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In recent years, the concept of introducing physics to machine learning has become widely 
popular. Most physics-inclusive ML-techniques however are still limited to a single geometry or 
a set of parametrizable geometries. Thus, there remains the need to train a new model for a new 
geometry, even if it is only slightly modified. With this work we introduce a technique with which 
it is possible to learn approximate solutions to the steady-state Navier–Stokes equations in varying 
geometries without the need of parametrization. This technique is based on a combination of a 
U-Net-like CNN and well established discretization methods from the field of the finite difference 
method. The results of our physics-aware CNN are compared to a state-of-the-art data-based 
approach. Additionally, it is also shown how our approach performs when combined with the 
data-based approach.

1. Introduction

Fluid behavior is important in various fields such as civil, mechanical, and biomedical engineering, aerospace, meteorology, and 
geosciences. The governing equations for fluid behavior are typically the Navier-Stokes equations, which are solved using discretiza
tion approaches like finite difference, finite volume, or finite element methods. However, such computational fluid dynamics (CFD) 
simulations can be computationally intensive, especially for turbulent flow and complex geometries, and changing the geometry 
requires recomputing the entire simulation. Hence, there is a need for a quick surrogate model for CFD simulations. Such surro
gate models encompass a variety of approaches, including linear reduced order models [15,37], such as reduced basis [50] and 
proper orthogonal decomposition [55] models, as well as neural network-based models [14], like convolutional neural networks 
(CNNs) [10,13,27,39,45,31,63] and neural operators [35,44].

In present work, we focus on using neural networks as an approximation for CFD simulations. Instead of relying on a large dataset, 
we leverage the known governing equations of fluids to construct a physics-aware loss function and train our model to satisfy these 
equations discretely. This approach has recently become increasingly popular and was applied to dense neural networks (DNN) to solve 

✩ This work is based on the doctoral dissertation of the first author at the Faculty of Mathematics and Natural Science of the University of Cologne.

* Corresponding authors.

E-mail addresses: viktor.grimm@uni-koeln.de (V. Grimm), a.heinlein@tudelft.nl (A. Heinlein), axel.klawonn@uni-koeln.de (A. Klawonn).

https://doi.org/10.1016/j.jcp.2025.114027
Received 3 August 2023; Received in revised form 29 September 2024; Accepted 18 April 2025 

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcp
http://orcid.org/0000-0001-5300-3705
http://orcid.org/0000-0003-1578-8104
http://orcid.org/0000-0003-4765-7387
mailto:viktor.grimm@uni-koeln.de
mailto:a.heinlein@tudelft.nl
mailto:axel.klawonn@uni-koeln.de
https://doi.org/10.1016/j.jcp.2025.114027
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcp.2025.114027&domain=pdf
https://doi.org/10.1016/j.jcp.2025.114027
http://creativecommons.org/licenses/by/4.0/


Journal of Computational Physics 535 (2025) 114027

2

V. Grimm, A. Heinlein and A. Klawonn 

partial differential equations (PDEs) with little training data [52] or without training data [65] as well as inverse problems with limited 
training data [25,52]. More recently, this idea was also applied to convolutional neural networks (CNN) by using physics-aware loss 
functions to solve PDEs [2,11,16,57,61,71], upscale and denoise solutions [17,30], generally improve the predictive quality of a model 
[60,70], or learn PDEs from data [42,43]. For a comprehensive overview on scientific machine learning (SciML), we refer to [5,69].

However, previous physics-informed machine learning approaches have imposed geometric constraints, such as rectangularity or 
parametrizability, or have been limited to specific geometries or even to a single geometry. In practice, these conditions are usually 
not met. Furthermore, the exact geometry is often unknown or at least not known in sufficient detail. This is, for example, the case 
with medical imaging procedures. Therefore, we aim to develop a CNN that is capable of learning the flow field and pressure under 
physics constraints without labeled data for, with some restrictions, arbitrary geometries. We explicitly do not use methods such as 
coordinate transformations, which would limit us to specific geometries. This approach aims to advance existing methods for more 
realistic applications, and to the authors’ knowledge, it is the first attempt to use a single CNN for multiple irregular geometries 
without labeled data.

The rest of this paper is organized as follows. We first define our stationary boundary value problem in section 2. Then, we 
introduce CNNs as surrogate models in section 3 and directly afterwards extend this framework to physics-aware label-free learning 
of PDE solutions in section 4 and its application to the Navier-Stokes equations in section 5. Next, in section 6, we explain the 
architecture of our surrogate model. The creation of the training data used here is described in section 7. We present results for the 
data-based and physics-aware approach in section 9. Finally, we draw conclusions in section 10.

In the remainder of this section, we will discuss how our approach is positioned in the areas of physics-informed machine learning 
and operator learning.

1.1. Physics–informed machine learning

The method described in this paper can be categorized as physics-informed Machine Learning (ML) [47]. This term is used to 
describe ML methods for which prior knowledge, often in terms of known physical laws, are explicitly incorporated into the model. 
Since we use the governing equations to train our physics-aware CNN, our method can also be referred to as a physics-informed NN 
(PINN). However, it is important to note that the discretization in our approach differs from that in classical PINNs, as introduced 
in [51,52] and pioneered in earlier work [7,36]. In particular, in classical PINNs, the NN model itself is employed to discretize the 
differential equations; the input of a classical PINN are the spatio-temporal coordinates, and the output approximates of the solution 
at that time and location. Then, the derivatives required to evaluate the residual of the differential equations are computed exactly via 
back-propagation [59], that is, using automatic differentiation. Other approaches related to PINNs that are based on the variational 
formulation are the Deep Ritz method [8] and variational PINNs [32].

In our approach, however, the model input is an image of the geometry and the output are images of the solution field. Then, 
we employ a finite difference discretization of the differential equation using the centers of pixel images as the grid nodes. This can 
be seen as a different way of discretizing in physics-informed machine learning compared with the aforementioned approaches. As 
discussed in the introduction, physics-informed discretizations using CNNs on images have also been employed in [2,11,16,57,61,71]. 
In contrast to other works, our approach focuses on making predictions for variations in the geometry of the computational domain. 
Note that while we focus on finite difference discretizations on pixel images for a proof-of-concept, our approach could also be 
extended to finite element or finite volume discretizations.

For an overview of physics-informed machine learning, we refer to the literature; see, for instance, [4,29,3,47,6].

1.2. Operator learning

In [35], the authors introduce the concept of neural operators as the use of neural networks for approximating maps between 
infinite-dimensional function spaces. Neural operators are intended to be discretization-invariant in the sense that they can be applied 
to different discretizations of the input function, can be evaluated at any point in the output domain, and converge to a continuous 
operator when refining the discretization. Certain architectures have been proven to be universal approximators for operators: they can 
approximate any continuous operator to arbitrary precision, given sufficient model capacity. Popular approaches are Fourier neural 
operators (FNOs) [41] and deep operator networks (DeepONets) [44], many variants of which have been introduced in recent years. 
Furthermore, in [54], convolutional neural operators (CNOs) have been introduced, which satisfy structure-preserving continuous
discrete equivalence and hence enable learning operators without discretization-dependent aliasing errors. The CNO architecture is 
an extension of the U-Net [58], which is also the basis for the architecture employed in this paper.

In this work, as briefly mentioned before, we aim at learning approximating the solution operator, mapping a parametrization of the 
geometry to the solution of the stationary Navier–Stokes equations. Therefore, our approach is an example of operator learning. Strictly 
speaking our model does not necessarily satisfy the discretization-invariance required in [35]. However, since our model is fully 
convolutional, it could be applied to a different discretization than it was trained on; we leave these investigations to future research.

Note that we could use, for instance, FNO or CNO architectures since they are also based on structured-grid input data. The 
classical DeepONet or extensions to graph neural networks [21], such as the DeepGraphONet introduced in [66], naturally employ 
other data structures and are therefore not directly applicable or comparable without data interpolation. However, in principle, 
physics-informed DeepONet models could [22] also be combined with the approach introduced here, when using different input and 
output data structures.
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Fig. 1. Example of a channel geometry Ω with a star-shaped obstacle. The obstacle is confined within a box (dashed line) with a distance of 0.75 to the boundary of Ω.

2. Model problem

We consider the stationary Navier–Stokes equations describing incompressible Newtonian fluids with constant density

(𝑢 ⋅∇)𝑢− 𝜈Δ𝑢+∇𝑝 = 0 in Ω,

∇ ⋅ 𝑢 = 0 in Ω,
(1)

where 𝑢 is the velocity field, 𝑝 the pressure, and 𝜈 the kinematic viscosity.
In our experiments, we consider rectangular channels Ω= (0,6) × (0,3) from which we have cut a star-shaped obstacle 𝑃 ; cf. Fig. 1

for an example. This design is inspired by [27,10]. We apply the following boundary conditions: On the inlet 𝜕Ω𝑖𝑛 ∶= 0 × (0,3), we 
prescribe a constant inflow velocity 𝑢 = (3,0)⊤, and at the outlet 𝜕Ω𝑜𝑢𝑡 ∶= 6× (0,3), we fix the pressure to 𝑝= 0. The lower and upper 
parts of the boundary 0 × [0,6] and 3 × [0,6], respectively, correspond to walls, and hence we enforce no-slip conditions 𝑢 = (0,0)⊤. 
Finally, we choose 𝜈 = 5 ⋅ 10−2. The Reynolds number based on the channel height is 𝑅𝑒 = (𝑢𝑚 ⋅ 𝑑)∕𝜈 = 180, where 𝑢𝑚 = 3 is the 
velocity averaged over the cross-section of the channel. Depending on the shape and position of the obstacle, this setup leads to 
strongly varying flow patterns, making the channel problem a challenging benchmark for a CFD surrogate model.

3. Surrogate models based on CNNs

Let us first discuss the approach to construct surrogate models via CNNs from [27,10], which is the basis for this work. CNNs [38] 
are artificial neural networks (ANNs) that employ linear transformations based on discrete convolutions within the network layers 
making them well suited for structured temporal or spatial data, where neighboring coefficients correspond to neighboring points in 
space or time, respectively.

