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Abstract

This thesis develops methods to compute equivariant cohomology of projective unions with torus
actions via a detailed formulation of the Mayer—Vietoris spectral sequence, with particular focus
on localization, change of tori, and connections to GKM theory. While the equivariant cohomology
of each component in a projective union is simple, the combinatorial interaction of the cover is
more subtle and is studied using simplicial complexes and poset cohomology. As an application,
degenerated Grassmannians, arising as special fibers of semi-toric degenerations from Hodge-type
Seshadri stratifications, are analyzed, and the torsion-free part of their equivariant cohomology
under the Grassmannian torus action is described.

Zusammenfassung

Diese Dissertation entwickelt Methoden zur Berechnung der aquivarianten Kohomologie projektiver
Vereinigungen mit Toruswirkungen anhand einer detaillierten Formulierung der Mayer—Vietoris-
Spektralsequenz, mit besonderem Schwerpunkt auf Lokalisierung, Wechsel von Tori und Verbindun-
gen zur GKM-Theorie. Wihrend die dquivariante Kohomologie jeder einzelnen Komponente einer
projektiven Vereinigung einfach ist, erweist sich die kombinatorische Wechselwirkung der Uberdeckung
als subtiler und wird mithilfe von simplizialen Komplexen und Poset-Kohomologie untersucht. Als
Anwendung werden degenerierte Grassmannsche Mannigfaltigkeiten, die als spezielle Fasern semi-
torischer Degenerationen aus Seshadri-Stratifizierungen vom Hodge-Typ auftreten, analysiert, und
der torsionsfreie Teil ihrer dquivarianten Kohomologie unter der Grassmannschen Toruswirkung
wird beschrieben.
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1 Introduction

1 Introduction

Toric degenerations provide a powerful method in algebraic geometry by relating complicated alge-
braic varieties to toric varieties, whose structure is exceptionally well understood. This perspective
facilitates the study of geometric, topological, and representation-theoretic aspects of the original
varieties and has been developed in several areas of mathematics, among them geometric invari-
ant theory, representation theory, and Newton—Okounkov theory (see, for example, [Hu08; [FN24}
HK15]). Semi-toric degenerations generalize this framework by degenerating to unions of toric va-
rieties, appearing for example in the theory of Hodge algebras [DEP82| and in standard monomial
theory |[CFL23|. More specifically, in |[CFL23| the authors introduced the method of a Seshadri
stratification, which serves as an alternative to Newton-Okounkov theory and produces semi-toric
degenerations governed by finite posets. For instance, in the case of Grassmannians, taking Schu-
bert subvarieties as strata yields a degeneration whose special fiber is a projective union, that is,
a projective variety whose irreducible components are projective spaces intersecting along linear
subspaces. The resulting degenerated Grassmannians show that certain projective unions naturally
inherit rich combinatorial structures closely tied to representation theory. Moreover, in this case
the action of the diagonal torus of GL, on the Grassmannian extends to the limit space. This
illustrates a more general phenomenon: in favorable settings, for suitable degenerations the group
action extends to the degenerated variety.

The fact that in natural settings projective unions arise equipped with substantial internal struc-
ture and group symmetries motivates the study of their equivariant cohomology, with degenerated
Grassmannians providing a particularly significant example. To the best of our knowledge, no gen-
eral computation of their equivariant cohomology is available, and addressing this gap is the aim
of the present work.

To approach this problem, we require a method that computes the cohomology of a space from
the cohomology of its parts. The classical tool for this purpose is the Mayer—Vietoris sequence,
originally developed in algebraic topology as a long exact sequence for the union of two subspaces.
Its generalization to finite covers yields the Mayer—Vietoris spectral sequence, which encodes the
cohomology of a space in terms of the cohomology of covering pieces and their intersections. The
first page of the spectral sequence naturally reflects the simplicial structure of the nerve of the
cover and, under favorable conditions, collapses to simplicial cohomology. In this way, the spectral
sequence provides a bridge between geometric decompositions and combinatorial data.

Although variants of the Mayer—Vietoris spectral sequence have appeared in several settings, a
systematic construction in equivariant cohomology is not available in the literature. The purpose of
this thesis is to provide such a construction and to apply it to compute the equivariant cohomology
of projective unions, with particular attention to those arising from Seshadri stratifications of
Grassmannians.

Equivariant cohomology forms a bridge between topology and representation theory. It was first
introduced by Borel [Bor60] in the context of understanding how cohomological information reflects
realizable group actions on a topological space X. When a Lie group G acts on X, the Borel
construction encodes the symmetries of the action into the topology of X by considering the quotient

EG x¢ X = (EG x X)/ ((eg, ) ~ (e, gz)) .

Here, EG denotes a contractible space with a free G-action, known as the classifying space. The
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equivariant cohomology of X is then defined as
HL(X) = H(EG x° X, R),

with coefficients in a ring R, typically taken to be a field or the ring of integers. This construction
produces a cohomological invariant reflecting both the topology of X and the symmetry imposed
by the group action.

Wherever geometry and symmetry interact, equivariant cohomology plays a decisive role. In al-
gebraic geometry, it provides a framework for studying varieties with group actions, including
computations of intersection-theoretic invariants [AF24} Bri98|. In representation theory, it sup-
ports geometric constructions of representations, such as the Springer correspondence [CG97]. In
symplectic topology, it plays a central role in the study of Hamiltonian group actions and moment
maps |[AB84]. Combinatorially, it provides explicit descriptions in the case of toric varieties, where
the equivariant cohomology is determined by the fan [Ful93|, and in Schubert calculus, where it
encodes the combinatorics of Weyl groups, root systems, and the Bruhat order [BLOO].

A central feature of equivariant cohomology is localization, which allows global invariants to be
accessed through fixed-point data. For a torus action, the restriction map

Hp(X) — Hp(X7T),

often reduces complicated cohomological problems to explicit computations at the fixed points.
When X7 is finite, H3(X) is frequently free over the symmetric algebra on the character lattice
of T (see Definition , and under favorable conditions it can be recovered entirely from its
restriction to X 7. This principle forms the theory of Goresky—Kottwitz—MacPherson |[GKM9S]|,
which provides an explicit combinatorial description of H3(X) in terms of labeled graphs encoding
the orbit structure.

An important tool in homology theory, the Mayer—Vietoris sequence was originally developed by
Mayer to prove a conjecture posed to him by Vietoris concerning Betti numbers. Its first appearance
in the modern exact sequence form is in [ES52, Theorem 15.3], where it is introduced in the
context of generalized homology theory. Consequently, the Mayer—Vietoris sequence applies to any
(co)homology theory satisfying the Eilenberg—Steenrod axioms, taking the form of a long exact
sequence

e hp 1 (X NY) —— Ry (X UY) —— (X)) + 2 (V) +—— hp (X NY) +— ...

which relates the homologies in a proper triad (X UY; X,Y). Classical examples of its frequent use
include the computation of the homology of a sphere or the Klein bottle and the standard proof of
the excision theorem relies on the Mayer—Vietoris principle ([Hat02, Theorem 2.20]).

A natural generalization of the Mayer—Vietoris sequence arises when considering a space X covered
by a countable collection of subspaces (X;);er. In the cohomological setting, one seeks to express
H*(X) in terms of the cohomologies H*(X;) of the covering pieces and the behavior of their
intersections. This leads to the Mayer—Vietoris spectral sequence, with first page

Ef’q: @ Hq(Xioﬂ...mXip)7

i0<...<ip
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and converging to HP*4(X) under suitable conditions (see Remark . An important simplicial
aspect of this construction is that the differential on the first page is induced by the coboundary
operator of the cochain complex associated with the nerve N(I) of the cover (see Definition [2.5)).
In the particularly convenient case where every non-empty finite intersection X;, N... N X; is
contractible, the spectral sequence degenerates at the first page, which then identifies with the
simplicial cochain complex of A'(I). In this situation, one recovers the nerve lemma, asserting that
H*(X) is isomorphic to the simplicial cohomology of A/ (I) (see Theorem [2.6)).

To our knowledge, the earliest constructions of the Mayer—Vietoris spectral sequence appear in
[BT82| and [God73|, where it is developed as a tool to relate Cech cohomology HY(X, F) to sheaf
cohomology HY(X,F). For a good cover (that is, one in which all finite non-empty intersections
are acyclic in positive degrees), the spectral sequence collapses to the Cech complex, yielding an
isomorphism H9(X,F) = HY(X,F) ([BT82, Theorem 8.9]). By Serre’s vanishing theorem, if F
is a quasi-coherent sheaf, then any cover by affine varieties provides an example of a good cover
([CLS11, Theorem 9.0.3]).

In recent years, the spectral sequence has found applications in diverse areas, including persis-
tent homology |[Tor23} [LSV11} |JT24], bounded cohomology [FM19], local cohomology [CHN23;
Pas24], and the study of spherical arrangements [JOS94], each requiring adaptation to the relevant
framework.

The Mayer—Vietoris sequence is widely used as a computational tool in the equivariant versions
of various cohomological theories, including singular cohomology, symplectic cohomology, and K-
theory (see, e.g., [FPO7], [Ahn24|, [HW18]). In these cases, the sequence is typically applied to two
subspaces or in situations where inductive arguments suffice. By contrast, a systematic treatment
of the Mayer—Vietoris spectral sequence in equivariant cohomology has not yet been developed.

The goal of this thesis is twofold. The first aim is to develop a framework for the Mayer—Vietoris
spectral sequence in the setting of equivariant cohomology, clarifying for which covers the spectral
sequence computes the cohomology and how the characteristic features of equivariant cohomology,
such as its algebra structure over the equivariant coefficient ring, localization techniques, functorial-
ity, and the GKM method, interact with the Mayer—Vietoris principle. The second aim is to apply
this framework to the computation of equivariant cohomology for projective unions. As discussed,
these varieties arise naturally as limit spaces in semi-toric degenerations and, even beyond this
context, provide compelling test cases: their individual components are cohomologically simple,
while the essential complexity lies in the gluing process. In representation-theoretic settings such as
the degeneration of Grassmannians, the combinatorics governing the original variety persist in the
union and are reflected in its equivariant cohomology. The Mayer—Vietoris spectral sequence pro-
vides the natural tool for accessing these global invariants from the cohomology of the components
and their intersections.

Structurally, the thesis reflects this twofold aim. The first part, consisting of Chapter [2| to Chap-
ter [4] provides the general setup and develops results for the Mayer—Vietoris spectral sequence,
specifically in the torus-equivariant setting. The second part, i.e., Chapter [5] and Chapter [6} com-
putes the equivariant cohomology of projective unions, with degenerated Grassmannians forming
the motivating class of examples that is treated in further detail in the final chapter.

Throughout the first part, we work with coefficients in R, a Noetherian unique factorization domain
of characteristic zero.
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Chapter [2]serves as the preliminaries chapter, collecting definitions, standard results from the litera-
ture, and fixing notation. After briefly introducing the necessary notation for simplicial cohomology,
Chapter [2.1] provides a more detailed introduction to equivariant cohomology, while Chapter [2.2]
places particular emphasis on the concept of localization. The general presentation of Chapter 2.]]
follows |AF24], while the discussion of localization draws primarily from [AF24], but also includes
results from [Fra24], [FY19], and |[AB84] to give additional context.

The necessary background on spectral sequences is taken from [McC01| and [God73], and is sum-
marized in Appendix [A] and Appendix

Chapter [3.1] is devoted to the construction of the double complex underlying the Mayer—Vietoris
spectral sequence. While this setup is standard, our original contribution begins with endowing it
with an algebra structure and adapting it to the equivariant setting by introducing a multiplication
over the equivariant coefficient ring (Definition Lemma [3.7)).

In Chapter we derive the spectral sequence associated to this double complex and clarify which
types of covered spaces satisfy the necessary conditions for the Mayer—Vietoris spectral sequence
to apply (Theorem Remark . Particular attention is given to its first page, which we
refer to as the Mayer—Vietoris complex. In the cases relevant to this thesis, the spectral sequence
collapses at the second page, leading to the following result, which forms the basis for our further
computations.

Theorem Let X be a topological space with a continuous action of a Lie group G. Assume
the cover M by G-invariant subspaces is a good cover of X. Then the Mayer—Vietoris complex
has cohomology isomorphic to the associated graded algebra of HE(X) as bigraded algebra over the
equivariant coefficient ring Ag of G.

As usual for spectral sequences, the target is the associated graded algebra G(HE (X)) of HE(X),
arising from the filtration induced by the double complex. Within this graded algebra, we single
out the first-column component, defined as

v(X) = Heg(X)/(He(X)1,

namely the degree-zero summand of G(H (X)), equivalently the degree-zero cohomology of the
Mayer—Vietoris complex (Definition . In general, we do not solve the full extension problem
from G(H{(X)) to HE(X). Instead, we extract useful information about Hf (X)), for example by
relating v(X) to its torsion-free part, by studying morphisms into spaces with trivial filtration,
or by comparing cohomologies of different spaces through their associated graded algebras (see,
e.g, Lemma Corollary Theorem [5.73). In other cases we are content to work with the
associated graded algebra itself.

By formalizing the framework of covered spaces with a group action and introducing suitable mor-
phisms, we define the category GCov (Chapter [3.3) and establish the functorial properties of the
Mayer—Vietoris spectral sequence (Corollary (3.40).

This primarily serves to prepare the ground for the study of the spectral sequence in the torus-
equivariant setting in Chapter |4 where we examine the compatibility of classical properties of
equivariant cohomology with the Mayer—Vietoris principle. Although the discussion could, in prin-
ciple, be carried out for more general groups, we restrict to torus actions. This restriction is both
natural in the context of localization and sufficient for the applications pursued in this thesis.

By considering the restriction of covered spaces to torus fixed points, Chapter [.1] establishes results
on torsion in equivariant cohomology. In particular, we describe the image and kernel of the
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localization map and relate them to the first-column component v(X) (Lemma . We then
investigate under which conditions GKM-type properties lift from the covering pieces to the entire
space:

Theorem Let T be a torus, X a fixzed-point closed T-space, and IM = (M;);c; a good cover
of X. Suppose that the Mayer—Vietoris complex is torsion-free. If the set of T-fixed points in X is
finite and, for alli € I, the localization of M; is described by its moment graph, then the localization
of X is described by its moment graph.

Group change is another example of a concept from equivariant cohomology that integrates well
with the Mayer—Vietoris principle:
A morphism of tori ¢: T" — T induces a morphism of equivariant coefficient rings @: A — Ags.
If a topological space X admits compatible actions of T and T”, the restriction of tori for X is the
induced map

H}(X) — Hp(X).

For a covered space, this map arises from a morphism of Mayer—Vietoris complexes

MV — MV’

corresponding to the two torus actions. Under suitable conditions, including that the cover consists
of equivariantly formal spaces (Definition , this restriction of tori coincides with the canonical
map

H(MV) — H (A @, MV),

obtained by first extending scalars along ¢ on MV and then passing to cohomology, as shown in
Lemma w Building on this, we employ Kiinneth formulas as developed in [McC01| to describe
torus change for covered spaces in Corollary and Theorem and employ Koszul resolutions
(Corollary as a computational tool, following |Eis95], for evaluating the Kiinneth formula in
special cases.

We now turn to the second part of the thesis, where the Mayer—Vietoris spectral sequence is applied
to projective unions and degenerated Grassmannians. For simplicity, and although many results
remain valid under weaker assumptions, we specialize to the case where R is a field of characteristic
zero in the final two chapters.

Chapter [5| introduces projective unions in an ambient projective space P, defined by

Pe:=|JPc,, €= (Ciicr,
il
where the homogeneous coordinates of IP are indexed by A, and each subset C; C A determines a
coordinate projective subspace Po, C P. The projective union Pg inherits a torus action from the
action of T' on the homogeneous coordinates of P.

After establishing the applicability of the Mayer—Vietoris spectral sequence by constructing a suit-
able retraction (Chapter Lemma[5.12)), we begin our study of the Mayer—Vietoris complex MV
in Chapter [5.2] As emphasized in the first part of the thesis,

G(Hy(Pe)) = H(MV),

and the central task is therefore to describe its cohomology. Our first approach gives a direct de-
scription of the first-column component together with an interpretation in terms of syzygy modules
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(Remark Corollary . In the case of a generic (i.e., maximally independent) torus action,
we obtain an alternative description by decomposing the Mayer—Vietoris complex into simplicial
complexes, yielding a splitting into simplicial cohomologies.

Lemma Assume that T acts generically on the projective union Ps. Then

G(Hi(Pe)) = Ax[(l@r | @D As ®r H*(As)
sCA

Here the simplicial complexes Ag are defined by recording which intersections in € fail to contain a
given subset S C A. The coefficients for each simplicial cohomology are taken in the corresponding
subring Ag C Ar of the equivariant coefficient ring of T, while the factor Ax[{] accounts for the
subtorus of T that acts trivially on Pg.

A dual description is developed in Chapter [5.6] where we study poset unions, i.e., projective unions
defined by the combinatorics of a poset: If the homogeneous coordinates of P are indexed by a
poset A, then the collection € can be chosen as the collection of maximal chains in A. For generic
torus actions, the equivariant cohomology of the resulting projective union P4 is then described in
terms of the poset cohomology of subposets S C A:

Lemma Assume that T acts generically on the poset union P4. Then

G(H;(Pa)) = Ax[C] @ | €D Aavs ® H*(S)

SCA

In Chapter [5.3] and Chapter [5.5] we adapt the methods of Chapter [4 to projective unions.

Chapter applies the results of Chapter we examine torsion, describe the first-column
component, and verify the GKM-type localization for projective unions (Corollaries
Lemma . In addition, Lemma identifies when a restriction between projective unions
coincides with restriction to fixed points.

Torus change for projective unions is studied in Chapter 5.5, motivated by the fact that for arbitrary
torus actions the cohomology can be related to the generic case via restriction of tori. Lemma [5.62
describes this process using a method analogous to the Kiinneth formulas of Chapter while
Theorem introduces a recursive approach based on semi-reqular sequences (Definition
Lemma to study surjectivity of torus restrictions.

In this setting, we assume that the map on equivariant coefficient rings ¢: Ay — Ap/ describing
the torus change introduces relations on Ar, i.e., it takes the form of a quotient Ar/R — Ap
(Definition . This is precisely the case relevant in Chapter The quotient map

MV — MV := MV /RMV
then induces the restriction of tori in cohomology,

Given a sequence ay, ..., a, in A, one considers for each partition ULV = {ay,...,a,} the restric-
tion of tori for simplified Mayer—Vietoris complexes MVg. If the sequence satisfies certain torsion
conditions (Lemma [5.75)), this yields a criterion for the surjectivity of the original restriction.
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Theorem Suppose a1, ...,a, is a semi-reqular sequence in A and that
HMVY) — HOVY), o] — [a],
is surjective for all partitions U,V of {a1,...,an}. Then the restriction of tori
H(MV) — H(MV),

18 surjective.

The final chapter of the thesis turns to the motivating example for studying equivariant cohomol-
ogy of projective unions: the degenerated Grassmannian. Choosing Schubert varieties as strata and
Pliicker coordinates as extremal functions, the resulting Seshadri stratification of Gr(d,n) yields a
union of projective spaces governed by combinatorial data closely related to that of the Grassman-
nian itself. Concretely, the degenerated Grassmannian P, is the poset union associated with the
poset of Schubert varieties of Gr(d,n) ordered by the Bruhat order. Here we identify the poset of
Schubert varieties with the poset I(d,n) of strictly increasing d-tuples in 1,...,n.

The poset description developed in Chapter [5.6] provides a natural framework for analyzing equiv-
ariant cohomology of Py, under a generic torus action. Within this framework, Theorem gives
a compact description of the image of the restriction map

7 G(Hp(Pont1)) — G(H7(P2n)),

between the equivariant cohomology of degenerated Grassmannians. After fixing suitable basis
elements g% for the poset cohomology of any subposet S C I(2,n), an arbitrary element can be
expanded as

f=2 " Bsigs € GUHF(Py.n))-

S.i

In Definition we introduce integers [g(¢) that measure how long a basis element gfg persists
when S is extended as a subposet of I(2,n + 1). The monomial Mg (i) compensates this defect,
leading to the following divisibility criterion:

Theorem We can choose bases of H*(S), for S C I, such that an element

f=2 Bsigs € G(HL(Pa))

S,i
lies in the image of v if and only if

Bs,i s divisible by my_ (i),  for all S,i.

In Chapter [6.2] we finally consider the degenerated Grassmannian with the torus action inherited
from the Grassmannian itself. For this Grassmannian torus action (Definition [6.14)), we compute
in Example the equivariant cohomology of P; 5, using semi-regular sequences and the method
of Theorem

With respect to the Grassmannian torus action, the degenerated Grassmannian is a union of GKM-
varieties and in particular contains finitely many points fixed by this action. In consequence, the
torsion-free part of the equivariant cohomology of P, ,, is given by its localization image which can
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be computed either with the help of Corollary or by considering the first-column component
(Corollary .

To describe the latter, we use the identification of maximal chains €(d,n) in I(d,n) with the set
SYT(d,n) of standard Young tableaux of rectangular shape d x (n—d), as explained in Remark
The symmetric group on d(n — d) symbols acts on unordered tableaux of this shape, and although
this action does not restrict to the subset SYT(d, n), it motivates considering when tableaux are
related by simple transpositions of consecutive integers i,i + 1 (Remark .

We then define the graph Gy, with vertex set SYT(d,n) (equivalently €(d,n)), and edges corre-
sponding to such transpositions, each labeled by a polynomial determined by the intersection of the
associated maximal chains. The first-column component of Py ,, then consists of tuples (fc)cee(d,n)
of polynomials in the equivariant cohomology rings of the projective spaces Pc, where C € €(d, n),
subject to the following divisibility condition:

Theorem A tuple (fo)cee(dn) lies in v(Pyy) if and only if

fc — fp € (nenp)s

for all C, D that share an edge in Gq,p.

Finally, the following Corollary compares the equivalent descriptions for the torsion-free part of
the equivariant cohomology of the degenerated Grassmannian when considered with respect to the
Grassmannian torus action.

Corollary Consider the Grassmannian torus action of the diagonal torus T C GL,, in-
duced by its action via standard characters e, ...,e, on C". The torsion-free part of Hy(Pyy) is
isomorphic to the localization image of Py . Further, we obtain as equivalent descriptions

L(Pan) = {(ur)reran) € @ Ap | ur —up is divisible by x1 — xp for all I <T'},
I(d,n)

where x; = Zjel ej, and
L(Pd,n) = I/(Pd,n)

= {(fc)cec(d,n) € @ HL(Pe) | fe — fp € (nenp) for all C, D that share an edge in de}.
Ceg(d,n)
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2 Preliminaries

In the first part of the thesis (Chapters [2H4)), we assume that R is a Noetherian unique factorization
domain of characteristic zero.

We briefly fix notation and conventions for simplicial cohomology. For background material, see
[Hat02, Chapter 2.1].

Definition 2.1. A simplicial complex A on a finite vertex set V' is a non-empty collection of subsets
of V such that if A € A, then every subset B C A also lies in A. The (p + 1)-element subsets in
A are called the p-simplices of A. We denote the set of p-simplices by Ap, and a simplex in A, is
said to have length p.

After fixing a total ordering on V| every p-simplex of A can be expressed as a strictly increasing
tuple (vo,...,v,) of elements of V. For simplices v and w we write v C w if v is a face of w, that
is, if v is a subtuple of, or contained as a set in, w. The 0-simplices, called the vertices of A, are
considered either as one-element subsets or as elements of V. In particular, we write v € v if the
vertex v is a face of v.

Given a set © of subsets of V, we define the simplicial complex (D) to consist of all subsets of sets
in ®. The simplicial complex consisting of all subsets of V is called the full simplex on V.

Convention 2.2. Throughout this thesis, we allow set-theoretic operations to be applied to strictly
increasing tuples. That is, for an element v € V' and v, w strictly increasing tuples with entries in
V', we regard v, w as subsets of V', perform the operations

vNw, vUw v\w, and v\v=uv\{v},
and reinterpret the resulting sets as strictly increasing tuples. Similarly, the relations
vewv, and w Cu,
are understood via this identification.

Let A be a simplicial complex with vertex set V. Given p € Zxq, we write Cp(A, R), or simply
Cp(A), for the module of simplicial p-chains with coefficients in R, the free R-module with basis
given by the p-simplices of A.

The boundary map 9,: Cp,(A) = Cp—1(A) is defined by

p

Op(vo, ..., Up) = Z(—l)j(vo, N N 1 B

=0

where we set Jp = 0. Since 9,_19, = 0, we obtain the chain complex (Ci(A), d) of R-modules with
homology denoted by
H,(A) =ker0,/imd,1, p>0.

The graded R-module H,(A) is the simplicial homology of A.

Define CP(A, R), or simply CP(A), the module of simplicial p-cochains of A, as the free R-module
dual to C,(A). The coboundary map d is defined as the dual map to the boundary map 9. In other

words,
C?(A) = hom(Cy(A), R),
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and
d?: CP(A) — C’]"H(A)7

(@ (0)(v0,- - vp) = D (=1 0(vo, ..., D5, ., vp),
=0

J

for 0 € hom(C,(A),R) and p € Z>¢. The resulting complex (C*(A),d) is called the cochain
complex of A.
The product of two simplices v = (vg,...,vp) and w = (wo,...,w,y) is defined to be the (p + gq)-
simplex

v-w = (Vo ..., Up, Wi, ..., W),

if v, = wo and (v, ..., Vp, W1,...,We) € Apyy. Otherwise, the product is defined to be zero.
If we write €(y,,....»,) for the basis element in CP(A) dual to the p-simplex (vo,...,v,) in A, then
the cup product — on C*(A) is given by
e(vo,...,'up) ~ e(WOv---qu) = e(vg,,..mp)-(wo,...,wq)'
Taking the cohomology of the cochain complex (C*(A),d), we obtain
HP(A) :=kerd?/imd’™", p>0,

the simplicial cohomology of A. Since the differential d satisfies the Leibniz rule with respect to the
cup product — on C*(A), the product descends to cohomology and induces a graded multiplication

- HP(A) x HI(A) — HPFU(A),

which turns H*(A) into a graded-commutative R-algebra with unit.
Ezxample 2.3. Let A be the full simplex on V. It is a well-known fact that A is acyclic, meaning
that the cochain complex (C*(A),d) is exact in every positive degree. In particular,

H°(A)=R, and HP(A)=0 forp>0.

Remark 2.4. Given two simplicial complexes A; and As on a common vertex set V', both their
union A = A; U Ay and their intersection A; N Ay are simplicial complexes on V. The inclusion
of A1 N As into Ay and As induces restriction morphisms

’1“12]{*(A1)—)I{*(AlmAg)7 ’/‘QZH*(AQ)—>H*(A1 QAQ),
and the Mayer—Vietoris sequence computes the cohomology of A via the long exact sequence

7172

. — HP(A) —— HP(A;) & HP(Ag) ————=— HP(A1NAg) —— HPFYA) —— ...

(See [Hat02, Chapter 2.2].)

If a simplicial complex A is covered by suitable subcomplexes, then its cohomology H*(A) is
isomorphic to the cohomology of the nerve of the cover.

Definition 2.5. Let A be a simplicial complex and (A;);cr a cover by subcomplexes, i.e., A =
U,er Ai. The nerve of the cover is the simplicial complex N ((A;)ier) on I, whose p-simplices are
the tuples (vo,. .., vp) such that

Ay N...NA,, #@.

10
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Theorem 2.6. Let A be a simplicial complex, and (A;);er a cover by subcomplexes. If every
non-empty intersection
Ay, N...NA,,,  where vg,...,v, €1,

is acyclic, then A is homotopy equivalent to the nerve of the cover N((A;)icr)-
Proof. [Bjo95, Theorem 10.6]. O

2.1 Equivariant Cohomology

The central algebraic invariant that we are concerned with in this thesis is equivariant cohomology
with respect to a torus operation. First of all, we recall the definition of equivariant cohomology as
introduced in [AF24] and subsequently discuss its fundamental properties. The focus remains on
how this theory specializes to the case where the acting group is a torus, particularly in the context
of localization, which will be treated in Chapter 2.2}
We start with the definition of equivariant cohomology using the Borel construction as proposed in
[AF24] Chapter 2].
Let G be a Lie group. A fiber bundle

¢ E— B,

is called a principal G-bundle if G acts freely on E (on the right), the map ¢ is isomorphic to
the quotient map E — E/G, and the base space B is both Hausdorff and paracompact. The last
requirement ensures the existence of a universal principal G-bundle EG — BG with the property
that any principal G-bundle ¢: E — B is the pullback of a map ¢: B — BG in the following diagram.

E —— EG

[

B —— BG

Here, the classifying map ¢ is defined uniquely up to homotopy. In fact, a principal bundle E — B
is universal if and only if E is contractible.

Suppose X is a topological space equipped with a (continuous) left action by G. The G-equivariant
cohomology of X with coefficients in R is a graded-commutative R-algebra H(X). To define the
graded components HZ(X) in any range p < N, where N is a positive integer or co, consider a
principal G-bundle E — B such that E is path-connected and satisfies HP(E) = 0 for p < N. The
G-balanced product of [E and X is defined as the quotient space

Ex%X =Ex X/ ~,

where (eg,z) ~ (e,gz) for all e € E,z € X, and g € G. Finally, the p-th equivariant cohomology
group of X is defined by
HY(X) = HP(E x® X,R), p<N,

where HP(-, R) denotes singular cohomology with coefficients in R. In [AF24, Proposition 2.2.2],
it is shown that this definition is independent of the choice of the principal bundle ¢q: E — B.
Consequently, we may fix ¢ to be the universal principal bundle and since EG is contractible, we
obtain the definition

HY(X) = HP(EG x“ X,R), p>0.

11
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A first important distinction is that H (X) carries a richer algebra structure than its counterpart
H*(X) in ordinary singular cohomology. First of all, any G-equivariant morphism f: X — X’
induces a morphism

EG x% X — EG x9 X', (e,z) — (e, f(x)),

and hence a morphism of R-algebras
[ HE (X)) — HE(X).

In particular, the trivial map to the one-point space X — pt, equips H(X) with the structure of
an algebra over the R-algebra

Ag = He(pt),
which we will refer to as the equivariant coefficient ring of G. Further, as seen from the commutative
diagram

x— 7t . x

N7

the induced map f*: H:(X') — H}(X) is a morphism of Ag-algebras.

Ordinary cohomology can be seen as a special case of equivariant cohomology by considering the
trivial action of the one-element group G = 1. In this situation, the universal principle bundle is
the identity on the one-point space ¢: pt — pt, the Borel construction for a topological space X
yields,

ptx1X =X

|

pt

and following the definition of equivariant cohomology, we obtain Hy(X) = H*(X).

Returning to the setting that X admits the action of a Lie group G, we can compare ordinary and
G-equivariant cohomology of X by viewing EG x“ X as a fiber bundle with base space BG and
fiber X, via projection on the first factor in EG x¢ X — BG.

X —— EG x¢X

! |

pt —— BG
By examining pullbacks in the diagram above, we obtain a forgetful morphism of Ag-algebras,
HE(X) — H*(X),
where H*(X) is interpreted as Ag-algebra via the canonical map
Ag = H*(BG) — R = H*(pt).
This comparison is a specific instance of the property that equivariant cohomology is functorial in

both the group and the space:

12
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Suppose X and X’ are topological spaces with actions by Lie groups G and G’, respectively. Let
¢: G — G’ be a continuous group homomorphism. A morphism f: X — X’ is equivariant with
respect to @ if

flgx) = p(g)f(x), forallz e X and g € G.

Lemma 2.7. Let f: X — X' be a morphism that is equivariant with respect to a group homomor-
phism . In this case, f induces a ring homomorphism

[ Ha (X)) — HE(X).
In particular, ¢ induces a ring homomorphism
Agl — Ag,

and viewing H:(X) as a Ags-algebra via restriction of scalars along this map, the morphism f*
becomes a morphism of Ag-algebras.

Proof. [AF24, Chapter 3.2]. O

Lemma 2.8. In the situation of Lemma if both p: G — G and f: X — X' are homotopy
equivalences, then f* is an isomorphism of Ag:-algebras.

Proof. [AF24, Corollary 3.3.4]. O

The two opposite extremes of a G-action on a space X are the free and the trivial action. In the
case of a trivial action, equivariant cohomology is given by an extension of scalars from ordinary
cohomology.

Lemma 2.9. Suppose G acts trivially on X, and that Ag is a free R-module. Then
HE(X) = Aq @r H(X),
as Ag-algebras.
Proof. [AF24}, Proposition 3.4.2]. O

We write G \ X for the quotient space of X by the action of G. The following fact partly motivates
the way equivariant cohomology is defined in [Bor60].

Lemma 2.10. Suppose G acts freely on X. Then HY(X) = HP(G \ X) for allp > 0.
Proof. [AF24}, Proposition 3.4.1]. O

Remark 2.11. Given two Lie groups G,G’, we have that EG x EG’ — BG x BG' is the universal
principal bundle for G x G’. It follows from Lemma that if either Ag or Ags is free over R,
then the map Ag X Agr — Agx¢ induces an isomorphism of algebras

AG ®AG/ — AGXgl.

(See [AF24] Exercise 3.2.4].)
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The last concept we want to generalize from ordinary to equivariant cohomology is that of Chern
classes. A vector bundle E — X is called a G-equivariant vector bundle on X if G acts linearly
on the fibers in such a way that the projection is equivariant. In other words, there is a morphism
of groups G — GL(E), and for each € X with fiber E,, the action satisfies g.E, C Eg,. A
G-equivariant vector bundle determines an ordinary vector bundle

EG x% E — EG x¢ X,
and we can define the equivariant Chern classes of E — X as
S (E) = c,(EG x© E) € H¥(X),

i.e., as the ordinary Chern classes of the bundle EG x¢ E — EG x¢ X.

Remark 2.12. Suppose p: G — G’ is a continuous group homomorphism and f: X — Y is a
morphism that is equivariant with respect to ¢. A G’-equivariant vector bundle E’ — X’ can be
regarded as G-equivariant via ¢, and the pullback F := f*E’ defines a G-equivariant vector bundle
on X. The induced morphism f*: HE (X') — HE(X) then satisfies

P (B) = £(B) = £ (fE).

In the second half of this subsection, we take an initial look at the case where GG is a torus. We
begin by introducing the basic concepts, following [CLS11, Chapter 1.1].

An algebraic group T is called a torus of rank m if it is isomorphic to (C*)™. The character
lattice of T', denoted by M, is the group of all algebraic group homomorphisms 7" — C*, written in
additive notation. It is a free abelian group of rank m, and choosing an isomorphism 7' 2 (C*)™
corresponds to fixing a basis of standard characters ey, ..., e, of M = Z™.

