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Abstract
We investigate the bond percolation model on transient weighted graphsG induced by
the excursion sets of the Gaussian free field on the corresponding metric graph. Under
the sole assumption that its sign clusters do not percolate, we derive an extension of
Lupu’s formula for the two-point function at criticality. We then focus on the low-
dimensional case 0 < ν < α

2 , where α governs the polynomial volume growth of
G and ν the decay rate of the Green’s function on G. In particular, this includes the
benchmark case G = Z

3, for which α = 3 and ν = α − 2 = 1. We prove under these
assumptions that the critical one-arm probability decays with distance R like R− ν

2 , up
to multiplicative constants.
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1 Introduction

The bond percolation problem induced by the excursion sets of the Gaussian free field
on metric graphs has recently attracted considerable attention. This model is a variant
of a percolation model introduced by Lebowitz and Saleur [16], see also [2] for first
rigorous results, and more recently re-initiated in [22], which concerns the percolation
of excursion sets of theGaussian free field on (transient) graphs. The variant is obtained
by taking scaling limits along each edge, thereby replacing the original graph by its
metric version, following an idea of Lupu [17]. Both discrete andmetric models, along
with others (including, notably, the vacant set of random interlacements), are expected
to belong to the same universality class [5], characterized by a continuous transition
with scaling near the critical point [9]. The continuous structure of the metric graph
leads to a degree of integrability of the model. This has prompted significant progress
in transient setups, see [3, 4, 6–9, 12, 17, 19, 24], some ofwhich concerns – remarkably
– the challenging low dimensions, below the mean-field regime.

In this article we focus on the above percolation model, which is defined as follows.
Let G = (G, λ) be a weighted graph, with countably infinite vertex set G and sym-
metric weights λx,y = λy,x ≥ 0, such that the graph with vertex set G and edge set
{{x, y} : λx,y > 0} is connected and locally finite. Theweights give rise to the continu-
ous timeMarkov chain X onG with generator L f (x) = 1

λx

∑
y∈G λx,y( f (y)− f (x)),

for suitable f : G → R, where λx = ∑
y∼x λx,y . This Markov chain is referred to as

the random walk on G. For x ∈ G we write Px for its canonical law when started in x .
We assume that X is transient, which is a condition on G. The set G is endowed with a
metric d(·, ·). For many cases of interest, one can afford to simply choose d = dgr, the
graph distance on G, i.e. dgr(x, y) = 1 if and only if λx,y > 0 (extended to a geodesic
distance on G); we refer to [10] for an extensive discussion of settings which may
require different choices of d.

In the sequel, the metric graph, or cable system, G̃ associated to G will play an
important role. It is obtained by replacing all edges {x, y} by one-dimensional closed
intervals of lengths (2λx,y)

−1, glued through their endpoints; see [7, 17] for precise
definitions. The chain X naturally extends to a Markov process on G̃ with continuous

trajectories. Its canonical law is denoted by P G̃
x = Px when starting at x ∈ G̃. A set

K ⊂ G̃ is said to be bounded if K ∩ G is a bounded (or equivalently, finite) set.
Attached to the above setup is the random field ϕ = (ϕx )x∈G̃ , the mean zero

Gaussian free field on G̃, with canonical law P
G̃ = P. The percolation problem we

are interested in is obtained by considering excursion sets of ϕ above varying height
a ∈ R. Let 0 denote an arbitrary point in G̃ and consider, for a ∈ R, abbreviating
{ϕ ≥ a} = {x ∈ G̃ : ϕx ≥ a},

Ka def.= the connected component of 0 in {ϕ ≥ a} (1.1)

(with Ka = ∅ if ϕ0 < a), and the percolation function

θ0(a)
def.= P(Ka is bounded), a ∈ R. (1.2)
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Critical one-arm probability for the metric GFF 499

In view of (1.2), one defines the critical parameter associated to this percolation model
as

a∗ = a∗(G) = inf{a ∈ R : θ0(a) = 1}. (1.3)

One knows, either by adapting a soft (indirect) argument of [2] or by a (direct) argument
involving interlacements and an appropriate isomorphism theorem, that a∗ ≥ 0 for
any transient G. We will always assume that

θ0(0) = 1, (1.4)

which is a generic property, see (2.3) below. In particular, (1.4) implies that a∗ = 0.
The regime a > 0(= a∗) will be referred to as subcritical and (1.3) implies that the
probability for {ϕ ≥ a} to contain an unbounded cluster (anywhere) vanishes for such
a. On the other hand, this probability is strictly positive when a < 0, which constitutes
the supercritical regime.

The fact that (1.4) holds follows in practice from the fact that the capacity observable
cap(K0) is finite a.s. on any transient graph G (see (2.1) for the definition of cap(·)). In
fact, rather more is true on graphs that satisfy (1.4). Indeed [9, Corollary 1.3] implies
in this case that

P
(
cap(K0) > t

) 
 t−1/2 as t → ∞. (1.5)

The precise asymptotics (1.5) will play an important role in the sequel.
We now focus on the one-arm probability for this percolation problem at criticality.

For open or closed U , V ⊂ G̃, we denote by {U ↔ V } the event that U and V are
connected by a continuous path in G̃, with a superscript A when the connection occurs
in A ⊂ G̃. Our main interest is in the quantity

ψ(R)
def.= P

(
0

{ϕ≥0}←→ ∂B(0, R)
) (1.1)= P

(K0 ∩ ∂B(0, R) �= ∅), (1.6)

where B(0, R) refers to the closed ball of radius R around 0 in G̃, see Section 2 for
the precise definition, and ∂B denotes the topological boundary of B ⊂ G̃.

The quantitative study of ψ involves further assumptions on G = (G, λ). We will
often work under the ellipticity assumption

λx,y/λx ≥ c1, for all x, y ∈ G s.t. λx,y > 0, (p0)

for some c1 ∈ (0, 1) (the terminology (p0)-condition is borrowed from [14]). We
will also typically require the graph to be α-Ahlfors regular, i.e. there exist a positive
exponent α and c, c′ ∈ (0,∞) such that the volume growth condition

cRα ≤ λ(B(x, R)) ≤ c′Rα for all x ∈ G and R ≥ 1, (Vα)

is satisfied. Furthermore we impose that there exist constants c, c′ ∈ (0,∞) and an
exponent ν ∈ (0,∞) such that the Green’s function g on G satisfies

c ≤ g(x, x) ≤ c′ and cd(x, y)−ν ≤ g(x, y) ≤ c′d(x, y)−ν for all x �= y ∈ G.

(Gν)
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Condition (Gν) alone implies (1.4); see [7, Lemma 3.4(2) and Corollary 3.3(1)].
Moreover, when d = dgr is the graph distance, the above requirements necessarily
imply that

(0 <)ν ≤ α − 2, (1.7)

see [1], and in particular that α > 2. We will always assume (1.7) to hold true in the
remainder of the article. Examples of graphs satisfying the above conditions include
the square lattice Z

α for any integer α ≥ 3, for which ν = α − 2, as well as various
fractal and Cayley graphs (for which one can have d �= dgr) [10]. An example with
non-integer values of α, ν is the graphical Sierpinski carpet in α dimensions; see [10,
Remark 3.10,2)], for which 1 < ν < 2 when α = 4. More generally, for any value of
α and ν as before there exists a graph satisfying the previous conditions [1].

We can now formulate our main result. We refer to the end of this Introduction for
our conventions regarding constants; in particular, we remark that they do not depend
in the particular choice of base point 0 above (1.1).

Theorem 1.1 If G satisfies (p0), (Vα) and (Gν) with 0 < ν < α
2 , one has

cR− ν
2 ≤ ψ(R) ≤ CR− ν

2 , for all R ≥ 1. (1.8)

The function ψ has enjoyed a flurry of recent activity. We now briefly survey
previous results. The lower bound in (1.8) is known for all ν > 0, see Corollary 1.3
and (1.22)–(1.23) in [9]; see also [6] in the case of Z

α , for (integer) α ≥ 3. The article
[9] also contains the matching upper bounds when ν < 1, so the crux of Theorem 1.1
is the upper bound in (1.8) in the regime when ν ≥ 1. In the special case of Z

3 (with
unit weights), corresponding to ν = 1, the upper bound ψ(R) ≤ C

√
log(R)R−1/2 is

derived in [6]. For Z
α , α ≥ 4, the same bound holds without logarithmic pre-factor

and is derived in the same reference. As observed in [9, (1.22)–(1.23)] these bounds
hold more generally for ν = 1, resp. ν > 1, and are straightforward consequences
of the tail asymptotics (1.5) of the cluster capacity observable. The results of [8, 9]
in fact strongly indicate that the lower bound in (1.8) is sharp below the mean-field
regime; see [9, Table 1].

