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Introduction

Motivation. One of the aims of the theory of Seshadri stratifications [1] on embedded
projective varieties X C P(V) is to use geometric data (subvarieties, vanishing order of
functions) to construct a flat degeneration of X into a union of toric varieties Xy. The
construction is motivated by the fact that, though the degenerate variety X is often
more singular than X, its combinatorial structure makes it easier to understand, and
information about Xy can often be “lifted” to information on X.

In this article, we focus on the case where X is a toric variety. Let T' ~ K" be a torus
with character lattice M, where K is an algebraically closed field of characteristic zero.
Given a full dimensional normal lattice polytope P C Mgk := M ®zR, we denote by Xp C
P (V) the associated embedded toric variety (Section 1). The rich combinatorial structure
of toric varieties makes it possible to present the theory of Seshadri stratifications on
toric varieties in a way which uses merely the common combinatorial tools related to
toric varieties: the polytope P, the weight monoid S of the homogeneous coordinate ring
of Xp, and a certain class of triangulations of P. The exposition given here is completely
independent of [1].

Combinatorial Seshadri stratification. Let A be the set of faces of P. For o € A there is
a unique T-orbits O, C Xp, denote by X, its Zariski-closure in Xp. For a collection of
homogeneous T-eigenfunctions f, € K[Xp|\ {0}, indexed by o € A, let u, be the weight
of f, and set m, = deg f,. A combinatorial Seshadri stratification on Xp is a collection
of such pairs (X,, f5)oca, fulfilling the following compatibility condition:

for all o € A, the rational weight —Z£= lies in the relative interior of the face o.

Given a combinatorial Seshadri stratification on Xp, for any fixed maximal chain € in
A, the set Be = {(mo, lto) | 0 € €} turns out to be a basis of Q @ Mg. Just using linear
algebra, we construct for every maximal chain € C A a valuation ve : K[Xp]\ {0} — Q%
as follows: for a homogeneous T-eigenfunction f € K[Xp] of degree my and weight (i,
the valuation ve(f) is given by the coefficients of the expression of (my, ur) as a Q-linear
combination of the basis B¢. The quasi-valuation v : K[Xp] \ {0} — Q# associated to
the combinatorial Seshadri stratification is defined by

v(f) = mins+{ve(f) | € maximal chain in A} C Q4,

where, in order to define the minimum, a linearization >* of the partial order on A is
fixed. This quasi-valuation induces a filtration on K[Xp] by ideals, let gr, K[Xp] be the
associated graded ring and set Xy = Proj (gr, K[X]).

This construction raises many natural questions: Are there many combinatorial Se-
shadri stratifications on Xp? What is the structure of Xy? How is the geometry of Xp
related to the geometry of X7 How to determine explicitly v(f), etc...
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Results. The aim of this article is to give answers to the above questions.

1. First of all, to achieve a classification, we introduce on the set of combinatorial
Seshadri stratifications on Xp an equivalence relation (Definiton 2.5) which ensures
gr, K[Xp] ~ gr, K[Xp] if v and v/ are quasi-valuations associated to equivalent combi-
natorial Seshadri stratifications. Recall that a flag of faces in A is chain, i.e. a totally
ordered subset of A, see Section 3. A triangulation 7 = (A¢)cer(a) of P indexed by
flags of faces is, roughly speaking, a marking {v, },c 4 of the faces of P by rational points
in the relative interior of the faces. The simplices of the triangulation are given by: for
a flag of faces C' the simplex A¢ is the convex hull of points {v,}scc.

Theorem A. There is a bijection between the set of equivalence classes of combinatorial
Seshadri stratifications on Xp and triangulations T of P indexed by flags of faces in A.

2. The quasi-valuation can be completely expressed in terms of the triangulation: let
f € K[Xp]\ {0} be a homogeneous T-eigenfunction of degree my and weight py, and let
¢ C A be a maximal chain. We show that the following statements are equivalent:

(i) v(f) = ve(f);
(11) —Z—ff € Ag;
(iii) ve(f) has only non-negative entries.

Being coordinates with respect to a basis, vg¢ can be easily computed; and the quasi-
valuation can be determined using the equivalence of (i) and (ii) above.

Moreover, if one of the equivalent conditions holds, then v(f) is, up to rescaling, given
by the coefficients of the expression of _51_]; as affine linear combination of the vertices
of A@.

3. The next task is to describe the structure of gr, K[Xp]. A priori, one has a dependence
on the choice of “>*”, But, by the result above, it turns out that the relevant properties
of v only depend on the triangulation 7 and not on the choice of the linearization.

Let S C Z ® M be the weight monoid of the embedded toric variety. For a flag of faces
C C Alet K(A¢g) C R @ Mg be the cone over the simplex and set S¢ := SN K(Ag).
The union of the cones K(A¢) defines a fan of cones, where C' is running over all flags
of faces in A. In the same way, the union of the S¢ defines a fan of monoids S, where
C is running over all flags of faces in A. We show in Section 4.4:

Theorem B. Denote by I' = {v(f) | f € K[Xp]\ {0}} C Q* the image of the quasi-
valuation v.

(i) T 4s a fan of monoids, isomorphic to Sy. In particular, T' depends, up to iso-
morphism, only on the triangulation T and is independent of the choice of the
linearization >t of A.
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(ii) The associated graded algebra gr,K[Xp| is isomorphic to the fan algebra K[T]. In
particular, the algebra gr,K[Xp] depends only on the triangulation T .

(iii) The variety Xo = Proj(gr,K[Xp|) is reduced. It is the irredundant union of the
toric varieties Proj (K[S¢]), where € runs over of all maximal chains in A. The
variety Xo is equidimensional, i.e. all irreducible components of Xy have same
dimension as Xp.

4. The next step is to view X as the special fibre in a flat family. Using the connection
between the quasi-valuations v, monomial preorders and approximations by integral
weight orders we show (Section 5.7):

Theorem C. There exists a variety Xp together with a flat surjective morphism m : Xp—
Al such that the fibre over 0 € Al is isomorphic to Xo, and m is trivial over A\ {0}
with fibre isomorphic to Xp.

In Section 5.6 we provide another way to look at the degeneration in the above theo-
rem: Indeed, there exists an embedding of Xp and X into a weighted projective space
P(my,...,m,), endowed with the action of a one dimensional torus G,,, such that one
can view X as a “limit variety”: lims_gs- Xp = Xp.

In particular, if all vertices of the triangulation 7 are lattice points, then one can
attach to each maximal chain ¢ C A a maximal simplex A¢ and a toric variety Xa, C
P (V). The one dimensional torus G,, above acts also on the projective space P(V') we
started with, and it makes sense to study the limit X¢ := lim,_,¢ s - Xp inside P(V),
similar to what was done in [11]. We prove the following result in Section 6, which can
be thought of as a special case of the results in [11]: The limit Xy inside P(V) is the
union of the toric varieties Xa,, where € is running over all maximal chains in A.

The limit varieties Xo C P(mq,...,m,) and Xg C P(V) are strongly connected.
For example, the irreducible component X¢ of Xy C P(my,...,m,), where € C A a
maximal chain, is isomorphic to the normalization of Xa,, the corresponding irreducible
component of Xg. The limit lim_,¢ s-1(Xp) of the vanishing ideal I(Xp) of Xp C P(V) is
in general not a radical ideal (see also [11]), for details about the radical see Theorem 6.2.

5. In the last section we compare the notion of a combinatorial Seshadri stratification
in this article with the notion of a Seshadri stratification in [1]. We show that: A com-
binatorial Seshadri stratification (X, fs)sca on Xp is a Seshadri stratification on Xp
in the sense of [1], which is equivariant with respect to the T-action on Xp. The quasi-
valuation v associated to a combinatorial Seshadri stratification (X, fs)oca is the same
as the quasi-valuation V associated to the Seshadri stratification in [1]. The associated
semi-toric varieties are therefore the same.

Outlooks. In the case of toric varieties, the role played by the subvarieties in the usual
framework of a Seshadri stratification is completely replaced by the triangulations in-
dexed by flags of faces. In a forthcoming article we will generalize this approach and
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consider, as it was done in the rank one case in [7], triangulations of the polytope P as
a natural starting point to construct higher rank quasi-valuations on the homogeneous
coordinate ring of an embedded normal toric variety, and to describe the corresponding
degenerate variety.

Another line of generalization we are approaching is to replace toric varieties by
spherical varieties. It is a class of varieties which is endowed with a large collection
of combinatorial tools, and we plan to use this for a combinatorial description of the
structure of the degenerate variety. But already the case of the flag variety (see [2,3])
shows that the transition from toric varieties to spherical varieties can not be done with
ease.

Organization of the article. The article is structured as follows. In Section 1 we recall a
few standard facts about normal toric varieties and we fix some notation. In Section 2
we introduce the notion of a combinatorial Seshadri stratification and in Section 3 we
introduce the triangulations of P indexed by flags of faces. In Section 4 we define the
quasi-valuation associated to a combinatorial Seshadri stratification on Xp C P(V) and
prove a few first properties. In Section 5 we discuss a flat degeneration of Xp into X,
given by a one parameter group, and in Section 6 we discuss the case where the vertices
of the triangulation are all lattice points. In the last section, Section 7, we show that a
combinatorial Seshadri stratification is indeed a Seshadri stratification as defined in [1].
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1. Polytopes and embedded normal toric varieties

We fix some notation and recall a few standard facts about embedded normal toric
varieties. We denote by K an algebraically closed field of characteristic zero. Let T ~
(K*)™ be a torus with character lattice M and dual lattice N. We write (-,-) for the
non-degenerate pairing on N x M defined by: (1, u) is the unique integer such that
p(n(s)) = s{mH for all s € K*.

Let P C Mr = M ®z R be a full dimensional lattice polytope and set A = PN M.
Let {e, | x € A} C K be the standard basis of V = K».
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Definition 1.1. ([4, Chapter 2]) The embedded toric variety Xp C P(V) is defined as the
Zariski closure of the image of the map ¢ : T — P(V), t— [ZXeA X(t)eX]

If P is a normal polytope, then Xp C P(V) is a projectively normal variety.
For the rest of the article we assume that P is a normal polytope.

1.1. Orbits and faces

We fix the coordinates on V = K" and write Zy, X € A, for the linear function on
V' dual to e,. Denote by Xp C V the affine cone over Xp. Let T be the torus K* x T
with character lattice M = Z @ M. Let i : T — V be the map (¢, t) — > xen X(t)cey,
then Xp is the closure of the image of 7 and (zy o i)(c,t) = ex(t) for (¢,t) € T. One
has a bijection between the T-orbits in Xp and the faces of P ([4, Section 2.3, Section
3.2]). Let o be a face of P and set A, = AN o. The T-orbit associated to a face o of P
is O = {[>_cn, X(t)ex] | t € T'}. In particular, the coefficients of the ey, x € A, are
nonzero.

Definition 1.2. The Zariski closure O, C Xp of the orbit is denoted by X,.

