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Abstract
This is a continuation of our previous work on quantitative stability for complex Monge-
Ampère equation. In the recent paper [21], we treated the stability question for fixed
cohomology classes and fixed prescribed singularity types. In this work, we establish quanti-
tative stability estimates for complex Monge-Ampère equations when both the cohomology
class and the prescribed singularity vary.
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1 Introduction

Let (X , ω) be a compactKählermanifold of dimensionn and letα be a big (1, 1)- cohomology
class in X . Let θ be a closed smooth real (1, 1)-form in α and let μ be a non-pluripolar finite

Communicated by A. Mondino.

B Hoang-Son Do
dhson@math.ac.vn, hoangson.do.vn@gmail.com

B Duc-Viet Vu
vuviet@math.uni-koeln.de

1 Institute of Mathematics, Vietnam Academy of Science and Technology, 18 Hoang Quoc Viet road,
Hanoi, Vietnam

2 Division of Mathematics, University of Cologne, Weyertal 86-90, 50931 Köln, Germany

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-025-03135-x&domain=pdf


269 Page 2 of 37 H.-S. Do, D.-V. Vu

measure on X . Consider the complex Monge-Ampère equation

θnu = μ, (1.1)

where u is a θ -psh function, and θu := ddcu + θ , and the left-hand side of (1.1) denotes
the non-pluripolar self-product of θu (see [2, 5, 23, 46]). By monotonicity of non-pluripolar
products (see [8, 46, 47]), if (1.1) has a solution, then it is necessary that μ(X) ≤ vol(α),
where vol(α) denotes the volume of the big class α. When μ(X) = vol(α), the equation
(1.1) admits a unique solution by [5, 6, 13, 28, 49], and this solution is of minimal singularity
in α if μ is sufficiently regular (for example, μ has a L p (p > 1) density with respect to a
smooth volume form on X ).

One expects that the regularity of solutions agrees well with that of the measure μ. This
expectation is true at least for the following two classes of extreme regularities. The first
one is the class of measures which are Hölder continuous as a linear functional on the space
PSH0(X , ω) of ω-psh functions u with

∫
X uωn = 0 endowed with L1-metric (we call such

measures Hölder continuous ones). The second one is the class of measures of finite lower
energy (i.e, non-pluripolar measures). These two classes are important because they are two
regularities governing the range of measures where (1.1) is solvable (within the framework
of the theory of non-pluripolar products of currents). We refer to [11, 16, 17, 19, 30, 32,
34, 36, 37, 39, 44, 45] and references therein for more informations in the setting where
μ(X) = vol(α).

Consider now the case where the mass of μ is not necessarily equal to vol(α), i.e, where
μ(X) ≤ vol(α). In this case one can still solve (1.1) by putting it in the context of prescribed
singularities and relative full mass potentials. Denote by PSH(X , θ) the set of θ -psh functions
and let u1, u2 ∈ PSH(X , θ). One says that u1 is more singular than u2 if u1 ≤ u2 + O(1),
and u1 is of the same singularity type as u2 if u1 − u2 is bounded.

In the following, we recall the notions of model potentials and relative full mass potentials.
Note that they are slightly different from the definitions in [8, 38], but the difference is not
essential. For each φ ∈ PSH(X , θ), the roof-top envelope of φ is defined by the following
formula (see [8]):

Pθ [φ] := (
sup{ψ ∈ PSH(X , θ) : ψ ≤ 0, ψ ≤ φ + O(1)})∗

.

We say that φ is is amodel θ -psh function if φ = Pθ [φ]. By [8], the function Pθ [u] is a model
one for every u ∈ PSH(X , θ). If φ is model then we denote by E(X , θ, φ) the set of φ-relative
full mass potentials, i.e., the set of θ -psh functions u with u ≤ φ and

∫
X θnu = ∫

X θnφ . In the
case where

∫
X θnφ > 0, it is well-known that u ∈ E(X , θ, φ) iff Pθ [u] = φ (see [9]).

Let φ be now a model θ -psh function such that
∫
X θnφ > 0. Let μ be a non-pluripolar

measure with μ(X) = ∫
X θnφ . By [9] (see also [8, 19]), the equation

(ddcu + θ)n = μ, (1.2)

admits a unique solution in E(X , θ, φ) satisfying supX u = 0, and if μ has L p density then
the solution is of the same singularity type as φ. Furthermore a characterization of the class
of measures μ where (1.2) admits a solution of finite pluricomplex energy was given in
[19]. The hypothesis that φ is model is a minimal requirement so that (1.2) is solvable in a
meaningful way; see [8] for an explanation about the nature of this assumption.

A θ -singularity type (inα) is an equivalence class of θ -psh functions of the same singularity
type. The space of θ -singularity types is denoted by S(θ)(or S(α) when θ is clear from the
context). A natural pseudo-metric dS(θ) in S(θ) was introduced in [10]. We refer to Section
2 for a recap of this pseudodistance. A model θ -singularity type is by definition the class of a
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model θ -psh function. By [8, Theorem 1.3], every model θ -singularity type contains a unique
model θ -psh function.Hence there is a 1-1 correspondence betweenmodel θ -singularity types
and model θ -psh functions. For u ∈ PSH(X , θ), we denote by [u]θ (or simply [u] when θ

is clear) the θ -singularity type of u. To ease the notation we will denote by dS(θ)(u, v) the
distance dS(θ)

([u]θ , [v]θ
)
.

In Proposition 2.4 (in Section 2), we push further the study of metrics on the space of
singularity types by observing that if we embed S(θ) into a bigger space S(θ ′) for θ ′ ≥ θ

(notice that θ ′ is not necessarily in the cohomology class of θ ), then the pseudodistance dS(θ)

is actually comparable with that induced by dS(θ ′). This allows us to compare singularity
types in different cohomology classes without changing the nature of the distance dS(θ). By
this we will sometimes ignore θ and only write dS . In view of the resolution of (1.2), we
are led to the following natural stability question. We fix a C 0-norm on the space of smooth
(1, 1)-forms on X .

Problem 1.1 Let θ1, θ2 be closed smooth real (1, 1)-forms on X. Let φ j be model θ j -psh
functions and μ j be a non-pluripolar measure of mass equal to

∫
X θnφ j

for j = 1, 2. Let u j

be the solution of (1.2) for μ j , φ j for j = 1, 2. Compare u1 with u2 in terms of dS(φ1, φ2),
‖θ1 − θ2‖C 0 , and a suitable distance between μ1, μ2.

Here by dS(φ1, φ2), we mean dS(Aω)(φ1, φ2), where A is a big constant so that θ j ≤
Aω for j = 1, 2. As discussed above, the condition that dS(Aω)(φ1, φ2) converges to 0 is
independent of the choice of A. To get motivated about the above problem, let’s consider
the following simple situation. Let (α j ) j be a sequence of Kähler (1, 1)-cohomology classes
converging to a big class α∞ as j → ∞. We know that there exists a unique closed positive
(1, 1)-current Tj ∈ α j such that T n

j = vol(α j )ω
n/

∫
X ωn . One thus asks further: what can

we say about the convergence of the sequence (Tj ) j? Even when α∞ is also Kähler, it seems
that known methods are not sufficient to deal with such a question.

There are two natural metrics on the space of probability measures on X . One of the
most common ones is the metric induced by the mass norm of measures. The other metric,
we will also study later, is the Kantorovich-Rubinstein one (or more generally Wasserstein
metrics) metrizing the weak topology on the space of probability measures; see (1.6) below.
We will study Problem 1.1 with both these metrics on measures. The results we obtained for
the mass norm of measures hold under very general assumptions on φ j . Although the mass
norm of measures is quite natural to consider, it is not always easy to estimate this quantity
in applications, while this is often the case for the Kantorovich-Rubinstein distance. For this
reason, we will also treat the stability question for the Kantorovich-Rubinstein distance of
measures.

The first stability result for varied prescribed singularities, which is not quantitative, was
given in [10, Theorem 1.4]. Previously there were several stability results in the fixed pre-
scribed singularity setting in the literature: some are quantitative and some are not. We refer
to [3, 4, 15, 24, 29, 31, 34, 45] and references therein for more details. Key technical tools
to obtain quantitative stability in these latter references are (variants of) Kołodziej’s capacity
method ( [29]) and an integration by parts arguments originally in [4]. All of these cited
results require the measures in the right-hand side of the Monge-Ampère equations to be suf-
ficiently regular (to be more precise, measures must be at least the Monge-Ampère of θ -psh
functions in E1(X , θ)). A more robust method, which allows one to treat the (quantitative)
stability for solutions of low energy in the same cohomology class and singularity type (i.e,
θ1 = θ2 and φ1 = φ2), was devised in [21]. In this paper we develop further this method and
settle Problem 1.1 more or less satisfactorily.
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In order to state our main results, let us now introduce some necessary notions. For every
Borel set E in X , recall that the capacity of E is given by

cap(E) = capω(E) := sup
{w∈PSH(X ,ω):0≤w≤1}

∫

E
ωn

w.

A sequence of Borel functions (u j ) j is said to converge to a Borel function u in capacity
if for every constant ε > 0, we have that cap({|u j − u| ≥ ε}) converges to 0 as j → ∞.
The convergence in capacity is of great importance in pluripotential theory in part because
it implies the convergence of Monge-Ampère operators under reasonable circumstances. To
study quantitatively the convergence in capacity, it is convenient to introduce the following
distance function on PSH(X , ω):

dcap(u, v) := sup
w∈PSH(X ,ω):0≤w≤1

∫

X
|u − v|1/2ωn

w

for every u, v ∈ PSH(X , ω) (note that dcap(u, v) < ∞ thanks to the Chern-Levine-Nirenberg
inequality [22, Proposition 3.1]). The number 1

2 in the definition of dcap can be replaced by
any constant in (0, 1). One can see that for u j , u ∈ PSH(X , ω) for j ∈ N, dcap(u j , u) → 0
if and only if |u j − u| → 0 in capacity.

For θ -psh functions u, v, we put

dθ (u, v) := 2
∫

X
θnmax{u,v} −

∫

X
θnu −

∫

X
θnv .

The function dθ is comparable to dS(θ) (see Proposition 2.4). For quantitative estimates, it
is more convenient to use dθ than dS(θ). It is perhaps worth noting that our method to prove
the stability results below also implies that dcap is bounded from above by a power of dθ for
model θ -potentials (see Proposition 3.13 for details).

Let W− be the set of convex increasing functions χ : R≤0 → R≤0 so that χ(0) = 0
and χ(−∞) = −∞. It follows from [5, Proposition 3.2] that for every non-positive θ -psh
function u, there exists χ ∈ W− and C > 0 such that

−
∫

X
χ(ψ) θnu ≤ C,

for every ψ ∈ PSH(X , ω) with supX ψ = 0. The first main result of this paper is as follows:

Theorem 1.2 Let θ be a closed smooth real (1, 1)-form such that θ ≤ Aω for a given constant
A ≥ 1. Let u ∈ PSH(X , θ) such that supX u = 0 and

∫
X θnu := 2δ > 0. Let B ≥ A and

χ̃ ∈ W− with χ̃(−1) = −1 such that
∫

X
−χ̃ (ψ)θnu ≤ Bδ,

for every ψ ∈ PSH(X , (A + 1)ω) with supX ψ = 0. Let h(s) := (−χ̃ (−s))1/2 for s ≤ 0.
Then, for every constant 0 < γ < 1, there exists a constant C > 0 depending only on
n, X , ω, A, B and γ such that

dcap(u, v) ≤ C

(

h◦(n)

(
δ

‖θnu − ηnv‖ + An‖θ − η‖C 0 + d(A+1)ω(u, v)

))−γ /2

, (1.3)

for every closed smooth real (1, 1)-form η ≤ Aω and for each v ∈ PSH(X , η)with supX v =
0.
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Here, for finite measures μ,μ′, we denote by ‖μ − μ′‖ the mass norm of μ − μ′. The
condition that χ̃(−1) = −1 is merely a normalization one. For an arbitrary χ̃ ∈ W−, we
can consider χ̃/|χ̃(−1)| which satisfies the last requirement. Theorem 1.2 says that under a
relatively weak assumption on a θ -psh function u with

∫
X θnu > 0, one can bound reasonably

the distance dcap of u with any other quasi-psh function v. We give here a consequence of
Theorem 1.2.

