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Abstract

We obtain global analytic hypoellipticity for a class of differential operators that can
be expressed as P = Z;ZI X 3 + X0 +a with real-analytic coefficients on compact Lie
groups such that the vector fields satisfy Hormander’s finite type condition; there exists
aclosed subgroup whose action leaves the vector fields invariant; and the operator must
be elliptic in directions transversal to the action of the subgroup. This paves the way
for further studies on the regularity of sums of squares on principal fiber bundles.

1 Introduction

We prove that a class of differential operators of the form

v
P=)"X:+Xo+a (1)
j=1

with real coefficients on compact Lie groups is globally analytic hypoelliptic.
In order to precisely state our result, we first need some definitions and notations.
The following is a notion of regularity of partial differential equations.

Definition 1 A differential operator P defined over a real-analytic manifold €2 is said
to be globally analytic hypoelliptic (GAH) if for all distributions u € D’(2) such that
Pu € C®(RQ) it holds that u € C®(2).
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Definition2 Let Q2 be a smooth manifold. We say that smooth vector fields
Xo, X1, ..., X, defined on 2 satisfy the Hormander finite-type condition (H) if the
vector fields, together with their brackets of length at most r, span the tangent space
at each point of .

Let G be a compact Lie group with Lie algebra g and let K C G be a closed
subgroup with Lie algebra £. We consider Xo, X1, ..., X,, real-analytic K -invariant
(real) vector fields on G satisfying the Hormander finite-type condition (H), and such
that

span{m,(X1(g)), - .., T(Xv(g)} = Tr(9) G/K, Vg € G, (E)

with 7 : G — G /K the projection.
Next is the main result of this paper. It generalizes the global analytic hypoellipticity
result from [10] to the setting of compact Lie groups.

Theorem 1 We consider the operator P as defined in (1) with real-analytic vector
fields Xo, X1, ..., Xy. If we assume that the vector fields are K -invariant on G and
satisfy conditions (H) and (E1), then the operator P is (GAH) on G foralla € C®(G).

Unlike [10], we do not assume that the ambient manifold is a product of manifolds in
order to separate ellipticity in one variable and work to obtain the regularity in the other
ones. We instead use the intrinsic geometrical properties of the Lie groups to obtain the
global regularity result. Notice that, because of the zero-order term a, which does not
need to be invariant under the action of K, the operator (1) does not commute with the
Laplace-Beltrami operator on K coming from an ad-invariant metric. Also notice that,
while the condition (H) is well-established in the literature, the condition regarding
the existence of a closed subgroup requires some justification. For example, not only
assuming K is closed is necessary for our technique, for example, in the statement of
(E1), but also there are examples of order two partial differential operators that are not
invariant under any subgroup and that are not (GAH). One of such examples can be
found in [6]. We state the example here for the convenience of the reader.

Example 1 The Global Métivier operator
P = D)% + (sin x)ZDi + (sin yDy)2

defined on the 2-torus is not (GAH). A proof of this claim can be found in [6].
The following is a class of operators satisfying conditions of Theorem 1.

Example 2 Recall that the SU(2) is defined by

SUQ) = {(2 ‘;2) 21,22 € C, |z + |2l = 1}

with Lie algebra denoted by su(2) and generated by

() =) =60
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The vectors are invariant under the right-action of G on itself, thus it is also invariant
under the action of K = exp(spank{7'}). The following relation between the brackets
of X,Yand T

[T,X]=2Y, [T,Y]=-2X, [X,Y]=2T 2)

guarantee that the operator P = (fX)?> + (g¥)? + a, with a, f, g € C®(G) such
that f, g are non-vanishing functions that are invariant under the action of K, satisfy
condition (H) and clearly also satisfy (E'1).

We believe that our results open doors to further investigation of the regularity of
certain operators on principal fiber bundles. The advantage of working first on Lie
groups is that it is possible to give a global expression for the operators. The global
expression makes it easy to discuss the commutation problem of the operator under
study with the Laplacian, which would be more complicated in the case of fiber bundles
in general.

Although the initial motivation for our research comes from the original work of
Cordaro and Himonas [14, 15], we were motivated by several other papers in this and
related topics, such as [2, 3, 5, 8, 12, 13, 16-19, 21, 26, 29].

For a comprehensive discussion of this problem in the local context, see [1, 9] and
references therein. In the global case, on a compact manifold, an operator may fail to
be locally analytic-hypoelliptic but still exhibit global analytic-hypoellipticity. Some
examples of such operators can be found in the introduction of [14]. It is important to
note that our family of operators includes a zero-order perturbation of a sum-of-squares
operator.

Furthermore, sums of squares arise naturally when considering when studying invo-
lutive structures, for example in [11], and when considering the real part of the Hodge
operator associated with involutive structures. Furthermore, in the cases in which the
involutive structure is invariant under a group action, these sums of squares are them-
selves invariant. This makes them another natural operator to consider when studying
the cohomology of invariant involutive structures, such as those in [4, 23-25].

The challenge of understanding the conditions that guarantee global analytic
hypoellipticity of sum-of-squares operators on compact real-analytic manifolds
remains an open and actively pursued area of research.

The proof of the theorem uses two fundamental results: one from the theory of
regularity of partial differential equations, specifically Theorem 1.1 of [7], stated here
as Theorem 2 below, and another about the structure of Lie groups, namely Corollary
10.1.11 of [20], stated in the proof of Proposition 1. To state the regularity result, we
need a few definitions.

For an open set 2 C R", we denote by C*(£2) the set of functions u in €2 such that,
for every compact K C €2, there exists a constant Cx > 0 such that

l|+1
ID*ullp2ky < Cg " letl!

for any multi-index «.

Definition 3 Let xg € 2, u € D'(2) and P be a differential operator of order m with
coefficients in a manifold €2; we say that u is an analytic vector for P at xg if there
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exist a cutoff function ¢ € C2°(2) with ¢ = 1 in an open neighborhood of x¢ and a
constant C > 0 such that

g P ullo < CKHk™,  Vk e N.

We say that u is an analytic vector for P if it is an analytic vector for P at x for
every x € Q.

In the following, we recall the definition of the principal symbol of a differential
operator defined on a manifold. Let (x, £) € T*Q and ¢, f € C*®°(Q) with d¢, = &.
We define the principal symbol as

P (x, §) f(x) = lim 17" exp(—1¢ (x)) P(exp(t) ) (x).

The characteristic set of P, denoted Char(P), is the set of zeros of the principal symbol
of P outside the zero section of the cotangent bundle:

Char(P) = {(x, &) € T*()\{0}; Pu(x,§) = 0}

For a detailed discussion of this definition and its invariance, we refer the reader to
[22, pp. 151-152].

Moreover, in the next theorem, we use the notation WF, (i) for the analytic wave
front set and singsupp,, (1) for the analytic singular support of a distribution u. For
precise definitions, we refer to [22, pp. 283] for the precise definition. The key property
we use is that WF, (1) = if and only if u is a real-analytic.

Theorem 2 (Theorem 1.1 of [7]) Let P be an order m differential operator in a real-
analytic manifold Q with real-analytic coefficients and let u in D' (2) be an analytic
vector for P. Then:

WF,(u) C Char(P).

Furthermore, even though it is common to use even-order Sobolev spaces when
using elliptic theory, we need to consider the fractional case, which we obtain by
using interpolation theory. In order to keep the text self-contained, we include the
results regarding interpolation in the appendix.

2 Preliminaries

In this section, we briefly recall facts about working with right invariant vector fields
and how to use Fourier analysis on compact Lie groups. Let G be a compact Lie
group with Lie algebra g. We denote X1 (G) and Xg(G) as the set of all left and right
invariant vector fields on G, i.e. denoting by Lj; and Ry, the left and right translations
by h € G, a vector field y belongs to X1 (G) if (Lp)«x|x = x|nx forevery x, h € G,
and x belongs to Xg(G) if (Rp)«x|x = xlxn forevery x, h € G.If X € g, we denote
by X© and X* the left and right invariant vector fields given by
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L - i R = i
X" fx) = a t:Of(x exp(tX)) and X" f(x) = & tzof(exp(fX)X),

where exp stands for the exponential function from g to G. The application that maps
g to X and X is a Lie algebra isomorphism. Let (-, -)4 be an Ad-invariant inner
product on g, i.e.

(Ad() X, Ad(x)Y)g =(X,Y)g, Vxe€G,VX,Y eg,
where Ad(x) = (Lx o R -1). In particular, (-, -) 4 is also ad-invariant, in other words,
([X7 Y]vZ>g:<Xv [Y’ Z]>g3 VX, szeg‘

We consider (-, -) as the Riemannian metric on G given by left-translation of (-, -)g,
i.e. (-, -)x = ((Lx)s, (Lx)«-)g,forevery x € G.Then the metric (-, -) is automatically
left-invariant, and since (-, -) 4 is Ad-invariant, we also have that (-, -) is right-invariant,
meaning that both (L, ), and (R, ), are isometries of (-, -) for every x € G. In order to
define a Laplace-Beltrami operator on G, we need to fix a measure on G. So let dg be
the bi-invariant Haar meadure in G (which exists because the group G is compact), and
consider L2(G) the L2-space associated with this measure. Let Ag be the Laplace-
Beltrami operator associated with this metric, i.e. Ag = d*d, where d* is the transpose
of the de Rham operator with respect with the L>-space, i.e.

(df, w2 = (f,d*w);2,
for every f € C*°(G) and w € C*°(G, T*(G)). Let X1, ..., X, be an orthonormal

basis of g with respect to (-, -)g, and let 1, ..., x, be the its dual basis. In view of d¢
being bi-invariant, we have that X 5‘ and X f satisfies

(X7 f g2 =—(f XFa)p2,

and

(XJf 8o =—(F. XFe) 2,
forevery f, g € C°*°(G).Foreach j = 1,...,n we set XjL and the X]R the following
one forms:

XF ) = 5 (L)Y,

XF)@x) = Xj((Re=1)4Y),

foreveryx € GandY € T, G, and here we are identifying g with T, G. It follows from
this definitions that x F is left-invariant and x ¥ is right-invariant, i.e. (Ly)*x JL = X,~L
and (Ry)* x;j forevery y € G. Since dg and (-, -) are bi-invariant then we can write

df =) (XiHxr,

Jj=1
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and

df =Y x¥rxk.
j=l1

for every f € C!(G). Therefore Ag = — Z.';Zl(XJL)2 =— Z?Zl(Xf)z.

Lemma1 Forevery X € X (G)andY € Xpr(G)wehavethat [Ag, X] =[Ag, Y] =
0.

Proof Let Y € Xg(G). Since forevery j = 1,...,n, [Y, Xf] € Xgr(G), we can
write [Y, XK = Y70 a; 1 XX, where aj x = ([Y, X[1, Xf) € R, s0

—[Y. Agl=1Y. ) (XF)]
j=1

n
>y xFix R+ xRy, xK)
j=1
n
= Y ajuXFXR+a;xRxf

Jk=1
n

= Z (ajr+ ak,j)X,fo.
Jjik=1
Since (-, -) is ad-invariant, we have that
aje = (Y. XFLXF) = —(xF. v x§) = —(xF (v, Xf1) = —a .
so [Y, Ag] = 0. The case for left-invariant vector fields is analogous. O
Let G be the set of all classes of equivalences of irreducible, strongly continuous
(s.c), unitary representations of G. Since G is compact, the irreducible s.c. unitary

representations of G are finite dimensional. We recall that the Fourier transform of a
distribution u € D'(G) is given by

SolulE) = /G WE ()G (), & e G,

where dg stands for the bi-invariant Haar measure in G. We can recover the distribution
u with its Fourier transform in the following manner:

u(x) = Z dgTr(SG[M](E)E)»

SEG
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where d¢ is the dimension of £, and we recall that when u is L? then the above series
converges in the L? topology, and the same is valid replacing L? by C*°, C® and G*.
Furthermore, if u € L%(G), then

lull7 = > deTr(Felul@Felul©)*) = Y de 16 lul@) s
£eG e

The || - || g s is the so-called Hilbert-Schmidt norm. More details about the H S-norm
can be found in [28]. .
Since (-, -) g is Ad-invariant, for every & € G there exists A¢, such that

AGE j=Me&ij, i, j=1,...,d:.