A one-parameter subgroup of T' is a morphism of algebraic groups C* — T. We write N for the
group of all one-parameter subgroups of T, again using additive notation. The group N is a free
abelian group of rank m, and choosing an isomorphism T 2 (C*)™ corresponds to fixing a basis of
N=z7™

Remark 2.13. There is a natural pairing
() M xN—Z,

between M and N, where (x, o) is equal to the exponent associated to the composition
Xo0o: Cc* — C*.

This pairing identifies M with Homyz(N,Z), and N with Homy(M,Z), i.e., M and N are dual to
each other. The bases induced by an isomorphism 7' = (C*)™ are dual bases of N and M.

Remark 2.14. We have a canonical isomorphism
N®,C*2T, oc®t— o(t),
which, after fixing isomorphisms N 2 Z™ and T = (C*)™, can be identified with

ZMmRC* 2 (C)™, (bry...,bm) @t (£, ... tbm).

14
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There is a natural correspondence between the sublattices of a character lattice M and the closed
subgroups of its respective torus T. We discuss more details of this correspondence in Chapter

Definition 2.15. Suppose M’ C M is a sublattice (i.e., a subgroup). The corresponding subgroup
of the torus T is defined as

Ty ={teT|x(t)=1foral y e M'}.
Conversely, for a subgroup 77 C T', the corresponding sublattice of M is given by
My :={x € M [ x 1= 0}.

Remark 2.16. The correspondence introduced above is one-to-one: for every sublattice M’ C M,
there exists a basis B of M such that a subset of B generates a sublattice containing M’ with
finite index. With respect to the corresponding identification T" = (C*)™, one then checks that
M' = Mr,,,. The equality 7" = T}y, follows, for example, from [Hum81}, Proposition 16.1].

For the remainder of this thesis, whenever a torus T of rank m is considered, we implicitly fix an
isomorphism T 2 (C*)™ together with a corresponding basis of standard characters ey, ..., e,, of
its character lattice M.

To set up equivariant cohomology with respect to T, we begin by introducing the universal principal
T-bundle.

The space E = (C>\ {0})™ is contractible by Kuiper’s theorem ([Kui65]), and the coordinate-wise
scaling action of T on E is free. The quotient

E/T = (CP>®)™,

is a CW-complex and therefore both paracompact and Hausdorff ([Hat02l p.522] and [Hat03| p.35]),
which lets us conclude that

q: ET = (C*\ {0})™ —» BT = (CP>®)™,

is the universal principal bundle of T'.

Let 0;(—1) denote the tautological line bundle on the ith factor of (CP>°)™ and set z; == ¢1(0;(—1))
to be its Chern class. The singular cohomology of (CP*°)™, which is equal to the equivariant
coefficient ring of T', is given by

H*((CP*°)™, R) = R[x1,...,Tm],

a graded polynomial ring with indeterminates 1, ..., z,, of degree two. If m = 0, then by definition
R[l‘l,. .. ,Z‘m] = R.

A more intrinsical description of Ay is given in terms of the character lattice of T

Given a character x € M consider the equivariant complex line bundle C,, over a point, defined by
the T-action ¢t - v = x(t)v for t € T and v € C,.. Since

CXl‘i‘xz = (CX1 ® (szv X1, X2 € Mv
the map

0: M — A2, x+— cf (Cy),

15



2 Preliminaries

defines a group monomorphism. For the standard characters eq, ..., e, € M, we have
C,{(Cei) = Cl(ﬁi(il))a

as can be seen from the fiber product

(C\{o})™ xT Ce, —— Oi(-1)

| |

(C>\{0})™ xT pt —=— (CP>)™
Therefore, 6(e;) = z;, and we obtain an isomorphism
Ar =Symp M = Sym* (M ®z R).

Again note that, by definition of the symmetric algebra, Sym}(0) = R.

For most of this thesis, the topological space X will be a union of projective spaces, and by that
argument, the equivariant cohomology of a complex projective space is a natural first example.
Suppose we have a complex vector bundle E — X of rank r over a complex smooth projective
variety X. The projective bundle P(E) — X, obtained by projectivizing F, is the fiber bundle
whose fiber over a point x € X is the projective space of lines in the fiber E,. This construction
equips H* (P(E)) with the structure of an H*(X)-algebra. More precisely,

H*(P(E)) = (H*(X)[C])/(¢" + cr(B) ™+ + (),

where ( is the Chern class of €/(1), the line bundle dual to the tautological line bundle &(—1) on
P(E), and ¢1(E),...,c.(E) are the Chern classes of E — X (see [AF24, Section A.5]).

Example 2.17. Suppose a torus T acts on a complex vector space V = CF*1! by

t.(’Uo, . ,’Uk) = (Xo(t)’l)o, .. '7Xk(t)vk)7 teT, (7)07.. . ,Q)k) eV,

for characters xo,...,xx € M. Then the equivariant Chern classes of the T-equivariant vector
bundle V' — pt are given by

C;‘T(V):ei(XOw")Xk)) OSZSka
where e; is the elementary symmetric polynomial of degree i. Identifying the projective bundles
ET xTP(V) 2 P(ET xT V)

over BT, we also identify their respective tautological line bundles. It follows that the equivariant
cohomology ring is given by

Hik’ (]P)(V)) = AT[C]/(CkJrl + el(XOv oo 7Xk)<k + ...+ ek(XOa ceey Xk))a

or equivalently,

H (P(V)) = Ar[c]/ (H(C +Xi)> :

i=0
See |AF24, Chapter 2.6] for more details.
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2.2 Localization

Restriction to fixed points is a method exclusive to equivariant settings and arguably one of the
biggest advantages of equivariant cohomology over ordinary cohomology. The theory is especially
well-structured when we consider cohomology with respect to a torus as in this case, the restric-
tion to fixed points becomes an isomorphism in cohomology after inverting sufficiently many torus
characters. Moreover, a large class of spaces can be described completely in terms of the zero and
one-dimensional orbits of the torus action by a technique commonly referred to as the GKM method.

We start this subsection by introducing the main localization theorem before taking a closer look
at the GKM method. Concerning the latter, there are two aspects to consider: under which con-
ditions the method is applicable, and how explicit the resulting description is. Our discussion of
these questions is adapted to the general setting of this thesis and for the most part is based on
the respective chapters in [AF24]. Nonetheless, we provide sufficient context to relate the results
we present to the broader theory (see in particular [Fra24)).

Let T be a torus of rank m with character lattice M, generated by its standard characters eq, ..., e,.
As seen in the previous subsection, its equivariant coefficient ring is given by

Ar =Symp M = Rley, ..., en).

Let X be a T-space, that is, a topological space with a (continuous) action of T'. We denote the set
of T-fixed points by XT. The inclusion ¢: X7 < X induces a restriction map, called the localization

map,
o HA(X) — Hix(XT).

Definition 2.18. We denote the image of the localization map ¢* by ¢7(X) and its kernel by
77(X). If the context is clear, we will omit the index and simply write ¢(X) and 7(X).

Ezxample 2.19. Continuing Example suppose that V is a complex vector space of dimension
k + 1, and that the torus T acts on P(V) via characters xo, ..., xx. The fixed point set (P(V))T
depends on the choice of characters: suppose [_|jf:1 F; is the partition of {0, ..., k} such that x,, = xu
if and only if u,v € F} for some 1 < j < s. The connected components of (P(V))7 are the projective
subspaces defined as the vanishing loci

Viyi |i & Fj),
for 1 < j <s, where yo, ...,y denote the homogeneous coordinates on P(V'). The restriction map
Hy (P(V)) — Hyp(V(y: i ¢ Fy)),
is given by the projection

k

AT[<1/<H<<+XZ->>HAT[G/ [T¢+x) ).

i=0 i€F;

as can be seen from Remark [2.12] where ¢ denotes the Chern class of the line bundle /(1) on both
P(V) and the subspace V (y; | i ¢ F;). Therefore, we obtain the localization map

A H}(P(V)) — Ar[C]/Q1 X ... x Ar[C]/Qs, [fr— (f1,---, [s),
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where Q; is the ideal generated by HieFj (C+x:). Here, the kernel 7(X) is equal to the intersection
of the ideals Qq,..., Q. Since Ar[(] is a unique factorization domain, we can conclude 7(X) = 0.
Remark 2.20. The most common setting for localization is when X7 is finite. In this case, every

fixed point is isolated, meaning that every fixed point forms a connected component of X7. The
equivariant and the ordinary cohomology of X7 are given by

Hy(XT)= @ Hipt) =A%, and H*(XT)= P H*(pt) = R*".
peXT peXT

A direct justification to consider specifically the restriction to fixed points is provided by the fol-
lowing main localization theorem, which applies in greater generality, involving arbitrary subgroup
K C T and the set of K-fixed points X%.

Theorem 2.21. Let X be a complex algebraic variety with a torus action by T, and let K C T be
a subgroup. Let My be the corresponding sublattice of M (see Definition . If S(K) denotes
the multiplicative subset of Ar generated by the characters in M \ My, then the restriction map

S(E) (k) S(K) " Hp(X) — S(K) ' Hp(X¥),
s an isomorphism.

Proof. This follows from [AF24, Theorem 7.1.1], since there is a one-to-one correspondence between
closed subgroups of T and the subgroups of M (see Remark [2.16]). O

Remark 2.22. From the proof of |[AF24] Theorem 7.1.1], it follows that it is sufficient to localize
at a multiplicative subset L C S(K) generated by finitely many characters in order to obtain the
isomorphism in Theorem [2.21] For instance, in the situation of Example 219 it suffices to take all
nonzero differences x, — Xxv, with 0 < w,v < k, as generators of L.

Remark 2.23. In its original form, the localization theorem was formulated in [AB84] for compact
manifolds X with a smooth torus action. The general setup of localization and GKM-theory
assumes X to be a ”sufficiently nice” space together with a continuous torus action. Besides
compact manifolds, admissible classes of spaces include finite CW-complexes (|[FP07]), topological
manifolds ([AFP14]), and complex algebraic varieties, which are the relevant class in this thesis.

The most important special case of Theorem [2.2T] arises when K = T, in which case the localization
map ¢* becomes an isomorphism to H;(X7T) after inverting every nonzero product of characters in
Ar. In particular, the kernel 7(X) is a torsion module over Ar, i.e.,

7(X) Ctor(Ap, HH(X)) = {f € Hp(X) | Ix € Ap \ {0} : Af =0},
and we obtain the following corollary.

Corollary 2.24. We have 7(X) C tor(Ar, Hx(X)) with equality if and only if H%(XT) is torsion-
free over Ar.

Remark 2.25. The equivariant cohomology Hi(X7T) is torsion-free over Ap if X7 is finite (Re-
mark [2.20)), or, more generally, if H*(X7) is torsion-free over R (Lemma.

On the other hand, let X be any variety such that H*(X) has torsion over R, and equip X with
the trivial T-action. Then 7(X) = 0, while H}(X) has torsion over Arp.
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Relating H4(X) to H3(XT) via the localization map is the first step towards describing the coho-
mology of X in terms of its equivariant skeleton. The latter can be introduced as the filtration

g=X_1CXoCX;C...CX,, =X,

of X, where X; denotes the union of all T-orbits of dimension less than or equal to ¢. The most
relevant parts of the filtration are the fixed points X7 = Xy, and the set of one-dimensional torus
orbits X;. By combining the localization map and the connecting morphism § of the long exact
sequence associated to the pair (X7, Xy), we obtain the Chang-Skjelbred sequence

0 —— Hi(X) —“— Hp(XT) —— HI(Xy, XT),

introduced in [CS74]. Here, following the Borel construction, the equivariant cohomology of the
pair (X1, X7T) is defined as the singular cohomology of the pair (ET x? X;,ET xT XT). If the
Chang-Skjelbred sequence is exact, then H(X) embeds into H4(XT) and can be computed as the
kernel of the connecting morphism §. In other words, the exact sequence allows one to describe
H}(X) in terms of the zero- and one-dimensional orbits of 7. This method was popularized in
|GKM98|, where an explicit description of kerd was given, and has since become known as the
GKM method.

Alluding to the first of the two questions mentioned in the introduction of this subsection, the
GKM method is applicable if the Chang-Skjelbred sequence is exact, and the T-spaces that can be
expected to satisfy this property are called equivariantly formal.

The original definition of equivariant formality in [GKM98| assumes cohomology with coefficients
in a field, and a major part of the discussion of GKM-theory in literature has taken place in this
specific setting. We adopt a more general definition given in [Fra24], which allows for integral
coefficients.

Definition 2.26. Let G be a Lie group acting on a topological space X. If Hj(X) is a free module
over Ag, then X is called equivariantly formal with respect to the action of G and the coefficient
ring R.

Lemma 2.27. Suppose X is equivariantly formal with respect to the action of G and the coefficient
ring R. Then:

1. The restriction map H}(X) — H*(X) is surjective, with kernel generated by the kernel of the
forgetful morphism Ag — R.

2. For any G’ acting on X through a morphism G' — G, the corresponding homomorphism
HE(X) @pg Agr — HE(X),
s an isomorphism.
3. If G =T is a torus, then the restriction map H;(X) — Hi(XT) is injective.
Proof. [AF24] Proposition 5.3.1 and Corollary 5.3.3]. The last point follows from Theorem[2.21} [

Remark 2.28. The initial version in [GKM98| considers coefficients in R and defines a space X to
be equivariantly formal if the Serre spectral sequence associated with the fibration E x& X — BG
collapses at the second page. When working over a field, this definition is equivalent to the one
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given in Definition and also to the first two properties listed in Lemma

A compact reference for this equivalence can be found in [Fra24|, where the author also notes that
it does not extend to integral coefficients unless H*(X) is assumed to be free over Z.

If G is a compact Lie group and H*(X) vanishes in odd degrees, or if X is a smooth complete
variety and G = T is a torus, then X is equivariantly formal when coefficients are taken in a
field ([AF24, end of Chapter 5]). For integer coefficients, a smooth complete variety X with a
T-action is equivariantly formal if X has finitely many T-fixed points (JAF24] Corollary 5.3.3]).
More generally, for coefficients in an arbitrary ring, X is equivariantly formal if H*(X) is free over
R and concentrated in even degrees (|FP11, Remark 2.3]).

As shown in [CS74] Lemma 2.3], the Chang-Skjelbred sequence is exact for equivariantly formal
spaces when coefficients are taken in a field (see Remark for the converse). For integer co-
efficients, connectedness of all isotropy groups in X in addition to equivariant formality implies
exactness ([Fra24, Theorem 3.1], or [FP08, Theorem 2.4], for slightly weaker assumptions). Finally,
if X is a complex algebraic variety, equivariant formality is a sufficient condition for exactness of
the Chang-Skjelbred sequence, if H*(X) is free over an arbitrary unique factorization domain R
(Lemma [2.27] (3) together with [AF24] Theorem 7.3.4]).

Remark 2.29. The Atiyah-Bredon sequence

0 — HiHX) —— HiH(X)y —— H (X1, Xo) — HP(Xo, X1) — -+

—— Hy"™( Xy, Xpo1) ———— 0

(see |Bre74]) is an extension of the Chang-Skjelbred sequence, which can be obtained from the
equivariant skeleton by considering the inclusions of pairs (X;y1, X;—1) < (Xi41, X;), for 1 < i <
m — 1. Sufficient and necessary conditions for exactness of this sequence are discussed in detail in
|[FP11], [FPO7] and |[AFP14]. Among other things, it is stated in [FP07, Theorem 1.1] and |[AFP14,
Proposition 5.12], that X is equivariantly formal if the Atiyah-Bredon sequence is exact.

Ezample 2.30. In the situation of Example we can directly compute that {¢/ | j =0,...,k—1}
is a Ap-module basis of Hy.(P(V)), and hence P(V) is equivariantly formal.

The Grassmann varieties form the second class of varieties relevant to our thesis and provide a
further example of equivariantly formal spaces.

Ezample 2.31. Let V be an n-dimensional complex vector space with basis vy, ..., v,, and suppose
T acts via distinct characters 11, ...,%, by

tw; = (), teT,1<i<n.

The Grassmann variety X = Gr(d,n) of d-dimensional subspaces of V' is a smooth projective variety
with a T-action induced by the action on V. There are finitely many T-fixed points parametrized
by coordinate subspaces of V: Let I(d,n) denote the set of strictly increasing d-tuples with entries
in {1,...,n}. Then,

X' = {qi17~~~yid = <Ui17 EERE) Uid> | (ilv s 7id> € I(d’ n)}

By Remark it follows that Gr(d, n) is equivariantly formal with respect to the action of T" and
coeflicients in a field or in Z.
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Given an equivariantly formal T-space X with exact Chang—Skjelbred sequence, we have
H}(X) = u(X) =kerd.

One of the main results in |[GKM98] is the explicit description of kerd for the class of so-called
GKM-varieties.

As before, since the original setting assumes coefficients in a field, we adopt the more general for-
mulation from |[AF24] and present the main result in Theorem

Let X be a smooth algebraic variety and let p € X7 be a fixed point. The T-action on X in-
duces a diagonalizable action on the tangent space T, X via differentiation, and the associated
weights are characters of 1", which we call the characters of T" at p. All weights on 7, X are nonzero
if and only if p is an isolated fixed point (JAF24, Lemma 5.1.5]).

Definition 2.32. We call n € M a primitive character if the only expression n = ¢ - 7/, with
¢ €Zsoand n € M, is given by ¢ =1 and ' = 1. Any nonzero character x € M can be written
uniquely as ¢-n, where c is a positive integer and 7 is a primitive character. We call ¢ the coefficient
and 7 the direction of x.

Two characters are parallel if their directions are the same or opposite. Two characters are called
relatively prime if they are non-parallel and their coefficients are relatively prime in R.

Definition 2.33. Let X be a nonsingular variety that is equivariantly formal with respect to the
action by T. If X has finitely many T-fixed points and for each p € X7, the weights of the T-action
on the tangent space 7, X are pairwise relatively prime, then X is called a GKM-variety with
respect to the torus 7.

Let C C X be a T-invariant curve. For any x € C'\ CT, the action map
T—T- -z, t+—tuzx,

can be identified with a character x of 7. Up to the sign, this character is independent from any
choices which justifies calling y the character of the curve C. If the action of T" on C' is trivial, we
set x = 0.

A T-curve C' C X is the closure of a one-dimensional T-orbit in X. As above, any T-curve has an
associated nonzero character x (for more details see |[AF24, Chapter 7.2]).

Lemma 2.34. Suppose X is a smooth k-dimensional variety with an isolated fixed point p and
characters p1,...,pr at p.

1. If no two characters at p are parallel, then there are exactly k T-curves in X through p. These
curves are all nonsingular at p and have characters p1,. .., pk.

2. If two characters have the same direction, then there are infinitely many T'-curves in X through
p.

3. If two characters have opposite directions, then there are infinitely many T-curves through
every T-invariant neighborhood of p.

Proof. [AF24, Chapter 7, Proposition 2.3]. O
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Remark 2.35. The boundary of a one-dimensional T-orbit is a union of at most two fixed points (see
|Hat02, Proposition 8.3]). This means that every T-curve is the closure of a uniquely determined
T-invariant curve in X.

If X is a projective variety, then each T-curve is obtained by adding exactly two fixed points to the
respective one-dimensional T-orbit ([GKM98, Chapter 7.1]).

Remark 2.36. When R is a field, a GKM-variety is often defined as an equivariantly formal projective
variety with finitely many zero- and one-dimensional T-orbits ([GKM98, Chapter 7.1]). By Lemma
and Remark this corresponds to a special case of Definition [2.33

For integral coefficients, Remark implies that a smooth projective variety with finitely many
fixed points and relatively prime tangent weights at each fixed point is a GKM-variety.

The localization image of a GKM-variety is encoded by its moment graph, which can be defined
more generally for varieties with finitely many fixed points.

Definition 2.37. Let X be a variety with a torus action by 7', and suppose X7 is finite. The

moment graph of X is an undirected graph I'x with vertex set X7. There is an edge e, denoted

piq, between two distinct fixed points p,q € X7 for each T-curve in X connecting them. Each

edge is labelled by the character of the corresponding T-curve.

The graph equivariant cohomology of T'x is defined as the graded subalgebra of Az " given by
H*(Tx) = {(up)pexr € A%T |Vp,q € X7 : u, — u, is divisible by x., for all e with p-¢}.

If o(X) = H*(I'x), we say that the localization of X is described by its moment graph.

Theorem 2.38. Suppose X is a GKM-variety. Then «(X) = H3(X) and the localization of X is
described by its moment graph I'x, i.e.,

Hi(X)=2 H*(Tx).
Proof. This follows from Lemma [2.27 and [AF24] Theorem 7.1.1]. O

Ezxample 2.39. We have seen in Example that P(V) is equivariantly formal and we know from
Example m that (P(V))T is finite if and only if T acts on P(V) by pairwise distinct characters
X0, - -+, Xk- In this case, the fixed points are given as the coordinate lines

pi=0:...:0:1:0:...:0),
and restriction to a fixed point p; is the quotient map
i Hy(P(V)) — Ar[¢]/(C+ xa)-

In other words, for f € Hp (IP(V))7 the map ¢} evaluates f at ( = —x;, and the localization map
becomes
 Hp (P(V)) — Ar[C]/(C+ x0) X - x Ar[C]/(C + xi) = AR,

with " (f) = (f(¢ = =Xi))izo,....x-

s

For a fixed p;, the weights in the tangent space T,,,P(V) are the characters x; — x;, where j # i.
Hence, P(V) is a GKM variety if and only if for any fixed p; the k characters x; — x; (for j # 9)
are pairwise relatively prime.

22



2 Preliminaries

In that case, there are finitely many T-curves in P(V'), and by Remark there is exactly one
T-curve C}; connecting each pair of fixed points p; and p;. The character of Cj; is given by x; — X,
and Theorem [2.38 shows that ¢* is an isomorphism between

k
Hp (P(V)) = Ar(c]/ (H(C + Xi)) ;

=0

and
H*"(T'x) = {(uw;)i=0,...k € A’%H | V0 <i<j<k:u;—ujis divisible by x; — x;}-

Ezample 2.40. For this example, assume that R is either Z or a field of characteristic zero. We have
seen that the Grassmannian Gr(d, n) with respect to the natural action introduced in Examplem
is equivariantly formal and its fixed points are indexed by strictly increasing d-tuples with entries
in {1,...,n}. For J € I(d,n), the weights on the tangent space T, Gr(d,n) are given by the
characters 1; —;, where i € J, j ¢ J. In order to apply Theorem we assume that the weights
on each tangent space are pairwise relatively prime, i.e., that Gr(d,n) is a GKM-variety.

Let Jy,J2 € I(d,n). A pair of fixed points ¢, ,qs, is connected by a T-curve Cy, s, if and only if
Ji\{j1} = J2 \ {j2} for some 1 < jq,jo < n, and the character of Cy, s, is given by ¢;, — ¢;, (see
[KT03, Chapter 2.3]). We can conclude, that

Hr(Gr(d, n)) = 1(Gr(d, n))

_ {<u ) e AI@™) | for all J1\ {j1} = J2 \ {jo} with 1 < j1,jo <, }
- |\ Jelldn) = A wg, — uy, is divisible by 4;, — 1, '

We conclude our discussion of the GKM method with the following remark concerning varieties
whose cohomology is not torsion-free.

Remark 2.41. A necessary condition for applying the GKM method to a variety X is that 7(X) = 0.
If X has finitely many fixed points but its equivariant cohomology is not torsion-free over A, then
Corollary implies that X is neither a GKM-variety nor equivariantly formal. Nevertheless, it
may still be possible to compute ¢(X) using the Chang—Skjelbred sequence. If X is ’equivariantly
formal modulo torsion’, that is, if «(X) = H5(X)/ tor(Ar, H5 (X)) is a free Ap-module, then [AF24]
Theorem 7.3.4] can be used to show exactness of the Chang—Skjelbred sequence at Hi(X7T).
Likewise, even though Theorem does not apply directly, this does not prevent the possibility
that ¢(X) is still determined by the moment graph. In Chapter 5} we will study varieties whose
equivariant cohomology is neither torsion-free nor free modulo torsion, yet whose localization image
is nevertheless encoded by their moment graph (see Theorem .
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3 The Mayer—Vietoris Spectral Sequence

Suppose M = M7 U M5 is the union of two topological spaces and consider the short exact sequence
of cochain groups

0—— Cn(Ml + Mg) —_— Cm(Ml) D Cn(MQ) —_— Cn(Ml N Mg) —_— 07

where C™ (M, + M) denotes the group of cochains supported on chains contained in either M or
M. If the inclusion C™(M) < C™(M; + M>) induces an isomorphism in cohomology (for example,
if the interiors of M; and My cover M), then we obtain the Mayer—Vietoris sequence for singular
cohomology as the associated long exact sequence

coo— H"N (M N My) — H™ (M U My)
— Hn(Ml) EBH"(MQ) — H”(Ml ﬂMg) —_— -

(see [Hat02] for details.)

The Mayer—Vietoris spectral sequence generalizes this procedure to a countable cover M = J,.; M;
via the spectral sequence of a suitable double complex (Appendix . In this thesis we restrict to
finite covers, construct the corresponding double complex, and compute the associated spectral se-
quence. This follows the standard generalization of the Mayer—Vietoris principle ([God73; BT82|),
with the goal of rigorously introducing the concept in the equivariant setting. Beyond the usual
construction, we equip the spectral sequence with an algebra structure over the equivariant coeffi-
cient ring, formalize the category of covered spaces to which it applies, and establish its functorial
properties. The presentation is rounded out with special cases and examples relevant to later
computations.

3.1 The Construction of the Differential Graded Algebra

The following construction of a double complex is the first step in the natural generalization of the
Mayer—Vietoris sequence to a finite cover. For references see e.g. |[God73| mainly Chapter 2.5, or
[FM19, Chapter 1]. A multiplicative structure on the associated double complex is included below.
While such structures are standard and appear in related contexts (e.g., de Rham cohomology; see
[Nic11, Example 5.9]), the compatibility of the product with both differentials is verified here in
detail, as this is often stated without full proof.

Let X be a topological space and ¢ € N. Following the usual definition of singular cohomol-
ogy (see [Hat02, Chapter 3]), we write Cy(X) for the group of singular g-chains, the free R-module
with basis the g-simplices in X, and C?(X) = hom(Cy(X), R) for the group of singular g-cochains
on X. If X is the empty set we define C;(X) and C9(X) to be zero.

Suppose now that we are given a finite covering 9 = (M;);c; by subspaces of X with index
set 1. We write Z for the full simplex on I, and Z, for the set of p-simplices in Z, where p € Z>o.
As in Definition we fix an ordering on I and identify 7, with the set of strictly increasing
(p + 1)-tuples with entries in I. Finally, given i = (i, ..., ) € Z,, we define

Ml‘ZZMioﬂ...ﬂMip.
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3 The Mayer—Vietoris Spectral Sequence

The double complex of R-modules we want to investigate is given by

K7 = P (M)

i€z,

Its two differentials are induced by the coboundary operator in singular cohomology and the
coboundary operator in the simplicial cohomology of Z, respectively. More precisely,

d: Py — @ ),

i€T, i€Tpi1
is defined as
p+1
/ _ k
(d(9); =Y (1) Piorinremdmes | Mi>
k=0

notation, omit explicitly indicating when we restrict a cochain to a subspace if it is clear from the
context.
The second differential

where ¢ € @7, CU(M;) and j = (jo, ..., jp+1) € Zp41- In what follows, we will, by abuse of

d": @ cl(M;) — P ct (M),

€T, i€,

reads as
d"(p)i = (=1)PDsg(94),

where ¢ € Z,,, and where Osg: C7 — C9*1 is the coboundary operator in singular cohomology.
Lemma 3.1. The differentials d' and d” of the double complex K satisfy
dd’"+d"d =0.

Consequently, (K,d) is a differential graded module considered with the total grading and differential
d=d +d" (see Appendiz @
Proof. [God73| Chapter 2 and start of Section 4.5]. O

The next step is to introduce a multiplicative structure so that we obtain a differential graded
algebra. The correct definition combines the Whitney product in the singular cohomology of the
spaces M; with the product of simplices in the simplicial complex Z.

Remark 3.2. As for simplicial cohomology, the cup product in singular cohomology is induced by
the Whitney product on the level of cochains, i.e., a bilinear map

w: C¥5(X) x C"(X) — C*T(X),  (¢,9) — w(ip, ),
which is associative and satisfies the Leibniz rule

asg(w(%w)) = W(asg(sﬁ)a Y) + (*1)500(%3%(1#)).
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Suppose we have an r-simplex i = (ig, ...,%,) and an s-simplex j = (jo,...,Js) in Z, respectively.
If we set Mo = &, then the expression M;.; is well-defined (see Chapter [1| for the simplicial cup

product), and for a; € C*(M;) and b; € C¥(M;) we can set
a; X bl = w(ai, bl) S Cu—H}(le),

where we implicitly restrict a; and b; to M;.; in order to form the Whitney product.
The product x satisfies associativity and can be extended bilinearly to equip K with a product
Krw x SV Kr+s,u+v.

Lemma 3.3. Fora e K™ and b € K*" we have that
d'(axb)=d(a) xb+ (—1)"a x d'(b),

as well as
d"(a x b) = (=1)°d"(a) x b+ (=1)"""a x d’(b).

Proof. Suppose we have a; € C*(M;) and b; € C”(M;) so that i-j # 0. To compute d’(a; x b;) we
fix a simplex k in Z which contains one additional vertex ¢ compared to i - j. We write

£; = max(min(n | i, > £),—1) + 1,
and similarly ¢; and ¢;.;. We have
d'(a; x b))k = (1) w(az, b)),
while

(a; x d'(b;))k

(—1)£J'w(ai7bj)7 if £ > jo,
0, else,
and
—1)4 i,0i), if £ < jo,
(@) x by = |7 eba) <o
- = 0, else.
Consequently, this shows
d'(ai X bl) = d/(ai) X bl+ (71)7“&1 X d,(bl)
Now assume that i - j = 0. The first case is that i, > jo and consequently

a; X bl = d/(a’l) X bl = a; X d/(bl) =0.

In the case that i, < jo let us write i; = (ig,...,%r,jo) and J; = (iryJ0,---,Js). We still have
a; X bj = 0 but this time

As
(d'(as) x by = (ai x d'(b;))

=
Il
o
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for any other simplex k, we can finally conclude that
d'(axb)=d(a) xb+(=1)"a x d'(b),

forall a € K™" b e K",
Concerning the equation including d” suppose that we have a; € C*(M;) and b; € C?(M;) so that
i-j # 0. It is a consequence of the Leibniz rule for the Whitney product that B B

d"(a; x bj) = (=1)""*Osg(w(az, b)) = (=1)""*(w(Osg(as), bj) + (—1)"w(as, Dsg(b;)))

= (—1)Sd”(al-) X bl+ (—1)“”% X d//(bj).

If i - j =0, we obtain

a; x bl = d”(ai) X bl =a; X d”(bl) =0,

and end up with
d"(a x b) = (=1)°d"(a) x b+ (=1)"""a x d’(b),

for all a € K™* b e K%Y, O
We now define the final product on K.
Definition 3.4. Let a € K™* and b € K*". We define

a-b=(—1)"axbe Ktoutv,

The two canonical filtrations on any double complex are the row-wise and column-wise filtration.

These are given by
'K, =@ K" and "K,=EK",
i>p jzp

respectively. Both are regular, since K¢ = 0 if either p < 0 or ¢ < 0 (see Example [A.1)).

Lemma 3.5. The triple (K,d,-) is a differential graded algebra. Both canonical filtrations of K as
a double compler are compatible with the product and the grading.

Proof. The multiplication is bilinear and associative, as can be seen from the computation:
Let a € K™", b€ K*" and ¢ € K"?. Then

a(be) = (=1)HF0Hvwg o h oy ¢ = (—1)TEFIYg w0 b x ¢ = (ab)e.

Lemma [3.3] shows that both d’ and d” satisfy the Leibniz rule with respect to -, hence so does
d = d' + d’. Compatibility of the filtrations with the product and the grading follows from the
definitions. O

We follow the Borel construction (see Chapter to present the corresponding double complex
for equivariant cohomology.

Suppose that X is a G-space, i.e., a topological space together with an action by a Lie group G,
and fix the classifying space BG for G together with the universal bundle

EG — BG.
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3 The Mayer—Vietoris Spectral Sequence

Next, assume that the cover 91 is G-invariant, in other words, M; is G-invariant for every i € I.
For any simplex i in Z, we write C&(M;) = C4(EG x% M;) for the group of equivariant g-cochains
on M;. The equivariant version of the double complex K is defined by

qu @Cq

i€,

and (Kg,d,-) is a filtered differential graded R-algebra by the same construction as above.
To complete the equivariant version we include the structure as an algebra over Ag. To this end,
consider the morphisms of graded rings

a;: C&(pt) — C&(M;), i€,

which endow H(M;) with the structure of a Ag-algebra. We can extend these morphisms by
mapping into each component
a: Chpt) — K= @C’q o — (i(0))ier,
iel

and restrict to the subring
C¢ = {cocycles in C&(pt)}.

Remark 3.6. Every element in a(C{(pt)) lies in the kernel of d’, and the image of any cocycle is
annihilated by d”. Consequently, a(Cg) C kerd.
If 0 = Osg(7) is a coboundary in C¢, then

d(a(r)) = d"(a(1)) = a(0),
which shows that coboundaries in Cg are mapped into imd Nimd”.

Lemma 3.7. The triple (Kg,d,-) is a differential graded algebra over the graded ring Cq (see
Remark .

Proof. The morphism Cg — K turns K¢ into a Cg-algebra. Since the image of Cg is contained
in ker d by Remark the differential d is a graded Cg-linear morphism. O

Ezample 3.8. Suppose we cover X by two G-invariant subspaces M; and M,. In this case K¢ =0
for p > 1, and the full double complex is given by

CL(M;) & C&(Ms) —— C%(M(y2)) — 0

4"’ J{

CH(My) @ CL(My) —— CL(M,2)) —— 0

l

C& (M) ® C&(My) — CE(M2)) — 0

|

28
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Remark 3.9. Let PC(X) denote the set of the path-connected components of X. Then G acts on
PC(X) with orbit space PC(X)/G, and we can define

PCq(X) = { Uvige PC(X)/G}.

Ye¥

Note that PCg(X) is the set of minimal G-invariant unions of path-connected components of X
(minimal with respect to inclusion).
By construction, the double complex K¢ splits into a direct sum of double complexes

Kg = @ Kz,

ZePCq(X)

where
K% = P CL(M;n 2)
i€T,
for Z € PCg(X). Since both differentials and the product on K¢ are compatible with this splitting,
K¢ splits into a direct sum of differential graded Cg-algebras.

