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Abstract

The advancements in classical computational components such as CPUs and GPUs have had a
reverberating impact on the democratization of computational power available, with the field of
computational chemistry reaping significant benefits from the propulsion of the limits of systems
studied. The accurate prediction of chemical properties and reaction dynamics through compu-
tational simulation is now a centerpiece of modern chemical research, significantly accelerating
discoveries research areas of materials science and drug development, as well as industrially rele-
vant processes such as the emission of aldehydes from soft foams, flame retardants and pyrolysis
and the carbonylation of epoxides. These achievements of computational chemistry still are over-
shadowed in the face of fundamental bottlenecks where classical methods remain constrained by the
exponential scaling when treating large and/or strongly correlated quantum many-body systems.
This innate computational complexity often constitutes chemically accurate calculations based on
first principles impractical, or plain impossible, for systems beyond modest sizes.

Quantum computing offers a potential pathway around these limitations, originally formally
formulated by David Deutsch as a tool for simulating quantum systems, with the first quantum
algorithms indicating speed-ups compared to classical counterparts arising from Peter Shor and
Lov Grover for the prime factorization of an integer number and unstructured search respectively.
Relying on fundamental theorems by Claude Shannon, it has been demonstrated that through the
use of error-correcting codes fault-tolerant quantum computers are able to safeguard information
against noise and decoherence, strongly indicating towards exponential speedups in solving central
computational chemistry problems, such as determining ground state energies or reaction pathways
of chemical systems. Substantial strides in experimental quantum computing over the past decade,
including proof-of-principle demonstrations of quantum error correction, mean to bring full-scale
fault-tolerant quantum computing within the grasp of humanity. The breakthroughs needed to
attain scalable, error-corrected quantum computation with capabilities exceeding those of classical
methods in real-world scenarios is likely still some years away. While striving to address the engi-
neering challenges standing in the way of achieving fault tolerant quantum computing, substantial
effort has been focused toward developing and benchmarking hybrid algorithms tailored for the
Noisy Intermediate- Scale Quantum (NISQ) devices, available now to researchers. These hybrid
quantum-classical algorithms, with the most notable being the Variational Quantum Eigensolver
(VQE), allow the probing of quantum computing’s utility in computational chemistry even in the
face of significant hardware noise and limited coherence times.

The work presented in this thesis introduces several key additions the VQE framework, geared
especially towards to NISQ hardware, where the mindful use of available resources is imperative.
First, the implementation of the Conjugate Model Search optimizer is described, an optimiza-
tion method that integrates simple models that are surrogate to the original function, combined
with conjugate gradient optimization to navigate effectively parameter landscapes typical of vari-
ational algorithms, prone to noise. Second, this thesis contains the proposal and extensive study
of a hyperparameter tuning procedure employing genetic algorithms, allowing for comprehensive
simulation benchmarks that augment the robustness and efficiency of VQE implementations with
respect to convergence time through real wall-time models of quantum processors.

Continuing, a bridge is presented between quantum simulation and quantum chemistry, through
qubit-to-fermion mappings of existing quantum gates, further enabling the direct and accurate
modeling of chemical systems on trapped atom quantum hardware with the added arsenal pro-
vided by techniques designed for qubit architectures. Additionally, experimental data contained
in this thesis include detailed benchmarking data collected from state-of-the-art trapped ion quan-
tum processors available at the Johannes Gutenberg Universität Mainz, demonstrating the actual
viability and performance of various methodologies for extracting results. Lastly, the state of VQE
is examined, as it served as a springboard for a plethora of advancements in the development of
quantum computing hardware, as well as the direction the field of simulation of computational
quantum chemistry via quantum devices is headed towards in the coming years.
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1 Chemistry Overview

Following the development of quantum mechanics and the formulation of the Schrödinger equation,
the fundamental mechanisms of the interaction of nuclei and electrons have been understood and
the computational intractability of those interactions have been encapsulated in the electronic
structure problem. Despite the equations governing the nature of chemistry being known, the
exponential scaling of computational intractability of the resulting quantum many-body problem
poses significant hurdles to the calculation of properties of molecular systems.

The task of finding computationally tractable models for the intractable original problem is al-
most akin to an art-form, as striking a balance between easing restrictions on the requirement for
computational resources and still retaining the ability to predict chemical properties with reason-
able accuracy remains a key driver of innovation in the field of quantum chemistry, both classically
and in the context of quantum computing [1]. Ab-initio chemistry methods that only take physi-
cal constants as inputs have flourished with the available computational hardware from mean-field
methods such as Hartree-Fock [2] initially limited to approximations omitting the treatment of elec-
tron correlations, to more sophisticated methods being able to calculate a wide range of properties
including absolute and relative energies of given molecules, electronic charge density distributions,
dipoles and higher multipole moments, vibrational frequencies or other spectroscopic quantities
with high accuracy.

These methods enable the ability to make predictions as a complement to experimental studies
into these systems by being competitive in the accuracy of their predictions. Algorithms such as
Density Functional Theory (DFT) [3] and the Density Matrix Renormalization Group (DMRG) [4]
have made possible the simulation of large scale chemically relevant systems, they are not without
flaws, as they struggle addressing phenomena such as intermolecular interactions and transition
states of strongly correlated systems.

In the first section of this thesis, the formulation of the electronic structure problem, along with
common approximations and treatments in an effort to find solutions, will be briefly presented.
Due to the central role that the field of quantum chemistry plays in the race towards quantum
advantage, it is important to understand the underlying methods that have accumulated and their
impact in shaping the theory for simulating these systems using quantum hardware. For a more
comprehensive overview overview of the foundations of quantum chemistry, one can refer to [5, 6,
7].

1.1 A brief overview of quantum chemistry fundamentals

One of the central aims of quantum chemistry is to accurately depict the the behavior of electrons
in atoms and molecules, in an effort to elucidate the workings of chemical bonding and molecular
interactions. This can be achieved by solving approximately the non-relativistic time-independent
Schrödinger equation [5]:

Ĥ|Φ⟩ = E|Φ⟩ (1)

with Ĥ being the Hamiltonian operator describing the system of interest consisting of M -many
nuclei and N -many electrons whose representation is done through the position vectors RA and
ri respectively. By denoting the distances between the i-th electron and the A-th nucleus as
riA = |riA| = |riA−RA|; between two electrons i and j as rij = |ri−rj | and between two nuclei
A and B, as RAB = |RA −RB|, as well as ZA and MA the atomic number and mass of nucleus
A respectively, one can write down the Hamiltonian operator as:

Ĥ =−
N∑
i=1

1

2
∇2

i −
M∑

A=1

1

2MA
∇2

A −
2∑

i=1

M∑
A=1

ZA

riA

+

N∑
i=1

N∑
j>i

1

rij
+

M∑
A=1

M∑
B>A

ZAZB

RAB

(2)

In an effort to alleviate some of the complexity of the Hamiltonian operator H, by utilizing the
orders of magnitude scale difference in mass between the electrons and the nuclei in a molecule, to
approximate the movement of electrons as one through fixed nuclei [6]. This approximation, called
the Born-Oppenheimer approximation, allows for the elimination of kinetic energy term of
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the nuclei in the Hamiltonian operator Ĥ and the approximation of the repulsion between them
as constant.

In atomic units, the electronic Hamiltonian for depicting the behavior of a system with N
electrons and M point charges after the Born-Oppenheimer approximation can be described as [5]:

Helec = −
N∑
i=1

1

2
∇2

i −
N∑
i=1

M∑
A=1

ZA

riA
+

N∑
i=1

N∑
j>1

1

rij
(3)

The solution of a Shrödinger equation involving the Hamiltonian in Eq. 3 is an electronic wave-
function ψ(r), also commonly referred to as spatial orbitals. However, for the accurate depiction of
the physical behavior of an electron, the inclusion of the Pauli exclusion principle is necessary via
spin as an additional degree of freedom, by defining spin functions α(w), β(w) in common chem-
istry notation, denoting spin-up(↑) and spin down(↓) respectively. These spin functions are only
required to be complete and orthonormal and by adopting the compact formalism of x 7→ {r, w},
one can then introduce spin orbitals χ(x). As a consequence, the separable wavefunction can be
written as the product of spin orbitals as:

|ΦHP(x1,x2, . . . ,xN )⟩ ≡ χ1(x1)χ2(x2) . . .χN (xN ) (4)

called a Hartree product. In order for an electronic wavefunction to be considered a valid
fermionic wavefunction, they must fulfill the antisymmetric property under the exchange of any
two electrons of coordinates χi and χj :

|Φ(. . . ,χi, . . . ,χj,, . . . ,χN )⟩ = −|Φ(. . . ,χj , . . . ,χi,, . . . ,χN )⟩ (5)

Hartree products alone do not obey the antisymmetric principle described in Eq.5, but an
appropriate linear combination of them does, through the use of Slater determinants [5]:

|ΦSD(x1,x2, . . . ,xN )⟩ =
1√
N !

∣∣∣∣∣∣∣∣∣
χ1(x1) χ2(x1) . . . χN (x1)
χ1(x2) χ2(x2) . . . χN (x2)

...
...

. . .
...

χ1(xN ) χ2(xN ) . . . χN (xN )

∣∣∣∣∣∣∣∣∣ (6)

Swapping the χ coordinates between any two electrons i, j is equivalent to swapping two rows of
the Slater determinant, which incurs a change in the sign of the determinant, as well as the fact
that two electrons occupying the same spin orbital would have as a consequence two columns being
equal, resulting in the determinant to be zero, consolidate Slater determinants as valid constructs
of fermionic wavefunctions under the antisymmetric principle detailed in Eq. 5 and the Pauli
exclusion principle [5].

A convenient shorthand notation for a normalized Slater determinant containing only the Trace
of the determinant of N electrons occupying N spin orbitals (χi,χj , . . . ,χk) as well as omitting
the normalization constant (N !)−1/2 is usually introduced as:

|ΦSD(x1,x2, . . . ,xN )⟩ = |χi(x1),χj(x2), . . . ,χk(xN)⟩ (7)

The notation can be further simplified by the consistent choice of electron label ordering to be
x1,x2, . . . ,xN as:

|ΦSD(x1,x2, . . . ,xN )⟩ = |χi,χj , . . . ,χk⟩ (8)

This notation is especially useful when considering another representation of Slater determi-
nants via the use of fermionic creation and annihilation operators a†i and ai which create or destroy
an electron in the spin orbital χi respectively. By assuming a fermionic vacuum state |0⟩ which
contains zero electrons and defining the fermionic operator relations:

Fermionic operators
âi|0⟩ = 0 {âi, âj} = {â†i , â†j},= 0 (9)

⟨0|0⟩ = 1 {âi, â†j} = δi,j . (10)

where {, } denotes anti-commutation of operators. For these relations to hold, one needs to
consistently choose an orthonormal set of spatial orbitals and spin functions, and by extension, spin
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orbitals, as ⟨χi|χj⟩ = δij . Upon treating electrons in pairs such as the Bardeen-cooper-Scheifer
theory as a model of superconductivity [8], or the Doubly Occupied Configuration Interaction
(DOCI) theory as an approximation to the electronic structure simulation problem, the excitations
become of hard-core bosonic nature [9]:

Bosonic operators

[b̂p, b̂
†
q] = [b̂†p, b̂

†
q] = [b̂p, b̂q] = 0 (p ̸= q) (11)

{b̂†p, b̂†q} = {b̂p, b̂q} = 0 (12)

{b̂p, b̂†q} = 1 (13)

Equipped with these operator relations, the Hamiltonian Ĥelec in Eq. 3 can now be rewritten
in second quantization form as [10]:

Ĥelec =
∑
A>B

ZAZB

RAB
+
∑
pq

hpqâ
†
pâq +

∑
pqrs

Vpqrsâ
†
pâ

†
qârâs (14)

The matrices hpq and Vpqrs represent one and two-body electron integrals respectively, these
matrix elements of these integrals are defined as:

hij =

∫
drχ∗

i (r)hiχj(r) =

∫
drχ∗

i (r)

(
−∇2(r) +

∑
A

ZA

riA

)
χj(r) (15)

Vijkl =
1

2

∫ ∫
dr1dr2χ

∗
i (r1)χ∗

j (r2)
1

rij
χ∗

k(r2)χ∗
l (r1) (16)

Furthermore, in the realm of quantum chemistry, the following notation regarding these elec-
tronic integrals has been introduced when dealing with spin orbitals [5]:

[i|h|j] = ⟨i|h|j⟩ =

∫
dx1χ

∗
i (x1)h(r1)χj(x1)

[ik|jl] = ⟨ij|kl⟩ = ⟨χiχj |χkχl⟩ =

∫
dx1x2χ

∗
i (x1)χ

∗
j (x2)

1

rij
χ∗

k(x1)χ
∗
l (x2)

⟨ij||kl⟩ = ⟨ij||kl⟩ − ⟨ij||lk⟩ =

∫
dx1x2χ

∗
i (x1)χ

∗
j (x2)

1

rij
(1− P12)χ∗

k(x1)χ
∗
l (x2)

(17)

In this formalism, ⟨ij||kl⟩ describes an antisymmetrized two-electron integral as it proves quite
handy in various derivations while the operator P ensures the antisymmetrization of the normal
two-electron integral by accounting for the exchange of the coordinates of electrons one and two.
The notation of [ij|kl] = ⟨ik|jl⟩ is also commonly referred to as chemists notation, which
although is not used in this thesis, it is valuable for reading literature heavily geared towards
chemistry rather than physics. In contrast, for spatial orbitals another set of brackets is used to
underline the difference in the sets of orbitals used [5]:

(i|h|j) = hij = (ψi|h|ψj) =

∫
dr1ψ

∗
i (r1)h(r1)ψj(r1) (18)

(ij|kl) = (ψiψj |ψkψl) =

∫
dr1dr2ψ

∗
i (r1)ψj(r1)

1

r12
ψ∗
k(r2)ψl(r2) (19)

These are especially useful for defining the Coulomb integral Jij ≡ (ii|jj) pertaining to the elec-
tronic repulsion and the exchange integral Kij ≡ (ij|ij) which accounts for the application of the
Pauli exclusion principle. Moreover, owing to the basis set {χi} of spin orbitals being in general
not orthonormal, thus having non vanishing overlap with one another, as is frequent throughout
optimization procedures, the overlap matrix Sij of spin orbitals is defined as [5]:

Sij = ⟨χi|χj⟩ (20)
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1.1.1 The Hartree-Fock approximation and method

The Hartree-Fock approximation, equivalently dubbed the molecular orbital approximation, is a
vital pillar in the study of quantum chemistry. Most computational methods of quantum chemistry
build upon the foundational blocks provided by this theory. Through the second quantization of
the electronic structure Hamiltonian Ĥ presented in Eq. 14, the task of finding its ground state
energy as well as other excited state energies, has been divided in two fronts; firstly finding a set
of orbitals (and by extension Slater determinants) for the given molecule and afterwards solving
the eigenvalue problem. An initial set of suitable orbitals can be retrieved via the Hartree-Fock
formalism while the solutions deriving from the second quantization of the electronic structure
Hamiltonian can be found using a quantum computer and variational eigensolvers [11] or via error
correcting algorithms in fault tolerant quantum computers.

A systematic way of calculating the molecular energy under the regime of only mean-field
electron correlations, also called the Hartree-Fock energy EHF, is by choosing a set of molecular
orbitals, and by extension a single Slater determinant that represents the minimum of the energy
of the electronic structure Hamiltonian. A linear combination |φ⟩ =

∑
i ci|χi⟩ of spin orbitals

with coefficient weights ci as a variational trial wave function is employed to find that minimum
energy [5]:

EHF = ⟨φ|Ĥ|φ⟩ =
∑
ij

c∗i cj⟨χi|Ĥ|χj⟩ (21)

imposing the constraint that the wavefunction remains normalized [5]

⟨φ|φ⟩ − 1 =
∑
ij

c∗i cj⟨χi|Ĥ|χj⟩ − 1 = 0 (22)

A common way to tackle the process of finding the expectation value of the Hamiltonian
operator H is through the use of Lagrange multipliers E as [5]:

L = ⟨φ|Ĥ|φ⟩ − E(⟨φ|φ⟩ − 1)

=
∑
ij

c∗i cj⟨χi|Ĥ|χj⟩ − E

∑
ij

c∗i cj⟨χi|χj⟩ − 1

 (23)

Therefore the minimization of EHF leads to the Hartree-Fock equations:

f̂ |φ⟩ = SijE|φ⟩ (24)

where f̂ is the Fock operator, defined as:

f̂ =
∑
i

hi +

N/2∑
k

Jk −Kk (25)

These Hartree-Fock equations are solved with the self consistent field (SCF) procedure, by
making an initial guess for the orbitals χi to construct the Fock operator using the currently selected
orbitals, and then solving iteratively the eigenvalue problem to update the orbitals contributing to
the integral operators and orbital energies until convergence.

Although the Hartree-Fock method serves as a good starting point for describing molecular
electronic structure, it fails to describe correlations between electrons, which occurs from electron-
electron interactions. This inability has played a catalytic role in the development of post-Hartree-
Fock methods, such as Configuration Interaction (CI) [7] and Coupled Cluster (CC) [12] which
account for interactions due to such correlations. Calculations in computational chemistry are
usually allowed to run iteratively until the resolution of energies up to ∆E of 1.6× 10−3 Hartree
(1 Hartree is equal to 4.3598×10−18J in SI units). This energy difference is selected as a standard
because it is the realm where one can perform energy reaction predictions at standard conditions
and reaction rates ∝ e−∆E/kBT with temperature T and Boltzmann constant kB with at least one
order of magnitude precision [13, 14].
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1.2 Post Hartree-Fock methods

Though the Hartree-Fock method provides a considerable starting point in the effort of describing
the behavior of electrons in a molecular setting, as described in Section 1.1.1, mean-field approaches
fail to depict the correlation dynamics of electrons. This hurdle poses the need for post-Hartree-
Fock methods such as Configuration Interaction and Coupled Cluster. By using the results of
the Hartree-Fock along with achieving a balance the number of orbitals that are considered when
modeling the system, one is able to efficiently tackle the task of finding the energy of a molecular
state.

1.2.1 Truncations of the full orbital space

In order to make post-Hartree-Fock methods computationally tractable with sacrificing little accu-
racy, one chooses only a subspace of the full orbital space to be active as the most relevant to the
problem to be simulated, resulting in the concept of active spaces. The curation of these active
spaces enable the treatment of electron correlation in the most significant regions of the molecular
orbital space, especially those orbitals involved in the reactivity of excited-state properties.

The spatial orbitals contained in complete active spaces are divided in core, active and virtual
orbitals, denoting orbitals that always hold two electrons, partially occupied orbitals or orbitals
always containing zero electrons respectively. Consequently, these active spaces are defined by two
parameters, the number of active electrons in the computation and the number of active spatial
orbitals that one considers. This flexibility allows one to expand the space to include orbitals
associated with the bonds of interest, or shrink the space to omit bonds that do not play an active
role in the process of interest.

Although advances have been made in the field of automated algorithms for providing assistance
in the process of active space selection, it is often the case that chemical intuition as well as
preliminary calculations are required to pinpoint orbitals that exhibit partial occupancy. The
active space selection process remains a crucial step that can influence the accuracy and efficiency
of calculations in a major way, as orbitals outside the constructed active space may still hold
significant information about the behavior of the process, making larger active spaces or other
approaches necessary [15].

1.2.2 Single reference Truncated Configuration Interaction

Expansion around the Hartree-Fock determinant found through the SCF procedure to construct an
exact wave function for any state of the system to form a complete set of N -electron wavefunctions.
Since these wavefunctions can be adequately described by defining a configuration of spin orbitals
forming these N -electron determinants, this procedure is called configuration interaction (CI).
When the wavefunction is produced from the infinite set of determinants deriving from N electrons,
the resulting wavefunction is described as:

|ΨCI⟩ = (1 + C1 + C2 + C3 + · · ·+ Cn)|ΨHF⟩ (26)

The excitation operator for the promotion of an electron to a higher orbital is denoted as Ci and the
prefactors are called CI coefficients. In practice, of course, one cannot have access to an infinite
basis set of spin orbitals, therefore choosing to work with a finite set of {χi|i = 1, 2, . . . , 2K}.
Despite the fact that these

(
2K
N

)
do not form a complete N -electron basis, the diagonalization of

the (also finite) Hamiltonian matrix yields exact solutions within the subspace spanned by these
2K orbitals, with this procedure being known as Full Configuration Interaction or Full CI as
shorthand [5, 16].

