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Chapter 1

Introduction

The World Health Organization (WHO) identifies antibiotic resistance as one of
the ten most significant challenges to global health [34]. According to estimates,
1.14 million deaths worldwide in 2021 were attributable to bacterial antibiotic re-
sistance [29, 34]. However, the problem is not limited to resistant bacterial strains.
Research has demonstrated that susceptible strains are able to withstand concen-
trations that are many times higher than the minimum inhibitory concentration
(MIC) when cultivated together with resistant cells [57, 10]. This phenomenon
underscores that resistance mechanisms are highly cooperative.

A notable illustration of such a cooperative behaviour is the β-lactam resistance
in Escherichia coli, which has been attributed to the production of the enzyme β-
lactamase as a public good, identified by Yurtsev et al. [57, 8]. The population
dynamic between cooperators, who produce the public good, and cheaters, who
use it, can be described in broad terms by the Evolutionary Game Theory.

This thesis examines the population dynamics of resistant and sensitive bacte-
ria, as described by Yurtsev et al. [57], employing game theory in discrete time.
By analyzing this model, the thesis aims to demonstrate how varying the antibiotic
concentrations and costs of resistance shift the population dynamics from stable
coexistence (snowdrift game) to unpredictable, chaotic regimes.

A key analytical finding of this work is the demonstration of unstable coexis-
tence and chaos within a two-strategy discrete-time game. Standard evolutionary
game theory in discrete time relies on constant payoff matrices. These matri-
ces inherently preclude such dynamics for two interacting phenotypes. However,
this thesis demonstrates that introducing highly non-linear, frequency-dependent
fitness functions chaotic regimes.

The thesis is structured as follows: The second chapter gives a general introduc-
tion into Game Theory, followed by a mathematical introduction to evolutionary
game theory in Chapter Three. The theoretical framework of evolutionary game
theory is connected with antibiotic resistance in Chapter Four. Chapter Five gives
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an introduction into the Yurtsev et al.-model and its connection to the game the-
ory in discrete time. The thesis concludes with a discussion of the primary results
in the sixth chapter.
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Chapter 2

Game Theory - A general
introduction

During the 1920s, the mathematician John von Neumann worked on a mathemat-
ical framework to describe and analyze games [30, 24]. His work forms the basis
for a breakthrough theory in economics, which he and the economist Oskar Mor-
genstern developed less than twenty years later: The Game Theory [33, 24, 43].
The objective of their study was to examine the behaviour and strategy of individ-
uals in competitive situations [43], such as economic decisions [33]. Accordingly,
an analysis of individual behaviour is essential for finding answers to fundamen-
tal questions in economics and understanding economic mechanisms [31]. This
chapter does not offer a mathematical introduction to game theory. This will be
addressed in subsequent sections of the thesis, as it aligns more closely with the
subject matter.

The fundamental assumption of the theory is a competitive scenario among
individuals, each of whom employs a strategy and attains a payoff from the game
[8, 43, 31, 30, 33, 24, 38, 21]. A game is simply defined and described by its rules
[32, 24]. Each player of the game possesses a set of strategies, from which they
can select [38]. A strategy is defined as the fundamental principles that guide a
player’s decisions [32]. In other words, it is a plan for every conceivable condition
that guides the player’s action [38, 43].

Depending on the selected strategy, each player receives a payoff from the game
[30, 33, 38, 21, 8, 43], which is described by a payoff function [38]. Evidently, this
can be a monetary benefit in economic contexts. In general, however, it is a benefit
to the individual who wins [31]. A fundamental question in Game Theory concerns
the strategy an individual should use to maximize their own payoff [30, 33, 24, 38,
21, 31]. According to von Neumann and Morgenstern, an individual who strives
for maximum payoff is acting rationally [31, 21].

However, the payoff does not solely depend on the player’s own strategy, but
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also on that of their opponents [30, 33, 38, 21, 8, 43], since each player pursues
a maximum payoff, which results in a conflict [31, 21]. A simple example of
such a game is rock-paper-scissors [8, 43]. Each player has the ability to choose
between three strategies. Each of them wins against another strategy, while losing
to the third. To illustrate, rock is the winner against scissors, but loses to paper.
Therefore, the own strategy alone does not determine the outcome of the game.

However, the theory has long since gone beyond economics and found its way
into other scientific disciplines. One example is the evolutionary game theory.
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Chapter 3

Evolutionary Game Theory

3.1 History of Evolutionary Game Theory

The initial ideas of applying game theory in biology emerged in the late 1950s
[26]. For instance, in 1958, Fisher had the idea of using game theory to describe
predator-prey interactions [26, 13]. However, it was the research of Hamilton,
Trivers and others that had a significantly greater influence in the field [26, 33].
For example, Hamilton used game theory in a 1967 paper to describe sex allocation
[19, 26, 43]. A primary outcome of his research was the demonstration that a 1:1
ratio between males and females does not necessarily represent the optimal scenario
for an individual, based on the number of offspring. Especially when mating is
limited to a local area, and inbreeding is prevalent, another ratio may prove more
advantageous for an individual [19, 43]. Four years later, Trivers employed game
theory to analyze reciprocal altruism during evolution [49]. He used the example
of cleaning fish and warning cries by birds, and demonstrates that altruism can be
a successful strategy during evolution.

Nonetheless, John Maynard Smith and George Price are widely regarded as
the pioneers of evolutionary game theory, because of a paper published in 1973
in Nature [33, 26], which led to a substantially higher interest in this field [26].
They considered why conflicts among animals do not lead to serious injuries [44,
26]. Evidently, the population obtains an advantage, but Smith and Price also
thought about an individual advantage [44, 26]. To give evidence of this, they
considered different models: In the initial model, there is a possibility of injury
to animals from one another, in the second one, such injury is impossible [44].
The authors modeled conflicts between individuals with different moves. For each
move, the individuals can select whether to inflict harm on their opponent, refrain
from doing so, or retreat. The authors determined probabilities for which of these
choices would be played, depending on what had been played previously. The rules
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which determine the possibilities can be seen as strategies [44]. The individuals
also yield a payoff from the game, which can be regarded as reproductive success.
However, the costs associated with injury or energy loss during the conflict are
also taken into account [44]. The findings of the modeling demonstrate that it is
preferable for an individual to refrain from inflicting harm on their opponent or to
retreat [44]. In this context, Smith and Price introduced the evolutionary stable
strategy (ESS): This strategy is defined in the following manner: No mutant can
invade a population where most members adopt this strategy [44, 26, 48, 43, 8].
This strategy is a fundamental concept in evolutionary game theory.

Since then, the number of publications in this field has increased significantly
and game theory is being applied in various areas of biology, especially where the
reproductive success is frequency-dependent [26]. Therefore, the following section
will examine the fundamentals and mathematical description of game theory using
an example.

3.2 Fundamentals and mathematical description

An exemplary illustration of the implementation of game theory can be observed
in the interactions between bacteria [8, 57]. In the following sections, this example
introduces the (mathematical) fundamentals of game theory.

3.2.1 Fundamentals

A simple illustration of this context is the interaction of two phenotypes, A and
B (fig. 3.1) [33]: The phenotype A is able to move, while B is not. In this
particular instance, the ability to move is advantageous, thereby enhancing fitness.
When the fitness is constant, the population is expected to converge on all A.
However, it is important to note that mobility comes with costs. However, in cases
where population density is high, the ability to move becomes a disadvantage: The
individuals will be stuck in the traffic (fig. 3.1). Nevertheless, they have to pay
the costs for the mobility. The fitness of phenotype A declines with increasing
individual number. Therefore, the fitness of phenotype A is frequency-dependent.