Theorem 1.3 Let (θ j ) j∈N∪{∞} be a sequence of closed smooth real (1, 1)-forms in X such
that θ j → θ∞ in C 0 topology as j → ∞. Let φ j be a model θ j -psh function for j ∈ N∪{∞}
such that

dS(φ j , φ∞) → 0

as j → ∞. Let μ j be a non-pluripolar measure on X such that

μ j (X) =
∫

X
(ddcφ j + θ j )

n

for every j and μ j → μ∞ in the mass norm. Let u j be the θ -psh function satisfying

(ddcu j + θ j )
n = μ j , sup

X
(u j − φ j ) = 0

for j ∈ N ∪ {∞}. Then u j → u∞ in capacity as j → ∞.

Here by dS(φ j , φ∞) we mean the pseudodistance dS(Aω) between the (Aω)-singularity
types of φ j and φ∞, where A > 0 is a big enough constant such that θ j ≤ Aω for every j .
The property dS(φ j , φ∞) → 0 is independent of the choice of A. Moreover, as mentioned
above when θ j is equal to a fixed θ , the pseudometric dS(Aω) is comparable with dS(θ).

Theorem 1.3 considerably extends [24, Proposition A] (which treats the case where the
cohomology class is fixed, (φ j ) j is constant and of minimal singularity types, and only
the convergence in L1 was obtained) and [10, Theorem 1.4] which treats the case where
again the cohomology class is fixed, and μ j has L p density with respect to ωn ; see also
[12, Theorem 2.14] for a particular version of Theorem 1.3. The assumption that μ j has
L p density is crucial in the plurisubharmonic envelope approach in [10, Theorem 1.4]. We
note furthermore that in [41, 42] the convergence of solutions were also obtained under
more restrictive conditions that the sequence of measures (μ j ) j are of uniformly bounded
E1 energy (i.e, the corresponding solutions (u j ) j are of uniformly bounded χ-energy for
χ(t) = t , see below for the definition) and the sequence of prescribed singularities is totally
ordered.

It is well-known that it is not possible to have u j → u∞ in L1 if μ j only converges
weakly to μ∞ in general (see [7, 24] and references therein for examples).

We now turn our attention to the class of Hölder continuous measures whose definition
is recalled below. Let PSH0(X , ω) be the set of ω-psh functions u with

∫
X uωn = 0. We

endow PSH0(X , ω) with the L1(ωn) distance. Let μ be a measure on X such that quasi-psh
functions are μ-integrable. We say that μ is Hölder continuous with Hölder constant A
and Hölder exponent γ if it is so as a functional on PSH0(X , ω), in other words, for every
u1, u2 ∈ PSH0(X , ω), we have

∫

X
|u1 − u2|dμ ≤ A‖u1 − u2‖γ

L1(ωn)
. (1.4)
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This notion was introduced in [17]. By expressing every ω-psh function u as u = u −∫
X uωn + ∫

X uωn , we see that (1.4) implies that
∫

X
|u1 − u2|dμ ≤ (

A + μ(X)
)
max{‖u1 − u2‖γ

L1(ωn)
, ‖u1 − u2‖L1(ωn)} (1.5)

for every ω-psh function u1, u2. Clearly the last inequality also yields that μ is Hölder
continuous on PSH0(X , ω) with Hölder exponent γ and with Hölder constant λ

(
A+μ(X)

)
,

for some constant λ depending only on (X , ω). A measure is Hölder continuous if and only if
it can be written as (ddcu+ω)n for some Hölder continuous ω-psh function u on X ; see [17,
Theorem 1.3] and also [11, 30]. We refer to these papers and [27, 33, 37, 44] for examples of
Hölder continuous measures. Most basic examples are measures with L p density or smooth
volume forms of (immersed) generic (real) Cauchy-Riemann submanifolds on X .

Recall that, for every 0 ≤ δ < ∞, the distance dist−δ on the set of Radon measures on X
is defined as follows:

dist−δ(μ,μ′) := sup
‖v‖C δ ≤1

∣
∣〈μ − μ′, v〉∣∣, (1.6)

where v is a smooth real function on X . The distance dist−1 is the Kantorovich-Rubinstein
one in the theory of optimal transport, see [43, Remark 6.5]. Note that dist−δ induces the
same weak topology when δ > 0 (see [43, Theorem 6.9] or [18, Proposition 2.1.4]). When
δ = 0, it is the mass norm of μ1 − μ2. We also have the following interpolation inequality:
for 0 ≤ β0 < β1 < β2,

dist−β1 ≤ dist
β2−β1
β2−β0−β0

dist
β1−β0
β2−β0−β2

. (1.7)

We refer to [35, 40] for a proof (see also [44]). This estimate is very important in complex
dynamics since the appearance of [18] where a more general version of (1.7) for currents
was introduced.

Our next main result is as follows:

Theorem 1.4 Let θ1, θ2 be closed smooth real (1, 1)-forms and A be positive constant at
least 1 such that θ j ≤ Aω for j = 1, 2. Let 0 < δ, β ≤ 1 and M ≥ 1 be constants and
u j ∈ PSH(X , θ j ) ( j = 1, 2) such that

sup
X

u j = 0,
∫

X
θnu j

≥ δ,

and μ j := (θ j + ddcu j )
n ( j = 1, 2) are Hölder continuous measures on X with Hölder

exponent β and with Hölder constant Mδ. Then, for every 0 < γ < 1, there exists a constant
C > 0 depending only on n, X , ω, A, M, β and γ such that

dcap(u1, u2) ≤ C

(
(dist−1(μ1, μ2))

2γβ/(2β+1) + ‖θ1 − θ2‖C 0 + d(A+1)ω(u1, u2)

δ

)2−n−1γ

.

By interpolation inequality (1.7), an analogous inequality also holds for dist−β in place of
dist−1 for any constant β > 0. Our last main result is a generalization of Cegrell-Kołodziej-
Xing stability theorem ( [7, 48]) which treated the case where θ = ω (and only for the class
of potentials of full Monge-Ampère mass) and a refinement of Dinew-Hiep [14, Theorem
3.4]. We also underline that the original result in [7, 48] is non-quantitative and Theorem 1.5
below already strengthens their results in their setting.
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Theorem 1.5 Let θ1, θ2 be closed smooth real (1, 1)-forms and let A be positive constant at
least 1 such that θ j ≤ Aω for j = 1, 2. Let 0 < δ ≤ 1 and u j ∈ PSH(X , θ j ) ( j = 1, 2) such
that supX u j = 0 and

∫
X θnu j

≥ δ. Assume that there exists a Radon measure μ on X such
that μ vanishes on pluripolar sets and (θ j + ddcu j )

n ≤ μ for j = 1, 2. Then, there exists
a continuous increasing function fμ : R≥0 → R≥0 depending only on n, X , ω, A, δ and μ

such that f (0) = 0 and

dcap(u1, u2) ≤ fμ
(
dist−1(μ1, μ2) + ‖θ1 − θ2‖C 0 + d(A+1)ω(u1, u2)

)
,

where μ j := (θ j + ddcu j )
n for j = 1, 2.

Theorem 1.5 implies particularly that for every model θ -psh function φ, the convergence
in capacity or in L1 and the weak convergence of Monge-Ampère measures are equivalent in
the class of potentials in E(X , θ, φ)whoseMonge-Ampèremeasures are bounded from above
by a fixed non-pluripolar measure. This is more or less the original motivation of Cegrell-
Kołodziej in [7]. We would also like to note that in the case of Kähler forms, sufficient
conditions for the convergence in capacity in terms of Monge-Ampère operators were given
in [14, Theorem 3.6] and [26, Lemma 2.3].

Finally we note that as an application of Theorem 1.5 or 1.4 (or rather our method), one
can recover a main result in [10] that the pseudometric space of singularity types of volume
bounded from below by a fixed positive constant is complete, we refer to Proposition 3.14 in
Subsection 3.3 for details.

This paper is the second part of [20] (see [21] for the first part of [20]).

2 Pseudo-metric on the space of singularity types

We first recall some facts about the pseudo-metric on the space of singularity types. Let α

be a big cohomology class and θ a smooth closed (1, 1)-form in α. Let δ > 0 be a constant.
Let S(θ) be the space of singularity types of θ -psh functions and

Sδ(θ) := {[u] ∈ S(θ) :
∫

X
θnu ≥ δ}.

The pseudo-distance dS on S was introduced in [10], and it satisfies

dS(θ)([u], [v]) ≤
n∑

j=0

(

2
∫

X
θ
j
Vθ

∧ θ
n− j
max{u,v} −

∫

X
θ
j
Vθ

∧ θ
n− j
u −

∫

X
θ
j
Vθ

∧ θn− j
v

)

≤ CdS(θ)([u], [v]), (2.1)

where C > 1 depends only on n. Here Vθ is the upper envelope of all non-positive θ -psh
functions:

Vθ := sup{ϕ ∈ PSH(X , θ) : ϕ ≤ 0 on X}.
If θ ′ is another closed smooth form in α, then Sδ(θ) and Sδ(θ

′) are isometric under the map
u �→ u + ϕ, where ϕ is a smooth function such that ddcϕ = θ ′ − θ . Hence in general in
order to study singularity types in α, it is enough to fix a smooth form in α.

For all θ -psh functions u, v, we put

dθ (u, v) := 2
∫

X
θnmax{u,v} −

∫

X
θnu −

∫

X
θnv .
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In particular, if u ≤ v then dθ (u, v) = ∫
X θnv − ∫

X θnu . By (2.1)and by monotonicity of
non-pluripolar products (see [8, Theorem 1.1]), we have

dθ (u, v) ≤ CdS(θ)([u], [v]),
where C = C(n) > 0. Moreover, if θ = Aω for some A > 0 then, we have

dS(Aω)([u], [v]) ≤ d2Aω(u, v),

for every u, v ∈ PSH(X , Aω) by monotonicity of non-pluripolar products; see [8, 47]. In the
sequel, we provide more properties of dθ .

Lemma 2.1 Let u1, u2 be θ -psh functions. Let θ ′ be a smooth real closed (1, 1)-form such
that θ ′ ≥ θ . Then

dθ (u1, u2) ≤ dθ ′(u1, u2).

Proof By the fact dη(u1, u2) = dη(u1,max{u1, u2}) + dη(u2,max{u1, u2}) for η = θ, θ ′,
the problem is reduced to the case u1 ≤ u2. Then we have

dη(u1, u2) =
∫

X
(η + ddcu2)

n −
∫

X
(η + ddcu1)

n,

for η = θ, θ ′. Moreover,

(θ ′ + ddcu j )
n − (θ + ddcu j )

n = (θ ′ − θ) ∧
n−1∑

l=0

(θ ′ + ddcu j )
l ∧ (θ + ddcu j )

n−l−1,

for j = 1, 2. Hence

dθ ′(u1, u2) − dθ (u1, u2) =
∫

X
(θ ′ − θ) ∧ T2 −

∫

X
(θ ′ − θ) ∧ T1,

where

Tj =
n−1∑

l=0

(θ ′ + ddcu j )
l ∧ (θ + ddcu j )

n−l−1 ≥ 0.

Thus, by the monotonicity of non-pluripolar products [8, Theorem 1.1] (see also Theorem
2.2 below), we obtain

dθ ′(u1, u2) − dθ (u1, u2) ≥ 0.

The proof is completed. ��
Theorem 2.2 (The monotonicity of non-pluripolar products) [8, Theorem 1.1] Let θ j , j ∈
{1, 2, ..., n}, be smooth closed real (1, 1)-forms on X. Let u j , v j be θ j -psh functions such
that u j is less singular than v j for every j . Then

∫

X
θ1u1 ∧ ... ∧ θnun ≥

∫

X
θ1v1 ∧ ... ∧ θnvn .

Lemma 2.3 Let δ > 0, A ≥ 1 be constants. Let u, v be θ -psh functions such that u ≤ v and∫
X θnu ≥ δ. Let ψ be an η-psh function, where η is a closed smooth (1, 1)-form. Assume that

θ ≤ Aω, η ≤ Aω. Then there exists a constant C depending only on n, ω such that
∣
∣
∣
∣

∫

X
θmu ∧ ηn−m

ψ −
∫

X
θmv ∧ ηn−m

ψ

∣
∣
∣
∣ ≤ CAn

(
dθ (u, v)

δ

)1/n

.
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Proof This is essentially the proof of [10, Proposition 4.8]. Note that by monotonicity we
have

dθ (u, v) =
∫

X
θnv −

∫

X
θnu ,

∫

X
θmv ∧ ηn−m

ψ ≥
∫

X
θmu ∧ ηn−m

ψ .

Without loss of generality, we can assume dθ (u, v) ≤ δ/2n+2. If dθ (u, v) = 0, then using
u ≤ v and [8, Theorem 1.3 (i ⇔ i i i)], we get Pθ [u] = Pθ [v]. In this case, the left-hand side
of the desired inequality is also zero. Hence, from now on, we assume dθ (u, v) > 0.

Let b > 2 be a constant such that δ/dθ (u, v) < 2bn < 2δ/dθ (u, v). We have

bn
∫

X
θnu > (bn − 1)

∫

X
θnv .

By this and [10, Lemma 4.3], we obtain wb := Pθ (bu + (1 − b)v) ∈ PSH(X , θ). Observe

b−1wb + (1 − b−1)v ≤ b−1(bu + (1 − b)v) + (1 − b−1)v = u.

Combining this with monotonicity of non-pluripolar products gives
∫

X
θmu ∧ ηn−m

ψ ≥
∫

X
θmb−1wb+(1−b−1)v

∧ ηn−m
ψ ≥ (1 − b−1)m

∫

X
θmv ∧ ηn−m

ψ .

It follows that
∫

X
θmu ∧ ηn−m

ψ −
∫

X
θmv ∧ ηn−m

ψ ≥ −mb−1
∫

X
θmv ∧ ηn−m

ψ ≥ −nb−1An
∫

X
ωn

by monotonicity. Hence
∣
∣
∣
∣

∫

X
θmu ∧ ηn−m

ψ −
∫

X
θmv ∧ ηn−m

ψ

∣
∣
∣
∣ ≤ Cb−1 ≤ 21/nC

(
dθ (u, v)

δ

)1/n

,

where C := nAn
∫
X ωn . This finishes the proof. ��

By Lemma 2.3, we have

Proposition 2.4 Let α, θ be as above. Then there exists a constant C > 0 such that

C−1δ dS(θ)([u], [v])n ≤ dθ (u, v) ≤ CdS(θ)([u], [v])
for every [u], [v] ∈ Sδ(α). Moreover if θ ′ is a smooth real closed (1, 1)-form and A is a
positive constant such that

θ ′ ≤ Aω, θ ≤ Aω,

for some constant A > 0, then there exists a constant C1 > 0 depending only on A, ω such
that

δ
(
dθ ′(u, v)

)n ≤ C1dθ (u, v),

for every u, v ∈ Sδ(α).

Proof The first desired assertion is clear from Lemma 2.3. Also by the same lemma, one gets

δ
(
dAω(u, v)

)n ≤ C1dθ (u, v),

for every u, v ∈ Sδ(α), and some constant C1 independent of u, v, δ. This coupled with
Lemma 2.1 gives the last desired inequality. The proof is complete. ��
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3 Stability in a fixed cohomology class

In this section,wewill study the stability questionwhen solutions are in the same cohomology
class.

3.1 Proof of Theorem 1.2 when� = �

Denote by W̃− the set of all convex, non-decreasing functions χ : R≤0 → R≤0 such that
χ(0) = 0 and χ �≡ 0. We stress thatW− is a proper subset of W̃−, since there are functions
χ ∈ W̃− such that limt→−∞ χ(t) �= −∞ (for example, χ(t) = max{t,−1} belongs to W̃−
and not to W−). Let φ be a model θ -psh function. For χ ∈ W̃− and u ∈ PSH(X , θ) with
u ≤ φ, let

Eχ,θ,φ(u) := −
∫

X
χ(u − φ)θnu .

We denote

Eχ (X , θ, φ) := {
u ∈ E(X , θ, φ) : Eχ,θ,φ(u) < ∞}

.

Put

Iχ (u, v) :=
∫

{u<v}
χ(u − v)(θnv − θnu ) +

∫

{u>v}
χ(v − u)(θnu − θnv )

for u, v ∈ Eχ (X , θ, φ). Note that each term in the sum defining Iχ (u, v) is nonnegative for
u, v ∈ Eχ (X , θ, φ) (hence dθ (u, v) = 0).

Wewill prove Theorem1.2 by using some approximation lemmas and the following result:

Theorem 3.1 [21, Theorem 4.2] Let θ ≤ Aω be a closed smooth real (1, 1)-form (A ≥ 1)
and let φ be a model θ -psh function such that

∫
X θnφ = � > 0. Let B ≥ A, χ̃ ∈ W̃− and

u1, u2 ∈ E(X , θ, φ) such that χ̃(−1) = −1 and

Eχ̃ ,θ,φ(u1) + Eχ̃ ,θ,φ(u2) ≤ B�.

Denote χ(t) = max{t,−1}. Then, for every 0 < γ < 1, there exists C > 0 depending only
on n, X , ω and γ such that

dcap(u1, u2)
2 ≤ C (A + |a1 − a2|)

(|a1 − a2| + AB2λγ
)
, (3.1)

where a j := supX u j , λ = 1

h◦n(�/Iχ (u1, u2))
and h(s) = (−χ̃ (−s))1/2.

Let θ, η be closed smooth real (1, 1)-forms representing big cohomology classes. For
every χ ∈ W̃− and u ∈ PSH(X , θ), we denote

Ẽχ,η,θ (u) := sup

{∫

X
−χ(ψ)θnu : ψ ∈ PSH−(X , η), sup

X
ψ = 0

}

, (3.2)

where we recall that PSH−(X , η) is the space of negative η-psh functions on X . The quantity
Ẽχ,η,θ (u) is a sort of energy for u without reference to a model θ -psh function. This will be
very important for us later because we will work in the situation where θ -psh functions in
consideration are not in the same class E(X , θ, φ) for any model θ -psh function φ.
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If χ is bounded then it is clear that Ẽχ,η,θ (u) < ∞ for every u ∈ PSH(X , θ). Moreover,
it follows from [5, Proposition 3.2] that for every u ∈ PSH(X , θ), there exists χ ∈ W− such
that Ẽχ,η,θ (u) < ∞.

For every constant B > 0 and for every χ ∈ W̃−, we define

Ẽχ,η,B(X , θ) := {u ∈ PSH−(X , θ) : Ẽχ,η,θ (u) ≤ B}. (3.3)

For the convenience, in the case η = θ , we denote Ẽχ,θ (u) := Ẽχ,θ,θ (u) and Ẽχ,B(X , θ) =
Ẽχ,θ,B(X , θ). For u, v ∈ PSH−(X , θ), we let

Iχ (u, v) :=
∫

{u<v}
−χ(u − v)(θnu − θnv ) +

∫

{v<u}
−χ(v − u)(θnv − θnu ). (3.4)

We used this quantity before for u, v ∈ E(X , θ, φ) for some model θ -psh function φ, in
which case, Iχ (u, v) is always non-negative. We underline that the number Iχ (u, v) may be
negative in general (if dθ (u, v) > 0). Indeed, if θ = ω, u = 0 and (ω + ddcv)n = cωn for
some 0 < c < 1 then Iχ (u, v) = (1 − c)

∫
X χ(v)ωn < 0. However, by the following series

of Lemmas, if χ(t) ≥ −1 for every t < 0 then the value of Iχ (u, v) is always bounded from
below by −dθ (u, v) (see Remark 3.6 below).

Lemma 3.2 Let χ ∈ W̃−. Assume that u, φ are negative θ -psh functions satisfying u ≤ φ.
Denote uk = max{u, φ − k} for every k > 0. Then

∫

X
−χ(uk − φ)θnuk ≤

∫

X
−χ(u − φ)θnu − χ(−k)dθ (u, φ),

for every k > 0.

Proof Since θnuk = θnu in {u > φ − k} and uk = φ − k in {u ≤ φ − k}, we have
∫

X
−χ(uk − φ)θnuk =

∫

{u≤φ−k}
−χ(−k)θnuk +

∫

{u>φ−k}
−χ(u − φ)θnu . (3.5)

Since
∫
X θnφ = ∫

X θnuk , one obtains
∫

{u≤φ−k}
−χ(−k)θnuk =

∫

X
−χ(−k)θnuk +

∫

{u>φ−k}
χ(−k)θnuk (3.6)

=
∫

X
−χ(−k)θnφ +

∫

{u>φ−k}
χ(−k)θnu .

Combining (3.5) and (3.6) gives
∫

X
−χ(uk − φ)θnuk =

∫

X
−χ(−k)θnφ +

∫

{u>φ−k}
χ(−k)θnu +

∫

{u>φ−k}
−χ(u − φ)θnu

= −χ(−k)dθ (φ, u) +
∫

{u≤φ−k}
−χ(−k)θnu +

∫

{u>φ−k}
−χ(u − φ)θnu

= −χ(−k)dθ (φ, u) +
∫

X
−χ(uk − φ)θnu

≤ −χ(−k)dθ (φ, u) +
∫

X
−χ(u − φ)θnu

because u − φ ≤ uk − φ ≤ 0. The proof is completed. ��
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Lemma 3.3 Letχ, χ̃ ∈ W̃− such that infR<0 χ = −1. Assume that u1, u2, u3, φ are negative
θ -psh functions satisfying u1 ≤ u2 ≤ φ and u1 ≤ u3 ≤ φ. Denote u j,k = max{u j , φ − k}
for every k > 1 and j = 1, 2, 3. Then
∫

X
−χ(u1,k − u2,k)θ

n
u3,k ≤

∫

X
−χ(u1 − u2)θ

n
u3 + dθ (u3, φ) + 1

χ̃ (−k)

∫

X
χ̃(u1 − φ)θnu3 ,

for every k > 1. Moreover, if additionally u3 = u2 on the set {u1 < u2} then
∫

X
−χ(u1,k − u2,k)θ

n
u3,k ≤

∫

X
−χ(u1 − u2)θ

n
u3 + 1

χ̃ (−k)

∫

{u1<u2}
χ̃ (u1 − φ)θnu2 ,

for every k > 1.

Proof Denote

Ak :=
∫

X
−χ(u1,k − u2,k)θ

n
u3,k .

Since θnu3,k = θnu3 in {u1 > φ − k} ⊂ {u3 > φ − k}, we have

Ak =
∫

{u1>φ−k}
−χ(u1 − u2)θ

n
u3 +

∫

{u1≤φ−k}
−χ(u1,k − u2,k)θ

n
u3,k

≤
∫

{u1>φ−k}
−χ(u1 − u2)θ

n
u3 +

∫

{u1≤φ−k<u2}
−χ(−k)θnu3,k .

Then, by the fact χ ≥ −1, we have

Ak ≤
∫

{u1>φ−k}
−χ(u1 − u2)θ

n
u3 +

∫

{u1≤φ−k<u2}
θnu3,k . (3.7)

Thus, by the fact
∫
X θnφ = ∫

X θnu3,k , we get

Ak ≤
∫

{u1>φ−k}
−χ(u1 − u2)θ

n
u3 +

∫

X
θnφ −

∫

{u1>φ−k}
θnu3

=
∫

{u1>φ−k}
−χ(u1 − u2)θ

n
u3 + dθ (u3, φ) +

∫

{u1≤φ−k}
θnu3

≤
∫

X
−χ(u1 − u2)θ

n
u3 + dθ (u3, φ) + 1

χ̃ (−k)

∫

X
χ̃(u1 − φ)θnu3 .

Thus the first desired inequality follows.
Now, consider the case where u3 = u2 on the set {u1 < u2}. By (3.7) and by the fact

θnu3,k = θnu3 = θnu2 on {u1 < u2} ∩ {φ − k < u2}, we have

Ak ≤
∫

{u1>φ−k}
−χ(u1 − u2)θ

n
u3 +

∫

{u1≤φ−k<u2}
θnu2

≤
∫

X
−χ(u1 − u2)θ

n
u3 + 1

χ̃(−k)

∫

{u1<u2}
χ̃ (u1 − φ)θnu2 .

The proof is completed. ��
Lemma 3.4 Let χ, χ̃, u j , u j,k, φ be as in Lemma 3.3 for j = 1, 2, 3. Then

∫

X
−χ(u1,k − u2,k)θ

n
u3,k ≥

∫

X
−χ(u1 − u2)θ

n
u3 − 1

χ̃ (−k)

∫

X
χ̃(u1 − φ)θnu3 ,
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for every k > 1. Moreover, if additionally u3 = u2 on the set {u1 < u2} then
∫

X
−χ(u1,k − u2,k)θ

n
u3,k ≥

∫

X
−χ(u1 − u2)θ

n
u3 − 1

χ̃ (−k)

∫

{u1<u2}
χ̃ (u1 − φ)θnu2 ,

for every k > 1.