More recently, as forecast in [24], it was proved in [3] that cR−2 ≤ ψ(R) ≤
CR−2 on the lattice when α > 6 (expectedly the upper-critical dimension based
on a formula of Lupu, to which we return below). Even more recently, the upper
bounds on ψ were improved in low dimensions. Namely, in [8], it is shown that
ψ(R) ≤ C log log(R)2/3R−1/2 when ν = 1 and ψ(R) ≤ log(R)C R−ν/2 for all
1 ≤ ν ≤ α

2 . The result of Theorem 1.1 thus provides up to constant upper bounds in
the regime 1 ≤ ν < α

2 and in particular for ν = 1 (e.g. on Z
3 with unit weights).

Theorem 1.1 is proved by first obtaining a generalization of Lupu’s two-point
formula [17], see (2.7). This formula of independent interest is presented in Section 2,
see Proposition 2.1, and we refer to the end of this section for more details on how it
can be taken advantage of in the proof of Theorem 1.1 by significantly refining our
approach from [8]. In fact we will prove the following result, which is effectively a
stronger version of Theorem 1.1; we abbreviate B = B(0, R) in the following.
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Theorem 1.2 Under the assumptions of Theorem 1.1, for all R ≥ 1 and s ≤ c, one
has

P
(K0 ∩ ∂B �= ∅, cap(K0 ∩ B) ≤ sRν

) ≤ R− ν
2 exp

(− cs− 1
ν
)
. (1.9)

The proof of Theorem 1.2 appears in Section 3. Theorem 1.1 is readily obtained
from Theorem 1.2, as we now explain.

Proof of Theorem 1.1 Fix s > 0 such that the conclusions of Theorem 1.2 hold. In
view of (1.6), one has that

ψ(R) ≤ P
(K0 ∩ ∂B �= ∅, cap(K0 ∩ B) ≤ sRν

)+ P
(
cap(K0) > sRν

)
, (1.10)

and the upper bound in (1.8) follows by combining (1.9) and (1.5). As explained above,
the lower bound in (1.8) is known [9]. ��

The results of Theorem 1.1 can be fruitfully combined with earlier works [8, 9, 13,
20] to exhibit the scaling behavior of various important observables away from the
critical point. To wit, we recall some notation from [8] (see also [9]), and in particular
we let q : [1,∞) → R

+ be a function with the following property: there exists a
constant C ∈ (0,∞) so that the estimate

P
(
x

{ϕ≥0}←→ B(x, R)c
) ≤ Cq(R)R− ν

2 (1.11)

holds true for all x ∈ G and R ≥ 1. Then Theorem 1.1 entails that if G satisfies (p0),
(Vα) and (Gν) with 0 < ν < α

2 , one can afford to choose q ≡ 1 in (1.11). With
this, we now provide two examples of the alluded fruitful combinations. First, using
Theorem 1.1 in order to infer that q ≡ 1 is a valid choice, and subsequently taking
advantage of [8, (1.15)] (see also (1.6) therein), one now knows that for all a �= 0, if
ν < α

2 and if d = dgr is the graph distance on G, one has

c|a|− 2α
ν

+2 ≤ E[|Ka |1{|Ka | < ∞}] ≤ C |a|− 2α
ν

+2, (1.12)

where |Ka | denotes the cardinality of Ka ∩ G. For our second example we specialize
to the case of G = Z

3, with unit weights. Furthermore, for x, y ∈ G, the truncated
two-point function above level a is denoted by

τ tra (x, y)
def.= P

(
x

{ϕ≥a}←→ y, x � ∞ in {ϕ ≥ a}
)
. (1.13)

Then, taking advantage of Theorem 1.1 again to infer that one can choose q ≡ 1
in this setting, the proof of [8, Corollary 1.3] can be adapted correspondingly so as to
replace log log(ξ) therein by a constant, which can thus absorbed by η in the following
display (see also [8, (5.5)]), when λ ≥ C . One then arrives at the following: there exists
c ∈ (0,∞) and for all η ∈ (0, 1), there exists C = C(η) ∈ (0,∞) such that for all
e ∈ {x ∈ R

3 : |x |2 = 1}, a ∈ R with |a| ≤ c, and all λ ≥ C ,

− π

6
(1 + η)

λ

log(λ)
≤ log

(
τ tra (0, [λξe])
τ tr0 (0, [λξe])

)

≤ −π

6
(1 − η)

λ

log(λ)
, (1.14)
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where ξ = |a|−2 and [x] denotes the vertex closest to x in Z
3 (with some arbitrary

choice if x is equidistant to two or more vertices of Z
3). In depending only on λ,

the bounds (1.14) give striking evidence of the rotational invariance of the presumed
scaling limit at criticality.

We finish this section by providing an outline of the proof of Theorem 1.2. It is
obtained by combining a new formula (2.4), which can be seen as a generalization of
Lupu’s two-point function formula [17], with a refinement of our earlier approach of
[8].

We will now first recall this earlier approach for the sake of better understanding
and comparability. By the isomorphism of the free field with the critical metric graph
loop soup, see (3.13) below, which we assume to hold under some probability measure
Q, it is sufficient to prove (1.9) when replacing K0 by the cluster C of 0 in the loop
soup. When ν < α/2 (which for Z

d corresponds to d strictly smaller than 4, and is the
critical dimension for the behavior of the capacity of a randomwalk), the capacity of a
loop of diameter L is typically of order Lν , similarly to that of the random walk range
at that spatial scale. In particular, with constant probability there is a loopwith capacity
larger than cLν which is included inside a given ball of size L , see [8, Lemma 3.1].

Let us denote byO the intersection with G of all the loops contained in B(R) with
capacity at least cLν which have diameter at most L(≤ R). On the event cap(C ∩
B(R)) ≤ cLν , we know that C ∩ O = ∅. Therefore, essentially by the restriction
property of loop soups (see [8, (4.26)] and above for details), conditionally on O, the
set C is stochastically dominated by the cluster of 0 for the loop soup on the graph
with infinite killing on O. Using again the isomorphism between loop soups and the

Gaussian free field but on the graph with infinite killing on O, and denoting by P
G̃O

the law of the Gaussian free field on that graph (see above Lemma 3.2 for details), we
thus have

P

(
K0 ∩ ∂B(R) �= ∅, cap(K0 ∩ B(R)) ≤ cLν

)
≤ EQ

[
P
G̃O (K0 ∩ ∂B(R) �= ∅)

]
.

(1.15)
To bound the probability on the right of (1.15), the strategy in [8] was to rely on Lupu’s
formula for the two-point function, see [17, Proposition 5.2], which essentially says
that on any ‘sufficiently regular’ graph, the probability to connect 0 and x in {ϕ ≥ 0}
is of the same order as the probability that a random walk starting in 0 visits x . Using
this formula on the graph with infinite killing on O and a union bound, we thus have

P
G̃O
(K0 ∩ ∂B(R) �= ∅) ≤ C

∑

x∈∂B(R)

P0(Hx < HO), (1.16)

where HA denotes the first hitting time of A. Since each ball of size L contains a loop
in O with constant probability, the event that any deterministic path from 0 to ∂B(R)

visits at least cR/L different balls of size L , each containing a loop in O, has high
probability for small enough c. From now on, we will assume that this event always
occurs for simplicity, and refer to (3.17) and above on how to treat the unlikely case
when this event does not occur. In particular, a randomwalk from 0 to ∂B(R)will visit
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Critical one-arm probability for the metric GFF 503

at least cR/L different balls which intersect a loop inO, and by (2.2) each time such a
ball is visited the randomwalk has a constant probability to hitO, sinceO has capacity
at least cLν in that ball by definition. Therefore, for each x ∈ B(R)c ∪ ∂B(R), since
the walk has probability smaller than CR−ν to hit x by (Gν), we deduce that

P0(Hx < HO) ≤ CR−ν exp(−cR/L), (1.17)

and we refer to [8, Lemma 2.1] for details. Combining (Vα), (1.15), (1.16) and
(1.17) yields that the left-hand side of (1.15) can be coarsely upper bounded by
CRα−ν exp(−cR/L). Taking L = R(s/c)1/ν yields

P

(
K0 ∩ ∂B(R) �= ∅, cap(K0 ∩ B(R)) ≤ sRν

)
≤ CRα−ν exp

(− cs− 1
ν
)
, (1.18)

which corresponds to (1.9), but with a worse polynomial factor since α − ν > 0, see
(1.7). This in turn forces us to take s of order C log(R)−ν to ensure that the left-hand
side of (1.18) is smaller thanCR− ν

2 . Plugging this into (1.10) and recalling (1.5) yields
(1.8) but with an additional factor log(R)ν/2 for the upper bound. Additional work is
required in [8] to obtain the factor log log(R) when ν = 1, by essentially taking into
account that the walk will actually typically intersect O at least cR/L times (instead
of just once as above).

