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Der Leser soll gleichsam in dem großen Garten der
Geometrie spazieren geführt werden, und jeder soll sich

einen Strauß pflücken können, wie er ihm gefällt.

— David Hilbert, Anschauliche Geometrie (1932)





Abstract

This thesis studies packing problems for regular spherical polygons
on the two-dimensional unit sphere. It develops techniques for con-
structing lower and upper bounds for the packing density of spherical
polygons with varying sizes and numbers of vertices.

A central contribution of this thesis is the introduction of a neces-
sary and sufficient algebraic criterion for deciding when two congruent
regular spherical polygons within a prescribed class have disjoint in-
teriors. This characterization serves as the principal tool underlying
both the constructive lower bounds and the analytic upper bounds
established in the thesis.

To obtain lower bounds, we formulate the problem of maximizing
packing density for a fixed number of regular spherical polygons as
an optimization problem on a Riemannian submanifold. We describe
numerical methods for approximating stationary points and show how
to convert the resulting data into rigorous configurations.

We use three complementary approaches to establish upper bounds.
The strongest among them is an extension of the Lovász theta number
to Cayley graphs on the special orthogonal group. Its computation
is based on the representation theory of the special orthogonal group
and leads to optimization problems involving trigonometric sum-of-
squares polynomials. By exploiting the symmetries of regular spherical
polygons, we significantly reduce the complexity of these problems.
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Chapter One

Introduction

1.1 On the history of packing problems

Geometric objects have long played a central role in attempts to
describe structures in nature. In his dialogue Timaeus [62], Plato
associates the classical elements with regular polyhedra, while mod-
ern physical models often represent solid matter as an arrangement of
densely packed spheres. Although these examples differ substantially
in purpose and scientific context, both reflect the broader idea that
structure can be studied in geometric terms. In both cases, one is nat-
urally led to the question of how geometric bodies can be arranged in
space as efficiently as possible. Problems of this kind are referred to
as packing problems.

The history of packing problems contains many remarkable develop-
ments. The following brief overview is based in part on the expositions
given in [29, 30, 50].

The sphere packing problem asks for the maximal density of space
that can be occupied by nonoverlapping spheres of equal radius. In
his work Strena seu de nive sexangula from 1611, the German math-
ematician and astronomer Johannes Kepler described a packing that
fills space by a fraction of

π√
18

≈ 0.74048,

which he conjectured to be optimal [49]. It took almost 400 years until
a proof of this conjecture was published by Thomas Hales in 2005 [45].

While the first proof of the two-dimensional analogue of this prob-
lem was published by Thue [77], it is often considered incomplete by
modern standards, and the proof is therefore commonly attributed to
Fejes Tóth [36].
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4 Introduction

Apart from the trivial one-dimensional case, the only other dimen-
sions in which the sphere packing problem has been solved are 8 and 24,
by Maryna Viazovska [80] and by Cohn, Kumar, Miller, Radchenko,
and Viazovska [20], respectively.

Another well-studied packing problem concerns regular tetrahedra.
It dates back to Aristotle, who commented on Plato’s theory in his
treatise De Caelo

“Among surfaces it is agreed that there are three figures
which fill the place that contains them — the triangle, the
square, and the hexagon: among solids only two, the pyra-
mid and the cube”

[2, translation by Guthrie]. By the term “pyramid” Aristotle refers
to the regular tetrahedron, thus claiming that three-dimensional space
can be tiled by regular tetrahedra.

However, such a tiling is impossible, as the following argument
illustrates. Suppose there exists a tiling of space by regular tetrahedra.
We first argue that any such tiling would necessarily be face-to-face,
with coinciding edges along shared faces.

If the tiling were not face-to-face, then locally one of two situations
would have to occur, namely either an edge intersects the relative in-
terior of a face, or a vertex lies in the relative interior of a face. In the
latter case, moving slightly away from the vertex leads again to the
first configuration. Hence it suffices to discuss the edge–face case.

Suppose that an edge of one tetrahedron intersects the relative inte-
rior of a face of another tetrahedron. At a generic point of intersection,
a plane perpendicular to the edge yields a planar subdivision containing
the dihedral angle θ = arccos(1/3) and a half-plane of angle π. Since
the remaining angle π−θ is not an integer multiple of θ, the remaining
region cannot be decomposed into sectors of angle θ. Therefore such
an intersection configuration is impossible.

In a face-to-face tiling, the dihedral angles around each edge must
sum to 2π. Since 5θ < 2π < 6θ, at most five tetrahedra can meet along
a common edge, leaving a gap that cannot be filled by an additional
tetrahedron, as illustrated in Figure 1.1.

The disproof of Aristotle’s statement is attributed to Johannes
Müller von Königsberg, better known as Regiomontanus. Although
only the title of his manuscript has been preserved, it is generally as-
sumed that he possessed the necessary tools to refute the claim.
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Figure 1.1: Five tetrahedra sharing an edge leave a gap that is too
small to accommodate an additional tetrahedron.

The study of dense packings of regular tetrahedra remains an active
area of research. At the time of writing, the densest known packing is
due to Chen, Engel, and Glotzer [17], which covers space by a fraction
of

4000

4671
≈ 0.85634.

Moreover, dense packings have been found for the other four Platonic
solids. Torquato and Jiao provide an overview of the currently best-
known packings, along with numerical evidence suggesting their opti-
mality [78].

Naturally, the development of increasingly dense packings raises
the question of upper bounds for the packing density. For nonspherical
bodies, this is substantially more difficult than in the sphere packing
case, since the relative orientations of the solids must be taken into
account. At present, the only known nontrivial upper bounds for Pla-
tonic solids are due to Gravel, Elser, and Kallus, who established an
upper bound of 1 − 2.6 · 10−25 for packings of regular tetrahedra and
an upper bound of 1 − 1.4 · 10−12 for packings of octahedra [43]. As
the authors themselves note, these bounds are unlikely to be sharp.

While it is difficult to construct global upper bounds for such pack-
ing problems, a local analysis can provide valuable insight. For ex-
ample, one may consider the question of how many nonoverlapping
congruent copies of a Platonic solid can be arranged around a given
point in space. This naturally leads to configurations in which the
point is a common vertex of all copies. To determine how many solids
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can meet at this point, we place a sphere of sufficiently small radius
centered at the point. The Platonic solids then induce spherical poly-
gons on the surface of this sphere as illustrated in Figure 1.2. For
a regular tetrahedron, the induced spherical polygon is an equilateral
spherical triangle.

Figure 1.2: Six polygons sharing a vertex induce six spherical triangles
on the corresponding sphere.

Thus, intersecting the configuration with a sufficiently small sphere
centered at the common vertex transforms the problem into one of
packing congruent spherical polygons on the unit sphere. A simple way
to obtain an upper bound is to divide the surface area of the sphere
by the area of one such polygon. This bound is commonly referred to
as the volume bound.

In most cases, this trivial upper bound is insufficient to prove opti-
mality. For regular tetrahedra, the volume bound shows that at most
22 nonoverlapping tetrahedra can share a vertex, whereas the largest
configuration currently known consists of only 20 tetrahedra.

An explicit construction of such a configuration can be obtained
as follows. Consider an icosahedron scaled such that the distance be-
tween its center and its vertices is equal to 1. The edge length of the
icosahedron then exceeds 1. Consequently, one can place a regular
tetrahedron of edge length 1 on each face, with the apex at the cen-
ter of the icosahedron. This yields a configuration of exactly twenty
nonoverlapping tetrahedra sharing a common vertex at the center of
the icosahedron, as shown in Figure 1.3.

A different approach to obtaining local bounds is provided by the
kissing number problem, which asks for the maximum number of nonover-
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Figure 1.3: The icosahedron defines a configuration of twenty nonover-
lapping regular tetrahedra that share a vertex. This configuration
corresponds to a packing of twenty spherical triangles.

lapping congruent copies of a convex body that touch a fixed copy.
Famously, the kissing number problem for unit spheres in three di-

mensions sparked a debate between David Gregory and Isaac Newton.
Gregory claimed that thirteen nonoverlapping unit spheres could touch
a given unit sphere, whereas Newton argued that the correct number
is twelve [71]. The debate was finally settled in 1953 by Schütte and
van der Waerden, who proved that the kissing number is 12, thereby
confirming Newton’s claim [69].

Beyond the trivial one- and two-dimensional cases, the problem has
been solved in dimension four by Musin [59], and in dimensions eight
and twenty-four by Kabatiansky and Levenshtein [48], and indepen-
dently by Odlyzko and Sloane [60].

Except for the cube, the kissing numbers of the Platonic solids re-
main largely unknown. Most known kissing configurations are obtained
from corresponding packing constructions. One notable exception is
the regular tetrahedron. In her PhD thesis, Chen constructed a kissing
configuration of 56 nonoverlapping tetrahedra [16, 50].

To obtain this configuration, arrange four regular tetrahedra around
each edge of a fixed tetrahedron. This yields an initial kissing config-
uration of sixteen tetrahedra. Each vertex of the original tetrahedron
is touched by nine other tetrahedra. Additional tetrahedra are then
placed in the remaining space around each vertex. Using the icosahe-
dral construction discussed above, one obtains a kissing configuration
of exactly 56 tetrahedra.



8 Introduction

Whether this construction can be further improved depends on the
maximal number of nonoverlapping regular tetrahedra that can share a
vertex, and hence on the maximal number of spherical triangles of the
corresponding size that can be packed on the sphere. This illustrates
that local spherical packing problems arise naturally in the study of
packing and kissing configurations of Platonic solids. More generally,
it suggests that understanding the arrangement of spherical polygons
arising from these configurations is of fundamental importance.

This perspective naturally leads to the central question of this thesis

How many nonoverlapping congruent regular spherical poly-
gons of prescribed size can be packed on the two-dimensional
sphere?

While this question is motivated by three-dimensional packing prob-
lems, it is also of independent interest. It can be viewed as a pack-
ing problem for convex objects in a compact space. Whereas packing
problems in non-compact spaces are typically difficult to resolve, as dis-
cussed above, the compactness of the unit sphere renders this problem
more tractable. At the same time, the curvature of the sphere intro-
duces additional geometric difficulties that do not arise in Euclidean
space.

Besides the configuration of twenty spherical triangles mentioned
above, the main family of further examples consists of packings of
spherical pentagons studied by Tarnai and Gáspár [73, 75, 76]. This
problem is of particular interest because of its connection to the struc-
ture of virus capsids, see [74], and the references therein. Beyond these
examples, no general classification of optimal configurations is known.

Apart from the volume bound, no nontrivial upper bounds are cur-
rently known. This reflects the intrinsic difficulty of the problem, which
is further compounded by the role of orientations, as is already the case
in Euclidean packing problems.

1.2 Outline of the thesis

The present thesis is primarily concerned with the packing problem
for regular spherical polygons, and also discusses extensions of the un-
derlying framework to a broader class of spherical polytopes. Its main
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results build on the paper “Bounding the density of spherical polygon
packings” by Fernando Mário de Oliveira Filho, Frank Vallentin, and
the author of this thesis [27], while extending several theoretical as-
pects of that work. For an overview of the mathematical framework
underlying this approach, see [29].

The thesis is organized into three main parts. Following this in-
troduction, the first part contains the preliminary material required
throughout the thesis, which is presented in Chapter 2.

Chapter 3 develops the foundations of spherical geometry used in
the subsequent chapters. Its central contribution is Theorem 3.14,
which provides a criterion for determining whether two congruent reg-
ular spherical polygons of a prescribed type are interior-disjoint. This
result plays a crucial role in the developments presented in the subse-
quent chapters.

The second part is devoted to the derivation of lower bounds through
the construction of explicit configurations. In particular, we introduce
a novel approach in which the problem of maximizing the packing den-
sity for a fixed number of regular spherical polygons is formulated as
an optimization problem on a Riemannian submanifold. In addition,
we present a numerical method for approximating stationary points
of this problem and explain how these approximations can be used to
obtain rigorous results.

Chapter 5 concludes this part with a presentation of the configu-
rations obtained using the proposed method. The configurations are
compared with previously known results, including those of Tarnai and
Gáspár [73, 75, 76]. To avoid redundancy, we refrain from providing a
detailed list of all configurations at this point. A complete list is given
in Chapter 9.

The final part of the thesis is devoted to proving the maximality of
the configurations obtained in the preceding chapters. In Chapter 6,
we derive upper bounds using the framework of topological packing
graphs introduced by de Laat and Vallentin [26]. A central result
is Theorem 6.1, which gives an upper bound for spherical polygon
packings based on the Lovász theta number. Unlike the elementary
volume bound, this bound incorporates the dependence of intersections
on the relative orientations of the polygons. We also show how upper
bounds for spherical polygon packings can be derived from existing
upper bounds for the kissing number problem.

The subsequent chapters develop a computational framework tai-
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lored to the theta number. Central to this approach are positive
type functions, whose characterization requires a complete set of ir-
reducible representations of the three-dimensional special orthogonal
group. These representations are constructed in Chapter 7. While the
representation-theoretic tools themselves are classical, their applica-
tion to the present problem appears to be novel.

In Chapter 8, we present a method for computing the theta num-
ber through trigonometric polynomial optimization. We give a concise
overview of the necessary background, followed by an explanation of
how symmetry can be used to reduce the computational complexity
of trigonometric polynomial optimization problems. Building on the
invariant theory of ordinary polynomials, we introduce a novel frame-
work for the invariant theory of trigonometric polynomials. This ap-
proach differs from existing approaches and yields structural results of
independent interest. Using this framework, we reformulate the theta
number as a trigonometric polynomial optimization problem and show
how the symmetries of regular spherical polygons lead to substantial
simplifications.

Chapter 9 concludes the thesis by presenting the lower and upper
bounds obtained for the considered packing problems. We analyze
the implications of these results for the geometric questions posed in
the introduction and highlight the cases in which maximality can be
established.



Chapter Two

Preliminaries

This chapter collects the fundamental concepts and terminology
employed throughout this thesis. The underlying mathematical frame-
work extends significantly beyond the scope of this chapter. Therefore,
only the notions required for the later chapters are introduced. Each
section is prefaced with references to literature providing a more de-
tailed treatment of the respective topic.

Convex cones [5, 51, 66–68]. A nonempty subset of a real topolog-
ical vector space that is closed under addition and multiplication by
nonnegative scalars is called a convex cone. A convex cone K is proper
if it is closed, has nonempty interior, and K ∩ (−K) = {0}.

Let K ⊆ Rd be a convex cone. Its dual cone K∗ is defined by

K∗ =
{
y ∈ Rd : x⊤y ≤ 0 for all x ∈ K

}
.

While the sign convention is nonstandard in convex optimization,
it is commonly used in spherical geometry.

An important class of cones is given by polyhedral cones. A poly-
hedral cone is a finitely generated cone, i.e., a cone of the form

cone{v1, . . . , vN} =

{
N∑
k=1

λkvk : λk ≥ 0 for all k = 1, . . . , N

}
,

where v1, . . . , vN ∈ Rd. By the Farkas–Minkowski–Weyl theorem, the
dual of a polyhedral cone is again polyhedral [67, Corollary 7.1a].

Each nonzero element y of the dual cone induces a supporting hy-
perplane of the primal cone{

x ∈ Rd : y⊤x = 0
}
.

The intersection of such a hyperplane with a cone K defines a face of
K. One-dimensional faces are called extreme rays and (dim(K) − 1)-
dimensional faces are called facets.

11



12 Preliminaries

Let K = cone{v1, . . . , vN} be a full-dimensional polyhedral cone.
A supporting hyperplane of K defines a facet if and only if the corre-
sponding normal vector lies in an extreme ray of the dual cone. Every
extreme ray of a polyhedral cone is spanned by an element of its gen-
erating set {v1, . . . , vN}. Moreover, if K is full-dimensional, then every
facet contains d− 1 linearly independent generators.

In R3, the cross product provides a convenient tool for computing
facet normals. For x, y ∈ R3, it is defined by

x× y =

x2y3 − x3y2
x3y1 − x1y3
x1y2 − x2y1

 .

The cross product is an antisymmetric bilinear map satisfying the La-
grange identity

(x× y)⊤(v × w) = (x⊤v)(y⊤w)− (x⊤w)(y⊤v). (2.1)

For a discussion of generalizations of the cross product to higher-
dimensional Euclidean spaces, see [56].

Optimization [5, 6, 13, 51, 67]. Let X be a Hausdorff space. The
optimization problems considered in this thesis are of the form

p =sup c(x)

s.t. x ∈ S,
fj(x) ≥ 0 for all j = 1, . . . ,m

where S ⊆ X and c, f1, . . . , fm : X → R are continuous functions. No
convexity assumptions are generally imposed on S or on the functions
c, f1, . . . , fm.

A point x ∈ S is called a feasible solution if fj(x) ≥ 0 for all
j = 1, . . . ,m. If the supremum is attained by a feasible point x, we
say that x is an optimal solution.

If X is a real vector space, S is a convex cone, and c, f1, . . . , fm
are linear functionals, we refer to the problem as a conic optimization
problem.

An important special case arises when X is the vector space of real
symmetric matrices equipped with the trace inner product ⟨A,B⟩ =
tr(AB) and S is the cone of positive semidefinite matrices. The corre-
sponding problem is called a semidefinite optimization problem. Semidef-
inite optimization forms the basis of the numerical framework employed
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in later chapters. For a detailed background on semidefinite optimiza-
tion and its applications, see [6, 13, 51].

Matrix Lie groups [12, 31, 37, 38, 46]. Throughout this thesis,
the identity element of a general group is denoted by e.

Let V be a d-dimensional vector space equipped with the inner
product ⟨·, ·⟩. A nonempty subset M ⊆ V is called an n-dimensional
Riemannian submanifold of V if either

i) n = d and M is open;

ii) n = d − k for some k ≥ 1, and for each x ∈ M there exist a
neighborhood U of x in V and a smooth function f : U → Rk

such that the differential of f at x has rank k and M∩U = {y ∈
U : f(y) = 0}.

The inner product on V induces a Riemannian metric on M. A matrix
Lie group is a closed subgroup of the general linear group over the com-
plex numbers. Every matrix Lie group is a Riemannian submanifold
of the ambient matrix space [46, Corollary 3.45].

Throughout this thesis, we are mainly concerned with two families
of matrix Lie groups, namely the special orthogonal group

SO(d) =
{
A ∈ Rd×d : A⊤A = I, det(A) = 1

}
and the special unitary group

SU(d) =
{
U ∈ Cd×d : U∗U = I, det(U) = 1

}
.

Both are compact matrix Lie groups. For a detailed discussion of their
topological properties, the reader is referred to [46].

For every compact matrix Lie group Γ, there exists a unique prob-
ability measure µ that satisfies

µ(γ A) = µ(Aγ) = µ(A)

for all γ ∈ Γ and all measurable sets A ⊆ Γ. This measure is called
the Haar measure. For a proof of existence and uniqueness, see [37,
Chapter 2.2]. The Haar measure induces an inner product on the
space L2(Γ).

Let Γ be a matrix Lie group and let V be a Hilbert space. A group
action of Γ on V is a continuous map Γ× V → V , (γ, v) 7→ γ · v with
the properties
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i) e · v = v for all v ∈ V ;

ii) γ1 · (γ2 · v) = (γ1 γ2) · v for all γ1, γ2 ∈ Γ and v ∈ V .

A group action is called linear if the map v 7→ γ · v is linear for each
γ ∈ Γ. All group actions discussed in this thesis are assumed to be
linear.

We refer to a vector v as invariant under the action of Γ if γ ·v = v.
We call a subspace W ⊆ V invariant under the action of Γ if γ·W ⊆ W .
An invariant subspace W is irreducible if there is no proper closed
nonzero invariant subspace of W .

A representation is a continuous group homomorphism mapping el-
ements of the group Γ to the general linear group of V . Note that every
group action defines a representation and vice versa. A representation
is called irreducible if its ambient space is irreducible.

Let Γ be a compact matrix Lie group that acts on the vector spaces
V1 and V2. We call a linear map A : V1 → V2 an equivariant map if

A(γ · v) = γ · A(v)

holds for all γ ∈ Γ and v ∈ V1. If the map A is invertible, the cor-
responding representations of Γ are called equivalent. Schur’s lemma
states that any nonzero equivariant map between irreducible represen-
tations is an isomorphism [46, Theorem 4.29].

This notion defines an equivalence relation on the set of irreducible
unitary representations. The dual group Γ̂ of Γ is defined as the set of
equivalence classes of irreducible unitary representations of Γ. If the
group Γ is finite, so is its dual group Γ̂ [38, Corollary 2.13].

Let Γ be a compact matrix Lie group that acts on a separable
complex Hilbert space V by a unitary representation. The Peter–Weyl
theorem implies that the action of Γ decomposes V as the direct sum
of irreducible subspaces

V =
⊕
ρ∈Γ̂

mρ⊕
k=1

Vρ,k,

where the action of Γ on each subspace Vρ,k is induced by the repre-
sentation ρ and mρ ∈ N0 ∪ {∞} denotes the corresponding multiplic-
ity. Moreover, each space Vρ,k is finite-dimensional and the set Γ̂ is
countable. For a precise statement of the Peter–Weyl theorem and its
implications, see [31, Chapter 7].
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Suppose ρ is a finite-dimensional unitary representation of a com-
pact matrix Lie group Γ. The character of ρ is the function

χρ : Γ → C, γ 7→ tr(ρ(γ)).

Using the cyclic property of the trace, one can verify that two equiv-
alent representations define the same character. Hence the character
depends only on the equivalence class of the representation.

