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scopic scale, such systems can be considered a sort of fluid metamaterial. In many cases each
fluid layer can be described by Euler equations following the stiffened gas equation of state. The
computation of detailed numerical solutions of such stratified material poses several challenges,
first and foremost the issue of artificial smearing of material parameters across interface bound-
aries. Lagrangian schemes completely eliminate this issue, but at the cost of rather stringent time
step restrictions. In this work we introduce an implicit numerical method for the multimaterial
Euler equations in Lagrangian coordinates. The implicit discretization is aimed at bypassing the
prohibitive time step restrictions present in flows with stratified media, where one of the ma-
terials is particularly dense, or rigid (or both). This is the case for flows of water-air mixtures,
air-granular media, or similar high density ratio systems. We will present the novel discretisation
approach, which makes extensive use of the remarkable structure of the governing equations in
Lagrangian coordinates to find the solution by means of a single implicit discrete wave equation
for the pressure field, yielding a symmetric positive definite structure and thus a particularly
efficient algorithm. Additionally, we will introduce simple filtering strategies for counteracting
the emergence of pressure or density oscillations typically encountered in multimaterial flows,
and will present results concerning the robustness, accuracy, and performance of the proposed
method, including applications to stratified media with high density and stiffness ratios.

1. Introduction

Motivation. Metamaterials have attracted an enormous attention in science and technology in the last two decades. They are compos-
ite materials obtained by assembling a large number of small unit cells, in 1D, 2D or 3D patterns, in such a way that on a length scale
much larger than the cell size, they behave as a homogeneous material with properties that are different from the original constituent
materials. In most cases, they exhibit properties that cannot be found in nature, and which are not even intermediate between the
(mechanical or optical) properties of the constituents.

An enormous literature on metamaterials is available. Here we mention a couple of papers on acoustic metamaterials [1,2],
which are a particular type of mechanical metamaterials. In these papers the authors emphasize the remarkable properties and the
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$m$
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$m = 0$


$x$


\begin {equation}\label {eqn:masscoord} m(x) = \int _{\xl }^{x} \rho (x^\prime )\, {\rm d}{x^\prime },\end {equation}


$\rho $


$x$


\begin {equation}\label {eqn:eulercoord} x(m) = \int _{0}^m V(m^\prime ){\rm d}{m^\prime },\end {equation}


$V = 1/\rho $


\begin {align}&\partial _t \left (V\right ) + \partial _m\left (-u\right ) = 0, \label {eqn:mass}\\[1mm] &\partial _t \left (u\right ) + \partial _m\left (p\right ) = 0, \label {eqn:momentum}\\[1mm] &\partial _t \left (E\right ) + \partial _m\left (u\,p\right ) = 0, \label {eqn:energy}\\[1mm] &\partial _t \left (c\right ) = 0, \label {eqn:colour}\end {align}


$V = V\oftm $


$\rho $


$u = u\oftm $


$E\oftm = \ek + \ei $


$\ek = u^2/2$


$\ei $


\begin {equation}\label {eqn:eos} \ei = V\,\frac {p + \gamma \,\pinf }{\gamma - 1}.\end {equation}
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$\gamma = c\,\gamma _1 + (1 - c)\,\gamma _2$


$\pinf = c\,\pinf _1 + (1 - c)\,\pinf _2$
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$c = 0$


$c = 1$


$\vec {Q} = {\left (V,\ u,\ E\right )}^{\mathsf {T}}$


$\vec {F} = {\left (-u,\ p,\ u\,p\right )}^{\mathsf {T}}$


\begin {equation}\partial _t \vec {Q} + \partial _m \vec {F} = \vec {0}, \label {Xeqn5-8}\end {equation}


$\vec {W} = {\left (V,\ u,\ p\right )}^{\mathsf {T}}$


\begin {equation}\partial _t \vec {W} + \vec {A}\,\partial _m \vec {W} = \vec {0},\quad \text {with}\quad \vec {A} = {\left (\frac {\partial {\vec {Q}}}{\partial {\vec {W}}}\right )}^{-1}\, \left (\frac {\partial \vec {F}}{\partial \vec {W}}\right ). \label {Xeqn6-9}\end {equation}


\begin {equation}\label {eq:A_Lag} \vec {A} = \left (\begin {array}{@{}lll@{}} 0 & -1 & 0\\ 0 & 0 & 1\\ 0 & a^2 & 0\\ \end {array}\right ),\quad \text {with}\quad a^2 = {\left ({\dedp }\right )}^{-1}{\left (\dedv + p\right )} = \frac {\gamma \,\left (p + \pinf \right )}{V} = \rho \,\gamma \,\left (p + \pinf \right )\end {equation}


$\vec {\lambda } = {\left (-a,\ 0,\ a\right )}^{\mathsf {T}}$


$\rho $


$\rho $


$\lambda _\up {E} = {\left (u-a_\up {E},\ u,\ u+a_\up {E}\right )}^{\mathsf {T}}$


$a_\up {E}^2 = \gamma \,\left (p + \pinf \right )/\rho $
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$\pinf $


$\gamma $


$\pinf $


$p=10^5\,\up {Pa}$


$\gamma _\up {a} = 1.4$


$\pinf _\up {a} = 0\,\up {Pa}$


$\rho _\up {a} = 1.2\,\up {kg\,m^{-3}}$


$a_\up {E}^\up {a} \simeq 341.6\,\up {m\,s^{-1}}$


$a_\up {E}^\up {w} \simeq 1482.3\,\up {m\,s^{-1}}$


$\gamma _\up {w} = 7.3$


$\pinf _\up {w} = 3.0\times 10^8\,\up {Pa}$


$\rho _\up {a} = 997\,\up {kg\,m^{-3}}$


$a^\up {a} \simeq 409.9\,\up {kg\,m^{-2}\,s^{-1}}$


$a^\up {w} \simeq 1.478\times 10^6\,\up {kg\,m^{-2}\,s^{-1}}$
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$i = 1,\ 2,\ \hdots ,\ N$
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$\dmiph = \left (\Delta m_i + \Delta m_{i+1}\right )/2$


\begin {equation}\partial _t\left (\ei + u^2/2\right ) + \partial _m(up) = \dedp \,\partial _t p + \dedv \,\partial _t V + u\,\partial _t u + u\,\partial _m p + p\,\partial _m u = 0, \label {Xeqn8-11}\end {equation}


\begin {equation}\label {eqn:wave2} \dedp \,\partial _t p + \dedv \,\partial _t V + p\,\partial _m u = 0.\end {equation}


\begin {equation}\label {eqn:wave} \partial _t p + \aw ^2\,\partial _m u = 0.\end {equation}


\begin {equation}\dedp = \frac {V}{\gamma - 1}, \qquad \dedv = \frac {p + \gamma \,\pinf }{\gamma - 1} \label {Xeqn11-14}\end {equation}


$\aw = \sqrt {\gamma \,\left (p + \pinf \right )/V}$


$p_i^n$


$p_i^{n+1}$


$i$


$t = t^n$


$t = t^{n+1}$


$m = m_i$


\begin {equation}\label {eqn:wavedisc0} \frac {p_i^{n+1} - p_i^n}{\Delta t} + {(\awq )}_i^{n+1}\,\frac {u_\iph ^{n+1} - u_\imh ^{n+1}}{\Delta m_i} = 0.\end {equation}


${(\awq )}_i^{n+1}$


$\awq $


\begin {equation}\label {eqn:velocityupdate} u_{\iph }^{n+1} = u_\iph ^n - \frac {\Delta t}{\Delta m_{i+1/2}}\,\left (p_\ip ^{n+1} - p_\im ^{n+1}\right ),\end {equation}


\begin {equation}\label {eqn:nlsystem} \frac {p_i^{n+1} - p_i^n}{\Delta t} + \frac {(a^2)_i^{n+1}}{\Delta m_i}\, \left [ u_{i+1/2}^n - \frac {\Delta t}{\Delta m_{i+1/2}}\,\left (p_{i+1}^{n+1} - p_i^{n+1}\right ) -u_{i-1/2}^n + \frac {\Delta t}{\Delta m_{i-1/2}}\,\left (p_{i}^{n+1} - p_{i-1}^{n+1}\right ) \right ] = 0,\end {equation}


$p^{n+1}$


$\widetilde {(a^2)}_i^{n+1,r} = a^2(V^{n+1,r-1}_i,\ p^{n+1,r-1}_i)$


$a^2(V,\ p)$


$(a^2)_i^{n+1} = a^2(V^{n+1}_i,\ p^{n+1}_i)$


$r = 1$


$p_i^{n+1,0} = p_i^n$


\begin {equation}V_i^{n+1,0} = V_i^n - \frac {\Delta t}{\Delta m_i}\,\left (f^V_\iph - f^V_\imh \right ), \label {Xeqn15-18}\end {equation}


$f^V_\iph $


\begin {equation}\label {eqn:rusanovguess} f^V_\iph = \frac {1}{2}\,\left (-u_i - u_{i+1}\right ) - \frac {1}{2}\,\max \left (\rho _i\,\abs {u_i},\ \rho _{i+1}\,\abs {u_{i+1}}\right )\,\left (V_{i+1} - V_{i}\right ).\end {equation}


$V_i^{n+1,0} = V_i^n$


\begin {equation}\label {eqn:linearpressure} k_{i-1}\,p_{i-1}^{n+1} + k_i\,p_{i}^{n+1} + k_{i+1}\,p_{i+1}^{n+1} = b_i\end {equation}


\begin {equation}b_i = p_i^n - \widetilde {(a^2)}_i^{n+1}\,\frac {\Delta t}{\Delta m_i}\,\left (u_{i+1/2}^n - u_{i-1/2}^n\right ), \label {Xeqn19-22}\end {equation}
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$p_i^{n+1}$


$u_{i+1/2}^{n+1}$


\begin {equation}\label {eqn:volumeupdate} (V_i^{n+1})_\up {c} = V_i^n - \frac {\Delta t}{\Delta m_i}\,\left (-u_{i+1/2} + u_{i-1/2}\right ).\end {equation}


$(V_i^{n+1})_\up {c}$
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$u_{i+1/2}^{n+1}$


$p_i^{n+1}$
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$\left (V_i^{n+1}\right )_\up {c}$
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$\left (V_i^{n+1}\right )_\up {c}$
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$\left (V_i^{n+1}\right )_\up {c}$


$V_i^{n+1}$


$\left (V_i^{n+1}\right )_\up {c}$


$V_i^{n+1,\ast }$


\begin {equation}\label {eqn:diffusionflux} V_i^{n+1} = \left (V_i^{n+1}\right )_\up {c} - \frac {\Delta t}{\Delta m_i}\,\left (f_{i+1/2}^{V,\up {d}} - f_{i-1/2}^{V,\up {d}}\right )\end {equation}


$f_{i+1/2}^{V,\up {d}}$


$\left (V_{i}^{n+1}\right )_c$


\begin {equation}\label {eq:consdiffusionflux} f_{i+1/2}^{V,\up {d}} = -S_{i+1/2}\left [\left (V_{i+1}^{n+1}\right )_\up {c} - \left (V_{i}^{n+1}\right )_\up {c}\right ],\end {equation}


$S_{i+1/2}$


$V_i^{n+1,\ast }$


$\left (V_{i}^{n+1}\right )_\up {c}$


$S_{i+1/2}$


$V_i^{n+1,\ast }$


$i$


$(V_i^{n+1,\ast })_1 = \left (V_{i-1}^{n+1}\right )_\up {c}$


$(V_i^{n+1,\ast })_2 = \left (V_{i+1}^{n+1}\right )_\up {c}$


$i$


$\left (V_{i}^{n+1}\right )_\up {c}$


\begin {equation}\left [(V_{i+1}^{n+1})_\up {c} - (V_{i}^{n+1})_\up {c})\right ]\,\left [(V_{i-1}^{n+1})_\up {c} - (V_{i}^{n+1})_\up {c}\right ] > \epsilon , \label {Xeqn23-26}\end {equation}


$\epsilon = 10^{-14}$


$(V_i^{n+1,\ast })_3$


$i$


\begin {equation}\vec {V}_i = \left ( (V_{i-2}^{n+1})_\up {c},\
(V_{i-1}^{n+1})_\up {c},\
(V_{i+1}^{n+1})_\up {c},\
(V_{i+2}^{n+1})_\up {c} \right )^{\mathsf {T}}. \label {Xeqn24-27}\end {equation}


$(V_i^{n+1,\ast })_3$


$\vec {V}_i$


$(V_{j}^{n+1})_\up {c}$


$j$


$i-2$


$i+2$


$i$


\begin {equation}P_i(m) = \sum _{k=0}^{2}\hat {P}_{i,k}\,\left (m - m_{i-2}\right )^k = \hat {P}_{i,0} + \hat {P}_{i,1}\,\left (m - m_{i-2}\right ) + \hat {P}_{i,2}\,\left (m - m_{i-2}\right )^2, \label {Xeqn25-28}\end {equation}


$j$


\begin {equation}\label {eq:reconstruction} \frac {1}{\Delta m_j} \int _{m_j}^{m_j + \Delta m_j} P_i(m)\,{\rm d}{m} = (V_{j}^{n+1})_\up {c}, \qquad j\in \left \{i-2,\ i-1,\ i+1,\ i+2\right \}\end {equation}


$m_j$
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$\Delta m_j = m_{j+1} - m_j$
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$i$


$\Delta m_i$


$P_i(m)$


$i$


\begin {equation}(V_i^{n+1,\ast })_3 = \hat {\vec {P}}_i\cdot \vec {a}_i = \left [\left (\vec {A}_i^{\mathsf {T}}\,\vec {A}_i\right )^{-1}\,\vec {A}_i^{\mathsf {T}}\,\vec {V}_i\right ]\cdot \vec {a}_i \label {Xeqn27-30}\end {equation}


\begin {equation}\vec {A}_i = \left (\begin {array}{@{}lll@{}} 1 & \Delta m_{i-2}/2 & \Delta m_{i-2}^2/3 + \Delta m_{i-2}\, m_{i-2} + m_{i-2}^2\\[1mm] 1 & \Delta m_{i-1}/2 & \Delta m_{i-1}^2/3 + \Delta m_{i-1}\, m_{i-1} + m_{i-1}^2\\[1mm] 1 & \Delta m_{i+1}/2 & \Delta m_{i+1}^2/3 + \Delta m_{i+1}\, m_{i+1} + m_{i+1}^2\\[1mm] 1 & \Delta m_{i+2}/2 & \Delta m_{i+2}^2/3 + \Delta m_{i+2}\, m_{i+2} + m_{i+2}^2\\[1mm] \end {array}\right ) , \qquad \vec {a}_i =\left (\begin {array}{@{}l@{}} 1\\[1mm] \Delta m_i/2 + m_{i}\\[1mm] \Delta m_i^2/3 + \Delta m_i\,m_{i} + m_i^2\\[1mm] \end {array}\right ). \label {Xeqn28-31}\end {equation}


$V_i^{n+1,\ast }$


\begin {equation}V_i^{n+1,\ast } = \sum _{k = 1}^3 w_k\, (V_i^{n+1,\ast })_k,\quad \text { with }\quad w_k = \frac {\widetilde {w_k}}{\sum _{k=1}^3 \widetilde {w_k}}, \qquad \widetilde {w_k} = \left (\frac {1}{d_k + \epsilon }\right )^{8}, \qquad \epsilon = 10^{-14} \label {Xeqn29-32}\end {equation}


$w_k$


$d_k$


$d_k,\ k\in {1,\ 2,\ 3}$


\begin {equation}d_1 = (V_i^{n+1,\ast })_1 - \left (V_i^{n+1}\right )_\up {c}, \qquad d_2 = (V_i^{n+1,\ast })_2 - \left (V_i^{n+1}\right )_\up {c}, \qquad d_3 = K\,\left [(V_i^{n+1,\ast })_3 - \left (V_i^{n+1}\right )_\up {c}\right ], \label {Xeqn30-33}\end {equation}


$\left (V_i^{n+1}\right )_\up {c}$


$d_k$


$(V_i^{n+1,\ast })_k$


$(V_i^{n+1})_\up {c}$


$(V_i^{n+1,\ast })_3$


$K=4$


$d_3$


${\left (V_i^{n+1}\right )}_\up {c}$


${(V_i^{n+1,\ast })}_3$


$K$


\begin {equation}\label {eqn:diffusionfluxrus} f_{i+1/2}^{V,\up {d}} = -S_{i+1/2}\,\left [(V_{i+1}^{n+1})_\up {c} - (V_i^{n+1})_\up {c}\right ].\end {equation}


$S_{i+1/2}$


$V_i^{n+1,\ast }$


\begin {equation}\label {eqn:diffusionconservative} V_i^{n+1} = \left (V_i^{n+1}\right )_\up {c} + \frac {\Delta t}{\Delta m_i}\,S_{i-1/2}\,\left [\left (V_{i-1}^{n+1}\right )_\up {c} - \left (V_{i}^{n+1}\right )_\up {c}\right ] + \frac {\Delta t}{\Delta m_i}\,S_{i+1/2}\,\left [\left (V_{i+1}^{n+1}\right )_\up {c} - \left (V_{i}^{n+1}\right )_\up {c}\right ].\end {equation}


$S_{i+1/2}$


$V_i^{n+1}$


$V_i^{n+1,\ast }$


$S_{i+1/2}$


$V_i^{n+1} \rightarrow V_i^{n+1,\ast }$


$N$


$N+1$


$S_{i+1/2}$


$V_i^{n+1} = V_i^{n+1,\ast }$


\begin {equation}\label {eqn:diffusionconstraint} \left (V_i^{n+1}\right )_\up {c} + \diffal {i}\,\diffsl {i} + \diffar {i}\,\diffsr {i} = V_i^{n+1,\ast },\end {equation}


\begin {equation}\diffal {i} = \frac {\Delta t}{\Delta m_i}\,\left [\left (V_{i-1}^{n+1}\right )_\up {c} - \left (V_{i}^{n+1}\right )_\up {c}\right ], \quad \diffar {i} = \frac {\Delta t}{\Delta m_i}\,\left [\left (V_{i+1}^{n+1}\right )_\up {c} - \left (V_{i}^{n+1}\right )_\up {c}\right ]. \label {Xeqn34-37}\end {equation}


$\diffsl {i}, \diffsr {i}$


$\|{\vec {S}_i}\|^2 = \diffsl {i}^2 + \diffsr {i}^2$


\begin {equation}\label {eqn:minimumnorm} \|{\vec {S}_i}\|^2 = \diffsl {i}^2 + \diffsr {i}^2 = B_0^2 - 2\,B_0\,B_1\,\diffsr {i} + \left (1 + B_0^2\right )\,\diffsr {i},\end {equation}


\begin {equation}S_{i+1/2} = \frac {1}{2} \, \left (\diffsl {i} + \diffsr {i}\right ) \label {Xeqn35-38}\end {equation}


$\diffsl {i}$


$\diffal {i}$


$\diffsl {i}$


$\diffsr {i}$


$\diffal {i}$


$V$


$i$


$i-1$


\begin {equation}\label {eqn:diffusionsl} \diffsl {i} = \frac {V_i^{n+1,\ast } - V_i^{n+1}}{\diffal {i}} - \frac {\diffar {i}}{\diffal {i}}\,\diffsr {i},\end {equation}


