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Abstract

This is a continuation of our previous work on quantitative stability for complex Monge-
Ampere equation. In the recent paper [21], we treated the stability question for fixed
cohomology classes and fixed prescribed singularity types. In this work, we establish quanti-
tative stability estimates for complex Monge-Ampere equations when both the cohomology
class and the prescribed singularity vary.
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1 Introduction

Let (X, ) be acompact Kidhler manifold of dimension n and let o be abig (1, 1)- cohomology
class in X. Let 6 be a closed smooth real (1, 1)-form in « and let i« be a non-pluripolar finite
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measure on X. Consider the complex Monge-Ampere equation
o = 1. (1.1)

where u is a 0-psh function, and 6, := dd“u + 6, and the left-hand side of (1.1) denotes
the non-pluripolar self-product of 9, (see [2, 5, 23, 46]). By monotonicity of non-pluripolar
products (see [8, 46, 47]), if (1.1) has a solution, then it is necessary that ©(X) < vol(x),
where vol(«) denotes the volume of the big class «. When n(X) = vol(«), the equation
(1.1) admits a unique solution by [5, 6, 13, 28, 49], and this solution is of minimal singularity
in « if p is sufficiently regular (for example, i has a L? (p > 1) density with respect to a
smooth volume form on X).

One expects that the regularity of solutions agrees well with that of the measure 1. This
expectation is true at least for the following two classes of extreme regularities. The first
one is the class of measures which are Holder continuous as a linear functional on the space
PSHy (X, w) of w-psh functions u with f x " = 0 endowed with L'-metric (we call such
measures Holder continuous ones). The second one is the class of measures of finite lower
energy (i.e, non-pluripolar measures). These two classes are important because they are two
regularities governing the range of measures where (1.1) is solvable (within the framework
of the theory of non-pluripolar products of currents). We refer to [11, 16, 17, 19, 30, 32,
34, 36, 37, 39, 44, 45] and references therein for more informations in the setting where
w(X) = vol(x).

Consider now the case where the mass of u is not necessarily equal to vol(«), i.e, where
1(X) < vol(«). In this case one can still solve (1.1) by putting it in the context of prescribed
singularities and relative full mass potentials. Denote by PSH(X, 0) the set of 6-psh functions
and let 1, up € PSH(X, 0). One says that u1 is more singular than u, if u; < us + O(1),
and u is of the same singularity type as u if u; — u5 is bounded.

In the following, we recall the notions of model potentials and relative full mass potentials.
Note that they are slightly different from the definitions in [8, 38], but the difference is not
essential. For each ¢ € PSH(X, 0), the roof-top envelope of ¢ is defined by the following
formula (see [8]):

Pyl¢] := (sup{y € PSH(X,0): ¥ <0, ¥ < ¢+ O(1)})".

We say that ¢ is is a model 0-psh function if ¢ = Py[¢]. By [8], the function Py[u] is a model
one forevery u € PSH(X, 0). If ¢ is model then we denote by £(X, 6, ¢) the set of ¢-relative
full mass potentials, i.e., the set of 6-psh functions u with u < ¢ and [} 6]} = [y 65 In the
case where fx 9; > 0, it is well-known that u € £(X, 6, ¢) iff Py[u] = ¢ (see [9]).

Let ¢ be now a model 6-psh function such that f x 6;; > 0. Let © be a non-pluripolar
measure with w(X) = fx 9;. By [9] (see also [8, 19]), the equation

(ddu+6)" = u, (1.2)

admits a unique solution in £(X, 0, ¢) satisfying supy u = 0, and if  has L? density then
the solution is of the same singularity type as ¢. Furthermore a characterization of the class
of measures v where (1.2) admits a solution of finite pluricomplex energy was given in
[19]. The hypothesis that ¢ is model is a minimal requirement so that (1.2) is solvable in a
meaningful way; see [8] for an explanation about the nature of this assumption.

A 0-singularity type (in o) is an equivalence class of 9-psh functions of the same singularity
type. The space of 6-singularity types is denoted by S(0)(or S(a) when 8 is clear from the
context). A natural pseudo-metric dsg) in S(6) was introduced in [10]. We refer to Section
2 for a recap of this pseudodistance. A model 6-singularity type is by definition the class of a
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model 8-psh function. By [8, Theorem 1.3], every model -singularity type contains a unique
model 8-psh function. Hence there is a 1-1 correspondence between model 6-singularity types
and model 0-psh functions. For u € PSH(X, 0), we denote by [u]g (or simply [u#] when 6
is clear) the 6-singularity type of u. To ease the notation we will denote by ds ) (u, v) the
distance ds ) ([Lt]g s [v]g)‘

In Proposition 2.4 (in Section 2), we push further the study of metrics on the space of
singularity types by observing that if we embed S(0) into a bigger space S(0’) for 6’ > 6
(notice that 0’ is not necessarily in the cohomology class of #), then the pseudodistance ds )
is actually comparable with that induced by ds . This allows us to compare singularity
types in different cohomology classes without changing the nature of the distance ds). By
this we will sometimes ignore 6 and only write ds. In view of the resolution of (1.2), we
are led to the following natural stability question. We fix a ¢°-norm on the space of smooth
(1, 1)-forms on X.

Problem 1.1 Let 6, 0> be closed smooth real (1, 1)-forms on X. Let ¢; be model 0;-psh
Sfunctions and 1 be a non-pluripolar measure of mass equal to fx G(Zj forj =12 Letu;
be the solution of (1.2) for ju, ¢; for j = 1,2. Compare uy with uy in terms of ds(¢1, ¢2),
161 — 621lx0, and a suitable distance between [y, (17.

Here by ds(é1, ¢2), we mean ds(aw)(¢1, ¢2), where A is a big constant so that §; <
Aw for j = 1,2. As discussed above, the condition that ds(aw)(¢1, ¢2) converges to O is
independent of the choice of A. To get motivated about the above problem, let’s consider
the following simple situation. Let (o) ; be a sequence of Kéhler (1, 1)-cohomology classes
converging to a big class o as j — 00. We know that there exists a unique closed positive
(1, )-current T; € «; such that T]” = vol(aj)w"/ f y @". One thus asks further: what can
we say about the convergence of the sequence (7)) ;? Even when o is also Kéhler, it seems
that known methods are not sufficient to deal with such a question.

There are two natural metrics on the space of probability measures on X. One of the
most common ones is the metric induced by the mass norm of measures. The other metric,
we will also study later, is the Kantorovich-Rubinstein one (or more generally Wasserstein
metrics) metrizing the weak topology on the space of probability measures; see (1.6) below.
We will study Problem 1.1 with both these metrics on measures. The results we obtained for
the mass norm of measures hold under very general assumptions on ¢ ;. Although the mass
norm of measures is quite natural to consider, it is not always easy to estimate this quantity
in applications, while this is often the case for the Kantorovich-Rubinstein distance. For this
reason, we will also treat the stability question for the Kantorovich-Rubinstein distance of
measures.

The first stability result for varied prescribed singularities, which is not quantitative, was
given in [10, Theorem 1.4]. Previously there were several stability results in the fixed pre-
scribed singularity setting in the literature: some are quantitative and some are not. We refer
to [3, 4, 15, 24, 29, 31, 34, 45] and references therein for more details. Key technical tools
to obtain quantitative stability in these latter references are (variants of) Kotodziej’s capacity
method ( [29]) and an integration by parts arguments originally in [4]. All of these cited
results require the measures in the right-hand side of the Monge-Ampere equations to be suf-
ficiently regular (to be more precise, measures must be at least the Monge-Ampere of -psh
functions in £1(X, #)). A more robust method, which allows one to treat the (quantitative)
stability for solutions of low energy in the same cohomology class and singularity type (i.e,
01 = 0, and ¢1 = ¢2), was devised in [21]. In this paper we develop further this method and
settle Problem 1.1 more or less satisfactorily.
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In order to state our main results, let us now introduce some necessary notions. For every
Borel set E in X, recall that the capacity of E is given by

cap(E) = cap,, (E) := sup / ).

{wePSH(X,w):0<w<I1}JE
A sequence of Borel functions (u;); is said to converge to a Borel function u in capacity
if for every constant € > 0, we have that cap({|u; — u| > €}) converges to 0 as j — oo.
The convergence in capacity is of great importance in pluripotential theory in part because
it implies the convergence of Monge-Ampere operators under reasonable circumstances. To
study quantitatively the convergence in capacity, it is convenient to introduce the following
distance function on PSH(X, w):

deap(u, v) == sup / lu — vll/zw"w
wePSH(X,w):0<w=<1JX
forevery u, v € PSH(X, o) (note that dc,p(u, v) < 0o thanks to the Chern-Levine-Nirenberg
inequality [22, Proposition 3.1]). The number % in the definition of dc,p can be replaced by
any constant in (0, 1). One can see that for uj, u € PSH(X, w) for j € N, deap(uj, u) — 0
if and only if |u; — u| — 0 in capacity.
For 0-psh functions u, v, we put

d(u, v) ;=2/ Hriax{u,u}—/ o —/ o,
X X X

The function dy is comparable to ds) (see Proposition 2.4). For quantitative estimates, it
is more convenient to use dy than dsg). It is perhaps worth noting that our method to prove
the stability results below also implies that d,p is bounded from above by a power of dy for
model f-potentials (see Proposition 3.13 for details).

Let W™ be the set of convex increasing functions x : R<9p — R<g so that x(0) = 0
and y (—oo0) = —oo. It follows from [5, Proposition 3.2] that for every non-positive 8-psh
function u, there exists x € W~ and C > 0 such that

- [ xwer =c,
X
forevery ¥ € PSH(X, w) with supy ¥ = 0. The first main result of this paper is as follows:

Theorem 1.2 Let 6 be a closed smooth real (1, 1)-form such that & < Aw for a given constant
A > 1. Let u € PSH(X, 6) such that supy u = 0 and fx 0} =26 > 0. Let B> A and
X € W™ with x(—1) = —1 such that

f —Xx ()6, < BS,
X
for every ¥ € PSH(X, (A + D) with supy ¥ = 0. Let h(s) := (=% (—s))'/? for s < 0.