The character of a representation ρ satisfies

χρ(γ) = χρ(gγg
−1)

for all γ, g ∈ Γ. Functions with this property are called class functions.
The characters corresponding to irreducible unitary representations
form an orthonormal basis of the closed subspace of L2(Γ) consisting
of class functions, with respect to the inner product induced by the
Haar measure [46, Theorems 12.15 and 12.18].

Let Γ be a compact matrix Lie group acting linearly and contin-
uously on a Banach space X . We define the symmetrization operator
by

x 7→
∫
Γ

γ · x dµ(γ),

where µ is the Haar measure of Γ. The image of x ∈ X under the
symmetrization operator is denoted by xsym. By construction, γ·xsym =
xsym holds.

Let S ⊆ X and let c, f1, . . . , fm : X → R be continuous functions.
The optimization problem

sup c(x)

s.t. x ∈ S,
fj(x) ≥ 0 for all j = 1, . . . ,m

is said to be Γ-invariant if the search space S is closed under sym-
metrization, i.e.,

Ssym = {xsym : x ∈ S} ⊆ S,
and all x ∈ S satisfy fj(x) = fj(xsym) for all j = 1, . . . ,m as well
as c(x) = c(xsym). In particular, the symmetrization of every feasible
solution is a feasible solution and attains the same objective value.
Thus, restricting the search space to the symmetrized set Ssym does
not affect the optimal value.





Chapter Three

Geometry on the sphere

Spherical geometry provides a natural framework for studying pack-
ing problems on the sphere. In contrast to the Euclidean setting, the
curvature of the sphere significantly affects the geometry of convex
bodies. This necessitates an adaptation of the classical theory of con-
vex bodies to the spherical setting.

We begin by introducing the basic concepts and terminology from
spherical geometry used throughout this thesis, following [22, 65, 66].

Rigid motions of convex bodies on the sphere are described by
means of an Euler angle parametrization of SO(3), which serves as an
important tool throughout this thesis. Our presentation follows [18,
34, 47].

A central issue in packing problems is to determine whether two
congruent convex bodies have disjoint interiors. This question is ad-
dressed in later sections of this chapter. In particular, Theorem 3.14
provides an algorithmic criterion for deciding whether two congruent
regular spherical polygons have disjoint interiors. This theorem is fun-
damental to the results developed in the subsequent chapters.

3.1 Spherically convex bodies

For an integer d ≥ 2, let

Sd−1 = {x ∈ Rd : x⊤x = 1}
denote the (d−1)–dimensional unit sphere embedded in Rd. We endow
Sd−1 with the geodesic metric

δ(x, y) = arccos
(
x⊤y

)
for x, y ∈ Sd−1.

The interior and boundary of a set Q ⊆ Sd−1 with respect to the
topology induced by the geodesic metric are denoted by Q◦ and ∂Q,

17



18 Geometry on the sphere

respectively.
We refer to sets of the form Q = K ∩ Sd−1, where K ⊆ Rd is a

convex cone, as spherically convex sets. If the defining cone is proper,
the set forms a spherically convex body. The set Q∗ = K∗ ∩ Sd−1 is
called the dual of Q. A set AQ with A ∈ SO(d) is a congruent copy of
Q. A finite collection of congruent copies of Q is called a configuration
of Q.

The geodesic arc between two points x, y ∈ Sd−1 with δ(x, y) ̸= π
is given by

[x, y] = {z/∥z∥ : z = λx+ (1− λ)y, λ ∈ [0, 1]} . (3.1)

A set is spherically convex if and only if it is closed under taking
geodesic arcs between any pair of non-antipodal points. This charac-
terization is commonly attributed to Robinson [22].

A spherical cap of angular radius ϱ ∈ (0, π/2) centered at the stan-
dard basis vector ed = (0, . . . , 0, 1) is defined by

C(ϱ) =
{
x ∈ Sd−1 : xd ≥ cos(ϱ)

}
.

It is the closed ball of radius ϱ centered at ed with respect to the
geodesic metric. A spherical cap of the same radius centered at any
other point of the sphere is a congruent copy of C(ϱ). Expressing C(ϱ)
as

C(ϱ) = Sd−1 ∩
{
(x, t) ∈ Rd−1 × R : ∥x∥ ≤ tan(ϱ) t

}
,

shows that it is the intersection of Sd−1 with a proper convex cone, and
hence a spherically convex body.

Sets of the form P = K∩Sd−1, where K ⊆ Rd is a proper polyhedral
cone, are called spherical polytopes. Since the dual of a polyhedral
cone is polyhedral, the dual P∗ is again a spherical polytope. The
intersections of the extreme rays of K with Sd−1 are called the vertices
of P .

A subclass of spherical polytopes on S2 of particular importance is
given by the regular spherical polygons. Let ϱ ∈ (0, π/2) and N ≥ 3.
For k ∈ Z, define

vk(ϱ) =

sin(ϱ) sin ((2k − 1)π/N)
sin(ϱ) cos ((2k − 1)π/N)

cos(ϱ)

 . (3.2)
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ϱ

Figure 3.1: The cap C(ϱ) is the closed geodesic ball of radius ϱ centered
at ed with respect to the geodesic metric. It can be represented as the
intersection of Sd−1 with a proper convex cone in Rd.

The points vk(ϱ) lie on the circle of latitude at angular distance ϱ from
e3 and are equally spaced in longitude.

We refer to congruent copies of the set

GN(ϱ) = S2 ∩ cone {v1(ϱ), . . . , vN(ϱ)} (3.3)

as regular spherical polygons of angular radius ϱ.
The vertices of the dual polytope GN(ϱ)

∗ are denoted by hj(ϱ),
where j = 1, . . . , N . Their indices are chosen so that hj(ϱ)

⊤vj−1(ϱ) =
hj(ϱ)

⊤vj(ϱ) = 0 for j = 1, . . . , N . An explicit formula is obtained from
the cross product

hk(ϱ) =
vk−1(ϱ)× vk(ϱ)

∥vk−1(ϱ)× vk(ϱ)∥
. (3.4)

This formula extends the definition of hk to all k ∈ Z. From

vk−1(ϱ)× vk(ϱ) = 2 sin(ϱ) sin(π/N)

cos(ϱ) sin(2(k − 1)π/N)
cos(ϱ) cos(2(k − 1)π/N)

− sin(ϱ) cos(π/N)


we deduce that the dual of a regular spherical polygon is again a regular
spherical polygon, although generally with a different angular radius.

The angular distance between two vertices vk and vℓ of GN(ϱ) is
given by

δ(vk(ϱ), vℓ(ϱ)) = arccos
(
sin(ϱ)2 cos(2(k − ℓ)π/N) + cos(ϱ)2

)
. (3.5)
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v1v2

ϱ

Figure 3.2: A regular spherical polygon GN(ϱ) on S2. Its vertices lie
on the circle of latitude at angular distance ϱ from e3. The polygon is
obtained by intersecting S2 with the polyhedral cone spanned by these
vertices.

Throughout this thesis, ϱ ∈ (0, π/2) and N ≥ 3 are assumed unless
stated otherwise. Whenever no ambiguity arises, we omit the depen-
dence on ϱ in the notation.

The packing problem for a spherically convex body Q ⊆ Sd−1 is
defined as the optimization problem

τ(Q) =max |R|
s.t. R ⊆ SO(d)

(AQ∩BQ)◦ = ∅ for all A,B ∈ R, A ̸= B.

The quantity τ(Q) is called the packing number of Q. Any feasible
solution is called a packing of Q.

A basic symmetry of the packing problem is that pairwise feasibility
depends only on relative rotations. Indeed, for all A,B ∈ SO(d),

(AQ∩BQ)◦ = ∅ if and only if (Q ∩ A⊤BQ)◦ = ∅. (3.6)

A packing R ⊆ SO(d) is called maximal if |R| = τ(Q). We refer
to a maximal packing of spherical caps or regular spherical polygons
as optimal if any increase in the corresponding angular radius makes
a packing of the same cardinality infeasible.

The main focus of this thesis is on packing problems for regular
spherical polygons, namely the problems τ(GN(ϱ)), where N ≥ 3 is
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the number of vertices and ϱ ∈ (0, π/2) denotes the angular radius of
the polygon.

Other notable examples of packing problems arise from spherical
caps. For a given angular radius ϱ ∈ (0, π/2), the packing problem
τ(C(ϱ)) with C(ϱ) ⊆ Sd−1 is equivalent to determining the largest spher-
ical code whose pairwise inner products are at most cos(2ϱ). In partic-
ular, the classical kissing number problem corresponds to τ(C(π/6)).

3.2 Euler angles

A parametrization of SO(d) provides a convenient framework for de-
scribing rigid motions on the sphere. In this section, we restrict to the
three-dimensional case, where rotations admit a classical parametriza-
tion in terms of Euler angles.

Let θ ∈ R. The two basic rotation matrices are given by

RX(θ) =

1 0 0
0 cos (θ) sin (θ)
0 − sin (θ) cos (θ)


and

RZ(θ) =

 cos (θ) sin (θ) 0
− sin (θ) cos (θ) 0

0 0 1

 .

These describe the rotations by the angle θ about the x-axis and z-axis,
respectively. The matrices satisfy

RZ(θ)
⊤ = RZ(−θ), RX(θ)

⊤ = RX(−θ),

RZ(θ1 + θ2) = RZ(θ1)RZ(θ2), RX(θ1 + θ2) = RX(θ1)RX(θ2).

We define the parametrization A : R3 → SO(3) by

A(α, β, γ) = RZ(γ)RX(β)RZ(α). (3.7)

Since each basic rotation lies in SO(3), we have A(α, β, γ) ∈ SO(3) for
every triple (α, β, γ) ∈ R3.

Proposition 3.1. For every R ∈ SO(3), there exists a triple (α, β, γ) ∈
[−π, π)3 such that

R = RZ(γ)RX(β)RZ(α).

In particular, the map A is surjective.
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β

γ

α

Figure 3.3: A decomposition of a rotation in SO(3) into three succes-
sive rotations, first about the z-axis by α, then about the x-axis by β,
and finally about the z-axis by γ.

Proof. Let R ∈ SO(3) and denote the vector Re3 by v. Since v ∈ S2,
there exist β, γ ∈ [−π, π) such that

v =

sin(β) sin(γ)
sin(β) cos(γ)

cos(β)

 = RZ(γ)RX(β)e3.

From
RX(−β)RZ(−γ)Re3 = RX(−β)RZ(−γ)v = e3

we deduce that the matrix RX(−β)RZ(−γ)R leaves e3 invariant. Thus,
it acts as a rotation in the plane orthogonal to e3. Hence, there exists
an α ∈ [−π, π) such that RX(−β)RZ(−γ)R = RZ(α). Rearranging
yields R = RZ(γ)RX(β)RZ(α).

The underlying idea extends to SO(d) for arbitrary d ≥ 3 by succes-
sively eliminating coordinates with Givens rotations. For a background
on Givens rotations, we refer to [42, Chapter 5.1].

Let (α, β, γ) ∈ [−π, π)3. Up to periodicity, there exist two distinct
parameter triples representing the inverse of A(α, β, γ)

A(α, β, γ)⊤ = A(−γ,−β,−α) = A(π − γ, β, π − α), (3.8)

which can be verified by direct computation using standard trigono-
metric identities. Combining these identities yields

A(α, β, γ) = A(α− π,−β, γ − π). (3.9)

Consequently, the map A can be restricted to the domain [−π, π) ×
[0, π]× [−π, π) without loss of its surjectivity. When restricted to this
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domain, the parametrization becomes injective, except at the singular
values β = 0 and β = π. The injectivity for 0 < β < π can be shown
by comparing the entries of the matrices and exploiting the uniqueness
of the trigonometric representation.

We refer to a triple (α, β, γ) ∈ [−π, π)×[0, π]×[−π, π) that satisfies
R = A(α, β, γ) as a set of Euler angles associated with R.

3.3 Characterizing intersection

A central step in solving the packing problem defined by a spherical
polytope P ⊆ Sd−1 is to characterize the set

{A ∈ SO(d) : (P ∩ AP)◦ ̸= ∅} .

For general dimensions and general spherical polytopes, this problem
appears to be difficult to settle.

In classical convex geometry, two convex bodies Q1,Q2 ⊆ Rd have
disjoint interiors if and only if there exists a separating hyperplane,
i.e., there exists h ∈ Rd \ {0} and b ∈ R such that

h⊤x ≤ b for all x ∈ Q1 and h⊤x ≥ b for all x ∈ Q2. (3.10)

In the case of interior-disjoint polytopes in Rd, a natural first guess
is that a separating hyperplane is induced by the normal vector that
defines a facet of one of the two polytopes. This would reduce the
separation problem to a finite set of candidate hyperplanes determined
by the facets. Example 3.2 shows that this reduction fails already in
dimension three.

By contrast, in dimensions one and two, the same idea yields a
finite intersection test based on the facet-defining hyperplanes, thereby
giving a convenient algorithm for detecting intersections by checking
all facet-defining hyperplanes. While we omit a formal proof of these
cases, it can be obtained using the techniques discussed in this section.

Our aim is to transfer this approach to spherical polytopes on the
two-dimensional sphere. Since a spherical polytope is represented as
the intersection of S2 with a polyhedral cone, it is natural to formulate
separation in terms of the underlying cones. Any hyperplane separat-
ing two convex cones must pass through the origin, so the analogue of
(3.10) is obtained with b = 0. This suggests considering hyperplanes
induced by facets of the associated polyhedral cones or, equivalently,
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by the facets of the corresponding spherical polytope. The following
examples illustrate fundamental obstructions that arise when attempt-
ing to transfer this method to the spherical setting.

Example 3.2. Consider the two regular spherical triangles G3(ϱ), with
ϱ = arccos

(√
2/3
)

and its congruent copy A(0, π, π/6)G3(ϱ). Since
the second Euler angle equals π, the spherical polygons lie in opposite
hemispheres and are therefore interior-disjoint. The inner products
listed in Table 3.1 show that for every facet-defining hyperplane of
G3(ϱ) there exist two vertices of A(0, π, π/6)G3(ϱ) that lie on opposite
sides of that hyperplane and vice versa.

The convex hull of the three vertices of either spherical triangle
together with the origin is a regular Euclidean simplex. The two sim-
plices obtained by this construction are also interior-disjoint. Since
the facet hyperplanes of these simplices coincide with the hyperplanes
induced by the facets of the spherical polygons, the same obstruction
also appears in the Euclidean setting.

This phenomenon arises whenever the two spherical polytopes are
contained in opposite hemispheres. In these cases, the two copies are
separated by the hyperplane corresponding to the equator, whose nor-
mal vector is given by the standard basis vector e3. Consequently,
when searching for separating hyperplanes, one must also consider this
hyperplane in addition to those induced by the facets.

Figure 3.4: Two interior-disjoint regular spherical triangles for which
none of the facet-defining hyperplanes separates the two polygons.
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v1 v2 v3
h1 −0.199239 0.743570 0.272166
h2 0.743570 0.272166 −0.199239
h3 0.272166 −0.199239 0.743570

Table 3.1: Inner products h⊤
k A(0, π, π/6) vℓ, where v1, v2, v3 denote the

vertices of G3(ϱ) and h1, h2, h3 are the corresponding facet-defining
normal vectors. By symmetry of the construction, these values coincide
with h⊤

k A(0, π, π/6)
⊤vℓ.

Example 3.3. As the angular radius increases, regular spherical poly-
gons occupy a larger region of S2. Consider the regular spherical tri-
angles G3(ϱ) and A(α, β, γ)G3(ϱ) with

ϱ = arccos
((

4−
√
5
)
/11
)

and (α, β, γ) = (7/30π, 9/8 π, 1/10 π) .

The two copies are interior-disjoint, as illustrated in Figure 3.5, al-
though none of their facets defines a separating hyperplane. Moreover,
even the hyperplane corresponding to the equator fails to separate the
two spherical polygons, see Tables 3.2 and 3.3 for numerical approxi-
mations of the corresponding inner products.

Among regular spherical polygons, this phenomenon occurs only in
the triangular case. It is closely related to the magnitude of their inner
angles, as becomes apparent in the subsequent analysis.

Figure 3.5: The two spherical polygons are interior-disjoint, although
neither a facet-defining hyperplane nor the equator-induced hyperplane
is separating. The dashed line indicates the equator.
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A v1 v2 v3
h1 0.161082 0.652073 −0.444560
h2 0.499185 0.168635 −0.233293
h3 −0.013494 0.402902 0.075569
e3 −0.226686 −0.428860 0.211093

Table 3.2: Inner products h⊤
k A(α, β, γ) vℓ and e⊤3 A(α, β, γ) vℓ, where

v1, v2, v3 are the vertices and h1, h2, h3 are the facet-defining normals
of G3(ϱ).

A⊤ v1 v2 v3
h1 0.402902 0.075569 −0.013494
h2 0.652073 −0.444560 0.161082
h3 0.168635 −0.233293 0.499185
e3 −0.428860 0.211093 −0.226686

Table 3.3: Inner products h⊤
k A(α, β, γ)

⊤vℓ and e⊤3 A(α, β, γ)
⊤vℓ, where

v1, v2, v3 are the vertices and h1, h2, h3 are the facet-defining normals
of G3(ϱ).

Let K be a polyhedral cone, and let P = K∩S2 be the corresponding
spherical polytope. Consider two congruent copies of P defined by
rotations A,B ∈ SO(3). By the symmetry described in (3.6), we may
assume B = I. The spherical polytopes P and AP intersect in their
interiors if and only if the polyhedral cones K and AK intersect in their
interiors. To determine whether (K ∩ AK)◦ is empty, we can use the
dual cone K∗. Every nonzero vector in K∗ ∩−AK∗ defines the normal
of a separating hyperplane passing through the origin. Normalizing
such a vector to lie on S2 yields the equivalent condition

(P ∩ AP)◦ = ∅ if and only if P∗ ∩ −AP∗ ̸= ∅.

From this point onward, we restrict attention to spherical polytopes P
that are rotationally antipodal-symmetric, i.e., there exists a rotation
R ∈ SO(3) such that −P = RP . This property is preserved under du-
ality. Assuming rotational antipodal-symmetry allows the separation
condition to be reformulated as an intersection condition between P∗

and a rotated copy of P∗.
The facet-defining normals of P are precisely the vertices of the

dual polytope P∗. Consequently, checking whether a facet-defining
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hyperplane separates P and AP is equivalent to verifying whether the
corresponding vertex belongs to P∗ ∩ ARP∗. The hyperplane corre-
sponding to the equator with respect to a regular spherical polygon is
represented by the barycenter of its dual.

As demonstrated in Example 3.3, it is not sufficient to examine
only the vertices and the barycenter in order to determine whether
two congruent spherical polygons intersect in their interior. However,
there exists a class of spherical polygons for which this approach is
sufficient.

The two-dimensional Euclidean analogue of this problem was stud-
ied by Mascarenhas and Birgin [55]. They introduced a finite set of
so-called sentinels, which suffice to detect intersections of congruent
copies obtained by Euclidean motions of a given polytope. As dis-
cussed in the introductory example of [55], not every polytope admits
a finite set of sentinels. Two triangles can be made to intersect arbitrar-
ily close to a vertex of each triangle, thereby avoiding any prescribed
finite sentinel set.

A key obstruction is the presence of inner angles smaller than π/2.
The techniques of Mascarenhas and Birgin require all inner angles to be
at least π/2. In the Euclidean plane, no triangle satisfies this condition.
In contrast, for regular spherical polygons GN(ϱ), the inner angles tend
to π as the angular radius ϱ increases.

In the following section, we adapt the results of Mascarenhas and
Birgin to the case of spherical polygons. We will prove the following
theorem, which will play a central role in the subsequent development.

Theorem 3.4. Let either N = 3 and ϱ ∈ (0, arccos(
√
5/3)], or N ≥ 4

and ϱ ∈ (0, π/2). For any A ∈ SO(3), the regular spherical polygon
GN(ϱ) and its congruent copy AGN(ϱ) have disjoint interiors if and
only if at least one of the following holds

i) a facet-defining hyperplane of the polygon GN(ϱ) separates GN(ϱ)
from AGN(ϱ), i.e., there exists a vertex h of GN(ϱ)

∗ such that
h⊤Av ≥ 0 for all vertices v of GN(ϱ);

ii) a facet-defining hyperplane of the polygon AGN(ϱ) separates GN(ϱ)
from AGN(ϱ), i.e., there exists a vertex h of GN(ϱ)

∗ such that
(Ah)⊤v ≥ 0 for all vertices v of GN(ϱ);

iii) the equator-induced hyperplane separates GN(ϱ) from AGN(ϱ),
i.e., e⊤3 Av ≤ 0 holds for all vertices v of GN(ϱ).
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A generalization of Theorem 3.4 can be established for a broader
class of spherical polytopes, which we call admissible. In the next
section, we provide a characterization of admissible spherical polytopes
and establish a corresponding set of sentinels for the respective dual
polygons.

3.3.1 Using sentinels to detect intersection

Throughout this section, we adopt the following conventions. The
vertices v1, . . . , vN of a given spherical polytope are indexed cyclically
in such a way that consecutive vertices form a facet. Indices are under-
stood modulo N , i.e., vk = vℓ whenever k ≡ ℓ (mod N). The shortest
side length of P is denoted by ∆(P) = minj=1,...,N δ(vj, vj+1).

Definition 3.5. Let P be a spherical polytope. A finite set S ⊆ P is
called a sentinel arrangement for P if

P ∩ AP ̸= ∅ if and only if S ∩ AP ̸= ∅ or AS ∩ P ̸= ∅

for all A ∈ SO(3). The elements of such a set S are called sentinels.

