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Abstract

A thermo-elastoplastic finite element approach is used to perform the simulation of a Laser Beam Welding (LBW) process.
This results in a nonlinear, nonsymmetric saddle point multiphysics system, for which the nonlinearity is handled via the
Newton method. The iterative solution of the arising linear system is accelerated by using robust and highly scalable,
overlapping Schwarz domain decomposition preconditioners. It is well-known that a one-level method of this type is not
scalable and therefore a second level has to be added. Therefore, the construction and numerical analysis of monolithic,
two-level overlapping Schwarz preconditioners with different variants of the GDSW (Generalized Dryja—Smith—Widlund)
coarse space are presented here. A new and parallel efficient implementation of several variants of GDSW, that is, GDSW,
RGDSW, and GDSW*, in PETSc (Portable, Extensible Toolkit for Scientific Computing), is introduced, which is usable
for multiphysics problems, as, for example, the thermo-mechanical LBW problem considered here. Different combinations
of the GDSW variants for the different fields (temperature and displacements) are compared and parallel scalability for
realistic problems is shown.

Keywords Laser beam welding - Saddle point problems - Schwarz methods - GDSW - RGDSW - GDSW* - Thermo-
elastoplasticity -+ Monolithic preconditioner

1 Introduction

Overlapping Schwarz domain decomposition methods are a
class of preconditioners for the large linear systems obtained
from the discretization of many linear and nonlinear par-
tial differential equations. Originally, they were introduced
for uniformly elliptic partial differential equations. In [24]
monolithic overlapping Schwarz methods were introduced
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for saddle point problems originating from the discretization
of Stokes’ equations discretized with mixed finite elements.
Here, the overlapping domain decomposition is applied
directly to the saddle point problem without reducing it to
sub-blocks; this requires the solution of smaller saddle point
problems on each subdomain. Additionally, a coarse prob-
lem based on a saddle point formulation was introduced in
[24]. For a brief review of monolithic overlapping Schwarz
preconditioners, see the discussion further below in this
introduction. In the present paper, we develop a monolithic
overlapping Schwarz preconditioner for a challenging mul-
tiphysics problem from Laser Beam Welding (LBW).
LBW is a noncontact joining process that recently has
become considerably more important in the course of the
increasing degree of automation in industrial production.
The advantages of this process are its short cycle times and
the small heat-affected zones. However, the high cooling
rate of the metal specimen inherent in the process can lead
to solidification cracks, due to a residual melt oversaturated
with certain alloy elements. It is therefore crucial to try to
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quantitatively understand the development mechanisms
of these fractures and their correlation to process param-
eters. In particular, this is the focus of the DFG research
group 5134 Solidification Cracks During Laser Beam
Welding— High Performance Computing for High Perfor-
mance Processing”!, where experiments, advanced multi-
scale finite element modelling, and scientific computing are
brought together to obtain new insights. A nice example for
the interplay of experiments and high-performance simula-
tions within this project is presented in [4], where a Con-
trolled Tensile Weldability (CTW) test is performed both
experimentally and virtually using finite element simula-
tions. The CTW test is used to check if a material is suscep-
tible for cracks during welding by measuring its ductility in
the mushy zone, i.e. the region where a material is partially
solid and partially liquid during cooling and phase transi-
tion. The probability of cracks is increased in the CTW test
by applying different strain conditions and then temperature
and strain are tracked optically to see how they affect crack-
ing. This is a crucial analysis to improve welding processes
and prevent defects. In [4], our PETSc (Portable, Extensible
Toolkit for Scientific Computing) [1]-based software library
FE2TI [21, 23] and its numerical solver infrastructure was
used to perform the finite element simulations of the CTW
test on high-performance computers. In the present work
here we provide an accompanying in-depth study of the per-
formance and scalability of our FE2TI software for LBW
problems and, to be more precise, we investigate the robust-
ness and scalability of the domain decomposition methods
(DDMs) used to solve the large finite element problems
arising in LBW simulations.

The thermomechanical properties of LBW can be repre-
sented by a coupled system of time dependent thermo-elas-
toplasticity equations [30]. Due to the nature of the problem,
the linear system that arises from a finite element discretiza-
tion in space, a Backward Euler discretization in time, and
a linearization by Newton’s method is ill-conditioned. As a
consequence, here we discuss robust and parallel scalable
preconditioners to accelerate the convergence of the Gen-
eralized Minimal Residual (GMRES) method. Since we
are predominantly interested in analyzing the performance
of the domain decomposition preconditioners and not in
a precise modelling of realistic laser simulations, we here
consider finite element problems where the action of the
laser beam is simplified. In particular, we assume that the
melting pool, that is, the portion of the material molted by
the laser, has the shape of a simple cylinder that goes verti-
cally through the entire material. Actually, the exact form
of the melting pool does not play an important role for the
solver performance and simulations of thermo-elastic and

U https://www.for5134.science/en/
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thermo-elastoplastic LBW processes with more accurate
representation of the melting pool [2] can be found in [4]
and [5].

The action of the laser is applied as a volumetric con-
straint to the temperature field in the region of the melting
pool that moves over time with a problem dependent speed.
More realistic heat source models for the laser can also be
used in order to obtain more accurate simulations [11, 18,
19], but again we do not expect a significant influence on the
performance of our preconditioners.

As already mentioned, in this work, we focus on the
DDMs used to iteratively solve the linearized systems aris-
ing in the simulation of LBW processes. To be more precise,
we make use of a monolithic overlapping two-level additive
Schwarz preconditioner for saddle point problems. Such
monolithic domain decomposition preconditioners have
been first introduced in [24]; see also [25] for a compari-
son to block-diagonal and block-triangular preconditioners
using overlapping Schwarz methods on the sub-blocks. In
order to obtain numerical scalability, a coarse level needs to
be introduced. In [24] Lagrangian coarse spaces that oper-
ate on the saddle point problem defined on the discretization
introduced by the domain decomposition have been used.
Such a construction of the coarse space using the domain
decomposition as a coarse finite element triangulation is
quite restrictive. To obtain more flexibility in the construc-
tion of the coarse space, especially for more general shapes
of subdomains, we use variants of the Generalized Dryja-
Smith-Widlund (GDSW) coarse spaces, in which coarse
basis functions are defined using problem dependent exten-
sion operators. In the case of symmetric positive definite
matrices these extensions are discrete harmonic or, more
generally, energy minimizing. The GDSW coarse space was
originally introduced in [7, 8] for scalar diffusion problems
and has been extended to saddle point problems arising from
the discretization of incompressible fluid flow problems in
[12, 16]. Let us note that in [12] a fully monolithic approach
was chosen, using saddle point problems to compute the
extensions. Despite being very robust, a disadvantage of
this type of coarse space is the rapid growth of its size when
scaling to a large number of subdomains, especially for
three dimensional problem. Several strategies to reduce the
size of the coarse space have been introduced, for example,
GDSW#* [16] and Reduced-GDSW [9] coarse spaces. In the
case of multi-physics problems one can combine the differ-
ent coarse spaces to reduce its overall size. For instance, in
case of fluids, choosing a larger coarse space for the velocity
block and a smaller one for the pressure space is often ben-
efitial. This idea has been introduced and analyzed in [13]
for Navier—Stokes problems where many combinations of
coarse spaces have been considered. Parallel implementa-
tions of monolithic Schwarz preconditioners have also been
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applied to fully-coupled nonlinear chemo-mechanics prob-
lems; see [26] for details.

