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Abstract

The main focus of this thesis can be framed in the following question:

How does the presence and absence of the overlap gap property (OGP)
affect quantum algorithms such as the quantum approximate optimiza-
tion algorithm (QAOA)?

The OGP, a topological property that occurs when the set of near optimal solutions
exhibits a form of strong clustering, is known to inhibit the performance of various
classes of algorithms [5], [6]. In classical algorithms, the OGP acts a tight upper
bound on many different classes of algorithms including online algorithms [7], [8]
and ‘stable’ algorithms such as Lipschitz algorithms [9]. For quantum algorithms,
the OGP is known to inhibit the algorithmic performance at shallow depth such
at logarithmic depth quantum annealing [10]. This thesis focuses on how the OGP
affects the QAOA and advances the understanding of the run-time required for
quantum advantage. Improving upon previous results, I prove that at logarithmic
depth, the OGP acts as a strict upper bound for the QAOA thus proving that there
is indeed no quantum advantage at logarithmic depth [1].

Complementing the analytic result above, I similarly proved that the perfor-
mance of the mean-field approximate optimization algorithm (MF-AOA), a classical
algorithm inspired by the QAOA, is likewise strictly upper-bounded by the OGP [2].
Thus, for the QAOA to exhibit quantum advantage over its classical counterpart,
one requires sufficiently high depth such that the QAOA is able to give an output
that is greater than the OGP value. Together with my collaborator, we also provide
numerical evidence that the depth required for quantum advantage in the QAOA
is super-polynomial if one requires the approximation ratio to be higher than the
OGP value.

While this thesis adds onto the growing body of literature of how the OGP acts
as a signal of algorithmic hardness for many classes of algorithms, this work also
provides the first instance of how the OGP can inform algorithmic design. This thesis
provides evidence that in the presence of the OGP, the variational parameters used
to optimize the QAOA’s output at polynomial depth differ depending on whether

one wishes to maximize the approximation ratio or to minimize the time to find the
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CHAPTER 0. ABSTRACT

optimal solution [3]. Understanding the right schedule is important for designing
an optimal quantum control to steer a quantum state into its desired form. Our
results also indicate that problems that do not exhibit the OGP are likely to be
solved efficiently by quantum annealing or adiabatic quantum computing since the
optimal schedule found in the QAOA follows an adiabatic schedule.

Lastly, this thesis provides a novel use of the QAOA, that of identifying use cases
where efficient classical algorithms exists but are yet to be discovered. Specifically,
by applying logarithmic depth QAOA to the binary paint shop problem (BPSP),
we show that the performance of the QAOA surpasses that of all known polynomial
time classical algorithms. However, given the failure of logarithmic depth QAOA
to outperform classical algorithms on sparse optimization problems [11] such as the
BPSP, this implies that there must be an efficient classical algorithm that beats all
currently known heuristic methods. Applying the MF-AOA to the BPSP, we find
that it significantly outperforms all known classical heuristics and applications of
the QAOA (and its variants) on the BPSP [4].
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Acronyms

AMP approximate message passing

AR approximation ratio

BPSP Binary Paint Shop Problem

CSP constraint satisfaction problems

LABS Low Autocorrelation Binary Sequences
MF-AOA mean-field approximate optimization algorithm
NISQ noisy intermediate-scale quantum

OGP overlap gap property

QAA quantum adiabatic algorithm

QAOA quantum approximate optimization algorithm
RSB replica symmetry breaking

TTS time-to-solution

VQA variational quantum algorithms
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Symbols and Notation

R?(n,d) d-regular g-uniform regular hypergraph
v, Variational parameters of the QAOA

o Classical spins

T Classical bitstring

z Qubits in the z basis

=y Average over disorder

GLp(n,m) g-uniform Erdés—Rényi hypergraph
G%r(n,p) g-uniform Erdés-Rényi-Gilbert hypergraph
A Algorithm

@ Order of approximation

E,(v,8) Expectation value of the QAOA at depth p
H Hamiltonian

J Coupling strength

n Number of qubits/size of the Hamiltonian

p Depth of QAOA circuit

Ry~ Overlap between o and 7

X, Z; Pauli Operator X/Z acting on qubit 4
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Chapter 1
Introduction

In this chapter, we provide an brief but concise overview on the historical devel-
opment of quantum computing with a focus on quantum algorithms giving some
motivation for the main research question of this thesis. We also provide an outline

of what to expect in the rest of this thesis.

1.1 Quantum computing history

The start of quantum computing began in the 1980s when Benioff introduced a
quantum Turing machine model [12], [13]. More famously, Feynman’s speech on
how ‘nature isn’t classical ...if you want to make a simulation of nature, you'd
better make it quantum mechanical’ [14] popularised the field. Focusing on quantum
algorithms, the field was mainly concentrated on oracle based algorithms such as the
Deutsch—Jozsa algorithm [15], the Bernstein—Vazirani algorithm [16], and Simon’s
algorithm [17] which were attempts to prove a clear separation between classical
and quantum complexity classes. In 1994, interest in quantum computing started
to gain significant traction when Shor published his algorithm that could break the
widely used RSA encryption protocol in polynomial time [18], [19], something that
a classical computer is unlikely to do unless P = NP. Besides Shor’s algorithm, the
other noteworthy algorithm is Grover’s search algorithm that provides a quadratic

speed up over classical algorithms for the unstructured search problem [20)].

Since then, many various types of quantum algorithms have been introduced
such as the HHL algorithm for linear equations [21], and the quantum singular
value transformation, which generalizes many quantum algorithms such as quantum

random walks and quantum signal processing [22].

1



1.2. NOISY INTERMEDIATE SCALE QUANTUM (NISQ) ERA

1.2 Noisy Intermediate Scale Quantum (NISQ) era

While many of the quantum algorithms in section 1.1 provide some sort of quantum
advantage over classical algorithms, two challenges remain. First, many of these
algorithms achieve a speed up in the asymptotic run time. In practice, the constants
hiding in the big O notation could mean that quantum advantage only occurs when
the problem size is incredibly large, possibly larger than what is practically feasible.
For instance, bench-marking Grover’s search algorithm suggests that while there
is some speed up over classical algorithms, in practice, it is often slightly smaller
than the theoretical quadratic speed up and requires n to be significantly large [23].
Secondly, because quantum advantage requires the problem size to be incredibly
large, we require the quantum hardware to be fault tolerant. That is to say, we
require that quantum computations can be done without the fear of decoherence

due to errors induced by the environment.

Current technology has not reached such a milestone yet and instead, what we
have are error prone quantum computers. In other words, we are currently in the
so-called noisy intermediate-scale quantum (NISQ) era, a term coined by Preskill
[24]. In this era, the quantum computers that are available will have qubit numbers
that are moderate in size hence the ‘intermediate scale’. The number of qubits
that we can build on a quantum processor are at most on the order of 10%. For
instance, Sycamore, the google gate-based quantum processor, which demonstrated
quantum advantage in 2019 has 53 qubits [25] while D-wave, an annealing quantum
processor, has up to 5000 qubits [26]. ‘Noisy’ comes about in two parts. First,
the error rate that occurs whenever we implement a quantum gate operation is
non-trivial with even the best performing quantum gates having an error rate of
approximately 0.1% for two-qubit gate operations [27]. Without error correction,
the fidelity of the quantum state after a 1000 gate operations drops to less than
half. Secondly, even if the gates are error free, there is the quality of the qubits to
remain in a coherent quantum state for a sufficiently long until the computation is
complete. The typical decoherence time of a superconducting qubit is on the order
10755 28], much shorter than the estimated time of a week to break RSA encription

with a quantum computer [29].

Algorithms developed for current devices are known as NISQ algorithms. A
widely studied class of NISQ algorithm is known as the variational quantum algo-
rithms (VQA) [30]. This type of algorithm attempts to use a quantum computer in
tandem with a classical processor to determine what quantum state to produce in or-
der to extract the relevant information about the problem at hand. The variational
in VQA comes from the variational method in quantum mechanics in the context of

finding the extremal eigenstate. Typical application of VQA includes some form of



CHAPTER 1. INTRODUCTION

quantum machine learning, variational quantum eigensolvers, and the focus of this
thesis, combinatorial optimization. Arguably, the most popular algorithm for combi-
natorial optimization is the quantum approximate optimization algorithm (QAOA)
where the goal is to find the lowest energy eigenstate in a minimization problem.
While there are now many different variants of the QAOA [31], this thesis will focus

on the default version.

1.3 Outline

In chapter 2 we provide the theoretical foundations needed to understand the the-
sis. In particular, section 2.1 covers combinatorial optimization problems and the
difference between the worst-case complexity and average-case complexity. The ba-
sics of random graph theory is covered in section 2.2 which will be useful when we
consider the mean-field spin glass and diluted spin glass problems in section 2.3,
the main optimization problem we consider in this thesis. Section 2.4 covers the
main theoretical concept of this thesis, the overlap gap property. There we cover
its relation to replica symmetry breaking and the clustering of solutions, its use to
show algorithmic obstruction, and when it does fail as a heuristic for algorithmic
limitations.

Chapter 3 discusses the algorithms of interest in this thesis. Namely, the QAOA
and its classical counterpart, the mean-field approximate optimization algorithm
(MF-AOA). In addition, we cover the locality properties of the QAOA and the
proof of convergence to the optimal solution.

In chapter 4, we cover one application of the QAOA on Max-¢-XORSAT, i.e. the
dilute spin glass problem. We review the best known classical method, at the time
of publication, to find the optimal parameters for Max-g-XORSAT up to logarith-
mic depth, and its relation to the optimal parameters for the mean-field spin glass
problem at constant depth.

Chapter 5 begins with a recap on what is known in literature about the failure of
logarithmic depth QAOA to find approximate solutions. In section 5.2, we extend
this proof of logarithmic depth limitation on the random Erdds-Rényi hypergraphs
to the random regular hypergraphs.

Beyond logarithmic depth optimization for the QAOA, chapter 6 covers heuristic
methods for optimising the QAOA. In section 6.1, we cover current techniques of
optimising the QAOA. While these methods are efficient in finding optimal param-
eters that optimise the two different ways of quantifying the QAOA’s performance
(i.e. the approximation ratio and the time-to-solution), benchmarking the QAOA’s
performance with respect to the time-to-solution means being able to quantify the

overlap with the ground state. In practice, the ground state is not known, so these
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heuristics methods only work with respect to the approximation ratio. One would
hope that the variational parameters that optimises the two different metric would
be approximately the same. However, we show in section 6.2 that this is only true
in the absence of the OGP and that the OGP is a sufficient condition results in a
significant difference in the variational parameters that optimises the approximation
ratio vs. the time-to-solution.

In chapter 7, we cover some scenarios where the QAOA can offer a quantum
advantage over classical algorithms. These include the QAOA’s potential speed up
over symmetric optimization problems [32] in section 7.1, the failure of the classical
algorithms to surpass the OGP value in section 7.2, and the depth required of the
QAOA to be able to give a solution that surpasses the OGP barrier in section 7.3.

Finally, in chapter 8, we apply all that we have learned in the previous chapters
to an (idealised) industry problem, the binary paint shop problem (BPSP). By
evaluating the performance of the QAOA on Max-2-XORSAT with constant degree
4, we improved both the known analytic and numerical upper-bound of the expected
paint swap ratio for the BPSP in the thermodynamic limit. In addition, our results
also suggest that there exists a classical algorithm that surpasses all currently known
classical heuristics for the BPSP which we verify with the MF-AOA.



Chapter 2

Preliminaries

2.1 Constraint Satisfaction Problem (CSP)

Combinatorial optimization problems or constraint satisfaction problems (CSP) are
of interest to both physicists and computer scientist. However, the language and
notation varies between the two fields. Here, we primarily adopt the computer
science convention where we aim to find the maximum energy of a Hamiltonian
rather than the minimum, but occasionally use the physicist language when the
context is clear. A table for translating between the two languages can be found in
table 2.1.

Physics Notation Computer Sci Notation
Spins o € {—1,1}" An assignment to Boolean variables
Interaction/coupling strength J;, ;. Constraint (e.g. hyperedge)
Hamiltonian H (o) Value of assignment/ Objective function
Ground state energy E,.i, Optimal Value
Mean field Model Underlying hypergraph being complete
Dilute spin glass model Underlying hypergraph being sparse

Table 2.1: A dictionary between the physicists spin glass models and CSPs, adapted
from [33].

For now, we use a general definition of a CSP with binary inputs, i.e. {—1,1}",

but specify it later for specific instances.

Definition 2.1.1 (General CSP). Let A be a distribution of functions f : ¥* — R
with ¥ € {—1,1}. A constraint is given by J;, _; where iy, ..., are picked from
[n] with J;, _; € Rand [n] =[1,2,...,n]. Draw f ~ A and add the constraint e

to the set of all clauses F, where e describe the clause fo(J;, i, 0i,--.,04). The

5



2.1. CONSTRAINT SATISFACTION PROBLEM (CSP)

Hamiltonian of this CSP is then given by

Heosp = Zfe(Jil,...,ikao-ilw'-70-z'k>- (2.1.1)

eck
Definition 2.1.2 (Satisfiability). If all the constraints of a CSP can be satisfied
simultaneously, we say that the CSP is satisfiable. Else, we say that the CSP is

unsatisfiable.

Example 2.1.3. Let A contain only the predicate XOR (f = XOR function), k=2,
and J;, ;, = J for some constant J. This then corresponds to a simplified Ising

model without external field. The Hamiltonian is expressed as

Hi(o)=J ) o0 (2.1.2)

(i,5)EE

Given that many problems might not be satisfiable, we might still be interested
to know what is the best possible satisfiable outcome (i.e. the Boolean assignment

that satisfies as many constraints as possible).

Definition 2.1.4 (Optimal value of a CSP). Given an instance Z of a CSP, the

optimal or maximum value is given by

1

Eoprz = - max Hz(o). (2.1.3)
As a decision problem, if one can find a solution o* such that Hogp(o*) > C for
some constant C' in polynomial time, we say that the problem is in the complexity
class P. On the other hand, if we are given a possible solution o* and we can check
in polynomial time if Hogp(o*) > C, we say that the problem is in the complexity
class NP. It is clear that P C NP but is still not known if the two complexity class

are equal to each other. The widely held view is that it is the case that P # NP.
While computer science frequently use decision problems, real life applications
often require us to phrase them as a search problem (e.g. find a solution if one such
exists) and ideally as an optimisation problem (e.g. find the optimal solution for a
given problem). Assuming P # NP, this would imply that NP-hard optimization
problems do not have any efficient polynomial time algorithms to find the optimal
solution. While an optimization problem is clearly harder than a decision problem,
one would hope that relaxing the condition to require only finding approximate
optimal solution, the problem would be significantly easier to solve. We state clearly

now what we mean by approximate optimal solution.

Definition 2.1.5 (e-optimal solution). Given an instance Z of a CSP and its optimal

value Foprz, and any € > 0, o € {—1,1}" is said to be an e-optimal solution if it

6



CHAPTER 2. PRELIMINARIES

Figure 2.1: The PCP theorem maps instances of CSP that are satisfiable and
instances of p-satisfied CSPs to an equivalent 3-SAT instance in polynomial time.
What it leaves out are instances that satisfy (p + €)-satisfied CSPs or equivalently,
arbitrary e-optimal solutions. Thus, if an algorithm is able to solve a p-approximate

solution on the right, we can invert the map to solve a p-approximate solution for
arbitrary NP-Hard Problems.

satisfies the following condition
HI(O') Z (]_ — 6) EOPT,I- (214)

Unfortunately, the PCP theorem shows that finding an approximate solution is
just as difficult as finding the optimal solution itself. While the original interpre-
tation of the PCP theorem concerns a new type of proof system as a probabilistic
checkable proof [34], [35], we state below the alternative (but equivalent) formulation

about the hardness of approximation.

Theorem 2.1.6 (modified from [36], PCP Theorem: Hardness of approximation).
There exists a real number p < 1 such that for every L € NP there is a polynomial-

time function f mapping boolean variables to Max-3-SAT formulas such that

rel = H(f(x)) =1,
v ¢ L — H(f(2)) < p.

What theorem 2.1.6 states is that given any problem L € NP, if we have a
p-approximate algorithm for Max-3-SAT, we can convert it into an algorithm for
problem L. Thus, unless P = NP, no polynomial time e-approximate algorithm
will exist for arbitrary e > 0. A graphical explanation can be found in fig. 2.1

One limitation about these computational complexity class arguments is that
they study the worst case scenario. In reality, many of these NP-hard optimiza-
tion problems can be easy to solve in practice. For instance, if one wishes to travel
from Germany to New Zealand, there are a multitude of paths that one could take,
but only finitely many that are reasonable and near-optimal as one can quickly

figure when trying to buy flight tickets. While there are several different ways to

7



2.2. RANDOM GRAPHS

quantify average-case analysis [37], [38], we adopt here the approach that the un-
derlying graph of the CSP can be generated randomly from a particular probability

distribution in polynomial time. This is the topic of section 2.2.

2.2 Random Graphs

As we are primarily interested in a random instance of a CSP, this often involves
generating a random hypergraph, a generalization of a graph where edges can now
connect between more than 2 vertices simultaneously’. Given an instance of a graph
G = (V, E), we denote V as the set of vertices and E the set of hyperedges. For this
thesis, we are primarily interested in Erdés—Rényi—(Gilbert) hypergraphs, random
regular hypergraphs, and the complete hypergraph. We now give their definitions

and some simple properties.

Definition 2.2.1 (degree). The degree of a vertex v is defined as the total number

of edges connected to v.

Definition 2.2.2 (regular graphs). A graph G is d-regular for some d € Z* if every

vertex in G has degree d.

Definition 2.2.3 (uniform graphs). A graph G is g-uniform for some ¢ € Z7* if

every hyperedge in GG connects to exactly ¢ vertices.

Definition 2.2.4 (Erdés-Rényi (ER) Hypergraphs). Denote the set of Erdos—
Rényi (ER) g-uniform hypergraph” that contains n vertices and m hyperedges by
GLr(n,m). An ER g-uniform hypergraph is generated by randomly selecting m
hyperedges out of a uniform distribution of all possible hyperedges £ C V1.

Note that because the edges are selected randomly, the degree of a vertex follows
a binomial distribution B(m,1/n). Thus it is clear that for any fixed n, it takes
at most O(n?) time to generate the graph. Furthermore, in the large n limit, the

Poisson distribution Po(\) is often used to model an ER hypergraph.

Theorem 2.2.5. In the large n limit with np = X held constant, B(n,p) ~ Po(\).

'In physics language, it refers to k-body interactions where k > 3.
2Some authors use a similar definition but rather than fixing the number of hyperedges, they
use G = G% ,(n,p) where each hyperedge is added with probability p.

8



CHAPTER 2. PRELIMINARIES

Proof. let X be a binomial random variable with variables (n,p) and A = np. Then

n!

P(X =i)= W——Wpi(l —p)"

() 00

_n(n—l)...'(n—iﬁ—l))‘\_i(l_)\)ni

nt 7! n

(14 0(1/n))j-—; (1 - %)” (1 - %)

= ),\—‘exp{—)\}.
i

which is exactly the Poisson distribution. O

Remark 2.2.6. In subsequent chapters, when the random clauses are chosen from
a Poisson distribution, we are implicitly saying that the underlying graph is an ER

graph in the large n limit with np = A held constant.

Definition 2.2.7 (Random—Regular Hypergraph). Denote the set of d-regular, ¢-
uniform hypergraphs by R?(n,d) that contains n vertices each with degree d. A
random regular uniform hypergraphs is selected out of the uniform distribution of
all simple hypergraph that fits the regularity criteria (i.e. no repeated edges and no
self-loops).

Here, we implicitly assume that nd = ¢m for some integer m. While there are
no easy unbiased methods to generate a random regular hypergraph, one can use an
algorithm in the form of a while loop to generate them via the configuration model
as introduced by Bollobéas [39].

Definition 2.2.8 (Complete regular Hypergraph). A g-uniform complete hyper-
graph is a graph with all possible ¢-hyperedges denoted by KZ. The total number
of hyperedges is given by the formula

a-()

2.3 Spin Glass

Spin glasses are a type of magnetic alloy that are disordered. In the context of
optimization, one is interested in finding the optimal energy® maxges» H (o) for a

given spin glass Hamiltonian H (o) which takes as input spin configurations %" =

3Note that physics convention is to frame it as the ground state energy by converting it into a
minimization problem rather than a maximization one.



2.3. SPIN GLASS

{—1,1}". When the underlying graph of the Hamiltonian is a fully-connected graph,
the spin glass is known as a mean-field spin glass due to its relation to the mean-field
approximation. If the underlying graph is sparse, we say that we have a dilute spin

glass.