As discussed in Section 3.3, the vertices of the dual polytope are
precisely the normalized facet-defining normals of the original poly-
tope. This allows the separation problem for two congruent copies of
P to be reformulated as an intersection problem of the dual polytopes.
In this section, we construct, under suitable geometric assumptions, a
finite sentinel arrangement for P∗ which detects these intersections.

The construction is motivated by the planar result of Mascarenhas
and Birgin [55]. In their setting, the sentinel set consists of all vertices
of the polygon together with boundary points that regulate the dis-
tance between consecutive sentinels and one additional interior point.
This interior point ensures that any sufficiently large overlap which
avoids the sentinels on the boundary is nevertheless detected by the
interior sentinel.

We define the forbidden region of the spherical polytope P around
its j-th vertex vj by

Fj(P) = {u ∈ P : there exist x ∈ [vj−1, vj] and y ∈ [vj, vj+1]

with δ(x, y) < ∆(P) and u ∈ [x, y]}.
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Figure 3.6: A regular spherical polygon together with its forbidden
region F(P), shown in orange.

The forbidden region of P is defined as the union of the forbidden
regions around all of its vertices

F(P) =
N⋃
j=1

Fj(P).

The forbidden region consists of all points that can be reached by a
geodesic segment connecting two edges incident to a common vertex,
where the endpoints of the segment are at distance less than the min-
imum edge length of P .

Lemma 3.6. Let P be a spherical polytope satisfying either

i) N ≥ 4, all inner angles of P are at least π/2, and the longest
side length is at most π/2;

ii) P is a regular spherical triangle.

Let x ∈ [v1, v2] and y ∈ [v2, v3] be points such that x, y ̸= v2 and
δ(x, y) < ∆(P). Then the spherical triangle

T = cone{x, y, v2} ∩ S2

is contained in the forbidden region around v2.
Moreover, if P is a regular spherical triangle, then P \ F(P) is

spherically convex.
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Proof. For z = x, y we parametrize the geodesic arc [z, v2] by

zt = φz(t) z + φz(1− t) v2

where

φz(t) =
sin(δzt)

sin(δz)
and δz = δ(z, v2).

Then z0 = v2, z1 = z, ∥zt∥ = 1, and δ(zt, v2) = δzt, so this parametriza-
tion is of constant speed. It is related to the parametrization in (3.1)
by

λ =
sin(tδz)

sin(tδz) + sin((1− t)δz)
.

We claim
T =

⋃
t∈[0,1]

[xt, yt] .

Indeed, the union of the geodesic arcs is included in the spherical tri-
angle due to its spherical convexity.

Conversely, let u ∈ T . Then there exist λx, λy, λv ≥ 0 such that

u = λxx+ λyy + λvv2.

Since λv = 0 implies u ∈ [x, y], we proceed under the assumption
λv ̸= 0.

If u = v2, then u = x0 = y0, so the claim is immediate. Hence
assume u ̸= v2. In this case we show that there exists t ∈ (0, 1] such
that xt, yt, u are coplanar. Equivalently,

0 = det(xt|yt|u)
= (λvφx(t)φy(t)− λxφx(1− t)φy(t)− λyφx(t)φy(1− t)) det(x|y|v2).

Since x, y, v2 are linearly independent, we have

0 = λv φx(t)φy(t)− λx φx(1− t)φy(t)− λy φx(t)φy(1− t).

Rearranging terms yields

1 =
λx φx(1− t)

λv φx(t)
+

λy φy(1− t)

λv φy(t)
.
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The function

t 7→ λx φx(1− t)

λv φx(t)
+

λy φy(1− t)

λv φy(t)

is continuous on (0, 1], equals 0 at t = 1, and tends to infinity as
t → 0+. By the intermediate value theorem, it attains the value 1 for
some t′ ∈ (0, 1). Now u ∈ [xt′ , yt′ ] follows from construction.

To prove that T ⊆ F2(P), it remains to show that

δ(xt, yt) ≤ δ(x, y) < ∆(P) for all t ∈ [0, 1].

Let α denote the inner angle of P at v2. By the Lagrange identity (2.1)

cos(α) =
(v2 × xt)

⊤ (v2 × yt)

∥v2 × xt∥ ∥v2 × yt∥
=

cos(δ(xt, yt))− cos(δxt) cos(δyt)

sin(δxt) sin(δyt)
.

Define the function f by

f(t) = cos(δ(xt, yt)) = cos(δxt) cos(δyt) + sin(δxt) sin(δyt) cos(α).

We first consider the case N ≥ 4 and α ≥ π/2. By assumption
δx, δy ≤ π/2, thus f is nonincreasing on [0, 1]. Therefore δ(xt, yt) ≤
δ(x, y) < ∆(P) for all t ∈ [0, 1], and consequently T ⊆ F2(P).

It remains to treat the case where P is a regular spherical triangle.
In this case, the dependence of f on the inner angle α can be made
explicit using the Lagrange identity

cos(α) =
(v2 × v1)

⊤(v2 × v3)

∥v2 × v1∥∥v2 × v3∥
=

c

1 + c

where c = cos(∆(P)). By applying elementary trigonometric identi-
ties, we obtain

f(t) =
1

2(1 + c)
cos((δx + δy)t) +

1 + 2c

2(1 + c)
cos((δx − δy)t).

Since the side length of a regular spherical triangle is at most 2π/3,
we have c ≥ −1/2. Thus both coefficients in the last expression are
nonnegative.

If δx + δy ≤ π, the function f is monotonically decreasing on [0, 1].
Suppose, for contradiction, that δx + δy > π. Now ∆(P) ≤ 2π/3
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implies δx + δy ∈ (π, 4π/3). Since the cosine function is increasing on
(π, 4π/3), we get

c < cos(δ(x, y))

=
1

2(1 + c)
cos(δx + δy) +

1 + 2c

2(1 + c)
cos(δx − δy)

≤ cos(2∆(P))

2(1 + c)
+

1 + 2c

2(1 + c)

=
(2c2 − 1) + (2c+ 1)

2(1 + c)

= c.

This contradiction shows that δx + δy ≤ π. Hence f is nonincreasing
on [0, 1], and the arguments used in the previous case give T ⊆ F2(P).

It remains to prove that P \ F(P) is spherically convex if P is a
regular spherical triangle. By definition of the forbidden region, every
point of F(P) lies in a spherical triangle of the form considered above.

For each such triangle T , its complement in P can be written as

P \ T =
{
u ∈ P : h⊤u > 0

}
,

where h defines the facet of T containing x, y, with h⊤v2 < 0. Using
this half-space representation, we conclude that P \ T is closed under
taking geodesic arcs between pairs of points. Since P \ F(P) is the
intersection of these spherically convex complements, it is spherically
convex as well.

If only the first case of the lemma is considered, the proof becomes
substantially simpler, see [27].

Lemma 3.7. Let P be a spherical polytope with four or more vertices,
and suppose that all inner angles of P are at least π/2. Then the
geodesic distance between any two points lying on nonadjacent facets
of P is at least ∆(P).

Proof. It suffices to show that the ∆(P)-neighborhood of any facet of
P , restricted to ∂P , intersects only that facet and its two adjacent
facets.

Let [v1, v2] be a facet of P and let h ∈ P∗ such that h⊤v1 = h⊤v2 =
0. Moreover, let [v1, u1] and [v2, u2] be the inward-pointing geodesic
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arcs through v1 and v2, respectively, which are orthogonal to the facet
[v1, v2] and satisfy δ(v1, u1) = δ(v2, u2) = ∆(P). Since N ≥ 4 implies
∆(P) ≤ π/2, and since the inner angles of P at v1 and v2 are at least
π/2, the points u1 and u2 are contained in P .

By spherical convexity, P contains the spherical quadrilateral

Q := cone{v1, v2, u1, u2} ∩ S2.

Choose n ∈ S2 such that n⊤u1 = n⊤u2 = 0. Geometrically, the
hyperplane defined by n is obtained by rotating the hyperplane defined
by h towards the interior of P by an angle strictly greater than ∆(P).
In particular, choosing a coordinate system such that [v1, v2] is on the
equator and the inward orthogonal geodesics are the meridians, a direct
coordinate calculation shows that every point of [u1, u2] has distance
at least ∆(P) from [v1, v2]. Equality is attained at the endpoints u1

and u2.
Consequently, any point of P whose distance from [v1, v2] is strictly

smaller than ∆(P) cannot lie beyond the side [u1, u2] of the quadrilat-
eral Q. Hence, inside P , such a point either lies in Q or in the ∆(P)-
neighborhood of either v1 or v2. These neighborhoods can be covered
by constructing analogous quadrilaterals for the adjacent edges.

Thus no point on a facet nonadjacent to [v1, v2] can have distance
smaller than ∆(P) from [v1, v2]. Since the facet [v1, v2] was arbitrary,
the claim follows.

Theorem 3.8. Let P be a spherical polytope with at least four vertices
such that all inner angles are at least π/2, the longest side length is at
most π/2, and the set P \ F(P) is nonempty. Let S ⊆ P be a finite
set such that

i) all vertices of P lie in S;

ii) S contains at least one element that is not in F(P);

iii) every geodesic subarc of a facet of P that contains no point of S
has length less than ∆(P).

The set S is a sentinel arrangement for P.

Proof. Let P be a spherical polytope, S ⊆ P as described above, and
let A ∈ SO(3). Denote AP by P ′ and AS by S ′. The vertices of P and
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e ∈ P \ P ′

P ∩ P ′ ∋ z

u ∈ P ∩ ∂(P ′)

e

z

u

v′1 ∈ P ′ \ P

v′2 ∈ P ′ \ P

Figure 3.7: A conceptual image of the elements mentioned in the first
two paragraphs of the proof of Theorem 3.8.

P ′ are denoted by v1, . . . , vN and v′1, . . . , v
′
N , respectively. Arguing by

contradiction, assume P ∩ P ′ ̸= ∅ and

S ∩ P ′ = ∅ and S ′ ∩ P = ∅.

Choose z ∈ P ∩ P ′ and e ∈ S that does not lie in the forbidden
region F(P). Since e /∈ P ′, the geodesic arc [e, z] crosses a face, say
[v′1, v

′
2], of P ′ at a point u different from v′1 and v′2.

By assumption, v′1, v′2 /∈ P . Thus, there exist two facets of P each
separating one of the points v′1 and v′2 from P . These facets intersect
the facet [v′1, v

′
2] at the points x and y. The geodesic arc [x, y] is

contained in P∩P ′. Therefore it contains no point of S ′, which implies
δ(x, y) < ∆(P). Since the distance between the facets is less than
∆(P), Lemma 3.7 implies that they must share a vertex vj, which by
assumption is not contained in P ′. Assume x ∈ [vj−1, vj] and y ∈
[vj, vj+1].

The vertex vj and the points x, y define a spherical triangle T .
Depending on which side of the facet [v′1, v

′
2] the vertex vj is located

either e ∈ T or z ∈ T has to hold.
1. Case e ∈ T : The distance between x and y is less than ∆(P).

Moreover, N ≥ 4 implies ∆(P) ≤ π/2. Hence, the first part of
Lemma 3.6 implies e ∈ F(P), which contradicts the assumption.

2. Case z ∈ T : Recall that the vertex vj is not contained in P ′.
Therefore, there exists a facet [v′k, v

′
k+1] that intersects the geodesic
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vj
∈ P \AP

vj−1

vj+1

x

y
z

u

v′1

v′2

v′k+1

v′k vj ∈ P \AP

vj−1

vj+1

x

y

e

v′1

v′2

u

Figure 3.8: The two cases that need to be distinguished depending on
which side of the facet [v′1, v

′
2] the vertex vj is located. Note that the

inner angles are not accurately depicted.

arc [z, vj]. Moreover, the facet [v′k, v
′
k+1] intersects both [vj−1, vj] and

[vj, vj+1]. The geodesic arc on the facet [vj, vj+1] between its inter-
sections with [v′1, v

′
2] and [v′k, v

′
k+1] is contained in both P and P ′, so

it does not contain an element of S. Consequently, the distance be-
tween [v′1, v

′
2] and [v′k, v

′
k+1] is less than ∆(P). By Lemma 3.7, the

facets [v′1, v
′
2] and [v′k, v

′
k+1] are adjacent. Without loss of generality,

we assume k = 2.
We choose a coordinate system such that x = (0, 0, 1) and the

facet-defining normal vector of [v′1, v′2] equals h = (0,−1, 0). The facets
[v′1, v

′
2] and [v′2, v

′
3] form an angle of at least π/2. For [v′2, v′3] to intersect

[vj−1, vj], the angle between [x, v′1] and [x, vj] has to be greater than
π/2. Thus, there exists β > 0 such that one can move from x in the
direction perpendicular to [v′1, v

′
2] while staying in the triangle T , until

one reaches a point x′ on the boundary of T . This movement is induced
by rotating x along the axis (1, 0, 0) i.e., x′ = RX(β)x.

From there, we continue moving parallel to [x, y] until we reach
that geodesic arc at the point y′. Since the inner angle of T at vj is at
least π/2, we stay inside T .

By construction, y′ is one of the two points where the hyperplanes
defined by h and RX(β)h intersect. An explicit computation shows
y′ = (±1, 0, 0). Hence, the angular distance between x and y′ equals
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π/2. From y′ ∈ [x, y] we obtain

∆(P) > δ(x, y) ≥ δ(x, y′) = π/2,

which contradicts ∆(P) ≤ π/2.

Observe that the proof only uses the existence of a single sentinel in
P \ F(P) for the unrotated copy. It does not require a corresponding
point in AP \ F(AP). Thus, for detecting intersections between two
congruent copies, it suffices to place such an additional sentinel on one
of the two copies, provided the vertices and facet sentinels are included
symmetrically as above.

Consider a regular spherical polygon GN(ϱ) with N ≥ 4 and ϱ ∈
(0, π/2). By (3.5), its side length is at most π/2. Its inner angle can
be obtained from its dual by π −∆(GN(ϱ)

∗). Thus, it is at least π/2.
In the next section, we show that the complement of the forbidden

region inside GN(ϱ) contains the barycenter. Combined with Theo-
rem 3.8, this will imply that for every regular spherical polygon with
at least four vertices, the set consisting of the vertices together with
the barycenter forms a sentinel arrangement.

The family of regular spherical triangles G3(ϱ) with ϱ ∈ (0, π/2) is
not covered by Theorem 3.8. Depending on the angular radius ϱ, the
side length of G3(ϱ) may attain values up to 2π/3. The argument used
in Theorem 3.8 relies on the bound ∆(P) ≤ π/2, which fails in general
for G3(ϱ). Therefore, the proof has to be modified in the triangular
case.

Theorem 3.9. Let G3(ϱ) be a regular spherical triangle of angular
radius ϱ ∈ (0, π/2) whose inner angle is at least π/2, and suppose
that the complement of the forbidden region inside G3(ϱ) is nonempty.
Every finite set S ⊆ G3(ϱ) containing all vertices and at least one point
of G3(ϱ) \ F(G3(ϱ)) is a sentinel arrangement.

Proof. Arguing as in the proof of Theorem 3.8, assume for contradic-
tion that P ∩ AP ̸= ∅, while S ∩ AP = ∅ and AS ∩ P = ∅. Choose
e ∈ S\F(P) and z ∈ P∩AP . The same construction yields a spherical
triangle

T = cone{x, y, vj} ∩ S2

with x, y on the two facets incident to vj, and the proof splits into the
two cases e ∈ T and z ∈ T .
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Since G3(ϱ) satisfies the second condition of Lemma 3.6, the case
e ∈ T is immediate.

Assume that z ∈ T . To derive a contradiction analogous to the one
obtained in the proof of Theorem 3.8, we make explicit the dependence
of the side length of G3(ϱ) and the inner angle α on the angular radius ϱ.

Denote cos(ϱ) by t and ∆(G3(ϱ)) by ∆. Equation (3.5) yields

cos(∆) = (3t2 − 1)/2.

Using the Lagrange identity (2.1) to compute the inner angle gives

cos(α) =
cos(∆)

1 + cos(∆)
=

3t2 − 1

3t2 + 1
.

Choose the vertices v′1, v
′
2, v

′
3 as well as x, y and h as in the proof of

Theorem 3.8.
As in the proof of Theorem 3.8, we start at x and follow the geodesic

orthogonal to the facet [v′1, v
′
2] for a distance of β until we reach the

boundary of T . In contrast to the preceding proof, where the direction
is changed by an angle of π/2, we change direction by the inner angle α
and proceed along the corresponding arc until it meets the facet [x, y]
at y′. The choice of rotation angle ensures that this arc cannot leave
T through the facet [vj, y]. We obtain the desired contradiction by
verifying δ(x, y′) ≥ ∆.

By construction, y′ is one of the two antipodal intersection points
of the hyperplanes associated with h and n, where

n = RX(β)RZ(α− π/2)h =

 cos(α)
− sin(α) cos(β)
sin(α) sin(β)

 .

Up to sign, y′ is given by

y′ =
(
n2
1 + n2

3

)−1/2

 n3

0
−n1

 ,

which allows us to compute the absolute value of the inner product of
y′ with x ∣∣x⊤y′

∣∣ =√ n2
1

(n2
1 + n2

3)
.
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To determine the sign of the inner product, recall from the previous
proof that if α = π/2, the inner product of x and y′ must be equal
to zero. As α increases, the inner product decreases, so it has to be
nonpositive.

An explicit computation of x⊤y′ yields

x⊤y′ = −
√

(3t2 − 1)2

(3t2 − 1)2 + 12t2s2
,

where we denote sin(β) by s.
Now, cos(∆) ≥ x⊤y′ if and only if

3t2 − 1

2
≥ −

√
(3t2 − 1)2

(3t2 − 1)2 + 12t2s2
.

For t ∈ [1/
√
3, 1] the inequality is straightforward, so we continue

assuming t ∈ [0, 1/
√
3). Elementary manipulations yield

0 ≤ −4t2s2 − 3t4 + 2t2 + 1.

Using s2 ≤ 1 gives

−4t2s2 − 3t4 + 2t2 + 1 ≥ −3t4 − 2t2 + 1 = (1− 3t2)(t2 + 1)

which is nonnegative for all t ∈ [0, 1/
√
3). Therefore, δ(x, y′) ≥ ∆,

yielding the desired contradiction.

In the next section, we characterize the regular spherical triangles
that satisfy the assumptions of Theorem 3.9.

Theorems 3.8 and 3.9 identify a class of spherical polytopes for
which intersections of congruent copies can be detected using only
finitely many test points. Consequently, only finitely many candidates
need to be considered when looking for separating hyperplanes for
congruent copies of their respective dual polytopes.

Definition 3.10. Let P be a spherical polytope and let P∗ be its
dual polytope. Denote the vertices of P and P∗ by v1, . . . , vN and
h1, . . . , hN , respectively. We refer to P as admissible if

i) P is rotationally antipodal-symmetric, i.e., there exists A ∈
SO(3) such that −P = AP ;
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ii) all inner angles of P∗ are at least π/2, i.e., v⊤j vj+1 ≥ 0 for all
j = 1, . . . , N ;

iii) the set P∗ \ F(P∗) is nonempty;

iv) either N ≥ 4 and the longest side length of P∗ is at most π/2,
i.e., h⊤

j hj+1 ≥ 0, or P∗ is a regular spherical triangle.

Although our techniques apply to all admissible spherical poly-
topes, in the remainder of this thesis we focus primarily on the sub-
class of admissible regular spherical polygons. Their symmetry leads
to optimization problems that remain computationally tractable.

3.3.2 Proof of the intersection theorem

The proof of Theorem 3.4 requires a characterization of admissi-
ble regular spherical polygons. While every regular spherical polygon
with at least four vertices is admissible, regular spherical triangles are
admissible precisely up to a threshold on their angular radius.

A natural candidate for proving that the complement of the forbid-
den region is nonempty is the barycenter of the polygon under consid-
eration. For the dual of a regular spherical polygon, this point is given
by −e3 due to the sign convention used in the definition of dual cones.

Lemma 3.11. Let ϱ ∈ (0, π/2) and N ≥ 4. The regular spherical
polygon GN(ϱ) is admissible. Moreover, the barycenter −e3 lies in
GN(ϱ)

∗ \ F(GN(ϱ)
∗).

Proof. The symmetries of a regular spherical polygon allow for an im-
mediate verification of its rotational antipodal-symmetry.

By (3.5), the distances between adjacent vertices of both GN(ϱ) and
GN(ϱ)

∗ are bounded above by π/2. Hence, the corresponding inner
products of adjacent vertices are nonnegative.

Thus, showing that −e3 does not lie in the forbidden region of
GN(ϱ)

∗ verifies admissibility.
Denote the vertices of GN(ϱ)

∗ by h1, . . . , hN . The forbidden region
of the regular spherical polygon around the j-th vertex is contained in
the spherical triangle defined by the vertices hj−1, hj, hj+1. If N ≥ 5,
the barycenter is not contained in any of these triangles, so it does not
lie in the forbidden region.
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In the N = 4 case, the barycenter lies on the facet of the corre-
sponding spherical triangle that is given by the geodesic arc joining
the two opposite vertices hj−1, hj+1. Equation (3.5) shows that their
angular distance is at least ∆(G4(ϱ)

∗). Thus, the point −e3 does not
lie in the forbidden region.

Deciding whether the complement of the forbidden region inside a
regular spherical triangle is nonempty requires a more delicate argu-
ment. As in the previous case, the barycenter is an apparent choice.
However, it is a priori unclear how to determine the shortest geodesic
arc joining two adjacent facets and passing through the barycenter.

