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Abstract
As biostatistical research becomes more specialized and diverse, a careful alignment be-
tween research question, data structure, and methodology is required for valid statistical
conclusions. This necessitates the development of flexible approaches that are simultane-
ously tailored to the research question, while accounting for the underlying data structure.
This thesis comprises three contributions that discuss the interplay between data, research
questions, and methodology for two major thematic areas: risk estimation for time-to-
event data, and alert identification for continuous covariates.

The first contribution introduces a nonparametric estimator for the relative risk of two
groups to experience the event. By directly estimating the relative risk, the proposed
method avoids problems that arise from the misinterpretation of the odds ratio or the
hazard ratio as the relative risk, which is often found in practice. Therefore, it is bet-
ter aligned with the research question of primary interest. The procedure utilizes the
Kaplan-Meier estimator. In contrast to an existing approach, it thus avoids parametric
assumptions and merely assumes proportional risks, that is, a constant risk ratio over
time. As a result, it remains mostly interpretable even when this assumption is violated
and is applicable to a broader spectrum of data.

The second and third contributions introduce model-based approaches for the identifi-
cation of alerts, at which a pre-specified threshold of the response variable is exceeded.
Both methods use hypothesis tests, enabling inference based on statistical significance.
The second contribution extends existing methods by shifting from the identification
of the onset of an effect to the identification of entire covariate regions, such as time
intervals, over which the response changes. This approach retains the advantages of para-
metric model-based methods, including interpolation between observed covariate values
and applicability to a broad range of data structures. This is achieved by basing the
analysis on the first derivative of the parametric model. The third contribution extends
model-based alert identification to two continuous covariates and generalizes naturally
to higher-dimensional settings. The proposed approach enables the identification of an
alert for one covariate while the other is fixed, or alternatively, an alert relationship be-
tween the covariates, depending on the research question. To accommodate the increased
complexity of multidimensional data, the approach incorporates the flexible framework of
generalized additive models for location, scale, and shape.

Each method is evaluated by means of a simulation study, and its practical relevance is
investigated by case studies from diabetes research or toxicology. Collectively, these con-
tributions provide methodological advances that improve the alignment between research
questions and statistical analysis, while accounting for the underlying data structure.
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Notation
In general

ℝ Real numbers
ℙ(𝑋 ≤ 𝑎) Probability of random variable 𝑋 being less than or equal to 𝑎
𝔼 Expected value
𝒩(𝜇, 𝜎2) Normal distribution with mean 𝜇 and variance 𝜎2

𝒩(𝝁, 𝚺) Multivariate normal distribution with mean vector 𝝁 and co-
variance matrix 𝚺

In the context of time-to-event analysis
𝑋 Random variable describing the time until an event of interest
𝑓 Probability density function
𝐹 Cumulative distribution function
ℎ Hazard rate
ℎbase Baseline hazard rate of Cox’s proportional hazards model (see

(1))
𝑆 Survival function
𝑆base Baseline survival function of Cox’s proportional hazards model
𝐿 Likelihood
𝐷 Number of distinct event time points
𝑡𝑖, 𝑖 = 1, … , 𝐷 Event time points
𝑌𝑖, 𝑖 = 1 … , 𝐷 Number of individuals at risk at 𝑡𝑖

𝑑𝑖, 𝑖 = 1, … , 𝐷 Number of events at 𝑡𝑖

𝑐[𝑖−1,𝑖], 𝑖 = 2, … , 𝐷 Number of censored observations between 𝑡𝑖−1 and 𝑡𝑖

𝐻𝑅(𝑡) Hazard ratio depending on time
𝑂𝑅(𝑡) (Failure) Odds ratio depending on time
𝑅𝑅(𝑡) Relative risk depending on time
𝜷𝐗 Linear effect of covariates
𝐱, 𝐱̃ Realization of expression vectors

In the context of model-based alert identification
Note that the running index of the dose levels in dose-response models starts with 0 to
reflect the placebo group. This is different to the running index in the preliminary section
on regression modeling and the article presented in Section 3.2.
𝑦𝑖,𝑗 𝑗th observation in dose group 𝑖 (see (2))
𝐷 Dose region (example covariate)
𝑚 Number of dose levels
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𝑛𝑖 Number of observations at the 𝑖th dose level
𝑛 Number of total observations
𝑑𝑖 Measured dose groups, 𝑑0 indicates the placebo (see (2))
𝑓 Parametric dose-response regression model or B-splines

(see (2))
𝜽 Parameter vector of 𝑓 (see (2))
𝜖𝑖,𝑗 Random error corresponding to the 𝑗th observation in dose

group 𝑖; often assumed independent identically normally
distributed with mean 0 and standard deviation 𝜎 (see (2))

𝜅 Knots that partition the covariate region into intervals;
used for fitting splines

𝜆 Pre-specified threshold
𝐿𝛼(𝑑, ̂𝜽) Lower simultaneous confidence band of |𝑓(𝑑, 𝜽)−𝑓(𝑑0, 𝜽)|

(see (7))
𝜎̂|𝑓(𝑑,𝜽)−𝑓(𝑑0,𝜽)| Estimated standard error of |𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽)| (see (7))
𝑍(𝑑, ̂𝜽, 𝜽) Standardized value of |𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽)| (see (9))
𝑦∗

𝑖,𝑗, 𝜖∗
𝑖,𝑗, ̂𝜽∗ Bootstrapped observation, error and estimated parameter

vector of the first-level bootstrap
𝑦∗∗

𝑖,𝑗, 𝜖∗∗
𝑖,𝑗, ̂𝜽∗∗ Bootstrapped observation, error and estimated parameter

vector of the second-level bootstrap
𝐵1 Number of first-level bootstrap samples
𝐵2 Number of second-level bootstrap samples
𝐷∗ max𝑑∈𝐷 𝑍(𝑑, ̂𝜽∗, ̂𝜽)
𝑐 (1 − 𝛼)-quantile value of max𝑑∈𝐷 𝑍(𝑑, ̂𝜽, 𝜽) (see (7))

In the context of general bootstraps
𝐹 Cumulative distribution function
𝐱 Observed sample
𝐱∗ Generated bootstrap sample

̂𝜙 Estimated parameter of interest
𝐵 Number of bootstrap samples

̂𝜙∗ Estimated parameter from a bootstrap sample
𝜎𝜙 Standard error of ̂𝜙
𝑧𝛼 𝛼-quantile, bootstrapped or form the normal distribution

or the Student 𝑡-distribution (see (5))
𝑍( ̂𝜙∗) Standardized value of ̂𝜙∗ (see (6))
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̂𝜙∗
𝛼 Empirical 𝛼-quantile from the bootstrapped set ̂𝜙∗

𝑙 , 𝑙 =
1, … , 𝐵

In the context of regression modeling
𝑌 Random variable describing the response
𝐘 = (𝑌1, … , 𝑌𝑚) Vector of random variables describing the response; 𝑌𝑖, 𝑖 =

1, … , 𝑚, are usually assumed to be independent
y Realization of 𝑌
𝐲 = (𝑦1, … , 𝑦𝑚) Realization of 𝐘
𝑋 Random variable describing the covariates
𝐱𝑖 = (𝑥𝑖,1, … , 𝑥𝑖,𝑝) Realization of the covariate vector corresponding to the re-

sponse 𝑦𝑖

𝑓 General regression model
𝝐 Error vector; often assumed (multivariate) normally dis-

tributed with mean 𝟎 and covariance matric 𝚺
𝑔, ℎ Link function and response function
𝜂(𝐱) Predictor term depending on covarate vector 𝐱 (see (10))
𝑓𝑘 Additive effect in the predictor term of GAMs/GAMLSS
𝜼 Predictor term in matrix notation (see (11))
𝜷𝐗 Covariate matrix and regression coefficients, also linear addi-

tive effect
𝐵𝑟 Spline basis function
𝐕𝑘𝜸𝑘 Additive effect in matrix notation with penalization
𝜆𝑗 Smoothing parameter corresponding to 𝑗th additive effect; not

to be confused with pre-specified threshold 𝜆
𝐊𝑗 Penalization matrix corresponding to 𝑗th additive effect
𝑙pen Penalized log-likelihood (see (12) for GAM and (15))
𝐿𝑆pen Penalized least squares (see (13))
𝒟(𝝁, 𝝈, 𝝂, 𝜿) Distribution with four distribution parameters

Specific to Section 3.1
The notation is mainly set in the context of time-to-event analysis. In addition:
𝛽 Logarithmic relative risk
𝑇, 𝑡min, 𝑡max Theoretical time frame the analysis is restricted to and its min-

imum and maximum
̃𝑇𝑖, 𝑖 ∈ {0, 1} Ordered sets of observed event time points per group
̃𝑇, ̃𝑡min, ̃𝑡max Observed time frame during which events occur in both groups

and its minimum and maximum
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v̂ar ( ̂𝑆(𝑡)) Greenwood’s formula for the variance of the Kaplan-Meier es-
timator

̂𝛽𝑡 Estimated logarithmic relative risk at 𝑡
𝜔(𝑡) Estimated variance of ̂𝛽𝑡

𝑅𝐷(𝑡) Risk difference at 𝑡
𝑁𝑁𝑇 (𝑡) Number needed to treat at 𝑡

Specific to Section 3.2
The notation is mainly set in the context of model-based alert identification. Note that
the indices differ. In addition:
𝑇 Study period
ℒ𝐲,𝐭(𝜽) Likelihood
𝑓 ′ First derivative of parametric model or spline model
𝐿𝛼(𝑡, ̂𝜽) Lower simultaneous confidence band of 𝑓 ′

̃𝑆 Time period of significant change in response
(𝑆1, … , 𝑆𝑠) Partition of ̃𝑆 into coherent subsets

Specific to Section 3.3
The notation combines the context of model-based alert identification and regression
modeling. Note that the indices differ. Note that the running indices of the covariates
start at 0 to reflect reference levels. In addition:
𝑇, 𝐷 Study period and dose range as representation for two contin-

uous covariates
𝜽 Parameter vector of the regression model of the mean
𝝑 Parameter vector of the regression model of the standard de-

viation
𝐿𝐵𝛼( ̃𝑡, 𝑑, 𝜽), 𝑈𝐵𝛼( ̃𝑡, 𝑑, 𝜽) Lower/upper simultaneous confidence band for a fixed time

point ̃𝑡
𝐿𝑃 𝛼(𝑡, 𝑑, 𝜽), 𝑈𝑃 𝛼(𝑡, 𝑑, 𝜽) Lower/upper simultaneous confidence plane
Δ(𝑡, 𝑑, ̂𝜽) Representative of the curve or plane the confidence region is

constructed for; defined for notational simplicity.
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Abbreviations
AL(O)EC Absolute lowest (observed) effective concentration
CB/CI Simultaneous confidence band/Confidence interval
CDF Cumulative distribution function
EU Exponentiated-uniform
GAM Generalized additive model
GAMLSS Generalized additive models for location, scale, and shape
GLM Generalized linear model
GO Gene ontology
HR Hazard ratio
IQR Interquartile range
IWLS Iterative weighted least squares
L(O)EC Lowest (observed) effective concentration
LL Log-logistic
MEC Multivariate effective concentration (also MED)
MED Minimum effective dose (Preliminaries) or

multivariate effective dose (Section 3.3)
MSE Mean squared error
NAFLD Non-alcoholic fatty liver disease
NNT Number needed to treat
NOEC No observed effect concentration
NPPR Nonparametric proportional risks
OLS Ordinary least squares
OR Odds ratio
PH Proportional hazards
PO Proportional odds
PPR Parametric porportional risks
PR Proportional risks
PWLS Penalized weighted least squares
RCT Randomized controlled trial
RD Risk difference
RJG Rest-and-jump gene
RMSE Root mean squared error
RR Relative risk
SD Standard diet
WD Western diet
WLS Weighted least squares
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1 Introduction
Modern biostatistical research is characterized by growing data complexity (Loh 2021; Lee
et al. 2019) and an increasing diversity of biomedical research questions, as reflected by the
expanding landscape of scientific publications (González-Márquez et al. 2024). As a result,
valid statistical conclusions require methods that account for both the data structure and
the research question of interest (Mishra et al. 2019; Sauerbrei et al. 2026). In this
dissertation, the interplay between data structure, research question, and methodology is
addressed in two thematic areas: the estimation of risks in time-to-event data and the
model-based identification of alerts for continuous covariates.

This interplay can take several directions, of which two are discussed in this thesis. The
first direction concerns aligning the research question with the method. The second
direction regards the assumptions underlying statistical methods and their implications
for applicability. On the most basic level, these are the assumptions that are essential
to the method. Relaxing such assumptions can substantially broaden the range of data
structures to which a method can be applied. With regard to regression-based approaches,
flexible procedures that do not impose restrictive assumptions on the candidate models
can be applied to a wider range of data structures than more limiting methods. More
general modeling frameworks, such as generalized additive models for location, scale, and
shape (GAMLSS; Rigby et al. 2005), further extend this flexibility and enable the analysis
of complex data, including in multidimensional settings.

These considerations motivate the discussion of statistical methodology and the develop-
ment of adaptations or new approaches in this thesis. The role of the research question is
examined in both thematic areas. In the context of risk estimation for time-to-event data,
the focus additionally lies on avoiding restrictive parametric assumptions. For model-
based alert identification, the integration of more complex types of regression frameworks
is discussed.

The first thematic area discussed in this thesis concerns the analysis of time-to-event data,
in which the time until a specific event occurs is measured, for example, the time until
death or worsening of an illness (Kleinbaum et al. 2012). An essential task of this analysis
involves a comparison of the treatment groups in terms of risks. Widespread models
include Cox’s proportional hazards model (Cox 1972) and the log-logistic proportional odds
model (Kleinbaum et al. 2012) that quantify group differences via the hazard ratio (HR)
or the odds ratio (OR), respectively. Both measures are often misinterpreted as relative
risk (RR), which is the ratio of the cumulative distribution functions (CDF). However,
although HR, OR, and RR typically indicate the same direction of an effect, they are not
identical (Sutradhar et al. 2018; Knol et al. 2011). As a result, commonly used models
not fully align with the research question of by what factor the risk for one group is higher
than for the other. Additionally, especially the assumption of proportional hazards (PH)
is rarely assessed in practice (Jachno et al. 2019), putting the validity of the results into
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question. Similarly, the assumption of proportional odds (PO) is not always suitable. To
allow for the direct estimation of the RR, thus aligning research question and methodology,
Kuss et al. (2021) introduced a parametric approach for a two-group situation based on
the alternative assumption of proportional risks (PR). However, the approach additionally
assumes that the data follow the exponentiated-uniform distribution.

Building on the ideas of PR and the direct estimation of the RR, this dissertation aims
to propose a nonparametric procedure that is applicable to a broader spectrum of data,
since it does not rely on a restrictive parametric assumption. This is achieved by the
introduction of an estimator based on a weighted mean of the ratio of two Kaplan-Meier
estimators (Kaplan et al. 1958) evaluated at different time points. Even if the assumption
of PR is violated, the method allows for a meaningful interpretation of the RR in most
cases, as it estimates the mean RR over time. Utilizing a percentile bootstrap (Efron 1981),
a confidence interval for the RR can be derived. Due to the duality between hypothesis
test and confidence intervals, this provides a test for group differences. In addition to a
relative measure such as the RR, an absolute measure should always be reported (The
Academy of Medical Sciences 2017). Therefore, an estimator is derived for the number
needed to treat, which allows for a more holistic interpretation.

Relevance threshold

Alert
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3

4

0 10 20 30 40

Continuous covariate

R
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ns
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Figure 1: Visualization of the basic idea model-based of alert identification. The black dots indicate the
individual measurements. The black line indicates the estimated response. An alert is identified when
the estimated response exceeds a pre-specified relevance threshold.

The second thematic area of this dissertation discusses the identification of alerts for con-
tinuous covariates. Alert concentrations such as the lowest concentration with a noticeable
effect (Jensen et al. 2019) or the 𝐸𝐶50 value, where half of the maximum predicted effect
is observed (Bretz et al. 2010), are an important tool for the analysis of dose-response or

2



time-response data, especially in toxicological research (Kappenberg et al. 2023). Figure 1
provides a basic visualization of the concept of alert identification. Traditional approaches,
including multiple 𝑡-tests or the recommended Dunnett test (Hothorn 2014), are limited
to comparisons at observed dose levels and do not allow for interpolation between those.
In response, Kappenberg et al. (2021) introduced a parametric approach that assumes a
monotonic response and is constructed around the 4pLL model, otherwise known as the
sigmoid emax model (Bornkamp et al. 2009). The procedure is based on a hypothesis test
such that rejecting the null hypothesis means detecting an alert. This allows the identi-
fication of alerts at any level within the dose region. As a result, more precise doses are
determined, thereby providing a more accurate answer to the research question regarding
the alert of interest. Möllenhoff et al. (2022) further developed this procedure, creating a
more flexible framework that drops the assumption of monotony and includes a broader
class of parametric models, thus increasing its applicability to different data structures.
Key to this extension is the development of a two-step bootstrap procedure that estimates
a simultaneous confidence band for the parametric model. Additionally, the procedure
allows for simultaneous inference, enabling inference across the entire dose range.

This thesis builds on the concept of model-based alert identification and extends it in
two directions. The first concerns the underlying research question. When analyzing
time-response data, the identification of the whole time frame during which the change
in response occurs might be of interest. An example for this is provided by the gene
expression data generated in Ghallab et al. (2021). Genes were observed, which show
a delayed deregulation, either reaching a plateau or continuing to deregulate over the
study period. In such settings, the overall course of the response is of primary interest
rather than a single change point. Similarly, evidence from toxicity studies suggests
that transitions occur over a range of doses rather than at single dose levels (Slikker
Jr. et al. 2004). Approaches such as those introduced in Kappenberg et al. (2021) and
Möllenhoff et al. (2022) are limited to the identification of the onset of an effect. In
contrast, this dissertation aims to shift the approach to the identification of the entire
covariate region, here time frame. This is achieved by formulating the analysis in terms
of the first derivative and constructing a corresponding hypothesis test. As a result,
rejection of the null hypothesis means detecting an entire covariate region during which a
change occurs. Thereby, the benefits of the broad applicability and interpolation between
observed time points are retained while extending the the analysis beyond individual
points.

The second direction extends model-based alert identification to two or more continuous
covariates. Incorporating more than one covariate is important for many applications,
such as drug combination studies in cancer research (Mokhtari et al. 2017) or the as-
sessment of celltoxicity (Gu et al. 2018) in pre-clinical research. Recent advancements
in surface modeling for multidimensional response data (Zhou et al. 2024; Duda et al.
2022a) provide a foundation for this extension. The identification of alerts in multidimen-
sional settings is of particular importance, as it allows for the analysis of more complex
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biological mechanisms. For example, cytotoxic effects of compounds often depend jointly
on exposure duration and dose Gu et al. (2018). The identification of alerts restricted to
a specific exposure period therefore could result in an incomplete assessment of the toxic
potential. This thesis aims to introduce an approach for model-based alert identification
that accounts for the complexity in three-dimensional data settings and naturally gen-
eralizes to more dimensions. This is achieved by combining hypothesis testing based on
simultaneous confidence bands with the flexible framework of GAMLSS. Depending on
the specific research question, the hypothesis can be formulated in different ways. One
determines the alert for one covariate while the other is fixed. The other aims to detect an
alert relationship between covariates. Therefore, more complex research questions based
on multidimensional data can be evaluated. In addition, the utilization of simultaneous
confidence regions allows for simultaneous inference across all combinations of covariates.

This thesis is structured as follows: Section 2.1 presents the methodological background.
First, the concept of time-to-event analysis is discussed with a focus on the Kaplan-Meier
estimator, Cox’s PH model and the differences between the HR, OR and RR. Second,
the concept of model-based alert identification is introduced. Third, the framework of
GAMLSS is discussed. In Section 3, the three main methodological contributions of
this thesis are summarized. The first article in Section 3.1 addresses the importance of
aligning the research question with the statistical method in risk estimation for time-to-
event data by the introduction of a nonparametric estimator for the RR. The second and
third articles address model-based alert identification. In the second article in Section 3.2,
the shift in the underlying research question from individual points to covariate regions
is discussed. Section 3.3 extends the discussion from one covariate to a multidimensional
setting. Section 4 concludes the thesis with a discussion of the results.

4



2 Preliminaries
This section outlines the theoretical foundation for the topics discussed in Section 3.
Firstly, time-to-event analysis is discussed. Secondly, the concept of model-based alert
identification is introduced. Finally, a basis for understanding the regression framework
of GAMLSS.

2.1 Time-to-event analysis
The first thematic area discussed in this thesis concerns time-to-event analysis, where
the primary focus is the time until occurrence of a specified event of interest. Such an
event can stem from a wide range of different research topics including medicine, but also
engineering or economics (Klein et al. 2003). In medical research, time until death of any
cause or from a specific illness is often measured. Hence, time-to-event analysis is often
alternatively called by the name survival analysis.

There are two types of missing data specific to time-to-event analysis: truncation and
censoring (Klein et al. 2003). This thesis will discuss the latter in the form of right-
censoring. Right-censoring is the most common type of censoring (Kleinbaum et al.
2012). It means that the exact event time point is unknown, but it is known that the
event has yet to occur at a certain time point. There can be multiple reasons for this.
Among them are the end of the study, lost to follow up or withdrawal from the study
(Kleinbaum et al. 2012). Right-censoring is commonly assumed to be independent form
the underlying survival distribution.

As described in Klein et al. (2003), four connected quantities can be used to analyze
time-to-event phenomena: the survival function (𝑆), the CDF(𝐹), the probability density
function (𝑓), and the hazard rate (ℎ). Let 𝑋 denote the random variable describing the
time until the event of interest occurs. Though 𝑋 can be discrete (see Klein et al. (2003)
for details), it is assumed that 𝑋 is continuous in the following. The survival function,
the CDF, and the probability density function of 𝑋 are defined as

𝑆(𝑥) = ℙ(𝑋 > 𝑥) = ∫
∞

𝑥
𝑓(𝑡)𝑑𝑡,

𝐹 (𝑥) = ℙ(𝑋 ≤ 𝑥) = 1 − 𝑆(𝑥), and

𝑓(𝑥) = −𝑑𝑆(𝑥)
𝑑𝑥

= 𝑑𝐹(𝑥)
𝑑𝑥

.

The fourth quantity is the hazard rate defined by

ℎ(𝑥) = limΔ𝑥→0
ℙ(𝑥 ≤ 𝑋 < 𝑥 + Δ ∣ 𝑋 ≥ 𝑥)

Δ𝑥
= 𝑓(𝑥)

𝑆(𝑥)
.

It is a conditional measure that can be interpreted as the instantaneous rate of experi-
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encing the event conditioned on survival until 𝑥.

The distribution of 𝑋 can be estimated either assuming a parametric distribution, which
is discussed later in this chapter, or in a nonparametric manner. The Kaplan-Meier
estimator, also Product-Limit estimator, introduced in Kaplan et al. (1958), offers a
nonparametric estimator for the survival function that accounts for right-censored data.
Following the introduction provided in Klein et al. (2003), let 𝑡1 < ⋯ < 𝑡𝐷 denote the 𝐷
distinct time points at which events occurred. Let 𝑌𝑖, 𝑖 = 1, … , 𝐷, denote the number of
individuals at risk and 𝑑𝑖 the number of events at 𝑡𝑖. If 𝑐[𝑖−1,𝑖] is the number of censored
individuals between 𝑡𝑖−1 and 𝑡𝑖, it holds 𝑌𝑖 = 𝑌𝑖−1 − 𝑑𝑖−1 − 𝑐[𝑖−1,𝑖]. The value 𝑑𝑖

𝑌𝑖
provides

an estimate of the conditional probability that an individual who has not experienced the
event just prior to 𝑡𝑖 will experience it at 𝑡𝑖. The Kaplan-Meier estimator is defined by

̂𝑆(𝑡) =
⎧{
⎨{⎩

1 if 𝑡 < 𝑡1,
∏𝑡𝑖≤𝑡 (1 − 𝑑𝑖

𝑌𝑖
) if 𝑡1 ≤ 𝑡.

It is a monotonically decreasing step function. It jumps at the event time points, where
the jump size depends on 𝑑𝑖 and 𝑐[𝑖−1,𝑖]. The Kaplan-Meier estimator can be considered a
nonparametric maximum likelihood estimator (see Kalbfleisch et al. (2002) for details), or
it can be derived from counting processes (see Klein et al. (2003) for a short introduction
or Kalbfleisch et al. (2002) and Andersen et al. (1993) for more details). This allows the
derivation of asymptotic theory, including asymptotic normality. In addition, Greenwood’s
formula (Greenwood 1926; Klein et al. 2003) provides an estimator for the variance of the
Kaplan-Meier estimator at 𝑡

v̂ar( ̂𝑆(𝑡)) = ̂𝑆(𝑡)2 ∑
𝑡𝑖≤𝑡

𝑑𝑖
𝑌𝑖(𝑌𝑖 − 𝑑𝑖)

.

While not specific to time-to-event analysis, the Delta method (Oehlert 1992) is used in
Section 3.1 in conjunction with Greenwood’s formula and, as such, will be introduced here.
To understand the formulation, the concept of convergence in probability is a prerequisite
(van der Vaart 1998). For this, let (𝑋𝑛)𝑛∈ℕ denote a sequence of real-valued random
variables. It is said to converge in distribution to a random variable 𝑋 if

𝔼𝑓(𝑋𝑛)
𝑛→∞
⟶ 𝔼𝑓(𝑋)

holds for all bounded, continuous functions 𝑓.

The delta method as presented in van der Vaart (1998, Theorem 3.1) concerns the conver-
gence of random variables 𝑋𝑛 at which a differentiable function is evaluated. Precisely,
let 𝜙 ∶ 𝐷𝜙 ∈ ℝ𝑘 ↦ ℝ𝑚 be a map defined on a subset of ℝ𝑘 and differentiable at 𝜃. Let
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𝑋𝑛 be random vectors taking their values in the domain of 𝜙. If 𝑟𝑛(𝑋𝑛 − 𝜃) converges in
distribution to 𝑋 for numbers 𝑟𝑛 → ∞, then 𝑟𝑛(𝜙(𝑋𝑛) − 𝜙(𝜃)) converges in distribution
to 𝜙′

𝜃(𝑋). Here, 𝜙′
𝜃(𝑋) denotes the Jacobian matrix of 𝜙 evaluated at 𝜃 and multiplied

from the right with 𝑋. As a direct consequence, if
√

𝑛(𝑋𝑛 −𝜃) converges to a multivariate
normal distribution 𝒩(𝝁, 𝚺), then

√
𝑛(𝜙(𝑋𝑛) − 𝜙(𝜃)) converges to 𝒩(𝜙′

𝜃𝝁, 𝜙′
𝜃𝚺(𝜙′

𝜃)𝑇).

Returning to specific time-to-event analysis methods, medical research often requires the
comparison between different groups, in the simplest case comparing treatment vs. con-
trol. Three measurements used to evaluate such comparisons will be discussed in Section
3.1: the HR, the RR, and the OR. In a general two groups situation, these values are
defined as

Hazard ratio: 𝐻𝑅(𝑡) = ℎ1(𝑡)
ℎ0(𝑡)

Relative risk: 𝑅𝑅(𝑡) = 𝐹1(𝑡)
𝐹0(𝑡)

(Failure) Odds ratio: 𝑂𝑅(𝑡) =
𝐹1(𝑡)
𝑆1(𝑡)
𝐹0(𝑡)
𝑆0(𝑡)

where ℎ𝑖, 𝑆𝑖, and 𝐹𝑖, 𝑖 = 0, 1, denote the hazard rates, survival functions and the CDFs,
respectively. The HR compares the conditional instantaneous event rates of both groups.
The RR describes by what factor the risk of one group is higher than of the other. The
OR compares the odds of the event of interest occurring between the groups.

An often utilized method is Cox’s PH model, introduced by Cox (1972), which evaluates
group differences in terms of the HR. Precisely, PH are assumed across all groups, and
the joint hazard rate is formulated such that

ℎ(𝑡 ∣ 𝐗) = ℎbase(𝑡) exp(𝜷𝐗). (1)

Here, ℎbase(𝑡) describes the (unspecified) baseline hazard rate shared by all groups and 𝜷𝐗
describes the effect of the covariates on the hazard function, similar to a linear regression
model. For an in-depths discussion of regression see Section 2.3. Note, that ℎbase(𝑡)
depends on time, not on the covariates, and that exp(𝜷𝐗) depends on the covariates, not
on time. This is inherently tied to the PH assumption, which states that the hazard ratio
does not depend on time. Let, for example, 𝐱 and 𝐱̃ denote two expression vectors. Their
hazard ratio is

ℎ(𝑡 ∣ 𝐗 = 𝐱)
ℎ(𝑡 ∣ 𝐗 = 𝐱̃)

= ℎbase(𝑡) exp(𝜷𝐱)
ℎbase(𝑡) exp(𝜷𝐱̃)

= exp(𝜷(𝐱 − 𝐱̃)).

However, the regression framework described by Cox’s PH model can be extended to
alleviate this assumption. For an introduction to time-dependent extensions of Cox’s PH
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model see Kleinbaum et al. (2012).

The survival function of Cox’s PH model is 𝑆base(𝑡)exp(𝜷𝐗). Since the form of the hazard
rate is assumed, but the baseline hazard rate is not specified, Cox’s PH model is considered
semi-parametric (Kleinbaum et al. 2012). The estimation procedure is conducted by
means of maximizing the partial likelihood as described in Klein et al. (2003). It does not
necessitate to specify ℎbase(𝑡).

Alternatively, time-to-event data can be analyzed by assuming an underlying CDF. There
is a multitude of possible distributions (see Klein et al. (2003) for examples), including the
Weibull distribution, the log-logistic distribution and the exponentiated-uniform distribu-
tion (Kuss et al. 2021), which are discussed in detail in Section 3.1. Similar to Cox’s PH
model, these distributions can be used to construct regression models for time-to-event
data (see Klein et al. (2003) for a general introduction or Kleinbaum et al. (2012) for the
specific examples of the Weibull and the log-logistic distributions). There, the shape pa-
rameter (if existent) of the chosen distribution is fixed and the scale parameter is modeled
depending on the covariates. For the Weibull distribution, the log-logistic distribution,
and the exponentiated-uniform distribution, fixing the shape parameter automatically re-
sults in the assumption of PH, PO, and PR respectively. In contrast to Cox’s PH model,
a parametric time-to-event regression model allows for a complete characterization of 𝑆,
𝐹 and 𝑓. However, this comes with a set of more restrictive assumptions that may not
align with the data structure.

Time-to-event regression models are estimated by maximizing the likelihood function. Let
𝐹 and 𝑓 denote the CDF and the probability density function, respectively. Assuming
that only events and right-censoring occur in the data, the likelihood function is defined
by

𝐿 ∝ ∏
Events

𝑓(𝑥) ∏
Right-censored

observations

(1 − 𝐹(𝑥))

based the reasoning regarding 𝐹 and 𝑓 discussed above. Note that the assumption of
independent censoring is important for this to hold (Klein et al. 2003).

The analysis based on parametric time-to-event regression models or the semi-parametric
Cox’s PH model is closely tied to the assumptions of proportionality listed above. These,
however, also dictate by which measure the risk between the groups is evaluated. In
practice, the HR, OR are often interpreted as the RR (see, e.g., Klein et al. (2003),
Kalbfleisch et al. (2002), and Schwartz et al. (1999)). This is incorrect (Schwartz et al.
1999; Sutradhar et al. 2018). Figure 2 illustrated the differences between the parametric
PR model based on the exponentiated-uniform distribution, the Weibull proportional
hazards model and the log-logistic PO model, as exemplified by the data set discussed
in the supplementary material of Section 3.1. There are clear differences in the courses
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Figure 2: Comparison of the parametric PR model based on the exponentiated-uniform (EU) distri-
bution, the Weibull PH model and the log-logistic (LL) PO model. All models are fitted to the data
set discussed in the supplementary material of Section 3.1. The dotted vertical line indicates the end of
study in the data set.

of the RR, HR and OR of the models, that increase with the time. Also, the constant
values are not identical. This suggests that differentiation becomes more important as
more information becomes available.

Section 3.1 will extensively discuss the differences between these values. A nonparametric
alternative will be developed that directly estimates the RR. This alternative only assumes
PR, with no additional distributional assumptions. Thus, it is applicable to a wide range
of data structures.

In addition to a relative measure of risk, such as the HR, OR and RR, an absolute risk
measure should be provided to allow for a holistic interpretation of the data (The Academy
of Medical Sciences 2017; Zhang et al. 2018). Two of such measures are the risk difference
(RD) and its multiplicative inverse: the number needed to treat (NNT). Following Altman
et al. (1999), these values are defined as

𝑅𝐷(𝑡) = 𝐹0(𝑡) − 𝐹1(𝑡) = 𝑆1(𝑡) − 𝑆0(𝑡), and

𝑁𝑁𝑇 (𝑡) = 1
𝑅𝐷(𝑡)

= 1
𝐹0(𝑡) − 𝐹1(𝑡)

in a two group situation. Section 3.1 will discuss how the assumption of PR influences
these values and will provide an estimator based on the proposed estimator for the RR.
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2.2 Model-based identification of alerts
This section discusses the basics of model-based alert identification. To this end, the
sections starts with an introduction to the concept of an alert. Afterwards, the difference
between observation-based alerts and model-based alerts is explained, as well as the dif-
ference between directly estimated alerts and those identified on the basis of statistical
significance. Finally, the foundation is laid for the methods that will be introduced in
Section 3.2 and 3.3. This section mainly focuses on a two-dimensional data situation.
To avoid confusion, it follows the usual nomenclature of dose (often also concentration)
and response for both alert identification and modeling. (see, e.g., Ritz et al. (2015)).
However, other explanatory variables, such as time, as will be discussed in Section 3.1,
can be evaluated equally.

2.2.1 Observation-based alerts

As formulated by Ruberg (1995a), Ruberg (1995b) and Chuang-Stein et al. (1997) and
summarized in Lin et al. (2012), there are four main research questions that drive dose-
response studies. These look for 1.) evidence of a drug effect, 2.) differences in responses
from the response in the control group, 3.) the nature of dose-response relationships and
4.) the optimal dose. Most of these questions can be formulated as alerts or investigated
through modeling (Bretz et al. 2008). The second thematic area of this thesis concerns
methods to identify such alerts, specifically model-based identification. An alert can take
many forms, but in general, is defined as the smallest dose level at which the response
exceeds a prespecified value.

The process of alert identification can be broadly divided into two dimensions: observation-
based alerts vs. model-based alerts, and the identification of alerts purely by estimation
vs. the identification of alerts based on statistical significance. Observation-based alerts
refer to alerts that identify only observed dose levels. Examples include the LOEC (lowest
observed effect concentration) and NOEC (no observed effect concentration) (Calderazzo
et al. 2019; Delignette-Muller et al. 2011; Murado et al. 2013), which are the lowest dose
at which the mean response differs significantly from the mean response at the control
level or the highest at which this difference is not significant. Hence, these are alerts con-
cerning the second question in dose-response analysis. The estimation of the LOEC and
NOEC often involves multiple comparison procedures (Bretz et al. 2008), such as multiple
t-tests (Andersen et al. 1998), ANOVA (Warne et al. 2008) or a Dunnett test (see Hothorn
(2016) for a discussion of the procedure and extensions). Both values have been criticized
extensively for a variety of reasons (Murado et al. 2013; Van Der Hoeven 1997; Warne
et al. 2008). One criticism, that holds for observation-based alerts in general by nature,
is that the identification is limited to the dose levels used in the experiment. To address
this issue, methods were introduced that identify alerts based on dose-response models
(see, e.g., Calderazzo et al. (2019), Murado et al. (2013), and Andersen et al. (1998)).
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2.2.2 Dose-response modeling

The first step in a model-based approach is fitting an appropriate dose-response model.
Therefore, the concept of dose-response modeling must be introduced before model-based
approaches to alert identification can be discussed. As stated in Ritz et al. (2015), dose-
response models are a collection of statistical regression models with common mean struc-
ture. The selection is mainly driven by applications. The goal is to differentiate the rela-
tionship between the response variable and the explanatory variable (dose) from a random
error, and describe it by fitting an appropriate regression model. Let 𝑦𝑖,𝑗 denote the re-
sponse variable, where 𝑖 = 0, … , 𝑚 indicates the dose group and 𝑗 = 1, … , 𝑛𝑞 denotes the
observation within the dose group. In total, there are 𝑛 = ∑𝑚

𝑖=0 𝑛𝑖 observations. The
dose levels are indicated by 𝑑𝑖 ∈ 𝐷 ⊂ ℝ and stand in for any explanatory variable. The
value 𝑑0 indicates the control. With this, the regression model can be written as

𝑦𝑖,𝑗 = 𝑓(𝑑𝑖, 𝜽) + 𝜖𝑖,𝑗, 𝑖 = 0, … , 𝑚, 𝑗 = 1, … , 𝑛𝑖. (2)

The expression 𝑓(𝑑, 𝜽), 𝑑 ∈ 𝐷, describes a regression model for the mean response de-
pendent on a parameter vector 𝜽. The random errors are denoted by 𝜖𝑖,𝑗 and are usually
assumed to be independent identically normally distributed with mean 0 and standard
deviation 𝜎 (see, e.g., Ritz et al. (2015) and Lin et al. (2012)). In general, estimation is
conducted by least-squares methods or the maximum likelihood approach if a distribution
is assumed for the errors (Fahrmeir et al. 2022; Ritz et al. 2008; Seber et al. 2003; Ritz
et al. 2015). A technical discussion of assumptions and estimation procedures is deferred
to the following section.

The regression function 𝑓 can be derived from a variety of different regression models, in-
cluding parametric nonlinear regression models (Bornkamp et al. 2009; Duda et al. 2022b),
nonparametric methods (see, e.g., Kelly et al. (1990)), kernel based methods (Staniswalis
et al. 1988), and semi-parametric methods (Yuan et al. 2011). This thesis will focus on
the first two. Parametric models describe linear or nonlinear relationships between dose
and response based on relatively few parameters that often allow for direct interpreta-
tion (Ritz et al. 2019; Jensen et al. 2019). In this thesis, parametric nonlinear regression
models that were found by Duda et al. (2022b) to adequately describe gene expression
data were specifically taken into consideration: the sigmoid emax or 4pLL model, the
beta model the exponential model and the quadratic model. A more detailed explanation
is included in Section 3.2. A visualization of these models and their parametrization are
provided in Figure 3.

Spline-based models were included as a nonparametric alternative. In contrast to para-
metric models, parameters of nonparametric models are not fully interpretable due to
their large number per model (Fahrmeir et al. 2022). There are many different types
of splines-based models, the most basic of which are called basic splines or in short B-
splines. The next paragraph closely follows the introduction presented in Fahrmeir et al.
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Figure 3: Visualization of a selection of common dose-response models according to Duda et al. (2022b)
as discussed in the case study of Section 3.2.
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Figure 4: Example of a B-spline fit, as discussed in the case study of Section 3.2. The black line
indicates the combined fit. The colored lines indicate the individual basis functions with the estimated
coefficient as multiplicative factor and added intercept each for better visibility. The fit is a combination
of the intercept (once) and the depicted basis functions. The knots are indicated by the vertical lines.

(2022). For the definition of splines, the covariate region, here dose range, is partitioned
into intervals by knots 𝜅1 < ⋯ < 𝜅𝑚. A B-spline function of degree 𝑙 ≥ 0 consists of
piecewise polynomial functions of degree 𝑙 in the intervals [𝜅𝑗, 𝜅𝑗+1). These functions are
smoothly fused at the interval boundaries, such that the overall function is (𝑙 − 1)-times
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continuously differentiable. For 𝑙 = 0, the B-spline function is a step function. Given
the degree and knot configurations, B-splines can be expressed as a linear combination
of a set of so called basis functions. Details will be discussed in Section 3.2. Figure 4
depicts a cubic B-spline fit with two knots, as well as the corresponding basis functions. In
general, cubic splines are used as a default. There are three main approaches commonly
used in practice for choosing knot positions, given a set number of knots: equidistant
knots, knots defined by quantiles based of the observed covariate values, and visual knot
choices based on a scatter plot. Quantile-based knots are primarily placed in areas with
a large number of observations, while visual knots are placed more subjectively. A higher
number of knots leads to more flexible estimated functions. The number of knots can
be controlled by adaptive strategies or smoothing by penalization on roughness. One
penalized extension of B-Splines are so called P-splines (Eilers et al. 1996), which utilize
penalization based on the squared second derivative of the polynomial functions. In con-
trast to spline based models, parametric models are in general easier to implement and
take up less computation time (Jensen et al. 2019), but allow for less flexibility.

Errors in (2) are usually assumed independent identically normally distributed. This
is, however, not always applicable and requires further investigation (Bretz et al. 2005).
Especially in time series experiments with repeated measurements, errors are often corre-
lated. In this case, the chosen regression model 𝑓 in (2) is assumed to map a multivariate
time vector to a multivariate response vector, and the errors are assumed to be inde-
pendently identically multivariate normally distributed (see Seber et al. (2003) in general
and Möllenhoff et al. (2018) for an application to dose-response). For further discussion
on this topic, see Section 3.2. In order to reduce the number of estimated parameters,
it is possible to assume specific forms of auto-correlation (Seber et al. 2003). An alter-
native is the inclusion of random effects (Demidenko 2013). To ensure homoscedasticity,
different strategies can be applied. These include box-cox transformations of both sides
(see, e.g., Calderazzo et al. (2019)), variance modeling strategies like power-of-the-mean
variance models (Ritz et al. 2008; Ritz et al. 2019), robust estimation (Ritz et al. 2019),
or sandwich variance estimation (Ritz et al. 2019). Some approaches investigate variance
as function of the dose (West et al. 1993), e.g., assuming an exponentially increasing rela-
tionship (Jensen et al. 2019). For more complex multidimensional data structures, more
flexible strategies are necessary. See Section 2.3 for further discussion.

2.2.3 Model-based alerts

Returning to the topic of alerts, model-based alerts are identified from the fitted regression
model. Examples include the effective concentration, 𝐸𝐶𝑝 (𝑝% of the maximal predicted
effect), the MED (the smallest dose producing a clinically relevant response that can be
declared statistically significantly different from the placebo response) (Bretz et al. 2010;
Ruberg 1995a), as well as benchmark doses (minimal increase over the background risk)
(Jensen et al. 2019). Effective concentrations and benchmark doses are parallel concepts
by definition, but are usually applied to different dose regions. Benchmark doses are
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more commonly used in low-dose regions (Ritz et al. 2019). Interestingly, in the context
of time-to-event data as discussed in Section 2.1, the time point at which half of the events
have occurred, 𝑡50, is an equivalent of the 𝐸𝐶50 (Ritz et al. 2019).

Hence, the first dimension of alert identification defined by observation-based vs. model-
based approaches leads to a trade-off between lack of interpolation with few assumptions
vs. the possibility to interpolate and a more rigid set of model assumptions that are
potentially wrong (Bretz et al. 2008). Some approaches fall somewhere on the spectrum
between these contrasts (see, e.g., Bretz et al. (2005) though it was later extended to
a purely parametric setting with allowing for non-normal errors (Pinheiro et al. 2014)
and to drug-combination settings (Zhou et al. 2024)). In addition, the classification of
single alerts as model-based or observation-based is not always clear and depends on the
method (see (Calderazzo et al. 2019) for a model-based approach for the identification of
the LOEC or (Delignette-Muller et al. 2011) for a nonparametric approach for identifying
the 𝐸𝐶50). In addition, approaches exist that try to mitigate the problems that arise
from model misspecification. See Jensen et al. (2019) for an overview of model-averaging
approaches for identifying benchmark doses, or Kang et al. (2000), Jensen et al. (2015)
and Lin et al. (2012) for model-averaging approach for common model parameters across
different models, e.g., the 𝐸𝐶50.

The second dimension of alert identification involves the estimation procedure. An alert
such as the 𝐸𝐶50 can be expressed as a parameter of a parametric model (Ritz et al.
2015), thus identified estimation-based. Alternatively, it can be estimated including a
significance condition (Bretz et al. 2008), thus identified significance-based. Kappenberg
et al. (2021) compared alerts on the four sides of these dimensions, while assuming a
monotonic dose-response relationship. These are the

• absolute lowest observed effective concentration (ALOEC). The lowest observed con-
centration at which the response exceeds a pre-defined threshold (observation-based,
estimation-based),

• lowest observed effective concentration (LOEC). The lowest observed concentration
at which the response significantly exceeds a pre-defined threshold (observation-
based, significance-based),

• absolute lowest effective concentration (ALEC). The concentration for which the
inverse of the estimated 4pLL/sigmoid emax model equals a pre-defined threshold
(model-based, estimation-based) and the

• lowest effective concentration (LEC). The lowest concentration for which the re-
sponse significantly exceeds the response at the control by a pre-specified threshold.
Confirmed by a hypothesis test at the 𝛼-level (model-based, significance-based).

The LOEC is estimated by multiple t-tests. For the LEC, Kappenberg et al. (2021)
introduced a hypothesis-test-based method that searches the dose range for the lowest
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concentration at which the following hypothesis is rejected:

𝐻0 ∶ ∀𝑑 ∈ 𝐷 ∶ 𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽) ≤ 𝜆 for an increasing curve,
𝐻0 ∶ ∀𝑑 ∈ 𝐷 ∶ 𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽) ≥ −𝜆 for an decreasing curve,

(3)

where 𝑓 denotes the 4pLL or sigmoid emax model and 𝜆 denotes the pre-specified thresh-
old. Note, that the notation was adjusted to be consistent with the notation of this
section. The LEC is the lowest dose at which the hypothesis is rejected at the 𝛼-level.