In our present work, for the first time, we give an exhaus-
tive computational analysis of similar combinations of
different coarse spaces of GDSW-type for thermo-elasto-
plasticity problems. For this purpose, we implemented all
variants, that are, GDSW, GDSW#*, and RGDSW, in PETSc.
For the nonlinear and time-dependent coupled thermo-elas-
toplasticity problems multiple linear systems arise from
Newton’s method. To deliver a fair comparison and sound
results, we also integrated well-known strategies to improve
the efficiency, such as, an adaptive time stepping approach,
truncation of the coarse matrix, and the possibility to recy-
cle certain solver components from previous Newton steps.
We show efficient parallel scalability of our new solvers for
complex and realistic LBW problems.

The remainder of the paper is organized as follows. In
Sect. 2 we present the thermo-elastoplasticity equations, in
Sect. 3 we introduce the discretization, in Sect. 4 we present
the domain decomposition preconditioners and all coarse
spaces, in Sect. 5 we describe the implementation in PETSc,
and, finally, in Sect. 6 we show several numerical results
and a detailed comparison of the performance of different
monolithic coarse spaces.

2 Thermo-elastoplasticity equations

In our work we focus on studying a coupled system of
thermo-elasto-plasticity equations

div(o(u, 9)) =0,

div(q) + ydiv(@) 8 + pc, 6 = 0.

Here u(z,t) and 6(x,t) represent the displacement vector
and the absolute temperature respectively. These equations
are simplified versions of the ones that can be found in [30],
since in our case we assume to not have any volume accel-
eration and no external heat source. The action of a laser

beam is modeled by a volumetric constraint, directly fixing
the temperature to the melting temperature of the material
in the melting pool, which is an unusual but still effective
approach.

The other variables, that represent the material-spe-
cific and temperature-dependent material parameters
are: ¢, the heat capacity, g the heat flux vector given by
q = —AV0, and v = 3ark the stress temperature modu-
lus. Moreover, ar denotes the coefficient of linear thermal
expansion, k = E/3(1 — 2v) the bulk modulus and E the
Young’s modulus. These temperature-dependent param-
eters have been chosen conformely to model an austenitic
chrome-nickel steel (1.4301) as shown in Table 1. Finally,
p = 7919 kg/m3 is the density of the material, assumed to
be constant [27].

Here, the thermo-elastoplastic model assumes
an  additive  decomposition  of  total  strains
€ = [e11 €22 €33 €13 €12 €23) (in Voigt notation), into elas-
tic, plastic, and thermal components. Based on this, the free
energy function v is formulated as

Y (e,0,0) = %/@ (trete)2 + p||deve’®||?

—c, (eln:—e+90> (1)
0
—3ar# (0 — 0o) tr(e") + f(a),

in terms of the thermo-elastic strains ¢, temperature, and
the strain-like internal variable « used in the hardening func-
tion f. This leads to the constitutive equation o = Ogtc1),
which defines the stress—strain relationship. The model also
considers the balance of momentum and energy and to char-
acterize the plastic behavior, a von Mises yield criterion is
employed, incorporating the deviatoric stress deve. For
further details related to the model, see [29, 30] and for the
same specific problem [4].

The weak formulation of the coupled thermo-elastoplas-
ticity equations is

Table 1 Parameters of the material austenitic chrome-nickel steel (1.4301) at different temperatures. The values, taken from [19], have been pro-
vided by Bundesanstalt fiir Materialforschung und -priifung (BAM). A linear interpolation is used between the temperature intervals

Parameter Value
(Temperature [C])

B led [N/me]ZO.O 19.1 17.5 12.5 7.2 1.6 0.1 - -
(20) (170) (400) (800) (1000) (1100) (1500) - -

u 0.271 0.284 0.300 0.319 0.329 0.364 0.364 - -
(20) (183) (484) (799) (994) (1994) (2000) - -

ar-le—5 [K_1]1'6 1.81 1.98 2.13 2.23 2.23 2.33 - -
20) (200) (580) (1000) (1200) (1500) (2000) - -

AW/ (m - K))] 15.6 18.1 21.0 23.8 26.6 344 35.0 60 -
(20) (200) (400) (600) (800) (1350) (1393) (1460) -

¢p - 1e5[J kg - K?.ll 5.42 5.75 6.05 6.30 6.85 7.30 20.20 50.00
(20) (200) (400) (600) (800) (1350) (1427) (1442) (1460)
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/Qo-(u, 0) : e(v)de =0
Yo € [HY(Q)]?,

/ q-Vqdz + / {=3ar rtrfe(u)]d — pc,ftgde =0
Q Q

Vg e H'(Q),

2

with Dirichlet boundary conditions w := (ug, Uy, u,) = up
on dQp , C Q. As already mentioned, the only heat entry
is caused by the laser beam, which we implement as a vol-
ume of molten material with fixed melting temperature 6;.
Therefore we have the additional constraint 8 := 6; > 0 in
Qp C Q. Let us note that the displacement is not fixed within
)y and the material can still move. This is a nonlinear and
nonsymmetric saddle point system for which the theoreti-
cal framework is still an object of studies, for example, an
investigation of pairs of inf-sup-stable finite elements. A
theoretical investigation of this problem is beyond the scope
of this work.

3 Finite element discretization

The equations in (2) are linearized by applying the New-
ton method to the nonlinear boundary value problem.
This yields, in each nonlinear iteration, a linear problem
which spatially is discretized by using a mixed finite ele-
ment method; see [11] for further details on the lineariza-
tion. Next, we provide details on the mixed finite element
discretization.