Lemma 3.12. Let G3(ϱ) be a spherical triangle of angular radius ϱ ∈
(0, π/2). The complement G3(ϱ) \ F(G3(ϱ)) is nonempty if and only if
the angular side length is at least arccos(−1/4). Moreover, the latter
condition implies that the barycenter e3 lies in G3(ϱ) \ F(G3(ϱ)).

Proof. We first show that if G3(ϱ) \ F(G3(ϱ)) is nonempty, then e3 ∈
G3(ϱ)\F(G3(ϱ)). Recall from Lemma 3.6 that the set G3(ϱ)\F(G3(ϱ))
is spherically convex. Since G3(ϱ) is regular, G3(ϱ) \ F(G3(ϱ)) is in-
variant under the cyclic group generated by RZ(2π/3). Hence, if
G3(ϱ) \ F(G3(ϱ)) contains a point, it also contains its orbit under the
corresponding cyclic group action. Averaging and normalizing yields a
fixed point of this action in G3(ϱ), namely e3. By spherical convexity,
e3 ∈ G3(ϱ) \F(G3(ϱ)). Since the converse implication is immediate, we
obtain

G3(ϱ) \ F(G3(ϱ)) ̸= ∅ if and only if e3 ∈ G3(ϱ) \ F(G3(ϱ)).

To determine whether e3 ∈ G3(ϱ) \F(G3(ϱ)), consider two adjacent
facets [v1, v2] and [v2, v3]. We seek points on these facets such that the
geodesic arc joining them passes through e3 and has minimal length.
To this end, we parametrize points on the Euclidean line segments
between the vertices by

x(t) = t v1 + (1− t) v2,

y(s) = s v2 + (1− s) v3

for s, t ∈ [0, 1].
The desired points are obtained by maximizing the objective func-

tion
x(t)⊤y(s)

∥x(t)∥ ∥y(s)∥ ,
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subject to the constraint that e3, x(t), and y(s) are coplanar. Since e3
is a scalar multiple of v1 + v2 + v3, the coplanarity constraint can be
stated as

0 = det(x(t) y(s) v1 + v2 + v3)

= (3st− s− 2t+ 1) det(v1 v2 v3).

From the linear independence of v1, v2, and v3 we conclude 3st− 2t−
s+ 1 = 0, which is solved by s = 2t−1

3t−1
. Observe that s ∈ [0, 1] implies

t ∈ [1/2, 1] or t = 0. The latter gives x(0) = y(1) = v2 and therefore
can be disregarded. We continue by restricting t to the interval [1/2, 1].
To analyze the objective function, we define

f(t) = x(t)⊤y
(
2t−1
3t−1

)
=

2t2(c− 1)

3t− 1
+ 1,

g(t) = x(t)⊤x(t) = 2t(1− c)(t− 1) + 1

where c ∈ (−1/2, 1) denotes the cosine of the side length of G3(ϱ). By
symmetry, y(s)⊤y(s) = g(s). Hence the objective function becomes

f(t)√
g(t) g

(
2t−1
3t−1

) . (3.11)

After differentiation with respect to t and clearing the strictly pos-
itive denominator, the numerator is

2t(c− 1)(2c+ 1)(3t− 2)(2t2c+ 4t2 − 3t+ 1).

It follows from 2t2c + 4t2 − 3t + 1 ≥ 3t2 − 3t + 1 > 0 that the deriva-
tive vanishes only at t = 2/3. Examining the sign of the derivative
shows that (3.11) attains its maximum on [1/2, 1] at t = 2/3 and the
corresponding value is

8c+ 1

4c+ 5
.

Therefore every geodesic segment connecting the two adjacent facets
and passing through e3 has length at least ∆ if and only if

c ≥ 8c+ 1

4c+ 5
,

or equivalently cos(∆) = c ≤ −1/4.
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The following lemma identifies exactly those angular radii for which
the admissibility conditions are satisfied.

Lemma 3.13. A regular spherical triangle G3(ϱ) is admissible if and
only if 0 < ϱ ≤ arccos

(√
5/3
)
.

Proof. As in the case N ≥ 4, the rotational antipodal-symmetry of
G3(ϱ) follows from its symmetry. Thus, to show that the regular spher-
ical triangle G3(ϱ) is admissible, we verify that G3(ϱ)

∗ \ F(G3(ϱ)
∗) ̸= ∅

and that the inner angle of the dual polygon G3(ϱ)
∗ is at least π/2.

Let ∆ denote the angular side length of G3(ϱ). Using (3.5), we
obtain

cos(∆) = (3 cos(ϱ)2 − 1)/2.

The cosine of the side length of the dual spherical polygon can be
computed by

(v1 × v2)
⊤(v2 × v3)

∥v1 × v2∥∥v2 × v3∥
= − cos(∆)

1 + cos(∆)
=

1− 3 cos(ϱ)2

1 + 3 cos(ϱ)2
,

where the second equality follows from the Lagrange identity (2.1).
By Lemma 3.12, the set G3(ϱ)

∗ \F(G3(ϱ)
∗) is nonempty if and only

if the side length is at least arccos(−1/4). Expressing this condition
in terms of the angular radius yields ϱ ≤ arccos

(√
5/3
)
.

It remains to verify that this also implies the condition on the inner
angles required in the definition of admissibility. The inner angle of the
dual polygon G3(ϱ)

∗ is at least π/2 if and only if the inner products
of consecutive facet-defining normal vectors are nonnegative. These
vectors coincide with the vertices of G3(ϱ). By (3.5), this condition is
equivalent to

ϱ ≤ arccos
(
1/
√
3
)
.

Consequently, a regular spherical triangle G3(ϱ) is admissible if and
only if ϱ ≤ arccos

(√
5/3
)
.

We now prove Theorem 3.4 by combining the main ideas developed
in this chapter.

Proof of Theorem 3.4. Let A ∈ SO(3). Assume that either N ≥ 4
and ϱ ∈ (0, π/2), or N = 3 and ϱ ∈

(
0, arccos

(√
5/3
)]

. The regular
spherical polygons GN(ϱ) and AGN(ϱ) have disjoint interiors if and only
if their dual polygons satisfy GN(ϱ)

∗ ∩ −AGN(ϱ)
∗ ̸= ∅. Since regular
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spherical polygons are rotationally antipodal-symmetric, there exists
B ∈ SO(3) such that −AGN(ϱ)

∗ = BGN(ϱ)
∗.

By Lemmas 3.11 and 3.13, the spherical polygon GN(ϱ) is admissible
under the present assumptions. Hence, the set consisting of the vertices
of GN(ϱ)

∗ together with the barycenter −e3 satisfies the conditions of
Theorem 3.8 and Theorem 3.9, respectively. Consequently, the set
forms a sentinel arrangement for GN(ϱ)

∗.
Therefore, GN(ϱ)

∗ ∩ BGN(ϱ)
∗ ̸= ∅ if and only if the intersection

contains either the barycenter or a vertex of one of the two polygons.
As remarked at the end of the proof of Theorem 3.8, it is not necessary
to test whether the barycenter of BGN(ϱ)

∗ lies in GN(ϱ)
∗.

If the intersection contains a vertex h of GN(ϱ)
∗, then h⊤Av ≥ 0

holds for all vertices Av of AGN(ϱ). If it contains a vertex −Ah of
−AGN(ϱ)

∗, then h⊤A⊤v ≥ 0 must hold for all vertices v of GN(ϱ).
Finally, if the barycenter −e3 of GN(ϱ)

∗ lies in the intersection, then
e⊤3 Av ≤ 0 holds for all vertices Av of AGN(ϱ).

We conclude the chapter with an alternative version of Theorem 3.4,
in which the third separation condition is replaced by a more directly
verifiable one. This reformulation will allow us to relate the pack-
ing problem for regular spherical polygons of angular radius ϱ to the
corresponding packing problem for spherical caps of the same radius.

Theorem 3.14 (Intersection theorem for regular spherical polygons).
Let either N = 3 and ϱ ∈

(
0, arccos

(√
5/3
)]

, or N ≥ 4 and ϱ ∈
(0, π/2). For any A ∈ SO(3) with associated Euler angles (α, β, γ), the
regular spherical polygon GN(ϱ) and its congruent copy AGN(ϱ) have
disjoint interiors if and only if at least one of the following conditions
is satisfied:

i) a facet-defining hyperplane of the polygon GN(ϱ) separates GN(ϱ)
from AGN(ϱ), i.e., there exists a vertex h of GN(ϱ)

∗ such that
h⊤Av ≥ 0 for all vertices v of GN(ϱ);

ii) a facet-defining hyperplane of the polygon AGN(ϱ) separates GN(ϱ)
from AGN(ϱ), i.e., there exists a vertex h of GN(ϱ)

∗ such that
(Ah)⊤v ≥ 0 for all vertices v of GN(ϱ);

iii) the spherical caps of angular radius ϱ centered at e3 and Ae3 have
disjoint interiors, i.e., cos(β) ≤ cos(2ϱ).
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Proof. Let N and ϱ satisfy the assumptions of the theorem and let
A ∈ SO(3) with associated Euler angles (α, β, γ). If the first or the
second condition holds, the corresponding hyperplane separates the
two polygons, and hence their interiors are disjoint. If the circum-
scribed spherical caps have disjoint interiors, the same must hold for
GN(ϱ) and AGN(ϱ).

For the converse implication, it remains to show that the third
condition of Theorem 3.4 implies that the circumscribed spherical caps
have disjoint interiors.

Let φ denote the angular radius of the inscribed spherical cap of
GN(ϱ), i.e., the spherical distance between the barycenter e3 and the
midpoint of a facet. Using (3.5), we obtain

cos(φ) =
e⊤3 (v1 + v2)

∥v1 + v2∥
=

√
2t2

(1− c)t2 + c+ 1
,

where we set t = cos(ϱ) and c = cos(2π/N).
The third condition of Theorem 3.4 implies that GN(ϱ) and the

inscribed spherical cap of AGN(ϱ) are separated by the hyperplane
induced by the equator, which implies π/2 + φ ≤ δ(e3, Ae3) = β.
Therefore, it suffices to verify that 2ϱ ≤ π/2 + φ, or equivalently

cos(2ϱ) ≥ cos(π/2 + φ).

Now, cos(2ϱ) = 2t2 − 1, whereas

cos
(π
2
+ φ

)
= − sin(φ) = −

√
1− cos(φ)2 = −

√
(1− t2)(1 + c)

(1− c)t2 + c+ 1
.

If t ∈
[
1/
√
2, 1
]
, then 2t2 − 1 ≥ 0, while cos(π/2 + φ) ≤ 0, so the

desired inequality is immediate.
It remains to consider the case t ∈

[
0, 1/

√
2
)
. In this range, the

inequality cos(2ϱ) ≥ cos(π/2 + φ) can be expressed as

1− 2t2 ≤
√

(1− t2)(1 + c)

(1− c)t2 + c+ 1
.

Squaring both sides and simplifying yields

4ct2(t2 − 1)2 + 2t2(1− 2t4) ≥ 0.
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Since c ∈ [−1/2, 1), the left-hand side is bounded from below by

4ct2(t2 − 1)2 + 2t2(1− 2t4) ≥ 2t4(2− 3t2),

which is nonnegative for t ∈
[
0, 1/

√
2
]
.

It remains open whether the bound on the angular radius in The-
orem 3.14 is optimal for regular spherical triangles. The obstruction
discussed in Example 3.3 suggests that the inner angle of the dual
polygon should be at least π/2. For regular spherical triangles, this
condition is equivalent to

ϱ ≤ arccos
(
1/
√
3
)
.

This is a strictly larger range than the one covered by the admissibility
argument above. Numerical experiments suggest that the theorem may
remain valid throughout this full range.

Conjecture 3.15. Theorem 3.14 remains valid for every regular spher-
ical triangle of angular radius at most arccos

(
1/
√
3
)
.





Part II
Optimization-based

constructions of polygon
packings
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Chapter Four

Optimization over the set of
packings

Optimal solutions of the spherical cap packing problem tend to be
highly symmetric. The high degree of symmetry inherent to spheri-
cal caps often gives rise to configurations with well-defined geometric
structure.

In contrast, optimal packings of objects with less symmetry are
significantly more irregular. While certain spherical polytopes admit
highly regular arrangements that cover a substantial portion of the
sphere, the construction of rigorous and provably dense packings for
general spherical polytopes remains a challenging problem.

So far, only a limited number of explicit constructions for dense
packings of regular spherical polygons are known. In a series of works,
Tarnai and Gáspár described packings of regular spherical pentagons
with cardinalities ranging from 3 to 12, as well as 24, 36, and 72 [73,
75, 76].

In this chapter, we introduce a novel approach for computing pack-
ings consisting of n spherical polygons by solving a constrained opti-
mization problem defined on the Riemannian submanifold SO(3). The
objective is to determine the largest angular radius for which a valid
packing of regular spherical polygons exists. We will explain how to
model this problem and how to compute stationary points numerically.
To transform the output of these computations into rigorously defined
packings, we develop a rounding procedure that projects the numerical
output onto the field of rational numbers.
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4.1 The Riemannian structure of packing
configurations

The problem of finding an optimal packing of exactly n ≥ 3 reg-
ular spherical polygons with N ≥ 3 vertices amounts to maximizing
the angular radius ϱ under the constraint that there exist n rotation
matrices that define a packing. By exploiting the rotational invariance
of the problem, we may assume without loss of generality that there
exists an optimal configuration that contains the identity, which leads
to the following optimization problem

max ϱ

s.t. ϱ ∈ (0, π/2),

A1, . . . , An−1 ∈ SO(3),

(GN(ϱ) ∩ Ai GN(ϱ))
◦ = ∅ for 1 ≤ i ≤ n− 1,

(Ai GN(ϱ) ∩ Aj GN(ϱ))
◦ = ∅ for 1 ≤ i < j ≤ n− 1.

(4.1)

By Theorem 3.14, the interior-disjointness condition for two congru-
ent copies of an admissible regular spherical polygon GN(ϱ) can be
expressed in terms of finitely many inequalities involving the functions

hc : (0, π/2)× SO(3) → R, (ϱ,A) 7→ cos(2ϱ)− A3,3,

hk,ℓ : (0, π/2)× SO(3) → R, (ϱ,A) 7→ hk(ϱ)
⊤Avℓ(ϱ),

where vℓ and hk are defined as in (3.2) and (3.4), respectively.
For A,B ∈ SO(3) and ϱ ∈ (0, π/2), the interiors of AGN(ϱ) and

B GN(ϱ) are disjoint if and only if the ordered pair (A,B) belongs to
the union of the following three sets

Ω1
ϱ =

{
(A,B) ∈ SO(3)2 : hc(ϱ,A

⊤B) ≥ 0
}
,

Ω2
ϱ =

N⋃
k=1

N⋂
ℓ=1

{
(A,B) ∈ SO(3)2 : hk,ℓ(ϱ,A

⊤B) ≥ 0
}
,

Ω3
ϱ =

N⋃
k=1

N⋂
ℓ=1

{
(A,B) ∈ SO(3)2 : hk,ℓ(ϱ,B

⊤A) ≥ 0
}
.
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Hence, for N ≥ 4, Problem (4.1) can equivalently be formulated as

max ϱ

s.t. ϱ ∈ (0, π/2),

A1, . . . , An−1 ∈ SO(3),

(I, Ai) ∈ Ω1
ϱ ∪ Ω2

ϱ ∪ Ω3
ϱ for 1 ≤ i ≤ n− 1,

(Ai, Aj) ∈ Ω1
ϱ ∪ Ω2

ϱ ∪ Ω3
ϱ for 1 ≤ i < j ≤ n− 1.

(4.2)

If N = 3, the formulation above is valid for ϱ ∈
(
0, arccos

(√
5/3
)]

,
since regular spherical triangles are admissible only in this range.

The interior-disjointness constraint in packing problems for spher-
ical caps reduces to Ω1

ϱ, which leads to the simplified problem

max ϱ

s.t. ϱ ∈ (0, π/2),

A1, . . . , An−1 ∈ SO(3),

(I, Ai) ∈ Ω1
ϱ for 1 ≤ i ≤ n− 1,

(Ai, Aj) ∈ Ω1
ϱ for 1 ≤ i < j ≤ n− 1.

(4.3)

Numerical approximations to stationary points of these optimiza-
tion problems can be obtained using the Riemannian augmented La-
grangian method developed by Liu and Boumal [53]. In the following
section, we provide a brief overview of this method and explain how it
can be applied to the present setting.

4.2 Numerical methods

The Riemannian augmented Lagrangian method extends the clas-
sical augmented Lagrangian framework, for which we refer to [9], to
optimization problems posed on Riemannian submanifolds. More pre-
cisely, it is used to compute numerical approximations of first-order
stationary points of problems of the form

min f(x)

s.t. x ∈ M,

hk(x) ≤ 0 for 1 ≤ k ≤ m,

(4.4)

where M is a Riemannian submanifold and f, h1, . . . , hm are twice
continuously differentiable functions M → R.
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For a given penalty parameter ρ > 0, the augmented Lagrangian
function is defined as

Λρ(x, λ) = f(x) +
ρ

2

m∑
k=1

max

{
0,

λk

ρ
+ hk(x)

}2

.

Under the stated assumptions, the function Λρ is continuously differ-
entiable on M× Rm.

The main steps of the Riemannian augmented Lagrangian method
can be summarized as follows

1. For a fixed penalty parameter ρ and fixed nonnegative Lagrange
multipliers λ ∈ Rm

≥0, compute a first-order stationary point of the
function Λρ(·, λ) over M. This can be achieved using standard
techniques of smooth Riemannian optimization, such as gradient
descent or Newton-type methods. An overview of such techniques
can be found in [12].

2. Update the Lagrange multipliers and the penalty parameter based
on the current constraint violations.

Under suitable assumptions, iterating these two steps yields an ap-
proximation of a first-order stationary point on M that satisfies the
imposed constraints. For a detailed discussion of the convergence of
this method, see [53].

So far, we have considered constraint sets of the form

x ∈ {x ∈ M : h(x) ≤ 0}

for a sufficiently smooth function h. However, the optimization prob-
lem (4.2) involves finite unions and intersections of such sets. A con-
straint of the form

x ∈
m⋃
k=1

{x ∈ M : hk(x) ≤ 0}

can be modeled by requiring non-positivity of the pointwise minimum
over all the defining constraint functions, whereas intersections can be
enforced using the pointwise maximum.

This observation allows for a reformulation of (4.2) as an instance
of (4.4), albeit with nonsmooth constraint functions. By Rademacher’s
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theorem [70, Chapter 2.1, Theorem 1.4], the set of nonsmooth points
for these functions has measure zero. Consequently, the lack of smooth-
ness does not pose significant difficulties in numerical practice. To
avoid this ambiguity altogether, one may either choose a subgradient
or use a suitable smooth approximation of the minimum and maximum
functions.

To obtain rigorous packings, we project the floating-point output
of the Riemannian augmented Lagrangian method onto the field of
rational numbers using the Cayley transform. Let A be a matrix such
that none of its eigenvalues equals −1. Its Cayley transform is defined
as (I−A) (I+A)−1. Outside a singular set of measure zero, the Cayley
transform defines a self-inverse map between SO(3) and the space of
skew-symmetric matrices.

Consider a floating-point matrix obtained by solving Problem (4.2)
numerically. To project the matrix onto SO(3) ∩ Q3×3, we start by
applying the Cayley transform. By rounding each entry to a nearby
rational number, we obtain a rational matrix AQ ∈ Q3×3. Since AQ is
not necessarily skew-symmetric, we restore that property by replacing
AQ with (AQ − A⊤

Q)/2. Applying the Cayley transform to this matrix
yields a rational element of SO(3).

After projecting the numerical output onto the field of rational
numbers, we need to ensure that the resulting configuration defines
a valid packing. The computed angular radius ϱ could be too large
or unnecessarily small. To approximate the maximal feasible angular
radius, we perform a binary search in ϱ.





Chapter Five

Configurations

Using the proposed manifold optimization approach, we compute
packings for regular spherical triangles, squares, and pentagons with
cardinalities ranging from 3 to 24. The optimization is implemented in
the Julia programming language [8] using the Manopt and Manifolds
packages [3, 7]. All scripts, together with a comprehensive database of
the computed configurations, are available at [28].

This chapter provides a summary and analysis of the resulting
configurations. A complete list of all constructed packings, together
with their corresponding angular radii, is provided in Chapter 9. Fig-
ures 5.1, 5.2, and 5.3 illustrate the dependence of the angular radius
on the cardinality.

To assess the reliability of the proposed approach, we also com-
pute optimized packings of spherical caps with cardinalities ranging
from 5 to 24 by numerically solving (4.3). Table 5.1 compares the
obtained angular radii with the best-known values reported in the
database of spherical codes maintained by Henry Cohn [19]. Up to
negligible numerical deviations, the computed radii agree with those
in the database, which provides strong evidence for the reliability of
the optimization procedure.

For regular spherical triangles, the admissibility criterion imposes
the bound ϱ ≤ arccos(

√
5/3). Among the computed triangle configu-

rations, this condition is satisfied only from cardinality n = 14 onward,
as illustrated in Figure 5.1. For smaller cardinalities, the method still
produces configurations that, assuming Conjecture 3.15, define valid
packings. The facets of an octahedron induce a packing of 8 regular
spherical triangles whose dual polygons have inner angles equal to π/2.
This configuration serves as the starting point for our computations,
since the inner angle of the corresponding polygon increases in the
subsequent packings.
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n Best radius Manifold opt. Difference
5⋆ 0.785398163397 0.785398163346 5.07× 10−11

6⋆ 0.785398163397 0.785398163347 5.02× 10−11

7⋆ 0.679539948816 0.679539948739 7.63× 10−11

8⋆ 0.653263580858 0.653263580805 5.37× 10−11

9⋆ 0.615479708670 0.615479708605 6.51× 10−11

10⋆ 0.577239916709 0.577239916649 5.96× 10−11

11⋆ 0.553574358897 0.553574358834 6.26× 10−11

12⋆ 0.553574358897 0.553574358833 6.32× 10−11

13⋆ 0.498611796219 0.498611796104 1.14× 10−10

14⋆ 0.485817371443 0.485817371369 7.37× 10−11

15 0.468253077154 0.468253077068 8.61× 10−11

16 0.455918360799 0.455918360677 1.23× 10−10

17 0.445847224575 0.445847224435 1.40× 10−10

18 0.432463395991 0.432463395488 5.03× 10−10

19 0.416190463888 0.416190457510 6.38× 10−9

20 0.413913874894 0.413913873373 1.52× 10−9

21 0.398050462820 0.398047141625 3.32× 10−6

22 0.390431560119 0.390431558872 1.25× 10−9

23 0.381441395654 0.381441386802 8.85× 10−9

24⋆ 0.381273869375 0.381273868311 1.06× 10−9

Table 5.1: Comparison of best-known angular radii for spherical cap
packings and values obtained via the manifold optimization approach.
The ⋆ indicates that the corresponding configuration is proven to be
optimal.

To identify configurations with distinguished structure, we exam-
ine the discrete differences of the angular radius as a function of the
cardinality. Deviations from the otherwise monotonic decay indicate
configurations with increased geometric regularity or symmetry, which
are also apparent in the corresponding plots.

The most notable cases identified in this way are the packings of 8
and 20 regular spherical triangles, of 6 regular spherical squares, and
of 12 regular spherical pentagons. These configurations are induced by
the facets of the Platonic solids, namely the octahedron, icosahedron,
cube, and dodecahedron, and therefore form exact tilings of the sphere.

The configurations with cardinalities immediately preceding these
tiling configurations are of comparable angular radius. They arise from
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Figure 5.1: Constructed packings of n regular spherical triangles and
their corresponding angular radii. All configurations with inner angles
of at least π/2 are included. The dashed line at ϱ = arccos

(√
5/3
)

indicates the threshold for admissibility. Configurations above this
threshold are treated as conjectural.

removing a single polygon from a tiling configuration and re-optimizing
the resulting arrangement. The resulting packings retain much of the
original geometric structure, indicating that these tilings act as sta-
ble templates for locally optimal configurations. An example of this
phenomenon is illustrated in Figure 5.4.

Additional notably dense configurations occur for 10 and 24 spher-
ical triangles, 12, 20, 22, and 24 spherical squares, as well as 4, 6, 20,
22, and 24 spherical pentagons.

The angular radii obtained for packings of regular spherical pen-
tagons agree, up to numerical precision, with those reported by Tarnai
and Gáspár. For n = 7, 9, 10, and 24, however, the constructed config-
urations exhibit strictly larger angular radii, thereby improving upon
the previously reported values, see Table 5.2.

The constructed packings yield lower bounds on the problem of
determining the maximal number of congruent copies of a Platonic
solid that can share a common vertex. As discussed in the introductory
chapter, this problem can be reformulated as a packing problem for
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Figure 5.2: Constructed packings of n regular spherical squares and
their corresponding angular radii.

Figure 5.3: Constructed packings of n regular spherical pentagons and
their corresponding angular radii.
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n Tarnai and Gáspár Manifold opt. Difference
3 1.107148717794 1.107148717286 5.07× 10−10

4 1.027058947449 1.027058933447 1.40× 10−8

5 0.865924548398 0.865924529734 1.86× 10−8

6 0.850308808328 0.850308804251 4.07× 10−9

7 0.755559002214 0.756498153903 9.39× 10−4

8 0.731849437364 0.731849436898 4.65× 10−10

9 0.673172689642 0.692196532848 1.90× 10−2

10 0.657631771837 0.658224309839 5.93× 10−4

24 0.433685276841 0.435221769445 1.53× 10−3

Table 5.2: Comparison of angular radii for packings of regular spherical
pentagons reported by Tarnai and Gáspár with those obtained via the
manifold optimization approach.

the corresponding regular spherical polygon. Any packing of such a
spherical polygon that has the same number of vertices and a larger
angular radius provides a corresponding lower bound.

From the computed packings, we recover the known lower bound
of 20 for the tetrahedron and obtain lower bounds of 7 for the octahe-
dron and 4 for the icosahedron. In the case of the dodecahedron, the
associated spherical triangle packing is not admissible and therefore
the method is not applicable. The case of the cube is immediate.



60 Configurations

n = 10

n = 18

n = 19

Figure 5.4: Examples of packings of regular spherical triangles with
cardinalities 10, 18, and 19. The configuration of cardinality 10 is
conjectured to form a packing, whereas the other two configurations
satisfy the admissibility criterion. For each configuration, two com-
plementary views of the sphere are shown. Polygons intersecting the
boundary of one view continue on the opposite side in the correspond-
ing complementary view.
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n = 10

n = 12

n = 22

Figure 5.5: Examples of packings of regular spherical squares with car-
dinalities 10, 12, and 22. For each configuration, two complementary
views of the sphere are shown. Polygons intersecting the boundary of
one view continue on the opposite side in the corresponding comple-
mentary view.
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n = 6

n = 20

n = 24

Figure 5.6: Examples of packings of regular spherical pentagons with
cardinalities 6, 20, and 24. For each configuration, two complementary
views of the sphere are shown. Polygons intersecting the boundary of
one view continue on the opposite side in the corresponding comple-
mentary view.
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Icosahedron

Octahedron

Tetrahedron

Figure 5.7: Packings of spherical polygons corresponding to lower
bounds on the vertex-sharing problem of Platonic solids. Shown are
the configurations associated with the icosahedron, octahedron, and
tetrahedron. For each case, two complementary views of the sphere
are displayed. Polygons intersecting the boundary of one view con-
tinue on the opposite side in the corresponding complementary view.





Part III
Proving maximality
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Chapter Six

Upper bounds for packing
numbers

After establishing dense configurations that serve as lower bounds
for the corresponding packing numbers, we address the question of
their maximality. This requires upper bounds on the packing number.
In order to prove maximality, it is typically not necessary to obtain
sharp upper bounds. Indeed, any upper bound whose floor agrees
with the cardinality of the configuration under consideration suffices
to establish maximality.

Let P ⊆ Sd−1 be a spherical polytope, and let ω denote the surface
measure on Sd−1. We define the volume bound for the packing problem
for P by

ω(Sd−1)

ω(P)
,

which is an immediate upper bound for the packing number τ(P).
For regular spherical polygons on S2, Girard’s theorem [21] yields

an explicit formula for the volume of a regular spherical polygon, and
hence for the corresponding volume bound

ω(S2)

ω(GN(ϱ))
=

4π

2Nϕ+ (2−N)π
, (6.1)

where

ϕ = arccos

(
cos(ϱ) sin(π/N)√

1− sin(π/N)2 sin(ϱ)2

)
.

Since the volume bound does not incorporate the relative positions
of congruent copies, it is often too weak to establish maximality of a
given packing.
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For this reason, we introduce two additional upper bounds for pack-
ing numbers in this chapter, both of which exploit geometric informa-
tion. We discuss the relationships among these bounds and examine
the role of symmetries.

A standard way to model packing problems is to formulate them as
independent set problems in suitable graphs. This approach is widely
used in discrete geometry, see [79] for several examples. Since the
underlying vertex set may be infinite, one needs a suitable framework to
define the usual graph-theoretical objects on such graphs. De Laat and
Vallentin provide a framework for independent set problems on graphs
equipped with a particular topology [26], which we employ throughout
this chapter.

A graph G = (V,E) is a topological packing graph if the vertex set is
endowed with a Hausdorff topology and every finite clique is contained
in an open clique. For the remainder of this chapter, we assume that
V is a compact space. This assumption ensures, in particular, that the
independence number is finite.

To model the packing problem for a given spherical polytope P ⊆
Sd−1, we choose SO(d) to be the vertex set. Two rotations A,B ∈
SO(d) are adjacent if AP ∩BP has nonempty interior. Thus, packings
correspond to independent sets and vice versa.

The resulting graph has additional structure. The vertex set SO(d)
forms a matrix Lie group, and by the symmetry relation (3.6), two
rotations A and B are adjacent if and only if I and A−1B are adjacent.
Such graphs are known as Cayley graphs.

6.1 The Lovász theta number

In 1979, Lovász introduced an upper bound on the independence
number of a finite graph, known as the theta number [54]. In its original
formulation, the theta number is defined as an optimization problem
over the cone of positive semidefinite matrices indexed by the vertex
set of the graph. In order to extend this notion to infinite graphs, it is
necessary to identify an appropriate analogue of positive semidefinite
matrices in an infinite-dimensional setting.

Let V be a compact Hausdorff space. A natural replacement is
given by positive semidefinite kernels. A continuous Hermitian kernel
K : V × V → C is called positive semidefinite if, for any finite collec-
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tion of points v1, . . . , vm ∈ V , the matrix
[
K(vk, vℓ)

]m
k,ℓ=1

is positive
semidefinite. The set of such kernels forms a convex cone.

Given a topological packing graph G = (V,E), we define the theta
number by

inf λ

s.t. λ ∈ R≥0,

K : V × V → R continuous and positive semidefinite,
K(v, v) ≤ λ− 1 for all v ∈ V,

K(u, v) ≤ −1 for all {u, v} /∈ E and u ̸= v.

(6.2)

Let I ⊆ V be an independent set and let (λ,K) be a feasible
solution of (6.2). Then

0 ≤
∑
u,v∈I

K(u, v) =
∑
u∈I

K(u, u) +
∑
u,v∈I
u̸=v

K(u, v) ≤ |I| (λ− |I|),

which implies |I| ≤ λ. Consequently, the theta number provides an
upper bound on the independence number of G.

Let G be a Cayley graph defined on a compact matrix Lie group Γ
equipped with its Haar measure µ. Any continuous kernel K : Γ×Γ →
C can be symmetrized by

Ksym(γ1, γ2) =

∫
Γ

K(g−1 γ1, g
−1 γ2) dµ(g).

The resulting kernel is invariant under the action of Γ, defined by

(g ·K)(γ1, γ2) = K(g−1γ1, g
−1γ2).

In particular, Ksym(γ1, γ2) = Ksym(e, γ
−1
1 γ2) holds, which implies that

the value of Ksym(γ1, γ2) depends only on γ−1
1 γ2. Thus, invariant ker-

nels may be identified with functions on Γ. Conversely, every contin-
uous function f : Γ → C defines a continuous kernel by K(γ1, γ2) =
f(γ−1

1 γ2).
We say that a function f : Γ → C is of positive type if the associated

kernel (γ1, γ2) 7→ f
(
γ−1
1 γ2

)
is Hermitian and positive semidefinite.

The symmetrization operator defines a surjective map from the cone
of positive semidefinite kernels onto the cone of positive type functions.
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Moreover, if (λ,K) is feasible for (6.2), so is (λ,Ksym). Conse-
quently, restricting attention to kernels arising from positive type func-
tions does not weaken the bound. The theta number therefore simpli-
fies to

inf f(e) + 1

s.t. f : Γ → R is continuous and of positive type,
f(γ) ≤ −1 for all γ ∈ Γ \ {e} such that {e, γ} /∈ E.

(6.3)

Applying the preceding framework to packings of spherical poly-
topes yields the following theorem.

Theorem 6.1. Let P ⊆ Sd−1 be a spherical polytope, and let f : SO(d) →
R be a continuous positive type function such that

f(A) ≤ −1 whenever (P ∩ AP)◦ = ∅.

Then the packing number τ(P) is bounded above by f(I)+1. Moreover,
there exists such a function f for which

f(I) + 1 =
ω(Sd−1)

ω(P)
,

where ω denotes the surface measure on Sd−1.

Proof. The first part of the theorem follows directly from the preceding
discussion. It remains to prove the second assertion. Let P ⊆ Sd−1 be
a spherical polytope, let ω be the surface measure on Sd−1, and let µ
denote the Haar measure on SO(d). We define a function on SO(d) by

h(A) = µ(R∩ AR) =

∫
SO(d)

1R(R)1R(A
⊤R) dµ(R),

where R = {R ∈ SO(d) : Red ∈ P}, and 1R denotes the indicator
function of the set R. Since h is a convolution of two functions in
L∞(SO(d)), it is continuous by [37, Proposition 2.39].

Using the invariance of the Haar measure, we obtain

h(A⊤B) = µ(AR∩BR) =

∫
SO(d)

1AR(R)1BR(R) dµ(R).

Thus, for every finite set {A1, . . . , Am} ⊆ SO(d), the corresponding
matrix [h(A⊤

k Aℓ)]
m
k,ℓ=1 is a Gram matrix and therefore positive semidef-

inite. Consequently, h is of positive type.
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From∫
SO(d)

h(A⊤B) dµ(B) =

∫
SO(d)

∫
SO(d)

1R(R)1R(B
⊤AR) dµ(R) dµ(B)

=

∫
SO(d)

1R(R)

∫
SO(d)

1R(B
⊤AR) dµ(B) dµ(R)

= µ(R)2,

we conclude that the constant function is an eigenfunction of the in-
tegral operator induced by the kernel (A,B) 7→ h(A⊤B) with corre-
sponding eigenvalue µ(R)2.

Using the fact that the normalized surface measure ω/ω(Sd−1) is
the pushforward of the Haar measure µ through the map A 7→ Aed,
we obtain

h(A) =
ω(P ∩ AP)

ω(Sd−1)
.

The function
f(A) =

h(A)

µ(R)2
− 1

satisfies the conditions of the theorem. In fact, f is continuous and
f(A) = −1 if P and AP are interior-disjoint. The constant kernel
has rank one, and its only nonzero eigenspace is the space of constant
functions with corresponding eigenvalue 1. Hence, all eigenvalues of the
kernel induced by f are nonnegative. Mercer’s theorem [41, Theorem
4.14] implies that f is of positive type. The claim follows from f(I) +
1 = ω(Sd−1)/ω(P).

The second part of Theorem 6.1 shows that the theta number is at
least as strong as the volume bound. To construct efficient bounds, we
aim to optimize over the cone of positive type functions while ensuring
that all constraints are satisfied. The subsequent chapters develop the
tools required for this purpose.

This chapter concludes by considering the theta number for spher-
ical cap packings and explaining how it can be applied to the packing
problem for spherical polytopes.

6.2 Upper bounds via subgraphs

Let G = (V,E) be a topological packing graph and let G′ = (V,E ′)
be a subgraph with E ′ ⊆ E. Then every independent set in G is also
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Figure 6.1: The inscribed spherical caps of a packing of regular spher-
ical polygons form a spherical cap packing.

independent in G′, and hence the independence number of G′ provides
an upper bound for the independence number of G. In particular, re-
moving edges from a graph can only increase its independence number.
At the same time, edge removal may enlarge the automorphism group,
resulting in a more symmetric graph. This additional symmetry often
simplifies the computation of the independence number.

We apply this principle to the graph G corresponding to the packing
problem for a spherical polytope P ⊆ Sd−1. Let C ⊆ P be the inscribed
spherical cap of P . The graph associated with the packing problem for
C is a subgraph of G, which implies τ(P) ≤ τ(C).

The theta number for the spherical cap packing problem coincides
with the linear programming bound of Delsarte, Goethals, and Sei-
del [33]. They showed that the packing number of a spherical cap of
angular radius ϱ ∈ (0, π/2) on Sd−1 is bounded above by the optimal
value of the following optimization problem

min f(1) + 1

s.t. f(t) =
m∑
k=0

λk C
α
k (t) with λ0, . . . , λm ≥ 0,

f(t) ≤ −1 for all t ∈ [−1, cos(2ϱ)],

(6.4)

where Cα
k denotes the Gegenbauer polynomial of degree k with param-

eter α = d/2− 1. For background on their properties, see [1].
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We call a packing Delsarte-tight if its cardinality equals the Delsarte
bound.

More recent developments have led to stronger bounds, most no-
tably those due to Bachoc and Vallentin [4] and to de Laat, Leijenhorst
and de Muinck Keizer [25]. For the computations in Chapter 9, we em-
ploy the bound by Bachoc and Vallentin. Although weaker in principle
compared to the bound by de Laat, Leijenhorst and de Muinck Keizer,
the Bachoc and Vallentin bound is considerably faster to compute, and
no substantial improvements relevant to this work are expected.

The main advantage of the Delsarte bound lies in its simplicity.
While the stronger bounds rely on numerical optimization techniques
to construct feasible solutions, the Delsarte bound often allows for
explicit, analytic constructions of feasible solutions.

For certain packings, it is possible to slightly reduce the radius of
the spherical caps while still being able to certify maximality via (6.4).
Consider a maximal packing of n spherical caps of angular radius ϱ.
We define the stability region of such a packing as the largest interval
I ⊆ [−1, 1] containing cos(2ϱ) such that for every t ∈ I, the optimal
value of (6.4) lies in [n, n+1) when the interval in the second constraint
is replaced by [−1, t]. If no such interval exists, the stability region is
defined to be empty. We call the stability region of a packing trivial if
it is empty or consists of the single point {cos(2ϱ)}.

A nontrivial stability region for a packing in S2 provides a useful
tool for describing the asymptotic behavior of the packing problem for
regular spherical polygons GN(ϱ) as N → ∞.

Theorem 6.2. Let A1, . . . , An ∈ SO(3) define a maximal packing of
spherical caps of radius ϱ ∈ (0, π/2) and suppose that this packing
has a nontrivial stability region. There exists N0 ∈ N such that the
configuration A1, . . . , An is a maximal packing for all regular spherical
polygons GN(ϱ) with N ≥ N0.

Proof. By construction GN(ϱ) ⊆ C(ϱ), and hence the configuration
A1, . . . , An defines a packing for GN(ϱ) for all N ≥ 3.

The inscribed radius of the regular spherical polygon GN(ϱ) is given
by

φN = arccos

(
cos(ϱ)√

1− sin(π/N)2 sin(ϱ)2

)
,

and converges to ϱ as N → ∞. Thus, there exists N0 ∈ N such that
cos(2φN) lies in the stability region for all N ≥ N0. The Delsarte
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Name ϱ ε N0

Equilateral triangle π/3 1/6 6
Regular tetrahedron arccos(−1/3)/2 1/12 8
Regular octahedron π/4 1/27 12

Regular icosahedron arccos
(
1/
√
5
)
/2 (17− 7

√
5)/198 25

Table 6.1: Delsarte-tight packings on S2, their packing radii ϱ, the
stability parameters ε from [15], and the smallest integers N0 such
that cos(2φN) ∈ [cos(2ϱ), cos(2ϱ) + ε) for all N ≥ N0.

bound then certifies the maximality of the corresponding packing of
the inscribed spherical caps, which in turn implies the maximality of
the associated regular spherical polygon packing.

In general, no systematic method is known for computing the sta-
bility region of a given packing. Böröczky and Glazyrin proved that
every Delsarte-tight packing has a nontrivial stability region, see [15,
Theorem 5]. More precisely, for any Delsarte-tight packing of spher-
ical caps of radius ϱ, they provided an explicit ε > 0 such that the
interval [cos(2ϱ), cos(2ϱ) + ε) is contained in the stability region.

Table 6.1 lists well-known Delsarte-tight packings of spherical caps,
together with their packing radii ϱ, the corresponding parameter ε, and
the smallest integer N0 such that cos(2φN) ∈ [cos(2ϱ), cos(2ϱ) + ε) for
all N ≥ N0.

A similar asymptotic analysis for packings not listed in the ta-
ble would require an investigation of stability regions associated with
stronger bounds. Although no systematic approach is currently known,
numerical computations may still provide useful evidence or partial in-
formation.



Chapter Seven

Positive type functions

In order to construct feasible functions for Theorem 6.1, we study
the cone of positive type functions on SO(3). Recall that a function
f : Γ → C is of positive type if, for every finite set {γ1, . . . , γm} ⊆ Γ,
the matrix

[
f(γ−1

k γℓ)
]m
k,ℓ=1

is Hermitian positive semidefinite.
Throughout the remainder of this thesis, the trace inner product of

the complex matrices A,B ∈ Cd×d is denoted by ⟨A,B⟩ = tr(A∗B).
A complete characterization of continuous functions of positive type

on compact separable groups was given by Bochner [11].

Theorem 7.1 (Bochner’s Theorem). Let Γ be a compact and separa-
ble group, and let Γ̂ denote its dual group. A function f : Γ → C is
continuous and of positive type if and only if it admits an expansion of
the form

f(γ) =
∑
ρ∈Γ̂

⟨Fρ, ρ(γ)⟩,

where the coefficient matrices Fρ are Hermitian positive semidefinite
for all ρ ∈ Γ̂,

∑
ρ∈Γ̂ tr(Fρ) < ∞, and the series converges absolutely.

We briefly indicate why every function of this form is of positive
type. For a given finite set {γ1, . . . , γm} ⊆ Γ, a vector v ∈ Cm, and an
irreducible representation ρ ∈ Γ̂, the matrix

m∑
k,ℓ=1

ρ(γ−1
k γℓ) vk vℓ =

(
m∑
k=1

ρ(γk) vk

)∗ ( m∑
ℓ=1

ρ(γℓ) vℓ

)

is positive semidefinite. Consequently, each term

m∑
k,ℓ=1

⟨Fρ, ρ(γ
−1
k γℓ)⟩ vk vℓ

75
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is a nonnegative real number.
To apply Bochner’s theorem to SO(3), we require a complete set

of its irreducible representations. This chapter provides a survey of
the classical construction of these representations, following [1, 14, 18,
72]. In particular, we exploit the well-known relationship between
SO(3) and SU(2) to describe their dual groups and give an explicit
construction of a complete set of irreducible representations.

