*NJ<>@ZHLK68_W>N �ZEV:�[>KM@ZGIHLNVKMGI8>K1:�8;:*B96_NLGIHJ^A[>KU`�K6<>cdOX@A\m<>BPGPKM@A<;8>=�T>KM@ � BPKMGI^A[ <;8>=XK68
:�< �?KM@A[;:*B9�{T>GPK6HLK6H �3KM@JKMGI^A[>K6H]8>OXN b�K68;T>GP=�� ��<>cVT>GPK6HLK �a@JNmKM@JBI:�8>=XN]\]:�8 � BPKMGI^A[ <;8>=XK68 c i<>@1T>K68
=XK6HJ:�\ NLK68 � K6\�
 KM@A:*NJ<>@5� KM@JKMGI^A[�� � Q b	� c i<>@ � K6T>K � NL@JGI8>= 
 O?HLGPNLGPO?8���T>GPK�8 <;\&KM@JGIHJ^A[{T;<>@A^A[{7wNLKM@A:�C
NLGPO?8(T>KM@&798yNLKM=X@A:*BP=XBPKMGI^A[ <;8>=XK�8 =XKMB iO?HLN1b�KM@AT>K68hW iO?8;8>K68 �hY):�8hW?:�8;8 HLO T>GPK�lVOX@J@JKMBI:*NLGPO?8;HLB i:�8>=XK
c i<>@ ��� � � � � � �
� � K6\�
 KM@A:*NJ<>@JK68�K��;:�W>N � KM@JK6^A[;8>K68 ��R H�baGP@AT�KMGI8>K1R 8yNJ:*@JNJ<;8>=)T>KM@�RSGP=XK68yb�KM@JNLK1c i<>@
T>K68

1
CZ<;8;T

2
C-� NL@JGI8>= g>:*BPB � KMG3KMGI8>KM@ W>@JGPNLGIHJ^A[>K68 � K6\�
 KM@A:*NJ<>@

Tc
� KMO�� :�^A[yNLKMN �5ja8yNLKM@A[;:*B9� k?O?8

Tc
HLGI8;T T>GPK&RSGP=XK68yb�KM@JNLK&WyO?\�
;BPK���WyO?8��L<>=XGPKM@JN �mE�GPK6HLK&R 8yNJ:*@JNJ<;8>=�\]:�8>GPcdK6HLNLGPKM@JN HLGI^A[ � K6HLO?8;T>KM@AH

T>K6<>NLBPGI^A[{GI\ 8>GI^A[yN C :�8;:*B96_NLGIHJ^A[>K68 �SKM@A[;:*BPNLK68{T>KM@
2kF

C-�ZH Q GPBPBI:*NLGPO?8>K68 � ja8yNLKM@A[;:*B9�{k?O?8 Tc
HLGI8;T

T>GPK6HLK*�ZH Q GPBPBI:*NLGPO?8>K68 GI8_WyO?\]\&K68;HJ<>@A:@� KMB �



92 Zusammenfassung

E�KM@ Q b�KMGPNLK � KMGPB�T>KM@ �a@5� KMGPN�� K6HJ^A[ i:*cdNLGP=XNmHLGI^A[ \&GPN�T>KM@ �3KM@JK6^A[;8 <;8>=5T>K6H E�@A<;T>KrC � KMbaGI^A[yNJHmT>KM@
:�8>GIHLOXNL@JO 
 K68�#�KMGIHLK68%� KM@J=�CFlVKMNLNLK � E�GPK6HLK ��<>cd=?:@� K)GIHLN&T;<>@A^A[ T>GPK)GI8 � � � ��KM@ Q GPKMBPNLK68 RS@J=XK�� 8>GIHJHLK
\&OXNLGPk_GPKM@JN��}T>GPK HLGI^A[�WyO?\�
;BPKMNLNV:�<>c�Y"KMNJ[>O_T>K685T>KM@ � NJ:�8;T;:*@AT_C � !(' � 
78 �!HLN i<>N Q NLK68 �
�aBIH #a:�<�
;NLKM@J=XK�� 8>GIHJHLK HLGI8;T{T>OX@JN]T>KM@]\&O?8>OXNLO?8>K �4�;ct:*BPBVT>K6H]E�@A<;T>KrC � KMbaGI^A[yNJH)\&GPN]T>KM@ � K6\1C