2.3.1 Mean-Field spin glass

The earliest and simplest example of a mean-field spin glass was introduced by
Sherrington and Kirkpatrick (SK) [40] where the Hamiltonian is defined as

1 n
HSK(O'> = % Z JZ‘]‘O'Z‘O']‘, (231)
1<j

where J;; for 1 < i < j < n are independent and identically distributed (i.i.d.)
standard Gaussian random variables.
More generally, the SK model can be generalised from a two-body coupling to a

g-body coupling to form the g-mean field spin glass model
q'
H,(o) =1/ o@D Z Jik. q0j0k - .. 0q. (2.3.2)
j<k<--<q

While Sherrington and Kirkpatrick found a solution to their model via the so-
called replica symmetric trick, it was quickly found to only be valid in the high-

temperature regime. The trick stems from the formula

1 . 11 N
EJF(ﬁ) = EJ% log Z = }[H_I)lo—nﬁlOg E,;Z, (233)

with Z the canonical partition function, F'(3) the free energy, and where

EjA = / dJ p(J) A(J), (2.3.4)

with p(.J) the probability distribution of the disorder J.
As part of the calculations, one defines the overlap between two spin configura-

tions as follows

Definition 2.3.1 (Overlap). Given two configuration o, 7 € {—1,1}", define their

mutual overlap as
P o (2.3.5)
oTr — — 0;T;. L.
[

One can also express the overlap in terms of the Hamming distance between two

10



CHAPTER 2. PRELIMINARIES

configurations as follows

=7 (2.3.6)

where H,, is the Hamming distance between states o and 7.

Besides the obvious interpretation of the overlap between two spin configurations
as a measure of how correlated they are, the overlap also quantifies correlation
between Hamiltonian instances. This is a product of using the replica trick where
we create N copies of the partition function Z in order to simplify the calculation
of the free energy as done in eq. (2.3.3). Initially, we have i.i.d. replicas but coupled
sites. Upon averaging over the disorder E;Z%, the individual lattice sites become
uncoupled but we now coupled the replicas [41]. Thus, the overlap between two

replicas a,b comes now naturally as
1 n
Ry = — a50. 2.3.7
b= ;:1 03 0; (2.3.7)

Since we have N replicas, denote the N x N matrix of overlaps by Q.. Prima
facie, since the replicas should all be equivalent, one assumes a replica symmetry
form whose matrix elements should be permutation invariant. Thus, the ansatz that

Sherrington and Kirkparick made for the overlap matrix ) has the form

Qab = q0 + (1 — qo)0ap. (2.3.8)

The self-overlap of a replica is 1 while the overlap of any two different replicas has

value ¢y determined by solving a saddle point equation.

Remark 2.3.2. Similarly to the relation between overlap and Hamming distance of
two states, a corresponding view also exists for the replicas in terms of mean square
displacement [42]. For the replica symmetric solution, the averaged mean square

displacement probability distribution of the replicas has the form
P(q) = 0(q — qo)- (2.3.9)

We know now that the replica symmetric solution is valid only when there is
no ergodicity breaking [41]. That is to say, the replica symmetric solution is valid
only when one can reach any arbitrary state for all possible initial states. When
ergodicity breaking happens, the phase space is broken up into separate unconnected
states. The exact solution for the mean-field spin glass was conjectured by Parisi
via the replica symmetry breaking (RSB) solution [43], and proven by Talagrand to

give the correct solution for the even ¢ case [44] before being generalised to all g by

11
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Panchenko [45].

Since ergodicity breaking implies that the states belong to different parts of the
phase space, it is intuitive that spin configurations in the same state should have
a larger overlap than comparing spin configurations that are from different states.
Thus, it is clear that the ansatz eq. (2.3.8) has to take on a different form leading to
the RSB solution. For instance, the 1-RSB characterization of the overlaps would
have the form Q.,, = 1, Qu = ¢1 for spin configurations in the same state, and
Qw = qo < q for overlaps in different states. For instance, suppose that the
number of replica inside each state is 4, then the corresponding () matrix has the

following form

I 1 @1 ¢
a 1 ¢ ¢
qo
an g 1 a
a1 ¢ ¢ 1
L &v & ¢ (2.3.10)
a1 q ¢
qo0
an ¢ 1 q
G g oq 1

This procedure can be iterated multiple times to form a k-RSB and if done infinitely
many times, we get what is known as full-RSB or co-RSB. In full-RSB, this implies
that the overlap spectrum is now a continuous function and similarly for the mean-
square displacement.

Thus far, I have given a very physically motivated picture as to what the replica
symmetric and the RSB solutions are. However, it is often easier to re-express the
problem in terms of a stochastic differential equation rather than to work directly
with the free energy. We now re-express the Parisi solution as found by Auffinger
and Chen [46].

Definition 2.3.3 (Parisi functional [46]). Given a function 7 in

1
U= {’y :[0,1) = Rxg : 7y is right-continuous and non—decreasing,/ y(t)dt < oo} ,
0

(2.3.11)

the Parsi functional P is defined as

1

P(r) = 2(0,0) - 5 /O 5 € (s)7(s)ds, (2.3.12)

12



CHAPTER 2. PRELIMINARIES

where ®(z,t) : R x [0,1] — R is the solution of the Parisi PDE*

0,®(z,t) + %H (020(x,t) +~(t) (0,®(x,1))*) =0 (2.3.13)

O(z,1) = || (2.3.14)
Theorem 2.3.4 (Theorem 1 of [46]). The following identity holds almost surely

lim max H,(0) = inf P(y) =11, (2.3.15)

N—oo o yeU

where Hq 18 some constant.

The function v € U has a nice physical interpretation [47]. Consider a Boltzmann
distribution with temperature 1/5 and let oy, 09 be two independent samples from
this distribution. Then, S~1(t) is the asymptotic probability of the event { (o}, 72) :
|Ryy0,| <t} (where we first take the limit N — oo followed by 8 — o0). Thus, the
non-decreasing condition of v naturally follows (with some rescaling by ) as the
limit of a sequence of cumulative distribution functions. The measure ~ is further
intimately linked to the replica symmetry and RSB [6]. In the replica symmetric
case, we say that the v is a delta distribution at the origin implying that overlap
R,, is approximately 0 with high probability, i.e. typical pairs of solutions from
i.i.d. instances are nearly orthogonal to each other. If RSB occurs, then ~ is distinct
from the delta structure. If full RSB occurs, then ~ is strictly increasing. However,
for any finite k-RSB, the cumulative distribution function is not strictly increasing
but has a region that is flat. It is this flatness that results in what is known at the

Overlap Gap Property which we cover in section 2.4.

2.3.2 Dilute spin glass

We now turn our attention to dilute spin glass problems. Besides the ¢-spin glass
Hamiltonian, many CSPs such as MaxCut can be thought of as a dilute spin glass
as well [48]. As an example, given a hypergraph G = (V| E), the Max-¢-XORSAT

Hamiltonian can be defined as

1
H?(OR<O-) = Z 5(1 + JiliQ-uiqo—ilO—iQ P Uiq)~ (2316)
(il,...,iq)EE

The connection between dilute spin glasses and mean-field spin glasses has a
rather rich history. In fact, the proof of the Parisi formula requires one to, loosely

speaking, solve the dilute spin glass. Guerra first introduced his Gaussian interpola-

1t is also common to see it as the Hamilton—Jacobi-Bellman equation due to its relation to the
Hamilton—-Jacobi equation in physics.
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2.4. OVERLAP GAP PROPERTY

tion scheme by interpolating the mean-field spin glass to simpler models [49]. What
followed was a series of related work [50], [51], [52] that allowed Talagrand to use
such an interpolation to bound and prove the Parisi formula for the even case [44]
and eventually Pachenko in its full generality [45].

Given that the Parisi solution for the mean-field spin glass is II;, one wonders if
this value appears similarly in the optimal solution for the dilute spin glass. Using
techniques from an earlier work [53], Sen [54| showed that for the Erdés-Rényi graph
and random regular graph, the maximum fraction of satisfied clauses in the Max-g-
Cut and Max-¢g-XORSAT contains I, in the sub-leading term with high probability,
as n — oo. For example, in Max-¢-XORSAT, the maximum fraction of satisfied

clauses has the form

max, HX%(o) 1

& =5+ Hq\/;qd-f- O(1/Vd), (2.3.17)

where d denotes the degree (resp. average degree) of the random regular (resp.
Erdés—Rényi) hypergraph.

More generally, Jones et al. [55] found that for any instance Z of a Max-¢g-CSP
with random signed constraints (i.e. J € {1,—1}) and m = a-n edges, for sufficiently

large «, in the limit n — oo, the optimal value of the CSP is given by

Fornz = (0) + Ty o= + o () (23.15)

where f denotes the Fourier coefficient and f(2) = Eocqr1y[f(o)] [56].

Remark 2.3.5. For MaxCut and Max-¢-XORSAT, f(@) = 3

Remark 2.3.6. In [55], the result is further generalised to allow for a mixture
polynomial H(x) = > >1 chq so that different ¢’s are allowed in a CSP. In this
case, one has a corresponding mixture of II; as well in the sub-leading term. Note

that our conventions of the Parisi value differ by a constant of 1//2°.

2.4 Overlap Gap Property

Within the average-case versions of NP-hard optimization problems, it is still an
open question as to which average case problems are easy to solve and which are
hard. One heuristic partition of the two cases is known as the Overlap Gap Property
(OGP). While the term was first introduced in [57], the property itself was used in

>This difference of v/2 comes about from the mathematician vs. physicist choice of placing
it in the denominator of the ¢ mean-field spin glass to ensure that the ¢ = 2 case gives us the
Sherrington—Kirkpatrick model.
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[58], [59] by applying statistical physics ideas on constraint satisfaction problems.
A detailed survey of the history and progress of the OGP can be found in [5], [6].

The OGP is a geometric property of the solution space that, roughly speaking,
states that near optimal solutions are either close to each other or far from each
other and no middle ground exists. What is important is that there is some mea-
sure of distance between two solutions. What constitutes as distance depends on
the problem. In the spherical-spin glass model, the distance would be Euclidean
distance, whereas for our purpose of the Ising-spin glass model, it is the Hamming
distance.

The OGP is of particular interest for computer scientists because in some prob-
lems, the point at which the OGP happens coincides precisely where known algo-
rithms thresholds occur. For example, in the maximum independent set problem,
the largest independent set in G%p(n,p) = G%x(n,1/2) is with high probability
2(1+o0(1)) logy n. Meanwhile, the best known efficient algorithm only finds a set of
size (1 4 o(1))log, n which coincides precisely at where the OGP occurs [60], [61],
[62]. A list of problems that are known to exhibit the OGP can be found in [5].

We now give a formal definition for the simplest version of the OGP.

Definition 2.4.1 (OGP in an instance Z of a CSP.). Let ¢ > 0, with parameters
0 < pup < pe < 1. We say that an instance Z of a CSP exhibits the OGP if
there exists €, u11, po such that for any two e-optimal solution o, 7, it holds that their

overlap is either less than py or greater than us
|Ror| € [0, 1] U [p2, 1]. (2.4.1)

Alternatively, one notes that the Hamming distance for e-optimal solution similarly
has a gap since they are related by eq. (2.3.6). A graphical representation of the
OGP can be found in fig. 2.2.

While it is possible to prove that an arbitrary instance Z of a CSP exhibits the
OGP with high probability using the above definition, one often uses more compli-
cated versions of the OGP to improve the upper-bounds of algorithmic thresholds.
For spin glass, a type of multi-OGP called the branching OGP has been developed
that makes use of the ultrametric structure in the Parisi solution to find a tight
Lipschitz hardness [9]. As preparation for section 2.4.2, we define the ensemble or
coupled-OGP as an interpolation scheme between two i.i.d. instances to prove the

limitations of local algorithms [33], [48].

Definition 2.4.2 (Ensemble/Coupled- OGP (e-OGP)). A set of problem instances

= satisfies e-OGP with parameters ¢ > 0,0 < py < g if for every pair of instances
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Figure 2.2: Graphical representation of the OGP. The optimal solution is found
in cluster 1 and indicated by the red node. The local optimum of cluster 2/3 are
given in green and every other e-optimal solution is in blue. If the OGP exists, then
the Hamming distance between all possible e-optimal solution lie in the interval
[0,a] U[b,1] with 0 <a <b< 1.

&, € Z, for every e-optimal solution o of £ and e-optimal solution 7 of 1, we have
RO’T S M1 U RO’T Z H2 (242)
In the case when &, are sampled i.i.d., R,, < py is not possible.

Remark 2.4.3. One example of problem instances = with a total of T' instances
would be to create 2 i.i.d. graph & and & generated from the same distribution
(e.g. Erdos—Rényi graph). Then, for each step & — &1, simply add (resp. remove)

an edge if it is present (resp. absent) in &r.

2.4.1 OGP, symmetry breaking, and clustering

While I have discuss previously how the RSB solution gives rise to the OGP in sec-
tion 2.3.1, some clarification is needed. Note that the flatness of the Parisi measure
7 in the interval [a, b] means that the density of the overlap in this region is 0 after
taking N to infinity. However, it does not imply the absence of such overlaps [6],
merely that the measure of such overlaps is 0.

The OGP is a statement about the clustering of solutions. However, we need to

clarify what exactly we mean by clustering.
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Definition 2.4.4 (weak clustering property [5]). A model exhibits weak clustering
property if there exists a subset Y of satisfying configurations which contain all
but exponentially small in N fraction of satisfying configurations, and which can
be partitioned into subsets/clusters separated by order O(N) distances, such that
within each cluster one can move between any two configuration by changing at

most constantly many O(1) bits.

Definition 2.4.5 (strong clustering property [5]). A model exhibits strong cluster-
ing property if all satisfying configurations can be partitioned into clusters like in
the weak clustering property but with no exceptions (i.e. X is the set of all satisfying

assignments).

An implication of the OGP is the existence of the strong clustering property
since the diameter of the solution cluster is smaller than the distance between the
clusters. More precisely, the OGP states that every e-optimal solution is either near
in Hamming distance or far when compared to another e-optimal solution. This
is equivalent to stating that the e-optimal solution are related via either changing
O(1) bits or O(n) bits and nothing in between. Furthermore, the strong clustering
property implies that every solution produced by an algorithm belongs to one of
these clusters. Note that the converse need not be true. That is, clustering does not
imply the existence of OGP since it could be weak clustering which allows for the
existence of an exponentially small number of e-optimal solutions with overlaps in

the interval [py, po].

2.4.2 OGP as algorithmic obstruction

We now provide the general argument one uses in the literature to show how OGP
leads to algorithmic failure to find arbitrary e-optimal solutions. Generally, the class
of algorithms that are limited in performance by the OGP are stable algorithms,
stable with respect to some small perturbation. Such classes of algorithms include
Lipschitz algorithms like Langevin Dynamics and Approximate Message Passing
[9], [63], |64], low-degree polynomial algorithms [62], [63], and low depth quantum
algorithms [65], [66], [67]. More recently, the OGP has been extended to prove
limitations of online algorithms such as a greedy algorithm that is not stable |7], [8].
As the focus of this thesis is on low depth QAOA which is stable, we will provide
a sketch as to how the OGP inhibits stable algorithm and refer the reader to the
relevant papers for the proof of algorithmic limitation for online algorithms.

Here, we let A(Z;) = o, denote that an algorithm A takes as input an instance Z;
and outputs a solution o;. Now suppose we have a family of Hamiltonian instances
T, parameterized by t € [0, T] such that Zy and Zr are i.i.d. instances. We say that
the algorithm is § stable with respect to Z; if for every ¢, we have R, <4 (ie.

Ot0t+1
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for each step of the coupled instances, the overlap of the algorithm’s output differ
by at most 4.)

Now, assume that the e-OGP holds for the family of instances Z;, t € [0, T] with
R,y0p > 2, Where 0y is an e-optimal solution for Z; and o7 an e-optimal solution for
Zr. In addition, we assume that § < ps—p (i.e. the stability of the algorithm renders
it unable to jump the gap). These assumptions allow us to show, via contradiction,
that any d-stable algorithm fails to find an e-optimal solution. Consider the sequence
of solutions (o) produced by the algorithm. We have (1) Vt : R,,5,,, < d by stability
and (2) Ryyop > ft2 by the e-OGP. Assume, for the sake of contradiction, that every
solution o; generated by the algorithm is an e-optimal solution. By e-OGP, there
exists some ¢ € [0,7] such that Rss, < p1 and Ry, > pto. This implies that
0 > Royoryy = |Rogorsn — Rogor| = 2 — p1 contradicting the stability requirement.

Thus, stable algorithms are unable to find arbitrary e-optimal solutions.

2.4.3 Failure of the OGP as indication of hardness

We have previously shown how the OGP acts as an algorithmic threshold for stable
algorithms. One might then be tempted to think that once a problem exhibits
the OGP, no efficient algorithm exists. However, this has recently been shown
to be false and there is an easy optimization problem that can exhibit the OGP
[68]. The problem in question is the shortest s — ¢ path problem. Consider a
graph G ~ Ggg(n, %) for C' > 1. With high probability, the shortest path
has length OPT = (1 + 0(1))bg(lg+:gn) [68]. Let S(G) be the set of all path with
length (14 €)OPT, then with high probability, this set exhibits the OGP under the

following conditions:

Theorem 2.4.6 (Theorem 2.2 of [68]). Let G,G’ ~ Gpgr(n, <) for C' > 1 and
G' is sampled from G with each edge or non-edge with probability 1 — p. Then there
exists some constant C' such that for every sufficiently small € > 0, with probability

1-— O(%) all pairs (p,p') € Sc(G) x S(G') have
poy| _ J0.C%) P < [rsTozn

(2.4.3)
pl - [P/] [0,C"¢) U{1} otherwise.

In addition, with probability 1 — O(2EL8%) “there exists p, p' with overlap < C'e.

logn

As argued in section 2.4.2, this implies that stable algorithms are unable to solve
the shortest path problem. However, the authors note that there exists a degree
O(logn/loglogn) polynomial algorithm that can find the optimal solution and is

computable in polynomial time [68].
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There is an intuitive heuristic reason why the OGP fails to predict algorithmic
hardness for the shortest path and why stable algorithms fail to find the optimal
path. In the Ising spin glass, Max-k-XORSAT, and maximum independent set
problems, the difficulty of these problems stems from the density of edges and that
the addition or removal of one edge will not drastically change the problem or its
solution. In other words, the problem and the solution are stable to perturbation.
This is not the case for the shortest path problem where the addition or removal of
a single edge can drastically alter the solution landscape. Suppose the shortest path
between two points (s,t) in an unweighted graph is some sufficiently large integer
k > 1. The solution can drastically change by simply adding an edge connecting s
and t directly so the shortest past is only distance 1. This shows that the solution
to the shortest path problem is susceptible to perturbations unlike spin glass type

problems.

Remark 2.4.7. As a real life example, consider the shortest railroad path from
Frankfurt to Cologne before 2000. The shortest path would have required one to
pass through Koblenz before arriving at Cologne taking a total time of roughly 2.5
hours. Today, we have a direct path connecting Frankfurt to Cologne taking only

slightly under an hour® thus changing the travel time drastically.

More rigorously, a recent work seems to point in the direction that for the OGP
to act as a good heuristic, the probability of the OGP occurring has to be at least of
form 1 — O(1/Poly(n)) rather than 1 — O(1/Polylog(n)) [69] but it is still an open
question. Furthermore, it also seems that the framing of the optimization problem
is important. While local algorithms will fail in finding the shortest s — ¢ path due
to the presence of the OGP, they are likely to succeed for the shortest path trees
which contains the shortest s — ¢ path [70].

Assuming no (non-relativistic) time dilation due to Deutsche Bahn.
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Chapter 3
Local Algorithms

We now turn to the class of algorithms that is the focus of this thesis. While we
are interested in studying the Quantum Approximate Optization Algorithm and the
Mean-Field Approximation Algorithm, they both fall into the general class of what
is known as local algorithms. Roughly speaking, given a starting vertex on a graph
v;, at each step of the algorithm, a local algorithm explores the neighbouring vertices
(i.e. all vertices which share an edge e with v;). While local algorithms traditionally
used notions such as a factor of i.i.d. 48], such notions fail to capture local quantum
algorithms which violate Bell inequalities and thus require a more general version
of local algorithms as defined in [33]. To define what exactly constitutes a local
algorithm, we first give the formal definition of the p-local neighbourhood of a vertex

in a (hyper)graph.

Definition 3.0.1 (p-neighbourhood and hypergraph of radius p (Definition 2.9
of [33])). Let G = (V,E) be a hypergraph with v € V and p € Z*. The p-

neighbourhood of v is defined as
B(v,p) = {w € V]w is p hyperedges away from v}. (3.0.1)

In addition, we say that (G, v) has radius p for the minimum value of p such that
B(v,p) = G.

Definition 3.0.2 (Generic p-local algorithm (Definition 3.1 of [33])). Consider a
randomised algorithm A that takes as input a g-uniform hypergraph G = (V| E)

and outputs a label from some set S to each vertex in the graph (i.e. A(G) € SV).
We say that A is generic p-local if for any set L C V', the following conditions hold:

e (Local distribution determination): The joint marginal distribution (A(G)y)ver
is identical to (A(G")y)ver, where G’ = |, B(v,p)

e (Local independence): The distribution A(G), is statistically independent of
the joint distribution of A(G),s over all vertices v' & B(v,2p)
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3.1 QAOA

The Quantum Approximate Optimization Algorithm (QAOA) is a heuristic quan-
tum algorithm developed by Farhi et al. |71] that produces approximate solutions
to combinatorial optimization problems. It is a type of algorithm known as Varia-
tional Quantum Algorithms (VQAs) [30] which are of interest for the current Noisy
Intermediate-Scale Quantum (NISQ) computers where fault-tolerant algorithms like
Shor’s are not feasible. As a type of VQA, the variational method is used to obtain
the ground state energy with respect to a trial wave function. The wave function

contains one or more parameters to be optimised hence the variational part.

