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1 Introduction

“Trying to predict the future is like trying to drive down a country road at night with no

lights while looking out the back window” (usually attributed to Peter Drucker).

Although management scholar Peter Drucker’s remark may appear amusing, it captures a
central challenge of forecasting. Future outcomes are unknown, and forecasting relies on
learning systematic patterns from historical data. In economics, forecasting plays a partic-
ularly prominent role because economic quantities are measured using stable concepts over
time and directly inform the decision making of individuals, organizations, and governments.
This close link between forecasts and economic decisions has made forecasting a central task
of empirical economic research. At the same time, economic forecasting poses substantial
challenges from a statistical perspective. These challenges arise not only from limited data
availability and structural instability, but also from the need to balance model flexibility,

robustness, and interpretability.

A central concern in statistical forecasting is external validity. Forecasting models are only
informative if they generalize well to out-of-sample data. This naturally introduces uncer-
tainty, both within a given model and across competing model specifications. Within-model
uncertainty is typically summarized by forecast intervals, which quantify uncertainty con-
ditional on the model being correctly specified. However, such intervals do not address
uncertainty regarding the choice of the model itself. Estimating alternative forecasting mod-
els and comparing their out-of-sample predictions is therefore an essential step in assessing

model uncertainty:.

Uncertainty surrounding the estimated model is particularly important in macroeconomics,
where the available data are often characterized by a limited time dimension, which restricts
the degrees of freedom available for estimation. As a result, forecasting frequently involves
settings in which classical unregularized methods can perform poorly. Dimensionality re-
duction techniques, such as principal components, and explicit regularization strategies are
therefore commonly employed to stabilize estimation and improve predictive performance.
In contrast to causal inference, where unbiasedness is often a primary objective, forecast-

ing problems typically benefit from trading a small amount of bias for a larger reduction in



variance. This bias—variance trade-off is central to obtaining robust forecasts and naturally
links forecasting to more data-driven approaches commonly associated with machine learn-
ing. At the same time, interpretability is frequently required in economic forecasting, calling
for regularized methods that combine predictive accuracy with transparent and economically

meaningful model structures.

A different perspective arises when repeated observations of the same units are available
over time, as in panel data settings. Despite their prevalence in applied work, the liter-
ature on forecasting with panel data remains relatively limited. A naive approach treats
each cross-sectional unit independently, thereby ignoring valuable information contained in
the panel structure. From a statistical viewpoint, more efficient approaches exploit both
the cross-sectional and time-series dimension jointly. In dynamic panel models, parameters
such as autoregressive and slope coefficients can, under suitable conditions, be estimated
precisely using information from both dimensions. This shifts attention toward individual
heterogeneity, particularly unit-specific intercepts, which enter the model in every period and
thus substantially affect forecast accuracy. Accurately accounting for such heterogeneity is

therefore crucial for obtaining reliable forecasts in panel data environments.

The rest of this thesis is structured as follows. Chapter 2 is joint work with Jorg Breitung
and Justus Tons and contributes to the literature on synthetic control methods, which have
become important tools for policy evaluation in recent years. At its core, the synthetic
control method can be interpreted as a forecasting problem, as the objective is to construct a
counterfactual trajectory that robustly predicts the outcome of the treated unit in the absence
of the intervention. The chapter builds on this framework and extends it along several
dimensions that are particularly relevant for empirical applications with limited data and
dynamic time-series features. The central contribution of the chapter is the development of a
regularized synthetic control estimator that combines the core ideas of the original approach
with Ridge-type shrinkage. Individual donor weights are shrunk toward zero while their sum
is simultaneously shrunk toward one, preserving the economic interpretability of the original
synthetic control estimator while yielding a closed-form solution that is fast to compute
and tune. An important advantage of the proposed estimator is its Bayesian representation,
which allows for a coherent assessment of estimation uncertainty through credibility intervals.
This is particularly important when treatment effects are evaluated over time to estimate the
joint effect. Beyond the static setting, the chapter extends the synthetic control framework
to dynamic environments by augmenting the donor pool with lagged values of both the
donor units and the treated series. This extension enables the method to accommodate
serial dependence, non-stationary time series, and cointegrated relationships, a case where

the original synthetic control estimator is inconsistent. Monte Carlo simulations and an



empirical application illustrate the performance of the proposed approach and its relevance
for applied policy evaluation. The core idea of the REGSC estimator was developed by Jorg
Breitung, who also contributed substantially to the theoretical framework and the design of
the Monte Carlo study. Justus Téns contributed to the development of the dynamic extension
and the corresponding simulation design. All remaining parts of the analysis, including
further methodological development, implementation, empirical application, simulations, and

writing, were carried out by the author.

Chapter 3 is joint work with Rouven Haschka and studies macroeconomic forecasting un-
der model uncertainty using dynamic model averaging (DMA). The chapter is motivated by
the observation that professional GDP forecasts remain a central input for economic deci-
sion making, while the information set available for forecasting has expanded substantially
through high-frequency data sources such as online search activity. This raises the question of
how such information can be incorporated flexibly. The chapter adopts a twofold forecasting
perspective: first, German GDP growth is forecasted within a DMA framework; second, the
DMA structure is used as a diagnostic tool to identify variables that contain predictive infor-
mation but are not fully reflected by experts. DMA is based on a state-space representation
estimated via the Kalman filter, where both regression coefficients and model weights are
allowed to vary over time. Forgetting factors govern the trade-off between past and current
information, enabling the model to adapt to structural changes. Building on this framework,
the chapter introduces a parsimonious extension that allows for regressor-specific coefficient
variability. This modification enables DMA to better capture heterogeneous dynamics across
macroeconomic predictors and improves its stability and performance when combining vari-
ables with different sampling frequencies and persistence patterns. A central contribution
of the chapter is the first systematic simulation study assessing the forecasting benefits and
risks of integrating Google Trends variables as an example of high-frequency online data into
DMA. The simulations analyze controlled data-generating processes to isolate how Google
Trends affect model averaging behavior across different signal-to-noise regimes, sample sizes,
and levels of model complexity. The idea for the methodological extension and the simula-
tion study was developed by the author. Rouven Haschka contributed in particular to the
section identifying variables overlooked in expert forecasts and provided valuable guidance,
feedback, and revisions throughout the writing process. All remaining parts of the analysis,
including model development, implementation, simulations, empirical analysis, and drafting

of the manuscript, were carried out by the author.

Chapter 4 is single-authored. I am grateful to Jorg Breitung for very helpful discussions and
guidance. The chapter studies forecasting in dynamic panel data models with a large cross-

sectional dimension N and a short time dimension 7. Such environments are common in



applied work but pose particular challenges for forecasting, as limited time-series information
restricts the precise estimation of unit-specific dynamics while cross-sectional heterogeneity
plays a central role. The chapter focuses on settings in which homogeneous coefficients
can be estimated with high precision, shifting attention toward the estimation of individual
heterogeneity and its role for forecast accuracy. The analysis builds on the empirical Bayes
framework proposed by Liu et al. (2020), which provides a principled approach to forecasting
individual outcomes in dynamic panels by shrinking unit-specific effects toward a common
distribution. A key contribution of the chapter is the distinction between stationary and
non-stationary initial conditions. Under stationary initial conditions, the underlying process
is assumed to have been running long enough that the initial observations are drawn from
the stationary distribution. Under non-stationary initial conditions, by contrast, the first
observed values are still affected by the starting value. The chapter shows that this distinction
is crucial for forecast construction and develops fixed- and random-effects predictors which
are subsequently compared to the simple mean and the Tweedie-type forecast of Liu et al.
(2020). A comprehensive simulation study confirms that the random-effects predictor under
non-stationary initial conditions provides the most reliable forecasting performance across a
wide range of scenarios. The design-based Monte Carlo application using German firm-level
productivity data confirms the simulation findings and illustrates how additional explanatory

variables can be incorporated using a Mundlak-type specification.

This thesis contributes to the econometric literature in several ways. It develops forecast-
ing methods that are computationally fast to estimate, but perform strongly across a wide
range of empirical settings. The proposed methods address challenges that frequently arise
in applied economic research, including limited data availability, model uncertainty, and het-
erogeneity. The thesis advances the econometric toolkit for economic forecasting by linking
forecasting and policy evaluation through a common perspective. Methods such as syn-
thetic control are treated explicitly as forecasting problems, allowing uncertainty and per-
formance to be assessed in a unified framework. Simulation studies calibrated to realistic
data-generating processes provide systematic evidence on the reliability of the proposed ap-
proaches. Finally, the methods are applied to economically relevant data sets, including
policy evaluation, macroeconomic forecasting, and firm-level panel data. These applications

illustrate the usefulness of the proposed methods and offer practical guidance.



Alternative Approaches for Estimation and Inference

in Synthetic Control Designs

Abstract. The synthetic control (SC) method estimates causal treatment effects
by constructing a counterfactual for the treated unit as a weighted average of
donor units in the pre-treatment period. To reduce overfitting and support inter-
pretability, the original approach of Abadie, Diamond, and Hainmueller (ADH)
restricts weights to be non-negative and sum to one. Building on Doudchenko and
Imbens (2016), we introduce a regularized synthetic control estimator (REGSC)
that shrinks individual coefficients toward zero and their sum toward one. This
combines SC with Ridge-type regularization and yields a closed-form estimator
with tunable hyperparameters. The method also has a straightforward Bayesian
formulation, enabling credibility intervals for uncertainty quantification. By aug-
menting the donor pool with lagged values of the donors and the counterfactual,
REGSC extends naturally to dynamic settings and accommodates non-stationary
and cointegrated series, a case in which the original SC method is inconsistent.
Monte Carlo simulations and empirical applications demonstrate that the (dy-

namic) REGSC estimator outperforms existing SC methods.



2.1 Introduction

Synthetic control methods are purely data-driven and rely on time series and cross-sectional
information, forming a counterfactual as a weighted average of untreated units that best
matches the treated unit prior to the intervention. In contrast, Pesaran and Smith (2014)
adopt a structural time-series perspective, generating counterfactuals from a macroeconomic
model estimated solely on pre-intervention data. While synthetic control avoids strong mod-
eling assumptions, the Pesaran—Smith framework is designed for settings without suitable

control units and explicitly addresses the Lucas critique.

The synthetic control (henceforth: SC) method was developed by Alberto Abadie, Alexis Dia-
mond, and Jens Hainmueller (ADH) in a series of influential papers (Abadie and Gardeazabal,
2003; Abadie et al., 2010, 2015). The method is designed to estimate the causal effect of a
treatment (or intervention) in settings with (at least) a single treatment unit and a num-
ber of potential control units. This is done by comparing the observed treated unit to its
hypothetical trajectory in the absence of the treatment. Pre- and post-treatment data are
observed for the treatment and control units (also called donors) for the outcome of interest
as well as for a set of time-constant covariates. Typically, both the number of potential
control units J and the number of pre-treatment periods T},,. are small or, at best, moderate.
In many applications, T},. is even smaller than J, making standard estimation approaches

like Ordinary Least Squares (OLS) unreliable or infeasible.

Building on the work of Doudchenko and Imbens (2016) and ADH, we propose a variant
of the regularized SC estimator (henceforth: REGSC) that shrinks individual weights to-
ward zero and the sum of weights toward one. Due to the differentiable penalty term, the
estimator has a closed-form solution, and it is flexible enough to produce reliable estimates
of the counterfactual while still maintaining the interpretability of the weights. The nat-
ural Bayesian representation of our estimator is another major advantage over existing SC
methods. In many applications, the estimated treatment effects are temporally cumulated
over the post-treatment periods. In such cases, a simple point estimate of the effect may be
misleading, and we consider it crucial to assess the estimation uncertainty in terms of uncer-
tainty intervals. By relying on the Bayesian REGSC representation, this can be achieved via

Bayesian credible intervals.

Another contribution of this chapter is to accommodate dynamic features of the time series.
To achieve this, we expand the donor pool by including lagged values of both the donor
series and the estimated treatment series. Such expansions often lead to a large number of

additional parameters, necessitating adequate regularization. In this context, we find the



elastic net to be particularly promising due to its ability to obtain sparse solutions. Another
advantage of dynamic methods is that they are well suited for dealing with possibly non-
stationary time series. Note that for non-stationary but not cointegrated time series there is
no stable long-run relationship between the treatment and donor series and, therefore, it does
not make sense to construct a synthetic control unit by some linear combination of the donor
series. In such cases, SC methods need to be applied to the differenced series. On the other
hand, if the treatment series is cointegrated with the donor series, taking differences ignores
important information on the long-run relationship among the series. In such a scenario,

dynamic SC methods offer a significant improvement.

This chapter is structured as follows. Section 2.2 outlines the conceptual framework and
motivates the REGSC estimator. The subsequent subsections bridge the gap to related
estimation techniques such as principal component analysis (PCA) and discuss the role of
additional explanatory variables as well as the potential presence of serial dependence in the
data. We also demonstrate the estimation of Bayesian credibility intervals to quantify the
estimation uncertainty. In Section 2.3, we conduct an extensive Monte Carlo simulation to
study the performance of our proposed estimator and other routinely employed estimators
in the context of SC. We pay special attention to plausible data-generating processes by
considering static as well as stationary and non-stationary cointegrated processes. Section 2.4
demonstrates the external validity and reveals important differences between the estimators
by revisiting the Proposition 99 application of ADH. Section 2.5 concludes and provides an

outlook on further work.

2.2 Theoretical Framework

The conceptual framework is related to the potential outcomes framework as introduced by
Neyman (1923) and elaborated by Rubin (1974) and Holland (1986). Assume that we observe
a collection of J + 1 time series Y, with j = 0,1,...,Jand ¢t =1,...,7. The unit j = 0 is
denoted as the treatment unit, exposed to an intervention (treatment) in period Ty < 7. The
other series with j = 1,...,J belong to the set of donor units. Accordingly, the temporal
ordering is given by

L2, ... Ty, To+1, To+2, ..., T,

~
Tpre Observations Tpost observations

so that T, = Tp periods of pre-treatment data and T}, = 1" — T} periods of post-treatment

data are observed.

Following the existing literature, we rule out any anticipation effects and contamination (i.e.,



no spillovers to the donor units). As argued by Abadie et al. (2010), in the presence of antic-
ipation effects, the date Tj should be shifted backward until the no-anticipation assumption
seems plausible. If units in the donor pool are affected by the treatment (contamination),
these units should be removed from the donor pool prior to estimation. Our goal is to esti-
mate the causal effect of the intervention without specifying its exact form. This is possible
because the main goal of SC estimation is to estimate the counterfactual as precisely as pos-
sible, which is essentially a forecasting task. Formally, the treatment effect at time ¢ > Tj is
given by
6 = Yo, —Yyy fort=Ty+1,....T,

where Y{; denotes the observed outcome under treatment and YOAQ denotes the (unobserved)
potential outcome without treatment, henceforth referred to as the counterfactual outcome.
We are interested in estimating the treatment effect efficiently. It is well known that the

MSE-optimal forecast ffoj\t[ of the counterfactual is given by the conditional expectation

where Z; denotes the relevant information set in period t. In what follows, the information
set is assumed to be given by

It = {Zl,ZQ, Ce ,Zt},

where
'
Rt = (}/vl,ta Y'2,t7 cee 7YJ,t)

collects the donor-unit outcomes at time ¢. The information set may be extended by in-
cluding additional predictors represented by a k x 1 vector xj, which are unaffected by the
intervention but help predict the counterfactual outcome. We briefly discuss this extension in
Section 2.2.4. Since such an extension complicates the analysis without providing substantial
additional insight, our primary focus is on settings without additional covariates. We further

assume that the (J + 1)-dimensional time series vector

Y = (ij’\é, Z;),

is weakly stationary for ¢t = 1,...,T, where Yoj\; =Y, for t <7Tj. In Section 2.2.6, we discuss
extensions to settings in which the autoregressive representation of y, has roots on the unit

circle (unit roots).



2.2.1 The Static Case

Let us first consider the simplest scenario with one treatment unit 5 = 0 and two donor
units j = 1,2. For ¢t = 1,...,T, we observe y; = (You, Y14, Y2,)', and for t = Tp +1,....T
the corresponding vector containing the counterfactual outcome, y; = (Yoj\i Yie Yar) We

assume that
~ did
Uy ~ N(p,X),

with g = (o, 11, 2)" and the positive definite block covariance matrix

2 /
o, o
12
S>=° ,
o2 o

where of = Var(Y{}), 3 is the (2 x 2) covariance matrix of (Y14,Ys,)', and o5 denotes
the corresponding covariance vector. We are interested in deriving the mean-square optimal

forecast of the counterfactual Yy, which equals the conditional expectation
E(%]\i | Y14, Yay) = po +wi(Yig — pn) +wo (Yo — pt2) = p* + wiYiy + woYay,
where pu* = pg — wypy — waope and

w1 1
w = = 22_ O12.
w2

The original SC estimator imposes the restrictions wy = 0, we = 0, and wy; +wy = 1, yet our
result shows that in this simple Gaussian setting there is no inherent statistical justification
for these constraints.! Moreover, the SC should include a constant term in order to adjust for
different means of the donor series, as otherwise the estimated counterfactual may lie outside
the convex hull of the donor means. See Doudchenko and Imbens (2016) for a detailed

discussion. To illustrate these findings, assume that

1 1 01 04
v YNl 1], (o1 1 05
1 04 05 1

1On the other hand it is argued that restricting weights to be positive and sum to one yields an in-
terpretable, convex combination of real units, avoids extrapolation outside the donor pool, and yields a
stable, regularized estimator that minimizes overfitting. In this section we assume that all parameters of the
statistical model were known. The case with unknown parameters is considered in Section 2.2.2.



For this example, the unrestricted optimal weights are w; = —0.1333, w, = 0.467, and
p* = 0.667. Note that w; is negative even though all pairwise correlations are positive.
The result may be seen as economically counterintuitive, as interpreting Y, entering the
counterfactual ffoj\{ with a negative weight is unclear. This illustrates the trade-off between
statistical optimality and economic interpretability. If we impose the restrictions w; = 0,
wy = 0, and w; + wy = 1, the restricted optimum yields the linear combination )N/O]\t’ =
0.2Y1, 4+ 0.8Y5,. The key difference lies in the variance of the resulting estimates. For our

example,

Var(Ysh — YY) = 0.8267,
Var(Yyy — YY) = 1.1600.

It is noteworthy that the variance of the restricted estimate exceeds the unconditional vari-
ance of Yy ;; this is possible because (wy,ws) = (0, 0) is excluded from the restricted parameter
space. Under such conditions, it may be more efficient to dispense with donor units when

constructing the counterfactual.

In microeconometric settings it is often assumed that units in the treatment and control
groups are uncorrelated or even independent. In such cases the optimal weights are zero,
and the optimal forecast of the counterfactual reduces to u* = pg, so the mean is estimated
without using the donor units. Control units become relevant only under the additional
assumption that Yj; and Y}, share the same mean for j = 1, ..., J, in which case observations

from the donor pool can improve the estimation of 1.

2.2.2 Regularized Synthetic Control Estimator

In the previous section we considered a framework in which all distributional parameters were
known. In empirical applications this is typically not the case, and the parameters must be
estimated. In the SC context, samples are often small, as the variables of interest are often
measured at quarterly or annual frequency. Hence, the number of pre-intervention periods
Tp is usually limited and may even be smaller than the number of donor units J. In such
cases the unrestricted OLS estimator may suffer from instability, large variance, or may not

even exist when Ty < J.

Consider the least-squares estimator for the regression
YE),t = ,u* +’LU1YLt +"LU2YVQ¢ + -+ UJJYLH +u, t=1,...,Tp.
Under the standard linear-regression assumptions and a fired number of regressors J, the

10



OLS estimator w = (@y,...,w;)" converges in probability to the true weight vector w =
(w1, ...,wy)" and has a normal limit distribution as Ty — oo. In practice, however, J is
often comparable in magnitude to Tp. As shown by Bekker (1994), if J/Ty — ¢ > 0 as
J, Ty — o0, the OLS estimator no longer converges to the true coefficients. A natural remedy

is to introduce regularization.

In this context, Doudchenko and Imbens (2016) propose an elastic net regression that mini-

mizes
To J 2 J J
Q(wnu*7 Al >\2) = Z (Y(),t —pt = 2 ijj,t> + A\ (Z w?) + A2 (Z |wj|> .
t=1 J=1 j=1 j=1
« ~ ~/ N—
RSS Ridge Lasso

The Lo-norm (Ridge penalty) of Hoerl and Kennard (1970) shrinks coefficients toward zero
but does not perform variable selection, while offering a simple quadratic problem with a
closed-form solution. In contrast, the L;-norm (Lasso penalty) of Tibshirani (1996) induces
both shrinkage and automatic variable selection, often setting some elements of w exactly
to zero, though at the cost of requiring numerical optimization. The shrinkage parameters

A1 and Ay are typically chosen by cross-validation.

We introduce a novel regularization approach, the Regularized Synthetic Control Estimator
(REGSC). This estimator augments the OLS objective by adding a Ridge penalty, together
with a penalty term that shrinks the sum of coefficients toward one. The latter is closely
related to priors on coefficient sums commonly used in large Bayesian vector autoregressions
(see, e.g., Banibura et al., 2010). The REGSC estimator minimizes

Ty J 2 J J 2
Q(’LU, ,u*7 )\1, )\2) = Z (3/0715 — /L* - Z wj}/j,t> + )\1 <Z U}J2> + )\2 <1 - Z wj> . (21)
j j=1 j=1

“

Y

RSS Ridge weight penalty

By combining individual shrinkage toward zero (Ridge) with joint shrinkage of the weight
sum toward one, this regularization mirrors key features of both the original SC estimator
and the elastic net. It preserves interpretability as weights remain close to summing to one
for sufficiently large A9, while allowing for greater flexibility and stability in small samples.

To allow for an unrestricted constant term, we demean the pre-treatment series. Let

_ _ S
go= (Yo1—Yo, ..., Yor, = %), Yo=— Yoo
0¢=1
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and define the demeaned donor matrix
Z=(21-%2 ...,200-2), z=(V,....Y;),

where Y; = Ty ZtTil Y;+ and z; denotes the vector of donor observations at time ¢. Mini-

mizing Q(w, u*, A1, \2) yields the closed-form estimator
W\, \o) = (Z'Z + NI, + )\2]—J]-IJ>_1 (Z'g0 + \o1y),

where I; is the J x J identity matrix and 1; is a J-vector of ones. In Appendix A.1, we
show that for A\; — o0 and A\;/\y — ¢, the weights converge to 1/(J + ¢) ~ 1/J for large
J, which provides a more reasonable shrinkage target than zero, as in the elastic net. As
with the elastic net, the shrinkage parameters A\; and Ay can be chosen via cross-validation,
where our experience suggests that Ay is typically substantially larger than A\;. The REGSC
method is particularly well suited for the low-frequency macroeconomic context of synthetic
control, as it offers a closed-form solution and tunable hyperparameters. It produces flexible

weights that are typically positive and can be reliably estimated in small samples.?

Note that it is also possible to include common time effects to accommodate a parallel-trends
assumption. In this case, the only adjustment needed in the objective function (2.1) is to
replace the original outcomes Y, by their demeaned and detrended versions

VIE =Y, ¥, - Vi 4 7,

J,t

where
J

S R DRI S 303
Vi 2 Vi Yim s D Vi V= o 3
Ty & J+1 = (J+1)Ty it
for j =0,...,Jand t = 1,...,T,. The matrix Z is then constructed from the transformed

donor series Y F in place of Yj,.

Our regularized estimator also admits a natural Bayesian interpretation. As shown in Ap-

pendix A.2, the REGSC estimator corresponds to a prior of the form

Az

~ 1,. V. A
w N(Mo J> 0)7 Ho )\1+J)\2’

where V; has diagonal elements Vy; = o2(A\; ' —1/J) fori = 1,..., J and off-diagonal elements

2We also experimented with combining the Lasso penalty and the weight-sum penalty, but found no
improvement over the proposed estimator.

12



Vij = —o*/J for i # j, with
Y=A"= (A 4+ Jh)7

If A\;/Ay — 0, then pp — 1/J and ¢ — 1, so the prior places mass on weight vectors close to
the constant vector with entries 1/J. Moreover, if either A\; or Ay diverges, the prior becomes
dogmatic. In Section 2.2.7, this Bayesian perspective is used to construct Bayesian credibility

intervals.

2.2.3 Factor Models

The SC approach is typically motivated by considering a factor model of the form
Vit = pj + 0 + XN fi + ujy

where p; and 6, are unit- and time-specific constants (see, e.g., Abadie et al., 2010; Fer-
man, 2021). It is assumed that the r x 1 vector of common factors f; is uncorrelated with
the idiosyncratic component, and that the idiosyncratic errors are mutually and temporally
uncorrelated. For simplicity, let us ignore the time- and unit-specific constants (which in
practice can be replaced by their sample counterparts). We are interested in the conditional

expectation:

YN = E(You|Yis, ..., Yye) fort=To+1,...,T
= ABE(ft|Y1,t, c. - >YJ,t)-

This suggests estimating the common factor as a linear combination of the donor series
ze = (Yit,...,Ys). A popular estimator with this property is the principal component
(PC) estimator. The approach can easily be generalized to models with r > 1 factors. Let V,
denote the J x r matrix of eigenvectors associated with the r largest eigenvalues of Z'Z /Ty,
where Z = (z1,...,27,). Accordingly, the vector of r factors for period 1 < t < T is
estimated as ft = V!z,. Furthermore, the r x 1 vector of factor loadings A is obtained from

the regression

}/O,t:,u*‘i‘)\gﬁ‘i‘ut fortzl,...,TO
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Let p* and 3\0 denote the OLS estimators of p* and Ag, respectively. Then the estimated

counterfactual results as
Yoy = 0"+ Aofe

This estimator is similar to the approach proposed by Xu (2017), where our factors correspond
to the “interactive fixed effects.” Note that 3\6 f, = @2, is a particular combination of the
donor observations, with w = V}s\o. Using this approach, the original set of donors is linearly
transformed into a set of linearly uncorrelated variables known as principal components. By
using 7 principal components that capture most of the variance, a shrinkage procedure is
applied that focuses on the most important components and discards the less influential ones.
Furthermore, the factor model is particularly appealing when dealing with multicollinearity,
which is often the case in SC applications. In this sense, the factor model can be viewed as
a regularized estimator that shrinks the weights toward the optimal values implied by the
factor structure. We therefore recommend its use for estimating the counterfactual in SC

applications, even in the absence of a strict factor data-generating process.

An important drawback of the factor model is that the factors are selected in such a way
that they fit all variables equally well. In our application, however, it is more important to
obtain a good fit for the treated variable rather than for the donor series. In order to inform
the factor analysis about the target variable, a supervised factor model may be useful. For
our application, the principal covariate regression (PCovR) proposed by de Jong and Kiers

(1992) appears most promising. For the model with a single factor, the objective function is

To To J
Qf(aa B, A w) = Z (Yo,t — Qo — ﬁwlzt)2 + 52 Z (Y}t - Qj — )\jwlzt)g )
t=1 t=1j=1

where f;, = w'z; represents the common factor. The parameter £ is a tuning parameter
that controls the relative importance of the treated series. If & = 0, then the factor model
is equivalent to the unrestricted OLS estimator. The larger £ is, the more important the
fit of the factor becomes for the other variables. Accordingly, the parameter £ can be seen
as a regularization parameter that may be determined by cross-validation or an information
criterion (Umbach, 2020).

2.2.4 Additional Covariates

The original SC approach assumes that we have available K additional time-constant co-

variates that characterize important features of the units. Let us represent this additional
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information by the K x (J + 1) matrix X. The weight vector is chosen such that
w(V) = argmin (xg — X7w)'V (o — X1w),

where @¢ denotes the first column of X (the characteristics of the treatment unit) and X is
the K x J matrix of the remaining columns. Furthermore, the matrix V' is a diagonal matrix
of additional weights that reflect the relative importance of the corresponding characteristics

for the minimization problem.

Note that our previous estimators can be seen as a special case of this estimation approach
by treating the subset of pre-treatment observations Y, with ¢ = 1,...,T, as covariates.
Accordingly, K = Tp, o = (Yo1,...,Yon)', and the (¢,7) element of X, is equal to Y.

Furthermore, the weight matrix V' is the identity matrix.