The variety X, is a toric variety associated to the polytope o, where we view the
latter as a full dimensional lattice polytope in its affine span (see [4, Section 3.2]).

Let A be the set of faces of P. This set is partially ordered by the inclusion relations
on the faces: we write 7 < o for 0,7 € A, if and only if 7 C o. We have for the orbit
closures: X, C X, if and only if 7 < 0.

1.2. The homogeneous coordinate ring of Xp

The homogeneous coordinate ring K[Xp] of Xp C P(V) and the coordinate ring
K[Xp] of the affine cone Xp are the same rings. Since we often work with Xp, we
will use for the rest of the article the notation K[Xp]. This ring has a natural grading
K[Xp] = GamzoK[XP]nr

The action of 7' on V induces a natural action of 7' on K[V]: for # = (¢,t) € K* x T
and g € K[V] let £-g be the regular function: X — K, 2 + g(t~'.(c"'z)). The coordinate
functions z, x € A, are T-eigenfunctions of weight (=1, —x). Note that T-eigenfunctions
are automatically homogeneous, the degree is the absolute value of the first entry of the
T-weight. Since Xp is T-stable, we get an induced T-action on K[Xp].

Definition 1.3. Let @ be a rational polytope in M. The cone K(Q) C R® Mg associated
to @ is the subset K(Q) := {(c,cp) | ¢ € R>p,p € Q}.

Let K(P) C R @ Mg be the cone over P. Denote by S C K(P) the submonoid
generated by the elements (1,x), x € A. The assumption that P is a full dimensional
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normal lattice polytope implies: S = K(P) N (Z x M) ([4, Lemma 2.2.14]). The monoid
S is called the weight monoid associated to Xp C P(V).

A monomial J[ ., zy* € K[V] is a T-eigenvector, its T-weight is (—m, —n), where
(m,n) = > eaax(1,X) is an element in the weight monoid S. The algebra K[Xp] is

linearly spanned by the restrictions []. ., zx*| %, of these monomials.

XEA
For every (m,n) € S, we fix a decomposition (m,n) = ZxEA ay(1,x), and set fp, , =

[T ea Ty~ | %, The following is well known:

Lemma 1.4. The function fp,, depends only on (m,n) and not on the choice of the
decomposition of (m,n). The set { fm, | (m,n) € S} is a K-basis for K[Xp].

The subspaces of homogeneous functions are given by K[Xp],, = D, cmprnn Kfmx
m € N (see [4, Example 4.3.7]).

2. Combinatorial Seshadri stratifications and valuations

Let Xp C P(V) be an embedded toric variety as in Section 1 and recall that A denotes
the set of faces of the polytope P. Let X, 0 € A, be the collection of T-orbit closures in
Xpandlet f, € K[X p], 0 € A, be a collection of homogeneous T-eigenfunctions of degree
deg f, > 1. Denote by py = (—deg fs, i), i € M, the T-weight of f,. In the following
we identify P C My with the polytope in the affine hyperplane {(1,7) | n € Mg} C Mg
obtained as the convex hull of the points (1, x), x € A.

Definition 2.1. The collection (Xy, f5)sca of T-orbits closures X, C Xp and T—eigen—
functions f, € K[Xp] is called a combinatorial Seshadri stratification on Xp if the
T-weights 1o of the functions f,, o € A, satisfy the following condition:

Vo € A, “Ho s q point in the relative interior o° of o. (1)
deg fo
Example 2.2. A natural choice of the functions f, is the product of the linear functions
associated to vertices of o.
Let T = (K*)? be the torus. The character lattice of T is Ze; @ Zey where {e1,ea} is
the natural basis of R?. Let P be the square with set of vertices E = {vg = (0,0), v; =
(1,0), vy = (0,1), v3 = (1,1)}. Then A = E.

The faces of P are: the vertices in E, the 4 edges e(; j) connecting v; with v; where
(i,7) € {(0,1), (0,2), (1,3), (2,3))}, and the whole square P. The homogeneous 7-

eigenfunctions
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f’l)i = x’uiv fe(i‘j) = x'uixvj7 fP = xvoxlevngg
satisfy the property (1).

Example 2.3. Suppose P has enough lattice points in the following sense: for every face
o € A there exists a weight x, € A N o° in the relative interior; fix a collection of
such weights x,, 0 € A. The linear functions f, = z,,, 0 € A, satisfy the condition
on the weights, so the collection (X, fy)sca of subvarieties and T—eigenfunctions is a
combinatorial Seshadri stratification.

Example 2.4. Let T' and M be as in Example 2.2. Let P the square with set of
vertices E = {vg = (0,0), v1 = (2,0), vo = (0,2), vs = (2,2)}. Then A =
EuU{(1,0), (0,1), (1,1), (2,1), (1,2)}.

The polytope P has enough lattice points. So the functions f, corresponding to the
coordinate associated with the weights in A N o, satisfy the property (1).

By a marking m of the faces of the polytope P we mean a collection m = (uy)yeca of
points such that u, is a rational point in the relative interior o of the face ¢ C P. The
collection of weights in (1) defines such a marking of the faces.

Definition 2.5. Let (X,, f»)sca be a combinatorial Seshadri stratification on Xp and
denote by p, the T-weight of the function f,, o € A. We call my = (ﬁ)gef; the
associated marking of the faces. Two combinatorial Seshadri stratifications (X,, fo)sca
and (X,, hs)oca are called equivalent if the associated markings are equal: mg = my,.

Remark 2.6. Let (X,, fo)sca be a combinatorial Seshadri stratification on Xp C P(V).
For 0 € A let Mg, C Mg be the affine span of o. Set M, = M N Mg . So o is a full
dimensional lattice polytope in Mg o; set V, = (X,)k €V and A, = {x € A| & < o}.
The collection of varieties X, C X, and functions f,|x,, T € A,, defines a combinatorial

Seshadri stratification for the normal embedded toric variety X, — P(V,) C P(V).
2.1. First properties

Let (X,, fo)sca be a combinatorial Seshadri stratification on Xp and denote by p,
the T—Weights of the extremal functions f,, o € A.
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Lemma 2.7. For o,7 € A, the restriction fg\XT = 0 is identically zero if and only if

TFoO.

— o
deg fo
be written as the restriction of a monomial in the z,, x € A,. All the coefficients of the

Proof. Since € ¢° is an element in the relative interior of o, it follows that f, can

ey in the expression y = [} .1 ayey] € O are nonzero (Section 1.1), so the restriction

X€E
of the function to X, is not identically zero if 7 > o because A, C A,.
—plo
deg fo
such that x is a factor of f,, and hence the restriction of f, to O is identically zero. O

If 7 % o, then o is not a face of 7. Since € 0°, there exists at least one x € A, \ A,

Lemma 2.8. The map ¥, which associates to a combinatorial Seshadri stratification
(X, fo)oca the marking me = (ﬁ)gem induces a bijection between the set of equiv-
alence classes of combinatorial Seshadri stratifications on Xp and the set of markings of
the faces of P. In every equivalence class of combinatorial Seshadri stratifications there
exists an element (X, f5)oca such that all other combinatorial Seshadri stratifications
in the same equivalence class are equal to (X, cgfﬁf’)geA for some ¢, € K*, £, € Ny,
o€ A.

Proof. The map V¥ is well defined and injective on the equivalence classes. Let m =
(s)sca be a marking of the faces. For o € A, the set {n € Z | nuy, € M} C Z is an
ideal, let g, > 0 be a generator of the ideal. For o € A set A\, = —q,u, € M, this is the
weight of a T-eigenfunction f, of degree ¢,, and (Xo, fo)oea is a combinatorial Seshadri
stratification with associated marking ms = (uy)sea. It follows that U is a bijection, we
fix these functions f,, 0 € A, for the rest of the proof.

—u,
deg hy
some ¢, € K*, ¢, € Nsg. It follows: the equivalence class of (X, fo)seca consists of

AT -eigenfunction h, of weight v, with = u, is equal to h, = ¢, fﬁ“ for
combinatorial Seshadri stratifications of the form (X, cgfff')geA, ce € K*, {, € Nyg,
cceA O

Lemma 2.9. If m = (uy)seca s a marking of the faces of P, then, for every mazimal
chain € C A, the rational weights {uy }yee form a Q-basis for MQ.

Proof. By assumption, u, is an element of the relative interior of o. So us, — s,

Ugy — Ugys - -+ Uy, — Uy, , are linearly independent and hence form a basis for Mg,

T

which implies: {uy }rce is a basis for M@. O
2.2. Generalities on valuations

Definition 2.10. A quasi-valuation on ]K[X' p] with values in a totally ordered abelian
group G is a map v : K[Xp] \ {0} = G which

(i) has the minimum property, i.e., v(f + ¢) > min{v(f),v(9)};
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(ii) is not affected by scalar multiplication: v(cf) = v(f) for all ¢ € K*;
(iii) is quasi-additive, i.e. v(fg) > v(f) + v(g).

We assume in all cases f,g € K[Xp]\ {0}, and if appropriate, f + g # 0. The quasi-
valuation v is called homogeneous if v(f?) = pv(f) for all p € N and f € K[Xp] \ {0}.
The quasi-valuation v is called a valuation if it is additive, i.e., v(fg) = v(f) + v(g) for
all f,g € K[Xp]\ {0}.

Given a quasi-valuation v and a € G, the subset

K[Xp]za = {h € K[Xp]\ {0} | v(h) > a}
is an ideal. The ideal K[X p]s, is defined similarly. The quotient F, = K[Xp]>a/K[Xp|sa

is called a leaf of the quasi-valuation. The direct sum of the leaves: € I, inherits an

aceG
algebra structure and is called the associated graded algebra, denote it by gryK[X Pl

Let (X,, fs)oca be a combinatorial Seshadri stratification and fix a maximal chain
¢ ={o, > ... > 0¢} in A. Let p,,...,ug be the weights of the extremal functions
fors--os foy- By Lemma 2.9, these weights form a Q-basis for Mg. Let {e,,, ..., eq,} be
the standard basis of Q¢. We endow Q¢ with the lexicographic order, i.e. (a,...,ag) >
(by,...,bg) if a, > b, or a, = b, and a,_; > b,_1 and so on. In this way Q% becomes a
totally ordered abelian group.

Definition 2.11. For a T-eigenfunction g € K[X p] of weight Ags let Ag = appr +.. .4 aopo
be the uniquely determined expression of A as a linear combination in terms of the basis
given by the weights {y, ..., uo}. We set ve(g) = ares, + ...+ apes,. For an arbitrary
function g € K[Xp], let g = gy, + ...+ gy, be a decomposition of g into T-eigenfunctions
of pairwise distinct weights 7;, i = 1,...,t. We define a map ve : K[Xp] — Q¢ by:

ve(g) = min{ve(gy,) | 1 <i <t}
Example 2.12. If 0 € €, then ve(f,) = e,

Remark 2.13. The T—weight spaces are one dimensional. If g is a T—eigenfunction, then
the value ve(g) on a T-eigenvector depends only on the T-weight of the function, and
vice versa, the weight of g can be reconstructed from ve(g).

