Quantization in Cauchy-Riemann
Geometry

INAUGURAL - DISSERTATION

zur
Erlangung des Doktorgrades
der Mathematisch-Naturwissenschaftlichen Fakultat

der Universitat zu Koln

vorgelegt von
CHIN-CHIA CHANG
aus Taipeh

Taiwan

Koln, 2026



Berichterstatter:  Prof. Dr. George Marinescu
Prof. Dr. Duc-Viet Vu
Prof. Dr. Rung-Tzung Huang
Vorsitzender: Prof. Dr. Alexander Drewitz

Tag der miindlichen Priifung: 21.04.2026



Zusammenfassung

Die Untersuchung von Bergman-Kernen und Szeg®-Kernen stellt eine
Verbindung zwischen den geometrischen Strukturen von Mannigfaltigkeiten
und der Analysis von Funktionenrdumen her, wobei Werkzeuge der
mikrolokalen und semiklassischen Analysis verwendet werden. In diesem
Zusammenhang verbindet die Theorie der Toeplitz-Operatoren auf Mannig-
faltigkeiten die algebraische Struktur von Funktionenrdumen auf einer gegebe-
nen Mannigfaltigkeit mit ihrer Geometrie durch Quantisierung.

Im ersten Teil bestimmen wir den vierten Koeffizienten des
Berezin-Toeplitz-Sternprodukts auf kompakten Ké&hlerschen Mannig-
faltigkeiten in dem Fall, dass die Volumenform nicht polarisiert ist.

Angeregt durch die Analysis der Szeg6-Projektion ist es naheliegend, die
Berezin-Toeplitz-Quantisierung auf Cauchy-Riemann-Mannigfaltigkeiten (CR-
Mannigfaltigkeiten) zu erweitern und so ein Deformationsquantisierungs-
analogon zur symplektischen Geometrie zu erhalten. Dieselbe Perspektive lasst
sich auch auf Toeplitz-Operatoren anwenden, die iiber die Bergman-Projektion
auf komplexen Mannigfaltigkeiten mit Rand definiert sind.

Im zweiten Teil dieser Arbeit zeigen wir, dass es zu jedem Pseudodiffer-
entialoperator L auf einer streng pseudokonvexen CR-Mannigfaltigkeit X eine
Folge glatter Funktionen auf X gibt, die L reprasentiert. Wir konstruieren eine
Algebra solcher Folgen, die analog zur klassischen Deformationsquantisierung
die Rolle der Algebra formaler Potenzreihen in einem Parameter mit glatten
Funktionen als Koeffizienten tibernimmt. AnschliefSend zeigen wir, dass diese
Algebra eine Poisson-Struktur trdgt und ein Sternprodukt zuldsst. In dem-
selben Sinn weisen wir nach, dass Toeplitz-Operatoren auf komplexen Man-
nigfaltigkeiten M mit streng pseudokonvexem CR-Rand X eine entsprechende
Eigenschaft besitzen. Durch die Untersuchung des Poisson-Operators in Rand-
nihe zeigen wir, dass bestimmte Pseudodifferentialoperatoren auf M, die sich
auf Operatoren am Rand einschrianken lassen, durch Folgen harmonischer
Funktionen auf M dargestellt werden konnen. Wir beweisen, dass diese Op-
eratoren eine Poisson-Algebra bilden und ebenfalls ein Sternprodukt tragen.

Der dritte Teil ist eine gemeinsame Arbeit mit H. Herrmann und C.-Y.
Hsiao und basiert auf neueren Resultaten von H. Herrmann, C.-Y. Hsiao, G.
Marinescu und W.-C. Shen. Wir berechnen den zweiten Koeffizienten in der
asymptotischen Entwicklung einer bestimmten Spektralprojektion semiklassis-
cher Toeplitz-Operatoren auf kompakten, streng pseudokonvexen, einbettbaren
CR-Mannigfaltigkeiten. Diese Operatoren entstehen durch Einfithrung einer
charakteristischen Funktion ) sowie eines semiklassischen Parameters k mittels



Funktionalkalkiils. Die Schwartz-Kerne dieser Operatoren besitzen eine voll-
standige asymptotische Entwicklung, was zu neuen Anwendungen in der CR-
Geometrie fithrt. In diesem Teil erweitern wir zunéchst die bisherigen Berech-
nungen des zweiten Koeffizienten des Szeg6-Kerns auf den Fall einer allge-
meinen Reeb-invarianten Volumenform. Anschlieffend untersuchen wir die
Abhidngigkeit von ) der Koeffizienten in der asymptotischen Entwicklung und
bestimmen den zweiten Koeffizienten explizit.



Abstract

The study of Bergman kernels and Szegd kernels provides a link between
the geometric structures of manifolds and the analysis of function spaces, using
tools from microlocal and semi-classical analysis. In this framework, the theory
of Toeplitz operators on manifolds connects the algebraic structure of function
spaces on a given manifold with its geometry through quantization.

In the first part, we determine the fourth coefficient of the Berezin—Toeplitz
star product on compact Kdhler manifolds in the setting where the volume form
is not polarized.

Motivated by the analysis of the Szeg® projection, it is natural to extend
Berezin—Toeplitz quantization to Cauchy—Riemann (CR) manifolds, giving a de-
formation quantization analogue of symplectic geometry. The same perspective
also applies to Toeplitz operators defined via the Bergman projection on com-
plex manifolds with boundary. In the second part of this thesis, we show that
for any pseudodifferential operator L on a strictly pseudoconvex CR manifold
X, there exists a sequence of smooth functions on X representing L. We con-
struct an algebra of such sequences, which plays a role analogous to the algebra
of formal power series in a parameter with smooth functions as coefficients, as
in classical deformation quantization. We then prove that this algebra carries
a Poisson structure and admits a star product. In the same spirit, we establish
that Toeplitz operators on complex manifolds M with strictly pseudoconvex CR
boundary X have a similar property. By examining the Poisson operator near
the boundary, we show that certain pseudodifferential operators on M, which
reduce to operators on the boundary, can be represented by sequences of har-
monic functions on M. We prove that these operators form a Poisson algebra
and also admit a star product.

The third part is joint work with H. Herrmann and C.-Y. Hsiao, building on
recent results of H. Herrmann, C.-Y. Hsiao, G. Marinescu, and W.-C. Shen. We
compute the second coefficient in the asymptotic expansion of a certain spectral
projection of semi-classical Toeplitz operators on compact, strictly pseudocon-
vex, embeddable CR manifolds. These operators arise by introducing a charac-
teristic function x and a semi-classical parameter k via functional calculus, and
their Schwartz kernels admit a complete asymptotic expansion, leading to new
applications in CR geometry. In this part, we first extend existing computa-
tions of the second coefficient of the Szeg6 kernel to the case of a general Reeb-
invariant volume form. We then analyze the dependence of the coefficients in
the asymptotic expansion on x and explicitly compute the second coefficient.
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CHAPTER 1

Introduction

1.1. Background

The study of Bergman and Szeg6 projections using microlocal analysis and
semi-classical methods originates from the work [4] of Boutet de Monvel and
Sjostrand. In their work, they analyzed Bergman and Szegd projections by mi-
crolocal techniques and established a Fourier integral operator framework for
these projections. In particular, Bergman and Szeg® projections can be realized
as Fourier integral operators with complex phase.

Closely related developments in microlocal analysis and complex geome-
try appeared around the same period, notably in the works of Hérmander on
Fourier integral operators and stationary phase methods, and in the work of
Fefferman on boundary problems in complex analysis [2]. From the point of
view of Fourier integral operator theory, geometric invariants of complex man-
ifolds and CR manifolds appear naturally in the symbols of the associated op-
erators. This observation connects analysis with geometry and provides a new
analytic approach to problems in differential geometry.

Using the Fourier integral operator framework, one can study the asymp-
totic expansions of Bergman and Szeg6 kernels. In particular, the symbolic anal-
ysis of Fourier integral operators is very effective for computing coefficients in
such expansions. This approach has been applied to the study of the Szeg6 ker-
nel in the Catlin-Tian-Yau expansion and to the study of the Bergman kernel,
with contributions by Hsiao [17] and others, where the existence of asymptotic
expansions is established and leading coefficients are computed.

Another approach to Bergman and Szegd kernels is provided by heat kernel
methods. Using heat kernel analysis, Ma and Marinescu established connec-
tions between the Bergman kernel and holomorphic Morse inequalities [25]. In
related work, Hsiao used heat kernel techniques to prove the existence of as-
ymptotic expansions for Bergman and Szeg6 kernels and to compute the first
coefficient [17]. These results show that microlocal analysis and heat kernel
methods both play important roles in the study of kernel asymptotics.

Starting from Bergman and Szeg® projections, one can construct Toeplitz op-
erators. From the perspective of Fourier integral operator theory, Toeplitz oper-
ators can be analyzed microlocally. In particular, one can study the spectrum of
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Toeplitz operators and the symbolic behavior of their compositions. This natu-
rally leads to the main theme of this dissertation, namely quantization.

More precisely, the central question is how far the Toeplitz operator symbol
calculus for Bergman and Szegd projections extends beyond the classical com-
pact Kéhler setting. More specifically, can one use microlocal analysis of these
projections to construct algebraic structures that reflect the underlying sym-
plectic or contact geometry, not only on Kéhler manifolds but also on strictly
pseudoconvex CR manifolds and on complex manifolds with boundary? This
problem motivates the developments in the following sections.

1.2. Quantization

There are many ways to interpret quantization. From an algebraic point of
view, quantization concerns the problem of deforming a Poisson algebra into a
noncommutative algebra in a way that reflects the underlying Poisson structure.
A basic example comes from quantum mechanics. Given a physical system, its
phase space is a symplectic manifold, typically the cotangent bundle T*M of a
configuration space M. Functions on T*M form a commutative algebra under
pointwise multiplication. In quantum mechanics, however, observables such as
position and momentum are represented by operators acting on a Hilbert space,
and these operators are in general noncommutative. This noncommutativity is
the origin of the Heisenberg uncertainty principle and arises from the operator
algebra structure itself.

From a geometric point of view, one asks whether the algebra of smooth
functions on a symplectic manifold can be represented on a Hilbert space in
such a way that the commutator of operators corresponds to the Poisson bracket
of functions. This idea is the basic motivation of geometric quantization. When
one considers a compact Kdhler manifold M, the algebra of smooth functions
on M can be quantized using Bergman projections. Assuming that M admits a
pre-quantum line bundle L, one considers the tensor powers L and the Hilbert
spaces of their holomorphic sections. Let B¥ denote the Bergman projection onto
these spaces. For a smooth function f on M, the Toeplitz operator TJIE is defined

by
TF = BXfB*.
It was shown by Ma and Marinescu [26], Bordemann, Meinrenken, and

Schlichenmaier [3] and others that, as k — oo, the composition of Toeplitz oper-
ators admits an asymptotic expansion

k k = k
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where C; are bidifferential operators. This expansion defines a noncommutative
product

fxg= ;)k—fcxf,g),
=

called the Berezin-Toeplitz star product, giving a noncommutative multiplica-
tion on ¥°(M)[k!]. The leading term Cy(f,g) is the pointwise product fg,
and the antisymmetric part of C; corresponds to the symplectic Poisson bracket
of f and g on M. This semi-classical asymptotic construction is referred to as
Berezin-Toeplitz quantization. The framework was later generalized by Ma and
Marinescu to Toeplitz operators acting on sections of auxiliary vector bundles
[26].

The geometric viewpoint leads to geometric quantization, while the alge-
braic viewpoint appears in the study of Toeplitz operators. Kernel asymptotics
govern the symbol calculus of Toeplitz operators, which in turn underlies star
products. The construction of star products is known as deformation quantiza-
tion.

From the viewpoint of deformation quantization, this construction fits into
a general framework developed by Bayen, Flato, Fronsdal, Lichnerowicz, and
Sternheimer [1], Fedosov [10], and De Wilde and Lecomte [7] where the algebra
of smooth functions on a symplectic manifold is deformed using its Poisson
structure. Later, Kontsevich extended this result to general Poisson manifolds
[24]. A natural question in deformation quantization is how the coefficients of a
star product reflect the geometric properties of the underlying manifold. In the
Kéhler setting, the coefficients of the Berezin-Toeplitz star product are known to
involve geometric invariants such as curvature. Using microlocal analysis, Ma-
Marinescu [26] and Hsiao [16] computed the first three coefficients of this star
product, while Xu [32] obtained related results using combinatorial methods.

We use methods from analysis as a bridge to connect the algebraic and geo-
metric viewpoints on quantization. More specifically, the main tools of this
thesis are microlocal analysis and the theory of Fourier integral operators. By
studying the asymptotic behavior of the Bergman kernel, the Szeg6 kernel, and
Toeplitz operators, we construct star products, identify how their coefficients
relate to geometric invariants, extend several classical quantization results, and
provide a new perspective on deformation quantization.

In this thesis, we distinguish between several related notions of quantiza-
tion. Berezin—Toeplitz quantization refers specifically to the semi-classical quan-
tization on compact Kdhler manifolds constructed from Bergman projections.
More generally, in the CR and complex manifold with boundary settings, we
study the algebraic structures generated by Toeplitz operators associated with
Szegd or Bergman projections through analytic methods. We refer to this
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operator-level framework as Toeplitz quantization. Finally, deformation quantiza-
tion is understood in the algebraic sense of constructing star products on suit-
able algebras.

1.3. Main results

Part I. This part of the dissertation computes the fourth coefficient C3(f, g) of
the Berezin-Toeplitz star product on a compact Kdhler manifold (Theorem 3.8)
using a microlocal analysis of the Bergman kernel.

In contrast to the classical polarized setting, we do not assume that the vol-
ume form on M is induced by the polarization associated with the pre-quantum
line bundle. Although this situation is equivalent, in the sense of [26], to work-
ing with a polarized metric and a determinant line bundle, our approach allows
the geometric invariants of M to appear more directly in the coefficient C3(f, g).
Moreover, the analysis applies to the twisted setting in which Toeplitz operators
are defined via the Bergman projection onto holomorphic sections of L¥ ® E. In
particular, under the polarized metric assumption considered by Ma and Mari-
nescu, the fourth coefficient C3(f, g) can be obtained within this framework (see
Corollary 3.9).

Part II. On a strictly pseudoconvex CR manifold, Toeplitz operators defined
via the Szeg6 projection interact naturally with the underlying contact geome-
try. Since the bracket induced by the contact form is a Jacobi bracket, the classi-
cal star product construction applies only to Reeb-invariant functions.

Motivated by this, we replace the usual formal deformation parameter by
an elliptic pseudodifferential operator E. We prove that Toeplitz operators de-
fined via a Szeg6 type projection admit asymptotic expansions in powers of E
(Theorem 4.6). This leads to a closed algebra of pseudodifferential operators
adapted to the CR structure and equipped with a star product at the operator
level (Theorem 4.23).

We then consider complex manifolds with strictly pseudoconvex CR bound-
ary. Using the factorization of the Bergman projection through the Poisson op-
erator, we analyze the Poisson operator microlocally near the boundary (Propo-
sition 5.11). We show that operators of the form P*fP are pseudodifferential
operators of order —1 (Theorem 5.10), which allows us to reduce the quantiza-
tion problem to the boundary and construct a deformation quantization in this
setting (Theorem 5.26).

Part III. The final part of this dissertation studies semi-classical Toeplitz op-
erators on strictly pseudoconvex CR manifolds, defined via functional calculus,
following Herrmann, Hsiao, Marinescu, and Shen [13]. This part is based on [6]
joint work with Herrmann and Hsiao. A semi-classical parameter is introduced
through a family of cutoff functions, and the resulting operators are shown to
admit asymptotic expansions similar to those of the Szeg6 kernel. We do not
assume that the volume form is induced by the contact form, but only require



5

it to be Reeb-invariant. Extending the approach of the work done by Hsiao and
Shen [22], we compute the second coefficient of the Szeg® kernel in this general
setting (Theorem 6.7). As a consequence, we obtain the second coefficient of
the associated semi-classical Toeplitz operators (Theorem 6.2). Moreover, in the
case of a compact Kahler manifold, we show that these coefficients correspond
to the coefficients of the Bergman kernel on the base manifold (see Sec. 6.4).

Summary and perspectives. This thesis establishes a deformation quantiza-
tion framework on complex manifolds with strongly pseudoconvex CR bound-
ary, based on the analysis of Bergman and Szeg6 type projections and the as-
ymptotic structure of associated Toeplitz operators. A detailed analysis of the
Poisson operator near the boundary allows us to determine subleading terms
in its symbol expansion and the coefficients in the asymptotic expansion of the
Bergman kernel of the complex manifold with boundary.

The present construction is formulated for a specific class of operators. It
would be natural to further introduce a positive (pre-quantum) line bundle
over the interior, which may lead to a semi-classical quantization scheme closer
to the classical Berezin-Toeplitz construction. Another natural direction is the
study of CR manifolds with boundary, where a more delicate analysis of the
d,-Neumann problem could provide new insight into the relationship between
Szeg6 and Bergman type Toeplitz quantizations.

Explicit formulas for these coefficients help clarify how geometric invariants
like volume forms or curvatures appear in the asymptotics of Toeplitz opera-
tors. Higher order terms in the star product and kernel asymptotic expansions
contain geometric information beyond the leading term. This may be useful
for further study of spectral invariants and boundary phenomena in CR and
complex geometry. For instance, in the CR setting, the assumption of a Reeb-
invariant volume corresponds to a conformal change of the contact form, and it
would be interesting to understand whether conformal invariants are reflected
in the corresponding kernel coefficients. The semi-classical Toeplitz operators
considered here may also serve as a framework for constructing Toeplitz quan-
tization on CR manifolds, providing a setting in which spectral invariants can
be studied in relation to geometric data.



1.4. Organization of the thesis

The thesis is organized as follows. For convenience, we also indicate the
main results in each part.

Chapter 2 collects the analytic and geometric preliminaries used throughout
the thesis.

Part I. Chapter 3 is devoted to the computation of the fourth coefficient of the
Berezin—Toeplitz star product on compact Kahler manifolds.

e Theorem 3.8 determines the fourth coefficient C3(f, g).
e Corollary 3.9 treats the twisted line bundle case.

Part II. Chapters 4 and 5 develop Toeplitz quantization at the operator level
on strictly pseudoconvex CR manifolds and on complex manifolds with strictly
pseudoconvex CR boundary. The conceptual summary graphs for these two
chapters are in Remarks 4.9 and 5.9.

e Theorem 4.6 establishes the asymptotic expansion of pseudodifferential
operators in the CR setting.

e Proposition 4.22 shows that these operators form a Poisson algebra.

e Theorem 4.23 constructs the deformation quantization on CR mani-
folds.

e Proposition 5.11 shows that, near the boundary, the Poisson operator P
admits a Fourier integral operator representation.

e Theorem 5.10 proves that P* f P is a pseudodifferential operator.

e Theorems 5.25 and 5.26 establish deformation quantization on complex
manifolds with boundary.

Part III. Chapter 6 studies semi-classical Toeplitz operators and the computa-
tion of their second coefficients.

e Theorem 6.2 computes the second coefficient of the semi-classical
Toeplitz operators.

e Theorem 6.3 describes the dependence on the derivatives of the cutoff
function.

e Theorem 6.7 and 6.8 determine the second coefficient of the Szeg6
kernel under a general Reeb-invariant volume form.



CHAPTER 2

Preliminaries

We use the following notations throughout this thesis: Z is the set of inte-
gers, N = {1,2,3,...} is the set of natural numbers, and we put Ny = N {0},
R is the set of real numbers. Also, R; := {x € R: x > 0} and Ry = R} U {0}.
For a multi-index « = (a1,...,&,) € Njand x = (x1,...,x,) € R", we set

x* = x]t g,
(2.0.1) 3 ) Jla
Oy =g R=LA =T

Letz = (z1,...,2n), 2j = Xoj1 tixg, j = 1,...,m, be coordinates on C". We
write

x X ® =0 __ =1 =K
Z _Zl ...Zn", Z _Zl ...Zn",

a_i_l( J _ia) a,_i_l( J +ia)
(2.0.2) 5 aZ] N 2 aij_l aij ’ 5o 82] N 2 aij_l aij ’
ol olal
ag:a;‘;...ag;:ﬁ, ag:agll...ag::ﬁ,

Forj,s € Z,setdj; = 1if j=s,6;s = 0if j # 5.

Let M be a smooth paracompact manifold. We let TM and T*M denote,
respectively, the tangent bundle of M and the cotangent bundle of M. The com-
plexified tangent bundle TM ® C of M will be denoted by CTM, similarly we
write CT*M for the complexified cotangent bundle of M. Consider (-, - ) to de-
note the pointwise duality between TM and T*M; we extend (-, - ) bi-linearly
to CTM x CT*M. Let Y C M be an open set and let B be a vector bundle over
Y. From now on, the spaces of distribution sections of B over Y and smooth
sections of B over Y will be denoted by D'(Y, B) and ¢ (Y, B), respectively. Let
E'(Y, B) be the subspace of D'(Y, B) whose elements have compact support in
Y. Let €°(Y, B) := €°(Y,B)N E'(Y, B).

2.1. Elements of microlocal and semi-classical analysis

We begin by introducing several notions of microlocal analysis that will be
used here. Let D C RN be an open set.



DEFINITION 2.1. For any m € R, set
(D x D x RM)

to be the space of all a(x,,7%) € €°(D x D x RM) such that for every compact
K €@ D x D, every a, p € NY and v € N, there exists a constant Ckapy > 0
satisfying

.1.1) |a2aa)a(x, y,iy)‘ < Crapy(1+ 7)1, for all a(x,y, ) € K x RM.
We put S™(D x D x RM) := Mer S7'y(D x D x RM).

Letaj € S;5(D x D x RM), j = 0,1,2,... with m; — —co as j — +co. By
the argument of Borel construction, there always exists s € S{9(D x D x RM)
unique modulo S such that

/-1
(2.1.2) a— Y aj€S/§(Dx D xRM)
j=0

forall £ =1,2,.... If a and a; have the properties above, we write
+o0

(2.1.3) a(x,y,n) ~ Y aj(x,y,n) in SyH(D x D x RM).
j=0

Also, we use the notation
(2.1.4) a(x,y,17) € S"(D x D x RM)

ifa(x,y,n) € STO(D x D x RM) and we can find aj(x,y) € €=(D x D), j € N,
such that

too
(2.1.5) a(x,y,An) ~ Y A" Jaj(x,y, 1) in Sy (D x D x RM).
=0

For smooth paracompact manifolds M, M, we define the symbol spaces
STo(My x My x RM),  SM(My x My x RM)

and asymptotic sums thereof in the standard way.

Let W be an open set in RM and let W, be an open set in RN2. Let E and F
be vector bundles over W; and W,, respectively. For any continuous operator
P : €°(W,, F) — D'(Wy, E), we write P(x,y) to denote the distribution kernel
of P. A k-dependent continuous operator Ay : €°(W,, F) — D’(Wy, E) is called
k-negligible on W; x W, if, for k large enough, Ay is smoothing and, for any
K € W1 X W, any multi-indices &, f and any N € IN, there exists Cx4pn > 0
such that

%90 Ap(x,y)| < Ciapnk ™™ onK, V> 1.



In that case we write
Ar(x,y) =O0(k™) on Wy x W, or A =O0(k™) on Wy x Wj.

If Ay, By : €°(W,, F) — D'(Wy, E) are k-dependent continuous operators, we
write Ay = Bx + O(k™*) on Wy X W or Ax(x,y) = B(x,y) + O(k~*) on Wy x Wy
if Ay — By = O(k™®) on W1 X W,. When W = W; = W,, we sometime write “on
W".

Let M and M be smooth manifolds and let E and F be vector bundles over
M and M, respectively. Let Ay, By : €*°(M,F) — €*(M,E) be k-dependent
smoothing operators. We write Ay = By + O(k~*) on M x M if on every local
coordinate patch D of M and local coordinate patch D; of M, Ay = By + O(k~*)
on D x Dj. When M = M, we sometime write on M.

We recall the definition of the semi-classical symbol spaces

DEFINITION 2.2. Let W be an open set in RY. Let

S(1) = S(LW) := {a € €°(W); Ya € Ny : sup [0%a(x)| < o},

xeW
and let S?OC (1, W) be
{(@(, Kiew; Vo € NY, Vx € (W) = sup sup [0 (xa(x, k)| < oo} .
keRk>1xeW
Hence a(-, k) € Sfoc(l; W) if for every a € ]Né\] and x € ¢;°(W), there exists

Cy > 0 independent of k, such that [0*(xa(:, k))| < Cyk! holds on W.
Consider a sequence aj € Séj (1), j € Ny, where Ej N\, —o0, and let a €

loc
sh (1). We say

loc o
a( k) ~ Y aj(-, k) in S0 (1),
j=0

if, for every N € INp, we have a — Zl'io aj € Sféi“

j (1) . For a given sequence a;
as above, we can always find such an asymptotic sum a, which is unique up to
an element in 5, (1) = S| (1, W) := ﬂgSfOC(l).

Let / € R and let
Sléoc,cl (1) = Sfoc,cl (1; W)

be the set of all 2 € S¢_(1; W) such that we can find aj € €*(W) independent of

loc

k,j=0,1,..., such that
a(-, k) ~ Y kTai() in S0 (1).
j=0

Similarly, we can define Sfo .(1,Y) in the standard way, where Y is a smooth
manifold.



10

DEFINITION 2.3. A function ¢(x, 8) € €°(D x RM)is called a phase function
if, for all (x,0) € M x RM, the following conditions are satisfied:

Im ¢(x,0) > 0, ¢ ishomogeneous of degreelinf, and d¢ # 0.

