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Motivated by the 1920’s seminal work of Major MacMahon, 
Amdeberhan–Andrews--Tauraso recently introduced an infi
nite family of q-series

𝒰t(a; q)

:=
∑︂

1≤n1<n2<···<nt

qn1+n2+···+nt

(1+aqn1+q2n1 )(1+aqn2+q2n2 )···(1+aqnt+q2nt )

and proved that these functions are linear combinations of 
quasimodular forms. In this paper, we study a broader fam
ily of q-series that contains the collection {𝒰t}t∈N . Using the 
theory of quasi shuffle algebras, we show that this extended 
family also lies in the algebra of quasimodular forms. More
over, we determine the precise weights and levels of these 
functions, thereby making Amdeberhan–Andrews--Tauraso’s 
result sharp. We further investigate the limiting behavior of 
these functions. In particular, we demonstrate that the se
quence of quasimodular forms {𝒰t(1; q)}t∈N gives an approx
imation for the ordinary partition function. We also establish 
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infinitely many closed formulas for reciprocals of certain infi
nite products in terms of 𝒰t(a; q).
© 2025 The Author(s). Published by Elsevier Inc. This is an 

open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).

1. Introduction and statement of results

In exploring the relationship between integer partitions and divisor sums, MacMahon 
[26] introduced an infinite family of q-series defined by

𝒰t(q) :=
∞ ∑︂

n=0
ℳ(t;n)qn =

∑︂
1≤n1<n2<···<nt

qn1+n2+···+nt

(1 − qn1)2(1 − qn2)2 · · · (1 − qnt)2 , (1.1)

where ℳ(t;n) counts the sum of the products of the part multiplicities for partitions of 
n with t distinct part sizes. More precisely, recall that a partition λ = (λ1, λ2, . . . , λk)
of n, denoted λ ⊢ n, is a non-increasing sequence of positive integers that sum to 
n. Considering the subset 𝒫t(n) of partitions λ of n whose parts assume exactly 
t values, namely 1 ≤ nλ,1 < nλ,2 < . . . < nλ,t, with multiplicities mλ,1, . . . ,mλ,t ∈ N

(so that mλ,1nλ,1 + · · · + mλ,tnλ,t = n), we have ℳ(t;n) =
∑︁

λ∈𝒫t(n) mλ,1mλ,2 · · ·mλ,t. 
This partition generating function can also be recognized as a q-multiple zeta value and 
accordingly has links to fields such as enumerative geometry, representation theory, and 
topological string theory (see e.g. [8,18,25,27]). It further has ties to the theory of mod
ular forms, since 𝒰t(q) can be expressed as a linear combination of quasimodular forms 
on SL2(Z) of weights up to 2t as shown by Andrews and Rose [4,30].

In recent years, research has increasingly examined questions of modularity and other 
related properties for various extensions of 𝒰t(q) (see e.g. [1,2,5,12,16,24]). The starting 
point of our paper is the related infinite family of q-series introduced very recently by 
Amdeberhan, Andrews, and Tauraso [3] as

𝒰t(a; q) := 
∑︂

1≤n1<n2<···<nt

qn1+n2+···+nt

(1 + aqn1 + q2n1)(1 + aqn2 + q2n2) · · · (1 + aqnt + q2nt) . (1.2)

This q-series includes many interesting objects as special cases. For example, for t = 1, 
we have

𝒰1(a; q) =
∑︂
n≥1

qn

1 + aqn + q2n .

If a = 0, this q-series counts the representations of a number as the sum of two squares 
since

http://creativecommons.org/licenses/by/4.0/
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𝒰1(0; q) =
∑︂
n≥1

qn

1 + q2n =

(︂∑︁
n∈Z qn

2
)︂2

− 1

4 
.

When a = 1, on the other hand, we have

𝒰1(1; q) =
∑︂
n≥1

qn

1 + qn + q2n =
∑︁

n∈Z(−1)n n q
n(3n+1)

2 ∑︁
n∈Z(−1)n q

n(3n+1)
2 

,

giving the first order Taylor coefficient with respect to the elliptic variable for the loga
rithm of a unary theta function.

We note that when a = −2, we get back MacMahon’s original function 𝒰t(q). Amde
berhan, Andrews, and Tauraso proved that 𝒰t(a; q)’s are mixed weight quasimodular 
forms for a congruence subgroup when a = 0,±1, 2. They further remarked [3, Re
mark 8.1] that ``. . . we believe that each function 𝒰t(a; q) [for a ∈ {0,±1}] belongs to the 
space of quasimodular forms of weight ≤ t for the congruence subgroup Γ0(24)''. Here, as 
our first result, we prove that this indeed is the case. More precisely, for t, k, r ∈ N we 
define

𝒰t,k,r(a; q) :=
∑︂

1≤n1<n2<···<nt

qr(n1+n2+···+nt)

(1 + aqn1 + q2n1)k · · · (1 + aqnt + q2nt)k

=:
∞ ∑︂

n=0
ℳt,k,r(a;n)qn. (1.3)

For convenience, we further define the shorthand

𝒰k,r(a; q) := 𝒰1,k,r(a; q) =
∑︂
n≥1

qrn

(1 + aqn + q2n)k . (1.4)

Theorem 1.1. Assuming the notations above, we have the following1:

(1) 𝒰k,k(a; q) is a mixed weight quasimodular form of highest weight k and level 4, 3, 6
for a = 0, 1,−1, respectively, and highest weight 2k and level 2 for a = 2. Moreover, 
𝒰k,k(0; q) is modular when k is odd.

(2) 𝒰t,k,k(a; q) is an isobaric polynomial of degree t in the variables 𝒰k,k(a; q), 
𝒰2k,2k(a; q), . . . ,𝒰tk,tk(a; q).2 In particular, it is a mixed weight quasimodular form 
with highest weight tk and level 4, 3, 6 for a = 0, 1,−1, respectively, and highest 
weight 2tk and level 2 for a = 2.

1 Throughout, by a (quasi)modular form of level N , we mean a (quasi)modular form for the congruence 
subgroup Γ0(N).
2 An isobaric polynomial of degree t in variables X1, . . . , Xt has monomials Xa1

1 Xa2
2 · · ·Xat

t satisfying 
a1 + 2a2 + · · · + tat = t.
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Example 1.2. We have

𝒰2,k,k(a; q) = 1
2𝒰

2
k,k(a; q) −

1
2𝒰2k,2k(a; q),

𝒰2,2(0; q) = G2(2τ) − 4G2(4τ) − 1
8 ,

𝒰2,2(2; q) = −G4(τ)
6 

+ 8
3G4(2τ) + G2(τ)

6 
− 2

3G2(2τ) − 1 
32 ,

𝒰2,2(1; q) = −3G2(3τ) + G2(τ)
3 

− G1(χ3,2; τ)
3 

− 1 
18 ,

𝒰2,2(−1; q) = −12G2(6τ) + 3G2(3τ) + 4
3G2(2τ) − 1

3G2(τ) + 2
3G1 (χ3,2; 2τ)

+ 1
3G1 (χ3,2; τ) − 1

2 ,

where Gk(τ) and Gk(χ; τ) are Eisenstein series defined in Section 2 and χ3,2 denotes the 
unique primitive Dirichlet character modulo 3.

As a direct corollary we make the result of Amdeberhan, Andrews, and Tauraso 
[3, Theorem 8.3] sharp by determining the precise levels of the quasimodular forms in 
consideration. More precisely, choosing k = 1 in Theorem 1.1(2) gives us the following 
corollary.

Corollary 1.3. The function 𝒰t(a; q) is a linear combination of quasimodular forms of 
weight ≤ t on the group Γ0(4) for a = 0, Γ0(3) for a = 1, and Γ0(6) for a = −1.