Let 75, be a uniform mesh of N, hexahedral elements
Q. of Q with characteristic mesh size 4. We introduce the
conforming discrete piecewise linear displacement and tem-
perature spaces

Vi =VhQ) = {ue Q) nH Q) ulr € Q1 VT € 7},
Q"=Q"Q)={0ecCo)NH Q) :0/7 €Q, VT € 71,}

respectively, of Q1-Q1 mixed finite elements, where C°(Q)
denotes the space of continuous functions on 2 and H'(92)
the usual Sobolev space. Here, the displacement space is
discretized using the By, formulation to prevent the phe-
nomenon of volumetric locking [31]. This technique modi-
fies the discrete gradient operator by treating the volumetric
and deviatoric strain components separately, with the volu-
metric part computed using reduced integration at the ele-
ment centroid. This approach is particularly important for
elastoplastic problems where volume-preserving plastic
flow can introduce additional constraints that lead to lock-
ing phenomena. Since we do not have a stable theoretical
framework, we can not ensure that this choice of finite
elements satisfies an inf-sup condition [3]. As a time dis-
cretization we use a Backward Euler method with time step
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At. Therefore, in each time step, we have to solve a linear-
ized system until the global absolute residual of Newton’s
method falls below a fixed tolerance. The resulting discrete
saddle point problem has the form

_ Kuu Ku9 Adu _ Ru _
KAd= [Keu Kee} {Ada} - [Re] =k,

where Ad, and Ady represent the Newton update for the
displacement and temperature, and R, and Ry the vectors
of the residual, respectively. The block matrices are obtained
by finite element assembly and we have

Ky = AN, U BI'CB, dx},

e

Kug = ANe, {—/ B (3ark1) Ny dx],

e

1 _
Koy = AN, { - Zt/ﬂ ONY (3ark1T)B, dx},

Kg(;:Ai\f;l[f/ Bl AByda f/ N7 tr[é(a)] Ng dz
J Qe Qe

1
— E/Q Nz;pcpNgdx},

e

where N,, and Ny are the finite element nodal basis func-
tions for displacement and temperature, B,, and By denote
their derivatives in tensor notation, and @ and 6 are the dis-
placement and temperature components resulting from the
previous Newton iteration. The nature of this linear system
requires suitable preconditioners to accelerate the conver-
gence of an iterative solver, as, in our case, the GMRES
method. Our choice is to use two-level monolithic Schwarz
type preconditioners.

4 Monolithic overlapping Schwarz
preconditioners

Here, we exclusively consider Schwarz DDMs to precondi-
tion the linearized systems. They have the advantage that
they can be used to directly precondition the original sys-
tem without any modifications and it is additionally possible
to add monolithic second levels or coarse spaces to obtain
robustness and scalability.

4.1 Monolithic two-level Schwarz preconditioner
with GDSW coarse space

More precisely, we consider a monolithic overlapping
Schwarz domain decomposition preconditioner of GDSW
(Generalized Dryja-Smith-Widlund) type for the saddle
point problem. This is a two-level Schwarz preconditioner
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where the coarse space and the local problems have the
same block structure as the original one. We refer the inter-
ested reader to [7, 8] for a complete definition of the GDSW
preconditioner for elliptic problems and to [12] for saddle
point problems resulting from Stokes’ equations.

We introduce {2}, a nonoverlapping decomposition
of the domain €2 into N subdomains of characteristic diam-
eter H, and {2, } Y|, the corresponding overlapping domain
decomposition with £ finite element layers of overlap, gen-
erated by geometric or graph techniques. We define the
interface I' of the nonoverlapping domain decomposition
F={xe(nNQ)\00p:i#751<i,j <N}, that is
divided into M connected components, specifically into My
vertices, M g edges, and Mf faces. Here, all interface nodes
belonging to the same two subdomains build a face and all
nodes belonging to the same set of more than just two sub-
domains build an edge. Finally, edges which consist of just
one node are considered as vertices. These edges, faces, and
vertices are used later on to define the basis functions of the
GDSW coarse space. In general, the definition of an inter-
face allows for the partitioning of the degrees of freedom
(DOFs) into interface (I') and interior (/) ones and, after a
reordering, an equivalent partitioning of K| that is,

_ | K Kir
K= |:KFI KFF] :

We further introduce the operators R, ; : vh Vih and
Rpi: Q" — QF for i=1,..,N. These are restrictions
from the global finite element spaces to the local finite
element spaces defined on the overlapping subdomains.
The monolithic restriction operators are then denoted by
R : VI x Q" = VI x Ql fori =1,..., N, with

N Ru,i 0
weffge 2]

The transposed operators R7, R

7 w0

and R}, are the corre-

sponding prolongation operators. Now, the additive mono-
lithic two-level GDSW preconditioner can be written as

N
Bapsw = @K, '@ + > Rl K[ ' R;,
=1

where the local stiffness matrices K; are extracted from K
by

K; = R;KRY, fori=1,..., N,
and the coarse operator is defined by

Ko =®"K®. 3)

Here, ® is the matrix that contains the coarse space basis
functions ¢%, i =1, ..., Ny, column-wise. These functions
are constructed as the discrete saddle point extensions of
functions ¢% defined on the interface by solving the linear
system

o ]G] ) @
0 T ||et] " [ot)

where we decompose the interface values of the coarse
basis into displacements (ug) and temperature (6y) as
¢h = [o1,, ¢1%, " The entries of ¢f. are usually set to 1
or 0 and generally represent the restriction of the null space
of the operators K,,, and Kyy on the interface components
Ijwithj=1,..., M.

In three dimensions the null space of the K, block is
given by the six rigid body modes (three translations and
three rotations) defined on the interface components. For the
Kyg operator, these consist of the functions that have con-
stant temperature on €2, so we restrict the constant function
1 to vertices, edges, and faces.

Specifically, each node of our mesh can be associated to
a vector with four components, where the first three entries
represent the displacements and the last one the tempera-
ture. We introduce the vectors

vuq =[10007
vy =[0001]"

Va2 =1[0100", wv,5=[0010T,

’ )

where the first three are the translations into x-, y-, and z-
directions and the last one is the restriction of the constant
temperature on the node. Moreover we introduce the vectors

vua=[y —200", wv,5=[-20z0",

6
vu,Gz[Oz—yO]T, ©)

that represent the three rotation with center placed in
the origin (0, 0, 0). For each vertex, edge, and face
I';, 7 =1,..., M, of the interface I', we then construct four
basis functions gbl’ij ,k =1,...,4, by filling the DOFs associ-
ated to the nodes of I'; with v, for £ = 1,2, 3 and vy for
k = 4. If rotations are used, we add qSl’ij, k =15,6,7, using
Uy, k—1 analogously. For the nodes in I' \ T';, <I>1]2j is set to
zero. Finally, we collect all <I>1’ij, j=1,..,.M, k=1,..4,
as the columns of @1 and thus obtain Ny = 4M coarse basis

functions and columns in ®. In case of using rotations, we
analogously obtain Ny = 7M coarse basis functions.

