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Kurzzusammenfassung

Diese Dissertation besteht aus Forschungsarbeiten iiber indefinite Thetafunktionen,
Mock-Modulformen hoherer Tiefe, Quanten-Modulformen hoherer Tiefe und iterierte
Eichler-Integrale. Zunéchst betrachten wir eine explizite indefinite Thetafunktion der
Signatur (1, 3), die im Gromov-Witten-Potential einer elliptischen Orbifaltigkeit auftritt,
und bestimmen ihre modulare Vervollstindigung durch Methoden von Zwegers und
Alexandrov, Banerjee, Manschot und Pioline, woraus folgt, dass sie Mock-Modulformen
der Tiefe 3 sind. Weiter betrachten wir falsche Thetafunktionen héheren Ranges und
zeigen, dass ihre asymptotische Entwicklung an rationalen Punkten iibereinstimmt mit
den Entwicklungen von iterierten Eichler-Integralen tiber definite Thetafunktionen. Die
modularen Eigenschaften der Eichler-Integrale implizieren Quanten-Modularitdt hoherer
Tiefe fiir die falschen Thetafunktionen hoheren Ranges. Auflerdem zeigen wir, dass
eines der auftretenden Eichler-Integrale gleichzeitig der rein nicht-holomorphe Teil einer
indefiniten Thetareihe der Signatur (2,2) ist. Dariiber hinaus beweisen wir, dass diese
falschen Thetafunktionen unter der vollen Modulgruppe als vektorwertige Quanten-
Modulformen hoheren Tiefe transformieren und verallgemeinern eine Gleichung zwischen
Eichler-Integralen und Mordell-Integralen zu einem zweidimensionalen Fall. Schliellich
geben wir g-Reihen an, die die anderen Komponenten der vektorwertigen Quanten-
Modulformen hoéherer Tiefe liefern sollten und zeigen dies in einem Fall.



Abstract

This thesis consists of research articles on indefinite theta functions, higher depth
mock modular forms, higher depth quantum modular forms, and iterated Eichler integrals.
First, we study an explicit indefinite theta function of signature (1,3) that occurs in
the Gromov-Witten theory of elliptic orbifolds and determine its modular completion,
showing that it is a mock modular form of depth 3 using methods of Zwegers and
Alexandrov, Banerjee, Manschot, and Pioline. We continue by studying higher rank false
theta functions and show that they have the same asymptotic behavior near rationals
as iterated Eichler integrals of theta functions. The modular behavior of the Eichler
integrals implies that the higher rank false theta functions are quantum modular forms of
higher depth. Additionally, one of the occurring Eichler integrals is essentially the purely
non-holomorphic part of an indefinite theta function of signature (2,2). Furthermore, we
show that these false theta-functions actually satisfy higher depth vector-valued quantum
modular behavior. We also generalize a connection between Eichler integrals and Mordell
integrals to a two-dimensional case. Finally, we suggest g-series that should contribute
the other components of the higher depth vector-valued quantum modular forms and
show that they span a space that is essentially closed under modular transformation in a
special case.
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Chapter 1

Introduction and Statement of
Objectives

This thesis consists mostly of the research articles [BKR, BKM1, BKM2, BKM3| that
deal with indefinite theta functions and several related objects. In this chapter, we
first recall the collected scientific context of these articles and then present their results,
restating parts of their introductions and repeating the central theorems.

I.1 Definitions and previous results

I.1.1 Modular forms and Jacobi forms of matrix index

Modular forms and more general objects that behave nicely under the action of the
modular group are fundamental objects in number theory. Their Fourier and Taylor
coefficients, expansions and asymptotics have an abundance of connections to other fields
in mathematics.

We begin by introducing some standard notation. Let H := {7 = u +iv € C;v > 0}
be the complex upper half plane and

To(N) i= {(‘; Z) € SLQ(Z);N’C}

the congruence subgroup of level N of the modular group SLo(Z). It acts on 7 € H by
Mébius transformation

at+b a b
Mt = P for M = (C d) S SLQ(Z).

Definition I.1.1. We call a holomorphic function f : H — C modular form of weight
k € Z for I'g(N) C SLy(Z) with character x (and write f € M (T, x)) if

f(MT) = X(d)(CT—I—d)kf(T) (I.1.1)

holds for M = (%) € I'o(N) and f is bounded at all cusps Io(N) \ (Q U {oo}) of
['y(N). Holomorphic functions satisfying ([.1.1)) that may have poles at the cusps are

9



CHAPTER I. INTRODUCTION AND STATEMENT OF OBJECTIVES

called weakly holomorphic modular forms. We call modular forms cusp forms and write
f € Sk(T, x) if they vanish at all cusps.

Similarly one can define modular forms of half-integral weight k € % + Z by replacing

the transformation law with
ok [/ C
) = 7 (5) x(d)(er + ) f(7)

for M = (2%) € Io(4N), where g4 :=i for d =3 (mod4) and &4 := 1 otherwise.

Furthermore, we consider multivariate functions C x H — C, (z,7) — f(z;7) called
Jacobi forms that satisfy modular transformation properties in 7, elliptic transformation
properties in the z-variable (i.e., a simple behavior under shifts by Z + 7Z) and certain
growth conditions, such as the Jacobi theta function (( = €™, q = e?>™", 2 € C, 7 € H)

2
Iz 7) = Z e"™qgz ("

nE%JrZ

Since we are interested in generalizations in higher dimension, we refer to Eichler and
Zagier [EZ] for the theory of classical Jacobi forms. We define Jacobi forms of matrix
index as follows, where bold letters represent vectors throughout.

Definition 1.1.2. Let Ly, Ly C ZY be lattices, v; : I' = S!' := {z € C : |z| = 1}
a multiplier, vy : L1 x Ly — S' a homomorphism with finite image, N € N, and
A€ %ZNXN with AT = A and 4;; € %Z for j € {1,...,N}. We call a meromorphic
function g : CV xH — C Jacobi form of matriz index A and weight k € %Z forT C SLy(Z)

with respect to Ly X Lo and vy, if it satisfies the following transformation laws (for all
(z,7) € CN x H):

1. For m € L1, £ € Ly we have

—mTAme—47rimTAz

g(z+m74+4;7) = va(m, £)q g(z; 7).
2. For M = (‘c‘g) € I we have

z 'a7'+b
ct+d er+d

) =11 (M) (cT + d)]’C efﬂzzTAzg(z; 7).

3. For some a > 0, we have

g(z;T)eilnfer)Im(Z)TAIm(Z) €O (eaIm(T)) as Im(7) — oo.

Other authors refer to equivalent concepts as Jacobi forms of lattice index, see for
example [Mo].

10



CHAPTER I. INTRODUCTION AND STATEMENT OF OBJECTIVES

I.1.2 Definite theta functions

The definite theta function associated to a positive definite quadratic form given
as Q:ZN = Z,m — %mTAm and corresponding bilinear form B(m,n) := m” An is
defined as follows (z € CV, 7 € H)

Oglzir) = Y gAmemisten), (112)

nezZN

Schoeneberg showed in 1939 [Sc] that for even N, the function 7 — O¢go(0;7) is a
modular form of weight % for some subgroup I'g(/N1) and character xq, i.e., we have

ar+b
@Q70 <0, C7’—|—d> = (CT + d)

One can easily show that definite theta functions also satisfy elliptic properties. They
were the subject of influential research, for example by Eichler and Zagier, who developed
the theory of classical Jacobi forms and used them to prove the Saito-Kurokawa conjecture
|[EZ,Z1].

Xa(d)Og,0(0; 7) forM=<‘; Z)eFO(Nl).

N
2

I.1.3 Indefinite theta functions

Generalizing the study of theta functions to non-degenerate indefinite quadratic
forms presents some difficulties. To begin with, the series in does not converge
for indefinite quadratic forms since arbitrarily large terms appear in the series since
|qRQUm) 2miB(2dn) | 5 o0 as £ — oo for n € ZN with Q(n) < 0. We will not discuss
Siegel’s results on dealing with this issue [Sil], but instead focus on the approach initiated
by Zwegers in his doctoral thesis [Zw].

Convergent expressions can be obtained by restricting the summation to those lattice
points in a suitable cone on which the quadratic form is positive and growing (i.e., it
contains only finitely many lattice points with quadratic form below any fixed bound).
Explicitly for signature (r,1), given two vectors ¢,c’ € RY (N = r + 1) such that
Q(c),Q(c), B(c, ') < 0 one defines (z = x +iy € CN, 7 = u + v € H)

OQ,(c,e)(2T) = GZZ: (Sgn (B (c, n+ %)) — sgn (B (c/’n n %))) Q) 2miB(zm).

(11.3)

Gottsche and Zagier first showed that holomorphic functions of this type are modular
only in special cases |[GZ]. In his doctoral thesis, Zwegers described the modularity
properties of these indefinite theta functions of signature (r,1) in general, showing that

11



CHAPTER I. INTRODUCTION AND STATEMENT OF OBJECTIVES

they can be completed to a modular object of weight % by adding an explicit real-
analytic correction term [Zw|. While this completed modular form is not holomorphic, it
is essentially a mock modular form, which are the holomorphic parts of harmonic Maass
forms. We call a function that transforms as a modular form of weight k harmonic Maass
forms if it is annihilated by the weight k hyperbolic Laplacian

0? ok 0 0
— 2 = 4L = i IRy S
Ak i=—v <8u2 + 8v2> + kv <8u +Z81})
and satisfies certain growth conditions (see [BFOR] for the theory and many applications
of harmonic Maass forms).

By rewriting the hyperbolic Laplacian as A = —&;_ 0 & with the shadow operator
&, given for real-analytic f: H — C as

e,
E(N)(r) = 20" f(7),

one can uniquely decompose a harmonic Maass form into an holomorphic part (called
mock modular form) and a non-holomorphic part (called the shadow of the mock modular
form). In other words, Zwegers showed that indefinite theta functions of signature (r,1)
are essentially mock modular forms of weight %

Furthermore, Zwegers showed that the mysterious “mock theta functions” appearing
in Ramanujan’s final letter to Hardy, such as the function

[e.9] TL2

fo@ =3 s _q“(l it (I.1.4)

n=0

fit in this framework.

Alexandrov, Banerjee, Manschot, and Pioline [ABMP] generalized Zwegers’ results to
quadratic forms of signature (r,2) in 2016, with the main innovation being the generalized
error functions of the form

N
GLy(R) xRY =R, (M,z)— [ e ™@ ¥ @ W []sgn((My);)dy.
RN

j=1

The name stems from the fact that for N = 1 this is essentially the well-known error
function erf(x) := % Iy e~**dt, which occurred in the case of signature (r,1) in [28]. An
important tool in their proof of the modular properties was Vignéras’ theorem in [Vi]
which states that appropriately converging indefinite theta functions of the form

Z p (nﬁ) qQ(n)

nezZN

12



CHAPTER I. INTRODUCTION AND STATEMENT OF OBJECTIVES

are modular forms of weight % +A€ %Z if the function p : RV — R satisfies the Vignéras
differential equation

o 1 [/a\" o o 9 o\
TY = -1 Y — I Y
<w ox <8a:> A 8&:) p(@) = (), ox (8331"“’6@\/) '

Later in 2016, Nazaroglu |[N| completed the proof for quadratic forms of arbitrary
indefinite signature using the approach of Alexandrov, Banerjee, Manschot, and Pioline
(although with somewhat restrictive conditions on the possible cones).

Related results on indefinite theta functions were also obtained by other authors.
Kudla showed that indefinite theta functions can be viewed as integrals of Kudla-Millson
theta series [Ku|, Westerholt-Raum extended the approach to a more abstract geometric
setting [WR] and Funke and Kudla used Kudla’s approach to obtain general statements
on modular completions of indefinite theta functions using so-called simplicial cones [FK].

I[.1.4 Construction of the completion of an indefinite theta function

We continue by describing Nazaroglu’s construction for the modular completion of
indefinite theta functions in some detail [N]. For an indefinite quadratic form @ of signature
(r,s), we require s pairs of vectors to generalize (¢, ) in and consider a product of
differences of such sgn-functions. Specifically, write C' := (c1, ..., ¢cs, ¢}, ..., cL) € (RV)2s
and define the notation

{c;- if j €5,
Cj s =

¢, ifjgs

for S C {1,...,s} to discuss the geometric conditions and to define the completion of the
indefinite theta function. The conditions on C' generalize those mentioned before ([.1.3)),
for example the spaces spanned by C'5) := (c1,s,-.,¢s,5) should be negative deﬁnlte of
dimension s for S C {1,...,s}. The corresponding holomorphic theta function is

Og,c(z;7) := Z H (sgn (B(cj,n)) — sgn (B(cj, n))) e2miB(zn) Qn) (I.1.5)

nezZN j=1
— Z Z (_1)\SI Hsgn (B(cjsm)) (2miB(zm) Q1)
nezZN SC{1,...s} j=1

Then one can obtain a modular (but not holomorphic) theta function by replacing each
product of sign functions by a suitable generalized error function. Explicitly we let

@QC zZ,T) = Z Z )5 E, (C(S); 2vn) e?miBzm) [Qn) (I.1.6)

13



CHAPTER I. INTRODUCTION AND STATEMENT OF OBJECTIVES

with
Ei(Cix) = / H sgn(B(cj,y))dy,
span(C)
where C' = (cy, ..., ¢cs) is a basis of an s-dimensional negative definite subspace of RY

with respect to @ and m¢ the orthogonal projection to span(C). Nazaroglu showed that
(:)Qp transforms like a vector-valued Jacobi form of weight % if the conditions on the
cone that ensure suitable convergence are satisfied [N, Theorem 4.1].

To show that the completed indefinite theta functions of signature (r, s) converge, it
is helpful to decompose the Es(C;x) into functions

v (C ) ( i > s 1 (CTAC) 1 / e~ TQ(w)—2miB(z,w) p
s(Crx) = — et 3 z,
™ span(C)—inc(x) Hj:l B(D7 Z)

where the columns of D € RV*¢ form a dual basis of C in span(C). Nazaroglu showed
in [N, Proposition 3.15] that outside of a set with measure 0 we have

E(Ciz)= > Mg(Cs z) [[sen(B(rics(e) x)) (1.1.7)

SC{l,...s} Jjés

with Cs 1= (¢, ¢jy - - -5 Cjig ) (Writing S = {j1, ja, . . ., j|s } such that j1 < jo <--- < jig)),
My =1, and 7 0y = idgpan(c) —Tcg the orthogonal projection onto the orthogonal
complement of span(Cg) C span(C'). Note that those terms with S = {} correspond to
the holomorphic part.

I.1.5 Eichler integrals and quantum modular forms

While derivatives of modular forms are not typically modular, differentiating a weight
2 — k € —N modular form (k — 1) times returns a modular form of weight k, which is
evident by Bol’s identity (which states that the (k — 1)-th power of the regular differential
coincides with a modularity-preserving differential operator, see |LeZa,|Z3|). Thus it is
natural to consider, for a modular form f(7) =), -, cs(m)g™ of weight k, the Fichler

integral
fir)y =% Zi@ 7" (L1.8)
m>1

It is called Eichler integral since up to constants it equals

100

fw)(w —7)F2dw. (I.1.9)

14



CHAPTER I. INTRODUCTION AND STATEMENT OF OBJECTIVES

While in general fis not modular, its error of modularity

~ ~( 1
Ry(r):= f(r) =" %f <—> (1.1.10)
T
can be shown to be a polynomial of degree k — 2, the so called period polynomial of f.
Up to constants Ry equals

100
(w)(w — 1) 2dw.
0
While we cannot take (k — 1) derivatives for half-integral weight k € 1 4+ Z modular
forms, one can formally define the analogue of (I.1.8) in that case. Zagier first studied

this in the context of Kontsevich’s strange function

K(q) =Y (4:¢)m,

m>0

where (a;q)m, := H;n:f)l(l — aq’) denotes the g-Pochhammer symbol for m € Ng U {oo}
122Z4]. The function K(q) does not converge on any open subset of C, but collapses
to a finite sum for roots of unity q. Zagier connected it with the weight % Dedekind eta

m2
function n(1) = g2 (¢;9)00 = ZmZI(l—nf)qﬁ, where (+) denotes the extended Jacobi

m2
symbol, and its Eichler integral 7(7) := Zm21 (2) mq 27 . He showed that 7(7) converges

to K (627”%) in the limit 7 — % € Q and that 77 has quantum modular properties. Zagier
defined quantum modular forms of weight k to be functions f: Q@ — C (Q C Q), such
that the error of modularity (M = (%) € SLy(Z))

F(7) = (em +d)" f(MT)

is in some sense “nice”, which is intentionally vague to capture different kinds of phenom-
ena (for example, one could require continuity or analyticity) [Z4]. Additional examples
appear in the study of limits of quantum invariants of 3-manifolds and knots [LaZa],
Kashaev invariants of torus knots/links [HK, HL|, and partial theta functions [FORJ.

I[.1.6 Characters of vertex algebras, false theta functions, and quantum
modular forms

The characters of the atypical irreducible modules of the (1, p)-singlet vertex operator
algebra M s for 1 < s < p — 1, which were studied in [BM1,/CMI1,/CMW], are essentially
the false theta functions

Fjp(r) = sgn (m + ;p) q(m+ﬁ)2.

meZ

15



CHAPTER I. INTRODUCTION AND STATEMENT OF OBJECTIVES

They are called “false” theta since removing the sgn-factor would give classical theta
functions that are modular forms of weight % They have also appeared in several other
papers on vertex algebras [AM,/GRLKW]. While they are not modular, Bringmann and
Milas showed that the F}, are quantum modular forms of weight % by relating them to
the non-holomorphic Eichler integrals

ey [T )
Fialr) = V2 /T (—i(w—FT))%d ’

where f;, is the cuspidal theta function of weight %

)= 32 (m n ;p) 5)

Specifically, F () agrees with Fj’fp(T) up to infinite order as 7 — % in vertical limits

[BM1]. Bringmann and Milas showed that the error of modularity of F, is a period
integral, which converges to an analytic function in the limit 7 — % (except at one point),
providing quantum modularity of F},. To determine modularity properties of Fj?‘:p, note
that it is also the “purely non-holomorphic part” of a non-holomorphic theta function
corresponding to an indefinite quadratic form of signature (1,1). Zwegers described their
modular behavior in his thesis [Zw} Section 2.2].

I.1.7 Mordell integrals and quantum modular forms

Integrals such as

cosh(2mew) riry2 , (L1.11)

h(z) = h(z;7) := /

R

were studied by many mathematicians including Kronecker, Lerch, Ramanujan, Riemann,

Siegel, and Mordell |M1,M2/Si2]. They are called Mordell integrals since Mordell

proved that a whole family of integrals reduces to (I.1.11]) and they occur as the error of
modularity of Lerch sums of the shape

cosh(mw)

2mnz1

q 2
D% g — g (12 €C\{0)),

nez

Zwegers connected the Mordell integral with the theory of mock modular forms in
his groundbreaking thesis [Zw] by writing the integrals in ([.1.11)) as Eichler integrals,
proving for a,b € (—3, 3) that

(L1.12)
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where g, is the weight % unary theta function defined by

TL2
Gap(T) = ngze
nea+27

2mwibn

I.2 Statement of objectives

[.2.1 Indefinite theta functions arising in Gromov-Witten theory of
elliptic orbifolds

In the first project of this thesis presented in Chapter [[I, my advisor Kathrin Bring-
mann, Larry Rolen, and I study an indefinite theta function of signature (1,3) that
appears in a Gromov-Witten potential of an elliptic orbifold and determined its modular
properties. Bringmann, Rolen, and Zwegers previously showed that some simpler parts
of this potential are modular, mock modular, or products of mock modular forms [BRZ1].
We complete this analysis and prove that the remaining function is a higher depth mock
modular form by explicitly constructing a modular completion by real-analytic functions.
In total, this should help to provide a fuller picture of the mirror-symmetric properties
of these orbifolds, which occur as natural geometric objects in Lagrangian Floer theory
and mirror symmetry. The role that modularity plays in these geometric applications
can be seen in [CHKL, CHL| LaZh|, where other Gromov-Witten potentials containing
simpler automorphic forms were discussed. Note that the indefinite theta function we
studied could not have been treated purely by applying the results of [ABMP]| or [N] due
to unique features naturally arising here.

Chapter [[T]] gives further details for the proof of Proposition that are not
mentioned in Chapter

I[.2.2 Higher depth quantum modular forms, multiple Eichler integrals,
and sl; false theta functions

Higher dimensional analogues of the false theta functions in Section appear in
the characters of the vertex algebra W°(p)a, (p > 2). They were thoroughly studied
in [BM1, CM2] and showed up in [BM1] as constant terms of certain multivariable
Jacobi forms and as characters of the zero weight space of the corresponding Lie algebra
representation. For the simple Lie algebra sl3, the following higher rank false theta
functions appears

F(q) — Z min(mhm2)q§(m%+m§+m1m2)—m1—m2+% (1 o qml) (1 B qmg) (1 B qm1+m2) '

mi,mg>1
m1=mg (mod3)
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Chapter presents the following concepts and results from a joint project with Kathrin
Bringmann and Antun Milas. Following some ideas of Section we find that the
quantum modular properties of F(e?™7) can be studied by relating it to the “purely
non-holomorphic” part of an indefinite theta function of signature (2, 2) after decomposing
it as 5

F(q) = i (¢") +2F2 (¢") . (1.2.1)

These “purely non-holomorphic” parts can be written as iterated non-holomorphic Eichler
integrals, taking for F; the shape

100 100 f(wla w2)
/_T /wl Y s By T s S

where f € S’% (T,x1) ® S%(F, X2). Using the modularity of f one obtains that the error
of modularity of the Eichler integral (and thus of the false theta function in the limit to
rational points) is simpler than the original function, but this does not give quantum
modularity in Zagier’s original sense. Instead, we call the resulting functions higher
depth quantum modular forms. In the simplest case, depth two quantum modular forms
of weight k € %Z satisfy the modular transformation property (M = (‘Cl 3) € SLs(7))

F(r) = (er +d) " f(MT) € Qu(T)O(R) + O(R)

for some k € %Z, where Q(T") is the space of quantum modular forms of weight x and
O(R) the space of real analytic functions on R C R. In short, we proved the following
results.

Theorem 1.2.1. For p > 2, the higher rank false theta function F' can be written as the
sum of two depth two quantum modular forms (with quantum set Q) of weight one and
two (F; has weight j).

Theorem 1.2.2. There exists an indefinite theta function of signature (2,2) with “purely
non-holomorphic” part ©(1)E1(7), where © is a theta function of signature (2,0) and &
1s the Eichler integral related to F.

I.2.3 Vector-valued higher depth quantum modular forms and higher
Mordell integrals

While Theorem describes quantum modular behavior under a congruence sub-
group, the vector valued transformation under the full modular group was interesting
from a vertex algebra standpoint. On one hand, it is expected that the S-transformation

18
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(with S := (9 ') € SLa(Z)) produces typical and atypical characters from a single atypi-
cal character. On the other hand, many important algebraic, analytic, and categorical
properties of rational vertex algebras are encoded by the entries of the S-matrix, so their
full asymptotic expansions should be relevant for irrational theories.

Chapter [V] presents the following results from a joint article with Kathrin Bringmann
and Antun Milas [BKM2].

Theorem 1.2.3. The function Fy is a component of a vector-valued depth two quantum
modular form of weight one. The function Fs is a component of a vector-valued quantum
modular form of depth two and weight two.

Furthermore, we consider higher-dimensional Mordell integrals, proving the following
result.

Theorem 1.2.4. If a; ¢ Z, then we have, with Q(w) := 3w? + w3 + 3wyws

—\/g/ 1 (a, w) 0 (.Ot, w) dwgdwl
0 Jur /=i(wi+7)y/—i(wy+7)
= / cot (miwy + maq ) cot (miwg + Tag) eQmTQ(w)dwldwg,
]R2

where the theta functions 01 and 0y are defined in (V.4.4)) and (V.4.5)).

We also prove such an equation when either oy € Z or ay € Z. Furthermore, we
prove a similar statement for the iterated Eichler integrals appearing for F5, which is
given in Theorem [V.1.4

I[.2.4 Some examples of higher depth vector-valued quantum modular
forms

In light of Chapter [V] a natural question that arises is what the other components of
the vector-valued forms are as g-series. To investigate this, we study the related series

Fs(q) := Z min(ml,mQ)qg((ml—spl) H(ma=2) o (m=3) (mQ_Sf))

mi,ma2>1
mi=ms (mod 3)

% (1 _ qm181 _ qmzsz + qm181+(m1+m2)82 + qm282+(m1+m2)81 _ q(m1+m2)(81+82)>

for 1 < s1,s2 < p € N (note that F(l,l) = F'). Chapter contains the following results
and is joint work with Kathrin Bringmann and Antun Milas.
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Theorem 1.2.5. Decomposing Fs(q) = %Fl,s(qp) +F5 5(gP), the functions F1 s and Fy ¢
are quantum modular forms (with respect to some subgroup) of weights one and weights
two, respectively.

As done for F' in Chapter we prove this by showing that F; s(7) asymptotically
agrees to infinite order with a certain Eichler integral £;(7) defined in and
and studying their modular behavior.

In the special case p = 2, we obtain more specific results. While for p = 2 all [Fo 4
vanish (see Lemma , we obtain the following behavior under the full modular
group for the companions of [Fy .

Theorem 1.2.6. For p = 2, the space spanned by & (1,1) and & (1) is essentially
invariant under modular transformations. By this we mean that the only terms appearing
in the modular transformations which do not lie in the space are simpler (see (VI.2.6))

and (V1.2.7) for the case of inversion).

Furthermore, we determine the asymptotic behavior of & s(it) as ¢ — 0". To compute
the asymptotics, we apply the S-transformation 7 +— —% and analyze the dominating
term, which is a well-known technique for vector-valued modular forms. It is used to
study quantum dimensions of modules of vertex algebras as their characters are often
invariant under SLy(Z). Because our functions transform with higher depth error terms,
their asymptotics are more difficult to analyze. In the body of the paper, we show that
it is enough to study the iterated Eichler integrals

El,(l,l)(7'> = 4I(1,3) (r) and El,(l,z)(T) = 21.(1,1)(7'> + 21'(1,5) (7), (I.2.2)
where the theta integrals Iy, are defined in (VI.2.3]). We obtain the following.

Theorem 1.2.7. We have, ast — 0T,

e~ w

) 1 .
By 1,1)(it) ~ T Eq (1,2)(it) ~
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Chapter 11

Indefinite theta functions arising
in Gromov-Witten theory of
elliptic orbifolds

This chapter is based on a manuscript published in Cambridge Journal of Mathematics
(International Press of Boston, Inc.) and is joint work with Prof. Dr. Kathrin Bringmann
and Prof. Dr. Larry Rolen [BKR].

II.1 Introduction and statement of results

Cho, Hong, and Lau [4] described open Gromov-Witten potentials for elliptic orbifolds
(and homological mirror symmetry). Explicit expressions for these were computed by
Cho, Hong, Kim, and Lau [3]. Recently, Lau and Zhou [11] investigated the modularity
properties of some of these Gromov-Witten potentials. In the course of their work, they
showed that several of them are essentially modular forms, a fact which they show closely
related to their mirror-symmetric interpretation. More precisely, they considered the four
elliptic P! orbifolds denoted by P! for a € {(3,3,3),(2,4,4),(2,3,6),(2,2,2,2)}. For these
choices of a, Cho, Hong, Kim, and Lau explicitly computed the open Gromov-Witten
potentials W, (X,Y, Z) of P1, which are polynomials in the variables X,Y, Z. The reader
is also referred to [3L[5,/6] for related results, as well as to Sections 2 and 3 of |11] for the
definitions of the relevant geometric objects. These generating functions turn out to have
quite natural modularity properties, as Lau and Zhou proved in Theorem 1.1 of [11].

Theorem (Lau, Zhou). For a € {(3,3,3),(2,4,4),(2,2,2,2)}, the coefficients of
Wo(X,Y, Z) are essentially linear combinations of modular forms.

Such results are particularly useful as they allow one to extend the domain of these
potentials to global moduli spaces. In fact, this connection provides the geometric
intuition for why modular or at least near-modular, behavior may be expected (cf. [3]).
In the last case a = (2, 3,6), the relevant functions fail to be combinations of ordinary
modular forms. However, it is natural to ask whether a suitably modified transformation
still holds.
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CHAPTER II. INDEFINITE THETA ARISING IN GROMOV-WITTEN THEORY

Question (Lau, Zhou). Can a simple description of the modular transformations of
Wo(X,Y, Z) be given for a = (2,3,6)?

The first steps towards addressing Lau and Zhou’s question were taken in 2], where
new generalizations of mock modular forms were defined and utilized. However, several
remaining pieces remained out of reach due to lack of theoretical structure for such series.
In the meantime, important new work of Alexandrov, Banerjee, Manschot, and Pioline [1]
has further explained and generalized the class of functions considered in [2], leading to
a new theory of non-holomorphic modular objects extending those considered in Zwegers’
seminal thesis [28]. The understanding of the structure of these non-holomorphic modular
forms was furthered by Kudla in [9], where he showed that they can be viewed as integrals
of Kudla-Millson theta series (cf. [10]). Further extensions to a general, geometric setting
were given by Westerholt-Raum in [23]. The authors have also been informed that
forthcoming work of Zagier and Zwegers will further fill in details of the general picture.

Here, we push things one step further by showing how to interpret the last pieces
of Lau and Zhou’s functions in terms of further classes of modular-type objects. As we
shall see, these cannot be accounted for by the means presented in [1] due to unique
features naturally arising in these functions which seem to deviate from the most basic
higher type indefinite theta functions. In particular, we solve this question by providing
“simpler” completion terms which combine with the coefficients of W, to yield modular
objects. These are, in the language of Zagier and Zwegers, known as higher depth mock
modular forms, which are automorphic functions characterized and inductively defined
by the key property that their images under “lowering operators” essentially lie in lower
depth spaces (for example, in the case of classical “depth 1”7 mock modular forms, the
Maass lowering operator essentially yields a classical modular form).

Theorem I1.1.1. The function cz is a higher depth mock modular form.

Remark 1. The higher depth structure of ¢z may be deduced from its “shadow”, the
computation of which is discussed in the proof of Lemma (cf. the remark after
Lemma the word “shadow” is justified since it is essentially the image under the
Brunier-Funke operator £ for classical harmonic Maass forms).

The answer to Lau and Zhou’s original question about the modularity of ¢z can
be directly read off of the transformation of the completed function in Theorem [I.1.1]
Although we do not explicitly write it down here, the interested reader can see ([1.4.5))
and the surrounding text for a discussion of how to determine it. After using explicit
representations due to Lau and Zhou, the key step in the proof of Theorem is to
understand how to complete a certain indefinite theta function of signature (3,1) (see
below). (Throughout, the second component denotes the number of negative
eigenvalues).

22



CHAPTER II. INDEFINITE THETA ARISING IN GROMOV-WITTEN THEORY

The paper is organized as follows. In Section 2, we recall general indefinite theta
series due to Vignéras and in particular give examples in signatures (1,n) and (2,n). In
Section 3, we introduce the generalized error integrals which are our building blocks and
investigate some of their properties. In Section 4, we rewrite certain generating functions
in Gromov-Witten theory and start the investigation of their modularity properties.
Section 5 is then devoted to modularity properties of a certain indefinite theta function
of signature (3, 1).
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I1.2 Indefinite theta functions

I1.2.1 Results of Vignéras

Let B(n,m) := n” Am be a symmetric non-degenerate bilinear form on RY(N € N)
which takes integral values on a lattice L C RY and set Q(n) := %B(n,n). Further
let u € L'/L (where L’ is the dual lattice of L), A € Z, and a function p : RY — C.
Following Vignéras, we define the following indefinite theta function (7 = u + v € H,
z=x+iy € CN, q:= )

Ourapa(57) = 0u(z7) =072 Y p (ﬁ (n + y)) g2 Ane2miBGEn) - (112.1)
v
nepu+L

Vignéras [22] gave conditions under which the indefinite theta series are in fact modular.