Suppose we have a combinatorial optimization problem given by n bits and m

clause C. Then we define the quantum cost function as
Ho(z) =) Cal(2), (3.1.1)
a=1

where z = 2125 ... 2, is an n qubit state z € {—1,1}", and C the quantum operator

of the corresponding classical clause C'.

Similarly, denote sum of all single bit flip operators as
Hp=> X (3.1.2)
j=1

Define the unitary operators U(% I:IC), U(ﬁ, I:IB) with 5,~ € [0, 27)

Uy, He) = e e = T[e ™% U(8,Hp) =2 =[[e 5. (3.1.3)
a=1 j=1

For the default QAOA, one initialize the system of qubits in the state

) = % = =3 12). (3.14)

and apply p layers of U(’y, ﬁc) and U(ﬂ, ﬁB). Defining v = 1172...7, and 8 =
B1Ba ... By. The state is prepared as

7, B) = U(By, Hp)U (v, He) ... U(Br, He)U (71, He) |s) - (3.1.5)

For ease of notation, we now let Ua(v;) = U(y, He) and Ug(8;) = U(B, Hg). We

occasionally drop v, 8 when these parameters are clear from the context.
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Figure 3.1: Circuit diagram of the QAOA. Note that exp{—zﬂﬁ B} is just the single

qubit X; gate across all i qubits. Each layer which consists of U (8, Hg)U (7, He) is
partitioned into a block for clarity.

Let the expectation of He in this state be E,

E,(v,8) = (v,8lHcl|v, B). (3.1.6)

Traditionally, the goal of the QAOA is to find the optimal parameters (v*, 3%) that
maximises the expectation value. An alternative way to quantify the performance
of the QAOA is to measure the QAOA’s overlap with the ground state |z*). These
two ways of quantifying the QAOA’s performance are equivalent to optimising the
approximation ratio (AR) or the time-to-solution (TTS) defined as

Ey(v,B)

R Emaz ’ S

p

=B P (3.17)

Remark 3.1.1. There are several variations of AR or TTS. One alternative method

of defining AR is to normalised it to the lowest energy value

Ep(’77 /6) - Emm
Emax - Emln ‘

(3.1.8)

Similarly for T'TS, it is sometimes defined without the numerator p since one typi-
cally assumes constant depth p or that p < 1/| (2*|y, 3) |>. It is also useful to define
it via

1

- _9dpN 3.1.9
BT ’ (3.19)
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Algorithm 1 Quantum Approximate Optimization Algorithm
QAOA(H07 H37p7 Y, /6)

Require: Number of layers p and 2p variational parameters.
Ensure: Solution arbitrarily close to ground state of He¢.

1. Prepare ground state |s)

2. Apply p layers of alternating unitary Ug(53;)Uc(v:) to get |, 8)
3. Measure repeatedly to obtain E,(v, 3)
4

. Use a classical optimizer to update «, 3 and repeat the process again until
within acceptable errors.

where ¢(p) is a function of the QAOA circuit depth p in order to study the scaling

exponent.

In the original QAOA, one takes repeated measurements of E, (-, 3) before using
a classical optimizer to update the parameters in order to find the optimal value.
The circuit diagram of a p-layer QAOA can be found in fig. 3.1 while a summary
of the algorithm is given in algorithm 1. Heuristic methods to choose ~,3 can be
found for example in [72] using interpolation methods and have been generalised in
[73].

The QAOA has been applied to several optimization problems such as MaxCut
[71], Maximum Independent Set [65], Binary Paint Shop Problem [74], and spin
glasses [66], [75]. However, whether the QAOA or its variants offer any advantage
over classical algorithms is still an open problem. For instance, it has been shown
that logarithmic depth local quantum algorithms like the QAOA have no quantum

advantage in sparse optimization problems [11].

3.1.1 Proof of convergence

One might see the similarity to the quantum adiabatic algorithm (QAA). Here, the
starting state |s) is the same and is the lowest energy state of Hp and we are similarly
looking for the lowest energy state of Ho. This similarity is not coincidental as the
QAOA was developed as a heuristic algorithm based on the QAA [71]. In fact, one
requires the reduction of the QAOA to the QAA to show prove of convergence. We

follow the work of Binkowski et al. that made the proof of convergence rigorous [76].

Proof. We begin the proof first with the following lemma.

Lemma 3.1.2 (Lemma 11 of [76]). For any e > 0, let V;, W; be families of unitary

operators such that
|V; = Wi|| < e (3.1.10)
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Then the following estimate is valid:

p . p .
[Tvi-1]w:
i=1 1=1

< pe (3.1.11)

Proof. Assuming eq. (3.1.10), we can thus find a linear operator R; with ||R;|| < 1
and Vi : Vl = VT/Z + eﬁ’i. We now prove the identity via induction. The base case

p =1 is trivial. Now we assume it hold for p and prove for p + 1:

p+1 . p+1 . LA p
L0700 = (117 s~ ({15
i=1 i=1 i=1 i=1
A~ p ~ ~ p A
< [ Ve (H z‘—HWz) + | (Vorr = W) [ [ W
i=1 i=1 i=1
p A A A A~
<\[TVi—T]w:| + ‘ (Vo1 = Wpia)
i=1 i=1
<pe+te
=(p+ 1)
By induction, this is true for all p € N. n

The time dependent Hamiltonian with ¢ € [0, 7] in the QAA is given by

Hoaa(t) = (1 —t)He + tHp. (3.1.12)

First, we note that Hp has only positive off-diagonals. By Perron—Frobenius
theorem, there exists a unique largest real eigenvalue. It follows that the difference
between the largest and second largest eigenvalue is strictly greater than 0 (i.e. there

exists a gap in the energy spectrum).

Let Ugaa(t) denote the unitary operator associated with the adiabatic evolution.
We then express the Hamiltonian of the QAA as a discretised version with sufficiently
high depth ¢ so that, for any € > 0, we get €/2 close to the QAA

d - T\ jT .
Hexp {—ZHQAA (%) j—} — UQAA(T)

j=1 1

< (3.1.13)

N

Set V; = exp{—iﬁQAA <]7T> %} We then express each time-step s € [1,¢q] of
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the discretized quantum adiabatic algorithm as a Trotterize approximation
exp{—i ((1 — s)Hg + slf[(;> s}
1—gs R s . n (3114)
= lim ( exp} —i s | Hp exp{—i—s HC} .
n—00 n n

Similarly, the Trotter product formula implies that for any s € [1, g|, there exists a

ns € Z* such that for any n, > n,, we have

LT T "
np q np q

Choose the maximum n, among each s so that we have a total of p = n? angles with

72(717“‘7’711) a‘nd/B: (ﬁlw"aﬁq) and

€
< —. 3.1.15
5 (3119)

i .
__ZjT
) = 3.1.16
(0= — =% (3.1.16)
igT
s ZjT
i)j = ) 3.1.17
(Bi)i =+ . ( )

for i € [1,¢] and j € [1,ng).
Denote the QAOA trotterized evolution as V' (v;, §;) for i € [1, ¢] so that we have

~ ~ €
IV (i, B:) = Vil < % (3.1.18)

Finally, we combine our results with theorem 3.1.2 to get

q q
HV Vi, Bi) — HV

q
HV Yi, Bi) — Ugaa(T

f[vv

(3.1.19)
€ €
< 4 - —e. 1.2
=5 + 5 =€ (3.1.20)
This proves that when p — oo, we get the exact solution. O

3.1.2 Locality Properties

We now verify that the QAOA fulfil the locality conditions of theorem 3.0.2.
Recall that for the initial state |—|—>®N, we associate each qubit as the vertex
of a graph. For every hyperedge in the graph, the operators are of the form
e(z) = Z;...Z,. Denote the unitary operator in the QAOA as U = U(v,8) =
b e*ZﬁlHB e~"itle - Consider the Heisenberg picture of the QAOA circuit so that

the state |+)®" is fixed while the measurement evolves over time as UTe(z)U. Con-
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3.2. MF-AOA

sider p = 1 and e(z) = Z;Z; for simplicity. Notice that we can commute all the

operators Xj that are not ¢ or j so the expression is simplified to
UT(71)67,'51(X¢+X]')ZiZje*iﬁl(Xi‘i’Xj)U(fyl)_ (3.1.21)

Similarly, all the terms in U(7v;) that do not involve Z;, Z; commute through. In a
graphical picture, the only operators we need to keep are the edges adjacent to Z;7;
and Z;Z; itself.

Denote the measurement of a qubit v in the computational basis as Z(v). Be-
cause the measurement statistics is independent of the ordering of measurement (i.e.
Z(v) commutes with Z(w) for any qubit w), the Heisenberg picture U'Z (v)U must
similarly commute. Further, for L C V let S(L) = {UTZ(v)Uv € L}.

We first show that the joint marginal distribution of any set L C V' is identical to
the p—local neighbourhood of L. Consider the measurement of the qubits in S(L).
Since the action of U on L on depends on vertices that are at most p-distance away,
the distribution of the output is entirely determined by the p-neighbourhood of L.

Now we show that the distribution is statistically independent of vertices out-
side of the 2p-local neighbourhood. Consider the set L' C V\B(v,2p). As argued
above, S(L) acts only on the p-neighbourhood of L so L’ is outside of the action of
S(L). Similarly, S(L') does not act on any vertices in the p-radius of L. Thus, the

measurement of S(L) and S(L’) are independent of each other.

3.2 MF-AOA

The Mean-Field Approximate Optimization Algorithm (MF-AOA) [77] is a quantum-
inspired classical limit of the QAOA where the time evolution of the quantum spins
is now replaced by classical spin dynamics via the mean-field approximation.

For a concrete example of how the MF-AOA works, consider the mean-field ¢

spin glass with spins Z € {—1,1}" with a local magnetic field h; € R:

N
Hyo(Z) =) hiZit Y JipgZ-. Zy, (3.2.1)
i=1 J<k<--<q

where we excluded the normalising constant for ease of notation.

As a quantum-inspired algorithm of the QAOA, one similarly uses a problem

Hamiltonian and a driving Hamiltonian of the following form:

Hp = —Hh,q(Z) (322&)

26



CHAPTER 3. LOCAL ALGORITHMS

N
Hp=—-Y AX;, A;>0. (3.2.2b)
i=1
where the positivity of A; ensures that the ground state of Hp is given by |+)*".
Define the classical spin vector as
ni(t) = (ni(t), nj(t), n; (1))
= (Tr[pX(1)], Tr[pYi(t)], Tr[pZi(2)]), (3.2.3)
with p being the density matrix in the mean-field approximation p = @ | p;.
In the mean-field approximation, the total Hamiltonian has the form
N N
H(t) ==Y |hit Y Jijogni...ng|ni—B(t)>  Am}, (3.2.4)
=1 J<+<q i=1

where ((t) and ~y(t) are piecewise-constant functions. Define also the effective mag-

netization

mit) =hi+ > Jigeiganh (). ni(2). (3.2.5)

1<i1,eyip—1<N

The dynamics of this system boils down solving the 3N differential equations for

each spin in their effective magnetic field
omn(t) = n(t) x B(t), (3.2.6)
with B;(t) = (2(1 — s(t)), 0, 2s(t)m;(t)).

Remark 3.2.1. For the pure ¢-spin glass and Max-¢-XORSAT without an external
field (i.e. Vi h; = 0) the effective magnetization remains 0. In order for the algorithm
to work, one could fix the last spin of the state e.g. n3, = 1. Alternatively, one uses
a so-called catalyst Hamiltonian [78] to temporarily induce a magnetization. While
the external field can be arbitrary subjected to the boundary conditions \;(0) =

Xi(Ty) = 0, it suffices to introduce an external term
Hep =Y Ns*(1)(1 = s(t)), (3.2.7)

where ); are chosen from a normal distribution N (0, o?).

The effective magnetization for ¢-th spin thus has the form

mi(s) = X (1 =)+ D> Jigieani, (). oni (B, (3.2.8)

1<in, e ip—1<N
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3.2. MF-AOA

The piecewise solution to the mean-field Hamiltonian is thus given by

p
nilp) = [ V2OV (0)ni(0), (329
t=1
with
1 0 0
VP#) = [0 cos(2A:8,) sin(2A:3) |, (3.2.10a)
0 —sin(2A:8;) cos (2A:5;)
cos (2m;—17y:)  sin(2mi—1y) O
ViE(t) = | —sin (2mi—1v) cos(2mi_1y) 0. (3.2.10b)
0 0 1

Since the QAOA is guaranteed to find the exact solution by reduction to the
adiabatic algorithm, it suffices to take linear functions of v and ( for a sufficiently
long run-time 7' to ensure the algorithm achieves the best possible outcome. We
now explain the algorithm as described in algorithm 2. Starting with N classical
spins in the z-axis, for each time step, apply the mean-field evolution and calculate
the new effective magnetization. Once finished, round off the z component of each

spin vector to obtain the bitstring o* = (sign(nj), ..., sign(ny)).

Algorithm 2 Mean-Field Approximate Optimization Algorithm (H,TY)

Require: Hamiltonian H, Runtime T

1. Initialize N classical spin vectors in state n;(0) = (1,0,0) Vi.
2. for t € [0,7%] do :

(a) Apply mean-field evolution operators using eq. (3.2.9).

(b) Calculate the new effective magnetization m; using eq. (3.2.5).
3. end for

4. Round the z-component of the spin vectors to obtain o¢* =
(sign(ni), ..., sign(nk)).

5. return o*

We note that by construction, the spins are independent from each other at the
start of the algorithm. However, given a subset of vertices L C V', at each step
of the algorithm, when we calculate the new effective magnetization, this is akin
to exploring the neighbourhood of L by exploring the vertices connected to L via
an edge. Thus, following similar arguments to section 3.1.2, one can show that the

MF-AOA also satisfy the requirements of a local algorithm.

28



Chapter 4

Shallow depth QAOA

In this chapter, we review the recent application of the QAOA to the Max-q-
XORSAT problem on random regular graphs and sparse graphs in general, and
on the ¢ mean-field spin glasses. The main emphasis is on showing the equivalence
of the QAOA performance at constant depth p between the ¢ mean-field spin glasses
and the Max-¢-XORSAT problem.

4.1 Max-¢-XORSAT

Given a g-uniform hypergraph G = (V, E') where E C V9, and a given signed weight

i g € {—1,+1}, the Max-¢g-XORSAT problem can be expressed as
1
H;{OR@') = Z 5(1 + Jivig..igZir Zig - - - Zig)- (4.1.1)
(il ..... iq)GE

where a constraint is satisfied if and only if z;, 2;, . .. 2, = Jiis..4,-

We say that an instance of the problem is satisfied if there is an assignment
of values to the bit-string o which satisfies all the clauses (i.e. Hy, (o) = |E]),
otherwise, we say it is unsatisfiable. It is known that for an instance Z of a random ¢-
XORSAT problem, given |E| hyperedges and problem size n, the following theorem

holds

Theorem 4.1.1 (Theorem 1 of [79]). Let ¢ > 2 be fized. Let |E|/n = 6. In the

limit n — o0,
1. if 6 > 1, then a random formula from I is unsatisfiable with high probability.
2. if 6 <1, then a random formula from I is satisfiable with high probability.

As we will be interested in random regular hypergraphs, this condition implies

that if the average degree d is greater than ¢, then a random formula is unsatisfiable

29



4.2. QAOA ON LARGE GIRTH GRAPHS

with high probability. Suppose we fix d > ¢ sufficiently large so that we are in the
unsatisfiability regime. The maximum number of satisfiable equations in an instance
of random XORSAT for both G}, (n, p), and RY(n,d) has been found [54] to be in
the form of eq. (2.3.17) which we repeat below

1 1 q
vl max Hiop(2) = 5 + 1y /ﬁ + O(1/Vd). (4.1.2)

4.2 QAOA on large girth graphs

Recall from section 3.1 that the QAOA is a local algorithm. Consider a (D + 1)-
regular graph with girth greater than 2p 4+ 1 (i.e. the smallest cycle in the graph is
greater than 2p + 1). In this setting, the subgraph explored by the QAOA with p
layers will appear as D regular trees.

In evaluating the performance of the QAOA on large-girth (D + 1) regular hy-
pergraphs, it turns out that the optimal parameter for ~ is of order 1/v/D. Thus,
in order to find the optimal ;’s, it will be useful to prepare the QAOA state using

a scaled unitary operator U(v, HYr) with
g 1
Hyor = _ﬁ Z Jirig..iq%ir Zig + - - Zig (4.2.1)

where we drop the factor of 1/2 since it just adds a phase factor.
Knowing that the asymptotic solution for the Max-¢g-XORSAT is eq. (2.3.17), we
can thus express the output of the QAOA in a similar form. We state the theorem

with said expression found by Basso et al. in [80].

Theorem 4.2.1 (Theorem 2 of [80]). For H%r on any (D + 1)-regular q-uniform
hypergraph with girth > 2p + 1. Let |vg,3) be the QAOA state generated using
H%op. Then, for any choice of coupling J,

Vs, BlHxorlVs:B) _ 1 q
(75, B |)£(C(TR| s >:§+V3(D77575) 5D’ (4.2.2)

where V;(D,7S,ﬁ) is independent of J and can be numerically evaluated with an

iteration using O(p4P?) time and O(47) memory. In the infinite D limit,
limp o0 ¥4(D, s, B) = vi(vs,B) can be evaluated with an iteration using O(p*4?)

time and O(p?) memory.

Remark 4.2.2. At the time of writing, I was made aware of that the algorithm to
evaluate ug(D, ~, 3) is sub-optimal. By applying tensor network techniques in eval-
uating l/:g(D, v, 3), one can improve the time complexity to O(4?) [81], a quadratic
speed up that could potentially apply to v{(D,~,3) as well!
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CHAPTER 4. SHALLOW DEPTH QAOA

We will now explain how one evaluates the performance of the QAOA (i.e.
vl (D,vg,3) before giving their proofs. First, we index vectors in the following

order:
a=(a1,0a2,...,0y,00,0_p,...,0_3,4_1). (4.2.3)

Define for 1 < r < p the (2p + 1) component vector

=7, I'y=0 T_. =—,. (4.2.4)
Furthermore, let
fla) = 3 <a1|ezﬁlx|ag) . (ap|e’ﬂ”X|a0> (aole_zﬁpx|a_p> . <a_2\e_lB1X|a_1> (4.2.5)

where a; € {—1,1} enumerates the computation basis states and

. COS a; = a
(a1]eX |ag) = Foo=a (4.2.6)

isin B ay # as.

Let Hgn) {=1,1}*" - Cfor 0 <m < p. Let Hg))(a) =1 and Hgn) be defined

recursively as follows:

qg—1

(m) _ L - (ab: q—1 i\ ry(m=1) g
Hy(a)=| Y cos{\/ﬁf (ab'...b )]Hf(b)HD (b) (4.2.7)

bl,...pa1 i=1

where we denote abe as the entry-wise product (abe); = a;b;c;.

Iterating till m = p gives us Hj(jp)(a) which we use to compute

q

vi(D,v,B) = Z\/in] 1quim {%I‘ ‘a'... aq} H [aéf(ai)f(b)Hg)(al) :

i=1

(4.2.8)

In the infinite D limit, let G € CEPTUX@+D) for 0 < m < p be defined as follows:
for j,k € {1,...,p,0,—p,...,1}, let the base case be Gf,z = > . fla)ajay, then

G is defined recursively as

m 1 b m— q—1
G;k):Z f(a)a;ay, exp (_5 > <G§",k/1)> rj,rk,aj,ak,) (4.2.9)

3k ==p
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QAOA ON LARGE GIRTH GRAPHS

After p iterations, G?) is used to compute

Vi(vs,B8) = \/_ Z Ty ( (4.2.10)

Jj=-p

4.2.1 Proof of iteration

Since the subgraph explored looks like a D-regular hypertree with a total of n =
ql(¢q—1)PDP + -+ + (¢ — 1)D + 1] vertices. Focus on a single hyperedge so we want

to evaluate the expression

<7716|Zl s Zq‘7716> .

For the QAOA of depth p, we insert 2p + 1 complete sets of the computational
Z-basis with labels 2, i € [—p, p|]. For example, with p = 1, we have the following

expression

1 . .
v,B\Z1 ... Zy|v,B) = > Z elVlH)%OR(Z[l]) <z[1] |ez,BB|Z[0]> ZEO] . Z(EO]
{=l}
X <Z[O] |€_ZBB‘Z[_1]> e—i’ylH’)S(OR(z[_l])
- i Z €i71H)S(OR(z[1])*i%HSchR(z[_l])zEO] . Z(EO]

{=li}

TT (411 00 (20420 (a2a)

Using our definition of f(z,), T', and Hy,p in eqs. (4.2.1), (4.2.4) and (4.2.5), we

can re-write the expression as

7
(v.B|Z1 ... Zy|v,B) = Z ZEO] ) ”Z([]o] exp _ﬁ Z T-(z,)...(25,) Hf Zy),

{z[’b]} J1...Jq€E
(4.2.12)

where in the last step, z, = (zq[,],zq[,],zq[, 1}), thus replacing the sum over 2p + 1

complete sets to an equivalent sum over the bit configuration of each vertex. It’s
clear that this formula holds for any p.

