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Abstract

In ab-initio quantum chemistry, solving the electronic structure problem of a molecular system of interest to
obtain an approximation of the ground and, in some cases, the excited state energies is a core and central task
in various quantum chemistry processes. These include, but certainly not limited to, the calculation of the
activation energy —that is the minimal energy required to launch a given chemical reaction—, the dipole and
multipole moments which describe the polarity of the molecule, performing the optimization of the geometry
of the molecule and searching for transition states. Furthermore, many quantum chemistry applications are
predicated, not merely on the approximation of the ground state energy, but also on the corresponding first
order derivatives. The body of literature of classical algorithms approximating the ground state energy and its
first order derivative is extensively rich with a plethora of methods such as self-consistent mean-field methods,
coupled-cluster methods, density matrix renormalization group and many more, each of which has intrinsic set of
properties and characteristics that makes it suitable for specific tasks and cases. However, classical methods face
a practically insurmountable challenge: the efficient computation of high accuracy approximation of ground
state energies of large system sizes. This is fundamentally because the electronic structure problem provably
belongs to the complexity class of QMA-hard problems. Which also means that it is out of reach for quantum
algorithms as well in general. However, with certain assumptions that are expected to hold molecules of interest
—that so far proved to be classically challenging because the required accuracy set by the standard of chemical
accuracy threshold (generally held in quantum chemistry)— quantum algorithms can efficiently treat such cases.

While originally theorized by Richard Feynmann as a potentially efficient way of simulating some classically
intractable many-body systems, quantum computing has since proven to have a stronger and richer potential
paving the way for the inception of new algorithms such as Shor’s algorithm for integer factorization, HHL for
solving linear system of equation and Grover’s algorithm for constrained binary search, just to name a few. These
algorithms provably exhibit an improvement rate that goes respectively exponentially and quadratically in the
time complexity. Quantum chemistry is considered a prominent candidate to benefit from quantum computing
given the variety of quantum algorithms put forth to solve the electronic structure problem of particular systems
of interest. These quantum algorithm proposals can be broadly categorized in three main categories that span
the spectrum: from noisy intermediate scale quantum (NISQ) computers to early and full scale fault tolerant
quantum ((E)FTQC) computers.

Firstly, the variational quantum eigensolver (VQE)|family of quantum algorithms which variationally search
for the ground state energy through the optimization of the energy of a parametrized state prepared in a
quantum computer using an ansatz. Secondly, the [quantum Krylov subspace diagonalization (QKSD)|methods,
which generate a subspace of the original Hilbert space and efficiently produce the lowest energy in said subspace
as its output. Lastly, we have the [quantum phase estimation (QPE)| algorithms, which provably produce the
ground state energy in Heisenberg scaling presenting hence a provable efficient solution.

In this thesis, we firstly set to work on the problem of efficient Hamiltonian [linear combination of unitaries|
representation. This is mainly motivated by the wide-range impact an efficient compression of the
Hamiltonian can potentially have on several quantum algorithms such as [VQE] [QPE]..etc. We designed a
method that efficiently compress the Hamiltonian representation in a way that is beneficially impactful across
the set of the aforementioned quantum algorithms. Namely, we motivate and present in Sections and
respectively, the fregularized compressed double-factorization (RC-DF')| and show how it reduces the energy
measurement complexity both in terms of number of distinct observables and number of samples. Moreover, it
also reduces the total depth of the quantum phase estimation circuit thanks to its low normalization factor.

Secondly, given the importance of the energy derivatives, in Sections [2.1] and [2:2] we introduce and present
an efficient quantum algorithm for the calculation of the analytic gradient of VQE] energies of double-factorized
Hamiltonians. Furthermore, in Section we expand on the utility of [RC-DF| by presenting a quantum
algorithm that determines the analytic gradient of energies measured with respect to [RC-DF] Hamiltonains.

Third, in Section[3.1} we summarize the theoretical results of purification error-mitigation techniques, namely
echo verification and virtual distillation. In Section [3:2] we report on the results of the experimental bench-
mark, of said techniques, performed on on Google’s Sycamore device to validate the theoretical scaling of error
suppression and extrapolate the resources needed for classically intractable system sizes.

Fourth, in Section [4] we establish the challenges of computing energy gradients in a quantum Krylov frame-
work. To overcome the problem, we provide, in Section an efficient quantum algorithm for calculating
energy derivative obtained through [QKSD| procedures. Our approach shows how the ground state can
be prepared using|quantum signal processing (QSP)|and reduces the number of observables to O(1) per
[density matrix (RDM)|

Lastly, in light of the importance of quantum RAMs due to their utility in a variety of quantum algorithms
that require efficient initial state preparation, as explained in Section[5.5] we address the problematic exponential
depth of the bucket-brigade QRAM (when decomposed). We present in Section a very efficient Clifford+T
decomposition of the bucket-brigade QRAM, which preserves the linear scaling of the depth of the circuit
without introducing any additional ancilla.
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Introduction

In the first part of this section, we briefly introduce the |electronic structure problem (ESP)|to then show how it
is mapped on a quantum computer. The second part focuses on introducing and motivating the importance of
the first-order derivatives of the energies produced by the first set of methods addressing the [ESP} This division
stems from the nature of the work presented in this thesis. Expressly, we propose:

e new quantum algorithms for calculating the energy gradient on a quantum computer.

e new classical methods that optimize the resources of quantum algorithms used to solve the electronic
structure problem.

We begin by stressing the point that the quantum chemistry methods and procedures used to generate the
parameters defining the problem —such as the spin-orbitals and the active space size— are neither the focus nor
of importance to the current thesis. However, a brief introduction will be provided with references for more
in-depth explanation.

In ab-initio quantum chemistry, a molecule is modeled by its set of nuclei and electrons (parametrized by
their mass and charges) and their interactions. The variation of the state of the molecule —described by its
wavefunction— over time is described by the fundamental equation of Schrédinger. Let us start by defining the
one-electron and two electron integrals:

wila) = [ 45(0) —3v2<r>—zf”;m>¢q<r>dr (1)

(palrs) : / 62(r1)by(r2) ¢<n> o(r2) dr1drs (@)

where {¢;(-),i = 0..n — 1}, Z,, and r,, are respectively the spatial molecular orbitals in the chosen active
space of size n, the charges and positions of nuclei m. As previously stated, the specific manner of generation
of these molecular orbitals is of little relevance to the current manuscript. Suffice to say that, usually, the
orbitals resulting from the Hartree-Fock method i.e. the Hartree-Fock orbitals are used to generate the Hilbert
space in which the wavefunction reside. We briefly describe the Hartree-Fock method below and for further
details the references [58| |21} 68] can be checked. We further denote the creation/annihilation operators, the
single excitation operators and the modified one-electron integrals as d;.ra [Gios E’pq = a;(aam + azﬁaig. The
second-quantized molecular Hamiltonian can then be written as

n—1 n—1
N o e 1 R
H = Eg + Z (p|h|q)a;r)aaqo + 5 Z (pQ|TS)( Apo @ (];garaaso)- (3)
o&{+,~},p,q=0 oe{+,~}.p,q,r,5=0

Exploiting the anti-commutation relation, we have

n—1 -
H=Eo+ Y (plhlg)E Z (palrs)(EpgErs — SqrEps) (4)
p,q=0 pq,rs 0
By defining F,,, = p|h|q) +(prlgr), we have
n—1 1 n—1
H=Ey+ Z FpqEpq + B Z (pq|rs)EpgErs (5)
p,q=0 p,q,7,5=0

and the subsequent time-independent Schrédinger equation in the Born-Oppenheimer regime is written as
H|W) = Ey|¥). (6)

The [ESP] consists of solving the time independent Schrodinger equation for the lowest energy i.e. finding the
pair of ground state |¥y) and ground-state energy Ej over the exponentially large Hilbert space of electronic
configurations:

H|Wo) = Eo|Wo). (7)

Solving theis an NP-hard problem [66]. There are, however, various classical methods that approximate
the ground state energy such as wavefunction-based methods which parametrize the wavefunction in a way that
helps ease the problem by narrowing down the dimension of the subspace to search. These methods are of special
interest due to the similarity they share with some of the quantum algorithms we shall present below, namely



the variational quantum eigensolver and quantum Krylov subspace diagonalization. To list a few, we have the
Hartree-Fock method |21} [58] as probably the most famous example. The Hartree-Fock method produces the
lowest energy within the subspace of product states or the single slater determinant subspace. The Hartree-Fock
result is often used as a stepping stone for the so-called post-Hartree-Fock methods to improve the estimates
of the ground-state energy accuracy. For example, the couple clustered methods |14 57| are often used as
post-Hartree-Fock method. Other wavefunction-based methods include the Monte-Carlo family [4, [25], density
matrix renormalization group (DMRG) [76, (13, |7§].. etc

In addition to calculating the ground-state energy to high accuracies, determining the first-order energy
derivative is a crucial task and of paramount importance, especially in chemistry. For instance, we have the
nuclear gradient, which is the first-order energy derivative with respect to the cartesian coordinates of the
nuclei, employed in methods such as molecular geometry optimization and molecular dynamics. Hence, it is
also important to determine how to calculate the energy gradient in an efficient manner.

On the other hand, since the inception of quantum computing, the promise to solve eletronic structure
problem of molecules of interest in chemistry to arbitrary accuracy in polynomial time complexity has been a
key goal. The set of quantum computing methods that tackles the [ESP]can be laid on a spectrum that stretches
from [noisy intermediate-scale quantum (NISQ)| to [fault-tolerant quantum computing (FTQC)| methods. For
instance, the [VQE] family of methods is generally classified as[NISQ] procedures due to their built-in mitigation
of coherent errors. For other types of errors, several error mitigation techniques have been developed to mitigate
the noise effect. On the other hand, the algorithm belongs to the other end of spectrum i.e. [FTQC]| as it
employs deep and resource intensive circuits. Error-correction is therefore required to execute the algorithm.
Relatively recently, another hybrid era started to take shape where we have algorithms with error-corrected
shallow circuits. This umbrella covers the set of[statistical quantum phase estimation (SPE)|and [QKSD|methods.

In addition, given the importance of first-order energy derivatives, methods for calculating said derivatives,
of various methods of the overarching families of and have been developed. In [52], the authors
develop an analytical and efficient hybrid quantum method to calculate the nuclear gradient and more generally
the relaxed{RDMg of ground and excited states produced by MC-VQE [53]. In [24], we present an analytical
and efficient method for determining the relaxed of energies estimated with exact and truncated
[factorization (DF)| measurement methods. Our method is detailed in Section For the the methods
presented in [44, |70, |64] propose methods to measure the force operator in a like circuit, where the
unitary—by construction—encodes the force operator in its spectrum. Lastly, to our knowledge, we were the
first to propose an analytical gradient approach of the methods. In [49] we present how we use
to efficiently determine the relaxed{RDMs| necessary for the nuclear gradient for instance. We also present this
work in Section [4l

In order to proceed further and present the results obtained in this thesis, we need to introduce a few pre-
liminary concepts. First, the map that transform our problem from the second quantized fermionic presentation
to qubit operators. For the rest of the manuscript we constrain ourselves to the Jordan-Wigner mapping. Each
spin molecular orbital is mapped to a qubit where the states |1)/|0) indicate that the orbital is occupied/non-
occupied. There are two prominent qubit orderings that are conventionally used. Namely, the interleaved and
sequential qubit orderings. Firstly, the qubits must be enumerated in some fashion that usually takes into
account the properties of the device and the circuit to be executed, such as connectivity and the gates’ layouts.
Let us denote the set of 2n qubits by indexing them with the set {i € [0,...,2n — 1]} of integers. In the
interleaved ordering, the even and odd qubits represent the spin-up and spin-down fermions. Hence, each pair
of adjacent qubits (2¢,2i + 1) belong to the same spatial orbital. For the rest of the thesis we will be using the
interleaved qubit ordering. Moreover, another important notion is the ordering of the fermions, also referred
to as the Jordan-Wigner mapping (which need not be identical to the qubit ordering). We will be using the
sequential Jordan-Wigner ordering, i.e., the ordering where all the spin-up and spin-down fermions are adjacent
and indexed, respectively, with the sets {i € [0,...,n—1]} and {3 € [n,...,2n—1]}. We note the qubit ordering
and the Jordan-Wigner fermions ordering by f(-) and g(-) respectively. The creation/annihilation operators

d;rg /@i, are mapped to

g(i,o0)—1

At >\ Xst,o) Y5 6,0)

a;, = H Z; 5 (8)
=0
g(i,o0)—1 % -
~ 5 Xf i,0) Zva 1,0
aio = | [ 2 | 22 (9)
§=0

where P = {)A(i, Yi, ZAi, fi} is the set of Pauli matrices defined as

o _ (0 1\ v _ (0 =i\ 5, (1 O (10
X; = (1 0>,Yz._ (Z 0),Z1.— (O _1) and I; .= (0 1). (10)



The product of Z; matrices in Eq @[) is to enforce the anti-commutation relation. It should be noted that the
Bravyi-Kitaev mapping [10] is also another prominent mapping option. Moreover, a special operator that is
relevant for later sections is the diagonal operator Fyi = &;dk which is mapped to

g(k)—1 g(k)—1

- o\ Xfeo) + Vi(ho) o\ Xitko) = Vo
Ekk:; jl:[o Z; 5 ]1:[0 Z; 5 (11)

~ Zjka) T Z5kp)
2

=1 (12)

where we used (Hf;é Zj) = [ and 263 2oV — I=Zk 46 transition between the first and second equations.

Lastly, we introduce the relaxed one- and two-body of a given general state |¥), with energy (1)|H|1)).
The relaxed one- and two-body are defined as

_ dWIH]Y)
T plhlg) 12)
AW H|Y)
Frare = Gplrs) 19

The importance of these quantities is that, using the chain-rule, the energy derivative can be obtained by
contracting these relaxed with the first-order derivatives of the one- and two-electron integrals. The
latter is obtained classically, whereas the relaxed are obtained through quantum algorithms. The relaxed
are independent of the differentiation parameter. Thus, we can obtain, from the same relaxed
all energy gradients that are of interest. Including but not limited to all local or global extrema in the potential
energy surface.

Outline

As this thesis follows a cumulative format, the results are presented across chapters, each of which consists of
a paper preceded by introductory sections.

In Section [I] we introduce the [VQE| method where the anasatz and optimization modules are presented
in Section In Section [1.3] we present the measurement module with a special focus on double-factorizion
methods and layout the particular issues of high variances and number of terms of [RC-DF| and [exact double]
[factorization (XDF)| respectively. In Section we present our solution which reduces both number of
observables to measure and their variances.

Next, we outline, in Section [2.1} our main result to compute the gradient of double-factorized Hamiltonian
energies. Namely, the full Lagrangian equation of the energy at stationary point. The proofs and the numerical
benchmarking are subsequently compiled in Section [2.2

In Section [3] we start with a preliminary chapter in Section that introduce echo-verification and virtual
distillation. Then in Section [3.2] we present the numerical results of experimentally benchmarking both error-
mitigation on[VQE]circuits facilitating a comparative evaluation of their performance and a projective prediction
of the sampling overhead needed for scaling up the size of the systems.

In Section [d] we examine the computation of gradients of energies. Initially, Section [£.1] presents the
IQKSDJ algorithm with the Chebychev polynomials. Following this, we give a concise summary of key results as
well as our quantum algorithm for determining the gradient of energies. In Section [4.3] the results are
detailed with proofs and numerical results.

We present preliminaries on state-of-the art including the block-encoding, qubitization in Sections
and and conclude in Section with walk-operator-based In Section we summarize the main
results of our linear depth Clifford4+T decomposion of bucket brigade QRAM.

We note that the preliminary material on presented in this chapter is also pertinent for the discussion
in Section [0 particularly in relation to the effect of [RC-DF]on [QPE]

Finally, in Section [6] we provide a compact overview of all the results put forth in this thesis. We also discuss
the feasibility of achieving quantum advantage in quantum chemistry in light of these findings.

1 Hamiltonian Compressing

In this section, we shall introduce the challenging overhead that molecular Hamiltonian present within the
framework of and therefore the necessity of efficient Hamiltonian compressing methods to surmount this
issue. We begin by setting up the context with the introduction of the general and common workflow of [VQE]
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Figure 1: [VQE] workflow

We present the main constituents of [VQE] We shall particularly focus on the measurement module where the
aforementioned overhead arises. We then present our solution [RC-DF]| to overcome this problem.

1.1 Variational Quantum Eigensolver & Energy Gradient

The variational quantum eigensolver is a cluster of methods whose main components consist of: (1) an ansatz,
(2) energy measurement method and (3) an optimization procedure. Starting from an initial state |1y), the
procedure then seeks to find the ground state and the ground-state energy through gradual and incremental
minimization of the energy of the wavefunction prepared by the ansatz by changing the parameters according
to the optimization procedure. See Algorithm [T] and FIG

Let us define the set of parameters of the ansatz gates as 6 := (0g, 61, ..84) and U() as the unitary of the
ansatz. Subsequently, we define the state prepared by the ansatz with parameters 0 as |¢(§)> = U(§)|¢0). The
general algorithm of [VQE]is the following:

Algorithm 1 Variational Quantum Eigensolver

Require: |)g), bo > Initial quantum state and initial parameters
Ensure: ¢opt, Eopt > Optimized parameters and Optimal energy

— —

2 9(0)) < U(9)[¢o)

— —

 E(0) < (w(O)]H[@)

1
2
3: 0 « update(0)
4: Repeat until convergence criteria is met

In the following we shall present each module of the framework: ansatz, (2)energy measurement
and (3)Optimization with a special focus on the energy measurement module, seeing that it is optimized by
our [RC-DF| method and we shall present some state of the art methods in that regard and comment on the
performance gains of our method.

1.2 VQE Ansatz & Optimization

The edge that a [VQE] method holds over its classical counterparts is in the expressivity of its ansatz. The
expressivity of an ansatz is defined as the Hilbert subspace of states that the ansatz can prepare. From this
definition, we can see that it is crucial that an ansatz can reach the ground-state energy or be within § of it,
energy-wise. A universal ansatz is an ansatz that can reach every state within the Hilbert space, i.e. prepare
every possible wavefunction. For instance, it is well established that a universal ansatz can be built such as the
coupled-cluster ansatz with all the excitations |[54]. However, there are a set of characteristics and constraints
that make the task of designing an expressive ansatz a challenging task. For practical reasons, a ansatz
needs to be shallow, meaning that the ansatz needs to have a depth that is polynomial in the system size (active
space size).

We list a set of prominent [VQE] ansétze proposals with brief description, seeing that our work when it
comes to [VQE] focuses essentially on the measurement module of the [VQE] framework. We have the QNP
fabric |3] that employs a set of chemically inspired gates: the Givens rotations and pair exchanged gates.
These gates conserve symmetries, namely Na, Ng and S2 which are the number of particles o, 8 and spin-
squared operators. The ansatz has a fabric layout, meaning a set of repeating alternating patterns whereby the
parametrized gates act only locally and hence no long interactions that would otherwise require expensive swap
gates. The benchmark results show that the QNP fabric achieves chemical accuracy with relatively shallow
depth.



1.3 VQE Energy Measurement

The[VQE] energy measurement is a crucial component that drives the cost of the overall procedure. As presented
in algorithm [I] the energy measurement is performed in each iteration. Therefore, performing this step in an
efficient way is of paramount importance. We have in Section introduced the Jordan-Wigner mapping as
a function that maps fermionic operators acting on fermions to Pauli operators acting on qubits. Directly
substituting in the Hamiltonian equation, we obtain a ”qubit Hamiltonian” as a [LCU|

K
H=Y P, (15)
k=0

2n—1

where the prefactors are real numbers ¢, € R and is a Pauli string P, € ®;_ o P. To then calculate the energy

of the state (0 ))7 the most straight-forward method is to measure the expectation value of each term in the
Eq and sum them using the linearity of the expectation value operation

= =

K
(WO H(©0)) =Y cr(w(6)|Pelv(9)). (16)
k=0

Now, to determine the expectation values (1) ( ()| Py|tp()), we need to prepare [1)(6 )) U(8)|tho), rotate into the
diagonal basis of P, (which is the tensor product of each Pauli in the Pauli string Pk) measure in the Z;, basis
for all indices k& and then use the sample mean to estimate the expectation value. As can already be seen, we
need K distinct circuits to prepare |w(§)> Therefore, having a small number of terms to measure is desirable.
However, that is not sufficient to have an efficient energy estimation method. When measuring, we incur an
error due to the finite number of samples we use. This error is referred to as the shot noise. The shot noise
is a statistical property of our estimator and hence it depends on the variance of said estimator. More
specifically, the set of estimators (¢ (_’)|]3k|w(_»)> are independent. Therefore, because Eq (|15 is an the
variance of the estimator of the energy Eq (|16]) is a linear combination of the variances of (|Pk\>

K
var((W(8)[HI(8) = Y cRvar(((8)| Pelv(9)))- (17)

State-of-the-art methods can be divided to two categories. First, we have Pauli grouping schemes [74, 27|
60]. The second category explores the 8-fold symmetry of the (pq|rs) tensor to reduce the costly part of the
Hamiltonian from a four-index sum to a three-index sum. These are called [DF] methods. First, let us consider
the (pg|rs) tensor as a N? x N? matrix. (pg|rs) is symmetric, hence it can be diagonalized with a unitary
matrix. We note by (g¢, V*) the pair of eigenvalues and their corresponding eigenvectors. We can then write

(pqlrs) as

n?—1

pq|7ns Z gtvptq‘/;"ts (]‘8)

Now, let us reshape the eigenvectors V* into n x n matrices V¢. In Lemma 1 in [47], we prove that the 8-fold
symmetry of the (pg|rs) tensor is equivalent to the symmetry of the matrices V;fq (thq = Vqtp Vt) and that the

size of the set {g' # 0,t} is in fact at most T := nin-1) Therefore, V! can be diagonalized with n x n unitary
rotations. Let us note the eigenvalue and eigenvector pair by (Af, U?). We then have

n—1
k=0
Plugging Eq into Eq , we get
T n—1
(palrs) = Z Z tAZAfUékU;kUﬁlUﬁl- (20)
t=0 k,1=0

We define Z}, := ¢g' A} A} and end up with the expression of the two-electron integrals tensor

T n—1

(pqlrs) = Z Z Zkl pk U§z~ (21)

t=0 k,l=0

10
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Figure 2: Orbital rotation circuit on 4 qubit example.

Now, let us substitute (pg|rs) in the (pg|rs) summand in Eq with Eq
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Let us note the rotated fermionic creation annihilation operators by éﬁ = U ka,C and ¢t = Y _ : o Ul
Picking up from Eq (25)), we have

— T n-—1
Z (pq|rs)E :Z Z};lcgcicﬂc}f (26)
p,q,7,5=0 t=0 k,1=0
T n-—1
= Zt B, B 27
Z ki Pkt (27)
=0 k,I=0

Note that the (pg|rs) summand in Eq is transformed into a summand of diagonal operators, and, as we
shall see shortly, the estimator can be transformed into O(n?) commutative terms that can be measured jointly.
Before that however, we need a way to map the rotation over the fermions to a qubit operator. This can be
achieved using a network of two qubit gates called Givens rotations G(6)

G(9) = (28)

In [15] a method for deriving the parameters of the resulting circuit is presented. The circuit is an n deep circuit
with n(n — 1)/2 Givens rotations (See FIG [2).

Similarly, the F is a symmetric tensor and can be diagonalized with unitary matrices. Let us note by U?
and (g? ,i =0..n — 1) the unitary rotations and the set of eigenvalues of 7. We then have

n—1

Fpq = Z ngﬁUﬁ (29)
k=0

and the one-electron summand in Eq can be written as

n—1 n—1
Z FpaEpg = Z g?Efk. (30)
k=0

p,q=0



Combining Eq and Eq we have the expression of the Hamiltonian

n—1 T n-—1
~ ~ 1 ~ ~
H=FEy+ I;)g,fUmE,‘kaz +5 ; k;g ZL UM EL, ELUY (31)

Now, noting Ut the Givens network circuit unitary and using Eq we have

n—1 5 S
- S 00 2tk + 2 .
H = EO —+ gnggT (I_ J‘(kv ) f(k'»ﬂ)> UZ

2
k=0
L= Zitko) + Z1k.5) Zsa.o) + Zr0p)
. ZZZMU”< SR ><1_2> a )
t=0 k,l=0

Hence, we get an [XDF||[LCU| form of the Hamiltonian. We will see shortly that we can further minimize the
number of terms in but now the first thing to notice is that the orbital rotations U? and U' can be
brought out of the one-electron sum and the inner sum of the two-electron sum respectively. These are called
t-leafs and we have n? + 1 t-leafs in Eq . The terms inside each t-leafs commute because they are diagonal.
Therefore, they can be measured simultaneously. The energy expression in the [DF| form is

N-1 1 N?-1 N 1 N-1
WORGE) = B+ 3 of +5 3 D0 Zh— 5@ Y (Zitew + Zrwsy) U7 0(@)+ (33)
k=0 t=0 k,1=0 k=0
1 . . . . . .
DL DI (Zstw + Zsws)) (Zra.oo + Zrasy) | O (34)
t k,l
N N—1 1
= Eo + 5 (0(9)|U°T kU’alw(e)HgZW(@) - Z szl Zk+ZZmZkZz U'l4(9))-
k=0 t
(35)
Using the following identity, we can reduce the number of single Z terms by combining them in one leaf
. . A . . 1 - A ~ o
Eyrby = —1+ Egg + Ey + Z(Zf(zw) + Zi,8))(Z1,0) + Zik,p)) (36)
and we can rewrite the Hamiltonian from Eq as
1 T n—1 - T n—1 /n—1
SIS WAL LS S ol D SEA TN
t=0 k! t=0 k=0
1 T n-—1
T3 Z ZaU" (Zpwo) + Zi o) Zso) + Zpa,6)0" (37)
t=0 k,I=0
Now, using Eq we have a couple of interesting identities
n—1 T n—1
> (ople) =D > 2 (38)
p,q=0 t=0 k,l=0
n—1 T n—1 n—1
> _(palkk) =3 > UpUg, Zkl> (39)
k=0 t=0 k=0 1=0

Implying that

t=0 k=0 \ (=0 t=0 k=0 \ =0 p,q=0
n—1 T n—1 —1
-5 35 (S . m
p,q=0t=0 k=0 \I1=0
n—1 n—1
= (pq|k‘k‘)> Epq. (42)
p,g=0 \k=0



Therefore, back-transforming the one-electron part and adding Eq we get

T n—1 n—1 n—1
Z gGPUBuU7 +) ) (Z Zkl> UM ELU =) (qu + Z(quk)) Epy. (43)
t=0 k=0 p,q=0 =

We note G,q = Fpq + >, (pg|kk) and its eigenvalues and diagonalizing unitary pair (g,’f ,U?). As a result, by
diagonalizing G and using Eq , we have the following expression of the Hamiltonian

n—1 n—1 _
H=FEy+Y g7 - % > (pplag) - % Z SO 2k + Z141)U”
k=0 p,q=0 k=0
1 T n—
gz Z Zj, 0t (Zf(k o + 2, /3)) (Zf(l o+ Zsq, a)) U (44)
t=0 k.1=0

~ A 2 A A ~
Lastly, we know that Zk 090 = Zz;é Grr = Tr(G) and % (Zf(k’a) + Zf(k’ﬁ)) = % (I + Zf(kya)Zf(kﬁ)). So,
combining these identities in Eq (44) we get

T n—1
1 1 . 5
H= EOJFngk** Z (pplag) **ng Zt) + Zi)) UQJFZZ (I+Zf(k,a)Zf(k,5)>+
P,q=0 t=0 k=0
1 T n—1 R R . R A A
8 Z > 200" (Zywe) + Zies) (Zra + Zsas)) U (45)
k#l
n—1 1 T n—1 _
—Eo+zfp+z (pplgq) 772 (pplaa) + 5 D Y Ziw Z N Z ko) + L)) U+
P,q=0 p,q=0 t=0 k=0 k::
1 T n—1 T n—1 ) A R .
12 Z Zia U Z (o) Zsie) U + 5 Z >z ( Flho) T Zf(k,ﬁ)) (Zf(l,a) + Zf(lﬁ)) Ut (46)
t=0 k= 8= 0 k£l
n—1 1 n—1 1 n—1 1 —
Z (plhlp) = 5 Z (palpa) + 5 Y (wplaa) + 7 D (palpa) - 52 20N (2 + Zys)UP +
k= p q=0 P,q=0 P,q=0 k=0
1 T n—1 ) R ) R 1 n—1n—1 ) ) ) ) R R
10 2 20 By 2oy 0+ 7 20 37 200" (Zyn) + Zswm) (Zi.r + Zra) O (47)
t=0 k=0 t=0 k<l
n—1 1 n—1 1 n—1
= Eo+ Y _(plhlp) - 1 > (palpg) + 3 > (prlag) - Z 9L U7 (2 + Zii1)U”
k=0 P,q=0 P,q=0
1 T n—1
DI I A (ZkZl) Ut (48)
t=0 k<l

To wrap up, and by noting £ = Fy + Zk(pr) - izpq(pq\pq) + %vaq(pmqq), the expression of the
molecular Hamiltonian is

2n—1 2n—1
H=E-— UQT (Z gW2J )U + = ZU“ ( Z ka/zm/ngkZz> Ut (49)

t 0 k<l=0

The |compressed double-factorization (CDF)| [16] has a similar form, however, the orbital rotations U? and
the prefactors g9, Zt, are obtained using a non-linear optimization of a cost function measuring the distance
between the double-factorized form (pg|rs) and the true (pg|rs) tensor. The number of t-leafs in the
factorization can be significantly reduced compared to[XDF] As a result, in the context of [VQE] the number of
distinct terms to be measured is similarly reduced.

However, upon further investigations that we have conducted and reported in FIG. 2 and FIG. 3 of we
discovered that the variance of the [CDF] energy estimator grows very significantly. Hence, the corresponding
shot budget M for a given accuracy ¢ is very costly

M =v/é. (50)

We specifically address this issue, in our [RC-DF| method. The [RC-DF]| produces an efficient measurement
procedure by compressing the t-leafs and simultaneously minimizing the Eucledean norm of the tensors Zt. We
achieve this by optimizing the 2-norm of the difference between the (pg|rs) and the representation with
parameters U?, Z* and adding a regularization term on the Euclidean norm of Z?.
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1.4 Accelerating Quantum Computations of Chemistry Through Regularized Com-
pressed Double-Factorization
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Summary

Double-factorization emerged as a very effective linear combination of unitaries (LCU) representation of the
molecular Hamiltonian that, via exploiting the 8-fold symmetry of the electron repulsion integrals, replaces the
four-index sum of fermionic operators by a three-index sum of diagonal fermionic operators in a suitable basis.
In this work, we devise a new flavor of double-factorized LCU expansion of molecular Hamiltonians, called
regularized compressed double-factorization. We obtain the double-factorization representation parameters
using a nested optimization loop that minimizes simultaneously the distance between the original Hamiltonian
and the double-factorized one, as well as the one norm of the prefactors of the double-factorization LCU A
by introducing a regularization term in the cost function. The optimization is constrained to fulfill two main
criteria: (1)low A values and (2)compressing the number of the non-commuting terms or basis rotations to a
minimum. This benefits both algorithms such as [VQE] in that it reduces the number of basis rotations
and the total shot budget for an energy evaluation compared to various other double-factorization and Pauli-
grouping techniques. Furthermore, the A\ factor is an essential quantity for the algorithm. Therefore,
by minimizing such quantity, we reduced the depth and total runtime of For the benchmark results,
we consider the molecular Hamiltonians of p-benzyne and naphtalene in 12 spin orbitals and 20 spin orbitals
(qubits) respectively. We then evaluate the variance and subsequently the number of shots for a given ground
state energy (difference) accuracy. We found that in the p-benzyne case our method produces the lowest shot
budget to reach chemical accuracy energy level compared to various other double-factorized and Pauli-grouping
methods. The number of shots was 3 to 6 times lower. Moreover, [RC-DF] yielded, at least, 3x lower number
of basis rotations. For the napthalene case, the results were as pronounced where RC-DF] was the only method
that reached chemical accuracy at already six t-leafs (basis rotations) and a shot budget of 2 x 105. We also
benchmarked [RC-DF] on the p-450 molecular Hamiltonian and found that we produce 2x smaller A\ factors
compared to THC.

Contribution

0.0. designed the cost function, derived its analytic gradient, determined the expression of the optimal Z
tensor, formulated and proved the lemmas presented in the appendices, implemented and tested the optimization
procedure, the required circuits for implementing the rotations U? using Pennylane, generated the data for two
of the benchmark cases and co-wrote the manuscript.
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We propose the regularized compressed
double factorization (RC-DF) method to
classically compute compressed represen-
tations of molecular Hamiltonians that en-
able efficient simulation with noisy inter-
mediate scale (NISQ) and error corrected
quantum algorithms. We find that already
for small systems with 12 to 20 qubits, the
resulting NISQ measurement scheme re-
duces the number of measurement bases
by roughly a factor of three and the shot
count to reach chemical accuracy by a fac-
tor of three to six compared to truncated
double factorization (DF) and we see or-
der of magnitude improvements over Pauli
grouping schemes. We demonstrate the
scalability of our approach by performing
RC-DF on the Cpd I species of cytochrome
P450 with 58 orbitals and find that us-
ing the resulting compressed Hamiltonian
cuts the run time of qubitization and trun-
cated DF based error corrected algorithms
almost in half and even outperforms the
lambda parameters achievable with tensor
hypercontraction (THC) while at the same
time reducing the CCSD(T) energy error
heuristic by an order of magnitude.

The run time of algorithms on most of today’s
noisy intermediate scale (NISQ) hardware plat-
forms is largely independent of the anyway shal-
low circuit depth. Instead, it is mostly a function
of the number of distinct circuits that need to be
evaluated and the number of repeated circuit ex-
ecutions because re-programming the quantum
device to perform a different circuit and the time
for measurement and qubit reset dominate the

Robert M. Parrish: rob.parrish@qcware.com
Christian Gogolin: christian.gogolin@covestro.com

overall circuit execution time [1].

Many NISQ algorithms such as the variational
quantum eigensolver (VQE) [2] are essentially
methods to reduce circuit depth at the expense
of requiring many repetitions, also called shots.
In a similar fashion, error mitigation techniques
[3, 4] create a tolerance for the noise of NISQ de-
vices by further increasing the number of shots
needed to obtain a final result. The total number
of shots is thus often the limiting factor on the
path towards quantum advantage.

This is a particularly pressing issue in in
quantum chemistry simulation. Here, molecular
Hamiltonians, which in their second-quantized
form have O(n?) terms, where n is the number of
spatial orbitals, need to be measured with very
high accuracy. Naive measurement schemes re-
quire an extremely fast growing number of dis-
tinct observables and total number of shots [5]
for reaching the required accuracy.

Methods to cope with this problem fall in
two broad classes. First, methods [6, 7, §]
which, starting from a decomposition of the ob-
servable into Pauli operators, group or other-
wise combine these Pauli operators into sets that
are jointly measurable with no or only mini-
mal increase in circuit depth. Second, meth-
ods which yield a compressed and possibly ap-
proximate representation of the original Hamil-
tonian in the form of a tensor contraction. For
fermionic second-quantized Hamiltonians, these
are mainly density fitting [9], tensor hypercon-
traction (THC) [10, 11, 12], and double factor-
ization (DF) [13, 14] (see [14] for a comparison).
While the Pauli grouping methods are applicable
to general qubit Hamiltonians, the second class
of methods typically yields better performance
when applicable [5].




These compressed representations also enable
drastic resource reductions in leading fault tol-
erant algorithms for the simulation of chemistry
based on linear combinations of unitaries (LCU)
and qubitization [15, 12, 16, 17, 11]. Here run
time is mainly a function of the so-called lambda
parameter. Its precise definition depends on the
algorithm and will be discussed later, but it can
be thought of as a norm-like quantity that de-
pends on the magnitude of the coefficients of the
representation of the Hamiltonian. THC typi-
cally yields lower lambda parameters than exist-
ing DF schemes. The fact that some tensors in
the THC decomposition are non-square and non-
unitary causes other overheads and complications
[17] which does not make THC a viable option for
typical NISQ quantum algorithms.

In contrast, explicit double factorization (X-
DF) and compressed double factorization (C-DF)
[18, 19, 20, 21, 22] naturally yield a NISQ-friendly
measurement scheme that only requires a linear
depth orbital/Givens rotation circuit before the
final measurements, is compatible with particle
number post selection, and also an LCU repre-
sentation of the Hamiltonian suitable for error
corrected algorithms based on qubitization [23].

The X-DF measurement scheme reduces the
number of distinct measurement bases to at most
n(n + 1)/2 and drastically decreases the number
of shots to reach a target accuracy, when com-
pared to Pauli-based schemes. The number of
bases can be further reduced by truncating the
X-DF representation of the Hamiltonian, thereby
making the representation approximate. This
can reduce the required number of shots, but the
error resulting from the now approximate repre-
sentation of the Hamiltonian quickly outweighs
this. C-DF is designed to overcome this issue
by performing a tighter least-squares numerical
tensor fitting of the molecular Hamiltonian to
truncated double-factorized form. By lifting a
rank constraint in the equation defining the X-
DF Hamiltonian and using the resulting addi-
tional freedom to improve the representation of
the molecular Hamiltonian by means of param-
eter optimization starting from a truncated X-
DF guess, it achieves lower approximation errors
than truncated X-DF. However, when attempt-
ing practical deployment of C-DF in the context
of quantum algorithms, one encounters an addi-
tional major barrier: the optimization of the C-

DF tensor fitting to minimize least squares error
does not consider the variance properties of the
resulting representation. In practice, this means
that the variance of the resulting energy estima-
tor can erratically fluctuate and can be orders of
magnitude higher than the variance of the X-DF
energy estimator and the approximation error of
both X-DF and C-DF.

In this work we propose the regularized com-
pressed double factorization method (RC-DF) to
fix this. RC-DF uses the same functional form of
the compressed Hamiltonian as C-DF but it adds
a regularization term to the C-DF cost function
that is used when optimizing the parameters of
the compressed representation /. The regulariza-
tion term stabilizes the optimization and reduces
the variance of the resulting NISQ) energy estima-
tor as well as the \ parameter determining the re-
sources of fault tolerant quantum algorithms. We
find that RC-DF consistently outperforms both
previous double factorization schemes in terms
of variance, approximation error, and lambda pa-
rameter and even yields lambda parameters lower
than THC.

1 Comparison of factorization meth-
ods

We start from the well known form of the second-
quantized electronic structure Hamiltonian

H=FE.+ Z(pﬁ%’Q)Equ

pq
1 PN .
+ 9 Z(pQ|T5) (quErs - 6q7‘Eps) , (1)
pqrs
where
. 1 Zm
i) = [ 630015770 = 3 =)o)

1
(palrs) = [[ 63(r1)6u(ra) () (ra).drrdry
are the symmetric one-electron integrals and the
real and 8-fold symmetric two-electron integrals
with Z,, and r,, the charges and positions of the

"When working out the implications of RC-DF for fault
tolerant quantum algorithms, we became aware that a
similar erratic behavior of the A parameter of THC had
been observed in [11] and an L1 regularization has been
proposed as a cure there.




nuclei and ¢ the spacial molecular orbitals, and
qu = plg+pTq is the singlet excitation operator.
The exact X-DF representation of the Hamilto-
nian is determined by diagonalizing the modified
one-electron integrals tensor F,, and doubly di-
agonalizing the two-electron integrals tensor to
obtain

Fou = (plhela) — 5 S (orlar) + Y (palrr) (2)

Where the U}, result from diagonalizing the V,, =
ZZ LALU! o and consequently Zt = Mgt Al is,
for every t, a symmetric outer product, hence of
rank one, and the U, tk are unitary (in fact without
loss of generality spec1al orthogonal). The second
factorization is possible whenever (pq|rs) is real
and 8-fold symmetric (as is always the case for
non-relativistic Coulomb repulsion integrals), as
this is enough to ensure that the thq are not only
orthogonal but also real and symmetric for every

= Z Upgk Fr Uqgk (3) ¢ (see Lemma 1 in Appendix D). With n; equal
k to the maximum number n(n + 1)/2 of non-zero
and eigenvalues of (pg|rs) the Hamiltonian can then
be written exactly (see Appendix F for the full
(pg|rs) Z qgt (4) derivation) as
nt n
= Z Z qu Zkl Ugla (5)
t=1ki=1
A= E—EZ}"‘ZU@ (2 + Z) (U2
o S (6)
+ — Z Z Zkl (ZkZl — O + ZkZ[+ Z];Zl + ZEZi_ 5,;[) (Ut)T,
S
\
where ent error)
. 1 1
€ = Bet ) (plhelp)+35 >_(pplag) = 7 >_(palpa), 2
P r = . Ugk Zia Upi U — (pglrs) (8)
(7) t=1ki=1 F
is independent of the state, and U? and U? ro- X
pqrs

tate the orbitals for each t according to U;k (See

Fig. 1), Zk, Z,—C are respectively pauli operators on
qubit 2k and 2k + 1, k € [0,n — 1].

If the sum over ¢ is ordered according to |gq/,
the Hamiltonian can be approximated with a
truncated X-DF representation with fewer terms
(also called leafs).

In (R)C-DF the rank-one constraint on the Z},
is lifted and they are allowed to be arbitrary
symmetric matrices. The orbital rotations U;t)k
and coefficients Zf, are then obtained using a
two-step gradient based optimization procedure
by first exponentially parametrizing the orbital
rotations U}, = exp(X"),, via anti-symmetric
generators Xéq and then minimizing the squared
Frobenius norm (in [16] this is called the incoher-

of the difference between the left and right hand
side of (5) for some pre-set n; < n (n+1)/2 start-
ing from a truncated X-DF initial guess (for de-
tails see [18]).

Irrespective of whether a Hamiltonian repre-
sentation of the form (6) was found via X-DF or
(R)C-DF, the energy can be then be measured
by means of quantum circuit with a linear gate
depth overhead of the form shown in Fig. 1.

The most favorable resource estimates of quan-
tum algorithms for error corrected simulation of
chemistry with qubitization have been obtained
with THC [17, 11]. In this context THC approx-
imates the two-body part of the Hamiltonian ac-




Figure 1: DF measurement scheme according to the LCU
decomposition in (6). From each U2 and U? the param-
eters of a square shaped fabric of givens gates G can be
computed. The results of Z and Z ® Z measurements
in these n; + 1 distinct bases can then be contracted
against the .7-"5 and Z, tensors to obtain an energy es-
timator.

cording to

M
(palrs) = Y X Xk Cu Xb Xhs (9)
ki=1

with 224 Xlgxlq“ <1 and M < n? the THC rank.
Also here the symmetric (x; and rectangular X];
are found by means of minimizing the Frobenius
norm error. When DF is used with qubitization
[12, 16] it is usually presented and performed ac-
cording to

2

3

(palrs) = " LhyLL, (10)
t=1
1 7’L2 n 2
= 32U (XM e+ 2) (W,
t=1 k

(11)

where the L}, can be found with Cholesky de-
composition or eigen decomposition as L;q =
V/9:Vy, and the scalar X\, = /gi Ay, are the eigen-
vectors and the U the diagonalizing unitaries of
the L;',q (here g, thq, and Ay refer to the quan-
tities introduced in the context of X-DF above).
For a NISQ measurement scheme such as that in
Fig. 1 it makes no sense to partially discard a
leaf (because the measurement data is available
for all contributions from a leaf), but in qubitiza-
tion truncation can be done on the level of setting
individual A}, equal to zero.

The (R)C-DF form of the Hamiltonian, in
which Zf, is no longer rank one, can be re-cast
as a sum of operator squares similar to (10). By
taking the matrix square root W}, = (VZ)y
so that Z}, = 37 W}.W/ (we use the implemen-
tation in scipy of the algorithm from [24], which

works also for non-positive Z}, matrices, in which
case the W,ﬁl come out complex, which is compat-
ible with the scheme from [16]) one can write

nt n
(alrs) =353 (z Ut U, w,zi)
t 7 k
<(swionos).
l

This allows one to run the algorithm of [16] with
(R)C-DF Hamiltonians as input.

The block encoding of the qubitization method
needs the Hamiltonian in the form of an LCU.
The number of ancillary qubits and T gates is
then determined by the number of terms of the
LCU and a sort of normalization factor, called
the lambda parameter [16, 17]. The result of
(truncated) X-DF, C-DF, and RC-DF is itself an
LCU with a lambda factor

(12)

n ne n 1 n
ABEY 1:Z|]:1?|+Z Z|Zlil|+12|zlik| .
k t=1 \ k<l k

(13)

Alternatively, because of (12), one can use the
algorithm from [16], which achieves a contribu-
tion from the two-body part of the Hamiltonian
to lambda of 1/4 37, [ (L%, )pgll7 for Hamiltonians
of the form (10) (where || - ||; is the Schatten 1-
norm) and using (12) one can thus obtain

ur n 1 ne n n 2
)‘gFg = Z \FE|+ 1 ZZ H(Z U;kU;kwlgi)pqul
k t k

(14)

=S IR+ 3 @Wm) .
(15

The difference between )\g%rg and A5GV stems
from the different LCU representation of the
Hamiltonian. The latter uses the equation in (6)
which is evidently an LCU and subsequently its
||.[l1 is (13). The former however uses the algo-
rithm and LCU from (13) of [16]. Finallyl, for
THC, Lee et al. [17] have obtained a lambda of

e n 1 M
Nt =Y |F7 |+ 3 > [l (16)
% Kl

The precise run times of the algorithms cor-
responding to the different lambda values differ




and depend on factorization-specific quantities
such as the THC rank M but they all scale like
their respective lambda divided by the allowable
phase estimation energy error times the sum of
run times of certain circuit primitives plus loga-
rithmic overheads. The differences between the
lambda values have turned out to outweigh the
influence of other factors when comparing algo-
rithm run times for similar overall target accura-
cies [17].

2 Regularized compressed double fac-
torization

While C-DF allows to reduce the number of leafs
needed for good accuracy from close to n? for X-
DF to roughly linear in n while maintaining an
approximate but sufficiently accurate represen-
tation of the Hamiltonian, it turns out that the
optimization of C-DF often converges to Z!, ten-
sors with very large entries. This is problematic
since the variance of the NISQ energy estima-
tor and both lambda parameters grow with the
number and magnitude of |Z},| values. To solve
this issue, we propose to add to the C-DF cost
function from (8) a regularization term penaliz-
ing large |Z},| via a tensor of weights py; > 0

1
§Hqur8||%‘+ZPtkl‘Zlil‘2’ (17)
tkl

We have tested both weighted L1 and L2 reg-

ularizations of the form (3, ptkl|Z}il|7)% with
v € 1,2 but concentrate on L2 regularization
with uniform regularization strength p;; = p in
the rest of the main text.

As in C-DF, a joint optimization of the Ulﬁq
and Zf)q has unfavorable performance also with
regularization, but the the two-step optimization
of C-DF proposed in [18] can be adopted to the
regularized case. Further, for large n, a very ex-
pensive 6-index matrix inversion can be circum-
vented by carrying it out in a matrix-free manner
with, e.g., a conjugate gradient algorithm (for de-
tails see Appendix A). We have found that this
step benefits from the regularization (L2), as it
improves the conditioning of the matrix. In RC-
DF, initialization can be done either from X-DF
truncated to the target number of C-DF leafs or
one can start from the full X-DF factorization
and put a high penalty on the leafs that are to

be truncated in the end. In practice, contrary to
the difficulties reported in [11, 17] on converg-
ing THC, RC-DF seems to be rather well be-
haved. Convergence may take thousands of iter-
ations, but we had no difficulty converging RC-
DF in large active spaces to much tighter resid-
ual Frobenius norm errors (8) and coupled clus-
ter with singles, doubles, and perturbative triples
(CCSD(T)) energy errors than those reported for
THC [11] (see Appendix A for further details of
the optimization procedure).

3  Numerical results

Unless otherwise explicitly stated all results
shown in the following were obtained with L2 reg-
ularization starting from a truncated X-DF guess
and with a uniform regularization factor for all
ng leafs of py = p.

We first investigate the advantages of RC-DF
over other NISQ measurement schemes. The per-
formance of any such scheme is determined by
both the systematic error introduced in case the
Hamiltonian is approximated and the variance,
Var, of the estimator. We quantify the overall
performance by the mean squared error and take
the square root to obtain a quantity that has
units of energy vVMSE = \/<I:[ — H")2 + Var,
where H' is the compressed Hamiltonian ob-
tained with the respective flavor of double factor-
ization and for the Pauli grouping based schemes
H =H.

The variance further depends on the state, the
overall shot budget, and the shot distribution.
In the main text we show data for the state be-
ing the complete active space configuration in-
teraction (CASCI) ground state, but the plots
look very similar for representative states along
a VQE optimization trajectory. We consider two
shot distribution schemes: A “uniform” distri-
bution which divides the total number of shots
uniformly among all bases in which measure-
ments need to be preformed, and an “accord-
ing to weights” distribution which distributes the
shots according to the L2 norm of the coefficients
of each group of jointly measurable Pauli opera-
tors. We chose the overall shot budget so that the
best method is able to achieve chemical accuracy
of 1073 Hartree.




Measurement method
—— C-DF

X-DF
—— RC-DF
— Termwise
| —— TensorProductBasis
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Figure 2: Performance of measurement schemes based
on C-DF, X-DF, and RC-DF (with L2 regularization
p=1075) in comparison with the naive termwise Pauli
scheme as well as the tensor product basis [28] and a
minimum clique cover [6] based Pauli grouping meth-
ods as implemented in [29] for 3 x 105 shots each in
computing a single point energy in the (6e, 60) CASCI
ground state of para-benzyne on 12 qubits. To reach a
MSE on par with that of RC-DF at n; = 7 would require
over 1.1 x 10° shots with X-DF and n; = 17 and about
3.8 x 106 shots with the best Pauli grouping scheme. We
also compare shot distribution schemes (see main text)
and find that “according to weights” improves perfor-
mance.

3.1 NISQ measurement of the para-benzyne
ground state

As a first test case we consider the CASCI ground
state in a (6e, 60) active space of FON-HF /cc-
pVDZ (with fractional occupations determined
with temperature 0.1[1/Eh] and Gaussian broad-
ening within the active space) [25, 26, 27] orbitals
of para-benzyne (see Fig. 2). The weighted shot
distribution yields lower variance than uniform
shot distribution in all cases by directing more
shots to the more important first leafs. RC-DF
beats the second best method (X-DF') by approx-
imately a factor of five and while the maximum
number 21 = 6 (6 +1)/2 of leafs yields the lowest
MSE, chemical accuracy is consistently achiev-
able with RC-DF from n; = 7 on. The MSE of
C-DF fluctuates widely and while it by chance
achieves a good variance and approximation er-
ror for 8 leafs, this is of limited use for practical
applications. The results are virtually unchanged
over a broad range of p values and good values
for p can be found in a systematic way even when
running on quantum hardware (see Appendix B).

3.2 NISQ measurement of the singlet-triplet
gap of naphthalene

As a second test case, we investigate the singlet-
triplet energy gap in a (10e, 100) active space
consisting of the 7 system of naphthalene con-
structed with AVAS [30] as implemented in
PySCF [31, 32]. The reference state was com-
puted at the HF/def2-SVP[33] level of theory.
We only show data for double factorization based
measurement schemes since the Pauli grouping
based schemes become increasingly less compet-
itive for larger systems. Since the “according to
weights” method is significantly better than uni-
form shot distribution, we use it exclusively in
this case. We compute the factorization once
per n; and then evaluate the energetically low-
est singlet and triplet energies from the same de-
composition. The MSE of the singlet-triplet en-
ergy gap is given by the square of the difference
between the noiseless energy gaps A computed
with the exact and the gap A’ from the com-
pressed Hamiltonian plus the sum of the vari-
ances of the singlet Varg and triplet Vart ener-
gies MSE = (A —A’)2+Varg+ Vary. We find the
variances Varg and Vart of both states to be very
similar, and for (R)C-DF, the MSE is dominated
by the variance contributions for n; > 8 whereas
for X-DF, the systematic energy error remains
high until n; ~ 25. Surprisingly, RC-DF reaches
chemical accuracy already at n; = 6 with the as-
signed shot budget and is consistently more ac-
curate than the other two factorization methods
for all n; > 2. By contrast, the variance of C-DF
singlet-triplet gap estimations is quite erratic, as
explained previously. While the accuracy in pre-
dicting the energy gap with X-DF is well con-
trollable, an approximately 12 times larger shot
budget and more leafs would be needed to reach
chemical accuracy. This test case shows the reli-
able performance of RC-DF for medium-sized ac-
tive spaces and indicates that the method could
be employed for other chemical properties such
as activation energies.

3.3 Combination with fluid fermionic frag-
ments

We further explore how X-DF and RC-DF can
be combined with the fluid fermionic fragments
(FFF) [21] technique to further reduce shot bud-
gets. The FFF technique exploits the fact
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Figure 3: Square-root of the MSE for the singlet-triplet
energy gap of naphthalene on 20 qubits (i.e., (10e, 100)
active space, shown in the inset). For each factorization
method, 2 x 10% shots were used in total for the singlet
and triplet state, distributed according to weights. A
regularization factor of p = 1073 was used for RC-DF.
RC-DF reaches chemical accuracy with only n; = 6 leafs.
X-DF would require at least n; = 25 leafs and at least
12 x 108 shots to achieve the same accuracy as RC-DF
with only n; = 6 leafs.

that certain quadratic terms of the Hamiltonian,
called fluid fermionic fragments, can be taken
care of in different parts of the energy estima-
tor. FFF minimizes the variance by optimiz-
ing how these terms are spread over the differ-
ent possible locations (for more details see Ap-
pendix G). The variance can thereby either be
approximated with that of a mock state whose
variance can be classically efficiently computed or
it can for example be estimated with part of the
shot budget or from a classical shadow [34, 35],
which can then also be used for the energy esti-
mation. In any case, the final form of the FFF op-
timized energy estimator is then state dependent
and optimized to have low variance for certain
states. We find (see Figure 8 in Appendix G)
that for the cases considered RC-DF and FFF
nicely complement each other. Using RC-DF as
initial point for FFF yields the lowest shot bud-
gets and that the FFF optimization converges
faster when started form RC-DF than from X-
DF and that the state independent distribution
of the fluid fermionic fragments corresponding to
the Hamiltonian as written in (6) is a good initial
guess for the FFF coefficients.
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Figure 4: Comparison of the achievable CCSD(T) error
heuristic and lambda values )\g‘;fg for the truncated DF
method based on (10), X-DF and RC-DF, as well as
Ngse, for THC. The color scheme represents the number
of leafs n; for double factorization schemes, or the THC
rank M. The active space Hamiltonian of the Cpd |
model of cytochrome P450 and the data for THC and
truncated DF were taken from [11]. The encircled THC
data point was used for the resource estimates there.
To compare different levels of convergence we vary the
squared Frobenius norm error (8) at which we abort the
RC-DF optimization (Conv. Tol.) and use p = 1073.
The data is tabulated in Appendix E.

3.4 RC-DF for error corrected quantum com-
puting

We now turn to exploring the usefulness of
RC-DF for error corrected algorithms based
on qubitization. As example we take the
(34a+29/¢, 580) active space of the Cpd I species
of cytochrome P450 proposed in [11]. As this sys-
tem is beyond the regime accessible with CASCI,
we use, as in [17, 11], the CCSD(T) energy error
as a heuristic to assess the quality of the com-
pressed representation. Computational details
can be found in Appendix E.

The aim is then to find compressed representa-
tion of the Hamiltonian that achieves both a low
CCSD(T) error and a low lambda value. We find
Ame < ALOU in all cases and thus only display
and compare the former. As can be seen in Fig. 4,
RC-DF outperforms both previous DF methods
and THC by a substantial amount. Compared to




truncated DF or X-DF we can almost cut )\g%rg
in half, and thereby also the run time of the quan-
tum computer, while at the same time achieving
a CCSD(T) error smaller than 5 x 1075, which
was not reached with THC [11]. Further com-
paring with THC, we can reduce the CCSD(T)
error by an order of magnitude and the lambda
value by roughly one third or, alternatively, RC-
DF can achieve a /\g%rg that is only 60% of Atuc
at comparable CCSD(T) error. This improve-
ment becomes even more noteworthy when rec-
ognizing that when qubitizing the RC-DF Hamil-
tonian one need not worry about the compli-
cations caused by the non-orthogonal nature of
THC that had to be worked around in [17] (see
Section III of [17]). Converging the best RC-DF
data point with n; = 100 took 2944 L-BFGS it-
erations and approximately 11 hours on a sin-
gle GPU and our not highly optimized JAX [36]
based implementation.

To investigate the scaling of the achievable
lambda values with system size we considered
the hydrogen chain benchmark in the STO-6G
basis previously proposed in [12, 17]. Also there
we find that at n = 100 orbitals (corresponding
to 100 hydrogen atoms) RC-DF achieves values
of )\g%rg that are lower than previously reported
values for Aryc and we find, as for THC, an ap-
proximately linear scaling of )\g%rg with n if ng is
chosen such that the CCSD(T) error per particle
is constant (see Appendix C for details).

It should be clear that the lambda values, while
highly significant for determining the quantum
resources of fault tolerant algorithms, are not the
only relevant quantity and we do not claim that
our analysis constitutes a comprehensive compar-
ison of the quantum resources required for dif-
ferent methods. We also leave to future work
the possibility of regularizing methods such as
RC-DF or THC with quantities more directly
related to the required quantum resources than
the norm-like term in (17), which could more di-
rectly steer the optimization towards factoriza-
tions with low qubit or T gate count, as desired.

4 Conclusions

We proposed the regularized compressed dou-
ble factorization (RC-DF) method which, from a
unified framework yields both a NISQ compat-
ible measurement scheme with only linear cir-

cuit overhead and can be used in conjunction
with qubitization in error corrected quantum al-
gorithms for the simulation of chemistry. We
found that in both of these scenarios RC-DF
leads to lower quantum run times when compared
to previous double factorization (DF) and tensor
hypercontraction (THC) schemes. Contrary to
THC, the Hamiltonian in DF form can also be
used to construct trotter schemes that need to
alternate between a very small number of non-
commuting operators. It will be interesting to
compare the quantum resources (e.g. number of
Toffoli gates) required for phase estimation based
on THC and RC-DF via qubitization with RC-
DF and trotterization.

In the NISQ setting, this advantage is a conse-
quence of the fact that the regularization guides
the optimization towards compressed representa-
tions of the Hamiltonian with smaller coefficients,
which reduces the variance of the resulting energy
estimator. In qubitization schemes, the smaller
coefficients reduce the norm-like lambda parame-
ter of the Hamiltonian on which the T" gate count
depends in a multiplicative fashion.

Avoiding a six-index intermediate quantity
during the RC-DF optimization and adopting a
two step gradient based scheme previously de-
veloped by some of us for non-regularized com-
pressed DF, we were able to make RC-DF scale
well into the regime where quantum computers
may provide an advantage over classical meth-
ods. More work is needed to understand the pre-
cise scaling of RC-DF with active space and basis
set size and to explore other options for regular-
ization.

Data Availability

The data supporting the findings of this
manuscript have been uploaded to Zenodo with
the DOI 10.5281/zenodo. 7866658 [37], includ-
ing instructions on how to load the data using
Python.
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Appendix A: RC-DF optimization procedure

The RC-DF cost function is
C(X,Z2) = HquTSH}‘ + ZPtkl‘ZklP (18)
tkl

with regularization tensor p;; and v = 1 in the L1 case and v = 2 in the L2 case. Just like C-DF
as outlined in [18], also for RC-DF it is advisable to use a nested two-step optimization process to
minimize C with respect to X and Z following these steps:

1. Update the Xéq for fixed Z!,. This can be done with a gradient based optimizer using the gradient

oC 0| Apgrs|| % Z 8(] out
= . (19)
oXL, 0XL, ou, 8X1t,q
2. Determine the optimal Z},; given the updated Xf,q by solving
oC
— =0. 20
o7, (20)

The gradient with respect to the orbital rotations’ generators X;q for a given Zzt,q is independent of
the regularization and stays unchanged compared to the original C-DF as the U;;q do not appear in
the regularization contribution to the cost function. Therefore

oC
out,,

= =4 AUl 25 UL UL (21)

qrsl

Let us now look at the second step. In the L2 case (20) yields

ot = Z quv"s Ut WUl + plZiy, =0, (22)
8Zkl

pqars

by replacing Apgrs by its expression in 8, we have
> (palrs) UL UL ULUL = pluZiy + > [Z ] [Z Ucka;m] Zom [Z Ufofn] [Z U;lUSn‘| -
pgrs omn q r s
(23)

Note that the left-hand side of the equation is independent of Z¢ . i.e constant, and the right-hand
side can be written as a linear combination of the unknowns Z;,,. Therefore, we have a system of
linear equations of the form

bia((palrs), Upg) = > A% Uty Pa) Zinn (24)
with
b((palrs), Ul )ua = Y (palrs)UL UL UL UL (25)
paré
and
AUyt = 3 ([ S0 | [ S 0805 |00 [ 0808+ i)
e ' ' (26)
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In the L1 case, (20) yields

oC
agr = 2 BearsUpUgUnUg + plasign(Zi) = 0, (27)
kl

pgrs

which implies

> (palrs) UL UL ULUL — plysign(Zh) = [Z 1 lz 1 o [Zj Uﬁ,Uﬁn] [28: Ut ue

pars omn
(28)
which is again a system of equations of the form
by (0alrs), Upgs plhas Zht) = > Ak (Up) Zoun (29)
omn
with
bkl((PQ\TS) pq7 th Zkl) Z(PQV’S) U UﬁlUﬁl - PizSigﬂ(Zliz) (30)

pgrs

e 8| A =

omn

So in both cases one can find the optimal Z};l by pseudo-inverting Asx; omn. While pseudo-inverting the
six-index tensor Ay omn to determine the Z!, can be done for medium size systems, it is intractable for
large systems. To circumvent this problem, the inversion can be carried out in a matrix-free manner
with, e.g., a conjugate gradient algorithm. This procedure only requires the matrix-vector product and
the matrix diagonal rather than the dense matrix. Lastly, any gradient-descent based optimization
algorithm can be used. For the result presented in this work, we have used the L-BFGS [38] algorithm
as implemented in SciPy [39]. All time critical routines for the steps above were just-in-time compiled
and ran on an NVIDIA Tesla V100 with the help of JAX [36].

Appendix B:  Tuning of the regularization

The regularization tensor ps; is a hyper-parameter that controls how much effort is put on achieving
small |Z], | versus reducing the Frobenius norm error. A good balance must be found to obtain both
a small systematic energy error and a small variance and lambda value. We concentrate only the case
that after truncating some number of n; leafs the regularization is chosen uniformly py; =: p.

In the main text we have quantified the overall performance of the measurement scheme by means
of the MSE, which combines the systematic error in the energy because of the approximation of the
Hamiltonian and the statistical error due to variance and shot noise. Here let us look at those two
contributions separately. We consider the same data underlying Figure 2 from the main text.

In Figure 5 we show only the systematic error that results from RC-DF approximating the two
body part of the Hamiltonian and represents what is achievable in the limit of infinitely many shots.
The energy approximation error grows roughly linearly with p/10 and when the number of leafs is
increased it seems to become easier for the optimizer to find Z}, that are not too much distorted by
the regularization and thus represent the (pg|rs) tensor well leading to a smaller energy error.

In Figure 6 we show the standard deviation v/Var of the ground state energy estimator, quantifying
how far from the infinite shot budget limit a measured energy value is likely to lie. Larger regularization
factors p manifestly reduce the standard deviation. If the shot distribution takes into account the
weight of the leafs this effect is greatly enhanced. Very strong regularization does not seem to help.
Increasing or decreasing the total shot budget would simply move the data point up and down according
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Figure 6: Standard deviation of the ground state energy estimator of para-benzyne for a budget of 300.000 shots as
a function of p for different numbers of leafs n;.

to the well known one over square root raw. As can be nicely seen there is a rather large window
between p € [1076,1072] where both errors (and thus their sum) is well below 10~3. In practice one
find a good p by estimating the standard deviation on a quantum device starting from a comparably
large regularization and then reduce the regularization to reduce the systematically error until the
variance becomes too large to be compensated for by the affordable shot budget.

Appendix C: Lambda scaling with system size

To investigate the scaling of the lambda parameters achievable with double factorization in the large
system size limit we use the hydrogen chain benchmark previously employed in the context of qubiti-
zation combined with low rank factorization in [12] and with THC in [17]. In this benchmark system
neutral hydrogen atoms are placed with 1.4 Bohr distance on a line and represented in the STO-6G
basis, which has one spatial orbital per hydrogen so that the size of the complete active space n is
equal to the number of hydrogen atoms.

The lambda factor of the qubitization scheme from [12] is the sum of a one-body contribution Ay and
a two-body contribution Ay and is strongly dominated by the latter. Between n = 10 and n = 100 the
authors find that Ay grows roughly proportional to n?3 to values up to about 2 x 10° (see Fig 11(a)
n [12]).

In [17] a THC based qubitization scheme is proposed that improves over what the authors call
the “naive” approach. In Fig 20 of that work the two-body contribution A2 of these two schemes is
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compared, again for 10 < n < 100. The “naive” Ag is found to grow approximately proportional to
n316 to values well beyond 5 x 10%. The )y achievable with the non-orthogonal basis THC based
qubitization proposed in [17] (which corresponds to the two-body part of M%) is found to only grow
approximately proportionally to n!-'® and reaches approximately 4 x 10% at n = 100. Fig 9 of the same
work compares the full lambda values (including the one-body contribution) for different factorization
methods including THC (the main focus of that work and the most competitve of the factorization
methods in this plot) and the Cholesky based DF described around (10). The parameters of these
methods are chosen to yield a CCSD(T) correlation energy error per atom of at most 50 micro Hartree,
amounting to 0.5 x 1072 Hartree at n = 100. The authors find a scaling of roughly n'#® for DF and
of n'!1 for THC and at n = 100 values of A > 2 x 10 for DF and A ~ 5 x 102 for THC.

With a regularization of p =5 x 107 and even just a linear number of leafs n; = [(n + 1)/2] (red
line in Fig. 7) we find that RC-DF (with two norm regularization v = 2) is able to yield a constant

Frobenius norm error and an absolute CCSD(T) error per atom [Accgp(ry|/7 in line with the 50 micro

Hartree per atom used in Fig 9 of [17] (see the green line in Fig. 7b). At these parameters )\ngDF

is found to scale approximately like n!08+9-10 (fit through the values for 70 < n < 100) and reaches
approximately 2.5 x 10?2 at n = 100, roughly a factor of two better than the THC results from [17].
Compared to X-DF (which requires n; to grow faster than linearly to obtain acceptable accuracy (see
the blue and yellow lines in Fig. 7b), RC-DF yields roughly one order of magnitude lower lambda
values at n = 100, mostly owing to the fact that we find that the X-DF lambda values scale roughly
quadratic with n. AB"8 and AFCU seem to have a similar scaling for all double factorization schemes
considered here.

Appendix D: Necessary and sufficient condition for the symmetry of the V;q

In this section we present a proof that shows that 8-fold symmetry of the (pq|rs) tensor is a sufficient
condition for the V;q to be symmetric for every t where the eigenvalue g; # 0. Hence, the Zfoq are
real, which is required for the X-DF procedure to work, and the U;q are orthogonal (and thud can be
chosen to be special orthogonal without loss of generality), which is essential for their implementation
on a quantum computer by means of a fabric of givens rotations. Slightly abusing notation, in the
following lemma, we use (pg|rs) for a four index tensor that does not necessarily arise from electron
overlap integrals, but has the stated properties.

Lemma 1. Let (pq|rs) be any real, symmetric, i.e., (pq|rs) = (rs|pq) tensor of shape n X n x n X n.
By grouping the indices pq and rs, let (g;); be its n? eigenvalues, V;q its diagonalizing unitary and let
T ={t:g: >0}, T_={t:g9: <0}, and T =Ty UT_. Then (pq|rs) can be written in the form

(palrs) => Vi, 9" Vi (32)
teT

Further, if and only if (pq|rs) is in addition 8-fold symmetric, i.e., (qgp|rs) = (qp|sr) = (pg|sr) =
(pqlrs) = (rslpq) = (srlpq) = (srlgp) = (rslqp) the matrices (V},)pq are symmetric, i.e., Vi, =
Vi, VteT, and |T| < n(n+1)/2.

Proof. That symmetry of the V!, implies 8-fold symmetry of (gp|rs) can be verified directly from (32)
and whenever the Vlfq are symmetric, since they are also orthogonal for different values of ¢, there can
be at most n (n + 1)/2 of them and thus the bond on the size |T'| of T holds.

To show that 8-fold symmetry implies symmetry of all V;q with t € T let us first define

(palrs)+ = Y_ V& gV (33)
teTy

[(palrs)| =>_ Vi 19" Vi (34)
teT
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Figure 7. Comparison of lambda values achievable with X-DF and two-norm (v = 2) RC-DF with regularization
p=5x 107" and convergence tolerance ||A,qs||7 < 107° for the hydrogen chain benchmark in the STO-6G basis
previously use in [12, 17] (panel a). The black triangles are the lambda values eyeballed from Fig. 9 of [17]. The thin
lines are power law fits to the date for 70 < n < 100 used to estimate the exponents stated in the text and displayed
in the figure. Two different scalings of n; with n were chosen such that the CCSD(T) error per particle |Accsp(m)|/n
(panel b) is approximately below 50 micro Hartree per atom for all cases execpt X-DF with linear number of leafs.
The Frobenius norm error of the two-body tensor [|A,qs||7 (panel c) seems to be well correlated with |Accgp ()|
for X-DF (panel d) but their magnitues can differ by several orders for other methods, so care needs to be taken when
drawing conlusions base on ||A,,s||7 (The RC-DF data points are on a vertical line because ||A,qs]| 7 < 1075 was
used as an abort criterion for the RC-DF optimization).
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so that we have (pg|rs) £ |(pq|rs)| = 2 (pq|rs)+. Since we also have |(pg|rs)| = (pg|rs) R with

R = Z . sign(g") V.. (35)
teT

symmetric and invertible, 8-fold symmetry of (pg|rs) implies 8-fold symmetry of |(pg|rs)| and thereby
8-fold symmetry of both (pg|rs)+ and (pg|rs)— individually. The symmetry (pq|rs)+ = (¢p|rs)+ then
implies that

Z (VIEVE - VEVE)Yg =0 Vp,q,r,s. (36)

pq - rs qgp " rs
teTy

For p = r and ¢ = s we can specialized this to

Z g ‘/;q‘qp Z g 2 Vp, q. (37)
teTy teTy

The symmetry (pq|pq)+ = (qp|gp)+ together with (32) implies

Y 9tV = D 9:(Vyy)? (38)

teTy teTy

and thus the left and right hand side of (37) can be identified to be the left and right hand side of the
Cauchy-Schwarz inequalities of the inner product of the vectors (1/g:*Vy, )ty and (\/g:V),)tery :

(X (Va v vavy) = (39)

teTy+
( Z gt VX{IWP) = Z l9:1(V, Z |9:1(V, (40)
teTy+ teTy tETi
= > Harl(Ve)® D £V, (41)
teTy teTt
=2 (V) > ol (42)
teTy teTy
2
- ( Z Gt (V;]tp)z) Vp. q, (43)
teT+

where in the last step we have used (38). Thus (37) implies that these Cauchy-Schwarz inequalities are
indeed fulfilled with equality, which is the case if and only if the two vectors in the Cauchy-Schwarz
inequality are identical up to a prefactor, i.e., for each p, ¢ there must exists a scalar a such that

VIV, =gV, VteTy (44)
sV, =+xaV), VteT.. (45)

Since (pq|rs) = (gp|rs), we further have

(palrs) = > VEig'Vi=+a > Vig'V/, (46)
teTy teTpm
=Y V5Lg'Vi = (aplrs), (47)
teT+

which is possible only if +«a = 1. Thus we have as claimed szq = Vqtp VteT.
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Appendix E:  Computational methodology for Cpd | test case

The active space integrals for Cpd I were obtained from the deposited data [40] of Ref. [11]. The system
under consideration here is labelled “X” in Ref. [11], and consists of a (34a+294, 580) active space. We
factorized the two-body integrals using RC-DF with n; € {30, 40,50, 60, 70, 80, 90, 100, 150,200} and
additional n; = 400, 800 with X-DF. For RC-DF, we employed p = 1072 and varied the convergence
tolerance from 10! to 10~*. From the factorized two-body integrals, a CCSD(T) energy was computed
as described in Ref. [11] using the chemftr Python library (https://github.com/ncrubin/chemftr)
interfaced with PySCF [31, 32]. The CCSD(T) energy error is the energy difference of the CCSD(T)
energies with exact two-body integrals and the two-body integrals reconstructed from the factoriza-
tion. For both factorization schemes, we evaluated /\g%rg and )\LD%U. Since the data for the truncated
DF scheme in Ref. [11] are not shown in the paper, we recomputed the factorization using chemftr
and checked that for exact factorizations, the lambda parameters agree exactly with our X-DF im-
plementation. The RC-DF and X-DF results are shown in Tables 1 and 2, respectively. In addition,
Table 3 contains the recomputed results for truncated DF from Ref. [11]. The factorized Hamiltonians,
together with the resulting energy errors and lambda factors were deposited on Zenodo [37].

Appendix F: Derivation of the double factorized Hamiltonian in terms of Pauli
operators

Inserting (5) into (1) we have

H=E.+> 0t EL + = Z ZL,U'E} EFUT (48)
Pq tkl
with
R . 1
(pl#la) = (plhela) = 5 > (prlar). (49)

r

Using the Jordan Wigner mapping we can write

Zk + Z‘
B =1- =" (50)
and using the following identity
1 A A A A
E]jkEﬁ =1+ E rT ElJlr + Z(Zk + Z,;)(Zl + ZZ) (51)

yields

1 .
Z Z + Z plElQ)EL +> > Z,QlUtE;U” +3 N ZuU 2+ Zy) (2 + Zl—)U”. (52)
tk:l th 1 tkl

Our aim is now to sort terms according to whether they contain an even or odd number of
Z operators to arrive at expression (6). Using again (5) we can rewrite > ,. > Zl,ilUtEllUtJr =
>pq otk 21 UL UL Z1 B, and hence we have

(pqlrr) = Z kaz (53)
tkl

- Z (pqlrr) = Z kZIt%l' (54)
T tkl
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Using these expressions and the shorthand F,, defined in (3) we can rewrite (52) to read

1 A A A A~
H=E, —*ZZMJFZ (p|&lq) +ZZ UnZi)E +gZZIiIUt(ZkJrZE)(ZHLZZ)UtT (55)

tkl tkl

ZZk:l“‘Z ”%|Q)+Z(pQ|”“)) + 2 ZZklUt Zy+ Zy, )(ZH-Z)UtT
thi 8 h

ZZM T Z]—“ Ef + = ZZklUt 2+ Z)( 2+ Z)ut!
tkl tk;l

= Z Zh+ Y FPUPTE U 4 - Z ZLUN 2+ 22) (2 + Ut
tkl k tkl

Replacing E]j according to (50) and pulling out the k = [ terms from the last sum we arrive at

H=E ZZkl+Z~F®+ ZZkk+ZFkU®T(Zk+Z)U
thl

- Z 24Ut (262 = Ow + D+ Zga + Zy 2 — o) UM
tkl

Using 69 and 71, we write the total offset in the above equation as:

ZZkl+Z}-®+ ZZk:k

tkl

1
=E.— 3 > (oplag) + > F7 + S Z(pQ\pQ)
p pbq

Pq

Since trace(Fyq) = >, F, , we have:

Z]:pg =trace(Fpq)
=Y Fpp = _(pl&lp) + > _(pplrr)
p p r
= "((plhelp) — % > (prlpr) + > _(pplrr))

As a result we have:

£=E.— %Z(PP\QQ) + 3 ((plhelp) — % Z(prlpr + Z (pplrr)) + 5 Z (palpg)

pq p pq

— B 2 Y (oplaa) + Y olhelp) %prw £ b)) + 5 Y (palpa)

pq p pr pr Pq

—E.+ % > (wplaa) + > (plhelp) - i > _(prlpr)
Pq p pr

Using (5) again we can identify the the second term in the last expression to be

2 2
(pplaq) = > Uy ZhUL
thl

= > (pplaa) = Z};.

pq tkl

Similarly

(56)
(57)

(58)
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Moreover, since for k =1 = Zﬁl = I, we have an extra offset of 3, Z%,:

(palpq) = Z kaz Uéz (71)
tkl
== Z(PCI’PQ) = ZZUékUélZIZZZU;kU;I (72)
Pq tkl P q
=" uZtiou (73)
tkl
= Z Zh (74)
tk

Appendix G: Comparison of RC-DF and FFF

The Fluid Fermionic Fragments (FFF) method is based on the fact that some contributions to the
Hamiltonian can be moved back and fourth freely between the second and third term of the electronic
structure Hamiltonian as written in (1). In the fermionic picture, these ”fluid” parts of the Hamiltonian
correspond to terms that are quadratic in the creation and annihilation operators (see (9) an (10) in
Ref [21]) and which, after diagonalization of the quadratic part contribute to the terms proportional
to particle number operators, and which under Jordan Wigner yield Pauli Z operators.

Here we present the FFF method in the qubit picture. To that end, starting from (1), we first
factorize the (pq|rs) part of the Hamiltonian only, which yields:

. A 1
H = Eo+ > _(plila) By + 5 > (palrs) By B (75)
pq PQTS
=FEo+ Y _lRlo)ES, + ZUt ZZklE+ ENU" (76)
pq
= Eo+ > _(plila) By + 5 Z U' (> Zu(—I+ Ef, + Ejf + 4(Zk + Z)(Z+ Zp)ut o (TT)
pq kl
=Fy— = Z Zi + Z (plRlg) B, + Z vz Ef)UT (78)
tkl k !
+ - ZUt N ZL (2 + Zp)(Zo + Zp)U't (79)
t kl

Now we can add and subtract terms of the form U'(}", ¢t B} ) U = 37, ¢k > pq upkuqu+ with ¢}, the
FFF coefficients to obtain

= FEp — —szl +Z (p|&|q)E ZUt Zc ERUT+Y" U0zl + ) EL)UT (80)
t k l

tkl

ZUt N ZL((Ze + Zg) (2o + Zp) U™ (81)
t kl
=FEy— zk-z: Zi + Z (pl&lg) — Z ZuékquCZ)EL + zt: Ut(zk:(zz: Zi + ) Ef UM (82)
t
+ = Z U 2L ((Z + Zg)(Zo + 2p) U™ (83)
t kl
=& +u?t Zc;fékU'@ -5 Z U=zl + ) Zyu't (84)
k l
+ = Z U'Y" Zh(ZkZy — S + 225+ 232y + ZiZp — S UM (85)
t kl
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with

1 1
5’:E0—§ZZ,§Z+ZCM+Z(ZZ,§Z+c2)+ZZZ,i,€ (86)
tkl k tk l tk
Coq = (PlRlQ) = D> ubpulid, (87)
t k

and U’? and Cf are the diagonalizing unitaries and eigenvalues of C,,.
The case all ¢}, = 0 corresponds to how X-DF was introduced in [18] and this was taken as the prior
art benchmark in [21]. The case
Cl}c == Z Zlil (88)

corresponds to the way we wrote the Hamiltonian in (6), with no single qubit Z contributions in the
two body leafs. It turns out that neither of these choices is optimal with respect to variance and thus
shot count and optimizing the ¢}, can further yield improvements,

Optimization can be done with a gradient based optimizer and in [21] as well as here we used
LBFGSB as implemented in scipy. The number of shots is then optimized, via a proxy state, using
a nested loop where in each iteration the coefficients c}tC are updated using the partial derivative at
fixed shot distribution then the shots are optimally distributed according to the variances computed
with the new ¢!, in the proxy state. For simplicity and better comparability with the results form [21]
we use the exact ground state as the proxy state. This is not efficient but [21] found little difference
between using the real ground state and an approximate proxy state for which variances can be
computed efficiently. We compute the needed derivatives by means of a fully auto-differentiable code
that computes the variances as a function of the ¢}, [29, 36, 41].

For some cases for which we have performed simulations (see Figure 8) we find that all ¢}, = 0 and/or
X-DF with the ¢}, corresponding to (6) is a local minimum and hence gradient based optimization of
the ¢}, does not work. We consistently found good final shot counts from random uniformly distributed
within [0, 1] initializations. Alternatively one can initialize from coefficients according to (88) which
lead to faster convergence but seems to yield the same final or very similar shot budgets. Overall
we find that combining RC-Df with FFF yields the lowest shot budgets. The term mapping used in
(6) is significantly better than choosing all ¢}, = 0 and RC-DF (with and without FFF) consistently
outperforms X-DF.
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Table 1: RC-DF performance summary for Cpd |

Conv. Tol. 1y |[Apgrsll7  CCSD(T) error [mEh] Apie AECU
1071 30 0.4472 —23.5907 300.6 456.5
40 0.4412 —22.6134 311.0 468.6
50 0.4382 —22.4729 320.6 478.0
60 0.4415 —292.7342 327.5 478.1
70 0.4452 —21.4039 336.3 483.7
80 0.4352 —18.2827 343.0 490.5
90 0.4310 —17.3526 349.9 496.1
100 0.4278 —17.2627 355.8 498.1
150 0.4232 —14.8979 385.9 521.0
200 0.4258 —15.0266 417.9 545.2
1072 30 0.1411 —3.0769 278.2 430.4
40 0.1411 —3.6537 290.8 448.5
50 0.1408 —2.9621 299.5 462.7
60 0.1414 —3.2143 304.6 470.0
70 0.1406 —2.8366 308.6 475.4
80 0.1407 —3.6169 313.8 482.2
90 0.1407 —2.6580 318.7 489.2
100 0.1409 —2.1238 321.7 492.1
150 0.1410 —2.6875 337.2 508.8
200 0.1413 —2.5034 351.2 524.2
1073 30 0.0447 —0.2292 244.4 386.6
40 0.0447 —0.3581 257.1 394.1
50 0.0447 —0.2405 268.0 409.6
60 0.0447 —0.2515 276.5 422.8
70 0.0447 —0.5585 284.0 434.3
80 0.0447 —0.1995 288.6 442.6
90 0.0447 —0.3395 292.2 450.4
100 0.0447 —0.0137 295.8 456.6
150 0.0446 —0.4667 310.3 481.2
200 0.0446 —0.2690 321.1 499.3
1074 100 0.0141 0.0086 258.0 390.8
150 0.0141 —0.0423 275.7 414.4
200 0.0141 —0.0340 287.9 435.3
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Table 2: X-DF performance summary for Cpd |

n | Apgrs || 7 CCSD(T) error [mEh] Apie ALCU
30 1.01455 15.5688 418.5 759.2
40 0.72606 —7.3444 431.6 784.9
50 0.58478 —8.5971 440.3 802.0
60 0.47298 —14.4322 447.9 816.8
70 0.38068 —3.1890 453.7 828.2
80 0.29495 —9.6247 458.8 838.3
90 0.21062 0.5473 462.2 844.9
100 0.15487 —-3.9773 464.3 848.9
150 0.04288 —0.0570 469.8 859.8
200 0.01609 0.1208 471.7 863.4
400 0.00126 0.0092 473.0 866.0
800 0.00001 0.0003 473.2 866.3
Table 3: Truncated DF performance summary for Cpd [2)
n®  threshold® | Apgrs || 7 CCSD(T) error [mEh] Apie
99 0.07500 0.4909 —73.8021 428.8
114 0.05000 0.3631 —17.4890 439.9
131 0.02500 0.1892 1.1578 455.1
178 0.01000 0.0836 2.6993 464.3
194 0.00750 0.0644 4.1638 466.1
207 0.00500 0.0457 1.8040 467.9
241 0.00250 0.0245 —0.1019 470.1
309 0.00100 0.0106 0.0266 471.7
364 0.00050 0.0054 0.0155 472.3
505 0.00010 0.0012 —0.0086 473.0
568 0.00005 0.0006 0.0037 473.1
702 0.00001 0.0001 0.0007 473.1

) Recomputed with chemftr.
P) Referred to as L in Refs. [12, 17].
°) Eigenvector screening threshold with which the accuracy of the factorization is tuned, see Ref. [12].
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Figure 8: Number of shots to reach mili Hartree precision with optimal shot distribution for combinations of X-DF
and RC-DF with the fluid fermionic fragments (FFF) method for (a) H,O with n; = 24 and (10e, 70) active space,
(b) HF with n; = 16 and (10e, 60) active space, (c) NH; with n; = 28 and (10e, 80) active space and (d) H,
with n, = 10 and (4e, 40) active space (all with RHF orbitals in the STO-3G basis). The gray horizontal lines are
the number of shots when the Hamiltonians are measured as written in (85) with all FFF coefficients ¢} equal to
zero (X-DF/RC-DF all zero) or as written in (6) (X-DF/RC-DF) and the best original results of FFF from [21]. The
examples (a) to (c) were specifically picked because the gap between the plain RC-DF shot budget and the FFF shot
budget from [21] were large. For other cases, plain RC-DF already yields similar results to FFF. The crosses/dots
show how the number of shots decreases during optimization of the ¢}, FFF coefficients (with the true ground state
taken as proxy state for simplicity) in (85) after initializing them randomly according to a uniform distribution within
[0,1[/such that the initial Hamiltonian coincides with (6).
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2 Relaxed Reduced Density Matrices and Energy Gradient within
Double-Factorization Setup

To extend on the utility of double-factorization methods, we need to provide on top of the energy computation
a method that computes the gradient of the energy as well. This is primarily motivated by the importance of
energy gradients as explained in Section . In the next sections, we shall present our quantum algorithm [24]
to calculate the analytical gradient of energies obtained with methods. We first start, in Section by
some preliminaries that set the problem and introduce the necessary functions and terms. Then, we present
our result on efficient calculation of double-factorized energy gradient.