Ezample 3.10. Suppose X = {pi1,...,pn} is a union of finitely many G-fixed points. Given a
G-invariant cover 9 of X, Remark yields a decomposition of the double complex K¢ into
subcomplexes K¢ ;, for 1 < i < n, where

pP.q __ q
Kgi = @ Cé&(pi).
i€T,
piEM;

3.2 The Spectral Sequence

The canonical spectral sequences associated with the double complex K are used to study the
G-equivariant cohomology of X. In particular, the row filtration gives rise to the Mayer—Vietoris
spectral sequence, whose construction is described, for example, in [God73, Chapter 2.5]. We re-
produce this in rigorous detail while simultaneously incorporating the algebra structure over the
equivariant coefficient ring. Along the way, the Mayer—Vietoris compler and the first-column com-
ponent (Definitions are introduced, both playing a central role in the following chapters.
We discuss the associated graded algebra of H(X), arising from the induced filtration and forming
the target of the spectral sequence (Remarks , and provide examples where the filtration
is trivial and hence the graded algebra coincides with the equivariant cohomology of X. Finally, in
Remark[3:34] the Mayer—Vietoris sequence is recovered as a special case of the developed framework.

Let X be a topological space with an action of a Lie group G, and let MM = (M;);cs be a fi-
nite cover by G-invariant subspaces. Since we will work in the equivariant setting throughout, we
will, from now on, write K instead of K¢ for the associated double complex.

Recall that the two natural filtrations on K, the row-wise and column-wise filtration, are given by

'K, =K and "K,=@HK",
12D Jjzp
J=0 i>0

each inducing its own spectral sequence (see Appendix .
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Definition 3.11. The spectral sequence associated with the row-wise filtration of the double com-
plex K is called the Mayer—Vietoris spectral sequence associated to a cover I = (M;);cr of X.

We first consider the spectral sequence {"E,.,” d,.} associated with the column-wise filtration on K,
using the subalgebra
L={zec K" |d(z)=0}.

Although only the column-wise filtration on L is nontrivial, we may still regard L as a double
complex, inheriting both filtrations and the total grading from K.

By the first part of Remark the image of Cg lies in L, so both L and K are graded Cg-
algebras. By the second part of Remark [3.6] coboundaries in C¢ map to coboundaries in K and in
L, respectively. Consequently, both H*(K) and H*(L) are naturally Ag-algebras.

Lemma 3.12. The injection L — K induces an isomorphism of graded Ag-algebras in cohomology
H*(L) — H*(K).
Proof. A known fact ([FM19, Lemma 1.2]) is that for every ¢, the complex

0 —— K% —— K14 K21

is exact at every position apart from zero. As a consequence, "EY'? = 0 for p # 0, and using
Theorem we deduce that the injection L — K induces an isomorphism in cohomology, i.e., an
isomorphism of graded R-algebras

H*(L) — H*(K).

This inclusion is part of the commutative diagram

L—————K

~N

Ca
and therefore we obtain an isomorphism of Ag-algebras. O

In order to compute the equivariant cohomology of X with help of the Mayer—Vietoris spectral
sequence the cover 9T needs to satisfy an additional requirement.
Similar as for the module of cocycles, we write

CY(X) = C.(EE x% X),

and let CS?(X) denote the free R-module with basis all n-simplices that are contained in one of
the sets EG x“ M; with i € I. Its dual module C¢ 33(X) can be naturally identified with L, since
an element in ker d’ is precisely a cochain in K°* that agrees on all g-simplices shared by multiple
sets in the cover.

By the same argument, the morphism of R-complexes

CL(X) — K,

obtained by restriction in each component has image contained in ker d’ and hence in L.
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Remark 3.13. In all subsequent results of this chapter we will explicitly require that
Ce(X) — Coam(X) = L, (1)

induced by the inclusion c¢ ’m(X ) < C%(X), is an isomorphism in cohomology.

It is therefore justified to later introduce this as the required condition on a cover 9 of X in
order to apply the Mayer—Vietoris spectral sequence with respect to 9t to compute H(X) (see
Definition [3.36|).

The two most important classes of covers satisfying the requirement in Remark are presented
in the following remarks.

Remark 3.14. Assume that the interiors of the M; are G-invariant and cover X. Using similar
notation as above, we write C2'(X) for the free group with basis all n-simplices contained in one
of the sets M; of the cover.

In this case, the inclusion of cochain complexes

O (X) — G (X),

yields an isomorphism in cohomology (|Hat02, Proposition 2.21]).
As we have assumed that the interiors of the M; are G-invariant, we may replace X by EG x¢ X
and M; by EG x% M; to conclude that

Ce(X) — Cgam(X),

also induces an isomorphism in cohomology.

Remark 3.15. A generalization of Remark is the setting where each M; is a deformation retract
of some open neighborhood U;, and where M, is a deformation retract of

Ui::Uioﬁ...ﬂUIp,

for all i = (ig,...,ip) € Z, and X is a deformation retract of | J,.; U;. If U = (Us)ics is a G-
invariant cover of X, then the cover 91 satisfies the required condition. For a detailed application,
see Chapter

Remark 3.16. By Lemma the inclusion L < K induces an isomorphism in cohomology. Thus,
the map induces an isomorphism in cohomology if and only if the restriction to the first column

C&L(X) — K,
does so.
Corollary 3.17. Suppose that the restriction of complezes
C(X) — Cg (X)),
induces an isomorphism in cohomology. Then there is an isomorphism of graded Ag-algebras

Hi:(X) — H*(K).
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Proof. By assumption we have an isomorphism of graded R-modules
k: HA(X) — H*(L).

Now the product on K restricts to the usual cup product in cohomology on every component of
K, hence & is an isomorphism of R-algebras. Since scalar multiplication by Ag on H(X) is
precisely induced by the morphism X — pt, we obtain the commutative diagram

Co(X) — Copm(X)=L—7 K

~_1

Ca
and k is an isomorphism of Ag-algebras. With Lemma we derive the required isomorphism. [

We now turn to the spectral sequence {E,,d,} of K induced by the row-wise filtration, i.e., the
Mayer—Vietoris spectral sequence.

The row-wise filtration on K induces a filtration on H*(K), whose associated bigraded Ag-algebra
we denote by G(H*(K)) for the remainder of this section (see Appendix [A). By Corollary
H{(X) inherits this filtration, which we denote by

(He(X))p, p20,
and the associated bigraded algebra G(H (X)) is isomorphic, as a bigraded Ag-algebra, to G(H* (K)).
The first and the second page of {E,., d.} admit the explicit descriptions

B = B, ),

as well as
EP? = HP(HY(K, d",d),

see Appendix [B] A direct computation gives

EP*=H| @ Cs(My),d" | = P H:(My),
ieZ, ieZ,

and the differential dy: EP* — EPT'* is induced by d’, namely,

p+1

(dl(i))l = Z(_l)k (fj01--~73k7---7jp+1) ‘Mf

k=0

where f € ,c7 HE(M;) and j = (jo, - -, Jp+1) € Tpt1.

Definition 3.18. The first page of the Mayer—Vietoris spectral sequence will be called the Mayer—
Vietoris complex and denoted

(MV(G7X7 m)7d) = (E17 dl)a
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or simply MV when G,X and 9t are clear from the context.
As a complex with respect to the first grading, we set

MV’ = E*,  d'i=dfypyi: MV — MV,
and denote its cohomology by
HP(MV) == EY*,  orsimply H(MV) = E,.
When it is important to specify the bigraded components, we write
MVP4 = gPI gP9(MV) = EP1.

In what follows, we shall regard the Mayer—Vietoris complex and its cohomology as monograded or
bigraded objects, depending on the context.

Remark 3.19. Let i € Z, and j € Z,, as well as @ € HZ(M;) and y € HL(M;). In MV, their

product is the cup product of their restrictions to HZ;(MQ), adjusted by the factor (—=1)P* (see
Definition [3.4)).

Suppose for the remainder of this subsection that the restriction
Ce(X) — Cg (X)),
induces an isomorphism in cohomology.

Lemma 3.20. The spectral sequence {E,,d.} is a spectral sequence of C-algebras, where the Cg-
action induces a Ag-algebra structure on E, for all r > 1. Its infinity page FEo is isomorphic to
G(HE(X)) as a bigraded Ag-algebra.

Proof. For the chosen filtration on K, the product satisfies,
/Ks'/th/Ks+ta and CG'/KSQ/KS, S,tEN

Thus, the filtration is compatible with both the product and the action by Cg, and the associated
spectral sequence is a spectral sequences of Cg-algebras (see Appendix [A]), with

o = G(H*(K)),

as a bigraded Cg-algebra (see [McCO01, Chapter 2.3]).

Since the coboundaries in Cg act trivially on F; (Remark second part), the Cg-action on E,.
factors through Ag for all » > 1. Moreover, the isomorphism E., = G(H*(K)) is an isomorphism
of Ag-algebras. The claim then follows from Corollary O

Converging to G(H (X)) as bigraded algebra means, expressed in graded components, that
BRI = (HG™(X))p/ (HE(X))ps1,

see Appendix [A]
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Remark 3.21. We will henceforth consider the Mayer—Vietoris spectral sequence {F,,d,} as a
spectral sequence of Ag-algebras. This is justified by the fact that, for »r > 1, each E, is a
differential bigraded Ag-algebra, and the canonical isomorphisms

H(E,,d,)~ E,yq, r>1, and E. = H*(K),

given in Theorem and Theorem are isomorphisms of (bigraded) Ag-algebras.

We summarize the construction developed in this chapter so far in the following theorem.

Theorem 3.22. The Mayer—Vietoris spectral sequence {E,,d,} is a spectral sequence of Ag-
algebras whose first page is the Mayer—Vietoris complex and with

Ew = G(Hg(X)),
as bigraded Ag-algebra.

Remark 3.23. For the remainder of this thesis, we compute and analyze equivariant cohomology
via Theorem A notable caveat is that the Mayer—Vietoris spectral sequence yields the associ-
ated graded algebra G(H(X)) rather than the cohomology ring itself. Determining H%(X) from
G(HE (X)) is an extension problem, and while in certain cases, such as some of those considered
in the rest of this section, it is trivial, in general we do not resolve it here. Instead, we compute
G(HE (X)) via the spectral sequence and use the result to deduce properties of H(X) (see, for
example, Corollary Lemma and Theorem [5.73]).
Remark 3.24. If E,, is projective as an R-module, then Exth(FEL,, B) vanishes for any R-module
B, and consequently
G(HG(X)) = He(X),
as R-modules (see [McCO1], p. 32]). Similarly, if Fo, is projective as a Ag-module, then
G(HG(X)) = He(X),
as Ag-modules.

Definition 3.25. We set the first-column component of X with respect to the cover 9t to be the
graded Ag-algebra H(X)/(HE(X))1. We denote it by v(X, ), or simply v(X) if it is clear from
the context which cover is considered.

Remark 3.26. We have
v(X) = ﬂ ker d°,

v(X) = Hg(X) = G(Hg (X))

In the most relevant cases, including the example classes considered later in this thesis, the
Mayer—Vietoris spectral sequence collapses at the second page. In other words, the cohomology
of the Mayer—Vietoris complex is the object of computation.

Definition 3.27. If the Mayer—Vietoris spectral sequence associated to a cover M = (M;);c; of X
collapses at the second page we call 9 a good cover of X.
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Theorem 3.28. Suppose M is a good cover of X. The Mayer—Vietoris complex has cohomology
H**(MV) = G(Hg (X)),
as bigraded Ag-algebra. In graded components,
HPI(MV) = (Hg™ (X)), /(HE™ (X))p+1,
and in particular, v(X) = ker d°.

Proof. This is a consequence of the definition of a good cover, together with Theorem and
Remark [3.26 O

Ezample 3.29. If for any p and any ¢ € Z, there are no nonzero elements of odd degree in the
cohomology ring Hf (M;), then the Mayer—Vietoris spectral sequence collapses at the second page
due to Remark [A-6

Further examples of good covers will follow in Example Lemma and Remark

Ezxample 3.30. Let X be a space with a G-action and I an index set containing the symbol 0.
The first tautological cover is given by My = X and M; = & for every i € I \ {0}. In this case,

MV* = MV? = H;(X),

so we are in the situation of Remark The Mayer—Vietoris spectral sequence collapses at the
first page, (HE(X))1 =0, and G(HE (X)) = HEL(X).

The second tautological cover is given by M; = X for all i € I, i.e., M = (X);er. In this
case, the Mayer—Vietoris complex is C*(Z, H} (X)), the cochain complex of the full simplex 7
with coefficients in H(X). As stated in Example [2.3] MV™ is exact in every degree except 0, or
equivalently, EY"* = 0 unless p = 0. Again by Remark m the spectral sequence collapses at the
second page, (H5(X))1 =0, and

G(HE(X)) = HE(X) = ker d°.

In both parts of the example, the cover is by definition a good cover of X.

The previous example highlights the simplicial nature of the Mayer—Vietoris complex. It can be
viewed as a modification of the cochain complex of Z, obtained by restricting to the respective
intersections of the subspaces in the cover. In the extreme case where every element of the cover
equals X, these restrictions are identities, and the complex reduces to the simplicial skeleton.
More generally, if the covering subspaces are sufficiently large, applying the Mayer—Vietoris spectral
sequence becomes redundant: the covering elements exhibit essentially the same cohomology as X,
and the spectral sequence collapses on the first page to the first-column component of X, as shown
in the following lemma.

Lemma 3.31. With the notation from Remark suppose that for each Z € PCq(X) there exists
an M € M such that Z C M. Then
v(X) = Hg(X),

and
HAH(X)= H'MV,

as graded Ag-algebra. In particular, MM is a good cover of X.
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Proof. By assumption,

Hy(X)= @ HiZ
ZePCq(X)

As pointed out in Remark [3.9] and since the condition from Corollary [3.17] is satisfied for every
connected component of X, we may split the Mayer—Vietoris spectral sequence and compute the
cohomology for each Z € PCqu(X) separately. It therefore suffices to prove the claim in the case
that X = My where 0 is the unique minimal element in 1.

For € MV? with p > 1, define y € MV?~! by

. T(0,ig,...vip_1)s i G0 >0,
‘ 0, otherwise,

foralli € Z,_;.
If dy(x) = 0, then for any j € Z, with jo > 0 we have

p

_ k )
Ty = Z(_l) L (0,50, sFreseerdip)

k=0

which implies d;(y) = x. Thus the Mayer—Vietoris complex is exact in every degree except 0. As
in Example it follows that 9 is a good cover of X,

(Hg (X)) =0,

and
G(HL(X)) = HL(X) = H'(MV).

O

Remark 3.32. The two opposite extremes for Lemma [3.31] are, on the one hand, Example [3.30]
where the cover contains a subspace My = X, and, on the other hand, Example [3.33] where X
consists of isolated fixed points.

Ezample 3.33. If X = {p1,...,pn} is a finite union of G-fixed points, then each ps lies in some
M € 9. By Lemma this implies that 9% is a good cover of X, that (H%(X)): = 0, and
hence H}(X) = H°(MV). As in Example [3.10, we split MV into subcomplexes (MV*,d) =
@, (MV:,d,), where
MV? = EB Ac.

i€,

psEM;
If Z*° denotes the full simplex on the vertex set {i € I | p, € M;}, then MV, = C*(Z°, A¢), which
is exact except for kerd? = Ag (cf. Example|3.30). Consequently, H(X) = AZ.

Remark 3.34. As stated in the beginning of this chapter, the classical Mayer—Vietoris sequence
computes the cohomology of a space X from a cover MM = (M;, My) by two subspaces whose
interiors cover X.

Assume the cover is G-invariant. Both the classical sequence and the spectral sequence require
that the restriction C¢(X) — C& o (X) induces an isomorphism in cohomology, which in this case
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3 The Mayer—Vietoris Spectral Sequence
follows from Remark [B.14
The Mayer—Vietoris sequence arises from the short exact sequence of cochain complexes
0 —— C& gp(X) —— C&(M:) ® C&(My) =3 C&(My 0 Mp) —— 0
yielding the long exact sequence
. —— HL(X) —— HL(M,) ® HL(My) i | HEL(My N My) —— HIT(X) —— ...

where § denotes the connecting morphism.
From this, the equivariant cohomology of X can be expressed as

HL(X)/6 <coker(r§_1 — rg_l)) ker(r{ —rd), ¢>0.

On the other hand, the double complex for the Mayer—Vietoris spectral sequence in this case
(Example [3.8]) gives a Mayer—Vietoris complex

MVO —2 Myl 0,

and, as observed in Remark we have Ey = Eo, i.e., (M1, M) is a good cover of X. By

Theorem
eorem [3.22] H(MV) = G(HS(X)),

and since d° = r; — ry by construction, it follows that
ker(r{ —r§) = H*(MV) = HE(X)/(HE(X))h,

and
coker(r8 ™" — 1§71 = HMITLMV) = (HE (X)) q > 0.

The two descriptions coincide, since the filtration on H(X) satisfies
(H(X))1 = 6(HE(X)).

Ezample 3.35. In the setting of Remark suppose X admits a G-invariant cover by two sub-
spaces M7 and My such that the restriction map

d® =71} —ry: HL(My) @ HE(My) — HE(M; N M),

is surjective. Then
(HET X))y = coker(r —r3) =0,

and moreover

He(X) =ker(ry —r3) = {(z,y) € Hg(M1) ® Hg(Ms) | ri(z) = r3(y)}-
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3.3 Morphisms of Covered Spaces

To define the category of covered spaces, we both formalize the properties that a G-space equipped
with a cover must satisfy for the Mayer—Vietoris spectral sequence to apply and introduce a natural
notion of morphism. This allows us to regard the spectral sequence as a functor from the category
of covered spaces to the category of bigraded algebras (Corollary . Morphisms of covered
spaces follow the Mayer—Vietoris principle: a morphism between covered spaces is determined by
its restrictions to the subspaces of the cover. In the remaining subsection, we explore their natural
properties and obtain Corollary 3.42) and Corollary [3.47, which provide further instances where
local analysis yields information about the global equivariant cohomology.

Definition 3.36. Let BGradAlg denote the category of bigraded algebras with bigraded algebra
morphisms. We define GCov to be the category whose objects are triples (G, X,9), where G
is a Lie group, X is a G-space and 9 is a covering of X by G-invariant subspaces such that the
restriction map

Ca(X) — Cgam(X),

induces an isomorphism in cohomology. The objects of GCov are called covered spaces.
Morphisms in GCov exist only between objects whose coverings share the same index set I. A
morphism

(o, [): (H,Y, (Ny)ier) — (G, X, (M;)ier),

is given by a continuous group homomorphism ¢: H — G and a @-equivariant continuous map
f:Y — X such that f(N;) C M, for all i € I.

If (v, f) is a morphism in GCov, we also call f a morphism in GCov and say that it is compatible
with the coverings.

Remark 3.37. Common examples of objects (G, X, (M;);cr) in GCov arise when either the interiors
of M; are G-invariant and cover X, or when each M; is a deformation retract of some G-invariant
neighborhood U; such that M; is a deformation retract of U; for all i € T (see Remark and
Remark .

Both settings are stable under restriction to a G-invariant subspace. That is, if Y C X is G-
invariant and we are in either of the two situations above, then the triple (G,Y, (M; NY);cr) is
again an object of GCov.

Remark 3.38. Suppose (G, X, (M;)icr) and (H,Y, (N;);cs) are objects in GCov, let ¢: H — G be
a continuous group homomorphism, and let f: Y — X be a @p-equivariant continuous map.

If for every N; there exists some M; with f(N;) C Mj, then, by adding additional copies of existing
components or the empty set to the coverings (N;);e; and (M;);er, we may arrange that I = J
and f(N;) € M; for all i € I, in which case f is a morphism in GCov.

Lemma 3.39. Let
((pa f) : (H7 Y; (N’L)’LGI) — (Ga Xv (Mi)iGI)a

be a morphism in GCov. Then
[T Hg(X) — Hi(Y),

is compatible with filtrations, i.e., it induces a bigraded algebra morphism

[+ G(HG(X)) — G(HE(Y)).
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Proof. By definition of GCov, to each object (G, X, (M;);cr) there is an associated Mayer—Vietoris
spectral sequence constructed from the differential graded algebra

K3 @ CA ).
i€T,
The assumptions on f: Y — X give maps
fi: Ca(M;) — Cy(N),

for all simplices i in Z. These assemble to a morphism of double complexes and differential graded
algebras
fKZ KX — Ky.

The induced map
H(fx): H"(Kx) — H*(Ky),

satisfies
H(fx) ((H*(Kx))p) € (H*(Ky))p, p >0,

where the filtrations on H*(Kx) and H*(Ky) come from the row-wise filtration of Kx and Ky-.
Moreover, we have a commutative diagram

H (Kx) T e (Ky)

* £ *
HE(X) —— Hy(Y),

in which the vertical maps are the isomorphisms from Corollary Since the filtrations on H(X)
and Hj;(Y) are defined via these vertical isomorphisms, the claim follows. O
Corollary 3.40. The Mayer—Vietoris spectral sequence defines a functor

GCov — BGradAlg,

that sends a triple (G, X, M) to the bigraded algebra G(H%(X)) and a morphism f in GCov to the
induced morphism f in BGradAlg.

Proof. As shown in the proof of the previous Lemma, any morphism f in GCov induces a morphism
of spectral sequences of algebras {f, },>0, with fo equal to f (see Remarks and[A.17). O

Remark 3.41. Given a morphism
(()Oa f) (H7Yam) — (G7Xam)a

in GCov, the proof of Lemma [3.39] shows that the induced morphism on the first page of the
spectral sequences, i.e., on the corresponding Mayer—Vietoris complexes,

£ MV(G, X,0) — MV(H,Y,MN),

is given componentwise by
fi +Hg(M;) — Hp(Ng), i€l
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Corollary 3.42. Let
(()Oa f) (H,Y,m) — (G7Xam)a

be a morphism in GCov, and let f; be its restriction to M;, wherei € Z. If

fi+ HG(M;) — HpNj,

is an isomorphism of graded Ag-algebras for all i € I, then
[T Hg(X) — Hi(Y),
s an isomorphism of graded Ag-algebras.

Proof. By Corollary the morphism f induces a morphism of spectral sequences {f,},>0. The
assumption implies f; is an isomorphism (see Remark , so the result follows from Theorem
together with Remark [A-T7] O

Remark 3.43. In Theorem the isomorphism can occur on any page of the spectral sequence.
Consequently, f is an isomorphism of bigraded algebras if and only if f* is an isomorphism of
graded algebras.

Ezample 3.44. Let (H,Y, (N;)icr) and (G, X, (M;);c1) be objects in GCov with associated Mayer—
Vietoris spectral sequences {E(Y),} and {E(X),}. Suppose

[ (H)Y,(Ni)ier) — (G, X, (M;)ier)
is a morphism in GCov and that (H{(X))1 = 0. This holds, for example, if MM = (X);er (see
Example [3.30)). In this case G(HE (X)) = H5(X) and

[+ Hg(X) — G(HE(Y)),

maps into v(Y'). Let
T € ﬂ ker d° C ﬂ BE(X)%,

r>1 r>1
see Remark If, for some r > 1, the restriction of f, to the first column

fT|E(X)?;*: E(X))" — BE(Y))*

maps z to zero, then f(z) = 0.
Now suppose that (Hj;(Y))1 = 0 (see Example [3.30). Then f* factors through f:

HE(X) — v(X) — Hy(Y).

I
In particular, (HE(X)): C ker f*.

Ezample 3.45. Suppose (M;);cs is a G-invariant cover of X that satisfies the condition of either
Remark or Remark If Y C X is a G-invariant subspace, then also (G,Y, (M; NY);er)
is an object in GCov and the inclusion r: Y < X is compatible with the coverings. The induced
morphism on the first page of the Mayer—Vietoris spectral sequence consists of the restrictions

i HE (M) — HE(M;NY), i€
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Ezample 3.46. If (G, X, = (N,);cr) is an object in GCov, then so is (G, X, = (X);cr). The
identity
id: (G7X7 (Ni)iel) — (G7X’ (X)iEI)v

is a morphism in GCov with
id: HE(X) — v(X,M) C G(HL(X)),

by Example
Similarly to Example let
ri: Ny —= X, i€l

denote the inclusions. On the first page of the spectral sequences, the morphism id; inducing id is
given by the restrictions
ris HG(X) — HG(N;), i€l

Corollary 3.47. Suppose (G, X, (M;)icr) is an object in GCov with (H:(X))1 = 0. If two
elements x,y € H:(X) restrict identically to H:(M;) for alli € I, then x = y.

Proof. Consider the two covers of X introduced in Example [3.46] The identity map id is then a
morphism in GCov, and since (H(X)); = 0 for the filtrations induced by both covers, we have
id = id. The assumption r}(x) = r¥(y) for all i € I means that

(ZL’ - y)iGI € MVO(G7 X7 (X)iGI)a
lies in the kernel of the restriction of id; to the first column
id; [avo(a,x (X))t MVY(G, X, (X)ier) — MVY(G, X, (M;)icr).

By Example this implies id(z — y) = 0, hence z = id(z) = id(y) = y. O

Remark 3.48. For a morphism f: (H,Y,M) — (G, X,9M) in GCov, if both M and N are good
covers for X and Y, respectively, then the morphism induced by f; in cohomology is already equal
to f .

Ezample 3.49. Consider a morphism f: (H,Y,M) — (G, X, M) in GCov, where 9 = (N1, No) and
M = (M, Ms) are covers by two subsets. Denote the differentials of the respective Mayer—Vietoris
complexes by d and ¢. As noted in Remark both 91 and 9 are good covers, and the induced
morphism f arises from the morphism f; between the corresponding Mayer—Vietoris complexes:

Hi (Ny) ® Hiy (Ny) —%— H3 (N1 N Ny)

l(fl,m lf(m)

H(My) @ HE(My) —— HE(My N Ms)

If both d and ¢ are surjective, then we are in the situation of Example and the induced
morphism in cohomology takes the form

f=f HL(Y) = ker(d) —I2) s g2(X) = Ker(e).

41



3 The Mayer—Vietoris Spectral Sequence

Finally, suppose in addition that (f1, f2) is surjective and that

d~ ! (ker fa,2)) € ker(f1, fo).

Then f* is surjective as well. Indeed, given x € ker(c) with = = (f1, f2)(y), we have

y — z € ker(d), z = (f1, f2)(y — 2),

for any z € d~*(d(y)).
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4 The Mayer—Vietoris Spectral Sequence for Torus Action

We have constructed the Mayer—Vietoris spectral sequence and, in Chapter taken a first look
at how the Mayer—Vietoris principle, namely, deriving information about H(X) from the coho-
mologies of the covering spaces, applies in the context of morphisms. In what follows, we further
develop this idea of obtaining global information from local data, with emphasis on the case most
relevant to our purposes, where G = T is a torus.

The first subsection addresses the compatibility of restriction to fixed points with the spectral se-
quence. Subsequently, we examine the behavior under changes of the torus action, with particular
attention to the case where the elements of the cover are equivariantly formal.

In this subsection, let T' = (C*)™ denote a complex algebraic torus of rank m. We keep the
notation for covered spaces and the Mayer—Vietoris spectral sequence from Chapter

4.1 Localization and the Moment Graph

The concept of localization was introduced in Chapter [2.2] where we discussed under which condi-
tions, and to what extent, the equivariant cohomology of a variety is determined by its restriction
to the fixed points. Here, we revisit this concept in the setting of covered spaces. Under suitable
assumptions, we describe the kernel and image of the localization map and relate them to the first-
column component (Lemma Corollary . In Theorem we express the Mayer—Vietoris
complex in terms of fixed points, assuming all elements of the cover are GKM-varieties.

In this subsection, unless stated otherwise, the term torsion-free refers to torsion-freeness over
the ring Ar.

Let X be a variety with a T-action and a cover by T-invariant subvarieties 9 = (M;);er such
that (T, X,90) is an object of GCov. Denote by X the set of T-fixed points in X. It is natural
to apply the localization idea to covered spaces by considering the cover

mT = (MiT)iEI7

and examining the Mayer—Vietoris spectral sequence in this setting.

When X7 is finite, which is the classical situation in the literature, H:(X7T) is a (torsion-)free
Ar-module with trivial filtration (H5(X7T)); = 0 (see Example7 and (T, XT 9T is automat-
ically an object of GCov. All assumptions made in this chapter are satisfied in this case, which
will therefore serve as the motivating example for the discussion.

Throughout this chapter we assume that (7, X7,97) is an object in GCov. In addition to the
case where X7 is finite, this holds in the most relevant situations, as noted in Remark

Let
{E.,d,} and {ET d"},

denote the spectral sequences associated to the covered spaces X and X7, respectively. The local-
ization map
i Hn(X) — Hip(XT),
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is induced by the inclusion ¢: X7 < X. We denote by «(X) and 7(X) its image and kernel,
respectively, as in Definition By assumption,

v (T, X7 mTy — (T, X, 0)

is a morphism in GCov and therefore induces algebra morphisms on the pages of the spectral
sequences
t: B, — EY, >0,

as well as a morphism of bigraded algebras
it GUHH(X)) — G(HH(XT)).
On the first page we obtain the bigraded Ar-algebra morphism
1 MV(T, X, M) — MV(T, X7, omT)
given by the sum of the respective localization maps
o Hy(M;) — Hp(MT), ieT.

We have already seen that 97 is a good cover of X7 when X7 is finite. The following lemma
slightly generalizes this.

Lemma 4.1. If M is a good cover of X and EY is torsion-free, then ML is a good cover of XT.
Proof. By Theorem there exists a sufficiently large multiplicative subset S C M such that
S~ Y,.:87'E, — SilErT

is an isomorphism for » = 1, and hence for all » > 1 (see Theorem applied to the spectral
sequences associated to the double complexes localized at S). In the commutative diagram

S~d

ST, —=—2— STk,
J/S_ll,Q S_ILQJ/
_ s—tdy _
STE] *— ST'EY

the morphism S~ !d, vanishes since 9 is a good cover of X. As the vertical maps are isomorphisms,
S~1d}" vanishes as well, and torsion-freeness of EJ implies d2 = 0. Hence M7 is a good cover of
X7, O

Lemma 4.2. If H;(M;) is torsion-free for alli € I and (H3(X7T)), =0, then
7(X) = (Hp(X))1 = tor(Ar, H (X)) and v(X) = (X).
Proof. If (H3(XT))1 = 0, the second part of Example yields

(Hp (X)) € 7(X),
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and there is a surjective morphism
v(X) = Hy(X)/(Hp(X)1 —— u(X).
On the other hand, Corollary gives
7(X) C tor(Ar, Hp(X)).
Since v(X) C @, Hy(M;) is torsion-free by assumption, it follows that
tor(Ag, Hy(X)) € (H3(X))1 € 7(X) C tor(Ar, Hi(X)).
In particular, the surjective map above is also injective, hence an isomorphism. O

Corollary 4.3. If H3(M;) is torsion-free for alli € I, (H5(XT)); =0, and 9 is a good cover of
X, then
((X) Zkerd® = HO(MV(T, X,0M)).

Proof. This follows from Lemma [£.2] and Theorem [3.28 O

Remark 4.4. If X7 is finite and all M; are equivariantly formal, then all assumptions of Lemma
are satisfied, giving an explicit description of 7(X).
In Chapter [5| we will present examples of spaces covered by equivariantly formal spaces for which

(H3(X))1 # 0, and thus X is not equivariantly formal (see Lemma [2.27)).

The second half of this subsection is devoted to characterizing the localization image of X, that
is, to determining conditions under which ¢(X) can be described via the moment graph of X. For
1 € I, consider the inclusion

T Mz — X,

as a morphism in GCov by equipping M, with the trivial cover (N;);cr defined by N; = M; and
N; =@ for all j € I\ {i} (sec Remark [3.3§). The morphism (r;); induced on the first page of the
Mayer—Vietoris spectral sequence is the projection
MV(T, X, M) — Hp (M),
and, as seen in Example @, the map r} factors through #;. Similarly, the inclusion
ti: MF — X7
is a morphism in GCov, with (¢;); given by the projection
MV(T, X", m") — Hy(M]),
and t¥ factors through #;.

Lemma 4.5. The localization image of X satisfies
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Proof. For all i € I, the commutative diagram

X 5 M

X7 — MT
induces the commutative diagram in cohomology

Hp(X) —— Hp(M;)

and therefore
C(HF(X)) C (8) 71 (¢ (H (M)

?

Lemma 4.6. If E; is torsion-free, M is a good cover of X, and (H3(X7T)); =0, then
U(X) = () (M)
iel
Proof. For i,j € I, consider the restriction maps
vl Ho(Mi) — Hp (M), HRp (M) — Hp(M( ).
Let 2 € ;e (t7) 7 (u(M;)) with ¢f(2) = o (m;) for some m; € Hj.(M;). Then

0 = (#5t] — 5:8)(2) = 5525 (m) — 3 my) = el 3 (75 (m) = 75m3),

Since MV(T', X, M) is torsion-free and ker ¢; ., = 7(M(; 5)) € tor(Ar, Hp(M(; ;))) by Corollary|2.24}
it follows that
rij(mi) —rj(m;) = 0.

Hence
y = (mi)icr € @ H7 (M)
iel
lies in ker d°, which equals v(X) since M is a good cover of X. Therefore y € G(H; (X)), and any
representative § of y in H}.(X) satisfies r}(§) = r}(y), as ] factors through ;. It follows that

t((9) = i (7 (9)) = v (ma) = 7 (2)
for all i € I. By Corollary this implies ¢*(7) = x. O

We now turn to the moment graph of X.
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Definition 4.7. A cover (T, X, (M;);cr) is called fized-point closed if

M =135

1
for all i € I, i.e., the closure of M; has the same set of T-fixed points as M;.

Lemma 4.8. Let X be a variety with a T-action such that X is finite. If (T, X, (M;)icr) is a
fized-point closed cover by subvarieties in GCov, then the moment graph of X is the union of the
moment graphs of the M.

Proof. Let C be a T-curve in X, i.e., the closure of an orbit T -z for some z € X. By Remark [2.35]
and the fixed-point closed property, any M; containing x must also contain C. If C' connects two
distinct fixed points of X, the edge corresponding to C in the moment graph I'x already appears
as an edge in the moment graph I'y, of each M; containing z. Since

X" =M,
el

the vertex set of I'x is the union of the vertex sets of the I'ys,, and the same holds for the edge
sets. Thus I'x is the union of the moment graphs I'yy,, for i € I. O

Ezample 4.9. Let T = (C*)? act on P! via relatively prime characters y and x1 as in Example
Consider the cover by the affine patches

Vo={(z0:21) €P" | 20 #0}, Vi={(20:21)€P" |2 #0}.

Then (T, P!, (Vy, V1)) is an object in GCov that is not fixed-point closed. The moment graphs of
Vo and Vi both consist of a single vertex, so their union does not recover the moment graph of P*.