The simulation study conducted by Kappenberg et al. (2021) revealed that the estimates
of the model-based approaches were closer to the true alert concentration and, in general,
resulted in the identification of lower doses. In addition, the significance-based approaches
tended to yield slightly larger doses than the purely estimation-based approaches. The
simulation study in Bretz et al. (2005) revealed similar results for more or less restrictive
significance conditions when estimating the MED.

In summary, alert identification entails two dimensions with trade-offs that have to be
taken into consideration based on research question and data structure:

1. Model-based alert identification vs. observation-based alert identification trading
more restrictive assumptions for more precise results if these assumptions are valid.

2. Statistically significant identification of alerts vs. purely estimation based identifi-
cation trading conservative results for statistical certainty to the 𝛼-level.

The estimation procedure for the LEC introduced by Kappenberg et al. (2021) assumes
a monotonic relationship between dose and response and is based on fitting the 4pLL or
sigmoid emax model. To remedy these limitations, Möllenhoff et al. (2022) introduced a
flexible procedure that allows for a broader spectrum of models to be considered. Similar
to (3), the procedure is formulated in terms of a hypothesis test

𝐻0 ∶ ∀𝑑 ∈ 𝐷 ∶ |𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽)| ≤ 𝜆 vs. 𝐻1 ∶ ∃𝑑 ∈ 𝐷 ∶ |𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽)| > 𝜆 (4)

where again 𝜆 denotes the pre-specified threshold, and 𝑓 is any parametric model. Note
that the notation is adjusted to be consistent with this section. Möllenhoff et al. (2022)
based the test decision on the lower simultaneous confidence band. The lower simultaneous
confidence band 𝐿𝛼(𝑑, ̂𝜽) of ∣ 𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽) ∣ to the (1 − 𝛼)-level is defined such that

ℙ{∀𝑑 ∈ 𝐷 ∶ 𝐿𝛼(𝑑, ̂𝜽) ≤ |𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽)|} ≥ 1 − 𝛼.

Following Möllenhoff et al. (2022), 𝐻0 in (4) is rejected if 𝐿𝛼(𝑑, ̂𝜽) > 𝜆 and the alert is
identified at min{𝑑 ∈ 𝐷 ∶ 𝐿𝛼(𝑑, ̂𝜽) > 𝜆}. Taking the minimum is important for a unique
definition of the alert, since in contrast to Kappenberg et al. (2021), the dose-response
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relationship is not assumed to be monotonic. Therefore, it is possible that 𝐿𝛼(𝑑, ̂𝜽)
exceeds 𝜆 for multiple dose levels.

The procedure is a hypothesis test at the 𝛼-level as demonstrated in Möllenhoff et al.
(2022, Equation (6)). The proof proceeds as follows:

ℙ𝐻0
{∀𝑑 ∈ 𝐷 ∶ 𝐿𝛼(𝑑, ̂𝜽) > 𝜆} ≤ ℙ𝐻0

{∀𝑑 ∈ 𝐷 ∶ 𝐿𝛼(𝑑, ̂𝜽) > |𝑓(𝑑, 𝜽)) − 𝑓(𝑑0, 𝜽)|}

= 1 − ℙ𝐻0
{∀𝑑 ∈ 𝐷 ∶ 𝐿𝛼(𝑑, ̂𝜽) ≤ |𝑓(𝑑, 𝜽)) − 𝑓(𝑑0, 𝜽)|}

≤ 1 − (1 − 𝛼) = 𝛼.
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Figure 5: Comparison of observation-based alerts ALOEC/LOEC and model-based alerts ALEC/LEC.
The data are taken from Scenario 5 of the simulation study discussed in Section 3.2. The truth follows
the beta model and is indicated by the dashed curve. The true alert is indicated by the dashed vertical
line. The rings indicate the simulated data points and the dots indicate the respective means per time
point, both centered around the mean at time 𝑑 = 0. The black curves indicate the model fits and the
blue curve indicates the estimated simultaneous confidence band (CB). The red and yellow vertical lines
indicate the estimated L(O)EC and AL(O)EC, respectively. For the procedure by Möllenhoff et al. (2022)
a second possible threshold 2𝜆 is investigated.

Figure 5 compares the two dimensions of alert identification using the examples of the
ALOEC, LOEC, ALEC, and LEC. In addition, the results of the approaches introduced
by Kappenberg et al. (2021) and Möllenhoff et al. (2022) are compared. The data are
taken from Scenario 5 of the simulation study discussed in Section 3.2. The truth follows
the beta model (see the supplementary material in Section 3.2) and is depicted by the
dashed line. Note, that here the descriptive variable is time. The pre-specified threshold
𝜆 = log2(1.5) is indicated by the horizontal red line. The true alert, which is defined
as the lowest dose for which the response exceeds 𝜆, is indicated by the dashed vertical
line. The first dimension of alert identification is illustrated by comparing the results for
the (A)LOEC calculated by multiple t-tests, depicted on the left, with the results for the
the (A)LEC calculated as described by Kappenberg et al. (2021) and Möllenhoff et al.
(2022), depicted in the middle and on the right, respectively. The true alert lies between
the observed time points, and thus the precision of the observation-based approach is
limited by the closest. This limitation is not present in the two model-based approaches
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and the estimated alerts are visibly closer to the truth. While the identified alert is close
to the truth, the model misspecification present in the approach of Kappenberg et al.
(2021), where the 4pLL or sigmoid emax model is assumed, misses the dip present at the
end of the study. It is, however, covered by the observation-based approach. The second
dimension of alert identification is illustrated by comparing the purely estimation-based
AL(O)EC, denoted by a vertical yellow line, with the L(O)EC, where the threshold value
is significantly exceeded, denoted by a vertical red line. The L(O)EC results are noticeably
more conservative, indicating the trade-off between conservative and statistically signifi-
cant results. The decision of whether or not to consider this trade-off should depend on
the research question and the type of data. In some cases, conservatism might outweigh
the problems posed by a conservatively identified dose level. In addition, Figure 5 depicts
the benefits of a more flexible approach as introduced by Möllenhoff et al. (2022). The dip
at the end of the observed time frame is recognized for by the beta model but not by the
4pLL or sigmoid emax model. However, the identified alerts are very similar. Also, the
approach of Möllenhoff et al. (2022) is based on the lower simultaneous confidence band
depicted in blue. This allows for simultaneous inference. To illustrate, a second threshold
value 2𝜆 is investigated, denoted by the dashed horizontal and dotted vertical lines.

The procedure introduced by Möllenhoff et al. (2022) offers several advantages beyond the
expansion to non-monotonic dose-response relationships. Firstly, due to its flexible nature,
it can be applied to a broad array of regression approaches, such as the parametric and
non-parametric models. Secondly, while the method of Möllenhoff et al. (2022) focuses
on the LEC, it allows for adjustments to identify different alerts, such as the 𝐸𝐶𝑝 value,
by adapting the choice of 𝜆 accordingly. Finally, the approach is based on a simultaneous
confidence band, thereby allowing simultaneous inference of the full curve. Therefore,
inference for multiple degrees of deviation from the response at the control is possible
simultaneously. In principle, the method outlined by Möllenhoff et al. (2022) is similar to
approaches for simultaneous inference in benchmark dose identification. These are also
often based on simultaneous confidence bands (see Jensen et al. (2019) for an overview,
Deutsch et al. (2013) and Wu et al. (2006) for a selection of approaches for continuous
responses and Buckley et al. (2009), Deutsch et al. (2012), and Kerns (2017) for a selection
of approaches for quantal data). Many of these approaches report conservative alerts,
which is unsurprising given the simultaneous nature of the inference. Thus, depending
on the research question, the trade-off between simultaneous inference and conservative
results is another question to be considered.

The estimation procedure for 𝐿𝛼(𝑑, ̂𝜽) introduced by Möllenhoff et al. (2022) is based on a
nested two-step bootstrap procedure. It was inspired by the bootstrap-t procedure for the
estimation of confidence intervals introduced in Efron et al. (1994). A short introduction
to the bootstrap is given in the following that is closely aligned to Davison et al. (1997)
and Efron et al. (1994).
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2.2.4 The bootstrap

The goal of a bootstrap is to derive reliable estimates for standard errors, confidence
intervals, and other measures, if analytical calculations are complicated, approximations
are not available or untrustworthy due to small sample sizes (Davison et al. 1997). As
described by Efron et al. (1994) or Davison et al. (1997), the basic scenario comprises a
random sample (𝑥1, … , 𝑥𝑛) of realizations from identically distributed random variables
with unknown CDF 𝐹 and an estimated parameter ̂𝜙. Note that both Davison et al. (1997)
and Efron et al. (1994) denote this parameter 𝜃, but here the notation was adjusted to
avoid duplication. The bootstrap is utilized to infer on the probability distribution of

̂𝜙. To this end, 𝐹 is estimated by ̂𝐹, which is then used to generate a bootstrap sample.
From this, the parameter ̂𝜙, then denoted ̂𝜙∗ to differentiate from the initial estimate,
is again estimated. The procedure is repeated 𝐵 times and from the resulting set of

̂𝜙∗
𝑙 , 𝑙 = 1, … , 𝐵, the distributional measure of interest is estimated empirically. Figure 6

depicts this general concept, exemplified for the standard deviation of ̂𝜙.

REAL DATA

Unknown CDF Random sample Parameter of interest

𝐹 𝐱 = (𝑥1, … , 𝑥𝑛) ̂𝜙

Distribution,
e.g., 𝑠𝑑( ̂𝜙)?
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Figure 6: Visualization of the general bootstrap process, demonstrated for the standard deviation (sd)
of ̂𝜙. Inspired by Efron et al. (1994, Fig. 6.1 and 8.1).

The errors of the bootstrap methods are attributed to two primary sources: simulation
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errors and statistical errors (Davison et al. 1997). The first results from the limited num-
ber of 𝐵 bootstrap samples and asymptotically vanishes if 𝐵 → ∞. The second is due
to the differences between 𝐹 and ̂𝐹 introduced through the estimation process. Hence,
the estimation procedure is an important step (Efron et al. 1994). The influence of the
assumptions made for regression models on the bootstrap will be an important topic
of the discussion presented in Section 3.3. Depending on whether ̂𝐹 is estimated non-
parametrically or parametrically, the bootstrap procedure is named accordingly (Davison
et al. 1997; Efron et al. 1994). The nonparametric bootstrap essentially involves resam-
pling the observed realizations with replacement. The parametric bootstrap is based on
the generation of observations from the assumed distribution. For a comparison between
nonparametric and parametric approaches see, e.g., Efron et al. (1994).

Bootstrap samples used for regression analysis can be generated as follows (Efron et al.
1994; Davison et al. 1997; Carpenter et al. 2000):

• Nonparametrically, by classical resampling.

• Parametrically, assuming a model formulation as in (2) and a specific distribution.
Usually normal distribution is assumed for the error terms. In this case, bootstrap
samples are generated by calculating 𝑓(𝑑, ̂𝜽) from the estimated parameters and
adding an error 𝜖∗ randomly drawn from the assumed error distribution.

• Semi-parametrically (also called nonparametrically in Efron et al. (1994)), by as-
suming a model as in the parametric case and calculating

𝜖𝑖,𝑗 = 𝑦𝑖,𝑗 − 𝑓(𝑑𝑖, ̂𝜽).

Afterwards, the errors 𝜖𝑖,𝑗 are resampled.

In Sections 3.2 and 3.3, the focus will lie on parametric bootstrap sample generation as
it allows for a relatively simple generation of bootstrap samples in case of more complex
data structures.

Many bootstrap procedures for the estimation of confidence intervals exist (see, e.g.,
Carpenter et al. (2000) for an overview). The bootstrap-t lends its form from the classical
Student-t statistic or normal approximation interval (Efron et al. 1994)

[ ̂𝜙 − 𝜎̂ ̂𝜙𝑧1−𝛼, ̂𝜙 − 𝜎̂ ̂𝜙𝑧𝛼] , (5)

which is derived from the assumption

𝑍 =
̂𝜙 − 𝜙
𝜎̂ ̂𝜙

∼ 𝒩(0, 1).
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In this classical case, 𝑧𝛼, 𝑧(1−𝛼) are quantiles of the normal distribution or the Student-t
distribution with an appropriate number of degrees of freedom. However, both types of
quantiles result in symmetric intervals, thus not accounting for skewness. The bootstrap-t
procedure circumvents this by bootstrapping the quantile values from the data. This is
achieved by generating 𝐵 bootstrap samples, computing

𝑍( ̂𝜙∗
𝑙 ) =

̂𝜙∗
𝑙 − ̂𝜙
𝜎̂ ̂𝜙∗

𝑙

, 𝑙 = 1, … , 𝐵 (6)

for each bootstrap sample and estimating the respective empirical quantiles from the
𝑍( ̂𝜙𝑙). The standard deviation in both (5) and (6) can be estimated using a second-level
nested bootstrap as described, e.g., in Carpenter et al. (2000).

The bootstrap-𝑡 is second order accurate (Davison et al. 1997; Efron et al. 1994). This
means

ℙ(𝜙 ≤ ̂𝜙 − 𝜎 ̂𝜙𝑧𝛼) = 𝛼 + 𝒪(𝑛−1).

However, it is not transformation-respecting. This means that the results of the con-
structed confidence intervals differ depending on the scale, with some being better than
others (Efron et al. 1994). It has been shown to work better in combination with variance
stabilizing transformations (Efron et al. 1994) and to work well for location-parameters
such as the sample mean (Efron et al. 1994). Depending on the estimated parameter, it
is not necessarily range-preserving (Carpenter et al. 2000).

An alternative bootstrap estimation procedure for the calculation of confidence intervals
is the percentile bootstrap (Davison et al. 1997; Efron et al. 1994). It will be utilized in
Section 3.1. Here, the corresponding confidence bounds are directly estimated from the
empirical quantiles ̂𝜙∗

(𝛼) and ̂𝜙∗
(1−𝛼) of the bootstrapped set ̂𝜙∗

𝑙 , 𝑙 = 1, … , 𝐵. This results
in a confidence interval of the form

[ ̂𝜙∗
(𝛼), ̂𝜙∗

(1−𝛼)] .

In contrast to the bootstrap-t it is both transformation-respecting and range-preserving
(Efron et al. 1994). However, it is only first-order accurate, with a residual of order
𝒪(𝑛−1/2) (Davison et al. 1997; Efron et al. 1994).

2.2.5 Estimation of the lower simultaneous confidence band

Returning to the approach introduced by Möllenhoff et al. (2022), the basic idea is to blow
up dose-level wise bootstrap-𝑡 intervals to a confidence band encompassing the whole
curve. This is achieved by the choice of a critical value 𝑐. Precisely, Möllenhoff et al.
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(2022) defined

𝐿𝛼(𝑑, ̂𝜽) = |𝑓(𝑑, ̂𝜽) − 𝑓(𝑑0, ̂𝜽)| − 𝑐𝜎̂|𝑓(𝑑, ̂𝜽)−𝑓(𝑑0, ̂𝜽)|, (7)

where 𝜎̂|𝑓(𝑑, ̂𝜽)−𝑓(𝑑0, ̂𝜽)| denotes the estimated point-wise standard deviation of |𝑓(𝑑, ̂𝜽) −
𝑓(𝑑0, ̂𝜽)| and 𝑐 denotes the critical value. Here, 𝑐 is defined such that

ℙ{∀𝑑 ∈ 𝐷 ∶ |𝑓(𝑑, ̂𝜽) − 𝑓(𝑑0, ̂𝜽)| − 𝑐𝜎̂|𝑓(𝑑, ̂𝜽)−𝑓(𝑑0, ̂𝜽)| ≤ |𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽)|} = 1 − 𝛼.

This is equivalent to

ℙ{ max
𝑑∈𝐷

|𝑓(𝑑, ̂𝜽) − 𝑓(𝑑0, ̂𝜽)| − |𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽)|
𝜎̂|𝑓(𝑑, ̂𝜽)−𝑓(𝑑0, ̂𝜽)|

≤ 𝑐} = 1 − 𝛼.

Estimating 𝐿𝛼(𝑑, ̂𝜽) necessitates the estimation of 𝜎̂|𝑓(𝑑, ̂𝜽)−𝑓(𝑑0, ̂𝜽)| and the distribution of

max
𝑑∈𝐷

|𝑓(𝑑, ̂𝜽) − 𝑓(𝑑0, ̂𝜽)| − |𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽)|
𝜎̂|𝑓(𝑑, ̂𝜽)−𝑓(𝑑0, ̂𝜽)|

, (8)

as 𝑐 corresponds to the (1 − 𝛼)-quantile. In the following, denote

𝑍(𝑑, ̂𝜽, 𝜽) = |𝑓(𝑑, ̂𝜽) − 𝑓(𝑑0, ̂𝜽)| − |𝑓(𝑑, 𝜽) − 𝑓(𝑑0, 𝜽)|
𝜎̂|𝑓(𝑑,𝜽)−𝑓(𝑑0, ̂𝜽)|

. (9)

The algorithm for the estimation procedure as presented by Möllenhoff et al. (2022, Al-
gorithm 1) is outlined in Algorithm 1 with additional details and adjusted notation for
the sake of consistency.

Algorithm 1: Nested two-step bootstrap algorithm of Möllenhoff et al. (2022)

Step 1: Estimate the parameter vector ̂𝜽 for the selected model 𝑓 in (2). Möllenhoff et
al. (2022) utilized the ordinary least squares (OLS) method for the estimation,
which means

̂𝜽 = arg min
𝐛∈ℬ

𝑚
∑
𝑖=0

𝑛𝑖

∑
𝑗=1

{𝑦 − 𝑓(𝑑𝑖, 𝐛)}2.

This yields |𝑓(𝑑, ̂𝜽)− 𝑓(𝑑0, ̂𝜽)| for all 𝑑 ∈ 𝐷. Under regularity conditions, the
OLS estimator is consistent and asymptotically normally distributed (Jen-
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nrich 1969). These conditions include the requirement that 𝑓(𝑑, .) is a con-
tinuous function on ℬ ⊂ ℝ𝑝, where 𝑝 is the number of parameters in the model
and ℬ is a compact subset of ℝ𝑝. Möllenhoff et al. (2022) further assumed the
errors in (2) to be identically normally distributed, 𝜖𝑖,𝑗 ∼ 𝒩(0, 𝜎2). Hence,
the OLS estimator coincides with the maximum likelihood estimator (Seber
et al. 2003). Further, Möllenhoff et al. (2022) estimated 𝜎2 via

𝜎̂2 = 1
𝑛 − 𝑝

𝑚
∑
𝑖=0

𝑛𝑖

∑
𝑗=1

{𝑦 − 𝑓(𝑑𝑖, ̂𝜽)}2.

Step 2: Generate bootstrap samples using the estimates ̂𝜽 and 𝜎2 generated in Step
1. Precisely, draw iid. errors 𝜖∗

𝑖,𝑗 ∼ 𝒩(0, 1) and calculate

𝑦∗
𝑖,𝑗 = 𝑓(𝑑𝑖, ̂𝜽) + 𝜎̂𝜖∗

𝑖,𝑗,

for 𝑖 = 0, … , 𝑚 and 𝑗 = 1, … , 𝑛𝑖. Note that this follows the idea of a para-
metric bootstrap procedure.

With this procedure, 𝑙 = 1, … , 𝐵1 bootstrap samples are generated. These
form the basis of the first level of the bootstrap. Ultimately, the samples
are used to estimate the standard deviation 𝜎̂|𝑓(𝑑, ̂𝜽)−𝑓(𝑑0, ̂𝜽)| and the quantile
value 𝑐 in equation (7). As recommended by Efron et al. (1994), 𝐵1 should
therefore be chosen relatively high. Möllenhoff et al. (2022) chose 𝐵1 = 500
for their application.

Step 3: For each of the 𝑙 = 1, … , 𝐵1 bootstrap samples, estimate the parameter vector
̂𝜽∗
𝑙 and the variance 𝜎̂2,∗

𝑙 as described in Step 1. Use ̂𝜽∗
𝑙 to calculate |𝑓(𝑑, ̂𝜽∗

𝑙 )−
𝑓(𝑑0, ̂𝜽∗

𝑙 )|. Then, estimate 𝜎̂|𝑓(𝑑, ̂𝜽)−𝑓(𝑑0, ̂𝜽)| in equation (7) as the empirical
standard deviation of |𝑓(𝑑, ̂𝜽∗

𝑙 ) − 𝑓(𝑑0, ̂𝜽∗
𝑙 )|, 𝑙 = 1, … , 𝐵1.

The next goal is to estimate 𝑐 in equation (7). For this, the distribution of
the expression in (8) has to be estimated. Möllenhoff et al. (2022) did so
by substituting ̂𝜽∗

𝑙 , 𝑙 = 1, … , 𝐵1, for ̂𝜽 and ̂𝜽 for 𝜽. Hence, 𝜎̂|𝑓(𝑑, ̂𝜽∗
𝑙)−𝑓(𝑑0, ̂𝜽∗

𝑙)|,
𝑙 = 1, … , 𝐵1, has to be estimated next. Möllenhoff et al. (2022) proceeded by
utilizing a nested second level of bootstrapping. For each of the 𝑙 = 1, … , 𝐵1
generated first-level bootstrap samples, proceed as follows:

Step 4: Generate bootstrap samples using the estimates ̂𝜽∗
𝑙 and 𝜎2,∗

𝑙 generated in Step
3. Precisely, draw iid. errors 𝜖∗∗

𝑖,𝑗 ∼ 𝒩(0, 1) and calculate

𝑦∗∗
𝑖,𝑗 = 𝑓(𝑑𝑖, ̂𝜽∗

𝑙 ) + 𝜎̂∗
𝑙 𝜖∗∗

𝑖,𝑗,
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for 𝑖 = 0, … , 𝑚 and 𝑗 = 1, … , 𝑛𝑖. Hence, again, a parametric bootstrap sam-
ple is generated. This is repeated 𝐵2 times. Following the recommendation
of Efron et al. (1994), 𝐵2 can be chosen relatively small, since the standard
deviation is estimated. Möllenhoff et al. (2022) selected 𝐵2 = 25.

Step 5: For each of the 𝑘 = 1, … , 𝐵2 second-level bootstrap samples, estimate ̂𝜽∗∗
𝑘

as described in Step 1. Use ̂𝜽∗∗
𝑘 to calculated |𝑓(𝑑, ̂𝜽∗∗

𝑘 ) − 𝑓(𝑑0, ̂𝜽∗∗
𝑘 )|. Then,

estimate 𝜎̂|𝑓(𝑑, ̂𝜽∗
𝑙)−𝑓(𝑑0, ̂𝜽∗

𝑙)| as the empirical standard deviation of |𝑓(𝑑, ̂𝜽∗∗
𝑘 ) −

𝑓(𝑑0, ̂𝜽∗∗
𝑘 )|, 𝑘 = 1, … , 𝐵2.

Returning to the first level of the bootstrap:

Step 5: For each of the 𝐵1 first-level bootstrap samples calculate

𝐷∗
𝑙 = max

𝑑∈𝐷
𝑍(𝑑, ̂𝜽∗

𝑙 , ̂𝜽) = max
𝑑∈𝐷

|𝑓(𝑑, ̂𝜽∗
𝑙 ) − 𝑓(𝑑0, ̂𝜽∗

𝑙 )| − |𝑓(𝑑, ̂𝜽) − 𝑓(𝑑0, ̂𝜽)|
𝜎̂|𝑓(𝑑, ̂𝜽∗

𝑙)−𝑓(𝑑0, ̂𝜽∗
𝑙)|

for 𝑙 = 1, … , 𝐵1 to approximate the distribution of the expression in (8). The
critical value 𝑐 from (7) is estimated as the (1 − 𝛼)-quantile form the order
statistic of 𝐷∗

𝑙 , 𝑙 = 1, … , 𝐵1.

Figure 7 depicts the estimated values throughout the process outlined in Algorithm 1. The
data are taken from Scenario 5 discussed in Section 3.2. The top left depicts the original fit
to the data (black) and 100 of 500 randomly selected fits to generated first-level bootstrap
samples. These are used in Step 3 of Algorithm 1 to estimate 𝜎̂|𝑓(𝑑, ̂𝜽)−𝑓(𝑑0, ̂𝜽)|, which is
depicted on the top right. On the lower left, 𝑍(𝑑, ̂𝜽∗

𝑙 , ̂𝜽), 𝑙 = 1, … , 𝐵1, as defined in Step
6 is depicted for 100 of 500 first-level bootstrap samples. The respective maximal values
𝐷∗

𝑙 are indicated by the red dots. On the lower right, the distribution of the 𝐷∗
𝑙 for all

500 bootstrap samples is depicted in terms of a histogram. In both bottom row plots, the
estimated 95%-quantile, 𝑐, is indicated by a horizontal red line.

Section 3.2 will develop a procedure that is inspired by parametric model-based alert iden-
tification with an estimation procedure that includes a significance condition. Specifically,
the method will build on the groundwork laid out by Möllenhoff et al. (2022). However,
the underlying research question will be shifted form identifying a single alert (dose) level
to identifying entire alert regions, during which a change in response occurs. In toxicity
studies, Slikker Jr. et al. (2004) showed that transitions occur over a range of doses in-
stead of single points of departure. In addition, a covariate region of significant change
is of particular interest when time is the explanatory variable, as the entire response pro-
cess may be of interest. The procedure introduced in Section 3.2 will be formulated in
terms of a hypothesis test based on the first derivative of a regression model. The test
decision is made on the basis of a lower simultaneous confidence band for the first deriva-
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Figure 7: Visualization of the estimated values for the nested procedure introduced by Möllenhoff et
al. (2022) for estimating lower simultaneous confidence bands. The data are taken from Scenario 5 of
the simulation study discussed in Section 3.2. The bootstrap procedure was conducted with 𝐵1 = 500
bootstrap samples for the first-level and 𝐵2 = 25 bootstrap samples for the second-level. Both plots on
the left depict a random selection of 100 first-level bootstrap samples for better visibility.

tive. To demonstrate applicability to different data structures, it will be investigated for
parametric models as well as B-splines. The first derivative of a regression model is a nat-
ural measure for the change and has been used to define benchmark doses for continuous
experimental endpoints (Sand et al. 2006).

2.2.6 Model-based alerts in a multidimensional setting

Up to this point, this section has focused on alert identification in dose-response set-
tings. However, sometimes more data is available. In general, taking a broader approach
that incorporates more complex data structures can provide a clearer view of underlying
biological processes. Section 3.3 will introduce an approach to parametric model-based
alert identification based on a hypothesis test in multivariate settings. It will be il-
lustrated for two continuous covariates, specifically focusing on time-dose-response and
drug-combination data. Note, however, that other types of covariate combinations are
possible.

While the two dimensions of alert identification can, in principle, be transferred to multi-
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dimensionality, the more complex setting raises two questions: how to adjust the model 𝑓
in (2) and how to define an alert for more than one covariate. The selection of a model 𝑓
depends on the analytical approach. In general, multiple fundamental approaches to the
analysis can be differentiated:

• Aggregating the data for one of the covariates (e.g., time) thus assuming there is
no interaction effect (Duda et al. 2022a).

• Individual analysis considering one covariate as a factor (e.g., time points) and latter
combination of the results (Jiang et al. 2014; Ritz et al. 2014).

• Simultaneous fits to data grouped by one covariate (e.g., time points) assuming
common features, such as common asymptotes (Ritz et al. 2014). Mixed-effects can
be included (see, e.g., Ritz et al. (2019)).

• Full surface modeling again possibly including mixed effects (Ritz et al. 2014; Duda
et al. 2022a).

Section 3.3 will discuss parametric surface modeling approaches for multivariate alert
identification. As previously outlined, parametric models allow for the relatively simple
generation of bootstrap samples, even in the case of complex data structures. Additionally,
the potential for interpolating alerts between the measured covariate combinations will
be examined.

As in the single-covariate case, a multitude of multivariate regression models are available.
Again they can be broadly ordered into (generalized) linear regression models, paramet-
ric nonlinear regression models and nonlinear spline-based models. Ritz et al. (2014) and
Serra et al. (2020) proposed the use of generalized linear models with interaction terms
for surface modeling. Similarly, Deutsch et al. (2012) and Deutsch et al. (2013) utilized
quadratic models with interaction terms to identify benchmark doses. Duda et al. (2022a)
and Schüttler et al. (2019) proposed nonlinear regression models for time-dose response
data based on sigmoidal shapes for the dose. Both approaches modeled the 𝐸𝐶50 pa-
rameter depending on time. Similarly, Focke et al. (2017) modeled the time covariate as
a sigmoid function and added a dose-dependent component. Zhu (2005) incorporated a
nonlinear regression model and mixed-effects for repeated measurements into the identifi-
cation of benchmark doses. Akkaya Hocagil et al. (2024) utilized a spline-based modeling
approach with tensor products for benchmark analysis while adjusting for confounding
factors by including propensity scores. For dose-combination studies specifically, it is pos-
sible to use nonlinear regression models for the individual drugs, adding an interaction
term to model the drug-combination surface (see, e.g,. Zhou et al. (2024)). One example
of these models is further discussed in Section 3.3. Specific models also exist for pharma-
cokinetic/pharmacodynamic data (Lange et al. 2015). These concepts can be translated
to the field of toxicology (Rozman et al. 2000).

In a multidimensional setting, an alert depends on all covariates. Therefore, rather than
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having a single alert point, an alert corresponds to a relationship between the covariates.
Full surface modeling allows for a full description of this relationship through the definition
of contour lines. These are lines on the surface associated with the same level of response.
For example, Schürmeyer et al. (2025) investigated a multivariate extension of the 𝐸𝐶𝑝
for two drugs with dose levels 𝐷1 and 𝐷2 and reference doses 𝑑1,0 and 𝑑2,0, respectively.
This extension is defined by

MEC𝑝(𝜽) =
⎧
⎨⎩

(𝑑1, 𝑑2) ∈ 𝐷1 × 𝐷2 ∶
𝑓(𝑑1, 𝑑2, 𝜽) − min

(𝑑1,0,𝑑2,0)∈𝐷1×𝐷2

𝑓(𝑑1,0, 𝑑2,0, 𝜽)

𝑅max
= 𝑝

100
⎫
⎬⎭

,

where 𝑅max = max(𝑑1,𝑑2)∈𝐷1×𝐷2
𝑓(𝑑1, 𝑑2, 𝜽) − min(𝑑1,𝑑2)∈𝐷1×𝐷2

𝑓(𝑑1, 𝑑2, 𝜽). Note the
adjusted notation. Schürmeyer et al. (2025) used the nomenclature of effective doses
(𝐸𝐷𝑝 and 𝑀𝐸𝐷𝑝) instead of effective concentrations. This was changed here to maintain
consistency and avoid confusion with the minimum effective dose. The further discussion
that will be presented in Section 3.3 will follow the notation in Schürmeyer et al. (2025). In
principle, rather than a single dose, a set of combinations of data points in the covariate
regions is identified. Here, this set consists of different dose combinations (𝑑1, 𝑑2) ∈
𝐷1 × 𝐷2. Similar example are investigated by Duda et al. (2022a), Zhu (2005), Deutsch
et al. (2012) and Deutsch et al. (2013). Note that all these approaches are model-based
and the latter two include significance conditions.

Figure 8 depicts the differences between the aggregated, individual and surface model fits
and their corresponding single-covariate and multi-covariate 𝐸𝐶50 alert values. The data
are taken from a cytotoxicity data set generated by Gu et al. (2018) and discussed in the
case study of Section 3.3. On the top left, the aggregated and individual fits are depicted
in black and different shades of blue corresponding to the time points, respectively. The
different 𝐸𝐶50 values are marked by the solid (aggregated), dashed (Day 1), dot-dashed
(Day 2) and dotted (Day 7) lines. On the top right, they are compared to the time-dose-
alert relationship identified using the surface model. The surface model fit utilizing the
model introduced by Duda et al. (2022a) is shown at the bottom. The differences between
the aggregated and individual results are clearly visible, as is the curvature of the time-
dependent result. These results suggest the presence of an interaction effect. In addition,
both 𝐸𝐶50 values identified on Day 1 and Day 7 fall outside the dose range identified by
the surface modeling approach. Therefore, considering only one of the 𝐸𝐶50 values might
omit relevant information. These are provided by the surface modeling method.

Most multivariate models discussed in this section assume that the errors are indepen-
dently and identically distributed according to a (multivariate) normal distribution. How-
ever, as has been noted on several occasions throughout this section, this assumption may
not always be valid. This holds even more so for complex, three-dimensional data. Indica-
tive of this, the dots indicating the individual measures in Figure 8 appear to scatter more
strongly around the mean surface lower dose levels. This suggests a potential dependence
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Figure 8: Visualization of different approaches for the identification of the 𝐸𝐶50 in time-dose-response
data inspired by the discussion of Duda et al. (2022a). The data are taken from the case study discussed
in Section 3.3. The 𝐸𝐶50 values are marked in red with the solid vertical line indicating the aggregated
value and the dashed, dot-dashed and dotted lines indicating the values on Day 1, Day 2 and Day 7,
respectively. The red curves in the upper right and lower plots denotes the time dependent 𝐸𝐶50.

of the standard deviation of the error distribution on the dose level. In the following
section, the regression framework of GAMLSS is introduced, that allows modeling also
for the standard deviation. It is utilized in Section 3.3 to incorporate more complex data
structures in the identification of model-based alerts.

2.3 Regression modeling
This section introduces the flexible regression framework of GAMLSS (Rigby et al. 2005),
which allows modeling of all parameters of the response distribution. Thus, complex rela-
tionships within the data structure can be adequately reflected. In Section 3.3, GAMLSS
will be utilized as the basis for a parametric bootstrap that extends the procedure outlined
in Algorithm 1. With this, a hypothesis test approach to model-based alert identifica-
tion for three-dimensional data will be proposed, which naturally generalizes to multidi-
mensional settings. However, in order to gain a better understanding of GAMLSS, the
evolution of regression frameworks adapting to increasingly complex data structures is
discussed first.

The underlying research question of regression analysis is to investigate the influence of
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a set of covariates (𝑋1, … , 𝑋𝑝), also known as explanatory variables, on the expected
value of a response variable 𝑌. This is achieved by estimating the systematic component
𝑓(𝐱) = 𝔼(𝑌 ∣ 𝐗 = 𝐱), in order to separate it from the random error 𝜖 (Fahrmeir et al.
2022). For the sake of simplicity, the condition on the explanatory variable is omitted from
the notation in the following. Equation (2) in the previous section presented an example
in which the single explanatory variable was the dose level and the response variable was
continuous. In the more general setting considered in this section, let 𝑦𝑖, 𝑖 = 1 … , 𝑚,
denote 𝑚 independent realizations of the response variable and 𝐱𝑖 = (𝑥𝑖,1, … , 𝑥𝑖,𝑝) the
corresponding covariate vector.

2.3.1 The generalized linear model

In its simplest form, 𝑓 is a linear combination of covariates, thus called a linear regression
model. The random errors 𝜖 are assumed to be identically distributed with an expected
value of 0 and a constant variance equal to 𝜎2. In addition, the errors are often assumed
to be normally distributed 𝝐 ∼ 𝒩(𝟎𝑚, 𝜎2𝐼𝑚). The linear model is estimated using OLS
or maximum likelihood estimation, which are equivalent when a normal distribution is
assumed (Fahrmeir et al. 2022). In particular, an analytical solution exists if the covariate
matrix 𝐗 has full rank (Fahrmeir et al. 2022; Wood 2017). However, the complexity of
the data structures that can be represented in this way is limited. As mentioned in
the previous section, extensions regarding correlated errors or heteroscedasticity exist.
In these cases, OLS estimators are still unbiased, but the estimation procedure has to
be adjusted to ensure that the covariance of the parameter estimates can be correctly
calculated (Fahrmeir et al. 2022). A remedy procedure is the weighted least squares
(WLS) estimation (see, e.g., Fahrmeir et al. (2022)), which extends the OLS method by
including weights. The basic idea behind this is to transform the least squares problem
into one with homoscedastic errors. As for traditional linear models, maximum likelihood
estimation can be applied when assuming normality and coincides with WLS (Fahrmeir
et al. 2022; Wood 2017). However, the weights have to be estimated as they are usually
unknown. Therefore, an iterative procedure can be used that alternately estimates the
weights and the parameters (Iterative weighted least squares (IWLS); Nelder et al. 1972;
McCullagh et al. 1989; Wood 2017). Despite the different levels of complexity between the
frameworks, WLS and IWLS will be a key feature of the estimation method for GAMLSS
discussed in this section. However, often no closed form solution exists thus necessitating
numerical approximation (see Fahrmeir et al. (2022) for a general introduction or Greene
(2018) for details).

The linear model cannot accommodate many types of data structures, especially if the
response is not normal. Thus, generalized linear models (GLM; Nelder et al. 1972) were
introduced to expand the concept of linear models to other distributions. This is achieved
by connecting the linear combination of covariates to the expected value of the response by
means of a smooth monotonic link function 𝑔 or the response function ℎ = 𝑔−1. Therefore,
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given a response 𝑦𝑖, 𝑖 = 1, … , 𝑚, corresponding to the covariate vector 𝐱𝑖, it is

𝑓(𝐱𝑖) = 𝔼(𝑦𝑖) = ℎ(𝜂(𝐱𝑖)) ⟺ 𝑔(𝔼(𝑦𝑖)) = 𝜂(𝐱𝑖),

where 𝜂(𝐱𝑖) denotes the linear predictor term (Fahrmeir et al. 2022; Wood 2017). The
response is typically assumed to follow a distribution from the exponential family. Note,
that the error terms can therefore depend on the mean value multiplied by a constant
controlling dispersion (Wood 2017). Commonly used link functions include the logit and
probit functions for binary data. The identity link function is used for normal data. IWLS
or maximum likelihood with numerical approximations yield consistent and asymptoti-
cally normal estimators under regularity conditions (Fahrmeir et al. 2022; Seber et al.
2003).

2.3.2 The generalized additive model

Although the covariates can be transformed in a nonlinear manner, the GLM framework
assumes that the predictor term 𝜂(𝐱𝑖) is a linear combination. Thus, an important ex-
tension involves the incorporation of nonlinear relationships. The regression model class
of generalized additive models (GAM; Hastie et al. 1986) is build around the inclusion
of nonparametric nonlinear smoothing functions. Again, a link function 𝑔 is utilized to
connect the predictor term 𝜂(𝐱𝑖) to the expected value of the corresponding response.
However, the predictor is no longer assumed to be linear. In general,

𝜂(𝐱𝑖) =
𝐾

∑
𝑘=1

𝑓𝑘(𝐱𝑖), (10)

where the additive effects 𝑓𝑘 can take a plethora of different, possibly nonlinear forms
(Fahrmeir et al. 2022). These include

• basic linear effects as for the GLM,

• smooth nonlinear effects of a single continuous covarate,

• random effects. Since this thesis does not include a discussion of mixed effects
models, see Demidenko (2013) for details and

• interaction effects.

In order to avoid potential issues related to identifiability, the smooth nonlinear effect
terms and interaction terms including those are centered around 0. For the simple case
comprising a single covariate, this means ∑𝑚

𝑖=1 𝑓𝑘(𝑥𝑖,𝑘) = 0. For interaction terms, center-
ing can be more complicated (see, e.g., Fahrmeir et al. (2022)). However, these constrains
do not influence the shape (Wood 2017). The previous section introduced one example of
a nonlinear, nonparametric regression function for a contentious covariate in the form of
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B-splines.

In general, nonlinear smoothing functions can be expressed as a linear combination of
appropriate basis functions 𝐵𝑟, 𝑟 = 1, … , 𝐿, such that 𝑓𝑘(𝑥) = ∑𝐿𝑘

𝑟=1 𝛾𝑟𝐵𝑟(𝑥) (Fahrmeir
et al. 2022; Wood 2017). The type of 𝑓𝑘 determines the basis function. Section 3.2 will
discuss the basis functions of B-splines in greater detail. For the observed values of the
𝑘th covariate, the linear combination can be written in matrix notation

⎛⎜⎜⎜
⎝

𝑓𝑘(𝑥1,𝑘)
…

𝑓𝑘(𝑥𝑚,𝑘)

⎞⎟⎟⎟
⎠

=
⎛⎜⎜⎜
⎝

𝐵1(𝑥1,𝑘) … 𝐵𝐿𝑘
(𝑥1,𝑘)

…
𝐵1(𝑥𝑚,𝑘) … 𝐵𝐿𝑘

(𝑥𝑚,𝑘)

⎞⎟⎟⎟
⎠

⎛⎜⎜⎜
⎝

𝛾1

…
𝛾𝐿𝑘

⎞⎟⎟⎟
⎠

⟺ 𝐟𝑘 = 𝐕𝑘𝜸𝑘.

Thus, the estimation procedure for a GAM can be traced back to the estimation of
(generalized) linear models (Fahrmeir et al. 2022; Stasinopoulos et al. 2017). However, to
avoid overfitting, the estimation procedure includes penalization against roughness. The
penalty is introduced through a penalty term that depends on the type of smoothing
function. For example, P-splines utilize the integral of the squared second derivative
of 𝑓𝑘. The degree of penalty is controlled by a hyperparameter 𝜆 ≥ 0, such that the
penalty vanishes as 𝜆 → 0 while a subvector of 𝜸̂𝑘 tends to 0 for 𝜆 → ∞ (Stasinopoulos
et al. 2024). The same general form holds true for interactions of smooth nonlinear effect
(Stasinopoulos et al. 2024) and for random effects, which can be considered in terms
of penalization (Fahrmeir et al. 2022). As a result, (10) can be reformulated in matrix
notation (Fahrmeir et al. 2022):

𝜼 = 𝐕1𝜸1 + ⋯ + 𝐕𝑞𝜸𝑞 + 𝐗𝜷. (11)

Here, 𝐗𝜷 bundles the linear effects included in the model. The penalization term written
as a matrix is denoted 𝜆𝑗𝜸𝑡

𝑗𝐊𝑗𝜸𝑗, with individual smoothing parameter 𝜆𝑗 and positive
semi-definite penalization matrix 𝐊𝑗 depending on the specific type of penalization. Note,
that for more complex structures it is possible that 𝜆𝑗 is multivariate (Stasinopoulos et al.
2024). This will be omitted from the notation in the following for the sake of simplicity.

As discussed in Fahrmeir et al. (2022), the estimation procedure can be conducted based
on the penalized log-likelihood

𝑙pen(𝜸1, … , 𝜸𝑞, 𝜷) = 𝑙(𝜸1, … , 𝜸𝑞, 𝜷) − 1
2

𝑞

∑
𝑗=1

𝜆𝑗𝜸𝑡
𝑗𝐊𝑗𝜸𝑗, (12)

where 𝑙(𝜸1, … , 𝜸𝑞, 𝜷) = ∑𝑚
𝑖=1 𝑙𝑖(𝑦𝑖, 𝜸1, … , 𝜸𝑞, 𝜷) is the regular log-likelihood. For approx-

imate normal response variables, a similar form can be determined for the least squares
approach

30



𝐿𝑆pen(𝜸1, … , 𝜸𝑞, 𝜷) = 𝐿𝑆(𝜸1, … , 𝜸𝑞, 𝜷) +
𝑞

∑
𝑗=1

𝜆𝑗𝜸𝑡
𝑗𝐊𝑗𝜸𝑗, (13)

where the least squares criterion is defined as

𝐿𝑆(𝜸1, … , 𝜸𝑞, 𝜷) = (𝐲 − (𝐕1𝜸1 + ⋯ + 𝐕𝑞𝜸𝑞 + 𝐗𝜷))𝑡 (𝐲 − (𝐕1𝜸1 + ⋯ + 𝐕𝑞𝜸𝑞 + 𝐗𝜷)) .

Assuming that the smoothing parameters 𝜆𝑗 are known, estimation utilizes iterative max-
imization of the penalized log-likelihood (Fahrmeir et al. 2001; Wood 2017; Eilers et al.
2002). Alternatively, least squares estimation is conducted by a backfitting algorithm or
by means of penalized weighted least squares (PWLS; Fahrmeir et al. 2022). The backfit-
ting algorithm iterates through the additive terms and estimates based on the residuals
calculated from the other terms. Both the backfitting algorithm and PWLS constitute
two other key features for the estimation of GAMLSS.

The determination of the smoothing parameters is integral to the estimation process.
However, the discussions presented in Sections 3.2 and 3.3 neither include penalized non-
parametric nonlinear effects nor random effects. Therefore, no penalization is included
and the second term on the right side of equations (12) and (13) is rendered equal to 0.
Thus, further discussion is not included in this thesis. For an in-depth examination on
the determination of the smoothing parameters see Wood (2017).