Therefore by employing the use of active spaces one can tackle larger problems, albeit with lower
accuracy, and the selection of the orbitals included in the active space is pivotal to the successful
description of electronic excitations and strong correlation effects [17]. A Complete Active Space
Configuration Interaction (CASCI) method constructs a CI wavefunction within the predefined
active space, which contains orbital that are relevant to the chemical process one is interested
in. Upon the decision of the active space, all the possible Slater determinants are generated and
then by solving the Configuration interaction Hamiltonian matrix to obtain the CI coefficients, one
arrives to the corresponding energies [16].
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1.2.3 Single reference Truncated Coupled Cluster

The Coupled Cluster family of methods present a different approach, by using an exponential
ansatz for the wavefunction, as a means of accurately describing weakly systems with dynamic
electron correlation [18]. Starting from the Hartree-Fock state, and T̂ being defined as the cluster
operator, with Tn portraying the n-body excitation operators and t coefficients within the T̂i cluster
operator, the wavefunction prepared by Coupled Cluster methods is expanded as:

|ΨCC⟩ = exp(T̂ )|ΨHF⟩ = exp(T̂1 + T̂2 + · · ·+ T̂n)|ΨHF⟩ (27)

The first two orders of the cluster operator T̂n are going to be described explicitly in this thesis
as they are the more frequently used, as T̂1 and T̂2 with the index sets Iocc and Ivirt used to
describe the indices containing the occupied and virtual orbitals respectively [5].

T̂1 ≡
∑
pq

tpqâ
†
pâq p ∈ Ivirt, q ∈ Iocc

T̂2 ≡
∑
pqrs

tpqrsâ
†
pâ

†
qârâs p, q ∈ Ivirt, r, s ∈ Iocc

(28)

When truncating the cluster operator T̂ at different levels, one can obtain different levels of the
Coupled Cluster theory, as CC Singles includes only single excitations via the T̂1 cluster operator.
The more widely used truncations of Coupled Cluster theory are CC Singles and Doubles (CCSD),
CC Singles, Doubles and Triples (CCSDT) and CC Singles Doubles with perturbative corrections
(CCSD(T)).

The CCSD approach is attractive for many quantum chemistry applications as it manages to
strike a delicate compromise between computational scaling and accuracy. Owing to its inclusion
of single and double excitations via the the T̂1 and T̂2 cluster operators, it manages to capture a
significant portion of the dynamic correlation effects for most chemically relevant systems. With a
scaling of computational effort of O(N6) on the number of orbitals N [19], it finds success in the
prediction of a plethora of molecular properties [20].

By including triple excitations in CCSDT, one can significantly enhance the accuracy for sys-
tems presenting strong correlation effects or multi-reference characteristics. However the compu-
tational cost of CCSDT scaling as O(N8) [21] is prohibitive for most applications, bar small or
medium-sized systems [20]. This led to the development of hybrid approaches between CCSD and
CCSDT, namely CCSD(T) which is CCSD with perturbative corrections to approximate the effect
of triple excitations without having to bear the full computational brunt of storing and calculating
the coefficients of the triply excited cluster operator. The CCSD(T) is regarded as the “gold stan-
dard” as it manages to capture wavefunctions with low approximation error. However, its scaling
of O(N7) [22] also renders it prohibitive for large scale simulations through classical means.
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1.3 Fermion-to-Qubit mappings

Creation and annihilation operators constitute a handy way for the representation of fermionic
states. However, most commonly available quantum computing platforms such as superconducting
qubits operate with bosons, giving rise to the need for a mapping from fermionic algebra, to
bosonic algebra, respecting the anti-commutation relations of the original fermionic behavior. This
disparity can be bridged with the help of mappings that allow one to go back and forth in these
relations. One most prominent choice throughout the literature for quantum computing is the
Jordan-Wigner (JW) mapping [23].

The Jordan-Wigner mapping translates the fermionic creation and annihilation operators into
qubit operators, obeying the Lie algebra of Pauli matrices X,Y and Z. Simple qubit creation and
annihilation operators for a qubit p can be defined as:[

0 0
1 0

]
=

1

2
(Xp − iYp),

[
0 1
0 0

]
=

1

2
(Xp + iYp) (29)

However, these operators do not respect the anti-commutation relations of fermionic operators,
which are essential in describing the Pauli exclusion principle of fermionic systems. With the
introduction of a product of Pauli Z operators called Wigner strings to these transformations, one is
able to reinstate the antisymmetric behavior of fermionic wavefunctions. Under the Jordan-Wigner
transformation, the fermionic creation and annihilation operators for a fermion with n ∈ (0, N ],
where N is the number of total fermions in the system, would be transformed to corresponding
qubit operators as follows:

Jordan-Wigner mapping

ân 7→
1

2
(Xn − iYn)

n−1∏
n=1

Zn (30)

â†n 7→
1

2
(Xn + iYn)

n−1∏
n=1

Zn (31)

There exist other fermion-to-qubit mappings, such as the Brabyi-Kitayev[24] mapping which
make use of the parity transform by combining it with the Jordan-Wigner transform to encode
shorter representations of fermionic operators, with the ability to choose a more efficient encoder,
realized by the classical data structure of Fenwick trees[25] and variants of the Bravyi-Kitaev
transformation yield different results when the total number of fermionic modes N mod 2 ̸= 0
. This more involved construction of the qubit operations results in making the Jordan-Wigner
transform the usual choice for encoding fermions to qubits.
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2 Chapter I: Quantum Simulation on Noisy Intermediate
Scale Quantum devices

Quantum computing, initially championed by Richard Feynman as an intuitive way of examining
systems in nature, has made advanced considerably from a theoretical concept into a field with
notable practical potential. Deutsch and Josza’s groundbreaking work demonstrated the quantum
advantage of performing certain calculations in fewer steps than classical computers [26]. Subse-
quent work by Shor and Grover further solidified this advantage, showcasing exponential speedups
in factoring and polynomial speedups in unsorted searches, respectively [27, 28].

One of the primary applications of quantum computing is that of Hamiltonian simulation, which

involves efficiently implementing time evolution eiĤt, where Ĥ is the Hamiltonian of the system
to be simulated, and estimating its eigenvectors and eigenvalues using Quantum Phase Estimation
(QPE). The application of this technique has led to the development of a plethora of quantum algo-
rithms for quantum chemistry [10], paving the way for potential breakthroughs in materials science
and drug discovery [29, 30, 31]. To address the resource limitations of early quantum algorithms,
researchers have focused on reducing quantum resource requirements and introducing innovative
techniques like double factorization [32], qubitization [33] and quantum Krylov diagonalization al-
gorithms [34]. Through advancements such as these, the cost of implementing quantum algorithms
has significantly lowered.

While quantum computing offers the promise of exponential speedups over classical alternatives
through such algorithms, the realization of fault-tolerant quantum computers remains a critical
challenge for their successful execution. Hardware progress has been made with technologies such
as ion-traps [35] and superconducting qubits [36], and initial demonstrations of scalable error
correction using the surface code have been achieved [37, 36]. However, the development of fully
error-corrected quantum machines capable of outperforming classical algorithms remains several
years away.
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2.1 Variational Quantum Eigensolver and its components

Although efforts towards fault tolerant quantum computers have been intensified in the recent years
via demonstrating error suppression through state certification [38] and surface code increase [37],
as well as progress in the construction of logical qubits as well as demonstrating logical memory
beyond the break-even regime [36], algorithms of interest such as Quantum Fourier Transforms
(QFT) and Quantum Phase Estimation (QPE) are out of reach for the quantum hardware available.

The Variational Quantum Eigensolver (VQE) algorithm was created as an effort to make use of
quantum computers of limited size that do not have the necessary resources to run algorithms such
as QFT or QPE [39, 40]. The study of such systems commonly referred to as Noisy Intermediate
Noisy Scale Quantum (NISQ) era devices provides important insights into the effects of noise
into circuit execution and the furthering of development of error mitigation techniques, which
are crucial pieces towards quantum error corrected systems. The VQE algorithm constitutes an
attractive avenue for NISQ systems due to their hybrid quantum-classical nature, as they can
offload a significant portion of the computation in classical computers.

The quantum part of the quantum-classical nature of the VQE algorithm arises from utilizing
the quantum computer to construct a trial wavefunction |ψ(θ)⟩ with a parametrized quantum
circuit with parametrization parameters θ = (θ1, θ2, . . . , θn), where n is the number of parametrized
gates in the circuit, serving as an ansatz. The Hamiltonian Ĥ in quantum chemistry is usually
the second quantization of the electronic structure Hamiltonian as described in Section 1.1, but
approaches using the first quantization have also been formulated [41] and the task is usually to
obtain the lowest energy state of Ĥ via this parametrized quantum circuit. Upon deciding on a
molecule, a molecular structure (geometry) and the active molecular orbitals, while relegating the
rest of the orbitals to a mean-field approximation, it is common to use a Hartree-Fock method to
construct a wavefunction in order to act as an initial state for the parametrization of the quantum
circuit.

By using a mapping to translate a fermionic system to qubits such as the mapping detailed in
Section 1.3, one is now in a position to extract expectation values of that Hamiltonian. That process
can be done via imaginary time evolution [42] or through the use of decompositions to jointly
measurable terms Ôm which then with a number of rotations into the appropriate measurement
basis can be used to form a cost function of the system to act as an oracle.

The classical part of the VQE algorithm stems from the use of a classical optimizer to guide
the procedure to the choice of θ∗ to retrieve the lowest energy configuration of the system. This
is achieved by making use of the samples obtained by the quantum computer to construct the
energy, or other relevant to the optimization procedure quantities, at various configurations of θ
to iteratively find the ground state. By leveraging the variational principle and under the premise
that the ground state or an adequately close state that one is aiming is indeed representable by
the ansatz used, this procedure gives the lowest eigenvalue of the Hamiltonian that also represents
the ground state of the system.

E(θ) =
⟨ψ(θ)|Ĥ|ψ(θ)⟩
⟨ψ(θ)|ψ(θ)⟩ =

⟨ψ|Ĥ|ψ⟩
⟨ψ|ψ⟩ , θ∗ = argmin

θ
E(θ) (32)

An additional advantage to the modular nature of the VQE algorithm is that it lends itself
to improving upon each component both irrespectively and in tandem with one another, meaning
that advancements in parameter optimization procedures for example, can be studied and occur
independently of advancements in ansätze used, but at the same time, advancements in any area can
make previously unfeasible sizes, realistic experimental goals, as well as establishing experimental
pipelines geared towards bringing all components together [11].

The main components of the VQE algorithm will be discussed in the following sections, the
inherent limitations in each as well as possible avenues to alleviate some of these shortcomings are
an active topic of research, yielding a significant body of literature. Some of the more succinct
overviews on the topic can be found in [43, 44].

2.1.1 Ansätze

Upon deciding on the mapping of the molecular orbitals whose behavior is to be simulated with
the help of the quantum computer, the efficient utilization of the available quantum resources
is of paramount importance for the feasibility of algorithms and a successful optimization, as
limited quantum hardware quality and physical qubit counts permeate the quantum computing
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landscape [40]. For that reason, the choice of ansatz is central to the success of Variational Quantum
Algorithms, owing to the fact that the ansätze used must be ideally expressive enough to capture
the dynamics one is trying to simulate, as well as managing the cost in terms of quantum resources
needed to prepare a target state from a reference state. The expressivity of an ansatz is understood
to be the ability of the ansatz to explore the Hilbert space where the initial state and the target
state are in, and its cost is measured in gates that comprise each operation of the ansatz.

Most quantum algorithms tackling chemistry problems use the Hartree-Fock state |ψref⟩ =
|ψHF⟩ = |00 . . . 011 . . . 1⟩ due to its ease in preparing it, namely by a single layer of Pauli rota-
tions [11], as a cornerstone for the construction of more involved wavefunctions with parametrized
unitary rotations as:

|ψ(θ)⟩ = Û(θ)|ψref⟩ =
∏
i

Ûi(θi)|ψref⟩ (33)

The Unitary Coupled Cluster Singles and Doubles (UCCSD) ansatz is one of the most well
known examples of an approach to VQE algorithms that is chemically motivated in its construc-
tion of the variational wavefunction [39]. Stemming from classical Coupled Cluster theory, the
UCCSD ansatz uses anti-hermitian exponential operators, substituting those described in Sec-
tion 1.2 to systematically construct a wavefunction that includes electron excitations up to the
second order from a reference state, often leading to rapid convergence for weakly correlated sys-
tems [45]. Even though any unitary can be decomposed into one- and two-qubit rotations, the
decompositions required to implement these exponential operators are not compatible with NISQ
computer hardware, so one trotterizes these anti-hermitian rotations, through the Trotter-Suzuki
formula [45, 46].

eĤt = e
∑m

j=1 Ôjt/r =

 m∏
j=1

eÔjt/r

r

+O(m2t2/r) (34)

This representation becomes exact for the limit that r → ∞, with UCCSD taking the first
order of the expansion into account when constructing an ansatz. However, after applying the
Jordan-Wigner transformation, the circuit representation one ends up with contains long CNOT
ladders that are not compatible with the capabilities of current NISQ devices [47].

On the other extreme of the cost-expressivity pendulum, there exist Hardware-Efficient Ansatz
(HEA) approaches, which aim to align themselves more directly with the native operations and
connectivity architecture of a given quantum processor, in an attempt to reduce circuit depth [31,
48]. These approaches, instead of being motivated from a specific electronic structure model such
as the second quantized Hamiltonian, it relies on repetitive tilings of the parametrized single qubit
rotation and entangling gates that are natively available in the hardware platform used, yielding
very densely parametrized ansätze. As the available gate sets of any platform are by construction
universal, it is possible to construct any arbitrary wavefunction given enough depth.

However, because the hardware efficient ansatz approach is devoid of chemical or physical
insights, it is susceptible to parametrization of non-physical parts of the trial wavefunction, making
the training of the parametrization parameters of the ansatz prone to the barren plateaus problem,
in which the optimization landscape is characterized by very small changes to the cost function
and its gradient, making the convergence to the global minimum instead of one of the many local
minima very challenging. In comparison to UCCSD, in a HEA approach, since it does not preserve
any structure of the electron-electron correlations, the VQE algorithm is likely to require more
circuit layers to achieve an accuracy that is in the same league as UCCSD for certain molecular
problems [48].

In an effort to strike a balance between accuracy and cost of implementation, additional ap-
proaches of ansätze have been explored, namely those that try to construct building blocks in
such a way that their parametrization is restricted to only relevant parts of the Hilbert space one
attempts to explore. As a result, when studying systems where select physical quantities remain
constant throughout the systems’ dynamics, classes of ansätze that preserve these quantities are
extremely useful. One such example in quantum chemistry is the Quantum Number Preserving
(QNP) ansatz as one both reasonably implementable, as well as physically motivated [49]. The
motivating insight of that class of ansatz, is that systems that have well-defined quantum numbers
that are conserved such as the total particle number in electronic structure models or total spin
magnetization in lattice models can use these ansätze to have dramatically reduced search spaces
during optimization.
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This is achieved through the use of local parametrized unitary gates that preserve the target
symmetry, while remaining expressive enough to depict complex correlations within the allowed
subspace. More specifically, these gate blocks, when tiled in a brick-layer structure, can represent
arbitrary states given sufficient circuit depth. These gate blocks act on the qubits in a way that
allows for entanglement between them to occur, but does not break the quantum number to be
preserved. Owing to the structure of the ansatz, one can simply add more layers to the ansatz
to construct a trial wavefunction with the required correlation while retaining a high degree of
tunability, as each local gate block is parametrized. This avenue separates itself from completely
unrestrained ansätze, where the trial wavefunctions that are constructed can be in non-physical
parts of the Hilbert space, that are disallowed by the symmetries of the problem one is interested in.
More information about this class of ansatz can be found in [49], as well as Sections 3.3 and 3.4.1.

2.1.2 Measurement Schemes

The process of mapping the second quantized Hamiltonian described in Eq. 14 into qubit operators
yields O(N4) Pauli terms to construct an estimator for the energy of the state. As part of the VQE
algorithm, many such measurements of these terms is required, otherwise referred to as experiment
repetitions or shots. These distinct shots, along with the variances incurred by these individual
Pauli terms comprise the total cost in quantum resources when estimating the energy to the desired
precision. Measurement schemes in VQE algorithms are centered around the task of mapping the
initial problem of measuring a large set of Pauli terms that scale rapidly with system size, to one
that is more in line with the current hardware available, by attempting to reign in circuit depth,
measurement counts and statistical uncertainty introduced by the estimators.

Decomposition-based methods aim to decompose the Hamiltonian into a sum of observables
P̂k with coefficients ck as Ĥ =

∑
k ckP̂k. As the number of Pauli terms increases rapidly for

interesting problem sizes, a common approach is to measure sets of these terms jointly in the
same shot in a shared basis [31]. By performing a basis rotation over the prepared wavefunction,
a configuration of m different partitions G1, G2, . . . , Gm of Pauli terms can be obtained that are
measurable simultaneously. To estimate the energy of the Hamiltonian, one then estimates each
disjoint partition of Pauli terms and adds their contribution to the energy as

⟨ψ|Ĥ|ψ⟩ =

m∑
i=1

∑
P̂k∈Gi

ck⟨ψ|P̂k|ψ⟩, (35)

This procedure therefore requires only m distinct measurement configurations as well as enough
measurement repetitions to reach the desired accuracy in energy estimation. It is worth noting
that some freedom is allowed into the allocation of a given shot budget over these m distinct terms,
as some terms contribute much less to the energy and have much better variance characteristics
than others, requiring much fewer shots to measure them in a given precision and allowing the
allocation of the extra shots to the rest of the Pauli terms [50]. Additional grouping strategies have
been considered such as fermionic basis rotations [51] and graph coloring methods [52] to minimize
the number of distinct partitions m needed, achieving significant reductions.

As the task of measuring one- and two-electron integrals becomes exceedingly hard as the
number of terms grows, alternative schemes such as single and double factorization schemes, which
reformulate the two-electron integrals into low-rank decompositions [53, 54, 55] have emerged. In
single factorizations, the repulsion two-body electron integrals are decomposed approximately [53]
into rank-1 objects, with double factorization approaches factorizing the rank-1 objects of single
factorization even further [54, 55]. These approximations allows for a reduction in the effective
terms needed to accurately represent the Hamiltonian. By allowing some truncation in the N(N +
1)/2 original terms makes the solution approximate, but enables even further reduction in the
overheads accrued in measurement.

Other novel approaches for measurement revolve around the use of classical shadows as estima-
tors, it is possible to estimate O(N) observables using only O(log(N)) measurements [56]. In lieu
of measuring Pauli terms or groups of Pauli terms directly, one can obtain a classical shadow repre-
sentation ρ of the quantum state by applying a random unitary transformation U that transforms
ρ→ UρU† and classically storing the outcome in a bit-string |b⟩.

E
[
U†|b⟩⟨b|U

]
=M(ρ)⇒ ρshadow = E

[
M−1(U†|b⟩⟨b|U)

]
(36)
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After gathering a multitude of randomized measurement outcomes M as shadows, it is possible
to construct estimates for a plethora of observables Ôl and through classical shadow theory there
exist geometrical arguments for the statistical guarantees on accuracy [56], only relying a non-zero
overlap of these observables Ôl with the measurement basis to be able to be estimated with the
random measurement taken.

A variety of different protocols using shadows has been developed recently for estimating the
overlaps between shadow measurements and fermionic Gaussian states [57] using the group of
Gaussian Unitaries. Lastly, the latest approaches utilize particle number symmetry to construct
estimators for k-Reduced Density Matrices scaling with O(k2η), where η is the number of particles
in the fermionic wavefunction [58]. A common idiosyncrasy of these approaches is that in current
hardware, the randomized measurements required by these protocols is very demanding as loading
a new quantum circuit representing a random unitary to measure at every iteration takes orders
of magnitude longer than taking repeated samples from a specific circuit, owing to the control
electronics of the quantum computer [59].

2.1.3 Optimization of parametrized quantum circuit

The process of finding the optimal parameters of a parametrized quantum circuit to represent
the desired energy state is the centerpiece of what constitutes VQE a hybrid quantum-classical
algorithm, as it allows for the classical compute to alleviate some of the brunt of the optimization
procedure. The choice of optimizer depends heavily on the hardware characteristics of the quantum
device such as repetition rate, loading and cooling times, as well as the intricacies of the cost
function one is trying to optimize, including but not limited, to whether the cost function is
differentiable, auto-differentiable, its gradient and curvature in parameter space.