7.1 The relation between SU(2) and SO(3)

For d ∈ N, the special unitary group SU(d) is defined as

SU(d) := {U ∈ Cd×d : U∗U = I, det(U) = 1}.

Every element of SU(2) can be written in the form(
a −b
b a

)
∈ C2×2 with |a|2 + |b|2 = 1. (7.1)

Such a matrix is uniquely determined by |a| and by the arguments
of a and b. Assuming ab ̸= 0, we define the parameters (α, β, γ) ∈
[−2π, 2π)× [0, π]× [−π, π) as the unique solution to

a = ei(α+γ)/2 cos (β/2) , b = i ei(α−γ)/2 sin (β/2) .

For every U ∈ SU(2) there exists a triple of parameters (α, β, γ) ∈
[−2π, 2π)× [0, π]× [−π, π) such that

U = U(α, β, γ) = UZ(γ)UX(β)UZ(α),

where

UZ(θ) =

(
ei θ/2 0
0 e−i θ/2

)
, UX(θ) =

(
cos(θ/2) i sin(θ/2)
i sin(θ/2) cos(θ/2)

)
.

The parameters (α, β, γ) are referred to as Euler angles of SU(2).
We relate SU(2) to SO(3) by constructing a group homomorphism

using the map ξ : R3 → {M ∈ C2×2 : M = M∗, tr(M) = 0} given by

ξ(x) =

(
x3 x1 − ix2

x1 + ix2 −x3

)
.

Note that ξ is linear and invertible.



The relation between SU(2) and SO(3) 77

Theorem 7.2. The map Φ : SU(2) → SO(3) defined by

Φ(U)(x) = ξ−1(Uξ(x)U∗)

is a surjective group homomorphism with kernel {±I}.
Proof. We first verify that Φ is a well-defined group homomorphism.
To this end, let U ∈ SU(2) be given as in (7.1). Evaluating Φ(U) on
the standard basis vectors e1, e2, e3 yields

Φ(U)(e1) =
(
Re (a2 − b2) , Im (a2 − b2) , −2Re (ab)

)
,

Φ(U)(e2) =
(
− Im (a2 + b2) , Re (a2 + b2) , −2 Im (ab)

)
,

Φ(U)(e3) =
(
2Re (ab) , 2 Im (ab) , |a|2 − |b|2

)
,

where we represented U as in (7.1). Thus, Φ(U) is given by

Φ (U) =

Re (a2 − b2) − Im (a2 + b2) 2Re (ab)
Im (a2 − b2) Re (a2 + b2) 2 Im (ab)
−2Re (ab) −2 Im (ab) |a|2 − |b|2

 .

Substituting the Euler parametrization of SU(2) into the above expres-
sion shows

Φ(UZ(θ)) = RZ(θ) and Φ(UX(θ)) = RX(θ), (7.2)

where RZ(θ) and RX(θ) denote the rotations defined in Section 3.2.
By evaluating the composition of the two linear maps Φ(U1) and

Φ(U2) at x ∈ R3, we get

(Φ(U1) ◦ Φ(U2))(x) = Φ(U1)
(
ξ−1(U2 ξ(x)U

∗
2 )
)

= ξ−1(U1 U2 ξ(x) U
∗
2 U

∗
1 )

= Φ(U1 U2)(x).

(7.3)

Equations (7.2) and (7.3) show that the map Φ is a well-defined group
homomorphism. Together with the Euler-angle decomposition of SO(3),
Equation (7.2) implies that Φ is surjective.

We conclude by computing the kernel of Φ. Let U ∈ ker(Φ). Then
for all x ∈ R3,

x = Φ(U)(x) = ξ−1 (U ξ(x)U∗)

implies ξ(x) = U ξ(x)U∗ and therefore Uξ(x) = ξ(x)U . Thus, the
matrix U must commute with every Hermitian traceless matrix, from
which we deduce U = ±I.
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Theorem 7.2 relates the representations of SO(3) to the represen-
tations of SU(2). In particular, let ρ be an irreducible representation
of SO(3). The composition ρ ◦ Φ defines an irreducible representation
of SU(2) that is trivial on {±I}.

On the other hand, consider an irreducible representation ρ of
SU(2) with ρ(−I) = ρ(I). Since ker(Φ) = {±I}, the map Φ factors
through the quotient and defines an isomorphism Φr : SU(2)/{±I} →
SO(3). Thus, ρ ◦ Φ−1

r is well-defined on SO(3) and induces an irre-
ducible representation of SO(3). This establishes a bijection between
the irreducible representations of SO(3) and those of SU(2) that are
trivial on {±I}.

7.2 Irreducible representations of SU(2)

Consider the canonical grading of the bivariate polynomial ring
C[z1, z2]

C[z1, z2] =
∞⊕
k=0

Vk/2,

where Vk/2 is the subspace of C[z1, z2] consisting of homogeneous poly-
nomials of degree k. We adopt the half-integer convention ℓ = k/2,
commonly used in the literature. Throughout this chapter, sums over
half-integers increase in steps of one, i.e. a sum ranging from −3/2
to 3/2 uses the indices −3/2,−1/2, 1/2, 3/2. The same convention is
used for index ranges of the form a, . . . , b with half-integer endpoints.

We equip each space Vℓ with the inner product

⟨p, q⟩ = p(∇) q(z),

where p(∇) is the polynomial differential operator obtained by replac-
ing each zi by ∂/∂zi. An orthonormal basis of Vℓ is given by

en(z) = ((ℓ− n)!(ℓ+ n)!)−1/2 zℓ−n
1 zℓ+n

2

for n = −ℓ, . . . , ℓ.
We define an action of SU(2) on a polynomial p ∈ Vℓ by

(U · p)(z) = p (U∗z) . (7.4)

This action induces a representation on Vℓ, which we denote by ρℓ.
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Lemma 7.3. For any nonnegative half-integer ℓ, the representation ρℓ
defined by (7.4) is unitary.

Proof. Consider the kernel K : C2 × C2 → C given by

K(z, w) =
ℓ∑

n=−ℓ

en(z) en(w).

Evaluating K at z, w ∈ C2 yields

K(z, w) =
ℓ∑

n=−ℓ

(z1w1)
ℓ−n(z2w2)

ℓ+n

(ℓ+ n)!(ℓ− n)!
=

(z∗w)2ℓ

(2ℓ)!
,

which implies that the kernel is invariant under the action of U ∈ SU(2)
defined by U · K(z, w) = K(U∗z, U∗w). For a fixed U ∈ SU(2), we
expand U ·K(z, w) as

U ·K(z, w) =
ℓ∑

n=−ℓ

en(U∗z) en(U
∗w)

=
ℓ∑

n=−ℓ

(
ℓ∑

m=−ℓ

[ρℓ(U)∗]m,n em(z)

)(
ℓ∑

m′=−ℓ

[ρℓ(U)]n,m′ em′(w)

)

=
ℓ∑

m,m′=−ℓ

[ρℓ(U)∗ρℓ(U)]m,m′ em(z) em′(w).

Comparing coefficients of K(z, w) and U ·K(z, w) with respect to the
linearly independent kernels em(z) em′(w), we get ρℓ(U)∗ρℓ(U) = I.

7.2.1 Explicit formulas

To proceed, we derive an explicit expression for the matrix elements
of the representation ρℓ, i.e., we compute

[ρℓ(U)]m,n = ⟨em, U · en⟩.

To this end, we consider the univariate polynomial obtained by re-
striction (U · en)(z, 1). The coefficient of the monomial zℓ−m in this
expression agrees, up to normalization, with ⟨em, U · en⟩. Hence, the
matrix elements can be deduced from the Taylor expansion at z = 0.
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Using the definition of the action (7.4), together with the explicit form
of U from (7.1), we obtain

[ρℓ(U)]m,n = Cm,n
dℓ−m

dzℓ−m

(
az + b

)ℓ−n
(−bz + a)ℓ+n

∣∣∣∣
z=0

(7.5)

where

Cm,n =

(
(ℓ+m)!

(ℓ− n)!(ℓ+ n)!(ℓ−m)!

)1/2

.

Decomposing U in terms of Euler angles leads to the following factor-
ization of the representation

ρℓ (U(α, β, γ)) = ρℓ (UZ(γ)) ρℓ (UX(β)) ρℓ (UZ(α)) . (7.6)

Consequently, it suffices to determine the matrices corresponding to
UZ(θ) and UX(θ).

Applying (7.5) to UZ(θ) yields a diagonal matrix. More precisely,

[ρℓ (UZ(θ))]m,m = eimθ. (7.7)

As a result, (7.6) simplifies to

[ρℓ (U(α, β, γ))]m,n = ei(nα+mγ) [ρℓ (UX(β))]m,n .

To compute ρℓ (UX(β)), we substitute t = cos(β), which allows us
to express UX(β) as W (cos(β)) where

W (t) =

(
((1 + t)/2)1/2 i ((1− t)/2)1/2

i ((1− t)/2)1/2 ((1 + t)/2)1/2

)
.

Using the expression (7.5), one verifies that the matrix elements satisfy
the symmetries

[ρℓ(W (t))]m,n = [ρℓ(W (t)∗)]m,n = [ρℓ(W (t))∗]m,n = [ρℓ(W (t))]n,m,

as well as
[ρℓ(W (t))]m,n = (−1)ℓ [ρℓ(W (−t))]m,−n.

These symmetries allow us to restrict attention to indices satisfying
m ≥ |n|, since all other entries can be recovered from these.

The matrix W (t) is of the form (7.1) where

a = ((1 + t)/2)1/2 and b = i ((1− t)/2)1/2.
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First, we assume that t ∈ (−1, 1), so that a, b ̸= 0. We substitute
x = |a|2 − |b|2 − 2abz. A direct computation using |a|2 + |b|2 = 1 gives

az + b = (1− x)/(2b) and − bz + a = (1 + x)/(2a).

Substituting into (7.5), we obtain

(−1)ℓ−m 2−ℓ−m Cm,n (a)
−m−n bn−m dℓ−m

dxℓ−m
(1− x)ℓ−n (1 + x)ℓ+n

∣∣∣∣
x=t

.

The Rodrigues formula [1, Section 2.5] relates the expression above to
the Jacobi polynomials. We denote the Jacobi polynomial of degree k
with respect to the parameters α and β in the standard normalization
by P

(α,β)
k . For an introduction to Jacobi polynomials, we refer to [1,

Chapters 2 and 6].
Applying the Rodrigues formula and evaluating at t = cos(β) yields

in−m C ′
m,n sin (β/2)

m−n cos (β/2)m+n P
(m−n,m+n)
ℓ−m (cos(β)), (7.8)

with

C ′
m,n = (ℓ−m)!Cm,n =

(
(ℓ−m)!(ℓ+m)!

(ℓ− n)!(ℓ+ n)!

)1/2

.

The derivation above assumes m ≥ |n| as well as t ∈ (−1, 1). However,
a direct verification shows that the expression (7.8) extends to the
boundary values t = ±1, while the remaining matrix elements are
determined by the symmetries established earlier.

In classical notation, we define

P ℓ
m,n(cos(β)) = C ′

m,n sin (β/2)
m−n cos (β/2)m+n P

(m−n,m+n)
ℓ−m (cos(β)).

Combining this with the Euler-angle decomposition (7.6), we arrive at
the explicit formula

[ρℓ(U(α, β, γ))]m,n = in−m ei(nα+mγ)P ℓ
m,n(cos(β)).

We conclude by giving an explicit description of continuous functions
of positive type on SU(2) and SO(3). Irreducibility and completeness
of the constructed representations are established in the subsequent
section. For the present discussion, we proceed under this assumption.

As shown in Section 7.1, the irreducible representations of SO(3)
are precisely those representations of SU(2) that are trivial on {±I}.
From (7.5) we deduce that ρℓ(−I) = ρℓ(I) holds if and only if ℓ is a
nonnegative integer. Bochner’s theorem yields the following character-
ization.
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Theorem 7.4. A function f : SU(2) → C parameterized by Euler
angles is continuous and of positive type if and only if for every non-
negative half-integer ℓ there exists a Hermitian positive semidefinite
matrix F ℓ such that

f(α, β, γ) =
∑

ℓ∈N0/2

ℓ∑
m,n=−ℓ

[
F ℓ
]
n,m

in−m ei(nα+mγ) P ℓ
m,n(cos(β)),

as well as
∑

ℓ∈N0/2
tr(F ℓ) < ∞. The latter guarantees absolute conver-

gence of the series.
A function f : SO(3) → C parameterized by Euler angles is contin-

uous and of positive type if and only if for every nonnegative integer ℓ
there exists a Hermitian positive semidefinite matrix F ℓ such that

f(α, β, γ) =
∑
ℓ∈N0

ℓ∑
m,n=−ℓ

[
F ℓ
]
n,m

in−m ei(nα+mγ) P ℓ
m,n(cos(β)),

with
∑

ℓ∈N0
tr(F ℓ) < ∞. The latter guarantees absolute convergence of

the series.

7.2.2 Completeness and irreducibility

To justify Theorem 7.4, we show that the family of representations
ρℓ defined by the action (7.4) forms a complete set of irreducible unitary
representations. This section follows the exposition of Bröcker and tom
Dieck in [14, Section 2.5].

Theorem 7.5. For a given nonnegative half-integer ℓ, the representa-
tion ρℓ associated with the action (7.4) is irreducible.

Proof. Let A : Vℓ → Vℓ be a linear ρℓ-equivariant map for a given
nonnegative half-integer ℓ. We show that A is a scalar multiple of the
identity. Recall from (7.7) that ρℓ(UZ(θ)) is a diagonal matrix whose
entries are given by [ρℓ(UZ(θ))]m,m = eimθ. Consequently, every matrix
that commutes with ρℓ(UZ(θ)) must be diagonal.

On the other hand, all matrix coefficients of ρℓ(UX(θ)) are non-
trivial functions of θ. Hence, any diagonal matrix commuting with
ρℓ(UX(θ)) must be a scalar multiple of the identity.

For a half-integer ℓ, denote the character of ρℓ by χℓ. By diago-
nalizing U ∈ SU(2) one obtains a unitary matrix Q and θ ∈ [−π, π)
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such that U = QUZ(2θ)Q
∗. Since the trace is cyclic, we have χℓ(U) =

χℓ(UZ(2θ)). Equation (7.7) allows us to compute the characters of ρℓ
explicitly

χℓ(UZ(2θ)) =
ℓ∑

m=−ℓ

e2imθ =
sin ((2ℓ+ 1) θ)

sin (θ)
.

From e2imθ + e−2imθ = 2 cos(2mθ) we conclude that the functions
χj/2(UZ(2θ)) with j = 0, . . . , 2ℓ span the same vector space as the
trigonometric functions 1, cos(θ), . . . , cos(2ℓθ). Hence, the linear span
of the associated even 2π-periodic functions arising from the characters
is uniformly dense in the space of even continuous 2π-periodic func-
tions. Note that the family of functions {sin((2ℓ + 1)θ)/ sin θ : ℓ ∈
N0/2} is orthogonal with respect to the inner product

⟨f, g⟩ = 1

π

∫ π

−π

f(θ) g(θ) sin (θ)2 dθ.

Let f be a class function. Expanding f(U) and f(UZ(θ)) in terms of the
character basis and in terms of the associated 2π-periodic functions,
respectively, yields∫

SU(2)

f(U) dµ(U) =
1

π

∫ π

−π

f(UZ(2θ)) sin(θ)
2 dθ,

where µ is the Haar measure on SU(2).

Theorem 7.6. Every irreducible unitary representation is isomorphic
to one of the representations ρℓ defined by the action (7.4).

Proof. Assume that there exists an irreducible representation that is
not isomorphic to one of the representations ρℓ. The character of that
representation is orthogonal to every character χℓ. Hence, there exists
a nonzero even continuous 2π-periodic function that is orthogonal to
every χℓ(UZ(2θ)). This contradicts the density of the cosine functions
in the space of even continuous 2π-periodic functions.





Chapter Eight

Computing the theta number

The set of rotations that satisfy the interior-disjointness constraint
in Theorem 6.1 gives rise to an infinite family of linear constraints.
Polynomial optimization provides a natural framework for treating
such infinite constraint families and has become a central tool in mod-
ern geometric optimization. A survey of geometric optimization prob-
lems and their formulation via polynomial techniques is given in [79].

In the present setting, trigonometric polynomials arise naturally.
Dumitrescu developed an adaptation of polynomial optimization to
the trigonometric case [35]. In Section 8.1, we summarize the relevant
aspects, following [35, Chapters 3–4].

Section 8.2 investigates the impact of symmetries on trigonometric
polynomial optimization problems. Our approach is based on the the-
ory of symmetry-adapted optimization of ordinary polynomials, devel-
oped by Gatermann and Parrilo [40]. Although symmetries in trigono-
metric polynomial optimization have previously been considered, for
example, by Metzlaff [57, 58], our treatment employs a different group
action, leading to a distinct formulation of invariance.

We conclude the chapter by formulating the theta number as a
trigonometric polynomial optimization problem and subsequently ex-
ploiting the symmetries of regular spherical polygons to simplify the
resulting problem.

8.1 Trigonometric polynomial optimization

Let θ = (θ1, . . . , θn) be a vector of indeterminates. The Laurent
ring of trigonometric polynomials is given by C

[
e±iθ1 , . . . , e±iθn

]
. A

85
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polynomial p ∈ C
[
e±iθ1 , . . . , e±iθn

]
can be expressed as

p(θ) =
∑
k∈Zn

λk e
ik⊤θ, (8.1)

where λk ∈ C and λk = 0 for all but finitely many k. A trigonometric
polynomial is called Hermitian if it is real-valued. Note that a trigono-
metric polynomial is Hermitian if and only if its coefficients in (8.1)
satisfy λ−k = λk.

The partial degree in θj of a trigonometric polynomial is defined by

degj(p) = max {|kj| : k ∈ Zn, λk ̸= 0} .

The degree of a trigonometric polynomial p is the vector [degj(p)]
n
j=1.

A Hermitian trigonometric polynomial σ is a sum-of-squares if there
exists a vector b(θ) of trigonometric polynomials and a Hermitian pos-
itive semidefinite matrix Q such that

σ(θ) = b(θ)∗Qb(θ). (8.2)

Such vectors b are referred to as sum-of-squares bases for σ. After a lin-
ear change of basis, the sum-of-squares basis may be chosen to consist
of the standard trigonometric monomials eik

⊤θ, i.e., for every sum-of-
squares polynomial σ there exists a Hermitian positive semidefinite
matrix Q such that

σ(θ) =
∑

k,ℓ∈Zn

Qk,ℓ e
i(k−ℓ)⊤θ. (8.3)

Given Hermitian trigonometric polynomials q1, . . . , qm, a set of the
form

Σ = {θ ∈ [−π, π)n : q1(θ) ≥ 0, . . . , qm(θ) ≥ 0} (8.4)

is called a semialgebraic set. We refer to the polynomials q1(θ), . . . , qm(θ)
as the generators of Σ.

For semialgebraic sets Σ1, . . . ,Σm, the problem

min p(0)

s.t. p Hermitian trigonometric polynomial
p(θ) ≥ 0 for all θ ∈ Σ1 ∪ . . . ∪ Σm

(8.5)
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is called a trigonometric polynomial optimization problem.
To construct feasible solutions for trigonometric polynomial opti-

mization problems, we will make use of sum-of-squares polynomials.
For a semialgebraic set as in (8.4), consider the Hermitian trigonomet-
ric polynomial

p(θ) = σ0(θ) +
m∑
j=1

σj(θ) qj(θ), (8.6)

where σ0, . . . , σm are sum-of-squares polynomials. Since sum-of-squares
polynomials are nonnegative by construction, p is nonnegative on Σ.
In fact, every trigonometric polynomial that is strictly positive on a
semialgebraic set admits a sum-of-squares representation, which con-
stitutes a key distinction from classical polynomial optimization.

Theorem 8.1. Let q1, . . . , qm be Hermitian trigonometric polynomials
that generate the semialgebraic set

Σ = {θ ∈ [−π, π)n : q1(θ) ≥ 0, . . . , qm(θ) ≥ 0}.
If p is a Hermitian trigonometric polynomial that is strictly positive on
Σ, then there exist trigonometric sum-of-squares polynomials σ0, . . . , σm

such that

p(θ) = σ0(θ) +
m∑
j=1

σj(θ)qj(θ).

The proof of Theorem 8.1 relies on classical results from real alge-
braic geometry. Let R[x] denote the polynomial ring in the variables
x = (x1, . . . , xn). In analogy to the trigonometric case, a polynomial
σ ∈ R[x] is a sum-of-squares if there exists a finite vector of polynomi-
als b(x) and a symmetric positive semidefinite matrix Q such that

σ(x) = b(x)⊤Qb(x).

Given q1, . . . , qm ∈ R[x], the quadratic module generated by these poly-
nomials is defined as

QM(q1, . . . , qm) =

{
σ0 +

m∑
j=1

qjσj : σ0, . . . , σm are sum-of-squares

}
.