In view of A being an elliptic linear partial differential operator, by using standard
arguments in the theory of linear PDEs, we have that, for every k € N, we can identify
the Sobolev space H?¥(G) with the space

ueD(G) : AbueLl*(G)},
{ |

which is the same as

ueD(G) : Y de (&)™ IFclul®ls < oot

geG

where (§) = (1 + )Lg)%. Since H2(G) is the topological dual of H?*(G), we can
also identify this space with

ueD'(G) i Y del&) TGl @llFs < oot

SEG

Definition 4 We denote by M(G) the set of maps F : G —> Us”_ U(C™) satisfying
F(&) € U(C%) for all €.

We note that the Fourier transform is an isometry between H>*(G), and the following
weighted L? space:

FeMG) : Y de&) IF®lFs < o0
éeé

The same is valid for H ~2K(G). We note that the Fourier transform in RY is a isom-
etry between H*(RY) and L?(RV; (1 + |£|?)°&). Therefore, in view of Proposition
3 and Corollary 1 from the Appendix, for every s € R, we have that H*(G) can be
isometrically identified with
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ueD(G) : Y de(&)” IFGIul©) s < oo,

éeé

with norm

=

lully = [ D de &) IF6 1) Fs | - 3)

Eeé

Having a global expression for the Sobolev norm is crucial in order to use inter-
polation techniques together with subelliptic estimates. Since the metric we are
considering is ad-invariant, it remains ad-invariant when restricted to K. Therefore,
let Ak be the Laplace-Beltrami operator associated with the restriction of (-, -) to K,
so it commutes with all left and right invariant vector fields on K. In other words,
Ay = — Z;."ZI(YJ-)%{K, where the Y;’s form a basis for the Lie algebra of K, with
(Y;) ry the right-translations of Y¥; by elements of K, so it is then a vector field on K.
By taking right-translations on G, we can consider the vector fields (¥;)r as vector
fields on G, which are K -invariant, and then we can extend A to G simply by writing
Ag = — Z’}’zl (Yj)%e- To simplify the notation, from now on we shall denote A by

Ag ==Y, Y}

Proposition 1 The operator A g commutes with K -invariant vector fields, and conse-
quently with P — a from (1). Furthermore, Char (Ax) N Char (P) = (.

Proof It is enough to show the commutativity locally. Corollary 10.1.11 of [20] says
that there is a covering  of €2 by open sets such that for each U € 4, there is a smooth
section 0 = oy of for 7 : G — 2 such that

(u, k) eUx K ¥(u, k) =cwkeolU)K “4)
is a diffeomorphism onto an open subset V = o (U)K of G. By decreasing U if
necessary, we assume that it has coordinates (u, ..., uy).

Let X be a K-invariant vector field on G. Next we show that (U'~!)_ maps the
vector fields X into a vector fields of the form

n 8 m
L =;ae(u>a—w+;m(um, Q)

defined on U x K with Y, as before.

Writing ¢ = W(u,k) = o(u)k, we have that u = m(g). Since o is a section
of the projection map w on U, i.e. m(c(v)) = v, for every v € U, we have that,
m(g) = n(o(u)) = u, in other words, g = o (u), g = o (w(g))k, forsome k € K, i.e.

k=o(m(g) 'g=il0@(@))g = ni@@(@)), g).
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In conclusion, W1 (g) = ((g), u(i(o(n(g)), g)) € U x K.

Let¢p(g) =i(o om(g))g be defined for g € P (U) and consider g = o (u)k and
g = gk/ = o (u)kk’ for some k' € K.

Notice that 7 (g) = gK = gkk’K = m(g’) and so we have that

k=i(o(m(g)g =i(o(m(g)))g =i(o@m(g)Ngk™ " = Ry1o0i(o(m(g)))g

which implies that ¢ (R (g)) = Ry o ¢(g) for all g € 7~ (U). This means that,
if a vector field is invariant by the right-action of K in G, then it descends into a
right-invariant vector field in K via ¢,. Now since

(Wfl)*(XHu,k)) = ”*<X|\p(u,k)) + ¢*<X|\I’(u,k))’

and 7Ry = m,, we have that m, <X|\I!(u k)) is independent of k, and therefore

(W), (X) is of the form (5).
Now, because Ak does not act on the ¢ directions and commutes with Y, in view
of Lemma 1, we have that

[X. Ag](f) = W {[L;. Ak} (fo W™ =0,  VfeCXWU x K)),

which is enough to conclude that [Ax, P—a] = 0. For the second part, it is also enough
to prove that Char (Ag) ‘lII(UxK) () Char (P)‘W(UxK) = ¢. In view of condition (E),
wehavethatChar(P)’ C {0} x T*K, and since Char (Ag) C T*U x
W(UxK) W(UxK)
{0}, we have that Char (AK)‘ () Char (P)‘ = (, since we exclude the
W(UXK) W(UxK)

zero section in the characteristic set.
O

3 Proof of Theorem 1

Consider the vector fields X, X1, ..., X, and the operator P satisfying the conditions
of Theorem 1. Assuming that Pu € C”(G) and we want to show that u € C*(G). In
other words, we wish to prove that singsupp, (1) = @, or equivalently, that WF, (1) =
?.

In view of Hérmander’s Theorem, we already have that u € C°°(G). Furthermore,
Hormander’s Theorem, as discussed in [27], provides us with local subelliptic esti-
mates. In other words, for every x € G there existan ¢ > 0 and V C G, an open
neighborhood of x, such that the following property holds true:

uell (V), Puell (V)= ueH.(V).

Since G is compact, there exists £ > 0 such that

u e L*(G), Puc L*(G) = u € H*(G).

@ Springer



265 Page100f16 M. Reinhold Jahnke, N. Braun Rodrigues

By the Closed Graph Theorem, there exists a constant C > 0 such that

lulle < CUIPull + llul),

Therefore, in view of the explicit formula for the Sobolev norm (3) and a simple
interpolation argument based on the Young’s inequality for products, one can find a
constant C > 0 such that

lulle < CAIPull + llull-2), 6)

forevery u € C*°(G). Before we proceed, we would also like to point out that since A g
is a second-order partial differential operator, it is bounded from L*(G) to H2(G).
In particular, there exists a constant ¥ > 0 such that [Agv|—2 < y|v|, for every
v e C*(G).

Proofof Theorem 1 Let u € C*°(G) be such that Pu = f, with f € C®(G). It is
enough to prove that u is an analytic-vector for A, i.e. that there exists a constant
B > 0 such that, for every j € N, the following estimate holds true:

AL ull < BI+!j12, )

Indeed, if u is an analytic-vector for A g, then by Theorem 2 we have that WF,, (1) C
Char(Ag). But since Pu € C®(G), by the elliptic regularity Theorem, we also have
that WE, (#) C Char(P). Now, in view of Propostion 1, the set Char(A ) N Char(P)
is empty, therefore u € C*(G).

The proof of (7) will be carried by induction j and relies on Lemma 4.2 and on
Lemma 4.3 of [10]. For clarity, the statements of the two lemmas are included below.
Recall that Y1, ..., Y, is a basis for the Lie algebra of K, Ax = — ZTZI Y,%l, and
if 7 is a multi-index of length ¢ = |I|, we define the order ¢ differential operator
Yy =YY, Y. Alsorecall that [Ag, Y;] =0, forevery £ =1, ..., m.