A significant source of error in these optimization routines that aim to find parameters θ =
(θ1, θ2, . . . , θn), where d is the number of real, tunable parameters in the quantum circuit such
that E(θ) = ⟨ψ(θ)|Ĥ|ψ(θ)⟩ is minimized comes from the samples themselves, as most quantum
setups are prone to noise in over- or under-rotations of the input parameters or readout errors.
These optimizer routines often rely on gradients of the cost function constructed for estimating
the energy of Ĥ, or higher order derivatives such as Hessians [60]. This also makes shot noise
arising from the statistical nature of finite quantum measurements as well as the barren plateaus
that cost functions exhibit structurally additional challenges to be considered, as some optimizers
might be appropriate when simulating hardware on a classical computer, but not suitable when
working with real hardware and inversely.

The nature of optimization procedures as well as the unique characteristics of each procedure,
make the selection of the optimization routine a key factor in the convergence of Variational Quan-
tum Algorithms. The following section contains a small choice of optimizers that are frequently
used across hybrid quantum-classical optimization loops, denoting their basic principles as well
as a few advantages and disadvantages related to each, as the is currently is no optimizer that
constitutes a panacea for iteratively updating the parameters in quantum circuits.

2.2 Optimization algorithms in hybrid quantum-classical procedures

Variational quantum algorithms have been prominent candidates for application on quantum de-
vices by leveraging classical optimizers to optimize quantum circuits, mitigating the need for exten-
sive quantum resources and enhancing resilience against coherent noise, through their requirement
for shorter quantum circuits and by providing protection against noise through the ability of op-
timizing away the systemic gate under/over rotations, meaning the gate does not perform exactly
the operation it is expected to due to errors in calibration and noise. The classical optimization
component of these variational quantum algorithms often favors gradient-free optimizers, often
yielding better performance in terms of robustness against noise, but with the increasing complex-
ity of VQA optimization problems, which are, in the worst case, NP-hard [61], more sophisticated
approaches are required. Optimization algorithms that require gradients or higher order deriva-
tives can have better performance, but may fall prey to the barren plateau problem caused by
the exponential dimension of the Hilbert space when simulating with more and more qubits [62],
as well as the resources required for calculating those higher order derivatives can be excessively
costly.

The choice of optimization algorithm of the parametrized ansatz is as crucial as the choice of
the rest of other components of the VQE procedure, as it is relying on a multitude of factors. Such
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factors encompass the quantum computing platform used, its characteristics and the tolerance for
noise as well as hyperparameter sensitivity of the optimization algorithm in reliably converging the
cost function for a plethora of cases to avoid overfitting.

One crucial insight of quantum cost functions resides in the fact that the cost functions which are
derived from quantum gates are trigonometric polynomials, where the number of eigenvalues of the
generators of the quantum gates is equivalent to the order of these polynomials, thus paving the way
for generalized parameter shift rules to be formulated [63]. Parameter shift rules of quantum gates
has enabled the potential for gradient based algorithms to be used extensively when applicable,
allowing for a more diverse ecosystem of algorithms to be at the arsenal of hybrid quantum-
classical optimization procedures, as this allows the omittion finite-difference derivatives which are
unreliable in NISQ devices due to noise, either from measurement shot-noise or miscalibration of
the quantum circuit [64, 65, 49].

2.2.1 L-BFGS-B

The Limited-memory Broyden-Fletcher-Goldfarb-Shanno algorithm extended for Bound constraints
(L-BFGS-B) [60, 66, 67] is a quasi-Newton optimization method, geared towards handling bound-
constrained problems, meaning it is suited for finding the minimum of a function which is con-
strained to upper and lower bounds on its variables. This attribute of the L-BFGS-B algorithm
The feature of using limited memory by storing vectors representing the inverse Hessian instead of
the n×n approximation in memory, where n are the number of bounded plus free variables of the
problem, makes it a popular choice in terms of efficiency, even for large scale problems and makes
the L-BFGS-B algorithm a prime candidate for zero-noise optimizations of parametrized quantum
circuits, as most quantum gates are periodic to some k ∈ N multiple of 2π.

Upon the k-th iteration and having stored in memory m updates, the algorithm assumes an
estimate of the optimal value x0, where x0 is the set of initial optimal values parametrizing the
cost function to be minimized by the algorithm, and their corresponding derivatives gk := ∇f(xk).
These derivatives play an central role in the formation of the estimate for the Hessian matrix of
f(x) [68]. The saved updates m for the positions and their gradients are stored as sk = xk+1−xk

and yk = gk+1− gk respectively, with ρk = (y⊤
k sk)−1 being the initial construction of the inverse

Hessian at the k-th iteration and ⊤ symbol for denoting the transpose of the yk vector. The BFGS
recursion for the inverse Hessian is implemented as:

Hk+1 = (I − ρksky⊤
k )Hk(I − ρkyks

⊤
k ) + ρksks

⊤
k

With these tools in hand for the position updates sk and gradient updates yk, one can calculate
the descent direction for the k-th iteration with k > 0, by defining q = gk and then performing the
following recursive procedure [68]:

q = gk
for i = k − 1, k − 2, . . . , k −m do

αi = ρis
⊤
i q

q = q − αiyi

end for

γk =
s⊤
k−1yk−1

y⊤
k−1

yk−1

H0
k = γkI

z = H0
kq

for i = k −m, k −m+ 1, . . . , k − 1 do
β = ρiy

⊤
i z

z = z + si(αi − βi)
end for

This procedure yields the search direction for maximization problems, whereas for minimization
problems, one can simply take z = −z.

The L-BFGS-B algorithm is widely adopted for its efficiency, reliability, frugality of resources
required and its versatility, as it can be used in a plethora of different optimization problems.
However, it is not without shortcomings, as it is prone to converging to local minima due to
the vanishing gradients of the parameter landscape and its sensitivity to initial conditions make
its application a non-trivial task. In most real-world applications and use cases, the L-BFGS-B
algorithm would not be well-suited, as its reliance on gradient calculations would both pose an
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exorbitant cost in resources needed for calculating the quantities dictated by the algorithm, as
well as require a vast number of repetitions to ensure noise does not obfuscate the results of these
gradients.

2.2.2 Rotosolve

When examining parametrized quantum circuits and their intricacies, it is possible to come up with
more efficient methods for performing that specific optimization task. The Rotosolve optimization
algorithm [69] leverages the fact that, given an objective function expressed by Hermitian operator
M and the candidate solution to the optimization problem described by that objective function
can approximated by a parametrized quantum circuit Û = ÛD . . . Û1, most quantum circuits can
be decomposed to either fixed gates such as a Controlled-Z or parametrized gates of the form
Ûd = exp(−i θd2 Hd), with θd ∈ (−π, π] and Hd being Hermitian and Unitary matrices. For a
particularly interesting case where the generator has eigenvalues ±1, the following gives the optimal
angle of each θd as a closed form expression:

θ∗d = argmin
θd

⟨H⟩θd

= −π
2
− arctan2

(
2 ⟨H⟩θd=0 − ⟨H⟩θd=π

2
− ⟨H⟩θd=−π

2
, ⟨H⟩θd=π

2
− ⟨H⟩θd=−π

2

)
Genereralizations of these formulas can be found for any gate satisfying parameter shift rules [49].

One of the greatest advantages of the Rotosolve optimization algorithm is its tailored nature to
finding the optimal angles in rotation gates within very few objective function evaluations, which
can be predetermined at the start of each iteration of the optimization procedure, alleviating the
cost of re-programming the control electronics of the quantum computer and submitting constantly
new circuits [70]. Although Rotosolve performs exceptionally well in the absence of noise when
evaluating the objective function, that stands to be its main limitation as it struggles to find
optimal solutions in noisy parameter landscapes. Additionally, its reliance on having at least 3
evaluations for each free parameter in the optimization problem is a liability when dealing with
ansätze that have a very large number of parameters in their parametrization.

These unique characteristics have sparked interest for further improvements of the Rotosolve op-
timizer, with notable results revolving around the commonly used Unitary Coupled Cluster (UCC)
ansatz for simulating quantum chemistry problems, replacing the usual θ = 0 parametrization that
would yield the Hartree-Fock state, with parameters generated by the second order Møller-Plesset
(MP2) perturbation theory for initial parametrization of the UCC ansatz [71]. Moreover, an ex-
tension of Rotosolve is RotoSelect [69], which also performs optimization on the ansatz itself,
in an effort to reduce the generators and rotations needed, while still being ansatz-agnostic like
Rotosolve.
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2.2.3 SPSA

The Simultaneous Perturbation Stochastic Approximation (SPSA) algorithm [72] is a stochastic
gradient-free optimization algorithm that is regarded as well-suited for problems with noisy ob-
jective functions or when the gradient is difficult or expensive to compute. Unlike gradient-based
optimization methods, SPSA estimates the gradient using a perturbation scheme, making it a no-
table candidate for the optimization task of parametrized quantum circuits with a high number of
circuit parameters.

At each iteration, the current parameter vector is perturbed in two directions, and the objective
function is evaluated at both perturbed points. By comparing the function values at these points,
SPSA estimates the gradient direction with the help of gain sequences ak and ck, controlled by
the hyperparameters a, c, A, α and γ [73]. These hyperparameters denote the gradient scaling
parameter, the scaling parameter, the gradient stability constant, the gradient scaling exponent
and the scaling exponent respectively. This estimated gradient is then used to update the parameter
vector, moving it towards a region of lower objective function values. The perturbation scheme
employed in SPSA ensures that the gradient estimate remains unbiased, even in the presence of
noise.

Considerable effort has directed towards leveraging the inherent benefits of SPSA such as
foregoing the need for explicit gradient measurements, with other techniques such as the Quantum
Natural Gradient (QNG) [74], [75], requiring very few quantum circuits to estimate the gradient
by constructing approximations of the Fubini matrix, or adaptive momentum for adjusting the
effect of the calculated gradient [76].

While SPSA and the relevant variants of the algorithm offer several advantages, they also have
limitations. One of its primary advantages is its classical computational efficiency, especially for
large-scale problems, as by avoiding the explicit computation of the gradient, SPSA can signif-
icantly reduce computational costs. Additionally, SPSA is relatively robust to noise due to the
random choice for each component of the perturbation vector. However, SPSA may converge
slower than gradient-based methods for smooth, noiseless problems. Furthermore, the small per-
turbation required by the algorithm is also its main crux in current noisy hardware, as the choice
of perturbation size can affect the algorithm’s convergence rate and accuracy.

Lastly, the SPSA algorithm is highly sensitive to the selection of hyperparameters for the
coefficients a, c, A, α and γ, making the process of finding hyperparameters that would perform
well in a given problem a considerable challenge. The author proposes a method through which
this critical process of finding good hyperparameters with which to perform the optimization of the
parameters governing a quantum circuit can be made systematic, through careful consideration of
the quantum resources available and their effect on the optimizer.
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2.2.4 Surrogate models of cost functions for optimizers

In the ideal scenario of noiseless experimental conditions or in a FTQC regime, gradient-based op-
timizers like L-BFGS-B optimization algorithm described in Section 2.2.1 are able to consistently
converge to optimal solutions. However, the introduction of experimental or sampling noise sig-
nificantly complicates the optimization landscape, rendering many energy estimators unstable. To
address this challenge, previous research has explored stochastic-based [77, 78] and model-based
optimization approaches [11, 79]. In NISQ computing systems, it is of vital importance to tackle
the task of evaluating the parametrized quantum circuit ansatz efficiently. As such, in an effort to
utilize the concept of gradient descent without extracting numerical gradients from the quantum
device, one can use surrogate models whose gradients can be computed more readily.

Surrogate models in hybrid quantum-classical optimization algorithms are approximations of
the true objective function based on sampled quantum data. They provide a computationally
inexpensive way to estimate the objective function’s behavior, enabling more efficient optimization
strategies. Common surrogate model choices are polynomial models of quadratic order or higher
to fit the sampled data [79, 11, 59] and Gaussian processes [80] providing a probabilistic approach
by defining a distribution over functions and their ability to quantify uncertainty.

In [79], [59] additional benefits of surrogate models pertaining to circuit batching and its effects
on wall clock time are detailed. The ideas presented in [59] a step further, by performing a line
search to find the optimal step in the conjugate gradient direction, while still retaining the advan-
tages of utilizing previously sampled neighboring points to construct surrogate function models,
as well as examining the potential use of the second order coefficients when fitting a quadratic
function. The main surrogate model that will be examined in this thesis is that of a quadratic
function when tasked with approximating a Hamiltonian near its ground state.

Preconditioning and its effects on optimization procedures

Using the quadratic model fitted to the samples taken by a quantum device using least squares
linear regression fitting with polynomial features, one can use the gradient of that quadratic model
as a guide for making a gradient descent algorithm. However, when fitting a quadratic model, one
can maximize the knowledge gained by the second-order terms of the quadratic model, accounting
for the curvature of the cost function landscape which often contains barren plateaus. Therefore,
the Hessian matrix H can be used as a preconditioner matrix M to the standard gradient descent
process as:

θk+1 = θ − αM−1∇C(θk) (37)

where θi is the point around which the cost function C(θ) is approximated with the help of a
quadratic model and α the step size, with α ∈ R, which is typically taken to be equal to the first
order gradient.

A benefit of using the Hessian as a preconditioner matrix is the improvement of the conver-
gence rate of the algorithm by reducing the condition number of the matrix it is transforming [81].
Another consequence of transforming the system is the clustering of its eigenvalues more tightly,
improving the convergence rate of iterative methods. The use of Hessians as preconditioners for
gradients incurs additional considerations when designing an optimization algorithm, such as the
computational overhead of the Hessians construction, storing and application to the gradient vec-
tors, with some algorithms such as the L-BFGS-B algorithm described in Section 2.2.1 employing
intricate strategies of circumventing those challenges.

2.2.5 Conjugate Model Gradient Descent algorithms

The Conjugate Gradient Descent (CGD) algorithm is an iterative method for solving large-scale
optimization problems [82], particularly those involving large, sparse, symmetric positive-definite
matrices. Originally developed for solving linear systems of equations, the algorithm has been
extended to tackle nonlinear optimization problems as well. It is well equipped for dealing with
high-dimensional spaces where direct methods, such as direct diagonalization of the Hamiltonian
operator Ĥ to find its eigenvalues, become computationally prohibitive. As this optimization
problem of finding ground states of Hamiltonian operators describing quantum systems in quantum
chemistry can be approximated by a quadratic function, one can take advantage of the CGD
optimization algorithm to construct an optimizer that is tailored to quantum circuits simulating

16



such Hamiltonian operators through the use of surrogate models. At its core, the CGD algorithm
seeks to minimize a quadratic function of the form:

f(x) =
1

2
x⊤Ax− b⊤x + c

where A is a symmetric positive-definite matrix, b is a vector and c is a scalar constant. The method
generates a sequence of approximations xk that converge to the true solution x∗ by moving along
conjugate directions. It is this property of the constructed search directions directions that ensures
that each new search is orthogonal with respect to the symmetric positive-definite matrix A that
yields improved convergence efficiency.

Armed with an initial guess x0 and the initial residual r0 = b−Ax0, the initial search direction
d0 = r0, and kmax the maximum number of iterations allotted to the optimization algorithm, an
overview of the CGD algorithm steps are as follow [83]:

for k = 0, 1, . . . , kmax do

Compute step size: ak =
r⊤
k rk

d⊤
k Adk

Update the solution vector: xk+1 = xk + akdk

Compute the new residual: rk+1 = rk − akAdk

Compute the conjugate direction coefficient: βk+1 =
r⊤
k+1rk+1

r⊤
k rk

Update the direction: dk+1 = rk+1 + βkdk

Check convergence criteria; else increment k by 1.
end for

It is worth noting that the conjugate direction coefficient β has multiple ways of being cal-
culated [84, 85, 83, 86], whose impact is situational on the properties of the cost function to be
minimized.

This sets up the stage for utilizing the work on surrogate models for approximating the cost
function, making the most out of the samples for the expectation value taken by the quantum
device. By combining the use of a surrogate model cost function fitted to the samples taken as a
proxy for the true cost function landscape, the conjugate gradients offer a plethora of advantages,
such as performance guarantees and known error bounds from the target vector per iteration,
compared to solely relying on the first-order coefficients extracted from the fitted model [79],
culminating to the creation of the Conjugate Model Gradient (CMG) algorithm by the author [59],
as outlined in Section 3.3.

Performance guarantees of Conjugate Gradient Descent

The use of conjugate gradients as directions of descent for optimization of parametrized quan-
tum circuits stems from the performance guarantees that algorithm can provide, assuming the
matrix A of dimension n×n is symmetric positive-definite and the estimator function f is convex.
More specifically, performance guarantees about the convergence rate of the method where the
method is proven to converge at most n iterations in exact arithmetic but convergence in floating-
point arithmetic where physically meaningful convergence criteria are introduced, convergence is
typically achieve in far fewer steps [87].

Claims about the error bounds after k iterations can also be made, such that the error in the
norm of A after k iterations satisfies [83, 87]:

∥xk − x∗∥A ≤ 2

(√
κ− 1√
κ+ 1

)k

∥x0 − x∗∥A (38)

where κ = λmax

λmin
is the condition number of matrix A and λmax, λmin are the maximum and

minimum eigenvalues of A. This highlights further the fact that the CGD method converges
faster when the condition number κ is lower, meaning the matrix A is better conditioned. In
scenarios where this is not the case, preconditioning techniques can be employed to ameliorate the
convergence rate, but not with guaranteed results [88].
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Conjugate Model Search

In an iterative optimization algorithm like Conjugate Model Gradient optimization, the step
size plays a critical role in the convergence speed of the optimization procedure, its stability as
proper step size selection can help in the prevention of overshooting minima in the optimization
landscape or slow down the convergence if the step sizes taken are too small. Motivated by the good
performance characteristics of L-BFGS-B, the choice in step size for a Conjugate Model Gradient
algorithm can be adjusted through the same exact or inexact line search methods used in the line
search optimization of the L-BFGS-B algorithm such as Wolfe or backtracking line search [89, 90].

In Alg. 1, an algorithm is outlined which helps tackle these issues via line searching for the
appropriate step size along the descent direction dictated by the Conjugate Gradient method,
following the same convention of [79] for reparametrizing the sample number k as k = η(m+1)(m+
2)/2, where m is the number of parameters to be optimized. The benefits of improved robustness
when the surrogate model constructed by the quantum samples taken from the quantum device does
not depict the cost function landscape precisely do not come without drawbacks, such as increased
quantum resources as the region that needs to be explored by the line search optimization might
be outside of the previously explored and sampled parameter space. This, in practice, can mean
an increase in batches of quantum circuit executions, which is often one of the most demanding
resources with respect to wall-time when running hybrid quantum-classical algorithms, as will be
discussed in greater detail in Section 2.2.6. The way that the optimal step size αm for these
optimization algorithms is decided, when f is the oracle function and V is the gradient (either
given or constructed) is described by:

αm = arg min
α

f(x + αV ) (39)

Another important aspect of optimization algorithms is their sensitivity to the selection of hyper-
parameters which have a direct impact on their performance, be it in the form of convergence rate
or accuracy when converged. By permitting more freedom in the choice of the step size hyperpa-
rameter and allowing the optimization procedure to find an optimal step size along the conjugate
gradient descent direction, Conjugate Model Search (CMS) can self-regulate it and achieve more
consistent results.

Preconditioned Conjugate Model Search

In Alg. 2, the algorithm for an optimization procedure is presented where the second order
information of the quadratic model fitted in one of the steps of the Conjugate Model Search
algorithm is utilized as a preconditioner for faster convergence of the optimizer. This is done by
using the coefficients of the second order polynomial terms of the quadratic model in Alg. 1 to
construct a matrix that approximates the Hessian of the gradient via the process detailed in Eq. 37.

Since this poses no quantum overhead to the optimization algorithm, as it does not require
more samples from the quantum device, it is convenient to use preconditioning of the gradient
by using the approximate Hessian matrix constructed from the coefficients of the surrogate model
that was fitted during the sampling stage. As a consequence, instead of relying on second order
derivative observables, in cases where the cost function can be locally approximated by a quadratic
form, the Preconditioned CMS optimization routine can offer a compromise between computational
tractability and search directions informed through higher-order derivatives of the cost function.

This method enables the CMS algorithm to have more curvature awareness of the cost function,
and accelerating convergence in some cases. In practice, it is a common strategy to adopt schemes
for controlling the updates of the approximate Hessian prior to applying it to the gradient, as
it can accumulate errors over iterations of the routine, such as the periodic recalculation of the
approximate Hessian after a fixed number of updates or enforcing a trust region for its condition
number.

