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Abstract

Subject of this thesis is the behaviour of the solution of the Laplace-Poisson
equation under zero Dirichlet boundary condition near non-regular boundary
points. The first part gives an example of a domain where Hopf’s Boundary
Point Lemma holds true pointwise but not uniformly, therefore the solution
operator is not strongly positive. A second result addresses a sharp replacement
of Hopf’s estimate near the boundary whenever such boundary has a conical
point. As a consequence one is able to prove an optimal anti-maximum type
result for domains with conical shapes. The last part is concerned with the
behaviour of the solution at points where an interface reaches the boundary. At
the interface the Poisson equation is not satisfied but instead a jump condition

for the normal derivatives appears.



Zusammenfassung

In der vorliegenden Doktorarbeit wird das Verhalten von Losungen der Laplace-
Poisson-Gleichung unter der Null Dirichlet-Randbedingung in der Nahe von
nichtreguldren Randpunkten untersucht. Im ersten Teil der Arbeit wird ein Ge-
biet konstruiert, bei dem Hopfs Randpunktlemma zwar punktweise gilt, aber
nicht uniform, weswegen der Losungsoperator nicht stark positiv sein kann.
Das zweite Resultat zeigt, wie man Hopfs Ungleichung bei einem Punkt auf
dem Rand, bei dem das Gebiet kegelformig ist, durch eine scharfe Abschétzung
ersetzen kann. Als Konsequenz kann ein optimales Anti-Maximum-Resultat fir
Gebiete mit kegelformigen Teilen bewiesen werden. Im letzten Teil handelt es
sich um das Verhalten der Losungen an Punkten, indenen ein Interface den
Rand trifft. Bei diesem Interface ist die Poisson-Gleichung nicht erfiillt und
man erhalt stattdessen eine Sprungbedingung fiir die Richtungsableitungen in

der Normalenrichtung.
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Chapter 1

Introduction

The Laplace equation, Au = 0, and its inhomogeneous form, Poisson’s equation
—Au = f, are among the most important of all partial differential equations.
We can find applications of them to problems in gravitation, elastic mem-
branes, electrostatics, fluid flow, steady-state heat conduction and many other
topics in both pure and applied mathematics. Poisson’s boundary value prob-

lem

{ “Au=f inQ, 1)

u=20 on 0f),

in domains with smooth boundary have been widely investigated over the past
two hundreds years as Poisson’s and Laplace’s equations are basic models of
linear elliptic equations.

For the problem (1.1) with © C R” bounded and open whose boundary is at
least of class C?, there are a couple of powerful tools which have been devel-
oped and used to investigate the qualitative and quantitative properties of the
solution wu.

Above all, reqularity results provide the information about the existence, the
uniqueness and the smoothness of u depending on the smoothness of the right
hand side function f. While the existence and the uniqueness of the weak so-
lution of (1.1) are directly obtained from Riesz Representation Theorem, the
existence and the uniqueness of the classical solution and the strong solution
depend on the smoothness of the boundary of the domain €2 and the smooth-
ness and the summability of f. For example if f € LP(Q) then the weak solution
u of (1.1) lies also in W?P(Q) for 1 < p < oo provided that 9Q € C11) see [1].
On the other hand, when f 2 0 the mazimum principle implies that u > 0
in Q and Hopf’s boundary point Lemma states for a twice differentiable solu-
tion w of (1.1) that if an interior sphere condition holds at zy € 0€2, then the
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CHAPTER 1. INTRODUCTION

normal derivative of u at x is strictly positive (i.e. positive and non-zero).
The regularity and Hopf’s Lemma together establish a sharp estimate for the
solution u as follows:

There exist positive constants ¢, C' > 0 such that
cd(z, Q) <u(x) < Cd(z,Q) forall z € Q, (1.2)

where d(z,2) is the distance of = to boundary. The question that may arise,
is: How can one describe the behaviour of the solution of Poisson’s problem
on nonsmooth domains? In order to answer this question, we need to find or
construct appropriate tools depending on the type of singularity of the singular
points of the boundary. The existence and the uniqueness of the weak solution
of (1.1) in this case are still attained by Riesz Representation Theorem, but
we are interested in finding more than just the weak solution. In other words,
we would like to see when and how we can have more information about the
features of the solution(s) of (1.1) near the singular points of the boundary.
This is the main purpose of this thesis. We will show that the weak solution
of (1.1) with certain f, depending on the properties of the boundary around
the singular point, can be considered also in Holder spaces. This is done by
building up a Hopf’s type estimate for the weak solution near the singular
point.

We first provide the fundamental definitions and theorems that are used in
the other chapters in Chapter 2.

In Chapter 3 we represent an example of a planar domain whose boundary
is of the class C° but not of the class C! near the origin. We show that on our
domain the Hopf’s Lemma holds at all boundary points but it does not hold
uniformly. We prove that this pointwise Hopf’s Lemma is not sufficient for the
solution operator of the problem (1.1) to be strongly positive. Consequently,
the standard Krein-Rutman Theorem can not be used. This counterexample
is important since it demonstrates the notable role of uniformity for Hopf’s
Lemma result.

In Chapter 4 we consider bounded domains in general dimension that have
smooth boundary with the exception of a vertex where the domain looks like a
cone. The main purpose of this chapter and Chapters 5 and 6 is to investigate
the behaviour of solution u of (1.1) near such a conical point. These problems
also are of great interest in application areas. Rectangular shapes are used in
physical or electrical models for example, to achieve a high density of compo-

nent along the edges. In spite of the maximum principle that still holds true on
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a domain {2 containing conical points, the conditions on the smoothness of OS2
can not be relaxed without losing the full regularity results or Hopf’s Lemma
in general. In [26] Kondratiev established a theorem concerning the regularity
of the solution of the general elliptic boundary value problem with constant

coefficients of order 2m such as

{ Lu=f in ), (1.3)

Bu=g¢g on 0.

He considered the solution u in weighted spaces, namely the space of functions
whose derivatives are summable with respect to a weight. His work was followed
by Grisvard [20], Dauge [12], Kozlov et al. [27], Nazarov and Plamenevsky [30]
and Maz'ya et al. [32].

Kondratiev also obtained an asymptotic form for the solution w of (1.3) in a

neighborhood of the conical point as follows:

Z Zr i (Inr) Vo (W),

ImA>h k=0
where w = (wy- -w,_1) € S"! (by S*! we mean the unit sphere in R"

centered at origin), 1, are infinitely differentiable functions and A;, k; and

h are determined by the operator L. In the case of Laplacian problem for
f € LP(Q2), u will have the form

u= Y |z["y;( ) for x € Q, (1.4)
“/J<h ‘ |
if we fix the conical point at 0, see [21]. The functions 1; and the numbers ~;

are determined by the Laplace-Beltrami operators and h depends on n and p.
The main aspect of Chapter 4 is to find out if and how the radial type (1.4)
provides a Hopf’s type estimate for the solution u. More precisely, in a sufficient
small neighborhood of the cone the leading term of (1.4), namely [z 91 (;3)
can be used to describe the growth rate of u. This leads to a pointwise Hopf’s
type estimate near singular points of boundary. This pointwise behaviour of
the weak solution give the description of properties of the weak solution in
Holder type regularity way.

Chapter 5 is devoted to introducing the weighted spaces by Kondratiev
[26] and Nazarov and Plamenevsky [36] and the corresponding results on such
spaces.

In Chapter 6 an anti-maximum result for the solution of

3
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{ —Au=pu+f inQ, (1.5)

u =0 on 0f),

on a domain containing conical points is established. Let p; > 0 be the first
eigenvalue of the Laplace problem with zero Dirichlet boundary condition. It is
proven in [10] that if 2 is a smooth bounded domain in R™, for 1y < p < p3+¢y
and for 0 < f smooth enough, the solution u of (1.5) is negative. This result is
known as an anti-maximum principle which for the non-smooth domains does
not hold in general. In this chapter we prove that when €2 contains conical
points, an anti-maximum result holds for the solution u under a certain as-
sumption on the growth rate of f near conical points. This result can be served
as an application of the Hopf’s type estimates achieved in Chapter 4.

And finally, Chapter 7 treats an interface problem. Here, by an interface
problem we mean a second order elliptic problem with a discontinuous coeffi-
cient for the second order derivatives. We consider the corresponding boundary
value problem equipped with zero boundary condition on a smooth planar do-
main. Despite the smoothness of the domain, Hopf’s Lemma may fail at the
boundary points where the coefficient of the second derivatives is not continu-
ous. We refer to these points as interface points. We study the behaviour of the
solution of this interface problem in the neighborhood of the interface points

to provide a Hopf’s type estimate.



Chapter 2
Preliminaries

In this chapter we present some basic definitions and theorems that will be
used in the rest of this thesis. Some facts are standard and well-known. For

the results which are not clear, proofs are given.

2.1 The Laplace Equation

Let 2 be a bounded open connected subset of R™ and u be a real function on
(). The Laplacian of u is defined as
0%u 0%u
AT v AR V4
03 LA oz “

where V is the gradient and V- is the divergence. A twice differentiable function

Au

u satisfying

Au

Il
o

in (2.1)

is called harmonic in €.

The equation

—Au=f inQ (2.2)

for given f: ) — R is known as Poisson’s equation.
The weak form of (2.2) is

/ Vu - Vodr = / fvdx (2.3)
Q Q
in which v € W2 (Q) := Cg° (Q)H'”WM(Q) is an arbitrary test function.

bt



CHAPTER 2. PRELIMINARIES

The two most common types of boundary conditions on a bounded domain
2 C R™ are the following.
Dirichlet Condition: For a given function ¢ : 92 — R the condition

u(z) = g(x) for z € 09,

is called the Dirichlet condition.
Neumann Condition: We assume that 9Q € C*. For a given function ¢ :

02 — R the Neumann condition is as follows;

ou
5(1’) =g(x) for z € 0Q,

in which v is the outward normal of 0f).

In this thesis we only work with the Dirichlet boundary condition.

Definition 2.1.1 Let 2 C R"™ be a bounded domain. Consider the boundary

value problem

(2.4)

—Au=f inQ,
u=0 on Of).

a) A function u € W42 (Q) is called a weak solution of (2.]) if u satisfies
(2.3) for all test functions v € W2 (Q).

b) A classical solution of (2./) is a function u € C*(Q2) N C(Q) satisfying
the equation (2.4) for all x € Q.

c) A function u € W22 (Q) N W2 (Q) satisfying (2.4) is called a strong

solution.

The existence and uniqueness of the weak solution in 112 () of Poisson’s
problem with the Dirichlet boundary condition (2.4) come out from the Riesz
Representation Theorem, see [15, Section 6.2]. By Green’s formula, a strong
solution u satisfies (2.3) which implies that u is a weak solution. On the other
hand, under suitable hypotheses on the smoothness of the function f and the

boundary of €2, our weak solution is, in fact, a strong solution.

2.2 The Eigenvalue Problem

The classical eigenvalue problem for the Laplace operator with Dirichlet

boundary condition in an open bounded connected domain €2 C R" is as follow,

6



2.2. THE EIGENVALUE PROBLEM

(2.5)

—A¢p=Xp in (),
o= on 02,

with the weak form

/Q VoVods = A /Q v dr,

for all v € W12 (Q). Let us recall that A € R is an eigenvalue of the Laplace
operator provided that there exists a nontrivial solution ¢, which is called
the corresponding eigenfunction of A, of (2.5). According to the Fredholm al-
ternative Theorem, see [10, Theorem 7.93 and Theorem 8.21], the set X of
eigenvalues of the Laplace operator is at most countable. Moreover, we have
Y ={\}iz12.. where

D<A <A<

and

lim \; = oc.
1— 00

The set of eigenfunctions {@;};=12.. forms an orthonormal basis for L?(£2),
see [15, §6.5.1]. The smallest \;, namely the first eigenvalue \q, is indeed the
infimum of the Rayleigh quotient of Laplace, i.e.

A = Jo |V|*dx
pew2@\(o} o @*dr

and the corresponding eigenfunction ¢, € W12 (Q) is the minimizer of the
functional J(u) := % on W12 (Q)\ {0}. The Poincaré inequality implies
that Ay > 0. Indeed,ﬂPOincaré’s inequality states that there exists a positive
constant C > 0, depending only on the domain €2, such that for all u €

W12 (Q) we have

/qux < CQ/ |Vul*dx.
Q Q

This follows that 0 < CLQ < AL

On the other hand, the Courant Nodal Domain Theorem states that the first
eigenfunction ¢;, corresponding to the smallest eigenvalue A\, is positive in €2,
see [1 1, Volume I, Chapter VI, §6 (page 452)]. In fact, ¢; is the only eigenfunc-

tion that does not change its sign. By defining the nodal set of an eigenfunction

7



CHAPTER 2. PRELIMINARIES

¢i as the set of all z € 2 such that ¢;(z) = 0, we observe that the nodal set
makes a division of € into subsets where ¢;(x) > 0 or ¢;(z) < 0. The Courant
Nodal Domain Theorem also states that ¢, for i > 2 divides the domain €2 into
at least two and at most 7 regions.

The following theorem shows how the method of eigenfunction expansion is

used to construct solutions, see [10, Theorem 8.22].

Theorem 2.2.1 Suppose that 2 C R™ is a bounded domain. If i # \; for
i=1,2,--- then for every f € L* () the unique weak solution of

—Au—pu=f inf),
u="0 on 052,

can be written as a convergent sequence in L*(Q) using the set of normalized
eigenfunctions {¢;tiz12...., i.e. (¢i, ;)2 = d;;, as follows:

o A

[\

u =

i-

Here, (-, )5 denotes the inner product in L? (Q); i.e.

(1, f)2 = /Q o, fd.

2.3 Regularity

As we mentioned before, by posing certain hypotheses on the smoothness of the
domain and the function f, a weak solution of (2.4) will have a corresponding

smoothness. This is the regularity for the weak solution.

Theorem 2.3.1 Suppose that u € W2 (Q) is a weak solution of

—Au=f inQQ,
u=0 on Of).

Assume that 00 € C* and f € L2(Q), then u € W22(Q) N W12 (Q) and
there exists a positive constant C' depending only on €2 such that the following

estimate holds for u;

lellwz2i0) < C (Ifll2@ + lell2@)

8



2.3. REGULARITY

To find a proof of this theorem, we refer to [19, Theorem 8.12] or [15,

Theorem 4 at page 317].

Theorem 2.3.2 Suppose that u € W2 (Q) is a weak solution of (2.4). In
addition, assume that OQ is of class C™*2 for an integer m > 0 and let f €
Wm2(Q), then u € Wm22(Q) N W12 (Q) and we have the estimate

lullwnszai) < C (I llwma@ + lullre)

where C' is a positive constant depending only on m and €.

See [15, Theorem 5, page 323] or [18, Theorem 4.14] for the proof.
For the existence and uniqueness of the strong solution we recall the fol-

lowing theorem [19, Theorem 9.15].

Theorem 2.3.3 Let Q2 be a domain in R™ with 9Q € CY1. Then for f € LP (Q)
with 1 < p < 400 the problem (2.4) has a unique solution u € W?P (Q).

Remark 2.3.4 Theorem 2.3.5 can not be extended to the cases p = 1 and
p = 400. See [18, Examples 7.5 and 7.6] for instance.

The following theorem, recalled from [19, Theorem 6.19], shows that un-
der suitable hypotheses on the smoothness of the boundary of 2 and f the

smoothness of the strong solution is improved.

Theorem 2.3.5 Let Q be a domain in R™ with 0Q € C*¥2< for k > 0 and
0 < a < 1 and suppose that u € C? () N Cy (ﬁ) satisfies the problem (2.4),
where f € C*° (ﬁ), then u € Ck+2« (ﬁ) N Coy <§)

The regularity is an important tool to get an estimate from above for the

solution u by the distance function to the boundary.