Theorem 4.10. Suppose MV is torsion-free, X T is finite, M is a good cover of X, and (T, X, (M;);icr)
1s fized-point closed.

If the localization of each M; is described by its moment graph I'r,, then the localization of X is
described by I'x .

Proof. Since X7 is finite, all assumptions of Lemma are satisfied. For each ¢ € I, the restriction
map

T
AT — AN
is simply the projection onto the factors indexed by MI. Thus
UX) = () (M),

iel

is the subalgebra of A " consisting of all tuples (u,),exr such that:
Let p,¢ € XT and assume that j € I is such that p, ¢ are contained in M;. Then for each T-curve C
in M; connecting p and ¢ the difference u, —u, has to be divisible by the character of the T-curve C.

By Lemma this exactly describes the subalgebra H*(I'x). Hence the localization of X is
described by I'x. O
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4.2 Change of Tori

An important further property of equivariant cohomology is its functoriality, not only in the space
but also in the acting group. Let X be a topological space and ¢: To — 77 a morphism of tori. If
Ty and Ty act on X compatibly with ¢, the change of tori, or torus change, is given by the induced
morphism of algebras

Ht (X) — Hrp,(X).

Relating the cohomology with respect to different torus actions is often useful, for example, when
approximating Hr, (X) via a more accessible action of a torus T;. This approach will be employed
in Chapter [6.2] and in the present subsection, we prepare for it by examining torus change in the
setting of covered spaces.

We begin by recalling the functorial behavior of the character lattice, with emphasis on subgroups
and quotients (see [Hum81), end of Sections 16.1 and 16.2]). We introduce the notion of introduced
relations (Definition , recall torus change for an ordinary G-space, and work out the details of
splitting off a subtorus with trivial action (Example . Torus change for covered spaces is then
described explicitly in Lemma [£:37] for the case where the cover consists of equivariantly formal
spaces. In this situation, understanding torus change amounts to understanding the map

H(MV(Ty, X,M)) — H(Ag, @p,, MV(T1, X,0)),

for which we introduce Kiinneth formulas (Theorem Theorem [4.43]). We conclude the chapter
with a brief introduction of the Koszul complex following [Eis95], and present as an application the
evaluation of the Kiinneth formula in special cases (Corollary [4.49)).

We recall the notation introduced in Chapter beginning with Remark and the subse-
quent definitions and remarks. In the following, if x is an element of a module, group, or algebra,
its residue class in any quotient thereof will be denoted by [x].

For a torus T, taking the character lattice M defines a contravariant functor
F': {algebraic tori} — {finitely generated free abelian groups}.
Under F', a morphism of tori ¢: To — T7 is sent to the morphism of character lattices
F(o): My — M, o+~ oco.
Let N denote the group of one-parameter subgroups of 7. A quasi-inverse
Q: {finitely generated free abelian groups} — {algebraic tori},
to F' is obtained by sending a finitely generated free abelian group M to the torus
Hom(M,Z) ® C* = N®C*,
and a morphism ~: M; — M to the morphism of algebraic tori

'}/*®idCX:TQEN2®CX —>T1EN1®CX,
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given by
dQt— Y (0)®@t=(007) ®t,

where v* : Ny — Ny is the dual map induced by 7 (see Remark [2.13|and Remark [2.14). In fact, the
category of algebraic tori and the category of finitely generated free abelian groups are canonically
equivalent under F'

By the functoriality of equivariant cohomology, any morphism ¢: T, — T; induces a morphism of
equivariant coeflicient rings A7, — Ar,, which coincides with the morphism

Sym} M1 — Sym}} MQ,

induced by F(p): M7 — Ms. Summarizing, we have the following canonical one-to-one correspon-
dences between morphisms:

{T2 —)Tl} #} {Ml — MQ} #} {NQ — Nl} <L> {AT1 — ATZ}'

In Definition we introduced the one-to-one correspondence between subgroups of T" and sub-
lattices of its character lattice M. Recall, that for a sublattice M’ < M we set

T ={teT|x(t)=1forall x e M'},
and for a subgroup 7" < T we set
My ={x € M| x |r=0}.

Note that this is not the correspondence given by the functors F' and Q.

Remark 4.11. Let T' be a subgroup of T. The character group of T is naturally isomorphic to the
quotient M /My, which is not necessarily free. Additionally, the inclusion ¢: 77 < T induces the
projection

F(L)Z M — M/MT/.

If M is a quotient of M, then the associated torus T := Q(M) is naturally embedded in T and the
projection 7m: M — M induces the inclusion

Q(m): T — T.

Conversely, let M’ be a sublattice of M and T := Q(M’). The inclusion ¢ : M’ < M induces a
morphism of tori -
Q(1):T—T,

whose kernel is precisely Th;.

If T is a quotient of T', then the associated lattice M’ :== F’ (T) is naturally embedded in M and the
projection 7 : T'— T induces the inclusion

F(r): M"— M.
We give a list of selected facts related to saturation of a sublattice. For the proofs we refer to

[Hum81| end of Chapters 16.1 and 16.2].
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Definition 4.12. A sublattice M’ < M is called saturated in M if
p-xEM =xyeM

for all x € M and p € Z \ {0}.
The saturation S(M') of M’ is the intersection of all saturated sublattices of M containing M’.
Equivalently, S(M’) is the smallest saturated sublattice of M containing M’.

Lemma 4.13. Let T be a torus with character lattice M, and let M' < M be a sublattice with
corresponding subgroup T' = Typ of T. Then:

1. T" is a subtorus of T if and only if T' is connected.
T’ is connected if and only if M’ is saturated in M.

T/T’ is a torus if and only if M’ is saturated in M.

e

There exists a lattice complement to M', i.e., a saturated sublattice M" < M such that
M =M & M" if and only if M’ is saturated.

5. There exists a torus complement to T', i.e., a subtorus T" C T such that T =T xT" if and
only if T' is a subtorus of T.

Lemma 4.14. Let T be a torus with character lattice M, and let M' < M be a saturated sublattice
with lattice complement M". Denote by T' := Ty and T" := Ty the corresponding subtori of T.
Then:

1. The character lattice of T' is naturally isomorphic to M", and the character lattice of T" is
naturally isomorphic to M.

2. The inclusion M' < M corresponds to the quotient map of the tori T — T/T" = T".
3. The quotient map M — M/M" of lattices corresponds to the inclusion T' — T.

Before turning to equivariant cohomology, we discuss the behavior of equivariant coefficient rings
under torus change.

Definition 4.15. Let ¢: T — 17 be a morphism of tori with corresponding morphisms
50* :Q(QO) Ml%MQa Sb: ATl HATQ’

of character lattices and equivariant coeflicient rings.
We write
R, =ker ¢ =ker¢* - Ap,,

or simply R, for the kernel of ¢. The subtorus of T, corresponding to the saturation S(im ¢*) of
im ¢* in M5 is denoted by

T2S = TS(im ©*)-
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Corollary 4.16. Assume that im ¢* is saturated in My with corresponding subtorus Ty = Tim o
of Ts. Then
Ar, = A1, /Ry @ Agy,

and under this identification,
¢: Ay, — A1y /R, @Ay, xr—[z]® 1L

Proof. By Lemma we can choose a lattice complement MY of M} = im¢* in My, with
corresponding subtori T3 and T4 such that Ty = T4 x Ty'. By Lemma the character lattice of
T} is naturally isomorphic to MY, and the character lattice of T4 is naturally isomorphic to M3.

Therefore
Ag, = Symp(My) = Symp (M) @ Symp(My) = Ay @ Agy.

(compare Remark [2.11]).

We obtain an isomorphism of abelian groups
" My/ker o = M},
and may regard ¢* as the morphism
My — My = My @ MY = M, /kerp® MY, x+—— ([z],0).
Passing to symmetric algebras gives
Symp (M / kerp) = A, /Ry = Symp (M) = Agy,
and ¢ is identified with

@o: A — Ap, = ATZ/ ®AT2H = ATl/RLP ®AT2/, x— [z] ® 1.

Lemma 4.17. Assume every nonzero integer is invertible in R. Then
Ar, = Ar /R, ® Ay,
and under this identification,
¢: Ay, — A1, /R, @ Ay, x+— [r]® 1.

Proof. As in the proof of Corollary choose a lattice complement M} of M} := S(im¢*) in
M, with corresponding subtori 74 and T3, respectively. Since every nonzero integer is invertible
in R, the induced map

prR1: Ml/kercp®ZR%’M2’ ®z R,

is an isomorphism of R-modules.
Passing to symmetric algebras yields an isomorphism of R-algebras

()22 ATl/RLp = ATQ’/'

The claimed decomposition of Ap, and the description of ¢ follow exactly as in Corollary £.16] O
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Definition 4.18. If we are in the situation of Corollary or Lemma[£17] i.e., if
AT2 = ATl /RSO ® AT;;
we say that ¢ introduces the relations R, on Ar,.

Remark 4.19. The kernel of ¢ is precisely the subgroup corresponding to the sublattice im ¢*.
Indeed, every character of T3 that factors through ker ¢ is the restriction of some character of T;.
If we replace im ¢* by its saturation, the corresponding subtorus is generally contained in, but not
equal to ker .

In Cor and Lemma m this means that T} coincides with ker ¢, while T is contained in
ker .

Conversely, im ¢ is the subtorus corresponding to ker ¢* < Mj. Note that im ¢ is always a subtorus
of Th, and R, = ker ¢* is always a saturated sublattice of M;.

Definition 4.20. Let X be a topological space with actions of both T} and 75. A morphism
w: Ty — T4 is compatible (with the given actions) if the identity map on X is p-equivariant.

Remark 4.21. In this situation, the Th-action on X is completely determined by . It is therefore
equivalent to start with a Tj-action on X together with a morphism ¢: T — T3, and then define
the Th-action via .

For the remainder of this subsection, suppose that X has actions by both 77 and 75, and that
w: Ty — T is compatible.

The morphism ¢: Ay, — Ap, allows us to change coefficients as follows. First, restriction of
scalars along ¢ yields a graded Ar,-module morphism

,: Hy, (X) — Hy, (X),

induced by the identity map on X. Second, extension of scalars along ¢ is given by the graded
A7,-module morphism

Ot A, Onr, Hi, (X) — Hp(X), A®x s A-0,(2)
When the morphism ¢ is clear from the context, we simply write 6 and O.
Definition 4.22. We call 0, the restriction of tori and O, the extension of tori associated to .

In later chapters, we will use extension of tori to describe H7, (X) in terms of the often simpler
equivariant cohomology Hr, (X). This method applies particularly well to the examples presented
below.

Example 4.23. If To = 1 is trivial, then the restriction of tori coincides with the forgetful morphism
0: Hy (X) — H*(X),

introduced in Chapter
If instead T7 = 1, then compatibility of ¢: To — 1 forces T5 to act trivially on X. In this case, the
restriction of tori is given by

0: H(X) — A, @ H*(X), z+—1Qu.

In both situations, the extension of tori yields an isomorphism.
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Ezxample 4.24. If X is equivariantly formal with respect to the T7-action, then by Lemma the
extension of tori

@Sﬂ: AT2 ®AT1 H;} (X) — H;“z (X),
is isomorphism.
Ezample 4.25. If X is a finite union of T3-fixed (and hence also Th-fixed) points, then restriction
and extension of tori are given by

0: AY, — A3, and ©: Ap @, AF =AY,

where A7, acts diagonally on Aﬁ via .

We will use GKM varities as a recurring example in the context of torus change.

Remark 4.26. Suppose X is a GKM-variety of dimension k with respect to both the T;-action and
the Th-action. If p € X2 \ X 71 were fixed by T, but not by T3, then the Tj-orbit of p would be
contained in X”> and would have positive dimension. This contradicts the fact that both X™* and
X2 are finite, so we must have X7t = X2,

For p € XT1, the Ty-action on T, X is determined by weights p1, ..., px that are pairwise relatively
prime and correspond to the Tj-curves through p (see Definition and Lemma . The
Ty-action on T,X is given by characters ¢(p1),...,P(pr) which are pairwise relatively prime by
assumption. Moreover, each @(p;) corresponds to a Th-curve that coincides with the Tj-curve
associated to p;.

Thus, both actions have the same fixed points and fixed curves, and the characters associated to
curves are related via ¢. Equivalently, the moment graphs I'y and I's for the respective T7- and
Ts-actions have the same vertex and edge set, and their edge labels are obtained from one another
via ¢.

Ezxample 4.27. Let X be a GKM-variety with respect to both the T7- and Ts-actions. The extension
of tori © is summarized in the following commutative diagram.

A, ® Hy (X) == Ap, @ H*(I) —— Ap, @ A
I I
@lz 2 2
4 ~
Hi (X) ———— H*(Dy) ——— A
It is possible to split off the action of a subtorus that acts trivially.

Lemma 4.28. Let T be a torus acting on X. If T splits into subtori T =T x T" such that the
action restricted to T’ is trivial, then

HA(X) = Agv @ Hio (X).
Proof. [Fral7, Lemma 3.1]. O
Remark 4.29. If ¢': T4 — Ty and ¢": Ty — T{" are morphism of tori, then
O x " Ty x Ty — Ty x T,
is a morphism of tori, and the induced morphism

Aryxry = A1y @ Ay — Aryxry = Ay @ Apyp,
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The next example generalizes Example and shows that splitting off tori with trivial action also
works in the context of a change of tori.

Example 4.30. Assume that both 77 and 7% split into subtori
Ty =T xT{, and To="TyxTy,

such that the action of T} and T4 on X is trivial, and suppose that the morphism ¢: T — T3 is
compatible. In this case, the image 1)(T43) acts trivially on X, and we may assume that 77 has been
chosen large enough to guarantee ¢ (Ty) C Tj. Define ¢': T§ — T| and ¢": T3 — T{' such that,
for all ¢ € Ty, we have

(") = (W), " (t")).
Then the morphism ¢

o: Ty x Ty — Ty x T, (") — (¢, 1), 4" (t")),
is the product of two morphisms:
o=, 1): Ty — Ty, " =v"(1,): Ty —T7.
Moreover, ¢ is compatible: Let € X and ¢t = (¢/,¢") € T4 x T4'. We have
te=t"x=ypt") =" {t") =W, 1),v"{#t").x = pt).z.

We now demonstrate the change of tori with respect to ¢:
According to Lemma [£.28]

Hp (X)=Ar @ Hpp X, as wellas  Hyp, (X) = Ay ® Hpy X,
and the induced morphism ¢ splits as
@' ®¢": Apr ® Apy — Ay @ Agy,
see Remark Now 6, can be expressed as
Op: Ay @ Hin X — Ay @ Hpp X, A®@ 2 — ¢'(N) ® Oy ().

Since
Az, ®ar, (A ®r HypX) = (Agy ®r Ary) By @Ary (A ®@r Hyyp X)),

we can simplify the right-hand side step by step:
(AT2/ ®AT1, AT{) KRR (AT2// Xr H;«I//X) = ATQ’ SR (AT2” ®AT1,, H;{/X) .
Therefore, we may write

Oy ATZ/ ®Rr (ATzﬂ QA H;«{/X> — AT2/ QR H}é/)ﬂ

1
T3

AQ(U®x) — AR Oy (p® ).
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Ezample 4.31. Suppose that T3 is a subtorus of the kernel of a compatible morphism ¢: Ty — T.
In this case, we can pick a torus complement Ty of T3 and apply Example by considering the
splittings

To=Tyx Ty, Ty=T xT7,

where we set T{ = 1 and 7' = T3. Note that (T4) C T} and that ¢ splits into morphisms
WiTy T =1, and ¢ =gy TY — T =T,

The morphism ¢ constructed in Example [£30] is, in this case, equal to ¢, and we obtain the
descriptions
Op: Hp (X) — Ay @ H};X, z+— 1® 0y (),

and
Oy AT2/ QR (ATZ” ®Ar, Hikvl (X)) — AT2/ QR H;ZHX,

AR () — A® Oy (n® ).

Let us briefly consider the case where ¢ introduces relations on Aj, and adapt Example as well
as Example to this setting.

Corollary 4.32. Suppose that ¢ introduces the relations R, on Ar,. Then ¢: Ar, — A, is flat
if and only if ¢ is surjective.

Proof. By Remark ¢ is surjective if and only if kerp = 0. If ¢ is flat, then, since Ag, is
a domain, the Ar,-module A7, /R, ® Aps is torsion-free, which implies R, = 0. Conversely, if
Ry =0, then A, = Ap, ® AT2s is free over Ap,, hence flat. O

Remark 4.33. Suppose that ¢ introduces the relations R, on Ar,. By Remark Ty is contained
in ker ¢. After choosing a torus complement T3 to T3 in 75 and fixing the morphism ¢” = ¢ |Té/,
we can apply Example to obtain

Op: Hy (X) — Aps @ Hyp X, @+ 1@ 0,0(2).

Moreover, both ¢ and 0, factor through R, H7, (X). In particular, we can define

Op: Hy (X)/RoHp (X) — ATzs ® H;Z/,X, [z] — 1 ® O, ().
To describe ©, observe that
Az, ®ap, Hy, (X) = (Aps ®p Ary) ®r, Hi, (X)

= ATQS Or (ATl/RSOAT1 ®AT1 H’j;“l (X)) = ATQS OR (H’;“l (X)/RLPH’;H (X)) ;

and hence
O: AT25 QR (H:’F1 (X)/RS(,H:*F1 (X)) — ATéS Rr H};X,

A@ [2] — A @ 0,([z]) = A @ O, ().

Example 4.34. If ¢ introduces relations on Az, then by Remark equivariantly formal varieties
admit surjective restrictions of tori. In particular, this applies to projective space P with the torus
action of Example [2.30]
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Ezxample 4.35. In the situation of Example suppose ¢ introduces the relations R, on A7, and,
for the sake of simplicity assume that T} is trivial:

A1, /R, = Ag,.
We can rewrite the diagram from the original example as follows:
* * ~ X
Hi, (X)/RoHT, (X) —— 81/ (RpS1) —— (Ar, /Ry)
|

\
elz 2 ¢
< ~

Hi (X) ~ Sy AX”

We now turn to covered spaces and consider change of tori in the context of the Mayer—Vietoris
spectral sequence.

Let X be a space with cover 91, equipped with actions by tori 77 and 75, and let p: To — T} be a
compatible morphism such that both (77, X,9) and (T3, X, 9) are objects of GCov. As defined
earlier, the restriction of tori € is induced by the identity on X, and by the above conditions, this
defines a morphism in GCov.

The filtration of Hf, (X) is compatible with 6 and induces a filtration of Ar, ®a, Hr, (X), which
is itself compatible with ©. We therefore obtain bigraded algebra morphisms of associated graded
algebras

0: G(H% (X)) — G(H3, (X)),

and

©: G(Ar, @ap, Hp, (X)) — G(Hr, (X)).

By construction,
G(AT2 ®AT1 Hi*“l (X)) = ATz ®AT1 G(H;:l (X))a

and as before, © is determined by 6 via
O\®z) = A®0(z), for A€ Ap,,x € G(HZ (X)).

Remark 4.36. We have discussed before that 6 is an isomorphism if and only 6 is an isomorphism
(see Remark [3.43)). As a consequence of Remark |A.15, the same logical equivalence holds between
the isomorphism property of © and that of ©.

As a morphism in GCov, the restriction of tori 6 is given by the respective restrictions of tori
Giz H';lMi — H;:zM@

for ¢ € 7, on the Mayer—Vietoris complexes. Under suitable assumptions, this approach can be used
to compute the change of tori for X. Let us abbreviate (MV,d) = (MV (T, X, M), d).

Lemma 4.37. Let X be a space with good cover M, equipped with actions by tori Ty and Ts, and
let p: Ty — Ty be a compatible morphism, such that both (Ty, X, M) and (To, X, M) are objects of
GCov. If M; is equivariantly formal with respect to Th for all i € T, then 6 and © are given by

0: HMV) — H (Ar, ®p,, MV),  [2] — [l ® 2],
and

©: Ap, ®pp, HMV) — H (Ag, @, MV),  A® [2] — [A® 2].
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Proof. For i € Z, we have
Hi, M; = A, ® Hp, M,

by equivariant formality of M;. Consequently, the restriction of tori can be written as
925 H;HMi — H;le = AT2 ® HE;HME
and on the Mayer—Vietoris complexes, 0 takes the form

b1: MV — Aq, @pp,, MV, z+—1®2.

Since M is good cover, the induced morphism 0 is
HMV)— H (AT2 QAr, MV) , [x2] — [1 ® 2],

and, as O is determined by é, we arrive at the statement. O
We now adapt the result to the case that ¢ introduces relations.

Corollary 4.38. Let X be a space with good cover M, equipped with actions by tori Ty and T,
and let p: Ty — Ty a compatible morphism, such that both (T1, X, M) and (T, X,9M) are objects
in GCov. Suppose that ¢ introduces the relations R, on Ar, and that M, is equivariantly formal

with respect to Ty for all i € Z, then 6 and © are given by
0: HMV) — Aps @ H(MV /R, MV),  [2] — 1@ [2],
and
O: Aps @p (HMV)/R,H(MV)) — Aps @ H(MV /R, MV), A® [a] — A @ [z].
Proof. If ¢ introduces the relations R, on Ar,, then
Az, = A1y /Ry @ Ags,

and ¢ is identified with
@Z AT1 — ATl/Rsa ®ATQS

Since
H (A, ®ap, MV) = H (Ags @p Az, /RpAz, @pp, ®MV)
and Ags is a flat R-module, the claim follows from Lemma W O
Remark 4.39. Suppose we are in the situation of Corollary Then
d"*(R,MV) .

In particular, the kernels of the morphisms associated with the change of tori are

5 kerdNR,MV +imd

ker (Re MV Nlkerd) +imd

Rokerd+imd

o d , ker® = ATQS ®
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If the assumptions of Lemma are satisfied, then describing H7, (X) in terms of H7, (X) reduces
to comparing H(MV) with H(Ar, ® MV). To carry out this procedure, we use the structure of
MYV as a complex and apply Kiinneth formulas, the standard tool for computing the cohomology
of a tensor product of complexes. We state the Kinneth theorem in the form given in [McC01}
Chapter 2.3, Theorem 2.12]. Here, Tor*(—, —) denotes the i-th left derived functor of the tensor
product over R.

Theorem 4.40. Let (J,ds) and (L, dr) be differential graded R-modules, and assume that for each
n the kernel
Z"(L) =ker (dg: L™ — L"),

and the image

B"(L)=im(dg: L" ' = L"),

are flat R-modules. Then, for all n there are short exact sequences

0——@,.._, H'(L)® H(J)—LsH(L @ J)—— @ Tor(H" (L), H*(J))——0,

r+s=n r+s=n—1
where k([a] ® [c]) = [a ® ].
If A, is flat, we obtain the expected isomorphism.

Corollary 4.41. Suppose, in the setting of Lemmal[.57, that  is a flat ring homomorphism. Then
O: Ar, @, Hy (X) — Hr, (X)),
is an isomorphism.

Proof. Apply Theorem w1th J MV (with its complex structure), L = Ar,, and d;, = 0, and
combine the result with Lemma 7| to conclude that x = © is an isomorphism. By Remark 4
it follows © is also an 1som0rph1sm. D

Remark 4.42. In the typical case where the module Ar, is not flat over Ar,, the Mayer—Vietoris
complex must satisfy the flatness conditions required to apply the Kiinneth Theorem. More pre-
cisely, if ker d” and im d" are flat A -modules for all n, then there are short exact sequences as in
Theorem [£.40] which simplify to

0 —— A, @ap, H'(MV) —— H™(Ag, @p5 MV) —— Tory™ (Ag,, H""L(MV)) —— 0.
The Kinneth spectral sequence (see Theorem [B.3) generalizes the Kiinneth theorem by relaxing the

flatness assumption:

Theorem 4.43. If MV is flat over Ar,, then there is a (second-quadrant) spectral sequence with
second page

ED = Tor™™ (Ag,, HI(MV)),
converging to H*(Ar, ®a, MV), provided it converges.
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While the Kiinneth spectral sequence offers a broad framework for computing the cohomology of
tensor products of complexes, its practical usefulness depends strongly on the specific situation. In
general, convergence is not guaranteed, and even when it converges, it may fail to collapse at the
second page (see Remark [B.4)).

To conclude this chapter, we investigate the Kiinneth spectral sequence in the situation where
¢ introduces the relations R, on Arp,.

When the ideal R, € A, is generated by a regular sequence, a natural tool for computing the
Tor-groups is the Koszul complex. The following definitions and results are taken from [Eis95|
Chapter 17].

Definition 4.44. Let S be a Noetherian commutative ring and M an S-module. A sequence of
elements y1,...,yx in S is called an M -regular sequence if

(yla"'7yk)M 7& M7

and
y; is not a zero-divisor in M/(y1,...,yi—1)M,

foralli=1,... k. Here, (y1,...,yx) denotes the ideal in S generated by y1,...,yx.

Recall that the exterior algebra of an S-module N is defined as the quotient of the tensor algebra
T(N)=SeNae(NeN)a...,

by the relations a @ b = —(b® a) and a ® a = 0 for all a,b € N. We write A\ N for the exterior
algebra of N and a A b for the product of two elements. The exterior algebra A N is a graded
S-algebra whose homogeneous part A" N is generated, as an S-module, by products of exactly n
elements in N.

Definition 4.45. For an element y € N, the Koszul complex K (y) is the complex

2 3
(/\N,dy):0—>5—>N—>/\Nd—y>/\N—>...,

with differential dy,(a) =y A a. In particular, d, (1) = y.

In practice, the module N will usually be a free S-module. In the case that N = S* and y =
(Y1,--,Yk), we write K(y) = K(y1,...,yx). The following result relates regular sequences to
Koszul complexes.

Theorem 4.46. Let M be a finitely generated S-module and y1,...,yx € S. If
Hi(M®K(y1, e ,yk)) = 0,

fori<r, and
HT(M®K(ylaayk)) 7&07

then every maximal M -regular sequence in I = (y1,...,yx) has length r.

Proof. [Eis95, Theorem 17.4]. O
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Let I be an ideal in R that satisfies IM # M. The above theorem justifies calling the length of
any maximal M-regular sequence in I the M-depth of I.

Corollary 4.47. Let M be a finitely generated S-module. If y1,...,yx is an M-reqular sequence,
then 4
HJ(M®K(y1a cee 7yk>)) = 07

for j <k, and
HY(M @ K(y1,...,ux)) = M/(y1, ..., yx) M.

Proof. [Eis95| Corollary 17.5]. O

Remark 4.48. The converse of Corollary holds true in the case that S is a local ring ([Eis95),
Theorem 17.6]). Similarly, if 1, ..., yx is not an M-regular sequence and the M-depth of the ideal
I=(y1,...,yx) is less than k, then

H'(M @ K(y1,- -, yx)) # 0,
for some ¢ < k, by |Eis95|, Corollary 17.12], together with [Eis95| Corollary 17.10].
If an ideal I is generated by an S-regular sequence y1, . .., Yk, then, by Corollary the complex
S®Kyr,--yk) — /(Y1 Yk)s
is a free resolution of S/(y1,...,yx) and we can use it to compute Tor groups.

Corollary 4.49. Suppose that ¢ introduces the relations R, on Ap, that the Mayer—Vietoris
complex MV is flat over R, and that H(MV) is finitely generated over Ar,. If R, is generated by
a sequence that is both H(MV)-regular and A, -reqular, then

O: AT2 ®AT1 H;“l (X) — H;:Q (X)v
is an isomorphism.

Proof. Let y1,...,yr be a sequence generating R, that is both H(MV)-regular and Ar,-regular
Since A7, is Noetherian, we may set S = Ap, and consider the Koszul complex

K(yla .. ayk) — ATl/RLP7
as a free resolution of Ar, /R,. Using this resolution to compute Tor-groups, we obtain
A * A *
Torff)1 (Ar,/Rp, H(MV)) =0, (p<0), Tory(Ar, /Ry, H*(MV)) = HMV)/R,H(MV),

because H*(MV)® K (y1,...,yx) is exact everywhere except in degree 0 (by the regularity assump-
tion and Corollary 4.47)). Since MV is flat, the Kiinneth spectral sequence (Theorem [4.43)) applies,
and we have just shown that its second page is concentrated in the first column, with

Ey* = H(MV)/R,H(MV).

By Remark the sequence collapses at Fs, the filtration is trivial and we obtain a canonical
isomorphism

EY* — HMV /R, MV), [z] — [z].
Tensoring by AT2s shows that © is an isomorphism, and hence, by Remark@7 so is ©. 0
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Remark 4.50. By Remark [£.19] the sublattice ker ¢* < M is saturated, so without loss of generality
R, can be taken to be generated by some of the variables in the polynomial ring Az, = Rley, ..., ey).
In particular, R, is always generated by a A, -regular sequence which means that the corresponding

Koszul complex can at least be used to compute Tor[i;‘ (A1, /Ry, HI(MV)).
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5 Projective Unions

5 Projective Unions

This chapter concerns the main class of objects in this thesis. Their appeal is twofold. First,
we aim to understand the equivariant cohomology of projective unions in order to study those
arising in representation-theoretic or combinatorial contexts. The original motivation remains their
role as special fibres of semi-toric degenerations for Hodge-type Seshadri stratifications in |[CFL23].
Second, this class of varieties provides an excellent testing ground for the theory developed in the
first part of the thesis. The canonical choice of cover comes from their very definition as a union, the
torus action is defined globally, and the building blocks are simple yet non-trivial, since the torus-
equivariant cohomology of a projective space has a transparent but sufficiently rich structure (see
Example . Consequently, the difficulty in computing their cohomology lies in understanding
the combinatorial interaction within the cover. This is precisely the situation suited for applying
the Mayer—Vietoris principle, which is concerned with the gluing of multiple pieces rather than the
complexity of the pieces themselves.

While the complements of subspace arrangements have been extensively studied in algebraic topol-
ogy, combinatorial topology, and algebraic geometry (see, e.g., [FZ00; |(OT92; [DP95]), projective
unions have received far less direct attention, since as CW complexes their structure is, in principle,
well understood. To our knowledge, there has been no systematic treatment of their equivariant
cohomology.

We begin the chapter by clarifying the notion of a projective union, fixing notation, and verifying
in Lemma [5.12] that projective unions are covered spaces in the sense of Definition [3.36] The first
direct application of the Mayer—Vietoris spectral sequence will appear in Chapter Chapter |5.4
establishes structural results in the less general setting of trivial and generic torus actions, whereas
Chapter turns to projective unions defined by the combinatorial data of a poset. The analysis
of localization and torus change in the context of the Mayer—Vietoris spectral sequence, developed
in Chapter [4] is then specialized to projective unions in Chapters [5.3] and

While this chapter is devoted entirely to projective unions and develops a range of results that
describe them in their own right, we recall that the original motivation lies in degenerated Grass-
mannians, and much of the material is formulated in a setting adapted to the requirements of the
final chapter.

In the last two chapters we assume that R is a field of characteristic zero, and the notation introduced
here and at the beginning of Chapter [5.2] will remain in use throughout. Following Chapter we
write [z] to denote the residue class of an element z in a quotient.

Let T be a complex algebraic torus of rank m. We fix an isomorphism 7" 2 (C*)™ and a basis of
standard characters 1, ..., ., for the character lattice M of T. The equivariant coefficient ring of
T is the graded R-algebra

AT = R[a:l, e ,.Z‘m],

where each standard character has degree two. For a homogeneous element x in A, we write |x|
for its degree, and we write A% for the graded component of degree g.

Let A be a finite index set and {e, | a € A} the canonical basis of the complex vector space
C#. As in Example suppose that T acts on C* by

t.eq = Xa(t)eq, tE€T,a€ A,
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5 Projective Unions

with characters {x, | @« € A} C M. The induced action of T’ on the projectivization P := P(C*) is
then given by

t'(za)aEA = (Xa(t)za)aeAa teT, (Za)aeA cP.

Let y, be the homogeneous coordinates on P. For any subset J C A, define
V(yalaglJ),
the vanishing set of all coordinates y, with a ¢ J. Equivalently,
Py ={(2a)aca EP|z,=0forallb¢ J}.

Each Py is a T-invariant subspace of P, and throughout we will consider these subspaces with the
T-action induced from P.

Definition 5.1. A projective union in a projective space P is a subvariety of the form

Pe= | Po

where € is a finite collection of subsets of A. We consider Py with the T-action induced from P.

The remainder of this thesis will work within the following setup and notation. Let € be a finite
collection of subsets of A, indexed by a set I,

Q:Z(O¢|i61).

After fixing a total ordering on I, simplices are expressed as strictly increasing tuples, following the
notation from Definition 2.Il Define

€=|JCCA and €=()CiCA
iel iel

For each i € I, set P; := P, the subspace of P associated to C;. Let Z denote the full simplex on
I, and let Z,, be the set of its p-simplices. For p € Z>¢ and i = (ig,...,4p) € Z,, define

Cilzcio ﬂ...ﬂC’ip,
and, in line with the notation of Chapter [3.1

Pi::PCi:Pioﬂ...ﬁPip.
The central object of this chapter is the T-equivariant cohomology of the projective union
m:UagP
el

Since the cover is fully described by the collection €, we use the notation

Me = (Pi)ier-

Example 5.2. As an illustration, consider the union of the three coordinate axes in P2. This is

described by the collection
¢ = (Cla 027 C3)a

with index set I = {1,2,3} and the subsets of A = {a,b, ¢} given by
Cy={b,c}, Cy={a,c}, C5=/{a,b}.
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5.1 Retractions onto Fg
Let Pg be a projective union with a T-action as introduced in Definition The aim of this
subsection is to show that Py is a covered space, i.e.,
(T, Pe,M¢) € GCov.
Since each P; is T-invariant, it suffices to prove that the morphism
t: Ch(Ps) — K,
induces an isomorphism in cohomology (see Definition and Remark . We establish this

by constructing suitable deformation retractions (see [Hat02, Chapter 0.1] for a reference).