Remarks. (1) We note that as a special case we also recover [3, Corollary 6.1], which 
says that 𝒰t(2; q) is a linear combination of quasimodular forms of weight ≤ 2t on the 
group Γ0(2). 
(2) Our results in Theorem 1.1 examine the case r = k, but our considerations have 
natural generalizations to the case r ̸= k as well. For example, in Theorems 3.4 and 
3.5, we find that for a = ±1, the symmetric combinations 𝒰k,r(a; q) + 𝒰k,2k−r(a; q) with 
r ∈ {1, . . . , k} also decompose to (quasi)modular forms of weight ≤ k. Furthermore, 
the methods we employ there also makes it clear that odd Eisenstein series and their 
higher level analogues (possibly with even weight) appear instead in the decomposition 
of the antisymmetric combination 𝒰k,r(a; q) − 𝒰k,2k−r(a; q). It would be interesting to 
have a deeper examination of the appearance and applications of holomorphic quantum 
modularity in this context. 
(3) The generating function of the MacMahon q-series 𝒰t(−2; q) = 𝒰t(q) is elegantly 
related to Eisenstein series via the following identity [5, Theorem 1.1]:

1 +
∑︂
t≥1 

𝒰t(q)X2t = 2 
X

arcsin
(︃
X

2 

)︃
exp

⎛⎝2
∑︂
j≥1 

(−1)j−1

(2j)! G2j(τ)
(︃

2 arcsin
(︃

2 
X

)︃)︃2j
⎞⎠ .
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When the sum defining 𝒰t is restricted through congruence conditions, one obtains 
similar identities involving generalized Eisenstein series with characters (see [24, Theo
rem 3.4]). This generalization encompasses, for instance, the series 𝒰t(2; q) as a special 
case.

Using the results and discussion of Theorem 1.1 and Lemma 3.1 in Section 3, we 
computationally observe an analogous structure for 𝒰t(a; q) with a ∈ {0,±1}. More 
specifically, our computations suggest the existence of power series f0(a;X) and f(a;X)
such that

1 +
∑︂
t≥1 

𝒰t(a; q)Xt = f0(a;X) exp

⎛⎝∑︂
j≥1 

(−1)⌊ j−1
2 ⌋

j! Gj(a; τ)f(a;X)j
⎞⎠ ,

where the functions Gj(a; τ) are defined as follows:

Gj(1; τ) :=
{︄

3jGj(3τ) −Gj(τ) if 2 | j,√
3Gj(χ3,2; τ) if 2 ∤ j,

Gj(0; τ) :=
{︄

4jGj(4τ) − 2jGj(2τ) if 2 | j,
2 Gj(χ4,2; τ) if 2 ∤ j,

Gj(−1; τ) :=
{︄

6jGj(6τ) − 3jGj(3τ) − 2jGj(2τ) + Gj(τ) if 2 | j,√
3
(︁
2jGj(χ3,2; 2τ) + Gj(χ3,2; τ)

)︁
if 2 ∤ j.

(4) By Theorem 1.1 and the fact that G2(τ) is a modular form modulo any prime p, 
the functions 𝒰t,k,k(a; q) are modular forms modulo p. Hence, using Serre’s theory of 
p-adic modular forms [32], there are infinitely many non-nested arithmetic progressions 
(depending on p) such that the coefficients of 𝒰t,k,k(a; q) on these arithmetic progressions 
satisfy congruences modulo p. Computational experiments suggest the following:

ℳ3m+1±1,2,2(1; 3n + 2) ≡ 0 (mod 3),

ℳ3m+1±1,2,2(−2; 3n + 2) ≡ 0 (mod 3), m ∈ N,

ℳ5,2,2(−2; 3n + 2) ≡ 0 (mod 3), ℳ2,1,1(±1; 4n + 1) ≡ 0 (mod 4),

ℳ2,1,1(1; 8n + 5) ≡ 0 (mod 8).

Computational data also suggest congruences for k ̸= r, where 𝒰t,k,r(a; q) is not quasi
modular. For example,

ℳ1,3,1(−2; 9n + 4) ≡ 0 (mod 3), ℳ1,3,1(−2; 7n + 2) ≡ 0 (mod 7),

ℳ1,3,1(−2; 8n + 4) ≡ 0 (mod 7).

This makes the study of congruences for 𝒰t,k,r(a; q) an interesting test case for examining 
congruences within more novel forms of modularity.
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Another interesting direction to pursue for the functions we study here is their limiting 
behavior in t. Recently in [1], Amdeberhan, Ono, and the third author studied this 
question for the family of quasimodular forms 𝒰t(q). They showed that the sequence 
{𝒰t(q)}t∈N converges to the generating function of the three colored partitions, i.e. if 
t ∈ N, then one has3

q−
t(t+1)

2 𝒰t(q) = 1 
(q; q)3∞

+ O(qt+1). (1.5)

Moreover, Ono4 suggested that there should exist natural families of quasimodular forms 
that, in the limit, give k-colored partition generating function. This question was resolved 
by Bringmann, Craig, van Ittersum, and the second author in [12]. For each k, they gave 
two families of MacMahon-like q-series which give the k-colored partition generating 
function in the limit. They further showed that one family is quasimodular whereas the 
other is mock modular with an explicit, real analytic modular completion. Correspond
ingly, it is natural to ask whether the generalization of the MacMahon function here, also 
quasimodular in special cases, has an interesting limiting behavior. As our next result, 
we show that this is indeed the case.

Theorem 1.4. For t, k, r ∈ N, we have

q−
rt(t+1)

2 𝒰t,k,r(a; q) =
∏︂
n≥1

1 
(1 − qnr)(1 + aqn + q2n)k + O(qt+1).

This result is established in Section 4 by finding the limiting behavior for a more 
general family of functions that contains the functions 𝒰t,k,r(a; q) as special instances. 
We should also remark that the above theorem establishes a connection between 𝒰t(a; q)
and many interesting partition functions. For example, when a = −2, we recover the 
result (1.5). The cases a = 0,±1, 2, on the other hand, yield the limiting functions

∏︂
n≥1

1 
(1 − qn)(1 + q2n) :=

∑︂
n≥0

a(n)qn

= 1 + q + q2 + 2q3 + 3q4 + 4q5 + 5q6 + 7q7 + 10q8 + · · · ,∏︂
n≥1

1 
(1 − q3n) :=

∑︂
n≥0

b(n)qn

= 1 + q3 + 2q6 + 3q9 + 5q12 + 7q15 + 11q18 + 15q21 + 22q24 + · · · ,

3 Here (a; q)∞ :=
∏︁∞

n=0(1 − aqn) is the q-Pochhammer symbol for any two complex numbers a, q with 
|q| < 1.
4 The question was raised in a research talk in the ``Partition theory, q-series and related Topics'' seminar 

at Michigan Tech.
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∏︂
n≥1

(1 + qn) 
(1 + q3n)(1 − qn) :=

∑︂
n≥0

c(n)qn

= 1 + 2q + 4q2 + 7q3 + 12q4 + 20q5 + 32q6 + 50q7 + · · · ,∏︂
n≥1

(1 − qn) 
(1 − q2n)2 :=

∑︂
n≥0

d(n)qn

= 1 − q + q2 − 2q3 + 3q4 − 4q5 + 5q6 − 7q7 + 10q8 − 13q9 + · · · .

Here we note that a(n) counts the number of partitions of n in which all odd parts are 
distinct and there is no restriction on the even parts, whereas b(n) counts the number 
of partitions of n into parts multiple of 3. The numbers c(n), on the other hand, count 
the number of partitions of 2n, in which both odd parts and parts that are multiples of 
3 occur with even multiplicities with no restriction on the remaining even parts. Finally, 
we note that the generating function of d(n) is the reciprocal of ψ(q), Ramanujan’s 
theta function [29], and d(n)’s are equal to a(n) up to sign. Theorem 1.4 then produces 
approximate generating functions for all of these partition-related numbers in terms of 
𝒰t(a; q).