As the attentive reader will have noticed, a main reason why the strategy in [8]
requires to take s of logarithmic order to make the left-hand side of (1.18) smaller
than R− ν

2 is because Lupu’s formula only applies to the two-point function and not
to the one-arm probability, which leads to a detrimental union bound in (1.16). In
Section 2, we prove an extension (see Remark 2.2,2) of this formula which provides
the law of the Green function killed onK0. An essential consequence of this formula,
see Lemma 3.2, is that for any t ∈ (0, c] we have that

P
G̃O
(
cap

(K0 ∩ B(2R) \ B(R)
) ≥ t Rν

)
≤ CR

ν
2 t−

1
2 inf
x∈∂B(CR)

P0(Hx < HO).

(1.19)
A reasoning similar to (1.15) then yields

P

(
cap(K0 ∩ B(2R) \ B(R)) ≥ t Rν, cap(K0 ∩ B(R)) ≤ cLν

)

≤ EQ

[
P
G̃O
(
cap(K0 ∩ B(2R) \ B(R)) ≥ t Rν

)]

≤ CR− ν
2 t−

1
2 exp(−cR/L),

(1.20)

where we used (1.17) and (1.19) in the last inequality. Therefore, combining (1.18),
with s = t and 2R instead of R therein (noting that one can replace cap(K0 ∩ B(2R))
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by cap(K0 ∩ B(2R) \ B(R)) in its proof), and (1.20) for L = R(s/c)1/ν gives that

P

(
K0 ∩ ∂B(2R) �= ∅, cap(K0 ∩ B(R)) ≤ sRν

)

≤ CR− ν
2 t−

1
2 exp(−cs− 1

ν ) + CRα−ν exp(−ct−
1
ν )

≤ CR− ν
2 log(R)

ν
2 exp(−cs− 1

ν ),

(1.21)

where we chose t = Cs log(R)−ν in the last inequality. After a change of variable for
R, the inequality (1.21) improves (1.18), and nowallows us to take s = C log log(R)−ν

in order for the first line of (1.21) to be smaller than R− ν
2 . Plugging this into (1.10)

and recalling (1.5) yields (1.8), but now with an additional factor log log(R)
ν
2 for the

upper bound. This already improves [8, Theorem 1.1] (in particular for 1 < ν < α
2 ),

and to further improve (1.21) we proceed as follows. One can essentially replace in
the first line of (1.21) the use of (1.18) by the use of (1.21) (for t instead of s and 2R
instead of R), which after taking t = Cs log log(R)−ν essentially improves the factor
log(R)

ν
2 in the last line of (1.21) into log log(R)

ν
2 , and in turn yields (1.8), but now

with an additional factor log log log(R)
ν
2 for the upper bound. One can then iterate

this procedure, gaining an extra iteration of logarithm at each step, until obtaining a
constant after iterated logarithm of R many iterations.

Note that similarly as in (1.21), one would actually need to consider K0 ∩
∂B(2k R) �= ∅ instead of K0 ∩ ∂B(R) �= ∅ after k iterations, which would even-
tually be problematic as the number of iterations diverges to infinity with R. To avoid
this caveat, we actually carry out the iteration in successive annuli A

ak ,bk
R of B(R),

see (3.3) and (3.5), instead of considering B(2k R), k ∈ N. We refer to Proposition 3.1
and the proof of Theorem 1.2 in Section 3 for details.

Throughout this article we always tacitly assume that all constants belong to (0,∞)

and may implicitly depend on ν and α in the sequel (as well as on the constants from
(Vα), (Gν) and the ellipticity condition (p0)), but not on the choice of the base point 0
above (1.1), which is arbitrary. Any further dependence on parameters will be stated
explicitly. Numbered constants c1,C1, . . . are fixed once they first appear, whereas
the constants c and C may change from place to place.

Note. After the publication of this article on arxiv, Zhenhao Cai and Jian Ding
obtained the result of Theorem 1.1 onZ

3 independently, additionally including higher-
dimensional Euclidean lattices; see [4].

2 A generalization of Lupu’s formula

In this section we derive a key identity that generalizes a result of [17]; see
Remark 2.2, 2 below. We will actually later use this formula on certain subgraphs
of G̃ instead of directly on G̃, see the proof of Lemma 3.2, which have a positive
killing measure. Accordingly, throughout this section, we work within the framework
of general transient weighted graphs G = (G, λ, κ) with killing measure κ , thus
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extending the setup of Section 1. Contrary to the rest of this article, the results of this
section actually hold without the conditions (p0), (Vα) and (Gν), but in Proposition 2.1
below we will still assume that (1.4) is satisfied.

We first introduce some more notation and recall a few known facts, and refer for
instance to [7, Section 2] for more details in this setup. To construct G̃ on graphs with
a positive killing measure, in addition to the closed intervals between edges, we also
add for each x ∈ G with κx > 0 an interval of length 1/(2κx ) starting at x , which is
closed at x and open on the other side of the interval. Recall that G, the vertex set of
G, is endowed with a metric d. We write B(x, R) for the subset of the corresponding
metric graph G̃ obtained as the union of all closed intervals between two vertices which
are both in the closed ball {y ∈ G : d(x, y) ≤ R} of radius R ≥ 0 around x ∈ G,
and all half-open intervals starting at a vertex in the previous ball and with positive
killing measure. We write ∂B(x, R) for the set of all the vertices y in B(x, R) such
that there is an edge starting in y not included in B(x, R). Recall that 0 denotes an
arbitrary point in G̃, which is for instance the origin of the lattice in case G = Z

α , and
abbreviate B(R) = B(0, R) and ∂B(R) = ∂B(0, R).

A set K ⊂ G̃ is bounded if K ∩ G is a bounded (or equivalently, finite) set, and
whenwe say that K is compact, resp. closed, we consider the natural geodesic distance
which assigns length 1 to each closed interval between two neighbors, and to each
half-open interval starting at a vertex x with κx > 0 (note that these half-open intervals
are closed but not compact in G̃). We also denote by ∂K the topological boundary of
a set K ⊂ G̃ in this metric space.