$\diffar {i} > 0$


$i+1/2$


\begin {equation}\label {eqn:diffusionsr} \diffsr {i} = \frac {V_i^{n+1,\ast } - V_i^{n+1}}{\diffar {i}} - \frac {\diffal {i}}{\diffar {i}}\,\diffsl {i}.\end {equation}


$i$


$\vec {S}_i = (\diffsl {i},\ \diffsr {i})^{\mathsf {T}}$


$\vec {S}_i$


$\diffsr {i}$


\begin {equation}\diffsr {i} = \frac {B_0\,B_1}{1 + B_1^2}, \qquad \diffsl {i} = B_0 - B_1\,\diffsr {i}, \label {Xeqn39-42}\end {equation}


$i$


\begin {equation}B_0 = \frac {V_i^{n+1,\ast } - \left (V_i^{n+1}\right )_\up {c}}{\diffal {i}}, \qquad B_1 = \frac {\diffar {i}}{\diffal {i}}. \label {Xeqn40-43}\end {equation}


$\abs {\diffal {i}} \ge \abs {\diffar {i}}$


\begin {equation}\diffsl {i} = \frac {C_0\,C_1}{1 + C_1^2}, \qquad \diffsr {i} = C_0 - C_1\,\diffsl {i}, \label {Xeqn41-44}\end {equation}


$i$


\begin {equation}C_0 = \frac {V_i^{n+1,\ast } - \left (V_i^{n+1}\right )_\up {c}}{\diffar {i}}, \qquad C_1 = \frac {\diffal {i}}{\diffar {i}}. \label {Xeqn42-45}\end {equation}
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$10^{-8}$


$\diffsl {i}$


$\diffsr {i}$


$i$


$\diffal {i}$


$\diffar {i}$


$10^{-8}$


$\diffsl {i} = 0,$


$\diffsr {i} = 0$


$i$


$u_{i+1/2}^{n+1}$


$u_i^{n+1}$


\begin {equation}u_i^{n+1} = \frac {\Delta m_{i+1/2}\,u_{i-1/2} + \Delta m_{i-1/2}\,u_{i+1/2}}{\Delta m_{i-1/2} + \Delta m_{i+1/2}}. \label {Xeqn43-46}\end {equation}


$u_i^{n+1}$


$u_{i+1/2}$


\begin {equation}\label {eqn:pressureconservative} (E_i^{n+1})_\up {c} = E_i^n - \frac {\Delta t}{\Delta m_i}\left ( ({F_E})_{i+1/2}^{n+1} - ({F_E})_{i-1/2}^{n+1} \right ),\end {equation}


\begin {equation}\label {eq:energyflux} \begin {aligned} &({F_E})_{i-1/2}^{n+1} = u_{i-1/2}^{n+1}\,p_{i-1/2}^{n+1} - \frac {1}{2}\,({s_E})_{i-1/2}\,\left (p_{i-1/2,+}^{n+1} - p_{i-1/2,-}^{n+1}\right ),\\ &({F_E})_{i+1/2}^{n+1} = u_{i+1/2}^{n+1}\,p_{i+1/2}^{n+1} - \frac {1}{2}\,({s_E})_{i+1/2}\,\left (p_{i+1/2,+}^{n+1} - p_{i+1/2,-}^{n+1} \right ). \end {aligned}\end {equation}


$p_{i-1/2,+}^{n+1} - p_{i-1/2,-}^{n+1}$


$E$


$E$


\begin {equation}p_{i+1/2}^{n+1} = \frac {\Delta m_{i+1}\,p_{i}^{n+1} + \Delta m_{i}\,p_{i+1}^{n+1}}{\Delta m_{i} + \Delta m_{i+1}}, \label {Xeqn46-49}\end {equation}


$p_{i+1/2}^+ - p_{i+1/2}^-$


$p_i^{n+1}$


$p_{i+1/2}^-$


$p_{i+1/2}^+$


\begin {equation}p_{i+1/2,-}^{n+1} = p_{i}^{n+1} + \delta p_{i}/2,\qquad p_{i+1/2,+}^{n+1} = p_{i+1}^{n+1} - \delta p_{i+1}/2, \label {Xeqn47-50}\end {equation}


\begin {equation}\delta p_{i} = \Delta m_i \, \up {minmod} \left (\frac {p_i - p_{i-1}}{\Delta m_{i-1/2}},\ \frac {p_{i+1} - p_i}{\Delta m_{i+1/2}}\right ), \label {Xeqn48-51}\end {equation}


\begin {equation}\up {minmod}\left (\delta _\up {L},\ \delta _\up {R}\right ) = \frac {1}{2}\,\left (\flll \up {sign}\left (\delta _\up {L}\right ) + \up {sign}\left (\delta _\up {R}\right )\right )\,\min \left (\flll \abs {\delta _\up {L}},\ \abs {\delta _\up {R}}\right ) \label {Xeqn49-52}\end {equation}


$(s_E)_{i-1/2}$


$(s_E)_{i+1/2}$


\begin {equation}(s_E)_{i+1/2} = \max \left (\frac {V_i^{n+1}}{\gamma _i - 1},\ \frac {V_{i+1}^{n+1}}{\gamma _{i+1} - 1}\right )\,\max \left (\frac {u_i^{n+1}}{V_{i}^{n+1}},\ \frac {u_{i+1}^{n+1}}{V_{i+1}^{n+1}}\right ), \label {Xeqn50-53}\end {equation}


$V/(\gamma - 1)$


$E$


$V$


$(s_E)_{i+1/2}$


$i$


$i+1$


$(s_E)_{i+1/2}$


$(s_E)_{i+1/2} \sim {u_{i+1/2}^{n+1}}/(\gamma _{i+1/2} - 1)$


$(s_E)_{i+1/2}$


$(s_E)_{i+1/2}$


$E$


$E_i^{n+1}$


$(E_i^{n+1})_\up {c}$


$(E_i^{n+1})_\up {p}$


\begin {equation}E_i^{n+1} = \left (1 - w_i\right )\,(E_i^{n+1})_\up {c} + w_i\,(E_i^{n+1})_\up {p} \label {Xeqn51-54}\end {equation}


$(E_i^{n+1})_\up {p}$


\begin {equation}(E_i^{n+1})_\up {p} = (E_i^{n+1})_\up {p}\left (p_i^{n+1},\ u_{i-1/2}^{n+1},\ u_{i+1/2}^{n+1},\ V_i^{n+1}\right ) = V_i^{n+1}\,\frac {p_i^{n+1} + \gamma _i\,\Pi _i}{\gamma _i - 1} + \frac {(u_i^{n+1})^2}{2}. \label {Xeqn52-55}\end {equation}


$w_i$


\begin {equation}\label {eqn:pressureweight} w_i = \min \left (1,\ \frac {1}{D}\,\left |(p_i^{n+1})_\up {c} - \frac {\Delta m_{i+1/2}\,(p_{i-1}^{n+1})_\up {c} + \Delta m_{i-1/2}\,(p_{i+1}^{n+1})_\up {c}}{\Delta m_{i-1/2} + \Delta m_{i+1/2}}\right |\right )^r.\end {equation}


$(p_i^{n+1})_\up {c}$


\begin {equation}(p_i^{n+1})_\up {c} = \frac {\gamma _i - 1}{V_i^{n+1}}\left [\left (E_{i}^{n+1}\right )_\up {c} - \frac {(u_i^{n+1})^2}{2}\right ] - \gamma _i\,\Pi _i, \label {Xeqn54-57}\end {equation}


$D$


\begin {equation}D = \max \left (p_{i-2}^{n+1},\ p_{i-1}^{n+1},\ p_{i+1}^{n+1},\ p_{i+2}^{n+1}\right ) - \min \left (p_{i-2}^{n+1},\ p_{i-1}^{n+1},\ p_{i+1}^{n+1},\ p_{i+2}^{n+1}\right ) + \epsilon . \label {Xeqn55-58}\end {equation}


$r = 8$


$w_i=0$


$w_i=1$


$\epsilon =10^{-14}$


$(p_i^{n+1})_\up {c}$


$i$


$D$


$p_i$


$w_i$


$(p_i^{n+1})_\up {c}$


$D$


$w_i$


$r=8$


$\mathcal {H}_\up {I}(\vec {Q},\ \Delta t)$


$\vec {Q} = \left (V_i,\ u_{i+1/2},\ E_{i}\right )$


$i=1,\ 2,\ \hdots ,\ N$


$i=0$


$\mathcal {H}_\up {I}(\vec {Q}^n,\ \Delta t)$


$\Delta t$


\begin {equation}\mathcal {H}_\up {I}(\vec {Q}^n,\ \Delta t) = \left (V^{n+1}_i,\ u^{n+1}_{i+1/2},\ E_i^{n+1}\right ). \label {Xeqn56-59}\end {equation}


\begin {equation}\begin {array}{c|cc} \gamma & \gamma & 0\\ 1 & a_{21} & \gamma \\ \hline & a_{21} & \gamma \end {array} \qquad \text {with} \qquad \begin {array}{l} \gamma = 1 - 1/\sqrt {2}, \\ a_{21} = 1 - \gamma , \end {array} \label {Xeqn57-60}\end {equation}


\begin {equation}\begin {array}{l} \vec {Q}_1 = \solutionop _{\up {I}}\left (\vec {Q}_1^\ast ,\ \gamma \,\Delta t\right ), \\ \vec {Q}^{n+1} = \solutionop _{\up {I}}\left (\vec {Q}_2^\ast ,\ \gamma \,\Delta t\right ), \end {array} \qquad \text {with} \qquad \begin {array}{l} \vec {Q}_1^\ast = \vec {Q}^n,\\ \vec {Q}_2^\ast = c_{20}\,\vec {Q}^n + c_{21}\,\vec {Q}_1. \end {array} \label {Xeqn58-61}\end {equation}


$c_{20}$


$c_{21}$


$c_{20} = 1 - a_{21}/\gamma $


$c_{21} = a_{21}/\gamma $


\begin {equation}\begin {array}{l|lll} \gamma & \gamma & 0 & 0\\ k_c & a_{21} & \gamma & 0\\ 1 &a_{31} & a_{32} & \gamma \\ \hline & a_{31} & a_{32} & \gamma \\ \end {array} \qquad \text {with} \qquad \begin {array}{l} \gamma = 0.435866521508459,\\ a_{21} = k_c - \gamma ,\\ a_{31} = 1 - k_d - \gamma ,\\ a_{32} = k_d, \end {array} \qquad \begin {array}{l} k_a = 1 - 4\,\gamma + 2\,\gamma ^2,\\ k_b = 3\,\gamma \,\left (2 - 3\,\gamma + \gamma ^2\right ) - 1,\\ k_c = (2/3 - 3\,\gamma + 2\,\gamma ^2)/k_a,\\ k_d = -3\,k_a^2/(4\,k_b),\\ \end {array} \label {Xeqn59-62}\end {equation}


\begin {equation}\label {eqn:rkvariant} \begin {array}{l} \vec {Q}_1 = \solutionop _{\up {I}}\left (\vec {Q}_1^\ast ,\ \gamma \,\Delta t\right ), \\ \vec {Q}_2 = \solutionop _{\up {I}}\left (\vec {Q}_2^\ast ,\ \gamma \,\Delta t\right ), \\ \vec {Q}^{n+1} = \solutionop _{\up {I}}\left (\vec {Q}_3^\ast ,\ \gamma \,\Delta t\right ), \end {array} \qquad \text {with} \qquad \begin {array}{l} \vec {Q}_1^\ast = \vec {Q}^n,\\ \vec {Q}_2^\ast = c_{20}\,\vec {Q}^n + c_{21}\,\vec {Q}_1,\\ \vec {Q}_3^\ast = c_{30}\,\vec {Q}^n + c_{31}\,\vec {Q}_1 + c_{32}\,\vec {Q}_2, \end {array}\end {equation}


$c_{ij}$


\begin {equation}c_{21} = a_{21}/\gamma ,\qquad c_{20} = 1 - c_{21},\qquad c_{32} = a_{32}/\gamma ,\qquad c_{31} = (a_{31} - c_{32}\,a_{21})/\gamma ,\qquad c_{30} = 1 - c_{31} - c_{32}. \label {Xeqn61-64}\end {equation}


$\vec {Q}^n$


$\vec {Q}^{n+1}$


$\Delta t$


\begin {equation}\begin {array}{l|lll} 0 & 0& 0\\ 1 & a_{21} & 0\\ \hline & b_{1} & b_{2} \end {array} \qquad \text {with} \qquad \begin {array}{l} a_{21} = 1,\\ b_1 = b_2 = 1/2, \end {array} \label {Xeqn62-65}\end {equation}


\begin {equation}\begin {array}{l} \vec {Q}_1 = \solutionop _\up {E}\left (\vec {Q}^n,\ \Delta t\right ),\\ \vec {Q}^{n+1} = (1 - c_1)\,\vec {Q}^n + c_1\,\solutionop _\up {E}\left (\vec {Q}_2,\ \Delta t\right ), \end {array} \qquad \text {with} \qquad c_1 = 1/2. \label {Xeqn63-66}\end {equation}


\begin {equation}\begin {array}{l|lll} 0 & 0 & 0 & 0\\ 1 & a_{21} & 0 & 0\\ 1/2 & a_{31} & a_{32} & 0\\ \hline & b_{1} & b_{2} & b_{3} \end {array} \qquad \text {with} \qquad \begin {array}{l} a_{21} = 1,\\ a_{31} = a_{32} = 1/4,\\ b_1 = b_2 = 1/6,\\ b_3 = 2/3, \end {array} \label {Xeqn64-67}\end {equation}


\begin {equation}\begin {array}{l} \vec {Q}_1 = \solutionop _\up {E}\left (\vec {Q}^n,\ \Delta t\right ),\\ \vec {Q}_2 = (1 - c_1)\,\vec {Q}^n + c_1\,\solutionop _\up {E}\left (\vec {Q}_1,\ \Delta t\right ),\\ \vec {Q}^{n+1} = (1 - c_2)\,\vec {Q}^n + c_2\,\solutionop _\up {E}\left (\vec {Q}_2,\ \Delta t\right ), \end {array} \qquad \text {with} \qquad \begin {array}{l} c_1 = 1/4,\\ c_2 = 2/3. \end {array} \label {Xeqn65-68}\end {equation}


$\Delta m_i$


$\rho _1$


$\rho _2$


$\Delta m$


$\Delta m_1$


$\Delta m_2$


$\Delta m_1 = \rho _1\,\Delta x$


$\Delta m_2 = \rho _2\,\Delta x$


$\Delta x$


$\Delta m$


$\rho _2/\rho _1 = 1000$


$\Delta m_1$


$\Delta m_2$


$\rho _1$


$\rho _2$


$\Delta m_i$


$n$


$\Delta m_i$


$\Delta m$


$z$


$\Delta x$


${\rm d} m/{\rm d} z$


$\Delta m$


$\Delta m$


$x$


$\rho _\up {L}$


$\rho _\up {R}$


$z$


$z=0$


$z=z_\up {L}=x_\up {L}$


$z=z_\up {R}=x_\up {R}$


$x$


$z$


$x=z=0$


$-1\,\up {m}$


$+1\,\up {m}$


$z$


$x$


$z$


$\Delta z$


$\Delta m_i$


${\rm d}{m}/{\rm d}{z}(z)$


$z_\up {L} = -1\,\up {m}$


$z_\up {R} = 1\,\up {m}$


$n$


\begin {equation}\Delta m_i = \int _{z_1^i}^{z_2^i} \frac {{\rm d} {m}}{{\rm d}{z}}(z)\, {\rm d}{z} ,\quad \text { with } z_1^i = {z_i - \Delta z/2},\ z_2^i = {z_i + \Delta z/2},\qquad i = 1,\ 2,\ \hdots ,\ n \label {Xeqn66-69}\end {equation}


$\Delta z$


$\Delta z = (z_\up {R} - z_\up {L})/n$


$n$


$\delta m$


$n$


$M_\up {L} = \rho _\up {L}\,\left (-z_\up {L}\right )$


$M_\up {R} = \rho _\up {R}\,z_\up {R}$


$\Delta x_i$


$-z_\up {L}$


$z_\up {R}$


$x$


$m$


\begin {equation}\label {eq:meshmasscons} \int _{z_\up {L}}^0 \frac {{\rm d} {m}}{{\rm d}{z}}(z)\, {\rm d}{z} = M_\up {L} = -\rho _\up {L}\,z_\up {L}, \qquad \int _0^{z_\up {R}} \frac {{\rm d} {m}}{{\rm d}{z}}(z)\, {\rm d}{z} = M_\up {R} = \rho _\up {R}\,z_\up {R},\end {equation}


$\Delta m_i$


$\Delta m_\up {L}$


$\Delta m_\up {R}$


\begin {equation}\label {eq:meshdensity} \frac {{\rm d}{m}}{{\rm d}{z}}(z) = \Delta m_\up {L} + \frac {1}{2}\left (\Delta m_\up {R} - \Delta m_\up {L}\right )\,\left [1 + \up {erf}\left (\frac {z - z_0}{L_\beta }\right )\right ].\end {equation}


$\mathrm {erf}(x) = \left ({2}/{\sqrt {\pi }}\right ) \int _0^x \exp {\left (-t^2\right )} \, {\rm d} t$


$-1$


$z_0$


$L_\beta $


$\Delta m_\up {L}$


$\Delta m_\up {R}$


$L_\beta $


$L_\beta = \beta \,\min (-z_\up {L},\ z_\up {R})$


$\beta $


$z_0$


$\beta $


$\Delta m_\up {L}$


$\Delta m_\up {R}$


\begin {equation}\left (\begin {array}{@{}l@{}} \Delta m_\up {L}\\ \Delta m_\up {R} \end {array}\right ) ={\left (\begin {array}{@{}ll@{}} -z_\up {L} + k_\up {L} & -z_\up {L} - k_\up {L}\\ z_\up {R} - k_\up {L} & z_\up {R} + k_\up {R} \end {array}\right )}^{-1}\,\left (\begin {array}{@{}l@{}} -\rho _\up {L}\,z_\up {L}\\ \rho _\up {R}\,z_\up {R} \end {array}\right ), \label {Xeqn69-72}\end {equation}


$\mathcal {M}(z_1,\ z_2)$


$z_1$


$z_2$


$\zeta _1 = (z_1 - z_0)/L_\beta $


$\zeta _2 = (z_2 - z_0)/L_\beta $


$i$


$\Delta m_i = \mathcal {M}(z_i-\Delta z/2,\ z_i + \Delta z/2)$


$\beta $


$z_0$


$x_\up {d}$


\begin {equation}\rho (t=0,\ x),\ u(t=0,\ x),\ p(t=0,\ x) = \left \{ \begin {array}{@{}ll} \rho _\up {L},\ u_\up {L},\ p_\up {L} &\qquad \text { if } x \le x_\up {d},\\ \rho _\up {R},\ u_\up {R},\ p_\up {R} &\qquad \text { if } x > x_\up {d}, \end {array} \right . \label {Xeqn72-76}\end {equation}