Proof Since θnu3,k = θnu3 in {u1 > φ − k}, we have
∫

X
−χ(u1,k − u2,k)θ

n
u3,k ≥

∫

{u1>φ−k}
−χ(u1,k − u2,k)θ

n
u3,k

=
∫

{u1>φ−k}
−χ(u1 − u2)θ

n
u3

=
∫

X
−χ(u1 − u2)θ

n
u3 −

∫

{u1≤φ−k}
−χ(u1 − u2)θ

n
u3

=
∫

X
−χ(u1 − u2)θ

n
u3 −

∫

{u1≤φ−k}∩U
−χ(u1 − u2)θ

n
u3 ,

where U = {u1 < u2}. Then, by the fact χ ≥ −1, we have
∫

X
−χ(u1,k − u2,k)θ

n
u3,k ≥

∫

X
−χ(u1 − u2)θ

n
u3 −

∫

{u1≤φ−k}∩U
θnu3 . (3.8)

Hence, by the monotonicity of χ̃ , we get
∫

X
−χ(u1,k − u2,k)θ

n
u3,k ≥

∫

X
−χ(u1 − u2)θ

n
u3 − 1

χ̃ (−k)

∫

{u1≤φ−k}∩U
χ̃(u1 − φ)θnu3

≥
∫

X
−χ(u1 − u2)θ

n
u3 − 1

χ̃ (−k)

∫

X
χ̃(u1 − φ)θnu3 .

Now, consider the case where u3 = u2 on U . By (3.8) and by the fact θnu3 = θnu2 on U , we
have

∫

X
−χ(u1,k − u2,k)θ

n
u3,k ≥

∫

X
−χ(u1 − u2)θ

n
u3 −

∫

{u1≤φ−k}∩U
θnu2

≥
∫

X
−χ(u1 − u2)θ

n
u3 − 1

χ̃(−k)

∫

{u1≤φ−k}∩U
χ̃ (u1 − φ)θnu2

≥
∫

X
−χ(u1 − u2)θ

n
u3 − 1

χ̃(−k)

∫

U
χ̃ (u1 − φ)θnu2 .

This finishes the proof. ��
Lemma 3.5 Let χ, χ̃ ∈ W̃− such that infR<0 χ = −1. Let B > 0 be a constant and let
u1, u2 ∈ Ẽχ̃ ,B(X , θ) with supX u1 = supX u2 = 0. Denote φ := Pθ [max{u1, u2}] and
u j,k := max{u j , φ − k} for every k > 1 and j = 1, 2. Then

Eχ̃ ,θ,φ(u j,k) ≤ B − χ̃(−k)dθ (u j , φ), (3.9)

and

4B

χ̃(−k)
≤ Iχ (u1,k, u2,k) − Iχ (u1, u2) ≤ − 4B

χ̃(−k)
+ dθ (u1, u2), (3.10)

for every k > 1.

123



269 Page 14 of 37 H.-S. Do, D.-V. Vu

Proof By Lemma 3.2 and by the monotonicity of χ̃ , we have, for j = 1, 2,

Eχ̃ ,θ,φ(u j,k) =
∫

X
−χ̃ (u j,k − φ)θnu j,k

≤
∫

X
−χ̃(u j − φ)θnu j

− χ̃ (−k)dθ (u j , φ)

≤
∫

X
−χ̃(u j )θ

n
u j

− χ̃ (−k)dθ (u j , φ)

≤ B − χ̃(−k)dθ (u j , φ).

It remains to prove (3.10). For j = 1, 2 and k > 1, we denote

I1, j :=
∫

{u1,k<u2,k }
−χ(u1,k − u2,k)θ

n
u j,k

+
∫

{u1<u2}
χ(u1 − u2)θ

n
u j

=
∫

{u1<u2}
−χ(u1,k − u2,k)θ

n
u j,k

+
∫

{u1<u2}
χ(u1 − u2)θ

n
u j

,

because {u1,k < u2,k} ⊂ {u1 < u2}. Similarly, we put

I2, j :=
∫

{u2,k<u1,k }
−χ(u2,k − u1,k)θ

n
u j,k

+
∫

{u2<u1}
χ(u2 − u1)θ

n
u j

=
∫

{u2<u1}
−χ(u2,k − u1,k)θ

n
u j,k

+
∫

{u2<u1}
χ(u2 − u1)θ

n
u j

.

We have

Iχ (u1,k, u2,k) − Iχ (u1, u2) = (I1,1 − I1,2) + (I2,2 − I2,1) := I1 + I2. (3.11)

We will estimate I1 and I2. Let u′ := max{u1, u2}. By [9, Theorem 2.1], we have

dθ (v, u′) = dθ (v, Pθ [u′]) = dθ (v, φ),

for every θ -psh function v. By this, Lemmas 3.3 and 3.4 (replace u2, u3 respectively, by u′,
u1), we have

∫

{u1<u2}
−χ(u1,k − u2,k)θ

n
u1,k

=
∫

X
−χ(u1,k − u′

k)θ
n
u1,k

≤
∫

X
−χ(u1 − u′)θnu1 + dθ (u1, φ) + 1

χ̃ (−k)

∫

X
χ̃ (u1 − φ)θnu1

=
∫

{u1<u2}
−χ(u1 − u2)θ

n
u1 + dθ (u1, u

′) + 1

χ̃ (−k)

∫

X
χ̃(u1 − φ)θnu1

≤
∫

{u1<u2}
−χ(u1 − u2)θ

n
u1 + dθ (u1, u

′) + 1

χ̃(−k)

∫

X
χ̃ (u1)θ

n
u1

≤
∫

{u1<u2}
−χ(u1 − u2)θ

n
u1 + dθ (u1, u

′) − B

χ̃(−k)
,
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and
∫

{u1<u2}
−χ(u1,k − u2,k)θ

n
u1,k =

∫

X
−χ(u1,k − u′

k)θ
n
u1,k

≥
∫

X
−χ(u1 − u′)θnu1 − 1

χ̃(−k)

∫

X
χ̃ (u1 − φ)θnu1

=
∫

{u1<u2}
−χ(u1 − u2)θ

n
u1 − 1

χ̃ (−k)

∫

X
χ̃(u1 − φ)θnu1

≥
∫

{u1<u2}
−χ(u1 − u2)θ

n
u1 − 1

χ̃(−k)

∫

X
χ̃ (u1)θ

n
u1

≥
∫

{u1<u2}
−χ(u1 − u2)θ

n
u1 + B

χ̃(−k)
,

where u′
k := max{u′, φ − k}. Then

B

χ̃ (−k)
≤ I1,1 ≤ dθ (u1, u

′) − B

χ̃ (−k)
. (3.12)

Using the last assertions of Lemmas 3.3 and 3.4 (replace u2, u3 by u′), we also get

B

χ̃ (−k)
≤ I1,2 ≤ − B

χ̃ (−k)
· (3.13)

Combining (3.12) and (3.13), we obtain

2B

χ̃ (−k)
≤ I1 ≤ − 2B

χ̃ (−k)
+ dθ (u1, u

′). (3.14)

Similar, we have

2B

χ̃ (−k)
≤ I2 ≤ − 2B

χ̃ (−k)
+ dθ (u2, u

′). (3.15)

Combining (3.11), (3.14) and (3.15), we have

4B

χ̃(−k)
≤ Iχ (u1,k, u2,k) − Iχ (u1, u2) ≤ − 4B

χ̃ (−k)
+ dθ (u1, u2).

The proof is completed. ��
Remark 3.6 For u, v ∈ PSH−(X , θ), let χ̃ ∈ W− such that both Ẽχ̃ ,θ (u), Ẽχ̃ ,θ (v) are finite.
By Lemma 3.5 we see that if infR<0 χ = −1 then

Iχ (u, v) ≥ −dθ (u, v).

Indeed, by (3.10), we have

Iχ (u, v) ≥ Iχ (uk, vk) + 4B

χ̃ (−k)
− dθ (u, v),

where B > 0 is an upper bound of Ẽχ̃ ,θ (u) and Ẽχ̃ ,θ (v). Note that Iχ (uk, vk) ≥ 0 since
u, v ∈ E(X , θ, φ). Moreover, since χ̃ ∈ W−, we have limk→∞ χ̃(−k) = −∞. Hence,
letting k → ∞, we get Iχ (u, v) ≥ −dθ (u, v).

The following theorem is the key step to prove the main results in the case of fixed
cohomology:
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Theorem 3.7 Let A ≥ 1, 0 < δ < 1, B ≥ A be constants. Let θ ≤ Aω be a closed smooth
real (1, 1)-form representing a big cohomology class. Let χ̃ ∈ W̃− and u1, u2 ∈ Ẽχ̃ ,Bδ(X , θ)

such that infR≤0 χ̃ < χ̃(−1) = −1, supX u1 = supX u2 = 0 and
∫
X θnu1 + ∫

X θnu2 ≥ 2δ. Let
ε > 0 be a constant such that

inf χ̃ <
−4Bδ

ε + dθ (u1, u2)
.

Then, for every 0 < γ < 1, there exists C > 0 depending only on n, X , ω and γ such that

dcap(u1, u2)
2 ≤ C(AB)2

(

h◦n
(

δ

|Iχ (u1, u2)| + ε + dθ (u1, u2)

))−γ

,

where χ(t) = max{t,−1} and h(s) = (−χ̃ (−s))1/2.

Proof Observe that h is increasing (and concave). In the case 4Bδ
ε+dθ (u1,u2)

< 1, we have
δ

|Iχ (u1,u2)|+ε+dθ (u1,u2)
< 1

4B < 1, and then

(

h◦n
(

δ

|Iχ (u1, u2)| + ε + dθ (u1, u2)

))−γ

≥ (
h◦n(1)

)−γ = 1.

By Chern-Levine-Nirenberg inequality [22, Proposition 3.1] (see also [22, Corollary 3.3]),
if u and v are ω-psh functions satisfying supX u = 0 and −1 ≤ v ≤ 0 then

∫

X
|u|ωn

v ≤ C, (3.16)

where C > 0 is a constant depending only on n, X and ω. Using this fact for u = u j/A( j =
1, 2), we get dcap(u1/A, u2/A)2 ≤ C ′ := 2C

∫
X ωn . Hence,

dcap(u1, u2)
2 ≤ C ′(AB)2

(

h◦n
(

δ

|Iχ (u1, u2)| + ε + dθ (u1, u2)

))−γ

.