 KM@A:*NJ<>@ � KMG>� KMBPGPK��;GP=XK68 ��8>GIHLOXNL@JO 
;GPKrC��!:*@A:�\&KMNLKM@A8 <;8;T)T;:�H;�SKM@AHJ^A[ybaGI8;T>K68�T>K6HaE�@A<;T>KrC � baGI^A[yNJH
c i<>@]:*BPBPK5K68;T>BPGI^A[>K68 � K6\�
 KM@A:*NJ<>@JK68{:�\ GIHLOXNL@JO 
 K68 � <;8_W>N Q <{8>K68;8>K68 � E�KM@ � NJ:�8;T;:*@AT_C � !('�C
� <>=?:�8>= � KM@JKMGPNLKMNm:*BPBPKM@AT>GI8>=?H KMGI8>GP=XK"NLK6^A[;8>GIHJ^A[>K �S@JO��;BPK6\&K�� T>GPKU[>GPKM@ T;<>@A^A[2KMGI8>K"lVO?\/�;GI8;:*NLGPO?8
k?O?8 �Z<;:�8yNLK68_C � @A:�8;HLcdKM@A\]:*NL@JG	�_C � <>=?:�8>="<;8;T � !('�C � K6^A[;8>GDWyK68 :�<;HL=XKM@ i:�<;\ Nab�KM@AT>K68�WyO?8;8yNLK68 �
E�GPK �3KM@JK6^A[;8 <;8>= T>K6H E�@A<;T>KrC � KMbaGI^A[yNJH1HLN i<>N Q N HLGI^A[h:�<>c�T>GPK i< �;BPGI^A[>K�g_OX@A\m<>BPGPKM@A<;8>=5T>KM@ � [>KM@LC
\&O_T 6>8;:�\&GDW k?O?8 � :�W?:�[;:�HJ[>G � � � � 79\ �S@JGI8 Q G 
?� KM@JK6^A[;8>KMN1\]:�8hT>GPK)lV@ i<;\]\m<;8>=�T>KM@1R 8>KM@J=XGPKrC
`�GPk?K6:�<;H � K Q OX=XK68 :�<>c3T>K68 GI8 T>GPK"<�:�8;T � K6T>GI8>=?<;8>=XK682KMGI8>=XK6[>K68;T>K68 � baGIHLN � ij � KM@ZKMGI8>K]g!GI8>GPNLKrC
� G Q KrC ��8;:*B96>HLK)KM@A[ i:*BPN]\]:�8(798yNLKM=X@A:*BP=XBPKMGI^A[ <;8>=XK�8 <;8;T KMGI8>K68(=XK6HJ^A[>BPO?HJHLK68>K68 ��<;HJT>@A<;^LW c i<>@&T;:�H
E�@A<;T>KrC � KMbaGI^A[yN � 798 T>GPK6HLK6\�� <>=?:�8>= HLGI8;T :*BPBPK :�8>=XKM@JKM=XNLK68 � <;HLN i:�8;T>KhT>K6H&� 6>HLNLK6\]H�T;<>@A^A[
� NL@JGI8>=�C$: iO?HJ<;8>=XK68 ^A[;:*@A:�W>NLKM@JGIHLGPKM@JN ��R H�W iO?8;8>K682GI\
:*BPBP=XK6\&KMGI8>K68 <;8>K68;T>BPGI^A[ k_GPKMBPK"798yNLKM=X@A:*BP=XBPKMGDC
^A[ <;8>=XK68�:�<>cdNL@JKMNLK68 � E�GPK �3K6[;:�8;T>BI<;8>=UT>K6H �S@JO��;BPK6\]Ha:�<>cST>GPK6HLK �a@JN�W?:�8;8)T;:�[>KM@�HLK6[>@a\ i<;[;HJ:�\