In order to evaluate the expression, consider the leaf vertices wy,...,w,—; of a
hyperedge and denote their parent vertex as p(w;). Summing over the bit configu-

ration for zy,, ..., 2y, , gives us

. q—1
1
expy ——=1I" (Zp(w))Zwys - - s Zw,_; Zw,) 4.2.13
> p{ 75 (Zp(wn) Zur - }Hf ; ( )
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CHAPTER 4. SHALLOW DEPTH QAOA

Note that this term involves the parent vertex bit configuration zp,,). Since this
is a D + 1 regular hypergraph, there are D branching hyperedges each with equal

contribution so we get

D

1
H(Dl)(zp(wl)) = Z eXp{—ﬁI‘ . (zp(’lUl)ZUJl? ce azwq1>} f(zwj)

(4.2.14)

Notice that f(a) = f(—a). With this, we can show by induction that H,(Dm)(—a,) =
H,(jm)(a) too thus implying that the function is even. This allows us to simplify the

expression above as

D
1 i
Hl()l)(zp(w1)) = Z (\/— (Zp (w1)Rwiy - zwq1)) H f(zwj)
Zawy 5eees Zwg_q 7=1
(4.2.15)

Let p(w;) = u;. We can repeat this process again looking at the parent of u; and
consider all the other vertices that share the same parent p(u;). Summing them up

and taking into account Hg)(zp(uj)), we end up with

q—1

9 1
H(D)(zp(m)) = Z COS (ﬁr : (zp(U1)zu17 BRI zuq_1)) H f(zuj)H(Dl)(zp(uj))

Jj=1

(4.2.16)

Repeating this process until we reach the root of the tree, we can re-express
eq. (4.2.12) as

-----

(4.2.17)

Since the expression must be the same when z; — —z1, this implies that the solution

must be odd so we are left with

_ (L T V0
(v, B|Zy ... Zyly,B) = —i Z sin (\/EF zl...zq>jl—Ilz] f(z)Hp (z5).

(4.2.18)

As for the infinite D limit, we simply perform a Taylor expansion of the cosine
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4.2. QAOA ON LARGE GIRTH GRAPHS

function in H"(a) and we use the fact that > FOHT(B) =1 [80] to get

lim > o[- % (T-(ab'...b" )" + O(1/D?)] Hf(bi)Hgm‘”(bi)
— exp{—% (T - (ab'... b 1))’ ﬁf(bi)Hgm—”(bi)}.
(4.2.19)

Expanding the dot product and defining GE.TZ) = Y. f(@)H™a;a;, we can re-

express the iteration as

p

m 1 m— a-1
G;k) = Zf(a,)ajak exp{—§ Z <G§",m’1)> }ijfk/aj/ak/. (4220)

jl7k/:_p

Finally, using a Taylor expansion again on the sine function, we can give the expres-

sion of v(vg,B) in the infinite D limit as
q

. p
- _ o], [k
S vy (vs:8) = > Tu]l#"2 Fz)H ().

k=—p 7j=1

. P
1
- 7% > TG (4.2.21)
k=—p
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CHAPTER 4. SHALLOW DEPTH QAOA

4.3 Equivalence of performance

A follow up work by some of the co-authors analysed the performance of the QAOA
at constant depth on spin glass type Hamiltonians [66]. Specifically, their results

require the following assumption:

Assumption 4.3.1. Assume that the constraints J, . ;, are i.i.d. with mean zero

symmetric distribution and finite second moment. Further assume that the nor-
malised expectation value E[e*n
N,

**** ] is real and positive for large n. Denote g4, =
ni~1log E[e"Mi1--- wl|. For any fized X\, the following equations exist and all functions

are differentiable:

"
A

lim qu() =0, (4.3.1a)

n—oco M

nh—glo gq,n()\) = gq()‘)v (4'3'1b)

lim g),(\) = g,(V). (43.1¢)

With theorem 4.3.1, the authors managed to derive an expression for any CSP

at constant depth.

Theorem 4.3.2 (Theorem 1 of [66]). Let H; be a random spin-glass type CSP drawn
from a graph distribution G that satisfy theorem 4.3.1. Then, for any constant p and
parameters (v, 3) € R*, we have

Tim Ejom) [ (v: BlH; /0|y, B)] = V,(G, 7, B), (4.3.2)
and
T Egem [ B1(H /)by, B)] = V(6. , B)) (4.3

Their formula for V,(G,~,3) requires a generalised multinomial theorem with
a rather technical proof. Previously, it was shown that the ensemble average per-
formance of the QAOA for the Sherrington—Kirkpatrick model is equal to the one
on a D regular hypertree at constant depth in the limit D — oo [80]. Their novel
contribution was to show that at constant depth, the performance of the QAOA on

sparse or dense graphs are equivalent which we state below:

Theorem 4.3.3 (Theorem 2 of [66]). Let Gq, be a generic ensemble of CSP with
only q-body couplings and (average) degree d that satisfy theorem 4.3.1. Suppose that

22
lim lim (g2, (A), g0,/ (\) = (——, —)\> , VAeR. (4.3.4)

d—o00 n—00 2
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Then the asymptotic performance of constant p QAOA on a sparse Gg, is the same

as that on K¢ (the mean-field q-spin model) in the large degree limit:

%(Kq777ﬁ> = dli)% %(Gd,q777 /8) (435)

Because of the equivalence to sparse G4, graph, it turns out that this expression
is related to the algebraic expression we got by analysing the QAOA’s performance
on large-girth regular graphs. In fact, it is equivalent to the performance for the

corresponding ¢ mean-field spin glass models.

Theorem 4.3.4 (Theorem 3 of [66]). For any constant p and parameters (7, 3), we

have

V,(K%, v, B) = V2ui(/q7. B). (4.3.6)

Remark 4.3.5. Note that the factor of v/2 is due to a convention difference as
mentioned in section 2.3.2. Thus, for the case of ¢ = 2, if we standardised the

convection to follow that of this thesis, we have in fact

V(K% 7, 8) = v (v, B). (4.3.7)

while for the general case, it will be of the form

Vo(K% v, B) = vi(\/a/2v. B). (4.3.8)
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Chapter 5
Logarithmic depth failure

Given that the QAOA is a local algorithm, it is clear that if the runtime of the QAOA
is shallow, (i.e. the circuit depth of the algorithm is shallow), then if the underlying
graph is sparse, the QAOA does not ‘see’ the whole graph and thus present a barrier
for its performance. Indeed a hard upper-bound was proven in [65], [82] where in
one case, the limitation was due to the presence of the OGP and in the other worst
case scenario, the QAOA only observes a tree as in theorem 4.2.1. In section 5.1, I
first give a recap on how the OGP acts as a limitation for the QAOA at constant
depth using the algorithm described in section 4.2. In section 5.2 we give the main
result of the publication [1], that the algorithm is actually valid up to logarithmic
depth and provide a sharp equality that shows that the QAOA at logarithmic depth
gives an output strictly less than the OGP threshold.

5.1 Limitations of QAOA

In order to prove that the QAOA is limited in performance at shallow depth, we
first recall the result of theorem 4.3.2 that states that for the constant depth QAOA,
the output of the QAOA is given by

1im Ejeom [ (7. B1Hy /nly. B)] = V;(G.7. 8). (5.1.1)
Jim E o) [ (v, BI(Hs /)7, B)] = [V, (G, v, B)]" (5.1.2)

where V,,(G, v, 3) has an explicit formula defined in [66].
As a corollary, the output of the QAOA concentrates about the expectation value

at large n.

Corollary 5.1.1 (corollary of [66]). At constant depth, the output of the QAOA for

spin glass type problems is concentrated over both instances and measurements.
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Proof. To show concentration properties, we first note that the variance over in-

stances and over measurements are given respectively by

Var(instances) : E, [ (v, 8/Hy/nly, 8)2] — B3 [ (v, BlH,/nl. 8),  (5.13)
Var(measurements) : E; [ (v, B|(H,/n)*v,8) — ('y,ﬁ\HJ/nh,ﬁf} : (5.1.4)

Adding them up and taking the large n limit, we have

Tim (B [(v.BI(Hs/n) 1. 8)] ~ B} (v, BlH/nly. B) 0. (5.15)

Since the variance is strictly non-negative, then theorem 4.3.2 implies that in the
limit n — oo, both variances vanish. Thus, by Chebyshev’s inequality, the QAOA

is concentrated over both instances and measurements. O

We cite the result of [33] that states at logarithmic depth, the probability that the
output of the QAOA has an energy value greater than the OGP value is exponentially

small.

Theorem 5.1.2 (Modified version of [33] Corollary 4.4). Let the underlying graph
for the Maz-q-XORSAT be an Erdos—Rényi graph. For every even g > 4 and Eogp <
Eopr, the following property holds. There exists a constant ¢ such that atp < clogn,
for arbitrary parameters (7, B), the probability that the QAOA’s output has an energy

greater than Eogp is exponentially small:

Pl"[ <7aﬂ|Hg(OR|77/8> Z EOGP] S eXp{—O(TLa)}, (516)

for some constant a.

In the large n limit, with probability converging to unity, the performance of the
QAOA at p = clogn satisfies (v, B|HxorlY,B3) < Eocp.

Remark 5.1.3. Note that a recent paper by Chen et al. [11] further generalize this
result that argues that the is no quantum advantage offered by logarithmic depth
QAOA for sparse optimization problems.

It is thus easy to see that for any constant p, the QAOA is unable to surpass the
OGP barrier even if it sees the whole graph using theorem 5.1.2 and theorem 4.3.3

since we have

‘/;IJ(Kq7’77/8) = dli{go VZIJ(G%}R777/6) = \/ﬁ’/g(\/a%ﬂ) < EOGP' (517)

The novelty of eq. (5.1.7) is that at any constant p, the mean-field model is
non-local and the QAOA sees the entire graph. Thus, providing the first proof of
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limitation of the QAOA on a dense graph. An improvement upon this result by [67]

shows limitation on dense graphs at super constant depth p ~ O(loglogn).

5.2 Extension of limitation

While previous results of the limitation of QAOA were shown to hold on Erdos—
Rényi hypergraph [33], their results do not apply directly to a regular hypergraph.
At best, Basso et al. showed that the QAOA is limited in performance at constant p
for a regular hypergraph but not when p is of order O(elogn) [66]. A similar result
showed by Fahri et al. argued that the output of the QAOA on MaxCut, and easily
extended to Max-¢-XORSAT, is at most 1 + O(1/ Vd) at some logarithmic depth
but does not give an exact equation as to what the upper bound is [82].

The main result that was proven in [1] is given in the following theorem:

Theorem 5.2.1. Given a local algorithm A that is limited in performance up to
depth p = elogn on an Erdos—Rényi hypergraph with sufficiently large average degree
D, A is also limited in performance up to depth p on a random D-regular hypergraph
for sufficiently large D.

We delay the proof to section 5.2.1 and note the implications of the theorem
first. Theorem 5.2.1 extends the validity of the optimal parameters found in [80] to
logarithmic depth as well as the QAOA’s limitation in performance. We do this by

showing that the following limits are equal

1 1
lim  lm — (v, 8 Hboplv. 8) = lim lim — (v, B8|Hboglv.8).  (5.2.1)

n—o00 p—elogn |E| P—00 N—00 |E|

This equality allows us to improve the upper bound into a strict equality by some

value that is less than the OGP value. Namely

q

1 1
lim lim (v, BlH%orlY.8) = = +l/[q](D v,8) 2D

n—o0o0 p—elogn ’E’

(5.2.2)

with I/[q](D,’)’,,B) < I/g](’y,,@) < Eogp < Eopr =11,.

While the proof does not apply to dense graphs at logarithmic depth, there is a
simple reason why this iteration fails to find the Parisi value II, for the mean-field
g spin glass. The main idea is that the QAOA attempts to optimise a different
problem structure that is not exhibited by the mean-field ¢ spin glass. Analysing
the QAOA using asymptotic analysis at constant depth, the underlying hypergraph
that the QAOA explores is a hypertree. However, it can be easily shown that Max-
¢-XORSAT on a tree-like structure does not exhibit the OGP. Since the problem
structure that the QAOA solves via asymptotic analysis is forbidden by the OGP,
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5.2. EXTENSION OF LIMITATION

it is clear that these two problems are in-equivalent and thus, the QAOA is unable
to find the Parisi value. We now prove that Max-¢-XORSAT does not exhibit the
OGP on a bipartite graph.

Theorem 5.2.2. The OGP does not exists for Max-q-XORSAT when the underlying
graph is a bipartite graph.

Proof. For simplicity, we prove it on Max-2-XORSAT where we do not need to take
into account the non-degeneracy of the optimal solution since for a general g > 3,
the vertices in the leaf have a permutation symmetry which is not the case for a
graph. Thus, if Max-2-XORSAT does not have the OGP, then so does the general
Max-¢g-XORSAT since the permutation symmetry makes the presence of the OGP
less likely.

First, we note that because it is a bipartite graph, the problem is exactly solvable
up to Z, symmetry. We denote the two possible solutions as o' and o~ with their
overlap |Ry,+ o-| = 1. We now convert to the Hamming distance representation and
note that due to Z, symmetry, we only need to consider Hamming distances in the
interval [0,n/2]. Thus, we consider the set of Hamming distances away from the o
solution. If the OGP is present, then there exists some € > 0 such that taking the
set of solutions that are e-optimal results in a gap in their Hamming distance.

Consider the first sub-optimal solution in which a single constraint is not satisfied.
This can be done by taking any arbitrary edge e; and setting all vertices going away
from the root to be the o~ solution while all other vertices take on the o™ solution.
It’s clear that the set of Hamming distance S has multiple gaps. For instance, in a

regular D + 1 tree, we have
S=1{1,2,D,D+1,2D+2,....D*+D,...}

Taking the next sub-optimal solution, we similarly take another edge e; # e; and
repeat the same step to partition the graph into o~ and o™ solution which does not
create a single gap in the set of Hamming distance. This procedure continues until

the set of Hamming distance is dense. O]

5.2.1 Proof of theorem 5.2.1

Proof. The proof is as follows: first, we need to show that for some D € Z*, a
D-regular g-uniform hypertree can be embedded into an Erdos-Rényi hypergraph
of sufficiently high average connectivity. Then, we show that a D-regular g-uniform
hypergraph can be generated from said hypertree. Finally, we show that algorithm
A must also fail to find solutions arbitrarily close to the optimal solution in a D-

regular g-uniform hypergraph as doing so would result in a contradiction.
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We note that a COP instance with m chosen edges can be converted into a regu-
lar instance changing only op(1/ \/5)' edges. This reduction has been used several
times before as in [53], [54] and recently in [11]. We follow the proof of [11] but sim-
plify one of the lemmas using G%5(n,p) later to avoid the combinatoric arguments
needed when considering G%,(n, m), and extend the argument from constant depth
[ tol < elogn.

Here, we show that an Erdés—Rényi hypergraph can be converted into a hypertree
by changing only o(1/v/D) edges. Given G%,(n, m) with average degree D, define
D' = [D 4 v/Dlog D). Let d; be the degree of vertex v;. Modify the graph as

follows:
1. Remove edges until d; < D’ for all vertices.

2. Add edges to all vertices until d; = D’ where each vertex is chosen with

probability proportional to D' — d;.

In order to prove that an Erdés-Rényi hypergraph can be converted into a hy-

pertree by changing only o(1/v/D) edges, we will need the following lemmas.

Lemma 5.2.3. In the limit n — oo, the number of edges removed from G%p(n, m)

is at most n - Op(1/ D8 D) for some constant ¢ > 0.

Proof. Note that the distribution of edges in an Erdés—Rényi graph follows a bino-
mial distribution B(m,1/n). For each vertex v;, the number of edges removed is

either 0 or d; — D’ so A; := max (D’,0). The first moment of A; is bounded by

o0

=Y P(A =k)(k-D')= ZP(Aizk)g/ P(d; > z)dz.  (5.2.3)

d>D! d>D' !

Where we used the fact that the expectation value of a random variable equals the
cumulative function in the second equality.

The second moment can also be bounded as

=Y P =k)(k-D) < /oo P(d; > z)2(z — D')dx. (5.2.4)

d>D’ b

Using Chernoft’s bound for the binomial distribution, we have

(z — D)
P(d; > x) <2 —— /. 5.2.5
(@2 ) < 2exp - (525)
By op(g(D)), we mean that there is a function f(n, D) such that L& P63 )) — 0 as n — oo for

fixed D, then setting D — oo.
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Applying Eq. (5.2.5) to the second moment bound, we have

[, 2= D esn - o o -2

= Op (Dexp{—c(log D)*}). (5.2.6)

for some ¢ > 0. Thus, both the first and second moment are bounded by Op(d~¢1984)
for some constant ¢ > 0.

For the total number of edges removed A, we note that by a union bound, A < A,
where A := 3. A;. Furthermore, we have E[A] = nE[A;]. Unless A; and A; share

the same edge, they are independent, so

Var(A) < nE[AY] +2)  Cov(A;, A)). (5.2.7)

1,J
Since the degree of each vertex is not independent as they follow a multinomial
distribution (i.e. increasing the degree of one vertex results in a decrease in the

degree of another), the covariance term is negative. Therefore, as n — oo, A is at
most nOp(d=—¢°84) for some ¢ > 0 with high probability. O

The process of removing edges does not create cycles (i.e. destroy tree-like prop-
erty). However, we need to ensure that the graph was initially tree-like and remains
tree-like after adding edges. Rather than working with G = G%,,(n, m), we will work
with G = G} z(n,p) for the next lemma and use the fact that a graph containing
a k-cycle is a monotone increasing property and that for any monotone increasing
graph property P, P(P € GLz(n,m)) < C - P(P € G%,(n,p)) for some constant C
[83].

Lemma 5.2.4. Fix any constant D and | < elogn. With high probability as n — oo,
1-0(1) fraction of the l-local neighbourhood are treelike.

Proof. Let p = ctleantDloglogn (1o p /nd=1) for some constant ¢ > 1, and k € N.

Let X be the number of k-cycles. Leaving k in the big-O notation to account for k

as a function of n later, we have

2k k
AW 1" logt n

By Markov’s inequality, we thus have

(¢))*log" n
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which vanishes in the limit n — oo implying that the number of constant k-cycles is

logn 4150 vanish.

0(1). The same argument implies that cycles of size logn and (logn)

Now we show that the [-local neighbourhood of an arbitrary vertex has at most
o(1) k-cycles. In the limit n — oo, the degree of each vertex follows a Poisson
distribution with mean D. Let Y denote the degree of an arbitrary vertex. The

probability that any vertex v has degree at most logn is given by
P(Y <logn) =1— P(Y > logn) (5.2.10)

From the Chernoff bound for the Poisson distribution, we have that

_p(eD)?

PY>z)<e
xw

~ O(c/x") = o(1), (5.2.11)

for some constant ¢ so all vertices have degree at most logn with high probability.
Thus, the [-local neighbourhood has at most (logn)€°e™ vertices. Repeating
the same argument for the number of k-cycles shows that only o(1) of the I[-local

neighbourhood will contain a cycle. O]

Lemma 5.2.5. Fix any D, there exists some € > 0 such that for | < elogn, with
high probability as n — oo, adding edges preserves trees in 1-o(1) fraction of the
[-local netghbourhood.

Proof. Right after removing edges, every vertex has at most degree D’ so given
some constant D and [ < elogn, the [-local neighbourhood Bg(v, 1) is upper-bound
by D’°¢" and is a hypertree. Then, we have to add on average n(Dlog D) ~
O(n) edges but since Bg(v,1) is of order O(D’¢!°8™), the probability that an added
hyperedge contains at least two vertices in Bg(v,1) is O(D’<¢" /n).

Choose € < 1/log D'. As a result, adding clauses results in o(1) fraction of I-local

neighbourhood forming a cycle. O

Now, we show that a D-regular, g-uniform hypergraph is locally also a hypertree.

Lemma 5.2.6. Fiz any D > 1 and p < elogn for some € > 0, with high probability

asn — oo, 1 —op(1) fraction of vertices in the p-local neighbourhood are treelike.

Proof. As we are interested in the large n limit, we first show that for fixed p, the

dominant term in the probability that a cycle is formed in the large n limit is given

(¢—1)?D?
by n_l_...szfl(q_l)pfl .

(g—1) vertices form no cycle with probability 1. The next hyperedge added will form

Consider p = 1 and choose any hyperedge. Then, the first

a cycle with probability fL;_ll. This process repeats until we reach the last hyperedge

for the root vertex (i.e. the D hyperedge) where the probability of forming a cycle

is given by % so the dominant term is of the form %. In other words,
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the term that contributes the highest probability of forming a cycle at depth p is
when we are filling up the last hyperedge. For p = 2 and higher, choosing the first
hyperedge already has a non-trivial probability of forming a cycle as we might add

a vertex at the p — 1 level. Focusing on p = 2, this means that adding the first

(¢ — 1) vertices has a probability o to form a vertex. If we are in the

middle of filling up the second layer (1.e. some of the p = 1 vertices already have

degree D), then the adding of the next hyperedge and vertex would form a cycle

(ql

with a p = 1 vertex with =2=—== for some constant ¢ while the probability that it

forms a cycle with a p = 2 Vertex is given by %(1)) For the very last hyperedge
added in p = 2, the probability of forming a cycle is given by % which is

the dominant term. This process can be iterated to show that the dominant term

is of the form O(n_m_D‘{,pffz()q_l)p,l) at depth p.