CNNs are therefore also suitable for the approximating the solutions of partial differential equations on a structured tensor product 
grid: even though interaction is typically global, it is strongest for neighboring nodes. If the data structure is based on unstructured 
grids, graph convolutional networks (GCNs) [34] can be employed as an alternative. Here, we only consider tensor product-structured 
data and therefore restrict ourselves to classical CNNs.

In the approach from [27,10], a CNN that maps from the geometry of the computational domain to solution field(s) of the 
corresponding boundary value problem is trained; here, we specifically aim at predicting the velocity and pressure fields satisfying 
the Navier–Stokes equations eq. (1). In order to be able to employ standard CNNs, the geometry and solution fields are therefore 
interpolated to a tensor product grid. In two dimensions, the resulting data has a simple matrix structure; see Fig. 2 for an illustration 
of this process and Fig. 9 for an exemplary pair of input and output data. As can be seen, due to the matrix structure of the input 
and output data, they can be directly identified as pixel images. This also allows us to use a large variety of techniques from the 
application of CNN models to image data.

Let us now give a formal introduction of the approach. Therefore, let 𝐼𝑔 ∈ ℝ𝑤×ℎ be the pixel image matrix representing some 
computational domain Ω𝑔 ; 𝑔 indicates a generic index for a specific geometry. Moreover, let 𝑢𝑖𝑔 ∈ ℝ𝑤×ℎ be a matrix representation 
of the 𝑖th component of the solution field of the boundary value problem solved on the computational domain Ω𝑔 . Here, 𝑤 and ℎ
correspond to the width and height of the pixel images, as well as the number of interpolation nodes in the 𝑥 and 𝑦 directions. By 
assembling the tensors 𝑢𝑖𝑔 , 𝑖 = 1,… , 𝑑, we obtain a third-order tensor 𝑢𝑔 ∈ℝ𝑑×𝑤×ℎ, assuming that all solution components are defined 
on the same pixel grid. For a scalar-valued problem 𝑑 is one, and for a vector-valued problem, 𝑑 is larger than one. For instance, for 
the Navier–Stokes equations in two dimensions, we have two velocity components and one pressure component, such that 𝑑 is three. 
In analogy to pixel images, each component of the solution field is regarded as one channel of the output image.

Our goal is to train a CNN that approximates the solution operator

 ∶ℝ𝑤×ℎ →ℝ𝑑×𝑤×ℎ

𝐼𝑔 → 𝑢𝑔,
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Fig. 2. A pixel image 𝐼𝑔 (left) and the corresponding FD-grid Ωℎ (right) of a geometry Ω, whose border 𝜕Ω is drawn as a thick solid green line in the figure. Applying 
a five-point finite difference stencil 𝐷𝑘

ℎ
to the FD-grid is equivalent to applying a convolutional filter 𝐾 with fixed weights to the pixel image 𝐼𝑔 . Note that the values 

associated with the pixels and their grid node counterparts are not depicted. (For interpretation of the colors in the figure(s), the reader is referred to the web version 
of this article.)

that is, the operator that maps a pixel representation of the geometry of the computational domain to a pixel representation of the 
solution of the corresponding boundary value problem. Hence, our approach can be seen as an example of operator learning; cf. the 
related DeepONet [44] and Fourier neural operator [41] approaches, which employ different network architectures.

Let us denote the CNN model by 𝑓Ψ
𝑁 𝑁 , where Ψ are the trainable network parameters. In [27,10], a CNN 𝑓𝑁 𝑁 has then been 

trained to approximate the solution operator  in a purely data-driven way. In particular, highfidelity simulation data has been 
employed as the reference data 𝑢𝑔 , and the model has been trained to minimize the mean squared error (MSE) between the model 
output and 𝑢𝑔 . This corresponds to the minimization problem:

argmin
Ψ 

1 |𝑇 | ∑
𝑔∈𝑇

‖‖‖𝑓Ψ
𝑁 𝑁

(
𝐼𝑔
)
− 𝑢𝑔

‖‖‖2 , (2)

where 𝑇 is a set of geometries used as training data. Note training the model 𝑓Ψ
𝑁 𝑁 with this loss function requires the availability 

of reference data 𝑢𝑔 ; this means that a large number of measurement or high fidelity simulation data has to be available before the 
model training.

It remains to discuss how to construct 𝐼𝑔 and 𝑢𝑔 for a specific geometry 𝑔. The approach is not restricted to a specific image 
representation of the geometry 𝐼𝑔 , and in [10,27], a binary or signed distance function (SDF)-based image of the geometry has been 
employed. It can be observed that the SDF input yields slightly better results. However, it comes at a computational cost, and the 
computation of the exact SDF input image requires precise knowledge about the boundary of the geometry; in practical applications, 
for instance, when the geometry is only known from medical image data, the SDF function can only be computed approximately 
based on the available image data. A binary input image can be generated more easily by checking if the center or most of the volume 
of each pixel lies within the computational domain Ω𝑔 . Here, we only consider binary input images.

The output pixel images 𝑢𝑔 can be constructed from a reference solution 𝑢̂ by an interpolation operator, for instance, point
wise interpolation in the center points of the pixels or by averaging over the pixels (Clément-type interpolation). Here, 𝑢̂ could be 
highfidelity simulation or measurement data. We discuss the data processing for this paper in more detail in section 7.

Next, we introduce the main novelty of this paper, that is, our approach to replace the data-based loss function eq. (2) by a 
physics-aware loss function that requires only the knowledge of the PDE.

4. A physics-aware surrogate model based on CNNs

In this section, we extend the approach from Section 3 by incorporating knowledge of the mathematical PDE model during network 
training. While the loss function in eq. (2) relies on reference data, our novel approach only requires a mathematical formula for 
the PDE residual, although a combination of both loss functions is possible. By considering the network output as a discrete finite 
difference solution on the same grid, we can approximate the PDE residual using finite difference stencils. This method can be 
extended to other discretization approaches on a structured grid, such as finite element or finite volume methods, but we focus on 
finite difference discretization for simplicity.

In this section, we extend the approach in section 3 by including knowledge of the mathematical PDE model into network training. 
Whereas the loss function in eq. (2) relies on reference data, our novel approach only requires a mathematical formula for the residual 
of the PDE; a combination of both loss functions is also possible. By considering the network output as a discrete finite difference 
solution on the pixel image grid, we can approximate the PDE residual using finite difference stencils. This method can be extended to 
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other discretization approaches on a structured grid, such as finite element or finite volume methods, but we focus on finite difference 
discretization for simplicity and leave other discretization approaches to future work.

Like the data-driven approach described in section 3, our new approach yields a surrogate model capable of predicting solutions 
for a range of geometries of the computational domain. It can be trained without using reference data or in combination with reference 
data. To introduce the approach, we first explain how to apply it to a stationary diffusion equation; see also [24] for preliminary results 
for the stationary diffusion equation. Then, we discuss specifically how to apply the approach to the two-dimensional Navier–Stokes 
equations and the handling of boundary conditions.

4.1. Finite differences and discrete convolutions

In order to derive the implementation of finite difference stencils based on the discrete convolution respectively cross-correlation 
operation, which is generally used in convolutional neural networks, we first consider a simple stationary diffusion problem: find the 
function 𝑢 such that

𝜕2𝑢 
𝜕𝑥2

+ 𝜕2𝑢 
𝜕𝑦2

= 𝑓 in Ω= (0,1)2, (3)

where we assume that 𝑓 is a continuous function on Ω. Later, in section 5, we discuss the application to the Navier–Stokes equations, 
which are our focus in this work. Note that, in this whole subsection, we neglect the treatment of boundary conditions; we discuss 
this directly in the context of the application of our approach to the Navier–Stokes equations in section 4.3.

Now, let us introduce a uniform grid Ωℎ =
{
𝒙𝑖𝑗 ∣ 1 ≤ 𝑖, 𝑗 ≤ 𝑛+ 1

}
, with 𝒙𝑖𝑗 = ((𝑖− 1)ℎ, (𝑗 − 1)ℎ) and ℎ = 1

𝑛 , and let 𝑈ℎ =
(
𝑈ℎ
𝑖𝑗

)
𝑖𝑗
∈

ℝ(𝑛+1)×(𝑛+1) with 𝑈ℎ
𝑖𝑗
≈ 𝑢

(
𝒙𝑖𝑗

)
the matrix representation of a discretization of 𝑢. Then, 𝑢ℎ =

(
𝑢ℎ
𝑖

)
𝑖
∈ℝ(𝑛+1)⋅(𝑛+1) with

𝑢ℎ(𝑗−1)⋅(𝑛+1)+𝑖 =𝑈
ℎ
𝑖𝑗 (4)

is the corresponding vector representation in lexicographical order. Then, discretizing eq. (3) using central differences involves the 
approximation

𝜕2𝑢 
𝜕𝑥2

≈
𝑈ℎ
𝑖+1,𝑗 − 2𝑈ℎ

𝑖,𝑗
+𝑈ℎ

𝑖−1,𝑗

ℎ2
and

𝜕2𝑢 
𝜕𝑦2

≈
𝑈ℎ
𝑖,𝑗+1 − 2𝑈ℎ

𝑖,𝑗
+𝑈ℎ

𝑖,𝑗−1

ℎ2
, (5)

which could also be rewritten in terms of the entries of 𝑢ℎ using eq. (4). This leads to a linear system of equations

𝐴𝑢ℎ = 𝑓ℎ. (6)

For the right-hand side vector, let 𝐹ℎ =
(
𝐹ℎ
𝑖𝑗

)
𝑖𝑗
∈ ℝ(𝑛+1)×(𝑛+1) be the matrix representation with 𝐹ℎ

𝑖𝑗
= 𝑓

(
𝒙𝑖𝑗

)
and 𝑓ℎ =

(
𝑓ℎ
𝑖

)
𝑖
∈

ℝ(𝑛+1)⋅(𝑛+1) be the corresponding vector representation, where

𝑓ℎ(𝑗−1)⋅(𝑛+1)+𝑖 = 𝐹
ℎ
𝑖𝑗 . (7)

We can observe that

𝐴𝑢ℎ = 𝑓ℎ ⇔ 𝑈ℎ ∗𝐾 = 𝐹ℎ, (8)

where ∗ is the cross-correlation operation and

𝐾 = 1 
ℎ2

⎛⎜⎜⎝
𝐾−1,−1 𝐾−1,0 𝐾−1,1
𝐾0,−1 𝐾0,0 𝐾0,1
𝐾1,−1 𝐾1,0 𝐾1,1

⎞⎟⎟⎠ =
1 
ℎ2

⎛⎜⎜⎝
0 1 0
1 −4 1
0 1 0

⎞⎟⎟⎠ , (9)

is the kernel which corresponds to the finite difference stencil of the central difference scheme eq. (5). The cross-correlation is the 
linear transformation implemented in the convolutional layers in CNNs of current state-of-the-art machine learning libraries; cf. [20, 
section 9.1].