Theorem 2.3.6 Let ) C R™ be bounded and 092 € C?. Suppose that u satisfies
(2.]) with f € C (ﬁ) and f > 0. Then there exists a positive constant M such
that for x € €,

u(r) < Md(x),

where d(x) := inf,«coq |x — x*| is the distance function to the boundary of €.

Proof. From f € C (ﬁ) it follows that f € LP(Q) for every p > 1. Then we
can choose p € R so large that p > n. By Theorem 2.3.3 there exists a unique
solution u € W2 (Q) for the problem (2.4) and v € C'7 (ﬁ) by Sobolev

9



CHAPTER 2. PRELIMINARIES

imbedding for v < 1 — +. For any z € Q) there is at least one xq € 92 such

that | — x¢| = d(z). Now, by mean value theorem and the fact that « = 0 on
082 we find that

u() = u(x) —u(ro) = (x — wo) - Vu(y)

for some y = ¢ + tfg, where t € R and 75 is the interior normal vector at
zo. It follows from v € C'7 (ﬁ) that |Vu(y)| < M, for 0 < M € R. Then we
directly get

u(z) < Md(x),

2.4 The Maximum Principle

The maximum principle is an important and strong feature of second order
elliptic equations. It can be used to show that solutions of certain equations
must be non-negative, which is important for quantities with physical inter-
pretations. The maximum principle also leads to uniqueness of the solution. In
addition to its many applications, the maximum principle provides pointwise
estimates for the solutions. On the other hand, the maximum principle and its
consequent properties make the second order elliptic equations distinguished

than elliptic equations of higher order.

Theorem 2.4.1 (The weak maximum principle) Let Q@ C R be a bounded
domain. Suppose that

—Au >0 in §Q,
with uw € C*(Q) N C(Q). Then the infimum of u in Q is achieved on 0N, that

18
inf 4 = inf u.
Q a0
Theorem 2.4.2 (The strong maximum principle) Let Q C R and

—Au >0 in Q.

If u achieves its infimum in the interior of 2, then u is a constant.

10



2.5. HOPF’S BOUNDARY POINT LEMMA

2.4.1 The Maximum Principle for Weak Solutions

Theorem 2.4.3 (The weak maximum principle for weak solutions) Let u €
W2 (Q)NC(Q) satisfy

/ Vu - Vodr > 0 in Q2 (2.6)
Q

for allv € Wh2(Q). Then

infu>infu™.
Q 90

Proof. By taking v = w; := inf {u — 1,0} where [ = infyqu, the inequality
(2.6) would be as follows;

0< / Vu - Vudr = / Vu - Vu, dx = —/ \Vu; |2dz.
0 Q Q

Hence, |Vu, | = 0 which implies u; is equal to a constant c. If ¢ is a nonzero
constant then one can find that c = u—1 < 0in Q. But u — [ = ¢ in Q is
contradiction to infgo u = I. Therefore ¢ = 0 and « > [ in Q.

O

Theorem 2.4.4 (The strong maximum principle for weak solutions) Let u €
Wh2(Q) satisfy

/QVu Vodz >0 in Q) (2.7)
for all v e W2 (Q). Then if for some ball B CC ) we have

ess-inf g u = ess-infq u > 0,

the function u must be constant in €.

2.5 Hopf’s Boundary Point Lemma

Hopf’s Boundary Point Lemma has been stated and proved by Hopf in 1952

in a short note [23].

Theorem 2.5.1 (Hopf’s Boundary Point Lemma) Let Q) be a bounded domain

in R™. Then a twice differentiable solution u > 0 satisfying

— Au >0 in 2, (2.8)

11
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with u(x*) = 0 for some x* € 0 where an interior sphere condition is present,

satisfies either u =0 or

liminfu(x —t7)—u(@)
t10 t

€ (0,00] . (2.9)

Here U is the outward pointing unit vector at x*. If u is differentiable at x*,
then

ou

- oo (@) >0 (2.10)

For two-dimensional domains one may exploit the connection with confor-

mal mapping to find some typical examples.

Example 2.5.2 We define the sector

S = {(z1,22); 21 > cot () [za]}.

First let ¢ € (%7@ 7r> and take Q C S, a domain with smooth boundary except
at (0,0) and such that QN By (0) = S, N By (0). See Figure 2.1 on the left.

Consider

u(z1,22) = Re ((:I:l + 25132)%) : (2.11)

This function u is positive and harmonic on S, and satisfies u = 0 on 0S,,.

For ¢ € (%W,ﬂ') the domain satisfies the interior sphere condition and since

u(x,0) = 279 one may find at x* = (0,0) with v = (—1,0);

lim inf; ) w = lim inf, u(—t(—l,g))—u(0,0) _

.. w/(2¢)
= liminf; u(t0)=0 t : ‘

-0 ..
~— = liminf, = +00.

The statement in (2.9) holds true.

Example 2.5.3 Ify € (0, %71’) and we take €2 as in the first example, then )
does not satisfy an interior sphere condition. See Figure 2.1 on the right. The

function in (2.11) is still positive and harmonic on S, and satisfies u =0 on
dS,. Here one finds u € C1(Q) and

Vu(z) =0.

im
Q32—(0,0)
So any directional derivative at (0,0) is 0.

12



2.5. HOPF’S BOUNDARY POINT LEMMA

A\

\ \ \
\ \

\ |

’ \

/ |
/ / /

// // / \ //

/ /
/ 4
\ ¥/ \

Figure 2.1: Sketches of domains from Example 2.5.2 and 2.5.5. The dot denotes

the origin.

Since C?-domains satisfy an interior sphere condition, (2.10) holds true
at each point of the boundary. The interior sphere condition is also satisfied
for domains with boundaries that consist of several C%-parts which are non
smoothly connected as long as this is done in a reentrant way. For a boundary
in R? with a reentrant corner the solution in general is not in C1(£2) but (2.9)
still holds. However, the interior sphere condition is sufficient at zo € 09
for Hopf’s Lemma to hold, it is not necessary. It follows from [31, 25] that the
optimal hypothesis at xq € 9€) for Hopf’s Lemma is the interior Dini-condition.

Recalling from [31] this condition is as follows.

Definition 2.5.4 We say that domain Q has a local C'-representation at
xg € 0N if there is

1. a similarity transformation T : R™ — R"™, i.e. there exist s € RY, M an
orthogonal matrix and vy € R™ such that Tx = sMz+wvy, with T'(0) = xo,
and

2. a C' function h: R"™™' — (=1,1) with h(0) = 0, such that
QNT(B(0) x [-1,1])) ={T(2',x,); h(a') <z, <1 and 2’ € B{(0)},
where B;(0) = {2/ € R"!;|2| < 1}.

Definition 2.5.5 We say that ) is Ding at xq if the following holds. There
exists a local C'-representation h at xy € 00 as in Definition 2.5./ with
Dh(0) = 0 and moreover, there is a function w € C|0,2]| such that

(a) w is increasing;
(b) w(0) =0,

13



CHAPTER 2. PRELIMINARIES

(c) /02 %S)ds is finite;
(d) [Dh (') = Dh(y)| < w (2" = y']) for 2], [y'| € Bi(0).

We say that (2 satisfies an interior Dini condition at zy, € 02 if there
is an open set €' C € such that ¢y € 9" and ' is Dini at x. The interior
sphere condition implies the interior Dini condition but the inverse does not
hold.

Example 2.5.6 Recalling from [19, page 35], set u (x1,23) := —Re(szQ))).

log(z1+iza
Then w is a strictly positive and harmonic function on

Q= {($1,.’E2) 1T € (0, %) and u (xy, x3) > O},

which satisfies ug, (0,0) = 0 so the Hopf type result does not hold at (0,0). For
Q see Figure 2.2 on the left. Near 0 the boundary is C* but the boundary is not
Dini-smooth and certainly does not satisfy an interior sphere condition. One
may show that the boundary near 0 is given by v = ?'ﬁﬂm (1 +0 (ﬁ))
Indeed, the function y — —2 (with 0 in 0) is C*° but not Dini-smooth.

— Iny|

:
| \
\ // \ /
S /
G ey

Figure 2.2: Sketches of the domains from Fxample 2.5.6 and 2.5.7.

Example 2.5.7 Set u(x1,x2) := —Re ((xl + ixg) (1 é» Then u

o log(z1+iz2)
is strictly positive and harmonic on

Q= {(:Cl,xQ);xl € (0 1) and u (x1, x3) > 0},

'3
which satisfies ugz, (0,0) = 1 and hence the Hopf type result holds for u. Near

0 the boundary is Dini-smooth but not CY7, nor does it satisfy an interior

sphere condition. Here one finds that the boundary near 0 is given by x =
vl (1 +0 <#)) The function y — —y (with 0 in 0) is Dini-smooth

2 (nly])? —Infy] (Infy|)®
but not Holder-smooth. See Figure 2.2 on the right.
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2.5. HOPF’S BOUNDARY POINT LEMMA

2.5.1 An estimate from below by Hopf’s Lemma

We finish this chapter with a useful application of Hopf’s Lemma in getting

an estimate from below for the solution of (2.4).

Theorem 2.5.8 Suppose that 2 C R"™ is bounded and Q) € C?. If u € C* ()

satisfies

—Au >0 in €,
u=>0 on 0f).

and u is not identical zero (u # 0) then there is a constant C' > 0 such that
Cd(z) <wu(x) forallxz e Q.

Where d () is the distance of x to OS).

Proof. Assume that xy € 02. By Hopt’s Lemma we find %‘ (x9) < 0. First we
show that there is a positive constant ¢ € R such that for all xq € 012,

Ju (29) < —c < 0. (2.12)

Suppose (2.12) does not hold true, i.e. there exists a sequence {z*} of bound-
ary points such that 2% (27) < 0 and 2% (z7,) — 0 ( that means Vu (z},) -
7 (x%) — 0). From 9Q € C? it follows directly that the mapping = — 7 ()
is a C'! function and since u € C?(Q2) we find Vu(z) € C (ﬁ, ]R”). Conse-
quently, 2% (-) = Vu (-) - 7 () is a continuous mapping.

On the other hand, 02 is compact so it follows that there is a convergent
subsequence {m:‘lk} of {x;}. So there is an z* € 92 such that z;, — z* and

Vu (x;k) s (x;k) — 0. Consequently, one finds

2 (a%) = lim 2 (a7,) = lim Vu (a3,) - 7 (2,) =0

k—o0 k—o0

which is a contradiction to Hopf’s Lemma. Thus (2.12) holds true for all points
x on the boundary.
Furthermore, since 9Q € C?, there is an € > 0 and the neighborhood

A.={z— o7 (2)|z €0 <p<e}CQ

such that 7/ (y) is well-defined for y € A.. It follows from Vu € C (ﬁ) that
for y € A.,

—a%‘(y) >1le>0.

15



CHAPTER 2. PRELIMINARIES

Suppose y € A, and zg € ) satisfies d (y) = |y — x|. Then one finds

u(y) =u(y) —ulzo) = (y — x0) - Vu(0), (2.13)
for some 6 lying on the line yz,. The right hand side of (2.13) is as follows;

(y—20) Vu(®) = —ly— ol % (6)
> ey —zo] = Led (y).

Hence, for all y € A, one finds u (y) > $d (y). Note that the maximum principle
guarantees that u (z) > 0 for z € Q. Now, we set . = Q\ A, which is a closed
set, because A, is open, and set

Umin := Inf v (z) = minu (z).
TEQ: EQ.

Thus, we find for z € Q.

d(z)
()

u (l‘) 2 Umin 2 Umin

S8

where d (Q2) is the diameter of 2. By setting

C := min (C ““‘i“)

27 d(Q)

we find for all z €
u(x) > Cd(x).

16



Chapter 3

Hopf’s Lemma and the

Krein-Rutman Theorem

The existence, positivity and simplicity of the first eigenvalue of the Dirichlet
Laplacian on general domains follow directly from variational arguments as
given in [11]. This method can be used even for self-adjoint divergence form
operators with bounded and measurable coefficients. However, for more gen-
eral elliptic operators without a symmetric bilinear form, the Rayleigh quotient
approach fails. In such cases, where the methods of the calculus variations do
not work, the Krein-Rutman Theorem and De Pagter’s generalisation for com-
pact irreducible operators are useful. When 2 C R" is a bounded domain with
smooth boundary, the combination of the Krein-Rutman Theorem and Hopf’s
boundary point lemma is a strong tool for second order elliptic boundary value
problems. In this chapter, first we have a brief look at how this combination is
used by Amann in [2]. Then we give an example that illustrates that a uniform
Hopf’s lemma is necessary in this combination. The main result stated in this

chapter has been published in [5].

3.1 The Krein-Rutman Theorem

Definition 3.1.1 If E is an ordered Banach space then the positive cone
P ={ue€ E;u>0} is called total if P— P = E.

For a Banach space F, we denote by £ (E) the space of all bounded linear
operators on E. Recalling from [29] the classical Krein-Rutman Theorem is as

follows.

17



CHAPTER 3. HOPF’'S LEMMA AND THE KREIN-RUTMAN
THEOREM

Theorem 3.1.2 (Krein-Rutman Theorem) Let (E, P) be an ordered Banach
space with total positive cone. Suppose that T € L (E) is a compact and positive
operator with a strictly positive spectral radius r(T) = limsup,,_,.. /|7
Then r(T) is an eigenvalue of T and of the dual operator T™* with eigenvectors
in P and in P*, .

Let us remark that an eigenvalue \ of a linear operator T is called simple
if

dim (G ker (A\] — T)k) =1

k=1
Where [ denotes the identity operator.
The following theorem is the combination of the Krein-Rutman Theorem
and an important result of De Pagter [39] that replaces the positivity of the
spectral radius of T' by irreducibility. First we recall the notion of the irre-

ducible operator on a Banach lattice from [11].

Definition 3.1.3 A real vector space with a partial ordering, say (E,>) is
called a vector lattice if f,g € E implies that sup (f,g) € E.

With a norm supplied (E,>,|| - ||) is called a Banach lattice if (E, | -||) is
a Banach space and if (E,>) is a vector lattice such that |f| < |g| implies
11l < llgll, where [f| := sup (f, —f).

The set A C E is called a lattice ideal if |f| < |g| and g € A imply f € A.
A positive operator S € L (F), i.e. if v > 0 then Sx > 0, is called irreducible

if {0} and E are the only closed lattice ideals that are invariant under S.

Theorem 3.1.4 (Krein-Rutman-De Pagter Theorem) [5] Let E be a Banach
lattice with dim (E) > 2 and let T € L (F) be positive, compact and irreducible.
Then the spectral radius of T is an eigenvalue of T and the corresponding
eigenfunction is unique. Moreover, the spectral radius of T' is the largest (in

absolute value) eigenvalue of T'.

Amann in [2] used the Krein-Rutman Theorem for proving the existence
and positivity of the first eigenvalue and corresponding eigenfunction of the

second order elliptic boundary value problem

{ Lu= X mu in Q, 51)

u=20 on 0f),

where €2 is a bounded domain with smooth boundary in R", and

18



3.1. THE KREIN-RUTMAN THEOREM

L:=— Z a;D; Dy, + Z a;D; + a (3.2)
ik=1 i=1
and a;, a;,a € CH (ﬁ) such that a > 0 and there exists a constant v > 0 such
that

n

> awtiG = 7I¢)?

ik=1

for all z € Q and ¢ = (¢1,-++,¢,) € R™ Moreover, it is supposed that m €
cH (ﬁ) and m(x) > 0 for almost all z € Q. Since the solution operators K :
Cr (Q) — 2 (Q) (< ¢ (Q)) and T : LP (Q) — WP (Q) (= L7 (Q))

for

{ Lu=f in{, (3.3)

u=0 on 0,
do not fulfill all the hypotheses of the standard Krein-Rutman Theorem,

Amann considered the solution operator Gg in C, (ﬁ), which is defined as

c.(Q) = {u € Gy (Q) ‘ o] := sup ‘zg;’ < oo}

and e is the unique solution of

Le=1 in €,
e=0 on 0N.