Theorem I1.2.1 (Vignéras). Assuming the notation above, suppose that p satisfies the
following conditions:

1. For any differential operator D of order 2 and only polynomial R of degree at most 2,
D(w)(p(w)e™®)) and R(w)p(w)e™@™) belong to € L*(RN) N LY (RY).
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2. Defining the Euler and Laplace operators (w := (w1, ...,wn)T, Oy = (5%, ... 52—)T)
E=wld, and A=A, :=0LA7'0,,

for some \ € Z the Vignéras differential equation holds:

1
<5— 471_A)p—)\p.

Then, assuming that ©,, is absolutely locally convergent, we have the following modular
transformations:

R Wil
S) (Z‘—l) = WG%B(A—IA*’AAA*)
AT IL'/L]
Y e o,
vel'/L

Oulz;T+1) = e”B(“*%AAA*’”%AAA*)@u(z; ),
where A* := (A171, ey ANJV)T.

To simplify the calculations below, the following lemma allows us to restrict to
specific diagonal matrices. In particular, writing A = P~TDP~! with P € GLy(R) and
D :=diag(1,...,1,—1,...,—1) (with uniquely determined signs), we easily obtain the
following.

Lemma I1.2.2. Assume the notation above. If p(x) := p(Px) satisfies Vigneras’ differ-
ential equation for D, then ©, 1 A, transforms like a vector-valued Jacobi form.

Remark 2. We frequently make use of the well-known fact that specializing the elliptic
variable of Jacobi forms to torsion points yields modular forms or related objects. (See
[7] for the classical one-dimensional case).

We next introduce a differential operator which, when applied to Vignéras’ theta
functions, often makes them simpler. Let

N
o
X_ = _2w2% —2iv Y y;0s,

Jj=1

be the (multivariable) Maass lowering operator which decreases the weight of a (non-
holomorphic) Jacobi form by 2. A direct calculation gives.

24



CHAPTER II. INDEFINITE THETA ARISING IN GROMOV-WITTEN THEORY

Lemma I1.2.3. We have

X_ (®H7L7A7Pu>\) = e,usz)Asz’A
with

N
px(z) =) 0, (p(x)).
=1

Remark 3. We let ©,, 1, 4, be the holomorphic part of © (whenever this is well-defined
as we comment on later) and call it higher depth Jacobi form with shadow ©, 1, A py -
Specializing to torsion points yields higher depth mock modular forms.

11.2.2 Examples of indefinite theta functions

Although Vignéras’ beautiful theorem has a simple statement, it is far from obvious
how one can find appropriate functions p such that the corresponding indefinite theta
function converges and which has a fixed, desired “holomorphic part”. In his celebrated
thesis 28], Zwegers succeeded in doing this for quadratic forms of signature (n,1). In
this case, the usual error function

E(w) = 2/0 e ™ dt

plays a vital role. For comparison with functions we shall need later, note that, as
w — F00,
E(w) ~ sgn(w). (I1.2.2)

Moreover, we clearly find that ,

E'(w) = 2e ™",

Also note that E may be written as
E(w) = / sgn(t)e*”(t*w)th.
R

To discuss Zwegers’ breakthrough, we now fix a quadratic form @ of signature (n,1).
We must first discuss a few preliminary geometric considerations to describe the full
behavior. The set of vectors ¢ € RY with Q(c) < 0 splits into two connected components.
Two given vectors ¢; and ¢ lie in the same component if and only if B(cy,c2) < 0. We
fix one of the components and denote it Cg. Picking any vector ¢y € C, we then have

Co={ceR":Q(c) <0, Ble,cp) <0}.
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Then the cusps are those vectors in the following set:

Sq = {c =(c1,¢9,...,en) €ZN s ged(ey,ea,...,en) =1, Q(c) =0, B(e,cp) < O}.
A compactification of Cg may be formed by taking the union 6(9 := Cg U Sg. Defining
for any c € Cg

R(e) RN if c € Cg,
c) =
{aeRY : B(c,a) ¢ Z} ifce Sg,
we set
D(c) == {(z,r) eCN xH: % e R(c)}.

Zwegers’ indefinite theta functions, which transform as modular forms and which are
(almost always) non-holomorphic, are defined as follows. For (z,7) € D(c1) N D(c2), we
consider the theta function

0(z;7):= > p (" + yﬂ') UM emBER) - where (IL.2.3)
nezZN v
p(n;7) = pg ?(n;7) i= p™ (ny7) — p2(ns7)  with (I1.2.4)

B(c,n)v% .
pf(n;T) = E ( —Q(C)> if e Co,
sgn(B(c,n)) if c € Sg.
Here and throughout we use the usual convention that for x € R, sgn(0) := 0 and
sgn(x) = z/|z| for x € R\ {0}. Note that the cuspidal case, ¢ € Sg, may be viewed as a
limiting case of the general situation (for example by ([1.2.2))).

Zwegers showed that indeed converges. This is far from obvious, since the
indefiniteness of @ implies that ¢9(™ is unbounded for n € ZV. In fact, as in our case,
this is one of the more subtle and substantive aspects of his proof of modularity. The
main reason for the interest in this theta function lies in the Jacobi transformation
properties of 0, which are described using the following auxiliary set:

D(c):={(at +b,7): 7 € Hya,b € R", B(c,a),B(c,b) ¢ Z}.

Theorem 11.2.4 (Zwegers). Assuming the notation above, the function 6 satisfies the
following transformations:

1. For all X € ZV and p € A7'ZN, we have (e(z) := €*™7)
0(z + A+ p;7) = ¢ 9WNe(=B(2,))0(z; 7).
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2. We have .
O(z;7+1) =40 <z + §A71A*; 7'> .

3. If (z2,7) € D(c1) N D(c2), then

N
2

z 1 i(—iT) Q(z + n1)

()= e, 2

)0l + i)

In a pathbreaking paper, Alexandrov, Banerjee, Manschot, and Pioline [1] then
generalized Zwegers’ construction to quadratic forms of signature (n,2). We do not state
their beautiful results as we do not require them for this paper. We only note in their
setting E got replaced by (o € R)

sgn(t1) sgn(ta + atg)e_”(“” —t1)?=m(wa—t2)? dt1dts.
2

Esy(a;wy, wo) 3:/

R

We note for comparison that their notation slightly differs from ours. We have, as A — oo,

Es(a; Awy, Aws) ~ sgn(wy) sgn(wy + aws). (I1.2.5)
Moreover
(85)1 + 812“2 + 27 (wlawl + wgan) )EQ (a; w1, wQ) =0, (H.2.6)
2 _7T(’UJ2+(11U1)2 awg — w1>
Owy Fo (w1, we) = ——e +o? B —— ], and 11.2.7
wa B2 (05101, 02) = T ( ita? (IL.27)
) o —mw? 2a _% Qws — Wi
8w1E2 (CK7 w1, 'IUQ) = 2e ) ('U)Q) + ﬁe 1+ ﬁ . (1128)

I1.3 Generalized error integrals

In this section, we introduce higher-dimensional analogies of the error function,
following ideas of [1,/14].

I1.3.1 Definitions and basic properties

The authors of [1] proposed a 3-dimensional analogue of Eo, namely

*
E3 (Oél, 0[27 O[3; 'U}l, w27 'LU3)
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= / Sgn(tl + ajasty + a2t3) Sgn(tg + asasts + Oégtl)
R
X sgn(tg + a3a1t1 + Oéltg)e_ﬂ-((wl_t1)2+(w2_t2)2+(w3_t3)2)dtldtgdtg.

Here we define a modified version which is convenient for our explicit functions. After
finishing this article, Pioline pointed out to the authors that there is an explicit map
from the suggested higher dimensional E3 function of |1]; however, our function may also
offer some advantages as it seems easier to directly work with in at least some examples.

N(N=1)
We define a generalized error function Exy: R~ 2z~ x RY — R by

En(o;w) = / sgn(t1) sgn(te + aity) (IL.3.1)
RN
X Sgn(tg + aotq + a3t2) <. e8gn (tN + ... +tanw-1 thl) 6_7rHt_wH§dt,
2

where ||a||2 := VaTa denotes the Euclidian norm. Note that we use || - ||
for different dimensions, the meaning being clear from context. Higher-dimensional En
collapse to lower-dimensional ones if certain «; are 0. For example,

Es(a,0,0;w) = Ey(a;wy, we)E(ws), (I1.3.2)
E5(0,r, 0; w) = E(w2)Ea(a;wy, ws). (I1.3.3)

From now on, we restrict to N = 3, however most of our statements hold for general
N. The following lemma, which generalizes ([1.2.2)) and (II.2.5]), describes the asymptotic
behavior of Ey, which is crucial in the construction of the appropriate completions of
Lau and Zhou’s functions.

Lemma I1.3.1. For any a = (a1, s, a3),w = (wy, ws,w3) € R3, we have, as A — oo,
En(a; Aw) ~ sgn (w1) sgn (wg + aywy) sgn (ws + agwy + asws) .

Remark 4. Throughout the paper, we write En(a;w) ~ * to mean that En(a; Aw) ~
as A — 00.

Proof of Lemma[II.3.1. Changing variables yields

Es (o; wy, we, ws3) = / et Mt sgn (t1 + wi) sgn (to + v2) sgn (t3 + v3) dt,
RS

where t := (t1,t,13)7, v9 1= wo + a1wy, v3 := w3 + asw; + azws, and

2 2
1+ (s —az)® + a7 —a1 —az(aiag — o) arag — o
M = —Q] — 043(0410[3 — 042) Oé% +1 —Qs3
a3 — Q2 -3 1
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Note that det(M) = 1 and that M is positive-definite.
Then consider the difference

Es(a; Awy, Awa, Aws) — sgn (w1) sgn (w2 + aywi ) sgn (w3 + azws + aowy)
= / et Mt (sgn (t1 + Avr)sgn (t2 + Ava) sgn (t3 + Avg)
R3
— sgn (v1) sgn (v2) sgn (vs) )dt.

It is easily checked that the integrand vanishes whenever |t;| < A|v;| for all j. Denote the
complement of the cube given by these three inequalities for ¢ by B(\). Outside of B(\)
we bound the sum by 2 and obtain the following as an upper bound of the absolute value:

2/ e~ Mt gy
B(X)

Since M is positive-definite, this converges to 0 as A — oo whenever v; # 0, proving
the statement in this case. If (at least) one v; vanishes, the integral expression for E3
vanishes which may be seen by changing ¢; — —t;. O

Certain sign-factors that occur throughout our investigation turn out to not quite
have the correct shape. For this, the following elementary lemma, whose proof we skip,
is useful.

Lemma I1.3.2. For a,b,c € R\{0} and \; >0 (j =1,2,3), € € {1}, we have (unless
()‘17 )‘2) = (07 0))

sgn(a)sgn(b) = —e + sgn(Aa + Aaeb)(esgn(a) + sgn(b)) (I1.3.4)
and (unless (A1, A2, A3) = (0,0,0))

sgn(a)sgn(b) sgn(c) + sgn(a) + sgn(b) + sgn(c) (113.5)
=sgn(A1a + Aob + Azc) (sgn(a) sgn(b) + sgn(a) sgn(c) + sgn(b) sgn(c) + 1). a
Remark 5. Applying Lemma to FEo(a;w) gives, for av # 0,
Es(o;wy, we) = E(wy)E(w2) — sgn(a) B (Oé_l; w2, w1) + sgn(a).

In the “cuspidal case” considered below, we must allow certain values to be 0. To do so,
the following lemma turns out to be useful.
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Lemma I1.3.3. For ai,as, as, wy, ws, w3, wy € R with as, ajas — as # 0, we have

Es(o;wr, wa, w3) = Tll_{r;oEs (a1, Tag, Taz; wy, wa, Tws)

= sgn(ag)E(w1) + dsgn(as)E <W> —F <w3 + oo+ a3w2>

af +1 Va3 + a3

— sgn (azws) (1 + 0Fs (a1;wi, we) + 6 Fa (020551; w1, aglwg + wg)

Y Y
—ag + a1a3 of +1

Vi +1 <w3 4 (o105 — ) (anws — w1)>> )7

+ OB, ( a1 03 W2 + opwi

—ao + ajag a% +1
where 0 := sgn(as(aa — ajas)).
Proof. We directly compute that
Es (a1, Tag, Tas; wy, wa, Tws)
Tz /R3 Pl sgn(ty + wy)sgn(te + aqty + wo + agwy)

X Sgn(agtl + asto + w3 + avwy + Ozgwg)dt.

The integral over t3 may now be computed to be 1.

To determine the remaining two-dimensional integral, we use Lemma with
)\1 = |042 — a1a3], )\2 = |053’, )\3 = 1, a = 5(t1 — wl), b = to + a1ty + V2, and ¢ =
sgn(—ag)ast] — |as|te + sgn(—as)vs, where ve := we + aywy, v3 := w3 + avwy + agws,
gives that the product of the signs equals (outside the zero set given by abc = 0)

sgn(a;;)é(sgn (0 (t1 + w1)) + sgn (t2 + a1ty + v2)
+ sgn (sgn(—as)asty — |as|te + sgn(—ag)vs) )
— sgn(asws) (1 +sgn (0 (t1 + w1)) sgn (ta + arty + v2)
+sgn (d (t1 +w1)) sgn (sgn(—ag)agtl — |aslta + sgn(—ag)vg)
+ sgn (t2 + anty + v2) sgn (sgn(—ag)asts — |as|ts + sgn(—ag)vg)>.

We compute all like integrals separately. The terms — sgn(asws) and sgn(as) x sgn(ty +
wy) directly give —sgn(wsas) and sgn(ag)E(wq), respectively.
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To consider the contribution from sgn(as)d sgn(te 4+ at; +v2), we define the orthonor-
mal matrix M := (o + 1)7’ (%1, ! ) Since M, is orthogonal, ||Mit||2 = ||t]|2. Thus,
the contribution from this term gives

_1
(5sgn(a3)/ e~ lItI3 sgn (tl + (OJ% + 1) 2 vg) dtidty = dsgn(as)E 2 ).
R? oaf +1

The contribution from —¢ sgn(asgty + asts + v3) is treated in exactly the same way, giving

—SE (“) .
\/oz% + oz%
Next, we consider the product of two sgn-factors. The terms —d sgn(agws) x sgn(t; +
w1) sgn(te + agty + v2) and —d sgn(agws) sgn(t1 + wy) sgn(a2a§1t1 4ty + aglvg) yield
the contributions —d sgn(agws)F2(a1; wy, we) and
-0 sgn(agwg)Eg(agagl; wy, ozglvg - a2a§1w1), respectively.
Finally

sgn (ws) /2 eItz sgn (to + ait] + va) sgn (aet; + agte + vs) dt
R

= sgn (w3) / e mlIH3 sgn ((Muf)l a2+ 1+ vg) sgn (aot1 + aste + v3) dt
R2

1
= sgn (ws3) / et sgn (tl + (a% +1) 2 v2>
R2

X sgn (042 (M_lt)1 + a3 (M_lt)2 + ’U3) dt
= —dsgn (azws)

241
< E ( ajag+az v voi+ <U3_ alag—i-agw)) .

—az +araz’ /o2 +1 —a2 +aiag of +1

We next show that the function E3 satisfies a special differential equation.

Lemma 11.3.4. We have

i (82 + 2w;0y ) Es(a;w) = 0.

J=1
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Proof. We write
Eg(o;w)
R?2
X /R? sgn (t2) sgn (t3 + (e — ajas) t1 + asts) e ((ta—wz—anty)*+(ts—ws)?) gy
= /ngn(tl)Eg (ag; wo + arty, w3 + (g — aqas) ty) e*“(t“wl)thl.

Applying the operator on the left-hand-side gives

0
/ sgn(tl)% ((—27Tt1)e_7r(t1—w1)2) Es (as;we + agty, w3 + (ag — aqas) ty) diy
R 1

+ / sgn(ty)(—2mty e "h—w)®
R
X (OélEél’O) (ag;wa + arty, w3 + (oo — ajag) t)
+ (042 — 041043) Eéo’l) (043; wo + at1, w3 + (042 — 041043) t1)> dty
0
= —27r/ Sgn(tl)@T (tle*”(“*“’l)zEQ (as;wo + arty, wg + (ag — o) tl)) dty
R 1
— ()7

by (II.2.6) and the chain rule. This gives the claim. ]
Lemma I1.3.5. We have

2
2 *%(w3+a3w2+a2w1)2
owsEs(a;w) = ———=e 273
V1+a3
Y E azas —ag (@3 +1)  (wa+ azwy) as — (14 0f) w1 agwy — wy
2 ) ) )
V(1 +03) (1403 +0a3) V1+a3+o3 V1+oj
7r(1+0% 9
Ouws By05w) = —mesl_ e (oo
V14 oz§
v E o3 — o (ag + 1) (w2 + azws) ag — (1 + a%) w1 azws — wo
2

Ja+a) (1+az+at) Vit T Vitad
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2 _ N2 9 — a3 W1 — W2
€ 71'(0411111 w2) EQ ) , W3 |,

+ :

V1+ad Vita? 1+ a3

. 77r(1+a§)

8U}1E3(a, w) _ 20[1 (1 + a2 O[S) e 1+a%+a§
V14 a%

agaz — o (a3 +1) (w2 + azwz) ag — (14 03) w1 asws — wo
V(1 +03) (1+03+0a3) V1+as+a3 V1+a3
2(ag — aras) orlarww)? g (G2 13wy — oWy

V1+a? Vita? 1+ a3

+ 2F9 (042; way, w3) e

(w3 +azwz+azwi)?

XE2

Trw%'
Proof. In the proof of Lemma [[.3:4] we see that
E3(a;w) = / sgn (1) e~ ™0 By (ag; wa + arty, ws + (g — anag) t) dby.
R

We apply first ([1.2.7) to get

8w3E3(a; w)
- / sgn () e—m—w)? 2 Tiag (vstestitasu)”
R 1+ ag

< E (Oég (wg + (042 — Oéloég) tl) — (w2 + a1t1)> dty

71+ a%
2
(Ha?’)w (w3 +azwat+aswr)?

- 2 2
1+o¢2+o¢3

2
= —%¢

v 1+ oa%
-7 \/1+a2+a2t1+1((w3+a3w2)a2—(1+a2)w1)2>
X / Sgn(t1)e < 2 3 \/1+a%+a§ 3
R

2
Qo3 — 1z — 1) t1 + aswy —w
x B ( 278 17 1) ! 53 2 dty. (I1.3.6)
v 1+ a%
Making the change of variables ¢ — +t12+ > then gives the claim.
QyTag
We next apply Ow,. By (11.2.8), we get

Ow, B3 (a; w)

33



CHAPTER II. INDEFINITE THETA ARISING IN GROMOV-WITTEN THEORY

- / sgn(tr)e ") (g D, (Ba (033 w2 + 0nty, w3 + (02 — anas) )
R
n 26_7r(w2+a1t1)2E (w3 + (a2 - 041043) 751) )dtl'

The first summand is computed as above. The second term gives the claimed contribution
by simplifying and making the change of variables ¢; — —-

\/1+a% )

Finally we apply Oy, to
give, using integration by parts,

Ow, B3 (a; w) = 2E5 (a; wa, w3) e~ ™l

0
+ / sgn (tl) e_ﬂ—(tl_wlfalﬁ (E2 (012; wg + aty, ws + (Ozg — 051043) tl))
R 2

0
+ (a2 — aqa3) s (B2 (ag; wg + anty, w3 + (e — aqag) t1)) diy.

From the above the result follows. O

I1.3.2 The function E3 as a building block

The theta functions of interest in Gromov-Witten theory are indefinite theta functions
in which the summation conditions may be written in terms of sgn-functions. The
following proposition shows how to turn their sgn-factors into functions satisfying Vignéras
differential equation.

Proposition I1.3.6. For N € Ny, let A = P~Tdiag(Iy,—1I3)P~! € Maty3(R) be a
symmetric matriz of signature (N,3), P € GLy4+3(R), and assume that a,b,c € RN+3
generate a 3-dimensional space of signature (N4, N_) with respect to the bilinear form
(-,-) given by A™L. Then there exist d,e, f € RVNT3 and ay,as,a3 € R (determined
explicitly in Lemma below) such that the following are true.

1. For (Ny,N_) = (0,3) the map X +— F3(a1,00,a3;d" PX,e"PX, fTPX satisfies
Vignéras® differential equation for diag(In, —I3), and for all n € RNT3, we have

FEs (al, asg, as:dn,el'n, an) ~ sgn (aTn) sgn (an) sgn (cTn) .

2. For (Ny,N_) = (0,2) the map X — &3 (al,ag,ag;dTPX, e’ PX, fTPX) satisfies
Vignéras’ differential equation for diag(In, —1I3) and for all n € RN?3, we have

& (041, asg,az;d n,eln, an) ~ sgn (aTn) sgn (an) sgn (CT ) .
Before proving Proposition [[I.3.6] we require an auxiliary lemma.
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Lemma I1.3.7. Assume that a,b,c € RNT3 generate a 3-dimensional space of signa-
ture (0,3) or (0,2) with respect to a symmetric bilinear form (-,-) of signature (N,3)
on RN*3. Then there exist pairwise orthogonal vectors d,e, f € RN+3\{0} and scalars
A v € R\{0}, ag, 0,3 € R

d= )a, e+ ayd = ub, [+ asd+ agze =ve (I1.3.7)

such that squares of the norms of d,e, f are (—=2,—2,—-2) for signature (0,3) and
(—2,—2,0) for signature (0,2), respectively. Explicitly, they can be defined (after permut-
ing a,b,c such that span{a, b} has signature (0,2)) as

_ —2Hall2
H |2’ lall*[b]]* = (a, b)*’

2 -1 .
_lel? +mm>_u<@&%xawmm» Mu:ppz if p#0,

2flaf* 4 lall? 1 if p=0,

a,c 1 a,b){(a, c)\?
oy = — 2>)\u, aQ::—<2>)\1/, ag::—2,u1/((b,c)+<><2>>.

Furthermore, p > 0 vanishes if and only if the signature is (0,2).

Proof. Since by assumption a and b generate a negative-definite two-dimensional space,
we have ||a[|? < 0. The definition of A directly yields that ||d||*> = —2. Because the space
spanned by a and b is negative-definite, we in particular have ||a||?||b||* — (a, b)?
Therefore, y is a well-defined positive number. We then compute, using that ||d||?> = —2
and the definition of u,

(d,e) = u{d,by + 2a; = Ap{a, b) — (a,byAp = 0,
lel* = (ub — a1d, €) = b, ub — a1 a)

1
ZMMW_WW@@:ﬁOM”vm@ﬁﬁ:—z

Then by the choices of ag and a3, we obtain that f, as defined in (I1.3.7)), is orthogonal
to d and e, using (d,e) = 0:

(d, f) = (d,ve — agd — aze) = v{d, c) + 2ae = Av{a,c) — Av{a,c) =0,
(e, f) = (e,vc — aad — aze) = vie,c) + 2a3

a,b)(a, c)\?
=v{ub — agla,c) — uv <<b, c) + <’b><2’>)\>

35



CHAPTER II. INDEFINITE THETA ARISING IN GROMOV-WITTEN THEORY

{a,b)(a, c)\?

B (a,b)
AihY 5

2
The above then yields

2uvia, c) — pv =0.

lel* = v=2 (ILf1I* - 203 — 203) .

Finally we rewrite

S .1 c>>2
2 2lall®  4lalPlbl* = (a,0)* \ M7 lall?
-1
. Lo o? 1 <_||a|!2||b\|2 — (a, b>2> <<b ¢ — (a,b)(a, 0)>2
2 2 4 2||all> ’ lal[?
el et 1, (a,b)(a,¢)A?\*
=- 1 A i (b, c) + 5 :
Using the definition of v then yields
2 1 b)(a, c)A%\ >
HfH2 _ V2HCH2 + 2<a7 C> )\21/2 + 7N2V2 <b, C> + <a7 ><a7c>
4 2 2
i
= -2 = 0 1 p=0
—2sgn(p) if p#£ 0.

This shows that p vanishes if and only if span{d, e, f} = span{a, b, c} has signature (0, 2).
Since span{a, b, ¢} is negative semi-definite, || f||> < 0 and thus | f||? € {—2,0}. Therefore
v= pfé > 0 if p # 0 such that v agrees with the definition in the proposition. O

We are now ready to prove Proposition [[1.3.6]

Proof of Proposition[II.3.6. (1) Welet d, e, f € RV*3 and a1, az, a3 € R be as in Lemma
The definitions of aq, s, a3, d, e, f, together with Lemma ensure that the
asymptotics hold. Lemma also implies that PTd, PTe, PT f are pairwise orthogonal
with squared norm —2 each (with respect to D~! = D := diag(Iy, —I3)). Combining
this with Lemma and the chain rule then gives the claimed satisfaction of Vignéras’
differential equation.

(2) Lemma [I1.3.7| shows that v, w € {d, e, f} satisfy
~ 200 (1= 850) = (,w) =T A" w = oTPD™ P w = (PTv)" DPTw.

Therefore (PTd, PTe, PT f) forms an orthogonal basis with norms squared (—2, —2,0)
with respect to D1 = D. Note that there exists a subspace of signature (1,3) with
orthogonal basis (d, e, f+, f—) such that f = fi + f_. Setting (note that ||f—|| = ||f+]])
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1
we = === (1 =) fy + (1 +)f),
V2 f+l%e
we compute ||w,||> = —2. Therefore (P7d, PTe, PTw,) is an orthogonal basis with norms

squared (—2,—2,—2) with respect to D. Just like the previous case, applying Lemma
[L3.4] and the chain rule shows that

X s Ej <a1, as;d'PX,eTPX, wZPX>

1 1
a2,
V2l fe2e 7 V2147
is a solution of Vigneras’ differential equation. The scalar factors for ag and a3 ensure

that the function has the right asymtotic behaviour.
O

II.4 Lau and Zhou’s explicit Gromov-Witten potential and
simplifications for the proof of Theorem [I1.1.1

In this section, we explicitly recall the functions arising in Gromov-Witten theory,
which were studied by Lau and Zhou in [11], as well the explicit summation formulas for
them by Cho, Hong, Kim, and Lau [3], and we start the investigation of their modularity
properties. We assume throughout that a = (2, 3,6) and study the function W,(2, 3, 6)
defined in [11]. Namely, noting that in the notation of [11] we have ¢ = ¢°, and writing
the resulting coefficients as functions of 7, by (3.29) of [11], W,(2, 3,6) can be expanded
as

Wq(27 37 6)
= 5 X2 — qBXYZ + ey (1)Y3 + (1) 25 + ey 2o(T)Y2Z2 + ey pa(r)Y 24, (114.1)
where
3 n+1 n(n+1)
cy(T) =g Yy (=)' 2n+1)g 2, (11.4.2)
n>0
(n+2)(n+1) a(a+1)
ev(r) =g Y ((C1)HOn—2a+8)g 2 T (11.4.3)
n>a>0
+(2n + 4)q"+(m+17a2>
n n a(a )
eyza(r) == ¢ % Y (=)™ (6n — 20 — 26+ g ST (114
a,b>0
n>a+b
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cz(q) ==q

n,a,b,c
(n,a,b,c) €T UTLUT3UT n(n, a,b,c)

where

A(n,a,b,c) == <";F2> _ <a-2F1> B <b—12-1> B (0_51),

72 Z (_1)n+a+b+c (Gn —2a—2b—2c+ 6) qA(n,a,b,c)’

(I1.4.5)

Ts := {(3a,a,a,a) : a € Ny},

T3 :={(3a+ k,a,a,a) : a € No, k € N},

Ty :={(a+b+c,a,b,c):a,b,ceNysuch that a < min(b,c) or a = ¢ < b},
T :={(a+b+c+kyab,c):keNab ceNy

such that a < min(b, ¢) or a = ¢ < b},

n(n,a,b,c) = jif (n,a,b,c) € T}.

Note that the authors in [3] and [11] have an extra condition “distinct” in 7. This turns

out to just be a typo.

In [2] modularity properties of cy, cy z2, and ¢y z4 were laid out and proven. We are
thus left to investigate the hardest piece cz. The following lemma decomposes ¢z into 3

simpler pieces.

Lemma I1.4.1. We have

dies(r) = Fi(r) — Fa(r) — gFg(T), where

Fi(7) = > - > (=1)*(3k + 2a + 2b + 2¢ + 3)
a,b,c>0 a,b,c<0
k>0 k<0
a<min(b,c) a>max(b,c)

2
< q%Jr% +ab+ac+ak+betbk+ck+a+btct1

)

1 b
Fy(r):=5 (> = > | (Ba+2b+ 3)goa+2abt3atbi2
a,b>0  a,b<0
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Proof. Let

L= Y Gmaben)

(n,a,b,c) €T}
g(n,a,b,c;7) = (=1)"HHHe(6n — 20 — 2b — 2¢ + 6)gA b0

<

and g(k,a,b,¢;7) :==g(a+ b+ c+ k,a,b,c;7) and split
f1(7) = fu(7) + fr2(7), f2(7) = for(7) + faa(7)

with
fll(T) = Z g(k7a7 ba C;T)a le(T) = Z g(k7a7 ba G T)a
a,b,c>0,k>0 a,b,c>0,k>0
a<min(b,c) c=a<b
1 1
fQI(T) = 5 Z g(k>a7b>c;7—)7 fQQ(T) = 5 Z g(kva‘abvc;T)'
a,b,c>0,k=0 a,b,c>0,k=0
a<min(b,c) c=a<b
Note that

g(-n—-3,—a—1,-b—1,—c—1) =g (n,a,b,c),
g(=k,—a—1,-b—1,—c—1) =g(k,a,b,c),

which we use repeatedly. We now compute

filr) = % Z — Z g(k,a,b,c;7)

a,b,c>0,k>0 a,b,c,k<0
a<min(b,c) a>max(b,c)

_1 Z — Z g(k,a,b,¢;7) — far(7),

2 a,b,c>0,k>0 a,b,c<0,k<0
a<min(b,c) a>max(b,c)
and similarly
J12(7) + 2 f22(7)
= Y glkaben+ Y gkaber)= > gkabcr)
a,b,c>0,k>0 a,b,c>0,k=0 a,b,c>0,k>0
c=a<b c=a<b c=a<b
1 1
:i E g(k,a,b,c;7’)—§ § g(k:,a,b,c;T)
a,b,c,k>0 a,b,c,k>0
a=min(b,c) c=a=b
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1 3 6
=5 Z g(k,a,b,c;7) — §f3(7') - QfG(T)'
a,b,c<0,k<0
a=max(b,c)

Therefore
Fulr)  Falr) () 4 2 o) + 3s(7)

= Fi(r) 4 fio(r) + for (7) + 2fan(r) + 2 fa(r) + 3o(7)

2
1 1
:5 Z - Z g(k7a7bac;7)_§ Z g(k?a7b7037—)
a,b,c>0,k>0 a,b,c<0,k<0 a,b,c<0,k<0
a<min(b,c) a>max(b,c) a=max(b,c)

= % Z - Z g(k,a,b,c;T) = Fi (7).

a,b,c>0,k>0 a,b,c<0,k<0
a<min(b,c) a>max(b,c)

For fs2, we find that

faa(T) :% Z 9(0,a,b,¢;7) :i Z — Z 9(0,a,b,¢;7)

a,b,c>0 a,b,c>0 a,b,c<0
c=a<b c=a<b c=a>b

:i =Y g(07a,b76;7)—%f6(7)~

a,b,c>0 a,b,c<0
c=a<b c=a>b

Making the change of variables b — b + a, we obtain that the first sum equals

1

I Z — Z 9(0,a,a+b,a;7)

ab>0  a,b<0

1
= Z _ Z (12a+4b+6)q3a2+2ab+3a+b+2 = By(7).
a,b>0  a,b<0

Finally, we compute

3f3(7') + 3f6(7')
1
= Z g(k,a,b,c)+ B Z g(k,a,b,c;T)
a=b=c>0 a=b=c>0
k>0 k=0
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:% Z — Z g(k:,a,b,c;T)%—% Z g(k,a,b,c;7)

a=b=c>0 a=b=c<0 a=b=c>0
k>0 k<0 k=

:% Z - Z g(k:,a,b,c;T)

a=b=c>0 a=b=c<0

k>0 k<0
1 k 302 3ak+3atkl 4 3k 41
=5 =) | (=DF(12a+ 6k +6)q 22 —ARy(7).
a,k>0  a,k<0
Combining completes the proof. ]

Lemma I1.4.2. The functions Fo and F3 have modular completions.