After having solved Eq. (4) for each basis function of

the coarse space, the matrix ® has the following block
representation
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_ cpu,ug (I)uﬁo
¢ = [‘I)e,uo (I’a,eo] : %

With this construction, the presence of nonzero blocks on
the off-diagonal can deteriorate the numerical scalability,
especially if nonzero Dirichlet boundary conditions for the
temperature are present (cf. [12]), as we have with the laser
beam. Therefore, these blocks need to be removed, obtaining

Py 0

Let us remark that the extensions from the interface to the
interior parts of the subdomains, that is, solving Equation
(4), can be done in parallel in a perfectly scalable way, since
K75 is a block diagonal matrix. The factorization of K
can thus be done block-wise on each subdomain simulta-
neously using a sparse direct solver. Additionally, it is not
necessary to compute the extension to all subdomains for all
basis functions. For example, for the four or seven coarse
basis functions belonging to a face, only the extension to the
two neighboring subdomains are necessary, the extensions
to all other subdomains are zero and must not be computed.
Consequently, computing ® is a parallel scalable process.

4.2 GDSW* and RGDSW coarse spaces

In the GDSW coarse space, the number of coarse basis func-
tions depends on the number of components in the equiva-
lence classes into which the interface between subdomains
is divided—namely, vertices, edges, and faces. This number
can grow rapidly, especially in 3D domain decomposition.
To manage this complexity, alternative techniques such as
GDSW* and RGDSW have been introduced.

We briefly outline the ideas behind these alternative
coarse spaces and refer to [13, 16] for further details. The
key difference lies in how the components of the equiva-
lence classes are treated. In the GDSW* coarse space,
unlike the original approach, only two interface components
are used; the first one is obtained by each vertex along with
its adjacent edges and the latter by faces. Since two adjacent
vertices share an edge, the resulting interface components
overlap over this edge. In order to maintain the robustness
of these coarse spaces a partition of unity of the basis func-
tions defined across the interface, according to (5) and (6)
has to be preserved, therefore an inverse multiplicity scaling
(Option 1 in Section 3 [9]) is applied.

Similarly, in the RGDSW coarse space, only one type
of interface component is considered, that is each vertex
along with its adjacent edges and faces. Again, multiplic-
ity scaling is necessary to handle the overlap between inter-
face components, which in this case happens for edges
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and faces. Having partitioned the interface into edges,
vertices, and faces, the coarse space size of GDSW is thus
C-(Mg+ My + Mp). The size of the GDSW* coarse
space is smaller with C' - (My + Mp) and finally the size
of the RGDSW coarse space is the smallest one with only
C - My, coarse basis functions. Here, C is either 4 or 7,
depending on the usage of rotations.

Finally, we point out that for a two-dimensional domain
decomposition of a three-dimensional problem, the GDSW
and GDSW* coarse spaces coincide, as no vertices are
available in the decomposition.

4.3 Combination of coarse spaces

In Sects. 4.1 and 4.2, we explained the monolithic approach
to construct GDSW, GDSW*, and RGDSW coarse spaces
for the complete saddle point problem. However, in this par-
ticular instance and for more general multi-field problems,
it is feasible to amalgamate these approaches by indepen-
dently selecting the most suitable one for each field. In fact,
the sole requirement is to provide a partition of unity of the
basis function across the interface. Examining the construc-
tion of these in eqgs. (5) and (6) reveals that the problems in
eq. (4) are independent of each other.

Let us give an explicit example for the construction of
a GDSW*(T)-RGDSW coarse space, that means to choose
GDSW* that includes only translations for the elastoplas-
tic block and RGDSW for the thermal block. First of all,
we note that in the matrix ® in (7) we have, columnwise
represented, N,, and Ny basis function respectively asso-
ciated to the displacements and temperature fields, with
Ng = N, + Ng. As we saw before, the number of coarse
basis functions Ny depends on the number of components
into which the interface is divided. The choice GDSW*(T)-
RGDSW means that the interface is split into My + Mg
components for the elastoplastic block and into My compo-
nents for the thermal block. Since in this coarse space, only
translations are considered, we construct 3 interface basis
functions for each interface component by using the vectors
Vy,i,% = 1,..,3 in (5) and we then extend them to the sub-
domain by solving (4), obtaining N, =3 - (My + Mp).
In a similar way we define the interface basis function for
the temperature by only using the vector vy and again we
extend the solution to internal part again solving (4), obtain-
ing Ng = My.

In this way, for instance in our particular problem, one
could opt for a more extensive space for the elastoplastic
block eventually deciding to introduce also the rotations and
a more limited space for the thermal one. These available
choices contribute to the flexibility of the preconditioners,
enabling their design and adaptation for different problems,
for example by leveraging the most economical coarse space
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when feasible and reserving the more costly one where it is
necessary. As we will show in the numerical results, a more
extensive selection for the elastoplastic block is required in
our particular problem, while the more limited coarse space
can be utilized for the temperature.

5 Implementation

All Schwarz preconditioners and GDSW-type precondi-
tioners discussed here are incorporated into the FE2TI soft-
ware package, a C/C++ library that utilizes a hybrid MPl/
OpenMP [6] parallelization strategy, leveraging the PETSc
library [1]. To enhance its capabilities, we have integrated
an interface with the FEAP library [32], allowing access to
FEAP’s finite element formulations and material models.
FE2TI has already demonstrated an excellent strong and
weak scalability behavior, efficiently handling simulations
with over one million parallel ranks for realistic dual-phase
steel deformation scenarios; for further details, see [21, 23].
In FE2TI, efficient implementations of the domain decom-
position approaches BDDC (Balancing Domain Decompo-
sition by Constraints) and FETI-DP (Finite Element Tearing
and Interconnecting - Dual Primal) are already integrated
(see [14, 21, 22]) and we were able to reuse some of the
efficient building blocks for the new Schwarz precondition-
ers. For example, faces, edges, and vertices of the domain
decomposition are identified in a scalable way using the
implementation from our BDDC implementation.

Within the Schwarz preconditioners, our software
defaults to the more efficient restricted option [10] with an
overlap of one layer of finite elements for the first level,
although the classical additive alternative is also available.
Regarding the second (or coarse) level, several options are
supported, that are, GDSW, GDSW*, and RGDSW. While
this work focuses on solving a thermo-elastoplasticity prob-
lem, that is, a two-by-two block system, we note that our
coarse solver implementation is also applicable to general
multifield problems. In fact, as described in Sect. 4.3, we
can select different approaches for each field, allowing for
flexible combinations in the choice of the coarse space
to better adapt to the nature of the problem. We provide
a detailed comparison of different combinations in our
numerical results.