In the context of evolutionary games, the fitness corresponds to payoff [33, 8].
Successful individuals have a higher reproductive success. As demonstrated in the
example, the result of the game provides information about the evolution of the
population [8, 43]. A good strategy in the game is more successful since offspring
employ the same strategy as their parents [8, 48]. Of course, in evolutionary con-
text, the concepts of self-interest and rationality are not sensible. Consequently,
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Figure 3.1 Constant vs. frequency dependent selection. Individual A is able to move,
while B is not. Constant fitness means, that the fitness is independent of the fraction of
a phenotype in the population. In the frequency dependent selection, the fitness depends
on the fraction. When only a few individuals are able to move, mobility goes hand in
hand with high fitness. When, on the other hand, many individuals are able to move,
this becomes a disadvantage. Adapted from [33].

the self-interest is replaced by the concept of fitness, and the rationality is super-
seded by population dynamics [42].

Considering the population dynamic (Fig. 3.2), five different kinds of games
can be distinguished [33, 8].

Cases one and two are the least complex. The population will converge to
either all A or all B if the fitness of one phenotype is consistently higher than that
of the other. The phenotype with higher fitness is referred to as dominance. Such
dominant phenotypes represent Evolutionary stable strategies [33, 8].

The third kind of game is bistability. The coexistence of both phenotypes at a
particular point is possible, but it is not stable. Nonetheless, a minor disruption
can result in the extinction of either the A or the B population [33, 8].

In contrast, when fitness is frequency dependent, the population will attain a
state wherein both phenotypes or strategies coexist stably. This type of game is
referred to as coexistence. The point of stable coexistence is termed a fixed point
[33] or an equilibrium [8]. The population will always revert to this point when
disturbed, since no strategy can achieve dominance. This dynamic is also referred
to as snowdrift game [33, 8]. The analogy comes from two drivers who are stuck
behind a snowdrift. Each of them has the option to stay in the car or get out and
clean the path. If both drivers stay in the car, they will remain stuck behind the
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Figure 3.2 Five different outcomes for games between A and B are possible. The
outcome depends on the fitness: a is the payoff individual A yields when playing against
A. b is the payoff A yields when playing against B. B yields the payoff c when playing
against A and d when playing against B. Adapted from [33].

snowdrift. If both parties leave the vehicle, both will pay the costs for cleaning
the path. It can thus be concluded that the best strategy is to do the opposite of
what the other driver is doing.

In the last possible instance, the fitness of both phenotypes is always equal, i.e.
every point is a fixed point.

The subsequent section will discuss the mathematical description of evolution-
ary games.

3.2.2 Mathematical description - Game theory in continu-
ous time

The example above is considered again. In the following, xA denotes the fraction
of phenotype A in the population, also referred to as frequency [33]. The frequency
of phenotype B is denoted by xB. Therefore, the vector x⃗ = (xA, xB) describes the
composition of the population, while fA(x⃗) represents the fitness of A and fB(x⃗)
that of B [33]. The number of individuals varies from one generation to another,
depending on their fitness. The variation in the number of individuals, denoted
by N , is expressed as:

ṄA = NA · fA(x⃗) ṄB = NB · fB(x⃗). (3.1)
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The frequency of A and B in the population is

xA =
NA

NA +NB

xB =
NB

NA +NB

. (3.2)

The differentiation of equation (3.2) describes how the frequency changes over
time.

The condition xA + xB = 1 holds at all times [33]. Therefore, the equation can
be simplified by defining xA = x and xB = 1− x. The expressions can be written
in dependence on the average fitness ϕ of the population:

ẋA = xA · [fA(x⃗)− ϕ] ẋB = xB · [fB(x⃗)− ϕ] (3.3)

with
ϕ = xA · fA(x⃗) + xB · fB(x⃗). (3.4)

Expressions (3.3) are known as replicator equations, which are fundamental equa-
tions in the field of evolutionary game theory [33]. These equations describe the
dynamics of the population. The replicator equation demonstrates: The frequency
of A decreases when the fitness of A is less than the average fitness, and increases
when the fitness of A is higher than the average fitness. For the frequency of B,
the analogous case applies.

However, the equation xA+xB = 1 results in a simplification of equation (3.3):

ẋ = x(1− x)[fA(x)− fB(x)] (3.5)

which describes the dynamics of the population in a single function. This indicates
that the development of x is contingent on the difference between fA(x) and fB(x).

Fixed points and equilibria

It is of greater interest to consider the behaviour of xA when fA(x) = fB(x), than
to examine the increase or decrease of xA when fA(x) > fB(x) or fA(x) < fB(x).
As previously discussed, this leads to the fixed points or equilibria at which the
frequency of A and B is constant (Fig. 3.3) [33, 8], i.e. ẋ = 0.

For the replicator equation, that’s trivially true for x = 0 and x = 1 and also
for every x ∈ (0, 1), leading to fA(x) = fB(x). The last case is termed inner equi-
librium or fixed point [33, 8]. Furthermore, it is necessary to distinguish between
stable and unstable fixed points, that is, between coexistence and bistability [33,
8]. The right-hand side of (3.5) is to be defined as a function f(x), i.e. f(x) = ẋ.
A fixed point is stable under the condition

f ′(x∗) < 0
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Figure 3.3 Plot of the frequency x from A against the fitness difference between the
phenotypes. The figure shows different types of equilibria and the behaviour of the pop-
ulation around them. For equal fitness fA(x) = fB(x) equilibria appear, which can be
stable or unstable. Adapted from [33].

with x∗ the fixed point and f ′(x∗) the derivative of f(x∗). A fixed point is unstable
if

f ′(x∗) > 0.

In the following sections, amore detailed discussion of the dynamics of the
equilibria will be presented.

Payoff matrix

The replicator equation demonstrates the dynamics of the population. However,
it is necessary to establish a more precise definition of fitness to make assumptions
regarding the dynamics. The fitness of the individuals is contingent on their own
phenotype [8, 33]. However, the outcome may also be contingent on the phenotype
they are playing against, as well as the payoff of a player is determined by their own
strategy and that of their opponent [30, 33, 38, 21, 8, 43]. In order to ascertain the
fitness of an individual against each phenotype, a payoff matrix is a straightforward
method [8, 33, 44, 43]:

A B( )
A a b
B c d
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In this context, a denotes the fitness of A when playing against A, b denotes the
fitness of A when playing against B and so on. With the payoff or fitness matrix,
it is possible to find an expression for the fitness of A and B [33]:

fA = a · x+ b · (1− x) fB = c · x+ d · (1− x). (3.6)

Assuming a well-mixed population with random encounters, the frequency x is the
probability of meeting individual A and (1 − x) is the probability of meeting B
[33]. Inserting these fitness functions into the replicator equation (3.3) leads to
[33]:

ẋ = x · (1− x)[(a− b− c+ d) · x+ b− d] (3.7)

As mentioned before, the equation fA(x) = fB(x) results in a fixed point. It
follows from (3.6), that

x∗ =
d− b

a− b− c+ d
(3.8)

is a fixed point. Biologically sensible is only the case where x∗ ∈ [0, 1]. Substituting
u for (d− b) and v for (a− c) results in

x∗ =
u

v + u
.