Recall that the random walk X on G naturally extends to a Markov process on G̃
with continuous trajectories. Its canonical law is denoted by P G̃

x = Px when starting

at x ∈ G̃. We denote by gG̃U = gU for closed U ⊂ G̃ the Green’s function killed on
the set U , that is gU (x, y) = Ex [�y(HU )], where HU = inf{t ≥ 0 : Xt ∈ U } and
(�y(t))y∈G̃,t≥0 is the family of local times associated to X . If x, y ∈ G and U ⊂ G,

then gU (x, y) is just equal to λ−1
y times the average number of time the discrete time

random walk on G started in x visits y before entering U . Moreover, we abbreviate
gU (x) = gU (x, x) for all x ∈ G̃, and define the capacity of a finite set K ⊂ G by

cap(K ) = capG̃(K )
def.=

∑

x∈K
eK (x), where eK (x)

def.= λx Px (H̃K = ∞), (2.1)

and H̃K is the return time to K , that is the first time after its first jump that the
random walk on G hits K . One can extend the definition (2.1) to closed sets K ⊂ G̃
with finitely many connected components, see [7, (2.20) and (2.27)], and if K is also
compact, then the equilibriummeasure eK is supported on the finite set ∂K . Therefore,
in the particular case ∂K ⊂ G, the capacity of K is simply equal to the capacity of ∂K
given by (2.1). One of the main interests of the capacity is that by [23, (1.57)], which
can easily be extended to infinite graphs and to the metric graph, for all compact sets
K ⊂ G̃ with finitely many connected components, one has

Px (HK < ∞) =
∑

y∈∂K

g(x, y)eK (y) for all x ∈ G̃. (2.2)
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The Gaussian free field ϕ = (ϕx )x∈G̃ with canonical law P
G̃ = P is the mean zero

centered Gaussian field with covariance function g(·, ·). As to the genericity of the
condition (1.4), one knows for instance that

if cap(K ) = ∞ for all infinite and connected set K ⊂ G, or if
G is a vertex-transitive graph (with unit weights), then it satisfies (1.4),

(2.3)

seeTheorem1.1,(1) andCorollary 1.2 in [7]; see also [19, Proposition8.1] for examples
of graphs not verifying (1.4). We can now state the announced formula. Recall that
gU (x) = gU (x, x) denotes the on-diagonal Green’s function killed onU ⊂ G̃; below,
U will often consist of either just the origin, or its cluster K0 in {ϕ ≥ 0} as defined in
(1.1).

Proposition 2.1 For any weighted graph G = (G, λ, κ) satisfying (1.4), all x ∈ G
and 0 < t ≤ g{0}(x), one has

P
(
g{0}(x) − gK0(x) ≥ t

) = 1

π
arctan

(
g(0, x)√
tg(0)

)

. (2.4)

Before delving into the proof, we make a few comments that shed some light on
(2.4).

Remark 2.2 1. (Alternative formulations). Formula (2.4) can be equivalently recast
as follows. For all x ∈ G and all s ∈ (g(x) − g{0}(x), g(x)], applying (2.4) with
t = s − (g(x) − g{0}(x)), which satisfies 0 < t ≤ g{0}(x) as required, one finds that

P
(
g(x) − gK0(x) ≥ s

) (2.4)= 1

π
arctan

(
g(0, x)√
tg(0)

)∣
∣
∣
∣
t=s−(g(x)−g{0}(x))

= 1

π
arcsin

(
g(0, x)

√
tg(0) + g(0, x)2

)∣
∣
∣
∣
t=s−(g(x)−g{0}(x))

= 1

π
arcsin

(
g(0, x)√
sg(0)

)

;
(2.5)

here, the first equality in the second line follows using the trigonometric identity
arctan( α

β
) = arcsin( α√

β2+α2
) valid for all α, β > 0, and the last equality follows upon

observing that g(x) − g{0}(x) = Px (H0 < ∞)g(0, x) = g(0,x)2

g(0) . Another alternative
formulation of (2.4), which will be useful in the proof of Lemma 3.2 below, can be
obtained from the following alternative description of the quantity appearing on the
left-hand side of (2.4), which is an easy consequence of the strong Markov property
at time HK0 : on the event K0 �= ∅,

g{0}(x) − gK0(x) = Ex
[
g{0}(XHK0 , x)1{HK0 < H{0}}

]
. (2.6)

123



Critical one-arm probability for the metric GFF 507

2. (Lupu’s formula). Applying (2.5) with s = g(x) and observing that gK0(x) ≥ 0
with equality if and only if x ∈ K0, one immediately deduces that

P
(
0

{ϕ≥0}←→ x
) = P

(
x ∈ K0) = 1

π
arcsin

(
g(0, x)√
g(x)g(0)

)

, (2.7)

thus recovering [17, Proposition 5.2], see also Proposition 2.1 therein; the discrepancy
with [17, display (5.1)], where the pre-factor is 2

π
, is owed to the fact that the latter deals

with connection via a loop cluster, and the (independent) cost to have sign(ϕ0) = 1
produces the extra factor 1

2 .

Proposition 2.1 can be proved in several ways. For instance, in [18, Corollary 1]
a formula related to (2.4) on finite graphs (written in terms of difference of effec-
tive resistances) is proven via an exploration martingale technique. Here we use an
approach that combines the integrability of the cluster capacity observable and Doob
transforms, see [19] in the context of metric graphs, and also [21].

Proof of Prop. 2.1 As explained in [7, Remark 2.2], one can replace any graph with a
positive killing measure by a graph with zero killing measure such that the diffusions
on the two correspondingmetric graphs coincide, and thus the correspondingGaussian
free fields as well. Throughout the proof, we will thus assume for simplicity w.l.o.g.
that the killing measure on G is equal to zero. We will prove (2.5), from which (2.4)
follows by reverting the arguments of Remark 2.2. 1. If x = 0 then g{0}(x) = 0 and
there is nothing to show. We assume henceforth that x �= 0. We write

G̃x
def.= G̃ \ {x},

which is naturally viewed as the metric graph associated to the graph Gx obtained
from G = (G, λ) by removing x from the vertex set G, retaining the same weights
λy,z for y, z ∈ G \ {x} and adding a killing measure κy = λy,x for each y ∈ G such
that λy,x > 0. The half-open interval of length 1

2κy
= 1

2λy,x
on the metric graph G̃x

for y ∼ x is identified with the closed interval between x and y in G̃, from which we
removed x . Note that the diffusion on G̃x then has the same law as the diffusion on G̃
killed on hitting x . By the Markov property for the field one can decompose ϕ under

P = P
G̃ as

ϕ· = ψ· + ϕxh(·) (2.8)

(the equality in (2.8) defines the field ψ), where ψx = 0, (ψy)y∈G̃x
has law P

G̃x , is
independent of ϕx and

h(y) = Py(Hx < ∞), y ∈ G̃. (2.9)

The function h in (2.9) is harmonic on G̃x in the sense of [19, Definition 5.1], see
also (5.2) and (5.3) therein, and we can thus consider the Doob transform G̃h

x of G̃x by
h. By definition, this is the metric graph associated to the graph with same vertex set
as Gx but modified weights λhy,z = h(y)h(z)λy,z and killing measure κh

y = h(y)κy .
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There is a natural isomorphism ι : G̃x → G̃h
x , which acts as identitymap on the vertices

of Gx and otherwise stretches the cables ‘harmonically’, see [19, (5.4)].

The diffusion on G̃h
x , with law P

G̃h
x

ι(y), y ∈ G̃x , can be identified with the image

under ι of a time-change of X under P G̃x
y , specified as follows. If (Pt )t≥0 denotes the

semigroup of the diffusion X on G̃x (with law P G̃x· ) then the time-changed process in
question has semigroup h−1Pt (h·), see [19, (5.7)]. In more concrete terms, the law

P
G̃h
x

ι(y), y ∈ G̃x , can be viewed up to time-change as the image under ι of the law of X

under P G̃x
y conditionally on X being killed, see [19, Lemma 5.7], that is the law of

(Xt )0≤t<Hx under the measure P G̃
y ( · |Hx < ∞).

The following result is key. The assumption of connectedness could be weakened
but will be sufficient for our purposes.

Lemma 2.3 For compact connected K ⊂ G̃x and h as given by (2.9),

capG̃h
x
(ι(K )) = 1

gK (x)
− 1

g(x)
. (2.10)

The proof of Lemma 2.3 appears below in the present section. Observe now that for
arbitrary 0 < s < g(x), the occurrence of the event {s < g(x) − gK0(x) < g(x)}
implies that gK0(x) > 0, whence x /∈ K0, i.e. K0 is contained in G̃x (and furthermore
compact). Thus, Lemma 2.3 applies on this event with the choice K = K0 (recall that
K0 is bounded P-a.s. under (1.4)), yielding that

P
(
s < g(x) − gK0(x) < g(x)

) = P
( 1
g(x)−s < 1

gK0 (x) < ∞)

(2.10)= P

(
1

g(x)−s − 1
g(x) < capG̃h

x
(ι(K0)) < ∞

)
.

