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Kurzzusammenfassung

Die vorliegende Arbeit besteht aus zwei unabhéngigen und eigenstdndigen Teilen.

Gegenstand des ersten Teils sind harmonische Abbildungen von super-Riemannschen
Fldachen nach komplex-projektiven Raumen und projektiven Réumen beziiglich des Super-
schiefkorpers ID. In beiden Fallen wird die Theorie der Gaufl-Transformierten entwickelt
und der Begriff der Isotropie studiert, insbesondere mit Hinblick auf den Zusammenhang
zu holomorphen Differentialen auf der super-Riemannschen Flache. Uberdies geben wir
eine Definition fiir harmonische Abbildungen endlichen Typs fiir eine spezielle Klasse von
Abbildungen nach CP™"*+! und erhalten so eine Klassifikation bestimmter harmonischer
super-Tori. Ferner untersuchen wir die Gleichungen, die von den unterliegenden Objek-
ten erfiillt werden und geben ein Beispiel eines harmonischen super-Torus in DP? dessen
unterliegende Abbildung nicht harmonisch ist.

Im zweiten Teil studieren wir einen klassischen Satz, der besagt, dass die Gruppe der
Automorphismen einer Mannigfaltigkeit, die eine G-Struktur endlichen Typs erhalten,
eine Lie-Gruppe bildet, im Kontext von Supermannigfaltigkeiten. Wir verallgemeinern
dieses Theorem auf die Kategorie der cs Mannigfaltigkeiten und illustrieren es anhand
einiger, sowohl klassische Objekte verallgemeinernder als auch genuin supergeometrischer,
Beispiele. Insbesondere ist es notig eine neue Klasse von Supermannigfaltigkeiten einzufiihren

- gemischte Supermannigfaltigkeiten.
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Abstract

This thesis consists of two independent and self-contained parts.

The first part is concerned with harmonic maps form super Riemann surfaces in complex
projective spaces and projective spaces associated with the super skew-field ID. In both cases,
we develop the theory of Gauf} transforms and study the notion of isotropy, in particular its
relation to holomorphic differentials on the super Riemann surface. Moreover, we give a
definition of finite type harmonic maps for a special class of maps into CP™"+1 and thus
obtain a classification for certain harmonic super tori. Furthermore, we investigate the
equations satisfied by the underlying objects and give an example of a harmonic super torus
in DP? whose underlying map is not harmonic.

In the second part, we study a classical theorem stating that the group of automorphisms
of a manifold M preserving a G-structure of finite type is a Lie group in the context of
supermanifolds. We generalize this statement to the category of cs manifolds and give some
examples, some of which being generalizations of classical notions, others being particular
to the super case. Notably, we have to introduce a new class of supermanifolds which we

call mixed supermanifolds.
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1 Introduction

Harmonic maps and supergeometry

The purpose of this study is to prove some foundational results about harmonic maps in
supergeometry. More precisely, we study harmonic maps from a super Riemann surface

into complex projective spaces and in special cases into general complex Grassmannians.

Harmonic maps from Riemann surfaces into various target spaces are by now a classical
topic in differential geometry. Such maps occur naturally in surface theory, for instance.
The parametrization of a surface in R? is minimal if and only if it is conformal and harmonic.
It has constant mean curvature if and only if its Gaufl map is harmonic. We refer to [33]
for a treatment of these results. In the context of the anti-self-dual Yang-Mills equation,
such maps appear as a symmetry reduction from four to two dimensions [53]. Consequently,
a central problem is to develop techniques which allow for a classification and construction
of such maps. For a review of this broad subject, we refer the reader to the survey articles
[24, 25]. Closer to the specific subject of the present article are [11, 18, 56, 57].

Supergeometry is the extension of ordinary geometry which allows for commuting and anti-
commuting coordinate functions. Many notions, constructions, and results from differential
geometry carry over to the graded setting directly. In particular, there is a notion of
Riemannian supermanifolds. However, the Riemannian structure might be even or odd.
Another genuinely supergeometric notion is supersymmetry, the simplest instance of which
is the concept of a super Riemann surface. The complex analytic properties have been
studied in pioneering works in the 1980s, among others [2, 51], and more recently in [54, 55].

In this setting there exists a natural notion of harmonic maps from super Riemann
surfaces to Riemannian supermanifolds [20, 34, 36, 46] which are the central objects of this
article. In view of the plethora of results available in the non-graded setup, it is beyond
the scope of this thesis to give a comprehensive treatment. Instead, we will concentrate on

some selected aspects.

Gaufl transform, isotropy and harmonic maps of finite type

In order to put our results into context, we first give a brief account on the relevant results
in the ungraded setting. The energy of a map f: ¥ — M between a compact Riemann

surface and a Riemannian manifold is defined by

E(f) :/E<df<c|:rz(o,1)7df<cTz(l,o>><cy

where (—, —)c denotes the complex bilinear extension of the given Riemannian structure to

T Mc. Critical points are called harmonic maps and are characterized in a local complex



coordinate z by
VEC (dfe)(0:) = 0,

where VLC denotes the pullback of the Levi-Civita connection. Due to a result of Koszul
and Malgrange [39], a complex vector bundle with connection (£, V) on a Riemann surface

has a holomorphic structure such that the holomorphic sections are locally characterized by
V.5 =0.

Using this result, harmonicity can be stated in a coordinate free manner. The map f is
harmonic if and only if (dfc)|pxa.0) is @ holomorphic section of (T2L0)* @ TMe, where
the second factor is equipped with the Koszul-Malgrange structure. In particular, the
differential either vanishes identically or its zeros are isolated.

In the case M = CP", the harmonic map equation is equivalent to
VECqr19(a,) = 0, (1.1)

where dfc = df (9 + df(O1) according to the type decomposition on CP”. In view of the
isomorphism (TCP™)(19) = Hom(~y,v), where ~ is the tautological line bundle, if f is not
antiholomorphic, df(9)(9,) defines a line in C!*™ outside a discrete set of points. One
can always extend this to a give a new map f;: ¥ — CP", the Gauf} transform. If f is
not holomorphic, one can similarly produce a new map f_i starting from df 19 (9;). The
central observation is that fi; are harmonic again [22, 26]. This process can be iterated

and gives the harmonic sequence

"7f727f*15f7f15f2a"'

The harmonic map is called isotropic if this sequence is finite

f*l(f)?"'7f—27f—17f)f17f27"‘7fk(f))

which forces the leftmost (resp. rightmost) map to be holomorphic (resp. antiholomorphic).

Furthermore, the harmonic map is said to be full if @;f; = C**y..

Theorem 1.2 ([22], [26, Thm. 6.9]). For every 0 <r < n+1 the assignment f +— f, gives
a bijective correspondence between full holomorphic maps f: 3 — CP™ and full isotropic

harmonic maps g: ¥ — CP™ with l(g) = r. The inverse is given by g — 9-1(g)-

For a Riemann sphere, any harmonic map is isotropic, so that this theorem accounts for
all full harmonic maps.
However, this is not necessarily the case for a torus 72 = C/Q. We shall especially be

interested in the case where the map is (n + 1)-orthogonal, meaning that any consecutive



n + 1 lines in the harmonic sequence are mutually orthogonal, and non-isotropic. The

harmonic sequence is in this situation infinite and in fact periodic, fr = frnr11k-

Remark 1.3. In [6], harmonic maps of this type are called superconformal. In view of the
next section and the following material, this terminology would be very unfavourable in the

context of the present article.

The classification result for such maps is quite different in nature compared to the previous
result and is based on the notion of harmonic maps of finite type. This approach has been
developed and applied in a series of papers [5, 10, 28, 49]. The special situation we consider
was dealt with in the ungraded case in [6]. The case of general harmonic tori in CP™ has
been settled in [8].

In order to explain this notion and the results, we need to back up and introduce new

objects. In the case at hand, the harmonic sequence determines a lift
f:% = SU(n+1)/T,

where T is a maximal torus. The relevant structure of the co-domain is the structure of a
(n + 1)-symmetric space, i.e., it is equipped with an automorphism of order n + 1, which

leads after complexification to a decomposition

n

psi(n+1) = P M.
i=0
At this point, the only special property of these eigenspaces is the following. The pullback
of f along p: C — T2 has a lift F: C — SU (n+1) and it follows from the definition of the
Gauf3 transform, that the pullback of the Maurer-Cartan form along F' takes the form

F*az = Az,O + Az,l» (1'4)

where A, ; takes values in M; and A, ; satisifes a non-degeneracy condition given in terms
of an invariant polynomial. This is actually a property of the map f and such maps are
called primitive. The concept of finite type harmonic maps is to construct solutions to (1.4)
by solving two commuting ordinary differential equations. Then any of f, f , or F'is called
of finite type if it can be obtained from this construction. (This will be made more precise
in our situation in Section 6.4.4.)

These commuting ordinary differential equations are constructed from the real and

imaginary part of a complex vector field defined on

d
Ag=1{>_ &N |€epsin+1), & =¢} Mgy ={E€ Mg | & €M},
i=—d



where d =1 (mod n + 1). This is given by

1
2(6) = 6 a1 + M. (1.5)
Theorem 1.6 ([6, Section 3]). We have that:
(a) This defines two commuting vector fields: [Z, Z] = 0.

(b) Given any initial condition § € Aq -, there is a unique §: C — Ag . such that
£(0) = o, 0:€=2Z(§).

(¢) For any such solution, the 1-form defined by 5, = £; + %fd,l is flat and integrates to
a primitive map F': C — SU(n + 1) with F(0) = id.

The classification result is then:

Theorem 1.7 ([6, Cor. 4.7]). Any (n + 1)-orthogonal and non-isotropic harmonic torus
T? — CP™ is of finite type.

Summary of results

On a supermanifold of dimension (1]|1) it makes sense to consider the square root of a
conformal structure — a superconformal structure. The local model is C'' with coordinates
z and ¥ together with

D =9y —99,, D* = -[D,D] = —0,.

1
2
Super Riemann surfaces are obtained by globalizing this notion. Notably, as usual in
supergeometry, to make the theory sufficiently rich, it is necessary to work in families of
super Riemann surfaces over a purely odd base B = (x,A), where A is a complex Grassmann
algebra. The space of even lines in C1*"™ is CP"™™ and similarly as in the ungraded case,

Equation (1.1), a map f: ¥ — CP"™ is harmonic if
VECqr10 (D) = 0. (1.8)

The construction of the Gaufl transform parallels the ungraded case. The isomorphism
TCP""™ = Hom(y,v") shows that df(%?) (D) defines an odd line in C'*""™ away from
points where the differential degenerates. Our analysis shows that one cannot hope to define
the GauBl transform in general. There are two caveats. Firstly, working over a purely odd
base B leads to technical restrictions. Secondly, working in (1|1) dimensions has the effect

that certain ideals are no longer automatically invertible as is the case of a single complex



dimension. However, in favorable cases one can define the Gaufl transform on a blow up:

5T cpmothet
b

This blow up only modifies the odd directions of 3, the underlying Riemann surface stays
untouched. Although the resulting supermanifold is not longer a super Riemann surface,
but only a parabolic super Riemann surface, the notion of harmonic maps is still defined.
Similarly, one can discuss a GauB transform associated with df (19 (D), possibly defined on a
different blow up. Again, these Gaufl transforms are harmonic. Under suitable assumptions,

this process can be iterated to give the harmonic sequence

"af727f717f~7f)13f2a"'7

which is defined on some blow up p: ¥ — ¥, and where f = f o p. The harmonic map is

called isotropic if this sequence is finite

ffl(f)v"‘7f—27f~—17f7f17f27"'7fk(f)7

which forces the leftmost (resp. rightmost) map to be holomorphic (resp. antiholomorphic).
Furthermore, if one defines a harmonic map to be full if @; fz = (C1+”|mi, then we obtain the
following result. Here, the assumption that the ramification be invertible will be explained

later and ultimately stems from the two aforementioned caveats.

Theorem A (see Theorem 6.16). For a full isotropic harmonic map Y — CP™™, we have
that |n +1 —m| < 1. For every 0 <r < n+ 1+ m, the assignment f — f, gives a bijective
correspondence between full holomorphic maps f: X — CP™™ with invertible ramification
and full isotropic harmonic maps g: ¥ — M, with invertible ramification and l(g) =r.
Here, M, = CP""™ if r is even and M, = CP™"*t1 if r is odd. The inverse is given by
9= 9-u(g)-

Unlike the ungraded case, in supergeometry there is another instance, where a similar
classification is available. This concerns harmonic maps into IDP™ — the projective space

associated with the super skew field D.

Theorem B (see Theorem 7.12). For every 0 < r < n+ 1 the assignment f — f, gives
a bijective correspondence between full holomorphic maps f: ¥ — DP™ with invertible
ramification and full isotropic harmonic maps with invertible ramification g: Y — DP" such

that [(g) = r. The inverse is given by g — g_;(y)-

Moreover, we also study periodic harmonic sequences in CP""*1 and show that there is



a notion of finite type. This is particularly suited to study harmonic super tori. Later we
will be more precise, but for now we use the loose notation ¥ = CI /€ and suppress B.
In this situation, we have again a lift f: ¥ — PSU(n 4+ 1|n+ 1)/T and the latter space is

2(n + 1)-symmetric with decomposition

2n+1
psl(n+1jn+1) = @ M.
=0

Pulling back along C'' — 2. one can find a framing F: C!I' — PSU(n + 1|n + 1) of f
which will satisfy
Frap =Apo+Apy,

where Ap; has values in M;. In order to define a vector field analogous to (1.5), there
are several issues to overcome which will be settled in Section 6.4. Firstly, note that, D
being odd, this vector field should be odd. Secondly, one crucial ingredient in the proof of

Theorem 1.7 is that A, ; is semisimple which never holds for Ap ; :
A%’l € im(ad(Ap,1)) Nker(ad(Ap,1)).

Moreover, we show that there are two invariants Py(f), Pa(f) which are induced from two
pste-invariant polynomials on M; as opposed to one psl(n + 1)-invariant polynomial in
the ungraded case [6]. This leads to the additional assumption in our theorem compared
to Theorem 1.7. Also, an essential ingredient in Section 6.4.4 is the ellipticity of certain
operators. We are not aware of any general result on elliptic operators on super Riemann
surfaces, and the fact that we can apply analogous arguments as in the ungraded case relies

on special properties of the situation at hand. Then we have the following result.

Theorem C (see Theorem 6.49). Any harmonic super torus f: ¥ — CP™™ 1 with invertible
ramification and periodic harmonic sequence is of finite type if Pi(f)/Pa(f) is constant.

We also study the analogous situation for maps into DP?". It turns out that one cannot
expect a finite type classification as previously. We do not know how to overcome this

problem, however, our analysis still leads to the following result.

Theorem D (see Theorem 7.31). There is a harmonic super torus f: ¥ — DP? with
invertible ramification and periodic harmonic sequence such that the underlying map T? —

CP? is not harmonic.

Relation to other work

Although the problem of developing the supersymmetric version of harmonic map theory
has already been posed in [52, Problem 14], there are only a few results available in the

literature. One of the first sources, where this problem has been taken up is [46].



The paper by Khemar [36] lays the foundation for all the results based on the zero
curvature formulation (see Proposition 3.16). These are formulated therein for Lie groups
as co-domain, but works equally well in the setting of Lie supergroups. More recently, there
has been increasing interest in supersymmetric harmonic maps into CP". Among others, see
[21]. In view of the dimensional restrictions which we obtain for the co-domain, these results
are largely independent of ours, though the methods are similar. Moreover, in work of Chen
et al., for instance [15], the ordinary harmonic map equation is coupled to a nonlinear Dirac
equation for a spinor. The underlying data of a supersymmetric harmonic map is similar
(Section 4), however, in our setup, the spinor is an odd quantity.

In the present treatment we focus on working in the general setup of an arbitrary super
Riemann surface whenever possible. From this point of view, the occurrence of parabolic
super Riemann surfaces is quite natural. For instance, in [36] only C'I is considered and in
[21] an additional boundary condition is imposed ([21, Equ. (11)]), which is however not

appropriate to define maps on the super sphere.

Outline

This work is structured as follows. In Section 2, we introduce all relevant notions from
supergeometry. Super Riemann surfaces are introduced in Section 3. Besides the basic
definitions and examples, this section also contains the construction of blow ups of certain
ideal sheaves which naturally appear in the context of the Gauf} transform. Then we move
on to discuss generalities about harmonic maps in this setting in Section 4. In particular, we
derive the underlying equations. Section 5 contains a discussion of harmonic maps into Lie
supergroups formulated for the special case of U(n|m), i.e., the zero curvature formulation,
framings, and a discussion of the underlying map from the point of view of elliptic integrable
systems. Sections 6 and 7 on harmonic maps into CP™™ and DP™ contain the main results.
In both cases, we first prove basic results about the Gauf3 transform, study isotropy, and give
basic examples. Then we go on to discuss harmonic maps with periodic harmonic sequences.
This leads to a finite type classification in the case of CP""*1 This is accompanied by a
detailed study of the case CP? and certain special maps into DP™. The pay-off of which
is a wealth of examples in the former case and an example of a supersymmetric harmonic

map whose underlying map is non-harmonic in the latter case.
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2 Supergeometry

2.1 Recollections on supergeometry

We start with introducing the most important concepts from supergeometry and our
conventions. As a general reference, we refer for instance to [13, 31] and for Lie supergroups

in particular to [4].

2.1.1 Supermanifolds

A real (resp. complex) super vector space is a Z/2-graded real (resp. complex) vector
space V = V5 @ V4. A morphism is a grading preserving linear (resp. complex linear)
homomorphism. The parity reversed super vector space will be denoted by IIV = V; & V5.
The resulting category is closed symmetric monoidal with respect to the evident notion of
tensor product and internal hom object denoted by Hom(—, —).

We let A(V') denote the locally ringed superspace over R (resp. C) given by the topological
space Vj together with the sheaf of superalgebras Oy = C%% ®r A®VY (resp. Hy; @c AVY).
Here C72(—) denotes the sheaf of real smooth functions and Hy;(—) denotes the sheaf
of holomorphic functions. A smooth (resp. complex) supermanifold is a locally ringed
superspace over R (resp. C) with Hausdorff second countable base which is locally isomorphic
to some A(V). A morphism of supermanifolds is a morphism of locally ringed superspaces.
The respective category of supermanifolds will be denoted by SMan and SManc. The sheaf of
ideals given by all nilpotent functions on a real or complex supermanifold M will be denoted
by das. This gives rise to the underlying manifold ips: My — M with sheaf of functions
Oy = Onr/dns- A morphism of supermanifolds M; — My is then given by the data of a
smooth map fo: (Mj)g — (Ma)o and map of sheaves of superalgebras f#: Oz, — (f0)«Ons, -

2.1.2 Functor of points approach

Often, it is convenient to use the Yoneda embedding to study a supermanifold M through

its associated functor of points
SMan® —— Set, T +— SMan(T', M).

Usually, elements of SMan(7T, M) will be referred to as T-valued points of M. This works
equally well in SManc.
2.1.3 Tangent bundles

The sections of the smooth (resp. holomorphic) tangent sheaf Ty, over Uy are given by
the real (resp. complex) linear derivations of Ojz|y,. This forms a locally free sheaf of

Ops-modules and can be used to build the vector bundle TM — M. Having this, for a

10



smooth supermanifold, besides the notion of an even Riemannian metric, there is also the
notion of an odd Riemannian metric. These have associated Levi-Civita connections. We

refer to [29, 31] and the references therein.

2.1.4 Lie supergroups

A smooth (resp. complex) Lie supergroup is a group object in the respective category of
supermanifolds. Given a subgroup H C G such that Hy C Gg is closed, there exists an
induced homogeneous manifold G/H. The projection is a principal H-bundle and has the

universal property for quotients.

2.1.5 The forgetful functor

Any complex super vector space V' has an underlying real super vector space u(V'). This
assignment extends to a forgetful functor from complex supermanifolds to smooth super-
manifolds which we will denote by u(M). In the same way, a holomorphic vector bundle
E — M has an underlying complex vector bundle u(E) — u(M). From now on, by abuse of
notation, we will suppress u(—) in the following and instead, in case of potential ambiguity,

we will emphasize which structure we consider in the situation at hand.

2.2 The supergroup U(n|m)

Let T be a real supermanifold and E = C”'mT the trivial complex vector bundle of
rank (n|m) over T. The standard basis of C"™ is denoted by {e1,...,en,€1,...,€m}. A
homogeneous section f of End(E) = End(C”‘m)T satisfies for homogeneous a, b € I'(Or)

and homogeneous sections v and w of £

Flav +bw) = (=) Vaf(w) + (=1) "l (w)

With respect to the standard basis, f is represented by a matrix

—1)lvl+t
(f(el)af(€2)7"‘7f(6m)> = (g g) ’ f(?]) - ((_11;1“40 ( l)D B) "

We introduce a super hermitian form on F, by setting

kafk+zz |gl 9191 V= kaek +Zglel, v = kaek—i-Zglq.

Lemma 2.1. This assignment is non-degenerate, supersymmetric and sesquilinear.

11



Proof. We calculate

m

kafk—lz 1)l g,g;

1

b
Il

I
M:

(-1 )Ifkllfk\f/fk — ZZ 1)lail( )Igz\lgllg/gl

M
I

Dl Zf/ k_ZZ Dol (—1)larllarl (—pylll'T—q)lauly(— )|gl‘g’gl)
= (-1 )‘”””'(vw),

where we used |fi||fr| = |v|[v'| and |gi| + |g]| + |919]] = 1 + |v||[v'|. And, moreover, for
homogeneous x we have

3

m

<U, xvl> = xfk Z |gl|+‘x|gl a:g )

|v||x|mszf Fi(— |vux|z 1)l9tlgig,
= (-1 )'””“""m(v,v )

Non-degeneracy is readily seen. O

Lemma 2.2. The adjoint with respect to (—,—) of the homogeneous endomorphism given

Nl

e (A ety
iB* D

Proof. For instance, for the upper right corner we find

by the matrix

is given by

iMlk = <M€k,€l>
= <€k,M*61>
= (M)

The other cases are similar. O]

The general linear group GI(n|m) is the open subsupermanifold of End(C™™) given by
the invertible endomorphisms. In particular, this endows GI(n|m) with a natural complex

structure. The preimage of 1,,,,, under the submersion A — AA* onto the linear subspace

12



of End(C"™) given by endomorphisms satisfying B* = B yields the unitary group U(n|m).

The T-valued points are given by even endomorphisms f which are unitary in the sense that

{(f(x), f(y)) = (2,9).

Equivalently, f*f = 1,,,. If we represent such f as above by a matrix
A B
C D)’

A*A—iC*C =1, A*B+iC*D =0, B*B+iD*D =i1,,.

then the condition reads

Similarly, for an odd T-valued point the condition is f*f = i1,,,. The Lie superalgebra
u(n|m) is by definition the Lie superalgebra of left-invariant vector fields on U(n|m). If we

denote by p the multiplication on U(n|m), then left-invariance means for a derivation
(I®X)ou*=pfoX.

The bracket is given by the supercommutator of vector fields. Elements can be represented

by anti-hermitian matrices f* = —f :

A B
u(n|m) = {( ) ) | A€ u(n), Deulm), BeHom(C™ C")}
—iB* D
Then the bracket is given by the supercommutator of linear endomorphisms. This defines a
real form of End(C™™) and U(n|m) is a real form of the complex Lie supergroup GI(n|m).

The ad(y|m)-invariant metric given by the super trace (X,Y’) = —str(XY'), where

A B
str (C D) = tr(A) — tr(D),

induces a pseudo-Riemannian metric on U(n|m).

The Berezinian of a matrix defines a group homomorphism

A

Ber: U(n|m) ——U(1), (C

B
D> + det(A — BD~1C)det(D) L.

This assignment is to be understood to be a definition on the level of functor of points.
That is, a T-valued point of U(n|m) is mapped to the T-valued point of U(1) as indicated.

The kernel of this group homomorphism is the special unitary supergroup SU(n|m) with

13



Lie superalgebra
su(n|m) = {A € u(n|m) | str(A) = 0}.

This group has a nontrivial center given by multiples of the identity if n = m. The quotient by
this subgroup is the projective special unitary supergroup PSU(n|n) with Lie superalgebra

psu(n|n) = su(n|n)/(i - id).

These construction pass to the complexfication and in this way one obtains the Lie superal-
gebras sl(n|m) and psl(n|n).

Left translation gives a trivialization

TU (nfm) — u(n|m) (2.3)

U (n|m)

and hence the Maurer-Cartan form « € QY(TU (n|m),u(n|m)). This connection is flat:
1
do + i[a/\a] =0.

Under the trivialization (2.3), the Levi-Civita connection takes the form d + a (cf. [31
Cor. 1)).

Example 2.4. Consider a homogeneous section f of C"™ . such that i%(f) is nowhere
vanishing, where i7: Ty — 7' is the canonical inclusion. In particular, (f, f) is invertible.
Equivalently, f spans a locally free Op-module. In this situation we have a projection onto

the line [ spanned by f, which is given by the formula

(I71+lahlf > @)
=1) i

m(a) =
Then we have
olm(a)) = (—1)(FHaDifl 4 a)
((m(a)) = (~1) Wy

:71'1(&),

— (q (—y Dl @)
oy n’

= (a,m(d)),
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and m — m1 = 2m — id is a T-valued point of U(n|m). Similar considerations apply
to construct the projection onto arbitrary subbundles F of C™".. Since (m — mu1)* =

(m — w1 )L, it actually takes values in SU(n|m).

2.3 The supergroup Q(n)

A super division algebra is a superalgebra such that any nonzero homogeneous element is

invertible (cf. [19]). The super divison algebra D over C is defined by

where j is odd. A T-valued point of D will be written in the form a + bj. Throughout, D"

will be considered as a left D-module. Left multiplication by j is denoted by J, and we have

0 1
Jn = "
1, O
In particular, J,, is unitary. The subgroup of U(n|n) given by all matrices which graded

commute with J,, is denoted by Q(n). On T-valued points, these are unitary endomorphisms

whose representing matrix have the form
A B
-B A}

A B
Ber < A) =det(1+1/2[A7'B,A7'B]) =1,

In particular,

so that Q(n) C SU(n|n). On the infinitesimal level, we obtain

A B .
q(n) :{<_B A) | Acu(n), B=1iB"}.

There are odd analogues of the super trace and the Berezinian. The former gives rise to the

subalgebra

sq(n) = {(_AB lj) | A€ u(n), B=1iB", otr ( A B) = tr(B) = 0}.

The latter is defined by

A
det: — O
st —on, (4

i) — tr(ln(1 + A7 B)),
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where we use the formal definition In(1 + Z) = Y. (—1)"*1Z"/n. This is again understood

to be a definition on the level of T-valued points. The sum converges since B is odd. The

n

kernel is the subgroup SQ(n), which has a non-trivial center spanned by the identity. The
quotient by this subgroup gives the projective special queer Lie supergroup PSQ(n).

In the case n = 2, we can write an even X € q(2) in the form z -idy); + ¢J and we will
often use the shorthand z + £.J, where

j:<_01 (1)>

For later reference we collect some facts concerning subbundles V' C D", which are

invariant under the left action of D.

Lemma 2.5. Consider a rank one D-subbundle V- C D" . If the bundle is trivial then there
is an even trivializing section v which satisfies (v, J,v) = 0. This generator is unique up to
left multiplication by an even invertible element (a + bj) such that b = —iba/a.

Proof. Starting with any even trivializing section w, one can take v = (1 + <;”<1i”$;> In)w.