Lemma 2.14. The map ve : K[Xp] \ {0} — Q€ is a valuation with at most one-
dimensional leaves.

Proof. The map v¢ has the minimum property by construction, and it is not affected
by non-zero scalar multiplication. If g = g, +... + gy, and h = hy, + ... + h,, are
decompositions of g and h into pairwise distinct T—eigenfunctions of weight n;, i =
0,...,t, respectively wj, j = 0,...s, such that ve(g) = ve(gn,) and ve(h) = ve(ha,),
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then gh is a sum of T—eigenfunctions: Gnihu,, i =0,...,t,j=0,...5 and ve(gy, he,) =
ve(gn) + ve(hw,). It follows: ve(gh) = ve(gn,) + Ve (hw,) = ve(g) + ve(h), so the map is
additive and hence a valuation. Positive dimensional leaves are just T-weight spaces by
Remark 2.13, so they are one-dimensional. O

We extend the valuation to ve : K(X) \ {O} — Q% by ve($) = velg) — ve(h).
Denote by Fe the product [], ¢ fo and let K[Xp]r, C K(X) be the localization of the
homogeneous coordinate ring. It is the coordinate ring of Up, = {x € Xp | Fe(x) # 0},
an affine toric T—Variety. Note that the valuation may have negative entries.

Proposition 2.15. Let g € K[Xp] \ {0}. For ve(g) = (ag)geg let k > 0 be a positive
integer such that ka, € Z, o € €. In K[Xp]p, one has: g% = = c[1,ce fE% + h, where
c € K* and either h =0, or ve(h) > (kas)oce-

Proof. Let g = g,, + ...+ gy, be a decomposition of g into T-eigenfunctions of pairwise
different weights 7;, i = 0, ..., t. Without loss of generality we assume ve(g) = ve(gy,)- It
follows that ve(g*) = kve(gn,). This implies that gfi and [],cq f54 are T-eigenfunctions
with the same valuation and hence the same T-weight. So in K[Xp|r, they must be
nonzero scalar multiples of each other. The value of v¢ on the remaining summands in
g = (ZE:O gn.)¥ is strictly larger than ve(gl ), which proves the claim. O

As an immediate consequence of Proposition 2.15 we see:
Corollary 2.16. Let g € K[Xp] \ {0} be a T- eigenfunction of T-weight Ag and suppose
ve(g) = (ag)oce. If k is as in Proposition 2.15, then g~ = CHUE€ fhao in ]K[Xp]p¢ for
some c € K*, degg = > .0, deg f, and )\g = vee Gollo-

We get also some information about the value of vg(f;) for 7 & €:

Corollary 2.17. For 7 € A, 7 ¢ €, let ve(fr) = (ao,)o<i<r- If 0; € € is minimal such
that o > 7, then ay,; > 0 and as, =0 for i > j.

Proof. Let € = (o,,...,00). By assumption, we have degf € 7° C 0y, which implies:
d;g“}l is in the linear Q-span of the {dclzga}ai |i=0,...,7}, and hence a,, = 0 for i > j.
If as; <0, then 1et k > 0 be as in Corollary 2.16 and set N > 0. By ibid., the regular
k oj o 7 .
functions fkf(l,]a (Ilico. i1 fo )N and [T,y i1 fka " have the same T-weight,

so they are equal in K[X p] up to some nonzero scalar multiple. But this is not possible:
the first function vanishes identically on X, , because 0;_1 # 7 (Lemma 2.7), but the
second not. It follows: a,, > 0. O



412 R. Chirivi et al. / Journal of Algebra 681 (2025) 401—436

2.8. The valuation monoid
The additivity of v¢ implies that
Ve(Xp) = {ve(h) | h € K[Xp]\ {0}} C Q¢

is a submonoid of Q¢, called the valuation monoid. For an arbitrary embedded projective
variety Y C P(V) a valuation monoid V(Y is typically used to construct (if possible)
a flat degeneration of Y into a toric variety, having the valuation monoid as weight
monoid. So it is no surprise that in the case where Y = Xp is a toric variety we do not
get anything really new. By Lemma 1.4 and Corollary 2.16 we see:

Corollary 2.18. Let p,, ..., po be the weights of the extremal functions fo.,..., fo,. The
map Vg : VQ(XP) =S, (ap,...,a0) — Z;ZO ajpj, is an isomorphism of monoids.

A new point of view comes in Section 4. Let us just remark that for every maximal
chain we have a special submonoid: Ve(Xp)* = Ve(Xp) N QE,, the intersection of the
valuation monoid with the positive orthant. We will see that the images 1)¢ (Ve (Xp)T) C
S define a decomposition of S as € is running over all maximal chains in A.

Example 2.19. Let Xp the toric variety with the combinatorial Seshadri stratification of
Example 2.2. Then, using Corollary 2.18, is easy to see that, for every maximal chain €,
the valuation monoid Ve(Xp) is the monoid

{(ag,al,ao) S Q3 | 2a9 €7, a1 € Z, ag € Z}

Example 2.20. Let Xp the toric variety with the combinatorial Sesahdri stratification of
Example 2.4. By Corollary 2.18 one can see that, for every maximal chain €, the monoid
V@(Xp) is Zg.

3. Markings and triangulations of P indexed by flags
A flag of faces in A is a chain in A, i.e. a totally ordered subset of the form o1 C ... C

os, where the o0; € A, i = 1,...,s, are faces of P. Let F(A) be the set of all flags in A,
i.e. the set of all totally ordered subsets of A.

Definition 3.1. A triangulation of P indexed by flags of faces is a triangulation T =
(Ac)cer(ay of P with rational vertices and simplices A¢ indexed by F(A), such that

(1) the relative interior of every face o € A contains exactly one vertex v, € Mg of T,
(2) Ac is the convex hull of the v,, o € C.

Example 3.2. The barycentric subdivision of P is a triangulation of P indexed by flags.
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Given a triangulation indexed by flags 7 = (A¢)cer(a), the collection (vy)sca of
vertices defines a marking my of the faces of P. Vice versa, let m = (u,),c4 be a marking
of the faces. For a flag C € F(A) let Ac C P be the convex hull of the u,, o € C. By
Lemma 2.9, the u,, 0 € C, are linearly independent and hence A¢ is a simplex of
dimension |C] — 1. We attach to a marking of the faces m = (u,)sca the collection of
simplices T = (Ac)cer(a)-

Lemma 3.3. The collection of simplices Ty = (Ac)cer(a) s a triangulation of P.

Proof. This is evident for » = 0. The general case follows by induction on the dimension.

For each facet of P, we have a marking that, by induction, gives a triangulation of the
facet. The collection of simplices 7, is the triangulation given by the cones with vertex
up over these triangulations of the facets. O

Example 3.4. Let P be the polytope as in Example 2.4. Let m be the marking associated
with the extremal functions given in Example 2.4. The triangulation associated with m

is

Summarizing we get together with Lemma 2.8:

Theorem 3.5. There exists a bijection between the set of equivalence classes of combi-
natorial Seshadri stratifications and the set of triangulations of P indexed by flags of
faces.

4. A higher rank quasi-valuation

Let (X,, fo)oca, be a combinatorial Seshadri stratification on Xp C P (V') and denote
by Fumax(A) the set of all maximal chains in A. Let Q4 be the vector space with the
standard basis {e, | 7 € A}. Given a maximal chain € € F,,,.(A), we identify the vector
space Q¢ with the subspace of Q4 spanned by the basis elements e,, 7 € €. So we view
the valuation v¢ defined in Definition 2.11 as a map ve : ]K(Xp) \ {0} — Q*, such that
the image lies in the subspace Q% C Q4.

We fix on A a linearization “>!” of the partial order on A4, i.e. “>!" is a total order
on A such that 7 > o for 7,0 € A implies 7 > 0. We get on Q* a total order by taking
the induced lexicographic order, which makes Q# into a totally ordered abelian group.

It is well known that the minimum function applied to a finite family of quasi-
valuations is a quasi-valuation (see, for example, [6]).



414 R. Chirivi et al. / Journal of Algebra 681 (2025) 401—436

Definition 4.1. The quasi-valuation v : K[Xp]\{0} — Q4 associated to the combinatorial
Seshadri stratification (X,, f,)sca and the fixed total order >! on A is the map defined
by:

g — v(g) :==min{re(g) | € € Fnax(4)}.

Since ve(gF) = kre(g) for all g € K[Xp] \ {0}, k € N, and all maximal chains in A,
the quasi-valuation v is homogenous: v(g*) = kv(g) for k € N.

Remark 4.2. The quasi-valuation v depends on the choice of the linearization “>!”, so it
would be more apt to write vs¢ and to add “>*” to the objects defined in the following.
To avoid an excess of indexing we stick to the notation above. In addition, many of these
objects turn out to be essentially independent of the choice of “>t”,

4.1. First properties

Let I := {v(g) | g € K[Xp] \ {0}} € Q4 be the image of the quasi-valuation. For
a=Y . are; € QA denote by suppa := {r € A | a, # 0} the support of a. By
construction, the support of @ € T is always contained in some maximal chain €.

Lemma 4.3.

a) If g = gy, + ... + gy, is a decomposition of g € ]K[Xp] into T-eigenvectors, then
v(g) = min{v(gy,) | j=1,...,q}.

b) T':={v(g) | g € K[Xp]\ {0}, 9 is a T-eigenfunction}.

c) v(fr) = er for all extremal functions fr, 7 € A, of the Seshadri stratification,
independent of the choice of the linearization “>*”

Proof. Let g = g, +...+ gy, be a decomposition of g € K[X'p} into T—eigenvectors. By
definition we have

v(g) = min { min{ve(gy,) | i =1,...,t}|€ € Frax(4)} = min{v(g,,) i =1,...,q},

which proves a) and b). By Example 2.12 we know ve(f,) = e, if 7 € €, and Corol-
lary 2.17 implies ve(f,) >t e, if 7 € €, independent of the choice of the linearization. O

Lemma 4.4. For a product [] . 4 fi*> of extremal functions we have v(I],c 4 fo'e) >
Y wca Moo, where equality holds if and only if there exists a mawimal chain € =
(ops...,00) such that {o € A | mg > 0} C € If v([[,cn fi'7) = Dgea Moo, then
the equality holds independent of the choice of the linearization “>t”.

Proof. The quasi-additivity and the homogeneity of a quasi-valuation implies imme-
diately v([T,c4 f'7) =" 2 caMoV(fo) = D pea Mo€o. So this is a lower bound for
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ve([lyea fo=) for all maximal chains €, and this bound is independent of the choice of
the linearization.

If there exists a maximal chain such that {o € A | m, > 0} C €, then the additivity
of a valuation implies: ve([[,c4 f7'7) = D oce MoVe(fs) = Dopce Mo€o, and hence we
have equality also for the quasi-valuation, independent of the choice of the linearization.