For any fixed D and p < elogn for some constant € > 0, the probability that at

p distance away from any vertex v; remains tree-like is given by

(¢g—1)D (g —1)PDr

e 5.2.12

maX(’ n—1 n—]__..._Dp—l(q_l)p_l ( )
since

elogn eloge
© (C ) =0 (n ) , (5.2.13)
n n
choose € < logc = —log(qu) so that lim,,_,..(n1°8°71) goes to 0 . Then the probability

that at elogn distance away from any vertex is tree like converges to unity for
n — oo,
(¢ —1)PDP

t o e = G2

]

Now we can show that the OGP is also an obstruction in random regular hyper-
graphs via contradiction. Assume that an algorithm A at logarithmic depth is able
to find solutions arbitrarily close to the optimal solution for the Max-g-XORSAT
on a regular hypergraph. Then this would imply that A is also able to find such
solutions when performed on an Erdés—Rényi hypergraph since both graphs are p-
locally the same. However, this contradicts Theorem 5.1.2 and thus, the OGP must
also restrict the performance of logarithmic depth local algorithms when applied to

a regular hypergraph. O]

We provide a simpler proof in Appendix A that relies on a conjecture about the
monotonicity of the OGP.
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Chapter 6
Heuristic methods for optimization

While the methods in chapter 4 were done by analysing the QAOA at constant
depth, it turns out that the iteration of theorem 4.2.1 is valid up to logarithmic
depth [1] as argued in section 5.2. It is thus a reasonable question as to whether one
can analyse or find optimal parameters for the QAOA beyond logarithmic depth.
Unfortunately, there are no known analytic techniques to find the parameters (v, 3)
beyond logarithmic depth for the QAOA. Likewise, there are no known hard bounds
for the QAOA beyond logarithmic depth.

With respect to the difficulty of finding optimal parameters, the difficulty is
often attributed to the phenomenon known as barren plateaus [84], [85]. Loosely
speaking, it states that the landscape of the variational parameter space is flat as
the probability of a non-zero gradient is exponentially small [86]. As for limitations,
one often uses locality properties of the QAOA so that, at shallow depth, the QAOA
has concentration of measure [65], [66] which might not hold at larger depth [87].

Rather than analytic results, one often uses heuristics methods to find optimal
parameters. We give a brief review in section 6.1 of the methods currently used to
find good initial starting points to find optimal parameters. In section 6.2, we show
that the heuristic methods to find parameters that optimises the expectation value
fail to find the optimal solution when the problem exhibits the OGP.

The results of section 6.2 is based on a joint work with my collaborator Thorge
Miiller (TM) [3]. The project was initialized by me and I crafted the code to gener-
ate all the Hamiltonian instances verifying whether they exhibit the OGP. The code
used for simulating the QAOA was crafted by TM but with inputs by myself on
what to change on a high level overview to suit the purpose of the project. Multiple
discussions occurred between the two of us regarding the analysis of the numerical
results so there is no clear demarcation on individual contribution. However, I con-
tributed the insight of there being a difference between optimising the QAOA with
respect to the approximation ratio vs. time-to-solution when the problem exhibits
the OGP as well as the possibility that the phase transition of (v, 3) for the ap-
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proximation ratio occurs when variational parameters for the approximation ratio
and time-to-solution are the same at high p depth. The paper was largely written
by me with corrections and additional write up on the numerical analysis written

by TM.

6.1 Optimising expectation values

As per the standard goal of the QAOA, we want to maximize the expectation value

max (v, B|H|v,B) .
¥,8

In other words, we wish to find the variational parameters v, 3 that would maximize
the average output of the QAOA.

For a shallow depth QAOA, it turns out that optimising (7, 3) with respect
to the expectation value results in what appears as an adiabatic curve. Recalling
that the QAOA can be thought of as a Trotterization of the quantum adiabatic
algorithm [71], [88], we know that we will recover the adiabatic parameters (-, 3)
in the limit p — oo. Interestingly, even at finite depth p, the values of (v, 3) are
reminiscent of the adiabatic algorithm. For instance, the optimal parameters of ~
(resp. B) found in [80] for the QAOA at constant depth for the Max-¢-XORSAT
and mean-field g-spin glass is monotonically increasing (resp. decreasing) akin to
the adiabatic evolution. A plot of the parameters can be found in fig. 6.1a.

Furthermore, it has been noticed that given the optimal parameters at a given
p, the optimal parameters at the next layer (v,,1,8,.;) closely resemble that of
(7,,B,). An example of this can be seen in fig. 6.1b. Based on this observation,
Zhou et al. proposed two heuristic methods of optimisation |72| using either linear
interpolation or a change of basis. We review both of these methods as future
heuristic methods such as 73] similarly makes uses of an interpolation scheme and /or
re-express the parameters (7, 3) in terms of an orthonormal basis like the Fourier

basis.

6.1.1 Linear interpolation

The first strategy uses a linear interpolation to find initial starting points for the
optimal parameters. The procedure is as follows: Starting at p = 1, find the global,
or minimally local, optimal parameters. Now suppose we have found a local optimum
at depth p, with parameters (’yfn, B;) where the superscript denotes that it is a local
optimum and subscript denoting the depth. In order to find a good initial starting

point for layer p+ 1, we reuse the parameters at layer p as initial points (v, Bgﬁl)

46



CHAPTER 6. HEURISTIC METHODS FOR OPTIMIZATION
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(a) Optimal parameters of ~y, 3 for p = 17 (b) optimal B for p = 16 and p = 17

Figure 6.1: Parameters for the optimal ~, 3 of the QAOA applied to Sherrington—
Kirkpatrick model and Max-2-XORSAT with large girth using data obtained from
[80] for fixed p = 16,17. (a) Note that the parameters follow that of an adiabatic
schedule with ~ (resp. 3) being monotonically increasing (resp. decreasing). (b)
Notice that the curve of B for p = 16 and p = 17 do not change drastically and
that the initial and final values are roughly the same. This similarly provides the
motivation for various interpolation strategies.

via a rescalling:

hpil]z‘ - P hﬁ i1 T T hﬁ)L’ (6.1.1)

with i € [1,p+ 1]. Note that we denote [7y,]; = 7; as the i-th parameter of a p layer
QAOA with the boundary condition [y}]o = [v}],+1 = 0. Similarly, the rescalling for
Biplil is the same with v — 3. Once we have the initial starting points ('y;jil, ,Bgifl),
we can use them to find a local optimum (%lD 1 B; +1) using an optimizer such as

gradient descent or the BFGS routine [89], [90], [91], [92].

6.1.2 Fourier decomposition

In the second heuristic method, we re-parameterized the QAOA from the 2p param-
eters (7, 3) € R? to 2q parameters (u,v) € R%. For i € [1,p], each parameter ~;, 3;

is parameterized by (u,v) via the equations

% = ;Uk sin Kk: - %) (z - %) ﬂ , (6.1.2a)
A
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where u;, v; are the amplitudes of the k-frequency for ~, 3.

The restriction of using sine for -y and cosine for B stems from the fact that (v, 3)
typically follow an adiabatic schedule so = starts from 0 and increases in value while
3 starts at some constant and decreases to 0. Thus, performing a discrete Fourier
transform on (7, 3) should result in their decomposition into the respective Fourier

basis.

Several variants of the Fourier interpolation method were proposed: Denoting the
general interpolation as FOURIER|g, R], it depends on the two parameters ¢, R €
Zt [72]. The parameter ¢ denotes the maximum frequency allowed in the Fourier
decomposition (u,v). As we are working with the discrete Fourier transform, the
range of ¢ is [1,p]. Given the smoothness and adiabatic character of (v,3) at low
depth, one might restrict ¢ to be a small constant so that the number of parameters
remains bounded even when p goes to infinity. The second parameter R denotes the
number of additional initial starting points after adding a perturbation so that the
variational parameters do not get stuck in a local optimum and potentially find a

better one.

The basic version of this interpolation scheme FOURIER|[p, 0] works similarly to
the linear interpolation method. Given the optimal parameters (’yé, ,8;) at depth
p, we can decompose them into the ufv, 'vi, basis and reuse them as initial starting
points at depth p + 1. Specifically, given (u]lp,'v;f,), we generate the initial starting

point
wrty = (uh,0), o, = (v),0). (6.1.3)

With (upf;, vi't)) as the initial starting point, we can again run an optimizer to find

a local optimum (ul, ,, vl ).

As for the general version FOURIER|[p, R > 0], in addition to the local optimum
found by the basic FOURIER|p, 0] method, we now include R+ 1 additional starting
points with R of them having some random perturbation added for a total of R+ 2
local optimum. Specifically, given the best local optimum (uB vB ) among the R+ 2

local optimum found at layer p, create the initial starting points

. uB,0 r=0
u = ( Z; ) , (6.1.4a)
(w, +0u,",0), 1<r<R
. vB.0 r=20
vy = ( 1; ) N (6.1.4D)
(v, +0v,7,0), 1<r<R

with § € R, and u}", v]*" a set of random numbers drawn from the normal distri-
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bution
], ~ N (0 [wf]}) (6.1.50)
[0, "], ~ N (0, [’vf}i) - (6.1.5b)

Remark 6.1.1. In the subsequent sections and chapters, though we state we use the
Fourier decomposition, we occasional use the insight of [73| that rather than decom-
posing (v, 3) into sines and cosines, one can decompose them into any orthonormal
functions such as Chebyshev and Legendre polynomials in addition to trigonometric
functions. Besides the usage of different polynomials, the only other difference of
[73] as compared to the Fourier decomposition of |72] is that given depth p, the
former allows for optimization at depths p + k£ with k£ > 1 while the latter method
only optimises for p + 1. We will stick to the standard method of optimising layer

p + 1 given p to ensure we find a value close to the global optimum at each p € N.

6.1.3 Comparison between Linear and Fourier

Asnoted in [72], the Fourier method seems to perform better than the linear interpo-
lation technique at larger depths. We replicate this result on Max-4-XORSAT prob-
lems that exhibit the OGP as seen in fig. 6.2. Here we only use the FOURIERp, 0]
method but find that it already surpasses the Linear interpolation method at depth
p > 15 for n = 20. Interestingly, the equivalence of the methods at low depth is a
reflection of the universality of the QAOA’s parameter as seen in theorem 5.1.1.
From now onward, we will simply use the Fourier decomposition method for

finding near-optimal parameters at larger depth.

6.2 Optimising ground states

In section 3.1, we stated that besides quantifying the QAOA’s performance via its
approximation ratio (AR), one can similarly quantify it via the time-to-solution
(TTS). Thus, rather than maximizing the expectation value, we wish to maximize

the overlap with the ground state solution

max (2|7, 8) .
.0

A priori, the ground state solution is not known and the only measurable quantity is
the expectation value. Thus, one hopes that the parameters that maximizes the AR
are approximately the same to those that maximises the TTS. However, we show in

this section that when the problem has the OGP, the variational parameters differ
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Figure 6.2: The solid line corresponds to the average QAOA output over 50 instances
of Max-4-XORSAT with the OGP. The shaded interval corresponds to the standard
deviation of the observed values across the various instances.

between each other at polynomial depth.

Denote the parameters that maximises the overlap with the ground state as
(7, B)rrs and denote the parameters that maximises the expectation value as (v, 3) ar-
The two different methods of quantifying the QAOA raises several questions such

as the following,

1. Are there scenarios where the parameters to maximise the expectation value

are different when optimising to find the exact solution?

2. If yes, in which scenario should one optimise the QAOA to optimise the ex-

pectation value and when to optimise the probability to find exact solutions?

A recent paper provides an affirmative answer to question 1 where they showed
that for the Low Autocorrelation Binary Sequences (LABS) problem, these two
parameters differ significantly up to depth p = 100 for problem sizes n > 24 [87].
When the depth p of the QAOA is sufficiently large, these two parameters should
be approximately the same since the QAOA’s output roughly equals to that of the
optimal solution. What they showed is that at low depth, there is a difference
between (v, 8)ar and (v, 3)rrs. More generally, as we will argue in section 6.2.1

and section 6.2.2, these parameters differ when the problem exhibits the OGP.
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6.2.1 LABS has the OGP

We first define the LABS problem. For a given sequence of bitstring o € {—1,1}",

the autocorrelation is defined as
n—k
Cr(o) = oioiwk. (6.2.1)
i=1

The LABS problem is to find a bit-string that minimises the energy

E(o) = 2 Cio), (6.2.2)

or equivalently, maximise the merit factor

F(o) = . (6.2.3)

The authors of [87] mentioned implicitly that one possible reason why the parameters
that optimises the AR and the TTS differ in the LABS problem is due to the
lack of correlation between the Hamming distance of a bitstring from the optimal
solution and the objective value of the bitstring unlike MaxCut which exhibits some
correlation. We propose a much more explicit condition, that this difference occurs
because LABS exhibits the OGP. Here we provide a heuristic argument why the
OGP should exist in the LABS problem as well with numerical evidence to support
it.

Note that the LABS problem is the same as solving the MaxCut problem on
a hypergraph with hyperedges of cardinality 2 and 4 when one expands the term
in eq. (6.2.2). Further note that the total number of edges with cardinality 2 is of
order O(n?) while the number of hyperedges of cardinality 4 is of order O(n?). Thus,
for sufficiently large n, in order to minimise the energy, it is clear that the energy
contribution of the degree 4 interaction becomes dominant.

Under the widely believed assumption that the Sherrington—Kirkpatrick model
does not exhibit the OGP [46], then MaxCut on a random graph does not exhibit
the OGP. However, it is known that for even ¢ > 4, MaxCut on random ¢-uniform
Erd6s—Rényi hypergraphs exhibits the OGP [48] for sufficiently large size n and
sufficiently large average degree. While the hypergraph for the LABS problem is an
instance of an Erdés—Rényi hypergraphs with sufficiently high degree of order O(n?),
the OGP only holds with certainty in the limit n — oo and that for any finite n,
there is a non-zero probability that an instant of MaxCut on such a graph does not
exhibit it. We are unable to rule out that all LABS problem are such instances.
However, for sufficiently large n, the probability that it does not exhibit the OGP
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(a) Overlap of optimal solutions. Instances
typically has 2 or more optimal solutions.

(c) Overlap including first 3 sub-optimal
solution.

(b) Overlap including first sub-optimal so-
lution.

(d) Overlap including first 6 sub-optimal
solution.

Figure 6.3: Typical evolution of the overlap spectrum of the LABS problem. There
are usually at least 2 optimal solution that results in a gap in the overlap spectrum.
Taking into account additional e-optimal solutions slowly fills the gap until it even-
tually closes. The figures above correspond to the n = 35 instance.

is exponentially small (i.e. exp{—cn} for some ¢ > 0). Furthermore, even if some
instances of LABS do not exhibit the OGP, as an instance of a Max-Cut problem
on a hypergraph with hyperedges of cardinality 2 and 4, one might be able to create
an interpolation from the LABS instance to an instance that exhibits the OGP so
as to form some version of the multi-OGP to prove algorithmic limitations.

Rather than proving it rigorously, we compute numerically the overlap spectrum
of LABS problem for sizes n up to n < 35 via an exhaustive search. We observe
that instances of the OGP occurs when n > 11 though with the exceptions of
n € {14,22,23}. A typical evolution of the overlap spectrum in the LABS problem

can be seen in fig. 6.3.

6.2.2 Parameter difference in the presence of the OGP

As mentioned above, for a general CSP, the ground state is not known so when the
problem size n is large enough for an NP-hard problem such as max-cut, it takes
incredibly long to find it. Thus, for bench-marking the QAOA in determining if
the parameters that optimises the AR are approximately the same as those that
optimise the TTS, we generate instances of Max-2-XORSAT and Max-4-XORSAT
of small problem sizes where the optimal solution can be found easily, and where we
can identify early on if (v, 3)rrs and (7, 3)ag differ or converge. More precisely,
we generate instances of size n € [15,20], identify the optimal solution, and whether
they exhibit the OGP. Then, we use the Fourier decomposition to find the near
optimal parameters for both parameter schedules.

Our numerical analysis reveal that in all instances of Max-4-XORSAT that exhib-
ited the OGP, (v, 8)rrs and (v, 3) ag are different from each other at intermediate
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QAOA optimized parameters for (p=>50) and MaxCut Instances, n=15 QAOA optimized parameters for (p=50) and OGP Instances, n=15
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Figure 6.4: Typical difference in parameter optimization between (v, 3)rrs and
(7, 8)ar for Max-2-XORSAT and Max-4-XORSAT with and without the OGP.
Here we used the landscape for n = 15 and p = 50.
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QAOA optimized parameters for (p=10) and OGP Instances, n=15 QAOA optimized parameters for (p=50) and OGP Instances, n=15
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Figure 6.5: Evolution of how (v, 3)rrs converges to (v,8)ar as p increases. Note
that (v, 3)rrs is consistently larger than (7, 3)ar even as p increases.

depth. On the other hand, all instances of Max-2-XORSAT generated showed no
significant difference between (v, 8)rrs and (v, 8)ar. An example can be found in
fig. 6.4.

In addition, we observe consistently that (v, 3)rrs typically has values larger
than (7,8)ar. As the circuit depth p increases, the gap between (7, 3)rrs and
(7,8)ar decreases. A graphical representation can be found in fig. 6.5. A more
fine-grained snapshot of images and analysis of the variational parameters can be
found in appendix B. Interestingly, for most instances of Max-4-XORSAT that do
not exhibit the OGP, we found that the optimal schedule exhibited a sort of mixture
between the optimal schedule for MaxCut and Max-4-XORSAT as seen in fig. 6.4.
More precisely, (v,3)rrs is still typically larger than (v,8)ar at shallow p but
qualitatively, they converge at a faster rate than instances with the OGP. Moreover,

the overall schedule retains the ‘adiabatic schedule’.

However, significant differences between (v, 8)rrs and (7, 8)ar were observed
in a small number of non-OGP instances. In these instances that do not exhibit the
OGP, we find that they exhibit a weak clustering property as defined in definition
2.4.4.

Because of the difference between (v, 3)rrs and (v,3)ar at low depth, this
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Figure 6.6: A typical example of the ‘phase transition’ in the scaling behaviour for
the expectation value (v, B|H|v,8) = F,(v,3) of the QAOA. Here we have used
both (v, 3)ar and (v, 3)rrs in calculating the expectation value. Note that while
the behaviour of (H) follows (v, 3)ar initially, at a critical point p*, the scaling
behaviour switches to that of (v, 3)rrs.

results in a ‘phase transition’ in the scaling behaviour of the expectation value
(v, B|H|v,B). More precisely, because we are guaranteed to find the optimal so-
lution as p goes to infinity, there exists some critical depth p* when (v, 3)rrs =~
(7, B) ar. As previously found in [87], there exists a trade off between using (v, 8)rrs
and (v, B)ar for the LABS problem. This behaviour is similarly found for Max-4-
XORSAT with the OGP up to the point when they are approximately equal. Thus,
it is clear that if the scaling behaviour of (v, B8|H|v,8) is different when using
(7, B) ar as compared to (v, 3)rrs for shallow depth, then before the critical point
p*, the scaling behaviour follows those that optimises AR. Past the critical point p*,
the scaling behaviour changes and follows the TTS behaviour. An example can be
found in fig. 6.6 and in appendix B.

These numerical findings motivate us to propose that if the problem is likely to
have the OGP with high probability, then one should optimise the QAOA such that
it minimises the T'TS rather than AR for a quantum advantage. More precisely, the

numerical findings gives us reason to believe the following conjecture:

Conjecture 6.2.1. When a class of CSP exhibits the OGP, the QAOA should be

optimised to find exact solutions to minimise the time to solution.

To reiterate, this conjecture only makes sense if the depth of the QAOA is sub-
exponential since for a large enough circuit depth, the QAOA finds the exact so-

lution. In the current NISQ-era quantum computing where we do not have access
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to exponential circuit depths, deciding what to optimise becomes important and
our conjecture suggests that for problems exhibiting the OGP, it is much better to

optimize the TTS rather than the expectation value.

6.2.3 From AR to TTS

While the previous subsection has provided us with reason to believe that (v, 3)ar
is different from (7, 8)rrs for CSPs exhibiting the OGP, there is an operational
problem. Namely that for sufficiently large problem instances, we do not know
the ground state and hence, no method of figuring out what (v, 3)rrs is. The only
metric that can be measured with repeated runs of a quantum computer is (v, 3) ag-
Thus, the problem we face now is given (v, 3) ar, how can we guess what (v, 8)rrs

is? We propose two different method

1. Extrapolation (Ext)

(a) Generate instance for small n where its easy to find the optimal solution.

(b) Optimize ~, 3 at layer p using a classical computer to maximise likelihood

of finding optimal solution.

(c) Extrapolate v, 3 to layer p + 1 using heuristics methods such as linear

interpolation.

(d) Reuse =, 3 for larger n where the optimal solution is unknown.
2. Rescaling (ReScal)

(a) For fixed n, optimize =, 3,5 at layer p using a classical computer to

maximise the expectation value.