In general form, the cross-correlation is given by

(𝐼 ∗𝐾)𝑖𝑗 =
∑
𝑚 

∑
𝑛 
𝐼𝑖+𝑚,𝑗+𝑛𝐾𝑚,𝑛, (10)

where 𝐼 is some matrix and 𝐾 is, again, a kernel matrix, such as the one given in eq. (9). As by convention, we omit the range of the 
sums, and regard each matrix coefficient as zero which is outside the range of indices. Note that flipping the kernel in eq. (10) yields 
the discrete convolution

(𝐼 ∗̃𝐾)𝑖𝑗 =
∑
𝑚 

∑
𝑛 
𝐼𝑖−𝑚,𝑗−𝑛𝐾𝑚,𝑛;

see, for instance, [20, Section 9.1]. Since, in a CNN, the entries of the kernel are generally trainable, the cross-correlation and the 
discrete convolution are equivalent in that sense.
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By numbering the rows and columns of 𝐾 from −1 to 1, as done in eq. (9), we can easily show the equality of the left hand sides 
in eq. (8):(

𝐴𝑢ℎ
)
(𝑗−1)(𝑛+1)+𝑖

𝑒𝑞.(5)
= 1 

ℎ2

(
𝑈ℎ
𝑖−1,𝑗 +𝑈

ℎ
𝑖,𝑗+1 − 4𝑈ℎ𝑖,𝑗 +𝑈

ℎ
𝑖,𝑗−1 +𝑈

ℎ
𝑖+1,𝑗

)

=
1 ∑

𝑚=−1

1 ∑
𝑛=−1

𝑈𝑖+𝑚,𝑗+𝑛𝐾𝑚,𝑛
𝑒𝑞.(10)
= 

(
𝑈ℎ ∗𝐾

)
𝑖𝑗

The equality of the right hand sides follows from eq. (7), showing that a finite difference discretization can be implemented using 
cross-correlation in a CNN. Next, we will use this analogy to derive a physics-aware loss function in the context of CNNs.

4.2. Derivation of a physics-aware loss function

Let us consider a generic system of PDEs given in implicit form on the same computational domain Ω = [0,1]2:

𝐹

(
𝑥, 𝑢 (𝑥) , 𝜕𝑢 

𝜕𝑥1
(𝑥) , 𝜕𝑢 

𝜕𝑥2
(𝑥) , … 

)
= 0, 𝑥 ∈Ω. (11)

Here, 𝐹 is a nonlinear function which may depend on partial derivatives of 𝑢 of any order. Therefore, eq. (11) is a generalization of 
the diffusion equation eq. (3).

Analogously to section 4.1, we can discretize eq. (11) by approximating the derivatives using finite differences on a structured 
𝑛+1× 𝑛+1 grid. Appropriate finite differences schemes for various PDEs can be found in the literature; see, for instance, [40,62,64]. 
In section 5, we discuss the specific case of the Navier–Stokes equations, which are the main application discussed in this work. As 
mentioned before, other discretization schemes on structured grids, such as finite element or finite volume discretizations can also 
be used.

Let 𝑈ℎ ∈ ℝ𝑑×(𝑛+1)×(𝑛+1) be the tensor representation of the discrete solution with 𝑑 components. Then, the discrete problem 
corresponding to eq. (11) can be written as

𝐹ℎ
(
𝑋ℎ, 𝑈ℎ, 𝑈ℎ ∗𝐷𝑥, 𝑈ℎ ∗𝐷𝑦, … 

)
= 0, (12)

where 𝑋ℎ =
(
𝐱ℎ
𝑖𝑗

)
𝑖𝑗
∈ℝ2×(𝑛+1)×(𝑛+1) is the tensor containing all the grid nodes, and 𝐷𝑥 and 𝐷𝑦 are kernel matrices corresponding to 

the finite difference discretization of the partial derivatives

𝜕𝑢 
𝜕𝑥1

and
𝜕𝑢 
𝜕𝑥2

,

respectively. As shown in section 4.1 for the example of a standard five-point stencil, any finite difference discretization of a partial 
derivative can be written as the cross-correlation with the corresponding finite difference stencil. Higher derivatives can therefore be 
treated analogously.

The generally nonlinear system of equations eq. (12) can be reformulated as a least-squares problem for the discrete residual

argmin
𝑈ℎ

‖‖‖𝐹ℎ (𝑋ℎ, 𝑈ℎ, 𝑈ℎ ∗𝐷𝑥, 𝑈ℎ ∗𝐷𝑦, … 
)‖‖‖22 . (13)

Both problems are equivalent when the same boundary conditions are imposed. While solving eq. (12) benefits classical numerical 
solvers, the minimization problem eq. (13) is better suited for a neural network approach. The solution tensor 𝑈ℎ on the grid Ωℎ can 
be replaced by the CNN output 𝑓Ψ

𝑁!𝑁 , resulting in

argmin
Ψ 

‖‖‖𝐹ℎ (𝑋ℎ, 𝑓Ψ
𝑁 𝑁, 𝑓

Ψ
𝑁 𝑁 ∗𝐷𝑥, 𝑓Ψ

𝑁 𝑁 ∗𝐷𝑦, … 
)‖‖‖22 , (14)

where Ψ represents the network parameters. The cross-correlation can be easily implemented since it is a standard operation in 
state-of-the-art deep learning libraries.

This approach is related to physics-informed neural networks (PINNs) that classically use dense feedforward neural networks for 
discretization. In classical PINNs, the residual of the partial differential equation is also minimized in a least-squares sense. Therefore, 
the differential operator is evaluated by automatic differentiation of the network function using the back propagation algorithm [59]. 
Our CNN-based approach differs as it employs a classical discretization, for instance, based on finite difference stencils. In our 
approach, the neural network predicts the coefficients of the discrete solution; cf. section 4.1.

In eq. (14), the CNN input is intentionally omitted. In fact, if the solution of eqs. (12) and (13) is unique due to appropriate 
boundary conditions and finite difference discretization, the solution does not depend on any input parameters. Hence, it is sufficient 
to train the neural network for a constant output; this could be simply realized via a bias vector in the output layer. The approximation 
of the solution of a single boundary value problem using this approach is similar to the classical PINNs approach but using a finite 
difference discretization; we refer to the discussion in section 1.1. This would require training the neural network from scratch for 
every geometry and is therefore not as efficient as training a single neural network for approximating the operator mapping the 
geometry to the corresponding solution; cf. sections 1.2 and 4.3. For solving a single boundary value problem, classical numerical 
solvers are currently more efficient. In line with this, the discussion in [24] shows that, for a simple stationary diffusion problem, 
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Fig. 3. Low-resolution pixel image inputs that are used by our model. The geometry image Fig. 3a is passed as input to the CNN and the boundary image Fig. 3b is 
used for the construction of the physics-aware loss. The geometry represented here was previously described in Fig. 1.

solving eq. (14) using an SGD-based optimizer cannot compete with solving the discrete system in eq. (12) using classical numerical 
solvers, such as gradient descent or the conjugate gradient method.

However, the physics-aware loss function eq. (14) becomes relevant once the CNN model serves as a surrogate model for multiple 
configurations parameterized by the input of the CNN model; cf. section 3 for the data-based approach. Analogously, we consider 
image representations describing the geometry of the computational domain.

4.3. Geometry-dependency and boundary conditions

To extend the physics-aware loss function for variations in the geometry of the computational domain, we introduce a discretization 
of eq. (11) that is compatible with the pixel image representation employed in the CNN. For this purpose, we consider a rectangle 𝑄
encompassing Ω and use an equidistant grid 𝑄ℎ with grid step size ℎ to discretize it. The set of grid nodes is denoted as 𝑋 = {𝑥𝑖,𝑗}, 
with 𝑤 grid nodes in the 𝑥 direction and ℎ grid nodes in the 𝑦 direction; cf. Fig. 2.

Now, let 𝐼𝑔 be an input image describing the geometry of the computational domain Ω; even though we can generally employ 
any geometry representation, it is important that the boundary pixels are uniquely determined because we explicitly use them in our 
approach; see, for instance, Fig. 3a. Plugging the CNN model 𝑓𝑁 𝑁 (𝐼𝑔), as described in section 3, into the physics-aware minimization 
problem eq. (14), we then obtain

argmin
Ψ 

‖‖‖‖𝐹ℎ
(
𝑋ℎ, 𝐶𝐼𝑔

(
𝑓Ψ
𝑁 𝑁

(
𝐼𝑔
))
, 𝐶𝐼𝑔

(
𝑓Ψ
𝑁 𝑁

(
𝐼𝑔
))

∗𝐷𝑥, 𝐶𝐼𝑔
(
𝑓Ψ
𝑁 𝑁

(
𝐼𝑔
))

∗𝐷𝑦, … 
)‖‖‖‖

2

2
. (15)

Here, we only enforce the physics-awareness for those pixels which are inside the computational domain, as indicated by the input 
image representation 𝐼𝑔 , and the operator 𝐶𝐼𝑔 corresponds to enforcing the boundary conditions. In the following we will abbreviate 

the notation of 𝐹ℎ and write ‖‖‖𝐹ℎ (𝑋ℎ,𝑓Ψ
𝑁 𝑁

(
𝐼𝑔
)
,… 

)‖‖‖ for ease of readability.