$\rho _\up {L},\ u_\up {L},\ p_\up {L},\ \rho _\up {R},\ u_\up {R},\ p_\up {R}$


$x_\up {L}$


$x_\up {R}$


$x_\up {d}$


$t_\up {end}$


$\gamma _\up {L} = \gamma _\up {R} = 1.4$


$\Pi _\up {L} = \Pi _\up {R} = 0.0$


$\rho _\up {L}$


$u_\up {L}$


$-2.0$


$-19.59745$


$p_\up {L}$


$\rho _\up {R}$


$u_\up {R}$


$-6.19633$


$-19.59745$


$-2.0$


$p_\up {R}$


$0.01$


$x_\up {L}$


$-0.2$


$-2.1$


$x_\up {d}$


$x_\up {R}$


$t_\up {end}$


$t_\up {end}$


$N=250$


$N=16,000$


$\cfl =10.0$


$N=250$


$N=16,000$


$\cfl = 10.0$


$\cfl = 1.0$


$\cfl = 50.0$


$\cfl =25.0$


$\cfl =50.0$


$\cflzero =\cfl /10$


$N=1000$


$\cfl =50.0$


$N=1000$


$\cfl = 1.0$


$\cfl = 50.0$


$\cfl = 25.0$


$\cfl = 50.0$


$\cflzero =\cfl /10$


$N=1000$


$\cflzero $


$\cfl $


$N=1000$


$\cfl =2.0$


$\cfl =4.0$


$N=1000$


$N=2000$


$N=1000$


$\cfl =2$


$\cfl =1.5$


$N=1000$


$\cfl =2.5$


$\cfl =3.0$


$\cfl =0.5$


$\cfl =1.5$


\begin {equation}\rho (t=0,\ x) = \rho _0,\qquad u(t=0,\ x) = u_0,\qquad p(t = 0,\ x) = p_0\,\left \{1 + 10\, \exp \left [-(x - x_0)^2/\ell ^2\right ]\right \}, \label {Xeqn73}\end {equation}


$\rho _0 = 2.0\,\up {kg\,m^{-3}}$


$u_0 = 0.0\,\up {m\,s^{-1}}$


$p_0 = 0.1\,\up {Pa}$


$\ell = 0.075\,\up {m}$


$\gamma _1 = \gamma _2 = \gamma = 1.4$


$\Pi _1 = \Pi _2 = \Pi = 0.5\,\up {Pa}$


$x \in {[0,\ 1]}$


$t_\up {end} = 0.2\,\up {s}$


$N = 100$


$N = 204,800$


$t=0.2\,\up {s}$


$N=100$


$N=10,000$


$\cfl = \cflzero = 200$


$\cfl =1.0$


$N=100$


$\cfl =200.0$


$N=10,000$


$t_\up {end} = 0.2\,\up {s}$


$L^1$


$L^2$


$L^\infty $


$E$


$k_\up {CFL}$


$N$


$\mathcal {E}_{L^1}$


$\mathcal {E}_{L^2}$


$\mathcal {E}_{L^\infty }$


$\mathcal {O}_{L^1}$


$\mathcal {O}_{L^2}$


$\mathcal {O}_{L^\infty }$


$4.32\times 10^{-3}$


$6.06\times 10^{-3}$


$2.26\times 10^{-2}$


$k_\up {CFL}=1.0$


$9.62\times 10^{-4}$


$1.70\times 10^{-3}$


$8.52\times 10^{-3}$


$2.34\times 10^{-4}$


$4.44\times 10^{-4}$


$2.59\times 10^{-3}$


$5.80\times 10^{-5}$


$1.13\times 10^{-4}$


$6.79\times 10^{-4}$


$1.45\times 10^{-5}$


$2.83\times 10^{-5}$


$1.72\times 10^{-4}$


$4.03\times 10^{-3}$


$5.44\times 10^{-3}$


$1.95\times 10^{-2}$


$k_\up {CFL}=1.0$


$9.34\times 10^{-4}$


$1.62\times 10^{-3}$


$7.91\times 10^{-3}$


$2.32\times 10^{-4}$


$4.38\times 10^{-4}$


$2.53\times 10^{-3}$


$5.79\times 10^{-5}$


$1.12\times 10^{-4}$


$6.75\times 10^{-4}$


$1.45\times 10^{-5}$


$2.82\times 10^{-5}$


$1.72\times 10^{-4}$


$2.30\times 10^{-2}$


$2.55\times 10^{-2}$


$4.92\times 10^{-2}$


$k_\up {CFL}=20.0$


$7.21\times 10^{-3}$


$9.94\times 10^{-3}$


$2.94\times 10^{-2}$


$8.29\times 10^{-4}$


$1.68\times 10^{-3}$


$8.73\times 10^{-3}$


$6.10\times 10^{-5}$


$1.50\times 10^{-4}$


$9.77\times 10^{-4}$


$1.17\times 10^{-5}$


$2.25\times 10^{-5}$


$1.43\times 10^{-4}$


$3.44\times 10^{-6}$


$6.59\times 10^{-6}$


$3.95\times 10^{-5}$


$1.69\times 10^{-2}$


$2.08\times 10^{-2}$


$4.58\times 10^{-2}$


$k_\up {CFL}=100.0$


$3.87\times 10^{-3}$


$6.11\times 10^{-3}$


$2.25\times 10^{-2}$


$3.87\times 10^{-4}$


$9.08\times 10^{-4}$


$5.54\times 10^{-3}$


$2.55\times 10^{-5}$


$7.45\times 10^{-5}$


$6.03\times 10^{-4}$


$1.66\times 10^{-6}$


$4.15\times 10^{-6}$


$2.75\times 10^{-5}$


$L^1$


$L^2$


$L^\infty $


$E$


$k_\up {CFL}$


$k_\up {CFL} = 0.8$


$N$


$\mathcal {E}_{L^1}$


$\mathcal {E}_{L^2}$


$\mathcal {E}_{L^\infty }$


$\mathcal {O}_{L^1}$


$\mathcal {O}_{L^2}$


$\mathcal {O}_{L^\infty }$


$1.12\times 10^{-3}$


$1.62\times 10^{-3}$


$5.49\times 10^{-3}$


$k_\up {CFL}=1.0$


$8.19\times 10^{-5}$


$1.43\times 10^{-4}$


$6.57\times 10^{-4}$


$5.94\times 10^{-6}$


$1.26\times 10^{-5}$


$1.02\times 10^{-4}$


$3.88\times 10^{-7}$


$9.34\times 10^{-7}$


$9.08\times 10^{-6}$


$2.42\times 10^{-8}$


$6.25\times 10^{-8}$


$6.94\times 10^{-7}$


$3.25\times 10^{-8}$


$9.32\times 10^{-8}$


$8.20\times 10^{-7}$


$1.13\times 10^{-3}$


$1.48\times 10^{-3}$


$3.34\times 10^{-3}$


$k_\up {CFL}=1.0$


$9.52\times 10^{-5}$


$1.99\times 10^{-4}$


$1.30\times 10^{-3}$


$6.61\times 10^{-6}$


$1.77\times 10^{-5}$


$1.67\times 10^{-4}$


$4.32\times 10^{-7}$


$1.22\times 10^{-6}$


$1.31\times 10^{-5}$


$2.71\times 10^{-8}$


$8.04\times 10^{-8}$


$9.06\times 10^{-7}$


$5.95\times 10^{-8}$


$1.81\times 10^{-7}$


$1.59\times 10^{-6}$


$2.52\times 10^{-2}$


$2.85\times 10^{-2}$


$5.36\times 10^{-2}$


$k_\up {CFL}=20.0$


$8.02\times 10^{-3}$


$1.11\times 10^{-2}$


$3.23\times 10^{-2}$


$9.65\times 10^{-4}$


$2.01\times 10^{-3}$


$1.04\times 10^{-2}$


$7.10\times 10^{-5}$


$2.01\times 10^{-4}$


$1.53\times 10^{-3}$


$4.47\times 10^{-6}$


$1.36\times 10^{-5}$


$1.16\times 10^{-4}$


$2.81\times 10^{-7}$


$8.56\times 10^{-7}$


$7.32\times 10^{-6}$


$1.74\times 10^{-2}$


$2.13\times 10^{-2}$


$4.66\times 10^{-2}$


$k_\up {CFL}=100.0$


$3.97\times 10^{-3}$


$6.28\times 10^{-3}$


$2.30\times 10^{-2}$


$4.03\times 10^{-4}$


$9.51\times 10^{-4}$


$5.79\times 10^{-3}$


$2.79\times 10^{-5}$


$8.31\times 10^{-5}$


$6.75\times 10^{-4}$


$1.75\times 10^{-6}$


$5.32\times 10^{-6}$


$4.55\times 10^{-5}$


$L^2$


$V$


$\cfl =\cflzero =1$


$\cfl =\cflzero =100$


$\cfl =100$


$\cfl =1$


$\cfl =20$


$\cfl =100$


$\cfl =0.8$


$\cfl =0.5$


$\cfl =2.0$


$\cfl =1$


\begin {equation}\rho (t=0,\ x),\ u(t=0,\ x),\ p(t=0,\ x),\ \gamma (x),\ \Pi (x) = \left \{\begin {array}{@{}ll} \rho _\up {L},\ u_\up {L},\ p_\up {L},\ \gamma _\up {L},\ \Pi _\up {L} &\qquad \text { if } x \le x_\up {d},\\ \rho _\up {R},\ u_\up {R},\ p_\up {R},\ \gamma _\up {R},\ \Pi _\up {R} &\qquad \text { if } x > x_\up {d}, \end {array}\right . \label {Xeqn74}\end {equation}


$t_\up {end}$


$x_\up {L} = 0.0$


$x_\up {R} = 1.0$


$x_\up {d} = 0.5$


$\rho _\up {L}$


$u_\up {L}$


$p_\up {L}$


$\rho _\up {R}$


$u_\up {R}$


$p_\up {R}$


$\gamma _\up {L}$


$\Pi _\up {L}$


$\gamma _\up {R}$


$\Pi _\up {R}$


$t_\up {end}$


$10^9$


$10^5$


$6\times 10^8$


$1.5\times 10^{-4}$


$\cfl = 10.0$


$\cfl = 2.0$


$\cfl =4.0$


$N=1000$


$N=1000$


$\Delta x$


$N=1000$


$N=1000$


$N=4096$


$N=65,536$


$L^2$


$\cfl $


$\cfl =0.5$


$\cfl =200$


$\cfl =0.8$


$\cfl =0.95$


$\cfl =2.0$


$t=0.30\,\up {s}$


$t=0.35\,\up {s}$


$N=2000$


$\Delta m$


$\cfl =5.0$


$N=100$


$\cfl =10$


$N=2000$


$\Delta m$


$\cfl =5.0$


$N=100$


$\cfl =10$
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anomalous behaviour of such materials. Among the surprising properties of acoustic metamaterials, we recall the so-called negative
mass. This means that the system behaves like a peculiar mass-spring system which, if excited with a periodic external forcing term
with a suitable frequency, shows a displacement which is in phase with the force, rather than in phase opposition, as one would
expect [3]. In [4] it is shown how to create a simple 1D acoustic metamaterial formed by a gas tube, with compartments separated
by elastic membranes.

The analysis of the properties of acoustic metamaterials is in general based on linear or linearized equations, so that it is assumed
that the displacement, or any type of signal, is sufficiently small so that linear theory can be used, or that non-linear effects can be
computed by perturbation methods, still assuming sufficiently small signals. We also point out that fully nonlinear innovative theories
of metamaterials are object of current research, see for example [5].

There are several cases in which non-linear effects are crucial and cannot be neglected. In a multilayer system formed by several
pairs of layers of two different fluids, for example, the non-linear response of the gases cannot be neglected, and shocks will in general
form and propagate in the multilayer medium, unless the initial state or the forcing terms are suitably small, or the periodicity of
the system indices an oscillator behaviour of the solutions, as it has been recently observed in several quasilinear hyperbolic systems
when the waves propagates over a periodic medium, as in the case of non linear elasticity in 1D [6] and in 2D [7] or shallow water
over periodic bathymetry in 1D [8] or in 2D [9]. In all these cases, the amplitude of the wave is large enough to observe non-linear
effects, still sufficiently small to avoid formation of shock waves. For large amplitude waves propagating on layered media, shocks
will generally form.

In [10], for example, the behaviour of a large number of pairs of layers is studied numerically. Each pair is formed by two different
fluids, each one treated as a stiffened gas with its own standard density p, adiabatic exponent y, and a constant IT which determines
the stiffness of the fluid, and which is sometimes called attractive pressure[11].

In the paper it is shown that the a simple adiabatic homogeneous model is able to accurately reproduce the behaviour of the multi-
layer system provided isentropic initial conditions are assigned, and the integration time is short enough (or equivalently the deviation
from global equilibrium is small enough) so that no strong shocks form. When shocks form, the predictions of the homogeneous model
are no longer reliable, hence the use of a more accurate model is necessary.

Another interesting feature of the multilayer system is that, depending on the fluid parameters, the effective sound speed of the
homogenised fluid may be a non monotonic function of the mass fraction of the layers. As a result, the effective sound speed of the
layer may be smaller than the sound speed of both gases.

The connection itself of homogenised multiphase flow models to the detailed description of multilayered systems with sharp
interfaces coupling two or more fluids governed by the compressible Euler or Navier-Stokes equations is an additional point of
interest. For example, Bresch, Burtea and Lagoutiére [12,13] discuss the link between such layered systems and multiphase flow
models of Baer-Nunziato type. They provide formal proof, starting from a layered two-fluid system governed by the compressible
Navier-Stokes equations (which give no-slip coupling conditions between interface velocities), and from a semi-discrete description
of the same system, that homogenisation will yield a viscous, compressible, single-velocity, two-pressure multiphase model of the
Baer—Nunziato [14] flavour (with single velocity and two pressures as in Richard Saurel et al. [15], Pelanti and Shyue[16]). They
also formally recover Kapila’s inviscid single-velocity, single-pressure model [17] in the limit of vanishing viscosity. In this regard,
in this paper we limit our scope to providing experimental evidence of the latter remark that multilayer systems governed by the
compressible Euler equations yield a homogenised behaviour that is captured at a coarse level by Kapila’s model. The strategy used
here is just incidental: homogenisation effects are observed/captured by the scheme automatically, when space and time are under-
resolved with respect to the natural fast/small scales of the detailed Euler-Euler flow. Tackling multiphase flows starting from the
detailed description of the underlying two-fluid system was also the strategy adopted by Petrella et al. [18], where the closure problem
of multiphase flow models is avoided entirely by carrying out a set of front tracking simulations, embedded in a Monte Carlo loop,
which yields solutions of the homogenised model as a result of the accumulated statistics. Like in this paper, the authors adopted
a sharp description of material fronts, even if afterwards smoothing is obtained via the Monte Carlo averaging. Similarly, here we
capture material interfaces sharply and then we can simply under-resolve the timestepping to compare with the solutions of the
homogenised models.

Numerical methodology. In [10] the detailed numerical solution of the multilayer system was obtained by a finite volume methods for
solving the Euler equations that describe the fluids expressed in Lagrangian form, where the mass coordinate and time are adopted
as independent variables. This choice appears to be a natural one, since it allows to have material boundaries between the two fluids
always located at cell edges, so strictly speaking in this configuration there is no need to use a diffuse interface multiphase model,
such as for example Kapila’s [17] reduced Baer-Nunziato family model [14-16], or [19-24], and each cell completely belongs to
either the first or the second fluid. A positive side effect of such a separation is that very sharp material interfaces and contacts are
naturally obtained, directly at cell interfaces (which is very convenient in one space dimension) or from a level set function [25] in
the more general case. Furthermore, working with “pure” states makes it simpler to perform reconstructions and to design exact or
approximate Riemann solvers. As mentioned, versatile diffuse interface treatments for this problem have shown promising results for
solid-fluid interfaces [26,27] and the treatment of free surfaces [28-30].

Explicit schemes for the numerical solution of fluid equations suffer from classical Courant-Friedrichs-Lewy time step restriction
[31], which can be written as Az < CA¢/ A, where A denotes the maximum characteristic speed of the system in the computational
domain, C is a constant of order of magnitude 1, and A¢ denotes the discretization of the independent space coordinate (which is
typically space x in Eulerian coordinates and mass coordinate m in the Lagrangian framework). The ability of constructing versatile
and efficient high order massively parallel codes [32,33] is however a very attractive feature of such schemes.
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Explicit integration also is sensitive, in Lagrangian an arbitrary Lagrangian—Eulerian [34-39], or [40-42], to the formation of
small cells that yield very stringent timestep restrictions, though this can be mitigated, for example, by using local timestepping
methods [40].

If sound speed in one of the two materials is much larger than in the other, say 4, > 4,, then the most severe time restriction on
the time step will be due to the waves propagating in fluid 1. On the other hand, we expect that the faster material behaves almost
like an incompressible fluid compared to the other, therefore most of the effect of compressibility will be evident in the softer fluid,
for which stability and accuracy requirements on the time step will be similar. For such a reason the system becomes stiff: stability
requirements on the time step in the first fluid are much more restrictive than accuracy requirements.

Some correction strategies for explicit methods, made to deal with inaccuracies encountered by such schemes in the low-Mach
regime, are also available [43-45], but it would seem that an implicit or semi-implicit strategy is required to deal with excessive
timestep restrictions characteristic of low Mach number flows. In general, the use of some implicitness may mitigate the stiffness
problem, thus improving the overall efficiency of the scheme.

An extreme case of multifluid in which the densities and stiffness of the two fluids are very different is a multilayer formed by
a sequence of air and water layers. Here the ratio of the densities is close to one thousand, while the ratio in the sound speed, in
standard Eulerian coordinates, is approximately four (see Section 2.1). In [10] only explicit schemes with locally uniform spacing in
the mass Lagrangian coordinate have been adopted. The ratio of the sound speed between the two fluids in Lagrangian coordinates is
equal to the Eulerian one multiplied by the ratio in the density, which causes the ratio of Lagrangian sound speed between water and
air to be more than three thousand, making it almost unfeasible to adopt an explicit scheme in Lagrangian coordinates with uniform
mesh for the numerical treatment of water-air multilayer systems. For this reason in Phan et al. [10] the authors considered only a
moderate density ratio (either 2 or 10 in particular).

A semi-implicit approach would indeed be a very natural choice for an efficient implicit FV scheme: solving convection explicitly
and treating acoustic waves implicitly, recovering pressure and momentum, allows to construct very simple and efficient numerical
discretizations [46-48]. This approach has been widely adopted in the Eulerian framework to construct the so called all-Mach number
solvers for compressible Euler equations (see for example Degond and Tang[49], Cordier et al. [50] for one of the first second order
finite volume all Mach solvers for isentropic equations, Boscarino et al. [51] for a second order finite volume all-Mach solver for full
Euler equations on staggered grid, or Avgerinos et al.[52] for a second order FV full Euler all-Mach solver on unstaggered grid.)
Second order accurate all Mach solvers for full 3D Euler equations have been constructed and tested in Boscheri et al.[53], while
third order finite difference all Mach solvers for Euler equations have been developed in Boscarino et al. [54] for isentropic Euler
equations, and in Boscarino et al. [55] for full Euler equations. Using staggered grids, similar all-speed methods have been developed
also in a hybrid Finite Volume-Finite Element framework [56]. Finally, an all-Mach solver for isentropic two phase flows has been
developed in Lukacova-Medvid’ova et al. [57] (see also Lukacova-Medvid’ova et al. [58]).

A common feature of all such solvers is that only the fast waves are treated implicitly, and in most cases only linearly implicit,
i.e. the implicit solver is applied to a linearization of the equations. High order in time is usually achieved using Implicit-Explicit
time solvers, such as Runge-Kutta IMEX (see, for example Ascher et al. [59], or Pareschi and Russo [60]). A general technique to
obtain high order accuracy when the system containing stiff and non-stiff terms is not written in additive nor in partitioned for is
introduced in Boscarino et al. [61], and adopted, for example, in Boscarino et al. [54] and Boscarino et al. [55]. It is worth noting that
the versatility of such non-partitioned IMEX schemes allows their use in complex frameworks like in Boscheri et al. [62], where IMEX
integration is used in conjunction with a black box solver derived from Chiocchetti and Miiller [63].

Semi-implicit schemes have the advantage of being usually more efficient than fully implicit ones, for the same required accuracy.
Nevertheless, very efficient implicit methods like [64] are available, and implicit methods for fluid flow, even of Finite Volume type
[65] are currently being actively developed in the literature.

Moreover, semi-implicit schemes tend to be less stable, and have been found to be more prone to spurious oscillations (see,
for example, Boscarino et al. [66], where semi-implicit and fully implicit solvers are compared for a class of convection-diffusion
problems). Nevertheless, a vast amount of successful schemes for low Mach and all Mach flows have been constructed with this
methodology, and in particular [48], which provided the main guidelines for the efficient formulation here introduced.

In this work, we instead aim at constructing a fully-implicit method along the steps of the recent work by Plessier et al. [67] (see
also Pino et al. [68]), which is the main motivation for the present paper, with a different discretization strategy that leverages the
structure of the governing equations to build an efficient method that resembles a Lagrangian adaptation of the scheme by Dumbser
and Casulli [48]. Additionally, here we introduce several strategies for controlling spurious oscillations arising in the solution of
two-material compressible flows and apply the new scheme to multi-layer systems following the work by Phan et al. [10], where
explicit numerical methods were used.

The system of Euler equations for stiffened gas in Lagrangian coordinates offers a very natural opportunity for distilling a single
scalar discrete wave equation for the pressure field, which can be solved iteratively by a sequence of tridiagonal systems (predictor),
leading to a preliminary (possibly oscillatory and non conservative) solution which can be made conservative and non-oscillatory
with a suitable post-processing (corrector). Once a first order scheme is produced, singly-diagonally-implicit Runge-Kutta (SDIRK)
schemes can be adopted to rise time accuracy to second or higher order. An additional advantage of the approach is that it does not
require sophisticated Riemann solvers to reproduce sharp contact and material interfaces.

The method naturally generalizes to the treatment of layered multifluid, for which, as we already mentioned, the Lagrangian
approach avoids the use of intermediate states. When dealing with material interfaces, the methods blends the use of conservative
and primitive variables in the time advancement of the solution, using ideas from Abgrall and Karni [69]. Strict conservation is locally
lost, yet, the shock speed is correctly captured up to the accuracy of the method (see Section 5.1).
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Last, but not least, a whole section (Section 4) is devoted to the construction of quasi-uniform grids, i.e. grids in the Lagrangian
mass variable whose spacing varies smoothly among cells. This avoids the drawbacks of uniform cells when dealing with fluids with
large mass density ratio: using uniform cells in the mass variable under-resolve the regions occupied by the low density fluid, or
over-resolves the regions occupied by the high density fluid. On the other hand, using grid spacing which is approximately uniform
in space causes an abrupt jump in the grid spacing in the mass variable, which may induce oscillations and sometimes unphysical
solutions.

The plan of the paper is the following. After the introduction, Section 2 describes the model under consideration, i.e. Euler system
for a stiffened gas in Lagrangian coordinates. Section 3 is the core of the paper and describes in detail the construction of the method
as outlined in the previous paragraphs (non-conservative, possibly oscillatory, fully implicit predictor, conservative non-oscillatory
corrector). Section 4 deals with the construction of mass conservative well-graded Lagrangian meshes. Section 5 is devoted to illustrate
the performance of the method on a sequence of classical tests for a single gas and for a multilayer systems.

In particular, Section 5.5 is dedicated to applications to systems with many stratified layers, and compares and contrast the
behaviour of the scheme with that obtained from the a homogenized multiphase model. Finally, in Section 6 we draw some conclusions
and perspective about applications and extensions of the method.

2. Governing equations

We consider the one-dimensional Euler equations in Lagrangian (mass) coordinates. The spatial mass abscissa m (also referred to
as Lagrangian abscissa in this manuscript) is defined at a point x (in this manuscript also called Eulerian coordinate) as the mass of
the fluid (per unit area) found between the left boundary (m = 0) and the Eulerian coordinate x, or formally

m(x)=/ p(x")dx’, (€))

XL

where p is the mass density of the fluid. Symmetrically, the Eulerian coordinate x can be recovered from the mass coordinate as
m
x(m) = / V(m')dm', 2
0

with V = 1/p the specific volume of the fluid.
In the Lagrangian mass coordinate system, the conservation laws for mass, momentum, and energy read

0,(V)+9,(-u)=0, (3a)
0,(u) + d,,(p) =0, (3b)
0,(E) +0,,(up) =0, (3c)
0,(c) =0, (3d)

where we define V' = V (¢, m) to be the specific volume of the fluid (the reciprocal of the mass density p), the velocity field is u = u(z, m),
and E(t, m) = e, + e is the specific total energy density. The system is closed with the definition of the specific kinetic energy e, = u?/2
and by providing an equation of state (EOS) that expresses the internal energy e as a function of density (or specific volume) and
pressure. In this work we adopt the stiffened gas equation of state in the form

p+yIl
r=1"
Note that, since we allow the presence of two separate (immiscible) fluids, the local adiabatic index y and the stiffness parameter IT
may vary between two values y; and y,, and IT; and IT,. Owing to the immiscible nature of the modelled fluids (which is maintained also
at the discrete level), there is no necessity for mixture rules defining homogenised or averaged parameters at interfaces. Nevertheless,
as a piece of notational convenience, we can define a colour function ¢ which helps tracking the presence of one or the other fluid
at a given Lagrangian location. The value of c is initially assigned cell-by-cell in as either ¢ = 1 (meaning only fluid 1 is present)
or ¢ =0 (only fluid 2 is present). This means that the parameters of the equation of state can be locally recovered by computing
y=cy+(0—-c)y,and I = cII; + (1 — ¢)I1,. We should emphasize that such a notation is not a mixture rule (or at least not a good
one) but rather a shorthand which is valid in this context only thanks to the fact that ¢ is allowed only to be valued exactly ¢ = 0 or
exactly ¢ = 1. Moreover, in Lagrangian coordinates, Eq. (3d) is not discretised at all, since it simply states that the EOS parameters
are immutably associated with each discrete cell.
See [69] for a discussion of computationally favourable choices for averaged equation of state parameters.

e=V )]

2.1. Characteristic speeds in Lagrangian coordinates

We briefly discuss the eigenvalues of the hyperbolic system of PDEs (3a)-(3c), in regards to the CFL timestep restriction [31]
they obey to when explicit timestepping is adopted. Having defined a vector of conserved variables Q = (V, u, E)', and a flux vector
F = (—u, p, up)', the system of conservation laws (3a)—(3c) can be cast as

0,Q+9,F=0, 5)
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Fig. 1. Motivation for the filtering techniques introduced in this work. On the left: central fluxes for the density update introduce spurious oscillations
in correspondence of contact discontinuities. The oscillations are eliminated by numerical diffusion-like filtering (Section 3.2.3). On the right:
pressure oscillations appear at material interfaces, across which the parameters of the equation of state are discontinuous (the interface positions
are highlighted with dashed lines). The oscillations disappear with filtering (Section 3.2.5). Both simulations were run with SDIRK2 time-stepping
and N = 1000 cells. For the left panel k. = 5.0 and for the right panel k¢g = 1000.

or, in terms of the primitive variables W = (V/, u, p)" and in its so-called quasi-linear form

B . _(aQ\ "/ oF
oW +A0,W=0, with A_<ﬁ> (ﬁ) 6)

The system matrix is

0o -1 0

-1
A= 1| with a2=<%) (;—;+1))=M=py(p+n) %)
0

8 22 ap |4

and has eigenvalues A = (—a, 0, a'. Crucially, in mass coordinates, the square of the acoustic eigenvalues of the system are
proportional to the mass density p. Since for explicit schemes the maximum stable timestep [31] is inversely proportional to the
magnitude of the eigenvalues, such a dependence on p implies that denser fluids will be more restrictive than lighter ones with
regards to the maximum admissible timestep of explicit methods, if we assume a uniform mesh in the mass variable. In contrast,
the same analysis, when carried out for the Eulerian variant of the governing equations, would yield Ag = (u—ag, u, u+ aE)T, with
aé =y (p + I1)/p, meaning that in the Eulerian framework denser fluids admit larger timesteps for a fixed choice of the EOS parameters
y and I1, assuming uniform mesh in the space variable.

Oftentimes, in simulations involving both a non-stiff fluid and a stiff one, (an example might be air and water), the fluid charac-
terised by higher values of y and IT (that is, the stiff one), is also the denser of the two. In the following paragraphs, we give a practical
quantitative illustration of the discrepancy: at standard atmospheric conditions p = 10° Pa, y, = 1.4, I, = 0Pa, p, = 1.2kgm™3, an es-
timate for the speed of sound is af; ~ 341.6ms~!, while at the same pressure the speed of sound for water can be estimated to be
ay ~ 14823 ms™!, with y,, = 7.3, I, = 3.0 x 10® Pa, p, = 997kgm™>. The same choice of material parameters, when adopted in the
Lagrangian framework, yields a* ~ 409.9kgm=25s~! and % ~ 1.478 x 10°kgm~2s~! (the units change due to the fact that the spatial
coordinate x is replaced by the mass coordinate m), meaning that in mass coordinates the water phase imposes a timestep more than
3600 times smaller than the one allowed by the air on the same mesh spacing, as opposed to the ratio being about 4.3 in the Eulerian
setting.

Of course the physical speed of sound waves remains the same in both cases, but from the computational standpoint, the timestep
size of explicit Lagrangian schemes using mass coordinates is restricted by a much higher numerical signal speed.

3. Numerical method

In this Section we present the scheme here developed and used, which is based on a Lagrangian staggered grid in mass coordinates,
and makes use of a predictor step involving a smooth wave-equation discretisation (see Section 3.2.1), with a finite difference type
correction step. To manage spurious oscillations that may be generated as a result of these low-dissipation discretisation choices
(Lagrangian coordinates, smooth predictor step, central differences), we also introduce ad hoc filtering techniques that have been
embedded in the iterative computation of the solution. These target oscillations of specific volume in Section 3.2.3 and oscillations of
pressure in Section 3.2.5. Leaving such spurious oscillations unchecked might lead to catastrophic failure of the computations when
strong shockwaves are encountered, due to violation of positivity in the pressure and in the specific volume, hence implementation
of some form of oscillation control is crucial to the robustness of the scheme. Fig. 1 provides some visual examples of how spurious
oscillations might manifest even in mild problems, due to the intrinsic low dissipation at material interfaces given by the Lagrangian
framework, as well as due to the presence of non-homogeneous material interfaces. The reader is referred to the paper by Abgrall
and Karni [69] for an extensive discussion of these issues in multifluid computation.

5
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3.1. Staggered grid

The scheme developed in this work adopts a staggered grid, mainly with the goal of obtaining a well-behaved and inexpensive
discretisation for a wave equation yielding a preliminary solution for the pressure field, whereby the pressure field p;, the specific
volume V; and the specific total energy E; can be seen as collocated at cell centers, (the conserved quantities can equivalently be
interpreted as cell average values), and the velocity field u;,,, is collocated at cell interfaces. The left boundary is denoted with
the Eulerian coordinate x;, and by definition the corresponding mass coordinate is m(x; ) = 0, while the right boundary is xy, and
m(xg) = my is the total mass of the system.

The computational domain is partitioned using a staggered grid. The main grid is composed of N cells of indexi =1, 2, ..., N,
having variable width Ax; or mass content Am;. The cell boundaries are formally denoted m;, , regardless of the uniformity of the
grid, and define a face-based dual grid, which is used for collocation of the velocity field u. For notational convenience, we define at
each cell boundary the mesh spacing for the dual grid as Am;;, = (Am; + Am, ) /2, which corresponds to the distance between the
cell centers of the two adjacent control volumes.

3.2. Discretisation approach

3.2.1. Wave equation

The combination of the governing Eqs. (3a)—(3c) into a single wave equation constitutes the core of the numerical method proposed
in this work. Although the derivation of such a wave equation is a trivial exercise, we carry out here the main steps in order to clarify
the scope of applicability of the proposed framework.

An important preliminary note is that the employed wave equation relies on the validity of the strong form of the governing
equations, implying that density, velocity, and pressure, should be smooth fields, rather than discontinuous as they will instead be
in practice. Nonetheless, it will be shown with numerical examples that this fact does not hinder the applicability of the numerical
method here presented.

Further corrections to the discretisation scheme, accounting for the restricted validity of this assumption will be detailed in the
subsequent paragraphs.

The derivation begins by applying the chain rule to Eq. (3c) to obtain

) de de
0,(e +u*/2) + 0,,(up) = » o,p+ F17 o,V +uou+uo,p+po,u=0, ®
which, due to the momentum Eq. (3b) simplifies to

de de
a—pd,p+W6,V+p6mu=0. ©)

Inserting the mass Eq. (3a) into (9), and making use of Eq. (7), after simple algebraic rearrangement, the wave equation reads
a,p+a*d,u=0. (10)
In the case of the stiffened gas EOS (4), the explicit expressions of the partial derivatives of the internal energy are

de _V de _p+yll

= = , Z 11
dp y-—1 av y—1 an

and thus the wavespeed is a = 1/y (p + II)/V. Thanks to the Lagrangian coordinates, the wave equation assumes the very simple form
(10) and, most important, it does not feature any nonlinear convective terms, which would be present in its Eulerian analogue.

3.2.2. Discrete wave equation
The continuous wave Eq. (10) can be used as the basis for the construction of a discrete system of algebraic equations which can
be solved rather efficiently as a sequence of implicit linear problems for the pressure field only.
Discrete values p, p;'“ (cell i, time level ¢ = " and t = t"*! respectively) for the pressure field are collocated at the cell centers of
the main grid (m = m;). Consequently a rather natural finite-difference discretisation of (10) is
prtt—pl 5ot "711'/2 - “fljll/z
ar @ Am;

1

=0. 12)

We remark that conveniently the computation of the wavespeed (az);1+1 is required only at cell centers, where the discrete pressure
field is directly collocated, requiring no interpolation of pressure or internal energy, and guaranteeing that no artificial mixture-states
have to be generated, as would be the case if a® had to be evaluated at cell interfaces. This is a welcome feature since simple averaging
rules might generate non-physical, highly inaccurate, or oscillatory results (see for example Abgrall and Karni [69]).

Following the strategy used for the fully discrete semi-implicit methodology introduced in Dumbser and Casulli [48], we introduce
a finite difference discretisation for the velocity field update at the grid interface location

n+1

At
Uivij2 = ”?+1/2 v (1’"+| - ) a3

i+1 i—1
Amgyyp N !
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which can then be inserted in (12) giving

n+1 n

pl _pi ((1 n At n+1 n+1 n At n+1 n+1 _
a T Am, |"i+1/27 Ay (pm P )_“1—1/z+ Am_ys (P =p2))| =0, 14

+1
2):’1

The nonlinear system of algebraic equations (14) for p"*! is solved via a simple fixed point iteration which generates a sequence of

~—n+l,r _ _
approximations (a?), = a>(V""" 7!, prtlr

new time level (a?)"*! = a?(V"H!, pith).
As an initial guess for the first iteration r = 1, we use the pressure at the previous time level p
is obtained as

l) for the values of the nonlinear function a*(V, p), converging towards the value at the

n+1,0

; = p!, while the specific volume

+1,0 _ At v v
v _Vin_A_mi (fi+1/2_fi—1/2)’ 1s)
with the numerical flux fi‘frl P given by be the simple Rusanov [70] approximate Riemann solver (with mild, flow velocity-based,
signal speed estimates) as
1 1
f,-zl/z = ) (“”i _”i+1) -3 max (pi |”/|’ Pit+1 |”i+1 |) (Vi+1 - V/) (16)

The scheme is not particularly sensitive to this initial guess, as evidenced by the fact that the sharp contact discontinuities typical
of Lagrangian schemes employing complete Riemann solvers are recovered by the proposed scheme despite not using such contact-
resolving Riemann solvers at all. Simpler initial guesses, such as V[."H’O = V" can be considered, with no effect on the accuracy or
robustness of the scheme. The one given in (16) is the one used for all tests included in this paper, out of an abundance of caution,
but no solid arguments for why it should be preferred to simpler (or trivial) initial guesses have been found in this work.

The linear system presents a tridiagonal structure

kioy P+ ke ki B = b a7

with the coefficients being

ol At At

k_, =—(a2) =L _2
= @ Am; Am;_ypp
~ntl o Af At At
k; = 1+ (a?), —<—+—> (18)
' LoAmp \Ami_yp 0 Amyyp
—~ntl Ay At
ki1 = —(a?),

Am; Ampyy gy
and the known right hand side

b = r—\z—fn+l At n " (19)
i =p; — (@), Am, Uiviyz " Yic1p2 )

where the iteration index r for the pressure p:'“”

and the wavespeed (aﬁ\f)?ﬂ’r have been omitted for the sake of brevity.
As soon as the discrete pressure field p;’“ at cell centers is recovered by solving the linear system (17), the velocity at the cell
boundary “?:11 J can also immediately be computed using the central difference (13), and subsequently the specific volume is updated
in an analogous manner

At
(Vin+])c - Vin _ A_m, (—ui+1/2 + ui_1/2). (20)

The quantity given by (20) is denoted (V,-"H)c to indicate that it is obtained from the direct discretisation of the PDE via a
conservative update formula, based on a staggered central difference. The updated value of the specific volume VI.’1+1 is computed
after having found a suitable set of diffusive fluxes, in order to introduce numerical dissipation and control the oscillations generated
by the central update formula. The determination of such fluxes is detailed in the next subsection.

Noted that the state variables have to be updated at each iteration in a rather nonlinear manner, inclusive of numerical stabilisation
via diffusion and data-dependent filtering. The iteration loop is split into two nested parts: a first one (an inner loop) in which a solution
for (Vl."“ o> u’f':ll /20 and pf“ is sought, that is, the solution of the discrete wave Eq. (14) per se, and a second one (an outer loop) which
begins with running to convergence an instance of the inner loop and subsequently applies diffusion and filtering operators to the
discrete volume and pressure. The final result of the outer loop consists of the conservative state vector composed of V,."“, u,’.':_f]l /2
and Ef'“. For each of the two loops, the iteration is stopped as soon as the difference between two successive updates falls below a
prescribed tolerance.