Remark 5.3. Let Y be a subspace of a topological space X. A retraction is a continuous map
r: X =Y,

whose restriction to Y is the identity. In this case Y is called a retract of X.
A deformation retraction of X onto Y is a continuous map

F:[0,]] x X — X,
such that
F0,2)=2, F(l,x)€eY, and F(ty) =y,
forallt € [0,1] and z € X,y € Y. In this case Y is called a deformation retract of X.
Remark 5.4. Suppose r: X — Y is a retraction such that for each z € X the map

0,1] = X, t— (1—-t)z+1t-r(2),
is continuous. Then the map
F:[0,]]xX — X, (t,z2)— 1—-t)z+t-r(2)

defines a deformation retraction of X onto Y.
If Y is a deformation retract of X with deformation retraction F', then X and Y are homotopy
equivalent via the retraction

XY, z— F(lx),

and the inclusion ¥ — X.

covered by (C;);er (see Definition and

The set € determines a simplicial complex (CLon [
= C}, then the cover Me = (P;);er is trivial and

Definition [2.1). If there exists i € I such that €
the restriction map
Cr(Pe) = Cr.on, (Pe),

necessarily induces an isomorphism in cohomology.
Henceforth we assume B
C; ¢ foralliel.
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We equip P with the quotient topology induced by the standard Euclidean topology of C4 and
begin by constructing the corresponding affinizated retraction.
For i € I define the continuous functions

1
€\ Gl

¢iiC* — Rso, 2= (2q)aca —

2zl

aEE\Ci
and
c: C* — Rsg, 2+ min(c(2) | i € I).
For z € C4 set
I(z) ={i € T|ci(z) =c(2)},
and let i(z) denote the simplex in Z with vertices I(z).

Remark 5.5. By continuity of ¢ and each ¢;, for every z € C# there exists a neighborhood U of z
such that

I(z') CI(z) forall 2/ €U.
Define 7#: CA — C4 by
07 if a ¢ 01(2)7
7#(2)a = < Za, ifa €€,
c(2) : ,
(1 — min(cj(z)|a¢0j)) 2q, ifa € Gy \ &
Lemma 5.6. Let
AQ = UV(ea ‘ a ¢ Cl) Q CA,
il
be the affinization of Pg, where e, are the coordinate functions of C*. Then:

1. 7 is continuous,

2. im7 - AC,

o

7(z) = z for all z € A¢, and

if z € CA satisfies 7(z) # 0, then #(2') # 0 for every

+~

2 e L, ={tz+ (1 —t)f(z) | t € [0,1]}.

Proof. For the second point, note that C;,) C C; for every z € C* and i € I(z), hence 7(z) € Ae.
We now prove (1), the continuity of #. Let z € C* and choose a neighborhood U of z as in
Remark so that I(z") C I(z) for all 2’ € U. We verify continuity in each coordinate a € A.
Case 1: If a € €, then 7,(z) = €4(2) = 24, which is continuous.

Case 2: If a € Cj(;) \ &, then a € Cy.y \ € for all 2’ € U. The quotient

e(2)

“ min(e () [a € Gy’
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is well-defined and continuous on U, so #, is continuous at z.

Case 3: Suppose a ¢ Cy(.y and let (zx)ren be a sequence in U converging to z. We have #(2x)q = 0
for all £ with a ¢ Cj(., ), and hence we may restrict our attention to the subsequence with a € Cy(., )
for all k. This implies that I(zx) € I(2), and, by splitting into finitely many subsequences, we may
assume that there exists some jo € I with jo € I(2) \ I(zx) for all k. The quotient c¢(zy)/cj, (2x)
converges to one and therefore (7(zy)q)r converges to zero, which is equal to 7(zx)q.

We now prove (3). Let z € Ag, so that z € V(e, | a ¢ C;) for some fixed i € I. It follows that
c(z) =¢i(2) =0. If j € I(2), then ¢j(z) = 0 as well, and hence z € V(e, | a ¢ C;). Thus z, =0 for
all a ¢ Cy(.), and by the definition of # we have

R Zq, ifac€ CZ-(Z),
T(Z)a = .
0, otherwise.

Finally, we prove (4). Let 2/ =tz 4 (1 — t)7#(z) be a point on the line segment L, with ¢ € [0, 1].
For any i € I(z) and j € I'\ I(z), we have A\ C; € A\ Cy(.), and hence
1 1
> tlaal <¢(2).

ci(2) = = t)zo| = tei(2) < tei(2) = =
(z) T\ EQZ\C. |2al (2) < tcj(2) TN z

Since ¢;(2") = tc;i(2) for all i € I(2), it follows that I(2") = I(z). Moreover, z, # 0 if and only if
2z, # 0 for all a € C;(;) = Cy(.ry, and 7(z) # 0 if and only if

Y lzal #0

a€C(2)
which is equivalent to
RREARTS
a€Cy.r)
Thus 7(2') # 0. O

Remark 5.7. Let z € C4\ {0} and A € C\ {0}. By definition, ¢;(A2) = |A|¢;(2) for all i € I, and
hence I(z) = I(\z).
First, this implies that for all a € Cy(.) \ € the quotient

c(2)/ min(c;(2) [ a ¢ Cj),

is invariant under scalar multiplication.
Second, z gets mapped to zero by 7 if and only if z, = 0 for all a € Cj;). Therefore 7(z) = 0 if and
only if #(Az) = 0. In other words, the closed subset

Z =#"1(0) € C4,

is invariant under multiplication by nonzero scalars.

By the second part of Remark [5.7] and Lemma the set
U= (€ 2)/ ~
is an open subset of P containing

Pe = (Ae \ {0})/ ~.
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Corollary 5.8. The subspace Py is a retract of U.
Proof. By the first part of Remark we have the scaling property
7(Az) = AF(z2), (2)

for all z € C*\ {0} and X\ # 0. Using the construction of U, we obtain a commutative diagram

(CA\ZL)AQ

| !

UT}PQ

where the vertical arrows are projective quotients and r the projectivization of 7. We can use
Lemma together with the property to characterize r: Since  is continuous, the quotient
maps preserve continuity, and thus r is also continuous. Moreover, since 7 restricts to the identity
on Ag, its projectivization r restricts to the identity on Pg. We conclude that r is a retraction,
which proves the claim. O

Remark 5.9. By Lemma (4), for any z € CA\ Z the entire line segment L, lies in C4\ Z.
Consequently, for each z € U the map

0,1] = U, t— (1—t)z+1t-7(2),

is continuous. By Remark this shows that Py is a deformation retract of U.
Finally, define for each ¢ € I the open subset

Ui={2€U| Y |zl #0} CP,

acC;
and for a simplex i = (g, ...,4,) € T set
Ui=U;,N...N0Us,.
Lemma 5.10. For each i € I, the projective space P; is a deformation retract of U;.

Proof. Fix i € Z. Define r;: [0,1] x U; — P; by

ri(t,2)a = {(1 —t)zq, fa & Cj,

“ ) za, if a € G,
for z = (24)aca € U;. This is a deformation retraction of U; onto P;. O

Corollary 5.11. The inclusions induce isomorphisms of graded Ar-algebras
Hp(U) = Hp(Pe), Hp(Us) = Hp(Fy),

for alli € T.
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Proof. Both U and the sets U; are T-invariant. The inclusions
Pq: — U, ]D£ — Ui’

are equivariant and homotopy equivalences by Corollary[5.8] Remark[5.9]and Lemmal[5.10] Applying
Lemma [2:.§ yields the claimed isomorphisms. O

We are now in the situation described in Remark [3.15] and ready to prove the main result of this
subsection.

Lemma 5.12. The triple (T, Ps,M¢) is an object in GCov.

Proof. Let Kp and Ky be the double complexes associated to the covers (P;);cr and (U;);er, with
the row-wise filtration. Since (U;);es is an open cover of U by T-invariant sets, Remark shows
that (T, U, (U;)ier) € GCov, i.e., C4(U) — Ky induces an isomorphism in cohomology.

The inclusions P; < U; give a morphism of filtered complexes

¢: KP — KU7

and the induced morphism of spectral sequences (¢, ),, consists of isomorphisms of bigraded modules

for n > 1 (see Corollary and Remark |A.13). Theorem then yields that
H(¢): H*(Kp) — H*(Ky),
is an isomorphism. Consider the commutative diagram

C;:(PQ) Emd Kp

T

Cr(U) —— Ky

where vertical arrows come from inclusions and horizontal arrows from Remark[3.16] In cohomology,
the vertical arrows are isomorphisms by the first part of the proof and Corollary The lower
horizontal arrow is an isomorphism since (T, U, (U;)ic;r) € GCov. Hence also C5(Pg) — Kp
induces an isomorphism, proving that (7', P, (P;)icr) € GCov. O

5.2 Applying the Mayer—Vietoris Spectral Sequence

After verifying that (T, Pe,M¢) is a covered space, we are now ready to apply the theory developed
in the first part of this thesis. Many of the assumptions made in Chapter [3] and Chapter [4] were
motivated by the example class of projective unions, and in this chapter we carry out an initial
and direct computation of the equivariant cohomology of P using the Mayer—Vietoris spectral
sequence.

In Lemma [5.13| we formulate the Mayer—Vietoris complex for projective unions, collect the relevant
properties of Pe in Remark[5.14] and establish the key result that the cohomology of Pe is computed
by this complex in Lemma We then consider the example of a union of two projective spaces
and encounter our first instance of a projective union with torsion over Ay (Examples and
5.22). Furthermore, in Remark we recover the Mayer—Vietoris complex as a special case of
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a complex of quotient rings equipped with a simplicial cochain differential, and in Corollary
we use this perspective to describe its cohomology in terms of syzygies. This description is then
reapplied to the projective union from Example in Example

As indicated at the beginning of Chapter |5 the notation introduced below will be retained for the
rest of this thesis.

Following the setup in the start of this chapter, we have seen that the equivariant cohomology of P
is the graded Ap-algebra

H;P = Ar[C]/ (H ¢+ xa)> :

acA

where ( is the Chern class of Op(1), the line bundle dual to the tautological line bundle on P. Each
standard character in A7 and the class ¢ have degree two.

For any subspace P; determined by J C A, we consider the induced T-action and again denote by
¢ the equivariant Chern class of &p, (1), the dual tautological line bundle. Define

na::C+Xaa CLEA,

and for J C A set

ny= ] ne€Arld), mo=1.
acJ

The equivariant cohomology ring is then

Hr(Pr) = Ar[C]/ (1),

which we abbreviate as Q; == H}.(Py).
Let € = {C; | i € I'} be a collection of subsets of A. For i € I set

Qi =Q¢, ni=nc;,
and for i = (ig...,1p) € I, write
Q; = Qci i = Nig...ip, = NC;-
If J; C Jy C A, the restriction map for the corresponding subspaces is given by the projection
Qy, = Ar[C)/ (n2) — Q= Ar[C)/ (5) s C— G,

where we identify the Chern class of Op, (1) with that of &p, (1). Thus Q, can be regarded
as quotient of Q;,, and, when it is clear from the context, we do not explicitly indicate when an
element from (2, is being restricted to £, .

Summarizing the above discussion, the Mayer—Vietoris complex of a projective union, as defined in
Definition has the following form.

Lemma 5.13. The Mayer—Vietoris complex MV = MV(T, Ps,M¢) has monograded components

MV? = P Q;,

i€,
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and differential

pt1
d”: MVP — MVPHL - (dP(f)); = Y (-DFf,
k=0

0sesJkseresJpt1”

where f € ®ieIp Q; and j = (jo,---,Jp+1) € Tps1. Here, each term f; - is regarded as

¥ .= STk JpFl
an element of the quotient Q; of Q(j07--«7jk7---7jp+1).

Remark 5.14. For any J C A, the subspace Py is a smooth projective variety with vanishing odd
singular cohomology. Under the induced T-action, P, is equivariantly formal and H3(P;) free over

At and concentrated in even degrees.
By Lemma (T, Pe,M¢) is an object in GCov, and M is a good cover of Py (see Exam-

ple .

Since the covering M satisfies the hypotheses of Theorem we may apply it to compute the
equivariant cohomology of Py via its Mayer—Vietoris complex.

Lemma 5.15. Let (T, Pe,Me) be a projective union. Then

G(Hr(Pe)) = HMV(T, Pe, Me)),
as bigraded Ar-algebra. In particular, the first-column component v(Pg) is equal to ker d°.
Definition 5.16. We define the standard generators of MV as the elements

e; € MV, icZ,

1, ifti=yj,
(€i); { =

given by

- 0, else.

(The component 1 here is the unit in €;.) The constant vector in the first-column component is

e1 = Zei e MV,
il

and we set ey == 0.

Remark 5.17. Let i € Z,,j € Z; and f € O}, g € Qf. By Remark the product in MV is
(f-ei)(g-ej) = (=1)"fgei,.
Since f can be nonzero only if p is even, the sign factor (—1)P¢ is always 1 so
(f-ei)g-ej) = fgei,

As before, the term fg is considered as the product of the respective restrictions of f and g to ;..
In the following, we will mostly view MV as a module. Its multiplication, and hence also the
multiplication on H(MV), is entirely determined by the above rule.
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Remark 5.18. We regard MV as differential Ar[(]-algebra (hence also a Ar[(]-module) via
Ar[(] — MV, z+—z-e3 € MV,

A generating set of MV as Ap[¢]-module is given by {e; | i € N (€)}.
Ezample 5.19. Let € = (C1,C3) be a collection of two subsets of A, defining the union of two

projective spaces in P. We are in the situation of Remark and the corresponding Mayer—
Vietoris complex is

Ar[Ql/m) & Ar[C]/ (1) 2253 A [c]/(na.2)) —— 0

where r],r5 denote the projection maps. Note that both 77,5 as well as r] — 3 are surjective, and
hence Example yields

Hr(Pe) = {(f,9) € Ar[C]/(m) & Ar[C]/(n2) | f — g € (na.2)}-

Remark 5.20. In principle, any projective union can be obtained by successively considering the
union of a projective union Py with a subspace Pg C P, where B C A. Again, we obtain the
Mayer—Vietoris spectral sequence on two terms (Remark [3.34)

0
H:(Pe) ® Hi(Pg) —%— H:(Penp) — 0,

where €N B = (CNB | C € €) and d° can be constructed as a morphism of covered spaces.
Although the above complex is not exact in general, if d° is surjective, then

Hj;(Pg U Pg)=kerd’ C Hy(Pg) ® Hi(Pg).

However, if d° is not surjective, the cokernel contributes to the Eao-page of the spectral sequence,
and this cokernel may already involve the cohomology of the potentially complicated projective
union Penp. In this case the filtration on Hy(Pe U Pg) is no longer trivial, so the computation
yields only the associated graded module at this stage. Since the Mayer—Vietoris spectral sequence
is formulated in terms of the actual cohomology, not its associated graded object, the iterative
procedure cannot be continued directly and therefore becomes impractical.

Remark 5.21. The Mayer—Vietoris complex of a projective union appears as a special case of the
following general construction.

Let S be a Noetherian integral domain with unit, and fix elements p, € S for all a € A. As in the
beginning of Chapter |5} for B C A and i € Z we set

UB = H Has My = /’LCl) He = L.
acB

With the earlier convention that ¢ € I also denotes the 0-simplex in Z, this implies in particular
that p; = Ko -
Define the differential graded module D(€,S) by

DP(€,8) = P S/ (1),

i€,
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with differential
p+1
d’: DP(¢,S) — DPTH(E,5), (d¥(s)); = Z(*l)ksjo,w;k,,‘_JW,
k=0

where Sj07---,5k7~--7jp+1

each summand turns D(€, S) into a differential graded S-module, and we write

is regarded as an element of the quotient S/(u;). The diagonal action of S on

H*(C,S),

for its cohomology.
If it is necessary to emphasize the chosen collection of elements (fiq)aca, We write

D(€7 Sv (Ma)tIGA)a H*(Q:a Sa (/u'a)GGA)'
If we take S = Ar[¢] and p, = 0, for all a € A, then D(S,€) is precisely the Mayer—Vietoris

complex MV(T, Pg, Me).
Ezample 5.22. Consider the union of the coordinate axes in P2. Let A = {1,2,3} and

Cr ={C1,C5,Cs}, Cy={2,3}, Cy={1,3}, Cs5={1,2},

and suppose T" acts on PP via the characters x1, x2, x3. In this example we abbreviate igi; ..., for
the p-simplex (4o, ...,4p) in Z. The nerve of the cover (C1, Ca,C3) is the hollow triangle.

C1
CIV WS}
Cg C'2

Caz={1}

For P, := Pg,, the Mayer—Vietoris complex is

Q1®Qz@ﬂsi>ﬂ12@ﬂ13@923*>0~

More explicitly, we have

d®: A7[C]/ (¢ + x2) (¢ + x3)) ® Ar[C]/ (¢ +x1) (¢ + x3)) @ Ar[C]/ (¢ + x1) (¢ + x2))

— Ar[C]/ (¢4 x3) ® Ar[C]/ (€ + x2) ® Ar[¢]/ (¢ + x1) »
with
(f1, fo, f3) — (f1 = fa. J1 = f3, f2 — [3).
The kernel is equal to

kerd® = {(f1, fo, fs) EMV° | fi— fo € ((+x3), f1— fs € ((+x2) fo— f3 € (C+x1)}

and the image of d° is generated as Ar[¢]-module by

d’(1,0,0) = (1,1,0), d°(0,1,0) = (1,0,1), and d°(0,0,1) = (0,1,1).
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The Ar[¢]-module morphism
Ar[¢] — cokerd”, fr— (f,0,0),

is surjective with kernel
(€4 x1,¢+ x2,C+ X3) Az ]
Thus
coker d” = Ap/ (x1 — X2 X1 — X3: X2 — X3) ,

as Ap[¢]-modules, with ¢ acting by —x1 = —x2 = —x3. We obtain equalities of graded Ar[C]-
modules

v(Py) =kerd®, (H;i™Py)i=A7r/(x1—X2,X1 — X3, X2 — X3), and (HiT2P,)s = 0.

Note that
tor(Ar, H(Py)) = (Hp(Pa))1,

except for the case where xy1 = x2 = X3, i.e., when the T-action is trivial.
Remark 5.23. We have seen that the differential on MV is obtained by combining the coboundary
operator from the simplicial cohomology of Z with projections to smaller quotients of Ar[¢]. All
data defining the Mayer—Vietoris complex, and hence the equivariant cohomology of Pg, are encoded
by the sets in € together with their intersections.
As in the previous example, it is therefore natural to visualize a projective union Py by the weighted
simplicial complex whose underlying simplicial complex is A(€) and whose weights are the subsets
C; € A. For the first-column component of Pe we obtain a compact, albeit not very insightful,
description

v(Pe) = {(fi)ier € MV | fi = f; € (nij)}-
In general, the cohomology of MV can be interpreted as weighted simplicial cohomology. This
reformulation does not significantly aid the actual computation of H(MV), but it highlights the
simplicial nature of the Mayer—Vietoris complex. We will not pursue this viewpoint further and
refer the reader to [LR25|.
Remark 5.24. Given collections of subsets € = (C;);er and © = (D;) e of A, then the correspond-
ing projective unions satisfy Pp C Pg if and only if there exists a map

w:J —1,

such that
D; C Cw(j)» j€eJ

As explained in Remark we may, without loss of generality, assume, that w is a bijection, or
equivalently, that I = J and
D, CC;, 1€l

After this adjustment, the inclusion
15 (T, P, Mp) — (T, Pe, M),
is a morphism in GCov. The induced restriction

i5: G(Hp(Pe)) — G(H7(Pp)),
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between the associated graded algebras is equal to the map in cohomology induced by the morphism
of Mayer-—Vietoris complexes

(15)1: MV(T, Pp,Mp) — MV(T, Pe, Me),
whose components are the projections

Hr(Pe,) = Ar[Cl/(ne;) — Hr(Pp,) = Ar[C]/(np,), i€T.

We conclude this subsection with a brief discussion on how H(MV) can be computed by consider-

ing syzygies instead of divisibility conditions. For a detailed introduction to syzygies we refer to
Chapter 15 of [Eis95| or |Eis05].

Definition 5.25. Let S be an integral domain with unit and let wq,...,u, be elements of an
S-module L. The syzygies of ui,...,u, over S are the elements of the S-module

Syzg(u1,...,ur) ={(a1,...,ar) € S" | ayus + ...+ ayu, =0} C S".
If a submodule L’ C L is generated by uy,...,u,, we write
Syzg(L') = Syzg(u1, ..., u,).
Note that Syzg(L’) depends on the chosen generating set of L'.

We begin with the more general framework introduced in Remark [5.:21] Fix nonzero elements
o € S for all a € A. For both the complex (D(€, S),d) and the complex (C*(Z, S), ¢), that is, the
cochain complex of the full simplex Z with coefficients in .S, we define the standard generators

€4, 1 E I,

as well as eq, in the same way as for the Mayer—Vietoris complex in Definition [5.16] By modifying
the differential ¢, we obtain a new complex

e OPY(T, 8) L 0P (T, 8) —s OPTN(T, S) —— ..

with

. Hj .
ile) =Y ==clej)i, j€Tp.
i€, Hi

where the quotient f; /pi is taken in S and is well-defined because p; is nonzero and divides i
whenever c(e;); # 0. We define the graded S-modules

SP(¢,S) :=keré?, UP(C,S) :=imeP,

and set
§'(¢,9) =@ sre,8), u(e,s)=ure,s).

p=>0 p=>0

Furthermore, we write .
H*(Z,5), H'(I,5)=S8%(g,5)/U(C,S),

for the cohomology of (C*(Z,S),c) and (C*(Z, S), &), respectively.
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Remark 5.26. Suppose that (a;);ez, € SP(€,S). Equivalently,
¢((aj)jez,)i =0, i€y,
which is the same as

> ajujcle)i = > aje(pje;)i =0, i€ Ty,
JET, JET,

since S is a domain. Thus,
SP(Q:a S) = SyZS(C(lu‘lei) | l € Ip)v

and we call §*(€,.S) the module of syzygies.

The elements of U*(€, S) are those universal relations obtained by eliminating the coefficient part
via least common multiples of the j1;, after which only the simplicial coboundary part remains. We
will refer to them as elementary syzygies, and they are present for any choice of y, and, in particular,
also hold when the u, are algebraically independent. In that case they are closely related to the
familiar monomial syzygies (see, e.g., [Eis95, Chapter 15.2]).

Example 5.27. If (a;)ic; € ker &%, then
pia; = pjag, 4,7 € 1.
Define
L= ﬂ (Ha) € 5.
a€EC
If pg is nonzero for all a € A, then
1
i‘r\()(Iv S) = SO(Q:a S) = LM : (761)
Hi /er
In particular, if S is a UFD, then L, = (fz) is principal, where the least common multiple

7= lem(u, | a € €),

is well defined up to a unit. Hence

HT,5) =5 (E) .
Hi/ ser

For the following Lemma we keep the notation as in Example Note that the shift in degrees

is a consequence of the long exact sequence we consider in order to obtain the formula.

Lemma 5.28. Let S be a Noetherian integral domain, and let p, € S be nonzero for all a € A.
Then there are isomorphisms of S-modules

HP(€,8) = §PTH(E, ) /UP*H(e,8), p>1,

as well as
H¢,S) = S/L, @ S'(¢,S)/u'(e,S).
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Proof. The projections

1 CP(Z,8) = P S — D€, 5) = P /(). p>0,

2€Ip ZEZP
assemble into a surjective morphism of complexes
w: C*(Z,S) — D(¢,S5).

Moreover, the map
§: (C* (Iv S)? é) - (ker(ﬂ—)v C)v € > i€,

is an isomorphism, giving rise to a short exact sequence
0 —— (C*(Z, 8), &) —— (C*(T),¢) —"— (D(€, §),d) — 0.

The complex (C*(Z),c) is exact in positive degree, so the associated long exact sequence in coho-
mology yields graded S-isomorphisms

H?(€,8) =~ HPY(T,S), p>1.
The beginning of the long exact sequence is
0—— HY(Z,S) — HY(Z,S) —— H(¢,S) —— HY(T,S) —— 0,
with connecting morphism

a; — Qj

§: H(¢,S8) — H\(T, S), (aje;)jes — < : e(i’j)) €L,.
(i) (i.5)

Fixing the minimal element iy € I, we obtain a right inverse to § by
HY(T,8) — HY&,S9), (a.j)€.5).0ezs > (Aio.d) Hlio)€)iel
where we set @i, igi, = 0. Furthermore,
H°(Z,8) =S e1, €(H(T,8)) =Ly ex,
as shown in Example Hence we obtain a split exact sequence
0—— S/L, -e; — H(€,8) — HY(Z,S) — 0.
which proves the claim. O

In the following we write

§" =8¢, Ar[C]), U™ =U(E, Ap[C]).
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Corollary 5.29. We have isomorphisms of Ar|[¢]-modules
HP(MV) 2 SPFL P+t p > 1,

as well as

H°(MV) = Ar(c]/(m) & ' /U,

where B
7 :=1lem(n, | a € €),

denotes the least common multiple (well defined up to a unit).

Proof. Since Ar[(] is a UFD, the claim follows from Lemma with S = Ap[(] and pe = 7, for
all a € A, together with Example O

Ezample 5.30. We revisit Example One computes

8% = CHT Ar[()) = Arldl, U = (G0, ¢+ X, G xs ),

in agreement with the earlier result. Moreover,

S' = {(alzaal?)vaz:’)) € CY (T, Ar[¢]) = Ar[C]®® | a12(C + x3) — a1s(C + x2) + a23(¢ + x1) = 0}7
and
ul = <(< + X2ac+ X3a0)a (C + X17O7 _(C + X3))7 (O7C + X17C + X2)>

According to Corollary m the module H°(MV) consists of the constant triples, i.e., elements
(f1, f2, f3) such that there exists some f € Ar[(]/(7]) whose restrictions equal the entries f;, and of
the non-constant triples (f1, f2, f3) € MV characterized by the coefficients of their differences

fi—fo=a12((+x3), fi—fa=a3((+x2), fo— fz=a(C+x1)

The coefficients of compatible differences form the module S!', and those lying in 4! correspond
either to triples in the kernel of 7 or to constant triples whose difference coefficients still satisfy the
conditions of 8. For example, the element (¢ + x2,¢ + x3,0) € U corresponds to ((¢ + x2)(¢ +
x3),0,0) € C°(Z, Ar[¢]), which maps to zero in MV,

To describe the non-constant triples in H°(MV), consider the morphism

k1 S"— T = {(b12,b13) € A7/ ((x2 — X1, X3 — x1)) | brz(x3 — x1) = bis(x2 — x1)},

(a12,a13, as3) —> (Chz(C = —x1),a13(¢ = —Xl))7

that evaluates a1a,a13 € Ar[C] at ¢ = —x1. It can be verified directly that x is well-defined,
surjective and has kernel Z/*. In conclusion,

Stut=T.

As another example, the triple

(0,06 = (¢ x5), (5~ (C - x2) ) € MV
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is an element of H°(MV), and corresponds to

H((X2 — X1,X3 — X1,X2 — x:s)) =(x2—xux3—x1) =0

in 7. Note that
(X2 = X1, X3 — X1, X2 — X3) €U,
and that

(0, 0 = x0)(€ + x8). (s = x0)(€ 4 x2) ) = (€02 (€ x8). (€ x2) (€ x9), €+ x2)C )

is a constant triple.

An advantage of S as opposed to MV is that it is a domain, and therefore the description of torsion
over Ar[(] is more straightforward in H*(Z, Ar[¢]) than in H(MV).

Definition 5.31. Let L be an S-module and n € S. The annihilator of n in L is defined as the
S-submodule
Ann(n,L)y:={m e L|n-m=0} C L.

Define

MP(n,U) = {(as)iez, € UP(E,S) | a; is divisible by n for all i € Z,}, p > 0.

The following Lemma relates the torsion in H* (Z,S) to the torsion in H*(C,S5).

Lemma 5.32. Let S be a Noetherian integral domain, and let p, € S be nonzero for all a € A.
For any nonzero element n € S, there are S-module isomorphisms

Ann(n, H?(€,S)) = MP* (n,U)/é(n- CP(Z,S)), p>1,

and
Ann(n, H°(€,S)) = Ann(n, S/L,) & M*(n,U)/¢ (n- C°(Z,5)) .

Proof. From Lemma [5.28 we obtain
Aun(y, H?(€, ) = Am(n, H(Z,5)), p>1,

and
Ann(nv HO(Q:7 S)) = Ann(nv S/LH) @ Ann(n7F{\O(Ia S))7

as S-modules. Since C*(Z,S) is torsion-free over S, we have a surjective morphism

M) — Aunly L), (oer, — | () ],

where, for each i, the notation % denotes the unique element s € S such that sn = a;.The kernel
of this morphism is
UM up(€7 S) =c (77 : Cp_l(I7 S)) 3

and the claim follows. O
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5.3 Localization for Projective Unions

As anticipated, unions of projective spaces provide a favorable setting for the method of restricting
to T-fixed points. One of the main results of this theory, Theorem 2.2 is formulated for fixed points
of arbitrary subgroups K C T'. In the case of projective unions, many restrictions to smaller unions
can be realized as restrictions to the fixed points of such subgroups, and these maps consequently
become isomorphisms after inverting an appropriate set of characters.

This phenomenon is examined in Lemma and Remark Furthermore, the results from
Chapter [I.T] are adapted to the present situation in Corollary [5.37] Corollary [5.38] and Lemma[5.44]

Remark 5.33. In Example we considered the restriction of a projective space P to its set of
T-fixed points: Let Fy,..., Fy be the partition of A such that yx, = x if and only if a,b € A lie
in the same part of the partition. The fixed-point set PT can then be expressed as the projective
union

Pg, g:{F]|j:1,7S}

Its equivariant cohomology is

Hi(Ps) = @ Arld)/ s,

since the sets F); are disjoint. In particular, H}.(Ps) is free over Ap.

The restriction is given by the projections 7; onto each component Ar[(]/(nr,), i.e.,
S HyP— H7(Pz), fr— (m(f),...,ms(f)).

Ezample 5.34. In the situation where P has finitely many T-fixed points (see Example , the
partition § consists of all singletons F, = {a}, a € A. In this case, each projection 7, is precisely
the evaluation of f(¢) € Ar[¢]/(na) at ( = —xa. Thus, a tuple (ps)aca € A4 lies in the image of
¢* if and only if there exists a polynomial f(¢) in Ar[(]/(n4) interpolating the values p,.

Definition 5.35. Let € = (C;)icr and ® = (D;) e be collections of subsets of A. We write ® C €
and say that © is finer than € if, for all j € J, there exists an ¢ € I such that D; C C;. The
intersection of collections is defined as

cNY = (Cl n Dj)(i,j)GIXJ'
Remark 5.36. The set of T-fixed points in a projective union P is itself a projective union
Pg:P¢m3::P¢ N Ps.

In particular, Pg is finite precisely when €NgF consists of singletons. Equivalently, this holds exactly
when, within each subset C € €, all corresponding characters are distinct.

Remark has the following consequence for the torsion in equivariant cohomology.

Corollary 5.37. If R is a field, then the Ap-torsion submodule of H3(P¢) coincides with the kernel

of the localization map:
T(PQ‘) = tOI‘(AT, H;:(Pg))
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Proof. This follows from Corollary since
H;(Pe)" = Ar @ H* (Peng),

which is torsion-free over Ar by Corollary a result that is independent of the present chapter.
O

Corollary 5.38. If Pg has finitely many T-fixed points, then
7(Pe) = tor(Ar, H(Pe)) = (Hp(Pe))1,  u(Pe) 2 v(Pe) = H°(MV(T, Pe, Me)).

Proof. If Py has finitely many T-fixed points, then (H3(Pg¢)T); = 0, and Lemma implies the
claim. =

In Remark[5.24] we introduced inclusions of projective unions and saw that Py C Pg holds precisely
when ® C €. Moreover, we observed there that in this situation one may always assume I = J and
D; C C; for all ¢ € I. With this adjustment, the inclusion

15 (T, Py, Mp) — (T, Pe, Me),
is a morphism in GCov. The induced restriction on cohomology,
i5: G(Hp(Pe)) — G(Hp(Po)),

between the associated graded algebras coincides with the cohomology map arising from the mor-
phism of Mayer-—Vietoris complexes

(t5)1: MV(T, P, Mp) — MV(T, Pe, Me),
whose components are the projections

Definition 5.39. For a subset B C A and collection of subsets ® = (D;);c.s set

Lpg={xa—xs|a,b€B}, Lo:=|]JLp,
jeJ

and define the subgroup

To =Ty = (| kerx €T,
X€L»

(see Definition [2.15)).
Lemma 5.40. For ® C €, the inclusion L% is the restriction to the fized points of a subgroup of T

if and only if
Pg® = Ps.
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Proof. Let K C T be a subgroup with corresponding sublattice Mg < M. For any i € I, the action
of K on Pg, is given by the characters

[Xal, a€Cy,
viewed as elements of the character lattice M /Mg of K (Remark . By Example
Pp, C PE
if and only if
[Xal = [xa'], Va,a’ € D,
that is, if Lp, € Mg. Since

Py CPf < Pp, CPL, Viel,

we deduce
Pp C Pf <= Lo =|JLp, C M.
il
Thus, Pp C PX if and only if M/Mf is a quotient of M/Mr, = M/(Ls), equivalently if and only
if K CTp (Remark [4.11)).
Finally, if P = Pg for some subgroup K C T, then K C Typ, and hence
Py C P/> C P¥ =Py,

which proves the claim. O

Remark 5.41. If Pgi’ = Pp, then in particular,
Peng = Pe N Py = Pe NPT = PY C P}® = Ps.

This implies N ¢ C D as well as € = D, since § is a partition of A. Hence, these two properties
provide necessary conditions for ® in Lemma [5.40

Moreover, as seen in the proof of Lemma [5.40} if Py is the fixed-point set of a subgroup of T', then
Tp is the maximal subgroup with this property.

Remark 5.42. By the Localization Theorem [2.21] restrictions to fixed points become isomorphisms
after localization. For the fact that it suffices to invert only finitely many characters, we refer to
the proof of [AF24] Theorem 7.1.1]. We simply state the result here:

For ® C €, define S§ to be the multiplicative subset of Az generated by the finite set Le¢ \ Lo . If 1§
is a restriction to fixed points, then Lemma gives Pp = Pg ® and L% becomes an isomorphism
after localizing at S5.

Another way to see the same fact is to regard 1§ as a morphism in GCov. If it is a restriction to
fixed points, then for each i € Z the component

is itself a restriction to fixed points, becoming an isomorphism after localization at ng’ the multi-
plicative subset generated by L¢, \ Lo.
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It follows that (v§); becomes an isomorphism after localization at S, since

Le\ Lo = ULCL-\LEL
i€T

and hence (S5) 1§ is an isomorphism by Corollary

Ezxample 5.43. The localization map * of Pg is given by Lgm@. By definition, we have that Lz = {0}
as well as Tz = T, and ¢* becomes an isomorphism after inverting the characters in L¢ \ {0}.

We conclude this subsection with a discussion of the moment graph of a projective union. In
principle, nothing new needs to be proved here, we simply recollect results from previous chapters.