As the boundary of € is smooth, one finds that for any 0 < f € C (ﬁ) there
are positive constants C'y, ¢y > 0 such that
Cr€ S GQf S Cf@.

Now, we assume that L is simply the Laplacian operator, however, the following
argument is valid for general second order elliptic operators with the form of
(3.2) with sufficient smooth coefficients. For 9Q € C? Hopf’s Lemma and
regularity imply that there are C, ¢ > 0 such that

cd <e<(Cd,

where d is the distance function to the boundary of €2, see Theorems (2.3.6)
and (2.5.8).
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Definition 3.1.5 The solution operator Gq : C(Q2) — C.(2) for (5.3) with
L = —A is said to be strongly positive whenever 0 S f € C(Q) implies that
for some ¢y > 0 and for all x € 2 one finds that

u(x) > ¢y e(x). (3.4)

Remark 3.1.6 For Q bounded and 0Q) € C? the definition of strongly posi-
tive (see e.q. [28]) implies that G € L (Ce(ﬁ)) has a positive spectral radius
r(Ga) = [|Gaell,-

It may be misunderstood that if Hopf’s boundary point Lemma holds on
a domain €2, then the solution operator Gg is strongly positive. We show by
a counter example that a pointwise Hopf’s Lemma is not sufficient. We will
construct a special domain €2 for which there is an interior sphere condition
at each point and hence, Hopf’s boundary point Lemma holds true at each
point. Nevertheless, the solution operator is not strongly positive in the sense
of Definition 3.1.5. The solutions on Q will in general not be in C(Q) although
the normal derivative is expected to exist at each boundary point. This illus-
trates that it is necessary that Hopf’s Lemma holds uniformly for the solution

operator G to be strongly positive.

3.2 Main Result

o
_ .

A

Figure 3.1: Our ezample domain €2 (©)Springer Basel

The domain 2 C R? (see Figure 3.1) is defined as follows. Let ¢ > 1 and

set
0 for t =0,

g (1) = { (\/m_ 1) cos <7T |t|7q) for 0 < |t] < 1.
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3.2. MAIN RESULT

We define
Qi={(r1,2) €RY| Ja| < Tand 6, (01) <2 < 141t} (35)

Theorem 3.2.1 Consider Q as in (5.5). Let f € C(Q) and suppose that

u e Co(Q) NW2EP(Q) with p > 1 solves

loc

{ —Au=f in(, (3.6)

u=0 on Of).

If f 2 0 holds true, then u satisfies Hopf’s boundary point lemma at each point
of 0. Nevertheless, for such u there is no ¢ > 0 such that u satisfies (3.4)
with e replaced by dg,.

Remark 3.2.2 By Arendt and Bénilan [7, Lemma 2.2, using results from
[15], one finds for bounded domains Q C R™ that u € Co(Q), with Au € LP ()
and p > n, is in W2 (Q). Hence the solution in Theorem 3.2 coincides with
the weak solution that one obtains through the Riesz’ Representation Theorem.
See e.g. [19]. The reverse is in general not true. A punctured disk shows that
the weak solution does not have to be in Co(2). In higher dimensions there are
even simply connected domains, for example with a Lebesque Thorn, that may

Serve as a countere:mmple.

In order to prove the Theorem , first we prove some lemmas as follows.

3.2.1 Auxiliary Lemmas

We fix domains A C 2 C B as follows:

A= {(xl,azg) (2 — 1) < 1}

and with
3 (1) = VI—t2 -1 for 0 < |¢]? < 2,
T (\/1 — 2 — 1) cos (7r |t\7q) for I < [t]? <1,
we set

B = {(ml,xg);]:c1| < land ¢, (1) < 9 < 1+\/1—xf}.
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Figure 3.2: A C Q C B (©Springer Basel

/

See Figure 3.2. For D € {A, ), B} we then define u4, ug and ug in Cj (Q) N
WP (Q) to be the unique solution of

loc

(3.7)

—Au =1 1inside D,
u=>0 on 0D.

The Maximum Principle shows that these functions are positive inside their

domains.

Lemma 3.2.3 Let us, ug and ug be as above, the solutions of (3.7) on the

corresponding domains, then
0<ug<ug onA, and 0 < ug < ug on € (3.8)

and with v = (_01>, the external normal vector at the origin,

_8uA

(0) < liminf M < lim sup ug (—¢v) < —auB

0< ——
ov l0 € £10 € ov

0).  (3.9)

Proof. Let ua, ug and ug be as before. The function uqg — u4 satisfies the
equation
—A(ug —uq) =0 on A,
ug —uyg >0 on 0A,
and by the Maximum Principle we get ug—wu4 > 0. The same argument applies
to ug — up on €. For the second part of Lemma, since A is a smooth domain,
by Hopf’s boundary point Lemma at 0 € A we have —%UA(O) > 0. Using
this and (3.8), the inequalities in (3.9) follow. O

Lemma 3.2.4 Let ug, ug and ug be as in Lemma 5.2.3. Then there exists
C* € R such that for x = (x1,22) € QN Byy (0) the following holds true:

0 < ug(x) <up(z) < C*d(z, B). (3.10)
Here d(z, B) = dist(z,0B).
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3.2. MAIN RESULT

Proof. The second inequality in (3.10) follows from 2 C B and the Maximum
Principle. The third one from standard regularity (see Theorem (2.3.6)) near
a smooth boundary 0B near 0. O

Now we consider the boundary 02 in a neighborhood of 0. This boundary
oscillates by the definition of ¢,. See Figure 3.2. The positive local minima of
¢, are denoted by the decreasing sequence {b;},-, and {ay, ¢4} -, will denote

the zeroes of ¢,, that is:
0< - <ey3<by<az<cy<by<ay<c <b <ay.

For each fixed k, we define the ball By := B,, (b, —ry) with 7 = —%gzﬁq (by).

See Figure 3.3. We write for the minimum points, the centers of these balls,

i = (br, &g (b)) and my, = (be, 36, (be)) (3.11)

Next we define the function ¢y on 0By, as follows:

27’k 8Bk N Q,
— 3.12
#r() { 0 otherwise. ( )

Let ug be the solution of the following boundary value problem:

(3.13)

{ —Au =1 in Bk,

U= on JdBy.

Figure 3.3: The disk By (©Springer Basel
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Lemma 3.2.5 Let C* be as in (5.10). On B N we have
ug(z) < C*ug(x) (3.14)
and 5 5
ug Oy

Proof. Both inequalities follow from the Maximum Principle and Hopf’s Bound-

ary Point Lemma on By N €. O]

Lemma 3.2.6 Let uy be as in (3.13). Then for ¢ > 1 we get

_ Oy

(k) = 0. (3.16)

Proof. The lowest points of each bump, x; = (bg, ¢, (bx)), k = 1,2, ... is com-

puted to be
1

1
=5+ 0 (5)-

We may approximate the width of 9By N () as follows:

o ot (i) (0 (R)

The diameter of the ball By, is

=== o) =4 () (10 (1) 0 1))

So, the ratio of the width of 0By N () to the radius of By is approximately

1/ 1\ a1 )
ar —Ck ¢ (ﬂ) 1+ 0 l min(1,2/q)
Lo, (b)) 2/a k
2%q (br) (%)
1—1

4 1 1 min(1,2/q)
S 1 - .
q <2kr> ( o (k:) )

When k£ — oo, the ratio goes to zero for ¢ > 1.
When the ratio of the width of 0B, N to the radius of B vanishes for

k — o0, it follows from the Poisson formula

7"1% — | — mk|2 / or(y)
ly

1 2 2
271y, |=rs |9r:—y|2da‘mLZ (T’C_ | — my )

ug(x) =

24
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that g%’; (xr) — 0 for k — oo. Indeed, the derivative of the second term goes

to 0 since

T (A(t— o - m’“|2))\m=mk — —16, (bx) — 0.

The derivative of the first term goes to zero, since |0By N Q| /ry — 0:

d 7“1% — |z — mk’2 or(y)
doy -
0T 21y, lyl=rs. |7 — y|?

1 21y |0Br N2
_ Sﬁk(y)2d0y§ Tk | 1; |_>0_
T Jlyl=re |21 — Yl Ty
With (3.15) the claim in (3.16) follows. O

Assume that Gg is the solution operator for (3.7) for D = €. The follow-
ing proposition shows that the standard argument for a Krein-Rutman result

cannot be used.
Proposition 3.2.7 Gq is not strongly positive in the sense of (3.4) fore = dg.

Proof. Suppose that G, is strongly positive. Then by taking f = 1 there exists
¢ > 0 such that

u(r) = (Gaf)(x) > cdo(z).

However, since we have a sequence of boundary points {z},, .y such that 3% ()
exists and 2%(z;) — 0 for k — oo, there is an kg such that —2%(z;,) < 3¢ for all
k > kg, and by the mean value theorem the contradiction follows for x = x—ev

and ¢ sufficiently small. O]

3.2.2 Proof of the Main Theorem

Now we are able to prove the main result of this chapter, namely, Theorem
(3.2).

Proof of Theorem 3.2. Except in 0 the boundary is CY' and the positive out-
side derivative follows from the classical version of Hopf’s Lemma. Lemma
3.2.3 covers 0. Proposition 3.2.7 shows that (3.4) does not hold. O

3.3 Eigenfunction and Eigenvalue

Although the Krein-Rutman Theorem can not be used for the solution Gg

described in Theorem (3.2), nevertheless, the first positive eigenvalue and
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the corresponding positive first eigenfunction of G exist. Indeed, the Krein-
Rutman-De Pagter Theorem is helpful. However, although the existence and
the positivity of the first eigenvalue of Laplace operator is a direct consequence
of the Rayleigh quotient, we show how the Krein-Rutman-De Pagter Theorem
is used.

Assume that € is as defined by (3.5), consider the eigenvalue problem

—Au = in (2
{ u=Au in Q, (3.18)

u=>0 on 0f).

For any bounded domain the Riesz Representation Theorem supplies us

with a solution operator Gg, : L2 () — W12 (Q) that gives us a weak solution
of the boundary value problem

{ —Au=f inQ,

(3.19)
u=20 on 0f).

For © defined in (3.5) the boundary is not smooth enough and so we do not get
strong positivity as in Definition 3.1.5. Hence the condition that the spectral
radius is strictly positive, which is needed in a Krein-Rutman Theorem as in
[2], is not clear. The version above however will save our day. First we will

need the following result.
Lemma 3.3.1 For Q as above, there is a solution operator Gq € L (C’O(ﬁ)).

Proof. The boundary of €2 is not smooth as required for a standard procedure
as in the introduction. To bypass this difficulty, let ' cc Q\ {0}. By [19]
Theorem 9.13, we get Gof € W?2P(QV), if f € L*(). A Sobolev imbedding
gives W?P (V) — C (W) So we find u = Gof € C(Q\ {0}). On the other
hand, u is continuous at 0. Indeed, since 2 C B, we find by the Maximum

Principle that
u (@) = [(Gaf) ()] < [(Gallflle) (@) < (Gs I fll) ()], (3.20)

and hence, if  approaches 0 we find
tim [u(e)| = lim (G | f1]0) (@) = 0.

So u = Gof € C%Q). Obviously Ggq is linear. To show that the operator

Gq : C(Q) — C(Q) is continuous, we use (3.20) to show that Gp is bounded:

1Gafll = 21618|(G§2f) ()] < itelgl(GB 1fllo) ()] < el fll -
So G € L (C°(Q)). O
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3.3. EIGENFUNCTION AND EIGENVALUE

Theorem 3.3.2 Let Q and Gg € L (CD(QD be as above. Then there is a
unique positive eigenfunction ¢ € C <§) N C?*(Q) for (3.18) and the corre-

sponding eigenvalue \ is strictly positive.

Proof. We will show that the linear operator G satisfies the conditions of
the Krein-Rutman-De Pagter Theorem. GG, is positive by the Maximum Prin-
ciple. To show that Ggq is compact, consider {f,} € C(€). Then all the re-
stricted functions {Qﬁlb\ B.(0) = Gafala . (0)} C C(Q) are differentiable, hence
{Un|§\35(0)} c Ct (Q \ B-: (O)) for € > 0. Thus by the Arzela-Ascoli Theorem

[10], the restricted operator fn — (G fa) g p, (o) IS compact for each m € N.

So for m = 1 the sequence {un =G fnlﬁ\ B, (0)} has a convergent subsequence
which we denote it by Uy = {u,}. For m = 2 there is a subsubsequence
Uy = {uy,,} of Uy. By iterating this we find subsequences Uy D Us D U3 D ...
and by using a diagonal argument we get a subsequence {ug,, Ukyy, Uksyss -}
which is convergent in C' (ﬁ\ {0}) Since all the functions ug, , are zero at
r =0, also {ukx} converges in C'(§). Consequently, Gq € L (C’ (ﬁ)) is com-
pact.

The Strong Maximum Principle shows that Gg : C(Q) — C(Q) is irre-
ducible. Indeed, (C’ (), <, ||||OO) is a Banach lattice under the canonical or-
dering defined by f < g if f(x) < g () for all x € Q. The Strong Maximum

Principle implies for f € C(Q) with f > 0 that either Gof (x) > 0 in

when f # 0 or Gof (x) = 0 in Q when f = 0. So C(Q2) and {0} are the
only closed lattice ideals in C'(Q) which are invariant under Gq. The closed
lattice ideals in Q are sets {g € C(Q)| g = 0 for x € K } with K a closed set in
(2, see [11]. Hence, by the Krein-Rutman-De Pagter, G has a unique positive

eigenfunction v in C'(Q), that is, Goy = M with ¢ € C(Q)* and A € R*. [
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Chapter 4

Poisson’s Problem on Cone

Shaped Domains

It has been demonstrated in Theorems (2.3.6) and (2.5.8) in Chapter 2, that
for a domain 2 with boundary of class C? and a positive f € C(€), the solution
of

—Au = in )
u=J i (4.1)
u=0 on 0,
satisfies the estimate
cd(z) < u(zr) < Cd(x) for x € Q, (4.2)

where d(z) is the distance function to the boundary and ¢ and C' are positive
real numbers. The regularity results imply the estimate from above in (4.2)
and the Hopf’s boundary point Lemma is the main tool to get the estimate
from below.

In this chapter, we consider bounded domains €2 C R"™ which are smooth
with the exception of a vertex, we fix this vertex at zero, satisfying the following

condition:

Condition 4.0.1 Q C R" is such that 9\ {0} € C* and there exists p > 0
such that
QNB,(0)=C,s:={rf] 0<r<pandfeS}, (4.3)

where S is a smooth proper subdomain of S"~'. See Figure /.1.

The following examples show that for €2 satisfying Condition 4.0.1, there is

no guarantee for regularity and for Hopf’s Lemma to hold true.
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Example 4.0.2 Let Q2 be the infinite planar sector

Coos = {(:C1,a:2) € R? x; > \xglcoto;}

with fized 0 < w < 7. Here, S € St is the interval S = (—%, %) The function
u (z1,72) = 73 tan (%) — a3 satisfies the following boundary value problem:

—Au=2 (1 — tan (%)) in Cuo,s,
u=>0 on 0Cx 5.

