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Abstract

Symmetries manifest themselves everywhere in nature with invariance under symmetry
transformations influencing the properties of many systems. They are also directly
connected to conservation laws which often are cornerstones of physical theories. In
solids, the Bloch theorem takes advantage of crystalline translation symmetry, giving
rise to the band structure of electrons. Of particular interest are so-called ”Dirac
materials”, for which in the last years a whole zoo of examples have been found and
researched. Such systems have low-energy excitations that behave like massless,
relativistic particles described by a Dirac equation. These materials therefore connect
symmetries, topology, and linear electron dispersions.

In this thesis we will mainly work on one example of such materials where the band
structure has a nodal line consisting of linear crossings along a ring in momentum space.
The main goal will be to investigate different transport properties beyond the linear
response to the external fields. Here, symmetries will play a major role as certain responses
can only be finite if particular symmetries are absent.

At the start of this thesis we review some of the above mentioned Dirac systems with a
focus on the role of symmetries. Afterwards we develop the tools to calculate transport
properties of solids both semi-classically as well as from a fully quantum mechanical
approach. In both cases, disorder will play an important role.

The main results of this thesis will be on models describing 3d crystals of zirconium
pentatelluride (ZrTes). We will discuss four different transport phenomena in this
material: Firstly, we will show how a nonreciprocal response can be created due to the
spin texture of the Fermi surface. In this case the resistance will depend on the direction
of the applied current which is only possible if inversion symmetry is broken. Secondly,
we discuss the current-voltage relation at large magnetic fields which will deviate
strongly from the linear Ohm’s law. We will see that such an enhancement of nonohmic
effects can be achieved in a nodal line system when all electrons sit in the same quasi-1d
band. For both of these phenomena it will be necessary to consider inhomogeneous
electron distributions due to charged impurities. Next, we consider unconventional Hall
effects where the applied current and magnetic field are parallel to each other. Here,
broken symmetries will result in a tilted Fermi surface enabling the parallel-field Hall
response. Lastly, we will investigate nonlocal transport beyond the effects caused by
contact geometries. As a possible mechanism we explore the coupling of charge to

additional degrees of freedom.
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Introduction

Solid state materials are full of fascinating physical phenomena both experimentally and
theoretically. From crystal growth, measurements and understanding of the underlying
mechanisms, condensed matter research has touching points with many other fields of
science such as chemistry, engineering, and mathematics. A three-dimensional solid, like a
piece of copper, contains about 10%? electrons which are all quantum particles interacting
with each other (and the ions which form the lattice structure). In its full complexity this
problem is impossible to solve even numerically. However, physicists have put great effort
into developing approximations and effective models which nicely describe the physics of
solid-state systems in specific limits. One central result is the Bloch theorem which states
that the wavefunctions in a periodic lattice are given by plane waves multiplied with a
space-dependent, periodic function |1]. This result enables us to describe electrons in a
periodic lattice by their band structure which has proven highly successful in describing
the properties of a solid.

In most conventional metals the electrons can be described by a quadratic dispersion
of energy as a function of crystal momentum. In these systems relativistic effects like
spin-orbit coupling are usually quite small and the non-relativistic Schrodinger equation
provides a sufficient description. Since about 20 years, the band structure of graphene
has attracted a huge amount of attention [2]. For these two-dimensional sheets of carbon
atoms, two bands touch at isolated points in momentum space. The dispersion close to
these band touchings is linear. Therefore, the particles behave like massless Dirac fermions
with a band velocity about two orders of magnitude smaller than the speed of light.
Subsequently, many more materials with such relativistic low-energy excitations have
been found, leading to a whole class of materials known as “Dirac materials”. Symmetries
play an important role in these systems as they protect the band crossings from being
gapped out. If the chemical potential is located right at the energy of the band crossing,
the system is in a semi-metallic state. Such a phase can be distinguished from a regular
metal by the temperature dependence of the resistivity due to the different dimensions of
the Fermi surface. Because of the Berry phase around the linear band crossings, topology
plays an important role in Dirac systems. A prominent consequence is the chiral anomaly
in Weyl semimetals which is related to negative magnetoresistance [3].

There are many more such exotic transport phenomena in systems with Dirac-like
dispersions. Going beyond linear response to the external fields opens up many more
possible transport effects. The existence of such nonlinear responses can lead to deep
insights into the symmetries and underlying quantum nature of a system. In this thesis,

we will focus on so-called nodal line semimetals where multiple band crossings form a



2 Introduction

closed curve in momentum space |4]. Motivated by the material ZrTe; many parts of
this thesis are closely connected to experimental work. This nicely provides a direct
application for the theoretical tools which we will develop. On the other hand, correctly
describing an experiment can substantially increase the complexity of the required
theory. In our work, disorder will play a major part in explaining the size of different
nonlinear transport properties.

The first chapter of this thesis will give a more detailed introduction into the different
types of Dirac materials with a focus on three-dimensional systems. Here, the role of
symmetries and the consequences of symmetry-breaking will be discussed. Afterwards, we
develop the theoretical machinery to compute transport properties with a large focus on
the semi-classical Boltzmann equation. In chapter 3 we will present the material ZrTes
in more detail and set up a low-energy Hamiltonian from a symmetry analysis. Using
quantum oscillations, we extract the parameters of our model in the experimental regime.
The main results will be discussed in chapters 4, 5, 6 and 7. These four projects all
deal with different transport effects going beyond the conventional Ohm’s law. In each of
these chapters we will introduce some further techniques used to understand the specific
project. At the end, we will summarize our findings and give an outlook on future research

directions.



1 Band crossings in quantum materials

1.1 The Dirac equation

In an attempt to combine special relativity and quantum mechanics, Paul Dirac derived an
equation that describes spin—% particles and predicted the existence of anti-matter [5,6].
To obtain an equation which is linear in the time derivative, just like the Schrodinger
equation for non-relativistic particles, it is necessary to consider a 4 x 4 matrix equation.

In (34 1) space-time dimensions this equation takes the form
(ihy"0, — mly) 4 = 0, (1.1)

where the summation goes over = 0,1,2,3 and 9, = (%&, Oy, 0y, 0,) is the 4-gradient.
The gamma matrices v* are 4 x 4 matrices that obey the anti-commutation relations
{v*,4"} = 291, with the Minkowski metric n*. A simple choice of gamma matrices

can be written in terms of the Pauli matrices o;:

12 0 O g;
pr— 5 i: 3 12
Yo < 0 1, > ot (_Ui 0 > (1.2)
01 0 —2 1 0
Op = , o, =1 . ) o, = : (1.3)
1 0 1 0 0 -1

As the Dirac equation (/1.1]) only contains products of covariant and contravariant objects

with

it is Lorentz invariant and thus compatible with special relativity. Because we are dealing
with a matrix equation, the wavefunction % is a 4-component spinor which will acquire
a phase of —1 after a rotation by 360° as is expected for Spin-% particles such as the

electron.

Let us now consider solutions for free particles moving along the z-direction with
momentum p,. The energy eigenvalues are given by € = +/h?p? + m2¢* which is the
relativistic energy-momentum relation. There will be four eigenstates of which two will
have positive energy and describe the particles, e.g. electrons, while the other two have
negative energy and describe anti-matter. In the case of an electron we would have the
positron as its anti-particle. For each type of particle we have a spin-up and a spin-down
state. In the case of massless particles we see that the dispersion is linear in the
momentum € ~ hAp, and the spectrum is gapless. We will see that this scenario can be

realized in condensed matter systems if symmetries force the effective mass to be zero.
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Figure 1.1: a) Lattice structure of graphene. The two sublattices are marked in red and
blue. The lattice vectors of the A sublattice are aj, as. Each site has three nearest-
neighbors indicated by the vectors n;. b) First Brillouin zone of the honeycomb lattice.
The two bands of the graphene dispersion cross at the corners of the BZ indicated by K,
K'.

1.2 Graphene

The most prominent condensed matter system that hosts particles which are described
by the Dirac equation would be graphene [2,|7]. It consists of a single two-dimensional
layer of carbon atoms which form a hexagonal lattice. In the theory of Bravais lattices
graphene is a triangular lattice with two atoms in the unit cell as can be seen in Fig. [1.1]
Thus, we are dealing with two sublattices which will be labeled A and B in the following.
Many other 2d materials with the same lattice structure like silicene or germanene share
a similar dispersion [8,|9]. The difference between these materials is the size of spin-orbit
coupling which ,in general, is larger for heavier elements. These additional interactions

can lead to the opening of gaps in the band structure.

1.2.1 Tight-binding model

To describe the band structure of graphene we set up a tight-binding model for the free
electrons sitting in half-filled p,-orbitals |7]. The overlap of these orbitals is maximal for the
nearest neighbors and rotation symmetric. Thus, we start from a hopping Hamiltonian
where particles can jump to one of the three neighboring sites with the same hopping

amplitude ¢ for all directions:

Hy=tY S (cg(Rm +ng)ea(Ron) + ch(Ro)en(Ron + ni)> . (1.4)

m =123
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Figure 1.2: Band structure of the tight-binding model for graphene as a function of
momentum. The two bands touch at the corners of the Brillouin zone. Near these points,
the excitations behave like massless Dirac fermions.

Here, c; /B and cy/p are the creation and annihilation operators for sublattice A, B. The
lattice sites of sublattice A are given by R,, = mja; + meay with my, my € Z and the
lattice vectors a; = a(1,0) and ay = 2(1,v/3) (see Fig. . Each site on lattice A has
three neighbors located at n; = a(0, —\%),nz = a(—3, ﬁ),ng = a3, ﬁg) relative to
its position. To solve this Hamiltonian, we perform a Fourier transformation and work in
momentum space. Here, the sum over all lattice sites becomes a sum over all momenta
in the first Brillouin zone (BZ) which for the honeycomb lattice is a hexagon as shown
in Fig. b). The operators for the sublattices at each momentum will now be called ay,

and bg. We can write the Hamiltonian in matrix form and obtain

0 e—inik .
Hy =t (af 0) s . (1.5)
e 0 bk

The eigenvalues of this Hamiltonian are then given by e, = +|ds| with dp = > ek,
i=1,2,3
As we deal with a lattice containing two atoms per unit cell we obtain two bands. There

are two electrons per unit cell and therefore all negative energy states are filled while the
states with positive energy are empty. Thus, the chemical potential sits at = 0. At the
K and K’ points we have ¢, = 0 and both bands touch, see Fig. [1.2, Even though there
are six edges of the BZ, only two band touching points are unique as we can go from one
corner of the BZ to another via a reciprocal lattice vector. To get further insight into the
low-energy physics of our model we choose one of these crossing points, e.g. kg = <§_Z= ),
and perform a Taylor expansion for small momenta around this point with k = ky + q.
Introducing the valley degree of freedom 7 = £1 which differentiates between the K and

K’ points the resulting Hamiltonian takes the form



0 Ge —17Tq Qq,rK
HkiOJrq ~ hv Z <aL,TK bj],TK) ( 0 ! > ( ! ) ) (16)
q

Qx + iTQy bq,‘rK

V3at
2h

Hamiltonian gives us a linear dispersion €, = +hv,/q2 + g similar to that of massless

with the effective velocity of electrons being v = ~ 10° m/s. Diagonalizing this

Dirac fermions. It is important to note that the two Dirac points are connected at higher
energies via the dispersion as can be seen in Fig. [[.2] Thus, describing graphene as two
copies of the 2d Dirac equation is only valid for small energy excitations. A natural cutoff
is set by the lattice constant a where small momenta obey |q| < 1/a. We can write down

the full low-energy Hamiltonian as

_ i : o-q 0 Cq K
Howe =M <Cq’K qu) ( 0 (o-q) ) ( Cq K’ ) 7 D

q

where ¢q k = (aq.x  bq k) is the spinor containing creation operators for both sublattices
near the K point. g; are Pauli matrices which refer to the pseudo-spin emerging in this
expansion. We want to emphasize that this is not the physical spin of the electrons as
we started from a spin-less model. Taking the electron spin into account would add an
additional two-fold degeneracy. As we are dealing with the 2d version of the Dirac equation
only two Pauli matrices are present in the Hamiltonian. In the next section we will see

how o, will change the spectrum and properties of our model.

1.2.2 Breaking symmetries and opening a gap

There are two important symmetries which guarantee that we have gapless Dirac fermions
at the corners of the BZ. These are inversion symmetry Z and time-reversal 7.

Under inversion symmetry one sublattice gets mapped onto the other and same for the two
valleys as we have k — —k. We can write this transformation as a symmetry operator Z =
T.®0,. As the labeling of sublattices was only an arbitrary choice made by us and inversion
of the graphene lattice just maps carbon atoms onto each other we expect the Hamiltonian
to also have inversion symmetry. Indeed, one can check that ZHpiac(—q)Z ™' = Hpirac(q)
and thus the symmetry is obeyed.

In the case of time-reversal we have to include complex conjugation K. to the symmetry
operator which also maps k — —k. The pseudo-spin remains unaffected and we can
write 7 = (7, ® 1) K.. Again, we find that this is a symmetry of the Hamiltonian
T Hpirac(—@)T ' = Hpirac(q)-

To close this section on graphene and 2d Dirac fermions we want to see what happens
when we break one of these symmetries. While adding additional terms proportional to
o, or o, only shift the position of the Dirac points inside the BZ, the term 1 ® o, opens

up a gap around ¢ = 0 and thus splits the Dirac cones. This term can be interpreted as a
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staggered potential on the two sublattices and therefore breaking the inversion symmetry.
One can also write down a term that treats the two valleys as well as the sublattices
differently and open a gap that way. This term 7, ® o, breaks time-reversal symmetry
while preserving inversion symmetry.

In conclusion, it is necessary that we break at least one of the above mentioned symmetries
if we want to induce a mass gap to spinless Dirac fermions. In the following section we will

look at 3d band structures and which band crossings are allowed under certain symmetries.

1.3 Dirac & Weyl semimetals in 3d

This section is based on the review article "Weyl and Dirac semimetals in
three-dimensional solids” Rev. Mod. Phys. 90, 15001 (2018) [10].

In the previous section we have seen that in 2d systems certain symmetries are required for
the formation of Dirac points. It turns out that in higher spatial dimensions, where there
are more tuning parameters a.k.a. momenta, it is much easier to achieve band crossings

without symmetries. A general two band Hamiltonian can be written as [11}12]

- ( hs(k) hi(k) — ihy(k)
ha(k

)+ iha(k) (k) ) = hy(k)o, + he(k)oy, + hs(k)o., (1.8)

with general functions h;(k) € R. The corresponding energy eigenvalues will be given by
e(k) = £+/h3(k) + hi(k) + h2(k). To achieve a band crossing all three terms must be

zero simultaneously, thus obeying h; = hoy = hz = 0. These conditions can be fulfilled

when there are at least three tuning parameters which would be the case in three or higher
dimensions. In 2d on the other hand, we just have two momenta and require additional
symmetries to realize a band crossing. For example, time-reversal symmetry requires the
oy, term to be excluded from the Hamiltonian which leaves us with only two terms that

need to be set to zero.

1.3.1 Weyl semimetals

If there exists such a crossing point at momentum kg we can perform an expansion of the

Hamiltonian around that point and obtain

H=~h Z vik;o;, (1.9)

i=1,2,3
where k is the momentum relative to the location of the band crossing, which is called
a Weyl point. For an isotropic system we can set v; = v and the Fermi surface close to
the crossing point will become a sphere with €z = h*v*(kZ + k 4 k2). For such a Fermi

surface we can calculate a topological invariant, the Chern number, by integrating the



Berry curvature 2

1
= %/Q ds, (1.10)
FS
with Q(k) = Vi X A(k) and the Berry connection A(k) = —i (ug|Vg|ug). The Berry
curvature is gauge-invariant and describes the local geometric properties of the
wavefunction. On the other hand, the Berry connection is a gauge-dependent quantity
that measures the local phase change of the wavefunction when the momentum is
changed infinitesimally. The integral of the Berry connection over a closed curve will be
gauge-independent and thus can be related to physical observables. It is called the Berry

phase. The eigenstates of the isotropic Weyl Hamiltonian are given by [13]

[ sin(6/2) e [ cos(0/2) e7'¥
Ju-) = ( —cos(6/2) ) fur) = ( sin(0/2) ) ’ (1.11)

where we have switched to polar coordinates (due to the rotational symmetry of the
problem) with polar angle ¢ and azimuthal angle #. As the normal vector of the Fermi
surface points radially outward we just need the radial component of the Berry curvature
Q, = #n(@) (Op(Agsing) — 0Ag) = 55 with r = /k2 + k2 + k2. If we compute the total
Chern number for the state |u, ), which corresponds to a positive energy ex > 0, the
integration gives us C' = 41 [13]. Thus, there is a quantized Berry flux through the Fermi
surface. The source of this flux is the Weyl point. In the next chapter, we will see how this
flux can be interpreted as a magnetic field and which consequences it has on transport. If
we instead have ep < 0 we need to use the state |u_) which has Chern number C' = —1.
As the Brillouin zone is periodic in all three space-directions it is required that there
always exists an even number of band crossings. With just a single crossing point the
bands can not be periodic and therefore, each Weyl point must have one partner. This
result is known as the Nielsen-Ninomiya theorem or “fermion doubling theorem” [14,[15].
The second Weyl point must have opposite chirality, meaning we have the opposite sign
in the Hamiltonian H = —hvk - o as compared to Eq. . As this Weyl point will also
have opposite Chern number it acts as a drain of the Berry flux instead of a source. If
we extend the integration surface in Eq. to be the whole BZ it is equivalent to
a single point due to periodicity. In this case, the total Chern number has to be zero.
This is fulfilled as the integration surface encloses both a source and sink of the Berry
curvature and there will be no net flux. One consequence of the topological nature of the
Weyl points is that they can not be gapped by a small perturbation but instead, they
will just be shifted in k-space. The only way to annihilate them is if two Weyl points of
opposite chirality meet at the same momentum. Otherwise if a single Weyl point would
remain we would have a net Berry charge in the system. So far we have not invoked any

symmetries and have shown that in 3d we can still construct linear band crossings of two
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Time-reversal Inversion Consequences Minimal number
symmetry symmetry of Weyl nodes
No No Weyl nodes can be at any k 2
Yes No Weyl node at ky = node of 4

same chirality at —kq

No Yes Weyl node at kg = node of 2
opposite chirality at —k

Yes Yes No separated Weyl nodes None

Table 1.1: Consequences of time-reversal and inversion symmetry on the location and
minimal number of Weyl points.

bands which are protected by topology and always come in pairs of opposite chirality. To
detect these Weyl points experimentally they need to sit at the Fermi energy. The charge
density and therefore chemical potential of a three-dimensional system can not easily be
controlled by electrostatic gating (as for example in graphene). This means that a lot of
3d materials have Weyl points somewhere in their band structure, which typically do not
contribute to transport as they sit far away from the Fermi level.

To conclude this section on Weyl semimetals we want to look into the consequences if
additional symmetries are present. For this, we consider a single Weyl point at momentum

ko and arbitrary chirality:

H(k ~ k) = thvo - (k — ko) . (1.12)

Let us start in a system with time-reversal symmetry which maps k - —k and o0 — —0.

Thus, the Hamiltonian transforms into
H(—k =~ ko) = +hvo - (k + ko) (1.13)

and we will have another Weyl node of the same chirality at momentum —k,. As we
have seen before, due to fermion doubling, each Weyl node needs a partner of opposite
chirality. So in total there are at least 4 Weyl points if time-reversal symmetry is present.
Next, we look at inversion symmetry which leaves the spin unchanged but maps k — —k.

Here, the Hamiltonian becomes
H(—k =~ ko) = Fhvo - (k + ko) . (1.14)

In this case, the node at ky has a partner with opposite chirality at —kg. Thus, the
total Chern number is zero and no additional nodes are required by symmetry. If both

inversion and time-reversal symmetry are present there can be no separated Weyl nodes
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as opposite chiralities would be superimposed and therefore annihilated. In the absence
of both symmetries Weyl points of opposite chirality are independent in k-space and can

even sit at different energies. These conclusions are summarized in Table [1.1}

In reality, three-dimensional samples have surfaces that terminate the crystal bulk. We
can project each Weyl point from the bulk onto these 2d surface Brillouin zones. Due to
the topology of the Weyl points there will be a one-dimensional surface state connecting
the projections. These so called Fermi-arcs have been the topic of a lot of research [16-18§],
but as they will not be of too much interest in the scope of this thesis, we will not further

elaborate on this subject.

1.3.2 Dirac semimetals

In the previous chapter we have seen that Weyl crossings of two bands are forbidden if
time-reversal and inversion symmetry are present simultaneously. Let us now consider a

system of four bands with Hamiltonian

(1.15)

HD:thm®(a'~k):< 0 hv(a-k))'

hw(o - k) 0

The eigenvalues are ¢, = +hv|k| where each of the positive and negative energy bands are
now doubly degenerate. Fig. a) shows the linear band crossing of four bands at k = 0,
which is called a Dirac point in three dimensions. The Chern number of a Fermi
surface enclosing this point is zero and there is no topological protection. We can view
the Hamiltonian (1.15]) as the superposition of two energetically degenerate Weyl points

with opposite chirality. Therefore, the total Chern number of all four bands cancels [19).

In this basis, the combined symmetry operator of time-reversal and inversion can be
written as 7Z = i1, ® 0,K, with K. meaning complex conjugation. The band crossing
of our Hamiltonian is not protected by this symmetry as we can write down a mass term
H,, = m7, ® 1 which is symmetry allowed but still opens a gap in the spectrum. This
leads to a dispersion g = £+/(hv)?|k|2 + m? as seen in Fig. b). To ensure symmetry

protection of a Dirac crossing, rotation symmetries are required. Examples for materials

with such symmetry-protected Dirac points are CdzAsy and NagBi which have C; and
Cs symmetries, respectively [20,21]. Invariance under 180° rotation (Cy symmetry) is not
sufficient as in this case time-reversal partners do not have different eigenvalues and can

still be gapped by H,,.

Even though these Dirac points in three dimensions are not inherently topological, they
can still be split into a pair of Weyl points when time-reversal symmetry is broken,

e.g. via a magnetic field, which is described by H, = b 1 ® o,. The total Hamiltonian
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Figure 1.3: Bandstructure € of the Dirac Hamiltonian (1.15) for k, = 0: a) Dirac
semimetal with doubly degenerate bands crossing at k, = k, = 0 for m = 0. b) Including
a mass term gives a trivial insulator with a bandgap for m = 0.5hv.

H = Hp+ H,, + Hy, in this case becomes

m+b 0 hok, ho(ky — iky)
0 —b hw(k, + ik —hok,
H— m v(ky +iky) v 7 (1.16)
hok, hw(k, —iky) —m+b 0
ho(ky + iky) hok, 0 —m—b

2
with energies € = i\/h%ﬂ(kﬁ + k2) + ( m? 4+ h*v?k? + b) where the two =+ signs are
independent of each other. We see that the magnetic field lifts the degeneracy of the

eigenvalues and, for |b| > |m/, splits the four-band crossing into two Weyl points along

the z-direction as shown in Fig. ).

1.4 Nodal line semimetals

So far, we have seen that in a magnetic field a Dirac point can be split into two Weyl
points along a certain direction in momentum space. Another possible term that breaks
time-reversal symmetry of our Dirac Hamiltonian is Hy =V 7, ® o,. For this term
the Hamiltonian H = Hp + H,,, + Hy becomes

m v hvk, ho(k, — iky)
v hv(k, + ik —hvk,
e m v(ky + tky) v 7 (117)
hok, ho(k, — iky) —m -

ho(k, +ik,) hvk, —b -m
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Figure 1.4: Lifting the degeneracy of a four-fold crossing by breaking time-reversal
symmetry. Band structures are shown for k, = 0. a) Splitting the Dirac point into two
Weyl cones of opposite chirality at k, = +(b* — m?)/(hv) using for |b| > |m|. b)
For each degenerate band the symmetry breaking term in shifts one band up and
one down in energy. This leads to a nodal line of band crossings at €, = 0 shown in green
with a radius k, = (b — m?)/(hv).

with eigenvalues ¢, = i\/(hvkm)2 + <\/m2 + PPv?(k2 + k2) £ b’>2. Going to polar
coordinates in the yz-plane with k, = k cos(d) and k., = k sin(f) one obtains
€ = :I:\/(hvkx)2 + (V'm? + h202k2 £ /)2 with k > 0. Therefore, in the plane defined by
k, = 0 two bands can cross at e = 0 if k = (b — m?)/(hv) for [b'| > |m|. This defines a
circle k) + k2 = (b — m?)/(hw) of linear band crossings called a nodal line. For each
degenerate pair of bands (e.g. the red ones with € > 0 in Fig. Hy shifts one of the
bands up in energy while moving the other one down by the same amount. This leads to
the line crossing, indicated in Fig. b) by the green circle. For k, # 0 the spectrum is

always gapped. Here, we have neglected a possible momentum dependence of the mass

term m(k). In this case, the line crossing will not occur at constant energy and therefore
can not be at the Fermi level. On the other hand, if the system is described sufficiently
by Eq. and sits at finite chemical potential 0 < pu < b, the Fermi surface is a
torus.

We will later see when we derive the low-energy Hamiltonian describing ZrTe; that a
nodal line crossing can also be achieved by breaking inversion symmetry and at least one

mirror-symmetry, which defines the plane in which the line crossings appear.