However, it is worth noting that after extensive numerical experimentation from the author,
this approach does not seem to yield reliable numerically stable convergence for larger problems.
The most likely culprit of those instabilities seems to come from the approximate Hessian matrix
used, as some second order coefficients tend to be very small, leading to a very large condition
number κ for the matrix, as the condition number for the approximate Hessian often ended up
outside the bounds of trust regions.
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Algorithm 1 Conjugate Model Search

Input: Initial point x0 of dimension N , learning rate γ, sample radius δ, maximum iterations
n, number of new samples η, rate decay exponent α, stability constant A, sample radius decay
exponent ξ, tolerance ε, oracle for function f .

1: Initialize lists L, L′

2: Initialize a list G
3: Initialize a list H
4: Let k ← η(N + 1)(N + 2)/2
5: Let x ← x0

6: for m in 0. . . n do
7: Let δ′ ← δ/(m+ 1)ξ

8: Sample k points uniformly at random from the δ′-neighborhood of x to generate a set S
9: for each x′ in S ∪ {x} do

10: Add (x′, f(x′)) to L
11: end for
12: Clear list L′

13: for each tuple (x′, y′) in L do
14: if |x′ − x| < δ then
15: Add (x′, y′) in L′

16: end if
17: end for
18: Fit f(x) = xTAx+bx+c ∼ y to the points (x′, y′) in L′ using least squares linear regression.
19: Let gm be the gradient of f at x (i.e. gm = b).
20: if |gm| < ε then
21: return x
22: end if
23: if m = 0 then
24: Let h0 ← g0
25: else
26: βm ← gT

mgm/gT
m−1gm−1

27: hm ← gm + βmhm−1

28: end if
29: γ′ = γ/(m+ 1 +A)α

30: Let V ← −hm ∗ γ′
31: Perform line search around x in the direction of V , obtaining optimal step size α
32: Add gm to the list G
33: Add hm to the list H
34: Let x← x− α · γ′ · hm
35: Let m← m+ 1
36: end for
37: return x
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Algorithm 2 Preconditioned Conjugate Model Search

Input: Initial point x0 of dimension N , learning rate γ, sample radius δ, maximum iterations
n, number of new samples η, rate decay exponent α, stability constant A, sample radius decay
exponent ξ, tolerance ε, oracle for function f .

1: Initialize lists L, L′

2: Initialize a list D
3: Initialize a list H
4: Let k ← η(N + 1)(N + 2)/2
5: Let x ← x0

6: for m in 0. . . n do
7: Let δ′ ← δ/(m+ 1)ξ

8: Sample k points uniformly at random from the δ′-neighborhood of x to generate a set S
9: for each x′ in S ∪ {x} do

10: Add (x′, f(x′)) to L
11: end for
12: Clear list L′

13: for each tuple (x′, y′) in L do
14: if |x′ − x| < δ then
15: Add (x′, y′) in L′

16: end if
17: end for
18: Fit f(x) = xTAx+bx+c ∼ y to the points (x, y) in L′ using least squares linear regression.
19: Let p be the cardinality of the set of parameters representing point x
20: Let M be an p × p matrix, containing the second order coefficients of the least squares

linear regression.
21: Let gm be the gradient of f at x (i.e. gm = b).
22: Let dm ←M−1gm be the preconditioned gradient
23: if |dm| < ε then
24: return x
25: end if
26: if m = 0 then
27: Let h0 ← d0

28: else
29: βm ← dT

mdm/dT
m−1dm−1

30: hm ← dm + βmhm−1

31: end if
32: γ′ = γ/(m+ 1 +A)α

33: Let V ← −hm ∗ γ′
34: Perform line search around x in the direction of V , obtaining optimal step size α
35: Add dm to the list D
36: Add hm to the list H
37: Let x← x− α · γ′ · hm
38: Let m← m+ 1
39: end for
40: return x
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2.2.6 Wall-time cost models for quantum computing devices

Computational time taken by an algorithmic procedure is of vital importance, as these times have
to be constrained within the decoherence time of the quantum computer they are employing. For
NISQ devices, taking into account the computational time is an absolute necessity, because as
powerful error mitigation techniques might be, they cannot make up for the degradation of the
quality of results taken past the decoherence time of the quantum device [91, 92].

When factoring into consideration the wall-time constraint imposed by the hardware of quantum
devices, the need of measuring the performance characteristics of each optimizing algorithm and
their potential for use in hybrid-quantum optimization becomes imperative. Through the use of
time cost models, it is possible to make resource estimates for various problem sizes as well as
different quantum devices that come with their own innate characteristics, as they vary wildly
across different devices and architectures and play a central role in the feasibility and success of a
variational optimization approach in NISQ devices.

Wall-time cost model of a superconducting qubit device

Most superconducting qubit experimental arrays are controlled via digital electronics that pro-
gram the sequence of pulses that drive the superconducting chips to perform operations. The
programming of those Field Programmable Gate Arrays (FPGAs) is a very demanding aspect of
quantum hardware engineering but its esoteric knowledge is outside the scope of this thesis. What
is important to this thesis is the knowledge that in comparison to taking repeated shots of the
same circuit with the same circuit parameters, loading a new circuit layout, be it through different
circuit parameters at a given circuit or a different circuit layout altogether, are changes that carry
significant impact to the performance of the quantum device.

Moreover, it is important to note that the way those changes are submitted to the quantum
device matters, as requesting a completely unrelated circuit layout from the quantum devices differs
orders of magnitude in terms of wall-clock time, rather than swapping from one circuit to another
that when those have sent as a batch of circuits to the FPGA [59].

In this thesis, the wall-clock time model for a Google Sycamore chip that is described in [59] is
used as a measure of how long the optimization procedure takes when accounting for the parameters
that extend beyond just counting epoch iterations of the respective algorithms. More specifically,
the parameters for characterizing optimizer performance are the number of batches of circuits that
are sent to the controlling device of the quantum computer, the number of distinct circuits one
needs to execute in order to acquire the expectation values needed, as well as the number of the
experiment repetitions, denoted below as a, b and c respectively:

twall = a ∗ 1s+ b ∗ 0.042s+ c ∗ 5 ∗ 10−5s. (40)

Wall-time cost model of a trapped atomic ions qubit device

Another popular platform for quantum computing is trapped atomic ions, which typically
exhibit encouraging qubit counts and gate operation fidelities over their superconducting counter-
parts, but current hardware allows for experiment repetition rates that are dramatically slower [93]
than superconduting qubits. In this thesis, in collaboration with the Johannes Gutenberg Univer-
sität Mainz, the author performed benchmarking for a time-cost of their quantum computer setup.
A simple circuit comprising of layers of a parametrized single qubit Y rotation (RY ) gate and a
parametrized IsingZZ, denoted IZZ , gate per qubit was used to measure the impact of different
shots, qubit counts as well as layerings of the same circuit to probe the effects of circuit depth.
A graphical representation of such a circuit for 4 qubits and 2 layers of such an array of gates is
depicted in Fig. 1.

Circuits of that repeated structure can be used to probe the behavior of devices when crucial
quantities such as circuit depth and the number of qubits in the circuit, as well as the shots of a
given circuit. The gates used for these circuits have been chosen from the native gate set supported
by the device, to yield a best-case scenario of the performance, from a calibration perspective. This
resulted in the data of Fig 2 to be generated, when averaged over 10 experimental runs.
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Figure 1: Benchmarking circuit layering of RY gates and IsingZZ gates for investigation of the
Johannes Gutenberg Universität Mainz quantum device behavior when submitted with circuits
of different size and depth, as well as the effect of the variation of shot repetitions on wall-time
performance.
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Figure 2: Wall time in seconds for executing a circuit with structure described by Fig.1 for a given
number of shots.

Based on the dataset of benchmarking wall-time required by the quantum device shown in
Fig. 2, a wall-time cost model that would describe the devices behavior is expected to display the
effect of adding more experimental repetitions on wall-time and the toll of ion shuttling should
be evident both via increasing the circuit size, thus requiring more operations per experimental
repetition from the quantum hardware and even more prominently via the increase in number of
qubits, as that dramatically increases the number of shuttling operations required to implement
the given circuit.

Owing to the intricacies of each quantum device, there is a plethora of factors influencing
the choice of optimization algorithm when running hybrid quantum-classical algorithms with the
help of those devices. Due to that, the subsequent choice of hyperparameters and therefore, the
performance of each optimization algorithm play a paramount role in the success and feasibility of
such algorithms. In Section 2.3, a systematic way for finding suitable hyperparameters is proposed,
based on the problem and the quantum device at hand.
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2.3 Genetic hyperparameter tuning

As outlined in Section 2.2.6, the choice of appropriate hyperparameters plays an instrumental
role in hybrid quantum-classical procedures. As such, the careful selection of hyperparameters is
paramount in an optimizers’ performance. These parameters, which govern an algorithm’s behav-
ior, can significantly influence convergence speed, solution quality, generalizability meaning to be
readily applicable to a variety of optimization tasks, and computational efficiency. An optimizer
with well-tuned hyperparameters can exhibit accelerated convergence, improved solutions quality
and optimized resource utilization. Techniques like grid search, random search, Bayesian optimiza-
tion, and evolutionary algorithms can be used to identify optimal hyperparameter configurations
effectively, leading to superior outcomes in various optimization tasks compared to using them
without any regard to the selection of their hyperparameters. To that end, a systematic way of
comparing the performance of different sets of hyperparameters for a given optimizers, as well as
the performance of various optimizers for a given problem, the author proposed a methodology
for tackling that objective with a central point being the assignment of performance metrics to
optimization paths.

2.3.1 Performance metric of a set of hyperparameters for a given optimizer and
problem

The introduction of a performance metric of the hyperparameter set is necessary in the effort of
evaluating how suitable they are for the optimization task they are trying to perform. The author
of this thesis proposes the following formula as a performance metric p as a numeric criterion
of hyperparameter set performance, with t being the wall-time required for the completion of the
optimization algorithm, c is the cost function value that the optimization procedure returned, o is
the optimal value of the optimization procedure of the cost function could possibly converge, while
a and b are constants for influencing the balance between speed and distance of the cost function
value returned by optimization procedure from optimal cost respectively:

p = at+ H(c)eb(c−(o+|ε|)) (41)

where H(c) denotes a step function to act as an activator or a nullifier, as an optimization might
converge numerically below or above the optimization target, with

H(c) =

{
1 c− (o+ |ϵ|) ≥ 0

0 c− (o+ |ϵ|) < 0
(42)

This formulation encapsulates both the hardware intricacies of the quantum device used in the
hybrid algorithm, as well as allowing for tuning based on the resolution one needs for that particular
optimization. For example one might not need that many experiment repetitions (and therefore
wall-time) for a given accuracy of converging to the solution, as is the case with Hamiltonians
with a ladder-like spectrum, like the Hubbard-type Hamiltonian described in Section 2.3.4. In
Section 2.3.5 it is shown that hyperparameters that are acquired through this route are able to scale
onto larger problems and perform better than their out-of-the-box hyperparameter counterparts,
providing a path for a reasonable balance between hyperparameter optimization and computational
wall-time.
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Figure 3: Figure showing the behavior of the performance metric function described in Eq. 41 for
a = 25, b = 3 and ϵ = 0.1 with o = 0 for simplicity. This graph shows the behavior that the
performance metric function penalizes any increase in wall-time, but prioritizes more heavily the
accuracy to a given tolerance ϵ.

2.3.2 Genetic Hyperparameter Tuning optimization algorithm

Following, we present the algorithm for generating and tuning hyperparameters of optimizers to
improve towards a given performance metric which is calculated by equation 41 for a specified
problem.

Continuing, it is necessary to choose a systematic way with which each generation of sets
of hyperparameters is created, as different hyperparameters might have various intuitive ways
of being optimized due to what they are influencing in the optimization algorithm, such as the
number of shots used in an expectation value estimation or the number of different samples needed
to construct a surrogate model for the cost function as shows in Section 2.2.4. A selection of
different possible strategies for generating sets of hyperparameters is the following:

• Linear scaling: Generally used for hyperparameters with predictable desired behavior, such
as the number of repetition shots in a quantum circuit where striving for lower is desirable.

• Uniform random selection from an interval: Useful for hyperparameters which have values
in a known, closed interval.

• Random selection from normal distribution: Most commonly used for hyperparameters which
one already has a good estimate of what a suitable value is, but with the help of standard
deviation, one can skew the selection of the value.

• Genetic mutation: Taking reference from genetics, select a size rescaling mutation ms, and
set a mutation rate mr, with mr ∈ [0, 1]. Then, select a random number r, with r ∈ [0, 1], if
r is above the mutation rate mr, keep the generated hyperparameter value mshp, else keep
the original hyperparameter value hp.

• Physical model of randomness: Can be any source of physical randomness such as atmospheric
noise, physically fair dice, etc.
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Upon choosing a performance metric formula and a generation strategy for each hyperparam-
eter, as well as guidance for each generation strategy, an algorithmic procedure can be executed
to find sets of hyperparameters that minimize the performance metric suggested in Eq. 41. The
cornerstone of that procedure is the iterative nature through which the sets of hyperparameters
are assigned a performance metric based on the constraints set besides the initial problem and the
quantum device, such as the accuracy one needs to reach in evaluating the cost function. This
allows for hyperparameters that have major impact on the performance metric to steer the selec-
tion of hyperparameter sets accordingly. Moreover, it is important to average over a number of
independent optimization runs and to take into account the variance of these runs as:

paveraged =
√
p̄2 + p̃ (43)

where p̄ denotes the mean over the performance metrics obtained in the Genetic Hyperparame-
ter procedure, and p̃ denotes the variance of these performance metrics. The optimization path an
optimization algorithm takes through parameter space is rarely deterministic, so such measures are
needed to mitigate any outliers due to the stochasticity of the procedure and arrive consistently to
reasonable results, and by extension, the acceptance of a new set of hyperparameters as the best
performing.

Algorithm 3 Genetic Hyperparameter Tuning Optimization

Input: Initial set of hyperparameters x0, target energy t, cost tolerance ε, number of averaging
runs n, set of guidance rules G containing a mutation rule gi for each hyperparameter i in set x0,
number of generations M

1: Initialize a list b representing the best performing hyperparameters found
2: for i in 0. . .n do
3: Perform optimization with given hyperparameters x0
4: Assign performance metric pi to the set of hyperparameters to each optimization run
5: end for
6: Average performance metrics pi over n optimization runs to get averaged performance metric
p0

7: Let x ← x0
8: for m in 0. . . M do
9: Apply guidance rule gi to each hyperparameter i in x, to get a set of transformed hyper-

parameters xm
10: for r in 0. . . n do
11: Perform optimization with given hyperparameters xm
12: Assign performance metric pr to the set of hyperparameters to each optimization run
13: end for
14: Average performance metrics pr over n optimization runs to get averaged performance

metric p
15: if p ≤ b then
16: b ← xm
17: end if
18: end for
19: return b
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2.3.3 Unitary paired-Coupled Cluster Doubles Ansatz

Careful consideration is needed regarding the use of the limited quantum resources provided by
NISQ devices, with sources of inspiration being available in fields relevant to the computation one
wants to perform on these devices. The Unitary Paired Coupled Cluster Doubles (UpCCD) ansatz
draws intuition from the pair-electron (seniority-zero) approximation, in which all molecular or-
bitals are treated as doubly occupied or completely unoccupied. The benefit of this approximation
arises from the restriction of the Hilbert space that the Hamiltonian spans and therefore reducing
the computational complexity in comparison to unrestricted coupled cluster methods.

Even with the approximations employed by the UpCCD ansatz, it is expressive enough to
replicate results of the Doubly Occupied Configuration Interaction (DOCI), which constitutes
an exact solution for the electronic structure problem within the zero-seniority subspace. The
effectiveness of UpCCD has been demonstrated to be very high in systems that are dominated by
static correlation, such as bond-breaking processes, as opposed to systems that rely more heavily
on dynamic correlation, with correlations beyond the zero-seniority approximation proving useful
for the description of short range electron-electron interactions.

The main appeal of this approximation comes fom the insight that most chemical systems
exhibit mostly paired-electron configurations, especially in their ground states [9]. This allows for
the trade-off between accuracy stemming from dynamic electron correlations compared to more
general approaches like Full CI and the ability to use more detailed basis sets for the description
of the orbitals or higher degree of discretization afforded by halving the number of qubits needed
to represent the system, thus improving the overall performance of the simulation of the electronic
structure dynamics.

In this paired-electron approximation, the usual second quantized electronic structure Hamil-
tonian of Eq. 14 takes the form of the following restricted Hamiltonian:

Ĥr = C +
∑
p,q

upq b̂
†
pb̂q +

∑
p̸=q

wpq b̂
†
pb̂pb̂

†
q b̂q (44)

where C is a constant energy offset, with the Hamiltonian matrix elements of upq and wpq being
related to the one- and two-body electron integral coefficients hpq and Vpqrs of the second quantized

electronic structure Hamiltonian and b̂p represents the electron-pair annihilation operator in mode
p. Owing to the electron pair symmetry, these coefficient mappings are greatly simplified, with
the indices {p, q, r, s} spanning 1 to 2N spin orbitals and even/odd indices denoting alpha/beta
electrons and the indices i, j ∈ [1, N ] molecular orbitals, as [9]:

uii = 2hii + Viiii

uij = Viijj (i ̸= j)

wij = 2Vijji − Vijij (i ̸= j)

(45)

Formally, the UpCCD ansatz is derived from the coupled cluster operator by restricting it to
only include pair excitations between doubly occupied orbitals. A general formula for the unitary
operator in the UpCCD ansatz in first-order Trotterization [46] is given by the approximation [9]:

Û = exp

(∑
pq

tpq
2

(XpYq − YpXq)

)
(46)

≈
∏
pq

exp(
tpq
2

(XpYq − YpXq)) (47)

where tpq are CCSD amplitudes that can be recovered with the help of software packages like
PySCF [94, 95]. The circuit that is needed to represent such an operator on a quantum device
has a gate depth that scales linearly with the number of orbitals O(N), as opposed to the often
prohibitive O(N4) scaling of usual Unitary Coupled Cluster methods [9].

2.3.4 Examples of Hamiltonians used in Variational Quantum Algorithms

This section of the thesis covers Hamiltonians of systems whose energy landscapes are non trivial,
but their simulation for the purpose of finding their ground state lies within the grasp of capabilities
of currently available quantum hardware.
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Conrotatory ring opening of cyclobutane

The ring-opening reaction of cyclobutene as a process for the production of 1,3-butadiene,
commonly known as electrocyclic reactions, that are described by the Woodward-Hoffman rules [96].
This type of ring opening reaction involves the conrotatory motion of electrons in the four-member
ring of carbons, yielding the severing of a single bond and the formation of two new double bonds
between carbon atoms. These rules favor the contoratory motion for four-carbon systems like
cyclobutene with the addition of energy in the form of heat, making the production of 1,3-butadiene
the lowest-energy pathway for this reaction, while preserving orbital symmetry.

Figure 4: A ball-and-stick depiction of cyclobutene.

The Hamiltonian describing the system is the second quantized electronic structure Hamilto-
nian:

Ĥelec =
∑
pq

hpqâ
†
pâq +

1

2

∑
pqrs

Vpqrsâ
†
pâ

†
qârâs (48)

where hpq are the one-electron integrals of kinetic and potential energy terms, Vpqrs denote the
two-electron integrals of electron-electron repulsions with â† and â describing fermionic creation
and annihilation operators.

Through the Jordan-Wigner transformation, the creation and annihilation operators are mapped
to qubit operations as:

â†p 7→
1

2
(X − iY ) and âq 7→

1

2
(X + iY ) (49)

When restricted to a seniority-zero projection, meaning that all electron pairs remain spin-
paired throughout the calculation, the product terms that arise are only of the nature of XX,
Y Y , ZZ or Z [59]. This, along with the appropriate active space selection, helps significantly
when considering the use of the UpCCD ansatz to capture the electron correlation described by
this electronic structure Hamiltonian, owing to the ability of jointly measuring a lot of the terms
of the Hamiltonian and by extension the number of batches of circuits required to measure the
energy as described in Section 3.3. This makes the introduction of pair operators that obey the
same SU(2) algebra as the fermionic creation and annihilation operators worthwhile for giving a
compact representation:

P̂ †
p = â†pαâ

†
pβ , N̂ =

∑
p,σ

â†pσâpσ

[P̂p, P̂
†
q ] = (1− N̂p)δpq, [N̂p, P̂q] = −2P̂qδpq

(50)

with p, q and α, β denoting orbital and spin indices respectively, σ denoting spin (spin-up or spin-
down) and δij the Kronechker delta function [59]. After applying the projectors P̂S0 to project

the Ĥelec to the seniority-zero subspace, the second quantized electronic structure Hamiltonian
becomes [59]:
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ĤS0
= P̂S0

ĤelecP̂S0

=
∑
p

hppN̂p +
1

4

∑
p̸=q

(2Vpqpq − Vpqqp)N̂pN̂q +
∑
pq

VppqqP̂
†
p P̂q

(51)

These types of projections are very useful as they massively reduce the Hilbert space the Hamil-
tonian spans, making the optimization of quantum circuits exploring them much easier, as seen in
Section 3.3.