One observes that —Au is a positive constant but

0
5, (0,0) =0,

which implies that Hopf’s boundary point Lemma fails at (0,0).

Example 4.0.3 Let Q) := {(7", )| r>00<6< g} and set

N2
u(r,0) =r? <7T_1 (sin201nr + 6 cos 26) + (511126‘)> :

Then we observe that —Au =1 € C™ (ﬁ) and u =0 on OQ but u & W>2(Q).
That means the derivatives of w may have singularities even with the right

hand side function f € C* (ﬁ)

Figure 4.1: On the left a domain Q C R3 locally resembling a cone as in
Condition 4.0.1 and B, (0); on the right the enlarged cone inside B, (0).
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CHAPTER 4. POISSON’S PROBLEM ON CONE SHAPED
DOMAINS

In this chapter we will derive an estimate for the solutions of (4.1) with
Q) satisfying the Condition 4.0.1, in a neighborhood of the conical point. This
estimate will be a replacement for (4.2). Indeed, under the appropriate hy-
potheses on the behaviour of f, we will find a sharp power-type estimate for
u.

Kondratiev [20] and Grisvard [21] assessed the regularity near a conical
point. They proved that the regularity is ruled by a power-type function. We
are interested in whether and when such a power-type function also determines
a Hopf’s type result for (4.1), when f is nonnegative. In this work we are looking
for an alternative function for d(x) in (4.2) for the solution of (4.1) when 2

is a domain containing conical points. The results of this chapter have been
published in [0].

4.1 The Eigenfunction

Assume Q C R" satisfies Condition 4.0.1 with a smooth domain S & S"!.
The eigenfunction of the Dirichlet Laplacian in a cone-shape domain has an
important role to approximate the solution of (4.1), see [20, 21, 26, 32, 36]. So,

first we consider the eigenvalue problem

{ —AV =p¥  in C g, (4.4)

v =0 on 0C .

We are going to compare the first eigenfunction of (4.4) and the lowest order

power type solution w (r, ) = r*) (0) with a > 0 of

“Aw — ;
w=0 inCxg, (4.5)
w=0 ondCyxgs,
on a neighborhood of zero.
Let (¢1, ALp1) be the first eigenfunction/eigenvalue of
—A =\ i
LB¢ ¢ m S? (46)
=0 on 058,

where A p denotes the Laplace-Beltrami operator on the unit sphere.
We may write the fundamental solution of (4.5) by w (r,0) = r*; (), see

[20]. Since the Laplace operator in the spherical coordinates takes the form

rl_"%r”_lg +r2ALg, (4.7)
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by substituting and calculating, w solves (4.5), provided that

—Aw = —r'" naar o 8 — (r*1 (0)) +r 2 AL (r*n () =

—a(n+a—2)r*"2Y (0) + Appar® 2 (0) = 0.
The quadratic equation
—a(n+a—2)+ g1 =0,

has the positive root

o = A + (252) - 252, (4.

We get w(r, ) = r*1,(0).
We are looking for the first eigenfunction ¥ of (4.4) of the form W (r,0) =
v (r) 1y (0) satisfying

—AW = = DD (0 () 4y (6)) + 72 Aps (v () 1 (6)) = o (1) ¢ () -
Then one finds
— (0= 1) (1) + 0" (1)) $1(0) + Appar 20 ()1 (6) = prw(r)ihr (6).

As 11(0) is a positive function and nonzero in S, we only need to solve the

following ordinary differential equation
— 0" (r) = =" (r) + r P Appav (r) = po (r) . (4.9)

Consequently, the function W (r,6) = v (r) ¢ (0) solves (4.4) if there exists a

nontrivial solution of (4.9).
After the transformation v (r) = (\/ﬁr)l_n/2 g (ﬁr) and s = \/pur, one finds

—(25") 39 (s) — 25 (252) o' (5) = 59" (s) +

or, in other words

24" (5) + sq' () + (52 _ (ALBJ 4 ("22)2>) g(s) =0. (4.10)
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2
Equation (4.10) is the well-known Bessel equation of order A\;p 1+ ("7_2) and

and the solutions, which are bounded in 0, are given by multiples of the Bessel

function

9(5) = Jo, (5) with By i= A + (252)

where

Jo ()= (3)" io T e O

So one can take p such that /it = pg, 1 is the first positive zero of Jg, (-). We

observe that the growth rate of w is as follows:

&1:51+1—;=\/)\LB,1+<"52)2—";2.

In conclusion, we have proved:

Lemma 4.1.1 Let oy and 3y be as above. The solutions of (4./) are as follows:

s _1\m 1T 2m
U (r,60) = 1 (0) Y il () (4.11)

m=0

Note that ¥ and w have the same growth rate near 0.

4.2 Growth rate of the solution

For the sake of simple statements we will use the following notation.

Notation 4.2.1 Let u,v : A — R be two positive functions. We write
‘v(z) 2 u(z) for x € A, if there exists a constant ¢ > 0 such that v (z) <
cu(z) forallz € A. If v(x) 2 u(z) and u(x) <X v(x) for x € A, we write
‘v(r) ~u(x) forx € A’

Let €2 C R™ be as in Condition 4.0.1. By the standard Maximum Principle
on smooth domains (or on general domains near smooth boundary parts) for
the solution of (4.1) one finds

u(z) > ed(x,00) for z € Q\ B:(0)
and with regularity for the estimate from above we find hence that
u(z) ~n (I%) for x € QN 9B.(0).

32



4.2. GROWTH RATE OF THE SOLUTION

So we are left to find estimates for u on Q N B.(0) starting from

—Au=f=20 inQnNB(0),
u=0 on 092 N B.(0), (4.12)
U~y (g) on 2N 0B.(0).

Theorem 4.2.2 Let Cy 5, Apa, Y1 and oy and w be as defined in (4.3), (4.6),
(4.8) and (4.5), then for each nontrivial solution u € C(Q) N C%(Q) of (4.1)
with f > 0 there exists c; > 0 such that

crw(z) < u(z) on Cygs. (4.13)

Theorem 4.2.2 provides an estimate from below for v on C;g. One can
find from (4.11) and (4.13) that ¥y < w on C; ¢ for all f > 0. In general
an estimate from above by w for u does not hold. For example, the function

u (z1,72) = 22 tan (%) — 22 in Example 4.0.2 satisfies

&% cos [ T ) < u(x)
w = |z|v cos | —— u(x

wlz|) ~ ’
but the estimate from above does not hold.

In view of Proposition 3.3 and Lemma 3.4 in [35], one may conclude the

following proposition.

Proposition 4.2.3 Let 2 C R" satisfy Condition 4.0.1 and «q correspond
to S as in (4.8). Problem (4.1) with f € L*(Q)) has a unique solution u €
W22(Q) N WY2(Q) if and only if

l—ap <—-1+5<n—1+a. (4.14)

In [21, Theorem 4.6], Grisvard presented a formula for the solution of (4.12)
as follows.

Theorem 4.2.4 Let Q satisfy Condition /.0.1 and assume that (Mg ;,;), for

j=1,2,--- are the eigenvalues/eigenfunctions of (4.6) for the corresponding
S ¢ S*7' and furthermore, assume that App; # (2 — %) (n— %) for j =

1,2,---. Consider u € WY2(Q) to be the solution of (4.1), for f € LP(Q),
p > 2. Then there exist constants a; such that

vmut Xl E () (115)

X
nsee3) (-3 :

2
with up € W?P(Cy5) and 3; = \/(g - 1) + ALB,;j-
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Remark 4.2.5 Note that due to formula (4.15), when the first eigenvalue of
Laplace Beltrami operator App,1 is larger than (2 — %) (n — %), then the power
type part of (4.15) is cancelled and u = uy € W*P(Cy5). The estimates of the
behaviour of u when A\pp1 < (2 — %) (n — %) are the main subject of the rest
of this chapter.

Proposition 4.2.6 Let Q) satisfy Condition 4.0.1 and A1, ¥1 and oy and
w be as defined in (4.6), (4.8) and (}.5). Assume u € W2(Q) is the solution
of (4.1) for 0 = f € LP(2), p > n and suppose that

Api< (2-2) (n—12). (4.16)

p

Then, if ay < 1, the solution u satisfies
x
u =~ ||y <||> , forx € Cyg. (4.17)
x

Proof. Following formula (4.15), the solution u has the form

u(@) = up(z) + x| ¢y ( - ) T (4.18)

]

and u; lies in WP (Q) which imbeds in C%*1(Q) by setting p > 5. Hence,

2—aq”
one finds for some ¢; > 0;

jug(z)] < ealelorsy (H) . (419)

Note that vy appears in right hand side of (4.19) because us(z) = 0 for x € 5.
By (4.19) and using the fact that «; is the smallest power in the power-type
part of right hand side of (4.18), one can find that there is a positive constant
a such that

ulw) = ug(w) + arlef™ o, <|§|> e < el (;,) +ala]* <|§|> ,

and consequently, we find

csiraz)

The estimate from below is given by Theorem 4.2.2, so the result (4.21) is
achieved. O
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Proposition 4.2.7 Let Q satisfy Condition 4.0.1, A\pp1, Y1, a1 and w be
as defined in (4.6), (4.8) and (4.5). Assume u € WI’Q(CLS) is the solution of
(4.1) for 0 S f € LP(Cys), p > n and suppose that

Apa < (2-2) (n—2). (4.20)

Then, if 1 < ay < 2, for p large enough, the solution u satisfies
x
u =~ ||y <||> , forx € Cyg. (4.21)
x

Proof. For p > n the Sobolev space W%P(€) can be imbedded in Ct*1~1(Q)
when 2—2% > a; = 14 (a1 —1) > 0. Thus the function uy in the formula (4.15)
lies in C*1~1(Q). This implies that Vu, is continuous on Q. Since 0 € 99 is
the singular point and Vuy is continuous at 0, one finds Vu(0) = 0, which

implies for some positive constant ¢y,

[Vug(a)] < clz* (4.22)

for all # € Cy . From the fact that uf(z) = 0 for z € 9Q and the estimate
(4.22), it follows that

T
| < clrx\w< )

||
for some positive real ¢ and € C; 5. The estimate from above for u is now

directly concluded as follows:

_n e s xXr
u = Uf —|—a1]ac|1 2+ﬁ1w1 ( ) + - S cl|x|a1w1 ( ) +02|x|a1w1 ( ) .

] |z] |z]

The estimate from below is established by Theorem 4.2.2.
O

Theorem 4.2.8 Let (Arp1,%1), oq and Cy s be as defined above and let
satisfy Condition /.0.1. Assume that u € WI’Z(Q) is the solution of (4.1) with
0s feClQ) and f(0) > 0. Furthermore, suppose that oy > 2. Then the

solution u can be estimated as follows:

u:hﬁ%(é&, (4.23)

forall x € Cy .
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Proof. To achieve the estimate from above, we set M := max_ g f(z), which

is strictly positive since f(0) > 0. Let v be the solution of

{ —Arpv—2nv=1 in S, (4.24)

v=>0 on 08S.

Under the assumption o; > 2 we have A\pp; > 2n which implies that v, the
solution of (4.24), exists and is positive on S and moreover, since S is smooth,
v ~ 11 holds. Then the function

T
u, = M|z|*v <|x|>

satisfies the following boundary value problem;

—A'pr =M in 0175,
u, =0 on 0Cy g N 011,
u, = Mv (I%I) on S.

Since f X —Awu, = M on C; g and u ~ u, on 9C; g, by the maximum principle
one finds u < u, on C; s and consequently, the estimate u(z) < |z[*¢; (%) on
C1,s is achieved.

To get the estimate from below, we set

Ot ={ze€Q|f(z) >0} CQ

which is nonempty since f(0) > 0 and hence 0 € Q. Let m := mingeq+ f(x) >

0 and set u, := m|z[*v" (%) where v is the solution of

(4.25)

—Arpvt = 2nvt = xorns (ﬁ) in S,
vt =0 on 0S.

Here, x4 is the characteristic function of the set A. Similar to v, one finds that

vt exists and is positive on S and v =~ 1);. Then one finds that u, satisfies

—Auy, = mxo+ in Cy g,
u, =0 on 0Cy g N O,
Up >~ Yy (%) on S.

Consequently, —Au, = f in C; g and v ~ u, on 9C; g. Thus the estimate from
below |z|%y; (|ﬁ—|> ~ uy, 2 uin Cy g is proved.
O
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Remark 4.2.9 One can observe in the proofs above that the estimate from
below and the estimate from above are independently achieved. They have been
combined to get a short statement, which directly shows that the estimate is
optimal. This is still true for the estimates in our general results presented in

the next section.

4.3 General Results

In [13] one finds that the solution of (4.1) on a concave corner domain 2 = C; g
in R? has the same growth rate as the eigenfunction ¥; when 0 < f € LP(Q)N
C(€) with p > 2. For a convex sector one finds u ~ U, as long as f € C(1)
and 0 < f(x) = |z|” near the corner point for appropriate ¥ € R, see [13,
Corollary 6.

For domains containing conical points in general dimension we present the

following result.

Theorem 4.3.1 Suppose that Q C R"™ satisfies Condition 4.0.1 with S a
smooth subdomain of S"~'. Let C1 5, (Arp.1,%1) and ay be as defined in (4.53),
(4.6) and (4.8) . Suppose that 0 S f e W12 (Q)nC (Q \ {0})

e Then the weak solution u € W2 () of (4.1) is positive and there exists
C=C(f,Q) > 0 such that

C |z|* 9y (ﬁ) <wu(x) forallz € C,g. (4.26)

e Moreover, let m > —2, let Sy C S™! be an open and nonempty subset
of S and assume that 0 < p < 1. Then there are C, = Cy (p, Sy, 2, m) and
Cy = Cy (2, m) € RT such that the following holds.

If f satisfies for some c1,c9 > 0

fz) <colz|™ for all z € Q, and (4.27)
o1 |z|™ < f(x) forallx € C, 5, (4.28)
then for ¢, = Cy ¢y and ¢y = Cy co the solution u of (4.1) satisfies:
1. If m < oy — 2, then for allx € C, g
™ () < ule) < &l (7). (4.29)

2. If m=ay — 2, then for allz € C, g

Al () ¢ (&) Sule) <Gl (L) o (&) (4.30)
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3. If m >y — 2, then for allz € C, 5
x| (ﬁ) <wu(x) < cylz|™ Yy (ﬁ) . (4.31)

Remark 4.3.2 In the above theorem, the bound from below for f is more

general than the one stated in []3, Theorem 5 and Lemma 7.

Proof. Note that it will be sufficient to prove the estimates from above for the

solutions w,, of
— Au=|z|" in Q with u =0 on 09, (4.32)
and the estimate from below for the solutions wu,, of
—Au=xc,q (z) |z[™ in Q with u =0 on 0. (4.33)
The function xc, 4 denotes the characteristic function for C, s, that is
Xc, s, (@) =1for z € Cy5, and xc, 5, (¥) = 0 elsewhere.

Away from the cone the domain is smooth and the right hand side is
bounded. Hence, we may use the maximum principle and Hopf’s boundary
point lemma to find that there is a ¢; > 0 such that

cid (z,00) < wu,, (z) forx € Q\C, . (4.34)
We may use regularity theory to find that there exist co > 0 such that

U, (2) < cod (2,00) for x € Q\ C, 5. (4.35)
This leaves us to find estimates in C, g for

{—Au:msﬂ(m o™ inCs {—Auzwxrm in C,.s.