(2.11)

The probability involving the capacity appearing in (2.11) can be explicitly computed,
as we now explain. To do so, we use (2.8) to view K0 = K0(ϕ) = K−ϕx h(·)(ψ) and
condition on ϕx (note here that the notationKa from (1.1) is used in a straightforward
generalizationwhere now a : G̃ → R denotes a function). Recall thatψ is independent

ofϕx underP(= P
G̃) and has lawP

G̃x . Now, importantly, by [19, (5.9)] appliedwith G̃x

in place of G̃, (ψy)y∈G̃x
has the same law as (h(y)ϕι(y))y∈G̃x

under P
G̃h
x . In particular,

this implies that for all t ∈ R, the set ι(K−th(·)(ψ)) has the same law under P
G̃ asK−t

under P
G̃h
x . Hence, all in all the probability in the second line of (2.11) can be recast

as

1√
2πg(x)

∫ ∞

−∞
P
G̃h
x

(
1

g(x)−s − 1
g(x) < capG̃h

x
(K−t ) < ∞

)
e− t2

2g(x) dt, (2.12)

where the integral over t corresponds to averaging over ϕx . The merit of the rewrite
(2.12) is that the cluster of 0 is now at constant height −t , cf. (2.11). Moreover, the
following holds.
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Lemma 2.4 The distribution of the random variable capG̃h
x
(K−t )1{capG̃h

x
(K−t ) ∈

(0,∞)} under P
G̃h
x has density given by

1

2πu
√
u
g{x}(0)
h(0)2

− 1
e− t2u

2 1{
u≥ h(0)2

g{x}(0)
}

with respect to Lebesgue measure.

Lemma 2.4 is proved at the end of this section. Feeding the above density into
(2.12), applying Fubini and evaluating the Gaussian integral over t using that

1√
2πg(x)

∫ ∞

−∞
e− t2u

2 − t2
2g(x) dt

= 1√
2πg(x)

·
√

2π

u + g(x)−1 = 1√
ug(x) + 1

, u > 0,

it follows in combination with (2.11) that for all s ∈ (0, g(x)),

P
(
s < g(x) − gK0(x) < g(x)

) =
∫ ∞

L

h(0)

2πu
√

(ug{x}(0) − h(0)2)(ug(x) + 1)
du,

(2.13)

where we abbreviated L = ( 1
g(x)−s − 1

g(x) ) ∨ h(0)2

g{x}(0) . The remainder of the proof is
computational. Before proceeding, we first collect the following two useful identities,
which follow immediately by the (strong) Markov property for the diffusion on G̃: for
all x ∈ G̃, recalling h from (2.9) and that gU (x) = gU (x, x) for U ⊂ G̃ with g = g∅,
one readily obtains that

g(0, x) = h(0)g(x) and (2.14)

g{x}(0) = g(0) − h(0)g(x, 0)
(2.14)= g(0) − h(0)2g(x). (2.15)

We now consider the regime of s(< g(x)) such that 1
g(x)−s − 1

g(x) ≥ h(0)2

g{x}(0) (so

L = 1
g(x)−s − 1

g(x) in (2.13)), or equivalently that

s ≥ h(0)2g(x)2

g{x}(0) + h(0)2g(x)
(2.14),(2.15)= g(0, x)2

g(0)
= Px (H0 < ∞)g(0, x) = g(x) − g{0}(x), (2.16)

where the penultimate equality is obtained by last-exit decomposition and the last one
by theMarkov property. Notice that, except for the terminal value s = g(x), which we
will deal with separately at the end, the regime of the parameter s(< g(x)) satisfying
(2.16) coincides precisely with the one above (2.5). For such values of s, and with the
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help of the substitution

u = g(0, x)2

g(x)2g(0)v2 − g(0, x)2g(x)

one recasts the integral in (2.13) with the help of (2.14) and (2.15) to obtain that

P
(
s < g(x) − gK0(x) < g(x)

) = 1

π

∫ g(0,x)√
g(0)s

g(0,x)√
g(0)g(x)

1√
1 − v2

dv

= 1

π

(

arcsin
(

g(0,x)√
g(0)s

)
− arcsin

(
g(0,x)√
g(0)g(x)

))

(2.17)

for all s ∈ [ g(0,x)2g(0) , g(x)). To deduce (2.5), consider now the case s = g(0,x)2

g(0) , for
which (2.17) yields that

P
( g(0,x)2

g(0) < g(x) − gK0(x) < g(x)
) = 1 − 1

2 − 1
π
arcsin

(
g(0,x)√
g(0)g(x)

)
.

Finally, observe that the random variable g(x)− gK0(x) is non-negative and its distri-
bution has an atom at 0 of weight 1

2 (since g(x) − gK0(x) = 0 if and only if ϕ0 < 0,
which has probability 1

2 ). In combination with the fact that P
(
0 < g(x) − gK0(x) ≤

g(0,x)2

g(0)

) = 0, it thus follows from the previous display upon rearranging terms that

P
(
g(x) − gK0 (x) ≥ g(x)

) ( = P
(
g(x) − gK0 (x) = g(x)

)) = 1

π
arcsin

( g(0, x)√
g(0)g(x)

)
.

(2.18)

Plugging (2.18) into (2.17) yields (2.5). This completes the proof of Proposition 2.1
under the assumption that both Lemmas 2.3 and 2.4 hold. ��

We now supply the:

Proof of Lemma 2.3 Wewill assume that ∂K ⊂ G\{x}, the vertex set ofGx . In this case
∂(ι(K )) and ∂K can be naturally identified. The general case can be reduced to this
one by exploiting network equivalence, adding vertices to Gx (and Gh

x ) corresponding
to the boundary points of K (and ι(K )); see [7, Section 2.2] for further details. Recall
the definition of the graph Gh

x from below (2.9), and notice that by [19, (5.3)] its weight
function λhι(y) := κh

y + ∑
z∼y λhy,z can be recast as λhι(y) = h(y)2λy , where λy is the

original weight function on Gx , which coincides with that of G outside the point x . In

light of this, and using the concrete characterization of the law P
G̃h
x· described above
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Lemma 2.3, one obtains that

capG̃h
x
(ι(K )) =

∑

y∈∂K

λhι(y)P
G̃h
x

ι(y)(H̃K = ∞) =
∑

y∈∂K

h(y)2λy P
G̃
y (H̃K > Hx |Hx < ∞)

(2.9)=
∑

y∈∂K

h(y)λy P
G̃
y (H̃K > Hx ) =

∑

y∈∂K

h(y)λx P
G̃
x

(
H̃x > HK , XHK = y

)
,

(2.19)

where the last step uses the reversibility of the walk under λ. Next, we denote by

(X̂n)n≥0 the discrete skeleton of X (under P G̃
x ) on G, which has the law of the random

walk on G = (G, λ). Starting this skeleton from x , we decompose on the event
{HK < ∞} according to the time of the last visit to x prior to entering K in order to
obtain

P G̃
x

(
HK < ∞, XHK = y

)

=
∑

n≥0

P G̃
x

(
X̂k /∈ K , k < n, X̂n = x, X̂n+i �= x,

1 ≤ i < HK − n, HK < ∞, X̂ HK = y
)

= gK (x)λx P
G̃
x

(
HK < H̃x , XHK = y

);

(2.20)

here, the last line follows by an application of the simple Markov property for X̂ at
time n (recall that gK (x) = gK (x, x)). Feeding (2.20) into (2.19), and using that
h(y) = g(x,y)

g(x) , it follows from a reasoning similar to (2.6) that

capG̃h
x
(ι(K )) =

∑

y∈∂K

g(x, y)

g(x)gK (x)
P G̃
x

(
HK < ∞, XHK = y

) = g(x) − gK (x)

g(x)gK (x)
,

from which (2.10) is immediate. ��
We now provide the remaining:

Proof of Lemma 2.4 On the event ϕx ≥ 0, the cluster of 0 in {y ∈ G̃ : ψy ≥ 0} is
included in K0 under P

G̃ , and since ψ is independent of ϕx , one deduces from (1.4)
on G̃ that (1.4) is also satisfied on G̃x by writing

2−1
P
G̃x (K0(ϕ) is bounded) = P

G̃(K0(ψ) is bounded, ϕx ≥ 0)

≥ P
G̃(K0(ϕ) is bounded, ϕx ≥ 0) = 2−1θ0(0)