Then, without loss of generality, we can assume that

4Bδ

ε + dθ (u1, u2)
≥ 1. (3.17)

Denote φ = Pθ [max{u1, u2}] and u j,k = max{u j , φ − k} for every k > 1 and j = 1, 2. By
Theorem 3.1 and Lemma 3.5, we get

dcap(u1,k, u2,k)
2 ≤ C1A

2
(

B − χ̃ (−k)dθ (u1, u2)

δ

)2

×

⎛

⎜
⎜
⎝h◦n

⎛

⎜
⎜
⎝

δ

Iχ (u1, u2) − 4Bδ

χ̃(−k)
+ dθ (u1, u2)

⎞

⎟
⎟
⎠

⎞

⎟
⎟
⎠

−γ

,

for every k > 1, whereC1 > 0 depends only on n, X , ω and γ . By (3.17), there exists k0 > 1
such that

χ̃ (−k0) = −4Bδ

ε + dθ (u1, u2)
·
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Then, we have

dcap(u1,k0 , u2,k0)
2 ≤ 25C1(AB)2

(

h◦(n)

(
δ

Iχ (u1, u2) + ε + 2dθ (u1, u2)

))−γ

. (3.18)

On the other hand, for every ϕ ∈ PSH(X , ω) with 0 ≤ ϕ ≤ 1, we have,

(∫

X
|u j − u j,k0 |1/2ωn

ϕ

)2

=
(∫

{u j<φ−k0}
|u j − u j,k0 |1/2ωn

ϕ

)2

≤
(∫

{u j<φ−k0}
|u j |1/2ωn

ϕ

)2

≤ 1

k0

(∫

{u j<φ−k0}
|u j |ωn

ϕ

)2

≤ C2A2

k0
,

for j = 1, 2, where C2 > 0 depends only on X and ω. The last inequality is obtained by
applying (3.16) to u = u j/A and v = ϕ − 1. Since χ̃ ∈ W̃− (i.e., χ̃ is increasing, convex
and χ̃(0) = 0), we have

−χ̃(−t) ≥ h(t)h(1) = h(t) and χ̃ (−t)
−t ≤ χ̃ (−1)

−1 = 1,

for every t ≥ 1. Then

t ≥ −χ̃(−t) ≥ h(t),

for every t ≥ 1. Hence, by the definition of dcap and (3.17), we get

dcap(u j , u j,k0)
2 ≤ C2A2

k0
≤ C2A2(ε + dθ (u1, u2))

4Bδ
(3.19)

≤ C2A
2
(

h◦n
(

4Bδ

ε + dθ (u1, u2)

))−1

≤ C2A
2
(

h◦n
(

δ

ε + dθ (u1, u2)

))−1

because B ≥ 1 (observe that h is increasing). Using (3.18), (3.19) and the triangle inequality,
we obtain

dcap(u1, u2)
2 ≤ (dcap(u1, u1,k0) + dcap(u1,k0 , u2,k0) + dcap(u2,k0 , u2))

2

≤ 3(dcap(u1, u1,k0)
2 + dcap(u1,k0 , u2,k0)

2 + dcap(u2,k0 , u2)
2)

≤ C3(AB)2
(

h◦n
(

δ

|Iχ (u1, u2)| + ε + 2dθ (u1, u2)

))−γ

≤ C4(AB)2
(

h◦n
(

δ

|Iχ (u1, u2)| + ε + dθ (u1, u2)

))−γ

,

where C3,C4 > 0 depend only on n, X , ω and γ . The last inequality holds due to the fact
that h(t)√

t
is decreasing on (0,∞).

The proof is completed. ��
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The following result implies Theorem 1.2 for the case of fixed cohomology (i.e, when
η = θ ):

Theorem 3.8 Let θ ≤ Aω be a closed smooth real (1, 1)-form representing a big cohomology
class (A ≥ 1). Let u ∈ PSH(X , θ) such that supX u = 0 and

∫
X θnu := 2δ > 0. Assume

u ∈ Ẽχ̃ ,Bδ(X , θ), where B ≥ A is a given constant and χ̃ ∈ W− with χ̃(−1) = −1. Then,
for every 0 < γ < 1, there exists C > 0 depending only on n, X , ω and γ such that

dcap(u, v)2 ≤ C(A B)2
(

h◦n
(

δ

‖θnu − θnv ‖ + dθ (u, v)

))−γ

,

for every v ∈ PSH(X , θ) with supX v = 0, where h(s) = (−χ̃ (−s))1/2.

Proof Put

t0 = ‖θnu − θnv ‖ + dθ (u, v).

If t0 ≥ δ then h◦n
(

δ
t0

)
≤ h◦n(1) = 1, and the desired property is trivial. Hence, without

loss of generality, we can assume that t0 < δ. Denote

M = 5Bδ

t0
, χ̃M (−s) = max{χ̃ (−s),−M} and hM (s) = (−χ̃M (−s))1/2,

for every s ≥ 0. We have Mt0 = 5Bδ. Furthermore for ψ ∈ PSH(X , θ) with supX ψ = 0,
we get

∫

X
−χ̃M (ψ)θnv =

∫

X
−χ̃M (ψ)θnu +

∫

X
−χ̃M (ψ)(θnv − θnu )

≤ Bδ + Mt0,

because of the hypothesis on u and the choice of t0, χM . Consequently, we obtain that

v ∈ Ẽχ̃M ,Bδ+Mt0 . Since inf χ̃M = −M <
−4Bδ

‖θnu − θnv ‖ + dθ (u, v)
, it follows from Theorem

3.7 that

dcap(u, v)2 ≤ C1(AB)2
(

h◦n
M

(
δ

|Iχ (u, v)| + ‖θnu − θnv ‖ + dθ (u, v)

))−γ

,

where χ(s) = max{s,−1} and C1 > 0 depends only on n, X , ω and γ . Since |Iχ (u, v)| ≤
‖θnu − θnv ‖, it follows that

dcap(u, v)2 ≤ C1(A B)2
(

h◦n
M

(
δ

2‖θnu − θnv ‖ + dθ (u, v)

))−γ

. (3.20)

Since χ̃M is convex, we have hM is concave, and then (hM )◦n is concave. In particular,

h◦n
M (t1)

t1
= h◦n

M (t1) − h◦n
M (0)

t1 − 0
≤ h◦n

M (t2) − h◦n
M (0)

t2 − 0
= h◦n

M (t2)

t2
,

for every t1 > t2 > 0. Hence, by (3.20), we have

dcap(u, v)2 ≤ C2(A B)2
(

h◦n
M

(
δ

‖θnu − θnv ‖ + dθ (u, v)

))−γ

, (3.21)
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where C2 = 2γC1. Since χ̃M is convex and χ̃M (0) = 0, we have χ̃M (−t)
−t ≤ χ̃M (−1)

−1 = 1, for
every t > 1. As a consequence, for every 1 < t < M , we have χ̃M (−t) = χ̃(−t) > −M ,
and then hM (t) = h(t). Hence, by (3.20), we obtain

dcap(u, v)2 ≤ C2(A B)2
(

h◦n
(

δ

‖θnu − θnv ‖ + dθ (u, v)

))−γ

.

The proof is completed. ��

3.2 Proof of Theorems 1.4 and 1.5 when�1 = �2

In order to prove the next main results when θ1 = θ2, we need several auxiliary lemmas.

Lemma 3.9 Let u : 2B := {z ∈ C
n : |z| < 2} → [−∞, 0] be a subharmonic function

such that
∫
2B �u := A < ∞. Assume that h is a non-negative radial smooth function

on C
n satisfying

∫
Cn hdV = 1 and Supp(h) ⊂ B. For every 0 < ε < 1, we denote

hε(z) = 1
ε2n

h
( z

ε

)
. Then, there exists C1 > 0 depending only on n and A such that

∫

B

(u ∗ hε − u)dV ≤ C1ε
2, (3.22)

for every 0 < ε < 1. Moreover, if u ≥ −M for some M > 0 then there exists a constant
C2 > 0 depending only on n and h such that

‖u ∗ hε‖C 1(B) ≤ C2M

ε
. (3.23)

Although this lemma is elementary, we could not find any reference to it. Therefore, we write
in detail for readers’ convenience.

Proof We note that ‖u‖C0(2B) ≤ M since −M ≤ u ≤ 0. By the fact D(u ∗ hε) = u ∗ Dhε ,
we also have

|D(u ∗ hε)(z)| =
∣
∣
∣
∣

∫

B

u(z − w)Dhε(w)dV (w)

∣
∣
∣
∣ ≤ C1‖u‖C 0(2B)‖Dhε‖L1(B) ≤ C2M

ε
,

where C1,C2 > 0 are constants depending only on n and h. Hence,

‖u ∗ hε‖C 1(B) ≤ C3M

ε
,

where C3 > 0 is a constant depending only on n and h.
It remains to prove (3.22). After approximating u by a decreasing sequence of smooth

subharmonic functions, the problem is reduced to the case where u is smooth. By Jensen
formula [1, page 36], for every z ∈ B and 0 < ε < 1, we have

∫

B

(ūε − u)dV =
∫

B

∫ ε

0

∫

{|ξ |≤t}
�u(z + ξ)dV (ξ)

dt

t2n−1 dV (z),
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where ūt (z) is the average of u over ∂Bt (z) := z + t∂B. Therefore, by Fubini’s theorem, we
have

∫

B

(ūε − u)(z)dV =
∫ ε

0

∫

{|ξ |≤t}

∫

B

�u(z + ξ)dV (z)dV (ξ)
dt

t2n−1

≤ A
∫ ε

0

∫

{|ξ |≤t}
dV (ξ)

dt

t2n−1

= S2n A
∫ ε

0
tdt

= S2n Aε2

2
,

where S2n is the volume of the unit ball B. Moreover, by using the polar coordinates and the
monotonicity of ūt (z) with respect to t , we get

u ∗ hε(z) = 2nS2n

∫ ε

0
ūt (z)Hε(t)t

2n−1dt ≤ 2nS2n

∫ ε

0
ūε(z)Hε(t)t

2n−1dt

= ūε(z)
∫

εB

hε(ξ)dV (ξ)

= ūε(z),

where Hε(t) = hε(z) for t = |z|. Hence, we obtain
∫

B

(u ∗ hε − u)(z)dV ≤
∫

B

(ūε − u)(z)dV ≤ S2n Aε2

2
.

The proof is completed. ��
Lemma 3.10 Let (X , ω) be a compact Kähler manifold and let μ be a Radon measure on X
such that

∫

X
min{|u1 − u2|, 1}dμ ≤ H(‖u1 − u2‖L1(X)),

for all u1, u2 ∈ PSH(X , ω), where H : R≥0 → R≥0 is an increasing function. Let � ⊂ X
such that there exists a biholomorphic mapping ϕ : 2B → �, where B is the unit ball in Cn.
Then there exists a constant C ≥ 1 depending only on X, ω, � and ϕ such that

∫

ϕ(B)

|(u − v) ◦ ϕ−1|dμ ≤ CM H(‖(u − v) ◦ ϕ−1‖L1(ϕ(2B))).

for every M ≥ 1 and for all psh functions u, v ∈ PSH(2B) with −M ≤ u, v ≤ 0.

Proof Let u′ := max{u, M |z|2 − 2M}. We have u = u′ on B and u′ = M |z|2 − 2M outside√
2B. Let φ ∈ C∞

0 (2B) such that 0 ≤ φ ≤ 1 and φ ≡ 1 on 3
2B. Then ũ = (φu′) ◦ ϕ−1 is a

(CMω)-psh function on X , where C ≥ 1 depends only on X , ω, ϕ and φ. We do similarly
for v to obtain ṽ. Observe that −2M ≤ ũ − ṽ ≤ 2M . We have ũ

(C+2)M and ṽ
(C+2)M are two

ω-psh functions whose difference is at most 1. By the assumption, we get
∫

X

|ũ − ṽ|
(C + 2)M

dμ ≤ H

(‖ũ − ṽ‖L1(X)

(C + 2)M

)

≤ H
(‖ũ − ṽ‖L1(X)

)

because H is increasing. Since ũ = ṽ outside ϕ(
√
2B), we have

‖ũ − ṽ‖L1(X) = ‖ũ − ṽ‖L1(ϕ(
√
2B))

≤ ‖(u − v) ◦ ϕ−1‖L1(ϕ(2B)),
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Thus, we obtain
∫

ϕ(B)

|(u − v) ◦ ϕ−1|dμ ≤
∫

X
|ũ − ṽ|dμ ≤ (C + 2)M H(‖(u − v) ◦ ϕ−1‖L1(ϕ(2B))).

The proof is completed. ��
Lemma 3.11 Let (X , ω) be a compact Kähler manifold and let μ be a Radon measure on X
such that

∫

X
min{|u1 − u2|, 1}dμ ≤ H(‖u1 − u2‖L1(X)),

for all u1, u2 ∈ PSH(X , ω), where H : R≥0 → R≥0 is an increasing function. Assume that
� is an open subset of X and K is a compact subset of�. Then, there exists a constant C > 0
depending only on n, X, ω, K and � such that

∫

K
min{|u − v|, 1}dμ ≤ CM H

(‖u − v‖L1(�)

) +
∫

K∩{u<−M}
dμ +

∫

K∩{v<−M}
dμ,

for all negative ω-psh function u, v in � and for every M ≥ 1.

Proof By using a suitable open cover of �, we can assume that there exists a biholo-
morphic mapping ϕ : 2B → � such that K � ϕ(B). Put uM := max{u,−M} and
vM := max{v,−M}. We have

min{|u − v|, 1} ≤ |uM − vM | + min{|u − uM |, 1} + min{|v − vM |, 1}
≤ |uM − vM | + |uM+1 − uM | + |vM+1 − vM |.

Then
∫

K
min{|u − v|, 1}dμ ≤

∫

K
|uM − vM |dμ +

∫

K
|uM+1 − uM |dμ +

∫

K
|vM+1 − vM |dμ.