Lemma 2 If (7) holds for every j = 1,...k — 1, for fixed B and k then
1y A% Ml < BT i — ! @®)

isvalid for j < k—1 and for all sequences I = (i, ..., i) ofelementsin {1, ..., m},
with length |I| = £ < j. Morover, if 0 < |I| <k, then

1yraf Mg < BE112 (e — 1)1k — (1] 4 1)) ©9)
Proof of Lemma 2 First note that foreveryi = 1, ..., m, and every v € C*°(G), since

(Yiv, Y;jv) = —(Y?v, v), we have that 0 < |(Y?v, v)| = —(Y?v,v) < (—(Y} +---+
Y,ﬁ)v, v) = (Agv,v).Solet I = (i1, ...,i¢) and j < k. Then

j—|1 j—{ j—L
WAl Mu)? = vy Y, AL Y A )
j—C j—{
= Y2V Vi Ay u, Yy Yy A u)
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j—{+1 j—C
g‘mz...mA;( v, Y AN )

< |0 A% v Al

—1 j—0—1
< [(a Al |
j—1 j—0—1
< A% Al |
< BYTHG - D — - D

O
Lemma3 If f,g € C*(G) and k € Z then
k L=y .
-
A (fg) = Zze(£)2< ) Y iak H AT ).
£=0 =0 J )=t
So assume that (7) is valid for j = 1, 2, ..., k — 1. We first select a constant A > 0
such that
1Y AG I < AR X AGal e < AR 2 1))
forallk € Zy and I = (iy, ..., ij;)). In view of (6) we have that
| a%ulls = € (18% £+ NAk . alull + 1 Akl -2) (10)
Now Lemma 3 gives the estimate
[, alull = || A (au) — aAfu]
k o\ =t
1 k—t—j
522 <€)Zo( );{nm allL= YA, ull
_ =

k—j .
+Z< )uA all || Ay ull = S1 + Sa.

Firstly we observe that by the inductive hypothesis we can estimate

k k j
k . ; A\’
Sy < Z <j>A1+1j!ZBk]+1(k _ ])'2 < ABk+lk!2 Z (E)
J=1 J=1

For the other term we use again the inductive hypothesis in conjunction with Lemma
2. We obtain

—t

k k
k k—Z 4 Vi .
<) "2f Al pk=2=itl(k — i)k — j — o)
_; <£>A,~:1<J')|I|Z:z J (k= Nk —j =0
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k
k ¢ ¢
’ L1 pk—%
+;2 <z> > ATTUBR I (k= Dk — £ — 1)!

|I|=¢
k k=t ANJH2

Finally, if y > 0 is such that [|[Agv|—2 < y|lv|, v € C*°(R), gathering together in
(10) all the information obtained, and assuming A < B, we get

k

k ket [ A A et (AN 4
AL u < CB* k! W+AZ(E) +AY 2'm Z(E) + 50
j=1 (=1 j=0

2
< CBMHk? <%+ A BmA ”).

B_ATB2 TR

If we choose B > 0 so large such that the term between parentheses is < 1/C our
inductive argument proves that (7) indeed holds for j < k, and every k, so u is an
analytic-vector for Ag. O

4 Appendix

In this section, we recall some results and definitions regarding the theory of interpo-
lation spaces and the K-Method. Let £ be a topological vector space, and let Eg, E|
be two normed spaces, continuously embedded in £. We equip Eo N E| and Eg + E|
with the following norms:

lallgone, = max{llallg,, lallg, },
lallgg+E, =inf{llaollg, + llaillg, : a =ao + a1, a0 € Eo, a1 € E}.

To simplify the notation, we write the infimum in the definition of ||al|gy+ £, as
infa:ao+al (||ao||E0 + ||(11 ||E1)

Definition 5 We say that a normed space E is an intermediate space between E( and
E|if ENE| C E C Eg+ E;, with continuous inclusions.

Definition 6 We say that a normed space E is an interpolation space between E( and
E if itis an intermediate space and if it has the following property: if T : Eg+ E| —>
Eo+ Ejisalinearmap,and T € L(Eg, Eg) NL(E1, E1),then T € L(E). The space
E is said to be of exponent 0 < 6 < 1 if there exists a constant C > 0 such that

1Tl ce.ey < CIT I g 1 TV e, ) YT € L£(Eo, Eo) N L(EL, En).
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In the following, we describe a method to construct such interpolation spaces, it is
called the K-Method. For every a € Ey 4+ E| and every ¢t > 0, we define

1
K>(t;a) = inf aol% + 3la;)|%>)2.
2(t; a) L (|| ollg, I 1||E1)

For every 0 < 6 < 1, we define

dt
(Eo, E)y, = {a € Ey+Ei : 7 9Ko(t;a) € L? (R+; 7)} ,

with norm
=140 .
lall e, £1)p, = It Kat; a)IILz(R%%).