In order for eq. (15) to be well-defined, we have to prescribe boundary conditions at the boundary pixels. There are at least two 
ways of enforcing boundary conditions in the context of physics-based neural network models. In particular, we can either add a loss 
term associated with the boundary conditions or explicitly encode the boundary conditions in the network function. In the literature, 
the former is also denoted as soft enforcement of boundary conditions, whereas the latter is denoted as hard enforcement of boundary 
conditions; cf. [65] for a more detailed discussion. It has been observed in the literature that soft enforcement of boundary conditions 
can be problematic in different ways: it can make the training less robust and also may lead to cases where the training does not 
converge to the solution; see for example [65]. Therefore, we focus on hard enforcement of boundary conditions. For instance, in 
case of Dirichlet boundary conditions, can be easily done by explicitly writing the correct values in the output image of the neural 
network before applying the loss function; at the same time, and as in classical discretization methods, we do not enforce the physical 
loss in those pixels. The explicit enforcement of the boundary conditions is indicated by the operator 𝐶𝐼𝑔 in eq. (15). If different 
boundary conditions are prescribed on different parts of the boundary, we encode this by specific values in the input image; cf. Fig. 3. 
See also section 5.2 for a specific discussion of our implementation of boundary conditions for the Navier–Stokes equations.

Now, we extend the training of the surrogate model to multiple geometries. Therefore, analogously to the data-driven case eq. 
(2), we optimize the loss function over a training data set of geometries 𝑇 , resulting in the following loss function:

argmin
𝑓𝑁 𝑁

1 |𝑇 | ∑
𝑔∈𝑇

‖‖‖𝐹ℎ (𝑋ℎ,𝑓Ψ
𝑁 𝑁

(
𝐼𝑔
)
,… 

)‖‖‖22 . (16)

The main difference to the data-based loss function eq. (2) from section 3 is that no reference flow data 𝑓𝑔 but only the mathematical 
model of the PDE is necessary for the training. Of course, both loss functions can also be combined into a hybrid loss function

argmin
Ψ 

1 |𝑇 | ∑
𝑔∈𝑇

𝜔PDE,𝑔
‖‖‖𝐹ℎ (𝑋ℎ,𝑓Ψ

𝑁 𝑁
(
𝐼𝑔
)
,… 

)‖‖‖22 +𝜔data,𝑔
‖‖‖𝑓Ψ

𝑁 𝑁
(
𝐼𝑔
)
− 𝑢𝑔

‖‖‖2 , (17)
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where the weights 𝜔PDE,𝑔 and 𝜔data,𝑔 balance the two loss terms. Different variants of the hybrid loss function are possible, for 
instance,

𝜔data,𝑔 = 𝛼 ∧ 𝜔PDE,𝑔 = 0, if reference data is available,
𝜔data,𝑔 = 0 ∧ 𝜔PDE,𝑔 = 𝛽, otherwise,

or

𝜔data,𝑔 = 𝛼 ∧ 𝜔PDE,𝑔 = 𝛽, if reference data is available,
𝜔data,𝑔 = 0 ∧ 𝜔PDE,𝑔 = 𝛽, otherwise.

Here, 𝛼, 𝛽 > 0 are some weight parameters. The choice of weights 𝛼 and 𝛽 in the loss function is key to balancing the contributions of 
the data-based loss and the physics-aware loss. Choosing appropriate values for 𝛼 and 𝛽 can significantly influence the performance 
of the model and its ability to generalize. The optimal values for these weights depend on the specific problem and dataset. As a 
general guideline, however, if 𝛼 is too large relative to 𝛽, the model may fit the data well but fail to respect the physical constraints, 
potentially leading to unrealistic solutions. Conversely, if 𝛽 is chosen to be large, the model may adhere to strictly to the physics and 
fail to capture the nuances in the data. A carefully tuned balance allows the model to capitalize on the strengths of both the data and 
the underlying physics. Other strategies for choosing the weights are, of course, also possible. For a theoretical discussion based on 
the neural tangent kernel on how to balance PDE and data loss terms for classical PINNs, see [68].

Next, we discuss the details of our model for the specific problem considered here, that is, the Navier–Stokes equations eq. (1).

5. Application to the Navier–Stokes equations

In this work, we are concerned with the application of our approach to the Navier–Stokes equations. Therefore, we discuss, in this 
section, the derivation of the physics-aware loss function and the treatment of the boundary conditions.

5.1. Physics-aware loss function

We have already introduced the Navier–Stokes equations in eq. (1) of section 2. If we expand it in terms of the individual 
components, we obtain

𝑢
𝜕𝑢 
𝜕𝑥

+ 𝑣 𝜕𝑢 
𝜕𝑦

+ 𝜕𝑝 
𝜕𝑥

− 𝜈
(
𝜕2𝑢 
𝜕𝑥2

+ 𝜕2𝑢 
𝜕𝑦2

)
= 0 (18)

𝑢
𝜕𝑣 
𝜕𝑥

+ 𝑣𝜕𝑣
𝜕𝑦 

+ 𝜕𝑝 
𝜕𝑦

− 𝜈
(
𝜕2𝑣 
𝜕𝑥2

+ 𝜕2𝑣

𝜕𝑦2

)
= 0 (19)

𝜕𝑢 
𝜕𝑥

+ 𝜕𝑣
𝜕𝑦 

= 0, (20)

where 𝑢 and 𝑣 are the 𝑥- and 𝑦-component of the flow field. Here, eq. (20) is the continuity equation and eq. (18) and eq. (19) are 
the components of the momentum equation.

We discretize eqs. (18) to (20) using the central-difference stencils

(
𝐷𝑥𝑢ℎ

)
𝑖+𝑗 ∶=

𝑢
𝑖+1,𝑗
ℎ

− 𝑢𝑖−1,𝑗
ℎ

2ℎ 
, 

(
𝐷𝑥𝑥𝑢ℎ

)
𝑖+𝑗 ∶=

𝑢
𝑖+1,𝑗
ℎ

− 2𝑢𝑖,𝑗
ℎ

+ 𝑢𝑖−1,𝑗
ℎ

ℎ2
,

(
𝐷𝑦𝑢ℎ

)
𝑖+𝑗 ∶=

𝑢
𝑖,𝑗+1
ℎ

− 𝑢𝑖,𝑗−1
ℎ

2ℎ 
, 

(
𝐷𝑦𝑦𝑢ℎ

)
𝑖+𝑗 ∶=

𝑢
𝑖,𝑗+1
ℎ

− 2𝑢𝑖,𝑗
ℎ

+ 𝑢𝑖,𝑗−1
ℎ

ℎ2
.

The resulting discretized Navier–Stokes equations read

𝑢ℎ ⊙𝐷
𝑥𝑢ℎ + 𝑣ℎ ⊙𝐷𝑦𝑢ℎ +𝐷𝑥𝑝ℎ − 𝜈

(
𝐷𝑥𝑥𝑢ℎ +𝐷𝑦𝑦𝑢ℎ

)
= 0 (21)

𝑢ℎ ⊙𝐷
𝑥𝑣ℎ + 𝑣ℎ ⊙𝐷𝑦𝑣ℎ +𝐷𝑦𝑝ℎ − 𝜈

(
𝐷𝑥𝑥𝑣ℎ +𝐷𝑦𝑦𝑣ℎ

)
= 0 (22)

𝐷𝑥𝑢ℎ +𝐷𝑦𝑣ℎ = 0, (23)

where ⊙ is the Hadamard product, that is, element-wise product. Following the discussion in section 4.1, this can equivalently be 
written using the cross-correlation operation ∗ as follows:

𝑈ℎ ⊙𝑈ℎ ∗𝐷𝑥 + 𝑉ℎ ⊙𝑈ℎ ∗𝐷𝑦 + 𝑃ℎ ∗𝐷𝑥 − 𝜈
(
𝑈ℎ ∗𝐷𝑥𝑥 +𝑈ℎ ∗𝐷𝑦𝑦

)
= 0 (24)

𝑈ℎ ⊙ 𝑉ℎ ∗𝐷𝑥 + 𝑉ℎ ⊙ 𝑉ℎ ∗𝐷𝑦 + 𝑃ℎ ∗𝐷𝑦 − 𝜈
(
𝑉ℎ ∗𝐷𝑥𝑥 + 𝑉ℎ ∗𝐷𝑦𝑦

)
= 0 (25)

𝑈ℎ ∗𝐷𝑥 + 𝑉ℎ ∗𝐷𝑦 = 0, (26)

where, for simplicity, we overload the notation for the discrete differential operators 𝐷𝑥 , 𝐷𝑥𝑥, 𝐷𝑦, and 𝐷𝑦𝑦 with the corresponding 
stencil matrices, and 𝑈ℎ, 𝑉ℎ, and 𝑃ℎ are the matrix representations of the solution fields corresponding to 𝑢ℎ , 𝑣ℎ, and 𝑝ℎ, respectively. 
Furthermore, for simplicity, we omit the treatment of the boundary conditions for now and refer to section 5.2 for a detailed discussion.
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Equations (24) to (26) correspond to the discrete nonlinear system of equations

𝑁(𝑈ℎ,𝑉ℎ) +𝐺(𝑃ℎ) = 0 in Ω, (27)

𝐷(𝑈ℎ,𝑉ℎ) = 0 in Ω, (28)

where each of the operators 𝑁 , 𝐺, and 𝐷 can be implemented using the cross-correlation and the Hadamard product as the building 
blocks; cf. eqs. (24) to (26). The operator 𝑁 is nonlinear, whereas 𝐺 and 𝐷 are both linear operators.