Then, for every constant 0 < y < 1, there exists a constant C > 0 depending only on
n,X,w, A, B and y such that

5 —)//2
d. (u,v)gc<h°<">< )) , (1.3)
“r 167 —ntll + A6 — nllgo + diatiye U, v)

for every closed smooth real (1, 1)-formn < Aw and for eachv € PSH(X, n) withsupy v =
0.
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Here, for finite measures ju, ', we denote by ||u — || the mass norm of u — u’. The
condition that ¥ (—1) = —1 is merely a normalization one. For an arbitrary y € W™, we
can consider x /| x (—1)| which satisfies the last requirement. Theorem 1.2 says that under a
relatively weak assumption on a 8-psh function u with f x 0i > 0, one can bound reasonably
the distance dcqp of u with any other quasi-psh function v. We give here a consequence of
Theorem 1.2.

Theorem 1.3 Let (0;) jenujoo) be a sequence of closed smooth real (1, 1)-forms in X such
that 0; — Ouo in ¢ topology as j — oo. Let ¢ be amodel 6 j-psh function for j € NU {00}
such that

as j — o0o. Let jj be a non-pluripolar measure on X such that
wj(X) = / (dd¢; +6;)"
X

forevery j and wj — oo in the mass norm. Let u j be the 0-psh function satisfying

(dduj+0)" =puj, sup(uj—¢;)=0
X
for j e NU {oo). Then uj — uso in capacity as j — oo.

Here by ds(¢;, ¢oo) we mean the pseudodistance ds(aq.) between the (Aw)-singularity
types of ¢; and ¢oo, where A > 0 is a big enough constant such that §; < Aw for every ;.
The property ds(¢;, ¢oo) — 0 is independent of the choice of A. Moreover, as mentioned
above when 6; is equal to a fixed 6, the pseudometric ds(4) is comparable with ds ).

Theorem 1.3 considerably extends [24, Proposition A] (which treats the case where the
cohomology class is fixed, (¢;); is constant and of minimal singularity types, and only
the convergence in L! was obtained) and [10, Theorem 1.4] which treats the case where
again the cohomology class is fixed, and p; has L? density with respect to w"; see also
[12, Theorem 2.14] for a particular version of Theorem 1.3. The assumption that u; has
L? density is crucial in the plurisubharmonic envelope approach in [10, Theorem 1.4]. We
note furthermore that in [41, 42] the convergence of solutions were also obtained under
more restrictive conditions that the sequence of measures (x;); are of uniformly bounded
E! energy (i.e, the corresponding solutions (u j);j are of uniformly bounded x-energy for
x (1) = t, see below for the definition) and the sequence of prescribed singularities is totally
ordered.

It is well-known that it is not possible to have u; — uy in LYif p ;j only converges
weakly to o in general (see [7, 24] and references therein for examples).

We now turn our attention to the class of Holder continuous measures whose definition
is recalled below. Let PSHo (X, w) be the set of w-psh functions # with f yuo" = 0. We
endow PSHy (X, w) with the L'(™") distance. Let /. be a measure on X such that quasi-psh
functions are p-integrable. We say that u is Holder continuous with Holder constant A
and Holder exponent y if it is so as a functional on PSHo (X, w), in other words, for every
uy, uy € PSHo(X, w), we have

/X = waldpe < Al =2l (1.4)
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This notion was introduced in [17]. By expressing every w-psh function u# as u = u —
fX uo" + fx uw", we see that (1.4) implies that

[ =i = (A 12 GO) maxthis = w2l oy 1 = 2lr) (15

for every w-psh function w1, uz. Clearly the last inequality also yields that p is Holder
continuous on PSHy (X, w) with Holder exponent y and with Holder constant A(A + u(X )),
for some constant A depending only on (X, @). A measure is Holder continuous if and only if
it can be written as (dd“u + w)" for some Holder continuous w-psh function u on X; see [17,
Theorem 1.3] and also [11, 30]. We refer to these papers and [27, 33, 37, 44] for examples of
Holder continuous measures. Most basic examples are measures with L? density or smooth
volume forms of (immersed) generic (real) Cauchy-Riemann submanifolds on X.

Recall that, for every 0 < § < o0, the distance dist_s on the set of Radon measures on X
is defined as follows:

dist_s(u, ) == sup [ —p',v)], (1.6)
vl s <1
where v is a smooth real function on X. The distance dist_; is the Kantorovich-Rubinstein
one in the theory of optimal transport, see [43, Remark 6.5]. Note that dist_s induces the
same weak topology when 6 > 0 (see [43, Theorem 6.9] or [18, Proposition 2.1.4]). When
8 = 0, it is the mass norm of ©; — puy. We also have the following interpolation inequality:
for0 < Bo < B1 < Bo,

B2—PB1 B1—Fo

dist_p, < dist”2, " dist”2, " . (1.7)

We refer to [35, 40] for a proof (see also [44]). This estimate is very important in complex
dynamics since the appearance of [18] where a more general version of (1.7) for currents
was introduced.

Our next main result is as follows:

Theorem 1.4 Let 01, 0, be closed smooth real (1, 1)-forms and A be positive constant at
least 1 such that ; < Aw for j = 1,2. Let0 < §,8 < 1 and M > 1 be constants and
u; € PSH(X, 0;) (j = 1, 2) such that

supuj =0, /0;’ =9,
X X J

and pj = (0 +ddu;)" (j = 1,2) are Holder continuous measures on X with Holder
exponent B and with Holder constant M§. Then, for every 0 < y < 1, there exists a constant
C > 0 depending onlyonn, X, w, A, M, B and y such that

. 27y
(dist_1 (w1, w2))?"P/CPED 1110, — 02l o + diat1ye (U1, uz))
; )

dcap(”lv uy) < C (

By interpolation inequality (1.7), an analogous inequality also holds for dist_g in place of
dist_; for any constant 8 > 0. Our last main result is a generalization of Cegrell-Kotodziej-
Xing stability theorem ( [7, 48]) which treated the case where & = w (and only for the class
of potentials of full Monge-Ampere mass) and a refinement of Dinew-Hiep [14, Theorem
3.4]. We also underline that the original result in [7, 48] is non-quantitative and Theorem 1.5
below already strengthens their results in their setting.
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Theorem 1.5 Let 601, 6, be closed smooth real (1, 1)-forms and let A be positive constant at
least 1 such that0; < Awfor j =1,2. Let0 <8 < landu; € PSH(X,0;) (j = 1,2) such
that supy u; = 0 and f % Glfj > §. Assume that there exists a Radon measure 1 on X such
that u vanishes on pluripolar sets and (0; + ddu;)" < u for j = 1,2. Then, there exists
a continuous increasing function f, : R>o — Rxq depending only onn, X, w, A, § and j
such that f(0) = 0 and

deap(u1, uz) < f (dist—y (1, u2) + 1161 — O2llpo + diat e (1, u2))
where pj = (0; +ddu;)" for j =1, 2.

Theorem 1.5 implies particularly that for every model 8-psh function ¢, the convergence
in capacity or in L' and the weak convergence of Monge-Ampére measures are equivalent in
the class of potentials in £(X, 6, ¢) whose Monge-Ampere measures are bounded from above
by a fixed non-pluripolar measure. This is more or less the original motivation of Cegrell-
Kotodziej in [7]. We would also like to note that in the case of Kihler forms, sufficient
conditions for the convergence in capacity in terms of Monge-Ampere operators were given
in [14, Theorem 3.6] and [26, Lemma 2.3].

Finally we note that as an application of Theorem 1.5 or 1.4 (or rather our method), one
can recover a main result in [10] that the pseudometric space of singularity types of volume
bounded from below by a fixed positive constant is complete, we refer to Proposition 3.14 in
Subsection 3.3 for details.

This paper is the second part of [20] (see [21] for the first part of [20]).

2 Pseudo-metric on the space of singularity types

We first recall some facts about the pseudo-metric on the space of singularity types. Let o
be a big cohomology class and 6 a smooth closed (1, 1)-form in «. Let § > 0 be a constant.
Let S(0) be the space of singularity types of 6-psh functions and

Ss(0) :={[u]l € SO) : / o > §}.
X

The pseudo-distance ds on S was introduced in [10], and it satisfies

n

dsey(ul. v]) < Y (2/}(9&9 - _/x% N A /x% A 93*1')

j=0
< Cds)([u], [v]), (2.1

where C > 1 depends only on n. Here Vjp is the upper envelope of all non-positive 6-psh
functions:

Vo :=sup{p e PSH(X,0) : ¢ <0 on X}

If 6’ is another closed smooth form in «, then Ss(9) and S5(0”) are isometric under the map
u +— u + @, where ¢ is a smooth function such that dd¢ = 8’ — 6. Hence in general in
order to study singularity types in «, it is enough to fix a smooth form in «.

For all 6-psh functions u, v, we put

dg(u, v) ::2/ Gr’r‘lax{uyv}—/ oy —/ 0.
X X X
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In particular, if u < v then dg(u, v) = [, 6] — [, 6. By (2.1)and by monotonicity of
non-pluripolar products (see [8, Theorem 1.1]), we have

do(u, v) < Cdse)([u], [v]),

where C = C(n) > 0. Moreover, if 6 = Aw for some A > 0 then, we have

dsaw ([u], [v]) < d2pw(u, v),
for every u, v € PSH(X, Aw) by monotonicity of non-pluripolar products; see [8, 47]. In the
sequel, we provide more properties of dy.

Lemma 2.1 Let uy, up be 0-psh functions. Let 0’ be a smooth real closed (1, 1)-form such
that @' > 6. Then
dg(uy, uz) < dor(uy,uz).