To summarize, there are a lot of condensed matter realizations of the Dirac equation.
They host a plethora of novel and interesting physical phenomena and are thus at the
forefront of solid state material research. Symmetries and topology play a central role in
protecting these band crossings from gapping out. In the remainder of this thesis we will

focus on electronic transport properties, mainly for nodal line semimetals.
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2 Electronic transport in solids

Transport measurements have been a part of material classifications for a long time.
Metals like copper are great electric conductors while other materials like, for example,
diamond are insulating. These properties are mainly influenced by the electronic band
structure and the degree of disorder. Even though the conductivity of a system does not
provide direct insight into the underlying physical mechanisms, there have been a lot of
fundamental insights gained through transport. Two examples are the chiral anomaly in
Weyl semimetals [10] or the topological protection of Dirac surface states [22,23]. The
main part of this chapter deals with the semi-classical Boltzmann equation, which we will
employ in the following chapters to compute various transport properties. Additionally,
we will also illustrate the quantum mechanical description of disorder and linear response
theory via the Kubo formula. At the end of the chapter the phenomenon of quantum
oscillations will be explained. Here, we introduce a very important separation of time

scales depending on which kind of excitations are considered.

2.1 Drude theory of linear conductivity

The earliest theory of electronic transport in solids is the Drude model [24}25] which
treats the electrons as classical particles which carry a charge e and have an effective
mass meg. These electrons get accelerated by an applied electric field F and are subject
to friction characterized by a transport scattering time 7i,. We emphasize that this time
scale is different from the conventional scattering time 7 as not all scattering events are

relevant for transport propertiesﬂ. The resulting current density is given by j = o £ with

ne’ryr
m,

the Drude conductivity o = where n is the density of electrons. In general, the
electric field and current density are three-dimensional vectors. Thus, the conductivity o
becomes a tensor relating all field directions and resulting currents 7 = oFE. The next
step to a more refined theory is to consider the quantum mechanical statistics of electrons

which will lead us to the Boltzmann transport equation.

2.2 Boltzmann equation

The main method applied to calculate transport properties in this thesis will be the
Boltzmann equation. Due to the electrons obeying fermionic statistics we have a lot of

particles at finite energy and with finite momentum, even at 7' = 0. In equilibrium no

IFor example, forward scattering (or small-angle scattering) does not lead to a decay of a current. This
issue will become important later in the context of quantum oscillations
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current is flowing as the number of particles with positive and negative momenta are equal.
Applying an external field leads to a deviation from the Fermi-Dirac distribution and
enables transport. We describe the electrons in a certain bandE| n as wave-packets which
have a certain distribution function f,(r,k,t) that depends on position r, momentum
k and time t. This semi-classical description is valid if we are interested in transport
properties on length scales larger than the wavelength of electrons.
The distribution function can change due to different mechanisms, the first being due to
scattering with e.g. defects, phonons or other electrons. These effects are combined into
the collision integral I[f] = % J
Furthermore, the momentum of the wave-packet will change due to external forces

1 e

k= _-F =

5 7 (E+ o x B, (2.1)

coming from electric and magnetic fields. Lastly we consider the change due to a flow of

particles. The corresponding velocity is given by

_ 10ck)

= v = 2o — ke x Q(k), (2.2)

which contains the band velocity as well as the so-called anomalous velocity arising from
the Berry curvature Q(k). Collecting all these contributions leads us to the Boltzmann

equation:
0 0 1 0 0

ot or B ok ot| .

coll

(2.3)

In the case of homogeneous, time-independent fields the first two terms on the left side
vanish as the distribution function f(k) only depends on momentum in this case. To
describe deviations from equilibrium, we write f(k) = fo(k)+ 0 f(k) with the equilibrium
state fo(k) = fo(ex — p) being the Fermi-Dirac distribution. In the following chapters we
will expand 0f = fM + f@ 4 fG) 4 (.) in powers of the electric field with f() ~ E,
f® ~ E? and so on. This allows us to solve the Boltzmann equation iteratively order by
order in perturbation theory.

After simplifying the left side of Eq. we turn to the collision integral. This term
can describe different scattering mechanisms with the most common ones being impurity
scattering, electron-electron interactions or coupling to quasi-particles, e.g. to phonons.

In the case of impurity scattering the collision integral takes the form:

dK’
(2m)®

Here, the first term describes scattering processes out of the state k into k' which

of
= (2.4)

_ / Wi F()(1 — £(K)) é’j) T / Wi f(K)(1 — £ (k))

coll

decrease f(k). The second term covers the opposite events which scatter into k and thus

2We will omit the band index n in the following until it becomes relevant again.
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increase f(k). For elastic scattering the transition rates can be written as
Wie = 25| (K'|AH|k) |*0(ex — €x). Thus, collisions conserve particle number and energy
but only change the momentum and distribution of electrons. Due to the symmetry

Wi = Wy the scattering term is simply linear in the distribution function:

H = [ Wt - f(kz))(d'“)'d (25

As mentioned above, the distribution function consists of an equilibrium part fy(k) and
a perturbation Jdf(k). The equilibrium state is uniquely defined by the condition
[ Wi (fo(K') — fo(k )) dk'd = 0. This allows us to write the Boltzmann equation without

magnetic fields to hnear order as

e 0 fo / dk’

—-F- My f 2.6
with the scattering kernel My = d(k — K') [ Wi (2:;; — Wi . The solution to this

equation can be (in principle) easily written down as

1O = [t B 0, SR

h e (2m)d (2.7)

In practice, inverting the scattering kernel My, is not trivial due to conservation laws. For
each conserved quantity, M has a left eigenvector with eigenvalue 0. As two examples we
will consider particle number and energy conservation. Because collisions preserve particle

number we have & 37, fi = 0. This implies

R 28

for all momenta k’. Therefore, the constant vector (1,1,1,...) is a left eigenvector of the
matrix M with eigenvalue 0. A similar statement can be made for the conservation of

energy under elastic collisions

((ijt Z €k fr = / (;k) Mg = 0. (2.9)

Here, the left eigenvector with eigenvalue 0 is the vector (€g,,€g,, €ks,...) Where each
entry contains the energy of the corresponding momentum point. Therefore, a
straightforward inversion of the full scattering kernel is mathematically problematic.
As collisions relax the system back to equilibrium in a certain time scale we can
approximate the collision integral by

of| . _fk) = folk)

(k) = folk) 2.10
at coll Ttr(k) ( )
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with a momentum-dependent transport scattering time 7, (k). This time scale should be

chosen such that it obeys

dk’

(1)
Ll = [Wal) - 1) o (211)

Ter (K)

Within this relaxation-time approximation, we can now calculate the linear response
to an applied electric field from
e Ofo(k) _ fU(k)

TE = ~Ck (2.12)

which can be easily solved for f() (k). This allows us to write the full distribution function
in the presence of an electric field as
€ ) afo(k) € 8f0(k:)

f(k) = fo(k) — %Ttr(k)E e fo(k) — ﬁﬁr(k)E U e,

(2.13)

where in the last step we have rewritten the momentum derivative to an energy derivative
by multiplying with the velocity v,. This is useful as the Fermi-Dirac distribution is only a
function of €, and not explicitly of the momentum. At T" = 0, all states up to the chemical
potential are occupied so the derivative w.r.t. energy is simply aJ;OT(kk) = —0 (ex — ).
Interpreting Eq. as the first two terms of a Taylor expansion, we can write
f@)zh(k—%mE> (2.14)

for a constant scattering time 7,. This means that the Fermi distribution gets shifted
by a vector proportional to 7, F. Due to this shift there can be a non-zero current after

averaging over all momenta

j_—g/é%ﬂﬁm%y_%/}g%wmmﬂ?wﬁng (2.15)

This expression shows that not all electrons contribute to transport but only those close
to the Fermi energy. At first glance, this seems to be contradicting the Drude formula from
the previous chapter where the total electron density n entered. But it turns out that the

Boltzmann equation reproduces the Drude formula for the longitudinal conductivity if we

assume a constant transport scattering time and take v, ~ 38% to be the band velocity.

In this case, the conductivity is given by

S - , (2.16)
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Iy

k K L X

Figure 2.1: Equilibration in the relaxation-time approximation and for microscopic
scattering mechanism. The two peaks represent the occupation function at different
momenta. a) If each mode has a separate relaxation rate I'y ~ 1/7, there is no interplay
between the modes. Here, particle number and energy are not conserved. b) For the
microscopic scattering mechanism there will be an exchange of particles between the
k-modes. This guarantees that conservation laws are fulfilled if a summation over all
momenta is performed.

where n = [ % fo(k) is the electron density and the effective mass is defined by

26
1 ;Wkd%kécfo( )
= ) (2.17)
Meft f( dfO

Unfortunately, the simple relaxation time approximation for the collision term violates

the conservation laws for particle number and energy as

0

In the relaxation-time approximation each k-mode at the Fermi energy relaxes to
equilibrium in a time scale set by 7,(k) independent of what the other modes k' do. If
we compare this with the microscopic scattering term one recognizes that
information is lost, as we no longer know into which states particles with momentum k
are scatteredﬂ. As this balance of in- and out-scattering of particles is ignored when
using the relaxation-time approximation, conservation laws can not be fulfilled. An
illustration of this is shown in Fig. [2.1] This obstruction of the relaxation-time

approximation can be circumvented by additionally requiring > dfr = 0 for
k

T (k) = T4 = const.

For a rotation-invariant system with ¢, = €(|k|) we can derive an analytic expression

for the transport scattering time. We will be working with randomly placed impurities,

3As well as information about the opposite process where states k' are scattered into k.
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which generate a potential U(r) = > u(r — R;). After averaging over all possible impurity

(2
positions R; we obtain the averaged transition rates between two states as

— 2w
Wkk’ = ?nimp|uk_k/|25(ek — Ek/), (2.20)

where ug4 is the Fourier transform of the single-impurity potential u(r) and niyp is the

impurity density. Let us for now assume that we work in a three-dimensional setting where

the band velocity is v = %%% = %k due to rotation symmetry. If we plug this into the

collision term ([2.5)), the linearized Boltzmann equation in an electric field reads

e Ofo(k) 27 A3k 9 1 1
B R = Sy | ol Pole = ) (PO ) = fOR). (221)
To solve this equation we can use the ansatz f()(k) = E - kn(e;) with an unknown

function 7, which only depends on the energy and thus the magnitude of & but not on
the momentum direction. This is motivated by the fact that we want the response to be
linear in the applied field and dependent on momentum. Additionally, the distribution
function has to be a scalar quantity. If the scattering potential is also rotation-symmetric
the potential in momentum space will only depend on the magnitude |k| and the angle
¥ between k and k’. Choosing the z-axis in the direction of k our equation in spherical

coordinates for an arbitrary orientation of E becomes

™

‘p. kaf;‘)—é"’) —— / d’;’:' 5ex — ex)n(er) / a9 sin(9)[u(k, 0)[2E. (K cos(9) — k)
= gn Nimp? (€1) p(€x) /dﬁ sin(9)|u(9)[? (cos(¥) — 1) E - k, (2.22)

0

where in the second line we have replaced the momentum integral by the density of states
p(€) and the electron density n. Comparing this with the Boltzmann equation in the

relaxation time approximation (2.12)) we can read of the transport scattering time as

™

thk:) - g” Mimpp(€r) /df/l sin(9)|u(d)[? (1 — cos(v9)) . (2.23)

0

The reduction factor 1 — cos()) distinguishes the transport scattering time from the
conventional lifetime 7(k) of an excitation at k. This can be understood because a small
scattering angle ¢ only leads to a small change in the velocity vy and therefore does not
significantly contribute to the decay of the current. These processes are thus weighted

less in the total transport scattering rate.

So far, we have mostly neglected the anomalous velocity vVanom = —hk x Q(k). In a
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homogeneous system, this term will not give a contribution to the distribution function.
However, Berry curvatures can lead to transport responses as the velocity enters into the

definition of the current

: dk [ 10e(k)
m=— = —(F x QE))m | - k)+df(k)). 2.24
= [ o (358 (p <o) - (0050 (229
To linear order in the electric field, the anomalous velocity generates a Hall current
which is proportional to the equilibrium distribution function fy(k). The corresponding

conductivity is given by

dk
anom __ 2
Omn — € /Wemnlgl(k)f0<k) (225)
The resulting current will always be perpendicular to the external electric field and thus
does not give a contribution to the longitudinal conductivity. As the perturbation of the

distribution function does not enter this expression, the anomalous Hall conductivity is

anom

anom ., 70 “Therefore, it is often referred to

independent of the transport scattering time o

as an intrinsic mechanism.

2.3 Disorder and self-energy

For a realistic description of quantum materials it is necessary to consider disorder
which breaks the translation symmetry of the system. Possible examples can be
impurities, which are induced during the growth process or grain boundaries of
differently ordered parts of a sample. As mentioned previously, such impurities act as
sources of scattering and enable finite conductivities in solids. Therefore, they need to
be considered in any theory that aims to obtain finite conductivities. Additionally,
disordered systems allow us to study new and more exotic electronic states. Below three
dimensions even a small amount of disorder can lead to the localization of electrons and
absence of diffusive states which is known as Anderson localization [26]. For doped
semiconductors or 3d topological insulators long-ranged disorder potentials can form due
to charged impurities. These charge puddles can enable transport through an otherwise
insulating bulk system and have been experimentally observed using optical
spectroscopy [27, 28]. Furthermore, the stability of the quantized plateaus in the
resistivity for the integer quantum Hall effect require a certain amount of disorder to be
present [29]. Therefore, disorder opens up many new exciting phenomena and is not just
an annoyance that one tries to get rid of.

In the following section, we want to describe the impact of disorder on the wavefunction
and see how impurities are related to the broadening of the density of states. In this

context, we introduce the concept of the self-energy and derive the program to calculate
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it in self-consistent Born approximation.

2.3.1 Self-consistent Born approximation

The goal of this section is to illustrate the theoretical methods to treat disorder and its
influence on the electrons in a solid. We start from a single impurity placed at R = 0 with
disorder potential u(r). The eigenenergies of the clean system with a single impurity are

determined by the equation

(H +u(r)) ¥(r) = e(r), (2.26)

where the wave function obeys the Lippmann-Schwinger equation

w(r) = do(r) + / A’ Go(r — ' )u(r' ) (r"), (2.27)

with vy being the wave function of the clean system and the free Greens function in
momentum space given by Gy (e, k) = (e — H(k) + i6)~". If multiple bands are considered
and the Hamiltonian has a matrix structure the Greens function is also a matrix of same
dimensions. As Eq. is a self-consistent equation for ¢ (r), we can instead rewrite it
using operator inversion into a form where the wavefunction in the presence of the impurity
only appears on one side of the equation. Next, we perform a perturbative expansion in

the disorder potential u(7) which gives us the Born series

b(r) = do(r) + / dr'Go(r — r)u( Vo)

- /dr'd’r"Go(r — ) u(r)Go(r" — " Yu(r")ho(r”) + O(u?).  (2.28)

In a real material we, of course, do not deal with a single impurity but with a macroscopic

number of them. Therefore, we model the disorder as the superposition of Ny, point-
Nimp

like impurities at random locations R; which generate a potential U(r) = >  u(r — R;).
i=1

Instead of the wavefunction we can also consider the full Greens function of the disordered

system which also is defined by a Lippmann-Schwinger equation
G(r1,r2) = Go(ry — r2) + /dr’Go(rl —rYU(r")G(r" —ra). (2.29)

In this case the Born series to n-th order contains all possible scattering events where the
electrons interact with n impurities. For example, we can scatter every time from the same
impurity or have scattering events where different impurities contribute. As the location
of the impurities are unknown and we are dealing with a large number of them, such a

straightforward expansion of the Greens function is not viable. Therefore, we divide our
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system into subsystems with the size set by the decoherence length /5. On this length scale,
enough scattering events take place for the phase of the wavefunction to be fully random.
For a macroscopic sample this length scale is usually still small compared to the system
size and we have a large number of subsystems. This allows us to perform an impurity
average over all possible disorder configurations. As a consequence, on average translation
symmetry is restored in our system and we can work again in momentum space. Here,
the impurity-averaged Greens function will be diagonal with (G(k, k"))imp = G(k) ~ Op
as after the averaging all random phases force the total in- and out-going momenta of a
scattering event to be the same.

Performing the impurity average for the Born series of our full Greens function and only
keeping the irreducible diagramsﬂ leaves us with the Dyson equation for our Greens

function

Diagrammatically this equation can be illustrated as

: = + > Y]
k k k

with single fermion lines for the free Greens function, a self-energy bubble and double
fermion lines for the full Greens function. Here, ¥;(w) is the frequency-dependent self-
energy. From the Dyson equation (2.30) we can obtain the full Greens function of the

disordered system as

G(k) = (Go(k)™" — Zp(w)) . (2.31)

In this expression we can interpret the self-energy as the broadening of states compared to
the clean system described by the free Greens function Gy(k). Therefore, the self-energy
is also related to the scattering time via % = —2 Tr (ImX¥g(w)). The self-energy contains

all irreducible diagrams which can be sorted in orders of impurity density as follows

X X
VAR
—_ . /7 N\
= Nimp SNt +
/ \
=0 ki
XX
”, \\\ P
2 LN 3
: 0, g+ + ( ; )
nnnp % < O nlﬂlp

ko ke Ty —ky+ &

4These are the diagrams where we can not cut the Greens function line without crossing any of the
scattering lines.



22

In the limit of weak impurity scattering a good approximation for the self-energy is
obtained by only taking terms linear in impurity density. This is known as the Born
approximation. In this case, the first term ~ niy,,uo can be absorbed as a constant shift
of the chemical potential u. If we replace the free fermion line in the next diagram by the

full Greens function we obtain the self-energy in self-consistent Born approximation

Ysopa(w) = nimpu?)/ éf)/dG(k:'). (2.32)

The corresponding diagram for this approximation is

The density of states (DoS) v(e) of the disordered system is given by the trace of the

imaginary part of the full Greens function

Y(e) = —%Tr (Im / (;i:)/dG(k’)), (2.33)

where the trace is taken over all degrees of freedom like spin and orbitals. We will use

this quantity as a measure of convergence in our self-consistent calculation of G(k) and
Yscpa(w). Starting from an ansatz for the self-energy Y, we can iterate the equations
and (2.32)) until the density of states v(¢) has converged. Once the DoS as a function
of energy is known, one can obtain the carrier density via integration up to the chemical

potential
n(p) = /V(e)de. (2.34)

Depending on the setting in which one employs these techniques, the Greens function
will depend on additional parameters, like, for example, the magnetic field strength. To
compare our theoretical calculations with experimental results which are taken at fixed

density ng one needs to determine the correct chemical potential from n(u, B) = ny.

After capturing the effects of disorder we now turn to the calculation of linear transport
properties using diagrammatics. The self-energy will serve as a mechanism to decay the

current response and produce a finite conductivity.



Linear response theory 23

2.4 Linear response theory

For a fully quantum-mechanical description of transport properties we employ linear
response theory. This chapter follows reference |30]. The current response to an applied

vector potential is given by
(7)) = i/d%’dt'@(t —)([5(x), 57 («")]) A" (2"), (2.35)

where the Heaviside theta function ©(¢ — t’) ensures causality. This integral contains the
two-point correlation function of the current. Going to momentum- and frequency space,

the longitudinal response function without vertex corrections is given by

1 &3k
T, (i) = B; / o T oG 16, K)o Gl ) (2.36)
with current operators j, = eg% and the Matsubara frequencies w,, = (2n+ 1)7/ where

n € Z and [ is the inverse temperature. Diagrammatically, the response function without

vertex corrections is given by the bare conductivity bubble

iwy, k

Haa(iw) = Ja Ja

iw, +iw, k

Neglecting vertex corrections means ignoring all diagrams where the two lines of this
bubble are connected by at least one impurity scattering line. This simplification ignores
the effects of anisotropic scattering but to leading order these should be captured by the
Greens function in self-consistent Born approximation.

The summation over Matsubara frequencies can be performed by a contour integral along

a circle with radius going to infinity in the complex plane

My (iw) = / (;17:;3/%71;7(2)%" [1aG (2 + iw, k) jo G (2, k)], (2.37)

where ng(z) is the Fermi-Dirac distribution. To return to the real frequency domain we

perform an analytic continuation by setting iw — w + i

,p(w) = /S—;np(e)/ (37?];3Tr[ (GF(e, k) — G (€, k)) joG™ (e — w, k)js

+ G e+ w, k)jo (G"(e, k) — G (e, k)) js].  (2.38)
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Here, GR(e,k) = (e—H(k)—X)"" is the retarded Greens function and
G(e, k) = (G’R(-s,k:))T = (e— H(k) — ET)_l is the advanced Greens function. As we

are interested in the DC conductivities of our system we evaluate the limit

_ i Hag(w)
OaB = _};IE)I%) T (239)

Therefore, we write G4 (e£w, k) = G*4 (e, k) + 8(;8I:/Aw+(9(w2) where all higher orders

will vanish in the limit w — 0. The remaining terms are

de d*k R 4 0G|

s = [ nr(@ [ G [‘ (G k) = GHe.k) Ja=5 s
OGE

Oe

- jo (GF(e, k) — G (e, k)) ja| - (2.40)
Using partial integration we can move some of the energy derivatives from the Greens
functions to the Fermi function. At zero temperature this derivative is just given by the
Dirac delta distribution 6"8#6(6) = —(p — €). Therefore, for these terms we only need the
Greens function at the chemical potential. Collecting all these terms yields

o= o / %Re (Tr [G" (1, K)o (GT (1 k) — G (1 %)) ] - (2.41)

The remaining terms will still contain an energy integration over the Fermi function

de d3k OG*E 0G4
(ur _ ad T . ~R . A . .
o) = [ onet) [ G | GG i + G e i
0G*E 0G4
R . . .
G (€7k>ja Oe JB Oe Ja

G(e,k)jg|.  (242)

This term describes the anomalous Hall effect coming from Berry curvatures which are
captured in the energy derivatives of the Greens function. For the longitudinal
conductivity this term cancels as tracing over a product is cyclic Tr[AB] = Tr[BA]. In
conclusion, olf = 0 and the longitudinal conductivity without vertex corrections can be

computed by the Kubo formula

1 d3k

Toa = or | @)

Re (Tr [GR(u, k)jo (GR (1, k) — G (11, k) o)) - (2.43)

We will use both the self-consistent Born approximation as well as the Kubo formula in

section to compute the conductivity parallel and perpendicular to a magnetic field.

To finish this chapter we will consider the phenomenon of quantum oscillations which are
a very useful experimental tool to measure the Fermi surface of a material and obtain

various parameters relevant for transport properties.
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2.5 Quantum oscillations

This section is based on the review article “Topological Insulator Materials” J. Phys. Soc.
Jpn. 82, 102001 (2013) [31].

In a magnetic field the electrons in a material form quantized Landau levels. Therefore, the
density of states (DoS) at the Fermi level will be periodically modulated as a function of
magnetic field. This can lead to periodic changes in different physical observables, known
as quantum oscillations. Once all electrons are in the lowest Landau level there are no
more oscillations, giving us an upper field Bqr, above which oscillations die out. In this
case one speaks of the system being in the quantum limit. One prominent example are the
de Haas-van Alphen oscillations in the magnetic susceptibility [32]. As this thesis mainly
deals with electronic transport properties, we will focus on oscillations in the electrical
resistivity, known as Shubnikov-de Haas oscillations (SdH) [33]. These oscillations in R,
can be used to describe 2d surface states as well as 3d bulk conducting states. Additionally,
they allows us to detect Berry phases through phase shifts in the oscillations. To analyse
the SAH oscillations, it is necessary to subtract a background resistance to obtain the
oscillating part AR,,, see Fig.[2.2] Using the Lifshitz-Kosevich formula [33] the oscillating

component of the resistance can be expressed as

1

F
AR,, ~ RrRpRg cos [2% (E ~ 3 + ﬁ)} , (2.44)

with the frequency F' measured in Tesla (just like the magnetic field) and 0 < § < 1
accounting for phase shifts due to Berry curvature. Through these phases, it is possible
to distinguish surface and bulk states. Here, Ry = 2m2kpT/(hw.sinh[272(kgT)/(hw,)])
with the cyclotron frequency w. ~ B is the temperature damping factor. This term
describes the broadening of the occupation function for each state due to temperature

hwe
Dingle damping term with the Dingle temperature Tp = h/(2rkp7Tp) where 7p is the

which will reduce the oscillation amplitude. Next, Rp = exp (—27r2@> is called the

scattering time. This factor takes into account the reduction of amplitude due to a finite
scattering time 7p which can be related to an effective temperature Tp. Therefore, it
is hard to see quantum oscillations in very disordered samples as the amplitude will be
exponentially suppressed. The last reduction factor Rg = cos (%ﬂgm* / mo) is the spin
damping that depends on the electronic g-factor g, the cyclotron mass m* and the bare
electron mass mg. The magnetic field splits spin up and down electrons by the Zeeman
effect, giving us two oscillations with a small phase shift. The superposition of these two
paths leads to the spin damping factor Rg. It should be noted that the phase shift ( is
just the Berry phase v of the electron path in momentum space divided by 2.

Using SdH oscillations it is possible to extract a lot of information about the band
structure and Fermi surface of a material. For example, in a fixed magnetic field the

Dingle damping is constant and we can extract the cyclotron mass from the temperature
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Figure 2.2: Shuhbnikov-de Haas oscillations in ZrTes;. a) Longitudinal resistance as a
function of magnetic field. The red fit shows a polynomial which is used to subtract the
background component. b) Oscillating part AR,, of the resistance. ¢) When plotting
AR,, as a function of 1/B the periodicity of the oscillations becomes visible. Figures
taken from publication 1 [34].

dependence of the oscillation amplitude as only Ry changes. As the electrons will run

along extremal orbits on the Fermi surface the cyclotron mass is given by

. N [(OA(E)

where A(EF) is the area enclosed by such an extremal orbit perpendicular to the applied
field. For a 2d system with a linear dispersion we have E(k) = hvp|k| with an area
A(Er) = mk% = wE%/(h*v%) for a magnetic field perpendicular to the 2d plane. This
results in a cyclotron mass m* = EF/Ufm = hkp/vp. From this, we can compute the

cyclotron frequency w, via

*

eB
m* = —.

o (2.46)
Additionally, it is possible to extract the scattering time from the Dingle damping factor.
Here, temperature is kept fixed and one analyses the magnetic field dependence of the
oscillation amplitude. Plotting In(A/Rt) vs 1/B one can extract the Dingle temperature
Tp as the linear slope of the data. The corresponding time scale 7p is different from
the transport scattering time 7, of the previous section as it includes all scattering events
regardless of scattering angle. Usually, the fact that small-angle scattering leads to a decay
of quantum oscillations while not affecting the transport manifests as 7, > 7p E|

From Eq. we can also see that the SAH oscillations are periodic in 1/B. Fourier
transforming R,,(B~!) allows us to read off the oscillation frequencies as peaks in the
spectrum. If there are multiple orbits the measured SdH oscillations will be a superposition

of different frequencies. Each frequency Fj« will correspond to an extremal orbit of the

®We will see in chapter that this only hold for homogeneous systems.
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Fermi surface and is given by the area Ay« perpendicular to the applied field enclosed by
such an orbit:

F = iAk*. (2.47)

2me

Using this relation, one can determine the parameters of any metallic model with a band
structure by calculating the Fermi surface, determining the extremal orbits as well as
the corresponding areas, and fitting the SdH frequencies to the results. Knowing the
shape of the Fermi surface through the extremal orbits we can also determine the Fermi
volume which gives us information about the carrier density n. We will apply this

procedure in section [3.4] and go into more detail there.

To summarize, in this chapter we have developed the necessary tools to calculate
transport properties in homogeneous systems using the semi-classical Boltzmann
equation. Comparing to the theory of quantum oscillations, we recognized two different
time scales 7 and 7, as not all scattering events lead to a decay in the current.
Additionally, we have seen how to calculate the linear conductivity using the Kubo
formula where the self energy contains the impact of disorder and is treated in

self-consistent Born approximation.
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3 Experimental system: ZrTey

This chapter is based on the publication 1: “Gigantic magnetochiral anisotropy in the
topological semimetal ZrTe;” Phys. Rev. Lett. 128, 176602 (2022) and its supplementary

material [34].

3.1 Crystal structure and previous experiments

Zirconium pentatelluride (ZrTes) grows as a 3d bulk crystal in an orthorhombic layered
structure, see Fig. a) |35]. Each layer is formed by ZrTes chains extending in the
crystallographic a-direction which are connected by additional Te atoms. These layers are
stacked along the b-direction and are bound together by van der Waals interactions. For
transport experiments the crystallographic axes a, ¢, b correspond to the x, y, z directions.
Z1r'Tes has already been a prominently studied material with a big focus on transport
experiments [35-44]. A few examples include the chiral magnetic effect, unconventional
anomalous Hall effect and 3d quantum Hall effect. Due to its special crystal structure,
Zr'Tes is a highly anisotropic material with a hierarchy of Fermi velocities v, < v, < v,

shown by different groups through ARPES or quantum oscillation measurements [37,45].

It was shown that most samples of ZrTe; undergo a transition from a strong 3d
topological insulator (TI) state to a weak 3d TI (layered 2d TI states) with increasing
temperature [46]. At the critical point 7, the system thus should be in a Dirac
semimetal state as the energy gap closes, see Fig. b). When measuring the resistivity
Pz as a function of temperature, a clear peak at T}, is visible. In the semimetal state the
conduction and valence band will touch at the I'-point in the middle of the Brillouin
zone. For such samples, the resistivity peaks around temperature zero. By doping the
system to a finite chemical potential the Fermi surface will become an ellipsoid (due to

the velocity anisotropies) around this point [42].

The alleged space group of ZrTes is Cmem (D37). However, recent works such as the one
cited at the beginning of this chapter as well as by other groups [47] indicate that the actual
symmetry is much lower. X-ray diffraction (XRD) experiments performed by Sebastian
Biesenkamp in the group of Prof. Markus Braden suggest a breaking of the mirror-plane
symmetries mg, and m,. as well as the absence of inversion symmetry [34]. Additionally,
the existence of certain responses in transport experiments can give conclusive evidence

of the absence or presence of symmetries. This will be the topic of the next section.
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Figure 3.1: a) Crystal structure of ZrTes: The ZrTes prisms form chains along the a-
direction which are connected by additional Te atoms. This structure is stacked along the
b-direction with the sheets interacting via van der Waals forces. b) Phase diagram of ZrTes:
As a function of temperature the system changes from a strong to a weak topological
insulator. At the transition point 7}, the gap closes and a semimetal is realized. Figure

taken from

3.2 Motivation for symmetry breaking: Magnetochiral

anisotropy

The theoretical work in this thesis was initiated by a series of experiments mainly
performed by Yongjian Wang in the group of Prof. Yoichi Ando. As a function of
temperature, the samples used for these experiments show a clear peak of the
longitudinal resistivity p,, at zero temperature as shown in Fig. ﬂ a). Thus, they sit
right at the phase transition between strong- and weak topological insulator and the
mass gap has been carefully tuned to zero.

Applying a low-frequency AC current I = Ipsin(wt), the longitudinal resistivity p,, was
measured. Surprisingly, the data shows a sizable second-harmonic voltage V3,,, which is
quadratic in the applied current I and changes sign when the magnetic field direction is
reversed, see Fig. b). This indicates that there is nonreciprocal transport in this system,
meaning that the resistance is different for a current I flowing to the right (+7) or to the
left (—7). Such an effect is only allowed if inversion symmetry is absentﬂ. The magneto-
chiral anisotropy (MCA) is an effect where nonreciprocal transport is enabled by an
external magnetic field . There are two types of this effect, depending on the generation
mechanism: Firstly, the inner-product type with resistance R = Ry [1 + (B - I)], where
Ry is the reciprocal resistance and  measures the size of the nonlinearity . From
the formula we can see that the nonreciprocal resistance is maximal when the magnetic

field is applied parallel to the current. Furthermore, there is the vector-product type with

!This should be known to almost any physicist when his/her desk fills up with dirty coffee cups and the
flow back to the kitchen is much smaller than going from the coffee machine to the office.
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Figure 3.2: a) Longitudinal resistivity as a function of temperature for two samples used
in [34]. The peak value is reached at the lowest temperature, indicating that the samples
are in the semimetallic state. b) First- and second-harmonic voltage as a function of
applied current. Vi, is linear in I and symmetric under reversal of the magnetic field. V5,
is quadratic in current and changes sign when B — —B. ¢) Second-harmonic resistance
as a function of magnetic field for different temperatures. The inset shows a larger field
range. Figures taken from publication 1 [34].

resistance R = Ro[1+7(P x B)-I] [50]. Here, P is a unit vector that indicates the direction
of symmetry breaking, e.g. through a polarization. For this type, the largest nonreciprocal

resistance is obtained when the magnetic field is perpendicular to the current.

Both expressions contain the nonlinear coefficient v = (R/Ro — 1) /(|B] - [I|) with B || I
for the inner-product type and B L I for the vector-product case. It measures the size of
the MCA. The measured voltage in the setup with the maximal nonreciprocal response
is given by V' = RoI(1 + «vBI). If we inject a sinusoidal AC current, this expression
becomes V' = Rolysin(wt) + 37RoBIF(1 + sin(2wt — 7/2)). From this, we identify the
second harmonic resistance Ry, = %wROBIO as a measure of the nonlinearity. It should
be added that there is a phase shift between first- and second-harmonic components. The
measured second-harmonic voltage is observed for I || & and B || b. Therefore, the MCA
has to be of the vector-product type. In Fig. ¢) Ry, as a function of magnetic field is
shown for different temperatures. The effect is largest for the smallest temperature of 3 K
and is almost zero for 7' > 15 K. In the small field range of |B| < 0.06 T the resistance is
almost linear in the applied field and grows rapidly to about 60 m). Afterwards, it still
increases but way slower, as shown in the inset.

To determine the direction of the unit vector P in the vector-type MCA, the second-
harmonic voltage was measured for varying magnetic field directions. The result for field
rotations in the ab-, bc-, and ac-plane are shown in Fig. [3.3] Here, Ry, is normalized by
RoB to exclude the change of the reciprocal response. At very low field of B = 0.03 T,
the first two measurements show the angle dependence where in both cases # is measured
from the b-axis. In the ac-plane the nonlinear response is essentially zero for all rotation
angles ¢. The current is always injected along the a-direction and therefore the vector P
should point along the c-axis. Resistivity measurements up to large temperatures show

no signatures of structural phase transitions at high 7', as seen in Fig. |3.2| a). Therefore,
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Figure 3.3: Second-harmonic resistance for different directions of the magnetic field. In
the first two cases different magnitudes of B were measured with the largest nonlinearity
occurring at 0.03 T. The field rotations were performed in all three coordinate planes as
indicated by the schematics. The inset in panel a) shows the nonlinear coefficient (defined
in the main text) as a function of magnetic field. Figures taken from publication 1 [34].

the symmetry breaking is most likely introduced during crystal growth. From the second-
harmonic resistance the nonlinear coefficient can be calculated as v = 2Ry, /(RoBly). As
this quantity contains the total injected current I, it will depend on the sample cross
section. Therefore, it is useful to define a more intrinsic coefficient to compare nonlinear
effects in multiple samples or even different materials. From now on, we will refer to the

nonlinear coefficient " defined as

2A, Ry,

—_— 3.1
RBI, (3.1)

Y =A1y=
where A, is the area cross section perpendicular to the applied current. The inset of Fig.
a) shows that the nonlinear coefficient is maximal for the smallest fields and we have
V(B — 0) = 4-107" m*T~'A~!. Compared to other systems showing magnetochiral
anisotropies this value is at least an order of magnitude larger than for other known bulk
systems [48,|51].

To set up a theoretical description of nonlinear transport in ZrTes we first have to develop
a model which obeys the same symmetries as the experiments. This will be the topic of

the next section.

3.3 Symmetry broken Hamiltonian

According to first principles calculations [35] the four bands describing the low energy
physics near the Fermi level are made up of p, orbitals from Te atoms. These states form
two Kramers pairs which we label T / |. Additionally, each pair has a different parity
eigenvalue which we denote as 7 = +1. Therefore, the low-energy Hamiltonian can be

written in terms of 4 X 4 matrices o; ® 7; with the spin quantization axis being the b-

¢1> , ‘¢i>, wf>} In this basis

direction. The corresponding basis states are {‘¢1>,
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the symmetry operations can be written as follows

e Reflection at the ab-plane: my, = i0, ® 7.

Reflection at the be-plane: my. = i0, ® 1.

Reflection at the ac-plane: m,. = io, ® 1.
e Space inversion: Z =1 ® 7.
e Time-reversal: T = (i, ® 1)K..

Taking all these symmetries into account and only looking at terms linear in momentum,

we end up with a Hamiltonian [36] containing all symmetry-allowed terms
Hy=ml® 7, + h(v,ka0, @ Ty + Upkpo, @ Ty + Vehel @ T,) + pily, (3.2)

where m is the mass gap around the I'-point and u is the chemical potential. The sign of
m determines whether we are in the weak or strong topological insulator regime. As our
samples are located very close to the phase transition point the mass term has to be very
small. So far, we have only derived a model for the fully-symmetric Dirac semimetal (with
anisotropic velocities). As shown in the previous sections, there is convincing experimental
evidence that ab-mirror symmetry mg, and ac-mirror symmetry m,. are broken in our
samples. This allows us to write down two additional terms in the Hamiltonian 1 ® 7,
and o, ® 7, which break mg, and m,., respectively. Characterizing the strength of the

symmetry breaking by energy scales A and £ we obtain
H =ml@7,+h (vkoo, @ T + Upkpoy @ Ty + vkl @ 7)) +puly+ AL @7, +E0, @7, (3.3)

As symmetries are broken now, it is useful to define new (rescaled) momentum coordinates
in the be-plane as Ky = vpkpcos(¢) + vekesin(¢) and Ky = —upkpsin(¢) + vek.cos(¢). The
angle ¢ is determined by cos(¢) = A/y/A? + £2. The eigenvalues of our 4 x 4 Hamiltonian

in these coordinates are

e = j:\/m2 + () 4 (A (eaka)? + (K1) £ /A7 52)2. (3.4)

We have 4 bands as the two =+ signs are unconnected. Two of the bands always have
a gap of v/m? + A2 + £2 compared to € = 0, while the other two bands can cross for
m = 0 when \/(vak‘a)2 + (Ky)? = \/m and Ky = 0. An example of this can be
seen in Fig. ). In this case, the band crossings form a nodal line and the Fermi
surface at finite chemical potential is a torus as seen in Fig. b). The nodal line will

lie in the plane defined by K; = 0, which coincides with the ab-plane for ¢ = 0. For

finite symmetry breaking of m,,, this plane will be rotated around the a-axis by an angle
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Figure 3.4: a) Band structure along the a-direction for m = 0 = . Two bands cross at
ke = £A/v,. The dispersion along k, has the same properties, giving us a nodal line in
the ab-plane. b) For finite chemical potential i the Fermi surface is a torus. Momenta are
rescaled by the Fermi velocities to obtain a circular nodal line. The color code indicates
the spin components along the b-direction with red and blue being opposite directions. c)
For a magnetic field in b-direction the Fermi surface grows (shrinks) in the region where
the spin is parallel (anti-parallel) to the field due to the Zeeman effect.

Osie = A/ A2 + 0262 /02 = 1— 3 A2 7 As mentioned in sectlon ZrTes is an anisotropic

material with different Fermi velocities in each direction. As we have v? < v?, this tilt
angle is expected to be small. Recent experiments on the parallel-field Hall effect in Zr'Tes
suggest that even more symmetries are broken . In section we show that in this

more general case there still exists a nodal line and the Fermi surface is a torus.

In a magnetic field we can include an additional Zeeman term, which breaks time-reversal
symmetry. As we are, for now, only interested in the physics at low fields we neglect orbital
effects on the Hamiltonian level. For a magnetic field in b-direction we write Hzeoman =
gBo, ® 1 with g = %gbuB where g, is the g-factor for a magnetic field along the b-axis
and pp is the Bohr magneton for the magnetic moment of an electron. The torus Fermi
surface has a particular spin texture, which is typical for topological materials as
shown in Fig. b). The color code indicates the spin component along b-direction with
blue (red) showing S, parallel (anti-parallel) to b. As the Zeeman energy favors the spin
to align with the applied field, the Fermi surface will enlarge in the region where spins are
parallel to B. At the same time spins pointing opposite to the field have a higher Zeeman
energy and therefore these regions of the Fermi surface shrink. The resulting deformed
torus can be seen in Fig. ¢). We will see in the next chapter that this imbalance
of spin can lead to nonreciprocal transport via the MCA. As the existence of the nodal
line is of significant importance to our understanding of ZrTes it is necessary to look for
experimental evidence of the torus Fermi surface. Therefore, in the next section we will

look at quantum oscillation data and extract the parameters of our model.
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3.4 Parameters for toroidal Fermi surface

For three-dimensional materials mapping the bulk band structure via ARPES is not
possible. Instead, we can use quantum oscillation measurements to probe the shape of
the Fermi surface. For this, the longitudinal resistance R,, was measured as a function
of magnetic field in a clean sample of ZrTes;. To determine the shape of the Fermi
surface these measurements where performed for different magnetic field orientations in
the bc- and ab-plane. The oscillating part of the resistance as well as the corresponding
Fourier spectra for fields in the be-plane can be seen in Fig. It is clearly visible that
the oscillations for angles up to ~ 85° are composed of multiple frequencies. For each
field direction the oscillation frequencies can be extracted from the peaks of the Fourier
spectra shown in Fig. [3.5[ b), ¢). These, up to four, peaks are marked with only two
different colors as it turns out that we see the original oscillation and their second
harmonics in the spectrum. For the peaks F; marked in blue a second peak at double
frequency can be seen at a lot of different angles. On the other hand, the low frequency
oscillations Fj colored in red are largely submerged in the background component and
can only be seen at # = 75°. Only the second harmonics 2F} can be clearly identified for
all field directions. For angles larger than 6. ~ 86° only a single, new frequency Fj,
marked in green, is observed. This indicates that for field configurations close to 90° the
electrons move along a different extremal orbit. When applying the magnetic field in the
b-direction, the relevant orbits perpendicular to the field are the v and ¢ orbits shown in
Fig. a) [53]. By rotating the field to point along the c-axis the extremal orbits will
instead become « and . The fact that we observe multiple frequencies for almost all
angles as well as the switching of orbits at a critical angle 6. are not compatible with an
ellipsoidal Fermi surface coming from a single Dirac cone at the I'-point but is in

accordance with the toroidal Fermi surface of a nodal line system at finite chemical
potential, see Fig. [3.6]b).

From the ¢ orbit around the small diameter of the torus we can determine the velocity
anisotropy in the ab-plane by fitting
_ 2hA(0) u?

ore eh?vevy (0) (3:5)

F,(0)

with v, (0) = \/v2cos?(0) + vZsin?(0) where 6 is the angle in the ab-plane as shown in Fig.
c¢). With a ratio v, /v, &~ 16 the theoretical prediction matches well to the experimental
data. For the frequency F} of the  orbit we need to calculate the extremal area numerically
as a function of angle. Fitting these results yields a ratio v./v, &~ 4. From the § orbit one

can determine the absolute value of the Fermi velocities using additionally the cyclotron
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Figure 3.5: a) Quantum oscillations in ZrTes for magnetic field rotated in the be-plane as
a function of 1/B. b),c) Frequency spectrum for different field angles. Two frequencies
(red and blue) and their second harmonics can be tracked starting at # = 0. Close to 90°
a new frequency is seen (marked in green). Figures taken from publication 1 [34].

mass obtained from the temperature-dependence of the oscillations in c-direction

(A —p)?
Fs=——"—=50T *
5 2ehZu,u, ’ m

B h28A_A—p,
C2mOu Uy

= 0.089m,. (3.6)

Therefore, the velocities are v, = 6.9-10° m/s, v, = 0.43-10° m/s, and v, = 1.7-10° m/s,
which is consistent with previous works [42] even though they assume an ellipsoidal Fermi

surface instead of a toroidal one.

Furthermore, these frequencies can be used to determine the chemical potential p as well
as the symmetry breaking A. In the b-direction we have p = ehvw,Fsr ~ 4.9 meV
from Eq. with 2Fy = 0.32 T. With this information and the radius of the S orbit
A—p= ini—*FS we have A ~ 19.1 meV. These parameters allow us to determine the carrier

density, which is given by the Fermi volume of the torus

d3k Ay

— — ~2.3-10% cm™3. 3.7

" /(27r)3 43 h3v,vp0. o (3:7)
FV

For a metal we are dealing with a small carrier density and a tiny Fermi surface which can
only be seen in very clean samples. Other groups using samples with a resistivity peak
at a finite temperature 7, measured an ellipsoidal Fermi surface and obtained densities

n ~ 107 cm ™3 from quantum oscillations [42]. The higher carrier density in such samples
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Figure 3.6: a) The extremal orbits of the torus depend on the magnetic field orientation.
b) Quantum oscillation frequencies as a function of angle in the be-plane. F; and Fy
correspond to the v and § orbits. As F; is very small only its second harmonics is
experimentally detectable. The lines show theoretical fits to the data points. At the critical
angle 6. ~ 86° the behavior changes drastically and a new frequency Fj, corresponding to
the [ orbit, is seen. ¢) Frequencies for field rotations in the ab-plane. The fits are consistent
with the previous results. There is no critical angle where new frequencies emerge. Figures

taken from publication 1 .

is one of the reasons why the nonlinear effects we will discuss in the following chapters have
not been seen before. Usually, higher order terms respecting the crystalline symmetries
can significantly change the dispersion as for example via hexagonal warping in topological
insulators ,. As the Fermi surface only encloses a small region in momentum space
around the I'-point, such terms should be small and our linear Hamiltonian provides a
good description of ZrTes.

As mentioned in section [2.5] the Dingle damping factor of the oscillations can be used
to determine the relevant scattering times. The linear slope of In (A/Rr) as a function
of 1/B is given by the Dingle temperature T of 2.4 K (3.7 K) for a field in b-direction
(c-direction). The corresponding scattering times 7p = h/(2wkgTp) in these directions
are 500 fs and 320 fs.

To round out the findings from quantum oscillations, it should be mentioned that the
nodal line of our model in Eq. does not perfectly lie in the ab-plane due to the my,.
symmetry breaking ~ £. We have already previously argued that the tilt angle 6;;; has
to be small due to the velocity anisotropy. Additionally, when rotating the field beyond
the c-direction the critical frequencies |6 — 90°| are symmetric within the experimental
error of 1° which suggests ¢ < A. Therefore, in the following chapter we will focus on
the nodal line in the ab-plane with £ ~ 0 and the dispersion in the absence of a magnetic

field given by

€k = j:\/m2 + (hvk.)? + (h\/(vaka)2 + (vpks)? + A)z. (3.8)
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4 Magnetochiral anisotropy

This chapter is based on the publication 1: “Gigantic magnetochiral anisotropy in the
topological semimetal ZrTes” Phys. Rev. Lett. 128, 176602 (2022) and its supplementary

material [34].

4.1 Boltzmann theory

To simplify the calculation, we map our elongated torus to a circular one by rescaling
the momenta k; — vk;/v; with i = a,b, ¢ and an isotropic velocity v. For convenience,
we set h = 1 until the end of the calculation. In the ab-plane we can then describe the
toroidal Fermi surface in polar coordinates with k, = k cos(¢) and ky = k sin(¢). Including
the effect of magnetic fields into the band structure, we also consider the Zeeman term
Hyeoman = gBo. ®1 for a field in b-direction. In this isotropic case the energy of the lowest

partially occupied band, for 0 < p < A, up to first order in ¢gB is given by

€ ~ \/m2 + (vke)? + (vk — A)? — gB cos(¢). (4.1)

For this isotropic case most transport coefficients can be calculated analytically for m = 0.
We have checked numerically that the conductivity does not depend on the mass term as
long as |m| < p which is the experimentally relevant regime. As the mass term opens a
gap around € = 0 and thus only deforms the dispersion at small energies, it will not have
much of an impact on the electrons responsible for transport close to the Fermi level.
Up to first order the Boltzmann equation in relaxation time approximation reads

ofo(k) _ fU(K)

—e(E+v, x B)- e k) (4.2)

de(k)
ok

from Berry curvatures. This term will give no contribution to the MCA as it is ~ E x (k)

Here, we note that v, = — hk x Q(k) contains also the anomalous velocity arising

and the response will therefore always be perpendicular to the applied electric field. In

this approximation the first-order distribution function for £ = Fa and B = Bb is given
by

fY (k) =en.(k) | E

8€k i B ((‘%k a€k Gek a€k> % (43)

ok, Ok, Ok, Ok.0k, ) | oer’

~~
=0

(.

As expected, the orbital contribution vanishes to linear order. For T' = 0 the distribution
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function only changes at the Fermi energy and we have ngz = —0(u — €). The band
velocity along a-direction is given by
Oe, _ Oey, cos(6) — Oey, sin(¢) _ vk — A _yB sinQ(gb). (4.4)
Ok, — Ok 96 kRt (v AP k

Using this and assuming a momentum-independent scattering time 7, the first order

current can be written as

B3k dkdodk, [ Oex \>
jél) = —6/ (27T)3Uaf(1)<k) = €2E7—tr/ (2;2-5)3 k <a/€€i> 5(/“L - Ek) (45)
27
ep | (9B cos(9) + 1)’
N U(27T)3Ttr 0/ dgm <<QB cos(¢) + p) A cos®(¢) + 29 B Sm4(¢)\/A2 — (9B cos(¢) + p)?
N e?En? 39° B*
~ U<27T)3TtrA’u (1 + m) ) (4.6)

where in the last line we have only taken effects up to second order in ¢B into account.
CB < 1 for a g-

Ar/A2— 2

factor g ~ 20 in the b-direction [36,,56]. Therefore, the Zeeman contribution to the linear

In the experimentally relevant regime of |B| < 0.1 T we have

conductivity is almost negligible for our toroidal Fermi surface.

To restore the anisotropic velocities we transform back the integration measure d3k —

vf;’i} - and all momentum derivatives 8%2- — Uia%i' With that, we obtain the zero-field

conductivity

2 A
o) = ETulalft (4.7)

STh3uyv,
Using this result we can estimate the transport scattering time by using the experimental
value for the reciprocal resistance in zero field Ry ~ 8.9 mQcm. With the values for A

and p from the SAH oscillations from section [3.4] we obtain a scattering time 7, ~ 57 fs.