Now let € = (7,,...,79) be a maximal chain such that {oc € A | m, > 0} € ¢'. We
proceed by induction on #{c € A\ & | m, > 0}. If the number is equal to zero, there is
nothing to prove: ve/([[,c4 f7'7) = D oce MoCo-

Suppose now #{oc € A\ ¢ | m, >0} =¢ > 1andlet Kk € A\ € be such that m, > 0.
We assume by induction ver(J[, e 4\ (uy fo'7) >t 2 oea\(s} Moo The additivity of a
valuation, induction and Corollary 2.17 implies:

ve([lyea f77) = VQ’(HaeA\{n} f&) +ve (fi™)
> Y pea\(n} Moo +ver ()
>t Y oven Moto-

It follows, independently of the choice of the linearization: if {o € A | m, > 0} € ¢,
then ver ([T c 4 f2) > 35 4 Mo€oy, which finishes the proof of the lemma. O

4.2. The quasi-valuation and weight combinatorics

Let (X, f5)oca be a combinatorial Seshadri stratification on Xp C P(V'). Denote by
T = (Ac)cer(a) the triangulation of P indexed by flags associated to the equivalence
class of (X4, f)eca (Theorem 3.5). Given a T-eigenfunction g € K[X] of weight Ag, the
triangulation suggests to us a preferred class of maximal chains in A: the maximal chains
¢ such that % € A¢. Indeed:

Proposition 4.5. Let g € K[Xp| \ {0} be a T-eigenfunction of weight Ag and let € =
(opy...,00) be a mazximal chain in A. The following are equivalent:

i) v(g) =ve(9):
i) 15t € A
iii) ve(g) € QS

In particular, v(g) € Qéo, and v(g) is independent of the choice of the linearization
«>t ”

Proof. If d;’g\‘; € Ag, then )4 is a non-negative linear combination of the weights p.,,
1t =0,...,r, which implies v¢(g) € ng. If ve(g) = (ar,...,ap) € ng, then by Corol-

lary 2.16:

—Ag -1 a . a; deg fo, — Lo,
= T Aillo; | = T . — € ACa
degg > a;deg fo (Z ) Z ( > j—0a;jdeg fo; | deg fo,

=0 =0
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which shows the equivalence of i) and ).

Given a T-eigenfunction g € K[Xp]\ {0} of weight ),, fix a maximal chain € =
(0p,...,00) such that 5 )“’ € Ac¢. It follows that ve(g) = (ar, . . ., ao) consists only of non-
negative numbers. So 1f we fix k as in Corollary 2.16, then the equality ¢* = ¢ fffr o fo kao
for some ¢ € K* holds in K[X' p|, and hence

v(g) = (f’“”- faa) Zajeo =ve(9)

by Lemma 4.4. This proves i) implies ¢), and v(g) € ng is independent of the choice of
> Suppose € = (7;,...,7p) is a maximal chain such that v(g) = ve(g). By the above

we know v(g) € QS,, and hence v¢(g) € QS which shows i) implies 7). O

Let g € K[Xp]\ {0} be a T-eigenfunction of weight A, and let € = (o,,...,00) be
a maximal chain in A such that ;e—;gq € Ag. The value of the quasi-valuation in g is

completely determined by its T—Weight:

Corollary 4.6. If c;giy

combination of the vertices of Ag, then v(g) =Y c¢ ageie]% Je,

= Pt L7 S ; —Ag ;
= Y pee Uo Toe o Us an expression of =t as a convex linear

One can go the other way round too: the quasi-valuation determines the weight and
the degree. Let g € K[Xp]\ {0} be a T-eigenfunction of weight \,. Since v(g) = ve(g)
for some maximal chain, we can apply Corollary 2.16 and get:

Corollary 4.7. If v(g) = (a¢)oca, then degg = > 4 aodeg fo and g = > 4 Gofls,
and there exists a positive integer k > 0 and ¢ € K* such that g* = CHJEA fhas,

4.8. Two fans of monoids

The explicit description of the quasi-valuation in Corollary 4.6 in terms of weight
combinatorics and triangulations makes it possible to give a similar description of the
image of the quasi-valuation I' := {v(g) | g € K[Xp] \ {0}} C Q*. A quasi-valuation is
only quasi-additive: v(gh) >t v(g) + v(h), so, in general, T is not a monoid.

Lemma 4.8. If g, h € K[Xp]\ {0} are T-eigenfunctions of weight Ag respectively A, then
—Xg —An

v(gh) =v(g) +v(h) if and only if there exists a mazimal chain € such that 2%, 2

Ag.

Proof. The quasi-valuation is homogeneous, so we can replace g and h by a k-th power,
where k is chosen as in Corollary 4.7, i.e. we can replace without loss of generality g and h
by products of extremal functions, say g = c1 [, cquppu(g) fo7 P = 2 L csuppuin) f77

Here c1,c9 € K*.
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_)\h
degh

of a maximal chain € such that supp v(g),suppv(h) C €, so we can apply Lemma 4.4 to

Now the condition ﬁ, € Ag¢ is by Proposition 4.5 equivalent to the existence

the product of extremal functions, which finishes the proof. O

Let g, h € K[Xp]\{0}. After rewriting both as a sum of T-eigenvectors, one concludes
by Lemma 4.8:

Corollary 4.9. v(gh) = v(g) + v(h) if and only if there exists a mazimal chain € such
that suppv(g), suppv(h) C €.

Recall that 7 = (Ac)cer(a) denotes the triangulation of P indexed by flags associ-
ated to the equivalence class of (X,, fr)sca. For a chain C' € F(A) let K(A¢) be the
cone over A¢ and set So = SN K(A¢). The union of the cones K(A¢), C € F(A), (to-
gether with the origin {0} as cone over A¢ for C the empty chain) form a fan. In the same
way the union of the S¢, C' € F(A), forms a fan of monoids, i.e. for all C,C’,C" € F(A)
one has: S¢ C S¢v if and only if C C C’, and S¢ NS¢ = Sgr, where C” = C N C".
We write S for this fan of monoids. As a set one has S5 = S, but as operation + we
have: Ad&n = X\ + n if there exists a chain such that \,n € Sc, and A+ is not defined
otherwise.

The quasi-valuation provides a similar construction in Q. For a chain C € F(A)
we replace the cone K(A¢g) C MQ by the cone K¢ C RA spanned by the basis vectors
{e, | o € C}. The collection of cones {K¢ | C € F(A)} defines a fan in R4, Its maximal
cones are the cones K¢ associated to the maximal chains € in A. For a chain C € F(A)
denote by I'c the subset I'c = {a € T' | suppa C C'} C K¢. By Lemma 4.8, T'¢ has a
natural structure as a monoid, which makes I' = (. F(A) I'c into a fan of monoids.

Theorem 4.10.

i) For all C € F(A), T'c is a finitely generated monoid.
i) The image of the quasi-valuation T := {v(g) | g € K[Xp]\ {0}} is a fan of finitely
generated monoids.
iii) T is, as a fan of monoids, isomorphic to S. T is independent of the choice of “>'7,

and equivalent Seshadri stratifications yield isomorphic fans of monoides.

Proof. The natural map I' — .S, which sends a tuple a € T" to the weight ZaeA Qg lho, 1S
by Corollary 4.6 and Corollary 4.7 a bijection. By Lemma 4.8, it is a morphism between
the fans of monoids I" and S7. Since S7 depends only on the triangulation 7, this proves
iii) by Theorem 3.5.

Since K (Ac) is a rational polyhedral cone, the monoid S¢ = K(Ac)NM = K(Ac)NS
is finitely generated (by Gordan’s Lemma). The isomorphism above sends I'c onto S¢,
which implies that I'¢ is finitely generated, which proves ¢) and ). O
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4.4. The associated graded algebra and the fan algebra

Definition 4.11. The fan algebra K[I'] associated to the fan of monoids T' is defined as
K[I := K]y, | @ € T]/I(T), where I(T) is the ideal generated by the following elements:

@) Ya - Yo — Yarp if there exists a chain C' C A such that a,b € Ko C Q4,
b) ya - yp if there exists no such a chain.

To simplify the notation, we will write y, also for its class in K[T']. For a chain C let
K[I'c] be the subalgebra: K[['c] := D, cr. Kya € K[[']. The algebra K[I'c] is naturally
isomorphic to the usual semigroup algebra associated to the monoid I'c.

We endow the algebra K[I'] with a N-grading inspired by Corollary 4.7: for a € Q4,
the degree of y, is defined by: degy, = > 4 ao deg fs.

The quasi-valuation defines a filtration on K[X p] given by ideals. We set for a € T*:

K[Xp]>e = {9 € K[Xp] | v(9) 2" a}, K[Xplsia = {g € K[Xp] | v(g) > a}.

Denote by gr,K[Xp] = @, . K[Xp]sta/K[Xp]st, the associated graded algebra.

a€el’
Theorem 4.12. The associated graded algebra gruK[Xp] 1s isomorphic to the fan algebra
K[T]. In particular, it is independent of the choice of the linearization and it depends,
up to isomorphism, only on the triangulation T associated to the equivalence class of the
Seshadri stratification (X, fo)ocA-

The variety Xo = Proj (K[I']) is reduced, it is the irredundant union of the toric
varieties X¢ = Proj (K[I'¢]), where € is running over the set of all mazimal chains in A.
The variety is equidimensional, all irreducible components of Xy have same dimension
as Xp.

Proof. The classes {fm.,, | (m,n) € S} of the basis elements of K[Xp] (Lemma 1.4)
form a basis for the associated graded algebra gryK[X p]. We have a natural map 7
between the basis of K[| and the basis of gr, K[Xp]: it sends ya, @ € T t0 fyn.,;, where
(m,n) = > caGolo. This map extends linearly to a vector space isomorphism 7 :
K[l — gr,K[Xp], which by Lemma 4.8 is an algebra isomorphism.

The algebra K[I'] has no nilpotent elements, so Xy, = Proj (K[I']) is reduced. Set
ye = [l,ce Ve, and let I¢ be the annihilator of ye in K[I']. The quotient K[I']/I¢ is
isomorphic to K[I'¢], an algebra which has no zero-divisors. Hence I¢ is a prime ideal.
It also follows that the intersection (Necz,  (4)le = (0) is the zero ideal.

The ideal I¢ is a minimal prime ideal: suppose I C I¢ is an ideal. Then K[I'|/I
contains an element g # 0 such that v(g) € I'e, and hence yeg = 0 by Corollary 4.9.
So the quotient has a zero divisor and I is hence not a prime ideal. It follows that
e e = (0) is the minimal prime decomposition of the zero ideal in K[I']. For a maximal
chain €', ye is a non-zero element in the intersection (), e Igz. This shows that the
intersection (g /¢ is non-redundant.
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An irreducible component of Xy is hence isomorphic to X¢ = Proj (K[T'¢]) for some
maximal chain € = (7,.,...,79). By definition, the functions Ye,,» 0 <@ < r, are alge-
braically independent and all other functions y,, a € I'¢ depend algebraically on these
functions. It follows dim X¢ = dim Proj (K[[¢]) =r =dim Xp. O

5. A flat degeneration induced by a G,,-action

Let G = {fix1,--->f1,x.} be the degree 1 elements in the basis (see Lemma 1.4)
of K[X'p]. They generate K[X'p], but, in general, their classes fl,xla .. .,fLXT do not
generate gryK[X pl. So to describe a flat degeneration Xp ~~ X, we replace the given
embedding 7 : Xp oV (see Section 1) by an embedding Xp = VeU into a larger
space.