For the condition x∗ ∈ [0, 1] to be valid, u and v must have the same sign. That
is, a fixed point just exists if

a > c ∧ d > b (3.9)

or
a < c ∧ d < b. (3.10)

Depending on the components of the fitness matrix, the five population dynamics
described previously (Fig. 3.2) can be mathematically determined [33, 8]:
1. If a ≥ c and b ≥ d, individual A always has the higher or same fitness and
will dominate B. This requires one strict inequality for one of the greater-than-
or-equal-to conditions. This results in x = 1 and phenotype B dies out. A is then
the ESS, and B is not able to invade the population. There is no inner fixed point,
because neither (3.9) nor (3.10) holds.
2. On the other hand, B can also dominate A. In this case a ≤ c and b ≤ d, again
with one strict inequality. Then phenotype B is the ESS and analogue to case 1.,
there is no inner fixed point. [8, 3]
3. If a > c and b < d, A and B are bistable, which implies that x = 0 and x = 1
are stable. But there is also an unstable inner equilibrium for x ∈ (0, 1), defined
by (3.8) [33, 8]. To which side the system converges when it is deviated from the
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unstable equilibrium depends on the initial fraction. x0 < x∗ results in x = 0, so
all B. But if x0 > x∗, the population converges to all A, i.e. x = 1.
4. A and B can also stably coexist (snowdrift game), when a < c and b > d. In
this case equation (3.8) is a stable equilibrium.
5. In the fifth scenario, the composition of the population does not change when
a = c and b = d. That is, every fraction x is a fixed point [33].

The mathematical description so far refers to game theory in continuous time.
However, as will be demonstrated subsequently, serial dilution experiments also
play an important role in biology. This implies that, in addition to a description
in continuous time, a description in discrete time is necessary.

3.3 Game theory in discrete time

The description of the game theory in discrete time is analogous to the game theory
in continuous time. However, while Malthusian fitness is employed in the context
of continuous time, Wrightian fitness is employed in discrete time [56]. The fitness
matrix is given by

A B( )
A α β
B γ δ

with x the fraction of the phenotype A. The number of individuals with the
phenotype A after one time step is given by

NA(t+ 1) = NA(t) · [α · x(t) + β · (1− x(t))]. (3.11)

The equation can also be written depending on the frequency

x(t+ 1) =
(x(t) · α + (1− x(t)) · β) ·NA(t)

((x(t) · α + (1− x(t)) · β) ·NA(t) + (x(t) · γ + (1− x(t)) · δ) ·NB(t))
(3.12)

with NB(t) the number of individuals with phenotype B at time t, analogous to the
number of individuals with phenotype A. This results in the replicator equation
in discrete time:

x(t+ 1) =
x(t) · (x(t) · α+ (1− x(t)) · β)

x(t) · (x(t) · α+ (1− x(t)) · β) + (1− x(t)) · (x(t) · γ + (1− x(t)) · δ)
(3.13)

In order to gain a more precise understanding of the population dynamic, it is
necessary to examine the fixed points in greater detail, with particular reference
to the inner fixed point.
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3.3.1 Fixed points

The fixed points or equilibria fractions can be calculated by solving the equation
x(t+ 1) = x(t), because at the fixed point, the resistant fraction does not change
from one time step to another. This results in three fixed points, analogous to the
continuous time:

x∗
1 = 0 (3.14)

x∗
2 = 1 (3.15)

x∗
3 =

δ − β

δ − β + α− γ
. (3.16)

Even in discrete time, the right-hand side of (3.13) is defined as a function f(x),
i.e. f(x) = x(t + 1). The stability of the fixed points can again be analyzed by
examining the derivative of the function f(x) at the fixed point x∗ as shown in
[16]:

|f ′(x∗)| < 1 ⇒ stable (3.17)

|f ′(x∗)| > 1 ⇒ unstable (3.18)

Whether the equilibria are stable or not depends on the ratio of the parameters
α, β, γ and δ. In the following, the focus is especially on the inner equilibrium x∗

3.
For a biologically sensible scenario, the conditions (3.9) and (3.10) must be valid
for α, β, γ and δ. For the stability analysis, the derivative at the inner fixed point,
hereinafter referred to as x∗, is necessary:

f ′(x∗) =
2αδ − αβ − γδ

αδ − βγ
=

(α− γ) · (δ − β)

αδ − βγ
+ 1 (3.19)

According to (3.9) and (3.10), two cases are possible for the derivative:
1. α > γ and δ > β
2. α < γ and δ < β.
Assuming the first case, the denominator is positive, because αδ > βγ. For the
numerator, then the following applies:

2αδ − αβ − γδ > 2αδ − αβ − αδ = α(δ − β) > 0. (3.20)

So the numerator is also positive, which means that the entire fraction is positive.
Assuming the second case, the denominator is negative, because αδ < βγ. The

same applies to the numerator as in the first scenario:

2αδ − αβ − γδ < 2αδ − αβ − αδ = α(δ − β) < 0. (3.21)
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Both the numerator and the denominator are negative, so the entire fraction is
positive. That is, in both cases the derivative is positive and never less than zero,
i.e., f ′(x∗) > 0.

The fixed point is unstable when α > γ and δ > β. That means the population
is bistable, because αδ > βγ and the numerator is positive, so the fraction in f ′(x∗)
is positive and f ′(x∗) > 1. But if α < γ and δ < β, the denominator, and thus
the entire fraction in f ′(x∗), becomes negative. f ′(x∗) itself cannot be negative,
therefore it must be the case that f ′(x∗) < 1. That means that the inner fixed
point is stable, so both phenotypes coexist. Two examples of those scenarios are
shown in fig. 3.4.

Figure 3.4 Two examples of the population dynamics in discrete time. The left plot
shows the stable inner fixed point for α = 1.1 and γ = 4.2. The right plot shows the
unstable inner fixed point for α = 4.2 and γ = 1.1. The color map represents the value
of the derivative f ′(x∗). In the white regions there, is no valid inner fixed point, because
neither 3.9 nor 3.10 hold.

How the population dynamics and the stability of the inner fixed point depend
on the ratio between the parameters is also shown in fig. 3.5. As demonstrated
in this section, alternative scenarios are not feasible. At least there is always one
stable fixed point, which has not to be an inner fixed point. For the inner fixed
point is always f ′(x∗) > 0. The plot confirms the criteria for the stability of fixed
points and also shows that there is no fixed point if b > d and a > c or a < c and
b < d.

The question now, however, is: When do such scenarios occur in nature? A
typical example can be found in populations that contain both antibiotic-resistant
and sensitive bacteria [8, 57].
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Replicator Dynamics: Inner Fixed Point Analysis

x(
t+

1)

0.0

0.5

1.0
𝛼 = 1, 𝛽 = 5, 𝛾 = 5, 𝛿 = 1

Inner FP:
x* = 0.5
f'(x*) = 0.33
Stable

𝛼 = 5, 𝛽 = 1, 𝛾 = 1, 𝛿 = 5

Inner FP:
x* = 0.5
f'(x*) = 1.67
Unstable

x(t)
0.0 0.5 1.0

x(
t+

1)

0.0

0.5

1.0
𝛼 = 1, 𝛽 = 1, 𝛾 = 5, 𝛿 = 5

x(t)
0.0 0.5 1.0

𝛼 = 5, 𝛽 = 5, 𝛾 = 1, 𝛿 = 1

Diagonal (y=x) Difference Eq. inner fixed point

Figure 3.5 Replicator dynamic in discrete time, depending on the ratio between the
parameters. Four examples for different ratios.
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Chapter 4

Evolutionary game theory and
antibiotic resistance

In more general terms, circumstances arise that may be regarded as an evolutionary
game between a producer and a non-producer [8]. The producer generates a ’public
good’: A compound, which leads to a benefit for both the producer and non-
producer. As a consequence, the producer has to pay the costs for the production.
Nevertheless, as will be demonstrated later, it could be an advantage of being a
producer. For example, in terms of antibiotic resistance. Such a game could be
the interaction between antibiotic-resistant and sensitive bacteria [8, 57].