Proof. We view F; as derivatives of indefinite theta series with additional Jacobi variables
(where (; 1= €2™%)

N

FQ(Zl,Zz;T) = C

DO D N I ate )

a,b>0  a,b<0

Then 1
3 0 0
R =2 [(12@ + 465 - ) Fz(ZhZN)] 1
4 C C %2;11
Define

~

2
Fo(21, 205 7) i= Fa(21,22;7) + %ZCW 21 + k73 37)R(322 — 21 — k73 37),
k=0

where (with z = = + iy)

2

19(2;7_) — Z eZm’n(z+%)q%

nE%-‘rZ
= _iqée—m'z H (1 _ qn) (1 _ eQm’zqn—l) (1 _ e_Qm‘zqn) ’
n>1
n2 3
Ram= 3 (s — B ((n+ L) va0)) (-1 2% v
v
ne€L+7
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Setting

aC C2=4q

q—q2

1
. 3 P .
Fy(T) := it [(12{, +4C2 > F(Zl,ZQ;T):| =t
9Ca
we have ﬁ; = Fy. Using [14] we see that we have, for (¢ %) € SLy(Z) and n1,ng, mi, ms €
A

7\'7;6(7325 +22q z2) R

) = (et +d)e er+d Fy (21, 20;7),

7 21 29 ar+b
2 ct+d er+d er+d

~ 3n2 ~
F2 (Zl + T +my, 29+ naT + m2) _ (_1)n1+m1€*§m2*n1C;ngq%—nuzze (Zl, 29; 7_) .

From this one can then derive the transformation law of Fy(z1 + %, 22+ 35 7). Taking the
appropriate derivatives with respect to z; and zy then gives additional terms involving
1,7, 72 which can be removed with the help of 1/v-terms (or using powers of the weight
2 Eisenstein series). This yields the modular completion. The shadow of F5(7) can be
determined using (I1.2.7)) and (I1.2.8)) for By (21, z2;7) and then applying the appropriate
Jacobi derivatives.

We next turn to F3 and define the Jacobi version of Fj

2
) e b 3a2+Y% +3ab
Fy(z,2037) = | D = > | (f¢g> Tz ¥,
a,b>0 a,b<0
Then

F3(r) = i [(2(1 8(2“1 + CQ;C 1> F3(21722;T)} =

Co=—q2

Writing
Fg(zl ZQ'T) = 1 Z sgn | a + 1 + sgn b—i—l Cacbq%Q(a,b)
) ) 2 2 2 162
a,beZ
with Q(a,b) := 6a? + b* + 6ab, we obtain the completion

Aiesan =3 3 ((V0 (Voos gom) )= (i (o))
a,beZ

Xglcb 7Qab.

The proof then follows as before. O
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CHAPTER II. INDEFINITE THETA ARISING IN GROMOV-WITTEN THEORY

II.5 An indefinite theta function of signature (1,3)
A key in understanding F is the following indefinite theta function

@(2;7') = @0,24,A,ﬁ,0(2;7)>

1111
whereA:z(%?é%),and
1110
A = —E () - <\/§€2>+E(€3—€) O D)

3 2
_ ) z
(\f \f 5 i l3 — @2, 52 l3 + 54), \/;(52 + U3+ E4)>

+ sgn (01 + by + 03)

( (¢ )Ewg—eg)—Ez(ml,—el—2£2)+E2(—1;z3—e2,e2+£3)+1)
+sgn (01 + 3 + £y)
X (E (1) E (£y — ) — B (1301, —01 — 205) + B (—1; 64 — lo, 05 + £g) + 1).

Theorem I1.5.1. The function © transforms like a vector-valued Jacobi form.

There are two main steps that have to be made: convergence and showing that p
satisfies Vignéras’ differential equation.

Proposition I1.5.2. The theta series ©g g4 4 ,0(2;7), as well as its modular completion
O, z4 A7p o(z;T) converges absolutely and uniformly on compact subsets of {(z,7) € C"xC :

B(cj, ) ¢ Z (j €{0,1,2,3})}. Here
p(l) == (sgn (CO 6) + sgn (cl 6) ) (sgn (co E) + sgn ( ﬁ) > (sgn (01 E) + sgn ( 6) )
= (sgn (&1) +sgn (£2)) (sgn (€2) + sgn (€3 — £2)) (sgn (£1) + sgn (£s — £2))

with co := (0,1,0,0)7, ¢; := (1,0,0,0)T, o := (0, —1,1,0)" and
c3 = (0,—1,0,1)T.

Proof. We begin by proving (absolute local uniform) convergence of the holomorphic theta
series © 74 4 50, 50 that it suffices to additionally prove the convergence of ©y 74 4 51,0 =
©0,24,450 — ©0z4,4,0- We also note that for (z,7) lying in the stated range, we have
B(cj,n+2) #0 for all n € Z.
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The proof of the convergence of the holomorphic theta function is a straightforward
generalization of the proof by Zwegers [28] and Alexandrov, Banerjee, Manschot, and
Pioline [1]. We rewrite

(sgn (c;‘gf) + sgn (c;fpﬁ) ) = (sgn ((A_lck)TAE) + sgn ((A_lcj)TAK) )
in p and observe that

’qQ(n)CAn

= exp ( — mont An — QWyTAn>

= exp (—27rQ (ﬁ <n + %))) exp (27763@)) 7
so that

Y
> o (vi(nt ) a2
+L
Therefore we need to investigate

> p(m)e?mm)

meA

S (6 (e )

nep+L

for A some lattice. Note that B(c;,m) = chAm = (Ac;)Tm. Since the sgn(c]TAm)
do not vanish, p(m) # 0 only if all sgn(c?Am) are equal. Therefore we obtain
B(cj, m)B(cg, m) > 0 for all j, k € {0,1,2,3} whenever p(m) # 0. The matrix

B(m,m) B(cy,m) B(ci,m) B(ca,m) B(cs,m)
B(Co,m) B(Co,Co) B(Co,Cl) B(Co,Cg) B(Co,Cg)
B(ei,m) B(co,c1) B(er,e1) Blei,c2) B(ei,es)
B(co,m) Bf(cog,c2) B(cr,c2) Blca,ca) Blea,c3)
B(es,m) B(co,c3) B(ci,e3) Blcea,c3) B(es,cs)

has determinant zero. We refer to the bottom right 4 x 4 block as G, which has negative
determinant. Both of these statements come from the fact that span{co, c1, c2, c3} has
signature (1,3). Furthermore, a Laplace expansion along the first column and then
another along the first row lets us write the determinant as

3
0 > B(m,m)det(G ZB Ck,m det (Gp q)p,tﬁfk)
-2 Z kﬂB (cj, m)B(ck, m)det ((Gp,q)psék,q#j)'
0<j<k<3
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Now note that det((Gp,q)pq£k) < 0 since the space span{cp;p # k} has signature (0, 3)
or (0,2) and the sgn (det ((Gp,g)pthgti)) = (—1)FF3F1 by direct calculation. Therefore,
whenever it is B(c;j, m)B(cg, m) > 0 for all j, k € {0,1,2,3} we obtain

B(m,m) = det(G) ! (Z B(ck, m)? det((Gp.g)p.grk)

-2 Z (cj,m)B(ck,m ‘det ( pq)p#k,q#) ‘ )

0<j<k<3

3
= |det(G) ’_1 (Z B(cy, m)z‘det((Gp,q)p,q#k)‘
k=0

+ 2 Z B(cj, m)B(cy, m)det ((Gp,q)p?ék,q#j) ‘ )

0<j<k<3
=: K(m) > 0.

If p(m) # 0, then at most two B(c;j, m) vanish, such that some terms in the second sum
do not vanish and the inequality is strict. Therefore, with p(m) < 8, we obtain

Zp( ) —27Q(m <82627TK
meA meA

Now since none of the determinants in the second sum of K (m) vanishes and the B(cj, m)
do not vanish, we obtain for some constant ¢ > 0 that

K(m) = emin(|B(c;, m))),

which yields exponential decay of e=27K(™) as |m|| — oo and thus the convergence

(uniform on compact sets with respect to translations of A) of
Z p(m)e—QﬂQ(m) <8 Z e—27rK(m) < 0.
meA meA

Next we treat the difference between the holomorphic part and the modular completion.
By multiplying out p and coupling the terms of p and p appropriately, we get a sum of
series over terms which have either the shape

—E3(o; B(dy,m), B(dz,m), B(ds,m))+  [[  sen(B(cj,m)) | @Me2miBEm),
je{0,1,2,30\{¢}
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where d1, d2 + aydy, d3 + aadi + agds are the ¢; appearing in the product or the same
shape with F3 replaced by &3 or

(sgn(B(ce, m)) — E(B(cg, m))) sgn(B(cg, m))2qRMe2miBzm)

for some (k,¢) € {(0,1),(0,3),(1,0),(1,2)}. In a similar fashion as in the proof of
Theroem 4.2 of [1], one can decompose each of these terms into a sum of integrals decaying
square-exponentially in some directions {c;,,...,¢c; } (i-e., it grows like e™™ 2k Blejm)?
in additionto the general factor e~72Q(™)). By combining the integrals of the same decay
from different terms, one obtains cancellation of the sign-terms whenever the integrals
times do not decay. This gives convergence of the the theta function. Further details
can also be found in the second author’s doctoral thesis [8]. Therefore the theta series

Op 74,4 p—p0 and O za 450 converge. d
We next turn to proving that Vignéras’ differential equation is satisfied in our situtaion.

Proposition I1.5.3. The function { — p(P{) is a solution of Vignéras’ differential
equation with respect to D := diag(1, —1,—1,—1). It approximates p if 1,03 # 0.

Proof. Our approach is to split p(¢) into various terms, which we treat separately using
Proposition and Lemma Multiplying the product of signs out, we obtain,
using that /1 and f5 do not vanish

sgn (1) + sgn (€2) + sgn (€3 — £3)

+sgn (04 — la) + sgn (L) sgn (b3 — l2) sgn (Ly — {3)

+ sgn (£1) sgn (f2) sgn (¢3 — €2) + sgn (¢1) sgn (€2) sgn (€4 — £2)
+sgn (¢1) sgn (€3 — lo) sgn (L4 — l3) .

21 1 1
We first compute A~1 = < % _01 91 8 ) .
1 0 0 —1
The single sign factors are treated as in Zwegers’ thesis [28] (see the description in

Section [[1.2.2)), yielding the following function
E(t)+E (V2ba) + E (6 — (o) + E ({4~ )
~ sgn (¢1) + sgn (f) + sgn (€3 — £a) + sgn (by — £3)

where each of the summands on the left satisfies Vignéras differential equation in
(01,02, 03, £4) with respect to diag(1, —I3) as can be verified directly. Thus we are left to
consider 3 sign factors.
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We start with sgn(¢;) sgn(¢s — ¢2) sgn(f4 — f2) and set
v = (1,0,0,00", v =(0,-1,1,00",  wv3:=(0,—1,0,1)".
Then, with (a,b) = a” A~'b, we obtain
v = -2, (v1,v2) = (v1,v3) =0, (v, v3) = —1.

This easily gives that the corresponding signature is (0,3). We plug these into (I1.3.7) to
obtain

A=1, w=1, V= — a1 =0, az = 0, Qg =

3~

2 1
d =y, e = v, f:%’l)y)—ﬁwg.
Lemma then yields that

V3 V3

and X — Ej3(0, %, 0;07 P vl X P, 373 (201 —vI)P). The claim then follows using (I1.3.3)).
We next turn to the case sgn(f2) sgn(fs — ¢2) sgn(¢4 — ¢3) and set

1 1
E; <0, —=, 050,03 — by, —=(—ty — {3 + 254)) ~ sgn(l1) sgn(ls — fo) sgn(ly — la)

v = (0,—1,1,00%, vy :=(0,-1,0,1)T, w3:=(0,1,0,0)T.
Then
[o1]* = flval* = =2, Jlvsl|* = (v1,09) = =1, (v1,v3) = (v, v3) =1,

We plug these into Lemma to obtain

A:]-u n= V:\/é) a1 a2 = — a3 = —

DO o
Sis
)

2 _ L
\/g? - \/37

and

1 2
d = w1, =—(0,-1,-1,2)T, :\/>0,1,1,1T.
v1 e \/g( ) f 3( )

Thus we obtain the completion

1 3 1 1 2
Es| —,—\/=,———=; 03— lo,—=(—ly — ¥ 204),40/ =l + b3+ £
3(\/37 \/; /2 3 2\/5( 2 3+ 24y) \/;(2-1- 3+ 4))
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~ sgn(la)sgn(ls — lo) sgn(ly — £2).
We now turn to the case sgn(¢;)sgn(f2) sgn(¢s — ¢2) and set
v1:=(1,0,0,0)", wy:=(0,-1,1,0)", ws:=(0,1,0,0)".
We compute
lo]? = |lo2l* = =2, [[vs]|* = =1, (v1,02) =0, (v1,v3) = (va,03) = 1.

We plug these into the (I1.3.7)) to obtain

1
)\21, M:L V=1, 04120, Oz2=—§, a3 = —

1

27
1 T

d:’Ul, € = V2, fzi(lalalvo) :

We use the second part of Proposition [I1.3.6| to obtain the differential equation for &3
and then use Lemma to obtain explicitely

“E()—E(ls—1ts) — E (\/ﬁeg) +sgn (b + O3 + Us)
X (Eq (0;41,03 — lg) — By (1,41, —€1 — 203) + Eo (—1;03 — lo, 05+ £3) + 1) .

In the same way, replacing ¢3 by ¢4 yields the completion for sgn(¢;), sgn(f2), sgn(fy — ¢3)
- F (51) —F (£4 — €2> - F (\/§£2) + sgn(ﬁl + by + £4)
% (B (001,04 — €)= By (156,01 = 26) + By (~ 1564 — 03,05+ £4) +1).

Combining all terms then gives the claim.

Corollary 11.5.4. The function Fy has a modular completion.
Proof. Define

F(Zl,ZQ,Zg,Z4;T) = Z — Z

ng,ng,ng>0 ng,n3,ny <0
n1>0 n1<0
ng<min(ng,ng) ng>max(ng,ny)
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2
> (—1)"1q 5 +n1nz+n1n3+n1n4+n2n3+n2n4+n3n4€2mB(Z,n).

2miB(z,n) _ Cnl +n2+nz+ng Cm +nz+ny Cnl +n2+ng C”l +n2+n3
— 51 2 3 4

Noting e , we obtain that Fj equals

0
lim 34+ — F(—w27,2w7'+w27'+Z,ZwT—I—Z,QwT—i—I;T)
w—0F 2mi0w 2 2 2

With z(w) = 7(—w?, 2w + w? + L, 2w + 1, 2w + 1) we write for w > 0 small enough
2 2 2

2
> (_1)n1q%+n1n2+n1n3+n1n4+n2n3+n2n4+n3n4 e?m’B(z(w),n)7

since

1 1 1\"
p(n—i— <—w2,2w—|—w2—|—2,2w+2,2w+2) >

8 if n1 > 0,n9 > 0,n3 > no,ng > ng,
=4 -8 lfnl < 05”2 < 07”’3 < n2,n4 < ng,

0 otherwise.

Since p(x) = p(y/vx), we obtain

8F (Z(’LU),T) = Z p <’n, + IHI(ZU(’UJ))> (_1)n1q%nTAn627riB(z,n)

nez4

_ Z D (n—i— Im(z(w))> q%nTAneZm'B(z+A—1(%,O,O,O)m)
v

nez

1
=0 (z(w) + 2/11(1,0,0,0)T;T> :

By Lemma [[1.2.2| and Proposition [[1.5.3 @0 = 0,74 45,0 is the modular completion of
©0 = ©gz1,4,0- Note that for w > 0 small enough, we have z(w) € {(z,7) € C" x C:
B(cj, 2) € 7 (j € {0,1,2,3})} such that with Proposition [I1.5.2| and Proposition [II.5.3

L 9 \a L1 T
8w K3+ 2m‘aw> o (Z(w) +247(1,0,0,0 T)]
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is the modular completion of

2miow
1 0 -1 T.

which proves the claim.

50



Bibliography

[1] S. Alexandrov, S. Banerjee, J. Manschot, and B. Pioline, Indefinite theta series
and generalized error functions, submitted for publication.

[2] K. Bringmann, L. Rolen, and S. Zwegers, On the modularity of certain functions
from Gromov-Witten theory of elliptic orbifolds, Royal Society Open Science
(2015), pages 150310.

[3] C. Cho, H. Hong, S. Kim, and S. Lau, Lagrangian Floer potential of orbifold
spheres, Advances in Mathematics 306 (2017), 344-426.

[4] C. Cho, H. Hong, and S. Lau, Localized mirror functor for Lagrangian immersions,
and homological mirror symmetry for IP’CIL p.c» J- Differential Geom. 106 (2017), no.
1, 45-126.

[5] C. Cho, H. Hong, and S. Lau, Noncommutative homological mirror functor,
preprint (2015), arXiv:1512.07128.

[6] C. Cho, H. Hong, and S. Lee, Ezamples of matriz factorizations from SYZ,
SIGMA Symmetry Integrability Geom. Methods Appl. 8 (2012), Paper 053, 24.

[7] M. Eichler and D. Zagier, The theory of Jacobi forms, Progress in Mathematics
55, Birkhauser, 1985.

[8] J. Kaszian, Indefinite theta functions and mock modular forms of higher depth,
in preparation.

[9] S. Kudla, Theta integrals and generalized error functions, preprint.

[10] S. Kudla and J. Millson, The theta correspondence and harmonic forms I, Math.
Annalen 274 (1986), 353-378.

[11] S. Lau and J. Zhou, Modularity of open Gromov-Witten potentials of elliptic
orbifolds, to appear in Communications in Number Theory and Physics.

[12] M. Vignéras, Séries theta des formes quadratiques indéfinies, Modular functions
of one variable VI, Springer lecture notes 627 (1977), 227-239.

[13] M. Westerholt-Raum, Indefinite Theta Series on Tetrahedral Cones, preprint.
[14] S. Zwegers, Multivariable Appell functions (2010), preprint.
[15] S. Zwegers, Mock theta functions, Ph.D. Thesis, Universiteit Utrecht, (2002).

o1



Chapter 111

Additional details for “Indefinite
theta functions arising in
Gromov-Witten Theory of elliptic

orbifolds”

In this chapter, we give some technical details for the interested reader that were
omitted in the proof of Proposition in [BKR] and Chapter [[I} Specifically, we show
that the completed indefinite theta function © 71 4 50(z;7) converges.

Note that there are two typos in the definition of p in [BKR]|. The second and third
argument of Fs3 are falsely exchanged and the

1 1
E(ls—01) By | —=: 0y, —— (—ly — b5+ 20
(0= 0) B (it e (o= ta 200
should be . .
E(0) By —=: 0y — by, —— (—ly — l5+20,) ) ,
(1) 2<\/3 53— 0 \/g( 2 — {3 4))
which came from a typo in the proof of Proposition Therefore we have
A 1 1
p(ﬁ) - Ewl) -F <\/§£2> +E(€1)E2 <\/§7€3 — 62, ﬁ (—52 — 53 + 264))

1 3 1 1 2
) ,—\[,—;z gy (—ly— 3 2 ,\[e byl
3(\/3 R i 2\/3( 9 — {3 1) 3(2 3 4))
+ E sgn (61 + fg + fj)

JE{3,4}

X (E (51) E (@ — EQ) — FEy (1;(1, -0 — 262) + Fsy (—1;€j — 52,52 —I—Ej) + 1).

Note that the convergence of the completed indefinite theta function actually requires that
the Jacobi variable is not contained in more hyperplanes than indicated in Proposition

I1.5.2| (compare with Lemma [[I1.1.1)).
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CHAPTER III. INDEFINITE THETA ARISING IN GROMOV-WITTEN THEORY

III.1 Additional details for the proof of Proposition [11.5.2

We will show the following.

Lemma II1.1.1. The theta series ©gzs 4 50(2;7) converges absolutely and uniformly
on compact subsets of

U1 — Yo — UYa —
{(ZT)G(C4><H B(cji ) ¢ (j € {0,1,2,3)), y2+yj+y4, LB gy

9

—yy — Y3 — 3
y21‘@/k y1+zf+yk’ Y2 y3Uy4+ ykgz(kg{?ﬂ})}

Proof. We begin by decomposing all E; functions appearing in p into M -functions and

sgn-functions using the equations (that hold when none of the appearing arguments

containing w; vanish) E(w) = M (w) + sgn(w),
Ej (k;w) = M3 (k;w) + sgn (wz2) M (w1)

wo + KW (IIIll)

+ sgn (wy — Kwe) M
g(l 2) <\/m

> + sgn (wy) sgn (wg + Kw1) ,

which is given in and
B3 (;w) = M3 (a;w) + sgn(ws) sgn(wz + aqwi) sgn(ws + aswi + azws)
’11)2043 + ws
m, m > sgn(wg — azws)
M ( Cwa + alwl, w1 (g — ajaz) + wa(afaz — ayas) + ws(1 + a%))
V1itad  (ae—ara3)? + (@fag — ajan)? + (1 +a?)?

X sgn (w1 — aqws + (a1as — az)ws) + M (wy) sgn(ws) sgn(ws + azws)

+ Ms(aq;wy, we) sgn(ws) + Mo (

w2 + w1
+ M <1+2) sgn(wy — ajws) sgn ((w1 — aqqws)(ay — ajas) + (1 + oz%) wg)
ay

M (ws + apwr + a3w2> sn <w1 B + aswz)

JIitoZ+a2 1+ 03

x sgn (w1 (a1 — asas + ara3) +ws (1+ a3 — ajasas) — ws (aas + as))

with

_ (1az + az)y/(a2 — a103)? + (@3az — ajan)? + (1 + af)?
V1+a? (1 + a2+ a3+ a2a3 — 2a1a2a3)
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One can verify the identity for E3 using Proposition 3.11 of [N] since Es((a1, oo, a3), w)
1

corresponds to Nazaroglus Eg((O T gi) W).
00 1

Applying these identities for all functions in p, we obtain

) =~ E(6) - E(V26) + E () By (\}g;&; b, \}g (—ly — b3 + 2@))

1 3 1 1 2
+ B ,\ﬁ;z by, = (s — L3+ 2 ,\[5 +ly 40
3 (\B 2 \/§ 3 2 \/g( 2 3 4) 3( 2 3 4))
+ Z Sgn(€1+€2+€j)
je{3.4}
X (E (01) E (€ — ba) — B3 (1561, =ty — 202) + By (= 1545 — by, by + {5) + 1)
== M (tr) —sgn () = M (V26,) = sen (V36) + (M (61) + sgn (1))

1 1
X (MQ (\/g, 63 — 62, % (—52 — 53 + 254)) + sgn(—EQ — 53 + 254)M(£3 — fz)

+ sgn(—EQ + 203 — 64)M(€4 — fz) + Sgn(ﬁg — 62) sgn(€4 — 52))

1 3 1 1 2
+ M ,—\[,—;e g, (bl + 2 ,\[z Yl
3(\/§ 3 B 2\/3(2 3 1) 3(2 3 4))
+ sgn(le) sgn(ls — lo) sgn(ly — £3)
1 1
£ My (=i ly — by, ——(—Ly — l3 +204) ) sen(ly + €3 + £
2<ﬁ3 2\/3( 2 3 4)> gn(g 3 4)
+ Ma(—1;43 — Lo, bo + £3) sgn(ly) + Ma(—1;44 — Lo, lo + L4) sgn({3)
+ M (€3 — €2) sgn(20y — by — £3) sgn (o + l3)

£ M0y — ) sgn(26s — by — 4) sgn(ls + ) + M (f%) sgn(f3) sgn(fa)

+ Z sgn (61 + €2 + 6]) (1 + (M (61) + sgn (61)) (M (ﬁj — 62) + sgn (6] — 62))
je{3,4}

— My (1301, — 1 — 205) — sgn(—b1 — 262)M(£1) — sgn(ly + €)M (—\@2)
—sgn(ly) sgn(—Lla) + My (—=1;4; — Lo, lo + £;) + sgn(lo + £;) M (£; — £3)
+ sgn(¢;) M (\/552) +sgn(f; — £2) sgn(ﬁz)).

Now we group these terms such that we obtain a sum of multiple convergent series. The
terms consisting only of sgn-functions give the holomorphic part, which we show using
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the second part of Lemma
—sgn (£1) —sgn (f2) +sgn (£1) sgn(l3 — lo) sgn(ly — £2)
+ sgn (¢3 — £3) sgn (L4 — L) sgn (¢2)
+ ngn (61 + Lo+ ;) (14sgn (£1) sgn (¢; — ly) —sgn(€y) sgn(fa)+sgn(l; — le) sgn(l2))
je{3,4}
= —sgn (£1) — sgn (f2) + sgn (£1) sgn(ls — £2) sgn(ly — L)
+ sgn (03 — £o) sgn (¢4 — f2) sgn (¢2)
+ Z (sgn (01)sgn(l2) sgn (€5 — €2) + sgn (£1) + sgn(f2) + sgn (£; — 82)) = p({).
je{3,4}

The convergence of © 74 4, 0(2;7) is shown in the proof of [[1.5.2]in Chapter
Next, the terms containing only M (¢;) are (when none of the sgn-functions vanish)

M(fl)( — 1+ sgn(ls — la) sgn(ly — £2)

+ Z sgn (01 + Lo + €;) (sgn(€; — €2) + sgn(ly + 262)))
je{3.4}

:1+sgn(éj —62) sgn(& +2€2)
= M(fl) (sgn (EI + 252) + sgn(ﬁg — fg)) (sgn (€1 + 2€2) + sgn(&; — EQ))

— M(gl) % (ZII4) if Sgn(€1 + 262) = sgn(ﬁg — 62) = Sgn(£4 _ 62) — :t17
0 otherwise.

To see that this contributes a convergent series, note that

(4 o )

emo(m+ )’ 2r Y onQ(n+¥) (T11.1.2)

Qy)
= QQQWTyef%le (n+%)

with Qq(¢) := 167 (

)
RO
O
O = =

) ¢ of signature (2,2). Now

201 (0) = (01 + 2)*+(€y + 202)>+0342 (01 4 205) (I3 — b + by — £3)+2 (3 — £o) (Lg — £2)

is positive and growing when sgn(¢; + 202) = sgn(fs — f2) = sgn(fy — ¢3) = £1 and
by — U, by — £y # 0. Therefore these terms contribute a converging series. The terms with
only the factors M (v/203), M (€3 — £5) or M (¢4 — f5) can be treated in the same way.

Next, we consider the terms containing Mg(\[, b3 — Lo, f( Uy —l3+20,)) as a factor,
which are

M2<\}§ ls 52,\}3( 62—£3+2£4)) (sen(l1) + san(la + 05 + 01)) .
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Now we use | My(o; 2)| < 2¢7™' % as a special case of [N, Proposition 3.8] and obtain
1 — v 2yy — yo —
252 e )

o\ 2 ot e\ 2
2ef7rv(<n37n2+y3vy2) +%<2n47n27n3+w> >€2WQ(y)€,27wQ(n+%)

v

= 26271—% eiQﬂ'UQQ (n+%)
3333
with Qa(¢) == (T (g 1 %) ¢ of signature (3, 1), which is positive and growing when
3114
L

(sgn(f1) +sgn(ly + f3+ £4)) # 0. The other Ms-terms and the product of two M-
functions can be treated the same way.

Finally, using | Ms(o; z)| < 3le™™ 7 as a special case of [N, Proposition 3.8] we see
that the single M3 term is simply decaying fast enough such that

11 \/§ 1 \/5
My | —=, ——=, =1/ 203 — lo, —=(—Lo — b3 + 204),\| = (Lo + {3 + 1 Qn)¢An
3<\/§ 7 5 3 2\/§( 9 — {3 1) 3(2 3 4)) g ¢

t=n+¥

_ 2 QA — oy — 2 2
< 66*7”) <n37n2+ 3 vyg ) +% (2n4*n2*n3+7y4 ZQ Y3 ) +% <n2+n3+n4+7y2+yf’+y4>

« 627r% 6727er(n+%)

_ 66271'—("25?) 6—271'1}@3(71—‘-%)

11 1 1

with Q3(¢) := %ZT <% 2] _%) ¢ of signature (3, 0), and requiring 3y; —y2 —y3 —y4 & vZ
1-1-1 4

ensures that the series over these terms converges as well. The product of an M-function

with an Mas-function can be handled the same way (this term gives a positive definite
quadratic form using the same bound for M3).

O]
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Chapter IV

Higher depth quantum modular
forms, multiple Eichler integrals
and sl3 false theta functions

This chapter is based on a manuscript published in Research in the Mathematical
Sciences and is joint work with Prof. Dr. Kathrin Bringmann and Prof. Dr. Antun
Milas [BKM1].

The content of this chapter is reprinted by permission from RightsLink Permissions
Springer Nature Customer Service Centre GmbH: Springer Nature, Research in the
Mathematical Sciences, Higher depth quantum modular forms, multiple Eichler integrals
and sls false theta functions, Kathrin Bringmann, Jonas Kaszian, Antun Milas, (©)
Springer Nature Switzerland AG 2019 (2019).

IV.1 Introduction and statement of results

In this paper, we study higher depth quantum modular forms which occur as rank
two false theta functions coming from characters of the vertex algebra W0(p) 4, for p > 2.
Via asymptotic expansions we relate these to double Eichler integrals which may be
viewed as purely non-holomorphic parts of indefinite theta functions.

Let us first recall the classical rank one case. Note that the derivative of a modular
form is typically not a modular form (only a so-called quasi-modular form). However,
thanks to Bol’s identity, differentiating a weight 2 — k£ € —N modular form k& — 1 times
returns a modular form of weight k. Thus it is natural to consider holomorphic Eichler
integrals. That is, if f(7) =Y, <, cs(m)g™ (¢ := €™ with 7 € H throughout) is a cusp
form of weight &, then set -

fr) =3 Cfgf‘l) . (IV.1.1)

m>1

o7
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It easily follows, by Bol’s identity and the modularity of f, that the following function is
annihilated by differentiating £ — 1 times

Ry(r) == f(r) - T“f(-i) : (IV.1.2)

This yields that Ry is a polynomial of degree k — 2 (Ry is the so called period polynomial
of f). So in particular Ry is much simpler than the starting function f. Note that f may
also be written as an integral, namely, up to constants it equals
100
(w)(w — 7)F2dw. (IV.1.3)
-

Similarly R; has an integral representation, namely up to constants it equals
100
(w)(w — 1) 2dw.
0

A similar construction works for weakly holomorphic modular forms, i.e., those meromor-
phic modular forms that only have poles at the cusp ico and not in H. In this situation,
(IV.1.3) needs to be regularized since the integral does not converge. Moreover, there is
a “companion integral” (again regularized)

100
/ g(w)(w + 7)*2dw, (IV.1.4)
where g is a certain weakly holomorphic modular form related to f in the sense that the
corresponding period polynomial, defined analogously to ([V.1.2), basically agrees with
Ry.