There is also a great deal of information one can extract by focusing on the combi
natorial aspects of the objects here. For example, in a recent paper, Ono and the third 
author [28] studied MacMahon’s series from this lens and showed that 𝒰t(q) satisfy in
finitely many identities, which illustrate the ubiquity of the ℳ(t;n) partition functions. 
More precisely, they proved that for any t ∈ N, we have

1 
(q; q)3∞

= q−
t(t+1)

2 
∞ ∑︂

m=t

(︃
2m + 1 

m + t + 1

)︃
𝒰m(q), (1.6)

which extends the limiting behavior in equation (1.5) to an exact identity. A recent 
preprint by Jin and two of the authors [23] obtain further such results relating MacMa
hon and MacMahon-type q-series with Rogers-Ramanujan identities, the theta series 
associated to the non-trivial character modulo 6, and infinite families of restricted parti
tion functions. In view of the above discussion, it is natural to ask whether Theorem 1.4
hints similar explicit identities for each t ∈ N. We demonstrate that this is indeed the 
case, where the term q−

1
2 t(t+1) 𝒰t(a; q) from the limiting formula represents the first term 

in a closed formula involving 𝒰t+1(a; q), 𝒰t+2(a; q), . . ..

Theorem 1.5. For any t ∈ N we have

∏︂
n≥1

1 
(1 − qn)(1 + aqn + q2n) = q−

t(t+1)
2 

∞ ∑︂
m=t

𝒰m(a; q)
m−t∑︂
γ=0 

(︃
m

γ

)︃(︃
m− γ 

⌊m−γ−t
2 ⌋

)︃
(−a)γ .

Remark. Substituting a = −2 into Theorem 1.5 and comparing it with (1.6) (recalling 
that 𝒰m(q) = 𝒰m(−2; q)) immediately yields the identity (for t,m ∈ N with m ≥ t):
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(︃
2m + 1 

m + t + 1

)︃
=

m−t∑︂
γ=0 

(︃
m

γ

)︃(︃
m− γ 

⌊m−γ−t
2 ⌋

)︃
2γ .

This identity can also be derived directly by expanding (1 + z)(z + z−1 + 2)m in two 
different ways.

The organization of the paper is as follows. In Section 2, we recall some preliminary 
notions and results on modular and quasimodular forms, Eulerian polynomials, and 
quasi-shu�le algebras. In Section 3, we employ these ideas to prove Theorem 1.1. In par
ticular, we use quasi-shu�le algebras in order to obtain the decomposition of Ut,k,k(a; q)
into Uk,k(a; q), U2k,2k(a; q), . . . , Utk,tk(a; q). Then we prove the modularity properties of 
Uk,k(a; q) for a = 0,±1, 2 by finding an explicit decomposition to Eisenstein series. Our 
approach to the a = ±1 case emphasizes the utility of Eulerian polynomials and Stirling 
numbers in establishing such decompositions. Next in Section 4, we examine the limiting 
behavior of 𝒰t,k,r(a; q) in t and prove Theorem 1.4. Finally, in Section 5, we prove the 
explicit identities from Theorem 1.5.
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2. Preliminaries

2.1. Eisenstein series on congruence subgroups and quasimodular forms

We start our discussion with a quick reminder on a family of Eisenstein series on 
congruence subgroups, where further details can be found in [15]. Let k ∈ Z, N ∈ N and 
assume that χ is a Dirichlet character modulo N satisfying χ(−1) = (−1)k. Then for 
τ ∈ H (with H denoting the complex upper half-plane) and s ∈ C with k + 2Re(s) > 0, 
we define the nonholomorphic Eisenstein series
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𝔊k(χ; τ ; s) := 1
2

∑︂
(c,d)∈Z2\{(0,0)}

N |c

χ(d)
(cτ + d)k

Im(τ)s

|cτ + d|2s . (2.1)

For k ≥ 3, we can set s = 0 and obtain a holomorphic function of τ that (up to an overall 
normalization) we denote by Gk(χ; τ). The resulting function is in Mk(Γ0(N), χ), the 
space of holomorphic modular forms of weight k and character χ on Γ0(N), which is the 
congruence subgroup of SL2(Z) defined by

Γ0(N) :=
{︃(︃

a b
c d

)︃
∈ SL2(Z) : c ≡ 0 (modN)

}︃
.

More specifically, a holomorphic function g : H → C is in Mk(Γ0(N), χ) if it satisfies the 
transformation

g

(︃
aτ + b

cτ + d 

)︃
= χ(d) (cτ + d)k g(τ) for all 

(︃
a b
c d

)︃
∈ Γ0(N)

and if (cτ + d)−kg
(︂

aτ+b
cτ+d 

)︂
is bounded as Im(τ) → ∞ for all 

(︁
a b
c d

)︁ ∈ SL2(Z). We sum
marize these facts in the following lemma. Note that we restrict to primitive characters 
since they lead to simple Fourier expansions and the others can be expressed in terms 
of these.

Lemma 2.1. Let k,N ∈ N, k ≥ 3, and χ be a primitive Dirichlet character modulo N
with χ(−1) = (−1)k. Then we have5

Gk(χ; τ) := L(χ, 1 − k)
2 

+
∑︂
n≥1

σk−1(χ;n) qn ∈ Mk(Γ0(N), χ),

where σk−1(χ;n) :=
∑︁

d|n χ(d) dk−1.

In the special case of the trivial character (with N = 1), we find the classical Eisenstein 
series, which, for k ≥ 4 even, are in Mk(SL2(Z)), the space of holomorphic modular forms 
on SL2(Z). In this case, we simplify the notation from Lemma 2.1 by omitting χ to write 
σk−1(n) :=

∑︁
d|n d

k−1 and

Gk(τ) := ζ(1 − k)
2 

+
∑︂
r≥1 

σk−1(r)qr = −Bk

2k +
∑︂

m,r≥1
mk−1qmr. (2.2)

These considerations can be extended to the cases k = 1 and k = 2 by noting that 
the non-holomorphic Eisenstein series 𝔊k(χ; τ ; s) analytically continues in s to an entire 
function for k ≥ 1.

5 Here and throughout q := e2πiτ .
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Lemma 2.2. Let χ be a primitive Dirichlet character modulo N ≥ 2. Then we have the 
following:

1) If χ is an even character, that is χ(−1) = 1, then

G2(χ; τ) := L(χ,−1)
2 

+
∑︂
n≥1

σ1(χ;n) qn ∈ M2(Γ0(N), χ).

2) If χ is an odd character, that is χ(−1) = −1, then we have

G1(χ; τ) := L(χ, 0)
2 

+
∑︂
n≥1

σ0(χ;n) qn ∈ M1(Γ0(N), χ).

When χ is trivial (so that N = 1) and k = 2, on the other hand, the analytic 
continuation to s = 0 does not yield a holomorphic function of τ . Instead we find that

G2(τ) := ζ(−1)
2 

+
∑︂
r≥1 

σ(r)qr = − 1 
24 +

∑︂
m,r≥1

m qmr ∈ ˜︂M2(SL2(Z)), (2.3)

where ˜︂Mk(SL2(Z)) denotes the space of weight k quasimodular forms on SL2(Z) (see [13] 
for more details). In particular, the function G2(τ) does not transform like a modular 
form but it instead satisfies

G2

(︃
aτ + b

cτ + d 

)︃
= (cτ + d)2 G2(τ) + ic(cτ + d)

4π for all 
(︃
a b
c d

)︃
∈ SL2(Z).

