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Abstract

Neutral atoms, trapped in optical tweezers and lattices, have gained significant at-
tention owing to advances in laser technologies, control hardware, and innovative ex-
perimental techniques. These systems offer unique advantages such as long coherence
times, natural homogeneity, and scalability, while also presenting challenges related to
gate speed limitations, atom loss, slow measurements, and other imperfections. Quan-
tum control theory has emerged as a crucial tool for advancing these technologies by
enabling precise manipulation of atoms.

In this thesis, we review the foundational concepts in quantum control theory,
outlining both analytical approaches and numerical optimization techniques, including
methods to account for experimental imperfections. A concise overview of neutral atom
platforms follows, covering two distinct operational regimes: Rydberg atoms in optical
tweezers and fermionic atoms in optical superlattices.

The core of the thesis is dedicated to our work addressing practical control prob-
lems in neutral atom systems. First, we develop a platform-independent method for
estimating and compensating nonlinear pulse distortions in experimental setups and
demonstrate its use numerically for Rydberg atom excitations. Next, we tackle the
challenge of implementing fast and robust gates in fermionic atom systems trapped
in superlattices by optimizing lattice depths. Finally, we explore the application of
Rydberg-based analog quantum simulators for variational quantum eigensolvers, using
Lie-algebraic tools to analyze symmetry restrictions.

This work highlights the essential role of quantum control methods in enhancing the
fidelity, robustness, and applicability of neutral atom quantum technologies. It also
demonstrates how combining theoretical tools, numerical optimization, and experi-
mental considerations leads to practical solutions for scalable and high-performance
quantum systems. The methods and insights developed here also offer transferable
strategies for other quantum hardware architectures.
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1
Introduction

Quantum technologies are rapidly evolving from the pure theoretical principles pro-
posed in the early 1900s to the experimental implementation of these ideas [1, 2]. Built
upon powerful concepts such as superposition and entanglement [3], these technolo-
gies promise capabilities that go far beyond classical computation [4]. The promises
of quantum computing extend widely across modern science, from secure communica-
tion and drug discovery to complex simulations of natural systems. To realize these
possibilities, scientists have been developing various quantum devices in parallel, in-
cluding quantum processors, simulators, sensors, and communication systems. Since
the early 21st century, these technologies have made remarkable strides towards what
is often called the “second quantum revolution” [1]. However, the actual, large-scale
use cases and practical applications of these technologies remain an open and evolving
question [5, 6]. Though still in development and facing significant technical challenges,
the field is emerging rapidly and holds the potential to redefine the future of modern
science and technology.

Quantum technologies are being pursued from many different directions, both ex-
perimentally and theoretically. Experimentalists are using various platforms, each
with their own advantages and challenges, to build these devices. Some of the leading
platforms are superconducting qubits, trapped ions, neutral atoms, and photonic sys-
tems [7–9]. These systems differ significantly in their construction but aim to follow
the same quantum mechanical ideas to perform similar tasks. For example, most of
them work on the idea of storing quantum information in two different energy levels
of the system, known as a qubit. In superconducting systems, qubits are formed ar-
tificially using electrical circuits at cryogenic temperatures [10, 11], while in trapped
ions [12, 13], charged atoms trapped in electromagnetic traps are used to store qubit
information.

Similar to trapped ions, neutral atoms are also natural atom-based technologies,
where the atoms are uncharged and stored in optical tweezers or optical lattices [14–
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17]. The initial proposal for using neutral atoms in quantum technologies was made
in the early 2000s, and in recent years, these systems have gained significant attention
once again. This renewed interest has mainly come from technical advancements in
lasers and control hardware, along with experimental progress in developing innovative
methods for trapping and interacting with these atoms. The basic principle of this
platform comes from light-matter interaction, where atoms are stored in optical traps
created by laser fields interacting with the atoms and forming a dipole potential. Qubit
states are mostly stored in the hyperfine energy levels of these atoms and are driven
by another set of laser fields. The specific type of quantum operation depends on the
interactions used within the platform, such as dipole-dipole, long-range Rydberg, or
collisional interactions [18–21]. Overall, neutral atom systems offer several advantages
over other platforms, including long coherence times, comparatively easier scalability,
and naturally occurring, more homogeneous interactions between qubits [22]. However,
they also face notable challenges when compared to similarly advanced platforms —
such as slower gate speeds, which limit the circuit depths achievable for quantum
algorithms; restrictions in performing digital quantum processing tasks with parallel
gates; measurement speed; and atom loss, which results in the loss of the stored
quantum information. Some of these challenges are being addressed experimentally
by improving the lasers, making the traps more confined etc. Despite these challenges,
this platform remain one of the leading technology due to its reconfigurable geometries,
well-defined interactions suited for quantum simulation of many-body physics.

The experimental advancements in recent years have brought neutral atom plat-
forms into close competition with other leading quantum technologies. Now, a crucial
goal is to achieve high-fidelity quantum operations necessary for efficient quantum in-
formation tasks. This objective remains particularly challenging, as several factors,
including the finite lifetime of atomic states, laser noise, bandwidth limitations, and
technical imperfections, limit the achievable fidelity of quantum operations. To fine-
tune qubit states and design efficient, reliable gates in the presence of these hurdles,
quantum control techniques have become a dominant tool [23, 24]. Additionally, these
techniques have been employed to optimize quantum processes so that the desired
operations are performed in the minimal possible time. This is crucial for quantum
computation tasks with long circuits, where every gate duration impacts the overall
system performance and coherence.

Both analytical and numerical quantum control methods have been used for opti-
mizing quantum operations; however, numerical methods have seen greater success for
neutral atom devices [25–27], as they are more adaptable to the complex lattice po-
tentials and many-body interactions present in atomic systems. In particular, numer-
ical techniques such as GRAPE (Gradient Ascent Pulse Engineering) [28] and CRAB
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(Chopped Random Basis) [29] have been successfully applied to achieve complex state
preparation and gate design tasks. These control techniques are becoming increas-
ingly sophisticated, incorporating not only the ideal quantum Hamiltonian into the
modeling but also various technical imperfections present in real experiments. Char-
acterizing and modeling these imperfections, such as pulse distortion, phase noise, and
intensity inhomogeneity has become an active and important field of research. Only
by systematically combining these effects and carefully engineering control pulses we
can achieve the operational efficiencies required for scalable, fault-tolerant quantum
computing with neutral atom systems.

While the efforts for making fault-tolerent quantum computers continues, researchers
and even industries are also trying to make use of the currently available noisy de-
vices known as the devices of Noisy Intermediate-Scale Quantum (NISQ) era [2]. In
the NISQ era, neutral atom quantum simulators combined with variational quantum
algorithms hold the potential to solve classically difficult problems. For example, the
Quantum Approximate Optimization Algorithm (QAOA) and Variational Quantum
Eigensolver (VQE) are hybrid quantum-classical algorithms that, when implemented
on quantum simulators, have been used to solve problems such as max-cut, the Trav-
eling Salesperson problem, and finding ground states of quantum systems [30, 31].
However, these algorithms come with their own limitations, including scalability is-
sues, barren plateaus in the optimization landscape, and challenges with convergence.
While many of these obstacles arise from the scalability of both the system and the
problem size, some challenges are inherent to the quantum simulator itself. Particu-
larly in analog quantum simulators driven by global laser fields, the system tends to
be more constrained with limited control over individual components, reducing the
flexibility to tune the system’s dynamics. In such cases, the potential of the quantum
simulator becomes restricted, yielding reliable results only for certain tasks that align
with the system’s symmetries. Therefore, through careful analysis of these systems
possibily using control theory tools, existing algorithms can be matched with suit-
able tasks, and new, more efficient algorithms tailored to the specific symmetries and
constraints of these platforms can potentially be developed.

In this thesis, we cover a broad range of control theory methods, including both
analytical and numerical approaches, to aid neutral atom devices from both the en-
gineering and application perspectives. While some of the developments in control
techniques are general in nature, they are specifically applied to various experimental
setups based on neutral atom platforms. This demonstrates the versatility and effec-
tiveness of these control methods in enhancing the performance of practical quantum
technologies.

The organization of the thesis is as follows: The thesis begins with an overview
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of quantum control methods in Chapter 2, where we start by briefly discussing the
fundamental concepts relevant to quantum technologies. We then describe the general
structure of different types of quantum systems and illustrate some examples using
two-level systems. Following this, we introduce the general quantum control problem
and various algorithms developed to solve it, with a particular focus on numerical
methods, while also mentioning other approaches. Finally, we discuss the practical
extensions of these control methods and how they are adapted to bring theoretical
techniques closer to experimental implementation.

Since all the work presented in this thesis is heavily centered around neutral atoms,
a focused review of this platform is presented in Chapter 3. While a comprehensive
explanation of all the experimental details and advancements in this field is beyond
the scope of this work and not crucial for our purposes, we still outline the essential
physics of neutral atoms and their interaction with light. This chapter is divided into
two parts. In the first part, we discuss the widely studied Rydberg atom platform,
where quantum operations are based on long-range interactions between highly excited
Rydberg states. In the second part, we describe a relatively lesser-known neutral atom
platform, where quantum operations rely on controlled collisions between atoms.

Using the concepts from Chapter 2 and Chapter 3, we then present our original
research work in Chapter 4, Chapter 5, and Chapter 6. In Chapter 4, we build upon
the control methods introduced in Chapter 2 and provide a mathematical framework
for estimating possible non-linear distortions that occur in experiments. While the
methods presented here are general and can be applied to any quantum platform, the
development of this approach is originally motivated by the distortions observed in
acousto-optic modulators (AOMs) used during the Rydberg atom excitation process.
We demonstrate that including these distortions within the optimization process can
effectively suppress pulse distortion effects, and as a practical example, we show how
this leads to an improvement in Rydberg excitation fidelity.

Next, using similar control techniques as in Chapter 4, we address a new and
challenging control problem in Chapter 5, focusing on the optimization of quantum
gates in a fermionic atom-based system. In this work, the modeling and optimization
methods are adapted to a relatively new and complex experimental setup, where the
atoms are trapped in a superlattice potential. Through numerical optimization, we
efficiently suppress leakage to higher energy levels and design fast, high-fidelity, and
robust quantum gates suitable for this platform.

In our final work, presented in Chapter 6, we shift towards the application side
of neutral atom devices, focusing in particular on Rydberg atom-based analog simu-
lators used to perform variational algorithms. We explore one specific algorithm, the
variational quantum eigensolver, for finding the ground states of given target Hamil-
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tonians. To better understand the performance and limitations of this approach, we
employ Lie algebra-based control theory tools to analyze the symmetries of the system
and comment on the reachability of the target ground states. Through this study, we
demonstrate how such analysis can reveal both the potential and inherent constraints
of variational algorithms on analog quantum simulators, providing valuable guidance
for future applications and algorithm design. Finally, we discuss and conclude in
Chapter 7.

Summary of key results and impact

This thesis presents several important advances in quantum control theory for neutral
atom platforms and the key results are highlighted below.

• Formulation of a mathematical framework to model and compensate non-linear
distortions originating from the control hardware, leading to improved Rydberg
excitation fidelities.

• Design of quantum control methods for two-qubit gates for fermionic atoms in
optical superlattice potentials, improving the gate performance and achieving
fast gates.

• Development and application of Lie algebra-based control theory tools to analyze
the controllability and reachable state spaces of Rydberg-based analog quantum
simulators executing variational algorithms, identifying the symmetry restric-
tions and possible remedies for ground state preparation.

Impact: These contributions bridge theoretical control methods and practical quan-
tum hardware, show the possibilities of improvement in the performance of neutral
atom-based quantum operations, and offer valuable tools for the analysis of quantum
algorithms. While demonstrated on neutral atom systems, the generality of most of the
methods developed ensures their relevance and applicability across multiple quantum
hardware platforms.





2
Quantum control

Recent developments in quantum technologies arise from a mixture of fundamental
physics, engineering, mathematics, and computer science, with the advancement in
the understanding of quantum physics at the core of these technologies. One such
subfield, developed at the intersection of these different fields, is quantum control
[23, 24, 27, 32–34]. Quantum control helps in efficiently control and manipulate the
dynamics of quantum systems to perform different quantum operations.

Originally developed for manipulating chemical reactions in molecules, in the last
few decades quantum control has expanded its scope from NMR to solid-state sys-
tems [35, 36]. This advancement has been a result of both new theoretical concepts
and experimental improvements, such as the refinement of laser technology. In recent
years, with the growing interests in different aspects of quantum technologies, espe-
cially quantum computation and simulation, the need for precise control has increased,
opening a new set of goals and challenges for quantum control [25, 37–45].

While the basic principles of quantum control resemble the classical control theory,
it engages with the quantum mechanical properties of a system, making the problem
far from straightforward. At the heart of these quantum properties lie fundamental
quantum physics concepts such as superposition, entanglement, and tunneling, which
distinguish them from classical systems, where the most foundational component is
the qubit, or quantum bit [3, 46, 47].

In the first half of this chapter, we provide a brief overview of these fundamental
quantum properties. We begin by describing the basic elements of quantum physics,
such as qubits, superposition, entanglement, and related concepts. Following this, we
explain the fundamental principles of quantum control, where we give more emphasis
to the numerical techniques that will be used later in this thesis.
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2.1 Fundamentals

2.1.1 Qubits

The basic computational unit in a quantum computer is the qubit (quantum bit).
Unlike classical bits, which can only be in the states |0⟩ or |1⟩, qubits can exist in
a linear combination of these states, a phenomenon known as superposition. For
example, a qubit state can be represented as

|ψ⟩ = c1 |0⟩+ c2 |1⟩ =
(
c1

c2

)
, (2.1)

where c1 and c2 are complex numbers representing the probability amplitudes for the
qubit to be in the state |0⟩ or |1⟩, respectively. These amplitudes must satisfy the
condition |c1|2 + |c2|2 = 1 to ensure the total probability equals one [3]. A physical
measurement, e.g., a projective measurement, causes the qubit state |ψ⟩ to collapse
into either |0⟩ or |1⟩ with probabilities |c1|2 and |c2|2, respectively.

For an intuitive picture of a qubit, we can represent it using a three-dimensional
unit sphere, known as the Bloch sphere, as shown in Fig. 2.1. On the sphere, each
qubit state corresponds to a point, and its amplitudes can be expressed in terms of
angles θ and ϕ (shown in Fig. 2.1) as [3]

c1 = cos
θ

2
, c2 = eiφ sin

θ

2
. (2.2)

In principle, infinitely many distinct qubit states |ψ⟩ exist, parameterized by the angles
θ and φ. However, upon measurement, the state collapses to either |0⟩ or |1⟩ based on
the probabilities |c1|2 and |c2|2. This implies that an infinite number of measurements
would be needed to precisely reconstruct the values of c1 and c2, and thereby the state
|ψ⟩.

The concept of superposition can be extended to multiple qubits. For example, a
two-qubit system has four computational basis states, typically written as |00⟩, |01⟩,
|10⟩, and |11⟩. The system can exist in a superposition of these four states. Similar
to the one-qubit case in Eq. (2.1), the quantum state of two qubits is represented as a
linear combination of these basis states, associated with complex coefficients

|Ψ⟩ = c1 |00⟩+ c2 |01⟩+ c3 |10⟩+ c4 |11⟩ . (2.3)

Upon measuring both qubits, the state |Ψ⟩ collapses into one of these computational
basis states with probabilities |c1|2, |c2|2, |c3|2, or |c4|2.

If we measure only one qubit — say the first one — and obtain the result |0⟩, the
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θ

φ

|Ψ〉

Z

X

Y

|0〉

|1〉

Figure 2.1: Bloch-sphere representation of a qubit. Each qubit state |ψ⟩ corresponds
to a point on the unit sphere. The angle θ is between the z-axis and the vector
representing |ψ⟩. The angle φ is the azimuthal angle in the x-y plane. The two
orthogonal states |0⟩ and |1⟩ are located at the opposite poles.

post-measurement state becomes

|Ψ⟩M =
c1 |00⟩+ c2 |01⟩√

|c1|2 + |c2|2
. (2.4)

This is still a superposition of |0⟩ and |1⟩ for the second qubit, with renormalized
probabilities.

Depending on whether the qubits are independent or correlated, the overall state
may be a product (separable) state or an entangled state [46]. If the states of differ-
ent qubits are correlated, we call it an entangled state. For example, the Bell state
1√
2
(|00⟩+ |11⟩) is an entangled state. Measuring one qubit immediately determines the

state of the other, even if they are spatially separated. For instance, if the first qubit
of this Bell state is measured and found to be |0⟩, we instantly know that the second
qubit is also in state |0⟩. This phenomenon persists even when the two qubits are far
apart. The study of such fundamental quantum properties has led to intriguing topics
such as the EPR paradox, the no-communication theorem, and quantum nonlocality,
which are beyond the scope of this thesis.

Quantum states can be classified into pure and mixed states. A pure state repre-
sents complete knowledge of the system, while a mixed state provides only statistical
knowledge. Qubit states can also be represented using density operators, which are
particularly useful when dealing with mixed states. A density operator is a matrix
formed from the orthonormal basis states (e.g., |0⟩ and |1⟩ for a single qubit). A pure
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state |Ψ⟩ is represented by the density matrix

ρ = |Ψ⟩ ⟨Ψ| . (2.5)

A mixed state, on the other hand, has the density matrix form

ρ =
∑
i

fi |Ψi⟩ ⟨Ψi| , (2.6)

where each |Ψi⟩ is a pure state and fi are the corresponding probabilities. The purity
of a density operator is given by Tr(ρ2), where Tr represents the trace operation. The
density matrix of pure states satisfy Tr(ρ2) = 1, while mixed states have Tr(ρ2) < 1.
For a more comprehensive treatment of mixed states and related topics, readers are
referred to [3]. With these basic ideas in mind, we briefly explain quantum gates,
which are the building block of quantum computation and simulation tasks.

2.1.2 Quantum gates

Similar to how qubits have classical counterparts in bits, quantum gates serve as the
quantum analog of classical Boolean operations or logic gates. A quantum gate is
an operation performed on qubits to manipulate their states. Quantum gates pos-
sess several properties that arise directly from the principles of quantum mechanics,
distinguishing them from their classical counterparts. Since qubit states can exist in
superposition or be entangled with one another, the outcomes of quantum gate opera-
tions are often non-trivial and extend beyond what classical gates can achieve. Every
quantum gate can be represented by a unitray matrix U whose dimension corresponds
to that of the system’s Hilbert space. A matrix U is unitary if U−1 = U †, which en-
sures the conservation of the total probability in a closed quantum system and makes
quantum gates reversible. Additionally, Quantum gates are linear transformations
such that

U(|Ψ1⟩+ |Ψ2⟩) = U |Ψ1⟩+ U |Ψ2⟩ . (2.7)

While some gates are both unitary and Hermitian satisfying U = U−1 = U † (such as
the Pauli-X, Pauli-Y, and Pauli-Z gates), this is not a general property shared by all
quantum gates. A set of quantum gates that allows us to approximate any quantum
gate with a desired precision is called a universal gate set [3]. By using a universal
gate set, any multi-qubit gate can be implemented, as universal gate set contains all
single-qubit gates and two-qubit gates like CNOT or

√
SWAP. Next, we will introduce

some fundamental single- and two-qubit gates.
Single-qubit gates are 2×2 unitary matrices, which preserve the qubit’s normaliza-
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tion, |c1|2 + |c2|2 = 1, where c1 and c2 are the complex coefficients shown in Eq. (2.1).
Key examples include the Pauli gates (X, Y, Z), which correspond to rotations around
the x, y, and z axes of the Bloch sphere by π radians, as shown in Fig. 2.1. We can
also define an identity gate (I), which leaves the qubit’s state unchanged. These Pauli
gates are expressed in matrix form as

X =

(
0 1

1 0

)
, Y =

(
0 −i
i 0

)
, Z =

(
1 0

0 −1

)
, I =

(
1 0

0 1

)
. (2.8)

One of the widely used single-qubit gates is the Hadamard gate, H. The Hadamard
gate is defined by the matrix

H =
1√
2

(
1 1

1 −1

)
. (2.9)

It maps computational basis states into superposition states and vice versa, as follows

H |0⟩ = 1√
2
(|0⟩+ |1⟩), (2.10)

H |1⟩ = 1√
2
(|0⟩ − |1⟩). (2.11)

The Hadamard gate plays a crucial role in quantum computing. Despite its simple
appearance, it possesses a powerful property: when applied to n qubits initially set
to |0⟩, it generates an equal superposition of all integers from 0 to 2n − 1, enabling
the exponential power of a quantum circuit. We can also construct arbitrary rotation
gates that rotate a qubit’s state around any axis on the Bloch sphere. Depending on
the axis of rotation, we have Rx(θ), Ry(θ), and Rz(θ) gates, defined as

Rx(θ) = exp(−iθX/2) =
(

cos θ
2

−i sin θ
2

−i sin θ
2

cos θ
2

)
, (2.12)

Ry(θ) = exp(−iθY/2) =
(
cos θ

2
− sin θ

2

sin θ
2

cos θ
2

)
, (2.13)

Rz(θ) = exp(−iθZ/2) =
(
e−iθ/2 0

0 eiθ/2

)
. (2.14)

In general, we can use different decomposition techniques such as Euler decompositions
to split any arbitrary qubit rotation into multiple rotations about different axes on the
Bloch sphere. This approach is particularly useful for implementing gates on various
quantum hardware platforms, with restricted set of possible operations.

We construct multi-qubit gates, which can generate entanglement between qubits,



2.1. Fundamentals 12

by enabling interactions between them. An n qubit state is represented by 2n proba-
bility amplitudes, and the n qubit gate matrix operating on them has the dimension of
2n×2n. Single and two-qubit gates are, so far, the most widely used gates in quantum
technologies. Different platforms have different realizations of two-qubit gates, but
they all have some basic computational gate set. One of the most common and useful
gates is the controlled gate, where a control qubit determines the operation on the
target qubit(s). One example of these types of gates is the Controlled-NOT (CNOT)
gate, which applies a NOT gate to the target qubit if the control qubit is |1⟩. A second
example is the Controlled-Z (CZ) gate, which applies a Z gate to the target qubit if
the control qubit is |1⟩. The CNOT gate is not symmetric between the two qubits;
therefore, it depends on the choice of control and target qubits. In contrast, the CZ
gate is independent of the choice of control qubit and is diagonal in the computational
basis, making it suitable for implementing in some experimental platform such as ul-
tracold atoms as discussed in Chapter 3. The matrix representations of these gates
are

CNOT =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 , CZ =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 −1

 . (2.15)

For Rydberg atoms, one can also construct a C-PHASE gate as discussed in Sec. 3.1.3,
which, up to local phase corrections, is equivalent to the conventional CZ gate. Com-
bining the C-PHASE gate with Hadamard operations allows the construction of a
CNOT gate, and together with arbitrary single-qubit rotations, forms a universal gate
set for quantum computing with neutral atoms [3].

For some experimental setup, e.g., fermionic atoms described in Chapter 3 and 5,
other two-qubit gates may be more feasible such the SWAP gate, which exchanges the
states of the qubits, without generating entanglement. For generating entanglement
in this setting,

√
SWAP gate is widely used. The

√
SWAP gate occurs naturally in

many physical systems and entangles the two qubits as follows,

√
SWAP =


1 0 0 0

0 1
2
(1 + i) 1

2
(1− i) 0

0 1
2
(1− i) 1

2
(1 + i) 0

0 0 0 −1

 . (2.16)

Gates beyond two-qubit gates enable more complex algorithms and circuits, but
they are very difficult to construct experimentally. One important example is the
Toffoli gate (also known as the CCNOT gate), a three-qubit gate that performs a
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NOT operation on the target qubit when both control qubits are in the state |1⟩.
Another example is the Fredkin gate, or controlled-SWAP gate, which swaps the states
of two qubits based on the state of a control qubit. These multi-qubit gates are often
decomposed into a series of single- and two-qubit gates, making their implementation
easier at the cost of increasing the circuit depth.

The implementation of quantum gates corresponds to a specific unitary time evo-
lution generated by a Hamiltonian acting over a defined duration. In the next section,
we will explain how these gates are implemented through the time evolution of a quan-
tum system, where we first introduce two types of quantum systems: closed and open
systems.

2.2 Quantum dynamics

In its most basic form, the time evolution expresses the relationship between the change
in the state and the forces applied to it. It is one of the main concepts for understanding
the properties of any physical system. In the classical world, different differential
equations like the Euler-Lagrange equations, Hamilton’s equations, and Liouville’s
equation are used to describe the time evolution. For several years, researchers have
attempted to develop methods similar to these classical approaches to describe the
evolution of quantum systems. These methods depend on the nature of the quantum
system, for example, if they interact with the enviornment or not. In this section, we
will discuss two important methods namely, Schrödinger equation for closed systems
and master equation for open systems [48–51].

2.2.1 Closed system

A closed or isolated system does not exchange any energy or mass with another system,
often referred to as the environment [3, 52]. For a state |Ψ(t)⟩ ∈ H, where H is the
Hilbert space of the system, we can write the Schrödinger time evolution equation as

d

dt
|Ψ(t)⟩ = − i

ℏ
H(t) |Ψ(t)⟩ , (2.17)

where H(t) is the Hamiltonian of the system. We can also write the time-independent
Schrödinger equation for a stationary state |Ψ⟩ as

H |Ψ⟩ = E |Ψ⟩ .

Any linear combination c1 |Ψ1⟩+c2 |Ψ2⟩ of two solutions |Ψ1⟩ and |Ψ2⟩ is also a solution
to the corresponding Schrödinger equation, demonstrating its linearity. The time
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evolution operator from time t = 0 to t = T is given by the time-ordered exponential,

U(T, 0) = T exp

[
− i

ℏ

∫ T

0

H(τ) dτ

]
,

where T represents the time-ordering operation. The final quantum state can then be
written as |Ψ(T )⟩ = U(T, 0) |Ψ(0)⟩. The operator U(T, 0) is unitary and generates all
quantum gates described in Sec. 2.1.2. It has the following properties:

U(t0, t0) = I, U(t′, t)−1 = U(t′, t)†, and U(t2, t1)U(t1, t0) = U(t2, t0),

where I is the identity operator [53, 54]. For a time-independent Hamiltonian H, the
solution to Eq. (2.17) is

|Ψ(t)⟩ = e−iHt/ℏ |Ψ(0)⟩ . (2.18)

The evolution of the system along the interval [0, T ] can also be evaluated at in-
termediate times t, giving the state |Ψ(t)⟩. To achieve this, we can decompose the
time-ordered evolution operator as

U(T, 0) = U(tN , tN−1) · · ·U(t2, t1)U(t1, t0), (2.19)

where tN = T , and we can compute |Ψ(tj)⟩ at different discrete times tj. Now, for a
constant time interval dt, we can write

U(t+ dt, t) = T exp

[
− i

ℏ

∫ t+dt

t

H(τ) dτ

]
.

If the Hamiltonian H(t) is approximately constant over the time duration [t, t + dt],
the evolution operator reduces to an approximate time-independent form:

U(t+ dt, t) = exp

[
− i

ℏ
H(t) dt

]
. (2.20)

In the general case where H(t) is time-dependent between t and t+dt, the Hamiltonian
may not commute with itself at different times, and hence a simple closed-form solution
for U(t′, t) may not exist.

So far, we have discussed everything in terms of state vectors. However, in general,
quantum operations e.g., application of a gate, are described by the evolution of the
density matrix [3]. From Eq. (2.6), the density operator for a discrete set of pure states
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|Ψi⟩ with weights fi is written as

ρ(t) =
∑
i

fi |Ψi(t)⟩ ⟨Ψi(t)|

= U(t, t0)

(∑
i

fi |Ψi(0)⟩ ⟨Ψi(0)|
)
U †(t, t0)

= U(t, t0) ρ(0)U
†(t, t0). (2.21)

Differentiating this, we obtain the von Neumann equation for the evolution of density
matrices as,

iℏ
∂ρ

∂t
= [H, ρ]. (2.22)

This is analogous to the classical Liouville equation and is used whenever we are dealing
with mixed states. Apart from the Schrödinger time evolution method, we can also
work in the Heisenberg picture, where operators evolve in time instead of the states.
Next, we explain the time evolution method for open system dynamics.

2.2.2 Open system

Closed quantum systems are idealized constructs, and in most cases, we can control
their dynamics and perform certain quantum processes. However, in practice, these
systems interact with other systems or with their environment, and these interactions
make the system’s dynamics non-unitary (the combined system and environment are
still unitary) [55–57]. In principle, to simulate the dynamics of such a system, we need
to time-evolve the total system, i.e., the closed system plus its environment. However,
since we are mainly interested in the closed system’s subspace, for practical purposes,
we solve a reduced equation of motion where we effectively eliminate the environment
by making several approximations. The interaction with the environment can be
of either Markovian or non-Markovian nature [58, 59]. Markovian dynamics means
that any quantum state at time t + 1 depends only on the state and the interactions
happening at time t, without any effect from previous states or interactions — in other
words, the environment has no memory.

Suppose we have a system Hamiltonian HS and an environment Hamiltonian HE.
The full system dynamics are then governed by the Hamiltonian

HS−E = HS +HE +Hint,

where Hint represents the interaction between the system and the environment. If we
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know the unitary U(t, t0) of Eq. (2.21) for the composite system described by HS−E,
we can obtain the reduced state of the system S by tracing over the environment as,

ρS(t) = TrE[ρ(t)].

However, in most cases, it is unfeasible to determine the full system unitary U(t, t0),
and to address this, we take the partial trace of Eq. (2.22). This forms the basis
for master equations, where we effectively ignore the environment’s explicit dynamics.
The computations are made scalable by disregarding the environment’s information,
which is typically uncontrollable in most practical cases. This requires the assump-
tions that the system is weakly coupled to the environment and that the environment
is Markovian. A particularly important example of the master equation approach
is the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) master equation or Lindblad
equation [60, 61], given by

ρ̇(t) = − i

ℏ
[H, ρ(t)] +

∑
k

γk

(
Lkρ(t)L

†
k −

1

2
{L†

kLk, ρ(t)}
)
, (2.23)

where we omit the subscript S from the system density operator ρ and the Hamilto-
nian H. The Lindblad operators Lk represent non-unitary Markovian processes such
as decoherence, occurring at rates γk. The Lindblad operators generally differ from
the system’s Hamiltonian; for example, Lk need not be Hermitian and they generate
incoherent dynamics. Instead of working directly with Eq. (2.23), it is often convenient
to express the master equation in vector notation:

˙⃗ρ = Lρ⃗, (2.24)

or, for a time-dependent Hamiltonian and/or decoherence rates,

˙⃗ρ = L(t)ρ⃗, (2.25)

which is known as the superoperator or Liouville form [62]. Here, ρ⃗ is the vectorized
form of the density matrix ρ, and L is the superoperator associated with ˙⃗ρ. The
general solution of Eq. (2.25) is given by

ρ⃗(t) = T
{
exp

[∫ t

0

dτ L(τ)
]}

ρ⃗(0), (2.26)

where T is the time-ordering operator. For numerical purposes, this equation can be
approximated similarly to Eq. (2.19) by assuming that the Hamiltonian is piecewise
constant, and applying Eq. (2.26) to each time step.
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In realistic settings, these unitary operations corresponding to quantum gates,
are implemented through carefully engineered control fields, such as laser pulses, mi-
crowave drives, or magnetic fields, that modulate the system’s Hamiltonian. The
design and optimization of these control fields to achieve desired unitary operations
form the foundation of quantum control. In the following section, we discuss the prin-
ciples of quantum control, its role in quantum technologies, and how it is used to
manipulate the dynamics of both closed and open quantum systems.

2.3 Quantum control theory

The field of quantum control is developing rapidly, as it plays a critical role in the
advancement of modern quantum technologies. Quantum control has its roots in clas-
sical control theory, where controllable parameters are optimized to achieve a desired
task in a dynamical process. In quantum control theory, we manipulate quantum
systems to realize a target quantum process while respecting the constraints of the
system. Over the years, various quantum platforms such as ultracold atoms, super-
conducting qubits, nitrogen-vacancy centers, and spin qubits have been developed and
have reached a level of maturity where they can serve as testbeds for quantum control
techniques. The more well-modeled and well-characterized a system is, the easier it
becomes for quantum control methods to identify optimized controls for a given task.
However, in recent years, techniques such as closed-loop control and feedback con-
trol have been developed to enable quantum control in systems that are not perfectly
modeled or fully characterized. In this section, we will discuss the fundamentals of
quantum control problems and provide a brief review of various control methodologies.

2.3.1 Control problem

Similar to its classical counterpart, any quantum control problem is constructed upon
key ingredients: the model, the objective, the method, and the constraints. The
model of a quantum control problem is derived from the microscopic knowledge of
the system, which can be constructed from either theoretical analysis or experimental
results. When well-characterized, the theoretical model, such as the Hamiltonian of
the system, provides the most leverage for any control problem, as it encapsulates
nearly all the knowledge of the system. By using this knowledge of the Hamiltonian,
one can perform open-loop optimal control, as discussed in Sec. 2.3.4. In contrast,
experimental results-based modeling is often used in closed-loop optimization. In this
section, we describe the framework for constructing a control problem with theoretical
knowledge of the system.
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For a bilinear system, we can decompose the Hamiltonian H(t) into two terms as
[63–65]

H(t) = Hd +
m∑
j=1

uj(t)Hj, (2.27)

where Hd represents the uncontrollable drift Hamiltonian, and the interaction with an
external field is expressed as a collection of control Hamiltonians Hj. Each control
Hamiltonian is modulated by a time-dependent function uj(t). The dynamics of the
system for a state |ψ(t)⟩ are governed by Eq. (2.17) and Eq. (2.22) (when working with
density operators). We first detail the control problem for a closed system using the
example of the two-level system and later incorporate decoherence mechanisms into
the equations.

Two-level system example

We consider a two-level quantum system with basis states |0⟩ (ground state) and |1⟩
(excited state). The system is driven by a classical control field applied along the
x-axis, resulting in a time-dependent Hamiltonian:

H(t) =
ω0

2
σz + E(t)σx,

where ω0 is the energy splitting between the two levels, E(t) is the time-dependent
control amplitude (Rabi frequency), and σz = |1⟩ ⟨1| − |0⟩ ⟨0|, σx = |0⟩ ⟨1| + |1⟩ ⟨0|.
Compared to Eq. (2.27), ω0 is the coefficient of the drift term Hd = σz, and E(t) is
the control uj(t) associated with the control Hamiltonian Hj = σx. From Eq. (2.1),
the quantum state can be written as a sum of the basis states with time-dependent
coefficients c1(t) and c2(t)

|ψ(t)⟩ =
(
c1(t)

c2(t)

)
. (2.28)

The time evolution of these coefficients is governed by the Schrödinger equation,

d

dt

(
c1(t)

c2(t)

)
= −i

(
ω0

2
E(t)

E(t) −ω0

2

)(
c1(t)

c2(t)

)
. (2.29)

Assuming the form E(t) = Ω(t) cos(ωt), representing an oscillating magnetic field,
we can apply frame transformations and the rotating wave approximation (RWA) to
remove the high-frequency oscillations [66]. First, we perform a frame transformation
using the unitary operator

U(t) =
(
e−iωt 0

0 eiωt

)
. (2.30)
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The transformed Hamiltonian is

H ′(t) = U(t)†H(t)U(t)− iU(t)†dU(t)
dt

. (2.31)

The first term becomes

U(t)†H(t)U(t) =
(

ω0

2
Ω(t)
2

Ω(t)
2

−ω0

2

)
+

(
0 Ω(t)

2
e2iωt

Ω(t)
2
e−2iωt 0

)
.

Using the RWA, we discard the second term with frequency 2ω as it averages to zero.
The second term of the frame transformation gives

−iU(t)†dU(t)
dt

=

(
−ω

2
0

0 ω
2

)
.

Therefore, the total Hamiltonian in the RWA becomes

H ′(t) =

(
∆
2

Ω(t)
2

Ω(t)
2

−∆
2

)
, (2.32)

where ∆ = ω0 − ω. The frame-transformed state is:

Ψ′(t) = eiωtc1(t) |0⟩+ e−iωtc2(t) |1⟩ = α1(t) |0⟩+ α2(t) |1⟩ . (2.33)

We can now rewrite the Schrödinger equation with the transformed state and Hamil-
tonian

d

dt
|Ψ′(t)⟩ = − i

ℏ
H ′(t) |Ψ′(t)⟩ , (2.34)

where |c1(t)|2 + |c2(t)|2 = |α1(t)|2 + |α2(t)|2 = 1 conserves the normalization. If Ω(t)
is a constant control, the system undergoes Rabi oscillations between |0⟩ and |1⟩ [67]
at the frequency

ΩR =
√
∆2 + Ω2. (2.35)

Note that, system will not reach state |1⟩ starting from |0⟩ with probablity one,
if ∆ ̸= 0. In Fig. 2.2(a), we show an example of coherent oscillations between the
ground and excited states in the presence of a negligible detuning ∆ and an external
time-independent drive Ωmax > Ω ≫ ∆, where Ωmax is the maximum acheivable
amplitude. However, faster Rabi oscillations can be achieved by making the drive
Ω time-dependent and/or increasing the magnitude. Using quantum optimal control
techniques, in Sec. 2.3.4, we will show how to optimize Ω(t) to engineer controls beyond
simple sinusoidal driving.

In addition to coherent control, the two-level system undergoes spontaneous emis-
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Figure 2.2: Comparison of Rabi oscillations in a two-level quantum system. On the left
(a), the system undergoes Rabi oscillations in a closed system with constant Ω = 5.0
and detuning ∆ = 0.1. On the right (b), dissipation with γ = 0.1 is included, and the
system exhibits damped Rabi oscillations, where the population in the excited state
|1⟩ decays back to the ground state |0⟩ due to the interaction with the environment.

sion from the excited state |1⟩ to the ground state |0⟩ making it an open quantum
system discussed in Sec. 2.2.2. This dissipative process is modeled via the Lindblad
master equation of Eq. (2.23) as

dρ(t)

dt
= −i [H ′(t), ρ(t)] + γ

(
σ−ρ(t)σ+ − 1

2
{σ+σ−, ρ(t)}

)
, (2.36)

where σ− = |0⟩ ⟨1| and σ+ = |1⟩ ⟨0| are the lowering and raising operators, respectively,
and γ is the spontaneous emission rate. This captures the unified dynamics of coherent
Rabi oscillations driven by the control field Ω(t), and irreversible population decay to
the ground state via spontaneous emission at rate γ. This interplay between control
and dissipation forms the basis for open quantum systems. In Fig. 2.2(b), we show one
example of incoherent oscillations between the ground and excited state in presence of
spontaneous emission from the excited state |1⟩ to the ground state |0⟩ with γ = 0.1.
We observe that the coherence of the system decreases over time due to dephasing.
By fitting an exponentially decaying curve to the coherence signal, we extract the
coherence time (or T1 time) as τe = 1.353 s. This dephasing poses a major challenge
in quantum systems, as it limits the ability to reliably perform circuits involving many
quantum gates.

After indentifyig the system along with its control and drift terms, we proceed in
the following section to outline the key objectives that can be pursued using quantum
control techniques.

2.3.2 Objective

Through quantum control, we want to perform any given quantum operation with
efficiency and in some cases minimum time. This operations forming the objective
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for a quantum control task, are in most cases crucial for quantum computation and
information tasks. Some interesting and important objectives in optimal control of
quantum systems involve the synthesis of quantum gates or the transfer of quantum
states [68]. For open quantum systems, the quantum control objective involves not
only steering the dynamics through unitary evolution but also optimizing in presence
of non-unitary effects such as relaxation and dephasing. Mathematically, these objec-
tives are often described with a cost function or infidelity function that quantifies the
difference between the achieved and desired process. Optimal control techniques are
then employed to minimize this cost function, subject to the available control fields.
We explain below some of the quantum control tasks that we work in this thesis on.

State preparation– One fundamental operation in quantum control is the transfer
of a given quantum system to a target quantum state i.e. preparing a particular
state. This is essential for almost every sub-field of quantum technolgies e.g. quantum
computation, information, simulation, chemistry, etc. The cost function for the state
preparation task is defined by an infidelity function, which quantifies the distance
between the target state |Ψtar⟩ and the final state |Ψ(T )⟩ achieved after the control
process [69, 70]. Specifically, the infidelity is defined as

Cstate = 1− |⟨Ψ(T )|Ψtar⟩|2, (2.37)

where a value of zero indicates perfect overlap between the states.

Unitary gate optimization– From a quantum computation point of view, having
gates with low errors and smaller gate duration is crucial. The gate errors and time
directly affect the quantum circuit, especially for high depth circuits. Therefore, real-
ization of unitary gate operations with high fidelity is a central objective in quantum
control. The objective of unitary gate optimization is to drive the system dynamics
in such a way that the resulting unitary U(T ) at the final time T , closely matches
with the target unitary gate Utar. A common optimization cost function for this task
is defined as

Cgate = 1− 1

d2

∣∣∣Tr
(
U †

tarU(T )
)∣∣∣2 ,

where d is the dimension of the system’s Hilbert space [71]. For cases, where we need
to fix the global phase, the real part of the trace operation can be considered. Gate
optimization becomes challenging in open quantum systems, since there is a trade-off
between incoherent effects which requires the gate times to be smaller and experimental
constraints which require the gate times to be longer.
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Partial gate optimization- In some quantum applications, for example in quantum
chemistry simulations, optimizing unitary gate fidelity over the full Hilbert space may
not be important. Often, we want to efficiently time evolve only a subset of quantum
states relevant to the given problem. In such scenarios, optimizing the entire unitary
gate is unnecessary and computationally expensive. To address this, the cost function
for the unitary gate optimization can be relaxed to focus only on a selected set of
initial states. Instead of requiring the implemented evolution U(T ) to match the full
target unitary Utarget, we compare the output of a set of chosen input states |Ψj(0)⟩
under the controlled evolution to their ideal target states |Ψtar,j⟩. The cost function
is then defined as the average infidelity over these N0 states:

Cgate = 1− 1

N2
0

N0∑
j=1

|⟨Ψtar,j|Ψj(T )⟩|2 ,

where |Ψj(T )⟩ denotes the evolved state under the actual control protocol. This for-
mulation is especially useful when the interested subspace is small compared to the
full Hilbert space, allowing for efficient optimization.

In the following sections, we explore different methods for achieving these control
objectives within both closed and open quantum systems. First, we will introduce
a numerical gradient-based optimization algorithm, which is implemented in Chap-
ter 4 and 5. This approach utilizes the knowledge of the Hamiltonian for the system
to iteratively refine control parameters toward an optimal solution. Subsequently,
we will briefly review other widely adopted techniques, including analytical methods
and gradient-free optimization strategies, which have gained considerable attention for
their applicability to complex quantum systems. Together, these methods constitute
a comprehensive toolkit for modern quantum control.

2.3.3 Types of quantum control methods

Analytical vs numerical – Analytical methods rely on mathematical frameworks
to derive explicit control protocols, often using tools such as the Pontryagin maximum
principle (PMP), Lie algebraic techniques, and parameterized pulse sequences. These
methods are particularly suitable for smaller system sizes with well-defined degrees of
freedom. In most cases, they solve the system dynamics to find control for a specific
task. For instance, a series of works has demonstrated an analytical framework to
find time-optimal controls for reaching certain target states or unitaries using PMP
or the Euler-Lagrange equation. These methods work by solving a minimization or
maximization problem based on coupled differential equations. Another example use
case of analytical control is to suppress diabatic errors using shortcut-to-adiabaticity



2.3. Quantum control theory 23

(STA) approaches or to suppress leakage errors using Derivative Removal by Adiabatic
Gate (DRAG) [44, 72–76]. Both of these methods work by adding a correction term to
the effective Hamiltonian, derived from a time-dependent frame transformation. While
the principles of DRAG bear resemblances to STA, DRAG specifically addresses the
challenges posed by degenerate subspaces and inherently on-resonant dynamics typical
in practical quantum systems [77].

Analytical solutions provide valuable physical insight and can be easily imple-
mented when they exist, but their applicability is often restricted to systems with
relatively simple or highly symmetric Hamiltonians. In this work, we do not explore
analytical techniques; however, we use the Euler-Lagrange method to find the time-
optimal pulse for the primitive control problem in Chapter 5. In most realistic quan-
tum systems, finding exact control solutions is often not feasible and we use numerical
methods. The main idea behind numerical quantum control is to find time-dependent
control fields that steer the system’s dynamics to minimize the given cost function.
To achieve this, the system’s evolution is simulated numerically using one of the time
evolution Eqs. (2.17),(2.22), and optimization algorithms iteratively update the con-
trol parameters to improve performance. In these numerical methods, we can further
include constraints on controls, technical noise, making it well-suited for experimental
implementation.

Open-loop vs closed-loop – Open-loop control methods rely on a theoretical
model of the quantum system’s dynamics without any direct connection to the ex-
periment [37, 68, 78–82]. Often referred to as offline optimization, these methods
use the system Hamiltonian to precompute control pulses that drive the system to-
ward a desired target state or operation. Open-loop control is advantageous for its
speed and efficiency but can suffer from inaccuracies due to model imperfections and
noise, limiting its robustness in practical applications. Alternatively, one can evaluate
the cost function directly on the experiment and optimize the controls accordingly.
This approach, known as closed-loop control [83–86], enables real-time adaptation
to noise, imperfections, and other experimental constraints, making it particularly
useful for calibrating pulses in noisy intermediate-scale quantum (NISQ) devices or
hardware-aware gate optimization. However, it typically requires many experimental
runs, which can be impractical, especially for systems like neutral atoms, where gates
and measurements are relatively slow. In such cases, a carefully characterized open-
loop optimization (see Sec. 2.4) is often preferred. Hybrid strategies also exist, such as
closed-loop designed open-loop control, where feedback is gathered offline to optimize
control sequences that are subsequently applied in an open-loop fashion, combining
the advantages of both approaches.



2.3. Quantum control theory 24

Gradient-based vs gradient-free – One more parameter to categorize different
quantum control algorithms is gradient calculation. Some algorithms are gradient-
based, e.g., GRAPE, GOAT, and Krotov’s method [37, 40, 68, 78–82, 87–89], while
others are gradient-free algorithms [29, 90]. Gradient-based methods use the infor-
mation of the Hamiltonian to derive the gradient of the cost function with respect to
the control values uj defined in Sec. 2.3.1. Different cost functions C can be defined
depending on the objective of the quantum control task (some of them are described in
Sec. 5.2.2). Based on the gradient values, the optimizer updates the control values uj
to minimize C. This significantly improves convergence and makes the optimization
more scalable, especially for systems with many control parameters. In this work, we
use gradient-based methods like GRAPE, which is discussed in Sec. 2.3.4.

While having access to gradient information accelerates optimization and improves
convergence, it is not always feasible to calculate gradients. This can be due to the
complexity of the model or the unavailability of gradient information from experi-
ments in a closed-loop approach. In some cases, finite-difference methods can be used
as a replacement for analytical gradients, but these are usually quite slow and inac-
curate, necessitating the use of gradient-free methods. Though widely used in closed-
loop approaches, some gradient-free methods are also implementable within open-loop
schemes. One such widely used method is the Chopped Random Basis (CRAB) al-
gorithm [29, 90]. CRAB parameterizes the control function using a finite number of
basis functions, often Fourier or Chebyshev polynomials with randomized frequencies,
thereby reducing the search space and allowing fast convergence without requiring gra-
dient information. CRAB has been successfully employed on various platforms, along
with its variant dressed CRAB (dCRAB), which uses super-iterations to avoid falling
into local minima. For a detailed description of these algorithms, refer to [91]. The
CRAB algorithms have also been implemented in several packages such as QuOCS [92]
and QuTiP [93].

2.3.4 Gradient Ascent Pulse Engineering (GRAPE)

Among gardient-based algorithms, the Gradient Ascent Pulse Engineering (GRAPE)
algorithm is one of the most widely used, offering high efficiency for closed and open
quantum systems [37]. For example, we want to minimize the cost function of state-
to-state transfer given by Eq. (2.37). To compute the gradient of the cost function
with respect to the control amplitudes, we discretize time into NT steps of equal length
∆t = T/NT . At each time step tk = k∆t, the control amplitudes uj(tk) are treated
as piecewise constant. The total unitary evolution is decomposed into product of
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short-time evolutions [see Eq. (2.19)] as

U(T ) = UNT
UNT−1 · · ·U1,

where each short-time propagator is given by

Uk = exp (−iHk∆t) , with Hk = Hd +
∑
j

uj(tk)Hj.

To compute the gradient of the fidelity with respect to the control uj(tk), we define
forward and backward propagators. The forward propagator up to time step k is

Pk = UkUk−1 · · · |Ψ0⟩ ,

and the backward propagator from step k + 1 to final time is

Λk = U †
NT

· · ·U †
k+1 |Ψtar⟩ .

The fidelity gradient can be written as

∂Cstate

∂uj(tk)
=

∂

∂uj(tk)

{
1− |⟨Ψtar|U(T )Ψ0⟩|2

}
. (2.38)

Using the chain rule and assuming small ∆t, we approximate the derivative of the
unitary evolution as

∂U(T )

∂uj(tk)
≈ UNT

· · ·Uk+1 (−i∆tHjUk)Uk−1 · · ·U1.

This approximation calculates gradients faster, but can produce larger error, in which
case, the finite-difference method can be used to calculate ∂Uk

∂uj(tk)
. Substituting this

into the gradient expression, we obtain

∂Cstate

∂uj(tk)
= −2∆tRe {⟨Ψtar|U(T )Ψ0⟩⟨Λk|iHkPk⟩} .

Therefore, the control update in GRAPE is carried out by computing this gradient for
each control parameter and applying an ascent step,

u′j(tk) = uj(tk) + ϵ
∂Cstate

∂uj(tk)
,

where ϵ is the step size. This process is repeated iteratively until convergence, resulting
in optimized control fields that maximize the fidelity or minimize the infiedility. This
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Figure 2.3: Application of the GRAPE algorithm to a two-level system for time-
optimal population transfer from the initial state |0⟩ to the target state |1⟩ in the
presence of a drift Hamiltonian with detuning ∆ = 0.1. The control Ω(t) is imple-
mented as a piecewise constant pulse, with NT = 100 equal time steps. (a) The
optimized control pulse Ω(t) achieves the desired state transfer in T = 0.05 s, which is
half the time required by the unoptimized control in Fig. 2.2(a). (b) Time evolution
of the system including spontaneous emission shows that the coherence time τe in-
creases twofold under the faster, optimized control compared to the unoptimized case
in Fig. 2.2(b).

method is orignally described for density operators and can be easilty adapted for
open-system control problems.

Two-level example – We apply the GRAPE algorithm on our two-level system
example described in Sec. 2.3.1. In this case, we want to optimize the transfer of the
state population from the initial state Ψ(0) = |0⟩ to the target state Ψtar = |1⟩ in a
time-optimal way, in the presence of a drift Hamiltonian H0 with detuning ∆ = 0.1.
We choose our control uj(t) = Ω(t) as a time-dependent, piecewise-constant pulse.
We take the total time T into NT = 100 equal time steps and optimize Ω(tk) for each
time step tk. As shown in Fig. 2.3(a), the optimized Ω(t) performs the state-to-state
transfer in T = 0.05 s, which is half of the time taken by the unoptimized controls
in Fig. 2.2(a). Note that, the optimized Ω(t) is again a constant pulse equal to only
limited by the numerical upper bound Ωmax used in the optimizer. We will discuss
more about these limitations in Sec. 2.4. The optimized Ω(t) and the total transfer
time τ are related by the π-pulse relation of T = π

Ω
s. With these optimized Ω(tk), we

simulate the system in the presence of spontaneous emission as described in Sec. 2.3.1.
As shown in Fig. 2.3(b), we see that the coherence time τe increases by a factor of two
compared to the slower unoptimized time evolution in Fig. 2.2(b).

Another variant of gradient-based algorithms is Krotov’s method [82], which also
discretizes the control fields and updates them iteratively. However, unlike GRAPE,
the gradient calculation and update conditions in Krotov’s method are derived from a
different variational principle, ensuring monotonic convergence toward the optimiza-
tion objective [68]. Another method for gradient-based optimization is GOAT (Gra-
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dient Optimization of Analytic Controls), which focuses on optimizing control fields
expressed in an analytic functional form rather than a piecewise-constant discretization
[94]. In GOAT, the gradients are computed efficiently by integrating a set of coupled
differential equations. Most of these method also incorporates additional constraints
(for a description of constraints, see Sec. 2.4.1).

All these control methods are useful, and choosing among them depends on the
system and the problem at hand. In our work, we have predominantly used gradient-
based numerical control methods, mainly GRAPE-like algorithms. Therefore, in the
next section, we will describe how these algorithms can be made more practical so
that the resulting controls are realistic and feasible for direct implementation in ex-
periments.

2.4 Practical quantum optimal control

2.4.1 Constrained optimization

So far, we have assumed that the controls can be tuned to arbitrary values to reach the
desired quantum process. However, in practice, the controls are subject to experimen-
tal restrictions, and the optimization must often be performed under those constraints.
Constrained optimization techniques incorporate such requirements directly into the
control algorithm, ensuring that the resulting pulse sequences are not only optimal in
theory but also feasible in practice. These constraints can be hard (e.g., strict bounds
on control amplitudes) or soft (e.g., penalizing certain behaviors in the cost function).
Methods such as penalty functions, Lagrange multipliers, or projection techniques
can be used to enforce constraints. Constrained optimization [95, 96] is essential for
bridging the gap between theoretical control designs and their experimental imple-
mentation, particularly in systems with limited coherence times and precise hardware
requirements.

More generally, constraints can be mathematically included as follows. Let C denote
the set of admissible controls, incorporating both equality and inequality constraints.
The constrained optimization problem can be formulated as:

min
{uj(t)}∈C

C[{uj(t)}] (2.39)

subject to:

gi[{uj(t)}] = 0, i = 1, . . . ,m, (2.40)

hk[{uj(t)}] ≤ 0, k = 1, . . . , n, (2.41)
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where gi are equality constraints and hk are inequality constraints. To solve such
problems, one common approach is to augment the cost function using penalty or
barrier methods. For instance, a penalty-augmented cost function becomes

Caug = C[{uj(t)}] +
∑
i

λigi[{uj(t)}] +
∑
k

µk max(0, hk[{uj(t)}])2, (2.42)

where λi and µk are penalty parameters. Alternatively, projection methods or con-
strained optimization frameworks such as Sequential Quadratic Programming (SQP)
or Riemannian optimization may be used to ensure that the control updates always
satisfy the constraints. In SciPy, the SLSQP solver implements an SQP-style algo-
rithm with a limited-memory BFGS Hessian update, supporting both equality and
inequality constraints via a convenient interface. Next, we describe common experi-
mental constraints that any quantum control task need to take into account. All of
these constraints are included in some form in our work presented in Chapter 4 and 5.

Maximum amplitude constraints – In practical quantum systems, one of the
most common hard constraints is a bound on the maximum control amplitude [68, 97].
This arises due to the finite power output of experimental hardware, such as microwave
sources or laser systems. Mathematically, this constraint is typically expressed as

|uj(t)| ≤ umax (2.43)

for each control parameter uj(t). In Chapter 4 and 5, we ensure that the optimized
pulse sequences remain within the hardware’s feasible operating range, preventing
signal clipping, distortion, or damage to the electronics. In optimization algorithms,
maximum amplitude constraints can be incorporated using projection methods—where
control updates exceeding umax are clipped or rescaled—or via penalty terms added to
the cost function to discourage solutions approaching or surpassing this bound.

Rise time constraints – Another important constraint in quantum control is the
limitation on the rise time of control pulses, referring to the minimum time required
for a control signal to transition between different amplitude levels. This constraint
arises from the finite bandwidth of hardware, such as arbitrary waveform generators
and amplifiers [78]. It becomes particularly significant for piecewise-constant controls,
where optimization algorithms tend to produce results with sharp changes between
time steps. Rapid changes in control amplitudes can lead to distortions, overshoot,
and ringing effects that degrade the fidelity of quantum operations. To account for
this, rise time constraints are often imposed by limiting the derivative of the control
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functions as ∣∣∣∣duj(t)dt

∣∣∣∣ ≤ rmax, (2.44)

where rmax denotes the maximum allowable rate of change. In optimization algorithms,
these constraints can be enforced either through explicit inequality constraints or by
adding penalty terms to the cost function that penalize large derivatives. In the
optimization performed in Chapter 4, we implement rise time constraints as linear
constraints using Eq. (2.44). One can also include it as bandwidth information in the
Fourier domain [78]. Alternatively, one can work with analytic, smooth pulse shapes,
which are inherently realistic and naturally comply with rise time limitations.

Pulse distortion – In addition to simple bound constraints such as maximum am-
plitude and linear constraints like rise time, control pulses also suffer various distortions
as they propagate through the control hardware before reaching the quantum system.
These distortions can arise from the finite bandwidth of transmission lines, filters, am-
plifiers, and other electronic components, which alter both the amplitude and phase
of the optimized control signals [98]. As a result, the control pulse experienced by
the quantum system may differ significantly from the designed waveform, leading to
control errors and reduced fidelities. These distortions are often modeled as a convo-
lution between the input control pulse and the impulse response function h(t) of the
hardware as

ũj(t) =

∫ t

0

h(t− τ)uj(τ) dτ, (2.45)

where ũj(t) represents the distorted pulse experienced by the system. In the frequency
domain, this corresponds to a filtering effect governed by the system’s transfer function
gievn by

Ũj(ω) = H(ω)Uj(ω), (2.46)

where Uj(ω) and Ũj(ω) are the Fourier transforms of the intended and distorted pulses,
respectively, and H(ω) is the transfer function characterizing the hardware’s frequency
response. To address these distortions, control algorithms may incorporate compensa-
tion techniques such as predistortion, where the input pulse is intentionally modified
to counteract the distortions, bringing the output pulse closer to the desired shape.
Alternatively, a hardware model can be included directly within the optimization loop,
allowing the algorithm to account for distortion effects. This eliminates the need for
predistortion, which is often inconvenient to perform and can introduce additional er-
rors. For either of these remedies, it is first necessary to experimentally measure the
distortion effects in the form of either the impulse response or the transfer function.
These distortions are often more complex than the simple linear models in Eq. (2.45)
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Figure 2.4: Comparison of optimized control pulses with practical constraints. (a) The
red curve shows the amplitude-constrained optimal pulse which takes the value Ωmax.
The blue curve shows the optimized pulse with additional boundary conditions and
rise-time constraints. The rise-time constrained pulse is more feasible for experimental
implementation, but the total gate duration is larger compared to the amplitude-
constrained one. (b) Optimized controls with robustness constraints against drifts in
the Rabi frequency Ω and detuning ∆. The pulse is obtained by averaging the fidelity
cost over a grid of fluctuating parameters (1 + ϵ1)Ω and ∆+ ϵ2, and then performing
gradient-based optimization. The resulting pulse is smoother and shaped to maintain
high fidelity across a range of parameter uncertainties.

and Eq. (2.46), and can exhibit nonlinear behavior. We present for the first time, an
efficient mathematical model to estimate these nonlinear distortions in Chapter 4.

Two-level system example – In the optimization performed for the two-level sys-
tem in Sec. 2.3.4, we already impose a maximum amplitude constraint Ωmax = 10Hz
on the control Ω(t). Specifically, we require that each control value satisfies

0 ≤ Ω(tk) ≤ Ωmax

for all time steps tk. As shown in Fig. 2.4, the resulting amplitude-constrained op-
timized pulse is a constant pulse at the maximum value Ωmax. However, generating
such a pulse in a real experiment is unrealistic, since it starts at a high amplitude
instantaneously. To make the pulse more realistic, we add a condition that the pulse
should start and end at zero, i.e.,

Ω(t0) = Ω(tNT
) = 0.

Next, we also limit how fast the pulse can change by including a rise-time constraint.
This is done by requiring ∣∣∣∣Ω(tk+1)− Ω(tk)

dt

∣∣∣∣ ≤ rmax

for each time step tk, where rmax is the maximum allowed rate of change.
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This can be implemented as a linear constraint problem of the form

1

dt
AΩ ≤ b,

where Ω is a vector containing all control values Ω(tk), b is a vector with entries equal
to rmax, and A is a matrix storing the coefficients that generate the inequalities.

With these additional boundary conditions and rise-time constraints, the resulting
optimized pulse is significantly smoother and more realistic, as shown in Fig. 2.4(a).
As a consequence of these practical limitations, the optimized pulse is also longer than
the one obtained with only the amplitude constraint.

2.4.2 Robust optimization

There has been a significant improvement in the characterization of quantum devices,
but there are often uncertainties in the system parameters. Moreover, these parameters
can sometimes fluctuate, which may occur even during the execution of a quantum
circuit. In addition to the uncertain system parameters, the control fields also ex-
hibit fluctuations, which can be either static or dynamic — for example, noise in the
amplitude and phase of the driving field Ω(t) [99, 100].

One method to address these errors is to find a robust set of controls by optimizing
an ensemble cost function that averages performance over a set of plausible system
variations. Concretely, if {Hi}Nrob

i=1 are Hamiltonians sampled from an uncertainty
set (e.g., variations in drift frequency, coupling strengths, or decoherence rates), one
defines the robust cost as

Crobust =
1

Nrob

Nrob∑
i=1

C
(
Hi

)
, (2.47)

where C(Hi) is the fidelity-based cost for the ith model. Minimizing Crobust ensures
that the optimized control field u(t) delivers high fidelity on average across all sampled
variations.

Two-level system example – To demonstrate the idea of robust optimization, we
return to the two-level system. The Hamiltonian of the system has two terms, the
control amplitude Ω and the detuning ∆ [see Eq. (2.32)], both of which can poten-
tially suffer from fluctuations in a real experiment. To account for this, we numerically
include a grid of perturbed values (1+ϵ1)Ω and ∆+ϵ2, and calculate the cost function
of Eq. (2.37) for each combination. We then average all the fidelities using Eq. (2.47),
which defines the robust cost function as the mean performance over the error grid.
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The optimization generates control amplitudes shown in Fig. 2.4(b), which not only
maximize the fidelity but also maintain high fidelity in the presence of small fluctua-
tions in both Ω and ∆.

Although in this thesis we do not perform any robust optimization, in Chapter 5,
we show that the optimized controls are inherently robust against some of the experi-
mental noise in the controls. In our work, we use these control techniques to optimize
the performance of certain gates or to perform efficient state-to-state transfer for ul-
tracold atoms. Therefore, in the next chapter, we will briefly discuss the fundamentals
of different ultracold platforms.





3
Neutral atoms technologies

For decades, many quantum systems have evolved as a potential platform for per-
forming quantum computation and simulations tasks. With a significant development
in the experiemental methods for precise control of the systems, physicists are able
to manipulate individual particles and their interactions. It is not obvious which of
these quantum platforms will succeed with each of them possibly having specific use
cases depending on their resources and constraints. Among these different platforms,
neutral atoms has gained a lot of attention because of its unique properties [14–17].
These are naturally occurring quantum systems, and with advanced control techniques,
atoms can be loaded and moved around in an optical lattice or tweezers, which can
accommodate more than a thousand qubits at a time.

In this work, we explore two types of neutral atoms experiments. In this work, we
explore two types of neutral atoms experiments. The first type is the typical Rydberg
atom system where excitation to Rydberg states facilitates strong and controllable
interactions [101–105]. The second system is the fermionic atom system where colli-
sions between ground-state atoms provide the necessary interactions for many-body
dynamics [106, 107].

3.1 Rydberg atoms

Rydberg atoms are atoms in highly excited states, where one or more of their electrons
occupy energy levels with very large principal quantum numbers n. As the value of
n increases, the average distance of the electron from the nucleus grows significantly.
Mostly alkali and alkaline-earth atoms are used as Rydberg atom systems. In chapter 4,
we focus on alkali atoms with particular parameters related to rubidium 87Rb atoms.
Alkali atoms are similar to hydrogen atoms, where hydrogen atoms contain a single
valence electron and alkali atoms possess one valance electron with the rest of the
electrons forming a closed inner shell. When the valence electron of an alkali atom is
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highly excited, its orbital wavefunction significantly reduces its overlap with the ionic
core. That means the effect of the nuclear charge onto the valence electron is sheilded,
hence effectively behaving like a hydrogen atom. This similarity to the hydrogen
atom’s single-electron environment allows high-angular-momentum Rydberg states in
alkali atoms to be effectively described using a hydrogenic model. The historical study
of these atoms dates back to the 1880s, when Johann Balmer described the energy
spectrum of hydrogen atoms [108, 109]. Later, Johannes Rydberg extended this to
more general alkali atoms and introduced the Rydberg formula [110] given by

1

λ
= RH

(
1

n2
− 1

m2

)
, (3.1)

where λ is the wavelength, RH = 1.097 × 107m−1 is the Rydberg constant for the
hydrogen atom, and n,m are the principal quantum numbers. Based on the Rydberg
formula, in 1913, Niels Bohr proposed that energy levels within an atom are quantized,
successfully predicting hydrogen’s energy levels as

En ∝ −RHhc

n2
, (3.2)

where n is the principal quantum number, h is Planck’s constant and c is the speed of
light. Subsequent advancements in quantum mechanics revealed limitations in Bohr’s
model for explaining the finer details of atomic spectra. As experimental accuracy
increased, the discovery of additional energy level splittings necessitated the inclusion
of electron spin and its interactions with the nucleus and orbital angular momentum to
accurately describe the observed states. Nevertheless, for describing the fundamental
properties of Rydberg atoms, the simple hydrogen atom model remains highly valuable.
With slight modifications, it can be extended to describe any one-electron system,
including alkali atoms such as sodium, rubidium, and others.

3.1.1 Properties of Rydberg Atoms

To understand the properties of Rydberg atoms, which scale drastically with the prin-
cipal quantum number n, we use the hydrogen atom model of Eq. (3.2). To account
for the core electrons of Rydberg atoms, a correction term is added to Eq. (3.2) as

En ∝ − RHhc

(n− δℓ)2
, (3.3)

where δℓ is known as the quantum defect. δℓ depends only on the angular momentum
quantum number ℓ and becomes very small for large ℓ e.g, for ℓ ≥ 5. Using this
knowledge, we can state some universal properties of any Rydberg atom in Table 3.1.1.
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Properties Symbol Scaling
Energy levels En n−2

Level spacing ∆En n−3

Radius ⟨r⟩ n2

Radiative lifetime τ n3

Resonant dipole-dipole interaction coefficient C3 n4

Polarisability α n7

van der Waals interaction coefficient C6 n11

Table 3.1: Scaling of the most important properties of Rydberg states with n.

For example, the average radius of a Rydberg atom scales as ∝ n2, the transition dipole
moment between neighboring states scales as µ ∝ n2, and the polarizability scales as
α ∝ n7 [104, 111]. Among these properties, one of the most important is Rydberg
state’s long lifetime and strong interaction as described below.

Lifetime – Similar to any excited state, a Rydberg state with high n also decays back
to the ground state, emitting a photon but with long lifetime. The decay primarily
occurs via two mechanisms: spontaneous decay and stimulated emission induced by
blackbody radiation. The total lifetime of a Rydberg atom, i.e., the lifetime of the
Rydberg state, is given by

1

τ
=

1

τ0
+

1

τbb
, (3.4)

where τbb and τ0 are the inverse rates of blackbody radiation-induced decay and spon-
taneous emission, respectively [112]. The dependence of the lifetime τ on n varies
from atom to atom and also for different ℓ values. Typically, τ ∝ n3 for decays to the
ground state and ∝ n5 for decays to neighboring Rydberg states. Interestingly, for
Rydberg atoms with high n and high ℓ, such as circular states, the lifetime scales as
τ ∝ n5 even for decays to the ground state. This makes them attractive candidates
for performing quantum information tasks [113, 114]. However, the preparation of
such circular Rydberg states is experimentally challenging [115] and is not discussed
in this work. This decay resulting from interactions with the environment, makes the
Rydberg system an open quantum system as described in Sec. 2.2.2.

Rydberg-Rydberg interaction – When excited to Rydberg states, atoms behave
as dipoles composed of their excited electron e and the ionic core. When two pair states
are nearly degenerate, i.e., the energy defect ∆E ≈ 0, the dipole-dipole interaction
couples them resonantly. The effective Hamiltonian in the two-state basis can be
written as:

H =

(
0 Vdd

Vdd ∆E

)
(3.5)
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with
Vdd ∼

C3

R3
(3.6)

where C3 is the dipole-dipole coupling coefficient. Diagonalizing H leads to energy
splitting proportional to 1/R3. When the pair states are far off-resonant, |∆E| ≫ |Vdd|,
the dipole-dipole interaction acts as a perturbation in second order, yielding the van
der Waals interaction. This results in an effective potential:

VvdW ∼ C6

R6
(3.7)

where, the van der Waals coefficient C6 scales approximately as n11 for Rydberg atoms.

Rydberg blockade – Due to the van der Waals interactions between atoms with
same Rydberg states, a phenomenon known as the Rydberg blockade occurs [104, 111].
In this mechanism, if one atom within an ensemble is excited to a Rydberg state by
an external driving field, nearby atoms within a certain distance are prevented from
being excited to Rydberg states. This happens because the excitation of the first
atom induces an energy shift in the Rydberg levels of neighboring atoms via dipolar
interactions, effectively detuning their transition frequencies from the driving laser. As
a result, the laser becomes off-resonant to those atoms, suppressing further Rydberg
excitations within the affected region. The characteristic distance within which this
suppression takes place is referred to as the Rydberg blockade radius, denoted by Rb.
Beyond this distance, the interaction strength falls off rapidly, and the blockade effect
diminishes accordingly as the interatomic separation increases.

By leveraging these properties, we aim to use Rydberg atoms for a variety of quan-
tum technologies, including quantum simulation, quantum computation, and quantum
sensing. Although this thesis does not focus on Rydberg gates, we briefly describe
single- and two-qubit gates to provide context and motivation for the work presented
in Chapter 4.

3.1.2 Single-qubit Rydberg gates

An atom with two isolated, distinct energy levels is an ideal example of a qubit. By
arranging many such atoms in dipole traps (see Sec. 3.1.5), one can build a quantum
device capable of performing quantum computation and simulation tasks. Neutral
atoms offer ample flexibility in choosing these two levels from their rich energy spec-
trum to serve as qubit states. The choice of levels depends on the type of atom,
the coherence time, the accessibility to couple those levels, and other experimental
considerations. In general, for quantum computation tasks, long coherence times are
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|0〉

|2〉

|1〉

∆

∆E

δ

Ω1(t)
Ω2(t)

Figure 3.1: Energy level diagram illustrating a Raman transition scheme involving
the states |0⟩, |1⟩, and |2⟩. Two laser fields Ω0(t) and Ω1(t) couple the ground state
|0⟩ and target state |1⟩ via a virtual excitation to the intermediate state |2⟩. The
detuning from the excited state ∆ ≫ Ω0(t),Ω1(t) determine the coherent population
transfer between |0⟩ and |1⟩.

essential. Therefore, qubit states are typically stored in two low-lying hyperfine en-
ergy levels of the atom, for example, |0⟩ = |F = 1,mF = 0⟩ and |1⟩ = |F = 2,mF = 0⟩
of 5S1/2 for 87Rb with few kHz of energy spacing [116–119]. On the other hand, for
certain quantum simulation tasks, such as the variational quantum eigensolver (VQE)
discussed in chapter 6, one can also use either one ground state and one Rydberg state
or two different Rydberg states as the qubit [120]. For the qubit states stored in two
hyperfine energy levels, we can use microwave fields [116–118] to perform the single-
qubit gates discussed in Sec. 2.1.2. In strontium 88Sr atom, the 3P0 state, coupled
to the electronic ground-state 1S0 at a wavelength of 698 nm is used as an optical
qubit [121, 122], whereas recent explorations are being done for hyperfine levels as
well [123]. However, in most of these cases, single-site addressability is difficult, as
the atoms are closely spaced in the lattice and the external fields are typically applied
globally to the entire system. In certain situations, Rz gates can be implemented with
single-site addressability through lightshift. As discussed in Sec. 2.3.1, a single qubit
can be modeled as a two-level system in the presence of an external driving field, with
the Hamiltonian

H(t)/ℏ = Ω(t)
(
eiϕ(t) |0⟩ ⟨1|+ e−iϕ(t) |1⟩ ⟨0|

)
− ∆

2
(|1⟩ ⟨1| − |0⟩ ⟨0|) , (3.8)

where Ω(t) is the Rabi frequency, controlled by the external field amplitude E0, ϕ(t)
is the phase of the laser and ∆ is the detuning.

These microwaves field drive are used for high-fidelity control, however the gate
times are slower with Rabi frequency in kHz [117, 124]. For faster gates on the
megahertz-scale, Raman transition using lasers can be used, which can also offer the
opportunity for local addressing of individual qubits separated by micrometer length
scales [125, 126]. Raman transitions are two-photon processes involving the interaction
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of two optical fields to induce a transition in the system [127, 128]. Both hyperfine
qubit states are coupled with a mutual excited state |2⟩ with Rabi frequency Ω0(t) and
Ω1(t) respectively, and large detuning ∆ as shown in Fig. 3.1. In the rotating wave
approximation, the following Hamiltonian describes the system,

H(t)/ℏ =
Ω0(t)

2
e−iϕ0(t) |2⟩ ⟨0|+ Ω1(t)

2
e−iϕ1(t) |2⟩ ⟨1| − δ |1⟩ ⟨1| −∆ |2⟩ ⟨2|+ h.c. (3.9)

Since, ∆ ≫ Ω0(t),Ω1(t), we can adiabatically eliminate the excited state |2⟩ [129, 130]
giving an effective two-level Hamiltonian as

Ĥeff(t) =
ℏ
2

(
Ω0(t)2

2∆
Ω0(t)Ω1(t)

2∆
Ω0(t)Ω1(t)

2∆
Ω1(t)2

2∆
− 2δ

)
. (3.10)

The ground state energy levels are shifted by an amount δi = Ω2
i /4∆ (for i = 0, 1).

The Rabi frequency for the two-level transition is given by ΩTLS(t) =
Ω0(t)Ω1(t)

2∆
, with a

detuning of δ plus the differential light shift of ∆δ = δ0−δ1. The phase of the effective
field that is driving the Rabi oscillations is defined by the difference of the local phase
of the two optical fields, ∆ϕ = ϕ0−ϕ1. This transition through a virtual process where
one photon from the first field is absorbed and another photon from the second field
is emitted via a short-lived, intermediate state. The term virtual signifies that the
system doesn’t actually reach a stable, real excited state, or in other words, the state
remains mostly unpopulated, with transient population being quickly eliminated by
destructive interference processes. This is because the laser frequencies are significantly
detuned from the resonance frequency of the real transition, minimizing the likelihood
of actual absorption and spontaneous emission.

3.1.3 Two-qubit Rydberg gate

Hyperfine levels of neutral atoms are excellent candidates for storing qubit states,
owing to their long coherence times. However, the direct interactions between these
states are typically very weak, making the entanglement generation challenging. To
overcome this limitation and enable feasible two-qubit gates, Rydberg states are cou-
pled with ground states, offering strong and controllable interactions. A key technique
employed is the Rydberg blockade mechanism (see Sec. 3.1.1), which can be used to
implement a controlled-phase (C-PHASE) gate between two qubits. The foundational
idea of the Rydberg blockade two-qubit gate relies on single-site addressability [131],
where, the ground state |0⟩ is resonantly coupled to a highly excited Rydberg state
|r⟩. The protocol consists of a three-pulse sequence: first, a π pulse is applied to the
control atom; second, a 2π pulse is applied to the target atom; and finally, another
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|gg〉

|rg〉 |gr〉

|rr〉

δ1(t) δ2(t)

δ1(t) + δ2(t)

Ω1(t) Ω2(t)

Ω2(t) Ω1(t)

u

Figure 3.2: Level scheme for the demonstration of C-PHASE gate with Rydberg block-
ade. The ground state |gg⟩ is coupled to the intermediate singly excited states |rg⟩
and |gr⟩ with time-dependent Rabi frequencies Ω1(t) (blue) and Ω2(t) (red), respec-
tively. The doubly excited Rydberg state |rr⟩ is shifted by an interaction energy u,
preventing simultaneous excitation.

π pulse is applied to the control atom. In this arrangement, the two-atom state |11⟩
remains unaffected, since the state |1⟩ is not coupled to the Rydberg state |r⟩. States
|01⟩ and |10⟩ acquire a phase change. For the |00⟩ state, assuming the blockade shift
B (induced by the Rydberg-Rydberg interaction) is much larger than the Rabi fre-
quency Ω, excitation of the target atom is suppressed [as shown in Fig. 3.2], and the
state picks up a π phase. Further refinements have introduced implementations us-
ing global laser pulses, removing the need for single-site addressability and operating
effectively at finite blockade strengths [19, 132]. Rydberg blockade gate scheme with
global pulses has been experimentally realized in several setups [15, 133, 134]. All
these variations ultimately realize a C-PHASE gate, which, up to local phase correc-
tions, is equivalent to the conventional CZ gate discussed in Sec. 2.1.2. Combining
the C-PHASE gate with Hadamard operations allows the construction of a C-NOT
gate, and together with arbitrary single-qubit rotations, forms a universal gate set for
quantum computing with neutral atoms.

Another scheme for implementing two-qubit gates, with the qubit states being the
low-lying ground levels, is based on the dipole-dipole interaction between Rydberg
states. In this approach, two different Rydberg states of the atoms are coupled via a
microwave field, and the interaction between them is controlled to realize a C-PHASE
gate [135].

All of these schemes require the excitation of the ground state to a Rydberg state.
Therefore, in Chapter 4, we study the problem of Rydberg state excitation using
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quantum optimal control, and optimize the process in the presence of several physical
and technical imperfections. To this end, in the next section we briefly explain the
Rydberg excitation process.

3.1.4 Rydberg excitation process

Excitation from a ground state to a Rydberg state is a key ingredient for quantum
computation and simulation tasks using Rydberg atoms. The simplest way to perform
this excitation is via a single-photon transition [121, 131, 136]. However, these transi-
tions have wavelengths in the ultraviolet region, which is experimentally challenging to
prepare. To avoid these issues, a two-photon excitation scheme is commonly used, e.g.,
for 87Rb, coupling the ground 5S1/2 state to a Rydberg nS state via an intermediate
state [137, 138]. Two possible choices for the intermediate state are 5P3/2 and 6P3/2.
In most experiments, the 6P3/2 state is preferred as it provides higher optical power
for the transition from the intermediate to the Rydberg state [137]. In this scheme, a
first laser field Ωb(t) at a wavelength of 420 nm transfers the atom from the ground
state |g⟩ to an intermediate state |i⟩. Subsequently, a second laser field Ωr(t) at a
wavelength of 1013 nm drives the transition from |i⟩ to the Rydberg state |r⟩.