U= U, () on dC,g, U =Ty (x) ondC,s,

knowing the estimates in (4.34) and (4.35) on dC, ¢ N Q. Note that B, (0) N
Q C pS™! has a smooth boundary B, (0) N 9Q which implies that the first

eigenfunction ¢, of the Laplace-Beltrami problem on S is such that

i <x> ~ d(xz,0Q) for all z € 9C, s N Q.

||
Let a; be as in (4.8) and let A g be the first eigenvalue of (4.6).
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e The case m < a; — 2 and the estimate from above. We set p :=

— (m +2) (m +n) and since m + 2 < «; is equivalent to
(m + 2) (m + TL) < )\LB,17

we find that

{ _ALBUM + Huy, = 1 in S, (4 36)

v, =0 on 05,
has a unique positive solution v,, which satisfies, using regularity for the es-
timate from above and Hopf’s boundary point lemma for the estimate from

below:

Y1 (0) ~ v, (0) forall § € S.
Taking

uy () = |2 o, <$>

||

we find that u4 satisfies

—Auy (z) = |z|™ forxzeC,s,
Up = 0 on 86,,,5 N 89,
ua (x) >~y (é—') for x € 9C, s N

Hence one finds by the maximum principle that @, (z) < ua (x) on C, s.

e The case m < a; — 2 and the estimate from below. We take p as

before but instead of (4.36) we consider the unique positive solution w,, of

{ _ALBwu + HW,, = XS, in S, (437>

w, =0 on 085,

and set

up (z) := |z w, ( ’ >

||
to find that up satisfies

—Aug (x) = |z|™ xs, (ﬁ) for x € C, g,

ug =0 on 9C, ¢ N OS2,
uB(a:):%(“"’) for x € 9C, s N Q.

J
It follows that w,, (x) = up (x) on C, s.
e The case m = a; — 2 and the estimate from above. Let vy(f) be the

solution of

(4.38)

_ALB'UO =1 in S,
Vo = 0 on 85,
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and set

m+2 1 z m+2,, T
ue () := fal ln(||> <H>+“m Qﬂ»

which is positive on C; g for K > 0. We have

3 et (g o (1)) = 2 (7).
A <|x|m+2 v (g)) = |z|™ (— (m + 2) (m + n) v <|i|> + 1) (4.39)

Since 9 (0) ~ vy (#) for § € S holds true, we may take £ > 0 small enough to
find
Cm4+n+2)1 (0) > k(m+2)(m+n)y(0) forall § €S.

For such xk > 0 one finds that uc satisfies

—Auc (z) = k|z|™ forx €C,g,
uc =0 on 0C, g N 011,
uc (x) >~ (ﬁ) for x € 9C, s N .
and hence %, () 2 uc (x) on C, 5.

e The case m = a; — 2 and the estimate from below. Let wy(6) be

the solution of
—Appwy = Xs, In S,
wo =0 on 05,

and consider

—A (\xl’m wo <|§’;|>> = —(m+2) (m+n) [z]™ wo (é) ™ s, <é|>
oo ) -rmseseeaz)

Since wy (0) ~ 1 (0) for § € S holds true, we may take x > 0 but small enough
to find

E(2m+n+2)Y (0) < (m+2)(m+n)wy(0) for €S
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and hence it follows that up satisfies
—Aup (z) < |z|™ x5, (ﬁ) forz € C, s,
up =0 on dC, g N 0SY,
uD(:c)zlpl(‘”) for x € 0C, s N,

E]
and hence w,, () = up (z) on C, s.
e The case m > a; —2 and the estimate from above. Let vy(#) be the
solution of (4.38) and set

up ) i= (™ = o) () ™ ()

] ]

which is positive on C; g for £ > 0 since o; < m + 2. We have

~A <|x|°” " <|z|>> —0, (4.40)

—A <— ™2 4, (‘”)) = Ja|™ ((m+2) (m +n) — Appa) ( - ) , (441)

|z]

“A <|g;|m+2 v (;I ) = |z|™ (— (m +2) (m +n) v (@) + 1) L (4.42)

the last one as in (4.39). Moreover, m+2 > «y implies that (m + 2) (m 4+ n) >
ALp1. Since ¢ (0) ~ vy (#) for § € S holds true, we may take k > 0 small
enough to find

]

(m+2)(m+n)—ALp1) 1 (0) > Kk(m+2) (m+n)uv (0) for 6 € S.

For such k we have
—Aug (z) > k|z|™ forx € C,g,
ug =0 on dC, ¢ N OS2,
ug (z) ~ Uy (ﬁ) for x € 0C, s N,
and hence %, () 2 ug (x) on C, 5.
e The case m > a; — 2 and the estimate from below. One takes
o x
e @)= 1ol 01 (1)
to find that it satisfies
—Aup(x) =0 forxzelC,g,
up =0 on 0C, s N 012,
up () >~ 1y (ﬁ) for x € 9C, s N €Y,

and hence w,, () = up () on C, 5. O
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Next we consider a variant of (4.1), namely
—Au = in
u=pu+f inQ, (4.43)
u=0 on 0f),

with f > 0. Let (®1.0, 1t1.0) be the first eigenfunction, eigenvalue of the core-

sponding eigenvalue problem

(4.44)

—Ad=pd in Q,
d=0 on 0.

It is well known that the first eigenvalue p; o for (4.44) is positive and that
the corresponding eigenfunction ®; o can be taken positive. Moreover, (4.43)
is positivity preserving, i.e. f 2 0 = wu > 0, if and only if © < p;.q. Since
®y o € W2 (Q) holds, we find by a Sobolev imbedding that ®; o € L™ () for
n > 3. For n = 2 we find that &, o € LP(Q2) for all p € [1,00) and hence by
[19, Theorem 8.30] we find &, o € L™ (2). Hence, due to Theorem 4.3.1, & o

necessarily satisfies (4.31) in a neighbourhood of 0.

Corollary 4.3.3 Let Q) be as in Theorem 4.5.1. For n < p1.,q, similar results
for the solution of (4.43) as in Theorem 4.3.1 hold with C,C4,Cy depending
additionally on L.

Proof. Let 2 be a bounded domain with a Lipschitz boundary. Then for all
{1 < pi1.0 the Green functions G, (-, ) : @ x Q — [0, 00] of (4.43) have a similar

behaviour, that is, there exists ¢, q,Cy o > 0 such that
cu0Go (z,y) <G, (z,y) < CLaGo(z,y) for all z,y € Q. (4.45)

See [24, Theorem 7.22]. The assumption that (D,q) := (£, u) is gaugeable
follows for example from [24, Theorem 4.19, iii], since for u < u; o the solution
of (4.43) with f =1 is bounded. As a consequence of (4.45) it follows that the
behaviour of the solution wug for (4.1) and w, for (4.43) near the conical point

with the same f 2 0, are similar, namely
cuoto () <wuy, (x) < Cuaup (x) for all z € Q.

So the estimates in Theorem 4.3.1 hold with the obvious modification due to

the p-dependance. O]
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Chapter 5

Weighted Spaces

In [26] Kondratiev considers the solution of a boundary value problem on
domains containing conical points in special spaces of functions. Indeed, he in-
troduces the spaces containing functions whose derivatives are summable with
respect to a weight. These spaces capture very well the main characteristic of
the solutions of such problems. In fact, the solution is smooth everywhere, ex-
cept at the conical points and on approach to the conical points the derivatives

have pole singularities. Following Kondratiev, these spaces have been used in

[ ? ? ? ]

5.1 Weighted Sobolev Spaces

Definition 5.1.1 Suppose Q@ C R"™ is a bounded domain that 02\ {0} is
smooth and QN B.(0) = C. g, see Condition 4.0.1 in Chapter 4. Let § € R and
1=0,1,2, ...

For p € (1,00) the weighted Sobolev space Vﬁl’p (Q) is defined as the
completion of C(Q2\ 0) with respect to the norm

! ,
_ i i p
||u||Vé’p(Q) - (Z /Q’mﬁ l+|j|DiU(I)‘ dI) : (5.1)
151=0

Remark 5.1.2 One defines Vép(Q) as the completion of C§°(2) with respect
to the norm (5.1). They will supply the appropriate spaces for functions with

zero Dirichlet boundary condition.

To demonstrate the relation between the Sobolev spaces W (Q) and the

weighted spaces Vé’p (€2), we recall the following lemma from [17].
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Lemma 5.1.3 Let feR andl=0,1,2,..... Then

ViP(Q) € W (Q) if and only if B <0,

and

W' (Q) C V37 (Q) if and only if B > L.

The following theorem follows from the general result by Nazarov and
Plamenevsky applied to the Laplace operator. See [36, Theorem 6.10, Chapter
3, page 82].

Let T € C* (R) be such that

T(t)=1 for t <1,
T(t) €[0,1] for 5 <t<1, (5.2)
T(t)=0 for t > 1.

Theorem 5.1.4 (Nazarov-Plamenevsky) Suppose Q C R"™ is a bounded do-
main that 02\ {0} is smooth and QN B.(0) = C.s and let {\pp;} be the
eigenvalues of Laplace-Beltrami operator on S. Let Vé’p(Q) and ‘o/'ﬁl’_pl_l(Q) be
as in Definition 5.1.1. Then the operator A = —A of the problem

—Au = n ()
u=f in(), (5.3)
u=20 on 052,
considered as the mapping
A VEPP(Q) NV (Q) — VEP(Q)
s an isomorphism if and only if
n+2 n n—2 2 :
‘l+2—6—p #\/)\LBJ+<2>7f07’]:1,2, (54)

So for the parameters satisfying (5.4) there exists for each f € Vé’p (Q)
a unique solution u € Vﬂl“’p(Q) N YO//;;’}_l(Q) of (5.3). Moreover there exists
C = Cippa > 0 such that for all u € Vé+2’p(§2) N 10//31’_’}_1(9) with f = Au the

following holds:

||UHV[§+2”’(Q) <C ”f”vém(g) : (5.5)
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Since 8, < S, implies that ViP(Q) C V;”(Q), Theorem 5.1.4 might give
for f € Vﬁlip(Q) a solution u; € Vﬂllﬁ’p(ﬁ) N 10/611’111_1(9) as well as a solution
Uy € Vé:z’p(ﬂ) N ‘0//312”1171(51). From Kondratiev [26] one knows for p = 2 that if
both sets of parameters lie in the same interval defined by (5.4), then uy = us.
The corresponding result was proven by Maz'ya and Plamenevski for p €
(1,00). See [32, Theorem 3.3.2 page 107]. For the present case it leads to the
following result, since the first eigenvalue A, is simple both algebraically

and geometrically.

Corollary 5.1.5 Suppose that B, < 3 are such that

< \/)\LB,I + (%72)2, (56)

\/ALB’lJF(nQQ)? <l+"§2—ﬁ*—Z< \//\LB’QJF(nz?)Z. (5.7)

‘H";Q—ﬁ—

n
p

Then there exists C' > 0 such that for all f € Vﬁlf’(Q) (C Vé’p(Q)) the solution
u € Vé”’p(Q) N ‘7;’_7’1_1(9) of (5.3) can be written as

Xz

u(z) =cp T (2| /p) |x|a1¢1< )—l—w(az) for all z € Q

|

for some 0 <p<1,c; €eRandw € Vé:rQ’p(Q) with

|Cf| + ||w||vﬁl*+2’1’(g) <C Hf”VBlf(Q) )
where oy is as defined in (/.8).

Remark 5.1.6 The conditions in (5.6), (5.7), can be rewritten as

—al—(n—2)<l+2—ﬁ—ﬁ<a1,
p

n—2
5

n 2
Oél<l+2—ﬁ*—<042_\/)\[/372+(7122) —
p

5.2 Weighted Holder Spaces

Definition 5.2.1 For o € (0,1) the weighted Hélder space AgJ(Q) is
defined as the completion of C=°(Q\ 0) with respect to the norm

I . )
l—otli ; || Dy u(z)—|y|° Dju(y)
el st ) = sup > e~ Du(a)] + sup D | FEviam g
zeN |j|:0 w,yeQ |j|:l

(5.8)
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The space Alﬂ’”((?Q) is defined as consisting of the traces on OS2 of functions in
AgU(Q) with the norm

ol oy = in {HUHAEU(Q) v =u on aQ} . (5.9)

Remark 5.2.2 One defines AfBG(Q) as the completion of C§°(§2) with respect
to the norm (5.8). They will supply the appropriate spaces for functions with

zero Dirichlet boundary condition.

Remark 5.2.3 Let CZU(Q) be defined as the completion of C°(Q\ 0) with

respect to the norm

l . )

; |z|® D} u(x)—|y|® Dju(y)

ullgtoq) = sup > |z|’|Diu(z)| + sup > | e 5 (5.10)
’ 8 |jl=0 TV =

The spaces Cff(Q) and Alﬁ"’(Q) coincide if B ¢ 0,1+ o].

Let us compare our estimate with the estimate following through Holder-

regularity in domains with cones as stated in [36, Theorem 6.11, page 82].

Theorem 5.2.4 For (f,g) € Ag”(Coqg) X A%+2’”(8C0075) there exists a unique
solution u € AZB“’J(COO,S) of

—Au=f inCxg, (5.11)
u=g on0dCxgs, '
provided that
/%J—Q—J#Z—1i¢ﬁff+AwdtM”j:LZW (5.12)

Assume that g = 0,0 < f € C(Q) and f ~r™ m > 0and Q C R"is a
domain with smooth boundary except at the conical point 0 where QN B,(0) =
Ces for some smooth S ; S*~!. Let us decompose m as m = n + o where
n:=m —o and 0 < ¢ < 1. Note that if m is not an integer we may consider

n as the integer part of m. By definition there are c;, co > 0 such that

f(r,0)

ar’ < < cor?,

which implies f € A%7(€). So there is a solution u € A*7(Q) N /DX(EZ,Q(Q) for
1

the Poisson equation (5.11) on €2 if

;—1—\/(”;2)2+>\L371<—7’]—2—0’<g—1+\/(7152>2+)\[/371. (513)
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5.2. WEIGHTED HOLDER SPACES

Note that (5.13) is equivalent to 2 —n — a; < m +2 < a;. For u € A*7(Q) N
/C’\(ff],z(ﬂ) we can estimate u (rf) by integrating along a curve 7 +— 76 (7) with
constant distance to 0 starting from a boundary point 76, to find for some
¢, d > 0 that

u () = /[90 ) IV (0 (1) | dr < ¢ (6 — 8| rH1H < ¢ oy (6) 2,

By our present estimates, see Theorem 4.3.1, we get u ~ r™ 21, (f), since

m+2 < ;. So the estimates from above are identical in these two approaches.

47



Chapter 6

An Anti-Maximum Type Result

Let {(;, ®;)}.-, denote the eigenvalues and corresponding eigenfunctions for

—AP =pudP  in Q
a s (6.1)
®=0 on 0f2.
For u < pq, it is well known that the problem
—Au=pu+f inQ, (6.2)
u=20 on 0,

is positivity preserving, meaning f > 0 implies u > 0. Clément and Peletier
[10] were the first to notice that, if 9Q € C?, for u > p; but near py, the prob-
lem is sign-reversing for sufficiently regular f = 0. This seemingly surprising
behaviour attracted a lot of attention and became known as the anti-maximum
principle. For anti-maximum type results on non-smooth domains see [7] and
[1]. In this chapter, we prove an anti-maximum principle for the solution of
Poisson’s problem on a domain containing conical points. This chapter closely

follows [0].

6.1 Anti-maximum Principle on Cones

In [10], Clément and Peletier established the anti-maximum principle for gen-
eral second order elliptic operators on domains with smooth boundary. Here,

we present it for the Laplace operator as follow.

Theorem 6.1.1 Let €2 be a bounded domain in R™ with smooth boundary and
let iy be the first eigenvalue of (6.1). Suppose that f € LP(Q2), p > n, such
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6.1. ANTI-MAXIMUM PRINCIPLE ON CONES

that f > 0 and suppose u satisfies

—Au—pu=f in ),
u=>0 on Of).