(1.4)= 2−1,

where the pemultimate step follows by symmetry, see [7, Lemma 4.3]. One readily

deduces that the free field under P
G̃h
x has bounded sign clusters a.s., hence capG̃h

x
(K−t )

has an explicit law given by [7, Theorem 3.7] (see also [19, Theorem 5.5]) for all t ≤ 0.
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For t > 0, it follows from [7, (3.17)] that capG̃h
x
(K−t ) on the event ∅ �= K−t is compact

has the same law as capG̃h
x
(Kt ) on the event Kt �= ∅. As we now explain, for t > 0

and under P
G̃h
x , K−t is actually compact if and only if cap(K−t ) < ∞. Indeed any

compact set has finite capacity by construction. On the other hand by the isomorphism
(Isom’) from [7, p.283], which is in force in view of Theorem 1.1,2) and (3.14) therein,
K−t has either the same law as K0 if K0 does not intersect a trajectory in ωu , and
otherwise stochastically dominates a trajectory in ωu , where ωu is the interlacement

process at level u = t2/2 on G̃h
x . By the description of the law of P

G̃h
x· appearing

above the statement of Lemma 2.3, random interlacement trajectories on G̃h
x a.s. have

images via ι which contain the interval between x and y in G̃ for some y ∼ x , that is
the half-open interval starting at y in G̃h

x , and thus have infinite capacity on G̃h
x in view

of [7, (2.32)]. Since K0 is a.s. compact on G̃h
x , we deduce that if K−t is non-compact,

then it stochastically dominates a trajectory in ωu , and thus has a.s. infinite capacity.
Overall we have that for each t ∈ R, the density with respect to Lebesgue measure

of capG̃h
x
(K−t ) on the event 0 < capG̃h

x
(K−t ) < ∞ is given by [7, (3.7)] on the graph

G̃h
x . This density depends on G̃h

x only through gG̃h
x
(0) = gG̃h

x
(0, 0), where gG̃h

x
denotes

the Green’s function of the diffusion on G̃h
x . But as gG̃h

x
(0) = h(0)−2g{x}(0) by [19,

(B.1)], applying [7, (3.8) and (3.10)] gives the claim. ��

3 Proof of Theorem 1.2

Throughout this section, we always tacitly work under the assumption that G = (G, λ)

satisfies (p0), (Vα) and (Gν) with 0 < ν < α
2 ; see Section 1. Note that one could also

consider the case ν = α
2 , but the strategy below would in its present form not lead to

any significant improvement over the results of [8]. The symbols c,C, . . . are used for
numerical constants (in (0,∞)) that can change from place to place. Their dependence
on any parameter other than ν and α, as well as the other constants appearing in our
conditions (p0), (Vα) and (Gν), will appear explicitly in our notation. In the sequel,
we abbreviate B(L) = B(0, L) ⊂ G̃ and for all L ≥ 1 introduce the set B(L) ⊃ B(L)

as

B(L)
def.=

{
x ∈ G̃ : any continuous path π = (xt )t≥0 ⊂ G̃

with x0 = x and d(0, xt ) −→
t→∞ ∞ intersects B(L)

}

. (3.1)

In words, B(L) is the set of points which are entirely ‘surrounded’ by B(L). For
R ≥ 1, ε > 0 and 0 < 2a < b ≤ 1, we let

ta,b
R,ε

def.= sup
{
t ≥ 0 : for all s ≤ t,

P

(
K0 ∩ ∂B(R) �= ∅, cap(K0 ∩ A

a,b
R ) ≤ s((b − a)R)ν

)
≤ R− ν

2 e−εs− 1
ν
}
, (3.2)
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where A
a,b
R denotes the ‘annulus’

A
a,b
R

def.= B((1 − a)R) \ B((1 − b)R). (3.3)

The main ingredient of our proof is the following recursive formula for ta,b
R,ε.

Proposition 3.1 There exist c2 > 0 and c > 0 such that with t ·R = t ·R,c2
, one has

ta,b
R ≥ c

(
aαν ∧ log

( 1

td,e
R ∨ d

)−ν)
for all

R ≥ 1, cR−1 ≤ 2a < b < 1 and 2d < e ≤ a

4
. (3.4)

Proposition 3.1 readily implies our main result, as we explain first.

Proof of Theorem 1.2 Let us define recursively log0(R) = R and logk+1(R) =
log(logk(R)) ∨ 1, and let

ak = 4

logk(R)
and bk = 1

logk+1(R)
for all k ≥ 0. (3.5)

We take a = ak+1, b = bk+1, d = ak and e = bk in Proposition 3.1, and one can
verify that the assumptions therein are satisfied for logk+2(R) ≥ 4, which can be
assumed w.l.o.g. for k = 0 since cap(K0) ≥ c whenever K0 �= ∅. Then, abbreviating
uk = 1/tak ,bkR and recalling that α ≥ 1 (in fact α > 2; see below (Gν)), we have by
(3.4) that

uk+1 ≤ C1
(
log(uk) ∨ logk+1(R)

)αν for all k ≥ 0 such that logk+2(R) ≥ 4, (3.6)

for some constant C1 < ∞. Note that on the event K0 ∩ ∂B(R) �= ∅, it follows from
[10, (2.8)] that K0 ∩ B((1− b0)R)c �= ∅ for R ≥ C , and if x is the closest vertex to 0
in that set, then x ∈ B((1 − a0)R) for R large enough. Hence A

a0,b0
R ∩ K0 ∩ G �= ∅,

and so cap(K0 ∩ A
a0,b0
R ) ≥ infx∈G g(x)−1 ≥ c by (Gν). Therefore, t

a0,b0
R ≥ R−ν for

R ≥ C , which implies u0 ≤ Rν , and one easily deduces from this and (3.6) inductively
in k that

uk ≤ 2C1αν logk(R)αν for all k ≥ 0 such that logk(R) ≥ C2,

for some large enough constant C2 ∈ (0,∞). Hence if we denote by k̄ = k̄(R)

the largest k such that logk(R) ≥ C2, we deduce that uk̄ ≤ 2C1αν exp(C2), that is

t
ak̄ ,bk̄
R ≥ c. Since bk̄ − ak̄ ≥ c by definition, we obtain (1.9) after a change of variable
for s, up to replacing ∂B(R) appearing therein by ∂B(R). To conclude, it is enough
to prove that B(R) ⊂ B(CR) for a large enough constant C and to perform a change

123



514 A. Drewitz et al.

of variable for R in (1.9). The inclusion can be proved using (2.2) to deduce that for
all x ∈ B(R), one has

1 = Px (HB(R) < ∞) ≤ cap(B(R)) sup
y∈B(R)

g(y, x) ≤ CRν
(

inf
y∈B(R)

d(x, y)
)−ν

,

where the last inequality follows from (Gν) and [10, (3.11)]. ��

We now turn to the proof of Proposition 3.1, which relies on the formula (2.4)
applied to suitable metric graphs G̃K ⊂ G̃ that we now introduce. We consider K ⊂ G
a finite set of vertices and define G̃K as the (only) unbounded connected component of
G̃ \K . Note that G̃K can be identified with the metric graph associated to the graph GK

having vertex set the unique (see [9, (6.5)]) infinite connected component of G \ K ,
the same weights as G between vertices, and killing measure equal to λy,x for all y
in that infinite component which have a neighbor x in K , and zero everywhere else.
We refer to the beginning of the proof of Proposition 2.3 for a similar construction. In
particular, this identification of G̃K entails that the diffusion on G̃K is well-defined and
it is simply the diffusion on G̃ killed when hitting K . Moreover, the graph GK fits the
setup of Section 2, and we can thus define a Gaussian free field on G̃K with canonical

law P
G̃K . Observe that, in the notation of Section 2 (see above (2.1)), this free field

has covariance gG̃K (x, y) = gG̃K (x, y), for all x, y ∈ G̃K . The setK0 can be defined as

in (1.1) under P
G̃K as long as 0 ∈ G̃K , and if 0 /∈ G̃K we use the convention K0 = ∅

under P
G̃K .

The application of formula (2.4) on the metric graph G̃K will be essential for
obtaining the following result.