The coarse basis functions are constructed by solving
local problems and then assembled into an MPI parallel
matrix ¢ (see Equation (8)) shared among all the ranks.
During this construction the truncation tolerance is applied
by zeroing out small entries of ®. The coarse matrix K (see
(3)) is then obtained by using the PtAP product from PETSc.
However, the resulting parallel matrix is spread over all the
MPI ranks, which makes its factorization using a sparse

direct solver inefficient. Therfore K is then redistributed
only among a reduced number of MPI ranks within a seper-
ate sub-communicator. Since the coarse space is typically
expensive to compute, we have incorporated the ability to
recycle it after its initial computation, enabling a reuse in
subsequent applications of the preconditioner across differ-
ent linear systems. This feature is particularly beneficial in
cases such as ours, where a Newton method is applied at
each time step, requiring the solution of multiple spectrally
similar linear systems. Different strategies for the recycling
can be applied: one can decide to reuse the matrix ¢ and
recompute K and its factorization, or one can recycle all,
®, Ky, and its factorization. Clearly, the cheapest option is
to reuse both basis functions and coarse matrix, saving an
extra factorization. This leads to a slightly worse approxi-
mation of the preconditioner that can lead to an increasing
number in the GMRES iteration in later Newton iterations.
Anyway, we will see in the numerical results that this effect
is minimal. Therefore, here we only consider the complete
recycling.

All local problems are solved exactly using the sparse
direct solver package PARDISO from the Math Kernel
Library (MKL) [20, 28], while the coarse problem is solved
using MKL Cluster PARDISO (see Sect. 6.1). Therefore,
the coarse matrix is distributed to the ranks of an MPI sub-
communicator of a reasonable size.

In summary, we employ the highly efficient GMRES
solver from PETSc to iteratively solve large sparse linear
systems. To ensure controlled convergence, we use our
highly scalable implementation of Schwarz precondition-
ers with GDSW-type coarse spaces. Additionally, our inter-
face to FEAP enables seamless integration with the models
described in Sect. 3.

6 Numerical results

In our numerical simulations, we consider thermo-elasto-
plasticity problems that emulate real experiments in which
a steel plate of domain Q = [0,[,] x [0,1,] x [0,1.], with
lg,ly,1, >0, is melted by a laser beam. As anticipated
in Sect. 2, the effect of the laser is modeled by fixing the
temperature field in the melting pool. This is enforced as
a gradient with a ratio of §; = 14400°C'/s. Specifically, at
the beginning of the simulation each DOF is initialized with
a temperature 6y = 20°C, then in each time step we iden-
tify the DOFs that are located inside the region heated by
the laser, which is modeled as a cylinder of radius 2mm
passing vertically through the entire material. The tem-
perature of these latter DOFs is then increased by a value
6, - At until the maximum value of §; = 1460°C is reached.
We note that, this heating procedure (initialization phase),
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where the laser remains fixed in its initial position, takes a
total of 0.1s and will not be completed during the first set of
experiments, since only few first time iterations are taken
into account. This aspect is relevant for the simulations in
Sects. 6.6 and 6.7, where after the initialization phase the
laser moves along the plate.

For the displacements, additional Dirichlet boundary
conditions are applied to simulate an external load acting
on the plate during the welding process. To avoid higher
localization of the strain in the corners of the domain, the
boundary conditions are applied in the following way: on
the surface with y = 0, we prevent the movement along the
y axis by enforcing u, = 0 and the rotation of the material by
setting u,, = 0 along the z axis and u, = 0 along the x axis.
The external load is then applied to the face with y = [, by
enforcingu, = up(t),definedasup(t) := min(egq, €2 - t)
with the external strain €95 and strain rate €95 specified
before the simulations. We consider two different setups for
our simulations. First, to validate our implementation and
assess the performance of the solver, we analyze a steel cube
subjected to both the laser and an external load using a 3D
domain decomposition strategy (Fig. 1), that is, a decompo-
sition into N X N x N cubical subdomains. Once the opti-
mal solver is identified, we apply it to a more realistic case
involving a thin steel plate using 2D domain decomposi-
tion, that is, a decomposition into N x N thin subdomains.
For an application of our solver to reproduce a physically
realistic experiment, we refer the interested reader to [4].

If not explicitely specified, by default all the simula-
tions use a time step size of At = 0.001 s and the external
strain is applied from the beginning of the simulation with
€29 = 0.03 and €52 = 0.06. For each time step, Newton’s
method is applied until the global residual falls below an
absolute tolerance of 104, while, for the linear systems, the
GMRES method is employed, with a stopping criterion of
either a relative residual error of 10~ or an absolute resid-
ual error of 1070 based on the unpreconditioned norm. In
our numerical results and tables we report the following sta-
tistics: ttgarrEs i the average count of GMRES iteration
over all the linear systems, 4ty is the average count of New-
ton iteration per time step, T p¢ is the total time to assemble
the preconditioner, 7455 is the total time to assemble the
linear systems, Ts,; is the total time to solve the linear sys-
tems, T'ro is the total time for the simulation, T'n .4 iS the

Fig. 1 Section of temperature field (left)
and norm of the displacements (right) for

7.2e+01
the cube test [ 60
150
40

— 30

[ 20
-2.5e-02

L
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average time per Newton iteration, Tr.:/#Timeit is the
average time per time iteration, P is the parallel efficiency,
Cores is the number of cores and MPI ranks used, Subcomm
is the number of MPI ranks in the sub-communicator used
for the coarse solve, PC T'ype is the type of preconditioner
used, (T'+ R) indicates that in the coarse space for the
elastoplasticity field translations and rotations are included
while (7) indicates that only translations are considered.

6.1 General solver setup

In this section we exlusively consider the simplified LBW
problem on a cube geometry to find out the optimal setup for
our Schwarz preconditioner. Before comparing and analyz-
ing the performance of different combinations of GDSW-
type coarse spaces to identify the optimal one, we first
investigate two key aspects of the solver that will remain
fixed afterwards.

One of the main challenges of GDSW-type precondition-
ers is the rapid growth of the coarse space, which results
in a large coarse matrix which tends to be much denser
than a typical finite element stiffness matrix. This growth
significantly increases the computational cost of the coarse
factorization using a sparse direct solver, especially since
a forward-backward substitution has to be applied in each
GMRES iteration. To mitigate this issue, we can adjust the
construction of the coarse matrix. Recall that the coarse
matrix is given by Ko = ®T K ®.

A first strategy to improve efficiency is to remove small
entries in the coarse basis matrix ® that fall below a cer-
tain truncation tolerance. This results in a sparser and more
computationally efficient coarse matrix. To evaluate this
approach, we consider the GDSW*(T+R)-RGDSW coarse
space and perform five iteration steps. In Table 2, we ana-
lyze the solver’s behavior for different threshold values
applied to the entries of ®. Our results indicate that we can
be fairly aggressive, using a relatively high tolerance of
le — 4 without increasing the iteration count. This signifi-
cantly reduces both the cost of preconditioner construction
and the overall solving time. However, as expected, setting
the truncation tolerance too high degrades the accuracy of
the coarse space, making it a poor approximation.