Proof By the fact dyy(u1, uz) = dy(u1, max{uy, uz}) + dy(uz, max{uy, uz}) forn = 6,6’,
the problem is reduced to the case 1 < u,. Then we have

dy(ui, uz) = / (n +dduz)" — / (n +dduy)",
X X

for n = 6, 0’. Moreover,
n—1
O +dduy)" — © +ddu;)" = © —0) Ay (O +dduy) AO+ddu)"'",
=0
for j = 1,2. Hence

de’(ul,uz)—de(ul,uz)=/(9'—6’)/\T2—/(9’—6’)/\T1,
X X

where

n—1

Tj=Y (' +ddup n®+ddup"'~" > 0.

=0
Thus, by the monotonicity of non-pluripolar products [8, Theorem 1.1] (see also Theorem
2.2 below), we obtain

do/(u1, uz) —dp(uy, uz) > 0.

The proof is completed. O

Theorem 2.2 (The monotonicity of non-pluripolar products) [8, Theorgm 1.1] Let 97, j €
{1,2,...,n}, be smooth closed real (1, 1)-forms on X. Let uj, v; be 6/ -psh functions such
that uj is less singular than v; for every j. Then

1 n 1 n
/9u1 A NG, z/evl A NG,
X X

Lemma2.3 Let§ > 0, A > 1 be constants. Let u, v be 0-psh functions such that u < v and
fX 0]} > 8. Let v be an n-psh function, where 1 is a closed smooth (1, 1)-form. Assume that
0 < Aw, n < Aw. Then there exists a constant C depending only on n, w such that

_ _ dg(u, v)\'"
m n—m m n—m n
‘/xe“”‘/f - o fc“( 5 ) '
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Proof This is essentially the proof of [10, Proposition 4.8]. Note that by monotonicity we

have
dotey = o= [on [ oranym= [ oramm
X X X X

Without loss of generality, we can assume dp (1, v) < § /2"+2. If dg(u, v) = 0, then using
u < vand [8, Theorem 1.3 (i < iii)], we get Pylu] = Py[v]. In this case, the left-hand side
of the desired inequality is also zero. Hence, from now on, we assume dp (4, v) > 0.

Let b > 2 be a constant such that §/dyp (u, v) < 2b" < 25/dg(u, v). We have

b”fe;;>(b"—1)/9;j.
X X

By this and [10, Lemma 4.3], we obtain wy, := Py(bu + (1 — b)v) € PSH(X, 0). Observe
b lwp+ (1 =b" Yo <b N bu+ (1 —bw)+ (1 —bHv=u.
Combining this with monotonicity of non-pluripolar products gives
f O Ay " = / Oty 1—pty ANy Z (1= b_l)m/ 0y Ay
X X X
It follows that

/ AN nf/’j_m —/ o A an_m > —mb~! f N n"w_m > —nb_lA”/ "
X X X X

by monotonicity. Hence

1/n
‘/ Glin/\nifm_/ 9;”/\7]:27”1 SCb—l Szl/nc (W) ’
X X

where C := nA”" [, ". This finishes the proof. m}

By Lemma 2.3, we have

Proposition 2.4 Let «, 6 be as above. Then there exists a constant C > 0 such that
C 18 ds@) ([ul, [W])" < dg(u, v) < Cds([ul, [v])

for every [u], [v] € Ss(a). Moreover if 0’ is a smooth real closed (1, 1)-form and A is a
positive constant such that

0 < Aw, 6 < Aw,

for some constant A > 0, then there exists a constant C1 > 0 depending only on A, @ such
that

8(de/(u, v))" < Crdy(u, v),

for every u, v € Ss(o).

Proof The first desired assertion is clear from Lemma 2.3. Also by the same lemma, one gets
8(daw(u, v)" < Cidg(u, v),

for every u,v € Ss(a), and some constant C; independent of u, v, §. This coupled with
Lemma 2.1 gives the last desired inequality. The proof is complete. O
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3 Stability in a fixed cohomology class

In this section, we will study the stability question when solutions are in the same cohomology
class.

3.1 Proof of Theorem 1.2 when = 6

Denote by W~ the set of all convex, non-decreasing functions x : R<g — R<q such that
x(0) =0and x # 0. We stress that W™ is a proper subset of W, since there are functions
X € W~ such that lim,, _ x(t) # —oo (for example, x (t) = max{r, —1} belongs to W~
and not to W7). Let ¢ be a model 6-psh function. For x € W~ and u € PSH(X, 0) with
u < ¢,let

Ey0.9) = —/Xx(u — )0,
We denote
Ey(X,0,9) = {u €&(X,0,¢) : Eygou) < oo}

Put

Ix(u,v>:=/{ }x(u—v)(G,ﬁ’—@[})Jr/ X @ — )@ — 67

{u>v}
foru,v € £,(X, 0, ¢). Note that each term in the sum defining 7, (u, v) is nonnegative for

u,v e & (X,0,¢) (hence dy(u, v) = 0).
We will prove Theorem 1.2 by using some approximation lemmas and the following result:

Theorem 3.1 [21, Theorem 4.2] Let 6 < Aw be a closed smooth real (1, 1)-form (44 >1)
and let ¢ be a model 0-psh function such that fx Gg =0>0.Let B> A, x € W™ and
ui,ur € (X, 0, ¢) such that x(—1) = —1 and

Ez0,¢u1) + E; 9.4u2) < Bo.

Denote x(t) = max{t, —1}. Then, for every 0 < y < 1, there exists C > 0 depending only
onn, X, wand y such that

deap(u1, u2)* < C (A + lay — a2)) (la1 — az| + AB?)Y), 3.1

1

= and h(s) = (—F(—s)'/2.
hon @/ Ly gy M) = (XS

where aj := supy uj, A

Let 0, n be closed smooth real (1, 1)-forms representing big cohomology classes. For
every x € W™ and u € PSH(X, 0), we denote

Ey n,0(u) :=sup {/x —X(1//)49,;‘ ¥ € PSH™ (X, n), Sl)l(plﬂ = O}, (3.2)

where we recall that PSH™ (X, 1) is the space of negative n-psh functions on X. The quantity
E .n,6(u) is a sort of energy for u without reference to a model 6-psh function. This will be
very important for us later because we will work in the situation where 8-psh functions in
consideration are not in the same class £(X, 6, ¢) for any model 6-psh function ¢.
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If x is bounded then it is clear that EX,,,,Q (u) < oo for every u € PSH(X, 0). Moreover,
it follows from [5, Proposition 3.2] that for every u € PSH(X, ), there exists x € YW~ such
that EXV,%@(M) < 0.

For every constant B > 0 and for every x € W™, we define

ExnB(X,0) :={uePSH (X,0): Ey ,0u) < B}. (3.3)

lfor the convenience, in the case n = 6, we denote wayg(u) = E~X,9,9 (1) and EX,B(X, 0) =
Ey.0,8(X,0).Foru,v e PSH™ (X, 0), we let

1X<u,v>:=/{ }—x(u—v)(e:z—eﬁ)+/ X - W@ — 6. ()

{v<u}

We used this quantity before for u, v € £(X, 0, ¢) for some model f-psh function ¢, in
which case, I, (u, v) is always non-negative. We underline that the number I, (4, v) may be
negative in general (if dp(u, v) > 0). Indeed, if 6 = w, u = 0 and (v + ddv)" = cw" for
some 0 < ¢ < I then I, (u,v) = (1 —¢) fX x (v)o" < 0. However, by the following series
of Lemmas, if x (t) > —1 for every t < 0 then the value of I, (u, v) is always bounded from
below by —dp (u, v) (see Remark 3.6 below).

Lemma3.2 Let x € W™, Assume that u, ¢ are negative 0-psh functions satisfying u < ¢.
Denote uy, = max{u, ¢ — k} for every k > 0. Then

/X — X — $)6L < /X — X — $)B) — x(~k)dp (. ).
forevery k > 0.

Proof Since Qlt‘k =0 in{u>¢—k}anduy =¢ —kin{u < ¢ — k}, we have

f —Xx(uk — 9)0,, = / —x(=k)by, +/ —x(u—$)o,;. (3.5)
X {u<¢p—k} {u>p—k}
Since [y 0y = Ix 6;;, » one obtains
/ —x(=k)by, =/ —x(=k)é,, +/ x (k)6 (3.6)
{u<¢p—k} X {u>p—k}

:/ —x(—k)9$+/ x (k)6
X (u>p—k)

Combining (3.5) and (3.6) gives

| ntw—o = [ —xcosge [ qenee [ g g
X X {u>p—k} {u>p—k}

= —x(=k)ds (¢, u) +/ —x(=k)8, +/ —x(u— )6y,
{u=¢p—k} {u>¢—k}
= —x(=k)dp(¢p,u) + /x =X (ux — )0,
= —x(=k)dg (¢, u) + /X —x(u— )0,
because u — ¢ < up — ¢ < 0. The proof is completed. O
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Lemma3.3 Lety, x € W~ such thatinfr_, x = —1. Assume thatuy, u>, u3, ¢ are negative
0-psh functions satisfying uy < uy < ¢ and uy < uz < ¢. Denote u; = max{u;, ¢ — k}
foreveryk > 1and j = 1,2,3. Then

1 -
/ —x(urx —u2 )0, < / —x(ur —u2)by, +do(usz, ) + = / X — )6y,
X > X x(=k) Jx
for every k > 1. Moreover, if additionally uz = u; on the set {u; < uy} then