An important drawback of the original SC approach is that, when estimating the weights, it
does not exploit the (internal) information from the outcome series Y;; with 7 = 0,1,...,J
and t = 1,...,7. Let Y, denote the Ty x (J 4+ 1) matrix of observations from the pre-
intervention period. We can combine the internal and external information by defining the

matrix X = (X',Y,,.)" and consider the minimization

w(V) = argmin (25 — Z;w)'V(z{ — Z] w),

w

where z; denotes the first column of Z* and Z; collects the remaining columns. The
upper block of the weight matrix V' associated with Y, will typically be an identity matrix,
whereas the weights in the lower diagonal block control the relative importance of the external

information compared to the internal information from the past.

2.2.5 Dynamic Models

When modeling macroeconomic time series it is often assumed that the (J + 1) x 1 vector of

time series yr = (Yo, ..., Yy:) can be represented by a vector autoregressive model given by

Y=+ Ay 1+ + Ay p + Uy

Yo =p+AL) (Y1 —p) +
where A(L) = Ay + AL + -+ + A,LP~" denotes the (J + 1) x (J + 1) lag polynomial,
w = (po, 1, .-, py) and E(usu}) = X is a positive definite covariance matrix. Let us derive

the optimal forecast of Yy, conditional on Z, = {2y, 2,1, .., 2Zny+1, Y1y, - - -, Y1} for t = Tj.

Note that we do not include yo,; in the information set for ¢t > Ty, since these observations
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are affected by the treatment.

Denote by @ the Cholesky factor of the inverse of the covariance matrix such that X! =

Q'Q, where Q is a lower triangular matrix such that
Yo],\; = I['E(Y()Atf |It)

= fio + Z wi(Yie — i) + B(L) (ye—1 — 1) (2:2)

where w; = gi11/q1, ¢ = (q1,¢2,---,qs41)" is the first row of the matrix @', B(L) = 1L +
-+ B,LP, and B; = w'A;/w,. For t = T, the vector y; results from replacing the treated
series by the non-treated counterfactual y/¥ = (Ygy,Yi4,...,Y),), where f/}ﬁ = Yy, for t <
Ty. In practice, the unknown counterfactual Yol\g needs to be replaced by the estimate SA/OJ\; :
Accordingly the sequence lA/O]\t’ is obtained from a simple recursion. An important problem with
the optimal solution (2.2) is that it involves (p + 1)(J + 1) parameters which may be difficult
to estimate reliably in practice. We therefore adapt some regularization for estimating the
parameters. We consider three alternative regularization schemes. First, all coefficients of the
dynamic model may be regularized by applying the aforementioned REGSC method as used
in the static model and proposed in Section 2.2.2. Second, the REGSC weight regularization
is only applied to the vector (wy,...,wys). The additional coefficients attached to the lags of
the series are only subject to the Ridge penalty. Third, all coefficients of the dynamic model

may be regularized by using the elastic net penalty.

2.2.6 Non-Stationary Time Series

In most empirical applications of the SC methodology, the time series exhibit prominent time
trends. Therefore, it is important to consider cases where the time series are non-stationary
and some of the roots of the characteristic equation, det|A(z)] = 0 are equal to one (unit
roots). First assume that the J + 1 time series are integrated of order one and there exists
no stationary linear combination among the time series (no cointegration). In this case the
SC methods considered above need to be applied to the differences of the time series, as
otherwise the estimation suffers from the spurious regression problem. The differences are
used to forecast the differenced counterfactual AYO{Z yielding the change of the treatment
effects 07 = AYY, — AYyY for t > Ty. The treatment effect of interest is then obtained by
cumulating the resulting effects of the differences yielding 6, = 5740 gt 65,

Next, assume that the donor set and the treated variable share a common stochastic trend.

This is the most favorable situation that was also considered by Harvey and Thiele (2020).
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In this case there exist J independent cointegration vectors that render a stationary forecast
error of the counterfactual series. We may therefore apply the same estimation procedures
in Section 2.2.2 that were originally developed for stationary time series. We also note
that if the series are cointegrated with the treated series, then the weights wq,...,w; can
be estimated super-consistently (that is with the convergence rate 1/T") by using the error

correction representation

J
You = o+ Zwi(Y;,t — ) +v(L) Ay +w, t=1,...,Tp. (2.3)

i=1

2.2.7 Credibility Intervals

An estimated treatment effect naturally calls for reporting standard errors and prediction
intervals. For unbiased estimators, the computation of the associated uncertainty measures
is straightforward. Penalized estimators such as REGSC, however, deliberately introduce
bias in exchange for variance reduction to enhance predictive performance. As a result, con-
ventional frequentist confidence intervals are no longer directly applicable. In the following,
we demonstrate how Bayesian posterior sampling can be employed to quantify the estimation
uncertainty surrounding our estimated treatment effects. As mentioned in Section 2.2.2, our
proposed regularization is equivalent to imposing a multivariate normal prior distribution of

the following form:

w ~ N(ﬂolJy‘/E))7
where g = Ao/(A1 + JA2),

and Vj is a matrix with variances Vi; = o?(\{! —+/J) for i = 1,...,J and covariances
Vij = —o*p/J for i # j, where ¢ = \;' — (A + JXo) 71, see Section 2.2.2.

To illustrate the estimation of Bayesian credibility intervals for the REGSC estimator, we
simulated artificial data. We generated data for 7). = 50 periods of pre-treatment and
Thost = 20 periods of post-treatment data for a single treated unit and J = 10 potential
donors. Among these donors, only the first five provide systematic information about the
counterfactual, and the error is drawn from a standard normal distribution. To obtain the
credibility interval, we assume ¢, ~ AN (0, 0?) along with a weakly informative inverse-gamma

distribution with hyperparameters a = b = 0.001 for the error variance. Combining the
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REGSC prior with the error distribution and the likelihood gives us the posterior distribution:

To
p(’l.U,O'z | /\17>\2)OCHM(070-2) Ig(aab) N(:ua 2)

t=1 Y Y
~~————  02-Prior w-Prior
Likelihood

Note again the multivariate J-dimensional nature of the REGSC prior. Due to the weight
penalty, the off-diagonal elements of the covariance matrix are non-zero, and the J-dimensional
distribution is not equivalent to the product of J individual priors, as would be the case for
univariate shrinkage procedures like Ridge. A more detailed explanation of the Bayesian
computation can be found in the appendix. Note that if the error variance o is known, the

REGSC estimator is directly accessible via the following analytical form:*

w ~ N(M> 2)7
n=(Z'Z+ ML+ 2115) " (250 + M),
N =0 (ZZ+ NI+ 1l Z'Z(Z'Z+ NI+ x1,10)

Assume that we obtained 1,000 valid draws from the marginal posterior densities of the
weights. To obtain the 95% credibility interval, we discard the first and the last 25 trajectories

of the counterfactual. Figure 2.1 depicts the procedure.

3See Appendix A.3 for the derivation of the analytical form of the REGSC estimator.
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a)

15 — Actual Series
= Empirical Interval

10 REGSC Prediction

b)

15 — Actual Treatment Effect

= Empirical Interval

REGSC Treatment Effect

Figure 2.1: Bayesian Credibility Intervals: Panel a) plots the actual series in black, the true interval in red
and the REGSC counterfactual in green. At T = 51, a treatment effect of size 10 is added. The Bayesian
credibility interval (shaded area) provides reasonable coverage; at only two time points (10 and 45) does the
actual series fall outside the shaded area. Panel b) compares the actual treatment effect (black) with the
REGSC estimation (green), which is obtained by subtracting the REGSC counterfactual from the actual
series. During the pre-treatment period, the actual treatment effect of zero lies within the interval in 48 out
of 50 cases. In the post-treatment period, the actual treatment effect of 10 lies within the interval in 18 out
of 20 cases. Furthermore, there is a high degree of similarity between the empirical confidence interval and
the estimated credibility interval.

Bootstrap intervals are another way of quantifying the statistical uncertainty of the estimate.
As the temporal ordering of the observations matters in applications of SC, it is advisable
to perform the so-called block bootstrap, which consists of dividing the data into blocks
of observations and sampling the blocks randomly with replacement (see, e.g., Hall et al.,
1995).

2.3 Small Sample Performance of Alternative Estima-

tors

In this section, we compare the performance of alternative SC estimators across different
data-generating processes (DGP). We generate T, = Ty periods of pre-treatment data and
Thost = T — Tp periods of post-treatment data for a single treated unit and J donor units.
To align the simulation framework as closely as possible with real-world SC applications, we

choose T} and T),s to match typical low-frequency macroeconomic settings, i.e., T}, €
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(20,50, 100} and Tpoy € {10}."

We consider several types of DGPs that are stratified according to the dynamic properties of
the generated data. For static data, we first examine a DGP that is specifically designed to
match salient features of the SC model, followed by a static DGP based on a factor structure.
For dynamic data, we begin by evaluating the models’ performance under stationarity before

turning to non-stationary settings with different cointegration structures.

2.3.1 Static Data

For the static data, we employ the following models:

e SC: The SC method of ADH with the common restrictions (no intercept, weakly posi-
tive weights that sum to one) and no additional time-invariant covariates. As outlined
in Section 2.2.4, the matrix of explanatory variables X contains the pre-treatment ob-
servations Yj; of all panel units. The weights are chosen such that the pre-treatment
distance between Yp; and Y}ﬁ is minimized. This approach to SC estimation has also
been applied by Abadie et al. (2010).

o OLS: The usual (unrestricted) least-squares regression that regresses the pre-treatment
treatment series on the donor series. The method is efficient if the number of donors

(J) is small and the number of pre-treatment observations Ty is large.

o« NET: The elastic net as proposed by Doudchenko and Imbens (2016). The pre-
treatment treatment series is regressed on the donor series with Ridge and Lasso penal-

ties. The constant is unrestricted. Hyperparameters are chosen via cross-validation.

« REGSC: Our proposed regularized synthetic control estimator. The hyperparameters

are selected by applying cross-validation in a two-step random grid-search procedure.

« AUGSC: We include the Augmented Synthetic Control estimator with Ridge penalty
as an additional benchmark. This method augments the SC approach by incorporating

a Ridge-penalized outcome model to improve pre-treatment fit, following the approach
of Ben-Michael et al. (2021).

« FACTOR: Due to its implicit regularization and the factor model underlying the
second static DGP, the principal component estimator from Section 2.2.3 is a natural

choice.

4We also considered data sets with varying post-treatment sample lengths. However, the main determinant
of model accuracy is the size of the pre-treatment sample.
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Case 1: SC compatible DGP

We begin by evaluating the performance of the SC method and the alternative estimators
under a data-generating process specifically designed to favor the characteristics of the SC
model. To this end, we generate donor weights that correspond to salient features of the
original SC approach by randomly drawing .J/2 weights from a /[0, 1] distribution and setting
the remaining J/2 donor weights to zero. The weights are normalized to sum to one. The
donor series are obtained by generating a (e + Tpost) X J matrix of normal random variables
with covariance matrix RR’, where R is a J x J matrix of independent [0, 1]-distributed
elements. The counterfactual is generated as YOA,{ = w Y;]}’ + €o4, With €y, drawn from a
standard normal distribution. We simulate 1,000 data sets, train each method on the pre-
treatment period, and evaluate predictive performance in the post-treatment period. Figure
2.2 shows the simulation results, Table A.1 in Appendix A.5 reports the detailed RMSE
results.

Tore =20 Tpre =50 Tore = 100
1.2
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e OLS REGSC sC
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Figure 2.2: The figure shows the average RMSE of 1,000 iterations for different pre-treatment periods, donor
pool sizes and methods. The y-axis range is restricted to highlight differences among the four best-performing
models. Further information can be found in Table A.1.

The SC estimator performs best overall, which reflects that the DGP is constructed to follow
the SC structure with sparse, non-negative weights. As a result, SC closely matches the
true counterfactual and achieves the lowest RMSE in most (T}, J) combinations. REGSC
follows as the second-best estimator. Its combined shrinkage on individual coefficients and the
weight sum provides effective regularization while remaining flexible enough to approximate

sparse donor relevance. This advantage becomes particularly pronounced as the donor pool
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expands, where REGSC tends to outperform AUGSC. On the other hand, AUGSC performs
well for small donor sets, where the Ridge penalty stabilizes estimation. With larger J,
however, uniform shrinkage becomes too restrictive, leading to weaker performance compared
to REGSC. The factor model performs reasonably well when 7, is small, benefiting from
dimensionality reduction. Since the DGP is not factor-driven, its accuracy does not improve
much with additional donors or a longer pre-treatment period. NET ranks even below the
factor model. Its combination of Lasso and Ridge penalties introduces bias in this SC-style
setting and does not adapt well to the sparse/convex structure, resulting in consistently
weaker performance. OLS performs worst. Without regularization, it deteriorates quickly as

J increases and remains far below the regularized alternatives even when T, is large.

Case 2: Factor DGP

The original SC method is theoretically motivated by a factor model (Abadie et al., 2010).
Ferman (2021) conducts simulation experiments using a simple two-factor DGP. Here we
follow his simulation design but extend his approach by incorporating a time-invariant, unit-
specific intercept to obtain a more realistic setting. Our representation of the counterfactual
is given by

Vil =g+ Nifi + €0,

where A; is an 7 x 1 vector of factor loadings, f; is an unknown r x 1 vector of common
factors fi = (fie, ..., fre)s p; is the unit-specific intercept, and €;, is an i.i.d. idiosyncratic
shock.

Ferman considers a two-factor scenario, which we replicate by assigning a unit loading on
the first factor to the treated unit and half of the donors, while the second factor loads on
the remaining donors. Accordingly, A\; = (1,0)" for j = 0,1,...,J/2 and A; = (0,1)" for
j=4J/2+1,...,J. The random variables p;, fi,, f2+, and €;; follow independent standard
Gaussian distributions. The goal of each estimation method is to recover the underlying

factor structure by assigning positive weights only to the first J/2 donors.

For the factor model setting, we follow the same simulation design as in the SC-style DGPs.
For each combination of T},. € {20, 50,100} and donor pool sizes J € {5, 10,15, 20,25, 30},
we generate 1,000 replications of the static factor process. As before, model performance
is evaluated using the post-treatment RMSE. Analogously to the SC-type DGP, Figure 2.3
depicts the RMSE. The full simulation results can be found in Table A.2 in Appendix A.5.
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Figure 2.3: The figure shows the average RMSE of 1,000 iterations for different pre-treatment periods, donor
pool sizes and methods. The y-axis range is restricted to highlight differences among the four best-performing
models. Further information can be found in Table A.2.

In the factor-style DGP, all estimators improve as the pre-treatment sample and the donor
pool grow, reflecting the benefits of additional cross-sectional and temporal variation. The
factor model performs best in every configuration, which is expected given that the data-
generating process is explicitly driven by two latent factors. Its accuracy increases steadily
in T}, and J, making it the clear benchmark in this setting. Among the remaining methods,
REGSC and NET form the next tier of performance. Both handle the factor structure
reasonably well and avoid the instability that affects unregularized approaches. REGSC
performs slightly better on average (particularly for larger donor pools), since its combination
of coefficient and weight-sum penalties adapts effectively to the sparse factor loading pattern
implied by the DGP. NET is competitive for small donor sets but loses ground as J increases.
AUGSC consistently ranks behind REGSC and NET. Its Ridge penalty stabilizes estimation
in small samples, but the uniform shrinkage becomes too restrictive when the donor dimension
grows, preventing it from fully capturing the factor structure. The original SC method
performs relatively well in very small samples but cannot keep up once more pre-treatment
periods become available. Even with larger 7)., SC never outperforms REGSC or NET in
this factor-driven environment. Finally, OLS is the weakest and least stable method. It is
not available for T}, < J and, even when estimable, is prone to severe overfitting in small

samples and declining accuracy as the donor pool expands.

Across the static simulation designs, several general patterns emerge. With the exception of
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the unrestricted OLS estimator, all methods perform reasonably well in separating systematic
pre-treatment variation from noise and show no evidence of severe overfitting. The regularized
SC estimators (REGSC and NET) perform robustly across both DGPs. Their flexibility in
selecting an intercept and shrinking weights helps mitigate bias and overfitting, with REGSC
consistently achieving slightly lower RMSE, especially when the donor pool is large. AUGSC
is reliable in small samples but falls behind REGSC and NET as J increases, reflecting the
limitations of uniform Ridge shrinkage. Finally, the factor model is the strongest performer
in the factor-style DGP and remains highly competitive even in the SC-style environment.
Its consistently low RMSE across both simulation settings highlights the usefulness of a low-
dimensional factor structure as a stable forecasting device, even when the data generate only

approximate rather than exact factor relationships.

2.3.2 Dynamic Data

We now assess the performance of the previously proposed methods in a dynamic time series
setting. Building on the discussion in Sections 2.2.5 and 2.2.6, which examine the implications
of time series dependence and non-stationarity, we apply different estimators to a set of
dynamic DGPs designed to mimic typical empirical applications. Specifically, the estimators
are applied to various dynamic simulation designs, encompassing a stationary time series
structure (Case 3), a non-stationary time series structure (Case 4), and a non-stationary but

cointegrated time series structure (Case 5).

Case 3: Stationary DGP

In order to evaluate the performance of the alternative approaches, we proceed to study these
methods in a simulation framework that mimics the real world. Given the focus of previous
studies on economic development before and after treatment, it is reasonable to consider
changes in GDP, such as GDP growth rates, as the basis of a realistic SC scenario. This
approach anchors our Monte Carlo experiments in a realistic setting while retaining sufficient
flexibility to assess estimator performance across a range of statistical scenarios. The data
set assembled for this purpose comprises annual GDP growth rates of numerous countries

collected over an extended period of time.’

The data set is restricted to countries with continuous GDP observations since 1961, en-

suring a sufficiently long time series for robust simulation while preserving an adequate

5The GDP data are extracted from the World Bank’s World Development Indicators, which is directly
accessible via the WDI-Package by Arel-Bundock (2022) in R.
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cross-sectional dimension. A sufficiently long time dimension is crucial for the precision of

the subsequent VAR estimation, while a broad cross-section ensures an ample donor pool.’

Following the initial data preprocessing, a random subset of J + 1 countries comprising one
treatment country and J potential donors is selected, and a first-order VAR model is spec-
ified and estimated. The choice to include one lag in the model is deliberate. To ensure
comparability across the different cases described earlier, we employ a VAR(1) model in the
stationary case, as it corresponds to a VAR(2) model with trends in the non-stationary case.”
Consequently, we use a VAR(2) specification for Cases 4 and 5. Because the dimensionality
of the VAR process grows rapidly with the lag order and the analysis targets settings with a
large donor pool, we restrict the VAR specification to at most two lags to maintain computa-
tional tractability. This decision is driven by the necessity to balance model complexity and
stability, and also to ensure the comparability between the cases. The estimated parameters
from this estimation are used to generate the synthetic data set in our Monte Carlo experi-
ment. The innovations are drawn from a multivariate normal distribution with a covariance
matrix equal to that of the residuals from the estimated VAR model. Using the empirical
residual covariance structure preserves the cross-sectional and temporal dependence observed
in the data. In order to facilitate the estimation of the counterfactual, a single country is
designated as the treatment unit, to which a constant treatment effect is applied. The re-
sulting counterfactual is estimated based on the J donor series and compared to the original

untreated series.

We use all methods from the static setting as benchmarks. In contrast to the previous
specification with a fixed number of two factors, the number of factors in the factor model is
now allowed to increase in order to accommodate the higher complexity introduced by the
time series structure. Specifically, we set the number of factors equal to the square root of J.
In addition, we introduce estimators that are tailored to capture specific dynamic features of

the data. In particular, we apply the following dynamic approaches:

o VAR: The first dynamic estimator uses a VAR model. In this approach, the lagged
donor series and lags of the treatment series are treated as additional donors and the
corresponding weights are estimated by OLS. Consequently, this estimator is the best
predictor of the synthetic control as T, tends to infinity. In finite samples, however,
this estimator suffers from a large number of parameters and typically shows poor
small-sample properties. Nevertheless, this estimator serves as a benchmark model for

the dynamic case, as it closely mimics the DGP.

5The resulting data set comprises 64 (1961-2024) years of GDP per capita growth rates from a total of 29
countries.
"See Appendix A 4.
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« REGVAR and NETVAR: As the VAR model involves a large number of parameters,
it is important in empirical practice to apply some regularization scheme. We therefore
extend the regularization from the static setup to the VAR model. The NETVAR
method applies the elastic net penalty to all coefficients of the regressors, whereas the
REGVAR approach applies the REGSC weight penalty only to the contemporaneous
coefficients. We also examined cases in which the REGSC regularization was applied
to all contemporaneous as well as all lagged coefficients. However, the results obtained
were found to be highly similar in both cases. Consequently, the subsequent discussion

will focus exclusively on the aforementioned specification.®

Figure 2.4 reports RMSE values for the different DGPs, pre-treatment period lengths, donor
pool sizes, and methods. An overview of the detailed simulation results can be found in the
Appendix A.6. The simulation results in terms of the average (Tables A.3—A.5) and median
(Tables A.6-A.8) RMSE values are presented for Ty, € {20, 50,100} and 7).+ = 10 periods
over 1,000 iterations for each donor group and for the three aforementioned cases. In each
iteration, a random subset of countries is sampled from the initially defined data set described
above, and a VAR model is estimated to derive the coefficients and the covariance matrix of
the error terms. These parameters are subsequently used to simulate a synthetic data set,
within which one country is randomly designated as the treatment unit and the treatment
effect is added. The proposed models are then applied to the generated data set, and the
RMSE for the post-treatment period is computed for each model.”

The results indicate that dynamic methods generally outperform static methods within the
dynamic DGP frameworks. When the available pre-treatment period is relatively short (here
Tpre = 20), the original SC estimator performs strongly. With increasing 7. and .J, however,
the regularized static estimators begin to substantially outperform the original SC method,
and the dynamic regularized estimators in turn outperform the corresponding static versions.
An expected yet still noteworthy finding is that in the stationary case the performance of all
methods improves as the size of the donor pool J increases. Among the evaluated methods,
the NETVAR approach achieves the lowest average RMSE, followed by the REGVAR ap-
proach. Furthermore, the findings underscore the importance of regularization in dynamic

settings, especially as the number of potential donors increases. This trend is clearly reflected

8For all dynamic models, the lag order is set to the order used in the original VAR estimation, i.e. p = 1
in the stationary case and p = 2 in both the non-stationary cases, to align with the simulation settings.

9To ensure robustness of the simulation results against extreme outliers caused by numerical instabilities
(e.g., matrix singularity in specific random draws), iterations yielding RMSE values in the poorest 5% of
each method/donor amount combination were excluded before computing the average RMSE. Importantly,
the qualitative ranking of estimators remains unchanged when using median RMSE instead of trimmed mean
(see also Tables A.6—-A.8 comparing median RMSE in Appendix A.6).
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in the data as depicted in Tables A.6-A.8. For some simulation cases where J is relatively
large compared to T},., VAR estimation frequently becomes unstable due to matrix singular-
ity, leading to non-informative results. These cases are therefore excluded from the reported

outputs.

The regularized dynamic estimators not only achieve the lowest root mean and median
squared error values but also exhibit the smallest interquartile range of RMSE. This high-
lights both the superior performance and the increased stability of the dynamic estimators
compared to their static counterparts, particularly as the number of donors increases. Fur-
thermore, within the dynamic models, the elastic net proves to be the most effective regu-

larization method in this simulation, underscoring its ability to generate sparse solutions.

Case 4: Non-Stationary data without cointegration structure

In many empirical settings, the underlying data exhibit non-stationary behavior. To assess
the robustness of the proposed framework in such environments, we introduce two additional
simulation scenarios based on non-stationary data. The first scenario (case 4) features a non-
stationary process without cointegration, while the second (case 5) includes a cointegration

structure.

To ensure comparability with the stationary benchmark described in Section 2.3.2, we draw
GDP growth rates from the same underlying process but subsequently cumulate them to
induce non-stationarity in levels. This procedure yields an I(1) process with individual-
specific stochastic trends. For estimation and simulation, we employ a VAR(2) specification
in levels, supplemented with a linear trend to capture the induced long-run drift and maintain
comparability across settings.!” The innovations are assumed to be multivariate normal
with zero mean, and for comparability, the covariance matrix is calibrated to the residual
covariance matrix of the corresponding VAR model in differences. For RMSE computation,
the actual and predicted counterfactual series are differenced to enable a direct comparison

with the stationary results presented in Appendix A.6.

The results demonstrate that especially the static approaches face significant challenges when
applied to non-stationary time series, particularly in scenarios involving larger sets of poten-
tial donors. In comparison to the (more appropriate) use of differenced time series discussed
in Section 2.3.2, the RMSE is considerably higher across the board. This pronounced dete-

rioration aligns with the implication of spurious regression. The inflated RMSEs observed

OFormally, if the data-generating process in first differences follows a stationary VAR(1), its accumula-
tion implies a VAR(2) representation in levels. See Appendix A.4 for a formal derivation of the VAR(2)
representation.
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especially for the static specifications are fully consistent with such spurious relationships and
tend to intensify as the dimensionality of the donor pool increases. The difference between
static and dynamic methods becomes especially apparent when comparing the models in the
setting of 1), = 100, i.e., a setting with a comparably large period of available data. In those
cases the RMSE declines for the dynamic methods with an increasing amount of donors, while
it increases for static methods. This is attributable to the fact that dynamic approaches in-
corporate lagged differences, enabling the autoregressive specification to accommodate unit

roots when necessary.

These findings underscore the importance of assessing time series’ stationarity before applying
static methods in standard SC settings. Particularly because differencing the time series is not
always feasible or economically meaningful, particular caution is warranted when employing
static methods. For cases with a large number of potential donors and sufficiently long pre-
treatment periods, dynamic models (particularly the regularized REGVAR and NETVAR)
are strongly recommended due to their demonstrated robustness against non-stationarity as
well as their capacity to effectively handle large data sets, especially when including variable

lags.

Case 5: Non-Stationary data with cointegration structure

In this subsection, we analyze the performance of the estimator when the treated and donor
series are cointegrated. Economic theory and previous methodological work (see Section
2.2.6; Harvey and Thiele, 2020) indicate that in the presence of cointegration, static syn-
thetic control methods benefit from the existence of a stable long-run relationship between
treatment and donor units. This structure allows estimation on the level data without risking

spurious regression, unlike in the purely integrated (non-cointegrated) case 4.

To approximate empirical scenarios as closely as possible, cointegrated data are generated

by calibrating an error-correction VAR model of the form:
Ayt = o + ot + Hyt—l + FlAyt—l + Uy, (24)

where the error covariance structure matches that used in the stationary and integrated cases.
The (J + 1) x (J 4+ 1) matrix II is constructed to have rank .J, implying a single common
stochastic trend across series. This implies that the cointegrating relationship dominates
long-run behavior. As in case 4, this setup ensures the comparability of the results with the

other cases.

Our findings suggest that, relative to the non-cointegrated scenario, static estimators (SC,
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REGSC, NET) achieve substantial improvements in predictive accuracy, with average RMSE
reductions up to approximately 47% for larger donor configurations. For cases with a rela-
tively small donor pool, the classical SC method again performs comparably well, highlighting
the existence of a long-run relationship among all series. Still, dynamic approaches consis-
tently achieve the lowest RMSE. This is due to the fact that they are able to exploit both
the long-run equilibrium relationship (which is captured by the contemporaneous weights)
and the short-run adjustment dynamics (which are captured by the lag polynomial). Impor-
tantly, performance in the cointegrated case consistently lies between that observed in the
purely stationary setting and the integrated, non-cointegrated case. This pattern aligns with
theoretical predictions: while cointegration substantially narrows the gap between static and

dynamic estimators, it does not eliminate it completely.

A key finding is that regularized dynamic methods (particularly NETVAR and REGVAR)
outperform the unrestricted VAR estimator even for relatively small J, emphasizing the crit-
ical importance of regularization even when cointegrating relationships are present. In all
dynamic simulation cases, the net penalty seems to best balance the estimation of both long-
run equilibrium weights and short-run adjustment coefficients. Especially for increasing p
and J, the ability of the elastic net to generate sparse solutions is beneficial. Thus, while
cointegration substantially improves the viability of static SC methods in non-stationary
settings, the evidence supports dynamic regularized approaches as the preferred methodol-
ogy for counterfactual estimation in macroeconomic applications, particularly across diverse

donor pool configurations.

In general, our Monte Carlo experiments based on dynamic DGPs yield four essential in-
sights. First, dynamic regularized estimators (particularly NETVAR and REGVAR) consis-
tently outperform their static counterparts across all dynamic settings. Second, the choice
of regularization is of considerable importance: the capacity of the elastic net to induce
sparsity becomes especially advantageous when the potential donor pool is large, which ac-
counts for NETVAR’s modest yet systematic edge over REGVAR. Third, the relative gains
of dynamic methods over static alternatives increase with the length of the pre-treatment
period. Fourth, although cointegration substantially enhances the performance of static syn-
thetic control methods compared to non-cointegrated environments, it does not eliminate the

inherent performance advantage of dynamic approaches.
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Figure 2.4: The figure shows the average RMSE of 1,000 iterations for different pre-treatment periods, donor
pool sizes and methods across the three dynamic DGPs. The y-axis range is restricted to highlight differences
among the four best-performing models. Further information can be found in the Tables in Appendix A.6.