A quadratic module is Archimedean if there exists N ∈ N such that

N −
n∑

j=1

x2
j ∈ QM(q1, . . . , qm).
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Theorem 8.2 (Putinar’s Positivstellensatz). Let q1, . . . , qm ∈ R[x]
such that the quadratic module QM(q1, . . . , qm) is Archimedean. A
polynomial p ∈ R[x] that is strictly positive on

{x ∈ Rn : q1(x) ≥ 0, . . . , qm(x) ≥ 0}

belongs to QM(q1, . . . , qm).

For a proof of Theorem 8.2, the reader is referred to the original
work of Putinar [63].

Proof of Theorem 8.1. To apply Putinar’s Positivstellensatz to Hermi-
tian trigonometric polynomials, we perform a change of variables. A
Hermitian trigonometric polynomial can be expressed in terms of sine
and cosine using

p(θ) =
∑
k∈Zn

λk e
ik⊤θ

=
1

2

(∑
k∈Zn

λk e
ik⊤θ + λk eik

⊤θ

)
=
∑
k∈Zn

Re (λk) cos
(
k⊤θ

)
− Im (λk) sin

(
k⊤θ

)
.

Substituting xj = cos(θj), yj = sin(θj) and using elementary trigono-
metric identities, we obtain a real polynomial P in the variables (x, y) =
(x1, . . . , xn, y1, . . . , yn) such that

p(θ) = P (cos(θ1), . . . , cos(θn), sin(θ1), . . . , sin(θn)).

Consider a semialgebraic set Σ given as in (8.4) and a trigonomet-
ric polynomial p which is positive on Σ. The positivity of p on Σ is
equivalent to the positivity of P on{

(x, y) ∈ R2n : Q1(x, y) ≥ 0, . . . , Qm(x, y) ≥ 0,

x2
1 + y21 = 1, . . . , x2

n + y2n = 1
}
,

where Q1, . . . , Qm are obtained from q1, . . . , qm by the same substitu-
tion. The relation

x2
j + y2j = 1 if and only if 1− x2

j − y2j ≥ 0 and x2
j + y2j − 1 ≥ 0
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shows that the polynomial

n−
(

n∑
j=1

x2
j + y2j

)
lies in the associated quadratic module. Thus the quadratic module is
Archimedean and the claim follows from Putinar’s Positivstellensatz.

After fixing a degree bound, solving the corresponding sum-of-
squares relaxation of a trigonometric polynomial optimization problem
reduces to semidefinite programming over Hermitian positive semidef-
inite matrices. By separating real and imaginary parts, this formu-
lation can equivalently be expressed as a semidefinite program over
real symmetric matrices of twice the dimension, see [81]. Under mild
assumptions, semidefinite programs can be solved efficiently [23, 44].

On the other hand, the size of the underlying semidefinite program
scales with the polynomial degree required for an exact or sufficiently
accurate sum-of-squares certificate. In fact, classical polynomial op-
timization is NP-hard in general, and many of these hardness results
can be adapted to the trigonometric setting. In particular, Blum et
al. showed that the feasibility problem for polynomial optimization is
NP-hard [10, Chapter 5.4], and O’Donnell exhibited examples requir-
ing exponential bit complexity [61].

The trigonometric setting presents an additional structural diffi-
culty. Cancellations among monomial terms imply that the degree
is not multiplicative. As a result, controlling the degree required for
sum-of-squares representations is subtle, and even problems of appar-
ently low degree may give rise to large-scale semidefinite programs.
Concrete examples illustrating this phenomenon can be found in [35,
Chapter 3.5.2]. This behavior is consistent with the absence of uniform
degree bounds for sum-of-squares representations on compact algebraic
varieties, as shown by Scheiderer [64].

8.2 Invariants in trigonometric polynomial
optimization

Given a vector of variables θ = (θ1, . . . , θn), consider the trigono-
metric polynomial ring C

[
e±iθ1 , . . . , e±iθn

]
. Define a ring isomorphism
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by

Φ : C
[
e±iθ1 , . . . , e±iθn

]
→ C[z, z]/In

eiθj 7→ zj for j = 1, . . . , n,

e−iθj 7→ zj for j = 1, . . . , n,

where C[z, z] is the polynomial ring in 2n independent variables and
the ideal In is given by

In = ⟨zj zj − 1, j = 1, . . . , n⟩.

For notational convenience, we write ξ = (z, z).
Consider a finite group Γ acting on C[ξ] via a representation ρ of

appropriate dimension, i.e.,

(γ · P )(ξ) = P (ρ(γ−1) ξ).

This induces an action on trigonometric polynomials via

γ · p = Φ−1(γ · Φ(p)).

For such an action to be well-defined, we require that the ideal In is
invariant under the action of Γ, i.e.,

⟨
[
ρ(γ−1) ξ

]
j

[
ρ(γ−1) ξ

]
n+j

− 1, j = 1, . . . , n⟩ ⊆ In

for all γ ∈ Γ. A trigonometric polynomial p with γ · p = p is called
invariant.

We restrict our attention to group actions that leave the space of
Hermitian trigonometric polynomials invariant. In terms of the matrix
representation, this means that, for every γ ∈ Γ, the matrix ρ(γ)
admits a block decomposition

ρ(γ) =

(
ρ(γ)11 ρ(γ)12

ρ(γ)12 ρ(γ)11

)
,

where ρ(γ)11, ρ(γ)12 ∈ Cn×n.

Theorem 8.3. Let Γ be a finite group and let ρ be a representation of
Γ inducing a well-defined action on trigonometric polynomials under
which the Hermitian polynomials form an invariant space. For every
γ ∈ Γ, each row of the matrix ρ(γ) contains exactly one nonzero entry,
which is of modulus 1. Moreover, ρ(γ) is unitary.
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Proof. Let ρ be a representation of Γ satisfying the assumptions of the
theorem and let γ ∈ Γ. Denote the j-th row of ρ(γ−1)11 and of ρ(γ−1)12
by v, w, respectively. Since In is invariant under the action of Γ, we
deduce

1 ≡ (z⊤v + z⊤w)(w∗z + v∗z)

= z⊤(v w∗)z + z⊤ (vv∗) z + z⊤ (ww∗) z + z⊤(wv∗)z

modulo In. Reducing the right-hand side modulo In and comparing
coefficients yields

vk wℓ + vℓ wk = 0 for k, ℓ = 1, . . . , n,

vk vℓ + wℓ wk = 0 for k, ℓ = 1, . . . , n with k ̸= ℓ,
n∑

k=1

(
|vk|2 + |wk|2

)
= 1.

These equations imply that the row (v, w) contains exactly one nonzero
entry that is of modulus 1.

Thus, each row contains exactly one entry of absolute value one,
with these entries occurring in distinct columns, and the remaining
entries vanish. This implies that the rows form an orthonormal system.
Hence, ρ(γ−1) is unitary.

Theorem 8.3 implies that the only group actions under considera-
tion are of the form

(γ · p)(θ1, . . . , θn) = p(±θτ(1) + ϕ1, . . . ,±θτ(n) + ϕn) (8.7)

where τ is an element of the symmetric group Sym(n) and ϕ lies in
the n-dimensional torus Rn/(2πZn). Consequently, Γ is isomorphic to
a subgroup of the semidirect product

(Sym(n)⋉ (Z/2Z)n)⋉ (R/(2πZ))n.

This yields an induced action of the group Γ on the n-dimensional
torus Rn/(2πZn). We call a subset of [−π, π)n invariant if its image
under the canonical projection onto the torus is invariant under the
induced group action on the torus.

When characterizing invariant sum-of-squares polynomials, it seems
natural to assume that there exists a basis consisting of invariant func-
tions. This assumption is false in general, as the following example
demonstrates.
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Example 8.4. Consider the ring of univariate Hermitian trigonometric
polynomials invariant under the action θ 7→ −θ. This ring is generated
by cos(θ). The sum-of-squares polynomial σ(θ) = sin(θ)2 is invari-
ant under the action, but cannot be represented as a sum-of-squares
polynomial in a cosine basis.

Hence, we require a more sophisticated way to construct a symmetry-
adapted sum-of-squares basis. Let Γ be a group acting as in Theo-
rem 8.3 and let σ be an invariant sum-of-squares polynomial of the
form

σ(θ) = b(θ)∗Qb(θ),

where b(θ) denotes the standard trigonometric monomial basis of length
d and Q ∈ Cd×d is Hermitian positive semidefinite. Theorem 8.3 guar-
antees the existence of a unitary representation U(γ) such that

γ · σ(θ) = b(θ)∗U(γ)∗QU(γ) b(θ),

for all γ ∈ Γ.
This induces a group action of the opposite group of Γ on the space

of Hermitian matrices γ ·Q = U(γ)∗QU(γ). The opposite group is de-
fined on the same underlying set as Γ, but with the group operation ap-
plied in the reverse order. Since the action preserves semidefiniteness,
an averaging argument allows us to assume that the matrix Q is invari-
ant. Moreover, the opposite group of Γ acts on Cd by γ · v = U(γ)∗v.

If ρ is a unitary representation of Γ, its Hermitian conjugate ρ∗

defines a representation of its opposite group. This construction yields
a bijection between representations of Γ and representations of its op-
posite group. To avoid switching between Γ and its opposite group,
we exclusively consider representations of Γ in the following.

Recall from Chapter 2 that the action of the opposite group de-
composes Cd into invariant subspaces

⊕
ρ∈Γ̂

mρ⊕
k=1

Vρ,k,

where Vρ,k are irreducible subspaces such that Vρ,k and Vρ′,k′ are equiv-
alent if and only if ρ = ρ′ and mρ denotes the multiplicity of the corre-
sponding representation. Hence, the space of complex-valued matrices
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can be decomposed as follows

Cd ⊗
(
Cd
)∗

=

⊕
ρ∈Γ̂

mρ⊕
k=1

Vρ,k

⊗

⊕
ρ′∈Γ̂

mρ′⊕
k′=1

Vρ′,k′

∗

=
⊕
ρ,ρ′∈Γ̂

mρ⊕
k=1

mρ′⊕
k′=1

Vρ,k ⊗ (Vρ′,k′)
∗,

where the dual space of a vector space V is denoted by V ∗. By Schur’s
lemma, the space of Γ-equivariant linear maps between Vρ,k and Vρ′,k′ is
zero if ρ ̸= ρ′, and consists of scalar multiples of the identity if ρ = ρ′.
Thus, the space of invariant matrices decomposes as⊕

ρ∈Γ̂

Idρ ⊗ Cmρ×mρ

where dρ is the dimension of the representation ρ. Therefore, we obtain
a block-diagonalization of the matrix Q⊕

ρ∈Γ̂

Qρ,

where every block Qρ can be further decomposed into dρ identical
blocks.

It is vital to understand how the change of basis affects the action of
Γ on the sum-of-squares polynomial σ. Let ρ be an irreducible unitary
representation of degree dρ, and let eρ,k,1, . . . , eρ,k,dρ be an orthonormal
basis of Vρ,k. Consider the vector-valued trigonometric polynomial

hρ,k(θ) = [(eρ,k,ℓ)
∗b(θ)]dρℓ=1 .

By construction, the componentwise action of Γ on hρ,k is given by

γ · hρ,k = ρ(γ)hρ,k.

In analogy to linear functions, we call hρ,k a ρ-equivariant trigonometric
polynomial with respect to the group action of Γ.

Using this change of basis, σ can be expressed as

σ(θ) =
∑
ρ∈Γ̂

hρ(θ)
∗Qρ hρ(θ),
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where hρ(θ) are (ρ ⊗ I)-equivariant polynomials. By computing, for
each irreducible representation of Γ, a basis of appropriate degree for
the corresponding equivariant vector space, we can reduce the size of
matrices in a sum-of-squares decomposition. This significantly reduces
the computational time required to solve trigonometric polynomial op-
timization problems numerically.

To compute such a basis, consider a finite group Γ with a well-
defined action on trigonometric polynomials such that the space of
Hermitian polynomials is invariant, and let ρ be a dρ-dimensional uni-
tary representation of Γ. We define a projection from the space of dρ-
dimensional vector-valued trigonometric polynomials onto the space of
ρ∗-equivariant vector-valued trigonometric polynomials

p 7→ 1

|Γ|
∑
γ∈Γ

ρ(γ) (γ · p).

This is an adaptation of the projection operator for ordinary polyno-
mials, as described in [39]. A projection onto the space of ρ-equivariant
vector-valued trigonometric polynomials is obtained via the opposite
group.

An equivariant basis up to a given degree can be computed by ap-
plying the projection operator corresponding to each irreducible rep-
resentation of Γ to the standard monomial basis.

At first sight, the appearance of the opposite group may seem ar-
tificial. However, it is a consequence of the chosen convention for
the action on polynomials. In many situations, it is more convenient
to let a group element act by (γ · P )(ξ) = P (ρ(γ)ξ) rather than by
(γ · P )(ξ) = P (ρ(γ−1)ξ). The former defines an action of the opposite
group and therefore leads to equivariants transforming according to
the irreducible representations of the original group Γ.

Since the groups relevant in this chapter are abelian, they are
canonically isomorphic to their opposite groups. We therefore sup-
press this distinction in what follows.

We now discuss two examples of symmetry reduction that are par-
ticularly relevant for our application.

Example 8.5. We revisit Example 8.4 in a multivariate setting. Con-
sider the action of Z/2Z given by θ 7→ −θ. Since the group is abelian,
the irreducible representations are given by the characters χ0(k) = 1
and χ1(k) = (−1)k for k ∈ Z/2Z. By applying the projection opera-
tors corresponding to both representations to the monomial basis, one
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obtains the sum-of-squares bases

b0(θ) = [cos(k⊤θ)]k∈Zn and b1(θ) = [sin(k⊤θ)]k∈Zn .

Here, we scaled the sine terms to ensure that their coefficients are real.
A Γ-invariant sum-of-squares polynomial can be decomposed as

σ(θ) = b0(θ)
⊤Q0 b0(θ) + b1(θ)

⊤Q1 b1(θ).

In particular, the sum-of-squares basis is real-valued. Consequently,

σ(θ) = (1/2)
(
σ(θ) + σ(θ)

)
= (1/2)

(
b0(θ)

⊤ (Q0 +Q0

)
b0(θ) + b1(θ)

⊤ (Q1 +Q1

)
b1(θ)

)
yields a sum-of-squares decomposition consisting of real symmetric ma-
trices.

The transition from complex to real matrices additionally simplifies
numerical computations since Hermitian positive semidefinite matrices
are represented by real positive semidefinite matrices of twice their
size. A real-valued trigonometric basis can be obtained whenever the
symmetry group contains an action of the form θ 7→ −θ + π b with
b ∈ {0, 1}n.

Example 8.6. For a given integer N ∈ N, the group Z/NZ acts on
trigonometric polynomials in n variables by

k · p(θ1, . . . , θn) = p(θ1 + 2πk/N, θ2, . . . , θn).

The group action affects only one variable, so we omit the dependence
on (θ2, . . . , θn) for the remainder of this example and denote θ1 by
θ. Since the group is abelian, the irreducible representations are the
characters χℓ(k) = e2πikℓ/N for k, ℓ ∈ Z/NZ. Applying the projection
operator corresponding to the ℓ-th character to the standard monomial
basis vector yields

bℓ(θ) = eiℓθ
[
eiNkθ

]
k∈Z .

In particular, we have
bℓ(θ) = eiℓθ b0(θ),

so that for any Hermitian matrix Q,

bℓ(θ)
∗Qbℓ(θ) = b0(θ)

∗Qb0(θ).
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This implies that, unlike in the introductory example, every in-
variant sum-of-squares polynomial can be expressed using an invariant
basis. Thus, the entire computation can be carried out in the subring
of invariant trigonometric polynomials C[e±iNθ].

Consider a trigonometric polynomial that is positive on a semialge-
braic set invariant under the action of a finite group Γ. Such a polyno-
mial admits a sum-of-squares decomposition of the form (8.6). If the
generators of the semialgebraic set are all invariant, we can symmetrize
each sum-of-squares polynomial individually. While not every set of
generators is necessarily invariant, one can always find an invariant set
of generators.

Proposition 8.7. Let Γ be a finite group that induces a well-defined
action on trigonometric polynomials such that the space of Hermitian
trigonometric polynomials is invariant. For every Γ-invariant semial-
gebraic set

Σ = {θ ∈ [−π, π)n : p1(θ) ≥ 0, . . . , pm(θ) ≥ 0}
there exist Γ-invariant Hermitian trigonometric polynomials q1, . . . , qm′

such that

Σ = {θ ∈ [−π, π)n : q1(θ) ≥ 0, . . . , qm′(θ) ≥ 0} .
The corresponding statement for ordinary polynomials was proved

by de Laat and Leijenhorst [52, Appendix A]. We adapt their argu-
ments to the trigonometric case.

Proof. Since the semialgebraic set is invariant, we have

Σ =
m⋂
j=1

⋂
γ∈Γ

{θ ∈ [−π, π)n : γ · pj(θ) ≥ 0} .

It therefore suffices to verify that a set of the form

Σ =
⋂
γ∈Γ

{θ ∈ [−π, π)n : γ · p(θ) ≥ 0}

is a semialgebraic set generated by Γ-invariant polynomials.
To this end, define the invariant polynomials

qj =
∑
S⊆Γ
|S|=j

∏
γ∈S

γ · p
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for j = 1, . . . , |Γ| as well as the semialgebraic set

Σ′ =
{
θ ∈ [−π, π)n : q1(θ) ≥ 0, . . . , q|Γ|(θ) ≥ 0

}
.

We claim Σ = Σ′. The definition of qj implies Σ ⊆ Σ′.
The reverse inclusion is shown by considering the complements.

Assume that there exist θ ∈ [−π, π)n and γ ∈ Γ such that γ · p(θ) < 0
and q1(θ) ≥ 0, . . . , q|Γ|(θ) ≥ 0. Since the functions qj are invariant,
applying the group action preserves the inequalities qj(θ) ≥ 0. Us-
ing (8.7), we may replace θ with a suitable point in its orbit, which
gives θ′ ∈ [−π, π)n such that p(θ′) < 0, while qj(θ

′) ≥ 0 for all j.
Consider the polynomials

rj =
∑

S⊆Γ\{e}
|S|=j

∏
γ∈S

γ · p.

Note that qj(θ
′) = p(θ′) rj−1(θ

′) + rj(θ
′). Using r|Γ|(θ

′) = 0 in combi-
nation with the assumption gives r|Γ|−1(θ

′) ≤ 0. In the same way, one
can show r|Γ|−2(θ

′) ≤ 0. In fact, the argument can be used inductively
to show r1(θ

′) ≤ 0. Hence,

q1(θ
′) = p(θ′) + r1(θ

′) ≤ p(θ′) < 0,

which contradicts the assumption.

8.3 A sum-of-squares formulation for the
theta number

Consider a real-valued function of positive type on SO(3), as de-
scribed in Theorem 7.4, with only finitely many nonzero coefficient
matrices. Then f admits a finite expansion of the form

f(α, β, γ) =
d∑

ℓ=0

⟨F ℓ, Y ℓ(α, β, γ)⟩+ ⟨F ℓ, Y ℓ(α, β, γ)⟩ (8.8)

where [
Y ℓ(α, β, γ)

]
m,n

= in−m ei(nα+mγ) P ℓ
m,n(cos(β)).

In particular, f is a Hermitian trigonometric polynomial in the Euler
angles (α, β, γ).
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Let N ≥ 3 and ϱ ∈ (0, π/2) such that GN(ϱ) is admissible. By
Theorem 3.14, the interior-disjointness condition

(GN(ϱ) ∩ A(α, β, γ)GN(ϱ))
◦ = ∅

holds if and only if (α, β, γ) belongs to the union of

Σ1 =
{
(α, β, γ) ∈ [−π, π)3 : cos(2ϱ)− cos(β) ≥ 0

}
,

Σ2 =
N⋃
k=1

N⋂
ℓ=1

{
(α, β, γ) ∈ [−π, π)3 : h⊤

k A(α, β, γ) vℓ ≥ 0
}
,

Σ3 =
N⋃
k=1

N⋂
ℓ=1

{
(α, β, γ) ∈ [−π, π)3 : h⊤

k A(α, β, γ)
⊤vℓ ≥ 0

}
.

Here, v1, . . . , vN and h1, . . . , hN denote the vertices of GN(ϱ) and GN(ϱ)
∗,

respectively. Both cos(2ϱ)− cos(β) and h⊤
k A(α, β, γ) vℓ are Hermitian

trigonometric polynomials in (α, β, γ).
By Theorem 6.1, an upper bound for τ(GN(ϱ)) is obtained by solv-

ing the optimization problem

inf f(0, 0, 0)

s.t. F 0, . . . , F d Hermitian positive semidefinite,
f(α, β, γ) given as in (8.8),
f(α, β, γ) ≤ −1 for all (α, β, γ) ∈ Σ1 ∪ Σ2 ∪ Σ3.

(8.9)

In principle, problem (8.9) can be approached using sum-of-squares
methods. However, as the truncation parameter d increases, the de-
gree of the underlying trigonometric polynomials and the size of the
matrix variables grow rapidly. The resulting semidefinite programs
quickly become computationally intractable, even for moderate values
of d. Consequently, symmetry reduction techniques are essential for
obtaining meaningful numerical bounds.

From the symmetry present in any packing problem (3.6), one ob-
tains

(GN(ϱ) ∩ AGN(ϱ))
◦ = ∅ if and only if

(
GN(ϱ) ∩ A⊤GN(ϱ)

)◦
= ∅.