1
—x (i —u2)0,),, < / —x(uy —u2)0,, + —— Xy — )0y,
/;( “3k X 1 X (—=k) {uy<uz} "2

forevery k > 1.
Proof Denote
Aj = / =Xk —u2,00,, -
X

Since 0, =0y, in {u; > ¢ —k} C {uz > ¢ — k}, we have

us k
Ap = / —x(ur —u2)y, + / —x Uik —u21)0,,
{ur1>¢—k} {ur<¢—k} B

<[ xn - [ (=R
{ur>p—k} {u1<¢p—k<uz}

Then, by the fact x > —1, we have

A < / —x(u1 — u2)y, —i—/ Oy, - 3.7)
{u1>p—k} {ur<¢—k<uz}

Thus, by the fact [, G(Z =Jx o, > we get

A s/ - —u2)9{,’g+/‘ 9:;—/ o,
{u1>¢—k} : X {u1>p—k}y

=/{ ot —x (u1 —u2)933+d0(u3,¢)+/ O,
up>

{u1=¢—k}
n 1 - "
S/X_X(ul — u2)0,, +d0(u3,¢)+m/;()((141 — )0,

Thus the first desired inequality follows.
Now, consider the case where u3 = uy on the set {u; < uz}. By (3.7) and by the fact
Oifz . = Oy = 0, on{uy < uz} N{p —k < uz}, we have

U3 k
A = / —x (i —u2)y, +/ oy,
{u1>p—k} ) {u1<¢p—k<uz}

1
< | —x(ur —u2)by, + = X — $)oy,.
/X " X(_k) uy<uz} “

The proof is completed. O

Lemma3.4 Let x, x,uj,ujx, ¢ beasin Lemma 3.3 for j = 1,2, 3. Then

/X—X(ul,k—uz,k)é’,f&,{z/ —x (U1 —u2)ly, — = T k)/ X1 — )0y,
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for every k > 1. Moreover, if additionally uz = uy on the set {uy < us} then

1

—x Uik —u20)0,,, > / —x(uy —u2)ly, — ——— X —$)o,,,
/;( “3k X " x(=k) {uy<uz} "2
forevery k > 1.
Proof Since 9,:13 L= 9;’3 in {u; > ¢ — k}, we have
f —x(uik —u20)0,,, > f —x 1k —u26)0y,
X ’ {uy>p—k} '
:/ —x(u1 — u2)0y,
{u1>¢—k} ’
:/ —x(u1 — u2)y, —/ —x(u1 — u2)fy,
X {u1<¢p—k}

2/ —x(u1 = u2)6y, —f —x (1 —u2)by,,
X {u1<¢—k}inU

where U = {u; < uz}. Then, by the fact x > —1, we have

/ —x Uik —u21)0,, 2/ —x(ur — u2)y, —/ Orfy - (3.8)
X W Jx {uy <p—k)NU

Hence, by the monotonicity of x, we get

1
—x (i —u2),). > / —x(u1 —u2),), — —— X — )0,
/x BT Iy B (=R S <p—rinu “

n 1 il n
> /X—X(ul —u2)b,, — m/XX(Ml — )0y,

Now, consider the case where u3 = us on U. By (3.8) and by the fact 9,’}3 = 9{]2 on U, we
have

/ —x U1k —u2 )0y, > f —x (u1 — u2)6y, —/ 61,
X 5 X * Ju<o—inu

1
S T v p——
/X XL 120 X(=k) i, <g—inv

n l iyl n
Z/X—X(ul —u2)0,, — m/;])((ul — )0,

Ky — )0

This finishes the proof. o
Lemma3.5 Let x, X € W~ such that infr_y x = —1. Let B > 0 be a constant and let
uy,up € & p(X,0) with supyu; = supy up = 0. Denote ¢ := Py[max{uy, uz}] and
ujr:=max{u;, ¢ —k} foreveryk > land j =1, 2. Then
E50.9Wjr) <B— x(=k)dg(uj, ), (3.9)
and
Yo )= L) < —— o by, (310)
= = Uk, U2,k) — Uy, uz) = —— ouy, uz), .
X(=k) =7 * X(=k)

forevery k > 1.
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Proof By Lemma 3.2 and by the monotonicity of x, we have, for j = 1, 2,

Ey.0.9Wjk) = /x —XWjk— P, < /X—f((uj — )0, — X (—k)dg(uj. $)

< [ —xwps, = 2k, )
< B 7(—k)do ;. 6).

It remains to prove (3.10). For j = 1,2 and k > 1, we denote

I = / —x ik —u200,; +/ x (1 — u2)0y,
{u1 g <uz i} ' {u1<uz}

= / —x ik —u20,, +/ x(uy —u2)by.
{uy<us)} ' {ur<uz}

because {11 x < upr} C {u1 < uz}. Similarly, we put
b= / —x(uax — u1,k)0;’jk +/ x(up — ul)egj
{ug k<uy i} ' {ug<ur}

:/ —X(MZ,k—Ml,k)g,:l.k‘F/ x (2 —upb, .
{up<ur} » {uz<ur} !

We have
Iy (uy ks up ) — Ly (uy,up) = (Ly — L o) + (o — ) =1 + L. (3.11)
We will estimate I} and I,. Let «’ := max{uy, us}. By [9, Theorem 2.1], we have
dg(v,u') = dg (v, Polu']) = dp (v, ¢),

for every 0-psh function v. By this, Lemmas 3.3 and 3.4 (replace u;, u3 respectively, by u’,
ui), we have

/ —x Uik —u208,,
{u1<uz} '

Z/X—X(Ml,k—ul’()%'l_k

Non 1 . .
E/X—X(ul—u)9u1+d9(u1,¢)+m/XX(ul—¢)9ul

1 ~ n
2/ =Xy —u2)by 4 de(ur, u') + - / X1 — )0y,
{1 <uz) x(=k) Jx

IA

1
_ _ 9" d , / = gn
: x(ui —u2)0;, +dp(ui,u) + FTas /Xx(ul) i

{u1<uz

IA

—x @y —u2)by 4 do(uy, u') — < ,
{ur<uz) “ X(_k)
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and

/ —x U1k —u26)0y, , :/ —x ik —up)oy,
{uy<uy) ’ X ’
1
> _ _ / 9" - 5 _ 9’1
_/X xur —u)oy )?(—k)/XX(ul )0,
1
2/ —x 1 —u2)by, — = / X(ur =)oy,
{ur<uz} x(=k) Jx
1
/ —x(ur —u2)éy, — %/ X (u1)0y,
{ur<uz} x(=k) Jx

/ Xt —u)f) 4~
— Xy —up >
{uy<us) “ X (=k)

A%

%

where u) := max{u’, ¢ — k}. Then

TS <Ii1 <dp(u,u’)— FTass (3.12)
Using the last assertions of Lemmas 3.3 and 3.4 (replace uy, u3 by u’), we also get
T R Ty G
Combining (3.12) and (3.13), we obtain
2B <2 . (3.14)
X (=k) X (=k)
Similar, we have
2B -2 dea. (3.15)
X (=k) X (—k)
Combining (3.11), (3.14) and (3.15), we have
~4B < Ly(uik,uz ) — Iy (uy,uz) < — ~4B +dg(uy, uz).
X (=k) T X (—k)
The proof is completed. O

Remark 3.6 Foru,v € PSH™ (X, 0), let ¥ € W~ such that both Ei,g (u), I;“i,g (v) are finite.
By Lemma 3.5 we see that if infg_, x = —1 then

Iy(u,v) > —dg(u, v).

Indeed, by (3.10), we have

4B
Iy (u, v) > Iy (ug, v) + ——— —do(u, v),

X (—k)
where B > 0 is an upper bound of Ei’g(u) and Ei,g(v). Note that I, (i, vi) > 0 since
u,v € £(X,0,¢). Moreover, since x € W~, we have limy_, o x(—k) = —oo. Hence,

letting k — oo, we get I, (u, v) > —dp(u, v).

The following theorem is the key step to prove the main results in the case of fixed
cohomology:
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Theorem3.7 Let A > 1,0 < 8§ < 1, B > A be constants. Let~9 < Awbea clo:ved smooth
real (1, 1)-form representing a big cohomology class. Let x € W™ anduy, us € £; ps(X, 0)
such thatinfr_o ¥ < x(=1) = —1, supy uy = supy up = 0 and [, 0 + [, 0}, = 26. Let
€ > 0 be a constant such that

o —4B§

inf y < —.
€ +dy(uy, uz)
Then, for every 0 < y < 1, there exists C > 0 depending only on n, X, w and y such that

) -V
deap(u1, u2)> < C(AB)? (h°" ( )) ,
A L (a1, u2)| + € + do (ur, uz)

where x (1) = max{t, —1} and h(s) = (— % (—s))'/2.

4BS

etdpur.u2) < l, we have

Proof Observe that h is increasing (and concave). In the case

) 1
[1y (uy,u2)|+€+do(uy,uz) <3 < 1, and then

) -y B
hon ho" 1 y _ l
( <|1x(ul,uz)|+6+d9(u1,u2)>) Z( ( ))

By Chern-Levine-Nirenberg inequality [22, Proposition 3.1] (see also [22, Corollary 3.3]),
if u and v are w-psh functions satisfying supy u = 0 and —1 < v < 0 then

/ lulo} < C, (3.16)
X

where C > 0 is a constant depending only on 7, X and w. Using this fact foru = u;/A(j =
1,2), we get degp(u1/A, uz/A)? < C':=2C [ @". Hence,

) -V
d , 2<C/A32<h°"< )) )
cap(tt1, u2)" < C(AB) L1, )| + € + dy (1, 102)

Then, without loss of generality, we can assume that

4B§

i | 3.17
€+do(uy,uz) =~ G17

Denote ¢ = Py[max{uy, up}] and uj; = max{u;, ¢ —k} foreveryk > land j =1, 2. By
Theorem 3.1 and Lemma 3.5, we get

. i(—k)de(ul,uz))z

dcap(ul,kv u2,k)2 = C1A2 (B 5

-V

on
x| h )

Iy (uy, uz) — 70 +dy(uy, uz)

forevery k > 1, where C1 > 0 depends only onn, X, w and y. By (3.17), there exists kg > 1
such that

—4B§

gy —4B8
1 (=ko) € +dy(uy, uz)
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Then, we have

h) -y
d , 2 <25C{(AB)? [ h°o™ .(3.18
cap(ul,kg uz,ko) = 1( ) < IX(ul,uz)—l—e—i—ng(ul,uQ) ( )

On the other hand, for every ¢ € PSH(X, w) with 0 < ¢ < 1, we have,

2 2
(/ ey = uj’k"'l/zwg) - / Juj — sy,
X {uj<dp—ko}
2
= /i lujl' 2wy
{uj<¢p—ko}
1 2
< PN </ |ui,‘|w(’;)
0 \Juj<p—ko}

CrA?
<
= h
for j = 1,2, where C> > 0 depends only on X and w. The last inequality is obtained by

applying (3.16) tou = u;/A and v = ¢ — 1. Since x € W~ (ie., f is increasing, convex
and x (0) = 0), we have

)

—R(=1) = h(Oh(1) = h()) and L5 < LD — 1,
for every t > 1. Then
1z —=x(=1) = h(1),

for every ¢ > 1. Hence, by the definition of dc,p and (3.17), we get

CrA? - CrA? (e + dy(ur, u2))
ko 4B

E 3 —1
€ de(” ’ HZ)

S —1
<C AZ hon
= ( (€+d9(u1,uz)>>

because B > 1 (observe that / is increasing). Using (3.18), (3.19) and the triangle inequality,
we obtain

deapj, 4} ) < (3.19)

deap(uy, us)? < (deap(u1, w1 k) + deap(U1 kg > U2, ko) + deap U2,k » uz))?