One well-known two-photon scheme is the Stimulated Raman Adiabatic Passage
(STIRAP) [139–141], which achieves population transfer from the ground state to
the Rydberg state while minimizing population in the intermediate state as shown in
Fig. 3.3(a). In STIRAP, the unpopulated states |i⟩ and |r⟩ are first coupled using a
drive field Ωr(t). Subsequently, the intermediate state |i⟩ is coupled to the ground
state |g⟩ via a second drive field Ωb(t). The Hamiltonian is given by,

H(t) = ℏ

 0 1
2
Ωb(t) 0

1
2
Ωb(t) δ 1

2
Ωr(t)

0 1
2
Ωr(t) ∆

 . (3.11)

This counterintuitive pulse sequence enables efficient population transfer from |g⟩
to |r⟩ by exploiting a so-called “dark state”. This dark state is formed, when the two-
photon resonance ∆ = 0, and one of the eigenvalues of the Hamiltonian of vanishes,
λ0 = 0. The corresponding eigenstate known as the dark state of the Hamiltonian is
given by [139]

|d⟩ = cos θ |g⟩ − sin θ |r⟩ . (3.12)
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(a)

|g〉

|i〉
δ

|r〉
∆

Ωb

Ωr

(b)

t

Ωr Ωb
∆t

σ

Figure 3.3: STIRAP pulse sequence and energy level scheme. (a) Three-level ladder
system with states |g⟩, |i⟩, and |r⟩. The lower transition |g⟩ ↔ |i⟩ is driven by a
field with Rabi frequency Ωb (blue), and the upper transition |i⟩ ↔ |r⟩ is driven by
a field with Rabi frequency Ωr (red). The one and two-photon detunings are δ and
∆ respectively. (b) Temporal pulse sequence for counterintuitive STIRAP: the Ωr

(red) pulse precedes the Ωb (blue) pulse with a time delay ∆t and pulse width σ,
enabling coherent population transfer via an adiabatic passage without populating
the intermediate state |i⟩.

The other two eigenstates of the Hamiltonian are

|a⟩ = sin θ(t) sinϕ(t) |g⟩+ cosϕ(t) |i⟩+ cos θ(t) sinϕ(t) |r⟩ ,
|b⟩ = sin θ(t) cosϕ(t) |g⟩ − sinϕ(t) |i⟩+ cos θ(t) cosϕ(t) |r⟩ . (3.13)

The mixing angles are defined as

tan θ =
Ωb(t)

Ωr(t)
,

tan 2ϕ =

√
Ω2

b(t) + Ω2
r(t)

∆
.

(3.14)

In the absence of dissipation, perfect population transfer from the ground state to the
Rydberg state can be achieved by satisfying the adiabaticity condition:

θ̇ ≪
√
Ω2

b(t) + Ω2
r(t). (3.15)

This condition can be realized using Gaussian-shaped pulses, for example,

Ωb(t) = Ω0 exp

(
−(t−∆t/2)2

2σ2

)
,

Ωr(t) = Ω0 exp

(
−(t+∆t/2)2

2σ2

)
,

(3.16)

where σ is the Gaussian pulse width, Ω0 is the maximum Rabi coupling, and ∆t is the
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temporal delay between the two laser pulses as shown in Fig. 3.3(b).
In Chapter 4, we optimize the two-photon Rydberg excitation process using quan-

tum optimal control, taking into account various physical and technical imperfections.
Our numerically optimized pulses follow the characteristic STIRAP counterintuitive se-
quence, demonstrating the effectiveness and robustness of this scheme for high-fidelity
Rydberg excitation.

3.1.5 Trapping Rydberg atoms

Optical tweezers – Neutral atoms can be trapped using tightly focused far off-
resonant laser beams, forming optical tweezers [121, 142–144]. These create conser-
vative dipole potentials where the induced atomic dipole moment interacts with the
light’s oscillating electric field. Consider a laser field with frequency ω, polarization ê,
and amplitude E, given by E(t) = êEe−iωt+ c.c.. This model uses the dipole approxi-
mation, which assumes that the size of the atom is much smaller than the wavelength
of the incident light. With this approximation, the electron only sees the field at the
nuclear position, and no spatial dependence of the field-atom interaction is required.
We can treat the atom in a classical approach, where it is considered as a damped
harmonic oscillator with oscillation frequency ω0 of the electron. The incident light
induces an electric dipole with dipole moment d = α(ω)E, where α(ω) is the frequency
dependant polarizability. The interaction of the dipole moment with the incident light
constructs a dipole potential

Udip = −d.E

2
. (3.17)

When approximating the atom with two-level system in a semi-classical approach, we
want to minimize the heating of the atom. We ensure this by making the field far
resonant compared to the spontaneous emission rate γ of the atomic transition (also
means the damping rate in the classical picture of the atom), i.e., ∆ = ω − ω0 ≫ γ.
Additionally, in order to perform the roatating wave approximation, we assume that
the light is close enough to resonace such that ∆ ≪ ω [145].

When the laser frequency is relatively close to resonance, i.e. ∆ = ω − ω0 is small
compared to ω0, the interaction potential can be written using the rotating wave
approximation as

Udip(r) =
3πc2

2ω3
0

γ

∆
I(r), (3.18)

where c is the speed of light and I(r) is the intensity of the light field. The potential is
attractive for red-detuned light (∆ < 0) and repulsive for blue-detuned light (∆ > 0).

In experiments, arrays of tweezers are formed using acousto-optic deflectors (AODs)
or spatial light modulators (SLMs), allowing individual control over each trap’s posi-
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tion and intensity [146]. In certain cases, a magic wavelength is employed to ensure
identical light shifts for different hyperfine states, improving coherence and stabil-
ity [147]. However, achieving such conditions for Rydberg states is challenging, as
red-detuned tweezers induces heating of these highly excited states [148, 149], which
limits the coherence time. To address this, traps are often turned off during Rydberg
excitation, which limits interaction time and can induce further heating [149].

Optical lattices – The dipole trapping concept is extended to periodic potentials
formed by the interference of multiple laser beams [150, 151]. Two superimposed
counter propagating plane laser waves will result in a standing wave pattern as,

E(x, t) = êE(exp[i(kx− ωt)] + exp[i(−kx− ωt)]) + c.c. (3.19)

= 4êE cos(kx) cos(ωt), (3.20)

where k is the wavevector. The corresponding potential is given by

Udip(x) = A cos2(kx), (3.21)

where A is called the lattice depth, typically expressed in units of recoil energy
Er = ℏ2k2L/2m. By combining multiple laser beams, one-, two-, and three-dimensional
lattice geometries can be created, providing a versatile platform for simulating quan-
tum many-body systems. Compared to reconfigurable tweezer arrays, optical lattices
offer larger and significantly more homogeneous systems, at the cost of limited con-
nectivity through nearest-neighbor tunneling only [152].

3.1.6 Error sources in Rydberg-atom setup

Rydberg lifetime – Although Rydberg states have a very long coherence time,
spontaneous decay limits the gate fidelities [153]. Spontaneous decay is a phenomenon
where the Rydberg state |r⟩ decays to one of the ground states |g⟩ with decay rate Γ.
The ground state |g⟩ can be computational basis states or some other ground state.
This causes a loss of coherence in the system and decreases the gate fidelity. To avoid
decoherence, fast excitation can be performed, minimizing spontaneous emission. In
chapter 4, optimize the Rydberg exciation process, by including these spontaneous
decay mechanisms for 87Rb atom.

Finite blockade – In practice, the blockade interaction is finite, limiting the two-
qubit gate’s performance [154, 155]. One of the major consequences of the finite
blockade is the population of the state |rr⟩ during the CZ gate. The probability of
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this is πΩ2/2V 2
rr where Vrr is the interaction strength. This can be reduced by using

lower Rabi frequency Ω but at the risk of increased spontaneous emission. In recent
work, two-qubit gates have been optimized in presence of finite blockade with the help
of quantum optimal control.

Technical limitations – In addition to the important atomic limitations mentioned
above, various physical and technical imperfections in the experiment affect the fidelity
of quantum operations performed with Rydberg atoms [156–158]. In Chapter 4, we
include technical errors of the control lasers, such as amplitude constraints and band-
width limitations, which are discussed in detail in Sec. 2.4.1. When working with an
ensemble of atoms, the lasers used for Rabi transitions between |0⟩ and |1⟩, or |0⟩ and
|r⟩, are typically global, meaning a single laser field is applied over the entire lattice.
However, the laser intensity is spatially inhomogeneous, resulting in atoms at the edges
of the lattice experiencing different Rabi frequencies compared to those at the center.
This leads to variations and inefficiencies in single-qubit gate operations across the ar-
ray. A second important source of error is the phase instability of the clock laser. This
becomes particularly relevant when optimizing the phase of the laser while keeping
its intensity constant. These effects are examined in more detail in Sec. 3.2.5 and are
incorporated into the robustness analysis presented in Chapter 5. Beyond these issues,
additional imperfections such as atom heating, trap laser fluctuations, and intensity
noise also contribute to operational infidelity. While identifying, characterizing, and
mitigating all sources of technical error is essential for achieving reliable and scalable
quantum operations, this remains a challenging and active area of research from both
theoretical and experimental perspectives.

One can also implement two-qubit gates using collisional interactions between
atoms [20, 21, 26]. In Chapter 5, we optimize one such system using the Fermi-Hubbard
model to realize efficient SWAP and

√
SWAP gates. While key concepts — including

superlattices, Wannier functions, and the Fermi-Hubbard model — are explained in
detail also in Chapter 5, we present an brief overview of these topics, along with a
discussion of the associated physical and technical challenges of this platform, in the
following section.

3.2 Fermionic atoms

Short-range collisional interactions between atoms in their hyperfine levels provide
an alternative mechanism for implementing two-qubit gates, distinct from the Ry-
dberg interaction-based schemes discussed previously. In this approach, ultracold
atoms—either bosonic or fermionic—are trapped in an optical potential and interact
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via on-site collisions, with the nature of these interactions determined by the quan-
tum statistics of the atoms. These interactions are induced by dynamically tuning the
trapping potentials, rather than applying external laser fields [159–164]. The optical
lattices used to confine the atoms are created by standing wave patterns formed from
interfering laser beams, as introduced in Sec. 3.1.5, producing a potential capable of
trapping atoms at periodic points in space [150, 151]. The dynamics of ultracold atoms
in these periodic potentials closely resemble the behavior of electrons in solid-state sys-
tems. In Chapter 5, we focus on a specific type of optical lattice—a periodic structure
of double wells known as a superlattice. These superlattices offer enhanced control
over tunneling rates and interaction strengths by modulating the depth and phase of
individual wells within the lattice [26, 157, 165]. In the following, we explain the work-
ing principle of optical superlattices and describe how the behavior of atoms confined
in such potentials can be effectively modeled using the Hubbard model framework.

3.2.1 Superlattices

In the work described in chapter 5, a three-dimensional optical lattice is created where,
in the x-direction, two standing waves with different periodicity are superimposed to
create a superlattice [157]. One of the lattice (short lattice) has approximately twice
the frequency of the other (long lattice) i.e., ωs ≈ 2ωℓ, where ωs and ωℓ are the
frequencies of the short and long lattice, with corresponding wavelengths λs = 532 nm
and λℓ = 1064 nm. The resulting three-dimensional potential is given by,

Vlat(r) = −Vℓ cos2 (kℓx) + Vs cos
2 (2kℓx+ ϕ) + Vy cos

2 (kyy) + Vz cos
2 (kzz).

Here ϕ is the relative phase between the two standing waves. The quantities Vℓ, Vs,
Vy, Vz > 0 are called the lattice depths of the corresponding lattices. The sign in front
of each term takes into account that the long lattice is red-detuned from the atomic
transition, while all other lattices are blue-detuned. The Hamiltonian for a single atom
trapped in the periodic superlattice potential is given by,

H =
ℏ2

2m
∆+ Vlat(r) (3.22)

where ∆ is the three-dimensional kinetic energy operator and Vlat(r) is the three-
dimensional potential energy term. The Hamiltonian is separable in three axes, al-
lowing us to solve and work with only the x-direction superlattice Hamiltonian. The
eigenfunctions of a periodic potential can be written as [166],

Ψn
q (x) = eiqx/ℏunq (x) (3.23)
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where unq (x) is a periodic function and q is the quasi-momentum ranging from −ℏkℓ
to ℏkℓ, i.e., the first Brillouin zone. The periodicty is given by d = λℓ/2 and the bands
are represented by the band index n. With the quasi-momentum q, the Hamiltonian
is given as,

Hq(x) =
1

2m
(−iℏ ∂

∂x
+ q)2 + Vlat(x). (3.24)

The corresponding system evolution equation is

Hq(x)u
n
q (x) = En

q (x)u
n
q (x), (3.25)

where En
q (x) is the eigenenergies corresponding to different bands n. Now, unq (x) and

the superlattice potential Vlat(x) are periodic with d = λℓ/2, they can be written
as [167],

unq (x) =
∑
r∈Z

cnq,re
i2kℓrx

Vlat(x) =
∑
r∈Z

dre
i2kℓrx

Substituting these values in Schrodinger’s equation above gives

1

2m
(−iℏ ∂

∂x
+ q)2

∑
r∈Z

cnq,re
i2kℓrx +

∑
r∈Z

dre
i2kℓrx

∑
r∈Z

cnq,re
i2kℓrx = En

q

∑
r∈Z

cnq,re
i2kℓrx

=⇒ 1

2m
(2ℏkℓr + q)2cnq,r +

∑
r′

dr′c
n
q,r−r′ = En

q c
n
q,r.

For determining dr we can write the superlattice potential as

Vlat(x) = −Vℓ cos2(kℓx) + Vs cos
2(2kℓx+ ϕ)

= −Vℓ
2
(cos(2kℓx) + 1) +

Vs
2
(cos(4kℓx+ 2ϕ) + 1)

= −Vℓ
2
(
ei2kℓx + e−i2kℓx

2
+ 1) +

Vs
2
(
ei4kℓx+i2ϕ + e−i4kℓx−i2ϕ

2
+ 1)

=
Vs
4
e−2iϕe−4ikℓx − Vℓ

4
e−2ikℓx +

Vs − Vℓ
2

− Vℓ
4
e2ikℓx +

Vs
4
e2iϕe4ikℓx. (3.26)

Hence, coefficients other than d0, d±1 and d±2 are zero and the Evolution equation can
be written as, ∑

r′

Hrr′c
n
q,r′ = ϵnq c

n
q,r (3.27)
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where ϵnq are in units of recoil energy and Hr,r′ is

Hrr′ = (2r +
q

ℏkℓ
)2 +

Vs − Vℓ
4

for r = r′

= −Vℓ
4

for r − r′ = ±1

=
Vs
4
e±iϕ for r − r′ = ±2

= 0 else . (3.28)

We can calculate the eigenvalues ϵnq and eigenfunctions unq (x) by diagonalizing the
matrix Hr,r′ . In principle, the matrix is infinite-dimensional but can be truncated to
a smaller matrix since cnq becomes negligible for long r and small n [167, 168].

The eigen- or band energies ϵnq are periodic in the quasi-momentum and symmetric
around q = 0. They are a function of Vs, Vℓ, and ϕ. In the superlattice, an increase
in the short lattice amplitude Vs decreases the energy between the first and second as
well as third and fourth bands. This brings the bands closer to each other and forms
pairs of energy bands. Additionally, increasing Vℓ for a fixed Vs flattens the energy
bands and increases the energy gap in the pairs. Similar to the band energies, the
Bloch waves are also periodic in quasi-momentum, and their construction depends on
the transformation properties of the Hamiltonian. In short, when the Hamiltonian
is invariant under inversion, i.e., ϕ = 0, the Bloch waves are either symmetric or
anti-symmetric [for details refer to [167]].

3.2.2 Wannier functions

Although Bloch waves describe atoms in periodic lattices with well-defined quasi-
momentum, they are delocalized in real space, which makes them impractical for
certain applications. To address this, Wannier functions are introduced as localized
eigenfunctions constructed from superpositions of all quasi-momentum states [169–
171]. Mathematically, the Wannier function wn

l (x) at the lattice site l in band n is
defined as

wn
l (x) =

1√
NL

∑
q

e−iqldΨn
q (x), (3.29)

where d is the lattice constant and NL is the number of lattice sites. Wannier functions
are orthonormal, satisfying ⟨l, n|l′, n′⟩ = δnn′δll′ , and their symmetry properties mirror
those of the underlying Bloch waves — they can be chosen to be real and either
symmetric or antisymmetric about their respective lattice sites. However, Wannier
functions are not unique, as they depend on the arbitrary phases of the Bloch states. To
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obtain maximally localized Wannier functions from the set of orthonormal possibilities,
they can be defined as the eigenstates of the band-projected position operator. We
detail the procedure for calculating these functions following [168] in Chapter 5, and
thus omit it here to avoid redundancy.

We would like to emphasize that the Wannier functions are only an approximate
eigenstates and to get a maximally localized Wannier function, we must choose the
right size of the manifold of bands [167]. However, using large number of bands is
numerically exhausting and unnecessary for the superlattice case in Chapter 5. In the
superlattice, only pairs of bands, such as first and second, third and fourth can be
taken into different manifolds. This is because the energy gaps between the bands
outside the pairs are large enough such that the admixture between them is negligible.
Since our three-dimensional potential is separable, we can perform the similar Wannier
function calculation in all x, y, and z directions. Note that the Wannier function in y
and z direction will be constructed for a lattice with periodic single wells, unlike the
double well structure of the superlattice. The three-dimensional Wannier function can
thus be written as the product of the three one-dimensional Wannier functions. For
non-separable potentials like honeycomb lattices, it becomes tricky since the projection
operators of all directions may not commute with each other [168, 172].

3.2.3 Fermi-Hubbard model

Fermi-Hubbard model simply describes the electron’s motion and the electron-electron
interaction in a solid. This idea can also be extended to atoms trapped in array-like
lattices where the bosonic atoms are described by the Bose-Hubbard model [173, 174]
and the fermionic atoms are described by the Fermi-Hubbard model [175, 176]. In this
work, we only discuss the Fermi-Hubbard model as we work with fermionic Lithium
6Li atoms trapped in a superlattice [157]. In 6Li atoms, the spin-up and spin-down
states are stored in two hyperfine levels F = 1/2 and F = 3/2 of 2S1/2.

The Fermi-Hubbard model is generally implemented with an assumption that
atoms are always in the lowest energy band of the lattice, which is widely true for
tightly bound atoms distant from each other [166]. Now, for a superlattice, the gap
between the two lowest energy bands is very low. This causes the admixture of the
bands and their eigenfunctions. Therefore, we have to extend the ground-band Hub-
bard model to a two-band model given by [167]

H = −J
∑
σ

(c†LσcRσ + h.c.) + U
∑
j∈L,R

nj↑nj↓. (3.30)

The operator c†lLσ and c†lRσ create a fermion on the left or right side of the double
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well at site l in the spin state σ (refer to Appendix 3.4.2 for details for creation and
annihilation operators). This is the simplest form of the Fermi-Hubbard model used to
explain the superlattice dynamics in Chapter 5. We explain thoroughly the two-band
model starting from the typical single-band Fermi-Hubbard model in Chapter 5, and
therefore do not repeat it here. Later in Chapter 5, we also show, how this model fails
to explain the dynamics under fast gates, and extention to include higher bands and
optimization with the higher-band model is required to find fast and efficient SWAP
and

√
SWAP gates. To understand the idea of these fermionic gates, we will explain

the two-qubit SWAP and
√
SWAP gates in the next section.

3.2.4 Gates with fermionic atoms in a superlattice

A double well can accommodate up to four fermionic atoms with two atoms in the
spin-up state and two atoms in the spin-down state. While, one-atom states can serve
as single-qubit states, states with three and four atoms are error states for two-qubit
gates. We can have two possible basis sets for two-qubit gates in a superlattice. First
is a spin conserving basis set |D0⟩, |↑↓⟩, |↓↑⟩, and |0D⟩, where one spin-up and one
spin-down atom is in a double well [152]. |D0⟩ means both atoms on the left side of
the double well, |↑↓⟩ means spin up on the left side and spin down on the right side
of the double well and so on. This set is also the basis set for time evolution of the
ground-band hubbard model when one spin-up and one spin-down atom is in a double
well. The SWAP and

√
SWAP gates are represented in this basis as

SWAP =

[
0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

]
,
√
SWAP =

[
(1+i)/2 0 0 (−1+i)/2

0 (1+i)/2 (−1+i)/2 0
0 (−1+i)/2 (1+i)/2 0

(−1+i)/2 0 0 (1+i)/2

]
.

Note that this different from the conventional SWAP and
√
SWAP gates used in quan-

tum infromation. Second basis set is the spin non-conserving basis states |↑↑⟩, |↑↓⟩,
|↓↑⟩, and |↓↓⟩ [106, 177]. In this basis, the total spin of the system is not conserved.
This is a more conventional basis set for quantum computation and simulation purpose
since the SWAP and

√
SWAP gates are represented in this basis gives the conventional

form

SWAP =

[
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

]
,
√
SWAP =

[ 1 0 0 0
0 (1+i)/2 (−1+i)/2 0
0 (−1+i)/2 (1+i)/2 0
0 0 0 1

]
.

In Chapter 5, we work with the second set of basis states, which provides the
advantage of formulating the problem as a state-to-state transfer optimization. This
approach allows us to first optimize the transfer between selected basis states and
subsequently evaluate the fidelity for the complete gate operation. The details of
the different control objectives are discussed in Sec. 2.3.2. We include different error
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sources in our robustness analysis performed in Chapter 5, which mainly comes from
the technical limitations of the lasers constructing the superlattice. In the next section,
we discuss some of the significant error sources.

3.2.5 Error sources in fermionic atoms

In the implementation of quantum gates using fermionic atoms in optical lattices,
several error mechanisms can limit the achievable gate fidelity. Understanding and
quantifying these sources is crucial for designing robust and scalable quantum systems.
In this work, we identify and discuss three primary sources of error [157, 178].

The first source of error is associated with tunneling to neighboring lattice sites.
While we optimize the tunneling of the atoms inside the double well, the boundaries
of the target double well with the neighboring well is finite, and is modulated with
tuning the lattice depths. This happens since the optical lattices are made from global
lasers, and therefore atoms possess a nonzero probability to tunnel into adjacent double
wells with tunneling strength J ′ [152, 178]. Such tunneling events not only reduce the
gate efficiency by removing atoms from the target qubit space but can also lead to
crosstalk in nearby sites. Typically, the tunneling strength J ′ is small comapred to
the optimized strength J but is sensitive to the lattice depth. In Chapter 5, we show
that our optimized pulses produces negligible tunneling to the neighboring wells.

The second significant error source arises from phase instability of the lasers pro-
ducing the superlattice potential [179]. In our numerical simulations, we assume a
perfectly symmetric double well configuration, corresponding to a relative phase of
ϕ = 0 mrad between the interfering laser beams. However, in experimental realiza-
tions, technical noise can induce phase drifts over time, leading to variations in the
relative phase of the lasers. These fluctuations cause dephasing between the atomic
states and reduce the coherence time of the system [157, 178]. Additionally, shot-to-
shot phase fluctuations can produce random energy offset in the system, increasing
the gate error. Phase instabilities are particularly determental in gate schemes that
rely on tuning of relative phase instead of the lattice depths, which produces tilted
double wells.

Lastly, we consider the influence of inhomogeneities in the laser intensities that
form the optical lattice [180, 181]. In practice, the spatial profile of laser beams re-
sults in position-dependent lattice depths and coupling strengths across the atomic
array. These inhomogeneities lead to variations in tunneling rates, on-site interaction
energies, and hence, in gate operation times and fidelities from site to site [157, 178].
While, active feedback control systems are typically employed in experiments to mit-
igate the phase and intensity fluctuations, we can also include these variations in an
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ensemble optimization to find robust controls as discussed in Sec. 2.4.2.
In addition to these primary sources, other experimental imperfections such as atom

loss and magnetic field fluctuations [182, 183] can also contribute to the overall error
budget, though they are not the primary focus of this study. A detailed understanding
of these error mechanisms is essential for guiding future improvements in lattice design
and gate protocols for fermionic quantum simulators and processors.

3.3 Quantum simulation with neutral atoms

In the early 1980s, scientists started proposing novel ways of simulating computation-
ally demanding quantum mechanical systems [4]. The primary challenge of simulating
these systems arises from the exponential growth of the quantum state’s parameters
with system size. Quantum simulation tackles these challenges by using quantum de-
vices to simulate quantum systems [184, 185]. By a quantum simulator, we understand
a controllable quantum system used to simulate or emulate other quantum systems
(see, e.g., [4, 186]). Quantum simulators, ranging from specialized experiments to
universal quantum computers, offer promising solutions to complex scientific and en-
gineering problems. These devices leverage quantum phenomena like entanglement
and many-particle behavior to explore and solve challenges in various fields. Neutral
atom-based simulators exploit the controllable interactions and coherent manipulation
of neutral atoms trapped in optical tweezers or lattices to emulate complex quantum
systems [22, 187]. The atoms serve as qubits encoded in their internal states, often
involving ground and Rydberg excited states as described in earlier sections. Their
interactions can be tuned precisely to realize desired Hamiltonians. Consider a general
quantum simulation problem: determining the state of a quantum system described
by the wavefunction |ϕ⟩ at time t and calculating a desired physical quantity. For a
time-independent Hamiltonians H, based on the method used to generate the unitary
U = exp

(
− i

ℏHt
)
, we can divide quantum simulation into two broad categories: digi-

tal and analog quantum simulation [22]. Neutral atom quantum simulators have the
potential to perform both digital and analog quantum simulations, as described next.

3.3.1 Digital quantum simulation

In the digital or circuit model of quantum computation, to simulate the evolution
of a state |ϕ(0)⟩ for time t, the unitary transformation U = exp

(
− i

ℏHt
)

is applied
through a sequence of quantum gates [refer to Chapter 2 for introduction of quantum
gates] [188, 189]. In the absence of high-fidelity gates beyond two-qubit operations,
recent neutral atom quantum simulation algorithms rely on single- and two-qubit gates
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discussed in Secs. 3.1.2, 3.1.3, and 3.2.4. Digital quantum simulation is theoretically
universal; that is, it is capable of initializing, measuring, and performing universal
quantum gates on well-defined qubits [190]. However, state-of-the-art devices are not
yet fault-tolerant, and as a result, not all unitary operations can be efficiently simulated
due to resource constraints and decoherence in the system [191].

3.3.2 Analog quantum simulation

Analog quantum simulation is another method of simulating quantum systems, using
a paramterized Hamiltonian. This is more common form of quantum simulation for
state of the art neutral atom devices, since it applies a globally acting unitary in layers
with each layer having different parameter values [192, 193]. For Rydberg atom system,
these controlable paramters are the laser amplitudes genrating the coupling frequencies
e.g., Ω(t), the detuninigs ∆(t) [137, 194]. Analog simulation has a disadvanatage
compared to digital simulation since it is not universal, i.e., given a quantum simultor
with certain Hamiltonian represenation only a certain set of quantum systems can
be simulated which match the symmetry and capabilities of the simulator [195]. An
extensive studies have been performed to understand these criterias and make a set of
tools to check these [196, 197]. Nonetheless, analog simulation has an adavantage that
the error accumulation is lower as it do not need high circuit depths comapred to the
digital counterpart [191].

3.3.3 Variational algorithms

Fault-tolerant quantum computing demands a large increase in qubit count alongside
maintaining excellent qubit quality and operational accuracy. Quantum algorithms
that come with performance guarantees typically need millions of physical qubits to
support quantum error correction and ensure fault tolerance. Developing such scal-
able, fault-tolerant quantum machines is expected to take many years. Meanwhile,
noisy intermediate-scale quantum (NISQ) devices, which currently have limited num-
ber of qubits, operate without error correction and are imperfect. The goal during the
NISQ era is to harness the computational potential of these devices as much as possible
while progressing toward fully fault-tolerant quantum computing. Algorithms designed
for these limited devices often combine quantum and classical computing, performing
some tasks on quantum hardware and others on conventional computers. Among these
hybrid methods are variational quantum algorithms, which make use of existing quan-
tum hardware by integrating classical optimization techniques [30, 198, 199]. These
algorithms employ parameterized quantum circuits to prepare trial quantum states,
which are iteratively refined through a feedback loop with a classical optimizer that
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minimizes a cost function measuring the quality of the state. Variational Quantum
Eigensolvers (VQE) focus on approximating the ground state of a given Hamiltonian
by using the energy expectation as the cost function [200–203]. VQE adjusts the
parameters of a quantum circuit composed of sequences of quantum gates, primarily
on digital quantum simulators. Various ansätze have been proposed and studied for
these variational tasks [204–207]. In contrast, analog quantum simulators use multi-
ple unitary evolution blocks driven by parameterized controls that are variationally
optimized [192]. These variational algorithms are especially promising for studying
quantum phase transitions. Once the ground state is prepared, experiments can probe
its properties, such as correlation functions, and explore how the system reacts to
external perturbations.

These variational algorithms suffer from challenges such as barren plateaus, local
minima, and limitations arising from the symmetries of the system [204, 205, 207]. In
particular, for analog devices such as Rydberg atom-based systems, we do not have
full controllability of the system and therefore cannot reach arbitrary states using
variational algorithms like VQE. In this regard, in Chapter 6, we develop theoretical
methods to understand these symmetry-induced restrictions. Our approach builds on
the broad body of research on simulability and reachability conditions for quantum
systems and provides necessary conditions for the success of VQE in such constrained
settings.

3.4 Appendix

3.4.1 Many particle state

We can represent the two-atom state as |Ψ⟩ = |ψ⟩ |ϕ⟩ where |ψ⟩ and |ϕ⟩ are the single-
particle states [3, 47, 196]. The state |ψ⟩ |ϕ⟩ means that the first atom is in state |ψ⟩
and the second atom is in state |ϕ⟩ and

P12 |Ψ⟩ = |ϕ⟩ |ψ⟩ , (3.31)

where P12 is the permutation operator with eigenvalues ±1 and eigenstates 1√
2
(|ψ⟩ |ϕ⟩±

|ϕ⟩ |ψ⟩). A similar formula can be extended to many-body states where only the sym-
metric (for bosons) and antisymmetric (for fermions) states are realized. For two
fermions with the same spin state, the antisymmetric total wavefunction vanishes if
the spatial parts are identical, enforcing the Pauli exclusion principle. [47]. A fully
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symmetric or anti-symmetric N-particle state is given by [208]

|Ψ⟩± = N±
∑
p

(±1)p |χp1⟩ |χp2⟩ · · · |χpN⟩ (3.32)

where |χj⟩ are orthonormal (distinct or same) single-particle states. N± is a normal-
ization factor, and the sum runs over all N ! permutations. The fermionic many-body
state is also known as the Slater determinant [209, 210] and we can see that it can
become complex and cumbersome. To simplify the representation, we introduce the
second quantization of the states. We only indicate the number of times a single-
particle state appears in the many-body wavefunction. For example, the state |ϕi⟩
appears ni times giving the many-body state as,

|Ψ⟩± = |n1, n2, · · ·⟩± (3.33)

For bosons and fermions, the occupation number ni takes the values ni = 0, 1, 2, · · ·
and ni = 0, 1 respectively with

∑
i ni = N . Any state of the many-body Hilbert space

can be written as the linear combination of the orthonormal basis states |n1, n2, · · ·⟩
as,

|Ψ⟩ =
∑

n1,n2,···
c(n1, n2, · · · ) |n1, n2, · · ·⟩ . (3.34)

The Fock space is defined as the direct sum of the linear span of orthonormal basis
states for the number of atoms ranging from 0 to ∞ as

F± =
∞⊕

N=0

HN
± , (3.35)

where HN
± denotes the symmetric (+) or antisymmetric (-) subspace of the N -particle

Hilbert space. So, a general state |ϕ⟩ of F± is a linear combination of states with a
variable number of atoms and |0, 0, · · ·⟩ represents the vacuum state.

3.4.2 Creation and annihilation operator

In the formalism of second quantization, creation and annihilation operators play a
central role in describing quantum many-body systems. These operators act on occu-
pation number states, or Fock states, which specify the number of particles occupying
each available single-particle state [208, 211]. While the bosonic operators have the
same form as the harmonic oscillator operators, the fermionic creation and annihilation
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operators are given as

c†i |n1, n2, · · · , ni, · · ·⟩ = (1− ni)(−1)ϵi |n1, n2, · · · , ni + 1, · · ·⟩ ,
ci |n1, n2, · · · , ni, · · ·⟩ = ni(−1)ϵi |n1, n2, · · · , ni − 1, · · ·⟩ . (3.36)

The factor (1−ni) ensures that the creation operator acts only if the site i is unoccupied
(since ni = 0 means empty). The factor ni ensures that the annihilation operator acts
only if the site i is occupied. The sign factor (−1)ϵi arises from the fermionic anti-
commutation relations and is given by

ϵi =
∑
j<i

nj,

i.e., the total number of fermions in all sites with index less than i. This counts
how many fermions the operator “passes through” to reach site i, yielding the correct
fermionic sign. A quantum field operator is defined as

Ψ†(r) |0⟩ := |r⟩ (3.37)

which creates a particle at position r. |r⟩ can be written as a linear combination of
the single-particle states |ϕi⟩,

|r⟩ =
∑
i

⟨ϕi|r⟩ |ϕi⟩ =
∑
i

ϕ∗
i (r)c

†
i |0⟩ . (3.38)

which gives,

Ψ(r) :=
∑
i

ϕi(r)ci

Ψ†(r) :=
∑
i

ϕ∗
i (r)c

†
i (3.39)

For the spin 1
2

fermions the spin degree of freedom changes the operators to

ci → ciσ and ni → niσ.

If niσ = 1 then c†iσ |n1σ′ , n2σ′ , · · · , niσ, · · ·⟩ = 0. The operators satisfy the canonical
fermionic anti-commutation relations, which reflect the underlying antisymmetry of
fermionic wavefunctions as [212],

{ciσ, c†jσ′} = ciσc
†
jσ′ + c†jσ′ciσ = δijδσσ′ , (3.40)
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where σ =↑, ↓. The anti-commutation relations also state that when two fermions with
different labels are exchanged, the wavefunction changes sign, i.e., c†iσc

†
jσ′ = −c†jσ′c

†
iσ.

The fermionic field operators are defined as

Ψiσ(r) :=
∑
i

ϕi(r)ciσ (3.41)

This formalism of creation and annihilation operators, along with their associated
anti-commutation relations, forms the foundation for describing fermionic many-body
systems in lattice models. In particular, the Fermi-Hubbard model, which we de-
scribe in Sec. 3.2.3, and employ in Chapter 5, is naturally expressed in terms of these
operators. The model captures essential physics such as particle tunneling between
lattice sites and on-site interactions, all of which are elegantly and compactly encoded
through the algebra of the creation and annihilation operators introduced here.





4
Compensating non-linear distortions

Predictive design and optimization methods for controlled quantum systems
depend on the accuracy of the system model. Any distortion of the input
fields in an experimental platform alters the model accuracy and eventually
disturbs the predicted dynamics. These distortions can be non-linear with
a strong frequency dependence so that the field interacting with the micro-
scopic quantum system has limited resemblance to the input signal. We
present an effective method for estimating these distortions which is suit-
able for non-linear transfer functions of arbitrary lengths and magnitudes
provided the available training data has enough spectral components. Us-
ing a quadratic estimation, we have successfully tested our approach for a
numerical example of a single Rydberg atom system. The transfer function
estimated from the presented method is incorporated into an open-loop con-
trol optimization algorithm allowing for high-fidelity operations in quantum
experiments.

This chapter has been published, with minor changes, as Juhi Singh, Robert Zeier, Tommaso
Calarco, and Felix Motzoi, Compensating for Nonlinear Distortions in Controlled Quantum Systems,
Physical Review Applied 19, 064067 (2023). The thesis author conducted all the analysis, composed
all the figures and wrote the manuscript with input from the advisors.

https://doi.org/10.1103/PhysRevApplied.19.064067
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4.1 Introduction

Over the last few decades, various quantum systems, including superconducting cir-
cuits, neutral atoms, trapped ions, and spins [7–9], have shown exciting progress in
controlling quantum effects for applications in quantum sensors [213], simulators [194],
and computers [214]. In these setups, quantum operations are implemented using ex-
ternal fields or pulses which are generated and influenced by several electronic and
optical devices. For high-fidelity and uptime applications, this requires high perfor-
mance of, e.g., population transfers and quantum gates, while suppressing interactions
with the environment as well as decoherence. By shaping temporal and spatial pro-
files of external fields and pulses, the time-dependent system Hamiltonian steers the
quantum dynamics towards the targeted outcome.

Experimental distortions of the applied pulses may reduce the effectiveness and
robustness of the desired quantum operation [78, 215]. Methods have been developed
to characterize distortions based on the impulse response or transfer function of the
experimental system [78, 215–222]. These approaches for estimating field distortions
work well for distortions with a linear transfer function. This work, however, addresses
the more general case with substantial non-linear distortions originating from the
experimental hardware.

The description of the distortions can be challenging without knowing the exact
characteristics of the experimental hardware. Also, approximating a significant non-
linearity using a linear model will result in model coefficients and control pulses that are
not robust against experimental distortions and suffer from a loss in fidelity. To account
for this problem, we introduce a mathematical model and an estimation method which
rely on limited experimental data and can characterize the system behavior up to a
non-linearity of finite order. To streamline our presentation, we focus on quadratic
non-linearities, but more general non-linearities can be treated similarly. We illustrate
our estimation approach with numerical data for a single-Rydberg atom excitation
experiment in the presence of significant non-linearities and we highlight how our
approach can calibrate for and suppress large distortions. We describe an effective
approach for estimating the coefficients of this non-linear model and correct the pulses
accordingly. We emphasize that our approach is independent of a specific experimental
setup and can therefore be applied to various (spatially or temporally) field-tunable
phenomena on different quantum platforms.

Our estimation method for distortions is particularly effective in combination with
methods from quantum optimal control [23, 24, 196, 223, 224] and it yields optimized
pulses for highly efficient gates while accounting for estimated distortions. To this end,
we provide an analytical expression for estimating the Jacobian of the transfer function
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for quadratic distortions, which can be further generalized to higher orders. We also
validate this combined approach with our Rydberg atom excitation example. In the
context of quantum control, any inaccuracy in the system Hamiltonian can severely
affect the performance of pulses produced by optimal control. Given a reasonably
accurate model, control fields might also suffer from discretization effects, electronic
distortions, and bandwidth limitations (mostly assumed to be linear). Accounting
for these distortions by including the linear transfer function within the dynamics,
as well as its combined gradient, has been incorporated in related optimization work
[78, 222, 225–227]. Another strategy for minimizing non-linear pulse distortions is to
avoid high frequencies altogether in control pulses [228, 229].

Starting from initial applications [35, 36], optimal control methods have been ex-
tensively used in quantum computing, quantum simulation, and quantum information
processing [23, 24, 27, 32–34]. Analytic results applicable to smaller quantum systems
shape our understanding for the limits to population transfers and quantum gates (see
[23, 24, 73, 97, 230–244] and references therein). Increasing the efficiency of quantum
operations by numerically optimizing and fine-tuning control parameters can rely on
open-loop or model-based optimal control methods [37, 40, 68, 78–82, 87, 88]. Our work
on the estimation of distortions can be seen in the context of model-based approaches,
which might rely on an accurate gradient calculation of the analytical cost function
and thus on the knowledge of the Hamiltonian of the system [23, 78]. This knowledge
might be available in naturally occurring qubits (such as atomic, molecular, or optical
systems), but may also be estimated in engineered (solid-state) technologies. Similarly,
closed-loop (i.e. adaptive feed-forward) control methods [27, 29, 38, 90, 91, 245–247]
are used in situ to reduce adverse experimental effects on the control pulses, while
direct (real-time) feedback and reservoir engineering methods can also be used where
appropriate to counteract control uncertainties [248, 249].