Given such v, then
{(a+bJn)v, (a —bJy)Jpv) = (—ab + bai){v,v)

vanishes if and only if b = —iba/a. O

Definition 2.6. An even trivializing section v which satisfies (v, J,v) = 0 is called isotropic.

Example 2.7. We consider an even isotropic generator [ of the D-submodule L C D" We

have that l 7
L),y (—1)1””'7< nbv) g

T (Tl Jnl) ™
Now we use J;; = iJ, to compute
(1, Jpv) o] {Inl, Jnv)
Jov = I+ (- ————=-J)1
mehe =y L )
<Jnl,’l)> | |<l,7)>
= —— [+ (=1Ll
ity
= JnﬂLU.

Moreover, (r, — 71 )* = (7 —7;,L) "' and so 7, — w1 defines a T-valued point of SQ(n).
By similar methods the projection onto an arbitrary J,-invariant subbundle F' can be shown

to commute with J,,.
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2.4 The Grassmannians Gry;(C"™)

The Grassmannian Grk“(C”'m) is the supermanifold which classifies (k|l)-subbundles of
the trivial bundle C™™. For convenience, we give a detailed treatment of the homogeneous

geometry. As a smooth supermanifold we define
Gryp(C"™) = U(n|m) /U (k|l) x U(n — klm —1).

As usual, we will use the notation CP™"™ = Grlm(CH”‘m). This comes with a tautological
flag v = [(Ck”] C Cn‘mGrk”(Cn\m). Here the square brackets denote the bundle associated
with the U(k|l) x U(n — klm — [) representation where the first factor acts through the

tautological representation and the second factor acts trivially. The last isomorphism is

given by
[Ck”] HmGTMZ(CMm)a [ga U] = ([g]ag(v))

Pullback of this flag sets up the bijective correspondence between smooth maps into
Grku((C"‘m) and rank (k|l) subbundles of the trivial rank (n|m) bundle. The tautological
bundle has a connection coming from the inclusion into the trivial bundle. That is, for a

local complex derivation X and a local section of p, we set

Vi(p) =X (p).

Similarly, v+ is endowed with an analogous connection.

As concerns the tangent bundle we obtain as a U(k|l) x U(n — k|m — [) representation
T}iq) Gy (C"™) = Hom(CH!, cnmhim=1y,
and using left translation thus
TGry,p(C"™) = Hom(y,7%).

From this we obtain a U(n|m)-invariant almost complex structure on Grk‘l((C”'m). In view
of the Newlander-Nirenberg theorem for supermanifolds [44], a proof of the integrability

can be obtained along the lines of [38, Prop. X.6.5]. On local sections we have
TGTk\l((Cn‘m)(LO) il{oimc‘% ’YL)7 Z = WVLZ(p)a

where p is a local section of 7. The connections on v and v+ induce a connection on

Hom(y, ") given for local section F and p by

(VEEF)(p) =m0 X (F(p) — ()X I (. X ().
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In particular, this connection preserves the type decomposition of T' Grku(cn\m)@. This is
the Levi-Civita connection of the underlying metric of the hermitian structure determined

on homogeneous local sections F' and G by
<F’ G>Grk|l((C”\m) = StI‘(F*G).

We should point out that the underlying metric is only definite in the case £k = 0 or [ = 0.
Given a map f: M — Grk“(C"'m) from a complex manifold into Grk‘l((C"‘m), the com-
plexified differential dfc decomposes into two summands according to the type composition
of Grk”((C"‘m) :
dfc = df 10 4 grOD,

We have then the following.
Proposition 2.8. The following are equivalent.
(a) The map f is holomorphic.

(b) df 0|01 = 0.

(c) For any local section p of v and any section Z of TMOY  we have
7Tf*(,yJ_)Z(,0) =0.

e subbundle v) C 18 holomorphic.
d) The subbundle f* cm, , is hol h

Proof. The map is holomorphic if and only if df is complex linear which is equivalent to (b)
for the same reasons as in the ungraded setting. Parts (b) and (c) are equivalent in view
of the isomorphism (2.4). Part (c) is equivalent to the statement that smooth sections p
of f*(v) are closed under applying sections Z of TM (0.1) which is equivalent to define a
holomorphic subbundle of the trivial bundle. O

Finally, there is a totally geodesic embedding Grku((@”‘m) — U(n|m) which is given on
T-valued points by
V= ('ﬂ'v—'ﬂ'vL) =2my — 1.

Remark 2.9. As smooth supermanifolds, the Grassmannians are split
Gryy(C"I™) 22 (Gry(C™) x Gry(C™), A*[Hom(C¥, C™) @ Hom(C',C™)]*).

However, for instance the complex supermanifold Gr1|1((C2‘2) is non-split [42, Chapter 4 §3

Example 16].
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2.5 The projective spaces DP"

Now we shall discuss certain submanifolds of Grl‘l(((:k“'k“). The projective space DP™
is the supermanifold of (1|1)-planes in D"*! = C*+1"*+! which are invariant under J, ;.
These supermanifolds have been introduced by Manin (cf. [40, 42]). This parallels very

much the discussion of the previous section. As a smooth supermanifold we define

DP" = Q(1+n)/Q(1) x Q(n).

We have a tautological flag yp = [D!] C D™ »n. Again, the square brackets mean the
bundle associated with the indicated Q(1) x Q(n) representation. Pullback of this flag sets
up the bijective correspondence between smooth maps into DP™ and rank (1|1) subbundles
of the trivial rank (n + 1|n + 1) bundle which are invariant under J,,4;. In view of Example
2.7, the tautological bundle has a connection similarly defined as in Section 2.4. The tangent
bundle is of the form

TDP" 2 Homp (1p, 75)-

From this we obtain a Q(1 + n)-invariant almost complex structure, which is integrable
since the inclusion into Grm((CH”'H“) respects the almost complex structures. Then on

local sections we have
(TDP™) ) 2 Homp (v, 75), Z + 7,1 Z(p),

where p is a local section of yp. Again, this connection preserves the type decomposition.
There is an odd hermitian metric on Homp (yp, fyﬁ), given for homogeneous local sections
F and G by

(F,G)ppn = otr(F*G).

Notice that the super trace vanishes identically. The Levi-Civita connection is given by
(VEEF)(p) = mp X (F(p) = (1) FIF(m, X (),
where p is a local section of vp. From Proposition 2.8 and the above discussion, we can
conclude for a map f: M — DP" from a complex manifold M:
Proposition 2.10. The following are equivalent.
(a) The map f is holomorphic.
(b) df(1’0)|TM<011) =0.

(c) For any local section p of v and any section of Z, we have
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(d) The subbundle f*(yp) C D™, is holomorphic.

There is again a totally geodesic embedding DP™ — Q(1 + n) which is given on T-valued
points by
V= (7TV —WvL) = 2my — 1.

Remark 2.11. The split model for the underlying smooth supermanifold is
DP™ = (CP", A*[Hom(C, C"]").

However, as a complex supermanifold DP" is non-split for n > 2 (cf. [47]).

3 Super Riemann surfaces

Most of the objects we have introduced so far are a rather direct generalization of ungraded
differential geometric notions. In contrast, super Riemann surfaces, which form the central
objects of this article, are not of this sort but truly supergeometric in nature. As a general
reference, especially for the material presented in Sections 3.1, 3.2, we refer to [43, 55]. For

parabolic super Riemann surfaces (see Section 3.4) we also point out [54].

3.1 Basics

Let A be a complex Grassmann algebra and B := Spec(A) = (pt, A) the associated complex
supermanifold. A B-family of supermanifolds is a complex supermanifold M together with
a holomorphic submersion 7: M — B. The relative tangent bundle TM/B is defined to
be the kernel of T'M — n*T'B. Its dimension is the relative dimension of M over B. Given
another complex Grassmann algebra A’ with associated supermanifold B” and any morphism
f: B" — B, then M — B can be pulled back along f to give a family M’ — B’.

Definition 3.1. A super Riemann surface over B is a B-family 7: ¥ — B of complex
supermanifolds of relative dimension 1|1 together with a totally non-integrable holomorphic
subbundle D C T'¥/B of rank 0|1.

The condition means that the Lie bracket of vector fields induces an isomorphism of

holomorphic vector bundles
DD — (TY/B)/D, X ®Y — [X,Y] mod D.

Using that the Berezinian behaves well with respect to short exact sequences, one obtains

for the holomorphic cotangent bundle

Ber(X) = Ber(T%Y")
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Consequently, the complexified Berezinian of the underlying smooth manifold is

Berg(X) ® C = Ber(TX*) ®c Ber(T'X*)
= (Do D)L

In order to make sense of component fields in subsequent sections, it is useful to introduce

the notion of an underlying even manifold [34].

Definition 3.2. Let 3 be a super Riemann surface over B. An underlying even manifold
is a complex supermanifold || of dimension (1]0) over B with |X|p = ¥y together with an
embedding tp: |X| — ¥ of complex supermanifolds over B such that the pullback along
pt — B is the canonical inclusion ¢ — .

Remark 3.3. If B = pt, then there is a unique underlying even manifold given by the
standard embedding iy : X9 — Y. For general B, there always exists such an embedding

which is however not unique [34].

3.2 Examples of super Riemann surfaces

We now discuss the most relevant examples of super Riemann surfaces.

3.2.1 The superconformal plane

We consider (C}B‘1 = C!' x B together with the distribution generated by D = 8y — 99,.
A local superconformal coordinate system on a super Riemann surface is an isomorphism
(2,9): U — C}B‘l of super Riemann surfaces over B. Locally such always exist. Unless
specified otherwise, in the following, when working in local coordinates, we will always
tacitly assume that the coordinates are superconformal. A change of such superconformal

coordinates takes the special form

Z=u(z) = 9n(2)\/u/(2), = n(z) +9/u/(z) + 0/ (z)n(2).

Under such a coordinate change, we have

D= fD, f=Di=/u(@) +7=n) - (2).

For later use, we note at this point, that if we want (D@)” to be a fixed invertible function,

then any other superconformal coordinate system (2, 0’ ) which achieves this is obtained
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from (Z, 19) by a combination of superconformal translations and rotations in the following

way. There is an nth root of unity /w and a point (zg,n0): B — C!, such that

& = (wu(2) — Vin(2)m + 20) — 9(/wn(z) + m)y/wi (2) — v (2)mo,

¥ = (Van(z) + o) + 0/l (2) + o (2)n(2).

Remark 3.4. Finally, we remark that locally up to superconformal change of coordinates
in the co-domain all underlying even manifolds are equivalent to the standard embedding
Ccl9x B— c'' x B.

3.2.2 Split super Riemann surfaces

There is a super Riemann surface associated to any Riemann surface ¥y together with a
choice of spin structure, i.e., a holomorphic line bundle L which satisfies L? = T'S*. For the

complex supermanifold ¥ = (X, A*L), £ the sheaf of holomorphic sections of L, we have
T = 0y ®OZO (‘.TE() D L*)

As vector bundle, we define D = Oy, ®os, L*, and the inclusion D — T is induced by

L L e L —E e (LTS @ L C TX.

Pullback along B — pt yields the split family ¥ = ¥ x B — B. Split super Riemann

surfaces come with a choice of an underlying even manifold
LB:(i2XB): |EB’:20XB*>ZXB:EB.

Morphisms from split super Riemann surfaces can be understood in terms of more
elementary objects on |Xp|. For this, we consider a supermanifold M with connection V.

The complexified structural morphism

o f O —= 05 c 2 (05, c® (L@ L) D (L@ L)) ®c (Op ®C)
commutes with complex conjugation and thus is equivalently given by the components
£ fotOume —= Oxyc ®c (05 ® C) = Oy ¢,
X: fo 'Ouec——= L &c (05 ®C) = (D),

F: fo ' Omec — (L ® L) @c (05 ® C) = (D @ D)*.
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In the following, dfc refers to the complexified differential and we use the type decompo-
sition D ® C =D @ D.

Proposition 3.5. In the situation above, we have in local superconformal coordinates.
(a) f* is a real algebra morphism and f* = (forp)t.
(b) X (D) defines an odd complex derivation along f* and X (D) = v (dfc(D)).

(¢) F(D,D) = F(D,D) - (VMd(-))(X (D), X(D)) defines an even complex derivation
along f* and F(D, D) = (V¥ dfc(D)).

This sets up a bijection between the set of morphisms Xg — M and triples (f, X, F), where
fi 25 = M, X € T(5(D*) ®c f I(TMc))g, FeT (D2 D) @c f*(TMc))p.
Proof. This is proved in [36, Section 1]. O

3.2.3 Genus 0

In order to obtain a superization of the Riemann sphere, we consider two copies of U; =

C'' x B which are glued along
(U1 = 0)|v,nty-0 — (U2 = 0)|tynwp—0, ¥¥(2,9) = (1/2,9/2).
On Uy we let D be generated by dy + 90,. Then we have Z =1/z, 9= 9¥/z and compute
09, | 0z

=907 " a9
=1/20;,

Oy 0z

v 0z
= —815 + %

= —19/2%05 — 1/2°0;
= —1/2(00; + 203).

0z

Hence

Oy + 99, = 205 — 9(905 + 205)
= 2(95 — 905).

So on U; we take D to be generated by 9y — 90,. This way we obtain a split super Riemann
Y =2 CP'" x Band D = O¢pin ®0,,1 O(1). From this we can conclude L(D~F) =0 for all
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k > 1. One can show that all compact genus 0 super Riemann surface are isomorphic to

this one.

3.2.4 Genus 1

There are four different superizations of a torus corresponding to the four different spin
structures. Recall that the parity of a spin structure is defined to be parity of the number
of global holomorphic sections. There is one odd spin structure, in which cases the super
tori are constructed as follows. We look at the group structure on Cgl which is given on
T-valued points by

(2,9) - (Z,9) = (z+ 2" = 99,9 + ).

There is a right-invariant superconformal structure on Cgl generated by 0y — ¥0,. The
right translations

S'=Rauyp), T = R(rs),

where (7,0): B — H x con, generate a group Z @ Z of superconformal automorphisms and
the quotient
cl
Srs = Cp' /(S,T)

exists and inherits a superconformal structure. In addition to the even parameter 7, this
family has an an odd parameter § which causes these families to be non-split in general. In
fact, we have

[(Os, ;) ={a+ad|a, a€A, da=0}

Moreover, D transforms trivially under R o) and R, s) so that D is trivial and we have
I(DF) = ['(Os, ;) for any k € Z. In particular, these families are non-isomorphic in general.

Still, for any & there is a smooth isomorphism

TO > 757

N

which is the identity when restricted along pt — B. One way to see this, though not very

explicit, is the following. For any smooth supermanifold M, it is known that M = IIi* (T M)z

as supermanifolds under My, where i: My — M. In the case at hand, since the tangent

bundle is trivial, there exists an isomorphism v : ¥, 5 — ((COH(ET 5)o) X B. Composing with
(ﬂ-(w(zﬂa)o)XB’ T o) (@(Zr,(s)o) X B —— (@(27,5)0) x B

gives an isomorphism over B. The co-domain of i stays unchanged when pulled back

along B — pt — B, but the left hand side becomes X, and the resulting isomorphism
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Y52 (@(ET,(S)O) x B = ¥ o has the desired properties.

There are three even spin structures. The resulting super tori are split and can be
constructed as follows. They are quotients of Cgl by the group of automorphisms generated
by S = ¢t o Ry and T = ¢ o R(; ) where c is the group automorphism c(z,7) =
(z,—v) and (€1,€2) € {(0,1),(1,1),(1,0)}. This makes use of the fact that c is also an
automorphism of the superconformal structure on (Cgl. The resulting super Riemann
surface 3 = (3o, A*L ® A) is split and L is an even spin structure on . The holomorphic
line bundle L does not have non-trivial global sections, so that I'(Ox) = T'(Op2 @ L) QA = A.
Also D is nontrivial and does not have global holomorphic sections, however D®? is always

trivial, and hence

If we choose a universal covering p: C}Bll — 3 of a super torus then we will always identify
sections of D®?* with holomorphic functions by means of the trivialization induced by p.

For later use, we note the following property.

Proposition 3.6. Let ¥ be a super torus associated with (1,0) or ((e1,€2),7) as above with
universal covering p: Cgl — . Given an even section of D2 of the form s = (x4 9¢)D®%,
where x is invertible and £6 = 0 or £ = 0 in the respective cases, there is a superconformal

isomorphism of Cgl which descends to a torus ¥’

11 1)1
Cs ~Cp

L

Y3
such that s pulls back to 1 - D®?.

Proof. In the case of split tori the section is constant, so that one can scale the superconformal
plane suitably. (The coordinate change for scalings is similar to that for rotations (cf. Section
3.2.1).)

The argument is similar in the non-split case, but less trivial since then the function
s = (z +9€) D% where §¢ = 0, is in general non-constant. We look at the superconformal

change of coordinates
foft —=cl', (2,0) = £(2,9) = (az — Vezv/a, ez + 9V/a),

where a is an even invertible constant and ¢ is an odd constant such that ¢d = 0. This has
the effect that FD = D, with F = Vva — ¢, and thus leads to

1 (20)e
21
r+9=F = l+19[ 72
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Now we only need to see that such resulting f descends to ¥’ — X for a suitable torus Y.
Le., for suitable (7/,4") and (x/,7)

Risyof=[foRq sy, Raoyof=1[oRuuy)-
The ansatz c¢d’ = 0 leads to the following. First equation, left hand side:

R;s(az — Vczv/a, cz + 9va) = (az — dezy/a + 7 — (cz + 9/a)d, cz + I/a + d)
= (az — Yczv/a + 1 — 9Vad, cz + 9/a +9).

First equation, right hand side:

fz+7 —=98,9+6) = (a(z+ 71 —05) — (9 + ez +7)Va,c(z + ')+ (9 + 8')Va)
= (az — Yezv/a + (at’ — 9(ad’ + ct'\/a)),cz + IVa + (c7’ + §'V/a)).

This yields 7/ = 7/a, 6’ = (1/y/a)(d — ¢r’). Similarly, the second equation yields

K =1/a, 1’ = (1/Va)(—c/a).

Thus setting T" = R 51y, S" = R 4y), we can define ¥/ = (legll/<S’,T'). O

3.3 Points, Divisors, Infinitesimal Neighbourhoods

A point of /B is a section P of the projection w: ¥ — B. It determines an ideal Ip C Oy
which in superconformal coordinates (z,9): U — C'! is generated by (z — zg — 90, 9 — ),
where (z0,79) = (2,9) o P. Using the superconformal coordinate transformation zZ =
z — 29 + 99, ¥ = 9 — O, one can always assume (2o, Jg) = (0, 0).

A generalization is the notion of an infinitesimal neighbourhood of a point given by Ip.
A subsheaf of ideals Jp C Oy is called infinitesimal neighbourhood if it is isomorphic to
Ip away from P and if there are superconformal coordinates on U containing P such that
(Jp)|v is given by (2%, 92!) for some weights (k, ), where k, [ > 0. Conversely, this gives a

construction of such ideals:

Ox(Vo), if Py ¢ Vo,

(Jp)(Vo) =
{f € Os(Vo) | rest i f € (28,92}, if Py € V.

Notice that in the case [ > k we have (2*,92!) = (2*) and the integer k is well-defined.

(Though [ is certainly not.) In the other cases we have:
Lemma 3.7. The property k > 1 is well-defined and in this case the pair (k,l) is well-defined.

Proof. Suppose (2%,92%) = (3™,9%"). We show that m > n implies a > b. For, suppose
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a < b. Then (2%,92°) = (2%). Reducing modulo all nilpotents shows a = m. Moreover,
9 = gz®. Again, applying D = uD, u a unit, implies n > a. A contradiction. Now,
suppose (2%,9z°) = (2™, 9z"), where a > b and m > n. Setting all nilpotents equal to zero,
we obtain (2¢) = (27*) which implies a = m. Then we have ¥2° = zz% 4 y9z". Applying
D = uD, u a unit, and then reducing modulo all nilpotents shows that b > n and the same

argument shows n > b. O

A superconformal coordinate system (z,9) such that (Jp)|y = (2¥,92) is called compati-
ble.

Lemma 3.8. Two compatible coordinate systems determine the same 0|1-dimensional
submanifold: if (zF,92") = (5,021, then (2) = (2) and (2,9) = (3,9).

Proof. The statement is clear in the case k < [. Now we assume k£ > [. We have
= a2k + b2, 93 = e2F + dv2l,

and since k > [ we can assume in addition that a, b, ¢ and d only depend on z. On the
other hand

2:u—1977\/a, 1§:n+19\/u’+m)’

and hence

=P — 9k, 92 = nul + 9 + gl
Comparing coefficients yields u* = az*, nu! = cz*. That is

U = al/kz, n= a ke kL

Hence
z=a'*z — Yca VRN W)
= z(a'F — Yea VFFTTN ).
This implies (z) = (2) and from this the claim follows. O

3.4 Blow ups of Jp and parabolic structures

We now construct the blow up of an ideal of the form Jp. This parallels the construction of
the blow up of a coherent sheaf of ideals in ordinary algebraic geometry. A reference for blow
ups of points is [54]. To the author’s knowledge, blow ups of infinitesimal neighbourhoods
as discussed here have so far not appeared in the literature, which is why we give the details

here.
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3.4.1 Construction

Let P be a point and Jp an infinitesimal neighbourhood of weight (k,1). Now assume that
k>1 Weset n =Fk—1> 0. The blow up of ¥ along Jp is defined as follows. Locally
on some open neighbourhood U C ¥ we choose compatible superconformal coordinates
(2,9): U — CU' such that Ip = (z,9), Jp = (2*,02!). We set ¥y = . The supermanifold
Y/B is covered by ¥ — P and U, i.e. (Os)|s0-p, = Ox—_p and (Os)|y, = Oy and the

transition function is
(Ov)lv—p —= (Os_p)lu-pP, (2,9) = (2,27"9).

This comes with a projection p: ¥ — ¥ which is defined to be the identity on YS—P=%-P
and by p*(z) = z, p*(¥) = 2™ on U. We have that p*(Ip) = I, for a 0|1-dimensional

submanifold Z, and by construction
* _ TRk

is locally free of rank (1|0). The universal property of ¥ — X is captured in the following.

Proposition 3.9. Given a point P on X and an infinitesimal neighbourhood Jp, there is
a supermanifold p: ¥ — X such that p*(Jp) is locally free of rank (1|0) and which has the
following universal property: if f: X — X is any holomorphic map, then f factors through
p: X = X if and only if f*(Jp) is locally free of rank (1|0). In this case the lift is unique.

In particular, Y Y is unique up to unique isomorphism.

Proof. We have already proved the first part. Now for the factorization property, assume
that the map factors through p, i.e. f =po f, then f*(Jp) = f*(IZ) and thus is locally
free of rank (1]0). Conversely, we shrink the U we used to construct ¥ such that f*(Jp) is
locally free on f~1(U). We write s = f#(2), and n = f#(9). A general generator of f*(.Jp) is
of the form as® 4 bn, but then s* is also a generator. Since it is locally free we have an a
such that

sln = as.

Then it is clear that on p~!(U) we have to set
12 =s, fi() =a,
and on the complementary part > — P we are forced to use the map given by f. This shows

existence and uniqueness. ]

28



3.4.2 Lifting the superconformal structure to a parabolic structure

Consider a blow up p: ¥ — X. Near P it is defined by p#(z) = Z and pf(9) = 2™). We
calculate that
Oy — 00, = 1/2"05 — 2"90; = 1/2"(05 — 2*")05).

So we see that D lifts to a distribution D. However, this is not a superconformal structure,
rather
D2~ (TS/B)/D @ O(—2nZ),

i.e., the square D? vanishes along Z to order 2n. (Here O(—2nZ) denotes the line bundle
determined by I?Qn.) Following [54, Section 3.3], we call such a structure parabolic of order
2n. For our purpose, a parabolic super Riemann surfaces will be the blow up of some ideal
Jp on a super Riemann surface. This is not the most general case (cf. Loc. cit), but
sufficient in our case. These blow ups can be viewed as special punctures on the super
Riemann surface. As such they lead to additional moduli parameter. For further discussion
we also refer to [30, 55].

3.5 Holomorphic sections of vector bundles and their regularity

On ¥/B we consider a holomorphic vector bundle E of rank n|m and an even non-zero
holomorphic section s € I'(€), where € denotes the sheaf of holomorphic sections. Consider a
point p € ¥ such that sred(p) = 0. We choose a neighbourhood U of p on which the bundle
is trivial and a local trivialization €|y 22 (s1,...,Su|p1,- .. Pm) in which we have s = )" f;s;+
> gipi- We say that the zero is regular if the ideal (f;, g;) is an infinitesimal neighbourhood
of a point P: (f;,9;) = Jp. This is independent of the chosen local trivialization of the
vector bundle. The goal is to find a line bundle £ with a section Ox; — £ and a diagram

Oy J=fs

e

L

g,

where s is nowhere vanishing. If £ <[, the vanishing ideal of s defines a line bundle and,
using the notation from the previous sections, one can use £L%*, where £ = I;. The proof of
this is similar to the case k > [ which we treat now. In this case the vanishing ideal defines
a line bundle only after passing to a blow up 3 of 3. We now show that we can construct
such an extension on X.

We set n. =k — 1> 0. Let p: ¥ — ¥ be the blow up of Jp. We set Z = p~!(P). We have
seen that this defines a line bundle £ (strictly speaking an isomorphism class). If Z is given
by {z = 0}, then £ is defined by the patching (Oy)lv—z — (Og)|v—z, f + 271 f. There is
an arrow Os, — LO% given by f — 2¥f on U and the identity away from U. The section
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s determines a section p*(s) of & =pe= O ®p-10y p~tE. We want to define 3 in the

diagram
fop*(s)é

O ——

|

L®k

On ¥ — Z we need commutativity of

Oslp—z ———=¢&|z—7 .
\L_ /
Lk 7 =055z
To extend this to U, we notice that in view of the definition of the structure sheaf of %,

we have p*(s)|y = 2"t for some non-vanishing ¢ € I'(€|). The extension is then given by

f — t. By the definition of the transition function of £®", we see that on U we can use

O] p— i P

-

Lk, = Oy
To summarize, we have proved the following.

Proposition 3.10. Given a holomorphic section s of a vector bundle E over the super
Riemann surface ¥/ B. If the zeros of s are regular, then there exists a blow p: Yo Y a
holomorphic line bundle L on 3 with a holomorphic section f and an extension of p*(s) to

a nowhere vanishing holomorphic section § of L* @ p*E : 5(f) = p*s.

Remark 3.11. Since we are working over a Grassmann algebra, not every zero is regular

although over B = pt all zeros are regular.

3.6 Connections on super Riemann surfaces
3.6.1 Koszul-Malgrange holomorphic structures

Let E — ¥ /B be a complex vector bundle, € its sheaf of sections. A connection on E
is a complex linear map & — le /B,c OC € which satisfies the Leibniz rule. Here, le /B.C
denotes the sheaf of complex 1-forms (TX/B)* ® C. The curvature of the connection is the

endomorphism-valued two-form given by

R(X,Y)=VxVy — (—1)‘XHY|VYVX - Vixy)
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Definition 3.12. A connection is called partially flat if in local superconformal coordinates
R(D,D) = R(D? D)= R(D,D) = R(D? D) = 0.

Lemma 3.13. (a) Let V be a connection on E — ¥/B. Then any (smooth) splitting

of the inclusion D — T determines a unique partially flat connection V such that

V|D@i) = V|Dea95'

(b) Consider a complex vector bundle E — Y./ B with partially flat connection V. Then
there is a unique holomorphic structure on E such that its holomorphic sections are

locally characterized by Vs = 0.
Proof. Part (a) is clear. For (b) we refer to [50]. O

Theorem 3.14 (Koszul-Malgrange structure for super Riemann surfaces). Let E be a
complex vector bundle on the super Riemann surface ¥ with connection V. Then E admits
a unique holomorphic structure such that the holomorphic sections are locally characterized
by Vps = 0.

Proof. We can choose a smooth splitting of 7% /B — D®? and then apply Lemma 3.13. [
For later reference, we note at this point the following.

Proposition 3.15. Let X/ B be a super Riemann surface with underlying even supermanifold
tp: |X| = X. Let s be an even section of a vector bundle E — /B with connection V.
Then s = 0 if and only if locally

tp(s) =0, t5(Vps) =0, t5(Vps) =0, t5(VpVps)=0.

Proof. The problem is local, so we may suppose that ¥ = C'I' x B and 1X| = clo x B
with the standard embedding. The vector bundle is trivial which allows us to write
s = 80+ Usy + Usg + Vsyy where the components are sections of i%(E). The first equation
says that s) = 0. Now we have Vps = Ds + Ap(s) for some odd endomorphism Ap. Hence

0 = y(Ds + Ap(s))
= sy + tp(Ap)(tps)

= Sy9-.
Similarly, sy = 0. Finally,

0= 15((D + Ap)V 5 (s))
— 55(DV 5(5)) + (15 AD) (15(V )
— 15(DDs) + 13(D(Aps))
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= —sy5 + U5(DAp(s) — Ap(Ds))

3.6.2 Flat g-valued 1-forms

For later reference we will also give a short review of g-valued 1-forms on (Cl‘l, where g is a

Lie superalgebra. The curvature of such a form « is given by
1
da + B [a A al.

The key point is that, in presence of a superconformal structure, flatness is encoded in a
single equation as in the case of an ordinary Riemann surface if the connection is partially
flat. We decompose the complexified form according to D @ C =2 D @ D and obtain the
two maps ap, ap = ap: (leg‘1 — Ilgc. The most important facts are summarized in the

following.

Proposition 3.16. We have that:
(a) A partially flat connection is flat if and only if Dap + Dap + [ap,ap] = 0.
(b) If o is flat, then there is a unique map F': (le_fl1 — G, F(0) = 1, such that F~'dF = a.
(c) For a flat connection o, we have that a, = —(Dap + a3)).

Proof. This is proved in [36, Thm. 5]. O

Remark 3.17. Here and in the following we make use of the shorthand a% = %[a D, QD).

4 Generalities on harmonic maps

On a compact super Riemann surface the objects which can be integrated are sections of the
Berezinian Berc(X/B) (cf. [55]). Hence, given a map f: ¥/B — M into a supermanifold

with even or odd Riemann metric, we can define the energy
B(f)= [ (dfcl.diclo)c € T(On).
s/B
Here (—, —)c denotes the complex bilinear extension of the Riemannian structure on M. Crit-

ical points are called harmonic maps. Sometimes, we will add the adjective “supersymmetric”

to distinguish such maps from ordinary harmonic maps from a Riemann surface into a
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Riemannian manifold. The resulting Euler-Lagrange equation reads in local superconformal
coordinates (cf. [36, Sect. 2])

Vi (dfc(D)) = 0.

(Here, the connection is understood to be the pullback of the Levi-Civita connection on M
along f.) In other words, the differential dfc|p is a holomorphic section of D* @ (f*T'Mc),
where the second tensor factor is equipped with the Koszul-Malgrange holomorphic structure.
In this respect, supersymmetric harmonic maps behave formally exactly the same way as in
the ungraded setting (cf. [11]).

We now compute the underlying equation in local superconformal coordinates. Using

that the Levi Civita connection is torsion-free, we find:

V'V dfe(D) = (3 R(D, D) - VE°)(dfc(D)).

and

VE VB VE dfe(D) = (R(D, D) = VECVE ) (VE dfc(D))
= R(D, D)V dc(D)) ~ VI (S R(D, D) ~ VAC) (dfe(D))

= R(D,D)(VF dfc(D)) — (V' R)(D, D)(dfc(D))

1
3
~ SR(VECdfe(D), D)(dfc(D)) + 5 R(D, VE dfe(D))(dfe(D))
~ SR(D, D)(VE dfe(D)) + VE Vi dfe(d)

= R(D, D)(Vi dfc(D)) — 5 (VE R)(D, D)(dfc(D))

!
2
o 1 _ _
— R(VE dfc(D), D)(dfe(D)) + 5 (R(D, D)(dfc(9)) + R(D, D)(dfc(9)))
= V5 dfc(9).
Given an underlying even supermanifold ¢p: |X| — X, then in view of Proposition 3.15, we

find that the harmonic map equation is equivalent to:

Uy(VECdfe(D)) = 0,

(5 R(D, D) ~ VE)dfe(D)) =0,

1~ (VECR)(D. D)(dfe(D)) + 3 (R(D, D)(dfc(9)) + R(D, D)(dfe(9))) ~ V5 dfe(d)) = 0.
For a split super Riemann surface, we can conclude now:

Proposition 4.1. Let X g = X x B be a split super Riemann surface and M a supermanifold

with Riemannian structure. Harmonic maps f: X — M are in one to one correspondence
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with pairs
f: |EB| — M, X € P(L*B(@*) Qc f*(TMc))(),

locally, setting ¢ = X (D), subject to

VECy = SR, ), (42)

VECdfe(d) = S(R(, $)(dfe@) + R, )(dfe(@) — (VR 9)).  (43)
Proof. This follows from the above computation together with Proposition 3.5. 0

The underlying map is harmonic if and only if Vgcd fc(8) = 0. If the co-domain is purely
even, then the right hand side of (4.3) vanishes after restriction along pt — B. However,
this is not necessarily the case if the co-domain is a supermanifold. In particular, it is then
natural question, if coupled solutions to these equations, i.e., such that the underlying map
is not harmonic, exist. We will construct an example in Section 7.4.4.

One should point out the structural similarity to the equations for Dirac harmonic maps
[14] in which the tension field of a map is coupled to a spinor. The difference to the situation
at hand is that in our situation v is an odd quantity. For instance, for the curvature R we
do not necessarily have R(1),1) = 0. For a discussion of the analogous problem of finding

truly coupled solutions in this context see [35].

Remark 4.4. These component equations have been derived in [36] as well in the case

Y= Cgl and M an ordinary Riemannian manifold.

5 Harmonic maps into U(n|m)

5.1 Zero curvature representation
Since the Levi-Civita connection on U(n|m) is given by d+ %a, where « is the Maurer-Cartan
form, a map f: ¥ — U(n|m) is harmonic if and only if

_ 1
Dap + 5[0@,0@] = 0.

Let a|pgec = o + o” be the type decomposition. As in Lemma 3.13, in presence of a
splitting of the inclusion D — T3 /B, any connection defined on D extends to a partially
flat connection. The following result is to be understood by using this construction. We

have the following characterization of harmonicity.

Lemma 5.1. We have

1
Dap + §[aD7aD] =0
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if and only if the loop of connections determined by

1—) 1—-)21
A)\: 5 O/—I— 5 O//

is flat for all X € S*.

Proof. See [36, Thm. 6]. O

5.2 Harmonic maps and framings

Recall from Section 2.4 that there is the totally geodesic embedding ¢: Grku((C"'m) —
U(n|m), V — my — my,o. It follows that the problem of harmonic maps into Grassmannians
is reduced to the problem of harmonic maps into U(n|m). However, it is also convenient
to study harmonic maps ¥ — Grk‘l(C”‘m) via framings. We will write G = U(n|m),

K =U(k|l) x U(n — klm — ). By a framing, we mean a lift in the commutative diagram
p
> % G/K =G,

where p is the projection and ¢ = ¢ o p. On the level of Lie superalgebras ¢ induces an
Adg-invariant decomposition g = ¢ @ p. If we denote the projection onto the respective

summand by a subscript € or p, then for the Maurer-Cartan form « we obtain
Ad(g Y cra = (—2)ayp.
Setting 8 = ¢*t*a and B = @*a, we also have

B=¢ca
= (~2)Ad($)5;.

We also extend the projections onto m and p linearly to the projections onto m¢ and pc on

the complexification gc. Starting from the harmonic map equation
_ 1
we can now compute both sides in terms of B and obtain

DBp = (~2)AA(@) Fp: Foo] + (~2)AAG(DBy ), 5[5, Bp] = (~DAA(B)[S,.0: B0
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So, finally, the harmonic map equation in terms of the framing ¢ reads
DszD = —[BE,D7BP7D]‘

5.3 Supersymmetric harmonic maps and elliptic integrable systems

In view of the discussion in Section 4, it is natural to study how supersymmetric harmonic
maps relate to harmonic maps. In the case of a Lie group as co-domain, as was observed
by Khemar [36], the underlying map of a supersymmetric harmonic map is a solution to a
special instance of a broad class of integrable equations, the elliptic integrable systems. For
a comprehensive treatment of those, we refer to [36, 37]. We give a brief account on such

and also compute the equations for the underlying map in this setup.

5.3.1 Basics on elliptic integrable systems

Let g be a Lie (super)algebra with an automorphism 7 of order k. We write k' = 2k or

k' = 2k + 1. After complexification, there is a decomposition into the eigenspaces of 7

gc = @ 9

1€Z/k!

27l
where g; corresponds to the eigenvalue e * . The mth elliptic equation is the flatness of the

loop of g-valued 1-forms on (leg‘1 determined by

m
a)p = ZAZ‘()&DVZ‘, Ae St
i=0
where «; is a section of D* ® g;.

There are three cases. We put m; = 0 and for k¥’ > 1 set my = k, if ¥ = 2k, and
myp = k+ 1, if ¥ = 2k + 1. Then the cases are primitive if m < mys, determined if
my < m < k' — 1, and underdetermined if m > k’. Now let 1 \(Cgl = (Cgo — Cgl denote
the standard underlying manifold. The mth elliptic equation on |(le9|1| is the flatness of

i)\iai, Ae St
1=0

where now «; is a section of (T(|Cg1\/3)(1’0))* ® gi.

Remark 5.2. Originally, the notion of an elliptic integrable system was formulated by
Khemar in the ungraded setting [37]. We have only made the straightforward necessary

adaptions to the supersymmetric setting.

We have the following basic observation [36].
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Lemma 5.3. Consider a supersymmetric solution to the mth elliptic integrable system

axp. Then B, =tz is a solution to the (2m)th elliptic system on ](Cgl\.

Proof. This follows form the fact that flatness in the supersymmetric sense of ay p implies
flatness of . in the non-super sense. The doubling m — 2m is a result of a . =
—(Da,\7D+a§\7D). ]

Remark 5.4. For supersymmetric harmonic map into a Lie supergroup we have k¥’ = 1,
m = 1. Thus the underlying map has ¥’ = 1, m = 2. As Khemar shows [37, p. 46], this
underdetermined system is equivalent to the system with &’ = 3 and m = 2 where one
considers g® together with the cyclic permutation. This is in contrast with the ordinary
harmonic map equation. There & = 1, m = 1 and this underdetermined system is equivalent
to the system with &’ = 2 and m = 1 where on g? one considers the automorphism given by
cyclic permutation.

Now, for a supersymmetric harmonic map into a symmetric space, we have for the pullback

of the Maurer-Cartan form of a framing the equations
Dap + Dap + [ap,ap] =0, Dayp = —[ag p, op,p]-

These are equivalent to the flatness of ay p = agp + Aap p, A € S 1. Consequently, the
underlying map is related to the second system of a symmetric pair, & = 2. This underde-
termined system is in turn equivalent to the second system associated to the 4-symmetric

space g2, (a,b) — (b,7(a)).

5.3.2 The underlying map of a supersymmetric harmonic map in terms of a

framing

We now compute the equation for the underlying map of a supersymmetric harmonic map
in terms of a framing. This provides an alternative point of view on the equations derived

in Section 4. We have

ap, = —(Dap p + [oep,0p D)), .= —(ag,D + (Dow,p + 0‘%,[)))-

Then we compute

D(—Day p) = DDay p
= _D[aE,D7 ava]

= —[DaE7D7 apyD] + [O%D, Dap,D]
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Therefore,

_5(_DQP’D) = _[DDQE,D’ ava] - [DaE,D’ Dava] + [DQB,D7Dap7D] - [aE,D’ D‘DQP,D]
= [DDCVB,Dv ap,p] + [Day p, [ag p, ap,p]] + [Dae,D»Dap,D] — low p, Dlag p, ap,p]]
= [DDay p, ap p] + D[ai[y ap,p] + [Doy p, Day p)

— _D[DQ&D + aib, O[p}D],

Dlag,p, o p] = [Dow p, . p] + [0, [y 5, o D],

= [D?o,p, ap,p] — [, . Doy p, 0]

D?aq p, ap,p] = e, [Dayg p, ap,p)] = [ow,p, [ s p,0)]

Putting things together, we obtain

DDay . = *[DO‘E,D + a?,D, Q2] + [D(DO‘E,D + aiD), ap,p] — [D*ax,p, op,p] + [l D, DO‘E,D + a?,f)]a )
= —[Day p + af p, ap2] + [D(Dey p + o ) = D*awp + [ae.p, Doy p + o pl, ey p)-
We have
D?*ayp = —(DDay p + Do p, oy p] + Dlay p, o p)),

so we conclude

D(Doy p + Oa?,[j) — D*aqp + [ae,p, Doy p + O‘EQ,D] = DaiD + [Daep, o pl + [Dep,p, o p]
— [ap,p, Dayy p] + [oe,p, 02 )]
= [Doy p + Dae,p, o p] — [l p, ap,p], oty p]
— [op,p, Dy, p] + [OZE,D70%2,D]
= —[[ap,D, %,D]a ae,D] - H%,Da ap, D), O‘p,D]
— ., Do‘p,D]

= [apzD’ Otp,g].
Finally, we obtain

DDay. = ~[Doy p + 02 p ap.2] — oz, 02 ]

= [O‘E»fv ap,z] + [O‘g,Dv O‘P%] + [ag,Dv ap,g]-
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Hence:

Dap,. = —[aez, ap,z] — ([aiD? ap] + [aﬁ,D, apz])-

In particular, due to the second summand the underlying map needs not be harmonic.

6 Harmonic maps into Grku((C”‘m) and the special case CP""

The aim of this section is to prove supersymmetric versions of by now classic results on
harmonic maps into Grassmannians. There are in principle many ways to present the
material. For our purposes, it is convenient to follow the exposition in [12]. For alternative
approaches we refer at least to [16, 26]. Throughout, ¥ — B denotes a connected super

Riemann surface.

6.1 The Gauf} transform

Let f: ¥ — Grk“(C"'m) be harmonic. From now on we will tacitly identify f with the
subbundle f*(y) ¢ C*1™ which it defines. The type decomposition of TGrk‘l(C"‘m)(c
induces a decomposition of the complexified differential dfc = df(19 + df(®V . In local
superconformal coordinates and for a local section of the bundle f, we have that df(%9 (D)

is given by (cf. Section 2.4)
Af,fL,D: f _—> fL, Af»flvD(p) = WfLDp.
Similarly, df (%) (D) is given by

AfoL’Di fﬂfj_, Af,fl,D(p) = WfLDp.

More generally, following [12], a decomposition into orthogonal subbundles @Ll(pi = (C"'mz
leads in a local superconformal coordinate to the second fundamental forms
Agi ;D i —= @5, Ap,p;,0(p) = Ty, Dp,
Agi 5,0 Pi = ¢j ASDi:SDj:D(p) = my, Dp.
The inclusion into the trivial bundle induces a hermitian metric (—, —),, and a compatible
connection V¥ on each ;. Then we have
A%‘:%’,D = _A:;j’%[)- (6.1)

Remark 6.2. The second fundamental forms are actually sections of D* @ Hom(yp;, ;).

For our purposes it is however always sufficient to work in local superconformal coordinates.
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We have the following basic characterization of harmonic maps.

Lemma 6.3. (a) The map f is holomorphic (resp. antiholomorphic) if and only if
Appip (resp. Ag g1 p) vanishes.

(b) The map f is harmonic if and only if
A vi=-vioa
£+0° VD D °4ffLD

i.e., Ay ¢1 p s a holomorphic section of Hom(f, f1) equipped with its Koszul-Malgrange
structure. Equivalently, A1 ; p is an antiholomorphic section of Hom(f+, f). In par-

ticular, f is harmonic if and only if f+ is harmonic.

Proof. The first part is a reformulation of Proposition 2.8. By definition, f is harmonic if and
only if V%C(dfC(D)) = 0. Since (TCP™™)(1L0) and (TCP™™)O1) are parallel with respect
to the Levi-Civita connection (cf. Section 2.4), this is equivalent to VLDCdf (1L.0)(D) =0 and
V%Cdf(o’l)(D) = 0 and the latter is the complex conjugate of the former. The last claim
follows from (6.1). ]

The fundamental insight is that one can make use of the holomorphicity of A; ;1 p to
produce a new harmonic map from f. Since it is this case we are mainly interested in, we
now specialize to CP™"™. (See also the remark below.) We assume that the zeros of A £FLD
are regular (cf. Section 3.5). In this case, due to holomorphicity, the zeros are isolated. Now
we make use of Proposition 3.10 and obtain a blow up p: ¥ — ¥ and a line bundle £ on ¥

such that p*A; ;1 p extends to a nowhere vanishing holomorphic section of
£ ® p*Hom(f, f*) = £ @ Hom(f, f*),
where we set f = f o p. Hence, by means of the (non-holomorphic) inclusion
frc wg,

we obtain a nowhere vanishing odd inclusion of the line bundle £* @ f into the trivial
bundle. This defines a new map, the Gaufl transform, fl: Y — CP™ 1+l Under similar
assumptions we also obtain f,lz Y — cpmlntl from Af7fL7D, where p: Y 5 Yisa

possibly different blow up and f = fop.

Remark 6.4. The analogous construction, “filling out the zeros” of a holomorphic section
of a bundle Hom(FE, F'), is available in the ungraded setting for all Grassmannians [12, Prop.
2.2]. The proof makes use of the Pliicker embedding to reduce the general case effectively
to the above case. There is no Pliicker embedding for the super Grassmannians (cf. [48])

and we do not know if in the graded setting such a generalization is feasible or not.
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From this discussion, it is evident that we need to extend the notion of harmonic maps

to parabolic super Riemann surfaces.

Definition 6.5. A map ¢: ¥ — CP™™ is called harmonic if away from the degeneracy
locus VLDC(dg(l’O)(D)) =0.

Remark 6.6. As concerns the theory of harmonic maps, the main difference between
super Riemann surfaces and parabolic super Riemann surfaces is the non-existence of
a Koszul-Malgrange structure on complex vector bundles with connection in the latter
case. This is due to the fact that there is no associated partially flat connection along the
degeneracy locus Z of the superconformal structure. For the same reason, a zero curvature
representation is not available. However, these structures exist on the complement ¥ — Z,
which turns out to be enough for our purposes. The above definition is then equivalent to

gls,_, being harmonic.

We will now prove the central theorem, which is a supersymmetric generalization of the

analogous statement in the non-graded case [22, 23, 26].

Theorem 6.7. Let f: ¥ — CP™™ be a harmonic map such that the zeros of Ay g1 p and
Af Jh.D are reqular. Then the Gauf transforms fi, f 1 exist on possibly different blow ups
p: S =%, and p: X — . They are harmonic and, moreover, (fi)—1 and (f_1)1 exist on ¥
resp. S and coincide with f=/fopand f = f o p respectively.

Proof. The case f,l being similar, we only prove that f1 is harmonic. For this, we can work
in a local superconformal coordinate away from the degeneracy locus. We can follow the
reasoning in [12, Prop. 2.3]. Let R denote the orthogonal complement of f & f;. By the
definition of fl and R, clearly A FRD = 0. This implies that A FFLD is holomorphic if and
only if A FR.D is holomorphic. Now we show that f being harmonic implies A ARD = 0.

To see this, we pick a local trivializing section p of f Wthh is holomorphic in the Koszul-
Malgrange structure. Then harmonicity implies V A FFL p(p) = 0, which proves the
desired equality since A ; Pt p(p) spans f1 outside a dlscrete set. This implies that A F D
is holomorphic if and only if A FrR.ALD is holomorphic, which is equivalent to f; being
harmonic. The last statement follows from A ArDp =0 and the fact that for local trivializing

sections py of fi and p of f :

6.2 Isotropic harmonic maps

We now define and study the class of full isotropic harmonic maps and arrive at an analogous

result as in [26, Thm 6.9]. We show that, as in the non-graded setting, such are characterized
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by the vanishing of a series of holomorphic differentials. A genuine feature in the graded
setting is that the two parameters (n 4 1/m) for the co-domain CP™™ are restricted by the
property [n+ 1 —m| < 1. ¥ denotes a connected super Riemann surface and ¥ denotes
a connected parabolic super Riemann surface with degeneracy locus Z. For the following
it will be convenient to introduce a slightly different perspective on the harmonic map

equation (cf. [26]). On CP"™"™ we have the following exact sequence
00— 7" @y —=7" @CHlIm _To g4yl ——s0.

The first bundle has a canonical section, the identity, which henceforth gives a canonical
section ® of v* ® C"*1"™ For a map f: ¥ — CP""™ we will freely identify f*® and ®.
We equip this bundle with the tensor product of the canonical and the flat connection,
denoted by V. Then, if V is a section of f* ® C"T!I"™ and p is local trivializing section of
f, we have that
(VEV)(p) = DV (p) = (=1)VV (m,Dp).

This connection is compatible with the hermitian metric defined for local sections F' and G
by
(F,G) = str(F*QG).

We start with a general observation:
Lemma 6.8. Consider a smooth map f: ¥ — CP"™. For any section V of f* @ Cntim
(VAVE + VEVE)V =k V.
Moreover, 1 = —(|VE®|? + \Vg@z).

Proof. This follows from the fact that the curvature of the tensor product of connections is
the difference of the curvatures of these connections and the flat connection has no curvature.

The equality for k1 follows from a direct calculation. O

Lemma 6.9. We have:
(a) Vg@ is perpendicular to ® and projects to Ay 1 under .

(b) The map f is harmonic if and only if W(V%V%@) = 0. In fact, f is harmonic if and

only if
VEIVE® + (VR®, V2)D = 0.

Proof. Part (a) follows from the local calculation (VE f*®)(p) = 7 Dp. Part (b) is a

reformulation of Lemma 6.3 (b). O
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Definition 6.10. A smooth map f: ¥ — CP"™™ is isotropic if in any local superconformal

coordinate and for any local section p of f and all k > 0:
((p), D*VE®(p))crenim = 0.

Equivalently, locally
(VH)*@,(VE)'®) =0, a,f > 1.

Definition 6.11. A map ¢: ¥ — CP™™ is full if, except for at a discrete set of points, we
have
span{x*(vg)kfb,x*q),m*(Vg)lq) | k, 1 >0} =CHnim,

where z: pt — 2.

Remark 6.12. Our definition of fullness is strictly stronger than the convention used in
[26]. Therein, a map is defined to be full if it does not factor through a strictly smaller
complex projective space. Real analyticity of harmonic maps can be used to show that
this notion of fullness implies ours. The converse is clear and holds in our situation as
well. Thus, weakening our hypothesis would require to study the analytic properties of

supersymmetric harmonic maps. This is not within the scope of this article.

We will now study the interplay between fullness, isotropy, and the harmonic map equation.
We seek an analogue of [26, Thm. 6.9], however, in view of our slightly different setup, we

cannot directly appeal to the results in [26].

Lemma 6.13. Let f: ¥ — CP™™ be q full isotropic and harmonic map such that fi1 ewist
on X. Then fi1 are full and isotropic.

Proof. We indicate the line of argument in the case fi. For details, we refer to [26, Prop.
5.9]. We will work in a local superconformal coordinate chart. In local coordinates we have
®/1(py) = VE®/(p). Any of (ngl)kq)fl is a linear combination of Dkvgf@f(p), k>0,
while, in view of the second part of Theorem 6.7, any of (ng k@S is a linear combination
of DF®f(p) and ®7(p). These are orthogonal in view of isotropy of f. This also implies that

f1 is full again. O

We call a full isotropic and harmonic map 1-regular if each of f; or f_; either exists on
¥ or it is antiholomorphic respectively holomorphic. Notice that if p: 3 — ¥ is a blow up,
disjoint from the degeneracy locus of the superconformal structure, and if f: & — CP™™ ig

a full isotropic map, then f o p is full isotropic. We can now make the following definition:

Definition 6.14. (a) A full isotropic harmonic map f: ¥ — CP"™"™ has invertible rami-

fication if all iterated Gauf} transforms fi, are 1-regular.
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(b) A full isotropic harmonic map f: 3 — CP"™ has regular ramification if there exists a
blow up p: IR >, disjoint from the degeneracy locus of the superconformal structure,

such that f o p has invertible ramification.
Remark 6.15. For B = pt all harmonic maps have regular ramification.

So, starting from a full isotropic harmonic map f: ¥ — CP"™™ with invertible ramification,
there are natural numbers k = k(f) and | = I(f), and the sequence of Gauf} transforms

takes the form

fevooo F=Josfrseoo Jie

In view of Theorem 6.7 and Lemma 6.13 each constituent is full and isotropic. Moreover,
each map has invertible ramification, which is also a consequence of the second part of
Theorem 6.7 and f can be reconstructed from either f_; or fi. The maps f_;, and fi are
holomorphic and anti-holomorphic respectively and by counting dimensions we see that

|n + 1 —m| < 1. Thus we have proved the supersymmetric version of [26, Thm. 6.9]:

Theorem 6.16. Consider (n+ 1im) = (n+1jn+1+¢€). For every 0 <r <n+1+m,
the assignment f — f. gives a bijective correspondence between full holomorphic maps
f: X — CP™™ with invertible ramification and full isotropic harmonic maps g: ¥ — M,
with invertible ramification such that I(g) = r. Here, M, = CP™™ if r is even and M, =
CPm™=Untl if v s odd. The inverse is given by g — 9-1(g)-

Remark 6.17. In view of Corollary 6.20 below, this theorem applies to the genus 0 case.
The theorem shows that any full harmonic map with regular ramification is related purely
algebraically to a holomorphic map on a blow up. Some examples will be given in the next

section.

We study now conditions under which these isotropy assumptions are satisfied. In local

superconformal coordinates on some U, we set

(na,g)u = (V)@ (VD) ®).

Lemma 6.18. Let f: ¥ — CP™™ be harmonic. We have that (mo1)u = (mo)v = 0.
Moreover, if (Na,g)u =0 for all1 < a+ B <r and all U, then (Nay1,8)u and (Nag+1)v

yield global holomorphic sections of (D®+A+1))—1,

Proof. The proof is the same as in the ungraded case [26, Lem. 7.2]. If the assumptions
are satisfied, then (9a+1,8)u, (Ma,s+1)v have the correct transformation behaviour. Holo-
morphicity follows essentially from the impliciation of Lemma 6.8, that for a > 1, we
have

VE(VE)*®(p) € span{(V})'®(p) | 0 <1 < a — 1},

and similarly for D and D interchanged. O
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In view of this lemma, isotropy of a harmonic map is encoded in terms of holomorphic

differentials. In particular, 7 1, a quadratic holomorphic differential, is always defined.
Definition 6.19. A map is called weakly conformal if 7; 1 = 0.
Corollary 6.20. Any harmonic super sphere is isotropic.