= 3(dcap(ul, ul,k0)2 + dcap(ul,ko» u2,k0)2 + dcap(u2,k0, UZ)Z)

s -y
C3(AB)? [ h°"
=&l )< (|1x(u1,u2)|+6+2d9(u17142)>>

-Y
< C4(AB)? (h”( ) )) :
[y (1, uz)| + € +dy(ur, uz)

where C3, C4 > 0 depend only on n, X, w and y. The last inequality holds due to the fact
that h(—ﬁ is decreasing on (0, 00).

The proof is completed. O
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The following result implies Theorem 1.2 for the case of fixed cohomology (i.e, when
n=20):

Theorem 3.8 Let0 < Aw be a closed smooth real (1, 1)-form representing a big cohomology
class (A > 1). Let u € PSH(X, 0) such that supy u = 0 and fx 0 =26 > 0. Assume
u € 5~)~(,35(X, 0), where B > A is a given constant and ¥ € W~ with x(—1) = —1. Then,
forevery 0 <y < 1, there exists C > 0 depending only on n, X, w and y such that

E) Y
d, ,v2<CA32<hO"< )) :
cap(t, V)75 CLAB) 167 — 621+ do G, v)

for every v € PSH(X, ) with supy v = 0, where h(s) = (—j(—s))"/2.

Proof Put

to =6, — 0, |l + do(u, v).
If 1o > § then h°" (%) < h°"(1) = 1, and the desired property is trivial. Hence, without
loss of generality, we can assume that 7o < §. Denote

5B6 5 N -
M= A (—s) = max{F(—s), =M} and hy(s) = (—fm (=)',

for every s > 0. We have Mty = 5B4. Furthermore for ¢y € PSH(X, 0) with supy ¢ = 0,
we get

/ —Xm (Y0, :/ —)?M(Iﬁ)%l-i-/ —Xm () (O —6;)
X X X
< B§ + M,

because of the hypothesis on # and the choice of 7y, xps. Consequently, we obtain that

- —4B§
v e Eg, s+, Since inf xpr = —M < , it follows from Theorem
o B ao 16 — 011 + do (u, v)
3.7 that

) -V
deap(u, V) < C1(AB)? (h ( )) :
o MLy, 0)| + 1162 — 6021 + do (u, v)

where x (s) = max{s, —1} and C; > 0 depends only on n, X, w and y. Since |I, (u, v)| <
16} — 67|, it follows that

5 -y
deap(u, v)> < C1(A B)? WS} ' 320
cap(tt, V)" = C1(A B) <M(2“93_93“+d9(u,v>>> o

Since x s is convex, we have h; is concave, and then (/7)°" is concave. In particular,

hyp (1) hyy () — hiy; (0) - hyy (1) —hyy(0)  hyy (1)
t o 1 —0 - th—0 T hn

)

for every 11 > t» > 0. Hence, by (3.20), we have

F) -y
dean (1, V)2 < C2(A B)? <h°" ( )) , (3.21)
o M Nlo — 621 + dg (u, v)
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where Co = 2V Cy. Since jxy is convex and x,7(0) = 0, we have %:’) < %{1) =1, for
every r > 1. As a consequence, for every 1 <t < M, we have xy(—t) = x(—t) > —M,
and then & (t) = h(t). Hence, by (3.20), we obtain

s -y
deap(u, )7 < C ABz<h°"< )) ‘
cap(, 0)” < C2(A B) 67 — 611 + do (u, v)

The proof is completed. O

3.2 Proof of Theorems 1.4 and 1.5 when 61 = 0,

In order to prove the next main results when 67 = 6>, we need several auxiliary lemmas.

Lemma3.9 Letu : 2B := {z € C" : |z] < 2} — [—00,0] be a subharmonic function
such that sz Au = A < oo. Assume that h is a non-negative radial smooth function
on C" satisfying f(C" hdV = 1 and Supp(h) C B. For every 0 < € < 1, we denote
he(z) = - h (f) Then, there exists C1 > 0 depending only on n and A such that

o
/(u xhe —uw)dV < Ci€2, (3.22)
B

for every 0 < € < 1. Moreover, if u > —M for some M > 0 then there exists a constant
C» > 0 depending only on n and h such that

CoM
2 (3.23)

llu * hellgr gy <

Although this lemma is elementary, we could not find any reference to it. Therefore, we write
in detail for readers’ convenience.

Proof We note that [|u]|cop) < M since —M < u < 0. By the fact D(u * he) = u * Dhe,
we also have

CoM
|D(u*h€)<z)|='/Bu(z—w)uhe(w)dww) < Cilluligoe | Dhellis) <~

where C1, C> > 0 are constants depending only on n and 4. Hence,

CiM
lu* hellgr gy < e

where C3 > 0 is a constant depending only on # and h.

It remains to prove (3.22). After approximating u by a decreasing sequence of smooth
subharmonic functions, the problem is reduced to the case where u is smooth. By Jensen
formula [1, page 36], for every z € Band 0 < € < 1, we have

/(ﬁe —uydv :// / Aule +§)dVE L av (@),
B BJo Jygl< !
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where i1, (z) is the average of u over d B;(z) := z + tdB. Therefore, by Fubini’s theorem, we
have

[ ~weav = [ [ /Au(z+s>dV(z>dV($>%
B o Jygi<n /B t

< A// v -2

— Jo Juei<n 2=l

= SQ,,A/ tdt
0

SonAe?
>
where $», is the volume of the unit ball B. Moreover, by using the polar coordinates and the
monotonicity of i, (z) with respect to ¢, we get

€

€
uxhe(z) = 2n52,,/ i () He ()™ dr < 2n52n/ dc(2)He(H1? dr
0 0

i) /B he(E)dV (€)

= Ue(2),
where H,(t) = h((z) for t = |z|. Hence, we obtain

_ SonAe?
f(u % he —u)(2)dV < /(ug —u)()dV < ——.
B B

The proof is completed. O

Lemma 3.10 Let (X, w) be a compact Kihler manifold and let i be a Radon measure on X
such that

/ min{luy —uz|, 1}dpu < H(llui — uzllp1x)),
X

forall uy,uy € PSH(X, o), where H : R>o — Rx¢ is an increasing function. Let Q@ C X
such that there exists a biholomorphic mapping ¢ : 2B — Q, where B is the unit ball in C".
Then there exists a constant C > 1 depending only on X, w, 2 and ¢ such that

/ . | —v) oo~ du < CM H(||(u — v) 0 9™ |11y 2m)))-
o(

for every M > 1 and for all psh functions u, v € PSHQ2B) with —M < u,v <0.

Proof Letu’ := max{u, M|z|> —2M}. We have u = v’ on B and ' = M|z|> — 2M outside
V2B. Let ¢ € €5 (2B) suchthat0 < ¢ < land¢ = 1 on %IB%. Then ii = (¢pu') op~isa
(C M w)-psh function on X, where C > 1 depends only on X, w, ¢ and ¢. We do similarly
for v to obtain v. Observe that —2M < u — v < 2M. We have (CJF’ZZ)M and b 7 are two
w-psh functions whose difference is at most 1. By the assumption, we get

|ﬁ_1~)| ”ﬂ_ﬁl'Ll(X) ~ 5
MO g <H () oy (a -
/){(C+2)M H= ( Crom ) =H0E=0l)

because H is increasing. Since i = ¥ outside go(ﬁIB%), we have

U
(C+2)

i — Tl 1y = 1 = Bl 11 pummy < 10 =) 09 11 (my)»
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Thus, we obtain
|t w09 < [ 1= sl < (€ +2M Hllw = )00 Nuxgmy)-
»(B) X
The proof is completed. O

Lemma 3.11 Let (X, w) be a compact Kihler manifold and let p be a Radon measure on X
such that

| mintlus ol Ve = H s = w2l ),
X

foralluy, uy € PSH(X, w), where H : R>¢g — Rx¢ is an increasing function. Assume that
Q is an open subset of X and K is a compact subset of Q2. Then, there exists a constant C > 0
depending only on n, X, o, K and Q2 such that

[ mintie = vl 1w < M (1= vl10) + [ an+ | i,
K KN{u<—M} Kn{v<—M}

for all negative w-psh function u, v in Q2 and for every M > 1.
Proof By using a suitable open cover of €2, we can assume that there exists a biholo-
morphic mapping ¢ : 2B — Q such that K € ¢(B). Put uy := max{u, —M} and

vy = max{v, —M}. We have

min{|lu — v|, 1} < |upy — vy | + min{ju — up|, 1} + min{jv — vy|, 1}
< lupy — vyl + lup+1 — upl + [vpr41 — vl

Then
/min{|u—v|,1}du5f |uM—vM|du+/ |uM+1—uM|du+/ a1 — varldpe.
K K K K

By Lemma 3.10, we have

/ lup —vpldp < CM H (Ju — vl 1 (q)) -
K

where C > 1 depends only on n, X, w and ¢.

