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Motivated by the 1920’s seminal work of Major MacMahon,
Amdeberhan—Andrews—Tauraso recently introduced an infi-
nite family of g-series

Uz (a; q)

nidngt-dng
= § (I+aq™ +¢°"1)(1+aq™ +q2"2) - (1faq™t +q2"t)
1<ni<ng<---<ny

and proved that these functions are linear combinations of
quasimodular forms. In this paper, we study a broader fam-
ily of g-series that contains the collection {U }icn. Using the
theory of quasi shuffle algebras, we show that this extended
family also lies in the algebra of quasimodular forms. More-
over, we determine the precise weights and levels of these
functions, thereby making Amdeberhan—Andrews—Tauraso’s
result sharp. We further investigate the limiting behavior of
these functions. In particular, we demonstrate that the se-
quence of quasimodular forms {U:(1;q) }sen gives an approx-
imation for the ordinary partition function. We also establish
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infinitely many closed formulas for reciprocals of certain infi-
nite products in terms of Uy (a; q).
© 2025 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction and statement of results

In exploring the relationship between integer partitions and divisor sums, MacMahon
[26] introduced an infinite family of g-series defined by

ni+nz+--+ng

Ui(q) ==Y M(t;n)g" = > i (1.1)
n=0

—gn1)2(1 — gn2)2...(1 — gnt)2’
ramy oy, A=) (L= gm2)? - (1= g™)

where M(¢;n) counts the sum of the products of the part multiplicities for partitions of
n with ¢ distinct part sizes. More precisely, recall that a partition A = (A1, Ag,..., Ag)
of n, denoted A F n, is a non-increasing sequence of positive integers that sum to
n. Considering the subset Pi(n) of partitions A of n whose parts assume exactly
t values, namely 1 <ny 1 <mny2 <...<ny; with multiplicities mx1,...,mx; € N
(so that my 1nx1 + -+ +myna =n), we have M(t;n) = Z)\ept(n) MAIMA2 - AL
This partition generating function can also be recognized as a g-multiple zeta value and
accordingly has links to fields such as enumerative geometry, representation theory, and
topological string theory (see e.g. [8,18,25,27]). It further has ties to the theory of mod-
ular forms, since U;(q) can be expressed as a linear combination of quasimodular forms
on SLy(Z) of weights up to 2t as shown by Andrews and Rose [4,30].

In recent years, research has increasingly examined questions of modularity and other
related properties for various extensions of U;(q) (see e.g. [1,2,5,12,16,24]). The starting
point of our paper is the related infinite family of g-series introduced very recently by
Amdeberhan, Andrews, and Tauraso [3] as

ni+ng+-+ng

Un(aiq) = Y 1

. (1.2)

ey e (LT ag™ @) (Lt agn2 +¢202) -+ (1 + ag™ + ¢™)
This ¢-series includes many interesting objects as special cases. For example, for t = 1,
we have

n

Ui(asq) = Z -

—
wsi et

If @ = 0, this g-series counts the representations of a number as the sum of two squares

since


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

C. Nazaroglu et al. / Advances in Mathematics 482 (2025) 110565 3

U(05q) = " _(Znezq"2> —1.

=
nleJrq" 4

When a = 1, on the other hand, we have

n(3n+1)
q" Pnez(=D)"ng T
Ur(1;9) = = £net

2 CEESO
L+qm+q¢™ ZnGZ(_l)nq 2

n>1

giving the first order Taylor coefficient with respect to the elliptic variable for the loga-
rithm of a unary theta function.

We note that when a = —2, we get back MacMahon’s original function U;(q). Amde-
berhan, Andrews, and Tauraso proved that U;(a;q)’s are mixed weight quasimodular
forms for a congruence subgroup when a = 0,+1,2. They further remarked [3, Re-
mark 8.1] that “... we believe that each function Uy(a; q) [for a € {0,£1}] belongs to the
space of quasimodular forms of weight < t for the congruence subgroup T'q(24)”. Here, as
our first result, we prove that this indeed is the case. More precisely, for ¢, k,r € N we
define

qr(n1+nz+---+nt)

(1 + aqnl + q2n1)k: . (]_ + aqnt + q2nt)k:

Upor(asq) == >

1<ni<na<--<ng
= Mygr(a;in)g". (1.3)
n=0

For convenience, we further define the shorthand

Tn

q
(1+agq™ + ¢*n)k"

Ur(aiq) = U kp(asg) = >

n>1

Theorem 1.1. Assuming the notations above, we have the following':

(1) Uy k(a;q) is a mized weight quasimodular form of highest weight k and level 4,3, 6
fora =0,1,—1, respectively, and highest weight 2k and level 2 for a = 2. Moreover,
Uy 1:(05 q) is modular when k is odd.

(2) Uy kx(a;q) is an isobaric polynomial of degree t in the wvariables Uy k(a;q),
Usi 21(a;q), - . .\ Usk (a5 q).° In particular, it is a mized weight quasimodular form
with highest weight tk and level 4,3,6 for a = 0,1, —1, respectively, and highest
weight 2tk and level 2 for a = 2.

! Throughout, by a (quasi)modular form of level N, we mean a (quasi)modular form for the congruence
subgroup I'g(N).

2 An isobaric polynomial of degree t in variables Xi,..., X; has monomials X1 X5?% - X satisfying
a1 + 2as + -+ tay = t.
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Example 1.2. We have

1 1
Uz i k(a;q) = §U£,k(a5Q) - 5“21@,21@((1;6])7
1
Uz2(0;q) = G2(27) — 4Go(47) — 3’
L Gy(r) 8 Ga(7) 1
Uz2(2;q) = 6 + 3G4(2T) + 6 Go(27) 32’
Gao(r)  Gilxsz;m) 1
1:0) = — _ J R
u2,2< 7q) SGQ<3T) + 3 3 18’

4 1 2
UQ,Q(_l;q) = —12G2(6T) + 3G2(3T) + §G2(2T) — gGQ(T) + §G1 (X372;2T)
1 1
+ §G1 (x3,2;T) — >

where G (7) and Gy (x; 7) are Eisenstein series defined in Section 2 and x3 o denotes the
unique primitive Dirichlet character modulo 3.

As a direct corollary we make the result of Amdeberhan, Andrews, and Tauraso
[3, Theorem 8.3] sharp by determining the precise levels of the quasimodular forms in
consideration. More precisely, choosing k£ = 1 in Theorem 1.1(2) gives us the following
corollary.

Corollary 1.3. The function U(a;q) is a linear combination of quasimodular forms of
weight <t on the group To(4) for a =0, T'y(3) for a =1, and Ty(6) for a = —1.

Remarks. (1) We note that as a special case we also recover [3, Corollary 6.1], which
says that U:(2;q) is a linear combination of quasimodular forms of weight < 2¢ on the
group I'o(2).

(2) Our results in Theorem 1.1 examine the case r = k, but our considerations have
natural generalizations to the case r # k as well. For example, in Theorems 3.4 and
3.5, we find that for ¢ = %1, the symmetric combinations Uy (a; ¢) + Uy 26—r(a; ¢) with
r € {1,...,k} also decompose to (quasi)modular forms of weight < k. Furthermore,
the methods we employ there also makes it clear that odd Eisenstein series and their
higher level analogues (possibly with even weight) appear instead in the decomposition
of the antisymmetric combination Uy, .(a; q) — Uk 2k—r(a;¢). It would be interesting to
have a deeper examination of the appearance and applications of holomorphic quantum
modularity in this context.

(3) The generating function of the MacMahon g¢-series U;(—2;q) = Ui(q) is elegantly
related to Eisenstein series via the following identity [5, Theorem 1.1]:

2j
14 Zu )X2t = arcsm < > exp 22 GQJ T) <2 arcsin (%))

t>1 j>1
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When the sum defining U, is restricted through congruence conditions, one obtains
similar identities involving generalized Eisenstein series with characters (see [24, Theo-
rem 3.4]). This generalization encompasses, for instance, the series U;(2;¢) as a special
case.

Using the results and discussion of Theorem 1.1 and Lemma 3.1 in Section 3, we
computationally observe an analogous structure for U(a;q) with a € {0,£1}. More
specifically, our computations suggest the existence of power series fo(a; X) and f(a; X)
such that

(_1)L%J

i Gj(a;7) fla; X) |,

1 —I—Zut(a;q)Xt = fo(a; X) exp Z

t>1 i>1

where the functions G;(a; ) are defined as follows:

G;(1;7) == {SjGj(BT) —Gi(r)if2]y,

\/ng(XS,ZQT) if 247,
49G(41) — 29G (2 if 219
G;(0;7) == i(47) 5(27) 1 |j’
2G(xa,2;7) if 247,
Gi(—1i7) = 6jGj(6T) — SjGj(?)T) — 2jGj(27') + Gj(7) if 2 7,
o V3 (27Gj(x3,2:27) + Gj(x3.2;7)) if 24 4.

(4) By Theorem 1.1 and the fact that Ga(7) is a modular form modulo any prime p,
the functions Uy j x(a;q) are modular forms modulo p. Hence, using Serre’s theory of
p-adic modular forms [32], there are infinitely many non-nested arithmetic progressions
(depending on p) such that the coefficients of Uy 1 «(a; ¢) on these arithmetic progressions
satisfy congruences modulo p. Computational experiments suggest the following:

M3mi1+1,22(1;3n+2) =0 (mod 3),
Msamiix122(—2;3n+2) =0 (mod 3), meN,
Ms22(—2;3n+2)=0 (mod 3), Mszi1(£1l;4n+1)=0 (mod 4),
Mz211(1;8n+5)=0 (mod 8).
Computational data also suggest congruences for k # r, where U, 1. »(a;¢) is not quasi-
modular. For example,
M1,371(—2; In + 4) =0 (InOd 3), M173,1(—2; n + 2) =0 (mod 7),
M17371(—2;8n—|—4) =0 (mod 7)

This makes the study of congruences for Uy i -(a; ¢) an interesting test case for examining
congruences within more novel forms of modularity.



[ C. Nazaroglu et al. / Advances in Mathematics 482 (2025) 110565

Another interesting direction to pursue for the functions we study here is their limiting
behavior in ¢. Recently in [1], Amdeberhan, Ono, and the third author studied this
question for the family of quasimodular forms U;(g). They showed that the sequence
{U:(q) }1en converges to the generating function of the three colored partitions, i.e. if
t € N, then one has®

t(t+1) 1
R _

+O(g"™). (1.5)

Moreover, Ono” suggested that there should exist natural families of quasimodular forms
that, in the limit, give k-colored partition generating function. This question was resolved
by Bringmann, Craig, van Ittersum, and the second author in [12]. For each k, they gave
two families of MacMahon-like ¢-series which give the k-colored partition generating
function in the limit. They further showed that one family is quasimodular whereas the
other is mock modular with an explicit, real analytic modular completion. Correspond-
ingly, it is natural to ask whether the generalization of the MacMahon function here, also
quasimodular in special cases, has an interesting limiting behavior. As our next result,
we show that this is indeed the case.

Theorem 1.4. Fort,k,r € N, we have

rt(t4+1) 1
-5y a _ +0 t+1 .
o et = 1 Gy OO

This result is established in Section 4 by finding the limiting behavior for a more
general family of functions that contains the functions U, . »(a; ¢) as special instances.
We should also remark that the above theorem establishes a connection between U;(a; q)
and many interesting partition functions. For example, when a = —2, we recover the
result (1.5). The cases a = 0,%1,2, on the other hand, yield the limiting functions

1 n
= = 20

n>1 n>0

=1+4q+¢ +2¢°+3¢" +4¢° +5¢° + 7¢" +10¢° + - - - ,

H(1,q3n Zb

n>1 n>0
=1 +q3 +2q6 +3q9 +5q12 +7q15 + 11q18 + 15(]21 +22q24 4. ,
3 Here (a;q)oo = II5-,(1 — aq™) is the g-Pochhammer symbol for any two complex numbers a,q with

lg| < 1.
4 The question was raised in a research talk in the “Partition theory, g-series and related Topics” seminar
at Michigan Tech.
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A+q¢") n
s gmyir—gm = 2

n>0

=1+2q+4¢* + 7¢* + 12¢" + 20¢° + 32¢° + 50¢" + - - - ,

T e = g

n>1 n>0

=1-q+¢* —2¢°+3¢* —4¢° +5¢° — 7¢" +10¢% — 13¢° + - --

Here we note that a(n) counts the number of partitions of n in which all odd parts are
distinct and there is no restriction on the even parts, whereas b(n) counts the number
of partitions of n into parts multiple of 3. The numbers ¢(n), on the other hand, count
the number of partitions of 2n, in which both odd parts and parts that are multiples of
3 occur with even multiplicities with no restriction on the remaining even parts. Finally,
we note that the generating function of d(n) is the reciprocal of ¥(g), Ramanujan’s
theta function [29], and d(n)’s are equal to a(n) up to sign. Theorem 1.4 then produces
approximate generating functions for all of these partition-related numbers in terms of
Ui(a; q).

There is also a great deal of information one can extract by focusing on the combi-
natorial aspects of the objects here. For example, in a recent paper, Ono and the third
author [28] studied MacMahon’s series from this lens and showed that U (q) satisfy in-
finitely many identities, which illustrate the ubiquity of the M(¢;n) partition functions.
More precisely, they proved that for any ¢ € N, we have

1 et e 2m +1
— =q m ) L
@0%  © ,,; <m +i+ 1>u @ (16)

which extends the limiting behavior in equation (1.5) to an exact identity. A recent
preprint by Jin and two of the authors [23] obtain further such results relating MacMa-
hon and MacMahon-type g¢-series with Rogers-Ramanujan identities, the theta series
associated to the non-trivial character modulo 6, and infinite families of restricted parti-
tion functions. In view of the above discussion, it is natural to ask whether Theorem 1.4
hints similar explicit identities for each ¢ € N. We demonstrate that this is indeed the
case, where the term ¢~ 201 24, (a; ¢) from the limiting formula represents the first term
in a closed formula involving U1 (a; q), Us2(a;q), .. ..