Proof. We have seen earlier that on a super sphere I'(D~) = 0 for all £ > 1, hence Lemma
6.18 applies. O

We conclude with an interesting fact:

Lemma 6.21. For any weakly conformal harmonic map (Cgl — CP"™ the underlying

map obtained by restriction along 1: C — (C}Bll is harmonic.

Proof. For the proof we make use of the formula derived in Section 5.3.2. We choose a

framing and then have

0 of wf
Oép}D: v 0 0 s
w 0 0

where v and ¥ are odd and w and W are even. Since the map is weakly conformal, we have

0 0 0
aaD =10 vt ouwt
0 —wdt wol

From *v = 0 and (*v = 0, we then obtain that the action of agD on ayp > vanishes after

restriction along ¢. O

Remark 6.22. More generally, this argument shows that the underlying map of a conformal
(i.e., such that the images of both second fundamental forms are orthogonal) supersymmetric
harmonic map into a Grassmannian Grk‘o(cn\m) is harmonic. However, this argument fails
for Grassmannians of the form Grk‘l(C"‘m), k, I # 0. An explicit counterexample will be

constructed in Section 7.4.4 below.

6.3 Examples for the Gaufl transform

Holomorphic maps from a super sphere into CP™™ can be written down explicitly in terms
of polynomials, which makes it possible to give explicit examples of full isotropic harmonic
maps. It is a more subtle question to determine the ramification type of such maps. A
general discussion of this issue is not within the scope of this paper. Let ¥ = CPM x B be

the super sphere as constructed in Section 3.2.3. We will describe all maps in the chart U;.
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By isotropy and for dimensional reasons, all full harmonic maps ¥ — CP!" are holo-
morphic or antiholomorphic. In this case, we can explicitly compute the whole harmonic

sequence:

f=w rlag), fi=(pu) (r,u)](gu),
f2=cc(=Dar +aDr Dap—aDp| 5. ((r.p)" = Dlpr))a +ilp.7))
where c.c. denotes complex conjugation. Here,
U= <f’ f)) (CL, b)X = (Xa)b - (_1)|a|‘b‘(Xb)a7

and (a,b) = (a,b)”. More generally, if we start from a holomorphic map

f: b *)CPmma f = (pO <o DPn |p1+n o pn+m)7

then
fi=(po,u) .. (pn,w) [ (Pron,w) oo (Pngms ).

For instance, we can consider the holomorphic map defined by

= ) @) e () e

This is a supersymmetric generalization of the Veronese curve. In this case, the successive

derivatives give an ascending sequence of vector bundles

span{f} C span{f, Df} C ... C span{f, Df, D%f, ... ,Dznf} = (C"‘H'”E,

defined on all of 3. So that this is an example of a full isotropic holomorphic map with

invertible ramification. For instance, we have, up to an invertible factor,

fi=(f)o o (fnl (F)14n - (f1)14n4n)s

K& 5 z

(fr = (Z) AN (—k + Ny e ), 0<k<mn,

n—1

(fi)14ns1 = < l )zl,Oglgn.

An example for regular but non-invertible ramification can be constructed as follows. We

consider the holomorphic map into CP2' given by

f=(2= 1 2]~ P)),
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where P is a purely nilpotent. We have
1f2 =1+ 21 + |2 —idhp), Df = (V20 0 20z|z— P),

where hp = |z — P|?/(1 + |z|?). Furthermore,

_ D 25 _ih
DI = (A RIC0= iohe), ({f f];) =73 +Tzl2 +0q :- |Z’|2=

fi=(20 0 29z|z—P)—

1 9 Q —= —
W(ﬂz@w Fihpd) (207 + Dihp) 2297 + Jihp) | i00hp(z — P)).

It is clear that the underlying map degenerates at z = 0. In order to find the full ramification

divisor, we need to express fi in terms of holomorphic sections of f*Hom(v, ). For this,

we put
X1 = (V2092 99 9922 1).
Then
DXy =9f, (f,X1) = 99(1 + |2*)> + id(z — P)
nd (/. X1) P
U _ 59+ id 2
77 TR
Then
(f, X1)
71 = X1 —
=XeTg !
. (z- P2z - z—-P = (Z — P)2? = |z —P|?
R R o GO oy B W ) P G ey

is holomorphic. (Recall that this means V L f and DV ~ f.) We compute

fim (= P)Zi =0(V2(1 —2h) —2—" 2:(1—h)|0)

1+ |z|?
= vY.
We note that Y L f and
DY = —25M(ﬁz 1 2210).
For a solution ¢ of P
Dip = —zﬁﬁ(lfw, b =0,
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we define Xo = (Y | ¢) and set

(f, Xo2)
(f, f)

Then Zs is holomorphic and since 9(f, Xo) = 91 = 0 we have

Zy = Xo — f.

fi= (Z — P)Zl + 9 Z5.

One easily checks that f; does not have a zero on Us, so that in this example the Gaufl
transform is defined on the blow up of the super sphere along the infinitesimal neighbourhood
(z — P,9).

6.4 2(n + 1)-orthogonal non-isotropic harmonic maps in Cprintt

In the previous section, we studied harmonic maps for which all 7 ; vanished. Such maps
were related to holomorphic maps via the Gaufl transform. We will now describe a class of
tori for which n;; = 0 for k +1 < 2n 4 1, but 112,41 # 0. The essential ingredient is that
on a torus, 712,41 is always a globally defined holomorphic function. The key assumption
for the following discussion is that this function be invertible. The classification scheme
differs substantially from the methods employed previously. In the ungraded case this goes
back to [6, 10].

6.4.1 The 2(n + 1)-symmetric space PSU(n+ 1jn+1)/PST

We set T = U(1)*2"+1) € U(n 4+ 1|n + 1). Then PST is a torus in PSU(n + 1jn +1). An

element of pstc is of the form

diag(ao, e Oy Ol e e vy 02n+1) + <1d>,

and the roots are of the form o; — ;. We set oy = 01441 —07, 0 <1 <, apqy = oy — oy,
1<l <nand agpt1 = — Ziio ay. Notice that > ) oy = Z?ﬁ:{}rl o; = 0. Let E; be the
root vector corresponding to oy with non-zero entry equal to 1. Then we define B, =), Fj.

For example, for n = 2, we have

0 00 0O0O 000 O0O01
000 0O0O 000100
By = 0 00 0O0O0 B, = 000O0T10
10 00 0O 10 00 0O
0 00 0O0O0 010000
0 00 0O0O 001000
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Now we fix a 2(n + 1)th simple root of unity w and set

7 =diag(l,w?,w?, ..., W w, Wl W),

The adjoint action of 7 defines an automorphism of order 2(n+ 1) and after complexification
we obtain a decomposition into eigenspaces

2n+1
psiin+1n+1) = @ M;.
=0

Here M; corresponds to the eigenvalue w'. For instance, M; is the sum of the root spaces of

a;, 0 <1< 2n+ 1. In the case n = 2, M; consists of matrices of the type

0 00 0 0 =
0 00 « 00
0 000 % 0
*x 00 0 00
0 0 000
0 0 000

There are two PSTc-invariant supersymmetric polynomials of degree n + 1 :
P; € Symy, 1 (IIMy), i =1,2.

Writing an element in the form & =", afEk, they are given by the following sums over

the symmetric group ¥4 :

1 T oo
P1(£07"'7§n) = (n+1)' Z Hak(k)v

0€¥n4+1 k=0

2(n+1

)
1 o
Py(&os -+, 6n) = CES Z H ak(k)-

0E€¥n4+1 k=n+1

Moreover, we set P;(§) = P;(§,...,¢) and P(&) = P1(§)P2(§).

Remark 6.23. There are also two invariant polynomials on Ms. However, for a commutator
[X, X], where X € My, these two coincide and are equal to P. In view of this, P; and P»

are more elementary.

Definition 6.24. A map &: T — IIM; is called cyclic if P(&) is invertible.
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Lemma 6.25. Consider a map £&: T — IIMy. Then there exists t: T — PlI¢ such that
Ad(H)(B,) = ¢
if and only if Py (&) Py(€) = 1. In this case Py(¢) = P(€)~! = Ber(t).

Proof. The ansatz t = diag(1, \1,..., A2p+1) yields a unique solution in P7¢. O

6.4.2 Primitive maps

Now let X be a connected super Riemann surface.

Definition 6.26. A map f: ¥ — PSU(n + 1jn + 1)/PST is called primitive if dfc|p €
I'((D)* ® [My]) and it is cyclic at one point.

A framing of f: ¥ — PSU(n + 1jn+1)/PST is a map f: ¥ — PSU(n + 1|n + 1) such
that
PSU(n+1n+1)

e

» <> PSU(n+1|n+1)/PST

commutes. In this situation, we set A = f*a, where o denotes the Maurer-Cartan form.

Then the primitivity of f is locally characterized by
Ap=Apo+Ap;,

where Ap; has values in M; and Ap ; is cyclic at one point. The Maurer-Cartan equation
for A takes the form

DAD70 + DAD70 + [AD,O, AD,O] + [AD,]JADJ] = 0,

DADJ + [AD,07AD71] = 0.

Similarly as in the case of harmonic maps (Section 5.1), these equation have a zero curvature

formulation which also provides the link to Section 5.3.

Lemma 6.27. A is flat if and only if Ay determined by Axp = Apo+ AAp is flat for
all A € St

Proof. This follows immediately from the Maurer-Cartan equation. 0

A primitive map has two invariants.
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Lemma 6.28. Given a primitive map f: X — PSU(n+ 1|n+1)/PST. Then
P,(f) := P(Idfc|p) € T((MD)*"D)*)5, i € {1,2}

are holomorphic sections. In particular, P;(f) is invertible except for at a discrete set of

points.

Proof. The invariant is constructed using functoriality and that Sym,, , ,(TID) = (IID)@"+1),
Holmorphicity can be checked locally. So we may suppose that f admits a framing f. We
then find

DP;(f) = DP;(Ap,)
=(n+1)P(DApa1,Ap1,---,AD1)
=n+1)P(-[Apo, Ap1l;Ap1,---, AD 1)
=0.

O

The last ingredient we need is the notion of a Toda frame [6]. For this, we will make
use of a decomposition pte = pste @ (M), where str(M) = 1. We assume that P(f) is
invertible at a point and hence in a coordinate neighbourhood U of that point. We notice
that the invariant P(f) is not invariant under change of superconformal coordinates in
the domain, however the ratio Py(f)/Pa(f) is invariant. The latter is defined uniquely by
requiring Pi(f) = (Pi(f)/P2(f))P2(f) since both P;(f) are invertible by assumption. A
framing f into PSU(n 4 1|n + 1) defined on U — ¥ is called a Toda frame if there exists
a superconformal isomorphism a: U — U such that P(a*f) = 1 and there exists a map
Q=Q+4xM: U — ipst® (M) such that

a*Ap = D+ Ad(exp(Q))(B,). (6.29)

It is worth mentioning that, using Lemma 6.25, Pi(f)/P(f) = Pi(a*f)/Pa(a*f) =
Py(a*f)~2 = exp(str(2))~2 is holomorphic, so that y is holomorphic.

The Maurer-Cartan equation for a* A gives rise to the analogue of the affine Toda field
equation [6, Equ. (2.12)]:

n _ 2n+1 _
2DDO — i <Z 62(ak(9)+Re(ak(XM)))(_ab + Z 62(ak(9)+Re(ak(xM)))ai> =0, (6.30)
k=0 k=n+1

where (—)%: psts — pstc is the isomorphism induced by the super trace and Re(—) denotes
the real part. The main structural difference comes from the contributions of y, which are

not present in the ungraded case.
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The theorem below is an adaption of [6, Thm. 2.5].

Theorem 6.31. Let f: ¥ — PSU(n+1|n+1)/PST be primitive and assume that f is cyclic
at a point pg. There exists a Toda frame in some neighbourhood of pg. The superconformal
isomorphism a: U — U is unique up to superconformal translation and rotation by a

2(n + 1)th root of unity and the Toda frame is unique for fized such a.

Proof. On a small coordinate neighbourhood U of pg, f is cyclic and we can choose any
framing f: U — PSU(n+1|n+1). Since P(f) is holomorphic and invertible and U is simply
connected we can change superconformal coordinates a: U — U such that P(a*f) = 1. This
coordinate transformation is unique up to superconformal rotation by a 2(n + 1)th root of
unity and translation (Section 3.2.1). Since U is simply connected, by Lemma 6.25 we can
moreover find n: U — ptc such that

a*Ap1 = Ad(exp(n))(B;).

If we write n = 77 + xM, we can decompose 7} = Q + A such that A = A, Q = —Q. Then
fexp((a=1)*A) is the desired Toda frame. We have

_[a*AD,Oa a*AD,l] = DCL*ADJ = [DQ, a*AD,l],

which implies DQ = DQ = —a*Apy and complex conjugation gives DQ = a*Apy. If fi, fo

are two such framings, then, putting A* = fi*a, we have
a* A = DQ; + Ad(exp(Q))(B;)

for suitable ; = Qi + x;: M as before. Moreover, we have fg = flexp(A) for some pst-valued

function A. Hence, we necessarily have exp(x1) = exp(x2) and
D + Ad(exp(Q2))(B;) = D + Da*A + Ad(exp(Q — a*A))(B;).

This implies ;1 = Q9 and exp(a*A) is central. Since the center of PSU(n + 1|n + 1) is

trivial, we therefore have f; = fo. O

Corollary 6.32. Let 3 be a super torus and consider a primitive map ¥ — PSU(n +

lin 4+ 1)/PST. Then there exists a Toda frame on the universal covering (Cgl — X and
: ‘ 11 11 . .

a superconformal isomorphism a: Cyz~ — Cg", unique up to superconformal rotation by a

2(n 4+ 1)th root of unity and translation, such that (6.29) and (6.30) hold. Moreover, the

Toda frame and S factor through some finite covering X' — 3.

Proof. We let Cgl — Y denote the universal covering and choose generators S and T of the
group Z @ Z defining the torus ¥ (Section 3.2.4). Since P(f) is a globally defined invertible
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holomorphic function on the torus, we can assume by Proposition 3.6 that P(f) = 1. On
Cgl we can proceed as in Theorem 6.31 to obtain the Toda frame. The pullback of the
Maurer-Cartan form for any of f o S? and f o T? is again of the form (6.29). Hence as in
the proof of the previous theorem, we have f = foS2= foT? and Q= Qo052 =QoT?
and similarly for exp(x) which implies the result. O

Remark 6.33. A similar ambiguity concerning the double periodicity of the Toda frame
appears in the non-graded analogue [6, Cor. 2.7]. However, for a different reason, namely
the nontrivial center of SU(n). The center of PSU(n+ 1|n+ 1) is trivial, and the ambiguity
comes from the superconformal automorphisms defining the super torus. Moreover, in the
non-graded case {2 always factors through the original torus, which we cannot conclude in

our situation.

6.4.3 Primitive maps from pseudo-commuting flows

Now we relate the material from the previous section to a certain class of harmonic maps.
We consider a full harmonic map f: ¥ — CP""*1 with invertible ramification, where ¥ is
a torus. Furthermore, we assume that the map is 2(n + 1)-orthogonal and is non-isotropic if
P(f) is invertible at one point (hence everywhere). In this situation, we have the harmonic

sequence

f*l?"'af()a"'afkv

which determines a map
f:¥——=PSU(n+1n+1)/PST.

This map is primitive by the construction of the Gauf} transform.

Proposition 6.34 ([6, Theorem 4.6]). Conversely, any primitive map f into PSU(n+1|n+
1)/PST determines by projection onto CP™"*1 o harmonic map which is 2(n+1)-orthogonal

and non-isotropic and whose Gaufl transforms give back f.

Proof. For a primitive map f into PSU(n + 1|n + 1)/PST one can use the computation in
Section 5.3.2 to show that any of the 2(n + 1) projections onto CP™"*! is harmonic. The

successive Gaufl transforms give back f by construction. O

We will now show how the machinery of [6, 10] can be adapted to give a method to
produce primitive maps such that the ratio Pi(f)/Px(f) = C is constant. Let TIM1
be the open submanifold of IIM; given by such elements with real positive entries and
P (&) = Py(§) = 1. (Positivity here refers to positivity of the non-Grassmann-valued part.)
Let M} C My be the submanifold consisting of matrices with positive real entries such

that both invariant polynomials equal unity. For a super vector space there is a map of
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supermanifolds IV — V ® V which is given on T-valued points by v — v ® v. Composing
with the Lie bracket gives the squaring map on TIM].

Lemma 6.35. Squaring defines an isomorphism IIM} — M.

Proof. If £ = >~} arEy + Z?ﬁ:{il biE;, then from £2 one can reconstruct a;/an,, b;/by.

Since Pi(§) = 1/P2(€) = 1 are fixed, this gives back a; and b; by positivity. The same

argument shows injectivity. O

Remark 6.36. For the formulation of this lemma, the assumption that Pi(f)/Pa(f) is

constant is indispensable.

Lemma 6.37. The following diagram commutes and all arrows are isomorphisms:

v
Ad(exp(—))(Br)
pste (—)2
Ad(exp(—))(B?)
My

Proof. 1t is enough to show that the lower horizontal map is an isomorphism, this is similar
to the proof of Lemma 6.25. O

Lemma 6.38. The adjoint action of B, is injective on My.

Proof. It follows from the description of B; in terms of «; that any element in the kernel is

a multiple of the identity. O

Since the constant C' is B-valued in general, we need to extend this in the following way.
For a smooth supermanifold 7" we set T'(B) = Hom(B,T'), where Hom(—, —) denotes the
internal hom object in supermanifolds. We take the splitting matrix pte = pstc @ (M),
str(M) = 1, a suitable constant ¢ such that Ad(exp(cM))(B;) has P/P, = C, and set

M = Ad(exp(ecM))(TIM(B)).

We now take M to be of the form M = diag(1/(n+ 1) 1,,41,0,+1). Then Ad(exp(cM)) acts

trivially on M} and we have:
Lemma 6.39. Squaring defines an isomorphism TIM{ — M (B).

Proof. This follows from Lemma 6.35 by applying Ad(exp(cM)). O
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Lemma 6.40. The following diagram commutes and all arrows are isomorphisms:

My
Ad@xp@—+c%?ig§)//7
ipstc(B) (-)?
Ad(exp(—))(B3)
My(B)
Proof. This follows from Lemma 6.37. O

Let d €N, d =2 (mod 2(n + 1)). We denote by /—: M3(B) — MY the inverse map of
squaring. We define

d
Aa={>_ N&|&=¢4)

i=—d

On this space 7 acts by 7- ¢ = 7(£(w™!—)). Then we set
Agr={6€ha|m-E=6} AT ={¢€Aa|&ueM},

Ay(B) = {¢ € Aa(B) | &4 € M5(B), &1 € im(ad(v/€,)}, A, (B) = Ay(B) N Ag-(B).

Depending on the constant C, we now define a certain complex vector field. For this, we

consider the assignment

Z: Nj(B) —= Aa(B), Z¢ = [€, 5ad(VE&) " €a-1 + AVEd].

This is well-defined since [£4,v/€,] = 0. Unlike in the non-graded case, this is not sufficient
to show that this defines a vector field on A(B). However, we can view Z as a vector field
along the inclusion A%(B) — A4(B). In the following, we let Z(—) denote the result of
applying this vector field to a function. Recall that a vector field along the inclusion of a
submanifold M — N can be applied to a function on N and returns a function on M. For
instance, on A} (B) we have the function Q defined by /€; = Ad(exp(Q + ¢M))(B;). Then
€4 and Q will be considered as matrix-valued functions on Aq(B) and A} (B) respectively.

Lemma 6.41. We have that:
(a) Z defines a vector field along the inclusion A5(B) — A (B).

(b) As such it restricts to a vector field on Aj(B) and A (B).

Proof. We set £4_1 := ad(v/&3) " (€4-1).
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(a) : We need to check that the vector field acts tangentially on the top term. We have

(Z6)a = 1/2[€a-1, &4, (Z€)a = —1/2[€a-1,d),
which means )
Z(&q) = 1/2[€a-1,&d) Z(8a) = —1/2[64-1, &d)-

From this we conclude that this defines two real vector fields and both invariant polynomials
of My(B) are preserved. Hence the result.
(b) : Using (a), the properties of a derivation, and the fact that the adjoint action of &; is

injective on My, it follows now that

Z(Q) = 1/280-1, Z(VEa) = 1/2[a-1, V&, Z(VE) = —1/2[Ea1, V).

Now we check that Z acts tangentially on the (d — 1)st term. The condition on &;_; for

elements in A(B) can be equivalently formulated as

Py(€i-1, Ve, - V/€a) = 0.

We calculate

ZPi(Ea-1,V € - V€a) = Pi(Z€g—1,\/€ar - -, VEa) — nPi(Ea1, Z\/Eas N/ Eas - -/ €a)
= P([¢a-2, V&, VEas - V&)
— nP;(a-1,1/2[6a-1, V& VEa - V/Ea)
= Pi([€q—2, V&), VEds - - V/Ea) — n)2P;(Ea—1: Ea—1,\/ Eds - - -/ Ea)-

The first term vanishes by adps.-invariance. The second term vanishes since the P; are

supersymmetric. Moreover,

ZH(&d—l,\/{Z,.. \/fid Zfd 1,\/51, . \/fid —’I’LP‘ fd_l,Z@, \/Zd,,\/{d)
= (=1/2)(Pi([Ea-1, (-1, VEI), VEar -, VED)
— nPi(ar, (a1, VE Ve - VED)

where in the first line we dropped one of the first summands due to adpgs.-invariance. This

sum vanishes as a result of adys -invariance. In fact, it is a derivative of

é‘d 17\/€7d \/7)7\/5) :P(gd—la\/§7d7@7"'a\/§7d) =0.
Finally, 7- Z - 77! = Z, hence the last statement. ]

The following result is the supersymmetric version of [6, Section 3], [10, Thm. 2.1].
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Theorem 6.42. We have the following:

(a) We have [Z,Z] = 0 and for every & € A4(B) there exists an open neighbourhood
UC Cgl of 0 and &: U — A} uniquely specified by

£(0) =&, D€ =¢oZ.
(b) If C lies in C C T'(Op), then any initial condition has a unique mazimal flow defined
11
on Cg.

(c¢) Given a local flow £: U — A}, then

1
Ayp = 5ad(vE) a1 + AV, A€ ST

integrates to a unique loop of primitive maps

Gr:U——=PSU(n+1n+1)/PST, Gx(0) =id.

Proof. We have seen in the previous proof that

Z € = —1/2l€-1, V).

We also have

(Z€4_1,\/€ad) = ZEg1 + [€a—1, Z+/Ed]
= —1/2[01, (a1, VE) + [Eas VE] + [Eam1, (—1/2) [Eamr, VEA),

so that Z&;_; = —[v/&4, v/&4]. Using this, we find

22() = ZIE,1/28a1 + MWE = [16,1/281 + A VEal, 1/2841 + MWE]
+ 16, —1/2[VEw, VE] + M=1/2)[Ear, V.

The Jacobi identity implies now (ZZ 4+ ZZ)(¢) = 0. This is the integrability condition for a
local C'' action, see [3, Thm. 1] and so (a) is proved. For (b), we note that the relevant
vector field is already defined on A} and it is sufficient to check that Z is complete there.

We compute
726 = [€,1/284-2 + Ma—1 + \°Ld),

which on the underlying purely even manifold takes the form

Z2(€) = [§,1/264-2 + N2&4).
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Now one uses the argument from [10, Proof of Thm. 2.1] to show that this vector field
is complete: an ad-invariant inner product on the compact Lie algebra psu(n + 1jn + 1);

induces on (Ag)p the inner product

d

(FIED PRI

=0

which is invariant under Z2 and Z2. Consequently, the flow is tangential to the spheres in
(Ag)p and thus is complete. This implies the assertion by [3, Thm. 2].
The flatness of the form determined by Ay p follows from the above calculation so that

(c) follows from Proposition 3.16. 0

6.4.4 Finite type classification of 2(n + 1)-orthogonal non-isotropic harmonic

tori

In the previous section we saw how primitive maps with constant Pi(f)/P.(f) can be
obtained by integrating two pseudo-commuting vector fields. We will show now a partial
converse for maps from a super torus. We consider a primitive map f: ¥ — PSU(n+ 1|n +
1)/PST from a super torus ¥ with P(f) invertible and constant P;(f)/Pa(f) = C. Let
p: (Cgl — Y denote the universal covering. In view of Corollary 6.32, we obtain from f
a map ¢ defined on a finite covering ¥’ — ¥ with universal cover p': (C}_D,‘1 — ¥/ and the
following properties. We have P(g) = 1, there is a framing g on Cgl which factors through
Y and such that (6.29) holds, and, moreover, such that {2 factors through ¥'. It follows from
the construction in Corollary 6.32 that ¥’ is always odd and we will use the trivilization of

D induced by p’ in the following.

Definition 6.43. The maps f and g are of finite type if there exists d =2 (mod 2(n + 1))
and a map §: X' — A} such that (p')*¢ is a solution to the flow in Theorem 6.42 and

~ 1 1/«
gap =Ap = iad(\/ (P)*¢a) " (P"Ea—1) + VP Ea-
The key for the next proposition is:

Lemma 6.44. In this situation A%J is semisimple in the sense that we have a bundle

decomposition
slin+ 1jn+1) . = ker(ad(A} ;) @ im(ad(AD ;)),
B
psl(n+ 1|n + 1) 1 = ker(ad(A} ;) ® im(ad(A} ).
B
Proof. Tt is enough to check this for B2, which can be done directly. O
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Proposition 6.45. We put D = d|pq5 + ad(Ay), where A\ p = Apo+ AAp,1. There is a
formal series £ = Zigd & such that

& (ClBll — ps[(n + l\n + 1), DE=0, & = AQDJ, g1 = 2[AD,07AD,1]-
Moreover, the & can be taken to factor through Y.

Proof. We can follow the ideas of the proof in the non-graded case [10, Thm. 7.1]. Since one

has to carefully distinguish between A2D71 and Ap 1, which coincide in the non-graded setup,

we provide the relevant details here. As a shorthand, we write ' = sl(n + 1jn 4+ 1) 4. To
B

start with, we choose any lift of ZZ),/() to the maximal torus in sl(n + 1|n + 1). This lift is
unique up to a central element. Since the kernel of ad(AzDJ) restricted to this torus consists
of central elements and due to the direct sum decomposition of Lemma 6.44, we may assume
without loss of generality that ZB; lies in im(AQD,l).

We notice that d|D@9§A2D,1 + ad(xTo)(A%M) = —ad(Q)(AQDJ), where @ is given by Qp =
—22,5?), and Qp = 0. Hence, if we set DV = d|pgp + ad(;lvo) + ad(Q), then DVAQD1 =0.
This connection is independent of the choice of the lift of Apy and V := ker(A%M),
Vo= irn(A2D’1) defines a direct sum decomposition of E into DV-parallel subbundles.

Moreover, with respect to composition of matrices, we have
VVcV, Vv cvt vvtcvt (6.46)
We make the following ansatz
E=(1+W) 1AL 1+ W),
where W; = Ei21 A", and each W; is a section of VL. We need to solve
D¢ =[6,~Qp +Mpal, DEE =16, -Qp + A" Ap ],

and, since

DVE=1¢,(1+ W) 'DVW],

this is equivalent to
DEW(A+W) ™ = (14+W)(=Qp +AAp1)(1+ W)™ =wp € ker(4} ),

DYWL +W) ™ = (1+W)(—=Qp+ A "Ap )1+ W) =wp € ker(A} ).