Moreover
/ lupmyr —upmldp < f du,
K KN{u<—M}
and
/ [vm+1 —vmldp < / du,
K KNn{v<—M}
Therefore
/min{|u—v|,1}du§CMH(||u—v||L1(Q))+/ du+/ dpu,
K KN{u<—M} KNfv<—M}
This finishes the proof. O

The following result generalizes both Theorems 1.4 and 1.5 when 6; = 6, (see the next
section, especially Lemma 4.2, for more details about this point).
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Theorem 3.12 Let 6 be a closed smooth real (1, 1)-form such that 6 < Aw for a given
constant A > 1. Let0 <8 <1, B> A, x € W and uy,uy € éX_BB(X,O) such that
xX(=1) = —1, supy u; = supy ur = 0 and fx 0, + fx O, > 28. Assume that there exists
a concave increasing function H : R>o — R such that, for j = 1,2,

fxminnwl — . 196, < HY1 = Vallix), (3.24)

for every Y1, Yo € PSH(X, w). Then, for every 0 < a,b,y < 1 and m > 0, there exists
C > O depending onlyonn, X, A, w, H(1), a, b, y and m such that

S -V
deap(ui u? < CB (h" | o))
cap (U1, u2)” < < (G(x)+dg(u1,u2)>>

where
xi=dist_1 (0, 0"), Gx) = H'* ")+ HH™ (x'7P)) + x,

up’ up

and h(s) = (=X (=s)'/2.

Proof Without loss of generality, we can assume that 0 < x := dist_; (0 , 6" ) < 1. Denote

uy’ up
x (t) = max{¢, —1}. Since inf ¥ = —o0, it follows from Theorem 3.7 that
2 2 8 -
deapt1, 12)* = Co(A B) (h ( )) . (29)
- 1, u2)| + dy ey, 12)

where Co > 0 depends only on n, X, w and y. We will estimate |/, (u1, u2)|.
For every k > 0 and j = 1, 2, it follows from the Skoda integrability theorem that

—eolu; +k —cok
/ o' < / exp <M> o' < C exp( € > (3.26)
{uj <—k} X A A

where cg, C1 > 0 depend only on X and w.
Let {U;}1<i<i, be a finite cover of X such that

e for every [, there exists a biholomorphic function ¢; : 2B — Uj, where B is the open
unit ball in C";
o the family {¢;(B)}1<;<y, is also a finite cover of X.

For the convenience, we denote V; := ¢ (%IB) and W := ¢(B). Let p; be a smooth function
on ¢;(2B) such that dd“p = Aw > 0 on ¢;(2B). Since max{u;, —k} is Aw-psh, we have
max{u;, —k} o ¢; + p; o ¢ is psh on 2B. Moreover, for every 0 < € < 1/2, max{u;, —k} o
@1+ p; oy is dominated on %IBB by (max{u;, —k}oq;+p;o¢;)*he (whichis also psh), where
he(z) = e%h (f), h is a non-negative radial smooth function on C” satisfying [, hdV =1

and Supp(h) C B. Forevery0 <€ < 1/2,1 <[ <lp,k > 0and j = 1, 2, we denote
Ujk1e(@) = ((max{uj, =k} o @) xhe) o9 ' (2), z € Vi

Then, uj 1. + (01 0 @1 * he) 0 <p[_1 is a psh function on V; dominating max{u ;, —k} + p;.
In particular, there exists C; > 0 depending only on Aw such that u; ; « € PSH(V;, Cow)
and max{u;, —k} — Cze < uj ;. < 0on V. Moreover, by Lemma 3.9, there exists C3 > 0
depending only on n, h, X and Aw such that

Csk
lujiielleoy < ~ (3.27)
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and
Nl k.1, —maxfuj, =k} L1y, < C3€2, (3.28)

Let {1y} be a partition of unity subordinate to {W;} and denote

lo
Wjke =Y Viljklc.

=1

Put =6y +40,,.Foreveryk, M > 1, j =1,2and 0 < € < 1, we have

/ min{lue; -} pel, 2)du < / min{| max{u, —k — 2} — u g.e|. 2)du
X X

lo
< / min{> " il max{uej, —k — 2} — 1], 2}
X

=1
lo
<Y | min{{max{u;, =k — 2} —uj 1l 2}dp
1=1"W
lo

< C4AM Y H (|| max{uj, =k — 2} — ) 1.l vpy)
=1

lo
+4 / du
[gl: W]ﬂ{uj,ujvkyé<—M}

lo
< C4AM Y H (| max{uj, =k — 2} — uj r.cllpvy)
=1

+4lo/ du,
{uj<—M+1}

where C4 > 0 is aconstant depending only on n, X, {V;}, {W;} and Aw, and the 4th inequality
holds due to Lemma 3.11. Moreover, by the fact

|max{uj, —k —2} —ujpiel < Imax{uj, —k} —u;j el

+| max{u;, —k — 2} — max{u;, —k}|,
we have

H (|| max{uj, —k —2} — ”j,k,l,e”Ll(V,))

<H <|| maxf{uj, =k} —ujkrellpiy) + 2/‘/0{ | w”) .
iN{uj<—
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Then the previous estimates yield

[ minthe; = el 2
X
lo
<CAM Y H <|| max{uj, —k} — uj krell 1oy + 2/ wn)
Vin{uj<—k}

=1

+4lo/ du.
{uj<—M+1}

Hence, by (3.26) and (3.28), we have

—cok
f min{u; —uj |, 2}dp < CsAM H <62 +k exp (i» +410/ (3.129)
X ' A {u;<—M+1}

where Cs > 0 depends on C, C3 and Cy4. Using the facts u; € PSH(X, 6) C PSH(X, Aw)
and l{uj<7M+l} < max{uj, -M + 2} — max{uj, -M+1} < l{uj<7M+2}7 we have

/ d,uf/ |max{u;, —M + 1} — max{u;, —M + 2}|dp
{uj<—M+1} X ’ ’

:A/X

§2AH<

wn
<2AH / —
uj<—m+2y A
<2AH / o"].
{uj<—M+2}

Then, by (3.26), we get

—coM
4l du < Ce¢A H | exp , (3.30)
{uj<—M+1) A

where C¢ > 0 depends only on X, [y and w. Combining (3.29) and (3.30), we get

—cok —coM
[ minfluj —uj kel 2}dp < CsAM H <€2 + k exp <i>> + CeAH <exp (CL)) .
X sy A A

(3.31)

max{u;, —M + 1}  max{u;, —M + 2}
A A
| max{u;, —M + 1} — max{u;, —M +2}||L1(X)>

‘ ©y, +6y,)

A
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Recall that

Ix(ul,m:f min{lul—uzl,1}(931—9{}2)4-/ min{lur — ual, 167, — 61)
{uy<uz) {uz<uy}

= / min{ur — uy, l}(%’1 - 49;}2) +/ min{u; — ua, 1}(9;’2—9;1)
{ur<uz}

{up<ui}

= f min{uy —uy, 136y, — 49;2)4-/ max{uz — u1, —1}(0;, —0,,)
{uy <uz} {uz<ur}

= / max{min{uz —ui, 1}! _]}(9}:11 - 91:12)
{ur<uy)}

+f max{min{uy; — uy, 1}, —1}(931 - 9;2)
{ua<uy})

= / max{min{uz — uy, 1}, =1}, —6;,).
X
By the fact that
max{t(, 13} — max{t, t3} = min{—12, —t3} — min{—1, =13} < max{t; — 2, 0},
we have
| max{min{up — uy, 1}, =1} — max{min{us ke — U1 ke, 1}, =1} < luo —uy —us ke + kel

for every k > 0 and 0 < € < 1. Since the LHS of the last inequality is bounded by 2, it
follows that

| max{min{us — uy, 1}, =1} — max{min{uz ¢ — 1 ke, 1}, =1} < Wp e,
where
Wi e =min{luy —uy — up ke +upgel, 2}

Therefore

| @~ o)
X
where ®; . = max{min{uz ¢ — U1 ke, 1}, —1}. By (3.27), we have

Csk Csk
< B dist_y 67,0y = =51 (3.33)
€

u1 Jun €

Lt )] < + / W07, +60), (332)
X

/ e (07— 61)
X

Combining (3.31), (3.32), (3.33), we get

—cok —coM Csk
|Ix(u1,u2)|5C5AMH<62+kexp(%>>+C6AH<exp( €0 >>+ 3B

A €
Amlog(H H( 3A1
Now, choosing € = x= M= — m log(H(¢)/H (1) and k = — oge,we have
co (€]
L, )] < €7 (HOG20) 4 HOH™ (170) + x) (3.34)

where C7 > 1 depends only on A, C3z, Cs, Cg, a, b, m and H(1). Combining (3.25) and
(3.34), we obtain the desired inequality.
The proof is completed. O
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3.3 Application to the space of singularity types

In this part we apply quantitative stability theorems in the previous subsection to deduce
some properties of the pseudometric space of singularity types in a big cohomology class.

Proposition 3.13 Let 0 < Aw be a closed smooth real (1, 1)-form representing a big
cohomology class (A > 1). Assume that uy and uy are model 0-psh functions such that
Ix o + Ix 6y, = 28 > 0, where § > 0 is a constant. Then, for every 0 < y < 1, there
exists C > 0 depending only onn, X, w and y such that

AP gy, un) \2 Y
52 ) ’

dcap(”la ”2)2 <C

The above result implies in particular that for model potentials, the convergence in ds
is stronger than that in capacity. This non-quantitative fact follows also from [10, Theorem
5.6].

