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Abstract
The angular halfspace depth (ahD) was, already in 1987, the first depth function proposed for the nonparametric analysis of
directional data. Mainly due to its presumed high computational cost and lack of efficient computational algorithms, it was
never widely used in directional data analysis. We address the problem of the exact computation of ahD in any dimension
d. We proceed in two steps: (i) We express ahD as a generalized (Euclidean) halfspace depth in dimension d − 1, using
a projection approach. That allows us to develop fast exact computational algorithms for ahD in dimensions d = 1, 2, 3.
(ii) In spaces of dimension 3]]d 3 we design an inductive procedure that reduces the dimensionality d in the computation of
ahD, until the algorithms for d ≤ 3 can be used. Using our advances we develop a family of powerful algorithms for the
computation of ahD in any dimension d. Our procedures are implemented efficiently in C++with an interface in R. A detailed
analysis of the complexity of the novel algorithms is performed. Surprisingly, we show that computing ahD of multiple points
with respect to the same dataset is substantially faster than the same task for the classical (Euclidean) halfspace depth.
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1 Angular halfspace depth: Nonparametrics
for directional data

Directional data analysis deals with the statistics of datasets
that naturally live on the surface of the unit sphere Sd−1 ={
x ∈ R

d : ‖x‖ = 1
}
, d ≥ 1. Directional data have their own

peculiarities; the unit sphere is a compact non-linearmanifold
whose intrinsic structure must be respected when conduct-
ing the analysis. Therefore,many statistics techniques known
forRd -valued (multivariate) data are not applicable to direc-
tional data, or lose meaning if used blindly.

Many concepts of parametric statistics have been suc-
cessfully extended to directional data over the last decades
(Mardia 1972; Watson 1983; Mardia and Jupp 2000; Ley
and Verdebout 2017). Like for multivariate data, nonpara-
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metric directional data analysis is however little explored,
with one of the few well-established concepts being the sta-
tistical depth functions. Both for multivariate data and in the
directional case, statistical depths were developed to intro-
duce nonparametric statistics elements, such as rankings,
orderings, or quantiles, beyond the univariate setup. Given
a dataset X of n points in a multivariate space X (here we
take R

d or Sd−1) and z ∈ X , the depth D (z|X) ∈ [0,∞)

is a number that intends to quantify how much “centrally
positioned” the point z is with respect to (w.r.t.) the dataset
X . Points z that are located centrally within the main bulk
of mass of X obtain higher depth values, while points that
do not fit in the overall geometry of X receive low depth.
This introduces a center-outwards ordering of the points in
X generated by X . By extension, it enables the construc-
tion of many nonparametric statistics tools in more general
spaces X . Depth functions have found many applications in,
e.g., data visualization (Rousseeuw et al. 1999), robust esti-
mation (Donoho and Gasko 1992), classification (Li et al.
2012), or the construction of tests for more complex data (Li
and Liu 2004).

Different approaches to how to evaluate depth have been
proposed in the literature. The original depth in X = R

d is
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due to Tukey (1975) and is frequently called the halfspace
(or Tukey) depth. For z ∈ R

d and a dataset X composed of
points x1, . . . , xn in Rd it is defined as1

hD (z|X) = inf
p∈Sd−1

#
{
i = 1, . . . , n : p′xi ≥ p′z

}
. (1)

This is theminimumnumber of data points xi ∈ X contained
in a closed halfspace Hz, p = {

y ∈ R
d : p′ y ≥ p′z

}
in R

d

whose boundary passes through z. The inner unit normal
of Hz, p is p ∈ S

d−1. We minimize over p ∈ S
d−1 in (1) to

obtain the final depth of z. For an example of a contour plot of
the halfspace depth function of a dataset X inR2, see the left-
hand panel of Figure 1. Since the 1980s, many other depth
functions have been proposed for X = R

d in the literature;
wemention the simplicial depth (Liu 1990), the zonoid depth
(Koshevoy andMosler 1997), and themeasure transportation
depth (Chernozhukov et al. 2017). For excellent accounts on
the general topic of depth functions and their applications in
R
d , we refer to Liu et al. (1999), Zuo and Serfling (2000),

and Mosler and Mozharovskyi (2022).
The first depth applicable to directional data was proposed

by Small (1987, Example 2.3.4). It is the angular halfspace
depth, amodification of the halfspace depth (1) toX = S

d−1.
For z ∈ S

d−1 and a dataset X of observations x1, . . . , xn in
S
d−1, it is defined as

ahD (z|X) = inf
p∈Sd−1 : p′ z≥0

#
{
i : p′xi ≥ 0

}

= inf
p∈Sd−1 : z∈H0, p

#
{
i : xi ∈ H0, p

}
. (2)

Similarly to the halfspace depth (1), the angular halfspace
depth evaluates the minimum number of data points in a
closed halfspace H0, p = {

y ∈ R
d : p′ y ≥ 0

}
inRd contain-

ing z. This time, however, the origin 0 of Rd is supposed to
lie on the boundary of H0, p, and only those halfspaces H0, p

that contain z are considered in (2). Since the intersection
of H0, p with the unit sphere S

d−1 is a closed hemisphere,
the angular halfspace depth of a point z can be interpreted
as the minimum number of data points xi ∈ X contained in
a closed hemisphere containing z. An example of a dataset
in S

2 with its angular halfspace depth is in the right-hand
panel of Figure 1. Soon after the angular halfspace depth
was introduced, Liu and Singh (1992, Section 4) considered
ahD from the theoretical point of view and listed several of

1 The halfspace depth (and the angular halfspace depth) are generally
defined in the context of probability measures instead of just datasets.
In that situation, X is represented by an empirical measure P in Rd (or
S
d−1) that assigns mass 1/n to each data point xi . That results in an

additional factor of 1/n in the definition of these depths. We omit this
scaling factor so that the depths take integer values 0, 1, . . . , n instead of
0/n, 1/n, . . . , n/n. This slight modification is, of course, made without
loss of generality (w.l.o.g.), and trivially all our results also apply to the
standard (angular) halfspace depths.

its properties. In Liu and Singh (1992, Section 4), the depth
ahD was considered mainly as an approach complementary
to the newly proposed directional extension of the simplicial
depth. Additional directional depth functions have been con-
sidered in the literature in the last decade (Agostinelli and
Romanazzi 2013; Ley et al. 2014; Pandolfo et al. 2018a, b;
Buttarazzi et al. 2018; Konen and Paindaveine 2023; Hallin
et al. 2024). Just as the halfspace depth (1) inRd , the angular
halfspace depth (2) nevertheless remains a prime example of
a depth proposed for directional data.

It might come as a surprise that after Liu and Singh (1992),
most of the literature on directional depth functions did not
consider ahD—two recent exceptions are Nagy et al. (2024)
andNagy and Laketa (2025), where the theoretical properties
of ahD were examined. A plain answer to why ahD has
received so little attention can be found in Pandolfo et al.
(2018b, p. 594):

“The main drawback of the angular halfspace depth
is the computational effort it requires, especially for
higher dimensions d.”

Indeed, unlike for the (Euclidean) halfspace depth (1) whose
computation is known to be involved, yet already quite well
explored (see, e.g., Rousseeuw and Struyf 1998; Miller et al.
2003; Chen et al. 2013; Dyckerhoff andMozharovskyi 2016;
Liu et al. 2019), very little research into the computation
of the angular halfspace depth exists in the literature. For
example, the only implementation of ahD in R (RCore Team
2024) appears to be the function sdepth from the package
depth (Genest et al. 2019). The function sdepth handles
data in dimensions d = 2 and d = 3, but as observed already
by, e.g., Pandolfo et al. (2018b), it seems to be rather slow
already for d = 3 and datasets of size n in the range of
hundreds of points. This is illustrated in a simple real data
example in Figure 2, where the performance of one of the
exact computational algorithms developed in this paper is
compared with the function sdepth in S2.

In this paper,we address the problemof exact computation
of the angular halfspace depth (2) in arbitrary dimension d ≥
1. We do so in two steps:

(i) First, in Section 2, we develop a projection approach
allowing us to reduce the problem of computing ahD in
S
d−1 to computing a variant of the (Euclidean) halfspace

depth hD in Rd−1. This way, we can use the remarkable
advances in the computation of hD also in the directional
case. In particular, we design fast exact procedures for
direct computation of ahD in dimensions d = 1, 2, 3.

(ii) In the second step, in Section 3, we devise a set of recur-
sive procedures that reduce the dimensionality of the
setup d. If d > 3, we proceed inductively and iteratively
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Fig. 1 Left-hand panel: A
dataset in R

2 (black points) and
the contours of its (Euclidean)
halfspace depth hD (polygons
with borders in solid line).
Right-hand panel: A directional
dataset X in S2 with data points
z ∈ S

2 colored according to
their ahD(z|X); lower depths in
blue, higher depths in orange.
The sample point with
maximum ahD is displayed as
the large red point

Fig. 2 The exact angular halfspace depth of all n = 33 144 US ZIP
Code Tabulation Areas (ZCTA) in 2010. Points with 1% of the high-
est ahD-values are in red; the deepest ZIP Code is Clinton, IN 47842
in Vermillion County, Indiana, whose depth is ahD (z|X) = 14 571.
Computing the exact ahD-values of all n = 33 144 data points using
our exact algorithm can be performed simultaneously in approximately
180 seconds. For comparison, the sole competitor of our algorithm,
sdepth from R package depth, takes about 960 seconds to compute
the exact ahD of a single observationw.r.t. onlym = 1 000 data points

lower the dimension of the problem until we reach d ≤ 3,
where the fast procedures from Section 2 are used.

Our programs for computing ahD are implemented effi-
ciently in dimension d ≥ 1 in C++, with an interface through
R. For all our algorithms, we also investigate their compu-
tational complexity. We show that the task of computing
ahD(z|X) in S

d−1 is of the same order of complexity as
that of computing hD(z|X) inRd . A major difference, how-
ever, appears when the depth of k points z j , j = 1, . . . , k

w.r.t. X is computed simultaneously. Then, our procedures
for ahD are surprisingly much faster than what is possible
for hD in R

d . In the final Section 4, we conduct a numeri-
cal study comparing our algorithms among themselves, and
with their sole competitor sdepth. The numerical results
are impressive—in common situations, the new algorithms
can be up to five orders of magnitude faster than the only
available competing method, even if implemented in C++.

Notations

The space Rd is equipped with the Euclidean norm ‖x‖ =√∑d
i=1 x

2
i for x = (x1, . . . , xd)′, and a scalar product

x′ y for x, y ∈ R
d . We write ei for the i-th canoni-

cal unit vector in R
d ; e1 = (1, 0, . . . , 0)′ etc. The set

Hx, p = {
y ∈ R

d : y′ p ≥ x′ p
}
is the (closed) halfspace

whose boundary passes through x ∈ R
d with inner normal

p ∈ S
d−1. For a set A ⊆ R

d , A◦ is the interior of A, and ∂A
is the topological boundary of A.Wewrite span (x1, . . . , xn)
for the linear hull of the points x1, . . . , xn . The dimension
of an affine space A is denoted by dim A. The orthogonal
complement to a linear space A is A⊥. Whenever we write
simply {i : A(i)}, we mean the set of indices i = 1, . . . , n
such that A(i) is true; finally, by #A we mean the cardinality
of the set A.

2 From ahD to hD: The projection approach

The aim of this section is to design efficient exact compu-
tational procedures for the angular halfspace depth in S

d−1

in dimensions d = 1, 2, 3. This is done by (i) transform-
ing the data from S

d−1 into a Euclidean space R
d−1 by

means of the gnomonic projection of the sphere, and (ii)
subsequently expressing ahD as a particular version of the
(Euclidean) hD of the projected data. After expounding this
projection approach in Section 2.1, in Sections 2.2–2.4 we
use this method to design fast algorithms for computing ahD
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in dimensions d = 1, 2, 3, respectively. We pay close atten-
tion to the computational complexity of the new methods.
A particular strength of the proposed algorithms is that, in
a sharp contrast with the related computation of the conven-
tional hD (Dyckerhoff and Mozharovskyi 2016), the new
algorithms are substantially faster in the task of computing
the ahD of multiple points w.r.t. the same dataset; this is
detailed in Section 2.5. Finally, in Section 2.6 we briefly
comment on the possibility of constructing fast approximate
algorithms for ahD based on our ideas.

2.1 Angular depth and gnomonic projection

The first observation used throughout this paper is the orthog-
onal invariance of ahD. The following lemma is proved in,
e.g., Small (1987, Example 4.4.4).

Lemma 1 For a dataset X of n points x1, . . . , xn inSd−1 and
an orthogonal matrix O ∈ R

d×d let OX be the dataset of n
transformed points Ox1, . . . , Oxn in Sd−1. Then we have

ahD(z|X) = ahD(O z|OX) for all z ∈ S
d−1.

We are given a dataset X and a point z in Sd−1. Our task is
to compute the angular halfspace depth ahD(z|X). Denote
by

S
d−1+ =

{
y ∈ S

d−1 : y′ed > 0
}

,

S
d−1− =

{
y ∈ S

d−1 : y′ed < 0
}

,

S
d−1
0 =

{
y ∈ S

d−1 : y′ed = 0
}

,

the (open) positive hemisphere, (open) negative hemisphere,
and what we call the equator of the (d − 1)-sphere, respec-
tively.