2.4 Application

In this section, we examine a leading application from ADH: the effect of California’s tobacco
control program (Abadie et al., 2010). We compare the outcomes obtained from the different
estimation methods, and pay particular attention to the prevalence of non-stationarity in the
time series. For the sake of brevity, we restrict the analysis to models that performed best
in the preceding simulation study. Abadie et al. (2010) estimate the effect of California’s
large anti-smoking legislation, Proposition 99. The outcome of interest is per capita cigarette
consumption in California, with 38 U.S. states without similar legislation serving as donors.
The authors base their analysis on T, = 18 (1970-1987) pre-treatment periods and T),s =
13 (1988-2000) post-treatment periods. They conclude that Proposition 99 had a substantial

and increasing negative impact on per capita cigarette sales, amounting to roughly 26 packs
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per capita by the year 2000.

Figure 2.5 presents the re-estimation results for Proposition 99 in levels and, given the strong
downward trend in cigarette consumption, also in first differences. The grey area indicates the
95% credibility interval from the Bayesian representation of the REGSC model. In levels, all
methods track the pre-treatment trajectory reasonably well, with predictions lying comfort-
ably within the credibility band. A different picture emerges in first differences. The series
exhibits substantial short-run volatility, with pronounced swings in both directions. While
the SC estimator fails to capture this erratic behavior, NET, NETVAR, REGSC, REGVAR,
and FACTOR methods handle the dynamics of the differenced data more effectively.

120 — —
~_
» 100
[
3
- 80
60
40
1970 1980 1990 2000
Year
5
3 A\/\
e \/\/\\
2 A
2
ic S \/

1970 1980 1990 2000
Year
FACTOR — NETVAR — REGSC SC
Method
NET — Original Series REGVAR

Figure 2.5: Cigarette Sales per capita for (synthetic) California. The dashed vertical line indicates the
treatment date. Upper panel: original series in levels. Lower panel: transformed series of first differences.

Turning to the post-treatment period in levels, all models yield broadly similar treatment
effects, with yearly averages ranging from about —14.4 (REGVAR) to —19.7 (NETVAR)
packs per capita. Cumulated over the post-treatment horizon, this corresponds to reductions
between roughly —173 and —237 packs per capita attributable to Proposition 99. The 95%
REGSC credibility intervals indicate that the total effect could plausibly lie between —116
and —282. In first differences, we observe a clear deceleration in the growth rate of per-

capita cigarette sales following the policy. NET, REGSC, and FACTOR produce larger but
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less aligned counterfactuals than in levels, while the SC estimator struggles and fails to deliver

a credible counterfactual path in either the pre- or post-treatment period.

Table A.9 in Appendix A.7 reports the full estimation results for all models and both data
representations. In addition to pre-treatment R?, end-of-sample effects (d.,q), mean effects
(6), and cumulative effects (34), we also present the permutation p-values from ADH, com-
puted as the ratio of post- to pre-treatment RMSE. Scaling by pre-RMSE helps avoid overly
conservative test statistics by reducing the influence of donor units that are difficult to fit in
the pre-treatment period. For comparability across specifications, the effects from differenced

data are cumulated and transformed back to levels.

For the level data, the four static models yield plausible permutation p-values of around 5%.
By contrast, the two dynamic models produce noticeably higher p-values. This pattern does
not necessarily indicate model misspecification; rather, it reflects that the ADH permutation
test is not well suited for more flexible estimators that achieve very accurate pre-treatment
fits.  When pre-treatment residuals are extremely small, even meaningful post-treatment
deviations tend to be scaled down, resulting in less informative test statistics. Across all
specifications based on differenced data, we find smaller and statistically less significant
treatment effects. Overall, the results consistently point toward a sizeable negative impact

of Proposition 99, although the magnitude varies across models.

2.5 Conclusion

More than twenty years ago, ADH introduced a robust and easily implemented method for
estimating causal effects in macroeconomic time series. The SC approach requires no hyper-
parameter tuning, accommodates additional explanatory variables, and remains applicable
even when the donor pool exceeds the number of pre-treatment observations. Accordingly
Athey and Imbens (2016) characterize it as “arguably the most important innovation in the

policy evaluation literature in the last 15 years.”

The key statistical challenge in SC frameworks is to construct a reliable counterfactual esti-
mator when the number of donors is of similar magnitude to the number of pre-treatment
observations. The original synthetic control approach restricts the weights to be non-negative
and to sum to unity, whereas Doudchenko and Imbens (2016) propose an elastic net regular-
ization. Our alternative regularization instead shrinks the sum of the weights toward unity,
thereby offering a more flexible version of the ADH restrictions. Motivated by the factor
interpretation of SC, we additionally propose a factor-based estimator derived from a prin-

cipal component analysis of the covariance matrix. Monte Carlo simulations show that both
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estimators substantially improve upon existing SC methods. Moreover, the regularized SC
estimator admits a natural Bayesian representation that provides credibility intervals, which

are particularly useful when inference focuses on cumulative treatment effects.

Recognizing the importance of time-series dynamics in many applications, we also examine
the limitations of static SC models. To address them, we propose dynamic SC estimators that
augment the donor pool with lagged donor series. This greatly expands the set of predictors
and therefore requires appropriate regularization to avoid overfitting. In this dynamic setting,
our Monte Carlo experiments show a clear advantage of elastic net shrinkage, owing to its

ability to produce sparse and stable solutions.

Another important issue is that in many empirical applications the time series (for example
GDP of different countries) are non-stationary. In this case there may not exist a stable
long-run relationship between the treatment and donor series that can be used to construct a
reliable SC unit. Accordingly there is a risk that static SC methods suffer from some variant
of the spurious regression fallacy. In this case it is important to apply the static methods
to the differenced time series. The dynamic approaches circumvent this problem as they are

able to accommodate unit roots in the VAR representation of the time series.
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Fine-Tuning Expert GDP Forecasts via Dynamic Model
Averaging and Google Trends

Abstract. This chapter benchmarks Dynamic Model Averaging (DMA) against
professional forecasters to forecast real GDP growth in Germany from Q1-2004 to
Q4-2023 using macroeconomic predictors and their corresponding Google Trends.
As the informational role of Google Trends has not yet been thoroughly studied,
we start with Monte Carlo simulations to systematically test their theoretical
potential and find an improvement of up to 22% in forecast accuracy compared
with the standard DMA model. We consider two empirical applications. First,
we examine DMA’s ability to outperform expert forecasts. Second, we identify
the sources of discrepancies between expert forecasts and actual GDP growth,
revealing that certain macroeconomic variables are either over- or underempha-
sized in expert forecasts. We contribute to the understanding of DMA by offering
new insights into GDP dynamics, underscoring the value of integrating public
perception into economic models, and understanding why experts over- or un-
derestimate certain macroeconomic factors’ relevance for GDP growth, especially

during crises.
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3.1 Introduction

Forecasts of key macroeconomic quantities like GDP growth are pivotal for the design of
economic policy. Especially professional forecasts play a crucial role in guiding market par-
ticipants and shaping their expectations about future economic conditions. Considering the
political relevance of this role and the potential benefits of precise forecasting, professional
forecasters strive for maximum accuracy by incorporating all the information at their disposal
(Ottaviani and Sgrensen, 2006). However, it is well-documented that time series models can
outperform experts in forecasting (Smets et al., 2014). In this respect, the inclusion of public
perception can also improve data-driven forecasting models, which can be done by means
of dynamic model averaging (DMA) (Belmonte and Koop, 2014). However, whether such
perception-based information truly adds value relative to model-based forecasts remains an
active question. For instance, recent evidence shows that survey-based judgments can com-
plement and sometimes outperform purely econometric forecast combinations, particularly

in environments characterized by frequent structural change (Galvao et al., 2021).

Against this background, this chapter benchmarks DMA against professional forecasters to
predict Germany’s GDP growth (Q1-2004 to Q4-2023). On the one hand, we show that public
perception enhances forecast accuracy due to better utilization of the explanatory variables
instead of providing additional information. On the other hand, we unravel why professional
forecasters occasionally make substantial errors in forecasting GDP growth. We use a rich set
of 37 explanatory variables categorized into seven groups. The variables are supplemented
by their corresponding public perception, captured through Google Trends data based on
searches for each variable name and related terms. Our results show that Google Trends-
supplemented DMA substantially outperforms the mean forecasts of 20 experts, especially in
periods of economic uncertainty. While the use of Google Trends within the DMA framework
was originally proposed by Koop and Onorante (2019), our study does not aim to introduce
a new forecasting method. Rather, it builds on this existing approach and offers several

distinct contributions:

« Methodological extension: We introduce a parsimonious modification to DMA that
allows for regressor-specific coefficient variability, replacing the conventional scalar for-
getting factor with a more flexible yet computationally tractable structure. This ex-
tension enables DMA to better capture heterogeneous dynamics across macroeconomic
predictors and improves its stability and performance when combining variables with

different sampling frequencies and persistence patterns.

o First simulation-based evaluation of Google Trends within DMA: We con-
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duct the first systematic simulation study assessing the forecasting benefits and risks
of integrating Google Trends into DMA. In contrast to previous work that used Google
Trends in empirical settings, we show under controlled DGPs how Google Trends af-
fect model averaging behavior across different signal-to-noise regimes, sample sizes, and
model complexities. The simulation framework isolates the impact of each methodolog-
ical component (e.g., Occam’s Window, regressor-specific forgetting factors), ensuring

that their effects on out-of-sample performance are not confounded by one another.

o Empirical benchmarking against expert forecasts: We apply the Google Trends-
augmented DMA to forecast German GDP and benchmark its performance against a
consensus of 20 professional forecasters. We demonstrate significant gains, especially
during periods of crisis, and provide evidence that Google Trends primarily enhance

information utilization rather than adding new content.

o Forecast error diagnostics: We propose a novel use of DMA to explain systematic
expert forecast errors. By modeling the residuals between actual GDP and expert fore-
casts, we identify over- and underweighted macroeconomic drivers across time yielding

insights into how professional forecasts could be improved.

DMA originates from Bayesian Model Averaging (BMA), which involves using the marginal
likelihood of a set of candidate models as weights to estimate the relevant model quantities.
Since its integration into regression, the method has found applications in various research
areas, including medical research (Bahrami et al., 2023), political science (Montgomery and
Nyhan, 2010), and climate modeling (Fang and Li, 2016). The two most prominent fields
of application in economics include growth economics and macroeconomic forecasting. In
this context, Sala-i Martin et al. (2004) employ BMA to study the determinants of long-
term growth, while Koop and Potter (2004) apply BMA to forecast dynamic factor models.
Although BMA has been utilized for analyzing time-varying economic data, its foundation re-
mains rooted in a static framework (for a detailed discussion of the use of BMA in economics,
we refer the reader to Steel, 2020).!

Raftery et al. (2010) overcome this limitation by identifying the stochastic processes of coeffi-
cients and relevant models by means of forgetting factor approximations that avoid MCMC-
based inference. Thus, DMA combines the ideas of addressing model uncertainty by averaging

over a series of candidate models weighted according to their a posteriori probabilities and

'Recent contributions also include frequentist variants of forecast combination that estimate time-varying
weights without Bayesian priors (Chen and Maung, 2023). This further highlights the range of combination
strategies relevant for dynamic forecasting.
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of estimating dynamic coefficients (for more detailed reviews of DMA, see Nonejad, 2021;
Li and Jiang, 2022). Recently, DMA has mainly been used to forecast economic quantities.
Koop and Korobilis (2012) demonstrate DMA’s forecasting abilities by showing that inflation
predictors are subject to substantial time variations. DMA is also used for the forecasting of
US house prices (Bork and Mgller, 2015), crude oil prices (Naser, 2016), or stock and gold
prices (Risse and Ohl, 2017). Methodologically, various extensions have been proposed. Mc-
Cormick et al. (2012) consider DMA for binary classification, Onorante and Raftery (2016)
incorporate the idea of Occam’s Window to DMA, and Koop and Onorante (2019) elaborate
on the use of external variable probabilities in the form of Google Trends. Drachal (2020)

and Catania and Nonejad (2016) propose computationally efficient implementations.

Despite the numerous applications of DMA and the proposed methodological generalizations,
their necessity and practical value often remain uncertain. Since this gap highlights the need
for a thorough simulation study, we conduct a set of Monte Carlo simulations to determine
(i) the predictive power of DMA (ii) its ability to deal with coefficients that change dynam-
ically over time or switch, and (iii) the (moderating) role of Google Trends. The simulations
offer insights into the fine-tuning of DMA models. We find that Occam’s Window has fa-
vorable regularization properties for forecasting, and we propose it as the default method.
The inclusion of fully informative Google Trends leads to an improvement of about 22%.
Moreover, the simulations suggest DMA as a viable alternative to recursive or rolling OLS

and spline-based time-varying coefficient models.

The scope of the empirical application is two-fold. On the one hand, we start with forecasting
real GDP growth and find that Google Trends-supplemented DMA yields 36% more accurate
forecasts on average compared with expert forecasts (measured by RMSE). Particularly in
times of crisis, our model makes substantially better forecasts than the experts do. How-
ever, our model is generally not better than the expert forecast if Google Trends are not
included. Google Trends supplementation does not necessarily introduce additional informa-
tion but rather enhances the utilization of information from the regressors in the model. In
this respect, our empirical application shows that Google Trends have valuable moderating
properties. On the other hand, we investigate how differences between expert forecasts and
actual GDP growth can be explained. Within this second application, we use this difference
as the dependent variable within a DMA model and pay special attention to interpreting the
dynamic effects of the macroeconomic predictors, as significances indicate which variables
were not sufficiently considered in the formulation of the experts’ forecast. The DMA analy-
sis shows that the experts over- and underestimate the influence of important macroeconomic
factors on GDP growth at different points in time. During crises, experts often misjudged the

effects of money supply, short-time employment, and stock market dynamics, overestimating

37



their roles. In contrast, variables such as household consumption, inflation, and business
climate were underestimated in stable periods but gained prominence post-crisis. Structural
changes and shocks, such as those caused by COVID-19, further highlighted mismatches in
expert forecasts, particularly regarding labor volume, bank lending standards, and unem-
ployment rates. We also explain why some of these factors are over- or underrepresented in

the experts’ forecasts, and discuss the policy implications.

The remainder of this chapter is organized as follows. We next outline the DMA methodology
and then present the results of our simulation study. Section 3.4 contains the empirical

application and Section 3.5 concludes.

3.2 Methodology

In this section, we outline the DMA framework to conduct one-step-ahead forecasts of Ger-
many’s quarterly real GDP growth in the period from 2004 to 2023. DMA is a recursive
estimation technique that averages multiple time-varying parameter (TVP) regressions into
a single model. It is dynamic because the coefficients in each TVP regression and the model
weights vary over time. Furthermore, we (i) consider an extension that allows external
variable probabilities in the form of Google Trends to determine model weights (Koop and
Onorante, 2019), and (ii) the concept of Occam’s Window to enable direct estimation of mod-
els with many explanatory variables in a parsimonious way (Onorante and Raftery, 2016).

We also present our extension that allows for regressor-specific variability in f;.

3.2.1 Dynamic Model Averaging

Consider the following TVP:

v =X, 10+ € (3.1)
Br = Br-1 + mt, (3.2)

where y; is the quarterly real GDP growth for Germany, X; ; = (1,214 1,...,Zx-1) is a

(K + 1)-dimensional vector of intercept and K one-period lagged macroeconomic quantities.
B is a (K + 1)-dimensional vector of coefficients to be estimated. Both error terms are
assumed iid normal, i.e., ¢ ~ N(0,Q;) and n;, ~ N(0, P,). Our implementation focuses on
one-step-ahead forecasts. However, multi-step forecasts can be obtained by increasing the

lag between gy, and X; 5, for h > 1, leaving the recursive structure of DMA unchanged.
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To begin, assume that @); and P, are known. Then, the vector of time-varying coefficients
B can be directly estimated by means of a Kalman filter (Kalman, 1960). Let By, ; and
Yy¢—1 denote the expected value and the covariance matrix of 3; given ¢ —1 information. The

Kalman filter estimates for these are given by

Brjt—1 = B-1jt—1 (3.3)
Yipj—1 = Dp_1p—1 + Py (3.4)

Based on (3.1) and (3.3), the forecast of g, obtains as fy;—1 = X{_By—1. After time ¢

information becomes available, coefficient vector and covariance matrix are updated as

Bie = Beje—1 + Bpp—1Xi1 (Xf{,lzt\t—lthl + Q)" (e — tt—1) (3.5)
Prediction‘(/ariancef1 Predict;gn Error
St = Se—1 — Sepem1 Xe1 (X[ Depm1 Xemr + Qo) X Sy (3.6)

Prediction Variance ™!

Estimation strategy for unknown variances
As Q; and P, are unknown in applied work, we follow Raftery et al. (2010) and use the idea
of forgetting factors that allow the direct estimation of §; and ¥; for unknown ); and P,.

Regarding P,, we compute

1
P= (5 -1) Beues (.1)

where A\ € (0, 1] is a forgetting factor defining the stochastic process of the covariance matrix

of the state equation error term. For A = 1, the estimation framework of (3.3) and (3.4)
collapses to a linear regression with dynamic coefficients and normal errors. Values of A
below 1 imply more variation in the coefficient vector (; as %
weighted estimation as observations i periods old receive weights A’. If \ is too small, the

> 1, and result in an age-

coefficient vector f; likely becomes unstable and the estimated model is prone to overweight
the most recent observations. If it is too large, the model becomes inert, making it challenging
to identify true changes of ;. To tackle this trade-off, we determine A by computing the
in-sample error over a grid of A-values. Considering @Q);, we follow Raftery et al. (2010) and
estimate @; by a recursive method of moments estimator that is based on the predictive

distribution of the one-step-ahead forecast. As t increases, this converges to a constant.
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Consider a second forgetting factor a that determines how to weight the predictions of multi-
ple TVP regressions within a single DMA forecast. For K explanatory variables in X;_; and
an intercept, there exist J = 2% possible TVP regressions that constitute the DMA-forecast
by means of a weighted average. To see how DMA ensures parsimony through building a

weighted average, let P(iy;—1|ji—11¢—1) denote the probability of model i in period t after

model jint—1fori,j=1,...,J. The J model probabilities are recursively computed as
Ty 14
Ttt—1,5 = #7 (3-8>

o
Zj:l T—1)t—1,5

where « € (0,1] is a forgetting factor that determines how strongly contemporaneous model
probabilities are impacted by past ones, i.e., how fast TVPs are allowed to switch. When vy,
is observed, the model probabilities are updated as

7Tt|t—1,ip(it|t—1)

Tt|t; = ; (3-9>
| Z}]:l 7rt|t71,jP(]t\t71)

where P(jy;—1) are the predicted marginal Kalman densities, i.e., the predictive likelihood
for y; obtained by evaluating 4,1 at the realized value for y;. By setting a non-informative
starting value of g ; = %, the marginal model probabilities can be recursively computed

using (3.8), and updated using (3.9).

3.2.2 Extensions

Inclusion of Google Trends (Koop and Onorante, 2019)

Previous research has indicated that macroeconomic variables like inflation are of public
interest (Scott and Varian, 2013, 2014). If at a specific point in time, this interest is increasing,
models including this specific variable should receive higher weights than models without it.
As the estimation of DMA assigns specific weights to models with different combinations
of explanatory variables, external variable information reflecting their public interest likely

improves the predictive power of DMA models.

We start with computing the so-called Google probability” of model 4 at time ¢ as

Dit = H Gkt * 1_[ (1= gre) (3.10)

kelt kel~t

2Google Trends data is often referred to as ‘Google probability’ even though they do not fully satisfy the
requirements of a probability in a true mathematical sense. For example, the axiom of additivity for disjoint
events does not apply as it remains unclear what defines unrelated Google Trends. We still follow the main
literature and adopt the term Google probability.
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where g, represents the Google Trend of variable k at time ¢, scaled to range between 0
and 1, and 2;1:1 pit = 1. I' indicates the variables included in model i, I™~* the variables not
included in model i. For example, consider a DMA model with K = 2 and Google Trends
g1: = 0.2 and go; = 0.8. For each of the resulting 22 = 4 models, the Google probabilities
are solely based on the combination of probability and complementary probability of each

variable:

pi=0—g14) (1 —gas) =08-0.2=0.16
pos=(1—9g14) gos = 0.8-0.8=0.64

psr = g1 (1 —goy) =0.2-02=0.04

Pat = g1t Gor = 0.2-0.8=0.16

We see that models that include variables with high Google Trends and exclude those with low
Google Trends achieve higher Google model probabilities. The Google model probabilities
are connected to the predictive densities of (3.8) by convex combination:

Google 7Ttoilhffl,i
— w1 W)y, (3.11)

T )
tlt—1,i J a
Zj:l T1t—1,5

where w € [0, 1] controls the weight of the Google model probability. w = 0 implies model
switching to be fully determined by Google Trends and w = 1 is the conventional DMA.
After y, has been observed, the model probabilities are again updated using (3.9).

Occam’s Window

At each t € T, DMA averages a total of 28 TVP regressions. Noting that most of ¢ -
2K TVP regressions are low probability models, we consider a model subset instead of the
whole space at each point in time by means of Dynamic Occam’s Window (DOW) following
Onorante and Raftery (2016). DOW is an approach to model selection that extends the idea
of Occam’s Razor by creating a window of acceptable models that balances complexity and
fit. The algorithm iterates the following four steps: In the initialization step, standard DMA
is performed on the subset of K + 1 TVPs that contain no (constant only) or exactly one
explanatory variable. In the expanding step, the model population is increased by adding
and subtracting one regressor to the K +1 models. In the forecasting step, DMA is performed
on the augmented model subset. In the reducing step, only models with at least C' - T K
model probability survive, where T KIS the highest model probability and C' an a priori
chosen threshold. Using a set of Monte Carlo simulations (see Section 3.3), we find Occam’s

Window to have appealing regularization features and recommend this as the default method.
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Regressor-specific state forgetting factors

In the standard DMA, X is obtained by iterating the full estimation procedure over a grid of
A-values and choosing A\ the forgetting factor that minimizes the in-sample error (Drachal,
2016). Hence, variation of the regressors is controlled by the covariance matrix of 5; and the
scalar AP (see equations (3.3), (3.4) and (3.7)). We propose time-invariant but regressor-
specific state forgetting factors A, an extension that is promising whenever there is large
between-coefficients variability. This allows the model to assign different levels of tempo-
ral smoothness to each regressor, which is economically meaningful: some regressors, such as
long-term interest rates or demographic trends, are likely to evolve slowly over time, while oth-
ers like consumer sentiment or stock returns may exhibit rapid fluctuations. Moreover, when
mixing regressors sampled at different frequencies (e.g., monthly vs. quarterly), regressor-
specific forgetting helps account for the heterogeneous information content and persistence

across series.

As we no longer consider a scalar lambda, but a (K + 1)-dimensional diagonal matrix A
with regressor-specific forgetting factors on the diagonal, the approximation of P, (compare

equation (3.7)) has to be adjusted in terms of dimensionality:

Po=(A"=1)% 141 (3.12)

In standard DMA, the optimal forgetting factor A\°P! is selected via the following procedure.
Let [ denote the number of grid points in the A-grid, so that [ - 25 TVP regressions are
estimated and averaged to obtain [ one-step-ahead forecast sequences. For example, if the
grid is {0.90,0.95,0.99} (i.e., I = 3), three DMA models are estimated, and hence 3 - 2K
TVP regressions. The value \°P* is the forgetting factor that yields the best-performing
DMA model among the candidates. In the context of regressor-specific forgetting factors,
the number of TVP regressions to be estimated increases exponentially at a rate of (¥ - 2K,
making a full grid-search computationally infeasible. For example, if [ = 3, there are already
3% unique combinations of regressor-specific forgetting factors. For each combination, one

DMA model is constructed, requiring the estimation of 352X TVP regressions.

To address this, we propose selecting A based on individual TVP regressions rather than full
DMA estimation. We start by considering the TVP regression that only includes the constant
and run this regression for each of the [ combinations of the A-grid. The best-performing Ag;)t
is stored as the first element of A. Next, we consider the K TVP regressions that include
the constant and one additional regressor, holding the forgetting factor of the constant at
A(()?))t. For each of the K variables, the corresponding element of A is selected in the same

way, by searching over the A-grid and choosing the value that yields the best individual
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forecast performance. The procedure is repeated until all K variables have appeared in a
TVP including the constant and the specific regressor. The computation is parsimonious as

it requires the estimation of only [ - (K + 1) TVP regressions.

The proposed extension can be summarized as follows. Allowing for regressor-specific forget-
ting factors provides a simple theoretical refinement: when predictors differ in persistence or
respond to structural breaks at different speeds, a single scalar forgetting factor often induces
either excessive smoothing or excessive volatility in some regressors. The diagonal elements
of the matrix A allow the model to adjust the temporal smoothness of each regressor indi-
vidually, better reflecting heterogeneous predictor dynamics. At the same time, the selection
procedure keeps computation feasible by avoiding the exponential explosion associated with
a full grid-search. This reduces the bias—variance trade-off typically present in TVP models

while preserving the overall parsimony of the DMA framework.

3.3 Simulation Experiments

Simulation evidence is essential for understanding how DMA behaves under structural in-
stability and heterogeneous predictor relevance, themes well-established in the forecast com-
bination literature (see Hendry and Clements, 2004; Rossi, 2021). By explicitly designing
DGPs with static, switching, and time-varying coefficients, we mirror the types of instabili-
ties that are known to challenge macroeconomic forecasting models and motivate the use of
combination strategies. This allows us to isolate the forecasting implications of key DMA
components, including Occam’s Window, forgetting factors, and the incorporation of external

variable probabilities.

Since most DMA applications deal with low-frequency macroeconomic data, we consider
reasonably short time spans of lengths 7" € {60,120,360}. Our data is generated by the

following dynamic regression model with time-varying coefficients for ¢t = 1,..., 7"
Y = Xz‘fflﬁt + €, (313)

where f3; is the (K +1)-dimensional coefficient vector and X;_; the (K +1)-dimensional vector
of explanatory variables including an intercept. The variables in X;_; are generated from a
multivariate normal distribution with positive covariance, i.e., X ~ MN(0,1 + 0.5(1 — I)),
where [ is an identity matrix and 1 a matrix of ones. While in our ‘benchmark’ case the error

is ¢, ~ N(0,0.35), we also consider different error distributions and autocorrelated errors

3As all columns in X; have the same variance, the degree to which g, can be forecasted depends only
on the absolute size of the coefficients and the variance of the error term. Averaged over all iterations, the
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within some robustness checks.

We begin by comparing DMA to alternative methods before we systematically assess the
role of Google Trends within a second set of simulation experiments. Here, our goal is not
merely to show that informative Google Trends can improve forecasts, but to quantify the
magnitude of these gains, to assess the risk of deterioration when the signal is weak, and
to study how DMA allocates probability mass under different regimes. In all simulations,
we treat the first 30% of data as pre-sample values and consider one-step-ahead forecasts
on a recursive basis. The performance of the employed models is evaluated by means of the
root mean squared forecast error (RMSE) and the mean absolute forecast error (MAE). Our
focus is on predictive accuracy, not inferential analysis. While formal statistical inference
(e.g., confidence intervals or hypothesis testing) could be applied, we limit our evaluation to

point forecast performance.

3.3.1 DMA in Comparison to Alternative Methods

To estimate the model in (3.13), we consider the following approaches: The DMA meth-
ods include variations with and without Occam’s Window. The first variation incorporates
Occam’s Window with both a common forgetting factor A (Ocommon; i-€., common for all coef-
ficients, see Section 3.2.2) and a regressor-specific forgetting factor A (O, _specific; i-€., allowing
for heterogeneity across coefficient dimensions, see Section 3.2.2). The second variation ex-
cludes Occam’s Window, using a common (NOcommen) and a regressor-specific forgetting
factor (NO,_specific). Two methods based on ordinary least squares (OLS) are considered.
The recursive OLS (recOLS) applies OLS repeatedly to an extending window of data. The
rolling OLS (rolOLS) applies OLS repeatedly to a moving window of data. Additional meth-
ods include the recursive GAM (recGAM), which is a recursive additive model, where [, is

estimated using B-splines on X;_;, interacted with ¢t. The naive forecast (naive) predicts
Yt+1 = Yt

We consider a static and a dynamic coefficient (/3;) case. Specifically, we consider none, two,
and four static and dynamic coefficients f;, i.e., ngq € {0,2,4} and ngy, € {0,2,4}. These
coefficients might change the intercept (for static coefficients) or slope (for dynamic coeffi-
cients). Furthermore, we consider up to two noise variables (regressors with corresponding
coefficient of zero), i.e., npeise € {0,2}. We limit the maximum number of columns in X;_,
to six for the sake of computational feasibility and use a total of 1,000 replications per case.
The design of our simulation is motivated by stylized features of macroeconomic time series.