2.3.3 Generalized additive models for location, scale, and shape

All of the regression frameworks discussed in this section focus on modeling the mean
response based on the covariates. However, complex data structures may present het-
eroscedastic errors with complex dependence on the covariates. Figure 9 depicts two data
sets from the simulation study discussed in Section 3.3. On the left, a nonlinear time-dose-
response relationship assuming normal distribution with constant standard deviation is
modeled. On the right, the same relationship is modeled assuming standard deviation
that depends on both time and dose. The upper row depicts the simulated data points
and a parametric nonlinear regression fit. The lower row depicts the corresponding resid-
uals. This simulation is based on the real data set discussed in Section 3.3 and depicted
in Figure 8. Dependence of variance on time and dose can be observed. Similar results
were found in prior analysis (Duda et al. 2022a). The presented models have a limited
capacity to correct for this. Depending on the response distribution, the variance can be
modeled indirectly through the mean. In order to fully accommodate complex data with
such dependencies, further extension of the GAM framework is necessary.

GAMLSS enable the modeling of all response distribution parameters in the manner of a
GAM. For the normal distribution, this implies that both the mean and the variance can
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Figure 9: Visualization of the difference between a constant standard deviation across all combinations
of covariates (left) with a standard deviation dependent on the covariates (right). The top row depicts
the individual data points and a parametric model fit to the mean. The bottom row depicts the residuals.
The data are from Scenario 1 of the simulation study discussed in Section 3.3, and are modeled such that
the standard deviation is either constant or large and dependent on the covariates. The model fit utilizes
the td2pLL model (Duda et al. 2022a).

be modeled. The GAMLSS framework is applicable for a wide range of different distribu-
tions not limited to the exponential family (Stasinopoulos et al. 2008; Rigby et al. 2019).
Thus, it extends a previous approach by Rigby et al. (1996) that was only applicable to
normally distributed responses. The application in this thesis will assume a normal dis-
tribution. In the interest of simplicity and generalizability, the following notation will be
of normally distributed GAMLSS. The introduction mainly follows Stasinopoulos et al.
(2017), while the notation was adjusted for the sake of consistency.

In general, the random variables 𝑌𝑖, 𝑖 = 1, … , 𝑚 are assumed to be independent and
to follow a distribution 𝒟(𝜇𝑖, 𝜎𝑖, 𝜈𝑖, 𝜅𝑖). Here, the indices suggest that the distribution
parameters are dependent on the covariates. In matrix notation this can be written as
𝐘 ∼ 𝒟(𝝁, 𝝈, 𝝂, 𝜿). Note, that not all distribution parameters must be modeled based
on the same set of covariates and the number of distribution parameters can vary. In the
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following, assume

𝐘 ∼ 𝒩(𝝁, 𝝈𝟐)
𝑔𝜇(𝝁) = 𝜼𝜇 = 𝐕𝜇,1𝜸𝜇,1 + ⋯ + 𝐕𝜇,𝑞𝜇

𝜸𝜇,𝑞𝜇
+ 𝐗𝜇𝜷𝜇

𝑔𝜎(𝝈) = 𝜼𝜎 = 𝐕𝜎,1𝜸𝜎,1 + ⋯ + 𝐕𝜎,𝑞𝜎
𝜸𝜎,𝑞𝜎

+ 𝐗𝜎𝜷𝜎.

(14)

Hence, both the mean and the standard deviation are modeled as described in (11) with
link functions 𝑔𝑙, 𝑙 ∈ {𝜇, 𝜎}. Again, penalization is achieved by incorporating penalization
terms 𝜆𝑙,𝑗𝜸𝑡

𝑙,𝑗𝐊𝑙,𝑗𝜸𝑙,𝑗 for 𝑙 ∈ {𝜇, 𝜎} and 𝑗 = 1, … , 𝑞𝑙 into the estimation process. For the
normal distribution, 𝑔𝜇 is the identity function and 𝑔𝜎 = log() is chosen to ensure values
greater than 0. Rigby et al. (2005) derived the penalized log-likelihood

𝑙pen((𝜸𝑙,1, … , 𝜸𝑙,𝑞, 𝜷𝑙)𝑙∈{𝜇,𝜎}) = 𝑙((𝜸𝑙,1, … , 𝜸𝑙,𝑞, 𝜷𝑙)𝑙∈{𝜇,𝜎}) − 1
2

∑
𝑙∈{𝜇,𝜎}

𝑞𝑙

∑
𝑗=1

𝜆𝑙,𝑗𝜸𝑡
𝑙,𝑗𝐊𝑙,𝑗𝜸𝑙,𝑗,

(15)

where 𝑙((𝜸𝑙,1, … , 𝜸𝑙,𝑞, 𝜷𝑙)𝑙=1,2) denotes the regular log-likelihood of (14). In general, 𝜸 and
𝜷 are estimated for a fixed vector 𝝀, which is estimated in a preliminary step. However,
as discussed for the GAM framework, if neither penalized smooth functions nor random
effects are regarded (14) simplifies to

𝐘 ∼ 𝒩(𝝁, 𝝈𝟐)
𝑔𝜇(𝝁) = 𝜼𝜇 = 𝐗𝜇𝜷𝜇

𝑔𝜎(𝝈) = 𝜼𝜎 = 𝐗𝜎𝜷𝜎.
(16)

Note that B-splines are included in the linear additive term, since their definition does not
incorporate penalization (Stasinopoulos et al. 2017; Fahrmeir et al. 2022)). The discussion
presented in Section 3.3 will focus on this special case. Thus, estimation procedures for
𝝀 are not discussed here. See Stasinopoulos et al. (2017) for details.

Rigby et al. (2005) introduced two distinct estimation algorithms for maximizing (15)
given known values for 𝝀:

• The RS approach based on the algorithm introduced by Rigby et al. (1996).

• The CG approach based on the algorithm introduced by Cole et al. (1992).

As described by Rigby et al. (2005), the CG algorithm includes the (expected or approxi-
mated) second and cross-derivatives of the log-likelihood with respect to the distribution
parameters. The RS algorithm, however, does not. Since the mean and the standard
deviation of a normal distribution are information orthogonal (Cox et al. 1987), the ex-
pected cross-derivatives are 0. Therefore, the RS algorithm is the preferred option in this
case.
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As described by Stasinopoulos et al. (2017), the RS algorithm consists of three steps:
an outer algorithm, an inner algorithm and a backfitting algorithm. The algorithm is
initialized with starting values for the distribution parameters, here 𝜇 and 𝜎. The outer
algorithm iterates through the distribution parameters and initializes the inner algorithm
for each given the latest values of the others. The inner algorithm uses these latest values
to conduct an IWLS approach. Precisely, the backfitting method is called to estimate the
parameters (𝜷𝜇, 𝜸𝜇,1, … , 𝜸𝜇,𝑞𝜇

), 𝑙 ∈ {𝜇, 𝜎}, from (14). This is done iteratively by applying
WLS or PWLS, respectively. Each step is repeated and the estimates are updated until
convergence. Thus, the (penalized) maximum likelihood estimators are approximated.

The CG algorithm follows an overall similar rationale and also consists of three steps. As
described by Stasinopoulos et al. (2017), the outer algorithm calculates weighted obser-
vations analogously to the inner step of the RS algorithm. Then, the inner algorithm is
called, and the weighted observations are further updated. The weights used in this step
include the aforementioned cross derivatives. Afterwards, the algorithm iterates through
the distribution parameter and applies the backfitting method discussed above. For a
proof that this procedure approximates the (penalized) maximum likelihood estimators,
see Rigby et al. (2005). The CG algorithm is initially more instable, but converges faster
(Stasinopoulos et al. 2024). Therefore, an approach that starts with the RS algorithm
and subsequently transitions to the CG algorithm after a series of iterations can be im-
plemented (Stasinopoulos et al. 2017).

An important special case is described by (16). Given the specified modeling choice, the
estimation process can be simplified to maximum likelihood estimation, as penalization
terms are not a factor. Hence, estimators can be calculated directly by applying IWLS
or maximization of the log-likelihood (Fahrmeir et al. 2022). For the normal distribution
as discussed in Section 3.3 the estimation procedure benefits additionally in stability
from the information orthogonality of the mean and the variance (Stasinopoulos et al.
2024). As stated by Stasinopoulos et al. (2017), the estimators for (16) are consistent
with correct asymptotic standard errors under regularity conditions, given the model is
correctly specified. As further elaborated by Rigby et al. (2019), the estimators are also
asymptotically normally distributed. In case of model misspecification, the estimators
are consistent for a distribution parameter vector of the misspecified distribution family
that are closest to the true distribution measured by the Kullback-Leibler distance (Rigby
et al. 2019). As a direct consequence, Rigby et al. (2019) proved that for distributions
of the exponential family estimators of the mean are consistent in cases when only the
dispersion parameter is misspecified. This holds for all GLMs by definition. Similarly, it
holds for GAMLSS when an exponential family distribution is assumed, which includes
a normal distribution. However, as argued by Stasinopoulos et al. (2017), the estimation
of the mean parameters becomes inefficient. Properties of penalized maximum likelihood
estimators are not as readily available (Stasinopoulos et al. 2024).

A multitude of adjustments and alternative estimation procedures have been developed
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for the GAMLSS framework. Rigby et al. (2005) also investigated a Bayesian approach.
See Stasinopoulos et al. (2017) and Stasinopoulos et al. (2024) for a more in-depth anal-
ysis of the Bayesian view on GAMLSS. Furthermore, Rigby et al. (2019) introduced a
robust estimation procedure that combats outliers. Stasinopoulos et al. (2024) developed
an estimation procedure based on machine learning that works well in high-dimensional
data settings. Multivariate response variables can be considered based on multivariate
distributions or a combination of marginal distributions based on copulae (Stasinopoulos
et al. 2024; Kock et al. 2025).

In Sections 3.2 and 3.3 the main focus will be on regression modeling with parametric
nonlinear regression models. In general, these are estimated with maximum likelihood
or least squares methods (Seber et al. 2003). Under regularity conditions, the estimators
are consistent and asymptotically normally distributed (Seber et al. 2003). Typically,
the nonlinear regression function must be twice continuously differentiable. In Section
3.2, a new method will be introduced that extends the research question posed by alert
identification from individual points to covariate regions. This is achieved by fitting a
nonlinear regression model to the data and investigating the change in response by means
of its first derivative.

As stated by Stasinopoulos et al. (2008), parametric nonlinear terms can be incorporated
into the GAMLSS framework. Precisely, the nonlinear term is estimated in one step
of the backfitting algorithm described above. Since no penalization is required for the
estimation procedure, the theoretical considerations presented for GAMLSS including
only non-penalized terms extends to this case. In Section 3.3, the integration of nonlinear
regression models within the GAMLSS framework for the purpose of modeling time-
dose-response or dose-dose-response data will be examined. The benefits of adapting
to complex data structures by modeling all distribution parameters are discussed in the
context of multidimensional model-based alert identification. Furthermore, an extension
of the bootstrap procedure discussed in Algorithm 1 will be introduced that makes use
of GAMLSS to estimate a simultaneous confidence plane for the assumed nonlinear time-
dose-response or dose-dose-response relationship. Formulated as a hypothesis test, this
is then utilized to identify alert relationship between the covariates based on statistical
significance.
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3 Articles
This section summarizes the three main methodological contributions of this thesis. Pre-
cisely, the first article in Section 3.1 discusses risk estimation in time-to-event data and
the second and third article in Sections 3.2-3.3 discuss model-based alert identification for
one and multiple continuous covariates, respectively.

Section 3.1 investigates the differences between the HR, OR and RR and the problems
that arise from the practice of interpreting the HR and OR as the RR. To allow for a
direct estimation of the latter for time-to-event data in a two-group situation, Kuss et al.
(2021) proposed a parametric approach under the assumption of PR, that is a constant
ratio of the CDFs. However, this method additionally assumes that the data follow
an exponentiated-uniform distribution, thereby limiting its applicability. Building on the
ideas of PR and the direct estimation of the RR, Section 3.1 proposes a PR approach based
on the nonparametric Kaplan-Meier estimator, which requires only the PR assumption.
In contrast to the approach of Kuss et al. (2021), the proposed estimator is more widely
applicable and remains interpretable in most cases even when the PR assumption is
violated, as it estimates an average RR over time. Additionally, an estimator for the
NNT is derived, allowing for a more holistic interpretation by combining relative and
absolute measures.

Section 3.2 introduces a model-based approach for alert identification with respect to
a single continuous covariate, aiming to identify entire covariate regions over which the
response changes. Previous works by Kappenberg et al. (2021) and Möllenhoff et al.
(2022) address the limitations of traditional approaches, which only allow the detection
of alerts at observed time points, by fitting parametric regression models to the data.
However, these approaches merely identify the onset of an effect. In contrast, Section 3.2
proposes a method that shifts the underlying research question from the identification of
individual alerts to the investigation of the overall course of the response. This is achieved
by basing the analysis on the first derivative of the model rather than on the model itself.
The method is summarized in terms of a hypothesis test such that only relevant changes
are detected.

Section 3.3 extends the discussion on model-based alert identification to a two-dimensional
setting. Inspired by Kappenberg et al. (2021) and Möllenhoff et al. (2022) a parametric
approach is proposed that accommodates the complexity of multidimensional data by
incorporating the flexible framework of GAMLSS into the model fitting. It generalizes
naturally to higher-dimensional settings. Depending on the primary research question,
the method is formulated in terms of a hypothesis test such that the rejection of the
null hypothesis indicates either the detection of an alert for one of the covariates at a
fixed value of the other, or the detection of an alert-relationship between the covariates.
This improves interpretability by explicitly capturing interactions. Again, only relevant
changes are detected.
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3.1 A nonparametric proportional risk model to assess a treat-
ment effect in time-to-event data

This article addresses the importance of aligning the research question with the statistical
method in risk estimation for time-to-event data. It introduces a nonparametric estimator
for the RR of two groups to experience the event of interest, based on a weighted mean of
the ratio of two Kaplan-Meier estimators evaluated at different time points. Compared to
existing approaches, which typically rely on the assumption of PH or PO, the proposed
procedure provides an alternative for data exhibiting PR and allows for the direct inter-
pretation of the RR. The performance of the estimator is evaluated in a simulation study
and compared to established methods under various model assumptions, when RR, OR,
and HR are treated interchangeably to reflect common practice. The approach’s practi-
cal relevance is demonstrated through the application to data from a large randomized
controlled trial investigating the effect of dapagliflozin on all-cause mortality.
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Abstract
Time-to-event analysis often relies on prior parametric assumptions, or, if a
semiparametric approach is chosen, Cox’s model. This is inherently tied to the
assumption of proportional hazards, with the analysis potentially invalidated if
this assumption is not fulfilled. In addition, most interpretations focus on the
hazard ratio, that is often misinterpreted as the relative risk (RR), the ratio of the
cumulative distribution functions. In this paper, we introduce an alternative to
current methodology for assessing a treatment effect in a two-group situation,
not relying on the proportional hazards assumption but assuming proportional
risks. Precisely, we propose a new nonparametric model to directly estimate the
RR of two groups to experience an event under the assumption that the risk ratio
is constant over time. In addition to this relative measure, our model allows for
calculating the number needed to treat as an absolute measure, providing the
possibility of an easy and holistic interpretation of the data. We demonstrate the
validity of the approach by means of a simulation study and present an applica-
tion to data from a large randomized controlled trial investigating the effect of
dapagliflozin on all-cause mortality.
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1 INTRODUCTION

In medical research, time-to-event data measuring the time until a specific event, for example, the time until death or
the time until occurrence of a particular disease, are very common. In 2022, nearly 1000 articles including the phrase
“time-to-event” were collected on PubMed (NCBI, 1996). Therefore, proper analysis of this type of data is of great interest.
Well-known models include proportional hazard (PH) models like Cox’s PH model (Cox, 1972) or the Weibull PH model
(Kleinbaum & Klein, 2012) and proportional odds (PO) models like the log-logistic model (Kleinbaum & Klein, 2012),
resulting in a focus on the hazard ratio (HR) and the odds ratio (OR) as estimates for the treatment effect. This contradicts
the preference of reporting the relative risk (RR) when analyzing data given in form of 2 × 2 contingency tables (Sistrom
& Garvan, 2004).
The RR is characterized by its easy interpretability: If two groups, say A and B, have an RR of 𝑟 for an event, then group

A is 𝑟 times more likely to experience the event relative to group B. Consequently, an RR of 1 means an equal risk for both
groups. If 𝑟 larger than 1, group A has a larger risk than group B, and vice versa if it is smaller than 1 (Rosner, 2016). The
RR should always be reported in combination with an absolute risk measure like the numbers needed to treat, to classify
the relative measure. Once this has been done, even complex statistical results can be communicated easily (Sistrom &
Garvan, 2004).
The misinterpretation of the HR as an RR has a long tradition, starting with even basic literature using the two terms

interchangeably (Kalbfleisch & Prentice, 2002; Klein & Moeschberger, 2003). However, this is incorrect: both measures
indicate the same direction in regards to the treatment effect and hence have similar interpretation, but are technically
not the same (Sutradhar & Austin, 2018). The HR is a conditional measure, based on instantaneous rates (Hernán, 2010),
while the RR is not. Therefore, the two values should be strictly distinguished and handled with care. In addition, an
increase in studies reporting nonproportional hazard rates has been noted in recent years (Royston & Parmar, 2014),
putting the PH assumption into question. More precisely, the Cox model and the underlying PH assumption have been
criticized recently, as the PH assumption is only rarely assessed in practice, or, the model is even used regardless of the
presence of nonproportional hazards (Jachno et al., 2019). Although Cox’s model evaluates the mean HR over time in this
case (Struthers & Kalbfleisch, 1986) and therefore still allows for meaningful interpretation, it nonetheless should not be
confounded with the mean RR.
It is well-known that the OR approximates the RR if the event of interest has a low prevalence (Sistrom&Garvan, 2004).

Otherwise, these measures do not coincide, which led to widespread misinformation in the past (Schwartz et al., 1999). In
addition, just as the PH assumption, the PO assumption is sometimes not suitable. To fill in the gap of the estimation of the
RR for time-to-event data, Kuss and Hoyer recently proposed a parametric proportional risk (PPR) model for a two-group
situation as typically given in randomized controlled trials (RCTs) by using the exponentiated-uniform (EU) distribution
(Kuss & Hoyer, 2021). This circumvents the problem of the incorrect interpretation of the HR and the OR, respectively.
Based on this idea, this paper proposes a nonparametric proportional risk (NPPR) estimator for the RR that is easy

to implement, robust, and in particular independent of the underlying cumulative distribution function (CDF). For the
construction the Kaplan–Meier estimator, Kaplan&Meier (1958) is used, allowing for the inclusion of right-censored data.
The NPPR estimator also enables inference on a time interval, which is advantageous compared to a prior nonparametric
method based on the ratio of two Kaplan–Meier estimators (Lachin, 2010) that focuses on a single time point. By means
of a percentile bootstrap (Efron, 1981), we calculate confidence intervals (CIs) that allow to test for equal CDFs.
In addition to anRRmeasure, an absolutemeasure is needed to enable a holistic interpretation of the data (TheAcademy

of Medical Sciences, 2017). Therefore, estimators for the risk difference and its inverse, the number needed to treat (NNT,
Hildebrandt et al., 2009; Porta, 2016), are derived from the NPPR estimator. Especially, the NNT stands out due to its
simple interpretability: If the NNT equals 𝑥𝑡 at time point 𝑡, 𝑥𝑡 patients have to be administered the treatment, so that one
more event up to 𝑡 is prevented compared to the control group (Hildebrandt et al., 2009; Porta, 2016).
The paper is structured as follows: First, we introduce the NPPRmodel and show how to estimate the treatment effect,

given by the mean RR over time. Based on this, we present a formula for the risk difference and the NNT. Afterward, we
report a small simulation study that compares theNPPR estimator to the RR estimated by applying the PPRmodel, theHR
estimated by Cox’s PH model, and the OR estimated using a log-logistic PO model. Finally, the practical usability of the
model is illustrated by its application to data from the Dapagliflozin and Prevention of Adverse Outcomes in Heart Failure
(DAPA-HF) trial (McMurray et al., 2019), a large RCT investigating the effect of dapagliflozin on all-cause mortality.
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2 METHODOLOGY

2.1 The NPPRmodel

We consider a situation with two groups, in terms of RCTs given by a treatment (indexed by 1) and a control (indexed by 0)
group, respectively. The corresponding (unknown) CDFs describing the probability of having experienced the outcome of
interest up to a specific time point, are assumed to be proportional. This implies that their ratio, the RR, is constant over
time, which we denote as proportional risk (PR) assumption.
To preventmathematical and interpretative problems,wewill restrict our analysis to the time interval𝑇 = (𝑡𝑚𝑖𝑛, 𝑡𝑚𝑎𝑥) ⊂

ℝ, whereby 𝑡𝑚𝑖𝑛 denotes the larger of the first hypothetical event time points in each group and 𝑡𝑚𝑎𝑥 denotes the smaller of
the latest hypothetical event time points. Mathematically, this is done to (1) avoid dividing by zero and (2) avoid artificially
underestimating the RR. After the first of the two CDFs reaches (or asymptotically comes close to) 1, the RR will, by
definition, converge to 1. Of note, a meaningful interpretation of an RR outside this time range is hardly possible. Now,
let 𝐹1 and 𝐹0 denote the corresponding unknown CDFs in the treatment and control group, respectively. Given the PR
assumption evaluating the ratio of probabilities at any time point 𝑡 ∈ 𝑇, yields a treatment effect of

𝐹1(𝑡)

𝐹0(𝑡)
= 𝑟

for a constant 𝑟 > 0. From this, we define 𝛽 ∈ ℝ so that the equation

exp (−𝛽) =
𝐹1(𝑡)

𝐹0(𝑡)
= 𝑟

holds. Solving for 𝛽 we obtain

𝛽 ∶= − log

(
𝐹1(𝑡)

𝐹0(𝑡)

)
. (1)

Moving to the log scale allows for a more symmetric interpretation of 𝛽. More precisely, a positive 𝛽 corresponds to a
positive treatment effect, a negative 𝛽 to a negative one, and 𝛽 = 0 to no effect, respectively. The main goal is to estimate
𝛽 without any parametric assumptions on the CDFs. Therefore, we estimate 𝐹1 and 𝐹0 by means of the nonparametric
Kaplan–Meier estimators 𝑆̂1, 𝑆̂0, using the relationship between CDFs and their corresponding survival functions. The
resulting estimated CDFs will be denoted by 𝐹̂𝑖 = 1 − 𝑆̂𝑖 , 𝑖 = 0, 1. As the underlying data are possibly right-censored, we
need this slightly more complicated method of estimation instead of using the empirical CDFs.
Let 𝑇̃1 and 𝑇̃0 be the ordered sets of observed event time points for the two groups.We set 𝑡𝑚𝑖𝑛 = max(min(𝑇̃1), min(𝑇̃0))

and 𝑡𝑚𝑎𝑥 = min(max(𝑇̃1), max(𝑇̃0)). By defining

𝑇̃ = (𝑡 ∣ 𝑡 ∈ 𝑇̃1 or 𝑡 ∈ 𝑇̃0, 𝑡𝑚𝑖𝑛 ≤ 𝑡 ≤ 𝑡𝑚𝑎𝑥),

we restrict the time interval such that the fraction of 𝐹̂1 and 𝐹̂0 can be evaluated properly and to comply with the restric-
tions described above. Of note, tied observations are retained in 𝑇̃1, 𝑇̃0, and 𝑇̃ for later inclusion. Inserting the estimated
CDFs instead of the true unknown CDFs in Equation (1) for any 𝑡, 𝑡𝑚𝑖𝑛 ≤ 𝑡 ≤ 𝑡𝑚𝑎𝑥, yields a (time-dependent) estimator 𝛽𝑡

for 𝛽. Conceivably, the method might benefit from further restricting 𝑇̃, for example, if the data suggest a high variability
at the beginning or at the end of the study.
To arrive at a single estimate for 𝛽, we compute a weighted mean of the 𝛽𝑡 where the weights are derived from their

variance. Precisely, as the Kaplan–Meier estimator is asymptotically normally distributed with a variance which can
be approximated by Greenwood’s formula (Breslow & Crowley, 1974), we estimate the variance of 𝛽𝑡 = − log

(
𝐹̂1(𝑡)

𝐹̂0(𝑡)

)
=

− log
(
𝐹̂1(𝑡)

)
+ log

(
𝐹̂0(𝑡)

)
for every 𝑡 ∈ 𝑇̃ by applying the delta method (Oehlert, 1992) to log(𝐹̂𝑖(𝑡)), 𝑖 = 0, 1. This yields

𝜎̂2
𝑖
(𝑡) ∶= v̂ar

(
log(𝐹̂𝑖(𝑡))

)
=

1

𝐹̂𝑖(𝑡)2
v̂ar

(
𝑆̂𝑖(𝑡)

)
, 𝑖 = 0, 1.
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F IGURE 1 Visualization of the nonparametric
proportional risk (NPPR) estimator. The size of the pluses
symbolizes the weight given to the respective estimated
relative risk (RR) at this time point. The larger the plus, the
larger the weight. For a visualization on a logarithmic
scale, we refer to the supplementary material (Figure A).

Since 𝐹̂1(𝑡) and 𝐹̂0(𝑡) are independent and consequently their covariance is equal to 0, we define the weight function by

𝜔(𝑡) ∶= v̂ar
(

𝛽𝑡

)
=

1

𝐹̂1(𝑡)2
v̂ar

(
𝑆̂1(𝑡)

)
+

1

𝐹̂0(𝑡)2
v̂ar

(
𝑆̂0(𝑡)

)
for 𝑡 ∈ 𝑇̃. This choice was inspired by inverse-variance weighting (Hartung et al., 2008) and the weighted least square
method (Mandel, 1984). Consequently, with 𝑊 ∶=

∑
𝑡∈𝑇̃

1

𝜔(𝑡)
, a nonparametric estimator of 𝛽, the NPPR estimator, is

defined by

𝛽𝑁𝑃𝑃𝑅 =
1

𝑊

∑
𝑡∈𝑇̃

1

𝜔(𝑡)
𝛽𝑡 = −

1

𝑊

∑
𝑡∈𝑇̃

1

𝜔(𝑡)
log

(
𝐹̂1(𝑡)

𝐹̂0(𝑡)

)
. (2)

As stated above, tied observations were retained in 𝑇̃. Therefore, if an event time point 𝑡′ is included 𝑚 times over both
𝑇1 and 𝑇0, the term

1

𝜔(𝑡′)
𝛽𝑡′ is also included 𝑚 times in the sum in (2). A visualization of the situation is given in Figure 1.

Also, the estimator does, in general, estimate the mean RR over time. This holds even if the PR assumption is violated. In
this case, the estimator still provides a summary of the RR.
The NPPR estimator 𝛽 is a consistent estimator for 𝛽, which is a direct consequence of its construction, the continuous

mapping theorem (van der Vaart, 1998), and the fact that the Kaplan–Meier estimators are consistent for every 𝑡 ∈ 𝑇̃

(Andersen et al., 1993).

2.2 Risk difference and NNT

In order to ensure a holistic interpretation of the data, an absolute measure is needed in addition to the relative measure
provided by the RR. The risk difference for the unknown true CDFs is defined by

𝑅𝐷(𝑡) = 𝐹0(𝑡) − 𝐹1(𝑡)

for 𝑡 ∈ 𝑇. Using the PR assumption, we can write 𝐹1(𝑡) = exp(−𝛽)𝐹0(𝑡) and substitute 𝐹1(𝑡) in the formula. This yields

𝑅𝐷(𝑡) = (1 − exp(−𝛽))𝐹0(𝑡).
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AMEIS et al. 5 of 18

TABLE 1 Overview of the three different assumptions and their abbreviations.

Assumption Abbr. Mathematical formulation

Proportional risks PR It exists 𝑟 > 0 so that 𝐹1(𝑡)

𝐹0(𝑡)
= 𝑟, with 𝐹𝑖(𝑡), 𝑖 = 0, 1, as CDFs

Proportional hazards PH It exists 𝑟 > 0 so that ℎ1(𝑡)

ℎ0(𝑡)
= 𝑟, with ℎ𝑖(𝑡), 𝑖 = 0, 1, as hazard functions

Proportional (failure) odds PO It exists 𝑟 > 0 so that
𝐹1(𝑡)

1−𝐹1(𝑡)

𝐹0(𝑡)

1−𝐹0(𝑡)

= 𝑟, with 𝐹𝑖(𝑡), 𝑖 = 0, 1, as CDFs

Abbreviation: CDF, cumulative distribution function.

Nowwe can insert the estimated CDF 𝐹̂0 corresponding to the Kaplan–Meier estimator 𝑆̂0 and the NPPR estimator 𝛽𝑁𝑃𝑃𝑅

obtained by (2). The resulting estimator of the risk difference is defined by

𝑅𝐷(𝑡) =
(

1 − exp(−𝛽𝑁𝑃𝑃𝑅)
)

𝐹̂0(𝑡)

for 𝑡𝑚𝑖𝑛 ≤ 𝑡 ≤ 𝑡𝑚𝑎𝑥. Of note, this still does depend on the time 𝑡 and given the PR assumption monotonically increases if
exp(−𝛽𝑁𝑃𝑃𝑅) < 1 and decreases if exp(−𝛽𝑁𝑃𝑃𝑅) > 1, respectively.
The NNT is defined as the reciprocal of the risk difference. Therefore, an estimator is given by

𝑁𝑁𝑇(𝑡) =
1

𝑅𝐷(𝑡)
=

1(
1 − exp(−𝛽𝑁𝑃𝑃𝑅)

)
𝐹̂0(𝑡)

.

It is also possible to estimate the NNT based on 𝐹̂1(𝑡):

𝑁𝑁𝑇𝑎𝑙𝑡1(𝑡) =
1

𝑅𝐷𝑎𝑙𝑡1(𝑡)
=

1(
exp(−𝛽𝑁𝑃𝑃𝑅) − 1

)
𝐹̂1(𝑡)

.

This is beneficial, for example, if the treatment group size significantly exceeds the control group size since in this case
𝐹̂1(𝑡) would be a more reliable estimator than 𝐹̂0(𝑡). Another alternative is defined using both 𝐹̂0(𝑡) and 𝐹̂1(𝑡):

𝑁𝑁𝑇𝑎𝑙𝑡2(𝑡) =
1

𝑅𝐷𝑎𝑙𝑡2(𝑡)
=

1(
𝐹̂0(𝑡) − 𝐹̂1(𝑡)

) .

However, this estimator strongly depends on the precise time point used for evaluation since it is subject to the jumps
of both 𝐹̂1(𝑡) and 𝐹̂0(𝑡), while 𝑁𝑁𝑇(𝑡) and 𝑁𝑁𝑇𝑎𝑙𝑡1(𝑡) only depend on the jumps of one of the curves. In case of a small
data set, one could look at all three estimators and infer on the range of the respective CIs (calculated using the percentile
bootstrap (Efron, 1981) as described below).

3 SIMULATION STUDY

3.1 Setting and data generation

In order to evaluate the performance of theNPPRestimator compared to an alternativemethod,we conducted a simulation
study. As competitors we chose the PPR model for estimating the RR, the Cox’s PH model estimating the HR and a log-
logistic PO model estimating the OR. An overview of the different assumptions and the different models are provided in
Tables 1 and 2. The PPR model is based on the EU distribution (Kuss & Hoyer, 2021), and the corresponding CDFs are
given by

𝐹𝐸𝑈,𝑖(𝑡) = (𝜃𝑖𝑡)
𝛼
, 𝑡 ≤

1

𝜃𝑖
, for 𝑖 = 0, 1,
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6 of 18 AMEIS et al.

TABLE 2 Overview of all models. Note, that the Weibull proportional hazard (PH) model is only used for data generation and not for
parameter estimation in the simulation study. More information on the relative risk (RR), the hazard ratio (HR), and the odds ratio (OR) of
the different models as well as the calculation of the formula is presented in the supplementary material Section 3.0.

Model name Abbr. Asm. Type Mathematical description 𝑹𝑹∕𝑯𝑹∕𝑶𝑹

Nonparametric
proportional risk model

NPPR PR Nonparametric 𝛽𝑁𝑃𝑃𝑅 = −
1

𝑊

∑
𝑡∈𝑇̃

1

𝜔(𝑡)
log

(
𝐹̂1(𝑡)

𝐹̂0(𝑡)

)
𝑅𝑅𝑁𝑃𝑃𝑅 = exp(−𝛽)

Parametric proportional
risk model

PPR PR Parametric 𝐹𝐸𝑈,𝑖(𝑡) = (𝜃𝑖𝑡)
𝛼

𝑅𝑅𝑃𝑃𝑅 =
(

𝜃1

𝜃0

)𝛼̂

Cox’s proportional hazards
model

Cox’s PH PH Semiparametric ℎ𝐶𝑜𝑥(𝑡, 𝑋𝑖) = ℎ0(𝑡) exp(𝛽𝑋𝑖) ℎ0(𝑡)

baseline hazard

𝑋𝑖 =

{
1 treatment
0 control

𝐻𝑅𝐶𝑜𝑥 = exp(𝛽)

Log-logistic proportional
odds model

LL PO PO Parametric 𝐹𝐿𝐿,𝑖(𝑡) = 1 −
1

1+

(
𝑡

𝑏𝑖

)𝑎 𝑂𝑅𝐿𝐿 =
(

𝑏0

𝑏1

)𝑎̂

Weibull proportional
hazards model

Weibull PH PH Parametric 𝐹𝑊𝑒𝑖𝑏,𝑖(𝑡) = 1 − 𝑒
−

(
𝑡

𝜆𝑖

)𝑘

𝐻𝑅𝑊𝑒𝑖𝑏𝑢𝑙𝑙 =
(

𝜆0

𝜆1

)𝑘̂

Abbreviations: PH, proportional hazard; PO, proportional odds; PR, proportional risk.

in which the shape parameter 𝛼 > 0 is assumed to be the same for both the treatment and the control group and the scale
parameters 𝜃𝑖 > 0, 𝑖 = 0, 1, are assumed to be group-specific. By calculating maximum-likelihood estimates using the R
function optim for 𝜃𝑖 , 𝑖 = 0, 1, and 𝛼, the estimated RR is given by

𝑅𝑅𝑃𝑃𝑅 =

(
𝜃1

𝜃0

)𝛼̂

.

Of note, the OR and HR are identical and vary over time, as can be shown by inserting the CDF into the respective defi-
nition (see supplementary material Section 3.0 for details). For the log-logistic PO model, we chose the parameterization
as provided by the R package flexsurv (Jackson, 2016):

𝐹𝐿𝐿,𝑖(𝑡) = 1 −
1

1 +
(

𝑡

𝑏𝑖

)𝑎 , for 𝑖 = 0, 1,

in which the shape parameter 𝑎 > 0 and the scale parameters 𝑏𝑖 > 0, 𝑖 = 0, 1, are similarly assumed to be the same and
group-specific, respectively. Again, using optim to calculate maximum-likelihood estimates, the estimated (failure) OR is
given by

𝑂𝑅𝐿𝐿 =

(
𝑏0

𝑏1

)𝑎̂

.

Outcomes of the simulation study were bias, mean squared error (MSE), and empirical coverage of the estimated RR,
respectively. In addition, we evaluated numerical robustness in terms of the number of converged simulation runs. Pre-
cisely, it might happen that all events of one group have already occurred before the first event of the other group occurs.
Under these circumstances, or when all participants were censored, 𝑇̃ might be empty. Then, the NPPR estimator is not
defined. Among the simulations, these cases are few in numbers and were excluded from further analysis. Similarly, data
sets yielding estimates obtained by the PPR model, Cox’s PH model, and the log-logistic PO model of an absolute effect
(| − log(𝑅𝑅𝑃𝑃𝑅)|, | − log(𝐻𝑅𝐶𝑜𝑥)|, | − log(𝑂𝑅𝐿𝐿)|) larger than 3 were removed. This choice was informed by the analysis
of the simulated data with Cox’s PHmodel. That is, limiting the analysis to estimated HRs smaller than 20 (≈ exp(3)) was
the most conservative way to exclude estimations suffering from obvious numerical issues. Of note, the NPPR estimator
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AMEIS et al. 7 of 18

F IGURE 2 The relative risk (RR) of the Weibull proportional hazard (PH) model and the log-logistic (LL) proportional odds (PO) model
over time in comparison with the constant value indicated by the straight lines. HR, hazard ratio; OR, odds ratio.

exceeded this limit in no case. The numerical robustness describes the number of estimates used for further analysis after
the removal. All initial analyses have been done using R version 4.2.2. Analyses with Cox’s PH model, the log-logistic PO
model, and the simulation studies without censoring were added later and have been done using R version 4.3.0.
The simulation setting was inspired by the DAPA-HF trial discussed as a case study example in Section 4. Instead of

focusing on the secondary outcome “death of all causes,” we based the simulations on the data set regarding the studies
primary outcome “worsening heart failure or cardiovascular death.” Figure C (see supplementary material) contains an
analysis of this data set analogous to Section 4. We simulated a PR, PH, and a PO situation with different true underlying
effects for the RR, HR, or OR, respectively. For the generation of data satisfying the PR assumption, the PPR model was
used and the log-logistic POmodel for PO data. For a PH scenario, we used aWeibull PHmodel. The corresponding CDFs
are given by

𝐹𝑊𝑒𝑖𝑏,𝑖(𝑡) =

⎧⎪⎨⎪⎩1 − e
−

(
𝑡

𝜆𝑖

)𝑘

for 𝑡 ≥ 0

0 for 𝑡 < 0

for 𝑖 = 0, 1.

Here, 𝑘 > 0 is the shape parameter, which is assumed to be equal for both groups, and 𝜆𝑖 , 𝑖 = 0, 1, are the group-specific
scale parameters. In all scenarios, we used the parameters obtained from the placebo group of the data set as underlying
truth to simulate data for the reference group, where we chose true underlying parameters 𝛽 = 0, 0.5, 0.25, −0.25, −0.5

which correspond to an RR/HR/OR equal to 1, 0.607, 0.779, 1.284, and 1.649 (see Figure 2 for a visualization of the RRs
over time). All configurations used for the simulations are summarized in Table 3. For a visualization of the CDFs, we
refer to Figure E in the supplementary material.
To achieve different amounts of censoring (30%, 50%, and 70%), we simulated censoring times from an appropriate

uniform distribution. Also, we simulated studies without any censoring. For each of these combinations, we varied the
number of study participants (50, 100, and 500). All simulation results were obtained from simulating 1000 studies. Com-
bining the PR, PH, and PO cases resulted in 180 simulation scenarios representing a situation with no, a realistic, and a
more extreme effect on both sides of the null effect. In all cases, we first drew the group assignment using inverse trans-
formation sampling of a binomial distribution with probability 𝑝 = 0.5. Therefore, the group sizes of the treatment and
control group in the individual simulated study vary with an expected number of half the number of study participants
in each group. However, the number of all patients always equals 𝑛. Afterward, corresponding to the declared underlying
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8 of 18 AMEIS et al.

TABLE 3 Parameters of the parametric proportional risk (PPR) model, the Weibull proportional hazard (PH) model, and the log-logistic
proportional odds (PO) model corresponding to the true underlying effects for all different cases.

True underlying effect Parameters
PPR Weibull PH log-logistic PO

𝜷 RR/HR/OR 𝜶 𝜽𝟎 𝜽𝟏 𝒌 𝝀𝟏 𝝀𝟎 𝒂 𝒃𝟎 𝒃𝟏

0 1 0.859 0.009 0.009 0.916 88.296 88.296 0.973 70.817 70.817
0.5 0.607 0.859 0.009 0.005 0.916 152.428 88.296 0.973 70.817 118.362
0.25 0.779 0.859 0.009 0.007 0.916 116.012 88.296 0.973 70.817 91.553
−0.25 1.284 0.859 0.009 0.012 0.916 67.201 88.296 0.973 70.817 54.777
−0.5 1.649 0.859 0.009 0.016 0.916 51.146 88.296 0.973 70.817 42.370

Abbreviations: HR, hazard ratio; OR, odds ratio; RR, relative risk.

true effect, we drew survival times from the PPR model, the Weibull PH model, or the log-logistic PO model, again using
inverse transformation sampling.
In case of censoring, given the censoring proportion we then drew censoring times from the uniform distribution—for

the specific parameters, see the supplementarymaterial (Table A) - for each participant. Finally, the observed time of each
individual was defined as minimum of the survival and censoring time and the status adjusted accordingly. In case of no
censoring, the observed time of each individual is equal to the survival time.

3.2 Estimation

We compared the NPPR estimator with the RR estimated using the PPR model only if for the underlying data-generating
model the PR assumptionwas satisfied. Due to numerical problems, we fitted the PPRmodel only if censoringwas present.
For the performance of the PPR model in case of PH data, we refer to Kuss & Hoyer (2021). Similarly, we fitted Cox’s PH
model and the log-logistic POmodel only for PR data as well as for the data that fulfill the respective assumption. Of note,
theWeibull PH and the log-logistic POmodels violate the PR assumption. However, the NPPR estimator is in this case still
applicable to estimate the mean RR over time. We used this measure as substitute for an estimator of the true underlying
HR/OR and preceded with the analysis if these parameters were identical. This was done to examine the behavior of the
NPPR model, if the PR assumption does not hold, which can be the case in practical applications. In correspondence to
this, we interpreted the estimated HR/OR for the PR data using Cox’s PH and the log-logistic POmodels as mean HR/OR
and used it as substitute to estimate the true RR in order to mimic the often seen practice to use the RR and the HR/OR
interchangeably (Schwartz et al., 1999; Sutradhar & Austin, 2018).
The PPR and the log-logistic POmodels were estimated using the R function optim as described above. Cox’s PHmodel

was fitted using the function coxph from the survival (Therneau, 2023; Therneau & Grambsch, 2000) package.

3.3 Results

In the following, we will present the results of the simulation study. As the NPPR model directly estimates 𝛽𝑁𝑃𝑃𝑅 =

− log(𝑅𝑅𝑁𝑃𝑃𝑅), we transform the estimate 𝑅𝑅𝑃𝑃𝑅 obtained by the PPRmodel to− log(𝑅𝑅𝑃𝑃𝑅) for an easier comparability.
We preceded accordingly with the estimated 𝐻𝑅𝐶𝑜𝑥 and 𝑂𝑅𝐿𝐿. Tables 4–6 display the bias and the MSE for the different
scenarios if censoring was present, respectively. The bias and MSE corresponding to the scenarios without censoring are
displayed in Table B (see supplementary material). For details on the coverage and the numerical robustness, we refer to
the supplementary material (Tables C–J).
For a quick introduction, Figure 3 displays a comparison between the estimated values for a censoring rate of 50% and

500 participants if the PR assumption is fulfilled. If the true underlying effect 𝛽 equals 0, the NPPR estimator has a larger
interquartile range (IQR) than the PPR model with equal median. In all remaining cases, the median is closer to the true
value, while the IQR is still a bit larger. We observe that the NPPR estimator produces fewer outliers compared to the
PPR model. The number of outliers and the IQR of Cox’s PH model and the log-logistic PO model are similar to those
of the NPPR model. As expected, the median is larger in case of 𝛽 ≠ 0. Similar findings are achieved for situations with
a censoring rate of 30% and only in case of a high censoring rate, that is 70%, the number of outliers is comparable (see
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AMEIS et al. 9 of 18

TABLE 4 Bias and mean squared error (MSE) of 𝛽𝑁𝑃𝑃𝑅 (NPPR, nonparametric proportional risk), − log(𝑅𝑅𝑃𝑃𝑅) (PPR, parametric
proportional risk), − log(𝐻𝑅𝐶𝑜𝑥) (Cox’s PH model), and − log(𝑂𝑅𝐿𝐿) (log-logistic PO model) if the PPR model is the true underlying model.