Additionally, in Table 3, we report the timings for the
same experiment as before fixing a truncation tolerance of

- 1.2e-02
l 0.01
— 0.008
— 0.006
— 0.004
- 0.002
0.0e+00

lull2
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Table 2 Solver performance with respect to truncation tolerance.
10 x 10 x 10 subdomains with 20 x 20 x 20 finite elements. All val-
ues in ® which are lower than the given tolerance are set to zero before
building the coarse matrix. All times are given in seconds

Tolerance esipps ity Toc Teu Too.
0 18.9 3 4255 82.3 548.6
le—4 18.9 3 326.2 58.5 416.8
le—2 423 3 314.3 128.8 475.4

le — 4 while varying the number of computational cores
and the number of MPI ranks in the sub-communicator for
the coarse solve. As expected, solving the coarse problem
on a single MPI rank is not feasible, especially as the num-
ber of MPI processes for the global problem increases, lead-
ing to a larger coarse space. Based on the results in Table
3, we determine the optimal number of MPI ranks within
the coarse sub-communicator for all further tests. The best
setup for the different number of subdomains is marked in
bold face in Table 3.

6.2 Comparison of different coarse spaces

Fixing the optimal basic setup from the previous section,
that is, truncating ® with a tolerance of 1e — 4 and choosing
the optimal size of the coarse sub-communicator, we now
compare different coarse spaces. We again consider five
time iteration steps of the thermo-elastoplastic problem on
the cube by using 10 x 10 x 10 cores and subdomains with

20 x 20 x 20 finite elements each. In Table 4 we report the
effect of different coarse space choices on the solver per-
formance in terms of the average iteration counts in each
time step and the total timings. We recall that the first coarse
space is used for the elastoplastic part of the coupled sys-
tem, while the second one for the temperature, for example,
GDSW-RGDSW means that we use GDSW for the mechan-
ics and RGDSW for the temperature. We also investigate
the choice to include only translations (T) or both transla-
tions and rotations (T+R) in the coarse space for the elasto-
plastic block.

At first sight, we note that, as expected, the time to con-
struct the preconditioner increases with the size of the coarse
space. Additionally, we observe that including rotational
modes significantly improves convergence by reducing
the number of GMRES iterations. This pattern is observed
across all configurations, confirming that rotations enhance
the preconditioners effectiveness. However, these improve-
ments in iteration counts come at the cost of an increment
of the coarse space size, which affects the setup time of the
preconditioner as well as the solution time. Among the con-
figurations that include rotations, GDSW*(T+R)-RGDSW
provides the best trade-off, maintaining a moderate coarse
space size (21 303) while achieving one of the lowest total
solution times (416.5s). On the other hand, RGDSW(T+R)-
RGDSW, despite having the smallest coarse space (5 103),
suffers from a significantly higher iteration count (48.6),

Table 3 Solver performance with respect to the number of subcommunicator used for the coarse solver. Each subdomain contains 10 x 10 x 10
finite elements. All values in ¢ which are lower than le — 4 are truncated to zero before building the coarse matrix. All times are given in seconds

Cores (Coarse) 512(10 465) 1 728(37 730) 4.096(92 610)
Subcomm Tpcisol Tro Tpcisal Tro Tpcisal Tro
1 49.5 54.4 211.2 216.9 X X

4 37.7 42.4 103.1 108.3 247.3 2549
8 355 40.2 85.1 90.3 159.5 206.0
16 35.7 40.4 76.7 81.8 173.7 181.8
32 35.3 40.0 68.1 73.5 157.5 164.6
64 37.1 42.0 85.4 96.0 150.4 157.6

Bold values represent optimal performance for each configuration

Table 4 Solver performance with respect to different choices for the coarse space. 10 x 10 x 10 subdomains with 20 x 20 x 20 finite elements.

The truncation tolerance is set to 1e — 4. All times are given in seconds

No recycling

Coarse

PC Type o RES it Teco Tea Tra:
GDSW(T+R)-GDSW 36 225 18.8 3 481.3 68.4 582.2
GDSW(T+R)-RGDSW 31 266 18.8 3 443.7 65.1 540.6
GDSW*(T+R)-GDSW* 23 954 18.9 3 338.5 60.1 430.5
GDSW*(T+R)-RGDSW 21303 18.8 3 326.2 58.5 416.5
RGDSW(T+R)-RGDSW 5103 48.6 3 254.2 133.1 418.9
GDSW(T)-GDSW 23 265 29.4 3 342.8 90.0 465.1
GDSW(T)-RGDSW 18 306 29.1 3 309.2 86.8 427.6
GDSW*(T)-GDSW* 13 667 29.5 3 259.6 83.4 374.7
GDSW*(T)-RGDSW 11016 29.7 3 249.2 82.5 363.2
RGDSW(T)-RGDSW 2916 53.8 3 216.7 142.9 3914
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leading to an overall longer solution time (418.9s), regard-
less its lower setup cost.

A similar trend is observed in the translation-only (T)
configurations. While reducing the coarse space leads to
lower preconditioner setup times, the number of iterations
increases, impacting the overall efficiency. For example,
GDSW*(T)-RGDSW, with a coarse space size of 11 016,
takes 29.7 iterations and has a total computation time of
363.2s, which is an improvement over larger coarse spaces
and its (T+R) counterpart, despite having a higher number
of iterations. So far, these results indicate that using only
translations appear to be a valid option. Especially when
reducing the coarse space size has priority. Often, even if
we have an increased number of iterations, the total time to
solution is lower. Overall, GDSW(T)-RGDSW emerges as
the most efficient configuration, achieving a strong balance
between coarse space size, iteration count, and total compu-
tational time.

6.3 Recycling option

In Table 5, we further analyze solver performance repeating
the previous test but now activating the recycling option for
the coarse operator and the coarse basis functions. A clear
improvement is observed across all configurations, par-
ticularly regarding the preconditioner setup time, which is
significantly reduced compared to Table 4. We recall that
with this approach, in each time step, the coarse space is
constructed only once and in the subsequent Newton itera-
tions within the same time step only the sparse direct solvers
for the local subdomains have to be updated. This strategy
mostly affects the setup time for the preconditioner, for
instance, with GDSW*-RGDSW (T+R) we have a reduc-
tion in the setup time from 326.2s to 178.6s and at the same
time its total solution time drops from 416.5s to 268.9s.
We stress out that, by recycling the coarse space and the
basis functions, we are not using anymore the exact two-
level Schwarz preconditioner, but an approximation. This is

highlighted by the increase in iteration count (18.8 to 18.9
iterations), that anyway is minimal. This trend is consis-
tent across other configurations, confirming that recycling
effectively mitigates the computational overhead associated
with the coarse space factorization while maintaining solver
robustness.