HLKMGI8��aT � [ � \]:�8(WyO?\]\ N&OXcdNU8 <>@"T;<>@A^A[ HJ^A[yb�KM@UWyO?8yNL@JOXBPBPGPKM@5� :*@JKh` i:�[>KM@A<;8>=XK68 Q < WyO?8_W>@JKMNLK68
RS@J=XK�� 8>GIHJHLK68 ��ja\�HLOXBI^A[>K��S@JO��;BPK6\&K Q <�k?KM@A\&KMGIT>K68�� b�<>@AT>K KMGI8>K&g_OX@A\m<>BPGPKM@A<;8>=)T>K6H �S@JO��;BPK6\]H
T;<>@A^A[ T>GPK ,/.102) :�8>=XK6HLNL@JK��;N���b�KMGPB�\]:�8 T;:�8;8 8 <>@1KMGI8>K68 � � � � � 	 � � � �_:*N Q k?O?8(798yNLKM=X@A:*BP=XBPKMGDC
^A[ <;8>=XK68 � K6[;:�8;T>KMBI82\m<;HJH � 79\ :+:�<>cdK&T>KM@ �a@5� KMGPNLK682HLNLKMBPBPNLKUHLGI^A[2[>KM@A:�<;H���T;: ��T;:�H ��<;HJ8 <>N Q K68
T>KM@ i� �_<>GPkX:*BPK68 Q � 
78 � k?O?8 ,/.102) <;8;T � BPKMGI^A[ <;8>=XK68��}T>GPKV:�<>c+T>KM@ ��:�HLGIH�T>K6H i< �;BPGI^A[>K68 �SKM@Jct:�[>@JK68;H
[>KM@J=XKMBPKMGPNLKMN1HLGI8;T��ST>K68 KMGI8>ct:�^A[;HLNLK68 � <>=?:�8>= �;GPKMNLKMNm<;8;T \]:�82b�KMGPNLK � KMGPBPK)T>KM@ i< �;BPGI^A[>K68;< K6^A[_C
8 <;8>=XK68]c i<>@3T;:�H E�@A<;T>KrC � KMbaGI^A[yN i< � KM@A8>K6[;\&K681W?:�8;8 � � O�W?:�8;8]\]:�8&T;:�H E�@A<;T>KrC � KMbaGI^A[yN ����� � �
c i<>@ � � � � � 	 � � � K6\�
 KM@A:*NJ<>@JK68=� KM@JK6^A[;8>K68 ��79\ � KM=XK68;HJ:*N Q1Q <;\ � KrW?:�8;8yNLK68 �SKM@Jct:�[>@JK685GIHLN�:�<;^A[
T;:�H�E�@A<;T>KrC � KMbaGI^A[yNZ:�\�GIHLOXNL@JO 
 K68 � <;8_W>NaT>K6HVY"O_T>KMBPBIH ����� � � � K6HLNLGI\]\/� :*@���EV:�[>KM@�HLGI8;T�:�<;^A[
Q <;\ KM@AHLNLK68�Y):*B BPOX=?:*@JGPNJ[;\&GIHJ^A[>KmlVOX@J@JKrW>NJ<>@JK68]GI\�E�@A<;T>KrC � KMbaGI^A[yN�T>GPK6HLK6H�Y"O_T>KMBPBIH � KMO�� :�^A[yNLKMN
b�OX@AT>K68 �
E�GPK < K6HJ<>BPNJ:*NLKV:�<;H � � � �_WyO?8;8yNLK68]8>GI^A[yN1� K6HLN i:*NLGP=XN3b�KM@AT>K68 � 7981T>KM@ k?OX@JBPGPKM=XK68;T>K68 �a@5� KMGPN KM@A[;:*BPNLK68
baGP@ T>GPKZ\]: �>GI\]:*BPK��_@JKM=?<>B i:*@JK ��<;HJT>K6[;8 <;8>=mT>KM@

T = 0
CFRS@J=XK�� 8>GIHJHLK�:�<>c

T > 0
� GI8;H � K6HLO?8;T>KM@JKZc i<>@

T>K68)GIHLOXNL@JO 
 K68 g>:*BPB�� <;8;T�\]:�8 � KMO�� :�^A[yNLKMNZKMGI8 Y): �>GI\m<;\�GI\ E�@A<;T>KrC � KMbaGI^A[yN �
� <_W i<;8>cdNLGP=XK ��<>cd=?:@� K682W iO?8;8yNLK68 T;:*@JGI8hBPGPKM=XK68��3:�8;T>KM@JK�Y"O_T>KMBPBPK���baGPK"T;:�H HJ<�
 KM@AH 6>\]\&KMNL@JGIHJ^A[>K

tJ
C Y"O_T>KMBPB�� T>GPK�T;<>@A^A[ � � � � � K6[;:�8;T>KMB9� :*@]HLGI8;T��3GI8;#�GI8%�;BPGI^LW :�<>c���@JO?HJHLO�k?KM@LC�� [ i:�8>O?\&K68>K)GI8

T>K68 lVOX@J@JKMBI:*NLGPO?8;HLB i:�8>=XK68 Q <5<;8yNLKM@AHJ<;^A[>K68 � ��<;^A[ T;:�H�E�@A<;T>KrC � KMbaGI^A[yN T>K6H
tJ
C <;8;T&#a< � � :*@AT_C

Y"O_T>KMBPBIHZW?:�8;8 \&GPNZT>K6\ k?OX@JBPGPKM=XK68;T>K68 �SKM@Jct:�[>@JK68 GI\ �S@JGI8 Q G 
 � K6HLNLGI\]\ NZb�KM@AT>K68 � 798yNLKM@JK6HJHJ:�8yN
GIHLNa:�<;^A[�T>GPK g_@A:*=XK 8;:�^A[�T>KM@a:�8;:*B96_NLGIHJ^A[>K68��3KM@JK6^A[;8 <;8>=]T>KM@�BPOX=?:*@JGPNJ[;\&GIHJ^A[>K68 lVOX@J@JKrW>NJ<>@JK68"GI\
E�@A<;T>KrC � KMbaGI^A[yN � E�GPK6HZ\ i< �?NLKm:�8;:*BPOX= Q <>@Z:�8;:*B96_NLGIHJ^A[>K68 �3KM@JK6^A[;8 <;8>=�T>KM@�lVOX@J@JKrW>NJ<>@JK685GI8 T>KM@
\]:*=?8>KMNLGIHJ^A[>K68 �_<;H Q K 
;NLG9�;GPBPGPN i:*N�\ iOX=XBPGI^A[ HLKMGI8 � ��8 � �



Erklärung

79^A[ k?KM@AHLGI^A[>KM@JK��VT;: �hGI^A[ T>GPK5k?O?8 \&GP@Uk?OX@J=XKMBPKM=XNLK E�GIHJHLKM@JNJ:*NLGPO?8 HLKMB9� HLN i:�8;T>GP=(:�8>=XKMcdKM@JNLGP=XN��ZT>GPK
� K68 <>N Q NLK68 �Z<>KMBPBPK68 <;8;T #�GPBPctHJ\&GPNLNLKMB�k?OXBPBIHLN i:�8;T>GP={:�8>=XKM=XK�� K68 <;8;T T>GPK � NLKMBPBPK68 T>KM@ �a@5� KMGPN

�

KMGI8;HJ^A[>BPGPK �?BPGI^A[ � :@� KMBPBPK68��;lZ:*@JNLK68U<;8;T �4� �;GPBIT;<;8>=XK68
�

�_T>GPKV:�8;T>KM@JK68 � KM@LWyK68]GI\ � OX@JNLBI:�<>N O_T>KM@
T>K6\ � GI8;8 8;:�^A[ K68yNJ8>O?\]\&K68(HLGI8;T��3GI8 � K6T>K6\ RSGI8 Q KMBPct:*BPBZ:*BIH]R 8yNLBPK6[;8 <;8>=2WyK68;8yNLBPGI^A[{=XK6\]:�^A[yN
[;:@� K

�
T;: ��T>GPK6HLK]E�GIHJHLKM@JNJ:*NLGPO?8h8>O_^A[ WyKMGI8>KM@ :�8;T>KM@JK68 g>:�W;<>BPN i:*N�O_T>KM@ ja8>GPk?KM@AHLGPN i:*N Q <>@	�S@ i<>ct<;8>=

k?OX@J=XKMBPKM=XK68 [;:*N
�
T;: �(HLGPK

�

:@�;=XK6HLK6[>K68 k?O?8 <;8yNLK68 :�8>=XKM=XK�� K68>K68 � KMGPB 
 < �;BPGDW?:*NLGPO?8>K68
�

8>O_^A[
8>GI^A[yN&k?KM@ iO�� K68yNLBPGI^A[yNUb�OX@AT>K68 GIHLN1HLO�baGPK�� T;: � GI^A[ KMGI8>K�HLOXBI^A[>K �SKM@ iO�� K68yNLBPGI^A[ <;8>= k?OX@��4� HJ^A[>BI< �
T>K6H �S@JO?\&OXNLGPO?8;HLk?KM@Jct:�[>@JK68;H 8>GI^A[yN�k?OX@A8>K6[;\&K68]b�KM@AT>K �3E�GPK �3K6HLNLGI\]\m<;8>=XK68UT>GPK6HLKM@ �S@JO?\&OXNLGPO?8;H C
OX@AT;8 <;8>=5HLGI8;T \&GP@ � KrW?:�8;8yN �)E�GPK]k?O?8 \&GP@�k?OX@J=XKMBPKM=XNLK�E�GIHJHLKM@JNJ:*NLGPO?8 GIHLN�k?O?8 #�KM@J@A8 �S@JOXcdK6HJHLOX@
E�@����	�}lVB i<;\�
 KM@ � KMNL@JK6<>Nab�OX@AT>K68 �

l iOXBI8�� T>K68 ��8 � ��W>NLO�� KM@ � 8�8�8

Teilpublikationen:
�	� lVB i<;\�
 KM@�� < � Y):*@JNLGI8>K Q �>� � �_^A[>KMKM@JK68��+Y � �_[>GP@JOXGIHJ[>G
KMGI8>=XKM@JKMGI^A[yN�� KMG ��O?<>@A8;:*B�OXc � NJ:*NLGIHLNLGI^M:*B � [%6>HLGI^MH



Danksagung

79^A["T;:�8_WyK #�KM@J@A8 �S@JOXc��3E�@�� �	�;lVB i<;\�
 KM@�c i<>@ T>GPK ��8>@JKM=?<;8>= Q <"T>GPK6HLKM@ �a@5� KMGPN��>HLKMGI8>K�[>KM@Jk?OX@J@A:�C
=XK68;T>K �3KMNL@JK6<;<;8>=U<;8;T�HLKMGI8>K HLNLKMNLK E�GIH W;<;HJHLGPO?8;H � KM@JKMGPNJHJ^A[;:*cdN �

#�KM@J@A8 �S@JOXc���E�@�� �����}GPNLNJ:*@JN Q T;:�8_WyK�GI^A[]c i<>@3T>GPKZRS@A\ iOX=XBPGI^A[ <;8>=&T>KM@�=?<>NLK68 �a@5� KMGPNJH � K6T>GI8>=?<;8>=XK68
:�8�HLKMGI8>K6\ : K6[>@AHLNJ<;[>B�<;8;T�HLKMGI8>Kmja8yNLKM@AHLN i<>N Q <;8>=��

g i<>@aT;:�HVlVOX@J@JKrW>NJ<>@JBPK6HLK68�T>GPK6HLKM@ �a@5� KMGPN�<;8;T�T>KM@�HLO?8;HLNLGP=XK685\&GP@ Q <>NLKMGPB�=XKMb�OX@AT>K68>K68 #�GPBPcdK T;:�8_C
WyK�GI^A[ #�KM@J@A8 �S@JGPk�� CFE�O Q � E�@�� �	�4�_^A[;:�T;HJ^A[;8>KMGIT>KM@��ZT>K68 #�KM@J@JK68 E�G 
;B � � [%6>H � �	� � i<;[>BPKM@��
�	� lVGP@A^A[;8>KM@�� l � lVBI:�<;^LW�<;8;T �	� � GI8;T>KM@A\]:�8;8�� HLO�baGPK #�KM@J@A8�g � �3@ i<;^A[>KM@��





96 Lebenslauf

Lebenslauf

Persönliche Daten
`a:�\&K � � [>@JGIHLNLGI:�8&�_^A[>KMKM@JK68
� K�� <>@JNJHJT;:*NJ<;\ � �
� � � � � � � �
� K�� <>@JNJHLOX@JN � E�OX@JNJ\m<;8;T
b�O?[;8;[;:*cdN�GI8 � Y"O?\]\]HLK68;HLNL@�� �

� 8 �����]l iOXBI8

RSBPNLKM@A8 � � KM@A8>KM@��_^A[>KMKM@JK685<;8;T
798>=X@JGIT �_^A[>KMKM@JK68�� =XK�� �}l i<;8;HLNLBPKM@

g>:�\&GPBPGPK68;HLNJ:�8;T � BPK6T>GP=
� NJ:�:*NJHJ:�8>=XK6[ iOX@JGP=�WyKMGPN � T>K6<>NJHJ^A[

Schulbildung
� �7� �

�

� �7��� � @A<;8;T;HJ^A[ <>BPKmE�OX@JNJ\m<;8;T_C � 
;BPKM@5� K6^LW
� �7���

�

� �7� � � @A<;8;T;HJ^A[ <>BPKmja8;8;:�CFl iO?8>GP=?H � OX@A8
� �7� �

�

� � ��� � K6HJ^A[ybaGIHLNLKM@LC-�_^A[>OXBPBDC � 6>\]8;:�HLGI<;\
GI85ja8;8;:

Y):*G � � ��� �4�;GPNJ<>@

�X<>BPG � � ���
�

�X<;8>G � � � � � K6[>@AT>GPK68;HLN

Hochschulstudium
��W>N � � � � � 79\]\]:*NL@JGDW;<>BI:*NLGPO?8 :�8 T>KM@ ja8>GPk?KM@AHLGPN i:*N

E�OX@JNJ\m<;8;T�� � NJ<;T>GPK68>=?:�8>= � [%6>HLGDW + E�GDC

;BPO?\ 3

� K 
;NLK6\/� KM@ � ��� � �SOX@AT>G 
;BPO?\
��W>N � � ��� � C-� K 
 � � ��� � � NJ<;T>GI<;\�:�8)T>KM@�ja8>GPk?KM@AHLGPN%�K ��O?HLK 
 [�g_O?<_C

@JGPKM@�GI8 � @JK68>O��;BPK
��g_@A:�8_W>@JKMGI^A[
��W>N � � ��� � ��<>ct8;:�[;\&KhT>K6H&#a:�<�
;NJHLNJ<;T>GI<;\]H :�8 T>KM@

ja8>GPk?KM@AHLN i:*N Q <�l iOXBI8
Y i:*@ Q � ��� � �4� HJ^A[>BI< �"T>KM@VE�G 
;BPO?\]:*@5� KMGPN � KMG

�S@JGPk��}E�O Q � E�@����	�}lVB i<;\�
 KM@
:@� � 
;@JGPB � ��� � ��8>cdKM@JNLGP=?<;8>= T>KM@ k?OX@JBPGPKM=XK68;T>K68 E�GIH C

HLKM@JNJ:*NLGPO?8 <;8yNLKM@ ��8>BPKMGPNJ<;8>= k?O?8
�S@JGPk��}E�O Q � E�@����	�}lVB i<;\�
 KM@

Arbeitsverhältnisse
:�\ 798;HLNLGPNJ<>N�c i<>@

� [>KMOX@JKMNLGIHJ^A[>K � [%6>HLGDW��}ja8>GPk?KM@AHLGPN i:*N Q <�l iOXBI8
�X<;8>G � � ���7�mC Y i:*@ Q � � ��� � �{GIHJHLK68;HJ^A[;:*cdNLBPGI^A[>K #�GPBPctH W>@A:*cdN
HLKMGPN � 
;@JGPB � ��� � �{GIHJHLK68;HJ^A[;:*cdNLBPGI^A[>KM@mY"GPNJ:*@5� KMGPNLKM@