Hubbard type model Hamiltonians

The reduced Bardeen-Cooper-Schrieffer Hamiltonian which can be solved exactly by the Richard-
son - Gaudin equations up until a critical value of G, called gc, at which mean field approximations
break number symmetry and give rise to non number-preserving solutions [97] and can be written
in second quantized form as:

Ĥ =
∑
p

ϵp(n̂p + n̂p̄)− g
∑
p̸=q

a†pa
†
p̄aq̄aq (52)

where n̂p := a†pap is the particle number operator and a†p is the fermionic creation operator

that creates a spin up fermion in orbital p and a†p̄ creates a spin down fermion, and ϵp is the
spin-independent self-energy of a particle in orbital p, and g is the interaction strength between
particle pairs. For g > 0 the interaction is repulsive and for g < 0 it is attractive (gc < 0 in this
sign convention). This differs from the convention used in [98]

Since the two-body interaction is done in pairs, it is useful to define the corresponding fermionic
pair creation operator P̂ †

p in orbital p, along with the number operator of pairs N̂p. These operators
are explicitly defined via

P̂ †
p := a†pa

†
p̄ (53)

N̂p := a†pap + a†p̄ap̄ (54)

and satisfy the commutation relations

[P̂p, P̂
†
q ] = δpq(1− N̂p) (55)

[N̂p, P̂q] = 2δpqP̂q. (56)

This enables an alternative representation of these operators in terms of the Pauli operators X,
Y , and Z:

N̂p 7→ (1− Zp) (57)

P̂ †
p 7→

1

2
(Xp − iYp) (58)

P̂p 7→
1

2
(Xp + iYp) (59)

Applying this mapping to the Hamiltonian described in Eq. 52, one arrives at

Ĥ =
∑
p

ϵp(n̂p + n̂p̄)− g
∑
p̸=q

a†pa
†
p̄aq̄aq (60)

=
∑
p

ϵpNp −
g

2

∑
p̸=q

(
P †
pPq + P †

qPp

)
(61)

=
∑
p

ϵp(1− Zp)− g

2

∑
p̸=q

(XpXq + YpYq) (62)

Ĥ =

M∑
p=1

(ϵp −
g

2
)(1− Zp)− g

2

M∑
p>q

(XpXq + YpYq), (63)
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where M is the total number of spatial orbitals. In order to compare Hamiltonians with similar
structure, only the case where ϵp = p is considered, akin to the DOCI approach of the conrotatory
ring reaction path for cyclobutane.

Notice that the mapping described in Eq. 57 to Eq. 59 differs from the standard Jordan-Wigner
mapping in that under the latter N̂p 7→ 1/2(Zp + Zp̄ − 2), but it ensures that the orbitals rep-
resented by the first qubits have the lowest self-energy and thus leads to a canonical ordering of
orbitals.

2.3.5 Numerical results

In order to utilize the algorithmic procedure in Alg. 3 and the performance metric described by
Eq. 41, it is important to take into account performance parameters that extend beyond counting
of iterations of the respective optimization algorithms. As shown in Eq. 40, the number of batches,
distinct parametrized circuits within a batch and the number of shots for each parametrized circuit
directly correlate to the wall-time it takes for the quantum device to yield results.

Thus, it is crucial to identify how each optimization algorithm handles these queries to ora-
cle functions, more specifically the number of batches that are submitted at each optimization
algorithm iteration, as the number of shots and number of distinct circuits is known by definition
when deciding a measurement decomposition scheme for the expectation value estimators and these
numbers do not change throughout the optimization algorithm. These help build a more objective
view of the performance of each procedure with respect to the resources it uses.

In more detail, for a given state of the optimization procedure, the number of batches that are
required for each optimization algorithm can be calculated as:

• Rotosolve: Number of parameters in the parametrized quantum circuit, times the number of
iterations of the optimization algorithm.

• SPSA: Number of iterations of the optimization algorithm.

• ModelGrad: Number of distinct batches of circuits submitted to the oracle function f per
iteration of the optimization algorithm.

• ConjModelGrad: Number of distinct batches of circuits submitted to the oracle function f
per iteration of the optimization algorithm.

• ConjModelSearch: Number of distinct batches of circuits submitted to the oracle function f
per iteration of the optimization algorithm.

Through the assignment of a performance metric for a given set of hyperparameters, the genetic
procedure and the selection of hyperparameters can be implemented. Numerical experiments were
carried out by using the VQE algorithm to calculate the ground state of a reduced BCS Hamiltonian
as shown in Section 2.3.4 of 4 qubits across 10000 generations.

Owing to the stochastic nature of the VQE, to ensure that the hyperparameters consistently
yield optimization paths that truly converge and not to be misled by an outlier in admitting a
set of hyperparameters when the VQE optimization procedure happened to converge faster, steps
were taken to prevent such an occurrence.

More specifically, for each generation of hyperparameters, the VQE optimization procedure was
carried out 10 times in parallel and then by taking the averaged performance metric of these runs
while also taking into consideration the root median square (RMS) error as shown in Eq. 43. Only
after a set of hyperparameters that produces a paveraged that is lower (or higher, depending on
whether one minimizes or maximized the cost function) that the previously best paveraged, the new
set of hyperparameters is saved as the current best set found through the genetic hyperparameter
tuning procedure.

In the numerical experiments that were carried out with the help of a high performance comput-
ing (HPC) cluster of Covestro Deutschland AG, the optimizers that were examined were optimizers
commonly used throughout the literature: SPSA [72], Rotosolve [69], Model Gradient Descent [79],
Conjugate Model Gradient Descent [59] and finally the Conjugate Model Search developed by the
author and presented in this thesis. In Fig. 5, the results a genetic hyperparameter tuning pro-
cedure are illustrated in the form of the evolution of all the hyperparameters involved in the
aforementioned optimizers.
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Figure 5: Evolution of the set of best performing hyperparameter for each applicable optimizer
over the span of 10000 generations.

The number of shots allotted to the quantum device is also treated as a hyperparameter,
as this has a direct influence on the real-life performance of the optimizer. Moreover, in the
surrogate model based optimizers, a hyperparameter η is used, as a single lever to direct the
number of samples k taken with the function oracle to construct the surrogate model, where m is
the dimension of parameter space of the quantum circuit. With the help of the η hyperparameter,
the number of samples is reformed to be k = η(m+ 1)(m+ 2)/2.
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In Table 1, a tabulation including any limits to the minimum or maximum numeric values of
the hyperparameters is presented. These constraints can either emerge empirically through manual
tuning or as constraints with physical meaning, such as the allocation of shots in a quantum device.

As shorthand notation in the guidance used for constructing new hyperparameters, L(x) denotes
a linear scaling between the old numeric value of the hyperparameter and the new one to be used
proportional to x, while N (µ, σ) is used to denote a normal distribution where µ = 0 is used to
convey that no change is performed to the numeric value of the hyperparameter and is used as-is
as a mean for the distribution. With that guidance, a new numerical value for the hyperparameter
is chosen as one drawn from a distribution with the characteristics described in the guidance.

SPSA Initial Final Guidance

Scaling parameter c 0.11 0.097 0 ≤ N (0, 0.05) ≤ 1
Scaling exponent γ 0.101 0.166 0 ≤ N (0, 0.01) ≤ 1/6

Gradient scaling parameter a 1.5 0.338 0 ≤ N (0, 0.1) ≤ 1
Gradient scaling exponent α 0.6 0.125 0 ≤ N (0, 0.1) ≤ 1
Gradient stability constant A 600 599 10 ≤ N (0, 5)

Shots 2× 106 108138 400 ≤ L(0.8)

ModelGrad

Sample radius δ 1.0 0.894 0.1 ≤ N (−0.2, 0.5)
Learning rate γ 0.15 1.003 0 ≤ N (0, 0.1)

Number of samples η 1.0 0.243 0.1 ≤ N (−0.2, 0.2)
Stability constant A 10 8 0 ≤ N (0, 10)

Sample radius decay exponent ξ 0.5 0.0 0 ≤ N (0, 0.5)
Learning rate decay exponent α 0.2 0.176 0.1 ≤ N (0, 0.1)

Shots 5000 485 400 ≤ L(0.8)

Conjugate ModelGrad

Sample radius δ 1.0 1.138 0.1 ≤ N (−0.2, 0.5)
Learning rate γ 0.15 0.301 0 ≤ N (0, 0.1)

Number of samples η 1.0 0.192 0.1 ≤ N (−0.2, 0.2)
Stability constant A 10 1 0 ≤ N (0, 10)

Sample radius decay exponent ξ 0.5 0.0 0 ≤ N (0, 0.5)
Learning rate decay exponent α 0.2 0.12 0.1 ≤ N (0, 0.1)

Shots 5000 700 400 ≤ L(0.8)

Conjugate ModelSearch

Sample radius δ 2.0 2.137 0.1 ≤ N (0, 0.05)
Learning rate γ 0.5 0.735 0 ≤ N (0, 0.1)

Number of samples η 1.0 0.576 0.1 ≤ N (−0.2, 0.2)
Stability constant A 10 5 0 ≤ N (0, 10)

Sample radius decay exponent ξ 0.5 0.0 0 ≤ N (0, 0.5)
Learning rate decay exponent α 0.2 0.08 0.1 ≤ N (0, 0.1)

Shots 5000 3384 400 ≤ L(0.8)

Rotosolve

Shots 1000 50 50 ≤ L(0.7)

Table 1: Tabulation of initial and finalized hyperparameters of various optimizers for a given
system over 10000 generations of the genetic hyperparameter tuning process.
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Through the genetic hyperparameter tuning procedure, the various hyperparameters that were
generated for each optimizer were assigned a performance metric over the course of convergence
of the VQE algorithm with the methodology detailed in Section 2.3.1. For each set generated,
the VQE algorithm is run 10 times in parallel with the same hyperparameters and starting circuit
parameters in the VQE optimization, each run with its own performance perfomance metric and
then averaged as discussed in Section 2.3.1. The visualization of the performance metrics for the
sets of hyperparameters of each optimizer that were accepted as optimal over the course of a 10000
generation genetic hyperparameter tuning procedure is shown in Fig. 6.

100 101 102 103 104

Generation

100

101

102

P
er

fo
rm

an
ce

m
et

ri
c

Optimizer

SPSA

ModelGrad

Rotosolve

ConjModelSearch

ConjModelGrad

Figure 6: Evolution of the performance metric of sets of hyperparameters for various optimizers
over the course of 10000 generations of the genetic hyperparameter tunis procedure.

An important point of view can also be seen through the lens of the optimization paths that
the optimizers take, with each accepted generation yielding better results with respect to the
number of optimization epochs or conversely, wall-time in Fig. 7. This translates to tangible per-
formance boosts with respect to wall-time from the selection of suitable hyperparameters, showing
improvements up to 2 orders of magnitude for some optimizers, in comparison to the original set
of hyperparameters that were found heuristically.
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Figure 7: Analytic values of optimizers over the course of optimization across generations. Every
dot marker represents the value of the cost function evaluated at the circuit parameters that the
optimizer using the current set of hyperparameters of that generation on each optimization epoch,
resulting in the need for fewer epochs needed, as generation yields better sets of hyperparameters.
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(a) System size 6
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(c) System size 8
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(d) System size 8 with fake noise
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Figure 8: Scalability of the optimal set of hyperparameters for a reduced BCS Hamiltonian of
system size 4 starting from the half-filled state, averaged over 10 VQE optimizations, of various
optimizers across system sizes of 6, 8 and 10 qubits, in the absence and the presence of the shot
noise proxy. The VQE optimization target lies 5% above the lowest energy of the Hamiltionian
which can be retrieved through exact diagonalization of the sparse operator describing the Reduced
BCS Hamiltonian with the help of the OpenFermion package [99].

34



Another aspect that these numerical experiments aimed to examine is the scalability of the
hyperparameters, as well as the effect of noise in their capacity to converge with these hyperpa-
rameters. In the experiments carried out for testing scalability, the noiseless estimations of the
expectation values as well as expectation values with a proxy of shot noise, described as fake noise
for clarity, were also used.

To make the calculation of an expectation value computationally efficient, a value was drawn
from a normal distribution whose mean is the analytic expectation value, i.e. the expectation
value in the absence of noise and variance is the variance of the estimator used to produce the
expectation value. This approximation was used as a means to imitate sampling noise.

In Fig. 8, the sets of hyperparameters that yielded the best performance metrics for a problem
of smaller system size (size 4) were used to for VQE algorithms of different system sizes of 6, 8
and 10 qubits, as well as the absence or not of this proxy of noise. As before, to ensure that the
optimization procedures are not heavily affected by the stochastic nature of VQE optimizations,
10 parallel instances of the same optimization for each optimizer was performed, with solid lines
depicting the average and light shades depicting the spread of the optimization paths.

Most reused hyperparameter sets cause the optimizers to be trapped in local minima in the
parameter space, causing them in some cases to even exhaust their resources in areas where the
cost function is even higher than the starting point, with little means of escaping that plateau. A
notable exception to this pattern of behavior is Conjugate Model Search, that manages to utilize
the set of hyperparameters that was tuned for smaller system sizes to converge systems of larger
size and manages to do so also in the presence of fake noise when drawing the expectation values
required for its algorithm. From the numerical experiments conducted, it is shown that Conjugate
Model Search can handily outperform previous state-of-the-art surrogate model optimizers in three
critical aspects: it manages to always converge, faster and with far smaller spread across different
optimization paths, i.e. more reliably. While Rotosolve is triumphant in noiseless regimes, in
noisy environments Rotosolve tends to underperform, while Conjugate Model Search manages to
converge on much larger systems than those it was originally trained in.

This behavior is especially important as a thorough genetic hyperparameter tuning procedure
can be very computationally demanding, where the ability of Conjugate Model Search to able to use
successfully a set of hyperparameters that have been optimized to perform well on a smaller problem
of size that is computationally of reasonable size, means that finding new sets of hyperparameters
for the same problems of larger size is not imperative, as is the case for other surrogate model
based optimizers. By the set of hyperparameters and the optimizer performing well in this context
is meant with respect to RMS error across optimization runs (converge reliably) and the wall-time
model (converge fast) that best describes the architecture considered, as each quantum devices
comes with its own idiosyncrasies.

These numerical experiments on hyperparameter tuning shed further light on the the trajectory
of the VQE algorithm as a prospective avenue for achieving quantum advantage. Through the in-
troduction of comprehensive ways of comparing the performance of various sets of hyperparameters
of a given optimizer, along with a systematic way of benchmarking performance between different
optimizers and the implementation of a new optimization algorithm, the VQE framework seems
like it can still be a reasonable way of utilizing NISQ devices for the purposes of providing insights
to the quantum devices and the efficient translation of interesting physical or chemical problems
onto quantum computers, as well as increasing the quantum-ready capabilities of computational
clusters. However, even equipped with these tools of optimization, the prospect of VQE becoming
a viable path towards quantum advantage seems uncertain, as the requirements in system sizes,
experiment repetitions and error rates are still challenges that remain ever present.
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3 Chapter II: Quantum Computing on Hardware

However powerful the algorithms that have been currently been developed may be, they are still
bound by the limitations presented by the available hardware today, both in computation size in
terms of qubits, as well as runtime. These limitations regarding runtime arise from the inherent
imperfections of the operations in quantum devices, such as for example gate errors due to mis-
calibration, limited coherence times of the physical qubits or readout errors of the measurements
taken from these devices [100].

Significant advancements have been made towards the construction of fault tolerant devices [36],
but Quantum Error Correction (QEC) algorithms remain at a nascent stage of adoption in terms of
their support from current day hardware as they require a large number of qubits and very low error
rates. As an alternative approach while hardware developments continue to unfold, Quantum
Error Mitigation (QEM) schemes have been proposed. The goal of these QEM techniques, unlike
QEC, is not to supress all error exhibited by the quantum devices, but rather apply protocols and
routines to partially compensate for the accrued errors during quantum computations.

Through the combination of post-processing tactics with strategic design of quantum circuits
and calibration routines, quantum error mitigation methods constitute a practical route to extract
as much of the performance of NISQ devices as possible. While only a stand-in for full fault-
tolerant protocols, these approaches have already expanded the scope and size of feasible quantum
simulations and algorithms on current quantum and classical hardware, they help incrementally
forge a path toward more robust and sizable quantum computations by leveraging redundancy
either in space (qubit count) or in time (circuit depth).

3.1 Common error mitigation techniques

As QEM schemes aim to act as a segue between the capabilities of current hardware and the high
fidelity constraints required by QEC schemes in order to run effectively, it is useful to understand
the types of noise that destabilize quantum measurements in the first place. The type of noise
present in quantum computers can be categorized in two main types, coherent and incoherent
noise.

Assuming that these quantum noise channels are able to be represented by a unitary operation,
these quantum channels E , when applied to systems with density matrix ρ have the properties
of having 0 ≤ Tr{E(ρ)} ≤ 1 when they occur, being convex-linear maps, and finally, completely
positive meaning that for any quantum operation A in the ensemble of operations E , E(A) ≥ 0 [42].

Coherent noise often emerges from control inaccuracies of the apparatus driving the quantum
device, or miscalibrations of the system upon setup. This can be manifested as consistent over-
or under- rotations of quantum gates by a small angle γ over the original parameter θ, thus the
quantum gates perform the operation Û(θ′) 7→ Û(θ ± γ). A characteristic that sets this type
of noise apart from its counterpart is the fact that these preserve the trace Tr(ρ) of a quantum
system. These errors can cause the fidelity algorithms such as the VQE to degrade as they shift
the minimum energy to be found at the same energy as an unperturbed setting, which is why
compensating for them is important as they are not self averaging, leading to potential biases in
the measurement outcomes from the quantum device [40].

As an antithesis to its coherent counterpart, incoherent noise describes quantum channels of
noise such as amplitude damping, phase damping or dephasing the originally pure state ρ into a
stochastic mix of ρnoisy states. Incoherent noise processes cause stochastic errors by eroding the
phase stored in the qubit registers and their ability to stay coherence of long periods of time. This
is often evident in experiments as degradation of the prepared state, as deeper circuits or longer
execution times observe larger accumulation of incoherent noise, making it increasingly challenging
to extract measurements with the necessary fidelity [40].

These types of noise are described by density matrices of size 2n×2n for n sized systems, there-
fore density matrix simulators are finding it computationally demanding to store and manipulate
matrices of that size efficiently. These factors, along with the fact that on real devices, these noise
channels interplay between different qubits due to crosstalk of the quantum modes, makes the
study of QEM and QEC techniques ever more crucial to the advancement of quantum computing
towards achieving practical utility [42].

Another avenue for achieving the goal of building estimators whose bias is reduced under
common noise models is by techniques such as zero-noise extrapolation, where one artificially
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inputs noise at different degrees and type into the circuit to draw an extrapolation of the expected
performance if there were no noise [101, 102]. By accounting for the noise models taken into
consideration, one can add gates to the circuit to combat the effects that the noise channels had
on the results of the circuit measurements [103, 104].

3.1.1 Post-selection

A common but effective quantum error mitigation technique is known as post-selection, where the
concept of symmetry preservation or physical constraints are employed to discard measurements
that do not obey them [105]. Another way to view post-selection is as a purification process of the
noisy state by performing projections that can only obey the symmetries S in that Hamiltonian,
biasing the measurement outcomes towards more meaningful outcomes. Post-selection is often
referred to as a zero-cost error mitigation method as it does not take a toll on quantum resources
such as qubit counts or circuit depth, but requires a higher number of experiment repetitions which
is a drawback of a varying degree depending on the platform with which the quantum device is
implemented.