Bias MSE
Effect Censoring (%) Participants NPPR PPR Cox LL NPPR PPR Cox LL
0.00 30 500 0.000 −0.006 0.000 0.000 0.011 0.140 0.013 0.026
0.00 30 100 −0.002 −0.017 −0.001 −0.006 0.052 0.365 0.065 0.132
0.00 30 50 0.010 0.021 0.007 0.010 0.092 0.436 0.139 0.250
0.00 50 500 0.005 0.001 0.002 0.006 0.016 0.005 0.018 0.030
0.00 50 100 0.004 0.007 0.008 0.011 0.082 0.047 0.093 0.162
0.00 50 50 −0.011 0.000 −0.009 −0.015 0.153 0.111 0.192 0.316
0.00 70 500 −0.003 −0.002 −0.002 −0.003 0.027 0.016 0.028 0.040
0.00 70 100 −0.011 −0.005 −0.012 −0.012 0.145 0.084 0.146 0.211
0.00 70 50 0.016 0.017 0.025 0.027 0.280 0.205 0.324 0.463
0.50 30 500 0.002 0.196 0.495 0.426 0.013 0.144 0.259 0.210
0.50 30 100 0.009 0.314 0.490 0.444 0.066 0.530 0.314 0.337
0.50 30 50 0.007 0.349 0.494 0.476 0.129 0.583 0.397 0.521
0.50 50 500 −0.004 0.070 0.367 0.378 0.015 0.020 0.151 0.171
0.50 50 100 0.003 0.193 0.359 0.399 0.084 0.203 0.222 0.316
0.50 50 50 −0.012 0.242 0.347 0.414 0.168 0.291 0.328 0.520
0.50 70 500 −0.003 0.000 0.138 0.221 0.031 0.019 0.050 0.093
0.50 70 100 −0.014 0.011 0.141 0.234 0.169 0.101 0.186 0.293
0.50 70 50 −0.033 0.037 0.162 0.269 0.288 0.237 0.342 0.529
0.25 30 500 0.003 0.107 0.305 0.217 0.011 0.118 0.105 0.071
0.25 30 100 0.017 0.160 0.309 0.248 0.051 0.358 0.158 0.183
0.25 30 50 0.002 0.212 0.293 0.234 0.118 0.422 0.229 0.356
0.25 50 500 0.004 0.046 0.209 0.206 0.014 0.010 0.059 0.069
0.25 50 100 0.009 0.104 0.204 0.221 0.071 0.092 0.129 0.196
0.25 50 50 −0.014 0.127 0.175 0.197 0.157 0.193 0.232 0.361
0.25 70 500 −0.002 −0.004 0.069 0.113 0.022 0.014 0.028 0.045
0.25 70 100 0.004 0.005 0.079 0.126 0.130 0.079 0.142 0.211
0.25 70 50 0.000 0.033 0.104 0.166 0.277 0.195 0.322 0.479
−0.25 30 500 −0.001 −0.089 −0.304 −0.215 0.011 0.144 0.104 0.070
−0.25 30 100 0.000 −0.189 −0.290 −0.222 0.056 0.365 0.145 0.181
−0.25 30 50 −0.014 −0.175 −0.298 −0.252 0.116 0.446 0.227 0.362
−0.25 50 500 0.003 −0.027 −0.183 −0.188 0.015 0.008 0.050 0.064
−0.25 50 100 0.005 −0.071 −0.166 −0.192 0.070 0.079 0.115 0.179
−0.25 50 50 0.012 −0.117 −0.162 −0.194 0.148 0.157 0.207 0.348
−0.25 70 500 −0.007 −0.003 −0.075 −0.120 0.025 0.016 0.032 0.052
−0.25 70 100 −0.025 −0.027 −0.101 −0.156 0.154 0.096 0.167 0.250
−0.25 70 50 0.001 −0.028 −0.103 −0.154 0.310 0.215 0.348 0.493
−0.50 30 500 0.003 −0.219 −0.485 −0.419 0.012 0.193 0.248 0.200
−0.50 30 100 −0.014 −0.306 −0.487 −0.454 0.061 0.467 0.307 0.334
−0.50 30 50 0.006 −0.300 −0.463 −0.448 0.119 0.600 0.358 0.478
−0.50 50 500 −0.004 −0.102 −0.377 −0.390 0.016 0.052 0.159 0.180
−0.50 50 100 0.007 −0.200 −0.353 −0.388 0.080 0.171 0.208 0.302
−0.50 50 50 0.009 −0.232 −0.359 −0.419 0.160 0.244 0.326 0.501
−0.50 70 500 −0.010 −0.008 −0.140 −0.225 0.029 0.017 0.047 0.089
−0.50 70 100 −0.005 −0.027 −0.149 −0.244 0.157 0.111 0.182 0.280
−0.50 70 50 0.053 −0.031 −0.149 −0.250 0.311 0.261 0.373 0.546

Abbreviations: LL, log-logistic; PH, proportional hazard; PO, proportional odds.
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10 of 18 AMEIS et al.

TABLE 5 Bias and mean squared error (MSE) of 𝛽𝑁𝑃𝑃𝑅 (NPPR, nonparametric proportional risk) and − log(𝐻𝑅𝐶𝑜𝑥) (Cox’s proportional
hazard [PH]) if the Weibull PH model is the true underlying model.

Bias MSE
Effect Censoring (%) Participants NPPR Cox NPPR Cox
0.00 30 500 −0.004 −0.005 0.010 0.012
0.00 30 100 −0.007 −0.001 0.049 0.063
0.00 30 50 −0.002 −0.006 0.108 0.138
0.00 50 500 −0.001 −0.004 0.016 0.018
0.00 50 100 −0.005 −0.003 0.076 0.086
0.00 50 50 −0.024 −0.020 0.157 0.179
0.00 70 500 −0.001 0.004 0.028 0.027
0.00 70 100 −0.015 −0.020 0.141 0.151
0.00 70 50 0.009 0.007 0.302 0.344
0.50 30 500 −0.128 0.002 0.027 0.012
0.50 30 100 −0.128 0.015 0.071 0.063
0.50 30 50 −0.126 0.012 0.116 0.128
0.50 50 500 −0.091 −0.001 0.026 0.018
0.50 50 100 −0.082 0.012 0.098 0.106
0.50 50 50 −0.073 0.034 0.189 0.217
0.50 70 500 −0.061 −0.001 0.036 0.032
0.50 70 100 −0.051 0.015 0.167 0.162
0.50 70 50 −0.076 0.061 0.343 0.397
0.25 30 500 −0.066 0.003 0.014 0.011
0.25 30 100 −0.066 −0.005 0.051 0.058
0.25 30 50 −0.062 0.018 0.099 0.124
0.25 50 500 −0.051 0.000 0.017 0.016
0.25 50 100 −0.047 0.000 0.075 0.086
0.25 50 50 −0.041 0.006 0.174 0.201
0.25 70 500 −0.033 0.002 0.027 0.027
0.25 70 100 −0.028 0.004 0.146 0.149
0.25 70 50 −0.022 0.035 0.309 0.358
−0.25 30 500 0.056 −0.010 0.014 0.012
−0.25 30 100 0.073 −0.003 0.053 0.064
−0.25 30 50 0.069 −0.008 0.105 0.128
−0.25 50 500 0.058 0.009 0.018 0.016
−0.25 50 100 0.050 −0.002 0.087 0.095
−0.25 50 50 0.049 −0.010 0.149 0.184
−0.25 70 500 0.030 0.002 0.032 0.031
−0.25 70 100 0.008 −0.024 0.152 0.161
−0.25 70 50 0.056 −0.016 0.321 0.344
−0.50 30 500 0.120 −0.012 0.024 0.012
−0.50 30 100 0.138 0.000 0.071 0.065
−0.50 30 50 0.119 −0.023 0.120 0.140
−0.50 50 500 0.101 −0.001 0.024 0.016
−0.50 50 100 0.096 −0.015 0.085 0.090
−0.50 50 50 0.120 −0.006 0.165 0.183
−0.50 70 500 0.060 −0.002 0.033 0.028
−0.50 70 100 0.045 −0.036 0.148 0.151
−0.50 70 50 0.103 −0.015 0.350 0.348
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TABLE 6 Bias and mean squared error (MSE) of 𝛽𝑁𝑃𝑃𝑅 (NPPR, nonparametric proportional risk) and − log(𝑂𝑅𝐿𝐿) (log-logistic PO,
proportional odds) if the log-logistic PO model is the true underlying model.

Bias MSE
Effect Censoring (%) Participants NPPR LL NPPR LL
0.00 30 500 −0.002 −0.003 0.009 0.026
0.00 30 100 0.008 0.009 0.043 0.124
0.00 30 50 0.010 0.020 0.096 0.294
0.00 50 500 −0.005 −0.005 0.014 0.028
0.00 50 100 0.000 0.001 0.077 0.160
0.00 50 50 0.007 0.016 0.145 0.324
0.00 70 500 0.008 0.011 0.028 0.039
0.00 70 100 −0.013 −0.014 0.160 0.236
0.00 70 50 −0.013 −0.024 0.331 0.517
0.50 30 500 −0.206 0.009 0.052 0.027
0.50 30 100 −0.211 0.011 0.089 0.125
0.50 30 50 −0.211 0.018 0.149 0.313
0.50 50 500 −0.163 0.008 0.041 0.030
0.50 50 100 −0.164 0.013 0.100 0.160
0.50 50 50 −0.191 −0.009 0.204 0.364
0.50 70 500 −0.107 −0.002 0.039 0.038
0.50 70 100 −0.119 0.004 0.180 0.229
0.50 70 50 −0.108 0.078 0.363 0.548
0.25 30 500 −0.105 0.001 0.020 0.025
0.25 30 100 −0.111 −0.003 0.062 0.139
0.25 30 50 −0.118 −0.007 0.102 0.262
0.25 50 500 −0.082 0.001 0.021 0.031
0.25 50 100 −0.069 0.022 0.074 0.149
0.25 50 50 −0.080 0.007 0.165 0.332
0.25 70 500 −0.059 0.000 0.030 0.040
0.25 70 100 −0.046 0.025 0.146 0.210
0.25 70 50 −0.073 −0.003 0.293 0.442
−0.25 30 500 0.099 −0.010 0.020 0.026
−0.25 30 100 0.089 −0.025 0.055 0.128
−0.25 30 50 0.115 0.012 0.110 0.296
−0.25 50 500 0.090 0.012 0.023 0.030
−0.25 50 100 0.091 0.003 0.075 0.136
−0.25 50 50 0.065 −0.036 0.163 0.327
−0.25 70 500 0.056 0.001 0.030 0.039
−0.25 70 100 0.061 0.010 0.153 0.207
−0.25 70 50 0.055 −0.035 0.313 0.515
−0.50 30 500 0.208 −0.007 0.053 0.026
−0.50 30 100 0.223 0.010 0.100 0.142
−0.50 30 50 0.219 −0.010 0.154 0.327
−0.50 50 500 0.164 −0.001 0.045 0.036
−0.50 50 100 0.158 −0.016 0.103 0.159
−0.50 50 50 0.166 −0.028 0.189 0.338
−0.50 70 500 0.108 −0.011 0.039 0.040
−0.50 70 100 0.105 −0.026 0.167 0.233
−0.50 70 50 0.133 −0.028 0.319 0.481

Abbreviation: LL, log-logistic.
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F IGURE 3 Comparison of boxplots for the estimated 𝛽𝑁𝑃𝑃𝑅 (NPPR, nonparametric proportional risk), − log(𝑅𝑅𝑃𝑃𝑅) (PPR, parametric
proportional risk), − log(𝐻𝑅𝐶𝑜𝑥) (Cox), and − log(𝑂𝑅𝐿𝐿) (LL, log-logistic) for different choices of 𝛽 if the PPR model is the underlying model,
each in case of 500 participants and 50% censoring rate. Horizontal bars indicate the true underlying effect. Boxplots for 30% and 70%
censoring rates and for the proportional hazard/proportional odds (PH/PO) cases are displayed in the supplementary material (Figures H–M).

supplementary material Figures F–G). For a comparison of different numbers of participants in case of a moderate effect
of 𝛽 = 0.25, under no censoring and assuming that all respective assumptions of the models are fulfilled, see Figure N of
the supplementary material.

3.3.1 Bias

Tables 4–6 and B (see supplementary material) depict the bias. In general, the bias is larger if the underlying model
assumption is violated. In this case, a larger true effect results in a larger bias for all models.
It turns out that if the censoring rate is 50% or smaller the NPPR estimator consistently outperforms the PPR model

for all underlying effects except of 𝛽 = 0. This also holds for almost all other configurations, with only a few exceptions.
For instance, considering a censoring rate of 70% and a true effect of 𝛽 = −0.25 the bias of the NPPR model is for some
configurations slightly larger than the one presented by the PPR model. If there is no treatment effect, that is, 𝛽 = 0, the
difference in biases mostly ranges in order of a magnitude of 0.004, which is very small. Only in case of a rather high
amount of censoring, that is, 50%, and a small sample size of 50 participants this difference, given by 0.011, is noticeably
larger. As expected, an application of Cox’s PH model or the log-logistic PO model results in general in a larger bias, up
to an absolute value of 0.495 (true value 𝛽 = 0.50, 30% censoring, 500 participants) and 0.476 (true value 𝛽 = 0.50, 30%

censoring, 50 participants), respectively. In case of no censoring, the biases even exceed an absolute value of 0.500multiple
times for bothmodels. If the true value of 𝛽 is positive, bothmodels tend to overestimate it, and underestimate it if the true
value is negative. This is consistent with the trend observed for the HR and OR of the EU model over time (see Figure D
in the supplementary material). Only in case of 𝛽 = 0, the biases of all models are comparable in size, since with no effect
present the PR, PH, and PO assumptions are fulfilled at the same time.
If the Weibull PH model is the true underlying model, the NPPR estimator has a slightly larger bias when trying to

approximate the HR. It still never exceeds an absolute value of 0.138 if censoring is present, and an absolute value of 0.173
if there is no censoring. The negative values of 𝛽 tend to be overestimated, while the positive ones are underestimated.
Again, this behavior is consistent with the trend observed for the RR over time (see Figure 2). Similar results are observed
if the log-logistic POmodel is the true underlying model. The bias still never exceeds an absolute value of 0.223 and 0.259,
respectively. BothCox’s PH and the log-logistic POmodels performed adequate if the respective assumption is fulfilled.We
note that the NPPR estimator is more precise for smaller censoring rates and a higher number of participants, as expected.
Overall, it performs satisfactory and reliable in all cases under consideration.
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Interestingly, all models tend to show a smaller bias for larger censoring rates if the respective assumption is violated.
Thismost likely results from the censoringmethod, since later observations tend to be censoredmore often. Therefore, the
events tend to concentrate on earlier time points for higher censoring rates. As seen in Figures 2 andD (see supplementary
material), the RR, HR, andOR differmore at later time points. Consistent with this trend, the observed biases of all models
are largest in case of no censoring if the respective assumption is violated.

3.3.2 MSE

Tables 4–6 and B (see supplementarymaterial) also depict the observedMSE. If the PPRmodel was assumed to be the true
model, we note the same tendencies as seenwith the bias. TheNPPR estimator presents a smallerMSE for a low censoring
rate of 30% in all cases. Considering 50% censoring it is overall smaller or equal to the one observed with the PPR model
if 𝛽 ≠ 0 and for less than 500 participants if 𝛽 = 0.25 or 𝛽 = −0.25. The MSE of the NPPR estimator never exceeds 0.311
(true value 𝛽 = −0.50, 70% censoring, 50 participants). On the other hand, the PPR model shows an MSE up to 0.600

(true value −0.50, 30% censoring, 50 participants). Again, the observed MSEs of Cox’s PH model and the log-logistic PO
model are in general rather large for 𝛽 ≠ 0 since the PH/PO assumption is violated. However, even in case of 𝛽 = 0, the
NPPR outperforms these twomodels. If theWeibull PHmodel is the true underlying model, the NPPR estimator presents
a similar MSE as for the PR case. It never exceeds 0.350 (true value 𝛽 = −0.50, 70% censoring, 50 participants). Cox’s
PH model performs comparable indicating a slightly larger variance as the bias is generally smaller. If the log-logistic PO
model is the true underlying model, the observed MSEs behave similarly. In this case, the MSE of the NPPR model never
exceeds 0.363. If no censoring is present, the MSE of the NPPR model only exceeds 0.100 twice (PO data, 50 participants,
true value 𝛽 = −0.5, 0.5). Overall, we conclude that theMSEs corresponding to theNPPRmodel showpromising behavior,
also in case of a violation of the PR assumption.

3.3.3 Coverage

As in general, the covariances cov(𝛽𝑡, 𝛽𝑡′ ) for 𝑡 ≠ 𝑡′, 𝑡, 𝑡′ ∈ 𝑇̃, are unknown and it is therefore impossible to determine
the variance of 𝛽 in (2) directly, the CIs for the NPPR estimator were constructed according to the percentile bootstrap
approach (Efron, 1981). Precisely, for each study with 𝑛 participants, we drew an independent sample with replacement
of size 𝑛 from the simulated study. Consequently, the number of participants in each individual group is random and
can differ from the one in the originally simulated study. The group assignment and status were not changed throughout.
From this sample, 𝛽∗ was estimated again using theNPPR estimator as described in Section 2. This procedurewas repeated
500 times, yielding 𝛽∗(1), … , 𝛽∗(500). From these values, the empirical 2.5%-quantile and 97.5%-quantile, respectively, were
determined, defining the corresponding 95% CI. For the PPR and the log-logistic PO models, we used the multivariate
delta method (van der Vaart, 1998) to construct the CIs. CIs for Cox’s PHmodel were directly extracted from output of the
coxph function.
Details on the coverage for each simulated case are presented in the supplementary material (Tables C–F). In general,

if the PPR model is the true underlying model, the simulated coverage of the CI for the NPPR estimator is very close to
the desired confidence level of 95%. It rarely falls below this value, the smallest value is given by 93.4% and the highest
coverage is given by 98.2%. The latter is reached in case of a true effect of−0.25, 70% censoring, and 50 participants, which
underlines the fact that CIs become rather conservative if the number of events is low.
Overall, the PPR model performs comparably. The smallest simulated coverage equals 89.4% and is observed in case of

a true effect equal to 0.50 with a censoring rate of 30% and 100 participants. On the other hand, the smallest simulated
coverage of Cox’s PH model if censoring is present is equal to 80% (𝛽 = −0.5, 30% censoring, and 500 participants). The
cases presenting a smaller coverage also present a larger bias. The coverage is lowest in case of no censoring (see Table
F). Interestingly, it decreases with an increasing number of participants, most likely due to a more precise estimation of
the HR, that is, close to the time-dependent RR but not equal to it. Therefore, the resulting bias and smaller variance
combine to a lower coverage. However, in general, the coverage is very close to 95% especially for larger censoring rates.
The coverage of the log-logistic PO model indicates a numerical problem since it often exceeds 99% and is never less
than 94.4%. This is most likely caused by both the PO assumption and the parametric assumption being violated. If the
Weibull PHmodel is the true underlying model, the coverage of the HR, approximated by the mean RR, is overall too low,
which is a direct consequence of the violated PR assumption. However, we conclude that also in this case, for most of the
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14 of 18 AMEIS et al.

F IGURE 4 Event probability of the secondary outcome, all-cause mortality, and event time points during the DAPA-HF trial estimated
with the Kaplan–Meier estimator.

configurations the approximation of the 95% level is still rather precise. If the log-logistic POmodel is the true underlying
model, the results are similar. The coverage of the OR is overall slightly smaller consistent with the bias being slightly
larger. Both Cox’s PH and the log-logistic PO models perform as expected if the respective assumption is fulfilled.

3.3.4 Numerical robustness

The NPPR estimator proves to be overall robust, independent of the true underlying model. Assuming the PPR model,
failures (less than 12 in 1000 simulation runs)were only observed in five of the 45 scenarios. This is also true for theWeibull
PH model and the log-logistic PO model as underlying model, where the NPPR model only failed a very few times (≤13),
occurring only in case of a high censoring rate of 70% and a small sample size of 50 participants. Concerning the numerical
robustness, the PPRmodel is clearly outperformed by the NPPRmodel, showing a higher robustness in almost every case.
Cox’s PH and the log-logistic PO models both mostly present an even greater robustness. For the sake of brevity, details
are deferred to the supplementary material (Tables G–J).

4 CASE STUDY: DAPA-HF TRIAL

To illustrate the NPPR estimator, we use data from the DAPA-HF trial (McMurray et al., 2019). This randomized, double-
blind, placebo-controlled trial evaluated dapagliflozin, a sodium glucose cotransporter-2 (SGLT-2) inhibitor, for reducing
severe cardiovascular outcomes in patients with heart failure, and reduced ejection fraction. In 410 sites in 20 countries,
4744 patientswere treated for amedian observation time of 18.2months.Here, we report the results for the trial’s secondary
outcome, all-cause mortality, 274 (of 2373) patients experienced this outcome in the treatment group, but 324 (of 2371) in
the control group. As we had no access to the original data, we digitized the Kaplan–Meier estimates from the original
paper by the open software toolWebPlotDigitizer, version 3.8 (Rohatgi, 2015) and extracted the data by using the algorithms
and R tools of Guyot et al. (2012). In order to validate this extraction process, we calculated an HR from the extracted data
given by 0.837 (95% CI [0.712, 0.983]), which is essentially the same as the HR and its CI in the original paper, which was
0.83 (95% CI [0.71, 0.97]).
Figure 4 displays the estimated CDFs from the DAPA-HF trial. The assumption of PR seems to be reasonable. Using

the method described in Section 2, we obtain 𝛽𝑁𝑃𝑃𝑅 = 0.178 (95% CI [0.031, 0.346]), which corresponds to an RR of 0.837
(95% CI [0.708, 0.970]). The patients in the treatment group are therefore only 83.7% at risk of death for any cause relative
to the patients in the placebo group. CIs were estimated using the bootstrap as described in Section 3.3.3. To visualize the
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(a) (b)

F IGURE 5 (a) Estimated 𝛽𝑡 for the DAPA-HF trial at every event time point. The estimated 𝛽𝑁𝑃𝑃𝑅 overall is displayed by the horizontal
line. (b) Weights at every event time point.

estimation process, Figure 5a shows the estimated 𝛽𝑡 for each event time point. The weighted mean defining the NPPR
estimator as defined in (2) is displayed by the solid line. The weights at each event time point are shown in Figure 5b.
The estimated NNT quickly decreases over time, likely due to the small number of reported events in the study.

For instance, at the end of study (𝑡 = 24), only 29 (95% CI [19.256, 53.947]) patients treated with dapagliflozin would
prevent one death relative to the placebo treatment. A detailed visualization of the NNT is shown in Figure O in the
supplementary material.

5 DISCUSSION AND CONCLUSION

In this paper, we proposed an NPPRmodel to assess a treatment effect in case of a two-group situation. Thereby, we solved
the conceptional problems the HR and OR have shown in the past without losing the advantages of a nonparametric
estimation method. By deducing the NNT from the model, we further provide an absolute measure in addition to the
estimated RR. As no further specification beyond the PR assumption is necessary, the model is broadly applicable and
provides a promising tool for the analysis of numerous applications, ranging from preclinical toxicology studies to late
phase clinical trials, as, for instance RCTs. While not regarded in this paper, left truncated data could also be included
(Tsai et al., 1987).
Using a bootstrap approach (Efron, 1981), we can construct CIs for the NPPR estimator and derive those of the estimated

RR bymultiplying with−1 and exponentiating. Due to the duality between CIs and statistical hypothesis tests, this further
provides a test for the difference/ratio of the CDFs. To a certain degree, this holds true even if the PR assumption is violated
since in this case the NPPR estimator evaluates the mean RR over time. Similar to the mean HR over time (Hernán,
2010) only regarding the mean RR from the beginning to the end of study might limit its interpretability. Therefore, again
inspired by the mean HR (Hernán, 2010), we suggest to estimate the mean RR from the beginning up to multiple time
points if the PR assumption is violated. However, if the estimated CDFs cross, the effect could be underestimated due
to negative and positive 𝛽𝑡 cancelling out and the method should be used with care. Hence, the NPPR estimator would
highly benefit from the development of a goodness-of-fit test for the PR assumption.
Of course, theNPPRestimator comes alongwith some limitations.Up to this point, themodel contains only one (binary)

variable and it is not possible to include further variables in the model. A possible extension could be based on further
stratification butmight result in subgroup sample sizes that are too small for a proper evaluation of the Kaplan–Meier esti-
mators. Moreover, the consideration of continuous variables is a challenging problem, which demands some future work.
Another drawback, especially if compared to the parametric model, is the necessity of using bootstrap to calculate a CI as
a formula for the variance of the estimator is not available yet. Alternatively, a different approach based on nonparametric
maximum-likelihood estimation could circumvent these problems as well as supersede the calculation of weights.
Also, one important starting point of further research is the inclusion of competing risks, which is not possible as of

now. A feasible way to address this issue without the need for a complicated construction might be to replace 1 − 𝑆̂𝑖(𝑡),

 15214036, 2024, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/bim

j.202300147 by B
ibl. der U

niversitat zu K
oln, W

iley O
nline L

ibrary on [10/04/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

52



16 of 18 AMEIS et al.

𝑖 = 0, 1, with the respective Aalen–Johansen estimator (Aalen& Johansen, 1978) since it is less susceptible to bias resulting
from competing risks (Aalen & Johansen, 1978). However, in combination with an extension to multiple covariates, the
incorporation of competing risks could offer an easier-to-interpret alternative (Andersen&Keiding, 2012) to the Fine–Gray
subdistribution hazard model (Fine & Gray, 1999).
Another related topic would be a comparison of the PH and PR assumptions in terms of which is fulfilled more often

in practice. This is a limitation of the given data example since the data do not seem to violate either.
We demonstrated that the NPPR estimator shows a very good performance if the PR assumption is fulfilled. For small

to moderate censoring rates, it mostly outperforms the PPR model and is numerically more robust. The comparison with
Cox’s PH and the log-logistic models also shows that the direct estimation of the RR is advantageous over the approxima-
tion with the mean HR or the OR. If the PR assumption is not fulfilled it still shows satisfying behavior. However, if there
are only few events, either due to high censoring rates or generally small sample sizes, problems can arise or even make
an application impossible. In those cases, while still less robust, the PPR model can provide a better solution. The NPPR
estimator, in general, estimates the mean RR over time. Therefore, applications outside of a PR scenario might also be of
interest. Furthermore, similarly to the discussion about the PH assumption required from Cox’s model, possible problems
resulting from a violated PR assumption should be taken into consideration.
In summary, we strongly believe that the NPPR estimator is a useful addition to the existing tools for the analysis of

time-to-event data, which not only circumvents the technical problems of the HR and the OR, respectively, but is also easy
to interpret and comes along without an assumption on the underlying survival distribution.

ACKNOWLEDGMENTS
This work has been supported by the Research Training Group “Biostatistical Methods for High-Dimensional Data in Tox-
icology” (RTG 2624, P7) funded by the Deutsche Forschungsgemeinschaft (DFG, German Research Foundation - Project
Number 427806116).
Open access funding enabled and organized by Projekt DEAL.

CONFL ICT OF INTEREST STATEMENT
The authors declare no conflicts of interest.

DATA AVAILAB IL ITY STATEMENT
The R code, which can be used to reproduce the analysis of the case study and the simulation results, is available at
https://github.com/LuciaAmeis/NPPR-model-for-time-to-event-data.

OPEN RESEARCH BADGES
This article has earned an Open Data badge for making publicly available the digitally-shareable data necessary to

reproduce the reported results. The data is available in the Supporting Information section.

This article has earned an open data badge “Reproducible Research” for making publicly available the code necessary
to reproduce the reported results. The results reported in this article could fully be reproduced.

ORCID
LuciaAmeis https://orcid.org/0009-0002-9420-6984
OliverKuss https://orcid.org/0000-0003-3301-5869
AnnikaHoyer https://orcid.org/0000-0002-0241-9951
KathrinMöllenhoff https://orcid.org/0000-0001-7861-3892

REFERENCES
Aalen, O. O., & Johansen, S. (1978). An empirical transition matrix for non-homogeneous Markov chains based on censored observations.
Scandinavian Journal of Statistics, 5(3), 141–150. http://www.jstor.org/stable/4615704

Andersen, P. K., Borgan, O., Gill, R. D., & Keiding, N. (1993). Statistical models based on counting processes. Springer Series in Statistics. Springer.
Corrected second printing, 1997. https://doi.org/10.1007/978-1-4612-4348-9

Andersen, P. K., & Keiding, N. (2012). Interpretability and importance of functionals in competing risks and multistate models. Statistics in
Medicine, 31(11-12), 1074–1088. https://doi.org/10.1002/sim.4385

Breslow,N., &Crowley, J. (1974). A large sample study of the life table and product limit estimates under random censorship.Annals of Statistics,
2(3), 437–453. https://doi.org/10.1214/aos/1176342705

 15214036, 2024, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/bim

j.202300147 by B
ibl. der U

niversitat zu K
oln, W

iley O
nline L

ibrary on [10/04/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

53



AMEIS et al. 17 of 18

Cox, D. R. (1972). Regression models and life-tables. Journal of the Royal Statistical Society: Series B (Methodological), 34(2), 187–202. https://doi.
org/10.1111/j.2517-6161.1972.tb00899.x

Efron, B. (1981). Censored data and the bootstrap. Journal of the American Statistical Association, 76(374), 312–319. https://doi.org/10.1080/
01621459.1981.10477650

Fine, J. P., & Gray, R. J. (1999). A proportional hazards model for the subdistribution of a competing risk. Journal of the American Statistical
Association, 94(446), 496–509. https://doi.org/10.1080/01621459.1999.10474144

Guyot, P., Ades, A. E., Ouwens, M. J. N. M., & Nicky, J. W. (2012). Enhanced secondary analysis of survival data: Reconstructing the data from
published Kaplan-Meier survival curves. BMCMedical Research Methodology, 12, 9. https://doi.org/10.1186/1471-2288-12-9

Hartung, J., Knapp, G., & Sinha, B. (2008). Statistical meta-analysis with applications. Wiley Series in Probability and Statistics. Wiley. https://
doi.org/10.1002/9780470386347

Hernán, M. A. (2010). The hazards of hazard ratios. Epidemiology, 21(1), 13–15. Erratum in: Epidemiology, 22(1), 134, (2011). https://doi.org/10.
1097/EDE.0b013e3181c1ea43

Hildebrandt, M., Vervölgyi, E., & Bender, R. (2009). Calculation of NNTs in RCTs with time-to-event outcomes: A literature review. BMC
Medical Research Methodology, 9(21). https://doi.org/10.1186/1471-2288-9-21

Jackson, C. (2016). flexsurv: A platform for parametric survival modeling in R. Journal of Statistical Software, 70(8), 1–33. https://doi.org/10.
18637/jss.v070.i08

Jachno, K., Heritier, S., & Wolfe, R. (2019). Are non-constant rates and non-proportional treatment effects accounted for in the design and
analysis of randomised controlled trials? A review of current practice. BMC Medical Research Methodology, 19(103). https://doi.org/10.1186/
s12874-019-0749-1

Kaplan, E. L., & Meier, P. (1958). Nonparametric estimation from incomplete observations. Journal of the American Statistical Association,
53(282), 457–481. https://doi.org/10.2307/2281868

Kalbfleisch, J. D., & Prentice, R. L. (2002). The statistical analysis of failure time data (2nd ed.). Wiley Series in Probability and Statistics. Wiley.
https://doi.org/10.1002/9781118032985

Klein, J. P., & Moeschberger, M. L. (2003). Survival analysis: Techniques for censored and truncated data (2nd ed.). Statistics for Biology and
Health. Springer. https://doi.org/10.1007/b97377

Kleinbaum, D. G., & Klein, M. (2012). Survival analysis: A self-learning text (3rd ed.). Statistics for Biology and Health. Springer. https://doi.org/
10.1007/978-1-4419-6646-9

Kuss, O., &Hoyer, A. (2021). A proportional riskmodel for time-to-event analysis in randomized controlled trials. StatisticalMethods inMedical
Research, 30(2), 411–424. https://doi.org/10.1177/0962280220953599

Lachin, J. M. (2010). Biostatistical methods: The assessment of relative risks (2nd ed.). Wiley Series in Probability and Statistics. Wiley. https://
doi.org/10.1002/9780470907412

Mandel, J. (1984). The statistical analysis of experimental data. Dover Publications.
McMurray, J. J. V., Solomon, S. D., Inzucchi, S. E., Køber, L., Kosiborod, M. N., Martinez, F. A., Ponikowski, P., Sabatine, M. S., Anand, I. S.,
Bělohlávek, J., Böhm, M., Chiang, C.-E., Chopra, V. K., de Boer, R. A., Desai, A. S., Diez, M., Drozdz, J., Dukát, A., Ge, J., . . . Langkilde,
A.-M. (2019). Dapagliflozin in patients with heart failure and reduced ejection fraction.New England Journal of Medicine, 381(21), 1995–2008.
https://doi.org/10.1056/NEJMoa1911303

NCBI. (1996). PubMed. https://pubmed.ncbi.nlm.nih.gov/?term=time-to-event
Oehlert, G. W. (1992). A note on the delta method. American Statistician, 46(1), 27–29. https://doi.org/10.2307/2684406
Porta, M. (2016). A dictionary of epidemiology. Oxford University Press. Current online version. https://doi.org/10.1093/acref/9780199976720.
001.0001

Rohatgi, A. (2015).WebPlotDigitizer. https://automeris.io/WebPlotDigitizer/
Rosner, B. (2016). Fundamentals of biostatistics (8th ed.). Cengage Learning.
Royston, P., & Parmar, M. K. (2014). An approach to trial design and analysis in the era of non-proportional hazards of the treatment effect.
Trials, 15(314). https://doi.org/10.1186/1745-6215-15-314

Schwartz, L. M., Woloshin, S., & Welch, H. G. (1999). Misunderstandings about the effects of race and sex on physicians’ referrals for cardiac
catheterization. New England Journal of Medicine, 341(4), 279–283. https://doi.org/10.1056/NEJM199907223410411

Sistrom, C. L., & Garvan, C. W. (2004). Proportions, odds, and risk. Radiology, 230(1), 12–19. https://doi.org/10.1148/radiol.2301031028
Struthers, C. A., &Kalbfleisch, J. D. (1986).Misspecified proportional hazardmodels.Biometrika, 73(2), 363–369. https://doi.org/10.2307/2336212
Sutradhar, R., & Austin, P. C. (2018). Relative rates not relative risks: Addressing a widespread misinterpretation of hazard ratios. Annals of
Epidemiology, 28(1), 54–57. https://doi.org/10.1016/j.annepidem.2017.10.014

The Academy of Medical Sciences. (2017). Sources of evidence for assessing the safety, efficacy and effectiveness of medicines. https://acmedsci.ac.
uk/file-download/86466482

Therneau, T.M.,&Grambsch, P.M. (2000).Modeling survival data: Extending theCoxmodel. Springer. https://doi.org/10.1007/978-1-4757-3294-8
Therneau, T. M. (2023). A package for survival analysis in R. R Package version 3.5-7. https://CRAN.R-project.org/package=survival
Tsai, W., Nicholas, P. J., & Wang, M. (1987). A note on the product-limit estimator under right censoring and left truncation. Biometrika, 74(4),
883–886. https://doi.org/10.2307/2336484

van der Vaart, A. W. (1998). Asymptotic statistics. Cambridge Series in Statistical and Probabilistic Mathematics. Cambridge University Press.
https://doi.org/10.1017/CBO9780511802256

 15214036, 2024, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/bim

j.202300147 by B
ibl. der U

niversitat zu K
oln, W

iley O
nline L

ibrary on [10/04/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

54



18 of 18 AMEIS et al.

SUPPORT ING INFORMATION
Additional supporting information can be found online in the Supporting Information section at the end of this article.

How to cite this article: Ameis, L., Kuss, O., Hoyer, A., & Möllenhoff, K. (2024). A nonparametric proportional
risk model to assess a treatment effect in time-to-event data. Biometrical Journal, 66, 2300147.
https://doi.org/10.1002/bimj.202300147

 15214036, 2024, 4, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/bim

j.202300147 by B
ibl. der U

niversitat zu K
oln, W

iley O
nline L

ibrary on [10/04/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

55
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model to assess a treatment effect in time-to-event data
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In the following supplementary material additional tables and further visualizations of the

conducted analyses are provided. The order of presentation is in line with the main text.
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Figure A: Visualization of the estimation method on the logarithmic scale. The size of the pluses symbolises

the weight given to respective estimated RR at this time point. The larger the plus, the larger the weight.

3 Simulation study

3.0 Calculations

Lemma 3.1. The RR of the PPR model is defined by

RRPPR =

(
θ1
θ0

)α

.

The HR and OR are both defined by

HRPPR = ORPPR = kα

(
1− (θ0t)

α

1− (kθ0t)
α

)
, for t ≤ min

{
1

θ1
,
1

θ0

}
.

Note, that the RR does not depend on t but the HR and the OR do.

Proof. First, we will calculate the RR as follows:

RRPPR =
FEU,1(t)

FEU,0(t)
=

(θ1t)
α

(θ0t)
α =

θα1 t
α

θα0 t
α
=

(
θ1
θ0

)α

2

57



To calculate the HR and the OR we will next calculate the formulas for the distribution function

and hazard function. The distribution function is derived from the CDF and has the form

fEU,i = αθαi t
α−1, for t <

1

θi
, i = 0, 1.

Therefore, the hazard function is defined by

hEU,i(t) =
fEU,i(t)

1− FEU,i(t)
=

αθαi t
α−1

1− (θit)
α .

With this we can now determine the HR:

HRPPR(t) =
hEU,1(t)

hEU,0(t)
=

α(θ1)
αtα−1

1−(θ1t)
α

αθα0 t
α−1

1−(θ0t)
α

=

(
θ1
θ0

)α (
1− (θ0t)

α

1− (θ1t)
α

)
The OR is defined by:

ORPPR(t) =

F1(t)
1−F1(t)

F0(t)
1−F0(t)

=

(θ1t)
α

1−(θ1t)
α

(θ0t)
α

1−(θ0t)
α

=

(
θ1
θ0

)α (
1− (θ0t)

α

1− (θ1t)
α

)

Remark 3.2. The survival function of Cox’s PH model in the RCT case is defined by S0(t)
exp(βXi)

for t > 0 with an unspecified baseline survival function S0(t) and Xi =

1 treatment

0 control

1.

Therefore, the CDF is given by FCox,i(t)=1− S0(t)
exp(βXi) and the RR by

F1,Cox(t)

F0,Cox(t)
=

1− S0(t)
exp(β)

1− S0(t)exp(0)
=

1− S0(t)
exp(β)

1− S0(t)
.

In general, this formula depends on t. For example, setting S0(t) = 1− (θt)α as exponentiated-

uniform distributed the RR is

F1,Cox−EU(t)

F0,Cox−EU(t)
=

1− (1− (θt)α)
exp(β)

(θt)α
.

Inspired by the simulation study (Section 3, Table 3) we set α = 0.859, θ = 0.009 and β = 0.5.

Figure B shows the RR over time.

Lemma 3.3. The OR of the log-logistic PO model is defined by

ORLL =

(
b0
b1

)a

.

1Kleinbaum DG, Klein M. Survival Analysis: A Self-Learning Text. Statistics for Biology and Health Springer

New York, NY. 3rd ed. 2012. doi: 10.1007/978-1-4419-6646-9
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Figure B: RR of Cox’s PH model with an exponentiated-uniform distributed baseline survival function and

α = 0.895, θ = 0.009 and β = 0.5 over time.

The RR and the HR are both defined by

RRLL = HRLL =
ba0 + ta

ba1 + ta
for t > 0.

Note, that the RR and the HR both depend on t.

Proof. The CDF of log-logistic PO model is defined by

FLL,i(t) = 1− 1

1 +
(

t
bi

)a for i = 0, 1

4
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and therefore, we can calculate the OR:

ORLL =

FLL,1(t)

1−FLL,1(t)

FLL,0(t)

1−FLL,0(t)

=

1− 1

1+( t
b1
)
a

1

1+( t
b1
)
a

1− 1

1+( t
b0
)
a

1

1+( t
b0
)
a

=

1− 1

1+
(

t
b1

)a

1

1+
(

t
b1

)a

1

1+
(

t
b0

)a

1− 1

1+
(

t
b0

)a

=

(
t
b1

)a

1+
(

t
b1

)a

(
t
b0

)a
1
(

t
b0

)a

1+
(

t
b1

)a

1

1+
(

t
b0

)a

(
t
b0

)a

1+
(

t
b0

)a

=

(
t
b1

)a(
1+

(
t
b1

)a)(
1+

(
t
b0

)a)
(

t
b0

)a(
1+

(
t
b1

)a)(
1+

(
t
b0

)a)

=

(
t
b1

)a

(
t
b0

)a

=

(
b0
b1

)a

.
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The RR is defined by

RRLL =
FLL,1(t)

FLL,0(t)
=

1− 1

1+
(

t
b1

)a

1− 1

1+
(

t
b0

)a

=

(
t
b1

)a

1+
(

t
b1

)a

(
t
b0

)a

1+
(

t
b0

)a

=

(
t
b1

)a

1 +
(

t
b1

)a

1 +
(

t
b0

)a

(
t
b0

)a

=

(
t
b1

)a

+
(

t2a

ba0b
a
1

)
(

t
b0

)a

+

=

(
t
b1

)a

+
(

t2a

ba0b
a
1

)
(

t
b0

)a

+
(

t2a

ba0b
a
1

)
=

(
(b0t)a+t2a

ba0b
a
1

)
(

(b1t)a+t2a

ba0b
a
1

)
=

(
(b0t)

a + t2a

ba0b
a
1

)(
ba0b

a
1

(b1t)a + t2a

)
=

ba0 + ta

ba1 + ta

To calculate the HR we first derive the distribution function and the hazard function. It is

fLL,i(t) =
−d

(
1 +

(
t
bi

)a)−1

dt

=

ata−1

bai(
1 +

(
t
bi

)a)2

and therefore

hLL,i(t) =
fLL,i(t)

1− FLL,i(t)
=

ata−1

ba
i(

1+
(

t
bi

)a)2

1

1+
(

t
bi

)a

=

ata−1

bai(
1 +

(
t
bi

)a) .
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Now, it is

HRLL =
hLL,1(t)

hLL,0(t)
=

ata−1

ba1(
1+

(
t
b1

)a)
ata−1

ba0(
1+

(
t
b0

)a)

=

ata−1

ba1
ata−1

ba0

(
1 +

(
t
b0

)a)
(
1 +

(
t
b1

)a)
=

ata−1

ba1

ba0
ata−1

(
1 +

(
t
b0

)a)
(
1 +

(
t
b1

)a)
=

ba0
ba1

(
1 +

(
t
b0

)a)
(
1 +

(
t
b1

)a)
=

ba0 + ta

ba1 + ta

Lemma 3.4. The HR of the Weibull PH model is defined by

HRWeibul =

(
λ0

λ1

)k

.

The RR is defined by

RRWeib =
1− e

−
(

t
λ1

)k

1− e
−
(

t
λ0

)k for t > 0.

and the OR by

ORWeib =
1− e

−
(

t
λ1

)k

1− e
−
(

t
λ0

)k e
−tk

(
λ1+λ0
λ0λ1

)k

for t > 0.

Note, that the RR and the OR both depend on t.

Proof. The CDF of the Weibull PH model is defined by

FWeib,i(t) = 1− e
−
(

t
λi

)k

for i = 0, 1

and therefore we can derive the distribution function:

fWeib,i(t) =
k

λi

(
t

λi

)k

e
−
(

t
λi

)k−1
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Therefore, the hazard function is

hWeib,i(t) =
fWeib,i(t)

1− FWeib,i(t)
=

k
λi

(
t
λi

)k−1

e
−
(

t
λi

)k

e
−
(

t
λi

)k =
k

λi

(
t

λi

)k−1

.

Now the HR can be determined as follows:

HRWeib =
hWeib,1(t)

hWeib,0(t)
=

k
λ1

(
t
λ1

)k−1

k
λ0

(
t
λ0

)k−1
=

(
λ0

λ1

)k

The RR is defined by

RRWeib =
FWeib,1(t)

FWeib,0(t)
=

1− e
−
(

t
λ1

)k

1− e
−
(

t
λ0

)k

and the OR by

ORWeib =

FLL,1(t)

1−FLL,1(t)

FLL,0(t)

1−FLL,0(t)

=

1−e
−( t

λ1
)
k

e
−( t

λ1
)
k

1−e
−( t

λ0
)
k

e
−( t

λ0
)
k

=
1− e

−
(

t
λ1

)k

1− e
−
(

t
λ0

)k

e
−
(

t
λ0

)k

e
−
(

t
λ1

)k

=
1− e

−
(

t
λ1

)k

1− e
−
(

t
λ0

)k e
−
(

t
λ0

)k

e

(
t
λ1

)k

=
1− e

−
(

t
λ1

)k

1− e
−
(

t
λ0

)k e
−tk

(
λ1+λ0
λ0λ1

)k

.

8

63



3.1 Simulation

3.1.1 Analysis of the DAPA-HF trial with focus on its primary outcome

Here we report the results for the DAPA-HF trial’s primary outcome, time to worsening heart

failure or cardiovascular death. Overall, 385 (out of 2,373) patients experienced this outcome

in the treatment group, but 500 (out of 2371) in the control group. The data was extracted as

described in Section 4. In order to validate this extraction process, we calculated a hazard ratio

(with 95% CI) from the extracted data given by 0.745 [0.653, 0.851], which is essentially the

same as the hazard ratio and its CI in the original paper, which was 0.74 [0.65, 0.85]. Figure

a) depicts the Kaplan-Meier estimates from the DAPA-HF trail. The PR assumption seems

to be reasonable. Using the NPPR estimator as described in Section 2 we obtain β̂NPPR =

0.320 (95%CI [0.178, 0.454]), which corresponds to a RR of 0.726 (95%CI [0.635, 0.837]). The

patients in the treatment group are therefore only 72.6% at risk of worsening heart failure or

cardiovascular death relative to the patients in the placebo group. Again, confidence intervals

were estimated using the bootstrap as described in Section 3.3.3. Figure b) shows the estimated

β̂t for each time point. The estimated β̂NPPR is displayed by the black line. Figure c) depicts

the weights at every time point used to calculate the weighted mean of the β̂t as described in

(2). Figure d) depicts the number needed to treat over time. I quickly decreases, likely due to

the small number of reported events in the study. At the end of study (t = 24) it requires only

15 (14.463 95%CI [10.214, 24.313]) patients treated with dapagliflozin would prevent one death

relative to the placebo treatment.

Note that since there is also death from other causes than worsening heart failure or cardiovascular

death, this analysis might be biased. However, this does not influence the results of the

simulation study which is based on assuming only death of all causes as an event.
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Figure C: Figure a) depicts the Kaplan-Meier estimates from the DAPA-HF trail with the primary outcome.

Figure b) shows the estimated β̂t.

Figure c) depicts the weights of the β̂t.