This chapter is organized as follows: Section 4.2 sketches the control setup for op-
timizing quantum experiments and describes the conventional method for estimating
the transfer function and its inclusion in the optimization. In Sec. 4.3, we detail our
non-linear estimation method using non-linear kernels. We also describe how to derive
the transformation matrix and its gradient. The non-linear effects on quantum oper-
ations are shown with a numerical example of Rydberg atom excitations in Sec. 4.4.
We apply the estimation methodology to our numerical Rydberg example in Sec. 4.5
and discuss requirements on the available measurement data. Finally, we consider
different numerical optimization methods in combination with our estimation method
in Sec. 4.6 (see also Appendix 4.8) and conclude in Sec. 4.7. The raw data files from
the simulations performed for this work are provided in [250].
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4.2 Time-dependent control problems

We aim to efficiently transferring the population from an initial quantum state to
a final target state. The evolving state of a quantum system is described by its
density operator ρ(t) and the corresponding equation of motion is written for coherent
dynamics as

ρ̇ = −i[H(t), ρ] + L(ρ). (4.1)

The form of the Lindblad term L(ρ) is discussed in Sec. 4.4 while the Hamiltonian can
be expressed as

H(t) = Hd +
∑
i

ui(t)Hi. (4.2)

The free-evolution or drift component is given by Hd, while Hi denotes the control
Hamiltonians which are multiplied with time-dependent control pulses ui(t). More
precisely, our goal is to transfer a quantum system from a given initial pure state with
density operator ρi to a target pure-state density operator ρt in time T by varying the
control pulses ui(t) while minimizing the cost function

C = 1− |⟨ρt|ρ(T )⟩|2 = 1− |Tr[ρ†tρ(T )]|2, (4.3)

where Tr(M) denotes the trace of a matrix M . This cost function measures the differ-
ence between the target-state density operator ρt and the final-state density operator
ρ(T ). In this work, we employ gradient-based optimization methods, which are de-
scribed and discussed in Section 4.6 and Appendix 4.8.

The experimental realization of control pulses ui(t) relies on several devices, which
might introduce systematic distortions and reduce the overall control efficiency. It
is our objective to determine these systematic distortions in order to adapt the con-
trol pulses during the optimization and counteract any adverse effects. For a linear
distortion, we can calculate its transfer function

T (ω) =
Y (ω)

X(ω)
(4.4)

in the Fourier domain as the ratio of the Fourier transform of the input and output
pulses x(t) and y(t), i.e. before and after the distortion has taken place. Alternatively,
we can calculate the impulse response I(t) of the system which relates the input and
output pulse in the time domain using the convolution

y(t) = (x ∗ I)(t) =
∫ ∞

−∞
x(τ) I(t−τ)dτ. (4.5)

Figure 4.1 highlights that a linear model might not be sufficient for estimating ex-
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Figure 4.1: Quadratic estimation of distorted pulses [Eq. (4.7)] is preferable to linear
estimation [Eq. (4.4)]: (a) A pulse is numerically distorted (solid line); later the dis-
tortion is estimated up to linear (dashed line) and quadratic terms (dotted line). The
quadratic estimation better matches the actual distorted pulse when compared to the
linear estimation. (b) Numerically computed errors for different types of distortions
[including the distortion C plotted in (a)] generated by Eqs. (4.20)–(4.21) are plotted
for both the linear and the quadratic estimation. The error is defined in Eq. (4.22)
and describes the difference between the actual distorted and the estimated pulse.

perimental distortions as it cannot account for non-linear effects. Non-linear effects
are demonstrated in Fig. 4.1(a) by passing one estimated example pulse through a
numerically generated distortion [see Eqs. (4.20)–(4.21)]. When estimating the distor-
tion coefficients using a linear model, the resulting distorted pulse does not match in
Fig. 4.1(a) with the actual distorted pulse. However, the quadratic estimation with a
non-linear model (as described in Sec. 4.3) precisely recovers the actual distorted pulse.
Non-linear models are, e.g., preferable for Rydberg excitations which are detailed with
realistic experimental parameters in Sec. 4.4.

4.3 Non-linear estimation method

We provide now a general approach for estimating non-linear distortions in a controlled
quantum system and explain how this estimation approach can be incorporated into
the synthesis of robust optimal control pulses.

4.3.1 Truncated Volterra series method

We characterize non-linear distortions using the truncated Volterra series method [251].
The Volterra series is a mathematical description of non-linear behaviors for a wide
range of systems [252]. In analogy to Eq. (4.5), we can write the general form of the
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Volterra series as

y(t) = h(0) +
P∑

n=1

∫ b

a

. . .

∫ b

a

h(n)(τ1, . . . , τn)
n∏

j=1

x(t−τj)dτj (4.6)

where x(t) is assumed to be zero for t < 0 as we consider general, non-periodic signals.
The output function y(t) can be expressed as a sum of the higher-order functionals
of the input function x(t) weighted by the corresponding Volterra kernels h(n). These
kernels can be regarded as higher-order impulse responses of the system. The Volterra
series in Eq. (4.6) is truncated to the order P < ∞ and it is called doubly finite if a
and b are also finite. For a causal system, the output y(t) can only depend on the input
x(t−τj) for earlier times (i.e. t ≥ τj) which results in a ≥ 0; recall that x(t−τj) = 0

for τj > t. The Volterra series can therefore also model memory effects (which are
assumed to be of finite length) and it is not restricted to instantaneous effects.

The discretized form of the Volterra series truncated to second order (i.e. P = 2)
is given by ([251, Eq. 2.25])

yn = h(0) +
R−1∑
j=0

h
(1)
j xn−j +

R−1∑
k,ℓ=0

h
(2)
kℓ xn−k xn−ℓ, (4.7)

The discrete output entries yn have N time steps with n ∈ {0, . . . , N−1} which are
obtained from L discrete input entries xq where xq = 0 for q < 0. Note that N =

L + R − 1 ≥ L, where R ≥ 1 denotes the assumed memory length of the distortion.
The memory length R quantifies how the response at the current time step depends on
the input of previous time steps, i.e., R bounds the number of previous time steps that
can affect the current one. Volterra kernel coefficients of the zeroth, first, and second
order are represented by h(0), h(1)j , and h

(2)
kℓ . The matrix given by h

(2)
kℓ is symmetric.

We are characterizing the transfer function by estimating the kernel coefficients in
Eq. (4.7). The number M of the to-be-estimated coefficients scales quadratically with
the memory length R (in general, the number of coefficients scales with RP ). Although
the Volterra estimation can be extended to any higher order P > 2, we will focus in
this work on the quadratic case.

For the estimation process, we assume that we are provided with a training data
set consisting of input-output pulse pairs (x(t), y(t)) from an experimental device (or
a sequence of devices) which causes the distortion. Next, we discuss how given the
training data, we can estimate the kernel coefficients in Eq. (4.7) by minimizing some
error measures (such as the mean square error) between the modeled output and the
measured output.
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4.3.2 Truncated Volterra series via least squares

We can choose from different methods to estimate the Volterra series. The most
widely used ones are the crosscorrelation method of Lee and Schetzen [253] and the
exact orthogonal method of Korenberg [254]. We choose the latter due to its simplicity
and as it does not require an infinite-length input. We can write Eq. (4.7) as

yn =
M−1∑
m=0

unm km (4.8)

or equivalently as the matrix equation Y = UK or
y0

y1
...

yN−1

 =


u00 u01 · · · u0,M−1

u10 u11 · · · u1,M−1
...

...
...

uN−1,0 uN−1,1 · · · uN−1,M−1




k0

k1
...

kM−1

 , (4.9)

where K is defined in Eq. (4.11) below. We follow the convention that the entries of
a given matrix (or vector) D are represented by dij (or di). Here, n ∈ {0, . . . , N−1}
and m ∈ {0, . . . ,M−1} where

M = 1+R+R(R+1)/2 (4.10)

denotes the number of coefficients that need to be estimated to describe the quadratic
Volterra series. In particular, unm are obtained from the input pulses via (recall again
xq = 0 for q < 0)

unm =


1 for m = 0,

xn−m+1 for m ∈ {1, . . . , R},
xn−a xn−b for m ∈ {R+1, . . . ,M−1},

where (a, b) with 0 ≤ a ≤ b ≤ R−1 is the (m−R−1)th element in the lexicographically
ordered sequence from (0, 0) to (R−1, R−1). As the quadratic distortion coefficients
h
(2)
kℓ are symmetric, only the upper (or lower) triangular entries need to be considered.

The column vector

K = [h(0), h
(1)
0 , . . . , h

(1)
R−1, h

(2)
00 , . . . , h

(2)
R−1,R−1]

T (4.11)

consists of all the Volterra kernels, where km = h
(2)
ab for R+1 ≤ m ≤ M−1 and (a, b)

is chosen as above.
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The example of R = 2, L = 3, N = L + R − 1 = 4, and M = 6 results in (with
xq = 0 for q < 0)


y0

y1

y2

y3

 =


1 x0 x−1 x0x0 x0x−1 x−1x−1

1 x1 x0 x1x1 x1x0 x0x0

1 x2 x1 x2x2 x2x1 x1x1

1 x3 x2 x3x3 x3x2 x2x2





h(0)

h
(1)
0

h
(1)
1

h
(2)
00

h
(2)
01

h
(2)
11


. (4.12)

For the estimation of the distortions, we need to determine the values of K by
solving the matrix equation (4.9) with the method of least squares. We assume now
that the output data vector Y has been measured in an experimental setup. We can
also concatenate multiple output pulses into a single vector to form Y , which allows
us to perform the estimation using multiple short pulses with different characteristics
as compared to a single long pulse. This provides the freedom of choosing the format
for our training data while observing experimental constraints. In addition to taking
a single long pulse or a set of short pulses, we can also repeatedly use the same set of
pulses to reduce the measurement error.

As the matrix U contains higher-order terms of the input xn, different columns of
U are highly correlated with each other. This leads to the problem of solving a linear
regression model with a correlated basis set, i.e., the input variables are dependent on
each other. The precision of the estimation is adversely affected and less robust when
naively applying the method of least squares to solve the matrix equation (4.9). We
resolve this problem by first orthogonalizing the columns of the matrix U . The orthog-
onalization transforms the input variables (stacked in columns of U) such that they
are independent of each other. After orthogonalizing U to V , Eq. (4.9) is transformed
to

Y = VW. (4.13)

Now we can solve the modified matrix equation (4.13) using the method of least squares
to robustly obtain the values of the vector W . Finally, if the Gram-Schmidt method
is used for orthogonalization, then one can convert W to K by recursive methods (as
explained in [254]) to extract the Volterra kernels h(0), h(1)j , and h(2)kℓ . In this work, we
use the QR factorization method which directly provides the values for K [255, 256].

4.3.3 Gradient of the input response function

Assuming that we have successfully estimated the transfer function, we want to include
this information in our gradient-based optimization. This would allow us to also
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go beyond the piecewise-constant control basis of GRAPE by including arbitrarily
deformed controls, generalizing further along the lines of Ref. [78]. We provide now
an analytic expression for the corresponding gradient (i.e. Jacobian) to build upon the
earlier work discussed in Appendix 4.8.

We apply the commutativity of the convolution (i.e. f ∗g = g∗f), e.g., by changing
the integration variable from τ to z = t− τ in Eq. (4.5). Using a slight generalization,
Eq. (4.7) can be rewritten as1

yn = h(0) +
L−1∑
j=0

h
(1)
n−j xj +

L−1∑
k,ℓ=0

h
(2)
n−k,n−ℓ xk xℓ, (4.14)

where the upper summation bound L−1 differs from R−1 in Eq. (4.7), i.e. integrating
over the length of the input instead of the length of the kernel. From Eq. (4.14),
we specify for each time step (indexed by n) a scalar K(0) = h(0), a column vector
K

(1)
n with entries [K

(1)
n ]j = h

(1)
n−j, and a matrix K

(2)
n with entries [K

(2)
n ]kℓ = h

(2)
n−k,n−ℓ

for j, k, ℓ ∈ {0, . . . , L−1}. With this notation, we can write Eq. (4.14) as a matrix
equation

yn = K(0) +XTK(1)
n +XTK(2)

n X, (4.15)

where the column vector X = (x0, . . . , xL−1)
T has length L. The corresponding partial

derivatives are given by

∂yn
∂X

= K(1)
n +XT [K(2)

n + (K(2)
n )T ], (4.16)

which simplifies for a symmetric quadratic kernel to

∂yn
∂X

= K(1)
n + 2XTK(2)

n (4.17)

We can calculate ∂yn/∂X for all n and then determine the Jacobian. Eventually, the
gradient of the cost function (4.3) is obtained using the chain rule as, e.g., in [78] and
as discussed in Appendix 4.8.

4.4 Non-linear distortions during Rydberg excitations

We illustrate our scenario of non-linear distortions during controlled quantum dynam-
ics with robust state-to-state transfers in a single Rydberg atom experiment. In recent
years, Rydberg atoms have been proven to be a promising platform for quantum sim-
ulation [257] and quantum computation [104]. One of the most distinctive features of

1Note that using Eq. (4.14) for the estimation in Secs. 4.3.1-4.3.2 would require a number of
coefficients given by N ×M instead of only M and is therefore not recommended.
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Figure 4.2: (a) Path of the input control pulse from the computer code via an arbitrary
waveform generator (AWG) and an acousto-optic modulator (AOM) to the atom.
Before the atom, the output control pulse can be measured using a photodiode (PD).
(b) Energy diagram for the excitation of a single Rydberg atom (see text).

these atoms in quantum experiments is their strong and tunable dipole-dipole interac-
tions [119, 258]. For larger Rydberg atom arrays as for quantum simulators, excitation
protocols (and more general operations) from the ground state to the Rydberg state
are crucial. We consider a gradient-based optimization of control pulses (without
feedback) for tailored excitation pulses as outlined in Sec. 4.2, (see also Sec. 4.6 and
Appendix 4.8).

The Lindblad master equation for the time evolution of the system is given by
Eq. (4.1). Following [259], the model Hamiltonian for a single Rydberg atom is equal
to

H(t) = Ωb(t)
|g⟩ ⟨p|+ |p⟩ ⟨g|

2
+ Ωr(t)

|p⟩ ⟨r|+ |r⟩ ⟨p|
2

−∆ |p⟩ ⟨p| − δ |r⟩ ⟨r| . (4.18)

The Rabi frequency Ωb(t) of the blue laser excites the atom from the ground state |g⟩
to the intermediate state |p⟩ and the Rabi frequency Ωr(t) excites the atom from |p⟩ to
the desired Rydberg state |r⟩ (see Fig. 4.2(b)). In terms of Eq. (4.2), Ωb(t) and Ωr(t)

constitute time-dependent control pulses (such as given by STIRAP [139]). Moreover,
∆ and δ are the single-photon and the two-photon resonance detuning, which will
be for simplicity assumed to be zero (∆ = 0 MHz and δ = 0 MHz). The Lindblad
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operator [61] reads as [259]

L(ρ) =
∑

j∈{d,g,g′}
(VjρV

†
j )− 1

2
(V †

j Vjρ+ ρV †
j Vj) (4.19)

where Vg =
√
Γg |g⟩ ⟨p|, Vg′ =

√
Γg′ |g′⟩ ⟨p|, and Vd =

√
Γd |r⟩ ⟨r| are the Kraus opera-

tors. Here, Γg = Γ/3 and Γg′ = 2Γ/3 denote the probability for spontaneous emission
from |p⟩ to the ground state |g⟩ or to |g′⟩ which represents all other ground-state sub-
levels. Realistic experimental parameters Γ = 2π × 1.41 MHz and Γd = 2π × 0.043

MHz have been provided by the Browaeys group, where Γd is the Doppler effect. In
a real experiment, the gradients of the controls are restricted due to bandwidth limi-
tations. In particular, the controls cannot have derivatives larger than a certain rise
speed given by the experimental setup. In our simulations, we take realistic values for
the rise times of 0.1µs and 0.15µs for the red and blue laser pulses respectively (which
translate into rise speeds).

Let us now discuss how systematic distortions can be introduced in this exper-
imental platform during the processing and forwarding of the control signals which
finally act on the atom(s). The path of the control signals is sketched in Fig. 4.2(a).
Starting from some computer program, the input pulse (modulated with a fixed car-
rier frequency) is passed through an arbitrary waveform generator (AWG) to produce
the radio-frequency pulse. This pulse is then used as an input for an acousto-optic
modulator (AOM) which modulates the intensity of a laser beam. The final laser
pulse is then applied to the atom(s) to perform the excitation. The AOM can shape
pulses using optical effects such as dispersion [260, 261]. In this experimental setup,
one can measure the laser signal before it acts on the atom(s) using a photo diode.
In summary, one can choose the input pulse and measure the output pulse; multiple
measured input-output pulse pairs serve as training data, which is used to determine
systematic distortions.

In our simulation, we excite the Rydberg atom using the system Hamiltonian from
Eq. (4.18) by applying our optimized input control pulses. After that, we introduce
quadratic distortions to the control pulses and repeat the simulation. The discrete
linear and quadratic distortions are prepared from Gaussian distributions described
by

h1(t) =
1

σ
√
2π

exp
[
− (t−µ)2

2σ1
2

]
, (4.20)

h2(t1, t2) = J exp

[
−(t1−µ1)

2 + (t2−µ2)
2

2σ22

]
. (4.21)

The memory length of the discretized dimensionless distortion is R. For the distortions
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Figure 4.3: Reduced excitation efficiencies of optimized control pulses due to non-linear
distortions in a simulated single Rydberg atom for distortions with (a) an increasing
variance but constant memory length (A-C) and (b) a constant variance but increasing
memory length (D-F); refer to Sec. 4.4.
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A, B, and C, we have chosen R = 50, standard deviations σ1 of 1, 6, and 11, and σ2

of 4.25, 6.37, and 8.50. Similarly, for the distortions D, E, and F, we have varied R

between 20, 40, and 60 while fixing σ1 = 1 and σ2 = 4.25. The amplitude term J

has been kept constant at 5 × 10−6 in all cases. The example distortion C is shown
in Figs. 4.4(a1) and 4.4(b1). Throughout this work, the zeroth order kernel is set to
h0 = 0.1.

We observe optimized controls with a simulated Rydberg excitation error in the
range from 0.06 to 0.008 for different pulse lengths (see Fig. 4.3). As expected, longer
total durations for the excitation lead to smaller simulated errors. But longer pulse du-
rations might lead to further decoherence effects in the experimental implementation
(particularly when combined with additional experimental steps). We, therefore, aim
at reducing the length of the pulses (e.g. to a pulse duration around 0.3µs) with reduced
excitation errors. In Fig. 4.3(a), we notice a uniform increase in the error magnitude
when we increase the standard deviation of the Gaussian kernels of Eqs. (4.20)-(4.21)
for the distortions A to C. The distortions result in larger excitation errors for shorter
control durations. The case of 0.1µs is however an exception, where the distorted pulse
incidentally has a lower excitation error when compared with the duration of 0.15µs.
The standard deviation is kept constant in Fig. 4.3(b), but we increase the memory
length for the distortions D to F which also results in a larger excitation error. Similar
to Fig. 4.3(a), shorter pulses result in higher excitation errors in Fig. 4.3(b), where
the excitation error for the distortion F for the durations 0.15µs and 0.2µs are coinci-
dentally equal. The increased excitation errors suggest that optimized control pulses
would be susceptible to distortions when applied in the Rydberg atom experiments
(and particularly for short pulse lengths). In Sec. 4.5, we present estimation results
building on Sec. 4.3 for the considered types of distortions.

4.5 Numerical estimation results

We report in this section on different simulated estimation results which describe the
characteristics and precision of applying the Truncated Volterra series method while
also comparing multiple types of input control pulses used in the estimation. We
also perform the optimization for a single Rydberg excitation again by including the
distortions in the algorithm. In each analysis, the estimated results are compared with
the actual ones using the mean absolute scaled error (MASE) measure

MASE =
1

N

N∑
i=1

∣∣∣∣ ztrue
i

∥ztrue∥ − zest
i

∥zest∥

∣∣∣∣ (4.22)
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Figure 4.4: Estimation of both the linear and quadratic components for a non-linear
distortion: (a) The linear component (a1) of the distortion C is compared with its
estimated value (a2). The amplitude and time steps are dimensionless. (a3) The mean
absolute scaled error [as defined in Eq. (4.22)] between the actual and the estimated
values is calculated for various types of distortions A-F [see Eqs. (4.20)–(4.21)]. (b)
Quadratic component similar as in (a).

where ztrue is the actual value, zest is the estimated value, and ∥z∥ is the Frobenius
norm of the observable z of length N . The MASE is numerically more stable compared
to the mean relative error, which can be very large when the measured and the actual
values are very small.

4.5.1 Estimation of distortions

We start with the results presented in Fig. 4.4 where numerical distortions are esti-
mated by relying on a single randomly generated control pulse with 4000 time steps.
We apply different distortions to the pulse and employ the resulting input-output
pulse pairs in the estimation. In order to provide a more realistic analysis, we add an
additional noise term to the output pulse

ynoise = youtput +
1

σ
√
2π

exp
[
− (t−µ)2

2σ2

]
, (4.23)

where the noise is drawn from a normal distribution with mean µ = 0 and standard
deviation σ = 10−4. Figures 4.4(a1)-(b1) display the linear and quadratic contri-
bution of the distortion C. The corresponding estimated contributions are shown in
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Figs. 4.4(a2)-(b2) which match closely with values in Figs. 4.4(a1)-(b1). The results
also emphasize that provided we can measure the output pulse accurately, we can
calculate the memory length of the distortion (which is here R = 50) and redundant
coefficients are automatically set to zero during the estimation for a sufficiently large
R (here set to 60). The estimation process has been repeated for multiple distortions
of type A to F and we observe in Figs. 4.4(a3)-(b3) low estimation errors of approxi-
mately 10−7 to 10−8. Slight variations in the estimation error for different distortions
could be attributed to the strength of the particular distortion or numerical noise.

We now also compare the estimation method of Sec. 4.3 with a linear estimation
method in the time domain which relies on a linear impulse response [cf. Eq. (4.5)]. We
omit here the very similar linear estimation in the frequency domain. We again use the
distortion types A to F from Sec. 4.4 for this comparison and apply them again to a
random-noise pulse of 4000 steps to obtain input-output pulse pairs for the estimation.
Figure 4.1(a) shows the effect of the true and estimated distortion C when applied to an
example pulse of 0.4µs duration. The example pulse is stretched under the distortion
to a final duration of 0.65µs. The linear estimation is considerably less precise when
compared to the quadratic estimation. This effect is confirmed in Figure 4.1(b) which
plots the estimation errors for the different distortion types A-F. Naturally, this also
validates that the chosen distortion types contain some non-linearity which is not
accounted for by a linear estimation.

4.5.2 Orthogonalization

One important step of the estimation method is orthogonalization and we have dis-
cussed its significance in Sec. 4.3. To further highlight the benefits of orthogonalizing
the basis functionals, we test the estimation by directly solving the matrix equation

UTY = UTUK, (4.24)

where U is the matrix of the non-orthogonalized and correlated basis functionals, K
is the to-be-estimated vector of linear or nonlinear kernel coefficients and Y is the
measured output vector. We compare the results with coefficients we get from solving
the matrix equation (4.13) with the orthogonalized basis set.

In this analysis, along with the benefit of orthogonalization, we also demonstrate
how the estimation depends on the numberM of the to-be-estimated coefficients for the
distortion, the amount of training data, and the presence of noise in the output pulse.
Figures 4.5(a)-(b) discuss the case without added noise. The nonlinear distortion with
σ1 = 0.1, σ2 = 0.42 and R = 5 is estimated using spline input pulses as the training
data. Each test and training pulse has 500 time steps and a unique frequency. For a
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fixed number of spline pulses, we observe in Fig. 4.5(a) an increasing estimation error
for an increasing number of coefficients M (or memory length R as M ∝ R2). For
each M , we apply the estimation results on 50 different spline pulses which serve as
test data. The corresponding mean error is plotted as a line and the 95% confidence
interval is shown as a shaded region around the mean. In Fig. 4.5(b), we gradually
increase the number of training pulses used in the estimation. For each fixed number
of pulses, we perform the estimation on all the values of M as shown in Fig. 4.5(a).
Hence each point in Fig. 4.5(b) is averaged over 500 results. In all cases, the estimation
benefits from being performed with orthogonalization. Also, extending the amount of
training data points by adding more spline pulses with different frequencies improves
the estimation precision as seen in Fig. 4.5(b). For Figs. 4.5(c)-(d) in the presence
of a noise term in the output pulse with a standard deviation of 10−9, we observe
higher estimation errors which need to be compensated with additional training data
points. One can also reduce correlations present in the training data by considering a
random input pulse as its autocorrelation is zero. However, even a completely random
input pulse results in correlations in U from Eqs. (4.9) and (4.24) which contains
various non-linear terms of the same input vector [251, p. 165]. In summary, Fig. 4.5
illustrates the positive effect of orthogonalization on the error rates in the estimation
of the distortion.

4.5.3 Frequency requirements

We investigate different types of training data and their performance in the estimation
following the setup of Fig. 4.6. We can order different training data types according
to their increasing frequency content, with Gaussian pulses having the minimum fre-
quency and random-noise pulses having the maximum. Here, the frequency content
describes the spectral content of the training data while its value depends on the type
of pulses used (see Fig. 4.5(b) and (d). There are different errors for spline and cosine
pulses depending on the amount of data. For a fixed number of pulses, the estimation
error grows with an increasing number of coefficients M [see Fig. 4.6(a)]. Gaussian
input pulses are most strongly affected by this, while this effect is essentially negligible
in the case of random-noise pulses. This illustrates the importance of spectrally rich
input training pulses, which is further emphasized in Fig. 4.6(b) where the estimation
error is plotted, relative to the frequency content. For different types of input pulses,
the frequency content is increased differently: we add more pulses with different stan-
dard deviations for Gaussian pulses, we add more pulses with different frequencies for
cosine pulses, we add more random knots to a single spline. Since a random-noise pulse
has a very large bandwidth, we aim at increasing the frequency content by increasing
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Figure 4.5: Comparison of the simulated estimation of non-linear distortions without
and with orthogonalization solving respectively Eq. (4.24) and (4.13): (a) Using a
fixed number of noiseless training data for spline input pulses, the relative error rises
with an increasing number of coefficients M . The plotted line shows the mean error
and the shaded area indicates the spread between the 95% confidence interval found
from applying the estimation results to 50 different test pulses. Orthogonalization
is advantageous for a larger number of coefficients. (b) Average estimation errors
for different training data sets (see text) highlight the importance of increasing the
frequency content of the available data. The averaging is performed over the full range
of all number of coefficients M in (a). (c)-(d) As in (a)-(b), but the added noise in
the output pulses of the data requires a higher frequency content for comparable error
rates.
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Figure 4.6: Simulated estimation errors of distortions with multiple types of data: (a)
training data with more frequency content (such as random-noise pulses) perform bet-
ter, even as the number of to-be-estimated coefficients M increases. (b) A lower error
can be achieved by increasing the frequency content of the training data. For cosine
and Gaussian pulses, the frequency content is increased by adding more pulses with
different frequencies, whereas the number of knots is increased within a single pulse for
splines. Spectrally rich random-noise pulses are highly effective while keeping the data
requirements low. (c)-(d) Similar to (a) and (b), but noisy training data increases the
overall error, while random-noise pulses are the most robust. The estimation setup is
similar to Fig. 4.5.

the number of random-noise pulses which only slightly reduces the estimation error.
Figure 4.6(b) highlights that the frequency content is crucial for the estimation and
even a single random-noise pulse is highly effective due to its high-frequency content.
Splines start to outperform the cosine pulses as soon as they attain higher frequency
content than the latter. Similar conclusions hold under noise as shown in Fig. 4.6(c)-
(d) while the overall estimation error increases for the different input pulse types when
compared to the noiseless case. The data suggests that a high-frequency content in
the training pulses might prevent overfitting noise, which is important when working
with real experimental data. Also under noise, random-noise input pulses are most
effective in the estimation due to their high frequency content.
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Figure 4.7: The estimated distortion can be inverted via Eq. (4.25) and applied to
the ideal pulse to produce a pre-distorted pulse. The pre-distorted pulse produces the
target Gaussian pulse shape after passing through distortion C.

4.5.4 Compensating for the distortion

With the help of the estimated linear or non-linear distortion coefficients, we com-
pensate for the effect of the distortion on the pulses. One natural approach to find a
pre-distorted input pulse shape is to apply the inverted distortion to the target pulse
shape. In the case of a linear distortion T (ω), we would multiply T−1(ω) with X(ω)

[see Eq. (4.4)] and later transform it to the time domain. In the non-linear cases and
for distortions expressed in time-domain kernels, we solve the following minimization
problem to find the pre-distorted pulse

argminxinput
1

N

N∑
i=1

∣∣∣xtarget
i −D(xinput

i )
∣∣∣, (4.25)

where D applies the distortion. As an example, we correct one analytical Gaussian
pulse in order to compensate for the numerical distortion C (see Figure 4.7). The
pre-distorted pulse constructed from the minimization problem produces the ideal
Gaussian after passing through the distortion C. Next, we perform tests on more
complex optimized pulses. As explained in Sec. 4.4 for the single Rydberg excitation,
we have two pulses where the blue pulse Ωb(t) excites the atom from the ground state
|g⟩ to the intermediate state |p⟩ and the red pulse Ωr(t) excites the atom from |p⟩
to the desired Rydberg state |r⟩ [see Fig. 4.2(b)]. Figure 4.8 shows pairs of these
blue and red pulses as input pulses and the corresponding distorted output pairs.
The input pulses in Figure 4.8(a) are the ideal optimized pulses and when we do not
estimate and correct for the distortion, we receive the corresponding output pulses in
the experiments.

Next, we estimate the distortion and construct the pre-distorted pulses using the
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minimization scheme discussed in Eq. (4.25). The pre-distorted pulses and the cor-
responding outputs after passing through the distortion are shown in Figure 4.8(b).
Unlike the analytical Gaussian pulse case (see Figure 4.7), we see that the input
pre-distorted pulses do not completely reshape to the ideal optimized pulses after
passing through the distortion. This suggests that for more complex pulse shapes,
pre-distorting the pulse shape with this method is insufficient to reach a high excita-
tion efficiency. However, we can include the estimated distortion in the optimization
to produce pulse shapes that give minimum Rydberg excitation error in the presence
of the distortion. The detailed discussion and results of this method are presented in
Sec. 4.6. Figure 4.8(c) shows an example of input pulses produced from this method
and the corresponding distorted output pulses. Note that the input-output pairs in
Figure 4.8(a) and Figure 4.8(c) are quite similar. We expect this behavior since the
excitation error from these example pulses of 0.4µs duration [see Fig. 4.9] is not much
affected by the distortion. For shorter pulses, the optimization can however produce
more complex pulses different from the ideal ones in order to compensate for the dis-
tortion. Therefore, we recommend to include the distortion in the optimization to
compensate for the effect of the distortion as in Fig. 4.8(c) and Sec. 4.6, especially for
complex pulse shapes.

4.6 Application in optimal control

Starting from early developments in the field, various theoretical and experimental
aspects of quantum control have been discussed in the recent review [24]. The overall
aim of quantum control is to shape a set of external field pulses that drive a quantum
system and perform a given quantum process efficiently. While the analytical way of
finding the control parameters works for special cases, one can use highly developed
numerical tools in the context of optimal control theory. One solves the Schrödinger
or master equation iteratively and produces pulse shapes that perform the desired
time evolution. Quantum optimal control is broadly divided into at least the two
categories of open-loop and closed-loop. Open-loop methods can be gradient-based or
not. Open-loop control is based on the available information about the Hamiltonian of
the system and hence it suffers when the system parameters are not completely known
such as in the case of an engineered quantum system (such as solid state systems) or
when the model cannot be solved precisely as in the case of many-body dynamics [262].
These limitations might be overcome by means of closed-loop optimal control where
the control parameters are updated based on the earlier measurements results [29, 90].
Closed-loop quantum optimal control can be implemented via both gradient-based
and gradient-free algorithms [263–265]. In some cases, hybrid approaches have also
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Figure 4.8: A set of pulses before and after passing through the numerical distortion
C in the control chain for the single Rydberg atom excitation. The blue pulse Ωb(t)
excites the atom from the ground state |g⟩ to the intermediate state |p⟩ and the red
pulse Ωr(t) excites the atom from |p⟩ to the desired Rydberg state |r⟩ [see Fig. 4.2(b)]
(a) Optimized input pulses and the corresponding outputs without correction for any
distortion. (b) Pre-distorted pulses constructed from the distortion via Eq. (4.25) and
the corresponding output pulses. The output pulses do not match the optimized input
pulses from (a). (c) Instead of finding the pre-distorted pulses via Eq. (4.25), the
distortion is included in the optimization to reach the minimum excitation error (see
Sec. 4.6). Pulses from this optimization and the corresponding outputs are shown.
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Figure 4.9: Reduced excitation errors after correcting for the distortion with a gradient-
based optimization relying on the trust-region method. (a) distortion C: significant
reduced errors, (d) distortion F: mostly recovers the ideal case.

been suggested [266]. But in the case where the system Hamiltonian is well known,
open-loop control provides more freedom to precisely tune the controls depending
on experimental constraints and generally explore a wider range of control solutions.
Moreover, it also gives a better understanding of the system and works well with
systems where fast measurements are not feasible or very noisy, in contrast to closed-
loop methods which may require many measurements to converge.

To take full advantage of the open-loop control method and to provide more ro-
bust pulses, one can also characterize the experimental system completely or at least
partially. Here, we highlight how the estimation method from Sec. 4.3 can be em-
ployed in an open-loop control setting to minimize the cost function C in Eq. (4.27)
by relying on the corresponding gradients as computed via Eqs. (4.16) and (4.30).
We refer to Appendix 4.8 for details. This compensates for distortions and decreases
the error. Figure 4.9 shows test minimizations of the cost function using the trust-
region constrained algorithm [267], which can perform constraint minimization with
linear or non-linear constraints on the control pulses. Trust-region methods allow us
to explicitly observe bandwidth limitations of the control hardware such as limited
rise speeds as discussed in Sec. 4.4 by enforcing the corresponding pulse constraints.
Since distortions C and F defined by Eqs. (4.20) and (4.21), have the strongest effects
on the Rydberg excitation error (see Fig. 4.3), we correct the control pulses affected
by them in the simulations. We limit our test to pulses with shorter durations ranging
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Figure 4.10: Reduced excitation error for L-BFGS-B when compared to the trust-
region method, even though L-BFGS-B does not explicitly enforce constraints on the
control pulses (such as limited rise speeds). But the correctly estimated transfer func-
tion will implicitly account for pulse constraints. Also, L-BFGS-B is more effective in
the optimization.

from 0.1µs to 0.4µs as they are less susceptible to decoherence and hence might be
more suitable for the excitation process. We compare the excitation error produced
from the corrected pulse with the ideal and the distorted pulse excitation error. In
particular, Figure 4.9 shows that the effect of the distortion C can be significantly
reduced, but it cannot be completely corrected due to a large standard deviation and
long memory length in the distortion. The distortion F has a small standard deviation
combined with a long memory length which still produces strong effects on the control
pulse but with a generally weaker distortion. In this case, the effect of the distortion
can be almost completely corrected.

The estimation of transfer functions in order to correct for distortions has one
additional benefit. The experimental hardware given by, e.g., AWGs and AOMs usu-
ally has bandwidth limitations which translate into limited rise speeds as discussed in
Sec. 4.4. In the process of characterizing the experimental devices via their transfer
function, we also estimate the effects of these bandwidth limitations. The estimated
transfer function is then applied during the optimization, which mirrors the effects
in the experimental platform and implicitly enforces limitations on the bandwidth
or rise time. Assuming that the bandwidth-limiting effect of the estimated trans-
fer function is pronounced enough, this allows us to use the limited memory Broy-
den–Fletcher–Goldfarb–Shanno (L-BFGS) algorithm to perform the minimization of
the cost function [88]. L-BFGS usually offers a more efficient optimization but it can-
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not explicitly account for general linear or non-linear constraints. In the corresponding
optimizations, we only enforce simple box constraints to limit the amplitude of the con-
trols while using the extended L-BFGS or L-BFGS-B algorithm [268]. The results are
shown in Fig. 4.10 where L-BFGS-B improves the excitation efficiency more effectively
than the trust-region method (which needs to also explicitly enforce the constraints on
the rise speeds). In summary, combining the estimation of distortions with gradient-
based optimizations can often effectively compensate for these non-linear distortions
during an open-loop optimization.

4.7 Conclusion

We have proposed a method for estimating non-linear pulse distortions originating
from experimental hardware. Hardware limitations affect the performance of optimal
control pulses as highlighted using numerical data for single Rydberg atom excitations.
In this case, the errors are increased for distorted control pulses beyond purely linear
effects. We provide a general model for describing the complex characteristics of these
non-linear effects. To incorporate estimated distortions into open-loop optimizations,
we have detailed a formula to determine the Jacobian of the transfer function.

We tested and validated our proposed method by efficiently estimating different
numerical quadratic distortions with varying strength and duration. We have also
shown that linear estimation methods cannot effectively handle non-linear transfer
functions. From our detailed analysis and tests, we deduce that the orthogonalization
(as described in Sec. 4.5.2) is key for a robust estimation. A robust least-squares esti-
mation is effective only after the orthogonalization is applied to the matrix containing
the training data as its correlated columns would otherwise interfere with the estima-
tion. Another critical requirement for effectively performing the estimation is training
data with enough frequency content. Large frequency content such as in random-noise
pulses better captures the non-linear features of transfer functions, particularly in the
presence of measurement noise.

Since the estimation method is independent of any particular type of device charac-
teristics, it can easily be adapted to a wide range of experimental platforms. Combining
our estimation method with existing numerical optimization techniques can improve
the quality and robustness of quantum operations. Our work thereby addresses a key
challenge of enhancing the accuracy and robustness of experimental quantum technol-
ogy platforms.
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4.8 Appendix

We work with open-loop optimal control and detail how to incorporate the Jacobian of
the transfer function which can be determined following Sec. 4.3.3. In the mathemati-
cal statement of an optimal control problem, the fidelity function C is minimized with
regard to the control values ui. We can apply the gradient-based optimization tech-
nique known as GRAPE [37] which can also utilize Newton or quasi-Newton (BFGS)
methods [78, 88, 269]. We assume that the total control duration T is divided into L
equal steps of duration ∆t = T/L. During each time step, the control amplitudes ui
are constant. The time evolution of the quantum system during the jth time step is
given by

Uj = exp

{
(−i∆t(H0 +

∑
i

ui(j)Hi))

}
. (4.26)

The cost function can be written as

C = 1− | ⟨ρt|UL · · ·U1ρiU
†
1 · · ·U †

L⟩|2. (4.27)

From the inner product definition and invariance of the trace of a product under cyclic
permutations of the factors, Eq. (4.27) can be rewritten as,

1− |⟨U †
j+1 · · ·U †

LρtUL · · ·Uj+1|︸ ︷︷ ︸
λj

Uj · · ·U1ρiU
†
1 · · ·U †

j ⟩︸ ︷︷ ︸
ρj

|2. (4.28)

Here, ρj denotes the density operator at the jth time step and ρt is the backward
propagated target operator at the jth time step. If we perturb ui(j) to ui(j) + δui(j),
the derivative of C is given in terms of the change in Uj to the first order in δui(j)

which is calculated by the Fréchet derivative method [270] using the Python package
SciPy [271].