In contrast, for half-integral weight modular forms there is no half-derivative and
thus Bol’s identity does not apply. However, one can formally define the analogue of
(IV.1.1)) for theta functions. This was first investigated by Zagier [26,27] in connection
to Kontsevich’s “strange” function

K(q) =Y (4:¢)m,

m>0

where for m € Ny U {00}, (a;¢)m = H;":_Ol(l — aq’) denotes the usual g-Pochhammer
symbol. The function K (q) does not converge on any open subset of C, but converges as
a finite sum for ¢ a root of unity. Zagier’s study of K depends on the identity

> (nr) = ¢ (@:0),,,) = n()D (1) + 5ii(r), (1V.1.5)

2
m>0
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. Bl m? m ~
with n(7) = ¢24(¢;¢)oc = Zm21(%)q 2, D(1) = _% + Zm21lzﬁ and 7(7) =
m2
Zm21 (%) mq 21 , where (7) denotes the extended Jacobi symbol. The key observation

of Zagier is that in (IV.1.5)), the functions n(7) and n(7)D(7) vanish of infinite order as
T — % € Q. So at a root of unity ¢, K(() is essentially the limiting value of the Eichler
integral of i, which Zagier showed has quantum modular properties. Roughly speaking,
Zagier defined “quantum modular forms” to be functions f: Q@ — C (Q C Q), such that
the error of modularity (M = (2Y) € SLy(Z))

f(r) = (er +d)"Ff(MT) (IV.1.6)

is “nice”. The definition is intentionally vague to include many examples; in this paper
we require to be real-analytic. For example, f (recall k € Z in this case) is a
quantum modular form, since Ry is a polynomial and thus real-analytic. Additional
examples appear in the study of limits of quantum invariants of 3-manifolds and knots
[27], Kashaev invariants of torus knots/links [14}|15], and partial theta functions [11].

Motivated in part by vertex operator algebra theory, further (but similar) examples
of quantum modular forms were investigated in the setup of characters of vertex algebra
modules in [4] and [9]. These examples are given by characters of M, ,, the atypical
irreducible modules of the (1, p)-singlet algebra for p > 2 [4,/7]. Forr =1land 1 < s < p—1,
they take the particularly nice shape

Fp—sp (p7)
n(t)

Fiplr)i= 3 san (m+ 3 ) J(mh3)’

meZ

ChMl,s (7—) =

I

where

is a false theta function. The function F} ), is called “false theta” since getting rid of the
FRY:

sgn-factor yields the theta function ) . q(er %) , which is a modular form of weight %

The quantum modularity of Fj, is now given by relating it to a non-holomorphic Eichler

integral, as in (IV.1.4]). To be more precise, set (correcting a typographical error in [4])

Fr(7) = —V/2i / jo (_i{;piwi)) dw,

N |=

where f;, is the cuspidal theta function of weight 3
. 2\ 2
J
fip(T) = Z <m+ 2]> q(m+2p> .
p
meZ
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One can show that F},(7) agrees for 7 = 7 h with F F7,(7) up to infinite order [4]. Quantum
modularity then follows by the (mock) modular transformation of F;,, which we recall in
Lemma below. By “mock-modular”, we mean that the occurence of the extra term
Ted in Lemma [[V.2.5] prevents the function from being modular. However, there exists a

“modular completion” in the sense that after multiplying it with a theta function, Ff,p is
the “purely non-holomorphic part” of a non-holomorphic theta function corresponding
to an indefinite quadratic form (of signature (1,1)). Its modularity now can be proven
by using results of Zwegers [28] Section 2.2]. The functions 7 +— F} ,(p7), especially for
p = 2, have appeared in several studies of vertex algebras from different standpoints
[3,/7,12L13].

In this paper we investigate higher-dimensional analogues. For this we consider
certain ¢-series appearing in representation theory of vertex algebras and W-algebras.
They are sometimes called higher rank false theta functions and are thoroughly studied
in [4,8]. They appear from extracting the constant term of certain multivariable Jacobi
forms [4]. The constant term can be interpreted as the character of the zero weight space
of the corresponding Lie algebra representation. In the case of the simple Lie algebra sls,
the false theta function takes the following shape (p € N, p > 2)

F(g) := Y min(my, my)qs ("EHmEtmma) mmmmat () gmiy (1 gma) (1 gmatma)

mi,mo>1
m1=mg (mod3)

(IV.1.7)
Below we decompose this function as F(q) = 2Fl(qi”) +2F5(¢P) with F} and F» defined in
and (| m, respectively. The functlon Fy and F, turn out to have generalized
quantum modular properties. This connection goes via an analouge of (| m For
instance, we show that F} asymptotically agrees with an integral of the shape

/ f(wr, ws) dwadw
wi \/ w1+7_ \/—7;(’LU2+T)

where f € S% (x1, F)®S%(X2, I') (x; are multipliers and I' C SLa(Z)). Modular properties
follow from the modularity of f which in turn gives quantum modular properties of
Fy. The idea is that here the error of modularity is less complicated than the
original function. We call the resulting functions higher depth quantum modular forms
(see Definition for a precise definition). Roughly speaking (see Definition for
a precise definition), depth two quantum modular forms of weight k € %Z satisfy, in the
simplest case, the modular transformation property (M = (‘Z Z) € SLy(Z))

f(r) = (et +d)Ff(M7) € Qu(D)O(R) + O(R)

for some k € %Z, where Q(T") is the space of quantum modular forms of weight x and
O(R) the space of real analytic functions on R C R. Clearly, we can construct examples
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of depth two simply by multiplying two (depth one) quantum modular forms. Non-trivial
examples arise from F (see Theorem [[V.1.1|for precise statement).

Theorem IV.1.1. For p > 2, the higher rank false theta function F can be written as
the sum of two depth two quantum modular forms (with quantum set Q) of weight one
and two.

It is worth noting that all of our examples of quantum modular forms, including
those studied in [4], have Q as quantum set. Even though this feature is rare, a possible
explanation is that vertex algebra characters are generally better behaved functions and
are expected to combine into vector-valued families under the full modular group. Thus
in our future work [4] we explore a vector-valued generalization of this theorem and its
consequences to representation theory.

Zwegers [28] found an important connection between the error term of the Eichler
integral (as in Lemma and classical Mordell integrals. This result applied to the
case of F}, leads to an elegant expression for the error term as a Mordell integral

/ cot <m’w + 7T‘7> 2PV g,
R 2p

In this work we encounter error terms for iterated (double) Eichler integrals, so it is
natural to attempt to extend Zwegers’ result to two dimensions. In [4] we solve this
problem in several special cases. In particular, we find that relevant integrals for the
weight one component & (cf. Lemma take the form

/ cot (miwy + maq ) cot (miwg + Tag) e2m(3w%+3w1w2+w§)7dw1dw2,
]R2

for some scalars ag, . This is what we call a double Mordell integral. We next turn
to the modular completion of these Eichler integrals (see Propostiton for a more
precise version). For theta functions associated to indefinite quadratic forms, the reader
is referred to [1,/17,120,23].

Theorem IV.1.2. There exists an indefinite theta function, defined via (IV.8.1), of
signature (2,2) with “purely non-holomorphic” part O(1)E1(T) where © is a theta function
of signature (2,0) and the Fichler integral &1 is defined in (IV.5.5)).

The paper is organized as follows. In Section 2, we review basic results on special
functions, non-holomorphic Eichler integrals, and “double error” functions. We also recall
the notion of quantum modular forms and introduce higher depth quantum modular
forms. In Section 3, the sl3 higher rank false theta function F(q) = %Fl(qp) + 2F5(qP)
is introduced. In Section 4, we determine the asymptotic behavior of F; and Fy at
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roots of unity. In Section 5, we introduce multiple Eichler integrals and prove modular
transformation formulas for the double Eichler integrals. We also study certain linear
combinations of double Eichler integrals associated to F};. In Section 6, we express special
double Eichler integrals as pieces of indefinite theta series. Based on results in this section,
in Section 7, we prove the main result, Theorem 1.1, on the quantum modularity of F.
Section 8 deals with the completion of certain indefinite theta functions of signature (2, 2)
associated to the companions of F; proving Theorem We conclude in Section 9
with several questions.
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IV.2 Preliminaries

IV.2.1 Special functions
Define, for u € R,
E(u) := 2/ e ™" dw.
0

This function is essentially the error function and its derivative is E'(u) = 2™, We
have the representation

E(u) = sgn(u) (1 - \}%r (; mﬂ)) , (IV.2.1)
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where I'(a, u) := f;o e~ Yw* dw is the incomplete gamma function and where for u € R,
we set

1 if u >0,
sgn(u) :==< —1 ifu <0,
0 ifu=0.

We also require the functional equation of the incomplete I'-function with o = %

1 1 (1 1,

Moreover, for u # 0, set

. —rw?—2miuw
M(u) =~ / SE— )
R—iu

We have

Thus, by (IV.2.1)

M(u) = Sg;;‘)r <1,7ru2> . (IV.2.3)

This implies that the following bound holds

2

|M(u)] <2e7 ™.

We next turn to two-dimensional analogues, following [1| (using slightly different
notation). Define Ey : R x R? — R by (throughout we use bold letters for vectors and
denote their components using subscripts)

Es(k;u) := / sgn (w1 ) sgn (wg 4+ Kwy) e_”((wl_“1)2+(w2_“2)2)dwldwg.
R2

Note that
Es(k;—u) = Ea(k;u).
Moreover, also following [1], for ug, u; — kug # 0 we set

1 e*ﬂw%fﬂw§72m(u1w1+u2w2)
Ms(k;u) = - dwidws.
™ JR—ius JR—iuy wa(wi — Kwa)
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Then we have

M (k5 uw) = B3 (k;w) — sgn (ug) M (u1)

up + Kug (IV.2.4)

—sgn (u1 — Kug) M (m) — sgn (u1) sgn (ug + Kuy) .

Note that (IV.2.4)) extends the definition of My to ug = 0 or u; = kus. With z1 :=
u1 — Kug, Tg := ug, a direct calculation shows that

Ms (k;u) = By (k; 21 + k2o, 22) + sgn(xq) sgn(xs)

KT
—sgn(xe)E(x1 + ko) — sgn(x)E <\/1+71/12 +vV1+ E2x2> :

We have the first partial derivatives

2 _mlugtruy)? U — K
MOY (giu) = ————e 2 M () IV.2.5
2 (Fu) = ey — e ( )
1,0 2 2K _m(ugtrug)? Ul — KU2
MZ( ) (KJ, 'Ll,) = 26 ulM(UQ) + ﬁe 1+r2 M <m> s (IV26)

and the limiting behavior (cf. |1, Proposition 3.3, iii])

e—7r)\2 (u% +u§)

My (k; Au) ~ — (as A\ — o0). (Iv.2.7)

A22ug(ug — Kug)
Lemma IV.2.1. For us,us + kus # 0, we have the following limits
lim Es (ek;u,cus + ¢ 'ug) = sgn(us) E(u),
e—=0t
hm+ By (kyeur + e tug, eus + e tuy) = sgn(ug) sgn(ua + Kus).
e—0
Proof. We only prove the first statement, the second follows analogously. We may
compute the limit inside the integral due to the convergence of the dominating integral
Jre e~ (wi+w3) duy = 1 to obtain

lim Es (ek;ur, cus + ¢ 1ug)
e—0Tt

—m(wiws) sgn (w1 + uq) li%l-&- sgn (ug + € (w2 + ekwy + eug + ekuy)) dwadw
2 e—

%\%\

et sgn (w1 + uq) / e~ ™% sgn (u3) dwadwy = sgn(ug)E(uy).
R
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I1V.2.2 Euler-Maclaurin summation formula

We now state a special case of the Euler-Maclaurin summation formula. We only give
it in the two-dimensional case; the one-dimensional case can be concluded by viewing the
second variable as constant.

Let By, (x) be the m-th Bernoulli polynomial defined by cffftl =Y 50 Bm(2)
also require

m

We

Bp(1— ) = (=1)™Byn().

The Euler-Maclaurin summation formula implies that, for a € R%2, F : R? > R a
C*°-function which has rapid decay, we have (generalizing a result of [25] to include shifts
by a)

T B,y *®  on o
Z F(n+ a)t) ~ t—g - Z (n2+41—(1)2|)/ FOn2) (1 0)da "2~
neNz np>0 V2T 0

Bny41(0n) /°° (n1,0) -1 Bry41(01) By 41(02) 10y n) +
- FO00) (0, 29)dast™ 4 Flma) (g, 0)gm+nz,
2 Tt 0ty (02 ez 2 Dl (mr D) 0.0

(IV.2.8)

n1,n2>0

where Zp := [° [;¥ F(x)dz1dzs. Here by ~ we mean that the difference between the
left- and the right-hand side is O(t") for any N € N.
IV.2.3 Shimura’s theta functions
We require transformation laws of certain theta functions studied, for example, by
Shimura [11]. For v € {0,1}, h € Z, N, A € N, with A|N, N|hA, define
O,(Ah,N;T) := Z mYq2n? . (Iv.2.9)
meEZ
m=h (mod N)
Recall the following modular transformation

abAh? > <2Ac

@V(A,h,N;MT):€<2]V2 d

> e (er + )20, (A, ah, N;7)  (IV.2.10)

for M = (2%) € Io(2N) with 2|b. Here e(z) := ™, for odd d, ¢4 = 1 or i, depending
on whether d =1 (mod4) or d =3 (mod4). Also note that if hy = he (mod N), then
we have

O,(A, hi,N;7) =0O,(A, ha, N;T), O,(A,—h,N;7)=(-1)"O,(A,h,N;T).
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IV.2.4 Indefinite theta functions
We begin by defining (possibly indefinite) theta functions.

Definition IV.2.2. Let A € M,,(Z) be a non-singular symmetric m x m matrix,
P :R™ — C and a € Q™. We define the associated theta function by (7 = u + iv)

Oaral)i= 3 P(Vom)ginn

nea+zZm
The following theorem shows that under certain conditions © 4 p4 is modular.

Theorem IV.2.3 (Vignéras, [22]). Suppose that A € My, (Z) is non-singular and that P
satisfies the following conditions:

1. For any differential operator D of order two and any polynomial R of degree at most two,
we have that D(w)(P(w)e™ ™)) and R(w)P(w)e™@ ™) belong to L*(R™) N L*(R™).

2. For some \ € Z the Vignéras differential equation holds:

<D — 1A> P = )\P.
47

Here we define the Euler and Laplace operators (w := (w1, ..., W), Ow := (8—%, R T

D := wy and A=A 1= 8514_1(%,.
Then, assuming that © g pq 1s absolutely locally convergent, © o pq is modular of weight
A+ for some subgroup of SLa(Z).
IV.2.5 Quantum modular forms

We already motivated quantum modular forms in the introduction. The formal
definition is as follows [27].

Definition IV.2.4. A function f: Q@ — C (here Q C Q) is called a quantum modular
form of weight k € %Z and multiplier x for a subgroup I' of SLo(Z) and quantum set Q
if for M = (‘Z g) € I', the function

F(r) = x(M) ™ (er +d) " f (M)

can be extended to an open subset of R and is real-analytic there. We denote the vector
space of such forms by Q (T, x).
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Remark 6. Zagier also considered strong quantum modular forms. Here one is looking at
asymptotic expansions instead of just values.

The introduction already gives examples of quantum modular forms. As mentioned
there, the functions F}, satisfy modular type transformations making them quantum
modular forms. More generally, for f € Si(T", x), the space of cusp forms of weight k
transforming as

F(MT) = (er + d)*x (M) f (1)
for M = (‘Cl 3) € I' € SLy(Z) and x some multiplier, we set, for % € Q,

Iy(7) ::/ . J(w) 5 dw, rpa(T) ::/ . J(w) spdw.  (IV.2.11)
-7 (—i(w+1)) e 4 (—i(w+T))
For weight k = %, we allow f € M 1 (T", x), the space of holomorphic modular forms

of weight % To state the modularity properties of Iy, we let I'* := = PI'P~ !, where
P .= ( 0 1) The proof of the following lemma follows along the same lines as the proof
of Theorem [V.5.1] below.

Lemma IV.2.5. We have the transformation, for M € I'*,
I(r) = x 1 (M) (er + &) 2Ly (M) = 1) a (7).

The function Iy is defined on H U Q whereas Ty exists on all of R\ {—%} and is
real-analytic there. If f € Sk(T, x), then Tpd exists on R.

IV.2.6 Higher Depth Quantum modular forms
We next turn to generalizations of quantum modular forms.
Definition IV.2.6. A function f: Q — C (Q C Q) is called a quantum modular form of
depth N € N, weight k € %Z, multiplier x, and quantum set Q for I if for M = (‘é Z) el
1) = x0) e + )74 07) € € QN (T, x,)O(R),

where j runs through a finite set, x; € §Z, N; € N with max;(N;) = N — 1, the x; are
characters, O(R) is the space of real-analytic functions on R C R which contains an open
subset of R, OL(T, x) := Qk(T, x), Q%T,x) := 1, and QN (T, x) denotes the space of
quantum modular forms of weight k, depth N, multiplier x for I'.
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Remark 7. Again one can consider higher depth strong quantum modular forms by looking
at asymptotic expansions instead of values. The examples of this paper satisfiy this
stronger property.

Example IV.2.7. For f| € Qk (T'1,x1) and fo € Q}CQ(FQ,XQ), we have that fifs €
Q%41 (T1 N T2, x1X2)-

IV.3 A rank two false theta function

We briefly recall a construction from [58,/10]. For p € N>g, there is a vertex operator
algebra W (p) 4, associated to the simple Lie algebra sl3 (more precisely, to its root lattice
of type Az). The character formula of W (p)g, where @ is any ADE root lattice, was
proposed in [10] (note that some arguments in |[10] are not completely rigorous) and
further studied in [5,8,[10]; see also [2]. Letting ¢; := €*™# | we have [5,8]

e () (o) 1)
o ““%:26% I-aHO-¢h)0-a'ah)

mi—1 mg 1 mi+mao—1,mo—1 mi1—1 —mo+mi1—1
X ( 1 G 2 -GG

—mag—1 —mo+mi—1 —mi+mo—1,—mi1—1 —mg—1,—mi—1
+ gl ma CQ ma+m1 +C1 mi1+ma €2 mi _Cl ma CQ mi )

The six term expression in the numerator comes from the summation over the Weyl
group W of sl3 which is isomorphic to S3. Thanks to Weyl’s character formula, the
rational z-part is in fact a Laurent polynomial. There are two important operations on
this character:

(1) taking the limit 2z = (21, 22) — (0,0), yielding a modular form [5];
(2) taking the constant term
Ch[WO(p)Az](T) = CTCLCzCh[W(p)AQ](Ta Z),

which computes the character of another vertex algebra. It was shown in [5] that

F(q)
ch[W(p)a,)(7) = :
’ n(r)?

Note that formulas like 1(7)"** (@ ch[WO(p)o](r), where Q is any root lattice, are of
interest beyond vertex algebra theory [5,8]. The coefficients appearing in the g-expansion
are essentially dimensions of the zero weight spaces of finite-dimensional irreducible
representations of simple Lie algebras (for the recent progress in understanding these

numbers see [18]).
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Remark 8. Modular-type properties of regularized (or Jacobi) characters, in particular
ch[W° (p)%,](7), were investigated in [8] (see also |7]). There are two important differences
between the current work and [8]. In this paper, the value of the Jacobi parameter ¢ is
always zero whereas in [§] it is necessarily non-zero. Secondly, there seems to be no clear
connection between transformation formulas appearing in [8] and mock modular forms.
On the other hand, here we make this connection quite explicit by virtue of generalized
Eichler integrals (see Section 5).

Let ny = m1 — mg,no = me in (IV.1.7) and then change n; +— 3n;. Then we have,
with F' given in (IV.1.7),

5F(q) = f1(g) + f2(a) + f3(9),
where, with Q(z) := 32? + 3z172 + 23, we define

q)i=qr Y maghdm (qTIm e gintney

n1,m2>0
1 * _
q):=qr Y nag?®™ (¢" —q ™),
ni,n2>0
g)i=qr 3 nagh@m) (gimiena _ gmimna).
n1,n220

Here >_* means that the n; = 0 term is weighted by % We then rewrite

Al == ) <n2 + ;) qPQ(n1+1,n2+%) s (n2 1o ]19> qu(mme%)

ni,n2>0 ni,n2>0

+ 1 Z qPQ(erl,anr%) +1 Z qu<n1,n2+1,%> B % Z <m N 1) qp(er%)g
p ni,nz>0 n1,n2>0 — p
—% <m+1—;>qp<m+l_p _|_7Zq m+ qum-ﬁ-l—f
m20 m>0 m>0
f2(Q) = Z (n2 + 2) q Q(n1+1—7 naty ) — Z <n2 +1-— 2) qu(er%,andf%)
n1,n2>0 p n1.m2>0 p
— g Z qPQ(n1+1—%,n2+%> _ 2 Z qu(n1+%,n2+1_%)
n1,n220 n1,n2>0
q4p Z mq _ﬁ %
m>1 m>1
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Ba= 3 <n2 F1- ;) FO(mtpnati=F) D <n2 + ;) FO(m+1=gnat )

n1,n2>0 n1,n2>0
1 1 1 1

+ 1 Z qu(nlJ’_E’nz-i_l_E) + 1 Z qu(nl'f‘l—;,’fZZ‘f‘;)

n1,m22>0 ni,n2>0

3 9 3 )

4p 1 ap 1
_ CIT 3 mg (" 3) ‘JT 3 m? (")

m2>1 m>1

‘We thus obtain 5
F(q) = ;)Fl (¢") + 2F> (¢")

with
1 1 (m+1)2
Fi(q) = Z £(a) Z ¢@m™ 4 5 Z sgn <m + ) gy v/, (Iv.3.1)
acy nea+NZ meZ p

where

(65 (D D) G (D)

and for a (mod Zz), we set
. 12 1 2
ela) = 2 1fa€{(1—5,1—)>,(5,1_5>}7
1 otherwise.

Moreover

Fog) = Y nle) 0 mag®™ - Y

1 1)?
m+ ’ q(m+p) , (IV.3.2)
ac nea-+NZ meZ

where for o (mod Z2), we let

n(a)::{l tae{(1-52),(01-1),(L1-1)},

-1 otherwise.

IV.4 Asymptotic behavior of F; and F,

In this section we determine the asymptotic behavior of F' (62”%7t) (h,k € Z with
k > 0 and ged(h, k) = 1) as t — 01 and in particular show that the limit exists.
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IV.4.1 The function F}
We decompose
Fi(q) = F1,1(q) + F12(q),
where

Fi1(q) == Z e(a) Z ¢@m), Fi2(q) ::% Z sgn(m)me.

acy nEa+NZ m€%+Z

We first study the asymptotic behavior of Fy 1, rewriting it in a shape in which we can
apply the Euler-Maclaurin formula . For this, let n — £+ n%p with n € N3,
0<e< l%p — 1, where § := ged(h, p). Here by the inequality we mean that it should hold
componentwise. It is not hard to see that, with Fj () := e~ @®),

Fia <627ri%7t) _ Z e(a) Z 2T Q+a) Z 7 (?ﬁn)

acs 0<e<*? 1 nekip(£+a)+N3
The main term in ([V.2.8) is then
52 milQe
kTPQtIfI d o) Y RO (IV.4.1)
acs ngf%—l

It is not hard to see that one may let £ run modulo %p (again meant component-

wise). We write £ = N + kv with N running modulo k, v modulo §, and a €
{(-1,2),(1,-2),(0,1),(0,~1), (1, 1), (~1,1)} such that & — & € Z?. We then com-
pute that the sum over £ in (IV.4.1)) equals (since Q(a) =1)

2m‘p2ik Z 21k (3(pN7+2a1 N1 )+3(pN1 Na+az N1+a1 N2)+pN3+2a2 N2 )

e e rk

N (modk)

0 Y G st et sa)n)

v (mod %)

Since ged(%,2) = 1, the inner sum vanishes unless 2| 3(2a; + a2) and 2| (2az + 3ay). If
3|%, then in particular 3 | az. This is however not satisfied for elements in .. If 31 &,
then we easily obtain that a; = a9 =0 (mod %), implying that % = 1. We are thus left
to show that (§ = 1)

Z c (a) Z e%h/é(3(pN12+2a1N1)+3(pN1N2+a2N1+a1N2)+pN22+2a2N2) — 0 (IV42)

acy N (modk)
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Changing N — N — ap, with p the inverse of p modulo k& (note that § = 1 implies that
ged(p, k) = 1), the sum on N equals

_ 27iph/$ 2mih

N (modk)

which is independent of a. Thus ([V.4.2)) holds.
The second term in ([V.2.8]) is

6(E2+a2) no—1
n +1\ ™ &, 00 2
_ E E o2 Q) E ’ ( ] ) / }"1(0’"2)(:61,0)dx1 <l<:p5\/f> )

(IV.4.3)
We claim that the contribution from those ny which are even vanishes. This follows, once

we show that, for a € .7,

Z <62m’;cz(e+a)B2n2+l (6 (b2 + as) )+62wigg(e+1—a)32n2+l (5 (be +1— o) )):0.

k k
0<e<kr g b b

This is seen to be true by the change of variables £ — —€ + (—1 + %)1 for the second
term.

Arguing in the same way for the contribution from ny odd, we obtain that (IV.4.3)
equals

Bon 12 (6(€2+a2)>

—226(0)2627” Ql+a) z 2n2 " 2

acS* ogzg%’—l n2>0 0

{32 (0-2) (D)

The third term in (IV.2.8) is treated in the same way, yielding the contribution

o) n k2 2 n2
Fo? 2“)(961,0)6”“( 5]23 t) ’

where

5(121+a1)>

23 e(a) Y ke N 2m;1(+2p

aE.S* Ogeg%,l n1>0 0

0o n ]452 2 ni
.F1(2 1+1’O)(0,$2)d1:2< 512? t) .

The final term in ([V.2.8]) equals
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Z E(a) Z 27m'%Q(£+a)
acs 0<e<kr 1
6(L1+aq) d(la+ao)
B, + (%) Byt (%) (n1.m2) L \[ n14n2
R ey 71 00 |
n1n2>0 tres S
Arguing in the same way as before this equals
2 Z s(a) Z 2m’%Q(€+a)
aes™ 0<e<tr g
§(E1+OL1) 5(62—{-&2)
X Z Bn1+1 ( kp > Bn2+1 < kp )]_—(m,ng (O 0) (k J)nl_i_nQ
npg 20 (77,1 + 1)' (’rlg + 1)' 1
ni1=ng (mod2)
The function F s is treated similarly, yielding, with Fo(x) := e,
5(r+)
Bom+1 ( kpp ) 5 o \m
27 <r+ ) f(Zm) k“p
(2m + 1)! > (0) Wt '
m>0 ’

0<r<*2_1

IV.4.2 The function F;
Since the calculations are similar to those for Fi, we skip some of the details. Decom-

Fy1(q) + F22(q),

pose
Fa(q) =
with
1 2
Fa(@) =Y n@) Y ma®™,  Falg)i=—5 > |ml"
nea+N2 me L4z

acy
We first study the asymptotic behavior of F» ;. Arguing as for F} 1, we have
2mil—t\ _ 2m’ﬁQ(£+a) @
B () = L Sy 3 anteee ST g (M),
a€s  o<e<hr g ne & (£+a)+N3
The Euler-Maclaurin main term is

with Ql(w) = ngl( )
1 /9 2 2ri L Q(L+ar)
Ig, Z 77(04) Z k :
£ (mod %)

k:p acy

3
t2
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As in Subsection one can show that this vanishes.
The second term in the Euler-Maclaurin summation formula is

d(La+a2)
9 Z Z 2T Qe+ o) Z 32”2“( Qk; ) )

2ny 4+ 1)!
aeﬁ”*oggg%p,l n2>1 ( 2+ )

< [T o o () e,
0

again pairing a and 1 — o and using that Gi(x1,0) = 0.
In the same way we obtain that the third term in the Euler-Maclaurin summation
formula is

(IV.4.4)

‘h BinJrl (M&kizal))
_9 Z Z e2mig Qta) Z @ 1 1)1 (IV.4.5)

acS* OSgSk(TI’_l n120
o0 k 2711—1
X / gf”l’o) (O, $2)d$2 (p> tnl_l.
0 1)
The final term in Euler-Maclaurin evaluates as

9 Z Z ezm%@(ém)

a€S " p<e<hr

5(f1+aq) §(lata
x Y Driet <(’f7pl) Bnat1 ((2’@7132)) gmm) (g, ) (kp>n1+n2 e

9

n1,m9>0
n1#ng (mod?2)

again pairing o with 1 — o

We next determine those terms of Fy; that grow as t — 07. Inspecting the terms
above we see that this comes from the n; = 0 term of ([V.4.5)) and is given by

o(0 +
kpt Z Z Bl< ( lk 0(1)> omi Qf-i-a / gl 0 1,2 d.’L‘Q (IV46)

acs ™ o<p<he g

Using that G1(0,z2) = e Ga(x2), we obtain that (IV.4.6) equals

Bry ¥ m () e

acS* o<e<he
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Turning to Fb 9, its Euler-Maclaurin main term is

(5 27riﬂ<r+l>2
— —17 k . 1V .4.
il 2 v (IV.4.7)
r (mod%)

Arguing as before, the second term in the Euler-Maclaurin summation formula equals

B 5(6+1)

. 2m+-2 % 2m-+1
2ﬂz%<r+l>2 P (2m+1) @ m
2. c VYm0 -

0<r<*2_1 m=0
To see that all terms that grow as t — 0" cancel, we need to prove that
2
omit (r41)® 6(li+ 1)\ omikoeta)
> ot oy y s (M) entene. vy
r (mod £2) a€S" o<t

To show ([V.4.8), we first assume that § ¢ {1,2}. Writing £ = N +kv, 0 < N <k,
0 <v < % and a = pa, we obtain that the sum on £ equals

i_h wih
eQWZPQkQ(a) z : 6217]“ (3(pN12+2a1N1)+3(pN1N2+a2N1+a1N2)+pN22+2a2N2) (IV49)
0<N<k
5 (N kv ﬂ)
1+ 1+ p 27rih—/6((6a1+3a2)1/1+(2a2+3a1)1/2)
X E B L e /o .
0<v<?® p

The sum on vy vanishes unless £|(2a2 + 3a1). It is not hard to see that (under the
assumption that & ¢ {1,2}) this is not satisfied for elements in p.7*.
We next assume that § = 1. It is not hard to see that

e?m’%Q<k—£1—1+1—%,62+3£1+1+%> _ 627”%Q(51+%7£2+1_%>. (IV.4.10)

This then implies that the contribution of the first and third element in .* cancel due to
a negative sign from the Bernoulli polynomial and we can shift the sum in ¢5 by integers.

Thus the right-hand side of ([V.4.8]) becomes

-2 B <£1> ) (IV.4.11)

k
0<e<k
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Now one can show that

- h i b
2rikQ(k—tnbot3h11-1) | omifQ(fbati—f) (IV.4.12)

To finish the claim (IV.4.8)), we assume, without loss of generality, that &k is odd. We
split the sum in (IV.4.11)), substitute (¢1,f2) — (k — £1, ¢ + 3¢1) in the second part and

use ([V.4.12) to obtain
14 omihQ(tr 0o +1-1
-2 3 () el

0<t<k

=2 > + > |B <£]€1> ZrikQ(tti;)

0<H<(k—1)  L(k+1)<t1<k

lo (modk) ly (modk)
01\ 2mihQ (e fo+1—1 0\ 2mitQ(ey potr1—1
__2ZB1<]€)6 k( p>_2ZB1 1_E e k( p>
0<t1<1(k—1) 0<t1< 3 (k—1)
£ (mod k) ly (mod k)

— —2B,(0) Z ezm%@(o,eﬁl—%) _ Z i (42_,'_1_7)2.