The discretisation approach presents similarities to the ones proposed in Busto et al. [71] and Dumbser and Casulli [48] for the
Eulerian variant of the governing equations: namely the use of a staggered grid is key to obtaining a simple scalar tridiagonal linear

system for the predictor wave equation.
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3.2.3. Numerical diffusion for the specific volume

The update formula (20) for the specific volume is a second order central difference, and does not include any artificial viscosity
or Riemann solver dissipation. For this reason, undesirable spurious oscillations can be introduced by it. In order to inhibit the
development of such numerical artifacts, we introduce a stabilisation/filtering procedure composed of two steps. First, the candidate

solution (Vi”Jrl )C given by (20) is filtered in order to detect cells affected by excessive oscillations, and for each cell an alternative

non-oscillatory value Vi"“’* is computed. Second, since simply replacing in each cell the candidate solution (Vi"+I )C with Vi"“’*

might lead to unacceptable mass conservation errors, each value of the specific volume (V,.”“)C is updated with a conservative
numerical diffusion flux, yielding a corrected discrete volume field V[."+1 satisfying mass conservation. The set of conservative fluxes
is determined in such a way that its effect is as close as possible to that of the nonconservative cell-by-cell replacement of (Vi”+l )C
with Vi"“’*. An important difference of course is that the flux form

At
+1 _ +1 Vd v.d
vih= (v )c " Am, (fi+1/2 _fi—l/Z) @1
ensures that mass is globally conserved for any choice of the diffusive fluxes f,-z’ld/z’ remarking that, in the same way, (V,."Jrl )c is also
computed by a comparable Finite Volume-type formula (20), which satisfies conservation exactly as formula (21). In order to achieve
the desired diffusive effect, the fluxes are set to have the form

f:_fﬂ = —Si+1/2[<V,-T1—1>C - (Vin+1)c]’ (22)

with S/, a non-negative coefficient analogous to the signal speed estimates of the Rusanov or Local Lax Friedrichs approximate
fluxes.

Computation of the target filtered volume. The first step of the correction procedure applied to the specific volume consists in the
determination of a filtered specific volume Vi"H'*. The quantity can also be termed target volume, since it is not used directly to
replace ( V,.”’rl )C, that is, the volume obtained by the conservative central difference update formula (20), but rather to determine the
coefficients S;,,/, of the conservative diffusion fluxes (22), aiming at obtaining a result that approximates the target volume VI."“’*
as closely as possible, while retaining exact conservation of mass.

Towards this goal, in each cell i, if and only if the cell is a local extremum of the specific volume, three candidates are made available:
1. the volume in the adjacent cell on the left (VI."“’*)l = (Vi'j1 )C, 2. the volume in the right adjacent cell (Vi"“’*)Q = (V:;l ) ,and 3. a

third value obtained by a least-squares reconstruction involving a five cell stencil, of which only four are actually used: the two right
neighbours and the two left neighbours of cell i. Contrary to other polynomial reconstruction operators [72-74] used in high order
Finite Volume method, the cell average of the central cell (V,.”+1 )C is completely ignored, since it coincides with the value potentially
requiring a replacement. A local extremum is defined operatively as any cell where the left and right slopes switch sign, that is
where
W = | [07De = 4] > e, (23)
having set ¢ = 10714, a small tolerance preventing random switching-type behaviour in completely flat regions.
For the reconstruction procedure that has to be carried out at extrema to compute (I/l."+]‘*)3, formally we define the vector of the
stencil data for cell i to be
T
_ +1 +1 +1 +1
V= (e 7 D VD) (24)
The least-square reconstructed candidate value ( VI,"“’*)3 can be then computed by solving the normal equations of the overdetermined
system given by imposing conservation over each one of the four cells in the stencil with data V;. The four reconstruction equations
are obtained by imposing that the cell average (Vj"“ ). of each cell j in the stencil spanning from cell i — 2 to cell i + 2 (cell i excluded)
be the same as that of a stencil-supported quadratic polynomial

2
P,(m) = Z Py (m— mi—2)k =P+ By (m—mi_y)+ Py (m— mi—Z)Z’ (25)
k=0

averaged over the same cell j. The reconstruction equations are formally expressed as

1 mj+Am;

o P(mydm= (V"  jeli=2,i-1i+1, i+2} (26)
J Jmj

recalling that m ; is the leftmost point of cell j and Am ; =m; —m;. Since the four equation system (26) is overdetermined, it is solved

j+1
in the least squares sense, yielding a vector of three coefficients P;. The polynomial P,(m) is then integrated over cell i to obtain the
reconstructed central cell average (I/i"+1’*)3: in practice it is sufficient to take the dot product of the coefficients P, with an averaging

operator a;, whose three components are the integrals of the three basis monomials 1, m — m,_,, and (m — m;_,)* over cell i, divided

8



Author Journal of Computational Physics 537 (2025) 114086

by its size Am;. In our implementation, the solution to the normal equations and the averaging of the polynomial P,(m) over cell i are
computed as
V), =P, = [(Al.T A)'AT V,.] 3, 27)
with the definitions
L Amy/2 Am?,/3+Ami_ymi_y+m?,
1 Am;_y/2 Amiz_l/3+Am,»_] m;_y +mi2_1

2 2
! L Amyy /20 Amp 3+ Amyyymigy +m

1

. a, = Am/2+m, . (28)

5 5 Am? /3 + Am; m; + m?
L Amyy /2 Am:, [3+ Amigmy +m,

Finally, the filtered specific volume V,."+"* is a weighted average of the three candidates
3 w~ 1 8
Vin+l,* — Z w; (I/in+1,*)k’ with wy, = 3—k,\~’ ,:E;{ = <d " €> s €= 10—14 (29)
k=1 Z k=1 Wy k

where the weights w, are computed similarly to the classic WENO nonlinear coefficients [75-77], but with a CWENO-type [74,78]
approach, using the aggressive choice of parameters given in Dumbser et al. [79,80], and with d,, being a simple indicator proportional
to the distance of each of the candidate values for the filtered specific volume and the value to be corrected itself. Formally, for what
concerns the expression of the indicator d,, k € 1, 2, 3, we set

dl — (Vin+1,*)] _ (Vin+l) d2 - (I/iw—l'*)l _ (VinH)

c’ c’

d3 =K [(I/in+l,*)3 _ (Vin+l)c]’ (30)

which states that the weighted average will be biased towards correcting (V,."+1 )c as little as possible: the indicator d, is simply a
measure of the distance between each candidate value (V,."“‘*)k and the cell average (VI."J")C obtained by the conservative update
formula (20). Additionally, the least-squares reconstructed value (1/1."“’*)3 is slightly penalised (by a multiplicative factor K = 4 in its
indicator d;) with respect to the other two candidates since at discontinuities the other two are clearly more reliable, while in smooth
regions, where the data are well approximated by the reconstruction polynomial and the least-squares option is thus more accurate
and preferable, the match with (V;"*')_ will be such that (V‘.”Jrl'*)3 will have by far the largest weight regardless of the penalisation
factor K.

Conservative redistribution of specific volume correction. Expanding on the conservative diffusive update formula given in (21), we set
the diffusive flux to be of the form (22), here replicated for the reader’s convenience

£y = =S [V - (V,."“)C]. (31)

i i

The numerical factor (one half) that would be present in the Rusanov flux is omitted here in (31), since the values of S, /2 are not
derived from some bounding estimates for the signal speeds of the PDE system, but rather computed as the result of an optimisation
procedure aiming towards obtaining a close approximation of the (nonconservative) corrected values VI."“‘*, while retaining exact
conservation. Hence the conservative diffusive correction for the specific volume reads
+1 _ +1 At +1 +1 At +1 +1
V= ()t g S [0 = ) ]+ g S [ (V1) = 07 ] (32
1 1
In the following paragraphs, we outline the procedure by which a set of coefficients S;,,/, can be assigned to each interface, so to
mimic the output of the nonconservative filtering procedure given in the beginning of Section 3.2.3 by means of a strictly conservative
formulation.
In each cell, we would like that the corrected specific volume Vithl obtained from the conservative formula (32) be as close as

n+1,%

possible to the non-conservative filtered value V" ". Finding the cell boundary coefficients S;,, , that allow the best approximation

of the target V,."+1 - V,."H'* over the N cells of the computational domain constitutes a rather large optimisation problem in the N + 1
unknowns S ;.

On the contrary, within each cell, if the effect of the conservative diffusion flux on the two neighbours is ignored, the target can
be can be trivially imposed as an exact constraint V"' = VI."“‘* leading to

(v Jo+ AL SiL+Ar Sig = ‘/inﬂ’*’ (33)
with
At At
A= o (V0= 00 A= (), - ). (34)

Note that (33) has multiple solutions and in order to obtain a unique pair S; , S, r, an additional constraint has to be imposed,
specifically we choose to select the solution that has minimum square norm ||S;||> = S,?L + S,.ZR, as explained in (38). The definition
of a unique intercell face value

1
Siv1/2 =5 (SiL+ Sir) (35)



Author Journal of Computational Physics 537 (2025) 114086

guarantees that the resulting update (32) due to artificial diffusion will be conservative.
Below we explain in detail the procedure adopted to compute S;; and A;; . In order to enforce equality (33), one one only has
to express either S;; or .S, as a linear function of the other. For example, if the coefficient 4, is not zero (meaning that there is a
jump in the specific volume V' between cell i and cell i — 1), then one can set
+1, 1
Vin * _ I/iy]-'- AIVR

Sy ="t 9. 36
b AL Ay R 36

or equivalently, if A4; > 0, i.e. when a nonzero jump is present at the interface i + 1/2, one can impose

VinH,* _ Vin+1 Ai,L
Si,R = A—R - A_R Si,L' (37)
1, i,

Within cell i, a local optimality condition can be then formulated by finding the two component vector S; = (S;;, S;g)" which has
minimum norm. This is immediately obtained starting for example from (36), computing the norm of §;

IS:11> = 87, + 87 =B —2By B, Sz + (1+B}) Sig. (38)
and setting its derivative with respect to S;y to zero, obtaining

B, B,

S = ,
iR 1+ B?

SiL = By — B Sir; (39)

with the definitions (omitting the index i for the sake of notational compactness)

Vn+l,* _ Vn+1 i A
By= +—— 1 ‘¢ v )‘, B, = X, (40)
AiL
Provided that Eq. (37) is valid, the same procedure can be carried out starting from it instead of (36), leading to the same results. In
order to avoid division by zero and minimize roundoff errors, in practice we choose (36) if |A,»’L| > |A,-,R| and (37) otherwise. If (37)
is chosen, then the sought coefficients are

yeye
1+c2

iL Sir =Co—C1 Sip, (41)

having defined (again omitting the implied index i)

V_n+l,* _ Vn+l A.
Cp=—"tb— 1 ¢ ¢ )C, c =1k, (42)
AI,R

In our implementation, towards the goal of preventing symmetry-breaking effects from floating point roundoff errors as much as
possible, whenever both A;; and A, are strictly positive (in practice greater than 10~%) and differ from each other by less than the
same threshold of 108, then both (36) and (37) are used to generate two values of S, and S;  in cell i, which are then arithmetically
averaged.

If both 4;; and A, fall below the 1073 threshold, then .S;; =0, and S;x = 0 for cell i, which corresponds to no diffusion. Note
that in principle there is no guarantee that the conservative redistribution of these diffusive terms will preserve the non oscillatory
character of the (non-conservative) corrected values of the specific volume, but in practice, due to the iterative nature of the scheme,
the correction tends to behave well and does not introduce the oscillations back.

3.2.4. Update of the velocity field

The velocity field ”?:11 1 is updated at the edge locations according to (13), and the auxiliary cell-center values u;’“ are computed

immediately after by interpolation, that is by defining an interpolated cell center velocity

wr A p iyt Am_y i g
u. = .
1

(43)

Ami_ypp + Amiyy o

It should be stressed that u:'“ is used just for the computation of specific total energy whenever the quasi-conservative pressure
corrections detailed in Section 3.2.5 are applied, and the quantity to be integrated in time is u;,,,, since interpolating backwards
from cell centers to edge values would introduce Lax-Friedrichs-like dissipation terms [81], quickly degrading the accuracy of the
method. If more aggressive numerical diffusion is required, as we found to be necessary for the two of the shock tube problems of
Toro shown in Section 5.1, we refer the reader to the procedure detailed in Appendix A.

10
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3.2.5. Conservative update of energy, numerical diffusion and filtering
Conservative update of total energy. A candidate specific energy updated value is which is based on a conservative flux form and thus
works also in presence of shockwaves
(B, = B - AL
i

n+1 n+1
= o (FofE = o ). (44)

with the fluxes being

1 _ ontl el 1 +1 +1
(FE):,’I—]/2 = ”?—1/2 p?—1/2 ) B2 (p?-1/2,+ - P:'—l/z,—)’ 45)
+1  _  on+l +1 1 +1 +1
(FE)7+1/2 = ”7+1/2 1’7+1/2 3 B2 <1’7+1/24,+ - P7+1/2,-)'

The energy fluxes (45) are the sum of a central part and a diffusive part, just like the Rusanov (or local Lax-Friedrichs) [70] and
Ducros [82] fluxes. Note however that the jumps pffll o pf_’“ll /2, arenot the jumps of the conserved variables (the specific energy E)
but rather they are pressure jumps. This is motivated by the fact that diffusive part of (45) is intended to introduce as little numerical
diffusion as possible and in particular at material interfaces we can expect the pressure field to be smooth. On the other hand, even in
complete absence of shock waves, the specific energy E might jump from one cell to another in a discontinuous manner, for example
at material interfaces where the parameters of the equation of state change. The central part simply requires the computation of a

cell-edge interpolated pressure

n+1

n+1
Amyyy pi™ + Amy piT ’ 46)

Pn+l —
i+1/2 Am; + Am;,,

4+ _

and the diffusive part is a function of the minmod-reconstructed pressure jumps p;" | ;2= P @t each cell interface, also computed

starting from the discrete wave equation solution p/'.H'l. The boundary extrapolated values p;_ , P and pl.’fH Jp are defined as
+1 _ +1 +1 _ +1
Pl =P Fop/2 D =P 0P /2, 47)
and the pressure increments due to the reconstruction procedure are
6p; = Am; minmod(w, u) (48)
Ami_ypp Amigyp
with the minmod function defined by
minmod (8, &g) = % (sign(él_) +sign(6R)) min (|5L , |6R|) (49)
The coefficients (sg);_;/» and (sg);41, are Rusanov-type signal speed estimates computed as
yntl V."H s u(l+1
(SE)ip12 = max | —, i+l max [ ——, 2L ), (50)
vi—1l v -1 v Vl’jjl

where the first scaling coefficient, proportional to V' /(y — 1), is intended to convert pressure jumps into jumps of specific internal
energy E. Since such scaling factor introduces a dimensional constant proprtional to V, the correct dimensionality of (sg);;,, (@
velocity) is restored by taking the maximum of the momenta in the cells i and i + 1. If the two fluids have similar densities and
equation of state and the velocity is continuous across an interface, the factor (si);, , is approximately (sg);4 /o ~ “?:11 1 [Gizip =D,
whereas if a significant jump in density is present, the coefficient (sg);,,/, incorporates a scaling factor proportional to the ratio
between the maximum and the minimum density, effectively increasing the dissipation at shocks and material interfaces.

It should be remarked that such estimates, in order to introduce as little numerical dissipation as possible, are based on the flow
velocity and not on the speed of sound or the eigenvalues of the governing hyperbolic system, as they would be for a standard explicit
scheme. Moreover, due to the use of pressure jumps in lieu of specific energy jumps, the signal speeds (sg);,, include a dimensional
scaling coefficient, based on the derivative of specific energy E with respect to pressure, so that dimensionality and scaling of the
involved quantities are accounted for.

Removal of pressure oscillations/merging different candidates for the pressure field. With reference to the second panel of Fig. 1, and taking
into account for the observations given in Abgrall and Karni [69], we introduce a quasi-conservative correction which is intended to
eliminate the pressure spikes that arise at material interfaces, where the parameters of the equation of state jump between different
values. We point out that such small non-conservative corrections, as discussed in Gaburro et al. [83], do not lead to highly undesirable
effects like shockwaves propagating with the wrong speed, precisely due to their small pointwise nature. This statement is tested in
the paper by applying the method to a variety of classic benchmarks featuring strong shocks. Towards this goal, we simply compute
the specific energy E l."+' in a cell by cell fashion as a convex combination of its conservative updated value (E,f’“ ). and a second value
(E,."“)p obtained solely based on predictor information, which is nonconservative in principle.

EM = (1—w;) (EF™Y) + w; (B, (51)

11



Author Journal of Computational Physics 537 (2025) 114086

with (E{’“)p denoting the specific total energy that can be computed as a pointwise function

Py T Wth?
+1y +1 +1 +1 +1 +1) — +1 71 L i
(Ey = B, (1 ]y it Vi) =W — -
The blending weight w; is computed as

U1y Yivry2 Vi
.
. 1
w; =min | I, D . (53)

The motivation for this choice of blending weight is given in the following paragraphs. Here, (p;"rl ). denotes the pressure field induced
by the conservative energy update, that is

(52)

+1 1
Amiyyy (B + Ami_y s (Pf_:] )e

@, -

Am_ypy + Amyy

vi—1
+1
I/in

1
@ = : 3

n+142
(E'"H)c _ u] —y, 10, (54)

and D being a scaling factor defined as

— n+l on+l n+l ol ) s n+l on+l n+lontl
D = max (pi—Z’ Piyo Piyy» pi+2> mmn (pi—Z’ Piiys Piyro Piyg ) +e. (55)

Finally we set the exponent r = 8 in (53) to be a fixed parameter used to smoothly approximate a binary switch between w; = 0 and
w; = 1, and set ¢ = 10”14, a small constant aimed at avoiding division by zero. The purpose of (53) is to compare the pressure (p:.”'l)C
given by the conservative update of energy (44) in cell i with the pressure obtained by linearly interpolating the two neighbouring
values, thus measuring the deviation from a simple linear distribution. Wherever such discrepancy is high, relative to the scaling
factor D based on the pressure field p; (the one derived solely from the wave equation), a pressure spike has been detected and the
weighting factor w; will tend towards unity, while in smooth regions of the pressure field the correction is essentially null, since the
match between the pressure (pf"l)C and the neighbour-interpolated value will be much smaller than the feature size indicated by D,
thereby driving w; towards zero, due to the high exponent r = 8, approximating a rather sharp switch. This means that the heuristic
(53) is designed in such a way that the pressure field is replaced by the smooth predictor solution whenever quantified as oscillatory,
while safeguarding the conservativity of the method as much as possible since in most flow regions the nonconservative contribution
is negligible.