In order to minimize C, at every iteration of the algorithm, we update the controls
by

ui(j) → ui(j)− ϵ
δC

δui(j)
, (4.29)

where ϵ is a small unitless step matrix. Next, we follow the derivation in [78], where
the product rule for gradient calculation is applied and one obtains

δC

δui(j)
=

N−1∑
n=0

δsk(n)

δuk(j)

δC

δsk(n)
where

δsk(n)

δuk(j)
= Tk(n, j). (4.30)

Compared to (4.16), uk corresponds to the input pulse x and sn corresponds to the
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output pulse y. Hence we can calculate each column of Tk from Eq. (4.16) as

Tk(n) =
δyn
δX

, (4.31)

and insert Tk into Eq. (4.30) to calculate the effective gradient.





5
Optimizing two-qubit fermionic gates

Ultracold atoms trapped in optical lattices have emerged as a scalable and
promising platform for quantum simulation and computation. However,
gate speeds remain a significant limitation for practical applications. In
this work, we employ quantum optimal control to design fast, collision-based
two-qubit gates within a superlattice based on a Fermi-Hubbard description,
reaching errors in the range of 10−3 for realistic parameters. Numerically
optimizing the lattice depths and the scattering length, we effectively ma-
nipulate hopping and interaction strengths intrinsic to the Fermi-Hubbard
model. Our results provide five times shorter gate durations by allowing
for higher energy bands in the optimization, suggesting that standard mod-
eling with a two-band Fermi-Hubbard model is insufficient for describing
the dynamics of fast gates and we find that four to six bands are required.
Additionally, we achieve non-adiabatic gates by employing time-dependent
lattice depths rather than using only fixed depths. The optimized control
pulses not only maintain high efficacy in the presence of laser intensity
and phase noise but also result in negligible inter-well couplings.

This chapter has been published as preprint, with minor changes, as Juhi Singh, Jan Reuter,
Felix Motzoi, Tommaso Calarco, and Robert Zeier, Optimizing two-qubit gates for ultracold atoms
using Fermi-Hubbard models, arXiv:2503.06768v2. The thesis author conducted most of the analysis,
composed all the figures (with the exception of Fig. 5.3) and wrote the manuscript (with the exception
of Sec. 5.2.1) with input from the advisors.

https://arxiv.org/abs/2503.06768v2
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5.1 Introduction

After decades of research, many physical systems have been proven capable of serving
as platform for quantum information processing, including superconducting circuits
[7, 10, 11], trapped ions [8, 12, 13, 272], ultracold atoms [174, 273, 274], photons [275–
278], defects in solids [279, 280], and quantum dots [281–283]. Among these promising
systems, neutral atoms have emerged over the last decade as a leading platform for
quantum simulation and computing [14–17]. These atoms are typically trapped in
optical tweezers or lattices, allowing for the arrangement of hundreds of atoms in ar-
bitrary geometries. Quantum information is generally encoded in the internal states
of the atoms, with two-qubit gates utilizing atomic interactions [18, 19, 134, 284, 285].
These interactions can be short-ranged, such as van der Waals interactions [286], or
have considerably longer ranges, such as dipole-dipole interactions [287]. One success-
ful approach is excitation to Rydberg states, which facilitates strong and controllable
interactions, enabling the study of many-body dynamics and the execution of quantum
logic operations [288, 289].

An alternative approach to Rydberg atoms is to work with ground-state atoms
trapped in optical lattices or superlattices [20, 21, 26, 159–164, 290, 291]. A superlat-
tice is formed by superimposing at least two optical lattices with different wavelengths
and has multiple double well structures [157, 178]. These systems naturally realize
the Hubbard model [174, 292]. Neutral atoms in an optical lattice can be arranged
in arbitrary configurations using efficient atom transport mechanisms [293–295]. The
exchange of atoms and their entanglement is generated through controlled collisions
between the atoms, enabling the implementation of essential quantum gates such as
SWAP and

√
SWAP [106, 161]. Combined with single-qubit rotations, these gates

constitute a universal gate set for quantum simulation and computation [3, 177]. The
collision interactions are tuned by adjusting the barrier height of the double well and its
scattering length. To ensure that the system adheres to Hubbard-model dynamics, the
exchange interactions must be controlled to prevent atom excitations [296, 297]. Most
directly, this is achieved by adiabatically changing the barrier heights [177]. However,
this approach results in slower gates which can reduce the coherence time and affect
longer circuits in quantum simulation and computation.

Faster and more efficient gates can be achieved using optimal control methods,
which have become an integral part of quantum computing, quantum simulation, and
quantum information processing [23, 24, 27, 32, 33]. The efficiency of quantum op-
erations is increased by shaping their driving fields using analytical and numerical
techniques. Analytical methods are usually only applicable to smaller systems re-
quiring a detailed understanding of their dynamics [28, 97, 230–235, 237, 240, 298],
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while the results of [235, 236, 239, 241, 299] are relevant for the analytical aspects of
our work. In contrast, numerical methods can often be implemented with partial (or
no) knowledge of the system dynamics and they can depend on the system and rely
on open-loop or closed-loop approaches (i.e. without or with feedback) [25, 29, 37–
44, 68, 90, 91, 300, 301].

In this article, we use open-loop optimal control techniques to develop fast SWAP
and

√
SWAP gates for fermionic 6Li atoms trapped in a superlattice. We describe

our system with a Fermi-Hubbard model using realistic experimental parameters [157,
160, 178]. To this end, we optimize the lattice depths and s-wave scattering parameter
to achieve high-fidelity state transfer from an initial state Ψ0 = |↑↓⟩ to target states
ΨSWAP = |↓↑⟩ and Ψ√

SWAP := [(1+i) |↑↓⟩ − (1−i) |↓↑⟩]/2 and eventually find high-
fidelity gates. Our study reveals that the two-band Fermi-Hubbard model is insufficient
in explaining the dynamics of these fast gates (see Result 3).

The key idea of our fast gates is to extend the Fermi-Hubbard model to include
the higher energy bands (see Sec. 5.4.1). We numerically demonstrate, using realistic
experimental parameters that the control duration is as short as 0.08 ms for trans-
ferring the state Ψ0 to ΨSWAP with fidelity 0.999, and 0.12 ms for transferring Ψ0 to
Ψ√

SWAP with fidelity 0.995, which is five times shorter than typical experimental state
transfer times [157, 178] (see Result 4). These fidelities can be further improved and
we show that they are mainly limited by the available laser power. We also detail that
these optimized controls are robust against intensity and phase noises and result in
minimal inter-well tunneling (see Result 5), which enables improved coherence times
of 460 Rabi oscillations compared to 33 Rabi oscillations in a recent experimental
study [157]. Moreover, we analyze in Sec. 5.6 how our gates perform when they are
applied to error states with three and four atoms in a double well, which provides a
more complete understanding of the system dynamics under various experimentally
possible scenarios. Lastly, in Sec. 5.8, we show that for fast gates, the initial states
|↑↑⟩ and |↓↓⟩ can excite to higher levels, which can be minimized with a full gate
optimization. The full gate optimization yields a SWAP gate with a fidelity of 0.997
in 0.10 ms and a

√
SWAP gate with a fidelity of 0.993 for a gate duration of 0.16 ms

(see Result 6).
Our results initially arise from analytical and numerical optimizations using a two-

band Fermi-Hubbard model (see Results 1 and 2), where the gradients for the numer-
ical optimization are computed based on a particularly effective spline-fit approach
(see Sec. 5.3.2). For higher-band Fermi-Hubbard models, the spline-fit approach is
not applicable in the presence of multiple hopping and interaction terms, and we
instead develop an approach using an effective approximate analytical gradient in Ap-
pendix. 5.11.2. The performance of the different gradient approaches is compared in
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Appendix 5.11.3. Thus our work combines faster, robust two-qubit gates for ultracold
atoms under realistic experimental conditions with methodological advances.

The structure of the paper is as follows: In Sec. 5.2, we define the Hamiltonian
for the superlattice potential, introduce the corresponding two-band Fermi-Hubbard
model and explain the objective of the quantum control tasks. We then optimize the
SWAP and

√
SWAP gates using both analytical and numerical techniques in Sec. 5.3.

In Sec. 5.4, we explore the impact of higher energy bands on the optimized fast gates
and demonstrate the limitations of the two-band Fermi-Hubbard model. Next, in
Sec. 5.5, we present the optimization of the SWAP and

√
SWAP gates using the higher-

band Fermi-Hubbard model. In Sec. 5.6, we investigate the dynamics of more than two
atoms in a double well under the optimal control pulses, and analyze the robustness
of the optimized control pulses in Sec. 5.7. We perform the full gate optimization to
minimize the gate error for different basis states in Sec. 5.8. In Sec. 5.9, we discuss
the effect of high interaction strength on

√
SWAP transfer. Finally, we summarize our

conclusions in Sec. 5.10. The raw data files from the simulations performed for this
work are provided in Ref. [302].

5.2 Model and objective

5.2.1 Model

We consider a double well potential, barrier heights of which can be controlled dynam-
ically [157, 178], as

V (r, t) =Vs(t) cos
2(ksx+φ(t))− Vℓ(t) cos

2(kℓx)

− Vy cos
2(kyy)− Vz cos

2(kzz) (5.1)

where r = (x, y, z). In the x direction, a superlattice or a double well potential [see
Fig. 5.1] is created by standing waves from two tilted lasers with a short wavelength of
λs=532 nm and two lasers with a long wavelength of λℓ=1064 nm. The wave vectors
of the lattice are then given by kb=2π/λb sin(26.7

◦/2) with b ∈ {s, ℓ} where 26.7◦ is
the angle between the tilted lasers constructing the lattice, chosen for the particular
geometry of the experimental system [157]. Here, Vs(t) and Vℓ(t) respectively denote
the tunable lattice depths for the short and long lattice, where the short lattice is
blue detuned (repulsive) and the long lattice is red detuned (attractive). The tunable
relative phase between the short and long lattice is given by φ(t). We consider optical
lattices with constant lattice depths Vy = 45Ery and Vz = 45Erz in the y and z

direction, expressed in units of their respective recoil energies Ery=ℏ2k2y/(2m) and
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Figure 5.1: Collision gate in a double well. A double well is initialized with two
6Li atoms, where the green one on the right is in the state |↑⟩ and the blue one on
the left is in the state |↓⟩ which yields the state |↑↓⟩. The barrier inside the double
well is lowered in a controlled way to allow the two atoms to interact. This results
in a SWAP or a

√
SWAP gate between the two atoms. The SWAP gate exchanges

the spins and prepares the state |↓↑⟩, while the
√
SWAP gate prepares the state

[(1+i) |↑↓⟩ − (1−i) |↓↑⟩]/2.

Erz=ℏ2k2z/(2m). Following the experimental work of [157], we initialize the double
well with two fermionic 6Li atoms, where one atom is in the spin-up state and the
other one in the spin-down state as shown in Fig. 5.1. We model the system of two
atoms based on the Hamiltonian

H1(r, t) = − ℏ2

2m
∇2 + V (r, t), (5.2)

H2(r1, r2, t) =
2∑

j=1

H1(rj, t) + U3D(r1, r2), (5.3)

where m is the mass of the 6Li atoms and H1 is the single-atom Hamiltonian. Here,
the pseudo interaction potential U3D(r1, r2) between the atoms is defined as

U3D(r1, r2) =
4πℏ2

m
aδ(r1−r2), (5.4)

and a denotes the characteristic scattering length. In an experiment, a is tuned by
changing the magnetic field, giving Feshbach resonances [303]. Since the optical po-
tential of Eq. (5.1) separates into the three spatial components, one can independently
solve them in the non-interacting case. Thus we can concentrate only on the x di-
rection dependence of Eq. (5.2) and Eq. (5.3) for our calculations. For interacting
particles, this argument holds approximately if one assumes that either the control
pulses remain in the adiabatic regime (without excitations in the y and z directions)
or the optical potential in the y and z directions is strong enough such that the inter-
action energy is low enough to not excite the atoms in those dimensions. A mixture
of both assumptions is valid for our work. We write the single-atom Hamiltonian of
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b = 1p = 0
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b = 3p = 1

b: bands p: levels

Figure 5.2: Level scheme of the multi-band Fermi-Hubbard model for one double well
of the superlattice potential described by Eq. (5.1). The bands appear in pairs, with
each pair corresponding to one level p of the model. For instance, four bands form
two levels, where the zeroth (b = 0) and first (b = 1) bands form level p = 0, and the
second (b = 2) and third (b = 3) bands form level p = 1.
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Figure 5.3: The Wannier states wL,p and wR,p in the left and the right bases of the
first three levels p = 0, p = 1, and p = 2 for the corresponding optical potential in
the x direction. Each level p is constructed by a linear combination of the two bands
b = 2p and b = 2p+ 1 as shown also in Fig. 5.2.

Eq. (5.2) in Fourier space as

H̃1(q) =
ℏ2

2m
q2 + Ṽ (q), (5.5)

where Ṽ (q) is the Fourier expansion of the lattice potential with quasi-momentum q.
We assume a lattice with L sites and discretized values for the momenta q = fks + k

with f ∈ Z, k = ks(2n+1−L)/2L, and n ∈ [0, L−1] in the first Brillouin zone.
From Bloch’s theorem, the eigenfunctions of H̃1(q) can be written in the form

Φb,k(x) = eikx/ℏ ϕb,k(x)

where ϕb,k(x) =
∑
m

Cm,b,k e
ifksx.
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Here, Cm,b,k are coefficients obtained by solving for the eigenstates of Eq. (5.5), the
index b denotes the band index, and ϕb,k(x) are periodic functions with periodicity
d = λℓ/2, i.e., ϕb,k(x) = ϕb,k(x+d). Bloch states Φb,k(x) are localized in momentum
space, but completely delocalized in real space. Equivalently, we can define a set of
basis states called Wannier states, which are localized in real space [169–171]. We
choose the Wannier states as our basis in which the system is specified. This is
motivated as we assume the wave function of the atoms to be localized on one side
of the double well and close to the ground state of the optical lattice. Under these
assumptions, the wave functions can be described with only a few Wannier states. We
can calculate Wannier functions wb based on the idea that these states are defined as
the eigenstates of the position operator X such that

Xbwb(x−x0) = x0wb(x−x0).

For this, we write the position operator

Xb,k′,k =

∫
Φ∗

b,k′(x) xΦb,k(x)dx

in terms of the Bloch state basis Φb,k(x). The Wannier function wb(x−x0) in band b

at position x− x0 in the x direction is defined as

wb(x−x0) =
1√
L

∑
k

e−i(kx0+χk) Φb,k(x)

with a momentum-dependent phase χk, which is given by the condition that the Wan-
nier states are the eigenstates of the position operator X. Note that even if the Wannier
states build an orthonormal basis, they are not the eigenstates of the Hamiltonian.
Nevertheless, the stronger the optical potential gets, the flatter the bands become in k,
and with that Wannier states match closer with the eigenstate of the Hamiltonian. For
a double well system as shown in Fig. 5.2, one can always take a linear combination
of two bands (2p and 2p + 1) to construct the left wL and right wR basis states of
the level p. For that, one only needs to apply the condition that the Wannier states
wL and wR are still the eigenstates of the position operator X. Examples of Wannier
states are shown in Fig. 5.3.

Instead of simulating the real-space Hamiltonian of Eq. (5.3), we can also describe
fermionic atoms trapped in the optical lattices with the Fermi-Hubbard model [175,
176] as

Ĥ = −J
∑
i̸=j,σ

(c†iσcjσ+h.c.) + U
∑
i

ni↑ni↓, (5.6)
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Model Gate Fermi-Hubbard Experimental
parameters parameters

Two-band SWAP J(t) Vs(t), Vℓ(t)
√
SWAP J(t) Vs(t), Vℓ(t)

U a

Higher-band SWAP Jp(t) Vs(t), Vℓ(t)
√
SWAP Jp(t) Vs(t), Vℓ(t)

Uαβγδ
mnop(t) a, Vs(t), Vℓ(t)

Table 5.1: Different Fermi-Hubbard parameters and the corresponding tunable exper-
imental parameters. There are two Fermi-Hubbard parameters: interaction strength
U and hopping strength J . For the two-band Fermi-Hubbard model, J is time-
dependently tuned using the lattice depths Vs and Vℓ. Whereas, we assume that
U is time-independent and tuned by the scattering length a. The conversion relations
between the experimental parameters and the Fermi-Hubbard parameters are given
by Eq. (5.8)-(5.9). For the higher-band model, we have multiple Jp for different p
levels of the double well controlled by Vs and Vℓ with Eq. (5.18). Similarly, we have
multiple time-dependent Uαβγδ

mnop(t) tuned by a, Vs and Vℓ with Eq. (5.19) as detailed in
Sec. 5.4.1.

where the operator c†iσ (or ciσ) creates (or annihilates) an atom in the spin state
σ ∈ {↑, ↓} at the lattice site i. The operators c†iσ and cjσ′ have anti-commutation
relation as {c†iσ, cjσ′} = δijδσσ′ , and niσ = c†iσciσ is the number operator. The first
term represents the hopping between site i and j of the lattice with amplitude J . The
second term describes the interaction of strength U between two atoms of opposite
spins, sitting on the same site i of the lattice. The model of Eq. (5.6) is sufficient
to describe the atoms in the optical lattice with periodic single wells. However, for a
superlattice with periodic double wells and relevant depth, the gap between the two
lowest energy bands becomes very small inside each double well as shown in Figs. 5.1
and 5.2. Therefore, we extend the one-band Fermi-Hubbard model to a two-band
model for describing the dynamics of the double well. We assume that all the higher
bands (b > 1) as shown in Fig. 5.2 are still separated by a large energy gap and the
two-band model sufficiently describes the system.

The two-band Fermi-Hubbard model for two atoms in a single double well [157, 178]
is given by

Ĥ = −J
∑
σ

(c†LσcRσ+h.c.) + U
∑

α=L,R

nα↑nα↓ , (5.7)

where c†Lσ (or cLσ) and c†Rσ (or cRσ) create (or annihilate) a fermion in spin state
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σ ∈ {↑, ↓} on the left (L) or the right (R) side of the double well respectively.
Equation (5.7) resembles Eq. (5.6) with the site index i replaced by the left (L) and
right (R) side of the double well. The first term represents the hopping between the
left and the right side of the double well with amplitude J . The second term describes
the interaction of strength U between two atoms of opposite spins, sitting on the same
side of the double well. Throughout the paper, we work with a symmetric double well,
i.e. φ(t)=0 [see Eq. (5.1)]. Thus U is identical for the left and right wells. The gates
are based on the hopping and the onsite interaction of the atoms in the double well,
which are given by

J = −
∫
wR(x)H1(x)wL(x)dx, (5.8)

U =

∫∫
U3D(r1, r2)w

2
α(r1)w

2
α(r2) dr1 dr2, (5.9)

where U is assumed to be independent of α ∈ {L,R}. The pseudo interaction potential
U3D(r1, r2) is defined in Eq. (5.4) and H1(x) is the single-atom Hamiltonian from
Eq. (5.2) in the x direction. The function wα(r) = wα(x)w0(y)w0(z) is the three-
dimensional Wannier state, where wL(x) and wR(x) represent the states in the x

direction on the left (L) and the right (R) side of the double well, respectively. The
Wannier states of the lowest band in the y and the z direction are w0(y) and w0(z),
respectively. As explained in Table 5.1, the hopping strength J is calculated from the
time-dependent lattice depths Vs(t) and Vℓ(t). The onsite interaction U depends on
the constant scattering length a, along with the lattice depths Vs(t) and Vℓ(t). In the
two-band description, U is almost independent of the change in the long lattice depth
Vℓ and it increases with increasing short lattice depth Vs. However, U can be tuned
over a much larger range by changing a, Vy, and Vz compared to changing Vs [167].
As a simplification, for the two-band model, we assume that the change in the onsite
interaction depends only on the change in the s-wave scattering with tunable constant
scattering length a. We can calculate J(t) and U from the experimental parameters
Vs, Vℓ and a using Eqs. (5.8) and (5.9) respectively. However, the reverse calculation
of the experimental parameters Vs(t) and Vℓ(t) from a given J(t) is more problematic
as explained in Sec. 5.3.2.

5.2.2 Objective

The two-qubit gates for the fermionic system in the superlattice can be represented
using the spin non-conserving basis states |↑↑⟩, |↑↓⟩, |↓↑⟩, and |↓↓⟩, where each state
represents atoms on the left (L) and the right (R) side of the double well [106, 177].
So, the state |↑↓⟩ describes that the first atom in the left (L) well is in the spin-up
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state and the second atom in the right (R) well observes a spin-down state. In this
basis, the total spin of the system is not conserved. The SWAP and

√
SWAP gates

are represented in this basis as

SWAP =

[
1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

]
,
√
SWAP =

[ 1 0 0 0
0 (1+i)/2 (−1+i)/2 0
0 (−1+i)/2 (1+i)/2 0
0 0 0 1

]
.

In the two-band Fermi-Hubbard model, two fermionic atoms with the spin up or down
can only attain the state |↑↑⟩ or |↓↓⟩ respectively, and hence are fixed by Pauli’s
exclusion principle. Therefore, applying a SWAP or

√
SWAP gate will not change

their states. Therefore, we focus on the basis |↑↓⟩ and |↓↑⟩. From the symmetry of
the Hamiltonian, SWAP or

√
SWAP gate will perform the same operation on |↑↓⟩ and

|↓↑⟩, which means any pulses transferring the state |↑↓⟩ to |↓↑⟩ will also transfer |↓↑⟩
to |↑↓⟩. Hence, it is sufficient to optimize the transfer of the state

Ψ0 := |↑↓⟩ to ΨSWAP := |↓↑⟩

using a time-dependent control J(t) at U = 0 and later verify that this also transfers
|↓↑⟩ to |↑↓⟩. Similarly, it is enough for the optimization of the

√
SWAP gate to optimize

the transfer of the state

Ψ0 to Ψ√
SWAP := [(1+i) |↑↓⟩ − (1−i) |↓↑⟩]/2

using J(t) and the time-independent control U . Therefore, we only need to solve
a state-to-state transfer problem for obtaining the SWAP and

√
SWAP gates in the

two-band Fermi-Hubbard model.
With one atom in the spin-up state and a second one in the spin-down state, we

can have four possible states |D0⟩, |↑↓⟩, |↓↑⟩, and |0D⟩, where D denotes double
occupancy on the left or the right side of the double well. The states |D0⟩ and |0D⟩
are out of our two-qubit computational basis. Hence, our goal is to minimize the
probability that the states |D0⟩ and |0D⟩ are observed at the end of the SWAP or√
SWAP gates. Additionally, the double well can accommodate up to four fermionic

atoms with two atoms in the spin-up state and two atoms in the spin-down state.
One-atom states serve as single-qubit states. However, for two-qubit gates, states
with three and four atoms are error states. Hence, we do not consider these error
states in the optimization and only check the performance of our optimized pulses for
these error states in Sec. 5.6.
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5.3 Optimization with a two-band Fermi-Hubbard

model

As explained in Sec. 5.2.2, we aim to optimize the transfer from Ψ0 to ΨSWAP or
Ψ√

SWAP by minimizing the population of the state |D0⟩ and |0D⟩. First, we optimize
the hopping parameter J(t) for the SWAP gate using analytical methods. Later, we
compare our results with the numerical optimization in Sec. 5.3.2.

5.3.1 Analytical optimization

In this section, we study the problem of finding the time-optimal pulse sequence to
perform the SWAP gate. In particular, we find the minimum time for transferring
the state |↑↓⟩ to |↓↑⟩ in the two-band Fermi-Hubbard model without any interaction,
i.e., for U = 0. The interaction strength U can, in principle, be tuned to zero
either by changing the internal atomic state to a non-interacting one or by tuning
the magnetic field to set a = 0 [304, 305]. The time optimal pulse also transfers the
state |↓↑⟩ to |↑↓⟩. Similar problems have been extensively studied in other systems
[235, 236, 239, 241, 299]. The system Hamiltonian is given by

H ′(t) =


U −J(t) −J(t) 0

−J(t) 0 0 −J(t)
−J(t) 0 0 −J(t)

0 −J(t) −J(t) U

 (5.10)

in the basis corresponding to the basis states |D0⟩, |↑↓⟩, |↓↑⟩, |0D⟩. We switch to a
new basis (|D0⟩+ |0D⟩)/

√
2, |↑↓⟩, |↓↑⟩, (|D0⟩− |0D⟩)/

√
2 which allows us to neglect

the state (|D0⟩− |0D⟩)/
√
2 (in our analytic optimization) as it does not couple with

the other states. Therefore, the time-evolution with J̃(t)=−
√
2J(t) and U=0 is

i

ẋ1ẋ2
ẋ3

 =

 0 0 J̃(t)

0 0 J̃(t)

J̃(t) J̃(t) 0


x1x2
x3

 (5.11)

where x1, x2, and x3 correspond to complex coefficients of the states |↑↓⟩, |↓↑⟩, and
(|D0⟩+ |0D⟩)/

√
2 respectively. Thus, optimizing the SWAP gate reduces to finding

J̃(t) for evolving the system from (1, 0, 0)T to (0, 1, 0)T . In order to obtain the time-
optimal solution, we follow the standard approach [235, 236, 239, 241, 299] which is
based on solving suitable Euler-Lagrange equations. The calculation is detailed in
Appendix 5.11.1 and shows that time-optimal J(t) is a constant pulse. Other more
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direct approaches might be applicable in this particular case, but the calculations in
Appendix 5.11.1 also prepare the ground for future work to explore analytical solutions
beyond the considered two-band Fermi-Hubbard model.

Result 1 The time optimal SWAP gate in the two-band Fermi-Hubbard model without
any interaction (i.e. U = 0) is given by a constant pulse J(t) = Jmax, where Jmax is
the maximal experimentally possible hopping strength J . The minimum gate duration
to transfer the state from |↑↓⟩ to − |↓↑⟩ or vice-versa is given by T=π/(2Jmax). For
Jmax = 34.03 kHz, we get T=π/(2Jmax) = 0.046 ms. The explicit form of the state
evolution follows from Eq. (5.31).

Remark 1 The state |↑↓⟩ can only be transformed into − |↓↑⟩ using a real J(t). The
−1 phase of |↓↑⟩ appears since the Hamiltonian is written using the spin-ordered con-
vention where the creation operators are applied on the vacuum |00⟩ in the order
c†R↓c

†
L↓c

†
R↑c

†
L↑ and thus

SWAP′ =

[
1 0 0 0
0 0 −1 0
0 −1 0 0
0 0 0 1

]
.

We can also write the Hamiltonian using the site-ordered convention where the creation
operators are applied on the vacuum |0⟩ in the order c†R↓c

†
R↑c

†
L↓c

†
L↑. The site-ordered

convention gives the usual SWAP operation. One can apply the matrix diag(1,−1,−1, 1)

on SWAP′ to get SWAP, which requires a phase change conditional on the spin parity.
Optimizations performed in this work uses the spin-ordered convention, but the results
are easily adaptable to site-ordered convention. Therefore, we neglect the phase of the
target states for our numerical optimizations.

In the next section, we use a gradient-based numerical optimization to find the optimal
J(t) for the SWAP gate and compare it with the analytical result.

5.3.2 Numerical optimization

As explained in Sec. 5.2.1, the hopping parameter J is tuned by changing the lattice
depths Vs and Vℓ, while the interaction strength U is controlled by the constant scatter-
ing length a. The conversion relations between the experimental parameters and the
Fermi-Hubbard parameters are given by Eqs. (5.8)-(5.9). To perform experiments with
optimal control pulses, we need to convert the optimized J and U to the experimental
parameters Vs, Vℓ, and a. However, reconstructing Vs and Vℓ from J is non-trivial and
introduces noise. To test the reconstruction performance, we start with an initial set
of Vs and Vℓ [shown in Fig. 5.4(a)], expressed in units of their respective recoil energies
Ers=ℏ2k2s/(2m) and Erℓ=ℏ2k2ℓ/(2m). These lattice depths generate an exponentially
changing J , as shown in Fig. 5.4(b). We then attempt to reconstruct the initial lattice
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Figure 5.4: Relation between (a) lattice depths Vs and Vℓ in their respective recoil
energies Ers(ℓ)=ℏ2k2s(ℓ)/2m and (b) the corresponding hopping strength J via Eq. (5.8).
(c) The non-recommended noisy reconstruction of Vs and Vℓ from the hopping strength
J in (b) significantly differs from their initial values in (a). This is avoided by directly
optimizing Vs and Vℓ as detailed in Sec. 5.3.2.

depths from J using a pre-stored data table of Vs, Vℓ, and J . As shown in Fig. 5.4(c),
the reconstructed long lattice depth Ṽℓ does not match the initial Vℓ, and the back
conversion also introduces noise in the reconstructed short lattice depth Ṽs.

Remark 2 Optimizing J and converting it back to lattice depths Vs and Vℓ is not
effective for obtaining smooth and realistic pulses. Therefore, for the remainder of this
work, we directly optimize the experimental parameters Vs, Vℓ, and a to achieve the
optimized SWAP and

√
SWAP gates.

We can apply a gradient-based optimization technique known as GRAPE [37] which
can also utilize Newton or quasi-Newton (BFGS) methods [41, 78, 268, 269, 306] and
can include different transfer functions [307, 308] to optimize Vs and Vℓ for the SWAP
gate with a = 0. For the

√
SWAP gate, we use the optimized Vs and Vℓ from the SWAP

gate and conduct a one-dimensional search with the target state Ψ√
SWAP to identify

the optimal scattering length a for the
√
SWAP gate. Algorithm 1 briefly explains the

optimization steps for the SWAP and
√
SWAP gates for a two-band Fermi-Hubbard

model.
We need to calculate gradients of the cost function with respect to Vs and Vℓ

for the gradient-based optimization of the SWAP gate. For this, we can express the
Hamiltonian of Eq. (5.11) as a control Hamiltonian given by

H(t) = J(t)HJ , (5.12)

where HJ is constant in time and U = 0 for the SWAP gate. Now, our goal is to
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Algorithm 1: Optimization of the SWAP and
√
SWAP gates using the two-

band model
SWAP:
Input: a = 0
Optimization parameters: Vs(t) and Vℓ(t)
Step 1: Define the SWAP-gate cost function CSWAP = 1− |⟨ΨSWAP|Ψ(T )⟩|2
Step 2: Minimize CSWAP to find optimal Vs and Vℓ using gradient-based
optimization with the spline-fit method
Output: Optimized Vs(t) and Vℓ(t) for the SWAP gate
√
SWAP:

Input: Vs(t) and Vℓ(t) from the SWAP gate
Optimization parameters: a
Step 1: Define the

√
SWAP-gate cost function C√

SWAP = 1− |⟨Ψ√
SWAP|Ψ(T )⟩|2

Step 2: Perform a one-dimensional search to minimize C√
SWAP and optimize a

Output: Optimized a for the
√
SWAP gate

transfer a quantum system from the given initial pure state Ψini = Ψ0 to the target
pure state Ψtar = ΨSWAP in time T by varying the control pulse J(t) while minimizing
the cost function

C = 1− |⟨Ψtar|Ψ(T )⟩|2. (5.13)

We divide the total control duration T into NT equal steps of duration ∆t = T/NT ,
which results in a piecewise constant J(t). The time evolution of the quantum system
during the jth time step is given by

Uj = exp[−i∆tJ(j)HJ ]. (5.14)

The cost function (5.13) can be written as

C = 1− |⟨Ψtar| UNT
· · · U1|Ψini⟩|2 (5.15)

To minimize C, at every iteration of the algorithm, we update the controls by

J(j) → J(j)− e
δC

δJ(j)
,

where e is a small unitless step matrix.
Now, in our case, we perform a change of controls from the experimental parameters

Vk∈{Vs, Vℓ} to the Fermi-Hubbard parameter J , where Vk and J are piecewise constant
with NT time steps. Hence, we follow the derivation in [78], where the product rule is
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applied to the gradient calculation and one obtains

δC

δVk(j)
=

NT∑
s=1

δJ(s)

δVk(j)

δC

δJ(s)
.

The derivative δC/δJ(s) is here calculated with the help of the Fréchet-derivative
method [270] using the Python package SciPy [271]. We use a spline-fit method for
calculating the Fermi-Hubbard parameter J and its gradient with respect to the lattice
depths at each time step and every optimization iteration, i.e., δJ(s)/δVk(j). For this,
we create a grid of 100× 100 pairs (Vs, Vℓ), where Vs ranges from 2Ers to 30Ers and Vℓ
ranges from 30Erℓ to 50Erℓ. We calculate and store the value of J for each point on
the grid. Using the pre-stored data set of triples (Vs, Vℓ, J), we fit a bivariate spline
function of degree three using Scipy [271] and calculate the fit coefficients. Finally,
we can calculate with these coefficients the values of J and δJ/δVk at new values of
Vk ∈ {Vs, Vℓ} during the optimization. To obtain a good fit, we should have enough
pre-stored data set of triples (Vs, Vℓ, J), and we see that a grid of 100×100 is sufficient.
As explained in Appendix 5.11.3, the spline-fit method is computationally efficient and
enables faster optimization compared to calculating J and δJ/δVk analytically or with
the finite-difference method using Eq. (5.8).

We begin by optimizing the SWAP gate across multiple gate durations, ranging
from 0.03 ms to 0.09 ms and each time step ∆t = 0.005 ms. For a simple optimization
example, we use a linearly decreasing Vs as an initial guess for the pulse sequence while
keeping Vℓ = 30Erℓ constant. The bounds for Vs are fixed between 2Ers and 30Ers.
The scattering length a is set to zero for the SWAP gate. The numerical optimization
imposes constraints on the start and the end of the pulses to ensure that it is exper-
imentally feasible. These constraints, in turn, force the resulting hopping parameter
Jnumerical to start and end at zero. Figure 5.5(a) illustrates the optimized SWAP gate
error as a function of the gate duration. The infidelity decreases rapidly, becoming less
than 10−8 for durations longer than 0.06 ms, which is close to the analytical quantum
speed limit of 0.046 ms, calculated in the Appendix. 5.11.1. However, these additional
constraints prevent the optimization from fully achieving the analytical quantum speed
limit. Now, as explained in Sec. 5.2.2, for the two-band Fermi-Hubbard model, ba-
sis states |↑↑⟩ and |↓↓⟩ do not change under SWAP, and from the symmetry of the
Hamiltonian in Eq. (5.11), we must reach the state |↑↓⟩ from the initial state |↓↑⟩. We
verify this explicitly by calculating the full SWAP gate error as

CF
SWAP = 1− 1

Ni

∑
(Ψini,Ψtar)

|⟨Ψtar| UNT
· · · U1|Ψini⟩|2, (5.16)
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Figure 5.5: (a) The error of the SWAP gate is numerically minimized for different gate
durations based on a Fermi-Hubbard model; the numerical quantum speed limit (QSL)
of 0.06 ms is close to the analytical one from Sec. 5.3.1 with 0.046 ms. The full gate
error defined by Eq. (5.16) matches the state transfer error defined by Eq. (5.13).
(b) Corresponding state evolution of duration 0.06 ms from |↑↓⟩ to |↓↑⟩ with an inter-
mediate state (|D0⟩+ |0D⟩)/

√
2. The symmetry in the Hamiltonian of Eq. (5.11) also

suggests that the same pulse will transfer the state |↓↑⟩ to |↑↓⟩. (c)-(d) Time depen-
dence of the optimized lattice parameters Vs and Vℓ and hopping parameter Jnumerical;
a minimum Vs results in a maximal Jnumerical having a similar form as Janalytical. The
discrepancy between Jnumerical and Janalytical results from the constraints included in
the optimization.
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where (Ψini,Ψtar) denotes the Ni different possible tuples of initial and target states.
For the SWAP gate with the two-band Fermi Hubbard model, we take two sets
{|↑↓⟩ , |↓↑⟩} and {|↓↑⟩ , |↑↓⟩}, an calculate the full SWAP gate error. We show that
the full SWAP gate error matches exactly with the error of transferring the state
from |↑↓⟩ to |↓↑⟩. The evolution of the three basis states is depicted in Figure 5.5(b).
Starting from |↑↓⟩, the system evolves into |↓↑⟩, while the probability of the third
state (|D0⟩+ |0D⟩)/

√
2 peaks at half of the gate duration. The symmetry in the time

evolution also suggests that the same pulse will transfer the state |↓↑⟩ to |↑↓⟩. The
optimized pulses Vs and Vℓ for the 0.06 ms gate duration are shown in Figure 5.5(c)
where Vs approaches the minimum bound of 2Ers. Aside from the additional imposed
bounds, Jnumerical attempts to reach the maximum J = 34.03 kHz and closely resembles
Janalytical as shown in Figure 5.5(d).

Result 2 The shortest, numerically optimized SWAP gate has a duration of 0.06 ms
with an upper bound of Jmax = 34.03 kHz. The corresponding pulse resembles the ana-
lytical time-optimal pulse except for the additional constraints imposed in the numerical
calculations, which forces Jnumerical to start and end at zero.

5.4 Effect of higher bands and offsite terms

5.4.1 Hamiltonian description

As discussed in the previous section, atoms in the double well are described by the
two-band Fermi-Hubbard model and characterized by the nearest-neighbor hopping J
and the onsite interaction U . However, if the pulses are changed non-adiabatically, the
atoms may be excited within the lattice, causing the two-band Fermi-Hubbard model
to fail in accurately describing the system. In such cases, it is necessary to account
for the higher bands of the Fermi-Hubbard model and the offsite interactions between
atoms located on different sites in the double well. To incorporate these higher bands
and offsite interactions, we generalize the two-band Hamiltonian as shown in Fig. 5.2.
The bands appear in pairs, with each pair corresponding to one level p of the Fermi-
Hubbard model so we have M=b/2 levels for b bands. For instance, four bands form
two levels with p ∈ {0, 1}, where the zeroth (b = 0) band and the first (b = 1) band
form the level p = 0, and the second (b = 2) and the third (b = 3) band form the level
p = 1.

