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Abstract

This dissertation deals with the boundary value problem
—div (a(|Vu|p)|Vu|p72Vu) = Af(Jz|,u) in Q,
u=20 on Jf).

Q C R" with n > 1 is a bounded domain with C'"!-boundary,
p>1 A>0and a: (0,00) = (0,00) is continuous so that
s+ a(sP)sP~1 is strictly increasing with lims_,a(s?)sP~! = 0.

The main results are

o a study of the radially symmetric solutions and their be-
haviour, including regularity and information about sgn(u’)
and sgn(u”).

o that if a(s) > ¢ > 0 is monotone decreasing, u — %

is monotone increasing with p > p and satisfies certain
growth conditions, then the boundary value problem has
a mountain pass solution. Using Schwarz symmetrization
it can be shown that the mountain pass solution has to be
radially symmetric. Since Schwarz symmetrization applied
to paths will usually not result in admissible paths, this is
not an obvious result.

o Che regularity of uy and norm estimates. The main re-
quirements for this are that % (a(sP)sP~1) behaves similar
to sP~2 close to 0 and f(|z|,u) behaves similar to u?~* close
to 0, where ¢ > p.
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1 Introduction

The origins of this dissertation are certain questions regarding
symmetrical solutions of the prescribed mean curvature equa-

— div (v“) = \f(u) in Q

V1+ |[Vaul?

with the Dirichlet boundary condition v = 0 on €2 and general-
izations of this type of problem.

tion

The simplest equation of a similar type is the Poisson equa-
tion —Au = A\f(u) and its natural generalization the p-Laplace
—Apu = —div (]Vu\p_QVu) = Af(u). The Poisson equation
is uniformly elliptic, while the p-Laplace is either degenerate or
singular elliptic, however it has a very simple structure enabling
scaling arguments that are not possible with any other differential
equation. The prescribed mean curvature equation is uniformly
elliptic at the origin, which enables certain cutoff arguments. It
has an added complication that the growth at infinity often re-
quires considering solutions of bounded variation which will be
avoided here.

The class of boundary value problems that will be discussed has
the form

{ div (a(, [Vul?)|[Vul’~>Vu) =

M (z,u) in €,
(P)
0

on 0f2.



1 Introduction

a, f: Q x[0,00) — [0,00) are Carathéodory functions, Q2 C R"
with n > 1 is a bounded domain with C*!'-boundary, p > 1, A > 0
and s — a(z, sP)sP~! is strictly increasing with

lim a(z, s)sP~! = 0.
5—0

1.1 Overview of the Structure of the
Dissertation

Chapter 2 gives a summary of the most important concepts,
function spaces and several auxiliary results.

Chapter 3 introduces the formal definition of the boundary value
problem and the associated functional J, methods to modify
a and f that will be used when proving existence of smooth or
nonnegative solutions and two standard regularity theorems which
will be used in Chapters 5 and 6.

Chapter 4 investigates radially symmetric solutions of the problem
and the corresponding radially symmetric formulation. Using an
idea from [8] regularity for radially symmetric weak solutions can
be shown under much weaker assumptions than is required for
solutions that are not radially symmetric. This approach also
enables the study of sgn(u') and sgn(u”). This is the foundation
for Theorem 4.34 which is a generalization of a result in [8] and
shows that if u and the Schwarz symmetrization u* are critical
points of J with J(u) = J(u*) then u = w*. This allows to prove
radial symmetry of minimizers without requiring uniqueness of
solutions which can be seen in Chapter 5 and radial symmetry of
the mountain pass solution in Theorem 6.3.

Chapter 5 uses the direct method in the calculus of variations
to prove existence of local and global minimizers. Methods

10



1.1 Overview of the Structure of the Dissertation

from the previous chapters are used to prove regularity and how
symmetry of ground state solutions can be shown using Lopes-
symmetrization and Schwarz symmetrization without uniqueness
of solutions.

Chapter 6 contains the main results which originate from an
attempt to generalize the result of [40] for the prescribed mean
curvature equation to problems that are not uniformly elliptic
at the origin. The paper uses an iterative approach to find a
minimizer in the Nehari manifold which simultaneously proves ex-
istence, regularity and a decay estimate for the norms of solutions
as A — 00.

While modifying this approach did not work, the structure of the
functional remained the same in the generalized case. This enabled
the construction of explicit paths for the mountain pass theorem
that remain admissible after pointwise Schwarz symmetrization
and using this Theorem 6.3 shows that the mountain pass solution
has to be radially symmetric.

Using similar growth conditions and the additional condition
cosP2 < d% (a(az, sp)spfl) < C,sP72,

while dropping some of the other restrictions, it was possible to
prove similar regularity and decay estimates for equations that are
not uniformly elliptic at the origin in Theorem 6.5. The proof is
completely different from the original paper and uses a bootstrap
argument to show regularity estimates for the mountain pass
solution.

Chapter 7 has examples with numerical simulations. Given a
specific boundary value problem, it shows the relationship be-
tween radially symmetric weak solutions and associated final value
problems.

11



1 Introduction
1.2 Literature

The framework mentioned above contains the Laplace, p-Laplace
and the prescribed mean curvature equation, to name only the
most prominent examples.

The p-Laplace operator is not uniformly elliptic at the origin,
however it has a very particular structure which enables many
methods that are not viable if said operator is modified in any
way. The following will give an overview of the literature for
the prescribed mean curvature equation. It is the origin of this
dissertation and despite being uniformly elliptic at the origin,
the fact that, unlike the p-Laplace, it has a different behaviour
at 0 and oo makes it very different from both the Laplace and
p-Laplace operators.

[41, 39] give a comprehensive list of results for various right-hand
sides f for the prescribed mean curvature equation in dimension
n > 2. Several ideas for energy estimates used in Chapters 5
and 6 have been taken from those papers.

If F oscillates at 0 or oo the method of sub- and super-solutions
can show the existence of infinitely many positive solutions. The
sub/supersolution method can be found in [30] and a proof of the
existence of infinitely many solutions in the case of oscillations for
the prescribed mean curvature equation can be found in [41]. [28]
shows the sub/supersolution method in the case p > 1 for a more
general problem than what is studied here.

Another multiplicity result for the prescribed mean curvature
equation without oscillations in the right-hand side can be found
in [38].

Minimizing the energy in the Nehari manifold (see [3] or [13]) can
prove existence of positive solutions in situations where otherwise

12



1.2 Literature

problematic conditions occur, such as a critical exponent in the
right-hand side in [3] or a right-hand side that is negative at
the origin in [13]. This has been developed further in [40, 36]
to show existence of mountain pass solutions where the W2n+1.
norm becomes small as A — co. In this setting, Theorem 6.3 uses
the structure of the Nehari manifold presented in those papers
to show symmetry of the ground state solution. Theorem 6.5
originated from the attempt to generalize these papers to p > 2
but ultimately a different approach had to be taken.

Existence and multiplicity of solutions can also be shown via topo-
logical methods. For example, [11] shows a multiplicity result for
the prescribed mean curvature equation using Morse theory and
Schauder’s fixed point theorem. In [27] Ljusternik-Schnirelmann
type theory is used to prove existence for certain eigenvalues in the
case f(z,—u) = f(x,u). In [37] nonsmooth critical point theory
is used to prove the existence of infinitely many solutions.

There are many one-dimensional results, where, among other
things, exact multiplicity results can be obtained for specific
right-hand sides, such as [7, 6, 23, 32].

[5] deals with nodal solutions in a similar setting to Theorem 6.5.

[21] shows existence and nonexistence using geometrical arguments
in the case f < 0. [42] gives existence and nonexistence results
for a specific right-hand side and in [4] the existence of a unique
smooth solution is shown.

[43] shows a general way to prove nonexistence of classical solutions
for boundary value problems in a very general setting.

[46, 20] prove symmetry of ground state solutions in R" in cases
where f <0.

13



1 Introduction

[48] has a similar result to Theorem 6.3 for non-smooth functionals
that have quadratic growth in |Vul.

[50] and [33] show that on an annulus there can be many positive
nonradial solutions that are not rotationally equivalent.

14



2 Preliminaries

This chapter gives an introduction to several standard concepts
that will be used throughout, such as Carathéodory functions,
Nemytskii mappings, Holder and Sobolev spaces.

It also includes a detailed presentation of spherical coordinates in
n dimensions, for which I could not find a source that includes all
relevant statements.

2.1 Notation

Bgr(0) = {z € R"; |x| < R} is the open ball centered around 0.

Q C R" is a bounded domain, which means that €2 is open and
connected and there is an R > 0 so that Q@ C Bgr(0). Q has a
Cl-boundary (see Definition 2.14). The case n = 1 is included.
The closure is denoted by €.

N=1{0,1,2,...}.
A C B is used in the sense A C B.

The Euclidean norm for a vector z € R" is written as |z|.

15



2 Preliminaries

If u € C1(9), then the gradient is denoted by Vu(z) =

If u € WHP(Q) then Vu is the weak derivative.
Apu = div (|Vu|p_2Vu) is the p-Laplace operator.

Constants with small letters are used in lower bounds, while
constants with capital letters are used in upper bounds. The
index indicates if this is a bound for a or F' or related to the
Ambrosetti-Rabinowitz condition. Cg will be used as a general
constant in the Sobolev embeddings ||ul|;, < Cs|Vul|/;, and

||u||co,1,n < Cs||Vul|;». Norms will always be computed on €.

z <
Functions used in estimates will be named similar to constants,
such as dp(x) or D,(x) and they will be used so they can always
be assumed to be nonnegative.

The constants p € (1,00) and p will be related to the growth of
A and ¢, ¢ and ¢ will be related to the growth of F'.

The scaling factor A of the right-hand side of the differential
equation is always a positive real number.

Almost everywhere or a.e. will always refer to the Lebesgue
measure.

2.2 Carathéodory functions and Nemytskii
mappings
The following statements and proofs are taken from [18].

Definition 2.1. A function f: Q xR — R is a Carathéodory
function if

16



2.2 Carathéodory functions and Nemytskii mappings

o x> f(x,u) is measurable for every u € R,
o urr f(x,u) is continuous for almost every x € Q.

A Carathéodory function f is called an LP-Carathéodory func-
tion for p € [1,00], if for every d > 0 there is a function
g(xz) € LP(Q) such that

Ve e QVu e [—d, d: |f(z,u)] < g(x).
Theorem 2.2. If f : @ x R — R s a Carathéodory function

the composition x — f(x,u(x)) is Lebesgue-measurable for every
Lebesgue-measurable function u : R — R.

Proof. See Theorem 2.1 in [18]. O

Definition 2.3. Let M be the space of measurable functions on
Q. By the previous theorem for a given Carathéodory function
f: QxR =R the function u— N¢(u) = f(z,u(z)) defines a
mapping Ny : M — M. The operator Ny is called a Nemytskii
mapping if f is a Carathéodory function.

Theorem 2.4. Suppose that f is a Carathéodory function and
there is a constant ¢ > 0, a function b(x) € L1(Q) with g € [1, o0]
and r > 0 such that

If(z,9)] <c|s|"+b(x), VeeQ, VseR.

Then Ny maps LY into LY and it is continuous and maps bounded
sets into bounded sets.

Proof. See Theorem 2.3 in [18]. O

17



2 Preliminaries

Theorem 2.5. Suppose the Nemytskii mapping Ny maps LP(§2)
into L1(Y) for 1 <p < oo, 1 < q < oo. Then there is a constant
¢ >0 and b(x) € LY(QQ) such that

F(@,9)| < cls|t + b(a).
Proof. See Theorem 2.4 in [18]. O
Theorem 2.6. Suppose the Nemytskii mapping Ny maps LP(§2)
into L1(Q) for 1 < p < oo, 1< g < oo. Then Ny is continuous
and maps bounded sets into bounded sets.

Proof. See Theorem 2.5 in [18]. O

Definition 2.7. If there is a bounded linear functional A : X — R
so that

(e +y) — I(x) — Ay _

lim sup 0,
el yex\{0} [yl
llyll<e

then J is Fréchet differentiable at x and J'(x) := A is the
Fréchet derivative.

Theorem 2.8. Assume f(x,s) and the partial derivative fs(x,s)
are Carathéodory functions on Q x R. If
|fs(z,s)] <c|ls|™+b(zx), VseR Vxe

where b(z) € LF(Q), 1 <k < oo, m > 0, with p = nm, q¢ =
mn/(m + 1), then Ny : LP — L9 and it is continuously Fréchet
differentiable with

N} IP = 2(IP, L9)
defined by
Nj(u)(v) = Ny, (u)(v), Yu,ve LP.

18



2.3 Function spaces

Proof. See Theorem 2.6 in [18]. O

Theorem 2.9. Let f(x,s) be a Carathéodory function, F(x,s) =
fgf(:c,s)ds, p>1 and

, 1 1
|f(x,8) <elsP~t +b(x), blz)e L, 5 + 5= 1.

Then Ny : LP — LY, Np: LP — L' and

@(u):/QF(:U,u(x))dx

defines a continuous functional ® : LP(Q)) — R which is continu-
ously Fréchet differentiable.

Proof. See Theorem 2.8 in [18]. O

2.3 Function spaces

2.3.1 Holder spaces

Definition 2.10. Let « € N" be a multi-index with || = Y"1 | «;
and

o ok

Ot = —7 == U-
aq Qg
0z} Oxy,

o For~ €10,1] the Holder seminorm is defined as

u(x) —u(y
ol = 10 =]
z,yeN |.%' - y|
7Y

19



2 Preliminaries

o For k € N and v € (0,1) the Hélder space C*7(Q) is
defined as

CEI@) = {u e C*(@); ¥ a €N, |n| = k : [au], < o0} .

Lemma 2.11. C*7(Q) is a Banach space with the norm

ullorn = llullor + Z [Oaul,
la|=k

Remark 2.12. In the case v = 0 the space C*7(Q) is the space
C*(Q) and in the case v = 1 it is the space of Lipschitz continuous
functions on Q.

Lemma 2.13. Forany k,l e Nwithk <landany0<a<f <1
the space CP(Q) is compactly embedded in C**(Q), written as
ChB(Q) cc k().

See 8.6 in [2] for a proof of this lemma.

Definition 2.14. Q has a C*®-boundary, with o € (0,1], k € N,
if for every b € 0) there is a neighbourhood B so that, after
suitable coordinate transformation, OQN B is the graph of a C**-
function and QN B is the intersection of B with the epigraph of
that function.

2.3.2 Sobolev Spaces

This section references several standard concepts and results on
Sobolev Spaces. A general overview can be found in [16, 31].

20



2.3 Function spaces

Definition 2.15. Let Q) C R" be a domain and v : Q — R and
v:Q — R" functions so that

/Qu(a;)Vgo(a:)dx: —/Qv(a:)np(:r)da;

for every p € C3°(2). Then v is called the weak derivative of
u on ) with the notation Vu := v.

For p € [1,00] the Sobolev space W'P(Q) is defined as
WP(Q) := {u € LP(Q) ; u has a weak derivative in LP }
with the norm

[ellwrn ey = llullpe + Vel Lo

Theorem 2.16. W1P(Q) is a Banach space for any p € [1,0].

WLP(Q) is separable if p < oo and reflexive if 1 < p < o0o.

Proof. See Theorem 2 in Chapter 5.2 of [16]. O

2.3.3 Absolute continuity on lines

Definition 2.17. Let a < b, then a function u : [a,b] — R is
absolutely continuous on [a,b] if for every e > 0 there exists
0 > 0 such that

l
> lulbr) — u(ar)| < e

k=1

for every finite number of nonoverlapping intervals (ax,by), k =

-, L with [ag, bg] C [a,b] and

l
Z bk — ak
k=1

21



2 Preliminaries

The space of all absolutely continuous functions u : I — R is

denoted by AC(I).

Theorem 2.18. A function u € LP(Q) belongs to W1P(Q) if and
only if it has a representative u that is absolutely continuous on
L1 almost every line segments of Q that are parallel to the
coordinate azes and whose first-order (classical) partial derivatives
belong to LP(2). Moreover the (classical) partial derivatives of u
agree L™ -a.e. with the weak derivatives of u.

Proof. See Theorem 10.35 in [31]. O

Lemma 2.19 (Stampacchia). Let G : R — R be a globally
Lipschitz-continuous function with G(0) = 0, then for any u €
W&’p(Q) the function G(u) is in W&’p(Q) and

V (G(u)) = G'(u)Vu.
Proof. This is Lemma 1.1 in [49)]. O

Corollary 2.20. For u € Wy*(Q) the functions
o x — min{u(z),0}, and
o x +— max{u(x),0}

are also in Wol’p(Q).

Corollary 2.21. For any function v € WP(R") the function

U(ﬂfl, ceey Ti—1, |xi’7xi+1a .. .,ZL‘k»)

is also in WLHP(R™).

22



2.3 Function spaces

Proof. This follows immediately from the absolute continuity on
lines of Sobolev functions because the function obviously remains
absolutely continuous in x; and the LP-norm and the LP-norm of
the derivative can at most increase by a factor of 2. O

Corollary 2.22. For u € WP(Q) the function |u| is also in
Wo?(Q) with |V]ul| < |Vul.

Proof. This follows again from the characterization of Sobolev
functions via absolute continuity on lines. O

Definition 2.23. The space W, P(Q) is defined as

, Foray W ()
WyP(Q) = C5(0)
with the norm

lully s = V0]

By Theorem 2.26 this norm is equivalent to the norm ||ully 1., =
1,
lull o + VUl on WoP(€2).

Lemma 2.24. Wol’p is separable if p € [1,00) and weakly closed
if p € (1,00). Weakly closed means that bounded sequence have
weakly converging subsequences.

Proof. As a subspace of WP it is also separable if p € [1,00).
If p € (1,00) it is also a standard result that it is weakly closed
and this can be shown in different ways, for example using traces
(see Chapter 5.5 in [16]), or using that Wy is a convex subset of
WP and since it is closed in the norm topology it is also weakly
closed. O
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2 Preliminaries

2.3.4 Sobolev inequalities

Theorem 2.25 (Gagliardo-Nirenberg-Sobolev inequality). For

Q C R" open and bounded with C' boundary, 1 < p < n and

u € WHP(Q) the function u is in LP" (Q) where p* = 7l with
ull Lo < Csllullypre

where Cg depends only on p, n and Q.
Proof. See Theorem 2 in Chapter 5.6 in [16]. O

Theorem 2.26 (Poincaré inequality). For Q@ C R™ open and
bounded, 1 <p <mn and q € [1, n”—_’ﬂ there is a Cs > 0 so that

[ullpe < CslIVull

for any u € Wol’p(Q). Cyg depends only on p, q, n, and Q.
Proof. See Theorem 3 in Chapter 5.6 in [16]. O

Theorem 2.27 (Morrey’s inequality). If n < p < 0o, Q is open
and bounded with C' boundary, there exists a constant Cg which
depends only on p, n and Q so that for any u € WHP(Q) there is
a representative u* € co1 =% of u so that

lull o1-5 < Cllullyrs-

The constant C' only depends on p, n and €.

Proof. See Theorem 5 in Chapter 5.6 in [16]. O
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2.4 Convex functions

Theorem 2.28 (Rellich-Kondrachov). If Q@ C R" is open and
bounded with C* boundary and 1 < p < n then WHP(Q) is com-

pactly embedded in L1(Q) for any 1 < ¢ < %.

Proof. See Theorem 1 in Chapter 5.7 in [16]. O

2.4 Convex functions

The following lemma is also a standard result that is included
here for completeness, as the statements will be used to prove the
assumptions in Theorem 3.39.

Lemma 2.29. For any twice continuously differentiable function
a: R™ — R the following statements are equivalent:

(2.1)  &"D*a(x)¢ >0 for any x,& € R”

(2.2) a(y) > a(z) + Va(z)(y — z) for any z,y € R"

(2.3) (Va(z) — Va(y))(x —y) > 0 for any x,y € R"

(2.4) a(tr + (1 —t)y) < ta(z) + (1 —t)aly)

for any t € [0,1] and z,y € R™.

Proof. Let z,y € R" and t € [0, 1] be arbitrary.

25



2 Preliminaries

(2.2) = (2.1): If (2.1) is wrong, there are w,{ € R" with
¢ D%a(w)€ < 0. By continuity there has to be an € > 0 so
that for any @ € B.(w) the inequality ¢7 D2a(w)¢ < 0 still
holds. By scaling it can be assumed that [|£]| < 5.

Using Taylor approximation theorem with the Lagrange
version of the remainder, for every z,y € R" there is a
z€{sx+ (1 —38)y;se[0,1]} so that
(2.5)

a(y) = az) + Val(z)(y - o) + Sy — )" D2a(z)(y - o).

For = w and y = w + £ this becomes
a(w + &) = a(w) + Va(w)é + 567 D?a(2)¢

with
z€{s(w+&+(1-sw;se 0,1} ={w+s{;s€0,1]}
which is a subset of B(w). Thus 1¢7D2a(2)¢ < 0 and
a(y) = a(w +¢) > a(w) + Va(w)é = a(z) + Va(z)(y — 2)
which contradicts (2.2).

(2.1) = (2.2): Using (2.1) in (2.5) shows (2.2).

(2.2) = (2.3): By (2.2) both

a(z) + Va(x)(y — =) and
a(y) + Va(y)(z —y)

hold for all z,y € R™ and adding them shows
0> (Va(z) — Va(y))(y — )

which proves (2.3).

26



2.4 Convex functions

(2.3) = (2.4): Define 5(t) = a(tz + (1 — t)y), then
B'(t) = Va(te + (1 - t)y)(z — y).
With (x —y) = i (tx+ (1 -ty — (sz+ (1 —3s)y)) (2.3)
can be used to show that
B'(t) — B'(s)
= Va(tz + (1 - t)y)(z — y)
—Va(sz+ (1 - s)y)(z —y)

is nonnegative which shows that 3’ is nondecreasing and
8 : R — R is convex. Using the knowledge about convex
functions in one dimension the inequality

alz+t(y—x))=p8@t-14+(1—1t)-0)
<tp(1) + (1 = 1)¢(0)
— ta(x) + (1 - t)a(y)
follows which proves (2.4).

(24) = (2.2): Definey(t) = (1-t)a(z)+taly)—a((1—t)-+ty)
Then v(0) = 0 and by assumption (¢) > 0 on [0, 1]. Thus
+/(0) > 0 which is equivalent to

a(y) — a(z) = Va(z)(y —z) > 0.

Thus with the following relationship between the statements it
can be seen that they are all equal:

(2.2) = (2.3) == (2.4) —= (2.5) O

S~ S
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2 Preliminaries
2.5 Spherical coordinates in n dimensions

While the spherical coordinates in n dimensions are of course well
known, unfortunately I could not find a source where all necessary
statements are proved.

Definition 2.30. Let n > 2 and X(r,¢) : (0,00) x A — R"
be the function which maps spherical coordinates onto cartesian
coordinates with

A= {O}n U ((0, OO) X (Al U Ag)) CcR"”
where

Ay = (0,7)" 2 x [0,27),
n—2

As = ((o,w)"*1 x {0, 7} x {0}"4*1).

i=1

X can then be defined as

j—1
X;(r,¢) = rcos(¢) H sin(¢;) forj=1,....,.n—1 and
i=1
n—1
Xn(r,¢) =7 ] sin(¢s).

i=1
Remark 2.31. The set A is almost everywhere equal to the set
(0,00) x Ay with respect to the n-dimensional Lebesque measure
and (0,00) x ({0} "1 U Ay) can therefore be ignored when inte-

grating.

Some trigonometric identities are necessary for the proofs.

28



2.5 Spherical coordinates in n dimensions

Lemma 2.32. For arbitrary ¢1,...,¢n—1 € R"® and k,n € N
withn >k

n—1 j—1 n—1 k—1
(Z cos2(¢j) (H sin2(¢i))) + H sin?(¢;) = H sin?(¢;).
=k i=1 i=1 i=1
Proof. Let k € Nand n =k + 1. Then
k Jj—1 k
(Z cos®(;) H sin2(¢i)) + H sin?(¢;)
=k i=1 i=1
! k—1 k
= cos?(6x) [ sin?(é0) + [[ sin?(6)
i=1 i=1

k—1
= H sin?(¢;).
i=1

Assume now that the statement holds for a specific n with n > k.
Then

n j—1 n
(Z cos®(;) H Sin2(</’z‘)) + H sin®(¢;)
j=k i=1 i=1
n—1 j—1 n—1
— (Z (:032((;5]-) H sin2(¢i)) + COS2(QZ5k) H SiIlQ((Z)z‘)
j=k i=1 i=1
+ [Lsin*(e)
i=1
n—1 Jj—1 n—1
— (Z cos®(¢;) [] sinz(@)) + [ sin®*(¢)
j=k i=1 i=1

k—1
= ] sin®(¢)
1=1
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2 Preliminaries

and the statement holds for n + 1. By induction it holds for all
n>k. O

Lemma 2.33. X (r,¢) is injective on A.

Proof. Assume X (r,¢) = X (7, ).

By Lemma 2.32 X2 + .- + X? = r? = 7% and since 7,7 > 0
this implies r = 7. If r = 0 then ¢ = ¢ = 0, so let r > 0 and
(Tv ¢)7 (Tv ¢) € (07 OO) X (Al U AQ)

The function cos is injective on [0, 7] thus rcos(¢1) = X1(r, ¢) =
X1 (r,¢) = rcos(¢;) implies ¢ = ¢;.

Let now ¢; = ¢; for every i with i < j < n — 1. Then Xi(r,¢) =
X(r, ¢) implies

2

7 cos(¢;) H sin(¢;) = r cos qu H sin(¢;).

=1

If [T/Z} sin(¢;) = 0 then (r, ¢), (r, §) € (0,00) x Ap and ¢; = ¢; =

C = po1 = g?)n,1 = 0. If it is # 0 then ¢; = i)j follows again
from the injectivity of cos on [0, 7]. By induction ¢; = ¢, follows
for any i < n — 1.

Xn-1(r,¢) = Xp—1(r, ¢~5) is then equivalent to
n—1 n—1
7 cos(pn—1) H sin(¢;) = rcos(¢,_1) H sin(¢;)
i=1 i=1

which shows cos(¢n—1) = cos(¢,_1) and thus ¢,_; = ¢, | or
¢n-1 = 27 — ¢,,_;. Once again H”,l sm(qﬁz) = 0 would imply
that (Tv ¢)7 (Tv ¢) € (O OO) X A2 and ¢n 1= ¢n 1= 0.
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2.5 Spherical coordinates in n dimensions

X, (r,¢) = X,,(r, $) is then equivalent to
n—2

[ sin(¢:)
=1

n—2
rsin(¢n—1) H sin(¢;) = rsin(¢, ;)
=1

which implies sin(¢,_1) = sin(¢,,_;). The identity
sin(27r - §~bn,1) == Sin(&nfl)

rules out the case ¢,,_1 = 27 — g~bn,1 which implies ¢, _1 = g~bn,1
and therefore X has to be injective. O

Definition 2.34. Let the function
S:R" — R", S(z) = (r, ¢), (r,$) € [0,00) x R* !

be defined by r:= \/x? + -+ + 22,

— e a2 4 g2
by = T <m) if o} 4+ £0,
0 otherwise

fori<n—1and

arccos (“1) if 22+ 22 1 >0, 2, >0,

oty
$n-1'= | 27 — arccos (93”1) if a2 +22_ 1 >0,2,<0
2 2 n n—1 y n
xn+xn_1
0 otherwise.

Lemma 2.35. S(R") C A.
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2 Preliminaries

Proof. By definition S(0) = 0 so it is sufficient to consider x # 0.

If 22 + .-+ 2? = 0 for a certain i < n let i be the smallest
number with that property. z # 0 implies ¢ > 1 and z;_1 # 0.

xz‘71|) e {O,W} and (Z)Z — ... :¢n—1 =0 by

;-1

Then ¢;_1 = arccos
definition.

For j < i —1 it follows that x? <x%+--~+mi_1+-~~+sz and
thus x%erijer? € (—1,1) and arccos( ) € (0,7) which
shows S(z) € ((0,00) x Ag) C A.

]
x%++x3

T2 4t
therefore ¢1,...,¢,—2 € (0,7) and by definition ¢,—1 € [0,27)
which proves that ¢ € A;.

Therefore S(R") C A. O

If 22 +22_, > 0 then \/xili # £1 for every ¢ <n — 1 and

Lemma 2.36. X (S(z)) =z for every x € R"™.

Proof. Let x € R™ and (1, ¢) := S(z).
x = 0 implies (r,¢) = (0,0) and X ((0,0)) = 0 = z, so assume
x # 0.

If 22 + -+ 22 = 0 for i < n let i be the smallest number with
that property. With x # 0 this implies ¢ > 1 and z;—1 # 0. By

definition ¢; = -+ = ¢p—1 = 0 and ¢;—1 € {0, 7}. This implies
n—1
Xn(r,¢) =7 H sin(¢;) =0 and
i=1

j—1
X;(r,¢) = rcos(¢;) H sin(¢;) =0
=1
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2.5 Spherical coordinates in n dimensions

for any j < n with j > q.

Consider now the case z2 + --- + x? # 0 with j < n. Since
arccos maps [—1, 1] onto [0, 7] and sin is nonnegative on [0, 7] the
identity

sin (¢;) = sin (arccos (ﬁ))

x?
=4/1 = = 2
xj_l'_..._‘_ajn

Vi 4 ey

A R
holds. Observing that
i-l x4+ 22
[ sin(e:) = :
i=1

a2+t a?

it follows that

Jj—1 3 2
. _ . () — T AR
Xj(r, ¢) = rcos(¢;) g sin(¢;) r\/$%+".+$? N ;.
In the case 22 + 22_; # 0 the identity sin(2w — y) = —sin(y)
implies

sin(¢pn—1) = sgn(z,) ——2——.
N e

This implies

n—1
Xp(ryop) =1 H sin(¢;) = sgn(:cn)\/:g =,
i=1
which proves X (r, ¢) = X(S(z)) = . O
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2 Preliminaries

Theorem 2.37. The function X : A — R" is bijective and
the restriction X : (0,00) x A1 — X((0,00) x A;) is a C*®-
diffeomorphism where R™ \ X ((0,00) x A1) has Lebesgue measure
0.

Proof. The function X : A — R" is obviously in C*°(A), the
inverse function S is in C*°(X ((0,00) x A1)).

It remains to show that X ({0}" U (0,00) x As) has Lebesgue
measure 0. If ¢ € Ay then ¢,—1 = 0 which implies X (r, ¢) €
R™ ! x {0} which shows that X} ((0,00) x A3) € R"™1 x{0} and
by monotonicity is a set of Lebesgue measure 0. This concludes
the proof. O

Remark 2.38. For any (r,¢) € (0,00) x A the following state-
ments hold:

o 04 Xj(r,0) =0  ifk>j,

o

Oy Xk (7, 0) ——THsm@ if k <n,

-1
o 0y, Xj(r,¢) = rcos(¢;)cos(dr) H sin(¢;) ifk<j<mn,
iZh
n—1
o Oy, Xn(r,¢) =rcos(dr) H sin(¢;) if k <n.
i=1
ik
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2.5 Spherical coordinates in n dimensions

Lemma 2.39. For any (r,¢) € A and k,l € {1,...,n}

(2.6) X -0, X =1,
(2.7) X 04X =
k—1
(2.8) 0p, X - 0y, X =12 H sin?(¢;),
(2.9) 0p, X 05X =0 ifk#1,

which shows that 0,X and 0y, X form an orthogonal basis of R".

Proof. o Starting with Eq. (2.6)
n—1 j—1 n—1

X -0, X = Z cos®(¢;) H sin?(¢;) | | + H sin?(¢;) = 1
j=1 i=1 ;

by Lemma 2.32.

o For Eq. (2.7)

n—1
op X - &mX 0, Xk(9¢ka + Z (9 X, 6¢k )—I— or X 8¢k
j=k+1
and if sin(¢x) # 0, then
n—1
> (0, X048, X;5) + 0, Xn0p, Xn,
j=k+1
= TCOS<¢7€) nz—:l cosZ(¢-)jﬁsin2(¢-) —l—nl:[lsin2(gb~) :
sin(oy,) j=k+1 ’ i=1 i=1

Lemma 2.32 shows that this is equal to rgfs((i’;)) *_, sin?(¢;) and
with

8Xk8¢ka COS ¢k [ HSIH ¢z]

35



2 Preliminaries

it follows that Eq. (2.7) is 0. By continuity this holds for sin(¢x) =
0 as well.

o Since
n—1
O, X 09, X = 0, X 0p, Xt Y (93, X0, Xj) + 0, XD, X,
j=k+1
it follows that
n—1
Z (8¢kX 8¢>k )+a¢>kX a¢k
j=k+1

COS2(¢]€) o = S
- rQW { > (COSQ(%) 11 Siﬂ2(¢z‘)) +]1 Sin2(¢i)]
sin k ] i=1 =1

i—kt1
if sin(¢) # 0. Using Lemma 2.32 this is equal to

2

2908 ﬁ 2( )

SlIl

and therefore

k
g X - 0y X =17 HsinQ(gbi) ZCOS [Hsm (i ]

=1 Sln
k-1

—r2H51n (¢5) + 72 cos®(¢y,) Hsm (i)

=72 H sin(¢;).
i=1

By continuity the requirement sin(¢x) # 0 can be dropped and
this proves Eq. (2.8).
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2.5 Spherical coordinates in n dimensions

o For Eq. (2.9) assume k < [ without loss of generality. Then

0, X - 0y, X

n—1
= 00 X100 X; + ( > 3¢sz'3¢in) + 00x X004, X

=041

and similar to before it can be seen that for sin(¢y),sin(¢;) # 0

n—1
( > a¢kXia¢lXi) + 001 X0y, X

i=l+1

9 C0s(Pr) cos(¢r)
sin(¢y) sin(¢y) [(]zl;rlcos (95) Hsm d)z)—kHsm ¢z]
_aeosgmeoson |t o
- Sin(gbk)sin(gbl)[ g (¢z)]

where Lemma 2.32 was used for the last inequality.

Since

!
0ok X100 X = m l— H Sinz(qﬁz‘)]

it follows that Jy, X - 0y, X = 0.

Continuity implies this also holds for sin(¢y) = 0 and sin(¢;) =
0. O

Remark 2.40. This shows that {0,X,04, X, ..., 04, , X} is an
orthogonal basis of R™.
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2 Preliminaries

Corollary 2.41. 1. X2 +-- +X2 =r H 1 sin?(¢;) for any
j=1,....,n and any (r, ) EA

2. X(r,¢) =10, X(r,0).
3. X(r,¢) € 0B,(0).
4. X(1,¢) = 0:X(r, 9).

Lemma 2.42. For any function u(x) € L'(Bg(0)) the transfor-
mation formula holds with

/BR(Ouxdx—/ “1/A1 ®(p)dodr,

n—2
= H sin™ 17 (¢;).
i=1

where

For any continuous function u : 0Br(0) = R

/ u(z)do = R"—l/ u(X (R, ¢))®(¢)dep.
0BR(0) Aq

Proof. The matrix DX (r,¢) = (0,X,04,X,...,04, ,) consists
of orthogonal vectors according to Remark 2.40. Using the trans-
formation formula it is sufficient to look at A; and ignore As
which implies sin(¢;) # 0 for ¢ € {1,...,n —1}. By Lemma 2.39
the matrix

—lo.x 0p, X 09, X o 0,1 X
T Trsin(en)” T r [T sin(gn)

consists of an orthonormal basis of vectors which implies that the
matrix is orthogonal and the absolute value of the determinant is

38



2.5 Spherical coordinates in n dimensions

1. Since scaling any row of a matrix simply scales the determinant
it now follows that
1 1 1

1:|detM‘:1-;.m ..... mmetl}){(r’(ﬁ)‘

which proves that
det DX (r, 6)| = " ~1®(g).

The first result then follows from the transformation formula.

For the second result the transformation formula for submanifolds
in R" is used. Since | X (7, ¢)| = r and the function X : A — R" is
bijective, the mapping ¢ — X (R, ¢) is a bijective mapping from
A onto OBR(0). The restriction to A; is a diffeomorphic mapping
to a subset of dBr(0) which differs from 0BRr(0) only on a set of
measure 0.

To use this transformation formula it is necessary to compute
det (¥TW) with the matrix

U= (94X,...,00, X).

Noticing that

ARV}
05, X - 00, X 05X -0, X -+ 05X -0y, X
0p, 1 X -0, X O, X 05, X -+ 0y, X 04, X

n—2
= diag <R2, R%*sin®(¢1),..., R H sin2(¢i)>
i=1
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2 Preliminaries

is a diagonal matrix the determinant is
n—2
R2(n—1) H Sin2(n—1—i) (le)
i=1

and taking the square root and the transformation formula shows
the desired result. O
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3 Boundary Value Problem

3.1 Overview

Section 3.2 defines the boundary value problem, the associated
functional and the weak formulation.

Section 3.3 states several results concerning the behaviour of
solutions, such as nonnegativity of minimizers, Hopfs Lemma and
the maximum principle.

Section 3.4 introduces various ways to modify a and f. This is
used in Theorems 5.3 and 6.5 in order to be able to include a
wider class of differential equations. The modification of f is
helpful when proving that there are nonnegative solutions.

Section 3.5 cites the regularity results from the literature that will
be used in Chapter 5 and extensively in Chapter 6, Section 6.3.

Section 3.6 introduces the mountain pass theorem and the Palais-
Smale compactness condition.
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3 Boundary Value Problem
3.2 Weak Solutions

The boundary value problem that will be investigated here in its
most general form is

—div (a(z, |[VulP)|[VulP 2Vu) = Mf(z,u) in Q,
- ( )
u=20 on 012,

where the following conditions hold:

Assumption 1. Q C R"™ with n > 1 is a bounded domain with
CY boundary, p > 1 and A > 0.

a(z, s) is a Carathéodory function on £ x (0,00) and for almost
every © € Q the function s +— a(x, sP)sP~1 is strictly increasing
in [0,00) with lims_,oa(z,sP)sP~1 = 0. This implies that the
function a(x,|z|P)|z|P~ 22 is a Carathéodory function on Q x R™
when extended to z =0 by 0. Furthermore there is a Cy > 0 and
a D, € Lp%l(Q) so that

‘a(:n,sp)sp_l‘ < CusP™r + Dy(x) for every (x,5) € Q x [0,00).

f(x,s) is a Carathéodory function on Q x R and there are Cy > 0
and ¢ > 1 withq<n"—_’;3 if p<n so that

|f(x,s)| < C’f|s|q_1 + Dy(x) for every (z,s) € Q xR,
where Dy € L.
Remark 3.1. It can be argued that the notation of the dif-

ferential operator as — div (a(m, |Vu|p)|Vu|p72Vu) instead of

—div (a(z, Vu)) is inconvenient and that there are situations
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3.2 Weak Solutions

where it is unclear which value p should have for a specific differ-
ential operator. For example

—div (|Vu|Vu) — div <|VU\QVU) = (u1'5 + u5>

would use p = 3 in Theorem 5.3 and p = 4 in Theorem 3.46.

However the specific structure is needed for the main Theorems 6.3
and 6.5 and the benefit of having a consistent notation throughout
the thesis seems to outweigh this inconvenience.

Definition 3.2. A function u : Q! — R is a classical solution
of (P) if u € C%(Q)NCY(Q) and it satisfies the equation at every
point x € €.

Definition 3.3. A function u € Wol’p(Q) is a weak solution

of (P) if
/ a(z, [VulP) [ VulP 7>Vu - Vo — A f(x, u)vde = 0
Q
for every v € C3°(Q).

Definition 3.4. Let u € Wol’p(Q) be a nonnegative, nontrivial
weak solution of (P) so that J(u) < J(v) for any other nonnega-
tive, nontrivial weak solution v, then u will be called a ground
state solution.

Definition 3.5. Let Assumption 1 hold, then the function J :
Wol’p(Q) — R is defined by

J(u) = /Q ;A(af;, |VulP) — AF (z, u)dz (3.1)
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3 Boundary Value Problem

where
¢
Az, t) = / a(x,s)ds for (z,t) € Q x [0,00)
0
and .
F(ac,t):/ f(x,s)ds for (z,t) € 2 x R.
0
Define

A(u) ::/Q;A(x,|Vu|p)dx and F(u) ::/QF(:U,u)da:.

Lemma 3.6. Given Assumption 1 the functional A : Wol’p(Q) —
R is well-defined and Frechét differentiable with

A'(u)(v) = /Qa(:n, \Vul?)|VulP~*Vu - Vodz.

Proof. With Assumption 1 and

d1

£§A(x, sP) = a(z, sP)sP~!
the functional A(u) is Fréchet differentiable according to Theo-
rem 2.8. O

Lemma 3.7. Given Assumption 1 the functional F : WP () —
R is well-defined, Frechét differentiable and for any sequence
ug € Wol’p(Q) that converges weakly to u there is a subsequence
uy, that converges strongly to w in L and

lim Fluy)=F(u)  and  lim F'(uy) = F (u).
l—00 l—o0
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3.2 Weak Solutions

Proof. The function F : L1(2) — R is Frechét differentiable with

v—/f$uvdx

for any u,v € LI(Q). F' : L9 — (L9) and is well defined and
continuous. Using the compact embedding Wo (Q) cC Li(2)
the functional can be considered to be defined as F : Wo P(Q) >R
and remains Fréchet differentiable. By Theorem 2.28 a strongly
converging subsequence exists and the statements follow from
continuity of F and F’ in LY. O

Corollary 3.8. By integration Assumption 1 implies
Ca
%A(w, sP) < ZosP 4 Do(2)s
and

F(x,s) < %Sq + Dy(x)s.

Lemma 3.9. The functional J is weakly lower semicontinuous.
Proof. This is found in [16], 8.2.2, Theorem 1. O
Lemma 3.10.
¢ (D2 (FA@,1217))) €
= ((p— Da(a, |2") + pas(@, |2) 27) |2[P~*](=, )
+ |21z, |2P) (1216 = 1(z,)1)

and
& (D2 (FAG.12P) ) ¢

> 322l min{ag(z, [2P)p|2 P+ alz, [21P) (p—1), ale, |2P) }.
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3 Boundary Value Problem

Proof. Either |(2,€)|* > §[2[%|¢]* or |(2,€)|* < §]2[|¢[*. In the
first case

€702 (LA(x,|21")) €
> 3 (axa, [P)pl=]? + ala, [2P) (p — 1)) 217 I¢].
In the second case
€7D (LA(,147) € > La(w, |2) 2P [€ .
O

The following lemma relates statements between the one-dimen-
sional function I%A(a:, sP) in 2% (0, 00) and the function %A(m, Els]
in 2 x R™.
Lemma 3.11. 1. d2 1A(:L‘ sP) >0 in Q x (0,00) if and only
if
1
€ (02 (A 121 ) € > 0
p

for every x € Q and z,£ € R".
1
€7D2 (CA(@.[al) ) € 2 cdel? i
holds for all (x,z) € Q@ x R" and £ € R", if and only if
—EA(m sP) > _Ce g2
ds?p p—1

for every (z,s) € Q x [0,00).
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3.2 Weak Solutions

8. There is a C7 > 0 so that

‘ z|2P) |2 722) | < Gl (3.2)

for every (x,z) € Q x R™ if and only if there is a Co > 0 so
that

1
@*A(ZE Sp) < CQSpiQ (33)

for every s € (0,00).

Proof. 1. If

2
%EA(:C ) = (as(x, )ps” + alz, ") (p— 1)) "2 > 0

then by Lemma 3.10 it follows that

¢r (Dg (;A(:p, |zp))> >0

for any z € Q and z,£ € R"\{0}.

If

& (D2 (JA( 121))) > 0

for any x € Q and z,£ € R"\{0} then choosing & = ﬁ shows
that

0<&" (D2 (JA@.12P))) €
= (CL (.73, Sp)psp + a(x7 Sp)(p - 1)) Sp’s:\z|
d> 1

— @ A(.%' Sp)

s=|z|

and thus %%A(m‘, sP) > 0 for any € Q and s > 0.
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3 Boundary Value Problem

2. If )
€7D2 (S A, [2)) € 2 el

then choosing £ = ﬁ shows
cel2l" < ((p = Da(x, |2I") + pag (. |2]") |2I7) |2["~
which in turn shows that %%A(x, sP) > co|z|P2.

If )
d* 1
—Z Az, sP) > co|z|P2
A ) > al
then by integration
&Sp—l <a(zx,sP) b1
p—1

and using Lemma 3.10 shows that

& (02 (A=) ) €2 gmin {e -5 a2l

3. If inequality (3.2) holds then with

d P\ |, |P—2
’d%(a<x,|z| IE )‘

Z |:az (|27 p|2| P~ 212
=1

tala, o) (0 — Dl 5z + ale, |27 225
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3.2 Weak Solutions
and z = se; it follows that
d2
| (CZSQA(ZE’ Sp)) s=|z|
= 12177 (as (@, |2")plzl” + ala, |2") (0 = 1)

_ i P\ |, |P—2
- ‘de (a(m,|z| )|z z)i

which shows that inequality (3.3) holds with Cs := C}.

)

In the other direction assume that

ﬁlA(x sP) < CgsP™2
s

which implies by integration that a(z,sP)sP~! < pC;Ql sP~1 and
thus

%(a(x, rzrp)\zrp—%)i‘

n
= |3 [oulen =)l iz + ol =) (p = Dl 20z
7j=1

+ala =) 26 = ala )Py

n(|as(@, [217)pl=l” + ala, |2) (p — 1)o7
+la(z, [27)||=7~?)

C
§n<02—|—21) Sp_2
and thus inequality (3.2) holds with C1 = nCh ;5.
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3 Boundary Value Problem
3.3 Behaviour of Solutions

Lemma 3.12. Given Assumption 1 and f(x,s) = 0 for s <0,
then any weak solution u € Wol’p(Q) is nonnegative.

Proof. Testing with v~ and using Vu - Vu~ = \Vu‘\Z shows that
0=J'(u)(u")

= / alz, |VulP) [ VulP > Vu - Vu~ — Af(z, u)u” dx
Q

:/a(:v,]Vu\p)]Vu\p_Q‘Vu]2da;
Q

where f(z,u)u” =0 since u~ is zero if u > 0 and f(z,u) is zero
if w < 0. Thus |Vu~| = 0 almost everywhere and this concludes
the proof. O

Lemma 3.13. Given Assumption 1 and f(x,s) =0 for s > ¢ and
s <0, any critical point u € Wy* () of J satisfies ||| < c.

Proof. Testing the differential equation with (u — ¢)* and using
that

Vu-Vu—c)" = ‘V(u—c)+‘2 and flz,u)(u—c)T =0
shows

0=J(u)(u—2c)"

—/a(w,\Vu|p)\Vu|p_2Vu-V(u—c)+—)\f(x,u)(u—c)+dm
Q

2
:/a(:v,\Vu|p)\Vu|p_2‘V(u—c)+‘ dx
Q
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3.3 Behaviour of Solutions

which implies (u — ¢)™ = 0 almost everywhere and this proves

the statement. O

Lemma 3.14. Given Assumption 1 and —f(x,—s) < f(z, 5) for
s> 0 then J(Ju|) < J(u) and J(|u|) < J(u) unless u(zx) >

Proof. For s > 0, the inequality

—S

f(z, t)dt

B 0
:—/ flx,—t)dt
0
</0 Fo t)dt = F(z, 5)

shows that — F(|u|) < — F(u). Since A(Ju|) < A(u) this implies
J(Ju]) < J(u) with equality if and only if v > 0. O

F(x,—s) =

Remark 3.15. Lemma 3.1} can guarantee nonnegativity of min-
imizers while it does not directly ensure that all critical points are
nonnegative, unlike Lemma 3.12.

Theorem 3.16 (Pucci & Serrin). Assume

2
%fA(x sP) >0 for (x,s) € 2 x (0,00)

with a(z, sP) = ai(x)az(sP), a1(x) > ¢ > 0 and let u be a nontriv-
ial weak solution with u(x) >0 and f(x,u(x)) > 0. Then

u(z) >0 in .
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3 Boundary Value Problem

If Q satisfies an interior sphere condition and u € C*(Q) then
g—z < 0 on 02 where n is the outer normal to OS).

Proof. This follows from theorem 8.1 and corollary 8.4 in [44] and
the Erratum [45]. O

3.4 Modifying the Functional

Several equations have solutions where the C''-norm of solutions
can be made small in which case the behaviour of a(z,s) and
f(z, s) only matters for small values of s.

In this section it is shown that functionals satisfying certain
conditions in € x [0,¢] can be extended in a way so they satisfy
those conditions in © x [0, 00) as well.

3.4.1 Extending the differential operator

Let B : Q x [0,¢] — R be a Carathéodory function so that
%B(m,s) =: Bg(z,s) and %B(x,s) =: Bss(z, s) exist and are
Carathéodory functions on Q x (0,&]|. Furthermore assume that
Bs(z,s) >0 on Q x (0,¢].

Definition 3.17. The function A : Q x [0,00) — R defined by

Al s) = B(z,s) 1 for s € ]0,¢],
T Co(x) 4 Cu(x)st + Colx)s for s> ¢,
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3.4 Modifying the Functional

with

Co(z) := B(x,e) — Bs(x,€) e +Bys(z,€)pe?,
PP a1
Ci(x) = To—1 €7 7 Bys(z,¢),

Cy(z) := Bs(x,e) +

p
P € Bgs(x,€),

is an extension of B so that A|QX[076] = B.

Define a(z,s) := 0sA(z, s).

Corollary 3.18. The functions C;(x) with i € {0,1,2} are mea-
surable on Q.

Corollary 3.19. The following identities hold:

o For every (z,s) € Q x (g,00)

a(z,s) = As(x,s) = Co(x) + Cl(x);S;1,

o For every (x,s) €  x (g,00)

as(z,s) = Ags(x,s) = C1(x)

1 1_
(-1
p

D=

1
o For every (x,s) € 2 x (55,00)

@ 1 D p—2
@;A(% s¥) = (p — 1)Ca(z)s" .

Corollary 3.20. If %%A(m,sp) >0 in Q x (0,e) then

a’y

ds2pA(a:,sp) >0 in Q x (0,00).
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3 Boundary Value Problem

Corollary 3.21. If x + Bgs(z,¢) is in C%*(Q) with o € [0,1]
then Cy € CY*(Q).

If £+ Bgy(z,¢) and x — By(z,€) are in CO%(Q) with o € [0, 1]
then Cy € CO(Q).

Proof. This follows immediately from the definition. O

Lemma 3.22. The functions A(x,s), As(z,s) and Ags(z,s) are
Carathéodory functions on Q x (0, 00).

Proof. s — A(xz,s), s — As(x,s) and s — Agg(x,s) are contin-
uous on (0,¢] for almost every x € Q by assumption. Con-
tinuity on (g,00) follows directly from the definition. It re-
mains to be shown that lim, . A(z,s) = A(z, ) and analogously
limg). Ag(x,s) = Ag(x,€) and limg ). Ags(x, s) = Ags(z,€).

Continuity of s — A(x,s) at s = e:

lim A(z, s)
sle
= Cy(x) + C1(z) €% +Ca(z) e

= B(x,¢) — By(2,¢) e +Bgs(2,6)pe?
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3.4 Modifying the Functional
Continuity of s — As(z,s) at s = e:

l Az, 5) = (cl(x);gi—l +C’2(x)>

= Bs(z,¢).

Continuity of s +— ASS ZL', s) at s = ¢:

Il
A
—_
flJ
w
—~
8
[©)
S~—
~
[a—
| |
o
SIE
N}

2. The continuity with respect to s has been shown in the previous
segment. Measurability in x for every s € (0, ¢] follows from the
fact that B, Bs and B, are Carathéodory functions. By definition
this also ensures that C;(x) with i € {1, 2, 3} are measurable which
shows measurability of A in = for s > &. O

Lemma 3.23. Let (z,s) — Bs(x, sP) be Lipschitz continuous on
—_ 1 —_
Q x {0,55} and x — Bgs(x,€) Lipschitz continuous on €.

Then (z,s) — a(x,sP) is globally Lipschitz continuous on  x
[0, 00).
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3 Boundary Value Problem

1
Proof. o Let s,t > er, then
|CL(CC, Sp) - CL(y, tp)|
1

_|on@) + C’g(a:);slp _ (cg(y) e (y)ptlp)

1
< [Ca(w) = Caly)| +1Cr(@)| s — 1177
1
+ tlfp?Cl(l’) - C1(y)].

—P

1
C4 and (5 is Lipschitz continuous and t!=P < 77 so the
first and third term are bound from above by M|z — y|.

For the second term the Lipschitz-continuity of C(x) implies
that |C1(z)| is bounded and with the mean value theorem
and 1 — p < 0 there is a & between s and t so that

= = [P s ) < (p D s ],

. . .. .
o The case s,t < er is clear since Bs(x, sP) is Lipschitz con-
tinuous by assumption.

o Without loss of generality let s < 5% < t. Then
la(y, t7) — a(z, s")]
<la(y,t") — a(z,e)| + |a(z, ) — a(z, s")]
SC(\x—y\—l—‘t—S%)—l—C
=C(lz—yl+t—sl)

1
sl

which shows global Lipschitz continuity on Q x [0, o).

56



3.4 Modifying the Functional

Lemma 3.24. If there are 0 < ¢, < C, so that

2
CeSP—Q < dil

< dstB(x’ sP)< C, P2 in 2 x [0,¢€]

then

2
1
CosP2 < %,A(x, sP)< C, P2 in Q x [0,00).
§°p

Proof. Since
2 —
L1B(x,s7) = (p— 1)Cy()sP
it follows that

Cee” 2 < (p—1)Cy(x)eP2 < C P2

which implies that pc_el < Cy(x) < pcfl for every x € © and this

proves the statement. O

Lemma 3.25. If Bss(x,s) < 0 in Q x (0,¢] then Ass(x,s) <0
in Q x (0,00).

‘<’ can be replaced by ‘<’, ‘>’ or ‘>’

Proof. The statement follows immediately from the definition

since
21 i_9
Ass(z,8) =€ P Bgg(x,€)s?

for s > €. ]
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3 Boundary Value Problem

3.4.2 Extending the right-hand side of the differential
equation

Assume that G : Q x [0,e] — R is a Carathéodory function on
Qx[0,¢] so that £G(z, s) =: Gy(x, s) exists and is a Carathéodory
function on Q x [0, €] as well.

Definition 3.26. The function F': Q x R — R defined by

G(x,s) fors<e

F(z,s) = {G(m,s) B Gs(%ﬁ)% + Gylz,¢) fors>¢

s4
qed—1
is an extension of G so that Floy0 = G.

Define f(x,s) := d%F(:c, s).

Lemma 3.27. The functions F and f are Carathéodory functions
on 2 x [0,00).

Proof. F and f are Carathéodory functions on Q x [0,¢]| by as-
sumption. They are Carathéodory functions on Q x (g,00) by
definition. It thus remains to show that lim, . F(x,s) = F(z,¢)
and analogously limg . f(z,s) = f(z,¢) = Gs(x, ).

Therefore
lsliralF($7 5) = G(x,s) - GS(J},E)E + Gs(wag)q;qiq—l = G(l’,&)
and
. . 5171
lim f(z, 5) = lim G (w, &) — = = Gs(w€)
conclude the proof. O
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3.4 Modifying the Functional

Lemma 3.28 (Growth conditions). If

cpsTt < Gy(w,5) < Cpst™? for (z,s) € Q x [0,¢],
then

cpsth < f(w,s) < Cpst™? for (z,s) € Q2 x [0,00).

Proof. f(z,u) = Fy(z,u) = Gyu(x, &) ¢ for u > e. Then

q
e4q

cre?l™t < Gy(x,e) < Cpe?™!
implies

q—1

cpul™t < Gu(a:,a)zq—_l = f(z,u) < Cpuf™!

and this proves the result. O

Lemma 3.29. If G4(z,¢) > 0 and G(z,s) — %Gs(x,s)s <0 in
Q x [0,¢] then
F(.T,S) —19f(11778) <0

for any 9 > % and (x,s) € Q x [0, 00).
Proof. For s > ¢
F(x75) - 19f($,8)
- <G(x,5) - Gs(x,e)z> TRENEIS ey R

<0

which implies the result. O
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3 Boundary Value Problem

Lemma 3.30. If there is an o < q¢ — 1 so that G5 satisfies the
Nehari condition:

VOo<s<t<e Vxe€ Bgr(0) :

then
VO<s<tVze Bg(0) :

and thus f satisfies the Nehari condition as well.

Proof. o The Nehari condition for 0 < s < t < ¢ follows from
the assumptions.

o For ¢ < s < t the derivative is

sq~1
flx,s) = Fs(z,s) = Gs(x76)8q—1
and
q—1l—a q—1—a
AL = G8<m75)8 T = G5<x75>t -1 fa,t)
s* ed ed te

where the inequality follows from ¢ — 1 — a > 0.
o The remaining case is 0 < s < e < t and this follows from

flas) @) _ )

s« e te
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3.4 Modifying the Functional

3.4.3 Cutting off f for large s

Lemma 3.31. Let

x:R—=R with x(s) :== X(*%S+1+%C),
where . )
Xx(s) = / p(t)dt
) It e(t)dt J o ©
and
exp (7%) forte (-1,1),
o(t) = _
0 otherwise.
Then
1 for s < C,
X €C®[R), x(s)=1{€(0,1) forse (C,C+5),
0 for s > C+04.

Proof. ¢(t) is in C§°(R) by construction and because of the sup-
port of ¢ it follows that

o Xx(s) =0 for any s < —1,
© 5((5) € (X(_1)7X(1)) for any s € (_17 1)7
o x(s) =x(1) =1 for any s > 1

and the result follows from the construction of s (—%S + 1+
20 O
50).

Corollary 3.32. If G4(z, s) is an L*°-Carathéodory function then

f(xy 3) = Gs(l‘a S)X(S)
is a bounded Carathéodory function so that f(x,s) = Gs(x,s) for
s < C and f(x,s) =0 for s > C+9.
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3 Boundary Value Problem

3.4.4 Modifying f for s smaller than zero

Lemma 3.33. The function Gs(x,s) can be extended to s < 0 in
one of the following ways:

o If Gs(x,0) =0 then

Gs(x,s), s>0

flw,s) = {—Gs(m, —s) + 8%, 5<0

is a Carathéodory function so that —f(x,—s) < f(x,s) for
all s > 0.

o If Gs(x,0) =0 and Gs(z,s) > 0 for s >0 then f(z,s) =0
for s <0 also implies — f(x, —s) < f(x,s) for all s > 0.

o If G4(x,0) > 0 with Gs(x,s) >0 for s > 0 then

Gs(x,s), >0
Gy(z,0) + 52, s<0

|
is a Carathéodory function so that for all s > 0 the inequality

—f(x,—s) < f(x,s) holds.

3.5 Regularity Theory

The following is theorem 7.1 from chapter 4 of [29]. It is cited
here in a slightly simplified version with adjusted terminology:

Theorem 3.34 (Ladyzhenskaya & Ural’tseva). Let n > m > 1,
b: QA XxR" > R" and g: Q2 x R xR be measurable functions, q¢ >

q* = 2 and u(z) be a generalised weak solution in W™ (2) N
L) of

—div (b(z, Vu)) = g(z,u)
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3.5 Regularity Theory

in WH™(Q) N L9(2) with esssupgq |u| = M < cc.
If there is a v > 0 so that
b(z,z) -z >v|z|™ — p1(2) and (3.4)
sgn(u) - g(z,u) < (14 [u**)pa()
with
1. o1 € L™, po € L™ with r1,ro > =,
2. 0§a2<m"7+q—1—i

ro’

then esssupq |u| is bounded by an expression in terms of ||ul|;q,
M, v, o, H%HL” and meas €.

Remark 3.35. It can be seen that in the case m = n, the variable
q can be arbitrary in [1,00). Let the assumptions hold for n =m
and such an arbitrary q.

For any q € [1,00) the embedding W™ (Q2) CC LI(R) is compact.
Thus any solution u € W™ is in L4,
m < n can be chosen large enough so that ™ > q, the conditions

n-+q

r1,7ro > % as well as ag <m=-+ —1— % continue to hold.

It remains to show Eq. (3.4). With
vl —i(@) 2 v (12" = 1) — () = ml2|™ = (p1(z) +11)

and p1(x) + vy € L™ this remains true.

Thus, in case n = m every q € [1,00) is admissible.
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3 Boundary Value Problem

Remark 3.36. In case n < m Theorem 2.27 shows

villullgo.a < Csvil|Val| g

g/ﬂb(m,Vu)Vqu@l(x)dx
:/g(x,u)u+<p1(x)dx

Q
< /Q (1 + [u|*?)|ulp2(z) + p1(z)dx

and the last term only depends on L" norms for suitable r of u,
1 and po which is the same situation as Theorem 3.34.

Remark 3.37. Translated into the notation of (P) the conditions
are

o a(z,|2[")|z[" Z nlz[” — 1 with € L™ and ry > 2,

o sgn(u)Af(z,u) < (14 |ul*)pa(x)  with re > %, P9 €
L,

o O§a2<p%q*—1—q*% whereq*:%ifp<n
and ¢* > 1 otherwise.

Corollary 3.38. If a(z,s) > ¢, > 0 then the theorem also applies
to the differential equation

—div (a(x, |Vug(x)|P) |Vu\p_2Vu> =\ (z,u)

with ug € Wol’p(Q) where the bound does not depend on ug in any
way.
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3.5 Regularity Theory

Theorem 3.39 (Lieberman). Let o € (0,1], T >~ >0, k > 0,
My >0, meR, QCR" a bounded C* domain. Suppose b and
g satisfy the structure conditions

S (86@ v Z)> 66 > 1(k + 2™ leP.

3,j=1 Zj

( xuz)

o |b(ﬂj,u, Z) - b(y,’U Z)| < F(l + ‘Z|)m+1 [| - y|01 + |U - U|a]?
o |g(z,u,2)| <T(1+]2))"*,

for any (x,u, z) € OQ x [—My, Mp] x R", (y,w) € Q x [—My, M)
and £ € R™.

<T(k+|2])™,

If u is a bounded weak solution of the dirichlet problem
—divd(z,u, Du) = g(x,u, Du) in £, u=¢ on 0N
with |u(x)| < My, then there is a positive constant
B = pB(a,T /v, m,n)
such that u is in CYP(Q) and

|u|1+ﬂ < C(Oé, F/’Y) m, MO) n, (pu Q)

Proof. This is Theorem 1 from [34]. The names of some constants
have been adapted to avoid conflicts with the notation in this
dissertation. O
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3 Boundary Value Problem

Corollary 3.40. The boundary value problem (P) satisfies the
assumptions of Theorem 3.39 if

2
_ 1 _
ces?2 < @};A(x,sp) < CosP?
and
la(z, 2) — a(y, 2)| < Dlz —y[*
and if f is an L*>°-Carathéodory function.

These conditions are not optimal since they only use the case
k=0.

Proof. Using Lemma 3.11 this follows directly from Theorem 3.39.
O

Lemma 3.41. Let (z,s) — a(x, sP) be Lipschitz-continuous in
Q x [0, M] for every M > 0. Assume that a(z,s) > ¢, > 0 and
ug € CH%(Q), then the boundary value problem

—div (a(:ﬂ, \Vu0|p)|Vu|p72Vu) = Af(z,u) inQ
u=0 on 0
satisfies the conditions of Theorem 3.39. B and |lul, 5 now

depend also on the Lipschitz constant of (x,s) — a(z,sP) and
luol| 1., but ot on the exact choice of v.

Proof. Let ug € C1* with |lug||c1.« < Mi. The structure condi-

tions of Theorem 3.39 now need to be checked for the function
b(z,2) = alz, ]Vuo(a;)\p)]z\p_Qz.
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3.5 Regularity Theory

1. The first condition follows directly from

" Ob;
j{: Efi§i§j
ij=19%

= 3 al, [Vuo(@)P) [(p=2) 21" 2iz; + |21770,5] €8
ij=1

= a(w, [Vuol’) (0 = 2)[21P~"(2, )" + |2 ~*I¢]*]

Bither |(2,6)> < 3=l or (=) > 3[z[él% In the
first case

a(@, [Vuol”) [(0 = 2|2~ (2,€) + |2~ I¢ ]
> (e [Vuol?) (1) *|(2, )+l | Tuol?) 21 €
> el

and in the second case either p — 2 < 0, in which case a
lower bound is given by ca|z\p_2|§|2, or p—2 >0, in which
case

a(, |Vuol?) [(p = 2)[2/P~*(2,€)" + 21" I¢]’]

1, ., _
> a(w, |Vuol”) (p—2)5 |2 1€l +a(x, [Vuol") |2 (€]

1 _
> (50— Dea+ o) 2212

2. The next condition follows because either p > 2, in which
case
ob;
82’]'

= |a(a, [Vuol”) [(p = 2)|2P"*(2,€)" + |2 I¢P]|

< Calp = =[PP,
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3 Boundary Value Problem

or because otherwise

(@, [Vuol) (0 = 2)12P4(2,€)° + 2P|
< a(, [Vuol’) [(2 = PP~ lel + =P 2I¢ ]

Since p < 2 implies 3—p < p—1 this is bounded from above
by the same term C,(p — 1)|2[P~2[¢]*.

3. This condition now depends on v(x) and the value M.
‘b(‘rvz) - b(y7 Z)’
= 21" a(z, | Vuo(2)I") — aly,|Vuo()I”)]
< (42" L (|l = y| + [[Vuo(@)] — [Vuo(y)]])
< (L4 [2DP2L(lz =yl + lluollcralz — yI%).

4. The right side is unaffected so this condition remains true.

O]

3.6 Mountain Pass Theorem

3.6.1 Palais-Smale Compactness Condition

Theorem 3.42 (Vitali convergence). Let u be a finite positive
measure on a measure space (2, A, n). Assume that for {fi} C
LY ()

o the integrals of |fx|" are uniformly absolutely continuous,
i.e. for every € > 0 there is a 6 > 0 so that

VECQVEeN:|El<i = ‘/\fk\pdu’<€ and
E
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3.6 Mountain Pass Theorem

o fr converges to f pointwise almost everywhere.

Then f € LP(p) and

i [ 17 fPd
k—o0 X

Proof. This is a generalised version of the well-known dominated
convergence theorem by Lebesgue, see for example Theorem 1.19
in [2]. O

Definition 3.43. Given a Banach space X and a functional J :
X — R which is Frechét differentiable, a sequence {uy}cny C X
is called a Palais-Smale sequence, if

o sup |J(ug)| < oo
keN

. / .
o kli)rgoHJ (u)||x» =0

The functional is said to satisfy the (weak) Palais-Smale com-
pactness condition, if for a Palais-Smale sequence there exists
au € X such that

likm inf J(ug) < J(u) < limsup J(ug) and J' (u) = 0.
—00

k—00

The following theorem is a simplified and streamlined version of
a much more abstract version given in [10].

Theorem 3.44. Let Assumption 1 on page 42 hold and assume
furthermore that

69



3 Boundary Value Problem

o there are positive constants ¥ > 0, car and Car > 0,
and functions dar(x), Dagr(x) in L'(2). Let there be an
a € [1,p) so that for almost any x € Q and any s € R

1
];A(x,sp) — da(z, s?)s? > cap|s’ — dar(z), (3.5)

F(z,s) —0f(x,s)s < Carls|® + Dar(x), (3.6)

o there are ¢, >0, d, € Lp%l(Q) so that
a(x, sP)sP1 > 5Pt — d,y(2)
for (x,s) € Q2 x [0,00).

Then J satisfies the Palais-Smale condition.

Proof. Boundedness of the Palais-Smale sequence: Let
ug € Wol P(Q) be a Palais-Smale sequence for the functional
J, this means there are constants C, D > 0 so that

C+ D||Vugl o > J(ug) — 9T (ug)uy,

for any k£ € N.
Thus, with eq. (3.5) and eq. (3.6),

C+ D[ Vugll

> /Q (A(:L’7 |Vugl?) — da(z, |Vug )| Vug|?
— AN(F(z,up) — Of (z,up)ug) >dx

> / caAr|Vug|’ — dag(x) — M(Car|ug|® + Dagr(x))dx
Q

= carl|Vurllzy — lldarll s — MDarllpr — ACar||ug|7a-
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3.6 Mountain Pass Theorem

Using the Sobolev inequality this implies

C' + D||Vug| » > carlVurllf, — ACs|| Vg7, — ¢

and this shows that ||Vug||;, is bounded since otherwise p >
max{1, a} would lead to a contradiction. As p > 1 and Wol P(Q)
is reflexive, there exists u € Wy*(€2) and a subsequence uy, so
that

—u in Wol’p(Q).

ug,

To simplify notation let the subsequence be denoted by uy in the
following.

Pointwise almost everywhere convergence: The function
s — A(z, sP) is convex for all € Q and thus z — a(z, |2|P)|z[P 22
is monotone for all (z,z) € 2 x R" (see Lemmas 2.29 and 3.11).
Therefore
0 < A'(ug)(ugp — u) — A'(u) (ug, — )
= J' (ug) (ug — u) = J'(u) (ug — u) (3.7)
+ AN F (ug) (ug, — u) — X F(u)(ugp — u)

Now J'(uy) "2% 0 and (ux — u) is bounded in Wy (€2), so the
/
first term goes to 0 for £ — oco. Since J'(u) € (Wol’p(Q)> and

(ur, — u) — 0, the second term goes to 0.

By Theorem 2.28 there is a subsequence (which will still be
denoted by uy) so that uy converges to u in the L?-norm. Since

||f(x,uk(az))HLq%1 is bounded it follows that

k—o0

lim |F(ug)(u, — u)| < lim / | f (2, ug)||ug — u|dx
k—o0 Q

< lim || (@) o —

=0.
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3 Boundary Value Problem

limg_, 00 F(u)(ur —u) = 0 follows since ug converges to u in L9.
Combining these results with eq. (3.7) shows that

(a(m, \Vug|P) Vg P2V, —a(z, [Vul?) ]Vu|p_2Vu> (Vug—Vu)

(3.8)
converges to 0 in L' as k — oo since it is nonnegative. Af-
ter potentially passing to a subsequence again it converges to 0
pointwise almost everywhere (see A 1.10 in [2]). Continuity of

s+ a(x,sP)sP~! and strict monotonicity show that Vuy, koo
pointwise almost everywhere.

Uniform integrability: Let ¢ > 0 be arbitrary. It has been
shown that (3.8) converges to 0 in the L'-norm. This implies that
there is a ko € N so that the term (3.8) is smaller than or equal
to 5 for all k£ > kq.

This obviously holds also when integrating over arbitrary £ C
instead. Since there are only finitely many k € {0,1,..., ko — 1}
there is a 0 > 0 so that the integral of (3.8) over E is strictly
smaller than § for every measurable set £/ C 2 with |E| < §. The
growth conditions on a and the Holder inequality show that for
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3.6 Mountain Pass Theorem
any k and |E| < ¢ this implies
/Ea(:r,|Vuk|p)\Vuk|pda:
< g —i—/Ea(x, Vg P) [V P~ Vulda
+/Ea(x, IVulP)|VulP 2 Vu(Vug — Vu)dz

= % +/ (Cal V™' + Dy(2)) |Vulda
+/( Co| VuP™ 4 Dy )) Vg — Vu|dz
E
1
S 5 +C |Vugl%, (/ |Vu]pdx> +/ D (z)|Vuldz
E

p p—1
+||Vukvu||L,,(Q)</E (C’a|vu|p1+Da(x))P—ldx> v

p

The term (C’a]Vu\p_l + Da(x)) 7~ can be estimated from above
by

B = p T
2r—Tmax { CJ " |Vull,|Dg|?—T
which is an L!-function.

Since HVukHLp , IVuy, — Vu||;, are bounded, by potentially de-
creasing ¢

a(z, [VuglP) [ Vug|[Pde < 2 ¢
follows. Now

ca/ \Vuk|pd:c§/a(x,|Vuk]p)|Vuk|pd$+/ do(2)Vugdz
E

<2 ([ @) 7 1l

73



3 Boundary Value Problem

by the coercivity condition of a. After potentially decreasing ¢
again, this is smaller than €. The Vitali convergence theorem
thus shows that Vuy, — Vu in L? and uy — u in W, ?(Q).
!/
Since J' : WP (Q) — (Wol’p(Q)) is continuous in the norm
topology on VVO1 P it follows that
J'(u) = lim J'(uy) =0,
k—o0

and thus J satisfies the Palais-Smale compactness condition. [J

3.6.2 Mountain Pass Theorem

Theorem 3.45. Let S C Wol’p(Q) be closed and let its comple-
ment W(;Lp(Q) \ S have more than one connected component. Let
v, w be in distinct connected components of Wol’p(Q) \ S. Assume
J satisfies the Palais-Smale condition and

lltlelg J(s) > max{J(v), J(w)}.

Then there is a critical point u € Wol’p(Q) with

. -
J(u) = inf max J(p(t)) 2 inf J(v),

where

Ii={pe CO0, 1; W7 () ; 9(0) =0, p(1) =w}.

This theorem is a classical result in the calculus of variations
by Ambrosetti and Rabinowitz and also holds in general Banach
spaces and not just the restricted setting given here.

Proof. The theorem is proven by contradiction using either the
deformation lemma or Ekelands variational principle, a proof can
be found for example in [18], Theorem 5.7. O
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3.7 Existence of a Weak Mountain Pass Solution

3.7 Existence of a Weak Mountain Pass
Solution

Theorem 3.46. Let Assumption 1 hold and assume furthermore
that
CasP ™t — do(z) < a(z, sP)sP71,

for cq >0 and d, € L. Assume that there are ¥ > 0, a < p and

positive constants car, Car and L'-functions dar and Dag so
that

1
—A(z, sP) — da(x, sP)sP > caps? — dar(z) and
p

F(z,s) = 0f(x,s)s < Cars® + Dag(x).

Let Q1 C Q be an open set with positive measure so that

. . F(x,s
lim inf (z,5) =00
§—00 xEQ sp

Then there is a A9 > 0 so that for every A € (0,\o) there is a
mountain pass solution uy.

Proof. By the growth conditions for a sufficiently large d > 0 it
follows that inf,cg, A(u) > ¢ > 0 where

Sy = {u € WoP(); |Vl 1o = d}

and since F(u) is bounded on Sy it follows that inf,cg, J(u) > 0
for any A\ € (0, \g) and a sufficiently small A. The condition

. . F(z,s
lim inf M =00
8—00 e sP
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3 Boundary Value Problem

implies that for every d > 0 there is a function v with ||Vu||;, > d
so that J(u) < 0. Combined this shows that the functional has a
mountain pass geometry.

By Theorem 3.44 it satisfies the Palais-Smale compactness con-
dition, thus it has a mountain pass solution for any sufficiently

small . ]
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4 Radially Symmetric Solutions

4.1 Overview

This chapter lays the groundwork for the radial symmetry of
ground state solutions in Chapters 5 and 6.

Section 4.2 introduces the spaces of radially symmetric Sobolev
functions and shows the relationship between radially symmetric
weak solutions of (P) and the associated radially symmetric func-
tional. This formulation can be used to show existence of radially
symmetric solutions when it cannot be shown that solutions of (P)
have to be radially symmetric.

Section 4.3 introduces the ordinary differential equation belonging
to the radially symmetric formulation of the functional J.

Section 4.4 is based on the choice of test function in the proof of
Remark 4.1 in [8]. Using this regularity of radially symmetric so-
lutions and information about sgn(u’) and sgn(u”) is obtained.

Section 4.5 introduces the well-known symmetrization results.
It contains the main result of this section which is that if u
and the Schwarz symmetrization u* are critical points of J with
J(u) = J(u*) then u = u*. A similar result can be obtained from
Proposition 2.9 in [8], however the proof is very different. Unlike
that result it also allows f to depend on x and requires fewer
assumptions on a.
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4 Radially Symmetric Solutions
4.2 Radially Symmetric Formulation

Definition 4.1. A set Q C R" is called radially symmetric if
VeeQ,yeR" @ |z|=y = ye

A function f : Q — R on a radially symmetric set Q) is called
radially symmetric if

Va,ye Qo fzf =yl = f(z) = f(y).

Lemma 4.2. If Q) is a radially symmetric bounded domain with
Lipschitz boundary then € is either

o an annulus = Bpg,(0) \ Bg,(0) with Ry > R >0 or
o a ball Q = Br(0) with R > 0.

Proof. If Q0 C R™ is radially symmetric, then there is a set I C
[0, 00) so that
Q=JaB(0)
rel
where By(0) := {0} for simplicity of notation.
If Q is a bounded domain then I has to be a finite interval which

implies either 2 = Br(0) with R > 0, or Q = Bpg,(0) \ Bg,(0)
with 0 < R; < Rs.

The Lipschitz boundary rules out the possibility that = Bgr(0)\
{0} which concludes the proof. O

For a given 2 assume now that [ is the corresponding interval,

that is, for = Br(0) let I = (0, R) and for Q = Bg,(0) \ Bg, (0)
let I = (Rl,Rg).
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4.2 Radially Symmetric Formulation

4.2.1 Radially Symmetric Sobolev Functions

The statements about radially symmetric Sobolev spaces are a
simplified version of what can be found in [19]. That paper only
deals with the more interesting case 2 = Bg(0) since the case of
the annulus that is included here is comparatively trivial.

Definition 4.3. Let Q be a radially symmetric domain with
Lipschitz boundary.

rad

Whe(Q) =: {u € WhHP(Q); u is radially symmetm’c}

is the space of radially symmetric Sobolev functions.

Corollary 4.4. W:&Z(Q) is complete since any sequence has a
pointwise almost everywhere converging subsequence which shows
that radial symmetry is preserved in the limit.

Definition 4.5. For an open interval I using the norm
lullyre = llulle |+l

where )

_ P
Jully_, += 0B 0) ([ et
define the weighted Sobolev space
wie (I, tn—l)
= {u : 1 — R ; u has a weak derivative, ||ull;, 1., < oo}.
n—1
Remark 4.6. This norm is equivalent to the norm mentioned

in [19]. It was modified so that it is compatible with the WP norm
used in this paper, so the embedding is an isometric isomorphism.
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4 Radially Symmetric Solutions

Lemma 4.7. For any @ € WYP(I,t"~1) there is a function u €
C°((0, R]) or C°([R1, Ra]) (depending on whether Q is a ball or

an annulus) so that w = 4 almost everywhere in I.

Proof. In the case of an annulus this follows directly from Morrey’s
inequality and in the case of a ball it follows from Remark 2.1
in [19]. O

Lemma 4.8. For every radially symmetric function u(z) : @ — R
there is a function u(r) so that u(z) = u(|z|) for any z € Q. A
radially symmetric function u : Q — R is in WHP(Q) if and only
if the function @ is in WP (I,t"1).

Thus the spaces are isometrically isomorphic with ||ully1, =

[y,

Proof. The case of an annulus is trivial and the case of a ball
follows from Theorem 2.3 in [19]. O

Remark 4.9. For m > 1 the spaces W,V (Br(0)) and
WP ((0, R),t”_l) can be defined analogously and are generally
not isomorphic.

Definition 4.10. Let
Woha(S) = Wo(2) N W, 5(9),

and

Wo (0, ), ") = {u € WgP((0, R),¢"™) ; u(R) = 0}
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4.2 Radially Symmetric Formulation

in case of a ball and

Wy P ((Ry, Ry), 1" )
= {u € WoP ((Ry, R),t" 1) u(Ry) = u(Ry) = 0}

in case of an annulus with 0 < Ry < Rs. In both cases the norm
18

1
n— P
i, = 0B ) [ o)

This space is then isometrically isomorphic to WO1 P(€2). Since
every function in the space WO1 P(I,¢"~1) is continuous with the
possible exception of the point 0, the conditions u(R) = 0 and
u(R1) = u(R2) = 0 make sense.

Remark 4.11. In the case of an annulus Wol’p(l,t"_l) is iso-
metrically isomorphic to Wol’p(I).

The situation is different in the case of a ball Q@ = Br(0). The term
"L allows the function u(|z|) in Wol’p(ﬂ) to have a singularity
at the origin which implies that for any function u € WP((0, R))
the function u(|z|) is in WHP(Q), but not vice versa. The function
v(z) = u(|z]) = |z|2 is in WEP(Bg(0)) with Br(0) C R?, but
u(r) is not in WHP((0, R)).

Definition 4.12. Let v € C3°(2), then @ shall refer to the
spherical average defined as

u(r) == u(zr)do = ! u( X (r
)= f o = g [ w0 @(o)is

with X as in Definition 2.30 and

n—2
®(¢) = ] sin™ ().
=1
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4 Radially Symmetric Solutions

The following lemma is not a complete characterization of the
properties of the spherical average, but rather a simple way to
obtain the necessary information needed here.

Lemma 4.13. If u € C§°(BRr(0)) then @ is in

CH([0, B]) = {v € C'([0, R]);v/(0) = 0,0(R) = 0}

Proof. By the bounded convergence theorem the uniform bound-
edness of u(X(r,¢)) and all its derivatives implies that @ is differ-
entiable for r € (0, R) with

) = [ | (Gucxeon)e@do. @)

With the derivative d%u(X(r, #)) = (Vu)(X(r,¢)) - X(1,¢) and
4 X(r,¢) = &E:i;‘ = X (1, ¢) =: 7 being the outer unit normal
vector, the transformation formula shows that

s,
—_— Vu(z) - ndo
,r.nflsni1 8BT(O) ( )

is continuous in (0, R]. Using the theorem of Gaufi shows

'(r) =

1
'(r)| = / Au(x)dx
v = Sn-1 JB,(0) @
1 n rl0
< mig B0 Aulgo —= 0.

Thus @ is continuously differentiable on [0, R] with 4/(0) = 0.

Since u has a compact support in Q, there is a R < R so that
u(x) = 0 for |x| > R. This implies by definition that @(r) = 0 for
r > R and thus 4(R) = 0. O
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4.2 Radially Symmetric Formulation

Lemma 4.14. The space C1([0, R]) is dense in W, P ((0,R), " 1).

Proof. Let @ € Wy*((0, R), "), then the function u(z) = @(|x|)
is in Wol’p(BR(O)). For any € > 0 there is a v € C§°(Bg(0)) with
lu —v|ly1p < e. Let 0(r, ¢) = v(X(r,¢)) and 9(r) as in eq. (4.1).
Then by Lemma 4.13 % € C}([0, R]) and this is obviously a subset
of WP ((0, R),t"1).

1
Sn—l

NIT
(| UHLZ4

R
— / rn—l
0

R
= [ g [, @) a0

_ /OR 1 ﬁBT(O) (u(z) — v(x)) do

Using the integral formulation of Jensens inequality (see U2.9
in [2]) for the convex function |-|” this is smaller than or equal to

R
/ rn_lj[ lu(z) — v(x)Pdodr
0 8B, (0)

which is equal to g=—||u — v]|], and thus

p

1
dr

Sn—l

u(r) —

/ 3(r, 6)B(0)do
Ay

P
dr

p
dr.

=l < llu—vlf,.
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4 Radially Symmetric Solutions

Repeating this for the derivatives shows

1

W=
Sn n—1
R’ 1 d P
:/ / (& (r) = —-(r, ) (¢)de| dr
0 n—1 Al T
R 1 )
- /0 /A (Vu(X(r,¢))=Vv(X(r, 9))) - i®(¢)dg)| dr
1
R P
— [ (Vu(z) — Vo(z)) - fido| dr
0 0B, (0)
/ . 1][ [Vu(@) = Vo(z) Pdodr
dB-(0
— Sni — VUHLP(BR(O))'
Thus
la— ol < llu—vly, <e
and this shows that C} is dense in Wol’p((O, R), tn—l). ¥

4.2.2 Radially Symmetric Functional

Generally, to have radially symmetric solutions the problem has to
be radially symmetric. Since the formulation is already symmetric
in Vu the remaining requirement is that |z| = |y| has to imply
A(z,s) = A(y, s) (analogously for a, F' and f).

To avoid further complicating the notation with the introduction
of functions A(|z|,s) = A(x, s) it will be assumed in this chapter
that the original problem is reformulated in the form A(|z|,s)
and correspondingly for a, F' and f.
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4.2 Radially Symmetric Formulation

Lemma 4.15. Let u,v € W2 (Q), @(|z]) = u(z) and 9(|z]) =
v(x). Define

(@) = Snr /I pn-1 (1A(r, i (r)?) — )\F(r,ﬁ(r))) dr. (4.2)

p

Then J(u) = J.(@) and J, : WyP(I,t"1) is well-defined and
Frechét differentiable with

B0 = Suea [ 7 alr i) @55 = Af(r2)0) dr
and J'(u)(v) = J.(4)0.

Proof. Using Vu(z) = a’(|x|)|ﬁ—| which implies Vu(X(r,¢)) =
4a(r)X(1,¢) and |Vu(X(r,¢))| = |@'(r)| it follows that
J(u)

/ L A(jal, [Vul?) = AF (|2, u(x))d

/Rl " /A< = AF(r, () ) (@) dodr
_</R - 1<;A(r,| (M) =AF(r, ()))dr) (/Alcb(qs)d(ﬁ>

R , i
=10B1(0)] . 1 (pA(r, |t (r)|p) — )\F(r,u(r))) dr

:Jr(ﬂ)
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4 Radially Symmetric Solutions

and using Vu(z) - Vu(z) = @/(|z|)0'(|x]) it follows that

J'(u)(v)
/ a(|z|, \Vu|p)\Vu|p_2Vu Vo = A (|z|, u(z))dx

= [ / P2 )5 () <A 50500 | e
R1 A

= J’
which proves the theorem. O

Proposition 4.16. The function u(z) € Wol,’fad(Q) is a critical
point of J if and only if 4 with @(|x|) = u(x) solves 0 = J(a)v
for any v € CR(I).

Proof. If u is a critical point of J, then J'(u)(v ) = 0 for any
function v € Wol’p(Q). This includes v € W0 P (Q) which
by Lemma 4.15 shows J.(@)(?) = J'(u)v = 0 for any v €
W, P((Ry, R),t"1). Thus @ is a critical point of .J,.

On the other hand, if J(@)(7) = 0 for any © € WP ((Ry, R), ")
then J'(u)(v) = 0 for any v € Wolfad(BR(O)) which a priori is not
enough to show that w is a critical point of J.

Let now u € Wl’p () and v € C{)’O(Q) Then Vu = a/(r)X (1, ¢)
and Vu-Vv =1 ( ) Lu(X (r, ¢)) since Lo(X(r,¢)) = Vv-X (1, ¢).
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4.3 Ordinary Differential Equation

This implies

where ¥ is the symmetrization of v as in Definition 4.12. This
implies © € Wy ((Ry, R),t"") and J'(u)v = J.(@)d = 0 using
Lemma 4.14 which proves the theorem. O

4.3 Ordinary Differential Equation

In Proposition 4.16 it has been shown that a radially symmetric
function u(|z|) is a critical point of J if and only if u(r) is a critical
point of J,. Critical points of J are weak solutions of (P) and,
similarly, critical points of J, are weak solutions of an ordinary
differential equation.

Proposition 4.17. If u is a critical point of J, and %%A(m, sP)
exists, then in any neighbourhood where u is twice continuously

differentiable and r > 0 it satisfies the second order differential
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4 Radially Symmetric Solutions

equation

— Af(r,u)
—_— (a(r, [W/|P)(p — 1) + as(r, |U,\p)P|U,{p> i (4.3)

b o) )

At points where %%A(w, sp)s > 0 this is equivalent to

=[v’|

(el P a0 ) P () = A ()
u' = . (4.4)
(alr [P (p = 1) + as(r, [/ P)ple ) ' 2

Proof. Let I} C I be an interval where v is twice continuously
differentiable. Integration by parts shows that for any v € C§°([)
Jy(u)v = 0 is equivalent to

0= / (—;i (rtar |/ [P) /[P~ 2u") = et u)) vdr
I

and using the fundamental lemma of calculus this shows

(e [P PR = e ),
Thus
— Af(r,u)
= (e ) )

= u//(a(r, ’u"p)(p _ 1) + as(r, ’ul‘p)p’u,‘p) ’u/‘p_2

n—1

+a, (T7 |ul|p)|ul|p72u' + a(r, |u,|p)|u/|p72ul.
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4.3 Ordinary Differential Equation

If /(r) # 0 then

d? /1

(alr, [0 P) 0 = D+anlr o)l ) = 35 (S Asn)| >0

s=|u|

and rearranging the equation and dividing by that term shows
eq. (4.4). O

Corollary 4.18 (Weak solution on an annulus). If [Ry, Ra] C
(0,00) and u € C*((R1, R2)) N CY([R1, Ra]) is a nonnegative so-
lution of eq. (4.3), then u is a critical point of J,.

Lemma 4.19 (Weak solution on a ball). Let u > 0 be a classical
solution of eq. (4.3) in (0, R) with u(R) =0 and

tim ([ (7)) o ()" = 0.
Then u is a critical point of J,.
Proof. Let v € CL([0, R]), then
Iy () (v)
R 2
= / et (a(|u'\p)|u'|p7 u'v" — Nf(r, u)v) dr
0

R
= lim < rn_la(|u'|p)]u"p_2u’v}
r=s

/f(ni (e ) ') 2 ) “”“)

= lim (=" "a(|u/(s)[") |/ ()"0 (s)0(s) )

_l’_
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4 Radially Symmetric Solutions
4.4 Regularity, Monotonicity and Curvature

Lemma 4.20. If t"~Lf(t,u(t)) is integrable on [ro, R] then

1 T
e / " (t, u(t))dt (4.5)
r o
is continuous on (ro, R]. If f(t,u(t)) is integrable on [ro, R] then
the mapping given by (4.5) is continuous on [ro, R].

If f(r,u(t)) is continuous on [ro, R] then the mapping given is
continuously differentiable for any r > rg > 0.

Proof. Continuity for » > 0 follows from standard Lebesgue
integration theory. If ro = 0 and f(¢,v(t)) is integrable then
continuity in 7 = 0 follows from the continuity of [; | f(t, u(t))|dt
inr =0 by

T

S [ et —of < i [l = o

Let now f(r,u(r)) be continuous. For r > r( it follows that

i (e [ st

T0

= f(ryu(r)) — n;l /T £ f(t, u(t))dt.

T0
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4.4 Regularity, Monotonicity and Curvature

If ro > 0 the limit for r — rg is f(ro,u(ro)). If ro = 0 then

in ' " (¢, u(t))dt
™ Jo
- Tt”‘lf(O u(0))dt

+/ t" L (f(t,u(t)) — £(0,u(0))) dt
0. + = [T (i (kute) — 0. u0))at
and the absolute value of the integral in the last equation is

bounded from above by max¢(o, [ f (¢, u(t)) — f(0,u(0))| which
goes to 0 for » — 0 because f(t,u(t)) is continuous at 0.

Thus
ti 2 (o [ u@)dt) = £0,00) ~ BLF0,0(0)

The following lemma uses the idea from Remark 4.10 in [8] for
the test function.

Lemma 4.21. Let Q and J be radially symmetric and u(|x|) a
radially symmetric weak solution.

If Q@ = Br(0) then there is a set N of Lebesque measure 0 so that

" Lafr, o () o ()P0 ) = 1 " u(t))de
0
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4 Radially Symmetric Solutions

for every r € [0, R] \ N.
IfQ = BR2 (0) \BR1 (0) then

)\/T1 (e, u(r))dr

70

=g a(ro, [/ (ro) ") (ro) [P~/ (ro)
— P Ya(ry, [u/ () [P) [ (r) [P (1)

for every ro,r1 € [R1, R2] \ N.

Proof. Let
1 ifr <rg—ce,
Proe(r) =4 5= (ro+e—r)  ifre(ro—ero+e),
0 ifr >rg+e,

with rg € (0, R) and £ > 0 so that [rg —e,ro+¢] C (0, R). @y is
absolutely continuous with bounded derivatives and therefore it is

in W1°°((0,R)). u is a weak solution and ¢,, - is an admissible
test function which implies

R
[ et PP e
0

R
= /\/ rn_lf(r7 u)@ro,e(r)dr'
0
With

R
[t P
0

ro+e 9
- / " a(r, | P | [P (—216) dr
T

0—¢€
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4.4 Regularity, Monotonicity and Curvature

the Lebesgue differentiation theorem (see [16]) shows that

1 ro+e _9
lim — / —r"La(r, | |P) | [P dr
e=02¢ [, —e (4.6)

- 77061—1@(%’ |u'(r0)|p) !u'(ro)]p72u'(ro)
for almost every 79 € (0, R) and thus
—r”fla(r, |u’(r)\p)|u'(r)]p_2u’(r) = )\/ " (t u(t))dt (4.7)
0

for almost every r € [0, R]. By slightly modifying the test function
to

1 ifrelro+e,mr —e¢l,
ro—e _ 1 : _
e (B el
e - o if r € (ry —e,r1 +el,

0 ifr<rg—cecorr>rH+e,

the same argumentation can be applied to the annulus. There
is a set N of measure 0 so that the limit in eq. (4.6) exists for
any r € [0, R] \ N. For any ro,r; € [Ry, Rg] \ N with 7o < r it
follows that

/\/7‘1 " (r,u(r))dr

To

= 1§ a(ro, |u (ro) ")t (r0) [P~ (o)

— T Ya(ry, [ (r) [P) | (r) P2 ().

(4.8)

This is still true if 79 > 71 so eq. (4.8) holds for any rg,r €
[Rl, RQ] \ N. O
Assumption 2. Q is radially symmetric, a(z,s) = a(s) and f

has the form f(|x|,s).
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4 Radially Symmetric Solutions

Theorem 4.22. Given Assumption 1 on page 42 and Assump-
tion 2, any radially symmetric weak solution u(|z|) € WP () is

in C1(Q\ {0}).
If @ = Bgr(0) and f(r,u(r)) is integrable on [0, R] then u is

continuously differentiable at the origin with u'(0) =

Proof. The function s — a(|s|”)|s|’~%s is strictly increasing and
continuous on R with limg_ . a(\s\p)]s]p_Qs = 0, therefore there
exists a strictly increasing and continuous inverse function b :

[0, 00) — [0, 00) with b(0) = 0.

In case Q = Bg(0) by eq. (4.7) implies that the equation

_(r) = b (1)\ /O " f(t,u(t))dt) (4.9)

holds almost everywhere in [0, R]. The right-hand side of eq. (4.9)
is continuous in (0, R] which implies that «’ can be modified on a
set of measure 0 so that the equation holds everywhere in (0, R].
Since u is absolutely continuous and «’ is now continuous in (0, R]
it follows that u is continuously differentiable in (0, R].

If f(r,u(r)) is integrable then it has been shown that the right-
hand side is continuous in 0 with limit 0 which implies continuity
of ¥/ in r = 0 with «/(0) = 0.

If Q = Bg,(0)\ Bg, (0) then by eq. (4.21) for any ro,r € [R1, Ra]\
N it follows that

= () = b{ =1 (o)) o o) o)

+ Tnll)\/r tnflf(t, u(t))dt). (4.10)
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4.4 Regularity, Monotonicity and Curvature

For a fixed rg the right-hand side is continuous for any r € [R1, Rs]
and thus «’ can be modified on a set of measure 0 so the identity
holds for every r € [Ry, Ra]. As before this implies implies that u
is continuously differentiable on [Ry, Ra]. O

Theorem 4.23. Let Assumption 1 on page 42 and Assumption 2
hold and assume that f(r,s) > 0 for s > 0 and u is a nonnegative,
nontrivial weak solution.

If Q = Br(0) then u/(r) <0 in (0, R] and u(r) > 0 in [0, R).

If Q = Bg,(0) \ Bg,(0) then there is a unique point r1 € (R1, R2)
so that v'(r1) = 0 and ¥/ (r) > 0 in (R1,r1) and v'(r) > 0 in
(7“1, RQ).

Proof. Let @ = Bgr(0). Then by eq. (4.9) and f(r,s) > 0 for
s > 0 it follows that «/(r) < 0. lim,jou(r) € (0,00] since u is
nontrivial and thus »" =1 f(r,u(r)) > 0 in a small neighbourhood
of 0. This implies that the right-hand side of eq. (4.7) is positive
for every r € (0, R] and thus «/(r) < 0 in (0, R] and u(r) > 0 in
[0, R).

If Q = Bg,(0) \ Bg,(0) the function u has to have a maximum
u(r) > 0 which implies v/(r) = 0. Let r; be that maximum.
Equation (4.8) implies that for any ro € [R1, R2]

r{}_la(rm \u’(ro)|p)\U’(To)\p_QU’(To) = )\/rl " (o, u(r))dr.

T0

Since u(ry) > 0 and f(r1,u(r1)) > 0 this implies «/(r) > 0 for
any r < 11 and u/(r) < 0 for any r > rq. O
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4 Radially Symmetric Solutions

Theorem 4.24. Let Assumption 1 on page 42 and Assumption 2
hold and assume that A(sp) > 0 in x(0,00), f(r,s) >0 for
s> 0 and that u is a nonnegatwe, nontrivial weak solution. Let
rg >0 be in I.

o Ifu'(rg) # 0 then u is twice continuously differentiable in a
neighbourhood of rq.

o Ifu'(rg) =0 and (%%A(s@) =0 then

s=0

lim u"(r) = —oo0.
=70

o Ifu'(rg) =0 and ( A(Sp))‘ o € (0,00) then u is twice

continuously differentiable in ro with u” (rg) € (0, —00).

o If u'(r9) = 0 and limgg (%%A(SP)) = oo then u is twice

continuously differentiable in ro with u”(ro) = 0.

Proof. 75 d A(sp ) > 0 for s > 0 implies that b(s) is continuously
dlfferentlable for s # 0. Thus, if u/(r) # 0, the argument of b in
eq. (4.9) in case of a ball (and eq. (4.10) in case of an annulus) is
not zero and thus the right-hand side is continuously differentiable,
which implies that «’ is continuously differentiable.

Let now u/(rg) = 0. If 7o = 0 then u is bounded and the right-
hand side of eq. (4.7) is also continuously differentiable in r = 0.
Thus the left-hand side is continuously differentiable and the
derivative

d2

—ﬁfA (sP) u” () (4.11)

s s=lu'(r)]
at ro = 0 has to be equal to 1 f(0,u(0)) which is positive. The
result now follows directly from the fact that the term (4.11) has
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4.4 Regularity, Monotonicity and Curvature

to be positive for r — ry. The argument for the annulus and the
point r¢ with «/(r9) = 0 is identical. O

Proposition 4.25. Let Assumptions 1 and 2 on page 42 and
page 93 hold and assume furthermore that f(x,s) > 0 for s >0
and f(R,0) =0.

Let Q = Bpr(0), f(R,0) = 0 and u(|z|) be a nontrivial, non-
negative and bounded weak solution. Then u(r) is concave in a
neighbourhood of 0 and convex in a neighbourhood of R.

Let Q = Bg,(0) \ Bgr,(0), f(R2,0) =0 and u(|z|) be a nontrivial,
nonnegative and bounded weak solution. Then there is an rg €
(R1, R2) with u'(rg) = 0 so that u is concave in (Ry, o] and convex
in a neighbourhood of Ro.

Proof. In case of a ball the derivative of the right-hand side of
eq. (4.7) is positive for r > 0 sufficiently close to 0 which implies
that u” < 0 in a neighbourhood of 0, but possibly not at 0.

Since v/(R) < 0 and f(R,u(R)) = f(R,0) = 0 the enumerator in
the right hand side of eq. (4.4) is positive which shows that u is
convex in a neighbourhood of R.

This also holds in the case of an annulus at Ry. Since /(1) >

in (Ry,79) the enumerator in the right hand side of eq. (4.4)
negative which shows strict concavity in [Ry,71] with o (7’1) =
0. O
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4 Radially Symmetric Solutions
4.5 Symmetrization Methods

4.5.1 Lopes symmetrization

The origin of the following method is [35], although uniqueness
and not regularity was used to prove symmetry. The modifica-
tion using regularity that is presented here is certainly not new,
however I am not aware of the exact origin.

Theorem 4.26 (Lopes). Let Q be a ball or an annulus, let J
be radially symmetric (a(x,s) can depend on |x| here) and every
critical point of J(u) be continuously differentiable. Then any
minimizer u € Wol P(Q) has to be radially symmetric.

Proof. By picking an arbitrary hyperplane T' through 0 there are
two open and disjoint sets so that Q = Qy UT U Qs.

T has Lebesgue measure 0 so the functional is the sum of the
integral on {27 and on 2y. Without loss of generality assume that
the integral over )y is less than or equal to the integral over .
Taking v on €2 and reflecting it at T leads to a new function
i € WyP(€) (see Corollary 2.21) so that J (@) < J(u). Since
u is already the minimizer this implies equality and # also has
to be a critical point. By the assumption on regularity @ has
to be continuously differentiable as well. Let now x € Q and T
be a hyperplane going through 0 and x. The regularity of the
mirrored function implies that the directional derivative of u in
the normal direction of the hyperplane has to be 0. By rotating
the hyperplane around the line through 0 and x it implies that
Vu(z) is parallel to x.
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4.5 Symmetrization Methods

Consider the great circle that is given by T'N 0B, (0). Let
7 :10,1] = T'NOBy,(0) be a parameterization of that great circle
so that ~y is bijective on [0,1) and v(0) = ~(1).

Then 4u(v(t)) = Vu(v(t)) - 7/(t) and because Vu is normal to
0B,;(0) while 4/(t) is tangential to it, this has to be 0 every-
where. Thus w is constant on any great circle which proves radial
symmetry. [

4.5.2 Moving Plane Method

Let Q@ C R" be a bounded domain with sufficiently smooth
boundary, v € R™ be a unit vector and T, the hyperplane with
YT =a.

Starting with « large enough so that T,, N Q) = () the hyperplane
is moved until it touches 9 at ag. By moving it further and
designating ¥(a)) C €2 the part of 2 that has now been traversed
by T,, and ¥'(«) the reflection of ¥(«) at Ty, the smooth boundary
of Q shows that ¥'(a) C Q if T,, is not moved too far.

Let ay be the first (and thus largest) a where either T}, is orthog-
onal to 99 or ¥'(«) is tangent to 9.

Theorem 4.27 (Gidas, Ni & Nirenberg). Let u € C*(Q N {z1 >
ar}) withuw =0 on 0QN{z1 > a1} and u > 0 in Q a solution of

F(z,u,up, ..., U, U1, U12, - - -, Upp) = 0.
Let F € CH(Q x (0,00) x R™ x R™*™) with M >m > 0 so that

MIEP > Fy 665 > mlé]? VEER™,
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4 Radially Symmetric Solutions

Let v = (1,0,...,0) and assume further that for all oy < a < v,
z € ¥(a) and z® the reflection of x at Ty, u > 0, p1 < 0 and
arbitrary po with o > 1 and p;; with i,j > 2 the inequality

F(CEQ,’U,, —P1,P25---3Pk, P11, —Play - - - apﬂ’y) > F($’u7pl)paapij)
holds.

Let the function g(x) = F(z,0,...,0) satisfy either g(x) > 0 for
all x or g(z) <0 for all x on 02 N{z1 > A\ }.

For every a € (a1,ap) and z € X(«) it follows that ug, () < 0
and u(z) < u(x®). u has to be symmetric in Ty, if ug, () =0 at
a point v € QNTYy,.

Proof. See Theorem 2.1’ in [22]: O

Theorem 4.28. Let a(r,s) = a(s), r — f(r,u) be nonincreasing,
u be a bounded weak solution of eq. (4.3) and %%A(m, sP) >0 in
Q x [0,00). Let u(ro) = max,c(g, g,) u(r).

For any h € (0,u(ro)) there are exactly two points ri,rs € (R1, R2)
with 1 < ro so that u(r1) = u(re) = h and in that case u'(r1) >
|/ (r9)| and ro < %

+
If f does not depend on r then ro < =572,

Proof. The one-dimensional differential equation (4.3) on [R1, Rs]
with [Ry, Ra] C (0,00) can be written as

0 éF(ﬂv,u,u',u")
= (a([/[")(p = 1) + ag (| ") ple ") [ [

+ a0 A ().
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4.5 Symmetrization Methods

Then F,,; = %%A(m,s”) and since u € C%([Ry, Rs]) and v’ is
bounded there are c. and C, so that 0 < c. < F,; < C, for the
relevant values.

The term F(r%, u, —p1,p11) is equal to
pu (a([prP) (p = 1) + ag(Ip1 ) plpa[?) |p2 [P~

n—1 _ o
+ a1 ) a7 (=p1) + AF(r ).

Using that

n— n—1

1 _ _
- allp ) e l” ’(-p1) > 0> a(Ip[”) [P~y

since p; < 0, and that A\f(r®*,u) > Af(r,u) since r® < r, it follows
that
F(r*, u, —p1,p11) = F(r,u,p1,p11)-

Theorem 4.23 shows that there are exactly two points so that
u(r1) = u(r2) = h. In order to use Theorem 4.27 u is supposed
to be zero on the boundary points, but no condition is given for
u > f(r,u). Therefore it is possible to replace f with f(r,u + h)
and u with v — h and since v —h > 0 in (r1, r2) the moving plane
method is applicable. The hyperplane (which is just a point here)
can be moved to r3 1= HEr2,

As a direct consequence, u(r; +71) > u(ry —r) for any r €
[0, 25"1] and therefore 1o < 23 Since u(r1) = u(rz) it can be
further deduced that

u(ry +7r) —u(ry)

u'(r1) = lim

rl0 r
> lim u(re —r) — u(re)
rl0 r
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4 Radially Symmetric Solutions

If f does not depend on r and ry = % then Theorem 4.27 states
that u is symmetric about ry which implies that u/(r2) = —u/(r1)
and u”(rg) = u”(r1). Looking at Eq. (4.4) this implies that

0< 2=

(@l Dl P2 )

n—1

_ (allul (ra) Dl (r2) P2 (r2)

T2

<0

which is a contradiction and therefore rg < % O

There are extensions to the p-Laplace equation and there are
extensions to the setting considered here, however it requires
knowledge of the set

{z € Q; Vu =0}

which is generally not available. In case of the p-Laplace equa-
tion [14] can show that the method works for v = ¢ on 00
provided ¢ has a certain strict monotonicity. [14] shows a moving
plane method for the p-Laplace in case 1 < p < 2. [15] shows this
for p > 2. Those results also require a priori knowledge that the
solutions are C! which excludes cases similar to Theorem 5.1 or
Theorem 6.3 where none of the regularity theorems can guarantee
C'-regularity for solutions that are not radially symmetric.

4.5.3 Schwarz Symmetrization

An overview of the method of Schwarz symmetrization can be
found in [26].
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4.5 Symmetrization Methods

Let Q ¢ RY be bounded and u : @ ¢ R¥ — R a nonnegative
function. Let Q* = Bg(0) so that |Q2] = |Bgr(0)|. Define E; to be
the superlevel sets of u

B ={zeQu@)>t}, ()= B

with |Fy| being the Lebesgue measure of Ej.

Definition 4.29. The Schwarz symmetrization of u, also

called spherically symmetric decreasing rearrangement, is
defined by

u*(z) = sup {t > 0; u(t) > a(n)|z["}

with a(n) = |B1(0)].

Theorem 4.30. 1. The function u* is radially symmetric and
monotone decreasing in the radial direction and measurable.

2. u* and u are equimeasurable, meaning their superlevel
sets have the same measure: |E;| = |Ef|.

3. Symmetrization is idempotent: (u*)* = u*.

4. Symmetrization is invariant under translation:

VeeR : (u(z+c)" =u*(z).

5. Symmetrization is invariant under scaling:

(tu)*(z) = t(u*(x)) for anyt > 0.

Proof. These are standard results and follow directly from the
definition. O

103



4 Radially Symmetric Solutions

The following theorem follows from Corollary 5.2 in [25] and
generalizes the well-known statement that [, f(u(x))dz does not
change under symmetrization. The equality condition is from
Theorem 6.1 in [24].

Theorem 4.31 (Hajaiej). If f: [0,00) x [0,00) — R so that the
conditions in Assumption 1 on page 42 hold and r — f(r,s) is
nonincreasing and nonnegative for almost every s > 0, then

/BR(O) F(|x|,u(x))dz S/ F(|z|,u"(z))dx

Br(0)

for any nonnegative u € Wol’p(Q).

If r — f(r,s) is strictly decreasing for almost every s > 0 then
equality implies that u = u*.

Theorem 4.32 (Generalised Pélya-Szeg6-inequality). Let A :
[0,00) — [0,00) be strictly convex with A(0) = 0. Then for
any nonnegative, weakly differentiable function u : R™ — R with
compact support the function u* is also weakly differentiable and

/n A(|Vu*|)dx < /]R" A(|Vul)dz. (4.12)

If, furthermore, the set
{z e R"; Vu*(z) =0 and u*(x) ¢ {0, [[u”|| }}

has Lebesgue measure 0 (with ||u*|| . < o) then equality in (4.12)
implies that u* is almost everywhere equal to a translate of u.
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4.5 Symmetrization Methods

This theorem is a generalised version of the Pélya-Szeg6 inequality.
The case of equality in the Pélya-Szeg6 inequality was first studied
by Kawohl in [26]. A version for C? functions with stricter
regularity assumptions in the equality case was shown in [9], while
this general form was shown by Cianchi and Fusco in [12], see
Theorems 1.4 and 1.5. As a consequence u € WOI P(Br(0)) implies
that u* € WyP(Bg(0)).

Remark 4.33. It can be easily seen that if u* is a critical point
then it has to be strictly decreasing if f(x,s) >0 for s >0 and
u* is absolutely continuous since u* € Wol’p. However this is not

enough to show that
{z e R Vu'(z) =0 and v (x) ¢ {0, [u"]|}}

has Lebesgue measure 0.

While the set of critical values has to have Lebesque measure
0 by the theorem of Morse-Sard for any Wol’p([O, R])-function
with p > 1 (see [17]), the same is not true for the set of critical
points. This is obvious for constant functions, but even for strictly
decreasing absolutely continuous functions the set of critical points
can have positive measure.

[47] shows the existence of a strictly increasing and absolutely
continuous function f whose inverse function is not absolutely
continuous by showing that the set of critical points of f has
positive Lebesgue measure.

Theorem 4.34. Let Assumptions 1 and 2 on page 42 and on
page 93 hold and assume that f(r,s) > 0 for every (r,s) € [0, R] x
(0,00) and that r — f(r,s) is nonincreasing for every s > 0.

If w and the Schwarz symmetrization u* are critical points of (P)

with J(u) = J(u*) and Q = Bgr(0) then u = u*.
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4 Radially Symmetric Solutions

Proof. By Theorems 4.31 and 4.32 it follows that J(u*) < J(u)
by assumption equality implies the equality case in both theorems.
By Theorem 4.23 it follows that Vu* # 0 unless x = 0 and
u* > 0 in Br(0). By Theorem 4.32 it follows that v = u* up
to translation but with «* > 0 in Br(0) and v = u* = 0 on
0Br(0) O]

Remark 4.35. This a similar result to Proposition 2.1 in [8]
which states that if u and u* are solutions of (P) and

/ a(|Vu|P)|VulPdx = / a(|Vul?)|VulPdz
t1<u<ts t1<u*<to

with a and f independent of x and several additional condition
assumed to hold for a, then u is equal to u* up to translation.

If w and u* are critical points then J'(u)u =0 and J' (u*)u* =0
and since

/ f(uw)udz = / fu*)u*dz (4.13)
Q Q
it follows that
/ a(|Vu|P)|VulPdx = / a(|Vul?)|VulPdz
0<u<oo 0<u*<oo
and thus u = u*.

This does not work if f depends on = since equality in (4.13) is
no longer guaranteed and it seems unclear if the condition can be
recovered from J(u) = J(u*).

This application seems to be new as usually uniqueness of solutions
is used to show radial symmetry via Schwarz symmetrization.
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5 Minimizers

In this chapter existence of solutions is shown by using the direct
method in the calculus of variations. In all cases considered
here the existence of radially symmetric solutions is trivial and
those solutions can be found by studying the functional (4.2)
directly. A more interesting question is whether the ground state
solutions of (P) (i.e. the solutions that minimize the energy among
nontrivial and nonnegative solutions) are radially symmetric.

The main results in this chapter will show two different ways to
prove radial symmetry of ground state solutions.

In the cases considered here uniqueness of solutions can only occur
under additional constraints, such as among positive minimizers
or among C? ground state solutions. In general there seem to be
no uniqueness results of sufficient generality for this framework.

For example, [39] shows the existence of at least 3 solutions in a
setting that is compatible with Theorem 5.1. Theorem 3.15 in [41]
shows the existence of an infinite sequence of positive solutions in
a setting that is compatible with Theorem 5.1.

Example 7.6 demonstrates the existence of two classical solutions
in the settings of Theorems 3.46 and 5.3.

This shows that there can be no uniqueness result without signifi-
cant additional restrictions on the admissible problems.
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5 Minimizers

5.1 Existence and Symmetry for a Coercive
Functional

Theorem 5.1. Let Assumption 1 on page 42 hold and assume
there are c4 > 0 and da € L' () so that

casP —da(z) < %A(x,sp)

in Q x [0,00). Assume that for any ¢ > 0 there is a Dp € L' such
that
|F(z,s)| <e|s|’ + Dp(z)

in Q x [0,00).

o If there z's a nonnegative function w € W&’p(ﬂ) so that
Jo F( ))dz > 0 and either f(x,0) =0 or f(z,s) >0
for s > 0 then for any XA > 0 the functional has a ground
state solution uy € Wol’p(Q) with

lim inf [juy||;, > 0 and lim J(uy) = —oc.
A—00 A—00

o If additionally Q = Bgr(0), a(x,s) = a(s), x — F(x,s) is
radially symmetric and nonincreasing in the radial direction
and f(x,s) >0 in Q x (0,00) then uy is radially symmetric
with vy = uy.

Proof. o The function f can be modified according to Section 3.4
which implies that any minimizer obtained for the modified func-
tional has to be nonnegative. As a nonnegative critical point it
will also be a critical point of the original functional (although
no longer necessarily a local or global minimizer). Thus it can be
assumed that minimizers are nonnegative.
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5.1 Existence and Symmetry for a Coercive Functional

€ can be chosen so that ¢4 — Ae Cg > 0 which implies that

J(u) = callVullZy = ldallpn = A€ lullze + [ Drll 1)
> (ca = ACse) [Vulll, = lldallpr = M Dl

goes to infinity for ||Vul|;, — co. The functional is therefore coer-
cive and has a bounded minimizing sequence {u};cny C W, P ().
Since p > 1 there is a weakly converging subsequence ug, — u) €
VVO1 P(€2). The functional is weakly lower semicontinuous which
implies

J(uy) < lim J(ug,) = inf  J(v)

l—o0 ,UGWOLP(Q)

and thus u) is minimizer of J and a critical point.

No condition has been specified to exclude trivial minimizers
for a given A. Following an argument from [41] it will now
be shown that A — F(u)) is nondecreasing which implies that
liminfy_,o [Jual|;» > 0. First limy_,o J(uy) = —o0 since

I(ur) < J(w) £ CallVullly + |Dall s = X [ Flaw)do
Q

and this goes to —oo for A — co. Let now A\; < Ay and uy, and uy,
be the respective global minima. Assume that F(uy,) < F(uy,),
the function uy, is the minimizer for A\; which implies that

A(uh) -\ ‘7:(“/\2) > A(UAI) — A1 ]:(UM)'
Using this and the assumption F(uy,) < F(uy,), it follows that

Aun,) — A2 Funy) = Alun,) — At Flun,) — (A2 — A1) Fluy,)
(ur,) = At F(un,) = (A2 — A1) Fluy,)
(ur,) — A2 F(uy,)

V

A
A
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5 Minimizers

This contradicts the fact that uy, should be the minimizer for .
Thus the assumption is false and F(uy) is nondecreasing in .

If there were a sequence limy_,oo Ay, = 00 with limy_,o [Jun, [/,
0 it would follow that limy_,. F(uy,) = 0 by continuity of F.
This has been shown to be false which implies

lim inf 0.
im in luxllpe >

o In this case Schwarz symmetrization implies that J(u}) =
J(uy) since uy is a global minimizer (of the potentially modified
functional) and therefore u} is also a minimizer and a critical
point of the functional.

Theorem 4.23 implies Vu3(x) # 0 unless = 0. By Theorem 4.32
this implies u} = uy up to translation. The boundary condition
and u} > 0 in Bg(0) exclude the possibility of a translation and
therefore uy = uy. ]

Remark 5.2. If Q is an annulus then Schwarz symmetrization
cannot work, however under additional assumptions for reqularity
the radial symmetry of the minimizer could be shown using Lopes
symmetrization. An example can be seen in the next section in
Theorem 5.3.

5.2 Existence and Symmetry of Smooth
Minimizers
Theorem 5.3. Assume that there are 0 < c. < C, so that
d> 1

cesP2 < ﬁfA(a:,sp) < CosP?
s°p
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for (z,s) € 2 x (0,¢]. Let

F
lim inf M =0
s}0 zeQ  sP
and there is a Cy > 0 so that |f(x,s)| < Cy for any (x,s) €
Q% [0,¢€].

o Then there is a Ao > 0 so that for any A € (0, \o) the problem has
a solution uy € C1A(Q) with B € (0,a) and limy_o |lur] o1 = 0.

o If J is radially symmetric and §) is radially symmetric, then uy
is radially symmetric.

Proof. o The proof is analogous to Theorem 3.1 in [41]. The
function A can be extended to 2 x (0, 00) following Section 3.4.
f can be replaced according to Section 3.4.3 so that f remains
identical on € x [0, 5] and is 0 for s > e. This implies that F
is bounded on © x [0,00). f can be modified to be 0 for s < 0
to guarantee that the minimizer is nonnegative. The resulting
critical point is also a critical point of the original functional if
the C'-norm is sufficiently small and while it may no longer be a

minimizer it will be a ground state solution.

By the assumptions on A and the extension it follows that

Ce C,
<a(z,s) <
p—1 p—1
and o
Ce e
< A(z,s) <
-1 ==
for any (z,s) € Q x (0,00). Thus
c
J(u) > ——||Vullf, — \C
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5 Minimizers

which is positive on Sy for a sufficiently large d. The functional
is bounded on the set

{we WoP @)1Vl < d}

which implies that there is a bounded minimizing sequence uy.
There is a subsequence u, which converges weakly against a func-
tion uy and, because the norm is weakly lower semicontinuous,
it follows that ||Vuy|l;, < d. Since A is convex and F is com-
pact the functional is weakly lower semicontinuous which implies
J(uy) < J(w) < 0 < inf,eg, J(u). Therefore ||Vuy|;, < d and
thus u) is a nontrivial critical point of the functional.

Lemma 3.13 implies that u) < e. The structure conditions in
Theorem 3.39 only depend on A in the upper bound of Af(x, s)
where |s| < M :=e. This implies that for any Ao there are o and
M, so that ||uy||c1.a < M, for every A € (0, Ag).

With 0 = J'(uy)(uy) it follows that

AC > )\/ fz,uy)unde = / a(z, |Vup?)|Vuy[Pdx
Q Q

C

>

: 1||VU,\H}£I,

and thus A — 0 implies that |luy ||y — 0.

Assuming now there is a sequence A\, — 0 so that ||Vug| 1.5 with
B € (0, «) remains bounded away from 0, the compact embedding
Cl# cc CY implies that there is a subsequence uy, which
converges in C1#. However it converges to 0 in W01 P 50 the limit
function can only be 0 which contradicts the assumption of staying
bounded away from 0. This proves limy_,g ||ux||o1.6 = 0. Thus
for sufficiently small A the function u) is also a critical point of
the original functional.
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Since {2 is open there is an open subset )y of positive measure so
that Qo C Q. This implies dist(9€2;, Q2) > 0. Thus there exist a
nonnegative function w € C3°(§2) with w|q, = 1 which implies

J(sw)S/Casp\Vw\pdx—)\/F(x,sw)dx.
Q Q

F(z,s) > 0 for s small enough, therefore

F
/F(x,sw)da:z/ F(:c,s)dx—sp/ Flas)
Q QQ QQ Sp

By the assumptions s can be made small enough so that

dzx.

o F(z,s) _  CalVwllzs
f > 9
B R \ToY

which implies J(sw) < 0 and thus the minimizer is not trivial.

o The minimizer of the modified problem is a global minimizer,
thus, if Q and J are radially symmetric, the fact that all critical
points are in C'' implies the symmetry of the minimizer via Lopes
symmetrization. O

Remark 5.4. Since nothing is said about the behaviour of A
and F at infinity it is possible that uy is not the ground state
solution or that the ground state solution is not radially symmetric.
However this can only happen if there are solutions that are not
in C' or if the C'-norm is large.

Remark 5.5. There are many variations of this theorem. The
2
condition on %A(x, sP) can be replaced by

cas? —da(z) < JA(z, sP),
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5 Minimizers

Assumption 1 on page 42, as well as

F
lim inf (xf ) =00
sl0 zeQQ  sP

and

Az, sP) < OsP

for a p> 0. In this case the functional also has a minimizer for
AE (0, )\0).

If Q = Bgr(0) then radial symmetry can be shown analogously to
Theorem 5.1.
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6 Main Results

6.1 Introduction and Main Theorems

The central results in this dissertation were inspired by the pa-
per [40] concerning a regularity and decay estimate for the pre-
scribed mean curvature equation and similar equations. The most
general formulation is found in [36]; adapted to the terminology
in this dissertation the result of that paper is:

Theorem 6.1 (Lorca & Ubilla). Let Q@ C R™ with n > 2 be a
bounded domain with CY'-boundary. If there is a d > 0 so that
the continuous functions a and f defined on [0, 00) satisfy

(f1) there exist a constant C and 2 < q with ¢ < % ifn>2 so
that
wlt < f(u) < Cu?™t for all w € [0,d].

(f2) There exists a 6 > 2 such that

OF (u) < uf(u) for all u € [0,d],

where F is defined by F(u) = [} f(s)ds.
(f3) The function f(u)/u is increasing on the interval [0,d].

(a1) The function a is nonincreasing such that

a(t) > a(d) >0 for all t € ]0,d].
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6 Main Results

Then there is a A = A(Q, f,a) such that for A > A the boundary
value problem

—div (a(|Vul*)Vu) = Af(u in €,
61) (a(19uP) V) = Af(w)

u=20 on 052,
has a nontrivial, nonnegative C*-solution uy and

Hu)\Hw2,n+1 —0 as X\ — oo.

Remark 6.2. [36] considers the differential equation in the form
—div (a(|Vu|)Vu) = Af(u)

which leads to a slightly different a. However it should be noted
that a(s?) is nonincreasing on [0,00) if and only if a(s) is nonin-
creasing, so the formulation given here is equivalent.

The idea of the proof is to extend the functions a and f from [0, d]
to [0,00) in a way that preserves their behaviour and construct
an operator T in the following way. Let

N = {u € WP (2)\ {0}; J'(u)u = 0}

be the Nehari manifold, then for arbitrary u = u; € N NW2n+!
there is a unique solution wq of

—div (a(|Vul*) V) = Af(u) in Q,
w=0 on 0.

(6.2)

It can be shown that there is a unique ¢; > 0 so that tyw; €
N. Using regularity theory for the linear, uniformly elliptic
equation (6.2) it follows that tjw; € W2"*L. It can then be
shown that J(t;w1) < J(u1) unless u; is a solution of the original
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6.1 Introduction and Main Theorems

problem. Repeating this iteration with v = us = tjw; and
obtaining usz 1= tows € N NW2n+l it can be shown that there is
a fixed number of iterations k so that for every u; € Sy where

2,n+1 —
Sy = {u e NnW" s lug |l yomer < CIA” o T
and J(ug) < C2>\_"El}

the function u; will be in Sy as well. Thus the operator T :
Sy — Sy, T(uy) = ug is well-defined.

Sy is closed and there is a uy € Sy so that J(uy) = inf,cg, J(u).
Because J(T'(u)) < J(u) with equality if and only if u solves (6.2)
it follows that

J(ur) < J(T(ur)) < J(uy)

and thus there has to be equality and w) is a critical point of (6.1).

1
This also shows that ||uy|ly2n < C1A a1,

It should be noted that (6.1) has the form (P) with p = 2 and the
original idea was to generalize this result to p > 1. While almost
everything still works for p > 1, the modified problem becomes

—div (a(z:, |Vu|2)|Vw|p_2Vw) = Af(z,u) inQ,
w =0 on 012,

and is neither linear, nor uniformly elliptic. It could not be shown
that v € W2+ implies w € W2"*+! and if u € CH® it could only
be shown that w € C1# where 8 < o without sufficient control
of the norms, preventing the original approach from working in
the case p # 2.
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6.1.1 Schwarz Symmetrization

The specific structure of the functional J survives the general-
ization to p > 1 and it can be used to prove radial symmetry of
ground state solutions via Schwarz symmetrization. The obvious
idea using Schwarz symmetrization for mountain pass solutions
is to apply it pointwise to every path. Since J(y*(t)) < J(y(¢))
it would follow that only considering radially symmetric paths
could not lead to an increase in energy. While a non-symmetric
mountain pass solution could exist, there would have to be a radi-
ally symmetric mountain pass solution with identical energy. The
reason why this approach usually does not work is that t — ~*(t)
is generally not a continuous function and therefore no longer
an admissible path. The mountain pass theorem can be applied
to J, and this proves existence of a radially symmetric solution.
However it is possible that the radially symmetric solution has a
higher energy than the general mountain pass solution.

These problems can be prevented given specific assumptions and
it can even be shown that ground state solutions must be radially
symmetric:

Theorem 6.3. Let Assumption 1 hold and let QQ = Br(0) C R”,
n>2,p>1. Assume that |x| = |y| implies f(z,s) = f(y,s) for
every x,y € Br(0) and s > 0 and assume that a does not depend
on x and is a continuous function on [0,00). Assume furthermore
that

(f1,s) there are positive constants Crq, Crg, Crg, and a function
dp(x) € LY(Q) so that

crgs? —dp(z) < F(z,8) < Cpgs? 4 Cpyst

for (xz,s) € Q x (0,00), where p < g and p < ¢ < q. If p < n,

then let ¢ < %'
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6.1 Introduction and Main Theorems

(fa,s) There is a ¥ < % so that
F(z,s) —9f(x,s)s < Cars®+ Dar(x)
with Dagr(x) € Ll(Q) and a < p, Car > 0.

(f3,s) For almost every x € Br(0) the function s — % is
nonnegative and nondecreasing for s > 0 and f(xz,s) =0 for all

(z,5) € Q x (—00,0].

(fas) For every s > 0 the function x — F(x,s) is nonincreasing
in the radial direction in the sense that |z| < |y| < R implies
F(y,s) < F(z,s).

(a1,5) a is continuous in [0,00) and nonincreasing with

Cy >a(s) > ¢, > 0.

(as,s) The function a(sP)sP~! is strictly increasing in [0,00) with

lim a(s?)sP~1 = 0.
s—0

Assume furthermore that either s — % is strictly increasing or
a(s) is strictly decreasing. Then (P) has a nontrivial ground state
solution uy for every A > 0 and every ground state solution u is in
CY(Bgr(0)) N C?(Bgr(0) \ {0}), radially symmetric and decreasing
in the radial direction.

Similar to the original theorem (f3 ) and (a; ) are important for
the specific structure of the functional, where for every nontrivial
and nonnegative u € T/VO1 P(Q) there can only be one ¢ > 0 so that
tu € N. To show that there is such a t the condition (f1) is
required as well. (ag ) makes the differential equation elliptic and
is necessary for the Pélya-Szegé-inequality. (f2s) is necessary for
the Palais-Smale condition.
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Example 6.4. The function

st for s <1,
sO(1+sin(s — 1))+ 38 fors>1,
satisfies the assumptions of Theorem 6.3 withp =3, G =5, § = 4,
q=06,n=>5.

This shows that the growth conditions on F specified in (f1.s)
stgnificantly increase the class of admissible functions compared

to (f1).

Corollary 6.11 on page 129 shows that (f3) implies the Ambrosetti-

Rabinowitz condition in (fs ) with 9 = %, however (a; ) only

implies %A(:):, sP) —da(z, sP)sP > capsP — dag for ¥ < % which is
why (fa2,s) is necessary.

6.1.2 Regularity and Decay Estimate

The second result is

Theorem 6.5. Assume that Q@ C R" is a bounded domain with
Clt-boundary, n > 1 and p > 1. Assume that as(z, s) and f(x,s)
are Carathéodory functions and there is an € > 0 so that

(f1,-) there exist positive constants c; and Cy and q > p with
q<n"—_’;3 if p<n so that

cpul™t < fz,u) < Cpud™t  for allu € [0,¢].
(f2,r) There is a ¥ > 0 so that

F(x,s) —9f(x,8)s <0 for all s € [0, €.
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(a1,) There is a car > 0 so that

1
EA(ac,sp) — Ya(x, sP)sP > cars? for all (z,s) € Q x [0,¢].

(a2,) There are 0 < ¢, < Ce so that

2

ces?™? < ——A(w,8P) < Ces?™?  for all (z,5) € 2 x (0,e].

ds?
(as,) The function a(x,sP) is Lipschitz continuous on Q x [0, ]
and as(x,eP) is Lipschitz continuous on €.

Then there is a Ao > 0 so that the boundary value problem (P)
has a nontrivial, nonnegative solution uy € C1* with w € (0,1)

and for every n € (0, ﬁ), there are M > m > 0 so that

1
mA7 < Junllere < MA™T

for every A > Xg.

This result is very similar to Theorem 6.1, however there are con-
siderable changes in the assumptions and the proof is completely
different. The assumption (as,) replaces assumption (a) and
while they are completely independent, the examples given in [36,
40] all satisfy (a2 ,) while several common differential operators
satisfy (az,) but not (a). Condition (a;,) is implied by (a) and
required for the Palais-Smale condition, so it has to be explicitly
stated here. (fi,) and (f2,) are necessary for the energy esti-
mates, which prevents (fa,) from being replaced by (f2,5) that is
used in Theorem 6.3. The condition (f3) or a variant thereof is
not needed here.

The authors of [36] state that: “We point out that though we
may apply the Mountain Pass Theorem to obtain a solution of
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the modified problem (P)y, we will not have control on the norm
of W2N+1(Q) and hence will not be able to return to the original

problem.” ((P)y in that paper is an equivalent formulation of (6.1)
in Theorem 6.1)

Indeed no way has been found to show that solutions are in W 27+!
and that this norm can be controlled. However the C'-norm can
be shown to become small and this is enough to allow the return
to the original problem.

It should be mentioned that C?-regularity cannot be expected
in general, since in the case of 2 = Bg(0) it can be seen that
solutions cannot be in C%(Bg(0)) for p > 2 (see Theorem 4.24).

Solutions u) of the model problem

—div (|Vu|p_2Vu) = !

have the scaling property uy = )\_ﬁul, where u; is the solution
for A\ = 1. This shows that n = qip would be the optimal
decay constant for the norms of solutions. Examination of the
calculations show that n = # can be chosen if p > n or if
qg—1< np—_zp. The inability to choose n = ﬁ in other cases is
possibly an artefact of the strategy used in the proof and might be
overcome by more careful study and adaptation of the regularity

results.

Remark 6.6. While Corollary 6.11 shows that (fss) implies
(fa,r) with ¥ = %, the reverse is not true. This can be seen by

adding a positive peak to f that has almost no area. This does not
change F' much so that F(x,s) —Vf(z,s)s <0 can remain true,

however if the peak is at sg and sufficiently large then % will
0
f(z,50+¢)
be larger than ot T
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6.2 Proof of the Symmetry Result
6.2 Proof of the Symmetry Result

Lemma 6.7. (a; ) implies that for ¥ < % and

1
cAR::ca<—19> >0
b

it follows that

1
—A(z,sP) — da(x,sP)sP > cagps’  for every (x,s) € Q x [0,00)
p

and

CJSP < EA(SP) < Ca

—sP  for every (z,s) € Q x [0,00).
p p p

Proof. Using that s — a(x, s) is nonincreasing it follows that
1 S
—A(z, sP) — da(x, sP)sP = / a(x, tP)tP~1dt — da(x, sP)sP
p 0
S
> a(z, sp)/ Pl dt — Ya(x, sP)sP
0

> cq (1—19) sP.
p

The other inequality follows immediately from ¢, < a(s) < C,.
0
6.2.1 Structure of the Functional
The central component in the proof is
Proposition 6.8. Given (a15), (f3,s) and (f1s), for every non-

negative, nontrivial u € Wol’p(Q) there is a unique t > 0 so that
tu € N and this is the unique mazimum of t — J(tu) for ¢t > 0.
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This is similar to Step 2 in the proof of Theorem 1.2 in [40].
Proof. By (f1,s) and Lemma 6.7
¢ . ~
S| Vully = A (Crgt'CYIVull, + Crat CYVulll, )

ul?,)

IN

C -
[ Vullfy = A (Crgtllullfs +7Crg

IN

J(tu)

C S
4P Vully = A (ept?ulfs + ldrlLa)

IN

This is positive for small enough ¢, negative for large ¢ and 0 for
t = 0. Thus t — J(tu) needs to have at least one critical point
which is a global maximum. As a side note it shows that

J(u) > %“tpdp — A (Crgt1CLd? + CrgtiCld?) (6.3)

for ||Vu|;, = d which shows that J(u) > ¢ > 0 on
Sa = {ue WgP(@);||Vull,» = d}
for sufficiently small d > 0.
A critical point of t — J(tu) implies that
0=J (tuwyu = +J'(tu)(tu).

Assume J(tu) has two critical points 0 < s < t. The function a is
decreasing and with J'(su)(su) = 0 and J'(tw)(tw) = 0 the chain
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6.2 Proof of the Symmetry Result
of equations
s\ P
() / M (z, tu)tude =
t) Ja

p
/ a(t?|Vu|?)|Vtu|Pdz
Q

p
/ a(sP|Vul?)|Vtu|Pdx
Q

follows.

At a point z so that u(z) € (0,00) condition (f3 ) implies

I, su\xr))su\xr) = (xsu ))
fl su(@))sule) = Loy )
f(z, tu(z )) .
= (@) v
_ (t) £ (@ tu() tu(z)

If u(xz) = 0, the outer inequality
fla, su(@)su(x) < (5)" f(z, tu(z))tu(z)

is trivially true.

This can now be combined with the previous computation to

obtain
s\ P
<> /)\f(:n,tu)tudacg/)\f(x,su)sud:n
t) Ja Q

< (j)p/ﬂ)\f(az,tu)tudm.
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By assumption, either a is strictly decreasing or fs (f,’sl) is strictly

increasing. Since f(x,u(x)) is not zero everywhere one of the
inequalities has to be strict and it follows that

(i)p/g)\f(x,tu)tudw < (j)p/ﬂ)\f(x,tu)tudx

which is a contradiction.

Therefore there is a unique positive critical point of ¢ — J(tu) in
(0,00) and it is a maximum. O

6.2.2 Constructing Special Paths for the Mountain
Pass Theorem

The idea that enables the Schwarz symmetrization is constructing
a very specific path that does not encounter the problem discussed
in [1] which is that the pointwise Schwarz symmetrization of an
admissible path in the mountain pass theorem is generally not
continuous. Otherwise this could be used to show J(y*(t)) <
J(v(t)) and symmetry of mountain pass solutions would easily
follow in most situations.

What will be done instead for arbitrary u is constructing a path
from 0 to a ug through u in three separate steps:

1. Use t — tu with t € [0, ¢y

2. Connect ¢,u and ¢ ug using the straight line ¢(c,u) + (1 —
t)(cyuo)

3. Connect c,ug and ug using t — tug

If ¢ is chosen large enough, J(v(t)) is positive only on the first
part and combining this with Proposition 6.8 enables Schwarz
symmetrization.
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Lemma 6.9. Let ug € Wol’p(ﬂ) be a nonnegative radially sym-
metric function that is strictly decreasing in the radial direction so
that J(tug) < 0 for t > 1. Then for every nonnegative, nontrivial
u € Wol’p(Q) there is a ¢,y > 1 so that

tu, te [076111]’
(1) = 3 (t=cw)ewtio (1= (t=co))ewu, ¢ € (e, cw+1],
cw 5 g, t € (cwtl, cw(cw+1)].

is a continuous path connecting 0 with ug so that J(v(t)) <0 for
t € (cw, cw(cw +1)].

Proof. If w and ug are linearly dependant then ~(t) for t > ¢,
simply repeats parts of the path 7., and J(y(t)) < 0 fol-
lows trivially if ¢, is chosen large enough. Therefore it can
be assumed that w and up are not linearly dependant. Thus
infycpoq) lv(t)[7s =: cv > 0 for v(t) = tu + (1 —t)ug. As a
consequence the term

Vo0,

lo (1|74
is well-defined for ