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1 Introduction

1.1 Kurzbeschreibung der Arbeit

Diese Arbeit ist Teil eines Forschungsprojektes (JAHZO08, [All10, [AHL11]) zur Entwick-
lung harmonischer Analysis auf symmetrischen Superrdumen. Motiviert durch An-
wendungen in der theoretischen Physik ist das iibergeordnete Ziel, das Verstindnis
der sphérischen Funktionen, d.h. K-biinvarianter Eigenfunktionen G-invarianter Dif-
ferentialoperatoren auf Quotienten, G /K, von Lie-Supergruppen. Ein solches ist uner-
ldsslich um die Fourier-Transformation auf solche Superrdume zu verallgemeinern, um
dadurch etwa physikalisch relevante partielle Differentialgleichungen 16sen zu kénnen.

Wir vermuten, dass, analog zum klassischen Fall, eine Charakterisierung sphérischer
Funktionen als Matrixkoeffizienten sphérischer Darstellungen méglich ist. Deshalb sind
symmetrische Paare, (g, ), reduktiver komplexer Lie-Superalgebren mit geeigneten re-
ellen Formen, d.h. gewthnlichen Lie-Gruppen Gy, der Ausgangspunkt dieser Arbeit.
Aquivalent zur Kategorie solcher Supergruppenpaare, (Go, 9), ist die Kategorie der
cs-Lie-Supergruppen. Wir entwickeln im Folgenden beide Sichtweisen, da die erstere
besser zum Verstdndnis der algebraischen Darstellungstheorie geeignet ist, die letztere
hingegen sich besser fiir die Beschreibung von Integration iiber Supermannigfaltigkei-
ten eignet.

Das wesentliche Resultat dieser Arbeit ist unser Beweis von Theorem [3.60] dass
den klassischen Satz von Cartan-Helgason, [Hel84], Kapitel V, Theorem 4.1, verallge-
meinert, ndmlich die Charakterisierung der sphéarischen Hochstgewichtsdarstellungen
Vi: Genau dann ist V) sphérisch (d.h. besitzt einen K-invarianten Vektor), wenn der
Hochtgewichtsvektor M-invariant ist; anders gesagt, wenn das héchste Gewicht A auf
dem toroidalen Teil h N ¢ einer f-invarianten Cartanunteralgebra h mit maximalem
Vektorteil a = hNp verschwindet. Des Weiteren ist der K-invariante Vektor in diesem
Fall bis auf Vielfache eindeutig. Hierbei ist G = K AN die Iwasawa Zerlegung von G
und Q = M AN eine entsprechende minimal parabolische Untergruppe von G.

Unser Beweis verallgemeinert im Wesentlichen die Beweistechnik von [Sch84] auf den
Superfall. Im Fall von g = gl9"*+* mit £ = g1?* ® gI°!", auf den wir uns ab Abschnitt [3.3
konzentrieren, folgt in der Tat aus der K- die M-Invarianz und wir kénnen somit eine
notwendige Bedingung fiir sphirische endlichdimensionale Darstellungen dieses Paa-
res angeben. Fiir die Umgekehrte Richtung, d.h. den Beweis, dass die M-Invarianz des
Hochstgewichtsvektors auch hinreichend fiir die existens eines K-invarianten Vektors
ist, miissen wir uns auf den Fall s = 1 und entweder » > ¢ oder Darstellungen von
hinreichend hohem hochsten Gewicht einschrinken, um ein konkretes Superintegral in
Abschnitt 3.5.1|berechnen zu kénnen. Als Korollar erhalten wir analog zum klassischen
Fall eine, im eingeschrankten Fall vollstindige, Charakterisierung der endlichdimen-



1 Introduction

sionalen sphéirischen Hochstgewichtsdarstellungen iiber ihr héchstes Gewicht.

Ein weiteres Ergebnis ist die Entwicklung von induzierten Darstellungen und der
Beweis von Frobeniusreziprozitdt in der Kategorie unendlichdimensionaler glatter Dar-
stellungen von Lie-Supergruppenpaaren in Abschnitt

Diese Arbeit soll aus sich selbst heraus verstédndlich sein, d.h. beginnen wir in Ka-
pitel 2l mit einer ausfiihrlichen Einfiihrung der relevanten Konzepte, insbesondere der
Supermathematik die im folgenden bendtigt wird. Kapitel |3 beginnt mit dem Verweis
auf einigen Fakten {iber die Darstellungstheorie von Lie-Superalgebren, meist ohne die
Beweise zu reproduzieren. Unsere eigene Arbeit beginnt in Abschnitt mit einer
genauen Beschreibung von gl9"+* und ihrer Wurzelraumstruktur. Es folgen die oben
erwahnten Resultate und als abschlieftende Anwendung werden zwei Darstellungen
von gl!1?*1 diskutiert. Das letzte Kapitel 4] enthiilt neben einer Zusammenfassung der
genauen Ergebnisse auch Hinweise auf eine Verallgemeinerung auf beliebige stark re-
duktive symmetrische Paare. Wahrend sich unser Beweis fiir die notwendige Bedingung
fiir sphérische Darstellungen ohne Weiteres iibertragen lasst, steht und féllt die Ver-
allgemeinerung der hinreichenden Bedingung mit der Berechnung des entsprechenden
super Integrals, [} /]Mﬂ'(k)v/\Dk‘ im verallgemeinerten Fall. Wir vermuten, dass sich

dies zumindest fiir gl9" " mit s > 1 mit Hilfe einer Verallgemeinerung der Rangreduk-

tion #hnlich dem analogen Beweis in [Sch84] bewerkstelligen lisst. Fiir gi*>*! geben
wir die Matrixkoeffizienten als Kandidaten fiir sphirische Funktionen an, aber die ge-
naue Beziehung zu invarianten Differentialoperatoren bleibt das Ziel weiterfiihrender
Untersuchungen.



1.2 English introduction

1.2 Introduction

The idea of describing the eigenvalues of bosonic and fermionic fields in quantum field
theory by commuting and anticommuting variables led to the development of super
manifolds in the 1970s. Of particular interest to condensed matter physicists studying
disordered systems are symmetric super spaces, i.e. quotients G/K of Lie super groups,
because those arise for example as the target spaces of non-linear o-models, which
are the effective low energy theories for disordered fermionic systems with quadratic
Hamiltonians in the thermodynamic limit. See [Zir9§| for an elaborate discussion of
an application. An interesting development is [LSZ07| which proves that an important
step in the development of these physical models is indeed mathematically rigorous.
A recent example using this new technique can be found in [SZ10].

Recently, active research has been focused on the development of harmonic analysis
on symmetric super spaces (JAHZ08|, [All10, [AHL11]). One goal here is to prove a super
Fourier inversion formula and hence obtain a tool to solve linear partial differential
equations involving G-invariant differential operators on G/K as appear in the afore
mentioned examples from physics. To this end one needs to understand spherical
functions, i.e. the K-biinvariant joint eigenfunctions of such differential operators and
in particular their asymptotics. We expect that, as in the classical case, those functions
can be characterised as matrix coefficients of the spherical representations of G, i.e.
those containing a K-invariant vector. The goal of this thesis is therefore to determine
which finite dimensional irreducible G representations are spherical. For concreteness
and to avoid problems stemming from non-compact real forms we restrict our attention
to the Lie super algebra level and study the symmetric pair g = gl?™ts with sub Lie
super algebra & = glal" & gl°l°.

Our main result, Theorem [3.60] on page [53] is a generalisation of a classical theorem
due to Helgason, [Hel84], Chapter V, Theorem 4.1, which states that a representation
is spherical if and only if the highest weight vector is M-invariant, where Q = M AN
is a minimal parabolic subgroup of G. It turns out that this is exactly the same in the
super case. For the proof we use methods developed by Schlichtkrul, [Sch84], to reduce
the use of integration, which in the super world holds much more pitfalls. Similar to
the ordinary case we can then classify the spherical representations in terms of their
highest weights in Lemma and the subsequent corollaries. At least for gl?"*! with
r > ¢ this classification is complete, but see Chapter [ for some immediate as well as
conjectured generalisations.

This thesis is meant to be reasonably self contained, therefore we will start by
introducing all relevant concepts in Chapter[2] In particular we will develop the notion
of Lie super groups from two different perspectives as group objects in the category
of super manifolds as well as in terms of super group pairs (Go, g) of a classical real
Lie group and a complex Lie super algebra. The category of so called cs Lie super
groups is equivalent to the category of such super group pairs and hence the right
one for our purpose, because we want to investigate the question about the spherical
representation starting from the view point of the complex Lie super algebra g. The
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point is then to determine which g representations contain a €-invariant vector, but,
as in the classical case, we will need a global real form of g, namely Gg, to make use
of the Iwasawa decomposition and Frobenius reciprocity and in order to formulate an
integral over K/M. In fact, half of the characterisation of spherical representations,
namely condition [3]in Lemma [3.61] only becomes visible on the exponentiated level.
Chapter [3| starts by reciting some facts about the representation theory of Lie super
algebras and the global Iwasawa decomposition. Here we mostly omit the proofs and
refer to the literature. From Section on we narrow down the scope to gl?"+* and
present our own results, starting with the root space decomposition. In Section
we explain induced representations of possibly infinite dimensional representations of
super group pairs and proof Frobenius reciprocity in this setting. Section is con-
cerned with the proof of our main theorem, classifying spherical representations. We
then give two concrete examples of representations of g[l‘2+1 for which we validate
the statements and conclusions from Section [3.5] Finally we conclude with some re-
marks about how to generalise our findings and about the future perspective for the
development of harmonic analysis. In particular, the necessary condition for spherical
representations, proven in Section [3.5 immediately generalises to all reductive sym-
metric pairs of even type for which the global Iwasawa decomposition exists, as long
as only finite dimensional highest weight representations are taken into account. This
includes in particular all strongly reductive pairs, but note that g[q‘”S is strongly re-
ductive if and only if ¢ # r + s. All our results apply also in the case of g =r + s, as
long as (g, + s) # (1,1), as will be explicitly pointed out at the relevant points.

Although some heavy machinery using category and sheaf theory to define super
Lie groups and invariant integration is developed and used, most of the results can be
formulated and understood in terms of Lie super group pairs consisting of Lie super
algebras and ordinary manifolds. If the reader wants to skip the more abstract parts,
an accessible overview can be gained starting from some basic definitions in Sections

2.2] and and some representation theory in Sections and [3.2.1], maybe
proceeding with details about gl?™** in Section , to come to the classification results,

Corollary and which are exemplified in Section [3.6]
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In this section we will define the objects and notions to be used in this thesis and
study some of their basic properties. Most of the content can be found in [ABG™10],
[AII10] and [AIILIb].

2.1 General concepts

We start by introducing the very basic notions of category and sheaf theory which will
be used in the following sections.

2.1.1 Categories

In this thesis we mostly consider locally small categories which are defined as follows.

Definition 2.1. A category C consists of a collection of objects Ob(C) (which does
not need to be a set) and for each pair of objects X, Y € Ob(C') there is a set of homo-
morphisms Home (X, Y). We will write X € C meaning X € Ob(C) and f: X =Y
meaning f € Home(X,Y).
Further we need to have an operation of concatenation
o: Home(Y, Z) x Homg(X,Y) — Home (X, Z2)

(fi9) = fog
with the following properties
1. VX € C Jidx € Home (X, X)
2.Vf: X =Y :idxyof=f=foidy
3. Vf:A—-BVYg:B—-CVYh:C —D :(hog)of=ho(gof)

Example 2.2. The category Sets has sets as objects and maps as morphisms. The
subcategory VS consists of vector spaces with linear maps as morphisms.

Definition 2.3. A functor is a morphism of categories, i.e. for categories C' and D a
functor F : C — D is given by maps (all denoted by the same symbol) F : Ob(C) —
Ob(D) and for each X,Y € C we have F' : Hom¢(X,Y) — Homp (F(X), F(Y)) such
that F(idx) = idp(x) and F(goh) = F(g) o F'(h).

Remark 2.4. Note that the collection of all functors from C to D is in general not a
set.
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Definition 2.5. We will use the usual notions of endo-, iso- and automorphisms
VX, Y e C:

End¢(X) := Home (X, X)
Isoc(X,Y) := {f € Home(X,Y)|3f " € Home(Y, X) :
foft=idy and f~'of=1idy}
Aute(X) :=Isoc(X, X)
And for X|Y € C we write X ~Y &= Isoc(X,Y) # 0.

Definition 2.6. A subcategory D of a category C is a category such that VX € D :
X e€C andVX,Y € D : Homp(X,Y) C Home(X,Y). It is called a full subcategory
= VX,Y € D:Homp(X,Y) =Home(X,Y).

Definition 2.7. The product of G1,Go € C, if it exists, is denoted by G1 X Ga €
C,comes with projections p; € Homc(G1 x Go,G;) and is defined by the following

property

VH € CVf; € Home(H,G;) 3'f € Home(H,G1 X Ga) :pio f = f;

which can be nicely expressed as a commuting diagram

D ¢

V2

A terminal object, if it exists, is defined by
x € CVG € C g € Hom(G, *)

Note that by this definition all terminal objects are isomorphic. They can be thought
of as the product of O objects and hence by the existence of finite products we mean in
particular the existence of a terminal object.

Definition 2.8. Let C' be a category where all finite products exist. Then a group ob-
ject is an object G € C' together with a multiplication morphism, m € Hom(G x G, G),
inversion morphism, i € End(G), and a unit morphism, e € Hom(x, G), such that

1. mo (idg xm) =mo (m x idg) (associativity)

2. mo (idg xi) o g = mo (i x idg) 0 6g = e o *¢g (inverse) where dg = (idg,idg)
1s the diagonal embedding G — G x G
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3. mo (idg xe) o (idg, *g) = mo (e x id) o (xq,idg) = idg (neutrality)

A morphisms of group objects f : G — H 1is required to intertwine multiplication,
fom=m'o(f x f), and inversion, foi =1 o f, and to preserve the unit morphism
foe=¢'. This defines the subcategory of group objects.

Definition 2.9. For X, Y € C we will call the set
X(Y) := Hom(Y, X)

the Y-points of X. This name is motivated by the x-points of a set being its elements
and similarly the x-points of a topological space are its ordinary points. We will write

rey X oreX(Y)
and for x €y X and f € Hom(X, Z) we denote

f(z):=(fox)ey Z

Yoneda Lemma

The purpose of this section is to reproduce the general fact that in any category a
collection of maps (in between sets) fs : X(5) — Y(5) indexed by S € C defines a
morphism f € Hom(X,Y) such that Vp €g X : f(p) = fs(p) if and only if

Vpes X Vger S: fr(p(g)) = (fs(p)) (9) = fs(p)og

and if so, f € Hom(X,Y') is unique.
Hence homomorphisms can be given on the level of generalised points, i.e. in terms
of ordinary maps in the category of sets.

Definition 2.10. For any category C there is an opposite category C°P which has the
same objects but Homgop (X,Y) := Home (Y, X) and fo? g:=go f.

Remark 2.11. A functor C°P — D is called contravariant functor.

Definition 2.12. A natural transformation is a morphism of functors, i.e. for F,G :
C — D a natural transformation 0 : F — G is given by morphisms (all denoted by the
same symbol) 0 € Homp (F(X),G(X)) for all X € C such that

Vf € Home(X,Y): 00 F(f) =G(f) o0

This defines the category of functors from C to D. Note however that this category is
in general not locally small, i.e. natural transformations in between two given functors
might not form a set, unless C and D are small, i.e. the collections of objects are sets.

Definition 2.13. For any category C denote by CV the category of functors CP —
Sets. Particular objects in this category are the hom functors. For X € C we define
X(.) € CY by X(Y) = Hom(Y, X) as in Definition [2.9 and for f € Home(Y, Z) we
define X(f) € Homges(X (Y), X(Z)) by X(f)(g) :=go f.
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Lemma 2.14. The Yoneda Lemma states that for X € C and F : C°? — Sets
Homev (X (1), F) ~ F(X)

Proof of 2.14. An isomorphism of sets is just a bijective map which we will now con-
struct. Let F' € CV and

& : Homew (X (), F) — F(X)
0 — Q(idx)

This is well defined because for a natural transformation 6 : X(.) — F we have in
particular 6 : X(X) = Hom(X, X) — F(X). To construct the inverse let ¥ : F(X) —
Homev (X (1), F) for a € F(X) be defined by

U(a) : X(Z) - F(Z)
z = (F(z)) (a)

This is a natural transformation because for f € Home (Y, Z) and = € X(Z) we have

E(f) (¥(a)(x)) = F(f) (F(x)(a)) = F(z o f)(a) = ¥(a)(z o f) = ¥(a) (X(f)(2))

U(D())(x) = F(X)(®(0)) = F(x)(0(idx)) = 0(X (2)(id,)) = 0(idx ox) = 0(x)
hence W(®()) = 0 which completes the prove. 0
Corollary 2.15. In particular

Homev (X(.), Y () ~ Y(X) = Home (X, Y)

which is the statement at the beginning of this section.

2.1.2 Sheaves

Definition 2.16. For a topological space X with topology 7(X) := {U C X open} a
sheaf over X with values in a sub category C of Sets is a map

F:7(X)— Ob(C)

together with restriction morphisms YU,V € 7(X) :
U

v F{U)— F(V)

U
Fe1],

such that VV,U € 7(X) and for any open cover | J; U; = U we have
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17—
-‘U—1F<U>

U 1% Vv
2. o =

U; U U;
3.V F(U, viii " v 3h e F(U) Vi nl”
. i € i)r - T = f; € L=

e r@y: (vigi sl =), =aeraviin=i )

S U

4.Vf,gEF(U):<Vz:fU‘—gU‘éf—g>

The elements of F(U) are called sections over U. For the rest of this thesis we will
U
use the notation f’v = f‘v if f € F(U) is understood.

Definition 2.17. A homomorphism of sheaves over X, 0 : E — F, is given by
homomorphisms 0 : E(U) — F(U) for all U € 7(X) such that for all V € 7(X)

yot=00],
This defines the category Sho(X) of sheaves over X with values in C.

Definition 2.18. For F' a sheaf over X and f : X — Y a continuous map of topo-
logical spaces the direct image sheaf f.F is a sheaf over Y defined by f.F(U) :=

Fw) and | = | Note that £ is a func
an v = f*l(V). otle a x S a juncior.

Definition 2.19. For F € She(X), U € 7(X) and f € F(U) the germ of f at x € U
1 given by the equivalence class

[f]e = {g‘ EIV,WET(X),gEF(V),xGWCVﬂU:f‘W:g|W}

The set of all germs at x, F, = {[f|+}, is called the stalk of F' at x. Note that F, € C
because restrictions are homomorphism.

2.2 Super algebras

Definition 2.20. A super vector space is a Zo graded vector space, V = Vo @ Vi.
Morphisms of super vector spaces are degree preserving linear maps denoted by Homgyg
which defines the category of finite dimensional real super vector spaces SVS. Unless
otherwise specified we will assume super vector spaces to be finite dimensional and the
base field to be R. The elements of V1 are called even/odd respectively and both are
called homogeneous. We will denote the degree by Yx € V; : |z| := i.

Lemma 2.21. The product of finite dimensional super vector spaces Vi and Vo exists
and is given by V1 x Vo =V @& Vo. The terminal object in SVS is given by x = 0.
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Proof of 2.21. Projections are given by
pi:Vix Vo=V,
1 D xo — x;
and for W € SVS and f; : W — V; the unique f completing the diagram in is
f W — V1 X V2
y = fi(y) @ f2(y)
O

Definition 2.22. Let Hom(V, W) consist of all linear maps in between the super vector
space V and W, i.e. the underline denotes forgetting the super structure and consid-
ering V and W as objects in the category of ordinary vector spaces, VS. Hom inherits
a super vector space structure

Hom(V, W) := Homys(V, W) = (Hom(V, W)), & (Hom(V, W)),
= (Hom(Vo, Wo) & Hom(V1, W1)) & (Hom(Vo, W1) & Hom(V1, Wo))

In the following we will indicate whether homomorphisms of super vector spaces are
required to respect the grading or not by this underline and hence drop the subscript.

End(V) := Hom(V,V) = Endys(V) End(V) :=En dSVS(V)
Iso(V, W) := ISOVS(V W) Iso(V, W) := Isogys(V, W)
Aut(V) := Aut(V) Aut(V) := Autgys(V)

Note that Hom(V) = (Hom(V, W)), = Hom(Vy, Wy) ® Hom(Vy, W1) and similarly for
End(V), Iso(V,W) and Aut(V).

Definition 2.23. A Z3 graded algebra A = Ag® Ay over C with A;A; C Ay is called
super algebra. It is called unital if there is a unit element which is then automatically
even. A morphism of (unital) super algebras is a (unital) algebra morphism which

preserves the degree. The category of associative unital super algebras will be denoted
by SAlg.

Example 2.24. End(V) as introduced above with the multiplication given by o is an
associative unital super algebra.

Definition 2.25. A super algebra is called super commutative
e Va,be A:ab=(—1)lPlpg
and super anticommutative

s Va,be A:ab=—(—1)lpg

10
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2.2.1 Lie super algebras

Definition 2.26. A Lie super algebra A = Ag® A; is a graded super anticommutative
(non-associative, usually non-unital) algebra with the product denoted by [.,.], which
additionally fulfils the super Jacobi identity’, written in a mnemonic form as

Vﬂfﬁ% z€A: [xa [ya Z]] + (_1)‘x|(‘y|+|Z|)[y7 [Za l‘]] + (_1)\z|(\x|+\y|)[2’ [xa y]] =0
This defines the category LSAlg as a full subcategory of complex super algebras.

Example 2.27. The linear endomorphisms of a complexr super vector space End(V)
together with the super commutator

[X,Y]=XoY — (-1)XWyox
form a super Lie algebra which is denoted gl(V).

Definition 2.28. The universal enveloping algebra of a Lie super algebra g is defined
as the associative algebra

U(g) == (@ g®"> / (rc vy— () Wyer~ y])
n=0

i.e. the tensor algebra modulo the Lie super algebra relations. U(g) inherits a natural
Zo grading from that of the tensor algebra which is preserved by the equivalence relation.

Lemma 2.29. We have an isomorphism of vector spaces
(go) © U(g1) ~ U(go) ® /\ a1 = tU(g)
up @ uy — upB(u1)
which holds by the Poincaré-Birkhoff-Witt theorem: For any basis {a1,...,ap} of go
and any basis {b1,...,bg} of g1 a basis of $U(g) is given by
{a]fl ...al;pbil b”‘kl >0,0<i<q i1 <ig< ll}
Proof of 2.29. See Theorem 2.1 in [Ros65]. O

Definition 2.30. We will in the following use the antipode of a graded algebra U
which is the even linear map S : U — U defined by

S(1):=1
Veet: Sx):=—z
Va,y € Lzt 1 S(ay) : = (=1)MS(y)S ()

! Alternatively one may write the Jacobi identity as ad([z,y]) = [ad(z),ad(y)] i.e. ad defined
by ad(z) := [z,.] is a representation of g on gl(g). Another interpretation is ad(z)([y,z]) =
[ad(z)(y), 2] + (=1)!*I1¥/[y, ad(x)(2)] i.e. ad(z) is a super derivation on g.

11
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Remark 2.31. Note that S([z,y]) = —[S(x), S(y)], in particular Sﬂ(g)‘g =—idg isa
Lie super algebra anti-automorphism.

Lemma 2.32. Let A € SAlg then the Lie super algebra morphisms Hompgaig(g, A),
where the bracket on A is given by the super commutator, are in one-to-one correspon-
dence with morphisms of unital super algebras Homgae (£4(g), A).

Remark 2.33. This will be used later in the case of A = (b).

Proof of 2.32. The extension of a Lie super algebra homomorphism to the tensor alge-
bra by acting on each generator simultaneously respects the equivalence relation which
defines 4. Hence this is the unique extension of a LSAlg morphism to a unital SAlg
morphism. The inverse is given by restriction. O

2.3 Super ringed spaces

The first two definitions introduce the category of super (ringed) spaces, SRSp.

Definition 2.34. A pair X = (Xo,Ox) where Xy, called base, is a topological space
and Ox a sheaf of super commutative super algebras over X is called super (ringed)
space.

Definition 2.35. A morphism of super (ringed) spaces X and Y is given by a pair
of maps f = (fo, [*) where fo: Xo — Yy is continuous and f*: Oy — (f0)«Ox is a
morphism of sheaves over Yy (with values in super algebras).

Definition 2.36. For an open subset U C X, X}U = (U, Ox}U) denotes the open
subspace of X with base U. Note that the embedding i : U — X and sheave restriction
p:0x — OX’U define an embedding (i,p) : X‘U — X of super ringed spaces.

The following lemma shows that super ringed spaces can be glued.

Lemma 2.37. Let X be a topological space with an open cover {U;} and sheaves F;
with values in super algebras over U; together with isomorphisms ¢; ; : F} ~ F;
such that

$ii =idp  ¢ijo g =id,
7

Ui,j Ui,j

Dik © Pr,j © P = id

Ui j Ui,jk

where U; j := U; NUj. Then there exists a sheaf F' and isomorphisms ¢; : F‘U‘ — F;
such that (MU =0 gi)j‘U‘ ~and F and the ¢; are unique up to isomorphism.
,] 7

Proof of 2.37. See |All11b], Proposition 3.18. O

2.4 Super manifolds

In this section we define ¢s manifolds, where c¢s stands for complex super, as introduced
in [DM99), definition 4.8.1, but, since no other type of super manifolds is considered
here, we will mostly leave away the prefix cs.

12



2.4 Super manifolds

2.4.1 Linear super manifolds

Definition 2.38. With a finite dimensional real super vector space V.= Vo®dVy € SVS,
we can associate the linear super manifold V. = (Vo, Cf; ® A Vi) where C{? denotes
smooth functions from Vi to € considered as an algebra over C. Le. although Vo and
V1 are real, we consider a complexified structure sheaf.

Remark 2.39. The category SVS is equivalent to a category of linear super man-
ifolds with linear morphisms, i.e. (¢o,0*) : V. — W consisting of a linear map
¢o € Homgys(V,W) and ¢* extending ¢*|W* € Homgys(W*,V*). But as in the
ordinary case the point about manifolds is the definition of smooth and not only linear
maps.

Definition 2.40. Let ]R%lq =RP & R? = (RP,CH, @ A(R?)*) denote the linear super
manifold associated with the super vector space RP @ Re. Because we will throughout
this thesis exclusively deal with manifolds with complex structure sheaf, we will drop
the index and write RPl4 .= ]R%'q deviating from the standard notation. Note that SVS
is equivalent to its RP19 subcategory.

2.4.2 General super manifolds

Definition 2.41. Let X = (X(,0x) € SRSp. A pair (U,¢) with x € U C X
and ¢ : X‘U — RP17 an open embedding (i.e. an isomorphism onto an open subset)
is called a chart of X around x and U a coordinate neighbourhood of x. If {x;,&;}
are the standard homogeneous coordinates of RP1, i.e. standard coordinates of RP
together with the standard basis of (R?)*, then {¢*(x;), ¢*(&;)} are called a system of
local coordinates on U.

Definition 2.42. A collection of charts (U;, ¢;) such that the U; form an open cover
of My for M = (My,Onr) € SRSp is called an atlas of M.

Definition 2.43. The category of cs super manifolds, SMan s a full subcategory of
SRSp where we additionally require each super manifold to have a Hausdorf and para
compact® base, My, and to admit an atlas. In other words, super manifolds are locally
isomorphic to RPI9. We will in the following assume that super manifolds are of pure
(finite) super dimension, i.e. p|g =: SDim(M) is the same for all charts.

Remark 2.44. For M = (My,Oyp;) € SMan and U C My open the sub super ringed
space M}U is again a super manifold since we can restrict an atlas of M to one of
M|,

Definition 2.45. Let M € SMan of super dimension plq and (U, ¢*) a chart with local
coordinates (z;,x;). By Definition we can uniquely express f € Op(U) in local

coordinates by
F=6"()_ 9" = Y ["Xa

la >0 la] >0

2Given that My is Hausdorf, this is equivalent to My being metrizable and also to each connected
component of My being second countable.
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2 Preliminaries

where {&;} is the standard basis of (R?)*, g* € C*(U), a = (1, ..., q)y)) is an ordered
multi indez, 1 < ; < ait1 < ¢, Xa = Xag N -+ A Xay, and [ = ¢"(g%) € Om(U)o.
This is called the local expansion of f with respect to these local coordinates.

Definition 2.46. For M € SMan and x € My we denote by mp,, , the mazimal ideal
of non-invertible elements of (Onr)z and by No,, » the mazimal ideal of nilpotents.

Lemma 2.47. We have for an open domain U C RP14 and x € Uy that

(Ov)e =Co®mo, Moy 2 = Megg o G No

where mC?jE),:Jc = {[f]x € COO(U)x‘f('T) = O}
Proof of 2.47. By definition C*°(U), = C® meg and (Op)z = C®WU) ®N,. O

Remark 2.48. For M € SMan, My is an ordinary smooth manifold which can be
identified with the purely even super manifold (Mo, C*°(My)).

Definition 2.49. For f € Oy (U) and p € U denote by f(p) € © the unique number,
considered as a constant section f(p)-1 € Oy (U), such that

YV CU open, peV : (f — f(p))|v is not invertible

which means not invertible as an element of the unital algebra On(V).? Then f(p) is
called the numerical part of f of p.

Lemma 2.50. With the notation of Definition[2.45 we have for f € On(U) in a chart
(U.¢) around p that f(p) = fO(p).

Proof of 2.50. All x,, for a # () are nilpotent and for any nilpotent f,, € Op(U) we
have that

(f+ L) =D (=D ()R

k>0 k>0

exists if and only if f is invertible. O
Definition 2.51. The morphism of super manifolds
Jo: Mo — M (Jo)o = ids s (N)p) = f(p)

1s called canonical embedding of My into M. Note however that this is not an open
embedding in the above sense.

Lemma 2.52. We have that mo,, p is finitely generated by {[x; — j5(x:)(p)]p, [&]p} for
local coordinates {x;,&;} around p.

3In other words, the germ [f — f(p)], is not invertible.
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Proof of 2.52. The problem is local hence most has been said already in Lemma [2.47]
The nilpotents No,, , are generated by {[;],} and if f € C>°(Uy) for a ball Uy C RP
vanishes at p we can write it as f = Y. (z; — xi(p)) fi with f; : p — fol O;if(tp)dt. O

Lemma 2.53. For f € Homgyvan(X,Y), g € Oy (Y) and p € Xy we have

3o (F*(9) (p) = 45 (9) (fo(p))

Proof of 2.53. For A € C we have that f*(g — \) = f*(g) — A is invertible if and only
if g — A is invertible since f* is a unital algebra morphism. And since fy is smooth,
U is a neighbourhood of p € X if and only if fy(U) is a neighbourhood of fy(p) € Y.

O

Corollary 2.54. For the local expansion of f =" f*Xa € Om(U) with f* = ¢*(g®)
and g* € C*(U) we have
Jo(f*) =4g°
Corollary 2.55. We have
MOyr,z = {[f]x‘ ]E)k(f)(x) = 0}
by Lemma [2.47
Corollary 2.56. For f € Homgnan(X,Y) we have f*(moy f(2)) C Moy 2

Lemma 2.57. If f € Op(U) has the local expansion f =3, f“Xa for a chart (U, §)
with local coordinates (x;,x;) and Vo : j5(f*) =0 then f = 0.

Proof of 2.57. By definition f® = ¢*(g®) for some g® € C>*(¢o(U)). But by Corrolary
[2.54] we have j§(f®) = g® = 0 hence f* = ¢*(0) = 0. O

Corollary 2.58. If f € Oy (U) has a local expansion f = f° and Jo(f) = 0 then
f=0.

Corollary 2.59. If M € SMan is of super dimension p|q and f € Op(U) such that
Vo € U : [fle € (moy, )" then f =0.

Proof of 2.59. We have
[l € M0y )™ = [)e € (Mo )™ Cmoy,
since |a| < ¢ hence by Corollary we can use Lemma [2.57] O
Lemma 2.60. For S € SMan and V € SVS the S points of V are given by
¢s : V(S) = Homgvs(V*,0s(So)r) = (Os(Sp) ® V)OJR
where ¢ is bijective and natural, i.e. for R € SMan, f €r S and g: S — V we have

or(9(f)) = f*o¢s(g)

15
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Here Os(So)r = {f € Os(S0)| j5(f)(So) C R} are the super functions that take

real values and

(05(50) © V) 1= { 3 fi 0 s € Os(S0) @ V] £l = fuil, 55 (£:)(S0) € R}

Proof of 2.60. In the following it is important to keep in mind that V is a real super
vector space.
Note that V* C Oy (Vp) to define

for g € V(S) and pu € V*. Note that ¢g is natural by definition.

Then for p € Sy we have Vu € V* : j5(¢s(9) (1)) (p) = 55(1)(90(p)) = 11(g0(p))
by Lemma [2.53 hence g is uniquely determined by ¢5(g) and p(go(p)) € R hence
¢s(g)(p) takes real values.

To show that ¢g is injective let ¢ € V/(S) with ¢s(g9) = ¢s(¢’) and h = > h¥ €
Oy (V) = C=®(Vo) @ A\ Vi* where {&;} is a basis of Vj*. Then

g () =>_g" (1) g™ () =D _ g  (h*)g" (&)

Further at each point z € Vj we can use ordinary Taylor expansion h® = T (h%) +
RY™ (he) with the Taylor polynomial T (h®) € C[{x;}]/({z:})? for a basis z; of Vg
used as coordinates on Vy and RITH(h%) € quJ‘;’(Vo) , where p|g := SDim(S). Then

g (T4(h*)) = ¢"*(T4(h*)) and (¢* — ¢"*)(RET (h)) € m((J;S*OS,x' Since this can be
q+1

(90)s O and hence we can

done at each point we must have Vz : (¢* — ¢'*)(h*) € m

use Corollary to conclude g = ¢'.

On the other hand, f € Homgys(V*, Og(So)r) determines a map gg : So — Vp by
Vp e Vi u(go(x)) :== jg(f(p))(z) € R which is smooth because all j5(f(p)) are.

g* is defined using the Taylor series, i.e. for h =) h%xq and

hg = 63761 .0

. he
815

the ordinary |3|-fold directional derivative of h® € C>(Vj) we define
* 1 63
g (h) = %: 51 (15 290) (F(4s) = ys ©.90) [ (&)
a 0<|Bl<oo

Because Taylor expansion is a unital algebra homomorphism so is g* and by definition
¢s(g) = f. So ¢g is also surjective.
O

Corollary 2.61. In particular for any S € SMan we have Og(Sg) ~ Homgyan (S, RH1)
which justifies calling the global sections Og(Sy) super functions.
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Corollary 2.62. For M, N € SMan and h : N — M, then locally, i.e. on N‘hfl(U) for
0

a chart (U, ¢) of M with local coordinates {x;, x;}, h is in one to one correspondence
with the data {h*(x;), h*(x;)}

Corollary 2.63. More generally for M, N € SMan, p|q := SDim(N), (U, ) a chart
of N with local coordinates {x;,&;}, V. C My open, {z1,...,2p} C On(V)o and
{Ci,..., ¢} € Opm(V)1 there exists a unique g € HomSMan(M‘V,N|U) such that
Vi, j:zi = g*(zi) and (i = g*(x;) if and only if Vi: j5(w)(V) C jg(z:)(U).

Proof of 2.63. One direction is established by Lemma For the other one we
generalise Lemma, to open subsets of linear super manifolds and apply it to g o ¢.
More details can be found in |Lei80], Theorem 2.1.7. O

Lemma 2.64. Super manifolds are modulo isomorphism uniquely determined by their
cocycles. More precisely, let Xo be a metrizable Hausdorff topological space with an
open cover {U;} and super manifolds M; with (M;)o = U; together with isomorphisms

¢ij o M; = M; UL, such that

Us,j

71 .
Gij=0;i  bikodk;ou=1d

Ui,j,k

Then there exists a super manifold M with My = Xy and isomorphisms ¢; : M‘U‘ —
M; such that (MU =0 d)j{U ~and M and the ¢; are unique up to isomorphism.
1,] 2,7

Proof of 2.64. This follows from the corresponding property of super ringed spaces,
Lemma O

Lemma 2.65. Finite products of linear super manifolds exist in the category of super
manifolds SMan.

Proof of 2.65. By Lemma the product in SVS of Vi, V5 € SVS exists. Hence we
have a product of linear super manifolds V1 and V; which is given by Vi x Vo = V1 @ Vs
and x =0 = (0, Cfg} @ A{0}*) = (0,C).

But we need to check that

Vie Vs = (V1)o@ (V2)o, Cayoervar @ [\ (VD1 @ (V2)1)*

also is the direct product in SMan with projections p; : V4 x Vo — V; given by

()" = Cne @ A\ (Vi) = ((20)0)s Cpyomvaye @ A\ (V)1 & (Va)1)*
for= ((v,w) = flv) @

where (p;)o is the usual projection as in Lemma and for U C (V7)o open

((P1)o)- C<(>‘O/1)0€D(V2)0(U) = 0?10/1)069(\/2)0 (U x (V2)o)
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So let X € SMan and f; € Homgwman (X, V;). The main point is
Homgys((Vi © V2)*, 0z(Zo)r) =~ Homgys(Vy", Oz(Zo)r) © Homgvs(Vy", Oz(Zo)r)
which is just a statement of linear algebra but by Lemma it establishes

HOHlSMan(Za ﬁ) X HomSMan(Z7 E) = HOmSVS((Vi @ V2)*’ OZ(ZO)]R)
>~ HomSMan(Xv M)

and hence there is a unique f1 @ fo ~ f € Homgyan (X, V4 @ V) which completes the
diagram defining the product.
L]

Lemma 2.66. Finite products exist in SMan.

Proof of 2.66. Since by definition every super manifold is locally linear, products exist
locally due to Lemma [2.65] Due to Lemma this suffice for the global existence of
the product. The terminal object is the same as for linear super manifolds. O

2.4.3 Tangent and cotangent space

Definition 2.67. A fibre bundle over B € SMan with fibre F' € SMan s given by
X € SMan together with a projection p € Homgnman (X, B) such that there exists an
atlas of local trivialisations. This is an open cover \J;U; = By together with open
embeddings T; : B‘Ui X F — X such that the following diagrams commute

Bl, x F<% x

Lo

v, —— B

B

where the unlabelled arrows are the canonical projection and embedding. In other words,
locally we have X}(pz)al(Ui) ~ B}Ui x F.

A morphism of fibre bundles px : X - B and py : Y — C over ¢ : B — C is given
by f € Homgnan (X,Y) such that py o f = ¢ o px. This defines the category of fibre
bundles as a subcategory of super manifolds.

Lemma 2.68. We can glue fibre bundles, i.e. for an open cover {U;} of B € SMan,
F € SMan and X, := B‘Ui together with ¢; ; € IsosMan (Xj‘Ui,j’Xi‘Ui,j) such that
GijoPik = d)i’k}Ui,j,k7 there exists a unique (up to isomorphism) fibre bundle p : X — B
with an atlas {(U;, 7;)} such that 7; 0 ¢; ; = 7;.

Proof of 2.68. This follows from gluing para compact Haussdorf spaces and Lemma 2.64
O
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Definition 2.69. Ifpx : X — B is a fibre bundle, Y € SMan and py € Homgyan (Y, B)
then X xpY € SMan together with morphisms p; € Homgyan(X xp Y, X) and
p2 € Homgpnan (X X Y,Y) is called fibre product of X and Y over B if

VZGSM&HfoiZ—)Xny2Z—>YE|!h2Z—>XXBY

such that the following diagram commutes:

Lemma 2.70. Fibre products in SMan ezist.

Proof of 2.70. Since px : X — B is a fibre bundle we have atlas of local trivialisations

{(Ui, i)} such that 7; : B}U‘ x F = X‘(p VLU Hence we can define X xp Y locally
i z)o i

to be F' x Y with the canonical projection py : F' XY — Y. For S € SMan we define
p1:FxY — X by

F(S) x Y(8) = X(S)
(f,y) = 7i(py (y), f)

For given fx € Homgpan(Z, X) and fy € Homgyan(Z,Y) and z €g Z such that
py o fy(z) =px o fx(z) €s B‘U_ we have the unique

h(z) = (p2(7 (Fx(2))), fr(2)) €5 F x Y

(this pa projects onto F') completing the diagram defining the fibre product.
The global X xp Y is then obtained by gluing.
O

Definition 2.71. Identifying b € By with b : x — B we call X := X xp b the fibre
of the fibre bundle p: X — B at b.

Corollary 2.72. By the defining property of the fibre product we have VZ € SMan
{:E €z X‘px(x) = b} ~ Xb(Z)
and hence each 7; with b € U; induces an isomorphism Xy ~ F' by Definition [2.67

Definition 2.73. A fibre bundle p: X — B is called vector bundle if the fibre F is a
linear super manifold and all induced isomorphisms Xy ~ F are linear. By demanding
morphisms to be linear in the fibre direction we obtain the category of vector bundles
as a subcategory of fibre bundles.
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Now, as in the ordinary world, one can think of the tangent space in terms of
derivations or as a pointwise linearisation of the super manifold.

Definition 2.74. Let X € SMan, (U, ¢) be a chart with local coordinates {y;, x;}, and
f € Ox(U) which we expand locally as

F=> "%
|a>0
Then we define even derivatives by ordinary derivatives
Oy = D (0y,f%) Xa
la|>0

and odd derivatives by

Oif =D [*Ouxa

|| >0

where [0y, xj] = 6;; (and Oy, (1) = 0). These partial derivatives form a basis over
Ox (U) of the graded derivations

Der(Ox (U)) = {d € Hom(Ox|,, Ox|,)| d(fg) = d(f) g + (-1 11 d(g)}
The sheaf TX = Der(Ox) is also called tangent sheaf of X.

Definition 2.75. In the notation of Definition above, the Ox (U) dual of
Der(Ox (U)) is denoted by Q% (U) and the dual basis of {0y,,0y,} by {dy:, dx;}, i.e.

dxz(ax]) = dxl-(axj) = 52'73' dxz(axj) = dxl(ﬁx]) = 0

The corresponding sheave of Ox(U) modules over Xy is denoted by Qﬁ( and called
cotangent sheaf of X.

Now for the linearised point of view.

Definition 2.76. The tangent functor T from super manifolds to vector bundles has
the following properties: VX,Y,S € SMan :

1. YU C X open subspace, TU C T X is an open subspace

2. YV € SVS: (TV)(5) =~ (Os(50)[D] © V)or

3. ¥f: X =Y locally for x € U Cg X we have T f(x + ev) = f(x) + e(df(z))v
where D = Cle]/€* and

(Os(S0)ID] & Vior = { D fl @2l +efl @al| ] € Os(S0),a) € V.

A1 =11, 35 (Z fﬁ'wf) (S0) € Vo }

and (df (2))o = X2, O, f ().
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Lemma 2.77. The tangent functor T is uniquely determined by the properties in[2.76

Proof of 2.77. This follows from super manifolds being locally isomorphic to R?!?, the
local expansion of super functions and the gluing Lemmas. O

2.5 Lie super groups

We start with a categorical definition, a more down to earth point of view not involving
sheaves is given in Section [2.5.1] For the general linear group the picture is very
concrete from both points of view, as explained in Section [2.5.2]

Definition 2.78. Lie super groups (LSG) are group objects in SMan. The definition
makes sense because finite products exists according to Lemma [2.60,

Remark 2.79. For a super Lie group (Go,Og) € LSG, Gy is an ordinary Lie group.

2.5.1 Super group pairs
The following two definitions assemble the category of super group pairs.

Definition 2.80. A cs super group pair (Go, g), is given by a classical real Lie group
Go and a complex Lie super algebra g together with a linear (even) action by Lie
super algebra automorphisms, i.e. an ordinary group homomorphism Ad : Gy —
Autrsaig(g). We demand that the Lie algebra of Go is a real form of go = C ® go.r,
i.e. gor = Lie(Go), Ad estends the adjoint action of Gy on go and ad = d Ad is given
by the super Lie bracket, i.e. extends the action of go on g.

Definition 2.81. A morphism of super group pairs is a pair

(¢0,d9) : (Go,8) — (Ho,b)

such that ¢g : Go — Hy is a morphism of ordinary Lie groups and d¢ extends dgg :
go — bo to a Lie super algebra morphism. Further d¢ has to intertwine the Ad actions,
i.€.

Vg € GoVr € g: do(Adg(g)z) = Adu(d(g))dé(z)

Definition 2.82. (Hy,h) is called subgroup pair of (Go, g) if Ho is a Lie subgroup of
Go, b is a sub Lie super algebra of g and Yh € Hy : Adg, (h)‘h = Adpy,(h). As usual,
a homomorphism of super group pairs which is an isomorphism onto its image with
the later being a subgroup pair is called an embedding.

Lemma 2.83. The categories of super group pairs and Lie super groups are equivalent.
Hence we can, modulo isomorphy, identify a Lie super group with its super group pair
and vice versa.

We will not give a full prove of the equivalence of categories. But never the less we
state below how to obtain the group object associated to a pair. For more details see
JABG™10], section 4.4.
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Some important ideas from the proof of 2.83. How to obtain a group pair from a Lie
super group amounts to computing the Lie super algebra of the group. This can be
done in general as mentioned in Remark and is explicitly carried out for the
general linear super group in [2.86]

Going the other way involves a little more effort. With a super group pair G, =
(Go, g) we can associate the Lie super group G = C(G)) = (Go, Og) where

Oc(U) = Homygg, (4(g), Oc, (U))
= {f :ﬂ(g) - OG’O(U)‘VZUO € gOVy € il(g) : f(fﬁoy) = Exof(y)}
where Y denotes the universal enveloping algebra. Le. go acts on Og, by left invariant
vector fields, Vg € U : f(zoy)(g) = 8t‘0f(y)(getx0).4 The algebra structure is defined
by
(f ) (y) == F(y)h(1) + f(1)h(y)

for y € g and f,g € Og(U). This Lie super algebra morphism

g — 4(g) © U(g)

y—y1l+1®y

is uniquely extended to a morphism of unital super algebras to define f - h on all
of 4(g). The sheaf structure of O¢ is inherited from the sheaf of ordinary smooth
functions, Og,, on the manifold Gy, i.e.

(fly) (9) = (F() |y,

which turns O¢ into a sheaf as well.

Choosing an atlas A = {(U,, (¢a)o)} of Go we obtain one of C(G,) by completing
¢o to homomorphisms of SRSp, ¢ : G‘U < RPIY. To this end we use Lemma
and consider

Ospal(6a)o(V)) = CGigoer @ A (RY) = O, (U) @ A s
(by definition, see to write
s Oc,(U) ® \ 9 = Oc(U)
with
Vf € Og,(U) Yz € N\ g Vuo € go Yus € g1 Vg € U :
(63 (F @) ) (woB(11)) ) (9) = (Luof) (9) - (1)

4The rough idea here is that the coefficients in the local expansion are given by odd derivatives
9% = jo(O¢a f) € Oc,- Hence we need to know these for all directions in g; and hence for all
&% € (g1) C U(g). But since the ideal generated by g1, (g1), might contain parts or even the whole
of $l(go), depending on the Lie super algebra relations, we include all y € {l(g) in the definition
of “f(y) = 0y f 7 and demand that the even derivatives act as usual. This way of thinking is also
useful for understanding the definition of the algebra structure which reassembles the Leibniz rule.
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To see that ¢, is indeed a super algebra isomorphism it is easy to check that

(¢%) ™" - Homygy) (4(8), O, (U)) = O,y (U) @ N o
F s ((g:m) = (F(B(w))(9))

is the inverse. So we have a (super) atlas and hence C(G,) € SMan.

To see that C(G,) is indeed a group object we additionally need the structure
morphisms. The multiplication morphism m : G X G = G and inversion i : G — G
are of course on the base given by group multiplication and inversion in Gg. For
f€0cU);u,v, € U(g); g, h € Gy the super part m* : Og — Og ® Og is given by

(m* f)u®v)) (9,h) := (f(Ad(h™)(w)v)) (gh)

and 7* : OG — OG by

( () (9) = (F(Adg)(Sw) ) (g7")

where S : (g) — U(g) is the linear continuation of inversion in g as introduced in
2.30]

Now to establish that these morphisms actually define a group structure, that the
mappings from groups to pairs and back are actually functorial and yield an equivalence
of categories, we refer to the literature, e.g. [ABG™10], Section 4.4.

O

2.5.2 The general linear super group

In this work we will be concerned with subgroups of the Lie super group of auto-
morphisms of finite dimensional super vector spaces. Although Aut(V') by definition
is an ordinary group, the Lie super group structure needs some more explanation.
Throughout this section let V' be a real super vector space V =V @ V; of dimension

plg.

Definition 2.84. The general linear super group pair of V € SVS is given by
Glo(V) := Aut(V') = Glp(Vo) x Glo(V4)

where the Glo(V;) factors are just the ordinary gemeral linear groups, and the Lie
super algebra gl(V') was introduced in Example . The adjoint action is defined by
considering Glo(V') = Auty(V) C End(V) and for g € Glp(V') and = € gl(V)

Ad(g)z :=gozog ! € End(V) = gl(V)
As usual this defines a Lie super algebra automorphism because

Ad(g)(roy) = Ad(g)(x) o Ad(g)(y)
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is already an automorphism on the level of the super algebra x,y € End(V'), see Lemma
[2.38 Further we have gly(V) = End(V) = End(Vy) ® End(V1) = gly(Vo) @ glp(V1) =
Lie(Glp(V)) because gly(V;) is just the ordinary Lie algebra of Glo(V;). Finally ad =
d Ad extends the Lie bracket as in the ordinary case.

tx

Q| oyoe ™ =zoy—yox=[r,y

for x € gly. So GI(V), := (Glo(V),gl(V)) is a super group pair. Note that by con-
struction it comes with a standard representation on CQ V.

Definition 2.85. The super ringed space on which we define the general linear super
group as a group object is an open subspace of the linear super manifold End(V'). Since
Aut(V) Cc End(V) = (End(V)), is an open subset, we can define the super manifold
GlI(V) := M(V)‘Aut(v), i.e.

GI(V) = (Glo(V), €&, ) @ A\ (End, (V))")

with Glp(V) = Aut(V') as above. Definition establishes multiplication, inversion
and unit by Yoneda’s Lemma.

Lemma 2.86. The two definitions agree, i.e. GL(V) = C(Gly(V), gl(V)).

Proof of 2.86. Using Lemma[2.83|it suffices to calculate the Lie algebra of Gl := G1(V')
together with the adjoint action and to show that this reproduces the pair.

Hence, in terms of Definition and let the Lie super algebra of GI(V)
be determined by gr := (T Gl);. By Definition and T Gl comes with a
multiplication which is on S € SMan points given by

(TGI)(S) x (T CI)(S) = (T GI)(S)
(9+€ex,h+ey) — gh+ e(zh + gy)

which yields the linear structure of gg(.S) by restriction
(I+er)(1+ey) =1+e(z+y)

and further more a left and right action of Gl on T Gl. This can be composed to the
adjoint action of g €5 Gl on (T Gl)1(S5)

Ad(g)(1+ex) = g(1 +ex)g ! =1+ egxg™?

The Lie bracket is defined by ps o T Ad where py : TV ~V x V — V amounts to
the usual identification of the tangent space of a super vector space V at a point with
V itself, i.e. here pa : T gr — gr. More explicitly for (1 + ex), (1 + dy) € (T Gl)y

(TAA)(1 +ex, 1+ 6y) = (1 + ex)(1 + 6y)(1 + ex)™?
=1+ 0y + de(zy —yx) € (T(TGl)1)y

24



2.5 Lie super groups

hence [1 + ex, 1 + dy| = zy — yzx.

Now in the particular case of S = R points we have gr(S) = (Ogi1(R) ®
g)o,r = gr due to hence we can give the bracket more concretely. Denote the odd
generator of R by € and let 2 = 1Q 20+ & @z and y = 1 @y +& @y € g(R'M).
Then

zy —yr = 1@ (Yo — YoTo) + & @ (1Yo — Yor1) + & ® (Toy1 — Y170)
+ &y @ (T + yiz1)
So the bracket is indeed the super commutator and we get g = C ® gr = gl as Lie

super algebras and also the adjoint action of Gly on gl is the same as in [2.84]
O

Remark 2.87. An alternative definition of the Lie super algebra of any G € LSG is
given by

g := {z € Hom(Oc(Go), ©)| Yv,w € Og(Gy) : z(vw) = z(v)e* (w) + €*(v)z(w)}

Note that e*(v) = 0 for odd v hence no sign appears.
This gisves rise to the notion of a left invariant vector field associated to © € g via
idg ®x acting on the tensor product Og ® Og C Ogxg by

L :g— Der(Og(Gp))
x> Ly = (idg; ®x) om”*

Here all tensor products are meant to be graded, in particular
idg @z(v®w) = (=)l (w)

In fact one can extend L to all of Ogxqg by continuous linear extension in the proper
topology. Details can be found in [All10], Appendiz B.

Definition 2.88. Sub Lie super groups of GL(V') will be called matrix Lie super groups
because we can use Lemma[2.60 to rewrite

(End(V)) (S) =~ (['(Os) ©® End(V))o g

i.e. we can write g € GI(V) Cg End(V) as a matriz valued super function (or a
matriz with coefficients in the super functions)

(o)

with A € I'(Og)or ®End(Vp), D € I'(Og)or ® End(V1), B € I'(Og)1 ® Hom(V1, Vo)1,
C € T'(0Og)1 ® Hom(Vy, V1)1. Throughout we will indicate the Zo grading of matrices
in End(V') by blocks as above.
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Definition 2.89. Similarly matriz Lie groups act on End(V') and in particular on
themselves by matriz multiplication. For g € G Cg End(V) and = €5 End(V) we
have m(g,x) := g o x where o denotes concatenation in End(V)(S5).

Definition 2.90. The standard action of GL(V) on V, GI(V) x V = V, is given for
S e€SMan, g €5 GI(V) and v eg V by

m(g)v == A(vo) + B(v1) @ C(vo) + D(v1) €5V

with the notation of Deﬁm'tion above. Because End(V') is given by maps in between
super vector spaces, this definition is natural in S and hence defines the action by
Yoneda’s lemma.

2.6 Representations

Although the super vector spaces used to define super manifolds and groups are over
the reals, we will in the following be interested on representations on complex super
vector spaces.

Definition 2.91. A representation 7 of a Lie super group G = (Go,Og) on a finite
dimensional super vector space V. € SVS is a morphism of group objects in SMan,
m: G — GUV). It extends linearly to a representation on C® V.

For Lie super group pairs we will also want to consider infinite dimensional represen-
tations because the induced representations introduced in Section are potentially
infinite dimensional. Therefore we need to dwell a little bit on what it means for
such a representation to be smooth. Note that, although we consider complex repre-
sentations, we only demand smoothness, not analyticity. This follows the cs spirit of
complexifying the structure sheaf without passing from smooth to analytic functions.

2.6.1 Some functional analysis

Definition 2.92. A locally convex topological vector space V is a (possibly infinite
dimensional) vector space together with a topology generated by a set of semi norms
{IIlli : V"= R}ies by defining balls of radius € > 0 around v € V

Bi(v) :={z € Ve —vl|i < €}

such that

{ULE(J:) = ﬂBz(Jz)U C J,|I| <o0,e>0,z € V}
el

form a basis of the topology which we additionally require to be Hausdorff.

The category of locally convex vector spaces, LCVS, is the subcategory of vector
spaces with objects defined above and linear continuous morphisms.
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Remark 2.93. This means a net x : A — V for a directed set A converges to T
limz, =2 VieIVe>03IN € AVn>N: ||z, —Z||i <€

Lemma 2.94. A linear mapping f : V — W in between locally convex vector spaces V.
and W with defining sets of semi norms {||.||Y : V — R}ics and {H||}/V : W — R}jes
1s continuous if and only if it is bounded, i.e.

Vi € J 3i1(j), ... in,(j) €1 3c; e RV €V [|[f(0)||}¥ <¢;- I;léf”””zvkm

Proof of 2.94. f is continuous if and only if lim f(z,) = f(z) for any convergent net
x: A — V with limz, = x. Due to linearity of f it suffices to consider the case
of x = 0. Then for a net converging to 0 the convergence of f(x,) is ensured by
boundedness.

j

. . l l l ke
Vit € T - max | f(an)|[] < max(c,) - maxmax [|z,||

v
lrn(_]k)

0 using remark we see that || f(x,)]| is a zero sequence in W. On the other hand,
if f is not bounded then

dje JVACI finiteVe>03Fw eV :||f(v)|]; > cmeachf(v)Ha

hence we can define a directed set C' =N x {A C I finite} with
(n,A) > (m,B) < n>mand AC B
and a net ¥ : C'— V such that maxaea |[T(n 4)lla = 1 and
1/ (@ @,a)l5 > nmax||z,4)lla

Note that we can simultaneously fulfil both conditions due to linearity of f, i.e. we
can rescale v without changing ||f(v)||/||v]|. Now limx,, = 0 but ||f(z,)||; > 1 hence
f does not converge to f(0) =0, i.e. f is not continuous. O

Definition 2.95. The directional derivative of f: V — W at v € V in the direction
x €V is as usual defined as

flottx) = fv)
t

8£‘vf = (02f)(v) := O f(v + ta) == %g%
whenever this exists. This defines the differential of f
df :VxV W
(xz,v) — am‘vf

and we call f (continuously) differentiable if the map df exists and is continuous.
This definition can be iterated as usual to define f € Ck(V, W) if and only if d* f
exists and is conlinuous and f is called smooth if and only if f € C®(V,W).

Definition 2.96. The category of complex locally convex super vector spaces, LCSVS,
is a sub category of compler LCVS where the objects are additionally Zo graded and
the morphisms are additionally even.
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2.6.2 Representations of group pairs

Definition 2.97. A smooth (linear) representation of a super group pair G, = (Go, g)
on V€ LCSVS is a pair m = (my, mq) given by a representation of Gy, i.e. a morphism
7o : Go — GI(V)o of ordinary groups, and an even Lie super algebra morphism my :
g — gl(V) = End(V). Further we demand the following smoothness and compatibility
conditions to hold.

1. The Gy action, i.e.

Go xV =V
(ga U) = 7TO(g)U
1S continuous.

2. All vectors are smooth, i.e. Yo € V :

Go—V
g — mo(g)v
18 a smooth map.
3. The g action, i.e.
gxV =V

(z,v) = mg(z)v
18 continuous.

4. The super Lie algebra action extends the differential of the Lie group action,
ﬂg}gOR = dmyg, i.e.

Vz € gor = Lie(Go)Vv € V' : 8t‘07r0(etx)v = mg(x)v

5. The actions are compatible with the adjoint action of the pair, i.e.

Va € g Vg € Go : mg(Ad(g)z) = mo(g) o mg() 0 mo(9) "

Remark 2.98. We can apply some results about ordinary representations on locally
convex topological vector spaces here.

e By [Neell], theorem 4.4, conditions 1 and 2 are equivalent to a smooth Gy action.
o Since (x,v) — mg(z)v is bilinear, condition 3 is equivalent to a smooth g action.

e By [Neel(], lemma 4.2, condition 1, 2 and 4 imply that 7r9|901R 1S continuous,
hence condilion 3 is aclually about the odd part g;. ’
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Definition 2.99. Morphisms of G}, representations m on V' and p on W of a super
group pair G, are given by
Homg, (V, W) := {f € Homycsvs(V, W)|Vg € Go : fomo(g) = polg) o f and
Vo € i fomg(w) = pyla) o f}
Definition 2.100. The representation (7, mq) of the pair G, is called irreducible if
V' does not contain any non-trivial wg(g) stable subspaces.
*

Definition 2.101. The dual representation 7* = (75, m3) on V* to m = (mo, mg) on
V' for finite dimensional V' is given for g € Go, x € g, p € V* andv € V by

m5(9) (v = p(mo(g~")v)
o(@) (v = p(my(S(2))v)

Definition 2.102. For a representation m of G, on V € LCSVS and K, a subgroup
pair we define the Kp,-invariant subspace of V' by

™

VEr = (v e V| mg(8)v =0 and mo(K)v = v}

Lemma 2.103. If in the definition above V is finite dimensional, G = C(Gp) and
m also denotes the corresponding representation of the Lie super group G on V' then
VS € SMan

VE(S) :={veg V|Vk €s K : m(k)v = v} = VE»(g)

and hence VE = VEp . We will also use the notation m(K)v = v to say v € VK.

Proof of 2.108. This follows from the equivalence of categories of Lie super groups and
super group pairs. ]

2.7 Integration

Here we introduce super integration as explained in [AHP11], Section 2, and [AII10],
Appendix C. Throughout we will use densities instead of volume forms to avoid ques-
tions of orientability.

2.7.1 The Berezinian sheaf

Definition 2.104. For V € SVS, S € SMan and g €5 GI(V') we use Definition [2.8§
to define the Berezinian or super determinant Ber : G1(V) — R!I* by

SDet(g) := Ber(g) := Det (A — BD~'C) Det(D ") = Det(A) Det (D — CA™'B) ™

where Det s to be understood as a polynomial in the matriz coefficients. Further we
define the absolute Berezinian by

[Ber| (g) := sign (jiy (Det(A))) Ber(g)
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Definition 2.105. For a super manifold X € SMan of pure super dimension plq, an
atlas {(U;, i)} and the cotangent sheaf QY as defined in we define the absolute
Berezinian sheaf of X, |Ber|y, as the free Ox module sheaf over Xo of rank 0|1 or 1|0
if q is odd or even respectively by the cocycle {U; j,|Ber| (d¢; )} where

dgi; € GL(Qx)(Ui) = Gl(span({dys, dx; }) (X, )
We denote the single generator with respect to the local coordinates {dyy, dx;} of Q% (U)
by |D(dyg, dx1)|-

Definition 2.106. An isomorphism f € Isosman(X,Y) defines a sheaf morphism
f* 1 |Ber|y = (fo)« |Ber|y in coordinates (yr, xi) on U C Yy by

ST (hID(dyk, dxa)) == f*(R)ID(Af" (yx), df* (X))
for h € Oy (U).

Hence for another coordinate system (z;, (j)

[D(dzi, d¢;)| = [Ber| (J) [D(dyi, dx;)]

ST
S ( 9,2 | 9, )
Oyz | 0y(
and the operation of super transposition is given by
A| B . B AT | CT
(C D) _<—BT DT>

Note however that Ber(J) = Ber(JST). In fact this is one of the reasons for the extra
sign in the definition as compared to the ordinary case.

where

2.7.2 Compact integration

Definition 2.107. For X € SMan of super dimension p|q we define the integral of
f € Ox(U) with compact support over a chart (U, $) with local coordinates (x;,&;) by
using the local expansion to write down

/ ID(da;, dg;)| f == (—1)*P9) /j(’)‘(fl’27""q)|d:i1 A...ANdiy| €T
x|, g
In other words Berezin integration means differentiation with respect to all odd co-
ordinates followed by ordinary integration of the remaining function, up to a sign.
For the sign one sometimes chooses s(p,q) = pq or, depending on the chosen order-
ing of the odd variables, s(p,q) = q(qigl). Although we find s(p,q) = 0 more conve-
nient there is no need to fix this sign for our purposes. In the following we abbreviate

|Dz| :=|dZ; A ... AdT,|.
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Remark 2.108. The behaviour of |D(dx;,d¢;)| under coordinate change is defined
exactly in such a way as to make the integral over U independent of the choice of local
coordinates. For the detailed proof see [Lei80f, Theorem 2.4.5. Note that this is not
true if we drop the assumption of f being compactly supported, then the value of the
integral may change if Oyz # 0, i.e. if the even coordinates are shifted by nilpotents.
See [AHP11)] for the details.

Definition 2.109. For w € [Ber|y (Xo) compactly supported we choose an atlas
{(Uas Pa)} of X and a subordinate partition of unity p® in Ox to define

the Berezin integral of w.

2.7.3 Retractions and non-compact integration

Definition 2.110. A homomorphism r € Homgnan (M, My) is called retraction if
joor =idpg. In this case r* (O, (My)) is called a function factor.

Remark 2.111. Note that using cmd only the (r*(f))® component of the local
expansion is determined by this definition, hence in general there exist many possible
retractions and corresponding function factors. By [RS83[, Lemma 3.2, there always
exists at least one retraction on any super manifold. (Complexification of the structure
sheaf as compared to the reference does not change this fact.)

Definition 2.112. Let (U, ¢o) be a chart of My with local coordinates {x;} and r :
M — My a retraction. Then {r*(x;)} are called even coordinates associated to {z;}
and r. Conversely if {y;,&;} are local coordinates of M then by Corollary there
is a unique retraction r such that Vi : y; = r*(jj(y;)). This one is called retraction
associated with the even coordinates {y;}.

Lemma 2.113. Letr : M — My be a retraction associated to both local coordinate sys-
tems {x;,&;} and {y;, x;} on U and let w € |Ber|,, (My) with w‘U = |D(dw;,d&;)|f =
|D(dy;,dx;)|g then

where each function is expanded with respect to its respective coordinate system.

Proof of 2.113. This holds because we can choose a bump function h € C*(U) and
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then use compact integration to compute

(—1)sp0) / B 121D = / ID(das, d;) [ (h) f = / (R

v x|, x|,
= [ 1Dt ax)lr* (b
x|,
= (<100 [ gty
U

where we used that compact integration is invariant under coordinate changes but
also in the first and last step that x and y define the same retraction. The claim
follows by the ordinary du Bois-Reymond Lemma (fundamental lemma of the calculus
of variations). O

Remark 2.114. Hence retractions locally define a choice of an integral of non-compactly
supported densities similar to Definition as well as a choice of even local coor-
dinates would. The point is that retractions unlike even coordinates exist globally and
hence can be used to define integration globally as we will do in the following.

Definition 2.115. Due to Lemma we can use a retraction T : M — My to define
a fiber integration map n : [Ber|,, (My) — |QP|nr,(Mo), where the latter denotes the
sheaf of ordinary densities on My, locally on U with local even coordinates {x;} by

() [y = (109 29[
where w‘U = |D(dx;,d&;)| f € |Ber|,, (U).
Remark 2.116. By definition and Lemma we have supp(ry * w) C supp(w) and
r(r*(g)w) = gri(w) for g € C*°(Mp) and w € |Ber|,, (Mp).

Definition 2.117. We call w € |Ber| (M) integrable with respect to the retraction
r: M — My if r(w) is an integrable ordinary density on My and in this case we define
the integral of w with respect to r by

[ [
M,r

Mo

Definition 2.118. On a Lie super group G the canonical retraction rg : G — Gy s
defined by
Veeg :Lyorm=0

By the integral over G we mean the integral with respect to the canonical retraction.
Remark 2.119. This retraction is unique because using
Oc(U) = {f : th(g) = Og,(U)| Yo € go¥y € Ug) : f(xoy) = Lay f(y)}

we see that

{f€0a(U)| Ve e g1:Lof =0} ~ Og,(U)
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2.7.4 Quotients and unimodularity

Definition 2.120. Let G € LSG and H C G a closed subgroup (i.e. we have j :
H — G such that jo : Hy C Go a closed embedding and j* an epimorphism) then
G/H = (Go/Ho,Oq/p) erists as explained in [AHO9] and

Oc/u(U) = {f € Oa(ny'(U)| m*f = pif € Ocxu(ry  (U) x Ho)}

Definition 2.121. G/H is called analytically unimodular if there exists a non-zero
G bi-invariant section of ]Ber](;/H. G is called analytically unimodular if G x G/G 1s.

Lemma 2.122. If G and H are analytically unimodular, so is G/H. If g is strongly
reductive (see Definition or nilpotent and Gq is connected then G is analytically
unsmodular.

Proof of 2.122. See Proposition C.10 in Appendix C of [AILL0]. O
Lemma 2.123. GI(RPl) is analytically unimodular for all p,q.

Proof of 2.123. For p # q this follows from the previous lemma. But one can show
directly that the left invariant section of |Ber|, is in fact bi-invariant for any p,¢. To
this end let S € SMan and g €g Gl and denote the left and right action of Gl on gl
as introduced in the proof of Lemma by L and R. Then Ad(g) = L(g) o R(g)™*
and |Ber| (Ad(g)) = |Ber| (L(g)) |Ber| (R(g))~!. But on S points L(g) is just matrix
multiplication, i.e. L(g) acts on R®Ox®la) .= (Rp‘q)(gp ® (]R0|1 ® (Rp|q)®q>. Hence

|Ber| (L(g)) = |Ber| (9)?~% = |Ber| (R(g)) and |Ber| (Ad(g)) = 1, also for p = q. O
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3 Representation Theory

In this section we recall some facts about the representation theory of strongly re-
ductive Lie super algebras and about the Iwasawa decomposition of super Lie groups.
Then we prove Frobenius reciprocity for induced representations of super group pairs.
Section is devoted to our main theorem, a generalisation of the Cartan-Helgason
Theorem, [Hel84, [Sch84]. More concretely, we prove a necessary and for s = 1 and
r > q also sufficient condition for being spherical for highest weight representations of
(g[q|r+$7 gld" @ g[OlS). From here we establish in Corollary and a classification
of all finite dimensional irreducible spherical highest weight representations in terms
of their highest weights, similar to the classical case.

3.1 Iwasawa decomposition

3.1.1 Restricted roots

In this section, we give the necessary definitions and state some facts about the Iwasawa
and restricted root space decomposition on the Lie algebra level. We will not give any
proofs. Those can be found in [AII10], Section 2, which we follow closely.

Definitions

Definition 3.1. A Lie super algebra g € LSAlg together with 6 an involutive auto-
morphism which defines the decomposition g = € @ p into the £1 eigenspaces of 0 is
called symmetric super pair and denoted by (g,t) when 0 is understood.

Definition 3.2. A Lie super algebra g s called reductive if go is reductive in g, the
centre is even, 3(g) C go, and there exists a non-degenerate, even, g-invariant super
symmetric bilinear form b on g. A symmetric super pair (g, %) is called reductive if g
1s reductive and b is additionally 0-invariant.

Definition 3.3. A reductive Lie super algebra or symmetric super pair is called strongly
reductive if g’ := [g, g] is the direct sum of b-non-degenerate simple graded ideals.

Lemma 3.4. If g is strongly reductive then g = 3(g) ® ¢’

Definition 3.5. For a symmetric super pair (g,€) we call a C g an even Cartan
subspace of p if a C po, a is mazimally commutative in p, i.e. a = 3p(a), and ad(a)‘go
consists of semi simple endomorphisms. If such an even Cartan subspace exists we call
(g,t) of even type.
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Definition 3.6. A cs form of (g,€) of a reductive symmetric super pair is a 0-invariant
real form gor of go which is b-non-degenerate. We will write Xor = X Ngor for
subspaces X C g.

Definition 3.7. An ordinary real Lie algebra go is called p-compact for an ordinary
representation p on a vector space Vy if p(go) is the Lie algebra of a compact analytic

subgroup of G1(Vj).

Lemma 3.8. An ordinary real Lie algebra go is adg,-compact if and only if adg,(go)
consists of semi simple elements with imaginary spectra.

Definition 3.9. The real form gor of a symmetric super pair will be called non-
compact if €gr @ ipor 5 adg-compact.

Lemma 3.10. For any strongly reductive symmetric super pair (g,%) there exists a
non-compact cs form. If (g,8) is of even type there exists a real even Cartan subspace,
i.e. apr @ C = a.

Decompositions

From now on let (g, ) be a reductive symmetric super pair of even type with an even
Cartan subspace a. Let m := 3¢(a) denote the centraliser of a in £.

Definition 3.11. For a € a*\ {0} we call
g*:={zeg|Vhea:[ha]=ah)z}

a restricted root space and « a restricted root of g with respect to a if g* # 0. We
denote the set of restricted roots of g with respect to a by (g : a) or just ¥ if g and a
are understood. If g*Ngg/1 # 0 we will call the root even/odd respectively. Note that
> =Yg UX is the union of even and odd roots, but these are possibly not disjoint.

Definition 3.12. By assumption g is a semi-simple a module hence

g=mdad @ g
a€X(g:a)

which is called restricted root space decomposition of g with respect to a.

Definition 3.13. We call ¥ C ¥ a positive system if

Y=2tu-3x* and Et+t)nzcxt

We define by
e @ e @
aext aext
the nilpotent algebras with respect to X+ and ¥~ = —XT.
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3.2 Irreducible representations

Definition 3.14. A positive root o € X7 is called simple if it can not be decomposed
mto a sum of positive roots. We denote the set of simple roots by

M= {ay...,on} ="\ (" + =)

Lemma 3.15. We have
g=¢tdadn

which we call Twasawa decomposition of g with respect to 6, a and 7.

3.1.2 Global lwasawa decomposition

Definition 3.16. We call a super group pair (Go,g) with connected Gy together with
an involutive automorphism ¥ of Gy a global cs form of the symmetric pair (g,¥€)
if gor = Lie(Go) the ordinary real Lie algebra of Go is a real form of (g,t) and
9‘90 W d¥ such that

Yg € Go : Ad(9(g)) 0 6 = 0 0 Ad(g)

A global cs form is called non-compact if go r is non-compact and Ad(Ko) C Autrsaig(g)
is compact for the analytic subgroup Ko C Go with Lie algebra £ Rr.

Lemma 3.17. For a strongly reductive symmetric super pair (g,€) of even type with
real even Cartan subspace agr and X a positive system, there exists a so called
standard global cs form (G, g). Using the analytic subgroups Ko, Ao and No of Go
with Lie algebras ¥y r, apr and nowr, respectively, we define the Lie super subgroups
K := C(Ko,t), A = (Ay,C®(Ap)) and N = C(No,n) of G = C(Go,g). Then the

maultiplication morphism of G yields an isomorphism of super manifolds
mo(mxidg): K x AxN =G

Lemma 3.18. More generally we have the Iwasawa Isomorphism G ~ K x A X N for
any global cs form G of a reductive symmetric super pair (g,€) of even type whenever
the ordinary Iwasawa decomposition of the base Gy ~ Ko X Ay X Ny ezists.

Remark 3.19. Lemma[3.17 ensures the existence of a global Iwasawa decomposition
of gPtalr+s for ptgq # r+ s which is strongly reductive. But also forp+q=1r+s>1
we have a global decomposition because each factor of Gy = U(p,q) x U(r,s) has
an ordinary Iwasawa decomposition (see [Hel84]). Note that in the particular case of
g[qus the first factor is contained in K and only the second one needs to be decomposed.

3.2 Irreducible representations of reductive Lie super
algebras

In this section we recapitulate some basics of the representation theory of ordinary Lie
algebras and facts from [Kac78| about Lie super algebras. Although Kac considers only
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3 Representation Theory

basic classical Lie super algebras, we can apply his results also to strongly reductive
ones due to Lemma . More concretely, we are interested in gl¢"** with the bilinear
form b given by the super trace form b(x,y) = STr(xy) and since for ¢ # r + s we have
glalrts — span{]l}@ﬁ[q‘r“, where sl is the subspace of STr = 0 matrices, we essentially
need what is known about the so called A series from [Kac78|. But all statements below
also hold for ¢ = r + s # 1, although here 34 = span(1l) C ¢’ = 51975 and hence b
becomes degenerate upon restriction to g’, which is why one better stays with gl or,
as in [KacT8|, proceed to sl/34. We prefer the former. Hence let g in the following be
a strongly reductive Lie super algebra or g = g[q|q with ¢ # 1 which is reductive but
not strongly reductive (see Lemma [3.46)).

3.2.1 Root space decomposition

Definition 3.20. In Section|3.1.1] we introduced the notion of the restricted roots of a
symmetric pair. If we perform this for the particular pair (g,0), we drop the attribute
‘restricted’ and denote the Cartan subalgebra of g by b C go and the set of roots of g
by A =X(g : b). By definition we now have m = 0 and we call the decomposition from
Definition |3.12 in this case root space decomposition of g

g=boPg®

aeA

Note that 34 C b.
Lemma 3.21. For a root space decomposition of g we have Vo, € A,

e dimg*=1

A00A1:®

[gavgﬁ] - Jo+p
a ¢ {£6} = b(g*,¢") =0

CanA C {£2a,+a}

o f2a c A ac Ay and b(a,a) #0
Note that 2A1 N A C Ay hence for a € Ay we have b(a, ) = 0 if and only if 2o ¢ A.

Definition 3.22. A positive root system is called distinguished if there is exactly one
simple odd root ITIN Ay = {a,}. We can always choose such a distinguished positive
root system.

Lemma 3.23. We can for each simple root a; choose

e; € g™ ficg ™ h; € b\ {0}
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3.2 Irreducible representations

such that
lei, fi] = dijhi, [hishj] =0, [hi,e] = aijej, [hi, fi] = —aijf;

with a;; € Z, a;; € {0,2} and a;; = 0 = a; ;40 = 1 for k = min{k‘ai7i+k # 0}.
Further {e;, fi,hi} generate g/3q and {h;} is a basis of h/34 upon projection. The
correspondence between «; and the coroot h; is given by Yh € b : a;(h) = b(h;, h), in
this sense h; = of. Note however that for isotropic roots a;(cf) = 0.

Definition 3.24. The matriz (a; ;) is called Cartan matrix of g with respect to A™.
It can be translated into a Dynkin diagram by drawing a white node for every even
simple root o and a crossed or black node for each odd simple root that squares to
0 or 2 and then connecting each pair of nodes by |a;jaj;| many lines. Note that
Q; Q5 = 0= ;5 = Q5 = 0 and a5 = 2 = Qi ki <0.

Restricting roots

As we introduced root space decomposition as a special case of restricted root space
decomposition one might wonder how the adjective is justified. The following Lemma
explains how one can indeed obtain a restricted root space decomposition by restrict-
ing the roots of the full decomposition, provided the Cartan subalgebra was chosen
accordingly.

Lemma 3.25. For a symmetric super pair (g, ) of even type with even Cartan subspace
a C po one can always choose an even Cartan subspace of g, b C go, such that a C b
and h = (hNt) ®a where hNt Cm. Then

S(g:a) = {al, | @ € 5(g: b) = A}\ {0}

and for B € X(g: a)

"= P s

Oé‘a:B

Similarly m contains those root spaces whose roots restrict to 0

m=(hne)d Z g”

ala=0
in particular 33 C (hN€) C m.

Definition 3.26. Given a symmetric super pair we call a system of positive roots AT
of g for a root space decomposition as above compatible with the pair if A*‘a =yt
1§ a positive system of restricted roots. In the following it will be important to choose
such a compatible system.
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3.2.2 Highest weight representations

Let in this section g be a strongly reductive Lie super algebra or g[qlq with g # 1, h C go
a Cartan subalgebra and AT a distinguished system of positive roots. We assume in
the following that all appearing representations of g are semi simple as representations
of h. For g strongly reductive this is equivalent to the action of the centre being semi
simple.

Definition 3.27. For a subalgebra q C g and a representation wq of q on V' we define
the induced Lie super algebra representation

Indg(V) := U(g) @y V = Eh(g) @ V) / ~
where gh @ v ~ g ® mq(h)v for g € g, h € q, v € V. p € g acts on Ind}(V) by

p(p) (g ®v) == (pg) @ v

Lemma 3.28. If py is an irreducible representation of g on V then V is a factor
module of Indg(V).

Lemma 3.29. If q contains go and we have {g1,...,9:} C g1 such that their projec-
tions into g/q form a basis then the sum

mdd(V)= & g0V
1<i1 <. <is <t

is direct as a sum of vector spaces, in particular dimIndg(V') = 2t dim V.

Definition 3.30. For A € h* let b := h @ n act on the even super vector space
V= span{vy} by h(vy) = M(h)vy for h € h and n(vy) = 0. Then the g representation
Indg VA contains a unique mazimal ideal I and

Vi :=Indd VA/I
1s called the irreducible representation of highest weight A.
Definition 3.31. For u € b* we call
VH={veV|Vheb:r(h)(v) = p()v}

weight space of weight © and p a weight of V' if V¥ £ 0.

We denote the set of all weights of V' by P(V). Further we denote by P(V) =
PTUP~™ = P,UP_ = PyUP, various subsets of the weights, namely P~ (a) = 0, P* =
P(V) N (6%)F where (5*)* is spanned by the positive / negative roots and Py are the
even / odd weights, respectively. Intersections will be denoted by multiple indices, for
example Pj’o are the even positive weights that vanish on a. Note that the roots are
the weights of the adjoint representation A(g) = P(g).

Lemma 3.32. For the highest weight representation Vy\ we have
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3.2 Irreducible representations

o {veVy|nv=0}=V and dim(Vy) =1
° VAZV,\/<:>)\:)\/
oV, = @MEP(VA) VE and oll V¥ are finite dimensional

Further more, all finite dimensional representations of g on which the b action
is semi simple are highest weight representations. This is in particular the case for
strongly reductive Lie super algebras if the action of the center is semi simple.

Lemma 3.33. For g = g[p‘q we have that V) is finite dimensional if and only if for a
distinguished positive system

Vi#o:A(h) €N
with {h;} as in Lemma[3.23 Note that the weight of the odd simple root, A(h,) € C,

s arbitrary.

Corollary 3.34. If V) is finite dimensional then N(A) C Z + A ho)Z. If N(A) C 7Z
then V) is finite dimensional. Note however that it depends on the chosen positive
system which weight of a given representation will be the highest.

Lemma 3.35. If V) is finite dimensional and V/\0 15 the ordinary highest weight module
with highest weight A of go considered as a go @ n1 module via nlv)? =0 then

Vy := Ind?

0
go®ny V/\

1s finite dimensional and has o unique mazimal submodule I and
Vi=W/I
Definition 3.36. A finite dimensional highest weight module V) is called typical if

Vy = Vi.

3.2.3 Weyl group and odd reflections

The following facts about the (even) Weyl group are well known from classical rep-
resentation theory. The statements about odd reflections are in general for basic Lie
super algebras proven in [CW] but in the simple case of gl?"™+% we can check them
directly, also for ¢ = r + s, with the details about the root system given in Section [3.3]

Definition 3.37. For each even root a € Ag C b* the reflection at the hyperplane
which is b-orthogonal to « is denoted by ro € O(h*). The finite group generated by
these reflections is called the Weyl group of go and denoted by Wy(g) or simply Wy.

Lemma 3.38. The Weyl group is generated by simple reflections, i.e. by {T‘a‘ a € lp}.

Lemma 3.39. The Weyl group stabilizes the even and odd weights of any finite di-
mensional representation V of g, i.e. Wo(Py) = Py and Wy(Py) = P.
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Definition 3.40. For an odd isotropic positive root a € AT, |a|? := b(a, a) = 0, we
denote by ro, the change of positive root system from AT toro (A1) := {—a}UAT\{a}.
This is called odd reflection with respect to .

Lemma 3.41. IfII is the set of simple roots for AT then
ro(II) :={B € I\ {a}| b(B,a) =0} U{B + | B € Il and b(B, ) # 0} U {—a}
is the one for ro(A™).

Remark 3.42. Although r, is called odd reflection and r_, o ro = id, it can not be
extended to a linear map in O(b*) which sends I1 to ro(I1) and AT to ro(AT).

Remark 3.43. For a distinguished positive root system A+(g[p|q) the single odd simple
rool o, is isotropic. Further all A’ € Wyo(A™) are distinguished but ro(AT) is not

for (p,q) # (1,1).

Lemma 3.44. If © on V) is a highest weight representation with highest weight vector
vy of weight A and o € 11 then

Aha) = 0= 7(fa)vy = 0

Proof of 3.44. For even roots this is a classical result due to the invariance of the roots
under Weyl group reflections. If « is an isotropic odd simple root the statement follows
from [CW], Lemma 1.36.

But one can in general also just compute directly
VB eIl : m(eg)n(fa)ur = 7([es, fa])vr = 0a,8T(ha)vr = da A (ha)vr =0

and f,V* € V2= hence by Lemma we have 7(fq)vy € VAN VA = 0.

3.3 Concretion: g = gl?"*

As announced earlier, we will primarily focus on the case g = gl?"** in this thesis.

This is sloppy notation for the symmetric super pair (g, & = gl?™" @ gl°/*), the concrete
details of which will be spelled out in this section. We will use the notation introduced
in Section B.1.1land B.2.11

Let throughout this section ¢,7,s € No, wlo.g. r>s, V= Cl'ts = C1aC e C*
which is Zgy graded by considering €9 as even and C" @ C*® as odd. In order to
give explicit matrix expressions for the constructions below, we choose the standard
homogeneous basis for 4"+ denoted by {e1, ..., eq1rts}, which yields the dual basis
{el,. ... €q4rtst and the corresponding basis {E;; = €; ® €} of V @ V* ~ End(V).
Note that E;r ;=FEji with respect to the standard hermitian scalar product which will
be used to define a real form.
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3.3 Concretion: g = gl4™**

Definition 3.45. The involution defining g =€ @ p is

. 1,/] 0 0
g g ‘
0 : with o = 0|1 0
X — oXo! "
0|0 -1,

Hence we have the following block decomposition

The End(CY) part in the depicted direct sum decomposition which is even in all
respects, will be called boson-boson block and the End(C" ) part, which is even with
respect to the Zo grading but contains even and odd parts with respect to 0, will be
called fermion-fermion block.

Lemma 3.46. The super trace form, b(X,Y) := STr(XY'), is a non-degenerate, even,
super symmetric, g and O-invariant bilinear form on g. Further (g,€) together with b
s a strongly reductive symmetric super pair if and only if g Ar+s. Ifq=r+s#1
then (g, ) is never the less reductive.

Proof of 8.46. The facts about the super trace form follow from its definition, it is
always non degenerate on gl?"** also for ¢ = r + s.

We have g’ = sl which is b-non-degenerate and basic classical for ¢ # r + s and
3g = span(lgqr4s) C go. For ¢ =7+ s however 34 C g’ because

(2p) ()]

hence gl is not strongly reductive by Lemma

Lemma 3.47. A non-compact cs form of (g,%) is given by

clo o —ct| o o
JoR = 0o/B A |=| o |-B Dt
0|D E 0 | AT —FEfT

Proof of 8.47. With this choice, #-invariance comes by definition. The spectrum of
ad(gor) can be red of from the root space decomposition in the next section, see

Corollary [3.54] O
Remark 3.48. Note that b‘g[g"% and b‘po,m are negative definite and b’glﬁ!&@glglﬁg 18
q|0 0lr 0ls

positive definite. Hence tor = gly'r @ 0l g ® 8ly s non-degenerate as an orthogonal
sum of non degenerate subalgebras.
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Lemma 3.49. We can choose a real even Cartan subspace subspace ag g C poRr uUSing
the following notation

S S T O ‘ 0 0
C* — Hom(C ’qu ) =g ie. Ala)=| 0|0 diag(a)
a A(a) = Zi:l a; Ei+q,i+7”+q 010 0

to set a = {(A+ A")(iR*)}.1

Proof of 8.49. The computation of the root space decomposition below shows that a
is maximally commutative and ad(a) is semisimple. O

Lemma 3.50. The following choice of b is a Cartan subalgebra of g with a C . We
use the notation

B:C*x O™ = End(C""*) < g

S 1 r—S 9
(bW, b)) Z B (Eitqirg + Firqiritarr) + Z ! )Ei+q+s,i+q+s
i=1

i=1
and

C:C7— End(C? < g

q
C+— Z CiEi,i
=1
to write down
bo.r = {h(a, b,c) := A(a) + Al(a) + B(b) + C(c)| a € iR*,b € iR, c i]Rq}

which in matriz form looks like

diag(c) | 0 0 0
h(a,b,c) = 0 diag(b™) 0 diag(a)
7 0 0 diag(b(®) 0

0 —diag(a) 0 diag(b™))

Remark 3.51. Using the elementary super commutator
[Ei g, Brg) = 051 Biy — (—1)/FullBrtlsy By

it 1s now a straight forward task to diagonalise ad by. Since by is even we actually always
use the ordinary commutator and hence obtain the known ordinary results adjusted to
our choice of b.

In the notation introduced in Definition we will distinguish between roots which
vanish on restriction to a, A_, and those which have non vanishing overlap with a*,
denoted by A..

"Note that any a’ = {(4 + A")(e’”R*)} would also be a possible choice, but [a,a’] # 0 unless a’ = a
as the Pauli matrices o, and oy do not commute.
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Even roots

Lemma 3.52. The even roots containing an a component, A o, and the corresponding
root spaces are given by

root a(h) g% spanned by for
bgi)qfs — bgqu *ia;_q E;;j £iF; ji, g+s<i1<qg+r
g<j<q+s
1 2 . . .
bz(-_)q — bg'—)q—s + 10;—q Ei,j + ZE,L'+T’]' g<1<qg+s

g+s<j<q+r
¢ Tiltiog—aj—q) | Bij+i(Eitrj— Eijir) + Bigrjyr | ¢<iFj<q+s
+i(aigtaj—) | Eij+ti(Eiprj+ Eijir) = Eigrjrr | ¢<i,j <q+s

1) _,m
bt — b

,— b
(1) _
b — bV

q

Note that in particular +2ia; is a root for s > 0 (otherwise we have the standard
root space decomposition of the ordinary gl with respect to the standard by of diagonal
matrices).

The even roots not containing an a component, A_ o, are given by

root a(h) ‘ g% spanned by ‘ for
Ci = ¢ Eij 1<i#j<gq
2 o
b b Ey; g+s<iFj<q+r

Odd roots

Lemma 3.53. The odd roots containing an a component, Ay 1, are given by

«

spanned by ‘ for
Eij+iEij, |1<q,q<j<q+s
Eij*iliy; [¢<i<q+s,j<q

root a(h) ‘ g

I 5
c; — b§-_)q tiaj_q4
pH

i—q

—cjtia;_q

The odd roots not containing an a component, A_ 1, are given by

root a(h) ‘ g% spanned by ‘ for

Ci*bgg—)q—s Ei; 1<q,q+s<j<qg+r
2 . !

bl(—)q—s_cj Ei; g+s<i<qg+r,j<q

Corollary 3.54. By inspection we see Spec(ad(apr)) C R and Spec(ad(hor NE)) C
iR. This proves Lemma[3.47 using Lemma[3.8
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Corollary 3.55. By Lemma we obtain the restricted roots (g : a) from the roots
calculated above.

Y(g:a) = {£ia;, i(a; — aj), xi(a; +aj)}

with the multiplicities my := SDim(g®) given by

Meia; = (2(r = 5)[2¢)  Miga;—a;) = (20)  Mei(a,4a,) = (1/0)

and SDim(m) = (¢(g—1)+(r—s)(r—s—1)|2¢(r—s))+SDim(hNm) with SDim(hNm) =
(q + 7|0) where the latter includes the centre.

Remark 3.56. Forg = g[q‘”S we have go = grrPgpp, where we denote the fermion-
fermion block’ by gpr = gl4° and the ’boson-boson block’ by g = gl 5. Since
the sum is a direct sum of ordinary Lie algebras and go preserves the Zo grading we
immediately get for an finite dimensional g module V

V=P P creweiyeV;
S€Zz (\,p) €L

where the sums are direct as sums of go modules and V)?/l is the even/odd isotopic
component with respect to gpp of highest weight A and V,; likewise for gpp and highest
weight (.

This is a nice starting point for investigating the structure of g representations. For
typical highest weight representations Vy, Kac even has a formula for the multiplic-
ities m(y ), see [Kac78] Proposition 2.11. Unfortunately it turns out that spherical
representations of gld"** are always atypical.

Note further that taking together Lemma and (Proposition 2.4 and 2.1
of [Kac78]) we also get a decomposition of V\ as a wector space into homogeneous
subspaces but this is not a decomposition into modules and in particular not the nice
decomposition into representations of the even part above, even if Vy = Vy is typical.

3.4 Induced representations

Although we will later on start of from a finite dimensional representation space V/,
the induced representation will in general be infinite dimensional, hence in this section
we will be general and consider representations in LCSVS as introduced in right
away.

Definition 3.57. Let H, = (Ho,h) be a subgroup pair of G, = (Go, g) and m = (7o, 7g)
a representation oh H, on W € LCSVS. From this data we can construct a G
representation which is called induced representation. The underlying super vector
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space 1s given by

Indij? (W) := Homgys (£(g), C (Go, W)) 1
={f:4U(g) = C®(Go, W ’V:L’Gil g) Voo € go Vg € GoVy € hVh € Hy :

(f(202)(9) = Lao (F(2))(9) = Oi] f () (ge™™0) (3.1)
A f(@)(g) = m<h>(<f<Ad<h*1>x>><gh>) (3.1b)
A (Fay)(g) = ()P0 7 (S (1)) (1) (9)} (3.10)

The action of G, is given by p = (po, pg) where Vg,p € Go Vu € U(g) Vx € g :

(p0(9) /) (W) (p) : = f(u)(g™ D)
(po(x) £) () (p) : = (=D)VIFIf (Ad (p7) (S(2))u) (p)
Lemma 3.58. The induced representation is a representation of G,.

Proof of 3.58. Firts we show that the above action defines a representation of the group
pair G, on f € V := Homgyg (H(g), C™ (GO,W))u(g°) without the H,-invariance
constraints. The homomorphism properties can easily be checked.

Vg,h,p € Gy Vx,y,z € (g )V/\G C:

(po(gh).f)(2)(p) = F(2)((gh)~"P) = (po(9)(po(h)[)) (2)(p)

(po(1).f)(2)(p) = f(2)(p

)
(ool 1) (2)(p) = (~)II0H0D £ (Ad(p1) (S(y)) ) )
1) 'x"“'y')f(( DI Ad(p™) (S(y)) Ad(p‘l)(S(fv))Z) ()

= (-1
= (- 1)|f\ ||+ lyD)+lzllyl— (|f‘+|y|)|’”‘(pg(:n)f)(Ad(p_l)(S(y))z)(p)
(Pg( f)(z)(P)

where we made use of to extend pg to LU(g).
Then we need to check that the {(gg)-invariance as in (3.1al) is preserved. Therefore
consider f € V and x € $4(g), o € go, g € Go, and v € g and compute

(=) (pg(v) f) (o)) (9)
= f(Ad(g™")(S(v)zox)(9)
= —f([Ad(g™")(S(v)), wo]a)(9) + f(z0 Ad(g™")(S(v))z)(g)
= 04, (F(Ad(e™0g™)(S(v))x)(g) + F(Ad(g™1)(S(v))z)(ge"™))
= (= )'f””‘ﬁzo((pg( )F)(@))(9)

hence 4U(go)-invariance is indeed preserved by the pg action and trivially also by the
po action since for p € Gy

(po(9) f)(mox))(p) = Ou o f (x) (g™ pe™) = Lay(po(9) f(x))(p)
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Next we need to check smoothness and compatibility, therefore we define the locally

convex topology on V by the set of semi norms indexed by (j,u, K) € J x(g) x {K C
Go‘ compact }, where J is the index set of a family of semi norms defining the topology
on W.
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1 £ 11k = sup || f (@) (p)]|}"
pEK

1. Let (g,f) : A — Go x V be a net converging to (g, f). Now since the action is

linear
po(gn) fn = p0(9) F = po(gn) (fn = ) + (po(9n) — po(9)) ()

and we can show convergence in two steps. First we need to show that 00(gn) fn
converges to 0 for f = 0. Now for some j € J, u € 4(g) and p € Gy

100 (gn) Fu ()1 = || f(u) (g D)1}

and all f,(u) are smooth functions on Gp. To exploit this we introduce normal
coordinates around (g)~'p, denote x, := log(g, !p) from the N € A on where
it exists and note that x;, is a net converging to 0 in Tj-1,, Go >~ gor. Now we
have

1fn() (g P < Ilfa(@) @I} + Sup 1], tay (Fn)) ()}

where we identify T,-t, W ~ W as usual for vectorspaces. Finally D(f,(u)) is
smooth, hence bounded, z,, converges to zero and so does an(u)(g)HyV because
fn is a net converging to 0, hence lim (po(gn) frn(u)(p)) = 0.

The second part to consider is (po(gn) —po (g))(f) where we can assume g = 1 and
hence need to show that lim po(gy,)(f) = f. Like above we can write g, = € in
exponential coordinates around 1 for n > N for some N € A. Then

1 (po(gn) = 1) flu, P} = || F(u)(e™"p) — Fu) (@)}

1 1

= [ aulyFe O = |~ [ Fadm) e el
0 0
< sup |[f(Ad(p)(zn)u) (e “mp)[|]”
te(0,1]
dimg(),]R B
<[ Ad(p) > sup |f(eiu)(e " p) (3.2)
=1 t€[0,1]
for some basis e; of gor and || >, yieillg := max;y;. Now since we need to

consider the supremum over p € K for some compactum K, Ad : Gy — Aut(g)
is smooth and all f(e;u) are smooth, all terms in are bounded and ||z,]|q
converges to 0. Hence lim pg(g,,)(f) = f and all in all the action Go x V — V' is
continuous.
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2. In part 1 we already used the fact that inversion and the left action on Gq are
smooth and we start from smooth functions hence everything is smooth in Gy.
More explicitly we can Taylor expand

Fu) (e p) = | (f(u)(e"p))

and
Oty f(u)(e™p) = —D| (f(w)) (z)

is smooth in p and likewise are all higher derivatives due to smoothness of f, so
every term in the Taylor expansion is a member of V. Hence all vectors f are
smooth with respect to the pg action.

3. Take a convergent net lim(zy,, f,) = (Z, f) in g x V. Like in 1 we can decompose

pg(xn) frn — pa(Z)f = pg(zn)(fn — F) + (pg(an) — pg(T)) f

and for the first step assume f = 0 due to linearity. Then for u € {(g), p € K C
Gp and j € J we have

1(pa(n) fu) (@) @I = [1fa(Ad(@™1)(S (@n))u) ()]}
dim go,R

< |[Ad(p Yllopallznlls Y falljiearx  (3.3)
=1

where the last step is similar to (3.2) and f, converging to 0 means that all
|| fnlljux and in particular || f,||;.e,u,x converge to 0. And since z,, is converging
so is lim ||zy||qg = ||Z||q hence the whole (3.3) converges to 0.

For the second step we may assume & = 0. Then we get

dim gO,]R

1(pa(en) /) (@) @)} < 11 Ad™lopgllzalls D N1fllieiur

i=1

just like above but now || f||j.c;u,x is fixed and ||z, is converging to zero which
again yields lim pg(xy,)f = 0. Taking both steps together the action g x V' — V
is continuous.

A Letz €gor, fEV, u€ U(g), p € G then
Oulof () (€7p) = O] f () (pe " 240 07)

= Ladp-1ys@) f(w)(p)
= f(zu)(p) = (pg(x)f) (u)(p)

hence pgy extends the derivative of po.
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3 Representation Theory

5. Letx €g, feV,uelg),p,ge< Go then

(po(g) o pg(x) 0 po(g™") f) (u)(p) = (po(g) © pa(x)f) (u)(gp

=( z)f

= (=DMl (po(9) £) (Ad((gp) 1) (S(2))u)(gp)
= (=DMl fAd(p™) o Ad(g)(S(z))u)(p)

= (=) F(Ad(p™)(S(Ad(g)((x))))u)(p)
= (pg(Ad(g)z)f) (u)(p)

using that S commutes with the adjoint action. Hence the action intertwine
adjunction as demanded.

So all in all V' carries indeed a representation of the group pair G,

Secondly, to see that Homgyg (u(g), Cc* (Go, W))u(g")’H" is a subrepresentation we
need to show that the action of the group preserves the H-invariance. To see that
the Hp-invariance as in (3.1b)) is preserved take h € Hy,

f € Homgyg (U(g), C* (GO,I/V))M(Q”)’Hp and z € U(g), o € go, g € Go, y € b and
v € g and compute

(pg(0)f)(x))(9) = (—1)‘f””'f(Ad(gfl)(S(v))m)(9)

The po action does also not interfere with the Hy-invariance because it leaves the
first argument of f alone and in the second argument acts from the left whilst the
Hy-invariance acts on the right hand side.

Similarly, since pg multiplies the argument of f from the left hand side and b-
invariance is defined in by acting on the right hand side, the two do not interfere.
Finally b-invariance is not affected by pg since the two act on different arguments.

Hence we see that indeed the G), action preserves Homgyg (4(g), C* (Go, W))u(g")’

inside Homgyg (4(g), C* (Go, W))u(g") and hence the former is a subrepresentation
of the latter.

Hp

O

3.4.1 Frobenius reciprocity

Theorem 3.59. For the induced representation Frobenius reciprocity occurs, i.e. for
a super group pair G with subgroup pair H, we have

Homg, (V, Ind5? (W) ~ Homp, (V, W)

20



3.4 Induced representations

Proof of 3.59. On the right hand side V' is naturally also considered as a representation
of H), via 7TV| . and we will omit the explicit restriction symbol in the following.

Consider the linear map
® : Homg, (V, Ind5y (W)) — Homp, (V, W)
T (v (TE)MW)(D))

where 1 € 4(g) and 1 € Gy. To see that this map is well defined take
T € Homg, (V, Indflz (W)),v eV, he Hyand y € h and compute

®(T)(mg (h)v) = T (g (R)v)(1)(1)
= (po(R)T(v))(1)(1) (3.4a)
=T(v)(1)(h™") = T(v)(Ad(h)(1))(1h)
=m () (T(v)(1)(1)) (3.4b)
=m (h)®(T)(v)

where we used that 7" intertwines G, representations in (3.4a)) and (3.4b) is a defining
property of the induced representation. Similarly

®(T)(mg (y)v) = (pg(y)T(v))(1)(1)
= (=TI T(0) (Ad(1) S (9))(1)
= (=)ITCMA (1) IT@IHIDBE 7l () (T (0) (1) (1)) = 7 (9)(T(0)(1)(1))

So we see that indeed ®(7') € Homy, (V, W).
Further for u € 4U(g) and g € Gy note that

which means ®~! o ®(T) = T for
&~ : Homp, (V, W) — Homg, (V, Indg (W)
R — (v — (u — (g — (—1)|”||“|R (WX(S(U))W(‘)/(g_l)U))>>

This definition of ®~! also yields ® o ®~!(R) = R. But it remains to be shown that

&1 is well defined in the first place. Therefore take p € Gy and u € $(g) and compute
&1 (R)(wg (9)v)(u)(p) = (=) R (xg (S(w))mg (™" )m (9)v)

= (—=D)PIR (7 (S(w)mg (97 "p) "M v)

O H(R)(v)(w) (g™ 'p) = (po(9)2(R)(v)) (u)(p)
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3 Representation Theory

hence ®~1(R) (1) (9)v) = po(g)@~(R)(v) and with = € g
&~ (R) (g (2)v) (u)(p) = (=1)I"HIR (m (S (u))mg (p~" g
= (=) PR (rg (S(u) Ad (™) (@)
= (- 1)(|v|+\x|)\UI+|xHUIR( V(S(S(Ad(p~h)
¢ (R)(v)(Ad(p™")(S(2))u)(p)
(pg(2)@2~ (R)(v)) (u)(p)
so we also have <I>_1(R)(7rg(x)v) = pg(z)® 1 (R)(v) and <I>_1(R) is indeed equivariant.
The last thing to be shown is that ®~'(R)(v) € Ind (W) Linearity and smooth-

ness, i.e. ®1(R)(v) € Homgys(&(g), C>®(Go, W), are due to the linearity and smooth-
ness of R, 77;/ and smoothness of w}". To check ([3.1a) let 2o € go, u € $4(g) and g € Gy
and compute

ellel R (S (wou))my (97" o)
IUIIUIR( (S(u))mg (530)”(‘)/(9 Hv)
()P R(xY (S (u))md (e~ 0~ o)
@7 (R)(v) (u)(ge"™)

~— ~—

14
g
14
Tg

For let h € Hy then
o (W)@ (R)(v)(Ad(h"u)(gh) = (=1)Mxg¥ (n)
R(my (S(Ad(h™ u))my (R g™ )
=(= )'” '”'R( g (S(u)mg (g7 "))
= 7 (R)(v)(u)(g)

where we used that R is a morphism of H), representations. Finally to check (3.1c) let
y € b then

&~ (R)(0)(uy)(g) = (~)" I R(my (S (uy))mg (97 o)
= (=)l Ry (S (y)) g (S(w)mg (971 o)
= (=DM (S(y)) 2~ (R)(v) (uy)(9)

where we used the mtertwmmg property of R again.
So @~ 1(R)(v) € Ind (W) and ®~! is indeed the well defined inverse of ® which is
thereby an isomorphlsm
O

3.5 Spherical representations

In this section we prove our main Theorem which is a generalisation to certain
super cases of the classical Theorem by Helgason, [Hel84], Chapter V, Theorem 4.1,
using methods introduced by Schlichtkrull, [Sch84].

92



3.5 Spherical representations

We want to make a statement about the spherical representations of the symmetric
super pair (g, ) of complex Lie super algebras g = gld*s and € = gl9" @ gl°, i.e. we
seek to characterise which finite dimensional irreducible g representations contain a
non trivial €-invariant subspace. As in the classical case we will make use of a global
real (in our case cs) form with base Gy = U(q) xU(r, s) and Ko = U(q) xU(r)xU(s), in
the proof. More precisely we will employ the Iwasawa decomposition G := C(Gg, g) =
KAN with K = C(Kj, ) as explained generally in Section [3.1]

A sufficient condition for a representation to be spherical can be given under rather
general conditions using algebraic arguments. To show that this condition is also
necessary we unfortunately need to employ super integration which currently restricts
the range of applicability to s = 1, although a generalisation to higher rank cases along
the line of in [Sch84] should be possible.

We will use the same notation as in Section The minimal parabolic subgroup
will be denoted by Q@ = MAN and the super Lie algebras of the Lie super groups
are denoted by the corresponding German letters. By an irreducible representation
of gld™* we mean sl9"**_irreducible or in the case of ¢ = r + s, slqlq/g—irreducible.
This ensures that irreducible finite dimensional representations are highest weight
representations. Then the only case to be excluded in the following is (¢, r+s) = (1,1).

Theorem 3.60. Let my be a finite dimensional irreducible representation of g = glalr+s
on V. Then my is a highest weight representation. Let G be a global cs form such that
the global Iwasawa decomposition G = KAN exists. Let m be a representation on V
which extends my and denote the highest weight by A € b* and a highest weight vector
by vy € VN {0}.

Consider the following conditions:

1. vyeVM

2. VE £ {0}

Then for any q,r,s € N we have that [9 implies [l Conversely if s = 1 and
b\, aq) > 2(q — 1) for {aa} := X1\ 257 then[]] implies [2

In any case dim(VE) < 1.

Proof of 8.60. The correspondence of irreducible and highest weight representations
is a basic fact, see Lemma and [KacT78|, Proposition 2.2.

We start by proving the second implication for which we will use the notion of
generalised points for S € SMan as introduced in Definition and integration on Lie
super groups as explained in Section So let vy € VM. For v €, V denote by

mw:G—=V

G35 g m(g)(v) €sV

Vo = / TUN

K/M

and define
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3 Representation Theory

Now we need to show that this integral exists and is non zero. Then we get 7(K )vy = vy
by invariance of the measure. To this end, let w), €g V* be the lowest weight vector
of m* and consider the following calculation which we will validate step by step.

v = /W(k(ﬁ))v,\ e 2r(H(M)Dp (3.50)
N

- / r(R)ose~HAE@ D 55b)
N

= i) = [wptr(me)e Dy

N

= (o) / e MDA £ 0 (3.5¢)

N

To see that (3.5a)) holds we need a generalisation of Helgason’s proof ([Hel84], Thm.
5.20, p. 198) to the super case. This is given in [Alllla)], section 4, and uses the
following maps. First the commutative diagram

M— K — K/M

|k

defines ¢ which is in fact an isomorphism due to the Iwasawa decomposition being
one. Then, due to g = i @ q, there is a local isomorphism ¢ : N — G/Q. Composing
the two we get a local isomorphism 9=' o ¢ : N — G/Q. The next step is the super
version of [Hel84] Prop. 5.1, p. 181, namely |AII10] Proposition 3.4, Equation (3.4),

/f(Q)Dg = / f(k‘an)er(log ) DEkDaDn
G

KxAxXN

where
e??(®) .= SDet Ad ¢® = 2p = Z O Mg,
acXt (g:a)

Here m, = SDim g% denotes the multiplicity of the root «, which might be negative
for odd roots and we used
SDet Ad ¢® = STrade

Finally [Alllla] Proposition 4.4 explains how to derive (3.5a) from these facts.
For (3.5b) we use the Iwasawa decomposition of 7 €g N Cg G

i = k(R)e Mn(n) = k() = A (n(m) e
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3.5 Spherical representations

hence
7 (k(7))oy = m(7)T ((n(ﬁ))*l) h (e_H(ﬁ)) vy = m(f)e MNHM)y,
where we used that vy is a highest weight vector in the last step.
For (3.5¢|) suppose wj;(vy) = 0.
Vn en:mg(n)vy =0

= Vu € Un) 1 0 = wy,(va) = wy(mg(u)or) = (m(S(u))w),)(va)

But, since wy, is the lowest weight vector and the dual of an irreducible representation
is irreducible, 7} (U(n))wy = V* and hence (v})" = 0 which is incompatible with
vy # 0. We can even be a little more concrete here, by Corollary we have in fact
that wy,(vy) = 1 for a properly chosen dual w},.

Now finally we need to restrict to s = 1 and A(hq) > 2(q — r) to use the computation

in Section to shows that
/ e~ O+2HMIDE £ (3.6)

-2

N

To show that [2={1| no restrictions on ¢,r,s € N are needed.
The outline of the argument is as follows. First we need to embed V := V) by

oV o Ind§ v (V) (3.7a)

which turns out to be rather lengthy and is therefore postponed to Section below.
Then the multiplicity of any irreducible K representation W is given by the dimension
of
Hompy (W, Ind§ 4y (VY)) = Homy (W, V) (3.7b)
= dim (V) € {0,1} (3.7¢)
where (3.7b) holds by Frobenius reciprocity, Theorem [3.59]

Now for (3.7c) note that V¥ is M irreducible. Hence the multiplicity of the one
dimensional trivial K representation, which is of course also the irreducible trivial
M C K representation, in Ind{; 4 (V") can be only 0 or 1. Using the inclusion
V < Ind§; 4 n (V) this means that also the multiplicity in V, which is dim VX is at
most 1 as claimed.

Now, assuming that there is an invariant vector vg, we have V& = span{vg}. Hence
with W = VX the left hand side of (3.7b) has dimension (at least) one. This means
that the right hand side contains a non zero element f € Homj, (VK , VN ) Observe
M C K so we have

Vw eg VE m eg M : n(m)f(w) = f(r(m)w) = f(w)

and since f is in particular surjective, any vector in V¥ is M-invariant.
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3 Representation Theory

Lemma 3.61. Let (g,¢) be a reductive pair of even type with a non-compact global cs
form G = KAN and corresponding minimal parabolic Q = MAN. Let h C g be a
Cartan subalgebra and AT a positive root system compatible with the pair. Let \ € h*
such that m on V) is a finite dimensional highest weight module with highest weight
vector vy. Then vy € VM if and only if

1. Mhﬂﬁ =0

2. Va € X7 : b(\, o) € 2N

-8 _
3. g (zﬁeAj’l g ) vy =0
where A:l denotes the positive odd roots which restrict to zero on a.

Proof of 3.61. We have by definition vy € VM if and only if mg(m)vy = 0 and
mo(Mo)vx = va.
Since

m=tNhe Z g’
BeA_

(see[3.25) and Vh € b : mg(h)vy = A(h)ux we see immediately that mg(m)vy = 0 implies
[ and Bl

For the converse note that for 3 € AT, wg(gﬁ)v,\ C Vg = 0 because A is a highest
weight. If 8 € At,o is even, hence a weight of V) considered as a gg representation,
then there is an associated Weyl group reflection sg in the ordinary Weyl group Wy
of go such that A — § = sg(A + () since )“hﬂk = 0. But since the weights are Wj

stable this means that Wg(g*f})m C Va_g = 0. So the additional condition |3 ensures
Tg (ZBGA, g5> (vx) = 0. Hence [I{and [3|imply mg(m)vy = 0.

For the M part we can use the result from the ordinary case (see Halgason’s prove
of Theorem 4.1 in Chapter 5 of [Hel84])

{z ciagr : €” € My} = spany{ira*|a € X1}

Note that we have to look at the coroots of the restricted roots instead of the coroots
{hi} from Lemma Hence given mg(m)vy = 0 we have mo(Mp)vy = vy if and only
if Va € 1 : A\(a*) € 2N. O

Remark 3.62. By Lemma we have that [1) implies [ since for oo € A_ we have
o* € hNE and for AT compatible with the pair we have that A™ is generated by AT NII.

Corollary 3.63. Let g = g[q‘TH, A € b* with Vy finite dimensional and /\}hmz =0,

Aa*) € 2N and A(a*) > 2(q — 1) for the single simple restricted root o € X\ 287,
Then V) is a spherical representation.

Corollary 3.64. For g = gl?"*% and Vy a finite dimensional irreducible spherical
representation we have )‘}hme =0 and Vo € ©1 : A(a*) € 2N.
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3.5 Spherical representations

Corollary 3.65. All spherical representations of g are atypical if A:l # (0. This is
the case for g = gldI™*s if g; # 0.

Proof of 3.65. By Lemma and we have

|af]
W= & fo- - fs.W
s=0 ,Bz'GAT

where fz € g7? \ {0}. In particular fauy € gV C V) for B € A:l C AT but by
Lemma f/gm\ ¢ V>\ \ {O} hence V>\ 75 VA. ]

3.5.1 Computation of the super integral

Most of computation in this section is due to Wolfgang Palzer and came to our knowl-
edge in private communication. It is to appear in one of his future publications.

To compute the integral we first need to determine H(n), i.e. the a component
of the global Iwasawa decomposition. More concretely K x ax N = G can be inverted
to define morphisms of super manifolds (K, H,N) : G — K x a x N such that for
S € SMan and g €5 G we have g = k(g)e(9 N(g). In particular this can be applied
to decompose 7 €5 N Cg G. To compute the morphism H explicitly we get rid of the
K component using the defining involutive automorphism 6 : G — G that fixes K.

0(n) "' = O(N (7)) eI N (n) (3.8)

Using Section in particular Corollary we choose a system of positive re-
stricted roots ¥ = {ia;,i(a; + a;), i(a; — a;)} where for the third term ¢ > j. Then

0 | C 0 iC
_| D| G+E+F B i(G+F-E)
0 A 0 iA

iD|i(E+F-G) iB E-F+G

Here A € ©U=3)%s B ¢ ¢**("=%) ¢ € €% and D € C°*9 parametrise @), g’™,
E,G € C**% and F strictly upper and G strictly lower triangular parametrise
D, g(@i=3) and F € C5*° parametrises D.; gilaitas),

So n is nilpotent of degree s+1 and hence for s = 1 things become quite computable.
Let x € n be parametrised by

o | c o -iCc
D | F B —iF
0| A4 o -iA
—iD | —iF —iB —F
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3 Representation Theory

then solving (3.8]) yields
1
H(e") = log (1 - (BA+DC))* —4F*) h

with the single generator of a being

Using the non compact cs form of Lemma for the even part means B = —Af
and F' € iRR.

Hence we can express the relevant integrand in coordinates. For S € SMan and
n €g N we have

A(ha)

r—1 q
AN = (14 zizf + ) &ojo16ey)? + 42

i=1 j=1
From here Palzer computes

- ~(3A+p)(ha)
/e(A+2p)H(n>Dn x / (1+ Z z; + ZXJXJ ID(z,y, x, x|

N R2r—1/2q
7792 42O ((A 4 2p)(he) — 7+ )
I2((3A + p)(ha))
L(A(ha) +7 = q)
L2((3A(ha) + 7~ q)
where the proportionality factors are non zero, p(hq) = %(2 +2(r—s)—2q)=r—gq

and A(hq) > 0. By Corollary we have A\(hq) even, hence the integral is non zero
if and only if $A(ha) > g — 7.

3.5.2 Embedding

In this section let G = K AN be the Iwasawa decomposition of G (see Section, Q=
MAN the corresponding minimal parabolic subgroup and 7 = (mp, m4) an irreducible
finite dimensional highest weight representation of G\, on V. In this section we will
drop the subscript and write G = G, and similarly for the other super group pairs
and work only with those.

Lemma 3.66. There is an isomorphism of G representations

nd§ (V) =~ md§ ((v)V))
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3.5 Spherical representations

Proof of 3.66. We will show that
o VY — (V)N
v = (= p(v))

is an isomorphism of () representations which implies the above. Therefore note that
® intertwines the representation 7 of @ on V with 7** on V** by Definition [2.101] of
the dual representation. Further observe that ® is injective because

®(v) =0
=V e VN 0(u)(p) = pv) = 0
=VrenVue v w(mg(S(z)v)) = (mg(x)p)(v) =0
— $U(r% () <V*N> () =V*(0)=0 = v =

where we used that v € VN and the lowest weight vector of V* is contained in V*¥.
Hence dim V" < dim V*¥, but interchanging the roles of N and N we can also
construct an injective map in the other direction, hence the dimensions are equal and
® is an isomorphism.

O

Lemma 3.67. There is an embedding of G representations
a:V— Indg (((V*)N)*)
o0)(w)(9) () = (~)PITHCD (o (g (Ad () S o) )

Proof of 3.67. The map « is well defined, because for g € Go, v € V, u € (g),
pe VN and p e Qo

(m5" (P)e(v)(Ad(p~)u)(gp)) () = (=Dl HrlelieD
(0 () 7o ((99)™) g (Ad(gp) S(Ad(p ™" Ju)) v)
= a(v)(u)(9) (1)

and similarly for y € q

a(v)(uy)(g)(p) = (—1) PHDRIHRGERIED (705 (uy))mo(g ™" o)

= (=)Dl (S(y))a(w)(w)(9)) (1)

and also for zg € g

(v) (o) (9) (1) = (1) MAFHEIED  (ry(5 (gu) mag o)
= (=)l ) (g (S () g (—a0)mo (971 o)
= (—1)llllHp(ult D (Wg(S(U))atloﬂo(e_txog_l)v)
= O] g(v) (u)(ge"™) ()
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Further more « is a map of G, representations because for h € Gy we have

a(mo(h)v)(u)(g) () = (=D HREFD (4 (S (w))mo (g~ mo(h)o)
— (1)l D 4 (S )y ()~ Yo)
= (po(h)a(v))(w)(9) (1)

and for xz € g
a(mg()v)(u)(g) (1) = (— 1)\u| [vl+[a])+ [l (ful+]z]+[v])
p (mo(g™")mg(Ad(g)S(u))mg(x)v)
= (- 1)\ul\vl+|u|(\u|+|z\+|vl)
p(mo(g™")mg(Ad(g)S (Ad(g™")(S(x))u))v)
= (=Dl a(w)(Ad(g™)(S(@)u)(9) (1)
= (po(2)a(v))(u)(9) (1)

Finally o # 0 because

a(va)(1)(1)(p-x) = p-r(vr) # 0

for the highest weight vector vy of V' and the lowest weight vector u_y of V* and V
is G irreducible, so V ~ (V') as G representations.
O

Lemma 3.68. For a G, representation m on V € LCSVS there is an isomorphism of
K, representations

nd$ (V) ~ Ind%; (V)

Proof of 3.68. The restriction to U(¢) C U(g) and Ky C Gy denoted by f +— W(f) is
an injective map of K, representations because Go = KoAoNp and g = €@ a®n hence
U(g) ~ () ® U(a @ n) as vector spaces and

f(zy)(kan) = (=1) WDy (S (y))mo(an) ™" £ (2) (k)

for x € U(), y € U(a®n).k € Ko, a € Ay and n € Ny, so f € Ind$ (V) is uniquely
determined by ¥ (f)(x)(k) = f(z)(k).
To define the inverse we choose a homogeneous basis {e;} of U(a @ n) and denote

U(g) = $(€) ® U(a P n) (3.9)

T Z[l’]i ® e;

where the sum is finite for all x and we will drop the sum sign in the following,
summation over the index ¢ always understood. Then

@ : Indf (V) = Ind% (V)

O(f) () (kan) := (—1) 1A @RDI 7o (an) g (S(es)) f([Ad(an) (2)]:) (k)
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Note that we can as well use any decomposition of z = Z” Wij T @yj with x; € U(€)
and y; € U(a®n) but using a basis saves us a bit of writing. Clearly Wo® = idInd V)
But to see that ® is well defined we need to check the equivariance properties
to which we will do for mostly the rest of this proof. Therefore let g = kan and
p= m'a'n’ € Py = MyAoNy, then

kanm/a'n’ = (km') (ad’) ((m'd’)"'n(m'a’)n’) € MyAgNy

where we used that My and Ay commute and we note Ad(MA)(N) C N. As a
shorthand we will use for x € (g)

2 = Ad ((aa') ((m'a) " n(m'a'yn')) (Ad(m'a'n’) " (x)) = Ad (a(m') ") ()
in the following computation. With f € Ind% (V') we have

mo(m'a'n') ((f)(Ad(m'a'n) ™ (@) (kanm'a'n'))

= mo(m'a'n’) (=)D o (') " al') g (S(e0) F([2)) (k)
—)HELD D o (') 1) g (S(en) mo(m) ™ F(Ad(m)([2])) (k) (3.108)
— )P @Iy (an) g (S(e)) £ ([Ad (an) (2)]:)) (k)
@(f) () (kan)

where we used M-equivariance of f in and further am’ = m’a and Ad(My)
preserves the decomposition and hence commutes with the projections. So we
have verified . To check equivariance also on the algebra level, i.e. , let
y € $(g) and denote K; := [Ad(an)z]; and M; := [Ad(an)y|; and note K;e;Mje; =
Kiles, Mjlej+ (—1)lellM; ‘KM jeie; with [e;, Mjl, e;ej € U(a®n) and K;, K;M; € LU(€).
For the following computation summation over ¢ and j is understood.

/‘\

/‘\

() (xy) (kan) = (=1) VRIS g (an) g (S((er, Mjle;)) f(K) (k)
+ (—1) IR+ D esl+les D HealIMil g () =g (S(ese;)) f (K M) (k)
= (—1)WHIEDAesl+ M1 Fles D g (qn) =L o (S(eiMjej)) f(K;) (k)
— (=)D el +M; e D +lesl | Myl 7 () =1 g (S(Mjeie;)) f(K;) (k)

+(~1 1) (FIHEHIM Dles | +(1f 1K e mo(an) 1y (S(eie;))
(1) MR g (5(M;)) £ (1) ()
= (—1)WHIKDIylHlesllyl 7 74(S(y))
(—) WDl g (an) " g (S(eq)) f(KG) (k)
= (=)Dl (S (y) @ (f) () (kan)
To check @ let now x € go and denote Ky and ANy part of the Iwasawa decom-

position of ke! A7 qp for small ¢t € R by k(t)(an)(t). This defines curves in Ko and
ANy for which we denote the derivative (or velocity) at t = 0 by kg and ang. Further
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denote M;(t)e; := Ad(an(t))y where M;(t) are curves in a finite dimensional subspace
of 4(¢) for which we denote the initial velocities by M;. Then

Ol @ () () (kane™) = By (~1) THLOVIl g (an (1))~ (S ) £ (M; (1)) (K(1)
= (~) UM DIsliey (am) = (= mg(aino)mg(S(e;)) (M) ()
+ (S (e;)) F (M) ()
+ mal(S(e))) L4, F(My) (k) )
= (~) UMDl (am) = (mgl(S s aino)) (M5 ) (k)
+ (S (e5)) f (V) (k)
+ (S (e))F (hoMy) (k)
= O(f)(Ad(an) " (Mje; ang + Mje; + koMje;)) (kan)
= (/) (y Ad(an) ™~ (ang) + [Ad(an) ano, y]
+ Ad(an) " (ko)y) (kan)
(f)(Ad(an) ™" (ko + ano)y) (kan)
(f) () (kan)

So all in all ® is well defined.
Finally we check

(@0 U(f)) (z)(kan) = mo

hence ® o ¥ = idlndg;;(v).

We did not mention smoothness of the action, but, due to our definition of rep-
resentations of Lie super group pairs, restriction of smooth representations is not an
issue and in the definition of ¢ only smooth functions appear, as 7 is smooth and the
induced representations are defined using smooth functions C*(Gyp). l.e. by using
that the induced representations are smooth in the first place, see Lemma [3.58 we
indeed have Ind% (V) ~ Ind%; (V) also for infinite dimensional V.

O

Corollary 3.69. Tuaking together all three lemmas in this section we obtain an em-
bedding of K representations

V s Ind§ v (V)

as demanded in (3.72) for the proof of Theorem|3.60.
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3.6 Example: gl'*™!

The simplest example which is not purely even and where r > s > 1 is 9[1\2+1_ So we

now explicitly write down the root space decomposition in this low dimensional
case. Then we will explicitly compute one non-trivial example each of a spherical and
non-spherical representations.

So let in this section g = gI'”® with involution #(x) = oxo~! and o = diag(1,1,1, —1).
We use b(A, B) := STr(AB) as the invariant bilinear form and the global cs form

Go=U(1)xU(2,1)
hence the base of the symmetric space is

Go/Ko = (U(1)/U(1)) x (U(2,1)/ (U(2) x U(1)))
~ SU(2,1)/S (U(2) x U(1)) ~ CH? (3.12)

where CH? denotes the complex two dimensional hyperbolic space.

3.6.1 Roots and root spaces

In accordance with Section B.3] we choose

o o0
ag R = Span 00 —i
O 0/0 0 0
t 0 0
0| o o] o il o
i 0 0 0 00
N ¢ = span , ,
hor P 0lo 0 0 010 i 0 ol 0
0 0 ¢ 0 0 O
and we will use the coordinates
c| O 0O O
h= 0 b1 0 a a,bj,ce C
0] 0 b O
O] —a O b1

Applying the results from Section we have the even roots
A() = {bg — bl + ia, b1 — b2 + ia, i2ia}

and odd roots
Ay ={c—b Lia, by —ctia,=(c—by)}
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3 Representation Theory

from which we choose a system of positive roots

At ={ay =b — c+ia, (3.13)
agy = c— b,
ag = by — by +ia,
a1 + ag,ae + a3, a1 + g +043}
where the «; are the simple roots.

Note that this positive system is not distinguished, but it features Aﬂa\ {0} =%F
which is essential for the application of Corollary and In fact there is no
distinguished positive system which is compatible with the Iwasawa decomposition in
this sense.

The corresponding raising and lowering operators, f; and e;, can be read of from
the root spaces. The relations

les, f5] = 0ijhi,  [hiyhi]l =0, [hise;]l = aige;, [hi, fj] = —aijfj (3.14)

for the three sub algebras then define h; which is dual? to o; and we get

1
€1 h1—§ 0 (315&)
1
1] o
00 0
ey = By = 3.15b
2 ol o 2 0olo 1 0 (3-15b)
00 0
ol o 0 0
1 00 0 1 10 —i
€ == —— h:* 315C
T2l o1 o T2l o0lo 2 o (8.15¢)
00 0 P00 -1

and f; = ej. Note that the anti commutator had to be used here for the first time to
determine h; and hs.

The normalisation has been chosen such that the a;; from (3.14]) form the Cartan
matrix

0 1 0
(aij)=1]1 -1 0 1
0 —1 2

Hence we have the following Dynkin diagram (see Definition [3.24])

2In the STr sense.
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R—&—O

Note that the white, i.e. even, subdiagram is not that of the ordinary sl®, because
we did not choose a distinguished positive system. Bu it is well suited for the Iwasawa
decomposition since it is the one of sI?> C ¢y = gl* ® gl?> ® gl'. Note further that the
roots do not span h* but (h/3)* as mentioned in Lemma On the exponential
level there is a trivial U(1) subgroup corresponding to the centre which will drop out
on passing to the quotient. This can be seen already in Equation (3.12]).

3.6.2 Invariant vectors

For our example we will determine directly whether there is an €-invariant vector
to check the validity of the general results in this simple setting. But to compare
with the general results we need the positive restricted roots X7 = {ia,2ia} and in
particular the coroot of the simple restricted root h;, = hg + hy — 2ho as well as

h Nt = span{hg, h1 — h3}. Hence by Corollary and we expect a highest
weight representation of weight A to be spherical if and only if A(h2) = 0 and A(h;) =

A(h3) € N because this already implies A(hi,) € 2N.
Further note that t-invariant vectors need to be invariant under ho and hy — hs,
which means that they can only appear in

vEc v (3.16)
p(h2)=p(h1—h3)=0

and invariance under all of
t=m@span{(e23+ f1),(e1 — f2,3), (€12 + f3), (e3 + f12), (€123 — f1,2,3)}

with
m = span{1, ho, h1 — hs, ez, f2}

will be checked directly. Here we use the notation
Cityesiy ~— [eiueiz,...,ik] (317)

and similarly for f;, . ;.. For completeness note that the explicit matrices are given

by

ket

1 0

€19 = ——
1,2 %Al olo
0

O = O

-~
o O O

and e; 3 = 0 = f1 3. Noting that f; = el gives fi2 = eb, fo3 = —e;3 and f123 =

i
—6;2’3. Altogether this specifies the basis of gI*l* which we are going to use.
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1 0
0 1
0 0
0 ; /(1,0,0)
0
1
f2 0
7 (Oalvl)
0 I3
1
o | O~
(0707_1)

Figure 3.1: Standard representation of g[1|3

3.6.3 Standard representation

The defining representation of 9[1‘3 is the irreducible module C'13. All weight spaces
here are one-dimensional. Generators and weights are depicted in the weight diagram
in Figure [3.1] as column and row vectors, respectively. We do not try to adequately
depict the three dimensional geometry but place the dots rather arbitrarily, except for
the bar dividing even from odd representations and the even s[? sub representations
being aligned vertically. The action of the simple lowering operators is depicted by
the arrows and all non vanishing actions of those are depicted.

The highest weight is A(hi, he, h3) = (1,0,0) as the corresponding vector is annihi-
lated by all raising operators. The representation is atypical since typical representa-
tions need to have at least dimension 23 = 8.

From (3.16)) we see immediately that the standard representation does not contain
any t-invariant vectors. Since A(hi) # A(hs) for the highest weight A this is in ac-
cordance with the general theory, Corollary As explained in Section the
standard representation must indeed not be spherical.

3.6.4 Adjoint representation

Using the notation introduced in for non-simple raising and lowering operators
we produce the diagram indicating the weights for the adjoint representation in Figure
3.2l The arrows again depict the action of of the lowering operators. Horizontal
arrows stand for fq, vertical ones for f3 and the diagonal or bended ones for f,. Again
all non zero actions are depicted. The representation is decomposable even as a g
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(1,1,1) €23 €1,2,3

—@— (1,0,1)

f1,2 f2
\ = f3
-1,1,1) — y\o —1,-2)
i L\
f1,23 f23 —1,-1)

Figure 3.2: Adjoint representation of gi'’®

representation into the trivial representation (1) and the g irreducible complement
s(113. All weight spaces are one dimensional, except for (0,0,0), which is spanned by
{1, h1, ho, h3} . Since [e;, e1,2,3] = 0 the highest weight is A(hy, ho, hg) = (1,0, 1). Also
the adjoint representation is atypical since all simple odd lowering operators annihilate
the highest weight.

Invariant vectors

Using again, we identify (0,0,0) and +(1,0,1) as the only weights for which
the corresponding weight space might contribute to the &-invariant sector. Now 1 is
trivially invariant, so interesting candidates are vy € span{hi, ho, h3, €123, f1,2,3}. But
demanding [ez, vo] = [e1,2 + f3,v0] = 0 yields

vg =ha +e123+ fi23 =

And indeed vg spans the centre of £/3 oltls = = (gI'P@gl®")Ns('3 and hence is e-invariant.
As explained in Section [3.6.2] the existence of a spherical vector is enforced by the
highest weight fulfilling A(h1) = A(hs) and A(h2) = 0. Evidently, the two irreducible
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spherical components of the adjoint representation are the spherical representations
with the lowest possible highest weights, i.e. with the smallest possible dimensions.

3.6.5 Dual representations

Corollary 3.70. The dual representation of the highest weight representation Vy of
highest weight A s the lowest weight representation of lowest weight — .

Proof of 8.70. This holds in general for highest weight representations by Definition
of the dual representation. The argument goes as follows: Choose a basis B of
V) consisting of weight vectors. Then vy € B and we denote by p_y the dual of vy
with respect to this basis. Hence

Vo € Vy: m (fi) (p-a)(v) = —p-x(n(fi)v) = 0

because 7(fi)v € VX = v € Viya, = 0, 50 pi_y is a lowest weight vector. We have
7 (hi) (n-2)(v2) = =A(hi) hence p_y € (V)™ O

Corollary 3.71. All finite dimensional spherical representations of 9[1‘24'1 are self
dual.

Proof of 3.71. With the positive system of we have —AT =71y, 070, tastas AT
where 74, is the odd reflection at ag = ro,+ay+as(@2) and ro, 1ay4as € Wo is an ordi-
nary Weyl group element. This means the lowest weight of V) is v = 74,070 +as+as (A)-
More concretely v(hy, ha, hs) = A(—hq, ha, —hs). But since A(hy) = 0 for spherical rep-
resentations by Corollary [3.64] this means v = —\. By the previous Corollary [3.70] this
establishes self duality. O
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4 Summary and outlook

As stressed throughout, the main point of this thesis is the generalisation of Helgason’s
theorem, vy € V¥ < VK +£ 0, to the super case. For (g = gldlr*1 g = gl @ 10
with 7 > ¢ this has been accomplished and for high enough highest weight A we can
also drop the restriction on 7 and q. The weak point in the proof causing the limitation
of the range of dimensions is the computation of the integral in Section The next
step for improving this part would be to work out a reduction of rank argument from
s > 1 to the rank 1 case in a similar way as done in [Sch84]. We conjecture that hereby
our result should be generalisable to higher rank cases, i.e. to (g[q‘”S, gld" @ gl®) also
for s > 1 without problems.

We have made an effort to stress that the general theory developed up until Section
is valid for any strongly reductive symmetric super pair of even type, in par-
ticular also for (g[pﬂ“"H) and osp™!™ with a suitable involution. In fact our proof of
dim(V/\K ) < 1and V/\K #0=wvy € V/\M only relies on the existence of a global Iwasawa
decomposition of the super group pair and hence applies as it stands to any strongly
reductive symmetric super pair of even type. Hence by Lemma we can in fact
conclude /\‘W =0 and Va € X7 : b(\, ) € 2N with respect to a compatible positive
system for any finite dimensional spherical highest weight representation of any such
symmetric super pair. For the converse, however, the crucial point for further gener-
alisation of the method of proof by Schlichtkrul is again to show that fK/M vy # 0.
Here some further work on either the concrete computation of super integrals of the
form of for more general symmetric pairs or a more general argument is needed.

An interesting side development of this thesis was presented in Sections namely
the generalisation of induced representations to the realm of infinite dimensional mod-
ules of Lie super groups pairs. In Lemma [3.68] we showed that also in this setting
induction from a minimal parabolic subgroup to the full group is on the level of K
representations the same thing as induction from M to K. Further we could prove
Frobenius reciprocity in this rather general case.

The next step on the route to harmonic analysis of symmetric super spaces is to es-
tablish the relation to spherical functions and hence to invariant differential operators.
For 9[1‘2“ we have shown that all spherical representations are self dual, hence we can
form the matrix coefficient, i.e. for g €g GI'?*1 we can define ¢(g) := v (7(g)(vo))
where vy is the K-invariant vector. By definition ¢ is K-biinvariant and it is easily
seen to be an eigenfunction of the super Laplacian, since V) is irreducible. It remains
to be shown that all spherical functions are matrix coefficients and to investigate their
asymptotics.
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