(b) Systematically shift v, 3,5 up by a constant factor to estimate ~, Brrg-

We do not implement the Ext strategy in this thesis as this would imply knowing
the ground state of a large n problem in order to benchmark it and leave it as a
further work to see if this strategy, or any sort of parameter transfer strategy, would
work. Furthermore, there is some indirect evidence that Ext works in [87] for the
LABS problem. Up to a rescalling, by optimising (v, 3) for both AR and TTS for
small n values and reusing them for larger n, they found that the performance of
the QAOA using fixed parameters (i.e. the Ext strategy) performed considerably
well on both metric. A key point to note is that for the LABS problem, there is
only 1 unique instance for fixed n and the underlying graph of a problem with size
n can be embedded into one with size n + 1. For the Max-4-XORSAT problems

considered in this thesis, the problem structure is not fixed and there is no clear
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Figure 6.7: The average ratio obtained for random Max-4-XORSAT instances ex-
hibiting the OGP using egs. (6.2.4) and (6.2.5)

relation between two independent problem structure except for the degree of the
underlying hypergraph.

The strategy ReScal proceeds as follows: Assuming that we have found (v, 8)ar
and (v, 8)rrs for (a set of) instances with circuit depth p, we would calculate the

rescaling ratio r; via the equation

Iy = Birrs — ﬁi,AR’ (6.2.4)
Biar

ryi = Vi, 1TSS — %’,AR‘ (6.2.5)
Vi, AR

We normalised r,; with respect to 3; since near the end of the schedule, 3, ap-
proaches 0 and without this normalisation, the parameter r;, would blow up (sim-
ilarly for the start of the schedule for ;). A sample of how the ratio appears for
varying p can be found in fig. 6.7.

Given the rescaling ratio for each variation parameter, we now apply r to a new
problem instance where (7, 8) ar is known but not (v, 3)rrs before hand. Compar-
ing the overlap of |y, 3) with the ground state as compared to |7y, 3) obtained via
ReScal, we find that this heuristic method provides us with an improvement from
an average probability of approximately 0.05 to 0.15 for p = 15 on n = 18 instances
as observed in fig. 6.8. Of course for sufficiently large p, this method is no longer

expected to work and becomes redundant since we expect (v, 3) ar = (7, B)7rrs and
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Figure 6.8: The probability of overlap with the ground state using (v,8)ar (AR
parameters) as compared to using one obtained after ReScal (AR parameters plus
ratio) on random n = 18 Max-4-XORSAT instances.

we're only interested in validating that this method works at shallow depth. More-
over, we do not claim that ReScale provides the optimal parameters to optimise the
TTS. The goal of this heuristic is to merely provide an improvement of the T'TS as
compared to blindly using the variational parameters that optimises the AR which

we have numerical evidence for it in fig. 6.8.
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Chapter 7
Quantum Advantage

In this chapter, we identify various scenarios where the QAOA can offer a form of
quantum advantage. In summary, the following are required for the QAOA to obtain

a good solution with polynomial — possibly constant — depth.
1. The QAOA needs to see the whole graph.
2. The CSP does not exhibit the OGP.

Item 1 has already been known since the QAOA is a local algorithm, it requires at
least logarithmic depth to explore the whole graph on a sparse optimization problem
[65], [82]. For item 2, we provide an example of it in section 7.1 where the QAOA
can find the optimal solution with 2(1) probability with just a single layer when
applied to symmetric CSPs, a non-local problem where the QAOA sees the whole
graph at p = 1.

When the CSP has the OGP, the QAOA can still offer some advantage but it
requires larger depths. We show in section 7.2 that the QAOA has an advantage
over its classical counterpart, the MF-AOA, since the latter is unable to surpass the
OGP threshold. In section 7.3, we numerically estimate the scaling behaviour of the
QAOA required to surpass such a barrier.

The results of section 7.2 and section 7.3 is based on a joint work with my
collaborator Thorge Miiller (TM) [2]. The project was initialized by me and I indi-
vidually related the MF-AOA to the approximate message passing (AMP) algorithm
in section 7.2. I crafted the code to generate all the Hamiltonian instances verifying
whether they exhibit the OGP. The code used for simulating the QAOA was crafted
by TM but with inputs by myself on what to change on a high level overview to
suit the purpose of the project. Multiple discussions occurred between the two of us
regarding the analysis of the numerical results so there is no clear demarcation on
individual contribution. Though I contributed by suggesting to analyse the scaling

exponent as a power-law and as a ‘logarithmic’-power law. The paper was largely
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written by me with corrections and additional write up on the numerical analysis
written by TM.

7.1 Symmetric CSP

The aim of this optimization problem is to find the bit string that minimises (eqiv.
maximises) the Min-CSPs (eqiv. Max-CSPs) with a planted solution. The cost
function C': {0,1}" — Z counts the number of constraints violated and is minimise

by some x* € {0,1}". By construction, for all & # x*, we have C(x) > C(x*).

Definition 7.1.1 (Symmetric CSPs def 2.1 of [32]). Given a permutation group
G C S, acting on [n] bits and a bit string * € {0, 1}", a Min-CSP with cost function
C(zx) : {0,1}" — Z is G-symmetric with respect to «* if C(nw(x ® x*) d x*) = C(x)
for all x € {0,1}* and 7 € G. Where & refers to bitwise modulo-2 addition and

[m(@)]i = Tx)

For S, symmetric problems, we have C'(x) = c¢(Jx @ x*|) for some function
c:40,...,n} = Z, where | @ x*| is the Hamming distance between & and x*.
Note that C' uses bit string inputs and ¢ for Hamming distance inputs with respect
to x*.

In order to prove the potential speedup of the QAOA, Montanaro and Zhou
assumed that the symmetric CSP have the following property:

Assumption 7.1.2 (3.1 and 3.2 of [32]). Either one of the two conditions are true

1. c(k) # c(l) for all k # 1.

2. Pryyle(|z]) = c(ly|)N]x|Nyl|] = o(1/\/n) for bit strings =,y € {0,1}" drawn

uniformly at random.

Under assumption 7.1.2, the authors proved that the 1-step QAOA finds the
solution with probability O(1/4/n) [32]. They also proved the following result in the

same paper.

Theorem 7.1.3 (Theorem 3.4 in [32|). For all l,a € Z* with 0 < a < I, if the

symmetric CSP cost function has the following form in leading order in n:

c(k) = n! (E)a (1 - E)la +0(n'™h), (7.1.1)

n n

the 1-step QAOA finds the exact solution with §2(1).
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Example 7.1.4 (Example 1 of [32]). Consider the SAT formula with the planted

solution o* = 0" for simplicity:

q):q)l/\q)g, where (I)l :—|x1/\—|91:2/\---/\—|xn, (I)QZ /\ (ﬁl’i\/.%'j\/l'k).
i#ik
(7.1.2)

While @, ensures that * = 0" is the only satisfying solution, ®, encourages a
local search algorithm to increase the Hamming weight of the current attempt if
the current bit-string is sufficiently far from the solution. The cost function is given
by C(x) = > ;@i + 3454 7i(1 — ;) (1 — x) which, converted into the Hamming

distance cost function, can be expressed simply as
ck)y=k+k(n—k)(n—Fk—1). (7.1.3)

Note that this cost function fulfills the leading order requirement for the cost function
in theorem 7.1.3. Further note that the cost function has a global minimum at £ = 0
and a local minimum at £k = n—1. The global maximum is located at approximately
k = n/3 for sufficiently large n and thus, if a local algorithm starts with a bit-string
with Hamming distance > n/3, an algorithm based on gradient descent would end

up in the local minimum.

For S,,, X .S,,-symmetric CSP, the authors similarly proved that the 1-step QAOA
succeeds with probability £2(1) assuming the following:

Assumption 7.1.5 (Modified assumption 3.6 of [32]). Consider a family of S,, X
Sny-symmetric CSP in the limit n — oo with o; = n;/n > 0 fized. Assume that
there exists | € ZT, a finite sequence of non-negative integer tuple (a,, by, cu,d,)
satisfying a, + b, +c, +d, =1 for all p, and a sequence of k, € R, such that up to

leading order in n, the cost function can be written down as

C(kl, /{2) = nlf(/ﬁ/nl, kg/ng) + O(nlil) (714)
where  f(x1,x2) Z kit (1 — ) e as (1 — a9) ™. (7.1.5)

Remark 7.1.6. Note that both in [32] as well as the corresponding talk at QIP, it is
said that this paper provides evidence for exponential advantage of the QAOA with
polynomial circuit depth. Upon careful reading, what the paper actually shows
is that against un-optimised general purpose classical algorithms, there is some
evidence of exponential advantage. Thus, the evidence of exponential advantage is

on slim ice.
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7.1.1 Absence of the OGP in symmetric CSP

We now prove the absence of the OGP in symmetric S,, problems.

Sp- symmetric CSP

We prove that S,,-symmetric CSP do not exhibit the OGP if the cost function are
of the form in eq. (7.1.1). By construction, the minima of the S,-symmetric CSP
are located at k = 0 and k£ = n up to leading order.

We now show that if one uses a {—1,1}" notation by converting the binary
variables to an Ising spin representation to calculate the overlaps, it does not exhibit

the OGP if one calculates the overlaps |R; 2| of near optimal solutions.

Theorem 7.1.7. Assuming that a S,-symmetric CSP has a cost function of the
form in eq. (7.1.1), than the OGP is not present.

Proof. Without lost of generality, assume that ¢(n — 1) < ¢(1). We find the set of
all possible overlaps of the optimal solution and those whose hamming distance is n

and n — 1 away have the normalised overlap

8:{1,1—2,1—é}.
n n

It is then intuitive that adding the overlap of the current set of solutions with
those with Hamming distance n — 1 — x for x > 1 monotonically increases §. More
precisely, if the cost function is symmetric, then we alternate between including
solutions with Hamming distance n — x and 1 4+ = for z > 1 so no gap is created
in the process. Without lost of generality, assume that the cost function is right
skewed so that ¢(1) > ¢(n — 1 — z) for some x > 0. In this case, we include
solutions with Hamming distance k = n — 1 —x when calculating the set of overlaps.
This monotonically increases the set of overlaps until we have ¢(1) < ¢(n — 1 — z)
which is dependent on parameters a,l. At which point, we include solutions with
Hamming distance 1 from the optimal solution. However, the overlap of solutions
with Hamming distance 1 with the other bitstrings considered so far differs by 2/n
or 4/n when comparing the overlap between them and a*. Thus, no gap in the set
of overlap is produced after including the set of bit-strings with Hamming distance

1. This procedure continues until the set S is dense. O]

Since the symmetric CSP considered does not exhibit the OGP, it is clear that
previous results [33], [65], [66], [67] using concentration of measure to limit the
performance of the QAOA fails to apply to the symmetric CSP setting. This does
not contradict the claim that previous hardness result do not apply to the symmetric

CSP due to “highly nonlocal geometry” of the problem structure [32]. Rather, the
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speed up is best understood as both the absence of a complicated geometry in the
solution space via the OGP, and because the underlying graph of a symmetric CSP
is dense and thus a highly non-local geometry, that enables the speed up.

We are unable to prove if the OGP is present in symmetric CSPs that only makes
use of theorem 7.1.2 without knowing the exact form of ¢(k). However, suppose that
the local minima exists at Hamming distance k* and c(k) is sufficiently smooth,
then we can prove that if we calculate the Hamming distance between the optimal
solution and the local minima, the OGP is not present at this level. For simplicity,
we assume that the symmetric CSP exhibits Z, symmetry so we can restrict the

Hamming distance to k € [0,n/2].

Theorem 7.1.8. Suppose that the cost function c(k) is sufficiently smooth and as-
suming that a local minima exists at Hamming distance k*. For any k* € [0,n/2],
and a planted bit-string x*, the OGP is not present when taking the set of Hamming

distance between x* and all bit-strings with hamming distance k* from x*.

Proof. Without lost of generality, set * = 0" as the all 0 bit-string. Then, denote
li,7,1,...] as the bit-string that alternates between 0 and 1 with the first ¢ bits as
1, the next j bits as 0, then [ 1 bits and so on. Now, for all ¢ € [1, k*], consider the
Hamming distance between [k*, k*, n—2k*] and [k* —i,7,n— k*—1]. This contains all
possible even values between 0 and 2k* (i.e. Hy 2 = 2m for m € [0, k]). If k* is even,
then there are no more Hamming distance possible. If k£* is odd, then we include
k* in the set of Hamming distance and no other Hamming distance is possible. In
either case, the set of Hamming distances does not fall into the definition of the
OGP so the OGP is not present at this level.

If ¢(k) is ‘smooth’ such that the next sub-optimal solution is at k* £ 1 or k =1,
then the set of Hamming distance would include all the odd integers between 0 and

2k* as well and no gap would be produced. O

Remark 7.1.9. Note that if one can formulate a version of a symmetric CSP such
that the local minima is at Hamming distance (3/4 &+ ¢)n for some arbitrarily small
€ > 0 so that we do not have approximate Z, symmetry. Then assuming c(k) is
sufficiently ‘smooth’ as mentioned above, such a symmetric CSP could exhibit the
OGP since we would have a gap in the set of Hamming distances. We do not know
if such a symmetric CSP can be formulated but we believe that it is unlikely. If it
were possible, then in the worst case scenario with the local minimum located at

k = 3n/4, there are (37:‘/ 4) solutions for the local minimum.

Spy X Sp,-symmetric CSP

We now similarly prove that the OGP does not exists in 5, X S,,-symmetric CSP.
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Theorem 7.1.10. Assuming that a Sy, X Syp,-symmetric CSP has a cost function
of the form in eq. (7.1.4), than the OGP is not present.

Proof. We note that within each subset of bits n;, by theorem 7.1.7, the OGP is
not present. Thus, we only have to show that after concatenating the near optimal
solution of each subset (!, %) € {0,1}™*"2, the absence of the OGP is preserved.
Denote n = ny 4 ny, the optimal solution within each subset as @}, and the first
sub-optimal solution as x.,,. Then, taking the overlap of the optimal and first sub-

! and x2 ., (2)

optimal solution, we have 4 distinct possibility to consider: (1) x,, opts

2 1
sub? sub’

x;, and 7, (3) 2, and x,, (4) x, and =7,

It is clear that the minima points for x! are at k; = 0 and k; = n;. Similarly
for ? with ks = 0 and ks = ny. The rest of the argument follows that in the
proof of theorem 7.1.7. If the cost function is symmetric, then the OGP is absent
since we can similarly keep adding solutions into the overlap that differ by Hamming
distance 1 from the current set. Without loss of generality, assume that the cost
function is right skewed so the local minimum is ¢(k1,1) > ¢(ki,ny — 1 — x) where

x > 0. Following the same argument as in theorem 7.1.7, we find that set of possible

S:{1,1—2,1—§}.
n n

For instance, concatenating «}, and 2, and calculating their overlap with the

overlaps is

optimal solution gives us

.y 2
myre==_4 2 (7.1.6)

n n n

Thus, it clear that the set S increases monotonically following the same argument
as in theorem 7.1.7.
O

7.2 Limitations of the MF-AOA

In this section, we prove that the algorithmic threshold of the MF-AOA is bounded
by the OGP barrier. We do this by relating it to AMP algorithms which is similarly
known to be unable to surpass the OGP barrier.
Denote the binary list {—1,1}" = B™ and the Hilbert cube [—1,1]" = H".
Given an n—tensor array J = (J;, 4,1 < i1,...,1g < n) € (R")® of order ¢

and an n-vector u € R™, define the inner tensor product as

J(u) = Z JirrooiiqWiy - - - Uiy (7.2.1)

1<i1,ig<n
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Let ||.J||2 denote the Frobenius norm

7]z = >R L (7.2.2)

1<i1,..ig<n
Now for any u € R™, denote
y=J(,u) €R (7.2.3)
with
Yi = Z Jisinoonsigoa Wiy -+ Wiy - (7.2.4)

1<i1,eig—1<N

AMP algorithms are a class of low-complexity iterative thresholding algorithms
originally proposed in [93]. In spin glass theory, the AMP algorithm is closely related
to the Thouless-Anderson-Palmer (TAP) free energy functional [94], [95]. Assuming
the absence of the OGP, there exists an AMP algorithm that gets arbitrarily close
to finding the optimal solution for the Ising mean-field k& spin glass [96]. While
specific AMP type algorithm exists for the k-spin glass and not for general Max-
CSP problems like Max-g-XORSAT, it is suspected that there might be an AMP
type algorithm for all such problems [55]. A survey of the AMP algorithm and its
variants can be found in [97].

We now introduce the relevant assumption used to define a class of AMP algo-
rithms as in [64]. For fixed M, T € Z*, consider 2 functions f; : [-M, M]" — R and
F,:Rx[-M,M]'! - R, for 1 <t <T.

Assumption 7.2.1. f;(0) = 0. In addition, the functions f;, F; are Lipschitz contin-
uous on their respective domains. Specifically, IK € RT such that for all1 <t < T,

sup [ fi(u) = fi(v)] < Kllu —wvll2 (7.2.5)

u,v€[—M,M]t

sup |Fy(u) — Fy(v)] < K||lu—v||2 (7.2.6)
u,0ERX [—M,M]t

Furthermore, fix a constant M > 1 and let z; = max (—M, min(z, M)) to
denote an M-truncation for x € R. When x is a vector, x,; is applied coordinate
wise. We now define the iterations used in the AMP algorithm. Fix U° € [ M, M]"
and define the sequence U! € R®,1 <t < T as follows

U' = [E(J( £U°...,UY),U°... .U Y)],, € [-M, M]", (7.2.7)

where F}, f; and M are applied component-wise.
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7.2. LIMITATIONS OF THE MF-AOA

In words, at step ¢ of the algorithm, the vector f,(U°, ... U"!) € R" is formed
by applying f; coordinate-wise. Then, compute the vector J(-, f(U°, ..., U™ 1))
using eq. (7.2.4). This vector is concatenated with the vectors U°, ... U'! to form
an n X (t + 1) matrix before applying the function F; coordiante wise. Finally,
perform an M-truncation to each coordinate to get U'. Once the iterations are
complete, the algorithm generate a binary string in B” from H" via some projection

IT,, : H™ — B". A summary of the algorithm can be found in algorithm 3.

Algorithm 3 AMP Algorithm
Require: J U’ M. T,(f,1<t<T),(F,1<t<T)1I,
1. for t € [0,7%] do :
(a) Compute U using eq. (7.2.7).
2. end for

3. Project UT to H" by applying z — [z]; = max(—1, min(x, 1)) coordinate-
wise with resulting vector denoted by V' € H".

4. Compute o* = 1I1,(V),

5. return o*.

Using assumption 7.2.1 and the conjecture that the OGP similarly exists in the
domain H™, one can then prove that AMP algorithms are unable to find arbitrary

near optimal solution in problems that exhibit the OGP.

Theorem 7.2.2 (informal version of theorem 3.3 of [64]). For every even p > 4
in the domain H", assume that the OGP exists with probability 1 — exp{—cN} for
some ¢ > 0 for large n > 0. Further assume that f; and F; satisfy assumption 7.2.1.
Then, for a CSP with tensor structure .J, there exists an € > 0 and ¢ > 0 such that
the AMP algorithm A satisfies

P (A(J) o MaXgepn J

S " — e> > 1—exp{—cn} (7.2.8)

We now prove that the MF-AOA is a form of AMP algorithm as described in

algorithm 3 modulo the truncation step.

Theorem 7.2.3. The MF-AOA is a special case of the AMP algorithm as defined

in algorithm 3 modulo the truncation step.

Proof. Let Vi(t,m(t — 1)) = VP(#)VLE(t,m;(t — 1)). At the start of time step ¢,
assuming we have m;(t — 1), the unitary operator V; is generated.

At the end of each time-step of the MF-AOA, one updates the effective magne-

66



CHAPTER 7. QUANTUM ADVANTAGE

tization of each spin using eq. (3.2.8). Denote

Ji(u) = Z Jz’,il,...,z'p,luil cee Uiy (7.2.9)

1<it,eip 1 <N

Since the magnetization depends on n,(t), using eq. (3.2.8), the magnetization as a

function has the following form at time step ¢

7;qfl t

mi(s(t)) = Ns” () (L= s() + > Jidreweigs L[ |TTVi (& mi(t = D02 (0)

i€e€lR i;=t1 Lt=0

with the condition that m;(0) = 0.

In order to align the MF-AOA with the AMP algorithm, we note that at the
very first step ¢ = 1 for the MF-AOA, because m;(0) = 0, we have V;(1,m(0))
as the identity operator for all 7. Thus the start of the computation really begins

in computing m;(1) and one can denote calculating m;(1) as the beginning of the
algorithm as per algorithm 3 (i.e. define UY of the AMP as V! of MF-AOA).

Let U° =1 =V (1,m(0)). For t € [1,T]:

iq71 z

OV VY =Y i [T TTVE Rk = D)nf (0)] . (7.2.11)

m(-, fi(VE VD) = As()(1 — s(t)) + fu(VE, ..., V), (7.2.12)
Fy(m, V', .. H (x,m(z —1)) = H VP(@)VF (z,m(z —1)). (7.2.13)

In other words, f; is a function that calculates the effective magnetization, at time
t, and F} is the matrix product of all the MF-AOA evolution operator.