£y (mod k) ¢y (mod k)

The case g = 2 is done similarly.

IV.5 Companions in the lower half plane
In this section we investigate multivariable Eichler integrals.

IV.5.1 Multiple Eichler integrals

Let f; € Sk, (T, xy); if kj = 1 we also allow f; € M1 (T, x;). Define the double Eichler
2
integral

[ J1(wi) fa(ws)
If17f2(7_) = /—7— /w1 (—i(wl—i—T))Q_kl(—i(wg+7))2—k2dw2dw1’

and the multiple error of modularity

o0 fi(w1) fa(w2)
f17f2yc / /wl w1+ )2 kl(f (w2+7_))27k2dw2dw1.
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Theorem IV.5.1. We have, for M = (g 3) eI,

Lpy o (1) = X0 (M) g (M) (er + d)M R4y, gy (M) =1y, g a(7) + I, (7)1, a (7))
(IV.5.1)
Moreover Ty ford € O(R\{—% ). If f; € Sk; (T, x5) (for j =1,2), then Ty fard € O(R).

Proof of Theorem | For simplicity, we assume that £ < k; < 2 and that fi, f2 are
cuspidal. The proof in the case that fi or fo are not cuspldal and of Welght is basically
the same; we then require the bound

1

, d -
fi (ij+c> <1+w;?.

A direct calculation gives that, for M € I'*,

It g (MT) = x1 (M*) x2 (M™) (e + d)4—k1—k2
/ / fi(wr) fa(ws) s dwadw; .

i(wy + 7))2 k1 (—i(wg + 7))2

The transformation ([V.5.1)) now follows by splitting

LLALLAL 0

Using Lemma [[V.2.5] we are left to show that r fiifo.d 18 real-analytic on R which
follows once we prove that the following function is real-analytic

w1 ) d
/ / f1 (zwl 42- k) f2 (iwg + 9) o dwsduwy. (IV.5.2)
(wi—i(r+8)" " (we—i(r+9)"

We use that for w; > 1
fi[iw; + - < e v a; € RT, (IV.5.3)

and for 0 < w; <1 (the implied constant and b; may depend on c)

bj

d P
[i <zwj > < w; Mg s b; € RT. (IV.5.4)
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To show real-analycity of (IV.5.2) on R, we split it into 3 pieces. Firstly, set

w1 f1 wy + 2) f2 (twa + %
I —/ / L - k? ( : ) p 2_k2dw2dw1.
(wr=i(r+2)" " (wa—i(r+2))
Using ([V.5.3) and that wy > 1 easily gives the locally uniform bound

o0 e—al’wl oo e—ang
Il <</ dewl/ 2 k dwz <<].
1wy 1 w;

Next consider

w J a
1_2 _ / / 1 fl ’I/LUl —l2_ k) f2 (ZU)Q + c) T dw2d’u}1,
it D) (i (r 4 27

Using ([V.5.4)) gives that

by by
1 e*;l 1 67“’72

L« / 5 dwl/ 5 dwy < 1.
0 w1 0 W3

Finally, we set

_ [ hlim+g) b fa(iwa+ )
13 .—/1 ( 2—k1dw1/0 ( dwz.

wi—i(r+7)) wy — i (r + 4))* 7™

Combining the above bounds gives again I3 < 1.

IV.5.2 Special multiple Eichler integrals of weight one
Define for a € .*

3 [0 [ico 0 . 0 .
fra(r) = Y2 / osw) +alosw)
47 Ju \/—2(101 + T)\/—Z(wg +7)
with
3 7rin2w
01(a;w) := Z (2ny + ng)nQe%@”l‘*‘nz)?wﬁ%’
nea+7?
31r1n2w
b2(c; w) := Z (3n1 + 2712)7116 o (3n1+42n2) 2w+ =52
nea+7?
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Moreover set

&(7) = Z e(a)é1,a(pT), (IV.5.5)

acs*

T, ::{<‘C‘ Z) €To(12p) :b=0 (moddp),d= +1 (mod2p)}.

Remark 9. Note that F; =TI,
Remark 10. One can show that

V3

(1) = =4~ § : 16, (2p,14p6,20;-),01 (6p,3+3ps,6p; ) (T)-
4
p de{0,1}

However, as this representation is not required for the remainder of the paper, we do not
provide a proof of this identity.

Proposition 1V.5.2. We have, for M = (‘Cl 3) eIy,

12

E1(r) - (;’) (er +d) e (M) = (ry o) + 1)y a(7))

Jj=1 ¢
where fj,g; are cusp forms of weight % (with some multiplier).

Proof. To use Theorem [IV.5.1] we write 6; in terms of Shimura’s theta functions (IV.2.9).
For 61, we set v := 2ny + ng, vo := ny. Then vy € 201 + as + Z, V5 € as + Z, and
V1 — V9 € 2a1 + 27 and we obtain

37riu%w1 + wiv%wg
01(o;w) = E vivge 2 2

ve(2ai+az ,042)-‘1-22
v —v2E€2a1+27

37(i1/%u11

771'1/%1172
= g E vie 2 E e 2 .

0€{0,1} v1 €2a1 +a2+0+27Z vaEag+o+27

Summing then easily gives

37riu%wl WiV%UJQ

Z £(a)b(a;w) = plQ Z e1(A) Z vie 2p° Z voe 2p7

acS* AcA r1=A1 (mod 2p) vo=As (mod 2p)

1 3w w
==Y e (A)6; <2p,A1,2p; 1) S (229, Ag, 2p; 2)
p AcA p b
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with
A ::{(072) ) (p,p + 2) ’ (p - 17p - 1) ’ <_17 _1> ’ (p+ 1,]? - 1) ) (17 _1)}7
e1(A) :=¢ <‘412;A2,“;2> .

For 05, we proceed similarly. Set 11 = 3nq + 2n9, 9 = ny. Then v1 € 3a1 + 209 + 7Z,
v € a1 + Z, and v; — 315 € 20 4 27 and we obtain

wiu%wl 37riu%w2

02 (a; w) = Z mge 2z T

V6(30t1 +2a ,041)+Z2
v1—3v2€200+27

ﬂil/%wl 37ri1/% w9
= E E vie 2 E ae 2 .

0€{0,1} v1€3a1+2az2+0+27Z va€o+0+27
Summing gives
1 ﬂiu%wl 377751/%11}2
Z £(a) ba(a;w) = e g2 (B) Z vie 2v° Z e  2°
aES* BeB v1=B1 (mod 2p) v2=B> (mod 2p)
1 3
=5 ) (B)6; <2p7 By, 2p; wl) O <2p, By, 2p; wQ)
b BeB b p
with
B ::{(p +1,p— 1)7 (17 _1)7 (p + 27p)7 (27 0)7 (1’ 1)7 (p +1,p+ 1)} s
By—3B; B
ea(B) i—c ( ) |
2p P

Combining the above yields that
R I B e
AcA T Jw 1 2
V3 Y e (B) /"OO ' ©1 (2p, B1, 2p; w1) 1 (2p, Ba, 2p; 3wy)
4p BeB -7 Juwy V—i(wy +7)/—i(ws + 7)
For M €T, we have, using ([V.2.9) and (IV.2.10)),

dwadwq

dwodwi .

Ipc

©1 (2p, A, 2p; ¢MT) = £ <> 551(07' +d)201(2p, A, 2p; (7).

d
Theorem [IV.5.1| then finishes the claim using that 3 = (=}).
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IV.5.3 Special multiple Eichler integrals of weight two
Define for a € .*

E2.a(T) ;:£ / s(a;w) — O4(a; w) g,
8 —7 Ju —i(w1 + T)(—i(w2 + 7—))§
/ / 95(04 v dwadw,
i(w1 + 7')) —i(wy + )
with
7r’Ln2’uJ
Os (0 w) := Z (2m +n2)e 5t (2natna) wr+ 42
nea+72?
371'7,77,211)
94(0’,; w) = Z (3n1 + 2712)6 5 ¢ (3n1+2n2) w1+7127
nea+72
2
95(0{; w) Z nie 5 ¢ (3n142n2) w1+3’””71“’2'
nea+72
‘We then set

= Z 5270‘(]?7').

acS*

Remark 11. Similarly as for &1, one can simplify & as

3
Ea(7) = — ¢ > Lo4(2p.81,20: )00 (6938269 ) (T)-
BeB

This function again transforms as a depth two quantum modular.
Proposition IV.5.3. We have, for M € Ty,

18

5‘2(7-)—<2> (er 4+ d)2E(MT) Z( ,g]p )+ Iy ()7 j’%('r))a

where f; and g; are holomorphic modular forms of weight % or cusp forms of weight %

Proof. As in the proof of Proposition we obtain

Wzn%wg

3 (2 + mg)e B Emna s T

acS*
nca+7?
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1 3
=-) 6 <2p,A1,2p; Zl> SR (229, Az, 2p; ?) :

AcA
2
P 2 3ming wg
E (3n1 + ng)e Brit2na) wr+———=
acs*
nca+72

1 3
--Y e (2p, By, 2p; “’1) 90 (2p, By, 2p; “)2) ,
p p p

BeB

3 nyes Gni+2n2) wi+ 3 infws _ 1 > (2p, Bu, 2p; wl) ©1 <2p, By, 2p; 3wz) :
P p

acs* I)BEB
nca+72

The claim now again follows from Theorem [[V.5.1| using (IV.2.9) and ([V.2.10). O

IV.5.4 More on double Eichler integrals

We have an obvious map Si(I", x) — Qo (I'*, x*), where x*(M) := x(M*), which
assigns to f € Sk(T, x) its Eichler integral Ir, defined in ([V.2.11)). Clearly, we also have
a map from Si(T', x) ® Sk(T', x), actually from its symmetric square, to (Qa_1(I'*, x*))2,
by mapping f1 ® f2 to I, Iy,. The double Eichler integral construction Iy, f, gives rise
to a map

A2 (Sk( ) — Qi (T X))/ (Qaoie (7)),

where A?(Sy (T, x)) is the second exterior power of Sy_x(T', x). To see this, it suffices
to observe the simplest shuffle relation for iterated integrals

LﬁJ§+_LﬁJ1::LﬁIb‘

Remark 12. 1t is now straightforward to consider even more general iterated Eichler
integrals (r € N):

100 100 oo T .ﬁ(wﬂ
I = ... d oo d "
Fiyeensfr /_T /wr1 /w2 ]1;[ (_i(wj+7))2—kj w1 w

1

where the f; are cusp forms of weight k; > % (or possibly holomorphic forms for weight
%). We do not pursue their (mock/quantum) modular properties here — we will address
this in our future work [4] (see also Section 9 for related comments).

IV.6 Indefinite theta functions

We next realize the double Eichler integrals studied in Section 5 as pieces of indefinite
theta functions.
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IV.6.1 The function £ as an indefinite theta function

The next lemma rewrites Eq(7) := 81(%) in a shape to which one can apply the
Euler-Maclaurin summation formula.

Lemma IV.6.1. We have
1

Ei(r) = Y el@) Y M <\/§;ﬁ<2\/§n1+\/§n2,n2))q—@<n>.

acs* nea+72

Proof. The claim follows, once we prove that

M, (\/5; V30(2n; + na), \/57?2)

.2
. 37mi (2 + )2 . TNy wo
= ——\/§(2n1 + m)qu(")/m S /ZOO ‘ dwadw;
2 _F —i(w1 +7) Jw, /—i(w2 +T)

3777577,%11}2

3 100 (3n1+2n2) 100
a £(3n1 + 2n9)n1 g0 / ez
2 7 —i(wr +7) Ju, /—i(w2+T)

dwodws .
(Iv.6.1)

For simplicity we only show ([V.6.1)) for ny # 0. Since, by (IV.2.7),
lim M (k; Aug, Aug) = 0,
A—00

we obtain, using (IV.2.5) and (IV.2.6),

* 9
My (k;uy,uz) = — TMz(H wiu, wiug)dwy
1 w1

[oe)
= —/ (ulMél’o)(m;wlul, wiug) + U2M2(0’1)(/€;w1'u1,w1u2)> dwy
1

oo m(ug+ru )2w2 _
202 U9 + wuy —ITlerru) Wy U — KU2
= —2/ (ule T M (ugwy) + ——e 14#2 M| w——= dwi
1

V14 kK? V14 K2
©0 I U2+K§U1 _w < an>) dun
=— ure” T M (ug/w —_—— Jw
/1 < ! (uz /1) + \/1+/£2 \/1+/12 Jw

(IV.6.2)

i 10 uy wivdwy W} —i(wy + 71
= —= —le v Qv M MUQ
\/§ -7 \/6 2U
ﬁi(u2+nu1)2w1 (u2+mu1)2 .
U KU —1(w T) Ul — KU dw
I S (R ) R (e )T V' ( (w1 —i— ) w1 2 ) ) 1

(1+ K%)v V(1 + K?) V—i(wy +7)
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Now write for N € Rt

s . 100 N2
M z(w1 + T)N _ ﬂqNTZ / . N2 2 .dwg '
> v iw 7 1)

Plugging this into (IV.6.2)) easily yields that

u2 2
. 7TlullU1 . 7I"L’U.2UJ2
2 2 100 100
Uup Uz ¥ “2 6 2v

[ 2v
q4'u 4v -
2V —7 /—i(w +7) V—i(wa + 1)

_ (u2+nu1) (ug— nuz)
U2 + KUy Ul — KUy AN, )

MQ(R; ul,UQ) dwgdwl

- 2¢/(1+ k2)v /(1 + K2
) 7ri(u2+l<eu1)2w1 ) ﬁi(ulfnug)QwQ
i o, 2(1+k2)v 0 o 2(1+x2)v
dwsodwy .
7 /—i(w + 1) / —i(wa + 1)
From this it is not hard to conclude ([V.6.1]). O

IV.6.2 The function & as an indefinite theta function

We next write Eo(7) := 82(%) as a piece of a derivative of an indefinite theta function,
having an extra Jacobi variable.

Lemma IV.6.2. We have

47712 Z

acS* nea+Z2

2 (o0 (V5 (- 220 ) )]

[

Proof. We first compute

i [ (102 (V3B om0 (= 2D ) )]

27 2=0

1 2
_ . —7m(3n1+2n2)“v
noMy (\/5 V3v (2n1 + na), \/TmQ) + Tt M (\/3vn1) .
(IV.6.3)

‘We show below that

no Mo (\/g, V3u(2n1 + ng), ﬁn2>
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ﬂn%wg

\/g ) 6—37”(2711—&-712)211)1 0 =3
= —7(2711 + 7”L2)/ / - dwadwy (IV.6.4)
27T 20 A/ W1 w1 wg%
_37\'%%11}2

0o e—g(3n1+2n2)2w1 0 o

V3
+ —(3n1 + 2no /
47T ( ) % A/ W1 w1 ng
_371'n%w2

1 3 00 —3(3n1+2n2)2w1 00
— e_w(3n1+2n2)2vM (\/ 3’[)77,1) - \fnl / ¢’ / ‘ 12 dw?dwl'
277'\/17 4m 2 w1 w22

Since the third term cancels the second term on the right-hand side of (IV.6.3]) this then

implies the claim, using that

_ 2
0 o 2 N4w2

/-oo 6—27rM2w1 /
2 w1 w

v w

d’LU2 dw1

3
2

v
wi

d'U}Q dw1

ol
N olee

oo 2miM2wy 100 27N 2wo
_ _qM2+N2 / € . / e - - dwadwy,
7 (—i(wr +7))2 Jw (—i(we +7))2

o] 6727rM2w1 o] ewiNzwg
/ / 1 dwgdwl
2 2
w1 w3

100 2mi M 2wy 100 2miN2wy
N2+M2 e e

— - | S dwsduwr.

7 (—i(wy +7))2 Jur (—i(we +7))2

ol

v w

To prove ([V.6.4]), we again, for simplicity, restrict to ni # 0.

Plugging in (IV.6.2) yields

M (\/g, \/%(an + na), ﬂm) = —/ (\/%(Qm + n2)6_3””(2”1+"2)2w1M (y/owing)
1

d

i (IV.6.5)

+\/6(3n1 + 2n2)ef7rv(3n1+2n2)2w1M (\/31)11)177,1)) \/771
Using (IV.2.3)) and ({[V.2.2)) the first term in (IV.6.5) multiplied by ns gives

V3v < g 2 1 dw
o 9 —3mv(2n1+n2) wip (= 2
72\/7?’@‘( n —i—ng)/l e < 5 TURWI 7\/171
o0 d
+ Y oy o) / e~ AmeQumnz)n T 1y 6,6)

1 w1

For the second term in (IV.6.5)), we split

1 3
ng = 5(3711 + 2ng) — M- (IV.6.7)
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The ni-term contributes to noMsy as

3 Jv > 2 1 dwi
e 3 9 —7v(3n1+2n2) wip (-2 3 2
4\/;]n1|( ni + nQ)/l e 5 STUn W 7\/1171

3 %0 d
=Y 3+ 2my) / emtmoQmma)u ZUL (7 6 g)
2 1 w1

We next use that for N € Ny, M € N

/oo e,47rN2'Uw111 <—1,47T’UM2’U)1> %
1 2 VW1

1 [e%) 6—271'N2w1 /oo e—27rM2w2
= dwadwy
3 .
2y/mu|M| Ja, VW1 w w25

We use this to rewrite the first terms in (IV.6.6)) and ([V.6.8]). The first term in ([V.6.6))
is the first term on the right-hand side of ([V.6.4)). Similarly, since n; # 0, the first term

in (IV.6.8) equals the second term in (IV.6.4)). Now we combine the second terms in
(IV.6.6) and (IV.6.8]), to get

(e}
\/Qﬁm / —ArvQ(nyw; QW1 (IV.6.9)
™ J1

w1
Next we compute the contribution from the first term in (IV.6.7)),

NG 2/°° —mv(3n1+2n2)? duwy
_ VY g 9 mo(Sni+2nz)wL g r 3 pp—
A (3n1 + 2no) e (vVBvwiny) N
_ L /Oo i (efwv(3n1+2n2)2wl) @duu.
271'\/5 1 Owy

Vo

Using integration by parts, this becomes

1 e~ m0(3n1+2n2)? o r <\/3Tm1) _ V3m /OO 6—47er(n17n2)w1%
271'\% 2w 1 w1

: / " it MVSOI) gy )

477'\/?7 1 %

wy

The second term now cancels (IV.6.9) and the first term equals the third term in ([V.6.4]).
To rewrite the final term in ([V.6.10)), we use that for M, N € Z with N #0

00 M (2 N 0o ,—2xM3>w; 0o, —27N2ws
[t BTN o (7
1

3
2

+

dwodwi .

1
2 2v w 2
wy wy ! Ws

Thus the last term in (IV.6.10)) gives the final term in ({[V.6.4]).
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IV.7 Asymptotic behavior of multiple Eichler integrals and
proof of Theorem [IV.1.1

In this section, we asymptotically relate F; and E;.

IV.7.1 Asymptotic behavior of [E,;

Write .
Fy (eszft> ~ Z ah’k(m)tm (t — 0+) .

m>0

The goal of this subsection is to prove the following.
Theorem IV.7.1. We have, for h,k € Z with k > 0 and ged(h, k) =1,
h it m 4
El (k + 27‘(‘) ~ Z>Oah’k(m>(_t) (t —0 ) .

Proof. We use Lemma [[V.6.1] and the fact that M is an even function, to rewrite

Ei(r) = % Y ela) Y M (\/§; Vo (2\f3n1 + \/§n2,n2>) g Qm

acs nea+N2
+ % Z~§(a) Z M, (\/§; Vu (—2\/3711 + \/3712,7@2)) g~ @mn2)
acy n€a+N3

where
S = {I-a,a) e}, Ela):=c(1-ai,a).

To apply the Euler-Maclaurin summation formula directly, we turn every sgn into sgn*,
where sgn*(z) := sgn(z) for  # 0 and sgn*(0) := 1. To be more precise, we set

My (\/5, \/5(2:1:1 + x29), xg) = sgn*(z1) sgn*(z2) + Fo <\/§, \/§(le + x39), fcg)
—sgn*(z9)E (\/§(2m1 + 332)) —sgn*(z1)E(3z1 + 222). (IV.7.1)
Using that

Moy (\/3; \/§x2,x2) ~ lim M (V??; V3 (£221 + 22) ,xg) — M (22), (IV.7.2)

x1—0

we then split
Ey(7) = &1 (1) + Hu(7)

87



CHAPTER IV. HIGHER DEPTH QUANTUM MODULAR FORMS

with
g =g Ycle) S Mz (VB v (2B + Vana,ma) ) 9
acs nea—&-N(Q)
1 -
+ 5 Zf(a) Z M; (\/gs Vv <—2\/§n1 + \/gnz,m)) g~ Qmn2)
acs nea+NZ
1 1
Hy(7) := 3 Z M (2+/vm) g 3 Z M (2v/vm) .
me S +No mel-1 4N

Note that for ny = 0 we take the limit n; — 0 in the Mj-functions.
We proceed as in Subsection [[V.4.1| to determine the asymptotic behavior of £ and
H;. Firstly we rewrite

hooit ho(tra k
& (;ﬁ ;) =Y cla) Y e N <6p\/£n>

acs 0<e<tz ne % (L+a)+N3

+Z g(@) Z e—2ﬂi%@(-(£1+al)7éz+a2) Z f3 <k§)\/in> ,
1

acs  0<e<kr— ne & (e+a)+Ng
where
1 1 ~
.7:3(:10) = §M2* <\/§, \/72? (\/g (21‘1 + 172) ,ZL’Q)) GQ(m), f3($) = fg(—l’l, 1’2).

The contribution from the F3 term to the first term in ([V.2.8]) is

52 —omil o
e D c@) 3 e~

acy OSZS%D—I

conjugating ([V.4.2)). In the same way the main term coming from ./7}; is shown to vanish.
The contribution to the second term of Euler-Maclaurin is

5(52+a2)>

Bon
BT 5 e 2R

aces” o<e<kr 1 n220

00 n ~(0.9n k202t n2
x / (FE2 4 @1, 0) + FP= D (21,0)) day (;; ) .
0
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We now claim that

/ <]—"§0’2n2+1)(x1,0) + .%éo’%z“)(xh@)) dry = (—1)"2/ .7:1(0’2n2+1)(x1,0)dw1.
0

0
(IV.7.3)
Firstly the right-hand side of (IV.7.3]) equals

§2na+1 /oo H2na+1 3 o0 29 \2
R fl(l'l 1;2)(11;1 = | ——— <€_4/ 673(331+7) dﬁ[fl)
2na+1 ) 2na+1
[8x2n2+ 0 z2=0 8x2n2+ 0
Now the integral in (IV.7.4)) evaluates as
oo
\/i/ﬁ e_”?dml = —ﬁ <1 —F <\2/§$2)) .
R 2v3 VT
Thus (IV.7.4) becomes
82n2+1 22 3
Vil sty GRS R REE (IV.7.5)
2V/3 | 95"t 2ym
x2=0
Ao (ce(2)
=———|——=|e€ .
2n9+1
23 0xs 2y/m S

To compute the left-hand side of (IV.7.3)), we decompose, according to ([V.7.1)),

MS (\/g, \/3(2351 + .’L'Q), (JC2>
= sgn™(x1) sgn™(z2) + hi(x) — sgn™(z2)he(x) — sgn™(x1)hs(x),

x2=0

(IV.7.4)

where
hl(.’B) = Fy (\/57 \/§(2$1 + 1‘2) , T2 ), hz(:l)) =F <\/§ (2.%'1 + 1'2)),
hg(m) =F (31’1 + 233‘2) .
Setting
ap(x) = @@, aj(x) := h; (&(m)) Q@)

we then obtain

89



CHAPTER IV. HIGHER DEPTH QUANTUM MODULAR FORMS

1 n n n "
= ( O2m+1) () 4 02t (o) _ @22+ gy (02 2+1)($1’0)>
1 . n n "
. 5( O2m2+1) 0y 4 o020 (g 0) — 002D () 0) 4 a2 2“)(—331,0))
= a"? ™ (21,0) — a7 (21,0),

using that ag and a; are even and as and a3 are odd. Plugging in the definition of ag
and ao, we need to consider

82712-1—1 2 00 30243010 3
| g2 62/0 emT M %(25614-362) dxy : (IV.7.6)

xro=0

Changing variables w := 4/ %(2351 + x2), the function in (IV.7.6)) before differentiation is

\/?64/\rx2 ™% dw — \[ea? /M mdw /\FMwe

The first integral vanishes upon differentiating an odd number of times and then setting
x2 = 0. In the second integral we decompose M (w) = E(w) — 1. The contribution of the
FE-function vanishes, since E is an odd function. We are left with

7| §*retl \/;
a \/> 8x2”2+1 /

xo=0

3 .
T on 1 82n2+1 7& \ e %2t o
= — /=1 " ol K e 2 dw
6 5" 0

xo=0

The integral equals

—m? V3
dw \fE ( 2\;)
\/77- (_1)n2+1

82n2+1 eiéE \/31'2
2\/3 6[E3n2+1 2ﬁ 07
To=

as claimed, by comparing with (IV.7.5)).

Thus we obtain
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In the same way one can show that the third term in Euler-Maclaurin equals

—2 Z e() Z o 2T Qb+a) Z

acS* OSES%fl n1>0
5(€1+011)

B2”1+2< Fp ) Oo]-"(27~01+1,0)(0 )d PP

Cm+2)!  Jy 7! R\ T )

The contribution to the final term is, pairing as in Section 4

Bn1+1 (5(51;1;&1)) Bn2+1 (6(42]:]_)(12))

(ng + 1)! (n1+1)!

9 Z () Z e—27ri%Q(€+a) Z

acsS* kp ny,mg20
0<£< 6 1 n1=ng (mod2)

X (Jrén) (0) — (—1)”1f§")(0)) (k;p(;/{)nﬁ—ng |

We next show that
F{(0) = (~)mF(0) = e FM(0),
For this, we compute
fénLnQ)(O) _ (_l)nlfénl,ng)(c’) _ a(()n1,n2)<0) . aén1,n2)(0).
Since as(—z1, —x2) = —asz(x), we obtain
a§"™ "2 (0) = (~1)" 2 ag™ ") (0),

Because in the sums of interest n; = ng (mod2), the contribution of a3 vanishes. As
claimed, we are left with

(n1,n2) _ snitn gm o —Q(=x) _ ni4ng (1)
0) =112 =¢ 1T F(0).
a‘O ( ) ? |:81{L1 axgge 0 t 1 ( )
Finally, the contribution from Hi gives, observing that the Euler-Maclaurin main
term vanishes,

S(rat
~omi (r+1)’ Bzm+1<(;;p)> em) oy (EP2\"
D D Yo e eI )
ST =

91



CHAPTER IV. HIGHER DEPTH QUANTUM MODULAR FORMS

with Fy(z) := M (\/gx)ex2. The claim then follows, observing that

. 62m —x m
FE0) = (- [W } = (1" HE 0.
=0

IV.7.2 Asymptotics of &

We write

Fy <€2m‘%—t> ~ Z bh’k(m)tm (t — O+) R

m>0

Theorem IV.7.2. We have, for h,k € Z with k > 0 and ged(h, k) =1,

Eo <Z + 22:() ~ Z b_p i (m)(—t)™ (t — 0+) .

Proof. We write, using Lemma [IV.6.2| and (IV.6.3)

Eo(7) = E21(7) + E2,2(7),

where
1
52,1(7') = 5 Z n(a) Z no My <\/§, \/%(21@1 + 77,2), ﬁn2> q*Q(n)
acs nc€a+N2
1 n _ —
+ 5 Z /rl(a) Z nQMQ <\/§, \/%(—277,1 —|— ’]’L2)’ \/5’]’12) q Q( n17n2)7
acy nEoa+N2
1
€22(7) = = D @) ) e~ g (o, ) g~
acs nEa+N2
1 n - - —_ —
+ 471—\/{) Z n(a) Z e 7 ( 3n1+2n2)2vM (@nl) q Q( n1,n2),
acd neo+NZ

where 77(a) :=n(1 — a1, az). We then again use (IV.7.2)), to split
E21(7) = &(7) + Ha(7),

where

1

E(r)i=5 Y ml@) Y naMs (V3 V302 + ), vons) g~
acs nea+N2
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+ % Z n(cx) Z ngMj (\/5, \/37)(—2711 + na), \/anQ) q—Q(—m,m),

aei nGa—&-N%
1

Hy(T) := 3 Z Z mM (2v/vm) ™.

56{171_;} meB+No
p p
Using that lim,_,q+ M*(+2) = F1, where we let M*(z) := E(z) — sgn*(x), we split

E22(T) = E35(7) + H3(7),

where
&alr > ) DD e (VEon ) g O
47-(\[(165’ nGa—Q—Ng
e Y dle) Y e (Yo, ) g O
m onzGY~ n€a+N2

Hg(T) — 471-];/» Z Z 747rm v fm

,36{ L 1}m66+N0

We first investigate asymptotic properties of £5. Writing Gs(x) := z2F3(x) and
Gs(x) := G3(—z1,22), we have

e it 1 _omil kp
& (k + 27r> = % Z n(c) Z e 2mEQE+a) Z <5\/Zn)
acs QSES%P_l nek (L+a)+N2
' =k
Z Z 672m%Q(f€17a1,€2+a2) Z g3 <§’)\/En> .
ae/ 0<e§%’71 ne S (+a)+Ng

The contribution from G3 to the Euler-Maclaurin main term is, as in Subsection

2
1) T, Z (@) Z e 2miE Q) _

20245
Fpte ey 0<e<*? 1

In the same way we see that the contribution from 53 to the main term vanishes.
The contribution to the second term in Euler-Maclaurin is, as in Subsection

i (252220

_9 Z Z e—2th<z+a>Z 5 o
n2—|—

ac.S* Oﬁfg%p—l na>1
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2no—1
x /0 (682 (@1,0) + G4 (21, 0)) day <5> .

We claim that
/ (652" (21,0) + G7°") @4, 0) ) day = (—1)"+! / G (@1, 0)dwr. (IV.7.7)
0 0

Since we need to differentiate the zo-factor exactly once, we have
2 1,00+ G a0 = 2 (F w00+ AV (w1,0)))

Gs
G072 (21, 0) = 20, F 2" (4, 0).