Example 5.1. We take the same polytope P C R? and lattice M as in Example 2.4, with
the same marking except for the edge o joining the vertices (0,2) and (2, 2), here we take
as marking the point (%, 2). Let Ty be the associated triangulation, let € be the maximal
chain starting with the vertex (2,2), the edge joining (0,2) and (2,2) and P as maximal
element. Denote by A¢ the corresponding simplex, the vertices are (2, 2), (%, 2) and (1,1).
The points (2,3,4) and (3,4,6) are elements in S¢ = SN K(A¢), but they are not ele-
ments of the submonoid generated by {(1,a,b) | (a,b) € Ae N M} ={(1,1,1),(1,2,2)}.
So by the multiplication rules in gr, K[Xp] (see Definition 4.11, Theorem 4.10 and The-
orem 4.12), to get a generating system for grUK[X pJ, one has to add at least the classes

J?(2,3,4) and .]E(3,4,6)-

We add to G; some higher degree elements G = Gi U {fim, 1 x,s15- -5 fmy,x, ) taken
from the basis (Lemma 1.4) so that G = {fm,x | fm,x € G} is a generating system for
gr, K[Xp]. )

Note that for all maximal chains € holds: Ge = {fm,x | fm,x € G, supp(fm) € €}
generates the subalgebra K[I'¢] C K[I'] ~ gr, K[Xp]. By construction, one has hence for
the algebra K[V @ U] = K[z1, ..., zp] two surjective algebra morphisms:

0:Klzy,... 2, — gr, K[Xp]; ond O Klonmp) o K[Xp];
Vi=1,...,p: :cw—)fmi,xi; Vi=1,...,p: Zi = fm,xas

(2)

and corresponding embeddings © : Xy = Spec(K[[]) = V@& U and © : Xp » Vo U.
Since Xp is already embedded in V', here is another description of the morphism ©:

O0:Xp Vo U, = (2, fraxes (2)s -5 fmpox, (7)) (3)
5.1. Weighted projective varieties

We recall some notation, for more details we refer to the notes [8]. We endow the poly-
nomial ring K[z, ..., z,] with a N-grading defined by deg,,, ; = m; (in particular m; =
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...=m, = 1). We denote the “Proj” of the deg,,-graded ring by Proj,, K[z1,...,x,] to
avoid confusion with the standard projective space P(KP) = Proj(K[x1, ..., zp]).
We denote the “Proj” of the deg,,-graded ring by P(my,...,m,) and call it weighted

projective space. Denote by Gr,, ~ K* the grading group acting on K? by

&-(ar,...,ap) = (€™ ay,.... M ap)

for £ € Gry,. A more geometric description of P(mq,...,m,) is given as a quotient by
the action of the grading group: P(mq,...,m,) = (KP \ {0})/Gry,.
If feKlzy,...,z,] is deg,,-homogeneous, i.e.

f€™ay, ..., &M ap) = € f(a, ..., ap),

where d = deg,, f, then V(f) = {[v] € P(m1,...,m;) | f(v) = 0} is well defined.

For a deg,,,-homogeneous ideal I C K[zy,...,z,] let Y = V(I) C K” be the vanishing
set of I. We denote by Y = V(I) € P(my,...,m;) the vanishing set of all deg,,-
homogeneous f in I. We call Y the weighted algebraic set associated to I, and Y is called
the affine quasi-cone over Y, note that ¥ = (¥ \ {0})/Gry,. If Y is irreducible, then
Y is called a weighted projective variety. If I is a radical ideal, then the graded ring
K[z1,...,2,]/I is called the homogeneous coordinate ring K[Y] of Y = V/(I).

The morphisms # and 6§ defined in (2) send monomials of deg,,,-degree d to monomials
in the fmi;Xi (respectively fp,, y,) of the same degree with respect to the standard grading
on gr, K[Xp] (respectively on K[Xp]). Both rings, gr, K[X p] and K[Xp], are reduced, so
ker 6, as well as ker 6, are deg,,,-homogeneous radical ideals and define weighted algebraic

sets in P(ma, ..., mp), isomorphic to X respectively Xp. Since ker 6 is a prime ideal,
note that Xp = V(ker0) C P(my,...,m,) is a weighted projective variety.

For a polynomial g(x1,...,2,) =Y, bax™ we use the multi-index notation, i.e. a =
(a1,...,ap) € NP and 2% = 27" -+ 2,7, and for the polynomial ring K[z1,...,x,] we

just write K[z]. Note that for a monomial x* we have: deg,, ® = deg 6(z“).

We endow KP with a T-action. Let {e1,..., ey} be the standard basis of K, we set
for f = (c,t) € T: - e; = ¢™ixi(t)es, i = 1,...,p. We get an induced T-action on the
corresponding weighted projective space P(mq,...,m,).

The polynomial ring K[z| gets endowed with an induced T-action by algebra isomor-
phisms, here z; becomes a T-eigenfunction of weight (=m;,—xi), @ = 1,...,p. So the
morphisms 6 and 6 are surjective, T -equivariant and deg,,-preserving morphisms.

5.2. A global monomial preorder

We define a total order on N x ng by: (m’,a’) < (m,a) if m" <m or m' =m, a’ >*
a. We now endow the polynomial ring K[z] with an N x Q‘go—grading.
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Definition 5.2. The N x ng—grading is defined by deg 4 x; = (M4, V(fm; xs))s 0 = 1,.... D,
and degy 1 = 0. We introduce on the set of all monomials in K[z] a binary relation:
x® =4 2P if deg 4 ™ > degAxﬂ.

Since “>” defines a total order on N x Q‘;‘O, the induced binary relation “> 4” on the
set of monomails is a weak order (or total p;eorder). By definition, deg 4 is additive, i.e.
deg 4 z%2% = deg 4 2 +deg 4 . The additivity of deg 4 implies that “< 4" is compatible
and cancellative with the multiplication, i.e. if %, 2%, 27 are monomials, then

2 =4 2 & % =4 2P,

It follows that “<4” is a monomial preorder (see [9]). The total degree part of the order
ensures in addition that 1 <4 z; for all i = 1,...,p, and if %, 2° are monomials such
that 2@ # 1, then 2%2” = 4 2. So we have a global monomial preorder, see [9].

Definition 5.3. The initial term in, g of a non-zero polynomial g € K[z] is the sum of the
greatest terms of g with respect to the global monomial preorder “>-4”. If I C K[z] is an
ideal, then denote by in, I the ideal generated by the elements in,g, g € I.

Remark 5.4. If f is deg,,-homogeneous, then so is in, f. In particular, if the ideal I is
deg,,-homogeneous, then so is the ideal in, I.

5.8. Minimal lifts
Let Z be the subset

{(m,a) eN x Q% [ael,m=> a,degf,} CN x Q%
g€EA

Definition 5.5. The map val, : K[z] \ {0} — Z is defined for a monomial g = z® by
val, g := (deg,, g,7(0(g))) € Z. For a polynomial g = "  b,z® we define val, g to be the
maximum of the values of the summands: val, g = maxy{val, (%) | by # 0}.

Definition 5.6. A monomial []?_, 2t € K[z is called a minimal monomial if there exists
a maximal chain € in A such that {v(6(z;)) | 1 <4i < pand¥; > 0} C I'¢. We call such
a maximal chain a support chain for the minimal monomial.

By the properties of a quasi-valuation we know v(6(xz*)) >* 8  a;v(6(z;)) and
hence

val, x® = (deg,, z°,v(0(2”)) =< (degmxa72aiu(9(xi))> = deg, z. (4)

Together with Corollary 4.9 one has:
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Lemma 5.7. For a monomial z® € Kz] \ {0} holds: val,z® < degy z%, and we have
equality: val,x® = deg 4 x® if and only if the monomial x* is minimal.

Consider for (m,n) € S the function f,,,, € K[X,]. We know v(fm.,) € T'¢ for some
maximal chain €. Let 1 <4y < ... < iy < p be such that Ge¢ = {fm”,xn -wfmzz,xw} By
the assumptions made at the beglnnlng of this section, we can write v( fy,, ,) as a N-linear

combination: v(fm.,) = Zj 1 biu(fmij i ). By taking the coefficients as exponents, we

find a monomial f,, , := xb” e bi‘ € K|z] with the following property: it is a minimal

monomial such that 6(f,,, ) fm y € gr, K[Xp] and 0(fp.p) = fnn € K[Xp].
Definition 5.8. We fix for all (m,n) € S such a lift for f,, ,: £, = m?lil xff € Klz],
called the fized minimal lift for fn,., € K[Xp], (m,n) € S.

5.4. A basis compatible with ker 6

Let B; be the set of all monomials in K[z] which are not minimal, and let B3 be the
set of all fixed minimal lifts: B3 = {f,, , | (m,n) € S}. Finally, we set

% minimal monomial

E2:{xa_fm ‘(mn)GS 0(z*)=Fm.n, Fm nFc™ }

Lemma 5.9. The union B =B, UBy UB;3 is a basis for K[x] which is homogeneous with
the deg,, -grading and the deg -grading. In addition, B, UB, is a basis for ker 6, and the
image of Bs is a basis for gr, K[Xp] ~ K[z]/ ker 6.

Proof. The union B = B; UB, UBj clearly is a basis for K[z]. By Theorem 4.12 (for B;)
and construction (for Bs), By UBy C ker 0, whereas B3 is mapped by 6 bijectively onto
a basis of gr K[Xp] (see ibidem). It follows that By U B, is a basis for ker .

The elements in By are val,-homogeneous, i.e. for £y —x € B, one has valy, (f,.,) =
val, () because 0(f, ,) = 6(z®). Since both monomials are minimal by assumption,
one has in addition deg, £, ,, = val, (fy,,,) = val, (z*) = deg, 2%, so the elements are
also deg 4-homogeneous. The elements in B; and B3 are just monomials, so the basis is
compatible with the deg,,-grading and the deg 4-grading. O

5.5. A basis compatible with ker 6

To get a basis of K[z] compatible with the morphism 6 : K[z] — K[Xp] we slightly
change B; and set:

By := {2% — finy | 2* € B1,0(2%) = fim.y, £y fixed minimal lift } , B, := By, By := Bs.

Lemma 5.10. The union B = B, UBy UB3 is a basis for K[z] such that By UBs is a basis
for ker 0, which is compatible with the deg,,-grading, and the image of B3 is a basis for
K[Xp] ~ Klz]/ ker 6.
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Proof. For 2 € B; one has val, 2% < deg, v® (Lemma 5.7). So if 2% — frn.n € By, then,
by the minimality of f,, ,, we have

deg 4 £ = val £, ,, = val, 2 < deg 4 2. (5)

The switch from B; to B; can be viewed as a triangular base change, and hence B is a
basis. By construction, 6(f) = 0 for all f € B; UBs, whereas B3 is mapped by 6 onto a
basis of K[Xp] (Lemma 1.4). As a consequence we have: By U By is a basis for ker 6.