2.1 Double-Factorized Energy Gradient

Without loss of generality and only for the purpose of clarifying the gradient, we consider a state with
no response term coming from the ansatz that prepares it. This assumption applies to the standard cases of
interest where we want to calculate the gradient of the optimal energy produced by a converged (See
[52]). To calculate the relaxed we use the Lagrange formalism. We construct the Lagrangian with a
complete set of constraints that the [XDF| parameters, namely the orbital rotations and the prefactors, must
meet. The first class of constraints arises from the unitarity property of the orbital rotations U¢. The second
set of constraints results from the first diagonalization and, more specifically, the relation between the unitaries
V* and the eigenvalues g;. The last group of constraints originate from the second diagonalization, that is, the
relation between the orbital rotations U? and the eigenvalues Af. We use the following notation to denote the
expectation values in the t-leafs

= (Y|U° Z,U%|9), k= 0..2n — 1 (51)
why = (U% Z, 20 [4),1 > k= 0.2n — 1 (52)

and use the matrices T defined in |15] to decompose a given rotation. The expression of the Lagrangian is

2n—1 2n—1
Lxpr =&+ Z gngwk + Z Z[k/zju/zjwkz‘Fank (HTg(99)> U | +
g

k>1=0 p>k ok

Z antvk <H T;(‘%)) - Utk + Zﬂk k’gk wt Z Z Mkk'Akk' + Z Vtt' . (53)

t p>k ok t k>k' >t/

We also note that the cost of calculating the energy gradient, in terms of number of observables, is asymptotically
equal to that of calculating a single energy estimation. Then by solving the system of equations obtained through
the Lagrangian stationarity, we obtain the Lagrangian coefficients. Thence, we deduce the relaxed [RDM] as the
partial derivative of the stationary Lagrangian. We test the correctness of our method by comparing the resulting
relaxed to those of the finite-difference under different settings (full/truncated tightly /loosely
converge method where the results matched to a very high accuracy.

For the and cases, we employ the Lagrangian formalism as well. However, the set of constraints
differ between and (R)C-DF. In addition to the constraints stemming from the unitarity condition of
the orbital rotations U?, we have an additional set of constraints arising from the convergence of the nested
optimization procedure in the (R)C-DF method. That is, the gradient of the cost function with respect to the
unitary generators must be null. Moreover, we have another constraint originating from the anti-symmetry of
X! . which are the generators of Ut = eX ". One can bypass the addition of another constraint that captures
the dependence of Z* on X* by simply considering the tensor Z* as a function of X*. The full expression of the
(R)C-DF Lagrangian is

Lpyc—pr =L = 5+thk/2jwk +ZZZM mn) Wkl+z77pk <HT9(9§)> _Up@z;
g

t ki p>k pk

T
+Zznzt>k (HT9(9;)> _U;k(ann)

t p>k pk

+ Z Hir G + Z Zﬂpk aXt + Z Z Vi (X + Xfng) (54)

k>k’ t p>k t k<K

where C is the cost function that is optimized in (R)C-DF [47, |16].
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2.2 Efficient quantum analytic nuclear gradients with double factorization
Bibliographic Information

Hohenstein, E. G., Oumarou, O., Al-Saadon, R., Anselmetti, G.-L. R., Scheurer, M., Gogolin, C., & Parrish,
R. M. (2023). Efficient quantum analytic nuclear gradients with double factorization. The Journal of Chemical
Physics, 158(11). https://doi.org/10.1063/5.0137167

Summary

The double-factorization method, which exploits the 8-fold symmetry in the electron repulsion integrals to
reduce the four-index sum of fermioninc operators in the Hamiltonian to a three-index sum of diagonal fermionic
operators in the suitable basis, is a very efficient method as it reduces the number of observables to be evaluated
for a single point energy evaluation. Seeing the importance of first energy derivatives with respect to the one-
and two-electron integrals otherwise known as relaxed reduced density matrices, we work out an analytical and
efficient method for calculating said relaxed The Lagrangian formalism we employ takes into account
all the constraints that the exact and truncated double-factorization must fulfill. In the numerical results, we
proof-test our Lagrangian formalism by comparing the nuclear gradient obtained with our method versus the
finite difference one for truncated and exact Hamiltonains as well as converged and approximate VQEs. We
found a high level of accuracy 1076 to 10~7. We perform two other benchmarks namely, QM/MM simulations
of 327 quantum and 18470 total atoms and a geometry optimization of reactant, product and transition state
geometries for the propylene oxide to allyl alcohol isomerization reaction.

Contribution

0.0 co-derived the Lagrangian constraints and relaxed expressions, implemented and tested the double-
factorized measurement module that builds and simulates the circuits to compute w? and their gradients x* as
well as the relaxed equations in the in-house software stack of Covestro, and reviewed and edited the
manuscript.
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Efficient representations of the Hamiltonian such as double factorization drastically reduce circuit
depth or number of repetitions in error corrected and noisy intermediate scale quantum (NISQ)
algorithms for chemistry. We report a Lagrangian-based approach for evaluating relaxed one- and
two-particle reduced density matrices from double factorized Hamiltonians, unlocking efficiency
improvements in computing the nuclear gradient and related derivative properties. We demonstrate
the accuracy and feasibility of our Lagrangian-based approach to recover all off-diagonal density
matrix elements in classically-simulated examples with up to 327 quantum and 18470 total atoms
in QM/MM simulations, with modest-sized quantum active spaces. We show this in the context of
the variational quantum eigensolver (VQE) in case studies such as transition state optimization, ab
initio molecular dynamics simulation and energy minimization of large molecular systems.

I. Introduction

Analytic derivatives of the energy are essential for ef-
ficient evaluation of chemical observables [1-4]. Geom-
etry optimization and reaction pathway simulation are
routine tasks in computational chemistry which require
the repeated evaluation of nuclear derivatives. Other
molecular properties such as the dipole and polarizabil-
ity can be formulated as derivatives of the energy with
respect to electric field perturbations. Mixed derivatives
of nuclear and electric (or magnetic) perturbations define
common spectroscopic observables [5]. While numerical
techniques for the nuclear derivatives are often straight-
forward, they are inefficient and inexact — the compute
time scales linearly with the number of perturbations,
which would be three times the total number of atoms in
the case of the nuclear gradient. Only the availability of
reasonably well scaling analytic derivatives makes realis-
tic chemical simulations across large length and/or time
scales practical and thus they also need to be developed
for quantum algorithms for chemistry.

The key to making analytic derivative methods prac-
tical is to reduce the complexity of the derivative to be
within a multiplicative prefactor of the energy computa-
tion [6]. For first derivatives, this appears to be possible
for all classical electronic structure methods where the
derivative is a well-defined quantity. The challenge in
formulating the gradient is in dealing with the nested se-
ries of procedures that defines the final energy. As this
pertains to noisy intermediate-scale quantum (NISQ) era
quantum computing, the standard implementation of the
variational quantum eigensolver (VQE) [7-9] involves the
use of an atom-centered Gaussian orbital basis set, the
construction of a set of molecular orbitals, and finally the
optimization of the VQE wavefunction. To evaluate the

* christian.gogolin@covestro.com

t rob.parrish@qcware.com

derivative of the VQE energy, the response of the VQE
wavefunction parameters, the molecular orbitals and the
underlying basis functions to the perturbation must be
considered [10]. This can be handled elegantly and with
a minimal amount of computational effort within a La-
grangian formulation [11]. A Lagrangian is constructed
that contains undetermined multipliers that are used to
make the energy stationary with respect to the non-
variational wavefunction parameters. In most electronic
structure methods, the linear equations defining the La-
grange multipliers need to be solved only once and an ar-
bitrary number of nuclear or electric field perturbations
can then be evaluated. This removes the dependence of
the scaling of the derivative on the number of perturba-
tions, which constitutes the main computational advan-
tage of analytic derivatives over numerical derivatives.

A major challenge for NISQ and FTQC quantum algo-
rithms for chemistry is the complexity of the electron re-
pulsion integral (ERI) contributions to the Hamiltonian,
which manifests itself in large circuit depths and/or large
numbers of distinct measurement bases and experimen-
tal repetitions (shots). Efficient algorithms for quantum
chemistry [12-15] work around this problem by means of
factorization techniques, which however add additional
layers of complexity to the formulation of derivative prop-
erties. The case we consider here is the explicit double
factorization (X-DF) of the Hamiltonian [12-16]. This
factorization offers several advantages for quantum al-
gorithms in the NISQ era and beyond. Perhaps most
importantly, the diagonal density matrices necessary to
compute the expectation value of the energy can be eval-
uated with a series of simultaneous measurements in each
of these bases [14]. By reducing the number of measure-
ments, the number of times the wavefunction must be
constructed is immediately reduced. Additionally, in a
finite and limited shot budget setup, shot budgetization
is just as important as reducing the number of terms.
X-DF proves to be very reliable in this respect providing
a small variance in the distribution of the expectation
values [14].



Similar low-rank factorizations are ubiquitous in clas-
sical quantum chemistry. The most closely related to X-
DF are the density fitting (or resolution of the identity)
[17, 18] and Cholesky decomposition approximations [19—-
21]. It is the second transformation in X-DF that is
omitted in standard algorithms because it is not clear
that this would offer any practical advantage on classical
hardware. Other factorizations such as the pseudospec-
tral method [22-24], chain-of-spheres [25] and tensor hy-
percontraction (THC) [26-28] provide a more flexible de-
composition of the ERI tensor, but bear fewer similari-
ties to X-DF. It should be noted that superficially the
THC factorization appears the most similar to X-DF,
however, X-DF offers less algebraic flexibility and, thus,
cannot reduce the scaling of exchange-like contractions.
Of these integral factorizations, density fitting is proba-
bly the most widely applied in chemical simulations. In
large part, this is because potential energy surfaces gen-
erated by density-fitted methods are continuous and it is
straightforward to develop analytic expressions for their
derivatives [29-31]. Other methods, such as Cholesky
decompositions do not yield continuous potential sur-
faces in general. Additional restrictions must be placed
on the formation of the Cholesky decomposition to ob-
tain continuous potential surfaces and analytic deriva-
tives thereof [32-34]. An advantage of X-DF is that it
both defines continuous potential surfaces and its formu-
lation makes it possible to define analytic derivatives.

The focus of our present work is on the development
of analytic derivatives of the energy for hybrid quan-
tum classical methods that leverage X-DF Hamiltoni-
ans. There are two particular challenges to the formu-
lation of these derivatives. First, the factorization and
approximation of the ERI tensor introduces new non-
variational parameters whose response to perturbations
must be considered. Second, the reduction in the num-
ber of measurements to compute the energy afforded by
X-DF comes with a catch. Namely, the off-diagonal el-
ements of the density matrices are not needed to com-
pute the energy, but their effective inclusion is required
to evaluate the gradient. To measure these off-diagonal
matrix elements (e.g., by measurement of Pauli strings
in the Jordan-Wigner representation) would negate some
of the computational advantage offered by X-DF. More-
over, if X-DF is to be deployed on fermionic quantum
simulator hardware, it may be formally impossible to di-
rectly measure these off-diagonal matrix elements (e.g.,
if Pauli gates to directly measure off-diagonal matrix el-
ements in are inadmissible). Clearly, an alternative must
be developed. To circumvent this limitation, we take
a Lagrangian-based approach to the analytic derivative
and introduce undetermined multipliers to account for
all of the non-variational parameters that appear in the
energy expressions of hybrid quantum classical methods
that leverage X-DF Hamiltonians. Our formulation al-
lows the exact derivative of the energy to be evaluated
while retaining the advantages of the X-DF Hamilto-
nian. Importantly, the Lagrangian formulation allows us

to avoid solving for the response of the energy to each
perturbation individually.

II. Theory

The active space electronic Hamiltonian of a molecular
system acting on the fermionic Fock space over some spin
adapted orbital basis can be written as

H=FE.+ Z(pmcm)qu

Pq
1 LA .
5 2 0alrs) (BpaBrs = 60 Bys) s (1)
pqrs

where E,, = pT¢ + p'§ are the singlet excitation opera-
tors and p! (pf) is the alpha/spin up (beta/spin down)
fermionic creation operator in orbital p, with the anni-
hilation operator counterpart p. FE. is the frozen core
energy, combining the coulomb energy of the nuclei and
the frozen core electrons, (p|hc|q) are the active space
one-body integrals including contribution from the inter-
action with the frozen core and (pg|rs) are the two-body
integrals.

Double factorization yields a compressed representa-
tion [12, 14-16] of such Hamiltonian from which energy
expectation values for any many-body state |¥) can be
computed (or estimated from finite shot estimated ex-
pectation values) by means of

nt
E=(UHW) =&+ FPwl + Y. Zhwh, (2)
k t=1 ki

where we refer to the terms in the last equation as t-leaves
for t € {&,1,...,n;} and call

1 ~ ~

wy = §<W(®)|Zk + Z5|¥(2)) (3)
1 N N N

wzl = §<\I/(t)‘ZkZl - I(Skl + ZkZ[
+ Zp 2y + Zp Zp — I650 (1)) (4)

the double factorized eigenbasis one- and two-body re-
duced density matrices and the states |¥(t)) are obtained
by Jordan Wigner mapping |¥) to qubits and rotating
the state with a unitary U? that implements an orthogo-
nal rotation of the spatial orbitals. Furthermore, Zisa
Pauli-Z operator whose subscript k& (k) indicates that it
acts on the qubit corresponding to the alpha (beta) spin
orbital corresponding to spatial orbtial k. £ is a constant
energy offset containing the core energy FE..

The U as well as the vector 77 and the tensor Z¢; de-
pend on the integrals (p|he|q) and (pg|rs), and in X-DF,
they are determined by means of (nested) diagonaliza-
tions of these quantities. The resulting representation
is exact for the case n; = N(N + 1)/2 where N is the
number of active spatial orbitals. The repesentation can



be arbitrarily truncated, which can be meaningful if the
t-leaves of the factorization are ordered appropriately. If
quantities are to be measured by computing expectation
values from finitely many shots a better approach can be
to importance-sample the leafs according to their con-
tribution to the overall variance of the estimator. Com-
pressed double factorization (C-DF) produces represen-
tations of the same form but with U" and Z}, determined
via a a more elaborate optimization procedure and typi-
cally yields a better approximation for the same number
of t-leaves [16]. For more details see supplemental mate-
rial Section I.A.

The U? can be efficiently implemented on a quantum
computer in linear circuit depth even with only linear
nearest neighbor connectivity [12, 35-37] by means of a
fabric of Givens rotations G, with angles 0%, chosen such
that

[IGs6) =0, ()

and the angles 0} can be efficiently computed from U*.

The double factorized eigenbasis one- and two-body re-
duced density matrices w,‘f and w}, are sufficient to com-
pute the energy but they are insufficient to reconstruct
the standard full one and two-body fermionic reduced
density matrices (RDMs),

dE A
= ———— = (V|E,,|¥ 6
Vpq d(plhelq) (V] Epy| W) (6)
dE 1 PN .
Toprs = —— = —(VU|E, Erg — 0r E,s|T).
ire = qooglrsy = 5 W = b Bl ). (D)

The first advantage of using equation (2) to compute or
estimate the energy is that the number of distinct bases
in which measurements need to be performed is bounded
by n¢ + 1 where ny < n(n+ 1)/2. The circuit depth only
increases linearly to accommodate the necessary trans-
formation to the orbital basis. At the same time X-DF
reduces variance and thereby shows improved error rates
with greatly reduced shot counts [14].

Key to the efficient evaluation of the analytic gradient
is avoiding the explicit computation of perturbation de-
pendent response. One approach to obtaining the deriva-
tive of the energy is to simply apply the chain rule and
evaluate all the partial derivatives that appear. While
this will certainly lead to a correct result, it also leads to
an amount of unnecessary work that scales linearly with

the number of perturbations. For example, one would
v},
¢ ¢
derivatives of the implicit parameters introduced in the

X-DF two-electron operator. This is a well-known prob-
lem in electronic structure theory and can be avoided by
using a Lagrangian formulation of the derivative [11].
These issues are avoided by use of the Lagrangian for-
malism. The idea behind the Lagrangian approach to
analytic derivatives is to construct a Lagrangian whose

t
need to solve for 8(‘;;" and in order to account for the

value is equal to the energy (the quantity we wish to
differentiate). To that, an undetermined multiplier is
added corresponding to every non-variational, implicitly-
defined quantity that contributes to the energy expres-
sion. These multiply a constraint chosen from the im-
plicit definition of the parameters. We can then solve
a linear system to make the Lagrangian stationary with
respect to variation in the implicitly-defined parameters.
The X-DF Lagrangian takes the form

T
Lx-pr =& + Z Finwi + Z Z Zawiy
% t Kkl

+ ank (H ég(af)) - Ufk
p>k g pk
T A
+ Z Z i (H Gg(%)) — Upy
t p>k g pk
+ > e Fe
E>k'
T
+ Z Z Mo Nokr + Z Vg, (8)
t k>k' t>t

where ., = > pa Uﬁcff;ng, with

Fi = (plhelg) +>_(pglrr) — %Z(pT\qT), (9)

and ZL,, AL, and g" are defined in a similar way in
terms of nested orthogonal transformations of (pg|rs).
Mo My, and vt are Lagrange multipliers. The La-
grangian is designed such that it is stationary with re-
spect to the Uly, 07, A, and g resulting from the
X-DF procedure and the construction of the Givens fab-
rics and for those U;)k, e.g., the .F,’fk, are diagonal.

The n;k multipliers ensure that the Givens fabrics ac-

tually implement the corresponding orbital rotation U.
The ,u;k make the Lagrangian stationary with respect

to variations in the U}, . The v multipliers depend on
derivatives of the two-body contribution to the energy
as well as the /’L;k multipliers. These multipliers couple
the t-leaves together and, in the case of truncated X-DF
they account for rotations between t-leaves included in
the definition of the Hamiltonian and those that were
excluded. These multipliers make the Lagrangian sta-
tionary with respect to variation in the eigenvectors of
the two-electron integrals

The full Lagrangian of any orbital based active space
method will contain further contributions from orbital
response, but those will depend on details of and can
be taken care of on the level of the method that was
used to construct the orbitals. A complete description
of each term appearing in the Lagrangian can be found
in the Supporting Information in addition to a detailed



derivation of the equations that must be solved to reach
stationarity in all of the nonvariational parameters.

There is an interesting interplay between the n multi-
pliers used to make the Lagrangian stationary with re-
spect to variations in the parameterization of the Givens
operators and the p and v multipliers corresponding to
the X-DF matrix elements. The quantities that appear
in the ) constraint terms carry no explicit dependence on
the perturbation, therefore they have no direct contribu-
tion to the analytic derivative. However, the n multipliers
form the right-hand side of the linear system that defines
the g multipliers. In the case of u?, this term does carry
explicit dependence on the perturbation through the one-
body Hamiltonian matrix elements. In the case of uf, it
again carries no explicit dependence on the perturbation,
but forms a portion of the right-hand side of the linear
system defining v. The v terms carries explicit depen-
dence on the perturbation through the ERIs. The nested
n? and p? multipliers recover the off-diagonal one-body
density matrix elements, while the series of ¢, u* and v
allow the full two-body density matrix to be recovered.
In this way, we are able to recover the information con-
tent of the full density matrices through a Lagrangian-
based approach without ever needing to measure the full
density matrices directly.

‘We demonstrate how this can be done for the one body
density matrix v,, and leave further details to the SI. We
will define the one-body density matrix as the derivative
of the Lagrangian (which has been made stationary with
respect to all the X-DF non-variational parameters: 0?,

0!, Ufk, U;k, Vi) with respect to the frozen core oper-
ator, (p|hc|q). We denote this Lagrangian (which omits
the zpq and zpq multipliers) as Lx-pr. Then with the
Kronecker delta 6,

OLx-pF

Aplhelq)
Ypg = Opq + ZU U

Z lc:u'kk’

kk’
(10)

The w,’f were already measured to determine the energy,
the U ‘Z,L are a result of the factorization, and it remains
to determine the puggr. To this end, one starts from

d .
% = 0 and arrives at

8, = I =M (1)
r 17} 7
]:l’l’ _]:ll

The nﬁ, multipliers are in turn defined via the linear sys-
tem of equations

2k 45, d9

p>k

which can be solved by inverting the square N(N —1)/2

. [%} . . dF
matrix —A o pk and contracting the result against dor,

which is just the derivative of the energy with respect to
the Givens angles and can be measured by means of the
parameter shift rule.

An important consideration is the stability of this pro-
cedure and the potential presence of singularities in the
linear equations defining the Lagrange multipliers. Sin-
gularities in Lagrange multipliers defined by (11) (or sim-
ilar equations) can appear if eigenvalues of the underly-
ing operator are degenerate due to symmetry. In this
case, the numerator of the Lagrange multiplier should be
zero by symmetry as well and, therefore, these blocks of
the Lagrange multipliers should be zero by L’Hoépital’s
rule. Removal of these singularities can be accomplished
through adaptation of the Lagrangian for molecular sym-
metry. The matrix A?  (and related matrices) may also
be singular. To avoid tﬁese issues, we solve the linear sys-
tem in equation (12) by pseudoinversion of this matrix;
negligible eigenvalues are set to zero. In the practical
application of the analytic derivatives that follows, we
did not encounter any numerical issues related to sin-
gularities in the linear equations defining the Lagrange
multipliers. Should instabilities issues arise they can be
worked around in the following way: the energy (Equa-
tion (2)) is a linear function of (p|he|q) and (pq|rs), so it
does not matter at what position the derivatives in (6)
and (7) are evaluated. That is, the reduced density matri-
ces are a function of the state only and do not depend on
(plhe|q) or (pg|rs). For the purpose of computation of the
reduced density matrices one is free to substitute other
tensors that minimize the variance of the final quantity
one is interested in computing (i.e., by contraction with
the density matrices). For example, Equation (11) sug-
gests to choose a substitute for (p\fALc\q) with in equally
spaced eigenvalues (these eigenvalues replace F,) and
an eigenbasis that makes A% o well conditioned. Inves-
tigating to which extent this allows to further reduce the
influence of shot noise will be left to a future investiga-
tion.

III. Computational Details

We have implemented the analytic derivatives of VQE
energies with X-DF Hamiltonians within an in-house
C++/Python quantum circuit simulator code. Hamil-
tonian matrix elements, molecular orbitals and molecu-
lar orbital response are handled by the Lightspeed +
TeraChem [38] code stack. Molecular mechanics com-
putations are performed with OpenMM [39] interfaced
through Lightspeed. VQE wave functions were con-
structed with quantum-number-preserving (QNP) gate
fabrics [40] to create VQE wavefunctions similar to k-
UpCCGSD [41, 42]. Molecular orbitals are obtained
with Hartree-Fock (HF) and fractional occupation num-
ber Hartree-Fock (FON-HF) [43, 44]. Further details on



the systems we simulate are provided as needed in the re-
mainder of the manuscript and Supporting Information.

IV. Results

To validate the correctness of our formulation and im-
plementation of the derivatives of the X-DF Hamiltonian,
we compare the analytic derivatives to numerical deriva-
tives obtained from finite difference computations. For
this test, we use the X-DF Hamiltonian to construct VQE
wavefunctions for butadiene with a 4 electron in 4 orbital
(4e, 40) active space and a 6-31G** basis set. There are
four cases we will consider to determine the correctness of
the analytic derivative. First, there is the case where the
X-DF is exact (i.e., the eigenbasis of the two-electron op-
erator is not truncated) and the VQE parameterization
is sufficiently flexible to recover the exact ground state
energy. In the second case, the X-DF of the Hamiltonian
is approximate, but the VQE is still converged to the ex-
act ground state of that approximate Hamiltonian. In
the third case, the X-DF is exact, but the VQE solution
is approximate. Finally, we consider the case where both
the X-DF and the VQE wavefunctions are approximate.
Our Lagrangian formulation of the analytic derivative ac-
counts for truncation of the t-leaves thus accounting for
both exact and approximate X-DF Hamiltonians. The
analytic derivatives of exact and approximate VQE ener-
gies do not require additional effort due to the variational
nature of the method.

The complete results of the comparison between our
analytic and numerical derivatives can be found in the
Supporting Information. In all of the cases described
above, we obtain agreement within 107% Ey /ap indicat-
ing the correctness of our formulation and implementa-
tion of the analytic derivatives. Importantly, we “stress
test” our response equations by using a severe truncation
of the X-DF Hamiltonian. In the two cases where the
X-DF Hamiltonian is approximate, we neglect all eigen-
values below 1072 Ey, resulting in only 4 of 10 t-leaves
being retained. The agreement between the analytic and
numerical derivatives is comparable with both the trun-
cated and untruncated X-DF Hamiltonians, indicating
that our formulation of the analytic derivative correctly
handles these additional response contributions. While
these numerical tests give us confidence in the correctness
of derivation and implementation, they do not speak di-
rectly to the robustness of the approach, i.e., how stable
the implementation is across larger regions of the poten-
tial energy surface.

One important application of analytic derivatives is
in force evaluation during ab initio molecular dynamics
(AIMD) simulations. These simulations also provide a
numerical check for the consistency of the energy and its
derivative. In order to perform conservative dynamics
simulations within the microcanonical ensemble (i.e., the
NVE ensemble), the forces must be obtained from the

exact derivative of the potential: F' = —%. If this is the
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FIG. 1: Ab initio molecular dynamics simulation of
butadiene using a (4e, 40) active space with VQE
energies obtained using an X-DF Hamiltonian and a
6-31G** basis set. Integration of the classical equations
of motion was performed using velocity Verlet with a
0.5 fs time step. (a) The VQE energy was converged to
the exact ground state energy and the X-DF
Hamiltonian was not truncated. (b) The VQE energy
was converged to the exact ground state energy and the
eigenvalues of the ERI tensor were truncated at 10~*
au. (c) The VQE energy was not converged to the exact
ground state energy and the X-DF Hamiltonian was not
truncated. (d) The VQE energy was not converged to
the exact ground state energy and the eigenvalues of the
ERI tensor were truncated at 10~3 au.

case, it is possible to perform energy-conserving AIMD
simulations.

We again use butadiene as a test of our analytic deriva-
tives (using the same level of theory as described previ-
ously). This time, we perform a 1 ps AIMD simulation
using velocity Verlet integration [45] with a 0.5 fs time
step. In this case, we use the fluctuations (and possible
drift) of the total energy as a check for the correctness
of the analytic derivatives of the energy. In addition,
this tests the stability of the implementation across the
regions of the potential energy surface explored by the
AIMD trajectory. Discontinuities on the potential sur-
face or instabilities in the response equations will lead
to a loss of energy conservation. As before, we test the
four cases of exactness and approximation in X-DF and
VQE. The results of these simulations are shown in Fig-
ure 1. In each case, the AIMD simulations conserve en-
ergy indicating that the response equations needed to
evaluate the analytic derivatives remain stable through-
out. One should note that when the X-DF Hamiltonian
is approximate, the potential energy surface only remains
continuous if the two-electron operator eigenvalues at the
truncation boundary do not become degenerate. That is,
the “diabatic” character of the ¢-leaves must not change



—— Kinetic Energy —— Potential Energy —— Total Energy
0.2
~ 01
>
L
@ 0.0
|
Y01
-0.2
0.2
~ 01
>
C
T 0.0
|
Y01
—0.2 T T
.2 0. 4 .8 .2 O 4 0.8 1.0
Time (ps) Time (ps)

FIG. 2: Ab initio molecular dynamics simulation of
butadiene using a (4e, 40) active space with VQE
energies obtained using an X-DF Hamiltonian and a
6-31G** basis set. Integration of the classical equations
of motion was performed using velocity Verlet with a
0.5 fs time step. In all cases, the eigenvalues of the ERI
tensor were truncated at 107! au in the X-DF
Hamiltonian and the VQE energy was converged to the
exact ground state energy. (a) No approximations were
made to the analytic gradient expressions, this is
equivalent to Figure 1(b). (b) The n? and p?
multipliers were set to zero during the evaluation of the
analytic gradient. (c) The n* and u' multipliers were set
to zero during the evaluation of the analytic gradient.
(d) The v* multipliers were set to zero during the
evaluation of the analytic gradient.

discontinuously with geometry. These eigenvalues define
surfaces (in analogy to the Born-Oppenheimer potential
energy surface) and those eigensurfaces may have coni-
cal intersections between them. In the event that such
intersections occur, it must be the case that either both
intersecting eigenvalues are retained or omitted in the X-
DF Hamiltonian to maintain continuity of the potential
energy surface.

To test the importance of the response contributions
to the analytic derivative, we intentionally introduce er-
rors in to the derivative expression by artificially setting
some of the Lagrange multipliers to zero. Using these
approximate derivatives, we perform AIMD simulations
as before and test the energy conservation. The results of
these simulations are shown in Figure 2. The response of
the one-electron terms in the X-DF Hamiltonian can be
removed by setting either the n° or the 2 multipliers to
zero. Remarkably, the neglect of these response contri-
butions to the gradient does not have an outsized impact
on energy conservation (although the AIMD simulation
with these errors introduced clearly does not conserve en-
ergy as well as those using the exact analytic derivatives).
What is remarkable about this is that setting these mul-
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FIG. 3: Optimization of reactant, product and
transition state geometries for the propylene oxide to
allyl alcohol isomerization reaction. The potential
energy surface is obtained from VQE using a (4e, 30)
active space using an X-DF Hamiltonian and a 6-31G**
basis set. The full X-DF Hamiltonian contains 6
t-leaves; results are presented with truncated X-DF
expansions as well. The relative energies of these
geometries are given in kcal mol™!. At the transition
state, the frequency of the imaginary mode (i.e., the
negative Hessian eigenvalue) is given in ecm~!. The
optimized structures are shown overlaid to compare the
accuracy of the geometries obtained from different
truncations of the X-DF Hamiltonian.

tipliers to zero effectively neglects the off-diagonal matrix
elements of the one-body density matrix; one might have
expected this to have a more deleterious effect on the dy-
namics of the system. In the third case, the n® or, equiv-
alently, the p! multipliers are set to zero. This removes
significant contributions to the two-body density matrix
and greatly affects the energy conservation. In this case,
fluctuations in the total energy are nearly as large as the
fluctuations in kinetic and potential energy. Despite this,
the butadiene molecule remains intact throughout the 1
ps simulation. In the final case, the it multipliers are
set to zero (this also removes contributions from 7' and
ut). With these errrors introduced to the derivative, it
is no longer possible to perform the AIMD simulation
for the full 1 ps. This indicates the importance of the
response contributions to the analytic derivative — par-
ticularly the responses originating in the factorization of
the two-electron operator.

Another important application of analytic derivatives
of the energy is in the location and characterization of
stationary points on the potential energy surface. As a
representative example of this, we examine the isomeriza-
tion reaction of propylene oxide to allyl alcohol (Figure
3) [46]. The potential energy surface is obtained by VQE
with a (4e, 30) active space and a 6-31G** basis set —



the VQE parameterization is sufficient to obtain the ex-
act ground state energy. At this level of theory, we op-
timize the geometries of the reactant (propylene oxide),
product (allyl alcohol) and the transition state connect-
ing them. The optimizations were converged tightly with
the maximum absolute value of any component of the
derivative being less than 1076 E} /ag. To characterize
the transition state, the nuclear Hessian was evaluated
by finite differences of the analytic derivatives; from that
Hessian, the harmonic vibrational frequencies could be
determined. These optimizations were performed using
exact and approximate X-DF Hamiltonians. Since the
active space is relatively small, the exact X-DF Hamilto-
nian contains only 6 ¢-leaves. As a result, truncation of
this expansion has a significant impact on the potential
energy surface. We were only able to obtain optimized
geometries when at least 4 t-leaves were retained in the
factorization.

It has been well established in other methods leverag-
ing approximate factorizations of the two-electron opera-
tor that relative energies can be obtained more accurately
than absolute energies. This is particularly important to
applications in chemistry where the absolute energy of
a molecule is rarely — if ever — of practical importance.
Case in point, the reaction energy and reaction barrier
we obtain for the propylene oxide to allyl alcohol isomer-
ization are relative energies that are chemically relevant.
We find that the reaction barrier is slightly underesti-
mated (by 1.5 kcal mol™!) when 5 t-leaves are retained
and slightly overestimated (by 0.8 kcal mol~!) when 4
t-leaves are retained. Similar results are obtained for the
reaction energy. The magnitude of the reaction energy
is underestimated by 1.4 kcal mol~! when 5 t-leaves are
retained and overestimated by 3.1 kcal mol~! when 4 ¢-
leaves are retained. The imaginary frequency of the tran-
sition state is well reproduced with 5 t-leaves; an error
on the order of 1 ecm™! is introduced in that case. With 4
t-leaves, the error increases to 150 cm™!. In all cases, the
geometries of these stationary points are in good agree-
ment. This indicates that not only can X-DF be used in
the characterization of chemical reactions, but also that
truncated X-DF can be applied.

For an implementation of analytic gradients to be prac-
tical, it should be able to be applied to molecular systems
with many nuclear degrees of freedom without a signif-
icant increase in the computational cost relative to the
underlying energy evaluation. An example where this
is particularly important is in hybrid quantum mechan-
ics molecular mechanics (QM/MM) computations [48].
Here, the number of total nuclear degrees of freedom may
be many orders of magnitude larger than what is con-
tained in the quantum mechanical region alone. A repre-
sentative example is shown in Figure 4. Here a QM region
containing 50 atoms is coupled to an MM region contain-
ing 18470 atoms. The electronic Hamiltonian of the QM
system contains the point charges associated with the
nuclei in the QM region as well as all of the MM atoms.
In the context of analytic derivatives, this means that
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FIG. 4: QM/MM optimization of a flavin-binding light,
oxygen or voltage (LOV) domain from the phototropin
module of Adiantum phy3 in its dark state [47]. The
QM region contains the flavin mononucleotide
chromophore (50 atoms), while the remaining atoms are
treated at the MM level. This chromophore is
noncovalently bound to the protein. Including solvent
molecules, this system contain 18470 atoms. The QM
region is described by VQE using a (4e, 40) active
space, an X-DF Hamiltonian without truncation and a
6-31G basis set; molecular orbitals were obtained from
HF computation. The total energy of the system as well
as the maximum absolute component of the gradient
are reported for each iteration of an L-BFGS
optimization performed in Cartesian coordinates.

there are 55410 nuclear perturbations that must be con-
sidered. A formulation of the gradient requiring explicit
evaluation of perturbation-dependent response would be
intractable. Our Lagrangian-based approach, however,
allows QM /MM computations to be performed at the ex-
pense of evaluating the additional one-electron integrals
(and their derivatives) and their subsequent contraction
with the appropriate density matrices and Lagrange mul-
tipliers.

To demonstrate the ability to treat extended molec-
ular systems, we optimized the geometry of a flavin
mononucleotide-containing protein [47] in the pres-
ence of explicit solvent (Figure 4). We report
the first 400 steps of an limited-memory Broy-
den-Fletcher-Goldfarb—Shanno (L-BFGS) optimization
performed in Cartesian coordinates. The chromophore
(containing 50 atoms) comprised the QM region and all
55410 nuclear degrees of freedom were relaxed during the
optimization. Consistent progress was made in minimiz-
ing both the energy and gradient. This indicates the suit-
ability of our approach for simulations of large molecular
systems.

Another important consideration for implementations
of analytic gradients is whether or not they scale ap-
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FIG. 5: Optimization of the anionic HBDI chromophore
solvated by 100 water molecules including an extra
proton. The entire is system is treated with VQE using
a (4e, 30) active space, an X-DF Hamiltonian without
truncation and a 6-31G** basis set; orbitals were
generated with FON-HF using Gaussian broadening of
the orbital energy levels and temperature parameter of
0.2 a.u. The optimization is started from a minimum
energy conical intersection between the ground and first
excited state of the chromophore. The total energy of
the system as well as the maximum absolute component
of the gradient are reported for each iteration of an
L-BFGS optimization performed in Cartesian
coordinates.

propriately with the size of the molecular system. It has
been established that the matrix elements for active space
methods such as VQE can be generated using the same
algorithms used for Fock matrix construction in Hartree-
Fock (HF) or Kohn-Sham density functional theory (KS-
DFT) [49]. This means that — provided the size of the ac-
tive space is constant — the VQE method should scale like
HF or KS-DFT as the system size is increased. This also
applies to analytic derivatives of active space methods;
the analytic derivative can be cast in terms of derivatives
of Fock-like quantities [49, 50]. All of this is to say that
an implementation of VQE gradients should be able to
be performed on large molecular systems. An example
of such a system is shown in Figure 5. Here, the HBDI
(4-hydroxybenzylidene-1,2-dimethylimidazolinone) chro-
mophore of the green fluorescent protein (GFP) is sol-
vated by 100 water molecules [51]. The starting struc-
tures were obtained from minimum energy conical inter-
section optimization using floating occupation molecular
orbital complete active space configuration interaction
(FOMO-CASCI) [52]. Since these optimizations were
possible with classical electronic structure methods, it
is essential that they are also possible using VQE with
an X-DF Hamiltonian.

The optimizations shown in Figure 5 highlight a few

important aspects of our analytic gradient formulation.
First, and perhaps most obvious, is that it was possible
to perform many optimization cycles for a molecular sys-
tem containing over 300 atoms and 2800 basis functions.
This is because our implementation scales appropriately
with the size of the overall system as well as the size of
the active space. This optimization intentionally used
a starting structure near a conical intersection to em-
phasize the ability of methods like VQE for describing
electronic structure in the presence of strong correlation.
The optimization proceeded smoothly despite starting at
such a structure. Finally, the starting structure we chose
was for an anionic HBDI chromophore that had previ-
ously dissociated a proton (bonded to two neighboring
water molecules). Over the course of the first 50 opti-
mization cycles, the proton transfers back to the HBDI
chromophore that is now relaxing on its ground electronic
state. By using explicit solvent molecules treated quan-
tum mechanically, it is possible to observe such proton
transfer reactions during optimization or molecular dy-
namics simulations. During the final 200 optimization
cycles, the HBDI chromophore returns from the twisted
geometry that minimizes the energy of the conical inter-
section to a planar geometry that minimizes the energy
of the ground state.

V. Conclusions

We have presented a framework for evaluating analytic
derivatives from X-DF Hamiltonians. The increased effi-
ciency in quantum computation offered by X-DF is pre-
served in our derivative formulation. One of the principle
advantages of X-DF is that is reduces the number of mea-
surements required by evaluating the energy with density
matrices expressed in the bases (t-leaves) determined by
X-DF. While the information contained in these density
matrices is sufficient to determine the energy, it is not
sufficient to determine derivatives of the energy. Our La-
grangian formulation of the derivative recovers the miss-
ing information without the need to explicitly measure
the missing off-diagonal contributions to the density ma-
trices (and thereby limiting the computational advantage
offered by X-DF). Importantly, our formulation of the an-
alytic derivative does not require perturbation-dependent
response, i.e., the quantum computing effort scales with
the number of orbitals treated on the quantum computer
only and not with the total number of atoms. This is an
essential characteristic of a method that is intended to
have practical applications in chemistry.

Our initial tests of the analytic derivatives used VQE
wavefunctions, however, our Lagrangian framework can
be extended to other quantum algorithms. For exam-
ple, it would be straightforward to extend this to deriva-
tives of multistate contracted VQE (MC-VQE) energies
[63] where the VQE parameters are not variationally
optimized for a single state. One would simply need
to include additional Lagrange multipliers to make the



state-specific MC-VQE energies stationary with respect
to their wavefunction parameters [54]. Further, this gen-
eral approach can be extended to other factorizations of
the Hamiltonian such as the compressed double factor-
ization (C-DF) [16]. Finally, our work also opens the
door to exploiting the advantages of compressed repre-
sentations of the Hamiltonian when computing quanti-
ties beyond energy in an error corrected setting. This is
a necessary step towards making quantum computation
more broadly applicable in chemical simulation.
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Supporting Information
I. Problem Statement

In this section, we describe the scope of the work pre-
sented in this paper. We focus on the case of analytic
nuclear gradients of variational energies determined from
the explicit double factorization of the Hamiltonian but
it will be apparent how the methods outlined here can
be used to compute full relaxed active space one and
two body reduced density matrices that can serve as in-
put parameters for the computation of other quantities
in the same way as is can be done in other active space
methods.

A. Hamiltonian Factorization

The electronic Hamiltonian can be normal-ordered
with respect to some closed-shell Slater determinant rep-
resenting the frozen core electrons and written as:

H=E.+ Z(pmc\Q)qu

pq
5 S alrs) (BpuBrs 6,0 Ey) . (13)
pars

where E,, are the usual singlet excitation operators, E..
is the energy of the frozen core determinant, and (p|hc|q)
are the matrix elements of the so-called frozen core op-
erator,

core

(plhclg) = (plhlq) + Z 2(pqlii) — (pilgi)] . (14)

Explicit double factorization of the Hamiltonian yields
an exact or approximate and compressed representation
of such Hamiltonian by means of diagonalization of the
integral tensors. First, consider the modified one-electron
integrals

) = (plhelg) = 5 D (vrlar). (15)

These can be trivially eigendecomposed as

(pl&lq) = ZU SEUS. (16)

The two-electron integrals can be factorized first by
eigendecomposing the integral tensor

(pglrs) = Z (17)
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Subsequently, the eigenvectors can be decomposed for
each “eigenleaf” (term in the above sum), which will be
referred to as a t-leaf throughout the remainder of this
work,

Vi =Y ULNUL. (18)
k

Combining these nested decompositions, we arrive at the
double factorized form of the two-electron integrals.