Static and time-varying coefficients are included to capture structural breaks and evolving

outlined set-up yields a prediction R? of 0.386 for the DMA models.
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relationships, as frequently discussed in the forecasting literature (see Stock and Watson,
2007; Koop and Korobilis, 2012). Noise predictors are included to reflect uncertainty about
variable relevance and the risk of overparameterization in large information sets. Figure 3.1

summarizes the considered cases:

Static (2 coefficients) Static (4 coefficients)
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Figure 3.1: The figure shows the coefficient evolution for the static (upper row) and the dynamic (lower row)
case. For both cases, sub-cases with 2 resp. 4 coefficients are considered. After 40% (24 periods) resp. 60%
(36 periods), the coefficients switch.

In the 2-coefficient static case (upper-left panel), y; is generated by a constant coefficient
of 0.4 and a second static coefficient that shifts from —0.1 to —0.3 after 40% of the time
span. The 4-coefficient static case (upper-right panel) introduces two additional coefficients:
a constant —0.4 and a switching coefficient transitioning from 0.2 to 0 after 60% of the time
span. Each case is estimated with and without noise variables, yielding four static sub-
cases: (Nstat; Ndyn, Mnoise) € {(2,0,0),(2,0,2),(4,0,0), (4,0,2)}. The dynamic cases follow an
analogous structure. In the 2-coefficient case (lower-left panel), y; is driven by a coefficient
evolving linearly from 0 to —0.4 over the full time span and another evolving linearly from
0.2 to 0.4 within the first 40%, remaining constant thereafter. The 4-coefficient scenario
(lower-right panel) adds two more coefficients: one decreasing linearly from 0.4 to 0.1 over
the full period and another evolving linearly from —0.2 to 0 within the first 60%, remaining

uninformative for the final 40%. Noise variables are incorporated similarly to the static case,
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with sub-cases (Nstat, Ndyns Tnoise) € {(0,2,0),(0,2,2),(0,4,0),(0,4,2)}.

Results

Table B.1 in the appendix shows RMSE and MAE for the two static cases. recOLS is the
best performing model (in terms of the RMSE) in the first sub-case (obs = 60, nga. = 2,
Nnoise = 0). In all remaining 11 sub-cases, the best performing model is either Ocommon
(4 times) or O, _gpecific (7 times) with a tendency of Oipmmoen to outperform O,_gpecific in
smaller samples. Moreover, we compute the percentage by which each model’s RMSE exceeds
that of the best-performing model. Ocommon (+0.3%) and O, _gpecific (+0.1%) perform best,
NOcommon (+2.0%) and NO,_gpecific (+2.7%) follow. The OLS models perform substantially
worse on average (recOLS: +4.7%, rolOLS: +4.4%), while recGAM (+47.1%) and the naive
model (4+102.8%) are not competitive.

Table B.2 in the appendix shows RMSE and MAE for the two dynamic cases. The main
results are comparable to the static case. rolOLS is the model of choice in cases with many
degrees of freedom (obs = 120 and 360, N4y, = 2, Npeise = 0). The strong link between sample
size and model precision is expected, as the rolling window is defined as a fraction of the
total data. Similar to the static case, Ocommon (8 times) and O,_gpecific (2 times) are the best
performing models in the remaining 10 sub-cases. Also in the two sub-cases favoring OLS
models, the two DMA models with Occam’s Window perform, on average, just 0.6% worse
than the best model. Averaged across all cases, O,_specific (+0.5%) and especially Ocommon
(+0.1%) are highly reliable forecasting models. NOcommon (4+2.3%) and NO,_gpecific (+3.5%)
fall short, as do recOLS (+5.4%) and rolOLS (4+4.7%). recGAM (435.2%) and the naive
model (+100.5%) are again worst.

As robustness checks, we also consider DGPs with (i) fat-tailed (¢(4)), (ii) skewed (x3), and
(iii) autocorrelated errors (AR(1) with p = 0.6 and ¢, = N (0,1)). We found that the DMA
models are mostly robust against alternative error terms. In the context of autocorrelated
errors, they are the only models to consistently improve, making them highly appropriate for

applications to economic time series data.

3.3.2 DMA Models with Google Trends

The previous simulation experiments showed that the DMA specification with Occam’s Win-
dow and a common forgetting factor A (Ocommon) delivers the most reliable performance; most
likely because the common forgetting factor stabilizes coefficient evolution in short samples,
while Occam’s Window prevents the model from allocating weight to large numbers of weak

or noisy specifications. Together, these features regularize the averaging process by favoring
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simpler models unless the data provide strong evidence for more complex ones. We now turn
to evaluating the added value of incorporating external prior information, such as Google
Trends, into the DMA framework. The key idea is that if Google Trends reflect relevant in-
formation about the underlying x —y relationships, a DMA model guided by this information

should outperform one that relies solely on internal model updating.

To study this systematically, we construct an artificial benchmark in which the Google Trends
series are derived directly from the true coefficient paths. In this setup, each g;; is chosen
as a simple function of the corresponding coefficient f;;, rescaled to lie in [0,1]. Because
Google Trends enter the DMA framework through equation (3.10), the resulting g;; must
generate valid model-inclusion probabilities for all 2% candidate models. For instance, with
two predictors, the pair (g1, ¢g2,) must satisfy the four probability expressions implied by
(3.10). Our goal in the baseline experiment is therefore to construct g;; such that these
model-probability conditions are met exactly before noise is added, creating an upper-bound

scenario in which Google Trends perfectly reflect the underlying relevance of the predictors.

We address the stated requirements by first assuming that models with larger coefficients in
absolute value are more informative and therefore should receive higher inclusion probabili-
ties. For each of the 2% possible TVP regressions, we compute the sum of the absolute values
of the coefficients and normalize these sums to obtain a valid probability distribution over
the model space. Intuitively, a model containing two large predictors (in absolute values) will
receive a higher target probability than models whose coefficients are close to zero. These
target probabilities then serve as the benchmark that the Google Trends must reproduce.
To obtain the corresponding K Google Trends series, we estimate them via nonlinear least
squares using equation (3.10), choosing g;; so that the model probabilities implied by the
Google Trends closely match the target distribution. Figure 3.2 illustrates this procedure.
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Figure 3.2: The upper left panel shows the evolution of two example coefficients (57 and 33). Based on the
coefficients, the upper right panel shows the optimal/true model weights. null indicates the constant-only
model, x1 resp. x2 the models including only constant and x1 resp. x2. x1x2 is the full model with constant,
x1 and x2. The lower left panel shows the via non-linear least squares estimated Google Trends (g1 and g2).
The lower right panel compares optimal and (based on Google Trends) estimated model weights.

The two upper panels show how optimal model weights are computed based on prior coeffi-
cient knowledge and the relative share of the absolute coefficient sum: At the beginning of
the sample, 8;; = 0 and 3y; = 0.2. Hence, the absolute coefficient sum of the resulting 22

models is 0.4 (0 for the null and the z1-model, 0.2 for the z5- and the x;-xo-model). Conse-

quently, the null- and the z;-model should receive weights ppuis = Doyt = 007 = (. Likewise,
Daot = Darzat = % = 0.5. As (i, increases in absolute terms, the z;-model gains and the

xo-model loses weight. The weight of the full model is constant at 21(%1 = 0.5, the null model
never receives a positive weight. The two lower panels show how the two Google Trends are

estimated by non-linear least squares based on the 2 possibilities of stating equation (3.10).

In our baseline scenario, we compare a standard Ocommon model to the same model estimated
with perfectly informative Google Trends. This scenario represents the upper bound for the
precision improvement brought about by Google Trends. To analyze the impact of noisy
Google Trends, we consider cases where Google Trends provide only a weak prior signal
for the z-y relationship and systematically introduce noise into the Google Trends across

additional scenarios. First, we draw a N(0,0.01) noise variable, add it to the Google Trends
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and truncate the sum at [0,1]. The 5th and 95th percentiles of this distribution are £0.0164,
meaning that with 90% probability, the added absolute error is below 1.64 percentage points.
In scenario two, the standard deviation of the Google Trends noise term is increased to 0.1
(corresponding to a variation of £16.45 percentage points within the 90% range). In the last
scenario, we draw the entire Google Trends from a random uniform distribution to study
the risk of deterioration of fully uninformative Google Trends. We set w = 0 in equation
(3.11) such that model switching is driven solely by Google Trends. Aside from the inclusion
of Google Trends, all simulation settings remain unchanged from the previous section. Our

results are again based on 1,000 replications per combination.*

Results

Table B.3 (static) and Table B.4 (dynamic) in the appendix show the results for our baseline
scenario (no additional noise). Regarding the static case, we see that the Google Trends-
augmented model outperforms its counterpart without Google Trends in all sub-cases by
6-22% on average. The improvement is largest when limited degrees of freedom are available
and when ng, = 4. The large improvement in sub-cases with many explanatory variables is
expected since the estimation task becomes more challenging, but the Google Trends model
receives more prior information. Regarding the dynamic case, we see comparable results
though the improvement ranges on a smaller scale (5-17%). A possible explanation is that in
the static case, Google Trends are a function of fixed coefficients, meaning the relationship

with the underlying true model does not change over time.

Table B.5 (static) and Table B.6 (dynamic) show the results for the case that adds N(0,0.01)
noise to the estimated Google Trends. The results are qualitatively similar to the benchmark
result (improvements of 7-22% for static and 5-16% for dynamic) and we conclude that small

noise in the Google Trends is negligible.

Table B.7 (static) and Table B.8 (dynamic) show the results when the variance of the Google
Trends noise term increases to 0.1. This increase substantially deteriorates the signal-to-
noise ratio of Google Trends. In both the static (4-16%) and the dynamic (5-16%) cases, the
Google Trends model is still performing better. However, the tendency for Google Trends to
be especially helpful in cases with limited degrees of freedom, as well as its greater improve-
ment for static over dynamic coefficients, is less pronounced. This shows that even weakly
informative Google Trends can enhance a DMA model. Moreover, the risk of deterioration

is limited since Google Trends only guide the averaging process within DMA, while each

4Due to computational constraints, the results for fully uninformative Google Trends are based on only
100 repetitions.
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individual model is still efficiently estimated using the Kalman filter.

To study the risk of deterioration for fully uninformative Google Trends, Table B.9 (static)
and Table B.10 (dynamic) show the results for Google Trends drawn from a random uniform
distribution. Compared to0 Ocommon, We observe deteriorations of 9-23% (static) and 7-18%
(dynamic). The worst relative Google Trends performance is observed in sub-cases with 60
observations and 4 coefficients. This makes Google Trends a double-edged sword: When
the signal-to-noise ratio is high, Google Trends are particularly useful for applications with
limited data and many explanatory variables, some of which potentially lack explanatory
power for y. However, under these same conditions, Google Trends can be most harmful
when the signal-to-noise ratio is low. We conclude our simulation study with the advice to
avoid setting w in equation (3.11) too close to zero, as this would overemphasize the role of

Google Trends.

3.4 Empirical Application

We present two empirical applications. In the first application, we forecast quarterly year-
on-year growth of real GDP (y;) in Germany from Q1-2004 to Q4-2023 using DMA with
macroeconomic predictors and their corresponding Google Trends. The goal is to investi-
gate to what extent Google Trends can help to outperform expert forecasts and highlight
the regularization properties of Google Trends from an empirical perspective. Hence, we
benchmark our model to forecasts from economic experts. We also discuss several sensitivity
checks conducted to strengthen the robustness of our findings. In the second application, we
analyze the accuracy of the experts’ forecasts by using the difference between the true GDP
growth and the mean expert forecasts (7;) as the dependent variable in a DMA framework.
For this purpose, we assume that our set of explanatory variables is a subset of the experts’
explanatory variables, a weak assumption since all variables are widely recognized as being
related to GDP growth. If our DMA model can account for a significant portion of the
difference between the mean expert forecast and the actual growth rate, we interpret this as

evidence that the experts under- or over-account for specific macroeconomic quantities.

3.4.1 Data

The two dependent variables of our two separate analyses are the quarterly year-on-year
growth of real GDP (y;) and the residual of the mean experts’ forecast §; = y; — + Zle Zye,
respectively. All analyses use revised rather than real-time data, as our focus is on comparing

the performance of alternative forecasting models rather than conducting a real-time fore-
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casting exercise. To construct the residual 7;, we use quarterly forecasts of real GDP growth
for Germany from E = 20 professional forecasters (experts), Z;, who can be broadly classi-
fied into three groups: banks (11 forecasts), economic research institutes (6 forecasts), and
asset managers (3 forecasts).” The forecasts are made at the end of each quarter and refer
to GDP growth in the following quarter, i.e., they are one-quarter-ahead projections. This
aligns with a realistic forecasting setup, as experts form expectations before the release of the
target quarter’s GDP data. Consequently, our benchmark comparison assumes that expert
forecasts are made in real time, subject to the same publication delays that apply in practice.
For confidentiality purposes, the actual names of the forecasters have been disguised in the
subsequent analysis. Figure 3.3 shows the forecasts from the 20 experts (colored) along with
the true series (black).
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Figure 3.3: The black line shows the true GDP growth, and the colored lines show the respective expert
forecasts.

We use a total of 37 macroeconomic variables in X; ; and their corresponding Google Trends
(px,) as explanatory variables for y, and ;. The variables in X, ; are grouped into seven
categories: Economic Activity and Demand (EAAD, 5 variables), Labor Market and Em-
ployment (LMAE, 8 variables), Trade and External Sector (TAES, 6 variables), Financial
Market Conditions (FMC, 6 variables), Price Level and Inflation (PLAI, 5 variables), Senti-
ments and Expectations (SAE, 3 variables), Real Estate and Housing (REAH, 4 variables)

5The forecasters provide on average forecasts for 83% of the 80 periods. Missing observations are filled
with the mean value of the remaining forecasters at the corresponding time. Sensitivity checks confirm that
our results are not driven by this approach.
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(see Appendix B.3 for a complete list). We transform non-stationary variables into year-on-

year growth rates.

Note that our forecasting equations do not include lagged values of y; or ¢, as explanatory
variables. While lagged dependent variables are commonly used in macroeconomic forecast-
ing, their inclusion is inappropriate in our setting due to the use of year-on-year growth
rates. Specifically, lagged values of 1, would overlap substantially with the forecast target,

mechanically introducing information from the current quarter into the predictors.

We collect Google Trends data from https://trends.google.de/trends/ by querying the name
of each macroeconomic variable of interest. FEach Google Trend series reports normalized
search interest on a scale from 0 to 100, where 100 corresponds to peak popularity over the
selected time period. To align with our framework, we rescale each series to the unit interval,

allowing it to be interpreted as an external proxy for the variable’s inclusion probability.

Following Koop and Onorante (2019), we enhance the signal for each macroeconomic con-
cept by averaging the search trends of multiple related terms. While Koop and Onorante
include Google’s “top related searches” based on co-search frequency within user sessions, we
often encountered insufficient search activity for these automated suggestions. Therefore, we
manually curated additional search terms that we considered contextually relevant to each
macroeconomic variable. While our selection of supplementary search terms was based on
economic domain knowledge and relevant glossaries, future work may implement automated
keyword extraction or taxonomy-based Google Trends construction for greater replicability.
This process yields a total of 234 distinct Google Trends series. A complete list is provided
in Appendix B.3.°

3.4.2 Forecasting GDP

In this subsection, we estimate a DMA model to forecast y; and benchmark the result-
ing forecasts against the simple mean expert forecast. Given that our data set contains 37
macroeconomic predictors but roughly 70 usable quarterly observations, a direct implementa-
tion of DMA on the full variable set implies a large model space and a high risk of overfitting.
To obtain a parsimonious and stable forecasting specification, we therefore extract the first
principal component for each of the seven macroeconomic blocks (EAAD, LMAE, TAES,
FMC, PLAI, SAE, REAH). This block-level factor structure is widely used in empirical

6 Alternative perception measures include surveys, text-based sentiment, or uncertainty indices (see, e.g.,
Baker et al., 2016). We use Google Trends because it offers high-frequency, concept-specific signals that
integrate naturally into DMA via variable inclusion probabilities, but the framework could accommodate
other perception proxies as well.
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macroeconomic forecasting, where economic information is understood to be concentrated
in broad co-movement patterns within categories rather than in individual series (see, e.g.,
Stock and Watson, 2016). In the same vein, the corresponding Google Trends series are ag-
gregated to the block level by averaging related search terms, ensuring consistency with the
PCA-based grouping. PCA thus serves as a pragmatic dimensionality-reduction step that
preserves the underlying economic grouping of variables while keeping the DMA estimation
computationally feasible. Robustness checks (Section 3.4.2) confirm that the block-level PCA

specification performs best among the alternatives we considered.

Table 3.1 presents the results of two DMA models, one estimated without Google Trends
(columns 2-4) and one estimated with Google Trends (columns 5-7). The model with Google

Trends is derived by setting w = 0.5 in equation (3.11).”

Table 3.1: y;: For each model, we differentiate the outcomes for the full sample (columns 2 and 5), the
financial crisis (columns 3 and 6), and the COVID-19 crisis (columns 4 and 7). The precision in terms of
MAE and RMSE is presented in rows 3 and 5. In parentheses, we present the percentage performance gain
of each model over the mean expert forecast. For each precision metric, we conduct Diebold-Mariano (DM)
tests to assess the significance of the difference between each forecast and the mean expert forecast (rows
4 and 6). The average model size is provided in row 7. Rows 8-14 report the mean absolute size of the
parameters and the number of significant quarters in parentheses. Significance is determined by constructing
confidence bands assuming normally distributed errors: We compute the standard error o; of each DMA
coefficient 3; and count how often the interval §; + 1.96 - o; excludes 0. After accounting for a necessary
burn-in of seven periods, the final sample contains 72 quarters (2006-Q1 to 2023-Q4). The two crises lasted
10 quarters (financial crisis, Q3-2007 to Q4-2009) and 6 quarters (COVID-19 crisis, Q1-2020 to Q2-2021),

respectively.

DMA Model DMA-Google Trends Model (w = 0.5)

Full Sample Financial Crisis COVID Crisis Full Sample Financial Crisis COVID Crisis
MAE (Gain) | 0.0103 (16.94%) 0.0080 (45.95%) 0.0375 (15.54%) | 0.0075 (39.52%) 0.0064 (54.73%) 0.0195 (56.08%)
DM-Test 0.1602 0.0008
RMSE (Gain) | 0.0192 (-2.13%) 0.0100 (50.74%) 0.0574 (-19.09%) | 0.0120 (36.17%) 0.0089 (56.16%) 0.0299 (37.97%)
DM-Test 0.9210 0.0021
Average Size 4.7 5.7 5.2 2.3 24 24
EAAD (n4) 0.0037 (19) 0.0129 (9) 0.0030 (2) 0.0023 (21) 0.0022 (2) 0.0026 (2)
LMAE (nsq) 0.0062 (43) 0.0024 (3) 0.0025 (1) 0.0017 (21) 0.0002 (0) 0.0032 (3)
TAES (ni9) 0.0122 (55) 0.0043 (4) 0.0119 (5) 0.0085 (50) 0.0050 (4) 0.0040 (1)
FMC (1) 0.0033 (29) 0.0045 (4) 0.0001 (0) 0.0016 (11) 0.0023 (5) 0.0000 (0)
PLAI (nsq) 0.0028 (13) 0.0099 (7) 0.0029 (1) 0.0003 (4) 0.0010 (2) 0.0000 (0)
SAE (ngg) 0.0072 (26) 0.0127 (6) 0.0158 (5) 0.0053 (34) 0.0068 (3) 0.0113 (4)
REAH (ngig) 0.0081 (28) 0.0357 (10) 0.0030 (2) 0.0037 (20) 0.0176 (9) 0.0046 (4)

The mean expert forecast yields a MAE of 0.0124 and a RMSE of 0.0188. In comparison,
the two DMA models achieve MAEs/RMSEs of 0.0103/0.0192 (without Google Trends) and

"We follow the recommendation of our simulation analysis and estimate the DMA models with common
forgetting factor A and conduct in-sample grid-searches to identify the optimal combination of oz and A.
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0.0075/0.0120 (with Google Trends). Using the DM test, we find that for the Google Trends
model, the forecast errors in terms of MAE and RMSE are significantly smaller than those
of the mean expert model. For the DMA model without Google Trends, the DM test fails to
reject the null hypothesis of equal forecasts between the DMA model and the mean expert
forecast. A DM-test comparing the DMA model with Google Trends to the one without also
indicates that forecast accuracy in terms of MAE is significantly improved by incorporating
Google Trends (p-value of 0.0313). This effect is especially pronounced during the COVID-
19 crisis: The main improvement is attributed to the model’s precision in capturing the
sharp downturn of Q2-2020 (see Figure B.1 in the appendix). Regarding the recovery after
this decline, the model identifies the positive GDP development more promptly. However,
we observe that the recovery effect is still somewhat underestimated by the Google Trends

model.

The superior performance of the Google Trends model can be traced to how the trends
enter the model probabilities in equation (3.10). In our data, the Google Trends values are
generally below 0.5 (ranging from 0.1340 for SAE to 0.5244 for REAH, with an average of
0.3384). When g;; < 0.5, the term (1— gy ;) dominates in equation (3.10), which mechanically
increases the probability of models that exclude most predictors. As a result, the null model
receives a comparatively large share of probability mass. This pattern is reflected in the much
smaller average model size of the Google Trends specification (2.3) relative to the baseline
DMA model (4.7). In this sense, Google Trends act as a form of regularization by encouraging
shrinkage toward more parsimonious model combinations. While standard DMA can also
assign high weight to the null model when supported by the data, the additional shrinkage
effect induced by the Google Trends appears to strengthen this tendency. The resulting
increase in null-model weighting is also visible in the smaller coefficient magnitudes shown

in Figure 3.4.

In addition to introducing some coefficient variation, the coefficients in the lower panel are
substantially smaller than those in the upper. As the DMA coefficients are computed as
a weighted average across all 2% models, this further indicates the Google Trends model’s
preference for parsimonious models. Our goal is to identify robust relationships between
GDP growth and macro-categories that are not driven by methodological peculiarities. While
both DMA models show similar patterns in coefficient evolution, the Google Trends model
reveals more wiggly coefficients during the crises. We classify the impact of Google Trends
in our application as primarily methodological rather than economic and therefore, limit the

following interpretation to the model excluding Google Trends.
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Figure 3.4: Estimated dynamic coefficients of the grouped macroeconomic variables using the DMA specifi-
cation without (upper panel) and with Google Trends (lower panel).

As visible from Figure 3.4, during the financial crisis (Q3-2007 to Q4-2009), the factors
relating to real estate and housing (REAH), sentiments and expectations (SAE) and economic
activity and demand (EAAD) have the highest coefficients. The importance of REAH is
likely a reflection of the housing market during the mortgage crisis in the U.S. The collapse
of subprime lending markets and falling housing prices in the U.S. triggered global financial
instability. SAE shows increased explanatory power during both crises. Consumer and
firm surveys on the business climate can effectively reflect underlying economic realities,
but they do not appear to serve as early indicators of economic crises, as evidenced by
a coefficient that reaches its maximum only after the crisis has already begun. A similar
pattern is observed during the COVID-19 crisis (Q1-2020 to Q2-2021), where we again observe
the highest coefficients for SAE during the final quarter of the crisis. The second highest
coefficient during the COVID-19 crisis is attached to trade and external sector (TAES).
During the crisis, global supply chains were heavily interrupted. Especially for Germany and

its export-oriented economy, this had serious adverse effects on the development of GDP.
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Sensitivity Analysis

Several sensitivity checks were conducted, exploring both alternative models and variations
in the specifications of the models presented. Regarding alternative benchmarks, we also
estimated a naive model and a DMA model with expert forecasts as explanatory variables
(DMA-expert). The naive model (RMSE = 0.0263) performs slightly worse, while the
expert-DMA model (RMSE = 0.0166) performs slightly better than the mean expert model
(RMSE = 0.0188). To ensure comparability with standard approaches used by institutions
such as the Fed or the ECB, which condense their forecasts using simple averages (see, e.g.,

Clements et al., 2023), we chose the mean model as the benchmark.

We examined various other approaches beyond those presented. For instance, rather than
incorporating Google Trends as an external probability marker, we also tried using them
directly as regressors within a DMA model (RMSE = 0.0269). This approach was out-
performed by the mean expert model, providing further evidence that, when incorporated,
Google Trends should complement rather than substitute the actual variables. We also eval-
uated our proposed DMA model with regressor-specific forgetting factors. Consistent with
the results of the simulation experiments, this version performed slightly worse than its coun-
terpart with the common forgetting factor (RMSE = 0.0163). Lastly, instead of performing
PCA at the category level, we also tested models that utilized factors derived directly from
the ungrouped set of 37 macro variables. This approach performed significantly worse than
the one employing PCA at the category level (RMSE = 0.0202). We conclude that the
explanatory power of the factors depends not only on capturing the central dimensions of
variability but also on their classification within overarching categories. Regarding alterna-
tive model specifications, we found that all presented models benefited from the extension
of Occam’s Window. This observation aligns with the results of the simulation experiments,
which also suggested Occam’s Window as the default setting. For the sake of methodological

compatibility, we proceed with Occam’s Window in the subsequent application.

3.4.3 Identifying Variables Overlooked in Expert GDP Forecasts

In this subsection, we examine how expert forecasts relate to macroeconomic fundamentals.
Specifically, we ask whether experts systematically under- or over-weight certain macroeco-
nomic variables when forming their expectations. To assess this, we define the dependent
variable as the forecast error, 3, = 1, — % 25:1 Zey, where y; is actual GDP growth and Z,;
denotes the forecast of expert e, averaged across F = 20 experts. Importantly, this exercise
does not attempt to replicate the real time information set of experts. While expert fore-

casts were made in real time-based on preliminary or incomplete data, the DMA model is
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estimated using revised data and thus benefits from an informational advantage. The goal,
however, is not to evaluate forecast accuracy per se, but to uncover which variables were

consistently under- or over-weighted by experts in forming expectations about GDP growth.

Because our interest lies in assessing the influence of individual macroeconomic variables, we
do not use PCA. While the main forecasting exercise employs DMA with Occam’s Window
to average across models, our objective here is distinct. We aim to isolate a sparse set of ‘key
drivers’ of expert error rather than averaging over the entire probability space. Consequently,
we implement a forward selection (FS) algorithm that chooses up to 10 variables out of
37 candidates. The FS procedure begins by estimating 37 separate DMA models, one per
variable. The variable with the lowest RMSE in forecasting g, is selected. We then iteratively
add variables that yield the largest RMSE improvements conditional on the variables already
chosen. The process stops once no further improvement is obtained or 10 variables are

selected. For technical details, see Appendix B.3.3.

To interpret the resulting coefficients, recall that the dependent variable is the forecast error
U We distinguish between a variable’s relevance and the direction of the error: the selection
of a variable by the FS algorithm serves as evidence of high relevance (analogous to a high
inclusion probability), while the coefficient sign determines the direction of the weighting er-
ror. A positive coefficient on a macroeconomic variable X; implies that, all else equal, experts
placed too little weight on X; relative to its actual influence on GDP growth. Conversely, a

negative coefficient indicates that experts placed too much weight on X;.

More formally, let Z.; = f(X;) represent expert forecasts as a function of available infor-

mation. If experts fully incorporated the relevance of X, the sensitivity of their forecast

to changes in X; would match the true sensitivity of GDP growth, i.e., 5@%” = g—g(ft. Any

divergence implies a forecast error: ¢; = ZkK:l(@yt/ﬁkat — 0f(Xk+)/0Xk+). Thus, the DMA

coeflicients capture the extent to which experts under- or overreacted to specific macroeco-

nomic signals. A positive (negative) coefficient for X}, means that its true marginal effect
on GDP was underweighted (overweighted) in expert forecasts. This is not to be confused
with the variable’s sign of effect on GDP itself. This can be positive or negative but instead

refers to the alignment (or lack thereof) between expert emphasis and actual influence.