4.1 Antibiotic resistance

Antibiotic resistance is a major problem in clinics and the community [55]. Ac-
cording to the World Health Organization, antibiotic resistance increases and is
widespread, especially in gram-negative bacteria [34]. Between 2018 and 2023,
the resistance increased in 40% of the antibiotic-pathogen combinations [34]. Re-
sistance often occurs because of the high growth rate and high mutation rate in
bacteria [53]. All antibiotic classes are affected by antibiotic resistance [25].

A key factor of resistance spreading is the exchange of genetic information
between bacteria [53, 50], for example, through horizontal gene transfer [25].

But the definition of resistance is not uniform. While with biological meth-
ods even small changes in susceptibility can be detected, within the context of a
pharmacy or medicine, just huge changes of the minimal inhibitory concentration
(MIC) are relevant [27].

However, of greater significance is the question of which classes of antibiotics
are distinguishable and how they function, in order to describe the mechanism of
action of resistance.
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4.1.1 Antibiotic classes and their mechanism of action

In general, antibiotics interfere with bacterial growth or essential processes for
survival [53]. Based on this, it is possible to distinguish two kinds of antibiotics.
Bacteriostatic antibiotics inhibit bacterial growth while bactericidal ones kill the
bacteria [53]. Antibiotics are often produced by bacteria or fungi in order to
kill nearby microbes [53]. For example, some β-lactam antibiotics like penicillin
and cephalosporins are produced by fungi. But nowadays, they are optimized
semisynthetically.

Antibiotics can attack different targets. Because of clarity, just three possible
mechanisms will be shortly discussed. The first class of antibiotics blocks the
protein synthesis in bacteria by blocking ribosome-action [53, 55]. Because of the
complexity of protein synthesis and the diversity of steps in ribosome-action, there
are a lot of different possible targets for antibiotics [53]. An example of such an
antibiotic class is kanamycin.

A second class of antibiotics targets the DNA replication and DNA repair [53,
55]. Antibiotics of this class inhibit the DNA enzyme gyrase. This enzyme uncoils
DNA for replication by cleaving it [53]. Antibiotics like Ciprofloxacin bind to the
enzyme and inhibit the repair of the DNA, which leads to even more double-strand-
breaks. The cells are dying because of the emergency repair system [53].

The third and for the thesis most important mechanism is the impact on the cell
wall biosynthesis [53, 55, 7]. The cell wall synthesis of the bacteria is disturbed by
inhibiting important enzymes for the crosslinking of the peptidoglycan layers [53,
55, 7]. These enzymes are also called penicillin-binding proteins (PBP), because
antibiotics like penicillin block them with a covalent binding [7]. The name also
reveals an example of such antibiotics: β-lactam antibiotics like penicillin are part
of this class [7, 53].

But with the diversity of antibiotic-actions also comes a diversity of resistance
mechanisms.

4.1.2 Resistance mechanisms

Bacteria have already developed different mechanisms to resist the effects of antibi-
otics (fig. 4.1); already shortly after the introduction of new antibiotics, resistance
mechanisms emerge [53, 55, 1]. A common answer to antibiotic treatment is to
pump them out of the cell [53, 55, 50]. Antibiotics are only effective when reaching
their target site. When the concentration in the cytoplasm is too low, they are
ineffective [53]. With additional efflux pumps, bacteria can pump the antibiotic
out of the cell to lower the concentration [53].

A second resistant mechanism is to change the target structure of the antibiotics
[53, 55, 50]. An example is the resistance against antibiotics, which attack the
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Figure 4.1 Examples for classes of antibiotic resistance and affected antibiotics.
Adapted from [53].

protein synthesis: The bacteria methylate parts of the ribosome, so the antibiotics
cannot bind [50], as the affinity of them for the ribosomes is reduced [53]. Target
change also occurs in response to treatment with β-lactam antibiotics, in case
that the affinity to the penicillin binding proteins is lowered [53]. An example
is the widespread resistance of Staphylococcus aureus against the most β-lactam
antibiotics [53, 46].

Another β-lactam resistance mechanism is to destroy the antibiotic. An exam-
ple is the hydrolysis of β-lactam by the enzyme β-lactamase, which is produced by
the resistant bacteria (fig. 4.2) [53, 55, 27, 7, 50]. The β-lactamase is released in
the periplasm [53, 27] or the extracellular space [27], so the β-lactam antibiotics
do not reach their target. The enzyme is very effective and can hydrolyze high
amounts of antibiotics [53].

The production of such enzymes can be seen as a cooperative behaviour [57, 8,
17]. The resistant bacteria break down the antibiotic, while the sensitive bacteria
benefit from it and can survive in even high antibiotic concentrations. Such a
cooperative behaviour will be discussed in the following section on the example of
β-lactam resistance.
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Figure 4.2 Hydrolysis of penicillin by the β-lactamase enzyme penicillinase. The β-
lactamase is released into the periplasm. It hydrolyses the antibiotics, so they can not
bind the penicillin-binding proteins in the cytoplasmic membrane. The shown bacterium
is gram-negative. Adapted from [53].

4.2 Bacterial cheating

Studies have shown that β-lactam resistance in Escherichia coli is a highly coop-
erative process: Sensitive bacteria can survive even high amounts of antibiotics
when growing together with resistant bacteria [8, 57, 10]. Consequently, the β-
lactamase can be seen as a public good, from which both sensitive and resistant
bacteria benefit. But the resistant bacteria have to pay the costs for producing the
enzyme. The sensitive bacteria can save these costs, while still benefiting from the
enzyme. Nevertheless, when the antibiotic concentration is high and the fraction
of resistant bacteria is low, it is an advantage to produce the enzyme, which is,
being resistant [8, 57]. The β-lactamase is released in the periplasm [53, 27], so
the producer cells have a preferred access to it [57, 17].

Yurtsev et al. [57] analyzed the population dynamics of such a population by
coculturing two strains of E. coli bacteria: One sensitive strain and an isogenic
resistant strain, with an additional plasmid that encodes β-lactamase. In their
experiments, they let the culture grow in a medium with 100 µg

ml
ampicillin for

23 hours to saturation (saturation occurs within the 23 hours, not exactly after
23 hours). After that, they measured the fraction of resistant cells using flow
cytometry (fig. 4.3), before diluting the culture by a factor 100. The antibiotic
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concentration is the same every day. They let the culture grow again to saturation
for 23 hours, so the final cell density is also the same every day. The whole
procedure was repeated for eight days (fig. 4.3).