Remark 2 To simplify our exposition, we assume, unless
stated otherwise, that no points of X lie on the equator Sd−1

0 ,
and that z ∈ S

d−1+ . This assumption is made w.l.o.g., by
means of Lemma 1.2

It will be useful to split the dataset X on S
d−1 into two

disjoint parts—the points X+ = X ∩ S
d−1+ whose last coor-

dinate is positive, and X− = X ∩ S
d−1− = X \ X+ of points

2 Indeed, if our assumption is not true, we transform all the data X
and the point z by a randomly chosen orthogonal transformation O . To
be more specific, we sample a vector u from the uniform distribution
on S

d−1 and apply the Householder transformation (see Golub et al.
2013, Chap. 5) O that maps u to ed . With probability one, this yields
a configuration where neither O z nor any data points OX are on the
equator. IfO z ∈ S

d−1− , we apply another orthogonal transform y �→ − y
to flip all points around the origin. Thanks to Lemma 1, ahD(z|X) =
ahD(O z|OX) = ahD(−O z|−OX), while in one of these setups, our
assumption is valid.

with a negative last coordinate. The principal tool to be used
for the computation of ahD(z|X) is the gnomonic projection
of the sphere Sd−1 onto the hyperplane

G =
{
y = (y1, . . . , yd)

′ ∈ R
d : yd = 1

}
= ∂Hed ,ed

that is tangent to Sd−1 at the pole ed ∈ S
d−1. The gnomonic

projection takes points of Sd−1 that do not lie on its equator
to the unique point ofG on the straight line between x and the
origin 0, see Figure 3. Later in this paper, we will canonically
identify the hyperplane G with R

d−1 by dropping the last
coordinate 1 of y ∈ G. In this way, the origin 0 ∈ R

d−1

is represented by the pole ed = G ∩ S
d−1. The gnomonic

projection can then be defined as the mapping

ξ : Sd−1 \ Sd−1
0 → G : x = (x1, . . . , xd)

′

�→ (x1/xd , . . . , xd/xd)
′. (3)

The gnomonic projection is a double covering of G: once
for points from S

d−1+ , and once for Sd−1− . Each y ∈ G corre-
sponds to exactly one point x+ ∈ S

d−1+ such that ξ(x+) = y,
and one point x− ∈ S

d−1− with ξ(x−) = y.
Denote by ξ(X+) and ξ(X−) the images of the datasets

X+ and X− under the mapping ξ , respectively. That is,
ξ(X+) consists of those points ξ(xi ) ∈ G such that xi ∈ X+,
and analogously for ξ(X−). We consider ξ(X+) and ξ(X−)

patched together, and represent it by a signed empirical mea-
sure3 P± in the hyperplane G. The signed measure P± is
defined for each Borel set B ⊆ G by

P±(B) = #
{
i : xi ∈ S

d−1+ and ξ(xi ) ∈ B
}

−#
{
i : xi ∈ S

d−1− and ξ(xi ) ∈ B
}

. (4)

Certainly, P± takes only integer values in the range from
−n (if all points from X lie in S

d−1− ) to n (if all data points
lie in S

d−1+ ). The signed measure P± puts mass only in the
gnomonic projections of all points from X , with positive unit
mass for each data pointmapped fromS

d−1+ , and negative unit
mass to points mapped from S

d−1− . Since we are dealing with
datasets, it is, of course, possible that a single point y ∈ G
corresponds to several pre-image points xi from different
hemispheres, depending on whether xi came from S

d−1+ or
S
d−1− . The P±-mass of y then equals

P±({y}) = #
{
i : ξ(xi ) = y and xi ∈ S

d−1+
}

3 Recall that a signed measure is a generalized measure that can take
both positive and negative values (Dudley 2002, Section 5.6). We say
that a measure is empirical if it can be written as a sum of finitely
many Dirac measures (unit point masses) in Rd . A signed measure P±
is empirical if there exist empirical measures P+ and P− such that
P± = P+ − P−.
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Fig. 3 The gnomonic projection ξ that takes Sd−1\Sd−1
0 to G for d = 2

(left-hand panel) and d = 3 (right-hand panel). In both panels we have
n = 4 data points xi (orange points on S

d−1) and their images ξ(xi )
on the dashed line G in the left-hand panel (d = 2) and the beige plane

G in the right-hand panel (d = 3). The images from S
d−1+ with positive

P±-mass are plotted in red, while the images from S
d−1− with negative

P±-mass are displayed in green

−#
{
i : ξ(xi ) = y and xi ∈ S

d−1−
}

. (5)

The signed empirical measure P± on R
d−1 can be rep-

resented as a list of pairs
(
yi , si

)
, i = 1, . . . ,m, where

y1, . . . , ym for m ≤ n is the set of all distinct images of
points from X via (3) in R

d−1, and si , the sign of yi , is the
P±-mass of yi given by (5).

For signed empirical measures, an extension of the
(Euclidean) halfspace depth hD from (1) will play a key
role in the computation of ahD. First, define the empirical
measure P in Rd as the sum of n Dirac measures at the data
points x1, . . . , xn of X in R

d . Denoting by H the set of all
closed halfspaces in Rd , the halfspace depth of z ∈ R

d w.r.t.
X can be rewritten as

hD (z|X) = inf
H∈H : z∈H

# {i : xi ∈ H} = inf
H∈H : z∈H

P(H).

Plugging a signed (empirical) measure P± instead of P into
the above expression, we define the signed halfspace depth
of a point z ∈ R

d w.r.t. a signed empirical measure P± inRd

to be

shD (z|P±) = inf
H∈H : z∈H

P±(H). (6)

Themain difference between the signed halfspace depth shD
and the ordinary halfspace depth hD is that in the compu-
tation of shD, one needs to take all halfspaces H ∈ H that
contain z, instead of only those H that contain z on its bound-
ary. This comes naturally because we allow the points in Rd

to attain also negative P±-mass. Notice also that because the
signed halfspace depth is evaluated w.r.t. a signed measure,

we denote it shD(z|P±) with the argument of the complete
signed measure instead of just a dataset. Alternatively, we
can also write shD(z| ( y1, s1

)
, . . . , ( ym, sm)).

We are now ready to state the main result of the present
section. It relates ahD(z|X) with shD of ξ(z).

Theorem 3 Let X be a dataset in Sd−1 such that no point in
X lies on the equator Sd−1

0 . Then for any z ∈ S
d−1+ we can

write

ahD(z|X) = #
{
i : xi ∈ S

d−1−
}

+ shD(ξ(z)|P±), (7)

with P± given by (4).

The complete proof of Theorem 3 is given in Appendix A.
It is based on a simple observation: a point x ∈ S

d−1+ lies in
a halfspace H0, p if and only if its gnomonic projection ξ(x)

lies in the (d − 1)-dimensional halfspace G ∩ H0, p (when
considered inside G). On the other hand, for points x ∈ S

d−1−
in the opposite hemisphere, we have similarly that x is in the
interior of H0, p if and only if ξ(x) lies in the complementary
(relatively open) halfspace toG∩H0, p inG.Having expressed
the number of data points inside every halfspace H0, p in
terms of the projected quantities ξ(x) (and consequently also
P±), it remains to take an infimum over all halfspaces H0, p

containing z ∈ S
d−1+ ; after some simplification, we arrive

at (7).
In the rest of this article we canonically identify G with

R
d−1 and consider ξ as a function from S

d−1 \Sd−1
0 toRd−1.
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2.2 Exact algorithm for d = 1

For d = 1 the unit sphere S
d−1 is simply the set S0 =

{−1,+1}. The angular halfspace depth of z ∈ S
0 w.r.t a

dataset X composed of points x1, . . . , xn ∈ S
0 is thus

ahD(z|x1, . . . , xn) = #{i : z = xi }.

Complexity analysis

This trivial exact algorithm has complexity O(n).

2.3 Exact algorithm for d = 2

For data living on the unit circle S1, we use Theorem 3. We
do so in four steps.

Algorithm Exact computation of ahD(z|X) for z ∈ S
1.

Step 1 ProjectionWe project the data points from S
1 to R.

The gnomonic projection is ξ : y �→ ξ( y) : (y1, y2)′
�→ y1/y2. For each data point xi , we store both xi =
ξ(xi ) ∈ R and its sign si ∈ {−1, 1}, which is the
sign of the second coordinate of xi . The gnomonic
transformation is also applied to z; we obtain z =
ξ(z) ∈ R. Denote by s− the number of data points
xi such that si = −1.

Step 2 Sorting and cleaning We want to compute the
signed halfspace depth of z ∈ R w.r.t. the (signed)
dataset (xi , si ) ∈ R × {−1, 1}, i = 1, . . . , n. The
points xi , i = 1, . . . , n are first sorted in ascend-
ing order. Then, they are adjusted for ties, that is,
if xi = xi+1 = · · · = xi+k , then the points
xi+1, . . . , xi+k are deleted from the dataset, si is
replaced by

∑i+k
j=i s j , and the points are relabeled.

The data now consist of pairs (xi , si ), i = 1, . . . ,m,
where si is an integer and x1 < x2 < · · · < xm .

Step 3 Computing the signed halfspace depth Define

Ui =
i∑

k=1

sk, i = 1, . . . ,m, and

Vi =
m∑

k=i

sk, i = 1, . . . ,m, (8)

with U0 = 0 and Vm+1 = 0, and

�z = max{i : xi ≤ z} and uz = min{i : z ≤ xi }

where the conventionsmax ∅ = 0 andmin ∅ = m+1
are used. Note that �z = uz = i if z = xi for some
i . Clearly,

P± ((−∞, z]) = U�z and P± ([z,∞)) = Vuz .

If we take y ≥ z, P± ((−∞, y]) takes one of the
values Ui , i = �z, . . . ,m. Conversely, for y ≤
z, P± ([y,∞)) takes one of the values Vi , i =
1, . . . , uz . Combining this gives

shD(z|P±)

= min {inf {P± ((−∞, y]) : y ≥ z} ,

inf {P± ([y,∞)) : y ≤ z}}
= min {min{Ui : i = �z, . . . ,m},
min{Vi : i = 1, . . . , uz}}

= min {min{Ui : i = �z, . . . ,m},
Um − max{Ui : i = 0, . . . , uz − 1}} ,

(9)

where the last equality follows fromUi−1+Vi = Um

and the convention U0 = 0. We now abbreviate

U↑min
i = min{Ui , . . . ,Um} and

U↓max
i = max{U0, . . . ,Ui }.

Therefore,

shD(z|P±) = min
{
U↑min

�z
,Um −U↓max

uz−1

}
.

Step 4 Computing the angular halfspace depth By The-
orem 3 we have

ahD(z|X) = s− + shD(z|P±) . (10)

Implementation remarks

• Since there are only two points on the equator, namely
(1, 0)′ and (−1, 0)′, Step 1 can be modified to directly
cope with data points lying on the equator. Simply map
both points to +∞ with sign s = +1 for (1, 0)′ and
s = −1 for (−1, 0)′. This follows from the orthogonal
invariance of the depth (Lemma 1) if we rotate all data
points by a small positive angle ε.

• For points near the equator, the gnomonic projection
in Step 1 strongly inflates rounding errors that may
be present in the data. Therefore, it is advisable to
map R ∪ {+∞} to the bounded interval (−π/2,+π/2]
by applying the arctangent after the gnomonic projec-
tion. This is possible since the one-dimensional signed
halfspace depth is invariantw.r.t. strictly increasing trans-
formations.

• In Step 4, equation (10) gives the correct depth if the
original point z is on the upper hemisphere or the “right-
hand” point of the equator, S1+ ∪ {(1, 0)′}. If z lies in the
lower hemisphere or the “left-hand” point of the equator,
we reflect all points around the origin, i.e., we change the
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sign of all data points. Using the notations

U↑max
i = max{Ui , . . . ,Um} and

U↓min
i = min{U0, . . . ,Ui }

it is easy to derive that for points z ∈ S
1− ∪ {(−1, 0)}

holds

ahD(z|X) = s+ − max
{
U↑max

�z
,Um −U↓min

uz−1

}

where s+ is the number of data points xi such that si =
+1.

• In implementing Step 3, there are two possible strategies:

– Algorithm aHD2(s). The first strategy should be
advantageous when only the depth of a single point
z (or a small number of depths) has to be computed.
In that case, in Step 3, we only compute the val-
ues U↑min

i , U↑max
i , U↓min

i , U↓max
i that are actually

needed.
– Algorithm aHD2(m). The second strategy is supe-
rior when a large number of depths have to be
computed. In that case, in Step 3 we compute all
valuesU↑min

i ,U↑max
i ,U↓min

i ,U↓max
i , i = 0, . . . ,m,

directly and store them in four arrays.

Complexity analysis

Projecting the n data points in Step 1 has a complexity of
O(n). In Step 2 we have to sort the n data points, which has
complexityO(n log n), while cleaning can be done inO(n).
Computing the quantitiesUi , the indices �z, uz , and the min-
ima and maxima U↑min

i ,U↑max
i ,U↓min

i ,U↓max
i as well as

the signed halfspace depth in Step 3 isO(n). Finally, Step 4
is O(1). This results in an overall complexity of O(n log n),
regardless of whether variant aHD2(s) or aHD2(m) is
used.

2.4 Exact algorithm for d = 3

We use Theorem 3 again; the pseudocode of the algorithm is
described in Steps 1–4 below.

Algorithm Exact computation of ahD(z|X) for z ∈ S
2.

Step 1. ProjectionThedata are projected toR2 using the
gnomonic projection ξ : y
�→ ξ( y) : (y1, y2, y3)′ �→ (y1/y3, y2/y3)′. For
each data point xi we store both ξ(xi ) ∈ R

2 and
its sign si ∈ {−1, 1} defined as the sign of the
third coordinate of xi . The gnomonic projection
is also applied to z to obtain ξ(z) ∈ R

2. Store
the number of data points xi such that si = −1

in a variable sminus.
After the gnomonic projection, we no longer
need to work with the original data points xi ∈
S
2 or z ∈ S

2. In what follows we therefore abuse
notation and simply write xi ∈ R

2 instead of
ξ(xi ) ∈ R

2, i = 1, . . . , n, and z ∈ R
2 instead

of ξ(z) ∈ R
2. In the new notation, our task is

to compute the signed halfspace depth of z w.r.t.
the signed dataset (x1, s1), . . . , (xn, sn) in R2.

Step 2. Augmentation, sorting and cleaning If the
(projected) data point z is different from all (pro-
jected) data points xi , i = 1, . . . , n, we augment
the (signed) dataset by appending (x0, s0) =
(z, 0).
For reasons that will become clear in Step 3.1
below, the augmented dataset is sorted according
to the order ≺ defined by

a = (a1, a2)
′ ≺ b = (b1, b2)

′

⇐⇒ (a1 < b1) or (a1 = b1 and a2 > b2).

The augmented and sorted dataset is cleaned as
in Step 2 in Section 2.3; only the m ≤ n + 1
unique values of xi are considered, redundant
points are deleted from the dataset, and the asso-
ciated signs are adjusted. Now, we may assume
that xi , i = 1, . . . ,m are pairwise distinct and
sorted in increasing order, x1 ≺ . . . ≺ xm , z is
equal to some xi , and all xi , i = 1, . . . ,m, are
associated with appropriate integer signs si .

Step 3. Computing the signed halfspace depth The
signed halfspace depth (6) satisfies the projec-
tion property (Dyckerhoff 2004), meaning that
for the depth in Rd−1 we can write

shD (z|(x1, s1), . . . , (xm, sm))

= inf
p∈Sd−2

shD( p′z|( p′x1, s1), . . . , ( p′xm, sm)). (11)

Using an argument quite analogous to Lemma 7,
it is easy to show that for d = 3, in the infimum
on the right-hand side of (11), we can restrict
the directions p ∈ S

d−2 = S
1 to those such

that the projected points p′xi , i = 1, . . . ,m, are
pairwise distinct. For such a direction p let η p

be the permutation of the indices {1, . . . ,m} for
which

p′xη p(1) < · · · < p′xη p(m). (12)

As is clear from the discussion in Step 3 in Sec-
tion 2.3, the univariate signed halfspace depth
shD

(
p′z|( p′x1, s1), . . . , ( p′xm, sm)

)
can be
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determined from the signs s1, . . . , sm and the
permutation η p only. Indeed, for a permutation
η of {1, . . . ,m} we define

Uη
0 = 0 and Uη

i =
i∑

k=1

sη(k), i = 1, . . . ,m,

and let r(η) = r(z, η) be the rank of p′z in the
ordered sequence p′xη p(1), . . . , p

′xη p(m). Then,
from (9) and (11) it follows that

shD (z|(x1, s1), . . . , (xm, sm)) = inf
p∈S1 : η p encodes (12)

min

{
min

i≥r(η p)
U

η p
i ,U

η p
m − max

i<r(η p)
U

η p
i

}
. (13)

Asobserved, e.g., byEdelsbrunner (1987,Obser-
vation2.1), there exists afinite number (m(m−1)
if the data are in general position, less than
m(m − 1) otherwise) of permutations η p encod-
ing all possible orderings in (12) with p ∈ S

1.
An efficient enumeration of all such permuta-
tions can be achieved using a so-called circu-
lar sequence of permutations, see Edelsbrunner
(1987, Chap. 2). Circular sequences have proved
to be fruitful in designing algorithms for comput-
ing certain depths in dimension d = 2, see Ruts
andRousseeuw (1996), Dyckerhoff (2000), Cas-
cos (2007), orCascos andOchoa (2021). The key
idea is that the order of two points xi and x j is
reversed in the ordering (12) with changing p if
and only if a straight line through the origin in
the direction p is orthogonal to the line joining
xi and x j , see Figure 4.
Denote by C the set of all permutations in the
circular sequence corresponding to x1, . . . , xm .
By interchanging the minima in (13) we get

shD (z|(x1, s1), . . . , (xm, sm))

= min
η∈C

min

{
min
i≥r(η)

Uη
i ,Uη

m − max
i<r(η)

Uη
i

}

= min

{
min

η∈C,i≥r(η)
Uη
i ,Uη

m − max
η∈C,i<r(η)

Uη
i

}
.

(14)

In the following steps, we explain how to use the
idea of circular sequence to evaluate the right-
hand side of (14).

Step 3.1. Initialization For the initial permutation in the
circular sequence, we choose direction p0 =
(1, 0)′. This orders the points xi according to
their first coordinate. To break potential ties, we
tilt p0 slightly to p−ε = (cos(−ε), sin(−ε))′ for

ε > 0 sufficiently small. This gives exactly the
order ≺ in which the points were already sorted
in Step 2, Hence, η p−ε

(i) = i for all i .
To keep track of the current permutation, we
store the inverse permutation η−1, i.e., the ranks
of the points xi , in an array rank of length m
which is initialized as rank[i]:=i. We also
initialize the cumulative sumsUη

i , i = 1, . . . ,m
and store them in an array U of length m. The
variables minU and maxU are initialized to ∞
and −∞, respectively.

Step 3.2. Setting up the circular sequence For each pair
of indices k < �, compute the angleγk,� ∈ [0, π)

of the line passing through the origin that is
orthogonal to xk − x�. Store all these angles
together with the indices k and � in an array
anglesof length

(m
2

)
. Sort the angles in ascend-

ing order. Some of the angles may be tied. Break
those ties according to the index of the first point.
If these indices are again tied, use the index of
the second point to break ties.

Step 3.3. Passing through the circular sequence We
go through a loop over all angles γk,� sorted
in increasing order. In Steps 3.3.a and 3.3.b
we explain how (i) the ranks of the points in
the array rank, (ii) the cumulative sums Uη

i ,
i = 1, . . . ,m in array U, and (iii) the variables
minU and maxU are updated in each move from
one permutation to the next one in the circular
sequence.

Step 3.3.a. Strong general position For starters, assume
that the data x1, . . . , xm are in a strong general
position, meaning that

(1) on each straight line in R2 there are at most two data
points,

(2) there is no pair of parallel straight lines such that
there are two data points on each of these lines.

As we pass through the angle γk,�, the permuta-
tion changes from, say, η− to η+. Note that xk
and x� swap order from η− to η+. Thus, their
ranks will be adjacent in both these permuta-
tions. Since initially xk ≺ x�, it holds that

η−1− (k) = r , η−1− (�) = r + 1 and

η−1+ (k) = r + 1, η−1+ (�) = r

for some r . Thus, for updating the permutation,
we exchange the ranks of xk and x� by perform-
ing swap(rank[k], rank[l]). Since the
permutations η− and η+ differ only in the argu-
ments r and r +1, the cumulative sumsUη−

i and
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Uη+
i will differ only for i = r . More specifically,

Uη+
r = Uη−

r + (
sη+(r) − sη−(r)

) = Uη−
r + (s� − sk) .

This shows that only one of the cumulative sums
Uη
i , i = 1, . . . ,m, needs to be updated in a

single move. Therefore, we update the element
U[r] of the array U. Depending on the posi-
tion of r relative to r(η+) (the rank of p′z in the
ordered sequence p′xη+(1), . . . , p′xη+(m)), we
then update exactly one of the variables minU
and maxU: If r ≥ r(η+), then minU:=min
(minU, U[r]), if r < r(η+), then maxU:=
max(maxU, U[r]).

Step 3.3.b. General situation Now assume that the points
are not in a strong general position. Then, sev-
eral sets of points x1, . . . , xm may lie on parallel
straight lines. In Figure 4 we have three sets of
collinear points, namely {x1, x3, x5}, {x2, x7},
and {x4, x6, x8}. All three sets lie on lines that
are orthogonal to a straight line through the ori-
gin, having an angle of π/4 with the positive
horizontal axis. In the left-hand panel of Fig-
ure 4, the projection line has an angle of less
than π/4, giving the order 1, 3, 5, 2, 7, 4, 6, 8.
In the right-hand panel, the projection line has
an angle greater than π/4, giving the order
5, 3, 1, 7, 2, 8, 6, 4. Thus, in every subset, the
order has been reversed.
If we use the tie-breaking scheme for the angles
introduced inStep3.2, we can simply go through
all the angles that are tied and update the array
rank, as well as the cumulative sums U, as
described in Step 3.3.a, to get the correct order-
ing of points. However, since all these changes
take place simultaneously, the update of the vari-
ables minU and maxU has to be postponed until
all the tied angles are processed. Therefore, we
have to keep track of the affected positions. For
that, we use a set-valued variable positions
which is initialized to the empty set. For each
tied angle, we update positions by executing
positions:=setunion(positions,r)
where r is the position that has changed in this
step. Once all tied angles are processed, we
update minU and maxU by going through all the
affected positions as in Step 3.2.a. After that, the
variable positions is again initialized to the
empty set.
The above updates Steps 3.3.a or 3.3.b are done
for all

(m
2

)
angles γk,� in the for-loop in Step 3.3.

Step 4. End of the algorithm The resulting signed half-
space depth of z is returned as min(minU,

sum(U) - maxU), wheresum(U) is the sum
of all the elements of U. The final angular
halfspace depth of the original direction z ∈
S
2 is expressed as sminus + min(minU,

sum(U) - maxU), thanks to Theorem 3.

Implementation remarks

Since the casewhen the points are in a strong general position
(Step 3.3.a) is much easier to implement than the general
case (Step 3.3.b), we have implemented both versions as
aHD3(GP) and aHD3(nGP), respectively.

Complexity analysis

Projecting the data points into the plane in Step 1 has time
complexity O(n). Whereas augmentation and cleaning in
Step 2 are of complexityO(n), the sorting has a complexity
O(n log n). For computing the signed halfspace depth inR2,
the initialization phase in Step 3.1 is O(n). In Step 3.2 the
value m will be at most n + 1. Processing all pairs (xk, x�)

has a complexity of O(n2) and the sorting of the angles is
O(n2 log n). In Step 3.3, we go through all the elements of
the circular sequence. Therefore, the complexity is O(n2)
times the complexity of a single update step. From the dis-
cussion in Steps 3.3.a and 3.3.b it follows that a single update
step has only complexityO(1). Therefore, the complexity of
Step3.3 isO(n2).Step4has complexityO(1). Putting things
together gives the exact algorithm an overall complexity of
O(n2 log n).

2.5 Complexity analysis: Depth of multiple points

With our exact algorithms, we have so far discussed only the
time complexity of computingahD of a single point z. In data
analysis, it is typically of interest to compute the depths of a
large number of points simultaneously. We will have a closer
look at how the exact algorithms for d = 1, 2, 3 perform in
this respect. Assume that we have n data points x1, . . . , xn ,
and m points z1, . . . , zm whose depth we want to compute.
We will also report the complexity for the special case in
which the depths of all data points in X must be computed,
in which case we have m = n.

Complexity analysis for d = 1

Trivially, the complexity is O(n + m). For m = n, we get
the complexity of O(n).

Complexity analysis for d = 2

The projection Step 1 has orderO(n+m). In Step 2, we only
sort the points xi , which gives a complexity of O(n log n).
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Fig. 4 A single move in a circular sequence when points are not in a strong general position. For a detailed description, see Step 3.3.b in Section 2.4

In addition, cleaning has also to be done only for the xi ’s,
which is againO(n). InStep3wehave to distinguishwhether
variant aHD2(s) or aHD2(m) is used. If aHD2(s) is used,
the cumulative sums (8) have to be calculated only once,
which has complexity O(n). Then, for each of the m points
z j we have to compute the indices �z, uz (O(log n)when the
binary search is applied) and the minimum and maximum in
(9) (O(n)). This yields for Step 3 a complexity ofO(mn). If
variant aHD2(m) is used, the cumulative sums (8) and all the
cumulative minima and maxima are calculated once, which
has complexity O(n). Then, for each of the m points z j we
only have to compute the indices �z, uz which has complexity
O(log n) as stated above. Therefore, the complexity of Step 3
isO(n+m log n). Finally, Step 4 isO(m). Hence, the overall
complexity is O(n log n + mn) for variant aHD2(s) and
O(n log n + m log n) for variant aHD2(m). For the special
case in which the depths of all data points xi have to be
computed, that is, m = n, we get O(n2) for aHD2(s) and
O(n log n) for aHD2(m).

Complexity analysis for d = 3

The projection in Step 1 has complexity O(n + m) again.
In Step 2 we do the sorting and cleaning only for the n data
points xi which gives a complexity of O(n log n). Then, for
the computation of the signed halfspace depth we start with
sorting only the angles γk,� which are defined by pairs xk , x�

in Step 3.2 (complexity O(n2 log n)). Then again, we pro-
cess all points z j separately. Inserting x0 = z into the dataset
xi , i = 1, . . . , n, is done in linear time O(n). Now we also
have to consider the angles defined by x0 and one of the
points x1, . . . , xn . Computing these angles in Step 3.2 takes
complexityO(n). Next we sort these n angles γ0,� separately
(complexityO(n log n)), andmerge the two sorted sequences
(
(n
2

)
angles γk,� with k, � > 0 and n values γ0,� with � > 0)

into a single list (complexity O(
(n
2

) + n) = O(n2)). In
Step 3.3, we have to iterate through the array of all angles,
which consists of no more than

(n+1
2

)
angles. Therefore, this

step has complexity O(n2) again. Finally, Step 4 has com-
plexity O(m). Putting all together, the overall complexity is
given byO(n2 log n +mn2). For the special case m = n we
get O(n3).

Summary

As our analysis shows, we should see a significant reduc-
tion in computation times when several depths are computed
simultaneously w.r.t. the same dataset X . This situation is
quite exceptional for the angular halfspace depth; analogous
reduction of computational complexity is not possible for
the exact (Euclidean) halfspace depth using the algorithm of
Dyckerhoff and Mozharovskyi (2016), see the discussion at
the end of Section 3. We will further discuss this remarkable
feature of the angular halfspace depth in the numerical study
in Section 4.

2.6 Approximate computation: Random angular
halfspace depth

Before proceeding with a series of rather elaborate exact
computation algorithms for ahD in dimension d > 3, we
note that our advances in Section 2.3 and 2.4 also offer simple
approximate procedures for computing ahD. The simplest
approximation scheme is the random search method (Dyck-
erhoff 2004, Section 6) that we describe now. We have seen
in (11) that the signed halfspace depth satisfies the projection
property. On the right-hand side of (11) is shD on the real
line R. The idea of the random search is, in R

d−1, instead
of searching for the minimum in (11) in the whole set of
directions p ∈ S

d−2, to take a sufficiently large collec-
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tion of N randomly chosen, uniformly distributed directions
p1, . . . , pN ∈ S

d−2, and approximate (11) by the minimum

shDN (z|(x1, s1), . . . , (xn, sn))
= min

j=1,...,N
shD

(
p′
j z|( p′

j x1, s1), . . . , ( p
′
j xn, sn)

)
.

(15)

Here, the univariate shD is already simple to compute, by
means of (9) in Section 2.3. An alternative approximation
procedure would be using random projections into two-
dimensional subspaces ofRd−1 and the exact computation of
the signed halfspace depth in R2 as proposed in Section 2.4.
Having computed an approximate signed halfspace depth
in (15), Theorem 3 is used to approximate ahD.

Complexity analysis

Both these approximation procedures are quite fast even in
higher dimensions d > 3 provided N is kept fixed. For the
methods based on (15) with projections into R, the com-
putational complexity is only O(n N ); projecting N times
into R

2 results in complexity O(n log(n) N ). As long as N
is fixed, these results are independent of the dimension d.
Thus, thanks to Theorem 3, we devise fast approximate algo-
rithms for ahD. In the case of (Euclidean) halfspace depth,
such approximate procedures have been studied inNagy et al.
(2020) andDyckerhoff et al. (2021), where it was shown that,
despite being extremely fast, their performance is rather poor,
especially in higher dimensions d. Their performance cannot
be expected to be better for the angular halfspace depth. Thus,
these simple approximations must be used with caution. To
ensure a stable approximation accuracy in high-dimensional
settings, the number of randomprojectionsmust be increased
accordingly as the dimension rises. Consequently, the overall
computational complexity and the accuracy of these algo-
rithms would be primarily determined by the rate at which
the number of projections grows with the dimension.

Since a comprehensive comparison of approximate algo-
rithmswould exceed the scope of this article, we have chosen
to focus exclusively on exact algorithms in the sequel. A
thorough investigation of approximate algorithms will be a
subject of further study.

3 Exact computation of ahD in dimension
d > 3

Having designed efficient algorithms for ahD in dimensions
d = 1, 2, 3 in Section 2, we now turn to the problem of
computing ahD exactly in any dimension d > 3.We proceed
recursively, by decreasing the dimension d of the problem,
until we can use the specialized algorithms for d = 1, 2, 3
proposed above. This approach is similar to that used for the
(Euclidean) hD inDyckerhoff andMozharovskyi (2016); the
end of this section is dedicated to a detailed discussion of the
main similarities and differences of the two approaches.

Our intention is to develop a family of computation
schemes that allow us to reduce the dimensionality d of
computing ahD(z|X). It will be convenient to assume that
z /∈ {x1, . . . , xn}. If some of the data points of X are
equal to z, these points are removed from the dataset, and
their number is added to the angular halfspace depth (2) of
z w.r.t. the remaining points. We will further assume that
span (x1, . . . , xn) = R

d , that is, the data is full-dimensional.
If this is not the case, i.e., if the data points are contained in
some k-dimensional subspace of Rd , k < d, we canonically
identify S = span (x1, . . . , xn)withRk . If z is also contained
in this subspace, we directly proceed with the computation
of ahD in S

k−1. If z does not lie in this k-dimensional sub-
space S, it can be shown that ahD(z|X) = hD(0|X̃) where
X̃ denotes the dataset X projected to S. This can be seen,
e.g., from Nagy and Laketa (2025, Theorem 6).

To introduce our procedure, we need additional notation.
For a set I = {i1, . . . , ik} of indices of data points we denote
by

I ∗ = { j : x j ∈ span
(
xi1 , . . . , xik

)}

the set of all indices j = 1, . . . , n such that x j is contained
in the linear hull of xi1, . . . , xik . Obviously, I ⊆ I ∗; in the
common situation of k ≤ d data points lying in a general
position with the origin,4 we naturally have I = I ∗.

Our main result is motivated by the exact computation
of the (Euclidean) halfspace depth hD from Dyckerhoff and
Mozharovskyi (2016, Theorem 2). In what follows, we adapt
that procedure to directional data. We reduce the calculation
of ahD in dimension d to a repeated calculation of ahD
in lower dimensions. For the lower-dimensional depth we,
however, have to work in a slightly more general setup of
data points that do not necessarily lie on the unit sphere.

4 Recall that a set S of points in R
d is said to lie in general position if

no subset of k of these points lies in a (k −2)-dimensional affine space,
for all k = 2, . . . , d+1. If there are n > d points in S, this is equivalent
to saying that no hyperplane in R

d contains more than d points from
S. We say that a set S lies in general position with the origin 0 ∈ R

d if
S ∪ 0 lies in general position.
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Remark 4 In the definition of the angular halfspace depth (2),
it is not necessary to restrict z and x1, . . . , xn to the unit
sphere Sd−1. Obviously, for λ0, λ1, . . . , λn > 0 it holds that

ahD(λ0z|λ1x1, . . . , λnxn)
= min

p∈Sd−1 : (λ0 z)∈H0, p

#{i : p′(λi xi ) ≥ 0}

= min
p∈Sd−1 : z∈H0, p

#{i : p′xi ≥ 0} = ahD(z|x1, . . . , xn).
(16)

Therefore, the angular halfspace depth depends only on the
directions (not themagnitude) of the vectors z and x1, . . . , xn
inRd . All of these vectors can be replaced by strictly positive
multiples without altering the depth. This allows us to write
ahD(z|X) also for z and data points X in Rd \ {0}, which is
well defined by (16).

The following theorem is the main result of the present
section.

Theorem 5 For k = 1, . . . , d − 1 denote by Lk the set of
all subsets I = {i1, . . . , ik} ⊂ {1, . . . , n} of cardinality k
such that (i) the linear space SI = span

(
xi1 , . . . , xik

)
has

dimension k (that is, the points (xi )i∈I are linearly indepen-
dent) and (ii) z /∈ SI . Denote by p1, . . . , pk an orthonormal
basis of the space SI , and write P I = [ p1, . . . , pk] ∈ R

d×k

for the matrix with columns pi , i = 1, . . . , k. Similarly,
let q1, . . . , qd−k be an orthonormal basis of the orthogo-
nal complement S⊥

I of SI , and let Q I = [q1, . . . , qd−k] ∈
R
d×(d−k). Then we can write

ahD(z|X)

= min
I∈Lk

[
ahD(Q′

I z|Q′
I X(I ∗)c) + hD(0|P ′

I X I ∗)
]
.

(17)

The proof of ourmain result is technical. It requires several
auxiliary lemmas and is relegated to Appendix B. Theorem 5
reduces the computation of ahD in dimension d to a repeated
computation of (i) the angular halfspace depth in dimension
d − k, and (ii) the (Euclidean) halfspace depth in dimension
k. Each of these depths is evaluated w.r.t. a different dataset;
(I ∗)c in (17), of course, means the complement of the set
I ∗ in {1, . . . , n}. An important special case of the algorithm
arises when the data points x1, . . . , xn and 0 are in general
position. In that case, I ∗ = I for each index set I ∈ Lk ,
meaning that X I ∗ contains exactly k data points. In addition,
hD(0|P ′

I X I ∗) = 0, which can be seen by choosing the half-
space H0, p with p such that p′(P ′

I xi1 − P ′
I xi j ) = 0 for

j = 2, . . . , k. Therefore, we obtain the following corollary.

Corollary 6 If the points x1, . . . , xn and 0 are in general
position, then for each k = 1, . . . , d − 1 we can express

ahD(z|X) = min
I∈Lk

ahD(Q′
I z|Q′

I X I c).

For implementing formula (17), we need to compute the
orthogonal projection matrices P I and Q I . This is done
using the QR factorization, see, e.g., Golub and Van Loan
(2013, Chap. 5). The exact computation of the (Euclidean)
halfspace depth hD(0|P ′

I X I ∗) in (17) is performed using
the procedures from Dyckerhoff and Mozharovskyi (2016)
implemented in the R package ddalpha (Pokotylo et al.
2019). Finally, for computing the angular halfspace depth
ahD(Q′

I z|Q′
I X(I ∗)c) in (17), we need an efficient exact

algorithm for ahD in low dimensions d so that the reduction
process can be stopped.Weuse our algorithms for d = 1, 2, 3
from Section 2.

Combinatorial and recursive algorithms

In Theorem 5, we choose the tuning parameter k =
1, . . . , d − 1. Many different strategies are conceivable. The
one extreme is when the dimensionality is reduced in a sin-
gle step to d = 1, 2, 3. Immediately after this reduction,
one of the specialized algorithms for low dimensions from
Section 2 is used. We call these algorithms combinatorial
algorithms and denote them by C1, C2 and C3, respectively,
according to the dimension d of the space we project to. If
necessary, we distinguish between the variants of the exact
algorithm used and write C2(S) and C2(M) (for dimension
d = 2) and C3(NGP) and C3(GP) (for dimension d = 3).
The other extreme is when the dimensionality is reduced
only by one in each step. We call these algorithms recursive
algorithms. Again we have to decide when to stop the recur-
sion and apply a specialized algorithm from Section 2. We
denote these algorithms by R1, R2(S), R2(M), R3(NGP), and
R3(GP).

Complexity analysis

For analyzing the complexity of our general algorithms for
d > 3 we will, for simplicity, assume that the data are in
a general position. In that case, we follow Corollary 6. We
directly consider the same situation as in Section 2.5, that is,
the depths of m points z1, . . . , zm w.r.t. a common dataset
x1, . . . , xn have to be computed.

Complexity of combinatorial algorithms

In the combinatorial algorithms, the dimensionality is reduced
in a single step to k = 1, 2, or 3. Therefore, we have to enu-
merate all (d − k)-element subsets of data points x1, . . . , xn
in Ld−k , which is of order O(nd−k). Then, for each sub-
set of d − k data points indexed by I ∈ Ld−k , we use QR
factorization to obtain Q I . This QR factorization is inde-
pendent of n and is therefore O(1). The projection of the
data points and the points z1, . . . , zm to a space of dimen-
sion k has complexity O(n + m). Finally, the computation
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of the angular halfspace depth is of order O(n + m) (for
k = 1), O(n log n + mn) (for k = 2, variant aHD2(s)),
O(n log n + m log n) (for k = 2, variant aHD2(m)), and
finally O(n2 log n + mn2) (for k = 3, both variants), as
we saw in Section 2. Therefore, for each considered subset,
the time complexity is given by the time complexity of the
exact algorithm used. Consequently, the overall complexity
of the combinatorial algorithms is O(nd + mnd−1) for C1,
O(nd−1 log n + mnd−1) for C2(S) and both variants of C3,
O(nd−1 log n + mnd−2 log n) for C2(M).

Complexity of recursive algorithms

In the recursive algorithms, we reduce the dimensionality
only by one in each step until we reach dimension k = 1, 2,
or 3. That means that in the main loop, we iterate through
L1, which contains all n data points. That gives a complexity
of O(n). For each index I = {i} ∈ L1 of a data point xi ,
we project the data points xi as well as the points z j on the
hyperplane S⊥

I orthogonal to xi and compute the angular
halfspace depth in dimension one less. Therefore, for each
performed recursion step, the complexity is multiplied by n.
We obtain the same complexities as for the combinatorial
algorithms.

Summary

Our analysis shows that the algorithms C1 and R1 are inferior
to C2(S), R2(S), C3 and R3, and these are inferior to C2(M)

and R2(M).Wewill confirm this finding also in the numerical
study in Section 4. Table 1 summarizes the time complexi-
ties of the combinatorial algorithms in the three considered
scenarios: computing the depth of a single point, comput-
ing the depth of multiple points, and computing the depth of
all points in the dataset itself, as discussed in Section 2.5.
Observe that the rates of computing ahD(z|X) for a single
point z ∈ S

d−1 are the same as the corresponding rates for
computing hD in R

d from Dyckerhoff and Mozharovskyi
(2016). For the computation of m depths simultaneously,
ahD is substantially faster than hD, since the latter method
necessarily needs to launch m independent computations for
single points z j , j = 1, . . . ,m. In particular, for algorithm
C2(M) (and R2(M)) we have the remarkable fact that the
depths of all points in the dataset can be computed with the
same complexity as a single point z.

Comparison with Dyckerhoff and Mozharovskyi (2016)

We conclude this section with a detailed analysis of the pre-
viously mentioned similarities and differences between the
computation of the angular and the conventional halfspace
depth. The relationship between these concepts becomes
particularly evident when contrasting the definition of the

conventional hD (Equation (1)) for the special case z = 0,
with that of ahD (Equation (2)) for a general point z ∈ S

d−1:

hD (0|X) = inf
p∈Sd−1

#
{
i : p′xi ≥ 0

}
,

ahD (z|X) = inf
p∈Sd−1 : p′ z≥0

#
{
i : p′xi ≥ 0

}
.

In both computations, the same family of halfspaces is con-
sidered. The only distinction is that, for the conventional hD,
all halfspaces whose boundaries pass through the origin are
relevant,whereas for theahD, only those halfspaces that con-
tain z are taken into account. Since z ∈ S

d−1 is contained
in at least one of the halfspaces H0, p and H0,− p for any
p ∈ S

d−1, it follows from a theoretical perspective that opti-
mal algorithms for both problems should have the same time
complexity. This is consistent with the fact that the best algo-
rithms presented in Dyckerhoff and Mozharovskyi (2016)
have complexityO(nd−1 log n) for computing the depth of a
single point in R

d , and thus exhibit the same complexity as
our algorithms C2 and C3.

We now consider the scenario in which the depths of m
points z1, . . . , zm need to be computed. To this end, we take
a closer look at the best algorithms for the two depth notions
as presented in the respective articles: (i) The algorithms
in Dyckerhoff and Mozharovskyi (2016) address the special
case where the depth hD of the origin 0 ∈ R

d w.r.t. a data
cloud x1, . . . , xn is computed. The general case—computing
the depth of a point z j �= 0 w.r.t. a data cloud—is reduced to
this special case by means of the relation

hD
(
z j |x1, . . . , xn

) = hD
(
0|x1 − z j , . . . , xn − z j

)
.

However, this implies that for each point z j , the data cloud
w.r.t. which the depth is computed is different. Since the
main step in all algorithms involves iterating over all k-
element subsets I of the data cloud and projecting the points
onto the orthogonal complement S⊥

I , this procedure must be
performed separately for each z j . Consequently, the over-
all complexity of computing the conventional hD for m
points is m times the complexity for a single point, that is,
O(mnd−1 log n). (ii) In contrast, for the ahD, the data cloud
w.r.t. which the depth is computed is the same for all points
z1, . . . , zm , namely it consists of the points x1, . . . , xn . This
allows the projection step—iterating over all k-element sub-
sets I of the data cloud—to be performed simultaneously for
all z j . As shown above, this leads to a lower overall com-
plexity for algorithms C2(S), C3, and especially for C2(M).

It is important to note that this is not a shortcoming
of the algorithms in Dyckerhoff and Mozharovskyi (2016),
but rather a fundamental distinction between ahD and hD.
While for ahD, the same set of halfspaces {H0, p : p ∈ S

d−1}
is considered for all points z j , the situation is different for
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Table 1 Order of time complexities of the combinatorial algorithms for
computing the depth of a single point (column 1), the depths ofm points
simultaneously (column 2) or the depths of all points in the dataset (col-

umn 3). In each situation, we compute the depth w.r.t. a dataset X in
S
d−1 of size n

Algorithms ahD(z|X) ahD(z j |X), j = 1, . . . ,m, ahD(xi |X), i = 1, . . . , n

C1 O(nd ) O(nd + mnd−1) O(nd )

C2(S), C3 O(nd−1 log n) O(nd−1 log n + mnd−1) O(nd )

C2(M) O(nd−1 log n) O(nd−1 log n + mnd−2 log n) O(nd−1 log n)

the conventional hD. There, for each point z j , a different set
of halfspaces {Hz j , p : p ∈ S

d−1}must be taken into account.
In Section 4.4 we provide a small simulation study com-

paring the computational performances of ahD and hD to
illustrate the difference between the two depths.

4 Implementation and simulations

All our algorithms from Sections 2 and 3 were implemented
inC++. To achievemaximumportability, no external libraries
were used. The C++ codes have been interfaced to R to
make them callable in the R environment. We will incor-
porate the algorithms into the R package ddalpha (Pokotylo
et al. 2024) in the near future. A small R package contain-
ing only our routines for ahD and including the C++ source
codes can be downloaded from GitHub (https://github.com/
DyckerhoffRainer/sphericalDepth).

We have seen in Table 1 that the complexity of our com-
putation algorithms for the angular halfspace depth in S

d−1

is comparable with that of the (Euclidean) halfspace depth
in R

d . As discussed in Section 2.5, one major difference
is that our algorithms should give a significant time reduc-
tion when the depths of several points z1, . . . , zm have to be
computedw.r.t. the same dataset. Therefore, we implemented
the algorithms in such a way that not only a single point z
could be passed to the routine but an arbitrary number m of
data points z1, . . . , zm can be provided.When computing in-
sample depth values—that is, when z j coincide with some
data points xi—an additional simplification arises. Specif-
ically, during the projection step, the projections of these
points need not be computed twice (once as part of xi and
again as part of z j ). Consequently, an extra parameter can be
passed to our routines containing the indices of sample points
x1, . . . , xn for which the angular halfspace depth must be
calculated. Note, however, that these optimizations do not
alter the computational complexity of the routines.

Our algorithms can be easily generalized in such a way
that not only the depth w.r.t. an empirical distribution can be
computed but also w.r.t. a general discrete distribution with
finite support on Sd−1. In our codes we already implemented
this generalization by allowing the user to specify (integer or
real) weights for the data points.

To compare the proposed variants of the algorithm and
compare them with the routine sdepth from the R package
depth (Genest et al. 2019), we conducted a large number
of simulations. All simulations were run on a single core of
an Intel® Core™ i5-4670 CPU. We now shortly describe the
different experiments thatwere conducted aswell as themain
findings.

4.1 Comparison of exact algorithms: Depth of a
single point

First, we compare the different variants of our algorithm in
the case of data in general position, and a single point z. We
simulated datasets from the uniform distribution on the unit
sphere for dimensions d = 3, . . . , 10. We choose the sample
sizes n = 10 · 2i , i = 2, . . . , 13, i.e., up to n = 81 920. The
point z was also sampled from the uniform distribution on
the sphere. For each choice of the parameters, nsim = 10
(or nsim = 100 if the computation time was short) inde-
pendent runs were conducted. The computation times were
averaged over these nsim simulations. The average execution
times in seconds are shown in Table 2. All times are reported
with three significant digits. Computations with a single run
taking more than one hour, i.e., above 3600 seconds, were
halted. For each combination of d and n the times of the com-
pared algorithms are marked on a color scale which ranges
from green (low values) to red (large values). The following
observations can be derived from Table 2:

• As expected, the variants R1 and C1 are clearly inferior
because of their worse complexity; see also Table 1.

• In dimension d = 3 there is no difference between R3 and
C3 since there is no dimension reduction used, and both
routines simply call the exact algorithm for d = 3 from
Section 2.4. Therefore, all the differences for these two
methods in Table 2 are just due to randomness. The same
holds for R2 and C2 since in both algorithms the dimen-
sion is reduced from d = 3 to d = 2. This observation is
confirmed by the execution times in Table 2.

• In dimension d = 3 the best algorithms are C3(GP)

(and R3(GP)) which do assume that the points are in
general position. From the universal algorithms C2(S)

and C3(NGP) (and of course also R2(S) and R3(NGP))
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are comparable with advantages for C3(NGP) when n is
small and for C2(S) when n is large. However the vari-
ants C2(M) and R2(M) are not much worse.

• For the same reason as above, in d = 4 there should be no
significant difference between R3 and C3. This is again
confirmed by the execution times in Table 2. However,
the C2 variants are clearly faster than the corresponding
R2 variants. The winner here is C2(S). Only for small
values of n, C3(GP) (and R3(GP)) are faster.

• For d > 4 the recursive variants of the algorithm are
clearly inferior. Therefore, they were no longer used
when d > 7. The clear winner in dimension d > 4 is
C2(S) followed by C2(M).

Therefore, C2(S) can be declared the overall winner. Only
for d = 3 the variants C3(GP) and R3(GP) are slightly bet-
ter. Note also, that C2(M) is never much worse than C2(S).
For the parameter combination d = 3, n = 81 920, the algo-
rithms C3 and R3 failed because of insufficient mainmemory.
This is because an array with

(81 921
2

)
entries and a total size

of more than 50 GB could not be allocated in Step 3 of the
algorithm. This is marked by a star in Table 2.

4.2 Comparison of exact algorithms: Depth of
multiple points

We identified the four algorithms C2(S), C2(M), C3(NGP),
and C3(GP) as the most promising candidates. We now
compare those four algorithms in the case where the angu-
lar halfspace depth of a large number of points has to
be computed w.r.t. the same dataset. We used the same
setup as in Section 4.1, but instead of a single point z, the
depth of m = 1 000 points z1, . . . , z1000 is computed. The
points z j are chosen from the uniform distribution on S

d−1.
Table 3 presents the results of our study. Here, the clear win-
ner is algorithm C2(M) which performs better than C2(S),
C3(GP), and C3(NGP) in all the considered situations. The
speedup factor of simultaneously computing the 1 000 depths
compared to calling the respective algorithm 1 000 times
with only a single point z j lies between 61.6 and 976 for
C2(M), between 38 and 146 for C2(S), between 7.19 and
18 for C3(NGP) and between 8.31 and 19.7 for C3(GP). As
expected, the speedup factor increases with growing n.

In another simulation, we considered computing the
depths of all sample points w.r.t. the sample itself. Again,
we used the same setup as in Section 4.1, but instead of a
single point z, the depth of the points x1, . . . , xn is com-
puted. Table 4 presents the results of our study. Again, the
clear winner is algorithm C2(M), which performs better than
the other three considered variants in all the considered situa-
tions with the only exception for d = 3, n = 40. The ratio of
the time of simultaneously computing the depths of all sam-
ple points and the time for calling the respective algorithm

for a single point does never exceed 1.24 (for the combina-
tion d = 3, n = 20 480) for algorithm C2(M). This means
that computing the depths of all sample points takes only
24% more time than computing the depth of a single sample
point. Contrasting that with the ratios for the other variants of
the algorithm, we choose the combination d = 3, n = 5 120.
Here, the ratios are 1.09 for C2(M), 30.9 for C2(S), 169 for
C3(NGP) and 172 for C3(GP).

These results show, that in the case where the depths of
several points have to be computed, the clearwinner isC2(M).

4.3 Comparison with sdepth

In the previous sections we identified C2(S) as the best per-
forming algorithm when the depth of a single depth has to be
computed, and C2(M) as the best algorithm when the depths
of multiple points have to be computed. Therefore, we com-
pared C2(S) and C2(M) with the procedure sdepth from
the R package depth (Genest et al. 2019). In that package,
sdepth is implemented in pure R code, without interfacing
to C++ or some other compiled language. Since R codes are
generally known to be much slower than C++ routines, it is
quite clear that comparing our C++ implementation with the
R codewill not be fair. Hence, we implemented sdepth also
in C++ to conduct an impartial comparison. Since sdepth
only works for d ≤ 3, we compared C2(S) and C2(M) with
sdepth only in dimensions d = 2, 3. We performed com-
parisons (i) for the case where only the depth of a single point
has to be computed (Section 4.1), (ii) for the case when the
depths of 1 000 points have to be computed simultaneously
w.r.t. the same dataset (Section 4.2), and also (iii) for the case
that the depths of all sample points have to be computed. The
results of these comparisons are shown in Table 5 (for d = 2)
and 6 (for d = 3). While in d = 2 and the case that the
depth of a single point has to be computed both algorithms
C2(S) and sdepth have nearly identical running times, in
all other situations, C2(S) or C2(M) is the clear winner and
beats sdepth by up to five orders of magnitude.

4.4 Comparison with Euclidean halfspace depth

To illustrate the differences between the computation of the
ahD and the Euclidean hD discussed at the end of Sec-
tion 3, we conducted a small simulation study. For the sake of
brevity, all comparisonswere performed in dimension d = 3.
Following previous analyses, we considered three scenarios:
(i) computing the depth of a single point (Task 1), (ii) of
m = 1 000 points (Task 2), and (iii) of all sample points
(Task 3).

For the ahD, algorithm C2(M) was employed in all three
cases, as it outperformed other approaches in most of our
comparisons. Similarly, for the conventional hD, we selected
the combinatorial algorithmwith k = d−2 fromDyckerhoff
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Table 2 Computation times for
computing the angular halfspace
depth of a single point z w.r.t. a
sample of size n from a uniform
distribution on the unit sphere
S
d−1. All points are in general

position. Times are averaged
over at least 10 independent
runs. They are given in seconds
with three significant digits
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Table 3 Computation times for
computing the angular halfspace
depth of m = 1 000 points
z1, . . . , z1000 w.r.t. a sample of
size n from a uniform
distribution on the unit sphere
S
d−1. All points are in general

position. Times are averaged
over 10 independent runs and
are given in seconds with three
significant digits

Table 4 Computation times for
computing the angular halfspace
depth of all n data points in a
sample x1, . . . , xn from a
uniform distribution on the unit
sphere Sd−1 w.r.t. the sample
itself. All points are in general
position. Times are averaged
over 10 independent runs and
are given in seconds with three
significant digits
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Table 5 Computation times for
computing the angular halfspace
depth of a single point z
(Task 1), for m = 1 000 points
z1, . . . , zm (Task 2) or all data
points x1, . . . , xn in the sample
(Task 3) w.r.t. a sample of size n
from a uniform distribution on
the 1-sphere S1. All points are in
general position. Times are
averaged over 10 independent
runs and are given in seconds
with three significant digits

d = 2 Task 1: single point Task 2: m = 1 000 points Task 3: all data points
n C2(s) sdepth C2(m) sdepth C2(m) sdepth

102 0.000018 0.000018 0.000091 0.00725 0.000018 0.00073

103 0.000110 0.000162 0.000270 0.102 0.000140 0.107

104 0.00137 0.00161 0.00174 1.25 0.00190 12.4

105 0.0162 0.0186 0.0187 15.7 0.0200 1550

106 0.224 0.221 0.236 185 0.255

107 3.22 3.34 3.26 3.80

Table 6 Computation times for
computing the angular halfspace
depth of a single point z
(Task 1), for m = 1 000 points
z1, . . . , zm (Task 2) or all data
points x1, . . . , xn in the sample
(Task 3) w.r.t. a sample of size n
from a uniform distribution on
the 2-sphere S2. All points are in
general position. Times are
averaged over 10 independent
runs and are given in seconds
with three significant digits

d = 3 Task 1: single point Task 2: m = 1 000 points Task 3: all data points
n C2(s) sdepth C2(m) sdepth C2(m) sdepth

40 0.00014 0.0003 0.00306 0.25 0.00022 0.0103

80 0.00054 0.00182 0.00676 1.88 0.00077 0.143

160 0.00231 0.0136 0.0161 13.6 0.00306 2.35

320 0.00909 0.111 0.0403 111 0.0127 35.6

640 0.036 1.08 0.105 995 0.0509 637

1280 0.148 8.9 0.303 8690 0.191 11100

2560 0.612 72.1 0.995 0.776

5120 2.57 583 3.56 3.22

10240 10.9 13.6 13.5

20480 45 54.6 63.1

40960 190 239 258

81920 833 984 1120

and Mozharovskyi (2016) based on its superior performance
in most scenarios.

The results of these comparisons are summarized in
Table 7. While both algorithms exhibit similar performance
for Task 1, significant differences emerge when computing
depths for multiple points w.r.t. the same data cloud (Tasks 2
and 3). For a data set with n = 5 120 points, the ahD of 1 000
additional points (Task 2) or of the entire sample (Task 3) is
computed in approximately 3.5 seconds. In contrast, the con-
ventional hD requires more than 40 minutes for Task 2 and
nearly 3.5 hours for Task 3.

4.5 Depth of points without general position

In our final numerical study, we compare the variants of our
algorithm in the case that the points are not in a general posi-
tion. For that, we use the same setup as in the first experiment
(Section 4.1, with results shown in Table 2). The only dif-
ference is that the dataset is not simulated from the uniform
distribution on the sphere, but from the discrete distribution
X given by

X = U
(Z, 1)′

‖(Z, 1)′‖ ,

where U ∼ U({−1,+1}) is uniform on {−1,+1}, and Z =
(Z1, . . . , Zd−1)

′ is given by

Zi = tan

(
Yi
N

· π

2

)
, i = 1, . . . , d − 1,

whereYi ∼ U({−(N−1),−(N−3), . . . , N−3, N−1}), i =
1, . . . , d − 1. Here, U(A) is the uniform distribution on a set
A. The random variables U ,Y1, . . . ,Yd−1 are independent.

This yields a uniform distribution on a grid of Nd−1 points
on the upper hemisphere Sd−1+ and the same number of points
on the lower hemisphere S

d−1− . The grid is formed by the
intersection of (d − 1)Nd−2 great circles (without the inter-
section points on the equator). The number N of subdivisions
is chosen such that N ≥ 4 and that there are at least as many

grid points as sample points, i.e. N = max
{
� d−1

√
n
2 �, 4

}
.

The grid is illustrated in Figures 5 and 6. The point z, whose
depth is to be computed, is still chosen from the uniform
distribution on Sd−1. The results are shown in Table 8.

Compared to the data in general position, the results are
slightly different, but the big picture is very similar. As in the
case of a uniform distribution, variants R1 and C1 are inferior
because of their worse complexity. For d = 3 there is no
difference between R3 and C3, as well as between R2 and
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Table 7 Computation times for computing the angular and the conven-
tional halfspace depth of a single point z (Task 1), form = 1 000 points
z1, . . . , zm (Task 2) or all data points x1, . . . , xn in the sample (Task 3)
w.r.t. a sample of size n from a uniform distribution on the 2-sphere S2

(angular halfspace depth) and a standard trivariate normal distribution
(conventional halfspace depth). All points are in general position. Times
are averaged over 10 independent runs and are given in seconds with
three significant digits

d = 3 Task 1: single point Task 2: m = 1 000 points Task 3: all data points
n C2(m) hD C2(m) hD C2(m) hD

40 0.00026 0.00016 0.00306 0.114 0.00022 0.00895

80 0.00074 0.00056 0.00676 0.479 0.00077 0.0508

160 0.0028 0.00232 0.0161 2.06 0.00306 0.444

320 0.0108 0.0118 0.0403 8.64 0.0127 3.6

640 0.0417 0.0403 0.105 34.6 0.0509 27.3

1280 0.172 0.196 0.303 152 0.191 224

2560 0.709 0.728 0.995 643 0.776 1530

5120 2.95 3.41 3.56 2550 3.22 12800

Fig. 5 Illustration of the grid used in the simulations in Section 4.5 for d = 3, N = 5. The left-hand and middle pictures each show five great
circles. In the right-hand picture, all ten great circles are shown. The 50 points that constitute the grid are shown in blue in the right-hand picture

Fig. 6 Illustration of the grid of the support points of X in Section 4.5
for d = 3, N = 30

C2; for d = 4 there is no significant difference between R3

and C3. For d > 4 the recursive variants of the algorithm are
inferior and are no longer used when d > 7.

In dimensions d = 3, 4, the variants C3(NGP) and
R3(NGP) perform the best, followed by C2(M) and C2(S). In
d = 5 the best algorithms are C2(S), C2(M) and C3(NGP),
which perform very similar, although C2(M) is always slower
than C2(S). For d > 5 the clear winner is C2(S) followed
closely by C2(M) and C3(NGP) on the third place.

As in the simulations in Section 4.2 we also consider the
case that the depths of m = 1 000 points w.r.t. the same
dataset have to be computed, as well as the case when the
depths of all points in a sample have to be computed. The
corresponding results are given in Tables 9 and 10. In these
simulations, we only applied the three algorithms C2(S),
C2(M) and C3(NGP) since they proved to have the best per-
formance. The picture here is very clear: In Tables 9 and 10,
the best algorithm is always C2(M) followed by C2(S) on the
second, and C3(NGP) on the third place.

4.6 Parallelization of the algorithms

The proposed algorithms can be easily parallelized. In the
main loop of the algorithms, for all k-element subsets of data
points that appear in (17) in Theorem 5, the angular halfspace
depth w.r.t. a suitably projected dataset must be computed.
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Table 8 Computation times for
computing the angular halfspace
depth of a single point z w.r.t. a
sample of size n from a discrete
distribution on S

d−1. The
sample will usually not be in a
general position. Times are
averaged over 10 independent
runs and are given in seconds
with three significant digits

Table 9 Computation times for
computing the angular halfspace
depth of m = 1 000 points
z1, . . . , z1000 w.r.t. a sample of
size n from a discrete
distribution on S

d−1. The
sample will usually not be in a
general position. Times are
averaged over 10 independent
runs and are given in seconds
with three significant digits
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Table 10 Computation times
for computing the angular
halfspace depth of all n data
points in a sample x1, . . . , xn
from a discrete distribution on
the unit sphere Sd−1 w.r.t. the
sample itself. The sample will
usually not be in a general
position. Times are averaged
over 10 independent runs and
are given in seconds with three
significant digits

Since the computations of the angular halfspace depths are
completely independent of each other, they can be executed
in parallel. To investigate the effects of parallelization we
used theOpenMP® API to implement a parallel version of the
combinatorial algorithms (as they proved to be superior to the
recursive algorithms). Only the main loop was parallelized
in this version of the algorithm. In the original algorithm,
the generation of all k-element subsets was accomplished
using a successor algorithm, that is, in each iteration the cur-
rent subset was constructed from the subset in the previous
iteration. Using such a successor algorithm clearly prevents
the parallelization of the main loop. Therefore, the succes-
sor algorithm has to be replaced by an algorithm where each
k-element subset is generated independently of the other sub-
sets. Such algorithms are commonly known as unranking
algorithms and are described, e.g., in Kreher and Stinson
(1999, Section 2.3). In particular, we applied a variant of
Algorithm 2.10 given there.

The parallel algorithm was again run on an Intel® Core™
i5-4670 CPU. This CPU has four processor cores. In the
tables given in Appendix C we report the times for the algo-
rithm running on a single core and on all four cores as well
as the respective ratio. Data was generated from a uniform
distribution on Sd−1. We only show the results for algorithm
C2(M) as this algorithm is the overall winner. The results
for other combinatorial algorithms are, however, similar. We
again considered the three tasks of computing the angular
halfspace depth of a single point z (Table 11 in Appendix C),
of m = 1 000 points z1, . . . , zm (Table 12 in Appendix C)
and of all data points x1, . . . , xn in the sample (Table 13
in Appendix C). In all tables, ratios between 3 and 3.5 are
marked in yellow, whereas ratios of at least 3.5 are marked
in orange. Clearly, one cannot expect to get a speedup factor
equal to the number of cores. However, in almost all consid-
ered scenarios the speedup when running on all four cores

is greater than three. This shows that our algorithms benefit
significantly from running on a multi-core system.

As the Intel® Core™ i5-4670 was introduced already in
the second quarter of 2013, it is a rather old CPU. How-
ever,when studying the effect of parallelization, this CPUhas
the advantage that all of its four cores are identical and that
one can rely (more or less) on the nominal CPU frequency
whereas in modern CPUs there are different types of cores
(so-called Performance-cores and Efficient-cores) that typi-
cally run with different frequencies which may additionally
vary depending on the core temperatures and other factors.
Clearly, this makes it difficult to estimate the effect of paral-
lelizing the algorithm. However, to give an impression what
is possible on a modern CPU we also run a small simula-
tion on an Intel® Core™ i5-13600 CPU which is a current
CPU in the mid-range segment. This CPU has 14 cores, 6
Performance-cores and 8 Efficient-cores. In this simulation,
all 14 cores were used. The results of this simulation study
are shown in Table 14 in Appendix C.