Proof By [8, Theorem 3.8], we have
9" < l{ujz()}Qn < A",

Mj—

for j = 1, 2. Therefore, there exists C; > 0 depending only on X and w such that
/ (=)o, < Cr A",
X J

for every ¥ € PSH(X,0) C PSH(X, Aw) with supy ¢ = 0. Using Theorem 3.7 for
x(@) =1, we get

CLA"™IN? |1 (uy, dy(uy, 2y
deap (U1, u2)? < Cs (A 15 ) <| 1 ”2”; b (u1 ”2)> . (33%)

where x () = max{t, —1} and C, > 0 is a constant depending only on n, X, w and y. Since
9,?/_ < l{uj:()}en, we have

/ —x(ur —u2)y, = / —x (uz —u1)8y, = 0.
{uy<uz) {uz<uy}

Therefore
Ly (uy,up) <0. (3.36)
Moreover, it follows from Lemma 3.5 that
Iy (ui, uz) = —dg(uy, uz). (3.37)
Combining (3.35), (3.36) and (3.37), we obtain

A4 <de(ul, u2)>2"V

d Ju)* < C
cap(ul uz)” < C3 52 s

where C3 > 0 depends only on n, X, w and y. The proof is completed. O

By using Proposition 3.13, we recover the following result which is obtained in [10] (with
a different proof).
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Proposition 3.14 Let 5§ > 0 be a constant. Let S5(0) be the subset of S(0) consisting of
[u] € Sy such that f x 0 = 8. Then (S5(0), ds) is a complete (pseudo)-metric space.

Proof Let ([u]); be a Cauchy sequence in S5(6) (recall that [u ;] denotes the singularity type
of a f-psh function u ; with supy u; = 0), i.e, for every constant € > 0, there exists ke € N
such that dg(u j, ux) < € for every j > ke, and k > ke. We need to prove that there exists
aclass [uco] € Ss(0) so thatdg(u, us) — 0 as j — oo. By a contradiction argument, it
suffices to prove it for some subsequence of (u ;) ;. Hence we can assume that

— 2n+l
do(uj,ujy)) <47,

because one can always extract a subsequence of (u;); with that property.

Since dy(u, Pylu]) = 0 for every u € PSH(X, 0), without loss of generality, we can
assume that u; = Py[u;] for every j € N, in other words, u ;’s are model 6-psh functions.
Consequently, by Proposition 3.13 (with y = 1/2), we get

deap(uj,ujyr) <27"Cy,

for every j, where C| > 0 is a constant depending only on n, X, w, 6 and 8. Therefore, there
exists a 0-psh function u, such that u ; converges to u« in capacity as j — oo.
Moreover, it follows from [8, Theorem 3.8] that

9;’/_ < lguj:()}@n < Cro", (3.38)

for some constant C, > 0 independent of j. This coupled with Lemma 3.15 below yields
that

o — o, (3.39)

uj

as j — oo. Itis clear that fx 9,:’00 > 4. It remains to show that dg (1, uso) — 0 as j — oo.
Since ux — uoo in capacity, we have max{u, ux} — max{u;, u} for every j > 0, and
then it follows from [8, Theorem 2.3] that

lim inf /X Ot st ) = /X Ot axtu ) (3.40)

k—00

de(ul’uk)_zf max{u;,ug} / /‘Q;k
X

Using (3.39) and (3.40), one gets

11m1nfd9(uj, uy) > 2/ max (i i) / / 0;’00 =dg(uj, teo)-
X

It follows that dg (uj, uso) — 0 as j — oo. In other words, [u;] — [uco] in the topology
induced by the pseudo-metric ds (we note that [u.,] might not be unique, but the singularity
type of its envelope Pgluso] is unique).

Recall that

O
The following lemma is a corollary of [8, Theorem 2.3].

Lemma 3.15 Let u; be a sequence of 0-psh functions satisfying

[ 0, = Feap, e,
E
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forevery j € 7 and for every Borel set E C X, where F : [0, 00) — [0, 00) is a continuous
Sfunction with F(0) = 0. Assume that u; converges in capacity to u € PSH(X, 6). Then for
every positive bounded quasi-continuous function ¥ : X — [0, 00), we have

lim [ yor =/ vor.
j—oo Jx / X

Proof Put M = supy . By [8, Theorem 2.3], we have

liminf/ Vo, Z/ Yo, and liminf/ or 2/9;’,
j=oo Jx / X jooo Jx X

and

Mlirnsup/ o —limsup/ Vo, Zliminf/ (M — )6, Zf(M—t/f)@J‘.
x 7 X ! j—oo Jx ! X

j—00 j—00

Therefore

liminf/ Vo, 2/ we;‘zlimsup/ Ve, +M f@;’—limsup/%’_ .
J=oo JX ! X j—oo JX ! X j—oo JX !

Hence, the problem is reduced to show that

limsup/%’_ 5/9;‘.

jooo Jx X

For k > 0, we denote u’]‘ = max{uj, Vo — k — 1}, u¥ = max{u, Vg —k — 1} and ¢ =

max{min{u — Vp +k + 1, 1}, 0}. Then fx OZk = fx OZk = fx 0"}9 for every j, k, and, by the
j

quasi-continuity of ¢,

liminf/ (1 — @)f", > / (1 — @)
j—=oo Jx Uj X
Therefore, we have
/quke;’k > lim sup/;(<pk9:k. (3.41)
J

j—o00

Since 9;’,( =6"on {u* > Vg —k — 1} D {gx > 0}, we have

[wtn= [ oo <[ o (3.42)
X X X

Put Ejp ={luj —ul > 1}U{u < Vo —k} D{u; < Vp—k—1}U{gr < 1}. We have
0::,; :9{:/_ on X \ E; x and

/<pk9:,(_ 3/\ o 3/9;},, — F(cap,(Ej ). (3.43)
X X\E; x X

J

Combining (3.41), (3.42) and (3.43), we have

/ ) > lim sup/ 9,:’/. — lim sup F'(cap,,(E; k)
¥ X

j—o0o j—o0

> lim sup/ 0,;’/, — lim sup F(cap,,({u < Vg —k})).
X

j—o00 j—o0o

Letting k — o0, we obtain the desired inequality. O
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4 Stability when cohomology classes vary

We now present the proof of Theorem 1.2.

Proof of Theorem 1.2 Put € = ||6 — n|0. Then, there exists a constant C; > 1 depending
only on X and w such that

0 <n+Ciew <0+ 2Ciew. 4.1)

Note that, by Chern-Levine-Nirenberg inequality [22, Corollary 3.3] and by the compactness
of {w € PSH(X, w) : supy w = 0} in LY(X), there exists a constant C, > 0 depending only
on X and w such that

deap(, v)* < CoA S (R (2CY)) 77

8

Therefore, if 0 < oTel < € then the desired inequality (1.3) holds. Hence, without loss of
1

generality, we can assume that

8
€ < —,
2C,
and, as a consequence, we have 0:=0+ Ciew < (A+1w. ~
It follows from [9, Theorem 4.7] that there exists a unique i € £(X, 0, P;[u]) such that

o1 = co",
i = 4.2)
supy i =0,
nn
where ¢ = 2X 4 > 1. By the assumption, we have
Jx o

| ~iwer < s,
X
for every ¥ € PSH(X, §) C PSH(X, (A + Dw). Since 55’ = c#], it follows that
/ —X ()0} < Bcs,
X

for every ¥ € PSH(X, ). Hence, ii € 5},305 (X, ). Observe that fX 55 > ¢§. It follows
from Theorem 3.8 that

-V
)
doan (i, u)> < Co(A+ 1D2B2 [ hon [ ——— ) 43
cap ) 2( ) “03 —9;[” +d§(ﬁ,u) 4.3)

and

-Y
)
deap (i1, 0)> < Co(A+ 1)?B? [ " | ——— ,
o ? 162 — 0ml + dy (@, v)

“4.4)
where C, > 0 depends only on 1, X,  and y. Since Pjlu] = Pé[ﬁ], we have

ds(ii,u) =0 and ds(@, v) = dju, v). 4.5)
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Combining (4.3), (4.4) and (4.5), we get

dewn (1, V)2 < C3(A B)? [ ho" 5 ’ (4.6)
cay P = 03 = = = = , .
’ 162 — 6211 + 1162 — 62l + dj (u, v)

where C3 > 0 depends only on n, X, @ and y. By (4.1), we have

05 <0 <0 + Cae(0 + )",
and
0y <6 < (ny +2C1€0)" < ) + Cac(ny + )",
where C4 > 0 depends only on X and w. Therefore
163 = 671+ Iy — 6511 < Cs(A + 1)" vol(X)e, (4.7)

where Cs5 > 0 depends only on X and w. Moreover,

||0,:' - ég” =(c— 1)/;(0,;’ = /X(é;' — 9;’) < ||6,f - é,f||. 4.8)
Combining (4.7) and (4.8), we get
162 — 01|l + 162 — 62| < 162 — 61| + 2116 — 621 + 16 — |l + I — 62|

<316 — 60+ Iy — 031l + 16 —
<3Cs(A + 1)" vol(X)e + (161 — 1]I.

Hence, by (4.6), we obtain
2 2 8 -
d , <C3(AB he"
cap(tt, V)" < C3(A B) ( <3C5(A + )" vol(X)e + (167 — || + dj u)>>

S -V
< Co(A B)* [ h*" ,
= Col )( (A"e+||9;z—n'g||+dm+1>w<u,v))>

where C¢ > O depends only onn, X, wand y. Here we use the facts dj (u, v) < d(a+1)o(u, v)
(see Lemma 2.1) and h(t) < h(Mt) < M h(t) for every M > 1 and ¢t > 0. The proof is
completed. O

Proof of Theorem 1.3 Since 6; — 6 in ¢ -norm, there exists a constant A > 1 so that
0; < Aw for every j € NU {oo}. By [5, Proposition 3.2], there exists x € YW~ such that

sup /X—X(llf)duoo < 00.

