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Abstract

High-frequency transport experiments provide access to relaxation, coherence,
and interaction effects beyond the reach of dc measurements. The central objec-
tive of this thesis is to develop and apply radio-frequency techniques to probe
the dynamical properties of charge transport in two complementary material
platforms: quantum anomalous Hall (QAH) insulators and gate-defined quan-
tum dots in bilayer graphene (BLG).
In the first part, edge plasmon propagation in QAH edge states formed in thin
films of V-doped (Bi, Sb)2Te3 is investigated using broadband, phase-resolved
microwave measurements. The velocity and dissipation of edge plasmons are
characterized as a function of frequency, excitation voltage, temperature, and
magnetic field. Despite dissipationless transport in dc measurements, finite
losses are observed at microwave frequencies, which are attributed to coupling
between the chiral edge channel and localized bulk states.
The breakdown of quantized transport under strong electric fields is studied
in both QAH and quantum Hall devices. Breakdown measurements reveal a
crossover from a non-Ohmic to an Ohmic transport regime with increasing elec-
tric field. In QAH samples, Joule heating of localized bulk states is identified as
the dominant dissipation mechanism.
In the second part, microwave transport in BLG quantum dots is explored as
a route toward controlled single-electron emission at zero magnetic field. Low-
frequency transport measurements establish the formation and tunability of gate-
defined quantum dots, while radio-frequency excitation enables dynamical con-
trol of the dot potential. Although quantized single-electron emission is not yet
achieved, we identify the key limitations of the current device architecture and
outline a path toward a reliable single-electron source in BLG.
Together, these results establish microwave-based transport techniques as a pow-
erful tool for studying both collective and single-particle charge dynamics in
low-dimensional quantum conductors. Potential future applications of the high-
frequency methods developed in this thesis include reduced-dissipation QAH
plasmonics, interaction-induced charge fractionalization, and time-resolved in-
vestigations of hybrid BLG–superconductor systems.
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1

Introduction

Understanding how electrons propagate, dissipate energy, and interact in low-
dimensional systems is a central topic of modern condensed-matter physics.
When charge transport is confined to one-dimensional channels, interactions and
disorder govern the dynamics and fundamentally modify the nature of transport.
High-frequency techniques provide essential tools for probing transport charac-
teristics such as relaxation processes, coherence, and the breakdown of quantized
transport in such systems, as they access dynamical properties that remain hid-
den in dc measurements.
This thesis develops experimental techniques for the high-frequency study of
zero- and one-dimensional electronic systems. We apply radio-frequency (rf)
methods to two complementary regimes. First, the chiral edge channels of
a quantum anomalous Hall (QAH) system form a one-dimensional system in
which we study the collective response (edge plasmons) of the edge excitations.
Second, we explore a zero-dimensional system in the form of a quantum dot in
bilayer graphene, creating a mesoscopic capacitor with the goal of realizing con-
trolled electron emission. Together, these experiments examine how collective
excitations and individual electrons move through zero- and one-dimensional
systems, and how this motion is affected by imperfections in the material, ap-
plied electric fields, and externally controlled parameters.
The central goal of this thesis is to develop and apply high-frequency techniques
for probing the dynamical transport properties of zero- and one-dimensional
quantum conductors. In the following, we will introduce the main concepts
of this work, starting with a short review of transport in quantum Hall (QH)
systems.

Quantum Hall effects and chiral edge transport

The QH effect, discovered in 1980 by von Klitzing [2], manifests itself when
a two-dimensional electron gas is subjected to strong perpendicular magnetic
fields (a few T) at low temperatures (below a few K). Under these conditions,
the Hall resistance Ryx becomes quantized for certain magnetic fields, as shown
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Figure 1: Quantum Hall effect. (a) Hall (Ryx) and longitudinal (Rxx) resistances of a
GaAs/AlGaAs two-dimensional electron gas as a function of magnetic field. Reprinted
from Ref. [1]. (b) Bending of Landau levels (blue lines) near the sample edge in the
absence of disorder. Where Landau levels cross the Fermi level EF , chiral edge states
(ES) (red dots) emerge in an otherwise insulating bulk. (c) Same as (b) with local density
fluctuations due to disorder, which creates localized bulk states (green dots).

in Fig. 1a, and develops plateaus at

Ryx =
h

ne2
, (1)

where h is Planck’s constant, e the elementary charge, and n the integer filling
factor (corresponding to the number of filled Landau levels as shown for n = 2

on Fig. 1b). On these plateaus, the longitudinal resistance Rxx vanishes [2].
This quantization originates from the formation of discrete Landau levels in the
bulk, together with the emergence of one-dimensional chiral edge channels at
the sample boundaries, schematically shown in Fig. 1b and Fig. 2a. Each edge
channel constitutes a single one-dimensional transport mode with a quantized
two-terminal conductance of e2/h. On the other hand, the bulk is insulating,
meaning that backscattering between counter-propagating edge states on oppo-
site sides of the sample is suppressed, resulting in dissipationless transport along
the edge states.
Disorder plays a crucial role in this regime. It manifests in local density fluc-
tuations as shown in Fig. 1c. In the absence of disorder, the plateau would
correspond to a single point in the magnetic field. Local density fluctuations
lead to localized bulk states that extend the quantized Hall plateau over a range
of magnetic fields, thereby stabilizing the QH plateau. At the same time, these
localized states can mediate hopping conduction when thermally or electrically
activated [3, 4]. Strong electric fields or high current densities can therefore
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Figure 2: Quantum Hall vs. quantum anomalous Hall. (a) Quantum Hall effect: an
external magnetic field B forms Landau levels in the electron gas (bright blue slab),
giving rise to chiral edge states (blue/red). (b) Quantum anomalous Hall effect: a thin
magnetic insulator exhibits a spontaneous magnetization M , resulting in a single chiral
edge state (red) in the absence of an external field.

drive the system into a breakdown regime where dissipation emerges. Since
breakdown mechanisms form a central theme of this thesis, we will later revisit
how bulk activation, field-assisted hopping, and electron heating destroy quan-
tization under strong driving. Before, we will introduce the QAH effect in the
following section.

Quantum anomalous Hall insulators

The QAH effect shares the defining features of an insulating bulk and chiral edge
states with the QH effect, as illustrated in Fig. 2, but arises in the absence of an
external magnetic field. In QAH insulators, time-reversal symmetry is broken
by intrinsic magnetism instead of external magnetic fields, allowing the state to
persist at zero magnetic field. The ferromagnetic order is typically introduced
via magnetic dopants such as Cr or V incorporated into a topological insulator
host material [5]. In this work, we study thin films of the magnetic topological in-
sulator V-doped (BixSb1−x)2Te3, whose band structure exhibits a nonzero Chern
number and supports a single chiral edge state at zero magnetic field.
The QAH effect was first realized experimentally by Chang et al. [5] in 2013 in
Cr-doped (BixSb1−x)2Te3. Since then, QAH states have been observed in sev-
eral other material platforms, including intrinsic magnetic topological insulators
such as MnBi2Te4 [6], as well as moiré heterostructures such as twisted bilayer
graphene [7], rhombohedral graphene [8], and MoTe2/WSe2 [9]. More recently,
fractional QAH states have been reported in twisted rhombohedral bilayers of
MoTe2 [10, 11] and in pentalayer graphene/hBN moiré systems [12], extending
fractional QH physics to the zero-field limit [13, 14]. These developments un-
derscore the continued interest in QAH physics and its potential for realizing
topological transport phenomena without external magnetic fields.
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Figure 3: Quantum anomalous Hall circulator. Schematic of a microwave circulator
based on a QAH disk. A signal injected at port 1 propagates chirally along the edge and
is transmitted to port 2, while being isolated from port 3. The circulation direction is set
by the magnetization M .

Plasmonics and microwave transport in chiral edge states

Chiral edge channels support not only dc transport but also propagating charge-
density excitations, commonly referred to as edge plasmons. Owing to their
velocities of vp ∼ 3–5 × 105m/s, these modes are promising building blocks
for compact on-chip interferometers and nonreciprocal microwave devices. The
chiral edge channel acts as an effective microwave gyrator, i.e., a nonreciprocal
two-port element that introduces different phase shifts for opposite propaga-
tion directions. Combined with capacitive coupling between multiple ports, this
gyrator-like response enables the realization of a three-port microwave circula-
tor [15, 16].
A QAH-based circulator is schematically illustrated in Fig. 3. A microwave sig-
nal injected at port 1 propagates chirally along the edge of the QAH disk and is
transmitted to port 2, while being strongly suppressed at port 3. This nonrecip-
rocal signal routing arises from interference between direct capacitive coupling
and the chiral propagation of edge magnetoplasmons around the disk.
Mahoney et al. [16] demonstrated a proof-of-principle nonreciprocal microwave
circulator based on a QAH disk, achieving a circulation amplitude of approx-
imately 20 dB. However, more recent experiments in QAH materials have re-
vealed unexpectedly strong damping of edge plasmons [17]. This dissipation
is commonly attributed to capacitive and resistive coupling between the chiral
edge channel and disorder-induced charge puddles in the bulk [18, 19], which
limits the performance of QAH-based plasmonic devices at microwave frequen-
cies. So far, dissipation has been discussed in the regime of low electric fields.



Contents 5

At higher electric fields, however, additional dissipation channels emerge, ul-
timately leading to the breakdown of quantized transport, as discussed in the
following section.

Breakdown of quantized transport

When the applied electric field becomes sufficiently strong, the dissipationless
transport in QH systems breaks down. In this regime, localized bulk states may
become electrically or thermally activated, enabling charge transport through
the bulk and leading to the breakdown of quantized Hall plateaus. Breakdown
is typically accompanied by electronic heating, an increase in longitudinal resis-
tance, and a loss of precise Hall quantization.
A wide range of low-frequency and dc transport experiments have investigated
breakdown phenomena in QH and QAH systems [4, 20–26]. These studies have
associated breakdown with mechanisms such as electric-field–assisted hopping
between localized states, avalanche-type processes, and Joule heating of the elec-
tronic system. While these approaches have established a general phenomenol-
ogy of breakdown, the relative importance of field-driven and heating-driven
mechanisms remains an active topic of discussion and depends sensitively on
material properties, disorder, and geometry.
In contrast, breakdown under high-frequency or time-dependent driving has
received little attention, although it is relevant for rf applications. In this regime,
the drive frequency and electronic relaxation times introduce additional energy
scales, which can affect the onset and characteristics of breakdown. Understand-
ing these effects is important for determining the operational limits of QH–based
devices.

Single-electron sources in bilayer graphene

Complementary to the collective plasmonic regime, single-electron sources (SES)
provide controlled access to the transport of individual charge carriers. SES de-
vices enable the on-demand emission of single electrons and allow interference-
based experiments analogous to those in quantum optics [27–29]. In QH systems,
such experiments typically rely on magnetic fields to confine electrons in meso-
scopic capacitors.
The same operating principle can, however, be transferred to other material plat-
forms. In particular, quantum dots offer a versatile approach for the controlled
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Figure 4: Single-electron source based on a mesoscopic capacitor. Schematic of a
quantum dot tunnel-coupled to a lead with transparency Γ. The dot electrochemical
potential µ is modulated by an rf gate. Raising µ above the Fermi level emits a single
electron into the lead, while returning µ to its initial value emits a hole, completing one
cycle.

trapping and emission of single electrons. Bilayer graphene (BLG) is a promis-
ing candidate due to its high carrier mobility, long phase-coherence lengths, and
strong electrostatic tunability [30–32]. Several dc and low-frequency studies
have demonstrated the formation of electrostatically defined quantum dots in
BLG [32–34]. The quantum dot hosts discrete energy levels as illustrated in Fig. 4
and is connected to a lead via a controllable tunnel barrier with rate Γ.
On-demand single-electron emission can be achieved by periodically modulat-
ing the electrochemical potential of the dot using rf excitation. During one half-
cycle, a dot level is driven above the Fermi energy EF of the lead, allowing a
single electron to tunnel into the lead. During the opposite half-cycle, the level
is driven below EF , and an electron tunnels back into the dot, corresponding to
the emission of a hole. In contrast to QH–based implementations, this approach
relies solely on electrostatic confinement and time-dependent gating. As a result,
a zero-field SES based on BLG is compatible with superconducting hybrid struc-
tures and provides a flexible platform for studying single-particle dynamics in
tunable mesoscopic systems.

Thesis overview

The thesis is organized as follows:

•Chapter 1 introduces radio-frequency transport, transmission lines, and
edge plasmons, and develops the theoretical tools used throughout the
thesis.
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•Chapter 2 presents the condensed-matter background relevant for trans-
port experiments in magnetic topological insulators, including the quan-
tum anomalous Hall effect, electron–hole puddles, and variable-range hop-
ping.

•Chapter 3 reports broadband microwave measurements of plasmon prop-
agation in QAH edge channels and analyzes their velocity, damping, and
gate coupling, with implications for QAH-based microwave circuits.

•Chapter 4 investigates the electric field-driven breakdown of quantized
Hall transport in QAH and graphene devices, focusing on the role of bulk
transport and electronic heating under strong driving.

•Chapter 5 explores radio-frequency transport in BLG quantum dots at zero
magnetic field and examines their operation as on-demand single-electron
sources.

•Chapter 6 summarizes the main results and discusses perspectives for mi-
crowave transport and single-electron control in low-dimensional systems.
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Chapter 1

Radio-frequency transport in
mesoscopic systems

All experiments in this thesis share the common feature that they employ elec-
trical transport measurements in the radio-frequency (rf) range. The rf regime
spans frequencies from approximately 30 MHz to 300 GHz, corresponding to
electromagnetic wavelengths λ = c/f between 10 m and 1 mm in vacuum (c ≃
3 × 108m/s). A wide range of modern technologies use rf signals, including
radio broadcasting, radar systems, cellular communication, wireless local area
networks (WLAN), global positioning systems (GPS), and Bluetooth. In most of
these applications, electromagnetic waves are emitted and detected using anten-
nas that radiate energy into free space.
From a physics perspective, rf measurements provide access to the dynamical
response of mesoscopic systems. Unlike dc and low-frequency transport experi-
ments, which probe only static conductance, rf signals can resolve propagation
velocities and relaxation mechanisms. For this reason, rf and microwave tech-
niques are now routinely used in superconducting circuits, for example, in the
readout and control of superconducting qubits [35, 36], or in the study of 1D
systems such as carbon nanotubes [37] and edge states in the QH and QAH
regimes [38, 39]. In these systems, the charge carriers form collective modes
whose dynamics occur at microwave frequencies, making rf transport a sensitive
probe of interactions, disorder, and energy relaxation.
In our experiments, rf signals need to be guided rather than radiated. Transmis-
sion lines such as coaxial cables or coplanar waveguides confine the electromag-
netic fields between conductors and allow controlled, low-loss routing of signals
to a cryogenic device. The same transmission line concepts that describe these
engineered structures also provide a framework for understanding mesoscopic
conductors themselves. In particular, the propagating charge excitations (plas-
mons) of a 1D electronic channel can be mapped to an effective transmission line.
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This can be applied to QH and QAH edge states, where chirality suppresses
backscattering and leads to well-defined, unidirectional plasmon modes whose
velocity and dissipation can be measured with rf techniques.
In this thesis, we make use of this unified description: transmission lines guide
the rf signals from the source to the sample, define how the device is coupled to
the measurement environment, and are ultimately used to describe the charge
propagation in the edge state. The rf engineering concepts introduced here reap-
pear throughout this thesis: in Chapter 3 when modeling edge plasmon prop-
agation and impedance mismatch, in Chapter 4 when quantifying field-driven
breakdown via microwave transport, and in Chapter 5 when driving and de-
tecting a single-electron source with rf signals. To establish the necessary back-
ground, this chapter is structured as follows.
We begin with a detailed discussion of transmission line theory in Sec. 1.1, since
most of the experimentally relevant features can be expressed in this language.
We introduce the basic theory of transmission lines and microwave networks, in-
cluding distributed circuit models, scattering parameters, and impedance match-
ing. These concepts form the foundation for analyzing rf transport in mesoscopic
devices.
In Sec. 1.2, we apply this formalism to plasmon transport in 1D edge states. We
show explicitly how edge channels can be modeled as transmission lines, dis-
cuss their dispersion and dissipation mechanisms, and describe their capacitive
coupling to external gates and coplanar waveguides.
Finally, in Sec. 1.3, we present the rf measurement setup, including the cryo-
genic wiring, vector network analyzers, amplifiers, attenuators, and filters used
throughout this thesis. We also discuss calibration techniques required to correct
distortions introduced by the setup itself at high frequencies.

1.1 Transmission line theory

Two transmission line geometries are used throughout this thesis. The first is
the coaxial geometry, which is the standard for commercial rf cables. Its cross-
section is shown in Fig. 1.1a. Here, the electromagnetic field is confined in the
dielectric region between the inner conductor and the cylindrical outer conduc-
tor, which acts as the ground. This geometry is mechanically robust and can be
bent without degrading its electrical properties.
On-chip routing, however, is restricted to planar structures. Therefore, we use
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a) Coaxial cable cross section

r

Inner
conductor

Ground

Insulator

b) Coplanar waveguide cross section

Substrate ( r)

Inner conductor

Ground

Figure 1.1: Transmission lines. a) Sketch of the cross-section of a coaxial cable. The
electric field is confined in the dielectric insulator between the inner conductor and the
ground, as highlighted by the arrows. b) Cross-section of a coplanar waveguide on top
of a substrate with permittivity ϵr. The electric field is again confined between the inner
conductor and the ground in an elliptic shape, as schematically illustrated by the arrows.

coplanar waveguides (CPWs), shown in Fig. 1.1b. CPWs consist of a central con-
ductor flanked by two ground planes, all defined in a single metallic layer on top
of a dielectric substrate. Their planar geometry allows for arbitrary routing in
two dimensions and direct integration with lithographically patterned devices.
In this work, CPWs are used both on the printed circuit board (PCB) sample
holder and directly on the InP substrate.
In this subsection, we briefly summarize the standard transmission line formal-
ism needed later to model both coaxial cables and chiral edge channels. Readers
familiar with microwave engineering may skim this section and refer back as
needed. These concepts will later allow us to interpret measured scattering pa-
rameters in terms of plasmon propagation along the edge channel and to identify
distortions arising from impedance mismatch and standing waves, which play a
central role in Chapter 3.

At rf frequencies, the physical size of a circuit becomes comparable to the
wavelength. In this regime, standard lumped-element circuit theory is insuffi-
cient, and wave propagation must be taken into account. Transmission lines are
therefore described using distributed circuit models, where voltage and current
depend on both position and time. This is justified in the quasi–transverse elec-
tromagnetic (quasi-TEM) regime, where the electromagnetic fields are predom-
inantly transverse to the propagation direction. We can do this approximation
as long as the wavelength is much larger than the transverse dimensions of the
line [40, 41].
An infinitesimal segment of a general transmission line is shown in Fig. 1.2. Each
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Figure 1.2: Distributed circuit model of a transmission line. Infinitesimal segment of
a transmission line of length dx. On this scale, the line can be described using lumped
elements: series inductance L and series resistance R, and shunt capacitance C and
shunt conductance G, all defined per unit length.

segment is characterized by four quantities, which are all given per unit length:

•Shunt capacitance C: the geometric capacitance between the inner and
outer conductors,

•Series inductance L: the self-inductance of the conductors,

•Series resistance R: representing Ohmic losses in the metal,

•Shunt conductance G: modeling dielectric losses in the dielectric material.

Applying Kirchhoff’s current and voltage laws to this distributed network yields
the time-domain telegrapher’s equations [40]:

dV (x, t)

dx
= −RI(x, t)− L

dI(x, t)

dt
, (1.1a)

dI(x, t)

dx
= −GV (x, t)− C

dV (x, t)

dt
. (1.1b)

For a sinusoidal signal at angular frequency ω, we write V (x, t) = V (x)eiωt and
I(x, t) = I(x)eiωt. Inserting this into Eq. (1.1) gives:

dV (x)

dx
= −(R + iωL) · I(x), (1.2a)

dI(x)

dx
= −(G+ jωC) · V (x). (1.2b)

Differentiating the first equation and substituting the second yields a wave equa-
tion for the voltage:

d2V (x)

dx2
= γ2V (x), (1.3)
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with the propagation constant

γ =
√

(R + iωL)(G+ iωC) = α + iβ, (1.4)

where α describes attenuation and β describes phase evolution. The general
solutions are:

V (x) = V +
0 e−γx + V −

0 e+γx, (1.5a)

I(x) = I+0 e
−γx + I−0 e

+γx, (1.5b)

corresponding to forward- and backward-propagating waves. Using the first
telegrapher equation, we obtain the characteristic impedance Z:

Z =
V +
0

I+0
= −V −

0

I−0
=

√
R + iωL

G+ iωC
. (1.6)

The impedance relates the magnitudes of the electric and magnetic fields. In a
vacuum, electromagnetic waves propagate with a characteristic impedance of
Z0 =

√
µ0/ϵ0 ≈ 376Ω. The characteristic impedance also controls how signals

reflect at interfaces. For an incident wave at the interface from an impedance Z1

to Z2, the reflection and transmission coefficients are:

r =
Z2 − Z1

Z2 + Z1

, t =
2Z2

Z2 + Z1

, (1.7)

which can be derived by solving the equations of current and power conserva-
tion. In Chapter 3, we will see that the strong impedance mismatch between the
edge channel and the 50Ω environment produces pronounced reflection patterns
in the measured transmission spectra, which can only be understood using these
relations. The other quantity of interest describing the propagation of a wave
in a transmission line is its phase velocity vp. We can find it by describing the
voltage in the time domain as:

V (x, t) = |V +
0 | · cos(ωt− βx+ ϕ+) · e−αx + |V −

0 | · cos(ωt+ βx+ ϕ−) · eαx (1.8)

where ϕ± is the phase of the complex voltages V ±
0 . The phase velocity is given by

vp = ω/β. Losses are described by the constant α, which describes the decay of
the amplitude by unit length. Losses stem from the imaginary part of Eq. 1.6, e.g.,
a finite resistance R. For a lossless transmission line where the series resistance
R and the shunt conductance G are zero, we find the following expression for
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the impedance and velocity:

Z =

√
L

C
, vp =

1√
LC

. (1.9)

Beyond the circuit description, it is useful to view a transmission line as a contin-
uum of harmonic oscillators. The Hamiltonian H of a transmission line is given
by:

H =
1

2

∫
dx

[
q(x, t)2

C
+ L I(x, t)2

]
, (1.10)

where q = CV is the charge per unit length. This will allow us in the next
section to map the bosonized edge-state Hamiltonian to an effective transmission
line [37].

1.2 Plasmon transport in 1D edge states

We now turn to charge propagation in 1D chiral edge states. The discussion
applies equally to edge modes of the QH and QAH effects, as long as the charge
is confined to a 1D channel. At low excitation amplitudes, transport is governed
by collective density oscillations, which are referred to as edge plasmons. We
derive the plasmon Hamiltonian and show explicitly that the edge channel is
equivalent to a transmission line.

Single-particle description

In the absence of interactions, we can write the Hamiltonian of the 1D system
with a fixed number of electrons as:

H =
∑
k

ϵ(k) c†(k)c(k), (1.11)

where c†(k) and c(k) are the fermionic creation and annihilation operators for an
electron with quasi-momentum k. For a chiral edge state, the dispersion relation
is linear1 [43, 44]:

ϵ(k) = ℏvFk, (1.12)

where vF is the Fermi velocity. Since only one propagation direction exists, excit-
ing an electron from momentum k to k′ = k + q necessarily creates a hole at k, as

1This is correct for a QAH edge state. Other 1D electronic systems feature a parabolic dis-
persion relation. However, also for a parabolic dispersion, the low-energy excitations are quasi-
linear and can be described by the same bosonization scheme [42].
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C

Figure 1.3: Edge transport schematics. (a) Linear dispersion of a chiral edge state (ES).
Exciting an electron above the Fermi level leaves a hole behind, forming an electron–hole
pair of momentum q. (b) Real-space picture of a chiral edge channel. Coulomb repulsion
(schematically represented by a capacitance C) leads to collective, plasmonic transport.

schematically shown in Fig. 1.3a. The excitation, therefore, carries a well-defined
momentum q and an energy

ε(q) = ε(k + q)− ε(k) = ℏvF q. (1.13)

Thus, all particle–hole excitations disperse linearly, which is characteristic of
chiral 1D systems. And it allows us to describe the system as a collective bosonic
system, as we will outline in the following section.

Bosonization

Before introducing the bosonization scheme, it is helpful to recall why a bosonic
description naturally appears in a 1D chiral system. Since all electrons propa-
gate in the same direction, the relevant low-energy excitations can be seen as
small deformations of the filled Fermi sea rather than individual particles. These
particle–hole excitations add coherently and can be treated as a single collective
charge mode. Bosonization provides a compact way to describe this collective
degree of freedom. To formalize this idea, we reorganize the particle–hole exci-
tations into bosonic operators [45]. For q > 0, we define

b†(q) =

√
2π

Lq

∑
k

c†(k + q)c(k), b(q) =

√
2π

Lq

∑
k

c†(k − q)c(k), (1.14)
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where the prefactor ensures proper normalization. These operators satisfy the
canonical commutation relation

[b(q), b†(q′)] = δq,q′ , (1.15)

demonstrating that the elementary excitations of the chiral edge are bosonic
plasmons rather than fermionic quasiparticles [37, 42]. The next step is to express
these excitations in real space. Introducing the bosonic field operator ϕ(x),

ϕ(x) = −i
∑
q>0

√
2π

Lq
b(q) q eiqx + i

∑
q<0

√
2π

Lq
b†(q) q e−iqx. (1.16)

We obtain a continuum description in which ϕ(x) plays the role of a displacement
field for the chiral plasmon. Its spatial derivative encodes the local variation of
the charge density,

ρ(x) =
1

2π

dϕ(x)

dx
. (1.17)

Inserting this form into the fermionic Hamiltonian yields the quadratic bosonic
Hamiltonian,

H =
hvF
2

∫
ρ(x)2 dx =

ℏvF
4π

∫ (
dϕ(x)

dx

)2

dx. (1.18)

This compact expression is the central result of chiral bosonization: the complex
many-fermion problem reduces to a single elastic mode whose dynamics are
governed by spatial gradients of the bosonic field. In later sections, we will
show how this Hamiltonian maps directly onto that of a lossless transmission
line, allowing us to describe the edge channel using familiar rf concepts such as
inductance, capacitance, and impedance. A detailed pedagogical derivation can
be found in the lecture notes of C. L. Kane [42].

Including Coulomb interactions

So far, we have described the edge state as a 1D system of non-interacting elec-
trons. In reality, electrons in an edge state are subject to Coulomb interactions.
Because the system is chiral and backscattering is forbidden, these interactions
do not lead to counter-propagating modes, but instead modify the propagation
of the charge density itself. One may picture this as electrons “pushing” each
other forward, as sketched in Fig. 1.3b, which results in a collective plasmon
mode with an interaction-renormalized velocity. To leading order, Coulomb
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interactions contribute an additional quadratic term in the density fluctuations,

Hint ∝
∫

ρ2(x) dx, (1.19)

since regions of enhanced charge density increase the electrostatic energy. Sub-
stituting the bosonized expression for ρ(x) yields

Hint =
g

(2π)2

∫
1

2

(
dϕ(x)

dx

)2

dx, (1.20)

where g parametrizes the interaction strength. The Coulomb interaction renor-
malizes the plasmon velocity. Adding both contributions yields the total Hamil-
tonian:

H =
ℏv
4π

∫ (
dϕ(x)

dx

)2

dx, (1.21)

with
v = vF

(
1 +

g

hvF

)
. (1.22)

Thus, strong Coulomb interactions increase the velocity of plasmon propagation,
a key effect that has been observed in experiments [18, 46].

1.2.1 Transmission line model of edge state transport

The bosonized Hamiltonian in Eq. (1.21) is mathematically identical to that of a
lossless transmission line. To make this correspondence explicit, we express the
bosonic fields in terms of physical charge and current densities:

qe(x) = −e ρ(x) =
−e

2π

dϕ

dx
, (1.23a)

Ie(x) = −e ρ(x) v =
−ev

2π

dϕ

dx
. (1.23b)

Substituting these relations into Eq. (1.21) gives:

H =
1

2

∫
dx

[
hv

e2
qe(x)

2 +
h

ve2
Ie(x)

2

]
. (1.24)

Comparing with the Hamiltonian of a classical transmission line,

HTL =
1

2

∫
dx

(
1

ce
q2 + leI

2

)
. (1.25)
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We identify the effective line parameters:

ce =
1

vRK

, le =
RK

v
, (1.26)

where RK = h/e2 is the von Klitzing constant. Accordingly, the characteristic
impedance is

Ze =

√
le
ce

= RK . (1.27)

Thus, a chiral edge channel behaves exactly like a 1D transmission line with
quantized impedance. The coincidence of the characteristic impedance with the
von Klitzing constant RK is not accidental: it encodes the fact that the edge chan-
nel supports a single conductance quantum e2/h of current per applied voltage.
In practice, this means that the microwave response of the edge channel can
be treated exactly as the response of a transmission line with these parameters.
This viewpoint forms the basis of the fitting model used in Chapter 3 to extract
velocities and dissipation rates from the measured scattering parameters.
Before discussing the coupling from the gate contacts to the edge state, we briefly
summarize the physical origin of its inductance and capacitance:

•Inductance le: The total inductance is the sum of magnetic and kinetic con-
tributions. While the magnetic inductance is small (∼ 1 pH/µm [37]), the
kinetic inductance of a 1D channel is extremely large, lK = RK

vF
≃ 64 nH/µm,

and therefore dominates the dynamics.

•Capacitance ce: The total capacitance has a geometric component
(∼ 50 pF/m for an ungated edge [37]) and a quantum contribution,
cq = 1

RKvF
≃ 100 pF/m, arising from the finite density of states of the 1D

system. The geometric component was neglected in the derivation, but
since they are of similar size, both must be accounted for to describe the
plasmon velocity accurately in an experiment.

1.2.2 Coupling of the edge channel to a gate

After establishing transmission lines as a framework to model our setup and the
plasmon transport in the edge state, the only missing component is the capacitive
coupling of an edge state to the setup. We describe the capacitive coupling
via the effective capacitance Cg, which corresponds to the series of a geometric
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Figure 1.4: Capacitive coupling of the edge channel to a gate. Equivalent transmission
line circuit of the gate with impedance Zg and the edge channel with impedance Ze via
a capacitor Cg. The incoming currents IINg,e and outgoing currents IOUT

g,e are illustrated as
arrows.

capacitance Cgeo and a quantum capacitance Ce:

Cg =
Cgeo · Ce

Cgeo + Ce

(1.28)

The equivalent transmission line model is shown in Fig. 1.4: the rf gate has
an impedance of 50 Ω and is coupled via Cg to the edge state with impedance
RK . This description is only valid for short gates or sufficiently low frequencies,
such that the phase accumulated by the plasmon underneath the gate remains
small, ϕ = ωL/v. Otherwise, the finite spatial extent of the gate must be taken
into account. In our experiments, we use narrow contacts of approximately
3 µm and frequencies below 4 GHz. Under these conditions, the accumulated
phase remains small, justifying the use of a lumped capacitance Cg to describe
the capacitive coupling. For wider contacts or higher frequencies, the coupling
depends on the accumulated charge density below the gate ρ ∝

∫
sin(ϕ).

We are interested in the scattering parameter that describes the transmission and
reflection of the currents at this interface. The scattering matrix S is given by:(

Ioute

Ioutg

)
=

(
See Seg

Sge Sgg

)(
I ine

I ing

)
(1.29)

Here, Seg describes the current emitted into the edge when driving the gate, and
Sge describes how much current is transmitted from the edge state to the gate.
The coefficients Sgg and See represent the corresponding reflection amplitudes.
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We can find the scattering parameter by considering Kirchhoff’s law at the inter-
face:

I ing − Ioutg + I ine − Ioute = 0 (1.30a)

Zg(I
in
g − Ioutg )− Ze(I

in
e − Ioute ) =

I ing − Ioutg

iωCg

(1.30b)

The scattering matrix is hence given by:

S =

(
1+iωCg(Zg−Ze)

1+iωCg(Zg+Ze)

2iωZeCg

1+iωCg(Zg+Ze)
2iωZgCg

1+iωCg(Zg+Ze)

1+iωCg(Ze−Zg)

1+iωCg(Zg+Ze)

)
(1.31)

with Zg = 50Ω. In order to develop intuition for the behavior of the coupling,
it is useful to consider the low- and high-frequency limits of the scattering matrix.
For ωCg(Ze + Zg) ≪ 1, the coupling capacitor presents a large impedance and
effectively blocks current between gate and edge. In this regime, See ≈ 1 and
Sgg ≈ 1, while the cross terms scale linearly with frequency, Seg, Sge ∝ iωCg.
Physically, at low frequencies, the capacitor blocks charge transfer, so the gate
is effectively decoupled from the edge. In the opposite limit, ωCg(Ze + Zg) ≫ 1,
the capacitive impedance becomes small, and the interface behaves like a direct
connection between two transmission lines of very different impedance. The
scattering matrix elements approaches

S →

(
Zg−Ze

Zg+Ze

2Ze

Zg+Ze

2Zg

Zg+Ze

Ze−Zg

Zg+Ze

)
(1.32)

Because the edge impedance greatly exceeds the gate impedance, Ze ≫ Zg, these
limits simplify to

Sge −→ 2Zg

Ze

≪ 1, Seg −→ 2. (1.33)

Sge ≪ 1 means that only a tiny fraction of the current injected from the gate
enters the edge channel. This is expected: most of the power is reflected due
to the strong impedance mismatch. At the same time, Seg → 2 might be con-
fusing. It arises because, for a severely mismatched interface, the current wave
arriving from the high-impedance edge must split into reflected and transmitted
components such that current is conserved. Since the incident current in a high-
impedance line is extremely small, the normalization of the scattering formalism
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results in a coefficient of order 2 even though the transferred power is negligi-
ble 2.
These scattering parameters are the building blocks of the fit model we use in
Chapter 3 to fit the transmission data of plasmon transport in the QAH edge
states. In the following section, we will present our rf setup and sketch some
basic calibration techniques.

1.3 Radio-frequency setup and calibration tech-
niques

All experiments presented in this thesis rely on the rf setup installed in our
dilution refrigerator, schematically shown in Fig. 1.5. The cryostat is equipped
with six coaxial rf lines: four input lines (IN1–IN4) for excitation and two output
lines (OUT1–OUT2) for detection. These lines differ mainly in their attenuation
and intended use.
The input lines IN1–IN3 are broadband (40 GHz) and contain attenuators at
each temperature stage. These attenuators serve two purposes: (i) they reduce
thermal noise originating from higher temperature stages, and (ii) they ensure
proper thermalization of the inner conductor to prevent sample heating. The
total attenuation amounts to 41 dB for IN1/IN2 and 18 dB for IN3. Line IN4 has
only 3 dB attenuation and is used when large excitation amplitudes are required
or as a detection line without an amplifier for experiments with ultra-wide
bandwidth.
The output lines contain a cryogenic high-electron-mobility transistor (HEMT)

amplifier at the 4 K stage with a bandwidth of 0.3–14 GHz and a gain of 37 dB.
The amplifier operates at a noise temperature of approximately 3.6 K. We placed
an additional 10 dB attenuator between the sample and the amplifier. Although
this reduces the total gain by 10 dB, it suppresses standing waves (arising from
the strong impedance mismatch between the sample and the 50 Ω microwave
environment) by 20 dB. The origin and consequences of these standing waves
will be discussed in detail in Chapter 3.
In addition, we mounted four Bias-Tees on the mixing chamber stage on
lines OUT1, OUT2, IN1, and IN3. A Bias-Tee separates low-frequency and
rf-frequency components: the dc port is connected via an inductor, blocking

2This is an artifact of our framework, where we define the scattering parameter for the cur-
rents. In rf engineering, the scattering parameters are usually defined for the square root of the
power (V + Z · I)/

√
Z [40]
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Figure 1.5: Schematic of the rf setup in the dilution refrigerator. The horizontal colored
bars indicate the cryostat temperature stages, decreasing from room temperature (top)
to the mixing chamber (bottom). Each input line contains attenuators at each stage
for thermalization. Each output line contains a cryogenic HEMT amplifier (Low Noise
Factory LNC 0.3–14 GHz, 37 dB). Line OUT2 additionally includes a −10 dB attenuator
to suppress standing waves. Several lines feature Bias-Tees (Anritsu K250) at the mixing
chamber (MXC), enabling simultaneous rf and dc operation.

high-frequency signals, while the rf port is connected via a capacitor, blocking
dc signals. This allows us to apply (or measure) dc biases simultaneously with
microwave signals. The Bias-Tees have a low insertion loss (about 1 dB) and
provide a bandwidth of 40 GHz.
The entire microwave setup is designed for broadband operation. Apart from
the amplifier-limited bandwidth of 0.3–14 GHz, the remaining components
support DC–40 GHz operation. This broadband design is advantageous for our
rf measurements, but it comes with drawbacks: (i) we cannot install isolators
or circulators (which are narrow-band devices) to suppress reflections, which
inevitably results in standing waves, (ii) the broadband lines transmit more
noise than narrow-band configurations would. These trade-offs are an intrinsic
challenge of wideband microwave experiments.