The extended higher-band Fermi-Hubbard Hamiltonian for a double well is given
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by

Ĥ =−
∑
p

∑
σ

Jp(c
†
pLσcpRσ+h.c.) (5.17a)

+
∑

m,n,o,p

∑
α,β,γ,δ

Uαβγδ
mnopc

†
mα↑c

†
nβ↓coγ↓cpδ↑ (5.17b)

+
∑
p

∑
α

∑
σ

ϵpαnpασ, (5.17c)

where α, β, γ, δ ∈ {L,R}, m,n, o, p ∈ {1, . . . ,M} and σ ∈ {↑, ↓}. The term in
Eq. (5.17a) describes hopping with amplitudes Jp for different levels p of the well,
as illustrated in Fig. 5.6(a). Specifically, J0 corresponds to the hopping term J in the
two-band model. The hopping amplitude Jp is given by

Jp = −
∫
wpL(x)

[
− ℏ2

2m
∂2x + V (x)

]
wpR(x) dx. (5.18)

The interaction strength Uαβγδ
mnop is calculated using the Wannier functions as follows:

Uαβγδ
mnop=

∫∫
U3Dw

†
mα(r1)w

†
nβ(r2)woγ(r2)wpδ(r1)dr1dr2, (5.19)

where U3D:=U3D(r1, r2). Finally, the Hamiltonian includes an onsite energy term cor-
responding to the energies ϵpj in Eq. (5.17c), which are calculated from

ϵpα =

∫
wpα(x)

[
− ℏ2

2m
∂2x + V (x, t)

]
wpα(x) dx. (5.20)

While the Wannier functions associated with different bands are orthonormal, resulting
in zero overlap, the integral over four different Wannier functions used in Eq. (5.19) is
not necessarily zero. However, the interaction strength Uαβγδ

mnop, which is determined by
the Wannier functions, is typically negligible when m ̸= n ̸= o ̸= p. Thus we consider
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Higher-band Fermi-Hubbard model parameters

(a) Jpc†
pL↑cpR↑ (b) ULLLL

pppp npL↓npL↑

(c) ULRLR
pppp npL↓npR↑ (d) URRRR

mpmpc†
mR↑c†

pR↓cmR↓cpR↑

Figure 5.6: Different hopping and interaction processes in a symmetric double well for a
Fermi-Hubbard model with higher bands. Each level p in the double well is made from
two energy bands as shown in Fig. 5.2. (a) Single-atom hopping term [see Eq. (5.17a)]
between wells for level p with hopping strength Jp calculated from Eq. (5.18). (b)-
(d) Two atoms of opposite spin interact with strength Uαβγδ

mnop calculated from Eq. (5.19),
where α, β, γ, δ refer to the left (L) or the right (R) well and m,n, o, p denote different
levels: (b) ULLLL

pppp has two atoms on level p in the left (L) well [see Eq. (5.21a)] ;
(c) ULRLR

pppp has two atoms on level p in different wells [see Eq. (5.21b)]; (d) URRRR
mpmp has

two atoms on different levels p,m but in the right (R) well [see Eq. (5.21c)].

just the following interaction terms from Eq. (5.17b) with significant contributions:

Ĥint =
∑
p

∑
α

Uαααα
pppp npα↓npα↑ (5.21a)

+
∑
p,m

∑
α,β

∑
σ

Uβααβ
mppmnpασnmβ(−σ) (5.21b)

+
∑
p,m

∑
α,β

Uβααβ
mpmpc

†
mβ↑c

†
pα↓cmβ↓cpα↑ (5.21c)

+
∑
p,m

∑
α,β

Uααββ
ppmmc

†
pα↑c

†
pα↓cmβ↓cmβ↑ (5.21d)

+
∑
p

∑
α

∑
σ

UααLR
pppp npα,−σ (c

†
pLσcpRσ+h.c.). (5.21e)

Remark 3 For the Eqs. (5.21b)-(5.21d), we only consider interaction terms such that
the two atoms either have the same energy levels p and m or they sit on the same side
α and β of the double well, i.e.,

p = m if α ̸= β and α = β if p ̸= m.

The interaction term in Eq. (5.21a) involves onsite interactions with strengths
Uαααα
pppp , corresponding to interactions at level p and side α, as shown in Fig. 5.6(b).
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Additionally, during gate operations, the short lattice depth Vs decreases significantly,
as depicted in Fig. 5.5(c). Consequently, the barrier between the double well becomes
sufficiently small that atoms on either side or at different levels start to interact. This
is represented by the offsite interaction term npασnmβ(−σ), proportional to Uβααβ

mppm, as
described in Eq. (5.21b) and illustrated in Fig. 5.6(c). The term c†mβ↑c

†
pα↓cmβ↓cpα↑ in

Eq. (5.21c) and Fig. 5.6(d) describes the spin exchange process with strength Uβαβα
mpmp

between two atoms at levels p and m and sides α and β. The term c†pα↑c
†
pα↓cmβ↓cmβ↑

in Eq. (5.21d) represents the correlated pair tunneling of two atoms within the double
well.

Lastly, we have a correction term proportional to ∆Jpα = UααLR
pppp in Eq. (5.21e)

yields

∆Jpα =

∫∫
U3D |wpα(r1)|2wpL(r2)wpR(r1)dr1dr2. (5.22)

This term accounts for density-assisted hopping, which corrects the hopping parameter
Jp when another atom of opposite spin is in the double well on side α.

5.4.2 Simulations

To study the effects of these new terms, we perform a time evolution of the system
using the Hamiltonian in Eq. (5.17) with a non-adiabatic approach. Because the x
direction terms of the potential in Eq. (5.1) change non-adiabatically while keeping
the y and z direction terms constant, the Wannier functions in the x direction vary
at each time step during the evolution. Consequently, after each unitary evolution at
time step t, we compute the updated Wannier functions wt, and transform the evolved
state onto these new Wannier states. The non-adiabatic time evolution is described
by

Ψ(t+1) = P (wt+1, wt) e
−iHtδtΨ(t). (5.23)

Here, P (wt+1, wt) denotes the basis transformation operator, which describes the non-
adiabaticity of the time evolution by changing the basis of the state into the new
Wannier basis states at every time step. Since calculating the Wannier functions
as described in Sec. 5.2 is necessary to construct P (wt+1, wt) for each time step, we
cannot utilize the spline method employed in Sec. 5.3.2, and instead, we must directly
compute the parameters J , U , ∆J , and ϵ from Eqs. (5.18)-(5.20) for each time step.

We use this new simulation method to assess the validity of the two-band model.
We simulate the four-band and six-band Fermi-Hubbard model using the pulses opti-
mized from the two-band model. We optimize the SWAP gate for various durations
ranging from 0.05 ms to 0.35 ms within the two-band Fermi-Hubbard model [see
Sec. 5.3.2]. Figure 5.7(a) presents the infidelities for the two-band model at different
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Figure 5.7: The SWAP and
√
SWAP gates have been numerically optimized using a

two-band Fermi-Hubbard model for different gate durations as in Fig. 5.5(a). Their
performance is compared to Fermi-Hubbard simulations with four and six bands.
(a) For SWAP, we see much higher gate errors for four and six bands as compared
to two bands for gate durations of less than 0.28 ms while (b) high gate errors are
observed for

√
SWAP with four and six bands and all gate durations.

gate durations. It is evident that high-fidelity gates can be achieved for very short gate
durations using the two-band model. We then apply these optimized control pulses to
simulate the four-band and six-band models. As shown in Fig. 5.7(a), the simulations
with higher bands exhibit significant deviations from the two-band results, with the
discrepancies increasing for shorter gate durations.

We conduct a similar analysis for the
√
SWAP gate, as shown in Fig. 5.7(b). Here,

we use the optimized time-dependent lattice depths Vs and Vℓ from the SWAP gate
optimizations and optimize only the time-independent scattering length a using the
two-band model. The interaction strength U is calculated from a using Eq. (5.9). Fig-
ure 5.7(b) shows that, similar to the SWAP gate, very low infidelities for the

√
SWAP

gate can be achieved using the two-band Fermi-Hubbard model. Next, we simulate the
four-band and six-band models using the optimal controls from the two-band model.
For short gate durations, we again observe significant divergence of the higher-band
simulations from the two-band model results [see Fig. 5.7(b)]. However, unlike the
SWAP gate, the higher-band simulations fail to match the two-band results even for
longer gate durations in the case of the

√
SWAP gate. This discrepancy is likely due to

the additional off-site interactions present in the higher-band model [see Eq. (5.17)],
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Algorithm 2: Optimization of the SWAP and
√
SWAP gates with higher-

band models
SWAP: Same as in the SWAP optimization in Algorithm 1. Instead of the
spline-fit method,
a combination of approximate analytical and finite-difference gradients is used.
√
SWAP:

Optimization parameters: Vs(t), Vℓ(t), and a
Step 1: Define the

√
SWAP-gate cost function C√

SWAP = 1− |⟨Ψ√
SWAP|Ψ(T )⟩|2

Step 2: Minimize C√
SWAP and optimize Vs(t) and Vℓ(t) using a gradient-based

optimization
Step 3: Perform a one-dimensional search to find the optimized a for C√

SWAP

Output: Optimized Vs(t), Vℓ(t), and a for
√
SWAP

whereas the two-band model includes only onsite interactions. Furthermore, in the
two-band model, the Wannier states used in Eq. (5.9) are computed at the start of
the time evolution and are assumed to remain constant throughout. This assumption
holds for an adiabatic time evolution, where the initially calculated Wannier states
are eigenstates of the Hamiltonian at all times. However, for fast gates with non-
adiabatic changes in lattice depths, the Wannier states wpL(t) and wpR(t) vary during
the evolution. This variation introduces additional errors in the gate fidelity, which
are accounted for in the higher-band simulations through the basis transformation
operators in Eq. (5.23).

Result 3 Simulations in higher-band Fermi-Hubbard models of pulses optimize using a
two-band model show significantly higher errors for the SWAP and

√
SWAP gates. This

suggests that for non-adiabatic gate operations, the two-band model is not sufficient and
optimizations using higher-band Fermi-Hubbard models are essential.

5.5 Optimization with higher-band Fermi-Hubbard

model

We showed in Sec. 5.4 that the optimization with a two-band Fermi-Hubbard model
is insufficient in describing the fast SWAP and

√
SWAP gates. To better capture the

behavior of the system and generate efficient gates, we must include higher bands of
the model into our optimization. In analogy to the two-band model, we optimize the
SWAP and

√
SWAP gates using gradient-based methods with a higher-band Fermi-

Hubbard model. We use our non-adiabatic simulation method described in Sec. 5.4.2.
We optimize Vs and Vℓ for the SWAP gate with the scattering length a = 0. In
contrast to the two-band model, where the

√
SWAP gate is controlled by the lattice
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depths Vs and Vℓ from the SWAP gate optimization, we independently optimize Vs
and Vℓ for the target state Ψ√

SWAP and then perform a one-dimensional search to
find the optimal a. This is described in the Algorithm 2. For the two-band model in
Sec. 5.3.2, we calculate the gradient of the cost function C with respect to Vs and Vℓ

using spline-fit method whereas the gradient for the one-dimensional search is trivial
and easily computed using finite-differences. However for the higher-band model,
in the absence of a spline-fitting approach, the gradients dC/dVs and dC/dVℓ can
be computed either analytically or through finite-differences. In Appendix 5.11.2, we
derive an approximate analytical expression for the gradient that is considerably faster
than the finite-difference method as shown in Appendix 5.11.3. This approximation
allows for an accelerated optimization process. Subsequently, we can employ the finite-
difference method to refine the optimization, enabling convergence to the minimum of
the cost function.

5.5.1 State-to-state transfer optimization

First, we optimize the transfer from the initial state Ψ0 to the target state ΨSWAP,
for different gate durations using the four-band Fermi-Hubbard model. We try to
find the optimal Vs and Vℓ for variable gate durations from 0.06 ms to 0.20 ms. We
constrain the optimization with bounds on Vs and Vℓ given by the pairs (0.1 Ers,
45 Ers) and (7 Erℓ, 35 Erℓ) respectively. The optimized SWAP infidelities are presented
in Fig. 5.8(a) where the error is less than 0.001 for gate durations larger than 0.08 ms.
We emphasize that compared to the four-band simulation in Fig. 5.7(a), we achieve a
significantly lower infidelity after optimizing for the four-band model with similar gate
durations. The improvement in fidelity comes from the enhanced controllability by
including the higher bands with multiple hopping parameters. To validate the four-
band model, we simulate the system with six bands using the optimized controls from
the four-band optimization. The gate error in the six-band model shows negligible
deviation from the error in the four-band model [see Fig. 5.8(a)]. Specifically, the
error in the six-band simulation is less than 0.001 for gate durations greater than 0.1
ms. This result suggests that excitations beyond four bands are negligible, indicating
that the four-band Fermi-Hubbard model is sufficient to capture most the dynamics
of the double-well system under the SWAP gate. We also examine the effect of the
upper bound of the long lattice depth Vℓ on the gate fidelity. The SWAP gate is
optimized for upper bounds given by 30, 40, and 50 times the value of Erℓ, and the
resulting infidelities are shown in Fig. 5.8(b) on a logarithmic scale. We observe that
gate fidelity improves with a higher upper bound on Vℓ, as increased Vℓ leads to more
localized Wannier states and enhances the hopping strength J .
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Figure 5.8: Higher-band Fermi-Hubbard optimizations for SWAP and
√
SWAP.

(a) SWAP gate optimizations for four bands have an error of less than 0.001 for gate
durations of more than 0.08 ms. These optimized pulses for four bands are used in
six-band simulations which match closely with errors of less than 0.001 for gate dura-
tions larger than 0.1 ms. This suggests that four-band optimizations are sufficient for
the high-fidelity SWAP gate. (b) SWAP gate optimization errors for upper bounds
given by 30, 40, and 50Erℓ for Vℓ and the four-band model; For each upper bound,
the error is shown with gate durations of 0.06, 0.1, 0.14, and 0.18 ms. Larger upper
bounds result in smaller gate errors, especially for shorter gate durations. (c) Similar
optimizations and simulations for

√
SWAP. The four-band optimizations have errors

of less than 0.007 for gate durations larger than 0.12 ms. The corresponding six-band
simulations slightly differ with errors of less than 0.007 for gate durations larger than
0.16 ms. (d) Improved

√
SWAP optimizations with errors of less than 0.005 for gate

durations larger than 0.12 ms by increasing the upper bound for Vℓ to 45 Erℓ and
optimizing for six bands. The corresponding eight-band simulations have errors of
less than 0.005 for gate durations larger than 0.12 ms and show negligible excitation
beyond six bands.
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Figure 5.9: Four-band Fermi-Hubbard model optimizations for a short gate dura-
tion of 0.12 ms relying on excitations to higher bands and multiple hopping and
interaction strengths. (a) Optimal controls Vs and Vℓ in their respective recoil en-
ergies Ers(ℓ) = ℏ2k2s(ℓ)/(2m). (b) State evolution under SWAP from |1⟩ = |↑↓⟩ to
|4⟩ = |↓↑⟩ for 0.12 ms with optimal controls from (a) and state labeling scheme as
in Sec. 5.6 and Table. 5.2. (c) State evolution under

√
SWAP from |1⟩ = |↑↓⟩ to

[(1+i) |1⟩−(1−i) |4⟩]/2 = [(1+i) |↑↓⟩−(1−i) |↓↑⟩]/2 with optimal controls from (a)
and optimized scattering length a = 1995.22 × a0 where a0 = 5.29 × 10−11 m is the
Bohr radius. (d)-(f) The corresponding Fermi-Hubbard parameters: Each level p in
the double well consists of two energy bands 2p and 2p+1, resulting in two levels for the
four-band Fermi-Hubbard model. (d) The hopping parameter J0 on the first level and
between the left and the right side of the double well increases with decreasing Vs and
increasing Vℓ. The onsite interaction Uαααα

0000 on the first level is directly proportional
to Vs and Vℓ. (e) The second-level hopping parameter J1 and the onsite interaction
Uαααα
1111 behave similar as in (d). (f) The offsite interaction ULRLR

0000 and ULRLR
1111 between

the left and right sides on the first and the second level have a small magnitude and
become significant for small Vs. Here, Uαααα

1100 represents the interaction between the
first and the second level on the same side of the double well and behaves similar as
Uαααα
pppp .
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Next, we optimize the lattice depths Vs and Vℓ and the scattering length a for
the

√
SWAP gate i.e., for transferring the state Ψ0 to the state Ψ√

SWAP, using the
same initial conditions and bounds as in the SWAP-gate optimization. As shown in
Fig. 5.8(c), the infidelity increases for shorter pulse durations. The four-band opti-
mizations yield errors of less than 0.007 for gate durations longer than 0.12 ms. Similar
to the SWAP gate, we compare our results with six-band simulations, as illustrated
in Fig. 5.8(c). The six-band simulations differ slightly from the four-band results,
showing errors of less than 0.007 for gate durations longer than 0.16 ms, indicating
the presence of higher-band excitations in the system. This can be mitigated by in-
creasing the upper bound on Vℓ to 45 Erℓ and optimizing within the six-band model,
as shown in Fig. 5.8(d). We further compare the optimization in the six-band model
with simulations in the eight-band model and observe negligible excitations beyond six
bands. Both the six-band optimization and the eight-band simulation result in gate
errors smaller than 0.005 for gate durations longer than 0.12 ms. This suggests that
for the

√
SWAP gate, good pulses can be identified through four-band or six-band

optimizations where the six-band model gives lower higher-band excitation compared
to the four-band model.

5.5.2 Dynamics with optimzed controls

We focus on one set of optimal lattice depths Vs and Vℓ for a duration of 0.12 ms
as shown in Fig. 5.9(a), which have been optimized for the

√
SWAP gate. The op-

timal scattering length is a = 1995.22 a0, where a0 = 5.29 × 10−11 m is the Bohr
radius. The controls are simple and realistic, adhering to experimental constraints.
The corresponding time evolution for the SWAP and

√
SWAP gates is illustrated in

Fig. 5.9(b)-(c). The system begins in the state Ψ0 and evolves to the target states
ΨSWAP and Ψ√

SWAP for the SWAP and
√
SWAP gates, respectively. The symmetry in

the system suggests that the same pulse will transfer the state ΨSWAP to Ψ0 for SWAP
gate. Notably, there is excitation and de-excitation from higher-band states during
the time evolution, resulting in faster gate operations. The combined probabilities
for all the states involving the second level are less than 10−7 and 10−4 at the end of
the SWAP and

√
SWAP gates, respectively. This suggests that the optimized controls

effectively minimize excitations to higher levels at the end of the gates, which is crucial
for any quantum operation. The remaining error arises from probabilities on the order
of 10−3 for the first-level states |D0⟩ and |0D⟩ in the case of the

√
SWAP gate.

We also examine the impact of the optimal Vs, Vℓ, and a on the higher-band Fermi-
Hubbard parameters of Eq. (5.17). Each level p in the double well is composed of two
energy bands, 2p and 2p + 1, yielding two levels in the four-band Fermi-Hubbard
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model. The hopping parameter J0 represents the hopping between the left (L) and
right (R) sides of the well on the first level (or equivalently the hopping J of the
two-band Fermi-Hubbard model) and Uαααα

0000 corresponds to the interaction U of the
two-band Fermi-Hubbard model as shown in Fig. 5.9(d). The value of J0 increases
with decreasing Vs and increasing Vℓ, as these conditions lead to a higher overlap
between the Wannier functions w0L and w0R. Conversely, the onsite interaction Uαααα

0000

decreases with decreasing Vs as shown in Fig. 5.9(d).
For the two-band Fermi-Hubbard model optimization in Sec. 5.3.2, we assume

that the interaction strength is independent of changes in the Wannier functions and
remains constant and proportional to a. However, we observe that this assumption
breaks down with our optimal lattice depths for the four-band Fermi-Hubbard model,
as Vs becomes shallow for fast gates. In the four-band Fermi-Hubbard model, an
additional hopping parameter J1 and onsite interaction strength Uαααα

1111 arise, as shown
in Fig. 5.9(e). The parameter J1 has a larger magnitude compared to J0 because the
overlap between the Wannier functions w1L and w1R for the second level is greater
than that for the first level. Conversely, Uαααα

1111 has a smaller magnitude compared to
Uαααα
0000 due to the reduced overlap of the Wannier functions on the same site at the

second level. Additionally, there are significant contributions from offsite interactions
Uαβγδ
mnop when the lattice depths are shallow.

Figure 5.9(f) illustrates the variation of three different offsite interactions with
time-dependent lattice depths. The terms ULRLR

0000 and ULRLR
1111 represent the offsite

interactions between the left (L) and right (R) sides of the double well for the first and
second levels, respectively. Similar to Jp, the offsite interaction ULRLR

pppp is proportional
to the overlap between the wave functions on the left and right sides, thus it increases
as Vs decreases. The term Uαααα

1100 represents the interaction between atoms occupying
different levels but residing on the same side α. For Uαααα

pppp , the interaction Uαααα
1100

decreases as the Wannier functions spread out with a shallower short lattice.
Note that the optimized gates are distinct from superexchange processes where

U ≫ J , which avoid the |D0⟩ and |0D⟩ states, but result in long gate times [159].
For the optimized pulses shown in Fig. 5.9(a), we obtain Uαααα

0000 /J0 = 5.34 and
Uαααα
1111 /J1 = 3.64, where these ratios are calculated by integrating the time-dependent

curves in Fig. 5.9(d)-(e). This ratio is close to the exchange ratio U/J = 4/
√
3, which

permits population in the |D0⟩ and |0D⟩ states. Our optimized control operates near
this exchange ratio, but is further refined to minimize population in the |D0⟩ and
|0D⟩ states while achieving faster gates. Similar parameter regimes could be accessed
through adiabatic control, but this would result in slower gates. The speedup in our
case arises from non-adiabatically modulating Vs and Vl to dynamically enhance J from
an initially negligible value. This results in pulses that are experimentally feasible and
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helps manage excitations to higher energy levels efficiently.

Result 4 Efficient SWAP and
√
SWAP gates are found using higher-band Fermi-

Hubbard models. The control duration can be as short as 0.08 ms for transferring the
state Ψ0 to ΨSWAP and 0.12 ms for transferring Ψ0 to Ψ√

SWAP which is five times
shorter than typical experimental state transfer durations [157, 178]. The results for√
SWAP are improved by optimizing with the six-band model and increasing the upper

bound on Vℓ.

In the following Sections 5.6 and 5.7, we discuss how the obtained gates perform
when they are applied to error states with three and four atoms in a double well as
well as their robustness under multiple error sources. Afterwards, we consider the full
gate optimization using higher bands in the Fermi-Hubbard model (see Sec. 5.8).

5.6 Multi-atom dynamics

We have demonstrated performance enhancements for SWAP and
√
SWAP for two

atoms of opposite spins in a double well. However, in a real experimental setup, mul-
tiple double wells are controlled by global lasers Vs and Vℓ, and some double wells
may contain more or fewer than two atoms after state preparation. To fully charac-
terize the system, it is essential to consider all possible atomic configurations within
a double well and analyze the impact of our optimized pulses on these configurations.
For fermionic atoms, 16 different states can exist within a double well with up to four
atoms:

• 0 atoms: |00⟩

• 1 atom: |↑0⟩, |0↑⟩, |↓0⟩, |0↓⟩

• 2 atoms: |↑↓⟩, |↓↑⟩, |↑↑⟩, |↓↓⟩, |D0⟩, |0D⟩

• 3 atoms: |D↑⟩ , |↑D⟩ , |D↓⟩ , |↓D⟩

• 4 atoms: |DD⟩,

where D =↑↓ represents a double occupancy on one side of the double well. One-atom
states serve as single-qubit states, and for two-qubit gates, states with three and four
atoms are error states. For adiabatic gates, the three-atom states behave similar to
the one-atom states, and the four-atom state |DD⟩ remains unchanged, as both sites
are already fully occupied. However, for fast gate operations, these doubly occupied
atoms can be individually excited to higher energy levels within the double well.
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Figure 5.10: State evolution errors under
√
SWAP for different atom numbers using

the optimized control pulses from Fig. 5.8(c) as compared to the usual case of two
atoms with N↑=1 and N↓=1 in a double well and measured with a four-band Fermi-
Hubbard simulation. (a) Single atoms with N↑=1 and N↓=0 have an infidelity of less
than 0.0005 for gate durations larger than 0.08 ms. Two atoms with N↑=1 and N↓=1
agree with the optimized infidelities from Fig. 5.8(c). The error states with three and
four atoms with either N↑=2 and N↓=1 or N↑=2 and N↓=2 result in higher infidelities
of around 10−2 for a duration of 0.20 ms. (b)-(e) Corresponding state evolutions for a
duration of 0.20 ms. Further optimizations are possible for error states with three or
four atoms if required.
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We investigate the dynamics of various atomic configurations in a double well
by using the method described in Appendix 5.11.4 for calculating and assigning the
computational states with a given number of atoms. For this comparison, we employ
the optimized controls Vs, Vℓ, and a derived for the two-atom

√
SWAP gate from

Sec. 5.5.1. The optimized gate errors for the two-atom case are repeated in Fig. 5.10(a)
for reference. In the ideal scenario, the single-atom states undergo a SWAP operation
from the left to the right side of the double well, or vice versa. This implies that our
initial state for the one-atom case is I = 0 and the target state is I = 1. As illustrated
in Fig. 5.10(a), the state evolution error of the one-atom dynamics corresponding to
a state with N↑=1 and N↓=0 is negligible, as the single atom is unaffected by the
atom-atom interaction induced by a. Similarly, in an ideal situation, the three-atom
states should also perform a SWAP operation. For example, if the initial state is |D↑⟩,
the target state should be |↑D⟩. However, as shown in Fig. 5.10(a), the error for the
three-atom configurations with N↑=2 and N↓=1 increase with shorter pulses due to the
atom-atom interactions and excitations to higher energy levels. A similar analysis was
conducted for the four-atom state with N↑=2 and N↓=2, where both the initial and
target states are the same, i.e., |DD⟩. This state exhibits higher state evolution error
compared to the three-atom states, as more atoms are excited to higher levels and
undergo multiple atom-atom interactions. The three- and four-atom configurations
converge to infidelities below 0.1 for a gate duration of 0.20 ms.

The time evolution for one-, two-, three-, and four-atom cases under and a gate
duration of 0.20 ms is presented in Fig. 5.10(b)-(e). In the one-atom case, the system
evolves from the state |↑0⟩ to |0↑⟩, demonstrating the desired dynamics, as shown
in Fig. 5.10(b). For the two-atom case, the system performs the

√
SWAP gate with

high fidelity, transitioning from Ψ0 to Ψ√
SWAP as depicted in Fig. 5.10(c). In the

three-atom case, starting from |D↑⟩, the system evolves to |↑D⟩ with an infidelity of
0.09 [see Fig. 5.10(d)]. Finally, the four-atom state |DD⟩ is shown to excite to higher
bands, resulting in an error of 0.027 in maintaining the |DD⟩ state [see Fig. 5.10(e)].
It is important to note that in Fig. 5.10(b)-(e), we only display the states that exhibit
probabilities greater than 0.05 at any time step during the evolution.

Remark 4 The optimized pulses for the
√
SWAP gate from Fig. 5.8(c) result in a

high state-evolution infidelity for error states with three and four atoms compared to
states with one and two atoms. In particular, for shorter pulse durations, the atoms
interact with each other and excite to the higher bands. However these error states
can be suppressed with good initial state preparation, rendering them less significant
for gate operations.

If necessary, the optimization protocols can be extended to include infidelities from
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Figure 5.11: Robustness of a SWAP gate against inter-well hopping, phase fluctua-
tions, and intensity inhomogeneity for an optimized control with a duration of 0.08 ms:
(a) Inter-well hopping for three double wells where L1, L2, R1 and R2 denote the prob-
ability of the atom being in the first and the second levels of the adjoining left and
right double wells, respectively. (b) Phase fluctuations error by numerically introduced
errors in the relative phase chosen from a Gaussian distribution with a standard devi-
ation of 4.5 mrad [157]. (c) Intensity inhomogeneity errors by numerically introduced
errors in the laser depths Vs and Vℓ chosen uniformly within ±0.5% [157]. (d) Exponen-
tial fit for the SWAP fidelity for each error source from (a)-(c) using 50 SWAP gates.
The intensity inhomogeneity is the most dominant source of error whereas phase fluc-
tuations are the smallest. For all errors, the exponential decay time of τd > 74 ms (or
460 gates) predicts a very long coherence time for the chosen error strengths [157, 178].

different atomic configurations in the cost function defined in Eq. (5.16), optimizing
the full dynamics for more comprehensive experimental scenarios.

5.7 Robustness of the optimized control pulses

In this section, we assess the robustness of the optimal control pulses in the presence
of different types of error sources [157, 178]. The first error source involves potential
tunneling from the target double well to neighboring wells. This means that during
the gate operation, the atom has a finite probability of moving to the neighboring wells
which reduces the gate fidelity. To test the robustness of the optimal control pulses
against inter-well tunneling, we use a set of optimized Vs and Vℓ obtained from the
SWAP optimization [see Sec. 5.5.1] of 0.08 ms duration and 0.999 fidelity as shown in
Fig. 5.8(a). We simulate a system with three double wells where the middle double
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well is our target well and the left and right double wells act as the neighboring wells.
We take only half of the adjacent left and right double wells resulting in eight possible
states with two on the left double well, four on the middle double well, and two on
the right double well for a single atom within the four-band model. In Fig. 5.11(a),
we present the time evolution of the states in the neighboring wells during the gate
operation. Here, L1 and L2 represent the first and second levels of the left neighbor
where R1 and R2 are the first and second levels of the right neighbor. When the atoms
are in the first level, the overlap of the Wannier functions of different double wells is low,
resulting in small hopping probabilities L1 and R1. The hopping probabilities L2 and
R2 increase slightly when the atoms are in the second level due to the higher overlap of
the Wannier functions, as shown in Fig. 5.11(a). The maximum probability of the atom
tunneling to states outside the target double well at any time is negligible (≈10−3)
and the atom also tunnels back to the target double well since the probabilities in the
neighboring wells decrease. This analysis considers the case where the neighboring
double wells are initially empty. When the neighboring wells are occupied by atoms,
the hopping probabilities change accordingly. For example, if there is an atom in
the neighboring well with the same spin as the hopping atom, the hopping will be
suppressed due to Pauli exclusion principle. However, if the atoms have opposite spins
and the scattering length a is non-zero, the hopping will slightly increase due to a
correction from the density-assisted hopping term, similar to Eq. (5.22).

The second error comes from the phase instability of the lattice potential. In our
simulations, we consider a symmetric double well with a relative phase of ϕ=0, but
in a real experiment, the relative phase fluctuations can lead to dephasing. Phase
errors can generally be categorized into two types. The first type consists of time-
independent or static phase fluctuations, which introduce a constant energy offset
in the system. The second type consists of time-dependent phase fluctuations or
drifts, which, if sufficiently strong, can lead to dephasing effects. In our work, we
incorporate the static phase error into Eq. (5.2), resulting in an energy offset between
the left and right sites of the double well, thereby modifying the effective hopping
amplitude. This alteration contributes to an increase in the gate error. When the
gate is applied repeatedly over multiple cycles, this accumulated error leads to the
damping of the Rabi oscillations, manifesting as a loss of coherence in the system’s
dynamics. To understand the impact of these fluctuations, we sample 50 phase errors
from a Gaussian distribution with a 4.5 mrad standard deviation [157]. We simulate
our four-band model using these 50 phase errors with the same controls of 0.08 ms
duration. As shown in Fig. 5.11(b), the infidelity increases negligibly as ϕ changes,
demonstrating the robustness of the controls against phase fluctuations.

Lastly, we study the effect of the inhomogeneity in the laser intensities. These
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inhomogeneities lead to different coupling strengths across the lattice resulting in dif-
ferent gate errors. We test the robustness of the controls Vs and Vℓ against these
fluctuations by uniformly selecting 400 pulses on a 20×20 grid with extremal values
given by the pairs (Vs±e, Vℓ±e) and an error of e≤0.5% [157]. Figure 5.11(c) shows
that the infidelity increases with increasing Vs error as a result of decreasing tunneling
strength J . For increasing Vℓ, J increases and results in a decreasing infidelity.

To identify the dominant error sources among the three errors discussed, we run the
simulations with each error source over 50 gate durations. This results in the damping
of the Rabi oscillations and exponential decay of the SWAP fidelity over duration of
4 ms as shown in Fig. 5.11(d). For phase and intensity errors, each data point is an
average of the fidelity over 20 and 25 error pulses respectively. In agreement with
the experimental observations in [157], we see that inter-well hopping is one of the
dominant sources of error whereas phase fluctuations cause the least damping. The
larger effect of the intensity error can be explained by the fact that Vs and Vℓ are
the controls for the optimization, so any variation in them has a significant effect on
the fidelity. Note that while the damping of the Rabi oscillations appears similar to
the effects caused by decoherence mechanisms such as dephasing and relaxation, our
system remains closed even in the presence of additional noise sources. Therefore,
in our case, what we refer to as dephasing corresponds to an accumulated coherent
gate error rather than interaction with an external environment. The fidelity after
one gate duration is greater than 0.998 for all of the error sources. The exponential
decay time τd is greater than 74 ms or 460 Rabi oscillations for all errors. This is a
predicted improvement of one order of magnitude compared to the experimental decay
time τd=27 ms or 33 oscillations [157]. This extended coherence time is primarily due
to the faster gate duration of 0.08 ms compared to the experimental gate duration of
0.4 ms [157].

Result 5 The optimal control pulses are extremely robust against intensity inhomo-
geneity, phase fluctuations and inter-well hopping usually appearing in experiments.
The inter-well hopping is one of the dominant sources of error whereas phase fluctu-
ations cause the least damping which agrees with the experimental results [157]. The
exponential decay time τd is greater than 460 Rabi oscillations with gate duration of
0.08 ms, which is almost an order of magnitude improvement compared to the experi-
mental τd [157].
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Figure 5.12: Comparison of the optimization for one initial state Ψ0 with the full gate
optimization for different gate durations. (a) State evolution errors for SWAP and
different initial states using optimized controls from Fig. 5.8(a). The initial states
Ψini = |↑↓⟩ and |↓↑⟩ have the same error due to the symmetry of the Hamiltonian and
they have an error of less than 0.001 for gate durations larger than 0.08 ms [same as
Fig. 5.8(a)]. The initial states Ψini = |↑↑⟩ and |↓↓⟩ also follow the same dynamics but
they have significantly higher errors for gate durations shorter than 0.20 ms. We show
the full gate infidelity calculated with Eq. (5.16), which is larger than 0.01 for gate
durations shorter than 0.20 ms. (b) State evolution for SWAP and different initial
states after the full gate optimization with the cost function of Eq. (5.16). Optimized
controls from Fig. 5.8(a) are used as the initial guess for the full gate optimization.
The state evolution error for Ψini = |↑↑⟩ and |↓↓⟩ is significantly reduced compared
to (a), and we have a full gate error of less than 0.005 for gate durations larger than
0.1 ms. (c) Similar analysis is done for

√
SWAP and different gate durations and

controls from Fig. 5.8(c). (d) The full gate error after further optimization is in the
range of 0.009−0.001 for gate durations larger than 0.16 ms.
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5.8 Full gate optimization with higher-band Fermi-

Hubbard model

Recall for the two-band Fermi-Hubbard model from Sec. 5.3.2 that the states |↑↑⟩ and
|↓↓⟩ do not change under SWAP and the states |↑↓⟩ and |↓↑⟩ follow similar dynamics
since the Hamiltonian is symmetric. Hence, the optimization for reaching the target
state Ψtar = |↓↑⟩ also optimizes the full gate as shown in Fig. 5.5(a).

However, for the higher-band Fermi-Hubbard model, the states |↑↑⟩ and |↓↓⟩ can
evolve to other states involving higher levels, e.g., for the four-band Hubbard model,
|↑↑⟩ or |↓↓⟩ can have six possible states. An efficient SWAP or

√
SWAP should maxi-

mize the probability of the states |↑↑⟩ and |↓↓⟩ to stay in the lowest level at the end
of the gate. To check the performance of our optimized controls from Fig. 5.8, we
simulate the system with different initial states and calculate the infidelity of reaching
the respective target states using Eq. (5.13) and the full gate error using Eq. (5.16)
with Ni = 4. Figure 5.12(a) shows the state evolution errors for different initial states
|↑↑⟩ , |↓↓⟩ , |↑↓⟩, and |↓↑⟩. The states |↑↓⟩ and |↓↑⟩ have the same errors as in Fig. 5.8(a)
under SWAP gate. However, the states |↑↑⟩ and |↓↓⟩ have significantly higher errors
for gate durations shorter than 0.20 ms since the atoms excite to the second level. This
results in a full gate error larger than 0.01 for gate durations shorter than 0.20 ms. We
thus minimize the full gate error by minimizing the cost function defined in Eq. (5.16)
and using the controls from Fig. 5.8(a) as the initial guess. In Fig. 5.12(b), we show
the state evolution errors after the full gate optimization. The errors with initial states
|↑↑⟩ and |↓↓⟩ are significantly reduced, and we get a full gate error of less than 0.005
for gate durations larger than 0.10 ms.

We perform the same analysis for
√
SWAP and calculate the state evolution error

for different initial states as shown in Fig. 5.12(c), using the optimized controls from
Fig. 5.8(c). Similar to the SWAP gate, we see that the states |↑↑⟩ and |↓↓⟩ are
exciting to higher levels, resulting in significant full gate error for gate durations less
than 0.20 ms. After optimizing for all four initial states, we can decrease the state
evolution errors and achieve a full gate error of less than 0.009 for gate durations larger
than 0.16 ms [see Fig. 5.12(c)].

Result 6 With the full gate optimization, excitation to the higher bands is minimized
for initial states |↑↑⟩ and |↓↓⟩, and the gate duration is found to be 0.10 ms for SWAP
with fidelity of 0.997 and 0.16 ms for

√
SWAP gate with fidelity of 0.993.
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Figure 5.13: (a) Comparison of the
√
SWAP gate error between the one-dimensional

four-band model and the full three-dimensional simulation for various gate durations.
The increase in gate error for the three-dimensional case highlights the effect of exci-
tations in the y and z directions. (b) Robustness analysis of the

√
SWAP gate error

against deviations in the scattering length. The gate error remains close to the ideal
case for deviations ∆a ranging from 4a0 to 20a0, demonstrating negligible sensitivity
of the optimized control pulses (0.12 ms gate duration) to scattering length deviations.

5.9 Effect of high interaction strength

So far, we assume that there are no excitations in the y and z directions of the op-
tical lattice. However, increasing the scattering length a to high values can generate
interactions in the y and z directions, resulting in excitations to higher levels. These
excitations, if not suppressed, will result in a decrease of gate fidelities. The Hamilto-
nian for the three-dimensional system is written as

H3d = Hx
J ⊗ Iy ⊗ Iz + Ix ⊗Hy

E ⊗ Iz

+ Ix ⊗ Iy ⊗Hz
E + Ux ⊗ Uy ⊗ U z, (5.24)

where Hx
J is the hopping plus the onsite energy in the x direction, given by Eqs. (5.17a)

and (5.17c), Hy
E and Hz

E are onsite energy terms in the y and z directions respectively,
and I is the identity matrix in different directions. Note that there is no hopping in
the y and z directions. The interaction term Ux is calculated from the one-dimensional
form of Eq. (5.19), whereas Uy and U z are calculated from an updated formula given
by (l ∈ {y, z})

U l =

∫∫
w†

m(l)w
†
n(l)wo(l)wp(l) dl. (5.25)

We consider two energy levels, i.e., m,n, o, p ∈ {0, 1}, resulting in four states for each
of the y and z directions with two atoms. Combined with the four-band model in the x
direction, we have a total of 256 basis states for the three-dimensional simulation using
H3d. We simulate the three-dimensional model with optimized controls for different
gate durations from Fig. 5.8(c) and calculate the

√
SWAP gate error. We compare

the gate error from the three-dimensional simulation to the four-band one-dimensional
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model in Fig. 5.13(a). For the gate duration of 0.12 ms, the infidelity of the
√
SWAP

gate with the four-band model is 0.007, as shown in Fig. 5.8(c) and Fig. 5.9(c). The
infidelity with the three-dimensional model increases to 0.037 due to small excitations
in the y and z directions. In principle, one can make a deeper lattice in the y and z

directions compared to 45Ery and 45Erz used in our simulations to tightly squeeze the
atoms. Additionally, we can also perform optimizations to suppress the excitations in
these directions.

We optimize the time-independent scattering length a to arbitrary values with
respect to an upper bound. However, tuning the magnetic field to achieve the exact
a value is difficult. Therefore, we analyze the robustness of the

√
SWAP gate against

deviations in the scattering length. For this, we simulate the system with the four-
band Fermi-Hubbard model using the optimized controls from Fig. 5.9(a) 0.12 ms gate
duration, and a = 1995.22 × a0. We take different deviation ∆a values from 4a0 to
20a0, resulting in an effective scattering length of a+∆a. As shown in Fig. 5.13(b), the
increase in gate error is negligible for this range of deviation, showing the robustness
of our optimized pulses.

5.10 Conclusion

Using open-loop quantum optimal control, we design pulses for the SWAP and
√
SWAP

gates for fermionic atoms trapped in a superlattice reaching fidelities in the range of
10−3 for realistic experimental parameters. We use Fermi-Hubbard models for the
optimization, which widely describe fermionic atoms trapped in optical lattices or su-
perlattices. In this work, we treat the gate optimization as a state-to-state transfer for
the SWAP and

√
SWAP gates using the two-band Fermi-Hubbard model. So, optimiz-

ing a SWAP gate corresponds to optimizing the transfer of the state |↑↓⟩ to |↓↑⟩. A√
SWAP gate optimization corresponds to optimization of transfer of the state |↑↓⟩ to

[(1+i) |↑↓⟩−(1−i) |↓↑⟩]/2. First, using the two-band Fermi-Hubbard model, we find
the time-optimal control for the SWAP gate analytically and calculate the quantum
speed limit in the presence of bounds on the control. We match the analytical study
with the numerical optimization of the SWAP gate and show a numerical quantum
speed limit closely matching with the analytical one with feasibility constraints. We
also calculate the full gate fidelities, which is the summation of state transfer fideli-
ties for all computational states, and show that gate fidelities are equivalent to the
optimized state transfer fidelities.

Next, we show the limitations of the two-band Fermi-Hubbard model in the case of
fast gates, where it is not sufficient to provide the full dynamics of the double well sys-
tem. We describe higher-band Fermi-Hubbard models and update our time-evolution
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method to account for the non-adiabatic change of the Hamiltonian. We detail a for-
mula to calculate the approximate analytical gradient of the cost function and use a
combination of this and the finite-difference method in the optimization. We find that
optimization with four bands is sufficient for the SWAP gate, whereas the performance
of the

√
SWAP gate is further improved by a six-band optimization. Our numerical

simulations demonstrate that high-fidelity SWAP and
√
SWAP gates can be realized

with significantly reduced control durations using realistic experimental parameters.
We achieve a SWAP between the states |↑↓⟩ and |↓↑⟩ in 0.08 ms with fidelity of
0.999 and a

√
SWAP pulse preparing the entangled state [(1+i) |↑↓⟩−(1−i) |↓↑⟩]/2 in

0.12 ms with fidelity of 0.995, representing a five-fold improvement over experimental
state transfer times [157, 178]. These findings emphasize the potential of higher-band
Fermi-Hubbard models for accelerating and optimizing quantum gates.

We test our optimal control pulses for
√
SWAP gate on the different atom con-

figurations in the double well. The three-atom and four-atom error states observe
significant errors, especially for short gate durations, while these errors can be op-
timized if necessary. We check the robustness of the optimal control pulses against
inter-well hopping, phase fluctuations, and intensity inhomogeneity. We show that the
optimal pulses are extremely robust against all errors with inhomogeneous intensity
and inter-well hopping being the dominant ones. Furthermore, by employing the full
gate optimization, we minimize excitations to higher bands for initial states |↑↑⟩ and
|↓↓⟩, achieving a SWAP gate fidelity of 0.997 in 0.10 ms and a

√
SWAP gate fidelity of

0.993 in 0.16 ms. We also explain the different gradient methods used in the paper and
compare their performance based on the number of function evaluations and the opti-
mization duration. Our work therefore performs a detailed study of fermionic atoms
trapped in a superlattice system and designs faster and more efficient gates. One can
readily adapt the modeling and optimization scheme of this work for bosons as well
by employing the Bose-Hubbard model. Unlike fermions, bosons differ in their inter-
action energy, which permits double occupancy by atoms with the same spin states.
Furthermore, the creation and annihilation operators for bosons obey the standard
commutation relations, in contrast to the fermionic anti-commutation relations.

Our optimization model is inspired by experiments and incorporates realistic pa-
rameters [157]. The experiments performed in [157] use phase modulation to perform
the SWAP operation, whereas our optimization uses the lattice depths Vs and Vl as
the control [178]. This gives the advantage of minimizing the effect of phase noise,
which is critical in optical lattice experiments. The pulses generated from optimizing
the SWAP and

√
SWAP gates are both reasonably smooth and experimentally imple-

mentable. Thus applying these optimized controls into real experiments will enable
higher gate fidelities. For more realistic pulses, we can include the transfer function
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information in the optimization [307]. The optimized pulses must work with minimal
excitation in the y and z directions, which can be achieved with deeper y and z lattice
depths. Experiments utilizing optimal control will not only enhance gate performance,
but they will enable us to assess and refine our existing models, such as by account-
ing for heating effects. Moreover, pulses optimized by open-loop approaches are a
good starting point for further feedback-based optimizations directly applied in exper-
iments. This iterative approach will pave the way for robust and efficient quantum
gates, which are crucial for quantum simulation and computation.

5.11 Appendix

5.11.1 Analytical SWAP optimization

In this appendix, we find the time-optimal control J(t) and the analytical quantum
speed limit for SWAP gate. We solve the Euler-Lagrange equations for the two-band
Fermi-Hubbard model described in Sec. 5.3.1. We show in Sec. 5.2.2 that for the
two-band Fermi-Hubbard model, optimizing the transfer from state |↑↓⟩ to |↓↑⟩ is
sufficient to optimize the SWAP gate. As described in Sec. 5.3.1, the time-evolution
with J̃(t)=−

√
2J(t) and U=0 is

i

ẋ1ẋ2
ẋ3

 =

 0 0 J̃(t)

0 0 J̃(t)

J̃(t) J̃(t) 0


x1x2
x3

 (5.26)

where x1, x2, and x3 correspond to complex coefficients of the states |↑↓⟩, |↓↑⟩, and
(|D0⟩+ |0D⟩)/

√
2 respectively. Thus, optimizing the SWAP gate reduces to finding

J̃(t) for evolving the system from (1, 0, 0)T to (0, 1, 0)T , or at least up to a phase factor
as we see below.

With x1 = r1+ir4, x2 = r2+ir5, x3 = r6+ir3, and real rj = rj(t) and J̃(t), we
obtain

ṙ1 = J̃(t)r3, ṙ2 = J̃(t)r3, ṙ3 = −J̃(t)r1−J̃(t)r2 and

ṙ4 = −J̃(t)r6, ṙ5 = −J̃(t)r6, ṙ6 = J̃(t)r4 + J̃(t)r5.

So the variables r1, r2, and r3 are decoupled from r4, r5, and r6. We obtain two
independent three-dimensional subsystems and we work with the first subsystem of
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them [299]. The ordinary differential equations are given byṙ1ṙ2
ṙ3

 =

 0 0 J̃(t)

0 0 J̃(t)

−J̃(t) −J̃(t) 0


r1r2
r3

 . (5.27)

Clearly, r21 + r22 + r23 = 1, provided we start in the subspace r1, r2, and r3. From
Eq. (5.27),

ṙ1 = ṙ2 implies r1 = r2 + C (5.28)

for a suitable real constant C. Minimizing the transfer time T is equivalent [299] to
minimizing the functional

E =

∫ T

0

J̃2(t) dt =

∫ T

0

L dt,

and J̃(t) = −
√
2J(t) needs to be bounded for the optimal solution to be well defined.

Applying Eq. (5.27), the Lagrangian of the system is given by

L = J̃2(t) =
ṙ21
r23

=
ṙ21

1−r21−r22
=

ṙ21
1−r21−(r1−C)2

.

The upper bound on the control can be re-normalized by the maximum amplitude
that is possible in an experiment. We use the Euler-Lagrange equations

d

dt

[
∂L
∂ṙ1

]
=
∂L
∂r1

(5.29)

to find the optimal solution. Computing the left hand side of Eq. (5.29), we have

∂L
∂ṙ1

=
2ṙ1
r23

which implies
d

dt

[
∂L
∂ṙ1

]
= 2

d

dt

[
ṙ1
r23

]
and the corresponding right hand side is given by

∂L
∂r1

=
∂

∂r1

[ ṙ21
1−r21−r22

]
= − ṙ21

(1−r21−r22)2
∂

∂r1
[1−r21−(r1−C)2] =

ṙ21
r43
(4r1−2C).

Therefore, Eq. (5.29) simplifies to

d

dt

[
ṙ1
r23

]
=
ṙ21
r43
(2r1−C). (5.30)
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We separately compute

d

dt

[
ṙ1
r23

]
=

1

r3

d

dt

[
ṙ1
r3

]
+
ṙ1
r3

d

dt

[
1

r3

]
=

1

r3

d

dt

[
ṙ1
r3

]
− ṙ1
r33

[
−J̃(t)r1−J̃(t)r2

]
=

1

r3

d

dt

[
ṙ1
r3

]
− ṙ1
r33

[
− ṙ1
r3
r1−

ṙ1
r3
(r1−C)

]
=

1

r3

d

dt

[
ṙ1
r3

]
+
ṙ21
r43
(2r1−C)

and we substitute this back into Eq. (5.30) and obtain

d

dt

[
ṙ1
r3

]
= 0 =

dJ̃(t)

dt
.

This finally implies that J̃(t) and J(t) are constant. We substitute J̃(t) = −
√
2A

in Eq. (5.26) where A is a suitable constant. We now consider the initial conditions
x1(0) = 1, x2(0) = 0, and x3(0) = 0. Note that this implies C = 1 in Eq. (5.28).
For these initial conditions, we directly solve Eq. (5.26) (which has now only constant
coefficients) and obtain

x1 = cos2(At), x2 = − sin2(At), x3 = i sin(2At)/
√
2. (5.31)

For the target state (0,−1, 0)T , we get AT = π/2+nπ. Hence, the fastest transfer
from (1, 0, 0)T to (0,−1, 0)T can be attained in a time of T = π/(2A). This defines
our quantum speed limit for the SWAP gate and is given by the constant hopping
parameter J(t) = A. Clearly, J(t) = A needs to be bounded by a maximal allowed
Jmax, i.e. J(t) ≤ Jmax. The value of Jmax depends on the experimental setup and
we set Jmax = 34.03 kHz for the two-band numerical simulations in Sec. 5.3.2. That
means the quantum speed limit for the two-band SWAP gate is T = π/(2Jmax). We
obtain the control J(t) = A = 34.03 kHz and the corresponding quantum speed limit
is T = 0.046 ms.

5.11.2 Approximate analytical gradient

As explained in Sec. 5.5, we can not use the fast spline-fit method (described in
Sec. 5.3.2 and Appendix 5.11.3) for calculating the gradients of the cost function
C for optimizations using higher-band models. In this appendix, we derive an approx-
imate analytical formula for the gradients and use it in the optimizations performed in
Sec. 5.5.1. Our primary focus is to find an analytical formula for calculating dC/dVk
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where Vk ∈ {Vs, Vℓ}. The cost function C for the target state Ψtar and the modified
time evolution of Eq. (5.23) is

C=1−|⟨Ψtar| UNT
· ·P (wt+1,wt)UtP (wt,wt−1) · · U1|Ψini⟩|2.

Using the product rule, one infers that dC/dVk has three terms proportional to ∂P (wt+1, wt)/∂Vk,
∂Ut/∂Vk, and ∂P (wt, wt−1)/∂Vk. We approximate the gradient of the unitary evolution
operator Ut as

∂e−iHt∂t

∂Vk
= −iH ′

t∂te
−iHt∂t, (5.32)

where Ht is the higher-band Fermi-Hubbard Hamiltonian (5.17) at time step t. To
calculate H ′

t from (5.17), we need to calculate ∂Jp/∂Vk and ∂ϵpm/∂Vk; all other terms
proportional to a are zero. The hopping parameter Jp and the onsite energy ϵp is
calculated from Eqs. (5.18) and (5.20) which can also be written as

Jp =
E2p+1 − E2p

2
; ϵp =

E2p+1 + E2p

2
,

where Ej is the energy of the jth band of the double well. Therefore we can calculate
∂Jp/∂Vk and ∂ϵpm/∂Vk as

∂Jp
∂Vk

=
1

2
(
∂E2p+1

∂Vk
−∂E2p

∂Vk
),
∂ϵp
∂Vk

=
1

2
(
∂E2p+1

∂Vk
+
∂E2p

∂Vk
). (5.33)

Moreover, ∂Ei/∂Vk can be calculated from

∂Ei

∂Vk
=
∑
j

v†ij
∂H̃1(q)

∂Vk
vij, (5.34)

where H̃1(q)vij = Eijvij and v†ijvij = 1 [309]. Here, H̃1(q) denotes the Fourier transform
of the Hamiltonian in Eq. (5.1) and vij are the eigenstates of H̃1(q) [see Sec. 5.2 and
Eq. (5.5)]. Thus we can calculate ∂Ut/∂Vk using Eq. (5.32)-(5.34) and eventually the
final gradient dC/dVk. Next, the basis transformation operator P (wt+1, wt) depends
on the Wannier function wt so that

∂P (wt+1, wt)

∂Vk
= P (wt+1,

∂wt

∂Vk
).

The gradient of the Wannier functions is calculated via [309]

∂wi

∂Vk
= −

∑
j

[H̃1(q)−EijI]+
[∂H̃1(q)

∂Vk
−∂Eij

∂Vk

]
vij,
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where I is the identity operator and [H̃1(q)−EijI]+ is the Moore-Penrose inverse of
[H̃1(q)−EijI]. The contribution of ∂P (wt+1, wt)/∂Vk is negligible in the final gradient
dC/dVk. So, we set this term to zero, speeding up the calculations by avoiding several
matrix multiplications. Similarly, we ignore the term ∂P (wt, wt−1)/∂Vk. This approx-
imate analytical gradient computation is significantly faster than the finite-difference
method, as shown in Appendix 5.11.3. However, it becomes difficult to optimize pulses
further when we are getting close to the minimum since the approximate analytical
method does not provide an exact gradient. Therefore, we reach the minimum SWAP-
and

√
SWAP-gate error by combining the approximate analytical and finite-difference

methods.

5.11.3 Comparison of different methods to compute gradients

Throughout the paper, we have used gradient-based methods for optimizing the lattice
depths Vs and Vℓ and the scattering length a. We optimize Vs and Vℓ for the SWAP
gate, and Vs, Vℓ, and a for the

√
SWAP gate using GRAPE-like algorithms. The

gradient calculation for the optimization of a is trivial and finite differences work
efficiently since we need to optimize only one parameter. However, Vs and Vℓ are time-
dependent and piecewise-constant controls, so we need more sophisticated and faster
ways of calculating the gradient. One straightforward way for calculating gradients is
to use the finite-difference method to calculate dC/dVk for k ∈ {s, ℓ} at every time
step. We use the efficient built-in finite-difference implementation from Scipy [271] for
the comparison in this section. We can also calculate the gradient analytically using
the approximation discussed in Sec. 5.11.2. For the two-band optimization performed
in Sec. 5.3.2, we use the spline-fit method to calculate the gradients. For the spline-fit
method, we first store a data set of triples (Vs, Vℓ, J). From the stored data set, we fit
a spline function J=S(Vs, Vℓ) over the grid of pairs (Vs, Vℓ). We use the SciPy package
[271] for the spline-fit and this function also provides us with the gradient of the
estimated J at any pair (Vs, Vℓ). We use these gradients in the GRAPE algorithm to
run the full optimization (refer to Sec. 5.3.2 for details). One can also use automatic
differentiation for gradient calculation [310], but it can be slow in the presence of
multiple matrix diagonalizations for calculating the Wannier states. Hence, we do not
analyze the performance of automatic differentiation here. Two parameters are used
to test the efficiency of different gradient methods. First, we check the number of cost
function evaluations in the optimization for a particular gradient method. Secondly,
the total optimization run times are compared for different gradients.

We compare the gradient methods for the two-band model at varying gate dura-
tions. Figure 5.14(a) shows that the finite-difference method results in the highest
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(a)-(b) Gradient performance comparison for 2 bands
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Figure 5.14: Performance of the approximate analytical, the finite-difference, and the
spline method for computing the gradient for two-band (a)-(b) and four-band (c)-
(d) Fermi-Hubbard optimizations: (a)-(b) Overall spline method performs best both
in the number of evaluations and the total optimization time and remains mostly
constant regardless of the gate duration, while the finite-difference method preforms
worst and its total optimization time increases with the gate duration. (c)-(d) The
number of function evaluations for the approximate analytical gradient computation
is comparable with the finite-difference method, which however performs much worse
for the total optimization time. The spline method is not available for four bands.

number of function evaluations for every gate duration, whereas the approximate an-
alytical and spline-fit methods are comparable. Function evaluations decrease for
longer gate durations due to lower initial gate error and easier optimization tasks for
longer durations. Figure 5.14(b) provides insights into the performance of different
gradient methods. The finite difference method is the slowest to reach the minima
and optimization times increase linearly with the gate duration. The approximate
analytical and spline-fit method result in run times that are relatively independent
of the gate duration. But the approximate analytical gradient needs a longer time
compared to the spline fit. As the spline fit calculates J and dC/dVk from existing
fitted functions, it avoids several matrix diagonalizations and multiplications needed
for calculating the Wannier states, which render the approximate analytical gradient
computationally more expensive.

A similar comparison is done for the four-band model where we compare the per-
formance of the approximate analytical gradient with the finite-difference gradient.
Note, that since we have to calculate basis transformation operators at every time
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↑ ↓ I↑ I↓ I = I↑
(

S
N↓

)
+ I↓

0001 0001 0 0 0
0001 0010 0 1 1

: : : : :
0010 0001 1 0 4

: : : : :
1000 1000 3 3 15

Table 5.2: A scheme explaining the calculation and labeling of the computational
states for N↑ = 1 and N↓ = 1. In the first column, the total number of bits is the
number of sites and the number of ones in each bit configuration represents the number
of spins up. The same applies to the second column, where the spins up are replaced
with the spins down. The states are ordered first with spin-up (first and third column)
and then with spin-down (second and fourth column). The final label (fifth column)
is computed from Eq. (5.35).

step, we cannot use the spline-fit method for higher-band optimization. We set an
upper bound on the number of function evaluations for both the finite-difference and
the approximate analytical method. As we can see in Fig. 5.14(c) both methods have
maximal function evaluations for all gate durations. However, finite differences lead
to longer optimization times when compared to the approximate analytic method as
shown in Fig. 5.14(d). This suggests that the spline-fit method performs significantly
better than the approximate analytical and finite-difference methods, but for higher
bands we cannot use the spline-fit method. In that case, the use of approximate analyt-
ical gradients is computationally effective. However, since the approximate analytical
method does not give an exact gradient, we use a combination of the approximate
analytical and finite-difference methods to minimize the cost function in Sec. 5.5.1.
Hence, we use multiple methods for gradient calculation depending on the complexity
of the system. Different methods have different trade-offs and combining them enables
fast and efficient optimizations.

5.11.4 Assignment of computational basis

In this appendix, we describe the method used for finding computational basis states
and labeling them for different number of atoms in a double well. We use this labeling
method in Sec. 5.6 to simulate the dynamics of different atom configurations. Suppose
we have M levels and N atoms in the double well. Now since each level consists of
the left and right sides of the double well, we have a total of S=2×M sites. Now
suppose, we have N↑ atoms with spin up and N↓ with spin down, i.e. N=N↑+N↓.
We can arrange N↑ spin-up identical fermionic atoms in

(
S
N↑

)
=S!/N↑!(S−N↑)! ways in
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S sites. For each configuration of the spin-up atoms, we can arrange the spin-down
atoms in

(
S
N↓

)
=S!/N↓!(S−N↓)! ways. The total number of possibilities we can arrange

N=N↑+N↓ atoms in a double well is the number of computational states and is given
by NB =

(
S
N↑

)
×
(

S
N↓

)
. As an example, Table 5.2 shows the possible computational

basis states for two atoms with one spin-up and one spin-down used in the four-band
Fermi-Hubbard model in Sec. 5.5. Here M=2, S=4, N=2, N↑=1, and N↓=1. So the
total number of computational states is 16. We represent the spin-up and spin-down
state by S bits and label our computational state using the following formula

I = I↑

(
S

N↓

)
+ I↓, (5.35)

where these values observe I↑ ∈ {0, . . . ,
(

S
N↑

)
−1}, I↓ ∈ {0, . . . ,

(
S
N↓

)
−1}, and I ∈

{0, . . . , NB−1}.





6
Symmetry analysis for VQE on Rydberg atom

simulators

As quantum computing progresses, variational quantum eigensolvers (VQE)
for ground-state preparation have become an attractive option in leveraging
current quantum hardware. However, a major challenge in implementing
VQE is understanding whether a given quantum system can even reach the
target ground state. In this work, we study reachability conditions for VQE
by analyzing their inherent symmetries. We consider a Rydberg-atom quan-
tum simulator with global controls and evaluate its ability to reach ground
states for Ising and Heisenberg target Hamiltonians. Symmetry-based con-
clusions for a smaller number of qubits are corroborated by VQE simula-
tions, demonstrating the reliability of our approach in predicting whether a
given quantum architecture could successfully reach the ground state. Our
framework also suggests approaches to overcome symmetry restrictions by
adding additional quantum resources or choosing different initial states,
offering practical guidance for implementing VQE in quantum simulation
architectures. Finally, we illustrate connections to adiabatic state prepara-
tion.

This chapter has been published as preprint, with minor changes, as Juhi Singh, Andreas Kruck-
enhauser, Rick van Bijnen, and Robert Zeier, Ground-state reachability for variational quantum
eigensolvers: a Rydberg-atom case study, arXiv.2506.22387. The thesis author conducted most of
the analysis (based on the variational quantum eigensolver codes written by Andreas Kruckenhauser,
major part of Magma code written by Robert Zeier), composed all the figures (with the exception of
Fig. 6.8) and wrote most of the manuscript with input from the co-authors.

https://doi.org/10.48550/arXiv.2506.22387
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6.1 Introduction

One promising solution to address limitations of classical computing is to apply quan-
tum co-processors, which process information at the quantum level using qubits instead
of digital bits [4, 311, 312]. This enables us to leverage superposition and entangle-
ment to eventually outperform classical algorithms [313]. Although ideal quantum
processors are still developing, imperfect devices from fifty to thousand qubits have
demonstrated intriguing performance for certain tasks, marking the start of the noisy
intermediate scale quantum (NISQ) era [2, 31, 312, 314–321].

On the software front, various research groups have been developing effective algo-
rithms applicable to quantum computing and simulation. Among these are variational
quantum algorithms, which enable the use of current quantum hardware by integrating
with classical optimization techniques [30, 198–200, 322]. These algorithms leverage
a parameterized quantum circuit to prepare trial wavefunctions, which are iteratively
adjusted in a feedback loop with a classical computer minimizing a cost function re-
flecting the quality of a prepared quantum state. Variational quantum eigensolvers
(VQE) [200–203] aim at preparing a good approximation of the ground state of an
Hamiltonian, while using the energy of the state as a cost function. VQE optimizes
variational parameters of a quantum circuit based on a sequence of quantum logic
gates for digital quantum simulators [323, 324]. Different ansätze have been proposed
and analyzed for variational optimization tasks [204–207, 325]. Moreover, for ana-
log quantum simulators, multiple unitary blocks are driven using the parameterized
controls [192, 326, 327] which are variationally adjusted. These algorithms are partic-
ularly intriguing within the framework of quantum phase transitions [327–330]. After
reaching the ground state, one can experimentally analyze its characteristics, such as
correlation functions, and investigate how the system responds to externally applied
perturbations.

Variational algorithms have been successfully implemented on various platforms,
including photonic processors [200, 331], superconducting qubits [326, 332, 333], and
trapped ion systems [325, 327, 328, 334, 335]. Alongside these platforms, neutral
atoms excited to Rydberg states gained attention as a promising quantum processing
platform, offering coherent control [14, 15, 284, 336, 337] over hundreds of atoms
[16, 338–342] trapped in reconfigurable optical arrays [343–345]. In particular, these
systems can be controlled via global and/or local external fields, enabling the execution
of parameterized quantum circuits suitable for VQE applications [17, 346]. However,
it is generally difficult to predict whether a given set of control parameters is sufficient
to prepare the ground state of a particular target Hamiltonian [347].

Control theory has been extensively applied both experimentally and theoretically
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to address such challenges [348–350]. By using Lie-algebraic principles, control theory
offers a robust framework for characterizing operations that a quantum device can
perform [224, 351, 352]. The Lie algebra is used to study controllability, simulability,
and reachability conditions for different quantum devices [195–197, 207, 352–362].
However, calculating the Lie algebra becomes difficult for increasing system sizes. For
larger number of qubits, we can still determine and study the symmetries of a quantum
system, i.e., the matrices that commute with the considered Hamiltonians [195, 197].

In this work, we apply and extend the Lie-algebra and symmetry tools developed
in [195–197, 207, 327, 352, 361, 362] to match available quantum resources with the
desired target ground states, assessing whether a given variational circuit can, in prin-
ciple, prepare the ground state of a given target Hamiltonian. We focus on the ground
state preparation for an Rydberg-atom analog simulator with global controls. We
first consider the Lie-algebra and simulability structure of the resource Hamiltonians
without and with the target Hamiltonian, which reveals that the ability to simulate
a target Hamiltonian does not imply that one can reach its ground state(s). For a
complete analysis, we determine the invariant subspaces of the resource Hamiltonians
highlighting that the success of VQE depends critically on the position of the initial
state and the target ground state in the invariant subspaces. We relate our symmetry
analysis for testing the ground state reachability to adiabatic state preparation [363]
and the adiabatic theorem [364–369]. Lastly, we illustrate how symmetries can guide
us in preparing a suitable initial state to reach the ground state of the target Hamil-
tonian. This study provides tools aimed at analyzing and improving the execution of
variational quantum algorithms.

The work is structured as follows: In Sec. 6.2, we describe the considered Rydberg-
atom quantum simulator and its resource Hamiltonians and we detail the VQE ap-
proach based on the example of Ising and Heisenberg target Hamiltonians. In Sec-
tion 6.3, we introduce tools for the analysis of the reachability for VQE. In particular,
Sec. 6.3.3 contains our symmetry analysis based on invariant subspaces. Section 6.4
extends our symmetry analysis to up to ten qubits. Different initial states and their
VQE performance are considered in Sec. 6.5. Section 6.6 discusses connections to
adiabatic state preparation. Finally, we present our conclusions in Sec. 6.7. Certain
aspects are deferred to appendices.
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Figure 6.1: (a) Circular geometry: Illustration of the spatial positioning of laser
trapped neutral atoms (green dots). Atoms excited to Rydberg states experience
long-range van der Waals interactions which are visualized by the black lines (shown
only for the atom at the position R⃗1). The opacity of the lines reflects the interaction
strength between a pair of atoms. (b) Level scheme of a single Rydberg atom: The
ground state |g⟩ is coupled with the Rydberg state |r⟩ with a coupling Ω(t) and de-
tuning ∆(t).

6.2 Variational quantum eigensolver (VQE)

6.2.1 Resource Hamiltonians

Neutral atoms excited to Rydberg states can act as an analog quantum simulator,
capable of executing parameterized quantum circuits. In particular, we consider a
setup where external control fields act globally on all atoms, thus a parametrized
quantum circuit can be implemented by modulating control field parameters over
time. Furthermore, the setup consists of N neutral atoms trapped in an optical lattice
or tweezer array, with the qubit being encoded in a ground and Rydberg state of each
atom [370–373]. For such an encoding the interactions between a pair of atoms in the
Rydberg state are typically of van der Waals type (long-range) and always present.

The associated time-dependent system Hamiltonian reads in natural units (ℏ = 1)

H(t) = Ω(t)HΩ −∆(t)H∆ +Hd, (6.1)

where Ω(t) and ∆(t) denotes the time-dependent Rabi frequency and detuning of
a globally acting laser field, respectively. The associated coupling Hamiltonians are
defined as HΩ :=

∑N
n=1 σ

(n)
x and H∆ :=

∑N
n=1 σ

(n)
z , where σ(n)

j is a Pauli matrix σj

with j ∈ {x, y, z} acting on the nth atom. We are using the notation

σx := ( 0 1
1 0 ) , σy := ( 0 −i

i 0 ) , σz := ( 1 0
0 −1 ) , 1 = ( 1 0

0 1 ) .

The term Hd, called drift Hamiltonian, describes the interaction between atoms in the
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Rydberg state and is in general given by

Hd :=
∑

1≤n<m≤N

C6

|R⃗n−R⃗m|6
(1−σ(n)

z )(1−σ(m)
z ). (6.2)

The strength of interaction is determined by the C6-coefficient of the considered Ry-
dberg state and the distance between the pair of atoms at positions R⃗n and R⃗m.

For the remainder of this manuscript, we consider the N atoms to be arranged
equidistantly on a ring as shown in Fig. 6.1. Due to the rotational symmetry of the
atom arrangement the single particle terms of Hd from Eq. (6.2) can be absorbed in
the global detuning ∆(t) and Hd can be written as

Hd :=
∑

1≤n<m≤N

C6

|R⃗n−R⃗m|6
σ(n)
z σ(m)

z , (6.3)

up to a global shift. In the ring geometry neighboring atoms experience the strongest
interaction strength (C6/|R⃗n−R⃗n±1|6) and atoms sitting on opposite sides of the ring
are interacting weakest.

6.2.2 VQE and the target Hamiltonian

The hybrid quantum-classical VQE algorithm prepares trial states Ψ(τ) that aim to
approximate the ground state of a given target Hamiltonian H. The VQE circuit is
composed out of M layers of unitaries Uj, with j ∈ {1, . . . , M}. Each unitary Uj is
generated by time evolution of a set of resource Hamiltonians with associated external
control knobs that act as variational parameters. The set of resource Hamiltonians
considered throughout this work is constructed from the different drift and driving
Hamiltonians following the hardware constraints detailed in Sec. 6.2.1 and is given
by GR := {Hd, HΩ, H∆}. The external control (variational) parameters are the Rabi
frequency Ωj, the detuning ∆j, and the evolution duration δtj of each layer j. Note,
the parameters Ωj and ∆j are considered to be constant over the time interval δtj.
The trial state Ψ(τ) is prepared by evolving an initial state Ψ(0) with the VQE circuit

Ψ(τ) = UM(ΩM ,∆M , δtM) · · ·U1(Ω1,∆1, δt1)Ψ(0),

see Fig. 6.2. Here τ =
∑M

j=1 δtj is the total evolution time.
The trial state is used to measure the energy expectation value of the target Hamil-

tonian H

E(τ) = Ψ†(τ)HΨ(τ).
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Figure 6.2: VQE circuit executed on the analog Rydberg-atom device by applying
parametrized unitaries Uj for durations δtj. The unitaries Uj are generated by glob-
ally acting controls Ωj and ∆j [see Eq. (6.1)]. The expectation value of the target
Hamiltonian H with final state state Ψ(τ) is minimized by classically updating the
VQE parameters Ω⃗, ∆⃗ and δ⃗t.

This energy E(τ) defines the cost function and is minimized by a classical optimizer.
The classical optimization iteratively updates the variational parameters of the VQE
circuit: Ω⃗ = (Ω1, · · · ,ΩM), ∆⃗ = (∆1, · · · ,∆M), and δ⃗t = (δt1, · · · , δtM). After several
iterations, the VQE circuit prepares a state with an energy close to the ground state
of the target Hamiltonian H.

The success of VQE optimization relies heavily on the chosen ansatz and the initial
state. It is generally difficult to predict whether a certain set of quantum resources is
able to prepare the ground state of a particular target Hamiltonian H. We examine this
question in the succeeding sections for the groundstate of the Ising and the Heisenberg
Hamiltonian on the ring illustrated in Fig. 6.1.

The Ising model’s Hamiltonian is in the presence of a longitudinal and transverse
field given by

HI = Ω
N∑

n=1

σ(n)
x −∆

N∑
n=1

σ(n)
z + J

N∑
n=1

σ(n)
z σ(n+1)

z . (6.4)

This model resembles the Hamiltonian of the Rydberg-atom simulator in Eq. (6.1) ex-
cept for the drift term, which is truncated to nearest neighbor. The target Hamiltonian
of the Heisenberg model is given by

HH = h

N∑
n=1

σ(n)
z + J

N∑
n=1

∑
j∈{x,y,z}

σ
(n)
j σ

(n+1)
j . (6.5)

Here, J denotes the isotropic interaction strength between neighboring spins, and
h denotes the strength of an effective magnetic field in z−direction. Preparing the
groundstate of these Hamiltonians presents a promising avenue for research. For ex-
ample, the Ising model on a 2D triangular lattice with J < 0 exhibits frustration [374],
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Figure 6.3: VQE for the Heisenberg model: (a)-(b) Variational energy with 10 random
circuit initializations as a function of the optimization iterations (5000 iterations per
initialization) for three and four sites. The energy of the variational states is compared
to the eigenenergies λ of the target Hamiltonian HH (grey dashed lines) and the ground
state energy λgs (black dashed line) for J = h. (a) The three-site system has two
degenerate ground states. VQE does not reach the ground state and gets stuck in the
second excited state. (b) VQE reaches the ground state of HH for four sites in all ten
runs.

while the Heisenberg model on a 2D triangular lattice has been studied in the context
of high-temperature superconductivity and the quantum Hall effect [375].

In our reachability analysis, we consider for the Ising Hamiltonian HI of Eq. (6.4)
the parameter choice Ω = ∆ = J . Similarly, for the Heisenberg Hamiltonian from
Eq. (6.5), we set h = J . As a starting point, we discuss here VQE of the Heisenberg
target Hamiltonian HH for three and four sites. Figure 6.3 presents optimization
trajectories, i.e. trial state energy as a function of optimization steps. Each curve
represents one of ten optimization runs, all starting from the same inital state but
using different random starting points in the parameter space. Figure 6.3(a) illustrates
that the VQE is unable to reach the ground state of HH for three sites and gets stuck
in one of the excited states. But, for four sites, the VQE reaches the ground state of
HH in all ten runs [see Fig. 6.3(b)]. The difference between the three and four-qubit
case suggests a symmetry obstruction for reaching the ground state.

6.3 Tools for analyzing reachability

We aim at developing criteria to decide if the ground state(s) of a target Hamiltonian
H are reachable from the initial state by following dynamics facilitated by the resource
Hamiltonians GR := {Hd, HΩ, H∆}. In order to understand the restrictions for VQE
with a Rydberg-atom simulator, we consider multiple tools, some of which will be
more useful and effective than others.
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In Sec. 6.3.1, we recall the notion of a Lie algebra and its reductive decomposition
(vide infra). Determining the Lie algebra gR := ⟨GR⟩Lie generated by the resource
Hamiltonians GR and the reductive decomposition of gR can provide valuable informa-
tion about the reachability and will help us to understand the structure of few-qubit
examples. Indeed, combining the knowledge of the Lie algebra and its reductive de-
composition with the structure of the invariant subspaces (see Sec. 6.3.3) provides
a complete picture to decide reachability. However, computing the Lie algebra will
be in larger cases quite challenging, and even more so for the reductive decomposi-
tion. Therefore, we would like to avoid the computation of the Lie algebra in larger
examples.

Much more computationally feasible is the symmetry analysis in Sec. 6.3.3 based
on the invariant subspaces, especially if we restrict us to the coarse-grained structure
determined by the isotypic subspaces (vide infra). Thus one proposed approach to
the reachability relies on the invariant subspaces, which leads to necessary conditions
depending on whether the initial and target ground states lie in the same isotypic
(or irreducible) subspace. Even beyond direct computations, partial knowledge of the
inherent symmetries of the resource Hamiltonians GR based on physical considerations
can already yield obstructions to the reachability of the ground state(s) of the target
Hamiltonian H. Moreover, we can potentially extrapolate from smaller examples to
provide information on the reachability of larger examples. In the later Sec. 6.6, we
propose a complementary approach to reachability based on adiabatic state prepara-
tion and we connect this approach to the structure of the invariant subspaces.

Before the symmetry analysis in Sec. 6.3.3, we study in Sec. 6.3.2 to what degree
the simulability (vide infra) of the target Hamiltonian H relates to the reachability of
its ground states. This does neither lead to necessary nor sufficient conditions, but
we consider it important to clarify and emphasize the distinction between simulability
and reachability.

6.3.1 Lie algebras

We start by recalling Lie algebras and their reductive decompositions [376–378] gen-
erated by the resource Hamiltonians GR and similarly when extending the genera-
tors with either the target Hamiltonian HI or HH [see Eqs. (6.4) and (6.5)]. Recall
that the (real) Lie algebra g := ⟨G⟩Lie generated by a set of hermitian Hamiltonians
G = {H1, ...., Hp} (such as GR) contains all (real) linear combinations rjhj+rkhk with
rj ∈ R and all commutators [hj, hk] := hjhk−hkhj for each hj, hk ∈ g, while start-
ing from the skew-hermitian elements hj := iHj. The dimension of g is given by its
maximal number of linearly independent elements.
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The reductive decomposition g = g1 ⊕ · · · ⊕ gk decomposes g into its simple or
abelian components gj with [gj, gk] = 0. In this work, the symbol ⊕ refers to direct
sums of simple or abelian components of a Lie algebra. In particular, the center Z(g)
of a Lie algebra g consists of all its elements z ∈ g such that [z, hj] = 0 for all hj ∈ g.
An m-dimensional center Z(g) will be represented by a direct sum u(1)⊕ · · ·⊕ u(1) of
m one-dimensional abelian components. The corresponding computational techniques
are detailed in Appendix 6.8.1.

6.3.2 Simulability analysis

As a first attempt to study the reachability, we analyze the simulability of the target
Hamiltonian H by applying the resource Hamiltonians based on computing the relevant
Lie algebras (see Sec. 6.3.1). We discuss whether this will resolve the reachability
question. But, below, we will conclude that this is not the case!

The set of resource Hamiltonians GR can simulate the dynamics of the target Hamil-
tonian H if and only if the Lie algebra h := ⟨GR∪{H}⟩Lie is contained in the Lie algebra
gR := ⟨GR⟩Lie, or equivalently, iff gR=h [195, 351]. Note that h is generated by H and
the resource Hamiltonians GR, while gR is generated only by the resource Hamiltonians
GR.

We consider the Heisenberg target Hamiltonian and determine the Lie algebras gR
and hH := ⟨GR ∪ {HH}⟩Lie for three and four qubits. The corresponding Lie algebras
are shown in Table 6.1 by detailing their reductive decompositions and centers. We
observe that the Lie algebras gR and hH agree for three qubits but differ by an element
of the center in hH for four qubits. The corresponding dimensions of the center of gR
and hH are one and two for four qubits, whereas they are the same for the three-qubit
system. The simulability condition of hH = gR suggests that the VQE, in principle, can
simulate the Heisenberg Hamiltonian for a system of three qubits. However, simulating
the dynamics of HH by resource Hamiltonians is not completely feasible for a system
of four qubits (due to the additional center element).

How does this compare with the VQE results presented in Fig. 6.3? Contrary to the
suggestions from the simulability analysis, the VQE was unable to reach the ground
state energy for the three-qubit system and successfully converged to the ground state
for the four-qubit system. These observations imply that the simulability analysis
alone is not enough to capture the symmetry constraints governing VQE optimization.
Consequently, we need to provide an alternative approach that could (partially) predict
the reachability of the ground state of the target Hamiltonian.
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Number Resource Lie Extension by adding the
of qubits algebra gR Heisenberg target HH

3 su(4)⊕su(2)⊕u(1) –
4 su(6)⊕su(3)⊕su(3)⊕u(1) ⊕u(1)

Table 6.1: Lie algebras and simulability analysis without and with the Heisenberg
target Hamiltonian. We compare the Lie algebra gR of the infinitesimal resource
Hamiltonians GR with the Lie algebra hH of the resource Hamiltonians combined with
the Heisenberg target Hamiltonian, i.e. GR ∪ {HH}, for three and four qubits. We
describe the Lie algebras by their reductive decompositions. The dimension of the
center Z(g) is equal to the number of one-dimensional abelian components u(1). For
the three-qubit case, the Lie algebras gR and hH agree (and their centers also agree).
For four qubits, the dimension of hH is by one larger than gR due to an additional
center element. The additional center element in the extended Lie algebra for four
qubits is acting on all C3 blocks in Fig. 6.4.