Y ePSH(X,(A+1)w):supy =0

By considering /| x (—1)]| instead of x, we can assume that x (—1) = —1. This allows us
to apply Theorem 1.2 to u := uxo, v := uj, 0 := 0, and n := 0;, and we note that

diarnoW, v) = dat1)eW), te) = dat1)o (@), Po) — 0

as j — oo by the hypothesis. We thus obtain deap (i, tteo) — 0 as j — oo. The desired
convergence hence follows. The proof is finished. O

In the sequel, we will proceed to prove Theorems 1.4 and 1.5.
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Theorem 4.1 Let 01,0, < Aw be~ closed smooth real (1, 1)-forms (A > 1). Let 0 < § < 1,
B>1,x eW anduj € £ (a11yw,s(X,0;) (j = 1,2) such that x(-1) = —1,
supy u; = 0 and f y 0i. = 8. Assume that there exists a concave increasing function H :

Rxo — R such that, ]j”orj =1,2,

/Xmin{llﬁl — Yol 130; +ddup)" < H(IY1 — ¥2llpix)), (4.9)

for every Y1, Yo € PSH(X, w). Then, for every 0 < a,b,y < 1 and m > 0, there exists
C > O depending onlyonn, X, A, w, H(1), a, b, y and m such that

3 -y
deap(ui, u)? < C B? <h°"( )) i
“w G(0) + 1161 — O2llgo + datiywur, ua)

where t = dist_ ((0;+dd u,)", (92+ddus)"), G(z) = H* (A2 "D+ H(H™ (<! 70))+
% and h(s) = (=5 (=s))V/2.

Proof Without loss of generality, we can assume that [y (62 +dduz)" > [y (01 +dd“uy)".
m1(X)

Ha(
Theorem 4.7] that there exists a unique u3 € £(X, 01, Py, [u1]) such that

Denote 1 = (01 + dd“uy)", wa = (02 + ddu3)" and ¢ =

< 1. It follows from [9,

[%] dduz)" =
{( 1 +ddu3)" = cua, 4.10)

supy u3 = 0.

By Theorem 3.12, we have

2 2 on 8 o
dcap(“h”S) <CiB <h (G(x)+d9](u1,u3)>> , 4.11)

where x := dist_1(u1, cu2) and C; > 0 depends only onn, X, A, w, H(1), a, b, y and m.
By Theorem 1.2, we have

) -V
deap (2, u3)> < C2(A B)? (hon < ))
“p (1 — )l + A" 161 — Oallpo + deat1yo (2, u3)

4.12)

where C> > 0 depends only on n, X, w and y.
Combining (4.11), (4.12) and using the fact dy, (1, u3) = da+1)w (U1, u3) = 0, we get

5 -V
dca ’ 2 BZ (hon ( )) s 4.13
p(u1, u2)” < Cs Gx)+ (I =o)llpall + R -

where R = A"||01 — 62]l40 + d(a+1)w (i1, u2) and C3 > 0 is a constant depending only on
n,X,A w,H(1),a, b,y and m.
Note that

G—GWNZ/dm—/dmfmwﬂmwﬂzt (4.14)
X X

Then

x =dist_y(ur, cpuz) < disty(ur, u2) + (1 = o)flpzll = 2dist—1 (1, u2) = 27.(4.15)
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Combining (4.13), (4.14) and (4.15), we get

3 -y
deap (1, u2)* < Cy B? (hon ( )) ,
“ G(0) + 161 — 62llgo + deat1your, u2)

where C4 > 0 depends only onn, X, A, w, H(1), a, b, y and m.
This finishes the proof. O

Proof of Theorem 1.4 By the assumption and by [17, Lemma 3.3], we have u; = (6; +
dd‘u ;)" satisfies (4.9) for H(t) = MsiP and j = 1,2, where M > 0is a constant depending
only on X, w and M. Moreover, it follows from [17, Proposition 4.4] that, for every i €
PSH(X, w) with supy ¢ =0,

/ —yu;j < BS,
X
where B > 0 depends on X, w, M and . Hence, by using Theorem 4.1 (choose a = y,
2 2
b= p and m = —a), we have
28 +1 B

27"y
T2VBICRED 110, — Ol o + diat1ye (U1, uz))
8 9

dcap(ula u2)2 <C (

where 7 = dist_1 (i1, n2) and C > 0 is a constant depending only on n, X, w, A, M, y and

B

The proof is completed. O
In order to prove Theorem 1.5, we need again several auxiliary lemmas.

Lemma 4.2 Let v be a Radon measure on X vanishing on every pluripolar set. Assume that
uj, j € NU {oo}, are negative 0-psh functions satisfying uj — e in L' (X)as j — oc.
Then

/ minflu; — uso|, 1}dp — 0,
X
as j — oo.

Proof Denote B = sup i lujliz1. By Chern-Levine-Nirenberg inequality [22, Proposition
3.1], there exists C > 0 such that

BC
cap{u; < —k} < =

for every j € NU {oo} and k > 0. Since p vanishes on pluripolar sets, by [23, Lemma 4.5],
there exists w € PSH(X, w) N L*°(X) such that u = f«/, for some nonnegative function
f € L'(w"). Let M > 0 be a big enough constant such that

/ du < €/6.
{f>M}
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We have

pltuy <~ = | an+ | d
{f>M}Nfu; <—k} {f>M}Nu; <—k}

< / d,u—l—/ du
{f=M}N{uj<—k} {f>M}

< M(supw — ir)}f w)cap{u; < —k} + €/6.
X

It follows that for each € > 0, there exists kg > 1 such that
ufu; < —k}) <e€/3 (4.16)
forevery j € NU{oo}andk > ko. Denote u x = max{u;, —k}andv; ; = max{u; g, oo r}.
Thus for every k, we have u y — uxo k in LI(X) and v; y — U k in capacity as j — oo.
It follows from [25, Lemma 11.5] that
/ max{u;j p — ook, 0}dp = / (Vjk — oo k)dp — 0,
X X
and
/ (jx — Uook)dpu — 0,
X
as j — oo. Combining the last two convergences gives
/ [tjx — uookldu — 0,
X
as j — 00. Choose jjy such that
€
|uj,k0 - uoo,k0|dll« <,
e 3

for every j > jo. Using the last inequality and (4.16), we have

[ minth; — el e < [ 0y — ooldpe + ey < —K)) + p(laoe < —k)
X {uj,uco>—ko}

2e
< [t ky — Uookoldit + = < €,
{1 tt002 ko) 3
for every j > jo. Thus fX min{|ua./ —Uso|, 1}du — 0as j — oo. O

Lemma 4.3 Let v be a Radon measure on X vanishing on every pluripolar set. Then, there
exists a concave, non-decreasing function H : R>o — Rx¢ with H(0) = 0 such that

/ min{lu —v|, 1}dpu < H (lu —vlp1x)) -
X
forevery u,v € PSH(X, w).

Proof For every t > 0, we denote

h(t) = sup {/ min{lu — v|, I}du : u, v € PSH(X, 0), lu —vlip1x) < t}.
X
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Then A is non-decreasing. We will show that
lim h(t) =0. 4.17)
t—0t
Indeed, if lim+ h(t) = 2e > O then there exist sequences u;, v; € PSH(X, w) such that
t—0

luj —villpix) = Oas j — oo and

/ min{|uj — vj|, 1}du > e, (4.18)
X

for every j. Without loss of generality, we can assume that ¢; :=supy v; <supyu; =0
By the compactness of PSHgyp (X, w) := {9 € PSH(X, w) : supy ¢ = 0} in L'(X), we
can assume that uj, v; — ¢; — w € PSHyp(X, w) as j — oo. In particular,

n j—00o
cj | & <uj—villpixy +lluj —wlpix) + vy —cj —wllpixy —> 0. (4.19)
X
Moreover, it follows from Lemma 4.2 that

lim minf{|u; — w|, 1}dp = lim / min{lv; —¢; —wl, 1}du =0,
j—oo Jx

j—=oo Jx

and it follows that

lim minf{lu; —v; —c;|, 1}du = 0. (4.20)

j—oo Jx

Combining (4.19) and (4.20), we get

lim min{|u; —v;|, 1}du = 0.
j—o00 X

This contradicts with (4.18). Hence, (4.17) is true.
Now, we put

i) = h(t) if 0<t<1,
| xdw if =1

For every m > 1, we also define
h(s) 1
ky =supy —: — <t and  Hp(t) =kt + h(1/m).
s m

Then H,,(t) > h(t) for every t > 0 and lim, o+ H,(t) = h(l/m). Set H(t) =
inf,,~1 H,,(t). We have H is a concave, non-decreasing function satisfying H(0) = 0 and
H > h. In particular,

[ minthe ol Ddw < H (= 1),
X

for every u, v € PSH(X, w).
The proof is completed. O

Proof of Theorem 1.5 By Lemma 4.3, there exists a concave, non-decreasing function H :
R>0 — R>¢ depending only on , X and w such that H(0) = 0 and

Amww—wUMmHmm—wmmy
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for every ¥, Y € PSH(X, w).
Moreover, it follows from [5, Proposition 3.2] that there exist a constant B > 0 and a
function ¥ € W~ depending on X, w and u such that

[ i < 5.
for every ¥ € PSH(X, w) with supy ¥ = 0. In particular, u; € 5);’(A+1)w7(A+1)B(X, 0;)

for j = 1, 2. Hence, by Theorem 4.1, there exists C > 0 depending only on n, X, A, w and
H (1) such that

C B? 8 1z
deap (U1, M2)2 =5 (hon ( )) )
8 G(@) + 11601 — Oa2llgo + deatnyo(ur, uz)

where T = dist_; (i1, n2), G(t) = H'2(0)+H(H(t'/?)+t/*and h(s) = (= (—s)) /2.

Denote
CBZ on 3 -l
T0="5 (h (G<r>+t>> '

deap(uy, ) < f (dist_y (i1, p2) + 1161 — O2llp0 + dag 1y (1, u2)) .

‘We obtain

The proof is completed. O
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