By Lemma 3.10, we have
∫

K
|uM − vM |dμ ≤ CM H

(‖u − v‖L1(�)

)
,

where C ≥ 1 depends only on n, X , ω and ϕ.
Moreover

∫

K
|uM+1 − uM |dμ ≤

∫

K∩{u<−M}
dμ,

and
∫

K
|vM+1 − vM |dμ ≤

∫

K∩{v<−M}
dμ,

Therefore
∫

K
min{|u − v|, 1}dμ ≤ CM H

(‖u − v‖L1(�)

) +
∫

K∩{u<−M}
dμ +

∫

K∩{v<−M}
dμ,

This finishes the proof. ��
The following result generalizes both Theorems 1.4 and 1.5 when θ1 = θ2 (see the next

section, especially Lemma 4.2, for more details about this point).
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Theorem 3.12 Let θ be a closed smooth real (1, 1)-form such that θ ≤ Aω for a given
constant A ≥ 1. Let 0 < δ ≤ 1, B ≥ A, χ̃ ∈ W− and u1, u2 ∈ Ẽχ̃ ,Bδ(X , θ) such that
χ̃ (−1) = −1, supX u1 = supX u2 = 0 and

∫
X θnu1 + ∫

X θnu2 ≥ 2δ. Assume that there exists
a concave increasing function H : R≥0 → R≥0 such that, for j = 1, 2,

∫

X
min{|ψ1 − ψ2|, 1}θnu j

≤ H(‖ψ1 − ψ2‖L1(X)), (3.24)

for every ψ1, ψ2 ∈ PSH(X , ω). Then, for every 0 < a, b, γ < 1 and m > 0, there exists
C > 0 depending only on n, X , A, ω, H(1), a, b, γ and m such that

dcap(u1, u2)
2 ≤ C B2

(

h◦n
(

δ

G(x) + dθ (u1, u2)

))−γ

,

where

x := dist−1(θ
n
u1 , θ

n
u2), G(x) = Ha(x2(1−b)) + H(Hm(x1−b)) + xab,

and h(s) = (−χ̃ (−s))1/2.

Proof Without loss of generality, we can assume that 0 < x := dist−1(θ
n
u1 , θ

n
u2) < 1. Denote

χ(t) = max{t,−1}. Since inf χ̃ = −∞, it follows from Theorem 3.7 that

dcap(u1, u2)
2 ≤ C0(A B)2

(

h◦n
(

δ

|Iχ (u1, u2)| + dθ (u1, u2)

))−γ

, (3.25)

where C0 > 0 depends only on n, X , ω and γ . We will estimate |Iχ (u1, u2)|.
For every k > 0 and j = 1, 2, it follows from the Skoda integrability theorem that

∫

{u j<−k}
ωn ≤

∫

X
exp

(−c0(u j + k)

A

)

ωn ≤ C1 exp

(−c0k

A

)

, (3.26)

where c0,C1 > 0 depend only on X and ω.
Let {Ul}1≤l≤l0 be a finite cover of X such that

• for every l, there exists a biholomorphic function ϕl : 2B → Ul , where B is the open
unit ball in C

n ;
• the family {ϕl(B)}1≤l≤l0 is also a finite cover of X .

For the convenience, we denote Vl := ϕ
( 3
2B

)
and Wl := ϕ(B). Let ρl be a smooth function

on ϕl(2B) such that ddcρ = Aω ≥ 0 on ϕl(2B). Since max{u j ,−k} is Aω-psh, we have
max{u j ,−k} ◦ ϕl + ρl ◦ ϕl is psh on 2B. Moreover, for every 0 < ε < 1/2, max{u j ,−k} ◦
ϕl +ρl ◦ϕl is dominated on 3

2B by (max{u j ,−k}◦ϕl +ρl ◦ϕl)∗hε (which is also psh), where
hε(z) = 1

ε2n
h

( z
ε

)
, h is a non-negative radial smooth function on Cn satisfying

∫
Cn hdV = 1

and Supp(h) ⊂ B. For every 0 < ε < 1/2, 1 ≤ l ≤ l0, k > 0 and j = 1, 2, we denote

u j,k,l,ε(z) = (
(max{u j ,−k} ◦ ϕl) ∗ hε

) ◦ ϕ−1
l (z), z ∈ Vl .

Then, u j,k,l,ε + (ρl ◦ ϕl ∗ hε) ◦ ϕ−1
l is a psh function on Vl dominating max{u j ,−k} + ρl .

In particular, there exists C2 > 0 depending only on Aω such that u j,k,l,ε ∈ PSH(Vl ,C2ω)

and max{u j ,−k}−C2ε ≤ u j,k,l,ε ≤ 0 on Vl . Moreover, by Lemma 3.9, there exists C3 > 0
depending only on n, h, X and Aω such that

‖u j,k,l,ε‖C 1(Vl ) ≤ C3k

ε
, (3.27)
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and

‖u j,k,l,ε − max{u j ,−k}‖L1(Vl ) ≤ C3ε
2, (3.28)

Let {ψl} be a partition of unity subordinate to {Wl} and denote

u j,k,ε =
l0∑

l=1

ψlu j,k,l,ε .

Put μ = θnu1 + θnu2 . For every k, M ≥ 1, j = 1, 2 and 0 < ε < 1, we have

∫

X
min{|u j − u j,k,ε |, 2}dμ ≤

∫

X
min{|max{u j ,−k − 2} − u j,k,ε |, 2}dμ

≤
∫

X
min{

l0∑

l=1

ψl |max{u j ,−k − 2} − u j,k,l,ε |, 2}dμ

≤
l0∑

l=1

∫

Wl

min{|max{u j ,−k − 2} − u j,k,l,ε |, 2}dμ

≤ C4AM
l0∑

l=1

H
(‖max{u j ,−k − 2} − u j,k,l,ε‖L1(Vl )

)

+ 4
l0∑

l=1

∫

Wl∩{u j ,u j,k,ε<−M}
dμ

≤ C4AM
l0∑

l=1

H
(‖max{u j ,−k − 2} − u j,k,l,ε‖L1(Vl )

)

+ 4l0

∫

{u j<−M+1}
dμ,

whereC4 > 0 is a constant depending only on n, X , {Vl}, {Wl} and Aω, and the 4th inequality
holds due to Lemma 3.11. Moreover, by the fact

|max{u j ,−k − 2} − u j,k,l,ε | ≤ |max{u j ,−k} − u j,k,l,ε |
+|max{u j ,−k − 2} − max{u j ,−k}|,

we have

H
(‖max{u j ,−k − 2} − u j,k,l,ε‖L1(Vl )

)

≤ H

(

‖max{u j ,−k} − u j,k,l,ε‖L1(Vl ) + 2
∫

Vl∩{u j<−k}
ωn

)

.
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Then the previous estimates yield

∫

X
min{|u j − u j,k,ε |, 2}dμ

≤ C4AM
l0∑

l=1

H

(

‖max{u j ,−k} − u j,k,l,ε‖L1(Vl ) + 2
∫

Vl∩{u j<−k}
ωn

)

+ 4l0

∫

{u j<−M+1}
dμ.

Hence, by (3.26) and (3.28), we have

∫

X
min{|u j − u j,k,ε |, 2}dμ ≤ C5AM H

(

ε2 + k exp

(−c0k

A

))

+ 4l0

∫

{u j<−M+1}
dμ,(3.29)

where C5 > 0 depends on C1, C3 and C4. Using the facts u j ∈ PSH(X , θ) ⊂ PSH(X , Aω)

and 1{u j<−M+1} ≤ max{u j ,−M + 2} − max{u j ,−M + 1} ≤ 1{u j<−M+2}, we have

∫

{u j<−M+1}
dμ ≤

∫

X
|max{u j ,−M + 1} − max{u j ,−M + 2}|dμ

= A
∫

X

∣
∣
∣
∣
max{u j ,−M + 1}

A
− max{u j ,−M + 2}

A

∣
∣
∣
∣ (θ

n
u1 + θnu2)

≤ 2A H

(‖max{u j ,−M + 1} − max{u j ,−M + 2}‖L1(X)

A

)

≤ 2A H

(∫

{u j<−M+2}
ωn

A

)

≤ 2A H

(∫

{u j<−M+2}
ωn

)

.

Then, by (3.26), we get

4l0

∫

{u j<−M+1}
dμ ≤ C6A H

(

exp

(−c0M

A

))

, (3.30)

where C6 > 0 depends only on X , l0 and ω. Combining (3.29) and (3.30), we get

∫

X
min{|u j − u j,k,ε |, 2}dμ ≤ C5AM H

(

ε2 + k exp

(−c0k

A

))

+ C6A H

(

exp

(−c0M

A

))

.

(3.31)
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Recall that

Iχ (u1, u2) =
∫

{u1<u2}
min{|u1−u2|, 1}(θnu1−θnu2) +

∫

{u2<u1}
min{|u1 − u2|, 1}(θnu2 − θnu1)

=
∫

{u1<u2}
min{u2 − u1, 1}(θnu1 − θnu2) +

∫

{u2<u1}
min{u1 − u2, 1}(θnu2−θnu1)

=
∫

{u1<u2}
min{u2 − u1, 1}(θnu1 − θnu2)+

∫

{u2<u1}
max{u2 − u1,−1}(θnu1−θnu2)

=
∫

{u1<u2}
max{min{u2 − u1, 1},−1}(θnu1 − θnu2)

+
∫

{u2<u1}
max{min{u2 − u1, 1},−1}(θnu1 − θnu2)

=
∫

X
max{min{u2 − u1, 1},−1}(θnu1 − θnu2).

By the fact that

max{t1, t3} − max{t2, t3} = min{−t2,−t3} − min{−t1,−t3} ≤ max{t1 − t2, 0},
we have

|max{min{u2 − u1, 1},−1} − max{min{u2,k,ε − u1,k,ε, 1},−1}| ≤ |u2 − u1 − u2,k,ε + u1,k,ε |,
for every k > 0 and 0 < ε < 1. Since the LHS of the last inequality is bounded by 2, it
follows that

|max{min{u2 − u1, 1},−1} − max{min{u2,k,ε − u1,k,ε, 1},−1}| ≤ �k,ε ,

where

�k,ε = min{|u2 − u1 − u2,k,ε + u1,k,ε |, 2}.
Therefore

|Iχ (u1, u2)| ≤
∣
∣
∣
∣

∫

X
�k,ε(θ

n
u1 − θnu2)

∣
∣
∣
∣ +

∫

X
�k,ε(θ

n
u1 + θnu2), (3.32)

where �k,ε = max{min{u2,k,ε − u1,k,ε, 1},−1}. By (3.27), we have
∣
∣
∣
∣

∫

X
�k,ε(θ

n
u1 − θnu2)

∣
∣
∣
∣ ≤ C3k

ε
dist−1(θ

n
u1 , θ

n
u2) = C3k x

ε
. (3.33)

Combining (3.31), (3.32), (3.33), we get

|Iχ (u1, u2)| ≤ C5AM H

(

ε2 + k exp

(−c0k

A

))

+ C6A H

(

exp

(−c0M

A

))

+ C3k x

ε
.

Now, choosing ε = x1−b, M = − Am log(H(ε)/H(1))

c0
and k = −3A log ε

c0
, we have

|Iχ (u1, u2)| ≤ C7

(
Ha(x2(1−b)) + H(Hm(x1−b)) + xab

)
, (3.34)

where C7 > 1 depends only on A,C3,C5,C6, a, b,m and H(1). Combining (3.25) and
(3.34), we obtain the desired inequality.

The proof is completed. ��
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3.3 Application to the space of singularity types

In this part we apply quantitative stability theorems in the previous subsection to deduce
some properties of the pseudometric space of singularity types in a big cohomology class.

Proposition 3.13 Let θ ≤ Aω be a closed smooth real (1, 1)-form representing a big
cohomology class (A ≥ 1). Assume that u1 and u2 are model θ -psh functions such that∫
X θnu1 + ∫

X θnu2 ≥ 2δ > 0, where δ > 0 is a constant. Then, for every 0 < γ < 1, there
exists C > 0 depending only on n, X , ω and γ such that

dcap(u1, u2)
2 ≤ C

A2n+4

δ2

(
dθ (u1, u2)

δ

)2−nγ

.

The above result implies in particular that for model potentials, the convergence in dS
is stronger than that in capacity. This non-quantitative fact follows also from [10, Theorem
5.6].