4.1.1 Nonreciprocal response from Zeeman effects

The MCA is quadratic in the electric and linear in the applied magnetic field, therefore
we are interested in the conductivity ¢® ~ E2B [57]. We will firstly only look at the
Zeeman term and later investigate contributions from orbital effects. For this case the

distribution function at second order is

8f(1)(k) 82€k d fo Deg, ? 6'2fo
(2) fry _— = 2 2.2 R ——
(k) =eET, r e“E K2 Dex + (aka) o | (4.8)

)
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Using this, we get the corresponding current density for u < A

, a3k dkdedk,  Oey, %€
Jl— / anf@)(k) = S E*r2 / o k akk akja(ﬂ—ek) (4.9)

N363EQgBTE[
To1281

where the result of the integral was obtained by numerical integration. Restoring the
anisotropic velocities and factors of i the second-order conductivity due to Zeeman effects
® 3e3gBtiv?
- 1287h3vyv,.

It should be noted that the size of the nonlinear conductivity does not depend on the

o®| =152/ B (4.10)

parameters A and pu, but the sign of the conductivity is set by the sign of A, which controls
the orientation of the Fermi surface spin texture, as well as the sign of u distinguishing

between electrons or holes as carrier type.

The total current density is given by the sum of first- and second-order contributions
j=0cWE + @ E? and the nonlinear coefficient 7/ characterizing the size of the MCA is

lo@)| 3hrgupv. 3y

/ pu— p— pr—
1= |B| (0‘(1))2 2e A% 2 Rev, An

~ 107" m2AI T (4.11)

This coefficient is independent of scattering time and depends only on the Fermi velocity v,
along the direction of the electric field. Furthermore, it diverges for both © — 0 as well as
A — 0. As we are dealing with a small Fermi surface with low carrier density n nonlinear
effects will be large compared to values of 7/ found in other materials. On the other hand,
our theoretical result is four orders of magnitude smaller than the experimentally observed
value and thus the spin texture of the Fermi surface can not be the only explanation for
the large MCA in ZrTes. In the following, we will look at two further mechanisms in the
framework of the Boltzmann equation that can lead to an enhancement of ', namely

momentum-dependent scattering rates and nonlinear effects from orbital terms.

4.1.2 Anisotropic scattering

Firstly, we want to investigate contributions due to the anisotropic scattering rate which
comes from the spin texture of the Fermi surface. The Zeeman term will lead to an angle
dependent relaxation time 7, (¢) which can give rise to additional terms in the Boltzmann
equation. We assume diagonal impurities U = 4ol ® 1 and write the scattering time at

the Fermi surface using Fermi’s golden rule
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with  the impurity density 7im, and the zero-field density of states
po(p) = ng—z = ﬁm. The prefactor 1/4 is due to the averaging of the matrix

elements at the Fermi energy. Therefore, the anisotropy in the scattering time linear in

the magnetic field due to Zeeman effects can be written as

B

7(¢) ~ 1o (1 - g—cos(gb)) , (4.14)
24

where 7 is the scattering time in the absence of magnetic fields. For the largest

experimentally relevant fields of B ~ 0.1 T the anisotropic contribution is of the order of

1072 and therefore quite small. As mentioned above, the angle dependence of T leads to

additional terms in the Boltzmann equation and the second-order distribution function

becomes
OFf (K 0 0
190 = cpr(o) LB — g ()50 (4.5
e d%e O fy der \° 02 fy A7 () ey, Df
SerT <T<¢) (Wa_ek “(5e) 8ei> "ok, akaa_e,) |

It turns out that the conductivity for anisotropic scattering is about a factor three larger
than the result for the deformation of the Fermi surface with
9e® g Briv?

()] |
o= 1287 h3 vy,

(4.16)
Therefore, this effect needs to be taken into account to capture the nonlinear transport
properties of our model correctly but it is not enough to explain the giant MCA observed

in ZrTes.

4.1.3 MCA from orbital effects

We have seen that purely from the Zeeman effect, we can not obtain a MCA of similar
magnitude as in the experiment. Another candidate for a possible mechanism are orbital
effects arising from v x B in the Boltzmann equation. An expansion of these contributions
to the distribution function can be written in powers of w.7 with the cyclotron frequency
w. ~ B. For clean systems with large scattering times the magnetoresistance from orbital

effects is expected to be much greater than contributions due to the Zeeman term. In
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the following, we will write the distribution function as f = fy + fi1 + fo + f3 + ... where
the subscript ¢ now indicates the combined powers of electric and magnetic field, e.g. f3
contains terms ~ EB? and ~ E?B which will contribute to the first- and second-order

conductivity, respectively. The Boltzmann equation to order i reads

Eok ok Tu

+e(vy x B) . (4.17)

For an electric field E = Fa and the magnetic field pointing in b-direction with B = Bb

the recursion formula determining the next highest order is

. 8 8€k 8 aGk 8
k) = ene (B +8 | G = S ) i (4.18)

Previously, we have already shown in (4.3) that f; does not contain any terms ~ B as

the relevant derivatives cancel out. Going to the next order we obtain

2 2 52 2 2
fg(k) — eQTthEQ (8 Ek%+ (aﬁk) 0 fO) +€2’7't2rEB <8€k 0 €L aﬁka Ek) %

k2 de, ' \Ok,) 0é Okq Ok Oky Ok, OK2 ) Oey’

(4.19)

where the term ~ EB will give rise to the usual Hall effect with 7 L E 1 B. As we
are, for now, only interested in the longitudinal transport with j || E this term does not
contribute to the conductivity. Corrections to the first- and second-order conductivity will
arise when looking at fs. Firstly, we consider the linear current Y ~ EB? where the

relevant distribution function is given by

(D(k) — er B {a@c 0 de, 0 } ( 22 pp <8ek ey, 8ek62ek) dfo
3 - tr “YJo

e 9 T _ IRk 4.2
Oka Ok Ok. Okg | \* =77 \ Ok, OkoOk. Ok, OK2 aek) (420)
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This results in an orbital contribution to the current linear in electric field

, &3k Oe 3etrdviv. EB?
jW = —e / o T () = 22T A (A\/AQ 2 - A2> L (421

24y

In the limit g < A the conductivity quadratic in the magnetic field is therefore

2 43,3, 12
5 € TulaAp  3e'Tv v B

aa

A 4.22
S8rh3vyv, Brhdvpu (4.22)

where we have ignored the much smaller contribution from the Zeeman term.



42

A possible source of nonreciprocal transport and the MCA are terms in f3(2) ~ E?B which
take the form

0 Oep,  O0%¢ ey, e\ Of
(2) k) — 3 3E2B k E__ _k_k ZJo 4.2
I (k) = e'my L’?ku ((5ka Ok,Ok.  Ok. Ok2 ) aek) 2

N O, 0 e a2ek%+ Oer \ > 02 f,
Okq Ok, Ok, Ok, ) \ Ok2 e, \Oky) O ||’

which will lead to a nonlinear current from orbital effects

Ji, = €A EBI®), (4.24)
with the integral
1) _ / &k <0ek (%a%k o Oa_0a Do ) L g0 (@)j afo
(2m)3 \ Ok, \ Ok. OKk3 Ok, Ok20k. O0k2 0k,0k. Ok. \ Ok2 Oeg,
As we are interested in the current linear in magnetic field the relevant band structure ¢

is that of the nodal line system in the absence of a magnetic field given by Eq. (3.8)). In this

case, we have time-reversal symmetry e_j = €. Each term in the integral I contains an

odd number of momentum derivatives. Therefore, if we use the transformation k — —k,
we obtain /® = —I® = (0 and jfgrb has to be zero by symmetry. This result holds
beyond the relaxation-time approximation as long as we have a time-reversal invariant
scattering matrix with My = M_j/ _j. That means that at least in the framework of
the Boltzmann equation orbital effects do not contribute to the MCA. As this calculation
is exact up to leading order in 7 there can be no conductivity ¢® ~ 73. If we consider
quantum effects which go beyond the Boltzmann equation, the resulting nonlinear current

would be of subleading power ~ 74.

4.1.4 Reciprocal conductivity tensor and Hall angles

Before we consider another possible mechanism for the enhancement of the
nonreciprocal transport that goes beyond the Boltzmann equation, we first want to
complete the description of the linear response. As ZrTes is a highly anisotropic 3d
material, the resistance will vary greatly for different directions. We will find that if the
external current is applied along an axis with low Fermi velocity the electrons will flow
almost exclusively in perpendicular diraction. This behavior can be characterized by a

large Hall angle between the electric field and the resulting current.

As the magnetic field in the experimental setup points along the b-direction, the only

finite Hall response should be 0,. = —0,. Using fa(k) from Eq. (4.19) we obtain
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d3k: 8ek T2 000
Oca = 7 — —FH T 2o

38k (k) = ST, B. (4.25)

It should be noted that recent experiments also report a parallel-field Hall effect with
ju L B || E in ZrTe; [52]. As this phenomenon requires additional symmetries to be
broken we will not consider it here but instead investigate it in chapter [} The reciprocal

conductivity tensor in the ac-plane therefore is given by

Opa O Eruvaldp _ 3elrivgved po _&rivaveA p
o= aa ac _ 8Th3vp v, 25Th3 v 8mh3vy (4 26)
- o o - €312 vavcA 2T v AL . etr3vdv, A o ' :
ca cc 8mhduy, 4mh3vqvy 8mh3vpp

The conductivity o.. has slightly different numerical prefactors as this is the direction
perpendicular to the torus plane and therefore the band structure is different. oy, on the
other hand can be obtained directly from o,, by exchanging v, <+ v, due to the rotational
symmetry in the torus plane. For our model orbital terms will not lead to a longitudinal
conductivity ~ B? in the b-direction as we have E || B. Therefore, in this direction we

expect a much smaller magnetoresistance only governed by the Zeeman effect.

A useful quantity to characterize the direction of the resulting current relative to the

applied electric field is the Hall angle @ defined by

B
cos(van) = ’JJ|—’ (4.27)

E|

For an electric field in a-direction we have 3 = (0%) E and therefore the Hall angle is
UCQ

given by

(a) Oaa
aHaH = arccos (\/2:) . (428)
Oqa + O-ga

As the longitudinal conductivity o;; is symmetric in B the current component along the
applied field will not change under B — —B. The Hall conductivity on the other hand
is linear in magnetic field and therefore the current perpendicular to E will change sign
when B is reversed. This can be seen in Fig. [4.1]a) for two different orientations of electric
field. To account for this behavior one can define the Hall angle such that it also changes

sign under B — —B. In this case we have

oz%{ )11 = arctan (an> (4.29)
or
ag:;ll = arctan (Zac) (4.30)

for F = FE¢.
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Figure 4.1: a) Illustration of the Hall angles in the ac-plane and a magnetic field along the
b-direction. The current component perpendicular to the electric field changes sign when
the direction of B is reversed. b) Hall angles as a function of magnetic field for the two
electric field orientations. In the direction of smaller Fermi velocity large Hall angles can
be achieved at small magnetic fields. As shown in the illustration the Hall angle changes
sign when B — —B.

The two Hall angles as a function of magnetic field are shown in Fig. b). As v, is the
largest Fermi velocity in ZrTes;, Hall angles in this direction are small and the current
mostly flows along the applied field. In the c-direction, where the Fermi velocity is about
a factor 4 smaller than along the a-axis, Hall angles of up to 60° can be reached already
at small fields B = 0.6 T. Here, a substantial part of the current flows perpendicular to
the electric field. Even larger Hall angles could be observed when the magnetic field is
applied along the c-axis and the electric field is in the direction of the lowest Fermi velocity
vy & v,/16. In this setup, Hall angles of almost 90° can be achieved at small fields meaning
that the electrons flow almost perpendicular to the direction of the applied voltage. The
existence of large Hall angles is not a property of the nodal line system but can be traced

back to the anisotropic velocities in our system. The same results can be obtained for a

Weyl point with linear dispersion ey, = hy/v2k2 + v2k2 + v2k2 and anisotropic velocities

T R
e T e T e with anisotropic band

v; or even for a quadratic dispersion €quag =
masses m;. In the case of such a Schrodinger-like system each momentum k; needs to be

rescaled by /m; to map the Hamiltonian to an isotropic one.

4.2 Charge density modulations

As mentioned previously, ZrTe; samples which show large nonreciprocal transport
coefficients have small charge densities n ~ 10'® cm™3 as computed via Eq. from
quantum oscillation data. Therefore, screening effects in our system are expected to be
small and charged impurities can lead to the formation of large-scale inhomogeneities in

the electron density. These can be described by a space-dependent chemical potential
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p(r). In compensation-doped topological insulators a similar phenomenon takes place
where due to Coulomb disorder conducting regions, so-called puddles, form inside the
otherwise insulating bulk. As we are dealing with a metallic system there is no clear
separation of insulating and conducting parts of our system. Still, we will refer to

regions of low density, and therefore large resistivity, as “puddles” in ZrTes.

Comparing the scattering times obtained from quantum oscillations as well as from
transport measurements yields strong experimental evidence for an inhomogeneous
system. The scattering time 7p = 500 fs obtained from Dingle damping is about one
order of magnitude larger than the transport scattering time 7, =~ 57 fs, which was
fitted to the reciprocal resistance at zero field. Usually, the transport scattering time is
larger than the decay time of quantum oscillations as small-angle scattering does not
contribute to the decay of currents, see Eq. . Therefore, 7, < 7p is quite
noteworthy and indicates that the resistivity is governed by the physics of badly
conducting regions in a system with varying charge density. Due to the velocity
anisotropy, v, < v, < v, these regions also will not be short-circuited but instead the
transport becomes almost one-dimensional and currents are forced through low density
puddles. In the following chapter we obtain numerical confirmation of this

phenomenon using a resistor network model.

In such a setting where the transport is almost unidirectional we can model the chemical
potential to only vary along the direction of the applied current g = p(x). This leads to

space-dependent conductivities and locally varying electric fields with
j=ocW(@)E(x) + 0P (2)E(z)% (4.31)
In this case, the nonreciprocal coefficient for the inhomogeneous system is

0'(2)(1)
B J Be® ()7

(4.32)
f ﬁ(x)dx

YVin =
From Eq. (£.7) and ([#.10) we know that o(!) is linear in |u| while 0 is independent of

the chemical potential for u < A. Therefore, the enhancement from a spatially varying

chemical potential can be estimated via

,_ Gt

R (4.33)
J @4z

where [ is the average chemical potential and +’ is the nonlinear coefficient of the
homogeneous system. This enhancement factor is highly divergent for y — 0 due to the
1/u(z)? integration in the numerator. Hence, large-scale inhomogeneities in the electron

density can lead to a significant enhancement of the nonlinear properties of a material
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compared to the homogeneous setting. Additional mechanisms like an energy-dependent
scattering time or the three-dimensional nature of our samples will regularize this
divergence and therefore Eq. can not be used to obtain a quantitative estimate.
Additionally, in a system with spatially varying density the formation of local p-n
junctions can take place. These can further enhance the nonlinear properties by

enhancing the local electric fields.

4.3 Resistor networks

The previous arguments that a locally varying charge density can lead to an
enhancement of the MCA relies on transport being dominated by low density regions.
Here, local electric fields can be greatly amplified and lead to large nonlinear effects. In
a three-dimensional sample, these regions could naively just be short-circuited via
currents flowing around these “puddles” through better conducting regions. Using a
resistor network model, we study the current flow through a medium with
space-dependent conductivities as a function of resistivity anisotropy. For that we set up
a rectangular lattice of size L, x L, and define a voltage V; at each lattice site 7. On
each bond between two sites we place a linear resistor, where we distinguish x- and
y-bonds as shown in Fig. |4.2, The currents through these resistors also live on the bonds

and are given by:

Lo(i,§) = 02a(i, )) AV (i, ), (4.34)
]ZJ(Zh]) = O'yy(i,j)AV(i,j), (435)

where 0,,(1, 7), 0y,(7, j) are the local conductivities of the resistors and AV (i,5) = V; =V,
is the voltage drop at a resistor. Here, we focus on the transport in the absence of magnetic
fields and therefore ignore Hall effects, which would require a modified model with four-
terminal resistors. To solve these equations, we need to impose current conservation at

each node ¢ which can be written as

4
STIY = —L(ii+ 1) + L(i — 1,4) = I,(ii + Ly) + I,(i — Ly, i) = 0. (4.36)
k=1

Each of these equations connects the voltage at one site with the voltages on their four
neighboring sites (see Fig.|4.2). As a boundary condition we apply a finite external voltage
difference V{ across the whole system and thus fix all voltages on sites with x = 0 to have

V = 0 and sites with x = L, at V' = V{. Thus we are left with (L,—2)-L, unknown voltages
and the same number of equations through Eq. (4.36)). Combining all these equations into
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Figure 4.2: a) 2d resistor network. At each node we define a voltage V;. Neighboring sites
are connected via linear resistors in 2- and y-direction. b) Current conservation at a single
node i. Incoming and outgoing currents have to be equal.

a matrix equation we can easily obtain the solution by matrix inversion

Here, G is the matrix of conductivities, the vector V contains all unknown voltages and
Vy is the vector of boundary conditions. Each row of the conductivity matrix contains
at most five non-zero entries as the current conservation at each node only cares about
the nearest neighbors. Thus, we are dealing with a sparse matrix allowing us to solve
large systems with up to L, = 400 via exact diagonalization. Now, we want to consider a
system with inhomogeneous density profile. The local conductivities will be chosen such

that the anisotropy

o Oyylt, g

a(i, j) = VCE) (4.38)
(i, )

is constant in space. To create a disorder configuration, we sum up randomly positioned

(x—x;)2
201-2

x; and the width o; are randomly distributed. To simplify our model further we restrict

Gaussians leading to a density profile n(x) ~ > exp ( ) where the peak locations
it to just distinguish between two regions A,B. Therefore, we chose a cutoff ng such
that all points with n(x) < ng are part of region A while region B consists of all sites
with n(x) > ng. The parameter ny will be chosen such that region A of the resulting
configuration has a volume fraction p with 0 < p < 1. The conductivities in the two
i
and o7 = 1008, can be seen in Fig. a). Using this configuration in our conductivity
matrix, we can solve Eq. to obtain the voltage profile and current distribution.

The result will greatly depend on the anisotropy (4.38|) as can be seen in Fig. b,c).

regions are labeled by o#,0%. One example of such a disorder realization for p = 0.85



Figure 4.3: a) Disorder configuration for a 400 x 400 system with volume fraction p = 0.85
of region A and o7 = 1005 . b,c) Current patterns for different anisotropies a = 1 and
a = 1072, If there is no anisotropy currents can flow around badly conducting regions.
For a highly anisotropic system the transport becomes almost one-dimensional and the
current is forced through regions of low density.

If the conductivities in both directions are equal (o = 1) the current flows around the
badly conducting regions with low density. In a system with larger conductivity in the
x-direction (e.g. @ = 1072) the transport becomes almost one-dimensional along the
direction with higher conductivity. Here, the electron flow around obstacles is suppressed
and the current goes through badly conducting regions. As the experimental system has
an anisotropy of o &~ 1/13 in the ac-plane and a ~ 1/200 in the ab-plane, this scenario
for the current density seems reasonable. Even though we have used a 2d model the
clear hierarchy of Fermi velocities in ZrTes supports the picture of quasi one-dimensional
transport. Therefore, low density regions will contribute to the transport in our system
and can lead to an enhancement of nonlinear effects. Dividing the system into two distinct
regions with a sudden jump in conductivity is, of course, a simplification of the realistic
density distribution in the experimental system. Instead, one can use the results from
the Boltzmann equation for the conductivity tensor o(n) from Eq. as a function of

density n = n+dn. Here, n = is the average charge density for a mean chemical

Ap
43 hBva Vv,
potential i and on are random density fluctuations with (on) = 0. For such a density
profile one obtains qualitatively the same current profiles as in our toy model above. As the
screening of charges is a non-local problem due to the long-ranged Coulomb interactions
describing the microscopic formation of an inhomogeneous density distribution is a hard

task and not within the scope of this thesis.
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5 Nonohmic transport

Motivated by a different set of transport experiments where the applied current and
magnetic field are parallel to each other and along the crystallographic a-axis, meaning
I| B | a, we investigate our model for ZrTes in a magnetic field parallel to the nodal line
plane. As we are working with a 3d material, the momentum along the magnetic field will
not be restricted while wavefunctions along the other two momentum directions will get
quantized into Landau orbits. In this setup, the measurements do not need to consider any
Hall effects and we can just focus on the longitudinal transport. Furthermore, responses
with even powers in electric fields are symmetry-forbidden and the resulting current will
be of the form j = 01 FE + 03E 4+ 05E° + ... with the conductivities o;. We will refer to
the higher-order conductivities as nonohmic, as they go beyond what is predicted by
Ohm'’s law. To characterize the size of nonohmic transport effects, we use the coefficient
3 = o03/(0q1)® which, similar to 9, from the previous chapter, will not depend on the
scattering time 7 and can thus be used to compare the nonlinear transport properties of
different systems. Additionally, the scattering rate can drastically change as a function
of magnetic field, which can be ignored when considering ~v3(B). Experimentally, a large
increase of the nonohmic coefficient as a function of magnetic field is observed. Once the
system reaches the quantum limit, the nonlinearity saturates.

We first will compute the nonohmic coefficient 73 in the absence of a magnetic field and set
up the theory to describe our nodal line system and its transport properties in a magnetic
field. Of central importance will be the lowest Landau level which in our model has a
very small bandwidth and sits close to zero energy [58]. Afterwards, we will compare our
results to the experimental system and explore possible additional mechanisms present in
real samples going beyond our model. Here, more involved calculations are performed in
certain limits to validate the approximations which were used. At the end of this chapter,
we will use the previously developed techniques to investigate the transport properties of
a system without broken mirror symmetries and see how the nonohmic coefficient can be
used to distinguish different types of linear band crossings.

This chapter is based on the publication 2: “Nonlinear Transport due to Magnetic-Field-
Induced Flat Bands in the Nodal-Line Semimetal ZrTes;” Phys. Rev. Lett. 131, 146602
(2023) and its supplementary material [59].

5.1 Nonohmic coefficient without a magnetic field

We will start by determining the nonohmic coefficient 3 in the absence of a magnetic

field. This will be an extension of the calculation in chapter as the nonlinear term we
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need to consider here is proportional to the third power of the applied electric field. The

linear conductivity for an electric field applied in a-direction was already computed, see

Eq. (4.7)), and is given by

(aa) 2T ulv,
0-1 - =

. 5.1
8mh3uyv, (5-1)

Proceeding with the perturbation expansion in powers of E we obtain the third-order

current as an integral over the third derivative of the dispersion

.(a 64 dkrdkcdqb De 836 aa
i = ﬁTgng anp T s e — ) = oy B, (5:2)

Performing the integral yields

= gl — ﬂé 5 — L . (5.3)
3 1287h3vyv. 1 A2 — 2

To compare to the experimental result we compute the nonohmic coefficient 3 which

cancels out the unknown transport scattering time 7

(aa) 246,22
o 127 hPviv SA
R b Ve (5_ —> (5.4)
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We can also express the nonohmic coefficient as a function of carrier density. As we already

know, the total charge is determined by an integral over the Fermi volume

Ap?

ATh3v,vpv,e

n(p) (5.5)

This expression is only true for n < n. with n, = n(ux = A) being the critical density at

which the system is no longer described by a torus Fermi surface. Inserting this relation

into Eq. (5.4]) gives us

3 3 h3v,Up0, 3 3 4
sl ) 4e20? (n2 T Adn ) 4e20? (n2 i ncn> (5.6)

The first term will be dominant for small densities n < n. which is the regime where the

experiments take place. Using experimental parameters from chapter [3.4] and assuming
a density n = 10*2 m™3, we obtain y3(B = 0) = 2.1 - 107'® m?/A2. This value is much
smaller than the experimentally obtained coefficient. We will discuss this discrepancy in
section £.6.2]

Calculating the same coefficient for a Dirac system with a linear dispersion

€k = VUoka + vpky + vck. gives a similar expression to the first term of the nodal line

semimetal
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irac 6
YN B =0) = — 5 (5.7)

5e2v2n?’

5.2 Landau levels in 3d Dirac systems

In this section we will focus on 3d Dirac systems in a magnetic field. Previously, we have
included the effects of the magnetic field only via a Zeeman coupling in the Hamiltonian
and a force term in the Boltzmann equation ~ ¥ x B. This works well in the limit of
small magnetic fields meaning w.m < 1 where w, is the cyclotron frequency and 7 is the
scattering time which will also be magnetic field dependent. A proper description includes
orbital effects also on the level of the Hamiltonian, leading to quantization perpendicular
to the magnetic field.

In 3 spatial dimensions, we can always choose one momentum direction along the
applied field and two perpendicular directions, where the wavefunctions will form
quantized Landau levels (LL). This leaves us with quasi-1d states that can still be
broadened by disorder. Let us first consider a single linear crossing for which the

Hamiltonian is given by:

H =uvp - k. (5.8)

We have previously seen in section that, depending on inversion and time-reversal
symmetry, such a crossing of two bands can not exist without at least one partner at a
different point in momentum space. For now we are only interested in the properties near
a single crossing and assume that these points are far enough apart.