Theorem 1.5. For any t € N we have

=0 Sl mz< [

n>1

Remark. Substituting a = —2 into Theorem 1.5 and comparing it with (1.6) (recalling
that Up,(¢) = Um(—2; ¢)) immediately yields the identity (for ¢,m € N with m > t):
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() EC)E)

7=0

This identity can also be derived directly by expanding (1 + z)(z + 27! + 2)™ in two
different ways.

The organization of the paper is as follows. In Section 2, we recall some preliminary
notions and results on modular and quasimodular forms, Eulerian polynomials, and
quasi-shuffle algebras. In Section 3, we employ these ideas to prove Theorem 1.1. In par-
ticular, we use quasi-shuffle algebras in order to obtain the decomposition of Uy i 1 (a; q)
into Uy k(a;q), Usk,26(a;q), - . ., Usk 1k (@5 ¢). Then we prove the modularity properties of
U k(a;q) for a = 0,41, 2 by finding an explicit decomposition to Eisenstein series. Our
approach to the a = 1 case emphasizes the utility of Eulerian polynomials and Stirling
numbers in establishing such decompositions. Next in Section 4, we examine the limiting
behavior of Uy -(a;¢q) in ¢t and prove Theorem 1.4. Finally, in Section 5, we prove the
explicit identities from Theorem 1.5.
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2. Preliminaries
2.1. FEisenstein series on congruence subgroups and quasimodular forms

We start our discussion with a quick reminder on a family of Eisenstein series on
congruence subgroups, where further details can be found in [15]. Let k € Z, N € N and
assume that y is a Dirichlet character modulo N satisfying x(—1) = (—1)*. Then for
7 € H (with H denoting the complex upper half-plane) and s € C with k + 2Re(s) > 0,
we define the nonholomorphic Eisenstein series
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1 x(d)  Im(r)*
Grlx;Ts) == E . 2.1
k(XT3 8) 9 - (et + d)F |er + d|?s (2.1)
(c,d)ezN‘\{(O,O)}

For k > 3, we can set s = 0 and obtain a holomorphic function of 7 that (up to an overall
normalization) we denote by Gi(x;7). The resulting function is in My (T'o(N), x), the
space of holomorphic modular forms of weight k& and character y on I'g(V), which is the
congruence subgroup of SLy(Z) defined by

To(N) := {(‘i Z) € SLy(Z) : CEO(modN)}.

More specifically, a holomorphic function g : H — C is in Mg (I'o(NN), x) if it satisfies the
transformation

g (Z:i;) = (d) (er +d)* g(r) for all (g Z) € To(N)

and if (cr +d)~Fg (Z:—j_‘db) is bounded as Im(7) — oo for all (‘Cl Z) € SLy(Z). We sum-
marize these facts in the following lemma. Note that we restrict to primitive characters
since they lead to simple Fourier expansions and the others can be expressed in terms

of these.

Lemma 2.1. Let k, N € N, k > 3, and x be a primitive Dirichlet character modulo N
with x(—1) = (=1)*. Then we have®

L( ,17
Gr(ir) = 2R LS o an) g € Mi(To(N), X),

n>1
where op—1(x;n) =>4, x(d) dkt.

In the special case of the trivial character (with N = 1), we find the classical Eisenstein
series, which, for k > 4 even, are in My (SL2(Z)), the space of holomorphic modular forms
on SLy(Z). In this case, we simplify the notation from Lemma 2.1 by omitting x to write

or-1(n) =34, d*=1 and

Gi(7) == @ + ona(r)g = —% + > mhigr, (2.2)

r>1 m,r>1

These considerations can be extended to the cases k = 1 and & = 2 by noting that
the non-holomorphic Eisenstein series & (x; 7; s) analytically continues in s to an entire
function for k£ > 1.

27iT

5 Here and throughout q := e
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Lemma 2.2. Let x be a primitive Dirichlet character modulo N > 2. Then we have the
following:

1) If x is an even character, that is x(—1) = 1, then

L(X? 71)

Ga(x;7) = 5

+ Y o1(xin) ¢" € My(To(N), x)-

n>1

2) If x is an odd character, that is x(—1) = —1, then we have

L(x

> 9, > oo(x;n)q" € Mi(To(N), x)-

n>1

G 7) =

When y is trivial (so that N = 1) and k¥ = 2, on the other hand, the analytic
continuation to s = 0 does not yield a holomorphic function of 7. Instead we find that

Go(7) = % +3 a(r)g = *i + Y mg™ € My(SLa(Z)), (2.3)

r>1 m,r>1

where M, (SL2(Z)) denotes the space of weight k quasimodular forms on SL2(Z) (see [13]
for more details). In particular, the function Gy(7) does not transform like a modular
form but it instead satisfies

G (ar—kb) _ (c7'—|—d)2 Ga(7) + M for all ((z Z) € SLy(Z).

ct+d 47

What instead transforms like a modular form is the non-holomorphic combination
Go(7) + 8#“(7). In general, we say that g : H — C is a quasimodular form of weight k,
depth h, and with character x on I'o(NN) if there exist holomorphic functions g; : H — C
for j € {0,...,h} with g5 # 0 such that®

g(Z:j_Z) —X(d)(CT—l-d)iji:Ogj(T) <CTid)j for all (‘CL fl) € Ty(N)

6 Note that the given transformation law immediately implies that g = go and that (see e.g. [14] or [31])

at +b\ k,2,.h7T r+j » ( c >J'
o (2250) = x(ayer + ) X (") o (5

b
for all (’j d) € To(N) and r € {0,...,h}.
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and (cr 4 d)~F=21)g, (Z:Idb) is bounded as Im(7) — oo for all » € {0,...,h} and

(‘ZZ) € SLy(Z). The set o

zero function constitutes a vector space, which we denote by Mk(FO(N ), x). Using the

all such weight k quasimodular forms together with the

properties above and the transformation property of Ga2(7), one can easily deduce the
structure theorem of quasimodular forms stating that a level N quasimodular form as
above is a polynomial in G (7) with modular coefficients (for the character x on I'g(N)).

Finally, there are a number of natural operators defined on the space of (quasi)modular
forms, such as Hecke operators, Atkin-Lehner operator, etc. One such Atkin-Lehner
operator is the operator V; for £ € N, which acts on f € M (To(N), x) by

Ve(f)(r) := f(br). (2.4)

The function Vi(f) is again a modular form and lies in My (To(N¥), x). An analogous
conclusion also holds for quasimodular forms.
Finally, we find it convenient for our discussion to define

)= opa(n)g” = Y m"l¢™ and

n>1 m,n>1
S oaom = 3 xmymtlgm (2.5)
n>1 m,n>1

for any k € N and Dirichlet character x. These are equal to Gy (7) and Gy (x; 7), respec-
tively, up to the addition of the constant Fourier coefficients (for appropriate k and
giving (quasi)modular forms).