Let D; be an open subset of RN: for i = 1,2, we define the concept of Fourier
integral operators:

DEFINITION 2.4. Let A : 65°(Dy) — 2'(D1) be a continuous linear operator.
A is called a Fourier integral operator if the distribution kernel of A can be
formally expressed as

(2.1.6) Au(x) = // PO a(x, y, Mu(y)dydy, u € € (Dy)
where ¢(x,y,7) is a phase function and a € S7j(D; X D2 X RM),

We now state the classical version of the stationary phase formula due to
Hormander [14] which will be intensively applied in the proof of the composi-
tion of Fourier integral operators:

THEOREM 2.5. Let D be an open set in IR", let K C D be a compact set and N € IN.
Let u be a compactly supported smooth function on K and F a smooth function on D
such that Im F > 0in D, Im F(0) = 0, F'(0) = 0, det(F"(0)) # 0 and F'(x) # 0 for
x € K\ {0}, then

1
‘ ) " 2 .
/ e”\F(Z)u(z)dU(z) — ¢AFO) Jet (L@)) Z /\_]Lju
D

2.1.7) 2i7C P
<CkN Y supl|dul,k > 0.
|a|<2N
Here C is bounded when F remains in a bounded set in €*°(D), and |F|,+J|C)‘ has a uniform
bound. L; is a differential operator defined by
. M
(2.1.8) Liu= Z i~127V(F"(0)"'D, D)V—(h V?Lj)(o)
Warral viu!
2u>3u
where
1
(2.1.9) h(x) = F(x) — F(0) — E(F”(O)x,x}
and
_Zaxl
—id
(2.1.10) D= "

_id

X2on
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2.2. Cauchy-Riemann geometry and Szegd kernels

Let X be a smooth Riemannian manifold of dimension 2n + 1. Denote by
TX its tangent bundle and by CTX := TX ® C its complexified tangent bundle.

DEFINITION 2.6. Let X be a smooth Riemannian manifold of dimension 2n +
1. A Cauchy-Riemann (CR) structure on X is a pair (HX, J), where HX is a real
subbundle of TX of rank 2m, and | € End(HX) is an endomorphism satisfying
J? = —idyx. The pair (HX, ]) is required to satisfy the integrability condition

(2.2.1) [TYYX, TWX] c TYX,
where

TWX:={u—+v—-1Ju:uec HX} C CTX.
We also define

TWOX =T X := {u++/—1Ju:uec HX}.

A smooth manifold X equipped with a CR structure (HX, J) is called a CR man-
ifold. We shall denote such a CR manifold by the pair (X, T'?X).

Let (X, T"X) be a compact orientable CR manifold of dimension 21 + 1,
n > 1. Since X is orientable, there exists a global one-form ¢ € (X, T*X)
such that u_& = 0 for all u € T'0X and &(x) # 0 for all x € X, where _ denotes
interior product. We call ¢ a characteristic form on X.

DEFINITION 2.7. The Levi form £, = Eg of X at x € X associated to a
characteristic form ¢ is the Hermitian form on Ty°X given by

(2.2.2) Lo:TOX x TWX - C, LU, V)= %d@(U,V).

DEFINITION 2.8. A CR manifold (X, T'?X) is said to be strictly pseudocon-
vex if there exists a characteristic 1-form ¢ such that for every x € X the Levi

form £§ is positive definite.

REMARK 2.9. On a strictly pseudoconvex CR manifold (X, T*?X), the real
part Re T'0X defines a contact structure on X. Any characteristic 1-form ¢ is a

contact form for this structure, since Ker & = Re T'9X with dimg Re T''X = 2,
dimg X =2n+1,and ¢ A (dE)" # 0.

From now on, we assume that (X, T'YX) is a compact strictly pseudoconvex
CR manifold of dimension 21 + 1, n > 1, and we fix a characteristic one form ¢
on X such that the associated Levi form Ly is positive definite at every point of
x e X.

DEFINITION 2.10. The Reeb vector field 7 € €*°(X, TX) with respect to ¢ is
the unique vector field such that 71§ =1 and 7 .d¢ = 0.
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DEFINITION 2.11. The Levi metric (-|-) on CTX is the Hermitian metric
induced by the Levi form L, given by

(u]v) = Ly(u,0), u,0c THX,
(2.2.3) TWX | 791X,
T L(TPX o T1X), (T|T)=1.
Let T*10X and T*%1X be the subbundles of CT*X annihilating C7 & T"!X
and CT @ T'YX, respectively. Define
T*PAX .= (APT*IOX) A (AT X)

as the bundle of (p,q)-forms. The Hermitian metric (-|-) on CTX induces a
Hermitian metric, still denoted (-|-), on @Z,qzo T*P4X.Forp,q=0,1,...,n,set
QPA(X) == €°(X, T*P1X).

With respect to the given Hermitian metric ( - | - ), for p,g € N, 0 < p,q < n,
we consider the orthogonal projection

(2.2.4) 7P . APTICT*X — T*PAX.
The tangential Cauchy-Riemann operator is defined to be

Fix a volume form dV on X so that L7dV = 0, where L7 is the Lie derivative
of T. Let (| -) be the L2 inner product on QP#4(X) induced by 4V and (- | - ), and
let L%p’ q)(X) be the completion of OP(X) with respect to (- |-) for 0 < p,q < n.
Set L%(X) = L%OIO)(X).

Extend 9, to L? by

dp : Domdy, C L*(X) — Ly (X),
where 3 B
Dom oy, := {u € L*(X); dyu € Ly 1(X)}.
Assume that X is embeddable, i.e., there exists a CR embedding
F:X—cCV
for some N € IN. Moreover, X is embeddable if and only if d;, has closed range
in L2,
We recall some geometric quantities in pseudo-Hermitian geometry. The

Hermitian metric (-|-) and volume form dV; define an L? inner product (-|-)z on
OPA(X) for p,g € No, 0 < p, g < n. Let

0p =0 od: €*(X) — QYO(X)

and let B
dp =0 + 0 : €°(X) — Q¥(X) ® QM (X).
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The sublaplacian operator Ay : € (X) — €(X) is defined by
1 o o
@26)  (Moflw) = 5(duf [d)y,  f € GVX),u € EVX).

From 2.6, we can see that | is a complex structure on HX and HX can be
expressed as
HX = Re(TYX @ T¥1X).

DEFINITION 2.12. Given a contact form ¢ on X, and | a complex structure
on HX. There exists a unique affine connection V := V¢/ with respect to & and
J such that

(1) V,¢*(X,HX) C €*(X, HX) for any v € €*(X, TX),

(2) VT = V] =V(d) = 0.

(3) The torsion T of V is defined by ©(u, u) = V,0 — V,u — [u, v] and satis-
fies (1, v) = dé(u,v)T, ©(T, Jv) = —J(T,v) for any u,v € €=(X, TX),

Let {Ly}"_, be alocal frame of T X. The dual frame of {L, }"_, is denoted

by {¢*}!_;. The connection one form w,f is defined by

VL, = wh ® L.

Let Ly and &* denote L, and ¢* respectively, we also have VLz = wé ® Lg.

DEFINITION 2.13. The Tanaka-Webster curvature two form @ﬁ is defined by
(2.2.7) 0F = dwf — Wl A wg.

We can directly express (2.2.7) as
(2.2.8) ef = Rfﬁgf NEE+ AR NG+ BT A+ CAE,

for some one-form C. The pseudohermitian Ricci curvature R g is defined by

n

o B
Rg= ) R
p=j=1
Write d¢ = ih@é"‘ A CE and let 1™ be the inverse matrix of & .5 The Tanaka-
Webster scalar curvature Ry, is defined by

n _
(2.2.9) Recal == Y, h™R ;.
k=1

DEFINITION 2.14 (Szegd projection). Let HS(X) := Kerd,, the orthogonal
projection
IT: L3(X) — HY(X)
is called the Szeg® projection with respect to (- | -).
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LetI1(x,y) € D'(X x X) denote the distribution kernel of IT. We recall Boutet
de Monvel-Sjostrand’s fundamental theorem [4] (see also [17, 20]) about the
structure of the Szegd kernel. For any coordinate patch (D, x) on X, there is
a smooth function ¢ : D x D — C with

Im ¢(x,y) > 0,
(2.2.10) ¢(x,y) = 0if and only if y = x,
dxq)(x/ X) = _dy(P(x/ X) = )\(X)C(X), A(X) € (goo(D/ R+)/

such that we have on D x D, the Szeg6 projector can be approximated by a
Fourier integral operator

too
(2.2.11) T(x, y) = / M s(x, y, Dt + F(x, ),
0

where F(x,y) € ¢°(D x D) and s(x,y,t) € SH(D x D x Ry) is a classical
Hormander symbol satisfying s(x, y,t) ~ Z;;"S si(x, y)t" 7/ in 510(D x D x Ry),
s]-(x,y) € ¢°(DxD),j=0,1,...,andif A(x) =1,

1 dv;
(2212) S()(X, X) = MTHW(X)’
where
2*7’1
(2.2.13) dVi = = A (dE)".

n!



Part 1

The Fourth Coefficient of Berezin-Toeplitz
Star Product



CHAPTER 3

Berezin-Toeplitz quantization

The path from classical mechanics to quantum mechanics involves differ-
ent mathematical structures. For example, one can describe the phase space
of a classical mechanics system as a symplectic manifold and solve the equa-
tions of motion by considering the flow of a Hamiltonian function. In quantum
mechanics, the idea that the observables turn into operators inspires people to
consider a corresponding vector space associated to a manifold. Such a process
is called geometric quantization, and the classical observables are represented
on a chosen Hilbert space. As for the representation of the algebra of the ob-
servables, it is not difficult to find that the representation is not commutative.
For instance, the position function x and the momentum function p become
operators £ and p, respectively, and satisfy the famous relation of the Heisen-
berg Uncertainty Principle, [£, #] # 0. Therefore, it is natural to understand the
non-commutative structure of the representation of the algebra of classical ob-
servables. A way to investigate this nontrivial algebraic structure is to deform
the algebra of smooth functions on the manifold ¢*°(M) into the formal power
series €°(M)[A], where A is a formal parameter. The construction of a new
product called star product on €*°(M)[A] is hereby presented. The star prod-
uct (see Def 3.1) is helpful in understanding the relation of non-commutativity
and the geometry of the underlying manifold. This process is called deforma-
tion quantization. It has been studied by [1,7] on symplectic manifolds, and
the star products on symplectic manifolds have been well classified in [23,29].
On the other hand, [10] also constructs deformation quantization in the sym-
plectic manifold using a different method. Using the Bergman kernel theory,
the study of deformation quantization in the compact Kéhler manifold is con-
ducted by [3,26,31] through the process called the Berezin-Toeplitz quantifica-
tion (see Theorem 3.7). The existence of a universal formula for the star product
on a general Poisson manifold was proved in [24]. Similarly, one can consider
the Toeplitz operators of Szegd projection to study the quantization on the CR
manifolds [11,18].

3.1. Introduction and main results

We begin with the definition of star product:
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DEFINITION 3.1. Let M be a smooth manifold with the Poisson structure I1.
For f,g € €*(M), a star product * of f and g is of the form

frg=) AN'Culf,9)
n=0

where A is a formal parameter, C, is a bidifferential operator for all n and satis-
fies the following conditions:
If f,gand h € €= (M),

(1) Cu(c, f) = Cu(f,c) = Oforallc € R, n > 1;

@) Y CCo(f,9) )= Y Culf,Cylg ) forall n € NU{0};
a+b=n a-+b=n
(3) Ci(f, 9 — Ca(g, f) = 2AII(f, Q);

4) Co(f,8) = f-8 = Colg f)

The bidifferential operator Cy(:, -) is called the coefficients of the star product
*. It involves the geometric data of the given manifold. Therefore, it is natural
to understand and compute the coefficients of the star products. In this part,
we study the Berezin-Toeplitz star product on compact Kdhler manifolds, de-
fined via Toeplitz operators. Our main result is the computation of the fourth
coefficient C3 of this star product, adapting the methods of [16, 26].

We now formulate our main result. Let M be a compact Kdhler manifold
with a smooth Hermitian metric (-, ) on T M. Consider the complexified tan-
gent bundle CTM. By requiring the orthogonality of T'’M and T"!M, we ex-
tend the smooth Hermitian metric to CTM. Further, this metric also induces a
Hermitian metric on APAT*M @ A¥ T* M. The Hermitian metric induces a real
two form on M, denoted by ©.

Let L be a positive Hermitian line bundle over M. We assume L has a smooth
Hermitian fiber metric denoted by hl. Let ¢ be a local weight of this metric.
That is, if s(x) is a local trivializing section of L on an open set D C M, then the
pointwise norm is

|5(x)|2 = [s(x)[>, = e 2™, ¢ € (D, R).

The canonical curvature of the line bundle is denoted by R, we have

(3.1.1) RL = 200¢

in terms of local weight. Let RL € End(T*°M) be the corresponding curvature

operator of RE, the line bundle L is positive is equivalent to say that the operator

RL is positive definite. The curvature induces Kéahler form w on M, satisfying
V=1

12 — Y “RE
(3.1.2) w 7o R
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which induces a smooth Hermitian metric on CTM denoted by (-, -).,. The ex-
tension of this Hermitian metric to AP1T*M ® A* T*M also denoted by (-, -) .
We point out that we have two different metric on T"YM. More precisely, in
local holomorphic coordinate (zy, ..., z,), we have

(3.1.3) © = V-1)0;dz Adz;,
i,j

(3.1.4) w=V-1Y w;jdz; Ndz;,
ij

where

(3.1.5) ;= <aiz,-’ a%-}?

and
(3.1.6) %:%%%M

Put h = (hj,k);?,k:y where hj; = wy; for j,k = 1,...,n. On the other hand,
(dz;,dzj)w = Wk, h=1 = (hf'k);.q/k:1 is the inverse matrix of . The complex Lapla-
cian with respect to w is defined by

n ik 82
(3.1.7) Aw:—zgh 5205
jr
Besides, we put
noq aZ
(3.1.8) M‘ET%%’
j=1 7\j 9%j9%;

where Ay, - -+, A, are eigenvalues of RL.
The determinants of the metrics are denoted by

(3.1.9) Vo = det ((©;)}j_1) , Ve = det ((w;j)}j_) -

The scalar curvatures with respect to two metrics are

(3.1.10) 7= Aplog Ve, r = Aylog V.

The Ricci curvature of the determinant line bundle of T’ M with respect to ©®
is denoted by Rd¢!. We have

(3.1.11) REt = —Jolog Ve.
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Let § = h~'0h be the Chern connection matrix with respect to w, where
0 € AYOT*M. The Chern curvature RIM is given by

30 = (30, ))}';—y € €™ (A T*M @ End(T"'M)) .

Let eq,...,e, be an orthonormal frame of T*°M with respect to w, the Ricci
curvature with respect to w is defined by

(3.1.12) Ricy = = Y _(RIM(-, ), €f) -

]

Let D% be the (0, 1)-component of the Chern connection induced by w.
DY . g°(M, A" ' T*M) — €°(M, A% T*M @ AY' T*M).
Let z = (z1,...,24) be a local holomorphic coordinate, put A = (ai,j)?,jzl where
a,',]' = <dZ_], dZ_1>w for i,j = 1,. .o, n. Set A = AilaA = (D(i,]')?,jzl where 0(1"]' S
AYT* M. For u = Y uxdzy, we have
D%y = Zéuj ® dzj + Zk:u]-ock,j ® dz.
] s
Notice that D% can be extended to
CO(M, (A T*M)®") — €=(M, (A T*M)“ D)

by D%Y(u ® v) = (D"'u) ® v + u ® (D*'v) for u,v € €*°(M, A% T*M) induc-
tively. Similarly, the (1,0)-component of the Chern connection denoted by D'
can be extended to €®°(M, (A0 T*M)®™). By choosing a Hermitian metric on
T'YM, we obtain an isomorphism between the bundles T"'M and A%'T*M.
Consequently, we have

End(TYYM) = A T*M @ A% T* M.

We denote by R € ¢* (AMT*M @ AYT*M) the Chern curvature RTM identi-
tied under the isomorphism

E°(M, AV T*M @ End(T'M)) = €°(M, AV T*M @ AV T* M).

DEFINITION 3.2. Let 7 : AYT*M @ A% T*M @ AWT*M @ A T*M —
AT M @ AT*M @ A% T*M @ A% T*M be a bundle isomorphism, switch
the two middle components. In matrix representation, T acts as the matrix

1000

o OO

01
10
00

— o O

on each fiber.
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DEFINITION 3.3. Letv =0, ® v, € A T*M @ A0T*Mand w = w; @ w, €
AIT*M @ AY1T* M. We define viw := T(v @ w).

EXAMPLE 3.4. Let f, g be smooth functions on M, with the notation we de-
fined above, we have

DYaf € AT*M @ AMT*M,
D%19¢ € A T*M @ A1 T*M,
and
DY9f&D"0g € AVT*M @ AP T*M @ APT*M @ A T*M.
Recall that R&* and Ric,, are (1,1)-forms on TYOM. Let {f'}" | and {fi "

be orthonormal frames of AT*M and A%!T*M, respectively. With respect to
these frames, the curvature forms can be written as

(3.1.13) RE =Y [REYif @ f,
5
(3.1.14) Ric,, = ¥ [Ricolijf @ fI

ij
for some coefficients [Rd@)et]ij and [Ricy ;. Identifying AVIT* M with End(TYOM),
we define

(3.1.15) (REY? = Y [REARE T f @ £/,
i,jk

(3.1.16) (Ricw)* = Y [RicolilRicoliff @ f7
i,j,k

which represent the (1, 1)-forms corresponding to the compositions of these op-
erators.

To establish our result of the computation of the Berezin-Toeplitz star prod-
uct, we give a brief introduction of the Berezin-Toeplitz quantization in this sec-
tion. Let L¥ := L®* be the k-th tensor power of L over M. The smooth Hermitian

fiber metric h on L induces a smooth Hermitian fiber metric hX* := (hLY®k on
Lk, That is, if s(x) is a local trivializing section of L on D C M, then sk(x) ==
s(x)®* is a local trivializing section of L¥ on D. The volume form on M induced
by (-, -) on CTM is denoted by

@Vl

doy = doy(x) == PR
Hence, we have natural inner products on ¢;°(M, L¥) and %,°(M) denoted by
(-|)x and (-]-) respectively. That is, let s be a local trivializing section of L on an
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open set D C M, |s|?, = e 2¢. Note that we have the identification between
¢>(D, L") and ¢*(D):
€¢*(D, LK) «— €%(D)
u = sk «— 1.

where i := e~ " (and similarly 7 := ve~*?), we have for u = s*i,v = s"v €

(M, LY,
(o) = (o) = /M e 29 dop(x).

Let L2(M, L¥) be the completion of €,°(M, L¥) with respect to (- |- ). The
Cauchy-Riemann operator with values in L¥ is denoted by

0: €™M, L") — ¢°(M,L* @ A" T*M).
Let HY(M, LX) := {f € €°(M, L") : af = 0}.

DEFINITION 3.5. The Bergman projection of level k is an orthogonal projection
with respect to (-|-)x from L2(M, L?) onto HO(M, L¥) denoted by 1.

DEFINITION 3.6. Let f be a smooth function on M, the Toeplitz operator of level
k with symbol f is given by

(3.1.17) T}") =110 o My o 11® : L2(M, L¥) — L2(M, LF),

where M is an multiplicative operator defined by M¢(g)(x) = (fg)(x) for
any ¢ € L2(M,L¥),x € M. Since TX maps a function to an operator, we also
called T}k) the Berezin-Toeplitz quantization with symbol f.

We state the classical well-known result of the deformation quantization on
compact Kdhler manifolds:

THEOREM 3.7. [3,31] Let M be a compact Kihler manifold and L is a holomorphic
positive line bundle over M. With the same notation above, there exists a star product
xpr on M with f xpr § = Y20k 'Ci(f,g) such that for any N € IN there exist
Cn > 0 independent of k and

(3.1.18) yT(") T — Zk iT®

C(f ‘<C kK N— 1

where ||-|| is the operator norm on the space of bounded operators on €°(M, L¥).
We call xpt the Berezin-Toeplitz star product. For simplicity, one could write

® 0 ok
Ty oTg” ~ Thirg
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in the sense of k goes to infinity. In the form of Definition 3.1, we write
(3.1.19) frprg =Y kICi(f.3),
j=0

where C; satisfies the four conditions in Definition 3.1. Notice that the non-
commutativity of the deformed algebra ¥*°(M)[k~!] reveals the algebraic struc-
ture of the Toeplitz operators. Let T(k)(x y) € €*°(M x M,End(LK, Lk)) be the

Schwartz kernel of T} ), By choosing a local trivializing sections of Lon D C M,

we have ) )
T](, )(x, y) = s(x)kT( )(x y)s (y)k

where T}kz(x, y) € €=(D x D). Hence, the action of Toeplitz operators on test
functions can be realized locally by

(1) = s [ T W), s 0) ) doww)

= s | 10 piw)dont),
where u = skt and 1 € €°(D). If x = y, we have
(k)(x X) = s(x)kT( ) (x, x)s* (x)k = (k)(x X)

for x € D. Therefore, TJ(r S)(x, x) is independent of the choice of the local section
s € €°(D,L"). We call T](f’fz(x, x) the kernel of Berezin-Toeplitz quantization on the
diagonal with symbol f and denote it by T}k)(x). The following is our main result
in this part:

THEOREM 3.8. The fourth coefficient of the Berezin-Toeplitz star product is given
by

(3.1.20)
Cs(f,8) =

< Dl O)Zaf (Dlo Zag> R, DO,léf_éng,Oag>w

48 4873 3213 <
- 2 (D f(er) @ D*3g(@), R
Rdet - Rdet 8 r oo
+ (RE' (@) A RE' (€0, 0F 1 93) |
16 — <<D0 1ag ® af DO 1Rdet> + <D0,1Rd®et’ DO,léf_' ® ag—,>w)l
where {ey }}_, is an orthonormal frame for TYOM with respect to (-, ).
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Ma and Marinescu [26] compute the coefficients in the setting of the line
bundle L tensor with a Hermitian vector bundle E. In this case, they computed
Co(f,g) and Cy(f,g) for f,g € €*(M,End(E)) and Cy(f,g) for f,g € €<(M).
They observed that when ® # w, one can reduce the case to the polarized
case twisted with a trivial line bundle L’ by choosing the local trivialization of
L' by 19> = %. The result in this part is equivalent to the polarized case
twisted with the determinant line bundle. Furthermore, we can generalize our
computation on Cj to the case of twisting any line bundle by the aforementioned
observation:

COROLLARY 3.9. Let M be a compact Kihler manifold and L be a positive line
bundle over M with the same notation as above. Let E be another line bundle over M.
For any p € M, U is a neighborhood of p. Let ¢ € €*(U,R) be a smooth function
such that [1g,,|* = e~ ?. Then dd¢ € AV T*M is the curvature of E denoted by Ricg.

Then the third coefficient of this setting is given by:
Ca(f,8) = — 355 ((DM)7F, (D238}, — 55 5 (R, DV13FED ag).,
1 = . .
= =3« < D9 (er) ® D*19g (@), Ricy + Ricw)w
k

(3.1.21) + ((RicE + Rice)(@F) A (Ricg + Ricw)(ex), f A ag>w)
1
~ 16 ((DO 19¢ ® af, DY (Ricg + Ricw))w
+ (DY"}(Ricg + Ric,), D*'of ® ag>w>.

The Corollary 3.9 is followed by choosing a specific metric ® on T'"'M. By
(3.1.4), we define ©; j = e Wj j.-

3.2. Asymptotic expansion of Bergman kernels and Toeplitz operators

This section provides the preliminaries required for the proof of Theorem
3.8. We summarize some definitions and results following [16], which will
be repeatedly used in the next section. For any p € M, we can choose a lo-
cal holomorphic coordinate {zy,...,z,} around p € D, where D is an open
neighborhood of p. Without lost of generality, we can identify p to the ori-
gin, that is z(p) := (z1(p),...,zu(p)) = 0. By choosing a local trivializing sec-
tion s(z) for the positive line bundle L, there exist ¢ € ¢*(D,R) such that
sK(2)|? = (s]s)x(z) = e 2¢(). Therefore, we have the following setting proved
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by [30]:
(3.2.1) z(p) =0,

Pz) = Y Ailzil* + ¢1(2),
i=0

x+pB
¢1(z) = O(|z[*), a—ﬂ(O) =0if |a| <1or|B| <1,
0z%9zP

O(z) = ﬁidzi A dz; + O(|z]).
i=0

By (3.1.1), let RLe¥ (M, End(TYM)) be the corresponding Hermitian matrix
of the curvature RL, we have % is the eigenvalue of R fori=1,...,n.

THEOREM 3.10. [16] In the above setting, we have
(3.22) e M@Hk@® ;1) = ¥z w k) mod Ok ®)on D x D,
where b(z, w, k) € €*(D x D) is properly supported and
(3.2.3) b(z,w, k) =Y K"'bi(z,w) mod O(k ®)on D x D,

i=0
bi(z,w) € €(D x D) fori € Ny,

a_zbi(z, w) and 94, b;(z, w) vanish to infinite order at z = w, for all i € Ny,
Y(z,w) € €=(D x D) satisfies
(3.2.4) Y(z,w) = —Y(w,z),

Im¥(z,w) > c|z — w|? for some ¢ > 0,
Y = 0ifand only if z = w.