1.3.1 Vector network analyzer

Having described the cryogenic part of the microwave setup, we now turn to its
central instrument: the vector network analyzer (VNA). The VNA generates and
detects microwave signals and measures the complex scattering parameters of a
device under test (DUT). Because rf engineering heavily relies on concepts such
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Figure 1.6: Schematic of a 2-port vector network analyzer. The rf source generates a
monochromatic signal that is routed to the DUT and simultaneously used as a reference.
Directional couplers separate incident and reflected waves. Mixing with a local oscillator
(LO) down-converts the rf signal to an intermediate frequency (IF), from which the
amplitude and phase of each scattering parameter are extracted. Adapted from Ref. [40]

as heterodyne detection, mixing, and reference synchronization, we provide a
concise overview of the VNA functionality in Fig. 1.6 as it serves as a pedagogical
example of rf engineering.

The VNA measures the relationship between incoming and outgoing wave
amplitudes,

V out
i = Sij V

in
j , (1.34)

where Sij is the complex scattering parameter for excitation at port j and detec-
tion at port i. The rf source emits a signal with tunable frequency and amplitude
(here from 10 MHz to 26.5 GHz). A part of this signal is routed to the DUT, and
another part serves as an internal reference. Directional couplers separate inci-
dent and reflected waves such that both S11 and S21 (for excitation at port 1) can
be measured.
To digitize the signal, the VNA employs a heterodyne detection scheme, in which
the high-frequency rf tone is down-converted to an intermediate-frequency (IF)
signal. For completeness, we briefly recall how mixing with a local oscillator
(LO) generates the IF signal from which the amplitude and phase are extracted.
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The outgoing rf wave,

V out
i (t) = |V out

i | cos(ωRFt+ ϕi), (1.35)

is mixed with a local oscillator at frequency ωLO = ωRF + ωIF. Multiplying the
two signals gives:

V out
i · VLO =

1

2
|V out

i | |VLO|
[
cos(ωIFt+ ϕi)︸ ︷︷ ︸

IF signal

+cos ((2ωRF + ωIF)t+ ϕi)︸ ︷︷ ︸
up-converted term

]
. (1.36)

The first term is the down-converted IF signal, which carries the amplitude and
phase information of the original rf tone. The second term oscillates at a much
higher frequency and is removed by filtering. In practice, the IF is chosen be-
tween a few tens of kilohertz and a few megahertz, where digitizers can record
the signal with high dynamic range.
Modern VNAs use multi-stage (superheterodyne) down-conversion to achieve
high dynamic range and excellent noise performance [40]. Since the LO, rf source,
and digitizer share the same clock reference, long-term phase coherence is main-
tained, which is essential for reproducible phase measurements. When a VNA
is combined with external instruments (e.g., AWGs or signal generators), addi-
tional synchronization precautions are necessary. We compare different synchro-
nization schemes in Appendix A.

1.3.2 Principles of calibration

Although the VNA provides an internal reference for amplitude and phase, the
measured waves are distorted by electronic components in the signal path: di-
rectional couplers have insertion loss, cables introduce phase delay, connectors
are imperfect, and amplifiers add gain and ripple. These distortions must be
removed through microwave calibration. Without correcting for these effects,
the intrinsic sample response cannot be extracted. A widely used calibration
method is the SOLT (Short–Open–Load–Through) technique. Each calibration
standard provides a known impedance environment [40, 41]:

•Short, Z = 0, perfect reflection with phase 180°,

•Open, Z → ∞, perfect reflection with phase 0°,

•Load, Z = 50Ω, matched termination with no reflection,

•Through, direct connection between VNA ports, ideally S21 = 1.
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Figure 1.7: Signal flow graph. A graphical representation of a general 2-port microwave
network. Each branch is weighted by a scattering parameter Sij , and voltages at nodes
follow from summing all entering signals.

By comparing the measured S-parameters with their ideal values, one extracts
the error coefficients of the measurement system, enabling reconstruction of the
true device response. In our experiments, SOLT calibration is performed up
to the cryostat feedthrough. Ideally, calibration would extend all the way to
the sample holder, but this is impractical: the cryostat wiring is inaccessible
during operation. One could utilize cryogenic microwave switches to perform
SOLT operations at the sample level, which would improve the accuracy of our
measurements [47, 48]. However, they still have the drawback that the cryogenic
amplifier is non-reciprocal and does not allow for reflection measurements of S22.
Therefore, we approximate the distortions inside the cryostat using a simplified
model.

One such approximation is to describe the entire microwave chain using a
signal flow graph. This provides an intuitive framework for representing and
simplifying multi-component microwave networks. A signal flow graph consists
of nodes connected by branches carrying scattering parameters as illustrated in
Fig. 1.7. For a two-port network,

V out
2 = S21V

in
1 + S22V

in
2 , (1.37)

and similar relations hold for V out
1 . Such diagrams allow us to collapse com-

plex networks, neglect reflections where justified, incorporate feedback loops, or
isolate particular distortions. This makes them extremely valuable when a full
SOLT calibration is not possible. We will apply this calibration strategy directly
when analyzing the plasmon transmission data in Chapter 3, where multiple
reflections inside the cryostat play a major role in shaping the measured spectra.
The concepts introduced in this section form the basis for all rf measurements
discussed later in this thesis. The treatment of transmission lines, the use of scat-
tering parameters, and the calibration strategies described above are essential
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for extracting reliable amplitudes and phases from our devices. In the following
chapters, we will apply these tools directly to the microwave response of 1D
edge states and use them to analyze their velocity, dissipation, and coupling to
the environment. In the next chapter, we will introduce the theoretical founda-
tion of the transport experiments by introducing the quantum anomalous Hall
effect and other phenomena that we observe in our experiments, such as variable
range hopping or Joule heating.
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Chapter 2

Theory of the transport in a magnetic
topological insulator

In this chapter, we introduce the necessary theoretical foundation for the trans-
port experiments on the quantum anomalous Hall (QAH) insulator that we
present in the following chapter. The chapter is structured as follows. We begin
with the theoretical description of the quantum anomalous Hall effect in Sec. 2.1.
The role of electron–hole puddles arising from charge disorder, which is impor-
tant for interpreting the experimental results, is discussed in Sec. 2.2. Finally, we
will introduce the framework of variable range hopping (VRH) in Sec. 2.3, which
is the dominant transport mechanism for bulk transport in quantum Hall (QH)
and QAH insulators. The concept of VRH will also be important in Chapter 3
and Chapter 4, where we will discuss the plasmon propagation and the electric
field-driven breakdown of edge transport.

2.1 The quantum anomalous Hall effect

The QAH effect describes the quantized Hall conductance σyx = e2/h that occurs
in the absence of an external magnetic field. It can be regarded as the zero-field
counterpart of the QH effect, where a topologically nontrivial band structure re-
places the role of Landau quantization. The necessary breaking of time-reversal
symmetry is provided by an intrinsic magnetization, which opens an exchange
gap in the band structure and gives rise to a single chiral edge state along the
sample boundaries. The orientation of the magnetization determines the direc-
tion of the chiral edge state. A slab of a uniformly magnetized QAH insulator
is shown in Fig. 2.1a. When the Fermi level is tuned into the band gap of the
3D bulk states and the exchange gap of the 2D surface states (see Fig. 2.1b), the
transport is restricted to the 1D edge state. To understand the emergence of this
band structure, we will first introduce the concept of a topological insulator and
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Figure 2.1: Band structure of a quantum anomalous Hall (QAH) insulator. a) Illustra-
tion of a thin magnetic insulator (bright blue), that shows a spontaneous magnetization
M as shown by dark blue arrows. The chiral edge state is shown in red. b) Energy
spectrum of a QAH insulator. The surface states (blue) are gapped by the exchange gap
∆exc ∼ 10meV [49, 50], which closes at the edges, giving rise to the chiral edge state.
The bulk valence and conduction bands (shown in green) are well separated from the
surface bands.

then present a minimal two-band model that captures the essential physics of
topological band inversion and exchange splitting [51, 52].

2.1.1 Topological insulator

A three-dimensional topological insulator is characterized by an insulating bulk
and metallic surface states that arise from a nontrivial band topology [53]. When
the Fermi level lies inside the bulk gap, transport occurs exclusively through
these 2D surface channels, whose dispersion relation forms a single Dirac cone,
as shown in Fig. 2.2a. The surface states exhibit spin–momentum locking: elec-
trons moving in opposite directions carry opposite spins (Fig. 2.2b). The effective
Dirac Hamiltonian captures the low-energy physics

H = ℏvF(kyσx − kxσy), (2.1)

which encodes the helical spin texture of the surface states. Time-reversal sym-
metry protects these states by forbidding elastic backscattering between Kramers
partners at k and −k, ensuring robust metallic conduction in the presence of non-
magnetic disorder [53].
Breaking time-reversal symmetry lifts this protection. Magnetic doping or prox-
imity to a ferromagnet introduces an exchange field M that adds a mass term
to the Dirac Hamiltonian and opens a gap in the surface-state spectrum [51, 54].
This exchange-induced gap is the essential ingredient that enables the QAH ef-
fect. In the next section, we outline a minimal two-band model that captures
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Figure 2.2: Topological insulator. (a) Band structure of a 3D topological insulator show-
ing the bulk valence and conduction bands (blue) and the massless Dirac-like disper-
sion of the surface states (grey). (b) Real-space illustration of spin–momentum lock-
ing: charge carriers with opposite spin orientations move in opposite directions on the
surface of the topological insulator. Reproduced from Ref. [54] with permission from
Springer Nature.

how the exchange interaction drives the system into a Chern-insulating phase
with a single chiral edge state.

2.1.2 Two-band model and topological band inversion

In a thin film of a three-dimensional topological insulator, the top and bottom
surface states interact through hybridization and magnetic exchange. The QAH
effect can be understood starting from these two coupled Dirac surface states
under an exchange field M . The effective Hamiltonian for the top (t) and bottom
(b) surfaces can be written as [51, 52]:

Ht,b = ±ℏvF (kyσx − kxσy) + gMσz, (2.2)

where σx,y,z are the Pauli matrices acting on the spin degree of freedom, vF is
the Fermi velocity, and g is the effective g-factor describing the strength of the
exchange coupling. The first term represents the massless Dirac surface states
with opposite chirality on the top and bottom surfaces, while the second term
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introduces an exchange-induced Zeeman splitting that breaks time-reversal sym-
metry. When the two surfaces are in proximity, as in a thin film, their wavefunc-
tions overlap, allowing tunneling between the top and bottom surfaces. This
hybridization opens a small energy gap, which can be expressed as a momentum-
dependent mass term mk. This term can be approximated as a parabolic function:

mk = m0 +B(k2
x + k2

y), (2.3)

where m0 is the hybridization energy at k = 0 and B determines the curvature
of the bands. Combining hybridization and magnetic exchange and projecting
onto a given block of the thin-film Hamiltonian yields an effective 2 × 2 Dirac
Hamiltonian

h±(k) =
[
m0 +B(k2

x + k2
y)± gM

]
σz + vF(kyσx − kxσy), (2.4)

where the ± sign corresponds to the symmetric and antisymmetric combinations
of the top and bottom surface states, respectively. The exchange field M therefore
shifts the Dirac mass in opposite directions in the two blocks. The sign of the ra-
tio m0/B determines whether the system is topologically trivial or inverted when
M = 0. A negative m0/B corresponds to an inverted band structure and a quan-
tum spin Hall phase [55], while a negative ratio yields a trivial insulator. These
two cases are illustrated schematically in Fig. 2.3a and Fig. 2.3b. Introducing
the exchange field M shifts the band inversion condition. For an initially trivial
configuration (m0/B > 0), a sufficiently strong |M | reverses the band ordering
and drives the system into a Chern-insulating state. For an initially inverted
configuration (m0/B < 0), the exchange field reinforces the inversion of one spin
sector while removing it for the other. In both cases, spin–orbit coupling gaps the
resulting band crossings, and the system acquires a Chern number C = ±1 [51].
The fact that both trivial and inverted starting points flow into the same QAH
phase when |M | is large enough is important for real devices. Thin-film TIs often
exhibit thickness variations that locally modify the hybridization gap and there-
fore the band topology [44]. Because both regimes ultimately yield a QAH state
with a single chiral edge channel, the quantized Hall plateau remains robust
against such inhomogeneities. Thinner films are still preferred experimentally,
as they suppress residual bulk conduction and improve the quality of the quan-
tized Hall response [52].
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strate this argument, we perform first-principles
calculations (24) for the electronic structures and
the spin susceptibility of Bi2Se3 bulk (Fig. 1).
The band inversion at the G point occurs when
the the relative SOC strength l/l0 exceeds 0.5,
and the spin susceptibility starts to increase ap-
preciably. The susceptibility tensor is anisotropic,
with ce

zz/ce
xx ≈ 1.1 estimated for the parent com-

pound (without magnetic dopants). In the pres-
ence of dopants, the single-ion magnetic anisotropy
will dominate and favor the off-plane orientation
(23, 26).

We show, by first-principles calculations, that
the insulating magnetic ground state discussed
above can be indeed obtained by a proper choice
of magnetic dopants. Experiments (21–23) have
suggested that the magnetic dopants, such as Ti,
V, Cr, and Fe, will mostly substitute the Bi ions;
we therefore concentrate on this situation. Be-
cause the nominal valence of Bi ions is 3+, a
general rule is to find a transition metal element
that may have a stable 3+ chemical state, so that
no free carriers are introduced by this isoelec-
tronic substitution. In addition, because of the
coexistence of orbital and spin degrees of free-
dom of magnetic dopants (due to the partially
filled d shells), we need a mechanism to quench
these degrees of freedom and stabilize the in-
sulating state.

The results shown in Fig. 2 suggest that an
insulating magnetic state is obtained for Cr or Fe
doping, whereas the states are metallic for Ti or V
doping cases (24). To understand the results, we
first point out that, for all the cases, the dopants
are nearly in the 3+ valence state, and we always
obtain the high-spin state because of the large
Hund’s rule coupling of 3d transition metal ions.
This will directly lead to the insulating state of
Fe-doped samples, because the Fe3+ has five 3d
electrons, favoring the d5↑d0↓ configuration in a
high-spin state and resulting in a gap between the
majority and minority spins. For the Cr-doped
case, the local environment of dopants, which
substitute the Bi sites, is an octahedral formed by
six nearest neighboring Se2− ions. Such a local
crystal field splits the d shell into t2g and eg man-
ifolds. This splitting is large enough to stabilize
the t2g

3↑eg
0↑t2g

0↓eg
0↓ configuration of a Cr3+ ion,

resulting in a gap between the t2g and eg mani-
folds. For the case of Ti or V doping, even the t2g
manifold is partially occupied, leading to the me-
tallic state. We note that, although the local den-
sity approximation (LDA) in the density functional
theory may underestimate the electron correlation
effects, the inclusion of electron-electron interac-
tion U (such as in the LDA + U method) should
further enhance the gap [it may also reduce the p-d
hybridization and Tc (27)].

The energy gain because of the spin polariza-
tion is about 0.9 eV per Fe, 1.5 eV per Cr, 0.7 eV
per Vand 0.02 eV per Ti, respectively, which are
large numbers except for the case of Ti substitu-
tion. From the spin splitting of p orbitals of the
band electrons, the estimated effective exchange
coupling Jeff between the local moments and
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subbands that have even parity at G point, and dashed lines denote subbands with odd parity at G point.
The blue color denotes the spin down electrons; red, spin up electrons. (A) The initial subbands are not
inverted. When the exchange field is strong enough, a pair of inverted subbands appears (red dashed line
and blue solid line). (B) The initial subbands are already inverted. The exchange field releases the band
inversion in one pair of subbands (red solid line and blue dashed line) and increase the band inversion in
the other pair (red dashed line and blue solid line).
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Figure 2.3: Evolution of the QAH band structure. Evolution of the four bands with ex-
change field and spin orbit coupling (SOC) for initially trivial (A) and inverted phase (B).
The color coding shows the spin of the sub-band, while dashed/solid lines correspond
to odd/even parity, respectively. For the initially trivial phase (A), the exchange field
causes a band inversion of two sub-bands. For the initially inverted phase (B), the lift
the band inversion of the |+↑⟩ and |−↓⟩ and increases the band version of the other |−↑⟩
and |+ ↓⟩. The SOC lifts the degeneracy at the band crossings, realizing an insulating
state. However, the band structure is non-trivial for both initial scenarios and leads to
a gap closing at the interface to a trivial insulator, giving rise to edge transport. Repro-
duced from Yu et al. [51] with permission from AAAS.

2.1.3 Motivation and applications of QAH materials

The primary advantage of the QAH effect is the realization of quantized Hall
transport without an external magnetic field. This zero-field quantization not
only simplifies experimental conditions but also enables integration with su-
perconducting circuits, Josephson junctions, and microwave platforms that are
incompatible with strong magnetic fields. Several potential applications have
been proposed:

1. Metrology: The QAH effect enables a quantized resistance standard at zero
field [22, 56–59]. The absence of a magnetic field allows direct integration
with Josephson voltage standards, which is not possible for conventional
QH devices. The best QAH-based standards currently achieve a precision
at the level of a few parts per billion [59], approaching that of established
QH systems.
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2. Topological superconductivity: When a QAH insulator is coupled to a
superconductor, it can give rise to topological superconductivity and host
Majorana excitations [60, 61]. Depending on the geometry, these may ap-
pear either as propagating chiral Majorana edge modes along the bound-
ary of a topological superconductor or as localized Majorana bound states
at vortices. In contrast to Majorana bound states, which are spatially lo-
calized zero-energy excitations, chiral Majorana modes are extended one-
dimensional edge channels that transport energy along the sample bound-
ary. Both types of excitations are predicted to obey non-Abelian braiding
statistics and have been proposed as building blocks for fault-tolerant quan-
tum computation. Superconducting proximity effects in QAH systems
have been demonstrated experimentally [62], but topological Josephson
junctions remain to be realized.

3. Magnetic memory and logic: The magnetization of QAH insulators can
be switched electrically [63, 64], allowing for potential applications in low-
power magnetic memory. Recently, Liu et al. [65] demonstrated that a QAH
insulator can act as a memristive element suitable for cryogenic in-memory
computing.

4. Microwave and plasmonic applications: The relatively low plasmon
phase velocity (vp ≃ 3–5 × 105m/s) enables the realization of compact
on-chip microwave circuits based on interferometric principles [15, 16].
Mahoney et al. [16] demonstrated a proof-of-principle nonreciprocal mi-
crowave circulator using a QAH disk, achieving a circulation amplitude
of approximately 20 dB. Such a device is shown in Fig. 2.4. A key limita-
tion is the large impedance mismatch between the metallic gate and the
high-impedance edge channel. However, it can be mitigated by employing
impedance-matching techniques [66–68].

These proposed applications underscore the technological potential of QAH ma-
terials and motivate efforts to understand the microscopic mechanisms that limit
their performance. In particular, the role of disorder, localized bulk states, and
edge–bulk coupling becomes central for interpreting both dc transport and the
microwave experiments presented in the following sections.

2.1.4 Experimental signatures

The QAH effect can be experimentally verified by a Hall experiment, where
a QAH insulator is etched into a Hall bar geometry, and Ohmic contacts are
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Figure 2.4: Quantum anomalous Hall circulator. Left: Schematic view of the 3-port
circulator based on a quantum anomalous Hall disk (center). A signal injected in the port
IN is transmitted to the port OUT and isolated from the third port. Right: Microscope
image of a circulator device fabricated from Cr-doped (BixSb1−x)2Te3. Reprinted from
Ref. [16].

defined as sketched in Fig. 2.5a. By applying a current Ixx and measuring the
longitudinal voltage Uxx and the Hall voltage Uyx, we can infer the longitudi-
nal resistance Rxx and the Hall resistance Ryx. An example measurement is
shown in Fig. 2.5b. It features a hysteretic Hall resistance Ryx(µ0H) with quan-
tized plateaus at ±h/e2 in the magnetized states and a vanishing longitudinal
resistance Rxx. Upon magnetization reversal, Rxx shows peaks, indicating the
temporary coexistence of oppositely magnetized domains. These domain bound-
aries host counter-propagating edge states, which cause additional dissipation
until full magnetization is restored [56, 69].
In practice, finite bulk conduction prevents perfectly dissipationless transport,
even in the magnetized state. The residual Rxx becomes finite at low temper-
atures (hundreds of millikelvin) or under small biases (tens of nanoamperes),
marking the onset of dissipative bulk transport [20, 21, 58]. This breakdown is
attributed to various mechanisms: variable-range hopping [70], bootstrap elec-
tron heating [22], and percolation through charge puddles (locally conducting
regions which form in the bulk due to Coulomb disorder [5, 71–73]) driven by
electric fields [20]. Such mechanisms are further discussed in the following sec-
tion, where we address the role of electron–hole puddles and disorder in limiting
the transport properties of QAH insulators.

2.2 Charge puddles in disordered material

In a QAH insulator, it is crucial to tune the Fermi level into both the topolog-
ical band gap of the 3D bulk and the exchange gap of the 2D surface state, as
illustrated in Fig. 2.1b. While the bulk band gap is typically of the order of a
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Figure 2.5: Hall Measurement of a QAH insulator. a) Sketch of a Hall bar made of
a quantum anomalous Hall insulator (blue) with six Ohmic contacts (gold). A current
bias is applied from the left to the right lead, while measuring the longitudinal voltage
Uxx and the transversal voltage Uyx. The high potential edge state, which carries the
current, is shown in red, while the grounded edge state is shown in blue. b) Rxx and
Ryx vs. µ0H . Ryx shows a hysteresis loop and is quantised to ±RK in the magnetized
state. Rxx is vanishing in the magnetized state and shows peaks upon magnetization
reversal. The measurement is taken on sample MBE_VBST_20221204a at a temperature
of T ≃ 20mK.

few hundred meV [74], the magnetic exchange gap of the surface states is much
smaller, typically only a few tens of meV [49, 50]. Experimentally, the Fermi
level can be tuned either by electrostatic gating or by chemical doping. In our
case, we use the ternary compound (BixSb1−x)2Te3, which allows tuning of the
Fermi level by adjusting the Bi/Sb ratio x. Bi2Te3 is naturally n-type, with the
Fermi level in the conduction band, whereas Sb2Te3 is p-type, with the Fermi
level in the valence band. By carefully choosing the Bi–Sb ratio, the Fermi level
can be placed within the bulk band gap, achieving near-perfect charge compen-
sation [75, 76].
Even in the case of ideal charge compensation, local variations in the chemical
potential persist due to the random spatial distribution of donors and acceptors.
Empty donor sites act as positively charged centers, while occupied acceptors
are negatively charged. Because of the low carrier density in these materials,
electrostatic screening is weak, and the resulting Coulomb potential fluctuates
strongly over a length scale of tens of nanometers [73, 77, 78]. These potential
fluctuations distort the conduction and valence band edges, causing the Fermi
level to locally cross into either the conduction or the valence band. The result-
ing metallic regions form electron and hole puddles, as schematically shown in
Fig. 2.6a. This formation of charge puddles is a well-known feature of compen-
sated semiconductors and topological insulators [5, 71–73].
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Figure 2.6: Electron– and hole–puddles in a QAH insulator. (a) Real-space schematic
of the band structure in a compensated semiconductor. The Fermi level EF lies near the
center of the unperturbed conduction (ECB) and valence bands (EVB). Poorly screened
Coulomb potentials from charged impurities locally bend the bands, producing regions
where EF crosses into the conduction (electron puddles) or valence band (hole puddles).
(b) 2D schematic of a QAH bar showing electron and hole puddles (blue/red regions).
The effective bulk conductance connecting the edge states on opposite sides of the bar
depends on the activated or hopping transport between these localized regions.

A schematic view of a charge puddle network in a thin QAH film is shown in
Fig. 2.6b. The puddles represent small, localized metallic regions in an otherwise
insulating bulk. Although individual puddles are spatially isolated, they can
still couple via thermal activation or tunneling processes [20, 22, 70, 79]. When
this occurs, charge carriers can traverse the bulk by hopping between puddles,
providing a finite bulk conduction path that connects the counter-propagating
edge states on opposite sides of the sample. This mechanism leads to back-
scattering between edge channels and thereby breaks the zero-resistance state of
chiral edge transport. When the overlap between the electronic wave functions
of neighboring puddles is small, the conduction mechanism follows the VRH
model [80–83]. In this regime, the transport between puddles is dominated by
phonon-assisted hopping between localized states. We will discuss this mecha-
nism in more detail in the following section. Also, as we will see in Chapters 3
and 4, these puddles not only give rise to a finite longitudinal resistance in dc
transport but also provide a dominant dissipation channel for edge plasmons
through capacitive and resistive coupling to the bulk.

2.3 Variable range hopping

At sufficiently high temperatures, charge carriers can be thermally excited above
the mobility edge, resulting in activated transport. This originates from the
thermal broadening of the Fermi–Dirac distribution, leading to a Boltzmann
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Figure 2.7: Schematic of a hopping event. A charge carrier on site i hops to an empty
site j at a distance rij . The energy difference ∆Eij = Ej − Ei is absorbed or emitted by
a phonon of energy ℏΩ, depending on the sign of ∆Eij .

factor exp[−(EC−EF )/kBT ]. In a low-temperature regime where kBT ≪ EC−EF ,
activated transport is suppressed, and bulk conduction is dominated by hopping
between localized states.
A schematic hopping event is shown in Fig. 2.7. A charge carrier hops from an

occupied site i to an empty site j separated by a distance rij = |r⃗i − r⃗j|. The two
sites are generally at different energies, Ei and Ej . To ensure energy conservation,
the energy difference ∆Eij = Ej − Ei is exchanged with the phonon bath. In
thermally activated hopping, this energy is provided or absorbed by a phonon
of energy ℏΩ. If ∆Eij > 0, a phonon of energy ℏΩ is absorbed, and if ∆Eij < 0,
a phonon is emitted. The total conductivity in this regime is proportional to the
hopping probability Pij , which for phonon absorption can be expressed as [81,
82, 84]:

Pij = γij e
−2rij/ξ fi(1− fj)N(ℏΩ). (2.5)

Here, γij is a statistical prefactor that depends on the electron–phonon coupling
strength (assumed constant for simplicity [81]), and e−2rij/ξ accounts for the over-
lap of the two exponentially localized wavefunctions with the localization length
ξ. The Fermi factors fi and (1 − fj) represent the probabilities that site i is oc-
cupied and site j is empty, respectively. The last term, N(ℏΩ), describes the
probability of absorbing a phonon of energy ℏΩ according to the Bose–Einstein
distribution. For phonon emission, the term N(ℏΩ) is replaced by (1 + N(ℏΩ))
to account for stimulated and spontaneous emission.
To obtain an expression for the conductivity, we relate the hopping distance rij to
the energy difference ∆Eij . In general, sites that are close in energy are far apart
in space, reflecting the trade-off between spatial overlap and energetic alignment
that characterizes VRH transport. Assuming a constant density of states g0 near
the Fermi level (valid for the 2D case), the average distance rc between two sites
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with energy separation ∆Eij is given by [85, 86]:

r2cg0∆Eij = 1 ⇒ ∆Eij =
1

g0r2c
. (2.6)

The factor r2cg0∆Eij represents the number of available states within a disk
of radius rc and energy window ∆Eij , which must be of order unity for a
hopping event to occur. For simplicity, we consider symmetric site energies
Ei,j = ±∆Eij/2. At low temperatures, the Fermi and Bose–Einstein distributions
can be approximated as

fi(−∆Eij/2)(1− fj(∆Eij/2))N(∆Eij) ≈ exp(−∆Eij/kBT ). (2.7)

Using these approximations, the hopping probability can be written as

Pij = γij · exp
(
−2rc

ξ

)
exp

(
− 1

g0r2ckBT

)
. (2.8)

Because the hopping probability depends exponentially on both the spatial sep-
aration and the energy mismatch between localized states, the conductivity is
dominated by hops with the smallest total exponent. The critical-path method
approximates transport by the percolating network of least-resistive hops, and
the characteristic hopping distance rc is obtained by maximizing the hopping
probability (equivalently minimizing the hopping exponent). We estimate rc by
setting the derivative dPij/drij to zero, yielding

rc =

(
ξ

g0kBT

)1/3

. (2.9)

This result shows that rc decreases as temperature increases. At higher T , hops
to energetically nearby states dominate, corresponding to nearest-neighbor hop-
ping. At lower T , energy conservation becomes restrictive, leading to longer,
variable-range hops [84]. The resulting temperature dependence of the conduc-
tivity follows

σ(T ) ∝ exp

[
−
(
T0

T

)1/3
]
, (2.10)

where T0 = (g0kBξ
2)−1 is the characteristic temperature scale. This expression

corresponds to the well-known 2D Mott law for variable-range hopping [81, 82].
However, this is based on the assumption of a constant density of states g(E) =

g(µ). Efros and Shklovskii showed that there is a Coulomb gap due to the
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Coulomb interaction between charge carriers [81, 83]. The Coulomb gap modu-
lates the density of states and scales as g(E) ∝ |E − µ| for a 2D semiconductor.
This also affects the temperature dependence of the conductivity:

σ(T ) =
σ0

T
exp

[
−
(
TES

T

)1/2
]
, (2.11)

which is valid for 2D and 3D systems. The characteristic temperature TES de-
pends on the localization length ξ and is given by:

kBTES =
Ce2

ϵξ
, (2.12)

where ϵ effective dielectric constant and C is a numerical constant (C = 2.8 in 3D
and C = 6.2 in 2D [83, 87]). Shortly after the discovery of the QH effect, it was
found that the law by Efros and Shklovskii applies to QH systems [88, 89]. We
will later demonstrate that it is also suitable to describe the bulk transport in a
QAH insulator.

Field- and photon-assisted hopping

So far, we have considered phonon-assisted hopping transport at finite tempera-
ture. However, hopping can also be assisted by strong electric fields [24, 90] or
by photons [85, 86]. Under an applied electric field, two complementary mecha-
nisms can govern the transport depending on the rate of energy dissipation and
carrier thermalization.
In the non-Ohmic regime, the applied electric field E directly modifies the tun-
neling probability, while Joule heating is negligible because of the exponen-
tially small conductance. Polyakov and Shklovskii [90] showed that E acts
analogously to temperature, introducing an effective tunneling energy kBTeff =

eξE/2 ∝ U . This linear scaling of Teff with bias has been observed experi-
mentally [24, 25]. Teff represents the effective temperature governing the Boltz-
mann distribution, driven by field-induced tunneling rather than phonon excita-
tion [91].
At higher bias, when the conductance is no longer exponentially small, Joule
heating becomes significant as we will show in Sec. 4.2.1. In this Ohmic regime,
electrons are no longer in thermal equilibrium with the lattice because power dis-
sipation exceeds the cooling rate through phonons. We will discuss the crossover
between these two regimes in more detail in Sec. 4.3.
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Finally, photon-assisted hopping has been theoretically analyzed by Zvyagin [85]
and Keiper [86]. In this case, photons of energy ℏω can provide the necessary
energy for hopping between localized sites. However, in a monochromatic elec-
tric field, only transitions satisfying ∆Eij = ℏω are allowed, leading to a very
small conductance. The dominant process is therefore a second-order transi-
tion involving both a phonon and a photon, where the phonon relaxes the strict
energy-matching condition. To the best of our knowledge, there are so far no
experimental reports of photon-assisted hopping transport in monochromatic
electric fields.
Finally, we would like to discuss the applicability of the VRH framework to pud-
dle networks. There is, of course, one striking difference: a puddle has a finite
spatial extent, whereas the VRH framework assumes atom-like defect states. It
is therefore important to distinguish between the inter- and intra-puddle con-
ductance. The intra-puddle conductance is dominated by the metallic surface
and bulk states of the QAH insulator. The inter-puddle conductance, on the
other hand, is weak and governed by hopping processes, which replace the role
of atomic-site hopping in the classical VRH model. As long as the transport is
dominated by inter-puddle conductance, the VRH framework can be applied, as
demonstrated experimentally [56, 70]. However, we will later see that at higher
frequencies, the intra-puddle conductance also contributes to the dissipation of
edge transport.
In Chapter 4, we will show that the longitudinal resistance of our QAH devices
in the bulk-dominated regime follows an Efros–Shklovskii law, allowing us to
extract an effective localization length and to identify the dominant transport
mechanism. We will also use the field-dependent hopping framework and the
Joule-heating model discussed above to interpret the electric-field-driven break-
down of the QAH state and to distinguish between direct field-assisted tunneling
and bootstrap electron heating.
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Chapter 3

Plasmon transport in quantum
anomalous Hall edge states

In this chapter, we investigate the propagation, dissipation, and breakdown of
edge plasmon transport in quantum anomalous Hall (QAH) edge states. Un-
derstanding the high-frequency response of QAH insulators is exciting for both
fundamental studies and technological applications. From a fundamental per-
spective, edge plasmons offer a sensitive probe of disorder, interactions, and
bulk–edge coupling [39, 92, 93]. From an applied perspective, many prospective
applications, such as compact non-reciprocal microwave components [15, 16]
and platforms for flying Majorana qubits [60, 61], rely on low-loss high-frequency
signal propagation. A quantitative characterization of plasmon velocity, disper-
sion, and dissipation is therefore vital to assess the practical viability of QAH-
based technologies.
Previous experimental efforts have mainly focused on narrow-band measure-
ments centered around 1 GHz using resonator geometries [16, 17, 67]. These
studies, conducted on Cr-doped (BixSb1−x)2Te3, reported plasmon velocities of
3−5×105m/s and provided first insights into dissipation mechanisms. However,
Cr-doped films exhibit relatively small coercive fields (Hc ≃ 0.2T), leading to
reduced magnetic stability.
In this work, we perform broadband measurements of the plasmon dispersion
k(ω) in V-doped (BixSb1−x)2Te3, a material system that exhibits a significantly
larger coercive field (Hc ≃ 0.9T) and a more robust zero-field QAH state [5, 22,
56]. This enhanced stability allows us to systematically explore how the plasmon
velocity and dissipation evolve with frequency, excitation voltage, magnetic field,
and temperature. Our measurements reveal clear signatures of how bulk charge
puddles influence edge dynamics, thereby providing a unified picture of high-
frequency QAH transport.
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The chapter is organized as follows. In Sec. 3.1, we introduce the sample fab-
rication and experimental setup, including molecular-beam epitaxy, cleanroom
processing, and the mounting of the devices in the cryogenic measurement setup.
We describe both the low-frequency and microwave measurement setups. In
Sec. 3.2, we present the first high-frequency data and detail the calibration pro-
cedure required to isolate the transmission coefficient S21 associated with edge-
state propagation, removing contributions from cables, connectors, and parasitic
elements. Based on this calibration, Sec. 3.3 extracts the phase of S21 as a function
of frequency and propagation length, allowing us to determine the (phase) veloc-
ity of the edge plasmons. Sec. 3.4 introduces a distributed circuit model for the
QAH edge channel that captures both capacitive coupling to the environment
and dissipative channels associated with bulk conduction. Finally, in Sec. 3.5, we
apply this model to the full dataset and systematically analyze the dependence of
plasmon transport on temperature, magnetic field, and excitation voltage. Across
all three control parameters, we identify a crossover from frequency-dependent
dissipation in the well-quantized QAH regime to frequency-independent losses
at higher temperatures, fields, or voltages. We attribute this crossover to the acti-
vation of bulk conduction channels via the percolation of charge puddles, which
ultimately governs the breakdown of the QAH effect. The results in this chapter
are partially published in Ref. [94]

3.1 Sample fabrication and experimental setup

To measure the microwave propagation along the edge states of a QAH insulator,
we need to locally excite plasmons in the edge channel and detect their amplitude
and phase after a propagation over a distance L along the sample’s edge. To
achieve this, the QAH film is patterned into an rf Hall bar: a modified Hall bar
that, in addition to standard Ohmic contacts, includes narrow rf gates for the
excitation and detection of plasmons. We will first show the layout of the rf Hall
bar before showing the fabrication of the devices.