The claim (IV.7.7) then follows from (IV.7.3)). This gives the correspondence to (IV.4.4])

The third term in Euler-Maclaurin is, in the same way,

BQnH—l <5(51]:;a1) )

h
_9 =272 Q(l+a)
2. DL EN Y — D
acS* Ogeg%,l n1>0
00 " k 2n1—1
X / (Q:g%l’o)(oyﬂfz) - g?(,%ho) (07902)) dxo <5p> tmt
0
To relate this to (IV.4.5) (skipping the 71 = 0 term in both cases), we compute that

~(2n1,0)(0’x2) = 19 ( (2n1,0)(0 T ) (2n1, )(O T ))

G290, 29) — G

Note that
_ Q(x) 3 r* 1
ap(x) —az(x) = —e*' ' M by (3z1 + 2m2) | . (IV.7.8)

‘We next show that
/ 9 ( (2n1,0 )(0 " ) ag2n1,0)(0’m2)) dxs (IV79)
0
0o H2m 9 5 1
= (_1 n1+1/ m2 €_I2—3$1Z‘2_3x1 de +
| ( )| et

2n1
Ox o
where the first terms on the right-hand side corresponds to ([V.4.5). We write it as

(-1 [8 (5 [ fdm)]

2n1
Ox]

827’1,1 350%
a 2n1 4 ?
r1=0

z1=0
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Now we let
3o o 3 1 9% 3 3
f(:cl)eTl(—l)”H'1 = / x9 — on e dry = —e 1 — 3o VT 1-p(20L ,
82y 2 2 2 2 2\ /7
using integration by parts. We then compute (using ny > 0)

—3x7]

2 (—1)mH3 /7 | 9*m _8af 371
+ 1 a$%n1 e 1 F NG

x1=0

FEm(0) =

(_1)TL1+1 [ 82111

2 (9:6%"1

For the left-hand side of (IV.7.9)) we use ([V.7.8)) and consider

2n 00
_ [88 2;1 (/ 1‘2M* <2$2 ; 3331> e3x%+3x1x2+x%dx2>]
x] 0 V2r

Making the change of variables u = %, the integral before differentiation (including

x1=0

the minus sign) becomes
m 39”1 1 i
- \/76 1 /3961 V2 u—3:c1> *(u)e 2 du. (IV.7.11)

Using integration by parts, the contribution from v/27u equals

(e (3)) 5 (-o(25)

Thus differentiating 2n; times with respect to x; and then setting z; = 0 gives (using
that z — FE(z) is odd)

1

"

x1=0

1 [ P sz

——e
am%m

8$?n1

1 H2m 1 92n1 3.2
= 5 (D" | e b et |
2 ox ™ V2 | 0x3™
x1=0 x1=0

The first term matches the first term in ([V.7.10]), the second term is the second term on
the right-hand side of ([V.7.9)). For the second term in (IV.7.11f), we split

2 TI"M s 7'ru2
\/7641 (/ M*(u e2du—/m du—l—/ﬁ du).
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Since we take an even number of derivatives only the last term survives, yielding the
contribution

82n1 3z \/ﬁ 7ru2
5 7 2\ 4/
x1=0

e ()

This is the second term in ([V.7.10)), which implies (IV.7.9).
The left-over term from (IV.7.9) overall contributes as

x1=0

Bop, 11 (M) 92 522 o\ 2111
B —2mihQ(e+ar) ! kp 21 Kp =1
Ay yemtann s b ) med| ()
xr1=

acS* 0<e<%_1 ni>1

The final term in Euler-Maclaurin is

Bn1+1 (6(€1k;a1)> Bn2+1 (6(421;2—)0(2))

(ng + 1)! (ng + 1)!

9 Z Z e-m%@(“a) Z

acS* gcp<kr 1 n1,n2>0
== ni#Zn2 (mod2)

ni,ne n1+1-(n1,n2 k
< (G50 + (-1m g o) (4

>n1+n2 st
Then
gém,nz)(o) + (_1)n1+1g~?(’n1,n2)(0) _ in1+n271g£n17n2)(0)

gives the relation to ([V.4.7)).
We next consider Hy. We have, with Gy4(x) := zF4(x),

WD) g BB e am)

66{11 1}0<r<kp —1 mE%-&-No

The Euler-Maclaurin main term is

1 ) 771,1» r 1) —omib(r 1)?
TP D VS TP I ).

{1 1_7}0<r<kp 1 r (modké—p)
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The second term becomes

By <§(r+1>>
1) 2\ R kp\ 271
oy o) v gt o) <p) ",

(2m + 2)! 1 J

0<r<t2_1 m20
Then
2m+1 2m m 2m m 2m+1
G (0) = @m+ 1) FPM(0) = 2m + 1)(=1)™ L EP™ (0) = (—1)" g (0).
gives the relation to ([V.4.9).

Finally, we consider & 2. We first study &5 5 and write

£22 <Z + 27r> \ﬁ Z > e 2mi QL) > Gs <I?\/En>

0<eg’%}’—1 ne & (e+a)+Ng
727TiﬁQ(7f17a1,f2+012) Z ~ k7p
P e Y e : (Svin).
acs 0<z§’“§—p71 ne—(£+a)+N2

where

1 327 /3 ~
95(33) = — 2\[ _7_3381:52 xQM* < 27T$1> , 95(:13) = Q5(—x1,x2).

As before the main term in Euler-Maclaurin vanishes. The second term equals

6(La+a2)
__c Z Z —2ka(€+a) Z ( T )
2n2 + 1)

(165”* 0<£<kP 1 no>0

2no—1

> n ~(0,2n k no—+
< [(082 @0,0) + G0 @1,0)) oy ( ;’) e
0

It is however not hard to see that

The third term in Euler-Maclaurin is

et (2522)

—7T’lh
=Y X e o 37 = @+ 1)]

aE S* 0<£<kp 1 n1>0
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o0 " ~(om, k 277,1—1 1
x / (G500, 2) = G0, 22) ) dv <§9> Mt
0

Now

G5 (0,22) = G (0.22) = 2657 (0.22)

322
where G5 1(x) := —27\1/56_71_3:01902 3. We thus need to compute

/ 952n1’ 0 172) dl‘g

2
Ozy™ 0

V7 [ o < (1_E<3$1)>) _ v [ e
2\/> 8];277’1 Qﬁ r1=0 - 2\/§ 8'%%”1 501:0'

This term then contributes as

5(51-"-041)) o —1
Z 3 2wt Qe ra) 53 B2"1+1( kp 9*m eﬁ <kp> " i1
(2n1 +1)! da2m 10 o

aG/* o<e<kr kP 1 n120

2 «
L o™ 6¥ OO e*(x2+%xl)2dx
V2 ’
x1=0

(IV.7.12)

The final term in the Euler-Maclaurin summation formula is

\/2; Z n(ex) g e—2mi Qe +a) n+1 <#> B2 <27 +2)
t E

kp kp
acs* Ogeg%,l n1,m2>0

(n1 + 1) (na + 1)
ni1#ng (mod?2)

ni,n ~(n1,n k ntne
< (o) + o g o) (i)
It is easy to see that under the condition n1 # ng (mod 2) we have
G5 ") (0) + (=) G ") (0) = 0,
Next, we consider
hooit 1 _ kp
H w I omi (r+ﬁ) 22t )
3<k+27r) QTW Z Z e Z F2 5\fm
1 1— 1}0<r<’“p 1 me 208 N,

The Euler-Maclaurin main term is

0 —2mil(r 2 d —2mil <r+ )2
71]:2 Z Z e 2mig (r+h)” — I]:2 Z e .
2k’pt\/% 5€{%717%}r (mod%p) kpt\/% r (mod%)
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The final term 1is

5(r+t
Z ef2mg(r+;) Z ]:(27”4‘1)(0) =0

| 2
V2t o o (2m +2)!
since JF» is an even function.
Collecting all growing terms gives
o —2mil <r+ )2 IJ:Q
kipt Z € Igs(Uf)*é?,(O +1g, + f Q 0,) T Vor )
r (mod %)
(IV.7.13)
We compute Ir, = L and, using integration by parts,

oo 2
Ig, = / ze® M* (\/71‘) dr = —
0 s

by conjugating (IV.4.8). Moreover, ([V.7.9)) gives

2 [ 1 1
—\/7/ e dy == — —
™ Jo 2 \/i

T N o0 _mgd 1 . 1 —m% oo 1 . 1 1
G:(0.)-Gs(0,) — [ T2C PR 5 = {e }0 MV RV
T = = —ﬁ
G5(0,)—G5(0,-) — 72\/5'
Thus the term inside the paranthesis in ([V.7.13) vanishes.
We are left to show that the contributions from (IV.7.8]) and (IV.7.12)) vanish. For
this it suffices to show that, for all n € N,

Z Z 6727”'%@(54&1)32”_’_1 (5 (4 + 041)) —0

kp
aES" o<t

As in (IV.4.9) we get that this sum is zero for § ¢ {1,2}. Next we consider £ = 1.
We first combine the first and third element in .#*. Using (IV.4.10|) and

Bgm+1(1 - 1‘) = —Bgm+1(£€) (IV.7.14)

gives that these cancel. Thus we need to show that

4 _omih _1
3" Bon <1> c~mike(atri-g) (IV.7.15)

k
0<t<k
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We use ([V.4.11) and distinguish again whether k is even or odd. If k is odd we do the
same change of variables and use (IV.7.14)) to obtain that (IV.7.15) equals

BQn+1(O) Z 6—27”’%(62—&—1_%)2 0
ly (mod k)

since for m > 3 odd, By,(0) = 0.
If k£ is even, then we obtain

. 2 ) 2
Bon11(0) Z 6727”%([2“7%) + Bony1 (é) Z 6727”%(22“7%) =0

£ (mod k) £ (mod k)

since for m odd By,(3) = 0.
We next turn to the case £ = 2. Then only the second element survives and we want

—omik _1
S" Bania(0)e t(oer=g) (IV.7.16)
0<l<2k—1

We obtain for the left-hand side of (IV.7.16]

B (0) +B 1 Z 6—27ri%(€2+1_%)2 0
2n+1 2n+1 9 , — U.

2 (mod k)

This finally proves the theorem.

IV.7.3 Proof of Theorem [V.1.1]
We are now ready to prove a refined version of Theorem

. ph

Theorem IV.7.3.(1) The function F; : Q — C defined by ﬁl(%) = Fi(?™%) is a

depth two quantum modular form of weight one for Iy, with multiplier (_73)

(2) The function Fy : Q — C defined by ﬁg(%) = Fg(e%i%) is a depth two quantum

modular form of weight two for T, with multiplier (3).

d
Proof. (1) We have, by Theorem |[IV.7.1

~ h -ph h /&t
FlZ) =1 F ( 27rz——t> _ — lim E _hou
() =t () = 20 = i ().
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where p; := p/ ged(k, p), p2 := ged(k, p). Proposition [[V.5.2] then gives the claim.
(2) Theorem [IV.7.2| gives

~ h -ph h Zt
By () = tim By (2570) = b, o (0) = lim By (=7 + ).
’ <k> o 2\ hpl’é( ) oot 2\ Tk + 27
Proposition [[V.5.3| then gives the claim. O

Remark 13. For odd d, we have that (3) = (5}) =1 if and only if d =1 (mod12) so
that both F} and F5 can be viewed as quantum modular forms with the trivial character
under a suitable subgroup of I', (e.g. the principal congruence subgroup I'(12p)).

IV.8 Completed indefinite theta functions

In this section, we embed the double Eichler integrals in a modular context by viewing
them as “purely non-holomorphic” parts of indefinite theta series.

IV.8.1 Weight one

The functions E and My were introduced in [1], where they played a crucial role in
understanding modular indefinite theta functions of signature (j,2) (j € Np). We consider
the quadratic form Q1(n) := 3n” A;n and the bilinear form Bj(n, m) := nT A;m given

6363
by A; := (% 33 (2)) , and define Ay == (§3), Py(n) := Ma(v/3;/3 (2n1 + na) ,n2) and,

3200
for n € R4, set

P(n) = My (V3 V3(2n5 + na),na)
+ (sgn(2ng + n4) + sgn(nq)) (sgn(3ns + 2n4) + sgn(nz))
+ (s (1) + sgn (n2)) My (V3(2n5 + 1)) + (sgn (ns) + sgn (m)) My (35 + 2n4)
Note that, for a € .9*,
261 () = O_ag.py.a (7).

We view this function as “purely non-holomorphic” part of the indefinite theta function

Ou, Pa(T) = Z P (yom) @™, (IV.8.1)

nea+74

where a € %Al_lz‘l with (as,as) = (a1, a2). One can either employ Section 4.3 of 1] or
proceed directly (as we do here) to prove the following proposition.
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Proposition IV.8.1. Assume that a € %Al_lz‘l with a1,as € Z.
1. We have

®A1,P7,a (T) = 281,((13,(14) (T)@A(),l,((u —a3,a2—a4) (T)7

where

Pf(’n) = Ms <\/§, \/§ (277,3 + n4) ,n4) .
2. The functions © 4, pa and ©_ 4, py (a3,as) COMVETge absolutely and locally uniformly.

3. The function T — © 4, po(pT) transforms like a modular form of weight two for some
subgroup of SLa(Z) and some character.

Remark 14. When considering indefinite theta functions of signature (j,2), one usually
obtains four Ms-terms as the purely “non-holomorphic” part. The arguments of these
four Ms-functions are dictated by the holomorphic part. The fact that (1,0,0,0)” and
(0,1,0,0)T (which correspond to n; and ny occuring in P) have norm zero with respect
to A1_1 causes the “missing” Ma-terms to vanish. Therefore we refer to this situation as
a double null limit (see [1]).

Proof of Proposition[IV.8.1. (1) Shifting (n1,n2,ng,na) — (n1 — ng,n2 — n4,ng,N4) ON
the left hand side of the identity gives the claim.

(2) For ©_ 4, py (as,as) We employ the asymptotic given in (IV.2.7), to obtain

6771’(3(2711 +n2)2+n§)v

_laT T
‘M2 <\/§, V3vu (2n1 + na), ﬁn2) g 2" Aon| < - omn” Aomw
T™=Nning
< Cle_ZW"TAO”weﬂ'nTAoTw — Cle—wnTAonv

for some ¢; € RY and (n1,n2) € (as,as) + Z% with ni,ny # 0. By plugging in the
definition, one can show that for some c; € RT and n = (0,n2) € (a3, as) + Z>

’M2 <\/§; V3una, ﬁm) g~ Aom

.
< coe ™'t Agnv

(and similarly for the case no = 0). Using that Ag is positive definite, we obtain, for some
c3 € Rt

Z ‘Mg (\/§7 Vv 3v (2n1 + n2) , \/5??,2) q_%nTAon <3 Z e—wnTAo'rw < o0,

ne(az,ae)+722 ne(az,ae)+722

implying the absolute and locally uniform convergence of ©_ 4 p (43,a,)- Combining this
with (1) and the convergence of the positive definite theta series © 4, 1 (41 —a3,00—a4)> W€
obtain absolute and locally uniform convergence of the Ms-part of © 4, pq.-
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For the part containing only sign-terms

Z (sgn(2n3 + n4) + sgn(ny)) (sgn(3n3 + 2n4) + sgn(ng)) ¢+, (Iv.8.2)
neca+2*
we consider the determinant of Ay, (m,b1, b, b3, bs), where (Ap(vi,...,v5));, =
v]TMW and
0 O 1 0
110 0 0 3
(bl)b27b37b4) T g 2 _3 _1 O
-3 6 0 -3

We compute the determinant det(A 4, (n, by, be, bs, by)) via Laplace expansion to obtain
e—?‘(’UQl(’n) < e*ﬂ(%Bl(bl,n)2+%B1(bg,n)2+B1(bl,n)Bl(bg,n)+2Bl(bg,n)Bl(b4,n))v

< ¢—ca(Bi(b1,n)*+B1(b2,m)’+| Bi(bs,n) |+ B1(ba,n)| Jv

with some ¢4 € R for all n € a 4 Z* which satisfy the condition
(sgn(2ns + ng) + sgn(ni)) (sgn(3ns + 2ny4) + sgn(ng)) # 0.
Thus (IV.8.2) is dominated by

Z )(sgn(an + n4) +sgn(ny)) (sgn(3ns + 2n4) + sgn(ng)) e (MY
nea+74
<4 Z e—ca(B1(b1,n)?+B1(b2,n)*+| By (b3,m) |+ Bi(bam)| v _ o

nea+74

To deal with the contribution of the third and fourth summand of P one combines
the approaches of the two previous terms.
(3) We use Lemma [IV.2.1] to rewrite P as a limit of Fs-functions, namely

where

P.(n):

<E2 (;, \/3(2713 + 7”L4) , —E <n1 + n3g + %) + 6(2\3[7;)2—3)>

€ 3n1
+ Es [ =; (3ns + 2n ,7—5<n +3n —|—n>
2(2( 3 4) 5(2\/5—3) 2 3 4
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+ E» <\/§; V3 (2n3 + n4) ,714)

n € 3 3
+ Ey (\/g, 2—2 —5 (ng + 2n4) , \QC (2n1 + ng2) — \55 (2n1 + ng + 4ns + 2n4)> )

One can then verify that each occuring term Es(k;b'n,c'n) satisfies the Vignéras

differential equation given in Theorem with A =0 and A = A;. A straightforward
calculation shows that the Vignéras differential equation is satisfied for P. with respect to
Ay if and only if it is satisfied for P; ,(n) := P.(y/pn) with respect to pA;. Furthermore,
we have

(—)A17P7a(p7—) = @pAth,a(T) - ;I—I}%) G)pAlvﬁs,pva(T)

where P,(n) := P(,/pn). We can apply Theorem [IV.2.3| to obtain weight 2 modularity

of @pA1,135,p,a since a € (pA;)~1Z* Now, taking the limit ¢ — 0 proves the claim.

O
IV.8.2 Completion: weight two

Similarly as in the previous Section the function Es may be related to a
modular object of weight three. This connection becomes evident when writing Eo as a
Jacobi derivative as in Lemma [[V.6.2l We leave the details to the reader.

IV.8.3 Lowering

The indefinite theta series considered in Subsection are higher depth harmonic

Maass forms following Zagier-Zwegers. Roughly speaking, by this we mean that applying

the Maass lowering operator L := —22’1}2% makes the function simpler. In particular, for

the iterated Eichler integral, we have

L(Ip,,5,(7)) = 2M0" fi (=7) Iy, (7).

Now v*1 f; (—7) is v* times a conjugated modular form of weight ki (so transforming of
weight —k1) and Ig,, defined in (IV.2.11)), is the non-holomorphic part of an harmonic
Maass form of weight 2 — ka.

IV.9 Conclusion and further questions

We conclude here with several comments and research directions

104



CHAPTER IV. HIGHER DEPTH QUANTUM MODULAR FORMS

(1)

We plan to more systematically study higher depth quantum modular forms and
to describe explicitly the quantum S-modular matrix of F'(q). This requires a
modification of several arguments used here for F5(q) (note that we restricted
ourselves to I', out of necessity). This result would allow us to make a more precise
connection between W(p)4, and its irreducible modules. For one, we should be
able to associate an S-matrix to the set of atypical irreducible W (p) 4,-characters,
in parallel to [8].

Iterated (or multiple) Eichler integrals studied in Section 5 are of independent
interest. As in other theories dealing with iterated integrals (e.g. non-commutative
modular symbols, Chen’s integrals and multiple zeta-values) shuffle relations are
expected to play an important role. Another goal worth pursuing is to connect
iterated Eichler integrals of half-integral weights to Manin’s work [19].

We plan to investigate the asymptotic of F'(q) in terms of finite g-series evaluated
at root of unity. This requires certain hypergeometric type formulas for double
rank two false theta functions.

In recent work [4] we found a new expression for the error of modularity appearing
in Propositions |IV.5.2| and |IV.5.3|7 at least if Mt = —%. Our formulae involve what
we end up calling, “double Mordell” integrals. In the rank one case this connection
is well-understood |28, Theorem 1.16].

Very recently, W. Yuasa [24] gave an explicit formula for the tail of (2, 2p)-torus
links associated to the sequence of colored Jones polynomials: Jy, (K,q),n €N,
where w;, j = 1,2 are the fundamental weights. We were able to identify the same
tail as a summand of F(q), up to the factor 1 — ¢ (viz. extract the “diagonal”
mi = mg in formula (IV.1.7])). This raises the following question: Is it true that
F(q) is the tail of J,,,(K,q), (n € N) (here p = wi + w2), up to a rational function
of ¢7 For related computations of tails colored with sl3 representations see [13].
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Chapter V

Vector-valued higher depth
quantum modular forms and
higher Mordell integrals

This chapter is based on a manuscript published in Journal of Mathematical Analysis
and Applications and is joint work with Prof. Dr. Kathrin Bringmann and Prof. Dr.
Antun Milas [BKMZ2].

V.1 Introduction and statement of results

V.1.1 Mordell integrals and quantum modular forms
The Mordell integral is usually defined as a function of two variables

cosh(2mzw)

h(z) = h(z; 1) ::/]R e oy, (V.1.1)

cosh(mw)
where z € C and 7 € H, the complex upper half-plane. Integrals of this form were studied
by many mathematicians including Kronecker, Lerch, Ramanujan, Riemann, Siegel, and
of course Mordell, who proved that a whole family of integrals reduces to . From
these works it is also known that occurs as the “error of modularity” of Lerch
sums which have the shape (g := €2™7)

n2+n

92 (4,2 €C\{0}).

1— 6271'1',22 qn

e27rznzl

nel

The Mordell integral plays an important role in the theory of mock modular forms as
shown by Zwegers in his remarkable thesis [20]. Zwegers wrote the integrals in (V.1.1) as

Eichler integrals. To be more precise, he showed that, for a,b € (—%, %) we have

2 (i Goy 1 g1 (w)

h(CLT . b) _ _6—27ria(b+%)q% : dw,
o —i(lw+T)

(V.1.2)
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where, for a,b € R, g, is the weight % unary theta function defined by

L
gab § : neZﬂlb 7

nea+7Z

Zwegers then used to find a completion of Lerch sums, by observing that the
error of modularity h(ar — b) also appears from integrals which have —7 instead of 0 as
the lower integration boundary.

Starting with influential work of Zagier |18,19], many authors studied related con-
structions with Eichler integrals from the perspective of quantum modular forms. In all
of these examples the non-holomorphic part (or “companion”) is given as

/m ORI,
7 (=ilr +w))?

where f is a cuspidal theta function of weight % or %

The main motivation for this paper is to extend this well-known connection between
Fichler and Mordell integrals to higher dimensions by using multiple integrals. We provide
several explicit examples of this connection in the context of higher depth quantum

modular forms introduced by the authors in [4] (see also [1]).

V.1.2 Vertex algebras and modular invariance of characters

Another, somewhat unrelated, motivation for this project comes from the study of
characters in non-rational conformal field theories, where the modularity (or lack thereof)
plays an important role.

There is already a growing body of research exploring the modularity of characters
beyond the rational vertex operator algebras [6-9,|16]. One general feature of these
irrational theories is that they admit typical modules (labelled by a continuous parameter)
and atypical modules (parametrized by a discrete set which is mostly infinite). When it
comes to modular transformation properties, the S-transformation (with S := (9 ') €
SL2(Z)) of a character may produce both typical and atypical characters. So we expect
that

ch[M (—) /SM,,ch (r)dv + Y anr jch[M;) (), (V.1.3)

Jj€ED

where ch[M;] are atypical and ch[M,] are typical characters. Note that the typical

characters often have the form ch[M,] = 77( )m, where n(7) = g1 [[>1(1—¢q") is
Dedekind’s n-function. Moreover 2 and D are domains parametrizing typicals and
atypicals representations, respectively. The reader should exercise caution here — in some
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examples formulas like only exist as formal distributions [8]. Also, as divergent
integrals might appear, it is sometimes necessary to introduce additional variables (as in
[6]) to ensure convergence.

This type of generalized modularity is known to hold for characters of certain repre-

sentations of the affine Lie superalgebras sl/(n\\l) for N'=2 and N = 4 superconformal
algebras at admissible levels [13,|16]. In this work atypical characters transform as in
such that the integral part is a Mordell-type integral, which is essentially a
consequence of Zwegers’ thesis [20].

In this paper we take a slightly different point of view. As many important (algebraic,
analytic and categorical) properties of rational vertex algebras are captured by the
entries of the S-matrix (e.g. quantum dimensions, fusion rules), we expect that the full
asymptotic expansion of characters and their quotients play a pivotal role for irrational
theories. More precisely, we believe that these higher coefficients in the asymptotics
determine the “fusion variety” via resummation and regularization. The latter was
introduced by Creutzig and the third author [6]. As shown in [3], considerations of
asymptotic expansion of characters naturally lead to quantum modular forms.

We now explain, with an example, how the concept of quantum modular forms can be
used to obtain . For this we consider the (1, p)-singlet algebra and its characters.
As explained in [6,9], this vertex algebra admits typical and atypical representations.
The characters of atypical representations M, ; are essentially false theta functions. To
be more precise, for 1 < s <p—1 and r € Z, we have

1 L (2pn—s—pr+2p)* L (2pn+s—pr+2p)*
ch[M, . |(7) = —— g s @Pr—s—pr20)® g (2pnts—pr42p)°
My )(r) = oo n§>oj( )

Two of the authors have already proven in [3] that these characters are mixed quantum
modular forms, in the sense that M, (1) := n(7)ch[M,](7) is a weight 3 quantum
modular form whose companion (expressed as an Eichler integral) agrees with the original
false theta function to all orders when expanding at roots of unity. This allows us
to transfer modularity questions for characters to better behaved companions M;. ; as
illustrated in the following

Example V.1.1. For1 <s <p-—1, we have

\/%\/zgsin (”“Z“”) M, (—i) —iapry, (1), (V.14)

where 1,  is the theta integral defined in (V.3.2) for the theta function (V.3.1). Note

that ry, , also has the following representation as Mordell integral

Tfip (1) = —/Rcot (m’w + ;‘Z)) ezmpszdw,

T,s (T) -
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27rp

As typical characters take the form £ e ) , the right-hand side of (V.1.4]) can be viewed

as the contribution from typical Tepresentatwns as in (V.1.5). For ch[M, ] withr #1 a
finite q-series has to be added to ch[M; 5] so that the above formula looks slightly more
complicated (cf. [36]).

It is desirable to extend the modularity result in (V.1.4]) to “higher rank” WW-algebras,
where false theta functions of higher rank appear as characters [5]. It was already observed
earlier [7] that a regularization procedure can be used to derive a more complicated
version of involving iterated integrals. As the theory of higher depth quantum
modular forms also involves multiple integrals [4], it is tempting to conjecture that these
characters combine into vector-valued higher depth quantum modular forms. In this
paper, we prove an analogue of this for the simplest nontrivial example coming
from an sl3 false theta function F(¢) which was studied recently in [4].

V.1.3 Quantum invariants of knots and 3-manifolds

As discussed above quantum modular forms are connected to various aspects of
number theory including Maass forms. But originally they appeared in the pioneering
work of Zagier (and Zagier-Lawrence) on unified quantum invariants of certain 3-manifolds
[18,/19]. In a recent work of Gukov, Pei, Putrov, and Vafa [12], the authors proposed new
quantum invariants of certain 3—manifolds expressed as holomorphic g-series with integral
coefficients. These invariants are in many examples sums of ordinary quantum modular
forms. It is expected that more general 3-manifolds as well as SU(3) unified WRT
invariants exhibit a more complicated higher depth quantum modularity. Understanding
their error of modularity certainly requires a solid understanding of higher Mordell
integrals.

V.1.4 Statement of results
Define

_ Zmin(ml, mz)qg(m%+m§+m1m2)—m1—m2+% (1—¢™)(1—q™) (1 _ qm1+m2) )

mip,mg>1
m1=mgo (mod3)

In [4] the authors decomposed this function as F'(q) = 2F1 (¢P) + 2F»(¢?) with F} and
F5 defined in and -, respectively. The functlon F; and Fy turn out to
have generalized quantum modular properties. This connection goes asymptotically via
two-dimensional Eichler integrals. For instance, we showed in [4] that F; asymptotically
agrees with an integral of the shape

f(wla w2)
/ wi \/—i(wy +7)y/—i(we +T) oz
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where f € S% (x1,I) ® S% (x2,T") (x; are certain multipliers and I' C SLy(Z)). The
modular properties of these integrals follow from the modularity of f which in turn gives
quantum modular properties of F7. We call the resulting functions higher depth quantum
modular forms. Roughly speaking, depth two quantum modular forms satisfy, in the
simplest case, the modular transformation property with M = (‘Cl Z) € SLy(Z)

f(r) = (er +d)"*f(M7T) € Qu(T)O(R) + O(R), (V.1.5)

where Q,(I") is the space of quantum modular forms of weight x and O(R) the space of
real-analytic functions defined on R C R. Clearly, we can construct examples of depth
two simply by multiplying two (depth one) quantum modular forms. In this paper,
we prove a vector-valued version which refines . Roughly speaking, f(M7) in
(VI.1.2)) is replaced by > iy n Xj,e(M) fe(MT) (see Definition 2 for the notation).
Objects of similar nature - not invariant under the action of the relevant group but
instead they satisfy ”higher order” functional equations - have already appeared in the
literature. Higher-order modular forms constitute a natural extension of the notion of
classical modular form and can be constructed using iterated integrals [10,(11]; see also
[15]. They also appear in connection to percolation theory in mathematical physics [14].
We prove.

Theorem V.1.2. The function Fy is a component of a vector-valued depth two quantum
modular form of weight one. The function Fs is a component of a vector-valued quantum
modular form of depth two and weight two.

We next consider higher-dimensional Mordell integrals. Set, for o € R?,
H1 a . f/ ! (a UJ) + 02 (Oé,’LU) dwgdwl,
wy /=i (w1 + 1)/~ (w2 +T)

where the theta functions 6 and 0y are defined in ([V.4.4) and (V.4.5), respectively and
where throughout the paper we write two-dimensional vectors in bold letters and their
components using subscript.

Remark 15. The function Hj o occurs (basically) as the holomorphic error of modularity
(see Proposition [V.5.4). The remaining piece is itself already an Eichler integral.

Setting

o sinh(27x) o sin(2ma)
Falw) = cosh(2mx) — cos(2mar)’ Galw) = cosh(2mzx) — cos(2mar)’
we define
2ga1 (wl)gag (w2) Qfal (wl)]:ocg (w2) if o1, a9 ¢ Z,
G1a(w) = ¢ —2Fo(w1)Fa,(w2) + 7m2ul Foao (wQ + 3w1) if o1 € Z, a3 ¢ Z,
—2F ¢, (w1)Fo(wa) + WZTQ]:OQ (w1 + w2) if oy ¢ 72, ag € Z.
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Theorem V.1.3. If aj, a9 are not both in Z, then we have, with Q(w) = Sw% + w% +
3w1w2

HLCX(T) :/ gl,a(w)627riTQ(w)dw1dw2.
RQ
In particular, if o ¢ 7 for j = 1,2, then we have
Hio(T) = / cot (miwy + way) cot (miwg + wag) €2 dwy dws.
RQ

Remark 16. Note that there is a related statement if a1, as € Z; however for the purpose
of this paper it is not required.

Similarly, set

Hyo(T) = v3i /Oioo /ioo 203(c; w) — 4 (0 w)

3 dUJdel
w1 —i(w1 —‘v-T)(—i(U)Q+T))§

+ \/32/ / - 95(03710) : dwsdwy,
20 Jo Ju (—i(wy +7))2/—i(wy + 7)

where 03, 04, and 05 are theta functions defined in (V.4.8), (V.4.9), and (V.4.10]), respec-
tively. The function Hj o occurs in Proposition

Define the function gs , as follows:

o

(w) = —2iw3 (Gay (W1) Fay (w2) + Fay (w1)Ga, (w2)) if a1 ¢ Z,
P 2 (ft)(wl)gfw (w2) — =G, (w2 + 32&» ifa, €2,

Tw1
where G (z) := 2G,(x).
Theorem V.1.4. We have

H27a(7—) = /2gZ,a(w)627riTQ(w)dU}1dUJ2.
R

V.1.5 Organization of the paper

The paper is organized as follows. In Section 2, we recall some basic facts on theta
functions, certain (generalized) error functions, quantum modular forms, and higher-
dimensional quantum modular forms. Section 3 describes the one-dimensional situation,
and Section 4 records our previous results in the two-dimensional case. In Section 5
we develop general vector-valued transformations which we then use for our specific
situation. In Section 6 we represent the two theta integrals Hj o and Hj o as double
Mordell integrals.
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V.2 Preliminaries

V.2.1 Theta function transformation

Define, for v € {0,1}, h € Z, N, A € N with A|N and N|hA, the theta function
studied, for example, by Shimura [11]

m2
O,(A,h,N;T) := Z m”qu2 .
meZ
m=h (mod N)

We have the transformation property

O, (A Nir) = (i i irat Y oG ey (ami-l).

k (mod N)
Ak=0 (mod N)
(V.2.1)
Also note that if hy = he (mod N)
GV(A7 h17 Nv T) = GV(A7 h27 Nv 7-)7
©,(A,—h,N;7)=(-1)"©,(A,h,N;T), (V.2.2)
O,(A,N —h,2N;7) = (-1)"©,(A, N + h,2N; ).