Figure d) depicts the NNT over time.
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3.1.2 Simulation Scenarios
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Figure D: The HR and OR of the PPR model over time in comparison with the constant value indicated by

the straight lines.
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Figure E: CDFs of the PPR model in comparison with the CDFs of the Weibull PH model and the log-logistic

PO model for true underlying RR/HR/OR of 1 (top left), 0.607 (top center), 0.779 (top right), 1.284 (lower

left) and 1.649 (lower right).
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Table A: Parameters of the uniform distribution corresponding to the proportion of censoring for all different

cases.

a) PPR
Number of censored True underlying Parameters UD

participants (%) effect β min max

30 0.00 0 175

30 0.50 0 250

30 0.25 0 200

30 -0.25 0 150

30 -0.50 0 130

50 0.00 0 100

50 0.50 0 140

50 0.25 0 125

50 -0.25 0 90

50 -0.50 0 80

70 0.00 0 60

70 0.50 0 75

70 0.25 0 70

70 -0.25 0 50

70 -0.50 0 40

b) Weibull PH
Number of censored True underlying Parameters UD

participants (%) effect β min max

30 0.00 0 275

30 0.50 0 350

30 0.25 0 320

30 -0.25 0 250

30 -0.50 0 220

50 0.00 0 130

50 0.50 0 150

50 0.25 0 155

50 -0.25 0 115

50 -0.50 0 110

70 0.00 0 60

70 0.50 0 75

70 0.25 0 70

70 -0.25 0 50

70 -0.50 0 45

c) Log-Logistic PO
Number of censored True underlying Parameters UD

participants (%) effect β min max

30 0.00 0 500

30 0.50 0 650

30 0.25 0 550

30 -0.25 0 400

30 -0.50 0 400

50 0.00 0 175

50 0.50 0 225

50 0.25 0 200

50 -0.25 0 150

50 -0.50 0 125

70 0.00 0 60

70 0.50 0 75

70 0.25 0 75

70 -0.25 0 55

70 -0.50 0 50
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3.3 Results
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Figure F: Comparison of boxplots for the estimated β̂NPPR (NPPR), − log(R̂RPPR) (PPR), − log(ĤRCox)

(Cox) and − log(ÔRLL) (LL) for all different true β if the PPR model is the underlying model, each in case of

500 participants and 30% censoring rate. Horizontal bars indicate the true underlying effect.

14

69



NPPR PPR Cox LL NPPR PPR Cox LL NPPR PPR Cox LL NPPR PPR Cox LL NPPR PPR Cox LL

−
1
.0

−
0
.5

0
.0

0
.5

1
.0

1
.5

β

β^

0 0.5 0.25 −0.25 −0.5

Figure G: Comparison of boxplots for the estimated β̂NPPR (NPPR), − log(R̂RPPR) (PPR), − log(ĤRCox)

(Cox) and − log(ÔRLL) (LL) for all different true β if the PPR model is the underlying model, each in case of

500 participants and 70% censoring rate. Horizontal bars indicate the true underlying effect.
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Figure H: Boxplots for the estimated β̂NPPR (NPPR) and − log(ĤRCox) (Cox) for all different true β if the

Weibull PH model is the underlying model, each in case of 500 participants and 30% censoring rate. Horizontal

bars indicate the true underlying effect.
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Figure I: Boxplots for the estimated β̂NPPR (NPPR) and − log(ĤRCox) (Cox) for all different true β if the

Weibull PH model is the underlying model, each in case of 500 participants and 50% censoring rate. Horizontal

bars indicate the true underlying effect.
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Figure J: Boxplots for the estimated β̂NPPR (NPPR) and − log(ĤRCox) (Cox) for all different true β if the

Weibull PH model is the underlying model, each in case of 500 participants and 70% censoring rate. Horizontal

bars indicate the true underlying effect.
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Figure K: Boxplots for the estimated β̂NPPR (NPPR) and − log(ÔRLL) (LL) for all different true β if the log-

logistic PO model is the underlying model, each in case of 500 participants and 30% censoring rate. Horizontal

bars indicate the true underlying effect.
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Figure L: Boxplots for the estimated β̂NPPR (NPPR) and − log(ÔRLL) (LL) for all different true β if the log-

logistic PO model is the underlying model, each in case of 500 participants and 50% censoring rate. Horizontal

bars indicate the true underlying effect.
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Figure M: Boxplots for the estimated β̂NPPR (NPPR) and − log(ÔRLL) (LL) for all different true β if the log-

logistic PO model is the underlying model, each in case of 500 participants and 70% censoring rate. Horizontal

bars indicate the true underlying effect.
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Figure N: Comparison of boxplots for the estimated β̂NPPR (NPPR), − log(ĤRCox) (Cox) and − log(ÔRLL)

(LL) for different numbers of participants if β = 0.25, no censoring is present and the respective model

assumptions are fulfilled. The horizontal bar indicate the true underlying effect.
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3.3.2 Bias and MSE

Table B: Bias and MSE of β̂NPPR (NPPR), − log(ĤRCox) (Cox) and − log(ÔRLL) (LL PO) without censoring.

Bias MSE

Underlying model Effect Participants NPPR Cox LL NPPR Cox LL

PPR 0.00 500 0.002 0.002 0.004 0.006 0.008 0.021

PPR 0.00 100 -0.005 -0.003 -0.008 0.030 0.045 0.105

PPR 0.00 50 -0.009 -0.008 -0.015 0.056 0.087 0.207

PPR 0.50 500 0.006 0.606 0.509 0.009 0.378 0.281

PPR 0.50 100 0.000 0.591 0.513 0.051 0.405 0.398

PPR 0.50 50 -0.001 0.585 0.532 0.093 0.454 0.549

PPR 0.25 500 -0.001 0.406 0.249 0.007 0.173 0.083

PPR 0.25 100 -0.001 0.400 0.255 0.036 0.204 0.178

PPR 0.25 50 0.014 0.409 0.297 0.072 0.259 0.329

PPR -0.25 500 0.003 -0.405 -0.247 0.008 0.172 0.083

PPR -0.25 100 -0.014 -0.416 -0.282 0.039 0.219 0.199

PPR -0.25 50 -0.002 -0.396 -0.273 0.071 0.245 0.308

PPR -0.50 500 -0.004 -0.609 -0.509 0.009 0.380 0.282

PPR -0.50 100 0.006 -0.590 -0.509 0.045 0.403 0.380

PPR -0.50 50 0.016 -0.580 -0.506 0.088 0.441 0.504

Weibull PH 0.00 500 -0.005 -0.006 - 0.006 0.008 -

Weibull PH 0.00 100 -0.008 -0.003 - 0.033 0.045 -

Weibull PH 0.00 50 0.001 -0.004 - 0.064 0.095 -

Weibull PH 0.50 500 -0.164 -0.001 - 0.034 0.009 -

Weibull PH 0.50 100 -0.173 0.003 - 0.064 0.045 -

Weibull PH 0.50 50 -0.171 0.020 - 0.097 0.104 -

Weibull PH 0.25 500 -0.084 0.004 - 0.014 0.008 -

Weibull PH 0.25 100 -0.085 0.003 - 0.037 0.042 -

Weibull PH 0.25 50 -0.092 0.009 - 0.074 0.096 -

Weibull PH -0.25 500 0.083 0.000 - 0.013 0.007 -

Weibull PH -0.25 100 0.079 -0.003 - 0.039 0.042 -

Weibull PH -0.25 50 0.079 -0.016 - 0.071 0.098 -

Weibull PH -0.50 500 0.161 -0.003 - 0.033 0.008 -

Weibull PH -0.50 100 0.167 -0.008 - 0.060 0.042 -

Weibull PH -0.50 50 0.172 -0.011 - 0.094 0.097 -

LL PO 0.00 500 0.004 - 0.006 0.007 - 0.024

LL PO 0.00 100 0.006 - 0.011 0.032 - 0.127

LL PO 0.00 50 0.004 - 0.013 0.059 - 0.251

LL PO 0.50 500 -0.254 - -0.004 0.071 - 0.022

LL PO 0.50 100 -0.251 - 0.016 0.096 - 0.133

LL PO 0.50 50 -0.255 - 0.025 0.126 - 0.261

LL PO 0.25 500 -0.127 - -0.004 0.023 - 0.025

LL PO 0.25 100 -0.117 - 0.021 0.045 - 0.125

LL PO 0.25 50 -0.129 - 0.007 0.080 - 0.272

LL PO -0.25 500 0.127 - 0.001 0.022 - 0.023

LL PO -0.25 100 0.137 - 0.019 0.050 - 0.124

LL PO -0.25 50 0.127 - -0.009 0.078 - 0.261

LL PO -0.50 500 0.249 - -0.003 0.068 - 0.025

LL PO -0.50 100 0.255 - 0.001 0.096 - 0.127

LL PO -0.50 50 0.259 - -0.015 0.131 - 0.269
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3.3.3 Coverage

Table C: Coverage (in %) if the PPR is the true underlying model.

Effect Censoring(%) Participants NPPR PPR Cox LL

0.00 30 500 95.3 95.5 94.3 100.0

0.00 30 100 94.7 96.8 93.9 99.9

0.00 30 50 95.0 98.5 94.6 99.9

0.00 50 500 93.9 96.0 94.8 100.0

0.00 50 100 95.6 95.5 94.9 99.7

0.00 50 50 97.5 93.5 94.5 99.6

0.00 70 500 94.2 97.8 94.0 99.8

0.00 70 100 95.9 96.9 95.6 99.6

0.00 70 50 97.8 94.8 96.3 96.7

0.50 30 500 94.6 92.4 1.5 99.4

0.50 30 100 94.6 89.4 58.2 99.3

0.50 30 50 96.1 91.1 81.8 98.6

0.50 50 500 95.5 92.8 18.6 97.5

0.50 50 100 96.5 92.9 79.4 98.5

0.50 50 50 96.5 93.9 90.2 98.4

0.50 70 500 94.3 95.1 86.7 94.4

0.50 70 100 96.4 94.1 93.7 95.8

0.50 70 50 97.6 91.0 96.9 95.3

0.25 30 500 93.9 94.1 22.1 100

0.25 30 100 95.8 93.5 79.0 99.8

0.25 30 50 95.7 97.6 91.0 99.7

0.25 50 500 93.7 94.3 63.2 100

0.25 50 100 94.7 94.6 90.9 99.5

0.25 50 50 96.3 94.0 92.2 99.3

0.25 70 500 94.2 96.2 94.0 99.2

0.25 70 100 95.6 96.2 95.4 97.7

0.25 70 50 97.6 92.0 95.2 97.4

-0.25 30 500 94.6 93.6 20.9 99.9

-0.25 30 100 94.1 97.6 81.9 99.6

-0.25 30 50 95.5 97.6 89.3 100.0

-0.25 50 500 94.3 96.4 72.1 100.0

-0.25 50 100 95.1 97.7 91.8 99.9

-0.25 50 50 96.1 97.2 94.9 99.7

-0.25 70 500 93.7 96.5 92.6 100.0

-0.25 70 100 96.7 96.0 94.0 99.5

-0.25 70 50 98.2 95.6 96.2 98.5

-0.50 30 500 95.7 94.5 0.8 99.2

-0.50 30 100 94.5 95.5 58.6 99.7

-0.50 30 50 95.6 98.5 82.5 99.9

-0.50 50 500 94.1 95.7 16.4 99.9

-0.50 50 100 96.6 98.5 82.0 99.7

-0.50 50 50 96.7 98.4 89.8 99.9

-0.50 70 500 94.3 97.1 90.0 100.0

-0.50 70 100 96.1 97.7 95.8 99.1

-0.50 70 50 97.5 97.3 96.6 98.4
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Table D: Coverage (in %) if the Weibull PH model is the true underlying model.

Effect Censoring(%) Participants NPPR Cox

0.00 30 500 94.4 95.8

0.00 30 100 94.4 94.4

0.00 30 50 95.2 94.1

0.00 50 500 94.7 94.1

0.00 50 100 95.3 96.0

0.00 50 50 96.3 96.5

0.00 70 500 94.9 95.6

0.00 70 100 96.3 95.9

0.00 70 50 98.0 96.3

0.50 30 500 75.6 93.8

0.50 30 100 90.5 95.2

0.50 30 50 94.9 95.8

0.50 50 500 88.7 95.6

0.50 50 100 94.8 94.2

0.50 50 50 96.3 95.7

0.50 70 500 92.4 94.2

0.50 70 100 95.5 95.9

0.50 70 50 97.6 97.0

0.25 30 500 89.9 95.0

0.25 30 100 95.1 95.6

0.25 30 50 96.1 95.3

0.25 50 500 93.9 95.1

0.25 50 100 94.7 94.9

0.25 50 50 94.5 93.9

0.25 70 500 94.7 96.1

0.25 70 100 95.3 94.5

0.25 70 50 97.9 95.8

-0.25 30 500 89.3 94.9

-0.25 30 100 94.9 94.0

-0.25 30 50 95.2 94.8

-0.25 50 500 92.8 95.9

-0.25 50 100 93.5 94.3

-0.25 50 50 96.8 96.2

-0.25 70 500 94.0 94.8

-0.25 70 100 96.7 95.1

-0.25 70 50 97.1 95.9

-0.50 30 500 78.6.9 95.4

-0.50 30 100 90.6 94.6

-0.50 30 50 94.6 95.1

-0.50 50 500 87.8 95.3

-0.50 50 100 93.7 94.5

-0.50 50 50 95.0 96.2

-0.50 70 500 92.7 95.5

-0.50 70 100 96.3 97.1

-0.50 70 50 97.3 95.8
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Table E: Coverage (in %) if the log-logistic PO model is the true underlying model.

Effect Censoring(%) Participants NPPR LL

0.00 30 500 93.9 96.1

0.00 30 100 96.2 97.3

0.00 30 50 96.4 96.4

0.00 50 500 95.8 96.8

0.00 50 100 95.3 95.5

0.00 50 50 97.3 96.0

0.00 70 500 95.8 96.7

0.00 70 100 96.0 96.0

0.00 70 50 97.9 94.4

0.50 30 500 44.5 96.2

0.50 30 100 86.5 96.9

0.50 30 50 89.3 95.4

0.50 50 500 74.8 96.0

0.50 50 100 92.2 97.0

0.50 50 50 93.3 95.4

0.50 70 500 92.7 97.4

0.50 70 100 94.3 95.1

0.50 70 50 96.5 92.5

0.25 30 500 82.3 96.4

0.25 30 100 91.3 96.2

0.25 30 50 95.7 96.2

0.25 50 500 89.0 95.1

0.25 50 100 95.0 96.8

0.25 50 50 95.4 95.4

0.25 70 500 93.6 96.9

0.25 70 100 95.6 96.3

0.25 70 50 98.0 93.9

-0.25 30 500 82.2 96.3

-0.25 30 100 93.0 96.0

-0.25 30 50 94.5 95.3

-0.25 50 500 88.9 97.0

-0.25 50 100 95.7 97.4

-0.25 50 50 96.2 96.2

-0.25 70 500 94.7 96.6

-0.25 70 100 96.0 96.6

-0.25 70 50 97.3 94.7

-0.50 30 500 43.7 96.3

-0.50 30 100 81.6 95.0

-0.50 30 50 89.3 94.7

-0.50 50 500 70.9 95.8

-0.50 50 100 92.5 96.7

-0.50 50 50 94.4 95.4

-0.50 70 500 90.5 97.5

-0.50 70 100 95.3 97.9

-0.50 70 50 97.3 94.0
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Table F: Coverage of β̂NPPR (NPPR), − log(ĤRCox) (Cox’s PH model) and − log(ÔRLL) (log-logistic PO

model) if there is no censoring.

Underlying model Effect Participants NPPR Cox LL

PPR 0 500 95.2 94.4 99.9

PPR 0 100 94.9 93.4 99.9

PPR 0 50 97.4 95.4 99.7

PPR 0.5 500 95.5 0.0 98.8

PPR 0.5 100 93.4 30.5 99.4

PPR 0.5 50 95.3 65.3 99.2

PPR 0.25 500 95.1 0.3 99.7

PPR 0.25 100 95.4 57.9 99.6

PPR 0.25 50 96.0 78.3 99.5

PPR -0.25 500 94.9 0.4 99.7

PPR -0.25 100 94.1 55.2 99.9

PPR -0.25 50 96.3 80.1 99.9

PPR -0.5 500 95.8 0.0 98.7

PPR -0.5 100 95.4 30.6 99.6

PPR -0.5 50 95.7 65.5 100.0

Weibull PH 0 500 95.5 94.9 -

Weibull PH 0 100 94.3 95.0 -

Weibull PH 0 50 94.9 94.6 -

Weibull PH 0.5 500 49.5 95.1 -

Weibull PH 0.5 100 84.0 95.2 -

Weibull PH 0.5 50 91.1 94.4 -

Weibull PH 0.25 500 80.6 95.3 -

Weibull PH 0.25 100 94.0 95.7 -

Weibull PH 0.25 50 93.8 94.3 -

Weibull PH -0.25 500 84.3 95.3 -

Weibull PH -0.25 100 93.1 95.4 -

Weibull PH -0.25 50 94.6 94.7 -

Weibull PH -0.5 500 50.7 94.5 -

Weibull PH -0.5 100 86.3 97.1 -

Weibull PH -0.5 50 91.2 95.4 -

LL PO 0 500 94.6 - 96.3

LL PO 0 100 95.4 - 95.3

LL PO 0 50 96.1 - 96.0

LL PO 0.5 500 10.7 - 97.5

LL PO 0.5 100 71.0 - 95.8

LL PO 0.5 50 83.4 - 95.9

LL PO 0.25 500 64.2 - 96.0

LL PO 0.25 100 89.9 - 96.7

LL PO 0.25 50 93.1 - 95.3

LL PO -0.25 500 64.7 - 96.0

LL PO -0.25 100 88.9 - 95.7

LL PO -0.25 50 93.0 - 95.4

LL PO -0.5 500 11.8 - 95.5

LL PO -0.5 100 71.5 - 96.5

LL PO -0.5 50 82.2 - 96.4
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3.3.4 Numerical Robustness

Table G: Numerical Robustness in 1000 studies if the PPR model is the true underlying model.

Effect Censoring(%) Participants NPPR PPR Cox LL

0.00 30 500 1000 993 1000 1000

0.00 30 100 1000 835 1000 1000

0.00 30 50 1000 748 1000 1000

0.00 50 500 1000 1000 1000 1000

0.00 50 100 1000 997 1000 1000

0.00 50 50 1000 979 1000 1000

0.00 70 500 1000 1000 1000 1000

0.00 70 100 1000 999 1000 1000

0.00 70 50 997 991 999 999

0.50 30 500 1000 984 1000 1000

0.50 30 100 1000 866 1000 1000

0.50 30 50 1000 673 1000 999

0.50 50 500 1000 997 1000 1000

0.50 50 100 1000 959 1000 1000

0.50 50 50 1000 882 1000 999

0.50 70 500 1000 1000 1000 1000

0.50 70 100 1000 997 1000 1000

0.50 70 50 991 983 995 994

0.25 30 500 1000 989 1000 1000

0.25 30 100 1000 837 1000 1000

0.25 30 50 1000 761 1000 1000

0.25 50 500 1000 999 1000 1000

0.25 50 100 1000 968 1000 1000

0.25 50 50 1000 938 1000 999

0.25 70 500 1000 1000 1000 1000

0.25 70 100 1000 1000 1000 1000

0.25 70 50 998 992 999 999

-0.25 30 500 1000 993 1000 1000

-0.25 30 100 1000 807 1000 1000

-0.25 30 50 1000 734 1000 1000

-0.25 50 500 1000 1000 1000 1000

-0.25 50 100 1000 982 1000 1000

-0.25 50 50 1000 949 1000 1000

-0.25 70 500 1000 1000 1000 1000

-0.25 70 100 1000 1000 1000 1000

-0.25 70 50 993 985 998 997

-0.50 30 500 1000 981 1000 1000

-0.50 30 100 1000 757 1000 1000

-0.50 30 50 1000 701 1000 1000

-0.50 50 500 1000 997 1000 1000

-0.50 50 100 1000 937 1000 1000

-0.50 50 50 1000 876 1000 1000

-0.50 70 500 1000 1000 1000 1000

-0.50 70 100 1000 999 1000 1000

-0.50 70 50 988 989 998 998
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Table H: Numerical Robustness in 1000 studies if the Weibull PH model is the true underlying model.

Effect Censoring(%) Participants NPPR Cox

0.00 30 500 1000 1000

0.00 30 100 1000 1000

0.00 30 50 1000 1000

0.00 50 500 1000 1000

0.00 50 100 1000 1000

0.00 50 50 1000 1000

0.00 70 500 1000 1000

0.00 70 100 1000 1000

0.00 70 50 994 1000

0.50 30 500 1000 1000

0.50 30 100 1000 1000

0.50 30 50 1000 1000

0.50 50 500 1000 1000

0.50 50 100 1000 1000

0.50 50 50 1000 1000

0.50 70 500 1000 1000

0.50 70 100 1000 1000

0.50 70 50 991 999

0.25 30 500 1000 1000

0.25 30 100 1000 1000

0.25 30 50 1000 1000

0.25 50 500 1000 1000

0.25 50 100 1000 1000

0.25 50 50 1000 1000

0.25 70 500 1000 1000

0.25 70 100 1000 1000

0.25 70 50 993 997

-0.25 30 500 1000 1000

-0.25 30 100 1000 1000

-0.25 30 50 1000 1000

-0.25 50 500 1000 1000

-0.25 50 100 1000 1000

-0.25 50 50 1000 1000

-0.25 70 500 1000 1000

-0.25 70 100 1000 1000

-0.25 70 50 993 998

-0.50 30 500 1000 1000

-0.50 30 100 1000 1000

-0.50 30 50 1000 1000

-0.50 50 500 1000 1000

-0.50 50 100 1000 1000

-0.50 50 50 1000 999

-0.50 70 500 1000 1000

-0.50 70 100 1000 1000

-0.50 70 50 989 998
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Table I: Numerical Robustness in 1000 studies if the log-logistic PO model is the true underlying model.

Effect Censoring(%) Participants NPPR LL

0.00 30 500 1000 1000

0.00 30 100 1000 1000

0.00 30 50 1000 1000

0.00 50 500 1000 1000

0.00 50 100 1000 1000

0.00 50 50 1000 1000

0.00 70 500 1000 1000

0.00 70 100 1000 1000

0.00 70 50 996 1000

0.50 30 500 1000 1000

0.50 30 100 1000 1000

0.50 30 50 1000 1000

0.50 50 500 1000 1000

0.50 50 100 1000 1000

0.50 50 50 1000 1000

0.50 70 500 1000 1000

0.50 70 100 1000 1000

0.50 70 50 987 995

0.25 30 500 1000 1000

0.25 30 100 1000 1000

0.25 30 50 1000 1000

0.25 50 500 1000 1000

0.25 50 100 1000 1000

0.25 50 50 1000 1000

0.25 70 500 1000 1000

0.25 70 100 1000 1000

0.25 70 50 993 998

-0.25 30 500 1000 1000

-0.25 30 100 1000 1000

-0.25 30 50 1000 1000

-0.25 50 500 1000 1000

-0.25 50 100 1000 1000

-0.25 50 50 1000 1000

-0.25 70 500 1000 1000

-0.25 70 100 1000 1000

-0.25 70 50 992 998

-0.50 30 500 1000 1000

-0.50 30 100 1000 1000

-0.50 30 50 1000 1000

-0.50 50 500 1000 1000

-0.50 50 100 1000 1000

-0.50 50 50 1000 1000

-0.50 70 500 1000 1000

-0.50 70 100 1000 1000

-0.50 70 50 991 998
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Table J: Numerical robustness of β̂NPPR (NPPR), − log(ĤRCox) (Cox’s PH model) and − log(ÔRLL) (log-

logistic PO model) if there is no censoring.

Underlying model Effect Participants NPPR Cox LL

PPR 0 500 1000 1000 1000

PPR 0 100 1000 1000 1000

PPR 0 50 1000 1000 1000

PPR 0.5 500 1000 1000 1000

PPR 0.5 100 1000 1000 1000

PPR 0.5 50 1000 1000 999

PPR 0.25 500 1000 1000 1000

PPR 0.25 100 1000 1000 1000

PPR 0.25 50 1000 1000 1000

PPR -0.25 500 1000 1000 1000

PPR -0.25 100 1000 1000 1000

PPR -0.25 50 1000 1000 1000

PPR -0.5 500 1000 1000 1000

PPR -0.5 100 1000 1000 1000

PPR -0.5 50 1000 1000 1000

Weibull PH 0 500 1000 1000 -

Weibull PH 0 100 1000 1000 -

Weibull PH 0 50 1000 1000 -

Weibull PH 0.5 500 1000 1000 -

Weibull PH 0.5 100 1000 1000 -

Weibull PH 0.5 50 1000 1000 -

Weibull PH 0.25 500 1000 1000 -

Weibull PH 0.25 100 1000 1000 -

Weibull PH 0.25 50 1000 1000 -

Weibull PH -0.25 500 1000 1000 -

Weibull PH -0.25 100 1000 1000 -

Weibull PH -0.25 50 1000 1000 -

Weibull PH -0.5 500 1000 1000 -

Weibull PH -0.5 100 1000 1000 -

Weibull PH -0.5 50 1000 1000 -

LL PO 0 500 1000 - 1000

LL PO 0 100 1000 - 1000

LL PO 0 50 1000 - 1000

LL PO 0.5 500 1000 - 1000

LL PO 0.5 100 1000 - 1000

LL PO 0.5 50 1000 - 1000

LL PO 0.25 500 1000 - 1000

LL PO 0.25 100 1000 - 1000

LL PO 0.25 50 1000 - 1000

LL PO -0.25 500 1000 - 1000

LL PO -0.25 100 1000 - 1000

LL PO -0.25 50 1000 - 1000

LL PO -0.5 500 1000 - 1000

LL PO -0.5 100 1000 - 1000

LL PO -0.5 50 1000 - 1000
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4 Case study: DAPA-HF trial
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Figure O: Estimated number needed to treat over time for the DAPA-HF study.
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3.2 Identification of changes in gene expression
This article discusses a shift in the underlying research question in model-based alert
identification for one continuous covariate. It introduces an approach with the objec-
tive of identifying the entire covariate region over which the response changes. This is
achieved by fitting a parametric model and conducting a hypothesis test based on its first
derivative, such that rejecting the null hypothesis means detecting a significant change
in response. The test decision is obtained by estimating a simultaneous confidence band
for the first derivative using a two-step bootstrap procedure. In comparison with existing
methodologies, the proposed method extends the analysis beyond individual points. Its
performance is investigated by means of a simulation study and a variety of applications
to mouse gene expression data from a study investigating the effect of a Western diet on
the progression of non-alcoholic fatty liver disease are demonstrated.
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Identification of changes in gene expression
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Abstract

Abstract. Evaluating the change in gene expression is a common goal in many research areas, such as

in toxicological studies, which are particularly important in pre-clinical research. In practice, the analysis

is often based on multiple t-tests evaluated at the observed time points of the experiment, which limits the

accuracy of determining the precise time at which the gene changes in expression. If a parametric approach

is chosen, the analysis is often restricted to identifying the onset of an effect, but not its length. In this paper,

we propose a parametric method to identify the time frame where the gene expression significantly changes.

This is achieved by fitting a parametric model and constructing a confidence band for its first derivative. The

confidence band is derived by a two-step bootstrap approach. It is summarised in terms of a hypothesis test,

such that rejecting the null hypothesis means detecting a significant change in gene expression. Furthermore,

a method for calculating confidence intervals for time points of interest (e.g. the beginning of significant

change) is developed. We demonstrate the validity of our approach through a simulation study and present

a variety of different applications to mouse gene expression data from a study investigating the effect of a

Western diet on the progression of non-alcoholic fatty liver disease.

1 Introduction

Understanding the mechanisms underlying disease responses is a key objective of toxicological studies, which

are particularly important in preclinical research. A powerful tool in molecular biology for this purpose is

RNA-sequencing, based on the measurement of transcriptomes (Wang, Z. and Gerstein, M. and Snyder, M.,

2009), which is integral to our understanding of genomic function (Stark, R. and Grzelak, M. and Hadfield,

J., 2019). It measures the expressions of many genes simultaneously and is extensively used in drug discovery

and development (Khatoon, Z. and Figler, B. and Zhang, H. and Cheng, F., 2014). One common objective in

the field of RNA-sequencing is to identify differentially expressed genes. Possible examples include dose-gene

expression data (Krug, A.K. et al., 2013) or time-gene expression data (Ghallab, A. et al., 2021).

Anders, S. and Huber, W. (2010) introduced an approach to analysing gene count data using the negative

binomial distribution, that is employed in the well-known DESeq R package. Its successor – the DESeq2

packages (Love, M.I. and Huber, W. and Anders, S., 2014) – has been cited over 35, 000 times as of July 2024

(NCBI, 1996). However, as described in the vignette of DESeq2 (Love, M.I. and Huber, W. and Anders, S.,

2024), the analysis of the data includes the dose/time as a discrete covariate, which limits the precision of the

analysis to the measured dose levels/time points.

One question, where this problem is particularly evident, is the identification of an alert concentration, defined as

the lowest measured concentration where the difference between the concentration and the control significantly

exceeds a critical level of the relevant response (Delignette-Muller, M.-L. and Forfait, C. and Billoir, E. and

Charles, S., 2011) or the lowest concentration with a noticeable effect (Jensen, S.M. and Kluxen, F.M. and Ritz,
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C., 2019). Traditionally, the analysis is based on applying multiple t-tests or – as recommended – Dunnett tests

(Hothorn, L.A., 2014), focusing on the measured dose levels. Consequently, with these tests it is not possible

to identify a dosage between those levels. In order to address this issue, Kappenberg, F. and Grinberg, M. and

Jiang, X. and Kopp-Schneider, A. and Hengstler, J.G. and Rahnenführer, J. (2021) proposed a model-based

approach assuming a monotonic relationship between dose and response. This method allows for a continuous

identification of the lowest concentration at which the response significantly exceeds the response for the control

by a given threshold. This method was further developed by Möllenhoff, K. and Schorning, K. and Kappenberg,

F. (2022) through the introduction of a procedure that is independent of the assumption of monotonicity and

replaces an asymptotic calculation of the variance by a parametric bootstrap.

When analysing time-response data, a similar problem is given by the identification of the time frame of

significant changes in gene expression. For example, a change in gene expression indicates deregulation and

thus the presence of a biological process. In a two-group situation, a difference in time periods may indicate

a slowing or acceleration of an underlying process. In addition, a Gene Ontology (GO) enrichment analysis of

genes that undergo a change in expression over a given time period allows conclusions to be drawn about the

order of processes occurring at the organism level, which can be used in particular to assess disease progression.

In Ghallab, A. et al. (2021) so called rest-and-jump genes (RJG) were observed. These are genes that showed

delayed deregulation, either reaching a plateau afterwards or continuing to deregulate. In this context, it is of

interest to consider the entire time frame during which the gene expression changes, rather than focusing only

on the onset of an effect.

Based on this idea, in this paper we propose a model-based approach that allows the identification of the

entire time frame within which the change in gene expression is considered significant. This is accomplished by

formulating a hypothesis test considering a test statistic based on the absolute value of the first derivative of

a selected continuous parametric model or a B-spline fit with regard to a threshold λ ≥ 0. Rejecting the null

hypothesis indicates the presence of a slope, that is significantly larger than λ and thereby a significant change

in gene expression. Finally, the test decision is based on the construction of a lower simultaneous confidence

band for the first derivative.

The proposed approach focuses on biologically significant changes in expression and the specific expression

pattern of single or multiple genes. It therefore allows a more explicit interpretation of the results than, for

example, classification by clustering (Androulakis, I.P. and Yang, E. and Almon, R.R., 2007). Especially in

the case of toxicological data, recent publications suggest the use of parametric approaches (Kappenberg, F.

and Duda, J.C. and Schürmeyer, L. and Gül, O. and Brecklinghaus, T. and Hengstler, J.G. and Schorning,

K. and Rahnenführer, J., 2023). The first derivative of a parametric model fit to the response data provides

an understandable and easy to implement translation from the gene count scale to a measure of changes in

expression. Similarly, the first derivative of a model fit utilizing B-splines is itself a linear combination of a B-

spline basis (Fahrmeir, L. and Kneib, T. and Lang, S. and Marx, B.D., 2022). Both approaches are therefore well

suited to analysing expression change explicitly. The construction of simultaneous confidence bands presented

here is specifically tailored to the first derivative, in contrast to established approaches that are fit to the

response data (Neumann, M.H. and Polzehl, J., 1998; Wang, L. and Yang, L., 2010).

This paper is structured as follows: First, we introduce the method to estimate the time frame of significant

change in gene expression, based on calculating the first derivative of the estimated time-response model and

the estimation of a corresponding lower simultaneous confidence band. Second, the methodology is subjected

to a simulation study. Finally, potential applications are illustrated using a data set from the western diet mice

study (Ghallab, A. et al., 2021), a toxicological serial-sacrifice study (Dewanji, A., 2005) that examines the

impact of a western diet (WD) on the progression of non-alcoholic fatty liver disease (NAFLD).
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2 Methodology

The fundamental idea of this method is to initially fit a model to the data and subsequently assess the change in

gene expression by considering its first derivative. This is possible since the first derivative describes the slope

of the gene expression curve at any time point t, and thus can be regarded as a measure for the change. Once

a suitable model has been fitted, the next step is to develop a hypothesis test that tests if and when the first

derivative significantly exceeds a chosen threshold, denoted λ. The corresponding time point marks a change in

gene expression. The procedure is inspired by the method developed in Möllenhoff, K. and Schorning, K. and

Kappenberg, F. (2022), adapted for the first derivative.

2.1 Model fit and derivation

We regard a data set with n observations in total, that are conducted at m different time points tq, q = 1, . . . ,m.

Let nq denote the number of observations at time point tq, i.e.
∑m

q=1 nq = n. The presented method is designed

to accommodate for repeated measurements. However, it can be simplified in case of an independent structure

along t. In cases where there is a correlation between measurements at different time points, the same number

of measurements, n1 = · · · = nq, are assumed for the purposes of simplicity. Furthermore, the study period is

defined as T = [t1, tm] and the study duration as t = tm − t1.

The initial step is to fit a parametric model to the data. We define

yp,q = f (tq,θ) + εp,q p = 1, . . . , nq, q = 1, . . . ,m,

where f denotes the selected model. In order to incorporate possible correlations, we assume that the error terms

εp = (εp,1, . . . , εp,m) are multivariate normal distributed εp ∼ Nm (0,Σ) and independent for p = 1, . . . , nq.

The parameters θ ∈ B ⊂ Rr are estimated by applying the Maximum likelihood method. The likelihood is

given by

Ly,t (θ) =

nq∏
p=1

exp
(
− 1

2 (yp − f (t,θ))
T
Σ−1 (yp − f (t,θ))

)
√

(2π)
m
det (Σ)

with yp = (yp,1, . . . , yp,m) and t = (t1, . . . , tm). The estimator for the covariance matrix is given by

Σ̂2 =
1

nq

nq∑
p=1

(
ε̂p − ε̂

) (
ε̂p − ε̂

)T
,

whereby the vector ε̂ =
(
ε̂1, . . . , ε̂m

)
consists of the means over all measurements

ε̂p,q = yp,q − f
(
tq, θ̂

)
for q = 1, . . . ,m.

In order to guarantee a good fit, the model is selected from a pool of possible models using a selection criteria,

as, for example, the AIC (Fahrmeir, L. and Kneib, T. and Lang, S. and Marx, B.D., 2022).

As we are interested in detecting significant changes, the method developed here does not focus on the model

f itself, but rather on its first derivative f ′. Motivated by the findings in Duda, J.C. and Kappenberg, F. and

Rahnenführer, J. (2022), we will focus on applying the method using the 4pLL (also called sigmoid Emax) model,

the beta model, the exponential model and the quadratic model, respectively, as parameterized in Bornkamp,

B. and Pinheiro, J. and Bretz, F. (2009). For details as well as the different first derivatives we refer to the

supplementary material.

Another focus will be on utilizing B-splines for model fitting as a more flexible alternative. As stated in Fahrmeir,

L. and Kneib, T. and Lang, S. and Marx, B.D. (2022), a B-spline basis function of degree l is constructed from

(l+1) piecewise polynomials of degree l that are joined, such that the basis function is (l−1)-times continuously
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differentiable. For the construction, the domain of the covariate, here time, is partitioned into intervals by so-

called knots. A full B-spline basis consists of a set of the basis functions set up along these knots. The full

model f is a linear combination of the basis. Naturally, since the basis functions are (l− 1)-times continuously

differentiable, so is the f . Therefore, B-splines of degree l ≥ 2 can be used to apply the proposed method.

For details on the recursive definition of the B-spline basis functions and their first derivatives, we refer to the

supplementary material.

Nevertheless, the method is applicable to all parametric models with a first derivative that can be calculated

analytically.

2.2 Hypothesis test for the identification of significant changes

Here, we introduce a hypothesis test in which the rejection of H0 leads to the assertion of a significant change

in gene expression. In the previously introduced parametric framework this means that f ′ exceeds a threshold

λ ≥ 0 at some time point t, which leads to the hypotheses

H0 : ∀t ∈ T
∣∣f ′(t,θ)

∣∣ ≤ λ vs. H1 : ∃t ∈ T
∣∣f ′(t,θ)

∣∣ > λ. (1)

Rejecting H0 implies the existence of at least one time point at which a change in gene expression is detected

that exceeds the critical value λ. It is important to note that λ should be selected beforehand. Should any

change in gene expression be of interest, λ can be set to 0. However, if only a larger change may be biologically

relevant, λ should be adjusted accordingly in consultation with experts. For instance, regarding the absolute

difference of the model fit to log2-transformed counts at two time points ta and tb, i.e.
∣∣f (ta,θ) − f (tb,θ)

∣∣,
the corresponding threshold is often set to log2(1.5) (Ghallab, A. et al., 2021; Kappenberg, F. and Grinberg,

M. and Jiang, X. and Kopp-Schneider, A. and Hengstler, J.G. and Rahnenführer, J., 2021; Möllenhoff, K. and

Schorning, K. and Kappenberg, F., 2022), investigating whether the foldchange between ta and tb exceeds 1.5.

Based on this, a possible choice would be given by λ = log2(1.5) × t−1 for the test regarding f ′, representing

the slope of a straight line that increases by log1(1.5) between t1 to tm. Of note, t is interchangeable with any

other time frame, e.g. (1/2)t. Then the question is whether there is an absolute change in log2(1.5) over half

of the study period.

Next, let Lα
(
t, θ̂

)
denote a (1− α) lower simultaneous confidence band of

∣∣f ′ (t,θ)
∣∣, that is

P
{
∀t ∈ T : Lα

(
t, θ̂

)
≤

∣∣f ′ (t,θ)
∣∣} ≥ 1− α.

According to Möllenhoff, K. and Schorning, K. and Kappenberg, F. (2022), rejecting H0 in (1) if Lα
(
t, θ̂

)
> λ

for any t ∈ T , leads to an α-level test, as

PH0

{
∃t ∈ T : Lα

(
t, θ̂

)
> λ

}
≤ PH0

{
∃t ∈ T : Lα

(
t, θ̂

)
>

∣∣f ′ (t,θ)
∣∣}

= 1− PH0

{
∀t ∈ T : Lα

(
t, θ̂

)
≤

∣∣f ′ (t,θ)
∣∣}

≤ 1− (1− α) = α.

The time period of significant change in gene expression corresponds to the set of all t ∈ T for which H0 in (1)

can be rejected, which we denote by

S̃ :=
{
t : Lα

(
t, θ̂

)
> λ

}
.

Figure 1 A depicts an illustrative example of a first derivative of a gene expression curve f ′ (black) and its

lower confidence band (blue). The orange line represents the time period S̃, during which the confidence band

exceeds the threshold λ, indicated by the red line.
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Figure 1: (A) Visualisation of the time period of significant change in gene expression S̃ (orange) with two time points of interest.

The red dotted lines indicate the beginning and end of S̃. The yellow line indicates the time point of maximum change in expression.

S̃ is partitioned into coherent subsets if the gene expression curve follows a 4pLL model (B) or a beta model (C). B1 and C1

depict the fitted model, B2 and C2 the corresponding first derivative and confidence bands such that H0 in (1) is rejected.

While we can conclude significant changes in gene expression for all t ∈ T which fulfill Lα
(
t, θ̂

)
> λ, some

specific time points might be of higher interest. An example are the beginning and end of a significant change.

Precisely, these are the first time point tstart ∈ T with Lα
(
tstart, θ̂

)
> λ and the last time point tend ∈ T with

Lα(tend, θ̂) > λ. Figure 1 A indicates both tstart and tend by the red vertical lines and thus also the period of

significant change S̃. Another example is the time point of maximal change, indicated by the yellow vertical line

in Figure 1 A, representing the time point tmax ∈ T at which Lα
(
t, θ̂

)
− λ, t ∈ S̃ assumes its (locally) maximal

value.

These time points of interest are not necessarily unique. In case of a non-monotonous function f (e.g. beta

model), the confidence band can dip below the threshold λ and than exceed it again after a time period of no

significant change. Therefore, we can partition S into ascending coherent subsets S̃ =
(
S1, . . . , Ss

)
,meaning that

for all j = 1, . . . , s−1, it exists a t′ ∈ T between Sj and Sj+1 such that Lα
(
t′, θ̂

)
< λ and max (Sj) < min (Sj+1).
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We refer to Figure 1 B and C for a visual representation. Figure 1 B depicts a gene expression curve that follows

a 4pLL model on the left and its first derivative with a possible confidence band on the right. Here, H0 is rejected

and the time period of significant change in gene expression is coherent. Then S̃ equals S1. Figure 1 C depicts

a beta model in the left and its first derivative with two possible confidence bands on the right. The solid line

represents the scenario in which the decline in gene count in the latter part of the study period is not statistically

significant. The dashed line on the other hand represents the scenario in which the aforementioned decline is

significant. Here, S̃ splits into the coherent sub-periods S1 and S2. Each Sj , j = 1, . . . , s, has a unique set

of the aforementioned time points of interest. In the following, we will focus on tstart and tend as an example.

Therefore, the set of times to search for is given by{
t
(j)
start = min (Sj) : j = 1, . . . , s

}
∪
{
t
(j)
end = max (Sj) : j = 1, . . . , s

}
. (2)

The precise estimation of these quantities depends on the accuracy of the estimation of Lα
(
t, θ̂

)
, which is

described in the next section.

2.3 Estimating a confidence band of
∣∣f ′(t)

∣∣
In order to estimate a lower simultaneous confidence band Lα

(
t, θ̂

)
of

∣∣f ′(t,θ)∣∣ the method developed in

Möllenhoff, K. and Schorning, K. and Kappenberg, F. (2022) is adjusted to the first derivative and to account

for a dependence structure along the time axis. Therefore, we define

Lα
(
t, θ̂

)
:=

∣∣f ′(t, θ̂)∣∣− cσ̂|f ′(t,θ̂)|

and estimate the critical value c, such that

P
{
max
t∈T

∣∣f ′(t, θ̂)∣∣− ∣∣f ′(t,θ)∣∣
σ̂|f ′(t,θ̂)|

≤ c

}
= 1− α.

To estimate both σ̂|f ′(t,θ̂)| and c, a two-step parametric bootstrap procedure inspired by the classic bootstrap-

t method (Efron, B. and Tibshirani, R.J., 1994) has been proposed in Algorithm 1 by Möllenhoff, K. and

Schorning, K. and Kappenberg, F. (2022) and is applied here by substituting the difference for the first derivative.

In short, θ̂ and Σ̂ are estimated from the original data set and used to generate B1 bootstrap samples. This is

done by randomly drawing iid. errors ε∗p =
(
ε∗p,1, . . . , ε

∗
p,m

)
∼ Nm

(
0, Σ̂

)
and applying the formula

y∗p,q = f
(
tq, θ̂

)
+ ε∗p,q for p = 1, . . . , nq and q = 1, . . . ,m.

These can be considered the first level of the bootstrap. For each of the generated samples, θ̂∗
l , l = 1, . . . , B1,

are estimated and used to generate another B2 bootstrap samples, which constitute the second level of the

bootstrap. Then, σ̂|f ′(t,θ̂)| is estimated from the first bootstrap level by calculating the empirical variance of

the sample
∣∣f ′(t, θ̂∗

1

)∣∣, . . . , ∣∣f ′(t, θ̂∗
B1

)∣∣. Similarly, σ̂|f ′(t,θ̂∗
l )|

, l = 1, . . . , B1, is calculated for each of the generated

first-level bootstrap samples using the second-level bootstrap samples. With these values

D∗,l := max
t∈T

∣∣f ′(t, θ̂∗
l

)∣∣− ∣∣f ′(t, θ̂)∣∣
σ̂|f ′(t,θ̂∗

l )|

can be calculated for each l = 1, . . . , B1. The respective empirical (1 − α)-quantile of the distribution yields

an estimate of the critical value c. A visual representation of this process is provided in the blue rectangle in

Figure J (see supplementary material).
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3 Simulation study

3.1 Setting and data generation

In order to evaluate the performance of our newly proposed method, a simulation study was conducted.

Motivated by Möllenhoff, K. and Schorning, K. and Kappenberg, F. (2022) and Kappenberg, F. and Grinberg,

M. and Jiang, X. and Kopp-Schneider, A. and Hengstler, J.G. and Rahnenführer, J. (2021) we focused on the

4pLL and the beta model as representatives of the models discussed in Section 4. This choice was also based

on the findings regarding the 4pLL/sigmoid Emax model in Duda, J.C. and Kappenberg, F. and Rahnenführer,

J. (2022). The beta model was chosen as a suitable non-monotonous alternative. The simulation settings were

inspired by the Western diet mice trial discussed in Section 4. Precisely, we used the parameters obtained from

the expression of the genes ’Cd163’ (4pLL model, see Section 4.1 for details) and ’Fam83a’ (beta model) in

WD-fed mice.
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Figure 2: Visualization of the different scenarios. The horizontal red line indicates the relevance threshold λ = log2(1.5)× 45−1.