4.7 Simulation study: Conclusion

To sum up our findings, one can say that the overall win-
ner is our exact algorithm C2. The variant C2(S) should be
used when the depth of a single point (or a small number of
points) has to be computed, variant C2(M) when the depths
of several points have to be computed. There are only a few
situations where different algorithms, such as C3 or R3, per-
form better. Still, in these situations C2(S) or C2(M) are not
muchworse.Moreover, the numerical problems in the case of
points not in general position are much smaller for variant C2
compared to C3 or R3. As already mentioned in Section 2.3,
the gnomonic projection strongly inflates rounding errors in
the data when points are close to the equator. Therefore, the
common technique of treating two floating point numbers as
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equal when their difference is less than some given small tol-
erance cannot be applied since this tolerance should depend
on the values of the numbers themselves. Hence, it is difficult
to decide whether two points in the space G of the gnomonic
projection are identical or not. In the C2 algorithms, we cope
with this problem by applying the arc-tangent transform to
the points in G. We found no easy way to cope with this prob-
lem in the C3 algorithms. Thus, the use of the C3 variants is
problematic unless it is known that the points are in general
position.
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Appendix A Proof of Theorem 3

In the angular halfspace depth (2), we only consider half-
spaces H0, p whose boundary passes through the origin 0 ∈
R
d . Denote for p ∈ S

d−1 by G p the intersection of G and
H0, p. When considered as a subset of the affine space G,
the set G p is what we call a generalized halfspace: (i) It is a
halfspace in G if p ∈ S

d−1 \ {ed ,−ed}, (ii) it is the whole
subspace G if p = ed , and (iii) it equals an empty set if
p = −ed . By the definition (3) of the gnomonic projection
ξ , a point y = (y1, . . . , yd)′ ∈ S

d−1\Sd−1
0 lies in a halfspace

H0, p if and only if

y′ p = (
ξ( y)′ p

)
yd ≥ 0.

If y ∈ S
d−1+ , that is yd > 0, the inequality above is equivalent

with ξ( y) ∈ H0, p ∩ G = G p; for y ∈ S
d−1− we have that

y ∈ H0, p if and only if ξ( y)′ p ≤ 0, that is ξ( y) ∈ G− p.

We use this to express the number of points from X in any
halfspace H0, p

# {i : xi ∈ H0, p
} = #

{
i : p′xi ≥ 0

}

= #
{
i : xi ∈ S

d−1+ and ξ(xi )′ p ≥ 0
}

+ #
{
i : xi ∈ S

d−1− and ξ(xi )′ p ≤ 0
}

= #
{
i : xi ∈ S

d−1+ and ξ(xi ) ∈ G p

}

+ #
{
i : xi ∈ S

d−1− and ξ(xi ) ∈ G− p

}

= P+(G p) + P−(G− p),

(18)

where we use P+ and P− to decompose the signed measure
P± from (4) into two (non-negative) integer-valuedmeasures

P+(B) = #
{
i : xi ∈ S

d−1+ and ξ(xi ) ∈ B
}

,

P−(B) = #
{
i : xi ∈ S

d−1− and ξ(xi ) ∈ B
}

,

giving P+(B)−P−(B) = P±(B) for every Borel set B ⊆ G.
Let us further denote, for p ∈ S

d−1,

G◦
p = {

y ∈ G : y′ p > 0
}

the relative interior of the halfspace G p inside G. Because for
any p ∈ S

d−1 we have

#
{
i : xi ∈ S

d−1−
}

= P−(G) = P−(G− p) + P−(G◦
p)

we can rewrite (18) to

#
{
i : xi ∈ H0, p

} = #
{
i : xi ∈ S

d−1−
}

+ P+(G p) − P−(G◦
p).

(19)

Since we assumed that z ∈ S
d−1+ , we know that z ∈ H0, p if

and only if ξ(z) ∈ G p. Plugging (19) into (2) we therefore
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obtain

ahD(z|X) = #
{
i : xi ∈ S

d−1−
}

+ inf
p∈Sd−1 : z∈H0, p

(
P+

(G p
) − P−

(
G◦
p

))

= #
{
i : xi ∈ S

d−1−
}

+ inf
p∈Sd−1 : ξ(z)∈G p

(
P+

(G p
) − P−

(
G◦
p

))

= #
{
i : xi ∈ S

d−1−
}

+ inf
H∈H(G) : ξ(z)∈H

(
P+ (H) − P−

(
H◦))

= #
{
i : xi ∈ S

d−1−
}

+ inf
H∈H(G) : ξ(z)∈H

(P± (H) + P− (∂H)) .

(20)

In the last two equalities, we write H(G) for the set of all
(d −1)-dimensional halfspaces inside the hyperplane G, and
H◦ and ∂H for the relative interior and the relative boundary
of halfspace H ∈ H(G), respectively. The set H◦ is thus an
open (d − 1)-dimensional halfspace inside G, and ∂H is the
(d − 2)-dimensional affine space that forms the boundary of
H inside G. In (20), we used that each halfspace G p = H ∈
H(G) (or its relative interior H◦) corresponds to exactly one
halfspace H0, p in R

d for some p ∈ S
d−1 (or its interior).

The only exceptions are the generalized halfspaces G = Ged
and the empty set for p = −ed in G, that do not have an
equivalent halfspace H0, p in Rd . The last two sets, however,
can be seen not to alter the infimum on the right-hand side
of (20).

It remains to show that the summand with the boundary
∂H on the right-hand side of (20) does not contribute to the
infimum. This is proved in the following lemma, which is
stated for general signed empirical measures in R

d .

Lemma 7 Take any two empiricalmeasures P+ and P− inRd

and the associated signed empirical measure P± = P+−P−
in Rd . Then for all z ∈ R

d we can write

inf
H∈H : z∈H

(P± (H) + P− (∂H)) = shD(z|P±), (21)

whereH stands for the collection of all closed halfspaces in
R
d .

Proof Take M ∈ R and consider a halfspace H = { y ∈
R
d : p′ y ≥ M} ∈ H such that z ∈ H . If we shift the half-

space by an amount ε in the direction of its outer normal
− p, we get Hε = { y ∈ R

d : p′ y ≥ M − ε} ∈ H. For ε > 0
sufficiently small, H and Hε contain both z and exactly the
same points of non-zero P±-mass, whereas no points of non-

zero P−-mass lie on the boundary hyperplane ∂Hε . Hence,

P±(Hε) = P±(H) and

P±(Hε) = P±(Hε) + P−(∂Hε)

≤ P±(H) + P−(∂H).

(22)

Thus, the infima on both sides of (21) can as well be taken
over all halfspaces H ∈ H that contain z but no points of
non-zero P−-mass in ∂H , i.e,

inf
H∈H : z∈H

(P± (H) + P− (∂H))

= inf
H∈H : z∈H ,P−(∂H)=0

P± (H) = shD(z|P±),

the second equality following directly from (22) again. ��
Using Lemma 7 together with (20) gives the desired result

of Theorem 3.

Appendix B Proof of Theorem 5

We begin by introducing additional terms and notations. We
also make several observations that will be useful in the main
proof. Throughout the appendix, we simplify the notation for
halfspaces, and instead of H0, p wewrite Hp for p ∈ S

d−1. A
vector p ∈ S

d−1 is called minimizing for the dataset (z, X)

if z ∈ Hp and

ahD(z|X) = #{i : p′xi ≥ 0} = #
{
i : xi ∈ Hp

}
.

For p ∈ S
d−1 we write

I+
p = {i : p′xi > 0}, I 0p = {i : p′xi = 0},
I−
p = {i : p′xi < 0}.

The corresponding cardinalities are denoted by

n+
p = #I+

p , n0p = #I 0p, n−
p = #I−

p .

In this notation, we have #
{
i : xi ∈ Hp

} = n+
p + n0p, and

naturally also

ahD(z|X) = inf
p∈Sd−1 : z∈Hp

(n+
p +n0p) = n− sup

p∈Sd−1 : z∈Hp

n−
p .

For a subset I of indices {1, . . . , n}, X I denotes the dataset
(xi )i∈I of data points from X with indices in I . The cardinal-
ity of the set of all indices of points from X in the linear hull
span (X I ) = span (X I ∗) of X I is denoted by nI ∗ = #I ∗.

Our first auxiliary lemma shows that the condition z ∈ Hp

in the definition (2) of ahD can be replaced by z ∈ H◦
p.
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Lemma 8 There exists a minimizing direction p ∈ S
d−1 for

(z, X) such that I 0p = ∅ and z ∈ H◦
p, i.e., neither z nor any

of the data points lie on the boundary of Hp.

Proof Since the function S
d−1 → {0, . . . , n} : p �→

#{i : p′xi ≥ 0} takes only finitelymany values, aminimizing
direction for any dataset (z, X) must exist.

First, assume that p is minimizing and p′z = 0. By rotat-
ing p in the plane defined by p and z by a sufficiently small
angle α > 0 to the new direction

p(α, z) = cos(α) p + sin(α)z (23)

we can achieve that

p(α, z)′z = cos(α) p′z + sin(α)z′z = sin(α) > 0,

i.e., z ∈ H◦
p(α,z), while none of the data points xi that are

not in Hp enters the halfspace Hp(α,z). Therefore, since p is
minimizing for (z, X), so is p(α, z).

Now let p be minimizing for (z, X) and let p′z > 0.
Assume that p′xi0 = 0 for one of the data points. We rotate
p in the plane defined by p and xi0 by a sufficiently small
angle α to the new direction p(α, xi0) from (23). Taking
α < 0 close to 0, we can achieve that

p(α, xi0)
′xi0 = cos(α) p′xi0 + sin(α)x′

i0xi0 = sin(α) < 0,

while z still is in H◦
p(α,xi0 ) and none of the data points xi

that were not in Hp enters Hp(α,xi0 ). That contradicts the
property of p being minimizing, and necessarily no xi with
p′xi = 0 exists.
We have found that a minimizing p such that z ∈ H◦

p and
none of the data points from X lies on the boundary of Hp

always exists. ��
Lemma 9 Let p ∈ S

d−1 such that z ∈ H◦
p and 0 ≤

dim span
(
X I 0p

)
= k < d − 1. Then there exists a data

point xi0 /∈ span
(
X I 0p

)
and a vector q ∈ S

d−1 such that

z ∈ H◦
q and

I 0q =
[
I 0p ∪ {i0}

]∗
, I+

p ⊂ I+
q ∪ I 0q , I−

p ⊂ I−
q ∪ I 0q .

Further, dim span
(
X I 0q

)
= k + 1.

In Lemma 9, we are in the situation when the data points
from X contained in the boundary of Hp do not span the
whole set ∂Hp. Our result says that then, it is possible to
change p to q so that at least one additional data point xi0 is
on the boundary hyperplane defined by q, whereas no other
data points from X did change sides (that is, sign

(
q ′xi

) =
sign

(
p′xi

)
or sign

(
q ′xi

) = 0 for all i = 1, . . . , n). At

the same time, the halfspace defined by q still contains z
in its interior (that is, sign

(
q ′z

) = sign
(
p′z

) = 1). In plain
words, Lemma 9 guarantees that it is always possible to “tilt”
a halfspace Hp so that none of the points X ∪ {z} changes
sides of the hyperplane, and some xi0 that was not on the
boundary ∂Hp of Hp moves to ∂Hq .

Proof The idea of the proof is simple. We start from the
direction p and rotate it inside a plane determined by p and
r ∈ S

d−1 to get p(α, r) from (23). The direction r is taken
so that the set of points from X inside the hyperplane ∂Hp

also remains inside all the rotated hyperplanes ∂Hp(α,r). We
rotate Hp this way until its boundary hyperplane hits another
point from X .

W.l.o.g. assume that p′xi = 0 for i = 1, . . . , k
and that x1, . . . , xk are linearly independent. Choose r ∈
span ( p, x1, . . . , xk)⊥. This is possible since k + 1 < d.
Define p(α, r) ∈ S

d−1 as in (23). Next, we define the set

A = {α ∈ (−π, π ] : p(α, r)′z > 0}.

The set A is composed of all angles α such that z is contained
in H◦

p(α,r). Taking α = 0 means no rotation is applied, and

p(0, r)′z = p′z > 0,

meaning that 0 ∈ A. Certainly, A is thus an open interval of
length π that contains 0; denote by α0 ∈ (−π, π ] one of the
endpoints of this interval. Every data point xi , i ∈ I 0p, is a
linear combination of x1, . . . , xk and therefore orthogonal
to p as well as r . Thus,

p(α, r)′xi = 0 for all i ∈ I 0p and all α ∈ (−π, π ]. (24)

Now, we rotate p until, for the first time, the boundary hyper-
plane of Hp(α,r) meets a data point that is not contained in
X I 0p

. For this, we define

β = min{|α| : α ∈ A and p(α, r)′xi = 0 for some i /∈ I 0p} (25)

to be the smallest magnitude |α| of an angle α ∈ A such that
there is a new data point from X (that is, a point from X not
contained already in ∂Hp) inside the boundary of Hp(α,r).
We first need to show that such an angle α exists, that is β is
well defined.

Take first the boundary point α0 of the interval A. There
must be at least one data point xi0 with i0 /∈ I 0p such that

p(α0, r)′xi0 �= 0. (26)

This is true because if no such index i0 /∈ I 0p existed, we
would have, thanks to (24), that p(α0, r)′xi = 0 for all i =
1, . . . , n, and necessarily all data points from X would lie
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in the hyperplane ∂Hp(α0,r). That, however, contradicts our
assumption span (x1, . . . , xn) = R

d .
There exist two anglesα1, α2 ∈ (−π, π ]withα1+π = α2

such that p(α j , r)′xi0 = 0 for both j = 1, 2. Since p′xi0 �=
0, this follows from the π -periodicity of the cotangent and

p(α, r)′xi0 = 0 ⇐⇒ cos(α) p′xi0 + sin(α)r ′xi0 = 0

⇐⇒ cot(α) = − r ′xi0
p′xi0

∈ R.

Since the interval A has length π and α0 �= α1, α0 �= α2

because of (26), exactly one of the angles α1, α2 must lie
inside the interval A. Therefore, the set from which β is
taken as the minimum in (25) is non-empty and finite, and β

itself is well-defined, as we wanted to show.
It remains to choose q = p(β, r) or q = p(−β, r),

depending on whether the minimal angle α �= 0 such that
|α| = β in (25) is positive, or negative. We obtain that
q ′xi0 = 0 for some i0 /∈ I 0p, while still q ′z > 0. Then q
and xi0 satisfy the desired properties. ��
Lemma 10 If p ∈ S

d−1 is minimizing for (z, X)with I 0p = ∅
and z ∈ H◦

p, then for every k, 1 ≤ k < d, there are k linearly

independent data points xi1 , . . . , xik and a vector q ∈ S
d−1

such that z ∈ H◦
q and

I 0q = {i1, . . . , ik}∗, I+
p ⊂ I+

q ∪ I 0q , I−
p ⊂ I−

q ∪ I 0q .

Proof The proposition follows from repeated application of
Lemma 9. ��

We have gathered all the prerequisites and are ready to
start with the main proof of Theorem 5. First, in Lemmas 11
and 12 we prove two inequalities. They together give that for
each k such that 1 ≤ k < d we have

ahD(z|X)

= min
I∈Lk

[(
min

p∈S(z,X I )

(
n+
p + n0p

))
−

(
nI ∗ − hD(0|X I ∗)

)]
,

(27)

where S(z, X I ) = { p ∈ S
d−1 : p ∈ span (X I )

⊥ , z ∈ H◦
p}

is the collection of unit normals p such that X I ⊂ ∂Hp

and z ∈ H◦
p. Then, in Lemma 13 it is shown that the inner

minimum on the right-hand side of (27) can be written as

min
p∈S(z,X I )

(
n+
p + n0p

)
= ahD(Q′

I z|Q′
I X(I ∗)c) + nI ∗ ,

and the last term in (27) can be expressed as

hD(0|X I ∗) = hD(0|P ′
I X I ∗).

Putting all together, we obtain the desired claim of Theo-
rem 5.

Lemma 11 For any k, 1 ≤ k < d, let p ∈ S
d−1 be such that

z ∈ H◦
p and I = {i1, . . . , ik} ⊂ I 0p, that is let p ∈ S(z, X I ).

Then,

ahD(z|X) ≤ (n+
p + n0p) − (

nI ∗ − hD(0|X I ∗)
)
. (28)

Proof Before starting with the proof, we introduce the nec-
essary terminology. For a dataset X of points x1, . . . , xn in
R
d we say that a direction p ∈ S

d−1 is hD-minimizing for
the dataset (0, X) if

hD(0|X) = #
{
i : p′xi ≥ 0

} = #
{
i : xi ∈ Hp

}
,

for hD the (Euclidean) halfspace depth defined in (1). Just
as for the angular halfspace depth ahD in Lemma 8, also
for the standard halfspace depth hD it is straightforward to
see that an hD-minimizing direction p with no data points
in the hyperplane ∂Hp—except for possible data points
located exactly at 0 ∈ R

d—always exists (Dyckerhoff and
Mozharovskyi 2016, Proposition 1, Laketa and Nagy 2021,
Lemma 3).

To prove (28), we use a tilting argument again. First, we
explain its idea and then proceed with the formal proof. The
halfspace Hp is slightly perturbed to Hq in a way that all
points not in the boundary of Hp remain on the same side of
the hyperplanes ∂Hp and ∂Hq . Inside the hyperplane ∂Hp,
we first consider the (Euclidean) halfspace depth hD(0|X I ∗)
and find a minimizing direction r ∈ S

d−1 for (0, X I ∗). We
tilt p in such a way that inside the linear hull span (X I ) of
X I , only those data points lying inside the hD-minimizing
halfspace Hr lie inside Hq . This way, after the tilt, the half-
space Hq contains the n+

p data points inside H◦
p, and all n0p

data points from ∂Hp, except for those that were “tilted out”
from the boundary ∂Hp. We have constructed Hq in such a
way that exactly nI ∗ −hD(0|X I ∗) data points are “tilted out”
by passing from Hp to Hq , giving the final bound (28).

Having explained the idea of the proof, we write it down
formally. Let the direction r ∈ span

(
xi1 , . . . , xik

)∩S
d−1 be

hD-minimizing for the dataset (0, X I ∗). Consider the tilted
direction q = p(α, r) as in (23) with α > 0 small. We have

q ′xi = cos(α) p′xi + sin(α)r ′xi .

By choosing α sufficiently small, we can guarantee that q ′xi
and p′xi share the same sign for all i ∈ I+

p ∪ I−
p . Similarly,

since we assumed that z ∈ H◦
p, we can also suppose that the

signs of q ′z and p′z are the same. This guarantees that all data
points and z lie on the same side of ∂Hp and ∂Hq . Because
I ⊂ I 0p, for xi ∈ X I ∗ it holds that q ′xi = sin(α)r ′xi .
Since r is hD-minimizing for (0, X I ∗), there are exactly
nI ∗ − hD(0|X I ∗) data points in X I ∗ for which r ′xi < 0.
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Therefore,

ahD(z|X) ≤ #
{
i : xi ∈ Hq

} = #{i : q ′xi ≥ 0}
= #{i : p′xi ≥ 0} − #{i ∈ I ∗ : r ′xi < 0}
= (n+

p + n0p) − (
nI ∗ − hD(0|X I ∗)

)
,

as we wanted to prove. ��
Lemma 12 For every k, 1 ≤ k < d, there is a set I =
{i1, . . . , ik} of indices and a vector p ∈ S

d−1 such that
xi1, . . . , xik are linearly independent, I 0p = I ∗, z ∈ H◦

p,
and

ahD(z|X) ≥ (n+
p + n0p) − (

nI ∗ − hD(0|X I ∗)
)
. (29)

In other words, for every k, 1 ≤ k < d there exists I ∈ Lk

and p ∈ S(z, X I ) such that (29) is true.

Proof Let q ∈ S
d−1 be minimizing for (z, X) such that

I 0q = ∅ and z ∈ H◦
q . Such a direction q exists according

to Lemma 8. Choose p as in Lemma 10, that is, there are k
linearly independent points from X on the boundary of Hp,
and sign

(
p′xi

) = sign
(
q ′xi

)
or sign

(
p′xi

) = 0 for all
i = 1, . . . , n. For i ∈ I−

q ∩ I 0p it holds that q
′xi < 0, which

implies

hD(0|X I 0p
) ≤ n0p − #(I−

q ∩ I 0p).

Then,

ahD(z|X) = #{i : q′xi > 0} = #{i : p′xi ≥ 0} − #(I−q ∩ I 0p)

≥ (n+
p + n0p) − (

n0p − hD(0|X I 0p
)
)
.

Because of Lemma 10, it holds that I 0p = I ∗ and thus n0p =
nI ∗ , which completes the proof. ��
Lemma 13 For every k, 1 ≤ k < d, and I ∈ Lk we have

min
p∈S(z,X I )

(
n+
p + n0p

)
= ahD(Q′

I z|Q′
I X(I ∗)c) + nI ∗ , (30)

and

hD(0|X I ∗) = hD(0|P ′
I X I ∗). (31)

Proof Let I = {i1, . . . , ik} ∈ Lk and recall that Q I is the
matrix whose d − k columns are vectors of an orthonormal
basis of the orthogonal complement of span

(
xi1 , . . . , xik

)
.

Thus, every vector p ∈ span (X I )
⊥ ∩ S

d−1 is a linear com-
bination of the columns of Q I , i.e., p = Q I q for some
q ∈ S

d−k−1, and the map S
d−k−1 → S

d−1 ∩ span (X I )
⊥,

q �→ Q I q, is a bijection. Moreover, z ∈ H◦
p if and only if

Q′
I z ∈ H◦

q . Since

q′(Q′
I xi ) ≥ 0 ⇐⇒ (q′ Q′

I )xi ≥ 0 ⇐⇒ p′xi ≥ 0

for p = Q I q, we conclude

min
p∈S(z,X I )

(n+
p + n0p)

= min
p∈S(z,X I )

#{i : p′xi ≥ 0}
= min

q∈Sd−k−1,Q′
I z∈H◦

q

#{i : q ′(Q′
I xi ) ≥ 0}.

All points xi , i ∈ I ∗, are mapped to the origin by Q′
I . Hence,

q ′(Q′
I xi ) = 0 for i ∈ I ∗ and it follows that

min
p∈S(z,X I )

(n+
p + n0p)

= min
q∈Sd−k−1,Q′

I z∈H◦
q

#{i /∈ I∗ : q′(Q′
I xi ) ≥ 0} + n∗

I .

Since Q′
I xi �= 0 for i /∈ I ∗, the minimum on the right-hand

side is simply the angular halfspace depth of Q′
I z w.r.t. the

dataset Q′
I xi , i /∈ I ∗. As noted in Remark 4, the fact that

neither the Q′
I z nor the Q′

I xi , i /∈ I ∗, are in general unit
vectors is not a problem. Therefore, we have proved (30).
Formula (31) is proved completely analogously. ��

Appendix C Additional tables with numerical
results
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Table 11 Computation times
for computing the angular
halfspace depth of a single point
z w.r.t. a sample of size n from a
uniform distribution on the unit
sphere Sd−1 using algorithm
C2(M). Reported are the times
for the algorithm running on a
single CPU core and on 4 CPU
cores as well as the respective
ratio. All points are in general
position. Times are averaged
over 10 independent runs. They
are given in seconds with three
significant digits. Ratios
between 3 and 35 are marked in
yellow, ratios of at least 35 in
orange

Table 12 Computation times
for computing the angular
halfspace depth of m = 1 000
points z1, . . . , z1000 w.r.t. a
sample of size n from a uniform
distribution on the unit sphere
S
d−1 using algorithm C2(M).

Reported are the times for the
algorithm running on a single
CPU core and on 4 CPU cores as
well as the respective ratio. All
points are in general position.
Times are averaged over 10
independent runs and are given
in seconds with three significant
digits. Ratios between 3 and 3.5
are marked in yellow, ratios of at
least 3.5 in orange
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Table 13 Computation times
for computing the angular
halfspace depth of all n data
points in a sample x1, . . . , xn
from a uniform distribution on
the unit sphere Sd−1 w.r.t. the
sample itself using algorithm
C2(M). Reported are the times
for the algorithm running on a
single CPU core and on 4 CPU
cores as well as the respective
ratio. All points are in general
position. Times are averaged
over 10 independent runs and
are given in seconds with three
significant digits. Ratios
between 3 and 3.5 are marked in
yellow, ratios of at least 3.5 in
orange

Table 14 Computation times
for computing the angular
halfspace depth of a single point
z (Task 1), for m = 1 000 points
z1, . . . , zm (Task 2) or all data
points x1, . . . , xn in the sample
(Task 3) w.r.t. a sample of size n
from a uniform distribution on
the unit sphere Sd−1 using
algorithm C2(M) on a modern
CPU (Intel® Core™ i5-13600)
with 6 P-cores and 8 E-cores
using all 14 cores. All points are
in general position. Times are
averaged over 10 independent
runs and are given in seconds
with three significant digits. The
results in this table should be
compared with Tables 11–13

d 40 80 160 320 640 1280 2560 5120 10240 20480 40960 81920

3 Task 1 0.00008 0.00023 0.00049 0.00153 0.0051 0.0194 0.0747 0.286 1.14 4.61 19.1 85.6

Task 2 0.0004 0.0009 0.00199 0.0045 0.0112 0.0337 0.104 0.352 1.26 4.82 19.8 88.5

Task 3 0.00007 0.00024 0.00064 0.0019 0.0062 0.0238 0.0845 0.3264 1.313 5.367 22.25 103.4

4 Task 1 0.00044 0.00325 0.02 0.155 1.18 9.36 77.3

Task 2 0.00647 0.0286 0.129 0.572 2.99 17.3 115

Task 3 0.00048 0.0037 0.0252 0.174 1.37 10.8 89.7

5 Task 1 0.00486 0.0772 0.97 15 244

Task 2 0.0767 0.686 6.38 59.8

Task 3 0.00572 0.0783 1.11 17.9 284

6 Task 1 0.0482 1.47 37.6

Task 2 0.68 13 241

Task 3 0.0534 1.53 43.2

7 Task 1 0.37 24.6

Task 2 4.96 195

Task 3 0.386 23.6

8 Task 1 2.07 292

Task 2 28.3

Task 3 2.39 305

9 Task 1 10.8

Task 2 139

Task 3 12.1

10 Task 1 54

Task 2

Task 3 52.7
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