Sample layout

A microscope image of a sample is shown in Fig. 3.1a. The sample contains
three standard Hall bars used for dc transport measurements to assess the film
quality and verify that the QAH effect is observed. The rf Hall bar, used for the
microwave experiments, is located in the upper right corner of the sample. A
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a) b)

Figure 3.1: Microscope image of QAH sample. a) Overview image of Sample containing
one rf Hall bar and three dc Hall bars. The rf signals are guided via coplanar waveguides
(CPW). A large ground plane acts as the ground of the CPW. The 8 nm-thick V-BST film
appears slightly brighter compared to the InP substrate. b) Magnified image of rf Hall
bar. The π-shaped mesa (bright brown) is contacted via Ohmic contacts highlighted
in blue for dc measurements of Rxx and Ryx. A set of four narrow rf gates allows for
driving and reading out microwave signals in varying gate combinations, yielding the
transmission coefficients S21 for different edge path lengths l ranging from 30 to 70 µm
in this device. Both images are from sample MBE_VBST_20250206a.

magnified image of this rf Hall bar is shown in Fig. 3.1b. It has four Ohmic con-
tacts for dc characterisation. The rf measurements are performed using narrow
finger gates (bottom left of Fig. 3.1b), which are connected to the measurement
setup via coplanar waveguides (CPWs) and are capacitively coupled to the edge
of the V-BST layer through a 10 nm-thick Al2O3 dielectric layer. We choose ca-
pacitive contacts over Ohmic contacts, as they are almost transparent at GHz
frequencies and have a less complex behavior than Ohmic contacts, which show
a mixture of resistive and capacitive coupling due to finite contact resistances.
The device in Fig. 3.1b has four rf gates for measuring the propagation for three
different distances ranging from 20 µm to 70 µm. Each gate covers an area of
approximately 3 µm × 3 µm, which results in a coupling capacitance of approxi-
mately 5 to 50 fF.
At microwave frequencies, the experiment measures the transmission coefficient
S21 between two rf gates using a vector network analyzer (VNA). The rf gates
act as capacitive excitation and detection ports for edge plasmons. From the
complex S21 signal, the phase gives access to the plasmon velocity, while the
amplitude provides a measure of the plasmon attenuation along the edge.
The rf Hall bar has a π-shaped geometry, which serves a specific technical pur-
pose. The direction of edge-state propagation is set by the magnetization M and
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reverses when M is reversed. In this layout, two neighboring rf gates are sepa-
rated by a short propagation path of at most 100 µm, while the alternative path
around the opposite side of the mesa exceeds 2 mm (in case of magnetization
reversal). This long path is sufficiently long for complete plasmon dissipation.
The measurement along this path is used as a reference for the short-path mea-
surements. This will be explained in more detail in Sec. 3.2. In the following
section, we will describe the fabrication of the samples in detail.

MBE growth

The entire fabrication procedure is sketched in Fig. 3.2. The first step is the
molecular beam epitaxy (MBE) growth of the V-doped (BixSb1−x)2Te3 films on
InP(111)A substrates. Molecular beam epitaxy is a thin-film deposition tech-
nique in which high-purity elemental sources are thermally evaporated in an
ultra-high-vacuum environment. The resulting molecular beams impinge on
a heated substrate, where the atoms condense and form a crystalline thin film.
The low background pressure and precise control of the individual fluxes allow
accurate tuning of thickness, stoichiometry, and doping levels, which is essential
for growing high-quality topological insulators [52, 95].
In our case, V-doped (BixSb1−x)2Te3 was grown by co-evaporating Bi, Sb, Te, and
V onto InP(111)A substrates at 190 °C, with Te supplied in excess and the Bi:Sb
ratio adjusted to achieve charge compensation. The films have a thickness of
approximately 8 nm and are capped with a Al2O3 layer to prevent degradation.
Atomic layer deposition (ALD) is used to grow the 4 nm-thick layer of Al2O3.
The samples are stored in a vacuum after the growth to avoid surface oxidation.
The MBE process requires maintaining precisely controlled growth conditions
throughout deposition and is highly sensitive to small variations in the process
parameters. Achieving quantized QAH transport in particular demands near-
perfect charge compensation, which is technically very challenging. This step
is the most critical and demanding part of the entire fabrication. All samples
used in this work were kindly grown by Dr. Alexey Taskin from the group of
Prof. Yoichi Ando. For further details on the MBE growth of V-BST films, we refer
the reader to the PhD thesis of Gertjan Lippertz [52] and Andrea Bliesener [96],
who developed and optimized the growth procedures in the group of Prof.
Yoichi Ando.
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a) MBE Growth

b) Ohmic Contacts

c) MESA etching

d) Gate and CPW

InP substrate

V-(BixSb1-x)2Te3

1. E-beam Litho.
2. Etching of Al2O3

in Transene D 
2. Sputtering Pt/Au
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Figure 3.2: Schematic of the fabrication of QAH sample. (a) An 8 nm-thick V-doped
(BixSb1−x)2Te3 (V-BST) film is grown on an InP substrate by molecular beam epitaxy
(MBE) and capped with an Al2O3 layer to prevent oxidation. (b) Ohmic contacts are
defined by electron-beam lithography (EBL): the capping layer is etched in Transene D,
followed by deposition of Pt/Au. (c) The mesa is patterned by optical lithography and
sequentially etched—first the Al2O3 capping layer with Transene D, then the V-BST with
H2SO4 : H2O2 (1:3). (d) A thin Al2O3 dielectric is deposited by atomic layer deposition
(ALD), after which rf gates and coplanar waveguides (CPWs) are defined by EBL and
metallized with Pt/Au.
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3.1.1 Cleanroom fabrication

The cleanroom fabrication begins with defining the Ohmic contacts to the V-BST
film, before patterning the mesa. While many microfabrication schemes follow
the opposite order, we identified during process optimization that the timing
of the Ohmic contact fabrication plays a crucial role in their quality. Contacts
fabricated immediately after growth consistently show lower contact resistance
than contacts made several days later. In addition, defining the Ohmic contacts
first allows us to write alignment markers in the same lithography step, reducing
the overall number of processing steps and limiting the exposure of the film to
chemicals and elevated temperatures.
The V-BST layer degrades rapidly when heated, especially above 120 °C. All fab-
rication steps were therefore carried out below this temperature. In the following,
we describe the fabrication steps. A full process recipe with exact parameters is
provided in Appendix B.

InP

V-BST
Al2O3

PMMA
Pt+Au

After MBE After Spin-Coating After EBL After wet-etching After Sputtering After Lift-Off

Figure 3.3: Ohmic contacts. Schematic drawing of all fabrication steps from left to right:
Spin-Coating of PMMA resist, Electron-Beam lithography (EBL), wet-etching of Al2O3

in Transene D, sputtering of 5 nm of Pt and 30 nm of Au, Lift-Off in NMP.

1. Ohmic contacts The Ohmic contact areas are defined using electron-beam
lithography (EBL) as schematically shown in Fig. 3.3. First, a 200 nm-thick poly-
methylmethacrylat (PMMA) resist layer is spin-coated onto the sample and
baked for 10 min at 120 °C. The resist is patterned with a 10 kV electron beam. In
this step, we also write alignment markers that are used to align all subsequent
lithography steps to the first one. The exposed resist is developed for 30 s in
MIBK, removing the PMMA in the patterned regions.
To expose the V-BST surface, the 4 nm Al2O3 capping layer is etched by immers-
ing the sample for approximately 8 s in Transene D at 50 °C. Transene D is a
mixture of phosphoric acid, sodium-m-nitrobenzenesulfonate, and acetic acid,
and selectively etches Al2O3 without significantly attacking the V-BST layer. The
sample is then rinsed in deionized water and dried with nitrogen.
Immediately after etching, the sample is loaded into the sputtering system to
minimize surface oxidation, which would degrade the contact quality. A 5 nm
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adhesion layer of Pt and 30 nm of Au are deposited, followed by lift-off in N-
methyl-2-pyrrolidone (NMP) for one hour. NMP dissolves the resist beneath
the metal, allowing the unwanted metal to be gently removed with a pipette so
that Pt/Au remains only in the desired regions. If lift-off is incomplete, heating
the NMP to reduce viscosity can help. Ultrasonic agitation may also assist, but
must be applied with great care, as it can lift metal inside the contact areas. After
lift-off, the sample is cleaned in acetone and isopropanol (IPA). It is advisable to
inspect the lift-off while the sample is still submerged in IPA. Once it dried, the
residual metal adheres strongly and becomes difficult to remove.

InP

V-BST
Al2O3

AZ 1505

After Ohmics After Spin-Coating After Laser writing After wet-etching After Cleaning After ALD

Pt+Au

Figure 3.4: Mesa definition. Schematic drawing of all fabrication steps from left to right:
Spin-Coating of AZ 1505 resist, optical lithography using a laser writer, wet-etching of
Al2O3 in Transene D, wet-etching of the V-BST in H2SO4 : H2O2 (1:3) solution, Sample
cleaning in Acetone and IPA.

2. Mesa etching The mesa etching process in schematically illustrated in
Fig. 3.4. The mesa is defined using optical lithography. A 500 nm-thick layer of
AZ 1505 is spin-coated and baked at 100 °C for 1 min. The resist is patterned
using a 400 nm laser writer and developed for 30 s in the TMAH-based devel-
oper AZ MIR 701. TMAH not only develops the resist but also etches the Al2O3

capping layer and the V-BST beneath it. This is acceptable for mesa definition,
but makes optical lithography unsuitable for Ohmic contacts or gate contacts.
After patterning, the Al2O3 capping layer is removed again using the same
Transene D process. The V-BST is then etched in a H2SO4 : H2O2 (1:3) solution for
approximately 15 s. The etch rate is laterally bigger than vertically, producing
an undercut of roughly 500 nm relative to the resist mask. This undercut must
be taken into account when designing the mesa dimensions. After etching, the
sample is rinsed in deionized water to remove residues, then cleaned in acetone
and IPA.
Immediately after the mesa etch, the sample is loaded into the ALD chamber
to avoid surface oxidation. A further 10 nm of Al2O3 is deposited at 80 °C. This
dielectric layer protects the underlying device and acts as the gate insulator for
the rf gates.
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InP

V-BST Al2O3

After ALD After Al2O3

removal
After Spin-Coating After EBL After Sputtering After Cleaning

Pt+Au

PMMA Ohmic Capacitive

Figure 3.5: Gate and CPW definition. Schematic drawing of all fabrication steps from
left to right: wet-etching of Al2O3 in Transene D on top of the Ohmic contacts using an
optically defined resist mask, Spin-Coating of PMMA resist, Electron-Beam lithography
(EBL), sputtering of 5 nm of Pt and 70 nm of Au, Lift-Off in NMP. The left contact is
Ohmic while the right contact is capacitive, like the rf gates for microwave experiments.

3. rf gates and coplanar waveguides The deposition of the rf gates, bond pads,
and CPW structures is done using another EBL process as sketched in Fig. 3.5. In
a first step, the Al2O3 on top of the Ohmic contacts must be removed to ensure
a good electrical connection to the bond pads. For this, we perform an optical
lithography step and etch the dielectric for 30 s in Transene D at 50 °C, followed
by rinsing in water and cleaning in acetone and IPA.
For the final metallisation, we use EBL with a double-layer resist stack consisting
of 300 nm MMA and 300 nm PMMA. Each layer is baked for 10 min at 120 °C.
The MMA layer develops faster than PMMA, creating an undercut that greatly
facilitates lift-off of the relatively thick metal required for low-loss CPW trans-
mission. The resist is patterned with a 10 kV electron beam and developed in
MIBK. A final sputtering step deposits 5 nm Pt and 70 nm Au. Lift-off is again
carried out in NMP for one hour, followed by gentle removal of excess metal.
If needed, heating or light ultrasonic agitation may be used with caution. The
sample is finally cleaned in acetone and IPA.

Mounting and bonding of the sample

To integrate the device into the measurement setup, the sample is mounted onto
a printed circuit board (PCB) equipped with CPWs for rf readout (see Fig. 3.6c).
The PCB contains a 3x3mm2 cavity into which the sample is glued. The MBE
growth is performed on InP substrates that typically have a triangular or paral-
lelogram shape with edge lengths of approximately 1 cm. We therefore cut the
sample into a 3x3mm2 square after the cleanroom fabrication. Before cutting, a
thin protective layer of AZ 1505 resist is spin-coated onto the sample to avoid
mechanical damage. The sample is then cut with a high-precision DISCO dicing
saw, cleaned in acetone and IPA, and inspected under an optical microscope.
The diced sample is glued onto the PCB using PMMA resist, which is baked at
120 °C for approximately 10 min. Electrical connections between the sample and
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Figure 3.6: Mounting of samples into cryostat (a) Photograph of a BlueFors dilution
refrigerator showing the temperature stages from room temperature (top) down to the
mixing chamber (MC) at approximately 10 mK, where the sample is mounted. Image
from BlueFors © 2025. b) Puck that is loaded into the cryostat in (a). Coaxial lines
connect the rf lines from the docking interface to the cryostat to the sample, which is
mounted at the bottom using a PCB shown in (c). (c) Image from a PCB, with a sample
glued in the central cavity. It has four CPW for guiding rf signals towards the sample.
(d) Magnified image of PCB with a mounted sample. Bond wires connect the PCB to the
sample contacts. The sample itself is not the same as the one we used in this work, but
it serves as an example.

PCB are wire bonded (see Fig. 3.6d). All Ohmic contacts are bonded with a single
wire, whereas the CPW signal and ground lines are bonded more extensively:
typically three wires on the signal line and three wires on each ground. This
ensures efficient rf transmission and a well-defined ground reference, reducing
cross-talk between neighboring CPWs. After wire bonding, the sample assembly
is ready to be loaded into the cryostat.
For the experiments, we use a BlueFors dilution refrigerator, shown in Fig. 3.6a.
It is a closed-cycle system that reaches temperatures below 10 mK at the mixing
chamber, the coldest stage of the cryostat. The system features a 9 T solenoid
magnet to apply out-of-plane magnetic fields. It is furthermore equipped with
dedicated wiring, filters, and cryogenic amplifiers, which will be described in
the next section. To avoid warming up and opening the entire cryostat for each
sample change, we use the BlueFors fast-sample-exchanger (FSE) system, which
allows a sample “puck” to be docked and undocked from the mixing chamber
without breaking the vacuum. The mounted device is fixed to the puck using a
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gold-plated bracket (see Fig. 3.6b). The dc lines of the sample connect to a multi-
pin connector on the top of the puck, while the rf lines connect via an MSMP
connector on the PCB to a corresponding SMP connector on the top of the puck.
During loading, these connectors automatically connect with their counterparts
on the mixing chamber, establishing contact with the cryostat wiring that will be
discussed in the next section.

3.1.2 Experimental setup and dc characterisation

For the dc characterisation, we apply a bias current of Ixx = 1nA to the Hall bar
by sourcing a 7 Hz, 10 mV ac signal through a 10 MΩ series resistor as shown in
Fig. 3.7a. The current is monitored by measuring the voltage drop over a 10 kΩ
series resistor using lock-in detection. Using the same principle, we detect the
longitudinal voltage drop Vxx (or the Hall voltage Vyx for different wiring) to
calculate the resistance Rxx = Vxx/Ixx. We measure Rxx and Ryx as a function of
the out-of-plane magnetic field µ0H at a base temperature of T ≃ 15mK before
rf measurements to check the film quality. An example measurement is shown
in Fig. 2.5.
All samples used in this work exhibit a quantized Hall resistance Ryx = RK =

h/e2, with deviations of less than two percent. However, the samples differ
more strongly in their residual longitudinal resistance rxx, ranging from 0.2 to
5.8 Ω/µm in zero field (calculated from the longitudinal Rxx measured along a
distance of 80 µm between the Ohmic contacts). We will focus in this chapter
on results taken from the sample with the lowest residual resistance of approxi-
mately 0.2 Ω/µm (Sample ID: MBE_VBST_20231204a). In the following, we will
describe the rf setup to measure the transmission coefficient S21 between neigh-
boring finger gates.

The rf setup is shown in Fig. 3.7b. We use a vector network analyzer (VNA)
to excite and detect plasmons in the sample. A VNA generates sinusoidal sig-
nals and measures their complex transmission and reflection coefficients. In our
experiments, the VNA applies a small rf excitation to one rf gate and records
the transmitted signal at a second gate, yielding the complex transmission co-
efficient S21(f). From the amplitude and phase of S21, we extract the plasmon
attenuation and the phase velocity along the QAH edge channel. The VNA is
therefore the central instrument that allows us to probe the frequency-resolved
plasmon dynamics in the device.
The VNA ports are connected via coaxial cables to feedthrough connectors at
the top of the cryostat. The excitation line of the refrigerator is equipped with
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Figure 3.7: Experimental Setup. (a) dc setup for measuring Rxx. A small ac bias (10 mV,
7 Hz) is applied through a 10 MΩ series resistor, and the resulting current is monitored
via the voltage VI across a 10 kΩ resistor. The longitudinal voltage drop Vxx is measured
between the top Ohmic contacts using lock-in detection. (b) The PCB with the sample is
connected to the room-temperature electronics via broadband coaxial cables. The input
line includes attenuators at each temperature stage (total 41 dB), and the output line
contains an attenuator (10 dB) and a cryogenic low-noise amplifier (LNF-LNC0.3_14A,
+38 dB). Bias-tees allow for the separation of dc and rf signals, but are not used in this
work. A vector network analyzer (VNA) measures the transmission coefficient S21.

attenuators at each temperature stage to ensure proper thermalization of the mi-
crowave cables and to avoid heating the electronic system inside the sample. The
transmitted signal is amplified by a cryogenic low-noise amplifier with a gain of
+38 dB and a bandwidth from 300 MHz to 14 GHz. At frequencies below approx-
imately 3 GHz, the amplifier exhibits a strong input reflection, with S11 > −5 dB,
which leads to standing waves between the amplifier and the sample if the sam-
ple is not impedance matched to the 50 Ω fridge lines. In our case, the QAH edge
has an impedance of Ze = RK ≃ 25.8 kΩ, resulting in an almost perfect reflection
of S11 ≈ 0.99, as discussed in Ref. [97].
A common way to suppress standing waves is to use a microwave isolator or
circulator, which are non-reciprocal devices that transmit power only in one
direction. However, they typically operate only in narrow frequency bands
(e.g. 4GHz− 8GHz), which is incompatible with the broadband measurements
we perform (300MHz − 4GHz). Instead, we suppress the standing waves by
inserting a 10 dB attenuator in front of the amplifier, as shown in Fig. 3.7b. This
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reduces the effective gain to +28 dB and damps the standing waves by approx-
imately 20 dB. While this approach reduces the overall sensitivity of the setup
by 10 dB, most measurements presented in this thesis are not sensitivity-limited.
The improved stability and reproducibility of the microwave response, therefore,
outweigh the loss in signal amplitude.

3.2 RF measurements and calibration

For the rf experiment, we measure the transmission coefficient S21 between two
neighboring rf gates, as sketched in Fig. 3.8a. The raw transmission S21(f) is
shown in Fig. 3.8b for the positively magnetized state (µ0H = 2T) and the neg-
atively magnetized state (µ0H = −2T). In both cases, the transmission exhibits
pronounced oscillations with a frequency spacing of approximately 143 MHz.
These oscillations arise from standing waves between the sample and the cryo-
genic amplifier, as discussed in the previous Section. The resonance condition
follows that of a Fabry-Pérot cavity, where standing waves form when the round-
trip phase accumulation equals an integer multiple of 2π. Using the resonance
spacing ∆f = 143MHz and a propagation velocity of v = 2 × 108m/s in the
coaxial line, we estimate an effective cavity length of L = v/(2∆f) ≈ 70 cm.
This is shorter than the nominal cable length of approximately 1 m, suggesting
that either the propagation velocity is underestimated or the effective electrical
length is shorter than the physical length. The origin of the standing waves is
nevertheless confirmed by the observed shift of the resonance frequency upon
changing the cable length.
In addition to these oscillations, the two magnetization configurations show a
clear difference in the transmission. At low frequencies (f ≲ 2GHz), the trans-
mission in the positive magnetization state is approximately 20 dB higher than
for negative magnetization. This behavior results directly from the chirality
of the QAH edge state. As illustrated in Fig. 3.8a, for negative magnetization,
the excited plasmons propagate along the long path of the mesa (L > 2mm),
where they experience strong dissipation before reaching the detector. This dis-
sipation stems from the long propagation path and the presence of four Ohmic
contacts that drain the edge current. In this case, only a small background or
stray transmission Sstray is recorded. For positive magnetization, however, the
edge state connects the two rf gates along the short path of approximately 20 µm,
allowing us to detect the sum of the edge-state signal and the stray background,
Sedge + Sstray.
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Figure 3.8: Raw transmission measurements on rf Hall bar. (a) Microscope image of
the sample. The transmission S21 is measured from the left to the right rf gate. Plasmons
propagate along the green path for negative magnification M⃗− and along the red path for
positive magnetization M⃗+. (b) The raw transmission coefficient S21 vs. the frequency f
for µ0H = ±2T. (c) S21 vs. µ0H for a frequency of f = 1GHz and f = 4GHz showing
magnetic field dependent hysteresis.

Importantly, the stray signal does not depend on the magnetization because
it originates from parasitic coupling paths. It originates primarily from direct
capacitive cross-talk between metallic rf structures on the PCB or on the chip,
which is insensitive to the chirality of the edge state. This field independence is
essential for our calibration procedure, because it allows us to use the negative-
magnetization configuration—where the long propagation path suppresses Sedge

entirely—as a direct measurement of the stray background. In other words, the
negative magnetization state provides a reliable reference from which the true
edge-state transmission can be extracted by subtraction.

This magnetization dependence is also visible in the field sweep shown in
Fig. 3.8c, where the transmission exhibits the same hysteretic behavior as the dc
Hall resistance in Fig. 2.5. Interestingly, above about 2 GHz the sign of the hys-
teresis reverses and the transmission becomes larger for negative magnetization.
At first glance, this appears to contradict the picture described above. However,
it must be emphasized that Sedge and Sstray are complex quantities whose ampli-
tudes and phases are both frequency dependent. At high frequencies, the two
contributions have comparable magnitude but acquire a relative phase shift. In
the positive magnetization state, the complex sum Sedge + Sstray can lead to par-
tial cancellation, causing the transmission to become smaller than in the negative
state and thereby reversing the hysteresis in Fig. 3.8c.
For a quantitative analysis of the edge-state propagation, we must therefore cal-
ibrate the data to remove the stray background and isolate the true edge-state
transmission coefficient Sedge. The calibration procedure is described in the fol-
lowing section.
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Figure 3.9: Signal graphs of microwave network. (a)-(c) Schematic drawing of mi-
crowave setup for transmission experiment with (a) QAH sample installed, (b) stray-
reference installed, and (c) through-reference installed, corresponding to the samples
(a)-(c) shown in Fig. 3.10. (d)-(f) Simplified signal graph describing the transmission in
the microwave setups shown in (a)-(c).

3.2.1 Calibration procedure

Three main mechanisms alter the microwave signal in our measurement setup.
First, all microwave components in the cryostat (coaxial cables, attenuators, bias-
tees, amplifiers) contribute a frequency-dependent attenuation and phase shift.
Second, as discussed previously, strong standing waves appear between the sam-
ple and the cryogenic amplifier, producing the oscillations visible in the VNA
spectra in Fig. 3.8. Third, the chip itself introduces perturbations: the coplanar
waveguides act as small antennas at gigahertz frequencies, leading to a para-
sitic, frequency-dependent stray coupling between rf ports. To account for these
distortions, calibration measurements are done using two reference devices. Fig-
ure 3.9a-c illustrates the microwave network for the real sample and for the two
reference devices. We can correct the majority of distortions by introducing a sim-
plified signal-flow model and using two reference measurements. We describe
the microwave setup in terms of the signal graph in Fig. 3.9d-f:

• Input line: S21,in models all losses and phase shifts from the VNA to the
excitation gate. It includes cables, attenuators, and a bias tee as shown in
Fig 3.9a-c. Reflections are neglected, assuming they are sufficiently attenu-
ated along the input chain.

• Device under test (DUT): The transmission mediated by the QAH edge
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Figure 3.10: Reference samples. (a) Real sample with a QAH insulator mesa, (b) Stray-
reference sample without QAH insulator for measurement of stray coupling on chip, (c)
Through-reference sample where rf ports are directly connected via a CPW Through on
InP substrate to calibrate distortions in the microwave setup installed in the cryostat.

channel is described by S21,DUT = Seg · Sedge · Sge, including 2 capacitive
couplings (gate–edge Seg and edge–gate coupling (Sge) and propagation
along the edge (Sedge). The corresponding circuit model is shown in green
in Fig 3.9a. A stray background path S21,stray runs in parallel (red in Fig 3.9a-
b), acting as a single capacitor.

• Output line with standing-wave loop: The output chain (shown black
red in Fig 3.9a-c) is modeled as a loop containing the transmission S21,out

between sample and amplifier (assumed equal in both directions), and the
reflection coefficients at the sample plane and amplifier, S11,out and S22,stray.
This loop captures the standing waves giving rise to the oscillations in the
raw spectra.

The whole transmission of this signal graph in Fig. 3.9d is given by:

S21,total =
S21,in · (S21,DUT + S21,stray) · S21,out

1− S2
21,out · S11,out · S22,stray

(3.1)

Reference measurements

To separate the different contributions in S21,total, we use two reference samples.
The first reference sample is a through-dummy. Here, the injection and detection
ports are directly connected via an impedance-matched coplanar waveguide
without reflections, as for the impedance-mismatched sample. Thus, this yields
the response of the whole setup without sample or stray coupling. The reference
sample is shown in Fig. 3.10c and the corresponding signal graph in Fig. 3.9f.
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The total transmission with the through-dummy installed is:

S21,through = S21,in · S21,out (3.2)

The second reference is a stray dummy, a sample identical to those measured,
but for which the V-BST layer is missing, as shown in Fig. 3.10b. This reference
shows the stray coupling and the standing waves, as it has essentially the same
impedance mismatch as the real sample (open vs. RK differ only by S11 ≈ 1 vs.
0.99). The signal graph of this device is sketched in Fig. 3.9f. Its transmission
corresponds to:

S21,dummy =
S21,in · S21,stray · S21,out

1− S2
21,out · S11,out · S22,stray

(3.3)

Extracting the stray coupling and standing-wave contribution

Figure 3.11 shows the raw S21 spectra of the real sample, the stray-reference, and
the through-reference. The stray-reference is nearly identical to the negatively
magnetized QAH sample, confirming that the long edge path fully suppresses
S21,DUT and can itself serve as a stray-signal measurement. To isolate the true
edge signal, we first separate stray coupling from the standing-wave pattern.
We do this by fitting the ratio |S21,dummy/S21,through|, which includes both con-
tributions, to the response of a simple capacitive coupling C in a Z0 = 50Ω

environment:
S21,capa(f) =

A

1 + j
2ωZ0C

, (3.4)

with the overall constant A1. This captures the monotonic increase of stray
coupling with frequency. An example fit is shown in Fig. 3.12a. The remaining
part is attributed to the standing-wave oscillations:

S21,osci =
S21,dummy

S21,through · S21,capa

. (3.5)

After isolating the stray coupling and the standing-wave oscillations, we can
find the transmission coefficient S21,DUT of the edge state transmission, which is
obtained as:

S21,DUT =
(S21,total − S21,dummy) · S21,capa

S21,dummy

. (3.6)

1The constant A would ideally be one, but in our model, we leave it as a free fit parameter to
account for additional frequency-independent losses.
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Figure 3.11: Calibration measurements. The raw data of the transmission coefficients
S21 vs. the frequency f . The green and red curve corresponds to the transmission be-
tween two neighboring gates on a QAH sample at µ0H = ±2T. The black and blue
curves show reference measurements for the Stray and the Through-reference, respec-
tively. The trace of the Through-reference is offset by −40 dB for clarity.

With the corrected transmission coefficient S21,DUT in hand, we can now extract
the physical properties of the propagating edge plasmons. In the following sec-
tion, we always refer to the corrected transmission and name it S21 = S21,DUT.
After a short error analysis, we will analyze the frequency-dependent phase of
S21 to obtain the plasmon phase velocity, and the frequency-dependent ampli-
tude to determine the attenuation along the QAH edge. These two quantities,
velocity and dissipation, form the basis for our study of edge-state propagation
in the remainder of this chapter.

3.2.2 Error analysis

The main limitation of our calibration scheme lies in the capacitive-coupling
fit, which carries significant uncertainty due to the strong standing-wave oscil-
lations. Figure 3.12a shows the corrected stray signal and the corresponding
capacitive fit. We estimate the error by fitting upper and lower envelopes of the
oscillatory signal. The resulting standard deviation in amplitude and phase is
shown in Fig. 3.12b. Both errors decrease with frequency but remain sizable:
typically > 10% in amplitude and > 0.1 rad in phase.
Additionally, the calibration changes slightly between cooldowns, introducing a
small offset in amplitude and phase. However, this offset does not affect the main
conclusions of this work. Finally, we note that our procedure does not correct



58 Chapter 3. Plasmon transport in quantum anomalous Hall edge states

1.0 2.0 3.0 4.0
Frequency f [GHz]

0

5

10

|1
03 S

st
ra

y/S
th

ru
|

(a)

1.0 2.0 3.0 4.0
Frequency f [GHz]

0.0

0.2

0.4

0.6

E
rr

or
 

|S
21

|/|
S 2

1|

(b)

0.0

0.1

0.2

0.3

0.4

E
rr

or
 

 [r
ad

]

Figure 3.12: Fit quality and error estimation. (a) Corrected stray signal Sstray/Sthrough

(black dots) and capacitive fit (red). Upper and lower envelope fits (blue/green) are
used to estimate systematic uncertainty. (b) Standard deviation of amplitude and phase
extracted from these bounds.

for the capacitive gate–edge coupling of the finger gate itself. This contribution
is considered part of the effective device response.
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Figure 3.13: Extraction of plasmon velocity from phase measurements. (a) Corrected
phase shift ϕ(f) for propagation lengths L = 20, 40, and 70 µm. Dashed lines show
linear fits at low frequency, used to remove a constant phase offset introduced by the
calibration. (b) Phase shift as a function of propagation length for three representative
frequencies. Linear fits yield the slope dϕ/dL = 2πf/v and the intercept ϕg(f). (c)
Extracted slope (top) and intercept (bottom) as a function of frequency. The slope is well
described by a linear fit, giving a plasmon velocity of v = (4.5 ± 0.5) × 105m/s. The
intercept agrees with the expected gate–edge coupling phase and yields a capacitance of
Cg = (19± 2) fF. Error bars show fit uncertainties.

3.3 Velocity of plasmon transport

In this section, we extract the plasmon phase velocity from the frequency-
dependent phase of the transmitted microwave signal. By comparing different
propagation lengths, we isolate edge-state transport from parasitic gate-edge
coupling and establish the characteristic velocity scale of QAH edge plasmons.
After calibration, the phase shift is given by

ϕ(f, L) = arg(S21) =
2πfL

v
+ ϕg(f), (3.7)

where v is the plasmon velocity, L is the propagation length, and ϕg(f) denotes
an additional phase originating from the capacitive coupling between the rf
finger gate and the QAH edge channel (see Sec. 1.2). Importantly, ϕg depends on
frequency but not on the propagation length.
Figure 3.13a shows the corrected phase shift ϕ(f) for three different gate spac-
ings (L = 20, 40, and 70 µm) for an excitation amplitude of Urf ≃ 225µV. Since
the calibration procedure effectively uses the capacitive stray path as a phase
reference, it introduces an unknown constant offset. To remove this offset, we
subtract the phase at the lowest accessible frequency. Physically, a plasmon
acquires no phase in the limit of f → 0, so this subtraction should restore the
correct reference point.
The phase decreases monotonically with frequency and with propagation length.
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To separate the propagation contribution from the gate-coupling contribution,
it is more convenient to analyze the phase as a function of L at fixed frequency,
since the gate-coupling is independent of the propagation length L. Figure 3.13b
shows representative curves of ϕ vs. L at 1, 2, and 3 GHz, together with linear
fits of Eq. 3.7. The slope directly yields dϕ/dL = 2πf/v and the intercept gives
ϕg(f).
The extracted slope and intercept as a function of frequency are plotted in
Fig. 3.13c. The slope grows linearly with frequency, as expected for plasmons
with a linear dispersion relation. A linear fit of dϕ/dL vs. f yields a plasmon
velocity of v = (4.5 ± 0.2) × 105m/s. The intercept ϕg(f) is well described by
our simple capacitive coupling model (see Eq. 3.4), from which we extract a
gate capacitance of Cg = (19 ± 2) fF. The agreement between model and exper-
iment—in both the L-dependence and the frequency dependence—provides a
strong consistency check of the calibration procedure.
Despite the uncertainties introduced by the standing-wave correction and
the cooldown-to-cooldown variability, the extracted velocity is robust across
samples and measurement configurations. The value v ≈ 4.5 × 105m/s is
comparable to the velocities reported for Cr-doped BST devices [16, 17] and
is close to the Fermi velocity of surface states measured by ARPES in related
topological insulator compounds [98, 99]. It is, however, significantly lower
than typical edge velocities in the QH regime of ungated GaAs-based devices
[18], where electron–electron interactions enhance the plasmon velocity [100,
101]. The reduced velocity observed here suggests stronger screening, consistent
with the presence of charge puddles caused by potential fluctuations around
the Fermi level. Similar interaction screening effects have been identified in
high-frequency edge-state transport in both the QH and quantum spin Hall
regimes [17, 102, 103].
In the next sections, we build on these observations and introduce a circuit
model incorporating the coupling to charge puddles to explain the measured
dissipation and the deviation from ideal chiral plasmon propagation.

3.4 Fitting with circuit model

To describe propagation, dispersion, and dissipation on an equal footing, we
model the QAH edge channel using a distributed circuit model. This model
captures how the chiral edge plasmon interacts with localized charge puddles
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Figure 3.14: Circuit model for edge–puddle coupling. (a) Schematic QAH bar contain-
ing localized electron and hole puddles (blue/red regions). Plasmons propagating along
the chiral edge channel couple capacitively to these puddles, which provide dissipation
and additional screening. (b) Distributed circuit representation. The edge channel is
modelled as a transmission line of characteristic impedance Ze = RK and line capaci-
tance ce (quantum capacitance of the edge). The edge is capacitively coupled to the rf
gates via Cg. Charge puddles are represented by a capacitance cp and a conductance
gp, forming an RC element with characteristic frequency fp = gp/(2πcp). A frequency-
independent dissipative channel ge accounts for the residual longitudinal conductance
observed in dc transport. The time-dependent potentials of the edge and puddles are
denoted Ve(x, t) and Vp(x, t).

in the bulk, which act as dissipative and screening elements. The physical pic-
ture is sketched in Fig. 3.14a: the edge channel supports a chiral charge mode,
while potential fluctuations create electron- and hole-like puddles that couple
capacitively to the edge and provide additional channels for energy loss. We
follow the approach introduced by Kumada et al. [38], adapting it to the present
QAH system. The corresponding transmission-line representation is shown in
Fig. 3.14b.

The edge itself is described as a chiral transmission line (red line in Fig. 3.14b)
with impedance RK = h/e2 and quantum capacitance per unit length ce. The
term ge (black line in Fig. 3.14b) represents a frequency-independent dissipation
of the edge state, which we will later show to correlate with the finite longitu-
dinal resistance extracted from dc measurements. The puddle network is rep-
resented by a distributed RC element with capacitance cp (including geometric
and quantum contributions) and conductance gp (blue line in Fig. 3.14b). At low
frequencies, the charge puddles follow the edge potential, yielding finite dissipa-
tion that scales with f 2. The frequency at which this becomes prominent is given
by the cutoff frequency:

fp =
gp

2πcp
. (3.8)

Bagchi et al. [72] measured the bulk conductivity in the compensated BiSbTeSe,
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which is a related topological insulator compound that also hosts charge puddles.
They showed an increase of conductivity that scales with f 2 with an effective cut-
off frequency of ≲ 3GHz. They attribute this cut-off to the Thouless timescale
τTh = DL2

p, which is set by the size of Lp of the puddles and the local diffusion
constant D [72, 104], puddle-size distribution of 0.1–3 µm for bulk BiSbTeSe. As
we are investigating a thin film, we expect a different puddle-size distribution,
but it gives a baseline for the range of cutoff frequencies we expect. In the
following, we will derive the dispersion relation of the circuit model and finally
fit it to our transmission data.

Derivation of the dispersion relation

To obtain the dispersion relation of the coupled edge–puddle system, we apply
Kirchhoff’s current-conservation law to the distributed circuit (Fig. 3.14b), which
gives:

ce ∂tVe +
1

RK

∂xVe + geVe + cp(∂tVe − ∂tVp) = 0, (3.9a)

gpVp + cp(∂tVp − ∂tVe) = 0. (3.9b)

The chirality of the edge channel is imposed in the first equation. Searching for
plane wave solutions Ve/p = Ve/p,0 ·ei(2πft−kx), we rewrite the chiral wave equation,
where k(f) is the wave vector:

i2πfceVe −
ik

RK

Ve + geVe + i2πfcp(Ve − Vp) = 0, (3.10a)

gpVp + i2πfcp(Vp − Ve) = 0. (3.10b)

Solving for k(f) yields the complex dispersion relation:

k(f) = RKce2πf − iRKge +
RKcp2πf

1 + i2πfcp
gp

. (3.11)

This expression contains three contributions:

1. The first term describes the bare edge dispersion RKce2πf , which de-
scribes a clean, interaction-renormalized chiral mode.