(palrs) = UpUtx Neg" N UY (19)
thl Py

kl

The approach outlined above defines the explicit double
factorization (X-DF) method. Other approaches of ob-
taining double factorized two-electron integral (19) have
been developed, but we will concentrate on X-DF in the
present work. X-DF can be either exact or approximate;
this depends on whether or not all the t-leaves are re-
tained or those with small eigenvalues (17) have been
removed. Now, we can write the Hamiltonian in terms
of these factorized one- and two-electron integrals as

3 2B Bu(r). (20)

H=FE.+> ffEw(2)+
K thi

Notice that the dependence of Ej(t) on the t-leaf spec-
ifies that these operators are applied in a rotated orbital
basis defined by the eigendecompositions shown above.
In the present work, we make a few additional modi-
fications to the Hamiltonian. If we consider the form of
the Eji operators within the Jordan-Wigner mapping,

~ ~ 1 ~ ~
By =1 (Zk n Z,;) , (21)

then we can define new zero- and one-body terms that
include effective contributions from the one- and two-
body terms in (20),

£=E. +Z (plhelp) + Z(ppqu)—*Z(pqpo), (22)

= (plhelg) + Y _(palrr) - %Z(pr\qr)- (23)

As before, the effective one-electron operator can be
eigendecomposed as

Z CTFCUS. (24)
Now, the Hamiltonian can be written as
2 1 7 (% > 1 t
:5—§§}‘k (Zk—i—Z,;) + 32 Z

tkl
X (ZkZl — [A(Skl + Zk2[+ ZEZAl + ZEZA[ — [A(SH)
(25)



Here, we suppress the dependence of the Zj operators
on the orbital basis of the particular ¢-leaf on which they
are acting in the presentation of the equation, but it re-
mains as in (20). Throughout this work, we will use the
Hamiltonian in the form presented in (25).

B. Electronic Wavefunction

In the present work, we will consider only wavefunc-
tions that variationally minimize the energy such as
those obtained from the variational quantum eigensolver
(VQE). In this approach, the wavefunction is defined by a
parameterized unitary operator acting on some reference
state

Uvae) = U(6)[ o). (26)

As the name of the method implies, the parameters, qz;
are obtained by variationally minimizing the expectation
value of the energy

E= mén (To|U($)THU (8)|T). (27)

The key to our subsequent development of analytic
derivatives of the energy is that the VQE energy is sta-
tionary with respect to its parameters,

87@ =0. (28)

o
Therefore, we do not need to consider the response of the
VQE wavefunction to the perturbation under considera-
tion. We note that — although we do not consider such
cases in the present work — the analytic derivatives we
formulate could apply to other, non-variational methods
provided that Lagrange multipliers can be added to make
the energy stationary with respect to changes in its pa-
rameters, as was done in [54] for the case of multi state
contracted VQE.

C. X-DF/VQE

The use of the double factorized Hamiltonian imparts a
particular structure on the VQE density matrices. First,
consider the usual molecular orbitals,

bp(r) = Z Clp®pu(r). (29)

Here, some some set of atomic orbitals ({|¢,)}) are trans-
formed by the molecular orbital coeflicient matrix, C,.
The double factorized Hamiltonian introduces additional
orbital bases — one for each t-leaf,

Gh(r) =D Uliop(r). (30)
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The application of the Hamiltonian requires a series
of transformations between these new orbital bases.
These transformations are performed by a parameterized
“Givens” operator, G({f}}). Any unitary matrix (of rank
N) can be represented as a product of N(N —1)/2 Givens
rotations. This can be done in a number of different ways,
resulting in different circuit layouts and depths. This fact
is used to determine the set of angles, {6}, that define
each Givens operator. The angles are chosen such that
there is a unique Givens operator for each t-leaf,

[H égw;)]

pk

= Uy (31)

The classical matrix elements of the X-DF Hamiltonian
can be obtained from transformations using the U;k ma-
trices, while transformations of the state vector on the
quantum computer require the Givens operator to be ap-
plied as a series of Givens circuits. Now we can write the
Hamiltonian in its complete form,

H=¢- ;§fféT(95) (Zk + Zk) G(62)

1 ~ A A ~ A
+3 > Ziy x GUOL (Z12) — 16 + Zi 2y
tkl
+ ZEZI + ZAEZ[ — IA(SH)G(HZL (32)

where the transformations to the orbital eigenbases of
each t-leaf have been made explicit.

In methods based on the usual electronic Hamiltonian,
the energy can be obtained from the one- and two-body
density matrices in the molecular orbital basis,

E=Ec+ ) (plhela)ypg + Y (palrs)Tpgrs:  (33)
pq pqgrs

Here, the molecular orbital-based density matrices have
their usual definition,

Ypg = (¥|Epg| ) (34)
1 PN .
Lpgrs = §<‘IJ|EMETS - 5qrEpS|‘I’>~ (35)

While it is certainly possible to form the molecular or-
bital density matrices from the X-DF Hamiltonian, it is
more advantageous to work in the natural eigenbasis rep-
resentation of each t-leaf,

E=&+Y Flwl +Y Zhwh (36)
k tkl

Here, the density matrices are defined as

wf =~ (WG ({02Y) (Zi+ Z2) GUOE DY), (37



and
1 ~ A A ~ A
wzl :§<\I/|GT({9;})(Z]€Z[ - Iékl + ZkZ[
+ZEZZ +ZAEZ[—]¢5H)G({9§})|\II> (38)

In the remainder of this work, we will work exclusively
in terms of these eigenbasis density matrices.

D. Nuclear Gradients

The main focus of this work is the evaluation of ana-
lytic derivatives of the energy with respect to the Carte-
sian positions of the nuclei. The derivation is specialized
for the case of atom-centered Gaussian basis functions.
This means that the position of the basis functions is tied
to the position of the nuclei. As a result, derivatives of
integrals over operators with no dependence on the nuclei
(electronic kinetic or overlap operators, for example) will
still have dependence on the nuclear positions. Deriva-
tives of the overlap integrals in the atomic orbital basis
provide a representative example,

) = Cl) (il pw). (39)

As a consequence of these derivatives surviving, straight-
forward application of the Hellmann-Feynman theorem is
impossible within Gaussian orbital formulations of elec-
tronic structure theory unless a complete (i.e., infinite)
basis is applied.

E. Fractional Occupation Number Hartree-Fock

In this work, we obtain the molecular orbitals that un-
derly the X-DF/VQE energies from fractional occupation
number Hartree-Fock (FON-HF) [43, 44], which includes
standard HF as a special case. This method introduces
temperature dependent fractional occupations of the or-
bitals. Commonly, a Fermi-Dirac distribution is used to
obtain the fractional occupations,

2
1+ expl(e; —€5)/kT)
where €; and n; are the orbital energy and fraction occu-
pation of orbital 7, respectively. The Fermi energy, €y, is

chosen such that the fractional occupations conserve the
total number of electrons,

N=> n. (41)

(40)

ng

It is also possible to obtain the fractional occupations
from a Gaussian broadening of the orbital energy levels
or other distributions.

The motivation for using FON-HF orbitals is that they
often provide a good approximation to variationally op-
timized orbitals while being nearly identical in computa-
tional cost to Hartree-Fock (HF) orbitals. Canonical HF
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orbitals are a poor choice for strongly correlated systems,
because they suffer from bias towards the single determi-
nant for which they are optimized. In extreme cases, HF
orbitals can artificially break degeneracies that exist in
the system (for example, exact degeneracies between the
highest occupied and lowest unoccupied orbital cannot be
described). FON-HF, by contrast, does not suffer from
these issues; in the case of exact degeneracies, FON-HF
will simply place equal fractional occupations in each of
the degenerate orbitals. A final note is that although we
focus on the choice of FON-HF orbitals in this work, the
analytic derivative expressions we provide can be trivially
extended to most other definitions of molecular orbitals,
provided they are fully decoupled from the VQE energy.

II. Inapplicability of the Hellmann-Feynman
Theorem

At first glance, analytic derivatives of the energy ap-
pear trivial to evaluate in light of the Hellmann-Feynman
theorem, which states that the derivative of the energy
is simply the expectation value of the derivative Hamil-
tonian,

dE dH
Fi <‘I’|@|‘I’>- (42)

However, upon closer examination, it becomes clear that
the Hellmann-Feynman theorem rarely has practical rel-
evance. First, the Hellmann-Feynman derivative does
not include all contributions from atom-centered Gaus-
sian functions, in particular, the derivatives of the basis
function overlap that are necessary to maintain orthonor-
mality in the molecular orbitals. Second, the Hellmann-
Feynman theorem assumes a fully variational wavefunc-
tion (i.e., one in which the energy is minimized with re-
spect to all parameters). In the present work, we consider
fully variational VQE ansétze, but do not minimize the
VQE energy with respect to the molecular orbitals. As a
result it is essential to include the response of the molec-
ular orbitals to the perturbation in the analytic deriva-
tive. Here, we obtain the molecular orbitals from FON-
HF, which minimize the Mermin free energy — not the
VQE energy. As a result, orbital response contributions
to the analytic gradient beyond the Hellmann-Feynman
theorem must be considered. We should note that these
considerations are common to many electronic structure
methods and are in no way unique to X-DF/VQE.

A more interesting point is that the Hellmann-
Feynman theorem does not apply for X-DF/VQE in
places where it usually would be exact. Take, for ex-
ample, a case where the VQE ansatz covers all available
variational free parameters. Consider also a perturba-
tion that does not change the underlying Gaussian basis
functions — perhaps an electric field perturbation. In that
case, the Hellmann-Feynman theorem would hold and the
derivative of the energy is equivalent to the one-particle
density matrix traced against the one-body electric field



derivative integrals (i.e., dipole integrals). Here, for a
perturbation in the x direction,

dE .
= = 2 wallitala). (43)
® pq

However, in the X-DF/VQE case, we do not assume
that the full density matrices are available, only the
eigenbasis density matrices. As a result, application of
the Hellmann-Feynman in the case analogous to what is
shown above is no longer exact,

e
de, * deg,

dF?
kw?.
de,
k

(44)

The loss of exactness can be traced to the representation
of the density matrix in the eigenbasis. This represen-
tation of the density is a projection of the full density
to the minimal amount required to recover the energy.
This representation of the density alone is insufficient in
general for obtaining properties other than the energy.
To illustrate how the projection of the density affects
property computations, consider a general example,

0= ApBpq. (45)
pq
Now, if we eigendecompose matrix A,

Apg = UpkarUgk, (46)
k

we can write the original summation in the eigenbasis of
A as

(47)

OZE Qg
k

Z Upk BpqUqk
Pq

By

Notice that we now have a dot product between the
eigenvalues of A and the diagonal elements of B after
transformation to the eigenbasis of A. Note that unless
[A,B] = 0, B is not diagonal in the eigenbasis of A. Now,
if we transform back to the original basis using (46) and

Byy = 3, Upk BerUgss, we find

0= ApgBy,. (48)
rq

In this case, B # B and we have shown that only a pro-
jection of the matrix B is required to maintain equality.
If we consider a second matrix, C, where [A,C] # 0,
following the same logic we find that

Z CP(IBPQ 7& Z CPQBZD(I' (49)

pq pq

This is because the projection of B is lossy.
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What we have shown in general above is what we must
contend with when we work in terms of the eigenbasis
density matrices (i.e., (36)). We only retained enough
information in the density matrices to compute the en-
ergy. The remainder of the information that is needed
must be obtained by other means and it turns out that
taking derivatives with respect to the parameters of the
Givens operators is a suitable approach. Another way
of stating this problem is that by writing the energy in
terms of only the diagonal elements of the density matrix,
we have lost some of the usual orbital invariances.

ITI. Lagrangian Formulation of the Gradient

We must consider the response of several non-
variational parameters introduced in the X-DF method
in order to evaluate the analytic derivative of the energy.
These parameters are the Ufk, U;k and thq tensors that
define the X-DF matrix elements. In addition, the X-
DF/VQE derivative also depends on 7 and 6!, which
parameterize the Givens operators used to transform to
the eigenbasis of each t-leaf. Finally, the derivative of
the energy also depends on the usual quantities such as
the underlying molecular orbitals and the one- and two-
electron integrals in the atomic orbital basis.

Treating the response of these non-variational param-
eters to the perturbation in an efficient manner is essen-
tial to the development of a formulation of the analytic
derivative that can be applied to practical chemical prob-
lems. From the chain rule, it appears that the response
of all of these free parameters to the perturbation is re-
quired to evaluate the derivative of the energy,

dE 9E  9E AUy~ 9E AU, 9E dV},
— ==+
dR ~ OR ' QU5 dR UL, dR 9V}, dR
E do? E do¢ E .
+87®79 aitig_,_ 9 dC’”,. (50)
062 dR ' 96 dR ' 9C,, dR

While direct evaluation of this equation will produce the
desired result, the computational cost will scale with the
number of perturbations. There are several approaches
to simplifying such equations to remove the explicit per-
turbation dependence that go by several names. Perhaps
the most systematic approach to removing perturbation
dependence is to construct a Lagrangian. The value of
the Lagrangian is equal to the energy (the quantity we
wish to differentiate) and it contains undetermined mul-
tipliers which allow partial derivatives with respect to the
non-variational parameters to be set to zero. That is, we
enforce

L=F, 8£@ =0, 786 =0, 786 =0,
8Upk aUpk av}’q
oL oL oL
2220, =0, =0.  (51)
067 06!, 9Cy



Such a Lagrangian can be constructed by adding con-
straints that are satisfied by the definition of each of these
non-variational quantities. The complete Lagrangian we
will use to define the analytic gradient is

T
L=+ FPwP+ >3 Zbwl
k t Kl
+Z775k (Hég(95)> _Uzgc
g

p>k pk
T
+ZZU§;1€ (H Gg(%)) —Upe
t p>k g pk

T
+ Z P Frr + Z Z Mok Neger + Z v gt

k>k’ t k>E t>t’
+ Z ZpqSfpq + prq[épq - (plg)]- (52)
p>q p<q

Here, we have introduced seven sets of undetermined
multipliers. The 1 multipliers use the definition of the
Givens operators (31) to constrain the values of {#}. The
w1 multipliers use the representation of off-diagonal ele-
ments of 72 and A in their eigenbases to constrain U<
and U? to be the eigenvectors of these matrices. We use
the v multipliers to constrain V' to be the eigenvectors of
the two-electron integrals, by using the off-diagonal ele-
ments of the two-electron integrals in its eigenbasis as a
constraint. Here, we use T to denote where the factor-
ization of the two-electron integrals has been truncated.
The final two multipliers, z and z, constrain the con-
vergence condition and orthonormality of the underlying
molecular orbitals. Here, our constrain is that the Fock
matrix, f,q, is diagonal and that the overlap of the molec-
ular orbitals, (p|g), is an identity matrix. These con-
straints and equations defining the undetermined multi-
pliers will be discussed in later sections of this document.

A. Constraints on the Givens Operator

Let us say we have an antisymmetric matrix of size N,
X'r's = _Xsr v S, T. (53)

Through the exponential map, this generates a special
orthogonal matrix,

Opg = [exp(X)}

Through a Givens decomposition, we can define the spe-
cial orthogonal matrix U,;. The pivot structure of the
Givens matrices, e.g., rectangle [55], diamond [12], or
otherwise, can be chosen freely and is considered to be
fixed,

e SO(N). (54)

pq

Opq[{04}] = {HG ] € SO(N) (55)

pq
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Note that here G, (6
Givens operator.

We are able to use this to construct Givens decompo-
sitions that represent U< i and U

;) is the one-body image of the g-th

négw;%] e 56)

pk

11606

g

= U;k (57)

pk

These equalities form the basis of the constraints that
enter the X-DF /VQE Lagrangian (52). To solve for the
undetermined n multipliers, we set the partial derivatives
of the Lagrangian with respect to 6 to zero. That is, the
equations for nfk are defined by 6[:/895 = 0 and the
equations for 77, are defined by dL/00;, = 0.

In the Lagrangian, only the energy (36) and the con-
straint terms themselves carry explicit dependence on 95
and 0;. Therefore, solving for the nfk, and n;k unde-
termined multipliers is the first step in making the La-
grangian stationary. Equations for the Lagrange multi-
pliers are determined by,

do
2 g,

p>k

H(?‘gw?)] -5 69

g pk

z
g’ ,pk

and

Dk g d0

p>k

[HGW} =-S5 o)

pk

At,
9’ ,pk

The matrices A? ok and A; ok are square of dimension
: :

N(N —1)/2 and can be inverted to obtain 77, and 7?,.
Note that we treat each t-leaf separately, thus treating
A;pk as a stack of matrices rather than a third-order
tensor. In practice, we find that these equations can be
accurately solved by pseudoinverting the A matrices as
they may become singular in cases with high symmetry
depending on orbital ordering and the pivot structure of
the givens decomposition.

B. Constraints on the X-DF Eigenbases

In the X-DF/VQE Lagrangian (52), the transforma-
tions to the eigenbases of the one- and two-body opera-
tors (i.e., the U matrices) can be constrained by using
the definition of the matrices they diagonalize. That is,
Upz,; contains the eigenvectors of F,,. Therefore, we can



use the fact that, when tranformed to its eigenbasis, the
off-diagonal matrix elements of this matrix are zero (viz.
Fp. =0Y k#K'). Similarly, this holds for each t-leaf of
the two-body operator. In this case, Utk are the eigen-
vectors of V! with eigenvalues \j. If we define a new

quantity,

Ay = ZUtht Ul (60)

trivially, we can see that )\Zk, = )\fcékk/. However, this
eigenbasis representation of thq is useful to define the
constraint on U,. We use the pp,, and ul,, undeter-
mined multipliers to set the partial derivatives of the La-
grangian with respect to Uﬁ and U;k, respectively, to
zero. Here, one should note that the energy, the n con-
straint terms and the g constraint terms carry explicit
dependence on the U matrices. Therefore, solving for
the p undetermined multipliers is the next step after the
1 multipliers have been formed.

We will begin by deriving programmable equations for
,ufk, that make the Lagrangian stationary with respect to
variation in Ufk. To accomplish this, we will set partial

derivatives of the Lagrangian with respect to U ’Zk to zero

and transformed the resulting derivative by U k to pro-
duce a result that is fully in the eigenbasis of qu The
transformation by Ufk is not formally required, but will
simplify the resulting equations.

oL
O_ZUﬁ’aUQ ZUﬁ/ U Z
Yo (I @e<9;>> g

rl p>k‘ pk

+Z Ufj, Iz Z :U‘kk"Fl?k’ (61)
aUrl >k

Now, we can rewrite the Lagrangian to expose the de-
pendence on Upi

0= ZU’S/ 8U® ZZU;Z UQ quk
(meew)) -z

pk

+ZU’5/ U’Z Z Zukk’UQ Ufk']:g (62)

rl k>k' pq

Z rl’ UJZ ank

rl p>k

Taking the derivatives and transforming, to the eigenba-
sis we get:

0 =200 Fwi” — gy

1%} 1% . /!
+{le31 1

. 63
po, FP iU > (63)
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We have transformed the molecular orbital index of the
nfk multipliers to the eigenbasis.

Ufk/ = Z Upknpk;/ (64)
P

Here, we have treated ngk as a square matrix contain-
ing the values of the multipliers defined by Eqn. 58 in
the lower triangle and zeros elsewhere. Notice that we
have a full matrix representing the derivatives of the La-
grangian, while we only have a lower triangular matrix
of undetermined multipliers. We can define the multipli-
ers, ,uﬁ” by equating the upper and lower triangles of the
Lagrangian derivatives — both of which must equal zero.

200 FPwf =yt F =

20 FPwf —my + pgF7(65)
When we solve for the multipliers, the contributions from
the eigenbasis density matrix cancel and only the nﬁ,
contribute to the right-hand side of the system of linear
equations defining ,uﬁ,.

z z

o _ M~ "
My = (66)

Fl—Ff

With the uﬁ/ multipliers defined, the Lagrangian is sta-
tionary with respect to variation in Uﬁc

Following along similar lines, we can derive an expres-
sion for uf,, to make the Lagrangian stationary with re-
spect to variation in U;k. Again, we start by setting

derivatives of the Lagrangian with respect to U! ok 1O Z€ro.

9 T
0= Z rm’ 6Ut/ Z Tm’W Z Z thclel
Mot kl
+ Z rm/’ 8Ut/ Z Z npk (H Gt (92)>
pk

™Mo >k
T Z Ufm aUt' Z Z Mo Mok (67)

Mt k>k

t
— Upk

Expanding to show explicitly the dependence on U;k, we
get:

/ 0
0 _ZU:mlﬁUrt;n<
T
ZZ Z U;kUIt)’kV;p

t kl pp'qq’
T ~
Sy |(Tew) -
g9 pk

t p>k

T
DI WA )

t k>k' pp’

tyst trrt t
g V;Iq,Uquq/lwkl



At this point, an important observation to make is that
we only need to take derivatives corresponding to U},
with ¢t < T'; derivatives with respect to U;k with t > T are
trivially zero. Now, we can take the partial derivatives
and transform the result back to the eigenbasis.

E: t t’
0 :46mm’ kawkm ~ m'm

k
D A T 1
+ :U'7nm o 1 m/ m . (69)
pl A i m > m

As we did previously, we will transform the nf,k, multi-
pliers into the eigenbasis.

TIZk/ = Z U;W;t;k/ (70)
p

Again, the !, . multipliers are defined by a system of
linear equations.

401 Z Zjwia =i + pp N, =
%

0w Y Zhwhy — iy + pip N (T1)
P

These linear equations have a simple analytic solution.

t t
t _ T — M
/‘Lll/ - )\;,/ _ )\;ﬁ (72)

Solving for these multipliers makes the Lagrangian sta-
tionary with respect to variation in U;k. In both cases

(Ufk and U;k), the multipliers are defined separately for
each t-leaf.

C. Constraints on the Two-Electron Integral
Eigendecomposition

The v** multipliers depend on derivatives of the two-
body contribution to the energy as well as the u;k multi-
pliers. These multipliers couple the t-leaves together and,
in the case of truncated X-DF they account for rotations
between t-leaves included in the definition of the Hamil-
tonian and those that were excluded. These multipliers
make the Lagrangian stationary with respect to variation
in the eigenvectors of the two-electron integrals, szq. To
begin, we will set the derivatives of the Lagrangian with
respect to Vi, to zero.

O_Z ”’avu Z ”’avu (
Zzzmwu + Z Z Mo Mok + ZV 9"

t t k>k' t>t!

) (73)
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We must fully expand these terms to expose the explicit
dependence on V. Consider A,

Aow = D ULV Ul (74)
pp’

and ¢*

9=V

pp’'aq’

(pp'laq' )V, (75)

Some useful partial derivatives are:
o a>‘kk’ u prt
; BT, —5tu;v C UL UL, (76)

and

Z vy 639 = 209" (77)

rr!

These are combined in the definition of Z,

t t t t t / / t t t t
Zy = g E Upt Vo Upr i Vs (177188 )WV Uy Vg Uy
pp’qq’ rr’ss’

(78)

and its partial derivatives.

W 07}
Z 7"7"/3 Kl _25tu/\t tu’ )\t

rr!

o I [Vt Vi Ulig A+ Mg Uy ViUl |

rr!

(79)

Now, we can define a useful intermediate.

Z e’ 8V“ Z {Z Zjawia + Z /‘kk’Akk'}
rr k>k’
= QZZUrk e Unr g N wiy

rr/

+ Z Z:“kk' HUSL VY

k>k' rr’

u<T (80)

R“=0 V u>T (81)

From here, the v’ multipliers are defined by the eigen-
vector response of thq (as was the case for the u,’fk, and

), multipliers). As a result, the it multipliers have a

simple analytic form.

/ Ry — Ry

St — ttt : tt t (82)

g —g

Once these multipliers are determined, the Lagrangian

has been made stationary with respect to V;fq. At this

point, the Lagrangian is stationary with respect to vari-
ation in any of the quantities defining the X-DF.



D. Constraints on the Molecular Orbitals

The final step before the derivative of the energy can
be evaluated is to make the Lagrangian stationary with
respect to variation in the underlying molecular orbitals
(in this case, those determined from FON-HF). Tech-
niques to evaluate the derivative of configuration inter-
action (CI) energies constructed from FON-HF orbitals
are well-known [50] and we will not repeat the derivation
here. The key to leveraging these existing approaches in
the context of X-DF/VQE is to construct relaxed one-
and two-body reduced density matrices within the active
space. These matrices are analogous to those obtained
from, for example, a complete active space CI wavefunc-
tion. These density matrices are used to define the right-
hand side of the coupled-perturbed FON-HF (CP-FON-
HF') equations (i.e., those that define the z,, multipliers).
Subsequently, a combination of the density matrices and
the z,, multipliers are used to define the x,, multipliers.
Once these multipliers are determined, the Lagrangian
has been made stationary with respect to all nonvaria-
tional parameters, and the derivative of the energy can
be evaluated.

An operational definition of the one- and two-body
density matrices can be obtained by differentiating the
stationary Lagrangian with respect to the one- and two-
body integral matrices. In what follows, it is convenient
to define an identity matrix with a rank equal to the
number of active orbitals,

I = 5pq~ (83)

We will define the one-body density matrix as the deriva-
tive of the Lagrangian (which has been made stationary
with respect to all the X-DF non-variational parameters:
07, 67, Uﬁc, Ulw> Vis,) with respect to the frozen core op-
erator (plhe |q We denote this Lagrangian (which omits

the zpq and zpq multipliers) as Lx pr.

OLx-DF _
A(plhe Iq)

Z PR Us + > USug Uy

kk’
(84)

Here, the identity matrix appears as derivatives of &.
In the eigenbasis, the density matrix w;f accounts for the
diagonal contributions. Interestingly, we can see that the
Lagrange multipliers, ,ufk,, account, exactly, for the off-
diagonal density matrix elements in the eigenbasis. This
illustrates how a series of nested Lagrange multipliers
— first solving for nfk and then for x,, — can be used
to indirectly recover the full one-body density (that is,
without evaluating v,, = (¥|E,,|¥) as would be done in
a classical electronic structure program).

The two-body density matrix can be defined in a sim-
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ilar manner.

OLx-pF _
A(pqlrs)
1 1 1
qurs = EIqu'rs - ng'rIqs - ngSIq'r
_ 1_ 1_
+ PquITS - Z'Yprlqs - Z’Ypslqr

T
+) ) ViR,
t Kkl

Here, we define v,y = Ipq + Jpq; this allows the two-
electron contributions from the effective one-body oper-
ator, Fpq, to be incorporated into the two-body density
matrix. The remainder of the contributions to the two-
body density matrix come from the eigenbasis density,
w},, and the Lagrange multipliers, v

As defined above, the density matrices have less sym-
metry than may have been expected. However, in the
subsequent steps involving derivatives with respect to the
molecular orbital coefficients, these density matrices will
be multiplied by and contracted with one- and two-body
integral tensors that possess the usual 2-fold and 8-fold
symmetries. As a result, we can symmetrize the density
matrices to exhibit the same 2-fold and 8-fold symmetry.

LAY VIV (85)
tu

L g + ) (36)

Ypg = 9

1
Lpgrs = ) (qurs + Dpgsr + Lgprs + Tgpsr
+Lrspg + Lsrpg + T'rsgp + Fsrqp) (87)

These symmetrized density matrices can be used di-
rectly in existing formulation of the CP-FON-HF re-
sponse equations to evaluate the z,, and z,, multipliers.

E. Evaluation of the Gradient

Once all of the Lagrange multipliers have been deter-
mined and the Lagrangian is fully stationary with respect
to all non-variational parameters, the derivative of the
energy can be evaluated by taking the derivative of the
Lagrangian with respect to the perturbation of interest,

¢.

dE
plhlg)* + ) Tpgra(pglrs
d{ d{ Zqu Al 1;” pars(Pq| )
+ Zzqupq - prq p\q (88)

P>q p<q

We denote the derivative integrals with superscript &,
that is:
d d
£ = — =(—
i@ (plg) = ( i@

(plg) plg) + (pld%Q) (89)



Here, we have absorbed contributions from the frozen
core determinant (i.e., E. and (p|hc|q)) into the 4,, and

I'pgrs density matrices. In many cases, it is possible to
absorb the z,, multipliers into these density matrices
as well. For generality, we contract the z,, multipliers
against the derivative Fock matrix elements instead. This
allows one to switch between molecular orbitals obtained
from Hartree-Fock (which is the case where the z,, multi-
pliers can be absorbed into the one- and two-body density
matrices) or those from Kohn-Sham density functional
theory (KS-DFT) or even those obtained from semiem-
pirical theories. All that matters is that the coupled-
perturbed response equations used to define z,, and x,,
are consistent with the self-consistent field method used
to determine the molecular orbitals and that the deriva-
tive Fock matrix is also consistent with that method.

F. Parameter-shift rules of parameter-locked gate
ensembles

Calculating gradients of quantum operations on chip
has always been a key part for variational quantum al-
gorithms. Finite difference as a method of evaluating
these is flawed due to imperfections and limited preci-
sion of measurement on these devices, so parameter shift
rules [56-60] were proposed as a way of obtaining the
gradient of a generative gate by evaluating the gate at
specific angles and using the knowledge one has over the
respective objective function. This has been extended
and generalized to gates with arbitrary generators and
used to not only to calculate the local derivative but ex-
tract the entire local objective function for optimisation
purposes [60]. Here we want to briefly discuss the case
where one gate is composed of multiple of these gates that
are parameter-locked to each other and act on distinct
qubits/subspaces, as this applies to our spin-adapted or-
bital rotation gate that is a composition of two Givens
rotation gates acting on the alpha and beta qubits re-
spectively.

Using the general shift-rules, one finds an 8-shift rule
for the gradient of the device which seems not-optimal as
it is comprised of two 2-shift gates. We can recover a 4-
shift rule by unlocking the parameters for the calculation
of the gradient and using the fact that the individual
derivatives of the gates decouple.

To see this, quickly reminder of the derivative of the
single Givens rotation:

E(6) = (¥/G1(9)0G(9)|¥) (90)

e E(0) = (U|GT(0)08pG(0)| W) + h.c. (91)

We absorbed every gate before the gate of interest into
the (¢| and every gate after it into the observable O
enforce each sub-gate to act on distinct subspaces over
the commutation rules. This can be evaluated by a two

20

shift parameter rule. A look at the orbital rotation gate
with the same premises:

F(9) = (P|GL(0)GL(0)0G1(9)G2(0)| %) (92)

Evaluating the partial derivative via the product rule
gives us

BpF(0) = (V|GL(0)GT(0)OG1(0)0p G2(0')| W)
+ (W|GH(0)G}(8)00y G1 (8" G2 (6)| W)
+h.c. (93)

One can now recover the two individual shift rules by
rearranging and lifting the parameter-lock between the
two Givens rotations to evaluate the two shift rules.

One can now see that each of these terms can now be
evaluated with the parameter-shift rule of the individual
gate. This leaves us with the following 4-shift rule:

Fu(0,0) = (T|G}(0")G](0)0G1(0)G2(0)| W) (94)

BpF(0) = %[Fu1 (9+ ga) —Fy (0 f ge)
+Fa (0.0+5) ~Fu(0.0-2)1 )

On a sidenote, this decoupling does not allow for the
construction of the local function and only recovers the
local derivative at the given angle.

IV. Numerical Demonstration

To test the correctness of the above derivation, we com-
pute the analytic derivative of the ground state energy of
butadiene. We use an active space containing 4 electrons
in the 4 m and 7* orbitals. The molecular orbitals were
obtained from FON-HF /6-31G** using Gaussian broad-
ening of the orbital energy levels with a temperature pa-
rameter of 0.3 a.u. We have chosen a geometry of buta-
diene that is near equilibrium, but slightly distorted to
break symmetry. The Cartesian coordinates of the nuclei
are given below in Angstroms.

C 25.72300 29.68500 26.90100
C 25.51000 29.88900 25.49000
C 26.07700 30.59500 27.82800
C 25.16300 28.92900 24.60400
H 25.62000 28.64500 27.18200
H 25.33300 30.87700 25.08600
H 26.26500 30.17800 28.85200
H 26.32100 31.69500 27.63100
H 24.81000 29.04000 23.56900
H 25.10400 27.88700 24.94600

There are four cases of particular interest that we con-
sider below. The VQE wavefunction can be converged to



the exact result or it can be truncated. The X-DF can
be exact (i.e., all t-leaves are retained) or t-leaves with
small eigenvalues can be neglected. This leads to four
cases where we will demonstrate the correctness of our
analytic gradient formulation.

A. Exact X-DF and Converged VQE

The easiest case to test the correctness of our analytic
gradients is where the X-DF is exact and the VQE wave-
function has been converged to the exact ground state
energy. This allow direct comparison between classical
complete active space configuration interaction (CASCI)
analytic gradients and the X-DF/VQE analytic gradi-
ent. The numerical results are shown below in units of
Hartree/Bohr.

CASCI gradient:

0.0087640 0.0338484  -0.0230318
0.0338931  -0.0447006 0.0585443
-0.0228010  -0.0204001 -0.0339556
0.0201028 0.0442291  -0.0012467
-0.0159444  -0.0116912 0.0023734
.0281456 0.0057919  -0.0161052
0.0108257  -0.0283045 0.0318503
0.0111623 0.0430530 -0.0067838
-0.0091125 -0.0101414 -0.0188318
-0.0087443 -0.0116847 0.0071869

DmIEDIEDEDIEmaQQQ
|
o

X-DF/VQE gradient:

0.0087640 0.0338484  -0.0230317
0.0338931  -0.0447006 0.0585443
-0.0228010 -0.0204001 -0.0339556
0.0201028 0.0442291  -0.0012467
-0.0159444  -0.0116912 0.0023734
.0281456 0.0057919  -0.0161052
0.0108257  -0.0283045 0.0318503
0.0111623 0.0430530 -0.0067838
-0.0091125 -0.0101414 -0.0188318
-0.0087443 -0.0116847 0.0071869

ja=ja=jaciiasiiia i O NONONS)
|
o

In this case, we achieve agreement of 10~
Hartree/Bohr or better in all of the nuclear degrees of
freedom. This result indicates that many of the terms in
our Lagrangian are correct, but it does not fully test the
formulation because the X-DF has not been truncated —
all 10 of the t-leaves are included in the factorization.

B. Truncated X-DF and Converged VQE

It is essential that the analytic gradients be correct
when the X-DF is truncated. Here, we discard all eigen-
values of the electron repulsion integral matrix that are
below 10~! a.u. This results in only 4 of 10 t-leaves
being retained. In this case, we do not have the analo-
gous classical implementation of the gradient available,
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so we compare against numerical differentiation of the
X-DF/VQE energy. We use a 5-point central difference
formula with a step size of 1072 Bohr to obtain the nu-
merical derivative.

Numerical X-DF/VQE gradient:

0.0024931 0.0253168  -0.0298848
0.0351976  -0.0349578 0.0654167
-0.0138414 -0.0122360 -0.0250024
0.0158476 0.0359590 -0.0099373
-0.0148655 -0.0104737 0.0006804
.0264798 0.0026624  -0.0136967
0.0100783 -0.0265528 0.0300495
0.0085186 0.0421931  -0.0055591
-0.0074004 -0.0105833 -0.0194204
-0.0095482 -0.0113273 0.0073544

j=ji==ii= i siiia il -l O N O WO NP)
|
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Analytical X-DF/VQE gradient:

0.0024931 0.0253165  -0.0298849
0.0351976  -0.0349580 0.0654169
-0.0138413 -0.0122359 -0.0250024
0.0158476 0.0359592  -0.0099374
-0.0148654 -0.0104737 0.0006803
.0264798 0.0026622 -0.0136968
0.0100782  -0.0265528 0.0300495
0.0085186 0.0421931  -0.0055592
-0.0074003 -0.0105833 -0.0194203
-0.0095482 -0.0113273 0.0073545

ja=ji==iia il siis il sl O N O WO NP!
|
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Here, we achieve agreement of 10~¢ Hartree/Bohr or
better between analytical and numerical gradients. This
indicates that our formulation of the X-DF/VQE gradi-
ent is correct when the X-DF is truncated. Had there
been errors in the gradient formulation, the aggressive
truncation we applied should have made them readily
apparent.

C. Exact X-DF and Approximate VQE

Another case where our analytic gradient formulation
should be correct is when an approximate (i.e., not con-
verged to the exact ground state) VQE wavefunction is
used. Our assumption is only that the wavefunction has
been variationally optimized, not that it produces the
exact energy. In this case, we again compare our an-
alytic gradients against numerical gradients (using the
same recipe as above). Note that due the the presence
of many local minima in the VQE parameter space, we
locate a minimum in the parameter space and use those
parameters to seed the calculations at displaced geome-
tries to avoid finding different minima at every geometry.

Numerical X-DF/VQE gradient:

C -0.0018739 0.0152072 -0.0156463
C 0.0340339  -0.0220893 0.0421282
C -0.0193957 -0.0108778 -0.0176749
C 0.0124084 0.0339842 -0.0071089
H -0.0080573 -0.0080723 -0.0010542
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H -0.0203369 -0.0023167 -0.0109582 energy. For this test, we retain 4 of 10 t¢-leaves in the
H 0.0086448 -0.0252825 0.0288439 X-DF.

H 0.0125202 0.0424496 -0.0070197 Numerical X-DF/VQE gradient:

H -0.0112387 -0.0112398 -0.0170473

H -0.0067050 -0.0117621 0.0055379 -0.0088850 0.0045834  -0.0160591

0.0339181 -0.0123153 0.0518398
-0.0095220 -0.0020111  -0.0103695
0.0077376 0.0243913 -0.0198183
-0.0054178 -0.0065542 -0.0049439
.0184659 -0.0055151  -0.0092365
0.0070285 -0.0221339 0.0254742
0.0105200 0.0415747  -0.0049236
-0.0087623 -0.0114716 -0.0180051
-0.0081513 -0.0105478 0.0060424

Analytical X-DF /VQE gradient:

-0.0018740 0.0152069 -0.0156461
0.0340339  -0.0220895 0.0421281
-0.0193956  -0.0108778 -0.0176750
0.0124085 0.0339845  -0.0071090
-0.0080573  -0.0080723 -0.0010544
.0203368  -0.0023169 -0.0109584
0.0086447  -0.0252825 0.0288439
0.0125203 0.0424496  -0.0070198 Analytical X-DF /VQE gradient:
-0.0112387 -0.0112398 -0.0170473
-0.0067050 -0.0117621 0.0055379

ju=ii==ii=siia e i« i O N OO NP}
|
o
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|
o

-0.0088851 0.0045831  -0.0160591
0.0339182 -0.0123156 0.0518400
-0.0095219  -0.0020110 -0.0103695
0.0077377 0.0243915 -0.0198184
-0.0054177 -0.0065542  -0.0049441
.0184658 -0.0055153  -0.0092367
0.0070284  -0.0221340 0.0254742
0.0105200 0.0415748  -0.0049237
-0.0087623 -0.0114715 -0.0180051
-0.0081513 -0.0105478 0.0060424

Once again we achieve agreement of better than 10~°
Hartree/Bohr between analytical and numerical gradi-
ents indicating the correctness of our gradient formula-
tion.

D. Truncated X-DF and Approximate VQE

ju=jiias = sfiia e il O N O NGO NP}
|
o

A final test is that the analytic gradients are correct
in cases where both the X-DF is truncated and the VQE This test shows a similar level of agreement between
energy is an approximation of the exact ground state analytical and numerical gradients.



Figure 3: Hadamard test circuit.

3 Purification-based Error-Mitigation Experimental Benchmarking

3.1 Preliminaries on Error-Mitigation

The [VQE] class of algorithms is mainly categorized as a [NISQ] set of methods. This is due to its typically
shallow circuits and simpler gate set [3] relative to the Therefore, in order to mitigate the errors that
result from the noisy nature of the devices, several error-mitigation techniques have been proposed, such as
symmetry-conservation-based approaches [9] in a given symmetry subspace like the particle number or spin-
squared operators provided that the ansatz in question preserves these symmetries such as that in [3]. Another
class of methods evaluate the desired observables under varying noise levels and statistically infer the noise-free
version such as zero-noise extrapolation [22] and probabilistic error cancellation [7]. We focus here specifically
on two main prominent methods, namely echo-verification (previously branded as verified phase estimation)
[45, 42] and virtual distillation [26] |42].

Like all error-mitigation methods, the goal of the echo-verification is, is to provide an estimate of the
noise-free observable O. In our case, this observable represents the molecular Hamiltonian 7. Intuitively, the
echo-verification technique is an extension over the famous Hadamard test technique whereby, as we will show
shortly, all states that are orthogonal to the input state does not contribute to the Hadamard test estimator of
the observable. To show this, let us consider the de |¥) be a state and we are interested in calculating (¥|O]¥).
It is well established that using the Hadamard test [41] (See FIG [3)), we have

0)2) 75 [4)]2) <=

Z51019)+[109) L S0 (T +0) ) +[1) (T-0) jw). (55)

Now, noting py and p;, the probability of measuring |0) and |1) respectively, we have

0:1||((f+é)|\1/>u2 <\1/|(1+0T) (P+0) 1) = <qf\(f+éf+é+éfo)|\1/> (56)
(\I/|(I+Re( ) o) = 1(1+Re(<\II|O|\I!>)). (57)

Similarly,
p =3 (1- Re((w[0]))) (58)

which implies that
po —p1 = Re((¥[O|W)). (59)
Now, the identity operator in the middle of Eq can be decomposed into

I =[U)(P|+[¥) (P[0 (60)

Now, if we look at the contribution in the projector |¥)(¥| of pg and p;, we have

o= (0] (14+01) [w)(w] (1 +0) [9) = § (1+2Re(W|OW)) +|(¥[OW) ) (61)
and in py
02 = (0] (1= 01) [w)(w| (1 - 0) |w) = § (1~ 2Re((W|O]W)) +|(¥[OW) ) (62
which leads to
01 — 03 = Re((¥|0O|)). (63)

Therefore, all the contribution from the orthogonal projectors is null. Statistically this means that they cancel
out on average. This is effectively the intuition behind the echo-verification which when measuring the control
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qubit consider only the results conditioned on the system register begin in the input state |¥). It is important
to note that, unlike post-selection, the measurement results are averaged with respect to the total number of
samples. The error-mitigation property in this stems from the fact that in case of errors the test is more likely
to fail. This is due to the stark contrast between the sizes of the Hilbert subspaces of states that pass and fail
the verification. The former is spanned by {|0)|¥)

,|1)|¥)} and is, consequently, of dimension 2. Therefore, the complement Hilbert subspace is of dimension
2n+1 2. Now, in the case of the molecular Hamiltonian is decomposed H = 3 Hy into of fast-forwardable
terms i.e. terms whose time-evolution operator can be implemented in O(1) depth this includes Pauli strings for
instance. As stated in [45], such decomposition for sparse row computable Hamiltonians is always possible. After
applying the ansatz, a controlled time-evolution under H, is performed. Lastly, the ansatz is inversed and the
check is done to test weather the vacuum state is returned. At the end we have an estimate of (1(8)|e~"H=t|4)(f))
which can be used to infer (1(8)|H,|v(6)) because if we note by

Hy = "esles)(e;] (64)
(@) = ailes) (65)

the spectral decomposition of H, and the expansion of |1/1(§)> in its eigenbasis, we then have

(W)=t (B)) = S Jag[Peie, (66)

Using signal processing one can determine the amplitudes |ef|? using the evaluations at different time steps

— —

t;. For instance, the imaginary part of the derivative of <w(9)\6_mst ¥(0)) at t = 0 corresponds exactly to
(V(01H|(0)):
WOl W) _ 5~ 28T N 2gseieit
1;[} 5 eiiHSt w 5 s N\ | 7 0
— WO TTION 0y = S o rer = (i@l LIw ) (68)

which can be evaluated using parameter-shift rules for example |77]. Concretely in [42], we used Pauli strings
as Hy summands, the spectrum is then {—1,1}. As shown in the experiment results, for both the molecular
Hamiltonian and RG cases, the error-mitigated expectations values were x order of magnitudes better compared
to raw and post-selected results. For details see [42]. The error-mitigation quality of this method stems from
the fact that the measurement that passes the check are exponentially fewer in contrast to the rest of the Hilbert
space. More specifically, we have two states that pass the check which are {|0)|0s)

,11)]05)}. Therefore, it is exponentially more likely for errors to be distributed on the rest of the Hilbert space
and therefore rejected.

On the other hand, the virtual distillation [26] uses spatial redundancy, as opposed to echo-verification that
uses time-redundancy, to produce the error-mitigated expectation values of <W|O|W> using M noisy copies to
virtually distill p™. This has the effect of suppressing all coherent and incoherent errors exponentially in the
number of copies m. It is worth noting that p™ is effectively not physically prepared on the device, hence the
qualification as ”virtual”. The error-mitigiated approximation of (¥|O|¥) is

Tr(OpM)

(o) (©9)

In [26], they exploit the fact that using M copies of p, we have

M
Tr(OpM) = Tr(OSMD <® p)) (70)

where SM) is the shift operator defined as:
SODapo) ). oar—1) = [1)[th2)..|tb0) (71)

and using a symmetrized version of the observable 07 defined as

N 1 s
O(M):MZO. (72)
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The shift operator SO commutes with O) and can then be simultaneously diagonalized. Therefore, estimat-
ing the numerator and denominator of Eq can be achieved from measurement in the same basis. Moreover,
it is shown in [26] that the diagonalizing basis, when O* = Z*, is

1 0 0 0
o L —-L o
BY = 0 ? %ﬂ o|i=0.2n—1g=0.M/2-1 (73)
2 2
00 0 1

where the index ¢ indicates the number of qubits and ¢ the pair of circuits (copies of p). Other observables can
thus be deduced by applying the respective diagonalizing rotation before applying B;

3.2 Purification-based Quantum Error mitigation of Pair-correlated Electron Sim-
ulations

Bibliographic Information:

(Double-check bib standards and parctices) O’Brien, T. E., Anselmetti, G., Gkritsis, F., Elfving, V. E.,
Polla, S., Huggins, O. Oumarou, W. J., ... & Vidal, G. (2023). Purification-based quantum error mitigation
of pair-correlated electron simulations. Nature Physics, 19(12), 1787-1792.

Summary:

We perform one of the largest (at the time) Variational Quantum Eigenvalue (VQE) experiments to benchmark
two of the most prominent error-mitigation techniques, namely echo-verification and virtual distillation on
Google’s Sycamore device. The two error-mitigation techniques have ”orthogonal” properties. Echo-verification
duplicates the depth of the circuit by running the ansatz and its inverse, whereas the virtual distillation entangles
two copies of the same ansatz. The first set of benchmarks was performed on the evaluation of energy of a
pre-optimized UpCCD VQE ansatz. Both methods achieve similar performance, with two orders of magnitude
better accuracy compared to the unmitigated energy evaluation. The second set of benchmarks was conducted
on evaluating ground state energies of the Richardson-Gaudin model, where we similarly observe on average
two orders of magnitude better accuracy.

Contribution:

0.0. co-proved the unfeasibility of classically simulating the UpCCD ansatz considered in the manuscript by
proving BQP completeness of the nearest-neighbor Givens-swap circuits on the dual-rail encoding, and wrote
the corresponding section in the supplementary informations.
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M Check for updates

Animportant measure of the development of quantum computing
platforms has been the simulation of increasingly complex physical

systems. Before fault-tolerant quantum computing, robust error-mitigation
strategies were necessary to continue this growth. Here, we validate recently
introduced error-mitigation strategies that exploit the expectation that the
ideal output of a quantum algorithm would be a pure state. We consider the
task of simulating electron systems in the seniority-zero subspace where all

electrons are paired with their opposite spin. This affords acomputational
stepping stone to a fully correlated model. We compare the performance
of error mitigations on the basis of doubling quantum resources in time or
inspace on up to 20 qubits of a superconducting qubit quantum processor.
We observe areduction of error by one to two orders of magnitude below
less sophisticated techniques such as postselection. We study how the gain
from error mitigation scales with the system size and observe a polynomial
suppression of error with increased resources. Extrapolation of our results
indicates that substantial hardware improvements will be required for
classically intractable variational chemistry simulations.

The prospect of accurately simulating ground states of quantum sys-
tems on quantum hardware has motivated substantial theory and hard-
ware developments over the last decade. With fault-tolerant quantum
computinginitsinfancy' and manyyears from promised applications*®,
attention has focused on algorithms requiring only short-depth quan-
tum circuits, such as the variational quantum eigensolver (VQE)"®.
Theoretical developmentsin ansatz design®" and measurement opti-
mization'*'® have enabled small to midscale VQE experiments''?¢, A
key target of variational quantum algorithms has been the electronic
structure problemin chemistry®""'*">*¥, Such simulations are challeng-
ing toimplement on quantum hardware due to along-range two-body
fermionic Hamiltonian and stringent accuracy requirements. This
makes it unclear whether a beyond-classical simulation of chemistry
canbeachieved without fault tolerance. Determining the requirements
for suchasimulationis a critical open problem.

The electronic structure problem can be expressed in models of
varying complexity and realism. Quantum simulations of chemistry
in the Hartree-Fock (mean-field) approximation were implemented
for system sizes up to 12 qubits in ref. 23, and to our knowledge, this

study retains the record for the largest VQE calculation of a chemical
ground state on quantum hardware. As a next step, one can consider
working in the seniority-zero subspace of the entire Hilbert space,
which assumes all electrons come in spin-up or spin-down pairs™* %,
This has the advantage of projecting alocal fermionic problem onto a
local qubit problem™. The S, ground state is not a priori classically effi-
ciently simulatable' (although good approximate methods are known
to exist for many problems® ). This makes it a good stepping stone
beyond Hartree-Fock towards the full electronic structure problem.

Recent quantum experiments have relied on error-mitigation tech-
niques®®, which are not scalable like error correction**” but promise to
substantially shrink experimental errors. Popular methods are based
on postselection®®*, rescaling***, purification®*****and probabilistic
cancellation*®*, Various schemes and combinations of error-mitigation
techniques have been implemented in practice’****¢, However, many
ofthese methods do not promise to remove bias to the level of accuracy
needed for useful simulation of chemistry, or remain untested beyond
few-qubit experiments. Shifting from non-interacting fermions to cor-
related electronic structure, one loses two error-mitigation advantages

e-mail: teobrien@google.com; christian.gogolin@covestro.com; babbush@google.com; nickrubin@google.com
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thatwere crucial to the success of ref. 23: efficient density-matrix purifica-
tion by means of McWeeny iteration*, and low-cost gradient estimation.

In this work, we compare the performance of three different
error-mitigation techniques—postselection, echo verification (EV) and
virtual distillation (VD)—on the problem of preparing ground states in
the seniority-zero space, using up to 20 qubits of a superconducting
quantum processor. Using either EV or postselected VD, we are able
to accurately reproduce the ground-state energy and order param-
eter for an N=10-qubit simulation of the Richardson-Gaudin (RG)
model, improving over unmitigated estimates by one to two orders
of magnitude. This demonstrates animprovement over classical pair
coupled-cluster doubles (pCCD) and the non-interacting Bardeen-
Cooper-Schrieffer (BCS) theory, neither of which are qualitatively
correctover the entire range of coupling values considered. We study
the scaling of the mean absolute errorin energy and the order param-
eter with the system size and observe that EV and VD suppress errors
by a factor N*for values of a between 0.8 and 2.5. EV was further able
to greatly mitigate error of six- and ten-qubit simulations of the ring
opening of cyclobutene (CB). Although the stringent error require-
ments (<0.05 Hartree) to differentiate between mean-field and the
exact solution could only be achieved for the six-qubit case, this still
represents the largest VQE simulation of electronic structure for
chemistry that we are aware of so far. From these data, we are able to
estimate the minimum requirements for abeyond-classical quantum
simulation of similar form: a 25x decrease in hardware error rates
(from those observed in this work), a limit of O(N) depth for future
variational ansatzes and the need to pre-optimize ansatzes classically
withoutintermediate callsto adevice. Evenifthislist of requirements
is achieved, meeting the high level of accuracy required for the elec-
tronic structure problem will pose a serious challenge, as chemical
accuracyisaround 60x less than our meanaccuracy for the ten-qubit
CBproblem.

The RGmodel

We first prepare approximate ground states of the RG model on ten
sites at half-filling across a range of coupling strengths g. This model
is chosen as awell-known benchmark with well-understood exact and
approximate solutions. We work in the seniority-zero space (where all
electrons are paired with their opposite spin) and use a unitary pair
coupled cluster doubles (UpCCD) variational ansatz'? with parameters
optimized innoiseless simulation. InFig.1a, we estimate the prepared
states’ energy using various error-mitigation techniques: postselec-
tion, EV and postselected virtual distillation (PS-VD). We compare
these results to exact diagonalization in the S, subspace (also known
asdouble occupied configurationinteraction) and classical pCCD and
BCSsolutions. We see that using EV or PS-VD, we are able to reproduce
the entire energy curve to high accuracy, which neither pCCD nor the
non-interacting BCS theory canachieve. The experimental errorinthe
result is the sum of the UpCCD model error and the experimental error.
To disambiguate the effects of UpCCD model error, in Fig. 1b we plot
the error between our experimental dataand the UpCCD ground-state
energy. The observed gain from error mitigating some estimate y can
be quantified by the suppression factor

ny = |yraw _ytrue|/|ymit _ytrue|~ )

We summarize this across our experimental data in Table 1. For the
energy (y = E), we find PS-VQE consistently achieves .= 2, whereas EV
achieves 77, = 85 and max(n;) =460 and VD achieves 77, = 60
and max(rg) = 140. The residual error following EV or PS-VD fluctuates
on a scale larger than statistical error bars, which we attribute to
device drift.

The RG Hamiltonian has a well-known phase transition in the
attractive regime (g < 0) in the thermodynamic limit, which appears
in the BCS state at finite N but is not present in the true ground
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Fig.1|Digital quantum simulation of ground states of the RG model for

ten spatial orbitals on asuperconducting quantum device. a, Energy asa
function of the coupling parameter g, estimated using various error-mitigation
techniques (markers) and compared to classical models (lines). The classical
pCCDresults do not converge below a critical value, resulting in their cut-off.

b, Log plot of experimental energy error (ignoring the model error from the
UpCCD approximation). ¢, Many-body order parameter for the RG Hamiltonian
(see text), again compared to classical models. d, Experimental error in
estimating the superconducting order parameter versus the target state in the
UpCCD approximation (again ignoring model error). Error bars show 1standard
deviation uncertainty from sampling noise, estimated by propagating variance
(raw VQE, PS-VQE) or bootstrapping (EV, PS-VD); see Supplementary Information
Section Il for details. a.u., arbitrary units.

state due to finite size effects**°. This gives us a second physically

relevant target to simulate and a qualitative feature (the cusp atg = 0)

to resol\lle. The traditional order parameter for the BCS state,
Ty . .

Apcs = 5/Z‘q.((clﬁaﬂ) + (ajlan)),ls zero onthe RGHamiltonianground

. 1 2

state due tonumber conservation. However, A = szﬂ (nj?a) —(Njg)

satisfies 4 = Ay for the BCS ground state of the Hamiltonian, giving a
many-body-order parameter®. In Fig. 1c, we plot experimental esti-
mates of 4 across the range of g values considered. In the absence of
error mitigation, although the order parameter dips aroundg =0, the
true cusp is not reproduced. Both EV and PS-VD clearly improve over
the BCS approximation for g> 0.5, with EV particularly able to repro-
duce the cusp at g=0. We measure the performance of the
error-mitigation techniques by plotting the error in 4 against the
noise-free UpCCD resultinFig.1d. The suppression (equation (1),y =4)
fromEV and PS-VD during order-parameter estimation is slightly less
than for energy estimation: for EV, we find 77, = 32and max(n7,) = 56;
and for PS-VD, wefind 77, = 18 and max(n,) = 51.

We now study the scaling of the studied error-mitigation tech-
niques for the RG model over system sizes N=4, 6, 8,10. In Fig. 2a,
we plot the absolute error in the energy estimates, averaged across
all points in Fig. 1, and repeat this for different system sizes N. (Plots
equivalent to Fig. 1 for different system sizes can be found in Sup-
plementary Information Section VI.D.) We observe that the energy
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Table 1| Observed mean and maximum suppression factors
i7and max(n) (equation (1)) across the RG problems studied
in Fig. 1and the CB problems studied in Fig. 3, for all
error-mitigation methods studied

System Metric PS-VQE EV PS-VD
RG (ten qubits, I 21 86 54
energy) max(ng) 25 460 120
RG (ten qubits, a 1.6 32 18
order parameter) max(f,) 1.9 56 51

CB (six qubits, Mg 5.0 54 -
energy) max(ng) 5.2 140 -

CB (ten qubits, g 2.9 38 -
energy) max(1g) 3.0 190 -

error scales sublinearly after applying EV or VD, demonstrating an
asymptotic difference from raw VQE or PS-VQE of a factor of ~N2. We
similarly observe an ~N-N? gap between EV/VD and VQE/PS-VQE in
the order-parameter error (Fig. 2b); the difference in the suppression
factor is not statistically significant. Next, we extract various fidelity
metrics from the experimental datain Fig. 2c, whichapproximate the
(inverse) increased variance of our error-mitigated estimators®. The
datafor PS-VQE (red plus), EV (green square) and PS-VD (yellow trian-
gle) directly correspond to the circuit overhead required by different
error-mitigationtechniques. These fidelity metrics allow us to estimate
the required number of experiment repetitions to reduce statistical
noise in the energy estimation to <0.1a.u.(arbitrary units) in Fig. 2d,
assuming ten-qubit fidelity is maintained. We observe a substantial gap
between the experimental and theoretical sampling cost of EV (green
squares). We attribute this to known overheads of EV that are notin the
theoretical model (Supplementary Information Section IV.A).

CBringopening

We further validated scalable error-mitigation protocols by simulat-
ing the conrotatory ring opening pathway for CB in an active space of
six orbital and six electrons and ten orbitals and ten electrons corre-
sponding to asix-and ten-qubit simulation of the electronic structure
Hamiltonian. The mechanism of this ring opening is described by the
Woodward-Hoffmannrules for pericyclic ring openings correspond-
ing to the in-phase combination of the two carbon 2p orbitals when
brought together to formthe four-member carbonring. Similar to the
RG model, this was chosen as a well-known benchmark system with
well-understood chemistry.

The geometries along the reaction path are determined from
anudged elastic-band calculation using density functional theory
(B3LYP) to evaluate forces. The final structures use a minimal basis
set (STO-3G) to generate the active-space Hamiltonians to project
into the seniority-zero sector. The Woodward-Hoffmann rules are a
type of molecular orbital theory, and thus we expect this reaction to
be qualitatively described in mean-field theory. Thisis verified numeri-
cally for our seniority-zero model where the largest configuration
interaction coefficient has an average value of 0.974(9) for six orbitals
and 0.973(9) for ten orbitals, indicating a single-reference system. As
such, our unitary pCCDs ansatz targets the dynamic correlation cor-
rections to the mean field.

The average PS-VQE absolute error is 0.058 + 0.006 and
0.395 £ 0.023 Hartree, and the mean suppression factor is 7, = 5.0
and 2.9 for the six- and ten-orbital systems, respectively. The average
echo-verified absolute erroris 0.011 + 0.005 and 0.064 + 0.035 Har-
treeand the mean suppression factor (equation (1)) is 7, = 54and 38
for the six- and ten-orbital system respectively. Although there is
notable improvementin energy across the reaction pathway for the
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Fig. 2| Scaling the simulation of the RG model to larger qubit counts.

a, Experimental energy error (versus the UpCCD ground state) averaged over
all points studied of the RG model. Error bars show sample standard deviation
and lines a power-law fit. b, Experimental error in order parameter (versus the
UpCCD ground state) averaged over all points studied of the RG model. Error
bars and lines same as a. ¢, Different fidelity metrics for PS-VQE, EV, PS-VD and
Loschmidt (LS) echo (see legend) averaged over all points studied of the RG
model. d, Number of shots required for convergence at g =—0.9. Crosses and
pluses give simulated estimations with two types of term grouping (see text
for details) using observed fidelities of a ten-qubit experiment from c. Other
symbols give experimental shots used.

ten-orbital system, the magnitude of the errorsis larger than the 0.037
Hartree energy difference between CB and 1,3-butadiene. Further-
more, avisual inspection of Fig. 3 indicates high parallelity errorsin
the ten-orbital system. Given that the error bars on EV are smaller
than the parallelity error (point scatter), we attribute the main source
of error to device drift.

Discussion and outlook

Many of the features of our experimental data can be understood
physically. The similar performance of EV and PS-VD can be under-
stood following the equivalence of the two techniques shown in
refs. 46,51, which treat EV as purification of two states separated in
time. However, this equivalence is broken by the further circuitry of
the two techniques: EVrequires Greenberger-Horne-Zeilinger (GHZ)
state preparation, whereas VD requires bell-basis measurements and
more routing. This doubles the susceptibility of the VD fidelity to
measurement noise, to which we attribute the gap between this and
the EV fidelity in Fig. 2c. Despite the fidelity gap, we observe PS-VD
has a substantially smaller sampling cost than EV, which comes from
known measurement bottlenecks* and overhead to reduce on-chip
magnetic field fluctuations (Supplementary Information Section I.D).
We canattribute the gap in performance between VD with and without
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Fig.3| Conrotatory CBring opening pathway simulated in the seniority-zero
subspace. Comparison of raw VQE (purple, ‘R’), PS-VQE (yellow, ‘PS’) and EV
(green, ‘EV’) on an optimized unitary pair coupled-cluster ansatz. Darker (lighter)
points correspond to six-qubit (6Q) (ten-qubit (10Q)) simulations. Error bars
denote1s.d. calculated by either propagating error (VQE) or bootstrapping
(EV).From left toright, the reaction path corresponds to the ring opening
reaction. For the ten-orbital case, the unitary pair coupled-cluster ansatz
(evaluated in simulation) has less than 1.8 x 10* energy difference from exact
diagonalization in the seniority-zero space. The blue curves correspond to the
exact diagonalization of the seniority-zero active space Hamiltonian spanning
ten orbitals (broad, lighter-blue line) and six orbitals (narrow, darker-blue line).
Thered curveis the RHF mean-field energy. Some of the data are plotted ona
discontinuous and different scale to preserve the visual scale of the reaction
energy along the reaction coordinate.

postselectionto this further measurement circuitry (Supplementary
Information Section VI.A): we suggest that the bell-basis measure-
ments used are not robust to noise that does not conserve particle
number and that the primary effect of postselection is to mitigate this
noise source. The performance improvement of EV/VD over postselec-
tionis expected fromnumerical predictionsinrefs. 42,44 and analytic
results of ref. 53 (although we show in Supplementary Information
Section VI.B that this cannot be guaranteed). Finally, we can explain
the qualitative feature in Fig. 1 around g = O, where the energy error
drops but the order parameter error increases. This comes from two
coincidental effects: 4 is more sensitive to error around 4 = 0, but at
this point the energy becomes less dependent on off-diagonal terms,
reducing its sensitivity to phase noise.

We now consider how the required number of experiment repeti-
tions (shots) scales to classically intractable simulations, using the
datain Fig. 2d. Taking a 50-qubit experiment as a proxy lower bound
for abeyond-classical quantum computation, and assuming the ability
to freely weight our shot distribution, we estimate that at least 10® or
10? shots would be required when using VD or EV, respectively. This is
executable on current hardware in a wall-clock time of >1 hour or >10
hours, respectively. Including the difference between experiment
and theory at ten qubits raises the cost of EV to 5 x 10" shots, which
would require several days to achieve. These numbers do notinclude
thelarge multiplicative cost of variational optimization. Furthermore,
the requirements for accurate electronic structure simulations may
be lower than the 0.1 a.u. requirement considered here. Methods to

pre-optimize variational ansatzes classically and applications of VQE
to problems simpler than electronic structure may thus be necessary
for beyond-classical VQE experiments.

Next, we consider what device fidelity would be required to scale
to abeyond-classical experiment. To maintain circuit fidelity Fover a
depth 3N/2, fully parallel circuit as N scales from 10 to 50 requires all
error rates to drop by a factor of 25 (-N?). As any reduction in Fincurs
apoly(F") sampling cost*>**,and as F scales exponentially in the error
rate,and as F = 10% for PS-VD (Fig. 2d), we see little room for negotiation
onthis25xlowerbound. Toachievea25x decreasein error rate would
require a50-qubit device with fidelities on all two-qubit gates <3 x 107,
This analysis likely precludes a large number of ansatzes with depth
much greater than linear. For instance, successfully implementing a
50-qubit VQE with ansatz depth 3N%/2 with EV or VD would require error
rates to drop -1,000x. However, the sublinear scaling in the energy
error following the application of EV or VD (Fig. 2a) indicates that a 25x
decrease in error rate would be sufficient to deal with the bias in the
resulting experiment; the dominant cost of error-mitigated quantum
experiments comes from the sampling and fidelity requirements.
Confirming this point in studies on other systems is a key target for
future work.

We have observed that EV and VD suppress errors by one to two
orders of magnitude on a range of quantum simulation problems
using up to 20 superconducting qubits. We further observe that
the error-suppression performance of these mitigation techniques
increases with the number of qubits. This allows us to conclude that
variance, not bias, will be the limiting factor in purification-based
error-mitigation techniques going forward. As our error-mitigation
protocols target expectation values themselves and are blind to the
outer loops combining these to estimate energies or order param-
eters, we expect these results to hold for a wider range of problems
than the VQE examples studied here. Any algorithm using circuits with
similar structure, such as time evolution on spin chains, or brick-wall
parameterized quantum circuits for quantum machine learning,
should see similar gains in performance. Testing whether this extends
to more generic circuits (for example, higher-dimensional or sparse
circuits, or primitive circuits for fault tolerance™) is a clear target
for future work.

Online content

Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information,
acknowledgements, peer review information; details of author contri-
butions and competinginterests; and statements of dataand code avail-
ability are available at https://doi.org/10.1038/s41567-023-02240-y.
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Methods
Simulating the seniority-zero subspace
The seniority of a Slater determinant is the number of unpaired elec-
trons; thus, the seniority-zero (S,) sector of Hilbert space for an
N-electronsystemin Morbitalsis the space of(NAfz)determinants leaving
no electrons unpaired given a particular pairing of the spin orbitals.
Seniority is not a global symmetry of the electronic structure Hamil-
tonian, and it is basis dependent; it has been used as a way to classify
determinant subspaces to generate better approximations for solving
the Schrédinger equation®®***** and as astarting point for modelling
strong correlations from electron-pair states™.

Supported by the S, subspace, there exists a set of operators sat-
isfying the su(2) algebra constructed from pairs of fermion ladder
operators and the spatial orbital number operator>

o o ot _ i
P, = Ao,y N=Y% ApoQpg,
p,o (2)

[P Pi] = A=Np)6pgr [Ny Pyl ==2P46,4,

where p, g and a, B are orbital and spin indices, respectively, and & is
the Kronecker delta function. These operators form a basis for Ham-
iltonians projected into the S, subspace. The equivalence to an su(2)
algebra means seniority-zero models resemble Heisenberg spin —1/2
models, which are easily expressed as Pauli operators.

In this work, we focus on two Hamiltonians to validate
purification-based error-mitigation strategies. The first is the RG or
pairing model

N N
A=Y €N, +g > PiP, (3)
p=1 p#4=1
with g, thesingle-particle energy for site p, and g the coupling strength.
At small N this corresponds to a single strength all-to-all coupling of
fermion pairs. Inthis Article, we work at half-filling by adding a chemical
potential i to the single-particle energies:

1
E=P—H u=§(N+l) “4)

This is a model for a small superconducting grain when g<0
(refs. 48-50), but with a g-dependent Debye frequency*. The second
model is the electronic structure Hamiltonian (H,..) projected into
the S, subspace:

HSo = PSuHelecPSo =2 (hp,p) Np
p

(5)
1 +
*tz 2 (2Voapg = Voaap) NoNg + 3 (Vipgq) PoPo.

p#q pq

where h and V are the one- and two-body term coefficients. The
all-to-all connected Heisenberg spin Hamiltonian is not known to be
classically solvable in general, but good approximate methods exist.
This is especially true for the RG model, which is often integrable®,
well-approximated by density-matrix renormalization group®* and
pair coupled-cluster techniques in the repulsive regime and solvable
by quantum Monte Carlointhe attractive regime (whereit has nosign
problem). Pair coupled-cluster theory is also known to work well for
the electronic structure problem in the S, subspace®*"* while full
configuration interaction quantum Monte Carlo shows a reduced
sign problem®. As such, although we have strong evidence that the
quantum circuits used in this text are not classically simulatable (Sup-
plementaryInformationSectionll.A), we do not believe directly scaling
S, simulations represents the easiest path to a quantum advantage in
chemistry; thisisinstead a stepping stone between a mean-field solu-
tion and the full electronic structure problem.

The unitary pair coupled-cluster ansatz and energy estimation
In this work, we use a Trotterized UpCCD ansatz"? compiled into a set
of qubits in aladder geometry with nearest-neighbour coupling. The
ladder ansatz (instead of ageneric ring) allows us to efficiently measure
termsin the Hamiltonian corresponding qubits that are not physically
adjacent after encoding with a minimal number of SWAP operations.
When mapped from fermions to qubits, the UpCCD ansatz has the form

Ne
U®) = T Ue®*)U5(6°%) ©
2
N/2-1 !
Uy (6°%) = H GSn1,2ne2yan (eg;z+1,(2n+2)%N) @)
n=0
N/2-1 [
Ue(G‘-"é’) = H GSZn,2n+1 (92;1,2n+1) (8)
n=0

where each GS;(6)is a Givens SWAP gate corresponding to the product
ofaGivensrotation gate by an angle 6 on a pair labelled by qubits iand
jfollowed by a SWAP operation™

1000 1 0 0 0
0010 0 cos(¢) —sin(¢) O
GS() = ) : ©
0100 0 sin(¢) cos(¢) O
0001 0o 0 0 1
SWAP Givens

The GS gate corresponds to a coherent partial pair excitation (by the
angle ¢) followed by a pair SWAP. Given several layers N, in equation
(6) and total number of qubits N, there are a total of N,N/2 free param-
etersinthe ansatz. To minimize the amount of time qubits areidle, we
order the spatial orbitals such that the Fermi vacuumis |0101 ... 01)—for
example, the restricted Hartree-Fock state—corresponding to an
interleaved list of occupied and virtual orbital labels in ascending
energy order. The Hamiltonian qubit ordering is then chosen such that
whenall 6 = 0, the Hartree-Fock state for each modelis returned. The
alternating SWAP gate arrangement allows us to couple each occupied
pair with each unoccupied pair once in depth N/2 (Supplementary
Information Section II.C). Thus, in this work, we set N,= N/2 for all
systems. Each GS(0) gate is compiled into a product of three
controlled-Z (CZ) gates interleaved with tunable single-qubit micro-
wave gates (Extended DataFig.1, top; see Supplementary Information
Section I1.B for decompositions).

To performenergy estimation onour two S, models, expectation
values with respect to nearest-neighbour and non-nearest-neighbour
qubits are required. The expectation value (X)X; + V;Y)) is estimated by
performing a number-preserving diagonalization'>* mapping the
expectation value to the difference of (Z) and (Z)). The ladder geometry
allows us to measure all non-nearest-neighbour pairs across the rungs
oftheladderinasimilar fashion at the further cost of at most one SWAP
operation. The full measurement protocol is detailed further in Sup-
plementary Information Section I1.C. All-to-all coupling is achievedin
N circuits, bringing the total number of different circuits to measure
the Hamiltonian’s expectation valueto N + 1. Strategies with fewer cir-
cuits exist, but they do not allow for postselection on particle number.

EVand VD

EV,introducedinref. 44, is an error-mitigation technique that uses two
copies ofaquantumstate |¢) reflected in time (preparation < unprepa-
ration) to estimate (¢|0|y) for aunitary O (refs. 46,52).EV canbeimple-
mented without control gates, given aknown reference eigenstate |¢)
of O orthogonal to |¢) (here |¢) = |00 ...)). Toimplement (control-free)
EV, we act O on a prepared superposition of |¢) and |¢), generated by
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acting our UpCCD ansatz on the cat state |00...0)+]0101...01).
Then, we estimate the expectation value of |¢) (¢| (the term |¢) (] is
not Hermitian but may be written as a sum of the Hermitian
operators |¢) (Y| + [¥)(p| and i|p) (Y| — i |¥)(p|) on the resulting state
|@) = O\%(\l[)) + |@)). The estimationis performed by inverting the prepa-
ration unitary. In total, adding control-free EV to a variational circuit
requires doubling the circuit depth and adding circuitry to prepare
and unprepare GHZ states. This will reduce the fidelity of the
final circuit from Fto < F. As experiment runtime scales inversely with
circuit fidelity, this will cost us slightly in the experiment.

To estimate expectation values by means of EV, we use the fact that

(IpXY|P) = %(lPIOIKIJ)ei‘”, (10)

where 0 |¢) = €' |). The expectation value (|0|¢) can be recovered
fromequation (10) as the other terms are known. The largest effect of
noise onthe echo-verified estimator (equation (10)) is to dampen (¥|¢)
(Y|¥) > FW|p){P|¥) (ref. 44). We can estimate F independently by
removing O from the circuit, which yields a Loschmidt echo of the
preparationunitary®’. Thisis achieved in practice by removingavirtual
Z rotation (Extended Data Fig. 1, bottom), making the estimated
Loschmidt fidelity an accurate estimate of F. Further EVimplementa-
tion details can be found in Supplementary Information SectionI1.D.

VD***jsan error-mitigation technique that uses collective meas-
urements of k copies of a state p to estimate expectation values with
respect to p*/Tr[p¥], where Tris the trace. VD schemes are based on the
observation that the cyclic shift operator S¥ s easily diagonalized and
therefore can be measured, whichyyields, for example, for k=2,

Tr[p ® pS@] = Tr[p?], Tr[p ® pSPO;] = Tr[p?0], av

with O, = %(I@ 0 + 0 ® N, and /istheidentity. S? canbe simultaneously
diagonalized with O, when O = Z, by a GS(11/4) rotation between pairs
of identified qubits on the two registers. For two N/2 x 2 ladders on a
square lattice geometry, this requires one round of SWAP gates to shift
identified qubits next to each other. Operators O # Z;are measured by
rotating to Z;(Section 4.2) and following the above procedure. The VD
circuitis only six two-qubit gates deeper than PS-VQE. However, aswe
double the number of qubits used, we more than double the total circuit
size and reduce the total circuit fidelity again from Fto <F2.

As the GS(1t/4) gate is number-conserving, VD can be combined
with postselection: the global excitation number } (Z,® I +/® Z) is
a good symmetry. This requires that the state before measurement
also conserve number. Thisis true when estimating (X)X; + V;Y;) but not
when estimating (Z.Z)): when mapping Z.Z;> Z, one can only preserve
the parity of the total number of excitations. In the main text of this
work, we present results showing VD with postselection only (PS-VD).
We compare VD with and without postselection in Supplementary
Information Section VI.A.

Data availability
Raw and processed experimental data can be found at https://doi.
org/10.5281/zenodo.7225821.

Code availability
Codetogenerate quantum circuits and process raw datais availablein
ReCirq: https://github.com/quantumlib/ReCirq.
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Extended Data Fig.1| The UpCCD ansatz and its compilation to a2D
superconducting transmon grid. (top) Decomposition of the gates used in

this experiment to CZ and single-qubit gates. See Supplementary Information
Section I1.B for details. (second from top, left) 2 x 5grid with couplersinasquare
lattice geometry, showing couplers used during the ansatz (ring coupler, purple)
and those used only during measurement (cross-coupler, red). (second from

top, right) 2+1D circuit cartoon of acombined ansatzand measurementona2 x5
transmon qubit array. (third from top) Cartoon of error-mitigation techniques
used in this experiment. Different circuit pieces are described in the legend.
(bottom) an example 8-qubit echo verification circuit to measure the expectation
value of (X,X; + V1Y, + Z, + Z,)/2. Shaded gates at the top and bottom of the qubit
array wrap around the2 x 4 ring.
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I. CALIBRATION OF THE PROCESSOR

All experiments were implemented on a subgrid of a
25-qubit superconducting processor with the Sycamore
architecture. For all methods other than virtual distilla-
tion, a 2 X N/2 qubit grid was calibrated to within 0.008
XEB fidelity [1] and 0.008 speckle purity [1]. For virtual
distillation, a 4 x N/2 qubit grid was calibrated to within
0.01 XEB fidelity and 0.01 speckle purity.

We were further required to calibrate the single-qubit
Z-phases accumulated during a CZ gate. This is a well-
documented issue [2, 3], but is complicated in our case
by the addition of microwave gates. These are observed
to bleed into the CZ gate, which made standard Floquet
calibration techniques inaccurate. To solve this issue, we
calibrate CZ gates in-situ. The Givens-SWAP gate was
altered by, after each CZ between qubits ¢ and j, insert-

ing virtual rotations eXp(iZiBi(j)),exp(iZjB](-i)) on qubit

i and j respectively. The phases ﬁfj ) were calibrated
by running two experiments in series. Firstly, a single
GS(0) = swAP gate was implemented between qubits i
and j (with virtual gates inserted); the qubits were pre-
pared in the state |0+) measured in the ZX or ZY basis,
or prepared in the state | + 0) and measured in the XZ
or YZ basis. Sweeping Bl(j) and ﬁj(l) gave four datasets
that could be fitted to extract optimal phase offsets. The
resulting gate was then benchmarked by estimating (X 1)
and (Y'I) on the state [GS(0)]?*|0+) and (IX) and (IY)
on [GS(0)]?*| + 0), and fitting this to an oscillatory de-
cay curve. Under this benchmark, the initial calibration
typically reduced the accumulated phase per CZ to less
than 30 milliradians. This benchmark was further used
to calibrate, by sweeping 3; + 3; on pairs 7,j that are
being acted on by the same GS gate to remove the re-
maining oscillations. We find in practice that a cubic fit
to 11 datasets is a robust way to perform a final estimate
of B;+3;, with the residual phase less than 5 milliradians
when calibration was successful. If the estimated fidelity
of the resulting GS gate underperformed (> 1.5% error
per CZ gate), qubit or coupler frequencies were reopti-
mized before recalibrating. Calibration was performed in
parallel on sets of CZ gates that were run in parallel dur-
ing an experiment, to mimic the local environment and
compensate for 2-qubit gate crosstalk.

II. FURTHER DETAILS OF THE UPCCD
ANSATZ

A. BQP-completeness of nearest neighbor
Givens-swap circuits

Here we substantiate the claim that the UpCCD cir-
cuits realized on hardware in this work are in general not
efficiently classically simulable. We do so by construct-
ing a universal quantum gate set on a reduced Hilbert
space (dual-rail encoding) with an O(1) depth overhead.

This construction shows that any nearest neighbor depth-
O(N) circuit on a line of qubits can be mapped to a
depth-O(N) UpCCD ansatz (and circuits with arbitrary
connectivity to a depth-O(N?) UpCCD ansatz), when al-
lowing for the omission of gates (as the identity is not a
GS gate). For this to hold it is pivotal that the GS gate
family includes the SWAP gate and is thus not a match-
gate.

To demonstrate a universal gate set we use a dual-rail
encoding of one logical qubit into two physical qubits
(onto which the GS gates will act). We use tilde to denote
logical states and operations and set

0) = |01) (1)

1) :=|10). (2)

It is then straightforward to verify by direct computation

that a GS gate acting on two physical qubits belonging to

the same logical qubit can be used to realize the following
logical Hadamard, Pauli, and Pauli rotation gates:

as(p) =1 (3)

GS(0) = X (4)

GS(5) =2 (5)

GS(0) - GS(0) = RY (0) (6)

Logical two qubit entangling gates can be realized by

acting with G.S gates on qubits belonging to two different

logical qubits. The CNOT gate can for instance be made
by means of

AFX\: Xv‘
= | CNOT (7)

H H

and since GS(0) = SWAP a SWAP is obtainable by means
of the planar circuit

GS(0)

GS5(0) GS(0)| = |swap| - (8

GS(0)

Since CNOT, SWAP, and the above single qubit gates are
universal for quantum computation, any circuit from a
family recognizing a language in BQP can be represented
as a planar G S gate circuit on twice as many qubits and
with an at most polynomially larger depth.

B. Gate decompositions

To implement the GS(f) gate on superconducting
hardware requires us to decompose it into native gates.



In our case this is arbitrary single-qubit rotations and
two-qubit number-conserving excitation gates [3]. To
minimize calibration overhead, we limit ourselves to a
fixed two-qubit gate; in all experiments performed this
was a controlled-Z gate. We can write an arbitrary single-
qubit rotation in phased-XZ form [1]

R(az,aa,az) _ ei(az+aa)ZeiazX67iaaZ (9)

A GS(6) gate can be executed at arbitrary 6 on qubits ¢
and j using a combination of 3 CZ gates and single-qubit
rotations

Alternatively, if one defines a /SWAP gate to be
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we can decompose a GS() gate into two /SWAP gates
and single-qubit Z rotations

GSZ’J(Q) =V SWAPi’jei%Zieii%Zj \V4 SWAP,L‘J. (12)

This is similar to the decomposition of a Givens rota-
tion gate into two vV ISWAP and z-rotation gates [4]: the
VSWAP and v IswAP gates differ by a ei%ZZ rotation,
which doubles to yield the ZZ term which separates the
Givens and GS rotation (up to a redefinition of angle and
single-qubit Z rotations).

Tt is further possible to decompose a GS(6) gate into

“Ri(%,55,0) - R (§ + g, +.5)-CZ; three v ISWAP gates and arbitrary single-qubit rotations,
CR{(T,T.0)-Ry(T 48, =% T).CZ, though the calculation is more involved. We start from
carar a2 42 e a decomposition of a sSWAP (= GS(0)) gate into three
-Ri(§,70). (10) VISWAP gates
|
SWAP = (e_i%(YI'HY)\/iSWAPeZ%(YH'IY)) Viswap (ei%(XH'IX)\/iSWAPe_l%(XH'IX)) (13)
= (exp [iZ(YY +22)) ) exp [iZ(XX +YY)] (exp [iZ(XX 4+ ZZ)] ) (14)

If we perform a basis rotation on the bracketed terms by exp(iaZ) on the appropriate qubit, we can generate a gate

of the form

G(a) = exp [i % (cos()YY + sin(a) XY )] exp [i5 (XX +YY +2ZZ)] exp [i 5 (cos() X X — sin(a)XY] . (15)

This function can be expanded to give

Gla)=gi(@)IT+ g()( XX+ YY)+ gs()(IZ — ZI) + g4(0) Z Z, (16)

with g;(«) the following complex functions

g1(a) = % {COSQ(g)(COSQ(g) +isin®(%)) + i cos(a) cos(%) sin(%) (1\;;)

+ cos®(a) sin®(Z) (i cos®(Z) 4 sin®(Z)) + sin®(a) sin®(Z ) (cos® (%) + isin®(Z))} (17)

141

gao(ar) = m(l + cos(w)) (18)
gs(a) = % {sin(a) sin(§g) cos(§) (1\;;) + i sin(a) cos(a) sin®(Z)(cos*(F) + isin’(%))

—icos(a) sin(«) sinz(g)(i cos?(%) + Sin2(§))} (19)
ga(a) = % {COSQ(g)(i cos?(%) + sin2(§)) — i cos(a) cos(g)sin(§) (1\;;)

+ cos?(a) sin®(Z)(cos?(Z) + isin®(Z)) + sin®(a) sin®(Z) (i cos®(Z) + sin®(Z)) } . (20)

This is of the correct form for our desired gate

up to

single-qubit Z rotations as long as the



phase on (00|G()|00), (11|G(a)|11), (01|G()|10) and
(10|G()|01) are equal. One can confirm that all have a

phase of "4 for any angle of . There remains a residual
phase on the two on-diagonal elements of G(a),

(01]G()[01) = g1(a) — ga(a) + 2g3()

= A(a)e!?(@) i/ (21)
(10|G()[10) = g1(a) — ga(a) — 2g5(cx)
= —A(a)e 1@ ein/4 (22)

which can be removed by shifting
G(a) N ei¢/4([Z—ZI)G(a)ei¢/4(IZ—ZI). (23>

The precise value of ¢ here is

¢ = —arctan {

NG) (COSQ(%) _ SmQ(%) cos(2a) — % COS(O‘)) } (24)

sin(a) + sin(2a) sin2(%)

We notice that our formula for gs(a) only takes positive
values. To get the full range of GS(6), one can finally
send G(a) N eiﬂ/2ZI€i7r/21ZG(a)eiw/2ZI€i7r/21Z (again
at no extra cost), and solve for sin(f) = 2g2(a).

C. Scheduling details

A key advance in this work was the development of a
mapping of our UpCCD ansatz to a 2D grid with local
connectivity, such that a) the entire ansatz could be im-
plemented in depth N/2 GS gates, and b) all X, X, +Y;Y;
terms could be estimated using only N unique mappings.
In this section, we explain this mapping in more detail
and prove both a) and b) true.