Lemma 5.44. Assume that for each i € I the characters in Lc, are relatively prime. Then the
moment graph ¢ of Py has vertex set € and an edge between a,b € € whenever there exists an
1 € I with a,b € C;. Moreover,

L(PQ) = H*(F¢>

Proof. In Example we saw that each Pc, has as moment graph the complete graph on the
vertex set C; and is a GKM-variety, provided the characters in L¢, are relatively prime. Hence Pg
itself has finitely many T-fixed points and is fixed-point closed. Furthermore, by Remark the
Mayer-—Vietoris complex MV (T, Pg, M) is torsion-free over A, and Me is a good cover. Therefore
Lemma [4.8) and Theorem [£.10] apply, and the claim follows. O

5.4 Generic and Trivial Torus Action

In this subsection we examine two extremal cases of the torus action on a projective union Pg: the
trivial action and the generic action, in which the characters are maximally independent. In both
situations we obtain structural results expressing G(H>(P¢)) in terms of simplicial cohomology
(Lemma and Lemma . As R-modules, the cohomology of P is thus described entirely in
simplicial terms. As a Ap-module, however, even the torsion-free part of the equivariant cohomology
with respect to a generic torus action need not be free (Example .

The characters relevant for the equivariant cohomology of Py lie in the sublattice
Mg = (x4 | a € ©),

and we start with the case that My = 0, i.e., T acts trivially on Pg. Since Ar is free over R,
Lemma [2.9| gives
Hi(Pe) = Ar @z H* (Pe).

One option would be to compute the ordinary singular cohomology of P, e.g. by the Mayer—Vietoris
spectral sequence. Instead, we remain in the equivariant setting and reproduce the same procedure
under the assumption Mg = 0. In this case, the equivariant cohomology of P; reduces to

Qi = Ar[C)/(¢9),
and H7(Pg) can be expressed in terms of simplicial cohomology of certain simplicial complexes.

Definition 5.45. For t € Z>¢, let A(t) be the simplicial complex on I with p-simplices all i € 7,
with |C;| > t. Its cochain differential is denoted by d;.
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We form the differential bigraded R-module

C:=@C*(A®),R), d:=) d, CP'=CPA(t),R).

t>0 t>0

For a p-simplex i in A(t) and a g-simplex j in A(s), denote the dual basis elements by eﬁ; and e,
respectively. Define -

11 )

. (—l)tqeffs - e;“ = (=), i,jeA(t+s),
0, otherwise.

By bilinear extension, we obtain a product
2 CP(A(t)) x CI(A(s)) — CPTIUA(t + 5)).

Lemma 5.46. The differential bigraded module (C,d) is a differential bigraded algebra with respect
to the above product.

Proof. Let i be a p-simplex in A(t) and j a g-simplex in A(s), and assume both i and j are simplices
in A(t + s).
First observe that

dy(el) -

i i: (—1)tth+8(€z-+s> ~ ei—+s,

J
since every summand occurring in d;(ef) but not in dys(e; ™) is annihilated by the product. Sim-
ilarly, - -

b dy(e) = ()T diy ()

It follows that
d(@z . 62) = (_1)tth+s(€z+s ~ €2+S>
= (71)“’? (dt+s(62+s) ~ Bz"—s + (*1)p62+3 ~— dt+s(€§+s)) 5
by the Leibniz rule for the differential d;4 5. On the other hand,
d(ej) - ej + (—1)"*Pef - d(ez) = dy(ef) - ej + (—1)"*Pef - dy(e3)

= (= 1) degs(eg ") — e + (—1)fattttpelts “diys(€5),

and we conclude

d(ej - €5) = d(e;) - €] + (=1)"Pej - d(e5).

If either i or j is not a simplex in A(t 4 s), then

el es = d(ez) cef =el-d(ef) =0,

and d satisfies the Leibniz rule in both cases.

Finally, for associativity, take a p-simplex i in A(t), a g-simplex j in A(s), and an v-simplex £ in
A(r), all lying in A(t + s+ 7). Then

ejlejer) = (Z1) TR =~ = (efef)ey.
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The cohomology of (C,d) is
H(C,d) = P H (A1),

>0

which inherits the bigrading and multiplication from (C, d).
Lemma 5.47. If T acts trivially on Pg, then

G(Hr(Pe)) = Ar or | D H(A®)) |

>0
as bigraded Ar-algebra.

Proof. Notice that the Mayer—Vietoris complex (MV, d) associated to Pe splits into subcomplexes

MV =P MV,

t>0
with each component given by
WD @ At =me@ @ R
p>0i€A(L), p>04i€A(L),

The map
AT®C*(A(t)) — MVy, 62’—><t € QQ

is an isomorphism of differential bigraded Ap-modules, with grading

(Ar ® C*(AM)™ = A5 @ CP(A®H), MVPT=AL"e D R-(.
1€A(t)p
The product on C' was defined to ensure that
Ar®@C — MV,

is an isomorphism of differential bigraded algebras. Hence
H(MV) = Ar @ @ H* (A1)
>0
as bigraded Ap-algebras, and the claim follows from Theorem O
Corollary 5.48. If T acts trivially on Pe and R is a field, then H}.(Pg) is torsion-free over Arp.

Proof. Since R is a field, each cohomology group H*(A(t)) is free as an R-module. Lemma
then implies that the associated graded module G(H}.(Pe¢)) is torsion-free over Ap. But if Hx(Pe)
contained torsion, the same would hold for its associated graded module, contradicting the previous
conclusion. Therefore H3(Pe¢) is torsion-free over Ar. O

Next, we turn to the case of a generic torus action on Py, characterized by maximal independence
of the characters. In this setting, the equivariant cohomology can again be compared to simplicial
cohomology of suitable complexes.
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Definition 5.49. We call the action of T on Pe generic if M is a saturated sublattice of M with
basis {xa | @ € €}.

Assume for the rest of this subsection that T" acts generically on Pg. Set T := Ty, and M’ := M.
Note that 7" acts trivially on Pg, since x4 |77= 0 for all a € €. Choose complements M"” C M
and T/ < T to M’ and T”, respectively. By Lemma the character lattices of 77 and T" are
naturally identified with M’ and M", and we obtain the splitting

AT = ATI ® ATI/ = Sym* M/ & Sym* M”.

Fix an index set K and characters x, € M, a € K, forming a basis of M".

A key feature of the generic action is that the elements
Na=C+Xa, a€0=CUK,

together with ¢, form a set of algebraically independent generators of Ar[¢]. From now on we
regard Ap[C] as a polynomial ring in these variables, so that ng is a monomial, and every use of the
term monomial refers to this interpretation.

For subsets S C B C O, define
A% = R[n. | a € B\ S, AP = Agv Ap = Ag'

Definition 5.50. For subsets S C B C €, let Ag be the simplicial complex on I whose p-simplices
are all i € Z, with C; N B ¢ S. The corresponding cochain differential is denoted by d5. We also

write (Ag, dg) = (Ag, d).

We now construct the analogue of the complex from the trivial action case. Define the differential
bigraded R-module
GE = @ As ®r C*(As),
sce

with differential d ==Y SCT ds and bigrading

GEPF = P (A5 @ or(ag)).

sce
[S|<k

For S,U C €, let xs € Ag and yy € Ay be monomials. If i is a p-simplex in Ag and J a g-simplex
in Ay, we denote their dual basis elements in C?(Ag) and C4(Ay) by e;f and eéj, respectively, and

put
S . S
= Y e
icl
ci¢s
Multiplication is defined by

(xs®ef) (xu® e§j) = (—1){xsl+Isha (XSXUﬂSmU ® 653”) )
whenever i and j are simplices in Agyy, and zero otherwise. Bilinear extension yields a product

tAg ® OP(AS) X Ay ® Cq(AU) — Asur ® Cerq(ASUU),
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restricting to
GEPF x GE?Y — GEPToR Y,

on the graded components. By arguments parallel to Lemma [5.46] one verifies:

Lemma 5.51. The differential bigraded module (GE, d) is a differential bigraded algebra with respect
to the product defined above.

By mapping _
Na r—>1®e§a}, acc,

we obtain a morphism Ag — GE which turns (GE, d) into a differential bigraded Ag-algebra. The
cohomology

H(GE) = P As ®r H*(Asg),
sce
inherits a natural structure of a bigraded Ar[(]-algebra. As in the case of the Mayer—Vietoris

complex, we regard both GE and H(GE) simultaneously as bigraded and as monograded objects,
the latter with respect to the first grading.

Lemma 5.52. Assume that T' acts generically on Pg. With the notation above,
G(H}(Pe)) = Ax[(] ®r H(GE),
both as bigraded and monograded Ar[(]-algebra.

Proof. First treat the case My = M. Define
Z: R[(]®r GE — MV, (' ® (s ®ef) — ('xsnses,

for t >0 and xys ® ef € As ®r C*(Ag).
Because the action is generic, Z is an isomorphism of differential bigraded R-modules, where the
left-hand side is graded by

(R @rGEP = P | P R ®A;CP(As)

SCT \r+t+|S|=k
|S|<k

By construction, the Ap-action and the product on GE are chosen to be compatible with =, hence
= is in fact an isomorphism of differential bigraded Ap-algebras. Since R[(] is free over R, Theo-
rem |3.28| yields

R[(] ®r H(GE) = H(R[(] ® GE) = HMV) = G(Hr(F¢)),

since R[(] is free over R.

In the general case, using the previously fixed decomposition T' = T' x T" with T" acting trivially
on Py, Lemma [1.28] gives

G(Hp(Pe)) = Arv @ G(Hy (Pe)) = Ak @ G(Hp/ (Pe)).

and the first part applied to T” yields the stated isomorphism. O
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Remark 5.53. In the case of a generic action, Lemma [5.52] provides a simplicial description of
H(MV). As an R-module, the cohomology G(H7(P¢)) decomposes completely into a direct sum of
the cohomology rings of the simplicial complexes Ag. However, this splitting does not extend to the
Ap-module structure, since the individual cohomology rings Ag ® H*(Ag) are not preserved as Ap-
submodules. This phenomenon is illustrated in Example where we show that A [(|® g H?(GE)
does not need to be free over Ar.

Remark 5.54. Suppose we have an inclusion of projective unions Py C Pg as in Remark with
D = (D;)ier and € = (C;);es such that D; C C; for all i € I. Let GE’ denote the corresponding
complex and Z' the corresponding isomorphism for Pg (see Lemma [5.52)).

Since My is saturated in Me, a basis {xq | @ € K} complementing {x, | a € €} can be extended
to a basis complementing {x, | a € ®} by setting

K =Kuc\D.
Thus, the collections of characters
{Xa|la €DUK'}, {xa|a€CUK},

coincide.i
For S C € we have
D;¢S=C, ¢S, iel,

so every simplex of A? is also a simplex of Ag, yielding an inclusion A? — Ag. This induces
P51 C7(AF) — C*(AF),
and we define
rs: As ® C*(A§) — Ag5 ® Ags ® C*(AF), rs(1®€)) =ng 5@ 1@7s(ef),
using Ag = AS\5 ®Agg — Ag\g ®Agp-
Collecting these maps gives
r: GE= (P As @r C*(A§) — Ag\5 ® GE = Ag5 ® P As ©r C7(AF).
sce SCD

The diagram
MV(T, Pe,M¢) —=—— Ag[(] ® GE

MV(T, Py, D) —=— Ax[(] ® Ag 5 © GE'
commutes. Hence the restriction
G(H7(Pe)) — G(Hr(Po)),
can be expressed, via Lemma [5.52} as
Ag[(] ® H(GE) — Ak[(] ® Ag\5 ® H(GE),

and this map is exactly the one induced by 7 in cohomology.
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As an application of Lemma we can express ((Pe) = v(Ps) as Ax[¢] ®r H°(GE) which is
determined by the connected components of the 1-skeletons of the simplicial complexes Ag.

Definition 5.55. For S C A let Gg be the 1-skeleton of Ag, that is, the graph with vertices i € [
such that C; € S and an edge between distinct i # j whenever C(; jy € S.

Z Z Xs.i® e},

SCA el
Ci¢Ss

Remark 5.56. An element

of GE® lies in H 9(GE) if and only if for every connected component of G, the coefficients g ; are
constant across all vertices in that component.

Even for a generic action, determining a minimal generating set over Ar for G(H}.(P¢)), or even
for v(Pg), is difficult, despite the criterion of Remark We will return to the description via
GE in Chapters and For now, we employ the Mayer—Vietoris complex to analyze v(Pg) in
the generic case. Specifically, we describe a test for freeness of v(P¢) over Ar.

Remark 5.57. The localization theorem ensures that, for a sufficiently large multiplicative subset
L C Ag, the localized module L~'¢(Pg) is free of rank |€| over L~'Az. Consequently, if ¢(Pc) is
free as a Ap-module, its rank must be |€|. Thus, non-freeness can be shown by exhibiting [€] + 1
elements in H°(GE) = ((Pg) that are independent over Ar.

Lemma 5.58. Let 2 := |€| and assume that the characters {x, | a € €} are pairwise distinct. Then
the elements (%ey,...,(* ey in v(Pg) are linearly independent over Ar.

Proof. By construction, or by Corollary[5.29] the elements (ey,...,(* ey lie in HO(MV) = v(Pg.
If they were linearly dependent, there would exist an f € Ar[(] of degree less than z such that

fer =0in MV?.

This holds if and only if f is divisible by 7, which is impossible since Ar[(] is a UFD and the
characters x, are distinct. O

Ezxample 5.59. We give an example of a projective union with generic torus action for which the
first-column component is not free.

Suppose A = {1,...,8} and €4 = {C1, Cs, C5,Cy} with
Cy ={1,3,5}, Cy=1{2,3,6}, C3=1{2,4,7}, C4=1{1,4,8}.

For this example, we write
Mig..siv = Migs.yi}s 105+ - -1t € A.

135 —— 236
I
148 —% 947

We claim that v(Pg,) is not free over Ar by constructing a linearly independent set of size 9.
Both (912,112,0,0) and (134, 0, 0,7134) lie in H°(GE). Suppose the 9 elements

€0, C€Oa EERE <6607 (77127771270’ 0)7 (T]34707 Oa 7734)7
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are linearly dependent. Then there exist f € Ar[(] of degree at most 6 and «, 8 € A7 such that

Noar | o muas | f+ Bnza, mese | f+ i,
and
mss | [+ a2 + Bnsa.
Equivalently, there exist ag, ai,as,as € Ar[(] of degree at most 3 with

aogfoar = f,  @oMoar + a1niag = B34,  GoN2a7 + A27236 = QM12,
and
agN2a7 + a3Nizs = aniz + Bn3a.
This yields
aon2a7 + a1M148 + G2M23e — asnizs = 0,

which forces one of 115, 1736 or 7135 to divide ag, and hence f. In any case this leads to a contradiction:
for example, if n135 | f, then

m3s | aniz + Bnaa,

which is impossible since «, 5 € Ap.

5.5 Torus Change for Projective Unions

In the previous subsection we described the equivariant cohomology of a projective union Pg under
a generic torus action. If a torus T acts non-generically on P, that is, if the characters y, through
which it acts are linearly dependent, the computation of equivariant cohomology becomes more
involved. Nevertheless, one can always relate T to a sufficiently large torus T acting generically,
such that the T-equivariant cohomology of P can be recovered from the T-equivariant cohomology
via a change of tori.

We now make this approach precise, which motivates a closer analysis of torus change from Chap-
ter [4.2|in the context of projective unions. We establish a criterion for when short exact sequences
analogous to those of the Kiinneth theorem arise (Lemma and we present an alternative
method to decide whether the restriction of tori is surjective (Theorem [5.73)).

For the remainder of this chapter we adopt the notation of Chapter and in particular write [x]
for the class of an element x whenever the quotient under consideration is clear from the context.

Let T act on Pg via . characters x,, and let T" act via characters pi,. Denote the corresponding
character lattices by M and M, and write

(MV,d) = (MV(T, P, M¢),d), (MV,d) = (MV(T, Pg,€),d),

for the associated Mayer—Vietoris complexes.

Remark 5.60. By construction of the torus action on a projective union, a morphism of tori
o:T—T
is compatible with the actions on Py if and only if the induced map on character lattices
" M — M,

satisfies ©*(ta) = xa for all a € A.
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Remark 5.61. If T = (C*)* is chosen with canonical characters j,, then its action on Pg is generic
by definition. In this case, the assignment

@*:M—>M7 Ha V7 Xa>

defines a morphism of character lattices, with corresponding morphism of tori ¢: T — T compatible
with the respective actions. The induced restriction and extension of tori

0: H}(P@) — H%(PQ), O: AT QA H;«(PQ) — H%(P@),

relate the non-generic to the generic case.

For a general compatible morphism of tori ¢: T — T, Remark ensures that the hypotheses of
Lemma [4.37) are satisfied. Consequently, the induced maps on associated graded algebras

0: G(H7(Pe)) — G(HE(Pe)), ©: Ag®a, G(Hi(Pe)) — G(Hx(Pe)),
are explicitly given by
0: HMV) — H (Ap @p, MV) = HMV),  [z] — [2],
and A o
O: Ax®pr, HMV) — H (A7 @p, MV) = HMV), A® [z] — [A@z].

Since R is a field, the morphism ¢ necessarily introduces relations R on Ar (see Lemma [4.17). It
is therefore natural to formulate the results of this chapter in terms of introduced relations, which
is also the form required in the next chapter.

For simplicity, we further assume that T = 1, or equivalently, that S(imy*) = M (see Defini-
tion . By Remark this is the same as saying that M is a quotient of M, or that the
morphism

o: T T,

is an embedding. Through this assumption, we may omit the factor Azs in the formulas, which
will again be the relevant situation in the final chapter.

With these conventions we obtain

Az =Ap/R, MV =MV /RMV,

and hence .
0: HMV) — HMV /RMV),
as well as .
©:HMV)/(RHMV)) — HMV /RMV),
see Corollary

Since MV is free over Ar, the map © can in principle be studied via the Kiinneth spectral se-
quence. However, this approach is typically complicated. By contrast, the Kiinneth theorem yields
a more accessible description, though it is not always applicable.

The following lemma gives a coarser description that holds under weaker assumptions than those
required for the Kiinneth theorem.
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Lemma 5.62. Forp >0, set
ZP = kerdP, B? = imdP~ .

Then there are short exact sequences

0—— (HP(MV)/RHP(MV)) =2 H?(MV /R MV)——Sy2 7041 (v (R)/ Sy2 2041 (R) ——0,

for all p > 0, provided that
RMVNZ =RZ.

Proof. Throughout, [z] denotes the residue class of € MV in the relevant quotient.
Consider the short exact sequence of graded Ap-modules

0 —— ZP —— MV?P —— BPtl —

viewed as a short exact sequence of differential graded modules with zero differentials on Z and B.
If RMVNZ =RZ, then the map

ZJRZ — MV /RMV,

is injective. By right exactness of the tensor product, we obtain a short exact sequence of differential
graded modules

0 — ZP/RZP —— MV? /RMV? —— BP+1/RBr1 — 0.

The corresponding long exact sequence in cohomology is

spt1

.. —— BPJRBP — 77 JRZP — s HP(MV /RMV) —— BP+1/RBP+1

where ¢? is the connecting homomorphism induced by the inclusion BP < ZP, and ¢ is induced by
the inclusion Z? < MV?. From this, we obtain short exact sequences

0—>HP(MV)/RHP(MV)&H”(MV/RMV)%ker(SPH—>O, p >0,
and after fixing generators r1,...,7r; of R, we can define a well-defined morphism
K0 Syzge vy (R) — ker 6%, ([ud], ... [ue]) = Jurrs + ... wyre] € BP/RBP.

If [x] € ker P, then & = 2171 + ...z for some z; € ZP hence kP([#1], ..., [z]) = [z], and kP is
surjective. The kernel of kP consists precisely of tuples (Ju1], ..., [u:]) with

u1r1+--~+ut7‘t6RBP,

i.e., there exist b; € BP such that (uq — b1)r1 + ... + (wy — b))y = 0 and ([ua],. .., Ju])
([ur = b1]s - -+, [ue = be])) in Syz e vy (R). In other words,

(ug —b1,...,ur — b)) € Syz,»(R),

and we have shown that
SYZ e vy (R)/ Syzz» (R) — ker 67,

is an isomorphism. O
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Remark 5.63. The result of the previous lemma is not specific to projective unions. More generally,
it requires only a covered space X, torus actions by T and 7', and a compatible morphism

o: T T,

which is an embedding, i.e., such that TS =1.
By Remark the assumption of Lemma that is,

RMVNZ =RZ,

is sufficient to ensure that © is injective. In the case of equivariantly formal spaces, Example
shows that © is even an isomorphism.

The subtle point is surjectivity of 6 (or equivalently of @) namely, whether
kerd = d ' (RMV)/RMV,

contains additional cocycles compared to ker d. For projective unions, one can establish a recursive
criterion for this by considering semi-regular sequences. Recall that the Mayer—Vietoris complex
corresponding to Pg together with its T-action is given by

MV =@ P A/ M), ni= ] e 10 =+ ta
p>0i€T, aeC;
Similarly, writing
ﬁa = C + X(l = @(na),
see Remark we obtain
MV =D P A/, 7= 1] 7
p>0i€Z, aeC;

In Remark these appeared as a special case of the more general differential graded S-module
D(¢,S). Concretely,
MV(T7 P, m@) = D(Q:, AT[C]? (na)aeA)v

and -
MV(T> P€7 mﬁ) = D(€7 AT[CL (ﬁa)aeA)'

Definition 5.64. For subsets U,V C A set

ifa¢U.
Ar[C])V = A wlacv), pU={" ! :
/Y = Arldl/ o la € V), {17 iy
and define
MVY = D(€,A7[C]/V, (1 )aca)-
Analogously,
M., fag¢U
AF[C1/V = A/ (@ V), 7¥= e ! ’
T[C]/ T[C]/(na | a € )7 Na {17 ifac U,
and

MVy == D(€, AZ[C]/V, (1Y Jaea)-

If necessary, we denote the differentials of MVY, and MVg by df and Eg, respectively.
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Remark 5.65. The ring Ar[¢]/V is a quotient of Ar[¢] over an ideal generated by linear forms,
hence a Noetherian integral domain, which is required in the definition D(€,S), and even further,
a UFD. Moreover, MVY, is naturally a Az[¢]-module, and free as Ar[¢]/V-module.

The corresponding statements hold for A=[¢]/V and MiV\[i
Ezample 5.66. We abbreviate

MVy = MVZ, MVY =MVY U,V C A,

and similarly for MV.
As extreme cases,
MV* =0, MVy = C*(N(€), Ar[C]/A),
where N(€) is the nerve of the cover M.
Remark 5.67. The module MVY coincides with the Mayer—Vietoris complex

MV(T, Pe\v, Me\vr )

where €\ U = (C; \ U);e;-
Alternatively, we can consider the submodule

2z = P (Ar[Q1/V) - neaw S MVy,
i€T
to obtain the description
MVY =MVy /2Y.
Note that
Zg C Ann(ny, MVy).

Analogously, we define

Zy =@ AF/V) - ey w € MV,
€T

and obtain Yy L

In the following we will consider semiregular sequences which are sequences defined in terms of
partitions of their prefixes.

Definition 5.68. Let aq,...,a, be a sequence in A. For 1 < j < n, we say that subsets U,V C A
partition the jth prefix ai,...,aj—1 of ai,...,ay, if

UUV:{ah...,aj,l}.

We further write

Uj=UU{q;},
and use the convention that {ai,...,a;_1} =@ for j = 1.
The sequence aq,...,a, is called square-free if for all 1 < j < n and all a € A\ {a1,...,a;}, the

differences
77a_7~ — Na, ﬁaj - ﬁzﬂ
are nonzero in Ar[C]/(Mays---1Ma;_,) and Az[Cl/(May, - -+ 5 7Ma;_, ), Tespectively.
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Remark 5.69. A square-free sequence a, ..., a, in A has the following property: for every 1 < j <n
and every subset V' C {ay,...,a;}, divisibility in the UFD A7[¢]/V (cf. Remark [5.65) satisfies

Na; | i = ni=0o0ra; € C; forallicT.

The same statement holds in A#[¢]/V.

Remark 5.70. Given 1 < j < mn, let U,V be a partition of the jth prefix of a1, ..., a,. We have seen
in Remark that
MVY =MVy /2Y,

and further
MVY = MVy /257 = (MVy /28 / (299)28) = v [ (2572 .

If the sequence aq,...,a, is square-free, then we see from Remark and the definition of Z
that
7271725 = Ann(n,,, MVY).

Consequently, the following is a short exact sequence of differential graded modules
. ‘Na

0—— MV —5 MV 2 MV, ——0
where p is the projection onto the quotient MV%.
The corresponding long exact cohomology sequence is

- . Ma .
o HPLMVY ) 2 g (MVY) L B (MVY) 2 HP(MVY ) s HrH (VYT ) —
and the connecting morphism is given by

) du
8P HP(MVY) — HPPY(MVYY), [z] — HV(@H x € kerdS .
Na; 7

Since z € ker d% implies that df/ (z) € 1., MV, the notation df; (2)/Na; is justified.

. . ——U
The corresponding constructions and long exact sequence can be made for MV, as well.

Since MV = MV /R MV, there is a natural surjective projection
7 MV — MV,

whose induced map in cohomology coincides with the restriction of tori 6. More generally, for
subsets U,V C A we obtain projections

0 MV, — Wg,

which induce morphisms
7V HMVY) — H(MV,).
We denote by K g the kernel of 7. Explicitly,

KU = (kerdg nRMViﬁHmdg) /im dy.
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Definition 5.71. We call a square-free sequence a1, ..., a, in A semi-reqular if for every 1 < j <n
and for every partition U, V of the jth prefix, the connecting morphism ¢ of Remark satisfies

5N KYY) € Ky + p(H(MVY)).
Ezample 5.72. In the setting of Definition [5.71] suppose that
HP(MVY9) =0, p>o0.
Then, by construction
STHKY?) C kerd = p(H(MVY)).

If moreover
MVY; = C*(Z, Ar[¢]/ V),

i.e., it coincides with the cochain complex of Z with coefficients in Ar[¢]/V ], then

{AT[C]/Vja ifp=0,

HP(MVY,) =~
(MVy;) 0, if p >0,

and consequently
p(H(MVY)) = H(MVY,).

Theorem 5.73. Suppose aq,...,a, is a semi-reqular sequence in A and that

~U. U ——U

v HMVy) — HMVy,), [z] — [z],
is surjective for all partitions U,V of ay,...,a,. Then the restriction 6 and extension © of tori are
surjective.

Proof. Let 1 <37 <n—1and let U,V be a partition of the jth prefix of a1,...,a,. The long exact
sequences from Remark for MV and MV fit into a morphism of long exact sequences

s HP LMV 2 B (VYY) s o (MVY) —Es B (MVY,) = B L MV ) ——s
4‘/ ~i/j ~‘U ~£/ ~(‘Jj
p—1 ;U gpfl - LU] 'ﬁj » —U P » ;U 5P 1 ——Uj
coo——HPH MV ;) —— HP(MV" ) ——= HP(MVy, ) —— HP(MV ;) —— HPT{(MV}" ) ——. ..
By the definition of p, 4
pil(KgJ) = KU + kerp,
and by assumption, _
0NEY) € K+ p(H(MVY)).

Therefore the sequence

Uj Ujyp % 5P Uj Uj
HY V) /(R ="0 FP MV /(Y s P MV (Y, )~ HPH (V) (R
is exact. We thus obtain a commutative diagram

HP(MV?) /(K7 7= HP (MV) /(K )P~ HP (V) (KE)7 = HPH (V) /(K

~Uj ~U ~U ~Uj
MV, ) — 2 P (MVy,) ———— HP(MVy, ) —— 5 B MV,
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. .. . . - ~Uj . . ..
with exact rows and injective vertical arrows. If ng and 7y’ are surjective, then so is 7Y by the
four-lemma.

Since surjectivity holds by assumption for all partitions of the full set {a1,...,a,} it follows step

by step for all smaller prefixes as well. Consequently, all morphisms ﬁg are surjective for every

1 < j < n and every partition U,V of the jth prefix. In particular, since 75 = g is surjective,
Remark implies that @ itself, and hence also © is surjective. O

Ezxample 5.74. Consider first the case
MV = C*(Z, Ar[C)/V),

i.e., it is the cochain complex of Z with coefficients in Ar[¢]/V. Then

MV = C*(Z, A7 [¢]/V),

and
#/: HMVY) 2 Ar(()/V — HOIVY) = A7[()/V.
is surjective.
Similarly, if
MV = D((C1, Ca), Ar[C]/V; (0 aea),
is equal to a differential graded module D(€, Ar[(]/V) defined for a two-element cover, then also

MVy = D((Cy, Ca), A#[C)/V, (T )aca),

and since

H(MVY) 2 {(f,9) € (Ar[¢]/V)/(ne,) & (Az[C)/V)/(nc2) | £ =g € (neanea)}s

HOIVY) 2 {(f.9) € (AR[C/V)/(Me,) @ (AR [C/V)/(Tey) | £ = 9 € [oynes) b
we obtain again that
0 HMVY) — H(MVy),

is surjective (cf. Example [5.19).

We provide a more intrinsic characterization of semiregular sequences by considering annihilators
inside the quotient modules MV?, /im dY.. Define

RU . RMVY +imdy
im d¥ ’

so that
ker dY N RMVY +im dY/

Ky =
|4 . U
imdy,

=RY nHMVY).

Since RMVY, is a differential graded submodule of MV, the inclusion induces a canonical mor-
phism
H(RMVY) — HMVY)NRY.
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Lemma 5.75. Let ay,...,a, be a square-free sequence in A. If for all1 < j < n and all partitions
U,V of the jth prefix

Ann(7,,, HMVY)NRY) Ann(n,,, H(R MVY)),
then aq,...,a, is a semireqular sequence.
Proof. Let x € MVY, with
dy (=)

aj

ot = |

ﬂ e KV =Ry n HMVY).

Equivalently, there exist r € RMVg NkerdY, y € MVg, and coefficients r; € Ap[(]/V fori € T
such that v
dy ()

Na,

=r+dy(y) + > T ()i
1€T

where e; denote the standard basic vectors of MVY.. Then
dy (2 =10, y) = 1,7, in MV,

and therefore
[r] € Ann(n,,, HMVY)NRY.

By the assumption, there exists z € RMVg such that

dg(x —Na;Y) = Na;T = d‘[f(z)

Consequently,
T = najy + < + k’

for some k € ker dy. Passing to H(MV‘%), where ker df, = p(H(MVY))), we obtain
[z] = [z + £,
Thus [z] is of the required form, and the claim follows. O

Remark 5.76. We record a separate situation in which surjectivity of § can be deduced recursively.
We consider the union of a projective union Pe with a projective space Pg C P in the case where
their intersection is again a projective space, i.e. P N Pg = Pg/, B C B C A.

The restriction of tori @ is induced in cohomology from the morphism of Mayer—Vietoris complexes

H; (Pe) ® Hi (o) "3 Hy(Py)
e
HZ(Pe) ® H:(Pp) =% Hx(Pp:)
where
re: Hj(Pe) = H(Pp/), rp: Hp(Pg) — Hp(Pp/),
Te: HE(Pe) — Hz(Pp), Tp: H%(Pp) — HZ(Pp),
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and O¢,0p,0p are the respective restrictions of tori.
Writing H3(Pg) = Ar[¢]/(nB) and Hy(Pp/) = Ar[¢]/(ns’), the kernels of the restrictions of tori
are

ker0p = RAT[C]/R(nB),  kerfp = RAr[(]/R(np),

and hence
15 (ker ) C ker 0.

By Example we know that fp and 65/ are surjective. Since moreover rp is surjective, we can
argue as in Example [3.49] to conclude the following: if ¢ is surjective, then also

QZH;«(PQUPB)—)H%(PQUPB)

is surjective.

Ezample 5.77. We now give an example where the restriction of tori

0: G(Hj (Pe))—G(Hx(Pe))

is not surjective.

Let A =1(2,4), the set of strictly increasing pairs in {1,...,4}. Besides the generic action of
T o~ ((CX)I(QA)

via its canonical characters p(; j), we consider the action of

on P = P(C'24) given by
X(ig) = €T €j

where ey, ..., e4 are the standard characters of T. We will refer to this as the Grassmannian action
of T' in Chapter
Let Py be the projective union defined by the collection

Cr={(1,2),(1,3),(1,4)}, C2={(1,2),(2,3),(2,4)},
Cs ={(1,3),(2,3),(3,4)}, Ca={(1,4),(2,4),(3,4)}.
In the Mayer—Vietoris complex MV one finds that
(0, (e2 —e1)(C +e1+ez), (es —e1)(( +er +ez), (ea —er)(( +er+eq))

lies in kerd. and thus represents a nontrivial element of H°(MV).

However, this class does not lie in the image of
0: HO(MV)— H°(MV),

and therefore  is not surjective in this case.
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5 Projective Unions

5.6 Projective Unions from Posets

There are many ways to define projective unions from combinatorial objects. In this chapter, once
again motivated by the degenerated Grassmannian, we focus on one such construction, namely
poset unions. Any projective union

P¢ C P(CH),

is fully determined (apart from its torus action) by the set A and the collection of subsets €. If A
carries the structure of a poset, then a poset union is obtained by taking € to be the collection of
maximal chains in A, viewed as subsets.

After briefly recalling the definition of poset cohomology from [Wac07], we study the equivariant
cohomology of such projective unions under a generic torus action. By considering the nerve of
a suitable cover of the simplicial complexes Ag from Lemma [5.52] we obtain a dual description
in terms of poset cohomology, formulated in Lemma [5.82] The remaining discussion serves as
preparation for the poset-based description of the degenerated Grassmannian in Chapter [6.1

Definition 5.78. A poset is a set P together with a partial order <. For a,b € P, we say that b
covers a if a < b and there exists no ¢ € P\ {a,b} with a < ¢ <b. An element « € P is called the
least (resp. greatest) element if © < a (resp. a < z) holds for all a € P.

Definition 5.79. Let A be a finite poset and € the collection of its maximal chains, regarded as
subsets of A. The associated projective union Py C P(C4) is called a poset union and will be
denoted by Pj.

Definition 5.80. The order complex of a poset P is the simplicial complex A(P) on P whose p-
simplices are the p-chains in P, i.e., the totally ordered (p+1)-element subsets of P. The cohomology
of P, denoted H*(P), is defined as the simplicial cohomology of A(P).

Any subset A C P is again a poset under the restricted partial order, and its order complex A(A)
is naturally included in A(P). This inclusion induces a restriction map H*(P) — H*(A).

Remark 5.81. In analogy with Remark if A,B C P are subposets, then the cohomology of
AU B is computed by the long exact sequence

...——HP(AUB)——HP(A) ® H?(B)——— HP(AN B)—— HP"1 (AU B)—. ..

Let A be a poset and suppose a torus T acts generically on P4. By definition we then have ¢ = A.
We continue to use the general notation of Chapter In particular, we write O = AU K, assume
that {x, | @ € O} forms a basis of M and regard the polynomial ring Ar[(] as polynomial ring in
the variables

gv 77a:<+Xa (CLEO).