What instead transforms like a modular form is the non-holomorphic combination 
G2(τ) + 1 

8πIm(τ) . In general, we say that g : H → C is a quasimodular form of weight k, 
depth h, and with character χ on Γ0(N) if there exist holomorphic functions gj : H → C

for j ∈ {0, . . . , h} with gh ̸= 0 such that6

g

(︃
aτ + b

cτ + d 

)︃
= χ(d)(cτ + d)k

h ∑︂
j=0 

gj(τ)
(︃

c 
cτ + d

)︃j

for all 
(︃
a b
c d

)︃
∈ Γ0(N)

6 Note that the given transformation law immediately implies that g = g0 and that (see e.g. [14] or [31])

gr

(︃
aτ + b

cτ + d 

)︃
= χ(d)(cτ + d)k−2r

h−r∑︂
j=0 

(︂
r + j
r

)︂
gr+j(τ)

(︃
c 

cτ + d

)︃j

for all 
(︂
a b
c d

)︂
∈ Γ0(N) and r ∈ {0, . . . , h}.
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and (cτ + d)−(k−2r)gr

(︂
aτ+b
cτ+d 

)︂
is bounded as Im(τ) → ∞ for all r ∈ {0, . . . , h} and (︁

a b
c d

)︁ ∈ SL2(Z). The set of all such weight k quasimodular forms together with the 

zero function constitutes a vector space, which we denote by ˜︂Mk(Γ0(N), χ). Using the 
properties above and the transformation property of G2(τ), one can easily deduce the 
structure theorem of quasimodular forms stating that a level N quasimodular form as 
above is a polynomial in G2(τ) with modular coefficients (for the character χ on Γ0(N)).

Finally, there are a number of natural operators defined on the space of (quasi)modular 
forms, such as Hecke operators, Atkin-Lehner operator, etc. One such Atkin-Lehner 
operator is the operator Vℓ for ℓ ∈ N, which acts on f ∈ Mk(Γ0(N), χ) by

Vℓ(f)(τ) := f(ℓτ). (2.4)

The function Vℓ(f) is again a modular form and lies in Mk(Γ0(Nℓ), χ). An analogous 
conclusion also holds for quasimodular forms.

Finally, we find it convenient for our discussion to define

Fk(τ) :=
∑︂
n≥1

σk−1(n)qn =
∑︂

m,n≥1
mk−1qmn and 

Fk(χ; τ) :=
∑︂
n≥1

σk−1(χ, n)qn =
∑︂

m,n≥1
χ(m)mk−1qmn (2.5)

for any k ∈ N and Dirichlet character χ. These are equal to Gk(τ) and Gk(χ; τ), respec
tively, up to the addition of the constant Fourier coefficients (for appropriate k and χ
giving (quasi)modular forms).

2.2. Eulerian polynomials and partial fractions

In parts of our proof of Theorem 1.1, we employ Eulerian polynomials to identify 
Eisenstein series (including those at higher levels) from the q-series under consideration. 
These polynomials were introduced by Euler through the relation

∞ ∑︂
m=1

mk−1tm = t Pk−1(t)
(1 − t)k for k ∈ N (2.6)

to study the zeta function at nonpositive integers as (with ζ(s, a) denoting the Hurwitz 
zeta function)7,8

ζnr Pℓ−1 (ζnr )
(1 − ζnr )ℓ

= rℓ−1
r∑︂

m=1
ζmn
r ζ

(︂
1 − ℓ,

m

r

)︂

7 Here and throughout, we use ζN to denote e 2πi

N .
8 This follows from analytically continuing Lis(ζn

r ) = r−s ∑︁r
m=1 ζmn

r ζ(s, m
r ) and noting Li1−ℓ(z) =

zPℓ−1(z)
(1−z)ℓ for ℓ ∈ N.
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for ℓ ∈ N, r ∈ N≥2, and n ∈ {1, 2, . . . , r − 1}. (2.7)

The first few of these polynomials are given as

P0(t) = 1, P1(t) = 1, P2(t) = 1 + t, P3(t) = 1 + 4t + t2.

For n ≥ 1, the polynomial Pn(t) has degree n− 1 and it satisfies the symmetry property

Pn(t) = tn−1Pn(1/t). (2.8)

Frobenius [17] gave an explicit expansion of Pn(t) around t = 1 as

Pn(t) =
n ∑︂

r=0 
r!
{︃
n
r

}︃
(t− 1)n−r for n ≥ 0, (2.9)

where 
{︁ n

r

}︁
denotes a Stirling number of the second kind. The significance of this identity 

is that it gives a way to convert between an expansion into fractions appearing on 
the right hand side of equation (2.6), which are natural for Eisenstein series, and a 
partial fraction expansion. To be more concrete, Frobenius’ identity (2.9) can be naturally 
rewritten as

Pk−1(t) 
(1 − t)k =

k∑︂
r=1 

(−1)k−r(r − 1)!
{︃
k − 1
r − 1

}︃
1 

(1 − t)r for k ≥ 1.

Inversion of this relation is well-known in combinatorics (see e.g. [10]) and given in terms 
of unsigned Stirling numbers of the first kind (denoted by 

[︁ n
r

]︁
) as

1 
(1 − t)r = 1 

(r − 1)!

r∑︂
k=1

[︃
r − 1
k − 1

]︃
Pk−1(t) 
(1 − t)k for r ≥ 1. (2.10)

We note a few particular values for unsigned Stirling numbers of the first kind as[︃
n
0

]︃
= δn,0 for n ≥ 0, 

[︃
n
n

]︃
= 1 for n ≥ 0 and 

[︃
n
1

]︃
=
{︄

0 if n = 0,
(n− 1)! if n ≥ 1.

(2.11)

2.3. Quasi-shu�le algebras

Another crucial ingredient for the proof of Theorem 1.1 is the notion of quasi-shu�le 
algebras [20--22]. To describe this, let A be a countable set, called the set of letters. We 
endow the Q vector space QA with a bilinear, commutative, and associative product ⋄. 
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Then we consider the set of words ⟨A⟩, which consists of words a1 . . . aℓ built from letters 
a1, . . . , aℓ ∈ A for ℓ ∈ N0. Here we denote the empty word (for ℓ = 0) by 1. The quasi
shu�le product ∗⋄ is a bilinear, associative, and commutative product on the vector space 
Q⟨A⟩ given by linearly extending the product on words defined through

1 ∗⋄ w = w ∗⋄ 1 = w and 

a1w1 ∗⋄ a2w2 = a1(w1 ∗⋄ a2w2) + a2(a1w1 ∗⋄ w2) + (a1 ⋄ a2)(w1 ∗⋄ w2) (2.12)

for letters a1, a2 ∈ A and words w,w1, w2 ∈ ⟨A⟩.
Quasi-shu�le algebras have been an effective tool in treating iterative sums like (1.1)

and (1.2) and hence studying multiple zeta values (MZV) and their variations like q-MZV, 
multiple polylogarithms, multiple harmonic sums etc. (see e.g. [9,11,34,19]). Furthermore, 
they have found broad applications across various areas of mathematics, notably in the 
theory of Hopf algebras [19], and in partition theory through the use of q-brackets [7]. To 
understand the relevance of the concept to our consideration, let us consider the algebra 
of formal power series Q[[q]] and the subalgebra ℋa,q generated (and spanned) by

hk1,...,kt;r1,...,rt(a; q)

:=
∑︂

1≤n1<n2<···<nt

qr1n1+r2n2+···+rtnt

(1 + aqn1 + q2n1)k1(1 + aqn2 + q2n2)k2 · · · (1 + aqnt + q2nt)kt
,

where t ∈ N0 and r1, . . . , rt, k1, . . . , kt ∈ N (here we let h := 1 for the case t = 0). 
Note that 𝒰t,k,r(a; q) is equal to hk,...,k;r,...,r(a; q) with k, r repeated t times. Now 
we consider the set A = N2, the product on QA defined by linearly extending 
(k1, r1) ⋄ (k2, r2) = (k1 + k2, r1 + r2), and the corresponding quasi-shu�le product on 
Q⟨A⟩ defined as in (2.12). Then the mapping