Furthermore, given point p € M and a local holomorphic coordinate {z1, . ..,z } with
z(p) = 0, we have

(3.25) Y(z,w) =

lal+lBly o P
1 -2 =2
VI O 2 b TTTAT

|a|+[BI<N,

+O(|(z, w)[NT,

for every N € INy.
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Let f be a smooth function on M. by (3.1.17) and Theorem 3.10, the Schwartz
kernel of the Toeplitz operator can be written as follows:

(32.6) ¢ HOTHOTO ()
= / YYD b7y, k) f(u)b(u, w, k)dVir(t)  mod Ok ™).
D

The integral in (3.2.6) is a Gaussian integral with a complex phase function
ik(¥(z, u) + ¥ (u, w)). Let x;,y;,a; fori = 1,- - - ,2n be the real coordinates defined
as follows:

zj = x3j-1+ V=1,
wj = Yaj1+ V—1yaj,
Uj = i1+ \/—_1M2j,
torj=1,---,n. Define
F(x,a,y) := ik(¥(z, u) + ¥(u, w)).

By the properties of ¥(z, w) in (3.2.4), it satisfies F(x, a, x) < 0 and F(x, x,x) = 0.
From (3.2.5) we have

dyF(x,a,y)|

2 2n
det( o°F )
atX]‘ale jk=1

Thus x = a = y is a non-degenerate real critical point of F(x, «,y), and the sta-
tionary phase formula of Melin-Sjostrand [27] applies to compute the integral
(3.2.6), i.e. the kernel of the Toeplitz operators.

0,

x=a=y =

and

= 22"(det RF)? #£ 0.

x=a=y

THEOREM 3.11. [16] In the same setting with 3.10, we have
(3.2.7) e_k"’(z)’Lk‘P(w)T}kg(z, w) = eikw(z’w)bf(z, w,k) mod O(k™*®)on D x D,

where by(z, w, k) € €*(D x D) is properly supported and

(o]

(3.2.8) by(z,w,k) = Y k" "'b; s(z,w) mod Ok )on D x D,
i=0
bi r(z,w) € €(D x D) fori € Ny,

a_zbi, 7(z, w) and 9y b; ¢(z, w) vanish to infinite order at z = w, for all i € Ny,
Y(z,w) € €°(D x D) is same as (3.2.4).
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In particular, we consider the diagonal part of (3.2.6) by choosing z = w,
then we have:

(3.2.9) T}")(z) = T}]"S (z,2)
= / KXWz, 4, k) f(u)b(u, 2, k)dVi(u)  mod O(k™).
D

COROLLARY 3.12. As the same setting above, let f and g be smooth functions on
M. The integral kernel of the composition of Toeplitz operators is as following

6210 TV oTP)@)

= / (KO WY (2 1, K)by(w, 2, K)dVyg(w) mod Ok™)
D

=Y b k" mod O(k™),
i=0

where bj ¢ o is smooth function on M fori =0,1,--- .

In the same setting as (3.2.1), we compute (3.2.9) at z = 0 using Theorem 2.5.
The integral is

(3.2.11) T}k)(()) = T}’fg(o, 0)

= /D ek ON YW B0 1y, k) f(10)b(u, 0, K)dVir() mod O(k™).
Let F(u) = ¥Y(0,u) + ¥(u,0) in (2.1.7), we have
(3.2.12) T}")(O) = (271)"(det RL) 1 x

% I R N (@4 Vo £55(0, 2)bi(z, 0))(0)
=0 0<m<j vip!
V;;;:ﬂ

s+t=j—m

By (3.2.8), we have the following recurrence relation of the coefficients of the
asymptotic expansion of Toeplitz operators

THEOREM 3.13.

(32.13) b;4(0) = (27)"(detRL) - Y (_1)y2—mA5(¢¥V®fb;(&f)bt(z,0))(0)
0<m<i <l

v—p=m
v>2u
s+t=i—m

foralli=0,1,---.
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With Theorem 3.13, we can work on the composition of the Toeplitz opera-
tors similarly. Let z = 0 in Corollary 3.12, by applying Theorem 2.5 the coeffi-
cients of the expansion of the integral in (3.2.10) can be written as

COROLLARY 3.14.
(3.2.14)
' NGy Vo fbs (0, 2)bi (2, 0)(0)
bi f,4(0) = (27)"(det RL) ™" - (—1yr2—m20 , ,
¢ 0<;<i vip!
v—p=m

v>2u
s+t=i—m

foralli=0,1,---.

Using the estimate in (3.1.18) for compositions of Toeplitz operators and the
Berezin—Toeplitz star product, the computation of its coefficients reduces to the
following recurrence relation:

(3.2.15) bocite = bufg = bufg —burcirg =~ biuc, gy
for every n € INy.

3.3. Proof of Theorem 3.8

To derive (3.1.20) in Theorem 3.8, we compute each term in

(3.3.1) bo,cs(f.9) = b3,f,g — U3,f5 = bacy(r,9) — Drco(f )

Using the properties of Toeplitz operators, we can simplify this computation.
For any p € M, choose local holomorphic coordinates z = (zy,...,z,) around
p with z(p) = 0. Let s(x) be a local trivializing section of the holomorphic line
bundle (L, k) over M, and let ¢(x) € (D, R) be the local Kihler potential on
a neighborhood D of p. By directly computing (3.1.6) and (3.1.7), we obtain:

LEMMA 3.15.
i _ sy P TP Py
= 54 — 6
(33.3) A, =

—ZNi 1 1 Py N 1 9%¢ 0*¢; 02 )
k=1 )\] aZ]aZ_k /\]Akazkaz_Jaz]aﬁ A,A]Akazlaz_]azkaz_,azjaz_k

+ O(|z]).
LEMMA 3.16.
B 0 log Ve

dety . —
(3:3.4) RS0 = =2

0).



28

(3.3.5) [Ric,];(0) = — 2 Lo (0)
e wlty - k=1 )Lk 8z_kazkaz_laz] .
" 1 9%log Vg 9% log V,
dety27.. — = &'e &vVe
(3.3.6) [(RE")?1i1(0) k_Zl A omoz azaz

We also recall the off-diagonal expansion of the Bergman kernel.

LEMMA 3.17. If x1 and ) are smooth functions with compact supports on D such
that supp x1 Nsupp x2 = @, then x1110 x, = O(k=>).

With the above lemma, we can prove the separable property of Berezin-
Toeplitz star product:

LEMMA 3.18 (Separable property of Berezin-Toeplitz star product). Let M be
a compact Kihler manifold, and p € M. Suppose f is anti-holomorphic near p, then

forany N € IN, Cn(f, 8)(p) = f(p)g(p) for any g € €=(M). That is, (f * 8)(p) =
(f9)(p). Similarly, if g is holomorphic near p, then for any N € IN, Cn(h, g)(p)

h(p)8(p) for any h € €*(M), hence (h + g)(p) = (hg)(p)-
PROOF. Suppose f is anti-holomorphic on U C M, where U is a neighbor-

hood of p. We identify pas0 € C"and U = {z € C" : |z| < l(j%k}. Without loss

of generality, let ¢ € C°(M) with suppg C U, and let u,v € L3(M, L¥). We aim
to show that (T}k)Ték)u | O — (T}?u | v)r = O(k~*°). Note that (T}k) o Té(,k)u|v)k
can be written as

M0 o £ o TIM 0 g 0 TIWy|0), = (TP o £ o (TP — ) 0 g o TP u|0v),
+ {15 o fg o TTWy|v).
Since TI® is self-adjoint, we have
II® o f o (IT® — 1) 0 g 0 TP u|v), = (TIP — 1) 0 g o TTVU[f o TTWD),.
Let x € 65°(U) such that x = 1 on supp g and x € €;°(U) such that x = 1 on
supp x. Then,
M® — 1o golM®y = IIW — 1) o yg o 1My
— X1 — Do xgoIMPu + 1 — HITI® — 1) o xg o TTWu.

Let Ry = (1 — x)(TIT® — I) o xg o TI®y, since (1 — x)x = 0 and by Lemma 3.17
we have R, = O(k™®°). Then

(3.3.7)

(TP — ) o g o TIMu|f 0 TIWv), = (@I® — 1) 0 xg o TTVu| X FTI® D), + O ).
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We claim that there exist a holomorphic section b such that b = xfIT®o +
O(k=*).

(3.3.8) 0 (xf11®0)

5 an“‘) 262G A (z)
5

an(k |2 2k4>(z)d)L(Z)

IA

/ ORI2FT190 e 20aA ()
UN{zeC":|z|>¢}

IN

A / 10|26~ 2k0@ g7 (2
f 10gk>| |>C21c\>§k ’ ’ ( )
_ —2k( X1 Ajlzj24+0(|z?)
< Afx/c 1°gk>|z|>c logk ke ( j=171%] )
Vk

<A f " logk __ O(k )

Leta = 0 (}(_Vfﬂ(k)v) ® sk € Q%Y(M, L¥). Since da = 0, there exist 8 such that
0p = a and

C 1,
(339 18]k < Zlalle < k"71oE,

Letb = X&f MWy @ sk — B. Then since ob = 0, wehaveb € HO(M, LF). Therefore,
(3.3.10) Xfli®y =b +r

where ||r]| < Cflxk’N for all N € IN. Hence (3.3.7) vanishes up to O(k=®). [

REMARK 3.19. Note that with Lemma 3.18, one can deduce (3.3.1) by com-
puting the terms that contain the holomorphic derivative of f and the anti-
holomorphic derivative of g.

Recall the main equation we are computing is

bo,cs(f.9) = b3,f,g — U3,fe = bacy(r,9) — Drco(f 9)-
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By (3.2.8), we have the following:

(3.3.11)
b3, 1o (0) =2 g(2)(b3(0)bo(0) + b2(0)b1(0))
(3.3.12) +%A0(V@ £2(2)[Bo(0, 2)ba(z, 0) + b1(0, 2)b1 (2, 0) + ba(0, 2)by (2, 0)])

3.3.13) - %A%(cpl Vo fg(2)[bo(0, z)ba(z,0) + b1(0, z)b1(z,0) + b2(0, z)bo(z, 0)])

3319) 4+ A3 (Vofs@0,2)bn(z 0) + bol0, bz, 0))

(3.3.15) —lA 3OV fIB1(0, 2)bo(z,0) + bo(0, 2)b1 (2, 0))

(3.3.16) NS (@* Vo £3(2)[b1(0, 2)bo(z, 0) + bo(0, 2)b1 (z, 0)])

+@
(33.17) 443 1 A3(V@ £2(2)bo(0, z)bo(z, 0))

g 8491 Vo f2(2)bo(0, 2)bo(z, 0))

(33.18)  —155A

1
(33.19)  +155580(¢1 Ve 8(2)bo(0, 2)bo(z, 0))
(3320 — s A1 Ve 8(2)bol0, Doz, 0)

o*f
5 oz%
37‘2 fora, p € Ny for any m € IN. Therefore, subtracting b3 ¢ , and b3 f, the only
remains we have to concern are the six terms (3.3.12), (3.3.14), (3.3.15), (3.3.17),
(3.3.18), (3.3.19), which become the following respectively:

and

From (3.2.14), we know that b3 7 , only contains the terms that involving

(3.3.21) (3.3.12) = %@ f,0%)w(2boby + b3).



(3.3.22)

1
(33.14) = ¢
(3.3.23)

—1
(3.3.15) = o
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{ AJ(fg) 2y

1( 9 9
+2Y ¥ (a—ZjAO( £3) = (Ve (510, 2)bo(2, 0) + bo(0, 2)b1(z, 0)) )

0 0
tahof9) 5 (Vo (b1(0,2)bo(z, 0) + bo(0, 2)b1 (2, 0))))

+280(f8) 8o (Ve (b1(0, 2)bo(z, 0) + bo(0, 2)b1 (, 0)))

1 9*(fg) 0

(Vo (b1(0, 2)bo(z, 0) + bo(0, 2)b1 (2, 0)) ) }

3 3
{(2—ﬂ2f — 52" BP0)(0f,93)e

— %(2? — T)(Rica}r éf/\ ag_>w} :
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(3.3.24) (3.3.17) = 41—8{ A3(f8)

(3.3.25)

+3(83(£) AgVo + Ao (f9) AfVo
a —
+ Z)\/\ a a— O(fg)a—a )

1 (fg) & | &

A
+6Z)\,‘)\j aZiaZ_j az_,az] 0V®

0
+6Z < -Ao(f8) a—AOVGH‘a—Ao(fS) AOVG)>

+3)

1 Py P
)\,‘)\]’)\k aZiaZjaZ_k az_laz_Jazk ©

?(fg) P}
* Smozon aziaz,-az—kv@ :

(33.18) = %{ 6A51 A5(f8Ve)

] (fse)
Ai/\j/\k)\l aziaz—jazkaz—l 0z;02,02,02, 0 81 ©

+6)

82
/\ /\ az a— O(Pl a—a AO(ng®)

0? 9*(fg)

+ 4031 A(fQ) + 122)\ Aj 92,0Z; Ao 0Z;07;

3 3
+ 1222( A a—Ao(f8V®) + 520801 5 B0(f570)

1 93 3 .
)\i/\]'/\k <aZiaZjaﬁA0(Pl E)z_laz_]azk (ngG))

3 L
T omez0n 0 amazaz U8 V@’))}'

+12)
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120

(3.3.19) = 1 {%(quﬁ)(a f,08)w — ?qual (Ricy, f A Og)w

1920
(3.3.26)

240 120, s
— F<R @) RZCw, af N ag>w + ?<R2,af VAN ag>w},

where %(z) = Viobo(0,2)by(z,0). Computing the differential operator Ay, and
taking the holomorphic derivative of f and the anti-holomorphic derivative of
g into account, we obtain:

(3.3.27) (3.3.12) = %(a f,0%)w(2boba + b?).

7 72 7

1(/ 7 . )
(3.3.14) = é{ (E B é) AS(f8) + — (f,08)w (_ﬁ " 4_712)
(3.3.28) - <% - #) (RE",0g N of)w

+ ﬁ ((D™f(ex) ® dg(er), (27 — )eo

(010 D0, 327~ ) |

(3.3.29)
1 7 r

(3.3.15) = ;—4 {%A%gb (E - §> (0f, 03w — %(2? — 1)(Ricw, g A 81%}.
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(3.3.30)
(3.3.17) = 1 {Ag(fg)

+3( - iA%(fg)

1 _ A 7 1 72

2
3

<Rdet DOlag(e A D1 Oaf e])> )

+6( — 55 (199,33 7 0f o + (90K, 33 A 9 )
P ndet 5 nam o L odena 5o a7
3 (R, 08 N 9f ) + 5 (REY, 08 A 9f)u)

+27'(

- % ((97, DM9g(e)) ® df (e)))eo + (37, D' 3f (e) ® D3(e))) )

3 = = -
_ $<<D0’1Rd®et, DO’lé)f ® ag—>w + <DO,1ag ® af/ Dolle@et>w>}/

where

k(z) == #(z) —1-27'((2%( —




(3.3.31)
(3.3.18) =

-1 7 _ 2 of =~ =
% {12A3¢1( ~ 5.(0£,08)0 — —(RE",08 A Of)w + A3(f2)

+6( - %(R o RE', 33 N 3f)w — (R, D¥'9g@DY0f),, )
P s aF 1. _
+ 24(—(chw,8g NOf)w + ;(chw, REY L, (3f,03)w

273
2 - -
+ —5(Ric, o RG",03 A 9f)w

— (Ric,,, D"'33(¢) A D3 (e))))

4 _
+ ;qubl <af/ ag)w

$12( — 55 (997,98 A3 o + (90K, 38 A 0 )o)
- %(Ro Rice, 3¢ A 3f)w)
+ 12( _ b ((ar, leoag(e]-) ® éf(e_j»w

273
+ (dr,93(e;) ® D137 (e)))w )
1

- ((D"'Ricy,, D"'3f @ 03).

+ (D95  af, Do'lRicw>w))}.

where

(3.3.32) k(z) := r(z) + 2 A% (2).

35
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(3.3.33)

3319) = 7 {%(A%ﬁ)@f, 0Z)w

6 L= - 12 . oso 7
+20( - F(A54>1)<chw,ag NOf)w = —5{RoRicw, 93 NOf)w
12 .2 5= bad 6 2 3= ra

Terms in by ¢, (1) are the followings:

1 7 r 1,0 1,09~
s (2~ ) (0105 D090

R A det
+47‘[2<47T 8n>(8g/\8f,R® )

1 A3 1 RZ 03 NOf 2 R, D%195& DY
+E 0(f8)+$< ;08 N\ f>w+?< , 3 flw

2 = .
+ g(DO'lag(ej) A DY9f(e)), Rlcw>w}

(3.3.34) :
AT {(Do'lRicw, D9f ® dg)w + (D"og @ of, DY Ricw>w}

—_

_|_

x| =

1 _ 2, -
{;(Dl’oaf(ek) A D% 9g(e), Rd@et>w + $<RZC“’ o Rd®et, 0g NOf)w

+ % ((Do'leet, D*9f ®9g)e + (D¢ ® f, D! Rd®et>w>
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Terms in by ¢, (1, are the followings:

A P ARG
27t | 128712 32712 3272 3272 8772

(Ric,, REY),, CAr |Ricy|?, + |IRIM |2 (3f,0%)
82 962 2472 | 9672 o8l

27

+ 2;7 {(leoaf, DY993), + (Ricy, 95 A af>w}

1 - _
+ 53 {(Dl D9f(e;) A D3(e)), RE")w — (Ro RE*, 05 A D f)w}
(3.3.35) . ,
1,0 0,15
163 (D>"9f(ej) A D™ 0g(¢)), Ricw) w ~ 163 (R o Ricy, 03 ANOf) e

1

{(@H—(mwﬂm%@MD”W@»

- 3<R D%19g ® D9 f), + i(éa(r —k),03 A Of)
7_[3 7 w 27_[3 7 w
2 _ _ 2,5 - )

+$<R2,ag/\af>w+F(chﬁ,,ag‘/\aﬁw

+ % ((DoflRicw, D"9f ®03)w + (D193 ® of, Do'lRicw>w) }

By substituting (3.3.27), (3.3.28), (3.3.29), (3.3.30), (3.3.31), (3.3.33), (3.3.34), and
(3.3.35) in (3.3.1), we obtain (3.1.20).



Part 2

Quantization on CR Manifolds and
Complex Manifolds with Boundaries



CHAPTER 4

Quantization on CR manifolds

The goal of this chapter is to build a star product on a strictly pseudoconvex
Cauchy-Riemann (CR) manifold, providing the foundation for the later chapter
on quantization for complex manifolds with boundaries. We first show that
Toeplitz operators defined via the Szegb projector on strictly pseudoconvex CR
manifolds give rise to a star product. For Kdhler manifolds with boundary,
we then reduce the composition of Toeplitz operators defined by the Bergman
projection to the boundary using a Szeg6-type projection. Finally, by studying
the near-boundary behavior of the Poisson operator, we construct an algebra
consisting of sequences of harmonic functions that carry a star product induced
from the boundary.

On CR manifolds, the CR structure induces a contact form ¢. Since a contact
manifold is the odd-dimensional analog of a symplectic manifold, it is natu-
ral to ask whether deformation quantization methods from symplectic geom-
etry extend to contact geometry. From the viewpoint of complex geometry,
the CR structure is the counterpart of a holomorphic structure. Motivated by
Berezin-Toeplitz quantization, one can define Toeplitz operators on CR mani-
folds using the Szeg6 projection and compute their symbols to study the result-
ing algebraic structure, paralleling the Kéhler case.

In Berezin—Toeplitz quantization on Kdhler manifolds, the formal parame-
ter corresponds to the tensor power of the prequantum line bundle in the semi-
classical limit. On CR manifolds, the lack of such a semi-classical parameter is
the first obstacle to constructing a star product. Motivated by [11], we propose
replacing this parameter with a pseudodifferential operator E, so the star prod-
uct of two smooth functions becomes a pseudodifferential operator rather than
a smooth function. Moreover, constructing the star product in Theorem 4.23 on
the space of pseudodifferential operators yields a closed algebra. The closed al-
gebras of star products are the formal power series in the formal parameter (see
Def. 3.1). In this part, we consider the algebra (Sec. 4.3) of pseudodifferential
operators satisfying (see Sec. 4.2 for details)

TL=) Typn-j  mod ¥~ =(X).
j=0
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4.1. Introduction and main results

We now introduce the key ingredient needed to construct the star product
in this chapter:

Let X be a strictly pseudoconvex Cauchy-Riemann manifold of dimension
2n + 1. Let ¢ be the characteristic one form on X, such that dV; is the induced
volume form on X. We denote by S the Szegd projection with respect to the
inner product (- | - )z, which has the same phase function ¢ as in (2.2.10). In this
part, we work in a slightly more general setting:

For m < 0, we consider an elliptic classical pseudodifferential operator Q of
order m on X such that for any u € ¥*(X) we have (Qu|u); > 0, and (Qu|u) = 0

if and only if u = 0. Let (- | - )g be the L? inner product on ¢*(X) given by
(4.1.1) (u|v)g:=(Qu|v), u,veEX).
We now define a certain type of projection operator.

DEFINITION 4.1. Let S : €°(X) — €*°(X) be a linear operator. S is called
a Szegd type projection if it satisfies $> = §, St = S, and 9,5 = 0, where S' is
the formal adjoint of S with respect to (- | -)g, and S can be approximated by a
Fourier integral operator whose kernel, in any coordinate patch (D, x) of X, has
the form

(4.1.2) S(x,y) = / e a(x,y, t) dt,
0

where ¢(x, ) is the same phase function as in 2.2.10, a(x,y,t) € S3(D X D x
R,), and

o0

a~ Y t"Jax,y), ajxy) € €D x D), ag(x,x) # 0.
j=0

REMARK 4.2. We introduce the Szeg6 type projection as a Fourier integral
operator whose principal term is nonvanishing, thereby excluding the degen-
erate case where the operator maps every element to zero. If a nondegenerate
operator K satisfies K> = K, Kt = K and 9,K = 0, then by [4, 20], its integral
kernel can always be written as in (4.1.2).

We denote the space of order m classical pseudodifferential operators on X
by £™(X) and £(X) is the space of classical pseudodifferential operators on X of
integer order. We define a specific operator on X that is analogous to the formal
parameter in the theory of deformation quantization. Let

(4.1.3) E:=I+0,+ 7T : L3(X) — [XX)
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be the first-order pseudo-differential operator on X associated with the Reeb
vector field 7, and 7 is the formal adjoint of 7 with respect to the inner prod-
uct (- |- )z The principal symbol of E is ag(x, ¢(x)) = 1. We now define a class
of Fourier integral operators on X:

DEFINITION 4.3. Let A be a Fourier integral operator on X of order m. A is
said to be a Szegd type if, for any coordinate patch (D, x), there exists a phase
function ¢ € (D x D, C) satisfying (2.2.10) and a(x,y,t) € S//(D x D x Ry)
such that

(4.1.4) A(x,y)z/ e W a(x,y, t)dt
0
satisfying
a(x,y, 1) ~ Y ai(x, y)t" € ST (D x D x Ry),
(415) y ];)] y 1,0 +

aj(x,y) € €¢°(D x D),j=0,1,....

We say ap(x, y) is the leading term of A. Let ¥"(X) denote the space of Szegd
type Fourier integral operators of order m on X, and ¥ (X) be the space of Szeg6
type Fourier integral operators of integer order.

REMARK 4.4. Given a Szegd type projection S, we have S € ¥*(X).

DEFINITION 4.5. Let L € £™(X) and S € ¥"(X) with §? = § = ST. We say
that L has an asymptotic sum with respect to S if for every N € IN there exist
unique f; € ¢°(X),j=0,...,N — 1, such that

N-1 o
So(L— Y fiE"T)oS ey N(x).
j=0
In this case we write
(4.1.6) L~ Y fiE".
j=0

For simplicity, we denote T; the Toeplitz operator of L with respect to S by the
composition So L o S. We now omit the composition notation to simplify the
notation.

The first result in this chapter is:

THEOREM 4.6. Let (X, T'X) be a compact orientable strictly pseudoconvex CR
manifold, and S is a Szeg® type projection, then for any L € L£"(X), L has the asymp-
totic sum with respect to S.
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Throughout this chapter, we fix a Szegé type projection S. By Theorem 4.6,
for any L € L™(X) there is a unique sequence of smooth functions I; € €*(X)
such that L and the /; satisty (4.1.6). We call /; the coefficients of the asymptotic
sum of L. From the proof of Theorem 4.6 we obtain:

COROLLARY 4.7 (Corollary 4.15). For any A € Y""(X) with SA = A = AS
on X, there exist unique a; € €*(X), j € Ny, such that forall N € N,

N—-1
(4.1.7) A=Y T, pni € yrn=Nex),
j=0

Similarly, we call a; the coefficients of the asymptotic sum of A. Let A be the
vector space of pseudodifferential operators on X in the form of an asymptotic
sum with respect to S, that is

A= { l]-Em*j 1 € €°(X) forj € No,m € Z} .
=0

We will show in Sec. 4.3 that A carries a commutative Poisson algebraic struc-
ture, which in turn induces a commutative Poisson structure on the space of
pseudodifferential operators £(X). That is, there exists a multiplication - and
bilinear map { -, - } on £(X) such that (£(X), -,{ -, }) forms a Poisson algebra.
We define the product of pseudodifferential operators by (4.3.12); see Definition
4.21 for the Poisson bracket of pseudodifferential operators.

From Theorem 4.23 and Corollary 4.7, since the coefficients of the asymptotic
sum are unique, we define maps

q: L(X) — A,
(4.1.8) -

§:¥(X) — A,
where ¥(X) := {A € ¥(X): SA = A = AS on X}, such that
(419) TL = Tq(L)/ A= Tq(A) on X.

The main result of this chapter is the construction of a star product whose
commutator reproduces the Poisson structure.

THEOREM 4.8. Let (X, T'°X) be a compact oriented strictly pseudoconvex CR
manifold. Let Ly and Ly be pseudodifferential operators of order ny and ny respectively,
then the star product of Ly and Ly is an element in L""2(X) defined by

(4.1.10) Ly * Ly == §(Ty(,) © Ty(1y))-

The star product * is associative, consequently, the pair (L(X),*) is an associative
algebra. There exists C]’-(Ll, Ly) € €°(X) for j = 0,1, ... such that

(4.1.11) L1xLy, = C]/'(le Lz)EnH_m_j-
=0

]
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There also exists Cj(Ly, Lp) € L"2(X) for j = 0,1, ...

[ee]

(4.1.12) LixLy =Y Ci(Li,Lo)E™
j=0
where
(4.1.13) Co(L1,Ly) =Ly Ly
and
(4.1.14) (C1(Ly, L) — Ci(Lo, Ly))E~ 1 = {Ly, Lo}
The coefficients C]’-(Ll, Ly) and C;(Ly, Ly) satisfy the asymptotic relation
N N
(4.1.15) Ci(L, L) EnF™27 — 3" Ci(Ly, L)) E7 € L7VN7H(X)
j=0 j=0

for every N € IN.

REMARK 4.9 (Conceptual summary). The construction described above can
be summarized schematically as follows.

E(X) — A — L1 *xLy, = C]'(Ll,Lz) E_]
i=0

J

The first arrow represents Toeplitz quantization together with the asymptotic
sum via Theorem 4.6, and the second arrow corresponds to the star product via
Theorem 4.8.

4.2. Asymptotic expansion of pseudodifferential operators

In this section, we show that every pseudodifferential operator on X admits
a sequence of smooth functions to represent with respect to E by proving The-
orem 4.6. First, we show that the composition of Szeg6 type Fourier integral
operators is still a Szeg6 type Fourier integral operator:

PROPOSITION 4.10. For any Ay and Ay in ¥*(X), A1 0 Ay € ¥*(X).

PROOF. Let A; and Aj; be Fourier integral operators of Szeg type of order
n1 and n, respectively. For any coordinate patch (D, x), we have

(4.2.1) i) = [ e (x,y, Dt

and

(42.2) Ax(x,y) = /0 P20V gy (x, y, t)dt
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where

(4.2.3) ar(x,y,t) ~ i ay,j(x, " € $15(D x D xRy)
j=0

and

(4.2.4) ay(x,, t) ~ i apj(x, y)t"™ 7T € SP3(D x D x Ry).
j=0

Since A1, Ay € Y(X), ¢1 and ¢, can be chosen to be equivalent to ¢ in (2.2.10).
Without lost of generality, we can assume ¢; and ¢, to be ¢. Consider the com-
position Aj o Ay € ¥"11™(X), we compute the integral kernel of the operators
Aj o Ay and show that it is also a Fourier integral operators of Szegé type. Con-
sider the composition of the operators A; and Aj,. Its Schwartz kernel is given

by
(4.2.5)

(Aro Ay = [[ [ MDD 02,z 1r(z,y,5) V() dz s,
X X

where V(z)dz = dV; denotes the volume form on X. Let s = ot then (4.2.5)
becomes

(4.2.6) / ( / / et g, (x, 2, Hay(z, y, tcr)tV(z)dzdcr) dt
0 DxR,

Let F(x,y,z,0) := ¢(x,z) + c¢(z,y). Note that Im F(x,y,z,0) > 0 and the first
derivative of F with respect to the variables z and ¢ is

oP(x, oP(z,
(P(az 2) +0o gbézz Y Ydz Pa(z, y)da> .

By (2.2.10), d;¢F(x,y,z,0) = 0if and only if x = y = z and ¢ = 1. By [22], the
phase function ¢ can be written locally as
(4.2.8)

i n
P, Y) = —Xon1 + Yani1 + 5 Z,; (I2j — wj[? + (Zw; — z;1))) + O(| (x, )[4
]:

At (x,y,z,0) =(0,0,0,1) we have

(4.2.7) dzoF(x,y,2,0) = ((

2il, 0 0O
(4.2.9) detHess, , F(0,0,0,1) =det[ 0 0 —1 | =22"(—1)""..
0 -1 0

Therefore, there exists (Z(x, y), Z(x, y)) € R?"*! x R near (0, 1) such that
(4.2.10) d.F(x,y, Z(x,v), 2(x,y)) = doF(x,y, Z(x,y), Z(x,vy)) = 0,
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where F is the almost extension of F with respect to z and ¢. By stationary phase
formula of Melin-Sjorstrand [27], we get

(4.2.11) / ( / / Py 20 g, (x, 2, H)ay(z, v, ta)tV(z)dzda) dt
0 DxR;

(4.2.12) - /0 et FCyZCN Ty, y 1t

where

b(x,y,t) ~ ) b]-(x,y)t”ﬁ”z*”*j € ST}OMF”(D x D xRy)
j=0
and
bi(x,y) € €°(D x D), j € No.

Let ®(x,y) = F(x,y, Z(x,y), Z(x,y)), we notice that ®(x, y) = 0 if and only if x =
Y, dxP(x, x) = dx¢(x, x) and dyP(x, x) = dy¢(x, x), hence  satisfies (2.2.10). [

We define the concept of the leading term of an Szeg6 type Fourier integral
operator:

DEFINITION 4.11. For any m € Z, let o™ be a mapping from the space
of Szeg6 type Fourier integral operator of order m + n to the space of smooth
functions on X x X, such that for any A € ¥""(X) we write

oy (x,y) = ao(x,y)
for the leading term in the expansion of (4.1.5).
Since the space Y*(X) is filtered, with Y"1 (X) C ¥"2(X) whenever m; < my,

the leading term has to be understood with respect to the chosen order. In
particular, if an operator B of order n 4+ m — 1 is regarded as an element of
Y1 (X), then its leading term in ¥ (X) is zero, that is, Ug’m(x, y) = 0 for any
x,y € X.

To prove Theorem 4.6, we first recall a lemma in [11]:

LEMMA 4.12 ([11, Lemma 4.1]). Let A € ¥"™(X) with SA = A = AS on X.
If the leading term of A vanishes on the diagonal, then the leading term of A vanishes.
That is A € ¥ 1(X).

From the above lemma, we can show that

LEMMA 4.13. Forany L € L™(X), there exist |y € €*°(X) such that
(4.2.13) T, — Tjen € ¥ 1(X).

PROOF. Note that Ty — Tj pn € ¥ (X) satisfies.
(4.2.14) S(Tr, — Tyyem) = T — Tjyen = (Tp — Tjypm)S.
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Now we fix a coordinate patch (D, x) on X. Let ¢ (x 17(x)) be the principal sym-
bol of L. It follows from 4.12 that SLS defines a Toephtz operator on X with

1
(4.2.15) Ug’L";(x, x) = Wl det Lx|o(x, &(x)).

Since S is of Szeg6 type, the first coefficient of S equals S. Therefore, the first co-
efficient of SLS equals SLS (by the stationary phase formula of Melin-Sjostrand
[27]), hence
(4.2.16)

(%) = 5| det L] op (x, §(x))-

SLS
Let [p(x) = UL(x C(x)) then

27T +1

o, (2 = — e det Lxllo() = 5[ det Lxlof(x, §) = 0% (x, )
The leading term of Ty — Tj g» vanishes on the diagonal. Therefore, by Lemma

4.12, we have T, — Tjypn € ¥" 7" 1(X). O

PROOF OF THEOREM 4.6. Fix a coordinate patch (D,x) on X and let o (x 1)
denote the principal symbol of L. Set fy(x) := UL(x ¢(x)). This choice gives

oM (x,x) =

S foEmS 5(x, %),

SLS

We now need the following lemma:

LEMMA 4.14. For any A € Y"T(X) such that SA = A = AS, there exists
ag € €(X) such that

(4.2.17) A — Typn € ¥ 1(X).

PROOF OF LEMMA 4.14. Let A € ¥"1"(X), by (4.1.4), there exists b(x,y, t)
such that

b(x,y,t) ~ Y bix, )" € SI(D x D x R),
(4.2.18) ! ]Z(:) ! o !

bi(x,y) € ¢°(D x D),j=0,1,....

and

4219)  A(x,y) = / e p(x, y, Bt
0

(4.2.20) = / D (11 (x, y) + £ by (x, y) + O ).
0

Let ag(x) = by(x, x), then by [11, Lemma 4.1], T, pn € ¥"7"(X) and

O’T Em(x X) = ap(x) = O'A "(x, x).
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And since
(4.2.21) S(A — Tayem) = (A — Tagem) = (A — Tyopm)S,
by Lemma 4.12 we have
(4.2.22) A — Tpopm € ¥ 1(X).
. 0,
That is, ¢ ATTaOE’” (x,y) = 0. O

We have Ty _ g pn := S(L — foE™)S € ¥""(X),

gTLffOEm = TL*f()Em = TLffOE’”gr

and O-%L—fOEm (x,x) = 0. By Lemma 4.12, we have T} _ s pn € yrtm=1(X) Hence,
we get

(4.2.23) Ty pen(x,y) = / N p(x, y, )t
0
where

(4.2.24) by, B ~ Z(:)bj(xf T e SEMTHD x D X Ry),
2. £

bi(x,y) € €°(D x D),j=0,1,....

From Lemma 4.14, there exists fi(x) = bo(x, x), we have fiE"~! € £" (X),
SAHE™1S e ¥"tm=1(X) and

(4.2.25) ‘7})1 pn-1(%,6(x)) = f1(x) = bo(x, x).
With the same process as above, we get

(4.2.26) Ty fynfen- € ¥ 3(X).
Inductively, we can obtain f; 1 € €*(X) such that

(4.2.27) Ty fopr—pin1 g, vt € ¥TI(X).

Therefore, there exists f; € €*(X) forj =0,1,... such that
(4.2.28) L~ Y fiE".
j=0

O

From the Lemma 4.14, we also obtain the asymptotic expansion of certain
Fourier integral operators of Szeg6 type.
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COROLLARY 4.15. If A € Y""(X) satisfies SA = A = AS, then there exist
unctions aj(x) € €*(X)and j = 0,1, ... such that forany N € N
j J Yy

N-1
o ) m+n—N
A Z Ta],EnH e¥Y (X).
j=0
We say that A has an asymptotic sum with respect to S, denoted by A ~ Xito a]-Em_f .

4.3. Some operator spaces

We denote the space of asymptotic sums of pseudodifferential operators of
order m on X by

A, = { LE" 2 1; € €%(X),j € INO} .
j=0

We define the multiplication

(4.3.1) A 'A;’l X Am — -Am+1’l
(4.3.2) ZaiE”—i. b].Em—j — Y aibjErH-m—i—j.
=0 j=0 i,j=0
The multiplication is commutative and hence forms a Z-graded algebra
(4.3.3) A = EB A,
nez

Let L(X) = @,,cz L*(X) denote the graded space of pseudodifferential opera-
tors on X. Using the asymptotic expansion of pseudodifferential operators, we
define a linear map

(4.3.4) q: LX) — A
- rd(L)—7
(4.3.5) L+—s Z(;]leO (L=,
]:

where ord(L) denotes the order of the operator L such that T, — Tqq) € ¥~ (X).

DEFINITION 4.16. Let L; and L, be pseudodifferential operators on X. L;
and L are said to be equivalent if T;, — Tp, € ¥~ *°(X). In this case, we denote
the equivalence by L; ~ L,.

It is straightforward to verify that ~ defines an equivalence relation. We
denote by L := £(X)/ ~ the quotient space of pseudodifferential operators
modulo this equivalence relation.

PROPOSITION 4.17. The vector space 1L is isomorphic to the vector space A.
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PROOF. Let q : IL — A be the map induced by q such that g([L]) = q(L). We
first check the well-definiteness of q. If [L1] = [L2], then there exists [; j and I«

smooth functions on X for j,k = 0,1,... such that q([L1]) = 2;?';0 ll’jEnl—J' and
a[L2]) = X2 lz,kE”Z_k. Since L; ~ q(L;) fori = 1,2, we have forany N € IN

N-1

N-1 —
. + M2 }—N
(4.3.6) Z(;] Ty, i — k[%) Ty, prp-k € Fmeximmal
]= =

When N = 1, we have
(4.3.7) T}, "1 1y g2 € yrtmax{nyny}—1

Since Iy gE™ — l,oE™ € L£max{mnmt(Xy and lio(x) # 0 for i = 1,2., without loss
of generality, we assume 11 > 1. Then

0,11 — 1 _ —
(4.3.8) UTILOE”HZ,OE@ (x,x) = oot |det Lx|(l10 — I2,0)(x) =0

implies that [; o = I and n; = ny. Therefore,
(4.3.9) q(Ll) — q(Lz) o Z ll/]'Enl_j _ Z ZZ,kEnl_k c Enl(X).
j=1 k=1

By (4.3.6), we can repeat the argument to show that I ; = I ; for j € IN. Hence,
q(L1) = q(L2) and g([L1]) = g([La]).

To show the injectivity, let q([L1]) = q([L2]). With the same notation above, we
havel;j =1 for j=0,1,.... By the definition of the map q, we have

(43.10)  Tp, — Ti, = Toy — Toay) + Tawy) = Tawo) + Tae) — T, € ¥77(X).

Thus, L1 ~ L,. . .
The surjectivity follows directly from the fact that q(zf.ozo LE")) = E]?“’:O LE™ ).
Therefore, for any a € A, there exists m € Z such that a € £™(X), and q([a]) =
q(a) = a. [l

Via the isomorphism g, we endow IL with a multiplicative structure by set-
ting

(4.3.11) [L1] - [L2] := q([L1]) - a([L2]),
which in turn induces a corresponding multiplicative structure on £(X):
(4.3.12) Ly - Ly := [L1] - [L2] = q([L1]) - Q([L2]) = a(L1) - a(L2).

We recall the transversal Poisson bracket on €*°(X). For any f € €%(X), let
X be the unique vector field on X satisfying

(4.3.13) Xeal=f
(4.3.14) XfdG = —(Tdf)¢ — df.
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We call Xy the Hamiltonian vector field associated to f on X.

DEFINITION 4.18. For any f,g € ¥%(X), the transversal Poisson bracket of
f and g is defined by d¢(Xy, X,), we denote it by {f, g}

The transversal Poisson bracket induces a Poisson structure on (£(X), -) in
the sense of [28]:

DEFINITION 4.19. We define a bilinear operation
{, JaAxA— A
by requiring that, for all f, g € €*(X) and ny,ny € Z,

(1)
{f.8Ya=i{f, g}:E",

2)

{EM, fla=m(THE" 1= —{f EM},
(3)

{EM,E"} 4 =0,

(4)

{fE", gta=1{f,8ta -E" + f{E", g} A,
(5)

{fE™ B} a={f, E®}a- E™.
The operation is extended to A by bilinearity and the Leibniz rule.

PROPOSITION 4.20. The operation { -, - } 4 defines a Poisson bracket on the com-
mutative algebra (A, -).

Via the isomorphism between A and £(X)/~ established in Theorem 4.6,
the Poisson bracket on A induces a Poisson bracket on £(X).

DEFINITION 4.21. Let L; and L, be pseudodifferential operators on X of or-
ders n1 and ny, respectively. We then write

q(L1) = Y IL;E"7 and q(Ly) = Y LxE™""
=0 k=0

The induced Poisson bracket is given by
(4.3.15)
{L1, Lo} == {a(L1),a(L2) } 4

[ee]

= Y (il laade + (= D (Thg) = (n2 = K(Th Yl ) B4
k=0
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PROPOSITION 4.22. The induced operation
{-, }: LX) x LX) — L(X)
defines a Poisson bracket on the commutative algebra ( L(X), -). Consequently,
(£, - {--})
is a Poisson algebra.

PROOF. This is a direct consequence of Proposition 4.20 together with the
isomorphism between A and L£(X)/~. One readily checks that the Poisson
bracket axioms are induced by the Poisson bracket on

Yi={(x,t(x) e T*X:t e R\ {0}}.
]

Let ¥*(X) denote the space of Fourier integral operators of Szeg6 type asso-
ciated with S, in the sense that

(4.3.16) P*X):={Ac¥(X):SA=A=ASon X }.

From Corollary 4.15, we also define a map § : ¥(X) — £(X). Let A € ¥*(X).

Then there exists an integer m € Z such that ag’m(x, y) # 0, while ag’mﬂ (x,y) =
0 for all j € IN. By Definition 4.11, this implies that A € ¥""(X). We then set

(4.3.17) §(A) == Y a;E",
j=0
where the coefficients a; are chosen so that A — Ty4) € ¥~ *(X).

4.4. Quantization of the operator space

THEOREM 4.23 (Theorem 4.8). Let Ly and Ly be pseudodifferential operators

of order ny and ny respectively, then the star product of Ly and Ly is an element in
LMF12(X) defined by

(4.4.1) Ly Ly := q(Tqr,) © Ty(r,))-

The star product * is associative, consequently, the pair (L(X),*) is an associative
algebra. There exists C]’-(Ll, L) € €%(X) for j = 0,1, ... such that

(4.4.2) Li* Ly =) Ci(Ly, Lo)E" .
j=0

There also exists Cj(L1, Lo) € L2(X) for j = 0,1, ...

(4.4.3) LixLy =Y Ci(Li,Lo)E7
j=0
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where
(4.4.4) Co(Ly,Lp) =Ly - Lo
and
(44.5) (Ci(Ly, L) — Ci(La, Ly))E~ 1 = {Ly, Lo}
The coefficients C]’.(Ll, Ly) and C;(Lq, Ly) satisfy the asymptotic relation
N N
(4.4.6) Y. Ci(La, Lo) EM¥™7T — 3 Ci(Ly, L) ET € L7N7H(X)
j=0 j=0

for every N € INp.

PROOF. Let L and L, in £"(X) and £"2(X) respectively. By Theorem 4.6,
there exist {I1j}jen, C €°(X) and {lrx }ren, C €*(X) such that

(4.4.7) q(Ly) = Y I ;En,
i=0
(4.4.8) q(Lo) = Y I E"™ 7K.

By direct computation of the composition of Fourier integral operators, for any
N € N there exists

Kj,k,p (lllenl—j, lZ,kEnz_k) e £n1+ﬂ2—f—k—Pl p= 0,1,...,.N—1,
such that

. . n+n1+n27jfk7N
(4.4.9) Tll,jEn17] l E7‘12 —k — Z K kp(ll,jEnli]IZZ,kEnzik) E T (X)-

Let Kj (I, ;EM 7, Lk E" k) = Y5 0 K p(l1 jEM T, I g E"2 %) € LM+071 7K then
we have

(4.4.10) Towy) © Tory) = Z Ty, em=i © Ty pra
j,k=0
(4.4.11) = Z K1y EM Ly B2

7k=0
(4.4.12)

For each pair (j, k), there exists Jij,k,p(ll/]-E”l_]’, ZZ,kE”Z_k) € ¢°(X),p=0,1,...
such that

(4413) Kj,k(lllenl_j, lz/kEnz_k) ~ Z jg?/k/p(lllenl_]" lZ,kEnz_k)En1+n2_j_k_p.
p=0
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Since

(4.4.14)

So K]‘,k(lll]'Enl *j, lZ,kEﬂsz) oS = Z So %,k,p(lll]’Enlij, lzlkEnsz)EnlJrnz,];k,p oS
p=0

We have

(4.4.15) A(Tq(ry) © Tocr) = P ATy 1 £ B2 )

(4.4.16) — Ko EMm—i, A kEnz—k)En1+n2_]‘_k_p

LAY y

p=0

Let

(4.4.17) Cp(L1,Ly) = Z %,k,p(ll,jEnl_j, lz,kE"2_k)E”1+”2_f_k,

k=0

By Lemma 4.12 and 4.14 , it is not difficult to see that

(4.4.18) Co(L1, Lo) = Koy 'E”l_j, I kEnz—k)En1+n2—j—k
]/ /] y
j k=0
(4.4.19) = Y Ll Entreick,
j k=0

Now, we show that * is associative: Let L1, Ly, and L3 in £°*(X) with order nq, n,
and n3 respectively. We recall that if A € ¥"1"(X), then there exists aj € €°(X)

for j € INg such that §(A) = Z}io a]'Em_j satisfies A — Ty(a) € ¥~ °(X).. There-
fore, we have

(L1 * L2) * Ly = &(Ty(ry, 0Ty, © Tats)
= 4(Ty(ry) © Ty(ry) © Ty(rs))
= 4(Tq(ry) © Ta(Tyr,) o Tyy)
— Ll * (Lz * L3).

Now we compute Cl(Ll, L) — Ci(Ly, L1) : with the same notation above, let
q(L;) = Z?io l; jE" ™1 where n; is the order of L; for i = 1,2. Recall that

(4.4.20) [Tll,jEnl —j, le/kEnzik] E ‘Ijn‘i‘nl +n2_]_k_1
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and from [28] and the computation in [21, Prop. 3.11], we get

(4.421)
0_0,711 +np—j—k—1

[T T
h,j bk

](x/ x)

M- g2k

1 ) .
= 2717“‘ det Lx|(i{l1,j, bi}te + (m1 — Pl j(Thhx) — (2 — k)(Th ) (x).

Therefore, there exists Ao(x) = i{l1;, Lk }e + (1 — (T lox) — (2 — k)T ok
such that

A o _'_k_ _,
(4.4.22) q([TleEnl_j, le,kE”f"D = ;}AiEm-&-nz j—k—1—i
i=
By (4.4.17), we have
(4.4.23) Ci(Lq,Lp) = Z %,k,l(ll,jEnl_j, lz,kE"2_k)E”1+”2_f_k,
k=0

On the other hand, since q(fE™) = fE" forany f € €*(X) and m € Z, we have
—j —k ~
b BT B = ATy, g © T pra )

4.4.24 00 . ,
( ) — Z:%?,k,p(ll,jEnl_]/ ZZ,kEnz_k)En1+n2_]_k_p.

p=0
By (4.4.20) and (4.4.22), we have
o JEM T o kE"70) = Aol B, kM) = 0,
A (EM T g E" R = g1 (1 E™ T, 1 EMTF) = A,
Since the expansions in (4.4.22) is unique and by the Definition 4.21, we obtain

(4.4.26)
(C1(L1,Lp) — Cy(Lo, Ly))E 1

(4.4.25)

= Y (Hpa( B B8 — A1l jE™ T, 1y EM Ry Btk
k=0

= Y i{lj gt EMtreI T
jk=0
- {Lll LZ}
which establishes the identity (4.4.5). From (4.4.16), we can see that for any
p € No

(4.4.27) C;(Ll,Lz): Z Jg?,k/l(lllenl_]"lZ,kEnz—k).
j+k+1=p
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Therefore, (4.4.6) follows immediately from (4.4.17) and (4.4.27). O

We conclude this chapter by identifying the analog of the formal parameter
in Definition 3.1 and in the operator E:

REMARK 4.24 (Semi-classical meaning). Analogously to the Berezin-Toeplitz
star product on compact Kdhler manifolds, the formal deformation parameter
of the star product plays the role of the tensor power of the prequantum line
bundle (See [16,26,31] for details). We recall the result of Berezin-Toeplitz quan-
tization on compact Kdhler manifold M (See Sec. 3.1, [3,31] for details). Suppose
(L, h) is a holomorphic positive line bundle over M, there exists a star product
xpr on M with fxpr g = Y72, k_iCl-(f, g) such that for any N € IN there exist
Cn > 0 independent of k and

(4.4.28) T(k) T — Zk nt® < cpktN-L

Ci(f.8)

where ||-|| is the operator norm on the space of bounded operators on CO(M, L¥).
From (4.4.28), we can see that the formal parameter comes from the tensor
power of L. To connect the result in CR geometry, we need a formal parameter
to bridge these two settings. In a certain case, this parameter coincides with the
eigenvalue of a circle action:
Put

(4429) X = {Z) cL* | |’0|h* = 1} C L’ TLOX = CTXnN Tl’OL*.

Here L* denotes the dual line bundle with metric #* induced by h. It is well
known that X is equipped with a transversal CR S!-action given by

(4.4.30) S!x X3 (% 0)— e v:=¢% e X

The generating vector field equals the Reeb vector field on X, we denote it by
T . Sections of L¥ correspond to S!-equivariant functions on X, giving the iso-
morphism

(4.4.31) CO(M, L5 = 62 (X) := {f € €°(X) : f(e?-x) =™ f(x)}.
Acting by (T*T)'/? yields eigenvalue k. The operator
(4.4.32) (T*TH?: P EE(X) - PE(X)
k70 k0
1/2

is bijective and has discrete spectrum Spec(7*7)"/“ = IN. The Toeplitz quanti-
zation in (4.4.28) induces a star product via its asymptotic expansion in the limit
of large k, which can equivalently be interpreted as in large eigenvalues of the

operator (7* 77% )
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On CR manifolds, the operator (7*7)'/? need not behave like the generating
vector field of a circle action, so we modify it to be elliptic by considering (I +
Oy + 7*7)Y/2 instead.

In our setting, we consider the large-eigenvalue limit of E, analogous to the
semi-classical limit for high tensor powers in the Kédhler case discussed above.

By the definition of E = (I 4+ 0Op + 7'*7')% we have
SpecE = {0} U{Aj|A; € R, 0< Ay < Ajif i <}
We define the eigenspace of the operator E associated with the eigenvalue A by
Iy, ={uce°X): Eu=ANu}.
Then we have for any N € IN, there exists Cy € R such that

<CyAY asi— oo

(4.4.33) ‘
LTy, L2(X)

N—1 ,
fxg= Y G(f.9E”
j=0




CHAPTER 5

Quantization on complex manifolds with boundary

In this chapter, we study deformation quantization on a Kédhler manifold
with a strictly pseudoconvex CR boundary. We apply the Berezin-Toeplitz
quantization method to manifolds with boundary. Building on Chapter 4, we
show that one can construct an algebra on M that admits deformation quanti-
zation.

5.1. Introduction and main results

We first introduce the setting in this chapter. Let M be a relatively compact
open subset with smooth boundary X of a Kdhler manifold M’ of real dimen-
sion 2n + 2. That is, (M/, ], g, w) is a compact Kdhler manifold, where ] denotes
the complex structure, w the Kéhler form, and g the associated Riemannian met-
ric. Assume that the boundary X = dM is a compact, strictly pseudoconvex CR
manifold.

Let p € €°(M’) be the defining function of X such that p is real, p = 0 on
X,p < 0on M and dp # 0near X. Let h = g+ iw be the Hermitian metric
on CTM’, in local coordinates z = (z1,...,22,+2) We represent the Hermitian
metric on T"YM’ by

n+1

(5.1.1) (u]v) =h(w,0), uwoveT M, h=Y hzdz®dz,
i,j=1
where the matrix (hi,j(z))%,?ilz is Hermitian and positive definite. By requiring

T M’ to be orthogonal to T%' M’ and (u | v) = (i | ), we extend (- | -) to CTM’,
and by duality also to CT*M. We also denote (- |-) the Hermitian metric on
T*99 M’ induced by (5.1.1). Let

wn+1

! __
A=

be the volume form and let (- | - )y be the inner product on ¢*°(M’) defined by

(1w = [ (Flman.
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Let (- | -)u be the inner product on €*°(M) defined by

(Flmw = [ (F I’

for any f,h € €°(M). Since the inner product (- |-) on CTM’ induces a Her-
mitian metric on CTX, we use the same notation ( - | - ) for the induced structure
on CTX. For each point z’ € X, we then obtain the identification

(5.1.2) CT;X = {a € CT;M : (a|dr) =0},

and for (0, g) fomrs on X we have

(.13) TYX={aeT""M :(a|dp@E)Ay)=0, Vye T2 M)}

Let dX be the induced volume form on X and we define the inner product
(-]-)x on X by
(FImx = [ (FImax

for any f,h € €%(X). Let 0 : €°(M') — €=°(M’, T*%! M) be the exterior differ-
ential operator that maps smooth functions to (0, 1)-forms. By the inner product
on M’ we define the adjoint operator

(Of [§)m = (f19°)m-
Let O = 0%0 + 00" : €°(M/, T*9M") — €*(M’, T**1M’) denote the complex
Laplace-Beltrami operator on (0, ) forms, when restrict on smooth function we
have o
Oo: 00 : €°(M') — ¢°(M’)
which is the same as the Laplace-Beltrami operator defined by the Riemannian
metric
Ay = divg V : €%°(M') — ¢*(M).

Let v : €°(M) — €*(X) be the restriction operator, for any f € €*°(M) and

x' e X,
HE) = F&).
Let P : €°(X) — ¢ *°(M) be the Poisson operator such that OPu = 0 on (M)
and yP = [ on €% (X) for any u € ¢*(X). The adjoint operator of P is defined
by P* : €°(M) — €*(X) :
(P*flg)x = (fIPg)m, f€EZM) and g € T(X).
We define another inner product [ - | - ]x on X by
(5.14) [u|vlx = (Pu|Po)m = ((P*P)f[g)x, u,v€ ECV(X).

We recall here again the setting for Szeg6 projection on the boundary M: the
tangential Cauchy-Riemann operator on X is defined by

(5.1.5) oy := 0TV od . 704X — TOAHLX



59

where 7107 . AP CT*X — T*OPX is the orthogonal projection with respect to
(-])x. Let
S : L*(X) — Ker 0,
be the Szegd projection operator on X. Let u € €*(X), we have
(0pSu|v)x =0, foranyove CT*X.
Let
00" : €°(X, T*PIM') — €=(X, T*P1 I M)

(5.1.6) i
a— (dp) N

be the left exterior multiplication map. We denote by dp”* : €°(X, T*P1M') —
€ (X, T*P/1~1 M) the adjoint operator of dp”, which is defined by

(5.1.7) (9p" | B) = (a|(@p™)B) = (x| dp A B),
where & € €=°(X, T*PAM’) and B € €*(X, T*P1-1M’). By (5.1.3), we see that
Ker (9p"*| 7+04)p) is the space of (0, g) forms on X.

Let Q : €*(X, T*%'M’) — Ker dp’"* be the orthogonal projection with re-
spect to (- | -)x. and Q : €°(X, T**'M’) — Ker dp’"* be the orthogonal projec-
tion with respect to [ - | - ]x. The tangential Cauchy-Riemann operator in (5.1.5)
can be realized as

(5.1.8) éb:Qo'yoéoP.
We put
(519) éﬁ — Q oyo 3 oP: CKOO(X) — (goo(Xl T*0'1X).

Let 32 : €°(X, T*9'X) — €*(X) be the formal adjoint of dg with respect to
[-]-]x. Define

(5.1.10) Op = 9fdp : €7(X) = €(X).

Let 9; be the formal adjoint of 9, with respect to (- | -)x, and the Kohn Laplacian
is defined by

(56.1.11) Op := 050 : €°(X) = €=(X).
There exist pseudodifferential operators S, N and G such that
Nog+S$S=1
(5.1.12) GOp+S=1
DgSA = 0.

REMARK 5.1. From [4, Chapter 3] we have P* P is a classic pseudodifferential
operator of order —1. Hence, from (4.1.1) and Definition 2.14, we see that S is
the Szeg® type projection with respect to the inner product [ - | - ]x.
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The Bergman projection on M is the orthogonal projection with respect to
(- me
B : L?>(M) — Ker o.
By the results of Hsiao [17], the operator B can be decomposed in the form
(5.1.13) B=PoSo(P*P) loP*.
For any f € €*(M), we define the associated Toeplitz operator by
Tf :=BoM f oB ’

here My denotes the multiplication operator (Msu)(x) = f(x)u(x) for x € M

and u € €°(M). For brevity, we write f instead of M;. Substituting the repre-
sentation (5.1.13) of B into the definition of T, we obtain

(5.1.14) Tf=PoSo(P*P) 'oP*ofoPoSo(P*P) oP

In order to analyze the asymptotic expansion of the integral kernel of Ty, it is
necessary to apply Sjostrand’s stationary phase method to compute the compo-
sition of the operators appearing in (5.1.14). The first main result in this chapter
is:

THEOREM 5.2. Let M be a Kihler manifold of real dimension 2n + 2 with compact
strictly pseudoconvex CR boundary X. Let P : €°(X) — €*(M) be the Poisson
operator such that OPu = 0 on €*°(M) and vP = I on €°(X) for any u € €°(X).
Then for any f € €*(M), P := P* o f o P is a pseudodifferential operator.

To show Theorem 5.2, we first show that:

PROPOSITION 5.3. There exists a Fourier integral operator P: E*(X) — €*(M)
such that for any u € €°(X), for x € M we have

(Pu)(x) = /X P(x, v )u(y)dy’

(5115) ://XX]RZHle €iq)(x’y/”7/)ﬂ(x,y/,U’)u(y/)diy/dy/

where ¢ is a smooth function and homogeneous of degree 1 in n' and a(x,y’,n') ~
Yi2oai(x,y',n'), such that aj(x, y’, ") is a smooth function and homogeneous of degree
—jinn'. P satisfies

OP(x,y)=0  mod €M x X)

(5.1.16) ~
yP = 1.

Let ¥(X) be the space of Szeg6 type Fourier integral operators associated
with §, that is

(5.1.17) YX):={Ac¥(X):SA=A=AS onX}.
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Let F : €°(M) — (M) be linear. We define Jr := (P*P) "' P*FP. We say F is
reducible to the boundary if Jr € £(X). We call F a Fourier integral operator of
Szeg® type if it is reducible to the boundary and satisfies Jr € ¥(X). Let

Y(M) := {F: €°(M) — €M) : Jr € ¥(X)}
denote the space of Fourier integral operators of Szeg6 type. We also denote
Y"(M) := {F : €°(M) — €M) : Jr € ¥"(X)}.
Parallel to quantization on CR manifolds, we obtain the result for Toeplitz

operators that allows one to apply the machinery of Berezin-Toeplitz quantiza-
tion to obtain the deformation quantization on M:

THEOREM 5.4. Let M be a Kihler manifold of real dimension 2n + 2 with compact
strictly pseudoconvex CR boundary X. Let f € € (M) and B be the Bergman projec-
tion on M, then the Toeplitz operator T = B o f o B is a Fourier integral operator and

Ty € ¥(M). Consequently, if g € €*°(M), then Ty Ty € ¥(M).
In Chapter 4, we have defined
E=(+0,+T*T): € L1X).

Now we put

(5.1.18) E = PE(P*P)~'P*.
Let
(5.1.19) H:={f € ¢°(M): Of =0}

be the space of harmonic functions on M. We have the following proposition
that is analogous to the CR setting

PROPOSITION 5.5. For any f € €°(M), there exists f] € Hforj=0,12,---
such that

(5.1.20) Tf — Ij;: Tjpi € 1N ().
This can be further generalized to
COROLLARY 5.6. Let L € L™(X) and define
L := PL(P*P)"1P* : €°(M) — €= (M).
Then there exist functions f] € H such that, for every N € IN,

N-1
(5.1.21) ;- Y Ty gy € yrrm=Nep),
j=0
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We define
(5.1.22) = {L: €M) — €M) : (P"P)"'P*LP € L(X)},

the space of operators on M for which 7; is a pseudodifferential operator on X.
Set

Q= { eH: i:Zi mfleHV;e]No,meZ}
]:

Q can be viewed as the duality part of A (see Sec. 4.3) in M (see Proposition
5.24.) Let 2 be the map

(5.1.23)

where f] is given by Corollary 5.6. We obtain the quantization result on M:
THEOREM 5.7. Let F, G € Q, the star product %4, of F and G is defined by
(5.1.24) FinG=2(Tr+J5),

where m = Po (Jr * Jg) o (P*P)~1P* € L. The product %4 is associative,
and if F = Z}io ]?].Eml—j and G =Y 22, S E™ K there exists C]-(F, G) € H such that
(1) Fx4 G = 2;"0@(1; G)E
(2) Cy(F, G) = Co(G, F) = h(fo, o),
3) (Gi(F,G) = Ci(G, F))E~1 = {fo, S0},

If F = fand G = g in ¥*(M), we deform the algebra (#,h(-, -),{-, - }')
inside . Analogously to Theorem 4.23, we introduce an algebraic product and
a Poisson bracket on Q ((5.3.32) and (5.3.33)). For the deformation quantiza-

tion on (Q,h(-, -),{-, - }’*), we then obtain that the commutator recovers the
underlying P01sson structure:

my+niy—j

THEOREM 5.8. For any F,G € Q satisfying (5.3.31), there exists a sequence
Ci(F,G) € Qwith ord(jéj(F,G)) = my + my for all j, such that for any N € IN,

N-1
(5.1.25) TF*HG — Z%) Téj(F,G)E_f € ‘I’Vl+m1+m2*N(M)r
p=
where
é F, G)=h F/ G s
(5.1.26) ot : ( :

(C1(F,G)—Ci(G,F))E~t = {F, G}™.
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REMARK 5.9 (Conceptual summary). The overall construction on complex
manifolds with boundary can be summarized as follows.

Pis FIO near X 2% p*fpis ¥DO

J{ Thm.54
B = PS(P*P)"'P* — BfBisFIO

J Chp. 4

Reduction to boundary via P Thm-98, & carries a star product.

5.2. Poisson operator

From (5.1.14), we can see that the computation of the symbol of T requires
a detailed analysis of the Poisson operator. Consequently, in this section we
present a step-by-step proof of Theorem 5.4.

To show 5.4, we first prove that

THEOREM 5.10 (Theorem 5.2). Py := P* o f o P is a pseudodifferential operator.

To prove Theorem 5.10 we have to study the Poisson operator P and its
integral kernel. For the point near the boundary, we have the following result
for the Poisson operator:

PROPOSITION 5.11 (Proposition 5.3). There exists a Fourier integral operator
P : ¢%(X) — €*(M) such that for any u € €°(X), for x € M we have
(Pu)x) = [ P,y s/ ey’
_ ip(x,y' 1) ol / ! g0
(5.2.1) o @8,y s dy

where ¢ is a smooth function and homogeneous of degree 1 in n' and a(x,y’,n') ~
Yi2oai(x,y',n'), such that aj(x, y’, 11") is a smooth function and homogeneous of degree

—jin . P satisfies
oP(x,y) =0  mod (M x X)

5.2.2) ~
yP = 1.
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PROOF. The proof strategy is to construct the phase function and symbols
locally via Borel’s lemma, then patch these local constructions using Lemma
5.12.

Step 1: local construction. First, we work in a collar neighborhood of the
boundary X = dM. Let r = dist,( -, X) denote the g-distance to the boundary.
Then there exist ¢ > 0 and a diffeomorphism

d: X x][0,¢) — X cC M, D(x,7) = exp,(rvy),

where v is the outward unit normal vector field along X. We refer to X as a collar
neighborhood of X in M. In the induced coordinate system (x,r) € X x [0, ¢€),
the Riemannian metric takes the form

(5.2.3) g = dr® + 7

where {g/},c[0,¢) denotes a smooth one-parameter family of Riemannian metrics
on X. Furthermore, the radial vector field 9, is everywhere orthogonal to the
tangential directions, that is,

g0, V)=0 forallV e T, X,
and in particular,
¢@,3)=1 onX.
Let X = UY, D; be a finite covering of X by coordinate patches, where each

D; C X is open. Without loss of generality, we may assume that X = N, U
where each U is given by

U, =D; x [O, 8)
for some fixed ¢ > 0. Forx € U;and iy’ € D;, letx = (xq,x2,...,X041,7) = (¥, 7)
and y' = (y1,- .., Y2n+1) be the local coordinates. First, we define ¢o(x’,y/, 1) =
(x" =y, 5’). Consider the equation A¢P = 0, in the local coordinates, the Lapla-

cian can be written as
\/ﬁai (\/ |g|g”8j> .

On U; C X, by (5.2.3) we have

92 2n+1 92 d 2n+1 . 9
(5.2.4) Ay = 52T Z ( )—I—b(x r)— ) (cl(x/,r)$>,

] i=1

where b(x/,7) = 2ar log |g/| and ci(x',7) = ijifl <aixjg£l +1 28r ax (log |gr\)>

We will show below that there exist $(x,y’, ') and a(x, v/, ¢ ) such that @ is
smooth and homogeneous with degree 1in 7" and @ ~ Y2 4;(x,y', 11') where 4;
is smooth and homogeneous with degree —j in 77" and such that they satisfy

(5.2.5) Ag (7Y a(x,y/, 1)) = 0.
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Which is equivalent to
(5.2.6)
2n+1 . T A0 G 82 o0 9d 923
jl(_999¢ /¢ Ve 4
ijz—;l & ( dx; 0X; * 18x18x]> 2 (axi ij> * ax,-axj]
[ 9§09 0% (8(p8a> %
+_< orar " 1aa> VG ) e

+v—-1 (b(x r)

The equation (5.2.6) can be separated according to the homogeneous degree of
1'. We first consider the part of homogeneous degree 2. Therefore,

~ 2n+1 ~  2n+1 5
i; c'(x', r)gq))a—kb(x r)a—i Z cl(x’,r)%:O.

2n+l 55 55 A
ijop 0 (_9”) _
(5.2.7) '21 8 o, o, +1 35, 0.
l,]—
Let
(5.2.8) (1) =Y gix’, v )7
i=0

be a formal power series solution of (5.2.7). This is equivalent to constructing
the coefficients @; so that they satisfy

22Ul 0P 9D | (9D
(5.2.9) + (—) = fO —|—flr _|-f272 4,
PZ%) z]Z:l rp’ 8 ax or

under the assumption that f; = 0 for all j. Here, g/ p denotes the (i, j)-component
of the (0,2)-tensor appearing as the coefficient of r” in the Taylor expansion
of the metric g, with respect to the normal coordinate r at » = 0 along the
boundary. Explicitly,

By choosing normal coordinates, we obtain glr] o = 0'. We first define
@0(3(,/ ]/, 7]/) = (PO(x,/ ]/// 77/) = <X/ - y// 77/>
In the case fp = 0, the relation

2n+1 i

Z grOUzW] + (P% =0
ij=1

holds, which implies that
¢y = V=1,



where we have introduced the notation
2n+1

Y. &y = '
iji=1

Similarly, in the case f; = 0, the relation
2n+1 i
Y (8 min) +4¢1¢2 =0
ij=1

holds, which implies that

2n+1 g?lm’y]’
952(3(/,]//, 77/) = - : ~ ]'
i,jZ—:l 2¢1

Inductively, in the case f;; = 0, we have the relation

2n+1 m m—p o) @ 3
L3 % (a5 ) b+ g
i,j=0 p=0 k=0 Xi Xj

(5.2.11)
m—1

+ Y (m—k+ 1)k + D)@ 1Gm i1 =0,

k=1
which implies that

(5.2.12)
gberl(xl/ ]/ ;7/) =

66

PY a~m, _
LA Lo T (837 5) + K =k 10+ Ui

—2(m+1)¢q

Therefore, the coefficients of ® in (5.2.8) can be solved recursively. By Borel’s

lemma, given a sequence of smooth functions {@;(x’,y’, ') }ien,

C ¢°(D; x

D; x R?>"*1), there exists a function ¢((x',7),y’, ") € €*(U; x D; x R*"*1) with

dp # 0and Im ¢ > 0 such that

= @n(x,y',y") forall n € Ny.

By examining the Taylor expansion of ¢ at r = 0, one verifies that ¢ satisfies
equation (5.2.7). Our next step is to consider the homogeneous degree 1 part of
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(5.2.6) which is
(5.2.13)
2n+1 . 82 ~ 9% o
/1 2P 5 40990
i/jz_;lgr 1 <8xi8x-a0 + zaxi E)x])

a d0 9 ~ 2n+1
+ V= < (P~ +2a¢ aao + b(x’ r)—q)ao+ Z ci(x, r)—ao> = 0.
=0

Let by, c;, € ¢ (U;) for p € INg denote the p-th Taylor coefficients in the expan-

sion of b(x,r) and c'(x’,r) with respect to the variable r at r = 0. Similarly, we
consider the formal power series

(5.2.14) Ao, 1) =Y dgi(x, v, ')
i=0
which satisfies
(5.2.15)
) o~ 2n+1 . 0d 0A
Y Somr™ =3 Y} gV < +28_?a_9>
m=0 p=0i,j=1 ] Xi 0Xj
oo 2n+1
+ V= <a qu +2aq)aA° + Zb P—AO+ ) Z c i pp (PA())
p=0 i=
under the assumption that gy, = 0 for all m € INg. We first define
(5.2.16) doo(x’, ', n') =

by assuming goo = 0, we have the relation

2n+1
2¢afin0 + 2¢10,1 + bodrdoo + ), coi = 0.
i=0

Therefore, we get

bogr + 242 + S5
291

Similarly, in the case gg1 = 0 we have the relation

2n+1 az i
Z ( - +27; 801) + 6¢3 + 6(2dg1

(5217) ﬁ()/l(xl,y/, 17/) = —

8x
(5.2.18) + 48021 + bo(2¢2 + P1do,1) + b1 ¢

2n-+1 ) a )
Y <C6<a¢1 a01> +c11;7;> _

i=1
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which implies
(5.2.19)

3 1 2n+1 82 a
aolzz——~-< Z ( (P1+217/ o, ) + 6¢3 + 6¢rip 1+
i=1

491 ax

~ -~ ~ Zutl i aﬁbl !~ 1./
bo(P2 + Prdos) +bi1g1 + Y | g I, iAo, ) +cmi ) |-
i=1 i

Similarly, in the case go,» = 0 we have the relation
(5.2.20)
0=
m 2n+1m—

9 §0m p—k . gbm—p—k Il k
g o +2 e
pZOz]Zl kZO ( ox; ox;  0X; )

m
+§j«m+2—kwn+1—M¢mg4%k+%m+1—m&+&wmu%%kﬂ)
k=0

m - m 2n+1m—p a(Pm '
+Z Z p(m+1 =K1 ilof+ Y ), ZC — ok
p=0 k=0 p=0 i=1 k=0
which implies
aom+1 =
B 1
Z(m—l—l)gbl
m 2n-+1m— i a §0 k. 95 _ —ka&()k
<Z 2 Zg ( @p Aok +2 maxp- 8x1~>
p=0i,j=1 k= X t ]

+ Z ((m +2—k)(m+1- k)¢m+2—kﬁo,k)
(5.2.21) =

m—1
+2 Y (m+1 =Rk + DFps1-klojs1)
k=0

m m—p
+ Y ) bpm 41— ) Pui1—ilox
p=0 k=0

m 2n+41m
SR M)
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Therefore, we can obtain 4y, recursively for all m € INy. By Borel’s lemma,
there exists a smooth function do((x’,7),y’,1") € €*(U; x D; x R?*"*1) such that

8’”

((x 0),y,1") =do,(x',y,n") foralln € Nj.

By examining the Taylor expansion of ¢ at r = 0, it follows that ¢ satisfies equa-
tion (5.2.13). Note that through (5.2.21), we can see that 4y ; does not depend on
', hence we conclude that do((x',7),1") € €°(U; x R¥"*1) We apply the same
method above to solve for d; be considering the homogeneous degree 1 — [ part
of (5.2.6). For I > 1, we always define 4 o(x’,y’,11") = 0. We have the recurence
relation for a; ,,, 1 for every I,m € Ny :

(5.2.22)
1

2(m + 1)431'

m 2n+1m—p 82~ o 0@, . 1 i 9%d: 1.
{Z Z Z g { Pm—p kdl,k"‘z Pm—p—k al,k>+ ar-1k p]
=0 i1 k= dx;0x dx;  Ox; 0x;0X;

ﬁl,m—|—1 = -

+ \/__1< Y (m+2—k)(m+1—k) @ik

k=0

m—1
£ Y 2m 1= Rk Dt i+ (+ 2D+ D2 )
k=0

2n+1 a(Pm p—k

m m—p
VT (8 ag(bpn = p+ 1= Ofnpiri+ ) p—5"—))

p=0 k=0 =1
m ~ 2n+1 ,aal 1Lm—p
#30 (byln = D s+ 3 620
p=0 i=1 1

Since @y does not depend on the variable i, we can see that 4; is also indepen-
dent to ¥’ for every j. Therefore we have

ﬁ]' € %”(Ui X ]R2n+1)

and since d;(x,A\y’) = A’fdj(x,n’), there exist 3 € €°(U; x R?"1) such that

We define P : °(D;) — €=(U;) by
P (1) _ ip(xy ') / N /
(5.2.23) PYu(x) //D,-x]RZnH e a(x, nyu(y)dn do(y’).

By the construction of 7 and @, we have 0P® = 0 on €°(U;). We can see that if
w' € D; C X, sincedpg =1, d,p = 0forallk > 1and ¢(w',y,y') = (W' — ¥, 1),
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we have
5() N _ iw'—y' q') / N — /
(5.2.24) POy / /D o w(y)do())dy' = u@w').

Therefore, yP% = I on €*(D;).

Step 2: extend to X. Let x; € 6,°(X),i =1,...,N, be the partition of unity
subordinate to the cover {D;} satisfying x;. Furthermore, for each index i let
Xi € €(X) be such that supp §; C D; and §; = 1 on supp x;. We extend ¥; to
U; by defining a function §! € ¢5°(M) satisfying supp ¥} C U;

(5.2.25) Xi(x',r) = xi(x") forre][0,%), and

(5.2.26) supp X; = supp & x [0, 51.
We have the lemma:

LEMMA 5.12. The operator

~ N ~ ~
P=Y %iPOx: ¢(X) = ¢(X)
i=1

satisfies

OP=0  mod ¢°(M), and
(5.2.27) -
yP = 1.

Step 3: extend to M. Let § € %5°(M) with suppf C X and f(x) = 1 if
diste(x, X) < 5. Let

(5.2.28) P = %P : €°(X) — €M),

by repeating the proof of Lemma 5.12, we have 0P = 0 modulo a smoothing
operator and yP = I. By the theory of partial differential operators [15], there

exists a smoothing operator N : €°(M) — ¢*°(M) such that NO + Py = I.
From

(5.2.29) NoP+PyP=P
we can see that
(5.2.30) P=P.

O

"PROOF OF LEMMA 5.12. Forx € Xand y’ € X, let P(x, ') denote the kernel
of P. We first show that

(5.2.31) vP =1
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Let u € 4*(X), then (YPu)(x) = (¥ N 1’YXZP(Z xiu)(x) for any x € X. Since
X”X = Xiand p(i)(Xi”)|X = x;u, we have

_ N
(5.2.32) yPu = ZXiXi” = u.
i=1

By applying A, to P(x,y'), we could assume x € U; and ¥ € D; for some i.
Since supp dy; Nsupp x; = @, it is suffices to consider the case x’ —y' > § > 0
for some J. Suppose x = (x/,r) for r > ry > 0 for some ry, since d(x, ') €
S9o(U; x R*"*1), for any « € N3 and B € IN3" " there exists Cy 5 € R such
that

(5.2.33) agaf/;g;(x)eiq’(xfy’w’)a(x,n’)xi(y’)j < c,x,ﬁefln’lroa + | )y

for some m,, mg € No such that m, < |af and mg < |B].
Assume that rg > r > 0, and define ¢ such that

o,y ) = (" =y "y il r+ ¢y )
Then one has
,7 go—x —y +i ‘ ,‘ r+O(r2)

By choosing r > 0 sufficiently small, we can ensure that

J
Let
= ! D, ¢-D
iIDygl? " T
then L(e'?) = ¢'?. We have
D rQ D 1@
(5.2.34) @) = — (D , (L) i+-—1"—.D /a) .
U i|Dy |2 i|Dy g2 U
D,
Since ¢(x,y’,1") is homogeneous in 7’ of degree 1, we have D, <1 5 /;2) is

homogeneous in 7’ of degree —1. We also have
[Dyal < G+ [y

for some C; € R. Therefore, we have for any N € Ny, a € IN%’”Z and B €
ING" " there exists Cy, 5 € R such that

(5.2.35) agaﬁ,eiqo(x,y’,n’) ( < Cop(1+ [y~ N=ma=mp)
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for some my, mg € No such that m, < |a| and mg < |B]. From

oy My, n'dy' = ioCey' 1) DN @) (x, 17" )dn!
(5.2.36) /IR e a(x, n')dy /m e (LN @), p)dy,
and (5.2.33), (5.2.35) we conclude that
AgP(x,y) € €*(X x X).
Hence we have OP = 0 modulo a smoothing operator. [
Now we are ready to prove Theorem 5.10:

PROOF OF THEOREM 5.10. The proof strategy is to apply Proposition 5.11
and work locally, then integrate the (21 + 2)-nd variable to obtain the symbols
via Lemma 5.13, and finally apply the stationary phase formula to get the sym-
bol of Py.

Step 1: near boundary consideration. Let f € ¥*°(M). From (5.2.30), we
have Py = P f P. The kernel of P can be written as

A~ N ~
(5.2.37) P(z,x") = %(2) Y %) P (z, ') xi(x").
i=1

For z € U;, we introduce the following notation:

(5.2.38) Az, ',y =dz, 1)z, ),
(5.2.39) Az, ',y =Y @iz ) di_i(z,9"),
=0
(5.2.40) o'y, z,1,9) = — ¢z ¥, 1)+ ¢y, ),
(5.2.41) Q,(x,y, 20, Y) = ¢, X, 0"+ ¢y, Y),

where the functions 4 and ¢ are defined in (5.2.23). Let x € %O“’(M) such that
X = 1 on X. The integral kernel of P can be written as

Pi,y) = /M Pz, ') f(2)P(z, y')dv(2)
(5.2.42) = /M P(z, x)x(2)f(2)P(z, v)dv(z)

+ /M P(z, x)(1 — x(2)) f(2)P(z, y)dv(z)

Let
(5.2.43) PHxy) = /M P(z, x")x(2)f(2)P(z, v)dv(z)

(5.2.44) Py = /M P(z, x')(1 — x(2))f(2)P(z, ¥ )dv(z).
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Then we can split (5.2.42) into
(5.2.45) Pr(x', ) = Pr(x', y) + PAX Y,

From (5.2.28) and supp(1 — x) Nsupp X = @, it is straightforward to see that
P})(x’ ,y") = 0 for every x’,y’ € X. To obtain P}(x’ ,y"), work locally on D; C X
and assume x’,y’ € D;. Then, from (5.2.37), we have

(5.2.46)
(P*xfP)(x',y)

N _
= Y 5y [ 2 @POE )52 f ()2 POz, y )do(z)
M
ij=1
N
= Y X))

ij=1

/] O R R DAG 1 Moy d
(supp X;Nsupp ;E;.) x RZ+1 x R2n+1

From (5.2.25) and (5.2.26), there exists a compact set K; C D; such that
supp X Nsupp Xj = Ki x [0, 5]-
For simplicity, set K; = K; x [0, §]. We first consider the integral on K; and let
(5.2.47)
By v ') = /I< LD R RIR ) f @)A1,y )do(2)

£
= /1;/02 eiq:‘(x,’yl’zlql/yl))ez(Z)X;(Z)X;'(Z)f(Z)A(Z, 17/’ ’)’/)di’dU(Z/).

We consider the Taylor expansion of ® with respect to r. By Proposition 5.11,
on U; X D; we have

oy, & Y) =Y (=9, X )+ @iy A
j=0
q)()(x/, y/, Z/, ;7/, ,)//) — <Z/ - y/’ ;7/> o <Z/ _ x/’ ,)//>
o1« v, 20y = V=11 + 7))

(5.2.48)

We also define
&y, &), )P = D — Dy — Dy
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So (5.2.47) can be written as
(5.2.49)

§ 2
/KA ei(<Z/7]///77/>7<Z/7X//'Y/>) /02 e@lr@@rz)ez(Z)XQ(Z)X}(Z)f(Z)A(Z, ’7/’ ,)//)drdv(zl)

Step 2: integrate over . We denote the integral with respect to r in (5.2.49) by

E a
(5.250) by (Y, 20,y = / 2 oi®ire®r 22y 9 () X2 f @A, )dr
0
To obtain the integral of (5.2.50), we need a lemma:

LEMMA 5.13. There exist b (x',2',(1',7')) € S;’é*j(Di x K; x R¥*2) such
that b(z) ~ 2] b(z),] and

(5251) b(i),]'(x/, y/, Z/, (/\1’]/, )\’yl)) = A_l_jb(i)’j(x/, y/, Z/, (T]/, ’)’/))

PROOF OF LEMMA 5.13. Let G(r,1/,7') = ¢®" X2 X(2)X}(2) f @) Az, 7', 1),
we consider the Taylor expansion of G; with respect to r. We first observe that
for any N,

N .
G(r,n',v") = Y GYO, 1,7y = O(N T
1=0
and the integral

(5.2.52)
€ oy Ni1y, (N D! _ e 1HD (€(|’7|+|’Y|))k
Jy e (\17’\+!7’|)N+2< ’” 2
(N4
('] [ DNF2

as (|n'| +1v'|) — oo, where € = §. Therefore, we have for any N € IN

O ((In'[+19')~)

€ N e
(5.2.58) /0 G(r, ', )dr =) / GO0, 1,9 )yldr = O((|n'| + |+']) "N 2.
1=0”0

By applying the product rule of the derivative on G, we have
O ot ) L(T\ K £ (I—k)
62549 V0= ()3 L qu (FAY R, 0),
k=0 i1t 2yt k=k =1 1!

where (fA)!=9(z’,0) denotes the I — k-th derivative of f(z)A(z,7’,v') with re-
spect to r and evaluate at ¥ = 0 and a,, := ($r?)V|,_ for n > 1. We remind that
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fork >1

ko i

D72 a;

(5.2.55) @)= ¥ [l
42+ tkj=k i=1 V' ]i*

By direct computation, for n > 2 we have
(52.56) a, = nn —1)®"2|,_y = nld, = n(—¢.(Z, X, 1") + @, ¥, 7)),
and a; = 0. We further define ag = 1 so that (5.2.55) is valid for k = 0.
(5.2.57) ©®)),—o = 1.
By (5.2.39), we see that

Ai(@ M AY) = AT A ),

and for any N’ € INg as (|5'| + |7/]) — oo we have
N/

(5:2.58) A7) = L Az’ = oW + 17N ).
=0

We substitute A by 2}-";0 Aj in (5.2.54); the resulting expression preserves the
form given in (5.2.53). By the construction of 4; we see that the Taylor expansion
of A; with respect to r also has the following property

M
(5.2.59) Az ') =Y A§l’(z’,;7’, V)l = oMYy,
1=0
where
jo1
(5.2.60) AEZ)(Z',U', YY=10-Y Y ai ya_i i@, y).
i=0 k=0

By applying (5.2.59), we substitute the Taylor expansion of A; into (5.2.54). The
resulting expression remains valid, and thus we can rearrange the terms accord-
ing to their homogeneous degree in (17, 7). Hence we have

(5.2.61)

€
/ Ger, 1,y )dr =

0

o oo | k Ji

l) a; I=k)( ' 1
k! —_(FANP,0)
Lk ( o L T+ 7

+OW7' I+ 17~
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as (7’| + |7'|) = oo. When | = k = j = 0, we can see that the highest degree
term is

f(Z,0)
7'+ 1]
When (j,1,k) = (0,1,0), (0,2,2), and (1,0, 0) we have the homogeneous degree
—2 terms

(5.2.62) b =

(fA)(Z,0) | ax(fA0)E,0) | fAi(Z,0)

(7'l +1D> AT+ 1D '+ T

Hence, by (5.2.61) we deduce that there exist coefficients b; ;, homogeneous of
degree —1 — j, such that

(5.2.63) b1 =

B € S (Di x D; x K; x R¥'*2),

Moreover, by (5.2.50) we obtain the asymptotic expansion
by ~ ) b
j=0

0

Step 3: apply stationary phase formula. We now return to the proof of
Theorem 5.10. Consider the integral

(5264) //I;‘X]RZ’hLl ei(<z’,y//17/>,<Z/,x//,),/>)b(i)(x/’ y/, ZI, ;7/, ,Y/) dU(Z/) d’)’l

Let A = |5'| and A¥' = 7, by changing the variable we get
i\ / L] Iy 5 _ .
(5 2. 65) /\/K X]R2”+1 l (( > <Z XY >)b(i)(x/, y/’ Z/, 77/’ ’Y,)A2n+1d0(zl)d’yl.

Let F(z, %) = (/ —y’,%) —(z' — x/,4") we have

(5.2.66) dy~F = (m' ¥ —z'+x’).

The critical point is (z/, 7') = (¥/, %), ie.

dzl,ry/F(X ) =0.

7 ’|
The Hessian matrix of F with respect to the variables z’ and ¥/, evaluated at the

critical point, is given by

/
Y 0 —12n+1)
(5.2.67) HessF<x , |77/|> = (_Ian 0 .
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Since

detHessF( |,|) —-1#0,

this critical point is non-degenerate. For notational convenience, we denote

HessP( T /‘> by F”( ’W)
We apply the stationary phase formula of Hérmander in Theorem 2.5 to the
integral (5.2.65). There exists an operator P; such that for any u € 4;°(U;)

/

(5.2.68) Pu= Y Y iz V(d2F(x, ! ) D)Y (ﬁ)( 1,
v—p=j 2v>3p vd V:p | d
where
/ / !/
W, #): = E(Z,7) — F ——sz ’7—<Z>(z>
(Z ) (Z ) (x | |) < ( |17/|) ,)// ,),/ >
7' n’
(5.2.69) =(Z -V, m> — (& =2 9) - =V, |’7_/|> +(, 9"
/
<Z _x | /|> <xl ’7/>
) . ) T
and D = (_laz’l o laz’m . —18% T la7/zn+1) such that
// z)\( ! L/ /'7/>)b(xl, }/// Z/, 17/, ’7/)/\2n+1d0(2/)d’7/
(5.2.70) ’ y pig & .
~ i(x'—y'y n+ —IP.(b,: ,
e (27'[) ];O)L P](b(z))|(z’,’?/):(x’,‘3—,‘)'

Let Ax be the real Laplacian on X and let /—Ax be the square root of —Ax. The
leading term in (5.2.70) is

<x ' ') 2 )2n+1f(z ,0)
2[n'|
= =y ) (@ py2ntl L,
Tev=ax""1

ei<x,_y,/77,>(27T)2n+1p0(b0)|(Z/ /) (x/

T \)
(5.2.71)

where 0, /=x+)-1 denotes the principal symbol of (2/—A x) 1. We denote

flx

(52.72) oy ) = ————
Prontey Yav-a0
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and note that B o(x’, v/, 7") € STH(D; x D; x R¥"*1). By considering the ho-
mogeneous degree of b; and the operator AT P;, we obtain

]
v ) ) — —k o .,
(5273) ,Bf,(z),](x /y s 7] ) k;) A Pk(b(l)’]ik)|(Z/,‘7/):(X/,%)
Hence,
(5274) Pf,(i)(x// y/) — /ei<x’_y’,17’>16f,(i)(x/,y/’ 7’]/) dﬂ,

defines a pseudodifferential operator on the coordinate patch D;. By applying
a partition of unity and the global theory of Fourier integral operators together,
we obtain a corresponding global result on X. Consequently, we deduce that
73} is a pseudodifferential operator on X of order —1.

O

We recall that P*P is an elliptic pseudodifferential operator of order —1 (see
[4]), and the principal symbol op:p = 0oy =Ag) 1/ therefore, (P*P)~! is a pseu-
%ﬁdifferential operator of order 1 with the principal symbol o p.p)-1 = 05, /=a5)-

en

(5.2.75) Jr = (P*P) ' o P
is a pseudodifferential operator on X of order 0 with the principal symbol
o7,(x',1") = flx

for any f € €*°(M).
Let ST be the formal adjoint of the Szeg& projection S with respectto [ - | - ]x.
We have the following result:

PROPOSITION 5.14. For any coordinate patch D € X, there exist ¢ € €<(D x
D, C) satisfying (2.2.10) such that we have on D x D, St can be approximated by a
Fourier integral operator

(5.2.76) St y) = / FMEDt (Y 1)t
0

where s*(x,y,t) € SH(D x D x Ry) is a classical Hormander symbol satisfying
+o0 ,
sT(x, y, ) ~ Z(:)S}L(x,y)t”] in S1o(D x D x Ry),
]:

s;-r(x, y) € €°(D x D), j = 0,1,.... Moreover, St and S can be chosen to have the

same phase function, and sg(x, y) = so(x,y) and s{(x, x) = s1(x, x).
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PROOF. First, we note that
[Su|ovlx =[u|S™v]x
= (PSu|Pv)y
(5.2.77) = (Su|P*Po)x
= (u|SP*Pv)x
= [u|(P*P)"!SP*Po]y.

Hence, by the uniqueness of the adjoint operator with respect to the inner prod-
uct [ | - ]x, we conclude that

st = (p*P)~1sP*P.
From
(S"? = (P*P)"18%p*P = (P*P)"!sp*P = St

we can see that ST is a projection operator. By composition of a Szegé type
Fourier integral operator with a pseudodifferential operator, we have SP*P as
a Szegd type Fourier integral operator with the same phase function, and the
leading term is so(x, y)(2|dx@(x, x)])~1. By composing (P*P)~!, we get a Szeg6
type Fourier integral operator with the same phase function, and the leading
term is

(5.2.78) 2ldxp(x, x))so(x, y)(2|dxp(x, )t = so(x, y).

Therefore, we conclude that ST is a Szeg6-type Fourier integral operator with
the same phase function as S, and that its leading term coincides with that of
S. To compute the subleading term of s'(x, y, t), we apply the stationary phase
method and repeat exactly the same computation as in [22]. From this, we ob-
tain
s{(x, x) = s1(x, x).
O

From the properties of the adjoint operator ST, we further obtain the follow-
ing result for the Szeg® type Fourier integral operator S:

PROPOSITION 5.15. § € Y"(X) has the same leading term as S, i.e., ag'o(x’, y') =
(Tg’o(x’, y').

'PROOF. From (5.1.12), we have S = SSand S = S, hence St = sT(S)t =
S*S. Therefore

§=55=("+5-5HS
(5.2.79) =SS+ (5-5shHs
=St +(5—shs.
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Put R = S — ST € ¥"71(X), we can see that RN € ¥"~N(X) for any N € INj. By
[9], there exists R € ¥"(X) such that

N-1
R — Z R € ¥""N(X), foranyN € Ny.
j=0
We then have R(1 — R) = I. Therefore,
(5.2.80) S =RS" e ¥(X).
From (5.2.80), it follows that S — St € ¥"~1(X). Consequently, we deduce that
their leading terms coincide. O

By the work in [11], let L be a pseudodifferential operator on X of order m,
and S be the Szegd projection on X. then SLS is a Fourier integral operator
of order m + n. Since $ satisfies Definition 4.1, it follows that SLS € ¥"+"(X).
From [27], we have SLS(P*P)~! is a Fourier integral operator of Szeg6 type.

PROPOSITION 5.16. Let Z € Y™(X), such that in local coordinates D € X, we
have

7 y) = / O 0!y bt
0

a(x,y,t) ~ Y a;j(x,y)t" 7 € S{(D x D x Ry),
j=0

aj(x,y) € (D x D),j=0,1,....

there exists P(x,y) € €°(M x M) such that §(x',y') = @(x',y') for x',y' € X, and
a(x,y,t) € S'y(M x M x Ry) such that

a(x,y,t) ~ 2 aj(x, "I e STo(M x M x Ry),
(5.2.81) =0 ’

ai(x,y) € €°(M x M),j=0,1,....
and

alx' vy, 0 =alx’, vy, b,

(5.2.82) (A ;t/ /) ( /}/ , ) )
aj(x’,y’) = aj(x’,y’) forj € No.

PROOF. From Proposition 5.11, composing the Poisson operator P with Z
shows that PZ is a Fourier integral operator whose kernel satisfies

(5.2.83) (PZ)(x,y") = (PZ)(x,y’)  mod €°(M x X),
and
Dx(PZ)(x,y") = 0,

(5.2.84) , ’
(YPZ)(x,y') = Z(x, y).
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Repeating the construction in the proof of Proposition 5.11 obtains
bi(x,y') € (M x X), and
¢'(x,y') € €7 (M x X)
such that
(5.2.85) (PZ)(x,y) = /Ooo 1P p(x,y/, dt mod EX(M x X),
where b(x, y',t) ~ Y22 bj(x, yHET e ST (M x X x Ry), with

b]( : /yl)|X - El]( : ,}//),
o' y)x = (-,
By taking the adjoint, we have (PZ)* = Z*P* : ¢°(M) — ¢*(X), and

(5.2.86)

(5.2.87) (P2)*(vy,z) = (PZ)(z, V).

From Proposition 5.11, composing the Poisson operator P with (PZ)* again
shows that PZ*P* is a Fourier integral operator whose kernel satisfies

(5.2.88) (PZ*P*)(x,z) = (PZ*P*)(x,z)  mod €°(M x M),
and

(5.2.89) Ox(PZ"P*)(x,z) =0,

(YPZ*P*)(x,z) = (PZ)(z, x).

By (5.2.85) and (5.2.86), repeating the construction in Proposition 5.11 obtains
E]-(x, y) € €°(M x M) and ¢'(x,y) € €*°(M x M) such that

(5.2.90) PZ*P*(x,y) = / NP, y, At mod (M x M),
0
where b(x, y,t) ~ Z}”;O l;j(x, ' e SfO(M x M) with

(5.2.91) bi(- 2)lx = bz ),
P'(-,2)|x = —¢'(z -).

By replacing Z with Z* in (5.2.83), we obtain the desired result of (5.2.81) and
(5.2.82). O]

From Proposition 5.16, we obtain Theorem 5.4.
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5.3. Some operator spaces

In this section, we define the operator space on M and show that the Toeplitz
operators admit an asymptotic expansion, paralleling the technique in Sec. 4.2.
Recall that

E=(1+0,+T*T) € LX),
we put
(5.3.1) E = PE(P*P)"'P*.
Let
(5.3.2) H:={f € €¢°M):0f =0}

be the space of harmonic functions on M. We introduce the following notation to
avoid any ambiguity regarding operators defined on X and M. For L € £L"(X),
the Toeplitz operator associated with L with respect to S is defined by

(5.3.3) T .= SLS.

We recall that there exist [; € €%(X) such that 7 — J,;) = 0 mod L™%(X),
where

qL) =) lefj,
=0

and

lo(x) = 07(x, §(x))-

PROPOSITION 5.17 (Proposition 5.5). For any f € €*(M), there exists f] eH
forj=20,1,2,--- such that

N-1
(5.3.4) Tr— Y Tre € ¥ -N(M).
j=0

PROOF. Let f € €*(M), we have J, ¥ € £9(X), and the principal symbol of
Jr € LX) is f|x. From 4.6, there exists fi € €*(X) for j € Np such that

(5.3.5) a(Jf) = i fiET.
j=0

Clearly, fo = f|x € €(X). Let fo := P(fy). Then there exist gy; € €*(X) for
j € INg such that

a(J;) = Y g0E7.
=0
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Note that goo = 0‘07/% (', &(x")) = folx = fo, where x' € X. Therefore, we get

(5.3.6) a(J5) —a(Tp) € L71X).

Let fi := P(f; — g01), then jflE_l € L71(X). There exists g1, € ¢*(X) for
j € INg such that

(5.3.7) ATHE) =} s1,E7,
j=0
where g1 = (T%f (X, 8(x) = filx = f1 — g01, where x’ € X. Thus, we have
1

(5.3.8) a(Jr) —a(T;) — a(THE ™Y € LX)
Inductively, let

A k-1
(5.3.9) fe="P (fk = gl,kl> ,

1=0

then jka’k € £L7K(X), there exists 8k, € € (X) for j € Ny such that
(5.3.10) q(jka_k) =Y g ETN,
j=0
where g0 = fr — Z;:(} 81k—1- Therefore, we have for any N € Ny
N .
(5.3.11) AJp) = Y aJRET) € L7VHX).
j=0

Let qn(Jf) := 2}; o fiE~], from
SVARSENVAR

(5.3.12) . oa oA (Y . X
=STrS=S Y ATGENS+S | L aTE) —an(Tp) | S
j=0 j=0

We can see that

N o
(5.3.13) §T;8 =8 Y aENS e ¥ N (X).
j=0
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Since E = PE(P*P)~'P*, we have E~/ = (P*P)"'P*E~/P for every j € Z. Recall

that for any L € £(X) we have SLS=3S8q(L)S. Thus, we get

N . A
Ts— Y PS ATy, E7/)S(P*P)~'p*
j=0
N . .

=T;— ) _PS jﬁE*J S(P*p)~'p*

j=0

N R . o
=T — Y PS(P*P)"'P*f;PE] 5(P*P)~ ' P*

=0
(5.3.14) ’N

=T — Y PS(P*P)"'P*f;PE7/(P*P)"'P*P 5(P*P) "' P*
=0

]

N . A
=T — Y PS(P*P)"'P*f;E/P S(P*P)~ ' P*
j=0
N
=Ty =) Tee
j=0
From (5.3.13), we deduce that
N A . A R
Tf— ) PS ATHET) S(p*p)~tp* ¢ ¥ N-L(M).
j=0

Therefore, we have Ty — Z]-I\LO Tfj i € wrn-N=1(}]).
Let f,¢ € €*(M),
(5.3.15) Tf T, = Pfjfng(P*p)*lp*.
From Theorem 4.6, there exists f;, ¢; € €*°(X) such that
aJp) =Y fiE7 and
j=0

(5.3.16) _
a(Ty) =Y &E7,
=0

together with Theorem 4.23 and (4.4.2), we have the following;:
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THEOREM 5.18. For any f,g € €*(M), there exists Cj(f, 8) € H such that for
any N € N

N-1
(5.3.17) Ty Ty — Z;S Tero)f € ¥1-N3).
]:

PROOF. Let
satisfy (4.4.2). Let Co( f,8) = P(C{(JT, ', Jg)) € H. From Theorem 4.6, there exists
ko; € € (X) such that
(5.3.18) SVAIEDS ko E~".
i=0

We can see that koo = Co( f,9)|x = Cy(T, ', Jg) € €=(X). Therefore, we have

(5.3.19) ﬁjco(ﬂg) — Ty 7170 € LX)

Let &g (f,9)=7P (C{(jf, Jg) — k0,1>, then there exists kj ; € € (X) such that
(5.3.20) (e, f,g)E‘l) =Y Ky ;EN
j=0

We have kl,O = él(f,g)‘x = Ci(jf’ jg) — kO,lr hence
-2
(5.321) IegpotIeoF M~ T CUIpIN+CUTpTIED € P

Inductively, let Cj(f, g) =P (C]{(jf, T — Z{;é kl,]',l)) ,we getforany N € N

N-1 N-1
-N
(5.3.22) Y. 7 TeF D Tengaoe-i € V' (X).
j=0 - i=0
Therefore, from Theorem 4.23 and (5.3.22), we have
N-1
-N
(5323) yjf ng — 20 Zjéj(f,g)E_j) cyr (X)
]:

for any N € IN. Since

Teipgil = SPPY P C(f, 9PETS

(.

= S(P*P)"'P*Ci(f, g)PE~/(P*P) "' P*PS
= S(P*P)'P*Ci(f, g)E 7/ PS

=7 ,
jéj(flg)éi]

(5.3.24)
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we conclude that for any N € N

N-1
e\
(5.3.25) TfT, — ZO Te g8 € $1-N(x),
]:

O]

From the proofs of Proposition 5.17 and Theorem 5.18 we obtain the follow-
ing more general statement.