V.2.2 Special functions
Following [20], define for v € R
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We have the representation

E(u) = sgn(u) (1 — \/l%r G m2>> ,

where I'(a, u) := fio e Yw* Ldw is the incomplete gamma function and where for u € R,
we let

1 if u >0,
sgn(u) :=< —1 ifu <0,
0 if u=0.

Moreover, for u # 0, set

i e—7rw2 —2miuw
M(u) = — / SE—
R—iu w

We have
M(u) = E(u) — sgn(u).

We next turn to two-dimensional analogues, following [1], however using a slightly
different notation. Setting dw := dwdws, define Ey : R x R? — R by

Es(k;u) := / sgn (w1) sgn (wg + Kwy) e*ﬂ((w17u1)2+(w27u2)2)dw.
R2

Moreover for ug, u1 — Kug # O:

( ) 1 e—ww%—ﬂ'wg—Qwi(u1w1+ugw2) ( )
Ms(k;u) == / / dw. V.2.3
2 R—ius JR—iuq

s w9 (w1 — E'wQ)
Then we have

M (k5 uw) = B3 (k5 w) — sgn (ug) M (u1)

U + KU1 (V.2.4)

— sgn (u1 — Kug) My <m> — sgn (u1) sgn (ug + Kuq) .
Note that (V.2.4)) extends the definition of My to us = 0 or u; = Kua.

V.2.3 Vector-valued quantum modular forms

We next recall vector-valued quantum modular forms for the modular group.
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Definition V.2.1. An N-tuple f = (fi1,...,fn) of functions f; : Q — C for 1 <
7 < N is called a vector-valued quantum modular form of weight k € %Z, multiplier
X = (Xj)1<je<n, if for all M = (¢ %) € SLy(Z), the error of modularity

Fi(r) = (er+d)™ " xjo(M) fo(Mr) (V.2.5)
1<U<N

can be extended to an open subset of R and is real-analytic there. We denote the vector
space of such forms by Q(x).

Remark 17. Since the matrices S := (? ') and T := ({ }) generate SLy(Z), it is enough
to check (V.2.5)) for these matrices.

V.2.4 Higher depth vector-valued quantum modular forms

We next introduce vector-valued higher depth quantum modular forms. Note that
higher depth quantum modular forms for subgroups of SLs(Z) were considered in [4].

Definition V.2.2. An N-tuple f = (fi,..., fn) of functions f; : Q - Cwith1 <j < N
is called a wvector-valued quantum modular form of depth P € N, weight k € %Z, multiplier
X = (Xj)1<je<n, if for all M = (¢ 8) € SLy(Z), we have

£ = (er+d)™% Y xe (M) fo(Mr) € > 0L H(xm)O(R),

1st<N 1<j<N

where m runs through a finite set, k., € %Z, Xm are rank N multipliers, O(R) is the space
of real-analytic functions on R C R which contains an open subset of R, Q,lg(x) = Qk(x),
Qg (x) :=1, and Qf (x) denotes the space of vector-valued forms of weight k, depth P,
and multiplier x.

V.3 The one-dimensional case

Recall the classical false theta functions (1 <j<p—1,p > 2),

Fjp(7) = Z sgn(n)q% :

nez
n=j (mod 2p)

The following theorem is shown in [3}|9] (note that here we renormalized in comparison
to [4])
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Theorem V.3.1. The functions Fj, : H - C (1 < j < p—1) form a vector-valued
quantum modular form.

Proof. (Sketch) Define the non-holomorphic Eichler integral
1 v\ _»?
Fyni= = % salr (370 )0,

2 )
nez
n=j (mod 2p)

Note that F} (it + %) and F7' (it — %) agree asymptotically to infinite order. That is, if

we write
F <’Lt—|— ) Zahk tm t—>0+),

m>0

then ,
F}, (it — k) ~ > app(m)(—t)™  (t—07).
m>0

One may then show that

= —i\/2p- Iy, (1),
where ) )

fip(2) = % Z ng* (V.3.1)
P neZ
n=j (mod 2p)

and for a holomorphic modular form from f of weight k, the non-holomorphic Fichler

integral is ‘
I¢(7) ::/ f(w) dw.

= (=T +w))2k
Using (V.2.1)), one can prove that

o) =/ 2 Zsm (") (-3)

correcting a sign-error in [9]. From this one may conclude that

wkj 1 .
ng _ZT\/7281n< > kp <T> =1i/2p-1y (T),

where, for f a holomorphic modular form of weight k,

100
f(w)
re(7) = - dw. V.3.2
0= [ s Va2
The claim now follows since ¢, , is real-analytic on R. O
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The next lemma writes the “error to modularity” as an Eichler integral. Following
the approach of Zwegers [20] and using trigonometric identities, one finds the following.

Lemma V.3.2. We have

—3 2p-rfj7p(7') :/

cot (m’w + 77]) 2T’ g,
R 2p

) (Wj) 1 / e2mipTw?
=gin| = | = — ——dw.
P/ 2 Jr ginh (mu + %) sinh (TI'U) — %)

V.4 Previous results in the two-dimensional case

In this section, we recall the results from [4]. In that paper the following decomposition
was shown

Flg) = ;F (@) + 2F (¢?)

with
Q(n) 1 1 (m+l)2
Fi(q) := Z e(a) Z q + 5 Z sgn(m-+—|q\ */ (V.4.1)
ac? nea+NZ meZ p

where

{2 G 0D ) G- 02}

and for a (mod ZQ), we set
. 12 1 2
o) =l 2 e {0-53)- G-
1 otherwise.
Moreover

Pog) = Y nle) 3 mag®™ - 0%

1 1)?
m+ ‘ om3) (V.4.2)
acy n€a+Ng meZ

where for a (mod ZQ), we let

77(0z):z{1 ifae{(1—%,%),<0,1—%>,<%,1—%>},

-1 otherwise.

In [4] the following theorem was shown.
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Theorem V.4.1. For p > 2, the functions Fi and Fs are quantum modular forms of
depth two with quantum set Q and of weight one and weight two, respectively.

Sketch of proof. Using the Euler-Maclaurin summation formula, it was shown in [4] that
the higher rank false theta functions asymptotically equal double Eichler integrals. To
be more precise, write

Fl (627ri%7t> ~ Z Ah’k(m)tm (t — 0+) .
m>0
In [4], we proved that we have, for h,k € Z with k > 0 and ged(h, k) =1,

Ey (” - Z) ~ > Apg(m) (=)™ (t—0%). (V.4.3)

2
m>0

Here the double Eichler integral E; is given as follows: Define for @ € .#* := {(1 — %, %),
(Oa 1- %)7 (%7 1- %)}

Elalr) = —£ / .1(a,w) + g(q,w) dwadwy
4 J = Ju, \/—z(wl + T)\/—l(wz +7)
with
; 7Tin21u
Oi(ccw) = 3 (2n1 +ngJnpe’F rrtnalturtUE (V.4.4)
nea+72
i 37rin2w
Ba(esw) = > (3ny + 2np)nge’s Gt Tut TR (V.4.5)
nea+72?
Then set

E(r)i= Y e(@)éralpr), Eir):=& <T> (V.4.6)

acS*

The double Eichler integral £ satisfies modular transformation properties. To be more
precise, we have, for M = (¢%) € ', (some congruence subgroup of SLy(Z)),

2

E1(r) — (—d?>> (et +d)1& (MT) = Z <Tfj,gj,%(7—) + Ifj(T)’l“gj’%(T)) ,

7j=1
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where (7) is the extended Jacobi symbol, f;,g; are cusp forms of weight % (with

some multiplier), and for holomorphic modular forms f; and fo of weights x1 and ko,
respectively, we set

[ fi(w1) fa(w2) o duw
R A = e e e L)

e A
Tfl,%(T) '_/j (_Z-(w_i_T))Zflﬂd ’

The situation is similar for F5. To be more precise, writing

Fy (ezﬂi%_t> ~ Z Bhyk(m)tm (t — 0+) ,

m>0

we proved in 4] that we have, for h,k € Z with k > 0 and ged(h, k) = 1,

E, < - > > Byi(m (t—o0%). (V.4.7)

m>0

Here the Eichler integral E, is given as follows: Define for a € .#*

ﬁ oo oo 9fs(c;w) — Oy w)

Era(T) = dwgdwl
87 J_7 Jun V—i(wy + 7)(—i(we + 7))
0
/ / 5(0( w) dwgdwl
wl—i—r)) \/—Z'(’wg—i-T)
with
; 7rin2w
03(c; w) = Z (2ny + ng)e%(%ﬁnﬂzwﬁ ) 2, (V.4.8)
nea+72
371'271210
04(a; w) := Z (3n1 4 2ny)e? F(3n1t+2n)Pwi+ =52 (V.4.9)
nea+72
i 37'r7,n2w
Os(a; w) := nye® (Bnitna)?unt === (V.4.10)
nea+72
We then set
-
(1) := Z EralpT), Eao(7) := & <> : (V.4.11)
ac S * p
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Again one can show transformations for &. Namely for M € I',, one has

Jj=1

E(7) — @) (cr +d)2E(MT) =3 (rfj,gj,%m + 15, (T)rgjﬁg(T)) ,

where f; and g; are holomorphic modular forms of weight % or cusp forms of weight %,
respectively. O

V.5 Higher depth Vector-valued transformations

V.5.1 General double Eichler integrals

We first describe the general situation. For this assume that fj,g0 (1 <j <N, 1 <
¢ < M) are components of vector-valued modular forms and in particular transform as
(With K1, k2 € % + No)

B(-) = 3 ki o (7)< S v (51

Following [4], define the double Eichler integral

Y fi(w1)ge(ws) o du
Ifjng(T) " /T /U}l (—i(wl+T))2_”1(—i(w2+T))2_“2d 2dwr.

Remark 18. Related, but different, iterated integrals were studied by Manin in his work
on non-commutative modular symbols [15].

We prove the following transformation.

Lemma V.5.1. We have the following two transformations

Ifj,gg (T) - Ifj|T,gg|T<T + 1) =0, (V52)
. \Ki+Ka— 1

I;g,(7) = (—iT) iz Z Xjkem I f, gm (—T) (V.5.3)
1<k<N
1<m<M

e fi(wi)ge(wo)
= dwad Iy, — Ty,
/0 /wl (—i(wy +7))2 "1 (—i(wg + 7))2~ %2 wadwy + It (T)rg, (1) = 7, (T)7,(7),

where |, denotes the usual weight k slash operator.

121



CHAPTER V. HIGHER MORDELL INTEGRALS

Proof. The transformation (V.5.2)) is clear. To show (V.5.3)), we first compute, using
5.1,
1
: —4
(=im) 2N keI g <—T>

1<k<N
1<m<M

= " fi(wi)ge(wo)
B / / (—i(wy + 7))2 751 (—i(wg + 7))2 K2 dwadw,.

-7 Jwi

Employing the splitting

LLAL L

then directly gives the claim. O
V.5.2 The function &
We first rewrite £;. For this define, for ki, ky € Z with k1 = k2 (mod 2),
. V3
Te(7) = Tgusspharasy(T) with Ii(7) = ~ 1 0102p.1,2p5) 01 (6p k2,6, (T)
D
5e{0,1}
10 2p, k1,2 k
/ / G)1 p7 1, p7w1)91(6p7 276p,w2)dUJ2dU}1.
iwi +7)y/=ilwz +7)
We have the following transformation properties.
Proposition V.5.2. We have, for {1 = {3 (mod?2),
1 knly ~kot 1 V3
Jo(T)=——— Y R ( ) == ) Tntpbikar308) (T)
\/gp(—ZT) k1 (mod p) T 4p 6€{0,1}

k2 (mod 6p)
k1£k2 (m0d2)

V3
T 4 Z 191(2p,€1+p5,2p;~)(7) _T®1(2p7€1+p6,2p;~)(7) T®1(6p,€2+3p5,6p;~)(7)7
P 5e{0,1}

27

where (j =€ 7 .

Proof. Using (V.2.1)) gives

1 1
O (2p, a, 2p;—7_> = —i(—1i )%(21))*5 Z C2a@1(2p,k,2p; T), (V.5.4)

k (mod 2p)
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1
CH <6p, a, 6p;—T> = —i(—im)2(6p)"F > kO (6p, k. 6p; 7).

k (mod 6p)
Thus by Lemma we obtain that Jp(7) equals

k1 (£2-+p0) ko (£2-+3p5) 1 V3
e DD LA LA CLEE S 1) DS
3p 66{0 1} k1 (mod2p) P séqon
ko (mod 6p)
V3
-E 5

<191(2p,f1+p5,2p;') (T) = re1 (2p,61-+06.2p:) (T)> T, (6p,2-+3p6.6p;-) (T)-
6e{0,1}

To prove the proposition, we are left to simplify the first term. For this, we write

YooY (gl (—1) =2 Y Gt (—1>.
§€{0,1} k1 (mod2p) T T

k1 (mod2p)
ko (mod 6p) ko (mod 6p)
k1=kg (mod?2)

Making the change of variables k1 — ki + pd, ko +— ko + 3pd yields that this equals

/4:1+p5)f1 (k2+3pd) L2 1 l1ky loko 1
2 Z Z G2p Cop L (1 196 k2+-3p0) = =2 Z Cop Sop Ik )
k1 (modp) 56{0 1} k1 (mod 2p)
ko (mod 6p)
k1=kg (mod2)

ko (mod 6p)
k1=kg (mod2)

To find transformation properties to use for &1, we write it as a J-function

Lemma V.5.3. We have

E1(T) = J,3)(7)-
Proof. As in the proof of Proposition 5.2 of |4] we see that

Z ( )01 a w ) Z 81 <2p7 A172p7 S > @1 <2p7 A272p7 11)2)
acsS* p p

p AcA

(V.5.5)

with

A ::{(072) ’ (p,p + 2) ’ (p - 17p - 1) ’ <_17 _1) ’ (p+ 1,]9 - 1) ’ (17 _1)}7
£1(A) = <Al‘A2 A?) .

2p D
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Using (V.2.2)), it is not hard to prove that this sum vanishes.

Similarly
3
Z ( )02 (8 w 2 Z E2 <2p7 Bl72p7 ) @1 <2p7 32,2]77 rw2)
aEeS* BeB p p
(V.5.6)
with

B:={(p+1,p—1),(1,-1),(p+2,p),(2,0),(1,1),(p+ 1,p+ 1)},
£9(B) :=¢ (M Bl) )

)

2p P

Using again (V.2.2) and ©1(2p, h,2p;37) = %@1(6;0, 3h, 6p; T), one obtains that (V.5.6))
equals

Z o, <2p, 1+ 6p, 2p; ) o, <6p, 3 + 36p, 6p; w2> .

6e{0,1} p p

This yields the claim by (V.4.6). O

p

Proposition then implies the following transformation for &;.

Corollary V.5.4. We have

_ 1 1+k2 l 1 a r
v e D DI A G R D DN

ki1 (modp) acS*
k2 (mod 6p)
kl EkQ (rnod 2)

V3
T4 Z (191(2p,1+p572p;-)(7) - T@1(2p71+p5,2p;-)(7)) 70, (6p,3+3ps,6p;.) (T)-
/4
6e{0,1}
Proof. We use Proposition with /1 = 1 and /5 = 3 and reversing the calculation

used to show (V.5.5), we obtain that the second term equals 3 ", c o« £(a)H1 o(7).
O
V.5.3 The function &,

We proceed in the same way as for £;. To rewrite &, defined in (V.4.11)), we set, for
k1 = ko (mod?2),
Ick(T) = 2~7k(7_) + j(k1+k2 ko —3ky ) (T>7
2 ’ 2
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where (note that we changed the normalization in comparison to [4])

. V3
jk(T) = Z I(k1+p6,k2+3p6) (7—)’ with Ik(T) = S I®1(2p,k1,2p;-),@0(6p,k2,6p;-)(T)'
5e{0,1}

Moreover set

Ri(r) = / / ©1(2p, k1, 2p; w1)Og(6p, k2’6p;3w2)dw2dw1.
0 Jun —i(wy + 7)(—i(w2 + 7)) 2

We have the following transformation law for the function KCy.

Proposition V.5.5. We have, for {1 = {5 (mod?2),

) 1
K =30 X ()

k1 (modp)
k2 (mod 6p)
klEkQ (mod2)

V3

- 87 56{201} (2R(k1+P57k2+3p5) (T) + R(hﬂgkz +pé, k2;3k1 +3p6) (T))

V3

- g Z (2 (I®1(2p,él+p6,2p;.)(7—) - T@1(2p,€1+p5,2p;.)(7-)) T@o(ﬁp,€2+3p5,6p;.)(7)
5€{0,1}

+ (161 (2177721?]2 +p5,2p;.) () - T@1(2p,751§£2 +p5,2p;-) (T)) "oy (61)7722}3Z1 +3p576p;.) (T)>
Proof. Using (V.5.4) and

0o (6p, 0, 6p5—— ) = (—ir)}— > e (6p, k, 6p; 7)

s Ly ) T \/@k ( 6p y vy ) )

mod 6p)

(ST

Proposition gives that ICy, 4, (7) equals

Z <2C§1(£1+p5)€~§2(€2+3p§) I 24;91 (41?2 +p6) Ck2 (Q_;’el-&-3p5>> iy (_%)
P 7 D

6p 16p7m(—i7)2
k1 (mod 2p) 16])7'('( ZT)
k2 (mod 6p)
V3
8 Z <2R(51+P5»52+3p5) (m) + R<L;Z2 +p6, 2520 1-3p5) (T)>
6e{0,1}
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V3

87 Z <2 (191(2p751+p6,2p;.)(7—) - r®1(2p,€1+p6,2p;.)(7-)) 74@0(6}o,€2+3p6,6p;-)(7—)
6e{0,1}

+ <I®1 (21?77&;82 +p572p;-> (m) - "o, (219/1262 +p5,2p;.> (T)> TGO(GP’€2+3P576P;')(7—)> :

We are left to simplify the first term. As in the proof of Proposition 5.3 the sum on

k1, ko equals
1
2 > (2@5;*’“2 + C;fl) Tk <T> :

k1 (modp)
k2 (mod 6p)
k1£k2 (m0d2)
In the contribution from the second term, we change k; into @ and ks into ’”_Tgkl
giving the claim. O

We next write & in terms of the K-functions.

Lemma V.5.6. We have
Ea(T) = K(1,3)(7)- (V.5.7)

Proposition 5.5 yields the following transformation for &s.

Corollary V.5.7. We have

E(T) = 877])(2—27)2 Z Cé‘g"‘k?]c/g (—i) —I—% Z Hs o(7)

k1 (modp) acS*

k2 (mod 6p)
ki=ko (mod2)
V3
o 2 (2 (01 2p,1+p0.2:) (T) = 70, 2p,14p8.21) (7)) T4 (6p,3+3p8.60:) ()
5e{0,1}

- (191(2p72+p5,2p;-)(7_) - 7“91(21)71+p572p;~)(7_)) r®o(6p73p576p;-)(7_))'

Proof. The claim follows from Proposition Reversing the calculations required for
the proof of (V.5.7) yields that the second summand equals 7 > c o« H2 o(T). O

V.5.4 Proof Theorem [V.1.2]
We are now ready to prove a refined version of Theorem

Theorem V.5.8.(1) The function Fi : Q — C defined by ﬁl(%) = Fl(e%i%) is a
component of a vector-valued quantum modular form of depth two and weight one.
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(2) The function Fy : Q — C defined by ﬁg(%) = Fg(ezm%) is a component of a vector-
valued quantum modular form of depth two and weight two.

Proof. (1) We have, by (V.4.3)),

~ (h ph it h
F ) = 1 F 2mis -t A — 1 E R
! (k‘) Farvi il ( ) h:m,%(o) P (27T k> ’

where py := p/ ged(k, p), p2 := ged(k,p). Corollary and Proposition then
give the claim.

(2) The relation (V.4.7)) gives

~ (h it h
B(=) =1 F(Qm =B = lim By [ o= — 2 ).
(1) = dim 1 (%) =By £ 0 = i e (57 - )

Corollary 5.4 and Proposition then yields the claim. O

V.6 Higher Mordell integrals

V.6.1 Proof of Theorem [V.1.3

Proof of Theorem [V.1.3 We first assume that «; ¢ Z. Via analytic continuation, it is
enough to show the theorem for 7 = iv. We first claim that

Hio(iv) =2 hm Z Moy < \/> <\/§ (2n1 + n2) ,n2)> e2mQ(n)v. (V.6.1)

nea+22
Inj—aj|<r

For this we write (which follows from shifting in (6.1) of [4] w; — 2iw; —7)
etm@mv g, <\/§, V30(2n1 + na), ﬁTLQ)
2

f o) 6737r(2n1+n2)2w1 AT
=v3(2n1 + n2)ne / / -
( ) 0 Jwy +v w, VW2 +v

\f o0 e—7r(3n1+2n2)2w1 ) 6—37rn%w2
+v3(3n1 + 2n n/ /

( 1 2) 1 0 \/m

v

Then we change v + %, sum over those n € o + Z? satisfying |n; — ;] < r and let
r — 00. On the right-hand side we may use Lebesgue’s dominated convergence theorem
and can reorder the absolutely converging series inside the integral to obtain (V.6.1]).

dw2 dw1

dwodwi .

w1 w9 + v
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To finish the proof, we rewrite (V.2.3)), to obtain (assuming No, N — KNy # 0)

2 2
—TVW] —TUVW,y

1 2 2 e
My (k;V/oN) = == ’”’(Nl“V?)/ dw.
2 (H7ﬁ ) 71'26 R2 (w2 —iNQ) (w1 — RW9 —i(Nl —HNQ)) W
(V.6.2)

Thus in particular (for ni,ng # 0)
M, <\/§, \/g <\/§(2n1 + ng2) ,n2)>

1 —QﬂQ(n)v/ € 2 2
——e dw
72 rR2 (wg — ing) (w1 — 3wy — 2\/§in1)

_371'11(2w1+w2)2 _7\"(}11)%
= _16—27'('@(77«)'[)/ ¢ ? ? dw
9 B B 9
T r2 (w2 — ing) (w1 —iny)

making the change of variables w; — 2v/3w1 + v/3wsy. This implies that

Tll)rrolo Z Mo (\f3, \/g (\/5(2711 + n2) ,n2>) 2@ (n)v

va% _ vag

nea+7?
Inj—aj|<r
e—2mvQ(w)
= —— lim g ——dw. (V.6.3)
72 roo00 e IR (wg — ing) (w1 —ing)
[nj—oy|<r

Using
, 1
soote) = i 3

=—7

we obtain that the sum over the integrand (without the exponential factor) is

1 1
— lim E < ) ( >
r—00 w1 + o1 +nq MW + g + Ny
nez?

[n;|<r

= —7n?cot (7 (iwy + aq)) cot (7 (iws + ) -

Using again Lebesgue’s theorem of dominated convergence, one can show that one can
interchange the limit and the integration in (V.6.3) to obtain

Hi (1) = / cot (miwy + may) cot (wiws + warg) €27 day,
R2
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Using
L sin(2z) _ sinh(2y)
cot(w +iy) = cos(2x) — cosh(2y) lcos(Z:c) — cosh(2y)’
then yields,
H1a(r) =2 [ (Gon (101)G0 (02) = Foy(00) Fo (1) &0 dw. (V.6.4)
R

This gives the claim of Theorem in this case.

We next turn to the case that a; € Z for exactly one j € {1,2}. We only consider
the case a1 € Z, since the case as € Z goes analogously. Since the integrand in Hi 4 is
invariant under a; — o + 1, we may assume that a; = 0. One directly sees from ([V.6.4))
that in this case

Hy(0.00)(7) = =2 lim_ | Foy, (1) Fory (w2)e>™ ™) dap,

a1—0 R2

Using that Fo(—w1) = —Fp(w1), we obtain

Hy 000) () = = || Folwn)Fay(wp)e i) 7 sesonimnngu, - (v.6.5)
+
Now write ) )
Fo(wr) = <fo(w1) - > +—.
TWw1 W1

The contribution of the first term to the integral now exists and gives, changing wy — —w;
for the minus sign

1 )
-2 / ] <}'0(w1) - ) Fy (w2)e?™7RW) gy
R

TWw1

For the second term we write

Foutin) = (Faafs) o (w6 22 ) ) o (w6 22) . (v

The first term in (V.6.6]) contributes to (V.6.5)), changing w; — —w; for the minus sign

2 )
—/ wy?t <.7-"a2 (w2) — Fas (wg + 32u)1>> 2R oy,
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For the final term in (V.6.6) we use that 3w? + w3 £ 3wiws = (ws £+ 2%1)% + 3w}, to
obtain

571'7.7'w1

1

™

3 - By )?
” <’LU2 + w1) 627r1’r<w2:|: 5 ) dwgdwl.

The inner integral on wy now vanishes, which may be seen by changing in the integral on
wy for the minus sign wo +— we 4+ 3w;. Combining, the theorem statement follows. [

V.6.2 Proof of Theorem [V.1.4]
Proof of Theorem [V.1.4. From (6.3) and (6.4) of [4], one obtains that

! [88 <M2 (\f V3u(2n; + n2), Vo <n2 - QIH;(Z)>> 62”"2Z>] _ et

27i

V3 o0 6—7(2711-1-712) wy oo —Fniws
=——2n1 + ’I’Lg)/ 5 dwadw;
2m 0 Vw + 2v w (we + 2v)2
37rn2w2
\/g oo (3n1+2n2) 0o CiTl
+ -—(3n1 + 2n2) / / dwadw,
4m 0 Vwi + 2v w1 (’UJQ + 21})%
\/> 00 e—g(3n1+2n2 SWH%wQ
- —m ————dwsydw.
am = Jo (w1 + 21} /wl Vws 4 2v

Then we sum over n € a + Z? satisfying [n; — a;| < r and let 7 — co. On the right hand
side we use Lebesgue’s dominated convergence theorem and can reorder the absolutely
converging series inside the integral to obtain

i. lim ) [aaz <M2 <\/§; V30(2n1 + n2), Vo <n2 — 21“2(2:)» ezmﬂﬂ

2=0

1 )
« AmQ(n) _ ZHQVOL(Q“,).
We now use (V.6.2) and change variables w; — 2v/3w; + v/3ws, to obtain
211’11(2) 2mingz
My (V3;V3v(2n1 + n2), Vv ( na — ” e

2
1 —TrU(3(2n1+n2)2+<n2—2I%l’<z)> )+27rin2z
= _ﬁe
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2 2
effrvwl —Tvw;

* /RZ (wz —1 (n2 — M)) (wl — 3wy — i (2\/§n1 + 2\/5%» dw

v

2
1 —7rv<3(2n1+n2)2+(n2—2héiu<z)> )+27rinzz
= _ﬁe

6747er(w)

oo B o o)

dw.

Thus
|:8M2 <\/§, V30(2n;1 + n2), Vo (nz - 2112(2)>> 627”;”22} edmvd(n)
z2=0

0z
2 w2€—47er(w)
= / . ——dw.
7w Jrz (wg —ing) (w1 — ing)

Exactly as in the proof of Theorem we then obtain

lim Z |:68ZM2 (\/g’ \/371)(2711 + ng), \ﬁ <n2 _ QIH;(Z))> 627Tin22:| 647er(n)
z=0

—4mvQ(w)

woe cot (miwe + Tag) cot (miwy + waq ) dw.

_ T
V3 Jr2

Observing that on the right hand side the integral over the real part vanishes, gives

Hyo(T) = —22'/ w2 (G (w1)Fay (W2) + Fay (w1)Ga, (w2)) 270 dap.
]RQ

The case a; ¢ Z follows directly.
For oy € Z, we obtain

Hy (1) = —21 g ]:O(wl)ng (w2)62ﬂ‘i‘rQ(w)dw'

Now the claim follows as in the proof of Theorem O

V.7 Future work

Here we discuss a few future directions. We also announce a result that will appear
in full detail in our forthcoming work [5].
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V.7.1 Further examples of rank two false theta functions

In addition to the function F' studied in [4], there are additional rank two false theta
functions studied by the first and third author in [5]. To be more precise, define, for
1< 51,52 < p

F.5,(q) == Z min(ml,mQ)q’;«ml—pl) +(m2_572> +(m1_%) (mQ_%))

my,mo>1
mi=msz (mod 3)

« <1 — g™ g qm181+(m1+m2)82 + qm282+(m1+m2)81 _ q(m1+m2)(81+82)) )

We will show in [5] that these series are also higher depth quantum modular forms with
quantum set Q. We believe that these series decompose into two vector-valued higher
depth quantum modular forms of weight one and two.

V.7.2 Example: two-dimensional vector-valued quantum modular forms
of depth two

The previous two-parametric family of rank two false theta functions Fy, ,,(q) takes a
particularly nice shape for p = 2. In this case it can be shown that the only contribution
comes from the weight one component and that only two false theta functions contribute.
Their companions are double Eichler integrals with a basis

/ \/ n(w1)*n(3ws)* dwzdwl

w1~|—7'\/ zw2+7'

(
i w23
/_T / i(wy + T)\/( 3Z2w2 +7) dunduor.

This gives a two-dimensional vector-valued quantum modular form of depth two and
weight one.
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Chapter VI

Some examples of higher depth
vector-valued quantum modular
forms

This chapter is based on a manuscript accepted for publication in the conference pro-
ceedings of the conference “Number Theory: Arithmetic, Diophantine and Transcendence”
at the Indian Institute of Technology in Ropar celebrating the 130th birth anniversary of
S. Ramanujan and is joint work with Prof. Dr. Kathrin Bringmann and Prof. Dr. Antun
Milas [BKM3J.

VI.1 Introduction and statement of results

For p € N, define the following sl false theta function

F(q) — Z min(ml, m2)q§(mf+m§+m1m2)—m1—m2+% (1 N qml) (1 B qmg) (1 . qm1+m2) )
my,mg>1

m1=mgy (mod3)
This function was introduced in [3] as the numerator of the character of a certain WW-
algebra associated to sl3. A more direct connection between the series and Lie theory
can be readily seen from its coefficient min(mj, ma) - the value of Kostant’s partition
function of sl3.

In [4] we decomposed F' as

F(q) = ;Fl (¢") +2F> ("), (VL1.1)

where F] and F3 are generalizations of quantum modular forms. Roughly speaking Zagier
[12] defined quantum modular forms to be function f: Q@ — C (Q C Q) such that the
“obstruction to modularity”

f(r) = (et +d)7"f(M7) M= (2})€SLa(Z)

135



CHAPTER VI. DEPTH 2 VECTOR-VALUED QUANTUM MODULAR FORMS

is “nice”. One can show quantum modular properties of the F}; by using two-dimensional
Eichler integrals. For instance, as 7 — % € Q, F1 agrees with an integral of the shape

(q — eQﬂ”iT)

f(w)
/ w1 \/ ’IU1 +T \/—i(WQ+T)dw2dw17

where f € S3(x1,I')®S53(x2,I") (x; are certain multipliers and I' C SLy(Z)). Throughout
we write veétors in bolii letters and their components with subscripts. The modular
properties of the integral in follow from the modularity of f which in turn gives
quantum modular properties of F7. We call the resulting functions higher depth quantum
modular forms. Roughly speaking, depth two quantum modular forms satisfy, in the
simplest case, the modular transformation property with M = ( a Z) € SLy(Z)

F(r) = (et +d) " f(MT) € Qu(T)O(R) + O(R), (VI1.1.2)

where Q,(T") is the space of quantum modular forms of weight k and O(R) the space
of real-analytic functions defined on R C R. In [5], we proved that Fy and F» are
components of vector-valued quantum modular forms of depth two, generalizing .