2. The second term −iRKge represents frequency-independent dissipation
(e.g., due to weak bulk conduction).
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3. The third term describes the puddle-induced dispersion and dissipation.
The puddle network contributes an additional capacitance and a frequency-
dependent loss channel.

For f ≪ fp, puddles follow the edge potential and add a large capacitive load.
This increases total capacitance per unit length and reduces the plasmon veloc-
ity to v ≈ 1/[RK(ce + cp)]. In this frequency range, the dissipation grows as
Im (k) ∝ f 2, consistent with observations by Martinez et al. [17]. For f ≫ fp,
puddles cannot respond fast enough, and they only introduce a small imaginary
contribution, which decreases with frequency.
We expect the edge capacitance ce to be much smaller than the puddle capaci-
tance cp, as observed in similar cases [19, 103, 105], and will therefore neglect
ce in the following to reduce the number of fit parameters. This assumption is
valid as long as we stay in the low frequency regime f ≪ fp. Based on the bulk
studies by Bagchi et al. [72] and recent experiments on plasmon dissipation in
Cr-doped BST by Martinez et al. [17], we expect this to be valid for frequencies
up to 4 GHz.

Including the gate–edge coupling

The calibration procedure removes distortions of the microwave setup but does
not correct for the intrinsic capacitive coupling between the rf gate and the edge
state. We therefore explicitly include the gate–edge coupling using the scattering
formalism derived in Sec. 1.2.2. The coupling is described by an effective series
capacitance Cg that combines the geometric capacitance Cgeo and the quantum
capacitance Ce of the edge state (see Sec. 1.2.2 for details). The forward and
backward coupling coefficients at the gate–edge interface are given by [106]

Seg =
2iωZeCg

1 + iωCg(Zg + Ze)
, Sge =

Zg

RK

Seg, (3.12)

with Zg = 50Ω. In the high-frequency limit (ω ≫ 1/(ZgCg)), the coupling satu-
rates at Seg ≃ 2 and Sge ≃ 2Zg/RK , reflecting the strong impedance mismatch
between the metallic gate and the high-impedance edge channel. In the oppo-
site limit (ω ≪ 1/(ZgCg)), the capacitive coupling vanishes (Seg, Sge → 0). The
propagation along the edge over a distance L introduces the phase shift and
attenuation, which is given by:

Sedge = e−ikL. (3.13)
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Figure 3.15: Fit of the circuit model to the complex transmission. Measured (solid lines)
and fitted (dashed lines) amplitude |S21| (blue, left axis) and phase ϕ (orange, right axis)
for device MBE_VBST_20221204a at L = 20µm, T = 20mK, µ0H = 2T, and excitation
amplitude Urf = 225µV. The circuit model reproduces both amplitude and phase over
the full frequency range, allowing the extraction of the fit parameter: cp = (102±1) pF/m,
Cg = (24.4± 0.2) fF, fp = (7.0± 0.1)GHz, ge = (0.38± 0.01) S/m.

Because the stray-reference calibration assigns the phase of the capacitive back-
ground as the zero-frequency reference, the measured phase contains an addi-
tional offset of π/2. We therefore write the full modeled transmission as:

S21 = Seg · Sedge · Sge · e−iπ/2. (3.14)

We fit the complex model S21(f) to the calibrated data S ′
21,DUT using the

curve_fit routine from the scipy Python package, treating cp, gp, ge, and Cg as free
parameters.

Fit of complex transmission data

Figure 3.15 shows the calibrated amplitude and phase of S21(f) for a propagation
length of L = 20µm, together with fits based on the circuit model introduced
in Sec. 3.4. We first discuss the fit at base temperature (T = 20mK), in the mag-
netized QAH state (µ0H = 2T), and at an excitation amplitude of Urf ≃ 225µV.
We then comment on how the extracted fit parameters evolve with temperature,
magnetic field, and excitation amplitude in later sections. The model reproduces
both amplitude and phase with high accuracy over the full frequency range
(R2 = 0.98), demonstrating that the distributed circuit representation provides a
consistent microscopic description of edge plasmon transport in our device.
The fit yields a puddle capacitance per unit length of cp = (102 ± 1) pF/m.
Using v = 1/[RK(ce + cp)] (with ce ≪ cp), this gives a plasmon velocity v =
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(3.8± 0.1)× 105m/s. This velocity agrees well with our earlier independent esti-
mate (Fig. 3.13) and with values reported for Cr-doped BST [16, 17].
The extracted coupling capacitance is Cg = (24.4 ± 0.2) fF, which again agrees
with our earlier independent estimate (Fig. 3.13). Using the total dielectric
thickness of 14 nm and ϵr = 10, the geometric capacitance density is C/A ≃
5.7 fF/µm2. Thus the fitted Cg corresponds to an effective gated area of A ≈
4.3µm2, which, given the gate width of 3 µm, implies an effective edge-channel
width of w ≈ 1.4µm. Such widths are consistent with microwave studies in HgTe
QSH edges [103] and InAs/GaSb quantum wells [102], which attribute this large
width to disorder broadening by charge puddles. Recent observations of several
micron-wide edge states via microwave impedance microscopy in V-doped BST
align well with this interpretation [107].
From fp = gp/(2πcp), the fit yields fp = (7.0± 0.1)GHz. This is reasonably close
to cutoff frequencies (≲ 3GHz) reported by Bagchi et al. [72] in the compensated
topological insulator BiSbTeSe2, with the difference attributed to variations in
puddle density or screening. For the frequency-independent loss-term ge, the fit
yields ge = (0.38 ± 0.01) S/m. To compare this with dc transport, we estimate
the bulk conductance from the measured longitudinal resistance (Rxx ≃ 16Ω for
L = 80µm):

gxx =
1

L

Rxx

R2
xx +R2

yx

≃ Rxx

R2
yxL

≃ 3× 10−4 S/m. (3.15)

This is several orders of magnitude smaller than ge. This discrepancy is expected
because the absolute gain calibration introduces systematic amplitude uncer-
tainty (≈ 2.5 dB), and ge collects all frequency-independent losses. The discrep-
ancy in ge corresponds to an error of 2.5 dB in amplitude, which is within the
accuracy of our correction. Therefore, we are not able to evaluate the absolute
value of ge. Despite this, we show later that relative changes in ge track changes
in Rxx, meaning that ge still captures meaningful trends in edge–bulk coupling
even if its absolute magnitude is uncertain.

3.5 Dissipation of edge plasmons

In the previous section, we showed that the plasmon dispersion of a QAH edge
state is well captured by the circuit model in Fig. 3.14. A key outcome of this
model is that the dissipation grows quadratically with frequency, Im k ∝ f 2,
up to a characteristic cut-off frequency between 4 GHz and 8 GHz, depending
on the sample. This behavior has significant implications for the feasibility of
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utilizing QAH edge states in low-loss rf quantum devices, as even moderate
frequency increases result in rapidly increasing attenuation.
In this section, we examine how plasmon propagation in QAH edge states re-
sponds to increasing temperature, magnetic field, and excitation voltage. These
control parameters provide complementary routes to activate bulk conduction,
allowing us to identify the mechanisms responsible for microwave dissipation
and to find the operational boundaries of low-loss QAH plasmonics. We
again use the circuit model to separate and quantify the various contributions
to loss, distinguishing between frequency-independent dissipation (ge) and
puddle-induced high-frequency attenuation (fp, Cp). For completeness, we also
comment on changes in the plasmon velocity, although these turn out to be
relatively small compared to the changes in dissipation.

3.5.1 Breakdown at elevated temperatures

Before analyzing the breakdown of plasmon transport at elevated temperatures,
we briefly summarize the dc characterization of the device. Figure 3.16a shows
the Hall resistance Ryx as a function of out-of-plane magnetic field for tempera-
tures between 10 mK and 30 K. At base temperature, Ryx is quantized to ±RK ,
and the coercive field Hc is approximately 0.9 T. With increasing temperature,
both the amplitude of the Hall plateau and the coercive field decrease, and above
the Curie temperature (T ≃ 25K) the hysteresis disappears entirely, signaling
loss of magnetization.
Figure 3.16b shows the amplitude of the microwave transmission |S21| as a
function of the out-of-plane magnetic field for the same temperature range.
The hysteretic behavior follows the dc data: at low temperatures, a strong
signal is observed for positive magnetization (short edge path) and a strongly
suppressed signal for negative magnetization (long edge path). This confirms
again that, after calibration, the microwave transmission correctly isolates the
edge-state contribution. The temperature dependence of the amplitude at fixed
fields µ0H = ±2T is summarized in Fig. 3.16c. Upon warming, the amplitude
remains nearly constant up to T ≈ 200mK. Beyond this point, two changes
occur: At µ0H = +2T, the edge-state signal decreases rapidly, marking the onset
of thermally activated bulk carriers that introduce dissipation into the edge
channel. At µ0H = −2T, where the long edge path dominates, a finite and in-
creasing amplitude appears. This is consistent with a growing bulk contribution
bridging the long-path geometry. Both effects directly mirror the temperature
evolution of the dc transport, in which bulk conduction becomes finite above
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T≈200mK

Figure 3.16: Temperature dependence of plasmon amplitude. (a) dc Hall resistance
Ryx/RK as a function of the out-of-plane magnetic field µ0H for temperatures between
10 mK and 30 K, showing the progressive suppression of quantization and the decrease
of the coercive field. (b) Microwave transmission amplitude |S21| vs magnetic field for
L = 20µm at f = 1GHz and the same set of temperatures as in (a). (c) Temperature
dependence of the plasmon amplitude at µ0H = ±2T (L = 20µm, Urf ≈ 125µV, f ≈
750MHz). Measurements on device MBE_VBST_20221204a.

200mK as observed in other studies [20, 56]. The correspondence between dc
and microwave data confirms that the calibrated transmission coefficient indeed
tracks edge transport and its breakdown. In this context, breakdown of plasmon
transport refers to the loss of dissipationless, chiral edge transport in the QAH
regime.
In Fig. 3.17, we show the temperature dependence of the fit parameters Cg,
cp, and ge up to T ≃ 1.6K. The characteristic frequency fp was found to be
essentially temperature independent and is therefore not shown.
The coupling capacitance Cg increases moderately with temperature, rising
from ∼ 29 fF to ∼ 35 fF. A slightly enhanced coupling at higher temperatures
is reasonable: as bulk carriers become thermally activated, the sample becomes
more metallic, reducing the impedance mismatch between the edge channel and
the rf gate. Alternatively, one can also picture the onset of Cg as the widening
of the edge state due to screening [103], resulting in a bigger geometric capac-
itance Cgeo. A similar trend is observed for the puddle capacitance cp, which
decreases with temperature. Because the plasmon velocity scales approximately
as v ∝ 1/(Zecp), a reduction in cp corresponds to a higher velocity, again
consistent with a more metallic response of the film at elevated temperatures.
The frequency–independent dissipation term is governed by the fit parameter
ge, which, as discussed in Sec. 3.4, represents the dc bulk conductivity seen
by the edge channel. This allows a direct comparison to the longitudinal
conductance gxx extracted from the dc measurements via Eq. 3.15. To avoid the
absolute calibration uncertainty in the rf amplitude, we focus on the relative
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Figure 3.17: Temperature-dependence of Fit parameter. (a) Capacitance Cg and cp
vs. the temperature T . (b) Temperature dependence of the fitted conductivity ge (red)
and of the longitudinal conductance gxx (blue), together with fits based on the variable
range hopping model, yielding T0 = (17.4± 0.6)K and T0 = (15.4± 0.2)K respectively.
(L = 20µm, Urf ≃ 125µV, Device MBE_VBST_20221204a).

change ∆ge(T ) = ge(T ) − ge(T = 0). Fig. 3.17b shows that both ge and gxx

exhibit the same temperature dependence: very small values below 0.05 S/m
at base temperature, followed by a rapid increase once T ≳ 200mK. Both
quantities are well described by the Efros–Shklovskii variable–range hopping
law g(T ) = g0 exp(−(T0/T )

1/2)/T (see Eq. 2.11). It yields T0 ≃ 16K for both rf
and dc data. This agreement strongly suggests that bulk hopping conduction
dominates the frequency–independent plasmon dissipation.
The extracted activation temperature T0 is similar to values reported in Cr-
doped BST [17], but an order of magnitude smaller than those typically found
in graphene [38]. This indicates significantly stronger disorder in magnetic
topological insulators. As discussed in Sec. 2.3, we can estimate the localization
length ξ from the temperature T0. Using Eq. 2.12, and taking ϵr ≃ 12 for InP2,
we estimate a localization length of ξ = Ce2/(ϵkBT0) ≈ 5µm. Such a large ξ

implies that bulk (or surface) states are only weakly localized—a conclusion
consistent with the observed breakdown of the zero–resistance state already
around T ≃ 200mK. At low temperatures, plasmon losses are dominated by
the frequency–dependent term Im(k) ∝ f 2 arising from the capacitive coupling
to charge puddles. At higher temperatures, however, the dominant loss mech-
anism becomes the frequency–independent bulk dissipation associated with ge

and gxx. The crossover between these two regimes marks the transition from
edge-dominated to bulk-dominated (or surface-dominated) transport. In the

2In this context, C is a numerical constant and not a capacitance. Our films have a thickness
of 8 nm, hence we use C = 6.2 for 2D hopping [83, 87].
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next section, we investigate how strong out-of-plane magnetic fields influence
both the plasmon velocity and the dissipation.

3.5.2 Magnetic field dependence of plasmon transport

So far, we have used the external out-of-plane magnetic field primarily to control
the ferromagnetic order in the magnetic topological insulator. However, the mag-
netic field also affects the plasmon transport itself. Experimentally, the ampli-
tude of S21 decreases with increasing magnetic field µ0H , as shown in Fig. 3.18a.
This reduction is observed across the full frequency range between 300 MHz and
4 GHz.
We again fit the circuit model at each magnetic field. The plasmon frequency
fp remains nearly field independent, changing only within the error margins as
shown in Fig. 3.18b. This indicates that the intrinsic charging dynamics of the
puddles do not change significantly. In contrast, the coupling capacitance Cg

shows a pronounced increase, rising from approximately 8 fF at 0 T to 17 fF at 8 T
(see Fig. 3.18b). The puddle capacitance cp decreases slightly with the magnetic
field as shown in Fig. 3.18c. Both effects suggest, as in the elevated-temperature
case, that the bulk becomes more metallic at higher fields, reducing impedance
mismatch and increasing the edge-plasmon velocity from about 2.3 × 105 m/s to
2.8 × 105 m/s.
This interpretation is supported by the behavior of the fitted bulk conductance
ge, shown in Fig. 3.19a. To account for amplitude-calibration uncertainties, we
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Figure 3.18: Plasmon transport in high magnetic fields. (a) Amplitude of transmission
S21 as a function of the magnetic field for f = 0.3, 1, 3GHz. (b) Fit parameter as a
function of magnetic field. Coupling capacitance Cg (blue) and frequency fp (red) are
shown on the left and right axes, respectively. (c) Fitted capacitance Cp and velocity
v, given by 1/(cpRK), vs. magnetic field µ0H . All error bars correspond to the MSE
of the fit. All measurements are taken at T ≃ 20mK, using Urf = 225µV on Sample
MBE_VBST_20230206a.
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Figure 3.19: Bulk conduction in high magnetic fields. (a) The fit parameter conductivity
ge and the measured conductance gxx as a function of the magnetic field µ0H . (b) Electric
field-driven breakdown of zero-resistance state in high magnetic fields. The onset of
the longitudinal resistance rxx shifts to lower bias voltages UDC with increasing field.
Measurements are taken at T ≃ 20mK, using a 1 nA, 7 Hz modulation of the dc bias in
addition to the dc offset UDC or the Urf = 225µV on Sample MBE_VBST_20230206a.

again analyze the relative change ∆ge = ge(H)− ge(0) and compare it to the lon-
gitudinal conductance gxx from dc transport. Both quantities increase by roughly
1 S/m between 0 T and 9 T, indicating that bulk hopping conduction becomes
more prominent at high magnetic fields. This produces an essentially frequency-
independent plasmon dissipation dominated by the leakage into the bulk.
To further investigate this effect, we performed bias-driven breakdown measure-

ments of the longitudinal resistance rxx using a 1 nA, 7 Hz ac modulation. The
resulting curves of rxx as a function of UDC for magnetic fields between 0 T and
8 T are shown in Fig. 3.19b. At zero field, we observe the characteristic plateau
of vanishing resistance and a breakdown at UBD ≃ 5mV, consistent with earlier
reports [20, 21, 58]. The notable feature in Fig. 3.19b is that UBD decreases sys-
tematically with increasing magnetic field, in agreement with the measurements
by Lippertz et al. [52].
Theory shows that increasing magnetic fields do more than simply align the
magnetization [108, 109]. In particular, an orbital magnetic field induces Landau
quantization in the bulk of the QAH insulator. The chiral edge mode can persist
deep into this Landau-quantized regime, where it may coexist and hybridize
with conventional quantum Hall edge states originating from the Landau levels.
The QAH effect is ultimately suppressed only once the orbital field removes the
underlying band inversion [108]. There are experimental studies which reported
an increased fragility of the QAH effect at high magnetic fields, manifested by
the growth of the longitudinal resistance Rxx [56] or a reduction of the break-
down current [52], as observed in our experiment.
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Beyond these orbital effects, the magnetic field can also modify the electronic
landscape of the bulk through its influence on charge inhomogeneities. Breunig
et al. [110] showed that increasing the magnetic field leads to an enlargement of
charge puddles in bulk TlBixSb1−xTe2. An increased puddle size enhances the
localization length and thereby promotes hopping transport, providing a natu-
ral explanation for the observed increase of ge, the reduction of the breakdown
threshold UBD, and the gradual evolution toward more metallic behavior in our
data. At the same time, other experiments have reported the opposite trend,
namely an improvement of quantization at high magnetic fields, particularly in
samples that are not initially charge-neutral [79].
Taken together, these seemingly contrasting observation points to a common and
more fundamental mechanism: a magnetic-field-induced shift of the chemical
potential. In perfectly compensated samples, such a shift can move the chemi-
cal potential out of the exchange gap and increase bulk conduction, whereas in
lightly uncompensated samples, it may instead shift the chemical potential into
the gap, thereby improving quantization. This scenario naturally harmonizes
the seemingly contrasting experimental trends and provides the most consistent
explanation for the magnetic-field dependence observed in our measurements.
In our material platform, we consistently observe the best quantization and low-
est dissipation at zero magnetic field. This is encouraging for applications that
operate in the zero-field limit, such as topological superconductivity or non-
reciprocal microwave devices. In contrast, the reduction of the breakdown bias
to values of only a few mV limits the applicability of QAH insulators as dissi-
pationless devices. Therefore, we next investigate how the plasmon transport
depends on the microwave excitation voltage Urf .

3.5.3 Dissipation in strong electric fields

The plasmon transport is also strongly influenced by the amplitude of the excita-
tion voltage Urf . Figures 3.20a and 3.20b show the amplitude and phase of S21(f)

for a propagation length of L = 20µm at different excitation voltages, together
with fits using our circuit model.
At low frequencies, the transmitted amplitude increases with increasing Urf , in-
dicating more efficient capacitive coupling between the rf gate and the edge
channel. At the same time, the amplitude above 1 GHz is strongly suppressed
and the overall frequency dependence becomes significantly flatter. This flatten-
ing is a hallmark of a more metallic, less dispersive response. The same trend
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Figure 3.20: Amplitude-dependence of amplitude and phase. (a) Measurements
(solid colored lines) and fits (dashed lines) of the amplitude |S21| in device C for
L = 20µm, T = 20mK, and µ0H = 2T for varying excitation voltages Urf . (b) same as
(a) for the Phase ϕ = arg(S21). All data measured on MBE_VBST_20221204a.

is observed in the phase, where the characteristic dispersion becomes less pro-
nounced, and the phase slope decreases, consistent with faster propagation and
enhanced coupling at higher excitation amplitudes.
Remarkably, the circuit model continues to fit the data over the full voltage range,
despite the substantial evolution of the spectra. In the following, we discuss how
the extracted circuit parameters vary with excitation voltage and what this re-
veals about dissipation mechanisms in the QAH regime.
As anticipated from the raw spectra, the excitation voltage has a strong influ-

ence on the extracted fit parameters—most notably on the coupling capacitance
Cg. Figure 3.21a shows that Cg increases by nearly an order of magnitude, rising
from approximately 4 fF at 10 µV to about 35 fF at 2 mV. Such a pronounced in-
crease indicates that higher excitation voltages progressively activate bulk charge
carriers, making the bulk more metallic and reducing the impedance mismatch
between the edge channel and the gates.
This interpretation is supported by the fitted DC-like conductance ge, shown in
Fig. 3.21b3. The strong rise of ge with excitation voltage mirrors the increase
of the longitudinal conductance gxx in dc transport, again pointing toward acti-
vated bulk transport [20, 22, 56, 70, 79]. In contrast, the internal edge capacitance
cp decreases substantially from roughly 220 pF/m to 100 pF/m as Urf increases.
Together, the strong increase in Cg and reduction in cp indicate a crossover from
a well-isolated chiral edge channel to a regime where the bulk contributes sig-
nificantly to screening and dissipation. Because the plasmon velocity scales as

3Negative values of ge are an artifact of our model since ge accounts for all frequency-
independent losses, including discrepancies in calibration. The real bulk conductance gxx cannot
be negative.
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Figure 3.21: Amplitude-dependence of Fit parameter. Results of the fit model for the
frequency-dependent transmission at different voltages Urf . (a) The coupling capacitance
Cg and puddle capacitance cp vs. the excitation voltage (b) The conductivity ge and the
frequency fp vs. excitation voltage Urf . All curves show a transition at an excitation
voltage of Urf ≃ 60µV. All data measured on MBE_VBST_20221204a.

v ∝ 1/cp, the decrease of cp results in a notable increase of the velocity from about
1.6 × 105 m/s at low bias to nearly 3.8 × 105 m/s at the highest applied voltages.
The low-voltage velocity agrees well with the prediction of quantum Hall edge
state in a dielectric environment [111]:

v =
1

2
√
2RK ϵ

, (3.16)

which yields v ≃ 1.6–2.2 × 105m/s for an effective dielectric constant of ϵ ≃
7ϵ0–10ϵ0. We note, however, that additional screening by bulk puddles and pos-
sible velocity enhancement from inter-edge Coulomb interactions—neglected
here—might also contribute.
A particularly striking feature is the behavior of the characteristic puddle fre-
quency fp. As shown in Fig. 3.21b, fp exhibits a pronounced maximum of ap-
proximately 8.5 GHz at an excitation voltage of Urf ≃ 60µV. This voltage marks
the crossover between a low-voltage regime, where dissipation is dominated
by capacitive coupling to localized puddles, and a high-voltage regime, where
activated bulk conduction dominates.
The corresponding energy scale eU ≈ 60µeV coincides with activation energies
extracted from dc studies of QAH breakdown [20, 22, 56, 70, 79]. This agreement
strongly supports the picture that increasing the excitation voltage activates the
same dissipative bulk channels that are responsible for QAH breakdown in dc
transport.
An alternative viewpoint is that increasing voltage enhances the bulk–edge cou-
pling, effectively broadening the edge channel. A wider conducting channel
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couples more strongly to the rf gates, consistent with the observed increase in
Cg. In addition, wider edge channels are known to support higher plasmon
velocities [18, 46], in agreement with our data.

3.6 Summary and outlook

The work presented in this chapter explores the dynamics of edge plasmons
in the QAH state of V-doped BST thin films, with a focus on their microwave
transport, dissipation mechanisms, and robustness under varying environmen-
tal conditions. Chiral edge states are central to the QAH effect, providing dis-
sipationless transport in the ideal limit. In our broadband study of edge state
transmission, we have systematically characterized the edge plasmon transport
under changes in temperature, excitation amplitude, and magnetic field, allow-
ing us to map out the regimes in which they remain well-defined and identify
the mechanisms that limit their coherence.
In the low-temperature and low-excitation regime where the QAH state is most
robust, we observe a plasmon velocity v ≃ 1.6–2.2 × 105m/s, in close quanti-
tative agreement with the universal, interaction-limited velocity predicted by
recent theory for an ideal, disorder-free chiral edge channel [111]. This result in-
dicates that, in the optimal regime, the chiral channel behaves largely as a clean
one-dimensional edge mode minimally perturbed by bulk conduction. As tem-
perature or excitation voltage increases, the QAH state becomes progressively
less quantized, and correspondingly, the plasmon velocity increases. The ob-
served velocities in this regime are comparable to those previously reported in
Cr-doped BST thin films [16, 17], highlighting similarities in plasmonic behavior
across different material platforms.
Furthermore, we identified two distinct dissipation mechanisms. A frequency-
dependent loss due to the Coulomb interaction with charge puddles. These
puddles absorb energy at finite frequency due to their finite charging times, and
the resulting admittance introduces a frequency-dependent imaginary compo-
nent. This loss mechanism is dominant in the well-quantized regime for small
excitation voltages, temperatures, and magnetic fields.
Once the system leaves the well-quantized regime — either by increased exci-
tation voltage, elevated temperature, or large magnetic fields — the dissipation
mechanism crosses over to a frequency-independent regime dominated by acti-
vated bulk conduction. This transition is marked experimentally by a sudden
rise in the fitted conductance ge, which is proportional to the longitudinal dc
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conductance gxx. The close tracking between these two quantities demonstrates
that microwave losses in this regime directly reflect dissipative bulk transport
rather than edge–puddle coupling.
Taken together, our findings establish that QAH edge plasmons can propagate
over long distances (up to 100 µm) and remain well defined up to at least 4 GHz.
This confirms magnetically doped topological insulators as a promising platform
for high-frequency chiral plasmonics. Using the experimentally extracted device
parameters, we estimate that microwave circulators and resonators [112] based
on these films could achieve quality factors of approximately Q ≃ 100 at frequen-
cies of a few tens of megahertz, even without targeted materials optimization.
However, the quality factor is expected to decrease with increasing frequency
(Q ∝ f−1), limiting device performance in the GHz regime (see Appendix C
for details). Such chiral devices may play an important role in low-power non-
reciprocal microwave circuits [15, 16] and may form a building block for more
exotic applications such as the generation of flying Majorana quasiparticles [60].
However, a key limitation in the practical use of QAH insulators is the break-
down of the zero-resistance state under relatively small dc biases or under mod-
erate rf excitation amplitudes, as also observed in this work. To gain deeper
insight into the microscopic mechanism responsible for this breakdown, the next
chapter investigates the response of the QAH state to microwave fields in the
range of 1–25 GHz. We characterize the breakdown by measuring the longitu-
dinal resistance in rf Hall-bar devices and rf Corbino structures patterned from
V-doped (Bi, Sb)2Te3 films. In addition, we present equivalent measurements
on a graphene Corbino device, allowing us to directly compare the breakdown
mechanisms in the QAH and QH regimes.
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Chapter 4

Breakdown of edge state transport
under microwave drives

A key limitation for using QAH insulators in technologically relevant devices
is the breakdown of the zero-resistance state at low temperatures or at modest
bias voltages [20, 21, 58]. This phenomenon has been investigated mainly under
dc bias, and several mechanisms have been proposed, including variable-range
hopping (VRH) [70], bootstrap electron heating [22], and electric field–driven
percolation through charge puddles [20]. Despite extensive experimental and
theoretical work, the microscopic origin of the breakdown remains under debate.
Fijalkowski et al. [58] showed that the breakdown current in a Corbino device can
be shifted to larger voltages by sourcing currents of opposite polarity through
the inner and outer contacts. A Corbino device consists of a ring-shaped mesa
with concentric inner and outer contacts, such that current flows radially through
the two-dimensional bulk rather than along the sample edges. In this geometry,
edge transport is eliminated, and the measured conductance directly probes bulk
properties. This result indicates that a transverse electric field across the bulk of
the QAH insulator plays a central role.
This interpretation relates to an ongoing debate about the microscopic current
distribution in QAH devices. While chiral edge states are expected from the
non-trivial topology and have been shown to contribute to transport up to ele-
vated temperatures [21, 58], this does not necessarily imply that they carry the
dominant fraction of the current under all experimental conditions. Complemen-
tary studies have argued that a substantial part of the current can flow through
the bulk, even in regimes where the Hall resistance remains quantized [23, 113].
Thus, the existence of measurable edge transport is not incompatible with bulk-
dominated current flow. Rather, quantization constrains the global Hall response,
whereas the local current distribution can depend sensitively on disorder, charge
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puddles, temperature, and bias. In this picture, breakdown is governed primar-
ily by bulk processes such as electron heating or field-driven hopping between
disorder-induced charge puddles. Recent magnetic-imaging experiments sup-
port this interpretation and report that dissipation is dominated by electron heat-
ing due to strongly suppressed thermalization at low temperatures [114].
In contrast to the extensive work under dc bias, the breakdown of quantization
under rf excitation remains largely unexplored. As discussed in Chapter 3, edge
transport at microwave frequencies is not dissipationless: charge puddles, which
are effectively isolated in the dc limit, couple capacitively to the edge channel
at high frequencies, resulting in dissipation that increases approximately as f 2.
This raises the central question addressed in this chapter: whether the break-
down mechanism under rf drive differs qualitatively from the dc case.
Two scenarios appear plausible. First, microwave photons may promote hop-
ping transitions between localized states, enabling photon-assisted VRH [85, 86].
In this case, the breakdown threshold would explicitly depend on frequency.
Second, the rf field may couple capacitively to charge puddles and induce Joule
heating, thereby raising the electronic temperature and indirectly increasing the
dc bulk conductance, even if the microscopic hopping dynamics themselves re-
main frequency independent.
In this chapter, we investigate the breakdown of the QAH state in the presence
of microwave excitation and assess the relative roles of hopping and heating.
To compare different frequencies on equal footing, we use the dc longitudinal
conductance σxx as a frequency-independent probe while applying microwave
fields between 1 and 25 GHz.
After establishing a consistent picture for QAH devices, we extend our study
to the breakdown of the QH effect in high-mobility graphene Corbino devices.
Graphene offers a unique opportunity to systematically tune the localization
strength of bulk states by varying the filling factor, which directly controls the
hopping energy scale kBT0. Together with the presence of both large cyclotron
gaps and smaller spin- and valley-splitting gaps [115], this enables the study of
breakdown across a wide range of energy scales within a single device. Using
the same methodology as for the QAH devices, we identify a crossover from a
non-Ohmic, electric field-driven regime to an Ohmic regime dominated by Joule
heating, providing a direct benchmark for interpreting the breakdown behavior
observed in QAH systems.
The chapter is structured as follows. Section 4.1 describes the experimental setup
and the rf power calibration. Section 4.2 presents the core experimental results
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and the frequency dependence of the breakdown in QAH samples. It further-
more analyzes the origin of breakdown and shows that electron heating provides
a consistent explanation of the data, motivating a simple Joule-heating model.
Finally, Section 4.3 discusses the rf breakdown of the QH effect in high-mobility
graphene and compares it to the behavior observed in QAH devices. The results
in this chapter are partially published in Ref. [116] and Ref. [117]

4.1 Experimental setup and power calibration

For the study of the QAH breakdown, we use the same devices as in Sec. 3.1.
Therefore, we omit the device fabrication details here and focus on the exper-
imental setup relevant for the breakdown measurements. We investigate the
breakdown behavior in three devices: two rf Hall bars and one rf Corbino de-
vice. In a Hall bar geometry, transport can occur both via dissipationless edge
states and through the bulk, making it difficult to disentangle the origin of the
breakdown. In contrast to Hall bar devices, the Corbino geometry removes chi-
ral edge channels from the direct transport path between contacts. As a result,
any current flowing between the inner and outer contacts must traverse the bulk,
providing direct access to bulk conduction. The majority of measurements are
therefore performed on the rf Hall bars, while the rf Corbino device serves as a
control to verify whether the onset of dissipation arises from bulk conduction
rather than edge transport. All devices feature Ohmic contacts for dc charac-
terization of the longitudinal and Hall resistances, as well as narrow capacitive
contacts. While these capacitive contacts are used for plasmon propagation ex-
periments in Chapter 3, in the present chapter, they serve solely to irradiate the
sample with microwave signals to trigger the breakdown, without measuring
the transmitted rf response.
A microscope image of a representative rf Hall bar is shown in Fig. 4.1a. The
rf Corbino device, shown in Fig. 4.1b, follows the conventional ring-shaped
geometry and provides a direct probe of bulk transport by eliminating edge
contributions. All experiments are performed in a dilution refrigerator with a
base temperature below 20 mK. Each device exhibits a quantized Hall resistance
(Ryx = h/e2) with an accuracy of approximately 2 % and longitudinal sheet resis-
tances between 90 Ω and 120 Ω in the low-voltage regime. This shows that bulk
transport is suppressed and electronic transport is confined to the edge states in
this regime. The measurement scheme is sketched in Fig. 4.1c. To isolate the fre-
quency dependence of the breakdown mechanism, we measure the longitudinal
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Figure 4.1: Experimental setup and dc characterization. a) Microscope image of
Sample MBE_VBST_Feb6A in an rf Hall bar geometry. The mesa is false-colored in
dark yellow, the Ohmic contacts in blue, and the rf finger gates are shown in the bot-
tom left. All remaining contacts are Ohmic contacts. b) Microscope image of Sample
MBE_VBST_Jul5A in an rf Corbino geometry. The Ohmic contacts are false-colored in
blue, and the rf finger gates are placed at the top left. The Corbino device has a width of
100 µm. c) Schematic of the microwave measurement setup. A vector network analyzer
(VNA) is used as a signal generator and connected via broadband coaxial cables and
a coplanar waveguide. Longitudinal resistance Rxx is measured using a four-terminal
lock-in configuration.

resistance Rxx in dc, thereby realizing a frequency-independent probe. A small
probe current of 1 nA, well below the breakdown current, is sourced through
the device. The longitudinal voltage drop is measured between two additional
Ohmic contacts located between the source and the drain. From the measured
resistances, we compute the longitudinal bulk conductance

σ = σxx =
Rxx

R2
xx +R2

yx

. (4.1)

Since the device geometries differ from an ideal Hall bar, geometrical corrections
are required. For example, the longitudinal resistance measured in the Corbino
device in Fig. 4.1b corresponds to a current path of 300 µm length and 100 µm
width, such that the measured resistance is divided by a factor of three. The
Hall resistance remains exact in the quantized regime but acquires a small sys-
tematic deviation for large bulk conductance. In our measurements, the bulk
contribution remains sufficiently small such that this deviation stays below 5%
and does not affect the conclusions. Importantly, since this factor is constant, it
does not affect the voltage or frequency scaling discussed below. The Corbino
device further allows us to directly measure the bulk current Ibulk, providing
an independent confirmation that the observed increase in resistance originates
from bulk transport.
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Microwave signals are applied using a VNA with a maximum frequency of
26 GHz and guided to the capacitive contacts via broadband coaxial cables (dc
to 40 GHz). The rf voltage Urf at the sample is obtained from calibrated power
measurements. Two independent calibration procedures are employed. First, we
measure the transmission through a reference sample containing a 50 Ω-matched
coplanar waveguide using identical cryostat lines, allowing us to extract and cor-
rect for the scattering matrix of the setup. Second, the calibration is cross-checked
using a tunnel diode detector (Herotek DT1-40) placed at the sample stage. The
tunnel diode measures the power P delivered to the sample stage. All voltages
Urf and powers P quoted in the following refer to these corrected values.