The outline of the post-selection procedure here closely follows the presentation in [105]. Sym-
metries S are defined as quantities that commute with the Hamiltonian of interest [Ĥ, S] = 0, as
well as any decompositions of fast-forwardable terms [Ôi, S] = 0 that one might choose for that
Hamiltonian. The actual measurement process of the Hamiltonian comprises of a set of projector-
valued measurement (PVM) operators M̂i for each observed value i, with probability pi, thus
adhering to the Born rule [105]:

pi = ⟨ψ|M̂i|ψ⟩ (64)

By constructing these PVM operators in such a way that M̂s acts as M̂s|ψ⟩ = |ψ⟩, where S denotes
the target eigenspace of the symmetry to be explored in the absence of noise, the density matrix
derived from this symmetry projection can be written as [105]:

ρs =
M̂sρM̂s

Tr[M̂sρ]
(65)

To solidify this as an error mitigation technique, it is sufficient to calculate the overlap of the
projected density matrix ρs with the pure state |ψ⟩ than the pre-selected density matrix ρ [105]:

Tr[ρs|ψ⟩⟨ψ|] =
Tr[ρ|ψ⟩⟨ψ|]

Tr[M̂sρ]
≥ Tr[ρ|ψ⟩⟨ψ|] (66)

During the simulation of fermions, and especially in the case of quantum chemistry, symmetries
such as the number operator N̂ =

∑
i â

†
i âi of the fermions to be simulated, or the number of alpha

and beta electrons are conserved throughout the calculation and therefore proving very useful for
use in such a setting of a post-selection protocol.

3.1.2 Echo verification

Historically, Quantum Phase Estimation (QPE) has been a central source of inspiration as a
starting points for a variety of quantum algorithms whose goal is to estimate eigenvalues of unitary
operators or Hermitian Hamiltonians via decomposition in fast-forwardable terms [42]. An overview
following closely the pedagogical examples contained in [106] touching on the single control phase
estimation follows. The way that this is achieved has been by measuring an ancilla qubit in the
plus state |+⟩a and added to the circuit implementing system of interest, with the system being
described by the action of a unitary operator on the zero state of a system Ûp(θ)|0⟩s = |ψ⟩s to

prepare the state 1√
2
(|0⟩a|ψ⟩s + |1⟩aeiÔt|ψ⟩s) as:

This type of circuit can be utilized for the extraction of expectation values by separating the
unitary Ûp(θ) acting on the zero state of the system as Ûp(θ) = Ûa(θ)Ŝprep, where the Ŝprep is a
state preparation operation, transforming the all zero state of the system into the reference state
|ψref⟩ for the ansatz that remains unchanged, and Ûa(θ) denotes the parametrized ansatz to be
applied to the circuit. The reference state |ψ⟩s contains the eigenstates |Ej⟩s of the observable Ô
as a linear superposition |ψ⟩s =

∑
j mj |Ej⟩s, making the wavefunction |φ(t)⟩ prepared [106]:

|φ(t)⟩ =
∑
j

1√
2

(|0⟩a + eiEjt|1⟩a)|Ej⟩s (67)
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|+⟩a

|ψ⟩s eiÔt

Figure 9: A circuit performing a SWAP test for encoding the phase in an ancilla qubit.

In order to extract from the ancilla qubit the eigenvalues Ej and their probabilities Mj , where

Mj = |mj |2, and construct the full expectation value of the Hamiltonian ⟨Ĥ⟩ =
∑

j MjEj , the
trace over the system register s can be utilized [106]:

ρa(t) = Trs[|φ(t)⟩⟨φ(t)|]

=
1

2

(
1 g(t)

g∗(t) 1

)
(68)

where g(t) =
∑

j Mje
iEjt. The function g(t) can be used as a phase function to estimate the

expectation values of H, with a common technique being through its derivative [106]:

g′(t) =
∑
j

iMjEje
iEjt → Im(g′(0)) =

∑
j

MjEj = ⟨Ĥ⟩ (69)

This process relegates the procedure of finding expectation values via the Hadamard test to
retrieving them via the phase function of the controlled ancilla qubit, with systematic ways of
finding the optimal, with respect to the estimation of expectation values, use of the phase function
and its gradient [107] in a protocol called echo verification. These protocols can be extended
to include verification as depicted in Fig. 10, the process of returning the system to its original
state to check for errors in evolution of the system by undoing the action of the original Ûp(θ)

operator through the application of its conjugate, Û†
p(θ) and thus applying Û† and S†

prep to undo
the computation, creating redundancy in circuit depth.

. . . . . . . . . . . .

|+⟩a

|ψ⟩s Ŝprep Û(θ) eiÔt Û†(θ) Ŝ†
prep

Figure 10: Circuit depicting the protocol of ancilla-controlled echo verification.

The density matrix of the ancilla qubit ρa can be decomposed to two parts; one part ρ
(v)
a that

passes the verification and another ρ
(f)
a that fails to pass the verification protocol. The phase

function g(t) remains unchanged by the process of undoing the computation since the part of the

density matrix of the ancilla ρ
(f)
a = |1⟩a⟨1|a contributes on average 0 to the trace, owing to not

passing the verification criterion always projects the ancilla in the |1⟩s state [106].

Tr[ρa|0⟩a⟨1|a] = Tr

ρ(v)a |0⟩a⟨1|a + ρ(f)a |0⟩a⟨1|a︸ ︷︷ ︸
0

 = g(t) (70)

A decomposition of the phase function to account for the event of noise in the system is the
following [106]:

gnoisy(t) = pne(t)g(t) +O(2−Nperr(t)) (71)

where N is the system register size used for verification and pne(t), perr(t) denote the probabilities
of no errors and errors occurring respectively, with pne(t) also being referred to as the fidelity of
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the measurement process. As it can be shown that by rescaling the amplitudes Mj to account for
the time dependence in the noise occurrence, pne(t) = pne, the corrected expectation value of an
observable Ô becomes:

Echo verification ⟨Ô⟩corrected =
Im(g′(0))

pne
(72)

Variants of this protocol have been developed that are freed from the need for ancilla qubits [106].
When suitable reference states are available, for the encoding of the phase function in the phase dif-
ference between the phase reference state |ψO⟩ and the original reference state |ψref ⟩s of the system.

The condition for this to be possible is that the reference state for an observable Ô|ψO⟩ = EO|ψO⟩
must also be an eigenstate of the unitary ansatz Û(θ) applied after the state preparation step as
Û |ψO⟩ = E|ψO⟩, with the protocol being referred to as control-free echo verification [106].

When performing simulations for chemistry calculations, the fermionic vacuum state |0 . . . 0⟩
is always an eligible state for this protocol when used in conjunction with Quantum Number
Preserving ansätze since the aforementioned conditions are met. In Fig. 11 the circuit that would
execute this protocol is depicted. Upon applying a Hadamard gate on a qubit (top-most qubit
in Fig. 11, labeled #1 for convenience) and the subsequent application of a state preparation
conditioned on the selected qubit #1, one retrieved the superposition between the reference state
and the fermionic vacuum as 1/

√
2(|0 . . . 0⟩s + |ψref⟩s). Lastly, time evolving under the rotation

caused by the observable and applying the uncomputation of CŜ†
prepÛ

†
QNP(θ) produces the following

state in qubit #1, allowing for the rest of the system register to be used for verification of the
measurements:

|φ(t)⟩ =
1√
2

(eiEO |0⟩1 + eiÔt|1⟩1) (73)

. . . . . . . . . . . .

H

CŜprep ÛQNP(θ) eiÔt Û†
QNP(θ) CŜ†

prep

X + iY

⟨0|

⟨0|

Figure 11: Circuit depicting the protocol of Control-free echo verification. This is done by preparing
a superposition of an appropriate phase reference state and a starting state for the calculation via
a Hadamard gate H, where the only changes permitted are incurred by the ansatz ÛQNP(θ) and

the imaginary time evolution eiÔt.

3.1.3 Virtual distillation

By exploring error mitigation techniques that utilize redundancies in space [103] as a means of
estimating expectation values more accurately, the technique of virtual distillation [108], or other-
wise known as exponential error suppression [109] came about. In the virtual distillation error
mitigation protocol, one tries to estimate the expectation value of an observable through the puri-
fied density matrix from the measurements taken from multiple copies of the noisy system, where
the redundancy in space comes into play as this approach requires multiple N sized registers for
each copy [101].

Due to the imperfect nature of current generation NISQ devices, the states prepared are imper-
fect. An avenue to account for this is by separating the density matrix of the dominant eigenvector
and those states |ψε⟩ that have been subjected to noise as ρε and the action of a derangement oper-
ator D to ensure that only symmetric states can contribute to the expectation value measurement
process [109]. In a minimal example of 2 copies and SWAP acting as the derangement operator
shown in Fig. 12, by measuring the ancilla qubit in the |+⟩ state, one can extract the expectation
value of the observable Ô.
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|+⟩ H

ρ Û(θ)

SWAP

Ô

ρ Û(θ)

Figure 12: Representation of a virtual distillation circuit.

This protocol is shown to work for arbitrary λ > 0 and λ > (1 − λ)pε as [109], meaning that
the state one is looking for, needs to have non-zero overlap with the dominant state and the other
eigenvalues that appear in the measurement process. With λ ≤ 1, the number of qubits N of
each register and

∑
i pε = 1 representing a probability distribution, the spectral decomposition of

a density matrix prepared by a quantum computer can be expressed as:

ρnoisy = λ|ψ⟩⟨ψ|+ (1− λ)ρε

= λ|ψ⟩⟨ψ|+ (1− λ)

2N∑
i=2

pε|ψε⟩⟨ψε|
(74)

The goal of virtual distillation is to retrieve the expectation value of ⟨ψ|Ô|ψ⟩ while keeping any
contributions to the expectation value from erroneous states ⟨ψε|Ô|ψε⟩ as suppressed as possible.
By preparing multiple copies of the ρnoisy system, in an ideal case where no noise channels have
affected the state preparation, one would have prepared the state |ψ, . . . , ψ⟩ and measuring the
designated (denoted as |+⟩ in Fig. 12) qubit, would yield ⟨ψ, . . . , ψ|Ôψ, . . . , ψ⟩ = ⟨ψ|Ô|ψ⟩ [109].

By admitting the action of noise channels into one of the copies of the state prepared, then the
prepared state becomes |ψε, ψ, . . . , ψ⟩, contributing to the estimator:

⟨ψε, . . . , ψ, ψ|Ôψε, ψ, . . . ψ⟩ = ⟨ψε|Ô|ψε⟩ (75)

However, when the order of registers is permuted, for example through the action of ÔSWAP as
in Fig. 12, this error would be canceled due to the orthonormal structure of the eigenvectors of a
density matrix [109]:

⟨ψε, . . . , ψ, ψ|Ôψ, ψ, . . . ψε⟩ = ⟨ψε|Ô|ψ⟩⟨ψε|ψ⟩ = 0 (76)

Any such operation that permutes all registers with all can be called a derangement operation.
As the way that these permutation maps of each site to another is equivalent to another, the
cyclical permutation of indices is usually chosen for simplicity, but other permutations of these
exist, for example round-robin strategies [109, 59].

Virtual Distillation ⟨Ô⟩corrected =
Tr(ÔρM )

Tr(ρM )
(77)

Through the action of the derangement operation on M copies of the system, the exponential
suppression in errors scaling with the number of copies M of the original density matrix ρ can
suppress (1− λ)M of errors in contributions to the estimator as:

Tr(ÔρM ) = λM ⟨ψ|Ô|ψ⟩+ (1− λ)M
2N∑
k=2

pMε ⟨ψε|Ô|ψε⟩ (78)

Another advantage of the virtual distillation protocol is that its inherent weakness towards
coherent errors across all registers is that it can be readily remedied when combined with other
error mitigation techniques in an attempt to address those as well. Post-selection protocols can be
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utilized to emphasize the dominant eigenvector further, with the ability to be complemented by
zero-noise extrapolation [109, 108].

By utilizing a plethora of SWAP tests, the task of finding an expectation value through this
protocol can be realized by many different routes. One notable such route is the compact unitary
SWAP test of dual state purification [110], owing to its equivalence to the controlled version of
Echo Verification as discussed in Section 3.1.2, and retaining the ability to be performed without
the use of an ancilla qubit.

By formulating the density matrix ρ under the effects of a noise process as ρ = U†(θ)ϵ|0⟩⟨0|(U(θ)ϵ)
†

and its dual ρ̄ = U†(θ)ϵ|0⟩⟨0|(U†(θ)ϵ)
†
ϵ , the inability to implement the complex conjugate due to

(U(θ)ϵ)
†
ϵ ̸= U†(θ)ϵ is explicitly underlined [110]. Armed with these definitions, the estimator for

the state-verified observable for control-free echo verification can be attained similarly to Eq. 77
by using dual state purification [110]:

⟨Ô⟩corrected =
Tr(Ôρρ̄)

Tr(ρρ̄)
(79)

3.2 Application of optimizers

With the crucial components for the successful implementation of the Variational Quantum Eigen-
solver algorithm in an experimental setting presented, the importance for a choice of suitable
optimizers is evident. Through significant but still finite, error suppression provided by error mit-
igation techniques to the oracles of the cost function to be minimized are posed to fare better
in the simulation of systems with quantum computers. In Section 3.3, a comprehensive study of
implementations that explore the effect of different error mitigation schemes have on expectation
values drawn from real superconducting qubit hardware.

With these constraints in mind, the pursuit for optimizers that are able to tolerate these
imperfections in the function oracle and still achieve convergence is well underway. Through this
pursuit, the optimizer of Conjugate Model Gradient Descent was created. When paired with
ansätze such as the Quantum Number Preserving ansatz and measurement methods that make
use of the symmetries innate to the Hamiltonian, a significant help to the task of optimizers can
be given, as for the Conjugate Model Gradient Descent optimizer the number of calls to the oracle
function scales with the number of parameters gates n roughly as O(n2) when used in conjunction
with the QNP ansatz [59].

Ansätze influence the number of parameters in the quantum circuit to be optimized in order to
find the lowest energy of the cost function, and measurement methods directly impact the number
of observables through the decomposition of the Hamiltonian into jointly measurable term groups,
with each term group requiring a distinct circuit due to bases rotations for them to be measured.
Both of these factors directly dictate how much time a hybrid algorithm runs in terms of wall-time,
as longer run times give more chances for error channels to act on the computation, assuming that
the rest of quantum and classical resources such as number of qubits and computer memory do
not become a bottleneck.

Though Conjugate Model Gradient Descent was a considerable step forward from other surro-
gate model based optimizers at the time by constructing and performing optimization along the
conjugate gradient direction with no additional expenditure of quantum resources with better hy-
perparameter scalability characteristics than its predecessor Model Gradient Descent, the scaling
of the number of calls to the oracle function along with the size of discrepancy of the converged en-
ergy from the theoretical target as the optimization goal for modest system sizes posed significant
obstacles towards the use of Conjugate Model Gradient Descent as the optimizer of choice for the
largest VQE convergence of chemical energies at the time. These impediments acted as motivation
for the conceptualization of Conjugate Model Search by the author as detailed in Alg. 1, in an
effort to make better use of each call to the function oracle as that is by far the largest bottleneck
in the procedure and require as few calls to the function oracle as possible. These efforts resulted
in the development of Conjugate Model Search, which is shown to have superior performance to
the Conjugate Model Gradient Descent with respect to convergence speed, the consistency of the
quality of the results obtained, as well as its tolerance to forms of noise.

41



3.3 Purification-based quantum error mitigation of pair-correlated elec-
tron simulation
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Summary

We examine various error mitigation techniques based on purification methods applied to a su-
perconducting quantum computer, specifically Google’s Sycamore chip. Due to the significant
computational expense of simulating quantum circuits with noise compared to ideal state sim-
ulators, and the inherent approximation of analytically implemented noise channels, evaluating
error mitigation techniques on real hardware is crucial. Our research focuses on achieving accu-
rate results, up to chemical accuracy, in quantum chemistry, particularly in the Doubly Occupied
Configuration Interaction (DOCI) approximation and the Richardson-Gaudin Model, a model for
superconductivity. We demonstrate a notable enhancement, two orders of magnitude, compared
to post-selection methods, and observe favorable scalability with increasing system size, deriving
scaling laws. This study represented one of the most extensive and intricate Variational Quantum
Eigensolver (VQE) experiments conducted on quantum hardware to that date.
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The author contributed to this work: (1) Conceptualization and implementation of the Conjugate
Model Gradient optimizer (2) Hyperparameter Tuning for the Conjugate Model Gradient optimizer
(3) Implementation of Richardson Gaudin models in OpenFermion Python package [99] (4) Con-
version of reduced Bradley-Cooper-Schieffer Hamiltonians to a corresponding electronic structure
Hamiltonian (5) Provided quantum run time estimates with real wall-time models of the Google
Sycamore chip for the experiment (6) Numerical simulations of the experiment, including investi-
gation of pre-initializations of the circuit parameters and optimal layouts, and helped writing the
manuscript.
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3.4 Quantum computing on ultracold fermions in optical superlaticces

The dynamics of ultracold fermions can lend themselves as a prime candidate as a means of
quantum simulations. As discussed in Section 2.1.1, a class of ansätze can require preservation of
symmetries of quantum numbers such as the spin-squared Ŝ2 or the number of spin-up (N̂α) and
spin-down (N̂β) electrons when tasked with the simulation of correlated ground and excited states of
systems in quantum chemistry. The benefits and ease of implementation of these Quantum Number
Preserving (QNP) ansätze can vary depending on the type of platform of quantum computing
used for the purpose of quantum simulation [49]. In order to make the most of the fundamental
advantages offered by the neutral atom architecture of quantum computers, such as the intrinsic
respect of fermionic exchange symmetry a mapping is needed to utilize the fermionic exchange
statistics to dynamics of systems found in quantum chemistry. Such a mapping can be done
through the use of optical superlattices, where the tesselation of gates is implemented easily,
while simultaneously reducing the depth, and therefore sources of error, for the relatively deep
decompositions of building block elements Q̂ of the QNP ansatz compared to when implemented
with fermion-to-qubit mappings [111].

As described in Section 2.1.2, measurement methods are central points of interest for the efficient
implementation of quantum simulations. That is even more prevalent for quantum computing
technologies where experiment repetitions are expensive in a wall-time sense, such as neutral atoms
with a measurement cycle taking roughly 1 second. The large number of terms in a molecular
Hamiltonians such as the one presented in Eq. 14, along with the shot requirements of estimating
each term to the desired accuracy made the need for the development of measurement methods
that mitigate the increase of complicated terms from the two-electron interactions. Through the
use of factorization techniques, the energy estimator containing up to O(n4) terms in the typical
formulation of the second quantized electronic structure Hamiltonian where n is the number of
molecular orbitals, that energy estimator can be approximated through the use of O(n2) basis
transformations Ûl, where l is the number of leaves of the approximation, by the just on-diagonal
elements [54, 55].

Moreover, a prominent factorization technique, Regularized Compressed Double Factorization
(RC-DF) has been shown to be extendable to incorporate the use of Fluid Fermionic Fragments

(FFF) [32]. The Ûl basis transformations along with the degree-one p̂(1) and degree-two p̂
(2)
l

polynomials of number operators can be combined with the coefficients derived from the FFF
procedure to accommodate terms that are proportional to these number operators seen in the
degree-one and degree-two polynomials, yielding significant savings in the number of experimental
repetitions.

3.4.1 Quantum number preserving gate fabric ansätze

The quantum number preserving (QNP) ansatz through the preservation of symmetry at the
gate level, can help pave the way for variational ansätze towards designs that are both expressive
and efficient enough to depict the dynamics of strongly correlated fermionic systems. The effect
that this embedding of preservation achieves is mitigation against symmetry contamination in the
trial wavefunction, meaning wavefunctions that by construction do not satisfy the parameters of
the studied system are not permissible, and under ideal conditions, ensuring that the variational
state produced by the ansatz resides within the irreducible representation of the targeted Hilbert
space [49].

The two central elements composing a QNP ansatz are the Pair-Exchange QNPPX and the
Orbital Rotation gate QNPOR, constructed with the help of the Givens rotation gate Ĝ [49]. The
Givens rotation gate has entries as described below, with c := cos(λ/2) and s := sin(λ/2) as
the elements of the matrix defining the gate responsible for regulating the rotation between the
1-particle states:

Ĝ(λ) :=
H Ry(λ/2) H

Ry(λ/2)
=


1

c +s
−s c

1


Figure 13: Decomposition of a Givens rotation gate and its generator matrix.
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The Givens rotation gate described in Fig. 13 as a cornerstone for the implementation of more
complex gates, QNPOR and QNPPX to construct the Q̂ block elements of a QNP ansatz [112].
The QNPOR Orbital Rotation gate acts as a rotation to both spin orbitals α and β identically, by
rotating the basis of the spatial orbitals describing the electrons. The QNPPX Pair Exchange gate
implements the diagonal pair Givens rotation of orbital pairs [49]. Moreover, the design of the
QNPOR and QNPPX gates depicted in Fig. 14, accommodates to the nearest-neighbor architecture
of most prominent quantum computing platforms, while simultaneously canceling out some strings
of Pauli Z strings incurred by the Jordan-Wigner mapping [49].