Figure 4.3 Evolution of resistant fraction for three cultures with different initial resis-
tant fractions. The fractions after 23 h were measured with flow cytometry. After that,
they were diluted by a factor 100 into fresh media with 100 µg

ml ampicillin as culture for
the next day. Adapted from [57]

First of all, the results show that sensitive bacteria can live together with re-
sistant bacteria, even in high antibiotic concentrations. In their experiment, the
sensitive bacteria survived concentrations 50 times higher than the minimum in-
hibitory concentration [57]. In each of the three scenarios shown in fig. 4.3, the
fraction of the resistant cells settle in ∼ 0.25. But against the expectation, the re-
sistant fraction does not strictly evolve to the equilibrium in every scenario. When
starting with a fraction below the equilibrium fraction, it overshoots the fixed
point and increases to ∼ 0.95. From there, it converges to the equilibrium. The
resistant cells never die out, because the β-lactamase is located in the periplasmic
space [53, 27], so they have a priority access to the enzyme [57, 17].

Yurtsev et al. [57] analyzed the population dynamics more precisely by using
difference equation maps (fig. 4.4). Those demonstrate the dependence of the
final fraction from the initial fraction of resistant bacteria. By applying the
difference equation repeatedly, the population dynamics can be estimated. To
plot the difference equation, Yurtsev et al. used multiple cultures with different
initial fractions of resistant cells. They measured the final fraction after a single
day. Each curve demonstrates different antibiotic concentrations. As expected, for
higher antibiotic concentrations, the equilibrium fraction is higher. The equilibria
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Figure 4.4 Difference equation map of the experiments from Yurtsev et al. [57]. Each
curve represents another antibiotic concentration, marked by the colored numbers. For
each concentration 24 different initial fractions were used. After 23 h, the final fraction
was measured, i.e., each datapoint represents the growth of the resistant fraction within
23 hours. The intersections with the diagonal line represent the fixed points. Adapted
from [57].

or fixed points are given by the intersection of the difference equation map with
the diagonal [57]. The dynamic of the system with a stable inner equilibrium
reminds of the snowdrift game [57, 8]. But the overshot shows that it’s much more
complicated than that [57].

To describe the dynamic of the population, the authors introduced a system of
three differential equations (4.1)–(4.3) [57].

dNR

dt
= γR ·NR (4.1)

dNS

dt
=

{
γS ·NS A < MIC

−γD ·NS A ≥ MIC
(4.2)

dA

dt
= −Vmax ·NR · A

A+KM

(4.3)

with
γR: growth rate of the resistant bacteria
γS: growth rate of the sensitive bacteria
γD: death rate of the sensitive bacteria
MIC: minimal inhibitory concentration (MIC)
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A: antibiotic concentration
Vmax: maximum rate of antibiotic degradation per cell
KM : Michaelis-Menten-constant
NS: number of sensitive cells
NR: number of resistant cells

The degradation of the antibiotic is described by Michaelis-Menten kinetics.
In case of the experiments, the resistant bacteria are growing constantly with the
growth rate γR = 1.1h−1, while the sensitive bacteria are growing with γS =
1.265h−1 for A < MIC. When A ≥ MIC, they are dying with the death rate
γD = 2.8h−1. (fig. 4.5). During the lag phase when transferred into fresh media,
the bacteria are neither dying nor growing. The constants Vmax,MICandKM

Figure 4.5 Growth rate of the bacteria depending on the antibiotic concentration.
Adapted from [57].

were determined by fitting an expression for the equilibrium fraction, resulting
from the differential equations, against the experimentally determined resistant
equilibrium fraction at different ampicillin concentrations [57]. The growth and
death rates, as well as the lag phase, were measured. With the constants, the
authors solved the differential equations numerically and mapped the difference
equations (fig. 4.6).

As mentioned before, the dynamic of the system reminds of the snowdrift
game, except the overshoot. So it seems it should be possible to describe the
population dynamics by a game theoretical approach in discrete time: Instead of
a continuous timescale and continuous change of the resistant fraction, we have
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Figure 4.6 Experimental and predicted difference equations for two dilution factors.
The solid curves represent the numerical solution of the model using parameters fitted
from the equilibrium data. Different antibiotic concentrations are indicated by colored
numbers. Adapted from [57].

an initial fraction every day and a final fraction after 23 hours, that is, a serial
dilution experiment. The following section is an attempt to analyze the dynamics
of the model using discrete-time game theory.
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Chapter 5

A game theory model in discrete
time based on Yurtsev et al.

For the game-theoretical analysis of the model, it’s necessary to find an expression
for the number of resistant and sensitive bacteria after one time step (23 h). To
do this, the differential equations must be solved (5.1)–(5.3). To simplify the
equations initially, it’s possible to use an easier model from Yurtsev et al. [57],
which assumes a constant degradation rate of the antibiotic:

dNR

dt
= γR ·NR (5.1)

dNS

dt
=

{
γS ·NS A < MIC

−γD ·NS A ≥ MIC
(5.2)

dA

dt
= −Vmax ·NR (5.3)

The constants from the original paper [57] are given in Table 5.1. Finding the

γR γS γD Vmax MIC

1.1h−1 1.265h−1 2.8h−1 106 molecules
cell·second 100 µg

ml

Table 5.1 Constants used in the model from Yurtsev et al. γR is the growth rate of
the resistant bacteria, γS is the one for the sensitive bacteria for A < MIC, γD is the
death rate of the sensitive bacteria for A ≥ MIC and Vmax is the hydrolysis rate [57].

solution of the differential equations can be done numerically, but also an analytical
solution is possible [57].

Integration of equation (5.1) leads to

NR(t) = NR(0) · eγR·t = Ntotal · x0 · eγR·t, (5.4)
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withNtotal the initial total number of bacteria and x0 the initial fraction of resistant
bacteria. The number of resistant bacteria is growing exponentially, because they
are not affected by the antibiotic. The saturation time

Tsat =
1

γr
· log

(
Nsat

Ntotal

)
, (5.5)

of the culture is given by an equilibrium state

NRf

Nsat

=
NRi

Ntotal

⇔ NRf

NRi

=
Nsat

Ntotal

(5.6)

with NRf = NRi ·eγR·Tsat , the final number of resistant cells, NRi the initial number
of resistant cells and Nsat the bacterial number at saturation and Ntotal the initial
total bacteria number [57]. That is an approximation of the saturation time,
because it is valid for the long-term dynamics of the model, but not for every
population state. Nevertheless, it can be seen as a constant and a good enough
approximation for the model.

Inserting equation (5.4) into (5.3) and integrating the expression leads to

A (t) = Ainit −
Vmax ·Ntotal ·NR(0)

γr
·
(
eγr·t − 1

)
(5.7)

with NR(0), the initial number of resistant cells. The expression describes the
antibiotic degradation. Subsequently, the integration of (5.2) yields an expression
for the number of sensitive bacteria NS. But it is necessary to distinguish between
two scenarios: The sensitive bacteria start growing only when the antibiotic con-
centration is below the MIC. The time until that point is reached is defined by
[57]

τ =
1

γr
· log

(
1 +

(Ainit −MIC) · γr
Vmax · xt ·Ntotal

)
. (5.8)

From this point, they are growing until saturation. Consequently, when the an-
tibiotic degradation is too slow and τ ≥ Tsat, the sensitive bacteria die, while they
have a growth phase, when τ < Tsat. The number of sensitive bacteria is then
given by

NS(t) =

{
NS(0) · e−γD·Tsat τ ≤ Tsat

NS(0) · eγS ·(Tsat−τ)−γD·τ τ > Tsat

. (5.9)

That means, there must be a threshold frequency at which the dying-phase switches
to a growth phase, i.e., the antibiotic concentration passes the MIC. The threshold
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frequency is defined by

Tsat = τ(x) (5.10)

⇔ 1

γR
· log( Nsat

Ntotal

) =
1

γR
· log(B

x
+ 1) (5.11)