Since, as already mentioned, the most expensive part of
the setup of the preconditioner is the construction of the
coarse space, the benifits of the recycling are more evident
especially when the plastic effect is stronger and, as a result,
the number of Newton iterations per time step is increased.
Moreover, since the coarse space is assembled just once,
i.e. in the first Newton iteration, the time spent to assemble
the preconditioner in the further ones is affected only by the
direct solver applied on the subdomain, levelling the tim-
ings also for the most expensive coarse space. In that case
the time for setting up the preconditioner looses importance,
and thus solver setups with fast times the solution get more
and more favorable. The results confirm that GDSW*-
RGDSW (T+R) remains the optimal configuration, particu-
larly when combined with recycling, as it provides the best
trade-off between coarse space size, computational cost, and
solver efficiency.

6.4 Strong scalability

Table 6 and Fig. 2 (Left) provide the strong scalability
results for the GDSW*-RGDSW coarse space, with and
without the recycling option. We performed the test for a
mesh of 12194500 DOFs over the first 5 time iteration
steps. To increase the plasticity effect we apply an external
strain of €92 = 0.06 with a strain rate of €95 = 0.12.

In both cases, as the number of cores increases from 64
to 2048, the total time to solution significantly decreases,
demonstrating effective parallelization where the significant
improvement from 64 to 216 is mainly due to the reduced
sizes of the subdomains. However, the parallel efficiency
shows a decline at higher core counts from 2048 to 4 096

Table5 Solver performance with respect to different choices for the coarse space with the recycling option active. 10 x 10 x 10 subdomains with
20 x 20 x 20 finite elements. The truncation tolerance is set to 1e — 4. All times are given in seconds

With recycling

PC Type Coarse wovpe AN Toco Tear Tra:
GDSW(T+R)-GDSW 36225 18.9 3 230.6 68.9 331.3
GDSW(T+R)-RGDSW 31266 18.9 3 217.8 65.5 314.8
GDSW*(T+R)-GDSW* 23954 19.1 3 183.0 60.8 275.2
GDSW*(T+R)-RGDSW 21303 18.9 3 178.6 58.9 268.9
RGDSW(T+R)-RGDSW 5103 48.7 3 154.4 134.3 320.1
GDSW(T)-GDSW 23265 29.8 3 183.9 92.8 308.6
GDSW(T)-RGDSW 18306 29.1 3 172.9 87.3 291.5
GDSW*(T)-GDSW* 13667 29.9 3 156.2 85.0 272.5
GDSW*(T)-RGDSW 11016 29.7 3 152.6 83.3 267.0
RGDSW(T)-RGDSW 2916 53.8 3 141.9 143.8 317.2
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Table 6 Strong scalability for GSDW*(T+R)-RGDSW without recycling option (top) and with recycling option (bottom). 12194 500 DOFs.

Computed the first 5 time iterations. All times are given in seconds

No recycling

Cores Coarse

oM RES it Tec Tsol T4 Tres Pz
64 1053 29.2 7.6 10 898 1512 251.1 12 681 1.00
216 4115 27.4 7.6 1810 348.6 116.1 2282 2.77
512 1 0465 27.0 7.6 517.2 139.0 50.4 708.4 223
1728 37730 27.0 7.8 2322 107.4 15.7 356.5 1.32
4096 92610 26.6 7.8 213.7 126.2 7.8 349.5 0.56
With recycling
Cores Coarse itcarras it Tec Teu Ty Tpos Pg
64 1053 29.6 7.6 5643 1519 250.1 7431 1.00
216 4115 279 7.6 810.1 356.6 115.2 1288 2.88
512 10 465 279 7.6 2139 144.7 49.8 409.5 227
1728 37730 283 7.8 59.5 1122 15.6 187.9 1.46
4096 92610 28.6 7.8 39.1 135.2 7.8 182.2 0.63

Fig. 2 Strong and weak scalability for GDSW*-RGDSW
with and without recycling option over 5 time iterations

Time (s)

2
10%4

due to the huge size of the coarse space that reflects into
communication overhead and load imbalance. Notably, the
recycling option improves performance, reducing the pre-
conditioner computation time by a significant factor, that
contributes to a faster solution. While both configurations
exhibit strong scalability, we notice that the recycling option
does not affect the number of the iterations and does not
increase substantially the solving time. This yields better
parallel efficiency and reduced computational cost, making
it a favorable choice for large-scale simulations.

6.5 Weak scalability

With the same simulation set up of the Sect. 6.4, in Table 7
and Fig. 2 (Right) we report a weak scalabitlity test again
performed with GSDW*(T+R)-RGDSW coarse space. We
keep fixed the subdomain sizes with 16 x 16 x 16 elements
and we analyze the performance when increasing propor-
tionally with the number of cores. Both configurations
exhibit a gradual increase in the computational time, with a
more pronounced growth in the case without the recycling
option.

Notably, the recycling option improves perfor-
mance across all core counts, significantly reducing the

Strong Scalability Weak Scalability
~GDSW*(T+R)-RGDSW

~GDSW*(T+R)-RGDSW Recycle

~GDSW*(T+R)-RGDSW
~GDSW*(T+R)-RGDSW Recycle
--ideal

Time (s)

2
4096 10%4 216 512

Cores

216 512
Cores

1728 1728 4096

preconditioner time. We note in fact, that from 64 to 4096
cores this increases by less than a factor of 2. Time for
assembling the linear systems shows almost perfect weak
scalability, while the time to compute the solution does not
scale due to the increasing number of both, iteration per lin-
ear system and Newton iteration per time step.

For the reasons just described above, the average time
per Newton iteration Tvq.g increase with the number of
the subdomains. Despite this, the recycling strategy appears
significantly faster, indicating improved efficiency in the
iterative solution process. Considering the time per New-
ton iteration, we have a parallel efficiency of 46% on 4 096
cores. This is an effect of slightly increasing GMRES itera-
tion counts per linear solve and an increase of the size of
the coarse space. Considering instead the time per GMRES
iteration, we obtain an excellent parallel efficiency of 79%,
which is satisfying due to the increasing coarse space size.