Now, we apply the physics-aware surrogate modeling approach described in section 4.3 to predict the solution of eqs. (27) and 
(28) for varying geometries. The surrogate model takes the form of

𝑓Ψ
𝑁 𝑁 ∶ℝ𝑤×ℎ →ℝ3×𝑤×ℎ

𝐼𝑔 →

⎛⎜⎜⎜⎝
𝑈Ψ
𝑁 𝑁 (𝐼𝑔)
𝑉 Ψ
𝑁 𝑁 (𝐼𝑔)
𝑃Ψ
𝑁 𝑁 (𝐼𝑔)

⎞⎟⎟⎟⎠
,

where 𝐼𝑔 is, again, the pixel image representation of a geometry 𝑔, and 𝑈Ψ
𝑁 𝑁

(
𝐼𝑔
)
, 𝑉 Ψ

𝑁 𝑁
(
𝐼𝑔
)
, and 𝑃Ψ

𝑁 𝑁
(
𝐼𝑔
)

correspond to the CNN 
predictions for the matrices resp. images 𝑈ℎ, 𝑉ℎ, and 𝑃ℎ, respectively.

Combining our physics-aware approach for multiple geometries as described in section 4.3 with this CNN model and the discrete 
residual of the Navier–Stokes equations eqs. (27) and (28), we obtain the loss function

1 |𝑇 | ∑
𝑔∈𝑇

(
𝜔𝑀‖𝑁(𝑈Ψ

𝑁 𝑁 (𝐼𝑔), 𝑉 Ψ
𝑁 𝑁 (𝐼𝑔)) +𝐺(𝑃Ψ

𝑁 𝑁 (𝐼𝑔))‖22 +𝜔𝐷‖𝐷(𝑈Ψ
𝑁 𝑁 (𝐼𝑔), 𝑉 Ψ

𝑁 𝑁 (𝐼𝑔))‖22) . (29)

Here, 𝜔𝑀 and 𝜔𝐷 are weights for the two loss terms, and 𝑇 is, again, the set of all training geometries 𝑔.
To complete our discussion of the application of the physics–aware approach to the Navier–Stokes equations, we discuss the 

specific treatment of the boundary conditions in the next section.

5.2. Treatment of boundary conditions

As discussed in section 4.3, we enforce Dirichlet boundary conditions explicitly by hard-coding the values of the pixels in the output 
image. In particular, for our boundary value problems, as introduced in section 2, we consider the following boundary conditions: 
For inlet boundary condition, we set

𝑈1,𝑗 = 3, 𝑉1,𝑗 = 0, ∀𝑗 = 1,… , ℎ− 1, (30)

where ℎ (height) is the number of pixels in 𝑦 direction. Moreover, the no-slip boundary conditions

𝑈𝑖,1 =𝑈𝑖,ℎ = 𝑉𝑖,1 = 𝑉𝑖,ℎ = 0, ∀𝑖 = 1,… ,𝑤, (31)

are enforced at the lower and upper walls as well as the zero pressure boundary condition

𝑃𝑤,𝑗 = 0, ∀𝑗 = 1,… , ℎ− 1, (32)

at the outlet. Here, 𝑤 (width) is the number of pixels in 𝑥 direction.
Neumann pressure boundary conditions can be implemented by introducing ghost-nodes outside our computational domain. 

However, in this work we do not consider Neumann boundary conditions and instead refer to [16]. Note, though, that the use of 
ghost-nodes may not be feasible in the case of irregular obstacle boundaries. Here, interpolation to a pixel image may introduce 
corner points on the boundary where the normal vector is not well defined.

Further, to avoid the usage of pressure values in pixels where the pressure is not defined, we employ one-sided differences in 
pixels adjacent to corresponding boundaries. We encode the different stencils in an additional input image; cf. Fig. 3b. The numbering 
scheme used for the grid nodes is as follows: 0 represents internal nodes, 1 corresponds to inflow boundary nodes, 2 represents no-slip 
boundary nodes, and 3 denotes outflow boundary nodes. Nodes with numbers 4 and above require one-sided approximations for the 
pressure gradient. It is important to note that some pixels correspond to nodes outside the original domain Ω due to obstacles. These 
nodes are marked as 0 in the geometry image and 2 in the boundary image. Velocity and residual values are set to 0 in these nodes. 
This is necessary as the governing equations are not defined in those nodes.

5.3. Example on a single geometry

In order to verify that the physics-aware loss enables us to learn a solution of the Navier–Stokes equations, we consider a single 
fixed geometry. This is not useful in practice since we could more efficiently directly discretize the Navier–Stokes equations using 
finite differences and solve the discrete system using suitable numerical solvers; see [24] for a comparison for a simple Laplace 
problem.
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Fig. 4. Results for a single geometry as shown in Fig. 1 and Fig. 7. CNN model with Swish activation function and 5 ⋅ 10−5 as the learning rate for the Adam optimizer.

We compare the model prediction against FVM simulations with OpenFOAM on two different meshes: a locally refined mesh 
(Fig. 6a) and using the same pixel grid as the CNN model (removing the pixels inside the obstacle). The results are plotted in Fig. 4. 
Compared with the simulation on a locally refined mesh, we obtain low relative 𝐿2 errors (defined in eq. (33)) of 2.6% for 𝑢 and 2.8%
for 𝑝. As can be seen in Fig. 4a, the velocity error is particularly high near the obstacle, presumably due to non-resolved boundary 
layers. The comparison against the simulation on the rasterized mesh in Fig. 4b shows a visual improvement of these errors, and the 
relative 𝐿2 error for the velocity reduces to 2.2%. This suggests that part of the error is due to insufficient mesh resolution. An error 
of 0 cannot be obtained since the CNN model is based on a finite difference discretization whereas the reference data is computed 
using FVM simulations for both types of meshes.

In total, we conclude from the results for a single geometry that a CNN model with physics-aware loss may learn a good approx
imation of the solution of the Navier–Stokes equations. Later, in section 9, we will investigate the performance of the CNN-based 
surrogate model trained on a data set consisting of multiple geometries, introducing another level of complexity to the model.

6. Architecture of the convolutional neural network

In this section, we describe the network architecture of our CNN-based surrogate models, utilizing the same architecture type 
for both the data-based and physics-aware models described in sections 3 and 4, respectively. We employ a fully convolutional 
neural network that only performs convolutions, up- or downsampling. For a comprehensive understanding of CNNs, we refer to [20, 
Chapt. 9] and the references therein.

Our CNN architecture draws inspiration from the U-Net architecture [58]. It consists of an encoder, transforming input image(s) 
into a lower dimensional representation in the bottleneck, and a decoder, transforming the bottleneck output into velocity and pressure 
output images. The U-Net architecture’s symmetric encoder and decoder paths are connected via skip connections. The performance 
of data-based surrogate models with U-Net architecture is generally superior compared to bottleneck CNNs without skip connections, 
as discussed in [10].

The encoder of our network consists of blocks comprising a 3×3 convolutional layer, followed by a 2×2 convolutional layer with a 
stride of 2, both followed by an activation. The first convolution extracts input features, while the second convolution reduces spatial 
dimensions. We avoid max pooling for downsizing to prevent high-frequency artifacts as discussed in [28]. The decoder mirrors the 
encoder and includes upsampling layers with nearest-neighbor interpolation followed by a convolutional layer with an activation. This 
upsampling technique helps avoiding checkerboard artifacts mentioned in [48] that can occur with deconvolutional and downward 
convolutional layers. Matching encoder and decoder blocks are connected by skip connections following the U-Net architecture. 
The encoder block output is concatenated with the upsampling layer output, doubling the number of filters. Refer to Fig. 5 for an 
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Fig. 5. Exemplary model architecture with four levels and one decoder path. Note, that our models use separate decoder paths for each scalar output field, 𝑈 , 𝑉 , 
and 𝑃 .

Fig. 6. (a) Example of a locally refined mesh used for simulations. (b) Mesh Convergence plot with relative errors compared against on a reference simulation for a 
fine mesh with ≈ 1 300 000 elements. The depicted mesh corresponds to the second node in the convergence plot.

illustration of this architecture with one decoder path and four levels. In our experiments in section 9, unless stated otherwise, we 
employ an 8-level model. Additionally, it should be noted that our models use separate decoder paths for each scalar output field, 
𝑈 , 𝑉 , and 𝑃 , for a total of three separate decoder paths. The total number of trainable parameters for this model are just under 40
million.

We refer to section 8 for additional comments on the choice of hyper parameters, including the model architecture.

7. Generation of (training) data

Training our surrogate models for the challenging task of predicting solutions across a wide range of geometries necessitates a large 
dataset. Note that previous publications have employed datasets of up to 100 000 geometries; see [27,9]. For the fully data-driven 
model, reference data is required along with input images of the geometries. In contrast, the physics-aware model solely relies on the 
input images, as the physics loss replaces the need for reference data. Thus, generating training data involves creating random obstacle 
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Fig. 7. Exemplary representations of the interpolation process, here with a lower resolution of 32 × 16. The green dotted line shows the border of the computational 
domain Ω𝑃 . Note that the original boundary is plotted behind the outer nodes.

Fig. 8. Exemplary representations of gross distortion caused by too acute angles. (a) The original geometry and (b) the reduced pixel image, here with a lower 
resolution of 32 × 16. The green dotted line shows the borders of the computational domain Ω𝑃 . Note that there the original boundary is plotted behind the outer 
nodes.

geometries and their pixel image representations. To validate our model, we generate simulation meshes and conduct corresponding 
CFD simulations as reference data.

7.1. Input data

The input data is needed for the training of the data-driven and physics-aware model as well as of hybrid variants.

Geometry generation. In line with section 2, our focus lies on two-dimensional rectangular channel geometries featuring star-shaped 
obstacles that do not touch the boundary (inlet, outlet, upper and lower walls). The computational domain is given by Ω = [0,6] ×
[0,3] from which we have removed a star-shaped obstacle 𝑃 defined by its corners. The obstacle’s corners are randomly positioned 
around a central point, inspired by the approach outlined in [9]. We only consider obstacles with a maximum width of 50% of the 
channel’s height and a minimum distance of 0.75 from any boundary. To prevent significant distortion of the geometry in the image 
representation, we impose a minimum angle of 10° at each vertex of the obstacle. This prevents excessively acute angles, as shown 
in Fig. 8, which could result in a disconnected obstacle representation.