3.3. Time integration

The time integration approach adopted in this work is very simple and leverages the Stiffly-accurate Diagonally implicit Runge—
Kutta schemes originally introduced by Crouzeix [84], Alexander [85] (see also Ascher et al. [59], Pareschi and Russo [60] and the
Review by Kennedy and Carpenter [86]). Formally, we define an implicit solution operator H;(Q, Ar) that maps an initial state vector
Q= (I/'i, Uis1/25 E,-), withi=1, 2, ..., N (and including i = 0 for the left boundary value of the velocity field), to an updated vector
H;(Q", Ar), given by our implicit discretisation scheme. With reference to the notation adopted in the above sub-sections, the updated
values for a timestep of size Ar will be

Q' = (v B, (56)

The approach proposed in this paper is tested with two time integration schemes, one of second order (labelled SDIRK2) with two
stages, defined by the Butcher array

y| v O

Ul ay v with  7=1T1V2 (57)
a ay =1-y,
21 Y

and implemented in practice as a sequence of two Euler steps

Qi =H,(Q:, 7 A1), . Q=0
. with 1 (58)
Q! = Hy( S ¥ At), Q) =c Q"+ Q.
The coefficients ¢,y and ¢,; are ¢,o =1 —ay; /y and ¢;; = ay; /7.
A second time integration scheme is the three-stage, third order scheme defined by
4 4 0 0 y = 0.435866521508459, k,=1—-4y+2y?%
ke | ay v 0 . ay =k, -y, kh=3y(2—3y+y2)—l,
with ¢ (59)
I | a3 a7 a1 =1-ks—v, ke =Q2/3 =3y +27)/k,,
‘ a3 ap v azpy =ky, kg ==3k2/(4kp),
for which the implementation reads
Q :HI(QT’ y A1), QI =Q",
Q, = H;(Q;, v A1), with Q= Q"+¢, Q. (60)
Ql = HI(Q; }’Al), Q;‘ =0c30Q" + ¢35 Q) +¢3,Qy,

12
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The variation (60) is provided so that in practice one can conveniently implement the Runge—Kutta integrator purely as a sequence
of implicit Euler steps. The coefficients c;; are

c =ay /7, e =1-0c, e =an/r, c31 = (a3 — e a31)/7, 30 =1—c¢3 — 3. (61)

3.4. Explicit reference schemes

The explicit Lagrangian schemes used for reference in the convergence and efficiency studies are the based on the well-known
method of Munz [87], with the addition of an exact two-material Riemann solver two Strong-Stability-Preserving Runge—Kutta time-
stepping schemes [88]. In the notation adopted in this paper, the scheme of Munz, including a low-dissipation TVD reconstruction
operator (see van Leer [89], Kurganov and Tadmor [90]), mapping an initial condition Q" to its evolved state Q"*! over a time interval
At. With notation, the first one of the two explicit time-stepping schemes is the two stage method [88] (labelled SSPRK2) having
Butcher table

0|0 0 o =1
1|la O with A= (62)
by=b,=1/2,
b, b, 1=by=1/
which has a very simple implementation given by
Q = He(Q" AD. with ¢ = 1/2. 63)

QHt =(1-¢)Q" +¢ HE(Qza At)’

Furthermore, we compared our results with those produced by the same second-order TVD spatial reconstruction and exact
Riemann solver, but with a three-stage third order SSP Runge—Kutta scheme [88], labelled in this paper SSPRK3, defined by the
Butcher table

0 0 0 0 ay =1,
1 a0 0 : a3 =az =1/4,
12 | ay  ap 0 with b, = 16, ©4)
| by by, by by =2/3,
which in practice is implemented as
Q = Hg(Q", A, o =1/4
Q,=(1-¢)Q"+¢; H(Q,, A1), with e (65)
c =2/3.

Q! =(1-¢)Q" + ¢y Hg(Q,, At),

4. Generating mass-constrained meshes with smoothly variable non-uniform spacing in mass coordinates

We discuss the task of generating a computational mesh (in our simple one-dimensional context, this means a sequence of mesh
spacing values Am;), with the aim of applying the implicit Lagrangian scheme to flows in stratified systems, characterized by several
layers, alternating regions of constant width having two different densities p, and p,.

A first natural choice consists in selecting a uniform fixed spacing Am, and a second one specifies two values for the mesh spacing
Am, and Am,, for example computed in such a way that Am; = p; Ax and Am, = p, Ax corresponding to the same step Ax in Eulerian
coordinates.

The first choice, a uniform spacing Am, when used in stratified media with alternating densities, suffers from two significant
drawbacks. First, when the constant width layers have very different densities, the resolution in the lighter regions can be much
lower, meaning that either excessively fine grids will be required for the denser fluid layers, or that the flow in lighter layers will be
severely under-resolved.

In the canonical example of water-air-like density ratio p,/p, = 1000, if a single grid point is associated with each one of 10 air-
like layers (which is totally inadequate for any flow condition), then 10,000 additional cells will be required for keeping the uniform
spacing in the 10 water-like layers.

The main issue with the second type of mesh, having two mass-spacing values Am, and Am, jumping across layer boundaries
where the density switches from p; to p,, is that the artificial diffusion of the numerical scheme (and in general the modified equa-
tion associated with it), will change discontinuously at boundaries, potentially giving rise to spurious oscillations and in general
deteriorating the quality of the solution.

Hence it is clear that some strategy for defining a smoothly varying mesh is required for applications involving stratified multilayer
media.

A simple enough strategy for computing the Lagrangian mass-coordinate spacing values Am; is given in the next paragraphs.

13
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Fig. 2. Illustration of the graded mesh generation procedure. In the left panel, we show the cell mass content Am as a function of the auxiliary
(reference) coordinate z, along with the mesh spacing that would be induced by fixed uniform value of Ax, and the mass density function dm/dz
from which Am is integrated (graphically rescaled to match the plot of Am). In the central panel, we show how the smooth transient in reference
coordinates translates to Eulerian coordinates (that is, as a function of x). In the right panel we show how several copies of the half-layer-couples
are connected in a sequence of four layer couples. The regions corresponding to the central panel are highlighted. Note the presence of a boundary
effect on the mesh spacing due to the fact that the first and last half-layer of the domain has a constant mesh spacing, unlike the internal ones.

4.1. Mesh for a step density distribution

In this section, we outline the procedure adopted for constructing a well graded Lagrangian mesh for a sub-domain composed of
two regions of constant density. We refer to this sub-system as a half-layer pair, since it can be obtained by splitting each constant
density layer of a stratified medium in two halves and focusing on a given interface between two layers. Since the final mesh for the
multilayer system will be composed of a series of such half-layer couples, suitably mirrored in an alternated sequence, studying this
simple configuration of two half-layers will be sufficient to define the final mesh in full. In particular, it will be enough to define n
values Am; in each layer pair to specify the mesh in full.

With reference to Fig. 2, consider a pair of half-layers having density p; and py in the left layer and in the right layer respectively.
An auxiliary coordinate system z (which can be thought of as an “enumerating” space where distance varies by a fixed amount per
cell) is constructed, such that z = 0 at the interface between the two layers, z = z; = x| at the center of the left layer (corresponding
by definition to the left extremum of left half-layer) and z = zz = xi at the center of the right layer (corresponding by definition
to the right extremum of right half-layer). Note that, while the x and z coordinates match at the interface between the two layers
(x = z = 0), and at the boundaries of the half-layer pair (—1 m and +1 m in this example), z does not coincide at all with x within each
layer: in Fig. 2 it is clear that z increases exactly by the constant Az in each cell, while in the Eulerian reference frame each cell has
a different width.

Within each half-layer pair, we will obtain a sequence of discrete mesh spacing values Am; by defining and integrating a smooth
mesh density function dm/dz(z), which will be constructed in such a way that the width and mass content of each layer are described
exactly, which is the main nontrivial constraint in generating Lagrangian mass-coordinate meshes for two-density systems if such
grids are not simply taken to have layer-wise constant spacing as in Phan et al. [10]. Smoothness of the mesh at the junction points
(where mirrored half-layer couples are glued together) is ensured by the fact that the mesh spacing is almost constant near both
boundaries of a half-layer pair, that is, the mesh density assumes a sigmoid shape. In the example of Fig. 2, the reference frame runs
from z; = —1m to zz = 1 m. In this reference frame we define each one of the n mesh spacing as the integral of a density-like function,
or formally

% dm . i i

Am[:/z/_ E(z)dz, with zy =2z, —Az/2, z;, = z; + Az/2, i=1,2,...,n (66)
and with Az specified as Az = (zg — z;)/n. The number n of cells of the half-layer pair can be chosen arbitrarily, and the procedure
will automatically generate a density-like function 6m which satisfies two mandatory requirements for any choice of n: first, the total
mass contained in the left half-layer must be equal to M| = p; (-z ), and likewise in the right half layer My = py zz. Second, at
the same time, the Eulerian mesh spacing values Ax; will sum to —z; on the left half-layer and sum to zz on the right half layer.
This means that the smoothly varying mesh is constructed in such a way that both the Eulerian coordinate x and the Lagrangian
mass coordinate m of each material interface are the ones initially specified by the problem setup, meaning that the mesh is forced
to preserve at the same time the width and mass content of each layer. Formally the mass conservation constraints are imposed by
requiring that

0
d
/ I 24z = My = —py 21, 67)

ZL

R dm
—(z)dz = My = R
/0 dz(z) z R = PR 2R

meaning, the density function integrated over each half-layer must equal the total mass expected for that segment, so to ensure that
both mass conservation and the positions of material interfaces are strictly maintained.
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The density-like function is chosen so that it will smoothly interpolate the discrete mesh spacing Am; between a left value Am,
and a right value Amg. Specifically, the following form is adopted

d 1 -
@ =Am 4 5 (Amg — Am ) [1 +erf<zLﬂZ0>]. (68)

As a clarification note, we recall that erf(x) = (2/ ﬁ) fox exp (—?) dt, which gives a function normalized between —1 and 1. The

formula is parametrised by z, (a coordinate shift) and L, a characteristic length controlling the width of the transition zone between
two constant regions in which the mesh spacing will be Am;, and Amg. In practice the length L, is computed as L; = f min(-zp, zg),
so the parameter to be fixed is a nondimensional value g.

For any fixed choice of z, and g, the mesh spacing at the left and right Am; and Amy will be determined by imposing the mass
conservation constraint (67) on (68), which yields

-1
Amp\ _ [z ik, -z -k —PLZL (69)
Amg zg — k. zg + kg PRZR )

having defined the auxiliary constants

ky, = % {GXP [—<_ZLL—:Z0>2] — €Xp [—(i—;)z] } + (—zL+zo)erf(_zLL—:Z0> —zoerf<i—(;),
e {2 | [ s (32) ()

The mass content M(z;, z,) associated with a generic interval delimited by z; and z, is

L, (A - A
M(zy, zp) = M [exp (—sz) —exp (—Clz)] + % (Amg + Amp) (20— z)) + (71)

2V
1

+ 5 (AmR - AmL) [(z2 - zO) erf((z) - (zl — zo) erf(Cl)],

with ¢} = (z; — z9)/Lg and {, = (z, — z5)/ Ly Then the mesh spacing for each cell i is directly computed by evaluating Am; = M(z; —
Az/2, z;+ Az/2). Since the values of p and z, which yield well graded meshes, or the range of selectable values itself, are not
immediately apparent, a simple procedure to compute these parameters automatically is discussed in Appendix B.

5. Numerical results

This section collects several numerical experiments aimed at validating the novel elements of the numerical solver proposed in this
paper, and discussing their stability and convergence characteristics from an experimental point of view, as well as applications of
the designed scheme to multi-layered, finely stratified two-fluid systems. The reader interested in the application results for two-fluid
multi-layered systems may jump directly to Section 5.5, where these problems are considered, skipping Sections 5.1-5.4.

In Sections 5.1-5.4, we aim to demonstrate that the proposed numerical scheme is robust and accurate, and experimentally assess
its convergence properties. It also demonstrates the degree to which the scheme can handle sharp material interfaces and strong
shockwaves and generates or does not generate oscillations as a result of their presence. Such experimental validation is necessary
due to the fact that the scheme makes extensive use of a predictor stage based on a smooth wave equation, hence its behaviour in the
presence of shockwaves cannot be taken for granted, and the filtering techniques for oscillations (Sections 3.2.3 and 3.2.5) require
validation due to their critical importance in preventing spurious oscillations and potential crashes.

5.1. Single material Riemann problems

We begin the validation of the proposed numerical methodology by showing the behaviour of the method with varying mesh sizes
and CFL values. To this purpose we select the simple Sod shock tube problem.

The method is then benchmarked against a much more stringent battery of tests, consisting of the Lax shock tube and the six
problems given in the Toro’s 2009 book [91]. These Riemann problems are designed to assess the accuracy and robustness of a
numerical method with respect to shockwaves (both fast and slow moving) and strong rarefactions.

The general form of the initial condition is composed of two constant states separated by a sharp discontinuity located at the
spatial coordinate x4

if x < xg,

p(t=0, %), u(t =0, x), pt =0, x) = {”L’ Lo P (72)

PR> URs PR if x > x4,
where the parametric quantities p;, u;, p., pgr. ugr. pr are listed in Table 1, together with the final simulation times 7,,4.
In Fig. 3 we show how the implicit Lagrangian method here proposed behaves on the simple Sod shock tube problem at different
mesh resolutions ranging from N =250 to N = 16,000 cells of equal mass. The Courant number is fixed by setting kcp; = 10.0. The
main observations are that the contact is correctly captured without smearing (as expected from a Lagrangian scheme) and that
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Table 1

Initial conditions for the single material Riemann problems. The table lists the left and right states, the domain extrema
xp and xg, the initial position of the discontinuity x4, and the final time 7 4. In all cases, the material parameters are
yo =g = 1.4 and [T, =TIz = 0.0. As the rest of the paper, the table uses SI units.

Sod Lax Torol Toro2 Toro3 Toro4 Toro5 Toro6
oL 1.0 0.445 1.0 1.0 1.0 5.99924 1.0 1.0
up, 0.0 0.698 0.75 -2.0 0.0 19.5975 —19.59745 2.0
PL 1.0 3.528 1.0 0.4 1000.0 460.894 1000.0 0.1
PR 0.125 0.5 0.125 1.0 1.0 5.99242 1.0 1.0
ug 0.0 0.0 0.0 2.0 0.0 —6.19633 —19.59745 -2.0
PR 0.1 0.571 0.1 0.4 0.01 46.095 0.01 0.1
X 0.0 0.0 0.0 0.0 0.0 -0.2 0.0 -2.1
Xq 0.5 0.5 0.4 0.5 0.5 0.5 0.6 0.0
Xr 1.0 1.0 1.0 1.0 1.0 1.2 1.0 2.1
1 0.25 0.1 0.2 0.15 0.012 0.035 0.012 0.8
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Fig. 3. Behaviour of the proposed implicit Lagrangian numerical method at different uniform mesh sizes, from N =250 to N = 16,000 cells. The
number of points found at contact (0 to 1) and at shocks (2-3) is largely independent of mesh resolution, like it would be for an explicit Lagrangian
scheme. Major oscillations are absent, despite the relatively large CFL number (k¢ = 10.0) and the presence of mild shockwaves. The simulations
employ a second order diagonally implicit Runge-Kutta time integrator (SDIRK2).
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Fig. 4. Behaviour of the proposed implicit Lagrangian numerical method at different CFL values, ranging from kcp = 1.0 to k¢g, = 50.0. The first
timestep of the simulations at ke, = 25.0 and kg, = 50.0 uses k%, = kcg./10. Some oscillations and additional artificial diffusion appear for the
higher CFL numbers but the overall structure of the solution is well preserved. The simulations employ a third order diagonally implicit Runge-Kutta

time integrator (SDIRK3) and a constant-mass mesh of N = 1000 cells. The run at k- = 50.0 is carried out in 16 timesteps.

the shockwave is always spread over two mesh points despite the increased Courant number with respect to what standard explicit
time-‘stepping would prescribe.

Analogously, in Fig. 4 we fix the mesh size to N = 1000 uniform mass cells and let the Courant number vary between kg = 1.0
and kcp, = 50.0. For the tests at kg, = 25.0 and k¢, = 50.0, we ramp up the timestep starting from ngL = kcpr/10 and increasing
linearly over ten timesteps. This means that the computation of Sod’s problem in the last row of Fig. 4 has been carried out over
16 timesteps, for a mesh size of N = 1000 uniform mass cells. This is a slight variation on the practical recommendation given in
Toro’s book [91] about the choice of step size for the early stages of a numerical simulation involving discountinuous initial data. In
this case, instead of choosing a reduced size for the first, say, five timesteps, we gradually increase the timestep from a small initial
value ngL to the full value kg in a linear fashion, so that the time integrator does not see abrupt jumps in the step size. As the
timestep size increases, we see that both nonlinear waves are subject to additional numerical diffusion, with the contact remaining
sharp and some oscillations can be observed especially for what concerns the velocity of the fluid at the shock front. Nonetheless, the
computations did not fail due to positivity violations.

Next, we carry out Lax’s problem and the battery of benchmarks that can be found in Toro’s 2009 book [91]. These test problems
are aimed at assessing the robustness and accuracy of numerical methods for the compressible Euler equations in a variety of scenarios.
The problems are labelled Torol to Toro6. Torol is a modified version of Sod’s problem, where a sonic point is present in the left
moving rarefaction. In Fig. 5 we report the results of the classic Lax problem and of the Torol sonic rarefaction problem, using the
proposed implicit Lagrangian scheme with SDIRK2 time integration over a mesh of 1000 constant mass cells. Contacts are sharp and
no sonic glitch or other spurious artifacts are observed, with the Courant numbers (kcg = 2.0 and kqg = 4.0 respectively) exceeding

those prescribed by explicit schemes, despite the presence of shockwaves.
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Fig. 5. Numerical results for the Lax shock tube problem and for the modified Sod problem with transsonic rarefaction (Toro 1). The simulations
employ a second order diagonally implicit Runge-Kutta time integrator (SDIRK2) and a constant-mass mesh of N = 1000 cells.
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Fig. 6. Numerical results for the second problem of Toro (also known as 123 problem) involving two strong rarefactions generating a near-vacuum
central state. The uniform mesh of N = 1000 cells is expands with the rarefactions, causing inaccurate results in the central portion of the domain.
In the bottom panels, we show the results obtained using a finer non-uniform mesh of N = 2000 cells, which accommodates the expansion effect.

The simulations employ a second order diagonally implicit Runge-Kutta time integrator (SDIRK2).

In Fig. 6, we plot the numerical results obtained for the so-called 123-problem (labelled Toro2 here). The problem features two
strong symmetrical rarefaction waves giving rise to a very low density central state. In the upper panels we present the numerical
results obtained with a uniform mesh in the mass coordinate with 1000 cells. It appears that the low density central region is poorly
resolved, therefore the numerical solution is not accurate there. The lower panels are obtained adopting a slightly finer grid of 2000
elements which are initially denser towards the center of the computational domain, thus providing a much more accurate solution.
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Fig. 7. Numerical results for the third (first row) and fourth (second and third row) problems of Toro, obtained via the proposed implicit La-
grangian method with second or third order diagonally implicit Runge-Kutta time integration (SDIRK2 or SDIRK3), labelled ILag-RK2 and ILag-RK3
respectively. All simulations use a constant-mass mesh of N = 1000 cells. For the Toro4 problem, the contact discontinuity presents some spurious
oscillations and in the bottom panels we show the results obtained with a much more diffusive variant of the regularisation operator for specific
volume.