6.6 2D domain decomposition
To replicate the practical application of a LBW process, we
perform a series of numerical simulations on a thin plate

using a 2D domain decomposition approach. The plate has
dimensions 30 x 15 x 1, and the simulation runs for 0.13s
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Table 7 Weak scalability for GSDW*(T+R)-RGDSW without recycling option (top) and with recycling option (bottom). 16 x 16 x 16 elements
per subdomain. Computed the first 5 time iterations. All times are given in seconds

No recycling

Cores Coarse oM RE ity Tpc Tso Ts Tro TNavg
64 1053 21.2 6.6 225 52 29.1 309.7 9.4
216 4115 234 7.2 279.4 70.3 313 385.4 10.7
512 10 465 25.6 7.8 320.2 95.5 41.4 459.6 11.8
1728 37730 30.9 8.4 494.4 195.9 42.6 734.2 17.5
4096 92 610 347 8.8 567.8 299.7 472 918.4 20.9
With recycling

Cores Coarse oM RBES AN Tpc Tqp T Tros TNavg
64 1053 21.5 6.6 100.6 53.4 29.3 185.4 5.6
216 4115 239 7.2 114.1 71.9 30.7 219.1 6.1
512 10 465 26.4 7.8 129.4 98.5 41.0 269.3 6.9
1728 37730 324 8.4 159.5 203.6 42.5 405.8 9.7
4096 92 610 36.8 8.8 171.6 317.5 47.2 538.2 12.2
Fig. 3 Sketch of the thin plate geometry and dis- {rain

placements boundary conditions. In red the melting na! S b

ter
pool, initially placed with the center on the edge of ek \

the plate

Table 8 Solver performance with respect to different choices for the coarse space. 16 x 64 x 1 subdomains with 8 X 4 x 9 finite elements. The

truncation tolerance is set to 1e — 4. All times are given in seconds

Coarse

PC Type itovprE it Teco Tsar Tra:
GDSW(T+R)-GDSW 19 445 28.8 6.5 159.4 569.2 805.7
GDSW(T+R)-RGDSW 17 478 28.2 6.5 147.5 501.2 722

RGDSW(T+R)-RGDSW 3777 2943 6.5 114.7 3590 3779
GDSW(T)-GDSW 11642 35.4 6.5 128.5 496.3 700.2
GDSW(T)-RGDSW 9681 35.4 6.5 120.3 459.6 654.7
RGDSW(T)-RGDSW 6615 302.9 6.5 107.5 3222 3 405

real time. Initially, during the first 0.1s of the initialization
phase the laser is positioned at the edge of the plate (see
Fig. 3) and no external strain is applied. After this, the laser
moves along the x-direction at a velocity of 16.67 mm /s for
0.2s, while an external strain is enforced with £99 = 0.03
and a strain rate of €95 = 0.06.

Table 8 presents a comparison of different coarse spaces
in this experiment, with the recycling option enabled. The
results indicate that the GDSW-RGDSW approach, both
with and without rotation, provides the best balance between
computational cost and iteration count. As expected, the
RGDSW(T)-RGDSW and RGDSW(T+R)-RGDSW con-
figurations exhibit a significant increase in GMRES itera-
tions, leading to longer solving times. Overall, even if
GDSW(T)-RGDSW has slightly more GMRES iterations
than its rotational counterpart, it stands out as the most effi-
cient configuration. Its superior performance, combined
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with a smaller coarse space that is half the size, makes it the
optimal choice.

For this choice of the coarse space we perform two strong
scalability tests reported in Table 9 and Fig. 4. The two test
are both computed with the same setup described just before
using a finer discretization in space, namely 9492 552 and
30790760 DOFs. The smaller problem shows a perfect
scalability up to 2048 cores and then deteriorates when
switching to 4096 cores with a parallel efficiency of 55%,
due to the coarse space that affect mainly the solution time.
As showed in the same table, when moving to a higher num-
ber of DOFs, we observe an excellent parallel efficiency of
76% even with the larger number of subdomains. This is a
well known phenomena in DDMs, since strong scalability
always deteriorates when the coarse space size gets large in
comparison to the subdomain sizes. In fact, a direct solver
application of the coarse level becomes prohibitive, due
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Table 9 Strong scalability for GDSW(T)-RGDSW with recycling
option over 130 time iterations

9492 552 DOFs

Cores Tiot(Trc + Tsol) itanpEs Lot /#H TNk
256 14 846(6 295+6 740) 49.7 114.2 1.00
512 6 061(2371+2 863) 40.9 46.6 1.20
1024 3.099(939+1 744) 44.7 23.8 1.19
2048 1 812(470+1 104) 39.2 13.9 1.01
4096 1700(344+1 219) 422 13.1 0.55
30-790-760 DOFs

Cores Ttot(TPC’ + TSol) it(;]uREs‘ TTot #T’/;"@t
512 10 1647(22 691+73 668)  188.5 781.9 1.00
1024 42 789(8 633+31 642) 137.0 329.1 1.18
2048 18 739(3 404+13 985) 114.7 144.1 1.35
4096 13 145(1 613+11 532) 113.2 107.0 091

to the superlinear memory complexity of the sparse direct
solvers. In such cases, on the coarse space can be recur-
sively apllied a GDSW-type preconditioner, resulting in a
three level method [15, 17].

6.7 Application to LBW simulation

In this section we mimic a physically realistic simulation
of a LBW process. In particular we reproduce a simplified
CTW test to assess the weldability of thin plates in the LBW
process. We choose a plate of size 44.6 x 8 x Imm (see
Fig. 5) and we split the domain into 128 x 32 x 1 subdo-
main, each made of 7 x 5 x 20 finite elements for a total of
12131 028 DOFs. As before the laser is placed with the cen-
ter on the edge of the plate, and no external strain is applied
neither during the 0.1s of the initialization phase nor during
the following 0.7s. The external strain is then applied for
0.3s with e92 = 0.03 and €52 = 0.03, leading to a total of
1.0s real time until the end of the simulation. With a time
step At = 0.001 this corresponds to 1000 iterations. This
simulation, performed with the solver previously described,
i.e. GMRES methods preconditioned with a two-level addi-
tive Schwarz preconditioner with GDSW(T)-RGDSW
coarse space, with the recycling option active, and a trun-
cation tolerance of 1le — 4. The coarse solver is performed
Fig.4 Strong scalability for GDSW(T)-

RGDSW with recycling option over 130 time

iterations
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Fig.5 Distribution of the temperature field 0, the norm of the displace-
ments ||u||2 and the strain component into the direction of the external
strain applied €22 at the end of the simulation

on 64 MPI ranks using cluster PARDISO. The simulation
ran a total of 40 684s of runtime. This approximatively cor-
responds to 11 hours and 20 minutes of computation with
40.6s per time iteration.

7 Conclusions

We have introduced different variants of monolithic GDSW
coarse spaces for thermo-elastoplastic LBW problems as
well as a new and efficient parallel implementation in PETSc.
Overall, the suggested preconditioners show a very high
robustness and a good parallel scalability, which enables
large scale simulations of fully-coupled thermo-mechanical
simulations in the future. As a result of our numerical tests,
the best candidate is a combination of GDSW or GDSW*
for the mechanical problem with an RGDSW variant of
reduced size for the temperature field.
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