COROLLARY 5.19 (Corollary 5.6). Let L € L™(X) and define
L := PL(P*P)~1P* : €°(M) — €= (M).
Then there exist functions lA] € H such that, for every N € IN,

N-1
(5.3.26) ;- ) Ty gy € yrtm=N L.
j=0
We now introduce the space of operators that will be subject to quantization.
It is well known that the space of harmonic functions on M is not closed under
the standard pointwise multiplication. We therefore construct a natural product
structure induced from the boundary as follows: Let

h:HXH—H
(f,8) = h(f,8) == P((fg)|x)

be a bilinear map on ‘H. We have

(5.3.27)

PROPOSITION 5.20. (H, h( -, -)) is an associative commutative algebra.
PROOF. Forany f; € H, j=1,2,3,itis obvious that
h(f1, f2) = P((fif2)lx) = P((f2f1)|x) = h(f2, f1).
Since P(f|x)|x = f|x, for any f € €°(M). It is straightforward to see that
h(h(f1, f2), f3) = h(f1, h(f2, f3))-

Let
(5.3.28) = {L: (M) — ¢=(M): (P*P)'P*LP € L(X)}

denote the space of operators on M such that J; defines a pseudodifferential

operator on X. It is clear that % C 7{. Recall that the contact form & defines a
transversal Poisson bracket { -, - }z on X. Let

{-, Y- HxH->H

(5.3.29) | N
(f,8) = {f, g} == PG{ flx, glx Yo E".
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be a bilinear map on H. Let

(5.3.30) Q::{Leﬂ:L:Zl}ém—hl}eHVjelNO,mez}.
j=0

The algebraic structure of H induces a commutative multiplication on O as
follows. Let F, G € O be given by

(5.3.31) F = Zﬁé‘ml_j’ G = Z gkﬁ my—k
j=0 k=0
where fj, § € H. We define
(5.3.32) h(F,G) := kZ h(]?]., ) £mtma—j—k
j k=0

In analogy with Def. 4.19, we extend the bracket to operators of the form
Z}'io fjﬁ"m*j, where each f] € H and m € Z. In other words, we extend the
bracket to Q, using the same notation as before, for f, ¢ € H and ny, 1, € Z, the
bracket { -, - }7* is determined by the following rules:

(1) {Em, f}7 = P(m T flx)EM~ = —{ f, E" }".

() {Em, Em}H =0.

(B) {fE™, g} = {f, g} E™ 4 h(f, P(mTglx)Em .
(4) {fﬁnl , En2 }7—[ — {f/ En2 }’H,E"'nl.

PROPOSITION 5.21. The bilinear operation { -, - }* is anti-symmetric, satisfies
the Jacobi identity, and acts as a derivation in each argument. Consequently, it endows
Q with the structure of a Poisson algebra, i.e., it defines a Poisson bracket on Q. With
the same notation in (5.3.31), the Poisson bracket of F and G is

(5.3.33) {F, G} := Y {fiEmT, EmF )7
jk=0
PROOF. Let f,g € Hand n; € Zfori =1,2. We have
{fE™, gE™ } = P(i{fIx, 8lx}e + mfIxTglx — naglxT flx) Em 7L,
The Jacobi identity and the Leibniz rule are obtained immediately from the Pois-

son structure on X, by applying the same argument and calculation as in Prop.
4.22. 0

Notice that for any L € 7, from Corollary 5.19, suppose ord(, ;) = m, there
exists f] € H such that

T;

00
Tf],ém—j/
=0
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the explicit formula for f] is given by

(5.3.34) lj=P ( Z ) k)

where [; and gy ) is given by

Jp) = Y LE"
(5.3.35) 0
oT;E"T) = ];Oa,-,kEm—f"‘.

Conversely, let f] € H for j € Ny, then F := Z]?”:O f]'ﬁm*]' defines an opera-

tor in H. From Theorem 5.18 and Corollary 5.19, we obtain the result for the
composition of Toeplitz operators:

COROLLARY 5.22. Let Ly, Ly € H, there exists (fj(Ll, L) € H such that for any
N eN

N-1

(5.3.36) Ty, 0T, — Y, Te (1, Lpymm-i € yrtmtm =N,
j=0

where m; = ord(J,) fori =1, 2.

Keeping in mind that in (5.3.30) the space Q consists of reducible operators
of asymptotic summand type, and recalling that A denotes the vector space
of asymptotic expansions of pseudodifferential operators on X (see (4.3.3)), we
now determine how Q is related to A.

LEMMA 5.23. If f € H, let f = f|x, then T} = f.

PROOF. It is known that H := P(P*P)~'P* is the orthogonal projection from
€ (M) onto H (see [4]). Since f € H,

Hf = f = Pvf,
where v : (M) — ¢*°(X) is the restriction map. Thus
P(P*P)"'P*fP = fP = PyfP,

SO
(P*P)"1P*fP =4 fP = f € €*(X) C L(X).
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PROPOSITION 5.24. Suppose L. € Q such that
L= S
j=0
and
aJp) = Y LE",
j=0

then 1; = [|x for every j.

PROOF. From Theorem 4.6, for any N € IN, we have

N-1
(5.3.37) Tz — Y. T pn-j € yrtm=N(x).
j=0
We also have
N-1
(5.3.38) Tg = Y Tz € TN,
j=0 7
For each j, from Theorem 4.6 there exist a;; € ©*(X) such that
N-1 .
(5.3.39) Tgpni— Y Ty pnik € YTV,
j k=0 7

From Lemma 5.23, a;, = 0 for k > 1. We have known that
(5.3.40) aj0(x) = 0. - (5,5 () = [l x.
]

From (5.3.37), (5.3.38), and (5.3.39), let N; := N — j — 1 we can see that

N-1 [ N
(5.3.41) Y (Y% (szrkEm,Q ~ Ty | € ¥HTN(X),

j=0 \ k=0

From (5.3.40), (5.3.41) and the uniqueness of the asymptotic expansion, we get
j
(5.3.42) l] = Z ak,]-,k = a]"o.
k=0
From (5.3.34) and (5.3.35), we have

A i
(534:3) l] = P(l] - Z ak,j—k) = P(ﬂj/o) = P(l])
k=0



90

We define a map
2:H -0
(5.3.44) Loy 1 Eor).
j=0

5.4. Quantization of the operator space

The presence of the coefficients C]-( -, +) provides a deformation quantization
on the harmonic functions on M, in the sense that the star product of any two
harmonic functions is realized as an element in 9.

THEOREM 5.25 (Theorem 5.7). Let F, G € O, the star product xy; of F and G is
defined by
(5.4.1) Fxy G = 2(Jr* Jo),

where m =Po(Jr*Jg)o (P*P)~1P € H. The product x4 is associative, and
if F = Z;-";ijﬁml_f and G = Y32 o § E™27* there exists Ci(F, G) € H such that

(D) Fay G = Y% Ci(F, G)E*fﬁmz*f',

(2) Co(F, G) = Co(G, F) = h(fo, o),

(3) (CI(F/ G) - Cl(G/ F)>E71 - {fO/gAO}H/

PROOE. From Theorem 5.18, we can see that

(5.4.2) Co(F, G) = P(Cy(TF, Ta))-
There exists f;, g € €%(X) for j, k € INg such that

a(Jr) =Y fiE™/, and
j=0

a(Je) = ) E™ .
k=0
From the equalities

a(Jr) = Z q(jf].Emlfj), and
(5.4.3) =0

[e0]

a(Je) = Y a(JgE™ )
k=0

we have fy = f0| x and o = $o|x. From Theorem 4.23, we have
(5.4.4) Co(Te, Tg) = 0. (x, E(x))0 G (x,&(x)) = fo- g0 = (fo - $0)|x-
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Thus, we get

(5.4.5) Co(F, G) = P(Cy(Tr, Jc)) = P((fogo)|x) = h(fo, $o)-

Since H is commutative, we have Cy(F, G) = Co(G, F). Let a9 j(Je, Jc) € €2(X)
be the smooth function such that

(5.4.6) q(jéo(F,G)Em1+m2) — Z aO,j(sz jG)Em1+m2_j,
=0

Note that ao (T, Jc) = a0,j(Jc, Jr) for every j € N because of (5.4.5). From
Theorem 5.18, we have

(5.4.7) Ci(F, G) = P(C}{(Tr, Tg) — a0,1(Tr, Jc))-
The commutator is
(5.4.8)

Ci(F, G) = Ci(G, F) = P (Cy(TF, Jo) — C1(Ta, Tr) — a01(JF, Tc) + a01(Tc, JF))
= P(C1(Jk, J5) — C1(Ts, Tr))-
From Theorem 4.23 and (4.4.25), we have
(5.4.9)
C1(Jr, Jo)

= H001(foE™, Q0E™) + H1,00(LE™ Y, 0E™) + Ho,1,0(foE™, g1E™ ),
Ci(jG/ jF)
= H,01(80E™, foE™) + H1,00(81E™ 7, foE™) + Ho,1,0(Q0E™, AE™ ),

and
0,01 (foE™, g0E™?) — H0,0,1(S0E™?, foE™) = i{ fo., g0 }e,
(5.4.10) H00(LE™ ™, §0E™) — ,00(81E™ Y, foE™) = 0,
H01,0(foE™, g1E™ ) — Ho1,0(80E™, LE™ ) = 0.
Thus, we get
(C1(F,G)— (G, F))E™!

P(C1(Jr, J6) — Ci(Tc, Tr))E™!

= P(i{ fo, g0 }¢e)E"

= P(i{ folx, $olx }o)E~!

={fo, o}

hWe show the associativity of 3,. Let F, G, and H in Q. From Theorem 4.23, we
ave

(5.4.12) fjp 9&; = gj]—"*jc mod ¥~ *(X).

(5.4.11)
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Since * is associative, we have

(77:93:) T34 = Tgex 6 T

= T oy I
(5.4.13) =7 T ooy JH
=77 mod ¥~ *(X).
Q(Jg(m)*jﬂ)
Similarly, we have
(5414) gjl-‘(yjc ng) 9'.790 7\ ) mod ‘Pioo(X)
T
Thus, we get
(5.4.15) Sy =Ty mod ¥ *(X).
J(Jg(m)*};{) Q(ﬂ]:*ﬂg(m))

From the uniqueness of the asymptotic expansion in 4.6 and Proposition 5.24,
we can see that

(5416) g(je@(jp * jé) ) Q(jF Q(j * jH) )
which implies

O]

In Theorem 5.25, the expansion is carried out at the level of function coef-
ficients.In direct analogy with Theorem 4.23, we construct operator-valued co-
efficients C; € Q, which then yield a deformation quantization of the Poisson

algebra (Q,h(-, ), {-, - }’).

THEOREM 5.26 (Theorem 5.8). Forany F,G € Q satisfying (5.3.31), there exists
a sequernce éj(F, G) € Q with ord(j@j(F’G)) = my + my for all j, such that for any
N e N,

N-1
(5.4.18) TF*HG — ZO T(fj(F,G)E*f € ‘I’n+m1+m2—N(M)/
p:
where
é F, G)=h F/ G s
(5.4.19) olF, &) = 1F, @)

(C1(F,G)—Ci(G,F))E™t = {F, G}™.
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PROOF. From Proposition 5.24, we have

a(Jr) =) fiE™
j=0

(o]

a(Jc) = ¥ gkE™ 7K,
k=0

(5.4.20)

where f; = f]] x and g; = ¢;|x for every j € INo. From Theorem 4.23 and (4.4.17),
we have
(5.4.21)

JrxJc = Q(yq(jp)yq(JG)) — Z %?,k,p(ijml_jzngmz_k)Em1+m2_j_k_p,
jk,p=0

From Theorem 5.25, there exists CP(P, G) € H such that

Fxy G =Y Cp(F,GEMmtmr
p=0

(5.4.22)

:g( D %?,k,pwlfmlf,gkw")E’“l*mszp).
jk,p=0

From Proposition 5.24 and the uniqueness of the asymptotic expansion in The-
orem 4.6, we have

(5.4.23) CP(F, G) = 2 p(r%?/k/l(ijm1—j’ ngmz—k)).
j+k+l=p

Let

G420 GG = 3 P g ) B,
k=0

asin (4.4.27). Then
N-1 N-1 N
(5425) Z jép(F’G)Emlﬂﬂzfp - Z jdp(F,G)E_p - £m1+m27 (X)/
p=0 p=0

which implies (5.4.18). Since
Hipo(fFE™ ™, gkE™F) = figi
forall j, k € Ny and from (4.4.25)
Hi g (FE™ T, E™5) — k1 (9E™ X, fiE™ )

(5.4.26) , .
=i{ fj, 8k te + (m1 — ) fiT gk — (m2 — g T f;,



from (5.4.24) we get

(5.4.27) CAO(F, G) = Z h(]?].’ gk)ém1+mz—j—k
jk=0

and

(Ci(F,G) = Cr(G, F)E™L = Y { fiEm T, gk yH
(5.4.28) ft

= {F,G}"
which implies (5.4.19).
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Part 3

The Subleading term of semi-classical
Toeplitz Operators



CHAPTER 6

Semi-classical Toeplitz operators

In this part, we return to the CR manifold to study semi-classical Toeplitz
operators based on the published article [6], joint work with Chin-Yu Hsiao and
Hendrik Herrmann.

Throughout this part, we always assume the CR manifold (X, T*YX) is a
compact, orientable, strictly pseudoconvex embeddable CR manifold of dimen-
sion 2n +1, n > 1 without further notice. We always fix a global one form
¢ € €= (X, T*X) such that for any x € X we have ¢(x) # 0, Ker {(x) = Re X
and the respective Levi form Ly is positive definite. Denote by 7 the Reeb vec-
tor field associated to ¢, choose a volume form dV on X with £7dV = 0.

We now formulate the main object in this part: Let I be the Szego projection
in Def. 2.14, we define the Toeplitz operator A associated with a Reeb vector
field 7 € €= (X, TX) by

A = TI(—iT)I: €°(X) = €°(X).
We extend A to L? space:
(6.0.1) A :=TI(—iT)I1: Dom A C L*(X) — L*(X),
where Dom A := {u € L*(X); Au € L*(X)}.

6.1. Introduction and main results

It was shown in [13, Theorem 3.3] that A is a self-adjoint operator. We con-
sider the operator xi(A) defined by the functional calculus of A, where x is a
smooth function with compact support in the positive real line and x;(A) :=
x(k~1A). Let xx(A)(x,y) denote the distribution kernel of xx(A). We now restate
the following consequence of the result proved in [13].

THEOREM 6.1. Let (X, T'°X) be a compact orientable strictly pseudoconvex em-
beddable CR manifold of dimension 2n +1, n > 1. Fix a global one form ¢ &
€¢*(X, T*X) such that for any x € X we have (x) # 0, Ker ¢(x) = Re TiX and
the respective Levi form L, is positive definite. Denote by ‘T the Reeb vector field asso-
ciated to ¢, choose a volume form dV on X with L7dV = 0 and consider the operator
A given by (6.0.1). Let (D, x) be any coordinate patch and let ¢ : D x D — C be any
phase function satisfying (2.2.10) and (2.2.11). Then, for any x € € °(Ry) putting
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xk(A) == x(k7'A), k, A € Ry, one has for the distributional kernel x(A)(x,y) of
Xx(A) that

too
(6.1.1) xXk(A)(x,y) = / K PENPX (x, y, t, k)dt + O (k=%) on D x D,
0

where bX(x,y,t,k) € SIFY(1; D x D x Ry),

+o00 ,
Vi(x,y t k)~ Y bY(x,y, Wk in Y1, D x D x Ry),
j=0
(6.1.2) br(x,y,t) € €°(Dx D xRy), j=0,1,2,...,
bE _ 1 v g D with A(x) = 1
o(x, x,t) = 27_[T+1W(x))((t)t %0, forevery x € D with A(x) =1,
with dVg given by (2.2.13) and for I* := supp x,
(6.1.3) supp ,bX(x,y, 1, k), supptb])-‘(x, y,t)C 1%, j=0,1,2,....

Here, supp, is defined as follows. Let U be an open subset of RN, and let
F:UXxR—R, (x,t) — F(x,t)

be a function on U X R, for a subset I C R, we write supp, F(x,t) C I if for any
(x,f) e U x Rwitht ¢ I F(x,t) = 0.
In particular, we have

+o00 )
(6.1.4) xe(A)(x, x) ~ Z(;) bf(x)knﬂ—f in STHY(1; X),
=

where b;‘(x) =/ b;((x, x, t)dt, b;‘(x, y,t)isasin (6.1.2),7=0,1,....

The expansion (6.1.1) can be viewed as a semi-classical analogue of Boutet de
Monvel-Sjostrand’s result on strictly pseudoconvex CR manifolds (see (2.2.11)).
A natural and fundamental problem is to compute bi‘ (x) in (6.1.4). This calcu-
lation can be regarded as a local index theorem in CR geometry. In complex
geometry, the second coefficient in the Bergman kernel asymptotic expansion
plays a key role in Kdhler geometry (see [25]). We expect that determining b;
will be important for the CR Donaldson program [8] and related topics in CR
geometry. In this part, we obtain the coefficient b;. We also generalize the result
in [22] by considering a general Reeb-invariant volume, which plays an analo-
gous role in computing the second coefficient of the Bergman kernel in [16]. We
now formulate the main result of this part:

THEOREM 6.2. Under the same assumptions and notations as in Theorem 6.1, we
have

(615 bi(x) = ﬁf“’”w ® (%Rmz(x)+(n+1)Ab f(x)) [t a,
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where f(x) = 2(n1+1) log j“,/é((fc)) € €*(X) with dVg given by (2.2.13), Ryeq is the

Tanaka-Webster scalar curvature with respect to the contact form ¢ (see (2.2.9)) and
Ay 1 €7(X) — € (X) denotes the CR sublaplacian operator (see (2.2.6)).

To prove Theorem 6.2, we need to understand how the symbol b;(x,y, f) in
(6.1.2) depends on x and t. We have the following.

THEOREM 6.3. Under the same assumptions and notations as in Theorem 6.1, let
(D, x) be any coordinate patch and let ¢ : D x D — C be any phase function satisfying
(2.2.10) and (2.2.11). Then there exist smooth functions

(6.1.6) ajs(x,y) € €¢(Dx D), j,s=0,1,...,

such that for any x € ¢:°(Ry) we can take b;‘(x, y,t)in (6.1.2),j =0,1,..., s0
that

+o0 ,
6.1.7) br(x,y,t) = Zoaj,s(x, X, j=0,1,...,

where x©) := (9/0t)°x and the infinite sum in (6.1.7) converges uniformly in € (K x
K x I) topology, for any compact subset K C D, I C R, forall j =0,1....

Assume in addition that T is a CR vector field, that is, [T, € (X, TIX)] C
€°(X, T'0X). Then, there exists a phase function ¢ : D x D — C satisfying (2.2.10)
and (2.2.11) such that Typ(x,y) = 1, Typ(x,y) = —1, and we can take the a;s(x,y)
in (6.1.6),j,s =0,1,..., such that for all ] > 0 we have
a;s(x,y)=0, s=1,2,...,

(6.1.8) jolx )
Txajo(x,y) = Tyajo(x,y) = 0.
By Theorems 6.2 and 6.3, applying integration by parts in ¢ yields:

THEOREM 6.4. Under the same assumptions and notations as in Theorem 6.1, there
exist smooth functions {a]-} j>0 C €(X) such that for any x € 6°(R) we have

—+o00

619)  xi(A)xx) ~ Z(;)k”“—faj(x) / X(OIdt in S X).
]:
Furthermore, we have
1 dvg
ap(x) = Y] W(x)’

(6.1.10) .

1 _
) = e 20 (R () + (4 D))

av o
where f(x) := g5y log dvg((’% € €*(X).
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6.2. The second coefficient in Szeg6 kernel

The goal of this section is to prove the preparation theorem used to derive
Theorem 6.2. Our observation is that xx(A) behaves like the Szeg6 projection:
they share the same phase function as in (6.1.1), up to a factor k. Moreover,
the leading terms of their kernel asymptotic expansions agree up to the smooth
function x. Notice that the second coefficient of the Szeg6 kernel was computed
in [22] by assuming dV = dV;. We first generalize the result by assuming dV is
an arbitrary Reeb invariant volume form. To begin with, we recall the result in
[22]:

THEOREM 6.5. Under the same assumptions and notations as in Theorem 6.1,
assume dVz = dV. Recall that we work with the assumption that X is embeddable. Let
(D, x) be any coordinate patch and let ¢ : D x D — C be any phase function satisfying
(2.2.10) with A(x) = 1 and (2.2.11). Suppose that

(6.2.1) Oy, ¢(x, y) vainishes to infinite order on x = y.
Suppose further that
(6.2.2) Tys(x,y,t) =0, Tysj(x, y)=0 j=01,...,

where s(x,y, t), si(x,y),j=0,1,... areasin (2.2.11). Then, so(x, y) has unique Taylor
expansion at x =y, s1(x, x) is a global defined as a smooth function on X,

(6.2.3) so(X, ¥) — 5 ~—L - vanishes to infinite order at x = v, for every x € D,
and
(6.2.4) s1(x, x) = n}q 1 Recal(x), for every x € D,

where Ry, is the Tanaka—Webster scalar curvature on X (see (2.2.9)).

It is known that (see [22, (3.99), Proposition 3.2]), there is an open local co-
ordinate patch D of X with local coordinates x = (xy,...,x2,41), x(p) = 0,

T =+2-onDanda phase ¢ : D x D — C satisfying (2.2.10) with A(x) =

axZn

1+ O(|x|?) and (2.2.11) such that
(6.2.5) §b,x(q0(x, y)) vanishes to infinite order at x =y,

and
(6.2.6)

i & _ _
P(x,Y) = Xon+1 — Yont+1 + 5 21 [lZ]' — w]-|2 -+ (Z]'ZU]' - Z]'w]')] + 0 <|(X,]/)|4) ’
]:
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- ¢ i o
W(O 0) 2 scal (O)/
6.2.7
= 0w;0w 0W ;9T V)= 75 Rscal )

o 19 _;0y 9 _1¢ 0 0 i =
where awj_z(ayzj,l 1ay2j), 70 Z(Byz,-,l"_layzj)’] 1,...,n.

Now, we work in the local coordinate patch (D, x) and we assume that ¢ sat-
isfies (2.2.10) with A(x) = 1+ O(|x\3), (2.2.11), (6.2.5), (6.2.6) and (6.2.7). Recall
that dV; is the volume form induced by the contact form ¢ on X. We have the
expression

Vi) = Ve - dx = (%) A2,

Xﬁ;(x) € €= (D). There exists a function f € ¢ (X) satisfying 7 f = 0 on X such
that

(6.2.8) AV (x) = M OVe(x)dxy - - dxgy 1 = V(x)dxy - - - dxgn1.
We need

LEMMA 6.6. With the notations used above, for sy(x,y) in (2.2.11), we can take
so(x,y) so that so(x,vy) is independent of Yo, 11,

(629) SO(x/ y) = SO(x/ yl)/ fOT all (X, y) €eDxD,

wherey' = (y1,.-.,Yan),
1 dv:

(6.2.10) s0(0,0) = Sl dV( ) = 5 n+1 (3—2(ﬂ+1)f)(0),

gio(o 0) = aSO(0 =0 j=1,.

ds 1 J  _

52, 00 = g @ N0, =1,

(6.2.11)

@ L 9 ot .

aw] (OI O) 27-[1’l+1 aw] (e )(O), ] - 1, ...,n,

8250 8250 .

azjazg(olo) - aw]aZUg(O’O) - 0I ]1’6 — 1,-..,”,

and

(6.2.12) (Txs0)(0,0) = (Ty50)(0,0) = 0,
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where forj =1,...,n,

I VR I
aw] 2 ayzj_l ay2] ’
0 1, 0 d
- = = +l ), and
aw] 2 ayzj_l 8y2]
o 1 dV(x) ~
f(x):= 20+ 1) log V() € ¢7(X).

PROOF. Applying integration by parts in f, we can choose sy so that it does

not depend on y,,,11. Since both sy and ¢ are independent of 5,1, §b,xg0(x, Y)
vanishes to infinite order at x = y. Consequently,

(6.2.13) gb,xso(x, y') vanishes to infinite order at x = y.
Therefore,

Bso .
(6.2.14) 8_Ej(0’ 0)=0 j=1,...,n.

From 9y, [ e #?UX5(y, x, t)dt = 0, we get
(6.2.15) éb/x(—ﬁ(y, x)) + g(x, y)@(y, x) vanishes to infinite order at (0, 0),

where s(x,y,t) is as in (2.2.11) and g is a smooth function defined near (0, 0).
From (6.2.6) and (6.2.14), we can check that

(6.2.16) g(x,y) = O(|(x, [>).
By using integration by parts in ¢, we get

Op / e W5y, x, t)dt

— [ e U+ gl So(y, X) + Sy, XD + O )t
From (6.2.17), we obtain
(6218) (—(Tl + 1)g(x, y)§0(y/ X) + 5b,xg()(y/ X)) - h(x/ J/)a(% X)

which vanishes to infinite order at (0, 0), where & is smooth near (0, 0). Combin-
ing (6.2.16) and (6.2.18), we deduce

8250
0,0) = —

(6.2.17)

%0
0

From (6.2.14) and (6.2.19), we obtain the first equation in (6.2.11).

Using (6.2.14), (6.2.19) and the fact that so(x,x) = 5—=(e2""Df)(x), we
derive the second and third equation in (6.2.11).

From (6.2.13) together with (6.2.19), we obtain the last equation in (6.2.11).

(6.2.19) 0,00=0, j=1,...,n.
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Finally, using so(x,x') = 27;1 = (e~ 2"*tDf)(x) and the T -invariance of f, we

deduce (6.2.12). n

We define a new one-form ¢ = ¢2/&. One can easily verify that Zis again a
contact form, and that it induces the volume form 4V, namely,

1 (ag\" -

With this volume, we have the following theorem:

THEOREM 6.7. With the same notation above, the second coefficient of the Szegd
kernel is

51(0,0) = 5o 2O (TR (0) + (14 DAL(0)),

27‘[7’["‘1

where Ry, is the Tanaka-Webster scalar curvature with respect to the contact form ¢
(see (2.2.9)) and Ay denotes the CR sublaplacian operator (see (2.2.6)).