The robustness of the proposed discretization is then tested on the Toro3 and Toro4 Riemann problems. In the first row of Fig. 7
we can observe that the contact wave of the Toro3 problem is affected by some small spurious oscillations at kcp = 2, and even
more so in the second row for what concerns the Toro4 problem at kcg = 1.5. In this latter test, the oscillations are pronounced
enough to warrant the use of stronger numerical dissipation on the density/specific volume, which successfully controls the size of
the oscillations, but at the price of losing exactly sharp contact discontinuities, as can be observed in the third row of Fig. 7.

Similar observations can be given with regards to the results of the Toro5 and Toro6 tests shown in Fig. 8: at kqp, = 2.5, some
mild oscillations are deteriorating the contact wave and the base of the rarefaction in the Toro5 problem, and strong density artifacts
can be observed in the center of Toro6 problem at k. = 3.0, which is nothing but two colliding shocks, where usually wall heating
effects are observed. In [48], a semi-implicit scheme running at kcp; = 0.5 was shown to produce a wall cooling effect instead. As
done for the Toro4 problem, additional numerical diffusion in the density, and a reduction of the Courant number to kcg = 1.5 can
reduce these oscillations, while of course at the same time smearing all waves a little bit more.

5.2. Convergence results

We validate the convergence properties and order of accuracy of the proposed method by comparing its results with those of a
reference solution obtained on a very fine grid by means of a standard explicit Finite Volume method. The test problem is chosen in
such a way that the solution can be considered smooth until the final time, but also making sure that the effects of the nonlinearity
of the governing equations are highlighted by the test, hence making sure that the presented convergence results are not only valid
for small amplitude waves.

p(t =0, X) = pps u([ =0, x) = U, p(t =0, x) =Dy {1 + 10 exp [—(X - xo)z/fz] }’ (73)
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Fig. 8. Numerical results for the fifth (first row) and sixth (second and third row) problems of Toro, obtained via the proposed implicit Lagrangian
method with second or third order diagonally implicit Runge-Kutta time integration (SDIRK2 or SDIRK3), labelled ILag-RK2 and ILag-RK3 respec-
tively. All simulations use a constant-mass mesh of N = 1000 cells. For the Toro6 problem, oscillations due to well known wall heating/cooling
effecs are present. The issue can be mitigated by adopting a more aggressive numerical diffusion for the specific volume, as shown in the bottom
panels.

with p, =2.0kg m3, uy =0.0ms™!, py = 0.1Pa, £ = 0.075m, constant (single-material) parameters for the stiffened gas equation of
state y; =y, =y = 1.4, I} =11, = [T = 0.5 Pa. Note that, while we express these quantities with SI units, the parameters and reference
states for this problem have been chosen in such a way to highlight the nonlinear behaviour of the PDE system, in particular, obtaining
significant deviations from the quasi-linear regime of small perturbations and obtain nonlinear wave steepening.

The simulation domain is x € [0, 1] and the final time 7.,y = 0.2s is chosen such that the data can be seen as smooth when
sampled at the considered mesh resolutions (ranging between N = 100 and N = 204,800 cells), while at the same time significant
wave steepening effects are observed.

The results of Fig. 9 can be used to quantify the wave steepening effects and how the solution is captured at kg = 1.0 with
N =100 cells and at kg, = 200.0 with N = 10,000 cells, in which case the solution is marched to the final time 7.,y = 0.2s in 10
timesteps. We also report the corresponding error norms and experimental orders of convergence in Table 2, where no piecewise
linear reconstruction was used, yielding a scheme of first order spatial accuracy, and in Table 3, where a minmod-limited piecewise
linear reconstruction is employed in order to compute the artificial diffusion for energy. A graphical rendition of the same data can
be found in Fig. 10. When the piecewise linear reconstruction is used for the computation of artificial diffusion on energy, second
order of convergence is experimentally verified, given sufficiently fine meshes that allow to resolve all the features of the flow as
smooth. If the data reconstruction is not used, one would expect to achieve only first order of accuracy, and indeed at kg = 1, this is
what we find. When using very large timesteps (kcg;, = 20, k¢, = 100) however, convergence slopes closer to 2 are found. Note that
in Table 2 and Fig. 10, at sufficiently high CFL numbers, the scheme converges with accuracy higher than 1, despite the fact that the
spatial discretization in these cases is only first order accurate. This is simply due to the fact that with large timesteps, the temporal
discretization error has become the dominant one in this test problem. Moreover, it is often the case that application to systems with
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Table 2
Convergence results for the proposed implicit method, using the first order diffusion operator for the total energy. In the
table are shown the L', L2, and L™ norms of the error on the specific total energy E and the corresponding convergence
rates, for two different implicit time integration schemes (SDIRK2 and SDIRK3) and with varying choices of k¢, . Note
that the convergence rates for the higher CFL numbers approach 2, despite the underlying spatial discretization being of
first order, since at high CFL numbers the temporal discretisation error was found to be the dominant one in this case.
N En £ 1w On Op Oy
SDIRK3 100 4.32x 1073 6.06 x 1073 2.26 x 1072 - - -
kg, = 1.0 400 9.62 x 107 1.70 x 1073 8.52x 1073 1.08 0.92 0.70
1600 2.34x 1074 4.44 %107 2.59x 1073 1.02 0.97 0.86
6400 5.80 x 107> 1.13x 107 6.79 x 10~ 1.01 0.99 0.96
25,600 1.45% 107 2.83x 107 1.72 x 10~ 1.00 1.00 0.99
SDIRK2 100 4.03x 1073 5.44x 1073 1.95x 1072 - - -
kg, = 1.0 400 9.34x 10~ 1.62x 1073 7.91x 1073 1.05 0.88 0.65
1600 2.32x 107 4.38x 107 2.53x 1073 1.01 0.94 0.82
6400 5.79 x 1073 1.12x 1074 6.75x 107* 1.00 0.98 0.95
25,600 1.45x 107 2.82x 107 1.72x 10~ 1.00 1.00 0.99
SDIRK2 100 2301072 2.55% 1072 4.92x1072 - - -
kep, = 20.0 400 7.21x 1073 9.94x 1073 2.94 x 1072 0.84 0.68 0.37
1600 829 x 107* 1.68 x 1073 8.73x 1073 1.56 1.28 0.88
6400 6.10x 107 1.50 x 10~ 9.77 x 10~ 1.88 1.75 1.58
25,600 1.17 x 1073 2.25% 1073 1.43x 107 1.19 1.36 1.39
102,400 3.44x107° 6.59 x 107° 3.95%x 1073 0.88 0.89 0.93
SDIRK2 800 1.69 x 1072 2.08 x 1072 4,58 x 1072 - - -
kep, = 100.0 3200 3.87x 1073 6.11x 1073 225%x 1072 1.06 0.88 0.51
12,800 3.87x 10~ 9.08 x 10~ 5.54x 1073 1.66 1.38 1.01
51,200 2.55% 107 7.45% 107 6.03 x 10~ 1.96 1.80 1.60
204,800 1.66 x 107° 4.15x 107 2.75% 1073 1.97 2.08 2.23
Reference === Implicit Lagrangian, SDIRK3, N = 10000, kcgr, = 200.0 Implicit Lagrangian, SDIRK3, N = 100, kcpr, = 1.0
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Fig. 9. Numerical solutions at time 7 = 0.2 s for the smooth convergence benchmark. In the three panels are shown the profiles of density, velocity,
and pressure computed by the proposed implicit Lagrangian method using two different choices of mesh and timestep size, compared with a reference
solution obtained with an Eulerian MUSCL-Hancock scheme on a fine mesh of 200,000 uniform cells. The reference solution is accurately reproduced
with N = 100 uniform mass cells, and on finer grids with high CFL number (N = 10,000 cells, k¢p = ngL =200, 10 timesteps total).

many layers end up using very large cell counts simply to represent with some detail the layered structure of the medium, precisely
leading to situations in which a significant benefit can be gained from the use of higher order temporal integrators.

Based on the results of this study, we also carried out an efficiency study to estimate the computational expense of the proposed
method. Generally, when using implicit schemes, one expects to spend more computational time per Runge-Kutta stage with respect
to an explicit method, but such higher per-stage cost is offset by the fact that the implicit scheme can carry out much larger timesteps.
In our case, we compare the proposed implicit Lagrangian method with a reference explicit Lagrangian method, which makes use
of low dissipation reconstruction (a low-diffusion generalized MinMod limiter, see Kurganov and Tadmor [90]), together with the
exact Riemann solver, in order to match the resolution of the proposed scheme. In our naive Fortran implementation, which does
not explicitly make use of vector instructions, the implicit method requires less computational time than the explicit one even when
the timestep size is matched. This is due to the fact that the explicit method relies on the rather expensive exact Riemann solver,
while the implicit scheme is indeed iterative but its implicit part is solved by means of the Thomas algorithm and for this reason does
not carry the same cost usually associated with implicit methods. Extension to (nonlinear) equations of state more complex than the
stiffened gas EOS can be carried out with the aid of the method by Casulli and Zanolli [92]. The use of the exact Riemann solver as a
comparison is justified by the fact that for this smooth test problem, the reference explicit scheme at kcp; = 0.8 yields numerical errors
which are still slightly higher than those obtained with the Implicit Lagrangian method in the Courant range between kg = 0.5 and
kcpr, = 2.0. The result shows that the method can achieve minimum error not only at k¢, = 1 but in a range around it, and more
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Table 3

Convergence results for the proposed implicit method, using the second order diffusion operator for the total energy. In the
table are shown the L!, L2, and L* norms of the error on the specific total energy E and the corresponding convergence rates,
for two different implicit time integration schemes (SDIRK2 and SDIRK3) and with varying choices of kg, . The error norms
relative to standard explicit Lagrangian scheme with exact Riemann solver and second order generalized minmod reconstruction
and SSPRK2 or SSPRK3 time integration (k¢g = 0.8) are shown for comparison.

N & & e O O O
SDIRK3 100 112x 1073 1.62x 1073 549107 - - -
ker, = 1.0 400 8.19% 107 143 %107 6.57x 107 1.89 1.75 1.53
1600 5.94x 1076 126 x 1075 1.02x 107 1.89 1.75 1.34
6400 3.88% 1077 9.34x 107 9.08x 1076 1.97 1.88 1.74
25,600 2421078 6.25x 1078 6.94% 107 2.00 1.95 1.85
Ref. Explicit SSPRK3 25,600 325% 107 932x 1078 8.20% 107 - - -
SDIRK2 100 L13x 1073 148 x 1073 334%107 - - -
ker, = 1.0 400 9.52x 107 1.99 % 10~ 130 % 1073 1.79 1.45 0.68
1600 6.61 x 1076 177 x 1075 1.67x 107 1.92 1.75 1.48
6400 432x107 122x 1076 131x 107 1.97 1.93 1.84
25,600 271x 1078 8.04x 1078 9.06 x 1077 2.00 1.96 1.93
Ref. Explicit SSPRK2 25,600 595 1078 1.81x 1077 159 x 1076 - - -
SDIRK2 100 252x 1072 2.85x 1072 536x 1072 - - -
ke =200 400 8.02% 107 L11x 1072 323%x1072 0.83 0.68 0.36
1600 9.65x 10~ 2,01 x 1073 1.04x 1072 1.53 1.23 0.82
6400 7.10 x 1075 201 x 10 153 % 1073 1.88 1.66 1.38
25,600 447 %107 136 x 1075 116X 107 1.99 1.94 1.86
102,400 2.81x 1077 8.56 x 10~7 732x 1076 2.00 2.00 1.99
SDIRK2 800 1.74x 1072 2.13x 1072 466 x 1072 - - -
ke, = 100.0 3200 3.97x107 6.28 x 1073 2301072 1.07 0.88 0.51
12,800 403x 107 9.51x 10 579 x 1073 1.65 1.36 0.99
51,200 2.79x 1075 831x 107 6.75x 107 1.93 1.76 1.55
204,800 1.75x 1076 532x 107 455x 107 2.00 1.98 1.95

over such minimum error is lower than that given by the reference scheme using a little-dissipative reconstruction limiter and the
exact Riemann solver.

The implicit scheme is then favorable as a practical alternative to the explicit one, given that no extra computational cost is
associated with its use, and at the same time the user can choose to use much larger timesteps if as needed. In light of the re-
sults of Section 5.1, we can however see that an explicit method might still be preferable for problems involving very strong
shockwaves.

5.3. Two material Riemann problems

A series of classic two-material Riemann problems are used to evaluate the performance of the proposed implicit Lagrangian
method. The results here shown extend the validation of the proposed scheme to systems where the material properties are allowed
to jump across cell interfaces. To this purpose we reproduce the results of Abgrall and Karni, which involve material interfaces with
significant differences in density and compressibility between adjacent layers.

The initial conditions are simply given by

I1 if x <
p(t=0, x), ut=0, x), pt =0, x), y(x), I(x) = {PL, u, pr, 7L, g 1 x < Xy, 74
PR> UR, PR TR> IR if x > xg,

for three separate choices of initial data and material parameters, as listed in Table 4. The first test, labelled AK1, is a variant of
Sod’s problem and is tested at k-, = 10.0, while the second (AK2) is a more violent shock tube, for which we ran the simulation at
kcpr, = 2.0. The third test (AK3) features a strong pressure jump and the CFL number was set to kcg, = 4.0.

The results of the tests labelled AK1 and AK2 use a uniform mesh of N = 1000 cells (in mass space) are reported in Fig. 12, which
also contains the results of test AK3, where a quasi-uniform mesh of N = 1000 cells (in physical space) is used. This choice was made
to provide a better distribution of the resolution of the scheme, since the density ratio of the test would yield a mesh with very few
cells in the lighter right side, if a mass-uniform mesh were employed.

The results match the analytical solutions of the two-material Riemann problems and show limited spurious oscillations, despite
the fact that the used CFL numbers always exceed unity, and in particular the density and pressure oscillations (shown in log-scale
in the third row of Fig. 12) have acceptable amplitudes. In the last row of Fig. 12, a magnification square has been added to better
show small discontinous contact feature of the density profile in the vicinity of the shock front. The comparison with the analytical
solutions does not show particularly severe issues.
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Fig. 10. Bilogarithmic plots of the L? error norms given by the proposed implicit Lagrangian method for the specific volume variable V using
different time integration schemes (second and third order SDIRK, labelled ILag-RK2 and ILag-RK3 respectively) and different timestep sizes (from
kepy, = k2 =1 t0 kg, = kg = 100). The error norms given by a standard explicit second order Lagrangian scheme using SSP Runge-Kutta time
integration (SSPRK2 and SSPRK3) are included for comparison. On the left, the implicit schemes use the second order energy diffusion operator
and second order convergence rates are obtained at all CFL numbers for sufficiently fine meshes. On coarse meshes with high CFL number, lower
convergence rates are observed because the simulations are completed in too few timesteps: for example at kg = 100 the simulation with 800 grid
points consists of two timesteps. At unit CFL, the errors of the implicit Lagrangian method are lower than those of the explicit reference scheme.
In the right panel, we show the results obtained without the low-diffusion correction on energy: at low CFL, or for very coarse meshes the order
of convergence degenerates to 1 (as expected), but for higher CFL numbers such an effect is negligible and observed errors are similar to those

obtained with the second order numerical diffusion operator.
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Fig. 11. Performance measurements. In the left panel, computational times per degree of freedom update per Runge-Kutta stage (TDU) as a function
of the CFL number, for mesh sizes ranging from N = 4096 to N = 65,536, compared with the corresponding timing of the explicit scheme. While
the CFL number ranges more than two orders of magnitude, the time per stage grows at most by a factor of 3, and is almost constant for sufficiently
fine meshes. In the right panel, the L? error norms for the total energy are plotted as a function of the wallclock time, which depends on k¢ ,
ranging here between k¢ = 0.5 (more timestep, longer wallclock time) and k¢ = 200 (fewer timeteps, shorter computations). For all mesh sizes,
the proposed method achieves better results than the explicit reference scheme using an exact Riemann solver (at k¢ = 0.8 and kg, = 0.95). The
plots also show that the same error norms can be obtained with significantly shorter computational times, selecting for example kg = 2.0.

Table 4

Initial conditions for the two-material Riemann problems. The table lists the left and right states, the material parameters for
the two regions and the final time 7., . In all cases, the domain extrema are x; = 0.0 and x; = 1.0 and the initial position of the
discontinuity is x4 = 0.5. As the rest of the paper, the table uses SI units.

oL g, L PR ug PR n I, R Mg Tend
AK1 1.0 0.0 1.0 0.125 0.0 0.1 1.6 0.0 1.2 0.0 0.25
AK2 1.0 0.0 500.0 1.0 0.0 0.2 1.4 0.0 1.6 0.0 0.015
AK3 1000.0 0.0 10° 50.0 0.0 10° 4.4 6x 108 1.4 0.0 1.5x 1074
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Fig. 12. Numerical results for the multi-material Riemann problems of Abgrall and Karni, obtained using the proposed implicit Lagrangian method
with second order diagonally implicit Runge-Kutta time integration (SDIRK2). The first two problems use a uniform-mass mesh of N = 1000 cells,
while the third, due to the large density ratio, adopts a smoothed quasi-uniform mesh in Ax, also composed of N = 1000 cells. In the leftmost panel
of the third row, a magnification window has been added to better display the behaviour of the contact discontinuity found in the immediate vicinity
of the shock front.

5.4. One-dimensional shock-bubble interaction

Further testing of the implicit Lagrangian scheme has been carried out by reproducing the results of Quirk and Karni [93] on a one-
dimensional shock-bubble interaction problem (Fig. 13). The solution obtained with the proposed implicit Lagrangian scheme and
third order diagonally implicit Runge-Kutta time-stepping, using the second-order energy diffusion operator, on N = 2000 uniformly
spaced mesh points (i.e. with non-uniform mass Am) at kcg = 5.0, visually overlaps the reference given by an explicit Eulerian
MUSCL-Hancock method with 50,000 uniform cells. No significant artifacts are visible in the under-resolved solution using N = 100
points at kcp;, = 10, while adequately capturing all flow features.

PL> UL, Py 1 if x < x,
, Ug, DR» if x > x, and x < x4,
Pt =0, ), u(t =0, x), p(r =0, x),y(x) =& " PR 71 tx> % ! (75)
PBs U, PB> 12 if x> x; and x < x,,
PR> UR> PR> V1 if x > x,,

The states are specified by p, = 1.3765kgm=3, pg = 1.0kgm=3, pg = 0.138kgm=>, u; = 0.2948ms™!, ug = uy = 0.0ms~!, p, = 1.57Pa,
and pg = pg = 1.0Pa. The computational domain is delimited by x; = 0.0m and xz = 1.0m. The initial shock position is x, = 0.25m
and the initial position of the one-dimensional bubble is delimited by x; = 0.4m and x, = 0.6 m. The test adopts the ideal gas law
with y; = 1.4 and y, = 1.67, hence in practice we also set I1; = I, = 0.0 Pa.
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Fig. 13. One-dimensional shock-bubble interaction problem of Quirk and Karni [93] at time 7 = 0.30s and ¢ = 0.35s. The solution obtained with
the proposed implicit Lagrangian scheme and third order diagonally implicit Runge-Kutta time-‘stepping, using the second-order energy diffusion
operator, on N = 2000 uniformly spaced mesh points (i.e. with non-uniform mass Am) at k¢ = 5.0, visually overlaps the reference given by an
explicit Eulerian MUSCL-Hancock method with 50,000 uniform cells. No significant artefacts are visible in the under-resolved solution using N = 100
points at kg = 10, while adequately capturing all flow features.