A natural question that arises is what the other components of the vector-valued
forms are as g-series. To investigate this, we define, for 1 < 51,50 < p € N,

Fs(q) :== Z min(ml,mQ)qg((ml_spl) +<m2_%2> +(m1_%) (mz_%))

m1,mz>1
mi1=mg (mod 3)

x (1 _ qm181 _ qmzsz + qm151+(m1+m2)52 + qm282+(m1+m2)81 _ q(m1+m2)(31+52)> .

Note that F(; 1y(q) = F(q). As discussed in [3] these series are in fact parametrized by
dominant integral weights (s1 — 1)wi + (s2 — 1)wo for sl3, where w; are fundamental
weights (dual to simple roots a7 and ag).

We may decompose Fg as in (VI.1.1)) (see Lemma|VI.2.1|). The corresponding functions
F1,s and [Fo 4 are again generalized quantum modular forms. More precisely, we have.

Theorem VI.1.1. The functions F1 s and Fo s are depth two quantum modular forms
(with respect to some subgroup) of weights one and two, respectively.

To prove Theorem we show that F; s(7) asymptotically agrees to infinite order
with a certain Eichler integral &; 3(;) defined in . Similarly, Fy ¢(7) asymptotically
agrees with an Eichler integral £35(7) given in (VI1.2.2).

We next restrict to the special case p = 2. It turns out (see Lemma m ) that for
p = 2 all Fa ¢ vanish. Thus we only need to consider [Fq s.
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Theorem VI.1.2. For p = 2, the space spanned by & 1,1y and & (12 is essentially
invariant under modular transformations. By this we mean that the only terms appearing
in the modular transformations which do not lie in the space are simpler (see (V1.2.6])

and (V1.2.7) for the case of inversion).

Motivated by representation theory of the W-algebra W°(p) 4, studied in [3L[8], we
raise the following.

Conjecture. After multiplication with n?, the characters of W°(p) a, given in [3, Section
5] (which also includes the series Fg) combine into a vector-valued quantum modular
form of depth two.

The second goal of this paper is to determine the asymptotic behavior of &1 4(it) as
t — 0T. Tt is well-known that asymptotic behaviors of vector-valued modular forms (as
t — 0%) can be computed by applying the S-transformation 7 —%, and then analyzing
the dominating term. This method is widely used for studying quantum dimensions of
modules of vertex algebras (and affine Lie algebras) as their characters often transform
invariantly under SLo(Z). In this paper we work with functions (coming also from
characters) that transform with higher depth error terms so their asymptotics are more
interesting and harder to analyze. We show that asymptotic behavior of double Eichler
integrals can be also analyzed by using a similar approach. We do this directly from the
integral representation of the error function. In the body of the paper, we show that it is
enough to study

Elv(lvl) (T) = 4[(173) (T) and EL(LQ) (T) = 2[(171) (T) + 2[(1,5) (7'), (VI].S)
where the theta integrals Iy are defined in (VI.2.3). We prove the following.

Theorem VI.1.3. We have, ast — 0T,

. . 3
By (1,1 (it) ~ Eq (1,2)(it) ~ 1

1
17
Note that the asymptotics in Theorem agree with the answer which one obtains
from [5] by using two-dimensional false theta functions.
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V1.2 Proof of Theorem [VI.1.1] and Theorem [VI1.1.2|

To prove Theorem and Theorem [VI.1.2] we let

Fis(q) == Z es(a) Z gremnta)

aESs neNg

where Q(z1,x2) := 323 + 3z172 + 23 and where

ysz_{<2—31’1_52>’<1_32—31’1_31>’<231+32’1_s1+32)’
p 3p p 3p D
(282+81 _81+32> (1_81+282 52> <1_52+251 81>
p ’ 3p 'p)’ 3p 'p)’
(251+82 1_31> <282+81 1_S2> (1_81+282 51-!-82)
p)’ 3p 7 p)’ 3p 7 p ’
<1 82+231 81+82> <32—31 31) (1_52—31 32)}
p "\ 3 "p)’ 3p 'p))’

S92 1f o c { 5231751’1 ) ) (1 - Sl—gp2827 52) ’
: _ s9—

D

2s2+51 1 S$2—S81 S2
) Sp ) p )

P

82 81 S1 so+2s1  S1
] —s2osp s (1 — s2f2n ,?) ,
)

2)
)
- 5). (5 3) |
5)
)

S1 1fa€{

(
(>4
i) - L
(>4
(

—(s1+s2) ifae { 251457 | _ s1+5 (282+sl - sl+32) ’

3p p

1_S2+281 s1+s2
’ 3p 7 p

Fos(q) := Z ns(cv) Z (n2 + az) g9,

aESs neNg

1— 81+282 s1+s2
>op

and
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where
.
S2—S1 2 _ S2—s81 1 251+59
1 1fae{ = p) (1 = p)( ez ) p),
1— s1+2s3 s1+s2 1— so+2s1 s1+s2
. (a) . ) 3p ' p ) 3p ' p )
s =

3p 3p D 3p ’p

2s80+51 S2

(=2 1-3)(

(251+82 1 81+32> (282+81 1 81+82> (1_ S1+2s2 572>
P ) 9 )

Remark 19. We have

Thus we may throughout assume that s # (p, p).

Similarly as in the case s = (1, 1), a lengthy calculation gives.

Lemma VI1.2.1. We have

1
IE‘s(q> = ];]Fl,s (qp) + FQ,S (qp) .

The following theorem states quantum modular properties of the functions IFy s and
[Fy s, using the method of [4]. Let

E1a(7) = ) es(a)Eralpr), (VI.2.1)

oSy

y*.:{<82—51 1_82) (1_82 1_84) (251+821_51>
8 3p p)’ 3p p)’ 3p p)’

(252+51 1_52> (1_81+232 51+82> <1_82+281 51+52>}
3p 7 p)’ 3p 7 p 3p 7 p '

Moreover, the Eichler integrals & o are given as

VB[ ) soasu
7 Juy A/ —i(wr + 1)/ —i(we + 7)

517(1(7') = - dwgdwl

with
7rZ”L2'LU
01(a;w) := Z (2n4 +n2)n26 5" (Zntna) w52
nea+72
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37rin2w
br(asw) == Y (3ny + 2ng)nye Grtn =5
nca+72
Finally let
Ero(r) = Y Eralpr). (V1.2.2)
157
Here
203(o; w) — O4(ax;
Era(T) = \f/ / 3(a;w) — O4(a; w) i,
ST iy ) (i £ 7))
/ / 95(04 w) dund
w2aw1
i(w1 +7))2 /=i(wz + 7)
with
7I"Ln2w
03(c; w) = Z (2n1 +n2)e 2 (2”1"""2)211114-7227
nea+72
7T’L7121_U
Oilasw) = > (3ng+2my)e Crit2n)’ w2012
nea+72
3 minw
95((1, ’u)) = Z nle%(3n1+2n2)2’w1+3+2‘
nca+72

Furthermore define, for v € {0,1}, h € Z, N, A € N with A|N and N|hA, the theta
function studied, for example, by Shimura [11]

Am?2
O,(A h,N;T) := g mYq2n? .
mEZL
m=h (mod N)
We are now ready to prove Theorem

Proof of Theorem |VI.1.1| (Sketch). We start with Fy ;. Write

F1,<2m ) > Agpr(m)t™  (t—0%).

m>0

Using the Euler-Maclaurin summation formula (in the shape stated in (28) of [4]) one
can prove, following the proof of Theorem 7.1 of [4], that

E1,8<—> > Aapr(m)(=)™  (t—0").

m>0
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Here

E1s(7) := % Z es(a) Z Mo <\/§; Vu (2\/§n1 + \/§n2,n2)> g @M,

aESy nea+72

where w € R? and k € R with ws, w; — Kws # 0, we set

My(k;w) := — dtydts.

1 / e*ﬂ'tffﬂtgf%ri(tlwl +iow2)
R2 —jw

2 ta(ta — Kt1)

In particular, E; ; agrees with Fy ; on Q. Proceeding as in the proof of Lemma 6.1 of [4]

one can then show that
r
El, T) = 51, (> .
s(7) (5

To determine the transformation behaviour, we rewrite the theta functions in & s in
terms of Shimura theta functions to obtain, as in the proof of Proposition 5.2 of [4]

.
3pgl,s <p) = (251+82)J(82782+231)(T)+(252+81)J(81781+282)(T)+(S2_81)‘](81+827817$2)(T)7

where

. V3
Te(T) =) Iysopiotasy)(T) with Ii(r) = —@Iel(2p,k1,2p;~),@1(6p,k2,6p,-)(T)-
5e{0,1}

(V1.2.3)

Here, for modular forms f and g of weights x1 and ko, respectively,

_ [ f(wi)g(ws)
If?.g(T) T /_T /w1 (—i(wl—|—T))2_”1(—i(w2+T))2—H2dw2dw1'

Now the transformation properties follow as in the proof of Proposition 5.2 of [5].
For the function Fg 4, we proceed in the same way. Writing

IFQ,S (62m%7t> ~ Z Bs7h7k(m)tm (t — 0+)

m>0

we may show in a similar manner as in the proof of Theorem 7.2 of |4], using the
Euler-Maclaurin summation formula, that

Eos (2“; - Z) ~ Z B pg(m)(—t)™.

m>0
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Here

Eo(7) =Eg 5(7) := ﬁ Z Z

acSF nea+7?

Dt o)

0z

Following the proof of Lemma 6.2 of |4], one may then prove that

E2s(7) = &5 (;) .

To finish the proof one may show that, proceeding as in the proof of Proposition 5.2 of
4.

2
Est(T) = 5 (_*7(81+82,51752) (T> + L7(52,281Jr82) (T) + \7(51,252+51) (T)) )
where
. V3
Tie(T) =Y Tiyipskoraps)(T), with Ip(r) = ~ o 101 (2p k1,201,006 b 60:) (T)-
§5e{0,1}

Again the transformation properties follow as in the proof of Proposition 5.5 of [5]. [

We now restrict to p = 2. The following lemma shows the vanishing of Fs , in this
case.

Lemma VI.2.2. For p =2, the functions Fa s and Eo s vanish identically.

Proof. We start by proving that Fy s = 0. It is enough to consider s € {(1,1),(1,2)}.
The claim for s = (1,1) follows directly by plugging in the definition of Fy ; 1) and
canceling terms.

We next consider Fy (1 5). By definition

F212)(9) = Z M(1,2) () Z (n2 + ag) g@Mte),

aES(1,2) neN
where
oate {1, B0 G060 60614
’ -1 ifeae{(3-3).G 2.1 . .2)G3). G}
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Note that
Ha(q) == Z (n2 +a2)qQ("+°‘) — Z (ng + ag — 1)qQ(n+(0¢170<2—1))
neN2 neN2
(1 — ag) gi(@2=D g
n€a1+221+No
Thus
Faaa(@)=—Ha, )( a)+ H(%é)(‘JHH(% %)( q) = Hs 1)(9) + H(1 3)(a) + Ha y(q)
1 L 1 L Lo 1 \2
5 16 Z 5 16 ; 5 16 Z §q 16 Z q =0.
72 n€ﬁ+N0 ne-s 12 +NO ne 12+N0

To see that Eg ¢ = 0, it is sufficient to prove

—T(s1+52,51—30) T T(52,251+52) T T(s1,250+51) = 0
which is a straightforward computation with theta series. O
We are now ready to prove Theorem
Sketch of proof of Theorem[VI.1.34 We write
V3 [0 [0 ) qer e(a) (O1(a; 2w) + Oy (a; 2w))
2 ) Ju —i(wr + 7)\/—i(ws + 7)

We next show the identities in (VI.1.3)). We start with s = (1,1). We use the theta
relation

1 1
5 Z 5(a) (91(0’.,2’[0) +02(a,2’w)) = 5@1(4,1,4;’[1)1)@1(12,3, 12;11)2). (VI24)

ac. 5’(1 1)

Equation (VI.2.4) yields

E (r) = _ﬁ ico /ioo 01(4,1,4;w1)01(12, 3, 12; wo)
1,(1,1) 2 wy \/—i(w1 ¥ T)\/—i(wg T 7_)

which is the first identity in (VI.1.3).
We next consider E; (1 2y and use that

Eis(1) = —

dwgdwl .

dwgdwl = 4[(1’3)(7'),

-7

> ela) (610 2w) + ba(x; 2w)) (V1.2.5)

ae/(l 2)
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1
= 591(4, 1, 4;wr) (©1(12,1,12;we) + ©1(12, 5, 12;w)) .

Thus

Ey 1.2)(r) = REN /ioo ©1(4,1,4;wy) (91(12, 1, 12;w2‘) + 01(12,5,12; wy))
4 w V—i(wy +7)/—i(wa + 7)

=2(I(1,1)(7) + L1,5)(7)),

which is the second identity in (VI.1.3).

We next use Lemma 5.1 of [5], to obtain

dwgdwl

-7

5

Te(r) = (_iT)lxjg ;Sin <7T]ZC2> Ty <—i> + A (1),

where Ag contributes the simpler terms mentioned in Theorem [VI.1.2] and is explicitly
given by

100 100 4 4: 12 12:
Ak(T) = _ﬁ / 61( 7k17 ,’U)l)@l( ak27 aw2)dw2dw1
8 Jo w1 \/—z'(wl + T)\/—z'(wg +7)
V3

3
- §I®1(4,k1,4;~)(7)7"91(12,1@2,12;-)(7') + ?7“61(4,1@1,4;.)(7)7"91(12,@,12;-)(7')7

where, for f a holomorphic modular form of weight k,

rf(T) = Owo (w)(—i(w +T))k*2dw.

In particular

1 1 1
El,(l,l)(T) = m <2E1,(1,2) <—T> - El,(l,l) (—T>> + 4A(1,3)(7'),
1 1 1
Ei 1,2 (7) = m (El,(l,l) <—T) +Eqi 1,2 (—7_)) +2A31,1)(7) + 241 5)(7).

Inverting and reordering gives

1 T 4iT
IE1,(1,1) (—7_> = —% (2E1,(1,2) (7) — El,(1,1)(7')) _ﬁ (A(I,S) (1) — A(1,1)(7') - A(1,5) (7'))7
(VI.2.6)
1 T 20T
Eq, 1,2 <—T> = —% (E1,(172) (1) + IE1,(1,1)(7')) +ﬁ (A(1,1)(7') + A s)(T) + 241 3) (7'))
(VL.2.7)
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The claim follows using that

Eyqy(t+1)==E;an(7), Ejgg(r+1)= 6_%1[“31,(1,2) (7).

O
V1.3 The asymptotic behavior of I ,
To prove Theorem we need to compute
H i
Hy = lim —2° (i) ,
t—0+ t
where, for a € R?,
100 100 0 9
H1 a : f/ / L (0’. w) 0 (Ot w) dedwl.
(wy +T)\/— (wg + 1)

Proposition VI1.3.1. Assume that aq, as are not both in Z. We have

2 sin(2raq) sin(2rag) .

V3 (1—cos(27ra11))(1—cos(;7ro¢2)) Zf a1, @2 ¢ Z,

Ha: #\/ngag) ifOélEZ,OQ%Z,
2 .

m ZfOél gZ,OQGZ.
Proof. We first rewrite Hy (7). By Theorem 1.2 of [5], we have

Hio(r) = / 91,0 (W)™ duy) dupy.

RQ
Here we define
2ga1 (wl)gag (w2) 2f‘a1 (wl)]:ozg (wQ) if a1, a9 ¢ Z,
gl,a(w) = _2f0(w1)f042 (w2 7l"t201 fag (wQ + 3w1) if 1 € Z, g §Z Z,
—Qfal (wl)fo(wg 7rw2 ( ) if a1 ¢ Z, Q9 € Z,
setting
o sinh(27x) o sin(27 )
Falz) = cosh(27z) — cos(2mar)’ Ga(z) = cosh(27z) — cos(2mar)’
Applying the two-dimensional saddle point method gives that
_ 91, a(o 0)
H. = 2Lba\ b )
“ V3
Explicitly computing ¢1,«(0,0) yields the claim of Proposition [VI.3.1
O
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V1.4 Proof of Theorem [VI.1.3l
Inverting (VI.2.6) and (VI.2.7) gives

Eyan(r) = \/g(l_m <2E1,<1,2) (‘i) ~Eia <_i>)

i o () Ao (1) s ().
E112)(7) = ﬁ)(l_w) <E1,<172> (‘i) +EiLa <_i>>

i (on () o (1) v (1)

We next rewrite the first summand of Ay j), denoting it by B(; ;). For this, we again

use the theta relations (VI.2.4) and (VI.2.5)). This yields

1 1
]B(l,3)(7_) = E Z 5(a)Hl,a(27-); ]B(l,l)(T) +]B(1’5)(7') = g Z 6(a)Hl,a(27_)~
€70 Q€7 )
Thus
1 1 1
B0 = Jt g (Bron (1) - (7))
1 1 2 9
+—7= 15 Hiol-—=)- Hio (-2
23 (i) QQE; e(ar) 1,a( T> ae; e(a) La( T)

(1,1)

1 1 1
T2 ICHEREN e I CHOREN
1 1 1
X 7"@1(1273712) _; - 7"@1(12,1,12) _; - 7"@1(1275712) —; ,

1 1 1
B0 = Jt i (B (1) + B (7))

| T oma () $ a2

aEKS”(*lJ) a6,7<*172)

1 1 1
+ 4(—27‘) 191(4,1,4,1) _; — 7"@1(47174) —;
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1 1 1
X <27“®1(12,3,12;-) <—T> +re,(12,1,12;-) <—T> +Tre,(12,5,12; ) <_T)> )

Letting 7 = it — 0 yields

. 1 1
El,(l,l) (Zt) ~ m Z 5((1).Ha -2 Z 5(a)Ha + §(h3 — hl — h5), (VI41)
ace S acS "

(1,1) (1,2)

. 1 1
By 0.2 (it) ~ 83 Z e(a)Ho + Z e(a)Ha | — 1(2h3 + h1 + hs),

aey(*Ll) aey(*l,g)
(VI1.4.2)
where
.1 i i
hj:=lm-re @ia) | 7 | T2z | 7))
We have
8 a H == 8 H S99 —S8 s + s H S99 —S8 s + 8 H S S S
B e M O R CPREY
+ SQH(%Q;SI 71_%2) — (81 + 82)H<1_51+6252’51252> — (81 + 52)H<1_522251 751;52).
In particular, using Proposition 1.1, we evaluate
2 16
e(a)Hy = —, e(a)Hy = —. VI1.4.3

aeV(*Ll) a€<5”<*172)

To compute lim;_,q t_%’l”gl(Nﬂ’N;_)(%) we employ Lemma 3.2 of 5] to obtain

i ivVN . (2ma / o’ .
r Al -]="2sin ‘ iy
O1(N.a.N;-) | 7 2 N ) Jr sinh (72 + B%) sinh (rz — 52)

The saddle point method then yields that

7 . Ta
T01(N,a,N;-) p =1Vt cot (W) .
hj = cot UF) .
12
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In particular

T 5%
hlz—cot(u) hy = —1, h5:—cot<12>

Plugging this and (VI.4.3) into (VL.4.1)) and (VL.4.2)) gives the claim.

VI.5 Simplification for p =2

We first recall the one-dimensional situation for p = 2. There is a unique false theta

function .
2
Z sgn (n + 2) q2("+i) ,
nez
whose corresponding Eichler integral is (see [3])

o0 61(47 174 ’LU)

7 /=i(w+T)

01(4,1,4;7) = n(r)?, (VL5.1)

this integral transforms as a scalar-valued quantum modular form of weight %
In the two-dimensional case, a similar ”higher depth” picture emerges. Observing

(VI.5.1)) and

3
01(12,3,12;7) = 3n(37)%, ©1(12,1,12;7) + ©,(12,5,12;7) = 3n(37)3 + 7 (g)

F12( ) == —2i

Noting that

we obtain that the space spanned by E; (1 1)(7) and E; (; 5)(7) is also spanned by

/ \/ ZE+):’ \(/?)w2)22+7)dw2dw1, (VL5.2)

(
00 3
/T / i(wr + T)\/(_S 2“12 +7) dwzdws.

The next result can be found in [10, Corollary 6.6] (it can be also derived by using
representation theory of sl3 as discussed in [2]).

Proposition VI.5.1. We have

m2 nzfmn T 3 1 m2 n27mn n
n(r) > " =3n(37)3+n<§> ,on(r)gE > g™ T = 3 (37)%,

m,ne’ mneZ
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m24+n2—mn m2+n2—mn+n

According to (9], >_,, ez 4 and ¢3 > mmez d are numerators of

two characters of irreducible highest weight s/,\lg—modules of level one. Therefore modular
properties of the double Eichler integrals in , modulo correction factors, are
identical to modular transformation properties of the span of characters of the level
one simple affine vertex algebra of sl3. It would be interesting to understand a possible
connection from a purely representation theoretic perspective. This is closely related to a
conjecture of Creutzig and the third author [8] pertaining to quantum modular properties
of characters of W9(p) 4,, representations of affine Lie algebras, and representations of
quantum groups at a root of unity (see also [1,/6,/7] for other appearances of this and
related vertex algebras).
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Chapter VII

Summary and Discussion

In this chapter, the results of this thesis are summarized and further related research
opportunities discussed.

VII.1 Indefinite theta functions arising in Gromov-Witten
theory of elliptic orbifolds

In Chapter [lI] (combined with [BRZ1]) we showed that the coefficients of the open
Gromov-Witten potential W,(X,Y, Z) of IE”%Q’S@ are essentially modular forms or mock
modular forms of depth up to 3. To accomplish that, we used the strategies and tools
devised in [Zw] and [ABMP] and built on them to describe the modularity properties of
an indefinite theta function of signature (1,3). Chapter [l1I| we gave additional details for
the proof of Proposition

The generating functions appearing in this Gromov-Witten potential come up by
enumerating holomorphic discs on elliptic curves bounded by a set of Lagrangians, and
can be expressed combinatorially as a counting function of hexagons whose edges lie
on a certain set of lines, as shown by Cho, Hong, Kim, and Lau in [CHKL]. Similar
counting functions for other planar polygons appear in homological mirror symmetry and
are frequently related to theta functions [P1,|P2,P3, P4, BHLW]. While the generating
functions studied here correspond to using fixed Lagrangians, it is also possible to
allow deformations of the Lagrangians as described in [P2]. It is expected that the
corresponding counting functions of planar convex polygons (which have up to 6 vertices)
will produce definite and indefinite theta functions with discontinuities (in the elliptic
variable) along hyperplanes, with the values of the jumps corresponding to the theta
functions for polygons with fewer vertices. This behavior has been verified for polygons
of up to 5 vertices |[BKZ|, but homological mirror symmetry suggests that more relations
between the generating functions should hold.

In regards to understanding indefinite theta functions in their own right, Nazaroglu
[N] showed how to complete indefinite theta functions of arbitrary signature, but the
proof of convergence relies on strict restrictions on the cone. It would be interesting
to optimize his proof and push for less restrictive conditions on the cones. The cones
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considered in [ABMP)] and |[N| are called cubical cones since their cross-sections are (affine
transforms of ) hypercubes.

In contrast, other authors considered simplicial cones whose cross-sections are (affine
transforms of)) simplices and used abstract geometric objects in their proofs. Kudla
showed that indefinite theta functions can be viewed as integrals of Kudla-Millson theta
series |[Ku|, and extended this project with Funke to obtain general statements on modular
completions of indefinite theta functions with simplicial cones, expressing the conditions
on the cone as some related geometric objects being in “good position” [FK].

At the same time, Westerholt-Raum used a more abstract geometric setting to obtain
results on the completions of indefinite theta function [WR]. However, some special cases
with “degeneracies” such as those in Chapter [[I] do not seem to be covered by these
general statements.

While a lot of insight into the modular properties of indefinite theta functions has
been gained by now, another possible research topic are the differential properties of the
resulting completions. While some iterative structure in the appearing terms is evident,
it should be possible to find a suitable analogue of the connection between mock modular
forms and Maass forms for the mock modular forms of higher depth.

Once a proper structure is defined, one should study the dimensions of the spaces of
fixed weight and (some kind of) depth, whether they are generated by indefinite theta
functions, and what other kind of elements can be found.

VII.2 Higher depth quantum modular forms, multiple
Eichler integrals, and sl; false theta functions

In Chapter we considered generating functions appearing as the character of the
0 weight space of the Lie algebra representation corresponding to the vertex algebra
WO(p)a,. We showed that the higher rank false theta functions appearing for the simple
Lie algebra sl3 is the sum of two depth two quantum modular forms and that a companion
on the lower half plane is closely related to the “purely non-holomorphic part” of an
indefinite theta function of signature (2,2).

It would be interesting to generalize these results by considering the characters of 0
weight spaces of the Lie algebra representation corresponding to the lattices Ay, d > 3
(which were given in [BM1]). One could try to compute explicit expressions for the
appearing false theta functions and find suitable companions on the lower half plane
to determine the modularity properties of these functions. This is interesting from
a representation theoretic standpoint because the vector-valued transformation under
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S = ((1) _01) may produce typical and atypical characters in an identity of the shape

ch[M] <_i> _ /Q Surpeh[M,)(r)dv + S ang jech[M) (1),

Jje€D

where the ch[M;] are atypical characters and ch[M, ] are typical characters and 2 and D
are domains parametrizing those types of characters, respectively [STT,KW]|.

Additionally, the S-transformation captures many important (algebraic, analytic, and
categorical) properties of rational vertex algebras such as quantum dimensions and fusion
rules and this could advance the understanding of modularity properties of characters
beyond the rational vertex operator algebras.

Closer inspection of the generating functions appearing for d > 3 revealed some
combinatorial problems related to the appearing representations that would have to be
solved. Additionally, for a generalization to d > 3, the proof equating the asymptotic
expansions has to be modified since growing terms appear that do not cancel completely
without further conditions (which they did for d = 2). This could also be interesting
independently of solving the combinatorial problem by considering suitable linear combi-
nations of partial theta functions for arbitrary positive definite quadratic forms of rank
d, which would give examples of quantum modular forms of depth d. Males performed
this analysis for the case of d = 2 in [Mall].

Problem VIIL.2.1. Generalize the results of [BKM1| to the false theta functions of
rank at least 3 produced by characters of W -algebras described in |[BM2|. Further find
companions for suitable linear combinations of partial theta functions for arbitrary positive
definite quadratic forms of rank at least 3.

Another possible connection is with colored Jones polynomials Jy, (K, q), where wj,
j = 1,2 are the fundamental weights. Yuasa gave an explicit formula for the tail of
(2,2p)-torus links belonging to the sequence (Jyw, (K, q))nen [Yu]. Up to a factor 1 — g,
the same tail appeared as a summand of F(q). Therefore one could try to show that
F(q) is the tail of J,,(K,q) up to a rational function in ¢. Related computations of tails
colored with sl3 representations can be found in [GV].

VII.3 Vector-valued higher depth quantum modular forms
and higher Mordell integrals

In Chapter |V| we analyzed further aspects of the functions introduced in Chapter
[[V] Specifically, we showed that the quantum modular forms for subgroups of SLa(Z)
appearing there also satisfy vector-valued higher depth quantum modularity with respect
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to the full modular group. Furthermore, we investigated the iterated Eichler integrals
appearing in the companion and found a two-dimensional analogue of an identity between
Eichler integrals and Mordell integrals shown by Zwegers [Zw].

By carefully inspecting the second identity given in Theorem one can guess
such an identity for arbitrary positive definite quadratic forms of rank 2, and it suggests
a generalization to positive definite quadratic forms of arbitrary rank. To that end, note
that the theta functions in the Eichler integral come from the two ways of diagonalizing
the quadratic form by completing the square. A more general analysis for quadratic
forms of rank 2 using the same approach was performed by Males in the unpublished note
[Mal2|, but the arbitrary rank case would be an interesting continuation of this research
that could shed light on higher dimensional analogues. The Eichler integral should have a
term for each possible way of diagonalizing the quadratic form by iteratively completing
the square, so we raise the following conjecture.

Conjecture VIL.3.1. For a € (R\Z)™ and a positive definite quadratic form Q of
rank m we have

m
/ 2miTQw) H cot (miw; + moyj) dw

7j=1
:/ / 21 Ok (a3 w) dwyy, . . . dwi,
0 w1

w1 [y /=1 (wj +7)

where the sum on the right hand side runs over the m! diagonalizations of QQ obtained by
iteratively completing the square, and 0y (a;w) is a theta function corresponding to the
k-th diagonalization.

Chapters [[V] [V} and [VI] contain multiple non-holomorphic iterated Eichler integrals
of specific theta functions and their companions on the upper half-plane. It would be
interesting to study them in their own right and to answer questions such as the following.

Problem VII.3.2. Can one find interesting companions on the upper complex half-plane
(in the sense of agreeing asymptotic expansions at the rational points) for non-holomorphic
Fichler integrals of a larger family of theta functions or other modular forms (instead of

just the few examples appearing in Chapters m and?

Furthermore, one can draw inspiration from work by Brown |Bro|, where he con-
structed a class of real-analytic modular forms as linear combinations of regularized
iterated holomorphic Eichler integrals of Eisenstein series (see also [Ma]).
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Problem VII.3.3. Can one find linear combinations of holomorphic and non-holomorphic
iterated Eichler integrals that are real-analytic modular forms?

The family of rank 2 partial theta functions appearing in Chapters [[V] [V] and [VI] are
Fourier coefficients of the Jacobi form of weight 0 and matrix index —% (21) given by
9 (21;27) 9 (22;27) ¥ (21 + 29; 27)
9 (z21;7)0 (29;7) 9 (21 + 2257)

Similar phenomena have been studied previously for Jacobi forms of index m € Z
IBCR, BRZ2|,|[EZ,Ol,Zw]. For example, Eichler and Zagier showed that the Fourier
coefficients of holomorphic Jacobi forms of index m € Z give rise to vector valued
modular forms via their theta decomposition |[EZ]. More recently, Bringmann, Rolen,
and Zwegers showed that the Fourier coefficients of negative index m € —N meromorphic
Jacobi forms are built from partial theta functions [BRZ2, Theorem 1.4]. It would be
interesting to show similar properties for the coefficients of negative definite matrix index
Jacobi forms in general.

Problem VII1.3.4. Can the coefficients of negative definite matriz index Jacobi forms

be expressed in terms of partial theta functions? Are they quantum modular forms of
higher depth?

VII.4 Some examples of higher depth vector-valued
quantum modular forms

Chapter [V] determined higher depth vector-valued quantum modular transformation
behavior, but left open whether the other components are naturally connected to the
g-series F'(q) by a corresponding family of g-series. In Chapter [VI] we proved that the
family (Fs(¢))1<s, s,<p (that contains F'(q) = F(;1)(q)) consists of depth 2 vector-valued
quantum modular forms, but only showed for p = 2 that they form a closed space
under modular transformation. Notably, the other components Fg are connected from
a representation theoretic viewpoint, so from the example of p = 2 it is reasonable to
expect them to combine naturally in general.

Therefore, a straightforward continuation would be to generalize our result to arbitrary
p > 2 as follows.

Conjecture VII.4.1. The functions Fg combine into a vector-valued quantum modular
form possibly after inclusion of additional characters (or functions).

Similarly, one could generalize the study of the asymptotic behavior that we did for
p = 2 to general p > 2.
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