⟨A⟩ ∋ (k1, r1) . . . (kt, rt) ↦→ hk1,...,kt;r1,...,rt(a; q) (2.13)

linearly extends to an algebra homomorphism from the quasi-shu�le algebra Q⟨A⟩ to ℋa,q

(see for example [6, Lemma 2.18] for details). So the algebraic structure of Q⟨A⟩ has im
mediate implications for the multiplicative behavior of the q-series hk1,...,kt;r1,...,rt(a; q). 
For example, we have

hk;r(a; q) hℓ;s(a; q) = hk,r;ℓ,s(a; q) + hℓ,s;k,r(a; q) + hk+ℓ;r+s(a; q)

as can be seen by disentangling the involved sums as

∑︂
n1≥1

qn1r

(1 + aqn1 + q2n1)k
∑︂
n2≥1

qn2s

(1 + aqn2 + q2n2)ℓ

=
∑︂

1≤n1<n2

qn1r+n2s

(1 + aqn1 + q2n1)k(1 + aqn2 + q2n2)ℓ
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+
∑︂

1≤n2<n1

qn2s+n1r

(1 + aqn2 + q2n2)ℓ(1 + aqn1 + q2n1)k +
∑︂
n≥1

qn(r+s)

(1 + aqn + q2n)k+ℓ

and the right hand side of this identity mirrors (k, r) ∗⋄ (ℓ, s) = (k, r)(ℓ, s)+ (ℓ, s)(k, r)+
(k + ℓ, r + s).

One property of quasi-shu�le algebras that would be key to our work is the following 
identity given in [21] as equation (32) for any letter a ∈ A:

exp∗⋄

⎛⎝∑︂
n≥1

(−1)n+1

n 
a⋄nXn

⎞⎠ =
∑︂
j≥0 

a◦jXj . (2.14)

Here a⋄n and a◦n are the n-fold diamond product and concatenation, respectively, of the 
letter a ∈ A and

exp∗⋄(uX) :=
∑︂
n≥0

u∗⋄nX
n

n! for u ∈ Q⟨A⟩[[X]]

with u∗⋄n denoting the n-fold quasi-shu�le product.

3. Quasimodularity of 𝓤𝒕,𝒌,𝒌

In this section, our goal is to prove Theorem 1.1 along with generalizations in se
lect parts. We start with part (2) and discuss the decomposition of 𝒰t,k,k(a; q) to 
𝒰k,k(a; q),𝒰2k,2k(a; q), . . . ,𝒰tk,tk(a; q). For this purpose, we use the following key lemma 
deduced from the identity (2.14).

Lemma 3.1. Let k, r ∈ N. Then we have

exp

⎛⎝∑︂
n≥1

(−1)n+1

n 
𝒰nk,nr(a; q)Xn

⎞⎠ = 1 +
∑︂
j≥1 

𝒰j,k,r(a; q)Xj .

Proof. Consider the quasi-shu�le algebra on A = N2 from Section 2.3. We use the 
identity (2.14) with the letter a = (k, r) and then use the homomorphism (2.13) to 
turn that into an identity on q-series (since the quasi-shu�le product corresponds to the 
ordinary multiplication of q-series under this homomorphism). The lemma statement 
follows once we note that (2.13) maps a⋄n = (nk, nr) to hnk;nr(a; q) = 𝒰nk,nr(a; q) and 
a◦j = (k, r) . . . (k, r) with k, r repeated j times to hk,...,k;r,...,r(a; q) = 𝒰j,k,r(a; q) for 
j ≥ 1. □

We are now ready to prove Theorem 1.1 (2) by giving the precise form of the afore
mentioned decomposition of 𝒰t,k,k(a; q), which we state more generally for 𝒰t,k,r(a; q).
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3.1. Proof of Theorem 1.1 (2)

We use the generating function of Pólya cycle index polynomial for symmetric groups 
(see Example 5.2.10 of [33]) to rewrite the left hand side of Lemma 3.1 as

exp

⎛⎝∑︂
n≥1

(−1)n+1

n 
𝒰nk,nr(a; q)Xn

⎞⎠
= 1 +

∑︂
n≥1

∑︂
λ⊢n

n ∏︂
s=1

1 
mλ,s!

(︃
(−1)s+1 𝒰sk,sr(a; q)

s 

)︃mλ,s

Xn,

where mλ,s denotes the multiplicity of s in λ. Comparing this with the right hand side 
of Lemma 3.1 yields

𝒰t,k,r(a; q) =
∑︂
λ⊢t 

t ∏︂
s=1

1 
mλ,s!

(︃
(−1)s+1𝒰sk,sr(a; q)

s 

)︃mλ,s

.

Note that the result is an isobaric polynomial of degree t in the variables 𝒰k,r(a; q), 
𝒰2k,2r(a; q), . . . ,𝒰tk,tr(a; q) since 

∑︁n
s=1 s mλ,s = t. The argument for the level is clear 

from part (1). □

3.2. Proof of Theorem 1.1 (1)

Our next goal is proving the quasimodularity of the functions 𝒰k,k(a; q) appearing 
in the decomposition of 𝒰t,k,k(a; q). We treat the cases where a equals 0, 2, 1,−1, in 
succession.

3.3. The Case a = 0

We give the following precise version for the quasimodularity of 𝒰k,k(0; q). Here χ4,2

denotes the unique primitive character modulo 4 given by

χ4,2(m) =

⎧⎪⎪⎨⎪⎪⎩
0 if m ≡ 0 (mod 2),
1 if m ≡ 1 (mod 4),
−1 if m ≡ 3 (mod 4).
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Theorem 3.2. For k ∈ N, we have

𝒰k,k(0; q) = −2−k−1 +

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

k
2 ∑︂

j=1 
ak(j)

(︁
22jG2j(4τ) −G2j(2τ)

)︁
if 2 | k,

k−1
2 ∑︂

j=0 
bk(j)G2j+1(χ4,2; τ) if 2 ∤ k,

with the coefficients ak(j) and bk(j) defined through9

k
2 ∑︂

j=1 
ak(j) m2j−1 := (−1) k

2 
(︃
m + k

2 − 1
k − 1 

)︃
and 

k−1
2 ∑︂

j=0 
bk(j) m2j := (−1)

k−1
2 
(︃m+k

2 − 1
k − 1 

)︃
. (3.1)

In particular, 𝒰k,k(0; q) is quasimodular (modular) of level 4 and highest weight k for k
even (odd).

Proof. Using the binomial expansion of the denominator we have

𝒰k,k(0; q) =
∑︂
n≥1

qkn

(1 + q2n)k =
∑︂
n≥1
m≥0

(−1)m
(︃
m + k − 1

k − 1 

)︃
qn(2m+k). (3.2)

We now consider the even and odd k cases separately. If k ∈ 2N, then we change variables 
as m ↦→ m− k

2 and extend the resulting sum over m ≥ k
2 to one over m ≥ 1 noticing 

that the binomial coefficient vanishes at the new points. This yields

𝒰k,k(0; q) =
∑︂

n,m≥1
(−1)m− k

2 
(︃
m + k

2 − 1
k − 1 

)︃
q2mn.

9 More explicitly we have ak

(︁
k
2 
)︁

= (−1)
k

2 1 
(k−1)! , bk

(︁
k−1
2 

)︁
= (−1)

k−1
2 1 

2k−1(k−1)! and for j < ⌊ k
2 ⌋

ak(j) =
(−1)j

(k − 1)!
∑︂

ℓs∈
{︂
1,2,..., k

2 −1
}︂

ℓ1<ℓ2<...<ℓ k
2 −j

(ℓ1ℓ2 · · · ℓ k

2 −j)
2 and 

bk(j) =
(−1)j

2k−1(k − 1)!
∑︂

ℓs∈{1,2,...,k−2}
ℓ1<ℓ2<···<ℓ k−1

2 −j

ℓs: odd

(︂
ℓ1ℓ2 · · · ℓ k−1

2 −j

)︂2
.
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We note that m ↦→ (−1) k
2 
(︁m+ k

2 −1
k−1 

)︁
is an odd polynomial in m of degree k − 1 and its 

coefficients are given by ak(j) as in (3.1) so that

𝒰k,k(0; q) =
k
2 ∑︂

j=1 
ak(j)

∑︂
n,m≥1

(−1)mm2j−1q2nm.

Since (−1)m = 2δ2|m−1, the sum over n,m evaluates to 22jF2j(4τ)−F2j(2τ) by equation 
(2.5). Then restoring the constant Fourier coefficients we find

𝒰k,k(0; q) =
k
2 ∑︂

j=1 
ak(j)

(︁
22jG2j(4τ) −G2j(2τ)

)︁
+ Ak,

where Ak := −1
2

k
2 ∑︂

j=1 
ak(j)

(︁
22j − 1

)︁
ζ(1 − 2j).

To study the constant term, we multiply both sides of the first equation in (3.1) with 
zm and sum both sides over m ∈ N for |z| < 1 to obtain (using equation (2.6))

k
2 ∑︂

j=1 
ak(j)

zP2j−1(z)
(1 − z)2j = (−1) k

2 z
k
2 

(1 − z)k .

Evaluating this identity at z = −1 using (2.7) then yields that Ak = −2−k−1. The 
theorem statement then follows by noting that the resulting combination 22jG2j(4τ) −
G2j(2τ) is a modular form of weight 2j for j ≥ 2 and a quasimodular form of weight 2
for j = 1 on the congruence group Γ0(4) (with trivial character).

Similarly for k ∈ 2N − 1 we change variables as m ↦→ m−k
2 and extend the resulting 

sum over odd m with m ≥ k to one over m ≥ 1 again noticing that the binomial 
coefficient vanishes at these new points:

𝒰k,k(0; q) =
∑︂

n,m≥1
m≡1 (mod 2)

(−1)
m−k

2 
(︃m+k

2 − 1
k − 1 

)︃
qnm.

Note that m ↦→ (−1) k−1
2 
(︁m+k

2 −1
k−1 

)︁
is an even polynomial in m of degree k − 1 and its 

coefficients are given by bk(j) as in (3.1). Also note that χ4,2(m) = (−1)m−1
2 for odd m

(while vanishing for even m) to write

𝒰k,k(0; q) =
k−1
2 ∑︂

j=0 
bk(j)

∑︂
n,m≥1

χ4,2(m) m2jqmn.

The sum over n,m evaluates to F2j+1(χ4,2; τ) by (2.5) and restoring the constant Fourier 
coefficient yields
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𝒰k,k(0; q) =
k−1
2 ∑︂

j=0 
bk(j)G2j+1(χ4,2; τ) + Bk, where Bk := −

k−1
2 ∑︂

j=0 
bk(j)

L(χ4,2,−2j)
2 

.

As above (using (2.6)), we multiply both sides of the second equation in (3.1) with zm

and sum both sides over m ∈ 2N − 1 for |z| < 1 to obtain

k−1
2 ∑︂

j=0 
bk(j)

(︃
zP2j(z) 

(1 − z)2j+1 − 22j z2P2j(z2) 
(1 − z2)2j+1

)︃
= (−1)

k−1
2 zk

(1 − z2)k .

Evaluating at z = i using (2.7) then yields that Bk = −2−k−1 as well. The theorem 
statement then follows by noting that G2j+1(χ4,2; τ) belongs to M2j+1(Γ0(4), χ4,2) for 
all j ≥ 0. □
3.4. The Case a = 2

We again give the precise decomposition of 𝒰k,k(2; q) to Eisenstein series.

Theorem 3.3. For k ∈ N, we have (with aℓ(j) defined as in Theorem 3.2)

𝒰k,k(2; q) = −2−2k−1 +
k∑︂

j=1 
a2k(j)

(︁
22jG2j(2τ) −G2j(τ)

)︁
.

In particular, 𝒰k,k(2; q) is quasimodular of level 2 and highest weight 2k.

Proof. The result immediately follows from Theorem 3.2 once we note 𝒰k,k(2; q) =
𝒰2k,2k(0; q 1

2 ). □
3.5. The Case a = 1

Here we state a more general result that allows us to prove the quasimodularity of 
the combinations 𝒰k,r(1; q)+𝒰k,2k−r(1; q) as well. In the theorem statement below, note 
that 𝒰k,k(1; q) corresponds to choosing Qk(x) = xk. Also as in Example 1.2, we use χ3,2
to denote the unique primitive character modulo 3 given by

χ3,2(m) =

⎧⎪⎪⎨⎪⎪⎩
0 if m ≡ 0 (mod 3),
1 if m ≡ 1 (mod 3),
−1 if m ≡ 2 (mod 3).

Theorem 3.4. Let k ∈ N and Qk be a polynomial of degree ≤ 2k − 1 satisfying Qk(x) =
x2kQk(1/x) and such that Qk(0) = 0. Then we have
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∑︂
n≥1

Qk(qn) 
(1 + qn + q2n)k = − Qk(1)

2 · 3k + i
√

3
k∑︂

ℓ=1
ℓ: odd

cQk
(ℓ) Gℓ(χ3,2; τ)

+
k∑︂

ℓ=1
ℓ: even

cQk
(ℓ)

(︁
3ℓGℓ(3τ) −Gℓ(τ)

)︁
, (3.3)

where

cQk
(ℓ) :=

k∑︂
r=ℓ 

aQk
(r) 

(r − 1)!

[︃
r − 1
ℓ− 1

]︃

with aQk
(r) coming from the decomposition

Qk(x) 
(1 + x + x2)k =

k∑︂
r=1 

aQk
(r) ζ3x 

(1 − ζ3x)r +
k∑︂

r=1 
a′Qk

(r) ζ−1
3 x 

(1 − ζ−1
3 x)r

.

In particular, (3.3) is a linear combination of modular forms (and quasimodular for 
weight 2) with level 3 and highest weight k.

Proof. Starting with the decomposition of Qk(x) 
(1+x+x2)k in the theorem statement and ap

plying (2.10), we find

Qk(x) 
(1 + x + x2)k =

k∑︂
r=1 

aQk
(r) 

(r − 1)!

r∑︂
ℓ=1 

[︃
r − 1
ℓ− 1

]︃
ζ3x Pℓ−1(ζ3x)

(1 − ζ3x)ℓ

+
k∑︂

r=1 

a′Qk
(r) 

(r − 1)!

r∑︂
ℓ=1 

[︃
r − 1
ℓ− 1

]︃
ζ−1
3 x Pℓ−1(ζ−1

3 x)
(1 − ζ−1

3 x)ℓ
.

Changing the order of the summation, we rewrite this as

Qk(x) 
(1 + x + x2)k =

k∑︂
ℓ=1 

cQk
(ℓ)ζ3x Pℓ−1(ζ3x)

(1 − ζ3x)ℓ +
k∑︂

ℓ=1 
c′Qk

(ℓ)ζ
−1
3 x Pℓ−1(ζ−1

3 x)
(1 − ζ−1

3 x)ℓ
, (3.4)

where c′Qk
(ℓ) is defined similar to cQk

(ℓ) with aQk
(r) replaced by a′Qk

(r). Now changing 
x ↦→ 1/x leaves the left hand side invariant thanks to our assumption on Qk and hence, 
we find

Qk(x) 
(1 + x + x2)k =

k∑︂
ℓ=1 

(−1)ℓcQk
(ℓ)

(ζ−1
3 x)ℓ−1 Pℓ−1

(︂
1 

ζ−1
3 x

)︂
(1 − ζ−1

3 x)ℓ

+
k∑︂

ℓ=1 
(−1)ℓc′Qk

(ℓ)
(ζ3x)ℓ−1 Pℓ−1

(︂
1 

ζ3x

)︂
(1 − ζ3x)ℓ .
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For ℓ ≥ 2, we can use the symmetry relation (2.8) to write

(︁
ζ±1
3 x

)︁ℓ−2
Pℓ−1

(︃
1 

ζ±1
3 x

)︃
= Pℓ−1(ζ±1

3 x).