Proof By [8, Theorem 3.8], we have

θnu j
≤ 1{u j=0}θn ≤ Anωn,

for j = 1, 2. Therefore, there exists C1 > 0 depending only on X and ω such that
∫

X
(−ψ)θnu j

≤ C1A
n+1,

for every ψ ∈ PSH(X , θ) ⊂ PSH(X , Aω) with supX ψ = 0. Using Theorem 3.7 for
χ̃ (t) = t , we get

dcap(u1, u2)
2 ≤ C2

(

A
C1An+1

δ

)2 ( |Iχ (u1, u2)| + dθ (u1, u2)

δ

)2−nγ

, (3.35)

where χ(t) = max{t,−1} and C2 > 0 is a constant depending only on n, X , ω and γ . Since
θnu j

≤ 1{u j=0}θn , we have
∫

{u1<u2}
−χ(u1 − u2)θ

n
u1 =

∫

{u2<u1}
−χ(u2 − u1)θ

n
u2 = 0.

Therefore

Iχ (u1, u2) ≤ 0. (3.36)

Moreover, it follows from Lemma 3.5 that

Iχ (u1, u2) ≥ −dθ (u1, u2). (3.37)

Combining (3.35), (3.36) and (3.37), we obtain

dcap(u1, u2)
2 ≤ C3

A2n+4

δ2

(
dθ (u1, u2)

δ

)2−nγ

,

where C3 > 0 depends only on n, X , ω and γ . The proof is completed. ��
By using Proposition 3.13, we recover the following result which is obtained in [10] (with

a different proof).
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Proposition 3.14 Let δ > 0 be a constant. Let Sδ(θ) be the subset of S(θ) consisting of
[u] ∈ Sθ such that

∫
X θnu ≥ δ. Then (Sδ(θ), dS) is a complete (pseudo)-metric space.

Proof Let ([u j ]) j be a Cauchy sequence in Sδ(θ) (recall that [u j ] denotes the singularity type
of a θ -psh function u j with supX u j = 0), i.e, for every constant ε > 0, there exists kε ∈ N

such that dθ (u j , uk) ≤ ε for every j ≥ kε, and k ≥ kε . We need to prove that there exists
a class [u∞] ∈ Sδ(θ) so that dθ (u j , u∞) → 0 as j → ∞. By a contradiction argument, it
suffices to prove it for some subsequence of (u j ) j . Hence we can assume that

dθ (u j , u j+1) ≤ 4−n2n+1
,

because one can always extract a subsequence of (u j ) j with that property.
Since dθ

(
u, Pθ [u]) = 0 for every u ∈ PSH(X , θ), without loss of generality, we can

assume that u j = Pθ [u j ] for every j ∈ N, in other words, u j ’s are model θ -psh functions.
Consequently, by Proposition 3.13 (with γ = 1/2), we get

dcap(u j , u j+1) ≤ 2−nC1,

for every j , where C1 > 0 is a constant depending only on n, X , ω, θ and δ. Therefore, there
exists a θ -psh function u∞ such that u j converges to u∞ in capacity as j → ∞.

Moreover, it follows from [8, Theorem 3.8] that

θnu j
≤ 1{u j=0}θn ≤ C2ω

n, (3.38)

for some constant C2 > 0 independent of j . This coupled with Lemma 3.15 below yields
that

θnu j
→ θnu∞ , (3.39)

as j → ∞. It is clear that
∫
X θnu∞ ≥ δ. It remains to show that dθ (u j , u∞) → 0 as j → ∞.

Since uk → u∞ in capacity, we have max{u j , uk} → max{u j , u∞} for every j > 0, and
then it follows from [8, Theorem 2.3] that

lim inf
k→∞

∫

X
θnmax{u j ,uk } ≥

∫

X
θnmax{u j ,u∞}. (3.40)

Recall that

dθ (u j , uk) = 2
∫

X
θnmax{u j ,uk } −

∫

X
θnu j

−
∫

X
θnuk .

Using (3.39) and (3.40), one gets

lim inf
k→∞ dθ (u j , uk) ≥ 2

∫

X
θnmax{u j ,u∞} −

∫

X
θnu j

−
∫

X
θnu∞ = dθ (u j , u∞).

It follows that dθ (u j , u∞) → 0 as j → ∞. In other words, [u j ] → [u∞] in the topology
induced by the pseudo-metric dS (we note that [u∞] might not be unique, but the singularity
type of its envelope Pθ [u∞] is unique).

��
The following lemma is a corollary of [8, Theorem 2.3].

Lemma 3.15 Let u j be a sequence of θ -psh functions satisfying
∫

E
θnu j

≤ F(capω(E)),
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for every j ∈ Z
+ and for every Borel set E ⊂ X, where F : [0,∞) → [0,∞) is a continuous

function with F(0) = 0. Assume that u j converges in capacity to u ∈ PSH(X , θ). Then for
every positive bounded quasi-continuous function ψ : X → [0,∞), we have

lim
j→∞

∫

X
ψθnu j

=
∫

X
ψθnu .

Proof Put M = supX ψ . By [8, Theorem 2.3], we have

lim inf
j→∞

∫

X
ψθnu j

≥
∫

X
ψθnu and lim inf

j→∞

∫

X
θnu j

≥
∫

X
θnu ,

and

M lim sup
j→∞

∫

X
θnu j

− lim sup
j→∞

∫

X
ψθnu j

≥ lim inf
j→∞

∫

X
(M − ψ)θnu j

≥
∫

X
(M − ψ)θnu .

Therefore

lim inf
j→∞

∫

X
ψθnu j

≥
∫

X
ψθnu ≥ lim sup

j→∞

∫

X
ψθnu j

+ M

(∫

X
θnu − lim sup

j→∞

∫

X
θnu j

)

.

Hence, the problem is reduced to show that

lim sup
j→∞

∫

X
θnu j

≤
∫

X
θnu .

For k > 0, we denote ukj = max{u j , Vθ − k − 1}, uk = max{u, Vθ − k − 1} and ϕk =
max{min{u − Vθ + k + 1, 1}, 0}. Then ∫

X θn
ukj

= ∫
X θn

uk
= ∫

X θnVθ
for every j, k, and, by the

quasi-continuity of ϕk ,

lim inf
j→∞

∫

X
(1 − ϕk)θ

n
ukj

≥
∫

X
(1 − ϕk)θ

n
uk .

Therefore, we have
∫

X
ϕkθ

n
uk ≥ lim sup

j→∞

∫

X
ϕkθ

n
ukj

. (3.41)

Since θn
uk

= θnu on {uk > Vθ − k − 1} ⊃ {ϕk > 0}, we have
∫

X
ϕkθ

n
uk =

∫

X
ϕkθ

n
u ≤

∫

X
θnu . (3.42)

Put E j,k = {|u j − u| ≥ 1} ∪ {u ≤ Vθ − k} ⊃ {u j ≤ Vθ − k − 1} ∪ {ϕk < 1}. We have
θn
ukj

= θnu j
on X \ E j,k and

∫

X
ϕkθ

n
ukj

≥
∫

X\E j,k

θnu j
≥

∫

X
θnu j

− F(capω(E j,k)). (3.43)

Combining (3.41), (3.42) and (3.43), we have
∫

X
θnu ≥ lim sup

j→∞

∫

X
θnu j

− lim sup
j→∞

F(capω(E j,k))

≥ lim sup
j→∞

∫

X
θnu j

− lim sup
j→∞

F(capω({u ≤ Vθ − k})).

Letting k → ∞, we obtain the desired inequality. ��
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4 Stability when cohomology classes vary

We now present the proof of Theorem 1.2.

Proof of Theorem 1.2 Put ε = ‖θ − η‖C 0 . Then, there exists a constant C1 ≥ 1 depending
only on X and ω such that

θ ≤ η + C1εω ≤ θ + 2C1εω. (4.1)

Note that, by Chern-Levine-Nirenberg inequality [22, Corollary 3.3] and by the compactness
of {w ∈ PSH(X , ω) : supX w = 0} in L1(X), there exists a constant Cω > 0 depending only
on X and ω such that

dcap(u, v)2 ≤ CωA �
(
h◦n(2C1)

)−γ
.

Therefore, if 0 <
δ

2C1
≤ ε then the desired inequality (1.3) holds. Hence, without loss of

generality, we can assume that

ε <
δ

2C1
,

and, as a consequence, we have θ̃ := θ + C1εω ≤ (A + 1)ω.
It follows from [9, Theorem 4.7] that there exists a unique ũ ∈ E(X , θ̃ , Pθ̃ [u]) such that

{
θ̃nũ = cθnu ,

supX ũ = 0,
(4.2)

where c =
∫
X θ̃nu∫
X θnu

≥ 1. By the assumption, we have

∫

X
−χ̃ (ψ)θnu ≤ Bδ,

for every ψ ∈ PSH(X , θ̃ ) ⊂ PSH(X , (A + 1)ω). Since θ̃nũ = cθnu , it follows that
∫

X
−χ̃ (ψ)θ̃nũ ≤ Bcδ,

for every ψ ∈ PSH(X , θ̃ ). Hence, ũ ∈ Ẽχ̃ ,Bcδ(X , θ̃ ). Observe that
∫
X θ̃nũ ≥ cδ. It follows

from Theorem 3.8 that

dcap(ũ, u)2 ≤ C2(A + 1)2B2

(

h◦n
(

δ

‖θ̃nũ − θ̃nu ‖ + dθ̃ (ũ, u)

))−γ

, (4.3)

and

dcap(ũ, v)2 ≤ C2(A + 1)2B2

(

h◦n
(

δ

‖θ̃nũ − θ̃nv ‖ + dθ̃ (ũ, v)

))−γ

,

(4.4)

where C2 > 0 depends only on n, X , ω and γ . Since Pθ̃ [u] = Pθ̃ [ũ], we have
dθ̃ (ũ, u) = 0 and dθ̃ (ũ, v) = dθ̃ (u, v). (4.5)
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Combining (4.3), (4.4) and (4.5), we get

dcap(u, v)2 ≤ C3(A B)2

(

h◦n
(

δ

‖θ̃nũ − θ̃nu ‖ + ‖θ̃nũ − θ̃nv ‖ + dθ̃ (u, v)

))−γ

, (4.6)

where C3 > 0 depends only on n, X , ω and γ . By (4.1), we have

θnu ≤ θ̃nu ≤ θnu + C4ε(θu + ω)n,

and

ηnv ≤ θ̃nv ≤ (ηv + 2C1εω)n ≤ ηnv + C4ε(ηv + ω)n,

where C4 > 0 depends only on X and ω. Therefore

‖θnu − θ̃nu ‖ + ‖ηnv − θ̃nv ‖ ≤ C5(A + 1)n vol(X)ε, (4.7)

where C5 > 0 depends only on X and ω. Moreover,

‖θnu − θ̃nũ ‖ = (c − 1)
∫

X
θnu =

∫

X
(θ̃nu − θnu ) ≤ ‖θnu − θ̃nu ‖. (4.8)

Combining (4.7) and (4.8), we get

‖θ̃nũ − θ̃nu ‖ + ‖θ̃nũ − θ̃nv ‖ ≤ ‖θnu − θ̃nu ‖ + 2‖θnu − θ̃nũ ‖ + ‖θnu − ηnv‖ + ‖ηnv − θ̃nv ‖
≤ 3‖θnu − θ̃nu ‖ + ‖ηnv − θ̃nv ‖ + ‖θnu − ηnv‖
≤ 3C5(A + 1)n vol(X)ε + ‖θnu − ηnv‖.

Hence, by (4.6), we obtain

dcap(u, v)2 ≤ C3(A B)2
(

h◦n
(

δ

3C5(A + 1)n vol(X)ε + ‖θnu − ηnv‖ + dθ̃ (u, v)

))−γ

≤ C6(A B)2
(

h◦n
(

δ

Anε + ‖θnu − ηnv‖ + d(A+1)ω(u, v)

))−γ

,

whereC6 > 0 depends only on n, X , ω and γ . Herewe use the facts dθ̃ (u, v) ≤ d(A+1)ω(u, v)

(see Lemma 2.1) and h(t) ≤ h(Mt) ≤ M h(t) for every M ≥ 1 and t > 0. The proof is
completed. ��
Proof of Theorem 1.3 Since θ j → θ∞ in C 0-norm, there exists a constant A ≥ 1 so that
θ j ≤ Aω for every j ∈ N ∪ {∞}. By [5, Proposition 3.2], there exists χ̃ ∈ W− such that

sup
ψ∈PSH(X ,(A+1)ω):supX ψ=0

∫

X
−χ̃ (ψ)dμ∞ < ∞.