Each case depicts the true model on the left and the true first derivative on the right. The vertical red lines mark the time frame

of relevant change in regards to λ.

This resulted in the six basic scenarios, which are summarized in Table 1 and depicted in Figure 2.

Scenarios 1-3 were generated using the 4pLL model, while the latter three were generated with the beta model.

In Scenario 1, there is no relevant change in gene expression respective to the threshold λ = log2(1.5)× 45−1 ≈
0.0130. Therefore, H0 in (1) cannot be rejected. In all other scenarios, there is a change in expression larger

than λ, and, therefore, these scenarios correspond to the situation under the alternative. Scenario 4 reflects the
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unaltered parameters as estimated. Scenarios 2, 3, 5 and 6 were based on the real examples, but changed to

reflect a different slope, see Table 1.

Table 1: Overview of simulation scenarios.

Sce. Short name Model Parameters θ Description

1 No relevant change 4pLL a = 8.791, b = −0.089 Never exceeds λ = 0.0130

c = 17.589, h = 10.000 Reflects the margin of H0.

2 Small Jump 4pLL a = 8.791, b = −0.946 Exceeds λ = 0.0130

c = 17.589, h = 10.000 S̃ = (11.7, 24.5)

3 Large Jump 4pLL a = 8.791, b = −3.783 Exceeds λ = 0.0130

c = 17.589, h = 5.000 S̃ = (5.9, 36.3)

4 Dip beta a = 6.997, b = 2.952 Exceeds λ = 0.0130 twice

δ1 = 0.506,δ2 = 0.215 S1 = (0, 33.6), S2 = (41.2, 45)

5 Dip alternative beta a = 6.997, b = 2.952 Exceeds λ = 0.0130 twice

δ1 = 3.286, δ2 = 1.290 S1 = (5.7, 38.1), S2 = (39.4, 45)

6 No Dip beta a = 6.997, b = 2.952 Exceeds λ = 0.0130

δ1 = 0.228, δ2 = 0.084 S̃ = (0, 28.9)

The observations were simulated at seven time points (0, 3, 9, 15, 21, 27, 33, 39 and 45 weeks) in accordance

with the feeding times observed in the Western diet mice trial, following the beginning of the study. A total

of 47 data points were simulated consisting of 5 mice at the first 5 time points and 4 and 8 mice at 39 and 45

weeks, respectively.

Of note, the data set used for the simulation was derived from a toxicological study that required the sacrifice

of the mice in order to obtain measurements. In order to evaluate the disease progression, sacrifices were

made at different time points. Consequently, each measurement represents a distinct mouse and we can assume

independence across the measurements. Such studies are referred to as serial-sacrifice experiments (Dewanji,

A., 2005; Bergman, S.W. and Turnbull, B.W., 1983) and will be the focal point of the ensuing sections. As

previously stated in Section 2.1, the procedure can then be simplified by assuming the error terms to be

independent normally distributed εp,q ∼ N
(
0, σ2

)
. Given the relatively small number of observations (n = 47)

we will apply the unbiased estimator for the variance given by

σ̂2 =
1

n− r

m∑
p=1

np∑
q=1

{
yp,q − f

(
tp, θ̂

)}2
.

In order to gain a comprehensive understanding of the impact of the standard deviation, five distinct levels

for each of the six basic scenarios were considered: ’small’,’mid-small’, ’medium’, ’mid-large’ and ’large’. The

’medium’ standard deviation of the realistic Scenario 4 is as estimated from the real world data. For all other

scenarios, the ’medium’ standard deviation was calculated via linear transformation with regard to the respective

maximum absolute differences in gene expression compared to the realistic example of the same model type.

Regarding the parameterization introduced in Section 2.1, the maximum absolute value corresponds to the

parameter b ∈ θ. Accordingly, we designate bsce ∈ θsce as the maximum absolute difference of the scenario

and breal ∈ θreal as the maximum absolute difference estimated from the example. With this, we obtained the

transformed standard deviation by σsce,medium = bsce × b−1
real × σreal, where σreal the estimated value from the
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real world data.

From these ’medium’ values of standard deviation, the ’small’, ’mid-small’, ’mid-large’ and ’large’ levels were

calculated by multiplying with 0.5, 0.75, 1.5 and 2, respectively, see Table A in the supplementary material for

details.

Given either the model function, f , of the beta model or the 4pLL model and the values of θ and σ, the

gene expression data was simulated by drawing iid. errors εsimp,q ∼ N (0, 1) and applying the formula ysimp,q =

f
(
tp, θ̂

)
+ σ̂εsimp,q for p = 1, . . . ,m and q = 1, . . . , np. As described in Möllenhoff, K. and Schorning, K. and

Kappenberg, F. (2022) and following the postulations from Efron, B. and Tibshirani, R.J. (1994) we chose a

large value for the estimation of the quantiles by the first-level bootstrap and a relatively small value for the

estimation of the standard error by the second-level bootstrap. Precisely, we chose B1 = 500 and B2 = 25

repetitions. Smaller values would lead to imprecise estimations, whereas larger values could improve the results,

but would require excessive computational effort. Each procedure was repeated in 1, 000 simulation runs.

Outcomes of the simulation study were the number of rejections of H0 in (1) and the identified time frame of

significant change in gene expression. The majority of the code was run on R version 4.3.2 using a Windows 11

x64 PC. The simulation scenarios were run on a HPC-cluster employing R version 4.3.1. The runtime of each

simulated study on a commercially available Windows PC is approximately 5 minutes, with a variability of a

few minutes depending on the number of CPU cores.

3.2 Results

3.2.1 Rejection of H0

Table 2 shows the number of rejections of H0 in 1, 000 runs for all configurations. The left column in Figure

3 depicts the estimated confidence bands for a mid-small and mid-large standard deviation. We refer to the

supplementary material Figures M-O for the other cases.

Table 2: Number of rejections of H0 in 1, 000 runs.

σ level Sce. 1 Sce. 2 Sce. 3 Sce. 4 Sce. 5 Sce. 6

small 0 999 1000 1000 1000 1000

m.-small 0 946 818 1000 1000 1000

medium 0 830 514 1000 1000 1000

m.-large 0 627 401 989 999 978

large 0 372 303 814 957 780

In Scenario 1, no false rejection of H0 was observed in any of the cases, indicating a type I error of 0. This

scenario corresponds to the margin of the null hypothesis in (1), here given by λ = 0.0130. The conservatism

of the test decision even for a large standard deviation may therefore be partially attributed to the effect being

very small and an overall tendency to slightly underestimate the time frame of significant change in expression

discussed in the next subsection.

In general, our proposed method shows high power when the beta model is the true model. Up to a medium

standard deviation, H0 is always rejected for Scenarios 4, 5 and 6. Even for a large standard deviation, the

power remains at about 80% for Scenarios 4 and 6 and above 95% for Scenario 5. Accordingly, the estimated

confidence bands show a low variability.

For the remaining scenarios generated with the 4pLL model – Scenario 2 and 3 – we observe a large influence

of the standard deviation. In particular, the power is above 80% for a small and mid-small variability, but lies

between 30% and 65% for a large and mid-large variability, respectively (see 2). This influence seems to be more
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pronounced for the larger jump in gene expression simulated in Scenario 3. In this case, only 514 of significant

changes were detected for a medium standard deviation.

It is noteworthy that the (mid-)large standard deviations (see Table A in the supplementary material) employed

in the generation of Scenarios 2 and 3 is considerably large compared to the absolute change in gene expression.

Naturally, this leads to a high variability in the generated simulation studies (see Figure K in the supplementary

material). However, we observe that in the case of the 4pLL model, the translation of a high degree of variability

on the count scale leads to an extreme degree of variability on the scale of the change in gene expression

considered when applying the first derivative (see Figure L in the supplementary material). It is important

to interpret the results presented in light of these considerations. It is also important to note that the same

effect occurs when generating the first and second level bootstrap runs. This is likely to have an impact on the

estimation process, especially if the data set has a high degree of variability.

For Scenarios 2 and 3 we note a visible crater in the estimated confidence bands around the week where the

true first derivative reaches its maximum, which corresponds to the inflection point of the model function (see

Figure 3 and Figures M-O in the supplementary material). While the extent is likely to be at least partially

attributable to the size of the standard deviation, the trend is discernible across all cases. Given that the

effect appears to be more pronounced in Scenario 3 than in Scenario 2, it is plausible that its magnitude may

correlate with the steepness of the true model function in the area around its inflection point. This conclusion

is supported by the absence of a comparable crater for Scenario 5, the only scenario with an inflection point

generated using the beta model, which is markedly less steep than Scenarios 2 and 3.

3.2.2 Estimated time frame of significant change in gene expression

While the number of rejections of H0 is largely satisfactory, a reliable detection of the time frame of significant

change in gene expression is of greater interest. Therefore, we considered the bias and variance of each start/end

time point of the estimated time frame of significant change in gene expression. Furthermore, we examined the

number of runs in which the true number of coherent subsets of S̃ was correctly identified. We refer to Table B

in the supplementary material for a summary of all results. As anticipated, the true number of coherent subsets

was consistently detected for Scenarios 2 and 3 if H0 was rejected. Given the monotonicity of the 4pLL model,

the time frame of significant change in expression is, by definition, continuous. However, as described above, a

crater was observed in some estimated lower simultaneous confidence bands. In a small number of cases, this

resulted in the identification of two disjointed subsets. Overall, the number of these cases is less than 12 for

Scenario 2. In case of Scenario 3, the same is observed except for a mid-small and medium standard deviation,

which respectively fall within the ranges of 200 and 70 cases.

While H0 was reliably rejected for Scenarios 4 and 5, the second time frame of significant change in expression

was not always detected. The smaller dip in Scenario 4 was only identified approximately 120 times when the

standard deviation was small and approximately 40 times otherwise. The more pronounced dip in Scenario 5

was detected 999 times for a small standard deviation, 671 times for a medium standard deviation and 260

times for a large standard deviation. However, it should be noted that in both scenarios, the maximum value in

gene count is reached around week 39, which is the second to last sample time point. Therefore, the detection

of the dip is contingent only on the last measurement. In Scenario 6, a dip at the end was incorrectly identified

less than 15 times in all cases.

The right columns in Figures 3 depict the estimated time frames of significant change in gene expression for

each of the 1, 000 simulation runs for the mid-small and mid-large standard deviations, respectively. We refer

to Figures M-O in the supplementary material for the other cases. The true values are indicated by the red

lines. In general, we note that the estimated start of the time frame of significant change in expression displays

a positive bias for all scenarios, whereas the estimated end displays a negative bias. Therefore, the time frame

is overall slightly underestimated. The bias depends largely on the standard deviation and the slope of the first
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Figure 3: Results of the six simulation scenarios for a mid-small (A) and mid-large (B) standard deviation. The left column depicts

the true first derivative and the estimated confidence bands. The right column depicts the estimated time frames of significant

change in gene expression for each run.
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derivative. Scenario 6 exhibits the smallest bias for the onset of the significant change at the beginning of the

study, never exceeding 0.375 weeks. Scenario 4 is similarly flat. Its bias never exceeds 2.379. Scenario 5 is

characterised by a steeper slope and exhibits a noticeably larger bias. The range is from 3.956 weeks for a small

standard deviation to 8.865 weeks for a large standard deviation. For Scenarios 2 and 3 – disregarding the crate

when detected – we observe similar results. The influence of the slope seems to have a reverse effect on the bias

of the end of the identified time frame of significant change. In particular, flat scenarios, such as Scenario 6,

demonstrate a noticeably larger bias for all levels of standard deviation. In addition, the bias is overall larger

than for the start of the significant change, with a range of −1.225 to −23.591 weeks.

In Scenarios 4 and 5, a second time frame of significant change in expression was simulated. Since in both cases

it is cut off at the end of the study, we consider only the starts of the second subsets of S̃, respectively. Again,

we note a positive bias, which ranges from almost 2 weeks to nearly 3.5 weeks. Finally, the variance shows a

similar behavior to the bias.

4 Case study

In this section, three possible applications of our method are presented. For illustration, we use data from

the Western diet mice study (Ghallab, A. et al., 2021). A total of 79 male mice were fed a Western (WD) or

standard (SD) diet for a maximum of 48 weeks to assess the effect of a high fat diet on the development of

non-alcoholic fatty liver disease. Up to 8 mice per diet were sacrificed at 3, 6, 30, 36, 42 and 48 weeks, and

WD-fed mice were additionally sacrificed at 12, 18 and 24 weeks. RNA was extracted from frozen liver tissue

and RNA-seq analysis was performed. Here, we use the pre-processed data set, that was generated using Salmon

(Patro, R. and Duggal, G. and Love, M. I. and Irizarry, R. A. and Kingsford, C., 2017) and the R packages

tximeta (Love, M.I. and Soneson, C. and Hickey, P.F. and Johnson, L.K. and Pierce, N.T. and Shepherd, L and

Morgan, M. and Patro, R, 2020) and DESeq2 (Love, M.I. and Huber, W. and Anders, S., 2014). The count

data was normalized and log2-transformed using the vst() function (Tibshirani, R., 1988; Huber, W. and von

Heydebreck, A. and Sueltmann, H. and Poustka, A. and Vingron, M., 2003; Anders, S. and Huber, W., 2010))

from the DESeq2 package. As the initial samples were collected at 3 weeks, the beginning of the study at t = 0

in the subsequent analysis represents these initial data points.

The first example illustrates the application of the method to four genes expressing different shapes. For each

gene, the methodology is demonstrated using a parametric model fit as well as fitting B-splines. In the second

example, we select a pool of nearly 10000 genes and use our method to identify those that change significantly

between 10 and 25 weeks. A GO enrichment analysis is then performed on the identified genes. In all cases,

the two-step bootstrap procedure was implemented with B1 = 500 and B2 = 25 bootstrap runs as described in

Section 3.1.

4.1 Application to an individual gene

For this example we applied the proposed method to four individual genes measured in WD-fed mice. The

method was implemented using two different types of fit: a parametric model fit and a B-spline fit to the data.

Firstly, the results obtained from the application of the parametric models will be presented. In a preceding

model selection step, the 4pLL model, the beta model, the exponential model and the quadratic model were

fitted to the gene expression data, respectively. The chosen examples are such that each of the parametric

models is represented by one of the genes. Precisely, the 4pLL model is illustrated by the gene ’Cd163’ (upper

left), the beta model is illustrated by the gene ’Fam83a’ (upper right), the exponential model is illustrated by

the gene ’Dbp’ (lower left) and the quadratic model is illustrated by the gene ’Tm7sf2’. The left panels of each

gene in Figure 4 depict the respective estimated gene expression curves.

12

100



7

8

9

10

0 10 20 30 40
Time (Weeks)

G
en

e 
co

un
t

Cd163

0.0130
0.0213

−0.1

0.0

0.1

0.2

0.3

0 10 20 30 40
Time (Weeks)

C
ha

ng
e 

in
 g

en
e 

co
un

t

7

8

9

10

0 10 20 30 40
Time (Weeks)

G
en

e 
co

un
t

Fam83a

0.0213
0.0130

−0.1

0.0

0.1

0.2

0.3

0 10 20 30 40
Time (Weeks)

C
ha

ng
e 

in
 g

en
e 

co
un

t

7

8

9

10

11

12

0 10 20 30 40
Time (Weeks)

G
en

e 
co

un
t

Dbp

0.0130
0.0213

−0.1

0.0

0.1

0.2

0.3

0 10 20 30 40
Time (Weeks)

C
ha

ng
e 

in
 g

en
e 

co
un

t

9

10

11

12

0 10 20 30 40
Time (Weeks)

G
en

e 
co

un
t

Tm7sf2

0.0130
0.0213

−0.1

0.0

0.1

0.2

0.3

0 10 20 30 40
Time (Weeks)

C
ha

ng
e 

in
 g

en
e 

co
un

t

Model Derivative Confidence Band

Figure 4: On the left is a depiction of the fit of the best parametric model to the normalized gene count over time for each of

the four example genes. On the right, the first derivative and the estimated confidence band of the model fit are displayed. The

horizontal red line indicates λ = log2(1.5)×45−1. The vertical dashed red lines indicate the corresponding time frame of significant

change in gene expression. The yellow dotted lines correspond to an alternative choice of λ = log2(1.5)× 27.5−1. The black lines

represent the case λ = 0. The expression of the gene ’Cd163’ follows a 4pLL model (upper left), the expression of the gene ’Fam83a’

follows a beta model (upper right), the expression of the gene ’Dbp’ follows an exponential model (lower left) and the expression

of the gene ’Tm7sf2’ follows a quadratic model (lower right).
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In Ghallab, A. et al. (2021) both ’Cd163’ and ’Fam83a’ were identified as RJG. This implies that the gene in

question is only deregulated after a specific period of time, in these cases, after 24 and 18 weeks, respectively.

According to identification as an RJG, it appears that approximately 10−12 weeks pass before the gene ’Cd163’

is down-regulated. Following an additional 10− 12 weeks, the deregulated expression seems to reach a constant

value. In contrast, the gene ’Fam83a’ appears to become deregulated immediately. After week 20 − 30, the

deregulated expression seems to reach a constant value. Although not identified as RJG in Ghallab, A. et al.

(2021), the ’Dbp’ gene appears to become down-regulated only after a period of 30− 35 weeks. In contrast, the

’Tm7sf2’ gene appears to be deregulated at the beginning of the study, reaching a plateau after week 30.

In the respective right panels of Figure 4, the corresponding first derivatives and the estimated confidence

bands are depicted. The various horizontal lines represent different potential choices for the threshold λ, while

the corresponding vertical lines represent the respective time frames of significant change in gene expression.

The black line represents the case where λ = 0, while the red line corresponds to the aforementioned case

λ = log2(1.5) × 45−1 = 0.0130 (see Section 2.2). Similarly, a third threshold was calculated, indicated by the

yellow line, which corresponds to a change of log2(1.5) in gene expression over the span of half the study. This

third threshold is given by λ = log2(1.5)× 27.5−1 = 0.0213.

We observe that H0 is rejected for all genes and all thresholds, with the exception of the gene ’Tm7sf2’. For

this gene, a significant change cannot be concluded at the threshold of λ = 0.0213. In the following, we will

present a summary of the analysis for λ = log2(1.5) × 45−1 as an illustrative example. For a detailed analysis

of all four genes we refer to the supplementary material. Confidence intervals for the time points of interest

were estimated using a third-level bootstrap (for details on the exact procedure we refer to the supplementary

material).

The period during which the estimated significant changes in gene expression of ’Cd163’ occurs begins at 15.1

weeks (95% CI [13.2, 17.8]) and ends at 20.3 weeks (95% CI [17.4, 23.5]). The ’Dbp’ gene shows similar delayed

deregulation. The estimated time frame of significant changes in gene expression begins at 35.4 weeks (95% CI

[29.3, 37.0]) and continues until the end of the study at 45 weeks (95% CI [41.4, 45.0]). Consequently, we can

conclude the classical RJG form for both genes. For the gene ’Fam83a’, the estimated time period begins at 0.3

weeks (95% CI [0.1, 1.9]) and ends at 24.9 weeks (95% CI [15.7, 32.1]). Similarly, the time frame of significant

change in expression estimated for the gene ’Tm7sf2’ begins at the start of the study (95% CI [0.1, 14.0]) and

ends at 20.3 weeks (95% CI [12.2, 25.6]). Therefore, we would not conclude an RJG form in both cases.

Additionally, we applied the proposed method using B-splines to all four genes and examined the influence of

both the degree of the basis functions and the number of knots. Precisely, we conducted the analysis using the

R packages splines2 (Wang, W. and Yan, J., 2025, 2021), which includes the derivatives of the basis functions.

The degree of the basis functions was selected to be l ∈ {2, 3} with either two or three internal knots, which

were automatically set at suitable quantiles (Wang, W. and Yan, J., 2025). Basis functions of higher degree and

a greater number of knots were considered, but overall resulted in overfitting for the given data. We refer to

Figure A in the supplementary material for a depiction of the basis functions and their first derivatives. After

calculating the values of the B-spline basis using the R function bSpline(), a linear model was fitted using the

lm() function. The first derivatives were calculated via the function dbs().

For the gene ’Cd163’, the results obtained are mostly comparable to those produced by fitting parametric

models. The time frame of significant change overlaps for all cases. In case of l = 2 degrees with two knots, the

results for the gene ’Fam83a’ are also very similar to the parametric case. However, for all other B-spline cases,

we detect a period of inactivity around 10 weeks. This phenomenon can be attributed to the flexible nature of

B-splines and the noticeable dip in expression presented by the measures at week 9. However, the estimated

time frames for significant changes in gene expression are found to overlap satisfactorily for these three cases,

reinforcing the robustness of the results obtained. For the gene ’Dbp’ two distinct time frames of significant

change in expression were detected. While the latter period is comparable to the estimated period applying the
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Figure 5: The fit of B-splines to the normalized gene count of the gene ’Cd163’ over time is depicted on the left for each presented

combination of degree and number of knots. The degree of the basis functions and the knot placement are stated in the subtitle of

the respective plots. Additionally, the knots are indicated by gray dotted lines. On the right, the first derivatives and the estimated

confidence bands are displayed. The horizontal red lines indicate λ = log2(1.5) × 45−1. The vertical dashed red lines and the

horizontal yellow lines indicate the corresponding time frames of significant change in gene expression. The red boxes illustrate the

estimated confidence intervals for the respective time points of interest.

parametric approach, the earlier period is not detected, possibly indicating an insufficient fit of the exponential

model and thereby the collection of parametric models. Interestingly, we detect no significant change for the

expression of the gene ’Tm7sf2’. However, the detected signal found utilizing a parametric fit is very small (see

Figure G in the supplementary material). This suggests that the parametric approach may be slightly more

sensitive when the parametric model fits the data well.

The findings indicate that with increasing degree and number of knots, the estimated confidence bands become

more wavy in nature, as is also observed for the model fit applying B-splines. This noticeable structure is clearly

influenced by the placement of the B-spline basis functions along the knots and is expected due to the definition.

We note that for the three genes ’Cd163’, ’Fam83a’ and ’Dbp’ the estimated time frames are the widest for

l = 2 degrees with two knots. However, it is not possible to make a similar assertion regarding the remaining

cases. In general, the correspondence of the fits indicates that core regions of activity can be detected by the

proposed method, irrespective of the specified preliminaries.

Figure 5 depicts the different fits of B-splines for the gene ’Cd163’ on the left and their respective first derivatives

and estimated confidence bands on the right. As before, the red horizontal lines indicate the threshold λ =

0.0130. The red vertical lines indicate the estimated periods of change in gene expression. In general, the

fits with B-splines appear less steep than the parametric fit with the 4pLL model. In accordance with this

observation, a significant change in gene expression was detected from 9.3− 16.2 weeks until 17.2− 22.4 weeks.

This time frame is slightly broader for degree l = 2 with two knots or l = 3 with three knots than the outcomes

derived from employing the parametric approach.

We refer to the supplementary material for an analysis of the results obtained by fitting B-splines to the

three other genes. Moreover, an application for a gene that deregulates in both diet groups and a subsequent

comparison of the estimated time frames of significant changes in gene expression is included in the supplementary
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Figure 6: Estimated confidence bands of the 9881 pre-selected genes. The darker blue lines correspond to the genes for which the

estimated period of significant change in expression was determined to be between 10 and 25 weeks.

material.

4.2 GO enrichment analysis

For this example we applied our proposed method to identify a subset of differentially expressed genes that

deregulate during a pre-selected time period (10 to 25 weeks). In a subsequent step, we conducted a GO

enrichment analysis on these genes. This means, we examined if a significant number of the identified genes were

assigned to pre-specified GO groups (Consortium, G. O., 2001), in which the genes were grouped according to

their connection to biological functions. This approach would permit a practitioner to draw inferences regarding

the time frame within which specific biological processes occur. For instance, this could be used to evaluate the

progression of a disease.

To achieve this, we selected 9881 genes that were identified as differentially expressed in Ghallab, A. et al.

(2021) comparing SD-fed mice at week 0 (time on study) and WD-fed mice at week 45.

We assumed that the 4pLL model was the most appropriate for the analysis and applied our method to identify

the time periods of significant change in gene expression. Figure 6 depicts the estimated confidence bands.

The results were then employed to identify the genes with an estimated time period of significant change in

expression between weeks 10 and 25. A total of 569 genes were identified.

A GO enrichment analysis was conducted on the aforementioned genes using the topGO R package (Alexa, A.

and Rahnenführer, J. , 2024; Alexa, A. and Rahnenführer, J. and Lengauer, T., 2006). In essence, Fisher’s exact

test is employed to verify whether a number of interesting genes is annotated to a specific functional group that

exceeds what would be expected by chance. The 20 gene ontology groups with the smallest adjusted p-value

are presented in Table C in the supplementary material. For instance, the majority of the genes (525) were

assigned to the GO group ’inflammatory response’. This is in accordance with the findings that inflammation

is a pivotal event in the progression of NAFLD (Ghallab, A. et al., 2021; Sutti, S. and Albano, E. , 2020). In

Ghallab, A. et al. (2021) few inflammatory foci were observed in week 3 and the number strongly increased

16

104



after week 36. Lipogranulomas, single or multiple fat globules surrounded by chronic inflammatory cells and

Kupffer cells (Brunt, E.M., 2002), were observed as early as week 6 and increased at week 18.

5 Discussion and conclusion

In this paper, we proposed a parametric method to estimate the time frame during which the expression of

a gene changes significantly. Thereby, we have provided a tool, that allows for an interpretation that is not

limited to the onset of an effect or the observed time points and produces results based on a hypothesis test to

the α-level. As demonstrated by the 4pLL model, the beta model, the exponential model, the quadratic model

and B-splines, the approach is applicable to a wide range of potential models, with the singular restriction

that the first derivative can be derived analytically from the model function. It can be employed to analyse

the expression of a single gene or, in conjunction with a GO enrichment analysis, to infer biological function.

Moreover, the methodology can be applied to other forms of time-response or dose-response data.

Of course, there are limits to the method. The simulation results discussed in Section 3.2 show a clear tendency

to underestimate the time frame of significant change in expression. The effect is relatively modest for medium

levels of data variability. However, it becomes more pronounced with greater variability. Overall, the method

would benefit from a built-in stabilization procedure against the predictable effects of a large standard deviation.

Similarly, the noticeable effect of the form of the B-spline basis functions on the estimated confidence band may

complicate the interpretation of the results in cases of overfitting. One way to combat this is to include

penalization in the method, such as by fitting P-splines instead (see (Fahrmeir, L. and Kneib, T. and Lang, S.

and Marx, B.D., 2022)). In addition, it would be interesting to explore the possibility of adapting alternative

construction methods for simultaneous confidence bands to the first derivative. This is especially true for B-

splines, since the first derivative of the entire polynomial spline is again a linear combination of B-spline basis

functions. Therefore, established methods for the estimation of simultaneous confidence bands could be applied

as an alternative, e.g. Krivobokova, T. and Kneib, T. and Claeskens, G. (2010) for penalized splines. Also,

while we attempted to discern any relationship between the estimated time frames and knot placement in the

case study, a thorough consideration of this topic would exceed the scope of this paper. However, it would be

an interesting and important endeavour to expand this analysis in the future.

Often, a statistical conclusion on more than one gene expression curve is of interest. In Section 4.2, we presented

a possible application to a large number of genes in combination with a GO enrichment analysis. Nevertheless,

a multitude of potential biological questions may necessitate alternative approaches. This frequently gives rise

to to a multiple testing problem. Hence, our proposed method would highly benefit from the development of a

method, that corrects for this issue beyond a simple correction of the p-values.

In conclusion, we posit that our proposed method is a valuable addition to the existing tools for the analysis of

gene expression data. It allows for an comprehensive analysis over the entire study period and is applicable to

a wide range of expression curves.

Supplementary material

The case study data set is publicly available at the SRA database with reference number PRJNA953810.

Supplementary material providing additional tables and figures can be found online. Corresponding R code,

which can be used to reproduce the analysis of the case study and the simulations, is available at https:

//github.com/LuciaAmeis/Identification-of-changes-in-gene-expression.
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Supplementary material to: Identification of changes in

gene expression

L. Ameis1 and K. Möllenhoff1*

1Institute of Medical Statistics and Computational Biology (IMSB), Faculty of

Medicine, University of Cologne

1 Parametric model functions and first derivatives

In the following section, we present the four parametric models used as examples in this paper,

along with their respective first derivatives. The parameterizations and descriptions of the

parameters are in accordance with the conventions noted in Bornkamp, B. and Pinheiro, J. and

Bretz, F. (2009, 2017).

4pLL/sigEmax

E0 Placebo effect

Emax Asymptotic maximum change from placebo effect

ED50 Dose giving half of the asymptotic maximum effect

h Hill parameter, determining the steepness of the model at the ED50

f4pLL(t, (E0, Emax, ED50, h)) = E0 + Emax
th

EDh
50 + th

f ′
4pLL (t, (E0, Emax, ED50, h)) =

Emax × EDh
50 × th−1 × h(

EDh
50 + th

)2

1
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beta model

E0 Placebo effect

Emax Maximum effect

δ1 Delta1 parameter

δ2 Delta2 parameter

fbeta (t, (E0, Emax, δ1, δ2)) = E0 + EmaxB(δ1, δ2)

(
t

scal

)δ1 (
1− t

scal

)δ2

f ′
beta (t, (E0, Emax, δ1, δ2)) =

Emax ×Bδ × tδ1−1 ×
(
1− t

scal

)δ2−1 × (δ1 × scal − (δ1 + δ2)× t)

scalδ1+1

Hereby, let Bδ =
{
(δ1 + δ2)

δ1+δ2
}
×
{
δδ11 × δδ22

}−1
and scal denote a fixed scaling parameter.

Exponential model

E0 Placebo effect

E1 E1 parameter

δ Delta parameter, controlling the convexity of the model

fexp(t, (E0, E1, δ)) = E0 + E1

(
exp

(
t

δ

)
− 1

)

f ′
exp(t, (E0, E1, δ)) = E1 ×

(
exp

(
t

δ

)
×
(
1

δ

))

Quadratic model

E0 Placebo effect

β1 Beta1 parameter

β2 Beta2 parameter, controls, whether model is convex or concave

fquad(t, (E0, β1, β2)) = E0 + β1t+ β2t
2

f ′
quad(t, (E0, β1, β2)) = β1 + 2β2t

2
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2 B-spline basis functions and first derivatives

Let the interval [t1, tm] denote the study period, and let t1 = κ1 < ... < κm̃ = tm be a suitable

partition, e.g. equidistant or quantile based. We call κj, j = 1, . . . , m̃, the inner knots. As

presented in Fahrmeir, L. and Kneib, T. and Lang, S. and Marx, B.D. (2022), the B-spline

basis functions of degree l are recursively defined as follows. Let d = l + m̃− 1:

l = 0 B0
j (t) = I(κj ≤ t < κj+1) =

{
1 κj ≤ t < κj+1

0 otherwise,

l > 1 Bl
j(t) =

t− κj−l

κj − κj−l

Bl−1
j−1(t) +

κj+1 − t

κj+1 − κj+1−l

Bl−1
j (t) for j = 1, . . . , d.

Hereby, I() denotes the indicator function. To ensure that this definition is well-defined for

the entire study period, it is necessary to add 2l outer knots that extend outside the interval

[t1, tm]. Fahrmeir, L. and Kneib, T. and Lang, S. and Marx, B.D. (2022) also provides the first

derivative of a B-spline basis function of degree l:

∂

∂t
Bl

j(t) = l

(
1

κj − κj−l

Bl−1
j−1(t)−

1

κj+1 − κj+1−l

Bl−1
j (t)

)

Therefore, the following holds for f :

f(t) =
∑
j

γjB
l
j(t) =⇒ f ′(t) = l

∑
j

γj − γj−1

κj − κj−l

Bl−1
j−1(t).

The basis functions used for fitting B-splines in Section 4 of the main manuscript are depicted

in Figure A.

3 On confidence intervals for the time points of interest

In Section 2.2 we obtained time points of significant change in gene expression. However, as

estimators, they are subject to uncertainty. Thus, the construction of confidence intervals for

these time points is of huge practical importance. The method proposed is an extension to

the two-step bootstrap described in Section 2.3. Precisely, another bootstrap level is added

in advance, and the two-step procedure described above is then applied to each sample. This

provides an estimated lower confidence band for each of the generated data sets, allowing

calculation of the time frames of significant change in gene expression and the time points of

interest. In the following analysis, only those cases with the same number of coherent subsets

as the original data set are considered. The corresponding time points of interest from all

bootstrap samples are combined (e.g. all t∗start and all t∗end, where the ’*’ denotes the bootstrap

3
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Figure A: A depiction of the different B-spline basis functions (left) and the respective first derivatives (right)

used in Section 4. Of note, as per the default option intercept=F of the R function bSpline() used for the

generation of the B-spline basis, the first basis function is left out (Wang, W. and Yan, J., 2021). Therefore,

the number of basis functions is d − 1 and not d as the theoretical approach would indicate. The intercept is

included in the estimation via the R function lm().

data) and used to estimate the empirical (α/2)- and (1−(α/2))-quantiles , say qα/2 and q(1−(α/2))

providing percentile confidence intervals for the time points of interest of the original data set

that can be expressed as [qα/2, q(1−(α/2))]. Figure B depicts a visualization of this concept, while

Algorithm A summarizes the procedure. For the application presented in Section 4, we chose

B3 = 500 bootstrap runs. This is consistent with the choice of B1 = 500 for the first-level

bootstrap runs, since quantiles are estimated in both cases.

4 Application to an individual gene - detailed analysis

Cd163

’Cd163’ is a gene found in both mice (National Center for Biotechnology Information, 2024b)

and humans (National Center for Biotechnology Information, 2024a). The soluble form of the

encoded molecule was found to be a predictor for both fibrosis and hepatocellular carcinoma

development in nonalcoholic steatohepatitis in humans, as reported in Kawanaka, M. and

Nishino, K. and Kawada, M. and Ishii, K. and Tanikawa, T. and Katsumata, R. and Urata, N.

and Nakamura, J. and Suehiro, M. and Haruma, K. and Kawamoto, H (2023). In particular,

decreased levels were observed in patients with NAFLD who exhibited alleviated fibrosis and

inflammation. In Ghallab, A. et al. (2021), the gene has been identified as a RJG. This implies

that the gene in question is only deregulated after a specific period of time, in this case, after

24 weeks. In a preceding model selection step, the 4pLL model, the exponential model, the
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Figure B: On the left, the fit of the 4pLL model to the normalized gene count of the gene ’Cd163’ over time

is depicted. On the right, the first derivative and the estimated confidence band of the model fit are displayed.

The horizontal red line indicates λ = log2(1.5)× 45−1. The vertical dashed red lines indicate the corresponding

time frame of significant change in gene expression. The yellow colored lines correspond to an alternative choice

of λ = log2(1.5)× 27.5−1. The black lines represent the case λ = 0.

quadratic model and the beta model were fitted to the gene expression data of the WD-fed

mice. The AIC for the 4pLL model was 90.4, whereas for the other models it was between 98.2

and 102.8. Therefore, the 4pLL model was used for further analyses.

The left panel of Figure B depicts the estimated gene expression curve. In accordance with

the identification as a RJG, it appears that approximately 10− 12 weeks pass, before the gene

becomes down-regulated. Following an additional 10 − 12 weeks, the deregulated expression

appears to reach a constant value. Overall, the gene changes by a value of −1.891. In the

right panel of Figure B, the corresponding first derivative and the estimated confidence band

are depicted. The various horizontal lines represent different potential choices for the threshold

λ, while the corresponding vertical lines represent the respective time frames of significant

change in gene expression. The black line represents the case where λ = 0, while the red

line corresponds to the aforementioned case λ = log2(1.5) × 45−1 = 0.0130 (see Section 2.2).

Similarly, a third threshold was calculated, indicated by the yellow line, which corresponds to

a change of log2(1.5) in gene expression over the span of half the study. This third threshold is

given by λ = log2(1.5)× 27.5−1 = 0.0213.

We observe that H0 is rejected for all thresholds. In the following, we will present the analysis

for λ = log2(1.5) × 45−1 as an illustrative example. The period during which the estimated

significant changes in gene expression occur begins at 15.1 weeks (95% CI [13.2, 17.8]) and ends

at 20.3 weeks (95% CI [17.4, 23.5]). Consequently, we can conclude the classical RJG form

of a delayed deregulation. The change is observed over a period of 5.2 weeks, with a plateau

following the initial ’jump’ in activity. Over the course of the 5.2 week period, the expression

5
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undergoes a change of 1.189. Therefore, we can account for 62.883% of the observed absolute

maximal change, 1.891, via a significant effect. Confidence intervals for the time points of

interest were estimated using a third-level bootstrap.

For comparison, the other cases indicate a time period of significant change in gene expression

between weeks 14.8 to 20.7 (λ = 0, black) and 15.3 to 20.1 (λ = 0.0213, yellow), respectively.

Consequently, while the ’Cd163’ gene was also identified as a RJG, the estimated time frame

of deregulation is set earlier than reported in Ghallab, A. et al. (2021) for all thresholds.

As described in Section 4.1. of the main manuscript, the findings derived from fitting B-splines

are overall quite similar.

Fam83a

’Fam83a’ is a gene found in both mice (National Center for Biotechnology Information, 2025b)

and humans (National Center for Biotechnology Information, 2025a), which is associated with

the progression of hepatocellular carcinoma (Yu, W.-S. and Wang, Z.-G. and Guo, R.-P. and

Lin, Z.-Q. and Ye, Z.-W. and Lu, C.-L., 2020). In Ghallab, A. et al. (2021), the gene has been

identified as a RJG that becomes deregulated after 18 weeks. In a preceding model selection

step, the 4pLL model, the exponential model, the quadratic model and the beta model were

fitted to the gene expression data of the WD-fed mice. The AIC for the beta model was 85.7,

whereas for the other models it was between 86.7 and 114.7. Therefore, the beta model was

used for further analyses.

The left panel of Figure C depicts the estimated gene expression curve. Contrary to the

identification as a RJG, it appears that it becomes deregulated immediately. After a period of

20− 30 weeks, the deregulated expression seems to attain a constant value. Overall, the gene

changes by a value of 2.762. As for the example above, the right panel of Figure C depicts the

corresponding first derivative, the estimated confidence band and the respective time frame of

significant change in gene expression.

We observe that H0 is rejected for all thresholds. In the following, we will present the analysis

for λ = log2(1.5) × 45−1 as an illustrative example. The period during which the estimated

significant changes in gene expression occur begins at 0.3 weeks (95% CI [0.1, 1.9]) and ends at

24.9 weeks (95% CI [15.7, 32.1]). The change is observed over a period of 24.6 weeks. Over the

course of this period, the expression undergoes a change of 2.380. Therefore, we can account

for almost all of the observed absolute maximal change via a significant effect.

For comparison, the other cases indicate a time period of significant change in gene expression

between weeks 0.3 to 20.7 (λ = 0, black) and 0.3 to 18.6 (λ = 0.0213, yellow), respectively.

Consequently, while the ’Fam83a’ gene was identified as a RJG in Ghallab, A. et al. (2021),

the estimated time frame of deregulation begins with the start of the study for all thresholds.
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Figure C: On the left, the fit of the beta model to the normalized gene count of the gene ’Fam83a’ over time

is depicted. On the right, the first derivative and the estimated confidence band of the model fit are displayed.

The horizontal red line indicates λ = log2(1.5)× 45−1. The vertical dashed red lines indicate the corresponding

time frame of significant change in gene expression. The yellow lines correspond to an alternative choice of

λ = log2(1.5)× 27.5−1. The black lines represent the case λ = 0.

Additionally, an analysis based on fitting B-splines to the data was conducted. The procedure

was identical to the one described for the ’Cd163’ gene in Section 4.1 of the main manuscript.

The results are depicted in Figure D. Overall, significant change in gene expression was detected

from 4 weeks until 17.5−22.6 weeks, which is slightly later but mostly consistent with the results

obtained by applying the parametric approach. An exception is observed in the case of l = 3

with three knots, wherein the first estimated time period starts with the beginning of the study.

However, the fit to the data seems to indicate overfitting. For all cases, except for l = 2 degrees

and two knots, the time frame of significant change is segmented by an inactive period around

week 10. These results are caused by the notable spike in expression at 6 weeks on the study or

equivalently a dip of the measurements taken at 9 weeks on the study. This may be a fragment

of the data that was incorrectly identified as a period of inactivity due to the flexible nature

of B-splines. Nevertheless, it is conceivable that an inactive period exists, which would not be

discernible through the application of a comparatively rigid parametric model.

Dbp

’Dbp’ is a protein encoding gene detected in humans (National Center for Biotechnology

Information, 2024c) and mice (National Center for Biotechnology Information, 2024d) associated

with the circadian rhythm. In a preceding model selection step, the 4pLL model, the exponential

model, the quadratic model and the beta model were fitted to the gene expression data of the

WD-fed mice. The AIC for the exponential model was 141.9, whereas for the other models it
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Figure D: The fit of the B-splines to the normalized gene count of the gene ’Fam83a’ over time is depicted

on the left for each presented combination of degree and number of knots. The degree of the basis functions

and the knot placement are stated in the subtitle of the respective plots. Additionally, the knots are indicated

by gray dotted lines. On the right, the first derivatives and the estimated confidence bands are displayed. The

horizontal red lines indicate λ = log2(1.5)× 45−1. The vertical dashed red lines and the horizontal yellow lines

indicate the corresponding time frames of significant change in gene expression. The red boxes illustrate the

estimated confidence intervals for the respective time points of interest.
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Figure E: On the left, the fit of the exponential model to the normalized gene count of the gene ’Dbp’ over time

is depicted. On the right, the first derivative and the estimated confidence band of the model fit are displayed.

The horizontal red line indicates λ = log2(1.5)× 45−1. The vertical dashed red lines indicate the corresponding

time frame of significant change in gene expression. The yellow lines correspond to an alternative choice of

λ = log2(1.5)× 27.5−1. The black lines represent the case λ = 0.

was between 143.8 and 148.4. Therefore, the exponential model was used for further analyses.

The left panel of Figure E depicts the estimated gene expression curve. It appears that it

becomes deregulated after approximately 30 weeks. Overall, the gene changes by a value of

−2.580. As for the example above, the right panel of Figure E depicts the corresponding first

derivative, the estimated confidence band and the respective time frames of significant change

in gene expression.

We observe that H0 is rejected for all thresholds. In the following, we will present the analysis

for λ = log2(1.5) × 45−1 as an illustrative example. The period during which the estimated

significant changes in gene expression occur begins at 35.4 weeks (95% CI [29.3, 37.0]) and

appears to continue after the end of the study. The change is observed over a period of 9.6

weeks. Over the course of this period, the expression undergoes a change of 2.275. Therefore,

we can account for more than 85% of the observed absolute maximal change, 2.580, via a

significant effect.

For comparison, the other cases indicate a time period of significant change in gene expression

between weeks 34.3 (λ = 0, black) and 36.0 (λ = 0.0213, yellow) till the end of the study,

respectively. Consequently, we can identify the ’Dbp’ gene as a RJG.

Additionally, an analysis based on fitting B-splines to the data was conducted. The procedure

was identical to the one described for the ’Cd163’ gene in Section 4.1. of the main manuscript.

The results are depicted in Figure F. Overall, two distinct time frames of significant change

in expression were detected. The beginning of the later period was detected at 35.5 − 39.7

9
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Figure F: The fit of the B-splines to the normalized gene count of the gene ’Dbp’ over time is depicted on

the left for each presented combination of degree and number of knots. The degree of the basis functions and

the knot placement are stated in the subtitle of the respective plots. Additionally, the knots are indicated by

gray dotted lines. On the right, the first derivatives and the estimated confidence bands are displayed. The

horizontal red lines indicate λ = log2(1.5)× 45−1. The vertical dashed red lines and the horizontal yellow lines

indicate the corresponding time frames of significant change in gene expression. The red boxes illustrate the

estimated confidence intervals for the respective time points of interest.

weeks up until the end of the study, which is consistent with the results obtained applying

the parametric approach. However, the early period of activity was not detected using the

parametric model. For l = 2 degrees, this period is estimated to last 6.9 − 9.1 weeks from

1− 2.7 weeks until 7.9− 11.8 weeks. For l = 3 degrees, the period is shorter. It is estimated to

start at 2.1− 3.3 weeks until 4.5− 6.7 weeks. These results demonstrate the benefit of fitting

B-splines, since the earlier period of activity was most likely missed by the parametric model

due to the predefined shape.

Tm7sf2

’Tm7sf2’ is a gene found in both mice (National Center for Biotechnology Information, 2025c)

and humans (National Center for Biotechnology Information, 2025d), which is associated with

weight gain in mice (Gatticchi, L. and de Las Heras, J.I. and Sivakumar, A. and Zuleger, N.

and Roberti, R. and Schirmer, E.C., 2020). In a preceding model selection step, the 4pLL

model, the exponential model, the quadratic model and the beta model were fitted to the gene

expression data of the WD-fed mice. The AIC for the quadratic model was 32.0, whereas for

the other models it was between 32.8 and 40.9. Therefore, the quadratic model was used for

further analyses.