Let us first expand the discussion of the implementa-
tion of the UpCCD ansatz. The standard UpCCD ansatz
takes the form

U(0) = exp { Z Opqa;rma;ﬁaqaaqﬁ - h.c.}7
pEunocc,qgeocc
(25)
which when mapped to qubits in the Sy approximation,
becomes

U(#) = exp { S O XY, — h.c.}. (26)

pEunocc,gEocc

This in turn can be Trotterized to a product of coher-
ent pair excitations exp(fpq XY, — h.c.). As mentioned
in the main text, the effect of a single GS gate in the
fermionic picture is to implement a single coherent pair
excitation between the spatial orbitals assigned to qubits
i and j, and then to SWAP the orbitals. This means a
given orbital is not assigned to a fixed qubit throughout

the experiment. For our implementation of the UpCCD
ansatz (see e.g. Fig. 1 of the methods and materials,
bottom) GS gates are applied in layers: between qubits
1,7 = 2n,2n + 1 during an even-numbered layer, and
between qubits ¢,7 = 2n+ 1, (2n+2)%N during an odd-
numbered layer (for n =0,...,N/2—1). We claim that,
at half-filling, any initial assignment of occupied orbitals
to odd-numbered qubits and unoccupied orbitals to even-
numbered qubits will cause N/2 such layers to implement
a Trotterized form of Eq. (26). To see this, note that
during an even-numbered layer, orbitals sitting on even-
numbered (odd-numbered) qubits shift to the right (left)
around the ring of qubits, and vice-versa during an odd-
numbered layer. This in turn implies that the empty
orbitals, that are initially assigned to an even-numbered
qubit, will only ever move to the right around this ring as
the ansatz proceeds, as they will be assigned to an odd-
numbered qubit on odd-numbered rounds. Likewise, the
filled orbitals will only ever move to the left around this
ring. As an occupied orbital must cross (and thus interact
with) every unoccupied orbital before it encounters the
same one twice, this implies that the first N/2 layers of
our UpCCD ansatz will yield precisely the (N/2)? coher-
ent pair excitations between each unoccupied and each
occupied orbital, as required. (This is demonstrated for
10 qubits in Fig. 1[top].)

Let us now consider the measurement of non-local
X;X; +Y;Y; terms as performed in this work. As men-
tioned in the main text, these are diagonalized on a pair
of orbitals i, j via a GS(w/4) rotation, which necessitates
the orbitals be on neighbouring qubits. The G\S(w/4) ro-
tation maps the operators Z;, Z; — D;;,Di_j, where we
define

1
DE = a{Z,-—}-ij: (XZ-X]-HQY]-)} (27)

As we implement our ansatz on a 2 x N/2 grid, qubit
i is not only connected to qubit (i = 1)%N; the cross-
links in the grid connect qubit ¢ and qubit N — i — 1.
Moreover, note that our ansatz remains unchanged if we
perform the cyclic permutation i — (i + k)%N; that is,
we shift our orbital assignments, and all ansatz gates and
parameters, around the ring of qubits. (Note that this
technically swAPs the definition of even and odd layers
when k is odd: after this permutation the first layer of GS
gates will be between qubits 4,5 = 2n + 1, (2n + 2)%N.)
Following this permutation, cross-links will connect the
orbital that was on qubit ¢ to that which was on qubit
[N — (i +2k) — 1]%N. One can confirm that by running
over k = 0,...,N/2 —1 we find N/2 cyclic permuta-
tions, such that each occupied orbital is coupled to each
unoccupied orbital by a cross-link for exactly one per-
mutation. With just the cyclic permutation operation
and no additional SWAP gates, this gives N/2 unique cir-
cuits that allow for measurement of all Dii- where ¢ is
occupied and j unoccupied. To obtain the circuits that
couple occupied orbitals to occupied orbitals (and un-
occupied to unoccupied), we require an additional layer



of swaP gates. (This is unavoidable given our initial
ansatz ordering: all occupied qubits are connected by an
even number of couplings, so a further direct coupling
would yield an odd-order cycle, which does not exist on
a square lattice.) After each permutation k above, we
perform swaPs between qubits [ + (k%2),1 + (k%2) + 1
for 0 <! < N/4. One can confirm that this yields N/2
circuits such that a coupling between any pair of occu-
pied orbitals can be achieved in one such circuit. (In this
second set of circuits, some qubits are not coupled, and
were not used to estimate expectation values in this ex-
periment.) This can be confirmed by a visual inspection
of Fig. 1[bottom]. Code that implements this scheduling
has also been uploaded to ReCirq [5].

D. Scheduling of EV circuits

In this section we outline the additional experimen-
tal details required to implement EV in this work. We
implemented control-free EV for O = Z;, or Z;Z;, or
D;;(Eq. (27)), using a vacuum reference state |¢) =

[00...). We prepare the superposition %(W;) + |9))

by acting the UpCCD ansatz circuit on the cat state
%OOOOO...) +|0101...)). Then, all operators O were

implemented by compiling them to a virtual Z rotation
on a single qubit. Finally, to measure (¥|¢)(¢|T), we
inverted the UpCCD circuit and cat state preparation.
This maps the desired matrix element |¢)(y)| — [0)(1] ®
|00...)(00...][, allowing its measurement via single-qubit
rotation on a single 'measurement’ qubit, and readout of
all qubits in the computational basis. (Reading out all
qubits is essential, as we record an estimate of 0 for the
measurement of (U|¢) ()| V) unless all qubits other than
the measurement qubit read out 0.)

Our implementation of O as a virtual Z rotation al-
lows us to replace O — O® = cos(«) + isin(a)O to re-
move our susceptibility to a uniform background mag-
netic field ¢ 23 %, Such a field transforms Eq. 9 of the
methods and materials to % (¥|0%[1)e!(¢ThN/2); fitting
this to three points of « allows us to simultaneously es-
timate h, the fidelity F', and (O). (This is preferable to
independent calibration as h fluctuates with a 1/f spec-
trum.)

Some further experimental optimization was made for
the EV circuit that was not available for the VQE or
VD circuits. Many of the gates in the final EV circuit
[Fig. 1 of the methods and materials, bottom] cancel to
the identity, as the second half of the circuit is the in-
version of the first half. We identify and prune these to
increase the overall circuit fidelity, and insert echo pulses
into the resulting empty space. We further compile an
echo pulse for the entire second half of the EV circuit
[this can be done as XX - GS(0) - XX = GS(0)]. To un-
bias readout, we measure the single measurement qubit
in the +£X and +Y bases. This, combined with the ad-
ditional circuits to remove a background magnetic field,
raises the total number of circuits to 12N? (6N? + 6N)

Physical rotation during ansatz

—i — >
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FIG. 1. Detail of the scheduling of pair excitation interac-
tions during the UpCCD ansatz, and measurement schedul-
ing. (top) The physical rotations during the execution of
SWAP layers of the UpCCD ansatz, showing that all occu-
pied (even index) and all unoccupied (odd index) orbitals are
coupled (purple squares) at some point during the ansatz.
(middle) After executing the UpCCD ansatz we have not used
the cross-couplers (red squares), allowing us to virtually ro-
tate the entire grid during compilation for the purposes of
measurement. This virtual rotation allows all occupied and
unoccupied orbitals to be coupled at some step, without any
increase in circuit depth. (bottom) The virtual rotation can-
not however, bring two occupied or two unoccupied orbitals
to nearest-neighbour qubits so that they may be coupled. To
achieve this, we require an extra round of swAPs (red dashed
boxes). One can confirm that across the middle and bottom
layers, all pairs of qubits are coupled in at least one configu-
ration.



to estimate the expectation value of our chemistry (RG)
Hamiltonian. Shots were distributed across these circuits
following the term weight in the Hamiltonian with some
additional restrictions imposed by classical readout hard-
ware (see App. IV B).

III. DATA PROCESSING

A. Optimal linear combinations of
non-independent expectation values

Once we have used our variational ansatz to prepare an
approximation p(6) ~ [1(0)){1)(0)| to the ground state
of our target problem, it remains to measure the quan-
tum device to estimate the energy (or other properties of
the state). As our devices are heavily coherence limited,
rather than attempting to perform this estimation in a
single shot, we write our Hamitonian as a sum of simpler
terms

and estimate the expectation value of each such term

E = Trace[Hp] = Z ¢; Trace[Q; p]. (29)
1
(Note that we are not placing any restrictions on @Q; at
this point.) The method in which we estimate Trace[Q;p]
will depend on which error mitigation methods are being
implemented. However, all schemes will return a set of
estimates of Trace[Q;p] with a covariance matrix

%;,; = Covar [Trace[@ip], Trace[Q;p] |- (30)

In this experiment, it turns out that our choice of {Q;}
will not be linearly independent. The reason for this
is post-selection: we desire our choice of {Q;} to al-
low us to measure S, = ZZ Z; for each experiment. To
achieve this, we measure the operators Z;, Z; Z, and Djirk
(Eq. (27)), but DY, + D3, = Z;+ Zj,. This leaves us with
a degree of freedom in our choice of ¢; that we may opti-
mize upon, once a dataset is taken.

In order to choose ¢;, we perform a constrained La-
grangian minimization. Our target cost function is the
variance on the estimate in Eq. (29)

Var(E) =Y ¢;% j¢;, (31)
i,J

subject to Eq. (28) as a constraint. Let us fix some lin-
early independent basis of operators {P;} (e.g. Pauli
operators), and we can write H = Zj hjP;, and Q; =
Zj q¢i,; Pj. (As P; is a basis, we have no freedom in our
choice of h; or ¢; ;.) Our constraints then take the form

ZCiQi,j = h;. (32)

i

This can be written as a Lagrange multiplier, yielding a
Lagrangian

E = Z Ciziijj — Z (Z ciQi,j — h]))\j (33)
2%} J i

Differentiating with respect to ¢; and setting equal to 0

yields (using the fact that 3; ; is a positive matrix)

QZEi’jcj — Zqi’j)\j =0— Cj. (34)
J J

Recognising this as a vector equation, as the matrix X is
invertible we have

1
c= 52*1(])\. (35)
Here, A, c are vectors containing the )\; and c¢; compo-
nents, and ¢ and ¥ are matrices containing the ¢; ; and
>;,; components respectively. Substituting this into our
Lagrangian yields

1
L= —Z,\Tqu—lqA +ATh. (36)

Then, differentiating with respect to A (and using the
fact that ¢7 ¥ ~!q is Hermitian), we have

'Y gA =2h - A =2(¢"27'¢)*h (37)
—c=%""q(¢"%7"¢)"h, (38)

where here, * denotes the Moore-Penrose pseudoinverse
of a matrix. The resulting contribution to the energy
variance can be calculated to be

Var(E) = hT(¢"¥'¢)*h. (39)

In practice, though we find that this produces low-
variance estimates, it is unstable to uncertainty in our
estimate of . As such, we set ¥ = I for the purposes
of determining ¢ (which corresponds to assuming that all
uncertainties are equal and all covariances are 0). This
yields

c=q(q"q)"h. (40)

The above theory neglects the allocation of shots to
individual experiments, which changes 3; ; and can be
additionally optimized over to minimize Eq. (39). In our
experiment we did not allocate shots except during EV,
where the basis (); was chosen to be linearly indepen-
dent, allowing for the use of standard results [6, 7] (see
App. IV A). In numerical simulations (App. IV C), a de-
composition depending only on {|c|;}; was chosen in ad-
vance (see again App. IV A).

B. Error propagation and bootstrapping

The exact form of the error for raw and post-selected
VQE is well-known. The covariance between estimates of



the expectation value of two reflection operators P; and
P;j, estimated simultaneously from M repeated prepara-
tions and measurements on a target state, is given by

(PiFy) — (Pi){F;)

Covar((Py)(P) = -2

(41)

The resulting number can be substituted into the propa-

gation of variance formula described in App. IIT A above

to get an estimate of the variance in energy, whilst errors

in order parameters can be obtained by propagation of

variance through (A = & Y. 1/(n3,) — (njs)?)
oA 1 1—2(njqs)

Injs) 2N \/(njo) — (njo)?

(42)

1 (1—2(n0))?
Var[A] JZU 2N (nj,) — <nja>zvar[<nga>]- (43)
We note that this diverges when (n;,) — 0,1, which is
what happens at ¢ = 0 when A — 0. We suggest that
this explains the peak in the observed experimental error
in the order parameter around g = 0 somewhat.

The experimental covariances (Eq. (41) for raw and
postselected VQE when i # j were corrupted during data
taking; these terms were set to 0 when generating error
bars for Fig. 1 and Fig. 2 of the main text. As said error
bars are negligible due to the large number of samples
used in this experiment, more complex recovery proce-
dures will not noticeably change the figures.

For echo verification and virtual distillation, the formu-
las for variance are more complicated (the form derived
in Ref. [8] is not appropriate here due to our fitting to
remove a background magnetic field). Instead, error bars
were determined by bootstrapping the raw data (resam-
pling with replacement and taking the sample standard
deviation) over 100 and 25 samples respectively. This
was made complicated due to data loss during the the
EV experiment. Arrays were stored of the verified ex-
pectation value of X and Y on the measurement qubit;
this is insufficient to recover the shot distribution, as the
EV measurement can return three values; +1, —1, and
0 [9]. Counts My, M_, and My of these values were
approximated from these expectation valus using the es-
timated EV fidelity Fgy and the fact that in the absence
of error

2L =1l (44)

where U is the operator to be estimated via EV, and M =
M, + M + — 4+ My. Assuming the fraction 1 — Fgy fails
verification, we have My = M(1 — Fry|(U)|?), and M,
and M_ may be then distributed so that (M. — M_)/M
is the observed expectation value on the measurement
qubit. (This can result in My < 0 or M_ < 0, in which
case we reduced My — Mo—2min(M;, M_), My, M_ —
My 4+ min(M4, M_), M_ 4+ min(M;, M_).)

IV. QUANTUM RUN TIME ESTIMATION

In this section, we estimate the cost of running our
quantum experiments in terms of number of experiments
(shots) and the total time spent on the device, or wall-
clock time. We allocate shots M (Eq. (41)) using either
an even distribution or established techniques [6, 7] to
minimize the final energy variance (Eq. (39)). This re-
quires first that we fix a decomposition of our Hamilto-
nian into simultaneously measurable terms. This allows
us to compare (Fig. 3 of the main text (top)) between op-
timal allocations and those used in the experiment. We
also develop a wall clock model that captures overhead
in the experiment. This work serves as input to the tun-
ing of hyperparameters of the variational optimizers we
present in App. V.

A. Hamiltonian decomposition schemes

In this section we define the different options chosen
to decompose a Hamiltonian into terms ; for measure-
ment (Eq. (28)). We are free to group the measurement
of all @Q; terms together, as long as they commute and
an appropriate diagonalization circuit is found. For our
numerics, we study the following measurement strategies:

o Termwise — we take individual Pauli operators
Qi €{Z;, X;X;,Y}Y;, Z;Z;}, and measure each Q;
using an independent measurement circuit.

e XX +YY — we first measure all Q; € {Z;,Z,Z;}
in a single-shot measurement. Next, we measure
Qi € {X,; X, + Y;Yy}, grouping disjoint pairs j, k
together into N sets following the scheduling out-
lined in Sec. II C. This mostly matches the scheme
used for the estimation of expectation values Raw
VQE, PS VQE and PS VD in Fig. 1 of the main
text, and the scheme used for the PS VQE esti-
mates in Fig. 2 of the main text.

e XX +YY + IZ + ZI — here, we draw Q; €
{Zi,Z:Z;,D};} (Dj; is defined in Eq. (27)), and
measure each term separately. This matches the
measurement scheme used for EV. As the oper-
ators chosen are Hermitian and unitary, the EV
variance is equivalent to the standard tomography
variance [8]. By choosing only Djj and not adding

D;; to our set of measurements, the set {Q;} be-
comes linearly independent, and so the relative co-

efficients ¢; (Eq.(29)) are fixed.

Some notable differences occur between the numerical
estimates made here and those implemented on hard-
ware. (Ultimately the number of shots in the experiment
was chosen to be low enough that the experimental error
mostly dominated, rather than being optimized based on
preliminary calculations.) In the experiment, additional



estimates of Z; + Z;, were extracted alongside each mea-
surement of X;X; + Y;Y, and combined using the tech-
niques outlined in App. IIT A. Each circuit was repeated
with and without an additional 7 pulse on all qubits to
unbias readout noise. In the experiment, the shot dis-
tribution was chosen to be uniform for VQE (40,000 per
circuit) and VD (100,000 per circuit). (One can observe
in Fig. 3 of the main text that an excess of shots was
taken in both cases.) For EV, shots were distributed ac-
cording to the relative weight of @); in the Hamiltonian.
However, this was made more complicated by a technical
requirement that all shots executed in a single batch must
have the same number of repetitions. To accommodate
this, the number of shots used to estimate a single Q; was
rounded up or down to be an integer multiple of a fixed
base (40000). Furthermore, as mentioned in App. IID,
when performing EV to estimate each @);, 12 unique cir-
cuits were run to cancel out a background magnetic field
and depolarize readout noise.

B. Shot distribution

Once the decomposition of the Hamiltonian is decided,
the variance of the resulting energy estimator further de-
pends on how the available shot budget is distributed
over the @; (or the jointly measurable groups of Q).
In principle, estimates of the (co-)variances from a small
number of shots, from previous measurements at close by
VQE parameter values according to (41), or in adaptive
schemes can be used to distribute shots in an asymptoti-
cally optimal way to reduce the variance. In practice, one
is limited by the overhead of calling the device and lim-
itations in setting the shots for individual circuits inside
a batch (see Section IV C).

In our estimates we assume the ability to allocate shots
per distinct circuit (and not only on a per-batch basis)
but only consider the two non-adaptive shot distribution
schemes that need no input from the quantum computer:

e Uniform Distribution — distribute the total shot
budget per expectation value uniformly over the
term groups, i.e., spend the same number of shots
on each group of Q; that are measured jointly ac-
cording to the decomposition scheme.

e According to term group weights — the total shot
budget is distributed proportional to the coeffi-
cients |¢;| in Eq. (29). In the case that multiple
Q; are measured, shots are distributed according
to [, ei[?]*/2. This is optimal in case the vari-
ances of all @); are equal and covariances vanish
[10]. (Note that as the three measurement strate-
gies measure only linearly-independent operators,
the |¢;| can be fixed prior to measurement.)

C. Wall-clock model

The primary cost of a quantum algorithm is the wall-
clock time actually spent on the device. Due to experi-
mental overhead in loading circuits and returning results,
this is not a function of just the total shot count. Cir-
cuits on sycamore hardware are run in batches; with each
circuit in each batch being additionally repeated mul-
tiple times (see the cirq.Sampler.run_batch function in
Ref. [11]). We find a good wall-clock time model depends
on three parameters: the number a of circuit batches sent
to the device, the number b of circuits across all batches,
and the number of repeat experiments c. We attribute
this respectively to the latency in sending and receiving
batches from the device, the latency in switching between
circuits on the device, and the execution of each circuit.
Our final equation for the wall-clock time is a linear
combination of the three parameters with empirically-
estimated coefficients,

twall = @ * 15 +b%0.0425 + ¢+ 5% 10 °s. (45)

Note that we do not consider effects of drift (or the need
to re-calibrate) in this model; error rates are constant as
a function of wall-clock time.

D. Wall-clock time extrapolation to large system
sizes

Using the protocol described in the previous sections,
we compute the cost of estimating the energy of the RG
model at ¢ = —0.9 in the state prepared by the Up-
CCD ansatz with pre-optimized parameters to within a
shot noise standard deviation of 0.1. (We do not yet
include the increase in this standard deviation due to ex-
perimental error.) In Fig. 2, we plot this cost in terms
of the number of shots (top) and in wall-clock time for
superconducting hardware (bottom) for the Hamiltonian
decompositions described in App. IV A and shot distri-
bution schemes described in Section IV B. Computations
are performed for N = 6, 8,10, 12, which are well fit by a
power law to extrapolate to larger system sizes. (This ex-
trapolation assumes that the coefficients in Eq. (45) are
independent of N.) As only shot noise was simulated,
VQE and EV yield the same resource estimates.

To process the data of Fig. 2 to give Fig. 3[top] of the
main text, we divide it by the 10-qubit experimental fi-
delity estimates F' from Fig. 3[bottom-right] of the main
text. This corresponds to assuming that the circuit fi-
delity is maintained as we go to larger system sizes, which
requires decreasing error rates correspondingly. We ar-
gue in the main text that this will be necessary to prevent
an exponential blow-up of the shot requirements studied
here. The results in Fig. 3[top] of the main text do not
account for any residual bias post-error mitigation [12],
but this by definition cannot be fixed by increasing the
runtime of the experiment.
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FIG. 2. Costs of estimating the ground-state energy of the RG
Hamiltonian at g = —0.9 to within 0.1a.u.. (Top) Shot-count
estimates as a function of the number of qubits, obtained by
standard Lagrangian optimization [7] using term distributions
defined in App. IV B and measurement strategies defined in
App. IVA. (Bottom) Wall-clock time estimates, calculated
from the data from (top) and Hamiltonian decomposition de-
tails, using the model described in App. IV C. The orange and
green data points for the XX +YY + IZ 4+ ZI scheme with
and without EV coincide.

V. VARIATIONAL OPTIMIZATION OF A
6-QUBIT EXPERIMENT

A. The Conjugate Model Gradient Descent
optimizer

The large number of evaluations needed for ansatz pa-
rameter optimization on quantum hardware is a major
impediment towards keeping the cost of variational al-
gorithms (in terms of wall-clock time) manageable. To
mitigate the overhead incurred by sending jobs to and re-
ceiving results from a device (see App. IV C), it is benefi-
cial if the optimizer can request a batch of cost-function
evaluations at once before making a step. In [13], surro-
gate model based optimizers were found to have good
performance under this constraint. Here, a quadratic
model function was fitted to present and past expecta-

tion value estimates in the vicinity of the current ansatz
parameter vector. Then, after making a step, a batch
of circuits corresponding to points in the vicinity of the
new parameter vector were evaluated and the stepping
procedure repeated. In this appendix we develop a natu-
ral extension of this procedure, by combining it with the
conjugate descent algorithm.

The Conjugate Model Gradient Descent optimizer is a
surrogate model-based optimization algorithm, with the
additional improvement that the gradient which is ex-
trapolated from fitting a quadratic model to the cost
function, is used in the framework of conjugate gradi-
ent descent to make a step in the parameter space. The
Conjugate Gradient Descent method was developed by
Hestenes and Stiefel in [14]. For the special case of
quadratic cost functions over an n dimensional space,
conjugate gradient methods can be proven to converge
in n iterations [15]. In practice the conjugate gradient
method is found to work well for cost functions that
are locally approximately quadratic. This is an assump-
tion one anyway needs to make when using quadratic
model based optimizers and thus makes it natural to
combine conjugate gradient descent and quadratic sur-
rogate model based optimizers with quadratic model
functions. In conjugate gradient descent the steps are
taken in the direction of the so-called conjugate gradi-
ent s, = gn + BnSn—1, where g, is the gradient (in our
case the one of the quadratic model fitted to the samples
around the current position) and £, is a scaling factor.
The formula for the n-th iteration scaling factor is given

T
FR __ 9n n Wi —
n = m ith S0 = 9o fixed for the

first step of the algorithm.

in [16] as:

In Alg. 1, we present our Conjugate Model Gradient
Descent algorithm. We assume in this algorithm access to
a (noisy) oracle to the target function f to be optimized.
In practice, this is given by a call to a quantum device
with a target error, that must be made small enough to
enable convergence.



Algorithm 1 Conjugate Model Gradient Descent
Input:Initial point xo, learning rate 7, sample radius §, max-
imum iterations n, number of evaluations per iteration k, rate
decay exponent «, stability constant A, sample radius decay
exponent &, tolerance ¢, oracle for function f.
1: Initialize lists L, L’
Initialize a list G
Initialize a list H
Let © < x¢
for m in 0...n do
Let &' « §/(m + 1)
Sample k points uniformly at random from the §'-
neighborhood of = to generate a set S
8: for each 2’ in SU{z} do
9: Add (', f(z')) to L
10: end for
11: Clear list L'
12: for each tuple (2',7y’) in L do

13: if |z’ — x| < § then
14: Add (z',y') in L'
15: end if

16: end for

17: Fit f(z) = 27 Az 4 bz + ¢ ~ y to the points (z,y) in
L' using least squares linear regression.

18: Let gm be the gradient of f at = (i.e. gm =b).

19: if |gm| < € then

20: return z

21: end if

22: if m =0 then

23: Let ho <+ go

24: else

25: Bum = GinGm | Gim—19m—1
26: hm < gm + Bmhm—1
27: end if

28: v =~/(m+1+ A)*
29: Add gm to the list G
30: Add cgm, to the list H
31: Let x <2 — 7 - hm
32: Let m+—m+1

33: end for

34: return x

B. Hyperparameter tuning

For all experiments shown in the main text, parameters
were obtained by a noiseless simulation using L-BFGS-
B, starting from 6 = 0. We find that in the absence of
experimental noise, gradient-based optimizers such as L-
BFGS-B converge well to an optimal solution. However,
this is not the case in the presence of experimental or
sampling noise, which can make many estimators unsta-
ble. This has lead previous efforts towards stochastic-
based [17] or model-based [4] optimizers, including the
Model Gradient Descent optimizer that we have based
our conjugated Model Gradient Descent algorithm upon
in the previous section.

The hyperparameters used in the Conjugate Model
Gradient Descent algorithm were either chosen through
an intuitive approach due to their physical meaning, such
as the sample radius due to the parameters being per-

Learning Rates
—— CMG w/ LR 0.15
~— CMG w/ LR 0.075
—— MG w/ LR 0.15
—— MG w/ LR 0.075

0.6 4

Energy (a.u.)
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10! 10% 10%
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FIG. 3. In this figure, the distance between the energy that
was calculated in the noiseless regime by the L-BFGS-B op-
timizer is plotted over the wall-time required to reach such
resolution. The system displayed is a RG Hamiltonian for 6
qubits, with a coupling constant of ¢ = —0.9, consisting of
10 runs and the lines being the average of those runs for the
Conjugate Model Gradient Descent (CMG) and the Model
Gradient Descent (MG) found in [13].

turbed by a random variable from [-0.25,0.25] and the
maximum number of iterations to stay within reasonable
wall-time, or via grid search for the rest of the hyper-
parameters, ensuring they are good enough to work for
the variety of cases examined while avoiding overfitting.
Explicitly, the hyperparameters used are included in Ta-
ble I:

\ Hyperparameter Values Used \
Sample radius § 1.0
Learning rate ~ 0.15

Stability constant A 0
Sample number k 0.409(N + 1)(N +2)
Sample radius decay exponent & 0
Rate decay exponent o 0.2
Maximum evaluations n 12

TABLE 1. Hyperparameters for the Conjugate Model Gradi-
ent Descent optimizer during the experiment, where N is the
number of parameters in the optimization. These were also
used in the later comparisons with Model Gradient Descent,
to gauge performance in equal footing.

The hyperparameters we chose work equally well for
Model Gradient Descent, as well our Conjugate vari-
ant. We found that the conjugate method can sometimes
speed up convergence or help prevent getting stuck in lo-
cal minima. We illustrate this with two examples: In
Fig 3 how Conjugate Model Gradient Descent has the
ability to speed up in case the initial learning rate was
chosen to be too small. In Fig. 4 we show an example
of hyper parameters for which Conjugate Model Gradi-
ent Descent is able to converge to a lower minimum than
plain Model Gradient Descent.
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FIG. 4. Comparison of the two variants of the Model Gradi-
ent Descent optimizer, where in this case the number of sam-
ples used to construct the quadratic model one uses is higher,
namely k = 4(N + 1)(N + 2), allowing for the performance
difference of the two optimizers to become more pronounced,
with Conjugate Model Gradient Descent managing to consis-
tently converge at better parameters, while Model Gradient
Descent gets stuck in a local minimum, averaged over 10 runs
for each optimizer, for 25 maximum iterations.

C. Experimental results

We test the hyperparameter-tuned Conjugate Model
Gradient Descent algorithm on the problem of optimiz-
ing the UpCCD ansatz for the ground state of the RG
Hamiltonian at a coupling g = —0.9. In order to demon-
strate convergence, we perturb our ansatz parameters
from values optimized on a noiseless classical simulation
(using the L-BFGS-B optimizer as described above), by
a random variable drawn from [—0.25,0.25]. From this
point, Conjugate Model Gradient Descent converged in
9 iterations with each iteration requiring 46 calls to the
cost function (414 calls total). We observe that the opti-
mizer successfully finds an energy below the initial point
(0.07a.u.), which demonstrates the well-known VQE abil-
ity to mitigate coherent noise [18, 19]. This improvement
is reflected in the results mitigated with echo verification
as well, which demonstrated a 0.04a.u. reduction in error.
However, this is a relatively small reduction compared to
the overall error observed. We note that this is a signif-
icantly higher error than that observed in Fig. 8, which
we attribute to poor calibration on the day. If the abso-
lute gain in energy was replicated in Fig. 8, this would
account for ~ 40% of the overall error. However, the
relative gain in error in this case was only ~ 10%. Ul-
timately, as the cost of optimization was already signifi-
cant enough for this 6-qubit example, and as the number
of calls for Conjugate Model Gradient Descent scales as
O(#parameters) ~ O(N?), we did not see it practical to
continue this line of research in this work. With current
qubit counts and shot repetition rates the optimization of
variational algorithms of meaningful size remains a major
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FIG. 5. Optimization trace of a 6 qubit RG simulation at
g = —0.9, targeting the blue dashed line (ground state energy
in the seniority-zero space). After an energy estimation using
postselection (black dashed line) and echo verification (red
dashed line) at optimized parameters from a noiseless simu-
lation, all parameters were perturbed by a random variable
drawn from [—0.25, 0.25], and reoptimized over 9 iterations of
Conjugate Model Gradient Descent, using the post-selected
experimental data as a cost function. After perturbation and
after convergence, a single call was made with the converged
parameters to an echo verified energy estimation (red cross).

obstacle.

VI. ADDITIONAL RESULTS AND ANALYSIS

A. Virtual distillation with and without
postselection

In this appendix, we show the effect that postselection
has on virtual distillation. In Fig. 6, we repeat the plot of
Fig. 1 of the main text, but with data from VD without
postselection on top. (Other lines are removed to make
the plot clearer.) We see that by itself, VD [light blue
curve] outperforms postselection in terms of energy esti-
mation across most points of the energy curve, but it is
not variationally bound. This is because without posts-
election, VD returns unphysical estimates [(Z;)| > 1 and
\(Dzij>| > 1. (This is a consequence of the two copies of
the state not necessarily being subject to the same noise.)
As a consequence of this, our estimate of the order pa-
rameter is complex and non-physical, and therefore not
plotted. This issue can be rectified somewhat by bound-
ing the estimates of (Z;) and <Dlij) to lie in [—1, 1]. Per-
forming this (Fig. 6, purple curve) allows for an estimate
of the order parameter to be made, however it is clearly
qualitatively incorrect. Moreover, although the energies
are shifted up, some are still not variationally bounded,
and those that are, often overshoot the energy, making
the absolute error worse. (The variational bound could
be rectified by enforcing positivity conditions on the set
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FIG. 6. Comparison of virtual distillation with postselection
(yellow), without postselection (light blue), and without post-
selection but while bounding expectation values of Z; and
Dlij in [-1,1] (purple), for a 10-qubit simulation of ground
states of the RG Hamiltonian across a range of g values. Raw
VQE (blue), postselected VQE (red), and post-selected VD
[PS VD] data same as in Fig. 1 of the main text. VQE er-
ror bars obtained by error propagation (1 standard deviation,
see App. IIIB), VD error bars obtained by bootstrapping (1
standard deviation).

of generated estimates [7].) In summary, the combina-
tion of postselection and virtual distillation is seen here
to have a greater effect than the sum of its parts for en-
ergy error.

We attribute the gain from postselection in virtual dis-
tillation to two sources. Firstly, postselection removes
final readout noise, which VD does not naturally correct
against. (As the estimation of Tr[p?] involves a highly
correlated measurement, this cannot be easily corrected
by most readout correction schemes designed to estimate
local Pauli expectation values.) Secondly, though we are
in principle only post-selecting on the sum of the num-
ber of excitations in p(") and the number of excitations
in p® being equal to N, when combined with virtual
distillation this projects out incoherent noise such as T1
decay and suppresses any particle-non-conserving noise
to second order. In short, this is because breaking num-
ber conservation separately on p(!) and p yields states
which do not overlap (as they must have different par-
ticle number), and these states cancel out when taking
the product pp2). Let us study this in more detail.
Consider a post-selected estimate of Tr[p?0] using VD
for O = Z; (as described in the main text). After posts-
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electing on ), (1® Z; + Z; ® 1)
global state as

P2 = E Cp,q,r,

p,q,7,8

= N, we can write our

p){al ® |r){sl, (46)

where p,q,r,s index the basis states of both systems.
(Following projection, ps will no longer be a product
state.) Let us write n, = (p[>_; Z;|p) etc as the num-
ber of excitations in these basis states (i.e. the Ham-
ming weight of the index), and our projection requires
Cp,q.r,s = 0 unless ny, +n, = n,+n, = N. (This assumes
WLOG we are at half-filling, and ideally n, = n, = ny =
ns = N/2.) Then, as Oy preserves particle number for
O = Z;, the only contribution to

Tr[pSP(Z; @ T +1® Z;)]
= 3 cramsteptra((61Zls) + (r1Z;17)),

p.q,7,8

(47)

comes from those terms ¢p 4. - (The same is true for our
estimate of Trace[p2S?].) This implies that a non-zero
contribution to Trace[p2S(?)] comes only from matrix el-
ements |p){(g| ® |p)(g| where n, = & + 6, n, = % — 0.
When § = 0, our matrix element |p>(q| ® |p)(q| is in the
number-conserving sector. When § # 0, our matrix ele-
ment corresponds to a product of coherent superpositions
between the N/2+ 1 and N/2 — 1 sector on both qubits.
This implies that decoherent noise channels such as a T1
channel (with identical error rates for each qubit) will be
completely mitigated as these off-diagonal elements do
not exist. Coherent noise may cause some of these off-
diagonal elements to appear, however this is required to
happen on both states to contribute, which suppresses it
to second order. (This is in contrast to coherent noise
that preserves number, to which VD can be first-order
sensitive.) The above analysis has assumed that the post-
selection is perfect; readout noise would complicate the
above.

B. Comparison of purification to postselection

A link between EV and VD has been previously es-
tablished in E.g. [20, 21]. Both methods try to con-
sume two approximate copies pi,p2 ~ |Y){¥| (with
|t)) the target state) to estimate expectation values
w.r.t. {p1,p2}/2Trace[{p1, p2}]. (Here, {-,-} is the anti-
commutator.) The two copies are prepared in slightly
different methods; EV prepares the second copy via an
inverse preparation circuit (in this formalism), while VD
uses two separate registers, so we do not expect p; = p2
precisely. The error-mitigated estimator of the expecta-
tion value of some observable O then takes the form [20]

_ Trace[O{p1, po}]

Tracel{p1, p2}] “9



This is similar in form but not identical to the estimator
of an expectation value estimated following postselection
on some symmetry projector P [22],

—~ _ Trace[OPpP]

(O)gym = Trace[PpP] (49)

In the main text we observed that projection on symme-
tries of a problem resulted in a far smaller error than pu-
rification. In this section we expand on the differences be-
tween the above two expressions in some example cases.
We note that this connection has been studied before and
generalized in Ref. [23].

It is simple to construct toy examples where postse-
lection greatly improves on purification and vice-versa.
Purification does not correct for coherent error, so in
principle any coherent error that breaks a symmetry is
better-protected by verifying that symmetry. As a sim-
ple toy example, consider the state |1)) = %(|Ol) +10))
subject to a single-qubit Y rotation on qubit 0 by a small
angle «. This maps [¢) to

cos(«) sin(«)
V2 V2

One can see that in this case (assuming identical errors
on both copies of p; = py = |1;><15|), purification has
no effect whatsoever, while postselection on number per-
fectly corrects the error. On the other hand, postselec-
tion has no effect on errors that commute with the projec-
tor P. Incoherent phase noise on qubit 0 with probability
p sends the above state |¢) to

p=(1—p/2)|V){W] + p/21) (W], (51)

where [1)) = %(|01> —10)) is the orthogonal state in the

|10),]01) subspace. Purification here suppresses error to
~ p?/4 (up to a normalization factor), but if P projects
onto the half-filling subspace, PpP = p, and postselec-
tion has no effect.

It is natural to ask at this point how the above exam-
ples relate to the performance observed in the main text;
why do we not see a significant contribution from the co-
herent rotation example given? One main reason for this
is likely that incoherent noise plays a larger role in su-
perconducting hardware than coherent error; most gates
are decoherence-limited. We also expect PS-VD to sup-
press coherent errors that break postselection to at least
second order (following the discussion in App. VIA). In
the above example (Eq. (50)), postselecting two copies of

the state |¢) into the 2-particle sector yields

) = (101) +110) + (111) —100)).  (50)

2 (co @l s ) 1100) + 010, 2

with Z a normalization constant. The product of the
swap operator S and any number-conserving operator
O®1I does not mix the |¢)|¢) and [|1100)+]0011)] states,
S0 any corrections to the expectation values are of the or-
der sin*(a). (The coefficient - cos?(a) is accounted for in
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the normalization by Trace[p?].) This justifies our claim
that coherent error is suppressed quadratically (correc-
tions from this error channel to the expectation value of a
number-conserving operator can be seen from Eq. (50) to
be sin?(a)). PS-VD is still not as powerful in this case as
postselection, which removes the error exactly. However,
it implies that sources of coherent, number-conserving
error need to be far larger than all sources of incoherent
error for PS-VQE to outperform PS-VD in mitigating a
real experiment.

We can generalize the above under some assumptions.
Let us diagonalize our noisy state as

p= ijlpj><m|~ (53)

Let us assume that incoherent noise does not bias us
towards a particular state; i.e. for j > 1, p; ~ 27V,
This implies that p?/Trace[p?] = |po)(po|+O(27Y). The
main effect of coherent noise is to shift the dominant
eigenvector |pg) away from the target state [1)). Let us
write

|po) = aly) +blvop) + cldp), (54)

where |¢p) are the corrections that do not break posts-
election, and 1/;15 are the corrections that do. The con-
dition for PS-VQE to outperform PS-VD in the large-N
limit is then roughly

¢t > " p3{p;| Plpy)- (55)
>0

4

(In the absence of postselection, ¢* can be replaced by

c2)

C. Distribution of errors in Pauli expectation value
estimation

In Fig. 7, we plot a histogram of the error in esti-
mating the expectation values of Pauli operators, taking
data from Fig. 1 of the main text, Fig. 8, and Fig. 2 of
the main text. We observe that the mean error in both
cases for cyclobutene is slightly worse than for the RG
model, but only by a small percentage. (This justifies
our claim in the main text that a 0.1 a.u. error in the RG
Hamiltonian is approximately 1 — 2 orders of magnitude
larger than chemical accuracy for a 10-qubit system.) As
the difference between systems here is minimal (changing
only the value of some virtual Z rotations), we can only
attribute this difference to the performance of the device
whilst taking these datasets. Going from 6 to 10 qubits
increases the mean error in all experiments by a factor
1.5—2x. As the Hamiltonian for both the RG model and
cyclobutene has a number of terms scaling as O(N?); as-
suming that the errors follow a roughly Gaussian distri-
bution would predict the energy error scales O(N)x the
error per each individual operator. This then predicts a
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gain in energy of 2.5 —3.3x, which lies in between the ob-
servation of Fig. 2 of the main text and Fig. 3 of the main
text. This suggests that the RG model energy estimation
at large N may have had some benevolent cancellation of
noise, and likewise for the cyclobutene energy estimation
at small N.

D. Smaller studies of the RG Hamiltonian

In Fig. 8, we present experimental simulations of the
ground state of the RG Hamiltonian for 4, 6, and 8
qubits. The method to produce these figures is identi-
cal to that used in the production of Fig. 1 of the main
text, save for the number of qubits and shots used. Ag-
gregated data from these figures was used to generate the
scaling plots of Fig. 3 of the main text.
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FIG. 8. Identical experiment to Fig. 1 of the main text, but for 4 (top-left), 6(top-right), and 8 (bottom) qubits instead
(top-left) Energy plot for the RG system as a function of the

of 10. Aggregate data is used in Fig. 3 of the main text.

coupling parameter g, for an unmitigated state preparation [blue circles], and state preparation mitigated by postselection
[red crosses|, echo verification [yellow triangles], and postselected virtual distillation [green squares]. This is compared to the
exact DOCI result [black solid line], and BCS [purple dashed line]. (top-right) Log plot of experimental energy error (ignoring
the model error from the UpCCD approximation). (bottom-left) Superconducting order parameter for the RG Hamiltonian

(A = %Zj,o’
superconducting order parameter vs the target state within the UpCCD approximation (again ignoring model error). 1 std.

dev. error bars estimated by either propagating variance (Raw VQE, PS VQE) or bootstrapping (EV, PS VD).

(n?,) — (njo)?), again compared to classical models. (bottom-right) Experimental error in estimating the
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4 Relaxed Reduced Density Matrices and Energy Gradient within
Quantum Krylov Subspace Diagonalization Framework

In this section, we shall propose an efficient (in terms of the asymptotic scaling of the depth) method to
calculate the first-order total derivatives of energies. We start by introducing preliminary results namely
we present the algorithm, and then layout the the cost that arises to a quadratic scaling (in the Krylov
subspace dimension D) when computing the gradient of the energy. Then, we introduce quantum signal
processing which is used to realize the circuits in our algorithm. We conclude by presenting our approach that
reduces the scaling to O(1) distinct circuit per relaxed

4.1 Quantum Krylov Subspace Diagonalization

The quantum Krylov subspace diagonalization is a set of methods that construct a subspace, called the Krylov
subspace K = span({|¢k),k € {0,..., D — 1}}) using a set of states and outputs the lowest energy achievable
in said subspace as the approximation of the ground state energy. To draw an analogy to the normalized
linear combination of the generating state is the ansatz, where the linear combination coefficients are the
ansatz parameters. However, in the[QKSD]the global energy minimum with respect to the ansatz parameters is
analytically determined as we shall present. However, first, there are several methods to generate different types
of states that span the Krylov subspace. For instance in [16], time-evolution under the Hamiltonian with equally
spaced time stamps is used to generate the set of Krylov states {|¢r) = exp —ikAt|do), k € {0,...,D — 1}}.
Similarly in |40] imaginary time evolution is used. In [79] other functions of the Hamiltonian are used to
construct the Krylov subspace. The choice of one or the other depends on characteristics including but not
limited to, the number of samples for a fixed accuracy €, the complexity of the circuit preparing the Krylov
states |¢g), of each method.
Before carrying on, let us first introduce some notations

T () = cos(m arccos(z)), |x] <1 (74)

is the Chebychev polynomial of degree m defined over the disc of radius 1 and any matrix A € C**% with
ag

ai

eigendecomposition A = U U~! and real spectrum {ax € R,k € {0,...,s—1}} such that

As—1
|A]] < 1, we define

Ut (75)
Tm (as—l)

In our work we considered the Chebychev polynomials of the Hamiltonians to span the Krylov subspace
where

H:=H/\ (76)
|wk> = Tk(ﬁ)|w0>,k€{0,...,D—l} (77)
K = span({|vx), k € {0,...,D — 1}}). (78)

This choice stems from the fact that the Chebychev polynomials can be prepared with no approximation error
at finite depth contrary to time evolution for instance or other non polynomial functions. This leads to a
very important property which preserving the Hankel form of the very important matrix used in of the
namely, the matrix of overlaps of the Krylov states with respect to the Hamiltonian that

Hij = (sl H|o;). (79)

Hence, such matrix can be constructed with a linear number of entries as opposed to the other cases where a
quadratic number of elements is needed. Furthermore, in [29] a more efficient method, that bypasses Hadamard
tests to construct H and S , is proposed. Before presenting how the global minimum energy within the Krylov
subspace K is determined, we first define

Sij = (diles) (80)
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which similarly has a Hankel form. The optimal energy and state within the Krylov subspace K is obtained by
solving the general eigenvalue problem

He™ = ERSe™ (81)

where Ey and o are the optimal energy and its corresponding ansatz parameters. The process flow is described
in the quantum Krylov box in FIG The S matrix can be ill conditioned which makes solving the general
eigenvalue in a numerically stable fashion a challenging task. This is often resolved with thresholding where
all eigenvalues of the S = UTAU matrix below a given threshold are discarded before solving Eq . The
threshold value scales as O(v/M 71) [29] where M is the shot-budget for estimating each entry in H and S. One
of the influential factors on the complexity of the circuits in the is the dimension of the quantum krylov
subspace D as it directly influence the max-depth of the method. The scaling of the dimension D of the Krylov
subspace as a function of the ground state energy precision is hence an important property. As shown in |2} 63|
19, [32], the Krylov method converges rapidly with the Krylov subspace dimension D. However, due to noise in
the evaluation of the matrices H and S , resulting from finite samples, for instance, such scaling can be affected
and in |29 the upper-bound provided goes from logarithmic to linear scaling in the sought precision.