The magnetic field can be defined as B =V x A. The vector potential A then enters into
our Hamiltonian ([5.8]) via minimal coupling to the momentum k s k — eA. There is still
some gauge freedom in the choice of the vector potential. If we want the magnetic field to
be along the z-axis a simple choice would be A= Bye,. leading to B = Bé,. In this case

the Hamilton operator becomes:

H =vp (0,(ky — eBy) + oyk, + 0.k.). (5.9)

To solve this Hamiltonian we introduce ladder operators @ and a' such that they obey the
same commutation relations as for the harmonic oscillator [a,a'] = 1. Here, we can write
a= %(kx — eBy —ik,) with the magnetic length [p = 1/veB. With these new operators

the Hamiltonian can be compactly written in matrix form as

0
H= ( orks {4 ) , (5.10)

Q' —vpk,

V2vup

e We know that the number operator afa has

with the cyclotron energy ). =
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Figure 5.1: Landau level dispersion for a 3d Dirac point described by Eq. (5.9)). The lowest
LL is a gapless, chiral mode with linear dispersion €(k,) = —vpk,. For the higher bands

the level spacing decreases o< /n —v/n — 1.

eigenstates |n) with a'a|n) = n|n). The operators a and a' take |n) to the next
lowest /highest state, e.g. a|n) = /n|n —1). Thus, we make an ansatz to solve the

Hamiltonian by these eigenfunctions

Usz ch @anm _ Usz Qc\/ﬁ @anm (5 11)

Ot —upk, Uiy Quv/n —vpk, Yoy ) '
with 1, = e®*+* |n) and spin o =1,]. This expression is valid for n > 1. The resulting
eigenenergies are F(n, k,) = tvp\/k? + 2eBn. Thus, we have obtained multiple 1d-bands

described by the Landau level index n. The lowest Landau level (n = 0) requires special

attention as we have a |0) = 0. Here, the Hamiltonian reads

Usz ch 0 - UFkZ 0 0 (5 12)
Q.al —vrpk, (o 0 —vpk, Yoy ) '

This leads to a single chiral state with dispersion F(n = 0,k,) = —vpk,. A corresponding
node with opposite chirality would have a dispersion with positive sign.

One should note that the spacing between Landau levels is not constant in a 3d Dirac
system (as is the case for Schrodinger-like fermions with a dispersion E ~ k?). Instead,
the level spacing between neighboring levels behaves like /n — v/n — 1. Experimentally,

this allows us to reach the lowest LL at smaller fields and probe its chiral properties [60].

5.3 Flat bands in nodal line semimetals

We now turn to our nodal line Hamiltonian to investigate it in a similar way as we did for

the 3d Dirac system in the previous section. We choose the magnetic field pointing along
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the a-direction (just like in the experiment) and define the vector potential as A= Byeéy,.

The total Hamiltonian can then be written as:

gupB
2

H =v.k,0, @ 1 +vp(ky + eBy)o, @ 7, +vck 1 @7, + AL ® 7, — o, ® 1. (5.13)
In an effort to quantize this Hamiltonian, we first perform a unitary transformation
U = exp (im0, ® 1/4) which maps 0, — o, and 0, — —o,. Additionally, we introduce
ladder operators & = —22— (vy(ky, + eBy) + ivck,) such that [a,a’] = 1. The transformed

V 2Up Ve
Hamiltonian in matrix form is then given by

web _Qa+ A 0 Vakia
—Q.at + A gupB ok 0
UTHU = “t 2 vaka , (5.14)
0 Voka — 5= Q.af + A
Vokia 0 Qa+A  —sB

2

with the cyclotron energy €). = @ ~ V/B. In this representation, the states will be
labeled as |t 5+ (kq)) With 0 =1, ] and 7 = £. Comparing to our previous example in
chapter [5.2] we see that the Hamiltonian of our nodal line semimetal is not block-diagonal
in the quantum number n. The operators a', a raise/lower the Landau level index while
the symmetry-breaking term Al ® 7, does not change this quantum number. For A =0
we can use the eigenstates of the number operator [1,,) = (0, [¢bo+ ), |10 +),0) for n =0
and [¥,) = (|Yn—144) s [Unr—) s [Wn ) s |¥n-1,—)) for n > 1 and diagonalize separately
for each value of n. Turning on a finite A couples the states [i,) with |¢,_1) and |1,11).
In this case, we write the Hamiltonian as a large (4N 4 2) x (4N + 2) matrix with the
cutoff N chosen such that the eigenenergies of the lowest energy states do not change
upon increasing the matrix size. The two energy scales which determine the strength of
the coupling are A and Q.v/n = /2v,v.eBn. From this we see that for lower magnetic
fields more states have to be taken into account, leading to a larger matrix that we need

to diagonalize.

Of particular relevance for nodal line semimetals in a magnetic field is the lowest Landau
level which, in contrast to the 3d Dirac system, is not chiral but has interesting other
properties. We start by setting k, = 0, splitting the Hamiltonian into 2 x 2 blocks Hy, H)
with different spins. Each of these Hamiltonians describes a 2d Weyl point and the two
crossings have a momentum-space separation of 0k, = 2A /v, . Neglecting the Zeeman

term for now, Hy/, can be written as

0 —Qa 0 Q.
Hy = . “), omH = " M), (5.15)
_QcaT 0 Qca'J, 0

with lowering operators a4/, = \/2157% (vp (kp F 0kp/2) + vy Bey + ik.ve.).




54

k‘b kb
Figure 5.2: a) Torus Fermi surface in the a-b-plane. The grey plane indicates a cut at
k., = 0 leaving us with two linear crossings. b) The band structure for k, = k. = 0 has

two Weyl crossings at ¢ = 0. Under Landau quantization, these points will lead to a zero
energy state.

Importantly, the lowest Landau levels are located at zero energy with the eigenstates

0 Yo,y + (K, y, 2)
= , = , 5.16
Yo (@/Jom— (Kb, y, 2)) Yo ( 0 ) (518)

1/4 A
¢O,T,—(kba Y, Z) - (Trvb ) €xXp (_ o (y + ZQB (kb - 5kb/2))2) eZkbz7

vl% 21% 0,
Up 14 Up 2 ;
w0,¢,+<kb7 Y, Z) = (WUCZ%) eXp (_ 2Z2BUC (y + Z2B (kb + (Skb/Q)) ) elkbz' (517)

The width of the eigenstates is thus given by AW = B\/m and the spatial separation
in y-direction is Ay = 130k, = 2A/v,. If we make a cut at finite k,, we instead have
two Weyl points separated by ok (k,) = QW but our previous consideration
remains valid as long as the wavefunctions do not overlap, meaning AW < Ay. This is
true for B < 0k?v,/(ev.) ~ 80 T which is way larger than the magnetic fields used in the
experiments (up to 8 T). Thus, we obtain a degenerate zero energy state for a range of

k. values as is characteristic for a nodal line semimetal [61].

Next, we construct an effective Hamiltonian from degenerate perturbation theory, taking

into account the overlap of the two states as well as the Zeeman term:

H (ko k) — = Kava [ Ay (ko v, 2004 (kv ), 2)
3 kava f dy walﬂ_’_(kb, Y, Z)w0,T,—<kb7 Y, Z) _g,ugB

( gupB Qkavae(lgakb)m/(2vc>)

Qkavae_(l35kb)zvb/(2vc) _gujng

(5.18)
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Figure 5.3: Band structure of the nodal line semimetal in a magnetic field. Without
Zeeman coupling (¢ = 0) the lowest LL sits at zero energy and is degenerate in an
extended region of momenta. Turning on a finite Zeeman term opens a k,-dependent gap
and also splits the degeneracy of higher Landau levels.

Indeed, the overlap between the eigenstates vanishes exponentially as e~ (89k)*0s/(2ve) The
diagonalization of this effective Hamiltonian gives us the energies e? and the velocities U}t

of the lowest Landau levels as

¢ = £/ (gunB/2)? + (2kyv,) e lmdkn) /e

4kava€7(135kb)2vb/vc

V(915 B/2)% + (2kav)2e Undk)?un/ve

v}i =+,

(1 + 2(kalB)2%> . (5.19)
In the absence of the Zeeman term (¢ = 0) we obtain the band structure seen in Fig. |5.3
a) which shows a pronounced zero-energy state that starts dispersing for k, ~ A /v, due
to the overlap of two Weyl cones. Additionally, the higher bands do not feature such a
flat region and are much more dispersive. For a finite g-factor a k,-dependent gap opens
around € = 0. Furthermore, the Zeeman term also lifts the degeneracy of the higher bands.
The charge density can be determined by summing over all occupied bands up to the

chemical potential p as

1 dk
n(p) = m ;/%f()(en,k — ). (5.20)

As the experiments are performed at fixed density and the band structure changes
substantially with magnetic field (see Fig. [5.4)) we need to determine the corresponding

chemical potential y = p(n, B) for each field.

5.4 Boltzmann equation for 1d Landau levels

To calculate the transport properties of our nodal line system in a magnetic field we

employ again the Boltzmann equation. Our previous results (4.1)) for the three-dimensional
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Figure 5.4: Change of the band structure for different magnetic fields. We fix the density
n = 10?2 m~2 and indicate the chemical potential by the red dashed line. For larger
magnetic fields the gap around zero energy gets bigger and the velocity of the lowest LL
increases. Additionally, the higher bands move to larger energies. Increasing the g-factor
by a factor of 10 produces a lowest Landau level with comparable band velocities to the
next highest band. Here we do not expect to see any of the flatband physics.

Boltzmann equation where only valid for small magnetic fields. Instead, we will directly
use the band structure ¢, ; of the Landau levels from the previous section. As we now
work with a one-dimensional band structure, the Boltzmann equation allows us only
to calculate the response to an electric field applied parallel to the magnetic field. The
resulting current density is given by a summation over all bands crossing the chemical

potential

e dk Oep, 1
- Epo 21
. QWHQZ%; / or ok " (5:21)

with the magnetic length I = \/W . The prefactor takes into account the degeneracy
of the Landau levels in the directions perpendicular to the magnetic field. Our approach
does not consider interband processes e.g. due to a broadening of the Landau levels from
impurities. Thus, we consider the limit where scattering rates are smaller than the distance

between bands. For each band we can then write

afn,k _ fn,k - fO(En,k - M)
Gk: Tk

¢E . (5.22)
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Figure 5.5: a) Quadratic band structure of a Schrodinger-like material in a magnetic field.
The chemical potential is indicated by the dashed red line. b) Conductivity of this band
structure (orange) calculated via the Boltzmann equation. Each band has a conductivity

1 and gets activated once the chemical potential touches the band bottom. The blue
line shows just the contribution of the lowest band.

The transport scattering time 75, can strongly vary with magnetic field and charge density.
As we are mainly interested in the coefficient v3, which is independent of scattering time,
we can write all formulas with a constant 7 knowing that these factors cancel out in the

end. In this case, the 1st-order contribution to the distribution function is given by

PO ETEaen,k Ofo(€ns — 1)
k )

R0k Oeny (5.23)

which gives us the linear conductivity

e 3rEB Oen i 2 Ofoleny — 1)
P Z / ( ) et = (5.24)

The prefactor linear in B comes from the degeneracy of the Landau levels which

increases with magnetic field. Note that additional B-dependence comes in through the

band structure €, ; and the chemical potential. In the limit of temperature going to zero,
of €n,k— o

we have —Ogenz m —0(€n g — ).

As a first sanity check we can consider equally spaced quadratic bands with dispersion

en(k) = % + neg, see Fig. A single band should have a conductivity given by

%€, 2
o~ 627'/(1/{3 32:2kf (€ng — ) ~ % /dk:fo(en,k — ). (5.25)

The remaining integral is simply the total charge density of our system which, for this
band structure, is proportional to /. As a function of chemical potential we thus expect
the conductivity increasing ~ /p every time we hit the bottom of a new band. This

behavior can be seen in Fig.

To calculate the coefficient 3 we also need the 3rd-order distribution function which takes
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Figure 5.6: Chemical potential as a function of magnetic field for fixed density. As the flat
LL can host a large number of states, p drops sharply once the quantum limit is reached.
The drop into the flat band regime occurs earlier for smaller density. The linear increase
for large fields is due to the Zeeman term shifting all bands up. The chemical potential
will stay pinned to the LL.

the form
3 3 3 3 2 2
3) 6_ 3 38 fO,n(k) . 6_ 3 13 0 €nk 8f0,n(k) 0 en,kgaf(),n(kj) aen,k 0 afO,n(k)
Ik = 5T o T E\ o e 20K Ok G T Ok OF Oy

Inserting this result into the formula for the conductivity gives us

3E3B dk Oe k 836 k afo(ﬁ k — ,LL>
o = . o o = g3 3. 5.26
J3 27rh5 Z/ 2 Ok  Ok3 Oen i 73 ( )

This allows us to define the nonohmic coefficient 3 as

dk O, 03€n 1 Of0(en,—1)
o5 (2mh)* 2on S 5 T o Oen. i

’73(3): = 3"
(01 B (Z [ (am> afoé:i—u)>

(5.27)

5.5 Tuning into the flat band regime

In this chapter we want to apply the previously derived expressions to the band structure
of our nodal line semimetal. As we do not have an analytic expression for the Landau
levels, we will only resort to numerical results.

Firstly, we determine the chemical potential as a function of magnetic field for a fixed
density via Eq. . As the degeneracy of the Landau levels increases with magnetic
field, we expect the chemical potential to lower. Additionally, the band structure also
changes with field, moving all bands to higher energies and changing their dispersion.

The resulting curves for two different densities can be seen in Fig. [5.6| The values for

)
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Figure 5.7: Linear conductivity for the Landau levels in relaxation time approximation.
Just like for the chemical potential, we see oscillations at small fields and a sudden drop as

the quantum limit is reached. As the field increases, the band structure does not change
much leading to an almost constant conductivity.

the smallest fields fit well with the results at B = 0 where we have obtained p(n) =
\/ Arh3v,upven /A, which is shown as single points in Fig. . For low fields the chemical

potential oscillates as the band structure changes. The most prominent feature is a sharp

drop when the quantum limit is reached. Here, the chemical potential drops rapidly to
the bottom of the flat band which can host a vast number of electrons. For smaller
densities this drop takes place at lower magnetic fields. When increasing the field further,
the chemical potential increases linearly due to the growing Zeeman gap but it will stay
pinned to the bottom of the flat band.

After we have determined the correct chemical potential, we can calculate the linear
conductivity which can be seen in Fig.[5.7, To obtain the derivative of the dispersion
we use an interpolation of the band structure on the momentum interval [—2A /v,, 2A /v,]
with discretization step Ak = 0.002A /v,. This calculation is done for a constant relaxation
time as its field dependence can not be determined from the Boltzmann formalism. The
conductivity shows similar features to the chemical potential as we see oscillations at small
fields and a sharp drop once we reach the quantum limit. Due to the small velocity of the
lowest LL the conductivity reduces by a factor of 5 for both curves. As the dispersion of
the flat band does not change much when the field is increased, the conductivity stays
approximately constant.

This behavior is only observed for small g-factors. If the Zeeman coupling is too large,
the flat band will already have a significant dispersion when the quantum limit is reached
as can be seen in Fig d). In this limit, we do not observe any signatures of flat band
physics in the chemical potential or linear conductivity, see Fig.[5.8 Thus, we will focus on
small Zeeman couplings to study the properties of the flat band. As we turn to the third-

order conductivity, higher-order derivatives of the dispersion are needed. Additionally,
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Figure 5.8: Chemical potential and linear conductivity for large Zeeman coupling. The
chemical potential drops when reaching the quantum limit but not by an order of
magnitude as for smaller g-factors. The conductivity also shows a different behavior as
the LL is much more dispersive.

the third power of the scattering time enters Eq. . As previously mentioned, the
relaxation rate should have a strong dependence on magnetic field and density which
would drastically affect the nonlinear conductivity. This means that o3(B) for a fixed 7 is
not suited for predicting the correct field dependence. One important feature indicating
the system entering the flat-band regime can be seen in Fig. [5.9 at B = 3.5 T. Here,
all electrons sit in the lowest LL and o3 changes sign. Besides the band velocity also the
change of curvature of the bands enters the expression for o3. This higher derivative of
the band structure is responsible for the sign change of the nonlinear conductivity as the

flat-band regime is reached.
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Figure 5.9: Third order conductivity as a function of magnetic field for constant relaxation
time. The dashed line indicates the onset of the flat band regime where o3 changes sign.
As the scattering rate is highly field dependent and o3 ~ 73 the correct field dependence
of the nonohmic response is only captured by the coefficent 3.
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Figure 5.10: Nonohmic coefficient for different carrier densities as a function of magnetic
field. A large enhancement of -5 is observed when the flat band regime is reached. The
nonohmic coefficent saturates deep in the quantum limit.

To circumvent this problem of scattering rates changing in a magnetic field, we consider
the nonohmic coefficient ~3 from Eq. . As we tune into the flat band regime, the
linear conductivity becomes small and will dominate the ratio v3. Thus, as the magnetic
field is increased the nonohmic coefficient grows by up to 3 orders of magnitude, see
Fig. [5.10] This very sharp rise levels off when the field is further increased leading to
a saturation of the nonohmic coefficient. For larger electron densities, higher fields are

needed to reach the flat band regime and the enhancement is less pronounced.

5.6 Experiments

This section closely follows the introduction of publication 2 [59]. In the group of Prof.
Ando, Yongjian Wang performed transport experiments with dc-currents along the a-
direction for different orientations of magnetic field. Fig. m a) shows the current-voltage
relation for fields in the ab-plane. At 6 = 90°, B is parallel to the current and the data
shows the largest nonlinearity. Turning the magnetic field away from this configuration
by about 6-10 degrees leads to much more linear curves. The solid lines in Fig. a)
are fits to the data with which the conductivities are extracted. As a fit function we use

I = olgv+agév3+a5gv5, (5.28)
where A is the cross-section of the sample and d is the distance of contacts which measure
the voltage drop. It turns out that os follows a similar behavior as o3 and therefore
we can characterize the nonlinear properties by focussing on 3. This allows us to get
the nonohmic coefficient 3 for different magnetic field orientations which can be seen in
Fig. b). It can be seen that ~3 shows a sharp peak for the longitudinal transport
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Figure 5.11: Current-voltage profile for samples with 7, = 0: a) I-V curves for
different magnetic field angles in the ab-plane. The solid lines show fits up to fifth order
in electric field. From these curves oy, o3 and -3 can be extracted. b) The nonohmic

coefficent shows a sharp peak around 90°. All curves are normalized by their maximal
max

value with 75 = 35.9 - 107! m*A~2. Figures taken from publication 2 [59)].

configuration at § = 90°. Here, the nonohmic coefficent has a maximal value of 5™ =

35.9 - 1072 m*A~2. For completion, additional measurements with field orientations in
the ac-plane result in the same maximal value for B || @ and a sharp peak when rotating
the magnetic field. As ZrTes is an anisotropic material the g-factor also depends on the
direction of the applied field. Experimentally, the Zeeman coupling was determined to
be about one order smaller than in the b-direction with g, ~ 2 |36,56]. The nonohmic
behavior is only seen in samples where the resistivity py«(7) has a peak at T}, = 0. Here,
the carrier density is small and the system is in the nodal line phase. On the other hand, a
sample with finite 7}, = 133 K shows a linear I-V curve with y3 = 0 within the error bars
of the fit for any value of magnetic field. Such a sample has larger density and a chemical
potential © > A, which results in an ellipsoid Fermi surface. Thus, just like the MCA
we associate the existence of a sizable nonohmic transport with the nodal line semimetal

phase of ZrTes.

5.6.1 Enhancement of 75 in a magnetic field

The previous measurements are all taken at a fixed magnetic field B = 8 T. We can
learn a lot about the nonohmic transport by considering the field-dependence of ;3
which can be seen in Fig. [5.12| a) for different samples. All samples show a similar
behavior where the nonohmic coefficient grows by about a factor of 10 as the magnetic
field is increased to 8 T. A rapid increase is seen at a few Tesla where the system enters
the quantum limit. Afterwards the nonohmic coefficent saturates and shows an almost
constant plateau for large fields. As the enhancement by one order of magnitude is
universal for all samples we can attribute it to an intrinsic mechanism. In accordance
with our theory the nonohmic coefficient increases as we reach the quantum limit and

the charge carriers go into the lowest LL. In contrast to the experimental data, the
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Figure 5.12: Magnetic field dependence of 73 for various samples: a) All samples
show an enhancement of about one order of magnitude when increasing the magnetic field
to 8 T. The absolute size of 3 both at B = 0 and at large fields is very sample dependent.
b),c) Nonohmic coefficent as a function of residual resistivity po. One obtains the largest
values of v3 at B = 8 T for samples with large 3 values in the absence of a magnetic
field. In both plots there is no clear correlation between 3 and py. Figures taken from
publication 2 [59).

theoretical result (Fig. predicts a substantially larger enhancement of
v3(B)/73(0) ~ 103. As previously stated, the main reason for the enhancement is the
rapid decrease of linear conductivity. However, the Boltzmann theory is only valid as
long as the scattering rates are smaller than the distances between Landau levels and
the corresponding bandwidths. In the flat-band regime interband scattering due to
impurities becomes the main mechanism for transport as the dispersive contribution
becomes very small. Thus, our theory which just sums up single-band contributions fails
to fully describe the flat-band regime and overestimates the enhancement of the

nonohmic coeflicient.

5.6.2 Puddle-induced nonlinearity at small fields

While we see a similar magnetic field-induced enhancement in all samples, the absolute
value of 73 is very sample dependent and varies by more than an order of magnitude.
Characterizing each sample by their density would require a lot of quantum oscillation
measurements. As previously mentioned, ZrTes; samples which have a resistivity peak at
T, = 0 have a small carrier density. Therefore these samples posses tiny Fermi surfaces
which are complicated to measure via SAH oscillations. Instead, we distinguish the samples
via the residual resistivity pg. Fig. b), ¢) show py versus the nonohmic coefficient at
zero field and for 8 T for all measured samples. Both plots show no clear correlation of

the two quantities. It should be mentioned that samples with larger v3 at B = 0 also
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have larger nonohmic coefficients at high fields. In the absence of a magnetic field, our
theory predicts y3(B = 0) = 2.1-1071® m*/A? for a realistic density n = 10?2 m~3, which
is several orders of magnitude smaller than the experimental observed coefficient. As for
the MCA, this discrepancy can be attributed to an inhomogeneous distribution of charge
carriers which is a natural consequence of the low carrier density. As electric fields are
screened in metallic parts of the sample, one can obtain large electric fields in low density
(almost insulating) regions. If the origin of the nonohmic transport at small fields is due
to disorder, a large sample dependence is expected for the size of the nonlinearity.

To investigate the enhancement mechanism by inhomogeneous density distribution, we
use again the resistor network model from section 4.3|as the experimental setup of parallel
current and magnetic field does not produce a conventional Hall effect E| We now consider
nonlinear resistors in x-direction while the conductivity perpendicular to the magnetic

field will still be linear, thus the currents are given by

L(i,5) = oM (i, AV (i, §) + o (1, ) AV (i, 5)*, (5.29)
(i, ) = o) (i, )) AV (4, 5),

with the linear conductivities being related by the resistivity anisotropy « through
03(,;) (1,§) = « oll) (7,7). As we now deal with a set of nonlinear equations obtaining a
solution for the voltages from a simple matrix inversion is no longer possible. Instead, we
use an iterative solution where we start from an initial guess V (i, ) = V(©(i, 5) for the

voltage profile. In each iteration step we change the potential on every node according to
VD () = VO (5) + 5V (4). (5.30)

The current conservation at node ¢ after an iteration step can be written as

~ 0 ~ Lo (n)
; ( ) ; ( ) ; (V™) ; ; oV, (V) e,

(5.31)

where the derivatives 8Ii(k) /OV; are only non-zero for the same site j = i and the four
neighboring sites. Therefore, the sum over index 7 which would run over all lattice points
just contains five finite terms. Collecting these equations we can write a matrix equation
for the change §V/ (")

I 4 ™.V =0 = §VO = — (AL 1), (5.32)

where the matrix M contains the above mentioned derivatives. Using this relation, we

L As we discuss in chapter @there is an unconventional parallel-field Hall effect E. ~ I, B,. As this effect
is small compared to the longitudinal conductivities we neglect it here.
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Figure 5.13: Ratio of nonohmic coefficients for a disordered system compared to the

clean case as a function of volume fraction for different resistivity anisotropies. p = 1

corresponds to the fully homogeneous case where 73 = 751" and the ratio is 1. For

reasonable anisotropies o ~ 1072 already 20% disorder can lead to an enhancement of
the nonohmic properties by 3 orders of magnitude. For a > 1 the nonlinear coefficient
only increases once percolation of the low-density region takes place. Each data point was
averaged over 200 random disorder realizations.

L.L

iterate Eq. (5.30]) until Ly S V() — sV (5)| < €, where € indicates the desired
convergence accuracy.