⇔ Nsat

Ntotal

= 1 +
B

x
(5.12)

⇔ x := xtf =
B

Nsat

Ntotal
− 1

. (5.13)

with

B =
(Ainit −MIC) · γR

Vmax ·Ntotal

These solutions show the population dynamics over the period between two trans-
fers. For the dynamics of the resistant bacteria from one transfer to the next, an
iterated map xn+1 = f(xn), with n being the number of transfers, can be defined:

f(x) =
fR · x

fR · x+ fS(x) · (1− x)
, (5.14)

with fR = eγR·Tsat the discrete time fitness of the resistant bacteria, which is
independent of density. fS(x) is the discrete time fitness of the sensitive bacteria,
which depends on the initial fraction of resistant bacteria x:

fS(x) =

{
e−γD·Tsat x ≤ xtf

eγS ·(Tsat−τ(x))−γD·τ(x) x > xtf

. (5.15)

But the replicator equation in discrete time discussed in section 3.3 is a linear
model. The derivative of the fixed point is always positive, so an overshoot of the
dynamic is not possible. However, the model from Yurtsev et al. is not linear in
x and cannot be described by a fitness matrix.

Nevertheless, an analysis of the fixed-point dynamics provides further informa-
tion about the population dynamics. Plotting the difference equation map (??)
demonstrates the fixed points of the system (fig. 5.1). For the analysis of the dy-
namic an initial antibiotic concentration of 20 µg

ml
is assumed, instead of 100 µg

ml
as

in the original paper. That is, because the simplified model used here, does not
consider a lag-phase at which the bacteria are neither growing nor dying. However,
if the same antibiotic concentration is assumed, the degradation is too slow, and
the sensitive bacteria do not start growing fast enough.

As previously discussed, the stability of the fixed points can be analyzed by
examining the derivative of the function f(x) = x(n + 1) at the fixed points x∗.
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Figure 5.1 The blue line shows the dynamic of the resistant fraction as a difference
map. The green line shows the dynamic of the sensitive fraction and depends on the upper
x-axis. The intersections with the diagonals represent the fixed points of the system.
As plotting parameters, the parameters from the paper are used, except the antibiotic
concentration, which is in this case Ainit = 20 µg

ml

For the used parameters, this leads to one stable inner equilibrium at

x∗ =
B

e
γR·Tsat·(γS−γR)

γD+γS − 1
≈ 0.403 (5.16)

with two unstable fixed points at x = 0 and x = 1. This is also shown in Figure
fig. 5.1. However, as demonstrated later, this is not always the case: The stability
of the fixed point changes under different conditions.

At the threshold frequency, where the dynamic of the sensitive bacteria changes,
the function is continuous but not differentiable; because of the chosen plotting
parameters, the threshold frequency is at very low fractions (fig. 5.2).

In the subsequent section, the dynamics of the system will be analyzed more
precisely in terms of game theory.
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Figure 5.2 Threshold frequency of the sensitive growth. The red dashed line marks the
point where the degradation time equals the saturation time. The green line describes the
sensitive fraction around the threshold frequency.

5.1 Game dynamic in the Yurtsev-model

As already discussed, it is not possible to describe the Yurtsev-model with a simple
payoff matrix and a linear game dynamic. Instead, it’s possible to define fitness
functions fR and fS(x) for the resistant and sensitive bacteria as mentioned before.
Those fitness functions describe the dynamics of the population. The fitness of the
resistant bacteria is constant, while the fitness of the sensitive bacteria depends
on the time τ(xt), until the antibiotic concentration is below the MIC.

The ampicillin resistance is also associated with costs for protein synthesis.
That means the growth rate of the resistant bacteria is lower than the growth rate
of the sensitive bacteria, depending on the used plasmid. It is also possible to
quantify the costs of resistance. While the growth rate of the sensitive bacteria in
the Yurtsev-model is γS = 1.265h−1, the growth rate of the resistant bacteria, is
in general, γR = γS · (1− c). c denotes the cost of resistance and is, by definition,
dimensionless. Those values can be used to calculate the fitness of the resistant
and sensitive bacteria. Depending on the fitness values, scenarios similar to those
in section 3.2.2 can be distinguished:
1. The resistant bacteria dominate if the sensitive bacteria are not able to invade
the population, but the resistant bacteria are able to do so.
That is, fR ≥ fS(1) ∧ fR > fS(0).
2. Similarly, the sensitive bacteria dominate if fR < fS(1) ∧ fR ≤ fS(0).
3. Both phenotypes stably coexist when both are able to invade, i.e., fR <
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fS(1) ∧ fR > fS(0), and the population converges to a fixed point without os-
cillating. This was verified by running the system, i.e., the difference equation,
500 times and examining whether the fraction changed from one step to the next.
4. If the conditions in 3. are given, but the system oscillates, unstable coexistence
appears.
The results are shown in fig. 5.3. As expected, for higher concentrations and

Figure 5.3 Evolution of the game dynamic in the Yurtsev-model for changing antibi-
otic concentration and costs of resistance. Zoom 1 shows the dynamic for small antibiotic
concentrations (red rectangle). Zoom 2 shows windows of stability in the area of unstable
coexistence (blue rectangle). The vertical dashed line in the upper plot marks the antibi-
otic concentration A = 20 µg

ml . The horizontal ones mark the transitions from one phase
to another for the mentioned antibiotic concentration.

lower costs for resistance, the snowdrift game dynamic changes to a resistance
dominance. For the values in the paper from Yurtsev et al., the plot shows a resis-
tant dominance (c ≈ 0.13; Ainit = 100 µg

ml
). The reason is that the lag time is not

taken into account in (5.1)–(5.3), during which the antibiotic is degraded without
cell death. When the antibiotic concentration is below the MIC, the sensitive bac-
teria dominate (Zoom 1, 5.3). For increasing costs of resistance and higher antibi-
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otic concentrations, the sensitive and resistant bacteria stably coexist. However,
at even higher resistance costs, stable coexistence shifts to unstable coexistence.
Nevertheless, zooming in on the area reveals windows of stability within the area
of unstable coexistence (Zoom 2, 5.3). This means that the population oscillates,
but also returns to a stable condition. This is an important result: When both
resistant and sensitive bacteria are able to invade, but oscillate between different
frequencies, an unstable coexistence is possible, with f ′(x∗) < −1. As shown in
section 3.3.1, this is not possible in game theory in discrete time.

Instead, the dynamic reminds of a chaotic dynamic. The subsequent section
will thus be dedicated to a more thorough analysis of the population dynamic.

5.2 Chaotic behaviour of the Yurtsev-dynamic

5.2.1 Chaos in dynamical systems

History and examples of chaotic dynamics

Henri Poincaré, a French mathematician, can be seen as the founding father of the
chaos theory [35]. At the end of the 19th century, he studied three-body problems
and their orbits. Unlike before, he examines the behaviour of trajectories result-
ing from sets of initial points. As his work shows, very complicated trajectories
were possible. In the following decades, many mathematicians worked on chaotic
systems. But it wasn’t until computer-aided simulations became possible that in-
terest in chaotic processes in physical systems began to grow [35]. Only then did
it become clear how relevant the chaotic evolution of time is in practice.