4.2 Quantum anomalous Hall breakdown under rf
drives

Figure 4.2a shows the bulk conductance σ as a function of the rf voltage Urf for
frequencies between 1 GHz (blue symbols) and 25 GHz (red symbols), plotted on
logarithmic axes. All curves exhibit an identical shape but are shifted towards
lower voltages with increasing frequency. To quantify this shift, we define a
breakdown voltage Ubd at which the conductance reaches σ = 1µS. As shown
in Fig. 4.2b, the breakdown voltage decreases approximately as Ubd ∝ 1/

√
f .

rf rf

Figure 4.2: Breakdown driven by rf excitation. a) Conductance σ as a function of the
rf voltage Urf for frequencies f between 1 and 25 GHz. b) The breakdown rf voltage
Ubd (defined at σ = σbd = 1µS) as a function of the microwave frequency f . The black
line corresponds to a fit of Ubd ∝ 1/

√
ω. The measurement was performed at B = 1T,

T ≃ 20mK on Sample MBE_VBST_Feb6A. c) Direct Measurement of the bulk current
Ibulk in the Corbino geometry, as a function of the microwave voltage Urf for frequencies
from 1 GHz to 24 GHz. 1 nA is sourced on the outer edge (see Fig. 4.1b). The remaining
current does not traverse the bulk and is drained on the outer edge. Measurements taken
on sample MBE_VBST_Jul5A at B = 1T, T ≃ 20mK.
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Notably, while the threshold shifts with frequency, the overall shape of σ(Urf)

remains frequency independent and resembles the temperature dependence (see
Fig. 3.17) and hence suggests a VRH origin of the breakdown. At the same time,
it rules out photon-assisted hopping, which is predicted to scale with the number
of photons, which scales as ∝ U2

rf [86, 118].
To verify that the observed increase in longitudinal resistance is indeed caused
by bulk transport, we perform direct bulk-current measurements in the Corbino
device, shown in Fig. 4.2c. A current of 1 nA is sourced, and the fraction flowing
through the bulk to the inner contact is recorded. Although Corbino measure-
ments are typically voltage-biased, the presence of a finite residual bulk conduc-
tance in our samples favors a current-biased configuration. Analogous to the
Hall bar data, the bulk current increases with rf voltage, and the curves shift sys-
tematically to lower voltages at higher frequencies. The frequency dependence
mirrors that observed in σ(Urf), confirming that the breakdown is governed by
the onset of bulk conduction rather than edge effects.

4.2.1 Joule heating model

We now examine whether the observed frequency dependence of the breakdown
can be explained by electron heating alone. To this end, we develop a minimal
model based on Joule heating combined with VRH transport in the bulk. Before
introducing the model in detail, we note that this approach relies on two key
assumptions. First, that the dominant effect of dc or rf excitation is to raise an
effective electronic temperature, and second, that the resulting conductance can
be described by the same VRH law that governs equilibrium transport. Alterna-
tive mechanisms are discussed in Sec. 4.2.4.
The Joule heating model is illustrated schematically in Fig. 4.3a. The rf or dc
excitation leads to dissipation of power Pdiss in the electronic system, raising the
electronic temperature Te. The electrons relax by emitting phonons with power
Pout to a phonon bath at temperature Tp. In a steady state, the electronic temper-
ature is determined by the balance between heating and cooling. For microwave
excitation, Pdiss is generally smaller than the injected power Pin, as a large frac-
tion of the rf power is reflected due to a strong impedance mismatch between
the coaxial line of the microwave setup (Z0 = 50Ω) and the sample (Z = RK). To
relate the bulk conductance to the electronic temperature, we first establish the
temperature dependence of the conductance σ in the absence of rf excitation. In
this equilibrium configuration, the electronic system is assumed to be thermally
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Figure 4.3: Joule heating and electronic thermometry. a) Joule heating model: The
applied power Pin is partially absorbed and dissipated with power Pdiss, raising the
electronic temperature Te. The electrons cool via phonon emission with power Pout. b)
Bulk conductance σ as a function of the refrigerator temperature Tp (blue symbols). The
curve is fitted with the VRH model in Eq. 4.2 and serves as an electronic thermometer,
yielding T0 = (17.0 ± 0.3)K and σ0 = (490 ± 20)µSK. c) Electronic temperature Te

extracted from σ as a function of dissipated dc power Pdiss = RxxI
2
dc. The black line

shows a fit to Eq. 4.4 with α = 4, yielding Σ = (4.94 ± 0.02) nW/K4 and Tp = (0.18 ±
0.01)K. All data measured on MBE_VBST_20230206a.

coupled to the phonon bath, such that the electronic temperature equals the re-
frigerator temperature, Te = Tp. Under these conditions, the bulk conductance is
governed by phonon-assisted VRH and follows a well-established temperature
dependence,

σ(Te) =
σ0

Te

exp
(
−
√

T0/Te

)
, (4.2)

The measured temperature dependence of σ, together with a fit to Eq. 4.2, is
shown in Fig. 4.3b and yields an activation temperature T0 = (17.0 ± 0.3)K.
This calibration allows us to define an effective electronic temperature Teff by
mapping a measured conductance value σ onto the corresponding temperature
via σ(Urf) = σ(T = Teff). Since σ(T ) is strictly monotonic over the relevant
temperature range, this mapping is unique. This procedure has been employed
in previous studies of QH breakdown [3, 24].
To describe the breakdown curves σ(Urf), we must next connect the electronic
temperature Te to the applied voltage Urf . Cooling of the electronic system occurs
predominantly via electron–phonon scattering1, which is commonly described

1In addition to electron-phonon cooling, bulk thermal transport might also contribute to heat
removal. Melcer et al. reported finite bulk thermal transport in the QH state of GaAs–AlGaAs
heterostructures, even in the absence of electronic conduction [119]. However, this effect is only
visible below 100 mK and therefore likely negligible for our experiments.
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by a power-law dependence

Pout = Σ
(
Tα
e − Tα

p

)
, (4.3)

where Σ is a coupling constant. The exponent α reflects the microscopic mecha-
nism of electron–phonon coupling and depends on the dimensionality, disorder,
and screening properties of the electronic system, with values α = 5 for a clean
3D system [120] and α = 4 in the diffusive regime [121]. Experiments on thin-
films show that the exponent α typically lies between 3 and 5 [114, 122–125]. In
steady state, the cooling power Pout balances the dissipated power Pdiss, yielding

Te =

(
Tα
p +

Pdiss

Σ

)1/α

. (4.4)

Combining Eqs. 4.2 and 4.4 establishes a direct relation between the dissipated
power Pdiss and the bulk conductance σ, with three fitting parameters: Σ, α, and
Tp.
We first test this model using dc bias data, shown in Fig. 4.3c. In this case, the
dissipated power is given by Pdiss = RxxI

2
dc. The extracted electronic temperature

Te follows Eq. 4.4 remarkably well for α = 4, yielding Σ = (4.94 ± 0.02) nW/K4

and Tp = (0.18 ± 0.01)K. To the best of our knowledge, no previous reports
exist for the electron–phonon coupling constant Σ in this specific material plat-
form. However, the obtained value is consistent with measurements in related
systems [114, 124, 125].
We note that both Σ and α vary between samples, likely reflecting differences in
disorder, geometry, and thermal coupling to the substrate. The extracted fits re-
main robust against moderate changes in α and Tp. Importantly, the fitted value
of Tp does not correspond to the actual lattice temperature, which lies below
100 mK. Instead, Tp reflects a residual conductance channel not captured by the
VRH model and therefore sets an effective lower bound for conductance-based
thermometry. As a consequence, the mapping σ → Te becomes insensitive below
this scale. This limitation does not affect our analysis, as we focus on the break-
down regime where σ exceeds the residual background by more than an order
of magnitude.

4.2.2 Heating from rf drives

We now apply the same framework to the rf-induced breakdown curves σ(Urf)

shown in Fig. 4.2a. The corresponding electronic temperatures Te(Pin) extracted
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Figure 4.4: rf-induced heating. a) Calculated electronic temperature Te as a function of
the applied microwave power Pin for frequencies between 1 and 25 GHz (same data as
in Fig. 4.2a). The black lines show the fitted curve of the Joule heating model, yielding
α = 3.5 ± 0.1 and the ratio G(ω)/Σ shown in b). Measurements taken from Sample
MBE_VBST_20230206a. b) Frequency dependence and fit of the parameter G(ω)/Σ =
Aωs, yielding A = (420±50)KαS/GHzs/W and s = 1.05±0.05. c) Onset of conductivity
σ as a function of the dc current Idc while applying a microwave drive at 8 GHz and
varying voltage (Urf = 0.1, 0.2, 0.5, 0.9, 1.8, 3.6 mV). The measurements where taken on
Sample MBE_VBST_20230705a at T ≈ 20mK and B = 2T. The black lines correspond
to a fit with the Joule heating model, using the fit parameters obtained in dc (Σ =
(37± 2) nW/Kα, α = 4.5± 0.1) as fixed parameter and fitting the impedance Z as a free
fit parameter, yielding Z = (3280± 60)Ω.

from the conductance are plotted in Fig. 4.4a. For rf excitation, the injected power
Pin = U2

rf/Z0 differs from the dissipated power Pdiss because of reflections caused
by the large impedance mismatch between the microwave line and the sample.
The dissipated power is instead given by

Pdiss = G(ω)U2
rf . (4.5)

The exponent α shows no systematic frequency dependence and varies between
3.2 and 3.5, slightly smaller than the dc value α = 4. Since this variation is not re-
producible across all samples, we attribute it to experimental uncertainty rather
than a fundamental difference in the underlying mechanism. In contrast, the
ratio G(ω)/Σ exhibits a clear frequency dependence, increasing approximately
as G(ω)/Σ ∝ ωs with s = 1.05 ± 0.05, as shown in Fig. 4.4b. This frequency
dependence can be understood intuitively by considering the inhomogeneous
bulk of the QAH insulator as a network of finite-size charge puddles embedded
in an otherwise insulating background (see schematic in Fig. 2.6). In the dc limit,
these puddles are effectively isolated and contribute only weakly to transport via
thermally assisted hopping. At radio and microwave frequencies, however, time-
dependent electric fields can charge the puddles and induce oscillating currents
within their finite extent. As a result, the charge puddles act as lossy elements
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that absorb rf power locally and convert it into heat, thereby raising the elec-
tronic temperature and indirectly enhancing the dc bulk conductance measured
in our experiments.
For frequencies below the inverse Thouless time, f ≲ 1/τTh, the ac conductance
of an individual puddle is expected to scale linearly with frequency, consistent
with our observations. The Thouless time τTh = L2

p/D is set by the puddle size Lp

and the diffusion constant D [72]. Physically, it corresponds to the characteristic
diffusion time required for charge carriers to travel across the entire puddle. For
excitation frequencies smaller than 1/τTh, charge carriers can diffuse across the
puddle within one oscillation period, allowing the system to establish a spatially
equilibrated charge distribution. Similar frequency-dependent absorption has
been reported in other strongly disordered systems [82, 126]. In some samples, a
steeper frequency dependence is observed, which may reflect additional capaci-
tive coupling between edge states and bulk puddles and can lead to a quadratic
ω2 scaling, as predicted from our charge puddle model in Chapter 3 and as re-
ported in the literature [18, 38].
Notably, the plasmon measurements of Chapter 3 were performed in the lower
frequency range of 0.3–4 GHz, whereas the breakdown measurements presented
here probe frequencies between 1 and 25 GHz. Within a simple RC picture of
edge-coupled puddles, the dissipative conductance is expected to evolve from
a low-frequency G ∝ ω2 dependence toward a weaker, approximately linear fre-
quency dependence as the excitation frequency approaches or exceeds the char-
acteristic puddle frequency fp ≃ 4− 8GHz. Consequently, the distinct frequency
dependences observed in the two chapters do not necessarily imply different
microscopic origins but may reflect different dynamical regimes of the same
puddle network. While our experiment does not allow a unique microscopic dis-
tinction between these absorption mechanisms, all samples consistently exhibit
enhanced rf absorption at higher frequencies.
Having established that dc and rf breakdown can be described independently
within the same framework, we next investigate their combined effect. Within
the Joule heating model, one expects the dissipated powers to add. Figure 4.4c
shows σ as a function of dc bias current Idc for different rf voltages Urf . At low
Idc, the conductance saturates at a value set by the rf excitation, consistent with
Fig. 4.2a. At low rf voltages, increasing Idc drives the system into the breakdown
regime. At sufficiently large Idc, all curves collapse, indicating that dc heating
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Figure 4.5: rf-induced heating at elevated temperatures. a) Conductance σ(Urf) for
temperatures between 20 mK and 800 mK at f = 8GHz. Black lines show fits of the
Joule heating model. b) Conductance σ(Tp) for different rf voltages, showing the VRH
behavior in the absence of rf excitation. c) Electronic temperature Te extracted from σ
as a function of applied microwave power for different Tp. Black lines correspond to
simulations using Eq. 4.4. Measurements taken from Sample MBE_VBST_20230206a.

dominates. To model this dataset, we define

Pdiss = RxxI
2
dc +

U2
rf

Z
, (4.6)

fix α = 4, and treat Z as an effective impedance parameter. The resulting fits,
shown as black lines in Fig. 4.4c, reproduce the overall trends, although with
reduced quantitative accuracy compared to the dc- or rf-only cases. This is ex-
pected given the simplified treatment of rf absorption.

Finally, we investigate the breakdown behavior at elevated refrigerator tem-
peratures Tp. Figure 4.5a shows σ(Urf) for temperatures up to 800 mK. As ex-
pected, the residual conductance at low voltages increases with temperature due
to VRH. The breakdown persists but shifts to higher voltages and becomes less
pronounced. Plotting the same data as σ(Tp) for different rf voltages (Fig. 4.5b)
reveals that rf excitation and temperature act additively.
We apply the Joule heating model without introducing additional fit parameters
and simply by setting Tp in Eq. 4.4 to the fridge temperature. We find excellent
agreement with the data as shown in Fig. 4.5c. All observed temperature- and
electric field-driven breakdown phenomena can thus be consistently explained
by a unified model combining Joule heating and VRH transport. This strongly
supports electron heating as the dominant breakdown mechanism in the QAH
regime under rf excitation. The resulting frequency dependence of the break-
down voltage, Ubd ∝ 1/

√
f , places stringent constraints on the operation of

lossless high-frequency QAH-based devices [15, 16]. While the Joule-heating
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model provides a consistent description of all observed breakdown phenomena,
it relies on several simplifying assumptions. In the following, we discuss the
main approximations underlying the model and outline the regime of validity
of our analysis.

4.2.3 Model approximations and assumptions

The Joule-heating model introduced above relies on several simplifying assump-
tions that are important to state explicitly to clarify the regime of validity of
our analysis. First, the temperature parameter Te entering the VRH expression
(Eq. 4.2) formally describes both the electronic temperature and the phonon bath
assisting the hopping process. Using this relation as an effective electronic ther-
mometer, therefore implicitly assumes that the relevant phonons within the 8 nm-
thin V-BST layer are thermalized with the electronic system at temperature Te.
In contrast, phonons in the much thicker InP substrate (350 µm) are assumed to
remain in thermal equilibrium with the refrigerator at temperature Tp and act as
an efficient heat sink.
Second, we assume that both the electronic temperature Te and the phonon tem-
perature Tp are spatially homogeneous across the device. This approximation ne-
glects local temperature variations, in particular near contacts and device corners
where enhanced dissipation is expected [114]. Possible temperature differences
between the top and bottom surfaces of the topological insulator film are also
neglected, as their separation (8 nm) is much smaller than the relevant phonon
wavelengths in the temperature range of the experiment.
Furthermore, the model does not explicitly account for the detailed geometry
of the microwave field, which is expected to be strongest near the excitation
finger gates and to vary with excitation frequency. Instead, rf absorption is
described phenomenologically by a single effective, frequency-dependent dissi-
pation parameter G(ω). Finally, energy relaxation is treated using a phenomeno-
logical power-law cooling model characterized by the parameters α and Σ. This
approach does not distinguish between different microscopic phonon modes
or scattering mechanisms and assumes a single dominant energy-loss channel
across the relevant temperature and power ranges. Despite these simplifica-
tions, the model captures all observed trends quantitatively and provides a self-
consistent framework for interpreting the breakdown behavior under both dc
and rf excitation.
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4.2.4 Discussion of alternative mechanisms

Given the observed frequency dependence, photon-assisted hopping was ini-
tially considered as a possible breakdown mechanism. In this picture, microwave
photons assist transitions between localized states, playing a role analogous to
phonons in VRH [86, 118]. However, photon-assisted hopping predicts an ex-
ponential dependence on frequency and a quadratic dependence on excitation
voltage, neither of which is observed experimentally.
An alternative scenario is electric field-driven hopping, as described by Polyakov
and Shklovskii [90]. In this case, the conduction is non-Ohmic as we will discuss
in the following section 4.3. In this model, transport is governed by an effective
electronic temperature set by the Hall electric field, leading to

σ =
σ0,U

U
exp

(
−
√
U0/U

)
. (4.7)

This model differs from Joule heating only in the scaling exponent. The model
by Polyakov and Shklovskii yields a scaling of T ∝ U , while the Joule heating
model yields T ∝ U2/α. Hence, they yield the same result for α = 2. However,
since we consistently extract values of α ≳ 3.4 that are incompatible with the
Polyakov-Shklovskii prediction for purely electric field-driven hopping. We em-
phasize, however, that field-induced hopping and Joule heating are not mutually
exclusive mechanisms. Both processes are generically present under strong elec-
tric fields and compete in assisting hopping events. In the present QAH devices,
transport is dominated by heating, indicating that the electronic temperature
rises sufficiently rapidly to be the controlling factor. Electric field-driven hop-
ping may nevertheless become relevant in regimes of stronger localization (lower
residual bulk conductance) or at smaller electric fields than those accessible here.
This competition between electric field-driven and heating-dominated transport
will be discussed explicitly in the context of graphene in Sec. 4.3, where the local-
ization strength can be tuned systematically, and both regimes can be observed
within a single device.

4.3 Non-Ohmic to Ohmic crossover of quantum Hall
breakdown in graphene devices

To disentangle universal aspects of QH breakdown from material-specific effects
observed in QAH insulators, we now turn to graphene. Owing to its high
mobility and well-understood Landau level spectrum, graphene provides a
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clean platform for studying QH breakdown mechanisms in the absence of mag-
netic doping. We therefore investigate the breakdown of quantized transport
in graphene as a function of the filling factor and applied electric field. This
approach allows us to distinguish between non-Ohmic, electric field-driven,
and heating-dominated transport. And it allows us to establish a benchmark for
comparison with QAH systems.
In contrast to QAH insulators, where the localization strength of bulk states is
largely fixed by material disorder and film thickness, graphene offers continuous
tunability of bulk localization within a single device by varying the filling factor.
This tunability can be conveniently parameterized by the hopping energy scale
kBT0, which quantifies the degree of localization of bulk states and can be ex-
tracted directly from temperature-dependent transport measurements (by fitting
σ(T ) with the VRH law in Eq. 4.2). In the following, the parameter T0 serves
as a quantitative measure of bulk localization and provides a unifying axis
for comparing breakdown behavior across different filling factors. Graphene
provides access to a broad range of localization regimes, spanning from strongly
localized states deep within Landau level gaps to weakly localized states near
plateau transitions [115, 127–129]. By studying breakdown behavior across this
wide range of kBT0, we directly probe the crossover from non-Ohmic hopping
transport to an Ohmic regime dominated by Joule heating, thereby establishing
a quantitative framework for interpreting the breakdown behavior observed in
QAH systems. In the QH regime, disorder broadens the Landau levels and gives
rise to localized states away from the Landau level centers. At low temperatures,
bulk transport proceeds via VRH between these localized states, as described
by Polyakov and Shklovskii [90]. A key difference between graphene and QAH
systems lies in the microscopic nature of these bulk states. In graphene, spatial
fluctuations of the electrostatic potential lead to local crossings between Landau
levels and the chemical potential, forming quasi-one-dimensional closed trajec-
tories encircling electron and hole puddles, as illustrated in Fig. 4.6a. In contrast,
in V-BST, the QAH insulator studied in the previous chapter, bulk states are
two-dimensional and filled, resulting in a qualitatively different landscape of
localization and screening, as illustrated in Fig. 4.6b. While the hopping between
the localised states can be well described by VRH in either case, the intra-puddle
conductance and the magnetic field dependence will be altered.
Another important distinction arises from the Landau level spectrum of
graphene. Due to the linear dispersion of Dirac fermions, the Landau levels are
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located at energies [130, 131]

EN = ±vF
√
2eℏB|N |, (4.8)

where N is the Landau level index and vF the Fermi velocity of the Dirac dis-
persion. As a result, the cyclotron gaps scale as

√
B and are substantially larger

than in conventional two-dimensional electron gases. In addition, in high out-
of-plane magnetic fields, the fourfold spin and valley degeneracy of the Landau
levels is lifted by exchange interactions, giving rise to smaller symmetry-broken
gaps associated with spin or valley polarization [115]. Graphene, therefore,
exhibits a hierarchy of energy gaps, ranging from a few kelvin for symmetry-
broken states to several hundred kelvin for cyclotron gaps at magnetic fields of
the order of 10 T. The electronic properties of graphene in magnetic fields are
discussed in detail in Chapter 5.
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Figure 4.6: Bulk states in the QH and QAH regimes. a) Quantum Hall (QH) effect.
Top: Spatial fluctuations of the Landau levels LLn and LLn+1 in a disordered potential
landscape. Whenever a Landau level crosses the Fermi energy EF , bulk states appear.
Bottom: In real space, these crossings correspond to closed, one-dimensional drift tra-
jectories that percolate at the center of each Landau level. b) Quantum anomalous Hall
(QAH) effect. Top: Spatial variations of the conduction band edge ECB and valence
band edge EVB relative to the Fermi level give rise to electron- and hole-like regions.
Bottom: These fluctuations result in two-dimensional electron and hole puddles in the
bulk, which are separated by locally gapped regions. In contrast to the QH case, the bulk
states in the QAH regime are not associated with Landau quantization.
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The breakdown of the QH effect under strong electric fields has been extensively
studied in conventional two-dimensional electron systems [3, 26] and later ex-
tended to graphene [4, 24, 25]. A widely used description is provided by the
Polyakov–Shklovskii model [90], which interprets non-Ohmic transport in terms
of an effective electronic temperature Teff proportional to the local Hall electric
field E, kBTeff = eξE/2, where ξ is the localization length (see Sec. 2.3). The key
idea is that the electrostatic potential gain eξE/2 replaces the thermal energy kBT .
Within this framework, nonlinear current–voltage characteristics at breakdown
reflect field-assisted hopping rather than Joule heating.
Graphene provides an experimentally accessible platform for probing different
hopping regimes in the QH effect. In addition to localization physics, energy
relaxation plays a crucial role in the breakdown of the QH effect in graphene.
Baker et al. showed that hot Dirac fermions in graphene exhibit energy loss
rates [25] that are more than an order of magnitude larger than in GaAs-based
two-dimensional electron systems [132]. This rapid energy relaxation leads to
unusually high breakdown current densities and has important consequences
for the crossover from non-Ohmic transport to regimes where Joule heating dom-
inates the response.
Despite significant progress, two important gaps remain in the literature. First,
most studies focus on selected filling factors or fixed magnetic fields, either deep
inside a gap or near plateau transitions, rather than providing a systematic map-
ping of breakdown across a broad range of localization energies. As a result, the
crossover from non-Ohmic VRH to Ohmic, heating-dominated transport has not
been explored within a unified framework. Second, previous investigations are
almost exclusively restricted to dc or low-frequency measurements. This is a
significant limitation, as many envisioned applications of graphene QH systems
operate at radio and microwave frequencies, including single-electron quantum
optics experiments [28, 133] and non-reciprocal microwave components [15, 134].
Addressing QH breakdown in this frequency range is therefore essential from
both fundamental and applied perspectives.
We investigate the breakdown of QH states in graphene under dc and rf exci-
tation up to 10 GHz. As in the QAH study, we use the dc conductance σ as a
frequency-independent probe of bulk transport while applying electric fields
over a wide range of voltages and frequencies. Throughout this section, we use
the bulk conductance σ as an effective thermometer by mapping σ(Udc,rf) onto
σ(T = Teff). Teff is the temperature that would yield the same conductance in
equilibrium as the voltage Udc,rf . We analyze the scaling Teff ∝ Uβ

dc,rf as a function
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of filling factor and magnetic field, and show that the crossover from non-Ohmic
transport to heating-dominated Ohmic behavior is controlled solely by the local-
ization strength encoded in kBT0. We first introduce the device geometry and dc
characterization before presenting the breakdown measurements in detail.

4.3.1 Device layout and dc characterization

The samples were fabricated by Aifei Zhang under the supervision of François D.
Parmentier and Olivier Maillet at the University of Paris-Saclay. Therefore, we
do not detail the fabrication process here and instead focus on the sample geom-
etry. To disentangle bulk transport from edge-state contributions, the graphene
sheet is patterned into a Corbino geometry, which is convenient for studying
breakdown mechanisms governed by VRH and electronic heating.
A microscope image of the device is shown in Fig. 4.7a. The heterostructure
consists, from bottom to top, of graphite–hBN–graphene–hBN–hBN. The bottom
graphite layer serves as a local back gate, capacitively coupled to the graphene
through the bottom hBN layer, allowing continuous tuning of the filling fac-
tor ν. Encapsulation in hBN suppresses charge inhomogeneity and yields high
carrier mobility, which is essential for stabilizing symmetry-broken QH states.
The graphene layer is etched into a disk with lateral dimensions of 7.5× 10µm2.
Four Ohmic contacts are fabricated: one at the center and three at the perime-
ter. The central contact defines the inner radius of the Corbino device, with a
diameter of approximately 2 µm, and is electrically isolated by an additional
hBN flake (blue contrast in Fig. 4.7a). The separation between bulk and edge
transport in the Corbino geometry is illustrated in Fig. 4.7b. In the QH regime,
edge states form along both the inner and outer perimeters, but they are not
directly connected. Consequently, when a voltage bias is applied between the
inner and outer contacts, the resulting current must flow through the bulk. The
two-terminal configuration employed here therefore provides a direct measure
of the bulk conductance σ.
To probe the bulk conductance, a small ac voltage of 100 µV at 7 Hz, well below
the breakdown threshold, is applied to the central contact, while the outer con-
tacts are grounded (Fig. 4.7a). The voltage drop across the device and across a
20 kΩ series resistor is measured using lock-in detection, allowing the current
and hence the bulk conductance σ to be determined. Independent measurements
in the metallic regime confirm that contact resistances are negligible (R ≈ 3 kΩ).
This low-frequency lock-in technique is used throughout as a sensitive probe of
the bulk conductance under temperature variation as well as under dc and rf
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Figure 4.7: Sample layout and experimental setup. a) Microscope image of the device.
The top contact is connected to a graphite back gate (grey contrast). The graphene
Corbino device is sandwiched between hBN flakes (shown in green). The blue flake is
an additional hBN flake, avoiding shorts between the graphene and the central Ohmic
contact(right). The left Ohmic contacts are grounded, and two are connected to rf sources
via bias-tees. The conductance is obtained by voltage-biasing the central contact. b)
Sketch of the corbino device for ν = 2 (for simplicity). The outer edge states (red lines)
and the inner edge states (blue lines) are only connected via bulk states. Hence, the
conductance σ measured between the inner and outer has no edge state contribution.
A dc bias voltage Udc creates a static radial electric field of approx E = Udc/w. An rf
voltage U launches an edge plasmon that propagates around the outer edge, creating a
time- and space-dependent electric field across the bulk.

drives.
For dc breakdown measurements, a dc offset Udc is added to the low-frequency
excitation, generating a static radial electric field across the bulk. To first approxi-
mation, the average electric field strength can be estimated as E ≈ Udc/w, where
w denotes the distance between the inner and outer contacts. A filling-factor-
dependent correction arises from the impedance mismatch between the 50 Ω
measurement circuit and the edge-state impedance Z = RK/ν, which affects the
effective voltage drop across the device.
In the case of rf breakdown, our setup does not allow us to apply the excitation
to the inner contact. Instead, an rf voltage with root-mean-square amplitude Urf

is applied to one of the outer contacts, as sketched in Fig. 4.7b. This excitation
launches collective charge oscillations (edge plasmons) along the outer edge,
which generate a time- and position-dependent radial electric field across the
bulk. While the detailed spatial profile depends on geometry and frequency, the
characteristic field amplitude scales with the applied rf drive, E ∝ Urf . Concep-
tually, both dc and rf excitation generate an effective radial electric field across
the bulk, allowing breakdown to be compared on equal footing. Importantly,
the measured quantity remains the dc bulk conductance between the inner and
outer contacts. The rf excitation modifies the bulk response only through the
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induced time-dependent electric field. Above 1 GHz, the absolute rf voltage
amplitude carries a systematic calibration uncertainty due to reflections and
standing waves in the setup. This affects the absolute field scale but not the rel-
ative trends discussed below. At low temperatures and in the absence of strong
electric fields, the bulk conductance exhibits well-developed QH plateaus as a
function of the filling factor ν at B = 9T, as shown in Fig. 4.8. Wide plateaus ap-
pear at ν = 2, 6, 10, corresponding to large cyclotron gaps. Narrower plateaus at
ν = 4 and 8 originate from spin splitting. The plateau at ν = 8 is not fully devel-
oped at the maximum magnetic field accessible in our setup. Valley-split gaps at
ν = 3, 5, 7, 9 remain too small to yield insulating bulk behavior. While the discus-
sion below focuses on electron doping and B = 9T, additional measurements
at negative filling factors and smaller magnetic fields are shown in Appendix E.
In the following, we concentrate on the cyclotron gaps at ν = 6, 10 and the spin
gaps at ν = 4, 8, which provide access to a broad range of localization strengths.

4.3.2 Observation of the electric field-driven breakdown

Having established the low-bias measurement scheme, we now turn to the re-
sponse of the bulk under a strong static electric field (Udc). Figure 4.9a shows the
bulk conductance σ (measured by the 100 µV, 7 Hz bias voltage) as a function of
filling factor ν for increasing dc bias voltages Udc. The blue curve corresponds
to zero bias and reproduces the well-developed QH plateaus shown in Fig. 4.8.
With increasing Udc, the plateaus progressively shrink. The spin gaps at ν = 4, 8

collapse already at bias voltages of the order of 1 mV, whereas the larger cy-
clotron gaps at ν = 6, 10 remain insulating up to the maximum applied voltage
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Figure 4.8: Low-bias, low-temperature conductance. Conductance σ as a function of
the filling factor ν at B = 9T and T ≃ 20mK. The different gaps are highlighted by
color coding: grey → cyclotron gap, red → spin gap, green → valley gap.
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of Udc = 50mV when the Fermi level is tuned to the center of the gap. Never-
theless, even for the cyclotron gaps, a continuous reduction of the plateau width
with increasing bias voltage is observed.
The corresponding voltage dependence of the conductance for selected filling
factors is shown in Fig. 4.9d. For all filling factors, the curves exhibit a charac-
teristic VRH–like behavior, with an exponential onset of conductance at small
voltages followed by a gradual increase at larger bias voltages. This functional
form already suggests that hopping between localized bulk states governs the
onset of dissipation.
The same analysis is performed under rf excitation at a frequency of 6 GHz, as
shown in Fig. 4.9b. The evolution of σ(ν) closely mirrors the dc case: the spin
gaps at ν = 4, 8 disappear first, followed by a gradual narrowing of the cyclotron
gaps at ν = 6, 10. The primary difference lies in the overall voltage scale, which
is shifted by approximately a factor of 10. We attribute this shift to uncalibrated
attenuation in the microwave lines between the vector network analyzer and the
sample. Importantly, once this overall scaling is taken into account, the voltage
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Figure 4.9: Breakdown under dc/rf excitation and temperature. (a–c) dc bulk conduc-
tance σ vs. filling factor ν for increasing dc bias voltages Udc (a), increasing microwave
power at 6 GHz (b), and increasing temperature (c). (d–f) Corresponding line cuts, show-
ing dc bulk conductance σ vs. dc bias voltage Udc (d), microwave voltage Urf (e), and
temperature T (f) at selected filling factors. The black lines in f) correspond to a fit with
Eq. 4.2 with T0 and σ0 as fitting parameters (with an offset for not fully developed gaps).
All measurements are taken at B = 9T.
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Figure 4.10: Frequency dependence of breakdown. (a) Conductance σ vs. dc bias
voltage Udc for selected excitation frequencies at ν = 4. The voltage is normalized by
Ubd, defined where the conductance reaches half of its maximum (σ(U = Ubd) = σmax/2.
(b) The breakdown voltage UBD normalized by its value at ν = 4 for the filling factor
ν = 4.0, 5.9 and 10.4, showing weak intrinsic frequency dependence within the error
margin. All measurements are taken at B = 9T.

dependence of the conductance, shown in Fig. 4.9e, is indistinguishable from the
dc case. This indicates that the underlying breakdown mechanism is the same
for dc and rf excitation.
To test explicitly whether the breakdown mechanism depends on frequency,
we repeat the measurement for excitation frequencies ranging from dc up to
10 GHz. Figure 4.10a shows the conductance as a function of bias voltage for rep-
resentative frequencies (dc, 1 kHz, 1 MHz, and 1 GHz). To correct for frequency-
dependent losses in the measurement setup, the voltage axis is normalized by a
breakdown voltage Ubd, defined as the voltage at which the conductance reaches
half of its maximum σ(Ubd) = σmax/2. After this normalization, all curves over-
lap, demonstrating that the voltage dependence of the breakdown is indepen-
dent of frequency over the investigated range. This conclusion is further sup-
ported by Fig. 4.10b, which shows the normalized breakdown voltage Ubd as a
function of frequency for several filling factors (ν = 4.6, 5.9, 10.4). The normaliza-
tion is performed with respect to the value at ν = 4.6 to eliminate setup-related
effects that are independent of the filling factor. The absolute values of Ubd

differ between gaps, reflecting the larger stability of cyclotron gaps compared
to spin gaps, but no systematic frequency dependence is observed within the
experimental uncertainty. This demonstrates that, in contrast to QAH devices,
the breakdown mechanism in graphene is frequency independent up to at least
10 GHz.
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Finally, the similarity between the voltage-driven and temperature-driven sup-
pression of the QH plateaus suggests that VRH plays a central role in the onset
of dissipation. We therefore turn next to the temperature dependence of the con-
ductance, which is known to follow a VRH law [4, 24, 90]. This analysis allows us
to extract the relevant energy scales and to assess whether electric field–driven
and temperature-driven breakdown share a common microscopic origin.

4.3.3 Breakdown at elevated temperatures

The temperature-dependent conductance σ as a function of filling factor ν is
shown in Fig. 4.9c. Similar to the electric field–driven breakdown, we observe
a continuous closing of the QH gaps with increasing temperature. The spin
gaps at ν = 4, 8 close at temperatures of approximately 1 K, whereas the larger
cyclotron gaps only close at temperatures above approximately 20 K. Compared
with electric field–driven breakdown, temperature-driven measurements allow
us to access slightly larger energy scales, leading to the onset of conductance
even in the center of large cyclotron gaps.
The temperature dependence of the conductance for four representative filling
factors, corresponding to different gaps, is shown in Fig. 4.9f. The curves exhibit
the same characteristic shape as the voltage-dependent conductance shown in
Fig. 4.9d–e. All curves are well described by the Efros–Shklovskii VRH law
given in Eq. 4.2. The corresponding fits, shown as black lines in Fig. 4.9f, are in
excellent agreement with the experimental data.

From these fits, we extract the hopping energy scale kBT0, which we use in
the following as a quantitative measure of the localization strength of the bulk
carriers. Using Eq. 2.12, we can further estimate the localization length ξ and the
average hopping distance

rhop = ξ

√
T0

T
, (4.9)

which will later be used to estimate the electrostatic energy eErhop associated
with a hopping event in the presence of a strong electric field E.
We perform this fitting procedure for various filling factors across all four gaps,
thereby extracting T0(ν), as shown in Fig. 4.11. The extracted hopping energy
kBT0 is systematically larger for the cyclotron gaps (ν = 6, 10) than for the spin
gaps (ν = 4, 8) and generally decreases as the filling factor is tuned from the
center of a gap toward the transition to the neighboring Landau level. This de-
pendence on filling factor is theoretically predicted to scale as T0 ∝ |ν−νc|2.3 [135–
138], where νc corresponds to the center of a Landau level. This scaling law has
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Figure 4.11: Temperature T0 vs. filling factor ν. Fit parameter T0 and its error are shown
as a function of the filling factor ν. T0 is extracted from fits of the temperature-dependent
conductance σ(T ) with the VRH law in Eq. 4.2. The secondary axis shows the low-bias,
low-temperature conductance σ(ν). Both measurements are taken at B = 9T.

been investigated in numerous experimental studies [3, 24, 127–129, 139]. Since
the scaling behavior itself is not the focus of this work, we do not analyze it
further and instead use kBT0 solely as a parameter characterizing the localization
strength.
In the following, we use the VRH fits as a thermometer by mapping the mea-
sured σ(Udc) onto the calibration curve according to σ(Udc) = σ(T = Teff) (as in
Sec. 4.2.1). This yields an effective temperature Teff that would produce the same
conductance in equilibrium as the voltage Udc. In the following, we analyze its
dependence on the applied voltage Udc to differentiate between non-Ohmic and
Ohmic conduction.

4.3.4 Non-Ohmic and Ohmic regime

As discussed in Sec. 4.2.3, the scaling between the effective temperature Teff and
the applied voltage Udc provides a direct way to distinguish between two trans-
port regimes: (1) non-Ohmic conduction, when hopping is driven by the electric
field between hopping sites and (2) Ohmic conduction, when hopping is driven
by temperature (phonons) due to Joule heating. In the non-Ohmic case, the elec-
tric field E plays a role analogous to temperature and leads to a linear scaling
Teff ∝ Udc. In the Ohmic case, the transport is dominated by Joule heating, and
we find Teff ∝ U

2/α
dc , where α is the exponent governing the electron–phonon cool-

ing power. This results in a power-law dependence Teff ∝ Uβ
dc with β ≃ 0.4–0.67

for α = 3–5 [114, 122, 123, 126]. By plotting Teff as a function of Udc on double-
logarithmic axes, the dominant transport mechanism can therefore be identified
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from the slope.
Figure 4.12a shows Teff as a function of dc bias voltage for four representative
filling factors. For the cyclotron gaps (ν = 6.4, 10.2), Teff remains approximately
constant up to bias voltages of about 1 mV, followed by a linear increase with
Udc. The apparent plateaus at low voltages are an artifact of the thermometry:
when the conductance falls below the experimental resolution, Teff is mapped to
the temperature at which an onset of conductance becomes detectable. Above
this threshold, a clear linear scaling Teff ∝ U is observed.
In contrast, for the smaller spin gaps (ν = 4.0, 8.1), Teff approximately follows
a U1/2 dependence over a wide voltage range, although a slightly steeper slope
is visible at low bias. At first glance, this suggests that breakdown in the large
cyclotron gaps is in the non-Ohmic regime (β ≈ 1), whereas breakdown in the
smaller spin gaps is governed by Ohmic transport (β ≈ 1/2).
This observation immediately raises the question of whether the same cyclotron
gap can exhibit Ohmic conduction behavior when the Fermi level is tuned closer
to the plateau edges, where the hopping energy kBT0 is reduced. To address
this, we repeat the analysis of Fig. 4.12a for a wide range of filling factors and
fit the data with a power-law form Teff(U) = AUβ . The extracted exponent β,
together with its uncertainty, is plotted as a function of the hopping energy kBT0

in Fig. 4.12b. We observe a continuous increase of the exponent from β ≃ 0.4 at
small T0 to β ≃ 1 at large T0. This demonstrates a smooth crossover from Ohmic
transport (β ≃ 0.40–0.66) to non-Ohmic transport (β ≃ 1.0) as the localization
strength increases. Importantly, this shows that field-driven hopping and heat-
ing are not mutually exclusive mechanisms. Instead, they are both contributing,
and only their relative importance changes with the degree of localization en-
coded in kBT0.
The crossover can also be probed as a function of bias voltage. For filling factors
with intermediate hopping energies, we observe effective exponents β between
0.7 and 0.9, which lie between the two limiting regimes. Figure 4.12c shows
Teff(Udc) for four filling factors spanning the transition between ν = 6.34 and
ν = 6.64, corresponding to T0 ≃ 180K and T0 ≃ 40K respectively. For all curves,
the slope evolves from approximately unity at low voltages to approximately 1/2

at higher voltages. The characteristic crossover voltage Uc, at which this change
in slope occurs, shifts to higher values as the filling factor is tuned deeper into
the gap.
To quantify this behavior, we perform a sliding-bias analysis in which six consec-
utive data points are fitted with a power law Teff ∝ Uβ

dc. The resulting exponent
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Figure 4.12: Heating analysis (a) Effective electronic temperature Teff , extracted by map-
ping the measured conductance σ(U) onto the temperature-dependent VRH calibration
σ(T ) (see Fig. 4.9f), vs. the dc bias voltage Udc for four representative gaps. One observes
Teff ∝ U for ν = 6.4, 10.2 and Teff ∝ U1/2 for ν = 4.0, 8.1. The dashed lines indicate a scal-
ing of Teff ∝ Udc and Teff ∝ U

1/2
dc . (b) Exponent β from a fit of the power law Teff ∝ Uβ ,

plotted vs. the hopping energy T0 at the same ν. Grey and blue regions indicate the
expected ranges for Joule-heating–dominated and non-Ohmic transport, respectively. (c)
Same as a) for various filling factors within the ν = 6 gap. (d) Bias-dependent power-law
exponent β from sliding-window fits: each fit uses six adjacent data points of Teff(Ūdc),
with the exponent β plotted at the mean Ūdc if the MSE is < 10%. The plots contain the
same data as in Fig. 4.9.

β is assigned to the center of the corresponding bias window, provided the mean
squared error of the fit is below 10%. The extracted bias dependence of β is
shown in Fig. 4.12d as a function of the mean voltage Ūdc of the corresponding
bias window. We observe a systematic decrease of β with increasing bias volt-
age, with the crossover shifting to higher voltages for larger hopping energies
kBT0. This confirms that the localization strength (kBT0) plays a central role in
determining the transition from the non-Ohmic to the Ohmic regime.
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4.3.5 Discussion of the crossover behavior

The physical origin of the observed crossover can be understood by comparing
the electrostatic energy eErhop associated with a hopping event to the thermal
energy kBTe. Both contributions assist hopping and are therefore always present
simultaneously. The dominant transport mechanism is determined by which
energy scale is larger. For eErhop > kBTe, transport is non-Ohmic. This regime
may be viewed as a “cold” regime, in which the electronic temperature remains
close to equilibrium. When kBTe > eErhop, transport is governed by the thermal
activation of hopping processes and follows the usual VRH law, with Te deter-
mined by Joule heating (see Eq. 4.4).
Since the hopping distance depends on temperature as rhop ∝ T

−1/2
e , the

crossover between these regimes is not trivial. Moreover, the electronic tempera-
ture Te is not directly experimentally accessible. Instead, we extract an effective
temperature Teff , which corresponds to the temperature Te, which would yield
the same conductivity σ for low bias voltages. In the non-Ohmic regime, Teff

exceeds the true electronic temperature because it is defined through the electro-
static energy scale eξE/(2kB). To estimate the actual electronic temperature, we
use a Joule-heating model of the form Te = (σ(U)U2/Σ)1/α (assuming Te ≫ Tp).
For simplicity, we set α = 3 and adjust Σ such that Te = Teff at high bias, where
heating-dominated transport is confirmed by the exponent β.
The resulting comparison between Te and Teff is shown in Fig. 4.13a for ν = 6.6.
A consistent description is obtained for all filling factors using electron–phonon
coupling constants Σ in the range 0.1–0.4 WK4/m2, consistent with values
reported in the literature [124, 125]. Based on this comparison, we define
an alternative crossover voltage Uc by the condition Te ≈ 0.8Teff . While the
numerical value of the prefactor is arbitrary, the qualitative conclusions are
insensitive to its precise choice.
Figure 4.13b compares this definition of Uc with the crossover voltage extracted
from the bias dependence of β. Both measures show an increase of Uc with
hopping energy kBT0, although their shapes differ, which we attribute to uncer-
tainties in estimating the true electronic temperature. Notably, the crossover
voltage follows the same qualitative dependence on T0 as the conductance onset
Ubd, defined here as the bias at which σ reaches half of its maximum value
(σ(Ubd) = σmax/2). This indicates that heating becomes dominant once the dissi-
pated Joule power σU2 is sufficiently large to raise the electronic temperature.
Bennaceur et al. [24] reported similar changes in the exponent β, which they
attributed to the activation of carriers in higher Landau levels. However, their
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Figure 4.13: Transition from non-Ohmic to Ohmic. (a) Effective temperature Teff and
estimated electronic Te vs. the dc bias voltage Udc. Teff is estimated by mapping σ(Udc)
to σ(T ). Te is estimated from the Joule heating model (α = 3 and Σ = 1.9×10−11W/K4).
The curves correspond to a filling factor of ν = 6.6. (b) Crossover voltage Uc vs. hopping
energy T0 for filling factors ν = 6.16− 6.69. Uc is estimated using two different criteria:
(1) the bias voltage Udc, where β crosses 0.83 (blue, see example in Fig. 4.12d), or (2) the
bias voltage Udc, where Te = 0.8Teff (red, see example in a). The black line corresponds
to the breakdown voltage Ubd, defined where σ = σmax/2. The plots use the same raw
data as Fig. 4.9a,c.

analysis was restricted to cyclotron gaps at higher magnetic fields and did not
access the regime in which heating dominates. By systematically mapping
breakdown across a wide range of hopping energies kBT0, we can distinguish
the two regimes and demonstrate a continuous crossover from non-Ohmic VRH
at large T0 to Joule-heating–dominated transport at weaker localization.

4.4 Summary and conclusions

In this chapter, we investigated the breakdown of dissipationless edge-state
transport in QAH insulators under microwave excitation and compared it to
the breakdown of the conventional QH effect in high-mobility graphene. The
central goal was to clarify whether rf excitation introduces qualitatively new
breakdown mechanisms compared to dc bias, and to identify the microscopic pa-
rameters that control the transition from dissipationless to dissipative transport.
Our measurements on QAH devices demonstrate that the breakdown of quanti-
zation under rf excitation is governed primarily by electron heating. Although
the breakdown voltage decreases with increasing frequency, the underlying con-
ductance curves collapse when expressed in terms of the electronic temperature
extracted from a fit with a VRH law. A minimal Joule-heating model, combined
with VRH transport in the bulk, consistently accounts for the observed rf- and dc-
driven breakdown, the temperature dependence, and the combined action of dc
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and rf excitation. These findings strongly support a picture in which microwave
irradiation raises the electronic temperature via bulk absorption, thereby indi-
rectly enhancing the dc bulk conductance.
To place the QAH results into a broader context, we performed a systematic
comparison with a graphene Corbino device, which allows us to study the break-
down across a wide range of localization strengths. In graphene, we identified
a clear crossover from a non-Ohmic regime to an Ohmic regime with increasing
bias voltage. Crucially, this crossover is controlled solely by the hopping energy
scale kBT0, which quantifies the localization strength of the bulk states. In the
studied range of bias voltages and for large hopping energies kBT0, transport
is dominated by field-assisted hopping and exhibits non-Ohmic behavior. As
kBT0 decreases, either by tuning the filling factor toward plateau transitions or
by considering smaller gaps, Joule heating becomes increasingly dominant, and
transport is dominated by an Ohmic regime. Importantly, this crossover occurs
continuously and does not depend on the excitation frequency up to 10 GHz, in
contrast to the finding in the QAH insulator, where bulk conduction is enhanced
at higher frequencies.
This finding provides a unifying framework to interpret the QAH breakdown
results. The characteristic hopping energies T0 ≃ 17K extracted for QAH de-
vices are comparable to the smallest values of kBT0 studied in graphene. In
this regime, graphene already exhibits heating-dominated transport, which ex-
plains why QAH devices do not show a pronounced non-Ohmic regime and
why electron heating provides a consistent description of both dc and rf break-
down. Within this framework, the apparent absence of a non-Ohmic regime in
QAH systems is not a qualitative difference, but rather a consequence of operat-
ing in a parameter range where heating dominates. At smaller voltages or less
disordered samples, there might be a regime dominated by the field-induced
hopping.
A key difference between QAH devices and graphene emerges in the frequency
dependence of rf-induced breakdown. In QAH systems, we observe a clear
frequency dependence of the absorbed power, which we attribute to finite-size
charge puddles in the bulk. At radio frequencies, these puddles act as lossy el-
ements that absorb rf energy through capacitive coupling, leading to enhanced
heating at higher frequencies. In graphene, by contrast, bulk states form ex-
tended, quasi-one-dimensional edge states around charge puddles. As a result,
no intrinsic frequency dependence of the breakdown mechanism is observed in
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graphene up to 10 GHz. This comparison highlights that the frequency depen-
dence in QAH systems is not an inherent property of hopping transport itself,
but rather a geometric and electrostatic effect associated with finite-size bulk
inhomogeneities.
The unified picture of heating developed in this chapter also enables direct pre-
dictions of dc transport. While non-Ohmic hopping may contribute at very small
currents in strongly localized regimes, transport becomes unavoidably domi-
nated by Joule heating once the longitudinal resistance reaches values of a few
hundred ohms. Beyond this point, the electronic temperature rises rapidly with
applied power, and the transport is dominated by heating at finite bias voltages,
irrespective of whether the excitation is dc or rf. This explains why dc break-
down measurements at finite bulk conductance often appear consistent with
heating-based models [23, 114], while they appear consistent with non-Ohmic
VRH at vanishing bulk conductance [20, 58].
Finally, these results have important implications for applications of QAH sys-
tems. The onset of dissipation under rf excitation sets an upper bound on the
usable signal amplitude in the dissipationless regime. This bound decreases with
increasing temperature and frequency, as both enhance electronic heating. Conse-
quently, while QAH insulators are promising platforms for low-dissipation elec-
tronics and microwave devices, their operation is fundamentally constrained by
heating-induced breakdown. This work highlights the importance of bulk inho-
mogeneity and thermalization and identifies safe operating regimes for lossless
high-frequency quantum devices [15, 16].
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Chapter 5

Single-electron sources in quantum
dots

In this chapter, we explore the realization of a gate-defined single-electron source
(SES) in bilayer graphene (BLG) and its characterization under radio-frequency
(rf) excitation. The ability to control and manipulate individual electrons in
solid-state systems is a central goal in modern condensed matter physics, as it
enables the study of charge coherence, electron–electron interactions, and inter-
ference. A key requirement for such investigations is the controlled emission
of individual electrons. Devices capable of releasing electrons in a periodic and
well-defined manner are referred to as SESs. SESs enable the generation of quan-
tized charge currents, opening the door to probing coherent charge propagation
in mesoscopic circuits [27, 140–143]. Beyond metrological applications, SESs
have enabled fundamental experiments in electron quantum optics. In particu-
lar, SESs allow two-particle interference measurements in quantum Hall systems,
providing direct access to the quantum statistics of electrons [28]. More recently,
similar techniques have been extended to the fractional quantum Hall regime,
where SESs enabled the observation of anyonic exchange statistics [29, 144, 145].
BLG provides a promising platform for realizing such SESs. In contrast to con-
ventional GaAs- or Si-based nanostructures, BLG combines high carrier mobility
and long phase coherence lengths with electrostatic tunability [30, 32]. Its am-
bipolar nature allows a continuous transition between electron and hole trans-
port within the same device [146], while the dual-gated (top and bottom gate)
geometry enables local and independent control over both carrier density and
band gap. Moreover, BLG can be integrated with superconducting contacts, en-
abling the fabrication of BLG–superconductor hybrid devices [147, 148]. Such
structures provide a versatile platform for studying the interplay between super-
conducting proximity effects and charge, spin, and valley degrees of freedom.
In contrast, conventional quantum Hall architectures rely on strong magnetic
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fields, which constrain device design and hinder integration with superconduct-
ing components. As a result, BLG provides a flexible platform for exploring co-
herent charge dynamics and single-particle interference beyond the limitations
of traditional quantum Hall systems.

5.1 Introduction to single-electron sources

The reliable operation of a SES is based on the following criteria. First, the
emission must be on-demand, meaning that exactly one electron is emitted per
drive cycle. Second, the process must be coherent. In this context, coherence
implies that the phase of the emitted electron wave packet remains well-defined
with respect to the periodic drive that triggers the emission. This phase stabil-
ity is crucial because it allows emitted electrons to interfere with one another
after propagation or with electrons emitted from another synchronized source,
enabling quantum interference experiments and the study of decoherence in
mesoscopic circuits. Finally, the source should exhibit quantized operation, i.e.,
the emitted charge per cycle should remain robust against small variations in the
drive parameters. Fulfilling these conditions requires a clean, tunable conductor
with well-controlled tunnel barriers, a discrete level spectrum, and compatibility
with high-frequency excitation.
To meet these requirements, several architectures for SESs have been developed.
The most established ones are single-electron pumps and turnstiles, where
quantized charge transfer is achieved through the cyclic modulation of tunnel
barriers in semiconductor nanostructures [140–142, 149, 150]. These devices op-
erate in the GHz regime and achieve high current quantization accuracy but do
not allow precise control over the energy of the emitted electrons [151].
A second approach is based on the generation of Levitons, single-electron ex-
citations created by Lorentzian voltage pulses applied to a coherent conductor
with repetition rates in the GHz regime [143, 152]. These excitations propagate
ballistically and coherently, making them suitable for electron-interference ex-
periments. However, the absence of discrete confinement requires a precisely
shaped Lorentzian pulse, which is experimentally challenging to generate due
to signal distortions at GHz frequencies.
Another well-established realization is the mesoscopic capacitor [27, 153]. It
consists of a quantum dot tunnel-coupled to a coherent conductor—typically
a two-dimensional electron gas (2DEG) in the quantum Hall regime—and is
driven by a high-frequency gate voltage. A quantum dot is a small, gate-defined



5.1. Introduction to single-electron sources 109

Figure 5.1: Single-electron emitter in a quantum Hall insulator. Top: time trace of the
radio-frequency voltage Urf (here Vexc) and sketch of the device geometry. The 2DEG is
shown in blue, and the edge states are shown in red. The dot occupation is tuned by the
excitation voltage Urf and the barrier transparency by the plunger gate voltage Ufg (here
Vg). Bottom: cycle of electron emission—1. initialization, 2. emission of an electron, 3.
emission of a hole. Reproduced from Fève et al. [27] with permission from AAAS.

confinement region that traps electrons in discrete energy levels, allowing precise
control over their charge occupation. During each excitation cycle, the dot alter-
nately emits and reabsorbs a single electron, resulting in a quantized alternating
current Irf = 2ef . While this architecture enables highly coherent emission along
quantum Hall edge states, it requires large magnetic fields and offers limited
independent control over the tunnel barriers and the dot potential (sweeping
the tunnel barriers changes the dot potential and vice versa). These constraints
motivate the search for alternative material platforms that allow full electrostatic
tunability of the confinement potential and barrier transparency.

5.1.1 Mesoscopic capacitors

In this work, we use the concept of a driven mesoscopic capacitor to realize an
SES in BLG. The idea of a mesoscopic capacitor was first proposed by Büttiker et
al. [153] and later implemented by Fève et al. [27] to realize an on-demand SES.
The working principle is shown in Fig. 5.1. The source consists of a quantum
dot coupled to a quantum conductor via a tunnel barrier. The dot occupation is
controlled by the excitation voltage Urf , while the tunneling rate is determined
by the potential of the plunger gate Ufg.
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To realize the transmission of a single electron, the dot is first initialized by
setting the Fermi level to a position between two discrete energy levels with
an energy gap ∆. Subsequently, the Fermi level is raised by applying a voltage
pulse of amplitude ∆Urf , moving the upper energy level above the Fermi level.
The electron occupying this level escapes the dot with a characteristic time
τ ≃ h/(D∆), where D is the barrier transparency and ∆/h is the escape attempt
frequency. Finally, the Fermi level is restored to its initial value, reoccupying
the energy level and leaving a hole in the Fermi sea behind. Although single-
electron detection is not possible directly, repeating this cycle at GHz rates yields
an alternating current Irf = 2ef , corresponding to Irf ≈ f · 320 pA/GHz, which
is within the measurement range. In the work of Fève et al., the quantum dot
was realized in a GaAs 2DEG in the quantum Hall regime, where the natural 1D
confinement of edge states allows micron-sized dots to exhibit discrete energy
levels.
The energy and coherence of the emitted charge carriers depend on the wave-
form of the excitation signal Urf(t). A square-wave excitation allows tuning of
the emission energy by varying the amplitude Urf , whereas a sinusoidal drive
emits low-energy carriers as long as the tunneling time is short compared to the
drive period [154].
To demonstrate quantized single-electron emission, one typically maps the
pumped current as a function of the plunger gate voltage and the excitation
amplitude, as shown in Fig. 5.2a. Plateaus at integer multiples of Irf = 2ef

serve as the hallmark of quantized emission. The simulated quantization map
in Fig. 5.2a reproduces the expected behavior of a SES driven by a sinusoidal
modulation. The color scale represents the normalized ac current Irf/(2ef) as
a function of the plunger gate voltage Ufg and the excitation amplitude Urf

(corresponding to Vexc in Fig. 5.1).
When the Fermi level is aligned with a dot level (e.g., Udc = 0 in Fig. 5.2a and
the excitation amplitude is small, the dot level oscillates only weakly around
the Fermi energy, and no quantized emission occurs. As Urf increases, the dot
level is driven above and below the Fermi energy during each cycle. This results
in the sequential emission of one electron and one hole per period, yielding a
quantized current of 2ef . The corresponding plateau forms a horizontal band of
constant Irf , and its width in plunger gate voltage grows with increasing drive
amplitude, producing the characteristic diamond-shaped structure. At even
larger excitation amplitudes, the modulation becomes strong enough for two
discrete dot levels to cross the Fermi energy in each cycle. In this regime, two
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Figure 5.2: Simulated quantization map and dependence on tunneling rate. (a) Nor-
malized ac current Irf/(2ef) as a function of plunger gate voltage Ufg and excitation
amplitude Urf cos(ωt). The simulation reproduces the expected quantization plateaus at
integer multiples of Irf = 2ef , corresponding to the emission of one electron and one
hole per cycle. (b) Dependence of the normalized current on Urf for different tunneling
rates Γ at T = 100mK and ω/(2π) = 1GHz. Quantization is achieved for Γ ≳ 50GHz,
when the tunneling time becomes short compared to the drive period. The Monte Carlo
simulation is described in detail in Appendix D. (c) Schematic illustration of the dot
configuration: The chemical potential of the dot is set by UFG + URF · cos(ωt).

electrons and two holes are emitted per period, and the current map exhibits the
next plateau at Irf = 4ef .
In Fig. 5.2b, the current is shown as a function of Urf for several tunneling rates
Γ. The onset and quality of the quantization plateaus depend strongly on Γ.
As Γ increases, the barrier becomes sufficiently transparent to allow the charge
to escape within one half-period, and the current saturates at the quantized
value Irf = 2ef . The parameter choice of ω/(2π) = 1GHz, Γ = 5–50 GHz, and
T = 100mK corresponds closely to the expected regime in our BLG devices,
where both the achievable tunnel rates and the experimental temperature are of
comparable magnitude. Therefore, the simulation provides a realistic reference
for our measurements and defines the operational window in which quantized
single-electron emission can be expected. The following section examines
whether such features can be achieved in our BLG device.

5.2 Gate-defined quantum dots in bilayer graphene

Graphene is a two-dimensional material consisting of a single layer of carbon
atoms arranged in a honeycomb lattice (Fig. 5.3a). Since its first isolation in
2004 [155], it has attracted considerable attention due to its exceptional electri-
cal and mechanical properties. Charge carriers in graphene behave as massless
Dirac fermions, resulting in high mobilities and ballistic transport over micron
length scales [30, 32]. These characteristics make it a promising platform for
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Figure 5.3: Electronic properties of Bilayer graphene a) The lattice structure of bilayer
graphene consists of two monolayers with a honeycomb lattice. It shows an AB stacking,
meaning that the A sublattice of the first layer aligns with the B sublattice of the second
layer. b) Sketch of the first Brillouin zone for the valence (VB) and conduction band
(CB). The band gap closes at the K and K ′ valleys, which are the symmetry points of
the band structure. c) Zoom of the dispersion at the K/K ′ valley. Without an applied
displacement field, the bands are gapless, as shown in blue. The red curve illustrates the
opening of a band gap ∆BG when a displacement field D is applied. d) Magnetic field
dependence of a single particle energy spectrum. At zero field, the fourfold degeneracy
is lifted due to a finite spin-orbit coupling ∆SO. A parallel magnetic field only couples
to the spin and does not lift the valley degeneracy. In contrast, a perpendicular magnetic
field couples to both valley and spin, leading to four different slopes for the four states.

mesoscopic devices that rely on phase coherence and low disorder.
However, the linear band dispersion of monolayer graphene results in the ab-
sence of a band gap, which limits its suitability for electrostatic confinement and
quantum-dot applications. BLG overcomes this limitation. It consists of two
monolayers stacked in the AB configuration, where half of the atoms in the up-
per layer sit directly above those in the lower layer, as shown in Fig. 5.3a. At low
energies, BLG exhibits parabolic band dispersion, and when a perpendicular dis-
placement field is applied, inversion symmetry is broken, and a tunable band gap
∆BG opens at the charge-neutrality point (shown in Fig. 5.3c) [156, 157]. The abil-
ity to induce and control this band gap electrostatically—while preserving high
carrier mobility—enables the realization of gate-defined quantum dots without
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relying on physical etching or magnetic confinement. This contrasts with QH
mesoscopic capacitors, which require magnetic fields of several Tesla, exceeding
the critical field of most superconductors. Additionally, graphene offers greater
versatility, enabling control over the spin and valley of emitted electrons. This
makes BLG an ideal platform to study, for example, Andreev reflections at the
level of a single charge carrier.
Quantum dots in BLG are a well-established technology, mainly attracting atten-
tion due to the possibility to realize novel types of qubits, utilizing the spin or
valley degree of freedom. [158–160]. However, they are so far operated in the dc
to MHz-regime, which is not sufficient for engineering an SES, which typically
requires GHz-control of the quantum dot.
In the following, we will introduce the concepts required to realize a SES in BLG.
We begin with the low-energy electronic properties of BLG, focusing on the spin
and valley degrees of freedom that determine the quantum dot spectrum, be-
fore describing the experimental implementation and transport characteristics
of gate-defined quantum dots.

5.2.1 Electronic properties of bilayer graphene

At low energies, charge carriers in BLG reside near the two inequivalent valleys
K and K ′ at the corners of the Brillouin zone. Each valley hosts states with spin
↑, ↓, resulting in a fourfold degeneracy that forms the basis of the low-energy
spectrum [156, 161]. In the absence of external fields, the conduction and valence
bands are approximately parabolic and symmetric around the charge-neutrality
point. A perpendicular displacement field breaks the inversion symmetry be-
tween the two graphene layers by shifting their on-site energies. This layer
asymmetry opens a band gap because the low-energy conduction and valence
states are pushed to opposite layers and no longer remain degenerate. The gap
grows with increasing electric field. This simultaneously induces a layer polar-
ization of the low-energy states, leading to a finite Berry curvature of opposite
sign at K and K ′ and magnetic moments perpendicular to the layer [156, 157].
As a consequence, electrons in the two valleys acquire opposite orbital magnetic
moments, giving rise to the so-called valley Zeeman effect.
Because of this coupling, an external magnetic field interacts not only with the
spin degree of freedom but also with the valley pseudospin. The valley Zeeman
effect couples exclusively to the out-of-plane component of the magnetic field,
while the spin Zeeman effect couples to both in-plane and out-of-plane fields.
The resulting single-particle energy spectrum is illustrated in Fig. 5.3d. For an
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in-plane magnetic field, only the spin degeneracy is lifted, leading to an energy
splitting

∆E↑,↓ =
√
∆2

SO + (gsµBB∥)2, (5.1)

where gs is the spin g-factor, µB the Bohr magneton, and ∆SO ≈ 40–80µeV the
intrinsic spin–orbit coupling energy [161–163]. In contrast, for a perpendicular
magnetic field, both spin and valley degeneracies are lifted, resulting in four
subbands (K ′ ↓, K ↓, K ′ ↑, K ↑) with approximate energy splitting

∆EK,K′,↑,↓ ≈ ±gsµBB⊥ ± gvµBB⊥, (5.2)

where gv is the valley g-factor. Its magnitude depends on the confinement poten-
tial and can reach values as large as gv ≈ 75, more than an order of magnitude
larger than the spin g-factor gs ≈ 2 [33, 34, 163]. Each subband therefore exhibits
a different slope ±gs ± gv. The interplay of these spin and valley degrees of free-
dom governs the excitation spectrum and shell filling of gate-defined quantum
dots in BLG [157, 162]. Having established the low-energy electronic structure
and tunability of BLG, we now describe how electrostatic gating is used to define
quantum dots within this system.

5.2.2 Quantum dot formation

As described above, a displacement field can be used to open a band gap in BLG.
Experimentally, this is achieved by electrostatic gating, which allows tuning of
both the Fermi level and the band gap simultaneously. In the following, we
outline step by step how charge carriers are confined in a quantum dot. To
apply a displacement field, the BLG is embedded in a capacitor formed by two
electrodes separated from the BLG by an insulating layer (see Fig. 5.4). The
field is generated by applying voltages of opposite signs to the top and bottom
electrodes, resulting in a displacement field

D = ϵR
Usg − Ubg

w
, (5.3)

where ϵR is the dielectric constant of the insulator, w is its combined thickness,
and Usg/Ubg are the applied voltages on the top and bottom gate. By splitting the
top gate into two so-called split gates, separated by a narrow trench of approx-
imately 100 nm, we can define a one-dimensional channel by tuning the Fermi
level into the band gap beneath the split gates. The graphene region between the
split gates will then be either in the conduction or valence band, depending on
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Figure 5.4: Quantum dot formation using electrostatic gating. a) Sketch of the device
layout. The BLG (yellow) is sandwiched between gate insulators (hBN, blue). The
bottom gate and the split gates (grey) confine the charge carrier into a one-dimensional
channel. The corresponding band structure is shown in b): the Fermi level EF lies
within the band gap beneath the gates and in the valence band (VB) for negative back
gate potentials. A plunger gate (red) locally pushes the Fermi level into the conduction
band (CB). The corresponding band structure is shown in c). If the conducting region is
sufficiently small, quantized energy levels (blue) form in the dot.

the polarity of the gate voltages (see Fig. 5.4b). This channel serves as the lead re-
gion of the quantum dot. To create a quantum dot along this channel, we locally
modulate the Fermi level using narrow plunger gates (red in Fig. 5.4a), which are
separated from the split gates by an additional thin insulating layer. For clarity,
only one plunger gate is represented in Fig. 5.4a, but the real devices have several
side by side. A key advantage of BLG is that it allows the formation of quantum
dots with either the same or the opposite polarity as the leads. In the latter case,
the Fermi level is locally tuned into the conduction band while the leads remain
in the valence band, thereby forming tunnel barriers (sketched in Fig. 5.4c). If the
confinement is sufficiently strong, discrete energy levels form in the dot, which
can be charged on demand using the same plunger gate employed to define the
dot. Alternatively, a dot can be defined using three neighboring plunger gates:
the two outer gates create tunnel barriers by tuning the Fermi level into the band
gap, while the central gate controls the dot potential and charges it with carriers
of the same polarity as the leads.
Because all gates are capacitively coupled through the thin dielectric layers, tun-
ing one gate voltage slightly affects the electrostatic potential of neighboring
regions. This cross-talk necessitates careful compensation when forming a quan-
tum dot.
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Figure 5.5: Transport in a quantum dot. a) Equivalent circuit: the quantum dot acts as
an island of charge Q = Ne, capacitively coupled to source and drain electrodes (CL,R)
under a source–drain bias Usd, and to a plunger gate (Cg) controlling its potential Ufg. b)
Energy-level diagram: the dot states at chemical potential µN are tunnel-coupled to the
leads (µL,R) with rates ΓL,R. c) Same as b) in the Coulomb blockade regime, where no
energy level lies within the bias window.

5.2.3 Quantum dot transport: tunneling, resonances, and rate
equations

Having described the electrostatic definition of a quantum dot, we now turn to
the fundamental energy scales and transport mechanisms that govern charge
transfer through it. We first introduce the relevant energy scales for charging
and confinement before discussing Coulomb blockade, resonant tunneling, and
their implications for high-frequency operation as an SES.

Quantum-dot energy scales

The quantum dot can be modeled as a charge island of charge Q = Ne, where
N is the number of confined electrons. As shown in Fig. 5.5a, the quantum
dot is capacitive coupled to a plunger gate (Cg) and to the source and drain via
capacitance CL and CR, respectively. The total capacitance is CΣ = CL +CR +Cg.
Adding an extra electron to the dot requires overcoming the Coulomb repulsion
of the existing electrons. The corresponding charging energy is given by [1, 84]

EC =
e2

CΣ

. (5.4)

In addition, the finite confinement of the dot gives rise to discrete single-particle
levels. In a circular quantum dot with a parabolic confinement potential, the
energy of the N -th level is approximately [1]

Econf(N) =
ℏ2π2N2

2m∗r2
, (5.5)
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where m∗ is the effective mass and r the dot radius. In BLG, the dispersion
relation deviates from a simple parabolic form, and the precise single-particle
spectrum Esp(N) must be determined numerically [164]. The chemical potential
to occupy the N -th electron is therefore

µN = NEC + Esp(N), (5.6)

and the corresponding addition energy — the energy required to add one more
electron — is

∆Eadd(N) = µN+1 − µN = EC +∆Esp, (5.7)

with ∆Esp = Esp(N + 1) − Esp(N). For relatively large dots (r ≈ 100 nm) or
high occupancies, the charging energy typically exceeds the single-particle level
spacing by an order of magnitude [1, 157]. Consequently, transport is dominated
by Coulomb interactions, while the discrete spectrum plays a secondary role.
The dot potential can be tuned via the plunger gate voltage Ufg, which shifts the
chemical potential by eαfgUfg, where αfg = Cg/CΣ is the lever arm.

Coulomb blockade

We now consider electron transport through the dot between source and drain.
When a discrete energy level µN lies within the bias window, i.e., µL > µN > µR

(Fig. 5.5b), electrons can tunnel sequentially from source to drain. This is called
a Coulomb resonance. The resulting current depends on the tunnel couplings
ΓL,R, which determine the barrier transparency. If, however, no energy level lies
within the bias window (Fig. 5.5c), the dot has a well-defined charge state and
current flow is blocked. This regime is known as Coulomb blockade. At finite
temperature, electrons in the leads occupy states according to the Fermi–Dirac
distribution

fL,R =
1

exp
(

E−µL,R

kBT

)
+ 1

. (5.8)

Consequently, thermally excited carriers can occasionally overcome the block-
ade. To clearly resolve the Coulomb blockade, the thermal energy must satisfy
kBT ≪ EC . In our devices, with charging energies of EC = 2–10 meV, this cor-
responds to temperatures below 25–125 K, well above the experimental electron
temperature of Te ≈ 100mK.
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Transport equations

We now estimate the current through a quantum dot using a simple rate-equation
approach. We consider a single spin- and valley-degenerate level at energy E

(fourfold degeneracy) coupled to the source and drain electrodes via tunneling
rates γL and γR. The level can be either empty (N = 0) or singly occupied
(N = 1). If the level is occupied, an electron can tunnel out to one of the leads
with a rate [165]

Γ1→L,R = γL,R(1− fL,R) , (5.9)

where fL,R = [exp((E − µL,R)/kBT ) + 1]−1 is the Fermi–Dirac distribution of the
respective lead. Conversely, if the level is empty, it can be filled by an electron
from the leads at a rate

ΓL,R→0 = 4 γL,RfL,R, (5.10)

where the prefactor 4 accounts for the fourfold spin and valley degeneracy of
BLG. An electron (or hole) tunneling in can fill any of the four spin–valley states,
while an electron tunneling out comes from a single state with defined spin
and valley. The stationary occupation probability P1 of the dot follows from
balancing the tunneling rates into and out of the level, assuming a steady-state
current (Ṗ1 = 0)

P1 =
ΓL→0 + ΓR→0

ΓL→0 + ΓR→0 + Γ1→L + Γ1→R

=
4(γLfL + γRfR)

γL(1 + 3fL) + γR(1 + 3fR)
. (5.11)

The total current through the left barrier is then given by

I = |e|[ΓL→0(1− P1)− Γ1→LP1] = 4|e| γL
[
fL(1− P1)− 1

4
(1− fL)P1

]
, (5.12)

where the sign convention corresponds to current flowing from left to right. In
the following, we calculate the current I through the dot in the case of a large
bias Usd, which is satisfied for eUsd ≫ kBT . In this limit, the Fermi functions can
be approximated as step functions, meaning fL = 1, fR = 0 (fL = 0, fR = 1) for
positive (negative) bias. The resulting currents I+ and I− are given by [165]

I+ = 4|e| γLγR
4γR + γL

, I− = −4|e| γLγR
γR + 4γL

. (5.13)

The current is asymmetric under bias reversal, which originates from the com-
bination of broken left–right symmetry (γL ̸= γR) and the fourfold spin–valley
degeneracy. Consequently, this allows us to determine the individual tunnel cou-
plings from the height of the Coulomb resonances at positive and negative bias.
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Figure 5.6: Broadening of Coulomb resonances. Differential conductance G/G0 as
a function of the plunger gate voltage Ufg for thermal broadening (red) and lifetime
broadening (blue).