Since all the basis elements are homogeneous with respect to the deg,,-grading, the
basis is compatible with the deg,,-grading. O

Lemma 5.11. The map b — in,b, which sends an element b € B to its initial term,
induces a bijection B — B such that in,g € Ej forgeB;, j=1,2,3.

Proof. The elements in By U B3 are deg4-homogenous and hence one has for b € B;,
1=2,3:in,b=>b¢€ Ei, so in,, is the identity map on By = B, and B = Bs.

Given b € By, say b = 2% — f,, ,;, its initial term is by (5): in,b = z® € B;. By the
construction of By, the map v : B; — B; is a bijection. O

Lemma 5.12. We have in,, (ker 6) = ker .

Proof. By Lemma 5.11, one has ker @ C in,, (ker ). Let g € ker 0, we write g = > jes Cib;
as a linear combination of elements b; € By U By, where S is some finite indexing set.
Since the in,b, b € B, are linearly independent, one has in,g = inV(ZjeS ¢jin,b;) =
> jes Cjinyb;, where 8" C S is the subset of indices such that ¢; # 0 and in,b; is of
maximal deg 4-degree. In particular, in,g € ker §, and hence in, (ker§) = kerf. O

5.6. An approximation by a weight function

As in the case of monomial orders, global monomial preorders can be approximated
by integral weight orders, see, for example, [9], [10] and references therein.

For a, 8 € ZP let a - = Y7 | a;B;. For A € ZP let “~,” be the corresponding
integral weight order on K[z] defined by z® >, 2% if A- « > X\ - 8. The initial term
iny(g) of a nonzero polynomial and the initial ideal inyI are defined as in Definition 5.3:
iny(g) is the sum of the greatest nonzero terms of g with respect to the weight order
“>=1", and iny[ is the ideal generated by the elements in, g, g € I. Note if the ideal I is
deg,,,-homogeneous, then so is the ideal inyI. The following theorem holds for monomial
preorders, we formulate it here just for the monomial preorder induced by the quasi-
valuation v.

Theorem 5.13. [9, Theorem 3.2] There exists an integral vector A = (A1,...,Ap) € ZP
such that in, (ker @) = iny (ker 9).
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This integral vector A can be used to define a linear G,,-action on K?: s-(3-7_, c;e;) =

b shicie; for s € K*. For the corresponding G,,-action on K[z] by algebra homomor-
phisms we have for a monomial: s-z® = s~ **z®. The G,,-action on K? commutes with
the grading action of Gry, on K?; so we get an induced action on P(my,...,m,).

For a non-zero polynomial f =" c,z® € K[z] set deg, f = max{\-a | cq # 0}. Let
S be the finite index set of a such that ¢, # 0, and set ' = {a € S| A+« < deg,, [}
We get

sdeex f(s Sf)y=innf+ Z gdeax f=Aaga (6)
aeS’

By the definition of an initial ideal with respect to the weight order “>,” it follows hence
that such an ideal is generated by G,,-eigenfunctions. In particular, the ideal ker =
in, (ker #) = iny(ker §) (Lemma 5.12, Theorem 5.13) is generated by G,,-eigenfunctions
and hence:

Lemma 5.14. Xy C P(mq,...,m,) is a G,,-stable subvariety.

For a subvariety Y C P(my, ..., m,) denote by I(Y’) the deg,,-homogeneous vanishing
ideal, and for a deg,,-homogeneous ideal I C K[z] let V(I) C P(my,...,m;) be the
vanishing set of the ideal. For s € G,, we have I(s-Y) =s-I(Y) and s-V(I) = V(s-I).

Let I be a deg,,-homogeneous ideal. The ideal lim, s - I is the ideal in K[z] gen-
erated by the limit of the rescaled function lim .o s%°8xf(s - f), f € I. Equation (6)
implies: limg_,0 5 - I = iny/. This ideal is again deg,,-homogeneous and hence we have
by Lemma 5.12 and Theorem 5.13: n

lim s - ker @ = iny ker @ = in, ker § = ker 6. (7)
s—0

Definition 5.15. For a weighted projective subvariety Y C P(my,...,m,) denote by I(Y)
the deg,,-homogeneous vanishing ideal. We say that the weighted algebraic set Yy C
P(mi,...,m,)is a toric degeneration of Y inside P(myq, ..., m,) and write lims_,q s-Y =
Yo, if Yo = V(inaI(Y)).

Summarizing we have for Xp = V(ker#) and X, = V(ker ) = V (in (ker 6)):

Theorem 5.16. The variety Xo C P(my,...,m,) is a toric degeneration of Xp inside the
weighted projective space P(myq,...,m;): lims_0s- Xp = Xp.

5.7. Homogenization and a flat degeneration
A more formal way to look at the results in Section 5.6 is to use the A-homogenization

of an ideal (see, for example, [5, Section 15.8] or [10, Section 4.3]). We have the affine
quasi-cone Xp C KP embedded in KP?, together with a G,,-action on K?. We add a
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variable u and extend the action of G,, to KP@K by s-(3-F_, cies,¢) = (3F_, s*icie;, sc)
for s € K*.

We extend the N-grading to K[KP@K] = K[z, u] by setting deg,,, u = 0. And we extend
the action of the grading group Gr,, ~ K* to K? ® K by letting Gr,, act trivially on K.
The action of G,, on K? &K induces an action on K[z, u] by algebra isomorphisms and,
since the action preserves the deg,,-grading, we get an induced action on Proj,, (K[z,u]).

The inclusion K[u] < K[z, u] induces a morphism  : Proj,, (K[z,u]) — A' which is
Gm-equivariant with respect to the G,,-action on Proj,, (K[z,u]) and the G,-action on
K by multiplication.

Definition 5.17. For a polynomial f =Y  a,z® € K[z] set degy f = max{\-a | an # 0}.
We define a new function f € K[z1,...,zp,ul, called the A-homogenization of f:

f = udee Tfu™ray, . uay) € Ko, . .., p, ul. (8)

For a deg,,-homogeneous ideal I C K[z] denote by I C Kz, u] the ideal generated by all
the elements f, fel.

For the G,,-action we get: s - f = s~ e/ f 50 the function f is G,,-homogeneous.
Note that f = inyf + uh, where h € K[z, u|. Moreover, if f is deg,,-homogeneous in
K[z], then so is fin K|z, u]. We apply this homogenization procedu;e to the elements
of the basis B of K[z] to get B = {b | b € B}. It is easy to see:

Lemma 5.18. B = B, UB, U B3 is a basis of K[z, u] as a K[u]-module, where By = By,
By = B; and B; = {:z:o‘ — ybmon m,n|m“ €By,0(z) = fmm}, where by = Ao —
deg, £, > 0.

We apply the homogenization procedure to the ideal J = ker 6. Let Xp C KP & K be
the affine algebraic set obtained as the zero set V(j ) of the ideal J. Since J is generated
by G,,-eigenfunctions, X p is a G,,-stable subset of KP @K, and we have a G,,-equivariant
morphism 7 : Xp — Al

Lemma 5.19. Xp C K? & K is an affine variety with coordinate ring K[z, u]/J. The
variety is stable under the action of the grading group Gry,. The union B, UB, is a basis
for J as K[u]-module, and K[z, u]/J is a free K|u]-module with basis the image of Bs.

Proof. The ideal J = kerf is a prime ideal, which implies by [10, Proposition 4.3.10]
that .J is a prime ideal and hence Xp C K? ® K is an affine variety with coordinate
ring K[z, u]/J. The ideal J = ker 6 is deg,,,-homogeneous, hence so is J, and Xp is thus
stable under the action of the grading group Gr,.

The union B; UB, is contained in J by construction, so the image of B3 in Kz, u]/j
is a generating system over the ring K[u]. Since J C K][z] is a proper prime ideal, one
knows that u is not a zero divisor in K[z, u]/J [10, Proposition 4.3.5 ¢)]. So given a
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linear dependence relation between elements in the image of Bs with coefficients in K[u],
one may assume without loss of generality that at least one coefficient has a non-zero
constant term. But this would give at v = 0 a non-trivial linear dependence relation
between the elements in B3, which would be a contradiction. So the image of @3 is a
K[u]-basis for K[z, u]/.J. O

It follows that Xp is an affine variety with coordinate ring K[z, u]/.J, and the G,,-
equivariant morphism 7 : ¥p — A! is a flat morphism. Since J is deg,,-homogeneous,
we get for Xp = (Xp \ {0})/Gr,, an induced morphism 7 : Xp — Al

Theorem 5.20.

i) The morphism m : Xp — Al is flat.
ii) The fibre over 0 is isomorphic to X.
iii) 7 is trivial over A1\ {0} with fibre isomorphic to Xp.

Proof. Since K[z, u]/ J is a free module over K[u], it is in particular a flat module, which
implies by deg,,-homogeneity the first claim. Part 7i) and i) follows by [9, Section 3],
where it has been shown (here applied to the case J = ker 0): K[z, u]/(J,u) ~ K[z] /iny.J,
and (K[z,u]/J)[u™"] =~ (K[z]/J)[u, u""], which finishes the proof. O

6. The integral case

In this section we assume the combinatorial Seshadri stratification (X,, fy)sca arises
from a situation as in Example 2.3, i.e. for all ¢ € A: the extremal function f, is of
degree one, and the T—weight e of f, is a lattice point in the relative interior of the
face 0. The associated triangulation 7 has hence lattice points as vertices.

In particular, for every maximal chain € C A we have in the triangulation T a
simplex A¢ with lattice points as vertices, and hence a toric variety Xa, C ]P(]KA“?),
where A¢ = A N A¢. Via the inclusion K4 <« V = K» we view the (not necessarily
normal) toric varieties Xa, as being embedded in P(V). The following example shows
a normal polytope with an integral triangulation having a non-normal simplex.

Example 6.1. Let P C R?3 be the polytope with vertices v = (0,0,0), v; = (6,0,0),
vy = (0,6,0) and vz = (0,0,6). By [4, Theorem 2.2.11], the polytope P is normal.

We consider the triangulation of P whose vertices are: the point (2,1,1) and the
barycenters of the proper faces.

The simplex @ having vertices vy = (0,0,0), (2,1,1), (0,2,2) and (0,0,3) is not
normal. We checked this using Macaulay2 with the following code:

A
Q

isNormal Q

transpose matrix {{0,0,0}, {2,1,1}, {0,2,2}, {0,0,3}}
convexHull A
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However, not all the simplices of the triangulation are non-normal; for example, the
one with vertices (0,0,6), (0,3,3), (2,2,2) and (2,1,1) is normal.