But chaotic dynamics are more widespread than one might initially assume.
The systems themselves where chaotic behaviour appears are often quite simple
[35]. There are many examples from different fields of physics, where chaotic
behaviour appears [35, 40]. One example from fluid dynamics comes from an
experiment by Shaw in 1984 [35, 39]. For his experiment, he observed a steady
but slow flow of water from a faucet. Below the faucet, a measuring device records
the time when a water drop passes. This provides a dataset with discrete time
t1, t2, ..., tn at which the drops passed the measuring device. Time intervals between
two drops are determined by ∆t = tn−tn−1. When the flow rate is slow enough, the
intervals between two drops are all equal. But for increasing flow rates, the time
intervals become periodic: A long interval follows a short one, i.e. ∆t = tn − tn−2.
For even higher flow rates, the periods are also getting longer (e.g. a period
sequence ∆t1,∆t2,∆t3,∆t1, ...). A further increase in the flow rate leads to a
chaotic behaviour of the system.

Chaos is also possible in medical systems. The intervals between heartbeats
are showing a chaotic behaviour in healthy hearts [15]. A non-chaotic or lower-
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chaotic behaviour can suggest heart failure [36]. For example, a study analyzed
the electrocardiograph recordings from 61 patients with a high cardiovascular risk
[52]. The results showed that low-dimensional chaos can predict lethal ventricular
fibrillation at least 12 hours before it appears. The scientists used an algorithm to
analyze the chaotic behaviour of heartbeat intervals. But such systems in medicine
are also complex and often can not be described easily by chaos, but by non-linear
dynamics in general, [51].

Also, in biological systems, chaos appears, for example, in synthetic microbial
communities [23] and in microbial food webs with two prey bacterial strains and
one predator ciliate [4].

Definition of chaos

But what exactly is chaos? In general, chaos is defined by the sensitive dependence
on initial conditions [41, 35, 20, 18, 47]. This means that two trajectories whose
initial values are infinitesimally close to each other diverge exponentially over time
[11, 41, 35, 20, 47]. Mathematically that means, x1(t) and x2(t) are two trajecto-

Figure 5.4 Sensitive dependence on initial conditions. x1(t) and x2(t) are time de-
pendent trajectories. The distance between them at t = 0 is arbitrarily small. The
distance between them increases with time. The time-dependent distance is given by
∆(t). Adapted from [35]

ries in continuous time with initial distance |∆(0)| (fig. 5.4) and |∆(0)| → 0 [35].

In general, at time t, the distance is |∆(t)|. When |∆(t)|
|∆(0)| ∼ exp(λ · t) for λ > 0, the

system is sensitive to initial conditions, i.e., chaotic.
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More generally, in discrete time, this leads to dxn ∼ exp(λn) · dx0, where dxn

is the distance between two points after n iterations by a given map. The rate
of divergence of the initial points of the trajectories can be established by the
Lyapunov exponent λ [11, 35, 54] in the following way [35, 11]:

λ = lim
n→∞

[
1

n
· ln

∣∣∣∣dxn

dx0

∣∣∣∣] . (5.17)

An infinitesimally small distance between the trajectories leads to

dxn

dx0

=
d

dx0

· fn(x0) =
n−1∏
i=0

(f ′(xi)). (5.18)

That means for the Lyapunov exponent in discrete time

λ = lim
n→∞

[
1

n
·
n−1∑
i=0

(ln |f ′(xi)|)

]
. (5.19)

For continuous time, the Lyapunov exponent is defined analogously [35]

λ = lim
t→∞

[
1

t
· ln

∣∣∣∣dxt

dx0

∣∣∣∣] (5.20)

with the time t and dxt, the distance between the trajectories at time t.
A positive Lyapunov exponent indicates a high sensitivity to initial conditions

[20, 35, 11, 54, 18]. That is, the system is chaotic. However, it is also important to
note that, according to other studies, the sensitive dependence on initial conditions
alone is not sufficient to identify chaos; rather, a second condition — such as
bifurcation or period doubling — must also be present [11]. But the most common
condition is sensitive dependence on initial conditions.

This also leads to the fact that chaotic systems are unpredictable in the long
run [41, 20, 35, 47]. Even small deviations in the initial conditions have a major
impact on the course of the trajectories. A famous example comes from Lorenz,
who analysed the long-term prediction of weather, i.e. atmospheric conditions
[35, 47, 28]. He showed that atmospheric conditions are chaotic and introduced
the famous butterfly effect : Even a small disturbance like the flap of a butterfly
may lead to large effects in the system [11, 47], e.g. in atmospheric conditions
[35]. Nevertheless, chaos is deterministic [20, 11, 41, 35, 47], and therefore differs
fundamentally from stochastic dynamics.

But chaotic systems are also not periodic [20, 35, 47]: The trajectories in
the phase space are not closed and do not intersect but come back to previous
states, arbitrarily close without coming back to the exact state. Nevertheless, the
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trajectories never run to infinity; they are in a bounded region [20, 35, 47]. This
is possible with an attractor in a fractal, i.e. not an integer dimension, called
a strange attractor [15, 35, 20, 18, 47]. This is the common case, but a chaotic
attractor does not always have to be fractal [35]. That will not be discussed more
precisely. The strange attractor evolves with stretching and folding of the phase
space by the dynamic evolution, which leads to the fractal dimension [35, 20,
47]. The stretching results in the exponential divergence of initial points, and the
folding leads to the bounded orbit.

Nevertheless, chaotic systems can exhibit windows of periodicity [35, 6]. In
continuous time, chaos is only possible for dimension ≥ 3 [35]. In discrete time,
chaos can also appear for dimension one, when the map is noninvertible. If it
is invertible, dimension ≥ 2 is necessary. A typical way that leads the system
into chaos is the period doubling of the system [35]: At some parameter values, a
fixed point becomes unstable and a period two trajectory appears. Further period
doubling results then in chaos.

The dynamic of the model from Yurtsev et al. [57] will be analysed more
precisely in the following section, in terms of chaotic behaviour.

5.2.2 Chaos in the Yurtsev-dynamic

For the analysis of the dynamic, the difference map of the Yurtsev-model (??)
was iterated three thousand times per cost of resistance, to stabilize the system.
Another 100 values were plotted against the costs of resistance (fig. 5.5). The
first three thousand values were not plotted, because they show the way to the
attractor [35], while the trajectory on the attractor is relevant for the analysis.

Looking at the costs of resistance relative to the proportion of resistant cells
reveals highly complex dynamics (fig. 5.5). For low costs of resistance, the system
evolves to a stable fixed point. But for higher costs of resistance, the system
starts oscillating between two fractions. Such period doublings occur again for
even higher costs of resistance. So at some point the system starts oscillating with
period four, eight and so on, evolving apparently to deterministic chaos.

The interval length between the period doubling points is getting smaller (ta-
ble 5.2). More precisely, the ratio between two consecutive intervals converges to
the Feigenbaum-constant δ = 4.669201609... [12]. This is shown in Table 5.2. The
Feigenbaum constant is calculated by the ratio between the length of consecutive
intervals between period doubling points.

To ensure that the system is indeed chaotic and not only oscillating between
high periods, the sensitive dependence on initial conditions as a condition for chaos
must be examined [41, 35, 20, 18, 47]. As already mentioned, this can be done
using the Lyapunov exponent : A positive Lyapunov exponent indicates a high
sensitivity to initial conditions [20, 35, 11, 54, 18], i.e., chaos. So to check if the
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Figure 5.5 Bifurcation analysis of the resistant population depending on the cost of
resistance in the Yurtsev-model. The vertical red lines mark the cost of resistance where
period doubling appears. For the plot, the difference map was iterated three thousand
times for each cost of resistance to stabilize the system. Another hundred values are
plotted to show the trajectory on the attractor.

system is really chaotic, the Lyapunov exponent λ was calculated for the dynamic
with equation (5.19).