QNPOR(ϕ) :=

Ĝ(ϕ)

Ĝ(ϕ)

Ĝ(ϕ)

Ĝ(ϕ)

QNPPX(θ) := Ĝ(θ)

Figure 14: Quantum number preserving Orbital rotation and Pair Exchange gates decompositions
into parametrized Givens rotation gates under Jordan-Wigner decompositionfor the depiction of
spin-1/2 systems with interleaved ordering of spin orbitals.

Another way to examine the result of these Ĝ blocks of the QNP ansatz proposed in [113] to
construct a trial wavefunction out of the initial |ΨHF⟩ state is through the help of spin-adapted

one-body operators κ̂
(1)
pq and paired two-body operators κ̂

(2)
pq , as they can be used to build arbitrary

wavefunctions from unitary fermionic operators [113, 114]. The construction of the single excitation
operator Êpq can be written with the help of the usual creation and annihilation operators, with

âp
† and ˆ̄a†p representing the creation of an electron of spin up ad spin down respectively at spatial

orbital labeled p as:

Êpq = âp
†âq + ˆ̄a†p ˆ̄aq (80)

By expressing the spin-adapted one-body operators and paired two-body operators κ̂
(1)
pq and

κ̂
(2)
pq respectively, one can construct the building blocks of the QNP ansatz:

κ̂(1)pq = Êpq − Êqp and κ̂(2)pq = Ê2
pq − Ê2

qp (81)

Following the formalism presented in [113], the spin-adapted one-body and paired two-body
operators can be used to illustrate the operators prepared by the QNP ansatz:

Û (m)
pq = exp(θ

(m)
pq,1κ̂

(1)
pq ) exp(θ

(m)
pq,2κ̂

(2)
pq ) (82)

The QNP approach typically uses the Hartree-Fock state |ΨHF⟩ as an initial starting guess for
a wavefunction, as it is computationally straightforward to prepare and satisfies the criterion of
quantum number preservation [11]. As shown in Section 1.1.1, the Hartree-Fock state represents a
single Slater determinant, thus the QNP ansatz requires multiple layers in order to prepare circuits
whose depth provide enough expressivity for the representation of correlation.

Recent efforts into furthering the ideas of the QNP ansatz include the tiled Unitary Product
State (tUPS) by modifying the structure of the wavefunction prepared as [113]:

|ΨtUPS⟩ =

L∏
m=1

(
A∏

p=1

Û
(m)
2p+1,2p

B∏
p=1

Û
(m)
2p,2p−1

)
|ΨHF⟩ (83)

where A = (N−2)/2 or (N−1)/2 and B = N/2 or (N−1)/2 for even or odd number of spatial

orbitals N respectively. The operators Û
(m)
pq prepared by the tUPS ansatz have a form very similar

to the QNP approach, containing an additional one-body operator to allow for more freedom in

axis rotations in the two-electron subspace spanned by the Û
(m)
pq operators [113].

Û (m)
pq = exp(θ

(m)
pq,1κ̂

(1)
pq ) exp(θ

(m)
pq,2κ̂

(2)
pq ) exp(θ

(m)
pq,3κ̂

(1)
pq ) (84)
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This avenue requires more free parameters per building block, and approaches beyond the HF
state as an initial state might require more sophisticated error mitigation strategies to prepare the
Perfect Pairing or Orbital Optimized states prior to the ansatz application. The Perfect Pairing
approximation draws inspiration from valence bond theory, by interleaving the qubit registers
depicting occupied and empty spatial orbitals to achieve maximal entanglement in the shallowest
circuit possible in terms of fabric layers [113]. Orbital Optimization on the other hand, relies on
the transformation of the molecular integrals used to construct the state in the first place through
the help of a classical computer and the optimization of those integrals via the orbital gradient
and the two-body density matrix which is acquired for the energy estimator [113].

3.4.2 Tensor factorization-based measurement methods

Conventional strategies for measuring the energy of a Hamiltonian such as the grouping of Pauli
terms that are jointly measurable are able to be applied generally, but often yield an unsustainable
number of distinct number of measurement bases and quantum circuit shots to measure them
within a specified accuracy. In the special case of an electronic structure molecular Hamiltonian,
the Hamiltonian has symmetric features that one is able to leverage in order to compress and
through tensor factorization techniques, reformulate the Hamiltonian in such a way that it
retains the original information while reducing the quantum resources needed for measurement. As
these techniques focus heavily on the electron integrals involved in a second quantized electronic
structure Hamiltonian, a reformulation of Eq. 14 to further highlight the role of electron integrals
is shown below [32]:

Ĥ = Ec +
∑
pq

(p|ĥc|q)Êpq +
1

2

∑
pqrs

(pq|rs)(ÊpqÊrs − δqrÊps) (85)

where Êpq := p̂†q̂+ ˆ̄p† ˆ̄q is the singlet excitation operator, ϕ the spacial molecular orbitals, with the

symmetric one-electron integrals (p|ĥc|q) and the 8-fold symmetric two-electron integrals (pq|rs)
being expressed as:

(p|ĥc|q) =

∫
ϕ∗p(r)

(
−1

2
∇2(r)−

∑
m

Zm

r − rm

)
ϕq(r)dr

(pq|rs) =

∫∫
ϕ∗p(r1)ϕq(r2)

1

r12
ϕ∗r(r1)ϕs(r2)dr1dr2

(86)

Geared towards the tackling of such challenges, tensor factorization techniques offer a way of
lowering the quantum resources needed. Depending on the type of compression and the symmetries
exhibited by the Hamiltonian, there are varying tensor factorization schemes, such as Tensor Hy-
percontraction [115], explicit double factorization and compressed versions of double factorization
of the Hamiltonian [54, 55].

When considering an explicit double factorized representation [54], the effective tensor Fpq

contracted against the one-body operators Epq is shown to be [32]:

Fpq := (p|ĥc|q)−
1

2

∑
r

(pr|qr) +
∑
r

(pq|rr) =
∑
k

U∅
pqF∅

k U
∅
qk (87)

and two-electron integral tensor can be doubly factorized when (pq|rs) is real and 8-fold sym-
metric as [32]:

(pq|rs) =

nt∑
t=1

V t
pqgtV

t
rs =

nt∑
t=1

n∑
kl=1

U t
pqU

t
qkZ

t
klU

t
rlU

t
sl (88)

where the ∅ notation denotes a single expansion index, as the eigendecomposition of Fpq into
tensors U∅

pk and Uqk is analytical and Zt
kl are coefficient tensors containing the compressed two-

electron information [55].
The Hamiltonian under Regularized Compressed Double Factorization (RC-DF) can be written
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explicitly with nt ≤ n(n+ 1)/2 where n the number of spatial orbitals, as [32]:

Ĥ = E − 1

2

∑
k

F∅
k U

∅
(
Ẑk + Ẑk̄

)
(U∅)†

+
1

2

nt∑
t=1

n∑
k,l=1

Zt
klU

t
(
ẐkẐl − δkl + ẐkẐl̄ + Ẑk̄Ẑl + Ẑk̄Ẑl̄ − δk̄l̄

)
(U t)†

(89)

where U∅, U t denote orbital rotations for every t ∈ [1, nt], Ẑk, Ẑk̄ are Pauli operators that are
applied on qubits 2k and 2k + 1, k ∈ [0, n− 1] and the offset E is:

E = Ec +
∑
p

(p|ĥc|p) +
1

2

∑
pq

(pp|qq)− 1

4

∑
pq

(pq|pq) (90)

A central advantage of the double factorization of electron integrals is the fact that it is possible
to truncate the number of terms t that participate in the sum (also referred to as leafs), which
if left untreated, causes the variance of the energy estimator to fluctuate [32]. In order to ame-
liorate these fluctuations, in the cost function that optimizes for the compressed representation
of the Hamiltonian [55], the RC-DF procedure adds a regularization term, resulting in a nested
optimization; one for retrieving the orbital rotations’ generators U t

pq := exp(Xt
pq) and another for

the coefficients Zt
kl.

The error ∆pqrs up to which one compresses the two-electron integral tensor is given by the
Frobenius norm expressed below [32]:

∆pqrs :=
1

2

∥∥∥∥∥
nt∑
t=1

n∑
kl=1

U t
pqU

t
qkZ

t
klU

t
rlU

t
sl − (pq|rs)

∥∥∥∥∥
2

F

(91)

The cost function of the RC-DF procedure for arriving at the optimal compression of the
Hamiltonian is the following [32]:

C(X,Z) :=
1

2
∥∆pqrs∥2F +

∑
tlk

ρtkl|Zt
kl|γ (92)

where F denotes a Frobenius norm, ρtkl ≥ 0 the regularization tensor of weights penalizing large
|Zt

kl| matrices, with a uniform ρtlk = ρ being a usual penalty choice and γ = 1 or γ = 2 when
performing L1 and L2 regularization respectively [32].

Both the explicit (X-DF) and the truncated sum of terms (C-DF/RC-DF) in the Hamiltonian
of Eq. 89 tensor factorizations can be taken one step further through a technique called Fluid
Fermionic Fragments (FFF) [116] in their efforts to reduce experimental repetitions, by building
energy estimators with lower variance. The FFF technique achieves this by reorganizing quadratic
creation and annihilation operators termed fluid fermionic fragments over different parts of the
energy estimators with some fragment coefficient. Through this combination of techniques, when
compared to Pauli grouping schemes, the energy estimator exhibits a lower mean square error
in the energy estimator, allowing for fewer shots to be spent, thus speeding up the optimization
process [32].

Finally, another adoption advantage of the RC-DF method over tensor hypercontraction or
other double factorization schemes is its compatibility with error corrected quantum algorithms
via qubitization, owing to its reduced overall depth due to the low lambda factor and thus, run
time of phase estimation routines [32].
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3.5 Simulating Chemistry with Fermionic Optical Superlattices
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Summary

We show that quantum number preserving Ansätze for variational optimization in quantum chem-
istry find an elegant mapping to ultracold fermions in optical superlattices. Using native Hubbard
dynamics, trial ground states for arbitrary molecular Hamiltonians can be prepared and their
molecular energies measured in the lattice. The scheme requires local control over interactions and
chemical potentials and global control over tunneling dynamics, but foregoes the need for optical
tweezers, shuttling operations, or long-range interactions. We describe a complete compilation
pipeline from the molecular Hamiltonian to the sequence of lattice operations, thus providing a
concrete link between quantum simulation and chemistry. Our work enables the application of
recent quantum algorithmic techniques, such as Double Factorization and quantum Tailored Cou-
pled Cluster, to present-day fermionic optical lattice systems with significant improvements in the
required number of experimental repetitions. We provide detailed quantum resource estimates for
small non-trivial hardware experiments.

Contributions

The author contributed to this work: (1) Made substantial contributions in deriving the explicit
decomposition rules for the Û t and Ûpt gates for various decomposition schemes (2) Derived,
implemented and tested numerically the merging rules of sequential Û t to enable reduction of
circuit depth (3) Implemented the Û t and Ûpt gates as fermionic and as qubit gates, to allow
testing for different simulators (4) Created simulation pipelines for the decompilation of high-level
gates to operations native to ultracold fermions, merging of gates and addition of gate parameter
noise for the study of sensitivity to noise (5) Proposed and prepared numerical benchmarks for
test cases (6) Setting up code infrastructure for carrying out the numerical and error analysis of
the test cases, (7) wrote significant parts the manuscript.
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3.6 Quantum computing on trapped ion hardware

Trapped-ion quantum information processing is an architecture that is actively pursued for the
realization of a scalable quantum computer, with the achievement of various milestones toward
fault tolerant quantum information processing [117]. The experimental realization of a trapped-
ion architecture can be done through the use of segmented Paul traps to create trapping regions
that act as hosts for the ions used [118]. By adjusting the potential of the trap, reconfigurations of
the ion crystals is possible to create dynamic registers capable of storage and process of quantum
information, while simultaneously providing effective all-to-all connectivity, in stark contrast of
most superconducting platforms available now.

That structural advantage, coupled with the high gate fidelities of a trapped-ion quantum
processor allows for the exploration of deeper algorithms with higher wall-time execution times,
paving the way for the mapping of electrons of larger molecules through fermion-to-qubit mapping
as such the Jordan-Wigner or the Bravyi-Kitaev transformations [119, 35]. Owing to the limits of
the classical methods in their capacity to perform simulations with regards to the number of spatial
orbitals simulated, despite having reached the required raw physical qubit counts, platforms such
as trapped ions need to address two main challenges in order to grow past these classical limits
and provide quantum advantage.

A pertinent challenge that limits the capabilities of trapped atom quantum computing devices
is the noise incurred by imperfect gates and measurements alike. This leads to the limitation of the
gate depth of the algorithms that are able to be executed and the accuracy of the results obtained
from these experiments. Recent progress has been made to construct algorithms for quantum
chemistry simulations that make use of the implementation of block-invariant symmetry-shifted
Tensor Hypercontraction (BLISS-THC) [120] and quantum diagonalization algorithms based on
subspaces constructed by quantum Krylov states [121]. However, even with these advancements,
the noise levels of currently available hardware render quantum advantage beyond reach.

Another difficult engineering challenge impeding the growth of architectures based on neutral
atms and trapped ions alike, is the challenge of the so-called clock speed, used to describe the time
for a single elementary logic operator of these quantum devices to be executed, which is orders of
magnitude slower compared both to classical computers, as well as superconducting platforms. In
order for variational algorithms to be a viable strategy for tackling molecular electronic structure
problems, there is still much work needed to push the field forward, since Variational Quantum
Eigensolver algorithms was regarded as a trade-off between the long coherence times needed by
non-variational algorithms like phase estimation and the number of repeated executions required
for the shorter circuits of VQE but this belief has been recalibrated towards the utilization of
VQE algorithms to construct quantum-ready pipelines for quantum chemistry simulations as well
as provide insights into the performance characteristics of a quantum processor.

3.6.1 Infrastructure for interface with a trapped ion quantum processor

One challenge in the implementation of hybrid computing algorithms is the implementation of a
programming interface enabling their execution, connecting the classical high performance comput-
ers with a trapped-ion quantum processor. For the quantum processor to be seamlessly integrated
in the quantum chemistry workflow in such a way that there is no need for external experimental
control, it is necessary to provide automated communication of the quantum algorithms to be
executed in the form of quantum circuits, along with translation in optimized hardware commands
and back communication of the measurement results. External experimental control would be far
too time-consuming and error-prone, debilitating any prospect of scaling experiments to involve
the number of qubits required for reasonable quantum chemistry simulations.

To make use of the high connectivity and high gate fidelities of a trapped-ion quantum computer
provided by the Johannes Gutenberg Universität Mainz. for the existing as well as upcoming new,
improved trapped ion quantum computing setups with segmented Paul traps, a PennyLane plugin
device in the Python programming language was developed for the purpose of remote testing,
control and experiment execution of circuits [122].

In collaboration with the Johannes Gutenberg Universität Mainz, the PennyLane device [122]
was implemented to act as an interface with both the back-end simulator of the trapped ion
device, as well the trapped ion quantum processor itself. This allowed for the implementation and
deployment of experiments, as well as diagnosing problems of the operations performed by the
device from the author of the thesis.
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The operations of Orbital Rotation and Single Excitation were studied in an effort to construct
the fundamental components of a QNP ansatz for the Orbital Rotation and the Pair Exchange
gates through operations that are native to the quantum processor which consist of the operator
set of RX, RY , RZ, SWAP and IsingZZ, denoted in this thesis as IZZ in circuits as a shorthand
notation. The definition of the IsingZZ gate is given by the definition in Eq. 93:

IsingZZ(ϕ) = exp

(
−i ϕ

2
(Z ⊗ Z)

)
=


e−iϕ/2 0 0 0

0 eiϕ/2 0 0
0 0 eiϕ/2 0
0 0 0 e−iϕ/2

 (93)

With all the native components defined, the construction of more complex building blocks
is now possible. The decomposition for the Orbital Rotation that was used in all subsequent
experiments is depicted in Fig. 15:
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Z RY (π
2 )

IZZ(π
2 )

RZ( θ
2 )
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2 )

RZ( θ
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Z RY (π
2 ) RZ(−θ
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Figure 15: Decomposition of the Orbital Rotation gate into operations native to the Johannes
Gutenberg Universität Mainz processor.

Due to the size of the available quantum registers in the quantum device reliably available for
control, the Single Excitation was used as a stepping stone towards the implementation of the
Double Excitation operation needed to construct the QNPPX . The decomposition of the Single
Excitation operation denoted as USE(θ) in circuits that was used is shown in Fig. 16:

USE(θ) :=
Z RY (π

2 )
IZZ(π

2 )
RX( θ

2 )
IZZ(π

2 )
RY (π

2 )

Z RY (π
2 ) RX(−θ

2 ) RY (π
2 )

Figure 16: Decomposition of the Single Excitation gate into operations native to the Johannes
Gutenberg Universität Mainz processor

This systematic way of interfacing with the quantum device and its simulator enabled the
identification of issues in the correct calibration of each gate via unit tests, by crosschecking the
results against basic, minimal circuits of size which is easily simulated by classical computers.
Moreover, the infrastructure developed allowed for the seamless benchmarking of local simulators,
as well simulators accessed via the application program interface (API) of the trapped ion device
stack and the quantum device.

The importance of efficiency in the use of quantum resources is capital in all current generation
quantum computing platforms and quantum processors based on trapped ions are no exception.
The software interface that was developed, along with the function of communication of circuits
and results between a high performance cluster and the quantum device or its simulator, was
also developed with the goal of reducing gate counts and maximizing fidelity. By taking into
consideration the calibration of the gates as well as laser intensity and pulse duration needed
to perform each operation, it is feasible to commute and cancel out redundant operations and
substitute those that would have inferior fidelity with others that have exactly the same effect on
the ions [123].

The role of parallelization of operations remains central in the trapped ion architecture by
examining the operations that can be performed in parallel without incurring increased shuttling or
register reconfiguration operations. By pinpointing and batching operations that can be performed
simultaneously, it is possible to not only improve execution speed but also reduces the cumulative
error that might otherwise result from excessive sequential operations. In trapped-ion architectures,
owing to the fact that the process of mapping qubits onto ions is a combinatorial problem that
scales exponentially with the number of qubits required, heuristic approaches are utilized based
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on the initial interactions between qubits, working in tandem with dynamic scheduling algorithms
that determine optimal register reconfigurations. These dynamic heuristics move and swap ions
based on the next gate operations, effectively reducing the overhead associated with physical
reconfiguration of the ion register.

Continuing, upon building these circuits, a crucial piece is the use of symbolic parameters. As
iterative hybrid algorithms maintain the same circuit structure with only gate parameter differing
between different stages of the computation, the symbolic parameters act as placeholders for the
compilation processes. Upon the compilation of the circuit, the actual numerical values to be used
are substituted into the circuit, ensuring this way that the topology of the circuit remains the
same throughout the experiment, allowing for more consistent behavior and drastically reducing
the overhead that would be incurred from a full recompilation of the same circuit for every different
set of parameters update.

3.6.2 Improvements on the Echo Verification protocol

Dirichlet method of evaluating expectation value

Instead of the usual (direct) measurement of the phase function at π/2 time [106] for the
implementation of the exact unitary one is trying to measure as in Eq. 72, a new method was
explored based on Dirichlet kernels when working with trapped ions. This stemmed from the need
to measure the derivative of the phase function at t = 0, taking advantage of parameter shift
rules to efficiently calculate the derivative at the desired time. In this thesis, only the case where
the matrices have ladder-like spectra that have equi-distant eigenvalues are examined, with the
possibility of extension of this approach to cases where this condition is not imposed exists in
other work [63].

Since the observables that are usually involved in NISQ circuits are unitary, upon the diago-
nalization of the matrix describing the observables, the number of non-degenerate eigenvalues R,
as well as their spacing l is obtained. Primed with that information, the formula for retrieving the
set of appropriate times {tRi} to measure the imaginary part of the phase function is described as:

tRi
=

(2(Ri + 1)− 1)π

lR
, for Ri ∈ 1, 2, . . . , R (94)

In order for the procedure to yield an expectation value, the imaginary part of the measured
phase function at the appropriate times is then multiplied by a coefficient cRi

, where the set of
coefficients {cRi} can constructed as:

cRi =
(−1)Ri l

4R sin2( (2(Ri+1)−1)π
4R )

, for Ri ∈ 1, 2, . . . , R (95)

Time mirroring

To mitigate further the effects of errors in the measurement process, an additional technique was
developed called time mirroring, by using the antisymmetric nature with respect to time evolution
of the imaginary part of the phase function. Whether using the Dirichlet or the direct method of
evaluating the expectation value via the phase function, a set of times for the phase function to be
measured, as well as the coefficients for these measurements in the calculation of the expectation
value is determined. These times are in the interval tRi ∈ [0, π] and time mirroring doubles the
size of the set {tRi

} by also including every time −tRi
of the original set.