Here is a picture of the polytope P with the non-normal simplex @ in orange (for
interpretation of the colors in the text, the reader is referred to the web version of this
article).

6.1. A shadow

The subspace V. C V @ U is stable with respect to the T—, the G;,- and the Gry,-
action on V @ U (see Section 5.1), and the projection $:VaU — V is equivariant
with respect to these actions. Recall that Gr,, acts on V by scalar multiplication, so
O = {(v,u) | v € V, uw € U, v # 0} is an open and dense subset of V @ U, stable
with respect to the actions by T-, G- and Gr,,. We get hence a T- and Gp-equivariant
rational map ¢ : P(mq,...,my) --» P(V), which is well defined on the open and dense
subset O = {[v,u] € P(m1,...,m;) | v # 0}.

We write X C P(V) to emphasize the fixed embedding of Xp and to not confuse
the embedding with Xp < P(mq,...,m,). Via the rational morphism ¢ we can see the
family of varieties {s- X} | s € G} C P(V) as a shadow of the family {s- Xp | s €
G} C O. From this point of view we may think of

: v
= . C
Xo ll_r%s Xp CP(V)
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as a shadow of the limit Xy = lims_,0 s+ Xp in P(mq,... 7mp).

The embedding X C P(V) (Definition 1.1) induces a surjective algebra homomor-
phism 0y : K[V] = K[Xp]. We view V = K* ~ K" as a subspace of V & U and write
K[z1,...,x,] for K[V]. The ideal ker 6y is the vanishing ideal for X} C P(V), it is equal
to the intersection ker 0 N K[zq,. .., z,].

The integral vector A = (A1, ..., Ap) € Z? (Theorem 5.13) induces also a weight order
on K[zy,...,2,.]. Let AT = (A1,...,\.) € Z" be the truncated vector, we define for
a,B € Z": x® =, 2P if and only if AT - a > At . 5. Note that AT - o« = X - « for all
z* € Klz1,...,2,] € K[z1,...,2,]. Being translated into ideals, the task is to study
limg_,q s - ker 8y = iny+ ker fy,. Theorem 6.2 below recovers for this special situation a
result by Zhu [11]:

Theorem 6.2.

i) We have v/iny: ker 0y = ker 6 N Kz, ...,z

ii) If we consider the toric degeneration of Xp induced by the G,-action on P (V), then
we get Xog = lims0 5+ Xp = J Xa,, where the union runs over all mazimal chains
¢ in A.

Before we come to the proof, we want to point out that the integrality condition on
the vertices of the triangulation 7 ensures that Xy is not too different from X,. For a
flag C C A let K(A¢) be the cone over the simplex A¢ and let S = K(A¢) NS be the
associated monoid in the fan of monoids S.

Definition 6.3. We denote by Sg C Se the submonoid St = ((1,m) | n € Ac N M)n
generated by the degree one elements. Let S' be the fan of monoids obtained as the
union (J, S, where C is running over all flags C' C A.

Let € be a maximal chain in A. Note that Sg is the weight monoid of the embedded
toric variety Xa, € P(V). So one can attach to a maximal chain € two affine toric
varieties: XA¢ = SpecK[Sg] € V, which is the affine cone over Xa,, and the weighted
affine cone X¢ = SpecK[S¢] CV @ U over the irreducible component X¢ C X.

Proposition 6.4. For all mazimal chains € in A, the morphism Xe — XA@ induced by
the inclusion of monoids Sé C S¢, is the normalization morphism.

Proof. The irreducible components X¢s C X are normal because S¢ is saturated. Let
2 be the set {fim,, € G| 7+ 1 <1 < p, v(fm,n,) € €} and denote by a the set
{v(fmm) | frm € A}

Fix k > 0 such that kv(f,,,) € N4 for all f,,, € 2. By Corollary 4.7 we know for
fmny €2 f,’f%n is a product of the extremal weight vectors f,, o € €. Since the (1, iy ),
o € A, are elements in Sé, it follows that kv (fm ) € S, and hence: every element in S¢
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can be written as a linear combination of elements in Sé and elements in a, with non-
negative integer coefficients, but where the coefficients of the elements in a are bounded
by k. It follows that K[S¢] is a finite K[Sg]-module, and hence K[S¢]| is integral over
K[Sg], which finishes the proof. O

6.2. Proof of Theorem 6.2

Proof. If (m,n) € St for some maximal chain €, then, by the definition of Sg (see Defi-
nition 6.3) and Proposition 4.5, one can find a minimal lift (in the sense of Definition 5.8)

which is an element in K[z1, ..., x,]. In the following we assume without loss of generality
that we have fixed such a minimal lift £, ,, € K[z1,...,z,] for all (m,n) € Sg.

Since inyt f = inyf for f € K[z1,..., 2] C K[zy,...,2,], it follows for the initial
ideals: iny: ker @y C iny ker 6NK[z1,. .., x,] and hence inyt ker Oy C ker 0NK[z1, ..., z,].
Moreover, since ker 6 is a radical ideal: /inys ker 6y C ker @ NK[z1, ..., 2,].

Let 2® € K[z1, ..., z,] be a monomial which is not minimal, so z® € B;NK[z1,...,z,].

Let z* — £, ,, € K[z1,...,2,] be the corresponding element in By. If (m,n) € S', then
fron € Klz1,...,2,] and hence 2 — £, , € K[zy,...,z,]. It follows

inyi (¥ — f,) = inx (2 — £,,,) = 2% € inyt ker Oy,

If (m,n) ¢ S*, then let & > 0 be an integer such that kv(z®) € N4. It follows that
xk is still an element of By, but by Corollary 4.7 (and Corollary 2.16), 8(z*<) is equal
to a product of extremal functions which are of degree one, and all of them have support
in the same maximal chain. So if a** — fi.m kn is the corresponding element in B, then
(km, kn) € S', and hence 2% € in,t ker 6y, which implies 2% € /in,+ ker 0. In other
words: By NK[x1,...,z,] C v/inys ker Oy .

Denote by
By =Bl = {2° — £, € By | 2® € K[z, ..., 2], (m,n) € S*}.
By assumption, f,, , € K[z1,...,z,], and hence
inyt (2% — f,) = inn (2% — £, ) = 2% — £, ) € ker by

It follows: E; C /in, 1 ker 0y

To prove part i) of the Theorem, let f € ker 7 NKlzy,...,z,]. Since 0 is T-equivariant,
one can assume without loss of generality that f is a T-eigenfunction. So there exist an
element (m,7) € S such that f = 3" _gcoz® is a finite linear combination of monomials
z® € K[x1,...,2,] such that 6(z*) = f,,., for all a. Here we assume that S is a finite
index system and ¢, # 0 for all « € S.

Since all non-minimal monomials are in By NK|[x1,...,z,] and hence in /iny; ker 6y
as well as in ker@, one can assume in addition that ¢, # 0 implies 2 is a minimal
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monomial. So either f = 0, which finishes the proof, or necessarily (m,n) € S*. Rewrite

f as

[ =cafmn+ Z cpr? and set f = Z cp(2? — ).
BeS\{a} pes\{a}

By construction, f is a linear combination of elements in ]B%%’V, hence f € \/iny ker 0y
and f, f € ker6NK[zy,...,x,]. This implies f = f because otherwise f,, , € ker §, which
is not possible, hence f € v/iny+ ker 8y, which finishes the proof of part 7).

To prove ii), note that we have just shown: (By NK[z1,...,2,]) UBJ is a vector
space basis for \/inys ker 8y of T-eigenfunctions. If we add to this set By y = {fmy |
(m,n) € S}, then we have a basis for K[z1,...,2,]: a monomial in this ring is either
not minimal, and hence an element of By NK[z1,...,x,]; or it is minimal, and then it is

an element in the linear span of B ;, UB3 y,. It follows that the zero set V(1/inyi ker fy)
is the union of toric varieties, where the irreducible components are indexed by maximal
chains € C A and the associated weight monoid is Sé, which finishes the proof: Xy =
limsﬁos'XP:UXAc. O

7. A geometric interpretation

In this section we compare the construction of a combinatorial Seshadri stratification
in this article with the construction of a Seshadri stratification in [1]. We first recall the
definition of a Seshadri stratification on an embedded projective variety X C P(V).

7.1. Seshadri stratifications

Let V be a finite dimensional vector space over K. The vanishing set of a homogeneous
function f € K(V*) will be denoted by H := {[v] € P(V) | f(v) = 0}. For an embedded
projective subvariety X C P(V), we let X denote its affine cone in V.

Let X,, p € A, be a finite collection of projective subvarieties of X and f, € K[X],
p € A, be homogeneous functions of positive degrees. The index set A inherits a poset
structure by requiring: for p,q € A, p > ¢ if and only if X}, O X,. We assume that there

exists a unique maximal element py.x € A with X = X. We say that 7 > o is a

max

covering relation if 7 > 7/ > o implies 7 = 7'.

Definition 7.1 (/1]). The collection of subvarieties X, and homogeneous functions f,, for
p € A is called a Seshadri stratification on X, if the following conditions are fulfilled:

(S1) the projective subvarieties X, p € A, are smooth in codimension one; if ¢ < p is a
covering relation in A, then X, is a codimension one subvariety in Xp;
(S2) for p,q € A with ¢ £ p, the function f, vanishes on X,;
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(S3) for p € A, it holds set-theoretically

Hy, N X, = U Xq.

q covered by p
The functions f,, will be called extremal functions.

Remark 7.2. A Seshadri stratification of an embedded variety X C P(V') is compatible
with the subvarieties realizing the stratification: for p € A, the poset A, ={g€ A | ¢ <
p} has a unique maximal element. The collection of varieties X, C X,,, ¢ € A4,, and the
extremal functions fy|x,, ¢ € Ap, satisfies the conditions (S1)-(S3), and hence defines a
Seshadri stratification for X, — P (V).

7.2. Seshadri stratifications on toric varieties which are T-equivariant

In the case of an embedded toric variety Xp C P(V) as in Section 1, it makes sense
to consider only T-stable subvarieties and homogeneous T-eigenfunctions. Denote by A
the set of faces of the polytope P. Recall that this set is partially ordered.

Definition 7.3. A Seshadri stratification on Xp is called T-equivariant if

(E1) the collection of projective subvarieties of the Seshadri stratification consists of the
T-orbit closures X, o € A,

(E2) the collection of homogeneous functions of the Seshadri stratification f,, o € A,
consists of homogeneous T-eigenfunctions.

In the case of toric varieties, the usual expectation is that all “T-equivariant” condi-
tions on the variety and properties of the variety can be rephrased in terms of weight
combinatorics. This holds also in the case of T-equivariant Seshadri stratifications, we
recover here the condition on the weights of the extremal functions in Definition 2.1:

Theorem 7.4. Let Xp C P (V) be an embedded toric variety as in Section 1 and denote
by A the set of faces of the polytope P.