Moreover, every real-valued function f : SO(3) → R of positive type is
invariant under inversion of the argument f(A) = f(A⊤). Hence,

f(α, β, γ) ≤ −1 on Σ2 if and only if f(α, β, γ) ≤ −1 on Σ3.
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Thus, it suffices to impose the constraint on Σ2.
Recall from Section 3.2 that the inverse of A(α, β, γ) can be repre-

sented in terms of Euler angles as

A(α, β, γ)⊤ = A(−γ,−β,−α) = A(π − γ, β, π − α).

These relations define a group action of (Z/2Z)2 on the space of trigono-
metric polynomials in the variables (α, β, γ) by

(1, 0) · p(α, β, γ) = p(−γ,−β,−α),

(0, 1) · p(α, β, γ) = p(π − γ, β, π − α),
(8.10)

which leaves the optimization problem (8.9) invariant.
Additional symmetries arise from the symmetry group of GN(ϱ),

namely the dihedral group DN . The dihedral group can be realized as
a subgroup of the orthogonal group generated by

R =

 cos (2π/N) sin (2π/N) 0
− sin (2π/N) cos (2π/N) 0

0 0 1

 and S =

−1 0 0
0 1 0
0 0 1

 .

In particular, DN admits the semidirect product decomposition DN =
Z/2Z ⋉ Z/NZ.

Using the DN -symmetry, we observe that for A ∈ SO(3), the
interior-disjointness condition

(GN(ϱ) ∩ AGN(ϱ))
◦ = ∅

is equivalent to(
GN(ϱ) ∩

(
HAG⊤)GN(ϱ)

)◦
= ∅ for all G,H ∈ DN .

This yields an action of DN ×DN on the space of matrices defined by

(G,H) · A = HAG⊤.

However, this action does not preserve SO(3), since some elements
of DN reverse orientation. To obtain a well-defined action on SO(3),
we restrict the action to the subgroup Z/2Z ⋉ (Z/NZ)2 generated by
(R, I), (I, R), and (S, S). For every (G,H) ∈ Z/2Z ⋉ (Z/NZ)2 and
A ∈ SO(3), one has (G,H) · A ∈ SO(3).
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Using the relations SRZ(θ)S
⊤ = RZ(−θ) and SRX(θ)S

⊤ = RX(θ),
one obtains the induced action on Euler angles

(R, I) · A(α, β, γ) = A(α− 2π/N, β, γ),

(I, R) · A(α, β, γ) = A(α, β, γ + 2π/N),

(S, S) · A(α, β, γ) = A(−α, β,−γ).

This gives rise to an action of Z/2Z⋉(Z/NZ)2 on the space of trigono-
metric polynomials in the variables (α, β, γ)

(R, I) · p(α, β, γ) = p(α− 2π/N, β, γ),

(I, R) · p(α, β, γ) = p(α, β, γ + 2π/N),

(S, S) · p(α, β, γ) = p(−α, β,−γ),

which leaves the constraints in (8.9) invariant.
Collecting the symmetries discussed above leads to a group action

of the semidirect product Γ = (Z/2Z)3 ⋉ (Z/NZ)2

(1, 0, 0, 0, 0) · p(α, β, γ) = p(−γ,−β,−α),

(0, 1, 0, 0, 0) · p(α, β, γ) = p(π − γ, β, π − α),

(0, 0, 1, 0, 0) · p(α, β, γ) = p(−α, β,−γ),

(0, 0, 0, 1, 0) · p(α, β, γ) = p(α− 2π/N, β, γ),

(0, 0, 0, 0, 1) · p(α, β, γ) = p(α, β, γ + 2π/N),

(8.11)

where (Z/2Z)3 acts on (Z/NZ)2 via the induced transformations on
the Euler angles.

Averaging any feasible solution of (8.9) over Γ yields an invari-
ant feasible solution. This is achieved by averaging the matrix-valued
functions Y ℓ over the group Γ[

Y ℓ
sym

(α, β, γ)
]
m,n

=
1

|Γ|
∑
g∈Γ

g ·
[
Y ℓ(α, β, γ)

]
m,n

.

For indices (m,n) ≡ (0, 0) (mod N), this yields(
in−m/2

) (
cos(nα +mγ) + (−1)n−m cos(mα+ nγ)

)
P ℓ
m,n(cos(β)),

and it vanishes otherwise. Hence, only matrix entries with indices
divisible by N need to be considered, which reduces the dimension of
the coefficient matrices.
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The invariance

Y ℓ
sym(α, β, γ) = Y ℓ

sym(−γ,−β,−α) = Y ℓ
sym(α, β, γ)

∗

implies that Y ℓ
sym is Hermitian and, consequently, ⟨F ℓ, Y ℓ

sym(α, β, γ)⟩ is
real-valued for a Hermitian matrix F ℓ.

In general, the actions of (0, 0, 0, 1, 0) and (0, 0, 0, 0, 1) do not pre-
serve the objective value. The symmetry-adapted formulation should
therefore be understood as a restriction of the original theta problem
to a smaller, invariant search space, rather than as an equivalent re-
formulation.

The generator cos(2ϱ)−cos(β) of the semialgebraic set Σ1 is invari-
ant under the group action of Γ. This allows for a symmetry-adapted
sum-of-squares decomposition of polynomials strictly positive on Σ1.
Invariance under

(1, 1, 1, 0, 0) · p(α, β, γ) = p(π − α,−β, π − γ)

further implies that such decompositions can be realized using real
symmetric matrices as discussed in Example 8.5.

Although Σ2 is not invariant under the action of Γ, the identity

A(α, β, γ) = A(α− π,−β, γ − π)

shows that each generator is invariant under the action of (1, 1, 0, 0, 0),
which induces a Z/2Z-symmetry. Invariance of f under the action of
(0, 0, 0, 0, 1) allows the set Σ2 to be reduced to

Σ′
2 =

N⋂
ℓ=1

{
(α, β, γ) ∈ [−π, π)3 : h⊤

1 A(α, β, γ)vℓ ≥ 0
}
.

Replacing h1 by any other vertex hj yields a semialgebraic set in the
same orbit, and hence an equivalent constraint.

Our choice of coordinates in (3.2) implies Sh1 = h1, which makes
the set invariant under the action of (S, S). The semialgebraic set Σ′

2

is also invariant under the action of (R, I), but generally not under
(I, R). Consequently, the symmetries present in Σ′

2 are induced by
(Z/2Z)2 ⋉ Z/NZ with the corresponding action

(1, 0, 0) · p(α, β, γ) = p(−α, β,−γ),

(0, 1, 0) · p(α, β, γ) = p(α− π,−β, γ − π),

(0, 0, 1) · p(α, β, γ) = p(α− 2π/N, β, γ).

(8.12)



102 Computing the theta number

Proposition 8.7 implies that there exists an invariant generating set
for Σ′

2. In addition, the symmetry

(1, 1, 0) · p(α, β, γ) = p(−α+ π,−β,−γ + π)

ensures that the positive semidefinite matrices in sum-of-squares rep-
resentations of polynomials strictly positive on Σ′

2 can be assumed to
be real.

The preceding discussion leads to the symmetry-reduced relaxation
of the theta number

inf
d∑

ℓ=0

⟨F ℓ, Y ℓ
sym(0, 0, 0)⟩

s.t. F 0, . . . , F d Hermitian positive semidefinite,
d∑

ℓ=0

⟨F ℓ, Y ℓ
sym(α, β, γ)⟩ ≤ −1 for all (α, β, γ) ∈ Σ1 ∪ Σ′

2.

Recall from Example 8.6 that a symmetry-adapted sum-of-squares
basis incorporating the (Z/NZ)2 symmetry in (8.11) lies in the invari-
ant ring C

[
e±iNα, e±iβ, e±iNγ

]
. Thus the cyclic shift symmetries can

be incorporated at the level of the monomial basis by restricting to the
invariant ring.

The remaining symmetries then decompose this space into equiv-
ariant subspaces for the (Z/2Z)3-action. Hence, computing the ir-
reducible representations of the full semidirect product (Z/2Z)3 ⋉
(Z/NZ)2 is not required. The same reasoning applies to the group
action in (8.12).



Chapter Nine

Implementation and Results

In this chapter, we present lower and upper bounds for the packing
problems associated with the configurations constructed in Part II of
this thesis. For each configuration, we computed the volume bound
(6.1), the symmetry-reduced theta number described in Section 8.3,
and the Bachoc-Vallentin bound [4]. The Bachoc-Vallentin bound is
not directly applied to the polygon packing problem, but to the spher-
ical cap packing problem associated with the caps inscribed in the
corresponding polygons, as explained in Section 6.2.

The computations of the theta number and the Bachoc-Vallentin
bound were carried out in the Julia programming language [8], using
the ClusteredLowRankSolver package [52], which supports arbitrary-
precision floating-point arithmetic. A database containing the rational
matrices defining each configuration as well as the scripts used for the
computations is available in [28].

Tables 9.2, 9.3, and 9.4 present the resulting lower and upper
bounds. For comparison, we also computed the theta number for
the spherical cap packing problem using the approach of Delsarte,
Goethals, and Seidel [33], discussed in Section 6.2. To this end, poly-
nomials of degree 30 were used. The corresponding values are listed
in Table 9.1. Figures 9.1 and 9.2 illustrate how the various bounds
depend on the angular radii. Since the packing number is an integer,
any gap of less than 1 between a lower and an upper bound certifies
maximality.

As in Chapter 5, we consider all configurations of regular spherical
triangles with cardinality at least 8. Our framework guarantees that all
configurations of cardinality at least 14 are packings. Conjecture 3.15
suggests that the remaining configurations also define packings. These
are marked as “conjectured” in Table 9.2.

Although the solutions were obtained numerically, the usage of
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arbitrary-precision arithmetic allows us to control feasibility errors.
Consequently, the computed solutions can be perturbed into feasible
ones with only negligible effect on the objective value. For a detailed
discussion of this aspect in the context of a related problem, we refer
to [24].

Computing the theta number for a packing problem associated
with regular spherical triangles at truncation degree 14 requires several
hours of computation time, whereas a truncation degree of 20 requires
more than six days and approximately 128 GB of memory. The sum-
of-squares formulation requires both the truncation degree d and the
quotient ⌊d/N⌋ to be even, so not all truncation degrees are admissi-
ble. As a result, the degree of a constructed solution in the variables
eiNα and eiNγ is at most 6 for regular spherical triangles and at most 4
for regular spherical squares and pentagons. More powerful hardware
or more efficient solvers may allow for higher degrees and thereby lead
to improved bounds.

To compute the Bachoc-Vallentin bound for the packing problem
associated with the inscribed spherical caps, we used polynomials of
total degree at most 28. In some cases, there exist packings of spherical
caps whose cardinality exceeds that of the cap packing induced by a
polygon packing. In those cases, we report the corresponding cardinal-
ity in parentheses next to the Bachoc-Vallentin bound. The existence
of such packings implies that upper bounds for the packing number of
the inscribed spherical caps cannot be used to certify the maximality
of the corresponding polygon packing configuration.

For many configurations, the theta number alone suffices to certify
maximality. These are marked by a ⋆ symbol next to the angular
radius. Configurations for which maximality can be certified by the
theta number and, independently, by at least one of the other two
bounds, are indicated by a † symbol. The symbol − indicates that the
theta number improves upon the floors of both the volume bound and
the Bachoc-Vallentin bound, without certifying maximality.

Across all considered configurations, the theta number provides the
strongest upper bounds and is most effective for certifying maximality.
In particular, it frequently reduces the gap to below 1, thereby prov-
ing maximality. The Bachoc-Vallentin bound becomes increasingly
competitive as the number of vertices increases. While it is generally
weaker for triangles, its performance improves noticeably for squares
and is strongest for pentagons among the considered cases. By con-
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trast, the volume bound is computationally inexpensive but typically
less tight, and only certifies maximality in a limited number of cases.

These results also yield improved bounds for the related problem
of determining how many copies of a given Platonic solid can share
a common vertex. For the icosahedron, all three bounds certify the
maximality of our configuration. In the case of the octahedron, we
construct a configuration of 7 interior-disjoint octahedra sharing a ver-
tex. While the volume bound and the Bachoc-Vallentin bound yield an
upper bound of 9, the theta number improves this to an upper bound
of 8. Although the theta number gives a better bound than the volume
bound for the packing problem corresponding to the tetrahedron, we
were unable to improve the known lower bound of 20 or the known
upper bound of 22.
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Lower and upper bounds for packing problems for
spherical caps

Radius Lower bound Volume bound Theta number
0.955316⋆ 4 4.73205080 4.00000000
0.785398 5 6.82842981 6.00000000
0.785398⋆ 6 6.82842981 6.00000000
0.679539⋆ 7 9.00343295 7.68883886
0.653263⋆ 8 9.71368150 8.27952346
0.615479⋆ 9 10.8990037 9.51918464
0.577239⋆ 10 12.3435877 10.7914035
0.553574 11 13.3914519 12.0000000
0.553574⋆ 12 13.3914519 12.0000000
0.498611 13 16.4267859 14.4969321
0.485817 14 17.2851527 15.2280842
0.468253 15 18.5801287 16.44861331
0.455918 16 19.5804350 17.36885997
0.445847 17 20.4594672 18.13548770
0.432463 18 21.7240749 19.39281488
0.416190⋆ 19 23.4290463 19.39281488
0.413913 20 23.6837874 21.17864874
0.398050 21 25.5815348 22.78903891
0.390431 22 26.5763470 23.69705747
0.381441 23 27.8277034 24.81252556
0.381273⋆ 24 27.8519341 24.83514047

Table 9.1: Lower and upper bounds for packing problems for spherical
caps as a function of the angular radius. Lower bounds are given by
explicit configurations that can be found in the references given in [19],
while upper bounds are obtained via the volume bound and the theta
number. The ⋆ symbol indicates configurations whose maximality is
certified by the theta number. All numerical values are truncated to six
decimal places for the radii and to eight decimal places for the bounds.
Packings of cardinality 5 to 14 and 24 are known to be maximal [19].
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Lower and upper bounds for packing problems for
regular spherical triangles

Radius Lower bound Volume bound Bachoc-Vallentin d Theta number Remarks
0.955316† 8 8.00000000 (9) 9.00000000 14 8.00148720 conjectured
0.846584 9 10.84079445 (12) 12.72238983 14 10.43859589 conjectured
0.828930⋆ 10 11.41373633 (12) 13.49278286 14 10.97882053 conjectured
0.790798 11 12.78772029 (15) 15.65588685 14 12.31168623 conjectured
0.760924− 12 14.01415753 (17) 17.34929797 14 13.55069849 conjectured

20 13.53801952
0.738005− 13 15.05923710 (18) 18.94361211 14 14.62806719 conjectured
0.719838 14 15.96041040 (20) 20.34188158 14 15.57438551
0.699345− 15 17.06344004 (20) 21.78736915 14 16.77117697
0.685159 16 17.88615258 (22) 23.08083263 14 17.67500325

20 17.62851173
0.669803 17 18.83686063 (24) 24.57551675 14 18.71223464

20 18.67127997
0.658112 18 19.60600155 (24) 25.66413630 14 19.57509688

20 19.55107105
0.652634† 19 19.98080594 (24) 26.21183173 14 19.99058786

20 19.98296276
0.651805† 20 20.03839317 (24) 26.29552502 14 20.04764259

20 20.03822089
0.615479 20 22.79466514 (28) 30.43073692 14 22.59030673 tetrahedra

20 22.51176943 sharing a vertex
0.604417 21 23.73485658 (30) 31.77968284 14 23.48417323

20 23.40372464
0.587346− 22 25.29181773 (32) 34.02763309 14 24.99197449

20 24.90075396
0.570870 23 26.92948343 (34) 36.66255105 14 26.59150848

20 26.48770382
0.558125− 24 28.29737925 (36) 38.71347302 14 27.93923717

20 27.82052189

Table 9.2: Lower and upper bounds for packing problems for regular
spherical triangles. The lower bounds are given by explicit configu-
rations, while upper bounds are obtained via the volume bound, the
Bachoc-Vallentin bound, and the theta number. All numerical values
are truncated to six decimal places for the radii and to eight decimal
places for the bounds.
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Lower and upper bounds for packing problems for
regular spherical squares

Radius Lower bound Volume bound Bachoc-Vallentin d Theta number Remarks
1.183199† 3 3.70443713 3.00000000 10 3.00000001
1.063440† 4 4.71541086 4.07790842 10 4.10116100
0.955316 5 6.00000117 (6) 6.00000000 10 6.00000044

18 6.00000026
0.955316† 6 6.00000000 6.00000000 8 6.00000463
0.812554⋆ 7 8.58304028 (8) 8.13119410 10 7.84845101
0.785398− 7 9.24441273 (9) 9.00000000 10 8.46487808 octahedra

18 8.43452493 sharing a vertex
0.777160⋆ 8 9.45911352 (9) 9.10977817 10 8.67678741
0.737706⋆ 9 10.59062399 (10) 10.27965041 10 9.72908492
0.701465⋆ 10 11.80498479 (12) 12.08022888 10 10.87300195
0.665589− 11 13.20988402 (12) 13.08564377 10 12.36460904

18 12.24240918
0.659825⋆ 12 13.45739970 13.35693928 10 12.61827032
0.611102− 13 15.83957294 (15) 16.21135247 10 14.96350191

18 14.70525606
0.598860− 14 16.53186711 (16) 16.95237174 10 15.70271462

18 15.36791722
0.585592− 15 17.33205714 (17) 17.82667450 10 16.60940922

18 16.16157960
0.564943 16 18.69188151 (18) 19.54161047 10 18.18025701
0.549177− 17 19.83538800 (20) 20.76935334 10 19.48304253

18 18.59577345
0.537891− 18 20.71669278 (20) 21.67448098 10 20.53747812

18 19.43932673
0.516950− 19 22.50799105 (22) 23.89372360 10 22.82038760

18 21.21727058
0.510062− 20 23.14608098 (24) 24.61734992 10 23.66899224

18 21.84775700
0.495188− 21 24.61617987 (24) 26.24964661 10 25.64625742

18 23.29803247
0.485876− 22 25.60629269 (26) 27.32759700 10 27.00764135

18 24.26292605
0.475163− 23 26.81816363 (27) 28.70062328 10 28.74508182

18 25.44302605
0.465337− 24 28.00434523 (28) 30.17773550 10 30.52343961

18 26.62321441

Table 9.3: Lower and upper bounds for packing problems for regular
spherical squares. The lower bounds are given by explicit configura-
tions, while upper bounds are obtained via the volume bound, the
Bachoc-Vallentin bound, and the theta number. All numerical values
are truncated to six decimal places for the radii and to eight decimal
places for the bounds.
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Lower and upper bounds for packing problems for
regular spherical pentagons

Radius Lower bound Volume bound Bachoc-Vallentin d Theta number Remarks
1.107148† 3 4.00000000 3.23606797 14 3.23606992
1.027058† 4 4.67521434 4.02586260 14 4.00425871
1.017221† 4 4.76984107 4.04611156 10 4.06501130 icosahedra

sharing a vertex
0.865924⋆ 5 6.67214088 (6) 6.01513743 14 5.94289949
0.850308† 6 6.92983044 6.05170751 14 6.22491869
0.756498⋆ 7 8.83521938 (8) 8.00493858 14 7.91739923
0.731849† 8 9.46296954 8.44605070 14 8.63164917
0.692196† 9 10.61854972 9.56183171 14 9.99379488
0.658224 10 11.78061879 11.03162960 14 11.57505633

20 11.53768330
0.652358 11 12.00000004 (12) 12.00000000 14 12.00000393
0.652358† 12 12.00000510 12.00000001 10 12.00002878
0.565329 13 16.10441278 (14) 15.26026568 14 15.32016393
0.554476 14 16.75654644 (15) 15.89359509 14 15.95264213
0.539673 15 17.71049491 (16) 16.83442133 14 16.89037273
0.524729 16 18.75684983 (17) 17.87168328 14 17.89517658
0.512308 17 19.69727207 (18) 18.91986202 14 18.82818266
0.498146− 18 20.85668953 (19) 20.21849698 14 19.96762912

20 19.62178909
0.480722 19 22.42647447 (20) 21.66650360 14 21.49920555

20 21.05564494
0.476634− 20 22.81997390 (21) 22.05813478 14 21.88236952

20 21.39579388
0.459979− 21 24.53327575 (24) 24.03727825 14 23.60037910

20 22.91769941
0.451462− 22 25.48362122 (24) 24.98748702 14 24.58375506

20 23.81047251
0.436889− 23 27.24080150 (25) 26.77138644 14 26.51402878

20 25.41736863
0.435221− 24 27.45326251 (25) 26.98022302 14 26.75588236

20 25.61687007

Table 9.4: Lower and upper bounds for packing problems for regular
spherical pentagons. The lower bounds are given by explicit configu-
rations, while upper bounds are obtained via the volume bound, the
Bachoc-Vallentin bound, and the theta number. All numerical values
are truncated to six decimal places for the radii and to eight decimal
places for the bounds.
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Spherical caps

Regular spherical triangles

Figure 9.1: Differences between the lower bound and the correspond-
ing upper bounds for packing problems for spherical caps and regular
spherical triangles. The discrete data points obtained from Tables 9.1
and 9.2 are connected by dashed lines for visual guidance. The hor-
izontal dashed line at 1 marks the threshold below which an upper
bound certifies maximality.
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Regular spherical squares

Regular spherical pentagons

Figure 9.2: Differences between the lower bound and the corresponding
upper bounds for packing problems for regular spherical squares and
regular spherical pentagons. The discrete data points obtained from
Tables 9.3 and 9.4 are connected by dashed lines for visual guidance.
The horizontal dashed line at 1 marks the threshold below which an
upper bound certifies maximality.
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