Geometry image representation. As discussed before, CNNs rely on input data with a tensor-product structure. Therefore, we interpolate 
the geometry to a binary 256 × 128 pixel image. In Fig. 7, an exemplary geometry is shown in its pixel image representation, where 
white pixels (encoded as 1) correspond to fluid cells, while gray pixels (encoded as 0) represent walls and the obstacle. The pixel 
value is determined based on whether the center of the pixel is within the fluid domain, or not. In previous studies, signed distance 
function (SDF) representations were also used to describe the geometry, generally leading to slightly better results; cf. [9,10,27]. For 
simplicity, we restrict ourselves to binary input images, as they are close to practically relevant cases; for instance, binary images can 
be directly generated from imaging techniques, such as magnetic resonance imaging (MRI).
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Fig. 9. Exemplary representations of the pixel images, here with a lower resolution of 32 × 16. 

7.2. Reference output data

Reference output data is required in order to compute the data loss eq. (2), which is required for the data-driven and hybrid 
modeling approaches. In case of the fully physics-aware approach, the reference data is only used for validation.

Mesh generation. For each obstacle chosen as discussed in section 7.1, we generate a computational mesh using Gmsh [18]; we refer 
to its documentation1 for details on the mesh generation. In particular, we use the Frontal Delaunay algorithm [56] to generate an 
unstructured triangular mesh for each case. Then, we refine the mesh near all walls, that is, near the upper and lower wall as well as 
near the obstacle, to resolve the boundary layers of the flow. In order to find a suitable level of refinement for the simulations, we 
performed a mesh convergence study on a representative geometry; cf. Fig. 6b. Note that we created a new mesh for each level of 
refinement, rather than refining an existing mesh. Fig. 6a shows an mesh with refinement near the boundaries with ≈ 40 000 elements, 
whereas we used meshes with ≈ 160 000 -- 200 000 to generate our simulations; we do not display such a mesh for the sake of clarity.

CFD simulations. The CFD simulations for the generation of the reference data have been performed using OpenFOAM v8 [67], a 
software based on the finite volume method (FVM). We utilized the simpleFoam solver, which solves the stationary incompressible 
Navier–Stokes equations using the semi-implicit method for pressure linked equations (SIMPLE) algorithm [49,12]. We refer to the 
OpenFOAM documentation2 for more details on the simpleFoam solver. The configuration is based on the pitzDaily example, adapted 
to laminar flow and with stricter convergence criteria.

Interpolation of the simulation data. To compare the surrogate model’s output with the reference simulation data, we interpolate the 
simulation data onto the same pixel grid. This involves evaluating the FVM solution at the centroids of the pixels, resulting in pixel 
images 𝑈ℎ, 𝑉ℎ, and 𝑃ℎ representing the velocity in the 𝑥 and 𝑦 directions and the pressure, respectively.

It is important to note that values outside the computational domain Ω𝑝 are explicitly set to 0 in both the simulation and the model 
prediction. This is clearly visible in our plots, such as in Fig. 9. To achieve this, we mask the output images based on the geometry 
representation in the input image.

1 https://gmsh.info/doc/texinfo/gmsh.html.
2 https://doc.cfd.direct/openfoam/user-guide-v8/.

https://gmsh.info/doc/texinfo/gmsh.html
https://doc.cfd.direct/openfoam/user-guide-v8/
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8. Some comments on hyperparameter choices

Our surrogate models depend on numerous hyperparameters, and their specific choices can significantly affect performance. 
These hyperparameters encompass model architecture, such as the number of channels per convolutional layer, the depth of the U
net architecture, and the activation function. They also include optimizer parameters like the learning rate, learning rate schedule, and 
batch size. Additionally, there are hyperparameters related to the loss function, such as the weights assigned to individual loss terms 
and discretization parameters for the physics-aware loss, including the employed FD stencils. Furthermore, there are hyperparameters 
in a broader sense, for instance, the resolution of input and output images.

Considering the large number of hyperparameters, an exhaustive investigation of their impact is impractical. Therefore, instead of 
conducting a comprehensive grid-search, we have fixed some hyperparameters while varying individual ones. To maintain brevity, 
we provide qualitative discussion of the outcomes rather than presenting extensive results for this process.

Network architecture. Hyperparameters related to the model architecture determine the number of parameters Ψ and hence the 
model’s capacity to approximate the solution operator; cf. section 3. Due to the high complexity of the solution operator, we expect that 
the model requires a large number of parameters, whereas a too large number of parameters may lead to overfitting. We individually 
optimize hyperparameters for the network architecture with regards to the validation errors; note that the errors are computed with 
respect to the reference simulation data. For the configurations described in section 7.1 and tested in section 9, we have determined 
that a depth of 8 levels and 64 channels in the first layer yield a good compromise: lower values result in reduced approximation 
properties of the model, while higher values lead to an increased computational effort and decreased generalization properties (in 
terms of the validation error).

Activation function and learning rate. As the activation function we either use the rectified linear unit (ReLU) [19] or the Swish 
function [53]. Whereas for the single geometry case discussed in section 5.3 the use of the Swish activation function was beneficial, 
the ReLU function generally led to better results for training a surrogate model for multiple geometries; cf. section 9. In combination 
with ReLU we always achieved the best results with a learning rate of 1𝑒 − 4. With swish the optimal learning rate depended on the 
considered geometry and ranged from 1𝑒− 5 to 1𝑒− 4.

Optimizer and batch size. The best results for our surrogate model were obtained by using the stochastic gradient descent optimizer 
with adaptive moment estimation (Adam) [33] and a batch size of 1. Other optimizers were unable to reliably find suitable minima 
and greater batch sizes led to greatly increased errors.

Image resolution. Our fully CNN model architecture, can be applied to any resolution with a power of 2 number of pixels in both the 
𝑥 and 𝑦 directions. The number of pixels in each direction does not have a systematic dependence. However, if the resolution is too 
low, the geometry representation may be inaccurate, and the FD discretization error could be high.

Conversely, higher image resolutions may lead to increased computational effort and reduced accuracy due to limited model 
capacity. We have observed that models for higher resolutions require increased depth to achieve meaningful predictions. In addition, 
training larger and deeper models presents a more difficult optimization problem. We have found that models for pixel images with 
a width of 512 pixels and a height of 256 pixels and larger do not converge to suitable minima as reliably as models for smaller pixel 
images. Based on these considerations, we have chosen an image resolution of 256 pixels in width and 128 pixels in height, which 
has also been used in previous studies; cf. [27,9].

9. Computational results

In this section, we present numerical results for our surrogate modeling approach. We investigate the fully data-driven approach 
(section 9.1), the fully physics-aware approach (section 9.2), and the hybrid approach (section 9.3), which combines both.

We evaluate the models using on the relative 𝐿2-errors

‖𝑈𝑁 𝑁 −𝑈ℎ‖2‖𝑈ℎ‖2 (33)

as the performance measure. Here, 𝑈𝑁 𝑁 is the prediction of our model, and 𝑈ℎ is the reference solution; unless otherwise stated, 
the reference solution corresponds to the result of an OpenFOAM simulation on a locally refined mesh evaluated at the midpoints of 
the pixels; cf. the discussion in section 7. We then compute the 𝐿2-error on the pixel grid employed by the surrogate model with the 
functions being constant on each pixel; as a result the relative 𝐿2-norm is equivalent to the relative 𝑙2-norm.

The dataset we use consists of ≈ 5 000 geometries with randomly generated obstacles with 3, 4, 5, 6, or 12 edges, with ≈ 1 000
geometries for each number of edges. Fig. 10 shows four example geometries from this dataset as they are used as input for our 
model. All computations were performed on NVIDIA V100-GPUs with CUDA 10.1 using Python 3.6 and tensorflow-gpu 2.7 [1].

9.1. Data-based approach

First, we analyze the fully data-driven approach as discussed in section 3; cf. [9]. In addition to the velocity field, which was the 
focus of [9], we also learn the pressure field here; we also did some changes in the network architecture to improve upon the results 
in [9]. Later, in sections 9.2 and 9.3, we will use the results for the fully data-driven model as a baseline for comparison.
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Fig. 10. Four exemplary images of geometries as they are used as input for our model. 

Table 1
Performance of the data-based approach on multiple geometries from the channel dataset 
compared to OpenFOAM simulations on locally refined meshes. The divergence and momen
tum residuals are averaged over all configurations and pixels.

training error ‖𝑢𝑁 𝑁−𝑢‖2‖𝑢‖2
‖𝑝𝑁 𝑁−𝑝‖2‖𝑝‖2 divergence momentum # 

data residual residual epochs 

10% training 2.07% 10.98% 1.1 ⋅ 10−1 1.4 ⋅ 100 500
test 4.48% 15.20% 1.6 ⋅ 10−1 1.7 ⋅ 100

25% training 1.93% 8.45% 9.1 ⋅ 10−2 1.2 ⋅ 100 500
test 3.49% 10.70% 1.2 ⋅ 10−1 1.4 ⋅ 100

50% training 1.48% 8.75% 9.0 ⋅ 10−2 1.1 ⋅ 100 500
test 2.70% 10.09% 1.1 ⋅ 10−1 1.2 ⋅ 100

75% training 1.43% 7.30% 1.0 ⋅ 10−1 1.5 ⋅ 100 500
test 2.52% 8.67% 1.2 ⋅ 10−1 1.5 ⋅ 100

In order to investigate the performance of the data-driven approach, we trained several models with increasing percentages of 
training data on the channel dataset (5 000 configurations); the remaining data is used as test data. The training and test performance, 
in terms of the relative 𝐿2-errors and averaged residual norms, for this approach are summarized in Table 1. We observe that the 
data-driven model is able to learn the velocity and pressure fields very well, where the errors on the velocity are generally lower. 
Moreover, the training accuracy is always a bit lower compared to the test accuracy, which indicates some overfitting. We can observe 
that using a larger share of training data improves the performance of the model and slightly reduces the overfitting.