Lemma 5.82. Assume that T' acts generically on Py. Then

G(H7(Pa)) = Ax[] @ | @D A% @ H*(S)
scaA
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Proof. By Lemma we have

G(H;(Pa)) = Ax[(] ® H(GE) = Ax[¢(] @ | €D As @ H*(As)
SCA
On the other hand,

As= |J A
acA\S

where A, denotes the simplex spanned by all chains C' C A with a € C. By the Nerve Theorem
(Theorem , the complex Ag is homotopy equivalent to the nerve of this covering, which is
precisely the order complex of the subposet A\ S. Hence

H*(As) = H*(A\S),

and since taking the sum over all subsets of A is the same as taking the sum over all complements
in A, the claim follows. O

From now on, we assume that R is a field, so that the cohomology of any simplicial complex with
coefficients in R is a vector space.

For each subposet S C A, fix an index set Jg and a basis {g§ | i € Js} of H®. Then, by Lemma
every element f € G(H7(Pa)) can be written uniquely in the form

f=2 > sigs
SCAieds
with coefficients vg; € A [(].

We now describe explicitly the Ar[¢]-module structure in this representation. Let Z C S C A be
subposets. Since Az C Ag, there is an induced restriction map

ry: H*(S) — H*(Z).
In particular, for every i € Jg we have coefficients ag’jZ € R such that
S, Yy
r7(95) = Z afnggJZ.
j€Jz

With this, multiplication by the generators of Ar[(] acts as follows:

, Nags: a€O0\S, i i
Na - g = j ¢ 95 =(gs-
{ZjEJS\{a) ag,js\{a}gjs\{a}’ a €S,

Definition 5.83. Let ni,ne € Zsg. A partial permutation matriz is a matrix M € R™*"2 with
entries in {0, 1} such that in each row and each column there is at most one entry equal to 1.
Let X; and X5 be finite-dimensional vector spaces over R, and fix bases of X; and Xs. An R-linear
map

@ZXH-—%<X%
is called a partial permutation (with respect to the chosen bases) if its matrix representation relative
to these bases is a partial permutation matrix.
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Remark 5.84. With fixed bases {e] | j € J1} and {e] | j € Jo}, a partial permutation ¢: X; — X
induces a bijection
(ﬁ: D1 — DQ

between subsets D1 C J; and Dy C Jo, determined by
2 ., ifjeD
plehy = {Cetr T E j € Ji.
0, if je; \ Dy,
In the following, we will also write ¢ for the induced map between sets, and use the shorthand

e;(j) = go(e;)7 Jje .

Definition 5.85. Let Z C S C A be subposets and fix bases

{ggaiEJS}v {gjéajGJZL

of H*(S) and H*(Z), respectively. We say that S restricts simply to Z with respect to these bases
if the restriction
ry: H*(S) — H*(Z),
is a partial permutation.
Remark 5.86. Any linear map between finite-dimensional vector spaces becomes a partial permu-

tation after a suitable choice of bases. Consequently, for subposets Z C S C A, it is always possible
to choose suitable bases of H*(S) and H*(Z) such that S restricts simply to Z.

Ezample 5.87. Let a € S and r: H*(S) — H*(S\ {a}) the restriction. If bases are chosen so that

S restricts simply to S\ {a}, then
Mo G5 = 0%\ oy

where r(i) denotes the image of 4 under the induced partial permutation on indices (as in Re-

mark [5.84]).

Remark 5.88. Let B be a subposet of A. As in Remark [5.54] we consider a basis {x, | a € O} of
M, indexed by
O=BU(A\B)UK.

The poset union Pp is contained in P4, and we may express the restriction map described from
Remark [5.54) in terms of poset cohomology.

For S C A, we have an inclusion
B A
Aps = Als,

which induces a cochain map
C*(Aﬁ\s) — C*(Ag\s)a

and hence a restriction in poset cohomology
7g: H*(S) — H*(SN B).
Define

Ts: Aas @ H*(S) — Ao\ @ Ap\s @ H (SN B), 715(1® g) =na\(Bus) ® 1@ 7s(g).
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Then the global restriction
G(Ht(Pa)) — G(H7(Pg)),

is expressed as the collection of the maps rg, i.e.
riAg[e | PASeHN(S) | — Axuasld® | D AL @ H(SNB)
5CA SCB

In particular, a basis element g% in the poset description of P, restricts as

r(gs) = Z as SﬂBnA\(BUS)gSﬂBv
Jj€JsnB

with .4\ (Bus) € Axua\s[¢] ® A3, as required.
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6 Degenerated Grassmannians

6 Degenerated Grassmannians

The method of Seshadri stratification was introduced in |[CFL23] as a generalization of New-
ton—Okounkov theory. Unlike the latter, which starts with a flag of subvarieties, a Seshadri strat-
ification is based on a web of subvarieties together with a collection of homogeneous functions,
both indexed by the same finite poset. This structural difference shapes the comparison in sev-
eral respects: Newton—Okounkov theory yields a valuation on the coordinate ring of the embedded
variety, while a Seshadri stratification gives a quasi-valuation. The former defines a monoid and
leads to a toric degeneration, whereas the latter defines a fan of monoids and produces a semi-toric
degeneration.

The simplest special fibers of semi-toric degenerations obtained from Seshadri stratifications arise
when the stratification is of Hodge type, in which case each component is a weighted projective space
corresponding to a maximal chain in the indexing poset (|CFL23, Chapter 12 and Chapter 16.1]).
For Grassmannians, the natural choice of Schubert varieties as strata and Pliicker coordinates as
extremal functions provides a favorable example of such a stratification.

In this framework, the degenerated Grassmannian P, is precisely the special fiber of the semi-
toric degeneration of the Grassmannian Gr(d,n) defined by its Hodge-type Seshadri stratification,
inheriting the standard torus action as well as the structural richness of the Grassmannian. It was
the motivating example for our study of projective unions and their torus-equivariant cohomology,
and will now be treated as a special case in the final chapter of the thesis.

We define the degenerated Grassmannian Py, as a poset union (Definition and use the asso-
ciated poset structure, under a generic torus action, in Chapter [6.1] to describe the image of the
restriction map P, — P» 41 between degenerated Grassmannians. Chapter then considers
the torus action induced by Gr(d,n) and formulates a combinatorial description of the first-column
component v(Py ), which is the torsion-free, and therefore relevant part of cohomology for com-
parison with that of Gr(d,n).

Since the ordinary and the degenerated Grassmannian share the same combinatorial basis, the
chapter begins with a brief introduction to the combinatorial data of the former. This both fixes
notation for the study of the degenerated Grassmannian and provides context for a comparison of
cohomologies at the end of Chapter

For a detailed discussion of the ordinary Grassmannian we refer the reader to [Ful97].

For this section we assume that R is a field of characteristic zero.

The complex Grassmannian Gr(d, n) was introduced in Example as the variety of d-dimensional
subspaces of a complex vector space V of dimension n. It embeds into the projectivization P( /\d V)
of the d-th exterior power of V via the Pliicker embedding, and thus can be realized as a smooth
complex projective variety of dimension d(n — d).

From both geometric and combinatorial perspectives, Schubert varieties form the fundamental
building blocks in the structural study of the Grassmannian. There are several equivalent ways to
index these varieties: by increasing tuples, by Young tableaux, or via certain words in the Coxeter
group of type A,_1. We restrict our attention to increasing tuples and Young diagrams, which are
concrete and sufficient for treating degenerated Grassmannians in the Mayer—Vietoris context.

Let I(d,n) denote the set of strictly increasing d-tuples with entries between 1 and n, i.e.,

I="(i1,...,%q), withi; <...<iy, andijé{l,...,n}.
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6 Degenerated Grassmannians

We define the weight of a d-tuple I = (i1,...,i4) to be equal to

d

wt(1) =Y (i; — ),

Jj=1

and equip I(d,n) with a poset structure given by

I=(i1,...,iq) < J = (i,...,iy) if and only if i; <4}, for all 1 < j < d.
To introduce Schubert varieties, fix a complete flag
Fo {0} CACRC-CF, =V,
dmF; =14, i=1,...,n.
Then the Schubert cell associated to I = (i1,...,4q) is
X7 ={V € Gr(d,n) | dim(V N F;;) = j for all j, and dim(V N F;,_1) =j — 1},

and each X9 is locally closed and isomorphic to the affine space AVt() The Schubert variety ¥ is
defined as the Zariski closure of X§:

Yr=3%9, 1Iel(dn),

and the ordering of the poset I(d,n) coincides with the Bruhat order on Schubert varieties in
Gr(d,n), i.e.,

Yy CXy, ifand only if I < J.
There is a bijection between the set of strictly increasing d-tuples I(d,n) and the set of Young
diagrams Y(d,n) fitting inside a box d x (n — d), given by

(t1,...,iq) — diagram with i; — j boxes in row number d — j + 1.

We define the weight of a diagram to be the number of its boxes and equip Y(d,n) with a partial
order
D <D/, ifandonlyif D fits inside D’.

With these definitions, the bijection between I(d,n) and Y(d,n) preserves both the order and the
weight, and we will use both indexing methods interchangeably as needed.

A natural approach to computing the cohomology of Gr(d,n) is to utilize its cellular decompo-
sition into Schubert cells. Setting

Xg = U E[,

wt (1)<t

we obtain a filtration
o C X() c...C Xd(n—d) = Gl"(d, TL)7

by unions of affine cells, and by the classical cellular decomposition statement ([AF24, Proposi-
tion A.3.4]), it follows that H*(Gr(d,n)) is freely generated as an R-vector space by the Schubert
classes, that is, the cohomology classes of the Schubert varieties,

(2] € H*Y*D(Gr(d, n)).
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In the equivariant setting, suppose a Lie group G acts on Gr(d,n) and leaves each ¥ invariant.
Then the equivariant analogue of the above statement holds (JAF24, Proposition 4.7.1]): the ring
H{(Gr(d,n)) is freely generated over Ag by the equivariant Schubert classes

219 € HZ" D (Ga(d,n)),

called the Schubert cycles. We denote these by o; in both ordinary and equivariant cohomology.
The ring structure of H(Gr(d,n)) is determined by the structure constants ¢k, € Ag appearing
in

2 : K
or-oj = CrjO0K-
Kel(d,n)

Since the beginnings of Schubert calculus, obtaining a combinatorial description of these struc-
ture constants has been a central objective. Such formulas are commonly referred to as Little-
wood—Richardson rules, and a selection of the latter can be found in [AF24, Chapter 9.8].

The ambient space for both Gr(d,n) and its degeneration is

d
Py =P(/\ V) 2 P(C'4™).

As in Chapter [5} we take equivariant cohomology with respect to a torus T acting diagonally on
CH(@1) via characters x; for I € I(d,n).

Definition 6.1. The degenerated Grassmannian Py, is defined as the poset union associated with
the poset I(d,n), i.e., as the projective union determined by the collection of subsets

&(d,n) = {C | C is the set of a maximal chain in I(d,n)},
of I(d, n).

Remark 6.2. As announced in the introduction, we will use the posets I(d,n) and Y(d,n) inter-
changeably, since they are isomorphic. In particular, Py, can be viewed as the poset union with
respect to either I(d,n) or Y(d,n), and €(d,n) denotes the collection of maximal chains in these
equivalent descriptions.

Ezample 6.3. The running example for this section will be the degenerated Grassmannian P» 5. For
an element I = (i1,i2) € I(2,5) we use the abbreviation

i1i2 = (il,ig).
The five maximal chains Cy, . .., Cy of I(2,5) can be represented by their underlying sets of elements:
Co ={12,13,14,15,25,35,45}, C7 ={12,13,14,24,25,35,45}, Co = {12,13,14,24,34,35,45},

Cs = {12,13,23,24,25,35,45}, Cy = {12,13,23,24,34, 35,45}
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15

24

ANPZN
/NS

14 25
12 ——13 35 ——45
23 34

The degenerated Grassmannian P; 5 is then defined as the union of the projective subspaces asso-
ciated with these maximal chains,

Pys=PFPc,U...UPg, C IP((CI(2»5)).
Ezample 6.4. The Hasse diagram of the poset Y(2,5) has the same form as in Example

N
- a
SN N
: ¥ —H
NSNS
s i

Remark 6.5. Let SYT(d,n) denote the set of standard Young tableaux of rectangular shape d x
(n—d). There is a natural bijection between SYT (d,n) and the set €(d, n), constructed as follows:
The poset Y(d,n) of Young diagrams has as least element the empty diagram and as greatest
element the full rectangle of shape d x (n — d) (see Definition [5.78)).

Following a maximal chain in Y(d, n) corresponds to filling the empty rectangle of shape d x (n—d),
starting from the top-left corner and successively adding boxes until the full rectangle is obtained.
Given a maximal chain C € €(d,n) we enumerate the boxes of the full rectangle in the order in
which they are added along C'. By construction, this enumeration defines a standard Young tableau
Tc of shape d x (n — d). Thus we obtain the desired bijection

¢(d,n) — SYT(d,n), C+— Tc.

Ezample 6.6. In Example[6.3|we listed the maximal chains Cy, ..., Cy of I(2,5). Under the bijection
of Remark the corresponding standard Young tableaux T, ..., Ty are given by

%]

TO:123T1 124T2 1125

516 3(5]6 3146
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7, —[1][3]4] 7, _[1[3]5

6.1 Poset Representation and a Restriction Map

The degenerated Grassmannian Py, is defined as a poset union, and therefore, its equivariant
cohomology with respect to a generic torus action can be described in terms of poset cohomology
as stated in Lemma As an application of this theory, we compute the restriction map

G(H7p(P2n)) — G(Hp(Pan+1)),

and obtain a compact characterization of its image.

While in principal, the same strategy can be applied to the describe the restriction from Py 41 to
Py, arbitrary d, it is particularly well-structured for d = 2, so we restrict to this situation.

For the remainder of this subsection, let 7" be a torus with character lattice M acting generically
on Py, by characters x;, for I € I(d,n). We continue with the notation from Chapter In
particular, we fix an index set

O0=1(dn) UK,

assume that {x, | @ € O} forms a basis of M, and regard the polynomial ring Ar[(] as polynomial
ring in the variables

Cv na:<+Xa (G'EO)'
By Lemma [5.82] the poset description of the equivariant cohomology is then given by

G(Hp(Pun) = Ao | @ A e H*(S)
SCI(d,n)

Ezxample 6.7. We retain the notational convention of Example Among all subposets of 1(2,5),
the only ones with non-contractible order complexes are

(23,14}, {23,15}, {15, 24}, {15,34}, {25, 34},
{23,14,15}, {23,24, 15}, {23,34,15}, {34,24, 15}, {25, 34, 15}, {23, 24, 34, 15}

together with
B :={14,23,25,34}, B’ :=1{14,23,25,34,15}.

15 § 15 E 15
14 : : 24 : : 25

23 .23 § § 34 34
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15 15 15 15 15
14/ 24 24 \25
23 23/ 23— 34 \34 34

15 15
N
24 14— 25 14— 25
PN - =
23 34 23— 34 23— 34

For any connected subposet S, there exists (up to scalars) a unique basis vector of H(S), which
we denote by gg.

If S has two connected components, we fix basis vectors gg and g%, where gg is equal to one on
each connected component and g4 corresponds to the connected component highlighted in red in
the above diagrams.

For the connected subposets B and B’, we write g and gL, for the basis vectors of H'(B) and
H(B'), respectively, each again unique up to scalar.

In this example we were able to choose basis vectors so that for any inclusion Z C S of subposets,
the restriction is simple. For instance, if S is connected and Z has two connected components, we
still have

r7(9s) = 9z-
As a concrete example,
r8 () = 95-
Consequently, the Ar[¢]-module structure of G(Hx(P25)) is fully described by Remark

For a fixed n, the poset I(2,n) embeds into I(2,n + 1) as a subposet. Consequently both P,
and P, ,, are naturally realized as subspaces of Py 41 and P 5,41, respectively. The corresponding
restriction map r of projective unions was discussed in Remark[5.24] There we saw that the induced
morphism between Mayer—Vietoris complexes,

71 MV(PQ’TL+1, @(Z,n + 1),T) — MV(PQ’H7 @(Q,n),T),

is simply a projection map. Hence the associated morphism in equivariant cohomology admits the
straightforward description

r: G(Hp(Pont1)) = HMV (P2 pt1,€(2,n + 1), T)) — G(Hp(Psp)) = HMV(Ps,,, €(2,n),T)),
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[z] — [=],
identifying cosets in the respective quotient modules.

The task of determining whether a given element of G(H}(P,,,)) lies in the image of r, however,
is more intricate and we develop a well-structured classification of the image by considering poset
descriptions.

For the remainder of this subsection we adopt the abbreviations
I=1(2,n), I"=I02n+1), D=1I"\1I
As in Remark and Remark we fix a basis {x, | @ € O} of M, indexed by
O=I"UK=TU(I"\I)UK.

Furthermore, if for every subposet S C I we fix an index set Jg and a basis {g5 | i € Jg} of
H*(S), then an arbitrary element f € G(H7(Psn11)) can be expressed with respect to this basis

as )
=Y vsigs,

SCI+i€Js

with coefficients vs,; € A2 [¢]. By Remark such an element restricts to

r(f)= > D > agsnVsmp\sdhn-

SCIt+ieds jeJsnr

For 0 < k < n we define the monomial

Nk = N(k+1,n+1) ~ - -+ " N(n,n+1) S AT[C]) M = 1.

The description of the image of r will be formulated in terms of certain integers lg (), which will
be defined in Definition and record how far the basis element gg survives under restriction.

Theorem 6.8. We can choose bases of H*(S), for S C I, such that an element

= Bsigs € GHH(Pan))

S,i
lies in the image of v if and only if
Bs,i is divisible by my (i),
for every S C I and every i € Jg.

Note that
D={1,(n+1)),...,(n,(n+1)}

and given S C I,1 <k <mn,and L C {1,...,k — 1}, we define subposets of It by

Se=SU{(1,(n+1),...,(k,(n+1)}, Sf =S \{(t,(n+1))|LeL}.
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Lemma 6.9. Let SCI,0<k<nand LC{l,...,k—1}. Then
HY(SF) = H' (Sy).

Proof. Let £ denote the set of chains in SF that pass through (and hence terminate in) (k,n +1).
Note that every chain in S¥ is either a subset of S or belongs to £;. Then

£k rTf;ZZ{(jIWAS |(7 € i:k}

is precisely the set of chains in S ending at one of the elements covered by (k,n+1). In particular,
this set depends only on k and not on the choice of L.

Consider _
L = U C.
Cely

By the poset Mayer—Vietoris sequence (Remark 5.81)), the cohomology H *(S,f ) can be computed
from the cohomologies of £, of S, and of their intersection £ N.S. Each of these R-modules
depends only on k, not on L. Consequently, H*(SE) depends only on k, and we conclude that

H* (SE) = H*(Sy).

We now specify the choice of bases required for Theorem

Lemma 6.10. For every subposet S C I and every 0 < k < n, one can fix bases of H*(Sk) such
that Sy restricts simply to Sy for all0 <t <k <n.

Proof. For 1 <m <mn, let
tm: H*(Sm) — H*(Sm-1)

denote the restriction. Given 0 < p < k < n, set

s]; =1t 0tg_10...0tpp1: H*(Sy) — H*(S,), Z;f = kers’;.

For fixed m, the kernels form a chain
Zym L CZl ... CZy,

and moreover t,,(Z,") C Z;”fl. Hence we may choose bases so that the induced maps

tn—1

tn t1

zp zpt 7 0
are partial permutations.

Now choose, for each 0 < m < n, a complement R,, of Z§* in H*(S,,). Define subspaces @, C R,
inductively by requiring

k=m-+1
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This choice allows us to select bases in such a way that the restrictions in

Qu s 5T (Qun) s 2 Q) —2s S7(Qun)

are partial permutations. Consequently, the restrictions in the full chain

Ry~ Ry =5 . 25 Ry Ro = H*(S)

are also partial permutations with respect to these bases. Since we already arranged the same
property for the chain of kernels, we can combine the two choices of bases, obtaining for each
H*(S,,) a basis in which every restriction H*(Sy) — H*(S;) is a partial permutation. O

Remark 6.11. Lemma allows us to choose bases of H*(Sg) (0 < k < n) so that the restriction
maps are partial permutations. In particular, the restrictions identify basis vectors across different
Sk. We may therefore fix a common index set Jg containing all Jg,, such that each restriction

satisfies ‘
) gz ) /L € JS )
sp(g5,) = 405 g
0, otherwise.

For the remainder of this subsection, and for every S C I, we fix bases of H*(Sg) (0 < k < n)
according to Lemma , together with the common index set Jg from Remark Moreover, if
SCI,0<k<m,and L C{l,...,k— 1}, we choose the basis of H*(S,f) to coincide with that of

H*(Sk) (cf. Lemma [6.9).
Definition 6.12. For S C I and 7 € Jg we define

ls(Z) = max(k ‘ 1€ Jsk)

Proof of Theorem[6.8 Let f € G(H}(Pspny1)). Expanding with respect to the chosen basis gives

i: Z Z P)/S’igé = Z Z 'VS'UD,ig?SUD

Scr+i€dg SCI ieJsup
- ZCD

=20 D D vspadly

SCIk=0 LC(1,....k—1}i€/g1

By our convention on bases and Remark the terms corresponding to a fixed pair (S, k) combine
as

Y. spadsr = > vsran | gk,
LC{l -1} LC{l, -1}
Define

k.
Vs, = Z rYS,f,inln
LC{1,k—1}

F=2200 D v8ads,

SCIk=04i€Js,

so that
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The restriction of a basis element is determined by Remark and Remark

i gk, ifls(i) >k,
r(9s,) {()7 otherwise.

Consequently,

s(1)
e =SS ke s =SS [ Sk ) g
0

!
SCIieJds \ k=0 SClieds \ k= M ()

Setting
ls (i) M
k k.
PS,i = ’YS,‘ )
kZ:O g (i)
we obtain

r(f) =YD psima )95 psi € MBS,

SCIieJs
showing that all restrictions have the required form.

For the converse, fix S C I,i € Jg and let pg; € A2[¢] be divisible by M, (i)~ 1t suffices to treat the
case where pg; is a monomial. Define

k = min{t | n; divides pg;} < ls(i),

and let L be the maximal subset of {1,...,k — 1} such that n; divides pg;. Then

P51 ¢ N5,

MLk
and
r (LS’i g. ) = ps,ig
L - .
nrne” ok e
This shows that every term of the required form arises as a restriction, and hence the claim follows.

O

Ezxample 6.13. In order to determine which elements of G(H7(P25)) lie in the image of r it is
sufficient by Theorem [6.8] to determine the integers Is(i) for all S C I(2,5) and i € Jg. We will do
so in the example cases of two posets.

For B = {14,25,23,34} the posets Bs, By and Bj are contractible. The posets By and B; are con-
nected and have cohomology of rank one in degree 1. This means, with notation as in Example [6.7]
that,

Is(gp) =5, Ip(gp)=2.

Given the poset S = {14,23} we see that Ss,...,S2 are contractible and S; keeps two connected
components, i.e.,

Is(gs) =5, ls(gs) =1.

112



6 Degenerated Grassmannians

6.2 Grassmannian Torus Action and the First-Column Component

While the original motivation for studying projective unions was the degenerated Grassmannian,
the motivation for considering equivariant cohomology arose from the observation that the action of
the diagonal torus T' C GL,, on Gr(d,n) extends to the degeneration. This induced action, referred
to as the Grassmannian torus action, provides the natural torus action with respect to which the
cohomologies of the degenerated and the original Grassmannian can be compared.

As noted in the introduction to this chapter, the Grassmannian is equivariantly formal with respect
to this action: its torus-equivariant cohomology is free over A7 and completely determined by the
localization image. For a meaningful comparison between the two cohomologies, attention must
therefore be directed to the torsion-free part of Hy(Py,p).

After defining a slightly generalized version of the Grassmannian torus action, we present an ex-
ample calculation of H}.(P;5) in Example using semi-regular sequences and the method of
Theorem @ We then analyze the localization image and the first-column component of Py,
which yield an equivalent description of the torsion-free part of H; (Py ) (see Corollaries and
, and conclude with a brief comparison to the cohomology of Gr(d,n).

Let T be a torus acting on C" via characters i1, . .. , 1, as in Examples and [2.40] which however
in this setting are not required to be distinct. This action extends to the ambient projective space
Py, = P(A? C") with characters

X1 = Z’(/}j, Iel(dn).

jeI

Definition 6.14. Let T be a torus acting on the complex vector space C” via characters ¢y, ..., %,.
The associated Grassmannian torus action on the degenerated Grassmannian P, is the action
induced from the T-action on Py, through the characters

X1 =Y w;, Ie€lI(dn).
jel

Remark 6.15. The set Gr(d,n)” is finite precisely when the characters 11,...,, are pairwise
distinct (see Example . Likewise, PdT7 ., is finite precisely when

Xr—xr #0

for all T < I, that is, for all d-tuples I,I’ lying in a common maximal chain of I(d,n) (see
Remark . Note moreover that finiteness of Pg: . implies finiteness of Gr(d,n)”, while the
converse does not hold.

Remark 6.16. The Grassmannian Gr(d,n) is a GKM-variety if and only if for any fixed I € I(d,n)
the characters

wi_wja i617j¢17
are pairwise relatively prime (see Example [2.40)).
The cover Me(q4,n) of Py,n consists of GKM-varieties if and only if

X1, — XI, is relatively prime to xr1, — x1,,
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6 Degenerated Grassmannians

for all I,...,14 € I(d,n) that are pairwise comparable, by construction and Example

As in Remark if Py, is covered by GKM-varieties, then Gr(d, n) is a GKM-variety, while the
converse does not hold.

Ezample 6.17. Let T be the diagonal torus in GL,, acting on C™ by its standard characters ey, ..., e,.
With respect to the induced Grassmannian torus action, both the cover Mg g,y of Py, consists
of GKM-varieties and Gr(d,n) is a GKM-variety. In particular, both Gr(d,n) and Py, contain
finitely many T-fixed points.

In Chapter [5.5] we outlined an approach to computing equivariant cohomology for non-generic
torus actions by comparison with the cohomology of a generic torus action via a torus change. The
suitable torus with generic action, chosen in Remark is

T o~ ((Cx )I(d,n)7
acting on Py, by its canonical characters uy, I € I(d,n). The morphism of character lattices

¢*:M—>M7 K1t XI,

between 7' and T defines a compatible morphism ¢: T — T, and the induced restriction and
extension of tori

0: Hi(Pe) — Hyp(Pe), ©: Ar@a, Hi(Pe) — Hrp(Pe),

relate the Grassmannian action to the generic one.

Remark 6.18. Since R is a field, ¢ introduces relations R on A (Lemma. These relations R
are defined as the kernel of the morphism ¢ : A — A7. As such, they are generated as Ap-module
by

K+ pp = g = g,

forall I,I',J,J" € 1(d,n), that satisfy
Iul'=JuJ and INI'=JnNJ,

as sets.

For this setting, we developed in Lemma [5.62| a criterion for short exact sequences describing
O: Ay @a, G(H%(Pe)) — G(H7(Pe)),

and in Theorem [5.73] a recursive method based on semi-regular sequences to prove surjectivity of
torus change. We now apply the latter method to the example of P 5.

FEzample 6.19. For this example only, let
T = ((CX )1(2,5)
denote the torus with a generic action on P 5, and let
T = (C*)°

be the torus acting on C® via characters eq, ..., e5, which induce the Grassmannian action on P 5.
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6 Degenerated Grassmannians

The most natural situation is that ey, ..., e5 are taken to be the canonical characters of T, and this
will be our standing assumption throughout the example. In this case, note that both ng 5 and ng 5

are finite (see Remark [6.15]).
In the first part, we consider the subposet

J(2,5) = 1(2,5) \ {(1,5)} € 1(2,5)
14 25
/// \\\ //// \\\
12— 13 24 35 ——45
\\\23///' \\\34///

with maximal chains given by

C1=1{(1,2),(1,3),(1,4),(2,4),(2,5), (3,5), (4, 5) },
C2 ={(1,2),(1,3),(1,4), (2,4), (3,4), (3,5), (4,5)},
Cs = {(1,2),(1,3),(2,3),(2,4),(2,5), (3,5), (4,5)},
Cy = {(1,2),(1,3),(2,3),(2,4), (3,4), (3,5), (4,5)}.

The poset union Py (3 5) is the projective union
P, C=(C;liel), I={1,234}.

It is contained in P 5 and we consider it with the induced torus actions by T" and T. Our aim is
to show that the restriction of tori

0: Hi(Py2,5)) — Hz:(Py2,5))
is surjective, using Theorem [5.73]
Adopting the notation from Chapter we set
MV = MV(T, Pj25), ©), MV = MV(T, Py(s,5), €).

and begin by showing that the sequence a; = (1,4),a2 = (2,4) in I(2,5) is square-free:
for j = 1, the differences

N(1,4) — 1L, Nay — Mo, LEI(2,5)\{(1,4)},
are nonzero in Ar[(] and A5[¢]. For j = 2, one checks that
N4y — 1ML & (1N(1.4))s Mo,y — T & M1,0)),
for all L # (1,4),(2,4).
To verify semi-regularity, we examine the cohomology of MVg. The relevant partitions are
(U, V)= (2,0) forj=1,

and
(Uv V) - ({(1a4)}7®)a (U,V) - (97{(174)}) for j =2.

Observe the following:
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(1,4)

1L MV

and MV (1 4,(2,4)} are cochain complexes on the full simplex Z:
1,4 * *
MV = O (@ AT ). MV, = O (@A (a0 me.0)):
2. MV and MDD} coincide with Mayer—Vietoris complexes of a projective union of

two subspaces (see Remark [5.67)).
By Example we obtain

0HENY) C Koy +pHMV)), 7Y E DY) ¢ KA 4 p(HOVED)),

, 2,4
STHETY) € Ky o) +P(HMV(1,0)),
so (1,4),(2,4) is indeed a semi-regular sequence.
Theorem [5.73] further requires surjectivity of

"‘(174) "‘(274) ,}‘r{(lv4)a(2’4)}

T(2,4)  T(1,4) T{(1,4),(2,4)}>

and by Example , only ﬁgﬁg requires checking.
Write » B
=iy, S=ArKas), S = A T a)-

The map 7 is induced by the morphism of differential graded modules

7(2)4)

2,4 2,4 = (24
7 MV = D(€,S, (0P ) pers) — MV h = DS, 077 ) Lers),

with differentials denoted s and 5. Since the computation is identical in all degrees, we restrict to
79 for brevity.

Let
No = M(1,2)"M(1,3)1(3,5)1(4,5) -
Then

U1 S @S ® S/ (non,3)Nezs) S S/ (Mon2,3)03.4))
— S @ S/ (Mnz2,5)) © S/ (n0) © S/ (o) © S/ (Mon(2,3)) © S/ (Mom(3,4))

(t1,ta,t3,ta) — (t1 —to, t1 — t3,t1 — ta, to — t3,t0 — by, t3 — ta).

Thus, elements of ker s are precisely the tuples

(t, t, t+ anones), t + B1one,s)),

with ¢, a, B € S satisfying ane 5y — Bnee,3) € (1(3,4)), viewed as elements of

S@©S DS/ (nones)nes) © S/ (None,3)ns.a))-
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An entirely analogous computation yields
kers® = {(t, t, t + anoz,s): t+ BMoN2,3))}

where t,a, 3 € S and aT(2,5) — BM(2,3) € (M(3,4)), considered as elements of

S @S ®S/(MolamT2s)) ®S/(MoT2,3)T3.4))
Since
Syzs(1(2,3) M(2,5), M(3,4)) — SYZ5(M(2,3): T(2,5): T(3,4))
is surjective, so is
70 ker s® — ker3°.
All conditions of Theorem [5.73] are therefore met, and
0: Hi(Py2,5)) — Hz:(Py2,5))

is surjective.

Finally, note that
Py 5 = Pj5 U Po,,

where
Co = {(17 2)’ (1’ 3)7 (1a 4)’ (17 5)’ (27 5)7 (3a 5)7 (47 5)}
is the unique maximal chain in I(2,5) through (1,5). The intersection
PJ(2,5) n PCO = PC'(’Ja Cé = {(L 2)) (17 3)v (174)7 (2a 5)7 (37 5)v (47 5)}7
is a projective space, and hence, by Remark the restriction
0: H;(Pgﬁ) — H%(ng)
is also surjective.

The major obstacle in computing the cohomology for a non-generic torus action lies in describing
the additional cocycles in the Mayer—Vietoris complex. By showing that 6, and in particular the
morphism

6: G(Hr(Pas)) = HMV(T, Py5, Me2,5))) — G(H%(ng)) = HMV(T, Py 5, Me(2,5))),

[z] — [],
is surjective, this part of the problem is resolved. To obtain a complete description of G (H%(Pg;,)),

it now suffices to consider the kernel of 6.

We write d and d for the differentials of the respective Mayer—Vietoris complexes. Generators of
H(MV(T, Py 5,Me(2,5))) over Ar[(] can be obtained from the poset description in Example To
determine HO(MV(T, Py 5, Me(2,5))), we need to consider the quotient

HY(MV(T, P25, Me(2,5))) = ker d°
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by the kernel of é, which in this degree is simply
ker §° = kerd’ N (R - MV(T, Py 5, Me(a5)))

see Remark [4.39
As generators of H'(MV(T, Py 5, Me(2,5))), Example provides the two elements

9119 = To7(1,5)€C1NC2 > g}_:;/ = No€c,nCs-
Thus H'(MV(T, Py5,Me(2,5))) is generated over Ar[(] by gk, while HY(MV(T, Py 5, Me(25))) is
generated over A#[(] by
5}3/ = TpecinCs-
By directly computing the image imEO, we can show that gk, is non-zero in both

MV!(T, Py 5, Me(2,5) and H' (MV(T, Pos, Me(as)))-

Consequently, both G(H7(F%,5)) and G(HZ(P,,5)) share a non-trivial torsion part generated by gk
and gk, respectively(see Corollary |5.38)).

We continue this chapter with constructing a combinatorial description for the first-column compo-
nent of P, , and consequently obtaining an alternative description of ¢(Py ) in the case that PZ "
is finite.

For an arbitrary projective union, we gave the description

v(Pe) = {(fi)ier € MVO(T, Pe, Me) | fi = f; € (i)},

in Remark For degenerated Grassmannians, we can exploit the additional structure of the set
SYT(d,n) indexing the cover (see Remark [6.5]), together with its connection to the action of the
symmetric group.

In the following, we will abbreviate r := d(n — d).
Remark 6.20. We may view SYT (d, n) as a subset of 7 (d, n), the set of rectangles of shape dx (n—d)
filled with the numbers 1, ..., 7 in an unordered way. The symmetric group .S, acts transitively and

faithfully on 7 (d,n) by permuting the labels of the boxes. For 1 <14 < j <, let 7(i, ) denote the
transposition swapping ¢ and j. The simple transpositions are those of the form 7(i,7 + 1).