We now verify that the functions f; and F; fulfil theorem 7.2.1. We have already
shown that f;(0) = 0 and move on to verify that the functions are Lipschitz contin-
uous. For f;, consider m and note that \; = NV (0, 0?). For sufficiently large M and
sufficiently small o, the probability that )\; is greater than N vanishes. Denote the
maximum degree of the graph problem as D. From this we see that the maximum

possible magnetization is
4
Im;| = §‘Ai’+|D\, (7.2.14)

which is bounded so for any input ¢, so we see that f; is indeed Liptschitz continuous.

As for F}, we note that the matrix elements is either 1, sine, or cosine. Thus, it

is clear that F} is Lipschitz continuous. O
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Corollary 7.2.4. The MF-AOA is unable to surpass the OGP threshold

Proof. The proof follows from theorem 7.2.2 and theorem 7.2.3. [

7.3 Scaling Behaviour of the QAOA

Since the MF-AOA — and AMP algorithms in general— is unable to surpass the
OGP barrier, this provides an avenue for quantum advantage where the QAOA
can outperform the MF-AOA. However, no known theoretical or numerical results
exists about the depth required to surpass it though it has been suspected to be
exponential depth. The closest paper that addresses this problem is the application
of the QAOA to k-SAT instances at the satisfiability threshold [98], a problem known
to exhibit the OGP [58]. In the study, the authors found that the QAOA exhibit
an exponential scaling behaviour in the median run-time while providing a slight
polynomial speedup over state of the art general purpose classical SAT solvers.

In this section, we perform the first numerical analysis as to the depth required
to surpass the OGP threshold. Our methodology is as follows. First, we generate
instances of Max-4-XORSAT of various problem sizes with n € [15,20]. Since the
OGP occurs only in the highly unsatisfiable regime, we fixed the average degree
of the graph to be sufficiently large (e.g. d = 16) such that the problem is un-
satisfiable and instances have a non-zero probability of exhibiting the OGP. Since
Max-4-XORSAT has the OGP with high probability in the limit n — oo, we only
include instances that do have the OGP to identify the scaling behaviour of the
QAOA. We also kept instances of Max-4-XORSAT that do not exhibit the OGP
in order to test if the QAOA exhibit any significant difference in scaling behaviour
or parameter optimization compared to those that do have the OGP. As a final
comparison between OGP and non-OGP problem instances, we also ran the QAOA
on instances of the Max-2-XORSAT problem since it is believed that it does not
exhibit the OGP.

In order to estimate the time complexity of the QAOA, we perform a numerical

fix using the equation

b e
[CEAoT -
* 2
—log, | (z*|7, B) | = ¢(p), (7.3.2)

N

*

where z* is the bit-string corresponding to the optimal solution, and ¢(p) some
function of the circuit depth p.
Whether the QAOA is able to find the optimal solution with polynomial circuit

depth depends on the scaling exponent ¢(p). Here, we perform 3 different numerical
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(a) The scaling coefficient for Max-4- (b) The scaling coefficient for Max-4-
XORSAT using a power-law fit. XORSAT using a logarithmic power-law
fit.

Figure 7.1: Various fits of the scaling coefficient ¢ in 1/p* = 2P}V for the Max-4-
XORSAT instances with the OGP.

fits which corresponds to the different time-complexity often encountered in the

analysis of algorithms

a Polynomial,
ng + C3
c(p) = bg(}fT)CQ Quasi-Polynomial, (7.3.3)
log(zcihg) Exponential.

The first case corresponds to a power-law behaviour and allows the QAOA to solve
a problem efficiently (i.e. polynomial depth) since when p ~ Poly(n), the number
of measurements required is of O(1). Similarly, in the worst case scenario where we
expect a time complexity of the order 29" this correspond to the inverse logarithm
of p since it is only when p ~ 2" that we expect O(1) measurements. The quasi-
polynomial case is the scenario when we expect a super-polynomial time complexity

that is sub-exponential (i.e. faster than 29().

Our results suggests that on average, problems that are unlikely to exhibit the
OGP such as Max-2-XORSAT are likely to require only polynomial depth, consistent
with various literature [99], [100] that found a power-law like behaviour when it
comes to the scaling behaviour of the QAOA. On the other hand, there is clear
qualitative evidence that the QAOA does not exhibit a power law behaviour for
instances of Max-4-XORSAT that do exhibit the OGP as seen in fig. 7.1. While the
best fit we found was the quasi-polynomial fit, it still did not accurately capture the
correct scaling. Nevertheless, the improvement of fit indicates that the QAOA likely
require a super-polynomial — but sub-exponential — circuit depth p to efficiently
solve problems that exhibit the OGP. Further details can be found in fig. 7.1.

While both the power-law and quasi-polynomial fit work on Max-2-XORSAT as
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Figure 7.2: Various fits of the scaling coefficient ¢ in 1/p* = 2°?®)N for the Max-2-
XORSAT.

observed in fig. 7.2, we believe that this is simply a result of over-fitting. Given
that i) a similar power-law behaviour was found in other examples of the QAOA
on non-OGP problems [99], [100], ii) evidence that one requires O(N) gates to
efficiently solve the Sherrington-Kirkpatrick model [101], iii) that our numerical
simulation found that the QAOA can get a significant overlap with the ground state
when p &~ n, these all suggest that the QAOA can solve non-OGP problems with

polynomial circuit depth.

Remark 7.3.1. We note that [98] found a power law behaviour despite the existence
of the OGP in random k-SAT. One reason for this is that they randomly generated
up to 10000 instances for problem size n € {12,...,20} with the only requirement
that the problem is satisfiable and did not check for the OGP condition. This could
skew the result since it is only guaranteed that a random instance will exhibit the
OGP with high probability when n goes to infinity. In our generation of Max-4-
XORSAT, we found that for a random sample of 1000, the number of instances that
exhibit the OGP is likely to be less than half. More precisely, we found that the
probability of generating an instance exhibiting the OGP being somewhere between
30-50% per run.
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Chapter 8

Application: Binary Paint Shop
Problem

Thus far we have been focused on identifying when does the QAOA exhibit a quan-
tum advantage over classical algorithms and when it does not. However, what if we
have been going about this the wrong way? It is entirely possible that we would
never achieve fault tolerant quantum computers in the future. If this is true, then
the study of quantum algorithms, while they might provide us with a theoretical
algorithm to solve problems efficiently, would be in practice work done in vain.

This chapter aims to demonstrate that the study of such quantum algorithms
is far from futile, even if implementing them at the large circuit depths required
for quantum advantage remains out of reach. Instead, the QAOA can be used as
a tool to identify problems where one could, in principle, develop better classical
algorithms that surpass the performance of all existing classical methods. Such a
use of a quantum/classical algorithm is not new. The authors of the Mean-Field
Approximate Optimization Algorithm (MF-AOA) developed the algorithm in part
to identify problems where the QAOA would exhibit true quantum advantage over
classical algorithms |[77]. In a similar spirit, one research direction from Phasecraft
is to use low-depth QAOA as a pre-processeing step to speed up classical algorithms.
[102], [103].

In section 8.1, we will review the Binary Paint Shop Problem (BPSP) and the
performance of the best known classical and quantum algorithms. In section 8.2, we
will provide an algorithm that converts the BPSP into an Ising problem to implement
on the QAOA. Finally in section 8.3, we show how the QAOA is able to provide
better a better upper-bound for the BPSP and why it also implies that there must
exist an efficient classical algorithm that outperform all known current methods.

This chapter is based on an ongoing joint work with Lara Caroline Pereira dos
Santos (LCPdS) [4]. T initiated the project and derived all the theoretical results,
crafted the initial python codes to evaluate the performance of the QAOA for the
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8.1. BINARY PAINT SHOP PROBLEM

BPSP in the large n limit as well as generating all instances of the BPSP. LCPdS
will include additional analysis using the D-wave quantum annealer. All results in

this thesis is based solely on my contribution.

8.1 Binary Paint Shop Problem

The paint shop problem is a set of various optimization problem in the automobile
industry where given a sequence of cars with a certain constraints on how to paint
them, minimize the number of times we need to swap the paint colour. The problem
was first introduced in [104] where it was proven to be an NP-complete problem if
either the number of colours or the number of car body types are unbounded. Loosely
speaking, in decreasing order of difficulty, there are three main type of paint shop
problem i) the multi-car multi-colour paint shop problem where we have multiple
occurrence of each car body type with multiple paint colours ii) the multi-car paint
shop problem where we restrict to only two colouring, iii) the binary paint shop
problem (BPSP) where each car type only occurs twice. The focus of this thesis will
be on the BPSP which can be defined as the following:

Definition 8.1.1. (Binary Paint Shop Problem (BPSP))
Let A = {aj,as,...a,} be the set of car body types. Let S = (s1,...,82,) be a
sequence of car instances such that each a; € A appears exactly twice in .S. Denote
the two paint colours as the set C' = {0,1}. The BPSP is to find a colouring
sequence f = (f1,..., fon) € {0,1}*" that minimises the colouring changes Ac
between consecutive cars with the constraint that for each car body type, the two
occurrence must be coloured differently (i.e. for any car body type a;, if s; = s, = @;
for j # k, we have f; # fi). This can be expressed mathematically as
2n—1
minimize Aqc = ; [fi # fix1], 8.1.1)

subject to f; # f; Vi,7:8 =s;,1# ],

where [- - - | denotes the Iverson bracket which equals to 1 if the condition is satisfied

and 0 otherwise.

Example 8.1.2. Consider the following instance of an n = 3 BPSP problem with

the sequence
S = (al, as, ay, as, as, CZQ).
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CHAPTER 8. APPLICATION: BINARY PAINT SHOP PROBLEM

A valid solution corresponds to the colouring

£ =(0,0,1,1,0,1), A =3.
However, this is not optimal since we have

f =1(0,1,1,1,0,0), Ay =2.

The BPSP is an NP-complete problem in its decision form [104] and APX-Hard
as an optimization problem [105|. Thus, unless P=NP, no polynomial time algorithm
can find an arbitrary approximate solution on all instances, let alone solving them
exactly. In order to evaluate the performance of various algorithms, consider the
following expression: for fixed n, let the normalised expectation of Ags over all
possible sequences of length 2n be given by E A¢/n. The performance of a classical
greedy algorithm and recursive greedy algorithm have been found [106] to produce

an expected colour change of

A
greedy : EYC =0.54+0(1/n)

A
recursive greedy : E—= = 0.4+ O(1/n).
n

This raises the following interesting questions. Namely, what is the value of
EA¢c/n in the limit n — oo and does there exists a classical algorithm that achieves
it? It was conjectured in [107] that EAc/n = o(n) but this has been shown to be
false in [108] where they proved the following theorem.

Theorem 8.1.3 (Modified Theorem 1.4 of [108]). The ezpected colour change EAc/n

s lower bounded by

20! <%> —o0(1) = 0.220.. — o(1), (8.1.2)

where H™! is the inverse of the binary entropy function. In addition, it is upper
bounded by 0.4 + o(1).

Remark 8.1.4. The authors also remarked that the lower bound can be slightly
improved to 0.227 and provided an outline of the proof.

The authors of [109] independently proved a weaker lower bound and slightly
improved the upper bound to 0.4 — e for sufficiently small ¢ > 0. In addition,
they developed a new recursive star greedy algorithm that is conjectured to have
an upper bound of 0.361. Even if their conjecture is true, there is still a substantial

gap between the upper and lower bound.
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On the quantum side, the first use of the QAOA for BPSP demonstrated that in
the large n limit, the QAOA with a circuit depth of p = 4 outperforms the greedy
algorithm while p = 7 outperforms the recursive greedy algorithm, the best clas-
sical algorithm at the time of publication, with an expected performance of 0.393
[74]. Subsequent works have evaluated the performance of QAOA variants for the
BPSP. For example, [110] studied the performance of Recursive-QAOA (RQAOA)
on the BPSP and found that reusing the optimal parameters in standard QAOA for
RQAOA (i.e. parameter transfer) showed no noticeable reduction in solution quality.
In addition, it was found that RQAOA outperformed the standard QAOA. A similar
paper [111] studied the performance of RQAOA and eXpressive-QAOA (XQAOA)
with circuit depth p = 1. Their numerical results showed that XQAOA not only out-
performs RQAOA with an expected performance of 0.357, they also found evidence

that the performance of RQAOA dimishes as the problem size increase.

8.2 BPSP as an Ising model

The algorithm to convert any instance of the BPSP into an Ising problem (more
precisely a weighted MaxCut) was developed in [74] and made explicit independently
in [110] and [111]. For completeness, we describe the steps in transforming the BPSP
into an Ising problem. Each car body type i is associate with a single qubit z; with
the sign of the spin corresponding to the colour assigned to the first instance of car
body type in the sequence. Let € : S — A be a map that labels each s; to an
instance of a car body type in A. The coupling between the spins are calculated by
going down the car sequence S and adding the coupling between adjacent cars s;
and s;.1 depending on their occurrence and car body type. If both car body type
are distinct and s; and s;,1 are both the first or second appearance of their car type,
a coupling strength of —1 between the corresponding spins in the Ising formulation
is added. If one of the car is the first occurrence of their car type and the other the
second occurrence, a coupling strength of +1 is added between the corresponding
spins. If both cars are of the same body type, a constant is added since we have
Z;Z; =1 for all i. Finally, a factor of 1/2 is added for each term so that the energy
of the Ising formulation corresponding to the number of colour changes. Thus, for

n car body types, the BPSP Ising Hamiltonian is given by

2n—1 2n—1

1 2n —1
Hgpsp = 5 Z <J;isi+1ZQ(s¢)ZQ(sz'+1) + 1) = 9 Z J;iSiJrlZQ(Si)ZQ(SiJrl) + 9
=1

=1

(8.2.1)
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where J;mH is the coupling strength assigned by the relation between the adjacent

cars $;8;41 as defined above and €)(s;) the car body type of the i-th car in the se-

quence.

The equation above can be further simplified by converting the sum over adjacent
cars in the sequence into a sum over the car body types A. The details of which can

be found in appendix C. Doing so results in a a simplified Hamiltonian given by

C/

1
Hppsp = B Z JijZiZj + 5

(i,5)EE

(8.2.2)

where J;; is the effective coupling the Ising spins corresponding to the 7 and j
car body type, E is the set of edges in the corresponding Ising graph, and ¢ =
2n + #adjacent pairs of the same car type — 1. Note that J is a triangular matrix

and not a symmetric matrix as with the standard Ising model formulation.

8.3 Improved bounds and classical algorithm

As we are interested in averaging over all sequences S in the limit n — oo to find the
average colour change EA¢/n, we note that lim,,_,,, E¢//n = 1 (details in appendix
C). Furthermore, it has been shown previously that in the large n limit, the coupling
strength only take on the values J;; € {—1,+1} with -1 occurring with probability
2/3 and +1 with probability 1/3 and that the underlying graph approaches that of

a 4-regular tree |74]. Thus, we have

lim E@ = E% N JZiZi+ 1, (8.3.1)
(i,J)eE

where |E| = 2n.

In the large n limit, this problem is equivalent to the Max-2-XORSAT problem.
It is known that up to logarithmic-depth, the performance of the QAOA on sparse
instances of Max-2-XORSAT is independent of the choice of J and so we can simply
assume a MaxCut problem [11], [33]. Since the underlying graph is a 4-regular tree,
we can use the method as outlined in chapter 4 to evaluate the performance of the
QAOA on D+ 1-regular trees where the expectation of the QAOA at constant depth
p is given by

_2VP(D7’77 /6)

In order to test the validity of eq. (8.3.2), we reproduced the results of [74] up

(v.B8lZ:Zj|v, B) = (8.3.2)
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depth p \Method | v,(3,7, 8)sk | (3,7, B)vest | QAOA simulation | v,(vy, 3)
1 0.679 0.675 0.675 0.650
2 0.572 0.568 0.568 0.529
3 0.508 0.503 0.503 0.454
4 0.467 0.462 0.462 0.405
5) 0.438 0.432 0.432 0.368
6 0.417 0.410 0.411 0.339
7 0.402 0.393 0.393 0.317

Table 8.1: Comparison of the values obtained by using the algorithm of [80] as com-
pared to values obtained by explicitly simulating the QAOA circuit as reported in
[74] up to p = 7. Note that the values of 1v,(3,7, B)sk were obtained by using opti-
mal (v, 3) for the Sherrington-Kirkpatrick model while v,(3, 7, 3)pest Were obtained
after rescaling the parameters found in |[74] and rounded off to 3 decimal place.

to p = 7. We find good agreement between the results of the tree tensor network
method of [74] and eq. (8.3.2) as can be found in table 8.1.

Beyond constant depth QAOA analysis, we found that in chapter 5, eq. (8.3.2)
is in fact valid up to logarithmic depth. As a result, the performance of log-depth
QAOA on eq. (8.3.1) can be simplified to

. . Hgpsp _ 2v(3,7,8)
B, i, AT B =

(8.3.3)

Since we are unable to evaluate this term explicitly, we fit the curve obtained
using v,(3,7,8) of various depth p to estimate the value of v(3,7,8). Using the

values up to p = 7 and assuming a power law fit to the function

a

3 ~d— 8.3.4
Vp( 7’776) pb—FC’ ( )
with parameters (a, b, c,d). The fitted parameters are
a = 1.0401 £+ 0.0357, (8.3.5a)
b=1.0497 £0.0761, (8.3.5b)
c = 1.958 + 0.1908, (8.3.5¢)
d = 0.6328 £+ 0.0122. (8.3.5d)

With a goodness of fit 1 — R? = 2.0707 x 1075,

Surprisingly, using a power law fit for the QAOA’s performance on the Sherrington—

Kirkpatrick model, a similar behaviour was found in [87] where they fitted the curve
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according to

= (1+d)ll, — 8.3.6
(0, 8) = (1+ )l = = (5.3
Using values from p = 1 to p = 80, this yields the fitted parameters of
a = 1.4912 £+ 0.10083, (8.3.7a)
b=0.9635+ 0.01617, (8.3.7b)
c = 2.2540 £ 0.1001, (8.3.7¢)
d = 0.001610 £ 0.002252. (8.3.7d)

With a goodness of fit 1 — R? = 1.805 x 10~°.
Assuming that the power law fit holds, this suggests that at logarithmic depth,
the performance of the QAOA for the binary paint shop problem is

2
lim EAq/n =1 — 2X&1B) (8.3.82)
n—00 \/g
20(3
0255 <1 — X3 1B) - ogs (8.3.8b)

V3

Using the fitted value gives us an expected value of 0.269 while the range of values
comes about from the uncertainty of the fit.

As the underlying graph is locally a tree up to logarithmic depth in the large n
limit, this implies that there is no quantum advantage offered by log-depth QAOA as
argued in chapter 5. More precisely, [11] shows that a suitably applied approximate
message passing algorithm will outperform logarithmic depth QAOA on sparse op-
timization problems such as the BPSP. Thus, one can construct an AMP algorithm
to solve the weighted maxcut problem which would be equal — if not better — in
performance to logarithmic depth QAOA. We end off with a conjecture regarding

the performance of message passing algorithms on the BPSP.

Conjecture 8.3.1. In the limit n — oo, AMP algorithms such as the MF-AOA
will outperform all currently known classical heuristic algorithms. In particular, the

MF-AOA achieves a performance of approximately

lim EA¢g/n=1-— w(3,7.6)
n—00 \/g

Remark 8.3.2. We use 2 because the value is likely an overestimation of the pa-

> 0.269 (8.3.9)

rameter fitting which can similarly be observed if one attempts a similar fit with the
Sherrinton—Kirkpatrick model with values up to p = 7 resulting in an overestimation

of Ty and similarly with values of to p = 80 as seen in [87].
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In order to test this conjecture, we perform a numerical simulation of the MF-
AOA modifying some of the codes that were used in the original paper [112]. To
estimate the algorithm’s performance in the large n limit, we generated 1000 in-
stances of the BPSP with problem sizes up to n = 10000. Note that given a prob-
lem with size n, there is a question in deciding the number of time-steps 1" which is
proportional to the runtime of the algorithm. One could, in principle, set T" to be
arbitrarily large but we found that when we set T' > n, the results were worse than
simply setting T" = n. For example, using the same n = 2000 instances, 4 different
runs of the MF-AOA were done with 7" € {1000, 2000, 5000, 10000}. We found that
most instances had the best results using 7' = 2000 while a few others had slightly
better results with 7" = 5000. Thus, simply setting T" to be arbitrarily large does
not seem to be the optimal solution. In order to simplify the analysis, we shall set
T = max(1000, n).

We found that the MF-AOA had a expected paint swap ration of EAg/n =
0.27993 with a standard deviation of s = 0.001469 when n = 10000 outperforming
all known classical heuristics, applications of the QAOA and its variants on the
BPSP. Further details can be found in fig. 8.1 and table 8.2. We believe, similar to
the authors of [11]|, that AMP algorithms are optimal for the average case sparse
optimization problem akin to how it is believed that the Goemans—Williamson algo-
rithm for MaxCut is optimal for the worst possible case assuming the unique games

conjecture [113].