For the best model, with 75% training data, we also present plots of the velocity and pressure fields in Figs. 11a and 11b, comparing 
the reference and prediction data. Fig. 11a shows a typical example a quantitatively and qualitatively good prediction, whereas the 
prediction in Fig. 11b exhibits some clearly unphysical artifacts in the pressure and velocity fields despite a feasible average error. We 
conjecture that this is due to the pure data loss, which does not include any physical knowledge; as we will discuss in section 9.2.1, 
the physics-aware loss improves this model behavior.

9.2. Physics-aware approach

In this subsection, we will analyze the proposed physics-aware approach in detail. The results on the whole channel dataset (5 000
configurations) for varying percentages of training data are summarized in Table 2. We observe that the physics-aware surrogate model 
can be extended from a single geometry (section 5.3) to multiple geometries, as discussed theoretically in section 4. In particular, 



Journal of Computational Physics 535 (2025) 114027

16

V. Grimm, A. Heinlein and A. Klawonn 

Fig. 11. Prediction of velocity and pressure for the data-based approach (Prediction) compared to the OpenFOAM simulation on the locally refined mesh (Target). This 
model was trained on 3750 geometries. Both geometries are test geometries.

Table 2
Performance of the physics-aware approach on multiple geometries from the channel dataset 
compared to OpenFOAM simulations on locally refined meshes. The divergence and momen
tum residuals are averaged over all configurations and pixels.

training error ‖𝑢𝑁 𝑁−𝑢‖2‖𝑢‖2
‖𝑝𝑁 𝑁−𝑝‖2‖𝑝‖2 divergence momentum # 

data residual residual epochs 

10% training 4.34% 9.75% 2.8 ⋅ 10−02 7.4 ⋅ 10−02 2 500
test 5.70% 12.81% 5.7 ⋅ 10−02 2.0 ⋅ 10−01

25% training 4.17% 9.61% 2.5 ⋅ 10−02 6.1 ⋅ 10−02 2 500
test 4.82% 10.73% 4.4 ⋅ 10−02 1.3 ⋅ 10−01

50% training 4.16% 9.47% 2.4 ⋅ 10−02 5.7 ⋅ 10−02 2 500
test 4.37% 9.68% 3.7 ⋅ 10−02 1.0 ⋅ 10−01

75% training 3.82% 8.71% 1.8 ⋅ 10−02 4.0 ⋅ 10−02 2 500
test 3.91% 8.65% 2.8 ⋅ 10−02 8.0 ⋅ 10−02

we obtain predictions with low errors on the velocity and pressure fields, and the performance improves slightly when increasing 
the share of training data. Interestingly, the overfitting effect is rather small, even when using only 10% of the data for training the 
model.

In Fig. 12, we showcase different predictions from this model. We observe smooth solutions in all cases, without any unphysical 
artifacts visible. However, when inspecting the error plots, we observe that the error is highest in the vicinity of the obstacle, indicating 
that the uniform pixel grid cannot fully resolve the boundary layers of the flow. Hence, we observe some error compared with the 
reference data, which has been computed on a locally refined mesh; cf. Fig. 6a.

In the following, we will discuss the results in more detail: in section 9.2.1, we compare the results with the results for the data
based approach in section 9.1; in section 9.2.2, we discuss the correlation of high maximum velocities in the flow field and high 
prediction errors; and in section 9.2.3, we discuss the influence of the pixel grid on the prediction performance.
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Fig. 12. Velocity and pressure for the physics-aware approach (Prediction) compared to the OpenFOAM simulation on locally refined meshes (Target). The model was 
trained on 3 750 geometries. All shown geometries are test geometries.

9.2.1. Comparison to the data-based approach

Comparing the results in Tables 1 and 2 for the data-based and the physics-aware approach, respectively, we observe that the 
data-based model generally has a better performance based on the relative errors compared with the reference data. On the other 
hand, the residuals of the divergence and momentum equations on the pixel grid are lower for the physics-aware model. This can 
be easily explained by the fact that the data-based model is trained against the reference data, whereas the physics-aware model is 
trained to minimize the residuals.

At first sight, this may seem contradictory since we would expect that, for the same boundary value problem, a lower residual 
might also results in a lower error. However, as discussed in section 7.2, the reference data is generated based on solving the Navier--
Stokes equations with FVM on a locally refined mesh, whereas we evaluate the residuals for the physics-aware model on a uniform 
pixel grid. This means that the physics-aware model can never reach relative velocity and pressure errors of zero, with our current 
setting. Likewise, the data-based model will not minimize the residuals on the uniform pixel grid.

Interestingly, the physics-aware model is less prone to overfitting than the data-based model. In particular, despite slightly worse 
prediction errors, the gap between the training and test errors is clearly lower for the physics-aware model, indicating better gener
alization capabilities.

Tables 1 and 2 also indicate that we performed a significantly larger number of epochs to train the physics-aware than the data
based model on the same data set; in particular, we ran the training for 2 500 instead of 500 epochs. In order to illustrate this, we 
present plots of the evolution of the mean squared errors for the velocity and pressure over the training process for the physics-aware 
model with 75% training data and a new data-based model that we also trained for 2 500 epochs on 75% training data in Fig. 13. 
Note that this data-based model is not the same model for which we have presented results in this section so far. The test errors of the 
data-based model reach their minimum very quickly, see Fig. 13a. It can be clearly seen that with a training of more than 500 epochs, 
the test errors do not decrease further. On the contrary, they even increase slightly. Thus, longer training of the data-based model 
would only lead to stronger overfitting. In contrast, the test errors for the physics-aware model decrease more slowly and reach their 
lowest value only in the further course of the training, see Fig. 13b.

Finally, we briefly discuss those cases where the data-based or the physics-aware model performs badly. As mentioned in sec
tion 9.1, the data-based approach occasionally makes predictions with unphysical artifacts in the flow and pressure fields. In particular, 
we show present in Fig. 11b one example from the test data set where this is apparent. The corresponding prediction of the physics
aware model for the same sample is shown in Fig. 12a. We do not observe the same artifacts. In alignment with the lower overfitting 
of the physics-aware model, we conclude that the physics-aware model indeed learns better the actual flow behavior based on the 
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Fig. 13. Test loss curves for the velocity and pressure over the trained epochs. 

Fig. 14. Results investigating the correlation of the error with the maximum velocity appearing in the flow field. 

residuals of the Navier–Stokes equations. On the other hand, we often see larger errors in the vicinity of the obstacle for the physics
aware approach. This might be attributed due to the uniform pixel grid, which is not specifically refined for resolving the boundary 
layers in the physics-aware approach. In particular, it seems that the error originates at the obstacle and propagates downstream.

9.2.2. Correlation of errors and velocities

In further analyzing the prediction errors, we observed a systematic correlation between the relative error in the velocity and 
the maximum velocity appearing in the flow field. In particular, depending on the size and position of the obstacle, the maximum 
velocity can vary significantly; see, e.g., the examples in Figs. 11 and 12. We observe that geometries with a maximum velocity above 
6 exhibit higher average errors compared to those below 6: 5.8% for 𝑢 and 12.7% for 𝑝 versus 2.5% for 𝑢 and 5.7% for 𝑝.

In Fig. 14a, we observe that the maximum velocity ranges roughly from 4 to 9, following almost a normal distribution; hence, the 
lower and higher maximum velocities do not appear as often as maximum velocities of 6. Despite fewer cases with lower maximum 
velocities, we observe that the prediction error generally increases with an increasing maximum velocity; cf. Fig. 14b. Moreover, 
there seems to be no relation to whether the configuration is in the training or test set.
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Fig. 15. Performance of the hybrid approach for abundant simulation results. 

Besides arguing based on the distribution of maximum velocities in the data set, it is not surprising that higher maximum velocities 
lead to higher errors since this might correspond to higher Reynolds numbers and more complex flow patterns. Moreover, our 
physics-aware loss, as defined in eq. (29), incorporates second-order central stencils for all terms, including the convective terms. 
However, central stencil approximations for convective terms can be problematic when the cell Reynolds number exceeds 2; see, 
for instance, [46, Sec. 2.3]. For our uniform pixel grid, this occurs when |𝑢| > 4.25𝑚

𝑠 in our case. Therefore, it may be necessary to 
consider alternative approximations for the convective terms. However, this is beyond the scope of this article.

9.2.3. Influence of the pixel grid

As mentioned before, there seems to be an effect from an insufficient resolution of the boundary layers around the obstacle. In 
order to investigate potential effects of the resolution of the pixel grid, we rerun all configurations in our data set on the pixel grid; 
due to their structure, we also denoted these as rasterized meshes in section 5.3.

First of all, we observe that a significant number of OpenFOAM simulations on the rasterized meshes did not converge; cf. Fig. 14c. 
Furthermore, we also see a correlation maximum velocity and convergence in this case. For geometries with obstacles narrower than 
1 m and flow fields with maximum velocities below 6 𝑚

𝑠 almost all simulations converged. Conversely, for larger obstacles and faster 
flow fields only a part converged. This is in alignment with our observation on higher errors for higher maximum velocity cases.

Finally, we evaluate the physics-aware model only on those cases where the simulations on the rasterized meshes successfully 
converged. Fig. 14d displays the errors of the predictions of the physics-aware model against the rasterized simulations. Compar
ing Figs. 14b and 14d, we can observe a much better match when using the rasterized simulations as the reference. For geometries 
with maximum velocities below 6 m

s
, the average 𝐿2-error in 𝑢 decreases from 2.2% to 1.5%. Similarly, for geometries with maximum 

velocities above 6 m
s

, the average 𝐿2 error in 𝑢 decreases from 6.7% to 5.4%. This shows that the pixel grid has an influence on the 
prediction performance. Further investigations of this aspect are out of the scope of this paper but will be subject of future work.