Additionally, to account properly for the contribution of each time when constructing the
expectation value, the coefficients assigned to these times also need to be modified. From the
original set of coefficients {cRi

} that are assigned to each time tRi
, the coefficient is then halved,

with cRi/2 assigned to the +tRi time, and cRi/2 assigned to the −tRi time of the phase function.
The cardinality of {tM} and {cm}, meaning the number of elements contained in these sets is
denoted by | · |, with |{tM}| = 2|{tRi

}| and |{cM}| = 2|{cRi
}|.

This makes the set of times {tM} and coefficients {cM} of time mirroring:

{tM} = {−tRi} ∪ {tRi}
{cm} = {cRi

2
} (96)
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This allows the echo verification method to be more robust in incoherent errors of the quantum
device since the points which the phase function is evaluated are more, however, it is not able to
account for coherent errors of the quantum device, either in the calibration of the gates or coherent
measurement errors.

3.6.3 Experimental results from a trapped ion device

These efforts in building the necessary infrastructure as well as the developments to make the
echo verification method more robust, have culminated in the first connection tests and execution
of small quantum circuits to be successfully performed on the trapped ion device of Johannes
Gutenberg Universität Mainz, with experimental data collected by the author of the thesis. The
received quantum circuit was translated into the native gate set and then optimized, in order to
significantly reduce the total number of gate operations using a quantum circuit compiler. The
current generation of hardware from Johannes Gutenberg Universität Mainz is currently limited
to operate with multiple single ions and two-ion crystals, leading to increased shuttling overhead
resulting in increased time required for an experiment of size larger than 2 qubits or the outright
loss of ions during shuttling. A shuttling compiler has been developed to find the optimal qubit-
to-ion mapping and then add the qubit position and shuttling operation information in between a
gate operation sequence [123].

The single qubit rotations were implemented with the use of a general rotation gate R(ϕ, θ, ω),
which is easily decomposable to basic RY and RZ gates with appropriate angles that are native
to the device apparatus of the Johannes Gutenberg Universität Mainz to create the desired single
qubit rotation as follows:

R(ϕ, θ, ω) = RZ(ω)RY (θ)RZ(ϕ) =

[
e−i(ϕ+ω)/2 cos(θ/2) −e−i(ϕ−ω)/2 sin(θ/2)
e−i(ϕ−ω)/2 sin(θ/2) ei(ϕ+ω)/2 cos(θ/2)

]
(97)

With the current generation hardware, experiments were performed to measure the expectation
value of different observables using the Echo Verification method with the added improvements
discussed in Section 3.6.2. This tested the performance of the device with respect to both the
integrity of the end-to-end pipeline that was developed, as well as the quality of the results obtained
by comparing them to the values obtained from circuits that are easily simulatable classically. The
circuits that were used were 2 ion qubit systems using Z0 and Z0Z1 for observables as shown below,
with decomposition in Fig. 16 for USE used experimentally, but omitted here for circuit brevity:
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3θ) IZZ(π) U†
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R(π
2 ,

π
2 ,−π

2 )

(b)

Figure 17: Circuits used for the experiments with the Johannes Gutenberg Universität Mainz
trapped ion device, depicting the circuits for 2 qubits with observables Z0 and Z0Z1 in (a) and (b)
respectively, with the omission of the depiction of the USE decomposition.

Using the circuits depicted in Fig. 17, the expectation values of Pauli Z on the first qubit
were measured, labeled 0, as well as Pauli Z on the first and second qubit, labeled 0 and 1
respectively. A variety of measurement method protocols were used, to establish the performance
of echo verification based measurement methods, keeping in mind that these methods become
more potent as more qubits are available for verification. With that motivation in mind, these
experiments aimed to pinpoint the transition where compared to directly measuring the observable
term-wise, echo verification measurement protocols would yield expectation values that are closer
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to ideal benchmarks. These benchmarks are taken to be expectation values that one can retrieve
from classically simulating the circuit, as they are analytically computed.

The expectation values for the observable Z0 on 2-qubit trapped ion hardware from Johannes
Gutenberg Universität Mainz with the different means these expectation values were calculated
over a number of points in parameter space that parametrized the USE gate described in the circuit
of Fig. 17a are illustrated in Fig. 18:
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Figure 18: Expectation values for the 2 qubit circuit of Fig. 17a, for the observable Z0, using
various methods for the calculation of the expectation values.

Using the same circuit and configuration in terms of experiment repetitions (4000 shots), the
procedure was repeated with Z0Z1 as the observable. The expectation values of Z0Z1 for a 2-qubit
system are depicted in Fig. 19:
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Figure 19: Expectation values for the 2 qubit circuit of Fig. 17b, for the observable Z0Z1, using
various methods for the calculation of the expectation values.

The reasons behind the subpar performance of the Dirichlet measurement method on the esti-
mation value of the observable Z0Z1 are not clear. Instances of such behavior from the quantum
device were observed when experiments of magnetic nature were being conducted near the experi-
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mental apparatus or heavy ion loss had occurred but its definitive root cause was not fully identified
and resolved in the duration of this work and is part of the ongoing efforts for improvement of the
quantum device of the Johannes Gutenberg Universität Mainz trapped ion devices.

For the echo verification protocol, the 4000 shots that were allotted to the quantum device, half
of them (2000) were used for the calculation of fidelity. As in Eq. 72, the fidelity is the measure of
the probability of the experimental setup to perform accurately the needed operations for returning
to the appropriate initial state, thus the slope of the imaginary part of the phase function Im(g(t))is
evaluated at t = 0 as Im(g′(0)) is rescaled by the fidelity in that point of measurement. The results
of the phase functions and by extension, the expectation values, is heavily influenced by the fidelity
of the device and are shown in Fig 20 below:
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Figure 20: Fidelity metric for Echo Verification measurement method for 2 qubit experiments over
the parameter space of the USE gate used for different observables.

The rest of the 2000 shots were used for the calculation of the expectation values through the
evaluation of the phase function at appropriate times according to the echo verification protocol
used. The phase functions that were measured and produced the expectation values in Fig. 18 and
Fig. 19, showing the times that each phase function was measured to construct the expectation
value at that point by taking the slope of the phase function at time t = 0:
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Figure 21: Phase function measurements for the calculation of expectation values for 2 qubits with
the direct and Dirichlet measurement protocols for different parameters in the ansatz.

Going one step further, the same procedure was performed for 3 qubit systems with the circuit
depicted in Fig. 22 with 6000 total shots for both observables on the same qubits. Although
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seemingly small, this 3-qubit circuit was selected as a stepping stone towards the realization of a
Double Excitation gate, which is critical for the construction of QNP fabric gate structures [49],
while also allowing for the impact of ion shuttling and ion loss to become pronounced.
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Figure 22: Circuits used for the experiments with the Johannes Gutenberg Universität Mainz
trapped ion device, depicting the circuits for 3 qubits with observables Z0 and Z0Z1 in (a) and (b)
respectively, with the omission of the depiction of the USE decomposition.

These measurements provided the following expectation values for the observable Z0 on a 3-
qubit circuit using the term-wise, direct and Dirichlet methods for calculating the expectation
values over different values θ parametrizing the USE gates of the circuit is shown in Fig. 23:

−2.0π −1.3π −0.7π 0.0π 0.7π 1.3π 2.0π

USE gate parameter (θ)

−1.0

−0.5

0.0

0.5

1.0

〈Z
0
〉

Observable: Z0

Analytical

Dirichlet

Termwise

Direct

Figure 23: Expectation values for the 3 qubit circuit of Fig. 22a, for the observable Z0, using
various methods for the calculation of the expectation values.

As before, the same circuit and configuration was utilized, with the same overall shot budget
of 6000 shots for the quantum device, with measurements of the expectation value over the same
values for the θ parameter of the USE gates, as in the previous Z0 case. The expectation values
that were constructed using measurements from the device for the Z0Z1 observable in 3 qubits are
illustrated in Fig. 24:
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Figure 24: Expectation values for the 3 qubit circuit of Fig. 22b, for the observable Z0Z1, using
various methods for the calculation of the expectation values.

Calculating the expectation value of Z0Z1 with the Dirichlet protocol proved challenging, as
the performance of the device was not stable enough to yield expectation values that were close to
those of an analytic device. The way the data these expectation values was collected measurement
protocol was by grouping the evaluations for each measurement method separately for one another
and then requesting the evaluation of the symbolically identical circuit at different parameters, as
swapping between measurement methods would mean the recompilation of the circuit each time,
greatly increasing the execution time.

Using the Dirichlet measurement protocol, as well as the direct measurement protocol, the
fidelity for both protocols of each expectation value, for which 3000 shots were invested for each
point over the parameter space for these experiments, are shown below in Fig. 25:
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Figure 25: Fidelity metric for Echo Verification measurement method for 3 qubit experiments over
the parameter space of the USE gates used for different observables.

The rest of the 3000 shots that were allotted to the trapped ion quantum device were invested
into the measurement of the phase function at various points in time, depending on the protocol.
The phase functions on which the expectation values in Fig. 23 and Fig. 24 are derived from are
shown in Fig. 26:
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Figure 26: Phase function measurements for the calculation of expectation values for 3 qubits with
the direct and Dirichlet measurement protocols for different parameters in the ansatz.

While the fidelity for each point in parameter space was comparable between the two mea-
surement protocols for both observables selected, the results for the phase functions of the Z0Z1

observable and by extension the expectation values derived from them, had significant discrepancies
from both the direct counterpart, as well as the analytical value expected.

The implementation of this end-to-end process for seamless circuit design and execution by the
trapped ion device allows for the easy adaptation of larger setups thanks to the compiler software
developed [123], allowing for smooth integration into quantum chemistry simulations workflows.

The outlook for next-gen setups from the Johannes Gutenberg Universität Mainz is to create
trapped ion crystals that allow for the individual addressing of up to ten ions, since the current
single and two ion crystals lead to significant shuttling overhead. The next generation of devices
will enable not only the reduction of shuttling overhead, reducing execution duration times, but
also an increase in the number of ions available for the fermionic electrons of larger molecules to
be mapped onto them, leading to the simulation chemically more interesting systems, closer to the
regime where classical methods encounter size limitations with the prospect of some day surpassing
them.
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4 Discussion

The research presented in this thesis introduces a number of significant developments of chemistry
simulations within the framework of the Variational Quantum Eigensolver (VQE), particularly per-
taining to its performance and applicability on noisy intermediate scale quantum (NISQ) devices.
More specifically, new optimization strategies are presented and thoroughly tested numerically,
including the Conjugate Model Search (CMS) optimizer and the genetic hyperparameter tuning
procedure for optimizers used in hybrid quantum-classical algorithms. Two new additions to the
echo verification measurement protocol are proposed and explored, as they were then used to ex-
tract expectation values from real trapped ion hardware on the Johannes Gutenberg Universität
Mainz platform through the developed software stack. A complete compilation pipeline is provided
for the mapping of molecular Hamiltonians to optical lattice operations is detailed through rules
for decomposition and merging of fundamental component gates.

Since its proposal as a means of estimating energies of molecular structures and proving an
excellent testbed for a plethora of aspects of quantum computing, the VQE framework currently
seems to have reached a peak in terms of its capabilities, as no king rules forever [124]. Consid-
erable headway has been made through the use of purification error mitigation techniques, both
algorithmically and experimentally, yielding accurate results and successfully accounting for cert
ain types of noise. The ever-increasing Hilbert space of experiments involving larger qubit counts
acts beneficially for the purpose of filtering errors that would cause measurements which would not
satisfy verification criteria. Unfortunately, this purification is achieved at the expense of very high
number of experiment repetitions as shown in Section 3.3, leading to unsustainable requirements
on the computational time required to reach the necessary accuracy for noteworthy system sizes.
Latest developments in the field seek to ameliorate this by providing gates with very high fidelity,
without significant compromise on gate operation time [125, 126].

In the pursuit of accurately estimating expectation values from quantum apparatus for use in
quantum algorithms, research efforts have committed to exploring slower platforms in terms of
experiment repetition time, but with each individual repetition aspiring to have greater accuracy
than superconducting qubits. Trapped atoms offer the advantage of high accuracy native gates
and coherence times, and with efforts such as those in Section 3.5, the booming field of quantum
simulation can offer invaluable insights through the leveraging of techniques currently present in
quantum algorithm literature, with the caveat of the very slow repetition times in comparison to
superconducting qubits. Trapped ions offer similar benefits to trapped atoms, while also not being
restricted to just neighboring qubit interactions, with its own limitation of possible ion loss and
overheads incurred by ion shuttling. Moreover, advancements in error correcting code protocols
have been far from stagnant, as efforts are made to achieve such protocols in other platforms other
than superconducting qubits, for example by using Gottesman-Kitaev-Preskill (GKP) qubits to
allow the use of arbitrary error correcting codes [127].

Ultimately, the accumulated experience and intuition developed through this work point to
the rapid, accurate control of quantum gates and the optimization routines to control them, as
well as the innate barren plateaus of energy gradients as drivers for VQE implementations finding
better use as benchmarking and infrastructure tools, rather than realistic path forwards towards
achieving quantum advantage or at least reach the break-even regime of rivaling current state
of the art classical computational chemistry methods, even with the help of pre-initialization of
parameters. Moreover, as interest is being diverted from NISQ devices and variational algorithms,
it is being redirected towards a significant barrier for achieving fault tolerant quantum computing,
namely the engineering challenges concerning the individual components that make up the quantum
apparatus. Recently, a push for the upgrading of these components is observed, with significant
advancements to cryogenic equipment for platforms that rely on dilution refrigerators such as
superconducting qubits [128]. Also, significant headway has been made towards the interconnection
of smaller quantum devices to allow for scaling of the available qubit counts to cater towards
relevant problems, with clear benefits to quantum chemistry and quantum simulation [129]. As
more novel ways of utilizing quantum computers emerge, such as generators of true randomness,
it is unclear whether quantum chemistry will be the pioneering application of quantum computing
that will demonstrate quantum advantage over classical methods.
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5 Availability of primary data

Owing to the nature of a collaboration between an academic body and an industrial company,
some parts of the work included remain confidential. Considerable effort has been made to provide
the most amount of data possible of the ideas contained in this thesis.

Data from the Purification-experiment in collaboration with Google Quantum AI in Section
3.3 is available at https://doi.org/10.5281/zenodo.7225821.

Data from the Fermionic VQE in collaboration with Max Planck Institute of Quantum Optics
in Section 3.5 is available at https://doi.org/10.5281/zenodo.12665177.

The implementation of Richardson Gaudin models, as well as the code for converting reduced
Bradley-Cooper-Schieffer Hamiltonians into corresponding electronic structure Hamiltonian in-
tegrals has been integrated by the author into the OpenFermion Python Package at: https:

//github.com/quantumlib/OpenFermion/pull/770.
Data from the benchmarking of the behavior of the trapped ion device with respect to qubit

sizes and circuit layers from Johannes Gutenberg Universität Mainz can be found here: https://
github.com/fgkritsis/PhD_notebooks/tree/main/Mainz_data/mainz_device_benchmarking

Data from the phase functions, expectation values and fidelities from the trapped ion quantum
devices from Johannes Gutenberg Universität Mainz can be found at: https://github.com/fgk

ritsis/PhD_notebooks/tree/main/Mainz_data/mainz_phase_fn_data

Data from the hyperparameter tuning of optimizers over 10000 generations can be found at:
https://github.com/fgkritsis/PhD_notebooks/tree/main/Optimization_data/optimizer

_hp_tuning_data/10000gens

Data from the comparison of performance of the various optimizers examined in noiseless and
noisy settings over different system sizes can be found here: https://github.com/fgkritsis/P

hD_notebooks/tree/main/Optimization_data/optimizer_hp_comparison_data
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Meynard-Piganeau, and Jens Eisert. “Stochastic gradient descent for hybrid quantum-
classical optimization”. In: Quantum 4 (Aug. 2020), p. 314. issn: 2521-327X. doi: 10.

22331/q-2020-08-31-314. url: https://doi.org/10.22331/q-2020-08-31-314.

67

https://doi.org/10.1103/PhysRevA.103.012405
https://link.aps.org/doi/10.1103/PhysRevA.103.012405
https://link.aps.org/doi/10.1103/PhysRevA.103.012405
https://doi.org/10.1137/0916069
https://doi.org/10.1137/0916069
https://doi.org/10.1137/0916069
https://doi.org/10.1137/0916069
https://doi.org/10.1145/279232.279236
https://doi.org/10.1145/279232.279236
https://doi.org/https://doi.org/10.1002/nme.1620141104
https://onlinelibrary.wiley.com/doi/pdf/10.1002/nme.1620141104
https://onlinelibrary.wiley.com/doi/pdf/10.1002/nme.1620141104
https://onlinelibrary.wiley.com/doi/abs/10.1002/nme.1620141104
https://onlinelibrary.wiley.com/doi/abs/10.1002/nme.1620141104
https://doi.org/10.22331/q-2021-01-28-391
https://doi.org/10.22331/q-2021-01-28-391
https://doi.org/10.22331/q-2021-01-28-391
https://doi.org/10.1088/2058-9565/ab5e07
http://dx.doi.org/10.1088/2058-9565/ab5e07
http://dx.doi.org/10.1088/2058-9565/ab5e07
https://doi.org/10.1021/acs.jctc.4c00155
https://doi.org/10.1021/acs.jctc.4c00155
https://doi.org/10.23919/ACC.1987.4789489
https://doi.org/10.1109/7.705889
https://doi.org/10.22331/q-2020-05-25-269
https://doi.org/10.22331/q-2020-05-25-269
https://doi.org/10.22331/q-2020-05-25-269
https://doi.org/10.22331/q-2021-10-20-567
https://doi.org/10.22331/q-2021-10-20-567
https://doi.org/10.22331/q-2021-10-20-567
https://doi.org/10.1109/qce57702.2023.00058
http://dx.doi.org/10.1109/QCE57702.2023.00058
http://dx.doi.org/10.1109/QCE57702.2023.00058
https://doi.org/10.22331/q-2020-08-31-314
https://doi.org/10.22331/q-2020-08-31-314
https://doi.org/10.22331/q-2020-08-31-314


[78] S. Stanisic, Jan L. Bosse, F. M. Gambetta, R. A. Santos, W. Mruczkiewicz, T. E. O’Brien,
E Ostby, and A Montanaro. “Observing ground-state properties of the Fermi-Hubbard
model using a scalable algorithm on a quantum computer”. In: Nature Communications
13.1 (Oct. 2022), p. 5743. issn: 2041-1723. doi: 10.1038/s41467- 022- 33335- 4. url:
https://doi.org/10.1038/s41467-022-33335-4.

[79] Kevin J Sung, Jiahao Yao, Matthew P Harrigan, Nicholas C Rubin, Zhang Jiang, Lin Lin,
Ryan Babbush, and Jarrod R McClean. “Using models to improve optimizers for variational
quantum algorithms”. In: Quantum Science and Technology 5.4 (Sept. 2020), p. 044008. doi:
10.1088/2058-9565/abb6d9. url: https://doi.org/10.1088/2058-9565/abb6d9.

[80] Jasper Snoek, Hugo Larochelle, and Ryan P. Adams. Practical Bayesian Optimization of
Machine Learning Algorithms. 2012. arXiv: 1206.2944 [stat.ML]. url: https://arxiv.
org/abs/1206.2944.

[81] Yousef Saad. Iterative Methods for Sparse Linear Systems. SIAM, Jan. 2003. doi: 10.1137/
1.9780898718003.ch4.

[82] Magnus R. Hestenes and Eduard Stiefel. “Methods of Conjugate Gradients for Solving
Linear systems”. In: Journal of Research of the National Bureau of Standards 49.6 (Dec.
1952), pp. 409–436. doi: 10.6028\%2Fjres.049.044. url: https://doi.org/10.6028%
5C%2Fjres.049.044.

[83] Magnus R. Hestenes and Eduard Stiefel. “Methods of conjugate gradients for solving linear
systems”. In: Journal of research of the National Bureau of Standards 49 (1952), pp. 409–
435. url: https://api.semanticscholar.org/CorpusID:2207234.

[84] R. Fletcher and C. M. Reeves. “Function minimization by conjugate gradients”. In: The
Computer Journal 7.2 (Jan. 1964), pp. 149–154. issn: 0010-4620. doi: 10.1093/comjnl/7.
2.149. url: https://doi.org/10.1093/comjnl/7.2.149.

[85] E. Polak and G. Ribiere. “Note sur la convergence de méthodes de directions conjuguées”.
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