The left panel of Figure G depicts the estimated gene expression curve. It appears that it
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Figure G: On the left, the fit of the quadratic model to the normalized gene count of the gene ’Tm7sf2’ over

time is depicted. On the right, the first derivative and the estimated confidence band of the model fit are

displayed. The horizontal red line indicates λ = log2(1.5) × 45−1. The vertical dashed red lines indicate the

corresponding time frame of significant change in gene expression. The yellow colored lines correspond to an

alternative choice of λ = log2(1.5)× 27.5−1. The black lines represent the case λ = 0.

becomes deregulated immediately after the start of the study and reaches a plateau after week

30. Overall the gene changes by a value of −0.855. As for the example above, the right panel

of Figure G depicts the corresponding first derivative, the estimated confidence band and the

respective time frames of significant change in gene expression.

We observe that H0 is rejected only for the thresholds λ = 0 and λ = log2(1.5)× 45−1. H0 can

not be rejected to the α-level 0.05 for λ = log2(1.5) × 27.5−1 = 0.0213. In the following, we

will present the analysis for λ = log2(1.5)× 45−1 as an illustrative example. The period during

which the estimated significant changes in gene expression occur begins at the start of the study

(95% CI [0.1, 14.0]) and end at week 20.3 (95% CI [12.2, 25.6]). The change is observed over

a period of 20.2 weeks. Over the course of this period, the expression undergoes a change of

0.681. Therefore, we can account for almost 80% of the observed absolute maximal change,

0.855, via a significant effect.

For comparison, the case λ = 0 indicates a time period of significant change in gene expression

between the beginning of the study and week 28.8.

Additionally, an analysis based on fitting B-splines to the data was conducted. The procedure

was identical to the one described for the ’Cd163’ gene in Section 4.1. of the main manuscript.

The results are depicted in Figure H. Interestingly, there is no significant change in expression

detected. We note that the signal that results in the detection of the significant change in

expression applying the quadratic model is very small. These results demonstrate the benefit

of fitting a parametric model, since the procedure, given a well specified model, appears to be
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Figure H: The fit of the B-splines to the normalized gene count of the gene ’Tm7sf2’ over time is depicted on

the left for each presented combination of degree and number of knots. The degree of the basis functions and

the knot placement are stated in the subtitle of the respective plots. Additionally, the knots are indicated by

gray dotted lines. On the right, the first derivatives and the estimated confidence bands are displayed. The

horizontal red lines indicates λ = log2(1.5)× 45−1.

more sensitive.

5 Comparison of two groups

For this application we consider a gene that deregulates in both diet groups and compare the

estimated time frames of significant change in gene expression. The biological question inspiring

this example is whether theWD accelerates or decelerates, and thereby ’ages’ biological processes,

which also occur in SD-fed mice. The chosen example, ’Dbp’, is a protein encoding gene detected

in humans (National Center for Biotechnology Information, 2024c) and mice (National Center

for Biotechnology Information, 2024d) associated with the circadian rhythm. A preliminary

model selection step indicated a superior fit of the exponential model to the gene expression

data for both diet groups. Consequently, it was utilised in the subsequent analysis.

The left panel of Figure I depicts the modeled gene expression of both the SD and the WD

groups. The gene count in SD-fed mice initially appears to be smaller and both cases seem

to undergo similar deregulation at approximately the same time and converge to the same

value. On the right, the corresponding first derivatives and the estimated confidence bands are

displayed. The dotted line represents the time period of significant change in gene expression

for the WD-fed group, while the dot-dashed line outlines the time period for the SD-fed mice.

Although the first derivative of the WD-fed group appears to increase earlier, the confidence

band of the SD group exceeds the threshold λ = log2(1.5) × 45−1 = 0.0130 earlier. For a
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Figure I: A comparison of the SD versus the WD, exemplary for the gene ’Dbp’. The gene counts, as modeled by

the exponential model, are depicted on the left. On the right, the first derivatives and their estimated confidence

bands are shown. The red dotted line outlines the time period of significant change in gene expression for the

WD, while the dot-dashed line outlines the analogous period for the SD.

detailed discussion of the results for the WD-fed mice see the section above. The estimated

time period during which significant change in gene expression in SD-fed mice occurs begins at

33.7 weeks (95% CI [28.8, 34.4]) and ends with the end of study at 45 weeks (95% CI [45.0, 45.0],

for computational reasons). The gene count undergoes a change of 3.070 over the span of 11.3

weeks. Overall, both genes show very similar results. The estimated confidence band for the

SD-fed mice exceeds the threshold λ = 0.0130 about −1.7 weeks earlier and the estimated 95%

confidence interval for this difference is given by [−6.4, 4.1].

It should be noted that no measurements were taken from SD-fed mice between weeks 3 and 27.

Hence, when interpreting the results of a comparison of the two diets during this time period,

this should be taken into account. Since the parametric fit indicates activity only after week

30, this is not a problem for the results presented here. However, due to their flexible nature,

this causes problems when applying the method using B-splines. Therefore, we limit the proof

of concept presented here to the parametric approach.
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Table A: Levels of standard deviation used for the simulation study. The standard deviations marked with

an asterisk (∗) are approximately half the size of the maximum change in gene expression.

Sce. small mid-small medium mid-large large

1 0.014 0.021 0.028 0.042 0.056∗

2 0.149 0.223 0.297 0.446 0.595∗

3 0.595 0.892 1.190 1.784∗ 2.380∗

4 0.283 0.424 0.566 0.849 1.132

5 0.283 0.424 0.566 0.849 1.132

6 0.283 0.424 0.566 0.849 1.132
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Table B: Simulation results. ’CorRuns’ indicates the number of simulation runs, for which the correct

number of coherent subsets of S̃ were detected. The suffix ’ s1/2’ indicates the start of S1/2 and

correspondingly ’ e1’ the end. Since S2 ends at the end of study, it is not considered here.

Sci. σ CorRuns Bias s1 Var s1 Bias e1 Var e1 Bias s2 Var s2

Sce. 2 small σ 998 2.339 0.584 -2.819 0.917 - -

Sce. 2 mid-small σ 935 3.323 1.319 -3.974 1.896 - -

Sce. 2 medium σ 828 3.877 1.849 -4.745 2.424 - -

Sce. 2 mid-large σ 625 4.823 2.777 -5.16 3.893 - -

Sce. 2 large σ 371 5.413 6.359 -5.24 8.592 - -

Sce. 3 small σ 989 5.398 2.93 -10.135 8.996 - -

Sce. 3 mid-small σ 617 7.056 7.206 -13.21 20.138 - -

Sce. 3 medium σ 442 8.431 15.564 -14.038 35.942 - -

Sce. 3 mid-large σ 392 10.421 10.989 -16.256 16.88 - -

Sce. 3 large σ 301 11.369 10.746 -16.347 16.157 - -

Sce. 4 small σ 118 0.005 0.001 -3.951 1.85 2.631 1.001

Sce. 4 mid-small σ 44 0.12 0.046 -5.963 5.435 2.4 1.627

Sce. 4 medium σ 43 0.358 0.285 -8.897 17.891 2.188 2.042

Sce. 4 mid-large σ 33 1.27 3.535 -16.938 34.394 2.076 2.706

Sce. 4 large σ 37 2.379 10.036 -21.142 35.308 1.882 3.45

Sce. 5 small σ 999 3.956 0.981 -1.225 0.236 2.074 1.065

Sce. 5 mid-small σ 864 5.267 1.375 -1.845 0.567 2.912 2.053

Sce. 5 medium σ 671 6.244 1.912 -2.535 1.174 3.141 1.999

Sce. 5 mid-large σ 424 7.5 4.88 -4.932 11.235 3.475 1.909

Sce. 5 large σ 260 8.865 11.986 -7.61 27.344 3.339 12.426

Sce. 6 small σ 993 0 0 -6.996 7.686 - -

Sce. 6 mid-small σ 992 0 0 -11.503 22.59 - -

Sce. 6 medium σ 995 0.003 0.001 -16.461 33.71 - -

Sce. 6 mid-large σ 964 0.103 0.153 -21.628 27.636 - -

Sce. 6 large σ 749 0.375 1.405 -23.591 21.108 - -
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Table C: Top 20 results of the GO analysis performed on the selected 569 genes. An. for Annotated; Sign.

for Significant; Exp. for Expected

Term An. Sign. Exp. go pval adj

alpha-amino acid catabolic process 57 16 3.33 0.0005

surfactant homeostasis 13 8 0.76 0.0005

positive regulation of phagocytosis 70 17 4.09 0.0009

phagocytosis 175 36 10.23 0.0025

positive regulation of tumor necrosis fa... 97 19 5.67 0.0035

branched-chain amino acid catabolic proc... 13 7 0.76 0.0035

negative regulation of interleukin-6 pro... 39 11 2.28 0.0099

negative regulation of IP-10 production 7 5 0.41 0.0106

xenobiotic metabolic process 72 15 4.21 0.0106

positive regulation of interleukin-6 pro... 81 16 4.73 0.0106

bile acid biosynthetic process 23 8 1.34 0.0199

negative regulation of cytokine producti... 18 7 1.05 0.0252

regulation of B cell differentiation 32 9 1.87 0.0361

regulation of ribonuclease activity 9 5 0.53 0.0373

amino acid catabolic process 70 19 4.09 0.0383

positive regulation of interleukin-10 pr... 33 9 1.93 0.0383

inflammatory response 525 64 30.68 0.0445

positive regulation of adaptive immune r... 91 18 5.32 0.0478

mast cell activation 55 14 3.21 0.0478

immunoglobulin mediated immune response 133 23 7.77 0.0492
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Algorithm A. Let θ̂, Σ̂, S̃ and the time points of interest be calculated from the original data

set as described in Section 2. In the event of independent measurements, it is possible to replace

Σ̂ with σ̂2, as outlined in Section 3.

Step 1 Generate bootstrap data at the m different time points using θ̂ and Σ̂. Do so by

drawing iid. error terms ε∗p =
(
ε∗p,1, . . . , ε

∗
p,m

)∗ ∼ Nm

(
0, Σ̂

)
and applying the formula

y∗p,q = f
(
tq, θ̂

)
+ ε∗p,q for p = 1, . . . , nq, q = 1, . . . ,m.

If the measurements are independent: Draw iid. errors ε∗p,q ∼ N (0, σ̂2).

Repeat this step B3 times. This returns y∗,1p,q , . . . , y
∗,B3
p,q .

Next, calculate the estimates θ̂∗
k and Σ̂∗

k (or σ̂2,∗
k ), k = 1, . . . , B3 as descried in Section

2.1. for each of the generated data sets. This yields
∣∣f ′(t, θ̂∗

k

)∣∣.
Now for k = 1, . . . , B3 perform the two-step bootstrap procedure to estimate the confidence

band:

Step 2 For k = 1, . . . , B3: Generate bootstrap data at the m different time points using

θ̂∗
k and Σ̂∗

k. Do so by drawing iid. error terms ε∗∗p =
(
ε∗∗p,1, . . . , ε

∗∗
p,m

)
∼ Nm

(
0, Σ̂∗

k

)
and

applying the formula

y∗∗p,q = f
(
tq, θ̂

∗
k

)
+ ε∗∗p,q for p = 1, . . . , nq, q = 1, . . . ,m.

If the measurements are interdependent Draw iid. errors ε∗∗p,q ∼ N
(
0, σ̂2,∗

k

)
Repeat this step B1 times. This returns y∗∗,1p,q , . . . , y∗∗,B1

p,q .

For each combination of k = 1, . . . , B3 and l = 1, . . . , B1 estimate θ̂∗∗
k,l and Σ̂∗∗

k,l (or σ̂
2,∗∗
k,l ).

This yields
∣∣f ′(t, θ̂∗∗

k,l

)∣∣.
The replicates

∣∣f ′(t, θ̂∗∗
k,1

)∣∣, . . . , ∣∣f ′(t, θ̂∗∗
k,B1

)∣∣ can be interpreted as the second level of the

bootstrap. The standard error of this sample yield the estimate σ̂|f ′(t,θ̂∗
k)|
.

Step 3 For each combination of k = 1, . . . , B3 and l = 1, . . . , B1: Generate bootstrap

data at the m different time points using θ̂∗∗
k,l and Σ̂∗∗

k,l. Do so by drawing iid. error terms

ε∗∗∗p =
(
ε∗∗∗p,1 , . . . , ε

∗∗∗
p,m

)
∼ Nm

(
0, Σ̂∗∗

k,l

)
and applying the formula

y∗∗∗p,q = f
(
tq, θ̂

∗∗
k,l

)
+ ε∗∗∗p,q for p = 1, . . . , nq, q = 1, . . . ,m.

If the measurements are independent: Draw iid. errors ε∗∗∗p,q ∼ N
(
0, σ̂2,∗∗

k,l

)
Repeat this step B2 times.

Estimate θ̂∗∗∗ (indices omitted). This yields B2 replicates of the form
∣∣f ′(t, θ̂∗∗∗)∣∣. The

standard errors of the B2 replicates yield estimates σ̂|f ′(t,θ̂∗∗
k,l)|

.
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Step 4 For each combination of k = 1, . . . , B3 and l = 1, . . . , B1: Calculate

D∗,k,l := max
t∈T

∣∣f ′(t, θ̂∗∗
k,l

)∣∣− ∣∣f ′(t, θ̂∗
k

)∣∣
σ̂|f ′(t,θ̂∗∗

k,l)|
.

The respective empiric (1− α)-quantiles of the distribution yield estimates of the critical

values c∗k.

Step 5 For k = 1, . . . , B3: Calculate the lower simultaneous confidence band

Lα
(
t, θ̂∗

k

)
=

∣∣f ′(t, θ̂∗
k

)∣∣+ c∗kσ̂|f ′(t,θ̂∗
k)|
.

Calculate the time frames of significant change in gene expression:

S̃k :=
{
t : Lα

(
t, θ̂∗

k

)
> λ

}
Partition the S̃k into coherent subsets:

S̃k = (Sk,1, . . . , Sk,s)

Step 6 For k = 1, . . . , B3: Dismiss the cases with more or less coherent subsets then

the original data set. Identify the time points of interest for the remaining runs. Now,

calculate the empiric (α/2)- and (1− (α/2))-quantiles (Qα/2 and Q(1−α/2)) for each time

point of interest, respectively. The resulting confidence intervals are:[
Qα

2
, Q(1−α

2
)

]
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Figure K: Comparison of the true model function with the estimated model functions derived from each of

the simulation studies. The standard deviation increases from left to right.
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Figure L: Comparison of the true first derivative with the estimated first derivatives derived from each of the

simulation studies. The standard deviation increases from left to right.
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Figure M: Results of the six simulation scenarios for a small standard deviation. The left column depicts the

true first derivative and the estimated confidence bands. The right column depicts the estimated time frames

of significant change in gene expression for each run.
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Figure N: Results of the six simulation scenarios for a medium standard deviation. The left column depicts the

true first derivative and the estimated confidence bands. The right column depicts the estimated time frames

of significant change in gene expression for each run.
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Figure O: Results of the six simulation scenarios for a large standard deviation. The left column depicts the

true first derivative and the estimated confidence bands. The right column depicts the estimated time frames

of significant change in gene expression for each run.

26

134



3.3 Estimating effect thresholds and beyond: A flexible frame-
work for multivariate alert detection

In this article, the discussion of model-based alert identification is extended to two or more
continuous covariates. An approach is introduced that combines hypothesis testing based
on simultaneous confidence bands with the flexible GAMLSS framework. In particular,
GAMLSS is used for the initial parametric model fitting and for the subsequent generation
of bootstrap samples. This offers the possibility to account for a plethora of complex
multidimensional data structures. The hypothesis is formulated such that rejection of the
null hypothesis indicates either the detection of an alert for one covariate at fixed values
of the others or the presence of an alert relationship between covariates. The performance
of the approach is evaluated in a simulation study that investigates the benefits of the
GAMLSS framework. Its practical relevance is demonstrated through an application to
data from a study examining the effect of exposure duration on cytotoxicity in primary
human hepatocytes.
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Abstract

Evaluating the influence of continuous covariates, like exposure time or dose, on a response variable

is a pivotal objective in the assessment of a compound’s effect, particularly when determining toxicity in

pre-clinical research or pharmacokinetics in clinical trials. The determination of an alert, such as the ED50

value, at which a pre-specified threshold of the response variable is crossed, is an important tool for the

evaluation process. In practice, response data might be available for combinations of different covariates

and the alert depending on both is of interest. In this case, it is crucial to use all available information and

extrapolate between cases to ensure the optimal utilization of the data.

In this paper, we introduce a parametric approach that allows alerts to be estimated in a multidimensional

setting. For time-dose-response data, for instance, alert doses at a given time can be determined, even when

there are no measurements available at that exact time. Likewise, it allows estimation of alert times for

a given dose. More generally, the method makes it possible to characterize the complete alert relationship

between covariates by leveraging all available data. This is achieved by fitting a parametric model and

constructing either a confidence band for the two-dimensional curve given for example a fixed time or dose

or by constructing a confidence plane for the three-dimensional model fit. Both are derived by a two-step

bootstrap approach and summarized in terms of a hypothesis test that can be adjusted to accommodate a

variety of alert types. The initial model fit is achieved by the flexible framework of Generalized Additive

Models for Location, Scale and Shape (GAMLSS), which offers the possibility to account for a plethora of

complex three-dimensional data structures.

We demonstrate the validity of our approach through a simulation study and present an application to

data from a study investigating the relevance of the exposure duration on cytotoxicity in primary human

hepatocytes.

1 Introduction

Many pharmacological and toxicological processes are inherently three-dimensional in nature. They depend not

only on the administered dose, but also on the time since exposure or, in combination settings, on the joint

action of multiple agents. In drug combination studies, this multidimensional relationship can reduce drug

resistance and adverse effects while enhancing therapeutic efficacy. This phenomenon has been observed in a

variety of research areas, including cancer studies (Mokhtari et al., 2017) and anesthesia research (Lee, 2010).
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Similarly, incorporating both exposure time and concentration is essential when assessing compound effects,

particularly in the context of determining pharmacokinetics (Lange and Schmidli, 2015) in clinical trials, or

analyzing toxicity (Gu et al., 2018) in pre-clinical research.

When it comes to toxicological data, a recent publication suggests the use of parametric approaches (Kappenberg

et al., 2023). In particular, the identification of alerts in dose-response or time-response data has benefited

from parametric modeling approaches (see Möllenhoff et al. (2022); Kappenberg et al. (2021); Ameis and

Möllenhoff (2024)). These methods allow for an interpolation between measured time points or dose levels,

thereby improving upon the classical approach of conducting multiple t-tests or the recommended Dunnett test

(Hothorn, 2014). With the recent advancements in surface modeling for multidimensional response data, such

as in Zhou et al. (2025) and Huusari et al. (2025) for drug-combinations or Duda et al. (2022) and Schüttler

et al. (2019) for risk assessment, the extension of alert identification to these settings is a natural methodological

next step.

A wide range of alert criteria has been proposed. These include the lowest dose at which a noticeable effect

is observed (Jensen et al., 2019) and the lowest measured dose at which the difference between the dose and

the control significantly exceeds a critical response threshold (Delignette-Muller et al., 2011). Similarly, one

could consider the well-known ED50 value, or the more general EDp (0 < p < 100) value (Bretz et al., 2010),

an alert corresponding to the dose, where half (or p%) of the maximum predicted effect is observed. For

multidimensional mixture effect modeling, Martin-Betancor et al. (2015) introduced a multivariate extension

to the Loewe additivity (Loewe, 1953) and, recently, Schürmeyer et al. (2025) constructed efficient designs for

identifying effective dose combinations. Both approaches are based on multivariate extensions of the EDp,

thereby extending classical alert definitions for three-dimensional response settings.

Alerts that are identified based on multi-dimensional data incorporate more than one covariate, which is often

necessary to obtain a comprehensive understanding of the biological background. For instance, considerable

variations in the toxicity of compounds can be observed across varying dose levels and exposure durations in

cytotoxicity data (Arbo et al., 2016; Gu et al., 2018; Riddell et al., 1986). The identification of alerts, such

as the ED50, exclusively for specific exposure periods, has the potential to result in under- or overestimation

of the toxic potential. Furthermore, the identification of a multi-dimensional alert based on multiple exposure

durations, in conjunction with varying dose levels, facilitates interpolation and the incorporation of all available

data. The latter approach can help avoid overfitting when compared with the fitting of curves to individual

exposure durations and the subsequent inference of results (Duda et al., 2023). A second example are drug

combinations studies. As previously mentioned, the combination of drugs has been demonstrated to reduce

negative and enhance positive effects. The identification of multi-dimensional alerts, such as the multiple

effective dose (MED), as for example investigated in (Schürmeyer et al., 2025), allows for the quantification of

their combined effect. This, in turn, can assist in the assessment of suitable combinations. For example, known

reverse effects of specific dose levels of one of the drugs can be avoided.

In this paper, a model-based approach is proposed that allows the identification of alerts in a three-dimensional

data situation, such as, for example, time-dose-response data or the combined effect of two drugs in a drug

combination study. Inspired by Möllenhoff et al. (2022) and Kappenberg et al. (2021), this is achieved through

the formulation of a hypothesis test, thereby basing alert identification on statistical significance. The test

is formulated for either a two-dimensional question or a three-dimensional question that considers a test

statistic based on whether the response signal significantly exceeds a pre-specified relevance threshold λ. In the

formulation of the hypothesis, the response signal is centered around a reference level, for example, a placebo

dose. Depending on the data structure, this might not be necessary and the formulation can be simplified. These

simplifications are also presented. In all cases, rejecting the null hypothesis indicates an alert, defined as the

smallest dose or time point (per time point or dose level, respectively) for which the null hypothesis is rejected.

Depending on the precise formulation of the hypothesis, the test decision is based on the construction of a
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lower or upper simultaneous confidence band for the two-dimensional question or a lower or upper simultaneous

confidence plane for the three-dimensional question. These are estimated via an extension of the bootstrap

approach introduced in Möllenhoff et al. (2022).

The proposed method is specifically designed to accommodate complex three-dimensional data structures. Both

the two-dimensional and three-dimensional approaches are based on an initial three-dimensional model fit, for

which the framework of Generalized Additive Models for Location, Scale and Shape (GAMLSS) (Rigby and

Stasinopoulos, 2005) is utilized. This introduces a high degree of flexibility and allows for a wide range of

modeling extensions. In contrast to classical mean-based regression approaches, GAMLSS enable the simultaneous

modeling of multiple distributional parameters, including variability. This is particularly relevant when considering

heteroscedasticity depending, for example, on the dose level or exposure duration in a complex manner. The

GAMLSS approach integrates a multitude of adjustments, such as the inclusion of random effects or spline

based modeling, and is continuously developed and well integrated in R (De Bastiani et al., 2026). Therefore,

this allows for the generation of bootstrap samples that capture the intricate characteristics of the original data

set.

This paper is structured as follows: Initially, the methodology for identifying alerts and alert relationships

is introduced based on an estimated simultaneous confidence band or plane, respectively. Subsequently, the

approach is evaluated in a simulation study. Finally, the application of the method is demonstrated using a

data set from a cytotoxicity study (Gu et al., 2018) that investigates the relevance of the exposure duration in

primary human hepatocytes.

2 Model fit

Although the proposed approach is generally applicable to any two or even more continuous variables, we

deploy a notation based on its most relevant application of time-dose-response data for notational simplicity.

Fundamentally, the idea of this method is to initially fit a parametric regression model to the data, and

subsequently evaluate the response by determining an alert of interest based on a hypothesis test. The

procedure was inspired by the work of Möllenhoff et al. (2022) and adapted to the more complex nature of

a three-dimensional data structure. In this section, the initial model fit is discussed.

Let the data set under consideration consist of n observations in total, collected at mt + 1 different time points,

tp ∈ T ⊂ R, where p = 0, ...,mt, and at md + 1 different dose levels, dq ∈ D ⊂ R, where q = 0, ...,md. Without

loss of generality, it is assumed that t0 and d0 are the respective reference or placebo levels. Let np,q denote

the number of observations taken at the time-dose combination (tp, dq) ∈ T ×D. After a possible preliminary

selection step from a pool of candidate models to ensure goodness of fit - using, for example, the AIC (Fahrmeir

et al., 2022) as criteria - the initial step for all variations of the proposed approach is to fit a parametric

model to the data. There are a multitude of models that adjust for the challenges of complex data structures

like autocorrelation or random effects (Box et al., 2015; Ga lecki and Burzykowski, 2012; Demidenko, 2013).

In addition to other applications, this is particularly relevant in time-dose-response models, where residual

variability can be heteroscedastic and may depend on explanatory variables. Therefore, in this manuscript, the

flexible approach offered by Generalized Additive Models for Location, Scale, and Shape (GAMLSS) (Rigby

and Stasinopoulos, 2005) is chosen. The GAMLSS framework allows all the parameters of the response variable

distribution to be modeled as regression functions of the explanatory variables. In (time-)dose-response models,

often normality is assumed (see, e.g., Möllenhoff et al. (2022); Ameis and Möllenhoff (2024)). Hence, we will

focus on normally distributed responses, despite the GAMLLS being also applicable to non-normal response

variables. Let

ypq ∼ N (µpq, σ
2
pq)

with p = 0, . . . ,mt and q = 0, . . . ,md. In this case, the GAMLSS framework enables modeling both the mean
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(µ) and the standard deviation (σ). Precisely, the regression models under consideration are

id(µpq) = µpq = f(tp, dq,θ)

log(σpq) = ηpq = g(tp, dq,ϑ)
(1)

which depend on time and dose. Hereby, the identity and the log-function serve as link functions. For an

observation ypqr this means

ypqr = f(tp, dq,θ) + εpqr,

whereby εpqr ∼ N (0, σ2
pq) = N (0, exp(g(tp, dq,ϑ))2).

GAMLSS allow for different effect types, including linear, non-linear or spline-based models, and random effects

(Stasinopoulos and Rigby, 2008). Here, the emphasis is placed on parametric non-linear regression for the

mean (f) and linear regression for the standard deviation (g) for the sake of simplicity. The estimation of

GAMLSS is based on maximizing the penalized likelihood as described in, for example, Stasinopoulos et al.

(2017). However, as the regression models under consideration, i.e. parametric linear and non-linear models,

do not involve penalized terms, the estimation reduces to maximum likelihood estimation (Stasinopoulos and

Rigby, 2008).

3 Alert detection

After the initial model fit, the method can be applied in two distinct ways. Firstly, the parametric nature

of the approach makes it possible to determine the alert for a fixed dose level or time point, even where no

measurements were taken. Secondly, it can be employed to predict the two-dimensional alert relationship

between time and dose. In this section, both applications are discussed.

3.1 Hypothesis test: Two-dimensional question

In the following, the approach for a fixed time point t̃ ∈ T is presented, thereby projecting from three-dimensional

data to a two-dimensional question. The procedure can be conducted analogously for a fixed dose level. In

this two-dimensional situation, the alert corresponds to the minimum dose, where the response (centered on

the response at the placebo level) significantly exceeds a pre-specified relevance threshold λ, with respect to the

fixed time point t̃ ∈ T . In terms of a hypothesis test, this can be expressed as follows:

H0 : ∀ d ∈ D :
∣∣f(t̃, d,θ)) − f(t̃, d0,θ)

∣∣ ≤ λ

vs. H1 : ∃ d ∈ D :
∣∣f(t̃, d,θ)) − f(t̃, d0,θ)

∣∣ > λ
(2)

for a fixed t̃ ∈ T . Rejecting H0 means detecting an alert. The test decision is conducted as described in

Möllenhoff et al. (2022) by means of the lower simultaneous confidence band to the α-level, thereby soliciting

a test at the significance level α. Precisely, let LBα(t̃, d, θ̂) denote the lower simultaneous (1 − α)-confidence

band of
∣∣f(t̃, d,θ)) − f(t̃, d0,θ)

∣∣, i.e.

P
{
∀d ∈ D : LBα(t̃, d, θ̂) ≤

∣∣f(t̃, d,θ)) − f(t̃, d0,θ)
∣∣} ≥ 1 − α. (3)

If LBα(t̃, d, θ̂) > λ, H0 is rejected and the alert dose is defined as the minimum dose, where H0 is rejected, i.e.

min
{
d ∈ D : LBα(t̃, d, θ̂) > λ

}
. This procedure results in a test at the α-level (Möllenhoff et al., 2022).

Figure 1 (A) depicts a visualization where the black and blue lines represent f and the confidence band,

respectively. The solid blue line indicates the confidence band estimated from the two-dimensional approach,
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while the dashed line indicates the confidence band inferred from the three-dimensional algorithm described in

Section 3.2. The red horizontal line shows the threshold value λ and the red vertical line shows the identified

alert.
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Figure 1: (A) Centered absolute value of the model fit and estimated confidence bands for a fixed time point. The solid blue

line indicates the confidence band estimated from the two-dimensional algorithm. The dashed line indicates a confidence band

inferred from the three-dimensional analysis. The red horizontal line marks the threshold value. The red vertical lines visualize

the estimated alert doses. (B) Visualization of the three-dimensional approach. The centered absolute values of the model fit are

indicated by the black plane. The estimated confidence plane is displayed in blue. The threshold λ is indicated by the red hyperplane

orthogonal to the Response-axis. The time-dose-alert relationship is projected onto the hyperplane spanned by the time-axis and

the dose-axis. The black and blue lines exemplify a possible fixed time point. (C) Estimated time-dose-alert relationship resulting

from the three-dimensional approach. That is the intersection between the blue surface and the red plain. The dot indicates the

alert for the fixed time point.

The centering employed in the formulation of the approach ensures that the expression |f(t̃, d,θ) − f(t̃, d0,θ)|
is 0 at the reference level, which facilitates a streamlined selection of the relevance threshold λ. Additionally,

|f(t̃, d,θ)− f(t̃, d0,θ)| increases from 0 at d0. Hence,the threshold value is positive and it is tested whether the

threshold is exceeded. Defining the alert dose as the minimum dose at which the threshold is exceeded ensures

the uniqueness of the identified dose level, even if the increase is non-monotonic.

Depending on the data, the approach can be simplified, when centering to the reference level adds an unnecessary

extra step. An illustrative example is cell viability data, as presented in the case study in Section 5. Here, the

response values are measured in percentage, start at approximately 100% cell viability and tend to 0%. An

alert of interest could be, when the cell viability falls below a value of p%, e.g. 50%, and the relevance threshold

would correspondingly be chosen as p%. Centering would result in values of the form |f(t̃, d,θ) − 100|, which

introduces unnecessary complexity into the interpretation. In such cases, the formulation of the hypothesis can

be based on f(t̃, d,θ) instead of |f(t̃, d,θ) − f(t̃, d0,θ)|. However, it then depends on whether the interest lies

in f(t̃, d,θ) undercutting or exceeding the pre-specified threshold for any d ∈ D. That is
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Threshold undercut:

H0 : ∀ d ∈ D : f(t̃, d,θ)) ≥ λ vs. H1 : ∃ d ∈ D : f(t̃, d,θ)) < λ
(4)

Threshold exceeded:

H0 : ∀ d ∈ D : f(t̃, d,θ)) ≤ λ vs. H1 : ∃ d ∈ D : f(t̃, d,θ)) > λ
(5)

for a fixed t̃ ∈ T . In case (5), the test decision is made using the lower simultaneous confidence band of f(t̃, d,θ)

as described above. In case (4), the test is instead conducted using an upper simultaneous confidence band

UBα(t̃, d, θ̂) of f(t̃, d,θ), which is defined analogously to (3) as:

P
{
∀d ∈ D : UBα(t̃, d, θ̂) ≥ f(t̃, d,θ))

}
≥ 1 − α. (6)

Analogously to the test decision based on the lower simultaneous confidence band, H0 is rejected if UBα(t̃, d, θ̂) <

λ and the alert dose is defined as min
{
d ∈ D : UBα(t̃, d, θ̂) < λ

}
. As explained above, taking the minimum

ensures the unique identification of an alert dose, even if f is non-monotonic.

3.2 Hypothesis test: Three-dimensional approach

The three-dimensional approach is similar overall, but instead of focusing on results for a fixed time point or

dose level, it aims to identify the time-dose-alert relationship. Let (t0, d0) ∈ T ×D be the combination of the

reference and the placebo level. In this three-dimensional framework, the hypothesis test can be expressed as

follows:

H0 : ∀ (t, d) ∈ T ×D :
∣∣f(t, d,θ) − f(t0, d0,θ)

∣∣ ≤ λ

vs. H1 : ∃ (t, d) ∈ T ×D :
∣∣f(t, d,θ) − f(t0, d0,θ)

∣∣ > λ.
(7)

Rejecting H0 again means detecting an alert. Rather than using a confidence band for a two-dimensional curve,

the test decision is reached via a lower simultaneous confidence plane LPα
(
t, d, θ̂

)
of

∣∣f(t, d,θ)) − f(t0, d0,θ)
∣∣

to the α-level. This confidence plane fulfills

P
{
∀(t, d) ∈ T ×D : LPα

(
t, d, θ̂

)
≤

∣∣f(t, d,θ)) − f(t0, d0,θ)
∣∣} ≥ 1 − α.

Conceptually, the idea is the same as above, but defined for the whole plane. Again, H0 in (7) is rejected if

LPα
(
t, d, θ̂

)
> λ. The procedure results in a test to the α-level since

PH0
{∃(t, d) ∈ T ×D : LPα(t, d, θ̂) > λ} ≤ PH0

{∃(t, d) ∈ T ×D : LPα(t, d, θ̂) >
∣∣f(t̃, d,θ)) − f(t̃, d0,θ)

∣∣}
= 1 − PH0

{∀(t, d) ∈ T ×D : LPα(t, d, θ̂) ≤
∣∣f(t̃, d,θ)) − f(t̃, d0,θ)

∣∣}
≤ 1 − (1 − α) = α.

A visualization is depicted in Figure 1 (B). Here, the detected alert is not a single dose level indicated by a

vertical red line, but rather the time-dose-alert relationship, projected onto the hyperplane spanned by the

time-axis and the dose-axis. Additionally, this projection is depicted in Figure 1 (C).

This theory naturally yields the alert for a fixed time point (or dose level) as a special case, which can be

determined directly from the estimated confidence plane. The two-dimensional projection of the resulting

confidence band is illustrated as the blue dashed line in Figure 1 (A). By nature of construction (see Section

3.3), the resulting confidence band is wider than that estimated using the two-dimensional approach. Simplified

hypotheses are analogous to (4) and (5).
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3.3 Testing procedure

In principle, the test can be conducted using any method of constructing a lower or upper simultaneous

confidence band for a two-dimensional curve, or a lower or upper simultaneous confidence plane in three

dimensions, respectively. This manuscript utilizes and extends the procedure introduced in Möllenhoff et al.

(2022) due to its natural flexibility. Let f(t, d, θ̂) be the estimated parametric model fit of the mean. Let

∆(t, d, θ̂) =



∣∣f(t̃, d, θ̂)) − f(t̃, d0, θ̂)
∣∣, two-dimensional case, centered

f(t̃, d, θ̂), two-dimensional case, simplified∣∣f(t, d, θ̂)) − f(t0, d0, θ̂)
∣∣, three-dimensional case, centered

f(t, d, θ̂), three-dimensional case, simplified

depending on whether the two- or three-dimensional hypothesis is regarded and whether it is centered or

simplified. The lower simultaneous confidence plane is constructed based on an estimator for the standard

deviation of ∆(t, d, θ̂) and a quantile c, such that

P

{
max

(t,d)∈T×D

∆
(
t, d, θ̂

)
− ∆

(
t, d,θ

)
σ̂
∆
(
t,d,θ̂

) ≤ clower,3dim

}
= 1 − α

in the three-dimensional case. For the two-dimensional case, the maximum is taken over the subset {t̃} × D.

Hence, the lower simultaneous confidence band or plane can be constructed as

Lα(t, d, θ̂) := ∆(t, d, θ̂) − clower,2dim/3dimσ̂∆(t,d,θ̂), (8)

whereby L denotes either LB or LP . It holds LBα(t̃, d, θ̂) ≥ LPα(t̃, d, θ̂), since clower,2dim ≤ clower,3dim, as the

maximum difference between the true and estimated value is taken over a subset in the two-dimensional case.

Naturally, this can also be explained because the curve for a fixed time point t̃ is part of the three-dimensional

plane, and a simultaneous confidence plane to the α-level also encapsulates this curve to the α-level. However,

if only a fixed time point is of interest, the approach based on the confidence plane will inherently yield a more

conservative test.

In order to estimate LBα(t̃, d, θ̂) or LPα(t, d, θ̂), it is necessary to estimate clower,3dim/2dim and σ̂∆(t,d,θ̂). This

is achieved via a nested two-level bootstrap procedure as introduced in Möllenhoff et al. (2022). This approach

resembles the classic bootstrap-t intervals introduced in Efron and Tibshirani (1994), but is applied to the

entire plane or curve. Calculating the maximum for the estimation of c ensures that LBα(t̃, d, θ̂) or LPα(t, d, θ̂)

are blown up from enclosing the curve or plane pointwise to simultaneously enclosing it at α-level.Precisely,

B1 bootstrap samples are generated similar to the original data set (for details see Section 3.4). The empirical

standard deviation σ̂∆(t,d,θ̂) is then estimated from ∆(t, d, θ̂∗
1), . . . ,∆(t, d, θ̂∗

B1
). Additionally, for each generated

first-level bootstrap sample l = 1, . . . , B1, a second level of B2 bootstrap samples is generated. The sample

generation step is analogous, but the first-level bootstrap sample is used instead of the original data set as

a basis. From each set of B2 second-level bootstrap samples, the empirical standard deviation σ̂∆(t,d,θ̂∗
l )

is

estimated. These are then used to calculate

D∗,l = max
(t,d)∈T×D

∆
(
t, d, θ̂∗

l

)
− ∆

(
t, d, θ̂

)
σ̂
∆
(
t,d,θ̂∗

l

) ,

from which c is estimated as the empirical (1 − α)-quantile.

Sample generation is identical for the two- and three-dimensional approaches. The other steps are similar, with

the only difference being that t = t̃ is fixed for the two-dimensional case. The upper simultaneous confidence

band or plane, UBα(t̃, d, θ̂) or UPα(t, d, θ̂), is constructed and estimated analogously.
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3.4 Generation of bootstrap samples and faster algorithm

There is a fundamental interconnection between the model assumption, estimation, and bootstrap sample

generation. As discussed in Section 2, fitting GAMLSS to the data results in estimators θ̂ and ϑ̂ for the

regression models of the mean µ and standard deviation σ, respectively. Accordingly, an observation y∗pqr at

(t, d) ∈ T ×D for a first-level bootstrap sample is generated by drawing errors ε∗pqr ∼ N
(
0, exp(g(t, d, ϑ̂)2

)
and

calculating

y∗pqr = f(t, d, θ̂) + ε∗pqr.

Let θ̂∗
l and ϑ̂∗

l , l = 1, . . . , B1, denote the estimated parameters from a first-level bootstrap sample. An

observation of a second-level bootstrap is generated similarly by drawing errors ε∗∗pqr ∼ N
(
0, exp(g(t, d, ϑ̂∗

l )2
)

and calculating

y∗∗pqr = f(t, d, θ̂∗
l ) + ε∗∗pqr.

The estimation procedure for GAMLSS requires more computational effort than a simple OLS or maximum

likelihood (ML) estimation. Therefore, reducing the computation time might be of interest if the approach is

applied to a large number of data sets. Due to the model assumptions, both θ̂∗∗ and ϑ̂∗∗ are estimated for

each of the second-level bootstrap samples, respectively. However, only θ̂∗∗ is utilized further in the algorithm.

Therefore, it is possible to simplify the estimation in this step and use OLS/ML to estimate only θ̂∗∗ assuming

iid. error terms εpqr ∼ N(0, σ2). This more simplistic assumption has the potential to compromise the precision

of the model fit, yet reduces the time required for computation.

In general, both algorithms produce similar results. Due to the sake of brevity, the results obtained by applying

the fast algorithm are presented in this manuscript. The results of the normal algorithm are presented in the

supplementary material. Note that both algorithms are identical if a constant standard deviation is assumed.

4 Simulation Study

4.1 Setting and data generation

In order to evaluate the proposed approach, a simulation study is conducted. To get a broad view of the

method’s performance, two distinct scenarios are considered, each based on a different data type. Scenario 1

is based on the time-dose-response study analyzing cytotoxicity presented as a case study in Section 5. The

response variable is cell viability, measured as a percentage, ranging from around 100% to 0%. Measurements

were taken at 3 time points: day t0 = 1, day t1 = 2, and day t2 = 7. For each time point, 6 equidistant dose

levels on a log scale with base =
√

10 were measured. The alert of interest is 50% cell viability. Therefore,

the simplified assumption for undercutting a threshold as presented in (4) applies and an upper simultaneous

confidence band/plane is estimated.

For the parametric model, the td2pLL model introduced in Duda et al. (2022) is selected. See the supplementary

material for details on the parametrization. To evaluate the benefits of the GAMLSS framework, four different

cases are compared: constant standard deviation (simple) and a standard deviation represented by the linear

model

log(σ) = βIntercept + βDoseDose + βDose2Dose2 + βTimeTime + βDose2·TimeDose2 · Time (9)

with small, medium and large coefficients. The formulation of the linear model is motivated by the findings of

Duda et al. (2022). The parameters used for the simulation are obtained from Case 2, as presented in Section

5. Two sample sizes, n = 250 and n = 54, are considered.
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All cases are analyzed applying two distinct assumptions: one assuming a constant standard deviation, and

the other assuming the more complex linear dependency shown above. Both the three-dimensional and two-

dimensional approaches are utilized. For the two-dimensional approach, the fixed time point of t = 4 is selected.

This choice is consistent with the fixed time point selected in the case study in Section 5.

Scenario 2 is based on the simulation study presented in Schürmeyer et al. (2025), where the optimal design

for identifying effective dose combinations within the context of drug combination studies was investigated.

The example illustrates a clear positive interaction between two drugs, here denoted Dose 1 and Dose 2 for

simplicity, and an overall increase in response. Precisely, this means that the response of the individual drugs is

increasing, and that the combination of these drugs produces a response that exceeds the maximum response of

the individual drugs. The underlying parametric model is a drug-combination model, whereby both compounds

follow the form of an Emax model (Bornkamp et al., 2009) (for details see Schürmeyer et al. (2025) or the

supplementary material). The alerts of interest are p% multivariate effective dose (MED) contour lines defined

as

MEDp

(
θ
)

=

{
(d1, d2) ∈ D1 ×D2 :

f(d1, d2,θ) − min(d1,0,d2,0)∈D1×D2
f(d1,0, d2,0,θ)

Rmax
=

p

100

}
with Rmax = max(d1,d2)∈D1×D2

f(d1, d2,θ) − min(d1,d2)∈D1×D2
f(d1, d2,θ). This concept is a two-dimensional

extension of the EDp value, whereby the predicted effect is calculated from the minimum and maximum over all

dose pairs instead of from the lower and upper asymptotes. Since the alerts can be interpreted without centreing,

the simplified assumption described in (5) can be applied and a lower simultaneous confidence band/plane is

fitted. The scenario is analyzed using both the three-dimensional and two-dimensional approaches.

To evaluate the influence of the design, two different designs as presented in Schürmeyer et al. (2025) are

regarded. Precisely, the factorial 3 × 3 design and the D-optimal design for (80, 90)% MED contour lines

as identified in the manuscript are selected. Accordingly, the 80% MED contour line is chosen as the alert

of interest. The exact dose levels for both drugs for which measurements were taken depend on the design.

However, in both cases the dose levels range from d1,0 = 0 to d1,mD1
= 10 for Dose 1 and from d2,0 = 0 to

d2,mD2
= 12 for Dose 2. For the two-dimensional approach, we choose to fix the dose level of Dose 1 at d̃1 = 7

for the demonstration, since no measurements were taken for this dose in either design scheme. The sample

sizes n = 152, n = 90 and n = 45 are considered. Both scenarios are depicted in Figure 2. For details on the

precise parameters, see Table 1.

The simulated datasets are generated as described in Section 3.4. For each combination of scenario, specification,

and number of observations, a total of 1, 000 simulation runs are conducted. For the proposed approach, a large

value (B1 = 500) is chosen for the estimation of the quantiles in the first-level bootstrap, and a small value

(B2 = 25) is chosen for the estimation of the standard error in the second-level bootstrap. Thus, the number

of generated bootstrap samples overall is 500 × 25 = 12500. As recommended in Efron and Tibshirani (1994)

and utilized satisfactorily in Möllenhoff et al. (2022) and Ameis and Möllenhoff (2024), these choices are large

enough to ensure precise estimations, yet small enough to avoid excessive computational effort.

Outcomes of the two-dimensional approach are the number of rejections of H0, which corresponds to the

number of detected alerts, and the median and standard deviation of the identified alert dose (of Dose 2).

For the three-dimensional approach, one outcome is also the number of rejections of H0. Additionally, the

estimated time-dose-alert relationships is examined. Specifically, two main characteristics are examined: First,

the accuracy of the time period or dose levels of Dose 1 for which alerts were identified. Second, the accuracy

of the identified alerts.