The difficulty with proving conjecture 8.3.1 is that, to the best of the author’s
knowledge, the performance guarantee of AMP algorithms is only well understood
when, loosely speaking, one takes the large n limit followed by setting the average
degree of the graph to infinity (i.e. limp o lim,, ). For the BPSP, the degree is
fixed at D = 4. The performance of AMP algorithms on MaxCut is known [114] to

be bounded by
1 1 1
LERVRVE (—_D) , (8.3.10)

which converted to the BPSP, gives us a value of

EAc/n: 1 _H2+0D <%>

— 0.2368 + o (%) | (8.3.11)

For D = 4, the sub-leading term is not suppressed and cannot be ignored leading
to a correction that is difficult to quantify. Similarly, assuming that the bounds

for MaxCut and Max-2-XORSAT (and hence BPSP) are similar, then using the
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CHAPTER 8. APPLICATION: BINARY PAINT SHOP PROBLEM

1.0 A -®- MF-AOA
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Figure 8.1: A semi-log plot of the average paint swap ratio achieved by
the MF-AOA over a 1000 random generated instances for problem sizes n €
{10, 20, 50, 100, 200, 500, 1000, 2000, 10000}. In order to verify the accuracy of the
Monte Carlo sampling, we similarly did it for the n = 2 case which is known to have
an expected paint swap ratio of 2/3. Averaging over a thousand instances, we found
that the MF-AOA gets an average paint swap ratio of 0.6726 and a variance of 0.06
thus validating our method.

known upper-bound of 0.8683 and lower-bound of 0.8333 for Maxcut on a 4-regular
graph [115], the expected paint swap ratio would be lower-bounded by 0.2634 and
upper-bounded by 0.3334. Our numerical results of an expected paint swap ratio
of approximately 0.27993 fits within these bounds which gives us good reason to

believe that the algorithm is near-optimal or possibly even optimal.
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8.3. IMPROVED BOUNDS AND CLASSICAL ALGORITHM

n EAc/n | s(Ag/n)
10 0.4 0.1

20 0.37 0.07
50 0.325 0.035
100 0.31 0.02
200 0.30 0.01
200 0.289 0.008
1000 | 0.287 0.005
2000 0.283 0.004
10000 | 0.27993 | 0.0014

Table 8.2: Results from the numerical simulations of the MF-AOA over 1000 ran-

domly generated BPSP instances for each n.
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Chapter 9
Conclusion

In this chapter, we summarize the main result and findings of the thesis. The first
half of the thesis is concerned with laying the ground work for studying the quan-
tum approximate optimization algorithm (QAOA). In chapter 2, we defined the
framework for what counts as an average case hardness for a combinatorial opti-
mization problem with a focus on spin glass. While significant effort has been spend
to identify the energy of the optimal solution in a typical spin glass instance, many
efficient classical algorithms are unable to achieve them resulting in a statistical-
computation gap. One method to identify when and where this gap occurs is the
overlap gap property (OGP) which we reviewed in section 2.4. The occurrence of the
OGP implies algorithmic limitation of a wide variety of algorithms which includes
logarithmic depth quantum algorithms. In chapter 3, we investigate the properties
of the QAOA and verify that it is a local algorithm that converges to the global
solution as the circuit depth approaches infinity alongside its classical counterpart,
the Mean-Field Approximate Optimization Algorithm. In chapter 4, we review the
classical algorithm of [80] that evaluates the performance of constant depth QAOA
on a regular graph.

In the second half of the thesis, three aspects of the QAOA and its relation to
optimization problems were studied. The first aspect is on the limitations of loga-
rithmic depth QAOA. In chapter 5, I proved that the algorithm of [80], to evaluate
the performance of the QAOA, is in fact valid up till logarithmic depth. I more-
over simplified the proof that the QAOA is unable to surpass the OGP barrier with
logarithmic circuit depth. The second aspect concerns finding good variational pa-
rameters for the QAOA. In chapter 6, we reviewed the heuristic method of linear
interpolation and Fourier decomposition of [72]. We then showed that the OGP
is a sufficient condition that causes the variational parameters that optimises the
approximation ratio (AR) to differ from those that optimises the time-to-solution
(T'TS) and propose a heuristic method to estimate (v, 3)rrs given (7, 3)ar. The

last aspect focuses on when the QAOA can exhibit a quantum advantage over classi-
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cal algorithms. In chapter 7, we identify what are the qualities required in a problem
for the QAOA to succeed over classical algorithms. Ideally, we want the QAOA to
exhibit a quantum advantage at shallow depth. This is possible under several con-
ditions. First, the QAOA requires a sufficiently large circuit depth to explore the
full graph problem. This means a circuit depth greater than logarithmic depth for
sparse optimization problem and as such, constant depth advantage can only work
on dense problems. In addition, the problem must not exhibit the OGP. An exam-
ple of which we covered in section 7.1 where p = 1 QAOA requires at most O(y/n)
measurements to find the optimal solution for a symmetric optimization problem,
a non-local problem. We then showed that the QAOA can outperform its classical
counterpart, the mean-field approximate optimization algorithm (MF-AOA) since
the latter is a type of approximate message passing algorithm which is limited in per-
formance by the OGP. Finally we studied the circuit depth required by the QAOA
in order to surpass the OGP barrier.

In the final part of the thesis, we use all of the knowledge gained in the previous
chapters on a real-world industry problem, albeit a simplified one. By applying
the QAOA to the Binary Paint Shop Problem in chapter 8, I improved both the
analytic and numerical upper-bound on the expected number of colour change for the
BPSP in the large n limit. Furthermore, given the results of chapter 5, this implies
that there must exists an efficient classical algorithm that is able to outperform the
QAOA and verified numerically with the MF-AOA. While it is beyond this thesis to
prove the performance guarantee of such algorithms, the application of the QAOA
to identify scenarios where efficient classical algorithms have yet to be discovered is
novel. Thus, even if the application of polynomial circuit depth quantum algorithms
remain far out of reach, their effect can already be felt by creating novel classical
algorithms today.

In view of the findings of this thesis, some open question remain which we list

below:

Q1. What are necessary and sufficient condition for non-adiabatic schedule in the

QAOA?

Q2. What are the necessary and sufficient condition for a difference in parameter
optimization between those that optimises the approximation ratio (AR) and
those that optimises the time-to-solution (TTS)?

Q3. Is an adiabatic schedule the optimal schedule for problems that do not exhibit
the OGP and/or weak clustering property such as MaxCut?

Q4. Are the variational parameters that optimises the AR and the TTS the same
in problems that do not exhibit the OGP and/or weak clustering property
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CHAPTER 9. CONCLUSION

such as MaxCut?

From the results of section 6.2, the answer to question 1 and 2 seems to be that
the OGP is a sufficient condition of non-adiabatic schedule in (v,8) as well as a
difference in the optimal schedule for between the two methods of quantifying the
QAOA. However, it does not seem to be a necessary condition since similar effects
were observed in small number of instances that exhibit a weak clustering property.

Of greatest importance, at least to the author, would be the answer to the third
and fourth question. This is because for the QAOA up to logarithmic depth, the
optimal parameters that optimises the AR for spin glass type problems are universal
and work well across any instance. From our numerical analysis in section 6.2, it
seems that the adiabatic schedule and the universality of parameters across different
instances hold beyond logarithmic depth and might even hold up to exponential
depth. If true, then problems such as the barren plateau becomes less relevant as
a hindrance for variational quantum algorithms when applied to problems such as
MaxCut since one can simply reuse optimal parameters in one instance as ansatz

for another.
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Appendix A

Alternative proof of theorem 5.2.1

We provide here an alternate proof of theorem 5.2.1 that relies on a conjecture
that seems likely to be true as [116] notes that in the planted clique problem, the
occurrence of the OGP is related to the monotonicity of another graph property.

For the Max-g-XORSAT, it is reasonable to think that the OGP is related to the

density of edges in the graph which is clearly monotonically increasing.

Conjecture .1. The OGP of Max-g-XORSAT on any graph is a monotonically
increasing property in the sense that if the graph G exhibits the overlap gap property,

then adding an additional edge does not destroy the graph exhibiting the OGP i.e.
G + e exhibits the OGP.

Another result that we need comes from the fact that we can embed an Erdos—

Rényi hypergraph into a random regular hypergraph.

Theorem .2 (Theorem 1 and Corollary 2 of [117]). For each ¢ > 2 there is a positive

constant C such that if for some real v = v(n) and positive integer d = d(n),
C((d/nq_l+log(n)/d)1/3+1/n> <y <1, (.1)

and m = (1 — y)nd/q is an integer, then there is a joint distribution of G%y(n, m)
and G%(n, d) with

lim P(G%Li(n,m) C Ri(n,d)) = 1. (.2)
n—oo
Furthermore, let P be a monotone increasing property. If logn < d < n?t, for
some m < (1—+)nd/q where ~y satisfies Eq. (.1), then if GLp(n,m) € P as n — oo,
then Ri(n,d)) € P as n — oc.

For finite n and d, the proof trivially follows from the assumption of monotonic-
ity. In the case of infinite n and d, we have to prove that our condition for large,

potentially infinite, girth fits this condition for the embedding.
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APPENDIX A. ALTERNATIVE PROOF OF THEOREM 5.2.1

The maximum girth g of a d-regular g-uniform hypergraph is known [118] to be
bounded by

logn — log4 leca< 2logn
log(q — 1) +log(d — 1) 9= log(qg — 1) 4+ log(d — 1)

+2. (.3)

For constant ¢, an infinite girth requires d < n
Let d ~ O(nf) for sufficiently small € > 0 and n > ¢. Such a constraint satisfies
the large girth requirement. Substituting d into Eq. (.1) gives us

ne logn 1/3
C((nq1+ > ) +1/n| <vy<1, (4)

where in the large n limit, we see that the lhs. approaches 0. Thus, for m =

(1 —y)nd/q ~ O(n'*€), an embedding can be performed.

From this, it follows that for some m* < (1 — v)nd/q, if GLz(n,m) has a
monotone increasing property P, then R?(n,d) also has it as well. For m to be
drawn from a Poisson distribution where the graph has connectivity A\, we require
m = n(logn+(A—1)loglogn+c)/d ~ O(n'~¢logn) for some finite constant ¢ [119].
Thus, there exists a dy such that, for d > dy, the existence of the OGP is present
in the solution space of Max-¢g-XORSAT on Random Regular hypergraph RY(n, d)
with high probability meaning that the result of [33| also applies to random regular
hypergraphs.
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Appendix B

Numerical analysis of the QAOA

A Behaviour of variational parameters

Here, we provide the figures detailing the evolution of how the parameters (v, 3)
evolve as the depth p increases for the Max-2-XORSAT instances in fig. B.1 and the
Max-4-XORSAT instances that exhibit the OGP in fig. B.2 and without the OGP
in fig. B.3.

QAOA optimized parameters for (p=35) and MaxCut Instances, n=15 arameters for (p=10) and MaxCut Instances, n=13 YAOA optimized parameters s n=15
o 0.4

0]
IS
035

Figure B.1: The optimal parameters of (v,3)ar and (7, 8)rrs at various depths
for Max-2-XORSAT instances.

While (v, B)rrs is consistently larger than (v, 3)ar for both the 2-XOR and 4-
XOR problems, we note that the difference is considerably small for the 2-XOR case
even at low depth while for the 4-XOR case, the gap is rather significant particularly
in B at low depth consistent with the findings of [87]. Note that the p = 5 QAOA for
the 4-XORSAT exhibits an adiabatic behaviour consistent with the theory that at

low depth, the variational parameters are universal [80]. Another noticeable feature
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APPENDIX B. NUMERICAL ANALYSIS OF THE QAOA

QAOA optimized parameters for (p=5) and OGP Instances, n=15 QAOA optimized parameters for (p=10) and OGP Instances, n=15 QAOA optimized parameters for (p=20) and OGP Instances, n=15
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QAOA optimized parameters for (p=120) and OGP Instances, n=15
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Figure B.2: The optimal parameters of (7v,8)ar and (7, 8)rrs at various depths
for Max-4-XORSAT instances exhibiting the OGP.

is that while 4 has consistently lower values than g, the situation is reversed
in the last few layers. This overestimation in the last few layers of v 4 is consistently

across all p.

B Occurrence of phase transition

We provide here a sample of instances with varying n to verify that the ‘phase
transition’ occurring in the QAOA’s performance is not unique to any individual

mstance.
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B. OCCURRENCE OF PHASE TRANSITION

o QHAOA optimized parameters for (p=5) and simple 4XOR Instances, n=15

3 AOA optimized parameters for (p=10) and simple 4XOR Instances, n=1

imized parameters for (p=20) and simple 4XOR Instances, n=15

(a)p=5 (b) p=10

optimized parameters for (p=30) and simple 4XOR Instances, n=15 QAOA optimi

ized parameters for (p=40) and simple 4XOR Instances, n=15

(f) p=50

Figure B.3: The optimal parameters of (v, 3)ar and (v, 3)rrs at various depths
for Max-4-XORSAT instances without the OGP.

(a) n = 15 instance 1 (b) n = 15 instance 2 (c) n = 15 instance 3

(d) m» = 16 instance 1 (e) n = 16 instance 2 (f) n = 16 instance 3

(g) n = 17 instance 1 (h) n = 17 instance 2 (i) n = 17 instance 3

Figure B.4: A sample of instances of varying n. Note that while the expectation
values of the QAOA is always lower when using (-, 3)rrs, the qualitative behaviour
of the curve is approximately the same at some critical depth p*.

88



Appendix C

Details of the BPSP Ising

formulation

A Simplification of BPSP Hamiltonian

Starting with the BPSP Ising Hamiltonian, we now provide a step by step proof to
simplify it into the standard Ising model following the procedure of [110]. Let b; be
the car body type associated with spin/qubit i to distinguish it from s; (the i-th car

in the sequence).

2n—1

1 2n —1

Hppgp = ) z; J;i3i+IZQ(Si)ZQ(Si+1) + 5 (A.1)

2n—1

2n —1
3 (30 0. = 0] i o + 2

k 1 j=1 i=1

(A.2)
s 2n — 1
(Z i Z: %5+ Z @,bj)]) + = (A.3)
1,jEE
2n +C(T) -
ijeE

where [...] in eq. (A.2) denotes the Iverson bracket and C'(Z) € [0,n] denotes the

number of adjacent pairs of cars in the sequence with the same body type for a
specific problem instance Z. Equation (A.3) is obtained by summing up the set
of edges in the Ising graph while excluding the self-interacting ¢ = j term. Note
that because we are summing up over the sequence, the J matrix is a triangular
matrix and not a symmetric one. If one wishes to use a symmetric formulation, the
prefactor of 1/2 has to be modified to 1/4.
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B. PROBABILITY DISTRIBUTION OF COUPLING TERM AND
CONSTANTS

B Probability Distribution of coupling term and con-

stants

In this section, we prove several properties of the Ising formulation of the BPSP.

B.1 Adjacent car body types

We prove that the term C(Z) goes to 0 for a random sequence in the large n limit.
To prove this, Let A; be the probability that a specific car body type b, is adjacent
to it self in a sequence. Fixed any car body type at site s;. The probability that it

is next to its pair is given by

12 2
T mon—1 n(2n—1)

(B.1)

where the first term comes from the probability that €2(s;) = b;, the next term for
the second occurrence of body type b; being at site s;,—1 or s;;1, and the factor of

2 due to symmetry. By a union bound, we have

(UA) %—U (B.2)

Thus, we see that in the limit n — oo, the probability of a car with body type b;
being adjacent to itself goes to 0. As such, for any arbitrary instance Z of the BPSP,
we have C'(Z) = 0 with high probability in the limit n — oo.

B.2 Coupling strength

It has been previously shown that coupling strength takes on the values of -1 with
probability 2/3 and +1 with probability 1/3 in the limit n — oo [74]. We reproduce
those results here along side the asymptotic behaviour of the coupling strength -2

which vanishes in probability.

A coupling strength of J = —2, occurs only when a car body type has the same
neighbour where both body types occur for the first and second time in the sequence.

Let A; be the event that an arbitrary car body type b; has a coupling of J = —2.
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APPENDIX C. DETAILS OF THE BPSP ISING FORMULATION

The probability of A; occurring is

P(AZ) = P(AZ | S1 = SS9 — bz)P(Sl = Son = bz)
+ P(A; | 81 # bi # 89,) P51 # bi # 525
+2P(A; | s1=bi,s5 = b;, j # 2n)P(s1 = bi, 55 = b;, j # 2n) (B.3)
1 2 2n —4 4 2n — 2 2 1
R~ 2 B.4
2n —32n(2n — 1) +2n—3(2n—4) 2n * 2n — 32n(2n — 3) (B4)
~ O(1/n) (B.5)

where the approximation comes from only taking the dominant terms in each possi-
ble case (e.g. for the second term, we only consider the case where the two instances
of body type b; are not adjacent to each other). Thus, as n — oo, we see that the
probability of obtaining a coupling strength of —2 goes to 0.

For the coupling strength of J = —1, this occurs when the adjacent cars both
occur for the first time or both have already appeared in the sequence before. Thus,

The probability of a coupling being -1 is given by

LS R0 + By0), (B6)

P(J=—1)=

where P;;(00) denotes the probability that the cars in position 7, j are both the first
occurrence and P;;(11) for the case when both cars appear the second time. For a
car in position i, the probability that it has occurred before is given by (i — 1)/2n.

Thus, we can express eq. (B.6) as

1 2&1 P et I U S W et SO R e 5
2n—1 & 2n —1 2n —1 2n—12n—1 6n(2n — 1)

" (B.7)

In the limit n — oo, this leads to a probability of 2/3. A similar calculation can be

performed for the coupling strength J = +1 where we have

1

P(J=+1)= o — 1 E P,;(01) + P;;(10) (B.8)
]
2n—1 . . . .
1 1—1 1 1—1 1
= 1-— 1-— B.9
2n—1;[< 2n—1)2n—1+( 2n—1>2n—1} (B9)
4n? — 1
- B.10
6n(2n —1)’ ( )

for which, in the limit n — oo, gives us a probability of 1/3.

One might have noticed that for finite n, adding P(J = +1) and P(J = —1)
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C. AVERAGE DEGREE

gives us unity which doesn’t seem right since there must be a non-zero probability
to obtain J = —2. This is not a mistake and P(J = =£1) is the probability of
assigning a coupling strength for a given adjacent pair in the sequence. Thus, if
the same adjacent pair occurs twice in the sequence, the coupling strength of —1 is
additive and would lead to an effective coupling of —2. However, as argued above,
the probability of the same adjacent pair occurring twice is on the order of O(1/n)
and thus, the probability of having a coupling strength J = —2 goes to 0 in the

limit n — oo.

C Average Degree

We provide a short but simple proof that the average degree equals to 4 with high
probability in the limit n — co.

First, we note that by construction, the degree for any Ising spin is upper
bounded by 4 since a car body type is connected to at most 4 other distinct car
body type. As for the lower bound, we note that the Ising spin has less than degree
4 if and only if in the sequence, the car body type associated with the Ising spin is
i) adjacent to itself or ii) adjacent to the same car body type twice or iii) is at the
start or the end of the sequence. Let A be the event that a body type is adjacent to
itself in the sequence and B be the event that a body type is adjacent to a different
body type twice and C' be the event it is at the start or the end of the sequence.
Thus, the probability that a spin has less than degree 4 is given by

P(A) + P(B) + P(C) = —> ( 2n —2 2n—-2 4

1
1" (2n—1)(2n—2)+2n—12n—3)+H'
(C.1)

Since the leading order is O(1/n), the probability that an arbitrary spin having
degree less than 4 goes to 0 with high probability as n — oco. Note that this does
not mean that such an event does not exists, it merely states that the event has a

measure of 0.
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Appendix D

Tree angles for the BPSP

We include the angles used to evaluate the performance of the QAOA for the binary
paint shop problem in the limit n — oo. Note that + was used with the scaled
unitary operator exp{—w% > ZjZk} for a D + 1-regular graph instead of the
usual QAOA unitary operator exp{—m% > ZjZk}.

p | Angles for MaxCut with D = 3
~ = (0.4535)
B = (0.3927)
9 v = (0.3532,0.6406)
B = (0.5341,0.283)
3 v = (0.3070,0.5641, 0.6532)
B = (0.5879,0.4232,0.2230)
4 ~ = (0.2728,0.5089, 0.5830, 0.6679)
B = (0.6050,0.4778,0.3613,0.1875)
5 ~ = (0.2519,0.4735,0.5225,0.5951, 0.6793)
B = (0.6225,0.5051,0.4167,0.3253,0.1628)
6 v = (0.2327,0.4441,0.4881,0.5318, 0.6025, 0.6813)
B = (0.6293,0.5232,0.4528,0.3883, 0.2981, 0.1459)
7 ~ = (0.2198,0.4235, 0.4605, 0.4986, 0.5382, 0.6043, 0.6830)
B = (0.6378,0.5327,0.4719, 0.4325, 0.3632, 0.2778, 0.1339)
g| 7= (0.2083,0.4062, 0.4428, 0.0.4746, 0.5067, 0.5419, 0.6254, 0.7222)
B = (0.6405,0.5385,0.4817,0.4526, 0.4101, 0.3452, 0.2605, 0.1198)

Table D.1: optimised parameters that can be found in [74], [120] and converted to
the convention used in this thesis.
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