Then there exists a 6 > 0, which depends on f, such that if py < p < py + 90
the following hold,

(i) u(x) <0 forall x € Q,
(ii) 9%(z) > 0 at each point x € 0.

The rough explanation for this result is as follows.

Normalizing by [ ®3dz = 1 and setting

P = (£, 00) @1 = ([ foudr) o, (6.3)

one writes f = Pif + (Z — P,) f. Defining the weak solution operator G, for
(6.2) that exists for p # pu;, i.e.

Gui=(—A—p)y" W2 (Q) —» W (Q) (6.4)
the anti-maximum result follows, whenever one shows
G, (Z—P1) f]| <cpPy forall pe (g —e,pn+e) (6.5)

and compares with

1 d
P f= M@l for all v # py.

M1 — B M1 —

g,uplf =

Indeed, in such a setting the sign of the solution

(qu)l)
H1— [

o1+G,(Z—-DP)f

is determined by G, P f for 0 # |y — 1| but small.

As Birindelli [7, Proposition 3.2] noticed, such a result does not hold in
full generality for the square Q2 = (0, 1)2. The estimates in Theorem 4.3.1 and
Corollary 5.1.5 allow us to formulate a corresponding result for domains with

cones.

Theorem 6.1.2 (Anti-maximum principle on domains with cones) Suppose
that Q C R™ satisfies Condition 4.0.1 with S a smooth subdomain of S*"!. Let
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CHAPTER 6. AN ANTI-MAXIMUM TYPE RESULT

Cis, (ALp1,U1) and oy be as defined in (4.3), (4.6) and (4.8) in Chapter 4.
Let 0 < f € LP(Q) with p > n and suppose that for some m > oy — 2

f(x) 2 fa]™ forz€Cpys. (6.6)

Then there exists ey > 0 such that for all p € (p1, 1 +€5) the solution of
(6.2) satisfies
u(x) <0 for all x € .

Remark 6.1.3 By Corollary /.3.3 one notices that for u < p; the singular
behaviour of the solution near O for a positive right hand side f does change in
size with p but does not change in type. This even holds true for u € (p1, pia).
Since the type of behaviour of the first eigenfunction only depends on the cone,

the assumption m > ay — 2 is sharp.

Proof. Step 1. First we derive some properties for f. With the assumptions
on [ in the theorem it follows that f € Vlo,”;l (Q) for some p > n. Indeed,

whenever

p(l—a;+m)+n>0 (6.7)

holds, then

/Q\|x|1a1f(x)\pdx§/% Ia:!““f(as)\pdwcp/mcpﬁ

P
o[ ey o <o

f(@)[" dx

By assumption we have m > a; — 2 and hence a; — m — 1 < 1. We define

n. € (n,00] by

00 if g —m—1<0,
Ny =
n ifay —m—1€(0,1).

ar—m—1

The estimate in (6.7) holds true for all p € (n,n,).

Note that Vi?? (Q) with p > n is imbedded in W~2 (). Indeed, for
ar > 1 we find V%, (Q) C LP (Q) € W=12(Q). For a; € (0,1) we proceed as
follows. For f € V* (Q) we find by Hardy’s inequality, namely

/ o ()] |2] % de < CH/ IVl dz for all g € W12 (Q),
Q Q
and Cauchy-Schwarz, that
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6.1. ANTI-MAXIMUM PRINCIPLE ON CONES

|f|W*112(Q) = SUP{<fa 90> | |90|W172(Q) < 1}
< swp{(£0)| [ I @) e dr < Cu}

1/2
< (CH/Q\f(x)|2\:c]2dx>
1/2
< o ([ el f @ Pdw) = Ci Iflypeg,.

For p > 2 there are cq, ¢, € RT such that

L llal £ @ dw < o [ [la' = f @) do < iy ([ [lol' ™ 1 (@) )

and hence we find that V;%, (Q) € W12 ().
Step 2. Next we show that for f € LP () with p > n satisfying (6.6), one
finds
Gof ()] 2 @1 (2) for z € Q,
with Gy defined in (6.4). Indeed, by the assumption on f and from the first
step we find 0 < f € W12(Q) and f(z) < |z|™ for z € C, 5 with m > oy — 2,

which allows us to use Theorem 4.3.1 to get
ol x
|Gof (z)] = |x|™ ¢n <‘33’> for x € C, s.

Notice that ®; (z) ~ |z|*" ¢y (é—') for € C, s and hence, since 082\ B, (0) is
smooth,

|Gof (z)] = @y (x) for x € Q. (6.8)

Step 3. The crucial step in an anti-maximum type result is to split the
right hand f in a ®; -component and a remainder. Since ®; lies in T2 (Q)
the definition of the projection in (6.3) can be extended to f € W12 (Q):

Plf - <q)1af> q)la
where (-,-) : W2(Q) x W~12(Q) — R is the duality relation. We consider

separately the two components u; and wus of the solution u to (6.2) defined by
1

B M1 — K
Since the first eigenvalue has (algebraic) multiplicity 1, the operator G, (Z — P;)

Uy

Plfandugzgﬂ(I—Pl)f.

is well-defined for all < ps. Moreover, for all © < s one finds C,, € R* such
that

|gu (I - Pl) f|1/°Vl,2(Q) S CM |(I - Pl) f|W—1,2(Q) .
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CHAPTER 6. AN ANTI-MAXIMUM TYPE RESULT

Since the constant C), can be taken continuously dependent on p, for § > 0
there exist Cs € R such that for all p € [0, gy — 9]

G, (Z = P1) flyroiy < Csl(Z = P1) fly-12(g) forall fe W™H2(Q). (6.9)
Since Go (Z — P1) [ = Gof — 1 (@1, f) @1 one finds as in (6.8) that
|Go (Z — Py) f(z)] 2 Dy (x) for x € Q. (6.10)

Step 4. We now show the estimate in (6.10) for uy = G, (Z — P) f. Notice
that by iterating the process we get

ks

uz = Go (T = Pu) [+ puz) = Go Y (1nGo)™ (T = Po) f + p G5 uy (6.11)
k=0
for any k* > 0. Since (6.10) holds, the results in Theorem 4.3.1 show that for
any fixed k* € N

k.
Go Y. (1Go)* (Z — P) f ()] < By (2) for z € Q.

k=0

So we are left with showing ‘g{f*“m (x)‘ = &y (z) for x € Q for some fixed
k., € N. We know that Gous € W12 (Q).
If ay < 1, then W42 (Q) C LP () C V22, (Q) for p € (2,p*) with

*

2
Pt = n2f0rn>2andp*:ooforn:2.
n_

For such p one finds
n
—a1—(n—=2)<a;+1——<ay,
p

which means that the first condition of Theorem 5.1.4 is satisfied and we find
Géug € Vf,’pal (Q). For n = 2,3 we are done since p* > n. For n > 4 one uses

that V>2, (Q) c V,*2_(Q) for p € (2,p™) with

—aq —o1

2
= n6forn>6andp*:ooforn§6.
n_

Indeed, for g € V2%, (Q) one can find |z|'~** g € W2 (Q). By Sobolev imbed-
ding, W2? () — LP () provided that

(6.12)
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Since p < 2%, we find p < 2% for n > 6. If n < 6 we observe that (6.12)
satisfies for all p > 2. Now, |z|' "™ g € L? (Q) is equivalent to g € V"%, (Q)
which implies Vf_’%l Q) C Vlo_’]il () for such p.

After at most k* = {ﬂ + 1 steps we find G¥ u, € Vlo_’pal (Q) with p > n and
‘Q(’f*“uz (x)) <@, (z) for z € Q.

If @y > 1 then we use W2 (Q) C L? (Q) for p € (2,p*) with

2
pt= n2f0rn>2andp*:ooforn:2.
n_

For all p > 2 the condition

—al—(n—2)<1—ﬁ<a1
p

is satisfied, which allows us to use Theorem 5.1.4 that shows Gouy € V5 (Q).
We proceed as in the case a; < 1 to find after at most k* = {%] + 1 steps that
GE uy € ViP () with p > n and hence that

’go*HuQ (x)‘ =<1 for z € Q.
By (6.11) and Theorem 4.3.1 one finds that,
1. if ag < 2, then |ug (2)| = &4 () for z € Q,

2. if &y = 2, then |ug (z)] = |z| " @y (z) for z € Q for any € > 0, which

compensates the logarithmic term, and
3. if oy > 2, then |uy (z)] < |2[>* @4 (2) for z € Q.
We are done when a; < 2. If a; > 2 we go back to the formula
us = Go (I— Pl) f+ uGous.
Theorem 4.3.1 shows that

1. if t < 2, then |uy (x)| < |z| ™" @ (z) for z € Q implies that |uy (x)| <
®, (z) for x € Q.

2. if t > 2, then |uy ()] < |z| " @, () for 2 € Q implies that |uy (z)| <
2> @y (2) for € Q.

We are done after at most finitely many steps. O]
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Chapter 7
An Interface Problem

A boundary value problem may have singularities in two ways; first, it may
have discontinuous coefficients, secondly, the domain contains (singular) coni-
cal points. In Chapters 4, 5 and 6 we investigated extensively the behaviour of
the solution of the Poisson problem on the domains containing conical points
and similar techniques can be used here.
Let

L== 3 Aoy o) g + 3 (@) o 71)

i,j=1 ( J o oi=1

be a second order elliptic operator, i.e. 2, ; a;;§8; > ¢ |€|2 for some ¢ > 0 and

all £ € R™. Suppose that u is a twice differentiable solution of

Lu>0 inQ
20 o -

u>0 on 0f,

for a bounded domain 2 C R", then the maximum principle holds while the
coeflicients a;; and b; are just bounded, see [19, Theorem 8.1]. But as we will see
in this chapter, for Hopf’s Lemma it is required that a;; and b; be continuous. A
boundary value problem such as (7.2) with discontinuous coefficients appears
when studying a so-called interface or transmission problem. Such a problem

is modeled formally by

(7.3)

—V-oVu=0cf in{Q,
u=>0 on 0f),

where o is piecewise constant with jumps. Such problems arise in a number of
applications, for example, at the interface between tow materials with different

diffusion parameters in steady state heat diffusion or electrostatic problems.
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See for example [30)] for these applications. The aim of this chapter is to present
a Hopf type estimate for the solution of (7.3) at the boundary points where o
is discontinuous. We will see that estimates similar to Theorem 4.3.1 for the
solution of (7.3) holds. The results of this chapter have been collected in a

separate manuscript, which has been submitted.

7.1 The Setting of the Problem

Consider Q C R? to be bounded and smooth and suppose it consists of k
subdomains, i.e. Q = Ule Q; such that Q; N, = 0 whenever i # j. See Figure
7.1. Assume that o : Q — R™ is a piecewise constant positive function defined
by

o(z) = o; for z € Q; with o; € R, (7.4)

and o; # 0,41 for i = 1,--- | k. By this setting, the solution of (7.3) can not be
considered in the classical sense. Therefore, we consider weak solutions, that

is, a function u € W12 (Q) satisfying

/Qa (Vu- Vo — fo)de =0 for all o € W2 (Q). (7.5)

Indeed, (7.5) is the Euler-Lagrange equation for

T (u) = /Qo— (3 1Vul* ~ fu) dr. (7.6)

The reason, that we put ¢ not only just for the gradient term, but also for f, is
that it simplifies some notations and does not alter the problem for f € L?(Q).
The existence and uniqueness of the weak solution u € W2 () satisfying
(7.5) is guaranteed by the Riesz representation theorem. Assuming that the
subdomains meet at 02 in cone-like way, Nicaise and Sandig [38] could show
that u; := u|g, can be written as u; = @; + h;, where @; € W2 (€;) and h;
is harmonic on (2;. Moreover, if one considers p, € 92 N 9); N O€); for some
i # j, that is, a boundary point where at least two subdomains meet, then,
although the solution v has a non-smooth behaviour in a neighborhood of py,
this behaviour is similar to the one for corners studied by Kondratiev [20]. In
[35] one finds that for f € L?(£2) the solution u has the following decomposition

near such pg = 0:

w(e)=a@) +a(z) 3 el o (). (7.7)

O<prp<1
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Figure 7.1: A domain Q with five subdomains and four singular points.

Where @, € W22 (€;), n is an appropriate radially symmetric smooth cut-off
function equal to 1 in a neighborhood of py = 0, the ¢; are real constants
and (u;, ¢;) are eigenvalues/eigenfunctions of the weighted Laplace Beltrami
operator on %Q N B, (0). Indeed, = +— ||V ¢; (;—|> are singular functions
independent of f and are harmonic on %Q N By (0). We define %Q as follows;

1
;Q = {(z1,22) € R" | (px1, px2) € Q}.

For polygonal interface problems see also [37].

Lemma 7.1.1 Suppose that the domain §2 is the union of subdomains €2; with
i=1,...,k, that is Q = Uleﬁi and ; N QY = 0 whenever i # j, and is such
that 92, 0Q; N OQ; € C2. Suppose also that the weight function o : Q — R is

a piecewise constant positive function defined by
o(x) = o; for v € Q; with o; € R*.

Suppose that u € W12 (Q) and u; := ulg, € W22 (). Then the following is

equivalent:

1. w s such that

—Au; = f in €,
‘8_132‘_:_1% ouy } as traces on Oy N K. (7.8)
Tigu, = ~iay,
2. u satisfies
/Qa (Vu-Vo— fo)de =0 foralleeW"2(Q). (7.9)
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Proof. One directly finds for ¢ € W2 () that

k
/QO' (Vu-Vgp—fgp)dx:;/Qiai (Vu; - Vo — fo)dx

8ui
/ o o <pda:‘—|—/ﬂiai (—Aui—f)godx>

=1 09 8
- o v d / i (—Au; — dx | .
mzzl </‘99i”‘99a‘ (U oz s 31@-) Pzt Qicr (—Au; — f) ¢ x)

(7.10)

By the assumption that u; € W?%?(€;) these integrals are well-defined. Note
that the boundary integral over 02 drops out since ¢ = 0 as trace on 0f2. So
(7.8) implies (7.9).

Assuming (7.9) and testing with ¢ € C§° (€;) gives —Au; — f = 0. The condi-
tion u; = uj on 9Q; N IQ; follows from u € W2 (Q). By taking testfunctions
with support intersecting 0€2; N J€2; one establishes the jump condition in the

normal derivatives. O

By Lemma 7.1.1, the function @ in (7.7) satisfies the boundary value prob-

lem
_Auz = f in Qi7
U; = Uj
du,; du on an N an, (7]_1)
u; =0 on 0€); N OSY,

where u; = u|q, and v; is the outward normal with respect to €2;. The power-
type part of (7.7), which consists of harmonic functions on €;, satisfies the
boundary conditions on 9€2; N 0L, in (7.11) by construction. Indeed, it is a
pointwise defined function and by the properties of ¢, (which is explained in
Section 7.2), the jump conditions on 0€2; N OS2, are satisfied. Consequently, the
problem of finding a minimizer v € W2 (Q) for the energy functional (7.6)
with given f € LP () and o as in (7.4) leads to the boundary value problem
(7.11).

We will restrict ourselves mainly to the 2-dimensional case. Regularity for
the 2-dimensional case was also focused upon by Mercier in [33]. The problem
was also studied in [22], but it seems that this paper did not consider the
appropriate power type functions in a decomposition as in (7.7).