To determine a nonohmic coefficient for this network we set up random disorder
configurations in the same way as in section As a boundary condition we fix the
externally applied voltage to be Vi and have V' = 0 for sites with x = 0 and V = 1} at
all sites with x = L,. After iteratively solving for the voltage profile we take a cut along
the y-direction for a fixed value of x and sum up the local current density along this cut
to obtain the total current I. We have checked that the result is independent of the
position of the cut and thus the total current is conserved. Varying the external voltage
Vo allows us to extract macroscopic values for the first- and third-order conductance by
fitting I = GinderoVo + Gﬁi’;cro%?’. The nonohmic coefficient for the resistor network is
then given by 73 = G / <G$2wro)3. The volume fraction (1 — p) of badly conducting
regions will serve as a measure of how much disorder is in the network. Again, we can
study networks for different anisotropies where small « will force the current through
badly conducting regions with high nonlinear properties. Fig. [5.13| shows the nonohmic
coefficient as a function of volume fraction compared to the clean case without disorder.
For p = 1 we have no disorder in the system and the coefficients are the same giving us a

ratio y3/75'°* = 1. Going to p < 1 we distinguish two regimes depending on the



66

anisotropy. For @ < 1 the transport is almost one-dimensional and the current is forced
through low density regions. Here, the nonohmic coefficient increases rapidly when going
away from the fully homogeneous system. At a reasonable anisotropy o ~ 1072 20%
disorder is sufficient to obtain an enhancement by 3 orders of magnitude. On the other
hand, for @ > 1 a small amount of disorder does not change the nonlinear properties of
the system much as currents can just flow around badly conducting parts of the system.
In the limit @ > 1 an increase is only seen once the low density region percolates
through the network.

In these simulations we have only used two-dimensional networks so far to keep the size
of the relevant matrices manageable. In reality, ZrTe; is a 3d material with different
velocities in all three directions. Thus, comparing to a three-dimensional network would
be preferable. As the current conservation at each node only needs the local voltage and the
voltages at the 4 neighboring nodes (or 6 in three dimensions) most matrix entries are zero.
Therefore, sparse matrices can be used to store these finite entries more efficiently. Even
though the inverse of a sparse matrix in general is dense, solving a linear equation like Eq.
(5.32) numerically can be done much easier for sparse matrices. Hence, three-dimensional
networks are also possible to solve where we now have two separate anisotropies aq, as
for the two directions perpendicular to the external electric field. In the experimentally
relevant regime of both anisotropies < 1 the results are similar to those of the 2d network
shown in Fig. [5.13

In conclusion, we have demonstrated that a small amount of disorder in an anisotropic
system can lead to a large increase of the nonlinear transport properties. Such a mechanism
can explain the discrepancy between the homogeneous theory and the experimental results
at small magnetic fields. The sample dependence of the size of the nonohmic coefficient
can also be attributed to the puddle scenario as the details of the enhancement depend

on the disorder realization.

5.7 Kubo formula for linear conductivity

As stated before, the Boltzmann theory underestimates the linear conductivity in the
flat-band regime and thus leads to a larger enhancement of the nonohmic coefficient than
seen in the experiment. To show this, we employ the full quantum calculation using the
Kubo formula. The impurity averaged Greens function G(e, k) = (Go(e, k)™ — X(¢)) will
contain all information about the disorder through the self-energy > which we treat in self-
consistent Born approximation. Similar to how we proceeded for the Boltzmann equation
we have to adjust our formulas from sections and to apply them for our 1d
Landau levels. The only momentum integration remaining will be & which points in the
direction of the magnetic field. Perpendicular to the field the electrons are confined to

their Landau orbits and we replace the momentum integrals by a sum over the Landau
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Figure 5.14: a) Band structure for the LLs of a nodal line semimetal in a magnetic field
B | bat B=1T.b) Corresponding density of states given by the imaginary part of the
self-energy in SCBA. The peak close to zero energy is due to the flat band. After a region
with low DoS the higher Landau levels are reached. The results are independent of the
momentum cutoff for kpax > A/vp.

level index n [62]. The self-energy in SCBA than can be computed via

S(e) = 273% S / %G(e, ko). (5.33)

with the impurity strength v = nj,,ud and the magnetic length 5 = 1/veB. For our
numerics we estimate v = 2 - 1072 m3eV? from quantum oscillation data. Just like the
Hamiltonian, the self-energy will be a 4 x 4 matrix in the combined space of spin and

orbitals. The density of states (DoS) in SCBA is given by tracing over its imaginary part
&
v(e) = —— ImE,(e). (5.34)
™ o=1

Fig. shows the DoS at B = 1 T for a magnetic field along the b-direction for the
LL bandstructure. As the flat band hosts many states there is a large peak close to zero
energy. At higher energies there is first a region with a low number of states as we only
have two 1d dispersive channels. Once the higher LLs are reached the density of states
increases again. When calculating Eq. numerically we need to choose a momentum
cutoff k. as well as a maximum Landau level index N up to which our sum goes. For
Emax > A/v, the results are independent of the momentum cutoff as seen in the DoS. The
maximum number of Landau levels necessary for convergence depends on the magnetic
field as discussed in section [5.3. From the density of states we can compute the carrier

density by integrating over all occupied states up to the chemical potential

n(p) = /V(e)de, (5.35)
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Figure 5.15: a) Carrier density obtained from integrating the DoS up to the Fermi energy
for B =1 T with B || b. b) Chemical potential at fixed density ng = 2 - 102 m? as a
function of magnetic field. In the b-direction the quantum limit is reached at very low fields
B = 0.5 T where p drops rapidly to the bottom of the flat band. Due to the Zeeman
coupling the chemical potential increases linear in B once the lowest LL is reached.

An example is shown in Fig. a). At fixed density ny we therefore determine the
correct chemical potential as a function of magnetic field from ng = n(p, B). The result
for ng = 2-10*2 m3 can be seen in Fig. b). For the field along the b-direction the
quantum limit is reached at smaller fields than for B || @ due to the velocity anisotropies.
Therefore all electrons already sit in the lowest LL at B, ~ 0.5 T. At large fields the
chemical potential grows linearly with magnetic field due to the Zeeman gap increasing.
As in the previous sections the g-factor is chosen such that the lowest LL is still very
distinct from the higher bands at the largest field values.

After determining the correct chemical potential we use the Kubo formula without vertex

corrections to calculate the longitudinal conductivities. For the 1d LL bandstructure we

modify Eq. (2.43))

aallt) = Z / dk”Re Tr [GR (1, Ky, n)ja (GF(, by n) — Gk n)) o)

(5.36)
where the current operators j, = e g,f are constant 4 x 4 matrices. In contrast to the

271'[3

Boltzmann equation, this calculation allows us to also compute the current response
perpendicular to the magnetic field. Fig. [5.16[shows the longitudinal conductivity parallel
(I || b) and perpendicular (I || b) to B. Additionally, for both curves the density of
states at the chemical potential is shown. It takes on its minimal value at B ~ 0.4 T
and then increases in the flat-band regime. At small fields we see quantum oscillations
in both conductivities. Along the magnetic field a large scattering rate (high density of
states) leads to a reduced current. Peaks in v(u) therefore correspond to valleys of the
conductivity (and vice versa) and oy, — 0 for large fields. Perpendicular to the magnetic
field we would not expect any current in the absence of scattering. Due to impurity effects
we get a finite conductivity which has local maxima whenever the DoS has a peak as well.

Oaq also shows a large increase at smallest fields. For B — 0 more and more LLs have to be
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Figure 5.16: Longitudinal conductivity parallel and perpendicular to the
magnetic field: The orange dashed line indicates the DoS at the Fermi energy. At
small fields quantum oscillations are seen in both conductivities and the quantum limit is
reached at B, ~ 0.5 T. a) Along the magnetic field conductivity is enhanced as scattering
is suppressed. b) Perpendicular to the field impurities enables finite transport and peaks
in o0,, coincide with peaks in v(u).

taken into account which increases the numerical complexity. As we are more interested in

the flat-band regime we therefore did not further investigate this low-field phenomenon.

By treating disorder effects in SCBA we obtained energy-dependent scattering rates
which become highly enhanced in the flat-band regime. Therefore, the Boltzmann
equation breaks down in this case as the broadening of states is no longer smaller than
the band width and gaps between bands. As a consequence, the Boltzmann equation
overestimates the enhancement of 73 in a magnetic field. The linear conductivity
obtained from the Kubo formula better captures the physics in the flat-band regime

which is dominated by interband scatterings due to impurities [63].

5.8 Joule heating by coupling to phonons

So far we have neglected the fact that an electric current running through a resistive
medium produces heat. The power density generated from Joule heating is given by the

product of current density and electric field
p=j-FE. (5.37)

Therefore, the conversion of electrical energy into thermal energy is a nonlinear effect
which scales quadratically in the applied electric field as we have j ~ E + O(E?).
Previously, we have considered impurity scattering described by the collision integral
(2.4). The scattering matrix elements Wiy = Wkklé(ek — €x) conserve the total energy
and only change the momenta of particles and thus their distribution. To include the

effect of heating we need to consider the coupling to the ionic lattice of our solid through
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electron-phonon scattering. The total collision integral for the electrons will be given by

af of(k
O =3 Wi (k) — () - 2LE) (5.39)
ot coll K’/ Tel—ph

where we treat the electron-phonon coupling in relaxation-time approximation with

scattering time 7¢_pn. In the presence of an electric field, energy will be transferred from

the electrons to the phonon bath with the temperature change being
(ST ~ E2Telfph- (539)

Additionally, the linear conductivity will now depend on the bath temperature. We can
assume this temperature to be fixed as the experimental setup is placed inside a cryostat.
This allows us to write down another term for the nonohmic current j3 by considering
the temperature dependence of the linear current j; ~ E due to the temperature change
0T ~ E?. The total current ~ E? is therefore given by

I
iy~ ==0T +e [ v fOdk, 5.40
Js ™~ 37 / K (5.40)
where the second term is the nonohmic current coming from the band structure which
we considered previously. Depending on the size of the electron-phonon coupling and its
temperature dependence this new term could lead to a sizable increase of the nonohmic

coefficient 3 and possibly explain the large discrepancy at zero magnetic field.

5.9 Comparison to Dirac system

To finish this chapter on nonohmic transport, we want to turn away from the experimental
system and instead compare the nonlinear transport properties of our nodal line model
to a simple Dirac system. For that, we set the symmetry breaking A = 0, resulting in
a model with 4 bands crossing at k = 0. The corresponding nonohmic coefficient will
be labeled as v3(A = 0). In the absence of a magnetic field, the nonlinear coefficients
were already calculated in Eqgs. (5.6) and from chapter . In the limit of small
densities both coefficients scale with 3 ~ 1/n? and have the same dependence on velocity
anisotropies. Therefore, without a magnetic field the nonlinear transport properties of the
two systems behave very similar and can not be used as a distinguishing feature.

This changes upon turning on the magnetic field and repeating the Boltzmann transport
calculation in the Landau level picture for A = 0. In Fig. a) the band structure of the
Dirac system with A = 0 is shown. Here, we do not obtain a flat-band region in the lowest
LL but instead have linear bands for large momenta which become parabolic at small k

and are gapped out by the Zeeman term. The parameters in this plot are chosen such that
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Figure 5.17: a) Band structure for A = 0 where the quantum limit is reached at B=7T
for fixed density n = 10?2 m~3. The dashed blue line indicates the corresponding chemical
potential. b) The nonohmic coefficient for A = 0 takes on its largest absolute value for
small fields and becomes smaller when we go to the quantum limit. The blue dashed line
shows the field where the lowest LL is reached.

all particles sit in the lowest LL for a density n = 10*> m™3. The corresponding chemical
potential is indicated by the dashed blue line. Furthermore, the nonlinear coefficient for
A = 0 has a very different behavior from the nodal line system. Fig. [5.17 b) shows that
~v3(A = 0) has negative sign for all fields and takes on its largest absolute value at small
fields. When we increase the field, the magnitude of the nonlinear coefficient decreases
and almost becomes zero as we reach the quantum limit. At this point, the chemical
potential crosses the lowest LL at large momenta. Here, the dispersion of the lowest
LL is almost linear and higher order derivatives and conductivities become small. Upon
increasing the field further, the chemical potential moves closer to the bottom of the band
where the dispersion deviates more from a linear slope. This leads to an increase in 73
but the effect is orders of magnitudes smaller than at low fields where multiple parabolic
bands contribute to the conductivity. When working at fixed density, the quantum limit
is reached at lower fields for a nodal line system with finite A compared to a Dirac system
with A = 0 as the flat band region of the lowest LL in the nodal line system can host a lot
of states. This can be seen by the two dashed lines in Fig. [5.18| which shows the ratio of
nonohmic coefficients v3(B)/v3(B, A = 0) for different Zeeman couplings. Starting with
the experimentally relevant case of g = 2 we see that the nonlinear response is completely
dominated by the flat band of the nodal line system. Combining the flat band-induced
enhancement with the reduction of nonlinearities in the Dirac system leads to a sharp rise
of their respective ratio. Even when both systems are deep in the quantum limit, 75 is four
orders of magnitude larger for the nodal line system. For small g-factors, the nonohmic
coefficient can therefore be used to distinguish a nodal line from a Dirac material by
looking at their transport properties.

We have seen previously that the flat band is quite sensitive to the strength of the Zeeman
coupling. In the Dirac system, a larger g-factor increases the gap at k£ = 0 and makes the

lowest LL more parabolic. Looking at the ratio of nonlinear coefficients for ¢ = 10 we
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Figure 5.18: Ratio of nonohmic coefficients for nodal line and Dirac: The red
dashed line indicates the field at which the nodal line system reaches the quantum limit
while the lowest LL for the Dirac system is reached at the blue line. a) For small Zeeman
coupling, the nonlinear response is completely dominated by the flat band of the nodal
line system. b) Increasing the Zeeman coupling reduces the impact of the flat band region.
We see two peaks when the systems reach their lowest LL and at high fields there is no
enhancement due to the symmetry breaking term.

see a much smaller enhancement due to the flat-band region. After the lowest LL for the
nodal line is reached, both numerator and denominator decrease as a function of field,
leading to a second peak once the Dirac system reaches the quantum limit. When both

systems are deep in the quantum limit, the ratio of nonohmic coefficients is of O(1).
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6 Parallel-field Hall effect

In a conventional Hall effect setting, the electric current I and magnetic field B are
applied perpendicular to each other and the resulting Hall voltage drop FEy is measured
in perpendicular direction to both, meaning I 1 B 1 FEpy. For a single band, the
conventional Hall resistivity due to Lorentz force is linear in the magnetic field and
inversely proportional to the charge density p,, = B/(ne). Besides that, one can also
consider an in-plane configuration where the Hall voltage is measured in the plane
spanned by current and magnetic field. Such an effect can not be understood simply
from a Lorentz force acting on the electrons as such a force is always perpendicular to
the applied fields. Therefore, a finite response in this setup is referred to as an
unconventional Hall effect. One possible mechanism can be due to a finite out-of-plane
Berry curvature. In this case, the electrons aquire an anomalous velocity and the

corresponding Hall conductivity is given by

= [ 80,0 () (6.1)
o (2r)3"~ ’
where 2,(k) is the out-of-plane component of the Berry curvature and fy(k) is the
equilibrium distribution function of electrons. For this integral to give a finite
contribution some symmetry breaking is required. Otherwise, the averaged Berry
curvature over the Fermi volume will be zero. For example, in a magnetic field
time-reversal symmetry is absent and the integral in Eq. can give a finite result.
This anomalous Hall conductivity is independent of the transport scattering time 7, in
contrast to the ordinary Hall effect from orbital contributions which follows o, ~ 72.
For the in-plane configuration one should distinguish two cases depending on how the Hall
resistivity p,,(B) behaves when reversing the magnetic field. If the response is symmetric
with respect to B, meaning p3™(—B) = pi"(B), one speaks of a planar Hall effect. It can
be understood due to resistivity anisotropies and was seen e.g. in topological insulators
[64-66]. On the other hand, there is the “true” unconventional Hall resistivity which is
anti-symmetric in the magnetic field with p3"™(—B) = —p2%™(B). Such a response
can be a useful probe of the topology and symmetries of a material.
In the following, we will consider the unconventional Hall effect in ZrTe; for a magnetic
field in the plane spanned by I,Ey with I 1 FEpgy. We will present an alternative
explanation for the Hall response besides the anomalous Hall effect generated by Berry
curvature outlined above. The existence of such a Hall resistivity will give us insight into
additional broken symmetries of the system.

This chapter is based on the preprint: “Parallel-Field Hall effect in ZrTes” [52].
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Figure 6.1: Parallel-field Hall effect in ZrTes: a) Antisymmetric Hall resistivity piztisym

as a function of field rotation angle in the ab-plane. At 90°, which corresponds to B || a,
there is a clear finite signal. b) The parallel-field Hall effect is linear in B for small magnetic
fields. Figures taken from the preprint [52].

6.1 Experiments and additional symmetry breaking

The extreme case of a parallel-field configuration with current and magnetic field
pointing in the same direction is of high interest as in this setting a Hall response Ey
with I || B L Ejy is forbidden for most symmetry classes. Fig. shows experimental
data of the Hall resistivity p%¥™ for a magnetic field rotated in the ab-plane. At
6 = 90° the magnetic field is parallel to the injected current and a clear finite Hall signal
is observed. For I, B along the a-direction the parallel-field Hall effect induces an
electric field along the c-direction which is linear in current and magnetic field
E.~ 1,B,, see Fig. b). This response requires the mirror symmetry m,. to be broken
as this transformation maps B, — —B,, while leaving the electric field and current
invariant. Additionally, these transport measurements require m. to be broken. For this
mirror-plane the current gets reversed I, — —1I, but electric and magnetic field remain
unchanged. Combining these arguments with the symmetry analysis of the
magnetochiral anisotropy from chapter we conclude that all three mirror symmetries
are broken in ZrTes; samples which show a peak in the longitudinal resistivity at 7' = 0.
In the next chapter we will include additional terms in our Hamiltonian to describe the
fully symmetry broken system.

The measured resistivity has both a symmetric as well as an antisymmetric component
which are shown in Fig.[6.2] At the largest fields of B = 8 T the symmetric component is
about one order of magnitude smaller than the antisymmetric contribution. Upon rotating
the magnetic field in the ac-plane, as shown in the inset of Fig. c), p&¥™ takes on its
smallest value at ¢ = 0° where I | B. Additionally, the symmetric part of the resistivity
follows a sin(2¢) behavior as expected for the planar Hall effect [64]. On the other hand,

antisym

o is largest in the parallel-field configuration and changes

the antisymmetric part p

sign upon rotating the field. Performing these measurements requires careful magnetic
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Figure 6.2: Symmetric and antisymmetric Hall resistivity in ZrTes: a) For the
parallel-field configuration the antisymmetric Hall component is about one order of
magnitude larger than the symmetric part of the resistivity. b) Resistivity for magnetic
field rotated in the ac-plane with fixed magnitude of 8 T. The antisymmetric part is
maximal for B || & while the symmetric component takes on its minimal value in this
direction. The red line indicates a sin(2¢) behavior which is expected for the planar Hall
effect. Data is taken between 0° and 154° and reused for angles > 180° as B at ¢ + 180°
is the same as —B at . Figures taken from the preprint [52].

field alignment as a small out-of-plane field can induce a large Hall response.
In the following, we will include the additional symmetry breaking into our model

describing ZrTes and use it to calculate a quantitative estimate of the parallel-field Hall

resistivity.

6.2 Nodal lines in fully symmetry broken systems

In chapter we derived the Hamiltonian for ZrTes; with broken inversion symmetry
as well as the absence of mirror planes mg, and m,.. For the additional experiments on
the parallel-field Hall effect, the required symmetry is reduced even further. Taking all
experimental findings into account, one finds four possible symmetry-breaking terms that

can be added to the fully-symmetric Hamiltonian Hy from Eq. (3.2)). These are
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AH=A1®T7,+&0, ®T,+n0, T, + Aoy, ® Ty, (6.2)

where the first three terms break mgp, Mae, Mpe, respectively, and the last term breaks
all three mirror symmetries. Here, we have only considered constant terms, each with its
own energy scale. After rescaling the momenta k; — k;/(hv;), the energy eigenvalues of
H = Hy+ AH are

€ = £/€sym £ 2€mixed, (6.3)

with

Coym = K2+ ki + K2+ m? + A+ 47 + ) (6.4)
Cuined = /K2 (A2 + N2 4 €2) + 2qha(kof — Ake) + K2 (A2 + 72 + N2) + 28k + k2 (1 + X2 + €2).

The spectrum of H = Hy+ AH contains a rotation-symmetric part egym ~ (k2 + ki + k2)
and mixed terms €ieq. T0 simplify these lengthy expressions we transform to the principal

axes. This transformation can be written as

kq, G
ke | =U" ¢ |, (6.5)
kb q-

where the columns of the transformation matrix U are the normalized eigenvectors of

2.2
the Hessian matrix 882?‘5};@4. Two eigenvalues of this Hessian are degenerate and therefore
iOR;j
we need to choose linear combinations of the corresponding eigenvectors such that the
columns of U form an ONB. After this transformation, the energies in the new principal

coordinates read

eq=i\/qi+q§+q§+m2+A2+52+772+A2i2\/q1%2+(Q§+QE)-(A2+£2+772+A2),

where in the symmetric part em we only replace k; — ¢; as expected. In the mixed term
we see that even in the principal coordinates a remaining symmetry between ¢, <> .
emerges. To show that we still have a nodal line we remark that esm(q) > 0 for all
momenta. A crossing of two bands is therefore only possible if ¢, = 0, which defines
the nodal line plane. In this plane we can define polar coordinates ¢, = ¢ cos(f), q. =
q sin(f) and combine the four symmetry-breaking energy scales into a single quantity

A% = A%+ €2 + 7% + \? which results in 1d energy bands independent of the polar angle 6

€4(qa = 0) :i\/m2+q2+A2i2qA=i\/m2+(in)2- (6.6)
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Therefore, we can obtain for m = 0 a touching of two bands at ¢ = A for all angles 6 and
thus again have a nodal line in the plane defined by ¢, = 0. The orientation of this plane
as well as the radius of the nodal line will depend on the four symmetry-breaking energy
scales A, &, n, A. In conclusion, even when all three mirror symmetries are broken the band
structure will still contain a nodal line which still has the same transport properties as
our original model but now in a rotated coordinate system compared to the original

crystallographic momenta.

6.3 Conductivity tensor in different coordinate systems

As established in the previous chapter, the Fermi surface does not align perfectly with
the crystallographic axes. Therefore, we are dealing with two different coordinate systems
which are shown in Fig. a). On the one hand, experiments are performed with respect
to the acb-coordinates of the ZrTes crystal. Additionally, we have the eigenbasis of the
toroidal Fermi surface which will be labeled with xyz. These two reference frames are

related by a rotation matrix, where we make the ansatz

cos(f3) 0 sin()
R(a, f) = Ry(a) Ry () = sin(a) sin(f)  cos(a) —sin(a) cos(p) (6.7)
—cos(a) sin(f) sin(B)  cos(a) cos(B)

with R, R, being the rotation matrices around the z- and y-axes, respectively. An
illustration of the angles «, § as projections in the bc- and ab-plane is shown in Fig.
b).

In the absence of a magnetic field the conductivity tensor in the eigenbasis of the Fermi
surface is diagonal while in the crystallographic coordinates every entry of the tensor can
be finite

Orx 0 0 Oaa Oac Oab
UE(B = O) = 0 Oyy 0 > UC(B - 0) - Oca Oce Och (6 8)
0 0 0. Oba  Obe  Obb

The Shubnikov-de Haas oscillations discussed in section [3.4]indicate that the misalignment
between the principal axes of the toroidal Fermi surface and the crystallographic axes does
not surpass 1° giving us an upper bound for the two rotation angles «, 5 < 1°. In three
dimensions rotation matrices do not commute and usually the order in which rotations
around different axes are performed matters. In our case, where both rotation angles
are small the deviation between the resulting matrices is negligible and we can assume
R.(a)R,(8) =~ R,(S)R.(«) for o, B < 1°. Furthermore, an additional rotation around the

z-axis could also be performed, expanding the zoo of possible rotation matrices. In the
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Figure 6.3: Two different coordinate systems to explain the parallel-field Hall
effect: a) The crystallographic axes ach are shown in blue and the eigenbasis of the toroidal
Fermi surface is a rotated coordinate system zyz. b) The angles «, 5 of the rotation matrix
R(a, 8) in Eq. are shown as projections onto the bc- and ab-plane, respectively.

following, we will show that the ansatz (6.7)) is sufficient to explain the experimental data

but there might be other matrices which give the same result.