6.3.3 Symmetry analysis and invariant subspaces

We study the symmetries and invariant subspaces to assess the reachability the target
ground state(s) for the given resource Hamiltonians GR. An invariant subspace of GR

(and of its generated Lie algebra gR) is a subspace that its mapped to itself by the
infinitesimal action of the resource Hamiltonians GR. We refer to [379–384] for more
general context and results on invariant subspaces and representation theory.

To determine the decomposition into invariant subspaces, we first compute the
commutant of the resource Hamiltonians GR [195, 197]. The symmetries of the re-
source Hamiltonians (and the generated Lie algebra) are formally described by the
commutant. The commutant is the matrix subspace of all complex matrices simulta-
neously commuting with the Hamiltonians GR (i.e. [S, iHv] = 0 for S ∈ Cd×d, d = 2N ,
and Hv ∈ GR). It can be calculated as the simultaneous null space of the matrices
1d ⊗ Hv − Hv ⊗ 1d for all Hv ∈ GR. This enables us to also calculate the center
Z(gR) of the generated Lie algebra from the commutant (see Appendix 6.8.2) without
determining the Lie algebra gR and its reductive decomposition as in Sec. 6.3.1.

As our action via GR corresponds to a subgroup of the unitary group (i.e. a compact
Lie group), we know that all representations are completely reducible (i.e. semisimple)
and thus decompose into irreducible (i.e. simple) representations [376] (and the same
applies to invariant subspaces). Recall that an invariant subspace is irreducible if it
cannot be further decomposed into smaller invariant subspaces. We denote an invariant
subspace as isotypic (or primary) if it contains all and only the irreducible subspaces
from the decomposition of the whole space that are isomorphic to each other (see,
e.g., [385, p. 156] and [386, p. VIII.61]). We can construct projection matrices to the
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Figure 6.4: Block structure and invariant subspaces: Symmetry analysis of the VQE for
the Heisenberg Hamiltonian with three and four qubits showing the invariant subspaces
and the support of the initial state and the Heisenberg target ground state. Irreducible
subspaces inside a gray dashed box are constructed from the same isotypic subspace.
(a) For three qubits, the two isotypic subspces are C4 and C2 ⊞ C2 where the first
one C4 is irreducible and the second one splits into two irreducible subspaces C2⊞C2.
Here, ⊞ represents a direct sum of subspaces. The initial state has only support in C4

and the target ground state has only support in C2 ⊞ C2. Clearly, the target ground
state can never be reached. (b) For four qubits, both the initial and the target state
lie in the same irreducible component C6.
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Figure 6.5: Flowchart for the symmetry analysis. (a) First, the commutant C is calcu-
lated from the resource Hamiltonians GR, followed by the computation of the isotypic
projectors Pj. For smaller number of qubits, we can further break up the isotypic
subspace, leading to the irreducible projectors P̃k. They are obtained by reducing the
resource Hamiltonians to a block size corresponding to the isotypic subspace of Pj.
(b) The isotypic or irreducible projectors Pj or P̃k are applied to the initial and target
states. If the initial and target states belong to the same invariant subspace(s), then
the target state could be reached.
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Figure 6.6: VQE for the Heisenberg and Ising ground state showing the expectation
value of the energy compared to the eigenenergies λ (grey horizontal lines) and the
ground state energy λgs (black horizontal line) of the target Hamiltonian as a function
of the optimization steps for different number of qubits N and ten random circuit
initializations. (a1)-(a6) For the Heisenberg target Hamiltonian HH of Eq. (6.5) with
J = h = 1, the optimization fails to reach the ground state while reaching only
an excited state for all qubit numbers, except for N ∈ {4, 8, 10}. (b1)-(b8) For the
Ising Hamiltonian HI of Eq. (6.4) with J = Ω = ∆ = 1 at least one instance of the
optimization runs reaches the ground state energy for all considered qubit numbers,
indicating that the resource Hamiltonians are in principle capable of preparing the
ground state.

isotypic subspaces using effective algorithms based on first computing the center of
the commutant [387]. If computationally feasible, this is combined with the so-called
meataxe algorithm [382] to determine the irreducible subspaces in each isotypic one.
But we first reduce the block size of the resource Hamiltonians by projecting them to
a block size corresponding to the isotypic components with the help of the isotypic
projectors (see App. 6.8.2). Figure 6.5(a) provides an overview and App. 6.8.2 details
the computation of the isotypic and irreducible projectors.

We now discuss how the structure of the invariant subspaces affects the reachability
of the ground state(s) from the initial state during the execution of VQE by providing
necessary conditions. For this discussion, we assume that we know the ground state(s)
by explicitly calculating them for the target Hamiltonian. This will not be possible for
high qubit numbers but allows to get some insight into this structure starting from a
small number of qubits. We project the computed ground state(s) with the isotypic (or
the irreducible) projectors. Similarly, the conventional initial state (1, 0, . . . , 0)T ∈ Cd
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for d = 2N is projected. We record the supports in the various invariant subspaces,
i.e., whether the projection is not zero. Clearly, any infinitesimal action of the resource
Hamiltonians GR on the initial state with support in one or more multiple invariant
subspace(s) will preserve these invariant subspace(s). Thus the VQE can only reach
the ground state(s) from a particular initial state if they lie in the same invariant
subspace(s).

However, the condition that the initial and the target state lie in the same (irre-
ducible) invariant subspace is not sufficient for the target state to be reachable from
the initial state. This can even seen in a simple two-qubit example [195, 197]: both
local unitary operations SU(2)⊗SU(2) and the full special unitary group SU(4) act ir-
reducibly on the four-dimensional Hilbert space, while local unitary operations cannot
reach entangled states from non-entangled ones. Thus our analysis based on contain-
ment in the same invariant subspace(s) will provide only a necessary condition for
reachability.

We will now illustrate this analysis with the Heisenberg example for three and
four qubits. Figure 6.4 shows the support for the initial and the target state on the
occurring invariant subspaces. For three qubits, one observes the three irreducible,
invariant subspaces C4 ⊞C2 ⊞C2, where both C4 and C2 ⊞C2 are isotypic subspaces.
Here, ⊞ represents a direct sum of subspaces. The initial state has only support in
the first isotypic subspace and the target state has only support in the second isotypic
subspace. This implies that the VQE can never reach the Heisenberg target ground
state for three qubits while starting from our choice of initial state. For four qubits,
one obtains the invariant subspaces C6 ⊞ C3 ⊞ C3 ⊞ C3 ⊞ C1 with the four isotypic
subspaces C6, C3, C3⊞C3, and C1. Both the initial and the target state have a nonzero
support only in the first isotypic (and irreducible) subspace C6. Thus the necessary
condition for reachability is fulfilled and the symmetries of the resource Hamiltonians
GR = {Hd, H∆, HΩ} do not prevent us from reaching the Heisenberg target ground
state. This analysis is consistent with the VQE simulations in Fig. 6.3.

We emphasize that adding the Hamiltonian HH to the resources would not help
in reaching the target state. For the discussed three-qubit case, the generated Lie
algebra gR is unchanged (see Table 6.1). Although the Lie algebra gR is extended by
an additional center element for four qubits, the support of this element is restricted
to outside of the subspace C6 which contains both the initial and the target state [as
visualized in Fig. 6.4(b)]. Consequently, this additional center element cannot affect
the reachability of the Heisenberg target ground state.
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Support

Number Heisenberg Ising
of qubits Initial state target state(s) target state(s)

3 C4 (C2⊞C2) C4

4 C6 C6 C6

5 C8 (C6⊞C6) C8

6 C13 C7 C13

7 C18 (C18⊞C18) C18

8 C30 C30 C30

9 C46 (C56⊞C56) C46

10 C30 C30 C30

Table 6.2: Reachability of the Heisenberg and Ising target states for the VQE with the
Rydberg-atom platform of Sec. 6.2. The invariant subspaces are determined together
with the support of the initial state and the Heisenberg target state for three to ten
qubits. The full decomposition of the invariant subspaces for the Heisenberg and Ising
model is shown in Table 6.4 in Appendix 6.8.2. Two or more (isomorphic) irreducible
subspaces inside two parentheses belong to one isotypic subspace. An isotypic subspace
decomposes into irreducible subspaces which are represented with different colors if we
have computationally determined the respective irreducible projectors (which applies
only for up to eight qubits). The initial states for the VQE are same for both Heisen-
berg and Ising case. For the Heisenberg model, the initial and the target states are
shown to be in different isotypic subspaces, except for four, eight, and ten qubits. This
implies that the Heisenberg target state can never be reached for three, five, six, seven,
and nine qubits using the chosen initial state. For the Ising case, the initial and the
target states are always in the same irreducible subspace for three to ten qubits.

6.4 Larger system sizes

The VQE optimizations shown in Fig. 6.3 aim at finding the ground state of the
Heisenberg Hamiltonian of Eq. (6.5), they are now extended for up to ten qubits in
Fig. 6.6(a1)-(a6). The VQE only succeed for four, eight, and ten qubits. Whereas,
Fig. 6.6(b1)-(b8) reveals that the VQE optimizations are successful for the Ising Hamil-
tonian of Eq. (6.4) with three to ten qubits.

This is now compared with the corresponding results from the symmetry analysis as
summarized in Table 6.2. Following the analysis in Sec. 6.3.3, Table 6.2 lists the non-
zero support of the initial state as well as the target ground state(s). We observe for
five-qubit Heisenberg case that the initial state lies in the invariant subspace C8, while
the ground state of the Heisenberg Hamiltonian lies in one of the isotypic subspaces
of the form C6 ⊞ C6. Thus the ground state cannot be reach by the VQE. A similar
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Figure 6.7: Comparison of VQE performance with different initial states for the six-
qubit Heisenberg target ground state. (a) The VQE fails to converge to the target
ground state when initialized from the trivial initial state introduced in Sec. 6.5 using
six layers and 10000 iterations, indicating confinement within the C13 subspace. (b)
By initializing VQE with an eigenvector νi from the projection operator related to the
C7 subspace, the ground state is reached in all ten optimization runs in 5000 iterations.

analysis rules out the reachability for six, seven, and nine qubits in agreement with the
VQE results from Fig. 6.6(a1)-(a6). For four, eight, and ten qubits, the initial and the
target ground state are contained in the same irreducible subspace which corresponds
to the successful VQE runs in Fig. 6.3(b) and Fig. 6.6(a1)-(a6). On the other hand,
the symmetries of the resource Hamiltonians do not prevent us from reaching the Ising
target ground state during the VQE as they both only have a nonzero support in a
same irreducible subspace for up to ten qubits. This agrees with the corresponding
VQE optimizations in Fig. 6.6(b1)-(b8).

Similar to the discussion in Sec. 6.3.3, we check whether adding the target Hamilto-
nian would affect and change the result of the reachability analysis in Appendix 6.8.3.

6.5 Initial state selection

One straightforward approach to resolve the symmetry restrictions resulting from the
resource Hamiltonians is to choose a different initial state. The trivial initial state
considered in the manuscript so far is the unique groundstate of −∑N

n=1 σ
(n)
z , i.e. the

state vector (1, 0, . . . , 0)T ∈ Cd for d = 2N in the conventional computational basis
ordering. As clarified by the symmetry analysis, VQE can successfully prepare the
ground state only if the initial state and the target ground state are situated within
the same invariant subspace (which can be either an isotypic or irreducible subspace).
Thus, any state residing in a suitable invariant subspace containing the target state
can serve as an effective initial state for VQE.

We consider the six-qubit Heisenberg case and compute the eigenvectors of the
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projector for the invariant subspace associated with the target ground state. All these
eigenvectors, along with their linear combinations, could be suitable initial states for
the VQE process. As illustrated in Fig. 6.7(a), the VQE fails to converge to the target
ground state when initialized from the initial state introduced earlier, even with six
layers and after 104 iterations. The VQE is confined to the subspace C13 and cannot
access the ground state (see Table 6.2). To resolve this, we compute the projection
operator associated with the subspace C7 connected to the target state and determine
its eigenvectors νj. We run the VQE while using one of the eigenvectors νj as initial
state. The results of this approach are presented in Fig. 6.7(b) and one observes a fast
convergence to the ground state.

6.6 Connections to adiabatic state preparation

An interesting parallel can be drawn between variational state preparation and adi-
abatic state preparation or quantum annealing [363]. Indeed, original proposals for
variational state preparation were inspired by trotterizing adiabatic paths [322], and
later works found for instance that variational parameter initializations mimicking
an adiabatic path provided good initial guesses for the parameter optimization pro-
cess [388]. In this context, we now relate our symmetry analysis to adiabatic state
preparation and find that some conclusions can be carried over between the two pro-
tocols. Moreover, insights from adiabatic state preparation enable us to establish an
adiabatic path from the initial state |ψ0⟩ to a ground state of the target Hamiltonian
HT assuming a spectral gap is separating the ground states from the rest of the spec-
trum during the adiabatic evolution (and additional assumptions). This perspective is
connected to the structure of the invariant subspaces with the help of three illustrative
examples.

We start by relating the initial state |ψ0⟩ to a specific initial parent Hamiltonian
H0 that has |ψ0⟩ as one of its ground states. Our goal is to reach a ground state of a
given target Hamiltonian HT by slowly varying the time-dependent Hamiltonian

H(τ) = (1−τ)H0 + τHT . (6.6)

Here, the parameter τ changes from 0 to 1 while H(0) = H0 and H(1) = HT . In the
adiabatic theorem [364–369], one usually assumes a nonzero gap between the ground-
state energy of H(τ) and its second lowest energy for 0 ≤ τ ≤ 1 (among more tech-
nically assumptions). If the the system starts at τ = 0 in the ground state of H0 and
the time evolution of the Hamiltonian is sufficiently slow, the evolved state will then
approximately remain in a ground state throughout the evolution, thus approximately
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resulting in the ground state of HT .
To verify that the ground state maintains a nonzero energy gap from the first

excited state throughout the evolution, one can determine the energy spectrum of
H(τ) for τ ranging from 0 to 1 (see Fig. 6.8). In particular, crossings in the spectrum
involving the ground state imply a zero gap. The adiabatic theorem has been extended
to cases without a gap [389], which highlights that having a nonzero gap is in general
not a necessary condition.

The Hamiltonians H0 and HT can be used perform the described adiabatic evolu-
tion by applying the unitary

U = T exp

(
−i
∫ 1

0

H(t) dt

)
, (6.7)

where T denotes the time-ordering operator. Thus the Lie algebra ⟨{H0,HT}⟩Lie gen-
erated by H0 and HT is able to infinitesimally implement U . In this section, we will
now make the simplifying assumption that the resource Lie algebra g′R generated by
a given set of resource Hamiltonians can always generated the dynamics of both H0

and HT , i.e., g′R always contains both iH0 and iHT . Note that this assumption is
not statisfied in all possible cases (see Tables 6.1 and 6.3). If our assumption is met,
the adiabatic evolution between ground states will be reflected by the fact they have
support within the same invariant subspace of {H0,HT} such that the Lie algebra g′R
can infinitesimally connect them.

To clarify this idea, we study the case of one initial parent Hamiltonian

H0 =
1

2

3∑
n=1

σ(n)
z , (6.8)

and three example target Hamiltonians HT , under the assumption that the resource
Lie algebra g′R contains both H0 and HT . In the first example, HT is given by

H1 =
1

2

3∑
n=1

σ(n)
z +

1

4

3∑
n=1

∑
j∈{x,y,z}

σ
(n)
j σ

(n+1)
j . (6.9)

Figure 6.8(a) highlights a crossing in the eigenspectrum of H(τ) related to the ground-
state energy. This results in a zero gap and cannot confirm an adiabatic path to reach
the target ground state. We can also validate this using our symmetry analysis: The
Lie algebra generated by H0 and H1 is two-dimensional and abelian as [H0,H1] = 0.
The corresponding invariant subspaces of H0 ∪H1 are

C1 ⊞ C1 ⊞ (C1⊞C1)⊞ C1 ⊞ C1 ⊞ (C1⊞C1).
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Figure 6.8: Energy spectrum of H(τ) [see Eq. (6.6)] with τ ranging from 0 to 1 for
the initial parent Hamiltonian H0 [see Eq. (6.8)] and different target Hamiltonians
HT ∈ {H1,H2,H3} [see Eqs. (6.9)-(6.11)]. The energy spectrum of H(τ) with H1 is
illustrated in (a1), where (a2) contains a magnified version of the dashed rectangular
part in (a1). The ground state energy is represented using the red solid line. Similarly
(b1)-(b2) and (c1)-(c2) correspond to H2 and H3 respectively.
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We calculate the ground states of H0 and H1 and project them onto the different
invariant subspaces. We observe that the initial ground state has only support on one
of the subspaces C1, while the two degenerate ground states of H1 have only support on
one of the subspaces (C1 ⊞ C1). This clearly rules out any path to the target ground
state. But with more resources and a larger resource Lie algebra g′R, the invariant
subspaces will combine and one can eventually reach the target ground state.

In the second example, we add a local σx term to H1 so that the new target
Hamiltonian is given by

H2 = H1 +
1

20
σ(1)
x . (6.10)

By inspecting the eigenspectrum of H(τ) in Fig. 6.8(b), the gap between the ground
state and the first excited state is quite small but remains finite, thereby allowing
for an adiabatic path between the ground states of H0 and H2. This agrees with our
symmetry analysis. The dimension of the Lie algebra su(6)⊕su(2)⊕u(1) generated by
H0 and H2 is 39. The Hilbert space decomposes into the invariant subspaces C2⊞C6,
where both the initial and target ground states have only support on the subspace C6

on which the Lie algebra acts transitively.
Finally, in the third example, we add an extra σz term to H2 so that the new target

Hamiltonian is given by

H3 = H2 +
1

20
σ(2)
z = H1 +

1

20
σ(1)
x +

1

20
σ(2)
z . (6.11)

The gap in the eigenspectrum of H(τ) in Fig. 6.8(c) is clearly visible which again
implies an adiabatic path. The Lie algebra generated by H0 and H3 is su(8) and
therefore has a dimension of 63, which yields a single invariant subspace C8, in which
both the initial and target ground states lie. Thus one can reach the ground state of
H3 starting from the ground state of H0.

These examples highlight a connection between our symmetry results and adiabatic
state preparation. Assuming that the resource Lie algebra g′R contains both iH0 and
iHT and that there is a nonzero spectral gap (and further technical assumptions),
one can establish an adiabatic path between the ground states of H0 and HT . This
complements our reachability analysis based on symmetries. But even without an
adiabatic path, one reach the target ground state if one increases the available resources
to enlarge the generated Lie algebra and enable transitions that would otherwise be
forbidden.
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6.7 Conclusion

We have developed symmetry tools to analyze the ground-state reachability for VQE.
These methods have been illustrated and applied to a Rydberg-atom platform with
restricted global control Hamiltonians. For a small number of qubits, this enabled us to
a priori predict whether the VQE could be successful in reaching the target state from
the chosen initial state. For this, we have analyzed the generated Lie algebras as well as
the invariant subspaces resulting from the restricted control. We have then determined
whether the initial and target states are contained in different invariant subspaces
which would rule out the reachability of the target state. Even beyond a small number
of qubits, the developed symmetry tools provide guidance on how inherent symmetries
in controlled quantum systems might limit the applicability of VQE, which could then
be translated into insights into engineering suitable additional interactions in quantum
simulation platforms. Finally, we have connected our symmetry analysis to adiabatic
state preparation, which can be used to establish an adiabatic path to the target
ground state. This provides a complementary tool to analyze reachability.

In all our analysis, we have assumed that we have access to the target ground
state (which VQE is supposed to find) or even more precise spectral information. In
a practical, large-scale VQE scenario with restricted controls, this information will
be usually not available. So an open question remains whether suitable accessible
properties of the target Hamiltonian and, possibly, an initial parent Hamiltonian can
be used to confirm reachability. In absence of such a criteria, more control capabilities
to break inherent symmetries are certainly advantageous.

6.8 Appendix

6.8.1 Lie-algebra computations

We provide further details for the Lie-algebra computations following the description
in Sec. 6.3.1. All computations are implemented using the computer algebra system
Magma [390] which enables computations with exact fields such as the rational field
or number fields (including cyclotomic fields) [391]. Recall that number fields are field
extensions of finite degree of the rational field. Computations with exact fields are
complemented with numerical computations based on inexact fields such as (approx-
imated) real or complex fields. Often computations over the (not approximated) real
field can be substituted with exact computations over the rational field or a suitable
number field. The employed computational techniques in this work (and particularly
in the Appendices 6.8.1 and 6.8.2) build on and partially extend computational tools
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Number Resource Lie Extension by adding
of qubits algebra gR HH HI

3 su(4)⊕su(2)⊕u(1) – –
4 su(6)⊕su(3)⊕su(3)⊕u(1) ⊕u(1) ⊕u(1)

5 su(8)⊕su(6)⊕su(6)⊕u(1) – –
6 su(13)⊕su(11)⊕su(9) ⊕u(1) ⊕u(1)

⊕su(7)⊕su(3)⊕u(1)

7 su(18)⊕su(18)⊕su(18) – –
⊕su(18)⊕su(2)⊕u(1)

Table 6.3: Lie algebras specified by their reductive decompositions for three to seven
qubits: we compare the Lie algebra gR of the infinitesimal resources Hamiltonians GR

with the Lie algebras hH or hI generated by the resources Hamiltonians combined with
the Heisenberg or the Ising target Hamiltonian, i.e. GR ∪ {HH} and GR ∪ {HI}. For
the case of four and six qubits, we observe that hH and hI have one extra abelian
component u(1) compared to gR and the dimension of the center of the Lie algebra is
increased from 1 to 2.

applied in [195–197, 352, 361, 362] and, most recently, in [207].
Starting from a set of (hermitian) generators G (such as the resource Hamiltonians

GR = {Hd, H∆, HΩ}), we can compute the Lie-algebra closure g := ⟨G⟩Lie by repeatedly
computing commutators (starting from the elements iHj for Hj in G) and determining
the (linear-algebra) rank of a set of Lie-algebra elements. For the Lie-algebra closure, g
is considered as a Lie subalgebra of su(2n) [or u(2n)] which is specified by its structure
constants [378] over a Pauli-string basis, where Pauli strings are given by n-fold tensor
products of Pauli operators σj with j ∈ {x, y, z} and the 2 × 2 identity matrix 12.
If the generators can be determined as linear combinations over the rational field (or
a suitable number field contained in the real field), the generated Lie algebra can be
exactly calculated as all rank computations can be exactly performed.

Based on a basis for g (as detailed above), we can determine its reductive decompo-
sition g = g1 ⊕ · · · ⊕ gk into simple or abelian components gj using Magma [378, 390]
by first computing the components gj and then identifying the simple components as
one of the classical simple Lie algebras su(p) with p ≥ 2, so(2p+1), sp(p), and so(2p)

for suitable integers p ≥ 1 or one of the five exceptional ones [376, 378]. But we are
referring only to the corresponding compact real forms as all considered Lie algebras
are compact [376], i.e., they are contained in u(2n).

Table 6.3 details the reductive decompositions for the Lie algebra gR generated by
the resource Hamiltonians GR = {Hd, H∆, HΩ} for three to seven qubits. Similarly,
Table 6.3 also specifies the Lie algebras hH and hI obtained when the generating set GR



6.8. Appendix 154

Su
pp

or
t

N
um

be
r

In
va

ri
an

t
In

it
ia

l
H

ei
se

nb
er

g
Is

in
g

of
qu

bi
ts

su
bs

pa
ce

s
st

at
e

ta
rg

et
st

at
e(

s)
ta

rg
et

st
at

e(
s)

3
C

4
⊞
(C

2
⊞
C

2
)

C
4

(C
2
⊞
C

2
)

C
4

4
C

6
⊞
(C

3
⊞
C

3
)⊞
C

3
⊞
C

1
C

6
C

6
C

6

5
C

8
⊞
(C

6
⊞
C

6
)⊞

(C
6
⊞
C

6
)

C
8

(C
6
⊞
C

6
)

C
8

6
C

1
3
⊞
(C

1
1
⊞
C

1
1
)⊞

(C
9
⊞
C

9
)⊞
C

7
⊞
C

3
⊞
C

1
C

1
3

C
7

C
1
3

7
(C

1
8
⊞
C

1
8
)⊞

(C
1
8
⊞
C

1
8
)⊞

(C
1
8
⊞
C

1
8
)⊞
C

1
8
⊞
C

2
C

1
8

(C
1
8
⊞
C

1
8
)

C
1
8

8
(C

3
3
⊞
C

3
3
)⊞

(C
3
0
⊞
C

3
0
)⊞

(C
3
0
⊞
C

3
0
)⊞
C

3
0
⊞
C

2
1
⊞
C

1
3
⊞
C

6
C

3
0

C
3
0

C
3
0

9
(C

5
8
⊞
C

5
8
)⊞

(C
5
6
⊞
C

5
6
)⊞

(C
5
6
⊞
C

5
6
)⊞

(C
5
6
⊞
C

5
6
)⊞
C

4
6
⊞
C

1
4

C
4
6

(C
5
6
⊞
C

5
6
)

C
4
6

10
(C

1
0
5
⊞
C

1
0
5
)⊞

(C
1
0
5
⊞
C

1
0
5
)⊞

(C
9
9
⊞
C

9
9
)⊞

(C
9
9
⊞
C

9
9
)⊞
C

7
8
⊞
C

5
8
⊞
C

4
2
⊞
C

3
0

C
3
0

C
3
0

C
3
0

Ta
bl

e
6.

4:
R

ea
ch

ab
ili

ty
of

th
e

H
ei

se
nb

er
g

an
d

Is
in

g
ta

rg
et

st
at

e
fo

r
th

e
R

yd
be

rg
at

om
pl

at
fo

rm
of

Se
c.

6.
2.

T
he

in
va

ri
an

t
su

bs
pa

ce
s

ar
e

de
te

rm
in

ed
to

ge
th

er
w

it
h

th
e

su
pp

or
t

of
th

e
in

it
ia

ls
ta

te
an

d
th

e
H

ei
se

nb
er

g
an

d
Is

in
g

ta
rg

et
gr

ou
nd

st
at

e(
s)

fo
r

th
re

e
to

te
n

qu
bi

ts
.

W
e

us
e

th
e

co
lo

r
sc

he
m

e
fr

om
Ta

bl
e

6.
2.

Fo
r

th
e

H
ei

se
nb

er
g

ca
se

,t
he

in
it

ia
la

nd
th

e
ta

rg
et

st
at

es
ar

e
in

di
ffe

re
nt

sy
m

m
et

ry
se

ct
or

s,
ex

ce
pt

fo
r

fo
ur

,e
ig

ht
,a

nd
te

n
qu

bi
ts

.
T

hi
s

im
pl

ie
s

th
at

th
e

H
ei

se
nb

er
g

ta
rg

et
st

at
e

ca
n

ne
ve

r
be

re
ac

he
d

fo
r

th
re

e,
fiv

e,
si

x,
se

ve
n,

an
d

ni
ne

qu
bi

ts
us

in
g

V
Q

E
st

ar
ti

ng
fr

om
th

e
ch

os
en

in
it

ia
ls

ta
te

.
Fo

r
ex

am
pl

e,
fo

r
fiv

e
qu

bi
ts

,o
ne

ob
se

rv
es

th
e

th
re

e
in

va
ri

an
t

su
bs

pa
ce

s
C

8
⊞
C

6
⊞
C

6
⊞
C

6
⊞
C

6
.

T
he

in
it

ia
l
st

at
e

ha
s

on
ly

su
pp

or
t

in
th

e
fir

st
on

e
C

8
an

d
th

e
ta

rg
et

st
at

e
ha

s
on

ly
su

pp
or

t
in

th
e

se
co

nd
an

d
th

ir
d

on
e
C

6
an

d
C

6
.



6.8. Appendix 155

is extended by the Heisenberg and the Ising Hamiltonians HH and HI [see Eqs. (6.5)
and (6.4)]. We observe in Table 6.3 that the Lie algebras hH and hI are isomorphic. In
particular, the Lie algebras gR, hH , hI are isomorphic for three, five, and seven qubits.
But, for four and six qubits, gR differs from hH and hI by an element of the Lie center
in hH and hI , where the dimension of the Lie centers of gR and respectively hH and
hI are one and two.

6.8.2 Symmetry computations

In this appendix, we provide further details relevant to the symmetry analysis discussed
in Sec. 6.3.3 while highlighting computational aspects as in Appendix 6.8.1. In a first
step, we compute the commutant of the resource Hamiltonians GR = {Hd, H∆, HΩ}
(see Sec. 6.3.3) and the commutant will now be denoted by C.

Based on the commutant C, we can determine the Lie-algebra center Z(gR) = C∩gR
of gR without computing gR. Consider a skew-hermitian basis of the commutant with
basis elements bk and k ∈ {1, . . . , dim(C)}. We project the resource Hamiltonians Hj

onto this basis using the formula iTr(Hjbk)/Tr(bkbk), where Tr(M) denotes the trace
of a matrix M . A basis of the projected operators, which are expanded as a linear
combination of the elements bk, then forms a basis of the Lie center Z(gR). If one is
only interested in the dimension of Z(gR), one can compute the rank of the matrix R
with entries Rij = Trace(C†

iHj), where the Cj describe any basis of C and the matrix
R has |GR| columns and dim(C) rows (see [195]).

We can compute the isotypic and irreducible projectors as outlined in Sec. 6.3.3.
We detail now one particular optimization for determining the irreducible projectors by
first reducing the block size of the resource Hamiltonians with respect to a considered
isotypic projector Pj [see Fig. 6.5(a)]. Following some idea in [207], we can construct
rectangular matrices Qj and Q†

j, where the columns of Q†
j are given by an orthonormal

eigenbasis of Pj. We use the Gram-Schmidt process for the orthogonalization and
then normalize each eigenvector νj by ν ′j = νj/|νj|, where |νj| =

√
⟨νj|νj⟩ and field

extensions are required for the square roots. Hence, we can write the matrix Qj

as Qj = DsqrtQ
′
j, where Q′

i contains the orthogonal eigenbasis of Pj and Dsqrt is a
diagonal matrix containing all the normalization factors |νj|. Similarly, we can write
Q†

j = Q′†
j Dsqrt. We then apply the formula H̃v = QjHvQ

†
j for Hv ∈ GR. Consequently,

the meataxe algorithm [382] mentioned in Sec. 6.3.3 can be applied to smaller matrices.
This then enables us to compute the projections of state vectors s via sPj for an

isoyptic subspace or sQ†
jP̃j for an irreducible subspace. For Hamiltonians W or Lie

algebra elements iW , we similarly have the formulas PjWPj and P̃jQjWQ†
jP̃j. Thus

we can determine the non-zero support. In summary, Table 6.4 details the invariant
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Lie center Impact from the
Number dimension for extended center for
of qubits gR hH and hI hH hI

3 1 1 N/A N/A
4 1 2 None None
5 1 1 N/A N/A
6 1 2 Possible None
7 1 1 N/A N/A
8 1 2 None None
9 1 2 Possible None
10 1 2 None None

Table 6.5: The impact of additional Lie center element(s) on the reachability of the
target ground state(s) when extending the resource Hamiltonians with the respective
Heisenberg or Ising target Hamiltonians HH or HI . This then results in the extended
Lie algebras hH or hI . A potential impact on the VQE is shown by “Possible” and
no effect by “None"; “N/A” indicates the non-existence of additional center elements.
Refer to the text of Appendix 6.8.3 for further details.

subspaces and the non-zero support of the initial and the target state(s) for three to
ten qubits.

6.8.3 Lie centers when adding the target Hamiltonian to the

resource Hamiltonians

In this Appendix, we discuss whether adding the target Hamiltonian to the resource
Hamiltonians would affect the result of the reachability analysis. The Lie algebras gR,
hH , and hI without and with the target Hamiltonians and their reductive decomposi-
tions have been computed for up to seven qubits. The results are detailed in Table 6.3
of Appendix 6.8.1 and they suggest that the extended Lie algebras hH and hI differ
from the resource Lie algebra gR by at most one additional center element. So, our
analysis beyond seven qubits is predicated by general correctness of this observation.
The Lie-algebra center dimension is calculated without and with the Heisenberg and
the Ising target Hamiltonian. We observe in certain cases an extended Lie center which
is reflected in a larger Lie-center dimension as recorded in column three of Table 6.3.
These additional center elements could potentially lead to an extended reachability.

We can effectively compute the Lie centers via the commutant beyond seven qubits
and analyze the support of the corresponding center elements. Table 6.5 summarizes
the results by detailing the Lie-center dimensions as well as the potential impact on
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the isotypic subspaces with non-zero support for the initial and the target states.
An additional center element is observed for four, six, eight, nine, and ten qubits.
They have no impact on the initial and the target state in the invariant subspace
C6, C30, and C30 for four, eight, and ten qubits respectively. This means that time
evolutions enabled by the additional center element do not affect the invariant subspace
containing the initial and the target state.

However, the initial and the target states are located in the different invariant
subspaces C13 and C7 for six qubits as shown in Table 6.2. The additional center
element does not act on the initial state, but it does act on the target state. These
observations do not change our assessment of the reachability of the Heisenberg target
ground state. A similar argument applies to the case of nine qubits. For the Ising
model, the additional center element has zero support in the isotypic subspaces that
have nonzero support for the initial state and the target state. We conclude from
Table 6.5 that the additional center elements cannot affect the VQE for the Ising
model with all considered qubits. Thus adding the target Hamiltonian to the resource
Hamiltonians appears to not help to reach the target ground state for up to ten qubits.





7
Summary and outlook

7.1 Summary and conclusions

In this thesis, we have developed and implemented analytical and numerical methods
from control theory for modeling, simulating, and optimizing quantum systems. This
thesis has addressed several goals associated with neutral atom devices, starting from
elementary gate operations and reaching quantum simulation tasks. We developed
and integrated new theoretical and numerical tools into the existing quantum control
stack. While most of these developments are general in application, they have been
designed with a prior focus on neutral atoms. Rather than working abstractly, pursuing
experimentally oriented goals makes these new tools more practical and applicable —
likely with only slight modifications needed for other systems as well.

For this purpose, we first provided a review of the existing control methods used as
the starting point of the work done in this thesis. We described the principal ideas of
any quantum control problem and gave a description of both analytical and numerical
methods required to tackle different tasks. We also discussed ways to make these opti-
mization algorithms more practical by taking into account experimental imperfections.
With these control methods in the background, we next explained our target system
for this thesis: neutral atoms. In this regard, we focused only on the physical princi-
ples, control mechanisms, and operational challenges, without going into experimental
setup details or extensive application reviews. Neutral atoms or ultracold atoms are a
prominent platform for performing quantum computation and simulation tasks. Over
the last decade, extensive research has been conducted to further improve this system,
and now it has reached a stage where control methods can be implemented to achieve
high levels of precision. In order to achieve this, both quantum and classical noise
sources must be characterized and included in the optimization routines.

With this goal, our original research contributions address several pressing control
problems within neutral atom systems. First, we demonstrated how including technical
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imperfections — such as pulse distortions from experimental devices like acousto-optic
modulators — directly into control optimization can significantly improve the fidelity of
quantum operations. For this, we developed a theoretical tool for estimating especially
the nonlinear distortions, with a key feature of this tool being platform independence.
By extending numerical techniques like GRAPE to account for these non-linearities,
we showed a practical pathway toward enhancing the reliability of quantum operations,
e.g., quantum gates.

Next, we moved to a slightly more complex quantum system where fermionic atoms
are trapped in a superlattice: a special form of optical lattice. In this setup, using
modified and efficient numerical control techniques, we tackled the challenge of imple-
menting high-fidelity, fast, and robust quantum gates. These systems have the poten-
tial for performing efficient quantum simulation tasks, e.g., simulating Fermi-Hubbard
dynamics. In our work, we showed how dynamically tuning the system parameters al-
lows us to engineer interactions on different bands of the Fermi-Hubbard model. This
is then used to design fast gates through tailored numerical optimization while sup-
pressing unwanted population leakage. This study is also very insightful for practical
quantum simulation tasks using these systems as it provides an understanding of the
non-trivial changes occurring in the dynamics.

Finally, moving further toward quantum simulation applications of ultracold atoms,
we investigated the potential of Rydberg atom-based analog quantum simulators for
performing the variational quantum eigensolver (VQE). Rydberg systems naturally
generate Ising-like interactions and hence represent an ideal platform for performing
these types of variational algorithms. However, in the presence of only global control
— which is the state of the art currently — the simulator faces some limitations
in terms of convergence. Using Lie-algebra-based control theory tools, we examined
these symmetry-induced limitations and provided reachability criteria. This analysis
was performed for specific examples such as Ising and Heisenberg models and for small
system sizes. However, the results can be projected to understand larger system sizes
and pave the way for further development of tools in this regard. This analysis not only
highlights the importance of system symmetries in analog simulators but also informs
the selection and design of initial states best suited to a given hardware platform.

7.2 Outlook

Looking ahead, the development of new gate schemes, algorithms, and improvements
in experimental components holds great promise for new use cases of quantum control
methods in practical quantum technologies. With increasing demands for precision,
longer coherence times, and larger system sizes, the role of advanced control tech-
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niques is becoming more critical. In this regard, the work presented in this thesis has
the potential to be further developed and applied to various other areas in quantum
technologies.

The estimation method for nonlinear systems presented in Chapter 4 is general
in the sense that it can be easily adapted to other quantum platforms. The only
requirement for this generalization is the availability of a measurement device such
as a photodiode or an oscilloscope. Recently, our method has been implemented
experimentally with some modifications to estimate and correct for distortions in a
neutral atom device [392].

We engineered control pulses that are highly tailored and depend on the system
Hamiltonian. However, noise in real experiments results in deviations in the dynamics,
which decreases the fidelities of these controls. In Chapter 5, we explored some of the
major sources of noise and errors in the fermionic system and showed that our pulses
are quite robust against them. This lays the groundwork for further improving these
controls by including more sources of errors and performing robust optimization. This
would require not only improvements in optimization routines but also the design
of new experiments to better characterize known error sources. Furthermore, some
analytical schemes such as DRAG or shortcut to adiabaticity can be used to design
fast gates in this setup.

Finally, control theory can provide significant insight into quantum simulation
tasks in the presence of noise sources. Specifically, the work done in Chapter 6 can
be further extended to understand how noise affects these variational algorithms. For
example, noise channels, which can be modeled as Pauli operations, can be included in
the dynamics to examine whether they affect the reachability of the desired quantum
state. The tools presented in Chapter 6 have the potential to be further extended and
applied to different system topologies, which will reveal the dependence of symmetries
on different configurations. With more data in hand, we can potentially find some
physical reasoning for these symmetry limitations and anticipate results for larger
system sizes.

In summary, this thesis demonstrates how control theory is well-positioned to act
as both a diagnostic and design tool for neutral atom quantum systems, enabling
improved quantum operations and studying the potential of these devices. Through
the joint efforts of theoretical, computational, and experimental advancements, we can
move toward the realization of scalable and high-performance quantum technologies.
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