In this sequential-tunneling regime, the current is independent of the applied
bias once eUsd > kBT, ℏΓ.
So far, we have only discussed the ideal case of a large bias and zero temperature.
If we want to examine the source–drain current as a function of the plunger gate
voltage Ufg, we need to take into account two processes: thermal broadening
and tunnel (lifetime) broadening. The first originates from the thermal smearing
of the Fermi distribution, while the second arises from the finite dwell time of
electrons in the dot, which relaxes the resonance condition in the strongly cou-
pled regime (ℏΓ > kBT ). Depending on which process dominates, the shape
of the Coulomb resonance differs, as illustrated in Fig. 5.6. In this work, we
do not derive the full expressions and only give the resulting functional forms
(see Ref. [1] for detailed derivations). The Coulomb resonance is dominated by
tunnel broadening when ℏΓ ≫ kBT , where Γ = ΓLΓR/(ΓL +ΓR) is the combined
tunneling rate (neglecting the degeneracy of the energy level). This leads to a
Lorentzian-shaped resonance [166]

G(Ufg) ∝
(ℏΓ)2

(ℏΓ)2 + [eα(Ufg − U0
fg)]

2
, (5.14)

where U0
fg is the center of the resonance and α the gate lever arm. In contrast, for

thermal broadening (kBT ≫ ℏΓ), the conductance follows a cosh−2 dependence:

G(Ufg) ∝ cosh−2

[
eα(Ufg − U0

fg)

2kBT

]
. (5.15)
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When plotting both scenarios on a semi-logarithmic scale (see Fig. 5.6), the dis-
tinct line shapes allow one to determine the dominant broadening mechanism
and to estimate either the combined tunneling rate Γ or the electronic tempera-
ture T .

5.3 Experimental realization of a quantum dot

We collaborate with the group of Prof. Dr. Christoph Stampfer at the RWTH
Aachen, who is very experienced in the fabrication and characterization of BLG
quantum dots. The devices measured in this work were fabricated by Hubert
Dulisch and Katrin Hecker. Therefore, we will only briefly outline the final
device layout and refer to the dissertations of Luca Banzerus and Samuel Möller
for a more detailed description [166, 167].

5.3.1 Device layout and experimental setup

The samples are fabricated from a stack with the following order from bottom
to top: Graphite-hBN-BLG-hBN. The hBN layer acts as a gate insulator and the
graphite as a bottom electrode, as sketched in Fig. 5.4. The stack is on top of
a Si-SiO2 wafer. A microscope image of the stack before fabrication is shown
in Fig. 5.7a. The same device after fabrication is shown in Fig. 5.7b and c. The
fabrication includes the following steps:

1. Definition of four Ohmic contacts (red dots in Fig. 5.7b) by etching the top
hBN and depositing a thin Cr/Au layer directly on top of the BLG. These
contacts allow for a dc characterization of the source-drain conductance.
The broad contacts are used for the detection of the rf current.

2. Deposition of split gates (highlighted gray in Fig. 5.7b) using a lift-off
process (Cr/Au evaporation). They define the quasi-1D channel.

3. After the deposition of a global Al2O3 layer, the finger gates (green dots
in Fig. 5.7b) are defined using Cr/Au evaporation. These will be used as a
plunger gate to form a quantum dot.

4. Repetition of the third step defines the piano gates, which are placed
between the previously defined finger gates and can be used to tune the
barrier. Piano gates act analogously to the finger gates, but defining them
in a separate step allows for a smaller distance to the neighboring gate
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Figure 5.7: Layout of Sample. a) Microscope image of a stack before fabrication. Bottom-
Top: Graphite-hBN-BLG-hBN. b) Microscope image of the same stack as in a) after
fabrication. The contacts are labeled in the legend. Each side of the BLG has two Ohmic
contacts, a narrow one for dc characterization and a broad one for the detection of the
rf current. c) An SEM image (corresponding to the black rectangle shown in b) of the
sample. The conducting area is highlighted in blue, the finger gates in green, and the
piano gates in violet.

(< 10 nm) compared to writing them in a single lithographic step (> 50 nm),
which leads to better control of the barriers, with the drawback of having a
smaller lever arm (due to the additional Al2O3 layer).

Fig. 5.7c shows a SEM image of the finger and piano gates on top of the channel.
The channel has a width of approximately 110 nm and a length of approximately
2µm. Both the finger gates (highlighted in green in Fig. 5.7c) and the piano gates
(highlighted in violet in Fig. 5.7c) have a width of approximately 90 nm and there
is a gap of approximately 15 nm between neighboring gates. However, the finger
gates are closer to the BLG and therefore have a bigger lever arm α compared to
the piano gates. Therefore, we aim at defining the quantum dot below the finger
gates, while using the piano gates to tune the barrier transparency (and hence
the tunneling rates γL and γR).
To conduct transport experiments, the sample is loaded onto a cryostat and
cooled down to T ≃ 20mK. Therefore, we glue the silicon wafer (with the
quantum dot device on it) into a printed circuit board (PCB) as shown in Fig. 5.8a.
We are using a commercial PCB from the company QDevil, which has been
modified to fit a 7× 7mm2 sample. The modified PCB is equipped with 3 high-
frequency channels for rf measurements and 36 dc and ground lines. The rf and
dc channels are connected to the sample using wire bonds (see Fig. 5.8b). To
ensure rf compatibility of the signal lines on the sample, we design them in a
co-planar waveguide layout. The entire electrical circuit is sketched in Fig. 5.8c.
We will first discuss the dc setup and then later discuss the rf setup (shown in
orange in Fig. 5.8c). All dc voltages are supplied by a low-noise digital-to-analog
converter and connected via filtered lines to the circuit board. The bias voltage
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Figure 5.8: Experimental setup. a) Printed circuit board with a sample glued in the
center, which is connected via bond wires. b) Zoom of the sample showing the cir-
cuitry of the sample itself. c) Electrical setup: The dc voltages Usd, Ufg are supplied by a
Basel Instruments DAC SP1060 and cryogenic filtering. The source-drain current Isd is
measured using a trans-impedance amplifier (Basel Instruments SP983c). The rf setup
(shown in orange) consists of a Keysight VNA P9375A, which measures the transmission
coefficient S21. The excitation signal is thermalised via an attenuator and coupled to the
plunger gate via a bias-tee. The rf current in the right lead is isolated by a bias tee and
amplified by a cryogenic low-noise amplifier (LNF-LNC0.3_14A).

Usd is usually modulated with a 7 Hz and 100 µV sine signal for lock-in detection.
The source-drain current is then amplified using a trans-impedance amplifier
with a gain of usually 1 × 106 V/A and detected by a lock-in amplifier. Thanks
to careful grounding and filtering, we can reduce the noise floor to below 10 pA,
sufficient to resolve the single electron current of approx. 320 pA/GHz. It is also
crucial to isolate the dc setup from the rf setup to avoid ground loops inducing
noise into the circuit. Therefore, the device is capacitively coupled via a bias-tee
to the VNA. Similarly, the ground is capacitively coupled by adding an inner-
outer dc block.
The rf measurements are performed by a VNA. The output of the VNA provides
a continuous wave signal of variable microwave power Pout = U2

out/Z0 (Z0 =

50Ω) and frequency f . This signal is guided via a broadband coaxial cable to the
plunger gate, where it modulates the quantum dot’s chemical potential. Since we
aim to realize alternating emission of single electrons followed by single holes,
we create a current with a zero dc component. Hence, we detect the current at
the same frequency f as the plunger gate modulation. Therefore, we amplify the
current in the lead using a cryogenic low-noise amplifier with a gain of +38 dB.
The amplified signal is then guided via coaxial cable to the input of the VNA,
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Figure 5.9: Opening a band gap. The normalized conductance G/G0 is shown as a
function of the applied back gate voltage Ubg and split gate voltage Usg, for Usd = 200µV
and T ≃ 20mK. The dark region shows the quasi-1D conduction regime, along which
the band gap ∆BG varies. The Fermi level EF is tuned orthogonal to it.

yielding the complex scattering parameter S21 = U2/U1. However, the scattering
parameter captures the distortions and phase shifts of the entire setup and must
be calibrated, as shown in Sec. 5.4.1.

5.3.2 Electrostatic formation of quantum dot

After cooling down the sample, we first test the functionality of the quantum
dot device. Therefore, we first ensure that we are Ohmically connected to the
source and drain contacts by measuring Isd as a function of Usd, which should
show a linear dependence and a resistance of a few kΩ when all other gates
are grounded. Afterwards, the functionality of each gate is tested. They should
show no leakage current up to their breakdown voltage. After testing all con-
tacts, we can first open a band gap and form a conduction channel between the
leads. Therefore, we measure the dc source-drain conductance G while tuning
the back gate voltage Ubg and the split gate voltage Usg (both split gates are at the
same potential). A 2D color map of this measurement is shown in Fig. 5.9. The
blue lines highlight the quasi-1D conduction regime. The channel is n-doped for
positive back gate voltages and negative split gate voltages, and consequently
p-doped for the opposite polarities. The size of the band gap is increasing with
increasing displacement field D, which can be seen by a widening of the dark
region in Fig. 5.9. Furthermore, we observe that the lever arm of the split gates
αsg is stronger than that of the back gate αbg. We can find the exact ratio from the
slope of the channel αsg/αbg ≈ 4. The split gates have a larger lever arm, because
the top hBN (d ≈ 11 nm) is thinner compared to the bottom hBN (d ≈ 42 nm).
After realizing a one-dimensional (1D) channel, we can use one of the finger
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Figure 5.10: Coulomb resonances in a graphene quantum dot. a) Normalized differ-
ential conductance G/G0 as a function of gate voltage Ufg. The three main transport
regimes are marked by arrows: (1) Open dot regime, (2) Pinch-off regime, and (3) Few-
electron (Coulomb blockade) regime, each illustrated schematically in c). b) Zoom-in
of the Coulomb resonances (highlighted by the red rectangle in a), revealing discrete
conductance peaks due to quantized charging. c) Schematic band diagrams correspond-
ing to the three regimes in a): In regime (1), the Fermi level lies above the confinement
barrier, allowing free transmission. In regime (2), the Fermi level aligns with the barrier,
suppressing conductance. In regime (3), the discrete energy levels in the dot lead to
Coulomb blockade and resonant tunneling. The measurements were performed at the
following voltages of Usd = 200µV, Ubg = 5.75V and Usg = −1.70V.

gates to locally define a quantum dot, as shown in Fig. 5.10 for an n-doped
channel. By applying a negative voltage to a finger gate, we locally hole-dope
the system, leading to a decrease in conductance (region 1 in Fig. 5.10a). In
the following, we will refer to a plunger gate when describing the finger gate
to align with the convention within the quantum dot community. At approxi-
mately Ufg = −3.75V, the conductance G nearly vanishes, indicating that the
Fermi level beneath the plunger gate lies within the band gap, as sketched in
Fig. 5.10c. In this device, the conductance did not fully drop to zero but satu-
rated at a residual value of about 5% of G0, likely caused by leakage currents
below the split gates [168]. Increasing the displacement field D can suppress this
residual current.
Further decreasing Ufg locally overcompensates the carrier density, forming a
p-doped island within the n-doped channel, as illustrated in Fig. 5.10c. The emer-
gence of this p-type quantum dot is marked by the appearance of discrete con-
ductance peaks (Fig. 5.10b), corresponding to Coulomb resonances as discussed
earlier. In this configuration, the tunnel barriers are p–n junctions, meaning that
the barrier height—and hence the coupling to the leads—is governed primarily
by the induced band gap. Consequently, there exists a “sweet spot” in the dis-
placement field D that minimizes leakage currents while maintaining sufficient
coupling to the leads. For our device, we find an optimal range of Ubg = 5.75V
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to 6.75 V and Usg = −1.7V to −2.2V.
Each conductance peak corresponds to the addition of one charge carrier to the
quantum dot. This allows us to count the number of confined charges: starting
from pinch-off at Ufg = −3.75V (where N = 0), the dot is filled with N holes
after observing N successive peaks at lower voltages. This charge quantization
is crucial for realizing an SES, where the goal is to periodically modulate the
Fermi level to emit one carrier per cycle. From the height of the Coulomb res-
onance Isd ≈ 200 pA (after subtracting the background), we can estimate the
combined tunneling rate ΓLΓR/(ΓL +ΓR) ≈ 1.2GHz. In comparison to our simu-
lation in Fig. 5.2, the tunneling is still too low to reach single-electron emission
(Γ ≳ 20GHz). In principle, the neighboring piano gates allow tuning the barrier
and further increase the tunneling rate. To gain deeper insight into the transport
mechanism and extract the relevant energy scales of the quantum dot, we now
present bias spectroscopy measurements.

5.3.3 Bias spectroscopy

To probe the energy scales of the quantum dot, we measure the differential con-
ductance G = dIsd/dUsd as a function of the dc bias voltage Usd and the plunger
gate voltage Ufg. A small ac modulation of 200µV at a frequency of 7Hz is added
to the dc bias, and the resulting ac current is detected using lock-in techniques.
Figure 5.11a shows the normalized differential conductance G/G0 as a function
of Usd and Ufg for a back gate voltage of Ubg = 6.75V and a split gate voltage
Usg = −2.2V). The background conductance, defined as G(Usd) at Ufg = −4.65V,
has been subtracted for clarity.
At zero dc bias, we observe a series of Coulomb resonances, which split into two
branches as |Usd| increases. This behavior can be understood from the schematic
in Fig. 5.11b: increasing Usd shifts the electrochemical potentials of the source
and drain, thereby enlarging the range of gate voltages Ufg for which resonant
tunneling through the dot is energetically allowed. Since we measure the differ-
ential conductance, only the edges of this transport window are visible, forming
the characteristic diamond-shaped regions of suppressed conductance [34, 168,
169].
When the bias voltage equals the addition energy Eadd, the transport gap closes
and current can always flow through the dot. The corresponding closure of
the diamonds (marked by red arrows in Fig. 5.11a) defines Eadd. In this device,
we find addition energies ranging from approximately 10meV for the first hole
down to 3meV for N = 10 holes. From the slope of the diamond edges, dUsd/dUfg,
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Figure 5.11: Bias spectroscopy of a quantum dot. a) Color plot of the norm. differential
conductance G/G0 as a function of gate voltage Ufg and bias voltage Usd, for Ubg = 6.75V
and Usg = −2.2V. The adding energy Eadd is shown as a red arrow. We subtract the
background, defined as G(Usd) at Ufg = −4.65V. b) Illustration of dot configuration:
The bias voltage Usd tunes the potential difference between the leads, while the gate
voltage Ufg changes the occupation of the dot.

we extract the gate lever arm αfg ≈ 400meV/V. The absolute magnitude and scal-
ing of Eadd indicate that the charging energy dominates over the confinement
energy as discussed in Sec. 5.2.3. This is consistent with the observed smooth
decrease of Eadd with increasing occupation number, as expected when the con-
finement energy contributes only a small correction to the total addition energy.
The Coulomb diamonds exhibit a slight asymmetry in their slopes with respect
to positive and negative bias, reflecting different coupling strengths to the source
and drain leads [31]. In the capacitor model (schematically shown in Fig. 5.8c),
the diamond slopes are given by dUsd/dUfg = ±Cfg/CS,D [1]. Hence, an unequal
capacitance ratio CS ̸= CD leads to different slopes and asymmetric diamonds.
Such asymmetry typically arises from small geometrical or electrostatic varia-
tions of the tunnel barriers and is commonly observed in gate-defined quantum
dots. From the slopes observed in Fig. 5.11, we estimate a capacitance ratio of
CS/CD ≈ 2.7, indicating that the left lead is more strongly coupled. This is con-
sistent with the asymmetry in the height of the Coulomb resonances for positive
and negative bias [31, 165].
For negative bias voltages, the Coulomb resonances show small horizontal shifts
along Ufg, which we attribute to slow charge rearrangements in the local envi-
ronment of the dot, likely due to charge traps in the dielectric or beneath the
split gates. Bias spectroscopy provides direct access to the quantum dot’s energy
scales, which is crucial for tuning the dot into the regime suitable for dynamic
operation as an SES.
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5.4 RF-driven single-electron emission

The goal of this experiment is to realize an on-demand SES based on rf manip-
ulation of a quantum dot, where the emission of an individual electron can be
triggered with sub-nanosecond precision. Achieving this requires the ability to
modulate the dot occupation at frequencies in the GHz regime.
To develop a detailed understanding of the dot dynamics under high-frequency
driving, we begin with a simpler case: continuous-wave modulation at a sin-
gle frequency. This approach offers two key advantages. First, it allows us to
disentangle the response of the quantum dot from parasitic or stray signals in
the rf circuitry. Second, by working with a well-defined periodic excitation, we
can measure the phase-resolved current with respect to the modulation signal,
enabling us to access the delay between the emitted current and the modulation
signal. Before discussing the results of our rf experiments, we will discuss the
calibration of the amplitude and phase.

5.4.1 Calibration of the radio frequency setup

The rf measurements are performed using a vector network analyzer that ap-
plies a microwave signal with adjustable output power Pout and frequency f

and measures the transmitted signal. From the ratio of detected voltage U2 and
emitted voltage U1, the complex scattering parameter S21 = U2/U1 is obtained.
This quantity characterizes the microwave circuit but does not directly provide
the transport parameters of interest. Instead, in analogy to dc measurements, we
aim to determine the rf voltage at the plunger gate Urf (c.f. Ufg in dc) and the rf
current flowing into the leads Irf (c.f. Usd in dc).
The voltage at the plunger gate is obtained from the known attenuation of the
input line. At f = 1GHz the total attenuation is approximately −21 dB. Convert-
ing the applied power from dBm to SI units requires subtracting 30 dB. The rf
voltage at the gate is therefore estimated as

Urf ≈
√

Z0 · 10
PdBm−21−30

10 (5.16)

with Z0 = 50Ω. Estimating Irf is more challenging due to the impedance mis-
match between the graphene lead and the transmission line. The lead impedance
can be approximated by Zlead ≈ RK ≃ 25.8 kΩ, which is much larger than Z0.
Consequently, most of the microwave power is reflected. In this high impedance
limit, the current transmission coefficient S21 = 2Zlead/(Zlead + Z0) approaches 2,
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so the current at the device is approximately doubled. Assuming the reflected
signal is attenuated in the output line, the transmitted power can be written as
P ≈ 4 · Z0 · I2rf .
The total gain of the outgoing line is approximately 35 dB. Correcting for this
amplification yields the estimate

Irf ≈
1

2

√
10−35/10 · Pout

Z0

· S21. (5.17)

This calibration allows us to convert the measured scattering parameter into the
physical quantities Urf and Irf used in the following sections.

5.4.2 AC modulation of quantum-dot occupation

As a first step toward a driven SES, we verify that the dot occupation can be
modulated by applying a sinusoidal voltage

√
2 · Urf · cos(2πft) to the plunger

gate. We investigate frequencies between 500 MHz and 2 GHz. In principle, such
modulation is sufficient to produce a quantized alternating current: when the
dot chemical potential is tuned to a Coulomb resonance, an oscillating potential
periodically brings the level into and out of the bias window, thereby triggering
alternating emission of electrons and holes. Two conditions must be satisfied
for reproducible emission. First, the tunnel barriers must be asymmetric so that
electrons and holes preferentially exit into the intended lead. Second, the tun-
neling rate to the intended lead must be large enough for the dot to empty and
refill within a single drive period, i.e., the relevant tunneling rate γ ≃ 1− 10GHz

should satisfy γ ≳ f . If γ ≪ f , the dot cannot follow the drive, and the emission
probability per cycle is reduced. Previous pulsed-gate experiments on BLG used
square pulses at a few MHz to extract relaxation times [170, 171]. Our target
frequencies are two orders of magnitude higher and therefore probe a different
regime. Experimentally, we start with a dc readout of the source–drain conduc-
tance while applying the rf modulation. A small bias Usd = 100µV (with a 7 Hz
lock-in modulation) is applied, and the resulting current Isd is recorded as a func-
tion of the static plunger gate voltage Ufg and the rf amplitude Urf . The resulting
differential conductance G = dIsd/dUsd is shown in Fig. 5.12a for an excitation
frequency of 750 MHz.
Qualitatively, the rf modulation transforms each static Coulomb resonance into
a broadened feature whose envelope reflects the time τ that the driven level
spends within the bias window during one period T as sketched in Fig. 5.12b-e.
The bias window is defined by the source-drain bias voltage Usd. For small Urf ,
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Figure 5.12: AC modulation of quantum dot occupation. (a) Normalized differential
conductance G/G0 as a function of plunger gate voltage Ufg and rf amplitude Urf , mea-
sured at Usd = 100µV, Ubg = 6.5V, Usg = −2.4V, and f = 750MHz. The background
signal, measured in the Coulomb-blockade regime, has been subtracted. The colored
dots mark four characteristic points corresponding to the schematics shown in (b-e). The
red arrow indicates the rf amplitude U0

rf at which adjacent Coulomb resonances collide.
(b-e) Schematic illustration of the time-dependent energy level under rf modulation in
the presence of a finite bias. The four cases correspond to the positions marked in (a): (b)
Small Urf , energy level on resonance at equilibrium. (c) Large Urf , resonance occurs dur-
ing the positive voltage maximum. (d) Large Urf , resonance occurs during the negative
voltage minimum. (e) Large Urf , equilibrium position on resonance.

the level remains inside the bias window for most of the cycle, and the conduc-
tance is maximal (see Fig. 5.12b). As Urf increases, the fraction of the period
during which the level lies in the window decreases, and the averaged conduc-
tance drops. When the rf amplitude exceeds the addition energy, the modulation
can bring two different energy levels into the bias window during one cycle. In
that regime, two transport channels contribute, and the conductance rises again.
This explains the increase in conductance when two Coulomb resonances merge.
The intuitive statement G ∝ τ should be understood as follows. Let T = 1/f be
the drive period and τ the total time per period during which an energy level lies
in the bias window (i.e., energetically aligned with the source–drain window).
In the sequential-tunneling regime and for low temperature, the time-averaged
conductance is approximately proportional to the duty cycle τ/T times the in-
stantaneous (peak) conductance of the resonance,

Gavg ≃
τ

T
Gpeak, (5.18)

where Gpeak is the conductance when the level resides in the bias window (itself
set by the tunnel rates and temperature). This proportionality holds when (i)



130 Chapter 5. Single-electron sources in quantum dots

4.7 4.6 4.5
Voltage Ufg [mV]

0.05

0.10

0.15

0.20

C
on

du
ct

an
ce

 G
/G

0

N=0N=1N=2N=3
f = 750MHz

f = 2GHz

a) Urf = U0
rf/2

1.0 1.5 2.0
Frequency f [GHz]

0

2

4

6

Vo
lta

ge
 U

0 rf 
[m

V]

b)

Figure 5.13: Frequency dependence of rf modulation. (a) Normalized conductance
G/G0 as a function of Ufg for f = 0.75, 1.0, 1.25, 1.5, 1.75 and 2 GHz, at Urf = U0

rf/2
(definition in Fig. 5.12a). The integer N indicates the equilibrium charge occupation of
the dot at Urf = 0. (b) Extracted rf amplitude U0

rf as a function of the drive frequency f for
Ufg = −4.68V (where N = 2 and N = 3 are once per period in resonance). The frequency
dependence reflects attenuation and impedance mismatch in the rf transmission line
between the source and the device. Same Ubg, Usg, Usd as in Fig. 5.12.

γ ≫ 1/T (so that tunneling is fast compared to the duration that the level spends
in the window), and (ii) the level crossing is slow enough that the occupation
reaches the quasi–steady-state value during the interval in the window. If γ ≲ f ,
the dot cannot fully empty or fill during τ , and Gavg is reduced below this simple
estimate. In the extreme limit γ ≪ f , the response becomes strongly suppressed
and frequency dependent.
Finally, note that the qualitative picture is largely independent of the exact drive
frequency as long as the inequality γ ≳ f holds. For the frequencies intended
in this work (∼ 500 MHz to 2 GHz), this condition determines whether the dot
follows the drive adiabatically or not. In Fig. 5.13a, we show the frequency de-
pendence of the ac modulation by presenting the conductance G as a function
of the plunger gate voltage Ufg for frequencies between 750 MHz and 2 GHz.
Furthermore, we tune the rf amplitude Urf to half of U0

rf , meaning that the dot
chemical potential is modulated by half of the energy spacing to the adjacent en-
ergy level. We observe the same phenomenology across all excitation frequencies,
indicating that the dot chemical potential can indeed follow the rf modulation
adiabatically. The frequency dependence of U0

rf is shown in Fig. 5.13b. The fre-
quency dependence reflects the attenuation and impedance mismatch between
the transmission lines and the device. It enables us to calibrate the rf amplitude,
which is necessary to later tune the dot into a single-electron emission regime.
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Figure 5.14: Emitted dc and ac current under ac modulation. a) Magnitude of the ac
current Irf , emitted in the right lead, as a function of the dc plunger gate voltage Ufg

and the rf plunger gate voltage Urf for f = 1GHz. The background signal, defined at
pinch-off, is subtracted. No dc bias is applied. b) The source-drain current Idc, passing
through the quantum dot while applying Urf to the plunger gate, which is tuned to Ufg

in equilibrium.

However, it also shows that any dc bias will generate an additional dc and rf
current in this configuration of the quantum dot. In the following, we discuss the
regime where no source–drain bias is applied to the quantum dot (Usd = 0) while
an rf voltage Urf is applied to the plunger gate. We simultaneously measure the
dc source–drain current Idc and the complex ac current Irf at the right lead. Mea-
suring on the right side is advantageous for two reasons. First, bias spectroscopy
revealed that the dot couples more strongly to this lead, providing the asymme-
try required for single-electron emission. Second, the capacitive cross-coupling
between the plunger gate and the right lead is weaker due to their larger sepa-
ration (see Fig. 5.7b). Figure 5.14a shows the magnitude of the emitted current
Irf in the right lead for a modulation frequency of f = 1GHz. The background
signal arising from direct capacitive coupling between the plunger gate and the
lead has been subtracted. This background is estimated from the response mea-
sured in the Coulomb blockade regime (N = 0), where the dot remains empty.
Ideally, we expect to observe half-diamond patterns of quantized current as
shown in Fig. 5.2a. While faint diamond-like features are visible in Fig. 5.14a,
the current within each diamond is not quantized. Instead, it increases gradu-
ally with Urf and decreases with detuning from resonance |αUfg − µN|. Further-
more, the measured current magnitude exceeds the expected quantized value
of 2ef ≈ 320 pA. This deviation likely results from uncertainties in the ampli-
tude calibration discussed in Sec. 5.4.1, and therefore, exact quantization cannot
be expected. Nonetheless, the continuous variation of Irf clearly indicates non-
quantized transport. We attribute this behavior to an insufficient tunnel-barrier
asymmetry. The left barrier ΓL is still too large to suppress tunneling into the
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left lead, and the right barrier ΓR is too small to ensure that one electron and
one hole are emitted by cycle into the right lead. We also tuned to the voltage
of neighboring piano gates in this device, but found little to no lever arm on the
tunnel transparency. Therefore, we cannot independently tune the asymmetry.
Despite this limitation, we proceed to analyze the observed transport behavior
in detail to understand better the underlying dynamics of the quantum dot.
We also record the dc source–drain current Idc, shown in Fig. 5.14b. In the case of
quantized charge emission, Idc should vanish since equal numbers of electrons
and holes are transferred per cycle. However, we observe finite dc currents up to
Idc ≈ 320 pA, which change sign as the gate voltage is swept across a Coulomb
resonance. Each resonance splits into two regions of opposite current polarity:
a positive current when the N th level is above the Fermi level in equilibrium,
and a negative current when it is below. At resonance (Urf = 0), Idc vanishes,
and the signal is also suppressed when Urf approaches the addition energy Eadd.
For even larger amplitudes, the effect reverses sign again. These trends suggest
that the dc current is sensitive to whether the energy level lies below or above
the Fermi energy in equilibrium. When two levels contribute simultaneously
(αUrf ≈ Eadd), their opposite contributions cancel, leading to Idc ≈ 0. At larger
Urf , the transport is dominated by the level closer to the modulation extrema,
which alternates in sign for adjacent levels.
However, the appearance of any dc current at all is surprising, since Usd is nom-
inally zero. Even a small offset bias could not explain the observed sign re-
versal. Interestingly, the observed current is close to the quantized current of
2ef ≈ 320 pA, which yet indicates that in average 2 charge carriers pass through
the quantum dot per cycle. In the following section, we analyze this effect and
show that it can be understood as a charge-pumping process arising from capac-
itive cross-talk.

5.4.3 Charge pumping from source to drain

The finite source–drain current Isd observed in the absence of a bias voltage
Usd is reminiscent of single-electron pumps realized in semiconductor nanos-
tructures [140–142]. These devices generate a quantized current by transferring
single electrons from one lead to the other through the cyclic modulation of
two tunnel barriers. A crucial requirement for nonzero charge pumping is the
simultaneous modulation of at least two parameters with a finite phase offset.
Otherwise, the system’s dynamics remain time-reversible, and no net current is
generated. We therefore suspect that in our case, the dot potential µN is not the
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Figure 5.15: Simulation of charge pumping. a)+b) Time evolution of the leads potentials
µL, µR and the dot potential µN, which lies below (a) and above (b) the Fermi level in
equilibrium. The time intervals in resonance, µL > µN > µR for tunneling from left to
right or µR > µN > µL for tunneling from right to left, are highlighted in red. c)+d)
Result of Monte Carlo simulation of charge pumping for stray coupling between the
plunger gate Ufg and the left lead µL for f = 1GHz, γL = γR = 8GHz and T = 100mK.
The magnitude of the ac current Irf emitted in the right lead is shown in c), and the dc
source-drain current Isd in d).

only parameter modulated by the applied rf drive. As discussed earlier, a signif-
icant capacitive stray coupling exists between the plunger gate and the left lead
(and to a lesser extent, the right lead—about 10 dB weaker). The stray coupling
comes from spatial proximity. The waveguides for the left lead and the plunger
gate are adjacent, while the right lead is separated by 3 other waveguides. Con-
sequently, the chemical potential of the left lead µL is also modulated, but with a
finite phase delay due to the RC time constant of the coupling circuit.
Figures 5.15a,b illustrate how such phase-shifted modulation leads to a net cur-

rent. The plots show the time evolution of µL(t), µR(t), and µN(t) for a phase
lag of −90◦, corresponding to a stray capacitance Cstray ≲ 100 fF. Current flows
whenever µL > µN > µR (electron transfer left→right) or µR > µN > µL (trans-
fer right→left). The fraction of time spent in either configuration depends on
the static dot chemical potential set by Ufg. When the static dot chemical po-
tential lies below the Fermi energy (Fig. 5.15a), the system spends longer in the
left→right configuration, producing a net negative Isd. Conversely, when the
level lies above the Fermi energy (Fig. 5.15b), the current reverses direction.
To quantify this behavior, we simulated the stochastic tunneling dynamics us-
ing a time-resolved Monte Carlo approach based on the sequential-tunneling
master equation (see Appendix D). The simulation tracks the instantaneous dot
occupation under rf modulation, with µN(t) varying sinusoidally at f = 1GHz.
The left-lead potential µL(t) includes a 90° phase lag due to capacitive cross-talk,
while µR is held fixed. At each time step ∆t, tunneling events are sampled proba-
bilistically according to the instantaneous Fermi functions and tunnel rates ΓL,R.
The resulting charge transfer per cycle yields both the dc current Isd and the
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first-harmonic ac response Irf .
Figures 5.15c,d show the simulated results for ΓL = ΓR = 8GHz and T =

100mK1. The model reproduces the experimentally observed sign reversal of
Isd as the static dot chemical potential crosses the Fermi energy (see Fig. 5.14b.
This is consistent with a phase-shifted capacitive pumping mechanism rather
than intentional two-parameter driving.

5.5 Summary and outlook

In this section, we investigated gate-defined quantum dots in BLG as a platform
for coherent single-electron control. Using local electrostatic gates, we demon-
strated charge confinement by opening a displacement-field-induced band gap.
Bias spectroscopy revealed well-defined Coulomb blockade with addition ener-
gies of 3-10 meV and a lever arm for the plunger gate of αfg ≈ 400meV/V. While
we did not achieve an SES with quantized emission, the limiting factors are clear:
(i) insufficient, independently tunable barrier asymmetry and (ii) significant ca-
pacitive cross-talk from the plunger to the leads, enabling unintended charge
pumping. Reported BLG devices can tune Γ from ∼ 100 Hz to ∼ 60 GHz [172,
173], indicating that our target regime is realistic with improved gate leverage.
To address the capacitive cross-talk observed in the present device generation,
a revised sample layout and PCB architecture have been developed. The new
design is shown in Fig. 5.16a)+b). It introduces several modifications to mini-
mize stray coupling between the RF-driven gates and the reservoirs. First, the
coplanar waveguides (CPWs) routing the finger gates and the Ohmic contacts
are arranged orthogonally, reducing direct capacitive coupling. Second, neigh-
boring gates are contacted from opposite sides of the device, increasing their
spatial separation and suppressing gate-to-gate crosstalk. Third, the dimensions
of the split gates (shown in blue in Fig. 5.16b) have been minimized to reduce
the parasitic capacitance between the split gates and the finger and piano gates.
Finally, a new PCB design provides dedicated CPW access from all four direc-
tions, enabling improved RF grounding and routing. Preliminary microwave
measurements demonstrate a reduction of the stray transmission S21 by more
than 20 dB across the investigated frequency range as shown in Fig. 5.16c). This
is a substantial suppression of unwanted capacitive coupling. Finally, we also

1The tunneling rates of ΓL = ΓR = 8GHz are estimated to fit the observed DC current
Idc ≈ 320 pA. Furthermore, we simply assume ΓL = ΓR for simplicity. However, we observe the
same phenomenon for slightly asymmetric tunneling rates. Only a very asymmetric quantum
dot, as shown in Fig. 5.2 realizes a SES with quantized Irf and zero Idc.
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Figure 5.16: New Layout for optimised stray coupling: (a) Overview of the next-
generation bilayer graphene quantum dot layout. The coplanar waveguides (CPWs)
connected to the finger gates (red) and Ohmic contacts (yellow) are routed orthogo-
nally to reduce direct capacitive coupling. (b) Magnified view of the gate architecture.
Neighboring gates are contacted from opposite sides of the device, while the split-gate
dimensions are minimized to reduce parasitic capacitance between split gates and fin-
ger/piano gates. (c) Preliminary microwave characterization comparing the stray trans-
mission S21 of the previous and revised layouts. The new design exhibits a suppression
of the parasitic transmission by more than 20 dB over a broad frequency range.

increased the width of the piano gates from 90 nm to 90 nm to improve the tun-
ability of the tunnel barriers and realize an asymmetric configuration. These
improvements are expected to enable independent tuning of the tunnel barriers
and reduce parasitic charge pumping, bringing the device closer to the regime
required for quantized single-electron emission.
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Chapter 6

Conclusion

This thesis focused on the experimental investigation of charge transport in low-
dimensional quantum systems using microwave techniques. Two complemen-
tary platforms were studied: chiral edge states in quantum anomalous Hall
(QAH) insulators and electrostatically defined quantum dots in bilayer graphene
(BLG). Although the underlying physical mechanisms in these systems differ
fundamentally, both allow charge transport to be probed via time-dependent
excitation and high-frequency readout.
By developing and applying a high-frequency experimental setup, this work
demonstrates how dynamical transport properties of zero- and one-dimensional
systems can be accessed beyond conventional dc measurements. In this way,
the central objective of establishing experimental tools to probe charge-transport
dynamics in mesoscopic systems has been achieved.
In the longer term, these approaches provide a basis for studying coherent single-
particle transport across different material platforms. Such experiments open
perspectives for investigating quantum transport phenomena at the level of indi-
vidual charge carriers, including charge fractionalization and Andreev reflection.

6.1 Summary

6.1.1 Edge state transport in QAH edge states

First, we report on the propagation characteristics of edge plasmons in QAH
edge states. For this purpose, devices were fabricated using cleanroom nanofab-
rication techniques to pattern and contact MBE-grown V-BST films, a magnetic
topological insulator that exhibits the QAH effect. Using a broadband mi-
crowave setup, we perform phase-resolved measurements of the scattering
parameters between narrow finger gates coupled to the edge state. From these
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measurements, we extract the velocity and dissipation of edge plasmon trans-
port as a function of frequency.
At small excitation voltages, we found a plasmon velocity of approximately
2 × 105 m/s. This velocity increases with excitation voltage or temperature and
reaches values of approximately 4.5 × 105 m/s, comparable to those reported for
the related compound Cr-doped BST [16, 17].
To analyze dissipation in edge-state transport, we model the transmission using
an effective circuit based on a distributed transmission line. The bare edge state
is described as a dissipationless transmission line, while dissipative circuit ele-
ments are introduced to capture the dominant loss mechanisms. Specifically, we
identify two main sources of dissipation: a residual bulk conductance that leads
to frequency-independent losses, and capacitive coupling to charge puddles,
which results in dissipation that increases with frequency. We demonstrate that
QAH edge states exhibit finite dissipation at microwave frequencies even at
very low excitation voltages and temperatures below 100 mK. This behavior con-
trasts sharply with dc transport experiments, where the longitudinal resistance
vanishes under the same conditions. Our analysis establishes charge puddles as
the dominant source of dissipation in the investigated frequency range.
Beyond quasi-equilibrium transport, we investigate the breakdown of QAH
edge state transport as a function of excitation voltage, temperature, and
magnetic field. These measurements define clear operational boundaries for
low-loss applications of QAH insulators. We observe the onset of dissipation
for excitation voltages exceeding 100 µV, temperatures above 100 mK, and
at finite magnetic fields. In addition to their technological relevance, these
results provide insight into the mechanisms governing both equilibrium and
non-equilibrium transport.
To further elucidate the breakdown mechanism, we combine rf excitation of
the edge state with a dc probe of the bulk conductance, enabling us to study
the frequency dependence of the breakdown using a frequency-independent
probe. Using this technique, we identify Joule heating of charge puddles as the
dominant dissipation mechanism at both microwave frequencies and dc bias
voltages.
To place these findings in a broader context, we apply the same methodol-
ogy to a graphene Corbino device, thereby studying breakdown physics in a
complementary QH system. By varying the filling factor, we tune the local-
ization strength of bulk carriers and explore breakdown mechanisms over a
wide energy range. We found that dissipationless transport breaks down via
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non-Ohmic, electric field-assisted hopping conduction for strongly localized
carriers, such as those at the center of cyclotron gaps. In contrast, for weakly
localized carriers, for example, near spin gaps or at the edges of cyclotron gaps,
breakdown is dominated by Joule heating and exhibits Ohmic behavior. The
crossover between these two regimes is continuous and frequency independent,
depending solely on the hopping energy scale kBT0.
These results clarify why breakdown in the QAH insulator is dominated by
Joule heating: the hopping energy of the QAH bulk, T0 ≈ 17K, is comparable
to the smallest gaps in the graphene QH system, which exhibits the same
breakdown behavior. Altogether, this establishes heating as a key limitation for
the application of QAH insulators and underscores the importance of efficient
thermalization.
In summary, we systematically characterize edge plasmon propagation in QAH
edge states and identify the dominant sources of dissipation. These results
pave the way for future experiments operating at microwave frequencies, in-
cluding studies of single-charge transport and charge fractionalization. Such
experiments are discussed in Sec. 6.2.

6.1.2 Single-electron source in bilayer graphene

In this section of the thesis, we investigate microwave transport in electrostati-
cally defined BLG quantum dots to achieve controlled single-electron emission
in the absence of a magnetic field.
A band gap in the BLG is first induced by applying a displacement field. A
narrow one-dimensional channel is defined using two split gates separated by
approximately 100 nm. Local confinement is then achieved by applying voltages
to narrow finger gates crossing the channel, thereby forming a quantum dot.
Using low-frequency transport measurements, we demonstrate the formation of
a well-defined quantum dot and characterize its basic properties, including the
discrete energy spectrum, gate lever arms, and tunnel coupling to the source and
drain leads.
Building on this dc characterization, we explore rf control of the quantum dot
potential. By applying rf excitations to the gate electrodes, we induce time-
dependent modulation of the dot levels and detect the resulting dc and rf cur-
rents. Although quantized single-electron emission has not yet been achieved
in these devices, the observed current response demonstrates controlled charge
transfer driven by rf excitation.
To interpret these observations, we develop a simple Monte Carlo simulation of
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the dynamics of a driven quantum dot. The simulations indicate that the mea-
sured current originates from charge pumping between the leads rather than
from quantized single-electron emission. This analysis identifies the main limi-
tations of the current device design. In particular, cross-talk between gates and
leads, as well as the lack of independent control over the tunnel barriers to the
left and right leads, prevents robust single-electron operation.
Despite these limitations, the experiments establish an experimental framework
for rf-controlled quantum dots in BLG. We expect that modest technical improve-
ments, such as enhanced gate isolation and independent tuning of the tunnel bar-
riers, will enable the realization of a reliable SES. More generally, this work lays
the groundwork for future experiments on controlled single-electron emission
and coherent single-particle phenomena, including entanglement generation and
Andreev reflection, as discussed in Sec. 6.2.

6.2 Outlook

The results presented in this thesis open several directions for future experiments
on coherent charge transport in low-dimensional systems. In the following, we
outline possible experiments that build on the ability to generate, manipulate,
and detect charge excitations using rf techniques.

6.2.1 Reducing edge plasmon dissipation

Chapters 3 and 4 exposed the fragility of the QAH effect in thin films of V-BST,
which can be largely attributed to long-range Coulomb disorder. A key objective
of future research is therefore to mitigate this limitation and thereby widen
the otherwise restrictive operation window of QAH-based devices. Inevitably,
charge disorder leads to localized bulk states in these films. Owing to the
relatively small magnetic exchange gap, on the order of tens of meV [49, 50], a
perfectly insulating bulk cannot be realized. Nevertheless, it remains possible to
optimize the localization of charge disorder and thereby shift the breakdown of
the QAH effect to higher bias voltages and excitation frequencies.
In the present material platform, charge defects are only weakly screened,
such that the resulting localized states are spatially extended over tens of
nanometers [73, 77, 78]. Improving the electrostatic screening of these charge
defects is therefore expected to enhance their localization and reduce their
spatial extent [77, 174, 175]. One established approach to achieve this is the
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Figure 6.1: Schematic illustration of electrostatic screening by a metallic top gate. a)
Device Layout of a QAH device with metallic top gate. The gate is interrupted for the
rf ports used for the excitation and detection of edge plasmons. b) Cross-sectional view
of the device in a). The top gate is covered by an insulator (here Al2O3) of thickness d
and a metallic top gate. The top gate induces image charges at a distance d that suppress
long-wavelength Coulomb fields, thereby reducing the spatial extent of charge puddles.
Screening becomes effective when the gate–channel separation d is smaller than the
intrinsic disorder correlation length.

use of a metallic gate placed in proximity to the electronic system. Electrostatic
screening by a nearby metallic gate suppresses long-wavelength components
of the Coulomb disorder potential, such that potential fluctuations on length
scales larger than the gate distance d are strongly reduced. As a consequence,
the characteristic size of charge puddles is limited to the order of the gate
distance [176, 177]. This effect has been experimentally confirmed in related
two-dimensional systems [178, 179].
Based on these considerations, we propose a modified device geometry, as
sketched in Fig. 6.1a. A continuous gold gate is placed on top of the QAH
insulator, with openings only in the vicinity of the rf ports required for excitation
and detection of edge plasmons. A cross-sectional view of the structure is shown
in Fig. 6.1b. The key design parameter of this geometry is the thickness of
the gate dielectric, d. On the one hand, d must be sufficiently small to ensure
efficient screening of long-range Coulomb fields. On the other hand, it must be
large enough to prevent electrical leakage or shorting between the metallic gate
and the QAH film. For the present material system, we estimate that a dielectric
thickness of d ≃ 10 nm represents a reasonable compromise.
In addition to screening charge disorder, the proximity gate will also screen the
edge plasmon itself. This increases the geometric capacitance of the edge channel
and consequently reduces the plasmon propagation velocity [38, 180]. While
this effect may initially appear detrimental, reduced propagation velocities are
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in fact advantageous for microwave applications, for example, by enabling
further miniaturization of non-reciprocal devices such as circulators [16, 17]. We
therefore consider proximity gating a promising strategy to improve both the
robustness and practical applicability of QAH-based plasmonic devices.

6.2.2 Charge fractionalization in a QAH insulator

A natural next step is the realization of devices in which two edge states of
neighboring QAH insulators are intentionally coupled. In the strong-coupling
regime, interactions between adjacent edge states can give rise to fractionalized
charge excitations [181–184]. At first glance, this may appear counterintuitive
since the elementary excitation of an isolated QAH edge state carries an integer
charge q = e. However, when two edge channels are strongly coupled, for
example via capacitive interactions, the elementary excitations are no longer
single electrons but collective charge modes. The coupled system can then
be described as a Tomonaga–Luttinger liquid supporting interaction-induced
charge fractionalization [93, 185–187].
Such interaction-induced charge fractionalization has been experimentally
demonstrated in the integer QH regime. In particular, shot-noise measurements
provided evidence for a fractional effective charge [188], while time-resolved
transport experiments revealed the real-time splitting of charge wave packets
into fractional components [93]. These experiments were performed at high
magnetic fields, where the QH effect naturally provides multiple interacting
edge channels. In contrast, the QAH effect offers the opportunity to investigate
analogous charge fractionalization phenomena in the absence of an external
magnetic field.
To this end, we propose a device geometry in which two counter-propagating
QAH edge states are coupled via a floating metallic island, as sketched in
Fig. 6.2a. The coupling between the edge channels and the metallic island is
purely capacitive and characterized by a capacitance Cg, as illustrated in the
cross-sectional view in Fig. 6.2b. The metallic island has two important effects.
First, it significantly enhances the coupling strength, since the distance to the
island is approximately 10 nm, whereas the direct separation between the edge
states is 2–3µm. Second, it mediates a long-range interaction between the edge
states, as it couples to the total accumulated charge Q beneath each side of the
island rather than to the local charge density.
The coupling strength is governed by the charging time of the island, τ = RKCg,
where RK = h/e2. Charge fractionalization is expected when this time scale
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Figure 6.2: Schematic illustration of QAH charge fractionalizer. a) 3D model of a
QAH device that couples two edge states via a metallic island. An incoming current I0
containing a single charge carrier (q = e) is fractionalized by strongly coupling it to a
neighboring edge state. It leads to half the current in each edge state with a fractional
charge (q = e/2). b) Cross-sectional view of the metallic island in a). The strength of
the coupling between the edge states depends on the capacitance Cg between the edge
states and the metallic island.

exceeds the duration of the incident wave packet. In this regime, the island
cannot instantaneously screen the injected charge, and the interaction dynam-
ically redistributes the charge between the two edge channels. Microwave
measurements of the outgoing edge currents provide a sensitive probe of this
regime, for example, through modifications of the temporal profile or amplitude
of the transmitted wave packets.
While microwave measurements can establish strong coupling and charge redis-
tribution, they do not directly determine the effective charge of the excitations.
Demonstrating charge fractionalization therefore requires shot-noise measure-
ments, which provide direct access to the effective charge of the current-carrying
modes [187, 189]. Combining time-resolved microwave techniques with noise
measurements thus offers a powerful approach to investigate interaction-driven
charge fractionalization in QAH edge states and to study the coherence and
decoherence of the resulting collective excitations in the absence of a magnetic
field.

6.2.3 Studying Andreev reflection using BLG quantum dots

Andreev reflection, first proposed by Andreev in 1964 [190], describes the con-
version of an electron into a hole at a normal–superconductor interface, accom-
panied by the transfer of a Cooper pair into the superconductor. Its experimental
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signatures were later quantitatively established within the Blonder–Tinkham–
Klapwijk framework [191]. Although the Andreev reflection is now well estab-
lished, its temporal dynamics remain largely unexplored. Recent theoretical
works have addressed the expected time-dependent response of Andreev reflec-
tion in driven hybrid systems [192], as well as the dynamics of charge pulses
in QH edge states with induced superconductivity [193]. On the experimental
side, time-resolved studies have so far been largely limited to the dynamics of
Andreev bound states in qubit-based architectures [194], whereas time-resolved
measurements of individual Andreev reflection events remain absent.
We propose that the BLG quantum dots presented in Chapter 5 constitute an
ideal platform for studying time-resolved Andreev reflection. Andreev bound
states in graphene quantum dots have previously been investigated using low-
frequency transport techniques [147, 148], demonstrating the compatibility of
graphene-based quantum dots with superconducting proximity effects. A key
advantage of BLG is that it enables both the implementation of a SES and the
induction of superconductivity within the same material platform. In contrast,
inducing superconductivity in the QH regime remains challenging due to the
high magnetic fields required to achieve robust quantization.

The proposed experiment is schematically illustrated in Fig. 6.3a. The SES
follows the same architecture as introduced in Chapter 5, with a quantum dot
formed beneath the plunger gate (UPG). By modulating the chemical potential of
the quantum dot with an rf excitation, individual electrons are emitted. When
the energy of an emitted electron lies below the induced superconducting gap
∆SC of the proximitized BLG region, the electron undergoes Andreev reflection
and is converted into a hole, while a Cooper pair is injected into the supercon-
ducting condensate (see Fig. 6.3b). For conventional (retro-)Andreev reflection,
the hole is reflected along the same trajectory as the incident electron. Therefore,
we apply an out-of-plane magnetic field to control the electron and hole trajecto-
ries, as sketched in Fig. 6.3a. However, when the Fermi energy is tuned close to
the Dirac point in BLG, Andreev reflection can involve a transition between the
conduction and valence bands. In this case, the hole is reflected under a specular
angle rather than retracing the incoming path [195–197]. By tuning the magnetic
field H , the electron and hole trajectories can be manipulated [198], allowing the
distinction between retro- and specular-Andreev reflection.
The hole is drained into an Ohmic contact and subsequently detected using a
cryogenic amplifier. This scheme requires ballistic transport in the BLG, such
that the emitted electrons follow well-defined trajectories with an incident angle
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Figure 6.3: Andreev reflection measurement using SES. a) Device layout for detecting
an Andreev reflection of a single charge carrier in BLG. The BLG quantum dot emits
single electrons (holes). A superconducting island induces superconductivity (SC) into
the BLG. The incident electron (hole) is reflected as a hole (electron) and detected by an
Ohmic contact. An out-of-plane magnetic field controls the electron and hole trajecto-
ries, enabling the distinction between retro- and specular-Andreev reflection. b) Energy
diagram of the device. A plunger gate controls the filling of the dot. By applying an
rf pulse, an electron is emitted into the normal-conducting BLG lead and then reflected
as a hole on the interface to the SC-induced BLG, if its energy is below the SC gap ∆SC.
This process is called Andreev reflections and leads to a Cooper pair emission inside the
SC-induced BLG.

set by the one-dimensional channel formed between the split gates. In the pres-
ence of significant scattering, electrons would be deflected and partially drained
directly into the Ohmic contact, thereby suppressing the Andreev reflection sig-
nal. In principle, this platform enables precise control over the incident electron’s
energy and time-resolved detection of the reflected charge pulse. More broadly,
this approach extends concepts of single-electron quantum optics to supercon-
ducting hybrid systems, enabling the study of Andreev reflection at the level of
individual, time-controlled charge excitations.
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Appendix A

Synchronization of rf experiments

Synchronization becomes essential once more than one microwave instrument
is used in an experimental setup. In such cases, a stable common time reference
is required to avoid frequency offsets and uncontrolled phase drifts between
different signal paths. To identify a suitable synchronization strategy, we sys-
tematically compare different experimental configurations and synchronization
techniques.
The investigated setups consist of either a homodyne or a heterodyne detection
scheme, each involving two signal generators that provide sinusoidal signals at
microwave frequencies. In the heterodyne configuration (see Fig. A.1), the two
signal generators operate at frequencies separated by 10 MHz to enable down-
conversion. In contrast, for homodyne detection (see Fig. A.2), both signal gen-
erators operate at the same carrier frequency, and down-conversion is achieved
by mixing the microwave signal with an external 10 MHz reference signal. This
reference signal is provided either by a waveform generator (Rigol), a lock-in
amplifier (Zurich Instruments MFLI), or a commercial quartz clock.
In addition, we compare different synchronization methods, including the use
of a shared 10 MHz reference, a 1 GHz reference, and direct local-oscillator (LO)
coupling between instruments. To assess the phase stability of the different plat-
forms and synchronization schemes, a cable is used as a device under test (DUT),
and the phase is monitored continuously over a period of 10 h. An example mea-
surement for a configuration using two LO-coupled signal generators and the
Rigol waveform generator is shown in Fig. A.3.
Ideally, the measured phase should remain constant over time. In practice, phase
fluctuations can arise from imperfect synchronization, temperature drifts, or
other instrumental instabilities. To quantitatively compare the different config-
urations, we analyze the standard deviation σ of the measured phase over time
windows of 10 min and 10 h. The resulting values for all tested setups are sum-
marized in Tab. A.1.
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Two main conclusions can be drawn from these measurements. First, the homo-
dyne detection scheme generally exhibits superior phase stability compared to
the heterodyne configuration. Second, synchronization via direct LO coupling
between signal generators yields better phase stability than synchronization us-
ing a shared 10 MHz reference. The best overall performance is obtained when
using the Rigol waveform generator as the source of the 10 MHz reference sig-
nal, for which phase fluctuations remain well below 1° over 10 h. This level of
stability is sufficient for all experiments presented in this thesis. Even the hetero-
dyne configuration with LO-coupled signal generators provides adequate phase
stability for the intended measurements.
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Figure A.1: Heterodyne detection: Schematic of the heterodyne measurement setup.
Two signal generators (SG), synchronized either via a shared 10 MHz reference or by
local-oscillator (LO) coupling, provide sinusoidal signals at 5 GHz and 5.01 GHz. Each
signal is split using a power splitter. After passing the device under test (DUT, here
a cable), the signals are mixed using a double-balanced mixer (Marki M1-0008). The
down-converted signal is amplified by 20 dB using a broadband amplifier (Mini-Circuits
ZX60-83LN-S+) and filtered by a 10 MHz band-pass filter. In a typical measurement, one
signal bypasses the DUT and serves as a reference, while the other is transmitted through
the DUT. The signal is digitized using an acquisition card (ADC) and demodulated at
10 MHz to extract amplitude and phase information.
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Figure A.2: Homodyne detection: Schematic of the homodyne measurement setup. Two
signal generators (SG), synchronized via a shared 10 MHz reference or by local-oscillator
(LO) coupling, provide sinusoidal signals at 5 GHz. One signal is sent to the device
under test (DUT), while the second signal is mixed with a 10 MHz reference provided by
a waveform generator (Rigol), a quartz clock, or a lock-in amplifier (Zurich Instruments
MFLI). After passing the DUT (here, a cable), the signals are mixed using an IQ mixer
(Marki MLIQ-0218). The down-converted in-phase (I) and quadrature (Q) components
are amplified by 20 dB using a broadband amplifier (Mini-Circuits ZX60-83LN-S+) and
filtered by a 10 MHz bandpass filter. The signals are digitized using an acquisition card
(ADC) and demodulated at 10 MHz to determine the I and Q amplitudes.
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Figure A.3: Phase monitoring over time: Demodulated phase ϕ as a function of elapsed
time t, measured for a homodyne configuration using two LO-coupled signal generators
and a Rigol waveform generator. The standard deviations of the phase over 10 min and
10 h time intervals are summarized in Tab. A.1.

Table A.1: Phase stability comparison for different setups and synchronization schemes.
The standard deviation of the phase σ is shown for a 10 min and a 10 h period. Colors
indicate the evaluation of the phase stability (green=good, orange=acceptable, red=too
large). The following abbreviations are used: SG: Rohde&Schwarz SGS100A signal
generator, clock: Commercial quartz-clock providing a 10 MHz reference signal, LO:
shared local oscillator between the two SG, Rigol: waveform generator.

Setup Instruments Synchronization σ [°] (10 min) σ [°] (10 h)

Homodyne 3 SG 1 GHz reference 0.086 0.222
Homodyne 2 SG & clock 10 MHz reference 1.086 1.271

Homodyne 2 SG & clock 10 MHz reference
& shared L0 0.022 0.067

Homodyne 2 SG & Rigol 10 MHz reference
& shared L0 0.018 0.059

Homodyne 2 SG & MFLI 10 MHz reference
& shared L0 0.041 0.116

Heterodyne 3 SG 1 GHz reference 0.092 2.429
Heterodyne 2 SG shared L0 0.249 0.958
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Appendix B

Fabrication recipe for V-BST samples



Table B.1: Fabrication recipe for Quantum anomalous Hall devices

Step Module Process step Target parameters (SI) Notes / intent

1 V-BST growth Molecular beam epitaxy — Growth of V-doped (Bi,Sb)2Te3 thin film
on InP substrate.

2 Al2O3 encapsulation Atomic layer deposition 47 cycles; thickness 4–5 nm Passivation of V-BST film.

3 Markers + ohmic contacts

Spin coating PMMA A6, 4000 rpm (≈300 nm);
bake 10 min at 120 °C

Lithography stack for alignment markers
and ohmic pads.

Electron-beam lithography Acceleration voltage 10 kV; aper-
ture 60 µm; write field 100 µm;
step size 100 nm; dose 70 µC/cm2

Pattern definition for markers/contacts.

Development MIBK 30 s; IPA 90 s Standard PMMA development.

Al2O3 wet etch Transene D at 50 °C for 10 s; DI
rinse 2 min at 50 °C; DI rinse
2 min; N2 dry

Open dielectric locally before metalliza-
tion.

Metal deposition (Pt/Au) Sputter 5 nm Pt + 25 nm Au
(Moorfield); no rotation

Pt as adhesion / diffusion barrier; Au for
low-resistance pads.

Lift-off NMP at 50 °C for 30 min Assist lift-off by gentle solvent pipette
flow.

Continued on next page
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4 Mesa definition

Spin coating AZ1505, 4000rpm, (≈300 nm);
bake 1 min at 100 °C

Mask for mesa patterning.

Laser writing Laser power 10 mW; exposure
32 %

Define mesa geometry by optical lithogra-
phy.

Development AZ326MIF 20 s; H2O rinse 60 s Develop and clean resist pattern.

Al2O3 wet etch Transene D at 50 °C for 10 s; DI
rinse 2 min at 50 °C; DI rinse
2 min; N2 dry

Remove Al2O3 in the mesa region prior to
film etch.

V-BST wet etch H2O2 (35%) : H2SO4 (1 mol/L) =
3:1; etch 20 s at 21.5 °C

Etch time is typically verified visually to
avoid over-etch.

Solvent cleaning Acetone, then IPA Remove resist residues.

5 Al2O3 encapsulation Atomic layer deposition 10 cycles; thickness 10 nm Deposition of gate dielectric.

6 Open bond pads in Al2O3

Spin coating AZ1505, 4000 rpm (≈300 nm);
bake 1 min at 100 °C

Mask to open dielectric above bond pads.

Laser writing (maskless) Laser power 10 mW; exposure
32 %

optical pattern definition.

Development AZ326MIF 20 s; H2O rinse 60 s Standard development and rinse.

Continued on next page
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Al2O3 wet etch Transene D at 50 °C for 30 s; DI
rinse 2 min at 50 °C; DI rinse
2 min; N2 dry

Expose the underlying metal for wire
bonding.

Solvent cleaning Acetone, then IPA Remove resist residues.

7 Top gates + bond pads

Spin coating (bottom layer) MMA EL9, 4000 rpm (≈300 nm);
bake 10 min at 120 °C

Bilayer resist for reliable lift-off of gate
metal.

Spin coating (top layer) PMMA A6, 4000 rpm (≈300 nm);
bake 10 min at 120 °C

Defines high-resolution gate features.

Electron-beam lithography Acceleration voltage 10 kV; aper-
ture 30 µm; write field 100 µm;
step size 50 nm; dose 50 µC/cm2

Gate and pad patterning with reduced
step size.

Development MIBK 30 s; IPA 90 s Development for MMA/PMMA bilayer.

Metal deposition (Pt/Au) Sputter 5 nm Pt + 50 nm Au
(Moorfield); no rotation

Pt as adhesion / diffusion barrier; Au for
low-resistance pads.

Lift-off NMP at 50 °C for 30 min Assist lift-off by gentle solvent pipette
flow.
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Appendix C

Simulation of quantum anomalous
Hall resonator

The circuit model developed in Chapter 3 can be used to predict the performance
of a resonator formed from a disk of QAH insulator. Figure C.1(a) illustrates a
disk-shaped geometry in which two microwave ports are capacitively coupled
to the chiral edge channel. Since the edge state forms a closed propagation
path around the disk perimeter, edge plasmons can circulate repeatedly and
interfere constructively, giving rise to resonant modes. To estimate the resonator
response, the same circuit model and parameter set introduced in Chapter 3 were
employed. The transmission coefficient is given by

S21 =
SgeSpSeg

1− (SpSpp)
2 , (C.1)

where Sp = exp(−ik(ω)πD/2) describes plasmon propagation between the two
coupling ports (half perimeter) and Spp accounts for plasmon reflection at the
capacitively coupled ports. Resonances occur when the accumulated round-trip
phase approaches an integer multiple of 2π, causing the denominator to become
small and enhancing the transmission. Figure C.1(b) shows the simulated trans-
mission spectra for different values of the edge dissipation parameter ge. The
case ge = 0 corresponds to an ideal lossless QAH edge state and yields sharp,
high-contrast resonances. The value ge = 0.3 approximately corresponds to the
experimentally extracted parameters of sample MBE_VBST_20221204a and still
supports clearly visible resonances. In contrast, ge = 3 represents a strongly
dissipative device, for which the resonances become substantially broadened
and reduced in amplitude. The resonance quality factor was extracted from the
simulated linewidths using

Q =
f0
∆f

≈ π2f0D

2vp ln |SpSpp|
, (C.2)



156 Appendix C. Simulation of quantum anomalous Hall resonator

QAH disk

edge state

Port 1

Port 2

D

𝐶𝑔

𝐶𝑔

a) b) c)

Figure C.1: Predicted response of a quantum anomalous Hall (QAH) edge-state res-
onator. (a) Schematic of a disk-shaped QAH device of diameter D with two microwave
ports, which are coupled via the capacitance Cg. (b) Simulated transmission amplitude
|S21| as a function of frequency for different conductivities ge. Resonance peaks appear
for ϕ/2π = nπDf/v, with n = 0, 1, .... Increasing dissipation (ge) reduces the peak am-
plitude and broadens the resonances. (c) Corresponding quality factor Q obtained from
the first resonances as a function of frequency f . The upper axis indicates the resonator
diameter that is necessary to reach a matching resonance frequency. For low frequen-
cies, the residual bulk conductance ge limits the quality factor. At high frequencies, it is
limited by the screening of charge puddles. The simulations are done for realistic model
parameter: Cg = 10 fF, cp = 100 pF/m, fp = 7GHz

where f0 is the resonance frequency,∆f is the full width at half maximum of
the resonance peak, and vp is the plasmon velocity. As shown in Fig. C.1(c), the
quality factor decreases with increasing frequency f and bulk conductance ge.
For ideal edge states, quality factors exceeding 102 are predicted at tens of MHz.
However, even moderate bulk conductance ge leads to a substantial reduction of
Q. Calculations show that the quality factor scales as Q ∝ g−1

e . The quality factor
for GHz frequencies is limited by the screening of charge puddles, leading to a
decrease of the quality factor with increasing frequencies Q ∝ f−1. The upper
axis in Fig. C.1(c) converts resonance frequency into the equivalent resonator
diameter D, illustrating the device dimensions required to achieve resonances at
a given frequency.
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Appendix D

Monte Carlo simulation of rf-driven
quantum dots

In this appendix, we describe a Monte Carlo simulation used to model electron
transport through a single-level quantum dot driven by a radio-frequency (RF)
excitation. The simulation provides a time-resolved, stochastic description of
tunneling events between the quantum dot and its leads and allows the extrac-
tion of both DC and RF current components.

Physical Model

We consider a quantum dot coupled to two electronic reservoirs, referred to as
the left (L) and right (R) leads, via tunnel barriers characterized by tunneling
rates ΓL and ΓR. The dot is assumed to host at most a single excess electron
at any given time, such that the system can be described by two charge states:
empty or occupied.
The energy of the quantum dot level is modulated harmonically in time by an
RF signal,

Ed(t) = E0 + A cos(ωt), (D.1)

where E0 is a static energy offset controlled by a gate voltage, A is the RF am-
plitude, and ω = 2πf is the angular drive frequency. In addition, capacitive
coupling to the right lead is included by allowing its electrochemical potential to
oscillate in time,

µR(t) = 2A cos(ωt− ϕ), (D.2)

while the left lead is kept at a fixed chemical potential µL = 0. ϕ corresponds to
the phase-shift of the stray signal.
Electron tunneling between the dot and the leads is treated as a stochastic process
governed by the tunnel rates and the Fermi–Dirac occupation of the leads.
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Monte Carlo Time Evolution

Time is discretized into steps of duration ∆t, chosen to be small compared to the
inverse tunneling rates,

∆t ≪ Γ−1
L,R. (D.3)

The occupation of the quantum dot is updated probabilistically at each time step
according to the instantaneous tunneling probabilities. For a given dot energy
Ed(t), the probability that an electron occupies an energy state in lead α ∈ {L,R}
is given by the Fermi–Dirac distribution,

fα(Ed) =
1

1 + exp
(

Ed−µα

kBT

) , (D.4)

where T is the electron temperature. The probability for a tunneling event to
occur between the dot and lead α during a single time step is

pα = 1− exp(−Γα∆t), (D.5)

where Γα is the corresponding tunnel rate.

Update Rules

At each time step, the following update rules are applied:

•If the dot is occupied, the electron may tunnel out to the left lead with
probability pL(1− fL) or to the right lead with probability pR(1− fR).

•If the dot is empty, an electron may tunnel in from the left lead with proba-
bility pLfL or from the right lead with probability pRfR.

Random numbers drawn from a uniform distribution are used to determine
whether a tunneling event occurs. At most one tunneling event is allowed per
time step. Each tunneling event is recorded as a discrete current pulse of magni-
tude ±e, with the sign determined by the direction of charge flow.

Time-Resolved Current

The instantaneous current in each lead is represented as a discrete time series of
tunneling events. To extract the RF response at the drive frequency, the simulated
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current is demodulated using a digital lock-in technique. For each lead α, the
in-phase (Xα) and quadrature (Yα) components are computed as

Xα = 2
∑
n

Iα(tn) cos(ωtn), (D.6)

Yα = 2
∑
n

Iα(tn) sin(ωtn), (D.7)

where Iα(tn) denotes the instantaneous current contribution at time step tn. The
complex RF current amplitude is then given by

I(RF)
α =

e

T
(Xα + iYα) , (D.8)

where normalization by the total simulation time T converts the discrete sums
into currents. The simulation is repeated for a range of static gate offsets E0 and
RF amplitudes A. For each parameter pair, we record the complex RF current
into the left and right lead, and the net DC current averaged over the simulation
time. An example implementation of the Monte Carlo simulation is shown in
Listing D.1.

Limitations

The model intentionally neglects higher-order processes such as cotunneling,
energy-dependent tunnel rates, and electron–electron interactions. Despite these
simplifications, the simulation captures the essential stochastic dynamics of
RF-driven tunneling and provides an intuitive connection between microscopic
tunneling events and experimentally measured RF currents.
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1 import numpy as np

2 import matplotlib.pyplot as plt

3 # Simulation Parameters

4 dt = 5e-12 # Time step (5 ps)

5 T = 2e-7 # Total simulation time (100 ns)

6 num_steps = int(T / dt) # Number of time steps

7 # Quantum dot parameters

8 f = 1e9 # AC frequency (1 GHz)

9 omega = 2 * np.pi * f

10 # Tunneling rates (symmetric barriers)

11 Gamma_L = 8e9 # Left lead (5 GHz)

12 Gamma_R = 8e9 # Right lead (10 GHz)

13 # Electron temperature and Fermi function

14 kT = 10e-6 # Thermal energy (~10 ueV)

15

16 def fermi_function(E, mu): #Fermi-Dirac distribution

17 return 1 / (1 + np.exp((E - mu) / kT))

18

19 E0=0 # DC gate voltage

20 A=0 # RF amplitude

21 current_L = 0 # Net electron flow to left lead

22 current_R = 0 # Net electron flow to right lead

23 dot_occupied = False # Initialize empty dot

24 time_array = np.linspace(0, T, num_steps)

25 E_d_array = E0 + A * np.cos(omega * time_array) # Dot energy

oscillation

26 E_right_array = 2*A * np.cos(omega * time_array-np.pi/4) # Dot

energy oscillation

27 fermi_L_array = fermi_function(E_d_array, 0) # Time-dependent

Fermi level in left lead

28 fermi_R_array = fermi_function(E_d_array, E_right_array) #

Right lead remains fixed

29 rand_vals = np.random.rand(num_steps, 2) # Generate fresh

random numbers

30 instantaneous_current_L = np.zeros(num_steps)

31 instantaneous_current_R = np.zeros(num_steps)

32 omega = 2 * np.pi * f

33 reference_cos = np.cos(omega * time_array)

34 reference_sin = np.sin(omega * time_array)

35 # Monte Carlo loop
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36 for step in range(num_steps):

37 f_L = fermi_L_array[step]

38 f_R = fermi_R_array[step]

39 if dot_occupied:

40 # Electron can tunnel out to L or R

41 if rand_vals[step, 0] < (1 - np.exp(-Gamma_L * dt))*(1-

f_L):

42 dot_occupied = False

43 current_L += 1

44 instantaneous_current_L[step] = 1

45 elif rand_vals[step, 1] < (1 - np.exp(-Gamma_R *

dt))*(1- f_R):

46 dot_occupied = False

47 current_R += 1

48 instantaneous_current_R[step] = 1

49 else:

50 # Electron can tunnel in from L or R

51 if rand_vals[step, 0] < (1 - np.exp(-Gamma_L * dt)) *

f_L:

52 dot_occupied = True

53 current_L -= 1

54 instantaneous_current_L[step] = -1

55 elif rand_vals[step, 1] < (1 - np.exp(-Gamma_R * dt)) *

f_R:

56 dot_occupied = True

57 current_R -= 1

58 instantaneous_current_R[step] = -1

Listing D.1: Monte Carlo simulation of RF-driven transport
through a quantum dot.





163

Appendix E

Non-ohmic to ohmic crossover for
varying magnetic field and carrier
type

This appendix provides additional measurements that test the robustness of
the breakdown mechanism discussed in Section 4.3, which focuses on measure-
ments at B = 9T on electron-doped states to establish the physical picture of
the non-ohmic to ohmic crossover. The data presented here demonstrate that
the same behavior persists for lower magnetic fields and for hole-doped states.
These results support the generality of the interpretation but are not required for
understanding the main conclusions and are therefore presented in the appendix
for completeness.
We first examine the dependence of the breakdown behavior on the magnetic
field. Figure E.1a shows the relation between the breakdown voltage UBD and
the activation temperature T0 for the ν = 6 quantum Hall gap measured at
different magnetic fields. Within experimental uncertainty, the scaling of UBD

with T0 is unchanged when the magnetic field is varied. This observation
indicates that the relevant energy scales governing breakdown are set by the
degree of bulk localization, as quantified by T0, rather than by the absolute
magnetic field strength.
Using the same analysis as in Section 4.3.4, we extract an effective electronic
temperature Teff by mapping the breakdown curves σ(Udc) onto the tempera-
ture calibration curve σ(T = Teff). By fitting the voltage dependence Teff(Udc)

with a power-law relation, we extract the exponent β. The evolution of β as
a function of the activation temperature T0 is shown in Fig. E.1b. Consistent
with the results presented in Section 4.3, β increases from values close to 0.5 to
values approaching 1 with increasing T0, reflecting a crossover from non-ohmic,
field-driven hopping transport to an ohmic regime dominated by Joule heating.



164 Appendix E. Crossover in varying magnetic field and carrier type

100 200
Temperature T0 [K]

0

50

100

150
Te

m
pe

ra
tu

re
 e

U
BD

/k
B
 [K

] a)

B=3T
B=4T
B=5T
B=6T
B=7T
B=8T
B=9T

100 200
Temperature T0 [K]

0.4

0.6

0.8

1.0

1.2

E
xp

on
en

t non-Ohmic 

Joule heating 

b)

B=3T
B=4T
B=5T
B=6T
B=7T
B=8T
B=9T

Figure E.1: Breakdown behavior at different magnetic fields. (a) Breakdown energy
eUBD/kB (defined as σ(UBD) = σmax/2) as a function of the activation temperature T0,
extracted from temperature-dependent bulk conductance measurements for the ν = 6
gap at different magnetic fields. The data collapse onto a common trend, indicating
field-independent scaling with T0. (b) Exponent β obtained from power-law fits of the
form Teff ∝ Uβ as a function of T0. The systematic increase of β from approximately 0.5
to 1 with increasing T0 is observed for all magnetic fields.

Importantly, this evolution of β is independent of the applied magnetic field.
In addition, we investigate the breakdown behavior for hole-doped states at
filling factors ν = −6 and ν = −10, shown in Fig. E.2. The dependence of the
breakdown voltage on T0, as well as the evolution of the exponent β extracted
from the relation Teff ∝ Uβ , closely mirrors the behavior observed for electron-
doped states in Section 4.3. This symmetry between electron and hole transport
demonstrates that the variable-range-hopping-based breakdown mechanism
applies independently of carrier type.
Taken together, these supplementary measurements confirm that the observed
crossover from non-ohmic hopping transport to an ohmic, Joule-heating-
dominated regime is governed by bulk localization physics. The breakdown
behavior is robust against variations in magnetic field and carrier polarity,
further supporting the interpretation developed in the main text.
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Figure E.2: Breakdown behavior for hole-doped quantum Hall states. (a) Breakdown
energy eUBD/kB (defined as σ(UBD) = σmax/2) as a function of the activation tempera-
ture T0 for hole-doped states at filling factors ν = −6 and ν = −10 measured at B = 9T.
The scaling behavior matches that observed for electron-doped states. (b) Dependence
of the exponent β on T0, demonstrating the same crossover from non-ohmic transport to
an ohmic, Joule-heating-dominated regime as found on the electron side.
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