Lemma 3.2 There exists C3 ∈ [1,∞) such that for all values of R ≥ 1, cR−1 ≤ a <

1/4, K ⊂ A
a/2
R

def.= B((1 − a/2)R) , 2d < e ≤ a/4, and t > 0,

P
G̃K
(
cap(K0 ∩ A

d,e
R ) ≥ t((e − d)R)ν

)

≤ CR
ν
2 t−

1
2 d− ν

2 exp(Ca−α) inf
x∈∂B(C3R)

P0(Hx < HK ).
(3.7)

The proof of Lemma 3.2 will involve the following random walk estimate, which
we show separately first. This relies on the following facts concerning the geometry
of G = (G, λ) under our standing assumptions (p0), (Vα) and (Gν). Similarly as in
[10, Lemma 6.1], see also [8, (2.2)], we introduce under the above assumptions on G
the approximate renormalized lattice�(L) for L ≥ 1 having the following properties.
There exists a constant C4 ∈ (0,∞) such that for all x ∈ G and L, N ≥ 1,

⎧
⎪⎨

⎪⎩

⋃
y∈�(L) B(y, L) = G,

the balls B(y, L
2 ), y ∈ �(L), are disjoint,

|�(L) ∩ B(x, LN )| ≤ C4Nα.

(3.8)
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Wewill use the lattices�(·) several times in the sequel.We further say thatπ = (xi )i≤L

is a path in �(L) if xi ∈ �(L) for all i ≤ L , and for each i < L , there exists
x ∈ B(xi , L) ∩ G and y ∈ B(xi+1, L) ∩ G such that x and y are neighbors in G.
Lemma 3.3 For all R ≥ 1, a ≥ cR−1 and 2d < e ≤ a/4, one has

Py
(
Hx < H

A
a/2
R

) ≥ c exp(−Ca−α)R−ν, for all y ∈ A
d,e
R and x ∈ ∂B(C3R).

(3.9)

Proof Let y ∈ A
d,e
R ∩ G, then by definition, see (3.1) and (3.3), there is a nearest-

neighbor path π = (xi )i∈N ⊂ G such that x1 = y, xi /∈ B((1 − e)R) for all i ≥ 1,
and xi → ∞ as i → ∞. Applying the identity (2.2) in a manner similar to [20, (2.17)]
for instance, one finds that there exist constants c3 ∈ (0, 1/24) and c4 > 0 such that

Pu
(
HB(v,c3aR) < HB(v,aR/8)c

) ≥ c4 for all u, v ∈ G with d(u, v) ≤ 3c3aR. (3.10)

Let y1 = y and for each k ≥ 1, define recursively yk+1 as the first vertex in �(c3aR)

such that B(yk+1, c3aR) is visited by π after last exiting B(yk, c3aR). We denote
by p the smallest integer q ≥ 1 such that yq /∈ B((M + 1)R), for some constant
M ≥ 1 that we will fix later. By (3.8) and [10, (2.8)], we have d(u, yk+1) ≤ 3c3aR
for all u ∈ B(yk, c3aR) and any 1 ≤ k ≤ p − 1 as long as aR ≥ c. In particular,
for each 1 ≤ k ≤ p − 1, noting that B(yk+1, aR/8) ⊂ (A

a/2
R )c since e ≤ a/4,

it follows from (3.10) that the diffusion starting in any point u ∈ B(yk, c3aR) will
reach B(yk+1, c3aR) before hitting A

a/2
R with probability at least c4. Noting that

yk ∈ B((M + 1)R) for all 1 ≤ k ≤ p implies p ≤ C(M/a)α by (3.8), using the
previous observation in combination with an iterated application of the strongMarkov
property, we deduce that for all y ∈ A

d,e
R ∩ G,

Py
(
H∂B(MR) < H

A
a/2
R

) ≥ exp(−C(M/a)α).

Let x ∈ ∂B(MR), then by the strong Markov property at time H∂B(MR) we have

Py
(
Hx < H

A
a/2
R

) ≥ exp(−C(M/a)α) inf
u∈∂B(MR)

Pu
(
Hx < H

A
a/2
R

)
.

The last probability is bounded from below by

Pu(Hx < ∞) − Pu
(
H
A
a/2
R

< ∞)
sup

v∈Aa/2
R

Pv(Hx < ∞) ≥ cM−νR−ν − CM−2νR−ν,

where the last inequality follows from (Gν), (2.2) and [10, (2.8)]. Fixing M = C3
for a large enough constant C3, the last two equations yield that for x as above, (3.9)
holds. ��

The proof of Lemma 3.2 utilizes the above result in combination with Proposi-
tion 2.1.
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Proof of Lemma 3.2 The case 0 /∈ G̃K is trivial, and we now assume that 0 ∈ G̃K .
Let x ∈ ∂B(C3R). Denoting by capa(K

′) the capacity of a set K ′ ⊂ G̃ for the
diffusion on G̃ killed on A

a/2
R , we have by the definition of the capacity in (2.1) that

capa(K
′) ≥ cap(K ′). Hence, if K ′ ⊂ A

d,e
R has finitely many connected components,

is compact, and cap(K ′) ≥ t((e − d)R)ν , we have by (2.2) applied on the graph with

infinite killing on A
a/2
R that, with Px = P G̃

x ,

Px
(
HK ′ < H

A
a/2
R

) ≥ c · cap(K ′) inf
z∈K ′ Pz

(
Hx < H

A
a/2
R

) ≥ cdν exp(−Ca−α)t,

(3.11)
where the last inequality follows from (3.9), invariance by time reversal, and the

inequality d ≤ e− d. Recall now that gG̃K denotes the Green’s function on the metric
graph G̃K introduced above Lemma 3.2. On the event cap(K0∩A

d,e
R ) ≥ t((e−d)R)ν ,

which implies in particular that K0 �= ∅, by (2.6) applied to G̃K , one finds that

gG̃K{0} (x) − gG̃K
K0 (x) = Ex

[
gG̃K{0} (XHK0 , x)1{HK0 < HK∪{0}}

]

≥ cEx

[
PXHK0∩Ad,e

R

(
Hx < H

A
a/2
R

)
1{HK0∩Ad,e

R
< H

A
a/2
R

}
]

≥ cdν exp(−2Ca−α)t R−ν,

where we combined (3.9) and (3.11) in the last inequality. The inequality (3.7) now
follows from (2.4), applied on the graph GK , and the inequalities arctan(t) ≤ t

valid for all t ≥ 0, gG̃K (0, x) = P G̃K
0 (Hx < ∞)gG̃K (x) ≤ CP G̃

0 (Hx < HK ) and

gG̃K (x), gG̃K (0) ≥ c by (Gν) and [10, (2.10)]. To apply (2.4), note that GK satisfies
the first condition in (2.3), and hence (1.4) as well. The former is true since the Green’s
function killed on K is smaller than the Green function on G by definition, see (2.1),
which one combines with (Gν) and [7, Lemma 3.4,(2)]. ��

When K = ∅, (3.7) can be seen in view of (Gν) as a direct consequence of (1.5),
since the event on the left-hand side of (3.7) implies cap(K0) ≥ t(dR)ν . However,
when K is large, P0(Hx < HK ) can decrease significantly faster than R−ν for x ∈
∂B(C3R), see [8, Lemma 2.1], and the formula (3.7) becomes in a sense stronger
than (1.5). We refer to (3.19) and below as to where this improvement is needed, and
combining this with ideas from [8, Section 4] we obtain the following result.

Lemma 3.4 There exists c5 > 0 such that for all R ≥ 1, cR−1 ≤ 2a < b < 1,
2d < e ≤ a/4 and s, t > 0

P

(
cap(K0 ∩ A

a,b
R ) ≤ s((b − a)R)ν, cap(K0 ∩ A

d,e
R ) ≥ t((e − d)R)ν

)

≤ CR− ν
2 t−

1
2 d− ν

2 exp
(
Ca−α − c5s

− 1
ν
)
. (3.12)
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Proof We use the isomorphism [15, 17] with the loop soup L on G̃ at intensity 1/2 on
the metric graph G̃, which we now review. We refer to [17] for a detailed construction,
and only recall here that L is a Poisson point process of Markovian loops on G̃, that
is defined under an auxiliary probability Q. Moreover, if C is defined as the empty set
with probability 1/2, or otherwise denotes the cluster of 0 inL, that is the set of points
in G̃ which are connected to 0 using a finite number of loops in L, then

C law= K0. (3.13)

Wewill work underQ using the identification (3.13) throughout the proof. The isomor-
phism (3.13) holds not only on G under the conditions listed below (p0), but actually
for any weighted transient graph even with a positive killing measure, and in particular
on the graph GK introduced above Lemma 3.2, for any finite set K ⊂ G.