Figures B.2 and B.3 in Appendix B.3.3 show the evolution of the forecasted GDP growth
rates as well as the dynamic coefficients of the selected variables. Panel (a) in Figure B.3
displays the coefficient for money supply (M3). It is significantly negative during the financial
crisis, indicating that experts overweighted M3 relative to its true influence. The prominence
of unconventional monetary policy at the time may have contributed to this misjudgment.

Between 2014 and 2018, the coefficient remains negative, again suggesting an overemphasis
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on M3 in expert expectations.

The effect of the short-time volume loss (STL, panel b) was highly negative during the
financial crisis but turned positive afterward, dropping to zero during COVID-19. This can
be explained by short-time work that gained prominence during the financial crisis but lost
its significance afterward, suggesting experts overestimated its impact during the crisis and
underestimated it later. During COVID-19, the coefficient’s drop to zero indicates experts

may have adjusted their assessments.

Household consumption (HC, panel c) saw its coefficient rise steadily post-financial crisis,
remaining significant until it dropped to zero at the onset of COVID-19. The positive trend
suggests experts underestimated HC’s role during stable periods. Consumer price inflation
(CPI, panel d) turned significantly negative post-financial crisis, trended toward zero be-
tween 2014-2016, and became negative again just before COVID-19. During the pandemic,
it shifted to significantly positive, indicating experts initially overestimated CPI’s impact and
underestimated it post-crisis. The German stock market index (DAX, panel ¢) was underesti-
mated during the financial crisis but overestimated during COVID-19. This pattern suggests
that stock markets are not consistently reliable indicators of the real economy. Dynamic

coefficients are therefore needed to capture its marginal effect on GDP growth.

Labor volume (LV, panel f) was accurately accounted for until COVID-19, after which ex-
perts overestimated its impact. Post-pandemic productivity changes, such as remote work
and automation, along with uneven sectoral recoveries, likely contributed to this misjudg-
ment. The business climate (IFO, panel g) was underestimated from 2010 onward, with its
coefficient peaking at the end of COVID-19. This underscores the need for greater emphasis
on business climate variables, though they are not effective early indicators. Bank lending
standards (BLS, panel h) were underestimated during the financial crisis and post-COVID-19
recovery. Their indirect, long-term impact on GDP, such as through investment, may have
been inadequately reflected in forecasts. The unemployment rate (UR, panel i) was signifi-
cantly underestimated during COVID-19, partly due to distortions from short-time work and
government measures. Historical correlations between UR and GDP have likely failed to ac-
count for pandemic-specific labor market dynamics. Multiple job holders (MJ, panel j) were
accurately assessed until COVID-19, after which their marginal effect was overestimated.
The surge in part-time employment in low-productivity sectors and economic uncertainty

during the pandemic likely weakened MJ’s impact on GDP.

Since economic policy is often targeted at maintaining GDP growth and based on expert opin-
ion, our results allow for a few shorthand conclusions for policymakers. Policymakers should

rely on adaptive forecasting models that dynamically adjust to shifts in variable relationships
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during crises. For monetary policy, greater emphasis should be placed on fiscal interventions
targeting specific sectors instead of assuming broad effects from money supply. Labor policies
must reflect changes in productivity and employment patterns, particularly during periods of
structural transformation. Household consumption deserves greater attention during stable
periods, as it plays a larger role in sustaining GDP growth than traditionally accounted for.
Additionally, reliance on sentiment indices should be tempered by complementary data from
sectoral and structural indicators to capture the complexity of economic dynamics during
uncertainty. These measures will help mitigate over- or underestimations and enable more

precise and effective policy responses.

3.5 Conclusion

In this chapter, we benchmark DMA against professional forecasters in predicting Germany’s
GDP growth (Q1-2004 to Q4-2023). Dynamic model averaging (DMA) enjoys a reputation
in time series modeling (Koop and Onorante, 2019; Onorante and Raftery, 2016), especially
because data about public perception can be easily supplemented (Belmonte and Koop, 2014).
This perception is captured through Google Trends data, based on searches for each variable
name and related terms. For this purpose, we first conduct some simulation experiments to
systematically evaluate the potential of Google Trends. Specifically, we find that determining
model weights based on informative Google Trends increases forecasting accuracy by up
to 22% compared to standard DMA models. However, uninformative Google Trends can

substantially worsen the forecasts by up to 23%.

From an empirical perspective, we show that public perception improves forecast accuracy
by enhancing the utilization of explanatory variables rather than introducing new informa-
tion. Our results show that most of the DMA models significantly outperform the mean
expert forecast, particularly when incorporating Google Trends data as an external variable
probability. Consistent with previous research (Scott and Varian, 2013; Koop and Onorante,
2019), our study provides evidence that Google Trends data should serve only to comple-
ment, rather than substitute for the actual explanatory variables by influencing the variable

probability.

In a second application, we explain the differences between true GDP growth and corre-
sponding forecasts from expert institutions using DMA. We identify substantial differences,
especially during crises, which suggest over- or under-representation of certain macroeco-
nomic variables. This analysis provides insights into which variables may require greater or

lesser attention when generating GDP forecasts for Germany.
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Panel Forecasting under Individual Heterogeneity:

Estimation and Regularization Strategies

Abstract. This chapter studies forecasting in dynamic panel data models in the
context of individual heterogeneity. Assuming that common parameters can be
consistently estimated, the analysis focuses on recovering unit-specific intercepts
for forecasting purposes. We derive optimal predictors under alternative assump-
tions regarding individual effects (fixed versus random) and initial conditions
(stationary versus non-stationary). When initial conditions are non-stationary,
the process has not yet converged and the observed data depends on the start-
ing value, which is unknown in practice. We propose a simple decay test to
identify non-stationarity in empirical practice. The proposed methods are bench-
marked against plug-in approaches and a recent empirical Bayes estimator based
on Tweedie’s formula. Monte Carlo simulations emphasize the importance of cor-
rectly specifying initial conditions and examine the impact of additional (time-
varying) covariates. It turns out that it is important to account for the corre-
lation between individual effects and regressors using the Mundlak/Chamberlain
approach (also called the correlated effects forecast). An empirical application to
firm-level productivity forecasting confirms the simulation results, demonstrating
that shrinkage-based predictors, particularly those designed for non-stationary
initial conditions, substantially improve forecast accuracy relative to simple mean

forecasts.
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4.1 Introduction

The estimation of dynamic panel data models with individual effects is well understood. Nick-
ell (1981) shows that fixed-effects estimators of dynamic models are biased in short panels,
motivating alternative approaches based on orthogonality conditions or likelihood methods.
Arellano and Bond (1991) propose difference generalized method of moments (GMM) estima-
tors that eliminate unit effects by first differencing, while Blundell and Bond (1998) extend
this framework by combining difference and level equations to address weak instruments.
Under standard conditions, both GMM and maximum-likelihood approaches yield consistent
estimates of the homogeneous parameters, such as the autoregressive coefficient and slope
parameters (Moral-Benito et al., 2019). In panels with a large number of cross-sectional units

(N), these common parameters can therefore be estimated precisely.

While these results establish consistent estimation of the structural parameters, forecast
accuracy depends crucially on how well unit-specific components are recovered: when T is
small (and thus treated as fixed in what follows), individual effects are weakly identified
and their estimation error becomes a non-negligible component of the forecast error. Early
work on forecasting with panel data emphasizes the potential gains from pooling information
across cross-sectional units. Baltagi (2008) provides a comprehensive overview of forecasting
methods for panel data models and highlights the trade-off between efficiency gains from
pooling and the bias that may arise when individual specific heterogeneity is ignored (see
also Pesaran et al., 2024, for a detailed comparison of both forecasting methods). In this
setting, pooled forecasts may be severely biased, while fully unit-specific forecasts suffer from
high estimation variance in short panels. Random-effects approaches offer a compromise
by shrinking individual forecasts toward the pooled mean, thereby trading bias for variance
reduction. Moreover, modeling individual effects as correlated random components, following
Mundlak (1978) and Chamberlain (1982), provides a structured way to incorporate cross-

sectional information and improve the estimation of unit-specific effects.

A prominent recent contribution is Liu et al. (2020), who develop an empirical Bayes ap-
proach to forecasting in dynamic panel data models. Their framework treats unit-specific
effects as random and exploits the cross-sectional distribution of sufficient statistics to con-
struct shrinkage estimators that explicitly target forecast optimality. The empirical Bayes
perspective builds on the classical shrinkage literature originating with Tweedie (1957) and
further developed by Efron (2011). The key intuition is that extreme estimates of individual
effects tend to overstate the underlying signal because they are partly driven by idiosyncratic
noise, a phenomenon commonly referred to as the winner’s curse. The work of Liu et al.

serves as the main benchmark for the analysis of this chapter.
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The remainder of this chapter is organized as follows. Section 4.2 introduces the baseline
dynamic panel framework without additional covariates. Section 4.2.1 discusses the role of
initial conditions and proposes a simple decay test to detect non-stationarity in empirical
practice. Section 4.2.2 demonstrates analytically how imprecise estimation of individual ef-
fects inflates the mean squared forecast error in short panels, thereby motivating shrinkage
and regularization strategies. Section 4.2.3 constitutes the core methodological contribu-
tion of the chapter. It develops mean-squared-error (MSE)-optimal forecasting rules under
alternative assumptions on individual heterogeneity and initial conditions. The section de-
rives closed-form predictors and studies their bias—variance trade-offs. These results provide
the foundation for the subsequent comparison with empirical Bayes approaches. Section 4.3
extends the framework to models with time-invariant and time-varying explanatory vari-
ables. Section 4.4 evaluates the finite-sample performance of the proposed procedures in a
series of Monte Carlo experiments. The simulation results show that methods derived under
non-stationary initial conditions are substantially more robust to misspecification and, in
particular, that the random-effects predictor under non-stationary initialization consistently
delivers the strongest forecast performance. Section 4.5 presents an empirical application to
firm-level productivity forecasting based on a design-based simulation for 10,580 firms and

illustrates the practical relevance of the proposed methods. Section 4.6 concludes.

4.2 Dynamic Models without Exogenous Variables
Consider the dynamic panel model

Yir = i + p(Yir—1 — ) + €, i=1,....,.N, t=1,...,T, (4.1)

2
I

of a single lag and first exclude exogenous variables. To simplify notation, the unit effects

where |p| < 1, p1; ~ (0,02) and g ¢ N(0,02). For ease of exposition, we focus on the case

are reparameterized as
Nioi=1—=pu, o= (1-pi0o,

so that p; represents the long-run mean and \; the intercept of the process. Throughout the
analysis, a large-N-small-7T" environment is assumed. In such an environment, we can ignore
the estimation error in p and treat p as known or at least estimated consistently. Note that
for p = 0, the model in equation (4.1) nests the simplest possible panel model that includes

only the individual effect \;.

If T is small, the distribution of y; may depend on the unknown starting value y;q. In this

case, it cannot be assumed that all series {y;1, ..., yir}ti=1,.. n are (weakly) stationary. Thus,

.....
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two cases arise depending on the treatment of the initial conditions (IC):

(1) Stationary IC. If the process has been running for a long time so that all y;; are
independent of their arbitrary starting values, all T level observations can be used to

estimate the forecasting model.

(2) Non-Stationary IC. When the process depends on the unobserved starting value y;o,
it is convenient to apply a quasi-differencing transformation which removes the depen-

dence on y,;g but leaves only 7" — 1 usable observations:

Zit::yit_pyi,tflz)\i"i_eit; izl,...,N, t=2,,T (42)

The resulting series y;; or z; (depending on the IC assumption) provide the basis for the

analysis of individual effects.

4.2.1 A Decay Test for a Common Initial Shift

Under the assumption of a common shift in the IC across all panel units, the dependence
of y;; on the initial observation can be tested using a simple decay test. Consider again the
dynamic panel model in equation (4.1). Under stationary IC, the initial observation is drawn

from the invariant distribution implied by the model,

o2
Yio ~N(m, 8) .
1—p?

Under non-stationary IC, the initial observation contains an additional common component
whose effect propagates through the AR(1) structure and decays at rate p'~!. This implies
the auxiliary representation

Yir = i + s o' 4w, (4.3)

where ¢ captures a systematic deviation of the initial condition from its stationary distribu-
tion. The test can be implemented by estimating a fixed-effects regression of equation (4.3)
using N x T observations. Inference is based on heteroskedasticity- and autocorrelation-
consistent standard errors to account for the serial dependence induced by the dynamic

structure. The null hypothesis of stationary initial conditions is

Hy: ¢=0 wversus H;: ¢#0.

Rejection of Hy provides evidence of a forecast-relevant non-stationarity in the initial condi-

tion. Note that the test has power only against a common shift that is nonzero in expectation.
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Finite-sample size and power properties are examined in the simulation study in Section 4.4.

4.2.2 The Importance of Precisely Estimated Individual Effects

Even if p is known, forecasting accuracy depends on how precisely individual heterogeneity
is estimated, especially in short time series. To see this, consider again the process under
non-stationary IC. A natural unbiased estimator of the unit-specific effect \; is the time

average
A 1 < 1 <
Ai = T_ltzgzzit =\ + &, € 1= T_lt:EQSit.

Since &; averages T — 1 i.i.d. zero—mean innovations,

VA = viE] =

Assuming p is estimated consistently so that p = p, the forecast error can be written as

Cit+1 = Yit+1 — fgi,t+1
= pYit + Ni + Eipr1 — PYit — Ni
= Eit+1 T (>\i - )\i>-

Conditional on \;,

2
MSFE; 1 = E[eZ, 1 | M] = B[2,,,] + (B[A] — \)* + Var(x | >\z~> _ 52 Ta_e -
o? = o2/(T-1)

The first component, o2, is the irreducible innovation uncertainty. The second term o2 /(T—1)
arises from the imprecision in estimating the unit effect \;. When T — 1 is small, this
component can be of the same order as the innovation variance itself. This demonstrates
that individual-effect estimation error is a key driver of MSFE in short panels, motivating

the development of improved estimators in the following sections.

4.2.3 Individual Effect Estimation

This section considers the estimation of individual effects and the construction of optimal

2

forecasts. We assume that the homogeneous parameters p, o3, and o2

are consistently es-
timated and abstract from additional explanatory variables. The case with explanatory

variables is discussed in Section 4.3. Appendix C.1 briefly outlines standard approaches for
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the estimation of homogeneous parameters.

Fixed Effects Framework

A fixed-effects (F'E) framework treats individual heterogeneity as constant. Thus, individual

effects can be estimated by simple plug-in estimates.

Under stationary initial conditions, the level process y;; is mean-reverting such that

Yit = i + p(yi,tfl - Mz’) + Eits Elyi] =

Hence, the sample average y; = % Z;‘le yi+ provides an unbiased estimator of p;. Substituting

this plug—in estimate into the conditional mean yields the F'E forecast under stationary IC:

~FE(S _ _ _
%,TJSH)T =Y + P(yz',T - yz) =pYir + (1 - P) Yi- (4-4>
Under non-stationary IC, an analogous procedure based on the p-residual series

Zit = Yit — PYit—1 = (1 - P)Mz‘ + €it, ]E[Zit] = (1 - ﬂ),ui

is conducted. The sample average z; = ﬁZZ;Q zi again provides an unbiased estimator
of (1 — p)u;. Substituting this plug—in estimate into the conditional mean gives the non-
stationary F'FE forecast

~FE(N _
?/z‘,TJEu)T = PYir + Z. (4.5)

Differenced Fixed Effects Framework

As an alternative fixed-effects framework under stationary IC, we may work with the exact
finite—sample covariance structure of the first—differenced process rather than the level rep-
resentation. This eliminates the fixed-effects altogether instead of estimating them. Starting
from the model in equation (4.1), we difference both sides to remove the unit—specific mean
(4;, obtaining

Ayir = pAyip 1 + Agyy.
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The process in differences can be expanded recursively:

Ayiz = p Ayin + Acys,
Ayiq = PQAyiz + pAgizs + Acig,

t—3
Ayi = p' 7 Ayin + Z AN
=0

Defining the transformed variable u; := Ay — p'~2 Ay;e, we obtain the analogous recursion

iz = Agjs,

Uiy = pAeiz + Aciy,

t—3
Uit = Z ol Agi,tfj
J=0

which shows that u; = pu;¢—1 + Aey has an ARMA(1, 1) representation. The crucial point
is that this recursion starts at ¢ = 3; hence the usual stationary ARMA formulas for the
autocovariances are only asymptotically valid. To obtain finite-sample exactness, we use a
matrix formulation. Let € = (g2,...,&;7) and let D be the (T'—2) x (T'— 1) first—difference
matrix. Define the lower—triangular matrix R with ones on its main diagonal and —p on the

first sub—diagonal. Then the vector of transformed residuals satisfies
u= R 'De, Eluu'] = c? R'DD'(R™)".

The one-step-ahead forecast of the next difference Ay, 41 is obtained as the best linear

predictor,

—_—— ,
Ayi,T+1|T = w'Ay; 2.1,

where the optimal weight vector w solves I'w = v, with I';y = Cov(Ayi, Ay;s) and v =
Cov(Ayit, Ay; 7+1) being the autocovariances of the differenced series. Note that ; is a model-
implied quantity that depends only on p and the lag |T'+ 1 —t|. These autocovariances can be
computed either directly from the closed-form expression 7y,_, = 2plt=sl — plt=s+1l — plt=s=1l,
up to a common factor o2 that cancels from the solution, or equivalently via the matrix

formulation E[uu'] = 0> R"'DD’(R™')’. Finally, the corresponding level forecast is obtained
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by adding the last observed level,
Yirsyr = Yir + AY; pyqyr- (4.6)

This estimator combines the short—run persistence captured by the differenced autoregres-
sion with the exact finite—sample covariance structure implied by the underlying stationary

dynamics.

Random Effects Framework

Next, we consider the alternative assumption that )\; is a random variable, i.e., a random-
effects (RE) framework. Under standard assumptions, the resulting forecast is the best linear
unbiased predictor (see Goldberger, 1962) .

Consider the reparametrized stationary dynamic panel
Yit = PYit—1 + Ni + Eir,

with A; ¢ (0, 02) independent of {e;;}. The MSE-optimal one-step-ahead predictor of YiT+1

is the conditional expectation

@',TH\T = E[yi,T-H | Yi1y - - - 7yiT] .

Because the level process is the sum of a random intercept and a stationary AR(1), the
optimal forecast is a linear projection of y; 7.1 on its own history with weights determined

by the autocovariance function.

2
O¢

Vi = Cov(Yit, Yir—k) = Ui + pkl—ipf

A detailed derivation of the autocovariance formulas is given in Appendix C.2. Hence, optimal
weights wy = % depend not only on the persistence p but also on both variance components
(0%,02%). In practice these covariances can be estimated by OLS or by plug-in estimators
of the variance components. When T is large, however, the increasing number of lagged
covariances makes the empirical covariance matrix harder to estimate reliably and small
errors in its entries can lead to unstable forecast weights. The resulting MSE-optimal forecast

under stationary IC and random-effects thus obtains as
p T
~RE
yi,T+(1\)T = Z Wt Yi T+1—¢- (4.7)
t=1
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In the case of non-stationary IC, the one-step MSE—-optimal forecast of the residual process

obtains as

2z‘,T+1\T = E[zi,TJrl | Zi2y -+ ziT] .

Because each process satisfies z;; = \; + €;; with identical signal \; and i.i.d. noise, the best
mean-square predictor of \; given the transformed history is a reliability—weighted time mean

of zi. The explicit weight, derived by linear projection', is

o3

T2y /(T—1)

so that

_ _ 1
E[)\,L | Zi2y - - -;ZiT] = K Zj, Zi = ﬁz,zit.

t=2
The coefficient k is a signal-to-total variance ratio: as 7' — 1 increases, the sampling noise
02/(T — 1) declines and the weight rises; if p — 1 so that \; = (1 — p)u; vanishes, the weight
collapses to zero. Substituting this predictor of \; yields the closed—form MSE-optimal
forecast under non-stationary IC with random-effects,

@ffﬁﬁ%ﬂ = pYir + KZ. (4.8)

4.2.4 Tweedie’s Estimator

The RE predictor under non-stationarity derived in the previous section shrinks z; toward
the cross-sectional mean through the common signal-to-noise ratio x. The empirical Bayes
approach of Liu et al. (2020) generalizes this shrinkage principle by applying Tweedie’s for-
mula (Tweedie, 1957; Robbins, 1985) to express the posterior mean of \; as a function of
the marginal cross-sectional density of M\i. The key idea is that the residuals z; provides a

natural sufficient statistic for A;. Their time-series average

2

" N 1 2 o;
A=z = ﬁzzim )\z|)\2 ~ N<)‘27 71_1)

t=2
is an unbiased estimator of \;, but noisy when T is small. Tweedie’s formula corrects for
this noise by expressing the posterior mean of \; as a function of the marginal cross-sectional

density of ;\i,
~ ~ o2 o ~
| t T e

!A detailed derivation of this conditional mean is given in Appendix C.3.
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where p()\;) is estimated from the observed \; across units. Therefore, the prior on \; enters
only through p(;\,) and never needs to be specified explicitly. The correction term pulls
extreme estimates toward the center of the cross-sectional distribution. As discussed by
Efron (2011), large estimates often appear extreme for two reasons: the corresponding effects
are indeed sizable, but random disturbances have additionally increased their observed values
beyond the underlying signal. Thus, the average of the largest estimates is biased upward; a
classic form of the winner’s curse, also known as selection bias. The one-step-ahead forecast

then follows as
I = E[A A+ oy (4.9)

In the parametric implementation, p(S\Z) is approximated by a finite mixture of K normal

distributions,
. K A K
ﬁmix(Ai) = Z w/ﬂN<)\z ‘ Mk, 0-]3) 5 Wk = Oa Z W = ]-a
k=1 k=1

where the parameters are estimated by maximum likelihood and K is selected via pseudo-

out-of-sample forecast errors.

~

In the nonparametric kernel implementation, Liu et al. (2020) propose estimating p()\;) by
a leave-one-out kernel density estimator, where the bandwidth is selected via pseudo-out-
of-sample forecast errors. The authors prove that as N — oo with T fixed, the estimator
“achieves the same compound risk as the oracle predictor” that knows the true distribution

of \;, a property they call ratio-optimality.

4.3 Dynamic Models with Explanatory Variables

In this section, the baseline model in (4.1) is extended to include additional explanatory

variables. A distinction is made according to whether they are time-invariant or time-varying.

4.3.1 Time-invariant Explanatory Variables
We begin with the dynamic panel model for the case of time-invariant explanatory variables:
Yit = PYii—1 + Ty + i + Eir, (4.10)

where the individual effect satisfies \; = )y + n;. The implications for forecasting differ

between fixed- and random-effects approaches.
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Fixed Effects

Under a fixed-effects specification, see equations (4.4), (4.5) and (4.6), individual heterogene-
ity is treated as an unrestricted parameter. Since x; is time-invariant, it is perfectly collinear
with the unit-specific intercept and therefore absorbed into the estimated effect. Thus, the

inclusion of z; does not affect the forecasting rule.

Random Effects

Under a random-effects specification, see equations (4.7) and (4.8), the decomposition \; =
xly + n; implies that part of the persistent heterogeneity is explained by observables. Fore-

casting is then based on

BN | Yirs - - yir] = @y + E[ni | yirs - - Yir ]

so that shrinkage applies only to the residual component 7;. Under stationary IC, the optimal
predictor follows from the RFE formulas in Section 4.2.3, with the covariance structure de-
termined by o7 instead of o3. Under non-stationary IC, the quasi-differenced representation

implies z;; = xly + n; + €4, and the MSE-optimal RE forecast becomes
@i,T+1|T = PYiT + 9027 + Ky
0.2

n
02+02/(T—-1)
affect forecasts by reducing the variance of the latent component subject to shrinkage.

where 7; = z;—2}% and k,) = . Hence, unlike the F'E case, time-invariant regressors

4.3.2 Time-varying Explanatory Variables

Now consider the dynamic panel model for the case with time-varying explanatory variables:
Yit = pYii—1 + Ty + Ni + i (4.11)

Under stationary IC, subtracting the contemporaneous regressor component does not suffice.

Define g;; = yi — «},0 and consider the model that subtracts only 7, 5:

Uit = PYit—1 + Ni + it
= p(Jit—1 + $§,t_15) + Ai + €it
= pYit—1 + Pm;,t—lﬁ + N + €t
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The residuals would therefore still depend on lagged regressors and not satisfy the covariance
structure of a pure AR(1) model with random intercept. Moment-based weights derived

under stationary IC are consequently misspecified in the presence of time-varying regressors.

The quasi-differencing transformation, by contrast, removes both the dynamic and contempo-
raneous regressor components simultaneously. The resulting full residual series thus coincides

with the specification analyzed in Section 4.2.3:

!
Zit = Yit — PYit—1 — l’it@
= Ai + it

However, the inclusion of time-varying regressors raises the question of how \; relates to
{zy}l . If \; is correlated with the regressors, a pure random-effects specification is in-
consistent, while a fixed-effects approach remains valid but inefficient. Following Mundlak
(1978) and Chamberlain (1982), this trade-off can be resolved by decomposing

N = ¢y + s,

with n; % (0, 1), E(nic;) = 0 and ¢; collects time-invariant functions of the regressor history.
The resulting correlated-effects (CE) approach is structurally identical to the one in the time-
invariant case, with the distinction that ¢; is now constructed from the observed regressors.
The Mundlak specification sets ¢; = x;, while the Chamberlain specification uses the full

history ¢; = (24, ..., z};), allowing the informational content for \; to vary over time.

Fixed Effects

Under a F'E specification, any time-invariant correlated component ¢y is again absorbed by

the unit-specific intercept. Thus, the CE decomposition is irrelevant under fixed effects.

Random Effects

Under a RE specification, the CE decomposition \; = ¢y + n; allows part of the persistent
heterogeneity to be explained by observables, so that shrinkage applies only to the residual
component 7;. The quasi-differenced series becomes z;; = ¢y +1; + £;; and the MSE-optimal

one-step-ahead forecast is

??ffim = pYir + x;,THB + &y 4 Kyt (4.12)
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where 7; = z; — ¢y and
2

Ty

ol +02/(T — 1)

Ry =

The CE predictor benefits from ¢; in two ways. First, since 0,27 < 03, the shrinkage factor &,
is smaller than the corresponding « in the baseline RE predictor, reducing the variance of
the latent component subject to shrinkage. Second, ¢,y enters directly into the conditional
mean of y; 711, thereby enhancing predictive accuracy whenever )\; is correlated with the

regressors.

4.4 Simulation

To study the finite-sample forecasting performance of the forecasting methods considered in
this chapter, we conduct a series of Monte Carlo experiments based on the dynamic panel
model

Yit = Ni + pYin1 + B + €, i=1,...,N, t=1,...,T.

git is drawn from a standard normal distribution, e.g., &4 ~ N(0,1).? Individual effects

(distributed as N(0,0%)) and innovations are always independent across i and t.

We consider data-generating environments with and without covariates, and with stationary
or non-stationary initial conditions. In the stationary setup, the process is initialized from
its unconditional distribution and we discard a burn-in period of 100 observations before
retaining the final 7' periods used for estimation and forecasting. In the non-stationary

setup, we set y;0 = 10 and simulate the 7" observations without any burn-in.

In each Monte Carlo experiment we vary one of the key parameters (3, p, T, N) over a five-
point grid, holding the remaining parameters fixed at their baseline values (03, p,T, N) =
(0.5, 0.8, 10, 200). The full grids used in the simulations are:

o3 € {0.05, 0.25, 0.5, 1, 2},
pe{—02,0.5, 0.8, 0.95, 0.98},
T € {5, 10, 25, 50, 200},

N € {20, 100, 200, 500, 1000}.

The values in each grid are meant to cover a broad range of empirically relevant situations.

For the individual-effect variance o3, the grid spans settings with almost no (0.05) to very

2Within a robustness check, also non-Gaussian errors from a centered chi-squared distribution (g;; ~ x3—1)
are considered. The results do not differ substantially from those obtained under normally distributed errors.
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large unobserved heterogeneity (1 and 2). Since the unconditional variance of y; under a
1
=
the contribution of heterogeneity from 1.8% to 41.9% of the total variance under the baseline

standard normal error distribution is Var(y;;) = o3 + changing o3 from 0.05 to 2 shifts
p = 0.8. The grid for p includes one case of negative dependence and four cases with positive
autocorrelation that move from moderate persistence to near unit root behavior. The time
and the cross-sectional grids let us investigate very short to moderately long time series as

well as different dimensions of the cross section.