The results, depending on the costs of resistance, are shown in fig. 5.6. The
horizontal dashed line represents the threshold between chaotic and non-chaotic
behaviour.

For low costs of resistance, the Lyapunov exponent is negative, so the system
is not chaotic. But near c = 0.46 , λ becomes positive and the system switches to
chaotic behaviour.

But for even higher costs of resistance, the system comes back to a non-chaotic
behaviour, before starting again to be chaotic. That means even in the chaotic
areas, windows of order appear from time to time. The vertical dashed lines
represent points where the Lyapunov exponent gets zero. When the sign of the
Lyapunov exponent does not change at these points, the fixed point gets unstable
and period doubling occurs. This is also shown in fig. 5.5. But at the first vertical
dashed line in fig. 5.6 no period doubling occurs. Instead, it marks the point where
stable coexistence appears first. This can be seen in fig. 5.3, where the intersection
between the first horizontal dashed line and the vertical line represents this point.
The second line represents where period doubling occurs first.

But what do these results mean in a biological context?
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n cn ∆cn δn

1 0.379990
0.064772

2 0.444762
0.015477

4.184874
3 0.460240

0.003512
4.407407

4 0.463752

Table 5.2 Period doubling points and convergence to the Feigenbaum constant for the
Yurtsev-model. n is the index of the bifurcation point. cn is the value of the cost at the
n-th period doubling. ∆cn is the difference between consecutive bifurcation points. δn is
the ratio of these differences, which should converge to the Feigenbaum constant.

Figure 5.6 Lyapunov exponent of the population dynamic in the Yurtsev-model
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Chapter 6

Discussion

The results of this study are discussed in the following sections within a biological
context.

6.1 Summary of main findings

Yurtsev et al. [57] showed that antibiotic-resistant and sensitive bacteria can co-
exist in even high amounts of antibiotics. The dynamic reminds of the game theo-
retical snowdrift game, but as shown, it is much more complicated than that. The
dynamic of the population is highly non-linear. Taking the costs of resistance into
account, the dynamic converges from coexistence to oscillating to chaos for higher
costs of resistance. A reason for this could be the delayed feedback of the popu-
lation: The resistant bacteria are degrading the antibiotics, but grow very slowly.
When the MIC is reached, the sensitive bacteria start to grow explosively. But in
the next time step, they are dying because of the high antibiotic concentration.

6.2 The role of chaos in biological systems

Chaotic dynamical systems are not very rare in biology [37]. Rogers et al. [37]
investigated in a meta-analysis the relative abundance of chaos in natural popula-
tions. Out of 172 analysed population time series, more than 30% showed chaotic
behaviour. According to the study, chaos is three times more abundant than ex-
pected in earlier studies. This shows that long-term prediction in ecology is not
always possible, above all in complex ecological systems.

However, even in small and simple systems, chaos occur. As already mentioned
Becks et al. [4] demonstrated chaotic behaviour in microbial food webs, consisting
of two bacterial prey species and one predator ciliate. They showed that in addition
to chaotic behaviour, the system can also exhibit coexistence and stable limit
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cycles. Their work showed that chaotic dynamics occur within real-world multi-
species systems.

However, in more realistic and complex food webs, chaos also occurs. Benincà
et al [5] cultured a food web from the Baltic Sea in a laboratory under constant con-
ditions. The food webs consist of different species, among others, herbivorous and
predatory zooplankton and phytoplankton. It was a long-term experiment that
lasted approximately 2300 days. The system showed chaotic behaviour and was
predictable for only about 15to30 days. These are important results for ecosystem
management and the estimation of population fluctuations.

In particular, in engineering biology, predictable and repeatable systems are
essential [23]. Nevertheless, chaos appears in even low-dimensional synthetic mi-
crobial systems. This was shown by Karkaria et al. [23], who analysed under
which conditions chaos occurs in those systems consisting of three strains. Anal-
ysed parameters involved bacteriocin interactions, intercellular communication and
resource competition. Accordingly, the highest probability for chaos occurs, when
four parts, i.e., bacteriocins or communication molecules, are expressed. For fewer
or more parts, the probability is lower. Also, the composition of the parts is
relevant: For example, one communication system and a positive bacteriocin reg-
ulation leads to a higher probability for chaos. The results are important for
future work to prevent chaotic behaviour of synthetic microbial systems. Further
investigations have to show if the results are comparable with chaotic attractors
in cooperative bacterial interactions like the one analysed in this thesis. But the
present results indicate that in cooperative systems, chaos already appears for one
part, the β-lactam, and two bacterial strains under antibiotic stress.

The examples listed show that chaotic dynamics are highly relevant in ecology
and multi-species populations. This suggests that chaos also plays a significant
role in medical fields, such as antibiotic resistance, where cooperative interactions
between bacteria can occur, as demonstrated, e.g., by the study by Yurtsev et
al. [57]. This thesis supports this assumption. But what does that mean for the
clinical implications?

6.3 Clinical implications

Chaos leads to the fact that the evolution of the population is not predictable for
the long run [41, 20, 35, 47]. But the evolution of resistant bacteria in populations
could be an important factor for drug development [45]. Of course, the evolution of
resistant bacteria is much more complicated than in the analysed model: Among
others, mutations and horizontal gene transfer have to be taken into account. But
nevertheless, the thesis shows that chaos is possible in even simpler populations
and the examples in the previous sections showed that in more complicated popu-

38



lations, even in nature, not only in laboratories, chaos appears. As the dimension
increases, chaotic behaviour becomes more probable [22].

The results suggest that periodic antibiotic treatment, similar to the serial
dilution experiment, is not necessarily the most effective approach when resistant
bacteria are involved, as it has an unpredictable effect on the composition of the
population, which makes targeted treatment more difficult.

Furthermore, the windows of stability in fig. 5.3 show that the population
dynamic is very sensitive to small changes in the initial antibiotic concentration.

6.4 Limitations of the thesis

Nevertheless, it has to be noted that chaos in the Yurtsev-dynamic occurs only
for high costs of resistance about c = 0.46, which means that the growth rate of
the resistant bacteria is 46% lower than the growth rate of the sensitive bacteria.
In general, the costs for antibiotic resistance are very variable, e.g., depending on
the environment [2] and whether or not the bacteria are exposed to antibiotics
[2, 14]. An experiment from Foucault et al. [14] showed a 20% to 38% reduction
of the growth rate from vancomycin-resistant S. aureus compared to a sensitive
strain. Results in other experiments suggest costs of resistance of just 0.7% in
tetracycline-resistant E. coli [9]. The cost of resistance in the present study, where
chaos appears, is very high. In general, high costs of resistance can lead to a
reversibility of resistance in the population [2]. The reversibility increases with
the costs of resistance. Given this context, it is questionable if such high costs of
resistance are realistic in the long-term evolution of bacterial populations.

In addition, the model used is highly simplified. Instead of an antibiotic degra-
dation described by Michaelis-Menten kinetics, a constant degradation rate is used,
and the lag-time was not taken into account. Furthermore, the saturation-time
in the used model is only sensible for long-term dynamics and can just be seen
as an approximation. The chaotic dynamics can also be further analyzed and
characterized.

Future studies could use more realistic models and attempt to experimentally
demonstrate such dynamics.
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