In two dimensions multiple boundaries meet in a point and to assume that

at such a point the domains look like a sector seems quite natural and simplifies
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Figure 7.2: The domain 2 and its subdomains are shaped like cones near the

vertexr pg = 0

the arguments, that is, after translation and rotation we will assume, that near
such a point the domain and the subdomains are as follows. See also Figure
7.2.

Condition 7.1.2 Let 0 =60, < 60, < --- < 0, < 2m. The domain Q C R? is
such that for some p € (0,1)

(5Q)NB1(0) =C:={(rn0)0<r<1, 0<6<0b]}, (7.12)
with the subdomains 2, 1 = 1,2, ...,k of Q0 such that

() NB1(0) =Ci={(r0)0<r<1, 0y <0<0}. (7.13)

2p

We write

Li={(r0)0<r<1, =06} (7.14)

A domain  will in general have several points where interfaces meet at the
boundary and we will call these {pg = 0, p1, ..., pm}. Since our result is mainly
based on a local analysis, it is sufficient to consider only the behaviour near
po = 0, namely, only on C' as in (7.12). The remaining p; with ¢ € {1,...,m}
may even lie in the interior.

After a rescaling near a boundary point, where interfaces meet, the problem

in (7.11) leads to the following boundary value on a sector C' as in (7.12):
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—AUZ = fz = f|cl in Ci, 1= 1, ceey k‘,

u; =0 on [y,
b onTi=1 k- 1, (7.15)
Tigg = Ti+l 5y
up =0 on I';,
u; = w on 0C N 0B1(0),

where w is some given nonnegative function. The fourth line in (7.15) displays
the jump conditions. The problem in (7.15) is closely related to the study of
elliptic equations near corners as can be found in [26], [20], [21], [27], [32]. In
the sequel we will show that similar to the results in Chapter 4, an estimate can

be inferred for the solution of (7.15) by the use of the eigenvalue/eigenfunction

(1, ¢1).

7.2 Eigenvalue problem

Let Q C R? satisfy Condition 7.1.2. The Laplace-Beltrami operator in R? is
the second derivative with respect to 8 where §# € S'. Hence the eigenvalue
problem for Laplace-Beltrami on the intersection of €2 and the unit sphere is

as follows:

— @ = b on (0;_1,0;) withi € {1,... k},
Om1(0) =0

Gimi(0i) = Pmiiv1(0;)

0P i(0i) = Oip1), 511(07)
G i (Or) = 0;

}forie{l,...,k—l}, (7.16)

with ¢m: = Oml@,_1.0,)- Let (fm, dm), for m = 1,2,... be the m-th eigen-
value/eigenfunction of (7.16) with 0 < pu; < ps < psz < ---. These eigen-
functions form the singular power type part of (7.7). In Section 7.4 we will
show that the first eigenvalue/eigenfunction (i1, ¢;) is used to describe the
behaviour of the solution of (7.15). The Rayleigh quotient for which the first

eigenfunction is a minimizer is as follows:

0 5 (0) & (0)° db

0" (0) ¢ (0)" do’

where ¢ € W2(0,6;) \ {0} and & () = 0, € R* for 0 € (6;_1,6;).

R, (qb) =

(7.17)
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Lemma 7.2.1 Let R, be as defined in (7.17). Then the following holds.

1. R, attains its infimum py for some ¢, € W2 (0,6;) \ {0} and

1 mino;
,LL1_ 4 max o; > 0.

2. The minimizing function ¢1 is unique up to multiplication, has a fized

sign and, after normalizing by
max {¢; (0);0 <8 < 0} =1, (7.18)
satisfies for some Cy,cy > 0:

Co SIN (0 ) < ¢1(0) < C,sin <9k ) for all 0 € [0, 0] . (7.19)

3. ¢1 is the unique first eigenfunction, in the sense that ¢1; == ¢1|jo,_, .6, €
C?[0;_1, ;] satisfies (7.16) and there is no other, independent, eigenfunc-

tion for pu < p.

Proof. By [19, Section 8.12] one finds that the minimizer ¢; € W2 (0,6;) of
(7.17), that we may normalize by (7.18), exists, is unique and is of fixed sign.
Let p1 be the minimum value of (7.17). Since for ¢ # 0 one has

5 (0) ¢ (9)°d 6 _ mino; Jo g (9)* db _ lming;

(fk 5(0) ¢(0)"do ~ maxo; [ ¢(0)"do ~ dmaxo;’

> 1 ming;

Imaxg - Lhe function ¢; satisfies the weak Euler-Lagrange

and one finds p

equation
9 o
/ o (¢hw' — prgw) dx = 0 for all w € W2 (0,6y).
0
Taking testfunctions with support in (6;_1,6;) one finds that

Pri = D10, 1,00 € W (0i-1,06;) (7.20)

satisfies —¢ ; = p1¢1; 0n (0;-1,0;) and even that ¢, ; € C[0;_1,0;]. Since ¢; €
W12 (0,6;) holds, the functions ¢1,; satisfy the continuity equation ¢ ; (6;) =
¢1.+1 (6;) and boundary conditions ¢4 (0) = ¢14 (0x) = 0. The jump con-
dition o;¢7 ; (0;) = oy ;44 (0;) follows by taking testfunctions in the weak
Euler-Lagrange equation with support near #;. Assuming ¢; > 0 holds, the
strict positivity, with ¢} (0) > 0 and ¢} (0x) < 0, follows from the unique con-
tinuation. Indeed, if ¢ ; (6*) = 0 = ¢1; (0*) for some i and some 6* € [0;_1,0;],
then ¢ = 0. The estimate in (7.19) is a direct consequence. O
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The eigenfunction ¢,, is as follows:

sin m0
Qbm,l(e):%; 0<0<6b;

sin m(0791)+a2(um))
¢m,2(9> = ( sin(a ) 91 <0 = ‘92
O (0) = .

sin m(0—0k_1)+a m
¢m,k(9) = ¢m,k71(6k71) (\//T( ko) bkl )); Op—1 <0< ek;

sin(a (pm))

(7.21)
in which for j < k —1,
ar(p) =0
as(p) = arccot(%;/wl))
o 0,—0,_
a1 () = arceot (TEHVEL) - a;(u))

And the eigenvalues u,,, m = 1,2, ... are the solutions of
,/um(ek — Hk,l) + Oék(,um) = mm. (7.22)
Note that u,, is a function of all #;s and o;s for i = 1, ..., k. These formula

can be extended for any positive integer k. By (7.22) we observe that in the

case k =3

t (/b 0
o3 cot (1 /[t (62 —61)+arccot <U1€0(02u1)> )

arccot - = mm — /lim (05 — 63) (7.23)

and by the fact that the codomain of arccot(-) is the interval (0, 7), we have

(m—1)m mm
S m . 24
b, —0, VIS4, (7.24)
For general k we need
M < o M 19 (7.25)
O — O VT B =0 - |

Remark 7.2.2 Note that in the case k = 2, when 0y = 204, the first eigenvalue
w1 (or in general, any eigenvalue i, ) is independent of oy and oo. Indeed, the
equation (7.22) has the following form

arccot (Ul COt(;/’Hal)) =7 — /b,

(%
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Jor 0 </ < g- we get

oL cot(\/pub1) = cot(m — \/p1bh)
= — cot(y/pbh).

The only solution of the above equation is

s
VHT = 27917

which is obviously independent of o1 and o,.

Remark 7.2.3 By the above notations, the first eigenfunction of the problem

_A(I)l,i = fz = )\1(13171' m Cz’; 1= 1, ceny k,
¢, =0 on [y,
8;12,:: <I>1,i£m1 } onTii=1,.. k-1, (7.26)
Oi~50 — Oi+l" g
¢, =0 on I'y,
(I)l,i =w on 0C N 831 (0),

has the form ®1(r,0) = ¢1(0)J jur(pmrar) where Jg(-) is the Bessel function
with the first positive zero pga;.

7.3 Special Cases

As an special case for the interface problem we consider o; to be very large
for some ¢ = 1,--- ,k when k = 2 and £ = 3. In the case k = 2, since the
ordering of subdomains is compatible, it is enough to consider only one of the
following states of 01 — oo and oy — co. For the case k = 3, we consider first

01 — 400, which is similar to o3 — +00, and then the case o9 — +00.

Lemma 7.3.1 Let k = 2. The first eigenfunction ¢y of Problem (7.16), given
by Formula (7.21) for m = 1, is positive and has exactly one maximum point

in (0,02). Furthermore,

1. if 0y > 0, —06, then ¢1,1 achieves the mazimum point 0y, i.e. Oy € (0,64];
2. if 61 < 03—0, then ¢y 2 reaches the mazimum point Oy and 0y € 01, 05);

3. if 01 = Oy — 01, due to the Remark (7.2.2), Oy = 6;.
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Proof. Due to the Lemma 7.2.1, the first eigenfunction is positive, by the
maximum principle, ¢; has minima at the boundary points 0 and 6, and has
its maximum inside the interval (0, 63). We observe from the jump condition

0 0
7L (0)) = 0,202 0),

0p1,;
o0

¢1,1 reaches the maximum we observe that

991,
00

that the derivatives t = 1,2 have the same sign at the point 6,. Now, if

(Or1) = \/u_c;)lsrf(\/\/__%\f;) =0

if and only if

has the solution at 0;;; = W’

Orr < 05 (7.27)

And from ¢1 2(0ar2) = 0 we observe that

Ccos (\//Tl(QMg — 61) + arccot (Z—; cot(\/u_lt%)))
sin (arccot (g—; cot(\/,u_ﬂgl)))

has the solution

/2 + /pi61 — arccot (% cot(,/m@l))
9M2 - 2 5 (728)
VH1

as long as
01 < Oppo < 65, (7.29)

By comparing (7.22) and (7.28) one finds

Orre = 02 — T2

Note that (7.27) and (7.29) do not hold at the same time. Indeed, if we let
(7.27) and (7.29) both hold simultaneously, then from (7.29) we get

w/2

i < 92 91 or 5 < \/_(92 — 91)

Applying this to formula (7.22) one finds

arccot (Z—; cot(w/,ulé’l)) <3,

then g—;cot(\/,u_l@l) < 0 and since 01,09 > 0, it follows /u0; <
contradicts (7.27).

Next we consider two cases as follows.

, which

NI
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1. Suppose 0; > 0 — 61 and assume (7.29) is satisfied. Then from

it follows that

which is a contradiction. Thus, (7.27) holds true and ¢;; achieves the

maximum point.

2. Suppose that ¢; < 6y — 0; and (7.27) holds, then \7;731 < 6, along with

0y — % < 60, gives the contradiction 0; > 6y — 6.

The proof is complete. O
Lemma 7.3.2 Let k = 2. Assume that 0 < oy is finite. If 09 > o1 (or

equivalently 2 — +00) then the first eigenvalue py of Problem (7.16) which
is the solution of the Formula (7.22) for m = 1, satisfies;

2
1. if 01 < by — 01 then py — (9:1291) ’

2. if Oy — 0y < 0, < 205 — 1) then py — (F2)")

3. if 200, — 01) < 0y then py — (Z)".

Remark 7.3.3 Let us recall from Remark 7.2.2 that for the case 01 = 0y — 04,

w1 s always fized and independent of o1 and os.

Proof. 1t follows from (7.22) that

oy cot (\/mel) = oycot <7r — /1 (02 — 91))

= —o0ycot (\/pTl (0 — 91)) ) (7.30)

So, as 09 — 400, then either cot <\/u_1 (0 — 91)) — 0 or cot (\//7191> —
+o0.

First, we show that cot(y/f161) — 400 does not hold. Indeed, if cot(,/f161) —
+00 then /10, | 0 which implies /pi; | 0, it follows cot(y/p1 (02 — 01)) —
+00 and it results in different signs on both sides of (7.30). So we are left with

the two other possibilities. Hence, we consider three cases as follows.
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1. If 6; < 0y — 0,, then Lemma 7.3.1 states that ¢; o attains the maximum
which implies that

ag;,l (61) = /i cot(y/1i16;) > 0.

Hence, the righthand side of (7.30) must be nonnegative, and
2
cot(y/i1(f2 — 01)) L 0ie. \/ui(0o —01) T m/2 0or puy T (93131) .

2. If 0 — 0, < 0; < 2(02 — 61), then by Lemma 7.3.1 ¢;; attains the

maximum and

‘9251(91) — /p1 cot (y/nby) < 0.

First, we show that cot(,/u16,) - —oo. Assume that cot(/mi61) —
—o0, it follows /161 1 7. On the other hand, cot(\/m1(62 — 01)) =
Cot(%ﬂ). And since 6, < 2(6y — 6,), one finds COt(%ﬂ') < 0. This
is a contradiction because it leads to different signs on both sides of
(7.30). Hence, cot (\/m (6 — 91)) 4 0 must be satisfied and it follows

/2
vV H1 T 92191 .

3. If 2(0, — 01) < 6y, similar to the previous case, cot(/f161) < 0. But in
this case cot(y/161) — —oo holds and cot(,/p1 (62 — 01)) — 0 fails to
happen, because of the sign of (7.30). It follows that /z; 1 g

O

Lemma 7.3.4 Ifk = 3 and 05,03 € RT are fized, then o1 — oo implies
9\ 2
m— ()

Proof. With Formula (7.23), for m = 1, namely

g

—0
J—l cot (y/p161) = cot (arccot (03 cot (v/111 (03 — 92))> — /11 (02 — 91)) :
2 2
(7.31)
one finds that when o7 — 400 then either cot (, /#191) — 0 or

cot <arccot <_03 cot (/1 (03 — 62)) — /11 (02 — «91)>> — +o0.

02

To verify cot (w/,ulﬁl) — 0 or equivalently /7 — 7;—/12, we need to show that
the right side of (7.31) can not be infinite. Indeed, if the right side is infinite,
so is the left. Hence, Z—; cot (« /,u101> — +oo implies that
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sin (arccot (Ul cot (\/mel)» — 0.

02

This makes the eigenfunction

) — sin (\/:“_m(e — 6,) + arccot (%\gm»
Pr12(0) = sin (arccot (%\gﬁﬁ)))

undefined. Therefore, we can only have

cot (/i 601) — 0.

The proof is complete. O

Lemma 7.3.5 If k = 3 and 01,03 € R" are fized, then oy — oo implies
pa 0.

Proof. Consider the Formula (7.31). We shall show that when o; and o3 are
finite and o9 — +00, the only possibility is that cot (@01) — +o00. Indeed,
if cot (\/mel) is finite and if cot (\/mel) — —oo, we will find contradictions.
First, assume that cot (\/m&) < 00. Then since g—; vanishes, the right side of

(7.31) goes to zero, i.e.

cot (arecot (_03 cot (/1 (05 — 92))) — (6, — 81)> = 0.

)
This implies

arccot ("3 cot (/7 (0s — 92))> — /2 + in(6s — 6)), (7.32)

02

and by the definition of arccot(-) one finds that 22 cot (, /11 (03 — 92)) can not
be positive. Thus cot (, /11 (05 — 02)) must be positive. In the case that

cot (, /11 (05 — 02)) is finite, since 72 goes to zero, we get the contradiction from
(7.32) as follows

arccot <_U3 cot (/1 (03 — 92))) — /2 =7/2+ \/111(02 — 01).

02

If we let cot (\/m (03 — 92)) go to infinity, since it must be positive, we find
V1 — 0, which is a contradiction with cot (\/m%) < 00. So we conclude
that cot (\/;7191> can not be finite.

Second, if cot <\//7191) — —oo then we find /p; — %. Assume that 0, #
03 — 65, then the right-hand side of (7.31) is positive, namely,
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arccot (“’3 cot (v/7ir (05 — 92))) _ arccot (‘“3 cot (W)) )2,

02 02

since Z—;’ — 0. Hence, we find

cot (arccot (_03 cot (v/ (03 — 62)) — /11 (02 — 91)))

02

— cot (/2 — \/p1(02 — 61)) > 0.