In Fig. 13 we show the solutions given by the proposed scheme with third order SDIRK time-‘stepping, at times ¢t = 0.30s and
t = 0.35s. The test is run on two meshes, composed of N = 2000 or N = 100 cells with constant Ax = (xg — x;)/N (and consequently
discontinuous Am), using kg, = 5.0 and kcp = 10.0 respectively. The results match the reference solution given by an explicit,
Eulerian, second order, path-conservative [94,95] Finite Volume MUSCL-Hancock method applied to the Kapila system, on a uniform
mesh composed of 50,000 control volumes.

5.5. Application to stratified systems

The battery of tests is concluded by solving a series of applicative problems on multilayer systems, like in the paper by Phan et
al. [10], from which we derive the setup consisting of a set of alternating layers of different density and material parameters, upon
which an initially smooth pressure perturbation is allowed to propagate.

The alternating layers of different materials (characterized by different initial density and parameters of the equation of state),
have constant length L, = (xg — x;)/N,. The leftmost layer will be assigned initial density p, and parameters of the equation of state
7, and IT;, with the following layer switching to density p, and parameters y, and II,, then back to p;, y, and II;, and so on.

Formally, we can set ¢(x) = mod, (1 + |x/L,]), with mod, denoting the remainder operator for integer division by 2, and then
define the initial data as

pt=0,x)=cpi+(U=0c)py, YX)=cyy+0 =0y, Nx)=cIl; +1-c)Il,. (76)
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Fig. 14. Numerical results for the stratified medium problem SM1. For each flow variable, we show the solutions given by the proposed implicit
Lagrangian method on a grid of N = 10,000 cells (500 cells per layer) at kg = 10.0 and kqg = 1000. The first solution visually coincides with the
reference, and with higher CFL the main structures are captured, while high frequency details are filtered out by the coarse time-stepping. The
reference solution has been obtained by solving the Kapila two-phase flow model model with an explicit Eulerian method, on a fine grid of half a
million cells.

Note that ¢(x) can evaluate only to ¢ = 0 or to ¢ = 1, and thus no mixed states are produced in (76). The fluid is initially at rest, that
is, u(t = 0, x) = uy = 0.0ms~!, and the pressure field is given by
=0, x)= {1410 cos [27 (x —xy)/¢] } po %f|x—x0|<f/2, 77
Do if |x — xo| > 2/2,

with # = 2.5m. In this work we present several variants of this problem, differing from each other by the choice of initial densities
p; and p,, material parameters y,, y,, I1;, I, and number of layers N,. Table 5 reports the specific parameters defining each one of
the variants, labelled SM1, SM2, SM3, and SM4 .

Table 5
Initial conditions and material parameters for the stratified medium problems. The number of layer
pairs N, and the final solution times 7, are also reported.

4 12 7 72 I, I, N Tend
SM1 20.0 10.0 4.4 1.4 100.0 0.0 20 2.0
SM2 10* 10.0 4.4 1.4 100.0 0.0 20 2.5
SM3 10* 10.0 4.4 1.4 108 0.0 20 1.0
SM4 20.0 10.0 4.4 1.4 10* 0.0 200 2.0
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Fig. 15. Numerical results for the stratified medium problem SM2 (the density ratio is p, /p, = 1000). For each flow variable, we show the solutions
given by the proposed implicit Lagrangian method on a grid of N = 50,000 cells (2500 cells per layer) at kg = 10.0 and kg = 30,000. The first
solution visually coincides with the reference, and with higher CFL the main flow structures are captured without introducing instabilities. The
reference solution has been obtained by solving the Kapila two-phase flow model model with an explicit Eulerian method, on a fine grid of half a
million cells.

While the numerical discretisation itself would allow for any distribution of layers (as in Section 5.4 for example), this setup with
a constant layer width has been chosen as a matter of convenience when comparing the results with those of a homogenised model.

The test labelled SM1 is a configuration like the one originally shown by Phan et al., with mild density and compressibility ratios,
which nevertheless yield a sizeable mismatch of the wavespeeds in the two media, due to the Lagrangian framework.

Test SM2 introduces a new element of difficulty by increasing the density ratio from 2 to 1000. The lower density has been kept
as p, = 10.0 while we increased p, to p; = 10%, so to explore different regimes while changing only one parameter of the problem
with respect to the original data given in Phan et al. [10], keeping in mind that the scaling of the parameters has to be considered
with respect to each other.

A third variant, SM3 modifies one more parameter with respect to SM2, to obtain a density ratio of 1000 and at the same time
increase the material pressure parameter IT; from IT; = 100.0 to IT; = 108, giving raise to a challenging situation in which the mismatch
between the wavespeeds in the two media warrants the use of CFL numbers as high as kqp = 10°. Due to the density ratio and low
compressibility of the heavy phase, this test can be seen as a proxy for air-water configurations.

A final fourth alternative configuration, SM4 is a slightly stiffened version of SM1, where the pressure parameter IT, is increased to
I1, = 10* and the number of layers is also increased to N; = 200. This variant is intended to show how the stratified media presented
in this section behave if the number of layers is very high.

The results in Fig. 14, relative to the base configuration SM1, show that The solution given by the method using N = 10* cells
(500 per layer) and kcg;, = 10 matches the converged reference solution given by a semi-implicit Finite Volume solver for Kapila’s
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Fig. 16. Numerical results for the stratified medium problem SM3 (the density ratio is p,/p, = 1000 and II, = 10%). For each flow variable, we
show the solution given by the proposed implicit Lagrangian method on different grids and at different CFL values. A well-resolved run employing
N = 10,000 cells and k¢ = 100,000 is visually identical to the reference solution. A second run with four million cells and k¢ = 10° shows that if
very fine meshes are to be used, then correspondingly high CFL values can be adopted. A third run with N = 400 cells and k¢ = 10° shows that
the main flow features can be captured using modest grid sizes.

reduced Baer-Nunziato model, and that increasing the timestep size by setting k-p; = 1000 preserves the structure of the solution,
while filtering out the higher frequencies, as ordinarily expected.

In Fig. 15, the same behaviour is observed for the problem with a higher density ratio SM2, the solution using N = 50,000 cells
(2500 per layer) matches the converged reference from an independent solver/model and the increasing the timestep by setting
kcpr, = 3 x 10* maintains the structure of the solution, smoothing out the sharper features.

In Fig. 16, it is shown that the scheme can perform well, particularly in extremely stiff regimes, also if the number of cells is
decreased. The solution using N = 10* cells (500 per layer) matches the converged reference from the semi-implicit multiphase
solver, and the same holds for a finer mesh of N = 10° cells, using k¢ = 10°. Additionally, a coarser simulation using N = 400 total
cells (20 per layer) and kcp = 10°, can also capture the reference solution with relatively small deterioration in the accuracy of
the results. This test represents a particularly challenging scenario for explicit solvers, due to heavy low-Mach effects and stringent
timestep restrictions. The low-Mach or quasi-incompressible behaviour of the system can be clearly observed in Fig. 16, which features
linearly varying pressure in the heavy stiff medium, while slightly more complex profiles are observed in the lighter gas phase. The
reference solution has been computed by means of a semi-implicit Eulerian, second order, path-conservative [94,95] Finite Volume
applied to Kaplia’s multiphase flow model, specifically the one presented in Chiocchetti and Dumbser [96].

In Fig. 17, the results of the physical system SM4 and of the proposed numerical method show that systems with many layers,
when dynamics are fully resolved, exhibit an emergent oscillatory behaviour, which visually averages out to the physics captured
by mixture models like the reduced Baer—Nunziato model by Kapila (red line), in which the fluid is modeled as a homogeneous one
with an internal energy which is a volume-weighted average of the internal energy of the two adjacent layers, assuming pressure
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Fig. 17. Numerical results for the stratified medium problem SM4 (the layer count is N, = 200). For each flow variable, we show the solution given
by the proposed implicit Lagrangian method on different grids and at different CFL values. A well-resolved run employing N = 400, 000 cells (2000
per layer) and kqg = 100.0 matches the reference solution. A second run using N = 1000 cells (5 per layer) and kg = 2000 (that is, under-resolved
in both space and time) yield a solution that tends towards that given by the multiphase model for the fluid mixture.

equilibrium of the two phases. The same volume weighting defines the density of the mixture. The propagation speed of the shock
front is the same in both configurations, while the detailed solution of the stratified system also shows strong physical oscillations.
The physical nature of the oscillations and their accuracy has been verified by comparing the solution given by the proposed scheme
using N =4 x 107 cells (2000 per layer) and kcp = 100 with a reference obtained with a semi-implicit solver for the Kapila model
(also resolving each layer separately) and N = 2 x 10° cells, showing that the solutions match, while using different model equations
and different numerical methods. The reference scheme was also employed to obtain the reference solution for the system by treating
the domain as if filled with a uniform mixture of the two fluids. As mentioned, this mixture solution can be observed to match the
space-averaged behaviour of the stratified medium, and appears to be also captured by the proposed implicit Lagrangian method if
the flow is under-resolved in space and time, here taking N = 1000 cells (5 per layer) and kcp;, = 2000.

6. Conclusions

In this paper we introduced an original fully implicit finite volume scheme for the numerical solution of layered multifluid in
Lagrangian mass coordinates.

The method is based on a simple non-conservative (possibly oscillatory) predictor, and a quasi-conservative, non-oscillatory
corrector, which is stable for arbitrarily large CFL numbers. It is second order accurate in space, while it can be made arbitrar-
ily high order accurate in time using SDIRK time integrators. We implement and test second and third order accurate schemes
in time.
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Given that the method is stable for large CFL numbers, the time step can be set based on just accuracy requirements. This means
that when solutions are expected to be sufficiently accurate, the use of a third order method in time may be more efficient than a
second order one, as it is shown in the error-CPU plot (see Fig. 11).

Indeed, when using implicit time discretization, the time step restriction is no longer based on acoustic speeds. This means that
some time step control would be useful to assess the optimal time step, which is therefore based on accuracy requirements, rather than
stability ones. Although several time-step controllers have been widely adopted for both explicit and implicit numerical solvers of
systems of ordinary differential equations (see the books by Hairer and Wanner for example [97,98], as well as a recent application to
RANS simulations with large timesteps [99]), it would be interesting to explore time step controllers suitable for the present implicit
step, which makes use of the peculiar features of the novel scheme. This subject is currently under investigation.

The method is very flexible and robust, and is validated on a large battery of tests, which includes all the problems in Toro’s book
on the Euler equations [91], the tests on multifluids by Abgrall and Karni [69], the tests on a finely stratified multilayer systems [10],
and other much harder variations on these, in which the two fluids have a large ratio in the standard density and in the stiffness,
such as, for example, a sequence of several air-water pairs.

With the proposed method it is possible to observe interesting physical phenomena. For example, in a sequence of water-air pairs,
with layers of approximately the same thickness, the internal energy variation with respect to a rest configuration is larger in the
air regions, as expected. Kinetic energy appears larger in the water layers, for smooth flow, while in presence of shocks the kinetic
energy may appear to be larger in the air layers.

The efficiency and robustness of the method suggests several applications, which constitute current work in progress:

Shock impact resilience. A screen made of composite material formed by several layers of two different materials may offer better
protection from the impact of a projectile than a screen of a single material with the same thickness. The optimal distribution of
layers that guarantees the best protection is still an open problem. The method developed in this paper may help designing optimal
shields made out of suitable layers of two (or more) materials (see Verreault and van der Voort [100]). Note that to find the optimal
(or a good) layering strategy is an optimization problem that may require several accurate solutions of the direct problem, and for
this reason it is extremely important to rely on a fast and accurate method.

Singularity formation in stratified material in slab geometry. In a remarkable paper by Zababakhin [101] it is stated that it is possible to
produce a singularity in the solution of compressible Euler equations, similar to the ones obtained with implosive shocks in a single
gas in cylindrical or spherical symmetry, just in slab geometry, provided a shock propagates into suitable sequence of layers of two
different fluids. The method developed in the current paper could be used to actually compute such kind of solution, and perhaps to
formulate conjectures about possible layer distributions that lead to singularity formation in the multifluid system.

Metamaterials composed by layers of several different constituents. In this paper we show that the numerical solutions obtained by our
method for a stratified multifluid are in excellent agreement with a detailed numerical solution of the Kapila model in which the two
phases are never really mixed (except numerically near an interface between the two fluids), so that in most of the computational
domain the mass fractions of each fluid is either zero or one. Kapila model is more general than the multifluid solver developed in
this paper for the treatment of fluid mixture, since it deals with intermediate states, however it is much less efficient for the specific
case of immiscible multilayer. Furthermore, our method, like any Lagrangian method, can seamlessly deal with a multilayer system
composed by an arbitrary number of different materials, while in its current form Kapila’s model can handle only a mixture of two
fluids. This opens enormous possibilities in exploring nonlinear wave propagation in metamaterials composed of several different
media, and in the numerical simulation of new layered multimaterials.

In conclusion, the new scheme opens new perspectives in the study of layered multimaterial, with promising applications in
science and technology.
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Appendix A. Additional diffusion

In this appendix, we report the details concerning an additional diffusion step applied selectively to address strong oscillations
encountered in a two of the shock tube problems of Toro. Whenever such more aggressive diffusion is needed, for example in tests
involving extremely strong shock waves (see Section 5.1, problems Torol and Toro6 for the only two test cases in which this addition
to the diffusion operator has been applied), then the target value Vi"“’* for specific volume is further modified with a second filtering
procedure. To do so, we operate a second pass over the list of corrected specific volume values V,."“'*, using a four cell window

spanning from cell i — 1 to cell i + 2, and computing further corrected values for i and i + 1, the two central cells of the window:

m; —m;_ .
Vin+l,** - (1 _ w[)Vin-f—l,* + w, |:Vlr_-il—l,* + i i—1 (VIr_:—-;—l* _ Vin_-il—l,*)]’
My — M-y
prtle _ an L My —m_ prtls gL (A1)
. = (1—w) V" g, [prmtls g L L (gl gkl | .
i+1 i+1 i—-1 m: —m. i+2 i—-1
i+2 i—1

Eq. (A.1) states that these second-pass corrected values VI."H‘** and Vl'fjl** are weighted averages of 1. the previous corrected values

V["“’* and V::’:l* and 2. a simple linear interpolation between the two cell centers of the outer cells of the four cell window. The
weight is computed as a function of the linear regression slopes a; (associated with cells i — 1, i, and i + 1) and a;,; (associated with
cells i, i + 1, i + 2). Specifically we set

2a —a
w,.=min<1, ri,iri,i+l+M>, e=10"1 (A2)
la;| + |aip1| +€

with the linear regression coefficients being

1 1, L
Dhei (mi+k - mi,m) (Vl’:;c - I/tnr: *)

a; , b=V g m; . (A.3)
Z}l(=_1 (mi+k - mi,m)2 "
while having denoted
1 1 ntls 1 1 ntl %
T3 k;| ke im ™ = 3 k=—1 Vi D

and having defined the normalised residuals of each one of the linear regression lines over three cells as

1 1
n+1,x n+l,x
kZI ‘b[ +a; (my —m_y) — Vi Zo |bi+l +apyy (M —m;) - Vik
—— k=
Fii = Vn+l,* _ Vn+1,* +e ’ Tiirt = Vn+l,* _ Vn+l.* +e ’ (A-5)
i+1 i-1 i+2 i

Each four-cell stencil spanning from cell i — 1 to cell i + 2 will generate a filtered value for both the central cells i and i + 1. Since
each cell is considered twice in this four-cell-stencil filtering procedure, once as the center-left cell and once as the center-right cell
in the stencil, the specific volume V,."“’** that will be used to replace VI.”“'* is taken to be the arithmetic average of the two. We
finally remark that this second step of artificial diffusion is in general not used for the results presented in this paper, unless as clearly
indicated in two of the shock tube problems of Toro [91] in Section 5.1.

Appendix B. Automatic computation of the mesh parameter

In this appendix we provide the details concerning the automatic procedure used for the selection of the parameters adopted to
construct the meshes used in this work. These parameters can in principle be set manually, but removing such a need is beneficial
A manual selection of the mesh parameters g and especially z, might be a bother for the user, and the range of selectable values
(constrained by positivity requirements on Am;) is not immediately apparent. For this reason we adopted a simple procedure that
eliminates this issue and always yields valid well-graded meshes.
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The procedure starts by defining p; = min(p, pr) and py = max(py, pg) so that the left layer is less dense than the right on and
aims at computing a value for the nondimensional parameter # and a corresponding optimal value for the shift z,, such that, together
with the mass conservation constraints (67), the induced spacings Am; and Amg are both positive and their ratio Am; /Amyg is as
similar as possible as the density ratio p; /pj;.

Formally this corresponds to finding § and z, that minimize a cost function of the type

|Am (B zo) oy
Amg (B, zo) o

with H = 10? a penalty coefficient that excludes invalid meshes containing negative values for the spacing. In practice, we find a value
for g in the interval between g = 0 (which corresponds to a uniform spacing mesh) and a larger initial value f, = 1/4 (corresponding
to a rather gradual transition between the two meshes), starting from g = f, and bisecting the interval towards the largest admissible
B. At each iteration of the bisection procedure, for a fixed iteration value of g, the value of z, that minimizes (B.1) is found through
a nested grid search.

At the end of the procedure, if pf and p; do not correspond to p; and pg respectively, that is, if they had to be switched, the
sign of z,, is switched, restoring the original orientation of the two layers. This allow to define a stopping criterion for the bisection
process, saying that it can terminate as soon as ¢ falls below a certain threshold ¢; = 0.25, which states that the ratio between the
mesh spacing Am; /Amy and the density ratio p /pj; are allowed to differed by g; = 0.25 if the initial choice of § was so large that the
bisection procedure had to be entered. For low to moderate density ratios, usually f, is accepted immediately without requiring to
be reduced by the bisection process.

Once the parameters z, and g are fixed, the formula for computing the final mesh spacing can be applied regardless of the
orientation of the density jump, generating for any given number of cells » in the half-layer pair, a well-graded variable spacing mesh
that satisfies the mass constraints of the initial condition. In Fig. 2 we give an illustration of the procedure, showing a comparison with
the uniform Eulerian grid in the reference space z and in the Eulerian coordinate system x (in which the mesh appears completely
different), together with an example of how several half-layer pairs can be mirrored and concatenated to form the grid of a many-layer
system. In a final note it must be specified that when concatenating many half-layer pairs, a single half-layers must be added at each
one of the domain extremities: to do so, we simply replicate the mesh spacing of the last cell generated by the above procedure and
then rescale each Am;, in the single half-layers at the extremities and in their directly neighbouring half-layers, by a constant factor
to match the mass conservation constraints. The effect of this rescaling is clear in the rightmost panel of Fig. 2.

— 1| + max {O, Hsign[AmL(ﬂ, zo) AmR(ﬁ, zo)]}, (B.1)
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