To calculate the Hall response in the experimental frame of reference we start from the
eigenbasis of the Fermi surface where we just assume a conventional Hall response coming
from orbital effects. As the difference between the two coordinate systems is small, the

conductivity tensor for a magnetic field in a-direction can be written as

O 0 0
o¥(B) ~ 0 oy o0y |- (6.9)
O _Oyz Ozz

By applying the rotation matrix to this tensor we obtain the conductivity in the
crystallographic coordinates as 0“(B) = R(a,)o?(B)RT(a,3). To compare to the
experimental data we need to invert the conductivity tensor and obtain the relevant Hall

resistivity as

sz _ [(ac)‘l} ~ T~y sin(B) — oyy si?(a) sin() N sin(a) sin(f)
ca Uyyazz -+ Uyz O

, (6.10)

where we have neglected subleading terms sin?(a), sin?(3) and used cos(a) ~ cos(3) =~ 1.
The diagonal components o;; are symmetric in B while o,,, changes sign upon reversing

the magnetic field. Hence, p$, has both symmetric and antisymmetric components



Conductivity tensor in different coordinate systems 79

1.0}

/E\ 0.8t

(&
¢ 0.6
0.4;

02+ Blla

B=8T

0 20 40 60 80 100 120
T (K)

Figure 6.4: Parallel-field Hall resistivity as a function of temperature: For a small
rotation angle 8 = 0.3° the data at the smallest temperature 7" = 2 K can be explained
from the ordinary Hall resistivity o, in a rotated coordinate system. The decrease of the
resistivity as a function of temperature is due to the shift in chemical potential. Figures
taken from the preprint [52].
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Therefore, the ordinary Hall conductivity o, in combination with the rotated Fermi
surface is the origin of the parallel-field Hall effect . Here, only the angle § for the
rotation around the y-axis enters. The symmetric part of the resistivity contains both
small angles «, 8 and therefore is about one order of magnitude smaller than pfotisym
which is consistent with the experimental results from Fig. 6.2} To quantify the size of the
antisymmetric resistivity we make an ansatz for the resisitivity in the eigencoordinates

by just using the conventional Hall effect coming from Lorentz forces

B
py(B)=— = p(B=8T)~ —217 mQcm (6.13)

ne

where we used the density n ~ 2.3 - 10'% ¢cm™3 obtained from quantum oscillations
via Eq. . With this estimate of the resistivity in the eigencoordinates we can fit
the experimental data shown in Fig. [6.4] at the lowest temperature 7' = 2 K where the
quantum oscillations and thus the density were measured. For an angle § = 0.3° which
sits nicely below the upper bound established earlier we match the experimental result

patisym(B = 8 T, 3 = 0.3°) &~ —1.1 mQem. With increasing temperature the chemical
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potential changes which results in a decrease of the Hall resistivity.

In conclusion, we have seen that the existence of an antisymmetric parallel-field Hall effect
is a strong indicator of symmetry breaking in a condensed matter system. In ZrTe; a
sizable response can be obtained from just a small rotation of the toroidal Fermi surface.
The quantitative estimate for such a rotation combined with the ordinary Hall effect
fits the experimental data very well. Our calculation was performed without considering
Berry curvatures. Therefore, the origin of an unconventional Hall effect must not always
be due to topology but instead there can be a lot of possible mechanisms generating Hall

responses in topological materials if the symmetry is sufficiently low.



Conductivity tensor in different coordinate systems 81

7 Nonlocal transport

In usual two-point transport measurements current is injected through one contact and
extracted via a second one. The resulting voltage drop between the two contacts is
measured and used to calculate the resistance of the sample. A more sophisticated
technique of a four-point measurement uses two additional voltage tips between the
current contacts. This method gets rid of contact resistances and is mostly used to
measure the resistivity of thin sheets. If there is a finite voltage drop (and thus a current
flowing) outside of the area bound by the current contacts one speaks of nonlocal
transport. This can have multiple origins, e.g. due to the contact geometry resulting in
curved equipotential lines. Such a mechanism can be easily understood by solving the
Poisson equation with the contacts included. Additionally, the charge degree of freedom
of the electrons can couple to other quantities, like for example spin, which are long
lived, to enable nonlocal currents. Such effects can not be explained by a traditional
semi-classical Boltzmann equation as interband coherence needs to be taken into
account [67]. Possible mechanisms are either of intrinsic origin due to anomalous
velocities from Berry curvatures or due to disorder effects like side-jump or skew
scattering. Depending on the contact positions, surface states can also enable voltage
drops away from the local region. To rule out any geometric effects from the contacts
the clearest setup is one where the current is injected and extracted along line contacts
spanning along the full width of the sample as seen in Fig. a). In this case the
equipotential lines are all parallel, straight lines and there is no voltage drop expected
beyond the second contact. Even though a nonlocal response in this setup is unexpected,
it was measured in ZrTe;. Fig. b) shows the nonlocal resistance as a function of

distance from the contact where the current is extracted. The four data points are

computed using the voltage drops in the nonlocal region via Ry; = U“”;U7 with
x = (3,4,5,6). Even for the furthest away contacts there is still a sizeable effect and the
decay length of the nonlocal signal in the order of micrometers is much larger than
expected for this geometry. Additionally, the nonlocal resistance is temperature- and
magnetic field dependent but we will mainly focus on the zero-field response in the
following. These experiments were also repeated at different locations on a very large
sample with varying width. Thus, it was possible to extract the decay length A for
different sample width w and the two quantities follow a linear relation A\(w) ~ w. This
needs to be an essential feature of any theory trying to describe the origin of nonlocal
response in ZrTes.

In the following sections we will develop a model of coupled charge and spin transport

and use a resistor network model to compute the nonlocal response due to the spin Hall
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Figure 7.1: Nonlocal transport in ZrTes: a) Contact geometry for the measurement.
The current is injected between contacts 1 and 2 while the nonlocal response is measured
via contacts 3-7. b) Nonlocal resistance as a function of distance from contact 2 calculated
by the voltage drops AU = U, — U; with x = (3,4, 5,6). The decay length is of the order
of micrometers and much larger than expected for this geometry.

effect. Additionally, it has to be checked that spin decays on a different time scale than

the charge excitations of the systems to explain the sizable decay lengths in ZrTes.

7.1 Spin Hall effects

The goal of this section is to derive the phenomenological equations governing the coupling
of charge and spin degrees of freedom and their currents . For the electrical current
we have

39 = uneE + eDVn, (7.1)

which is the usual drift-diffusion equation of electrons with mobility u, density n, and
diffusion constant D. While the charge current is given by a 3d vector, the spin current
instead has 2 indices as spin itself has three components which all can flow in each space

direction. The j-component of the spin flowing in direction i is given by

oP,

0) _
4;;° = —pub; Py — Daxi,

(7.2)

where P is the spin polarization vector. In the presence of spin-orbit coupling both

currents become modified and we have

: (0 0 0 (0
Ji = Jz-( - ’Yeﬁijkqj(-k)7 Qij = qz(j) + ’Y%‘k];ﬁ )/ea (7.3)

where 7 indicates the size of the interaction. The sign difference between the two coupling

terms is due to the different transformation behavior of spin and charge currents under
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time-reversal. By inserting the uncoupled currents (7.1]) and (7.2)) we obtain

j/e=punE + DVn+~yuE x P +~vyDV x P, (7.4)
OP; on
Gij = —pEi Py — D axz + Y€ijk </mEk + Da—xk> : (7.5)

These phenomenological equations describe multiple consequences of spin-charge
coupling. The term jag = yuE X P is the anomalous Hall effect where a Hall voltage is
generated due to a magnetization. Here, the spin polarization can be either intrinsic
(e.g. ferromagnetic order) or induced by an external field. For our theory of nonlocal
transport the spin Hall effect term quH = yune;jr ), will be of central importance. Here,
an electric current induces a transverse spin current. This leads to spin accumulation at
the sample boundaries. The textbook example for this effect are platinum wires [69]
with coupling strength ~p, =~ 1073. The opposite effect is governed by the term
jsg = 7DV x P where an transverse electric current is generated by a spatially
inhomogeneous spin density. This is known as the inverse spin Hall effect. To solve these

equations we additionally need the continuity equations for charge and the spin

polarization
0 .
a—f+v.g:0, (7.6)
oF; | Ogqij | P
— 4+ —+ — =0 7.7
ot + ox; + T ’ (7.7)

with the charge density p = ne and the spin relaxation time 7. The additional term for
the spin polarization is needed as spin is not conserved and can decay. On the other hand,

the total charge is, of course, still conserved in the presence of spin-orbit interactions.

In the presence of a magnetic field or if symmetries of the system are broken, additional
couplings are allowed. In those cases, the charge current and the spin polarization are
related by a general second-rank tensor j; = Q1 Px. It should be noted that 7 is a polar
vector while P is an axial vector (or pseudo-vector). One possible consequence is that,
outside of equilibrium, a uniform spin polarization can create both charge and spin

currents.

These equations allows us to formulate a possible mechanism for the origin of nonlocal
transport. As the injected current induces a spin polarization via the spin Hall effect,
there will be an accumulation of spin up/down at the two sides of the sample as seen
in Fig. [7.2] This spin polarization diffuses along the sample and leads to a spin texture
far away from the initial contacts. In this region the inverse spin Hall effect generates a
nonlocal current which flows in the same direction as the original external current. The
sample width sets a natural length scale for the breakdown of the nonlocal response as the

two spin polarizations mix once they meet in the middle of the sample bulk. Therefore,
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Figure 7.2: Nonlocal transport due to spin Hall effect: The injected current induces a
spin polarization due to the spin Hall effect. The spin diffuses which leads to a spin texture
far away from the initial contacts. The inverse Hall effect causes a nonlocal current to
flow. The width of the sample sets a length scale for the breakdown of this mechanism as
here the two spin polarizations mix again.

no current is expected once this length scale is reached. All steps in this explanation are
governed by the same parameter . As the low-energy Hamiltonian of ZrTes is a four-band
model with two degrees of freedom for both spin and orbital we expect a large spin-orbit
coupling constant. To validate this mechanism we set up a network model similar to
the resistor network in section . Now, each node carries a voltage ¢(r) as well as a
spin polarization vector P(r). The local electric fields, which enter our phenomenological
equations, is the gradient of the potential E(r) = —V¢(r). Because the symmetries of
our system are strongly violated, we first need to rescale space to obtain an approximate
rotational symmetry. This allows us to use the previously derived equations of spin-charge
coupling in the rescaled coordinates.

We now list a few assumptions to simplify the equations[7.4 and [7.5] as well as conservation
laws [7.6] and [Z.1 which we discretize onto the network

1. Constant charge density p = ne = const. => drop Vn terms.
2. System is in steady state = no time derivatives in continuity equations.

3. Spin polarization is generated by the electric field = ignore E;P; terms as they

are 2nd order.

4. 2d network with the spin polarization perpendicular to the plane (due to symmetry)

— spatial directions are Z,y and only spin component P, is finite.
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Under these assumptions, the linear equations for spin and charge conservation become

a]m ajy _ a%’z Pz o
ox + dy 0 ox; + Ts 0 (7.8)

where the currents are given by

0¢ oP,
- _ De... —=2 .
i U@xi + 7y €ijz axj 5 (7 9)
0P ¢
Qiz = —-D 8$2 ”yeizkaa—m/e. (710)

Additionally, we assume that the spin decay length [, ~ \/TES is much larger than the
system size. In units of the discretization steps of the network we thus choose a large spin
relaxation time 7, ~ 100. In the next section we will investigate if this is true for our
nodal line Hamiltonian of ZrTes by calculating the spin decay rates due to impurities.
Obtaining the voltage and spin profiles of the network is done by combining all continuity
equations into a single matrix-vector equation and performing matrix inversion. As a
boundary condition the voltages at the contacts are kept fixed. As we are working with
open boundary conditions spin up/down polarization accumulate on the two sides of the
sample as seen in Fig. due to the spin Hall effect. A cut along the x-direction at the
bottom edge of the network nicely shows the spin profile which takes on its maximum
value in the middle between the contacts. Due to the open boundary conditions there is a
finite spin polarization even at x = 0. This edge of the sample is very close to the contacts
and thus the spin can not relax much before the system terminates. In the other direction
spin can defuse deeply into the system while decaying slowly. Even at the sample edge
far away from the contacts at x = L, there is still some spin polarization left. Because of
the inverse spin Hall effect, this spin polarization also generates a transversal current. We
compare the voltage profiles with and without spin-charge coupling in Fig. [7.4] In both
cases, the voltages at the initial contacts was fixed such that a total current [, flows
between them. For v = 0 there is no inverse spin Hall effect and the potential is constant
in the region outside the contacts. Therefore, no nonlocal current flows in this scenario.
For a finite spin-orbit interaction the voltage in the nonlocal region is no longer constant
and acquires a space dependence ¢(x) which leads to finite currents. Note that additional
contacts used to measure the nonlocal voltage result in small dips of the potential as can
be seen at x = 20 and z = 25 in Fig. [7.4] In between the contacts the voltage drops
linearly as a function of x as expected. The difference in the height of the potentials at
the first contact is due to fixing the applied current I, and the inverse Hall effect also
contributing in between the contacts. To extract the decay length of the nonlocal voltage
we set up a larger network with the same geometry as the experiment shown in Fig. [7.1]

After subtracting the potential ¢, at the last contact we can compute the length scale by
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Figure 7.3: Spin polarization in a spin Hall network: a) Density plot of the spin
z-component where the voltage contacts are indicated by the black lines. The spin
accumulates at the two sample edges. b) Cut along the bottom edge of the sample. The
largest spin polarization is reached in the middle between the two contacts. Away from

the contacts the spin decays but there is still a finite spin component at the sample edge
far away from the contacts at x = 30. Results are obtained for coupling strength v = 0.5.

fitting
onw () = goe™ "/ (7.11)

in the nonlocal region. The potential ¢, is the voltage applied to get the local current Ii.
The result for a spin-orbit coupling strength v = 0.5 can be seen in Fig. [7.5/a) where we
used the same parameters as the experiment, which shows a decay length Aey, ~ 120 pm.
Our fit gives Agm = 4.65 in simulation units which corresponds to Ay, = 97.5 pm after
restoring physical units. Therefore, it seems plausible that the spin Hall effect (and its
inverse effect) can lead to nonlocal voltages which decay on long length scales comparable
with experimental findings. Additionally, the width of the sample sets a natural length
scale for the breakdown of this effect as here the spin species mix. Hence, the decay length
scales linear with the sample width A ~ w. We have also investigated the amplitude of
the nonlocal response ¢ni,/¢g for a second network with twice the width where ¢, is the
constant fitting parameter from Eq. . Both curves are shown in Fig. b) and scale
linear with width ¢nr,/¢o ~ w close to the contacts. The voltage size at the second contact
is given by the total current per width and thus ¢y ~ I/w. As a result, we expect the
nonlocal resistance to not depend on the sample width Rxp, = ¢n/I ~ O(wP). In the
experiments the amplitude of the nonlocal resistance does depend on the width and seems
to be roughly ~ 1/w?. Here, our theory clearly predicts a behavior that is not consistent
with experiments. Another possible mechanism could be that the spin is carried by the
surface states of ZrTes; and leaks into the bulk with a length scale [ < w. Therefore,
a nonlocal voltage drop would only be induced in a small part of the sample and we
have Unt, ~ lleTakﬁ The corresponding nonlocal voltage Ry, ~ # would have the same

width dependence as seen in the experiments. However, for this scenario the decay length
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Figure 7.4: Voltage profile with and without spin-orbit interactions (orange
and blue line): Voltages are fixed on the contacts at z = 5 and x = 15. Without spin-
charge coupling (v = 0) the potential outside of these contacts is constant. Between the
two contacts the slope is constant as expected. Including the spin Hall effect (here with
~v = 0.5) leads to a finite voltage drop and thus a current in the nonlocal region. The lines
at r = 20 and x = 25 mark additional contacts used to measure the nonlocal voltage.

A would be independent of the sample width as the spins only leak a little bit into the
bulk and never mix like for the previous mechanism. As the experiments are performed
using three-dimensional crystals and the contacts are just placed on the top side of the
samples the current patterns in the bulk can be much more complicated due to the various
Hall effects taking place in ZrTes. In this case the equipotential planes would be curved
surfaces and a nonlocal voltage due to the contact geometry can build up. But such ohmic
effects would result in much smaller nonlocal responses than what is actually measured.
Additionally, the sample height would be a relevant length scale in this scenario but there
has been no experimental evidence for this.

As mentioned before, spin is not a conserved quantity and our model is based around the
assumption that spin decays on much larger length scales than the charge current. In the
next sections we want to compute the spin decay rate due to impurities for our model of

Zr'Tes and look for other degrees of freedom with a long lifetime that couple to charge.

7.2 Spin decay rates

In the following, we will use the Hamiltonian (3.3]) describing the low-energy physics of

Zr'Tes. For € = 0 this describes a torus in the ab-plane with Hamiltonian
H=ml1®T, + h(v,ke0, ® Ty + 0pkp0, @ 7o + kel @ 7)) + Al @ 7 + puly,  (7.12)

where we include a small mass term m < p < A. The dispersion is given by
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Figure 7.5: Decay of the nonlocal voltage: a) After subtracting the potential ¢; at
the last contact the nonlocal voltage can be fitted with an exponential decay. b) Nonlocal
voltage for two samples with different widths.

2
€ = i\/ m2 + (hvke)” + <\/ (hwaka)? + (hupks)® £ A> , (7.13)

with a small mass gap around ¢, = 0. In this regime we have one band at the Fermi energy
with H(k)Uy = e(k)¥y as shown in Fig. ). In this section, we will parametrize the
toroidal Fermi surface by two angles ¢,0 € [0,27] as defined in Fig. b). This allows

us to write down a simple parametrization of the Fermi surface even in the presence of a

A cos(¢) + /12 —m? cos(6)cos(¢)
f(9,0) = Asin(¢)+ /p? —m? cos(f)sin(¢) |, (7.14)
/12 — m? sin(0)
where A is the radius of the large circle and \/u? — m? gives the smaller circle radius.

A(p?—m?)
4mh3vqupve

mass term

Integrating over the volume of this torus gives us the charge density n(u) =

If a quantity @ is conserved, it commutes with the Hamiltonian [H,(Q] = 0. The
corresponding conductivity has a singular contribution at zero frequency showing a
Drude peak Re[o(w)] ~ d(w) [70]. Such an infinite conductivity is, of course, unphysical
because in a real system the responses to external fields decay and become finite, e.g.
due to impurity scattering. Therefore, the conservation law is broken and we have
ih0yQ = [gHimp, Q] where g is a small parameter quantifying impurity strength and
therefore the size of the symmetry breaking. This broadens the Drude peak resulting in
a finite conductivity at zero frequency. The scattering rate I'(w) gives us the width of
the peak and is defined by

_ X
o(w) —5F(w)/x—iw (7.15)

with the inverse temperature § and the static susceptibility x = £(Q, Q)w—0. We can
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Figure 7.6: Bandstructure and Fermi surface of the nodal line system: a) 1d cut
through the dispersion. The nodal line points at £A /v, are gapped due to the mass term.
For m < 1 < A we have one band crossing the Fermi energy (indicated in red). b) Torus
Fermi surface for m < u < A parametrized by the two angles ¢, 6.

compute the scattering rate in 2nd-order perturbation theory in g

(@) = ~Re [ dt (0G0, 20000 + O(6). (7.16)

As @ is linear in g it is sufficient to evaluate the expectation value (...)o only w.r.t. the
conserved Hamiltonian H. This gives us the scattering rate from a simple correlation

function. The physical decay rate of the quantity () is then given by

I = lim I'(w)/x. (7.17)

w—0

Now we want to apply this to our nodal line Hamiltonian ([7.12)). As we are interested in

the decay rate of the spin we choose

Q. = Z(\Ilk|az @ 1|Wg)chey, = ZAkchk, (7.18)
k k

where ¢, ¢l are annihilation and creation operators at momentum k for the band which

defines the Fermi surface. The Hamiltonian for the impurities in real space is given by
Hip = / V(r)¥!(r)¥(r)dr, (7.19)

with delta-correlated impurity potential (V (r)V (r)) = V26*(r—r'). Going to momentum

space we write the creation operators as ¥f(r) = 3 eik""\I/kcL and the potential becomes

k
constant (V(q)V(—q)) = V§. Inserting this into Eq. (7.19) gives us the corresponding
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Hamiltonian in momentum space

kk' k'

We first compute the susceptibility x = 5(Q, @)w=o which is given by the integral

X = / (d k nF(ﬂc) - nF(€k+Q) AkAk—i—q- (721)

27)3 €k — €ktq
Performing a Taylor expansion around q = 0 and working at 7" = 0 leads us to

a3k dedd
= [ s AePste = = [ 100,055 (7.22)
FS

(27)

For the second equal sign we have restricted the momentum integration to the Fermi

surface because of the delta function and inserted our torus parametrization ([7.14f) with

2—m2 COS —m . .
Jacobi determinant Q(¢,0) = (o ) cos(O) - Ay/p?—m? The spin expectation value only

Va VpVe

depends on the angle ¢ around the big circle of the torus and can be easily computed as
A = (Vg|o, @ 1|Vg) = —cos(¢). Performing the integral (7.22)) using these formulas we

obtain
N 2 _ 2
v () = Avp? —m? (7.93)

4TV, UV,

To compute the scattering rate we need the time derivative ), and therefore compute the

commutator

[H,Q] =

ZAkCLCk’ Z Bk”,klc‘lt:”ck/ B (724)
k

k/’k//
where it should be noted that ¢ are fermionic operators that obey anti-commutation

relations {CL, cr} = Opp. After a bit of algebra one obtains

K,k

with My = Brr (Ax — Ar). As we are interested in the DC limit w — 0 we need to

compute

&k K
(2m)* (2m)*

Due to the delta function one can replace ng(€eg) by ng(ex —w). Therefore the difference

: .1
lim T'(w) = lim — [ (np(ex) — np(ew)) 6(w — ex + ex) | Mg |?
w—0 w—0 W

(7.26)

in the two occupation functions is just np(ex) — np(ep) = w np(ex) + O(w?). Taking the
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limit w — 0 all higher order terms vanish and for 7" = 0 we can write

31.43 1/ Iy
tim ) = [ dlew—)8eas =0l M P = /|Mkkl| 0. 09, 0) L
(7.27)

where again we restrict the integration to the toroidal Fermi surface by evaluating the
delta fucntions at the Fermi energy. The scattering matrix elements on the torus after

impurity averaging are given by

— & _ 0 2 _qn
|Brw|® = Vi | Wi Ui|? = V§ cos (¢ 2¢> [cos2 (8 29 ) jt%sin2 <0 20 )} , (7.28)

where the second term only gives a small contribution as m < u. As expected, the matrix

elements do only depend on the differences ¢ — ¢’ and 0 — 6’ between two momentum
points on the torus. Using these in the formula for the decay rate ([7.27) and dividing by
the spin susceptibility ((7.23) we end up with

(22 = m)® 1 4A (12 = m?)

r <§Z> =V 327wavbch\/m

As a small sanity check one can inspect the physical dimension of I' and confirm that it is

(7.29)

ﬁ as needed for a decay rate. This spin decay rate needs to be compared to the decay

OH . Here, the relevant matrix elements are

8l~c
JE =
W

rate of the velocity operator v, =

(Ugl|o, @ 72| Vg) = cos(¢) cos(0). (7.30)

Repeating the calculation from above gives us the decay rate of the current

- VIE =2 (it + 62(A2 — m?) + 5(2m2A2 4 m!
P (i) = vp Yo — e O (87— ) 4 5(2mIA7 4 ) (7.31)
32TV VAL

The ratio of these rates in the experimentally relevant limit m — 0 is just

IO P I
[(6)  # 4+ 62(A2 —m?) +5(2m2A% +m?) 2 + 642

~ 1. (7.32)

This is quite a disappointing result as it means that the spin does not decay slow compared
to other modes in the system. Therefore, our previous considerations of the spin Hall
effect as the origin of nonlocal transport should be invalid as spin can not propagate to
the nonlocal regions before decaying. Such a result is not too surprising as we are working
with a Hamiltonian of four highly spin-orbit coupled bands. Thus, there is per se no reason

for the two degrees of freedom to relax on different time scales. For sake of completeness
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we also compute the decay rates for spin and velocity in the other two directions

L. Velocity in b-direction: (We|oy|Ux) ~ (Uklo. @ 7, Wi) = Y™ sin() cos(9)
= T (%) =T (0a).
Velocity anisotropies cancel out and the current in the torus plane decays the same

independent of the direction.

HQ_ 2

2. Velocity in c-direction: (Wp|0.|Wg) ~ (Vg|l ® 7, | W) = —

~ 9 /MZ—WQ(M4+2M2(2A2—m2)+12m2A2+m4)>
= I'(0.) =V, B
0 32mVa Vv A

Decay rates parallel and perpendicular to the torus plane are only slightly different.

sin(6)

3. a-component of spin: (Ug|o, ® 1|T) = sin(p) =T (S’x> =T (SZ>
Only | Ag|? enters the formulas and therefore both spin components have the same

decay rate.

4. c-component of spin: (Vg|o, @ 1|V) = 0.
The expectation value of this spin component is zero at all momentum points due

to the remaining symmetries.

Summarizing these calculations there is no spin component that decays slower than any
of the current operators. In the next section we want to derive a formula for the decay

rates in another way that allows us to find the slowest modes of our system.

7.3 Searching for slow modes

Our goal in this section is to use a variational approach to obtain the smallest decay rates
and the corresponding modes as configurations in momentum space. Again, we restrict
ourselves to only consider decay due to impurity scattering. We start from a Boltzmann-

style equation for the change of a (conserved) quantity, which takes on values Ay

O (Z Ay, fk> == AW (fe — fir) (7.33)

Kk’

with energy-conserving impurity scattering Wir = 2 [(Up|Vimp| Vi) [*(ex — €x). The
matrix elements of the scattering matrix are the same as By in the previous section.