2.2. FEulerian polynomials and partial fractions

In parts of our proof of Theorem 1.1, we employ Eulerian polynomials to identify
Eisenstein series (including those at higher levels) from the ¢-series under consideration.
These polynomials were introduced by Euler through the relation

> Py
Z mPIm = % for k € N (2.6)

m=1

to study the zeta function at nonpositive integers as (with {(s, a) denoting the Hurwitz

zeta function)”®

C,’«ZPe 1@? 1 Z e (1 _g,%>

7 Here and throughout, we use ¢y to denote e =
8 This follows from analytically continuing Lis (&) Ty 16 (s, ™) and noting Liy_g(2) =

L=l for £ € N.
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for £ € N,r € N>g, and n € {1,2,...,r — 1}. (2.7)
The first few of these polynomials are given as
Py(t)=1, P(t)=1, Py(t)=1+t,  P3(t)=1+4t+>
For n > 1, the polynomial P, (t) has degree n — 1 and it satisfies the symmetry property
P,(t) =t"" 1P, (1/1). (2.8)

Frobenius [17] gave an explicit expansion of P, (t) around ¢ =1 as

n

Pty =3 "r {:}} (t—1)"" forn >0, (2.9)

r=0

where { Z } denotes a Stirling number of the second kind. The significance of this identity
is that it gives a way to convert between an expansion into fractions appearing on
the right hand side of equation (2.6), which are natural for Eisenstein series, and a
partial fraction expansion. To be more concrete, Frobenius’ identity (2.9) can be naturally
rewritten as

P 71(1&) g -7 k—l 1

Inversion of this relation is well-known in combinatorics (see e.g. [10]) and given in terms
n
T

of unsigned Stirling numbers of the first kind (denoted by [']) as

1 1 " r—1 Pk_l(t)
= —= >1. 2.10
a=o <r—1>!;[k—1] a-or 7T 210
We note a few particular values for unsigned Stirling numbers of the first kind as

|:8‘:| = 6n,0 forn >0, |:Z:| =1 forn>0 and

m - {?n— 1)! izj? (2.11)

2.8. Quasi-shuffle algebras

Another crucial ingredient for the proof of Theorem 1.1 is the notion of quasi-shuffle
algebras [20-22]. To describe this, let A be a countable set, called the set of letters. We
endow the Q vector space QA with a bilinear, commutative, and associative product o.
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Then we consider the set of words (A}, which consists of words ay ... ag built from letters
ay,...,ap € A for £ € Ny. Here we denote the empty word (for £ = 0) by 1. The quasi-
shuffle product *, is a bilinear, associative, and commutative product on the vector space
Q(A) given by linearly extending the product on words defined through

lxow=wx*,1=w and

a1W1 *o agWe = a1 (W1 *, aawe) + az(a1wy *e wa) + (a1 © az)(wy *e we) (2.12)

for letters ay,as € A and words w, wy,ws € (A).

Quasi-shuffle algebras have been an effective tool in treating iterative sums like (1.1)
and (1.2) and hence studying multiple zeta values (MZV) and their variations like ¢-MZV,
multiple polylogarithms, multiple harmonic sums etc. (see e.g. [9,11,34,19]). Furthermore,
they have found broad applications across various areas of mathematics, notably in the
theory of Hopf algebras [19], and in partition theory through the use of ¢-brackets [7]. To
understand the relevance of the concept to our consideration, let us consider the algebra
of formal power series Q[[g]] and the subalgebra #, , generated (and spanned) by

hkl,...,kt;rl,...,’rt (G,, q)

qr1n1+r2n2+-~+nm

B 1gn1<n22:<.4-<m (L+ag™ + @) (L+agm + ¢*r2)k2 - (14 ag™ + ¢ )k
where ¢t € Ng and ry,...,7¢,k1,...,k € N (here we let h := 1 for the case t = 0).
Note that U kr(a;q) is equal to hy .. k. r(a;q) with k,r repeated ¢ times. Now
we consider the set A = N2 the product on QA defined by linearly extending
(k1,7m1) © (ka,72) = (k1 + ko, 71 + 12), and the corresponding quasi-shuffle product on
Q(A) defined as in (2.12). Then the mapping

(A) 3 (k1,71) .. (ke,7e) = Pk sdoasry o (a;q) (2.13)

linearly extends to an algebra homomorphism from the quasi-shuffle algebra Q(A) to H, 4
(see for example [6, Lemma 2.18] for details). So the algebraic structure of Q(A) has im-
mediate implications for the multiplicative behavior of the g-series Ak, .. kyiry,...r (@5 4)-
For example, we have

hk;r(a; Q) hf;s(a; Q) = hk,r;l,s(a; (J) + hf,s;k:,r (a; Q) + thrZ;rJrs (a; q)

as can be seen by disentangling the involved sums as

nir no s

> Grer > Grer
(1+agm +¢?)F o= (1+ag" +¢*2)"

n1>1 2>1

ni1r+nos
q

- IS;nz (1+ag™ + ¢*")*(1 + ag" + ¢*2)*
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qn25+n1r qn(r-l-s)

+ +
13;711 (1 + aq™? + q2n2)€<1 + aq™ + q2n1)k n%:l (1 +ag™ + q2n)k+é

and the right hand side of this identity mirrors (k,r) %, (¢, s) = (k,r) (¢, s) + (¢, s)(k,7) +
(k+ 0,7+ s).

One property of quasi-shuffle algebras that would be key to our work is the following
identity given in [21] as equation (32) for any letter a € A:

(-1 o
exp, ZiaO”X" :Z(LO]X]. (2.14)
n

n>1 §>0

Here a®™ and a°™ are the n-fold diamond product and concatenation, respectively, of the
letter a € A and

exp, (uX) := Z u*°”X—| for u € Q(A)[[X]]

n
n!
n>0
with u*™ denoting the n-fold quasi-shuffle product.

3. Quasimodularity of U 1

In this section, our goal is to prove Theorem 1.1 along with generalizations in se-
lect parts. We start with part (2) and discuss the decomposition of Uk x(a;q) to
Uy k(a5 q), Usk 2k (a; q), . . . .Uk 1k (a; ). For this purpose, we use the following key lemma
deduced from the identity (2.14).

Lemma 3.1. Let k,r € N. Then we have

-1 n+1 i
exp D %Unkmr(a;q)X” =1+ Ukr(a9X.

n>1 i>1

Proof. Consider the quasi-shuffle algebra on A = N? from Section 2.3. We use the
identity (2.14) with the letter a = (k,r) and then use the homomorphism (2.13) to
turn that into an identity on g-series (since the quasi-shuffle product corresponds to the
ordinary multiplication of g-series under this homomorphism). The lemma statement
follows once we note that (2.13) maps a®” = (nk,nr) to hngnr(a;¢) = Unknr(a; q) and
a®? = (k,r)...(k,r) with k,r repeated j times to hg . _ g, r(a;q) = Ujkr(a;q) for
i>1. O

We are now ready to prove Theorem 1.1 (2) by giving the precise form of the afore-
mentioned decomposition of U, k1 (a; ¢), which we state more generally for Uy  -(a; q).
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3.1. Proof of Theorem 1.1 (2)

We use the generating function of Pélya cycle index polynomial for symmetric groups
(see Example 5.2.10 of [33]) to rewrite the left hand side of Lemma 3.1 as

—1 n+1
(%unk,nr (a; (I)Xn

exp Z

n>1

e ST (P )

n>1AFn s= 1

where my s denotes the multiplicity of s in A\. Comparing this with the right hand side
of Lemma 3.1 yields

U rla;q) =D H ( mu;k’sr(a; q)>m“ '

ARt s= 1

Note that the result is an isobaric polynomial of degree ¢ in the variables Uy ,(a;q),
Uk 2r(@5q), - - . ,Usk 1r(a; ) since 22:1 smy s = t. The argument for the level is clear
from part (1). O

3.2. Proof of Theorem 1.1 (1)

Our next goal is proving the quasimodularity of the functions Uy x(a; ¢) appearing
in the decomposition of Uy k(a;q). We treat the cases where a equals 0,2,1,—1, in
succession.