We solve this first for the D-direction. The equation is equivalent to

DYW — (L+W)(=Qp + Mp1) = wp(l + W).
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Splitting this equation according to E =V @& V+ gives in view of (6.46)
(WQp)" = Mp = wp,

DYW +Qp + (WQp)t — A\WAp, = wpW,

and hence we need to solve
MNAp1, W] = (WQp)"W — (WQp)" —Qp — DpW.

The first equation is
[Ap 1, Wi] = 2Qp,

where W is in V1. By assumption, we have U, such that [A%J,U] = 2Qp. Then we
may take Wy = [Ap1,U 1]. The remaining W; can be constructed inductively now, since
ad(Ap 1) is an isomorphism on V+. Thus, we have found ¢ such that Dpé = 0. We claim
that D ¢ = 0. To see this, we set D¢ = (1+ W)~ Lo(1+W) and using DpDp = —DpDp,
we find

DYo = (1+W)DYDpé(1+ W) L+ [DY(1+ W)L o]
= (14 W)(Dp +ad(Qp) — ad(AAp1))Dp&(L+ W)™ + [DH(1+ W)™, 0] (6.47)
= [(1+W)(Qp — Mp)(1+ W)™+ DF(1+ W), 0] '
= [wDaU]

Moreover, from A%’l = (1 + W)&(1 + W)~! one obtains that all components of o are
sections of V. Now, as in [10, Lem. 7.3], one can conclude ¢ = 0. Indeed, in view of (6.47),
the summand AAp; in wp causes a potential first non-trivial coefficient of o to lie in the
kernel of ad(Ap 1), which is a contradiction. The formal Killing field A%¢ satisfies now all

requirements. ]

Any such formal series is called an adapted formal Killing field. We can average 1/2(n +
1)(2?:61 7%)(€) and thus obtain a 7-invariant adapted formal Killing, which factors through
a super torus. We now show that this implies that there is a 7-invariant adapted polynomial
Killing field, i.e., a formal sequence which is bounded from below. We follow the ideas in
[32, Section 25 II], but have to make some adjustments on the way. We consider a formal
adapted Killing field which is 7-invariant Y = Y, , Y;\’. We can always assume this form,
since N2ty ig again a 7-invariant adapted formal Killing field for any [ > 0. The top
power of \ of a formal adapted Killing field is called the degree of Y. The equations satisfied
by Y are

DY =[Y,Apo+Apa], DY =[Y, Ap o+ A" Ap,].
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We set
W' = DYsg — [Y>0,Apo + Apa], W = DY>q — [Ys0, Ap o+ A Ap ],
and notice that
DY>¢ — [Y>0,Apo+ Api1] = —DYo+ [Yeo,Apo + Ap1].
Hence W’ can only have a constant term: W’ = DY; — [Yy, Ap o] = DYj. Likewise,
DY>0 = [Y>0,Ap + A" Ap,] = =DY<o + [Yeo, Ap g + A Ap 4], W' = —A"1Y0, 4p4].

The goal is now to construct a 7-invariant adapted Killing field such that W’ and W” vanish.
Thus, this can be accomplished by constructing a 7-invariant adapted Killing field such that
Yy vanishes. Evaluating the \°-coefficient of DDY shows that

DDYy = [[Yo, Ap ], Ap ).

As a shorthand we write this equation as DDY, = LYj. Shifting by A\ 2("+1) ghows that
any Y_j2(n+1)), [ = 0, is a solution of this equation.

Remark 6.48. In the non-graded setup one makes now use of the fact that the analogous
equation for the coefficient of A” is an elliptic equation on a torus and hence a finite linear
combination of NGty satisfies W’ = W” = 0. It is true that a family of doubly periodic
solutions Yok, k € N, of DDYOI‘“ = LYOk necessarily satisfies a non-trivial relation. This
follows from similar principles as we will encounter shortly. However, since we are working
over the basis B, when applied to the family AXG("+t1)Y" this would not necessarily give an

adapted Killing field. Still, an extension of this idea applies in the present situation.

We first assume that ¥’ is split. Filtering the Grassmann algebra by choosing a basis

indexed by multi-indices I, we have:

DDYy 1 = (L Yo,<11) <115

DDY; = (Lo Yo,<i1)1 + LYo + LoYo 1-

Assuming for a moment that we know that DD — Ly has finite-dimensional kernel, we can
do an induction on |I|. The hypothesis reads:
For every [ > 0 there are infinitely many 7-invariant adapted formal Killing fields X** of
. Lk —
different degrees such that X(fl)(2(n+1)),<|1\ =0.
For |I| = 0 this holds, since we can take the family MG(*+1))Y. For |I| large enough,

XOF is a 7-invariant adapted polynomial Killing field. For the inductive step, we choose
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any [ > 0. We consider an index I} with |I;| = |I|. Then by the above consideration, the

X éfl) @(n+1).01 satisfy a relation and we can arrange to obtain a new 7-invariant polynomial
Killing field X', such that Xéfl)(Q(n+1)),<|I| = Xéil)(z(nﬂ))’h = (. Since [ was arbitrary and

we can shift 7-invariant adapted Killing fields, we see that we obtain from this that for

each [ > 0 there are infinitely many 7-invariant adapted formal Killing fields X* of different

k _ k _ . . .
degrees such that X(_l)(2(n+1))7<|]‘ = X(—l)(2(n+1)),11 = 0. Repeating this for the finitely
many other multi-indices such that |I;| = |I| finishes the induction.

We now argue that DD — Ly has finite-dimensional kernel. If A? denote the components

of the My-valued function A, then the above equation is of the form
D(A") =) " Lix(D,D)A".
k

Here, due to the special form of L, in our situation each L; ;, has the form (Li,k)g—i—vﬁ‘@(lli,k)m
and A takes the form A = A} + 1951429 g+ if even, and At =9AY, + ﬁA%, if odd. Writing out
the components shows that in each case we have an elliptic operator on some trivial vector
bundle. Hence double periodicity implies that the kernel is finite-dimensional.

In the case of a non-split super torus § # 0 we cannot directly argue like this, however,
we can circumvent this problem with the following manoeuvre. We know that there is a

smooth isomorphism (cf. Section 3.2.4) ¥, o) — X, 5) over B such that D takes the form
D—X=D+N

on the left hand side, where N vanishes after setting B = pt. Now we study the same
problem as before, with D replaced by X. In the expansion in auxiliary variables all entries
are now doubly periodic and the nilpotent part of X does not change the underlying
homogeneous equation. In particular, we can then apply the ellipticity argument as before.

Hence, we obtain a 7-invariant complex polynomial solution

d
£=> N&, &a=Api, L1 =2[Apo, Apal,
k=0
where d = 2 (mod 2(n + 1)) and then

n=(1/2n+2) S, TH)(E+6): Cft —= A%,

is a solution of the flow from Theorem 6.42. Moreover, it factors through ¥'. We thus have

proved the main theorem of this section.

Theorem 6.49. Every primitive map ¥ — PSU(n + 1jn + 1)/PST from a super torus
such that Py(f)/Pa(f) is constant is of finite type.
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Remark 6.50. The condition that Py(f)/P2(f) be constant is vacuous for even spin

structure tori.

6.4.5 Example: The case n =1

In the following we shall calculate the zero curvature equation in the case of primitive
maps into PSU(2|2)/PST with P =1 and P; = 1/P> = i and interpret the result as a

supersymmetric generalization of the sinh-Gordon equation.

Remark 6.51. At this point one should emphasize that a naive supersymmetric generaliza-
tion of the form DDu = 2\cosh(u) or DDu = 2Asinh(u)) does not reduce to the ordinary

sinh-Gordon equation, but a sinh-Gordon equation with “wrong sign”.

The construction of the Toda frame as discussed in Section 6.4.2 can be carried out
explicitly in terms of the GauB} transforms. This works as in the ungraded case and also for
general n (cf. [6, Section 4]). Locally we can choose holomorphic sections of f; (endowed
with the Koszul-Malgrange structure) and by abuse of notation we denote these by f; as

well. Together with the harmonic map equation this leads to

- 2
fi = Dfo — Dlog|fol*fo, Dfi = —};(I)Pfo
and in general
~ 2
fp+1 = Dfp - DIOg’fp‘Qfm Dfp = (_1)|fp||}fp‘1’2fp_l'
—

The compatibility equation for this system reads

D 2 [fp+1l |fp+1‘2 £l ‘fp|2
DDlog| fp|” + (=1)"» NI (=1l T
P p—1’

We set wy, = log|f,| and can rewrite this equation in the form
2D Dw, = _(_1)|fp|(62(wp—wp—1) _ 62(wp+1—wp))'
(Here, we choose, once and for all, a fixed (1/2)log(i).) In other words we have the equations:
wo + wo = w1 + w3 — log(i),

2DD(,U0 = —(62(“)070-)3) _ 62(UJ17WQ))7
2DDCL)1 = (62("‘)1_“)0) _ 62(0.)2_0.)1))’

2DD(_U2 s _(eQ(LUQ—UJl) _ eQ(wg—wg))’
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QDDW3 = (62(w3—w2) _ 62(w0_w3)),

Example 6.52. A particular solution is given by

(wo, wi, wa, w3) = (log(1), (1/2) log(i), log(1), (1/2) log(z)).

We note that we have

2DD(wp — wa) = _e2wo—ws) | p2(wi—wo) 4 p2(w2—wi) _ p2(ws—w2)
— e2(wi—w2) | 2(wi—wo) 4 p2(w2—w1) 4 2(wo—w1)
= 2cosh(2(wg — w1)) + 2cosh(2(w; — wp))
= 4cosh(wy — wp)cosh(ws + wp — wy — wy)
= —4icosh(wy — wp)sinh(ws — wy)

= (4i)cosh(wp — wa)sinh(w; — ws),
and similarly

2DD(w; — ws) = e2@Wiwo) _ p2wamwi) _ 2wz —wz) 4 p2(wo—ws)
= e2(wi—wo) _ p2(w2—w1) 4 p2(wo—w1) _ p2(wi-w2)

= 2cosh(2(w; — wp)) — 2cosh(2(ws — wy))

= 4sinh(we — wp)sinh(wy — wo + w1 — we2)

= (—4i)sinh(wp — we)cosh(wy — ws).
Finally,

DD(wo +w2) = DD(w; + w3)
= _2wo—ws) 4 2(wi—wo) _ 2(w2—w1) + e2(ws—w2)
= e2(wi—w2) _ p2(w2—w1) 4 p2(wi—wo) _ p2(wo—wi)
= 2sinh(2(w; — w2)) + 2sinh(2(w1 — wp))
= 4sinh(w; + w1 — w2 — wp)cosh(wy — wa)

= (4i)cosh(wy — ws)cosh(wy — w2).
So putting f = wyp — we, ¢ = w1 — w3, and h = wy + ws, we obtain the equivalent system

DD f = (2i)cosh(f)sinh(g),
DDg = (—2i)sinh(f)cosh(g), (6.53)
DDh = (4i)cosh(g)cosh(f),
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where f, g, and h are real functions. The most simple ansatz is f = fo+i00F, g = go+i99G.
Using that

cosh(f) = cosh(fo) + 199 Fsinh(fy), sinh(f) = sinh(fy) + i Fcosh(fo),
we obtain the equations

—iF 4+ 9900 foy = (2i)(cosh(fo) + id¥sinh(fo)F)(sinh(gg) + idcosh(gy)G),
—iG 4 9909gy = (—2i)(sinh(fo) + i9¥cosh(fo)F)(cosh(gg) + i90sinh(go)G).

This system reduces to
F = —2cosh( fo)sinh(go), G = 2sinh(fy)cosh(go),

00 fo = —2sinh(2fy), 0dgy = —2sinh(2go).

In particular, we can choose fo = gg, hence —G = F. With this choice, we have

cosh(wy — w3)cosh(wy — wa) = (cosh(go) + iPIsinh(go)G)(cosh(fo) + id¥sinh(fo)F)
= cosh(go)cosh(fo),

so that we can choose h = hg + 99(44)cosh(gg)cosh(fy), for a harmonic function hg. This
analysis shows that there is a large class of examples coming from solutions to the ordinary

sinh-Gordon equation:

Theorem 6.54. Any doubly periodic solution to the sinh-Gordon equation superizes and
gives a doubly periodic solution to (6.30) for n = 1. Given a doubly periodic solution to
the sinh-Gordon equation, then if the associated non-conformal harmonic map is doubly
periodic X1 — CP! with modular parameter T, then the 4-orthogonal, in particular weakly
conformal, non-isotropic harmonic map is doubly periodic El!(l) — CP2. Here (7,0 is the

split odd super torus with modular parameters (7,0).

Proof. We have already proved the first part. Now for the second part, let the solution to
the superized sinh-Gordon equation (6.53) be given by the connection Ap = Apo+ Ap.1.
The integrated map which is defined on C'I' will be doubly periodic if and only if the
integrated map of the flat connection on C determined by —(DAp o + AQDJ) is doubly
periodic (cf. [36, Proof of Thm. 5]), which is true by assumption. O

Remark 6.55. The non-conformal harmonic tori in CP! have an explicit description. We

refer to [45] and the references therein.
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7 Harmonic maps into DP"

We will now study harmonic maps into DP" C Grl‘l(C”“'”H). In spite of the superficial
similarity of D and the quaternions H, such maps turn out to behave very similar to
(non-supersymmetric) harmonic maps into CP™. The key points are that the orthogonal
complement of a J,q-invariant subbundle of the trivial bundle Dt s Jp+1-invariant and
the second fundamental form of J,i-invariant subbundles of D"t commutes with Jn+1-
These two facts imply that all Gaufl transforms, a priori maps into Grl‘l(C”“‘”“), are in
fact maps into DP™ again. This contrasts with ordinary harmonic maps into HP", where

the rank possibly drops under the Gauf§ transform. The map can happen to be “d-reducible

in the terminology of [1].

7.1 The Gaul} transform

We presented the material in Section 6.1 such that adaptation to the case DP" is possible
with ease. Let f: X — DP"™ be harmonic. Using the type decomposition of TIDFf, the
complexified differential of f decomposes into two parts dfc = df M9 + df(®1) . In local
superconformal coordinates and picking a local section of the bundle determined by f, we
have that df(10) (D) is given by

Af,fJ-,D: f*>fL7 Af,fJ-,D(P) :7TfJ_Dp.
Similarly, df 9 (D) is given by
Af,fi,[_): f*>fj‘, Af,fL,D(p) :Wlep.

As before, a decomposition into orthogonal J,,i-invariant subbundles @é:ﬁoi = Drtly

leads in a local superconformal coordinate to the second fundamental forms
Asoi,soj,D3 Pi > Pjs A«piw,D(P) = mp; Dp,

A%,%’,D: Yi — Py A%W’D(P) - W%D’O'

In view of the J,,y1-linearity of 7#, Example 2.7, they commute with J,1. With respect to

the standard hermitian structure on C*"/147 they satisfy as before

A (7.1)

— _ A* _
¢17¢J7D - AQOJ7§02D.

From Proposition 2.10 and Lemma 6.3, we obtain:

Lemma 7.2. We have the following:
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(a) The map f is holomorphic (resp. antiholomorphic) if and only if As 1 p (resp.
Ay 1 p) vanishes.

(b) The map f is harmonic if and only if
A Vi=-vioa
5D ° VD D °A4ntD

e., AppLp 1s a holomorphic section of Homyp(f, f4) equipped with its Koszul-
Malgrange structure. Equivalently, Asy ;p is antiholomorphic. In particular, f

is harmonic if and only if f* is harmonic.

We can make again use of the holomorphicity of Ay ;1 p to produce a new harmonic map
from f. We assume that the zeros of A ;1 1, are regular. In particular, due to holomorphicity,
the zeros are isolated. From Proposition 3.10 we obtain a blow up p: ¥ — ¥ and a line

bundle £ on ¥ such that p*A f.f1,p extends to a nowhere vanishing holomorphic section of
£ @ p*Homy(f, f+) = £ ® Homy(f, /1),
where we set f = f op. In view of the inclusion
ftc M@

we obtain an inclusion of £* ® f into the trivial bundle. This inclusion commutes with Jy,41,
if we consider on the former the action on the second tensor factor. Hence this defines a new
map, the GauB transform, f1: & — DP™. Similarly, under suitable assumptions on Aot Do
we obtain f_q1: ¥ — DP", where p: ¥ — X is a possibly different blow up, f = f o p.

Theorem 7.3. Let f: X — DP" be a harmonic map such that the zeros of A r1 p and
Ay fL.D are reqular. Then the Gauf transforms fi, f_1 exist on possibly different blow ups
p: Y5, and p: ¥ — X. They are harmonic and, moreover, (f1)-1 and (f 1)1 exist on X
resp. 3 and coincide with f = fop and f = f o p respectively.

Proof. The proof is formally the same as in Theorem 6.7. O

Remark 7.4. The notion of harmonic maps is extended to parabolic super Riemann

surfaces as before in Remark 6.6.

7.2 Isotropic harmonic maps

We now study isotropy properties of maps into DP™. ¥ denotes a connected super Riemann

surface and ¥ denotes a connected parabolic super Riemann surface with degeneracy locus
Z.
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It is again convenient to introduce a slightly different perspective on this. On DP™ we

have the following exact sequence
0 — Homp(yp, yp) —— Homp (yp, D) —— Homp (yp, 7g) — 0.

We note that these are merely complex vector bundles. The first bundle has a canonical
section, the identity, which therefore gives a canonical section ® of Homp(yp, D" ). Again,
on Homp(yp, D'*") we have the connection V¥ induced by the canonical and the flat
connection. For a map f: ¥ — DP", we will freely identify f*® and .

Lemma 7.5. We have:
a) VE® is perpendicular to the D-module spanned by ® and projects to A, 1 p, under .
D fif =D

(b) The map f is harmonic if and only if

T(VEVE®) = 0.

Proof. This is a reformulation of the previous characterization as before. O
We have a again the general fact:
Lemma 7.6. Consider a smooth map f: ¥ — DP™. For any section V of Homy, (f, D)
(VEVE +VEVE)V =V oo,
where ¢ is a section of Homp(f, f).

Proof. This follows again from the fact that the curvature of the tensor product of connec-
tions is the difference of the curvatures of these connections and that the flat connection

has no curvature. O

Definition 7.7. A smooth map f: ¥ — DP" is isotropic if in any local superconformal

coordinate and for any two local sections p; of f :
(®(p1), D"V ®(p2))ciniren =0, k> 0.
We note that the standard hermitian structure on Homp (yp, D'*"), given by
(VB®, VE®) pegriniien

which is effectively a super trace, is always zero. However, we can reformulate the isotropy

condition in the following way.
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Remark 7.8. Equivalently, for any two local sections p; of f :
(VE)*®(p1), (VD) ®(p2)) croninen = 0, @, 8> 1.

Definition 7.9. A map ¢: ¥ — DP" is full if, except for at a discrete set of points, we
have
spanD{x*(Vg)k@w*Cb,:L“*(Vg)lq) | k, 1 >0} =DM,

where z: pt — .

Lemma 7.10. Let f: ¥ — DP™ be a full isotropic and harmonic map such that fi1 exist
on X. Then fi1 are full and isotropic.

Proof. The same as in Lemma 6.13. 0

We call a full isotropic and harmonic map 1-regular if each of f; and f_; either exists
on ¥ or it is antiholomorphic respectively holomorphic. If p: 3 — ¥ is a blow up, disjoint
from the degeneracy locus of the superconformal structure, and if f: ¥ — DP™ is a full

isotropic map, then f o p is full isotropic.

Definition 7.11. (a) A full isotropic harmonic map f: ¥ — DP" has invertible ramifi-

cation if all iterated GauBl transforms fi, are 1-regular.

(b) A full isotropic harmonic map f: ¥ — DP" has regular ramification if there exists a
blow up p: P 3, disjoint from the degeneracy locus of the superconformal structure,

such that f o p has invertible ramification.

Starting from a full isotropic harmonic map f : 3 — DP™ with invertible ramification,
there are natural numbers k = k(f), [ = I(f) such that the sequence of Gauf} transforms

takes the form

f—l»"'af:f[)afla"'afk'

The maps f_;, and fi are holomorphic and anti-holomorphic respectively and by counting
dimensions we see that k 4+ = n. In view of Theorem 7.3 and Lemma 7.10 each constituent
is full and isotropic. Moreover, each map has invertible ramification, which is also a
consequence of the second part of Theorem 7.3 and f can be reconstructed from either f_;

or fi. Thus we have proved:

Theorem 7.12. For every 0 < r < n + 1, the assignment f — f,. gives a bijective
correspondence between full holomorphic maps f: Y — DP™ with invertible ramification and
full isotropic harmonic maps g: ¥ — DP™ with invertible ramification such that l(g) = r.

The inverse is given by g — g_y(q)-
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We now define holomorphic invariants which characterize isotropy as in Lemma 6.18.

First in local superconformal coordinates on some U, we set
(Na.8)u = (VE)*o, (Vg)6@>@m(f,ml+n),
where (—, —)Hom, (f,p1+n) denotes the odd hermitian metric
<F, G>HO7mD(f,]D)1+") = OtI'(F*G)

Then V# is compatible with this metric. (Notice that str(F*G) vanishes necessarily.)

Moreover, we set

(Ui,ﬁ)U = <(Vg)“¢’(p)v (Vg)’gq)(P»(an\nﬂ/(P;P><c1+n\1+n,

where p is a local isotropic trivializing section of f. In view of Lemma 2.5, this does not

depend on the chosen isotropic vector section, provided (n}, 5)U = 0.

Lemma 7.13. Let f: ¥ — DP™ be harmonic. We have that (mo.1)v = (nlg)v = 0 and
77%0 = 778’1 = 0. Moreover, if (1, glu =0 foralll <a+p <r alU, and i€ {1,2}, then
("72+1,,8)U and (173”84_1)[] yield global holomorphic sections of TIH(D®(a+A+1))=1,

Proof. The proof follows along the lines of Lemma 6.18. O
The map f is isotropic if and only if all these invariants vanish.
Definition 7.14. A map is called weakly conformal if 77%71 =0, 77%’1 = 0.
Corollary 7.15. Any harmonic super sphere is isotropic.
Proof. This follows from Lemmas 7.13, since T'(D~*) = 0 for all k > 1. O
Remark 7.16. (a) Again, for B = pt all maps have always regular ramification.
(b) In view of Corollary 7.15, Theorem 7.12 applies for instance in the genus 0 case.

Remark 7.17. In contrast to Lemma 6.21, the underlying map of a weakly conformal
(supersymmetric) harmonic map into DP™ is in general not harmonic. We will construct an

example of such a map in Section 7.4.4.

7.3 Examples for the Gaufl transform

Examples of full isotropic harmonic maps from a super sphere into DP" can be easily
constructed as in Section 6.3. For dimensional reasons, any full harmonic map from a genus
0 super Riemann surface into DP?! is holomorphic or antiholomorphic. For harmonic spheres

into DP2, we can use the construction of harmonic super spheres in CP!I* from Section 6.3
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to obtain full isotropic harmonic maps. This simply works by considering the holomorphic

map defined by
f=@ Jsq¢ 7).

The computation of the harmonic sequence can be carried out similarly.

7.4 Periodic harmonic sequences in DP?"

Analogous to Section 6.4, we now analyze harmonic maps ¥ — DP?" with periodic harmonic

sequence.

7.4.1 The (2n + 1)-symmetric space PSQ(2n + 1)/PSQ(1)*"*!

We fix the torus 7' = PS(U(1)*"*1) ¢ PSQ(2n+1) and set 3 = 0141 —07,1=0,...,2n—1,
and 2, = — Y, ;. Each root space is 1|1-dimensional over C. We consider the adjoint
2n)

action of 7 = diag(1,w,...,w?" | 1,w,...,w?"), where w is a simple (2n + 1)st root of unity.

Then after complexification we have a decomposition into eigenspaces

2n
psq(2n + 1)c = @M.
=0
For instance, M is the sum of the root spaces of 5;, l =0, ...2n. In the following, we will

consider matrices as D-valued. Let Ej be the root vector for §; with only one non-zero entry
equal to 1. We set B, =) . J~1E}). In the case n = 1 we have

00 ¢ 000 0 J1
Mi={la 0 0|]abceD}, By=|10 0|,B,=|J' 0 0
0 b 0 00 0 0o J1 o

We notice that Mo = ps(q(1)2""1)¢ is not abelian. The same 7 gives also rise to a description
of PQ(2n +1)/P(Q(1)>**1) as a (2n + 1)-symmetric space. The only difference being that
then Mo = p(q(1)?*1)c. All My, i # 0, are left unchanged. In order to obtain invariants
for primitive maps, we need to understand the p(q(1)?"*!)c-invariant polynomials of Mj.
Writing & = >, a¥ By, we have

PR(cos ... Eon) = (2n1+1)' S otr(agyaZyaist . alon).

0€2n+1

Moreover, concerning ps(q(1)?"1)¢, there is one more invariant polynomial given by
1 0 7.2n 7.2n—17F 1 7
P2Q(£0,...’€2n) = m Z Odet(aU(O)Jaa?l)Ja;(Lz) Jao_(Qn)J)

0€Xan+1
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They define elements in Syms3,, ,; (IIM;) and IISym3, | (IIM;), respectively. Again, we set
PPE) = PRE,...6).
Definition 7.18. A map &: T — IIM; is called cyclic if PlQ (&) is invertible.

Lemma 7.19. Consider a map € =3 A;E;: T — TIMy. Then there exists t € PQ(1)Z"
such that
Ad(1)(By) = €
if and only if PlQ(f) = 1. In this case we have P2Q(£) = 2odet(t).
Proof. In view of P1Q(§) =1, we can find X = 1+ £J such that

t= diag(Aalng_l, j4X, Ale_l, A2A1j2X, A3A2A1j3X_1, N ,Agnfl s Alen_lX_l),
does the job. The second claim follows by inspection. O

7.4.2 Primitive maps

Definition 7.20. A map f: ¥ — PSQ(2n + 1)/T is called primitive if dfc|p has values in

[M;] and it is cyclic at one point.

The definition of a framing f: ¥ — PSQ(2n + 1) is as before (Section 6.4.2) and, again,

primitivity of f is characterized by
Ap =Apo+ Apa,

where A = f *oo and Ap; has values in M;. Analogously as in Lemma 6.28, we have:

Lemma 7.21. Given a primitive map, then PiQ(f) = PZ-Q (Ildfc|p) are holomorphic sections
of Hi-i-l((H‘D)*)@(Zn—i-l)'

There is also a notion of Toda frame similar to Section 6.4.2. For this, we choose the

complement of psq(2n + 1) C pq(2n + 1) spanned by

M@ = diag(J,—J,J,...,J).

We assume that PlQ (f) is invertible at a point and hence in a coordinate neighbourhood U.
A framing f : U — PSQ(2n+1) is a Toda frame if there exists a superconformal isomorphism
a: U — U such that PlQ(a*f) =1and amap Q = Q+ yMQ: U — ipsq(1)?"t @ (M?)
such that

o Ap = (DG — %[Q — M9, D) + Ad(exp(Q))(B).