Let Lbig ⊂ L be obtained from L = ∑
i δγi by retaining only big (macroscopic)

loops in the annulus A
a,b
R , i.e. loops γi whose range satisfies cap(range(γi )) > s((b−

a)R)ν and for which range(γi ) ⊂ A
a,b
R . Then on the event cap(C ∩ A

a,b
R ) ≤ s((b −

a)R)ν , and by the isomorphism (3.13), K0 has the same law as the cluster of 0 for
the loop soup L \ Lbig. Let us denote by O the intersection with G of all the loops
in Lbig. Using the restriction property for the loop soup [11, Theorem 6.1] and the
isomorphism (3.13) on the graphGO, noting also thatLbig andL\Lbig are independent
by defining properties of Poisson point processes, one deduces that

Q

(
cap(C ∩ A

a,b
R ) ≤ s((b − a)R)ν, cap(C ∩ A

d,e
R ) ≥ t((e − d)R)ν

∣
∣
∣Lbig

)

≤ P
G̃O
(
cap(K0 ∩ A

d,e
R ) ≥ t((e − d)R)ν

)
. (3.14)

We refer to [8, (4.26)] and above for a similar reasoning with more details. Note that
we cannot use the isomorphism (3.13) on the graph GO if 0 /∈ GO, but in that case
any path from 0 to A

d,e
R ⊂ B((1− a)R)c will intersectO, see (3.1) and the definition

of GO above Lemma 3.2, and so both sides of (3.14) are equal to 0. For a parameter
δ > 0 to be fixed later, let us introduce

L
def.= s

1
ν (b − a)Rδ− 1

ν and �
def.=

⌊
(b − a)R

5L

⌋

− 3 =
⌊
1

5

(
δ

s

) 1
ν
⌋

− 3, (3.15)

and note that the loops in Lbig then have capacity at least δLν by definition, and that
we can assume w.l.o.g. that �, L ≥ 1 if s ≤ c = c(δ) and δ ≤ c′, since otherwise
(3.12) is either trivial or follows easily from the capacity bounds (1.5). Let us now
denote byG the event thatO is a (L, R, �/2, δLν)-good obstacle set as defined above
[8, Lemma 2.1]. That is, for any path π in �(L) from 0 to B(R)c, there is A ⊂
range(π ∩ B(R)) such that |A| ≥ �/2 and cap(B(y, L) ∩ O) ≥ δLν for all y ∈ A.
Combining (3.14) and (3.7) for K = O, we obtain that
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Q

(
cap(C ∩ A

a,b
R ) ≤ s((b − a)R)ν, cap(C ∩ A

d,e
R ) ≥ t((e − d)R)ν,G

)

≤ inf
x∈∂B(C3R)

CR
ν
2 t−

1
2 d− ν

2 exp(Ca−α)EQ
[
P0(Hx < HO)1{G}]

≤ CR− ν
2 t−

1
2 d− ν

2 exp(Ca−α) exp(−cδ�),

(3.16)

where the last inequality follows from [8, Lemma 2.1], up to assuming w.l.o.g. that
L ≤ cR, that is s ≤ c′ for small enough constant c′ = c′(δ).

It remains to control the probability on the left-hand side of (3.12) on the eventGc,
which relies on a reasoning similar to, but somewhat simpler than, [8, Lemma 2.3].
Let us denote by P the set of tuples τ = (x1, . . . , x�) such that xi ∈ �(L) and
B(xi , L) ⊂ A

a,b
R for all 1 ≤ i ≤ �, B(xi , L) ∩ B(x j , L) = ∅ and xi+1 ∈ B(xi , 5L)

for all 1 ≤ i < j ≤ �. Here � and L are as defined in (3.15). We write Dτ for the
set of i ∈ {1, . . . , �} such that there exists a loop in Lbig whose range is included in
B(xi , L).

Let us now show that any pathπ in�(L) from 0 to B(R)c contains a tuple τ ∈ P , in
the sense that range(τ ) ⊂ range(π). We call π ′ the subpath of π which starts just after
π last visiting B((1− b)R + L), and afterwards stops just before first leaving B((1−
a)R − L). Assuming w.l.o.g. that (b− a)R ≥ cL , that is s ≤ c′, one can easily check
by [10, (2.8)] that π ′ is non-empty. Let us now define recursively x1 as the first vertex
in π ′, and recursively xk+1 as the first vertex in π ′ visited after last exiting B(xk, 2L),
and denote by p the smallest integer k ≥ 1 such that π ′ never exits B(xk, 2L).
Note that by [10, (2.8)], we have d(xk, xk+1) ≤ 5L for all 1 ≤ k ≤ � whenever
L ≥ C , and hence d(x1, xp) ≤ 5pL . Since moreover x1 ∈ B((1 − b)R + 8L) and
xp ∈ B((1 − a)R − 4L)c for L ≥ C , we deduce that 5pL ≥ (b − a)R − 12L ,
and hence p ≥ � in view of (3.15). Noting additionally that B(xi , L) ⊂ A

a,b
R for all

1 ≤ i ≤ �, we thus obtain all in all that τ = (x1, . . . , x�) ∈ P .
By the previous paragraph and by definition of G, there exists on the event Gc a

tuple τ ∈ P such that |Dτ | ≤ �/2. Moreover, for each τ = (x1, . . . , x�) ∈ P , the
events {∃ γi ∈ Lbig, range(γi ) ⊂ B(xi , L)}, 1 ≤ i ≤ �, are independent by properties
of Poisson point processes, and occurwith probability at least p = p(δ)which satisfies
p(δ) → 1 as δ → 0 by [8, (4.31)]. Since by (3.8) we have |P| ≤ C�, we deduce by a
union bound that

Q
(
Gc) ≤ C� sup

τ∈P
Q(Dτ ) ≤ C�2�(1 − p)�/2 ≤ exp(−c�), (3.17)

where the last inequality holds when δ = c for a small enough constant c > 0. Now,
the tail asymptotic (1.5) holds on the graph GO by application of [7, Theorem 1.1],
since the first condition in (2.3), and hence (1.4) as well, are satisfied on that graph by
virtue of [7, Lemma 3.4,(2)]. It thus follows from (1.5) on the graph GO and (3.14)
that

Q

(
cap(C ∩ A

a,b
R ) ≤ s((b − a)R)ν, cap(C ∩ A

d,e
R ) ≥ t((e − d)R)ν,Gc

)

≤ E
Q
[
P
G̃O (cap(K0) ≥ t((e − d)R)ν)1{Gc}] ≤ Ct−

1
2 (e − d)−

ν
2 R− ν

2 Q(Gc).

(3.18)
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Combining (3.13), (3.15), (3.16), (3.17) and (3.18) for δ = c as before, assuming
w.l.o.g. that s ≤ c′, and recalling that e − d ≥ d, the claim follows. ��

We are now ready to finish the:

Proof of Proposition 3.1 Combining (3.2) with (3.12), we have, for all s > 0 and
t ≤ td,e

R,ε,

P

(
K0 ∩ ∂B(R) �= ∅, cap(K0 ∩ A

a,b
R ) ≤ s((b − a)R)ν

)

≤ R− ν
2 exp

(− εt−
1
ν
)+ CR− ν

2 t−
1
2 d− ν

2 exp
(
Ca−α − c5s

− 1
ν
)
. (3.19)

We now take
ε = c2

def.= c5
4

and t = exp
(− c5s

− 1
ν
)
,

then if s ≤ c(aαν ∧ log(1/d)−ν) for a small enough constant c > 0, one can bound

the right-hand side of (3.19) from above by R−ν/2 exp
( − εs− 1

ν

)
. Noting that the

condition t ≤ td,e
R,ε for the above choice of t is satisfied whenever s ≤ cν

5 log(t
d,e
R,ε)

−ν ,
we conclude in view of (3.2) that any s satisfying all previous requirements is upper
bounded by ta,b

R = ta,b
R,c2

, i.e., (3.4) holds. ��
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