But the left side of (7.31) is negative, a contradiction appears.

In the special case 6, = 63 — 6, the Formula (7.31) has the following form;

o1 cot (y/p161) = o9 cot (arccot <_JZS cot (@91)) — (6, — 91)> :

When oy — 400 and cot <\/,L7191) — —o0, then while o7 cot (\//7191) is nega-

tive, the right hand side is positive, since

arccot <_U3 cot (\//7101)) <m/2,
02

and so
cot (arccot <_03 cot (\/;7101)> — /(62 — 91))
02
Z cot (7T/2 — \/E(QQ — 91)) Z 0.
We conclude that cot (\/mel) — 400 and consequently p; | 0. O

7.3.1 Some examples

Example 7.3.6 We first consider the simplest case, namely

M NB,(0) = {(rcosf,rsind)|0 <r <pandb € (0,6)},
QBNB,(0) = {(rcosf,rsind)|0 <r <pandb € (61,7)},

and Q@ = Q; U Qy. Then the first eigenfunction of (7.16) is given by

{ | sin (/7110 for 6 €10,64],
) i (i (6 — 61) + a1 (1)) for 6 € (01,7

sin(a (p1)

®1 (9) =
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with oy (p1) = arccot (g—; cot <\/p7191)) and p; > 0 the smallest value such that
¢1 (m) =0.

The behaviour of wu, the solution of (7.11), at 0 as in (7.34) and (7.39) is
given by rVFi gy (0). Assuming that o1 > o9 and letting 7L — o0, one finds
the ‘extreme’ cases for 61 T w and for 6; = %ﬂ'. These cases correspond with
Vi % Vi T % Sketches with nearby values can be found in Figure 7.5. One
may show that for all 01,09 € RT and all 0 = 0y < 0, < 0y = 7 it holds that

g; = 1000‘2, 61 = %ﬂ', V1= 0.568. .. g = ].000'27 91 = éﬂ', V1= 1.43...

Figure 7.3: Plots of mV#1 ¢, (0), which show the typical behaviour of u near a
boundary point where 0S) is smooth and o has one jump. The inset displays

the eigenfunction ¢,.

Example 7.3.7 Also in the next case € is flat, but now it has three subdo-
mains, such that

M NB,(0) = {(rcos,rsind)|0<r <pandb € (0,6,)},
QnNB,(0) = {(rcost,rsinfh) |0 <r <pand b € (61,02)},
Q3NB,(0) = {(rcosf,rsind)|0<r <pandb € (6,7)},
and Q@ =, UQyUQs. Then
sin (/7110 Jor 0 €[0,64],
6
b1 (0) = %sm (VAL (0= 01) + a1 (1)) for 0 € (61,64],
01 (0>) sin (\/u_l(Q — b)) + ay (ul)) for 0 € (02, 7],

sin (2 (p1))
with

ay (p1) = arccot (ﬂ cot (\/;7191)>
02

68



7.4. HOPF TYPE ESTIMATES

and

as (p1) = arccot (% cot (/1 (02 —61)) + o (,u1)> .

a3
Again py is the smallest positive number such that ¢1 () = 0.
Again the behaviour of u, the solution of (7.11), at 0 as in (7.34) and (7.39) is
given by rVP ¢y (0). If oy = a3 > 09 one finds the extreme cases when = =0
for 6, = iﬂ', 0y, = %71’. For o = 03 < 09 and g—f — 00 the ‘extreme’ case
appears for 6y =1 — 6y | 0. See also Figure 7.4.
For three subdomains as above one may show that for all oy,09,03 € RT

and all 0 = 6y < 01 < Oy < O3 = 7 it holds that

O<\/[L1<2.

0] = 03 = 0.010’27 91 = éﬂ', 62 = %7’1’y V1T = 0.152... 0] = 03 = 1000’27 91 = iﬂ', 62 = %7’1’y V1T = 1.87...

Figure 7.4: Plots of rVFi¢, (0) are showing the typical behaviour of u near a
boundary point where o has two jumps. The inset displays the corresponding

etgenfunction ¢;.

7.4 Hopf Type Estimates

The maximum principle is one of the fundamental tools for our main result.

We state the version we use for easy reference.

Theorem 7.4.1 Let Q C R™ be a bounded domain. Let o € L™ () with
o > gy > 0 for some o9 € RY. Suppose that w € W' (Q) is such that
min (u,0) € W2 (Q) and satisfies

/Qa Vu-Vydr>0 forallgpéWl’z(Q) with p > 0.
Then one finds u > 0 in Q.
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Proof. With ¢ = — min (u,0), which lies in W2 (Q) and is nonnegative, we
find
OS/QUVu-Vgod:E:—/QJ Vol dz <0.

Hence V¢ = 0, which implies ¢ = 0 and hence u > 0. [
For the sake of simple statements we recall the following notation.

Notation 7.4.2 Let u,v : A — RT be two positive functions. We write
‘v(r) 2 u(z) for x € A, if there exists a constant ¢ > 0 such that v (z) <
cu(z) forallz € A. If v(x) <X u(x) and u(z) 2 v(x) for x € A, we write
‘v(z) ~u(x) forz e A.

Moreover, we will use the function d : 2 — R* that denotes the distance

to the boundary:
d(z) =d(x,00) :=inf {|z — 2*| ;2" € 09} .

Assuming Condition 7.1.2 and defining & (6) = o (pf), a crucial role will be
played by p;, the first eigenvalue of a weighted Laplace-Beltrami operator on
0C N 9By (0) under Dirichlet boundary conditions defined by

pr= _inf R, (o) (7.33)
PEW:2(0,0%)
in which R, (¢) is as in (7.17).

Theorem 7.4.3 Suppose that Q C R? is as in Condition 7.1.2 and take C and
C; from there. Assume that u € W2 (Q) satisfies the boundary value problem
(7.11) and 0 S f e W12 (Q)NC (Q \ {O}) Let iy be as in (7.33). Then the
following results hold.

a) Forallz € QN B,(0) one finds

|2V d () < u(x). (7.34)

b) Moreover, let m > —2 and suppose that
f(z) 2 |z[™ forxz e Q, (7.35)

and for Q' = {(rcosf,rsind)|0 <r < rp,0, <0 < 6,} C Q, with some
rg >0 and 0 <0, <6, <0y,

lz|™ < f(x) forxe Q. (7.36)
Then we find:
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1. if m+2 < /uy, then

u(z) =~ |z|™" d(z) forz e QnB,(0), (7.37)

2. if m+ 2= /u1, then

u(z) ~ oV n (L) d(2) forz € QN B, (0), (7.38)

al

3. if m+2 > /u1, then
u(z) ~ x|V d (z) forz € QN B,(0). (7.39)

Remark 7.4.4 The items (7.37-7.39) contain both estimates from below and
from above. In fact these estimates are independent and only combined in one
equivalence relation in order to show the sharpness of the estimate. From the
proof one might see, that (7.35) yields the estimates from above and (7.30) the

ones from below.

Remark 7.4.5 If Q) consists near 0 of just two subdomains 2y and €y such
that after a rotation we find that

M NB,(0) = {(x1,22)|r1 >0 and x5 >0} N B, (0),
QNB,(0) = {(x1,22) |21 <0 and 2 >0} N B, (0),

i.e. 002 is flat with T'y perpendicular, then py = 1 and (7.3}) gives us the
classical Hopf Lemma even if o1 and oo are different. For any other angle

there is in general no linear growth near the boundary point. See Section 7.5.1.

Proof. First let us remark that a maximum principle like Theorem 7.4.1 implies
that © > 0 on Q. Since u; € W?? (QZ \ UjL, Be (pj)> for all p < oo, these u; are
C* away from the p;’s. The strong maximum principle implies that on each ;
one either has u; = 0 or u; > 0. The jump condition at points on 92; N O€;
implies that u > 0 on 9€; N 9Q;. With the classical Hopf’s boundary point
Lemma at x € 9Q \ {po, - - -, pm} we find that for each £ > 0

u(z) > ed(x) foerQ\@Bg(pj).

By regularity results we find the reverse inequality on Q\ UjL; B. (p;) for each
e > 0. Note that the constants in the estimate do depend on € > 0 and might
blow up when taking ¢ | 0.
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We are left with proving the estimates near p; and to do so we restrict
ourselves, as stated in the theorem, to the neighborhood of the singular point
at 0, where after a scaling the problem appears as in (7.15) and where w ()
on 0C' N IB; (0) is a function equivalent the tangential distance along 0B; (0)
to p~10€. Here C is as defined in Condition 7.1.2.

Similar as in Theorem 4.3.1 we construct upper and lower barrier functions
for the solution of (7.15) with the right hand side f ~ |z|™. The maximum
principle is used to show that barriers form the estimates. The maximum prin-

ciple that we use is for functions as in (7.7). Such functions can be integrated

by part, since i|c, € W*? (C;) and the power type solutions are Cliicopise 85 &
function of 6.
Let ¢;, be the function in Lemma 7.2.1 normalized by
max {¢; (0);0 < 6 < 6} = 1.
Defining ¢ : C' — R by
® (rcosf,rsind) = rviig, (0)
with ®; = ®|¢,, we find that it satisfies
(I)l =0 on Fo,
¢, = P, e
5 +g onI; withi=1,...,k—1, (7.40)
Ui@q%' = Uz'-i-l%q)i—&—l
q)k =0 on Fk,
(I)i = Cbl on 0C' N 0B1(O)

Since ¢, satisfies (7.19) and since d (z,0Q) = |z| d (%, 89) for x € QN B, (0),
one finds that

1
O (1) = ||V d <|x| Ty U rk> ~ |2|VF d <|‘”| m) ~ [2VF 1 d (2, 00) .
T Ty p

Indeed, the equivalences follows from (%Q) N By (0) = 2C and by scaling. In

the remainder the Maximum Principle as in Theorem 7.4.1 is used.

1. Let m+2 < /ji3.
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e Estimate from above: Set v, the solution of

—vy ;(0) + kvuei(0) =1

R,

for 0 € [91»_1,02-] and ¢ € {1,...7145},

UM( i) = Unit1(0:) 1=1,...k,
( i) = 0it1vy i1 (0ig1) 1=1,...k,
( ) —v,{(Qk) = 0.

(7.41)
with k = —(m + 2)? and the same o; as in (7.15). Since £ < p1, one
finds that such a unique solution v,, exists, is positive and further-

more, we find

Vg =~ (bl.

By taking ui, := |20, (l), we observe that wu, satisfies the

||
following boundary value problem;

—Aurgle, = |z|™  inCy, i=1,..k,
Ulq,; = Ula,it1 on Fi7 1= ]_, ey k — ]_,
O_ialg;,i :0'1‘4,-1% only,i=1,....k—1,
Uty = 1 on 0C N9IB(0),
Utg1 = 0 on I'y,
Ula k = 0 on I';.

|z|™ on €, it follows by the maximum principle that

|21 (m)

e Estimate from below: We take x as before and we denote by w,

Since f =

U = Ugq

the solution of

—wit i(0) + kwe i (0) = X@a.0,)(0)  for 0 € [0;_1,0;] i€ {1,...,k},
Wi (0i) = W iy1(0:) 1=1,...k,
oiwy i(0:) = oipawy i (0ig1) 1=1,...k,

wi(0) = wx(0k) = 0.
(7.42)
Where x4 is the characteristic function of a set A. Similar to the

previous case, we find 0 < w, ~ ¢ in (0, 6;). By setting

x
ugp = || w, (\x|> ,
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one finds that wq, satisfies

—Aulb C;, = |ZL‘|mX(9a79b) (%) in Ci, 1= 1, ceey k‘,
Utp; = Ulpit1 only, 1=1,...,k—1,
Uz'a%l;’i :Ui+1% onl';e=1,..,k—1,
Uy =~ on 0C NIB(0),
Urp,1 = 0 on FO,
Urp = 0 on I'y.

Thus, by the maximum principle we find |z|™"2¢, ( ) ~ Uy < U

||
2. Let m+2= /1.

e Estimate from above: We denote by vy the solution of

—vp,(0) =1 for 6 € (6;-1,0;) and i € {1,... k},
0,i(0:) = vo,i11(0:) 1=1,...k,
Uivé,i(‘gi) = Uz’+1U6,i+1(9i+1) 1=1,...k,

U0(0> = Uo(ek) = 0,
(7.43)
which is simply the solution of (7.41) with x = 0. Since vy >~ ¢; in

(0,0y), we can choose a positive constant 7 such that
Y(m + 2)ve(0) < 2¢1(0) for all 6 € (0, 6;).

Then by taking

uga() := |2|™ In <|i|> ¢1 <|i|> + || g (é)

one finds that us, satisfies

= Jaf (20 + 201 () =1+ 2% () +9)

which implies

—Auggle, ~ |z|™  inCj, i=1,..k,
U2q,; = Ua,it+1 only, i1=1...,k—1
o2t — g Mt on Ty =1k — 1
Upq =~ P on 9C NIB(0),
Ugq,1 = 0 on I'y,
U = 0 on I'.
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7.4. HOPF TYPE ESTIMATES

We observe that —Au = f(z) < —Aug, in Q and u ~ ug, on 9. By

the maximum principle we get the following estimate from above:
u X = 2 () 0 ()

e Estimate from below: For getting a lower barrier for w in this

case, we set

tz = Clal ”1“<| |> (m)*'x' (u)

where wy is the solution of (7.42) with k = 0 and ¢ > 0 is such that
2C1(0) < (m+2)wo(#) for all 6 € (0,0y).

Then ug, satisfies the following equation for all z € C;

o= el ) + 2+ 2clelon ()
~(m+ 2Pelen ().

Hence, u9, is a bound from below as follows:

—Aug|c; 22X (0,,0,) (ﬁq) inC;, i=1,..,k,
Ugp,; = U2b,i+1 on Fi7 1= 1, ey k — ].,
0282 = gy, Pt onT;i=1,.. k-1,
Uy ™~ P on 0C N O0B(0),
Uz =0 on Ty,
Ugp =0 on Iy,

which implies by the maximum principle that ug, =< u.
3. Let m+2> /111

e Estimate from above: An upper barrier for u in this case can be
taken by

o= (JVP = al2) o1 () +alel2n (1)
where vy is the solution of (7.43) and 7 > 0 satisfies
y(m +2)00(0) < ((m+2)* = ) 61(6).
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CHAPTER 7. AN INTERFACE PROBLEM

Then us, satisfies the following equation:

g = ol (42 = ) s (1)

X

2y (m + )%, ( ) B

||

for x € Q). Thus, one can find that the following holds true,

—Auggle;, > z|™  inCy, i=1,..,k,
U3q,i = U3a,i+1 onl, 1=1,....k—1,
a@-&g’;’i :ng% onIy,i=1,....k—1,
Uzq ™~ @1 on 0C N0By(0),
Uzg1 = 0 on ['y,
Uzqr = 0 on I'}.

and this implies that u =< ug, ~ |z|VF1¢, (i)

||
e Estimate from below: The estimate from below one gets by the

harmonic function

T
gy = [V, ( )

]

which satisfies

—Augple, =0  inCy, i=1,..k
Usb,i = U3b,i+1 only, i=1..,k—1
o 2ni — g QUi on D=1,k — 1
Usp = P1 on 9C N OBy (0),
ugp1 =0 on Iy,
Usp = 0 on I'y.

By the maximum principle we find ug, =< u in 2.

Comparing with the results in Theorem 4.3.1, we observe that the solution
of the problem (7.15) has the same form as the solution of the Poisson problem

near a conical point but with different type of regularity. O]
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