3.83. The Case a =0

We give the following precise version for the quasimodularity of Uy 1(0;¢). Here x4.2
denotes the unique primitive character modulo 4 given by

0 if m=0 (mod 2),
X4,2(m) = {1 ifm=1 (mod 4),
-1 if m =3 (mod 4).
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Theorem 3.2. For k € N, we have

k
Z%(i) (27 Goj(47) — Goj(27)) if 2]k,
Uni(0:q) = 2751 4 {7

Zbk(j)G2j+1(X4,2;T) if21k,

Jj=0

with the coefficients ay(j) and by(j) defined through’

k

- . i (m+E—1
Zak(j)mQJ 1::(—1)2( k—21 > and
j=1

Sutym =07 (7). (3.1)

In particular, Uy, 1(0; q) is quasimodular (modular) of level 4 and highest weight k for k
even (odd).

Proof. Using the binomial expansion of the denominator we have

kn
q mf{m+k—=1\ o
U i (059) = D :—(1+q2n)k => (-1 ( b1 )q (@mtk), (3.2)
n>1 n>1
m>0

We now consider the even and odd k cases separately. If k € 2N, then we change variables
as m—m — % and extend the resulting sum over m > g to one over m > 1 noticing

that the binomial coefficient vanishes at the new points. This yields

m—% m+ﬁ_1 mn
Uk (0;9) = Y (=1) 2( k1 )q2 :

n,m>1

9 More explicitly we have aj, (£) = (1) ﬁ, b (B51) = (71)% m and for j < | £]

ar(j) = (=17 3 (£16s---£e_;)*  and
(k—1)! :
156{1,2,...,53"—1}
£y <l < <z%ﬂ
. (=1)7 2
W) = g — iy > (ert2-- b ;)"

£,€{1,2,....,k—2}
0 <Lo< <Lk _
2

£,:0dd

i
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We note that m +— (—1)%( :_%; ) is an odd polynomial in m of degree k — 1 and its
coefficients are given by a(j) as in (3.1) so that

ukk 0 q Zak Z _1)mm2j—1q2nm.

n,m>1

Since (—1)™ = 285, — 1, the sum over n, m evaluates to 227 Fy;(47) — F5;(27) by equation
(2.5). Then restoring the constant Fourier coefficients we find

U, k 0 q) Zak 2 ]GQJ (47-) G2j(27-)) + A,

k
2

where o), := f—Zak ) (2% — 1) ¢(1 - 2j).

To study the constant term, we multiply both sides of the first equation in (3.1) with
2™ and sum both sides over m € N for |z]| < 1 to obtain (using equation (2.6))

Zak T - e

Evaluating this identity at z = —1 using (2.7) then yields that 24 = —27%~!. The
theorem statement then follows by noting that the resulting combination 22/ Ga;(41) —
G2;(27) is a modular form of weight 2j for j > 2 and a quasimodular form of weight 2
for j =1 on the congruence group I'op(4) (with trivial character)

Similarly for k € 2N — 1 we change variables as m — ™= and extend the resulting
sum over odd m with m > k to one over m > 1 again notlclng that the binomial
coefficient vanishes at these new points:

s (MR
Upr(0i9) = Y (1) < p_1 )q :
n,m>1
m=1 (mod 2)
Note that m — (—1)% (mgfl_l) is an even polynomial in m of degree k — 1 and its

7n.

coefficients are given by by (j) as in (3.1). Also note that x42(m) = (—1) 2 * for odd m

(while vanishing for even m) to write

k—l
L{M(O;q) Z Z X42 mn-
j= n,m>1

The sum over n, m evaluates to Faj11(xa4,2;7) by (2.5) and restoring the constant Fourier
coeflicient yields
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5 . L
Uy (059) = Z be(7)Gajr1(xa2:T) + Br, where %y := Z bi( M_
=0

As above (using (2.6)), we multiply both sides of the second equation in (3.1) with 2™
and sum both sides over m € 2N — 1 for |z| < 1 to obtain

162;1 . ZPJ z Y ZQPj 22 Bl Zk
;Obk(J) ((1 —22«)(”)“ -2 _22()2#1) -0

Evaluating at z = i using (2.7) then yields that %, = —27%~! as well. The theorem

statement then follows by noting that Ga;11(x4,2;7) belongs to Maji1(T'o(4), x4,2) for
allj >0. O
3.4. The Case a = 2

We again give the precise decomposition of Uy, 1(2; ¢) to Eisenstein series.

Theorem 3.3. For k € N, we have (with a;(j) defined as in Theorem 5.2)

U k(2;9) = —g72k-1 +Za2k 2 ]GQJ(QT) GQj(T)) .

In particular, Uy 1(2; q) is quasimodular of level 2 and highest weight 2k.

Proof. The result immediately follows from Theorem 3.2 once we note U r(2;q) =
u2k,2k(05q%)~ O

3.5. The Casea =1

Here we state a more general result that allows us to prove the quasimodularity of
the combinations Uy, - (1; q) + Uk 2x—r (15 ¢) as well. In the theorem statement below, note
that U, 1 (1; q) corresponds to choosing Q. (r) = z*. Also as in Example 1.2, we use x3.2
to denote the unique primitive character modulo 3 given by

0 if m=0 (mod 3),
x32(m) =<1 ifm=1 (mod 3),
—1 ifm=2 (mod 3).

Theorem 3.4. Let k € N and Qy, be a polynomial of degree < 2k — 1 satisfying Qk(x) =
228Qr(1/x) and such that Q(0) = 0. Then we have
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Z - &) +“/—ZCQk ) Ge(x3,2:7)

~ +q +q2") 2.3k
- é odd
k
+ ) o (0) (3°Gi(3r) — G(7)) (3.3)
=1
£: even

where

with ag, (r) coming from the decomposition

k 1

Qx T

(1+x+x2 Z:l 1—C333 +ZCLQ’“ C x)

In particular, (3.3) is a linear combination of modular forms (and quasimodular for
weight 2) with level 3 and highest weight k.