Let T̃true denote the true time period or span of dose levels of Dose 1 for which alerts exist. In Scenario

1, T̃true = [1.1, 7]. The true response does not fall below the threshold value only at t = 1. In Scenario 2,

T̃true = [3.6, 10]. The true response does not exceed the threshold value for dose levels of Dose 1 in the interval

[0, 3.5]. However, the time period or span of dose levels of Dose 1 estimated from the simulation runs, denoted

9
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Table 1: Parameters of the simulation scenarios. For details on the design see Table A in the supplementary material. Note that a

link function is applied for the standard deviation as described in Section 3.4. For the model parameterizations we refer to Section

1 in the supplementary material.

Scenario Parameters θ Parameters ϑ Observations n Design

1 - Full - Simple 2.9,5.9,1.8,4.8 2.081 250 Full

1 - Full - Small 2.9,5.9,1.8,4.8 2.081,0.162,-0.019,0.06,-0.001 250 Full

1 - Full - Medium 2.9,5.9,1.8,4.8 2.081,0.215,-0.025,0.08,-0.002 250 Full

1 - Full - Large 2.9,5.9,1.8,4.8 2.081,0.269,-0.032,0.1,-0.002 250 Full

1 - Reduced - Simple 2.9,5.9,1.8,4.8 2.081 54 Reduced

1 - Reduced - Small 2.9,5.9,1.8,4.8 2.081,0.162,-0.019,0.06,-0.001 54 Reduced

1 - Reduced - Medium 2.9,5.9,1.8,4.8 2.081,0.215,-0.025,0.08,-0.002 54 Reduced

1 - Reduced - Large 2.9,5.9,1.8,4.8 2.081,0.269,-0.032,0.1,-0.002 54 Reduced

2 - Factorial 3x3 - N152 0,80,3,120,10,0.02 3.401 152 Factorial 3x3

2 - Factorial 3x3 - N90 0,80,3,120,10,0.02 3.401 90 Factorial 3x3

2 - Factorial 3x3 - N45 0,80,3,120,10,0.02 3.401 45 Factorial 3x3

2 - D-optimal - N152 0,80,3,120,10,0.02 3.401 152 D-optimal

2 - D-optimal - N90 0,80,3,120,10,0.02 3.401 90 D-optimal

2 - D-optimal - N45 0,80,3,120,10,0.02 3.401 45 D-optimal

T̃est, can differ from these intervals. The accuracy of the estimation is measured in recall, precision, onset error

and offset error. Precisely:

Recallest =
|T̃true ∩ T̃est|

|T̃true|

Precisionest =
|T̃true ∩ T̃est|

|T̃est|
Onset errorest = min(T̃est) − min(T̃true)

Offset errorest = max(T̃est) − max(T̃true)

Recall measures how much of the truth the estimates cover, while precision measures how correct the estimates

are (Fawcett, 2006; Manning, 2008). Hereby, T̃true and T̃est are discretized by superimposed grid and both values

are calculated from the respective cardinalities. These values are examined primarily to identify potential bulks

in the estimated confidence planes that could result in the estimated T̃est not being connected. The onset error

and offset error measure the accuracy of the earliest and latest estimated time points or smallest and largest

estimated dose levels of Dose 1 for which alerts are detected, respectively.

The accuracy of the estimated alerts is evaluated by means of the root mean squared error (RMSE) for the

overlap T̃true∩ T̃est. Precisely, let dest(t) be the identified alert for t ∈ T̃true∩ T̃est and dtrue(t) the truth. Then:

RMSEest =

√√√√ 1

|T̃true ∩ T̃est|

∑
t∈T̃true∩T̃est

(dest(t) − dtrue(t))2

It is important to note that in the context of a simulation run, the initial model fit may not converge. This was

observed on a single occasion for Scenario 1 with the reduced design and medium simulated standard deviation.

The run was excluded from further analysis. All simulation scenarios were run on an HPC-cluster employing R

version 4.4.1.

10

145



A B

C D

Figure 2: (A) True mean response of Scenario 1. (B) Comparison of the simple, small, medium and large linear models used to

generate the standard deviation. (C) Scenario 2 with the factorial 3 × 3 design. (D) Scenario 2 with the D-optimal design. The

black plane in (A), (B) and (C) indicate the true response planes. The black lines indicate the two-dimensional curve for the fixed

time point t̃ = 4 or dose level of Dose 1 d̃1 = 7, respectively. The red plane displays the respective thresholds. The intersection

between the threshold plane and the true response marks the true alert relationship between time and dose or dose and dose. For

better visibility, this relationship is projected to the 0-response axis. The blue dots indicate an example of simulated measurements

to demonstrate the desing.

4.2 Results of the two-dimensional hypothesis

In this section, the results of the alerts at the fixed time point of t̃ = 4 for Scenario 1, and at the fixed dose

level of d̃1 = 7 for Scenario 2, as estimated by the two-dimensional confidence band or the three-dimensional

confidence plane, are presented. For Scenario 1, only the results of the fast algorithm are discussed here. A

comparison to the normal algorithm is provided in the supplementary material. Overall, the results are similar.

There is no such differentiation for Scenario 2.

Figure 3 and Figure A in the supplementary material, as well as Tables B-E in the supplementary material

show the proportion of rejections of H0 in 1, 000 runs, which corresponds to the proportion of detected alerts.

As expected, the number of rejections by the two-dimensional approach is greater than or equal to that by

the three-dimensional approach, since c3dim ≥ c2dim. For Scenario 1 with the full design assuming a constant

standard deviation, H0 is always rejected. When the complex structure of the standard deviation is assumed

correctly, H0 is also always rejected, whereas misspecification in the simple case leads to rejection in at least

99.8% runs. For the reduced design, the complex assumption results in rejections in at least 99.9% runs. For the

simple and small cases, H0 is always rejected when assuming a constant standard deviation. For the medium

and large cases, however, the number of rejections is slightly smaller, but never dropping below 97.8%.

For Scenario 2 with the factorial 3× 3 design a clear trend of fewer rejections is observed as the total number of

observations decreases, dropping to 63.9% for the two-dimensional approach and 38.6% for the three-dimensional
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Figure 3: Proportion of rejections of H0 in both scenarios.

approach. Interestingly, this trend is not observed for the D-optimal design. Although the number of rejections

is higher for n = 152 observations, it remains almost constant for n = 90 and n = 45 observations. Additionally,

the overall number of rejections is higher for the D-optimal design, exceeding at least 93.6% for the two-

dimensional approach and 81.9% for the three-dimensional approach.

Figures 4 (A) and 5 (A) depict the number of the identified alerts per dose level (of Dose 2) and their respective

medians for the different cases, compared to the true alert. The medians and the truth are indicated by

vertical dashed lines and a solid line, respectively. The colors represent the simulated scenarios for the full

(upper row) or reduced (lower row) design. The blocks show the results for either the two-dimensional or three-

dimensional approach, assuming a constant or complex structure for the standard deviation. For Scenario 1,

it is evident that the medians are closest to the truth for the full design with the two-dimensional approach,

as expected. Furthermore, a decline in precision is observed as the standard deviation increases. These trends

are visibly less pronounced for the complex assumption. Even in the simple case, the medians are closer to the

truth. Additionally, the count distribution is visibly narrower. This clearly shows the benefits of the GAMLSS

framework.

A similar trend is observed for the median and the number of observations in Scenario 2 with the factorial 3×3

design. However, the results for n = 90 and n = 45 are very similar for the D-optimal design. Additionally, the

distribution appears slightly narrower in these cases. A general observation of the results for Scenario 2 reveals

the presence of a bias, that is not as evident in the results of Scenario 1. As discussed in Section 2, the assumption

of a constant standard deviation might not properly reflect the complex structure of three-dimensional data

and lead to a larger variation in simulated data sets. This effect occurs at two levels: Firstly, on the level of the

simulated data sets themselves. Secondly, on both levels of the bootstrap procedure. Consequently, variability

is amplified throughout the entire simulation setting. This likely impacts on the overall results and reinforces

the method’s tendency to underestimate the alert already observed for the simpler two-dimensional case in

Möllenhoff et al. (2022). This further supports the recommendation outlined in Section 2 to use GAMLSS for

the modeling, in order to reduce the technical variability in favor of the inclusion of variability found in the

data itself. However, this was not possible to include in Scenario 2 since the parameters were extracted from an

external source without a real data basis. To properly evaluate the procedure’s performance and to do justice

to the complex nature of three-dimensional data an additional simulation setting similar to the complex case

in Scenario 1 for Scenario 2 would be necessary. These findings are supported by the observation of a similar,

albeit less pronounced, effect in the comparable sub-scenario of Scenario 1. This sub-scenario is the simple

case in which the standard deviation is correctly assumed to be constant. The results for median and standard

deviation are deferred to Tables B-E in the supplementary material.
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Figure 4: (A) Counts of identified alerts at different dose levels for the two-dimensional approach. Each block contains the results

of a model assumption regarding σ (constant or complex) for the full or reduced design, respectively. The colors differentiate

between the various simulation scenarios with simple, small, medium and large standard deviation. The red vertical line indicates

the true alert. The dashed vertical lines show the respective medians. (B) Median error of the identified alert doses along the

time-axis for the three-dimensional approach. Each block contains the results of a model assumption regarding σ (constant or

complex) for the full or reduced design, respectively. The solid line indicates the median. The areas indicate the 10% to 90%

quantiles. (C) Boxplots of the RMSEs for the three-dimensional approach.

4.3 Results of the three-dimensional hypothesis

In this section, the results for the three-dimensional approach are discussed. Tables F-I in the supplementary

material show the proportions of rejections of H0 in 1, 000 simulation runs as well as the mean and standard

deviation of the recall, precision, onset error and offset error. Similar trends in the number of rejections of H0

are observed for three-dimensional hypotheses as for two-dimensional hypotheses. The mean recall for Scenario

1 is consistently high, with values exceeding 94.9% for the full design and 86.3% for the reduced design. In

all the cases that were considered, and for all the different assumptions, the standard deviation of the recall

is observed to exceed 5% once. The precision is even higher, almost 100% with a standard deviation of 0.1%

or smaller. It can be observed that the mean offset error is consistently smaller than the onset error. In fact,

it is almost always 0. This is possibly due to the offset equaling the largest time point observed in the study.
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Figure 5: (A) Counts of identified alerts at different levels of Dose 1 for the two-dimensional approach. Each block contains the

results of the three different total numbers of observations. The red vertical line indicates the true alert. The dashed vertical lines

show the respective medians. (B) Median error of the identified alerts of Dose 2 along the Dose 1-axis for the three-dimensional

approach. Each block contains the results of the three different total numbers of observations. The solid line indicates the median.

The areas indicate the 10% to 90% quantiles. (C) Boxplots of the RMSEs for the three-dimensional approach.

Assuming a complex structure for the standard deviation results in a smaller mean onset error than assuming a

constant standard deviation, except in a single case (Full, Simple, Normal), and the error is subject to smaller

fluctuations between the cases overall. For the constant assumption, an increasing trend with larger simulated

standard deviations can be observed. Both again show the benefit of the utilization of the GAMLSS framework.

However, the standard deviation of the onset error is slightly larger overall for the complex assumption in the

full design. This is not the case for the reduced design, where the standard deviation for the complex assumption

is smaller, except in the simple case. For Scenario 2, smaller means for recall and onset error are observed with

the D-optimal design than with the factorial 3 × 3 design, while the respective standard deviations are similar

in size. The results for precision and offset error are comparable to those for Scenario 1.

Figure 4 (B) and Figure 5 (B) depict the median error for the estimated alert dose (of Dose 2, respectively) and

the 10% and 90% quantiles per time point (dose level of Dose 1, respectively). For Scenario 1, it is evident that

the median error is smaller, and the quantiles are more proximate under the complex assumption. In Scenario

2, the discrepancy between the designs is less pronounced. However, the median error for the D-optimal design

appears to be less significant for higher doses of Dose 1 in comparison to the factorial 3× 3 design. The results

for Scenario 2 again show the bias discussed above for the two-dimensional results.
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Figure 4 (C) and Figure 5 (C) depict boxplots of the RMSE for the various cases. For Scenario 1, the

boxplots indicate smaller values overall for the complex assumption. The size of the boxplots for the constant

assumption increases with the simulated standard deviation, which, in this case, can be interpreted as a degree

of misspecification, since the coefficients in (9) except for the intercept differ more from 0. The size of the

boxplots remains constant when assuming a complex structure, thereby underscoring the benefit of the GAMLSS

framework. For Scenario 2, the absence of a trend is again observed in the results of D-optimal designs for the

two smaller numbers of observations, which is clearly visible for the factorial 3 × 3 design.

5 Case Study

In this section, an application of the proposed approach is presented. For illustration, the data set generated in

Gu et al. (2018) is used, in which a total of 30 compounds were assessed in order to ascertain the relevance of the

exposure duration on cytotoxicity in primary human hepatocytes. Precisely, the goal was to determine whether

additional information can be gained from a prolonged incubation period beyond the usually used 1 to 2 days

(Arbo et al., 2016; Ghallab et al., 2016). As demonstrated by Riddell et al. (1986), substantial differences in the

toxicity of compounds can be observed between 1 and 3 days. In the study of Gu et al. (2018), an additional

third exposure period of 7 days was chosen. Based on statistical significance, the proposed approach can assist

in determining whether a shorter time period would have sufficed in some cases. The following analysis focuses

on the results generated for Aspirin (ASP).

For ASP, cell viability data is available for 6 concentrations and exposure durations of 1,2 and 7 days. The

concentrations were selected equidistant on a log scale with base =
√

10. The experimental design comprises

3 biological replicates (Donors) and 4 or 8 measurements per combination of donor, exposure duration, and

concentration. The data is normalized as described in Duda et al. (2022). In addition to the full data set, this

section includes an analysis of an artificially reduced data set. This is used to demonstrate the approach in a

setting with a smaller number of observations. The reduction is achieved by calculating the mean response of

each donor for all combinations of exposure duration and concentration, and treating it as a single measurement.

Note that in the following, the terms time and dose are used instead of exposure duration and concentration to

ensure consistency with the rest of this manuscript.

For cell viability, it can be assumed that following normalization, the response is 100% at the control and tends to

0% at higher concentrations. Hence, the simplified approach for the monotonically decreasing case as described

in (4) can be applied. As a threshold value, 50% cell viability was chosen. In this case, the corresponding alert

is the value ED50, which is frequently selected to evaluate the potency of a compound (Sebaugh, 2011). For

the two-dimensional analysis, the fixed time point was set at 4 days, which is one day longer than the longest

time period examined in Riddell et al. (1986) and recommended for many tests in ICCVAM (2001). For the

parametric model fitting of the mean, the models proposed in Duda et al. (2022) (td2pLL) and Schüttler et al.

(2019) (denoted schuettler in the following) are selected as competitors, see the supplementary material for

details on the parametrization. The following two linear models for the standard deviation are considered:

Constant: log(σ) = βIntercept

Complex: log(σ) = βIntercept + βDoseDose + βDose2Dose2 + βTimeTime + βDose2·TimeDose2 · Time

Preliminary investigations indicated that the donor’s influence is negligible and, consequently, has been excluded

from consideration. Note that the formula of the complex assumption was used in Duda et al. (2022) to generate a

simulation study based on Gu et al. (2018). Also, note that the link function is applied in both cases as described

in Section 3.4. By comparing the simple assumption with the more complex alternative, the benefits of the

flexibility introduced by the proposed method can be evaluated. Figures D-I in the supplementary material

depict the estimated linear models. Model selection was conducted using the AIC (Fahrmeir et al., 2022).
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However, given the small differences in AICs, the findings obtained from fitting the respective other parametric

model are shown in the supplementary material for comparison. Overall, these results are very similar to those

presented in the following.

Figure 6: Visualization of the results obtained from the three-dimensional approach. The upper row displays the results for the

full data set, the lower row the results for the artificially reduced data set. The dots represent the measured data points, which have

been colored according to the donor. The black plane indicates the model fit. The blue plane represents the estimated confidence

plane. The fixed time point t̃ = 4 is highlighted in both planes. The alert threshold λ is displayed as a red hyperplane that is

orthogonal to the Response-axis. The estimated alert relationship is projected onto the plane spanned by the dose-axis and the

time-axis intersecting the Response-axis at the origin.

Figure 6 displays the model fit and the estimated confidence plane for each case. The fixed time point t̃ = 4 is

highlighted. The red hyperplane indicates the chosen threshold value of 50%. The significant time-dose-alert

relationship identified is projected onto the hyperplane spanned by the dose-axis and the time-axis. Overall, it

can be observed that the estimated confidence plane derived from the more complex model encloses the model fit

more smoothly and identifies smaller alert doses for earlier time points. The former effect is especially visible for

the reduced data set. The estimated confidence plane assuming the constant model demonstrates a discernible

bulk for shorter time periods, which is not evident in the confidence plane estimated from the complex model.

On the left, Figure 7 displays the two-dimensional results for t̃ = 4. As previously observed by means of the

definition, the estimated confidence band projected from the three-dimensional approach is wider and identifies

larger alert doses than the confidence band derived from the two-dimensional approach. However, the difference

is small. This indicates only a minor loss in accuracy of the three-dimensional approach on the two-dimensional

level.
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For the full data set, the identified alerts range from 6.4 (2D) to 6.8 (3D) for the simple model and from 5.2

(2D) to 5.4 (3D) for the complex model. The alerts identified for the artificially reduced data set are larger

and extend over a wider interval, as was expected due to the uncertainty introduced by a smaller number of

observations. For the constant model, the range is from 6.9 (2D) to 7.9 (3D), whereas for the complex model it

is from 6.2 (2D) to 6.7 (3D). All identified alerts are collected in Tables J-K in the supplementary material.
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Figure 7: Visualization of the two-dimensional results at the fixed time point t̃ = 4. The upper row shows the results for the full

data set, the lower row for the artificially reduced data set. On the left, the estimated model fit and the confidence bands (CB)

are displayed. These have been estimated from the two-dimensional (solid) and three-dimensional (dashed) approaches. The red

horizontal line indicates the threshold λ = 50%. The red and brown vertical lines highlight the respective identified alert dose. On

the right, the estimated time-dose-alert relationship from the three-dimensional analysis is displayed. The dots indicate the alert

for the fixed time point.

On the right, Figure 7 displays the two-dimensional time-dose-alert relationship, as identified by applying the

three-dimensional approach. The difference between the constant model and the complex model is evident,

with the doses identified for the complex case being smaller throughout the entire time span. The shape of

the identified alert-relationship is consistent across all cases. For a brief period at the earliest time points, the

maximum dose of 10 is too small to identify an alert. Subsequently, the identified alert decreases substantially

up to approximately day 3. Thereafter, the decrease slows until the alert becomes almost constant around day

4. Therefore, the findings suggest that a shorter exposure period might have been sufficient for ASP.

6 Discussion

In this paper, a parametric methodology for the identification of alerts within a complex, three-dimensional

data structure is proposed. This is achieved by focusing on a fixed time point and applying a two-dimensional

hypothesis test, or by applying a three-dimensional hypothesis test to identify a time-dose-alert relationship.

Thereby, we provide a tool that enables statistically meaningful interpretation of not only single alert doses, but
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also of a two-dimensional relationship. As demonstrated by Scenario 1 in the simulation study, the integration

of the GAMLSS framework in the bootstrap algorithm allows for a more precise analysis of complex standard

deviation structures. The procedure can be applied to a broad range of statistical questions and a wide variety of

models, as evidenced by the application of the td2pLL, schuettler and Emax-Emax models. As demonstrated by

Scenario 2, in combination with an optimized design, the approach works stable even with a reduced number of

observations. By introducing the fast approach, situations in which multiple runs are necessary and computation

time is an issue is also considered.

Of course, this model has its limitations. As demonstrated by the simulation results in Section 4 , there is

a tendency to underestimate the true alert. The effect is relatively modest if the number of observations is

not too small and the standard deviation structure is correctly specified. While the model appears relatively

stable against misspecification of the standard deviation structure, the scope of the results presented in this

manuscript may not be sufficient to provide a complete picture. Moreover, the approach is currently founded

on model selection, particularly in regard to the parametric model selected for the mean. A more flexible

approach to model design, such as model averaging (see, for example, Hagemann and Möllenhoff, 2025) or

spline-based approaches (see Fahrmeir et al., 2022), might improve flexibility. Furthermore, the incorporation

of random effects would be an interesting and important addition. Also, the hypothesis test was conducted using

a simultaneous confidence band/plane, that was estimated based on a procedure that extended the approach of

Möllenhoff et al. (2022). In principle, the hypothesis test may be conducted with any simultaneous confidence

band/plane. A comparison of the various existing approaches may prove to be of interest.

In conclusion, we posit that our proposed method constitutes a valuable addition to the analysis of multidimensional

dose-response data. It enables a comprehensive analysis of both two-dimensional and three-dimensional questions

and is applicable to a wide range of complex data structures. The extension to more than three continuous

variables is a straightforward process, thereby enhancing its applicability.

Supplementary material

The data presented in the case study are openly available in Archives of Toxicology at 10.1007/s00204-018-

2302-0 or included in the R package td2pLL. Supplementary material providing additional tables and figures can

be found online. Corresponding R code, which can be used to reproduce the analysis of the case study and the

simulation results, is available at https://github.com/LuciaAmeis/Multivariate_alert_detection.
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Martin-Betancor, K., Ritz, C., Fernández-Piñas, F., Leganés, F., and Rodea-Palomares, I. (2015). Defining an

additivity framework for mixture research in inducible whole-cell biosensors. Scientific Reports, 5(1):17200.

Mokhtari, R., Homayouni, T., Baluch, N., Morgatskaya, E., Kumar, S., Das, B., and Yeger, H. (2017).

Combination therapy in combating cancer. Oncotarget, 8(23):38022.
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2 Parametric models used in the paper
In the following section, we present the three parametric models used in this paper.

td2pLL
Here, the model introduced in Duda et al. (2022) for analyzing cytotoxicity data is presented. It is based on the
4pLL/sigEmax model (Bornkamp et al., 2009; Bornkamp, B. and Pinheiro, J. and Bretz, F., 2017) with fixed lower and
upper asymptotes. The EC50 parameter is modeled as time-dependent by applying a modified version of Haber’s law
(Haber, 1924; Miller et al., 2000).
C0 The limit EC50 for a hypothetical infinite t

γ > 0 Indicates when the time dependent EC50(t) := C0 +∆t−γ changes most between different time points
Larger γ indicates large changes between early time points
Smaller γ indicates large changes between larger time points
Vice versa for a small γ

γ < 0 A beneficial effect is observed (usually irrelevant for cytotoxicity data)
∆ Difference between Ec50(1) and C0

Indicates the range of EC50(t) values for t ≥ 1

h Slope parameter, similar to 4pLL (Bornkamp et al., 2009)

f(t, d, (C0, γ,∆, h)) = 100− 100
dh

dh + (C0 +∆t−γ)h

schuettler
Here, the model introduced in Schüttler et al. (2019) for toxicogenomics is presented. It is based on the 4pLL/sigEmax

model, similar to the td2pLL model presented above. However, the EC50 parameter is modeled by a logarithmic Gaussian
function.
logFCmax Maximum change (of logFC in original paper, here stand-in for maximum change in general)
slope slope parameter

Smax Maximum of 1
EC50(t)

= Smax exp

(
−0.5

(
log(t)−log(tmax)

Sdur

)2)
tmax Point in time with Smax

Sdur Measure of duration of the EC50(t) interval

f(t, d, (logFCmax, slope, Smax, tmax, Sdur)) =
logFCmax

1 + exp

(
−slope

(
log(d)− log

(
1

Smax exp

(
−0.5

(
log(t)−log(tmax)

Sdur

)2
)
)))

Emax-Emax
Here, a drug combination model based on the Emax model is presented. In general, let two substances, denoted by D1

and D2, be modeled by the individual regression functions ηD1(d1,θD1) and ηD2(d2,θD2), respectively. The combination
of these two drugs can then be modeled by

f((d1, d2), (θ0,θD1 ,θD2 , γ)) = θ0 + ηD1(d1,θD1) + ηD2(d2,θD2) + γηD1(d1,θD1)ηD2(d2,θD2).

Note that the individual placebo parameters of ηD1 and ηD2 are removed and combined in the joined parameter θ0. The
parameter γ indicates the interaction effect of the two drugs. Precisely, the interaction effect is positive if γ > 0 and
negative if γ < 0. If γ = 0, no interaction between the two substances is observed.
The drug combination model presented in this manuscript is based on two Emax models. The Emax model as presented
by Bornkamp et al. (2009) is parameterized as follows:
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Emax Maximum effect
ED50 The dose/time point, which produces half of Emax

ηEmax(d, (Emax, ED50)) = Emax
d

ED50 + d

Note that the placebo parameter was removed from the parametrization.
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4 Simulation study

4.1 Setting and data generation

Table A: Design details of the simulated scenarios.

Scenario Design Measurements ((tp, dq), npq)/((d1,p, d2,q), npq)

1 Full ((1, 0,),24); ((1, 0.1,),12); ((1, 0.316,),12); ((1, 1,),12); ((1, 3.16,),12);
((1, 10,),12); ((2, 0,),24); ((2, 0.1,),12); ((2, 0.316,),12); ((2, 1,),11);

((2, 3.16,),11); ((2, 10,),12); ((7, 0,),24); ((7, 0.1,),12); ((7, 0.316,),12);
((7, 1,),12); ((7, 3.16,),12); ((7, 10,),12)

1 Reduced ((1, 0,),3); ((1, 0.1,),3); ((1, 0.316,),3); ((1, 1,),3); ((1, 3.16,),3);
((1, 10,),3); ((2, 0,),3); ((2, 0.1,),3); ((2, 0.316,),3); ((2, 1,),3);

((2, 3.16,),3); ((2, 10,),3); ((7, 0,),3); ((7, 0.1,),3); ((7, 0.316,),3);
((7, 1,),3); ((7, 3.16,),3); ((7, 10,),3)

2 3x3 Factorial ((0, 0,),17); ((0, 6,),17); ((0, 12,),17); ((5, 0,),17); ((5, 6,),17);
((5, 12,),17); ((10, 0,),17); ((10, 6,),17); ((10, 12,),16)

2 3x3 Factorial ((0, 0,),10); ((0, 6,),10); ((0, 12,),10); ((5, 0,),10); ((5, 6,),10);
((5, 12,),10); ((10, 0,),10); ((10, 6,),10); ((10, 12,),10)

2 3x3 Factorial ((0, 0,),5); ((0, 6,),5); ((0, 12,),5); ((5, 0,),5); ((5, 6,),5);
((5, 12,),5); ((10, 0,),5); ((10, 6,),5); ((10, 12,),5)

2 D-optimal ((0, 0,),25); ((0, 12,),25); ((1.936057, 12,),22); ((2.147924, 4.218333,),10);
((10, 0,),25); ((10, 3.852853,),21); ((10, 12,),24)

2 D-optimal ((0, 0,),14); ((0, 12,),15); ((1.936057, 12,),13); ((2.147924, 4.218333,),6); ((10, 0,),15);
((10, 3.852853,),13); ((10, 12,),14)

2 D-optimal ((0, 0,),14); ((0, 12,),15); ((1.936057, 12,),13); ((2.147924, 4.218333,),6); ((10, 0,),15);
((10, 3.852853,),13); ((10, 12,),14)
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4.2 Results for two-dimensional hypothesis
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Figure A: Number of rejected H0 in percent for Scenario 1 including the normal and fast algorithms.

5

160



Fast

Normal

Fast

Normal

Fast

Normal

Fast

Normal

Fast

Normal

Fast

Normal

Fast

Normal

Fast

Normal

2D

Constant

2D

Complex

3D

Constant

3D

Complex

F
ull

R
educed

4 6 8 10 4 6 8 10 4 6 8 10 4 6 8 10

200

0

200

200

0

200

Dose

C
ou

nt
s Simple

Small
Medium
Large

Figure B: Counts of identified alerts at different dose levels for the two-dimensional approach. Each block contains the results of
a model assumption regarding σ (constant or complex) for the full or reduced design, respectively. The colors differentiate between
the various simulation scenarios with simple, small, medium and large standard deviation. The red vertical line indicates the true
alert. The dashed vertical lines show the respective medians. The results for the fast algorithm are depicted above the 0 line, the
results for the normal algorithm for comparison below the 0 line.

6

161



Table B: Simulation results for Scenario 1 with the full design for the two-dimensional hypothesis.

Approach Algorithm Assumption Simple Small Medium Large

H0 rejected (%) 2D Fast Constant 100 100 100 100
3D Fast Constant 100 100 100 100

Median 2D Fast Constant 5.8 5.9 6.0 6.1
3D Fast Constant 6.0 6.1 6.3 6.4

Standard deviation 2D Fast Constant 0.387 0.597 0.851 1.109
3D Fast Constant 0.424 0.651 0.913 1.152

H0 rejected (%) 2D Normal Complex 95.9 99.9 100 100
3D Normal Complex 93.6 99.6 998 1000
2D Fast Complex 99.8 100 100 100
3D Fast Complex 99.8 100 100 100

Median 2D Normal Complex 5.6 5.7 5.6 5.7
3D Normal Complex 5.6 5.7 5.7 5.7
2D Fast Complex 5.6 5.6 5.5 5.5
3D Fast Complex 5.6 5.7 5.6 5.6

Standard deviation 2D Normal Complex 0.882 0.645 0.669 0.600
3D Normal Complex 0.892 0.654 0.685 0.598
2D Fast Complex 0.486 0.494 0.440 0.446
3D Fast Complex 0.547 0.513 0.473 0.448
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Table C: Simulation results for Scenario 1 with reduced design for the two-dimensional hypothesis.

Approach Algorithm Assumption Simple Small Medium Large

H0 rejected (%) 2D Fast Constant 100.0 100.0 99.9 99.2
3D Fast Constant 100.0 100.0 99.7 97.8

Median 2D Fast Constant 6.3 6.6 6.8 7.1
3D Fast Constant 6.8 7.3 7.7 8.1

Standard deviation 2D Fast Constant 0.443 0.914 1.099 1.248
3D Fast Constant 0.542 0.957 1.057 1.121

H0 rejected (%) 2D Normal Complex 99.9 100.0 100.0 100.0
2D Normal Complex 99.7 100.0 100.0 100.0
2D Fast Complex 99.9 100.0 100.0 100.0
3D Fast Complex 99.9 100.0 100.0 100.0

Median 2D Normal Complex 6.0 6.2 6.0 6.3
3D Normal Complex 6.2 6.5 6.3 6.7
2D Fast Complex 6.0 6.0 5.8 5.9
3D Fast Complex 6.3 6.4 6.1 6.2

Standard deviation 2D Normal Complex 0.557 0.494 0.398 0.498
3D Normal Complex 0.606 0.501 0.419 0.488
2D Fast Complex 0.372 0.434 0.325 0.438
3D Fast Complex 0.409 0.453 0.36 0.448
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Table D: Simulation results for Scenario 2 with the Factorial 3× 3 design for the two-dimensional hypothesis

Approach N152 N90 N45

H0 rejected (%) 2D 99.6 93.1 63.9
3D 98.0 79.6 38.6

Median 2D 9 9.4 9.9
3D 9.4 9.9 10.4

Standard deviation 2D 0.597 0.869 0.971
3D 0.644 0.851 0.874

Table E: Simulation results for Scenario 2 with the D-optimal design for the two-dimensional hypothesis.

Approach N152 N90 N45

H0 rejected (%) 2D 99.8 93.6 94.7
3D 98.9 82.7 81.9

Median 2D 9.1 9.6 9.6
3D 9.5 10.1 10.1

Standard deviation 2D 0.654 0.881 0.898
3D 0.703 0.866 0.892
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4.3 Results for three-dimensional hypothesis
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Figure C: (A) Median error of the identified alert doses along the time-axis for the three-dimensional approach. Each block
contains the results of a model assumption regarding σ (constant or complex) for the full or reduced design, respectively. The solid
line indicates the median. The areas indicate the 10% to 90% quantiles. (B) Boxplots of the RMSEs for the three-dimensional
approach.
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Table F: Simulation results for Scenario 1 with full design for the three-dimensional hypothesis.

Algorithm Assumption Simple Small Medium Large

H0 rejected (%) Fast Constant 100 100 100 100
Normal Complex 95.3 99.7 99.9 100
Fast Complex 99.9 100 100 100

Mean Recall (%) Fast Constant 97.4 96.5 95.8 94.9
Normal Complex 95.2 97.6 97.3 98.1
Fast Complex 97.6 98.3 98.5 98.8

Standard deviation Recall (%) Fast Constant 1.7 1.5 1.8 2.6
Normal Complex 10.5 4.1 4.9 2.9
Fast Complex 3.6 1.5 .16 1.0

Mean Precision (%) Fast Constant 100 100 100 100
Normal Complex 100 100 100 100
Fast Complex 100 100 100 100

Standard deviation Precision (%) Fast Constant 0.1 0 0 0
Normal Complex 0 0.1 0 0
Fast Complex 0 0.1 0 0

Mean Onset Error Fast Constant 0.156 0.212 0.253 0.307
Normal Complex 0.285 0.140 0.154 0.113
Fast Complex 0.142 0.099 0.091 0.073

Standard deviation Onset Error Fast Constant 0.101 0.093 0.110 0.159
Normal Complex 0.615 0.209 0.244 0.175
Fast Complex 0.215 0.093 0.093 0.061

Mean Offset Error Fast Constant 0 0 0 0
Normal Complex -0.003 -0.003 -0.005 0
Fast Complex 0 0 0 0

Standard deviation Offset Error Fast Constant 0 0 0 0
Normal Constant 0.1 0.108 0.127 0
Fast Constant 0 0 0 0
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Table G: Simulation results for Scenario 1 with reduced design for the three-dimensional hypothesis.

Algorithm Assumption Simple Small Medium Large

H0 rejected (%) Fast Constant 100 100 99.7 98.0
Normal Complex 99.9 100 100 100
Fast Complex 100 100 100 100

Mean Recall (%) Fast Constant 93.0 90.1 88.5 0.863
Normal Complex 95.8 96.0 97.0 0.968
Fast Complex 96.0 97.0 97.9 98.0

Standard deviation Recall (%) Fast Constant 2.3 3.5 3.6 5.7
Normal Complex 4.8 2.3 1.6 1.8
Fast Complex 3.2 1.6 1.1 1.1

Mean Precision (%) Fast Constant 100 100 100 100
Normal Complex 100 100 100 100
Fast Complex 100 100 100 100

Standard deviation Precision (%) Fast Constant 0 0 0 0
Normal Complex 0 0 0 0
Fast Complex 0 0 0 0

Mean Onset Error Fast Constant 0.422 0.592 0.689 0.814
Normal Complex 0.253 0.238 0.181 0.194
Fast Complex 0.239 0.180 0.126 0.118

Standard deviation Onset Error Fast Constant 0.137 0.171 0.198 0.291
Normal Complex 0.287 0.136 0.095 0.106
Fast Complex 0.191 0.095 0.068 0.068

Mean Offset Error Fast Constant 0 -0.002 -0.002 -0.006
Normal Complex 0 0 0 0
Fast Complex 0 0 0 0

Standard deviation Offset Error Fast Constant 0 0.076 0.051 0.11
Normal Complex 0 0 0 0
Fast Complex 0 0 0 0
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Table H: Simulation results for Scenario 2 with factorial 3× 3 design for the three-dimensional hypothesis.

N152 N90 N45

H0 rejected (%) 99.6 94.1 59.7
Mean Recall (%) 69.6 60.7 52.8

Standard deviation Recall (%) 9.3 14.7 17.8
Mean Precision (%) 100 100 100

Standard deviation Precision (%) 0.1 0.1 0.5
Mean Onset Error 1.979 2.553 3.019

Standard deviation Onset Error 0.605 0.955 1.137
Mean Offset Error 0.000 -0.004 -0.049

Standard deviation Offset Error 0.000 0.089 0.270

Table I: Simulation results for Scenario 2 with D-otpimal design for the three-dimensional hypothesis.

N152 N90 N45

H0 rejected (%) 100 96.4 98.0
Mean Recall (%) 74.1 62.5 62.1

Standard deviation Recall (%) 10.0 16.9 16.5
Mean Precision (%) 100 100 100

Standard deviation Precision (%) 0.1 0 0.1
Mean Onset Error 1.683 2.436 2.465

Standard deviation Onset Error 0.651 1.099 1.070
Mean Offset Error 0.000 0.000 0.000

Standard deviation Offset Error 0.000 0.000 0.000
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5 Case Study

5.1 Comparison of the GAMLSS fits to the standard deviation

Figure D: Comparison of the GAMLSS fits to the standard deviation for the three different cases when the td2pLL model is
assumed for the model fit. The blue dots indicate the standard deviation for each combination of measured dose and time.
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Figure E: Comparison of the GAMLSS fits to the standard deviation for the two different cases when the td2pLL model is assumed
for the model fit and the data is reduced. The blue dots indicate the standard deviation for each combination of measured dose
and time.
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Figure F: Comparison of the GAMLSS fits to the standard deviation for the two different cases when the schuettler model is
assumed for the model fit. The blue dots indicate the standard deviation for each combination of measured dose and time.
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Figure G: Comparison of the GAMLSS fits to the standard deviation for the two different cases when the schuettler model is
assumed for the model fit and the data is reduced. The blue dots indicate the standard deviation for each combination of measured
dose and time.
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5.2 Three dimensional results (Larger AIC)

Figure H: Visualization of the results obtained from the three-dimensional approach when fitting the alternative models. The
upper row displays the results for the full data set, the lower row the results for the artificially reduced data set. The dots represent
the measured data points, which have been colored according to the donor. The black plane indicates the model fit. The blue
plane represents the estimated confidence plane. The fixed time point t0 = 4 is highlighted in both planes. The alert threshold λ

is displayed as a red hyperplane that is perpendicular to the Response-axis. The estimated alert relationship is projected onto the
plane spanned by the Dose-axis and the Time-axis intersecting the Response-axis at the origin.
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5.3 Two dimensional results
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Figure I: Visualization of the two-dimensional results at the fixed time point t̃ = 4 including results from the fast and the normal
algorithm. The upper row shows the results for the full data set, the lower row for the artificially reduced data set. On the left,
the estimated model fit and the confidence bands (CB) are displayed. These have been estimated from the two-dimensional (solid)
and three-dimensional (dashed) approaches by applying the normal (light-blue) or the fast (blue) algorithm. The red horizontal
line indicates the threshold λ = 50%. The red and orange/light-brown vertical lines highlight the respective identified alert dose.
On the right, the alert relationship between Dose and Time estimated from the three dimensional analysis is displayed. The dots
indicate the alert for the fixed time point.
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Figure J: Visualization of the two-dimensional results at the fixed time point t̃ = 4 for the alternative model fits including results
from the fast and the normal algorithm. The upper row shows the results for the full data set, the lower row for the artificially
reduced data set. On the left, the estimated model fit and the confidence bands (CB) are displayed. These have been estimated
from the two-dimensional (solid) and three-dimensional (dashed) approaches by applying the normal (light-blue) or the fast (blue)
algorithm. The red horizontal line indicates the threshold λ = 50%. The red and orange/light-brown vertical lines highlight the
respective identified alert dose. On the right, the alert relationship between Dose and Time estimated from the three- dimensional
analysis is displayed. The dots indicate the alert for the fixed time point.
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5.4 Results in Tables

Table J: All results for the full data set.

Model Case Algorithm 2D alert 3D alert
td2pLL Case 1 fast 6.4 6.8

td2pLL Case 2 normal 5.6 5.6

td2pLL Case 2 fast 5.4 5.4

schuettler Case 1 fast 6.6 6.8

schuettler Case 2 normal 5.4 5.6

schuettler Case 2 fast 5.2 5.4

Table K: All results for the reduced data set

Model Case Algorithm 2D alert 3D alert
td2pLL Case 1 Fast 6.9 7.9

td2pLL Case 2 Normal 6.6 6.8

td2pLL Case 2 Fast 6.2 6.7

schuettler Case 1 Fast 7.7 8.3

schuettler Case 2 Normal 7.4 7.9

schuettler Case 2 Fast 6.7 7.3
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4 Discussion
The three articles presented in this thesis discuss the interplay between research question,
data structure, and methodology. Two thematic areas are investigated: risk estimation
in time-to-event analysis and model-based alert identification. The first article discusses
the former, while the second and third article examine the latter.

In the first article, a nonparametric PR estimator for the RR of two groups is proposed.
This aligns the research question of by what factor the risk for one group is higher than
for the other, hence circumventing conceptional problems of the HR and OR, as well
as the potential for misinterpretation. As the method is based on the Kaplan-Meier
estimator, it avoids restrictive parametric assumptions and is therefore broadly applicable.
An extensive simulation study reveals that the proposed estimator mostly outperforms a
parametric alternative in terms of precision and numerical robustness. Additionally, the
simulation study compares the results of the proposed approach to those of the Cox’s PH
model and the log-logistic PO model when their respective assumptions are fulfilled and
the HR, OR and RR are used interchangeably. However, since the proposed estimator
calculates the mean RR over time, it can be meaningfully interpreted in most cases,
even if the assumption of PR is violated. The results clearly emphasize the importance
of differentiating the three values. A bootstrap approach can be utilized to construct
confidence intervals for the estimator and test for significant group differences.

Naturally, this approach come with some limitations and avenues for further research
both of which are mentioned in the article. For proposed approach, two main topics
warrant further exploration: the inclusion of more than one covariate and an investigation
of the PR assumption. A procedure that is applicable to higher-dimensional settings
can include more information, thereby enhancing the results. A potential extension to
more categorical covariates could be based on further stratification, but might result in
subgroups with a small number of events. Moreover, the incorporation of continuous
covariates constitutes an important extension. With regard to the assumption of PR, this
is not always fulfilled. However, in instances where the CDFs cross, the mean RR might
be a misleading indicator. Inspired by recommendations for the mean HR (Hernán 2010),
this could be accommodated for by applying the proposed procedure to individual time
intervals. Nonetheless, the procedure would benefit from a goodness-of-fit test for the PR
assumption.

Turning to the second thematic area of this thesis, the second article proposes a model-
based approach to estimate the full covariate region, e.g., time frame, during which the
response changes. This provides a tool that extends the interpretation beyond the mere
onset of an effect. The procedure is based on a hypothesis test and produces statistically
significant results at the 𝛼-level. An extensive case study demonstrates a plethora of
possible applications to gene expression data. Examples of applicable models include
the 4pLL model, the beta model, the exponential model, the quadratic model and B-
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splines, which illustrate the broad range of response shapes that can be accommodated.
In addition to the most basic application of the proposed approach, an application is
demonstrated that compares the time frames for the same gene in two groups. A third
application combines the proposed approach with a gene ontology enrichment analysis
(Alexa et al. 2006; Alexa et al. 2024), which allows inference to be made about the
underlying biological processes. This clearly illustrates the benefits of shifting the research
question.

In the third article, the concept of model-based alert identification is extended to three-
dimensional data structures in a manner that naturally generalizes to higher-dimensional
settings. Similar to the approach introduced in the second article, the discussed method
is based on a hypothesis test and thus ensures inference based on statistical significance.
The formulation of the hypothesis can be adapted to the underlying research question: to
identify an alert in one covariate while the other is fixed or to identify an alert relation-
ship between covariates. The integration of GAMLSS into the initial model fit and the
bootstrap sample generation ensures that the procedure can accommodate the complex
nature of multidimensional data. The clear benefit of this procedure is investigated in the
case study and in Scenario 1 of the simulation study.

Both methods come with limitations and possibilities for further research, which are dis-
cussed in the articles. One such limitation is a clear tendency for the procedures to
underestimate the alert or covariate region. This effect is modest in case of lower data
variability but becomes more pronounced the higher the variability is. This outcome was
anticipated for two primary reasons: The approaches are significance-based, which has
been demonstrated to yield results that are often conservative (Bretz et al. 2005; Kap-
penberg et al. 2021). Additionally, the approaches are based on simultaneous inference,
which was similarly linked to conservative results (see, e.g., Wu et al. (2006), Deutsch et
al. (2013), and Deutsch et al. (2012)). As discussed above, both properties are important,
depending on the research question, and should be included in the approach if necessary.
However, the methods would benefit from an extension that combats this effect. One
potential solution to this issue would be to relax the significance condition in a manner
similar to Bretz et al. (2005). Additionally, the hypothesis tests in both articles can in
theory be conducted utilizing any simultaneous confidence band or plane for the model
or the first derivative of the model, respectively. Adaptions of alternative construction
methods might show more stable results. Also, it is important to note that both pro-
cedures rely on model fitting, decided on by an initial model selection step. This could
lead to model-misspecification. A more flexible choice of model design, such as model-
averaging (see, e.g., Lin et al. (2012), Kang et al. (2000), Jensen et al. (2015), Jensen
et al. (2019), and Hagemann et al. (2025)) could lead to improvements. With regard to
the second article, an extension of the method to a higher-dimensional setting similar to
the approach presented in the third article would be of interest. This extension would
serve to further expand the applicability of the method. With regard to the third article,
the results obtained by incorporating spline-based models analogous to the second article
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would be of particular interest. As with potential model-averaging extensions, this has
the capacity to enhance adaptability to diverse data structures.

In summary, three methods are developed that provide advances and improve the align-
ment between current research questions and statistical inference. They also account for,
or extend to, different underlying data structures. Performance is evaluated by simulation
studies presented in each of the articles. In addition, case studies from diabetes research
or toxicology demonstrate the practical relevance of each of the methods.
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