4.2 First-Order Derivative of QKSD Energies

In [49], we show that calculating the Krylov energy derivative using the "naive” direct approach results in an

O(D?) different circuit per element. To show this, we considered the monomial basis and showed that
Y

to calculate the derivative with respect to a given parameter, one would need to evaluate w =

Z?jj*l<1/Jo|ffk*1%ﬁ”j“’k|z/10>, where 7,7 € [0, D — 1]. To address this issue, we make the key observation

that the expansion of the Krylov ground state in K, can be written as a polynomial function of H of degree

exactly D — 1 applied to the initial state |tg)

D1
W) = <Z C?Ti(ﬁ)> o) = f(H)to). (82)
k

()
Thus, by defining
0= max(|fl, € [~1,1]) (83)

f/m can be exactly block-encoded with no systematic error or bias using [35,[17]. Moreover, thecircuit
has similar resources to that of Tp_1(H). We show in [49], that the [RDMS| ,, and T',4-s can be coherently
calculated, that is, with no post-selection, and in O(1) observables (per [RDM]). This constitutes a saving factor
of O(D?) per relaxed compared to the naive way. Furthermore, we proposed a coherent way of calculating
the relaxed that bypasses the post-selection used in the post-selection-based measurement method and
whose variance and shot budget depend on the success probability of the block-encoding. By noting Us
the unitary that block-encodes g(H), we show that

Vpq = An2(<w0|U$quU¢|1/)o> + <¢0|U$Rquu¢|¢o>) (84)
qurs = >‘772 (<¢0|L{$ quM¢,|1/)0> + <¢0|U$R(quErs - 5Eqr)u‘1>|w0>) : (85)

Our benchmarks show that the variance of the coherent method is around 2x smaller than that of the post-
selection method and subsequently the shot-budget for a given accuracy is similarly 2x times less.s

4.3 Molecular Properties from Quantum Krylov Subspace Diagonalization
Bibliographic Information

Oumarou, O., Ollitrault, P. J., Cortes, C. L., Scheurer, M., Parrish, R. M., & Gogolin, C. (2025). Molecular
Properties from Quantum Krylov Subspace Diagonalization. arXiv preprint arXiv:2501.05286.

Summary

By virtue of its shallow circuits, the quantum Krylov subspace diagonalization is proposed as a family of
& early fault-Tolerant quantum methods. It produces the optimal energy within a subspace spanned by
chosen states (Krylov subspace) by solving the general eigenvalue problem involving the matrices of overlaps
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Figure 4: The quantum Krylov box describes the [QKSD| procedure; The box describes the block-encoding
of the function preparing the the quantum Krylov ground state.

and overlaps with respect to the Hamiltonian of the generators. We propose an efficient analytical method for
calculating first-order derivatives of energies obtained through the quantum Krylov method. We focus on the
relaxed reduced density matrices as the essential non-classical quantity used for obtaining other quantities such
as the nuclear gradient. We use quantum signal processing to overcome the bottleneck of calculating the relaxed
reducing the number of observables from a square dependence on the Krylov subspace dimension O(D?)
to a constant O(1) per relaxed Furthermore, we propose a coherent method for the measurement of said
alternative to the post-selection procedure that arises naturally from the equations. We perform our
benchmark on the H>O molecular system with 8 spin orbitals and first compare the variance of the nuclear
gradient produced by the relaxed measured with the coherent method and the post-selection method.
We note that our coherent approach has a smaller variance by a factor of 2. The last set of benchmarks traces
the behavior of an important quantity, namely the normalization factor n, which is the infinity norm of the
function expanded by the general eigenvector coefficient in the Chebychev basis, and the distance to the energy
of the ground state as a function of the regularization threshold. We conclude that we can maintain the values
of n low enough for a better shot budget without sacrificing the energy accuracy.

Contribution

0.0. co-derived the analytical expressions of the relaxed [RDM] developed an improved circuit for the coher-
ent measurement approach, implemented the quantum Krylov algorithm and the iterative angle solver
code (which has been open-sourced E| and is now a included as a feature in the open-source quantum toolkit

Pennylane), implemented and tested the circuits required for relaxed computation, generated the
numerical benchmark data and co-wrote the manuscript.

Lhttps://github.com/PennyLaneAl/pennylane/pull /6694
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Quantum Krylov subspace diagonalization is a prominent candidate for early fault tolerant quan-
tum simulation of many-body and molecular systems, but so far the focus has been mainly on
computing ground-state energies. We go beyond this by deriving analytical first-order derivatives
for quantum Krylov methods and show how to obtain relaxed one and two particle reduced density
matrices of the Krylov eigenstates. The direct approach to measuring these matrices requires a
number of distinct measurement that scales quadratically with the Krylov dimension D. Here, we
show how to reduce this scaling to a constant. This is done by leveraging quantum signal processing
to prepare Krylov eigenstates, including exited states, in depth linear in D. We also compare sev-
eral measurement schemes for efficiently obtaining the expectation value of an operator with states
prepared using quantum signal processing. We validate our approach by computing the nuclear
gradient of a small molecule and estimating its variance.

I. INTRODUCTION

Predicting the energies and properties of complex, large molecules remains a challenging yet crucial goal. The
advent of quantum computers has introduced a fundamentally new approach to solving this problem, promising
feasible time scales for determining the ground-state energy of industrially significant molecules, such as P450 or
FeMoco, through the quantum phase estimation (QPE) algorithm [1-10]. While these estimates are promising, they
still require substantial quantum resources that are not yet available. Over the past decade, considerable effort has
been devoted to minimizing these resource requirements. A prominent direction has been the optimization of key
components of QPE, including state initialization [11-14], Hamiltonian simulation algorithms [15-17], the reduction of
ancilla qubits [18-21], or optimizing circuit depth and the energy estimator [22]. It is worth noting that the literature
on these topics is extensive; here, we cite only a selection of representative works for each of the mentioned area.

Alternatively, efforts to minimize resource requirements have driven the development of entirely new algorithms.
These alternatives often exchange QPE’s substantial circuit depth for additional incoherent steps and measurement
processes, making them more suitable for near-term quantum devices [23, 24]. One particularly promising approach
is quantum Krylov subspace diagonalization (QKSD), which maps the Hamiltonian onto a low-dimensional Krylov
subspace [25-27]. This method reduces the computational demands while maintaining the accuracy required for
practical applications. The quantum computer is used to obtain the matrix elements of the Hamiltonian within this
Krylov basis, and a low-dimensional generalized eigenvalue problem is then solved on a classical computer to find the
best approximation of the lowest-lying eigenstates and their corresponding energies.

This approach is advantageous for several reasons. First, it requires shallower quantum circuits than QPE while
avoiding the challenging parameter optimization problem inherent to other variational methods, such as the variational
quantum eigensolver (VQE) [28, 29]. The accuracy of the ground-state approximation is also known to converge rapidly
with the subspace dimension [30, 31]. Moreover, the Hamiltonian and overlap matrices within the Krylov subspace
exhibit a Hankel structure, meaning that they are defined by a number of elements that grows linearly with subspace
dimension. These last two features effectively reduce the number of calls to the quantum processing unit (QPU).
Leveraging these benefits, this algorithm has been successfully implemented on a quantum computer with up to 57
qubits, one of the largest quantum computing experiments to solve a quantum many-body problem to date [32].

The most recent theoretical studies of QKSD have largely focused on understanding the impact of noise on the
stability and accuracy of the quantum Krylov methods. Ref. [33] addresses error bounds for real-time Krylov al-
gorithms. A linear scaling of ground-state energy error with input noise is demonstrated and methods to manage
variational violations are proposed. Complementing this, Ref. [34] investigates the impact of finite sampling errors in
QKSD, proposing strategies such as optimal thresholding to mitigate ill-conditioning and improve algorithm resilience.
Numerical simulations of the one-dimensional Hubbard model underscores the method’s practical accuracy and error
predictability.

One point that remains absent from the literature is the calculation of energy derivatives in QKSD, which is crucial
for extracting molecular properties beyond just energy values. An important example, which will be the focus of this
work, is the first order derivative of the energy with respect to the nuclear coordinates. It enables analyses of the
potential energy surface such as geometry optimization or reaction pathway simulation [35-45]. While computing



such derivatives using finite differences is straightforward, this approach often suffers from inefficiency and inaccuracy
due to the need for multiple evaluations and susceptibility to numerical instability. This makes analytical approaches
essential for practical and accurate quantum chemistry simulations [46-48]. Analytical derivatives have been studied
in the context of QPE [46, 49, 50], VQE [48-52] and in extensions of VQE to excited states [47, 52].

In this work, we derive a theoretical framework for obtaining analytical nuclear energy gradients with QKSD via the
one and two-particle reduced density matrices (RDMs). We consider a Krylov basis composed of monomial functions
of the Hamiltonian, i.e., spanned by applying powers of the Hamiltonian to a fixed reference state. We show that
while the number of calls to the QPU scales linearly with the subspace dimension for energy calculations, obtaining
a single RDM element naively requires a quadratic number of QPU executions in the Krylov space dimension. We
propose an alternative approach that reduces the number of calls to the QPU while keeping the same circuit depth
as required for computing energies and discuss its practical implementation.

The rest of this paper is structured as follows: Section II begins by deriving the expressions for QKSD energies and
gradients, highlighting the quadratic increase in resources required for gradient estimation. We then discuss a method
to circumvent this scaling by directly preparing the QKSD ground-state, detailing the practical implementation using
quantum signal processing (QSP) in Section III. In Section IV, we explore two approaches for measuring the RDMs
on the prepared QKSD ground-state. Finally, in Section V, we compare the efficiency of these measurement methods
through numerical simulations.

II. QUANTUM KRYLOV ENERGY AND GRADIENTS
A. Energies in the Krylov subspace

Let H be a given Hamiltonian and [¢g) be a fixed reference state such that |¢y) is not orthogonal to the eigenstates

of H that are of interest, e.g., the ground-state. We define the Krylov subspace IC of dimension D as the linear span
K of the Krylov states |¢;),i =0,...,D — 1. The Krylov subspace is then defined as:

k) = H* o) (1)
K= span({[x) o). )

The Krylov space spanned by monomials is equivalent to the Krylov space spanned by any family of polynomials of the
Hamiltonian of increasing degree that contains all powers up to the maximum power, such as Chebychev polynomials
[53], which we will use later. This choice is motivated by the fact that firstly, these polynomial functions can be
prepared with no approximation error at finite depth using QSP. Secondly, differentiating the Krylov energy in any
polynomial basis reduces at the end to differentiating monomials.

There are alternative ways in which the Krylov space can be constructed. Ref. [25] for instance uses time-evolution
under the Hamiltonian of the reference state |tg) for different times kAt such that |1y ) = e"#H A 3g). In a similar
fashion, in Ref. [27] the Krylov states are generated using imaginary time evolution. Ideally, one would want the
matrix (1] H [;),0 < 4,5 < D —1 to be a Toeplitz matrix, but if approximate, i.e., trotterized, (imaginary) time
evolution is used, the Toeplitz property is not necessarily preserved. Other functions of the Hamiltonian that are
beyond time evolution (real or imaginary) have also been applied to generate the Krylov subspace [54]. The choice of
one or the other is guided by their inherent properties such as number of samples needed for a target accuracy, the
complexity of preparing and determining expectation values and overlaps between the Krylov states.

Let H =3, Aj[A;) (A;] be the spectral decomposition of H with A; (possibly degenerate) and ordered in ascending
order. Given an appropriately chosen reference state |¢g), the ground-state energy, and in fact also subsets of excited
state energies, are approximated by eigenvalues E,,, within the Krylov subspace K. These energies can be analytically
determined by solving the generalized eigenvalue problem

Hc™ = E,,Sc¢™ (3)

where
Hij = (] H [v;) = (tho| HHH! Jaho) (4)
Sij = (Wilt) = (ol H'™ o) = Hy 1. (5)

Since the overlap matrix S = UAUT = (UVA)(UVA)T is symmetric and positive definite, the lowest energy in
the Krylov subspace is equivalently the lowest eigenvalue of the canonical orthonormalized generalized eigenvalue



problem [55, 56]:
—1,~ -1
(UVA YTHUVA )y™ = Eny™ (6)
We can thus obtain the eigenstates ¢ = U \/Kilym and eigenvalues

i,

of the generalized eigenvalue problem by solving (6).
The matrices H and S are of Hankel form, i.e., their rows are related by a shift as in the matrix

ap a1 a2 T an—1
aq as .
A= as A2n—4 . (8)

A2pn—4 G2n-3
Ap—1 *** G2p—4 A2n—-3 A2p—2

Therefore, H and S are completely defined by 2D — 1 and 2D — 2 entries, respectively (since §00 = 1 by definition).
This implies that only a linear (in D) number of distinct quantities need to be measured on the quantum device to
obtain energies via the generalized eigenvalue problem. This is a great strength of the quantum Krylov approach.
However, as we shall see, this linear scaling in D is lost when trying to obtain energy derivatives in a straightforward
way.

B. Derivatives of the Krylov energy

From Eq. (3) the expression of the derivative of Ey with respect to any parameter 6 defining the Hamiltonian is
(see Appendix A for a proof)

d9 P 003, o~ " dd )

Z]OZ]

dE, 1 c%g? (dHij L dS,-]-) |

Explicitly writing the dependence of the Hamiltonian on the parameter 6 as H=H () and using the product rule
we get

I it+j+1 R A . o
Wi 23 ol oy =28 gyt ). (10)
k=1

Note that to simplify the notation, we only included the Hellmann-Feynman term and omitted the response terms
stemming from the Hartree-Fock molecular orbital variations as these are well established and re-deriving them is out
of the scope of this work (see Ref. [57] and Section D of Appendix I1I of Ref. [48]). If 9H (#)/00 and H(6) do not
commute, OFIU /00 is still a Hankel matrix, but the ¢, j-th matrix element now requires evaluating the expectation
value of 1+ j distinct non-hermitian operators. A similar observation is made for the matrix elements 85” /08, since

S” = H; j_1. This leaves one with the unsatisfying situation of having to measure O(D?) distinct expectation values
to evaluate gradients with the quantum device. Since precision is expected to increase exponentially with D [58]
(albeit with potential impact from sampling noise) one one might assume this renders the scaling issue negligible.
However, for practically relevant D, typically around 10 to 20, the difference between linear scaling and quadratic
scaling becomes significantly pronounced and cannot be overlooked.

Here we are particularly interested in obtaining the nuclear gradients, i.e., the derivatives of the molecular electronic
ground-state energy with respect to the position of the nuclei or, in other words, the forces acting on the atoms. In
this case, the Hamiltonian is of the form

N
Hmol = Enuc + Z kpq + Z gpq'rs ’I‘S" (11)

pq pqrs
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a,, with af
PP
and a as the fermionic creation and annihilation operators, respectively. The constant term, El,., corresponds to the
nuclear repulsion energy, gpqrs denotes the two-electron integrals, and k,, is the effective one-body operator [48]. The
nuclear gradient can then be expressed using the chain rule,

where N is the number of spin orbitals, and the one-particle excitation operators are defined as qu =al

dEy dEO dkpq Py dEy dg,,qw_ 12)
dx pars dgpq’rs
The expression for dEy/dk,q can be found from Eq. (9), and Eq. (10) can also be rewritten as
diy;
o Z <¢O| Hk*lquHl‘F]‘I’l*k W)O) ) (13)
dkpy &

Note that similar expressions can be obtained for the derivatives with respect to the two-electron integrals. To avoid
performing O(D?) dlstmct overlap measurements (yo| H* E,, H7 [)), one can instead prepare the quantum Krylov

ground-state |¥g) = Zl o YO H' 1) on the QPU and use the Hellmann-Feynman theorem to replace Eq. (9) by

dE -
Yo 1= e = (W0l By Vo) (14)
Pq
and
dEy N
qurs = d = <‘IIO|quETS‘\IIO> . (15)
gquS

Indeed, preparing |¥g) with QSP has an inherent success probability psuccess < 1 that depends on several factors
such as the dimension of the Krylov space D. Another important consideration is the nature of the polynomial itself.
Polynomials that are ill-conditioned or degenerate can be challenging particularly using methods that require roots
solving of high degree polynomials [59]. We proceed with this approach for the calculation for the 1- and 2-body RDMs
mainly because, as previously mentioned, the number of distinct measurements needed reduces from O(D?) to O(1).
Regarding the variance properties we benchmark the QSP based approach and one would need similar benchmarks
for the verbose overlap approach to comment on how the two approaches compare. In the following section we detail
how to prepare |¥g) in practice. In Section IV we then show how to efficiently evaluate v,q and T'pgrs.

III. QUANTUM KRYLOV EIGENSTATE PREPARATION

As stated above we can prepare |¥), resulting from the quantum Krylov algorithm, to bypass the O(D?) term
measurements needed to calculate the nuclear gradients. This can be achieved with QSP [17, 50, 60]. In this section, we
first present the foundational oracles used to block-encode a Hamiltonian in its linear combination of unitaries (LCU)
form. Then we present the QSP circuit and detail how to generate the appropriate gate parameters to block-encode
a given polynomial.

A. Block encoding and Qubitization

The electronic structure Hamiltonian expressed in a molecular orbital basis, after mapping to a N-qubit space
(system register) via the Jordan-Wigner mapping, can be written as a linear combination of products Py of Pauli
operators

H=> aplx, (16)
k

where the coefficients ay, are real. Without loss of generality, we can consider that all ap > 0 by absorbing phase
factors into the P, and we use the subscripts a and s to mark the ancillary and system register qubits. The operator
G acts on an ancilla register as

Gloy, Z

17
)\LCU (a7



where Apcu = > .
The operator U is then defined on the full set of qubits (system and ancilla registers) as

Ulk), o), = ), P o), - (18)

Combining these operators, we obtain the block encoding of H=% /ALcu in the subspace where all the ancilla qubits
are in the |0) state,

(0, Unr [0}, [¢0), = (Gl U|G), o), = H o), (19)

where Uy = G1UG. Given the spectral decomposition
H ="YX, W\l (20)

J

with A; € [-1,1], we have that for each eigenstate |\;)

UIG)aIAi)s = A Gy [A), + /1= AFIGT) (21)

Since U is the product of controlled-P;, operators, it is self inverse, i.e U2 =1. Therefore, by defining the reflection
around |G)

ke = (21G), (G, —1.) ® 1, (22)

we know from Corollary 9 of Ref. [17], that the iterate W = RgU leaves the two-dimensional subspaces B; spanned
by the state |G), [A;), and W |G), |\;), invariant, ie., span(|G), [A;),, W |G), |A;),) = span(|G), [A;),,|G7)). In

S S S S

this two-dimensional basis the iterate reads

W, = \/% _V;_A? . 2

We see that [IV] B = Ry (2arccos();)) = e?2recos(X3)3v  Multiple applications of the iterate therefore result in a highly
structured behavior. This concept, called qubitization, is used in QSP to construct the block-encoding of a wide set
of polynomial functions.

B. Quantum Signal Processing

In what follows we define W(m) = ¢tarccos(z)6y  The QSP theorem [17] states that given an integer d > 0 and two
complex polynomials P(z) and Q(x) satisfying the following conditions,

1. deg(P) < d, deg(Q) < d — 1,

2. parity of P =d mod 2, parity of @ =d —1 mod 2 and

3PP+ (1-2?)|Q)* =1,
there exist phase factors ® = (¢y,...,¢q) € [~m, 7)1 such that

J i(po—2)5- T ibRGs \ i(dat+T)5s P(x) iv1—22Q(x)
Gaa) = 0022 ([ eltve ) et = (st V) 24

The corresponding circuit to Us (z) in Eq. (24) is laid out in Figure 1, in which, for improved readability, we have

defined ¢; = ¢, i=1,...,d =1, ¢po = ¢pg — /4 and ¢g = Ppq + 7/4.

While in general QSP applies to complex polynomial, we restrict ourselves to the real case since the electronic
structure Hamiltonian and thus the Krylov space and ground-state are real. To construct the block-encoding of a
general real polynomial f(z), the polynomial is first decomposed into its odd and even components: f = 1/2(foaa +
feven). Note that the explicit dependence on z is now omitted to simplify the notation. The next step involves



10),—
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FIG. 1. Quantum circuit for block-encoding a polynomial P(z) of fixed parity using quantum signal processing as defined in
Eq. (24).

|0>a@ ‘ H
Ot ——

Us(z) | | Ug(z)
D, —

FIG. 2. Quantum circuit template for block-encoding the real part of P(x) presented in Eq. (24). where Ug the circuit depicted
in Figure 1 for block-encoding P and P* respectively.

determining the complex polynomials Peyen(odd) and Qeven(oda) that satisfy the conditions outlined above, ensuring
that the real part of Peyen(oda) corresponds to fodd(even)- Note that the existence of such polynomials is guaranteed [61].
Then the phase factors, ®, must be determined either analytically or numerically. In the numerical approach [59], ® is
obtained by minimizing || (0] Us |0) — P,qd(even)|| over a grid of points z = COS(%) where d = [4+] and j € [1, d|.
This method is indeed more numerically stable for high degree cases compared to the analytical approaches [61] as
it does not require root finding methods. Once the phase factors are determined, the block-encoding of foqd(even) is
constructed by introducing an extra ancilla qubit initialized in the |+) state to control the unitaries Up and U} as
illustrated in Figure 2). This produces 1/2(Pogd(even) + P:dd(even)) = fodd(even)- Finally, the block-encoding of f is
obtained by adding an extra qubit and by applying the same procedure to combine the block-encodings of f,qq and

feven .

IV. EVALUATION OF GRADIENTS ON THE QSP PREPARED EIGENSTATE

For the rest of the manuscript, we use Chebyshev polynomials as our Krylov basis as the Chebyshev basis is more
convenient in the context of qubitization. As previously mentioned, both the monomials of Eq. (1) and the Chebyshev
polynomials span the same subspace and therefore the Krylov method yields the same ground-state in both cases.
The straightforward differentiation of the Krylov energy also produces the same increase of complexity to a O(D?)
scaling. By solving the generalized eigenvalue problem in the Krylov subspace one obtains the eigenenergies and the
coefficients ¢} of the eigenstates. Without loss of generality, we proceed next by fixing m = 0 i.e. to the ground-state
and energy approximation case. The quantum state corresponding to the Krylov ground-state energy is then given
by |¥g) = Zi’;gl AT, (H) |tho). The function Zigl AT;(H) needs to be appropriately normalized before QSP can be
applied [59]. Let us then define the infinity norm of the polynomial function defining the ground-state over [—1, 1] as:

D—1
n=max(| 3 ITi()], o] < 1). (25)
i=0
‘We then set
=
f(z) = p > ATi(x), (26)
i=0

which satisfies the condition |f| < 1. The coefficients ¢{/n,i = 0,...,D — 1 are used, as described in Section II1B,
to determine the corresponding phase angles ® of the QSP circuit. Let U be the unitary of the corresponding QSP



circuit,

Us [0), [bo), = f(H)[0), o), +B]L) (27)

where |2 =1 —||f(H) [¢o), |* and (0], ® I|1) = 0. A
The ground-state can then be re-written as |¥o), = 1 (0], Us [0}, |t0), and therefore the energy expression is
Eo = Arcu (Wol, H o), = Ancun? (o], Uz |0), (0], HUs |h), and therefore we have for the derivative

= Arcun® (Yol Us [0), (0], Epglhe |tho), - (28)
Okpq

Using the Jordan-Wigner mapping, the fermionic operator is replaced by a linear combination of Pauli strings, hence
the derivative of Eq. (28) is ultimately a linear combination of expectation values with respect to Pauli strings P,
with coefficients w,

0Fy .
qu = )\LCU77 ZWV (Wol u<1> 10) (Ol, Polla [tho), - (29)

One can now proceed in two different ways to calculate the nuclear gradients. In the first approach, each term of
the previous equation can be measured by post selecting the measurements to those where the ancilla qubits are in
the zero state. However, this has a success probability Psue = || f(H) |v0), ||*.

We therefore propose an alternative coherent, i.e. without post-selecting on the ancilla regitser, way of measuring
the expectation value of P,. This can be achleved by measuring the observables P, and RyP, of the state produced
by the QSP circuit Us |0) |¢o):

o1 = (tol, (01, Ui Puls 0}, 160), (30)
and
02 = (thol, (0, Us Ro P,Us |0), [¢0), (31)

It can then be easily demonstrated (see Appendix B) that the sum of both observables yields:
2(To|s B, |To)s = n?(01 + 02). (32)

It is worth noting that both ]5,, and Rl, commute and therefore the observables ]51, and ROP,, can be jointly measured.
In the following section, we compare both approaches by benchmarking their statistical properties via numerical
simulations.

The QSP based eigenstate preparation routine developed above opens up the possibility to combine quantum Krylov
methods with other techniques for the more efficient or more accurate quantum simulation of molecules. Instead of
decomposing the Hamiltonian into Pauli words and then measuring them separately, one and two-particle RDMs
can be obtained from compressed representations of the Hamiltonian, such as different flavors of double factorization
[10, 48, 62]. This should further reduce the variance and thus number of shots needed to compute, e.g., nuclear
gradients to a desired precision. Alternatively, one can take a classical shadow [63—66] of the state and then estimate
RDMs from that shadow. One can even use such a shadow of a Krylov eigenstate to unbias fermionic quantum Monte-
Carlo computations [67] or tailor split-amplitude coupled cluster methods [68] and thereby, e.g., augment the results
with dynamic correlation corrections. We leave a detailed investigation of the potential of these method combinations
to future work and in the following restrict ourselves to a numerical comparison of the methods to compute nuclear
gradients via Pauli decompositions of molecular Hamiltonians.

V. NUCLEAR GRADIENT BENCHMARKS

In this section we benchmark the efficiency of the nuclear gradient calculation on the quantum Krylov ground-
state through numerical examples. To this aim, we consider the HyO molecule in an active space of 4 electrons in 4
molecular orbitals using cc-pVDZ atomic orbital basis set. We use PySCF [69] for generating the one and two-electron
integrals and PennyLane [70] to simulate the circuits.

As per Section III B, we employ Chebyshev polynomials, applied to the Hartree Fock state, to build the Krylov basis.
We simulate the measurement of the matrix elements H” = (Yo| T;(H )HT (H ) |10) and SU = (Yol T3 (H)T (H) |%0o)



as described in section IT Ref. [53]. The Krylov ground-state coefficients, c’, are obtained by solving the generalized
eigenvalue problem as described in Section IT Eq. (6). We regularize the overlap matrix S by fixing a threshold, s and
by discarding all eigenvalues and their corresponding eigenvectors of S that are below s.

First, we compare the performance of measuring the one and two-particle RDMs using the post-selection and
the coherent approach of Eq. (32) presented in Section IV. We assess how each method influences the efficiency of
calculating the nuclear gradient as per Eq. (12). To do so we first determine the analytical variance of the RDMs’
matrix elements, v, and I'pgps, with PennyLane. We then draw samples (v,I');, with 1 < ¢ < 100, where each matrix
element of the RDMs is obtained from a normal distribution defined by the analytical variance and by a mean taken
to be the exact v, (or T'pgrs). We compute the nuclear gradient for each of the 100 realizations and compute the
ensemble mean and variance. In Figure 3, we plot the total variance, i.e., the sum of the ensemble variances of all the
elements of the nuclear gradient vectors for both methods (post-selection and the Eq. (32) approach). We record the
total variance’s evolution as a function of the Krylov dimension, D. We observe that the latter approach results in a
lower variance compared to post-selection, on average by about a factor of approximately two. This directly implies
the same factor is carried between the total shot budget of both methods for a given target precision e. The optimal
shot distribution should take into account the variances of both py (30) and p; (31). In all cases the variance of the
RDM has a quartic dependence on the infinity norm 7, i.e.,

Var[ypg] = n*Var[(vo| f(H) Epq f(H) |th0)], (33)

and similarly for I'g,.s. It is therefore crucial to control the infinity norm 7 to prevent a significant increase in the
variance of the RDMs elements, which would result in a substantially higher measurement cost. In Figure 4a, we plot
the infinity norm 7 as a function of the Krylov subspace dimension for different regularization threshold s. We first
observe that the value of 1 generally decreases with the Krylov subspace dimension. More importantly, we see that
setting a low threshold s leads to high 7, especially when D is small. For small D and s, the increase in measurements
due to 1 becomes impractical, even for the small molecular system studied here. However, enlarging s has a negative
effect on the energy accuracy.

In Figure 4b, we plot the absolute difference A between the true ground-state energy, obtained via exact diagonal-
ization of the active space Hamiltonian, and the QKSD ground-state energy as a function of D. This is shown for
various values of s. As expected, the QKSD energy converges to the exact one as D increases, with smaller s values
providing more accurate approximations of the ground-state energy. In practice one thus needs to chose s such that
the energy error remains acceptable and then increase D, possibly even beyond the D needed for satisfactory energy
precision, to reduce 7. It will be important to study the scaling of all these quantities with the size and amount of
correlation in a molecular system.
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FIG. 3. Total variance, i.e. sum of the variance of all the nuclear gradient dFy/dx vector components, as a function of the

Krylov dimension. The blue and orange plot represent the variance of the coherent approach, that measures P, and RoP,, and
the post-selection approach respectively for s = 1073,
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FIG. 4. FIG 4a infinity norm 7 and FIG. 4b the absolute difference of the Krylov minimal energy and the ground-state energy.

VI. CONCLUSION AND DISCUSSION

In this work, we presented a method for calculating nuclear energy gradients alongside energy estimates using the
QKSD approach. We first gave the expression for the derivative of the QKSD eigenenergies with respect to any
parameter of the Hamiltonian and showed that, while the energies can be obtained with a number of measurements
scaling linearly with the Krylov space dimension D, the derivatives naively require O(D?) QPU calls. To address
this challenge, we proposed to directly prepareQKSD eigenstates |¥;) and extract nuclear gradients by measuring its
one- and two-particle RDMs. To efficiently obtain the coefficients of |¥;) with respect to the Krylov basis for the use
in QSP we work with a basis of Chebyshev polynomials. Importantly, these coefficients must be normalized by an
infinity norm 7 before they can be used in QSP and the variance of the measured RDM elements scales like 4. We
find that mildly increasing the Krylov dimension D and regularization s used when solving the generalized Krylov
eigenvalue problem can reduce 7 significantly. In a post selected approach the measurement of the RDMs elements
also suffers from finite success probabilities, leading to discarded measurement outcomes and increased variance.
To mitigate this, we proposed a coherent measurement scheme utilizing two jointly measurable observables, which
improves the variance of the estimator. We demonstrated the enhanced performance of the proposed measurement
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technique through numerical simulations.

Our numerical results highlight the impact of the generalized eigenvalue regularization threshold s on both the
energy approximation and the variance of the RDMs elements. While tight thresholds yield a better energy precision,
they also lead to larger n and therefore increase the measurement cost of the RDMs. It is therefore important to
balance this parameter in QKSD calculations that are aimed at more than just computing energies. In practice, s is
often chosen to scale linearly with the noise level. Ref. [34] demonstrated that in presence of sampling noise, i.e., a
finite number of measurements M for each matrix element f]ij and §ij, the optimal value of s is sqpt = €/ V"M where
e is a factor that depends linearly on the dimension of the Hilbert space. In future work, it would be interesting to
explore how, through this choice of s, the noise level affects n and therefore the efficiency of calculating properties in
our QKSD and QSP framework.

Obtaining the RDMs via our coherent approach reduces the measurement cost per matrix element from O(D?)
to O(1) compared to the post-selection approach. It is important to realize that this is achieved without increasing
circuit depth. This is because both approaches rely on QSP to implement the Chebyshev polynomials, and the depth
of the QSP circuit is determined by the polynomial degree, which is D in both cases.

In this manuscript, we have focused on the nuclear gradients. However, the techniques developed are broadly
applicable to any property that requires the measurement of the one- and/or two-particle RDMs including dipole
moments or natural orbitals. In addition, our procedure can be used to compute excited state RDMs and gradients
if a suitable reference state is used.
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Appendix A: DERIVATIVE OF KRYLOV ENERGY

Let (Ep, |€m)) be a generalized eigenpair w.r.t (H,S) i.e.
ﬁ ‘£m> = Em§|€m> (34)

which subsequently implies that (&m| H [€m) = Em (Em] S |€m)

d (€l H [€m) dEm - d {€m| S |&m)
N dr - <€m‘ S |§m> + Emi:C - (35)
d&m dém d dém ds dé,,
(S5 7 )+ {6l T ) + (6l T 152 = 22 (611 B l6m) + Bon({ 21 B ) + (] S 6m) + (6l S122))
(36)
using (34) we have:
d m) dH dém.  dEm ~ A& ~ ds ~ d&
B (571816, 1 (el DL 1) + B (6l §15) = Lo (618 160) + B (5218 60) 4+ (il T [60) + (6l 81 5)
(37)
dH dEm ~ ds
o _
B _ <§m| 2 |6m) (6m| S16m) - (6| 6 16) (6l 161 39)
dl‘ <§'m| S ‘g’m>

Appendix B: RDM THROUGH A COHERENT APPROACH

Let us first recall the function f and unitary Ue defined in (26) and (27) respectively. Let P, and Ry be a Pauli
string and the reflection defined in (22). Then picking up from equation (27), we have:

Us |0), ¢0), = f(H)[0), |do), + B |L) (40)
= (%ol, (0], Us LUz |0),, |¢0), = 7712 (ol P, [Wo) + 5% (L| P, | 1), (41)

and we have
RoP,Us |0}, |60), = (210) (0|, — )P, f(H) [0}, |¢ho) + B(210) (0|, — )P, | L) = P, f(H)|0), |¢o) — BIL)  (42)
= (¢ol, (0|, Us RoP,Us |0), |b0), = (dol f(H)P,f(H)|do) — B (L| P, | L) :%<\IJO|PV‘\PO> — B2 (LB, |L) (43)

Adding (41) and (43) we obtain

(dol, (0], U PU 0), |60), + (ol (0], Us RoP.Us |0), |0), = (ol f(H)P, f(H)|po) — ﬂ2<L\PV|L>:n%<%|PV\%>.
(44)
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Figure 5: circuit for unitary operator U with input state |1g). The control register (top) is scalable, with
inverse QFT and measurement at the end.

5 Linear Depth Clifford4+T Decomposition of The Bucket Brigade
QRAM

5.1 Preliminaries on Quantum Phase Estimation

The quantum phase estimation algorithm is a prominent and one of the best-known and most studied quantum
algorithms in the literature [41]. Therefore, it suffices here to qualitatively describe the procedure. Given a
unitary U with spectrum {e’® i = 0..N — 1} and eigenvectors {|1;),i = 0..N —1}, thealgorithm, provided
with input |¥g), outputs in the control registers 296; in a total runtime of O(p;e~1) where p; = |(1;|¥0)|%. The
textbook algorithm is depicted in FIG [5] and has three main parts:

e Uniform superposition in the control register using Hadamard gates.
e Exponent of the unitary U controlled on the control qubit register.

e Lastly, an inverse quantum Fourrier transform [41] on the control register and readout

The [QPE] is hence used within the framework of quantum chemistry, proposed to solve the and fulfills
the optimal theoretical bounds, namely the Heisenberg scaling O(e~!). More specifically, the unitary U has

been traditionally proposed to be the time-evolution operator U = e~ ! (in which case N := 2") since the

phases of the eigenvalues correspond directly to the eigenenergies, i.e. e Ht|¢),) = e~iFit|s);). However, as
we will explain in Section in state-of-the-art the time evolution operator has been replaced with
another operator, namely the walk operator. To show the importance of the Apcy factor in [QPE] we start by
introducing block-encoding and the qubitization techniques which are essential tools to build the walk operator
and lastly present how it is conjugated with

5.2 Block-Encoding

Informally, the block-encoding of a matrix A is a larger matrix U that is unitary and whose upper-left block is

A
U = (f :) : (86)

However, this is only possible if ||A|| < 1. Hence, to fulfill this condition, A must be normalized by a normaliza-

tion factor A > ||A||. For instance, suppose we have the decomposition of A = ZkK:o arPy, ai € C, then
an upper-bound of ||A]| is

K

ALcu = Z ovg|. (87)

k=0

Block-encoding is a crucial elements for algorithms that apply general linear algebraic operations on the matrix
A such as[QSP] QSVT, GQS [17, [20, [39]. Formally, an m qubit matrix U is called an («, a, €) block-encoding
of A if [20]

[A—a{0lU|0)]l < € (88)

108



where a > || A is the normalization factor,the subscripts a and n index the ancillary and system qubit registers,
respectively. In our case, we focus on the Hamiltonian operator H. Using the decomposition, a block-
encoding of H can be obtained using two main oracles. These are

K
PREP|0), (89)
Pl

SELECT|l)al9))s = [D)aLil))s- (90)

We then have

(0|,PREP' . SELECT - PREP|0), = Ho= (91)

ALCU

The principal issue with general block-encodings is that it does not necessarily leave the Hilbert space of the
system qubits invariant. This problem is then solved by qubitization [35].

5.3 Qubitization

Qubitization [35] has then been proposed to specifically address this issue. Qubitization produces a block-
encoding that not only leave the Hilbert space of our system qubits invariant but more specifically it reduces
it, the Hilbert space, to a direct sum of 2 x 2 invariant subspaces, hence the namesake. The walk operator has
the following expression

W i= (200)a(0la ~ Ia) (PREP' - SELECT - PREP). (92)

First, it can be seen that W is indeed a block-encoding because
(0|, W10}, = 2(0|PREP - SELECT - PREP|0) — (0|PREP - SELECT - PREP|0) = H (93)
and
(0[aW?|0)q = 2H — 1 = Ty(H). (94)
More generally, we have
(01 W™[0)a = Ty (H). (95)

To show eq (95)), observe that W is the product of two reflections, namely R and (PREP' - SELECT - PREP).
Using Jordan theorem [55], the two reflections can be simultaneously block-diagonalized in the same basis. Let
us define B; = {|\;), ﬁ(w — A:D)|Ai))} and the basis B :=|JB;. In B;, the walk operator reduces to

. by 1= )2 X
WlB]‘ — J I = e—iYarccos()\j) (96)
SN ETEY
and in B:

e—iY arccos(Ao)

efiY arccos(A1)

efif/ arccos(An—1)

therefore

e—iYm arccos(Aog)

67iffm arccos(A1)

efif/m arccos(An—1)
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and

cos(m arccos(Ng))

) cos(m arccos(\))

OIg10) = (%9)

cos(m arccos(Ay_1))

- . (100)
Tm()\Nfl)

where we used the definition of the Chebychev polynomial in Eq . Hence, T}, can be block-encoded exactly
with no approximation error as previously mentioned in Sec [4] giving it consequently an advantage over other
real functions that may suffer from approximation errors at finite depth.

5.4 QPE with Walk Operators

As we previously presented, the algorithm remained for a long time conjugated with the time-evoltuion
operator and the output phase henceforth equals to the ground state energy of the Hamiltonian up to a given
accuracy. However, in [56, |8], they made the critical remark that one can still infer the ground state energy
by using the Walk operator Eq bypassing hence the time-evolution operator: ”in order to get a good
simulation of nature, it is not necessary to imitate nature” [56]. This of course, comes with the benefit of
eliminating systematic errors that would have otherwise existed with time-evolution approximation methods
such as Trotter-Suzuki product formulas or even the approach. This is possible because, as we have
in Eq , the walk operator reduces to disjoint block-diagonal rotations Y. Therefore, the corresponding

spectrum is [ J{z arccos(\;)} with respective eigenvectors U{%(P\J) + ﬁ(ﬁ/ —X;)|A;))}. Plus, the overlap
J

of the eigenvectors of the walk operator W with the starting state 1)y is conserved, i.e. equals to the original
overlaps with the Hamiltonian operator

1
2
1 A2

Finally, the output phases estimate the spectrum of the normalized H. To infer that of #, a multiplication
with the normalization factor Arcy is in order. Therefore, the final depth of the circuit to estimate the
ground state energy is O()\LCUZE_l). We can then see that reducing the Aoy factor is an important step to
reduce the overall depth and run time of Our procedure [RC-DF] achieves this goal and reduces the Apcu
values approximately 2x compared to THC as we have obtained in our benchmarks [47]. Since then, quantum
walk operators have been the standard for resource estimates of 15, 131} |62, |18]. However, recently a new

approach |37}, 28] has seen the light which in Layman’s terms uses the operator V H and hence reduces the
dependence from A to v/\.