For later computations with standard Young tableaux it will be convenient to adopt an equivalent
combinatorial model.

Definition 6.21. An unordered lattice word of type d X (n — d) is a word
W= wiws...Wyr,

of length r containing exactly (n — d) copies of each integer 1 < ¢ < d.

For 1 <k <rand 1l <i<d, we write ¢;(k,w) for the number of occurrences of 7 in the prefix
wy ... wg. The set of unordered lattice words of type d x (n — d) is denoted by ULW(d, n).

A lattice word of type d x (n — d) is an unordered lattice word w such that for every 1 < k < r, the
prefix condition
ci(k,w) > cipq1(k,w), foralll <i<d-—1,

holds. We denote the set of lattice words of type d x (n — d) by LW(d,n).
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Remark 6.22. There is a natural bijection T'(d,n) — ULW(d,n): an unordered tableau T is mapped
to the unordered lattice word w in which the j-th letter records the row number of the box containing
j in T. This restricts to a bijection

SYT(d,n) «— LW(d,n),

under which the action of S, on ULW(d, n) corresponds to permuting the positions of the word.
In particular, a simple transposition swaps two neighboring entries w; and w;41.

By Remark we obtain an induced bijection between lattice words and maximal chains €(d, n)
in Y(d,n). Explicitly, for w € LW(d,n) with associated chain C,, € €(d,n), one constructs Cy,
by successively adding boxes according to the letters of w: after reading the prefix ws ... ws, the
corresponding Young diagram in the chain has ¢;(k,w) boxes in row i. Hence each prefix of w
corresponds uniquely to a Young diagram in the maximal chain C,,.

Definition 6.23. Let G 5, be the graph whose vertices are the elements of SY7 (d, n) (equivalently,
LW(d,n)). Two distinct vertices are joined by an edge if the corresponding tableaux (or lattice
words) differ by a simple transposition.

Lemma 6.24. If w = wiws ... w, 15 a lattice word with w; > w;i1 for some 1 < j <r —1, then
the word obtained by swapping the neighbors,

T(jaj + 1)w =wWp... Wj41Wj5 ... Wy,
s again a lattice word.

Proof. The lattice condition only needs to be checked for the prefix wy ... w;_1w;11 of 7(j,7+1).w.
Since w itself is a lattice word, we have

ij+1(w7j + ]-) < Cuw, (wvj + 1)

Because w; > wj41, this inequality ensures that after swapping the two letters, the prefix of length
Jin 7(j,7 + 1).w still satisfies the lattice condition. All other prefixes remain unchanged. Hence
7(J,7 + 1).w is a lattice word. O

Given a string w = wy ... wy, of integers, let s(w) = s(w)1s(w)z ... s(w); denote the non-decreasing
rearrangement of w, i.e.

s(w); < s(w)y < ... < s(w)g, {wr,...,wp}={s(w),...,s(w)}
For two lattice words v, w € LW(d,n), define
e(v,w) =min(i | v; # w;),
and let ¢(v, w) be the minimal integer greater than e(v,w) such that
5(Ve(v,w) - + - Ve(v,0)) =S (We(v,w) - - - We(w,w))-
Then define r(v,w) € ULW(d,n) by

’I"(U, w) =U1... Ue(v,w)—1§1 cee gt(v,w)—e(v,w)-i—lvt(v,w)—i-l - Up,
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where 5 = 8(Ve(v,w) - - - Ve(v,w)) = 5(We(v,w) - - - We(v,w))-

In words: we discard the initial segment on which v and w agree, then take the shortest following
segment such that the two words contain exactly the same letters (necessarily in different order).
We then reorder this segment in increasing order and reattach the common prefix.

Starting from v(¥) = v and w(®) = w, define recursively for i > 0:

oD = (0@ @) D) = (i ).

)

By construction, the first index of disagreement strictly increases:
e(v0FD D) > e(p® @),
and hence for some £ one eventually has e(v(©) w®) = + 1, i.e.

o — (O — D) — (41

Definition 6.25. For two lattice words v,w € LW(d,n), the parent word is the common word
p(v,w) = v = w®,

Remark 6.26. For every 0 < i < £ — 1, there exists a sequence of simple transpositions 71, ..., 7s,

such that

i+1)77_
=Ts.

o ..Tl.’U(i).

Moreover, each intermediate word stays in LW(d, n), i.e.,
1o ...11.00 € LW(d,n), foralll<s <s,
by Lemma

Lemma 6.27. For v,w € LW(d,n), the parent word p(v,w) is uniquely determined, lies in
LW(d,n), and is connected to both v and w in Ggn,.

Proof. The definition of p(v,w) is constructive, hence p(v,w) is uniquely determined. Inductively
applying Remark shows that p(v, w) is a lattice word and that both v and w are connected to
p(v,w) in Ggp. O

Corollary 6.28. The graph Gg, is simple and connected.

Proof. Simplicity follows from the construction of G4 ,,. By Lemma any two vertices v,w €
Gan are both connected to their parent word p(v,w), and hence to each other. O

Remark 6.29. An alternative argument for the proof of Corollary is that the set of standard
Young tableaux can be seen as the linear extension of the poset defined on the set of boxes in the
same shape ordered from left to right from top to bottom. The statement is then equivalent to the
fact that the linear extension graph of a finite poset is connected (proof of [Mas09, Lemma 2.1]).

Remark 6.30. By Remark there is a bijection

¢(d,n) +— LW(d,n)
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between maximal chains in Y(d,n) and lattice words. Each prefix of a lattice word corresponds to
a Young diagram in the associated chain, and the diagram depends only on the sorted prefix. We
therefore set

Pref(w) = {s(w’) | v’ is a prefix of w },
and view Pref(w) as the corresponding subset of Y(d,n).

For lattice words wy,ws with corresponding chains C7, Cs, each pair of prefixes of w; and ws that
agree after sorting determines a unique Young diagram contained in both chains. Hence,

wy Nws = Pref(wy) N Pref(ws) = Cy N Cs.

Ezample 6.31. For P» 5 the graph Gg 5 is given below.

11213
4156
7(3,4)
1124
315|6
7(2,3) 7(4,5)
1{3|4 11215
516 416
7(4,5) 7(2,3)
113|5
21416

Theorem 6.32. A tuple (fc)cee(dn) € MVO(T, P, Me(a,n)) is contained in v(Pyy) if and only
if

fe — fp € (nenp),
for all C, D that share an edge in Gq .

Proof. In this proof we index the tuple (fc)cee(d,n) by the corresponding lattice words.

By Remark it remains to prove sufficiency. Assume that (f,),ccw(a,n) satisfies f, — fu, €
(Mvrw) Whenever v, w share an edge in Gy .

Fix arbitrary lattice words v,w € LW(d, n) and let v@ () denote the intermediate words arising
in the definition of the parent word p(v,w) (see Definition [6.25)). By construction,

2@ @) C D) [ D).
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for all 0 < i < ¢ — 1, where the process terminates at some finite ¢ with v = ® = p(v,w).
Moreover, by Remark v+ is obtained from v by a sequence of simple transpositions
Ti,...,Ts, and for all 1 < k < s one has

@ N C (Th—1--- Tl.U(i)) N (k- - .Tl.U(i)).

For each 1,

S
Joir = futrn = Z (ffj,l...n.mn - ij...Tl.vu)),

j=1
and since 7;_1 ... 71.0@ and Tj...T1 2 are connected by an edge in G4y, it follows by the inclusion
above that each difference is divisible by 7,)qw,»), and hence also by 7,n,. Consequently the same
holds for

Jo — fottn,

and therefore also for
¢

fo=fw=> ((fvm = fourn) = (fuw — fw(j+1>))-

j=0
Thus (fu)vecw(d,n) € V(Pan), again by Remark O

The relevance of the first-column component was discussed in Chapter where its close relation
to the torsion-free part of the cohomology module was emphasized. More precisely, for an arbitrary
projective union Pg one has

tOI‘(AT7 H;«(Pq)) = T(P@), H%(P@)/T,OI(AT, H;«(PQ)) = L(P@),

by Corollary In general, the torsion is non-trivial (see Example [5.22)). If, in addition, P{ is
finite, then
UPe) = v(Pe),

by Corollary

Thus, the torsion-free part of H}.(Py,,) is given by ¢(Py,,), which coincides with v(Py,,,) whenever
the fixed point set is finite. After describing the first-column component in Theorem [6.32] we turn
to the presentation of the localization image provided in Theorem [4.10} under the assumption that
Py is covered by GKM-varieties.

Corollary 6.33. If Py, is a union of GKM-varieties, then
t(Pap) = {(ur)reran | ur — up is divisible by x; — xp for all I < I'}.

Proof. By Lemma @, P4, is determined by its localization image. Moreover, an edge between
I and I’ in the moment graph I'p, = occurs precisely when I and I’ correspond to coordinates
of the same projective component, that is, when they lie in a common chain of I(d,n) and are
comparable. O

The motivating example throughout this thesis has been the Grassmannian action induced by the
diagonal torus T' C GL,, acting on C™ by its standard characters. We summarize the results for
the torsion-free part of the equivariant cohomology for this specific torus action. Recall that for a
subset J C I(d,n) the polynomial n; is a completely reducible polynomial in Ar[¢] with factors
corresponding to the elements in J (see the beginning of Chapter .
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Corollary 6.34. Consider the Grassmannian torus action of the diagonal torus T C GL, in-
duced by its action via standard characters e, ...,e, on C". The torsion-free part of Hy(Pyy) is
isomorphic to the localization image of Py . Further, we obtain as equivalent descriptions

L(Pan) = {(ur)reran) € @ Ar | up —uyp is divisible by x1 — xr for all T < I'},
I(d,n)

where X1 =3 €, and
UPan) = v(Pan)

= {(fC)CE@(d,n) € @ H5(Pc) | fe — fp € (nenp) for all C, D that share an edge in Gd,n}-
Ced(d,n)

Proof. In Example it was highlighted that Py, is covered by GKM-varieties and contains
finitely many fixed points with respect to the chosen torus action. The Corollary therefore follows
by combining the results from Corollary Corollary and Theorem O

Example 6.35. In this example, we compute the first-column component of P55 with respect to
the Grassmannian torus action induced by the standard characters of T = (C*)? utilizing Corol-

lary

The graph Ga 5 was presented in Example and the first-column component of P 5 consists of
tuples

(for -+ f2) € @D ALIC]/ (),
=0

where we write €(2,5) = {Cy,...,C4} as in Example By the above Corollary, the condition
for (fo,..., fa) to lie in v(Py5) is

fo — f1 € (o),
— f2 € (Mm2),

— f3 € (m3),

f2 — fa € (124),
f3— fa € (n34),
[

which is in particular satisfied if there exists an f € Ar[¢] such that
fi=f modmn;, i=0,...,4. (1)

To compute the remaining tuples (fo, ..., f1), we can consequently fix f; = 0, and by the divisibility
conditions in Corollary such a tuple is then contained in the first-column component if there
exist coefficients ¢y, ca, ¢3, ¢4, ¢ € Ar[C], such that

fo=co(C+ei+es)((+ea+es)n  mod n,

fo=co(C+er+es)(+ea+eq)n mod 72,
fa=c3((+ex+eq)(C+ea+es)n mod 73,
fa=co(CH+er+es)(+es+e)n+ca(C+ex+es)((+es+es)n mod 74,
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fi=c3(C+ea+eq)(C+extes)n+cy(C+ea+e3)(C+ex+eq)n mod 74,

where
ni=(C+e +ez)((+er+e3)((+es+es5)(C+es+es).

The conditions imposed on the coefficients simplify to

ca(C+ep+eq)+ea(C+eateq) =c3(C+ex+es)+ (¢ +ea+e3), (2)

Remark . In other words, the solutions (cz, s, ¢4, ¢;) form the submodule of (A7[¢])* spanned
by

modulo 74/ ((¢ + e2 + e4)n). The only solution to this equation are the elementary syzygies (see
£5.26

(C+exteq,0,—C—e1—eq,0), ((+ex+tes,(+er+eq,00), (C+ext+es,0,0,(+ e+ eq),

(0,C+extes,C+eates0), (0,0,(+ex+es,(+extes), (0,(+e2+es,0,—C—ex—es)
In summary, the tuples in v/(P, 5) are Ar[(]-linear combinations of the constant tuples (see () and
the tuples corresponding to the solutions of 7 which are generated by the above elements.

We conclude this subsection with a brief comparison of the localization images of Gr(d,n) and Py,
as well as of their first-column components.

Recall that, since R is a field, Example [2.31] shows that Gr(d,n) is equivariantly formal, i.e., a free
Arp-module isomorphic to its localization image ¢(Gr(d,n)) (see Theorem [2.38]).

Remark 6.36. In the case that Mg (4 ) is a cover by GKM-varities, the localization images ¢(Gr(d,n))
and ¢(Py,,) can be compared by considering the moment graphs of I'g;(4,,) and I'p, , , respectively.
Both graphs share the same set of vertices I(d,n), but [gr(a,n) contains strictly fewer edges than
Lp,,-

Indeed, as noted in Example there is an edge between I and J in I'g,(q4,n) if and only if I can
be obtained from J by swapping a single element. In this situation I and J are also comparable in
the poset order on I(d,n), and hence there is an edge between them in I'p, . Consequently,

L(Pdm) - L(Grl“(d7 ’I’L)) C Aé(d’n).

Remark 6.37. The first-column component was originally defined for covered spaces. An analogue
for the ordinary Grassmannian can be established by considering the union of its T-curves.

Let 8 denote the collection of all subsets of I(d,n) of the form
{I,J}, where I\ {i}=J\{j} forsomel <i<j<mn,

and set
v(Gr(d,n)) = v(Pg).
This definition is valid for arbitrary choices of characters 1)1, ..., 1, by which T acts on C™.

If Gr(d, n) is a GKM-variety, then Pg coincides with the union of the finitely many T-curves between
fixed points. In this case, Pg is covered by GKM-varieties and described by its moment graph (see
Theorem [4.10)), which by construction is equal to the moment graph of Gr(d,n). Consequently,

v(Gr(d,n)) = v(Pg) = 1(Pg) = ¢(Gr(d,n)),
as expected for the first-column component in the case of finitely many fixed points (cf. Corol-

lary for projective unions).
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6 Degenerated Grassmannians

Ezxample 6.38. If we consider the Grassmannian torus action of the diagonal torus T' C GL,, induced
by its action via standard characters ey, ..., e, on C", then Gr(d,n) is a GKM-variety and P, ,, is a
union of GKM-varieties by Example[6.17] As a consequence, we can compare the torsion-free part of
the respective equivariant cohomologies by either comparing the moment graphs as in Remark [6.36}
or the first-column components as described in Remark

Ezample 6.39. Below we display the moment graphs of P, 4 and Gr(2,4), respectively, with the
additional edges present in I'p, , but not in I'gy(g,n) highlighted in red.
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A Spectral Sequences

A Spectral Sequences

This appendix provides an introduction to spectral sequences tailored to the needs of the thesis.
The exposition mainly follows [God73, Chapter 1.4] and [McC01, Chapters 1-3].
Let R be a ring and K an R-module with (decreasing non-negative) filtration of submodules

K=KyDK D....

The associated graded module is given by

G(K) = @ Kp/Kp+1,

with the grading G(K)? = K,/K,11. If K = ®q>0 K1 itself is graded, and the grading is compat-
ible with the filtration of K, i.e., if -

K, =@ K,nK",
q=>0

we say that K is a filtered graded module. In this situation, the associated graded module obtains
a double grading
GE)PT = (KP9 0 K,) /(K70 K1),

Example A.1. For a bigraded R-module K = ), j K%J | there are two natural filtrations given by
'K, =@ K" and "K,=PK",
i>p jzp

called the row-wise filtration and the column-wise filtration, respectively. Both of these are com-
patible with both canonical gradings and the total grading on K.

Definition A.2. A differential R-module (K, d) is an R-module K together with an endomorphism
d verifying d? = 0. We write

Z(K) =ker(d),  B(K) = im(d),

and
H(K)=H(K,d) = Z(K)/B(K),

for the derived module of K.

We call K a filtered differential module if d(K,) C K, for all p, and write
Z? = Z(K, mod Kp4,),

for the set of elements x € K, with dz € K,,. Evidently, Z? contains both ZPT! as well as
azr—] 1 50 we can form the quotient

EP = ZP/(dZ0"{ " + ZP7)), and E,:=(DE?.

r—1
p>0

Theorem A.3. For each r > 0, the endomorphism d,. on E, induced by d makes E, into a
differential module, and E,; is canonically isomorphic to H(E,) as a graded module.
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A Spectral Sequences

We define the spectral sequence of the filtered differential module K as the collection of differential
graded modules {(E,,d,)},>o. For brevity, we sometimes write {E,} or {E,,d,}. The module E,
is referred to as the rth page of the spectral sequence.

Ezample A4. If r <0, then Z? = K,,. For example, we have
Z8 =Ky, 2P0 = Ky, dZ77 C Ky,
and therefore
E} = K,/K,i1, as well as EY = H(K,/K,11).
Set Koo =0 and K_,, = K, and further define
7° = Z(K, mod K.,), B, =K,NdK_..,

as the cycles and boundaries of K, in K. The infinity page of the spectral sequence is given by the
graded module
EP, = 78,/(BE, + Z%Y), B = (DEL.
p=>0

If we define more generally that
B = K,NdK,_,,

we obtain the description
Y = Z20/(BY_, + Z87}).

The filtration on K induces a filtration on H (K), defined by
H(K), =im (H(K,) = H(K)).
Theorem A.5. There is a canonical isomorphism
B = G(H(K)),
of graded modules.

Now, assume that K is a filtered complex, i.e., that K is a filtered differential module with a
compatible grading and a differential d that is homogeneous of degree 1. Then, also the grading
and the filtration on H(K) are compatible, and we obtain the double grading

GH(K))P® = HP T (K)y [ HP (K )y,

where HPT9(K), = HPT4(K) N H(K),, on the associated graded module. If we introduce the
corresponding bigrading on FE,. by setting

ZP9 = ZP N KPT4, BP9 = BP0 KPTY,

and
BY = 20 (B + 20,

for all » > 0 and 7 = oo, then the isomorphisms in Theorem [A.3]and Theorem [A.F are isomorphisms
of bigraded modules. More specifically,

Egéq o~ Hp+q(K)p/Hp+q(K)p+1,

for p,q > 0.
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A Spectral Sequences

Remark A.6. For each r > 0, the differential d, on the differential bigraded module E* has
bidegree (r,1 — r), that is,
dy: EP? — Ef,’*“q*l“".

Definition A.7. We call a filtration on a filtered complex regular if for any ¢ we have an integer
n(q) with
K,NK?=0 for p> n(q).

If the filtration on K is regular, then the differential d,. vanishes on E?-? for sufficiently large r, and
hence there are epimorphisms
0% : EP? — EPT,

for s > r > n(p+ q+ 1) — p, which allow us to define an inductive limit of EP*? as r — oo. This
limit is, in fact, the module E®:9.

Remark A.8. In the above case, we say that the spectral sequence converges to E,, and by virtue
of Theorem also to H(K), even though the actual isomorphism is between F., and G(H(K)).
If there further exists an rg such that E, = E; for all 7o < r < s, then E,, = E, and the spectral
sequence is said to collapse at the roth page.

Ezample A.9. Assume that E5*? = 0 for p > 1. The spectral sequence collapses due to the bidegree
of the differential on Es (see Remark [A.6]), and we obtain short exact sequences

0—— By —— HIY(K) EY1 0,

for all ¢ > 0.

Remark A.10. Suppose that for some 79, pg > 0, we have Ef = 0 for all p > pg. Then EF = 0 for
all 7 > ry and p > po, and consequently H(K), = 0 for all p > py.

The most extreme case is when there exists an ryp > 1 such that Efo =0 foral p >0 1In
this situation, the spectral sequence collapses at the roth page. Moreover, the filtration is trivial,
ie.,

H(K);=H(K);=...=0and G(H(K)) = H(K).
We take a closer look at the differential di: we know that
Zg = Kp, Zﬂ_l = Kp41, dZ]fl_l C Kpt1,

and consequently
Ef = Kp/Kpt1.

On the first page of the spectral sequence, we get
EY = H(K,/Kpi1),

and as differential
dy: Ef = H(Kp/Kerl) — H(KP+I/KP+2) = E{)—Hv

z€ Z(K, mod K,i1)—dz € Z(Kpy1 mod Kpio).
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A Spectral Sequences

Remark A.11. The differential d; can be obtained as the operator of the short exact sequence of
differential graded modules

0 —— Kp1/Kpys — Kp/Kpo —— Kp/Kpy —— 0,

meaning the natural morphism

6: H(Kp/Kpi1) — H(Kpi1/Kpya),
obtained by applying the snake lemma.
A further notion we require is that of a morphism of spectral sequences.

Definition A.12. Given two spectral sequences {(E,., d,)},>0 and {(E,,d,)},>0, we define a mor-
phism of spectral sequences as a collection { f,. },>0 of morphisms of bigraded modules f,: E, — E,,
commuting with the differentials, and such that f,; is induced by f, on cohomology.

Remark A.13. A morphism of filtered complexes
¢: (K,d) — (K, d),
gives rise to a morphism of spectral sequences
¢r: E, — E,, 1>0,
and ¢ : G(H(K)) = G(H(K)), is induced by
H(¢): HK) — H(K).

Theorem A.14. Let _
¢: (de) — (de)a

be a morphism of filtered complexes with associated spectral sequences {E,.} and {E,.}. If for somen,
On: By — E, is an isomorphism of bigraded modules, then ¢, is an isomorphism for alln < r < oco.
If the filtrations are reqular, then ¢ induces an isomorphism of graded modules

H(¢): H(K,d) — H(K,d).
Proof. [McC01, Theorem 3.5]. O

Remark A.15. The proof of Theorem[A.T4]relies on the isomorphism ¢, together with an inductive
application of the Five Lemma, to conclude that H(¢) is an isomorphism. This reasoning extends
beyond the context of spectral sequences and applies more generally: given a morphism of filtered
graded modules B
¢: A— A,
if the induced morphism on the associated graded modules
¢: G(A) — G(4)

is an isomorphism (respectively, an epimorphism or a monomorphism) of bigraded modules, and
both filtrations are regular, then ¢ itself is an isomorphism (respectively, an epimorphism or a
monomorphism).
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B The Spectral Sequence of a Double Complex

Finally, we adapt the results introduced above to the case that we work with an R-algebra instead
of an R-module.

Definition A.16. Suppose K is a complex with a graded product. We call K a differential graded
algebra if the product satisfies the graded Leibniz rule. If K is, in addition, a filtered complex and

Ks 'Kr C Ks+ra
for all s, > 0 then we call K a filtered differential graded algebra.

Remark A.17. We can proceed as before to obtain a spectral sequence of algebras {E,,d,},>o, i.e.,
a spectral sequence where each page E, is a differential bigraded algebra, and E, i is canonically
isomorphic to H(E,) as bigraded algebra. The isomorphism in Theorem is an isomorphism of
bigraded algebras. A morphism of filtered differential graded algebras

¢: (K,d) — (F,E),

induces a morphism of spectral sequences of algebras, and the isomorphism in Theorem is an
isomorphism of graded algebras.

Remark A.18. The above discussion applies without change to the case that

R=EPr,

t>0

is a graded ring. If K is a differential graded algebra over R, then the differential d is assumed to
be graded R-linear, i.e.,

d(r-z)=(-1)'r-d(x), forre R' z¢cK.

This is a special case of the situation in which R itself is a differential graded algebra and K is
a differential graded R-algebra via a morphism of differential graded algebras R — K (see, for
example [Wei94, Chapter 9.9]).

B The Spectral Sequence of a Double Complex

This section follows the construction of a spectral sequence from a double complex as presented in
|God73l Chapter 1.4.8], complemented by [McCO01], in particular Chapter 2.4.

Let
K=Y K,

p,q>0

be a double complex with differentials
d: KP4 — KPtha g’ KP4 —y Pt

satisfying d'd” + d”’d’ = 0. There is an associated filtered complex, the total complex

tot(K)" = > K9,
ptg=n
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B The Spectral Sequence of a Double Complex

with differential d = d’ 4+ d”, and either of the two filtrations presented in Example Since we
assume that K7 = 0 if either p < 0 or ¢ < 0, both filtrations on tot(K) are regular.
The first page of the spectral sequence associated to the row-wise filtration is

/Ef = H(/Kp//Kp+1)v

and we can identify 'K,/ K, 11, together with its differential dy, with the complex K?* and the
differential d”. This leads to
'EY = H(KP*,d").

We compute dy as the operator of the short exact sequence

0 —— Kptlx o Kpx 4 Kpt+lx KP:* 0

in the fashion of Remark In accordance with the previous identification, the differential on
the first and last module is d’, whereas the middle module has d acting on KP* as well as d” on
KPT1x Tt follows that the operator of this exact sequence is induced by d’. Thus, if we equip the
module H(K,d") with the natural grading

HP(K,d") = H(K?*,d"),
and with the differential induced by d’, we obtain
'EY = HP(H(K,d"),d).
Including the second grading, we have that 'EP"? is equal to
'EPT = HI(KP*,d"),

the cohomology group of degree g with respect to the second differential and second grading of K.
Hence, we arrive at
'EN? = HP(HY(K,d"),d).

Theorem B.1. Let K be a double complex with KP4 =0 if p <0 or g <0, and suppose that
HP(HY(K,d"),d") =0, forq>1.

Let L be the R-submodule of K formed by the sums of elements xP° € K0 satisfying d"aP° = 0,
then the injection L — K induces an isomorphism in cohomology.

Proof. We consider L as double complex and compare the spectral sequences {E/.(L)} and {E/(K)}
induced by the row-wise filtration. By definition of L, we have

"EP(L) =0, for ¢ #0, and 'EL’ = HP(L).
On the other hand, from the assumption on K, it follows that
'EY°(K) = HP(H(K,d"),d'), and H(K,d") = L,

which leads to
'B°(K) = HP (L),

Since the embedding of L in K induces an isomorphism of bigraded modules on the second page
of the first spectral sequence and all relevant filtrations are regular, the claim is a consequence of

Theorem [A.14] O
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B The Spectral Sequence of a Double Complex

Remark B.2. If tot(K) is a filtered differential graded algebra with respect to both the row-wise
and column-wise filtration, then L defined as in Theorem is a graded subalgebra and the
isomorphism is an isomorphism of graded algebras.

In Appendix [A] and Appendix [B] up to this point, we restricted our attention to the setting of a
decreasing non-negative filtration, a non-negative grading and a differential of degree one on K.
The resulting spectral sequence EP+9 is a first-quadrant spectral sequence, a name justified by the
fact that EP*? = 0 whenever p < 0 or ¢ < 0.

There are analogous definitions for spectral sequences corresponding to the more general situation
that K is Z-graded, and the filtration is either decreasing or increasing with indices in Z. This
generalization is not included in this thesis and once again we refer to [McCO01] for a rigorous
treatment.

Nonetheless, we want to give an example of a second-quadrant spectral sequence, the Kiinneth
spectral sequence.

The version of the Kiinneth spectral sequence we consider can be found in [McC01, Chapter 2.4].
We follow the introduction presented there.

Let L* and T™ be differential graded R-modules with differentials of degree one and T flat over
R. The target of the Kiinneth spectral sequence is the cohomology H*(T* ® L*) of the tensored
complexes. This goal is approached by considering a proper projective resolution of L*:

Suppose we have an exact sequence of differential graded R-modules

P2 p1 P L 0.

For any differential graded R-module M we write dj; for its differential as well as
Z"(M) =kerdyr: M" — M™, and H™(M):= Z"(M)/dp(M™1).

The derived module H*(M) is considered as differential graded module by equipping it with the
zero differential. We call the exact sequence above a proper projective resolution of L* if for each
n, the following are projective resolutions

Cy : iy P2y pln ., pOn n 0,
Cy: cir —— Z(P72) —— Z(P7Y) —— Z"(P°) —— Z"(L) —— 0,
Cs : i —— HY(P~?) —— H"(P~') —— H"(P°) —— H"(L) — 0.

There exists a proper projective resolution for every differential graded module ([McC01, Chap-
ter 2.4, Lemma 2.19]).
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B The Spectral Sequence of a Double Complex

Suppose we are given such a proper projective resolution for L*, as shown in the diagram below.

| |

s p22___ , p-12 po.2 72 0
- P*z,l [N P*l,l PO,l Ll 0
A A A
sz dy do dr
| | |
P20 dp p-1.0 dp P00 dp 7.0 0.

The relevant double complex is then given by
KP4 .— @ Ts ®p]0¢7
s+t=q
with differentials
d = Z(_l)ql @dp: KP4 — KP+ha
and

d"= (3 dr o1+ (-1)'1@d,) : K" — KoL,

As opposed to the double complexes K** = @ KP¢ considered in the first part of this chapter, in
this case, the degree ¢ is non-negative and the degree p is non-positive. In other words, K** lies in
the second quadrant of Z x Z. Nevertheless, and in the same way as before, we can associate spectral
sequences to K and its canonical filtrations, and by a similar procedure as for the Mayer—Vietoris
spectral sequence in Chapter [3.2] we obtain the following result.

Theorem B.3. Let L* and T* be differential graded R-modules with differentials of degree one and
T* flat over R. There is a spectral sequence with second page given by

EY = P Tor® (H*(T), H'(L)).
s+t=q
If {E*} converges, then it converges to
H(T*® L*,dr ®dy).
Here, TorzR(f, —) denotes the i-th left derived functor of the tensor product over R.
Proof. [McCO01}, Chapter 2.4, Theorem 2.20]. O

Remark B.4. Until now, we have relied on the assumption that the filtration is regular in order to
guarantee convergence of the spectral sequence. The filtration

.2 K 22K 12Ky,
associated to the Kiinneth spectral sequence, where
K, =K,
r2p

is, in general, not regular. As a consequence, convergence becomes a more intricate matter and
depends on the related notion of the filtration being weakly convergent. For a precise definition and
further discussion see [McCO01, Chapter 3.1].
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B The Spectral Sequence of a Double Complex

Ezample B.5. Suppose T* is a flat differential graded R-module and L = R/I is a quotient of
R, considered as differential graded R-module with zero differential. In this case, any projective
resolution

p-2 p-1 PO R/I,

of R/I is automatically proper, and the double complex used to construct the spectral sequence in
Theorem [B.3] reduces to
KP1=T9% PP,

In particular, if R/I has finite projective dimension, then both filtrations on tot(K) are regular and
we are in a situation analogous to that in Appendix [A] with regard to convergence.

In the special case where R is Noetherian and I = (n) is a principal ideal, we know that R/I has
finite projective dimension if 7 is not a zero divisor in R. Moreover, the Tor-groups take the form

HYT)/(n-HY(T)), p=0,
TOI']_%p(R/(’I]), Hq(T)) = Ann(na HQ(T))a b= *]-a
0, else.

where
Ann(n, HY(T)) = {z € HY(T) | n -z =0},

denotes the annihilator of n in H?(T'). Thus we are in the situation of Example translated into
the setting of a second-quadrant spectral sequence. In other words, the Kiinneth spectral sequence
collapses at the second page, and we obtain short exact sequences

0 —— HYT)/(n- H(T)) — HY(T/n-T) — Ann(n, H**Y(T)) —— 0,

for all ¢ > 0.
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List of Notation

Ap
v = (vg,...,0p)
(D)
Ag

pt
¢

TM/
MT/

(X)), 7(X)
tor(S, M)

M = (M;)ier

~

A
M;

{Ervdr}

G(H*(K)),G(HL(X)),. ..

MV, MV(G, X, M)
v(X),v(G, X, M)
GCov

List of Notation

set of p-simplices of a simplicial complex A

p-simplex in a simplicial complex

simplicial complex whose simplices are all subsets of elements of ©
equivariant coefficient ring of a Lie group G

topological space consisting of a single point

Chern class of the line bundle dual to the tautological line bundle
0 (—1) on a projective space

subgroup of a torus 1" corresponding to a sublattice M’ C M, where
M is the character lattice of T

sublattice of the character lattice M of T' corresponding to a sub-
group T/ C T

image and kernel of the localization map ¢* for a T-space X

submodule of the S-module M consisting of elements that are tor-
sion over S

moment graph of a T-space X
cover by topological subspaces

from Chapter onward, indexing set for subspaces in the cover
m

full simplex on the set I

intersection M;, N ... N M; corresponding to a p-simplex i =
(40,...,1p) In 7T

spectral sequence expressed as collection of its pages and their dif-
ferentials

graded module associated to a filtration
Mayer—Vietoris complex of a G-space X with cover 91
first-column component of a G-space X (with cover )

category with objects given by triplets (G, X, ), i.e., G-spaces
with a cover 9 such that the Mayer—Vietoris spectral sequence
computes the G-equivariant cohomology of X
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S(M")
R, R,
0,0,
0,0,

P = P(C4)
Py

Q;

Nis Mis Qia Qi

'S

95

%
I(d,n)
Pan
¢(d,n)
Pin

Gd,n

List of Notation

morphism in cohomology induced by a morphism f between topological spaces

morphism between associated graded algebras induced by a morphism between
objects in GCov

restriction of the morphism f in GCov to the corresponding component of the
cover

restriction of the morphism f in GCov to the corresponding intersection of com-
ponents in the cover

saturation of a sublattice M’

relations introduced by a morphism between tori ¢

restriction of tori corresponding to a morphism between tori ¢
extension of tori corresponding to a morphism between tori ¢
ambient projective space with coordinates indexed by an index set A

coordinate subspace of P defined by the vanishing of coordinates not contained in
JCA

set of subsets of A indexed by the index set I

projective union corresponding to the coordinate subspaces defined by the sets in
(&

coordinate subspace defined by Cj, for i €

coordinate subspace defined by C; = C;; N...NC; , where i = (i0,-.-,ip) €L,
union of all sets in €

intersection of all sets in €

cover of Py formed by (P;);er

completely reducible polynomial in Ar[¢] with factors corresponding to the ele-
mentsin J C A

equivariant cohomology ring of Py

as above, abbreviations for nc,, nc;, Qc;, Qc;

restriction in cohomology between projective unions Py and Pg
a basis element in the cohomology ring of the poset S
restriction map between the poset cohomologies of posets Z C .S
poset of strictly increasing d-tuples with entries between 1 and n
ambient projective space with coordinates indexed by I(d,n)

set of maximal chains of I(d, n)

degeneration of the Grassmannian Gr(d,n), i.e., the projective union associated
to €(d,n)

graph with vertex set €(d,n) and edges indicating maximal intersection
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