For each parameter configuration, we generate R = 1,000 independent data sets. All fore-
casting exercises are applied to the estimation sample of length 7', and the resulting one-
step-ahead forecast errors are collected. Forecast performance is evaluated by the mean of

the mean squared forecast error.

4.4.1 Testing for Non-Stationary Initial Conditions

We first investigate the finite-sample size and power properties of the proposed decay test of
Section 4.2.1. To isolate the properties of the test, we treat p as known. Under stationary

initial conditions, the initial observation is drawn from the invariant distribution,

0.2
Yio ~./\/'(u,-, — ) .
1—p?

Under non-stationary initial conditions, we study the effect of a mean shift measured in units

of the stationary standard deviation of the process

[ 0o
yiO~N<,ui+a =2 1—,02)7

where the parameter a = 0 controls the magnitude of the deviation from stationarity. We
consider a grid of values a € [0,0.5], where a = 0 corresponds to stationary initial conditions
and a > 0 indicates deviations from stationarity. For each value of a, we compute the
empirical rejection probability at the 5% level. Rejection frequencies at a = 0 are interpreted
as size, while rejection frequencies for a > 0 represent power. The following figure depicts

the results based on 1,000 iterations.
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Figure 4.1: Empirical power curves of the decay test. The dashed lines indicate the 5%-rejection level.

The simulation results reveal several intuitive patterns. First, size and power of the test are
largely unaffected by the magnitude of the individual variance 0. This reflects that the fixed-
effects transformation removes time-invariant heterogeneity across units. Second, the power
of the test declines as the persistence parameter p increases. When p is close to one, the decay
term p'~! changes only slowly over time. As a result, the additional component in the initial
condition becomes harder to distinguish from the fixed-effects, which reduces the ability of
the test to detect deviations from stationarity. Finally, the test is more sensitive to the
cross-sectional dimension N than to the time dimension 7T'. Since the decay regressor varies
only over time, identification mainly relies on estimating cross-sectional averages precisely.
Increasing N therefore reduces sampling variability. In contrast, increasing 1" adds relatively

little information because the signal decays geometrically over time.

An important limitation of the decay test is that it has no power against cross-sectionally
heterogeneous initial shifts with mean zero. Detecting this type of non-stationarity would
require exploiting second-moment implications, which is more demanding in finite samples
because identification would then rely primarily on variation over the typically small time

dimension rather than on the larger cross-sectional dimension.
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4.4.2 DGP without Covariates

This section studies the performance of the proposed predictors for data-generating processes
without explanatory variables. In a first step the parameter p is estimated via GMM of the

differenced model equation as proposed by Arellano and Bond (1991).

Stationary Initial Conditions

The first Monte Carlo experiment compares the forecast accuracy across the different pa-
rameter grids under stationary IC. Table 4.1 reports the unconditional MSFE across the four
parameter grids for the DGP without covariates and stationary initial conditions. Overall,
the RE predictor under stationary initial conditions achieves the lowest MSFE in 14 out
of 20 cases. In some settings such as near—unit-root behavior (p = 0.95), short time series
(T'" = 5), and small cross sections (N = 20) methods designed for non-stationary IC can
(slightly) outperform the stationary RE predictor. The FEp(S) predictor performs slightly
worse, ranking second in 12 out of 20 cases, but exhibits weaknesses in the same situations
as the RE predictor. By contrast, the RE predictor for non-stationary IC serves as a robust
alternative, performing particularly well precisely when its stationary counterpart struggles.
The two predictors based on Tweedie’s empirical Bayes approach are optimal in certain edge
cases (02 = 0.05, p = —0.2, and N = 20), but are not able to systematically outperform the

alternative predictors.
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Table 4.1: Average MSFE for stationary IC with A(0,1) errors. The DGP does not include covariates. The
MSFE of the best-performing model is shown in bold.

Parameter FE(S) FE(N) FEp(S) RE(S) RE(N) TWp(N) TWk(N)

0/2\ =0.05 1.0784 | 1.1206 | 1.0721 1.0413 1.045 1.0392 1.0644
03 =025 1.0544 | 1.0931 | 1.045 1.0381 | 1.063 1.0576 1.0619
02 =105 1.0861 | 1.1214 | 1.0777 | 1.0724 | 1.1009 | 1.2678 1.154
03\ =1 1.0675 | 1.0945 | 1.0552 1.0531 | 1.0806 1.4217 1.2375
o =2 1.1534 | 1.1579 | 1.1365 | 1.1353 | 1.1505 | 1.8389 1.6877
p=-02 1.1089 | 1.1157 | 1.1084 1.0909 | 1.0959 | 1.0905 1.0964
p=0.5 1.0948 | 1.1223 | 1.0886 1.0781 | 1.1028 1.0784 1.0926
p =038 1.0718 | 1.1176 1.063 1.0575 | 1.0924 1.2512 1.1374
p = 0.95 1.5814 | 1.4602 | 1.5574 1.554 | 1.4562 | 1.9434 3.7074
p=0.98 2.0919 | 1.8833 | 2.069 2.0689 | 1.8815 1.97 38.0697
T = 1.1633 | 1.2623 | 1.1765 1.2301 | 1.1967 2.2131 2.4241
T =10 1.0871 | 1.1184 | 1.0777 1.074 | 1.0997 | 1.2826 1.1583
T =25 1.0402 | 1.0444 | 1.0365 1.0356 | 1.0426 1.0737 1.0453
T =50 1.029 1.0311 1.0264 1.0262 | 1.0307 1.0356 1.0273
T =200 0.9976 | 0.9974 | 0.9974 | 0.9974 | 0.9974 | 0.9976 0.9974
N =20 1.3428 | 1.3167 | 1.3288 1.3289 | 1.3091 1.3121 1.172
N =100 1.0983 | 1.1193 | 1.0862 1.0811 | 1.0988 1.2783 1.1445
N =200 1.0791 | 1.1135 | 1.0703 1.0651 | 1.0939 1.2838 1.1602
N =500 1.0564 | 1.1015 | 1.0493 | 1.0453 | 1.0824 | 1.2739 1.1631
N = 1000 1.0731 | 1.1204 | 1.0672 1.0622 | 1.1014 1.3162 1.2112
Abbreviations:

FE(S) = Fixed effects estimator for stationary IC (4.4),

FE(N) = Fixed effects estimator for non-stationary IC (4.5),

FFEp(S) = Stationary fixed effects estimator based on first differences (4.6),
RE(S) = Random effects estimator for stationary IC (4.7),

RE(N) = Random effects estimator for non-stationary IC (4.8),

TWp(N) = Parametric Tweedie estimator for non-stationary IC (4.9),
TWgk(N) = Kernel Tweedie estimator for non-stationary IC (4.9).

The first five rows of Table 4.1 vary the variance of the individual effects. As o3 increases,
MSFE rises for all methods, reflecting the increasing difficulty of recovering unit-specific
components in short panels as higher cross-sectional dispersion mechanically reduces the
informativeness of pooled moments. Methods designed for stationary initial conditions dom-
inate their non-stationary counterparts uniformly across the grid, confirming that avoiding
differencing preserves valuable time-series information when T is small. Among these, the
RFE predictor under stationary IC performs best overall and remains stable as heterogeneity
increases. The FEp forecast also performs well at higher levels of 0%, indicating that it can

be advantageous to avoid the explicit estimation of \; when o3 is large. The parametric

76



empirical Bayes estimator is particularly sensitive to the degree of heterogeneity. When o3
is small the cross-sectional distribution of 5\1 is narrow and well-approximated by a Gaus-
sian mixture, but as dispersion increases the density estimate becomes unreliable in the tails

where the Tweedie correction is largest.

Rows 6-10 consider different autoregressive coefficients. As p approaches unity, forecast
accuracy deteriorates for all methods. This behavior is expected: as the second moment scales
with (1 — p?)~1, small estimation errors in p can lead to large distortions when persistence
is high. In addition, for large p the variance induced by strong autocorrelation dominates
cross-sectional heterogeneity, which further limits the gains from pooling. For moderate
persistence (p < 0.8), stationary panel methods dominate their non-stationary counterparts.
For very high persistence (p = 0.95), the ranking changes and methods designed for non-
stationary IC outperform their stationary counterparts. Although the first observation is
discarded, this yields more stable estimates by effectively reducing persistence. The Tweedie
estimators become unstable as p approaches unity. In near-unit-root settings, finite-sample
errors in p contaminate the sufficient statistic z;, causing the kernel density derivative to

become numerically unreliable.

Rows 11-20 vary T and N. Forecast accuracy improves for all methods as the length of
the time series increases, reflecting the additional information available for estimating both
dynamic and unit-specific components. As T becomes large, performance differences across
alternative predictors vanish. For T = 50, the MSFE spread between the best and worst
panel methods is below one percent, and for 7" = 200 it becomes negligible. In this region,
cross-sectional shrinkage plays only a minor role and most methods effectively approximate
the same forecasting rule. Increasing N also improves forecast accuracy for the majority of
methods. The two estimators based on Tweedie’s formula show less sensitivity. Most of the
improvement occurs as N increases from very small to moderate values (N = 100); beyond
that, additional gains are fairly limited. Across the grid, the stationary RE predictor again
delivers the lowest MSFE. For N = 20, methods designed for non-stationary IC perform
relatively well, likely because they rely less on cross-sectional information as a shrinkage
target. In particular, the kernel-based Tweedie estimator exhibits strong shrinkage in this

setting.

Non-Stationary Initial Conditions

Analogously to the previous table, Table 4.2 depicts the average MSFE resulting from the
DGP with non-stationary IC. An important asymmetry emerges. Applying methods designed

for non-stationary IC to data with stationary IC is inefficient but not incorrect. By contrast,
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applying methods designed for stationary IC to non-stationary data involves a bias and leads
to substantial losses in forecast accuracy. These methods rely on information on the level y;,
and implicitly condition on moments of the invariant distribution, which are not reliable when
the process has not yet converged to its stationary regime. Consistent with this asymmetry,
the RE predictor for non-stationary IC delivers the lowest MSFE in 16 out of 20 cases,
followed by the parametric and kernel-based Tweedie predictors, which are always among
the top two models. Conversely, the FEp(S) approach performs poorly throughout. This
outcome is expected, since differencing transmits the non-stationary initialization into the

regressors, leading to biased forecasts under non-stationary IC.

Table 4.2: Average MSFE for non-stationary IC with A/(0,1) errors. The DGP does not include covariates.
The MSFE of the best-performing model is shown in bold. For further notes, see Table 4.1.

Parameter FE(S) FE(N) FEp(S) RE(S) RE(N) TWp(N) TWg(N)

0 =0.05 1.8337 | 1.1029 | 2.0326 1.2456 | 1.026 1.0262 1.0512
02 =0.25 1.9069 | 1.1283 | 2.1128 1.7921 | 1.0941 | 1.0952 1.1054
02 =10.5 1.9433 | 1.1153 | 2.1643 1.988 1.092 1.0926 1.0983
o3 =1 2.0349 | 1.1062 | 2.2807 21977 | 1.095 1.0952 1.0983
03 =2 2.2925 | 1.1278 | 2.5932 2.5638 | 1.1225 1.121 1.1229
p=—02 2.0809 1.099 1.7664 1.5454 | 1.082 1.0826 1.0872
p=05 2.0416 | 1.0976 | 2.5986 2.2006 | 1.0792 | 1.0814 1.0858
p =038 1.9587 | 1.1061 2.181 2.0007 | 1.0879 1.09 1.0932
p=10.95 1.5316 1.105 1.5426 1.5338 1.088 1.083 1.0894
p=10.98 1.7654 | 1.1643 | 1.7564 1.7719 1.174 | 1.0954 1.1013
T=5 3.0636 | 1.2486 | 3.1827 2.7157 | 1.1638 | 1.1688 1.1952
T=10 1.9551 | 1.1135 | 2.1794 1.9981 | 1.0915 | 1.0921 1.0993
T=25 1.1793 | 1.0265 1.324 1.2996 | 1.0218 | 1.0233 1.0247
T =50 1.0462 | 1.0064 | 1.1061 1.1036 | 1.0056 | 1.0061 1.0058
T =200 0.9918 | 0.989 | 0.9972 0.9974 | 0.9889 | 0.9889 0.9888
N =20 2.0091 | 1.0982 | 2.2442 2.0454 | 1.0659 | 1.0715 1.0965
N =100 1.9879 | 1.1319 2.211 2.0335 | 1.1123 | 1.1134 1.1195
N =200 1.9542 | 1.0929 | 2.1792 2.0021 | 1.0745 | 1.0756 1.0787
N =500 1.9411 | 1.1172 2.16 1.9892 | 1.0954 | 1.0955 1.1001
N = 1000 1.9369 | 1.1092 | 2.1547 1.983 | 1.0887 | 1.0889 1.091

As 0% increases, MSFEs rise again for all methods, with especially pronounced deteriora-
tion for procedures designed for stationary IC. Methods designed for non-stationary IC now
uniformly outperform their stationary counterparts. This difference is driven primarily by
the poor performance of stationary-IC methods under non-stationary initialization, rather
than by substantial improvements of non-stationary-IC methods relative to the stationary

DGP. Overall, the RE predictor for non-stationary IC performs best and remains stable as
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heterogeneity increases. The Tweedie-based predictors perform substantially better than in

the stationary case and are consistently among the top-performing methods.

As in the stationary case, forecast accuracy deteriorates as p approaches unity, but the dete-
rioration is less severe. Across the grid, methods designed for non-stationary IC outperform
their stationary counterparts. For moderate persistence (p < 0.8), the RE predictor for
non-stationary IC performs best overall. As persistence becomes very high, this predictor
deteriorates relative to the Tweedie-based predictors, which remain stable and dominate for
p = 0.95 and p = 0.98. This contrasts with the stationary DGP, where the Tweedie estimators
became highly unstable.

Similar to the case with stationary initialization, forecast accuracy improves for all methods
as T increases. In contrast to the stationary case, performance differences across panel
estimators persist for larger values of T, reflecting the fact that additional time is required
for the influence of the non-stationary starting value to decay. Across the grid, methods
designed for non-stationary IC dominate, with the RE predictor performing best overall.
The last rows vary N. The qualitative pattern mirrors that under stationary initialization,
but with more pronounced losses from applying stationary-IC methods to non-stationary

data. Across the grid, the RE predictor for non-stationary IC performs best.

4.4.3 DGP with Covariates

We extend the baseline data-generating process with stationary IC by including K = 3 ob-
served covariates collected in the vector x;; = (215, i, ¥3¢)" that are predetermined and

whose components follow independent stationary AR(1) processes with persistence param-

2

2 = 0.1. The initial observations are drawn from the corre-

eter ¢, = 0.8 and variance o
sponding stationary distribution. Individual effects \; are first generated independently of
the regressors, before we study the role of correlated effects (CE) within a Mundlak- and a

Chamberlain-inspired approach.

Independent Individual Effects

First, we consider the case where individual effects are independent of the observed covari-
ates.” Prior to forecasting, the common parameters (p, 5) are again estimated via GMM.
Especially in samples with small N, forecasting is therefore based on a process with compos-
ite error term &;, that absorbs the estimation error arising from (p — p) and (3 — ). This

contamination increases noise in the estimation of individual effects and second moments,

3The results reported in this subsection are based on a preliminary Monte Carlo study with a limited
number of 100 replications and are intended to be illustrative.
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thereby undermining the calibration of the shrinkage factor k. An additional complication
arises for predictors derived under stationary initial conditions. As outlined in Section 4.3,
only models based on non-stationary IC are correctly specified, since in the stationary case
the lagged dependent variable still embeds past realizations of the regressors. Consistent with
this argument, models based on non-stationary IC dominate their stationary counterparts
for all parameter values, with average MSFE reductions between 15.9% (RE) and 20.5%
(FE). Moreover, conditioning on x;; with estimated common parameters and the correctly
specified non-stationary IC improves forecast performance under the DGP with covariates by
an average of 17.8% (RE) and 22.9% (F'FE) in terms of MSFE compared to non-stationary

models without covariates.

Correlated Effects

We now study the role of correlated effects (CE) in more detail. Unlike the preliminary
results in the previous subsection, the following analysis is based on a large-scale Monte
Carlo study with R = 1,000 replications per parameter configuration, following the design
described in Section 4.4. To isolate this mechanism, the simulation conditions on the true
common parameters (p, 5) so that differences in forecast performance arise solely from how
the individual effects are modeled. Correlated effects are introduced by augmenting the
regressors with components proportional to the individual effect \;. Starting from the baseline

AR(1) process x;, the observed regressors are generated as

fl?g;f = Tik + Cor i,
where ¢y, denotes the loading of \; on regressor k at time ¢. In the Mundlak design the loading
is time-invariant, ¢, = ¢, with (¢, c2,¢3) = (1, —1,0). In the Chamberlain design the loading
varies over time. Specifically, we use a geometrically decaying pattern ¢, = 0.87t — ¢ and
set (¢, ¢, a3) = (¢, —¢4, 0). This specification preserves the symmetric loading structure of
the Mundlak design while allowing the information about \; contained in the regressors to

decline with the distance from the forecast period.

Forecast performance is evaluated for four predictors. First, we consider the F'E predictor
and the RE shrinkage predictor that ignore correlated effects, corresponding to the baseline
models discussed in Section 4.2.3. Second, we consider two correlated-effects extensions of the

RE predictor based on the introduced Mundlak and Chamberlain approaches.* In both cases

4In the fixed-effects model any time-invariant correlated component is absorbed by the unit-specific inter-
cept and therefore cannot affect the F'E forecast; see Section 4.3. Further, we exclude the predictor based
on Tweedie because it was never competitive but increased computation time substantially.
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the individual component is approximated by regressing the transformed residual average z;
on functions of the regressors, namely the individual means (Mundlak) or the full regressor
history (Chamberlain). To mitigate overfitting, coefficients are estimated in two steps. We
first estimate the full model and retain coefficients significant at the 5% level, then re-estimate

the model using only the significant coefficients. Table 4.3 shows the results.
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The following results can be recorded. First, as expected, predictors that correctly reflect
the DGP perform best. Consistent with the simulations without explanatory variables, the
RFE predictor generally dominates the F'E predictor, with both approaches converging when
the time dimension becomes very large (T' = 200). Second, the relative performance of the
CE approaches depends on the amount of heterogeneity in the data. When heterogeneity
is very small, the regressors contain little information about the individual effects, so that
the Mundlak and baseline RE predictors perform better than the Chamberlain specification.
Moreover, the Chamberlain approach relies on an unregularized projection involving the full
regressor history and therefore cannot be estimated in configurations where the number of
regressors exceeds the cross-sectional dimension (7' = 200 and N = 20). Third, an important
question is how CE predictors perform when the regressors are in fact orthogonal to the
individual effects. In this case the Mundlak approach proves to be virtually risk-free: even
under the DGP without correlated effects it performs only marginally worse than the correctly
specified RE model (at most 0.2% for N = 20 and on average 0.03% across all parameter
combinations). The Chamberlain approach exhibits similarly small deviations. However,
when correlated effects are present, incorporating them yields substantial gains. On average,
the Mundlak specification reduces MSFE by about 3.9% relative to the baseline RE predictor
(Chamberlain: 1.3%). Using the wrong CE specification leads only to minor losses. Overall,
these findings suggest that incorporating CE is beneficial in practice, with the Mundlak

specification providing a particularly robust choice.

4.4.4 Summary of Simulation Results

The following general results emerge from the simulation study:

o Applying forecasting methods that assume stationary initial conditions to non-stationary
data leads to substantial losses in forecast accuracy, whereas the reverse misspecifica-
tion is less severe. In the former case, forecasts rely on systematically biased moment
information, resulting in pronounced errors, particularly when the time dimension is
short.

o When additional covariates are included, the only correctly specified model is based on
non-stationary starting conditions. Models derived under stationary IC do not fully
remove lagged components, leading to misspecification that can offset the gains from

conditioning on additional regressors.

o Shrinkage gains are largest when heterogeneity is moderate. The larger the cross-

sectional dispersion, the more of the true signal is shrunk toward the mean by RE
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models, reducing their relative advantage over F'F alternatives.

Incorporating a correlated-effects framework is essentially risk-free and can substan-
tially improve forecast accuracy when individual effects are correlated with the regres-
sors. The Mundlak specification in particular provides a robust choice. The Cham-
berlain specification can be advantageous when the informational content of regressors
varies over time, e.g., when recent observations are more informative. Regularization

can help stabilize the estimation of the Chamberlain projection.

All methods deteriorate as persistence approaches unity. Since many second-moment

! near—unit-root behavior amplifies estimation errors. In

expressions scale with (1—p)~
highly persistent environments, differencing can yield a more stable estimation problem,

offsetting the loss of the first observation.

Forecast performance is strongly related to the length of the time series. As T increases,
differences across forecasting methods narrow substantially, and for sufficiently long

panels most approaches approximate similar forecasting rules.

The role of the cross-sectional dimension is particularly important when additional
covariates are included, as it determines the precision with which p and 3 are estimated.
However, most gains from pooling are realized once N reaches moderate values, with

limited additional improvements beyond N > 100.

Across all data-generating processes considered, the RFE predictor under non-stationary
initial conditions emerges as the most reliable method, combining strong forecast ac-

curacy with robustness to misspecification and estimation error.

4.5 Empirical Application

4.5.1 Data

The empirical application uses German firm-level productivity data. Productivity is mea-

sured as revenue per employee. The analysis is based on a balanced panel of N = 10,580 firms

observed over T' = 13 years (2012 to 2024). The outcome variable is defined as firm-level

productivity expressed as a deviation from the industry-level mean. Average firm size and

the federal state of operation are considered as potential explanatory variables.

An important practical feature of the empirical application is that the available explanatory

variables are time-invariant at the firm level. Firm size is measured by its time average,
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reflecting the fact that within-firm variation is negligible over the sample period. The federal
state indicator is constant because firms did not relocate.” As a consequence, the regres-
sors enter the model exclusively through their long-run component like in the Mundlak-CE
specification:

Figure C.1 in Appendix C.4 shows the distribution of firm-level productivity and its rela-
tionship with observable firm characteristics. The distribution of mean productivity across
firms exhibits substantial dispersion. A simple variance decomposition shows that roughly
83% of total variation is attributable to persistent differences in firm-specific mean productiv-
ity, while within-firm fluctuations account for a comparatively small share of approximately
17%. This implies that productivity differences across firms are highly persistent and dom-
inate short-run dynamics. As a result, forecasting performance is likely to depend on how

individual heterogeneity is modeled.

To assess persistence, a dynamic panel model with firm fixed-effects is estimated. A bias-
corrected estimator yields p = 0.5335, indicating persistent dynamics that lie within the
p-grid of the simulation analysis. To determine whether the available covariates help explain
persistent productivity differences, we regress firm-level mean productivity on average firm
size and federal-state indicators. Both covariates are statistically significant and jointly
explain a statistically significant share of the cross-sectional variation in mean productivity.
While the overall fit is modest (R? = 0.0274), this implies that observable characteristics
capture only part of the persistent heterogeneity, leaving substantial scope for modeling
unobserved individual effects. In addition, the boxplots reveal well-known regional patterns:
firms located in eastern German states tend to exhibit lower productivity, while firms in city

states are more productive on average (compare, e.g., Roehl, 2025).

4.5.2 Results

To reduce the influence of one-panel luck and to mirror the simulation study, a design-based
Monte Carlo procedure is employed in which the forecast target is fixed while the length of
the training sample varies. For training sample lengths of 7" € {6, 8, 10,12}, N = 200 firms are
randomly drawn from the population without replacement. Competing forecasting models
are estimated on the resulting subsamples, and one-step-ahead MSFE for the productivity

deviation from the industry mean in 2024 is computed.® This procedure is repeated 1,000

5More specifically, if a firm relocates, it enters the panel as a new panel unit. Therefore, at the panel-
unit-level, relocations are excluded by construction.

6The forecasting objective is always the prediction of productivity deviation from the industry mean in
2024. For T' < 12, only the T" most recent observations prior to 2024 are used for training.
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times for each training sample length.

Tables 4.4 and 4.5 report the estimated common parameters and the corresponding MSFE
for the competing forecasting models. Density estimates of the coefficients are provided in
Appendix C.4 (Figure C.2).7

Table 4.4: Average Estimates of Common Parameters across Training Sample Lengths

Time 52 &3 52 & O

T=6 | 02759 | 0.0825 | 0.2014 | 0.2611 | 0.5008 | 0.4478
T=8 | 03045 | 0.0763 | 0.2602 | 0.2325 | 0.5011 | 0.447
T=10| 0325 | 0.0746 | 0.2391 | 0.2142 | 0.4923 | 0.4405

T =12\ 0.3533 | 0.0801 | 0.2157 | 0.1923 | 0.4929 | 0.4393

The table shows that estimated persistence is moderate and tends to increase with the length

2

2 is virtually identical across

of the training sample. The estimated innovation variance &
training sample lengths and invariant to the inclusion of time-invariant covariates. This
reflects the fact that 62 is identified from the within-firm variation of the residual process
Zit = Yit — PYir—1. Since time-invariant covariates affect only the cross-sectional mean of z;,
they do not enter the within transformation underlying the Swamy—Arora estimator. By
contrast, including time-constant covariates affects the decomposition of between-firm vari-
ation: observable firm characteristics explain part of the persistent heterogeneity, reducing

the variance of the remaining unobserved component 0727 relative to o3.

Table 4.5 reports the MSFE across methods and training sample lengths. All models are
estimated with and without covariates. Note that for the simple F'E predictors, including
time-invariant covariates cannot improve forecasts as both rules depend only on unit-specific
sample means, so that z}y cancels out. The same logic applies to the F'Ep estimator, which
is based on first differences. We observe that models with explanatory variables achieve

uniformly lower MSFE. Further, most models outperform the simple mean benchmark, which

1 T
forecasts y; 711 = 7 Dy Yit-

"Densities are shown for the longest training sample (7' = 12). The qualitative patterns are identical for
shorter training periods.
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Table 4.5: MSFE across forecasting methods and training sample lengths. The MSFE of the best-performing
model per experiment is shown in bold. For further notes (abbreviations), see Table 4.1.

Time Covariates Mean FE(S) FE(N) FEp(S) RE(S) RE(N) TWp(N)

T=6 Yes 0.1262 | 0.1124 | 0.1108 | 0.1123 0.1111 | 0.1089 | 0.1302
No 0.1113 | 0.1091 | 0.1328
T=28 Yes 0.1343 | 0.1095 | 0.1057 | 0.109 0.1081 | 0.1046 | 0.1162
No 0.1083 | 0.1048 | 0.1168
T=10 Yes 0.1484 | 0.1136 | 0.1082 | 0.1131 0.1122 | 0.1074 | 0.1131
No 0.1124 | 0.1075 | 0.1137
T=12 Yes 0.164 | 0.1193 | 0.1141 | 0.1187 0.1177 | 0.1132 | 0.1179
No 0.1179 | 0.1134 | 0.1181

Overall, the empirical findings closely align with the patterns documented in the simula-
tion study. The RE(N) predictor consistently delivers the strongest performance, achieving
a 23.6% improvement relative to the mean benchmark (averaged over all training sample
lengths). Methods derived under stationary initial conditions perform worse (RE : 21.0%,
FE :20.0%), while the Tweedie estimator exhibits comparatively weaker accuracy (TW), :
15.2%). These results reinforce the importance of modeling individual heterogeneity through

shrinkage and accounting properly for initial conditions.

To assess the practical usefulness of the proposed decay test, we implemented a test-based
model selection rule that chooses RE(N) when the null of stationary initial conditions is
rejected and RE(S) otherwise. The null was rejected in 95% of the replications, indicating
strong evidence in favor of non-stationary initialization in this environment. Consequently,
the performance of the test-based rule (23.4% improvement relative to the mean benchmark)
is virtually identical to that of the unconditional RE(N) predictor. While the test does not
generate additional gains in this application, it confirms the relevance of the non-stationary

specification without deteriorating forecast performance.

4.6 Conclusion

Panel data econometrics has traditionally focused on the consistent estimation and infer-
ence of marginal effects, while panel forecasting has received comparatively little attention.
Although standard time-series methods exploit temporal dependence effectively, they often
make limited use of the cross-sectional information and forecasting is still largely treated as

a time-series problem.