For ℓ = 1, on the other hand, we have P0(t) = 1 and hence

(ζ±1
3 x)ℓ−1 Pℓ−1

(︂
1 

ζ±1
3 x

)︂
(1 − ζ±1

3 x)ℓ
= 1 

1 − ζ±1
3 x

= 1 + ζ±1
3 x Pℓ−1(ζ±1

3 x)
(1 − ζ±1

3 x)ℓ
.

Thus overall we find

Qk(x) 
(1 + x + x2)k = − (cQk

(1) + c′Qk
(1)) +

k∑︂
ℓ=1 

(−1)ℓc′Qk
(ℓ)ζ3x Pℓ−1(ζ3x)

(1 − ζ3x)ℓ

+
k∑︂

ℓ=1 
(−1)ℓcQk

(ℓ)ζ
−1
3 x Pℓ−1(ζ−1

3 x)
(1 − ζ−1

3 x)ℓ
.

The decomposition of the left hand side to such fractions is unique10 and hence comparing 
with (3.4) we conclude that

c′Qk
(ℓ) = (−1)ℓ cQk

(ℓ) for all ℓ ∈ {1, . . . , k}.

Therefore, we have

Qk(x) 
(1 + x + x2)k =

k∑︂
ℓ=1
ℓ: odd

cQk
(ℓ)

(︃
ζ3x Pℓ−1(ζ3x)

(1 − ζ3x)ℓ − ζ−1
3 x Pℓ−1(ζ−1

3 x)
(1 − ζ−1

3 x)ℓ

)︃

+
k∑︂

ℓ=1
ℓ: even

cQk
(ℓ)

(︃
ζ3x Pℓ−1(ζ3x)

(1 − ζ3x)ℓ + ζ−1
3 x Pℓ−1(ζ−1

3 x)
(1 − ζ−1

3 x)ℓ

)︃
. (3.5)

Setting x = qn and summing over n ∈ N, we can use equation (2.6) to evaluate

∑︂
n≥1

Qk(qn) 
(1 + qn + q2n)k =

k∑︂
ℓ=1
ℓ: odd

cQk
(ℓ)

∑︂
n,m≥1

(ζm3 − ζ−m
3 )mℓ−1qmn

+
k∑︂

ℓ=1
ℓ: even

cQk
(ℓ)

∑︂
n,m≥1

(ζm3 + ζ−m
3 )mℓ−1qmn.

10 This can be seen e.g. by multiplying with (1− ζ±1
3 x)n and setting x = ζ∓1

3 for n equal to k, k− 1, . . . , 1
successively and noting that Pℓ−1(1) = (ℓ − 1)! by equation (2.9).
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Noting the identities

ζm3 − ζ−m
3 = i

√
3χ3,2(m) and ζm3 + ζ−m

3 = 3δ3|m − 1, (3.6)

the sum over n,m can be evaluated to i
√

3Fℓ(χ3,2; τ) for the first sum and to 3ℓFℓ(3τ)−
Fℓ(τ) for the second sum thanks to (2.5). Restoring the constant Fourier coefficients 
yields

∑︂
n≥1

Qk(qn) 
(1 + qn + q2n)k =i

√
3

k∑︂
ℓ=1
ℓ: odd

cQk
(ℓ) Gℓ(χ3,2; τ)

+
k∑︂

ℓ=1
ℓ: even

cQk
(ℓ)

(︁
3ℓGℓ(3τ) −Gℓ(τ)

)︁
+ CQk

,

where

CQk
:= − i

√
3

2 

k∑︂
ℓ=1
ℓ: odd

cQk
(ℓ) L(χ3,2, 1 − ℓ) − 1

2

k∑︂
ℓ=1

ℓ: even

cQk
(ℓ)

(︁
3ℓ − 1

)︁
ζ(1 − ℓ).

We find CQk
= −Qk(1)

2·3k by evaluating (3.5) at x = 1 and using (2.7) with r = 3, n ∈ {1, 2}
and noting (3.6). The theorem statement then follows by noting that Gℓ(χ3,2; τ) is in 
Mℓ(Γ0(3), χ3,2) for ℓ ≥ 1 odd and 3ℓGℓ(3τ)−Gℓ(τ) is a weight ℓ modular form for ℓ > 2
even (and quasimodular for ℓ = 2) on Γ0(3) with trivial character. □
Remarks. (1) Note that cQk

(k) = 1 
(k−1)!aQk

(k) according to the definition of cQk
(ℓ)’s 

and (2.11). We then compute

aQk
(k) = lim 

x→ζ−1
3

[︃
(1 − ζ3x)k Qk(x) 

(1 + x + x2)k

]︃
= Qk(ζ−1

3 ) 
(1 − ζ−2

3 )k

and hence cQk
(k) = ζk3Qk(ζ−1

3 ) 
(k − 1)!(i

√
3)k

.

Therefore, the contribution of the weight k piece in Theorem 3.4 is nontrivial if and only 
if Qk(ζ−1

3 ) ̸= 0. 
(2) Thanks to (2.11), the coefficient of the only quasimodular contribution to (3.3) is

cQk
(2) =

k∑︂
r=2 

aQk
(r)

r − 1 
for k ≥ 2.
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3.6. The Case a = −1

Just like the a = 1 case, we give a more general result that allows us to prove the quasi
modularity of the combinations 𝒰k,r(−1; q) +𝒰k,2k−r(−1; q) with the case of 𝒰k,k(−1; q)
given by setting Qk(x) = xk in the theorem statement.

Theorem 3.5. Let k ∈ N and Qk be a polynomial of degree ≤ 2k − 1 satisfying Qk(x) =
x2kQk(1/x) and such that Qk(0) = 0. Then we have

∑︂
n≥1

Qk(qn) 
(1 − qn + q2n)k = −Qk(1)

2 
+ i

√
3

k∑︂
ℓ=1
ℓ: odd

dQk
(ℓ) 

(︁
2ℓGℓ(χ3,2; 2τ) + Gℓ(χ3,2; τ)

)︁

+
k∑︂

ℓ=1
ℓ: even

dQk
(ℓ) 

(︁
6ℓGℓ(6τ) − 3ℓGℓ(3τ) − 2ℓGℓ(2τ) + Gℓ(τ)

)︁
, (3.7)

where

dQk
(ℓ) :=

k∑︂
r=ℓ 

bQk
(r) 

(r − 1)!

[︃
r − 1
ℓ− 1

]︃

with bQk
(r) coming from the decomposition

Qk(x) 
(1 − x + x2)k =

k∑︂
r=1 

bQk
(r) ζ6x 

(1 − ζ6x)r +
k∑︂

r=1 
b′Qk

(r) ζ−1
6 x 

(1 − ζ−1
6 x)r

.

In particular, (3.7) is a linear combination of modular forms (and quasimodular for 
weight 2) with level 6 and highest weight k.

Proof. We follow the same strategy as in the proof of Theorem 3.4. The crucial point here 
is the decomposition of the function m ↦→ ζmN ± ζ−m

N for m ∈ Z to a linear combination 
of m ↦→ δN1|m χ(m/N1), where χ is a primitive Dirichlet character modulo N2 with 
N1N2 | N . In the case N = 6 relevant here, this reads

ζm6 − ζ−m
6 = i

√
3
(︁
2δ2|m χ3,2(m/2) + χ3,2(m)

)︁
and 

ζm6 + ζ−m
6 = 6δ6|m − 3δ3|m − 2δ2|m + 1.