S

(W = X)IA)) = 7

(Yol == (1A) £ (Yol Aj)- (101)

1
V2

5.5 Efficient Clifford4+T Bucket-Brigade QRAM Decomposition

State-preparation quantum routines are used in a plethora of quantum algorithms including but not limited to
the set of algorithms where a state with good overlap with the ground-state is needed such as |46], SPE
[33, [75] KQSD and the tailored and externally corrected couple-cluster with quantum inputs |65] all the way
to being used to prepare a block-encoding of an operator [5,|62] 35, [31]. As previously presented, in the
context of our work, an input state |1y} with non-vanishing overlap py with the ground-state of the molecular
system must be prepared, as well as the flagging state prepared by the PREPARE oracle for the block-encoding

i\ Arcu
task, as the set of EFTQC methods |75, |33, |29, [17] invoke shallow circuits which in turn makes the state
preparation routine no-longer negligible in comparison to the rest of the circuit. The state-preparation research
literature is already rich and vast, and there is a host of methods that have been proposed, some of which can
be proven to be optimal for a given state structure. To list a few, we have the QNP fabrics |3] for preparing
states within the symmetry subspaces of Na, N, g and 52, We also have the entangler circuits in [59} |38} 69| that
prepare matrix product states (MPS) or sparse states in general using QRAMs [11], 51} 73] [72]. In our work
[50], we propose an efficient Clifford+T decomposition of the bucket-brigade QRAM. Said decomposition has
a constant, i.e. independent of the system size, and without introducing any additional ancillae. We remark,
when it comes to the layout of the Toffoli gates in the bucket-brigade QRAM circuit, that exactly two scenarios

>4/ +2—|i) for both [QPE| and [QKSD} An efficient state-preparation routine is now more than ever a crucial
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are possible. Namely, the first scenario is in the fanout/fanin where the neighboring Toffoli gates share one
single common control qubit and different target qubits. We leverage the flexibility in switching both control
qubits when doing the decomposition and achieve O(1) depth Clifford+T decomposition of parallel Toffolis with
shared control and different target qubits. The second scenario is in the query section of the QRAM where
the Toffoli gates share the target qubit and have different control qubits. We make the remark that these
essentially reduce to a series of CCZ gates with different control qubits and sharing the target qubit sandwiched
between two Hadamard gates. We use the fact that the target qubit of a CCZ can be exchanged with any of
its control qubits, hence recreating the first scenario where we have a control qubit in common and different
targets achieving therefore an O(1) depth Clifford+T decomposition of the query section of the QRAM. The
final result is a QRAM with linear Clifford+T depth without introducing any ancilla qubits.

5.6 Parallelizing the Queries in a Bucket-brigade Quantum Random Access Mem-
ory

Bilbiographic Information

Paler, A., Oumarou, O., & Basmadjian, R. (2020). Parallelizing the queries in a bucket-brigade quantum
random access memory. Physical Review A, 102(3). https://doi.org/10.1103/physreva.102.032608

Summary

The bucket-brigade layout is a prominent proposal for quantum random access memories (QRAM). In this
work, we optimize the query time of one of the bucket-brigade QRAM by essentially reducing the T-depth (and
subsequently) the depth of the circuit to a constant (O(1)). Furthermore, the proposed Clifford+T quantum
circuit decomposition of the constant T-depth bucket-brigade does not introduce additional ancilla qubit regis-
ters. Therefore, it is very efficient, both in terms of qubit count and circuit depth.

Contribution
0.0 wrote the code for implementing and testing the bucket-brigade QRAM and its Clifford+T QRAM de-
composition using Cirq, implemented a library of various Clifford+T decomposition of the Toffoli gate, wrote

the constant depth Clifford+T decomposition of the bucket-brigade QRAM, generated the benchmark data for
estimating the resource count, and co-wrote the manuscript.
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Quantum algorithms often use quantum RAMs (QRAM) for accessing information stored in a
database-like manner. QRAMSs have to be fast, resource efficient and fault-tolerant. The latter
is often influenced by access speeds, because shorter times introduce less exposure of the stored
information to noise. The total execution time of an algorithm depends on the QRAM access
time which includes: 1) address translation time, and 2) effective query time. The bucket brigade
QRAMs were proposed to achieve faster addressing at the cost of exponentially many ancillae. We
illustrate a systematic method to significantly reduce the effective query time by using Clifford+T
gate parallelism. The method does not introduce any ancillae qubits. Our parallelisation method is
compatible with the surface code quantum error correction. We show that parallelisation is a result of
advantageous Toffoli gate decomposition in terms of Clifford+T gates, and after addresses have been
translated, we achieve theoretical O(1) parallelism for the effective queries. We conclude that, in
theory: 1) fault-tolerant bucket brigade quantum RAM queries can be performed approximately with
the speed of classical RAM; 2) the exponentially many ancillae from the bucket brigade addressing
scheme are a trade-off cost for achieving exponential query speedup compared to quantum read-only
memories whose queries are sequential by design. The methods to compile, parallelise and analyse

the presented QRAM circuits were implemented in software which is available online.

I. Introduction

Quantum random access memory (QRAM) was proposed
for querying (e.g. reading and writing) information dur-
ing quantum information processing. However, their
practical utility is still under study due to the exponen-
tial costs associated to explicitly storing and retrieving
information [1]. Nevertheless, QRAM and their read-
only-variant QROM (quantum read-only memories) [2]
are still capturing the attention of researchers due to
their conceptual similarity to classical RAMs, and due to
the fact that they can be used in subroutines of relevant
quantum algorithms, such as the one for linear systems
of equations [3].

Whenever QRAM queries are frequent, the speed of the
QRAMs influences the total execution time of the quan-
tum algorithms. Moreover, the total execution time of
an algorithm impacts the amount of resources necessary
for achieving fault-tolerance [4]. Fast QRAMSs may prove
useful in implementing large scale fault-tolerant quantum
computations. Implementations of QRAM circuits were
presented in [5] and available online!.

The access time of a QRAM includes: 1) the time
necessary to determine, based on an input set of ad-
dresses, the memory locations to query, and 2) the time
required to perform the effective queries (e.g. retrieve or
store information). The bucket brigade QRAM variant
[6] was proposed to reduce the address translation time
necessary for computing the memory pointers where the
queries should be executed.

* alexandrupaler@gmail.com
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FIG. 1. A bucket brigade circuit consisting of CNOTs and
Toffoli gates. The controlled gates from the diagram use @
for controls and the X for target wires. The address wires are
named a;, the memory cells holding single bits are m;. The
classical bits stored on the wires b; determine which memory
wires to read/write.

QRAMSs can be described in the form of quantum cir-
cuits. Information is stored to and retrieved from the
wires/qubits (e.g. analogue to classical memory cell),
while quantum gates are used to implement address
translation and the queries (e.g. effective read and write
operations). In this work, we focus on retrieving informa-
tion from the bucket brigade QRAM because, due to their
structure, reading is more expensive than writing. Once
the addresses have been translated, the bucket brigade
requires Toffoli (double-controlled-X, or CCX) gates for
reading, but only CNOT (controlled-NOT, or controlled-
X) gates for writing. We assume the information is al-
ready stored in the QRAM database, and that the quan-
tum algorithm queries frequently the QRAM.

For a QRAM with 29 distinct memory wires (and ex-



ponential number of ancillae wires, each representing a
memory cell that stores a single bit, such as in [7]), there
are ¢ bits necessary to address any of the wires. A QRAM
circuit takes as input a superposition |adr;) addresses to
be queried (a;s are complex amplitudes), and outputs
the contents of the memory cell m; addressed by |adr;).

291 291

QRAM
> ajladr;)|0)=="=> " ajladr;)|m;)
=0 =0

A bucket brigade QRAM circuit consists of three sub-
circuits (regions): 1) FANOUT where an exponential
number of ancilla bits b; is used to store control bits
for pointing to the corresponding memory cells m;; 2)
QUERY where the memory bits m; are queried and the
results are stored on the ancilla wire [target); 3) FANIN
(the uncomputation of FANOUT) in order to maintain
reversibility, where the b; bits are returned to their initial
|0) state. The three sub-circuits can be easily recognised
in Fig. 1. The QUERY region includes only Toffoli gates.

From the quantum circuit perspective: 1) address-
translation duration is equivalent to the circuit depth
of the FANOUT/FANIN regions; 2) the effective query
speed is analogous to the depth of the QUERY region.
The trade-off cost for speeding-up of the address trans-
lation is the exponentially large number of b; ancillae,
which translates to additional resource requirement and
hence increase in circuit’s width. In the standard bucket
brigade QRAM model, the queries are considered strictly
sequential. Thus, the depth of the QUERY region is dic-
tated by the number of queries. In the worst case, where
the entire QRAM is queried, the depth of QUERY is ex-
ponentially long [7, 8].

The state-of-the-art Clifford+T formulation of the
bucket brigade quantum circuits [7] was obtained from
the original formulation [6] and decomposing the Tof-
foli gates into known Clifford+T gate sequences. The
authors of [7] mentioned that important resource sav-
ings could be possible if the CCZ (double-controlled-Z
gate) /Toffoli transformation is employed in an advanta-
geous manner for the compilation of QRAM. The CCZ
gate is obtained from a Toffoli and two Hadamard gates.

This work continues on that line of thought and il-
lustrates some of the possible improvements. First, the
depth of the QUERY region is exponentially reduced by
parallelising the Toffolis. Second, the herein presented
method achieves a linear width improvement compared
to the state-of-the-art from [7], where parallelisation was
obtained by introducing four ancillae for each Toffoli
gate. We show that our method is ancillae free, and
reduces the width by a factor of four. Third, the pre-
sented QRAMs have a T-count which is almost double
to QROM [2], and approximately half compared to the
QRAMs from [7] (c.f. Tops, Trom, Thvp in Sec. II).

The Toffoli construction used in this paper can be in-
terpreted as the enabler of trading depth for width be-
tween QROM and QRAM: it exponentially increases the
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FIG. 2. Comparison between different versions of QRAM.
The proposed QRAM is marked green. The parallel bucket
brigade (light red) [7] introduces an exponential number of
ancillae to achieve parallelism. This is not the case with our
decomposition. The original (sequential) bucket brigade cir-
cuit (dark red) is sequential and has the same number of wires
like the one proposed herein, but requires an exponential num-
ber of control signals. The QROM |[2] circuit was specifically
designed with sequential queries, but does not require the
control signals.

width of the QRAM circuit, while it exponentially de-
creases the depth of the circuit. Fig. 2 illustrates the
improvements obtained by parallelising the QRAM.

In the following, the Results section presents exact re-
source counts for the proposed bucket brigade QRAMsS,
and includes a detailed comparison to other QRAM vari-
ant layouts. The Methods section discusses how quan-
tum gate level parallelism is achieved, and illustrates how
Clifford+T decompositions of Toffoli gates can be used
in an advantageous manner for each QRAM sub-circuit.
Finally, we present empiric evidence to conjecture that
the presented optimisation technique could be applica-
ble to many types of circuits based on multi-controlled-
operations [9], which are the common building blocks of
quantum adders and multipliers.

In order to achieve a fair comparison between QRAM
circuit implementations, we consider n<q, with 2" being
the number of memory queries, and 29 denoting the num-
ber of memory cells m;, such that 0<i<2?. The worst
case for the number of queries, as used in [7], is for n=g.

II. Results

The advantage of bucket brigade QRAM queries is that
these can be parallelised. The presented method is im-
plemented in an open-source software?|[5].

The gate level parallelism used in this work is con-
ceptually very similar to classical instruction level par-
allelism (see Sec. IIIA). In practice, the QRAM gate
parallelism was lost when translating the circuits to
Clifford+T — an often necessary step for estimating
the computational resources required for quantum error-
correction [4]. The width (number of wires, not including
the exponential number of memory cells m;), T-count,

2 https://github.com/quantumresource/quantify



and the depth of the QRAM circuits [7] are:

Qrbs=q+27+5
Trps=21-29—28
Dbb3221-2q+2q—26

Since their initial formulation, a disadvantage of bucket
brigade QRAMs is the fact that an exponentially high
number of ancilla b; bits has to be computed in order
to achieve FANOUT parallelism. The exponential over-
head is far from ideal, when considering that quantum
hardware resources are and will remain very scarce. For
this reason, the QROM was proposed in [2]. It does
not require the b; bits, but queries are strictly sequen-
tialised (one after the other). By using optimised Toffoli
decompositions, the T-count of the QROM is linear in
the number of queries 2" (the authors of [2] used L for
the number of queries). The formulas for width (Qom )
and depth (D,on,) do not refer to the memory cells m;.

Qrom:q+1
Toom=4-2"—4
Dyom=10-2"+¢-0(2")

We present a bucket brigade construction that has a
reduced T-count, and a depth exponentially shallower
than the circuits from [7]. Our construction is achieved
using an advantageous parallelisable CCZ/Toffoli decom-
position.

Quop=3q+27+1 (1)
Tovp=Tranout +Tquery=(4-27)+(6-2") (2)
Dbbp:Dfanout +unery+Dfanzn:(1Oq)+10+(4Q) (3)

Our construction has a Qyy, which is the same as the
one from [6, 7]. We do not modify the width of the
QRAM, but we optimise the depth of the QRAM. The
equivalent quantum volume of the circuit being protected
by the surface code is not evaluated in this work, al-
though the parallelism is achieved by using a surface-
code compliant parallel CNOT construction. The hard-
ware footprint of bucket brigade QRAM is prohibitively
high — this is dictated mostly by the width of the circuit.
Having exponentially reduced the QRAM depth and the
T-count, maintains the exponentially large width (com-
pared to QROM, Qyom <K Qppp)- For future work, it will
be reasonable to estimate the resources necessary for sur-
face code protection, especially when these QRAMSs are
included in practical quantum algorithms.

III. Methods

This work assumes that, in general, two gates G; and G»
can be parallelised if their commutator [G1,G2]=0. From
a functional perspective, it does not matter in which or-
der the gates are applied: in an ideal setting, the gates
can be executed without one depending on the output of
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FIG. 3. Comparison between Dyps and Dypp. This plot as-
sumes the worst case where the number of queries 2" equals
the number of memory cells 2?. The exponent ¢ is plotted
along the horizontal axis.
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FIG. 4. The T-count of Tys,. The number of queries (27) is
varied by the parameter n, and the number of memory cells
29 by the parameter g, such that n<q. The T-count increases
exponentially with ¢, and the depth (cf. Fig. 3) is linear in q.

the other. This approach to quantum gate parallelism is
very similar to classical computing instruction-level par-
allelism.

A. Parallel CNOTSs

For the purpose of this work, two CNOTs are parallel if
they either share the controls, or no wires at all (see Fig.
6). CNOTSs can also share the target, but this fact will
not be used herein. Most of the Clifford+T decompo-
sitions are compiled and optimised due to the inherent
necessity for quantum error-correction, and this kind of
CNOT parallelism is supported by the surface code [10]
(braided and lattice surgery variants), for example.

B. Parallelisable CCZ

The three qubit Toffoli gate is in general derived from
the CCZ gate, which is a controlled application of the
two-qubit CZ gate. The CCZ flips the sign of phase of
a state if there is a |1) on all of the gate’s three input
wires (qubit and wire are used interchangeably). Thus,
the phase flip can be expressed as (—1)*¥*, where x,y,z
are the bit values of the inputs: the phase is multiplied
by —1 if all three bits are 1, and no phase flip is applied
otherwise ((—1)"=1). Tt has been shown by [9], and more
recently in [11], that the following Boolean formula is
useful for expressing the CCZ through CNOTs and T



FANOUT

QUERY

I \ / \ 7/
al: @ @ N
| | |
a0: e | | | (d
| | | | |
b_00: e | e | Q % o PN R PN . H-—-@
| | | | | | I | | | | |
b_01: | e | | | T-——-X- | -=—==T"-1 T | -———=" -1 |
| I | I I [l | [l | I
b_10: -1----X| ~=1----X| el | = 1X===-T"-1 | = X====T"-1 |
| | | | | (BN I [N | |
b_11 T T -1 T -1 @ T-——=|X| | -—=-T" -1 T 1X] |--—-T"-1 @
[NEN | [RRN] |
mll: 1nie -1 e |
11 | | 11 |
m10: T-——1 1@ T -1 e |
I | | I |
mo1: --—-1e T -1 e |
| | | | |
mo0: -1 @ |
| | |
target: @ @
/ \ /\
FANOUT QUERY FANIN
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and executes 2" queries with n<q. The sequence of four T gates on the target qubit will be cancelled.
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FIG. 6. Parallel CNOTs are allowed to share the control wire.

gates.

dryz=x+y+z—(x®y)—(y®2)—(2®2)+(zdydz) (4)

The T gate rotates the phase of a state by 4, and
—1=w*=e'%, such that (—1)*¥*=w*¥*. Thus, seven T
gates are necessary, each conditioned on one of the parity
sums from Eq. 4.

Eq. 4 is a recipe for generating valid CCZ gate de-
compositions. Seven parity sums are computed by using
CNOTs and T gates, while ensuring that two conditions
are met. The first condition is for the T gates to be ap-
plied at the right moment, when the necessary bit parities
are stored on any of the wires. Second, the parities on
each of the three wires have to be uncomputed in order
to reflect a correct functionality. Ancillae used for parity
computations have to be uncomputed, too. Due to the
form of Eq. 4, containing seven parities, the number of
ancillae seems to be bounded by seven, but in practice
the maximum is four, because three of the parities are
formed by single bit values. Consequently, the literature
includes a large number of decompositions of the CCZ in
terms of Clifford+T gates.

In the following, we use a CCZ decomposition that
maintains the Toffoli gate parallelism when decomposed
into Clifford+T. The decomposition is obtained after
making the observation that two Toffoli gates are par-
allel whenever they are arranged like in Fig. 7. There are
two non-trivial situations: a) one wire is shared; b) two
wires are shared. Whenever three wires are shared, the
gates cancel each other.

Another practical observation is that, whenever two
Toffoli gates are parallel, these can be formulated as CCZ
gates which share one or two controls out of the three.

q0: ——-@-—-@-—= 0 : ———@-——@---
T
I R

FIG. 7. Toffoli gate parallelism. Two parallel Toffoli gates can
either be applied to; left) the same qubits acting as controls,
or right) the target qubit and a shared control. Note: In the
left diagram, the second Toffoli is not necessary and can be
replaced with two CNOT gates, one before and another one
after the first Toffoli gate.
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FIG. 8. CCZ gate parallelism is whenever at least one con-
trol is shared. In this figure two wires are shared. The two
Hadamards in the center of the right-most circuit will cancel.

In order to implement parallel Clifford+T decompo-
sitions of Toffoli gates, there has to exist a Clifford+T
parallelisable decomposition of CCZ. The decomposition
in Fig. 9 can be used whenever two CCZ/Toffoli gates
share a single wire. It can be noticed that the wire |g1)
acts only as a control for the CNOTSs, which are applied
to the wires |¢0) and |¢2), and the T gate commutes with
the control of the CNOTSs.

q0: "1 "—l-—-X——
1 1 | |
ql: —T-—| e-—-e I
| | | |
q2: --T ~-1 @

FIG. 9. CCZ gate Clifford+T decomposition that maintains
Toffoli gate parallelism when a single wire is shared. The |q1)
wire can be shared by two parallel Toffoli gates.

The wire ordering in Fig. 9 does not play any role, be-
cause the output will still reflect the (—1)*¥* phase flip.
Effectively, a Toffoli gate can be obtained by surrounding
the CCZ with two Hadamards on any of the wires. Ad-
vantageous configurations are whenever the Hadamards
are placed such that the wire corresponding to |ql) is

/
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FIG. 10. Two Toffoli gates sharing a control wire.

shared. The presented technique is similar to template
based quantum circuit optimisation [12], in the sense that
the most advantageous Toffoli rewrite rule is chosen from
the three possible decompositions based on the expected
gate parallelism. During the writing of the manuscript,
we found out that the decomposition from Fig. 9 has
been also presented in [13], but its effect on the paral-
lelisation of Toffoli/CCZ gates has not been described in
the subsequent literature.

C. FANOUT: Shared Control

Whenever two Toffoli gates share a control, the CCZ gate
is decomposed such that the shared wire is the one that
enables parallelism (i.e. |gl) in Fig. 9). This scenario
appears in the FANOUT region of the QRAM.

D. QUERY: Shared Target

The QUERY is formed by a sequence of Toffoli gates
conditioned by distinct pairs of (b;,m;) wires. The only
wire shared is the target. Therefore, the decomposition
from Fig. 9 can be used, but by making |¢gl) correspond
to the target. For two consecutive Toffolis the H gates
on the target wire will cancel, as illustrated in Fig. 10.
T-count optimisation is a side-effect of this kind of par-
allelism because along the shared target wire the T gates
can pairwise be transformed into S gates.

E. FANOUT: Compute Logical AND

Approximate gates have been discussed since [9], but
their relevance for quantum circuit design was recognised
once T-count optimisation became urgent. This is the
case for the approximate CCZ/Toffoli which uses four
T gates like in Fig. 12. The approximate Toffoli is also
called a logical AND, when the target is an ancilla ini-
tialised to |0). However, after a logical AND the state
is left with a phase shift, which has to be reversed, once
the computed AND bit is not necessary anymore in the
circuit (see following section).

Due to their lower T-count it is preferable, whenever
possible, to use logical AND gates instead of more general

Parallelisation with canonical Toffoli decomposition.

CCZ/Toffoli gates. Two logical ANDs sharing a control
can be decomposed like in Fig. 13.

F. FANIN: Uncompute Logical AND

The inverse of the logical AND is its uncomputation. Be-
cause the b; qubits are ancillary, their usage is not nec-
essary after the queries have been executed. Thus, these
can be measured and a correctional CZ gate can be ap-
plied conditionally on the measurement result.

G. The Parallel Bucket Brigade QRAM

The parallelised QRAM circuit is obtained by concate-
nating the parallelised circuits for FANOUT, QUERY
and FANIN (e.g. Fig. 5). One of the surprising results is
that the depth of the FANOUT is constant with respect
to ¢ (cf. Eq. 3): the depth is reduced from O(Qlog@)
where Q=27 to just O(log®). This indicates that there
is a significant speedup in computing @) sums of the form
bj=>"7_,(a;-2%) where a; are the bits of the address state
vectors used as input to the QRAM (even in superposi-
tion).

Another interesting observation is that the T-count
Ty can be reduced with additional 2™ T gates if, after
applying the QUERY, the memory is not entangled to the
rest of the computation. In that case, the T gates on the
m; wires will affect only the global phase of the m; states.
This can be seen if the decomposition from Fig. 9 is used
in reversed gate order, such that, for example, in Fig. 11
half of the T gates applied to ¢; in the leftmost column
appear at the end of the circuit. Thus, by using parallel
Toffoli gate decompositions one could obtain a T-count
comparable to logical AND formulations. However, the
major disadvantage of logical ANDs is their sequential
nature, and being uncomputed through measurements.

IV. Discussion: Practical Speedups

The presented exponential speedups in Sec. II are theo-
retical. In practice, quantum circuits need to be mapped
to hardware, or be compiled to error-corrected struc-
tures. The underlying physical architecture determines
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FIG. 11.

Two Toffoli gates sharing a target wire.

Two of the T gates on the target wire can be reduced to an S gate.

Simplification is not illustrated. Furthermore, half of the column of T gates at the beginning of the circuit could be eliminated

in some circumstances (see Sec. IIIG).
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FIG. 12. The parallelisable logical AND has two wires acting
always as control. This circuit is similar to the one from [2].
The target wire cannot be shared for parallelisation. If the
qubit |a2) is initialised into |0), at the end of this computation
will be in the state (—)*°“*|apa1) which represents up to a
phase shift the correct value of the Boolean AND operation
between ag and a;.

the achievable speedup which can be less than the ide-
ally observed (e.g. theoretical) quantum gate level par-
allelism. Consequently, the available level of parallelism
in a circuit may not result in exactly the same execution
speedup.

A concern could be that the physical realisations
of QRAM will not be able to achieve an exponential
speedup using the CNOT parallelisation scheme we pre-
sented. The question is if it is practically feasible to par-
allelise a single control multiple target CNOT, called par-
allel CNOT in Sec. IIT A, while maintaining the speedup
in practice.

Similar to the theoretical speedup, the practical one is
exponential as well. However, the speedup is scaled by
some factor (e.g. overhead). Independent of the design
choices of the QRAM circuit per se (main focus of this pa-
per), the physical realisation (e.g. implementation which
is not the main focus of this paper) of the QRAM in prac-
tice requires the usage of additional ancillae. Although
we focus on the theoretical speedup, we demonstrate that
CNOT parallelism is practically feasible by considering
two perspectives: 1) fault-tolerant QRAM protected by
the surface code. 2) un-error corrected QRAM;

A. Fault-tolerant QRAM Speedup

This work and the herein presented QUERY parallelisa-
tion was originally formulated with the surface code in
mind. The surface code (in all its known variants and
implementations) supports parallel CNOTs (Sec. IIT A).
The achieved QUERY speedups are O(1) in the case
of surface code protected quantum circuits. Moreover,

CNOT logical gates are transversal in the surface code,
and the classical post-processing time of these logical
gates is constant (see [14]).

The physical realisation of the surface code requires
nearest neighbour physical connectivity. Mapping sur-
face code circuits to a two-dimensional lattice or 3D clus-
ter state [15] is an efficient procedure both in terms of
resulting number of gates (from logical to physical im-
plementation - the number of qubits and gates to imple-
ment a logical operation is approximated by a polynomial
function), as well as algorithmic (the mapping procedure
has polynomial complexity).

The remaining concern could be related to the arrange-
ments of the surface code protected qubits such that the
exponential parallel CNOT complexity is achieved. How-
ever, this can be solved without introducing any overhead
by ordering the logical qubits in pairs, similarly to the one
presented in [6]: ag,...,aq,...b;;m;,biy1,mit1.. target

With respect to the surface code implementation of the
bucket brigade QRAM, it should be noted that QRAM
query time is exponentially shorter after exponentially
reducing the depth of the circuits. The estimations in
[7] mention 0.35 ms for querying a 4KB QRAM (15 bit
addresses) that is protected by the surface code. The
presented optimisation would reduce the query time of
the surface code error corrected QRAM by a factor of
215 to approximately 11 ns.

B. Un-Error Corrected QRAM Speedup

If the QRAM circuit would be executed un-error-
corrected directly on a quantum chip, the connectivity of
the chip determines the exact achievable speedup. How-
ever, the practical speedup would still be exponential, by
making the strong assumption that sufficient ancillae
are available.

The theoretical exponential speedups are scaled only
by a factor on the order of ¢, which is the number of
address qubits (see Sec. I). In particular, for a given ad-
dress length ¢, the value of ¢ is a constant: once the
memory size is known and configured for an algorithm,
this cannot be changed anymore.

A parallel CNOT can be implemented using a binary
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FIG. 13. Two Toffoli gates sharing a control wire. Parallelisation with logical AND versions of the Toffoli gate.
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FIG. 14. Logical AND uncompute. HM represents the mea-
surement in the X basis (a Hadamard gate followed by a mea-
surement in the computational basis). Depending on the mea-
surement result a CZ gate correction is applied (here shown
always and not conditioned on measurement result). The CZ
gate is decomposed with the target being on the wire that
is not shared. All measurements can be parallelised and the
correction can be applied depending on the individual mea-
surement results. In this figure, a parallel CNOT is applied
for the case when both corrections would be required.

tree where the CNOT control is the root, and the CNOT
targets are the leaves. The new ancillae are initialised in
|+) and used to construct in log(27)=q steps a large GHZ
(Greenberger—Horne—Zeilinger) state to encode the state
of the control qubit. Afterwards, the parallel CNOT is a
transversal application of CNOTSs between the GHZ state
and the original targets implement. This naive construc-
tion illustrates that theoretical O(1) speedups: 1) are
delayed by a factor of ¢ which is the time necessary to
construct the trees; 2) are not impacted by the number
of additional ancillae, although the resource efficiency of
this scheme is reduced.

It should be noted that the GHZ construction doubles
the number of qubits in the QRAM, from Qupp t0 2-:Qppp-
It does not introduce an overhead of the form 2%brr,

The naive tree construction is structurally very similar
to the FANOUT region of the bucket brigade QRAM.
The difference is that the FANOUT region is performing
logical-AND operations (Toffoli gates) which are more
complex than the logical-XOR. operations necessary for
the parallel CNOT.

It is possible to implement the parallel CNOT using
less ancillae, compared to the naive construction, by
using non-fault-tolerant cluster states [14]. The clus-
ter state and measurement-based formalism are another
proof that the exponential speedup is scaled by a con-
stant factor, because “gates from the Clifford group do
not contribute to the complexity of a quantum algo-

rithm” [14]. The parallel CNOT is a Clifford gate.
V. Conclusion

Quite a few quantum algorithms require access to in-
formation stored in a database like manner. To this end,
QRAMs were proposed in general, and the bucket brigade
QRAM model in particular.

A bucket brigade QRAM includes three stages: 1)
FANOUT, where the input addresses are used to com-
pute exponentially many memory pointers to all possible
memory cells; 2) QUERY, where the memory cells are
queried using Toffoli gates, and in this process the mem-
ory pointers are used to control the queries; 3) FANIN,
where the memory pointers are uncomputed, leaving the
ancillae wires in their original state before FANIN. The
exponentially many memory pointer wires increase the
speed of the addressing, but, as shown in this paper,
have also another advantage: can be used to massively
parallelise the queries when considering the Clifford+T
gate set decomposition of the Toffoli gates.

We construct bucket brigade QRAM circuits having
a constant QUERY depth. We achieve this by using ad-
vantageous Toffoli gate decompositions, and do not intro-
duce any additional ancilla qubits into the QRAM circuit
(except the already available memory pointers/control
signal wires). The depth, when formulated with Clif-
ford+T gates, is independent of the number of queries,
and it depends solely on the number of bits necessary
to address the memory. Compared to state of the art
bucket brigade implementations, we reduced the depth
of QUERY from O(27) to O(g) in the worst case when
any of the 22 memory cells QRAM are being queried.

Incidentally, the presented construction has a T-count
more than half smaller, compared to the existing Clif-
ford+T formulations. Our construction reduces signif-
icantly the depth of the topological assembly [10] rep-
resenting the bucket brigade circuit and, thus, also the
distance of the surface code to protect the assembly.

The parallel QUERY construction shows that, if quan-
tum hardware would not be a scarce resource, exponen-

tial query speedups are possible compared to state-of-the
art QROM designs (Sec. IV). The QROM uses exponen-
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FIG. 15. Parallelising operations by introducing Toffolis ( (0)
represents a negative control) reduces computational depth.
In the worst case, where no other optimisations are available,

it increases T-count. These circuit identities are inverse to
the ones from [17].

tially less wires than bucket brigade, but has exponen-
tially slower querying in the worst case. The QROM
circuits execute queries sequentially, and to the best of
our knowledge no parallel construction seems possible.
The parallelisation of bucket brigade was achieved
without introducing any additional ancillae, and future
work will parallelise quantum circuits using templates
like the one presented in Fig. 15. It may seem counter
intuitive, that it may be more resource efficient to in-
clude T gates while not introducing ancilla: in Fig. 15 a

single Toffoli is transformed into two Toffoli gates, thus
the number of T gates increases from 7 to 14. However,
the introduced T gates may cancel, due to efficient Tof-
foli gate parallelism in the overall circuit. We argue, that
the cost of large scale quantum error-corrected quantum
circuits is not necessarily related to T-counts and state
distillations, but to the error-corrected associated with
the error-corrected Clifford operations [16]. This includes
identity operations on unused wires and ancillae, as for
example in carry save adders.
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6 Discussion

In this dissertation, we first sought to tackle the significant overhead of energy measurement that -as we argue
later in this section- poses one of the major challenges in scaling the[VQE]set of methods to large and industrially
relevant systems. This overhead is directly reflected in the number of distinct observables that need to be
measured and their corresponding number of samples. To address the problem, we proposed [RC-DF] in Section
[[-4] which successfully overcomes both problems. Conceptually, [RC-DF] is a purely classical preprocessing
method that optimizes and compresses the number of terms of the molecular Hamiltonian double-factorized
while constraining the coefficients (of the in question) to be small.

As shown in the benchmarks, [RC-DF] produces the best variances compared to then-state-of-the-art double-
factorization and Pauli grouping schemes with a reduction factor ranging from x3 to x6. This in turn, yields a
smaller number of samples for a given accuracy of energy evaluations. Such improvement is a direct result of the
relatively small prefactors of the [LCU| produced by the [RC-DF] optimization. In addition, RC-DF| compresses
the number of observables to be measured from quartic to a quasi-linear quantity. These observables consist
exclusively of the diagonal operators Zy, and Z,Z;, therefore they are jointly measurable (thanks to their
commutativity). The measurements in these bases can be readily used to invoke symmetry-preserving error-
mitigation techniques and without additional circuit overhead.

However, such benefits of both in number of observables and number of shots, come at the cost of
appending a circuits to implement the resulting unitaries of the LCU ({U%t € {0,...,T —1}}). These
circuits can be implemented with a quadratic number of Givens gates laid out in a linear depth.

It should be noted that other prominent optimization-based factorization methods have since seen light,
namely [1} 36].

More generally, [RC-DF] benefits transcend [VQE] to affect the family of algorithms as we will present
later in this section when we get to the FTQC-related results of the thesis.

We next set to develop a quantum algorithm to determine the gradient of energies estimated with [RC]
[DF] as well as other double-factorized methods, namely [XDF] and [CDF] As explained in Section , energy
gradients are fundamentally crucial to various quantum chemistry methods and applications. Coupled with
the prominence of double-factorization methods such as [KDF] [CDEF| and our [RC-DF] it becomes evidently
important to work a quantum algorithm to efficiently calculate the gradient of the energy estimators of these
methods. Therefore, in Sections and we successfully proposed an efficient quantum algorithm that
determines the analytic gradient of the [VQE] energy measured with respect to double-factorized Hamiltonians.
The central task is to derive an expression for the relaxed one- and two-particles and the gradient
is then subsequently obtained through simple chain-rule that is effectively a tensor contraction involving the
relaxed We employed Lagrangian formalism to obtain said where the Lagrangians we devised,
by construction, fulfill the constraint required by the XDF| and [RC-DF|[LCU| parameters (the unitaries and their
respective coefficients). We tested the correctness by comparing the molecular nuclear gradient with respect to
the complete and truncated Hamiltonian to that obtained through finite-difference, where the results showed a
high level of accuracy ranging from 1076 to 10~7. Furthermore, we performed two other benchmarks, namely,
QM /MM simulations of 327 quantum and 18470 total atoms and a geometry optimization of reactant, product
and transition state geometries for the propylene oxide to allyl alcohol isomerization reaction.

Our algorithm depend however on the gradient of the energy with respect to the angles parameters used to
implement the unitaries of the [LCU] We propose to use parameter-shift rules to obtain such gradients. This
can be potentially a bottle-neck if the final result is highly sensitive to it.

A follow-up work addressing this particular issue, aimed at analyzing and quantifying the algorithm’s sen-
sitivity —and eventually exploring strategies to enhace its robustness— would be fundamental for deploying the
algorithm on hardware.

Next, given the importance of error-mitigation in the [NISQ] era, we sought to experimentally evaluate
the performance of the two most prominent purification error-mitigation techniques presented in Section [3.1
namely echo-verification and virtual distillation. We presented the results of these experiments in Section [3.2]
We performed record (at the time) 20-qubit experiments. In the first experiment, we calculated, with and
without error-mitigation, the energies of a pre-optimized UpCCD ansatz of the molecule of cyclobutene along
the coordinates of the ring opening reaction. In the second experiment, we similarly determined the energy of
the pre-optimized UpCCD ansatz of the Richardson-Gaudin model. We observed that error-mitigated energies,
in both experiments, have one to two orders of magnitude improvement compared to both raw, noisy and
symmetry-based post-selected energies. To conclude, we extrapolated the overhead needed in terms of sampling
complexity for classically intractable systems, which we will comment on its impact for achieving quantum
advantage in the next paragraph.

This concludes the results that are related to [VQE] and more generally to and before continuing
with the rest of the results (which are more on the side of the spectrum), let us discuss the viability of
achieving quantum advantage with [VQE|in quantum chemistry.

To gauge the capacity of algorithms to achieve quantum advantage —that is, to successfully produce
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ground state energies of classically intractable systems— we need to examine where the bottleneck lies among
its composing modules (ansatz, measurement and optimization).

Regarding the measurement module, we note again that [RC-DF| produces a quasi-linear number of observ-
ables and a low energy variance that can even be potentially optimized further with state-of-the-art shadow
protocols such as [34} [80]. As to choice of ansatz, we have a set of sensible choices such as the proven highly
expressive and symmetry-preserving ansitze |3].

It can then be affirmed, with a fair level of certainty, that the major roadblocks to achieving quantum
advantage with [VQE| in quantum chemistry specifically, are mostly the optimization and error-circumvention
approaches.

The gradient-based optimization methods face a set of challenges, not the least of which is the evaluation
of the energy gradient with respect to the ansatz parameters. This figures to be a very hard and challenging
task. In particular, using the prominent parameter-shift rules |77, (67, 6], adds on the complexity of the number
of distinct circuits for energy evaluation by a multiplicative factor that scales, at least, with the number of
parameters of the ansatz.

In addition to that, when scaling up the sizes of molecular system and the ansétze, the gradient-based
optimization over high-dimensional space is prone to the barren plateaus problem caused by exponentially
vanishing gradients, which in turn requires likewise accuracies of the gradient values. Hence, it adds a prohibitive
sampling budget to the already costly number of distinct circuits generated by the parameter-shift rules.

This has, consequently, led to the realization that perhaps the way we approach optimization in this setup
must be fundamentally different from the classical gradient-based optimization. This resulted in quantum
gradient-free optimization methods such as [12], albeit at the cost of implementing time-evolution. Some other
approaches assume the convexity of the energy landscape in a given voisinage of the initial parameters and
subsequently fit a model cost function with the result of energy measurements of a mesh of points in the
parameter space in said voisinage. Meaning free and exact gradient calculations on the fitted model cost
function [23], 30} |71] otherwise known as surrogate models.

All of these are interesting and very important milestones, even. However, to my knowledge, there has been
no definitive optimization approach with cheap or reasonably scaling overhead that, even assuming access to a
perfect quantum computer, will unlock quantum advantage through [VQE] for quantum chemistry.

The second and equally major challenge is how to deal with errors that result from faulty hardware, in
general, regardless of their nature or origin. The purification-based error-mitigation techniques, while they
delivered as proven in our experiments [45], they do suffer from a prohibitive projected overhead in number of
samples —partly due to the chemical accuracy requirements— and circuit complexity. This raises the question of
whether there could be a practical use for VQE] with error-mitigation only and without error-correction. If not,
would it be wise to use [VQE| with error-correction in the [FTQC] regime. So far, the response, in my humble
opinion, is probably "no”. Because there is already a set of (E)FTQC methods, such as the phase estimation —in
both its deep or statistical and shallow versions— and the approaches that do not employ optimization
loops and come with analytical guaranties. We further note that in this regime, our [47] has
a direct impact, thus transcending and Expressly, as previously mentioned, through the
small set of prefactors thanks to regularization, directly reduces the normalization factor to which the
circuit depth is propotional. Thus, reduces the circuit depth (in terms of calls to the Walk operator W)
of .

However, recent work by Rocca et al [61], shows that will effectively incur a bigger qubit count
compared to the exact This is due to the full-rank property of the prefactors tensors produced by
which in turn directly yields a higher qubit count compared to the exact [DF]that produces single rank prefactor
tensors (See [61] for a full qubit count breakdown). To circumvent this, an additional constraint is imposed
in [61] —on top of our regularization constraint in the optimization [47]— in the cost function, which
guaranties a low rank of the prefactors’ tensors.

We now continue with the second part of our results that is [FTQC}centered. Given the withering faith
in and the gradual yet stark realization of the necessity of error-correction for quantum algorithms to
be of any utility to industrial scale use-cases, the field has already started anticipating the [FTQC]| era with a
remarkable focus over the last few years on the EFTQC. Both families of the statistical phase estimation and
quantum Krylov methods are classified as EFTQC (ruling out for the reasons we have listed earlier).
Compared to [FTQC] algorithms such as QPE, they share a common trait, that is, they trade depth for number
of repetitions.

In this context, we identified in Section [4] the problem of determining the gradient of quantum Krylov
energies, that is the quadratic scale (in Krylov subspace dimension) of relaxed calculation in terms of
observables compared to the linear scale of the cost of energy estimation. To overcome this issue, we have
developed in Section [£:3] to our knowledge, the first method to determine the gradient of quantum Krylov
energies [49]. The core idea is the observation that the ground-state can be expressed as polynomial
of the Hamiltonian applied to an initial state. Hence, we propose to use to efficiently prepare this state,
without systematic error. Our approach is analytic and efficient in both qubit count and circuit depth. In fact,
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the circuit has exactly the same depth (in terms of the number of Walk operators) of the largest circuit
used in the and similar order of Toffoli gates. Subsequently, the relaxed 1- and 2-particles are
obtained by directly measuring the prepared the prepared states with respect to the corresponding operators.
Therefore, we reduced the cost to O(1) observable (per and an overall linear scale for the quantum Krylov
energy gradient.

Furthermore, we also proposed a coherent method for the evaluation of these quantum Krylov energy gra-
dients that bypasses post-selecting on the right subspace of the block-encoding. This consequently resulted in
an improvement of around 2x in the number of samples for a target accuracy.

Although is an EFTQC algorithm, by virtue of its shallow circuit, a proper and concrete estimation
of the required resources is still critical to put it in perspective vis-a-vis and [SPE] Furthermore, the pre-
dominantly part of the existing work on[QKSD]yielded loose asymptotic scalings and upper-bounds. Therefore,
a numerically informed resource estimate would be practically insightful.

The shared similarities between [QKSD] and [SPE| naturally leads to the speculation that there is perhaps
latent link between both approaches. Meaning that both methods potentially can be ran using the same set of
inputs. This will help to better compare and understand the characteristics of both methods. We investigate
these insights in a separate follow-up work.

Lastly, QRAMs are an integral part of several quantum routines such as state preparation used in various
quantum algorithms, not the least of which the algorithm. The bucket-brigade is a prominent QRAM
circuit layout that originally has a linear depth in Toffoli gates. However, the problem arise when the QRAM
circuit is decomposed into elementary Clifford+T gates as the resulting circuit depth becomes exponential. This
constitutes a major obstacle that hinders its practical utility. We have successfully overcome this challenge with
a proposal of an efficient bucket-brigade QRAM Clifford+T decomposition that maintains the depth linearity
without introducing additional ancilla qubits. The key observation that enabled such a result is the commutation
of the control qubits of a Toffoli gate and the fact that in the bucket-brigade layout two neighboring Toffoli
gates share either a single control qubit or the target qubit.

Availability of primary data

For transparency and reproducibility, we provide open access to the majority of the data and software developed
in this thesis. All simulation data are available or can be accessed upon request, and several of the software
tools have been released as open-source. The benchmark data for RC-DF] presented in Section [I.4] are publicly
available on Zenodo [48] at https://doi.org/10.5281/zenodo.7866658 , along with instructions for loading
the data in Python. Similarly, the data supporting the purification-based error-mitigation experiments discussed
in Section can be accessed on Zenodo [43] at https://doi.org/10.5281/zenodo.7225821 . Additionally,
the implementation of the iterative solver has been integrated into the open-source quantum software
toolkit Pennylane, with documentation available at https://docs.pennylane.ai/en/stable/code/api/pen
nylane.poly_to_angles.html. Some of the software tools developed to validate theoretical results and run
certain simulations, remains proprietary due to the industrial collaboration.
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