Assuming that common parameters can be estimated consistently using both the cross-

sectional and time-series dimensions, this chapter focuses on the role of individual hetero-
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geneity in panel forecasting. It develops shrinkage-based forecasting methods to improve the
external validity of the forecast and compares their performance to a recent empirical Bayes
approach for panel forecasting (Tweedie). Particular attention is given to the treatment
of initial conditions. Conditioning on the full time series is appropriate under stationarity,
while quasi-differencing provides a more robust alternative when the process has not yet
converged. The simulation results demonstrate that misspecifying the initial conditions can
lead to substantial losses in forecast accuracy, whereas methods derived under non-stationary
initial conditions remain comparatively robust. Across all data-generating processes consid-
ered, the random-effects predictor based on non-stationary initial conditions (and possibly
extended by Mundlak-CE) emerges as the most reliable approach. More generally, forecast
performance depends critically on the degree of heterogeneity, persistence, and the sam-
ple dimensions: shrinkage gains are strongest in short panels with moderate heterogeneity,
but diminish as cross-sectional dispersion or the time dimension increases. Near—unit-root
behavior amplifies estimation error and limits the benefits from pooling beyond moderate

cross-sectional sizes.

Several directions for future research follow naturally from this analysis. One extension would
be to investigate whether shrinkage techniques developed for individual intercepts can also be
applied to common coefficients. Further progress could be made by allowing for heterogeneous
initial conditions across units and by developing more elaborate testing procedures to detect
such patterns. Moreover, the presented approaches rely on the availability of a sufficiently
large cross section, which could be exploited more systematically. Strategies based on sample
splitting or local learning, similar in spirit to matching procedures, may help improve panel

forecasting methods further.
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A Appendix for Chapter 2

A.1 The Limit of REGSC

For A\ — o and Ay — oo the objective function reduces to
Q()\l, )\2) = /\1w’w + )\2(1 — 1,11})2

The derivative is obtained as

0Q (A1, A2)

ow = 2)\121) — 2)\2(1 — 11,11})

By setting the derivative to zero and multiplying with 1 we obtain:
Mlw— X (J — J1'w) =0

where 1'w = > w;. Solving for 1'w we obtain

_J
T+ M/ Ao

1w =

and due to the symmetry of the objective function with respect to the elements of the weight

vector we have

w; =

<
+
15
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A.2 Derivation of the REGSC Prior

The objective function of the REGSC estimator is given by

To J 2 J J 2
Q(w, )\1, )\2) = Z <y0,t — ,LL* — Z wjyj’t> +>\1 (Z U}]2> +)\2 (1 - Z UJj> +C
j=1

t=1 j=1 j=1
A

RSS Ridge weight penalty

= RSS + Mw'w + X(w — ) 151 (w —1y) + C

where ¢y is a J x 1 vector with identical elements 1/J. The additional constant C' is just
introduced for convenience and does not affect the solution. We are looking for a Bayesian

interpretation of the likelihood of the form

1 1
l(w, A1, Ag) = const — ﬁRSS — —(w 110) VyH(w — o)

where the second term represents the prior distribution. From the squared w;, we find the

covariance matrix:

1

gv(;l:AlL,JrAQlJl’J

1

and inverting this relation yields

012 Vo = ; (I —P)+ )\1_:% P
Al M 1,1
In a similar manner we obtain
—%w'VO_l,uo = =2 w151,
o
and, therefore,
1

;V(fl,uo = \o1;1,

Mo = )\20’2% ].J]_f]LJ
= Xo/(M + JA2).
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This gives the parameter for the prior distribution. Note that the constant C' ensures that

also the constant term will match.

A.3 Derivation of the Analytical REGSC Distribution

It has already been shown that the REGSC estimator has the following closed form solution:
~, ~ -1/~
e = (27 + NI+ 20100) (250 + Xely)

Similar to the variance of the OLS estimator, the variance of the REGSC estimator condi-

tional on the explanatory variables is derived:

~ ~ o~ ~ ~ A~ ~ ~17
V(inal2) = (27 + My + 21 0) " 22 VidnpalZ) [(ZZ 4+ My + 21,10) 7 22|
Z( §+)\1[J+>\21J1J) ZZ V(w,\l/\2|Z) 22(2’2+)\11J+>\21J1J)
—(Z'Z + ML+ M1,1) 27 oXZ'2) V2 Z(Z' 7 + My + M1,1) 7!
— 02" 7 + NIy + M1V 2227 + M+ A1,1)

For a normally distributed error term, it follows that the REGSC estimator is normally

distributed with 1?),\1,)\2 ~ N (@)\1’)\2, V(ZTJ)\L)Q)).
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A.4 VAR(2) Representation of Differenced VAR(1) Pro-

cess

Consider a VAR model of order 1 (of dimension k):
ye=A1yi1 +uy,

where:

e A, is the k x k coefficient matrix,

e u,; is a white noise vector with mean zero and covariance matrix >,,.
Define the cumulative series z; as:

t
Z = Z yi-
i=1

This implies:

Z = Zt—1 T Y¢

Substituting the VAR(1) model for y;, we obtain:
Z; =Z 1+ A1y + wg.
Using the relationship y; 1 = z; 1 — z;_o, we rewrite:
Zy =21+ Aq(2i_1 — 242) + ;.

Simplifying gives:
Z; = (I + Al)Zt_l — Ath_Q + u,.

The above equation is a VAR(2) model for the cumulative series z;:
z; = B1zi1 + Bozy o + uy,
where:

B, =1+A,,
B2 = —Al.

The cumulative nature of z; introduces implicit time trends, as cumulative sums often exhibit
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growth or trend-like behavior over time. These trends align naturally with the VAR(2)

framework, where they emerge from the dynamics of the lagged cumulative terms.

A.5 Static Data Simulation Results

Table A.1: Average RMSE in SC-Style DGP

Tore Method 5 10 15 20 25 30
Tore =20 SC 1.0157 | 1.0544 | 1.0692 | 1.0600 | 1.0684 | 1.0770
AUGSCrigge | 1.0447 | 1.0668 | 1.1089 | 2.3767 | 2.1845 | 1.7840
OLS 1.1510 | 1.4755 | 2.2826 | 5.8202 - -
REGSC 1.1025 | 1.1059 | 1.0956 | 1.0869 | 1.0754 | 1.0712
NET 1.1048 | 1.1474 | 1.1446 | 1.1286 | 1.1360 | 1.1334
FACTOR 1.1344 | 1.1004 | 1.0980 | 1.0712 | 1.0782 | 1.0693
Tore =50  SC 0.9946 | 1.0165 | 1.0198 | 1.0353 | 1.0285 | 1.0315
AUGSCrigge | 0.9989 | 1.0255 | 1.0292 | 1.0479 | 1.0428 | 1.0442
OLS 1.0388 | 1.1117 | 1.1854 | 1.2905 | 1.4184 | 1.5971
REGSC 1.0394 | 1.0481 | 1.0343 | 1.0458 | 1.0257 | 1.0340
NET 1.0311 | 1.05645 | 1.0562 | 1.0616 | 1.0519 | 1.0576
FACTOR 1.1006 | 1.0483 | 1.0410 | 1.0432 | 1.0335 | 1.0381
Tyre = 100 SC 0.9720 | 1.0008 | 1.0002 | 1.0081 | 0.9973 | 1.0211
AUGSCrigge | 0.9730 | 1.0047 | 1.0056 | 1.0147 | 1.0050 | 1.0281
OLS 0.9908 | 1.0339 | 1.0581 | 1.0966 | 1.1301 | 1.1791
REGSC 0.9907 | 1.0195 | 1.0068 | 1.0156 | 0.9977 | 1.0192
NET 0.9871 | 1.0182 | 1.0135 | 1.0254 | 1.0096 | 1.0290
FACTOR 1.0742 | 1.0387 | 1.0100 | 1.0230 | 1.0025 | 1.0216

1,000 Iterations per Donor/Method combination, Ty, € {20,50,100} and Tpes: = 10.
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Table A.2: Average RMSE in Factor-Style DGP

Tore Method 5 10 15 20 25 30
Tore =20  SC 1.4198 | 1.2700 | 1.2321 | 1.2145 | 1.1883 | 1.1632
AUGSCrigge | 1.4115 | 1.2718 | 1.2125 | 1.5652 | 1.2030 | 1.1731
OLS 1.3523 | 1.5895 | 2.4407 | 6.9961 - -
REGSC 1.3013 | 1.2059 | 1.2020 | 1.1900 | 1.1841 | 1.1811
NET 1.2843 | 1.2397 | 1.2422 | 1.2278 | 1.2094 | 1.1989
FACTOR 1.2399 | 1.1372 | 1.1081 | 1.0950 | 1.0986 | 1.0936
Tore =50  SC 1.3912 | 1.2431 | 1.1862 | 1.1386 | 1.1481 | 1.1368
AUGSCRrigge | 1.3871 | 1.2036 | 1.1533 | 1.1307 | 1.1159 | 1.1171
OLS 1.1878 | 1.2130 | 1.2498 | 1.3253 | 1.4637 | 1.6523
REGSC 1.1823 | 1.1355 | 1.1015 | 1.0770 | 1.0803 | 1.0917
NET 1.1721 | 1.1501 | 1.1136 | 1.0915 | 1.0985 | 1.1120
FACTOR 1.1521 | 1.1000 | 1.0637 | 1.0425 | 1.0369 | 1.0506
Tyre = 100  SC 1.3860 | 1.2054 | 1.1566 | 1.1220 | 1.1247 | 1.1025
AUGSCrigge | 1.3627 | 1.1766 | 1.1348 | 1.0964 | 1.1013 | 1.0828
OLS 1.1616 | 1.1185 | 1.1392 | 1.1365 | 1.1845 | 1.1948
REGSC 1.1621 | 1.0905 | 1.0843 | 1.0461 | 1.0606 | 1.0381
NET 1.1571 | 1.0963 | 1.0884 | 1.05395 | 1.0766 | 1.0537
FACTOR 1.1447 | 1.0673 | 1.0589 | 1.0223 | 1.0390 | 1.0199

1,000 Iterations per Donor/Method combination, T, € {20,50,100} and Tpos: = 10.

94



A.6 Dynamic Data Simulation Results

Table A.3: Average RMSE in Dynamic DGPs for T}, = 20

DGP Method 5 10 15 20

Case 3: SC 2.6800 | 2.5240 | 2.4092 | 2.3818

Stationary AUGSCRrigge | 2.7091 | 2.5330 | 2.4688 | 3.3823
OLS 27845 | 3.0724 | 4.4832 | 8.9203
REGSC 2.6719 | 2.5503 | 2.4672 | 2.4249
NET 2.6584 | 2.5097 | 2.4155 | 2.3810
FACTOR 2.7421 | 2.5886 | 2.5235 | 2.4971
VAR - - - -

REGVAR 2.7598 | 2.6638 | 2.5189 | 2.4570
NETVAR 2.7088 | 2.4865 | 2.4275 | 2.3928

Case 4: SC 2.8816 | 3.2696 | 3.6575 | 5.0973

Non-Stationary AUGSCrjqge | 3.0312 | 3.3823 | 3.7974 | 7.6195
OLS 3.3242 | 4.3165 | 6.2506 | 17.9334
REGSC 29984 | 3.3647 | 3.7672 | 5.1819
NET 3.0802 | 3.4592 | 3.7035 | 4.9259
FACTOR 3.0937 | 3.5576 | 3.8997 | 5.4014
VAR - -

REGVAR 3.2150 | 3.3911 | 3.6663 | 4.9437
NETVAR 29918 | 3.3044 | 3.5859 | 4.7940

Case 5: SC 3.0466 | 2.7271 | 2.7706 | 2.7875

Cointegrated AUGSCRrigge | 3.3287 | 2.8044 | 2.8618 | 3.6898
OLS 3.4605 | 3.4409 | 4.6626 | 9.9770
REGSC 3.0514 2.719 2.7028 | 2.7441
NET 3.2416 | 2.8164 | 2.7638 | 2.7448
FACTOR 3.1902 | 2.8348 | 2.8875 | 2.9052
VAR - - - -

REGVAR 3.1683 | 2.7062 | 2.7389 | 2.7411
NETVAR 29793 | 2.7169 | 2.7001 | 2.7075

1,000 Iterations per Donor/Method combination, Tpre = 20, Tpost = 10
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Table A.4: Average RMSE in Dynamic DGPs for T}, = 50

DGP Method 5 10 15 20

Case 3: SC 2.5204 | 2.4077 | 2.3037 | 2.2944

Stationary AUGSCRrigge | 2.5203 | 2.3739 | 2.2835 | 2.2286
OLS 2.4014 | 2.3429 | 2.2646 | 2.2887
REGSC 2.4216 | 2.3222 | 2.2014 | 2.1806
NET 2.3871 | 2.2662 | 2.1681 | 2.1149
FACTOR 2.5543 | 2.4489 | 2.3920 | 2.3799
VAR 2.4199 | 2.4434 - -

REGVAR 2.3784 | 2.2547 | 2.1534 | 2.0809
NETVAR 2.3267 | 2.1895 | 2.0298 | 1.9402

Case 4: SC 2.8039 | 3.1841 | 3.8007 | 4.9259

Non-Stationary AUGSCrjqge | 2.8876 | 3.2442 | 3.7707 | 4.6865
OLS 3.0289 | 3.4386 | 4.0072 | 4.7709
REGSC 2.8521 | 3.2295 | 3.7673 | 4.6051
NET 29461 | 3.2792 | 3.7462 | 4.4666
FACTOR 29905 | 3.4189 | 4.0811 | 5.2793
VAR 2.8412 | 4.0032 -

REGVAR 277067 | 2.9752 | 3.4548 | 4.0217
NETVAR 2.5729 | 2.7447 | 3.0266 | 3.4661

Case 5: SC 2.7544 | 2.8205 | 2.6919 | 2.6239

Cointegrated AUGSCRrigge | 2.9998 | 2.9281 2.6164 | 2.4738
OLS 3.0104 | 3.0065 | 2.7025 | 2.6271
REGSC 2.8172 | 2.7848 | 2.5793 | 2.4303
NET 2.9366 | 2.8513 | 2.5431 | 2.4256
FACTOR 2.8767 | 2.9378 | 2.7902 | 2.7201
VAR 2.8618 | 4.0157 — —

REGVAR 2.6437 | 2.6657 | 2.5591 | 2.3888
NETVAR 2.5540 | 2.4996 | 2.3415 | 2.2779

1,000 Iterations per Donor/Method combination, Tpre = 50, Tpost = 10
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Table A.5: Average RMSE in Dynamic DGPs for T}, = 100

DGP Method 5 10 15 20

Case 3: SC 2.4980 | 2.3463 | 2.2805 | 2.2014

Stationary AUGSCRrigge | 2.4863 | 2.3141 | 2.1941 | 2.0821
OLS 23072 | 2.1604 | 2.0448 | 1.9487
REGSC 2.3186 | 2.1786 | 2.0495 | 1.9615
NET 2.3065 | 2.1508 | 2.0230 | 1.9224
FACTOR 2.5233 | 2.4029 | 2.3380 | 2.3137
VAR 2.2621 | 2.0302 | 1.7784 -

REGVAR 2.2543 | 2.0429 | 1.7713 | 1.5501
NETVAR 22292 | 1.9926 | 1.7406 | 1.4465

Case 4: SC 27061 | 3.2894 | 3.7263 | 4.8428

Non-Stationary AUGSCriqe | 2.8124 | 3.3643 | 3.6788 | 4.4557
OLS 29424 | 3.4631 | 3.7515 | 4.3765
REGSC 2.8273 | 3.3116 | 3.6526 | 4.3478
NET 2.8982 | 3.3791 | 3.6401 | 4.2997
FACTOR 2.8669 | 3.4590 | 3.9994 | 5.1887
VAR 2.3290 | 2.4378 | 2.3673 -

REGVAR 2.4021 | 2.5754 | 2.5657 | 2.5931
NETVAR 22914 | 2.3680 | 2.2490 | 2.0841

Case b: SC 2.7439 | 2.8006 | 2.6779 | 2.6771

Cointegrated AUGSCRrigge | 3.1587 | 3.0129 | 2.6715 | 2.4754
OLS 3.0471 | 3.0516 | 2.6955 | 2.4465
REGSC 2.9070 | 2.8560 | 2.6190 | 2.4289
NET 2.9911 2.9547 2.5989 2.4041
FACTOR 2.8165 | 2.8976 | 2.8079 | 2.7231
VAR 2.3556 | 2.4160 | 2.2410 -

REGVAR 24115 | 23714 | 2.2037 | 2.0396
NETVAR 2.3227 | 2.2564 | 1.9798 | 1.8555

1,000 Iterations per Donor/Method combination, Tpye = 100, Tpost = 10
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Table A.6: Median RMSE in Dynamic DGPs for T}, = 20

DGP Method 5 10 15 20
Case 3: SC 2.3146 | 2.2551 1.9923 | 1.9479
Stationary AUGSCrigge | 2.3339 | 2.2923 | 2.0597 | 2.5407
OLS 24173 | 2.7623 | 3.9500 | 7.2937
REGSC 2.3194 | 2.3681 | 2.1622 | 2.0999
NET 2.2668 | 2.1713 | 2.0333 | 1.9763
FACTOR 2.4055 | 2.4163 | 2.1595 | 2.1941
VAR - - - -
REGVAR 2.4204 | 2.4926 | 2.1980 | 2.1258
NETVAR 2.4138 | 2.2299 | 2.0852 | 2.0089
Case 4: SC 2.6919 | 3.0263 | 3.4057 | 4.5223
Non-Stationary AUGSCrigge | 2.7938 | 3.0287 | 3.4654 | 6.2593
OLS 3.0049 | 3.7409 | 5.5244 | 15.0597
REGSC 2.7184 | 3.1473 | 3.3564 | 4.7937
NET 2.8034 | 3.0834 | 3.2476 | 4.3633
FACTOR 2.8849 | 3.2791 | 3.5898 | 5.0209
VAR - - - -
REGVAR 2.8739 | 3.1306 | 3.4137 | 4.4186
NETVAR 2.7834 | 2.9674 | 3.3118 | 4.4241
Case 5: SC 2.6820 | 2.4398 | 2.5491 | 2.4532
Cointegrated AUGSCRrigge | 2.8817 | 2.5139 | 2.5766 | 3.0951
OLS 3.0782 | 2.9764 | 4.0203 | 7.8101
REGSC 2.6716 | 2.3731 | 2.3944 | 2.4583
NET 2.8537 | 2.4199 | 2.3402 | 2.4248
FACTOR 2.8602 | 2.5143 | 2.5514 | 2.6350
VAR - - - -
REGVAR 2.7435 | 2.4186 | 2.3980 | 2.4484
NETVAR 2.6170 | 2.4161 | 2.3646 | 2.3181

1,000 Iterations per Donor/Method combination, Tpre = 20, Tpost = 10
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Table A.7: Median RMSE in Dynamic DGPs for T}, = 50

DGP Method 5 10 15 20

Case 3: SC 2.1527 | 2.1128 | 1.9197 | 1.9710

Stationary AUGSCRrigge | 2.1497 | 2.1035 | 1.9011 | 1.9146
OLS 2.1800 | 2.0288 | 1.8947 | 2.0360
REGSC 2.1923 | 2.0653 | 1.9646 | 1.9565
NET 2.1994 | 1.9888 | 1.8108 | 1.8741
FACTOR 2.3318 | 2.2050 | 2.1286 | 2.1874
VAR 2.1497 | 2.1288 - -

REGVAR 2.1634 | 1.9821 | 1.8235 | 1.8422
NETVAR 2.0857 | 1.9188 | 1.7203 | 1.7018

Case 4: SC 2.5190 | 2.8811 | 3.4963 | 4.4441

Non-Stationary AUGSCrjgge | 2.6085 2.9355 | 3.4057 | 4.2223
OLS 2.6671 | 2.9841 | 3.6348 | 4.2033
REGSC 2.5390 | 2.8985 | 3.3985 | 4.0976
NET 2.5918 | 2.8696 | 3.3237 | 3.9499
FACTOR 2.6975 3.1046 3.7211 4.8242
VAR 2.4447 3.3942 —

REGVAR 2.4081 | 2.6670 | 3.1888 | 3.5930
NETVAR 2.2490 | 2.4301 | 2.6256 | 3.0131

Case 5: SC 2.5103 | 2.5179 | 2.3388 | 2.3225

Cointegrated AUGSCRrigge | 2.6708 | 2.6073 | 2.2763 | 2.2002
OLS 2.6908 | 2.6687 | 2.3472 | 2.2895
REGSC 2.5005 | 2.4945 | 2.2357 | 2.1547
NET 2.6324 | 2.5278 | 2.2266 | 2.1537
FACTOR 2.5910 | 2.6289 | 2.4927 | 2.4405
VAR 2.5016 | 3.3950 - -

REGVAR 2.3783 | 24112 | 2.2524 | 2.1621
NETVAR 2.2902 | 2.1329 | 2.0571 | 2.0073

1,000 Iterations per Donor/Method combination, Tpre = 50, Tpost = 10
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Table A.8: Median RMSE in Dynamic DGPs for T}, = 100

DGP Method 5 10 15 20

Case 3: SC 2.2279 | 2.0877 | 1.9111 | 2.0078

Stationary AUGSCRrigge | 2.2235 | 2.0632 | 1.8427 | 1.8655
OLS 2.0815 | 1.9519 | 1.8073 | 1.7365
REGSC 2.0977 | 1.9734 | 1.8084 | 1.7643
NET 2.0775 | 1.9333 | 1.7753 | 1.7203
FACTOR 2.3177 2.2151 2.1029 2.0791
VAR 2.0221 | 1.8079 | 1.4739 -

REGVAR 1.9862 | 1.8004 | 1.4974 | 1.2707
NETVAR 1.9968 | 1.7793 | 1.4671 | 1.2348

Case 4: SC 24528 | 2.9918 | 3.3401 | 4.4370

Non-Stationary AUGSCriqge | 2.5347 | 2.9693 | 3.3456 | 3.9513
OLS 2.6420 | 3.0877 | 3.3858 | 3.8247
REGSC 2.5616 | 3.0066 | 3.2685 | 3.8499
NET 2.5915 | 3.0350 | 3.2863 | 3.8033
FACTOR 2.6450 | 3.1572 | 3.5251 | 4.7315
VAR 2.0213 | 2.0957 | 2.0785

REGVAR 2.1180 | 2.2641 | 2.2471 | 2.2469
NETVAR 1.9863 | 2.0747 | 1.9639 | 1.7419

Case 5: SC 2.5629 | 2.4752 | 2.3726 | 2.3840

Cointegrated AUGSCrigge | 2.8415 | 2.6694 | 2.2539 | 2.1521
OLS 2.6722 | 2.5965 | 2.3362 | 2.1750
REGSC 2.5618 | 2.4627 | 2.3019 | 2.1576
NET 2.6176 | 2.5413 | 2.2502 | 2.1194
FACTOR 2.5631 | 2.6457 | 2.5031 | 2.3740
VAR 2.0599 | 2.0380 | 1.9858 -

REGVAR 2.1882 | 2.0047 | 1.9874 | 1.7131
NETVAR 2.0371 | 1.9677 | 1.7428 | 1.5675

1,000 Iterations per Donor/Method combination, Tpye = 100, Tpost = 10
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A.7 Application

Table A.9: Estimation Results: Tobacco Control Program

Type Method R? Ocnd K] > p-value
Levels SC 0.9764 -25.58 -18.84 -226.09 0.026
REGSC 1.0000 -21.51 -14.52 -174.23 0.026
REGVAR | 0.9983 -23.68 -14.51 -174.08 0.179
NET 0.9984 -24.21 -16.36 -196.32 0.026
NETVAR | 0.9993 -22.13 -16.63 -199.50 0.103
FACTOR | 0.9959 -28.04 -18.73 -224.76 0.051
1st Diff. SC 0.8338 -38.05 -29.03 -348.39 0.359
REGSC 0.9914 -14.43 -11.45 -137.41 0.205
REGVAR | 0.9995 -15.42 -10.01 -120.12 0.103
NET 0.9938 -13.49 -11.44 -137.27 0.205
NETVAR | 0.9999 -12.55 -8.64 -103.70 0.128
FACTOR | 0.9943 -12.28 -11.36 -136.35 0.128
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B Appendix for Chapter 3

B.1 DMA in Comparison to Alternative Methods

Table B.1: Static Case: The table shows the RMSE/ MAE that result from the three time series lengths
T = {60,120,360} and the four distinguished sub-cases (2 resp. 4 explanatory variables/ 0 resp. 2 noise
variables). Bold errors indicate the best performing model per row.

error  obs  Ngat  Mnoise  Ocommon  Or—specific N Ocommon  INOp_specific 1€cGAM  1ecOLS  rolOLS naive
RMSE 60 2 0 0.388 0.390 0.392 0.403 0.523  0.386 0.394 0.708
RMSE 60 2 2 0.382 0.385 0.395 0.402 0.794 0.398 0.426 0.706
RMSE 60 4 0 0.413 0.413 0.428 0.438 0.792 0.427 0.436  0.830
RMSE 60 4 2 0.414 0.414 0.432 0.441 1.174 0.442 0.479 0.834
RMSE 120 2 0 0.373 0.373 0.375 0.378 0.413 0.376 0.373 0.708
RMSE 120 2 2 0.370 0.371 0.375 0.376 0.489 0.381 0.386 0.703
RMSE 120 4 0 0.391 0.388 0.396 0.396 0.484 0.409 0.393 0.837
RMSE 120 4 2 0.391 0.389 0.399 0.398 0.599 0.416 0.408 0.841
RMSE 360 2 0 0.362 0.361 0.363 0.362 0.370 0.371 0.363 0.709
RMSE 360 2 2 0.361 0.360 0.364 0.362 0.386 0.373 0.366  0.709
RMSE 360 4 0 0.371 0.368 0.373 0.370 0.389 0.402 0.375 0.845
RMSE 360 4 2 0.371 0.368 0.375 0.371 0.407 0.404 0.379 0.844
MAE 60 2 0 0.310 0.312 0.314 0.322 0.385 0.309 0.315 0.571
MAE 60 2 2 0.306 0.308 0.316 0.322 0.536 0.319 0.341 0.567
MAE 60 4 0 0.330 0.330 0.342 0.349 0.538 0.341 0.348 0.668
MAE 60 4 2 0.331 0.331 0.346 0.352 0.767 0.353 0.380 0.673
MAE 120 2 0 0.297 0.298 0.299 0.301 0.323 0.300 0.298 0.568
MAE 120 2 2 0.296 0.296 0.299 0.300 0.373 0.304 0.308 0.563
MAE 120 4 0 0.312 0.310 0.316 0.316 0.372 0.327 0.314 0.670
MAE 120 4 2 0.312 0.311 0.318 0.318 0.440 0.332 0.325 0.673
MAE 360 2 0 0.289 0.288 0.289 0.289 0.295 0.296 0.290 0.566
MAE 360 2 2 0.288 0.287 0.290 0.289 0.307 0.298 0.292 0.567
MAE 360 4 0 0.296 0.294 0.298 0.295 0.309 0.320 0.299 0.675
MAE 360 4 2 0.296 0.294 0.299 0.296 0.323 0.322 0.302 0.674
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Table B.2: Dynamic Case: For further notes see Table B.1.

error  obs  Nstat  Mnoise  Ocommon  Or—specific  NOcommon NOr—specific TecGAM  recOLS 10lOLS naive
RMSE 60 2 0 0.388 0.392 0.394 0.407 0.509 0.388 0.391 0.700
RMSE 60 2 2 0.380 0.383 0.394 0.402 0.781 0.398 0.420 0.696
RMSE 60 4 0 0.389 0.393 0.411 0.421 0.771 0.420 0.429 0.794
RMSE 60 4 2 0.388 0.390 0.417 0.426 1.170 0.434 0.473 0.790
RMSE 120 2 0 0.374 0.376 0.376 0.381 0.408 0.380 0.371 0.704
RMSE 120 2 2 0.371 0.373 0.377 0.380 0.484 0.385 0.383 0.704
RMSE 120 4 0 0.380 0.382 0.387 0.392 0.476 0.400 0.387 0.798
RMSE 120 4 2 0.379 0.381 0.388 0.392 0.579 0.405 0.400 0.798
RMSE 360 2 0 0.361 0.361 0.362 0.362 0.366 0.374 0.360 0.706
RMSE 360 2 2 0.359 0.360 0.362 0.362 0.381 0.375 0.363 0.706
RMSE 360 4 0 0.365 0.364 0.367 0.367 0.380 0.390 0.367 0.798
RMSE 360 4 2 0.364 0.364 0.368 0.367 0.397 0.392 0.370 0.798
MAE 60 2 0 0.310 0.314 0.315 0.325 0.378 0.311 0.313 0.563
MAE 60 2 2 0.304 0.307 0.315 0.321 0.531 0.318 0.336  0.559
MAE 60 4 0 0.312 0.314 0.329 0.337 0.528 0.336 0.343 0.638
MAE 60 4 2 0.311 0.313 0.334 0.341 0.760 0.347  0.377 0.635
MAE 120 2 0 0.299 0.301 0.301 0.305 0.320 0.304 0.297 0.565
MAE 120 2 2 0.297 0.298 0.301 0.303 0.370 0.308 0.306 0.564
MAE 120 4 0 0.304 0.305 0.310 0.314 0.365 0.319 0.309 0.639
MAE 120 4 2 0.303 0.304 0.310 0.313 0.427 0.324 0.319 0.638
MAE 360 2 0 0.288 0.288 0.289 0.289 0.291 0.298 0.287 0.564
MAE 360 2 2 0.287 0.287 0.289 0.289 0.303 0.300 0.290 0.564
MAE 360 4 0 0.291 0.291 0.293 0.293 0.303 0.311 0.293 0.638
MAE 360 4 2 0.290 0.290 0.293 0.293 0.315 0.313 0.296 0.637
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B.2 DMA Models with Google Trends

Table B.3: Static Case with GT; = f(8;), with f(-) indicating the estimation procedure for Google Trends
as outlined in Section 3.3.2. GT-Ocommon labels the DMA model estimated with, noGT-O.ommon labels the
DMA model estimated without Google Trends. The ratio is computed as GT-Ocommon / DOGT-Ocommon.-

error  obs  Ngat  Nnoise  GT-Ocommon NOGT-Oommon  Ratio

RMSE 60 2 0 0.355 0.385 0.922
RMSE 60 4 0 0.322 0.413 0.780
RMSE 60 2 2 0.357 0.382 0.934
RMSE 60 4 2 0.323 0.416 0.778
RMSE 120 2 0 0.345 0.373  0.926
RMSE 120 4 0 0.317 0.395 0.804
RMSE 120 2 2 0.347 0.370 0.936
RMSE 120 4 2 0.315 0.390 0.807
RMSE 360 2 0 0.336 0.362  0.929
RMSE 360 4 0 0.304 0.372  0.817
RMSE 360 2 2 0.336 0.360 0.933
RMSE 360 4 2 0.304 0.371 0.819
MAE 60 2 0 0.285 0.308 0.923
MAE 60 4 0 0.255 0.330 0.773
MAE 60 2 2 0.285 0.305 0.935
MAE 60 4 2 0.256 0.332 0.771
MAE 120 2 0 0.276 0.298 0.926
MAE 120 4 0 0.252 0.315 0.798
MAE 120 2 2 0.277 0.296 0.935
MAE 120 4 2 0.250 0.312 0.800
MAE 360 2 0 0.269 0.289 0.930
MAE 360 4 0 0.240 0.296 0.810
MAE 360 2 2 0.269 0.288 0.934
MAE 360 4 2 0.240 0.296 0.812
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Table B.4: Dynamic Case with GT; = f(B;). For further notes, see Table B.3.

error  obs  Ngat  Mnoise  GT-Ocommon NOGT-Osommon Ratio

RMSE 60 2 0 0.364 0.389 0.937
RMSE 60 4 0 0.323 0.387 0.833
RMSE 60 2 2 0.363 0.383 0.949
RMSE 60 4 2 0.324 0.388 0.834
RMSE 120 2 0 0.350 0.372  0.941
RMSE 120 4 0 0.322 0.380 0.847
RMSE 120 2 2 0.349 0.369 0.947
RMSE 120 4 2 0.323 0.380 0.849
RMSE 360 2 0 0.338 0.361 0.938
RMSE 360 4 0 0.316 0.365 0.867
RMSE 360 2 2 0.339 0.360 0.943
RMSE 360 4 2 0.317 0.365 0.869
MAE 60 2 0 0.291 0.311  0.935
MAE 60 4 0 0.256 0.310 0.826
MAE 60 2 2 0.290 0.307 0.946
MAE 60 4 2 0.257 0.311 0.827
MAE 120 2 0 0.279 0.297 0.940
MAE 120 4 0 0.257 0.304 0.844
MAE 120 2 2 0.279 0.295 0.946
MAE 120 4 2 0.257 0.304 0.846
MAE 360 2 0 0.270 0.288 0.937
MAE 360 4 0 0.252 0.291 0.866
MAE 360 2 2 0.270 0.287 0.943
MAE 360 4 2 0.253 0.291 0.867
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Table B.5: Static Case with GT; = f(8;) + €;, with ¢, ~ A(0,0.01). For further notes, see Table B.3.

error  obs  Ngat  Mnoise  GT-Ocommon NOGT-Osommon Ratio

RMSE 60 2 0 0.358 0.386 0.926
RMSE 60 4 0 0.322 0.413 0.779
RMSE 60 2 2 0.359 0.384 0.934
RMSE 60 4 2 0.323 0.412 0.783
RMSE 120 2 0 0.348 0.374 0.931
RMSE 120 4 0 0.317 0.393 0.807
RMSE 120 2 2 0.345 0.369 0.934
RMSE 120 4 2 0.315 0.390 0.807
RMSE 360 2 0 0.339 0.363 0.932
RMSE 360 4 0 0.305 0.371 0.822
RMSE 360 2 2 0.338 0.362 0.933
RMSE 360 4 2 0.305 0.372  0.822
MAE 60 2 0 0.287 0.309 0.928
MAE 60 4 0 0.255 0.330 0.774
MAE 60 2 2 0.287 0.307 0.935
MAE 60 4 2 0.257 0.330 0.778
MAE 120 2 0 0.279 0.299 0.933
MAE 120 4 0 0.252 0.314 0.803
MAE 120 2 2 0.276 0.296 0.934
MAE 120 4 2 0.250 0.312 0.803
MAE 360 2 0 0.271 0.290 0.935
MAE 360 4 0 0.242 0.296 0.816
MAE 360 2 2 0.270 0.289 0.934
MAE 360 4 2 0.242 0.297 0.815
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Table B.6: Dynamic Case with GT; = f(3;) + €, with ¢, ~ N'(0,0.01). For further notes, see Table B.3.

error  obs  Ngat  Mnoise  GT-Ocommon NOGT-Osommon Ratio

RMSE 60 2 0 0.364 0.389 0.936
RMSE 60 4 0 0.324 0.387 0.838
RMSE 60 2 2 0.362 0.382 0.945
RMSE 60 4 2 0.324 0.386  0.840
RMSE 120 2 0 0.352 0.372  0.945
RMSE 120 4 0 0.325 0.381 0.853
RMSE 120 2 2 0.352 0.372  0.948
RMSE 120 4 2 0.323 0.380 0.850
RMSE 360 2 0 0.339 0.361 0.940
RMSE 360 4 0 0.317 0.365 0.870
RMSE 360 2 2 0.339 0.360 0.942
RMSE 360 4 2 0.316 0.364 0.868
MAE 60 2 0 0.292 0.312  0.935
MAE 60 4 0 0.258 0.310 0.834
MAE 60 2 2 0.289 0.306 0.943
MAE 60 4 2 0.258 0.310 0.833
MAE 120 2 0 0.281 0.297 0.944
MAE 120 4 0 0.259 0.305 0.850
MAE 120 2 2 0.281 0.297 0.947
MAE 120 4 2 0.257 0.304 0.847
MAE 360 2 0 0.271 0.288 0.941
MAE 360 4 0 0.253 0.291 0.868
MAE 360 2 2 0.270 0.287 0.942
MAE 360 4 2 0.252 0.291 0.866

107



Table B.7: Static Case with GT; = f(8;) + €, with ¢, ~ A(0,0.1). For further notes, see Table B.3.

error  obs  Ngat  Mnoise  GT-Ocommon NOGT-Osommon Ratio

RMSE 60 2 0 0.367 0.384 0.955
RMSE 60 4 0 0.355 0.413 0.860
RMSE 60 2 2 0.358 0.382 0.938
RMSE 60 4 2 0.350 0.415 0.844
RMSE 120 2 0 0.357 0.373 0.956
RMSE 120 4 0 0.345 0.393 0.876
RMSE 120 2 2 0.349 0.371 0.941
RMSE 120 4 2 0.337 0.392  0.859
RMSE 360 2 0 0.346 0.362 0.957
RMSE 360 4 0 0.328 0.371 0.885
RMSE 360 2 2 0.339 0.361 0.940
RMSE 360 4 2 0.323 0.371  0.872
MAE 60 2 0 0.294 0.307 0.956
MAE 60 4 0 0.283 0.330 0.857
MAE 60 2 2 0.286 0.306 0.936
MAE 60 4 2 0.277 0.331 0.838
MAE 120 2 0 0.285 0.298 0.956
MAE 120 4 0 0.274 0.314 0.875
MAE 120 2 2 0.278 0.296 0.939
MAE 120 4 2 0.268 0.314 0.852
MAE 360 2 0 0.277 0.289 0.957
MAE 360 4 0 0.261 0.296 0.883
MAE 360 2 2 0.270 0.288 0.937
MAE 360 4 2 0.255 0.296 0.864
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Table B.8: Dynamic Case with GT; = f(3;) + €, with ¢, ~ N(0,0.1). For further notes, see Table B.3.

error  obs  Ngat  Mnoise  GT-Ocommon NOGT-Osommon Ratio

RMSE 60 2 0 0.373 0.387 0.963
RMSE 60 4 0 0.352 0.389  0.905
RMSE 60 2 2 0.363 0.383 0.949
RMSE 60 4 2 0.343 0.384 0.894
RMSE 120 2 0 0.359 0.372  0.965
RMSE 120 4 0 0.346 0.380 0.910
RMSE 120 2 2 0.353 0.371 0.953
RMSE 120 4 2 0.339 0.380 0.892
RMSE 360 2 0 0.347 0.361 0.962
RMSE 360 4 0 0.335 0.365 0.917
RMSE 360 2 2 0.341 0.359 0.949
RMSE 360 4 2 0.329 0.365 0.902
MAE 60 2 0 0.299 0.311  0.962
MAE 60 4 0 0.281 0.311 0.901
MAE 60 2 2 0.290 0.306 0.946
MAE 60 4 2 0.272 0.307 0.888
MAE 120 2 0 0.287 0.298 0.963
MAE 120 4 0 0.276 0.304 0.909
MAE 120 2 2 0.282 0.297 0.950
MAE 120 4 2 0.270 0.304 0.889
MAE 360 2 0 0.277 0.288 0.962
MAE 360 4 0 0.267 0.291 0.917
MAE 360 2 2 0.271 0.287 0.947
MAE 360 4 2 0.262 0.292  0.899
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Table B.9: Static Case with GT; = €, with ¢ ~ (0, 1).

error  obs  Ngat  Mnoise  GT-Ocommon NOGT-Osommon Ratio
RMSE 60 2 0 0.418 0.385 1.085
RMSE 60 4 0 0.483 0.416 1.163
RMSE 60 2 2 0.428 0.380 1.129
RMSE 60 4 2 0.496 0.422 1.177
RMSE 120 2 0 0.414 0.372 1.113
RMSE 120 4 0 0.461 0.395 1.168
RMSE 120 2 2 0.414 0.365 1.133
RMSE 120 4 2 0.477 0.394 1.210
RMSE 360 2 0 0.405 0.360 1.124
RMSE 360 4 0 0.441 0.369 1.193
RMSE 360 2 2 0.408 0.357 1.142
RMSE 360 4 2 0.455 0.370 1.228
MAE 60 2 0 0.332 0.308 1.077
MAE 60 4 0 0.384 0.332  1.156
MAE 60 2 2 0.340 0.306 1.109
MAE 60 4 2 0.394 0.337 1.171
MAE 120 2 0 0.328 0.297 1.104
MAE 120 4 0 0.365 0.316 1.158
MAE 120 2 2 0.329 0.293 1.121
MAE 120 4 2 0.379 0.315 1.204
MAE 360 2 0 0.320 0.288 1.110
MAE 360 4 0 0.347 0.295 1.179
MAE 360 2 2 0.322 0.285 1.130
MAE 360 4 2 0.359 0.296 1.213
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Table B.10: Dynamic Case with GT; = ¢;, with ¢, ~ U(0, 1).

error  obs  Ngat  Mnoise  GT-Ocommon NOGT-Osommon Ratio
RMSE 60 2 0 0.412 0.385 1.069
RMSE 60 4 0 0.443 0.389 1.140
RMSE 60 2 2 0.427 0.389 1.099
RMSE 60 4 2 0.447 0.378 1.182
RMSE 120 2 0 0.410 0.368 1.115
RMSE 120 4 0 0.428 0.384 1.115
RMSE 120 2 2 0.417 0.372 1.121
RMSE 120 4 2 0.432 0.376 1.151
RMSE 360 2 0 0.403 0.361 1.118
RMSE 360 4 0 0.413 0.365 1.130
RMSE 360 2 2 0.409 0.359 1.138
RMSE 360 4 2 0.423 0.367 1.151
MAE 60 2 0 0.324 0.309 1.048
MAE 60 4 0 0.341 0.309 1.104
MAE 60 2 2 0.340 0.311 1.091
MAE 60 4 2 0.355 0.301 1.180
MAE 120 2 0 0.313 0.299 1.048
MAE 120 4 0 0.322 0.303 1.064
MAE 120 2 2 0.332 0.298 1.116
MAE 120 4 2 0.346 0.301  1.150
MAE 360 2 0 0.304 0.288 1.054
MAE 360 4 0 0.309 0.292 1.056
MAE 360 2 2 0.324 0.287 1.130
MAE 360 4 2 0.335 0.294 1.141
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B.3 Empirical Application

B.3.1 Data

Economic Activity and Demand (EAAD)

Macroeconomic variable: Industrial Production (IP)
Google Trends: industrial production, supply bottlenecks, raw material prices, production

costs, construction projects, construction companies, automotive industry

Macroeconomic variable: Retail Trade Sales (RT)
Google Trends: retail trade sales, online shopping, retail, discount campaigns, shop opening

hours, discounts, black friday

Macroeconomic variable: Household Consumption (HC)
Google Trends: household consumption, household expenditure, consumer behavior, saving

measures, budget planning, cost of living, energy costs

Macroeconomic variable: Price-to-income-Ratio (PIR)

Google Trends: property bubble, rent price, salary increase, inflation, salary

Macroeconomic variable: Savings Rate (SR)
Google Trends: savings rate, savings interest, financial planning, retirement provision, inter-

est rates

Macroeconomic variable: Further EAAD-terms

Google Trends: economic crisis, traveling expenses, property market, tourism expenditure,
economy, tourism, building a house, residential investment, recession, holiday apartment,
house prices, economic growth, plane ticket, house construction, new building, hotel costs,

renovation costs

Labor Market and Employment (LMAE)

Macroeconomic variable: Unemployment Rate (UR)
Google Trends: unemployment rate, labor office, job loss, unemployment benefit, long-term

unemployed, economic crisis

Macroeconomic variable: Part-time Employment Rate (PT)

Google Trends: minijobs, part-time jobs, part time

Macroeconomic variable: Short-time Employment Rate (STW)

Google Trends: reduction in working hours, short-time working scheme, economic aid
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Macroeconomic variable: Short-time Volume Loss (STL)

Google Trends: employment, job cuts

Macroeconomic variable: Labor Volume (LV)

Google Trends: labor volume, labor market, employment

Macroeconomic variable: Multiple Job Holders (MJ)

Google Trends: multiple employment, additional income, second job, freelancer, self-employed

Macroeconomic variable: Job Vacancy Rate (JV)

Google Trends: vacancies, open positions, jobs, personnel, job portal

Macroeconomic variable: Employment Growth (EG)

Google Trends: new hires, labor market

Macroeconomic variable: Further LMAE-terms

Google Trends: employment agency, skilled labor shortage, youth unemployment rate, reg-
ister unemployed online, working time models, education, long-term unemployment rate,
employment rate, job center application, working life, internship, short-time work, salary,
social benefits, job exchange, labor office, long-term unemployment, vocational training, un-

employed

Trade and External Sector (TAES)

Macroeconomic variable: Ifo Export Expectations (IE)

Google Trends: exports, world economy, trade balance

Macroeconomic variable: Manufacturing PMI (PMI)

Google Trends: purchasing managers’ index, industrial production, industry, supply chain

Macroeconomic variable: Baltic Dry Index (BDI)
Google Trends: freight rates, trade, container, commodity prices, transport costs, sea freight

market

Macroeconomic variable: Bundesbank Lending Indicator (LI)
Google Trends: lending, interest rates, corporate financing, debt capital, monetary policy,

investments

Macroeconomic variable: Net Export Growth (NE)

Google Trends: import export, trade surplus

Macroeconomic variable: Real Effective Exchange Rate (REER)

Google Trends: exchange rate, euro, dollar, monetary policy
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Macroeconomic variable: Further TAES-terms
Google Trends: customs duties, tariffs, exports, made in germany, brexit, balance of trade,

vw diesel scandal, foreign trade, free trade agreement, currency development

Financial Market Conditions (FMC)

Macroeconomic variable: DAX Index (DAX)

Google Trends: stock market, german shares, dax forecast, stock market trading, volatility

Macroeconomic variable: Volatility Index (VDAX)

Google Trends: market risk, uncertainty indicator

Macroeconomic variable: Money Supply Growth (M3)

Google Trends: money supply, central bank, inflation, interest rate

Macroeconomic variable: Bank Lending Standards (BLS)

Google Trends: bank loans, equity capital, corporate financing

Macroeconomic variable: Term Spread (TS)

Google Trends: yield curve, phillips curve, bonds, yield

Macroeconomic variable: Credit Spread (CS)

Google Trends: credit risk, bonds, credit rating, corporate bonds, risk premium

Macroeconomic variable: Further FMC-terms
Google Trends: exchange rate, government debt, consumer credit growth, key interest rate,
interest rate development, government bond, interest rates, financial market, ecb monetary

policy, fed, credit, vdax, prices

Price Level and Inflation (PLAI)

Macroeconomic variable: CPI Inflation (CPI)

Google Trends: consumer price index, inflation rate, price increases, consumer prices

Macroeconomic variable: Purchasing Price Inflation (PPI)

Google Trends: producer price index, production costs, raw material prices, cost increases

Macroeconomic variable: Oil Price Inflation (OPI)

Google Trends: oil prices, petrol prices, crude oil prices

Macroeconomic variable: Energy Price Inflation (EPI)
Google Trends: electricity prices, heating costs, energy crisis, gas prices, energy consumption,

energy prices
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Macroeconomic variable: Wage Inflation (WI)
Google Trends: wage increase, wage development, collective bargaining, minimum wage,

labor costs

Macroeconomic variable: Further PLAI-terms

Google Trends: price development, prices, production costs, cost of living, inflation, IG

Metall

Sentiments and Expectations (SAE)

Macroeconomic variable: Ifo Business Climate (IFO)

Google Trends: business climate index, clemens fuest, business cycle, economy, ifo index

Macroeconomic variable: GfK Consumer Confidence (GFK)

Google Trends: consumer climate

Macroeconomic variable: ZEW Economic Sentiment (ZEW)

Google Trends: zew mannheim

Macroeconomic variable: Further SAE-terms

Google Trends: ifo index, financial market, stock market

Real Estate and Housing (REAH)

Macroeconomic variable: Building Permits (BP)
Google Trends: new building project, building applications, building activity, construction

sector

Macroeconomic variable: Residential Property Prices (RPP)

Google Trends: property prices, house prices, property market

Macroeconomic variable: Construction Activity (CA)

Google Trends: construction projects, construction industry

Macroeconomic variable: Residential Construction (RC)

Google Trends: housing construction, property, buying a house

Macroeconomic variable: Further REAH-terms

Google Trends: rents, building industry, property crisis, property bubble
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B.3.2 Forecasting GDP

Evolution of forecasted GDP growth rates (Section 3.4.2)

N - N
o o -
s} a o

Year-on-Year GDP Growth Factors
o
©
o
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© > Q U g © > Q v
N Q N N N N N 9 9/
= True GDP growth = Experts == DMA (no GT) == DMA (GT)

Figure B.1: Forecasting y,: Forecasted Values
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B.3.3 Identifying Variables Overlooked in Expert GDP Forecasts

Forward Selection Algorithm (Section 3.4.3)

Algorithm 1 Forward Selection DMA Estimation

1: Initialize the set of explanatory variables X = {x, 2o, ..., x37}
2: Set the maximum number of variables N = 10

3: Initialize the selected variables set S = {}

4: Initialize the best fit value M AFE,.q = o©

5: for each variable x; € X do

6: Estimate § = fpara(z;)

7: Compute MAE based on one-step-ahead forecasts
8: if MAE < MAE., then

9: MAE. < fit

10: S —{x;}

11: end if

12: end for

13: while size of S < N do

14: Let Xyesr < X\S

15: for each variable z; € X, . do

16: Estimate § = fpya(S v {z;})

17: Compute MAE based on one-step-ahead forecasts
18: if new MAE < MAE,., then

19: MAEy «— MAE

20: Add z; to S

21: end if

22: end for

23: end while
24: return S

Interpretation of Marginal Effects (Section 3.4.3)

As outlined in Section 3.4.3, we assume that the experts consider the same macroeconomic
quantities as we do when they build their forecasts. Accordingly, if we define the difference
between true GDP growth and the (mean) expert forecast as the dependent variable and
regress this difference on the macroeconomic variables, significances indicate which variables
were not sufficiently considered in the formulation of the experts’ forecast. More formally,
the expert’s forecast error g, can be expressed as §; = Yv (0y1/0Xps — Of (Xi1)/0X ) with

K representing the number of columns in X} ;. Accordingly, if
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i
RLUNS 0 : experts underweight the information contained in X; in their forecasts as

0X;
of(Xy)/0X; < 0y/oX;,

5—?{2 < 0 : experts overweight the information contained in X; in their forecasts as
0f(Xy)/0Xy > 0y, /0X,

5—?}1 = 0 : experts accurately incorporate the information from X; into their forecasts as

0f(X,)/0X, = 0y, /0 X,

Evolution of forecasted GDP growth rates (Section 3.4.3)

-
o
o
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1.00
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0.90

= True GDP growth == Experts == DMA (no GT) = DMA (GT)

Figure B.2: Forecasting y;: Forecasted Values
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Evolution of overlooked coefficients (Section 3.4.3)
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Figure B.3: Estimated dynamic coefficients of the 10 selected macroeconomic variables using DMA with ¢,
as dependent variable and no Google Trends. Coeflicients are blue, confidence bands are grey.
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C Appendix for Chapter 4

C.1 Homogeneous Parameter Estimation

It is useful to briefly summarize how the homogeneous parameters p, 5 and v as well as

2

2 can be estimated in a standard dynamic panel. The

the variances components o3 and o

procedures below are well known and are presented for the sake of completeness.

Quasi—-Maximum Likelihood

Under the working assumption of Gaussian innovations, the unit effects can be integrated
out to obtain a likelihood depending only on the homogeneous parameters. Maximizing this
marginal likelihood yields the quasi—-maximum likelihood estimator (QMLE) of p and 5. It
is consistent under mild regularity conditions and typically remains reliable even if the exact

normality assumption is violated (see, e.g., Moral-Benito et al., 2019).

Generalized Method of Moments

Moment—based estimators exploit orthogonality conditions between lagged variables and the
innovation. The Difference GMM (Arellano and Bond, 1991) first-differences the model to
remove the unit effect and uses deeper lags as instruments for the lagged dependent variable.
The Level GMM (Arellano and Bover, 1995) replaces first differences by forward orthogonal
deviations, which retain more information and alleviate weak instrument problems when
the series is highly persistent. The System GMM (Blundell and Bond, 1998) combines the
difference and level equations in a single system, using lagged differences as instruments for
the level equation to improve efficiency when persistence is high. These GMM estimators
are designed for panels with many individuals and few time periods and deliver consistent

estimates of p and .
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GLS Estimation with Correlated Random Effects

Including the time-average x; ensures that the remaining individual component 7; is orthog-

onal to the regressors, yielding the residuals

Vit = Yit — TiY = PYir—1 + 0 + i under stationary IC,
it =
Zit = Yit — PYit—1 — Ty = 1; + € under non-stationary IC.

Because 7; enters each time period, the composite error term exhibits a variance components
structure with serial correlation within units. Ordinary least squares ignores this dependence
and is therefore inefficient. A generalized least squares (GLS) estimator accounts for the
covariance structure implied by the repeated effect 7; and provides efficient estimates of ~y
(see, e.g., Wooldridge, 2010).

Variance—component estimation

2

Z) can be

When a random—effects specification is adopted, the variance components (o3, o
estimated by the classical Swamy—Arora ANOVA-type procedure (Swamy and Arora, 1972).
The method decomposes the variance of the process into a within—individual component,
yielding an estimate of the idiosyncratic variance o2, and a between—individual component,
from which o3 is recovered after subtracting the sampling noise ¢2/(T — 1). For simplicity,

ignore additional explanatory variables and consider the series under non-stationary IC:

Zit = Yit — PYit—1
:Ai"i_gitu t:2,,T

Define the time average z; := ﬁ EtT:g zit. The total variability of {z;;} can be decomposed
into a within—unit and a between—unit component. The within mean-square provides a

consistent estimator of the innovation variance:

~2

1
% T N(T-2)-

=11

N T
2
(Zz't - Zz) .
—2
The dispersion of z; reflects both the cross—sectional variation in \; and the sampling noise
from averaging over T"— 1 observations. Removing the latter yields the Swamy—Arora esti-

mator of the variance of the unit effects:

53 = Var(z;) — ==
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C.2 Autocovariances under Stationary Conditions

Under stationary conditions, the transformed series relevant for forecasting is
Yit = PYir—1 + Ni + Eits

where )\; is the time-invariant unit effect with variance 0/2\ and g, is an innovation with mean
zero, variance o2, and no serial correlation. Because ); enters every period and y;; follows a
stationary AR(1) process around the unit mean, y;; inherits two sources of persistence: the
lag dependence governed by p and the constant unit-specific component.

To derive the autocovariances of y;, it is useful to recall the stationary AR(1) component of

the model. Let u; := y;; — p; denote the demeaned series. Then
Uit = PUp—1 T+ Egt.

Taking the variances on both sides and noting that u;; and &;; are uncorrelated by construc-
tion,

Var(u;) = Var(pu 1 + i) = p* Var(ui) + 2.

Solving for Var(u;;) yields the well-known stationary AR(1) result,

Var(u;) = —=

Because y;; contains both \; and the AR(1) component, its variance is

2

O¢

1—p?

'y((]y) = Var(y;) = 0/2\ +

For the lag-k autocovariance, note that \; contributes o3 at every lag, while the AR(1)
component decays geometrically at rate p*. Hence
) >, K 02
ka = COV(?/z‘nyi,t—k) =oytp 1_7227 E=1,2,....
The first term generates persistence that does not decay with k, while the second term
captures dynamic dependence that vanishes as k grows. This autocovariance structure de-

termines the coefficients of the linear one-step-ahead predictor used in Section 4.2.3.
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C.3 Autocovariances under Non-Stationary Conditions

Under non-stationary conditions, the transformed series relevant for forecasting is the p-
residual process
Zit:>\i+5ita t=2,,T

To derive the posterior mean of \; given the transformed history, we look for the MSE-optimal

linear predictor of the form

T
E[)\z | Zi2y v o - 7ZiT] = Z btzit~
t=2

Note that each transformed observation satisfies z;; = \; + €;; with the same signal part \;
and i.i.d. noise. Therefore, the optimal coefficients must all be equal and the MSE-optimal

predictor reduces to

E[)‘i|zi2a'--7ziT]:l~)gi7 5=(T—1)b,

where
Ly
Zi = ) Zit.
T—-1 =
Because
1 &l o?
Elz: | Mi] = N, Var(z;) = Var(\;) + Var (T—l t;&) =0} + T = ik
and
Cov(\;, %) = 03,
the linear projection of A\; on the transformed history {z, ..., z;r} reduces to a reliability-
weighted mean:
Cov(Ai, 2 3
E[)\Z‘|ZZ'27...,ZZ'T]:MEZ‘:/€5¢, KR = 0-)\

Var(z;) o +02/(T—-1)

Substituting this predictor gives the MSE-optimal one-step forecast under non-stationary
IC:

Yir1 T = PYiT + K 2.
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C.4 Empirical Application
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Figure C.1: Firm-Level Productivity and Observable Characteristics. The upper panel shows the distribution
of mean productivity across firms. The middle panel depicts the relationship between average firm size and
mean productivity, with a fitted linear trend. The lower panel shows differences in productivity, sorted across
federal states.
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Figure C.2: Common Coefficient Densities for T = 12
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