Proposition2 Let Fy and F| be normed spaces with the same properties as Ey
and Eq before. If T : Ey + E\ —> Fy + F) is a linear map, such that T €
L(Eo, Fo) N L(EY, F1), then T € L((Eo, E1)g,2, (Fo, F1)g,2) for every0 < 6 < 1,

1-6 6
and ”T||[,((E0,E|)evz,(F(),Fl)gyz) < ”T”E(E(),Fo)”T”E(E],F])'

Proof Leta € Ey + E;. For each decomposition ¢ = ag + a1, we have that

1
Kx(t; Ta) < (|Taolly, + 1 TarlF,)>
1
< (1T 17 gy, oy a0y + 1T W e, 5 larliz, )
1

2 1
2 Mz, my 2\’
= I e Nl + > 2
1Tz £y o)

. Tz Fy) | )
Thus, K>(t; Ta) < Tl zcgy, Fp) K2 (t—llT\IL(EO,F()) ; a ). To conclude, we note that

Ry 2472
T all(ry,Fiyg, = ; t YKo (t; Ta) -
1
2 2
/oo t_29||T||2 K> <t ”T”L(ElaFl),a> g
0 EEFO2 XN T gy, o) t

1
1-6 0 —26 . 2
TN g, oy 1T Wy (/0 s T Ka(s; a) . )

IA

‘lT“C(EO~fb)
”THL(EI,Fl)‘

1-6 0
= ”T”C(E(),Fo) ”T”»C(ElyFl) ”a”(E(),El)g_z-
O

Corollary 1 Let Fy and F be normed spaces with the same properties as Ey and E
before. If T : Eo+E1 —> Fo+ F isalinear map, suchthat T is a linear isomorphism
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between Eq and Fy, and between E| and F), then T is a linear isomorphism between
(Eo. El)19 , and (Fo. F1)9 , forevery0 <6 < 1.

We restrict our attention to the case in which Eq and E; are weighted L? spaces.
Let @ C RY be an open set, and let w be a positive measurable function defined on
Q. We define

E(w) = {u Q2 — C : uis measurable,f |u(x)|2a)(x)dx < oo}
Q

and 1

lullo = (/ IM(X)Iza)(x)dx)2 :
Q

With the introduced definitions and notation, we can easily prove the following propo-
sition.

Proposition 3 Let wy and wy be two positive measurable functions on 2. Then, for
every0) <6 < 1,

(E(@o), E(@1)),, = E(we),

where wyg = a)(l)_ga)?.

1
Proof We have an explicit formula for K (¢; a) = inf,—4y+4, (||ao||3)0 + 1% a ”3)1) 2.
Leta € E(wp)+ E(w1), and let x € Q2. Consider the following optimization problem:
find A € C that minimizes

IMPwo(x) + 2la(x) — APwi (x).

Such lambda is obtained by solving the following equations:

Ao (x) — 12 (a(x) — M (x) =0,
Ao (x) — 1*(a(x) — M (x) =0,

thus A = _La@ei)

o120 0 Therefore

o [ Peo1(0)? + ey (x)? 2
Ka(t:a)? = /Q e la()Pdx

B / *wo(x)w) (x)

2
o wo(x) + 2w (x) la(x)|"dx,

and this implies that

Ldi
Ry

-0 . 2
|| Kz(l,a)”Lz( wo(x) + 12w (x)

oo 2
)~ / / 2 LN Y
0 Q t
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// _29 ta)o(x)a)l(x) la (x)|2—d
wo(x) + 2wy (x)
52720 wo(x)wi (x) ,ds
A, /f 55 w0l 10 “OF T &

1<Y

s1729 )
- (/O 1 +sds> lall?,
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