The Maurer-Cartan equations of such a framing reduce to

2DDQ — 2[DQ, D) +1/2DD[(xM® + xM®), Q] + [Ap1, Ap,] = 0. (7.22)
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Then we have that PZQ(a*f) = P2Q(f)/P1Q(f) = 2odet(exp(€2)) = 20tr(92) is holomorphic,
so that x is holomorphic. The additional summand in Ap o as compared with the Toda

frames in Theorem 6.31 in the above formula results from non-commutativity of Q(1) :

Lemma 7.23. For any derivation X, we have
1
(X exp()) exp(Q) ™' = XQ + §[Q,XQ].

Proof. This is a direct calculation. O

Then we have:

Theorem 7.24. Let f: ¥ — PSQ(2n + 1)/T be primitive and assume that f is cyclic at
the point po. Then there exists a Toda frame in some neighbourhood of py such that (7.22)
holds. The superconformal isomorphism a: U — U is unique up to superconformal rotation

by a (2n + 1)st root of unity and translations and the Toda frame is unique for such a.

Proof. The proof is similar to Theorem 6.31. On a coordinate neighbourhood U of py we
can find a framing f with values in PSQ(2n + 1) and since PIQ (f) is holomorphic and
invertible and U is simply connected we can change superconformal coordinates such that
PlQ (a* f) = 1. This coordinate transformation is unique up to superconformal translation
and rotation by a (2n + 1)st root of unity. Since U is simply connected, we can find by
Lemma 7.19 an n: U — pg(1)Z"™! such that

a*Ap,1 = Ad(exp(n))(B,).

Although PQ(l)%"Jr1 is non-abelian and the exponential map is not a group homomorphism,
we can still find a decomposition exp(n) = exp(A)exp(Q 4+ xM?), where A= A, O=-0
have vanishing odd trace. We define Q = Q + yM©. We can gauge away A and obtain the
desired Toda frame f. Using Lemma 7.23, we find

—[a*Ap,a*Ap,] = Da*Ap, = [DQ + 1/2[Q, DO, a* Ap 1] = [DQ + 1/2[Q, D, a* Ap 1]

and hence a*Ap ;= —DQ —1/2[, DQ] and a*Ap o = DQ —1/2[Q — xM?, DQ]. (Here we
used that the stabilizer B, acting on odd T-valued points of pg(1)Z"** is trivial due to the
fact that 2n + 1 is odd.) The My component of the Maurer-Cartan equation is precisely

(7.22). The uniqueness follows as in Theorem 6.31. O

Corollary 7.25. Let 3 be a super torus and consider a primitive map ¥ — PSQ(2n+1)/T.
Then there exists a Toda frame on the universal covering (Cgl — X and a superconformal
isomorphism a: Cgl — Cgl, unique up to superconformal rotation by a (2n + 1)st root
of unity and translation, such that (7.22) holds. Moreover, the Toda frame and ) factor
through some finite covering X' — 3.
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Proof. This follows as before in Corollary 6.32. O

7.4.3 A class of 2n + l-orthogonal non-isotropic harmonic maps

Starting from a full harmonic map from a super torus with invertible ramification which
is (2n + 1)-orthogonal and non-isotropic in the sense that PlQ( f) is invertible at one point

(and hence everywhere), the harmonic sequence

f—la"'aan"'afk‘

determines a primitive map

Y —=PSQ(2n+1)/T.

(Since 2n + 1 is odd, this forces the super torus to be of the odd type.)

As follows from the proof of Theorem 7.24, for such primitive maps, we neither have
DAp; # [Apo, Apa] nor [AD70,AD70] = 0 in general. However, the machinery used in
Section 6.4.3 produces maps satisfying these constraints. In view of this, one might not
expect and we cannot give a general finite type classification along the lines of Section 6.4.4.
However, it turns out that quite drastic assumptions still lead to sufficiently interesting
examples.

It is useful to use a slightly different setup. In the situation of Theorem 7.24, in a suitable

coordinate with PlQ (f) =1, we can also write

Ap = Ad(exp(n))(Br), exp(n) = exp(A’)(exp(€),

where A’, and € are pq(1)Z" " -valued and A’ = A/, Q' = —'. At the cost of obtaining a
pq(2n+ 1)c-valued form we can gauge away A’. Thus such a form will integrate to a framing
of a primitive map into PQ(2n + 1)/PQ(1)>**1. In this new gauge

pa = Ad(exp())(B;), Ap o= DQ —1/2[<7, D]
and the Maurer Cartan equation reads:
2DDQY —2[DQY, D] + [A] 1, A ] = 0. (7.26)

We write A’D71 =) , AiF; and A;J = a;(1+ ozz-j). In this situation all A;J are real.

Proposition 7.27. If [A’Dp, A’[—m] = 0 and A;J commute pairwise, then the Maurer Cartan

equation is equivalent to the system:

DDlog(a;) = %(aﬁﬂ —a2 ), i=0,...,2n, (7.28)
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DDa; = i(af i1 — ai_joi1), i =0,...,2n, (7.29)

subject to a;aj = 0, and [DQ, D] = 0. Here, we set asn1 = ag and asp41 = ag.
In particular, if we denote by p;: D — II'C the projection onto the ith summand, then
the form determined by poApo + p1Ap1 satisfies the Maurer-Cartan equation (7.22).

Proof. We know that

exp(©) = diag(Ag ' JBX Y JIX, Ay JX 7Y (A A1) TP X, (A3 As A JBX YL
(Agp_1--- Ay)J21x—h
= diag(J(AoJ) T X TN X, (ALT) X T (A2) (JAD X, (A3 ) (J A2) (A ) X,
oy (Agp 1 J)(J A9y 9) ... (AL )X 1),

where X =1+ xj is determined in terms of A;J and is real. Since X and A4;J commute,

we have

Q' = log(diag(J(AgJ) *T X1 X, (A1) XL, (AJ)(JADX, (A3J)(JA) (A1) XL,
(Aon—1J)(JAgn—2) -+ (A1 J)X 1))
= diag(—log(ao) + (ag)J,0+ 0 - J,log(ar) + (a1)J,log(azar) + (o — 1) J, . ..,

log(agn—1---a1) + (agp—1 — @opn—2 + @2p—3... + a1)J)

+ diag(—xJ, xJ, .-, —xJ).
Moreover, A¥A; = ia?(1 + 2a;J) and A; A¥ = ia?(1 — 2;J), so that

[ADJ, AD,l] = (—1)diag(A§Ao + A2nA§m ATAI + A()Aa, ceey ;nAQn + AQn—lAzn—l)

(—i)diag(a3 + a3, + (2a3an — 243, 020)J, . . .,

a3, + a3, 1 + (203,00, — 203, _as,_1)J).
Comparing with (7.26) then gives the result. O
Remark 7.30. (a) On a torus the solution space to (7.29) is finite-dimensional as follows
from ellipticity considerations similar to those in Section 6.4.4. A solution given by

() to (7.29) can always be arranged to satisfy the constraints by adding an additional

Grassmann variable 7 to the base B and then considering (inf)c«;.

(b) Up to a change of basis, the form pgAp o+ p1Ap, fits into the framework of Section

6.4. In particular, local solutions can be constructed from Theorem 6.42.
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7.4.4 Example: The case n =1

We study the case n = 1. Similar as in Section 6.4.5, we have a trivial solution a; = as =

az = 1. We consider w = e2™/3 and set
1 J1 oo
v=|1|,A=] 0 wJ!
1 0 w2 J 1

Then [A, A] = 0 in psq(3)c and the framing is given by

exp(—2A% — ZA?)(1 + DA + 9A + 99AA) (v | (A2 T Yo | (A71T71)2).

The matrix on the left hand side is

e~ 0 0
0 ew2z—w2 0
O 0 6wz—w22

and the Maurer-Cartan form is given by

AD:ADJ: j_l 0 0
o J ' o0

The associated map to PSQ(3) is periodic with respect to the lattice spanned by 27/+/3
and 2.

Now we try to extend this non-trivially according to Proposition 7.27. The simplest
ansatz is to take «; to be harmonic. From (7.29) we thus obtain agp = a1 = ae. For instance,
we can take o; = a¢ = C(J — i), where C is real.

We thus obtain

0 0 J 1+ ac
pa=|J " +ac 0 0 ,
0 J 1+ ac 0
and B
14 ac/2J 0 0
exp(Q) = 0 14 ac/2J] 0
0 0 1+ ac/2J
Hence

Al o= —(=i)(C/2)diag(J, ], J), Ap o= (C/2)diag(], ], J),

76



which shows that the constraints in Proposition 7.27 are satisfied.

Theorem 7.31. There is a 1-parameter family of 3-orthogonal non-isotropic harmonic
maps fo: CH1 — DP? such that the underlying maps fo: C — CP? are non-harmonic
except for C = 0. The map fc factors through a split super torus ¥ o with

T=271/(V3(1+C)) +i2n/(1-C), C #1.

If C'=1, the map is constant in y.

Proof. We define fc to be the map obtained by integrating the above form. To show that
the underlying map is not harmonic and to compute the periods, we need to study the
underlying map. From the above, using that for a flat connection a, = —(Dap + a%), we

see that the relevant connection is given by

0 1 -C 0o -C 1
a,=[-C 0 1 |,az=—] 1 0 -C
1 -C 0 -C 1 0

Setting G = U(3), K = U(1) x U(2), we thus see that

0 0 1 —C
[z, ap:]=—[|0 0 —=C|,|-C 0 o0 |],
0 1 0 0

which vanishes if and only if C' = 0, so that the underlying map is harmonic if and only if
C = 0. Moreover,

0 1 -1 01 1
a,=1+C)|-1 0 1 |,a=1/(-)0-0C)|1 0 1
1 -1 0 110

have eigenvalues given by {0,4iv/3} and {—1,2} respectively. Hence the associated 1-
parameter groups have periods 27/(v/3(1 4 C)) and 27/(1 — C), C # 1 respectively. If
C=1, a,=0. O

Remark 7.32. In view of the computation of the component fields in Section 4, we have
thus constructed doubly periodic solutions to the equations in Proposition 4.1 which are

coupled in the sense that the underlying map is not harmonic.

There is yet another extension to this system making use of Remark 7.30. Namely, the

ansatz o = ot — g, a1 = @19 — ig119, and >, @; = 0 leads to the equations

dpo = —(2¢1 + o), dp1 = (2¢0 + ¢1).
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This system is equivalent to 09y = —3pg and automatically @1 = —1/2(0@g + o). The

condition agay = 0 is then equivalent to
Podpo — @odpo = 0.

Considering the ansatz gg = Ae?Y3 4 Be=1V3%  this is satisfied if ¢ = Acos(v/3r) for real
A. Then 1 = —A/2(—+/3sin(v/3x) + cos(v/3x)). After adding an additional parameter 7,
we thus obtain a doubly periodic solution to the Maurer-Cartan equation. The resulting
map will still be periodic with period 7/v/3 + 27i since the underlying map, setting 7 = 0,
has this property.

8 Outlook

There is a wealth of problems which we did not address. We shall highlight only a few.

Non-conformal harmonic tori

Originally, the notion of finite type harmonic maps led to a classification of all non-conformal
tori in compact rank one Riemannian symmetric spaces [10]. Moreover, Burstall gave a
finite type description of all non-isotropic harmonic tori in CP" [8]. In view of our results
in Section 6.4.4, it is a natural question whether such other finite type classification results
have analogous supersymmetric versions. This is particularly interesting since in this case
Lemma 6.21 does no longer hold in general. However, in view of the special properties of
the situation employed in Section 6.4.4, e.g. the existence of suitable invariant polynomials
and the special orbit structure which allowed to define the complex vector field Z, such an

extension seems to be non-obvious.

Harmonic maps of finite uniton number

Theorem 1.2 has been vastly generalized by Uhlenbeck [52] and Burstall and Rawnsley gave
a comprehensive treatment for harmonic spheres in symmetric spaces [11]. It is not clear
how these results generalize to the graded setting. For instance, the statement in [46, p.8
1.-5 — 1.-3] is not comprehensible since the arguments in [52] rely crucially on the existence
of kernel and image bundles of holomorphic endomorphisms similar as used in the Gaufl

transform. In view of our results, this seems to be a subtle issue.

Spaces of harmonic maps

In [17, 41], the authors showed that in the case of harmonic spheres in CP2, one can build in
certain situations smooth manifolds of harmonic maps. In view of the structural similarity,

it would be interesting to study a similar problem for full isotropic super spheres in DP?.
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Harmonic maps into DP”

Finally, there is also an interesting super division algebra over R :

D := C[j]/(ji = —ij, j° = 1).

As a vector space it isomorphic to C'1* and we will represent an element in the form a + bj.
We let Jg denote the operation of left multiplication by 7, hence this takes (for even elements)

the form
Jy(a,b) = (—l;, a).

Any map T — D — 0 can be written as f + gj and then

v _ 199\, 9,
f+gj_f<1 ff>+ff‘7'

We define DP" to be covered by n + 1 copies of D" with the usual transition functions.

This comes with the tautological flag

=D xgx (D" —0) —=D ",

|

DP,
where the top map is just (A, a) — ([a], Aa).

Lemma 8.1. Smooth maps T — DP™ are in bijective correspondence with complex subbun-

dles L C D"y which are invariant under Jg-
Proof. This bijective correspondence is given again by pulling back the tautological flag. [

Notice that Jg is not unitary. Rather, for even vectors f and g we have
(J5f, J59) = i(f, 9)-

As a consequence, there is no natural connection on ¢: DP" < Gr1|1((C1+"|1+”) as was the
case for DP". We define f: ¥ — DP" to be harmonic if the composite map to f: ¥ —
Gr1|1(C1+”|l+") is harmonic. In view of the discussion in Section 6.1, there is a notion of

Gauf3 transform for such maps. Moreover, there is a fibration sequence
CP' —cCprirtl - DpP".
Recall that a holomorphic map into a complex projective space is harmonic. On general

grounds, if a 1-regular isotropic holomorphic map f: Y — CP'12 is D-horizontal, i.e.,
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(Jpf,Df) = 0, then its projection to DP! is harmonic. (This also follows from similar
considerations as in the proof we give below.) The following partial converse illustrates that

our definition of harmonicity is not arbitrary.

Lemma 8.2. Consider a parabolic super Riemann surface > and a harmonic map f: Y —

DP'. Assume that fi1 exist and the map is weakly conformal f—1 L fi. Then:
(a) There is a harmonic lift 3: Y — CPY2 which satisfies By L J58.

(b) The differential of d30)|5, is vertical, i.e., contained in Hom(B, f/B) if and only if
a = Bt C f is isotropic: (Jga,a) = 0. In this case, (8 is isotropic and D-horizontal.

Proof. On ¥ the relevant diagram for the second fundamental forms is (cf. [12, Thm. 3.7],

Section 6.2)
/ B

ANPZ

where a® 8 = f, a L B, and a = ker(Ay ;1 p). The arrow fi — o vanishes by f1 L f-1.
Thus, the diagram is actually of the form

IR

f17

f-1

SN

05— .

Using similar arguments as in [12, Prop. 1.5], one can show that the map determined by
is harmonic. It clearly satisfies the stated horizontality conditions.

Let v be an even local trivializing section of «. We compute

8= (- )
o) o

— _J(Dv)—D (

By assumption, the vector Dv spans a locally free module except for at isolated points. So
the map is vertical if and only if (v, Jpv) = 0.
O

Remark 8.3. This result suggests a similarity between the theory of supersymmetric

harmonic maps into DP™ and harmonic maps into quaternionic projective spaces. Harmonic
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spheres in HP"™ spaces have been classified [1] and the above is analogous to the classification
of harmonic spheres in HP! (cf. [1, Equ. 6.2]). Moreover, this result is reminiscent of
[27, Lem. 2.7]. In the terminology introduced therein, (b) says that f is “quaternionic

holomorphic”.
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1 Introduction

In this article, we study geometric structures on cs manifolds and their automorphisms.
Super-Riemannian structures on ¢s manifolds play a prominent role in the work of Zirnbauer
[16]. In particular, the so-called Riemannian symmetric superspaces are worth mentioning.
Other instances of geometric structures on supermanifolds appeared in the context of
supergravity theories [14].

By a geometric structure on a manifold M we mean a reduction of the structure group of
the frame bundle L(M) to some closed subgroup G < GL(V'). Depending on the context,
there might be additional conditions like 1-flatness. A classical theorem states that the
group of automorphisms of such a G-structure is a Lie group provided it is of finite type.
(See [12] and the references therein.) This includes for instance the isometry group of a
Riemannian manifold.

In this work, we study the analogous structures in the category of ¢s manifolds (cf.
[7]). First, we lay the necessary foundations for the definition of a G-structure. This
leads naturally to the notion of mixed supermanifolds as follows. The frame bundle of
an ordinary manifold locally modelled on the vector space V' is obtained from a cocycle
Ui;j = GL(V) by glueing. Suppose M is a cs manifold (called supermanifolds in this article)
which is locally modelled on the super vector space V5 @ Vi. Here, Vj is a real and Vj is a
complex vector space. Then the analogous cocycle takes values in the mixed Lie supergroup
GL(V) which has as body the mixed manifold GL(V5) x GL(Vj). It is crucial to keep the
complex analytic structure on the second factor. After having developed the basic theory
of mixed supermanifolds, one can define G-structures, prolongations and G-structures of
finite type along the lines of the classical definitions. Our main result concerns the functor
of automorphisms of a G-structure of finite type that is in addition admissible. In this
situation, if restricted to purely even supermanifolds, the functor is representable by a mixed
Lie group and it is finite-dimensional in the sense that the higher points are determined by
the Lie superalgebra of infinitesimal automorphisms of the G-structure, which we prove to
be finite-dimensional (Theorem 4.11). Representability can fail for two reasons here, due to
the fact that the higher points of the functor of automorphisms contain all infinitesimal
automorphisms of the G-structure. For a representable functor these are necessarily all

complete and decomposable, which means that they admit a decomposition of the form
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X + 1Y for two real complete vector fields. The theory of G-structures can be developed for
real supermanifolds without the need for enlarging the category. Moreover, there is no need
for imposing an additional property on a G-structure of finite type. The only obstruction
for the representability of the functor of automorphisms of finite type is the completeness of
the infinitesimal automorphisms.

The paper is organized as follows. In Section 2 we introduce mixed supermanifolds.
After giving the basic definitions, we give a short account on mixed Lie supergroups and
principal bundles. We then show that mixed supermanifolds are the natural home for
constructions such as tangent bundles and frame bundles as well as their mixed forms, the
real tangent bundles and real frame bundles. In contrast to what the name suggests, mixed
supermanifolds are not supermanifolds with extra structure as we show in the appendix
(Proposition 7.1). Moreover, therein we prove that, for our purposes, mixed supermanifolds
cannot be avoided (Proposition 7.2).

In Section 3 we define a geometric structure to be a reduction of the real frame bundle of
a mixed supermanifold and construct its prolongation. In the super context it is advisable
to make the constructions in such a way that functoriality is evident. A subtlety is that the
standard prolongation has to be refined to a real prolongation, which is again a geometric
structure in the sense of our definition. The existence is ensured if the G-structure is
admissible.

In Section 4 we define the functor of automorphisms of a G-structure. Due to functoriality,
prolongation gives rise to inclusions of functors of automorphisms. Then we treat the case
of a {1}-structure. We show that the underlying functor is representable and the Lie
superalgebra of infinitesimal automorphisms is finite-dimensional. An important ingredient
is that even real vector fields possess a flow, as we show in the appendix. Similar results
on the functor of automorphisms of an admissible G-structure of finite type can then be
deduced by embedding it into the functor of automorphisms of a {1}-structure.

Everything we have said has a direct analogue in the category of real supermanifolds,
except that there are no complications caused by mixed structures and admissibility. The
completeness issues remain. The analogous theorems are stated in Section 5.

Finally, in Section 6 we discuss some examples. We treat even and odd metric structures
on supermanifolds and construct a canonical admissible geometric structure of finite type

associated to the superization of a Riemannian spin manifold as studied in [1, 14].
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2 Recollections on supergeometry

1 Mixed supermanifolds

A complex super vector space is a Z/2-graded complex vector space V = V5@ V4. A morphism
is a grading preserving complex linear homomorphism. The resulting category is closed
symmetric monoidal with respect to the evident notion of tensor product and inner hom
objects.

A general mized super vector space consists of the data (V, Vg, Vi) where V' is a complex
super vector space, Vg C V is a real sub super vector space, V¢ C V is a complex sub
super vector space such that Vo C Vg and the canonical map C ® Vg/Ve — V/V is an
isomorphism. A mized super vector space is a general mixed super vector space (V, Vg, V)
such that (Vk); = (Vo) = V5. The class of these contains the classes of super vector
spaces and complex super vector spaces as the extreme cases where Vo = Vi and Ve =V,
respectively. A real super vector space is a general mixed super vector space of the form
(V, Vr,0). For our purposes it is not necessary to discuss the various notions of morphisms

of general mixed super vector spaces at this point.

Example 2.1. One way to produce (general) mixed super vector spaces is the following.
Suppose we are given a real sub super vector space Vg of a complex super vector space W.
The kernel of the induced map f: C® Vg — W is of the form {i®@v—1®iv |v € Ve} = V¢
for a complex subspace Vg C W contained in Vg. Then (V' = im(f), Vg, V) is a general
mixed super vector space. Of course, conversely, given a general mixed super vector
space (V, Vg, V), Vo can be recovered from this by applying this procedure to Vg — V.
In particular, the pair (V, Vg) determines V¢ and the pair (Vg, Vi) determines V' up to

isomorphism.

This leads to various notions of supermanifolds. We will first introduce the relevant
notions at the level of manifolds (without grading). Consider a purely even mixed vector
space Vo € Vg C V. We denote by A(Vg) the locally ringed space over C given by
the topological space Vg together with the sheaf Oy, of partially holomorphic functions,
i.e., complex valued smooth functions whose differential is complex linear in the fibre
A(VR) x Vo C A(VR) x Vg = TA(VR).

Remark 2.2. More concretely, if we choose an isomorphism V = C” x C™ such that
Ve 2 R" x C™ and Vg = C™, then these are complex smooth functions v (z, z) on open

subspaces of R" x C™ which are holomorphic in z.

Definition 2.3. A mized manifold consists of a locally ringed space (Mo, Opy,) over C with
a second countable Hausdorff base which is locally isomorphic to A(Vg) for some mixed
vector space (V, Vg, V). The subsheaf of real-valued functions is denoted by Oz, r. The full

subcategory of locally ringed spaces over C with objects mixed manifolds is denoted by MH.
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Remark 2.4. These are precisely the smooth manifolds locally of the form R™ x C™
with transition functions (z,z) — (¢(z), ¥ (x, z)), where ¥ (z, z) is holomorphic in z. Put

differently, these are manifolds endowed with a Levi flat CR-structure (cf. [2]).

Consider now a mixed super vector space (V, Vg, Vr). We denote by A(Vk) the locally
ringed superspace over C given by the topological space Vrg together with the structure
sheaf Oy (v5,) ®c A Vi". Given a mixed super vector space (V, Vg, Vc), we can forget the
mixed structure and consider the mixed super vector space (V,V, V). The associated locally
ringed space will be denoted by A(V).

Definition 2.5. A mized supermanifold is a locally ringed superspace M = (Mg, Ops) over
C with a second countable Hausdorff base which is locally isomorphic to A(Vr) for some
mixed super vector space (V, Vg, V). The full subcategory of locally ringed superspaces
over C with objects mixed supermanifolds is denoted by SM¥. The category SM* contains
the full subcategories SM and SM® of supermanifolds and complex supermanifolds as the

extreme cases where Vo = V7 and Vg =V, respectively.

The sheaf of nilpotent functions on a mixed (real) supermanifold M will be denoted
by das. The mixed (real) supermanifold structure on M induces the structure of a mixed
(real) manifold on the locally ringed space (Mg, Opr/dpr) which we abbreviate by abuse of
notation by Mj. Moreover, we set Opy, := Opr/dar. Then the inclusion i: M# — SM* has
the right adjoint r: SM* — M#, M +— M.

Given a mixed supermanifold, we define the sheaf of real functions to be the pullback in

the square of (real) supercommutative superalgebras

Omr — Onmy R

L

Op — Oy

We will often consider a mixed supermanifold as a set-valued functor on SM* by the
assignment T — SM#(T, M). Then there is a natural transformation of functors M —
r*i*M = r* My which is given by sending a map T'— M to its underlying map Ty — Mp.
The second part of the next lemma is only the first encounter of the typical reality condition

enforced by a mixed structure.
Lemma 2.6. Consider a mized super vector space (V, Vg, Vc).

(a) There is a natural isomorphism SM*(M,A(V)) 2 T(Opy @c V5.
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(b) The following diagram is a pullback of functors on SM*:

A(VR) ——=r*A(VRrp)

In other words, we have

SMH(M, A(VR)) 2 T(Oprro @r (VR/Ve)s) © T'(Opr5 ®@c (Ve)g) © T(Op 1 ®@c Vi)-

Proof. The proof is similar to that in [6, Theorem 4.1.11]. O

Corollary 2.7. The category SM* admits all finite products and the full subcategory M* is

closed under finite products in SM*.

Let My be a mixed manifold. Consider the sheaf T3z, whose sections over Uy are complex
linear derivations of Oy, |v, and the subsheaf Ty, g of those derivations which restrict to
derivations of Oy, r|v,- Then Ty, r contains a complex ideal Ty, ¢ of derivations which
annihilate Oy, r|y, and the quotient by this sheaf is isomorphic to the sheaf of derivations
of O -

Now, if M is a mixed supermanifold, the complex tangent sheaf is the sheaf T3; whose
sections over Uy are the complex linear superderivations of Os|y,. By analogy with the

definition of the real functions, one defines the real tangent sheaf by the pullback

Tmr — TMy R

L

(‘TM H(‘TM07

where the lower arrow takes a vector field to its underlying vector field.

An important point is that, although T/ r is not closed under brackets, its even part
is and consists of those derivations which restrict to derivations of Opsr. In analogy, one
defines Tarc € Tarr in terms of Tar, Tag, and Tay, . Then (Tarc)s € (Tarr)p is an ideal.

The tangent space T,,M at m € M is the complex super vector space of complex
derivations Oz, — C. This comes with a mixed structure by considering the real subspace
(T M )R consisting of those derivations which induce a derivation Oy, g,m — R together
with its complex subspace (1}, M )¢ of those derivations in (7}, M )g which vanish on O, R m.-

2 Mixed Lie supergroups

In this section we give a brief review of basic results concerning mixed Lie supergroups.
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Definition 2.8. A mized Lie supergroup is a group object in SM¥.

2.1 Equivalence of mixed Lie supergroups and mixed super pairs

First we characterize mixed Lie groups, i.e., mixed Lie supergroups with trivial odd direction.
For a real (resp. mixed) Lie group G we will use the notation Lieg(G) (resp. Liec(G)) for
the Lie algebra of left-invariant derivations of the sheaf of real valued smooth functions
(resp. sheaf of complex functions).

We define a mized pair to be a pair (gc, G*) consisting of a real Lie group G*™ and an
Adgsm-invariant ideal gc C Lieg (G*™) endowed with a complex structure which is respected
by the adjoint action of G*™.

A morphism of such pairs is a morphism of Lie groups such that the differential at the

identity respects the complex ideals.
Lemma 2.9. The categories of mized Lie groups and mized pairs are equivalent.

Proof. This follows from the Baker—Campbell-Hausdorff formula as in the case of complex

analytic structures on Lie groups. ]

As usual, the adjoint representation of a mixed Lie group G is the differential at the
identity of the conjugation action of G on itself. It can be seen as a mixed morphism
G x A(gr) — A(gr).