Qr(2) " in the theorem statement and ap-

Proof. Starting with the decomposition of [Fetan)®

plying (2.10), we find

Qki(fc)zz ag, (1) [r—l} G Py (Gsx)

(I+z+a2)h = (r—1) p =1 (1-¢a)t
i 7") ~[r—1 Gy 'z Py 1(C3 )
TZ:: 1>'e=1 {5_1} (1=¢la)

Changing the order of the summation, we rewrite this as

k k

C3$Pe 1(¢3) Cg $Pe 1(C3 x)
Z 7@5 ; oy (3.4)

(1+x+x2 y

where cg), (£) is defined similar to cq, (€) with ag, (r) replaced by ag), (). Now changing
x +— 1/x leaves the left hand side invariant thanks to our assumption on @}, and hence,

we find
Qulz) ¢ (G )HP‘H(C* )
(1+a+a2) _;;:( Vet (1-¢ o)
(Ga) 1 Py (C )
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For ¢ > 2, we can use the symmetry relation (2.8) to write

0—2 1
(G le) " P (:I:_1$) = Pr1(C5 ).
3

For ¢ =1, on the other hand, we have Py(t) = 1 and hence

+1,.\0—1 1
() Py () S I G S ()
(1-¢la) 1-¢la (1-¢la)f

Thus overall we find

Qr(v)

k
T = (o (1) + g (D) + (-1 ()2

— (1= Gaz)*

The decomposition of the left hand side to such fractions is unique'® and hence comparing
with (3.4) we conclude that

o, () = (=1) cq,(0) forall £ €{1,... k}.

Therefore, we have

Qulz) L& . GrPi(Gr) Gl PG )
7= L e (SRS - St

k xz Pr_1((3x _1xP_1 Tl
D e R e Y

Z Qk(qn) _ zk: / m __ —m £—1 _mn
( = @, (0) Z (G =G ™M)m™ g

1+ qn + q2n>k

n>1 (=1 n,m>1

£:odd

k
m —m —1_mn
+ E @, (0) E (G +G™)m™ ™.

/=1 n,m>1
£: even
19 This can be seen e.g. by multiplying with (1 — C;lx)" and setting = ¢F* for n equal to k,k—1,...,1

successively and noting that P,_1(1) = (£ — 1)! by equation (2.9).
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Noting the identities

=G ™ =iV3xs2(m) and (G = 303jm — 1, (3.6)

the sum over n,m can be evaluated to iv/3F;(3,2; 7) for the first sum and to 3°Fy(37) —
Fy(1) for the second sum thanks to (2.5). Restoring the constant Fourier coefficients

yields
Qr(q") b
:Z\/§ co,(l)G 3T
[T+ q" + g2 )F zz:: Qi () Ge(x3,2:7)
a £ odd
k
+ Y cu(t) (3°GeBT) — Gu(r)) + .,
Z:Z;én
where
. k k
iv3 )
Co.=—— Y ) Llxs2, 1 =0) =5 Y cou(0) (3" = 1) ¢(1-0).
=1 =1
£:odd £: even

We find 6g, = —QQ’f—:,)(,cl) by evaluating (3.5) at = 1 and using (2.7) with r = 3, n € {1, 2}
and noting (3.6). The theorem statement then follows by noting that G(x32;7) is in
M;(To(3), x3,2) for £ > 1 odd and 3°G(37) — Gy(7) is a weight ¢ modular form for ¢ > 2

even (and quasimodular for £ = 2) on I'g(3) with trivial character. O

Remarks. (1) Note that cg, (k) = ﬁan (k) according to the definition of cg, (£)’s
and (2.11). We then compute

. r Qr(@) _ (G
ag, (k) = mgfgl (1 —(3) At+z+a2)F|  (1- C:)*Q)k
QG

and hence cg, (k) =

(k= D{(iv3)F

Therefore, the contribution of the weight %k piece in Theorem 3.4 is nontrivial if and only

if Qu(¢5 ") #0.
(2) Thanks to (2.11), the coefficient of the only quasimodular contribution to (3.3) is
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3.6. The Case a = —1

Just like the a = 1 case, we give a more general result that allows us to prove the quasi-
modularity of the combinations Uy, ,(—1; q) + Uk 2k—r(—1; ¢) with the case of Uy (—1;q)
given by setting Q(z) = 2* in the theorem statement.

Theorem 3.5. Let k € N and Q. be a polynomial of degree < 2k — 1 satisfying Qr(z) =
228Qr(1/x) and such that Q(0) = 0. Then we have

n k
Z 1 _ii(j_ 3271)19 = _ng(l) +iv3 Z do, (0) (2°Ge(xs,2:27) + Gel(xz,2: 7))
n>1 (=1
£:odd
Z dg, (0) (6°Ge(67) — 3'Ge(37) — 2'Ge(27) + Gu(7)) . (3.7)
Z even
where

with bg, (1) coming from the decomposition

k

Ole) <x .
Ao s et = 2t oy Zb c— o

r=1
In particular, (3.7) is a linear combination of modular forms (and quasimodular for

weight 2) with level 6 and highest weight k.

Proof. We follow the same strategy as in the proof of Theorem 3.4. The crucial point here
is the decomposition of the function m — (3 £ (™ for m € Z to a linear combination
of m + dn,|m x(m/N1), where x is a primitive Dirichlet character modulo Ny with
NiN3 | N. In the case N = 6 relevant here, this reads

G —Cg M= iv3 (2(52|m X3,2(m/2) + X372(m)) and
ngn + Cﬁ_m = 666|m - 353\771 - 252|m + 1
The rest of the proof is the same as that of Theorem 3.4. O

Remark. We have

QR

o= G avar
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so the contribution of the weight k piece in Theorem 3.5 is nontrivial if and only if

Qr(¢gh) #0.
4. Limiting behavior of U i, ,

In this section, we prove Theorem 1.4 by establishing it as a special case of a more
general result. To state it, we define for ¢ € N, k € Z and polynomials P(z) € = Ny|z]
of degree m € N and Q(x) € x Z[z] of degree s € N the g-series

P(n1)+P(n2)++P(n:)

Z/{t,k<PaQ;Q) = Z

q
1<n;<no<--<ny )

1+ Q™)1+ Q(gm))k - (1 4+ Q(g™))*

Theorem 4.1. Assuming the notations above, we have

¢ 5= PO U (PQ:a)

[los1 tmaraeoyr 0@ ifm=1and P(z) = az,

[l gy + 0@ if m 2 2.

Proof. We first prove the case m = 1 and P(z) = ax. We have (changing n; — n; + j
in Uy (P, Q; q))

t(t+1)

U (P, Qs q) == q~ U (P,Qiq) (1 —¢*™)(1+ Q(g™)"

::18

n=1

a(n1+nz+---+nt) i

E[l—q > T araa )y [0+ Q@)

0<n1<na<---<nyg r=1

Then changing variables in the sum to (Ag, A2, -+, At) = (ng, ne—1,- -+ ,n1), we can turn
it into a sum over integer partitions as

Oé(>\1+)\2+~~-+)\t) 0

ut,k(PvQﬂ]):J_[l L—q*" ZZ > T L+ Qo) [T +Q@)*

v>0£€=0 AeP(v,l)

where P(v,£) denotes the set of partitions of v with ¢ parts. Here we note that if A €
P(v,¢) and j > ¢, then \; = 0 by convention and we use this to rewrite

i'1757/€(P7 Q7 Q)

a(A1+A2+-+Ae) e

- ] o d 4 \\k
-l P> STANTEE e | N

v>0 £=0 AeP(v,{) r=t—~0+1
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= ﬁ(]_ —q“ ZZ Z qa()\1+/\2+ ~+Ae) (1+O( t— €+1))

v2>0£=0 \eP(v,l)

Now we note that terms with v > ¢+ 1 do not contribute up to order O(g**!). Similarly,
contributions of the error terms @M1 +A2++A) O (g1 are zero up to O(q'*!) since
a(Ad + A2+ -+ Ag) > €. So we have

T AES | (RSO ¢’ +0(¢")

where p(v) is the total number of partitions of v (since a partition of v < ¢ has at most
t parts). The first term then gives 1+ O(g'™!) and the case m = 1 follows.
In the case m > 2, we analogously consider

Uk (P,Qiq) == ¢~ == PO Uy 1 (P, Qi q) H1+Q

By exactly the same calculation as in the case m = 1, we get

t
ut,k(PaQﬂ]) =1+ ZZ Z qzj:1(P(>‘tfj+1+j)*P(j))(1 + O(qt_“'l)),

v>1£=1 AEP(v,f)
For any A € P(v,{) with v > 1, we have

t

S (PNjpr+5) = PG) = > (PA+4)—P@) =t+1,
Jj=1 j=t—(+1

where the lower bound on the telescoping series follows from restricting to the lead-
ing term of P, which is a polynomial with nonnegative coefficients. Hence, we have
U 1 (P,Q;q) = 14 O(¢"), which implies the result for m > 2. O

Proof of Theorem 1.4. The result follows by restricting k& to N and letting P(z) = rx
and Q(z) = ax + 22 in Theorem 4.1. O

5. Proof of Theorem 1.5

Proof of Theorem 1.5. We first recall the Jacobi triple product identity

ST = (142 (G0 [[( 4271 (1 + 207). (5.1)
n=1

n=—oo
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We also recall the generating function of U;(a;q) (with the convention Uy := 1) as (see
Theorem 2.1 of [3])

Up(a;q) z°™ = 14— . 5.2
mzz:o m( Q) }1[1( 1+aqn_’_q2n> ( )
Combining (5.1), (5.2) and letting z + 27! = 2% + a, we find

i)

Zt——oo z
[[>:1(1=¢")(1+aq" +¢**

) (14271 ZZ/{m (z42z7t—a)™
m=0

For the theta function on the left hand side we let ¢ — —¢ — 1 for the ¢ < 0 terms
and on the right hand side we perform the binomial expansion for (z + 27! — a)™ (with
variables 2z + z~! and —a) to obtain

S =) St > () () 0

anl(l —q")(1 +ag" + ¢*")

Then we use the identity

I+zH(z4+271) = az: <LéJ> (2% + 277

and switch the order of the sum over a with the sums over m and v to get

t(t+1)
2

Dm0 d (Zt+z_t_1)
[T.5:(1 =g+ ag" +¢*")

:i)(zo‘—i—zo‘ Zu 59) fj( ) (o2 ) o

The theorem statement follows by comparing the coefficients of z on both sides and

letting v — m —  for the sum over v. O

References

[1] T. Amdeberhan, K. Ono, A. Singh, MacMahon’s sums-of-divisors and allied g-series, Adv. Math.
452 (2024).

[2] T. Amdeberhan, G.E. Andrews, R. Tauraso, Extensions of MacMahon’s sums of divisors, Res. Math.
Sci. 11 (8) (2024).

[3] T. Amdeberhan, G.E. Andrews, R. Tauraso, Further study on MacMahon-type sums of divisors,
Res. Number Theory 11 (19) (2025).

[4] G.E. Andrews, S.C.F. Rose, MacMahon’s sum-of-divisors functions, Chebyshev polynomials, and
quasimodular forms, J. Reine Angew. Math. 676 (2013) 97-103.

[5] H. Bachmann, MacMahon’s sums-of-divisors and their connection to multiple Eisenstein series, Res.
Number Theory 10 (2024) 50.


http://refhub.elsevier.com/S0001-8708(25)00463-3/bib4CC854CC056515CC2BEFBC91F30D07B0s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib4CC854CC056515CC2BEFBC91F30D07B0s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib0E151F7109AA41022693BB189CDC5D08s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib0E151F7109AA41022693BB189CDC5D08s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib0DB26EB534B9C5EB0312BC92E3CFA398s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib0DB26EB534B9C5EB0312BC92E3CFA398s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib540D6B546C8AECB998C1C36929FB3C7As1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib540D6B546C8AECB998C1C36929FB3C7As1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibFC0A6828F34EF363DDD23DB6B89D4DC3s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibFC0A6828F34EF363DDD23DB6B89D4DC3s1

26 C. Nazaroglu et al. / Advances in Mathematics 482 (2025) 110565

(6] H. Bachmann, Multiple zeta values, Lecture notes, https://www.henrikbachmann.com/uploads/7/
7/6/3/77634444/mzv_ 2025 lecture notes_ v4.pdf, 2025.

[7] H. Bachmann, J. van Ittersum, Partitions, multiple zeta values and the g-bracket, Sel. Math. 30
(2024) 3.

[8] H. Bachmann, U. Kiihn, The algebra of generating functions for multiple divisor sums and appli-
cations to multiple zeta values, Ramanujan J. 40 (3) (2016) 605-648.

[9] H. Bachmann, U. Kiihn, A dimension conjecture for g-analogues of multiple zeta values, in: Pe-
riods in Quantum Field Theory and Arithmetic, in: Springer Proc. Math. Stat., vol. 314, 2020,
pp. 237-258.

[10] M. Bernstein, N.J.A. Sloane, Some canonical sequences of integers, Linear Algebra Appl. 226 (1995)
57-72.

[11] D. Bradley, Multiple g-zeta values, J. Algebra 283 (2) (2005) 752-798.

[12] K. Bringmann, W. Craig, J.-W. van Ittersum, B.V. Pandey, Limiting behaviour and modular com-
pletions of MacMahon-like g-series, https://arxiv.org/abs/2402.08340, 2023.

[13] J.H. Bruinier, G.H. Gerard van der Geer, K. Ranestad, D. Zagier, The 1-2-3 of Modular Forms,
Universitext Springer, Berlin, 2008, pp. 105-179.

[14] Y. Choie, M.H. Lee, Jacobi-Like Forms, Pseudodifferential Operators, and Quasimodular Forms,
Springer Monographs in Mathematics, 2019.

[15] H. Cohen, F. Stromberg, Modular forms: a classical approach, Grad. Stud. Math. 179 (2017).

[16] W. Craig, J-W. Van-Ittersum, K. Ono, Integer partitions detect the primes, Proc. Natl. Acad. Sci.
USA 121 (39) (2024).