By considering χ̃/|χ̃ (−1)| instead of χ̃ , we can assume that χ̃ (−1) = −1. This allows us
to apply Theorem 1.2 to u := u∞, v := u j , θ := θ∞, and η := θ j , and we note that

d(A+1)ω(u, v) = d(A+1)ω(u j , u∞) = d(A+1)ω(φ j , φ∞) → 0

as j → ∞ by the hypothesis. We thus obtain dcap(u j , u∞) → 0 as j → ∞. The desired
convergence hence follows. The proof is finished. ��

In the sequel, we will proceed to prove Theorems 1.4 and 1.5.
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Theorem 4.1 Let θ1, θ2 ≤ Aω be closed smooth real (1, 1)-forms (A ≥ 1). Let 0 < δ ≤ 1,
B ≥ 1, χ̃ ∈ W− and u j ∈ Ẽχ̃ ,(A+1)ω,Bδ(X , θ j ) ( j = 1, 2) such that χ̃ (−1) = −1,
supX u j = 0 and

∫
X θnu j

≥ δ. Assume that there exists a concave increasing function H :
R≥0 → R≥0 such that, for j = 1, 2,

∫

X
min{|ψ1 − ψ2|, 1}(θ j + ddcu j )

n ≤ H(‖ψ1 − ψ2‖L1(X)), (4.9)

for every ψ1, ψ2 ∈ PSH(X , ω). Then, for every 0 < a, b, γ < 1 and m > 0, there exists
C > 0 depending only on n, X , A, ω, H(1), a, b, γ and m such that

dcap(u1, u2)
2 ≤ C B2

(

h◦n
(

δ

G(τ ) + ‖θ1 − θ2‖C 0 + d(A+1)ω(u1, u2)

))−γ

,

where τ = dist−1((θ1+ddcu1)n, (θ2+ddcu2)n) , G(τ ) = Ha(Aτ 2(1−b))+H(Hm(τ 1−b))+
τ ab and h(s) = (−χ̃ (−s))1/2.

Proof Without loss of generality, we can assume that
∫
X (θ2 + ddcu2)n ≥ ∫

X (θ1 + ddcu1)n .

Denote μ1 = (θ1 + ddcu1)n , μ2 = (θ2 + ddcu2)n and c = μ1(X)

μ2(X)
≤ 1. It follows from [9,

Theorem 4.7] that there exists a unique u3 ∈ E(X , θ1, Pθ1 [u1]) such that
{

(θ1 + ddcu3)n = cμ2,

supX u3 = 0.
(4.10)

By Theorem 3.12, we have

dcap(u1, u3)
2 ≤ C1 B

2
(

h◦n
(

δ

G(x) + dθ1(u1, u3)

))−γ

, (4.11)

where x := dist−1(μ1, cμ2) and C1 > 0 depends only on n, X , A, ω, H(1), a, b, γ and m.
By Theorem 1.2, we have

dcap(u2, u3)
2 ≤ C2(A B)2

(

h◦n
(

δ

(1 − c)‖μ2‖ + An‖θ1 − θ2‖C 0 + d(A+1)ω(u2, u3)

))−γ

(4.12)

where C2 > 0 depends only on n, X , ω and γ .
Combining (4.11), (4.12) and using the fact dθ1(u1, u3) = d(A+1)ω(u1, u3) = 0, we get

dcap(u1, u2)
2 ≤ C3 B

2
(

h◦n
(

δ

G(x) + (1 − c)‖μ2‖ + R

))−γ

, (4.13)

where R = An‖θ1 − θ2‖C 0 + d(A+1)ω(u1, u2) and C3 > 0 is a constant depending only on
n, X , A, ω, H(1), a, b, γ and m.

Note that

(1 − c)‖μ2‖ =
∫

X
dμ2 −

∫

X
dμ1 ≤ dist−1(μ1, μ2) = τ. (4.14)

Then

x = dist−1(μ1, cμ2) ≤ dist−1(μ1, μ2) + (1 − c)‖μ2‖ ≤ 2 dist−1(μ1, μ2) = 2τ.(4.15)
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Combining (4.13), (4.14) and (4.15), we get

dcap(u1, u2)
2 ≤ C4 B

2
(

h◦n
(

δ

G(τ ) + ‖θ1 − θ2‖C 0 + d(A+1)ω(u1, u2)

))−γ

,

where C4 > 0 depends only on n, X , A, ω, H(1), a, b, γ and m.
This finishes the proof. ��

Proof of Theorem 1.4 By the assumption and by [17, Lemma 3.3], we have μ j := (θ j +
ddcu j )

n satisfies (4.9) for H(t) = M̃δtβ and j = 1, 2, where M̃ > 0 is a constant depending
only on X , ω and M . Moreover, it follows from [17, Proposition 4.4] that, for every ψ ∈
PSH(X , ω) with supX ψ = 0,

∫

X
−ψμ j ≤ Bδ,

where B > 0 depends on X , ω, M and β. Hence, by using Theorem 4.1 (choose a = γ ,

b = 2β

2β + 1
and m = 2a

β
), we have

dcap(u1, u2)
2 ≤ C

(
τ 2γβ/(2β+1) + ‖θ1 − θ2‖C 0 + d(A+1)ω(u1, u2)

δ

)2−nγ

,

where τ = dist−1(μ1, μ2) and C > 0 is a constant depending only on n, X , ω, A, M, γ and
β.

The proof is completed. ��

In order to prove Theorem 1.5, we need again several auxiliary lemmas.

Lemma 4.2 Let μ be a Radon measure on X vanishing on every pluripolar set. Assume that
u j , j ∈ N ∪ {∞}, are negative θ -psh functions satisfying u j → u∞ in L1(X) as j → ∞.
Then

∫

X
min{|u j − u∞|, 1}dμ → 0,

as j → ∞.

Proof Denote B = sup j ‖u j‖L1 . By Chern-Levine-Nirenberg inequality [22, Proposition
3.1], there exists C > 0 such that

cap{u j < −k} ≤ B C

k
,

for every j ∈ N ∪ {∞} and k > 0. Since μ vanishes on pluripolar sets, by [23, Lemma 4.5],
there exists w ∈ PSH(X , ω) ∩ L∞(X) such that μ = f ωn

w for some nonnegative function
f ∈ L1(ωn

w). Let M > 0 be a big enough constant such that

∫

{ f >M}
dμ < ε/6.
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We have

μ({u j < −k}) =
∫

{ f >M}∩{u j<−k}
dμ +

∫

{ f >M}∩{u j<−k}
dμ

≤
∫

{ f ≤M}∩{u j<−k}
dμ +

∫

{ f >M}
dμ

≤ M(sup
X

w − inf
X

w)cap{u j < −k} + ε/6.

It follows that for each ε > 0, there exists k0 ≥ 1 such that

μ({u j < −k}) ≤ ε/3 (4.16)

for every j ∈ N∪{∞} and k ≥ k0. Denote u j,k = max{u j ,−k} and v j,k = max{u j,k, u∞,k}.
Thus for every k, we have u j,k → u∞,k in L1(X) and v j,k → u∞,k in capacity as j → ∞.
It follows from [25, Lemma 11.5] that

∫

X
max{u j,k − u∞,k, 0}dμ =

∫

X
(v j,k − u∞,k)dμ → 0,

and
∫

X
(u j,k − u∞,k)dμ → 0,

as j → ∞. Combining the last two convergences gives
∫

X
|u j,k − u∞,k |dμ → 0,

as j → ∞. Choose j0 such that
∫

X
|u j,k0 − u∞,k0 |dμ <

ε

3
,

for every j > j0. Using the last inequality and (4.16), we have
∫

X
min{|u j − u∞|, 1}dμ ≤

∫

{u j ,u∞≥−k0}
|u j − u∞|dμ + μ({u j < −k}) + μ({u∞ < −k})

≤
∫

{u j ,u∞≥−k0}
|u j,k0 − u∞,k0 |dμ + 2ε

3
≤ ε,

for every j > j0. Thus
∫
X min{|ua j − u∞|, 1}dμ → 0 as j → ∞. ��

Lemma 4.3 Let μ be a Radon measure on X vanishing on every pluripolar set. Then, there
exists a concave, non-decreasing function H : R≥0 → R≥0 with H(0) = 0 such that

∫

X
min{|u − v|, 1}dμ ≤ H

(‖u − v‖L1(X)

)
,

for every u, v ∈ PSH(X , ω).

Proof For every t > 0, we denote

h(t) = sup

{∫

X
min{|u − v|, 1}dμ : u, v ∈ PSH(X , ω), ‖u − v‖L1(X) ≤ t

}

.
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Then h is non-decreasing. We will show that

lim
t→0+ h(t) = 0. (4.17)

Indeed, if lim
t→0+ h(t) = 2ε > 0 then there exist sequences u j , v j ∈ PSH(X , ω) such that

‖u j − v j‖L1(X) → 0 as j → ∞ and
∫

X
min{|u j − v j |, 1}dμ ≥ ε, (4.18)

for every j . Without loss of generality, we can assume that c j := supX v j ≤ supX u j = 0
By the compactness of PSHsup(X , ω) := {ϕ ∈ PSH(X , ω) : supX ϕ = 0} in L1(X), we

can assume that u j , v j − c j → w ∈ PSHsup(X , ω) as j → ∞. In particular,

c j

∫

X
ωn ≤ ‖u j − v j‖L1(X) + ‖u j − w‖L1(X) + ‖v j − c j − w‖L1(X)

j→∞−→ 0. (4.19)

Moreover, it follows from Lemma 4.2 that

lim
j→∞

∫

X
min{|u j − w|, 1}dμ = lim

j→∞

∫

X
min{|v j − c j − w|, 1}dμ = 0,

and it follows that

lim
j→∞

∫

X
min{|u j − v j − c j |, 1}dμ = 0. (4.20)

Combining (4.19) and (4.20), we get

lim
j→∞

∫

X
min{|u j − v j |, 1}dμ = 0.

This contradicts with (4.18). Hence, (4.17) is true.
Now, we put

h̃(t) =
{
h(t) if 0 < t < 1,
∫
X dμ if t ≥ 1.

For every m > 1, we also define

km = sup

{
h̃(s)

s
: 1

m
≤ t

}

and Hm(t) = kmt + h(1/m).

Then Hm(t) ≥ h(t) for every t ≥ 0 and limt→0+ Hm(t) = h(1/m). Set H(t) =
infm>1 Hm(t). We have H is a concave, non-decreasing function satisfying H(0) = 0 and
H ≥ h. In particular,

∫

X
min{|u − v|, 1}dμ ≤ H

(‖u − v‖L1(X)

)
,

for every u, v ∈ PSH(X , ω).
The proof is completed. ��

Proof of Theorem 1.5 By Lemma 4.3, there exists a concave, non-decreasing function H :
R≥0 → R≥0 depending only on μ, X and ω such that H(0) = 0 and

∫

X
min{|ψ1 − ψ2|, 1}dμ ≤ H

(‖ψ1 − ψ2‖L1(X)

)
,
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for every ψ1, ψ2 ∈ PSH(X , ω).
Moreover, it follows from [5, Proposition 3.2] that there exist a constant B > 0 and a

function χ̃ ∈ W− depending on X , ω and μ such that
∫

−χ̃ (ψ)dμ ≤ B,

for every ψ ∈ PSH(X , ω) with supX ψ = 0. In particular, u j ∈ Ẽχ̃ ,(A+1)ω,(A+1)B(X , θ j )

for j = 1, 2. Hence, by Theorem 4.1, there exists C > 0 depending only on n, X , A, ω and
H(1) such that

dcap(u1, u2)
2 ≤ C B2

δ2

(

h◦n
(

δ

G(τ ) + ‖θ1 − θ2‖C 0 + d(A+1)ω(u1, u2)

))−1/2

,

where τ = dist−1(μ1, μ2),G(τ ) = H1/2(τ )+H(H(τ 1/2))+τ 1/4 and h(s) = (−χ̃ (−s))1/2.
Denote

f (t) = C B2

δ2

(

h◦n
(

δ

G(t) + t

))−1/2

.

We obtain

dcap(u1, u2)
2 ≤ f

(
dist−1(μ1, μ2) + ‖θ1 − θ2‖C 0 + d(A+1)ω(u1, u2)

)
.

The proof is completed. ��
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