Now, we turn our attention to mixed Lie supergroups. A mized super pair consists of a
pair (g, Go) where Gy is a mixed Lie group and g is a complex Lie superalgebra together
with

(a) an isomorphism Liec(Gop) = g5, and

(b) an action o: G x A(g) — A(g) such that o(g)|a(g, ) = Adg, and the differential of

o acts as the adjoint representation

do(X)(Y) = [X,Y].

There is an evident notion of a morphism of mixed super pairs, and the following result

follows along the same lines as the corresponding for real and complex Lie supergroups.

Proposition 2.10. The categories of mized super pairs and mixed Lie supergroups are

equivalent.
Proof. See [6, 7.4]. O

An important notion is the following.
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Definition 2.11. A mixed real form of a complex Lie supergroup G is a mixed Lie
supergroup G together with a group morphism i: Gg — G such that ig: (Gr)o — Gp is
the inclusion of a closed subgroup and di.: Te(Gr) — Tc(G) is an isomorphism.

Remark 2.12. Any mixed real form Gr < G yields a mixed real form (Gr)y < Gp.

Conversely, given a mixed real form (Gp)r < G, the pullback

Ggr ——1r* (GD)R

L

G r*Go

is representable and defines a mixed real form of G. For that reason, we will adopt the
notation (G]R)O = (GO)]R = GQJR.

Example 2.13. Finally, we come to discuss the example of linear supergroups. Let
(V, Vg, Vc) be a mixed super vector space. Then we have the complex Lie supergroup
GL(V) given by the complex group GL(V5) x GL(V;) and the Lie superalgebra gl(V). An
element of GL(V)(T) is given by an automorphism over T' of the trivial vector bundle
Vr=TxAWV)—>T.

Consider the subgroups of those even invertible isomorphisms of V' respecting V¢ or the
pair V¢ C Vk. We will denote them by

GLMV)or < GL*(V)o < GL(V)o.

We then define the two group-valued functors GL*(V) and GL*(V)r on SM* by the
pullback
GLH(V)r) —=1"GL*(V )o )

| |

GL(V) r*GL(V)o,

where it is understood that the quantities in parentheses are only present in the latter case.

The inclusion Liegr(GL*(V)or) C gl(V)5 only defines a mixed structure in the cases
Ve = Vi and Vi = V. In this case GL¥*(V )R is representable and is a mixed real form of
GL(V). In general, GL*(V) ) is not representable.

2.2 Actions of mixed Lie supergroups and their point functors

A left action of the mixed Lie supergroup G on the mixed supermanifold M is given by a
unital and associative map a: G x M — M. The map a! can be made explicit in terms of

two more basic objects. First, let a denote the action Gog x M — G x M — M. Then any
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g € Go (considered as a map g: A({0}) — G) gives a map

ag: M = A({0}) x M L2 Go x M —2= M.

Secondly, the action gives rise to a Lie superalgebra antimorphism
p:g—=T(Tu), X = (ex M)fo(X®1)oa (2.14)

and we have
() plgy(X) = (X @1) 0 a4, and

(b) plg-Y) = (a; ")t p(Y) - af.

Conversely, given an action a: Go x M — M and p satisfying (a) and (b), then one can
construct an action G x M — M (cf. [6, Prop. 8.3.2, 8.3.3]).

Now let G be a mixed Lie group and M a mixed supermanifold and consider an action
a®m: G x M — M. This gives rise to a Lie algebra morphism gr — I'(Tp/r)5. The

connection between such an action and an action of GG is made precise in the next lemma.

Lemma 2.15. The action a®™ extends to an action a: G x M — M if and only if g fits
into the following square

gr —I'(TmRr)g

.

g——=T(Tm)p

the lower horizontal arrow being an antimorphism of complex Lie algebras. The extension is
unique if it exists. Equivalently, the restriction of the upper horizontal arrow to gc factors

as a complex linear map through I'(Tarc)p-

Proof. Uniqueness is clear since any element X € g can be written in the form X; +iXs for
some X; € gr. If the extension in the diagram exists, then the differential TGE" xTM — T'M
is complex linear on TGE"™ xT'M — T'M, which proves that the action extends to Gx M. [

Let T be an arbitrary mixed supermanifold. Consider a morphism ¢g: T — G and a
homogeneous derivation X : Og — (epg)«Or along ep: T — * — G.
Given this, we construct a homogeneous derivation along g as follows:

(poxT)*o(10X)op?

Al
o - X: O0g (o)« (0 X e1)0,OrxT

(00)+O7.
Similarly, for two homogeneous derivations X and Y we set

X YV :=A0(u)(X®1)o(1®Y))o i
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Now, suppose G acts on M and let X and Y be as above. We set

(19X ®1)o(Txa)! (Ax M)t

OT><T><M OT><M-

p(X): Orxm

Then p(X) is the Op-linearization of p(X) opﬁT, where pp: T'x M — M is the projection.

From the associativity of the action it follows that
p(X-Y) = (=) Mp(Y) 0 p(X).

Let n > 0, then I'(O A((CO\")) is the exterior algebra on generators 7;. As usual, given a
non-empty subset I C {1,...,n}, we set n! = [Lic; 7, where we implicitly use the ordering

on I induced from the standard ordering on {1,...,n}.
Lemma 2.16. Suppose G is mized and acts on the mized supermanifold M.

(a) Any ¢ € G(A(C™) x T) is uniquely determined by ¢o € G(T) and homogeneous

derivations X1 along er of degree |I| and

o = [1 (1+ 3 nIXI).

=1 keIC{l,..k}

=

oreover, under this identification, the morphism a,, defined as the composition
(b) M der this identifi h h o, defined h
(A(C") X T x a) o ((pry(comyxp ) X M): A(C") x T x M —— A(C") x T x M,

takes the form

a?p = f[ (1 + Z nlp(XI)> -aEDO.
k=n

keIC{1,...k}

Proof. The first part is proved by induction on n and the second part then boils down to
(nx M)t oaf = (G x a)f odf. O

3 Mixed real forms of principal G-bundles

Suppose we are given a mixed supermanifold M and a group-valued functor G on SM¥.
A principal G-bundle is a functor P on SM* together with a right G-action and a map
m: P — M equivariant with respect to the trivial action on M such that for each m € M
there exist an open neighbourhood U and equivariant isomorphisms U x G — P|y over U.
This reduces to the usual definition if G is representable.

Later we will need to build real forms of certain principal bundles. This will be done so

with the help of the following lemma.
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Lemma 2.17. Let G be a complex Lie supergroup with mixed real form Gg. Let P — M
be a principal G-bundle over a mized supermanifold M and Pyr — My a reduction of Py to
Gor. Then the pullback

Pr ——1r*(PyRr)

|

P——r*(F)

s a principal Gr-bundle.

Proof. We observe that Gr acts on Pg by the universal property of the pullback and the
map Pg — P — M is equivariant with respect to this action. So we only need to show local
triviality. We choose trivializations 1;: U; x G — P|y, on coordinate charts U; = A(Vr) on
M. They come with retractions r;: U; — (U;)o. Without loss of generality, we may assume
that Porl|(v,), is trivial, too, say by maps ¢;: (U;)o X Gor — FPorlw,),- The ¢; induce
which differ from (¢;)o by maps g;: (U;)o — Gy in

trivializations @;: (Uz)O x Go — PO’(Ui)O

the sense that

#i = (Wi)o o (U)o x ao) e ((id(wr)y: 90) x Go): (Ui)o x Go —— Polwiy-
Denoting by a the composition Gg x G = G x G — @, we now set

P =i o (U x @) o (Us x g; x G) o ((idy,, ) x G): Uy x G — P|y,,

which is still a trivialization. Then (1[11»)0 = ¢;, and the universal property of the pullback

now shows that 1@, restricted to U; X G, gives a trivialization of Pr|y,. O

4 Tangent bundles and frame bundles of mixed supermanifolds

Suppose M is a mixed supermanifold locally modelled on the mixed super vector space
(V, Vg, V). The sheaf T is locally free on V' and glueing leads to the mixed total space
TM — M. If i: My — M is the canonical inclusion, then

#*TM = TMgz & TM;

for certain complex bundles (T'M); — My (in the category of mixed manifolds). Actually,
we have (T'M )5 = T' M.

Define V. =T x A(V) — T to be the trivial vector bundle over 7" with fibre A(V'). There
is a vector bundle of homomorphisms Hom(V ,;, TM) — M and the T-points of the total
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space are given by squares of vector bundles

/

Vy—2>TM (2.18)
T

Equivalently, a T-point consists of a tuple (f, ) consisting of a map f: T'— M and a map
o: Vo — f*(TM) of vector bundles over T.

The frame bundle of M is the open subsupermanifold of Hom(V ,;, T M) characterized by
LM)T)=A{(f,¢) € Hom(V ;,TM)(T) | ¢ isomorphism}.

In terms of squares: (f,¢) € L(M)(T) if and only if the associated square (2.18) is a
pullback. This is a principal GL(V')-bundle over M.

We have L(M)o = L(TMj) xp L(TMi), and thus the mixed structure of M yields
subbundles
LHM(M)or — L*(M)o — L(M)o,

where LH(M)o (resp. L*(M)or) is the subbundle of those frames which map V¢ to TMc
(resp. (Vg, Vr) to (T'Mg,TMc)). By pulling back, we obtain the bundles

LI(M) () —— r*LF(M)o ()

l l
L(M) ——*L(M)q.

The structure group of L¥(M) g, is precisely GL*(V)(g), and this functor of frames is
representable precisely for supermanifolds and complex supermanifolds, that is, in terms of
local models V¢ € {V4,V}.

All these principal bundles have associated bundles that fit in a square

TM]R EE—— T*T(M())R

L

TM — r*T(M),

which is a pullback in view of the pullback square defining Ty r in terms of Tz, Tas, and

TMo,R-
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3 Geometric structures on mixed supermanifolds

We can now define the notion of a geometric structure on a mixed supermanifold. Let G <
GL(V) be a closed mixed Lie subgroup, i.e., G§™ < GL(V){§™ is closed and Gy < GL(V)g

is a mixed embedding.

1 Basic definitions

Definition 3.1. A G-structure on M is a reduction P of L*(M)r to G. Equivalently, it is
a reduction P of L(M) such that Py — L(M)o factors through L*(M)gg.

Any G-structure P comes with a canonical 1-form ©¥: TP — V p. It sends a pair (f, X) €
TP(T), considered as the data of a map f = (7o f,): T — P and a section X of f*(TP),

to the composite

PO (o pyrramn) £ vy %y,

X f*(TP)——
The differential of the canonical 1-form ¥: TP — V p is a 2-form d: A2°TP — V p.

Lemma 3.2. Let V: P x g — TP be the restriction of the differential of the action
PxG— P. Forall A: S — g, and x: S — TP with same underlying map S — P we have

ddo (V(A)ANzx)=—-AW(z)): S——=Vp.

Proof. This is Proposition 4 in [9]. O

2 Prolongation
2.1 Unrestricted prolongation

Adapting the classical construction [12], we will in this subsection associate with a G-

structure P on M a tower of prolongations

plk) pl-) ... _pl)___pO_p__.

where P+ — PO) is a reduction of L(P®) to G+, Here G = G and G is a vector
group for all ¢ > 1.

Remark 3.3. Given a super vector space, the associated supergroup structure on A(V)
will be denoted by V. More generally, if a Lie supergroup G acts linearly on a complex super
vector space V, then the associated semi-direct product will be denoted by G x V instead
of G x A(V).

99



It will be convenient to introduce a name for the representation of Gon V: a: G — GL(V).
Applying J%,(—) to G — P — M yields a principal Ji,G-bundle J%/G — J%/P — J%/M
and the usual identification TG = G X,q g gives an isomorphism of groups J%/(G) ~
G X,q Hom(V, g), where G acts via its adjoint representation on g. The bundle of horizontal

frames is defined by the pullback

H——J,P

-

P——=J, M.

Its S-points are the squares
Ve—s1P

|,

S P

such that the composite square

V¢——TP——TM

L

S P M

lies in P(S). Moreover, H is the total space of a principal G X ,q Hom(V, g)-bundle with
respect to the map dm,. We need to construct an action of G x, Hom(V, g). The group G
acts via a on Ji,(P) by precomposition. Together with the action of Hom(V,g) < Ji,(G),
this yields an action of G x, Hom(V, g) on Ji,(P), which restricts to an action on H. The
composition tp: H — J%/P — P is equivariant if we let G x, Hom(V, g) act trivially on P.
Moreover, dm, is equivariant with respect to this action if we let G x, Hom(V, g) act on P

via the projection to G.

The canonical vertical distribution V: g, — T'P gives rise to a map ,,]]%/P — J%/@QP
and the composition H — J%/@gP factors through L(P). Moreover, the GL(V @& g)-action
on L(P) is seen to restrict to the action of G x, Hom(V, g) < GL(V @ g). This identifies
tp: H — P as a reduction of L(P) to G x, Hom(V, g).

As usual, gV is defined to be the kernel of the super-antisymmetrizer
0: Hom(V, g) — Hom(A’V, V), (8S)(v,w) = 3(S(v)(w) — (=1)M*S(w)(v)),

and the first prolongation P1) — P is obtained from H — P by two successive reductions

of the structure group to g(*) using the following lemma.
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Lemma 3.4. Consider a short exact sequence of mized Lie supergroups

1 H G K 1.

Let m: P — B be a G-principal bundle and assume that there is a G-equivariant map
f: P— K. Then P/H — B is a principal K-bundle and as such isomorphic to the trivial
bundle. Moreover, the map (m, f): P — B x K is a principal H-bundle.

Proof. Since any map of principal bundles is an isomorphism, it suffices to construct a
K-equivariant map P/H — B x K over B. But such a map can be constructed from the
G-equivariant map (m, f): P — B x K since H acts trivially on the target. O

The first step is a reduction to Hom(V, g) < G x, Hom(V, g). We have two maps dr,,
tp: H — P over the same map to the base M. Fibrewise comparison yields a map d: H — G.
It follows now from the equivariance properties of dr, and tp that d is G x, Hom(V, g)-
equivariant if we let this group act from the right on G by g- (¢, ») = (¢')"'g. Now we can
apply Lemma 3.4 and see that (tp,d): H — P x G is a principal Hom(V, g)-bundle. Pulling
back along the inclusion P x {1} < P x G yields the bundle of compatible horizontal frames
CH — P, a reduction of L(P) to the group Hom(V, g). Its S-points consist of those squares
(f,h) such that T(w) o h = f € P(S).

The second reduction is a little bit more elaborate. For a section v: T' — V1 and a map
f[:T — P, we will use the shorthand vy := (f x A(V))ov: T = Vp.

Lemma 3.5. For all compatible horizontal frames (f,h) € CH(T) and all sections z: T —
Vo, we have 9(h(x)) = x¢:

h
T—$>KT—>TP

Tk

Vp.

Proof. This follows immediately from the definition. O

Consider (f, h) € CH(S). The torsion is defined to be the composition
o(f,h): N2V g Mhop2rp Py
Equivalently, it is given by a map
d(f,h): S —=Hom(A?V, V).

By naturality, we obtain a map c¢: CH — Hom(A?V, V). Now consider two distinguished
squares over f with horizontal parts h and h'. As €H — P is a principal Hom(V, g)-bundle
there is a unique map Sy ) (r.n): V.g = g, over f such that W =h+Vo S(th),(f,h)- BY
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adjointness this can be viewed as a map Séf WYk S — Hom(V, g). Then, by Lemmas 3.2

and 3.5, we have that for any two sections v,w: S = Vg

c(f, 1) (v Aw) —c(f,h)(v Aw) = dd o b/ (v) AR (w) — dI o h(v) A h(w)
=dd o (k' (v) — h(v)) A B (w) + dJ o h(v) A (K (w) — h(w))
=d¥ o (VoSiuyrmv) A b (w) + d¥ o h(v) A (Vo Srn,f.m (W)
=S50, (1) @) (IR (w))) — dI o (Vo S(sury (sn)(w)) A h(v)
=Sy, (1) @) AR (W) + S(pnry, (1,0 (W) (I ((v)))
=St (5.0 (0N Wr) + S, (1.0 (W) (V7).

In other words,

< (fo ') = (fih) = =20S(; 1) (5.1

and if we let Hom(V, g) act on Hom(A%V, V) via (—2)0, then c: CH — Hom(A%V,V) is

Hom(V, g)-equivariant. Now, we have the exact sequence
0—= g — = Hom(V, g) —2> Hom(A%V, V) — HO2(V, g) —= 0.

(Here, H%2(V, g) denotes the (0,2)th Spencer cohomology [13].) Consequently, any splitting
s of im(9) — Hom(A%V, V) gives rise to an equivariant map CH — im(9) and Lemma 3.4

applied to the short exact sequence
0——>g® — = Hom(V, g) —2> im(9) —— 0

shows that CH — P x im(0) is a principal gM-bundle. Finally, by pulling back along
P x {0} — P xim(0) one obtains the first prolongation P") — P, a reduction of L(P) to g(!)

which consists of those compatible horizontal frames with torsion contained in C' := ker(s).

The higher prolongations are now defined inductively: P(+1) = (P(i))(l). Setting g—1 =
V and g(© := g, we arrive at the following inductive description of g*) for k > 1:

g®) = {X € Hom(g"™", g* V) | X (v)(w) = (—1)"I"I X (w)(v) for all homog. v, w}.

By inspection, we have
(6")5 < (Hom(V, g)5)" € Hom(V, g)g,

ie., any f € (g(V)5 satisfies f(Ve) C gc. This implies that P*) C Lr(P*=1),
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2.2 The real prolongation

The prolongations P 1) — P(*¥) defined so far only provide reductions of L*(P*=1). To
prove representability for the functor of automorphisms of a G-structure of finite type, we
need to single out the real prolongation which provides a reduction of L“(P(k_l))R. For this
to be possible, we need to impose a condition on the G-structure.

To that end, consider the subspaces
(Hom(V, g)o)x € (Hom(V, g)g)* € Hom(V, g)g

consisting of even linear maps f satisfying f(V¢) C gc or f(Vk, V) C (gr, gc), respectively.

Recall the bundle of compatible horizontal frames with the map CH — P x im(0).
One readily constructs (CHo)g C (€Ho)* € CHo with structure groups (Hom(V, g)g)ﬁR).
Pullback along the inclusion Py x {0} — Py x im(0)g yields (Pél))ﬁé - (Pél))“ C Pél) with

structure groups given by the pullback

(0M)or — (Hom(V, 8)5) (g,

| |

(sM)g Hom(V, g)g,

where once again, it is understood that the quantities in parentheses are only present for
the case of (Po(l))ﬁ. Inductively, we obtain (Po(k))ﬁ C (Po(k))“ C Po(k) with structure groups
given by the pullback

(6%)5p — Hom(V, a* V)5)(g,

| |

(8®)g Hom(V, g*=1));.

Definition 3.6. A G-structure is called admissible if, for all £ > 0, (g(k))aR defines a mixed

structure on (g®))g.

Assume now that the G-structure is admissible. Since ()5 C (Hom(V,g)5)*, we
have that (Pél))“ = Pél) and the structure group of (Pél))ﬁé = P(% is by definition
(g(l))G,R- Pulling back T*Péjl% — r*PO(I) along P — r*Pél) gives the functor Pﬂg), which
is representable in view of Lemma 2.17 and the assumption on the G-structure. All in all,

this yields the real prolongation:

Py

prt .. ——pV PP M

The structure group of the kth real prolongation will be denoted by G]%).
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4 Automorphisms of G-structures

The main object of study in this paper is the functor of automorphisms of a G-structure,

which we presently define.

1 The functor of automorphisms of a G-structure

Let M be a mixed supermanifold. An automorphism f: S x M — S x M over S is called

an S-family of automorphisms of M. Such morphisms assemble to a functor Diff (M) given
by

Diff(M)(S)={f: Sx M — S x M | f an S-family of automorphisms of M }.

Moreover, for any Lie supergroup G and any principal G-bundle P — M, we let
Diff(P)“ C Diff(P) be the subfunctor of equivariant automorphisms, i.e.

Diff(P)¥(S) = {f € Diff(P)(S) | f is G-equivariant}.

Note that if P is a G-structure, then inducing up from G to GL(V) gives a map
Diff(P)¢ — Diff (L(M))“™“V) and, moreover, the differential induces an inclusion of functors
L(=): Diff(M) — Diff(L(M))*HV).

Definition 4.1. The functor of automorphisms of a G-structure P on M is defined to be
the pullback
Aut(P) Diff (M)

| |

Diff(P)¢ —— Diff (L(M))®HV).

An S-point of Aut(P) is called an S-family of automorphisms of P.

Definition 4.2. A homogeneous vector field Oy — (psg)«Osxar along ps: S x M — M
is called an S-family of infinitesimal automorphisms of P if the induced vector field
Ormy — (Ps0)xOsxrm) extends to Op — (psg)«Osxp. For S = * this yields the Lie
superalgebra aut(P) C I'(Tys) of infinitesimal automorphisms of P. The even part has a real
subalgebra defined by aut(P)g g := aut(P)g N I'(Tar).

Remark 4.3. There is no reason for aut(P)j g to be a mixed real form or even a real form
of aut(P)g. For instance, on a purely odd supermanifold all vector fields are real. The latter
would be a necessary condition for the automorphism group to be representable by a Lie
supergroup. For this reason automorphism groups of G-structures are generically mixed

supermanifolds.
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In analogy with Lemma 2.16, one sees that any ¢ € Diff(M)(A(CO™) x T'), where T is a

mixed supermanifold, can be uniquely written as

1
A=T10+ X n'xi)-of

k=n keIC{1,...,k}
where X7 are vector fields along pr of degree |I| and g € Diff (M) (7).

Lemma 4.4. Consider o € Diff(M)(A(C%™) x T). Then ¢ € Aut(P)(A(C°™) x T) if and
only if oo € Aut(P)(T) and all X1 are T-families of infinitesimal automorphisms of P.

Proof. The condition is clearly sufficient. So, assume that ¢ is an A(CO") x T-family of
automorphisms of P. Then ¢ is a T-family of such automorphisms since it is obtained by
restricting along the inclusion T'— A(C%") x T. Now one proceeds by induction on n to

show that all X are infinitesimal automorphisms of P. O

2 The automorphisms of a {1}-structure

We now come to the issue of representability of Aut(P). Before proceeding to higher order
G-structures we need to treat the simplest case G = {1}. We assume that M has finitely
many connected components. A G-structure is simply a parallelization ®: W, — T Mg.

Such a ® induces an even real vector field on M x A(Vg) :
Z: M x A(Vi) —= TMg x A(Vi) —— T(M x A(Vk))r

and Aut(®)(S) consists of those automorphisms making the diagram

S x M x A(Ve) 2% 8 x TMg

ifXVR J{df
SXMXA(VR)mSXTMR

commutative.

We first show that i*Aut(®P) is representable. To that end, we endow Aut(®)y :=
Aut(®)(*) with the structure of a Lie group acting on M.

Recall that there is a forgetful functor sending a mixed manifold to its underlying smooth
manifold. (We prove in Proposition 7.1 below that such a functor does not exist for mixed
supermanifolds.) Consider the underlying parallelization ®g: My x A((Vr)g) — T(Mo)r
and its underlying smooth morphism ®§™: Mg™ x (Vr)g — TM§™. In order to define a
topology on Aut(®)g, we need the following fact.

Lemma 4.5. The forgetful map Aut(®)y — Aut(®q), s — sq, is injective.
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Proof. Deferred to Section 4. O

Moreover, we have that Aut(®¢) C Aut(P§™) are precisely the elements which preserve
the mixed structure on M{™.
By a result of Kobayashi [12], any choice of representatives x; € My (i € {1,...1}) of

mo(Mp) gives rise to a closed injection
Aut(®F™) — [Timy Mg™, s = (s(x2)

and with this topology, Aut(®{™) is a Lie group such that the evaluation map af™: Aut(®{"™) x
Mg™ — M§™ is smooth [3, Thm. 1.7]. This topology is the coarsest such that for all
f €T(Ongm), the map Aut(®g™) — ['(Opgem), s+ st(f), is continuous, where L(Opggm) is
considered as a Fréchet space with respect to the family of seminorms |f|x s = supg|0f],
K C My compact, 0 differential operator. In this topology, s, — s if and only if
sh(f) = st(f) in D(Opgem) for all f € D(Opzm).

Being mixed is a closed condition (locally equations of the form dzs*(f) = 0 for all f € Oyy),
hence Aut(®g) C Aut(®{™) is closed. Then we get a Lie group Aut(®)§™ C Aut(®Py), in

view of the following lemma.

Lemma 4.6. The subspace Aut(®)o C Aut(®g) is closed. The topology on Aut(®)g is such
that s, — s implies that for all pairs of coordinate charts U, V' such that s,(U) CV for all
n large enough, all the coefficients in the Taylor expansion of s%(f), f eI (Onplv), with

respect to the odd coordinates, converge in O Mgm(Uo).

Proof. Deferred to Section 4. d

In particular, we have an action af: Aut(®)§™ x My — My and this is a mixed map since

it is so pointwise.
Lemma 4.7. The map af, extends to the action
a*: Oy — O Aut(@)5m x M [ (s $4())).

Proof. Deferred to Section 4. 0

As explained in Section 7, even real vector fields have unique maximal flows. Using

this, the action above and the description of the topology on Aut(®);™, one obtains an

isomorphism

Lieg (Aut(®)g™) = aut(®)5 p == {X € (T r)s | [X, Z] = 0, X is complete} C aut(®).
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Then C-linearization yields a Lie algebra morphism
C® aut(@)aR —T(Tm)p
and the kernel is of the form
aut(®)5 e ={l®iv—i®v|v e aut(P)j}

for a complex invariant ideal uut(@)ac C aut(@)gR. This yields the mixed structure Aut(®)g

on Aut(®)j™ and, on general grounds, the quotient
(C @ aut(®)§ ) /aut(®)g ¢ =: aut(®)5? C aut(®)g

is the Lie algebra of left-invariant derivations of Oay(s),- It is the algebra of complete
decomposable infinitesimal automorphisms in the sense that any of its elements can be
written as the sum v + 1w of complete real vector fields v and w. Moreover, with this
structure a: Aut(®)y x M — M is a mixed morphism, by Lemma 2.15.
Finite-dimensionality of the full algebra of infinitesimal automorphisms is ensured by the

following lemma.

Lemma 4.8. Assume that My is connected. For every p € My, evaluation aut(®) — T,M,
X — X(p), is injective. If My is not connected, the analogous statement holds true if one

chooses one point for each connected component.

Proof. Deferred to Section 4. O

Moreover, the conjugation action of Aut(®)g on I'(Tys) restricts to an action on aut(®) and

the differential of this representation is simply the restriction of the adjoint representation
aut(3)57 x aut(®) — aut(d).
The following result shows that Aut(®)y has the correct topology and mixed structure.

Proposition 4.9. The functors i* Aut(®) and M*(—, Aut(®)g) are naturally isomorphic.

Proof. Given a map Ty — Aut(®P)g, the action of the group yields a map Ty x M — Ty x M.
Conversely, take an element f: Ty x M — Ty x M in Aut(®)(7p). The obvious candidate

f : Ty — Aut(®)g is a smooth mixed map, since the composition
TO —— Aut(@)o —— M()

with evaluation at some m € My equals fo(—, mg), which is smooth and mixed. ]
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3 The automorphisms of a G-structure of finite type

Definition 4.10. An admissible G-structure is of finite type if there exists a k£ > 0 such
that GI = {1} for all 1 > 0.