The Hamiltonian H = Hy + Hy4 consists of the dispersive part Hy = Zekchk and the
k
term generating a finite expectation value of Ay via Hy =€) Akclck. The distribution
k
function can therefore be written as

9fo

fr = folex + €Ax) = folex) + eAka—Ek- (7.34)
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Figure 7.7: Decay rates for the torus Fermi surface obtained by diagonalizing
Eq. : The x-axis labels each eigenvalue. A vanishing decay rate is only seen for the
mode with Ag = 0 for all momenta. The smallest finite decay rates are only reduced by
about a factor of 2 compared to the largest eigenvalues. Discretization of the torus was
done with 800 momentum points.

Plugging this ansatz in Eq. (7.33) leads us again to a formula for the decay rate

I (9A kZJ;(Ak: — A)|Br g |20 (e — 11)0 (e — 1) -
X {A(0) > [APale— ) ' -

Here, we have used that > Agfo(ex) = 0 by definition as only the Hamiltonian H4
k

generates a finite (Ag). Instead of making a choice for A we now want to minimize this
expression w.r.t. Ag to find the slowest modes in the presence of impurity scattering.

Thus, we look for zeros of the functional derivative

§ (T ST T oy

If we apply this to our nodal line Hamiltonian ([7.12), where each point on the Fermi

surface is labeled by the angles ¢ = (¢, 0), the functional derivatives are

5 =4 ] G (e — Al 1Bl — PRI,

X _ _
A 2A(@)Qe)- (7.37)

Next, we discretize the torus by a finite number of momentum points and collect the
values of Ay at all momentum points in a vector A. Therefore, we can write Eq. ((7.36) as

an eigenvalue equation with
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5T 5T B
SAle) > My Ale) = o MA, (7.38)
@’
ox dX T
— = 20(p)0, s Al = = =CGA, 7.39
L. T
= M) A= 4 (7.40)

where G is a diagonal matrix only containing the Jacobi determinant of our
parametrization. Thus, we can calculate the decay rates as the eigenvalues of a matrix
and the eigenvectors will give us the corresponding modes. The resulting spectrum of
eigenvalues for a discretization with 800 momentum points can be seen in Fig. [7.7]
There is one vanishing eigenvalue which just corresponds to the trivial configuration
Ag = 0 for all values of k. The smallest finite decay rates are only reduced by about a
factor of 2 compared to the largest eigenvalues. Therefore, we can conclude that our
low-energy model for ZrTe; does not posses any slowly decaying modes that can help
mediate currents via some kind of pseudo-spin Hall effects.

In conclusion, the origin and width dependence of the nonlocal transport in ZrTe; remain
a puzzling issue because the surface state mechanism as well as the results for the spin
Hall effect contradict some parts of the experiments. The absence of a slow mode that can
couple to the charge degree of freedom means that the current model for ZrTes can not
explain the nonlocal response. As there is also an interesting magnetic field behavior this
research direction will remain important to fully understand the transport phenomena of

nodal line semimetals.
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8 Summary

In this thesis the transport properties of ZrTes were studied with a focus on the nonlinear
responses. We have seen that close to the topological phase transition this material is
a nodal line semimetal which hosts many interesting transport phenomena. For small
carrier density the Fermi surface is an elongated torus which has been confirmed by
quantum oscillation measurements. The spin texture on the Fermi surface gives rise to
a magnetochiral anisotropy due to the imbalance of spins parallel and anti-parallel to
the magnetic field. This results in a nonreciprocal response where the resistance of the
material changes if the current direction is reversed. We have seen that large-scale electron
density modulations can enhance the nonlinear response of the homogeneous system. This
is enabled by the anisotropic velocities of ZrTes. Additionally, one can also achieve very
large Hall angles depending on the transport geometry because of these anisotropies.
Next, we turned to the enhancement of nonohmic transport where the Landau
quantization of electrons played a prominent role. We derived that the lowest Landau
level of a nodal line semimetal consists largely of a flat band which can host a plethora
of states. Using the Boltzmann equation we have shown that tuning the system to the
quantum limit leads to the amplification of nonlinear transport. Because of the
discrepancy between experiment and theoretical prediction for the nonohmic coefficients
without a magnetic field we used a nonlinear resistor network to explore the impact of
charge density inhomogeneities. We have shown that a reasonable amount of disorder
can lead to a sizable increase of the clean result. The behavior of the nonohmic
coefficient can also be used to distinguish between a Dirac and a nodal line system.

The existence of an anti-symmetric Hall response in the parallel-field configuration
implies a significant symmetry breaking. Including the necessary terms in our model we
have shown that the nodal line plane will be tilted in momentum space. A small rotation
of the Fermi surface enables a sizable unconventional Hall effect by just considering
ordinary Lorentz forces. Therefore, there can be a lot of possible origins of Hall
responses in topological materials which requires a careful symmetry analysis.

Finally, we studied a model of charge currents coupling to other degrees of freedom to
find an explanation for nonlocal voltages with large decay length scales. As spin is not a
conserved quantity and we are dealing with a highly spin-orbit coupled material the
usual spin Hall effect was ruled out as a possible mechanism. Using a variational method
we determined that our low-energy model does not possess any slow modes which can
drive nonlocal currents. A possible origin from surface states has also been ruled out due

to the width dependence of the decay length.



96 8 Summary

Outlook:

An inhomogeneous electron density distribution seems to be responsible for the gigantic
nonlinear effects in ZrTes. Therefore, a theory of screening and puddle formation would
provide further insight into this mechanism. Including the effects of local p-n junctions
would enable the computation of a quantitative estimate for the nonlinear effects in
inhomogeneous materials.

As the flat band hosts a huge number of states, correlation effects become increasingly
important. It would be interesting to consider the interplay of topology and interactions
in nodal line semimetals. At small magnetic fields the negative magnetoresistance is still
not fully understood. Including vertex corrections as well as the anomalous Hall term in
the Kubo formula could be necessary steps in calculating the full resistivity tensor.

The most puzzling issue would be the existence of the slowly decaying nonlocal
transport. The absence of any slow mode rules out an origin from (pseudo-)spin Hall
effects. So far there seems to be no realistic mechanism describing the nonlocal response
in the presence of a magnetic field although thermoelectric effects could provide an

explanation at zero field.

In conclusion, ZrTes; will continue to be a promising platform to study exotic transport

phenomena of topological quantum materials.



Bibliography 97

Bibliography

[1]

2]

[10]

[11]

[12]

Felix Bloch. Uber die Quantenmechanik der Elektronen in Kristallgittern. Zeitschrift
fiir Physik, 52(7):555-600, Jul 1929.

K. S. Novoselov, A. K. Geim, S. V. Morozov, D. Jiang, M. I. Katsnelson, I. V.
Grigorieva, S. V. Dubonos, and A. A. Firsov. Two-dimensional gas of massless Dirac
fermions in graphene. Nature, 438(7065):197-200, Nov 2005.

X. Huang, L. Zhao, Y. Long, P. Wang, D. Chen, Z. Yang, H. Liang, M. Xue, H. Weng,
Z. Fang, X. Dai, and G. Chen. Observation of the Chiral-Anomaly-Induced Negative
Magnetoresistance in 3D Weyl Semimetal TaAs. Phys. Rev. X, 5:031023, Aug 2015.

A. A. Burkov, M. D. Hook, and Leon Balents. Topological nodal semimetals. Phys.
Rev. B, 84:235126, Dec 2011.

P. A. M. Dirac. The quantum theory of the electron. Proc. Roy. Soc. Lond. A,
117:610-624, 1928.

P. A. M. Dirac. A Theory of Electrons and Protons. Proc. Roy. Soc. Lond. A,
126(801):360-365, 1930.

S. Das Sarma, Sh. Adam, E. H. Hwang, and E. Rossi. Electronic transport in two-
dimensional graphene. Rev. Mod. Phys., 83:407-470, May 2011.

J. Zhao, H. Liu, Z. Yu, R. Quhe, S. Zhou, Y. Wang, C. C. Liu, H. Zhong, N. Han,
J. Lu, Y. Yao, and K. Wu. Rise of silicene: A competitive 2D material. Progress in
Materials Science, 83:24-151, 2016.

A. Acun, L. Zhang, P. Bampoulis, M. Farmanbar, A. van Houselt, A. N. Rudenko,
M. Lingenfelder, G. Brocks, B. Poelsema, M. I. Katsnelson, and H. J. W. Zandvliet.

Germanene: the germanium analogue of graphene. Journal of Physics: Condensed
Matter, 27(44):443002, Oct 2015.

N. P. Armitage, E. J. Mele, and A. Vishwanath. Weyl and Dirac semimetals in
three-dimensional solids. Rev. Mod. Phys., 90:015001, Jan 2018.

J. von Neumann and E. P. Wigner. Uber merkwirdige diskrete Eigenwerte, page
291-293. Springer Berlin Heidelberg, Berlin, Heidelberg, 1993.

Conyers Herring. Accidental Degeneracy in the Energy bands of Crystals. Phys.
Rev., 52:365-373, Aug 1937.



98

Bibliography

[13]

[14]

[15]

[16]

[17]

[20]

[21]

[22]

A. Turner and A. Vishwanath. Beyond Band Insulators: Topology of Semimetals and
Interacting Phases. Contemporary Concepts of Condensed Matter Science, 6:293-324,
Dec 2013.

H.B. Nielsen and M. Ninomiya. Absence of neutrinos on a lattice: (i). Proof by
homotopy theory. Nuclear Physics B, 185(1):20-40, 1981.

H.B. Nielsen and M. Ninomiya. Absence of neutrinos on a lattice: (ii). Intuitive
topological proof. Nuclear Physics B, 193(1):173-194, 1981.

S.-M. Huang, S.-Y. Xu, I. Belopolski, C.-C. Lee, G. Chang, B. Wang, N. Alidoust,
G. Bian, M. Neupane, C. Zhang, S. Jia, A. Bansil, H. Lin, and M. Z. Hasan. A Weyl
Fermion semimetal with surface Fermi arcs in the transition metal monopnictide
TaAs class. Nature Communications, 6:7373, 2015.

S.-Y. Xu, . Belopolski, N. Alidoust, M. Neupane, G. Bian, C. Zhang, R. Sankar,
G. Chang, Z. Yuan, C.-C. Lee, S.-M. Huang, H. Zheng, J. Ma, D. S. Sanchez, B. Wang,
F. Bansil, A.and Chou, P. P. Shibayev, H. Lin, S. Jia, and M. Z. Hasan. Discovery of
a Weyl fermion semimetal and topological Fermi arcs. Science, 349(6248):613-617,
2015.

A. P. Sakhya, C.-Y. Huang, G. Dhakal, X.-J. Gao, S. Regmi, B. Wang, W. Wen,
R.-H. He, X. Yao, R. Smith, M. Sprague, S. Gao, B. Singh, H. Lin, S.-Y. Xu,
F. Tafti, A. Bansil, and M. Neupane. Observation of Fermi arcs and Weyl nodes
in a noncentrosymmetric magnetic Weyl semimetal. Phys. Rev. Mater., 7:1.051202,

May 2023.

T.0O. Wehling, A.M. Black-Schaffer, and A.V. Balatsky. Dirac materials. Advances
in Physics, 63(1):1-76, 2014.

7. Wang, H. Weng, Q. Wu, X. Dai, and Z. Fang. Three-dimensional Dirac semimetal
and quantum transport in CdzAss. Phys. Rev. B, 88:125427, Sep 2013.

Z. K. Liu, B. Zhou, Y. Zhang, Z. J. Wang, H. M. Weng, D. Prabhakaran, S.-K.
Mo, Z. X. Shen, Z. Fang, X. Dai, Z. Hussain, and Y. L. Chen. Discovery of a Three-
Dimensional Topological Dirac Semimetal, NagBi. Science, 343(6173):864-867, 2014.

Y. L. Chen, J.-H. Chu, J. G. Analytis, Z. K. Liu, K. Igarashi, H.-H. Kuo, X. L.
Qi, S. K. Mo, R. G. Moore, D. H. Lu, M. Hashimoto, T. Sasagawa, S. C. Zhang,
I. R. Fisher, Z. Hussain, and Z. X. Shen. Massive Dirac Fermion on the Surface of a
Magnetically Doped Topological Insulator. Science, 329(5992):659-662, 2010.



Bibliography 99

23]

28]

[35]

S. Kim, S. Yoshizawa, Y. Ishida, K. Eto, K. Segawa, Y. Ando, S. Shin, and
F. Komori. Robust protection from Backscattering in the Topological Insulator

Biy 55bg s Te; 7Seq 3. Phys. Rev. Lett., 112:136802, Apr 2014.

P. Drude. Zur Elektronentheorie der Metalle. Annalen der Physik, 306(3):566-613,
1900.

P. Drude. Zur Elektronentheorie der Metalle; II. Teil. Galvanomagnetische und
thermomagnetische Effecte. Annalen der Physik, 308(11):369-402, 1900.

P. W. Anderson. Absence of Diffusion in Certain Random Lattices. Phys. Rewv.,
109:1492-1505, Mar 1958.

N. Borgwardt, J. Lux, I. Vergara, Zhiwei Wang, A. A. Taskin, Kouji Segawa, P. H. M.
van Loosdrecht, Yoichi Ando, A. Rosch, and M. Griininger. Self-organized charge
puddles in a three-dimensional topological material. Phys. Rev. B, 93:245149, Jun
2016.

O. Breunig, Z. Wang, A. A. Taskin, J. Lux, A. Rosch, and Y. Ando. Gigantic
negative magnetoresistance in the bulk of a disordered topological insulator. Nature
Communications, 8(1):15545, May 2017.

D. Tong. Lectures on the Quantum Hall Effect. arXiv, 1606.06687, 2016.
P. Coleman. Introduction to Many-Body Physics. Cambridge University Press, 2015.

Y. Ando. Topological Insulator Materials. Journal of the Physical Society of Japan,
82(10):102001, 2013.

W.J. De Haas and P.M. Van Alfphen. The Dependence of the Susceptibility of
Diamagnetic Metals Upon the Field. Proceedings of the Amsterdam Academy of
Sciences, 33(1106), 1930.

D. Shoenberg. Magnetic Oscillations in Metals. Cambridge Monographs on Physics.
Cambridge University Press, 1984.

Y. Wang, H. F. Legg, T. Bomerich, J. Park, S. Biesenkamp, A. A. Taskin, M. Braden,
A. Rosch, and Y. Ando. |Gigantic Magnetochiral Anisotropy in the Topological
Semimetal Zr'Tes. Phys. Rev. Lett., 128:176602, Apr 2022.

H. Weng, X. Dai, and Z. Fang. Transition-Metal Pentatelluride ZrTes; and HfTes:
A Paradigm for Large-Gap Quantum Spin Hall Insulators. Phys. Rev. X, 4:011002,
Jan 2014.


https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.128.176602
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.128.176602

100

Bibliography

[36]

[37]

[38]

[39]

[42]

[44]

[45]

R. Y. Chen, Z. G. Chen, X.-Y. Song, J. A. Schneeloch, G. D. Gu, F. Wang, and
N. L. Wang. Magnetoinfrared Spectroscopy of Landau Levels and Zeeman Splitting
of Three-dimensional Massless Dirac Fermions in ZrTes. Phys. Rev. Lett., 115:176404,
Oct 2015.

Q. Li, D.E. Kharzeev, C. Zhang, Y. Huang, I. Pletikosi¢, A. V. Fedorov, R. D. Zhong,
J. A. Schneeloch, G. D. Gu, and T. Valla. Chiral magnetic effect in ZrTes. Nature
Physics, 12(6):550-554, February 2016.

Y. Zhang et. al.. Electronic evidence of temperature-induced Lifshitz transition and

topological nature in ZrTes. Nature Communications, 8(1):15512, May 2017.

T. Liang, J. Lin, Q. Gibson, S. Kushwaha, M. Liu, W. Wang, H. Xiong, J. A. Sobota,
M. Hashimoto, P. S. Kirchmann, Z.-X. Shen, R. J. Cava, and N. P. Ong. Anomalous
Hall effect in ZrTes. Nature Physics, 14(5):451-455, May 2018.

H. Wang, H. Liu, Y. Li, Y. Liu, J. Wang, J. Liu, J.-Y. Dai, Y. Wang, L. Li, J.Yan,
D. Mandrus, X. C. Xie, and J. Wang. Discovery of log-periodic oscillations in

ultraquantum topological materials. Science Advances, 4(11):eaaub096, 2018.

P. Shahi, D. J. Singh, J. P. Sun, L. X. Zhao, G. F. Chen, Y. Y. Lv, J. Li, J.-Q. Yan,
D. G. Mandrus, and J.-G. Cheng. Bipolar Conduction as the Possible Origin of the
Electronic Transition in Pentatellurides: Metallic vs Semiconducting Behavior. Phys.
Rev. X, 8:021055, May 2018.

F. Tang, Y. Ren, P. Wang, R. Zhong, J. Schneeloch, S. A. Yang, K. Yang, P. A.
Lee, G. Gu, Z. Qiao, and L. Zhang. Three-dimensional quantum Hall effect and
metal-insulator transition in ZrTes. Nature, 569(7757):537-541, May 2019.

Z. Sun, Z. Cao, J. Cui, C. Zhu, D. Ma, H. Wang, W. Zhuo, Z. Cheng, Z. Wang,
X. Wan, and X. Chen. Large Zeeman splitting induced anomalous Hall effect in
ZrTes. npj Quantum Materials, 5(1):36, Jun 2020.

P. Zhang, R. Noguchi, K. Kuroda, C. Lin, K. Kawaguchi, K. Yaji, A. Harasawa,
M. Lippmaa, S. Nie, H. Weng, V. Kandyba, A. Giampietri, A. Barinov, Q. Li, G. D.
Gu, S. Shin, and T. Kondo. Observation and control of the weak topological insulator
state in ZrTes. Nature Communications, 12(1):406, Jan 2021.

Y. Jiang, J. Wang, T. Zhao, Z. L. Dun, Q. Huang, X. S. Wu, M. Mourigal, H. D.
Zhou, W. Pan, M. Ozerov, D. Smirnov, and Z. Jiang. Unraveling the Topological
Phase of ZrTe; via Magnetoinfrared Spectroscopy. Phys. Rev. Lett., 125:046403, Jul
2020.



Bibliography 101

[46]

[47]

[48]

[49]

[51]

[52]

[53]

[54]

[55]

[57]

B. Xu, L. X. Zhao, P. Marsik, E. Sheveleva, F. Lyzwa, Y. M. Dai, G. F. Chen,
X. G. Qiu, and C. Bernhard. Temperature-Driven Topological Phase Transition and
Intermediate Dirac Semimetal Phase in ZrTes;. Phys. Rev. Lett., 121:187401, Oct
2018.

E. Wang, H. Zeng, W. Duan, and H. Huang. Spontaneous Inversion Symmetry
Breaking and Emergence of Berry Curvature and Orbital Magnetization in
Topological ZrTes Films. Phys. Rev. Lett., 132:266802, Jun 2024.

Y. Tokura and N. Nagaosa. Nonreciprocal responses from non-centrosymmetric

quantum materials. Nature Commaunications, 9(1):3740, Sep 2018.

G. L. J. A. Rikken, J. Folling, and P. Wyder. Electrical Magnetochiral Anisotropy.
Phys. Rev. Lett., 87:236602, Nov 2001.

G. L. J. A. Rikken and P. Wyder. Magnetoelectric Anisotropy in Diffusive Transport.
Phys. Rev. Lett., 94:016601, Jan 2005.

G. L. J. A. Rikken and N. Avarvari. Strong electrical magnetochiral anisotropy in
tellurium. Phys. Rev. B, 99:245153, Jun 2019.

Y. Wang, T. Bomerich, A. A. Taskin, A. Rosch, and Y. Ando. [Parallel-Field Hall
effect in ZrTes. arXiv, 2408.11113, 2024.

Y. H. Kwan, P. Reiss, Y. Han, M. Bristow, D. Prabhakaran, D. Graf, A. McCollam,
S. A. Parameswaran, and A. I. Coldea. Quantum oscillations probe the Fermi surface
topology of the nodal-line semimetal CaAgAs. Phys. Rev. Res., 2:012055, Mar 2020.

L. Fu. Hexagonal Warping Effects in the Surface States of the Topological Insulator
BisTes. Phys. Rev. Lett., 103:266801, Dec 20009.

7. Alpichshev, J.G. Analytis, J.-H. Chu, I.R. Fisher, Y.L. Chen, Z.X. Shen, A. Fang,
and A. Kapitulnik. STM Imaging of Electronic Waves on the Surface of BisTes:
Topologically Protected Surface States and Hexagonal Warping Effects. Phys. Rev.
Lett., 104:016401, Jan 2010.

J. Wang, J. Niu, B. Yan, X. Li, R. Bi, Y. Yao, D. Yu, and X. Wu. Vanishing quantum
oscillations in Dirac semimetal ZrTes. Proc Natl Acad Sci USA, 115(37):9145-9150,
August 2018.

T. Ideue, K. Hamamoto, S. Koshikawa, M. Ezawa, S. Shimizu, Y. Kaneko, Y. Tokura,
N. Nagaosa, and Y. Iwasa. Bulk rectification effect in a polar semiconductor. Nature

Physics, 13(6):578-583, Jun 2017.


https://arxiv.org/pdf/2408.11113
https://arxiv.org/pdf/2408.11113

102

Bibliography

[58]

[59]

[62]

[65]

[66]

C. Wang, A. Hickey, X. Ying, and A.A. Burkov. Emergent anomalies and generalized
Luttinger theorems in metals and semimetals. Phys. Rev. B, 104:235113, Dec 2021.

Y. Wang, T. Bomerich, J. Park, H. F. Legg, A. A. Taskin, A. Rosch, and Y. Ando.
Nonlinear Transport due to Magnetic-Field-Induced Flat Bands in the Nodal-Line
Semimetal Zr'Tes. Phys. Rev. Lett., 131:146602, Oct 2023.

A. A. Abrikosov. Quantum linear magnetoresistance. Europhysics Letters, 49(6):789,
Mar 2000.

J.-W. Rhim and Y. B. Kim. Landau level quantization and almost flat modes in
three-dimensional semimetals with nodal ring spectra. Phys. Rev. B, 92:045126, Jul
2015.

J. Klier, I. V. Gornyi, and A. D. Mirlin. Transversal magnetoresistance and
Shubnikov-de Haas oscillations in Weyl semimetals. Phys. Rev. B, 96:214209, Dec
2017.

A. A. Abrikosov. Quantum magnetoresistance. Phys. Rev. B, 58:2788-2794, Aug
1998.

A. A. Taskin, H. F. Legg, F. Yang, S. Sasaki, Y. Kanai, K. Matsumoto, A. Rosch,
and Y. Ando. Planar Hall effect from the surface of topological insulators. Nature
Communications, 8(1):1340, Nov 2017,

A. A. Burkov. Giant planar Hall effect in topological metals. Phys. Rev. B, 96:041110,
Jul 2017.

S. Nandy, Gargee Sharma, A. Taraphder, and Sumanta Tewari. Chiral Anomaly as
the Origin of the Planar Hall effect in Weyl Semimetals. Phys. Rev. Lett., 119:176804,
Oct 2017.

J. Sinova, S. O. Valenzuela, J. Wunderlich, C. H. Back, and T. Jungwirth. Spin Hall
effects. Rev. Mod. Phys., 87:1213-1260, Oct 2015.

M. Dyakonov. Spin Physics in Semiconductors, volume 1. 07 2008.

T. Kimura, Y. Otani, T. Sato, S. Takahashi, and S. Maekawa. Room-Temperature
Reversible Spin Hall Effect. Phys. Rev. Lett., 98:156601, Apr 2007.

P. Jung and A. Rosch. Lower bounds for the conductivities of correlated quantum
systems. Phys. Rev. B, 75:245104, Jun 2007.


https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.131.146602
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.131.146602

	Introduction
	Band crossings in quantum materials
	The Dirac equation
	Graphene
	Tight-binding model
	Breaking symmetries and opening a gap

	Dirac & Weyl semimetals in 3d
	Weyl semimetals
	Dirac semimetals

	Nodal line semimetals

	Electronic transport in solids
	Drude theory of linear conductivity
	Boltzmann equation
	Disorder and self-energy
	Self-consistent Born approximation

	Linear response theory
	Quantum oscillations

	Experimental system: ZrTe5
	Crystal structure and previous experiments
	Motivation for symmetry breaking: Magnetochiral anisotropy
	Symmetry broken Hamiltonian
	Parameters for toroidal Fermi surface

	Magnetochiral anisotropy
	Boltzmann theory
	Nonreciprocal response from Zeeman effects
	Anisotropic scattering
	MCA from orbital effects
	Reciprocal conductivity tensor and Hall angles

	Charge density modulations
	Resistor networks

	Nonohmic transport
	Nonohmic coefficient without a magnetic field
	Landau levels in 3d Dirac systems
	Flat bands in nodal line semimetals
	Boltzmann equation for 1d Landau levels
	Tuning into the flat band regime
	Experiments
	Enhancement of 3 in a magnetic field
	Puddle-induced nonlinearity at small fields

	Kubo formula for linear conductivity
	Joule heating by coupling to phonons
	Comparison to Dirac system

	Parallel-field Hall effect
	Experiments and additional symmetry breaking
	Nodal lines in fully symmetry broken systems
	Conductivity tensor in different coordinate systems

	Nonlocal transport
	Spin Hall effects
	Spin decay rates
	Searching for slow modes

	Summary
	Bibliography