[17] G. Frobenius, Uber die Bernoullischen Zahlen und die Eulerschen polynome, in: Sitzungsberichte
der Koniglich Preuflischen Akademie der Wissenschaften: Jahrgang 1910; Zweiter Halbband Juli
Bis December, Verlag der Koniglichen Akademie der Wissenschaften, 1910, pp. 809-847.

[18] Kh. Hessami Pilehrood, T. Hessami Pilehrood, On g-analogues of two-one formulas for multiple
harmonic sums and multiple zeta star values, Monatshefte Math. 176 (2015) 275-291.

[19] M. Hoffman, Quasi-shuffle algebras and applications, arXiv:1805.12464, 2018.

[20] M. Hoffman, Quasi-shuffle products, J. Algebr. Comb. 11 (1) (2000) 49-68.

[21] M. Hoffman, K. Thara, Quasi-shuffle products revisited, J. Algebra 481 (2017) 293-326.

[22] K. Ihara, J. Kajikawa, Y. Ohno, J. Okudo, Multiple zeta values vs. multiple zeta-star values, J. Al-
gebra 332 (2011) 187-208.

[23] S. Jin, B.V. Pandey, A. Singh, Certain infinite products in terms of MacMahon type series, https://
arxiv.org/abs/2407.04798, 2024, accepted for publication in Int. J. Number Theory.

[24] S.Y. Kang, T. Matsusaka, G. Shin, Quasi-modularity in MacMahon partition variants and prime
detection, Ramanujan J. 67 (2025) 81.

[25] D. Kreimer, Knots and Feynman Diagrams, Cambridge Lecture Notes in Physics, vol. 13, Cambridge
University Press, Cambridge, 2000.

[26] P.A. MacMahon, Divisors of numbers and their continuations in the theory of partitions, Proc. Lond.
Math. Soc. (2) 19 (1) (1920) 75-113, also in: G.E. Andrews (Ed.), Percy Alexander MacMahon
Collected Papers 2, MIT Press, Cambridge, 1986, pp. 303-341.

[27] A. Okounkov, Hilbert schemes and multiple g-zeta values, Funct. Anal. Appl. 48 (2014) 138-144.

[28] K. Omno, A. Singh, Remarks on MacMahon’s g-series, J. Comb. Theory, Ser. A 207 (2024).

[29] S. Ramanujan, The Lost Notebook and Other Unpublished Papers, Narosa Publishing House, 1988.

[30] S.C.F. Rose, Quasimodularity of generalized sum-of-divisors functions, Res. Number Theory 1
(2015) 18.

[31] E. Royer, Quasimodular forms: an introduction, Ann. Math. Blaise Pascal 19 (2012) 297-306.

[32] J.-P. Serre, Divisilité de certaines fonctions arithmétiques, Enseign. Math. 22 (1976) 227-260.

[33] R.P. Stanley, Enumerative Combinatorics, vol. 2, Cambridge Studies in Math., vol. 62, Cambridge
Univ. Press, 1999.

[34] V. Zudilin, Multiple g-zeta brackets, Mathematics 3 (2015) 119-130.


https://www.henrikbachmann.com/uploads/7/7/6/3/77634444/mzv_2025_lecture_notes_v4.pdf
https://www.henrikbachmann.com/uploads/7/7/6/3/77634444/mzv_2025_lecture_notes_v4.pdf
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib024779FE789723397BBB1B6FD03DA645s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib024779FE789723397BBB1B6FD03DA645s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib9A6856DBF89B2FD152FDC6F7B75CC811s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib9A6856DBF89B2FD152FDC6F7B75CC811s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib2592B7FBB243DB63C5EF5BF17E3F0E42s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib2592B7FBB243DB63C5EF5BF17E3F0E42s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib2592B7FBB243DB63C5EF5BF17E3F0E42s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib7621B0A6F4F04E1E46D5130A8ECCE44Ds1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib7621B0A6F4F04E1E46D5130A8ECCE44Ds1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibC15D7FF984E2DB2784BA5FE3314B91FCs1
https://arxiv.org/abs/2402.08340
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib23B9C9C1D2B12BBE8C8C9035F190D88Cs1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib23B9C9C1D2B12BBE8C8C9035F190D88Cs1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib5EE0F81DB67A056FC0AB5A5642F0ABD4s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib5EE0F81DB67A056FC0AB5A5642F0ABD4s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib355012D8957983A7154170085256C381s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib046EA1B4D4FE6D590434D176A9324EB2s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib046EA1B4D4FE6D590434D176A9324EB2s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibAA17EA000D1C6E31414ADF8083928F30s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibAA17EA000D1C6E31414ADF8083928F30s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibAA17EA000D1C6E31414ADF8083928F30s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib2E5E68C72BABF84E92BD0F1D550D50A1s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib2E5E68C72BABF84E92BD0F1D550D50A1s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib557FBFBA777A76B486F384310817197Cs1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib94F1A3D7EB280338964FADB4F7A8C49Ds1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibEF6274663293AD193D8A80987AF170F3s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibD7E29DC5FBB9E53333D1A91CF1D24DDEs1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibD7E29DC5FBB9E53333D1A91CF1D24DDEs1
https://arxiv.org/abs/2407.04798
https://arxiv.org/abs/2407.04798
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib4A4DF63C87B4F42081B846D9B9189984s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib4A4DF63C87B4F42081B846D9B9189984s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib24251B789846A9AB832258C831103048s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib24251B789846A9AB832258C831103048s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibFF0A94A634C79BD02F2DAA0ABC3A2306s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibFF0A94A634C79BD02F2DAA0ABC3A2306s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibFF0A94A634C79BD02F2DAA0ABC3A2306s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibDC8BCC3693A14F4B7E26C018BA1489E5s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib17BC10091293FDC562A6DB69940EE924s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibE5D284B6015067EAA11E06B809FE6F13s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibFCDC7B4207660A1372D0CD5491AD856Es1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibFCDC7B4207660A1372D0CD5491AD856Es1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib3CB42159F7BEFE53079A2E43808AF456s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib10615F167430DB85EDA28E5A29889B17s1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibB34C7C6FBE78D3825BD9496C54E5EEEBs1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bibB34C7C6FBE78D3825BD9496C54E5EEEBs1
http://refhub.elsevier.com/S0001-8708(25)00463-3/bib46DD67BF64CD32CE9BEE656A4A14AF86s1

	Quasimodularity and limiting behavior for variations of MacMahon series
	1 Introduction and statement of results
	Acknowledgments
	2 Preliminaries
	2.1 Eisenstein series on congruence subgroups and quasimodular forms
	2.2 Eulerian polynomials and partial fractions
	2.3 Quasi-shuffle algebras

	3 Quasimodularity of Ut,k,k
	3.1 Proof of Theorem 1.1 (2)
	3.2 Proof of Theorem 1.1 (1)
	3.3 The Case a=0
	3.4 The Case a=2
	3.5 The Case a=1
	3.6 The Case a=−1

	4 Limiting behavior of Ut,k,r
	5 Proof of Theorem 1.5
	References