The main theorem is as follows:

Theorem 4.11. Suppose M has finitely many connected components and P — M is an
admissible G-structure of finite type. Then i*Aut(P) is representable and its (real) Lie
algebra consists of the complete real infinitesimal automorphisms of P, denoted by aut(P)O R
Moreover, aut(P) is finite-dimensional and the functor Aut(P) is representable if and only

if aut(P)g’d = aut(P);.

Proof. By applying the universal property of the pullback in the construction of P(l), we

see that there is a natural inclusion of group-valued functors Aut(P) — M(Plél)). More
generally, we have an embedding Aut(P) — M(Pﬂgg)) for any k > 0. We choose k > 0 such
that G]% = {1} for all I > 0. Then aut(P) is finite-dimensional in view of Lemma 4.8. Let
® be the given parallelization of the real tangent bundle of Pﬂék_l).

We show that the inclusion
Aut(P)(+) C Aut(®@)(+) = Aut(@)"

is closed. Recall that the topology on Aut(®)§™ C (P(k 1))Sm is such that s, — s implies
that locally all sﬁ(f), fe F(Op(k—l) |v), converge in the closed subspace
R

O pge-) (Uo) @O P, (Uo) € @O P )sm (Uo),

where d denotes the odd dimension of P(k 1).

Now assume s, € Aut(P)(*) and s 5 5. From the construction of the prolongation, it
is clear that one obtains a diffeomorphism s: M — M with kth prolongation s*) equal to
5. From equivariance it now follows that s is actually in Aut(P)(x).

Next, assume that the action Aut(Py pity ) % P() — Pﬂg) is smooth. Restricted to
Aut(P, 11(@))0 , it is pointwise equivariant, hence it is itself equivariant and thus descends to
an action on Pﬂg_l)
with aut(P)g g,

the action just defined refines to an action Aut(P)y x M — M by Lemma 2.15 and, using

. This action gives the identification of the Lie algebra of Aut(P){"

and the mixed structure is now defined as in the case of Aut(®)p. Then
this, as in the similar situation of the automorphisms of a parallelization, one deduces that

ﬁM(P) = Aut(P)o.

Clearly, if Aut(P) is representable, then aut(P) can only consist of complete and decom-
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posable vector fields. Conversely, if aut(P)g’d = aut(P)g, then

Aut(P) = (aut(P), Aut(P)o)

forms a mixed super pair. The action defines a map SM#(—, Aut(P)) — Diff (M), and in
view of Lemma 2.16, it factors locally through an isomorphism to Aut(P). Hence, it factors
globally as an isomorphism SM#(—, Aut(P)) = Aut(P). O

4 Proofs of Lemmas 4.5, 4.6, 4.7, and 4.8

Proof of Lemma 4.5. Let s € Aut(®)p be such that sy = id. In order to see that this
implies s = id, we consider, for k£ > 1, the restriction of s to the (k — 1)th infinitesimal
neighbourhood

(s 0): 047/8F — (50).001/3"

We have (s(0)# = sg = id.
Now, we choose a homogeneous basis {v1,...,Un, Unt1,---,Untm} of Vi and local coordi-
nates {qi1, ..., qn, @n+1;-- - dn+m o0 an open subset Uy containing m € M. Here, the first

n (resp. last m) entries are assumed to be even (resp. odd). In the given basis
Zy, = Z Ag10q,
l

n|m)

for some even invertible matrix A = (Ay;) € GLo,,(Op(Up)™"™). The requirement for f to

lie in Aut(®)o reads
Jf = A" o fi(A)

where J f = (0, f*(¢;)) and we denote the natural extension of f* to matrices by the same
symbol.
So assume (f*~1)# = id. We have

Jf + gk(UO)(nlm)X(nlm) — A 1o fﬁ(A) + gk(UO)(n\m)X(nlm)
— A 1o (f(kfl))ﬁ(A) + gk(UO)(n\m)X(nlm)
= idy), + JF (Ug) i< (nlm)

and this implies (f*)f = id. O

Proof of Lemma 4.6. Let {s,} be a sequence in Aut(®)y such that {(s,)o} converges to
some 5. We have to show that § = sy for some suitable s € Aut(®), and that s,, converges
to s. Without loss of generality all (sy,)o lie in one coordinate chart (in Aut(®p)) and since

a§™ is smooth we may choose open subspaces U and V with coordinates {p;} and {¢;}
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respectively such that every s, restricts to a map U — V. Let us organise the coordinates
into even and odd functions {p;} = {z,n;}, {a:} = {vi, &}

In these coordinate charts the condition for s, to lie in Aut(®)g reads

J(sn) = A~ s},(B)

for certain invertible matrices A and B where J(sy) = (0p, s%(qi)). Starting from sOF =
5% we inductively define (s%))t: 05,/ (Vo) — Opr /3% (Up) with reductions 5. The
construction will be such that the following holds: We have (sglk))ﬁ( f) = (s®)i(f) for
all f € (0p/31) (Vo). Here, (0p7/3%1)(Up) is considered as a subspace of D Onggm (Uo),

where the number of summands is 2™.

The respective lifts will be determined by the Jacobian J(s(*)) which naturally has values

OM/3k+1 OM/Hk
OM/Hk-‘rl OM/gk '

in matrices of the form

There is a projection from O7/d**!-valued matrices to such matrices. The image of a
matrix A will be denoted by A™.

Assume that k is even and (s%))# has been constructed such that
J(s®)y = (AR (k)i gk~

First, we have to set (s*t1)i(¢g;) = (s#)¥(¢;) for ¢; even. The odd-odd sector of the
Jacobian determines (s(*t1)f(g;) for ¢; odd: In fact, it follows that

8ni(8(k+l))ji(§j) ; (A(kJrl)(S(kJrl))ﬁB(kJrl))%
— (A(k)(s(k))ﬁB(k))ij
= tim(A®) (s BO),

= 1im dy, (s1V)H(&)).

These derivatives fit together to give a well-defined (s**1)#(¢;) since the different partial
derivatives fit together; that is, for any multiindex I, |I| = k + 1, with n;, n;y € I, we have

01—y O (s TNHE)) = €000,y Oy (s"TD)H(E)))

since this equality holds for all s,,. With this definition we have (s*+1))f = limn(s,(lkﬂ))ﬁ,
which ensures J(s*F+1)) = (A*+D) (s(+1))E B+1)~ By continuity.

If k is odd and (s¥))? has been constructed in such a way that

J(s®)) = (AR . (sk)E B~
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then one can proceed similarly. There are no changes in the pullbacks of odd coordinates
and the pullbacks of the even coordinates are forced by the respective equation for the
odd-even sector of the Jacobian. Again, (s(®))f = lim(s%k))ﬁ. This yields the construction of
sl: Oy — (80)+«Opy. By uniqueness (Lemma 4.5), these s|yy coincide where two coordinates

patches overlap, and so we obtain the desired s: M — M.

The statement concerning the topology is clear from the above considerations. ]

Proof of Lemma 4.7. Similary as in the preceding lemma, starting from ((a’)®)* := (af)?,
we inductively construct ((a')®))f: Oy /g++ — (a0)+O aut(@)3mxar /3¥ . First we choose
some neighbourhoods W C Aut(®)§™ and U, V' C M given by coordinates {p;} = {x;,n;}
and {¢;} = {vi,§;} such that af) restricts to

WXU()H‘/O.

Then, if A and B are as in the proof above, the map (a’ )ﬁ to be constructed will be

characterized by
Jres(a') = A(d')¥(B).

where J**(a’) denotes the submatrix (9p,(a’)?(¢;)) of the Jacobian. So, assume ((a’)*))? is
constructed such that
J((a)®) = (AW ((@)P)rB® )~

Suppose first that k is even. Looking at the odd-odd sector of the Jacobian gives
Iy, (@) FT) () = (AP ((a)®)2BW),;.

These fit together since they do so pointwise, i.e. after specializing to any element s €
Aut(®)§™. Moreover, the identity for the Jacobian holds true, since it holds true pointwise.
O

Proof of Lemma 4.8. We follow [3, Lem. 2.4]. If X € aut(®), then Xy, := X ® idy, is a
vector field on M x A(Vg) which commutes with Z (as is seen in local coordinates).

Let ©% be the maximal flow of the even real vector field Z (see Theorem 7.8), defined
on V C R x M x A(Vr), and consider the composite 07 = pr; 0 ©Z:V — M. Note that
{1} x M x {0} CV, so ©%'(1,—) is defined on an open neighbourhood of M x {0}.

We have the following: For all p € Mj there exists an open neighbourhood p € Uy C M
and an open subspace V/ C A(Vg) such that for all ¢ € Uy the map GZ/(l,q, —): V=M

is a diffeomorphism onto an open subspace.

Indeed, the map (pr;, ©%Z'(1,—)) is defined on an open neighbourhood of M x {0} and
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its differential at (p,0) is of the form

1 0
x Z ]
which is invertible.

Now, assume injg o X = X(p) = 0. Choose open subspaces U C M and V' C A(Vg) such
that p € Ug and 0 € V’ such that ¢ := ©%(1,p, —): V' = U is an isomorphism. Then

WroX = injg 0©®%(1,—, —)fo pr’i oX
= injg 00%(1,—,—) o Xyo pr%
= inj}, o Xy 0 ©7(1, —, —)* o pr}
= O’

where we have used Proposition 7.10 in the third line. Since ¢! is invertible, it follows that
X =0onU.

This shows that the non-empty closed set {p € My|X(p) = 0} is contained in the open
subset {p € My|X, = 0}. The converse inclusion holds always, so that both subsets agree
and are open and closed, hence they are all of My if My is connected. More generally, the
argument shows that X (p) = 0 implies X = 0 on the connected component containing
p. [

5 G-structures of finite type on real supermanifolds

Results analogous to those obtained in the mixed case hold for real supermanifolds. Their
proofs are simplifications of our previous arguments, so we only briefly comment on them
to provide precise statements for future reference.

A real super vector space is Z/2-graded real vector space V' = V5 @ V4. The model spaces
for real supermanifolds are the affine spaces A(V) = (V5, C92 (=) @ A VY).

Definition 5.1. A real supermanifold is a locally ringed superspace M = (My, Ops) over R
with a second countable Hausdorff base that is locally isomorphic to A(V') for some real
super vector space V. The full subcategory of locally ringed superspaces over R with objects

real supermanifolds is denoted by SMg.

Similarly as in the case of supermanifolds, a real supermanifold has a frame bundle L(M),
which is a principal GL(V)-bundle. In the real category, GL(V') is a real Lie supergroup and
so L(M) is an object in the category of real manifolds. Furthermore, given a G-structure,
i.e. a closed subgroup G < GL(V) and a reduction P of L(M) to G, one can define the

prolongation without leaving the real category.
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One has a functor i: M — SMp and similarly as in the case of mixed supermanifolds, one

obtains the following result.

Theorem 5.2. Suppose P — M 1is a G-structure of finite type and M has finitely many
connected components. Then i*Aut(P) is representable and its Lie algebra consists of
the complete infinitesimal automorphisms of P, denoted by aut(P)S. Moreover, aut(P) is
finite-dimensional. The functor Aut(P) is representable if and only if aut(P)§ = aut(P)g.

6 Examples of G-structures of finite type

1 Riemannian structures on supermanifolds

In this section, we treat Riemannian structures on a supermanifold M locally modelled on

the super vector space (V, Vg, V¢).

1.1 Even Riemannian structures

Consider an even non-degenerate supersymmetric bilinear form J: V ® V — CHO with
components J;: V; ® V; — C (i € {0,1}). There is a Lie supergroup OSp(V,J) which

represents automorphisms of the trivial vector bundle endowed with J:
OSp(V, J)(S) = {f € GLIV)(S) | (S x J) o (f & f) = (S x J)}.

Proposition 6.1.

(a) Reductions of L(M) to OSp(V,J) are in bijective correspondence with even non-
degenerate supersymmetric maps of vector bundles TM @ TM — C“OM.

(b) OSp(V,J) < GL(V) is of finite type, more precisely osp(V, J)1) = 0.

~Y

Proof. Suppose given an OSp(V,J)-structure on P. A local trivialization P|y = U X
OSp(V,J) induces a trivialization T'M |y = V;. In virtue of this isomorphism we use the
constant metric on V; given by J to define the form on 7'M ;7. This definition is independent
of the choice of local trivialization and thus gives the required tensor. Conversely, if g is
any metric then locally (T'M |y, g|r) is isomorphic to (Vy;, J) (cf. [8, Sect. 2.8]). We then
use the constant OSp(V, J)-structure on the latter to get an OSp(V, J)-structure on U and
these fit together to give an OSp(V, J)-structure on M.

In order to show the second part, we observe that osp(V, J) consists of those endomor-
phisms A: V — V, whose homogeneous components A; satisfy J(A;v,w) = —(—1)4ill*Lj (v, A;w).
Using a homogeneous basis {v;}, the conditions for T to lie in osp(V,J)() read T;k =
(—1)‘”"2'””1'|TZ.J}C and T;k = —(—1)|'”J'||"”’€|T,f:j7 where we set T;k, = J(T'(vi)v;, vx). Both together
imply T;k = 0. O
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The underlying complex group of OSp(V,J) is the product of the complex groups
O(Vg, Jo)xSp(Vi, J1). Assume that Jy restricts to a non-degenerate bilinear form Jygr: (V5)r®
(V5)r — R. Such a J gives rise to the mixed real form OSp(V, J)r — OSp(V,J) with un-
derlying group O((Vp)r, Jor) x Sp(Vi, J1). Moreover, OSp(V, J)r < GL(V)g.

Lemma 6.2. The OSp(V, J)r-structures on M are in bijective correspondence with even
non-degenerate supersymmetric maps of vector bundles TM QT M — (C”OM whose restriction
to (TM)g ® (TM)g C i*(TM @ TM) induce a metric T(Mo)g @ T(Mo)r — Ry, of the

same signature as Jor on the underlying real manifold M.

Proof. This follows readily from the definition of OSp(V, J)r. O

From Theorem 4.11, we obtain the following result.

Theorem 6.3. Let P — M be a OSp(V, J)r-structure on a supermanifold with finitely
many path components. If My is complete and every Killing vector field is decomposable,

then the isometry group functor Aut(P) is representable.

Remark 6.4. In the real category the only obstruction for representability is completeness
of the Killing vector fields. In this setting, an isometry group was constructed by Goertsches
[11]. (The completeness condition seems to be assumed implicitly.) Our results in the real

case give a rederivation of this result.

Example 6.5. The isometry group of V with the OSp(V,J)r-structure as above is
OSp(V, J)R X Vg.

1.2 Odd Riemannian structures

In the super setting, there is an odd analogue of a Riemannian structure, given by an odd
non-degenerate supersymmetric bilinear form J: V@V — C9. The Lie supergroup P(V,J)
is defined by the functor

PV, J)(S) ={f € GL(V)(S) [ (S x J)o (f® f) = (§ x J)}.
As with the even case, one can show the following.

Proposition 6.6.

(a) The P(V,J)-structures on L(M) and the odd non-degenerate supersymmetric maps of
vector bundles TM @ TM — C1°,, are in one-to-one correspondence.

(b) P(V,J) < GL(V) is of finite type, more precisely, p(V,J)H) = 0.
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We have P(V, J)y = GL(V;), which comes with the mixed real form given by GL((Vj5)r)
and thus gives rise to P(V, J)r < GL(V)g.
For any P(V,J)-structure P on M, we have that Py = L(My) and hence, it admits the

real form Pyr = L(Mp)r. Now, one easily concludes the following.

Proposition 6.7. P(V,J)r-structures are in one-to-one correspondence with P(V,J)-

structures.
From Theorem 4.11, we obtain the following result.

Theorem 6.8. Let P — M be a P(V, J)r-structure on a supermanifold with finitely many
path components. If My is complete and all infinitesimal automorphisms are decomposable,

then the isometry group functor Aut(P) is representable.

2 Superization of Riemannian spin manifolds

Let (Mo, go) be a connected pseudo-Riemannian spin manifold endowed with a Spin(Vj)-

structure
p(My): Spin(My) — SO(My),

where we set (Vg, a) = (T;,Mo, gm) for some m € Mjy. Choose a real or complex C1(Vj, «)- or
Cl(Vy, o) @ C-module V7. The spinor bundle is the associated bundle 8 = Spin(Mp) xP(Vo)
Vi — My, which we endow with the lift of the Levi-Civita connection. Then TMy®8 — My
admits a reduction to Spin(Vgy) < GL(V5) x GL(V;) by means of

(p(Mo),id): Spin(Mo) —= SO(My) x Spin(Mp).

The supermanifold M associated to this data is obtained by taking the exterior algebra
of the dual 8*:
M = (My,T'(—, \8%)).

It is a real supermanifold or a supermanifold depending on whether V7 is chosen to be real
or complex. Any vector field on My can be extended to M by means of the dual connection
on &%, X — Vx, and, furthermore, dual spinors can be contracted with spinors. This yields
an inclusion ¢: TMo © 118 — T'M and hence a Spin(Vg)-structure Pgypnv;) € L(M)g.
Any Spin(Vj)-submodule W C Hom(V5, V7) gives rise to a mixed Lie supergroup Spin(Vj)x
W < GL(V)g. Consequently, by inducing up, any such W gives rise to a Spin(Vj) x W-

structure on M:

PSpin(V())MW = PSpin(V()) XSpin(V()) (szn(‘/%)) X W)

115



A particular choice is
W={fs: V5 = Vi|seVi, fs(vo) = vos}.

Proposition 6.9. For this choice of W, Spin(Vy) x W < GL(V) is of finite type, provided
that dim M > 3.

Proof. We show that any f € (spin(V) @ W) ¢ Hom(V, spin(V;) & W) vanishes. Suppose
[ is even. The homomorphism f|y; has image in the image of (ps,id): spin(Vg) — o(V5) ©
spin(Vp). Since p, is an isomorphism and o(Vg)") = 0, we have f|y, = 0. Then f|y, €
Hom(Vi, Hom(Vg, V1)) vanishes as well by supersymmetry. If f is odd, then f[y- has image
in spin(Vg) — o(Vg) @ spin(Vj). Using that (spin(Vy) @ W) N Hom(V7, V) = 0 and that p.
is an isomorphism, we see that f[y; = 0. Finally, we show that f|y; = 0. If we choose an
orthogonal basis {e;} of V5, normalized such that (e;,e;)*> = 1, we have f(e;)(e;) = e;s; for

certain s; € V7. The condition on f then reads
eisj = 6]‘82'

for all 4 and j. This implies s; = 0 if dim M > 3: Using e;e; + eje; = —2(e;, €5), we have
s; = —(es, €;)eiejs;. On one hand, if k, [ and j are such that [ # j and [ # k we have

sk = — (e, e1)erers;
= — (e, en)eren(—(ej, €5)ejers;)

= —(ej, e5)exe;s;

On the other hand,
sk = —(ej,€j)ejexs;.
So, if in addition k # j (hence all three are different), then
1
sk = —(ej, ej)§(ekej +ejer)s;
= (ej,€5)(€x, €5)5;

=0.

Remark 6.10. By a theorem of Cortés et al. [1], the vector field ¢(s) associated with a
spinor gives rise to an infinitesimal automorphism of Pgy,v;)xw if and only if s is a twistor

spinor, i.e., there exists a spinor § such that for all X we have Vxs = X - 5.
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7 Appendix

1 Non-existence of a forgetful functor SM* — SM

A mixed manifold M has an underlying manifold M*” which comes with a functorial map
M#*™ — M. For an affine space M = A(V, Vg, Vi), the assignment is simply given by setting
M = A(C ® Vg, VR,0), and the map M*™ — M is induced by the map C® Vg — V. We
show that the analogous statement fails in the category of mixed supermanifolds. This
is not surprising, insofar as there does not even exist a forgetful functor from complex
supermanifolds to supermanifolds [15]. A by-product of the argument is a proof that there
is no functorial way to split even complex functions on supermanifolds into two even real
functions (Proposition 7.2).

Let (V,Vr, V) be a mixed super vector space. The natural choice for the underly-
ing supermanifold is given by the affine space associated with the super vector space
u(V, Vg, Vo) = (C® (Vr)g ® Vi, VR, V;). The natural choice for the map

6(V7VR7V(C) : A(U(V, VR, V(C)) —_— A(V, VR, V(C)

is induced by the C-linearization of the inclusion (Vg)g — V5 and the identity on Vj. Note
that u? = u. However, these natural choices do not assemble to a forgetful functor from

mixed supermanifolds to supermanifolds:

Proposition 7.1. There is no functor F': SM* — SM such that the following two conditions
hold:

(a) F(A(V, Ve, Ve)) = A(u(V, Ve, Vo)) and F(A(evv,ve))) = idauvve,ve))-
(b) Flsm = idswm-
Proof. Assume that such a functor F' existed. Consider A(C) and A(R?) with their standard

monoid structure. Then we would have a commutative square

A(R?) x A(R?) 2 A(R?)

if(CXC lEC

A(C) x A(C) —== A(C)

and it would follow from the second assumption that F' would take the monoid A(C) to the
monoid A(R?).

Consider the supermanifold M = A(R? x C%1?) with coordinates (x,y, 71, 92) and consider
the two maps ¢,, @yg,9,: M — A(C) given by cpﬁz(z) = = + iy and @%1192(2) = 199,
respectively. Then we have ¢, = ec o (z,y), so that we would obtain F(y,) = F((z,y)) =
(2, y)
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For an arbitrary smooth function o: R?> — C we now define f,: M — M by

fg(x) =z + a9,
FE() =y + (=) (1 — a) 910,
f (191) =

Then ¢, o fo = ¢, + vy,9,- However, on one hand

F(pz 0 fo)t = F(fa)' o F(p.)F
= fh o F(p.)*
= fho(z,y)
= (2, y) + (apg,,, (—1)(1 — a)pp,,)

and on the other hand,

F(ps + 09,0,) = F(02) + Fp,0,)
= (l'ay) + F(@ﬂu?z)'

This would imply F(¢g,9,) = (@@g,9,, (—i)(1 — a)py,9,) for arbitrary a: R? — C, which is
absurd. =

Similarly, one proves the following related proposition.

Proposition 7.2. The natural transformation ec: A(R?) — A(C) between functors on SM

admits no section.

Proof. Assume that such a natural transformation F existed. We use the notation from
the previous proof. We consider again M = A(R? x (Co‘z) and the two maps ¢, and @y, y,.
Then F(p,) = (x + n,y + in) for a nilpotent function n on M. Defining f, as previously,
we have @, o fo, = @, + py,9,, and so F(p, o f,) would be independent of o. However, we

would have

((onfa)_f ($+n y""ln)
= (z 4+ at1¥2 +n,y + (—i)(1 — o) +in),

a contradiction. O

2 Flows of even real vector fields on mixed supermanifolds

We outline the construction of flows of vector fields on mixed supermanifolds. In this setting,

only even real vector fields can be integrated. We show that they have a unique maximal
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flow.
Let M be a mixed supermanifold and let X be an even real vector field. Let V C R x M
be open such that {0} x M C V. A morphism

O RIXMDOV—M
is called a flow of X if
(a) Oy o X! = gX* o X, and
(b) ©X|joyxnr = idas.

Following [10], an open subspace {0} x M C V C R! x M such that, for all m € M,
VN (R x {m}) is an interval and a flow exists on V is called a flow domain.

First we show that a real vector field on a mixed manifold has a unique maximal flow. Let
M be a mixed manifold and M*™ its underlying smooth manifold which comes with a map
i: M*™ — M. Then (i*Tys), (*Tar) € C ® Taysm and we have the following exact sequence:

0 —=i*(Tarc ® Tiuc) — C® Tpgpsm —i* Ty /Tppc — 0. (7.3)

In fact, locally in a neighborhood of the form (C™*"2 R™ x C"2, C"2), *T ;¢ and (i*Tpsc)
are spanned as Osm-modules by 0., and 9,, (i € {n1 + 1,...,n1 + na}), respectively.

Then we have the following observation.

Lemma 7.4. For any real vector field X on M, there is a unique real vector field Y on
M*™ such that (C®Y)|o,, = X.

Proof. Consider two such real vector fields Y7 and Y5 on M*™. Locally on the model space
defined by (C™*"2 R™ x C"2,C"2), with coordinates {z = (z1,...7pn,),2 = (21, -+, 2ny) },

we have

X — Z Fi(2) 0y, + Zgj(w)azj-

J

for smooth real functions f;(x) and partially holomorphic functions g;(x, z). Hence we have
Y = Z fl(x)axz + Zgj(mv Z)azj + Zgj(l', Z)ézj (1€ {1,2}),
i J J

which proves uniqueness. In order to prove existence, we choose a splitting of (7.3) in order
to write i* X = Xg + X¢, where X¢ € i*Ty c. Then Y = Xr + Xc¢ + Xc is the desired
vector field. O

Lemma 7.5. Let (V,Vr, Vi) be a mized vector space and let X be a real vector field on
U C A(Wr) and Y the unique real vector field such that (C®Y)|o, = X. The mazimal
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flow ©Y : V™ — U™ of Y defines a morphism of mized manifolds ©X which is the unique

mazimal flow of X.

Proof. The proof of [4, Thm. 12.4.2] applies to show that for every p € U there is an open
neighbourhood U’ of p and an € > 0 such that (—e,e) x U' C V¥ and ®Y|(,E,€)XU/ is a
mixed morphism. Since V*™ is a flow domain and since the flow is additive, we conclude
that © defines a mixed morphism. This is a flow morphism since ©Y is a flow for ¥ and
(C®Y)|o, = X. Uniqueness follows from uniqueness of the flow of ¥ and maximality is

ensured by maximality of V™. O

Lemma 7.6. Let (V, Vg, V) be a mized super vector space and let X be a real even vector
field on the open subspace U C A(VRr). Furthermore, let X be the underlying real vector field
on A((V)r) with mazimal flow ©X : Vo — Uy. There is a unique flow morphism ©X:V — U

where Vg is the mazimal flow domain and (©X)q is the mazimal flow of X.

Proof. Following the proof given in [10, Lem. 2.1], the higher order terms of the flow %
are constructed by solving linear ordinary differential equations. The unique solutions will
automatically be partially holomorphic, since the initial condition, the identity, is partially
holomorphic. So we get a flow ©% : V — U for X with (%) = ©% and V C R x U is the

open sub supermanifold with base V. O
By the same reasoning as in [10, Lem. 2.2] one can prove the existence of flow domains:

Lemma 7.7. Let X be an even real vector field on the mized supermanifold M. Then there
exists a flow domain V for X. Furthermore, if V;, i € {1,2}, are flow domains with flows
@ZX, then @{(‘VIQVQ = @§|v1m72.

Putting everything together we obtain the final result.

Theorem 7.8. Let X be an even real vector field on the mixed supermanifold M with
underlying real vector field X on My. Then there exists a unique flow map O%X:V — M

where V is the mazimal flow domain for X. Moreover, (©%X)q is the mazimal flow of X.
Proof. This follows from the above considerations by taking the union of all low domains. [

Definition 7.9. An even real vector field is called complete if its maximal flow domain V

equals R x M.
The following basic properties can be proved as in the classical case.

Proposition 7.10. Suppose X is an even real vector field and Y is an arbitrary vector
field on M.

(a) LxY :=0)i—0(0X) o Y 0 (0X)f = [X,Y].
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(b) If [X,Y] =0, then 0% and Y commute.

Proof. See for instance [5, Lem. 3.7, Cor. 3.8]. O
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