PROOF. By replacing the volume dV; with dV in the proof of [22, Section
3.3], we have
(6.2.20) $1(0,0) = —LV

(x,0

(50(0, X)s0(x, 0)e2 D™y o)

where LW is the partial differential operator in the stationary phase formula of
Hormander in Theorem 2.5. In present case,

(6.2.21)
LEQU) (s0(0, x)so(x, O)ez(”+1)f(x)0-n)
- i Lo 02 p 2n+1)f(x)
— S i — 4 (GHs0(0, x)so(x,0)e""" 0) gy,
where

Glx,0) = F(x,o) — FO,1) — 3 (HessPXp ) (, 1) (1))

and
F(x,0) = 09(0, x) + ¢(x,0).
From (6.2.10) and (6.2.11), we have
(6.2.22)

-1 _
Sl(O/ O) :We 2(n+1)£(0),

n aZf n 82VC L 844)
(2(n +1) Z; 5295, (0)Vz(0) + l; 3207, O)+i) ————(0)]).

k=1 aZjaZjaZkaZk
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From (6.2.7), we see that

(6.2.23) i Z 84—“”(0) _ R0
- = 9z:0z.0z;0z) 2 Sl
=1"71"7]
From [22, (3.101)],
. C
(6.2.24) Z (0) —Recar (0).
1
By the definition of A,
192 f 1
(6.2.25) Z - Bz, —E(Ab )0).
Using (6.2.22), (6.2.23), (6.2.24) and (6.2.25), we obtain
-1 _ 1
6226) 510,00 = 5o 20O (0 4 DALFO) — Reca ).
This proves the theorem. [

From Theorem 6.7, we generalize the result in [22] to any Reeb-invariant
volume form. Recall that we work with the assumption that X is embeddable,
the following theorem shows that we obtain globally defined functions:

THEOREM 6.8. Let (D, x) be any coordinate patch and let ¢ : D x D — C be any
phase function satisfying (2.2.10) with A(x) = 1 and (2.2.11). Suppose that

(6.2.27) gb,x(p(x, ) vainishes to infinite order on x = y.
Suppose further that
(6.2.28) Tys(x,y,t) =0, Tysj(x, y) =0, j=01,...,

where s(x,y,t), sj(x,y), j = 0,1,..., are as in (2.2.11). Then, s1(x, x) is well-defined
as a smooth function on X and we have
(6.2.29)

s1(x, x) =

s e 20D (0 £ 1)y f(x) — 3Reeu(x) ), for every x € D,

where f(x) := 2(n "y log j“,{; ((9;)) € ¢°(X).

6.3. Proof of Theorem 6.2 and 6.3
Fix p € D, we take local coordinates x = (x1,...,X2,+1) defined on D so that
x(p) =0and T = . Until further notice, we work in D and work with

the local coordinates x = (xl, ..., X2p41)- First, we show how the coefficients b;(
depend on yx:

8x2
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THEOREM 6.9. Let ¢ : D x D — C be any phase function satisfying (2.2.10) and
(2.2.11). Then there exist smooth functions

(6.3.1) ajs(x,y) € €D x D), j,s=0,1,...,

such that for any x € 6;°(Ry) we can take b;((x, y,t)in(6.1.2),j =0,1,..., 50
that

+o0 ,
(6.3.2) Yy ) =) ajs(x, X, j=0,1,...,
s=0

where x©® := (3/0t)°x and the infinite sum in (6.1.7) converges uniformly in €% (K x
K x I) topology, for any compact subsets K C D, I C R, forallj =0,1....

PROOF. From [13, []JLemma 4.2, Lemma 4.3, Theorem 4.11], there exists a
phase ¢1(x,y) € €*°(D x D) satisfying (2.2.10) and (2.2.11) such that

+oo | R
633)  xi(A)xy) = / e MV (x, y, 1K) dt + O(k) on D x D,
0

where bX(x,y,t,k) € S"71(1;D x D x R, ) and

loc
~ +OO A .
bX(x,y,t,k) ~ ) 0y, HE" 1 in ST D x D x Ry),
(6.3.4) =0
B;f(x,y,t) c€*(DxDxRy), j=0,1,2,...,

and for some bounded open interval I* € R,
(6.3.5) supp, bX(x, y,t,k), supp, B;‘(x, y,t)yCIX, j=0,12,...

and

N;

Yy, t) =) dps(e OO, j=0,1,..,
s=0
ajs(x,y) € ¢=(D x D), s = 01,...,N;, j=0,1,...,

where N; € N, j € Ny, and the coefficients ajs(x,y),s =0,1,...,Nj, j € Ny,
are independent of x. Since ¢ satisfies (2.2.10) and (2.2.11), from [20, Theorem
5.4], there exists g(x,v), f(x,y) € €=(D x D), f(x,y) vanishes to infinite order
at x = y such that

(63.7) P(x,y) = g(x, 1(x,y) + f(x, ).

By the Malgrange preparation theorem, in a neighborhood of (0, 0) we can write
P(x,y) = a(x, y) (—yons1 + (x, 1)),

P1(x,y) = B, y) (—Yant1 + d1(x,y)),

(6.3.6)

(6.3.8)
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where ¥ = (y1,...,Y24) and «, B, §, 1 are smooth near (0,0). Assume that
(6.3.8) holds on D x D, so &, B, ¢, 91 € €=°(D x D). Shrinking D if necessary,
we may assume «&(x,y) # 0 and B(x,y) # 0on D x D. Moreover,

Imzx(x,y) = O(|X _y|)/

Im B(x, ) = O(|x — y]).

From (6.3.7) and (6.3.8), we obtain

(6.3.9)

(6.3.10) P(x, 1) — ¢1(x,y") = O(x' —y/'|Y) forall N € N.
To simplify notation, we write B(x, y,t,k), Bj(x, y,t), and I instead of bx (x,y,t,k),
E;‘(x, y,t), and IX, with the understanding that B(x, y,t,k), Ej(x, y,t), and I still

depend on yx. Let g(x, y,?, k) € €°(D x D x I€) be an almost analytic extension
of E(x, y,t,k) in the t-variable, where I€ c C is a bounded open set with €N

R = I. Recall that I is a bounded open interval as in (6.3.5). We take b(x, y,?, k)
so that

(6.3.11) supp; b(x, v, k) € IS, j=0,1,2,...,

and

63.12) b0y, "Iy 0 0N by, LY g SH1(1;D x D x R
y’ ﬁ( ’y)t ) Z ]( ’ "B( )t) in ( X X )
j=

where Bj(x, y,?) € (D x D x I®) denotes an almost analytic extension of

Bj(g’y, t) in t variable, j = 0,1,..., so that suppf[@]'(x,y,?) c IS, j=2012...,
an

Bx,y) " B(x,y)

X is an almost analytic extension of y with supp ¥ C I¢ and ajs(x,y) is inde-
pendent of x for all j € INp. From (6.3.9), applying Stokes” theorem to (6.3.3)
yields

= Y @ _ axy), 1xy)
(6.3.13) bix,y,f) = Zaj,s(x,y)(ﬁf)( L& Loy,
s=0

(6.3.14)
Xk(A)x, y) =

_|_
zkttx(x (—Yons1+P1(xy ) “(x y) (x y) 00 DxD
/O ey, B tk)ﬁx,y)dt+o(k ) on D x D.
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From (6.3.10) and the fact that Im @1(x,y’) > C|x’ —y/ \2 for some constant C >
0, we can replace ¢1(x, ') in (6.3.14) with ¢(x,y’) and obtain
(6.3.15)

+oo . X , , o
Xk(A)(xl y) — /0 elkt#’(x/y))b(x, Y, ;Ei/g;t, k) ;Eilg;dt + O(k ) onD x D.

From Borel construction, we can find bX(x, y, t, k) € S”H(l' D x D x Ry), such

that bX(x,y,t, k) — “(x J )b(x v, Lxy)y k) vanishes to infinite order at x =y,

B&Y) Bley)
400 )
PX(x,y, b, k) ~ ) b (x,y, Hk" 1 in ST, D x D x Ry),
(6.3.16) j=0

b;‘(x,y,t) €E°(DxDxRy),j=0,12,...,

and supp, bX(x,y,t,k) C 1%, supp, b*

](x,y,t) CcI*j=0,12,...,and

bi(x,y,t) = s O, j=0,1,...,
(63.17) bi (x,y, 1) SZ(})a] (6, X () j

ajs(x,y) € ¢*([D x D), j,s=0,1,...,

where the infinite sum in (6.3.17) converges uniformly in (K x K x I) topol-
ogy, for any compact subsets K C D, I C R and the 4;5(x, y) is independent of x

forall j € INg. Since bX(x,y,t, k) — gg z;b(x Y, “(J; Z;t k) vanishes to infinite order

at x = y, we may replace gg z;b(x Y, “(i Z;t k) by bX(x,y,t,k) in (6.3.15). This
completes the proof. O
In the rest of this section, we assume that ¢ satisfies (2.2.10) with A(x) =

1+ 0(|x]), (2.2.11), (6.2.5), (6.2.7), and has the form

P, ¥) = —Yaut1 + Xont1 + @Y, ¥ =W, L y2m),

¢(x,y") € €*(D x D),

R i & _ _

o0y = 5 Yo (lz = wi + Gwy — 2)) + O (I, )1
j=1

(6.3.18)

This is always possible (see [22, (3.99), Proposition 3.2]). By integration by parts,
we can choose b;c(x, y,t)in (6.1.2),7=0,1,...,so that

+00
bx Xyt :bX X, /It - a;s(Xx, ! (S)ttn+s_j, .:0,1;..-/
(6.3.19) j 0yt = b0y go s (0 YN (F) j

aj,s(x,y/) €e¢”(DxD), js=0,1,...
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and the a;(x, y') are independent of x. Assume D = D x (—€,¢€), Disan open
set of R?" of 0 € R?", & > 0 is a constant. Fix T € €°((—¢,€)),T = 1 near 0 € R
and my € R. Consider the map
xk(A) : 62°(D) — €=(D),
k .
w— o [ AT )y )Y 1.

This distribution kernel of m is of the form:

xe(A)(x, y)

k , ,

= E /glkf<P(X/y)+lkm0y2n+1 b?((x, y/, t, k)T(y2n+1)dy2ﬂ+1dt

(63.20) = [ A D O 1, Ky (1)1

7T
K b ot

= / ekt +(ry N ikmoyzn 1 px y', £, K)dyo, 4 dt

= okmoP(y)px y', mg, k) mod O(k~).

The uniqueness of the expansion is given by the following;:

THEOREM 6.10. With the notations and assumptions above, assume
/eit(”(x’y)a(x, v, t,k)dt = /eit"’(x'y)ﬁ(x, v, t,k)dt +O(k™*) on D x D,

where ¢ satisfies (6.3.18), a(x, ', t,k), 4(x,y', t, k) € Sﬁ“l(l; D x D x R),
a(x,y' 1, k) ~ T2 ai(x,y, T in SN (1D x D X R),

ate,y b k) ~ T2 ai(x,y', kT in SN (1, D x D X R),

aj,4; € €¢°(DxDxR),j=0,1,...,
supp, a C I, supp, a C I, supp, a; C I,supp, a; C I,j =0,1,...,
I @ R is a bounded interval. Then
aj(x,y,t) =ai(x,y, ) + O(|(x' = y)IN), YN, VteLVj=0,1,....
PROOF. Fix mg € I. Repeating the argument in (6.3.20) gives
0P ax,y' mo, k) = eFPa(x, ' mo, K) + Fe(x, ), Filx,y') = O™™).
Thus
(6.3.21) a(x,y', mo, k) — a(x,y’, mo, k) = e~ *mMPCYIE (x, /).
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Hence
R ol
ao(x, x', mo) — Ao(x, ¥, mo) = lim =g e MMOPIE(x, x')
1 .
= e R, 1) = 0.
Similarly,
(829%,(a0 — @0)) (x, %', mg) = lim LT (e~ *moPCYIE (x, 1)) | oy = O
xOy 0 0 A 1 _k—>ook”+1 xOy KX, Y () — U

foralla € IN(Z)”H, B € IN3". In the same way, we obtain
aj(x,y, ) =aj(x,y, )+ O(x' —y'|N), VNEN,j=12,....
O

From now on, assume b;( (x,y,t),j=0,1,...,n, satisfy (6.3.19). Then we can

show that b{ is independent of derivatives of x of order > 1:

THEOREM 6.11. With the notations and assumptions used above, recall that ¢
satisfies (6.2.5), (6.2.7), (6.3.18), and b;‘(x, y,t), j € INg in (6.1.2), satisfy (6.3.19).
Then, forall x € D, t € Rand x € €°(Ry),

by (0,0,t) = so(0, 0)x(t)t",

a_x](ololt) - a_x](O/O)X(t)t ;] = 1,...,27’l+1,
(6.3.22) abg 50

_(O/ O/ t) = _(0/ O)X(t)tn/ | = 1/ <o ,27’1 + 1/

9y; 9y; J

a2} 320} |

0z;0z¢ 0.0,8) = dW;0w, 00.0H=0 jt=1....n
and
(6323) al,s(P; P) = OI 5= 1/ 21 Tty

where sy(x,y) is as in (2.2.11) and satisfies (6.2.9), (6.2.10), (6.2.11), (6.2.12), and
a1 s(x,y) isasin (6.3.19) fors = 1,2, - -.

PROOF. The proof of (6.3.22) is the same as those of (6.2.11) and (6.2.12).
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From (2.2.11) and (6.3.18), we can check that
(DT (y) = [ 9,y ti,

(T(—iT)) (x,y) = / D 3(x, ), byt
gy, )~ ) t”“_jg]'(x,y’) in ngl(D x D x R),
j=0

§ex,y 1) ~ Y "I gi(x, ) in STEH(D x D x R),
j=0
gi(x, v, 8i(x,y) € €°(Dx D), j=0,1,...,

(6:3.24) 8006, 1) — §o(x,y) = O(lx — yP).
Let M(x, ') be as in (6.3.20). We have

1 . s
I x(A)(p, p) = K" mobl (p, p', mo) 4+ K'mob (p, p', mo) + O™ 1)

(63.25) = k" mg T x(mo)so(p, p') + Y K'avs(p, )X moymy T + O™ 1).
s=0

—~ —~—
Let x(t) = tx(t). We have %H(—iT)xk(A) = Xx(A). From this observation, we
get

(6.3.26)

—~—

Xk(A)(p, p)

= K" gt xmo)so(p, p) + 1 Khars(p, pYEX ) |immomy ™+ + O™ ).
s=0

From (6.3.24) and stationary phase formula of Hérmander, we can check that

6327) (D) (¢, p) — (ST ) (0, p) = O™ ).
k k

From (6.3.25), (6.3.26) and (6.3.27), we get

6328) ) ars(p, X o™ = ), avs(p, VXN ey
s=0 s=0

Take x so that x(mm) # 0 and x® (mg) = 0, for all s > 1. From (6.3.28), we get

a1,0(p, P )x(mo)mg = aq0(p, p'x(mo)ymy + a1 1(p, p')x(mo)mg.
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Thus, a11(p, p’) = 0. Suppose a15(p,p') = 0, for all 1 < s < N, for some
No € N. Take x so that xN0)(mg) # 0, x®(mg) = 0, s > Np. By induction
assumption and (6.3.28), we get

a10(p, p")x(mo)mli = a1 o(p, p)x(mo)ymy + a1 ny+1(p, p')x N0 (mg)mly TN

Thus, a1 N, +1(p, p') = 0. By induction we get (6.3.23). O

PROOF OF THEOREM 6.2. Let x, T € ¢:°(R4+), T = 1 on supp ). By Theo-
rem 6.9, Theorem 6.11, we have the following expansion:

(6.3.29)
XTP)y) = [ 000 (04 bx, o/, 1,0 + KBy 0 + O )ty

maﬂxw=/ﬂWWWW“%mymﬂ+W%mymﬂ+ow”Dﬁ

where

“+o0
bo(x, v, t,x) = bo(x, y, t, x) = b} (x,y, ) = Y _ ag,s(x, y )X ()",
s=0

+0o0
(6.330)  bi(x,y',t,x) = bix,y, b, x) = by, 8) = Y ars (e, y XD,
s=0

a;5(x,y") € €°(D x D), j,s=0,1,...,
al,S(p/p) = O/ s = 1/2/' L4

where b} (x,y, 1), b} (x,y, t) are as in (6.1.2). By the relation,

(6.3.31) T(Tp) © xx(Tp) = (TX)(Tp) = xk(Tp),
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and complex stationary phase formula, we have

(6.3.32)
T(Tp) o xk(Tp)(x, ¥)

_ / ek Tty () (k2”+2f10(x, u,s, T)bo(u, y,t,X)
+ K (by(x, u,5, Do, y, £, X) + bo(x, 1,5, Db (w,y, 1, ) ) + O(kzn)> dudsdt

— / KR 1)+ (1)) <k2”+2f90(x, u, 10, Dbo(u,y, £, %)

+ bo(x, u, to, T)by (1, y, ¢, x)) + O(kZ”)> tV (u)dudodt

— [ ot (k”“ﬁ’o”(x, DR CA PR O<k”—1>> dt,

where ,Bg’T(x, v, 1), ﬁ’l"T(x, y',t) € €°(D x D x I). From Theorem 6.10 we have
uniqueness of the expansion, and from (6.3.30) we obtain

By (p,p.t) = bo(p, p,t, ) = B3 (p, p, t) = sop, Px(OF,
BY (P t) = bup, p 1, 20 = ara(p, pIx(OE.
From (6.3.33) and Theorem 2.5, we have
K'ao(p, pt" ' x(t)
= k"t Lgl),g) (BO(P, u, ot, T)bo(u, p, t, )" VI (”)> | wo)=(p,1)
+ @2k a1 (p, ) x(B)so(p, PV (P)x(E),
where LY isasin (6.2.21). From (6.3.22) and notice that

(u,0)

(6.3.33)

1[4V,
sopP) = 5o (d—Vg) (»),

we can check that

aro(p, P x(t) = — LEBU) (SO(P/ u)so(u, P)ez(n+1)f(”)T(0t)l7”> lwo=p " x(®)
(6.3.34) = — Ly (s0(p, w)so(us, p) "D 0™ ) |y 1 " X (E).

Therefore, by (6.2.22), we have
(6.3.35) a1,0(p, p) = s1(p, p)-
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If we assume further dV = d Ve, then f = 0, and thus

1
(6.3.36) a1,0(p, p) = MTHRscal(p)-
U

PROOF OF THEOREM 6.3. We now prove Theorem 6.3. The first part of the
Xx-dependence of b;( is proved in Theorem 6.9, it remains to prove (6.1.8). There-

fore, we assume that 7 is a CR vector field. We work on the local coordinate D
where T = axf—ﬂ. Since T is a CR vector field, we can choose ¢ : D x D — C

satisfying (2.2.10), (2.2.11), and
(6.3.37) (X, y) = Xons1 — Yoni1 + (XY, @',y € €°(D x D).

We take b(x,y,£) in (6.1.2), j = 0,1,..., so that (6.3.19) hold. Let x(A)(xy’) be
as in (6.3.20). We have

11— N :
(6.3.38) (AT (x, SEDY knﬂﬁmob;((x, x',mg) + OK" ™M),
i=0
forevery N € N, for every x € D. Let x(t) = tx(t). We have
AT = Kl A)

From this observation and (6.3.38), similar to the proof of (6.3.23) we deduce
that

(6.3.39) a;5(x,x") =0, forall s € Ny, for all j € Ny,
where ajs, .5 € Ny, are as in (6.3.19). Thus,
(6.3.40) b;f(x, X 1) = ajo(x, x)x(O"/, j € No.

Observe that 4, is independent of the choice of x for every j € Ny, and the
map x — Xx(A)(x, x) is T-invariant. Combining this observation and (6.3.40),
we can see that bj(x, x', t) is independent of x,,, 1 for all j € INy. Consequently,

(6.3.41) b (x, 1) = bE(, 2, 1) = apo(x, x) x(t) t"=1, j e Ny.

Since gb,xqo(x, y) and §b,x¢(y, x) vanish to infinite order at x = y, it follows di-
rectly that

(6.3.42) 9y bj(x, v, t) and 9y, 4b;(y, ¥, t) also vanish to infinite order at x = y.

From (6.3.41) and (6.3.42), repeating the proof of [11, Lemma 3.1] with minor
modifications yields functions ocj(x’ ,y") € €°(D x D), j € Ny, such that
(6.3.43)

b;((x, vt —a(x,y )x(t)t" ] vanishes to infinite order at x = v, j € INj.
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Thus we may replace b;((x, v, )by a;(x, ' )x(H)t" I for all j € Ny, and the theo-
rem follows. O

6.4. Relations between Bergman kernels

In this section, we formulate the relation between a; in Theorem (6.4) and
the coefficients of the asymptotic expansion of the Bergman kernel. Let M be
a compact Kédhler manifold of dimension # as in Sec. 3.1. Let (L,h) — M be a
positive holomorphic line bundle with a Hermitian metric # over M. Fix any
Hermitian metric ( - | - ),y on CTM and let ® be the real two form on M induced
by (-|-)m. Let dVg be the volume form on M induced by ®. For every k € N,
let (LXK, i) — M be the k-th power of (L, h), where h* is the Hermitian metric on
L¥ induced by h as in Sec. 3.1. Let (- | - )x be the L? inner product on L2(M, L)
induced by dVg and . Let H(M, L¥) be the space of global holomorphic sec-
tions with values in L¥. Let {fi, ..., fs,} be an orthonormal basis of H(M, L¥)
with respect to (- | - )x. The Bergman kernel function is given by

dy

(6.4.1) Bi(x) := Z

f]-(x)’ik € €2 (M).
j=1

It is well-known that By has an asymptotic expansion (see [5], [19], [25], [33])

+o00 )
o 5 Einoe ) nsp. o,
4. i=
b](x) € €7 (M), j € Np.
Put
643  X={oel'|[ols =1} C L, TX:=CTXNTHL",

Here L* denotes the dual line bundle with the metric #* induced by h. It is well
known that (X, T'?X) is a compact, strictly pseudoconvex CR manifold with a
transversal CR S!-action given by

(6.4.4) S!x X3 (Av)— Av e X.

Let 7 be the infinitesimal generator of this action, and let § € €*°(X, T*X) be the
unique real one-form satisfying 7 .& = 1 and &(T'?X) = 0. Let t: X — M be
the projection. With dVx = ¢ A t*d V), the assumptions of Theorem 6.4 hold.
Thus, there are smooth functions 4; € ¢%(X,R) and j > 0, such that for any
X € (gcoo(xl R+)/

feo |
Ye(A)(x, %) ~ ;)k"+1—faj(x) / X(OFTdt in S X).
]:

It was shown in [13] that 4; = %b]- om,j>0.
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Now we show how the auxiliary choice of Hermitian volume form on M
affects the coefficients a; on X: Let us consider the associated circle bundle
m: X — Min (64.3). Let T € €*(X,TX) be the vector field on X induced
by the S! action acting on the fiber of L* in (6.4.4). Take

(6.4.5) dv = %g A@"

and let II be the Szeg6 projection associated with dV. Let s; be as in Theo-
rem 6.8. We have

1
(6.4.6) s1(x,x) = Ebl(ﬁ(x)), forall x € X,
where 77 : X — M is the natural projection. From Theorem 6.8 and (6.4.6), we
get
(6.4.7)

by(7(x) = 33 e 2V (—(n+ 1)A, f(x) — 1Ryai(x)), for every x € X.

We now reformulate (6.4.7) in geometric invariance on M. We can check that

(6.4.8) dE(x) = vV —1RY(7(x))
and
(6.4.9) dVi(x) =(V=IR (n(x)))" zn_!n .

For every x € M, let

RMx) : TOM — THOM
be the linear map given by (RE(x)U |Vim = <RL(x), UAV), UV € T,}’OM.
For every x € M, let det RE(x) = Aq(x) - - - An(x), where Ai(x),j=1,...,n,bethe
eigenvalues of RE(x). From (6.4.8) and (6.4.9) we have

(6.4.10) det R (7t(x)) = 2" AV () for every x € X
V) ‘
and
(6.4.11)
f(x) =
1 v 1

log<(det RE(7t(x))) _12”), for every x € X.

2n+1) Bdvix)  2(n+1)

Letw := gRL be the Kihler form on M as in Sec. 3.1, the induced L? inner
product on A% T*M is denoted by (| - )o. The complex Laplacian with respect
to w is the operator A, : €°(M) — €*°(M) as in (3.1.7) given by

(6.4.12) (Awf | t)w = (df |du)w,  f € CZ(M),u € €°(M).
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Let g € €*(M) and let § € €*°(X) be given by g(x) := g(7t(x)) for all x € X. We
have

. 1
(6.4.13) Apg(x) = E(Awg)(ﬂ(x)), for all x € X.
Let r be the scalar curvature on M with respect to w = gRL (see3.1.2, (3.1.10)
and [16, (1.8)]). It was shown in [12, Theorem 3.5] that
(6.4.14) r(7t(x)) = 47 Rycq1(x), forevery x € X.
From (6.4.7), (6.4.11), (6.4.13) and (6.4.14), we get

(6.4.15)  by(r(x)) = (2r)"det RL(n(x))(%r(n(x)) +(n+ 1)(Apf)(x)).
From (6.4.11) and (6.4.13), we obtain

(6.4.16) (n +1)(Apf)(x) = %T (P(rt(x)) — r(7(x))),

for all x € X, where 7 is defined in [16, (1.8)]. Combining (6.4.15) and (6.4.16)
yields
n L 1 1

(6.4.17) by(x) = (27) " det RM(x)( poeC) 87Tr(x)),
for all x € M, which agrees with [16, Theorem 1.4].

The computation of Bergman kernel coefficients in a more general setting
can be found in [26]. See also [12] for the coefficients by, b1, and b, on quasi-
regular Sasakian manifolds.
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