The rest of the proof is the same as that of Theorem 3.4. □
Remark. We have

dQk
(k) = ζk6Qk(ζ−1

6 ) 
(k − 1)!(i

√
3)k

,
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so the contribution of the weight k piece in Theorem 3.5 is nontrivial if and only if 
Qk(ζ−1

6 ) ̸= 0.

4. Limiting behavior of 𝓤𝒕,𝒌,𝒓

In this section, we prove Theorem 1.4 by establishing it as a special case of a more 
general result. To state it, we define for t ∈ N, k ∈ Z and polynomials P (x) ∈ x N0[x]
of degree m ∈ N and Q(x) ∈ x Z[x] of degree s ∈ N the q-series

𝒰t,k(P,Q; q) :=
∑︂

1≤n1<n2<···<nt

qP (n1)+P (n2)+···+P (nt)

(1 + Q(qn1))k(1 + Q(qn2))k · · · (1 + Q(qnt))k .

Theorem 4.1. Assuming the notations above, we have

q−
∑︁t

j=1 P (j) 𝒰t,k(P,Q; q)

=

⎧⎪⎪⎨⎪⎪⎩
∏︁

n≥1
1 

(1−qαn)(1+Q(qn))k + O(qt+1) if m = 1 and P (x) = αx,

∏︁
n≥1

1 
(1+Q(qn))k + O(qt+1) if m ≥ 2.

Proof. We first prove the case m = 1 and P (x) = αx. We have (changing nj ↦→ nj + j

in 𝒰t,k(P,Q; q))

𝔘t,k(P,Q; q) := q−α t(t+1)
2 𝒰t,k(P,Q; q)

∞ ∏︂
n=1

(1 − qαn)(1 + Q(qn))k

=
∞ ∏︂

n=1
(1 − qαn)

∑︂
0≤n1≤n2≤···≤nt

qα(n1+n2+···+nt)∏︁t
j=1(1 + Q(qnj+j))k

∞ ∏︂
r=1

(1 + Q(qr))k.

Then changing variables in the sum to (λ1, λ2, · · · , λt) = (nt, nt−1, · · · , n1), we can turn 
it into a sum over integer partitions as

𝔘t,k(P,Q; q) =
∞ ∏︂

n=1
(1 − qαn)

∑︂
v≥0

t ∑︂
ℓ=0 

∑︂
λ∈𝒫(v,ℓ)

qα(λ1+λ2+···+λt)∏︁t
j=1(1 + Q(qλj+t−j+1))k

∞ ∏︂
r=1

(1 + Q(qr))k,

where 𝒫(v, ℓ) denotes the set of partitions of v with ℓ parts. Here we note that if λ ∈
𝒫(v, ℓ) and j > ℓ, then λj = 0 by convention and we use this to rewrite

𝔘t,k(P,Q; q)

=
∞ ∏︂

n=1
(1 − qαn)

∑︂
v≥0

t ∑︂
ℓ=0 

∑︂
λ∈𝒫(v,ℓ)

qα(λ1+λ2+···+λℓ)∏︁ℓ
j=1(1 + Q(qλj+t−j+1))k

∞ ∏︂
r=t−ℓ+1

(1 + Q(qr))k
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=
∞ ∏︂

n=1
(1 − qαn)

∑︂
v≥0

t ∑︂
ℓ=0 

∑︂
λ∈𝒫(v,ℓ)

qα(λ1+λ2+···+λℓ)(1 + O(qt−ℓ+1)).

Now we note that terms with v ≥ t+1 do not contribute up to order O(qt+1). Similarly, 
contributions of the error terms qα(λ1+λ2+···+λℓ)O(qt−ℓ+1) are zero up to O(qt+1) since 
α(λ1 + λ2 + · · · + λℓ) ≥ ℓ. So we have

𝔘t,k(P,Q; q) =
∞ ∏︂

n=1
(1 − qαn)

t ∑︂
v=0 

t ∑︂
ℓ=0 

∑︂
λ∈𝒫(v,ℓ)

qαv + O(qt+1)

=
∞ ∏︂

n=1
(1 − qαn)

t ∑︂
v=0 

p(v)qαv + O(qt+1)

where p(v) is the total number of partitions of v (since a partition of v ≤ t has at most 
t parts). The first term then gives 1 + O(qt+1) and the case m = 1 follows.

In the case m ≥ 2, we analogously consider

˜︁𝔘t,k(P,Q; q) := q−
∑︁t

j=1 P (j) 𝒰t,k(P,Q; q)
∞ ∏︂

n=1
(1 + Q(qn))k.

By exactly the same calculation as in the case m = 1, we get

˜︁𝔘t,k(P,Q; q) = 1 +
∑︂
v≥1

t ∑︂
ℓ=1 

∑︂
λ∈𝒫(v,ℓ)

q
∑︁t

j=1(P (λt−j+1+j)−P (j))(1 + O(qt−ℓ+1)).

For any λ ∈ 𝒫(v, ℓ) with v ≥ 1, we have

t ∑︂
j=1 

(P (λt−j+1 + j) − P (j)) ≥
t ∑︂

j=t−ℓ+1

(P (1 + j) − P (j)) ≥ t + 1,

where the lower bound on the telescoping series follows from restricting to the lead
ing term of P , which is a polynomial with nonnegative coefficients. Hence, we have ˜︁𝔘t,k(P,Q; q) = 1 + O(qt+1), which implies the result for m ≥ 2. □
Proof of Theorem 1.4. The result follows by restricting k to N and letting P (x) = rx

and Q(x) = ax + x2 in Theorem 4.1. □
5. Proof of Theorem 1.5

Proof of Theorem 1.5. We first recall the Jacobi triple product identity

∞ ∑︂
n=−∞

q
n(n+1)

2 zn =
(︁
1 + z−1)︁ (q; q)∞

∞ ∏︂
n=1

(1 + z−1qn)(1 + zqn). (5.1)
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We also recall the generating function of 𝒰t(a; q) (with the convention 𝒰0 := 1) as (see 
Theorem 2.1 of [3])

∞ ∑︂
m=0

𝒰m(a; q) x2m =
∞ ∏︂

n=1

(︃
1 + x2qn

1 + aqn + q2n

)︃
. (5.2)

Combining (5.1), (5.2) and letting z + z−1 = x2 + a, we find

∑︁∞
t=−∞ q

t(t+1)
2 zt∏︁

n≥1(1 − qn)(1 + aqn + q2n) =
(︁
1 + z−1)︁ ∞ ∑︂

m=0
𝒰m(a; q) (z + z−1 − a)m.

For the theta function on the left hand side we let t ↦→ −t − 1 for the t < 0 terms 
and on the right hand side we perform the binomial expansion for (z + z−1 − a)m (with 
variables z + z−1 and −a) to obtain

∑︁∞
t=0 q

t(t+1)
2 

(︁
zt + z−t−1)︁∏︁

n≥1(1 − qn)(1 + aqn + q2n) = (1 + z−1)
∞ ∑︂

m=0
𝒰m(a; q)

m ∑︂
γ=0

(︃
m

γ

)︃(︁
z + z−1)︁γ (−a)m−γ .

Then we use the identity

(1 + z−1)
(︁
z + z−1)︁γ =

γ∑︂
α=0

(︃
γ

⌊γ−α
2 ⌋

)︃(︁
zα + z−α−1)︁

and switch the order of the sum over α with the sums over m and γ to get∑︁∞
t=0 q

t(t+1)
2 

(︁
zt + z−t−1)︁∏︁

n≥1(1 − qn)(1 + aqn + q2n)

=
∞ ∑︂

α=0

(︁
zα + z−α−1)︁ ∞ ∑︂

m=α

𝒰m(a; q)
m ∑︂

γ=α

(︃
m

γ

)︃(︃
γ

⌊γ−α
2 ⌋

)︃
(−a)m−γ .

The theorem statement follows by comparing the coefficients of z on both sides and 
letting γ ↦→ m− γ for the sum over γ. □
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