9.3. Hybrid approach

As discussed in section 9.2.1, both approaches have their advantages due to the different loss functions considered. The main 
advantages of the physics-aware approach are its generalization properties as well as the fact that no reference data is required. 
The main disadvantage in the CNN approach is that a uniform grid is used, which, in our setting, is not fine enough to fully resolve 
boundary effects and high velocities. The data-based approach, on the other hand, is able to better capture these. This is presumably 
because the reference data in the data loss encodes effects which cannot be fully resolved by the pixel grid. However, the data-based 
model is more prone to overfitting and unphysical flow artifacts.

In order to combine some of the strength of both approaches, we propose a hybrid approach, which employs a weighted sum of 
the data-based loss function eq. (2) and the physics-aware loss function eq. (29). This could, for example, be relevant:

• if a sufficient number of data samples is available and the generalization properties or physical consistency of the model should 
be enhanced or

• if only an insufficient number of data samples to cover the range of geometries is available; this could specifically be the case if 
measurement data is used or the simulations are prohibitively expensive. In this case, the missing data can be replaced by using 
the physics-aware loss.

Fig. 15 compares the overall performance of the data-based, physics-aware, and hybrid approaches. Here, the hybrid approach 
uses both the data-based loss and the physics-aware loss, both with an equal weight of 1. It can be observed that, for all ratios of 
training data, the hybrid model outperforms the data-based and physics-aware models in terms of the relative errors in the velocity 
and pressure; in particular, the prediction performance on the pressure improves significantly, by roughly 50%, compared with the 
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Fig. 16. Comparison of the relative 𝐿2-error distribution for 𝑢 and 𝑝 with regards to the maximum occurring velocity for the data-based ((a) and (d)), combined ((a) 
and (e)) and physics-aware ((c) and (f)) approaches compared to OpenFOAM simulations on locally refined meshes. All models were trained on 3 750 geometries.

other approaches. However, unfortunately, the gap between training and test performance overfitting is on a similar level as for the 
data-based model.

The performance of the data-based, the physics-aware, and the hybrid approaches with respect to the maximum velocity is shown 
in Fig. 16. Whereas the data-based and the physics-aware models show a correlation between the prediction error and the maximum 
velocity, the hybrid model seems to be rather robust; interestingly, for the data-based approach, we observe a slight deterioration of 
the performance in the pressure prediction for lower maximum velocities.

The results indicate that, if highfidelity reference data is available, a combination of the data-based and physics-aware loss 
functions yields the best results.

9.4. Weighting of loss terms

There are some elements whose modification may improve the prediction quality of our approach. This includes, for example, 
varying the weight of the loss terms, see eq. (29).

The initial prediction of the convolutional neural network (CNN) does not fulfill the divergence-free equation due to the random 
initialization of its weights. During the training process, the minimization of the sum of squared residuals eq. (29) is pursued, where 
equal weights (𝜔M = 𝜔D = 1) may cause the learned prediction to satisfy the momentum equation more than the mass equation. 
While a valid solution should satisfy both the mass equation and the momentum equation, the mass equation can be seen as primarily 
serving as a constraint, limiting the space of valid solutions. Furthermore, in our approach, we employ a variant of the Navier–Stokes 
equations, specifically the momentum equation, where the assumption ∇ ⋅ 𝑢 = 0 is explicitly employed to simplify the derivation, as 
discussed in [23]. Therefore, although our primary interest lies in solving the momentum equations, it may be beneficial to confine 
the search space to velocity fields that comply with the divergence-free condition. Due to architectural constraints preventing easy 
modification of our CNNs to guarantee divergence-free predictions, we endeavor to achieve a similar outcome by augmenting the 
weight 𝜔D of the mass residual loss term in the loss function.

Shown in Fig. 17 is the distribution of relative errors 𝐿2 in velocity and pressure over the maximum occurring velocity for three 
models for whose training we varied the weight 𝜔M of the mass residual in the physics-aware loss from 1 over 10 to 100. The averaged 
relative 𝐿2 errors are 4.8%, 3.7%, and 4.5% in the velocity and 10.4%, 7.9%, and 7.9% in the pressure, for values of 1, 10, and 100 of 
𝜔M, respectively. Note that we used sixth-order finite difference stencils for all models here, as opposed to second-order stencils in 
section 9.2. In addition, the training and test data sets are not identical to those used in the previous sections. Therefore, the error 
values reported in this section are not necessarily directly comparable to the previous ones.

With an increase in the weight of the mass residual, we see a reduction in the error in the velocity as well as in the pressure, 
especially at higher velocities. This effect is very clear for 𝜔M = 10. In the averaged errors, this model improves by about 1% in 
velocity and about 2.5% in pressure compared to the model trained with equal weights, i.e. 𝜔M = 1. However, for the model trained 
with 𝜔M = 100 we see larger errors in the velocity overall. Here, even for low velocities, the errors in the pressure become larger. 
An even further increase of the weight 𝜔M led to a deterioration of the predictive capabilities, because while the predictions of the 
model increasingly satisfied the divergence-free constraint, the momentum residual grew.
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Fig. 17. Comparison of the relative 𝐿2-error distribution for 𝑢 and 𝑝 with regards to the maximum occurring velocity for different approaches compared to OpenFOAM 
simulations on locally refined meshes. All models were trained on 3 500 geometries.

We have thus demonstrated that increasing the weight of the mass residual in the physics-aware loss can significantly improve 
the predictive capabilities of the model.

9.5. Out-of-distribution data

So far, our predictions have been limited to geometries that were present in the training or test datasets. These datasets exclusively 
pertain to the model problem, as illustrated in Fig. 1. Notably, these geometries encompass obstacles in the form of star-shaped 
polygons with up to 12 vertices. In this section, we will showcase predictions obtained using the physics-aware convolutional neural 
network for geometries that possess alternative types of obstacles. In doing so, we assess how well the model can generalize to 
previously unseen geometries, extrapolate beyond the training data, and effectively handle new and unique shapes.

The first geometry we will test the model on is a circle with radius 0.4 that we place in the middle of the channel. This type of 
obstacle is a highly distinct and different type of obstacle compared to the star-shaped polygons present in the training dataset. Circles 
have a continuous curved boundary, which contrasts with the sharp edges of the star-shaped polygons, making them significantly 
novel geometries for the model. We show the prediction of our model for this geometry in Fig. 18a. Smooth predictions are observed. 
High errors occur only near the obstacle. This prediction shows that our model can handle the curvature of a circle very well without 
having seen a single curved obstacle during training.

The second geometry we test our model on is a composition of an oval and a flower with 5 petals. The oval has a horizontal radius 
of 0.45 and a vertical radius of 0.25. The flower has a maximum radius of 0.4. The 5-petaled flower also differs from a circle because 
the curvature is not uniform throughout, but is interrupted by sharp bends where the petals meet. We show the prediction of our 
model for the second geometry in Fig. 18b. Again, we see smooth predictions with high errors occurring only near the obstacle.

These two predictions exemplify that our model is capable of making reasonable and accurate predictions for geometries with 
significantly different obstacles.

9.6. Computation time

An important aspect of a surrogate model is the speed with which it can be evaluated. Therefore, in this section we want to compare 
the time needed to evaluate the surrogate model with the time needed for a reference CFD simulation. A CFD simulation described in 
section 7.2 takes between 10 and 60 minutes, depending on the geometry, and in individual difficult cases the simulation may take 
longer than 60 minutes. In comparison, we need only roughly 6 milliseconds (ms) to evaluate our surrogate models on a geometry. 
Thus, the evaluation of the surrogate model is between 100 000 and 600 000 times faster than a CFD simulation. This does not include 
the time required to mesh the geometry, which can be very time-consuming depending on the geometry and mesh fineness, and to 
set up the CFD simulation.

The time required for generating the dataset and train the surrogate model is very high. However, we exclude this time from our 
discussion because we attribute it to an offline phase, which only has to be carried out once. Then, once our model has been trained, 
we can apply it to many different configurations without retraining the model, and the savings in computational time will depend on 
the number of configurations to be tested.

The generation of our dataset is the most time-consuming part. While training the model discussed in section 9.2, which has been 
trained on about 3 750 geometries, takes roughly 5 days, generating the training data took more than 30 days of serial computations. 
The data generation includes, for each geometry, mesh generation, carrying out the corresponding CFD simulation, and interpolating 
the data onto the pixel grid. However, the computations can be sped up significantly because each geometry is independent and the 
computations can be easily parallelized.
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Fig. 18. Velocity and pressure for the physics-aware approach (Prediction) on out-of-distribution geometries compared to the OpenFOAM simulation on locally refined 
meshes (Target). The model was trained on 3 750 geometries.

In each training step (forward and backward propagation), the physics-aware loss has to be computed once; note that our imple
mentation has not been optimized, and we expect that lower computing times can be achieved. On average, one training step for one 
geometry takes about 50 ms when using only the physics-aware loss and 45 ms when using only the data-driven loss. This indicates 
an increase in the computing time of only roughly 10% when using the physics-aware loss. When using both the physics and the data 
loss, we require roughly 55 ms for one geometry.

10. Conclusion

We have introduced a novel physics-aware approach to train convolutional neural networks as surrogate models that relies exclu
sively on the physics modeling fluid behavior in multiple irregular geometries. Our approach does not rely on reference data and only 
requires the geometry image and boundary conditions. However, we have demonstrated that incorporating the physics-aware loss in 
the training process improves upon the data-based approach when reference data is available. This approach serves as an excellent 
surrogate model, with the evaluation being in the order of 𝑂

(
105

)
times faster than a conventional CFD simulation. However, this 

speedup comes at the cost of having to create a large data set and a time-consuming process of training the model.
Our physics-aware approach performs well for low velocity geometries and demonstrates strong generalization capabilities. In 

contrast, the data-based approach struggles to generalize for the same low velocity geometries. Despite using a coarser resolution and 
finite differences, which may not be ideal for Navier–Stokes, our models achieve excellent predictions close to the reference solution 
for most geometries. However, for cases where our physics-aware models did not match the reference solution, even higher resolution 
finite volume methods failed to obtain a converged solution. Consequently, accurate predictions cannot be expected in such cases.

In future work, an extension to three-dimensional geometries is envisioned; see [26] for preliminary results.
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