Let X,, o € A, be the collection of T-orbit closures in Xp and let f,, 0 € A, be
a collection of T-eigenfunctions f, € ]K[Xp] of degree deg fy > 1. Denote by u, the
T-weight of f,. The following are equivalent:

o The collection (X4, f5)oca of subvarieties and homogeneous functions defines a Se-
shadri stratification on Xp which is T-equivariant in the sense of Definition 7.3.

o The collection (X,, fo)oca of subvarieties and homogeneous functions defines a com-
binatorial Seshadri stratification in the sense of Definition 2.1.

The proof of Theorem 7.4 is divided into several steps. We start by proving:
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Lemma 7.5. The collection X,, 0 € A, of T-orbit closures in Xp satisfies the condition
(S1) for a Seshadri stratification.

Proof. Since P is a normal polytope, the variety Xp is a normal toric variety. And, by
the general theory of toric varieties, so are the orbit closures X, = O, for ¢ € A. In
particular, the varieties X, are smooth in codimension one. The condition on the cover
relations is satisfied by the fact that in the case of toric varieties, the complement of an
orbit O in its closure is the union of the orbit closures of the orbits of codimension 1 in
X,. O

In the following, we assume always that the collection of subvarieties X,, o € A, is
given by the orbit closures.

Lemma 7.6. A collection of homogeneous T -eigenfunctions f, € K[Xp}, o€ A, degf, >
1, has property (1) in Definition 2.1 if and only if it satisfies the condition (S3).

Proof. Let o be a face of P. If (S3) is satisfied by the collection of functions, then f,,
o € A, does not vanish on X,, but f, vanishes on X, for 7 a proper face of o. A
homogeneous T-eigenfunction in K[Xp] can be written (up to a non-zero scalar factor)
as the restriction of a monomial in the z,, x € A. Now a coordinate function z, vanishes
on X, unless Y € 0. So f, can be written as the restriction of a monomial in the
Ty, X € Ay, and hence the weight p, of f, has the property: —u,/deg f, is an affine

— Mo
degtfa
union of the relative interiors its faces. So let 7 < ¢ be the unique face such that

€ 0. A face o is the disjoint

i
deg fo
in the relative interior of 7. If 7 # o, then f, must be a monomial in the z,,x € A, and

convex combination of the x € A,. In particular:

is

hence f, is not identically zero on X,. So (S3) implies 7 = o, and hence (S3) implies:

Toef, €0
Vice versa, if d;é‘}i € 0° is an element in the relative interior of o, then the proof of

Lemma 2.7 implies (S3). O

Proof of Theorem 7.4. If the collection of subvarieties X, and functions f,, o € A,
defines Seshadri stratification which is T-equivariant in the sense of Definition 7.3, then
the collection of functions f,, 0 € A, satisfies by Lemma 7.6 also the condition (1).
Hence it is also a combinatorial Seshadri stratification in the sense of Definition 2.1.

Vice versa, suppose the collection of subvarieties X, and functions f,, o € A, defines
combinatorial Seshadri stratification in the sense of Definition 2.1. So the subvarieties
are given by the T-orbit closures in X p and the extremal functions are T—eigenfunctions,
hence the conditions (E1) and (E2) are satisfied. The conditions (S1) and (S3) for a
Seshadri stratification are automatically satisfied by Lemma 7.5 and Lemma 7.6, and (S2)
follows by Lemma 2.7. So the collection (X,, fy)oeca of subvarieties and homogeneous
functions defines a Seshadri stratification on Xp which is T-equivariant. 0O
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7.2.1. The valuations

In [1], we use a Seshadri stratification to define for every maximal chain € in A a
valuation Ve : K[Xp]\ {0} — Q€, using renormalized successive vanishing multiplicities.
Before showing that the valuation v¢ defined in Definition 2.11 is equal to the one defined
in [1], we recall quickly the construction of Ve and some of its properties.

We add to the set A the element {0}, i.e. A= AU{0}. The variety Xo = {0} is just
the origin in V and hence contained in all the affine varieties X, 7 € A. So it makes
sense to extend the partial order from A to A by: 7 > 0 for all T € A.

7.2.2. The one-step case

Let 7 > o be a covering in A. Since X, is smooth in codimension one, we have a
well defined valuation V; , : K(X,) \ {0} — Z, which associates to g € K(X,)\ {0} its
vanishing multiplicity on X,.

For 7 € A let f; be the fixed extremal function associated to 7 and denote by b, , =
Vr o (fr) the vanishing multiplicity of f;|x, on X,. We associate to g € ]K(XT) a new
rational function on XJ as follows: set
’ ng’a
By construction, ¢’ is a well defined rational function on X,. It has been shown in [1]
(in a more general context):

Lemma 7.7 ([1], Lemma 4.1). The restriction g'|x s a well-defined, non-zero rational

function on X,.

Suppose now g € K(XT) is a T-eigenfunction of weight Ag. Recall that f is a T-
eigenfunction, denote by . its character. As a quotient of T -eigenfunctions, the function
g itself is a T—eigenfunction. By construction we see:

Lemma 7.8. If g € ]K(X'T) is a T-eigenfunction of character Ag, then g'\XU € K(X'U) is
a T—eigenfunction of character \yy = br s Ag — Vr o(9)tr-

7.2.8. The valuation associated to a mazximal chain € C A

Let € : 7. =P > T._; > ... > Ty be a maximal chain in A. We endow Q¢ with the
associated lexicographic order and define a Q%-valued valuation on K(X p) as follows:

To simplify the notation, we write just V; instead of V., ;, , for the valuation associ-
ated to the cover 7; > 7;_1 in A. The element 7y is a minimal element in A, we write v for
the valuation given by the vanishing multiplicity of a rational function g € K(A')\ {0}
in the origin. We simplify in the same way the notation for the vanishing multiplicity
br, 7, of fn|f(ﬂ. on XTF“ we write just b; instead.
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We associate to a rational function g € K(X p) a sequence of rational func-
tions on the subvarieties corresponding to the elements in the fixed maximal chain:
ge = (Gry--.,91,90), where g, = g, and then we repeat the procedure in Lemma 7.7:

— 4 4/ 7
9r—1=9rlx. s 9r—2=0r_1lx, _,+ 9r—3 = gr_o|x, _, and so on.

Definition 7.9. Let {e,, | i =0,...,7} be the standard basis for Q. We set:

Ve : K(Xp)\ {0} = Q%, g~ —Vrlggr)eTT + 71}7‘;1()(,97‘—1)67}71 +.. 4+ 7;}0(90()) €rp- (10)
r rUr—1 r 00

It has been proved in [1]:
Proposition 7.10 (/1], Proposition 6.10). The map Ve is a Q%-valued valuation.

Remark 7.11. Using an inductive procedure, one gets the following formula for j =
0,...,r—1:

bit+1 p—vji1(g;
o i+1(95+1)
95 = 9541 Jra

i

_ gbr"'bj+1 —br_1bjpve(gr) |, f_bj+1”j+2(gj+2)f_yj+1(9j+1)‘ .
. e Tj42 Tj+1 Xt

Our aim is to show that the two valuations Ve and vg coincide. The following Lemma
is a first step:

Lemma 7.12. Ifg € K(XT) is a T-eigenfunction of character Ag and Ve(9) = (ay, ..., a0),
then Ag = arpto, + ...+ Gollo, - In particular, Ve(g) = ve(g).

Proof. We know by Lemma 7.8 that g = g, ..., go are T-eigenfunctions, and the cor-
responding characters can be calculated by the formula Ay, , = b\, — V;(g;)r,. So
inductively we get:

=...=0Qply, + ...+ aolo,
which finishes the proof. O
The next step is to reduce the problem to the case of T—eigenfunctions.

Lemma 7.13.

i) Ve is T-invariant, i.e. Ve(g) = Ve(t - g) for g € K(Xp)\ {0} and t € T.

it) For g € ]K[Xp] \ {0} let g = gy, + ... + gn, be a decomposition of g as a linear
combination of T-eigenfunctions gp,, n; # n; for all i # j, n; € M, i =1,...,q.
Then Ve(g) = min{Ve(gy,) [ =1,...,q}.
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Lemma 7.12, the second part of Lemma 7.13 together with Definition 2.11 implies:
Corollary 7.14. For all g € K[Xp]\ {0} and € € Fuax(A) one has: Ve(g) = ve(g).

Proof of Lemma 7.13. The action of 7' stabilizes the divisor er_l in X'Tj forj=1,...,r.
The associated algebra automorphisms stabilize hence the associated maximal ideal in

A A

the local ring O CK(X5,) for j =1,...,r. So for all g € K(X,,): the vanishing
TR

multiplicities of g respectively ¢ - g on )A(Ujfl are the same.

To prove 4), for g € K[Xp]| let g¢ = (gr,--.,g0) be the associated sequence of rational
functions. We can use the T-action to construct two new tuples: for t € T consider
the t-twisted tuple (¢ - g,,...,t - go) obtained by twisting component-wise each of the
rational functions in the sequence associated to g. And we have the sequence (g,., .. ., g,)
associated to the function ¢ - g.

The functions {f, | 0 € A} are T-eigenfunctions, so by Remark 7.11 the j-th com-
ponent t - g; in the t-twisted sequence and the j-th component g;- in the sequence
associated to ¢ - g differ only by a nonzero scalar multiple. It follows: Ve(t - g) = Ve(g)
for g € K[Xp]\ {0}.

To prove i), fix g € K[Xp]\ {0} and let g = g, + ...+ 9, be a decomposition into
T—eigenfunctions, we suppose the characters are pairwise different. We know: Ve(g) >
min{Ve(g,,) | 1 < j < ¢} by the minimum property of a valuation. The assumption on
the characters to be pairwise different implies that one find ¢ € T such that ¢- n; = Cign;
for pairwise distinct c1,...,c, € K*. It follows that the linear span of the following

functions coincides:

<g'r71a"'ag’flq>]K = <g7t'g7"'7tQ71 g>K

So one can express the T—eigenfunction g, as a linear combination of g,t-g,. .., te—l.g.
Now part i) of Lemma 7.13 implies: for all j =1,...,q,

Ve(gy,) = min{Ve(t' - g) |i=0,...,q— 1} = Ve(g),
and hence Ve(g) = min{Ve(gy,) [j=1,...,¢}. O
7.8. The quasi-valuations

In [1] we have used the valuations Ve to define a quasi-valuation. Rephrased in terms
of an embedded toric variety Xp < P(V') the definition in [1] reads as:

Definition 7.15. The quasi-valuation V : K[Xp] \ {0} — QA associated to the T-
equivariant Seshadri stratification (X,, fy)seca and the fixed total order >* on A is
the map defined by:

g v(g) :=min{Ve(g9) | € € Finax(4)}.
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Corollary 7.16. Let v be the quasi-valuation on K[Xp] defined in Definition 4.1 and let V
be the quasi-valuation K[X p] defined in [1]. For all g € K[Xp]\{0} one has: V(g) = v(g).

Proof. For g € K[Xp]\ {0} one has by definition and by Corollary 7.14:
V(g) = min{Ve(g) | € € Frnax(A)} = min{ve(g) | € € Fnax(4)} =v(g). O
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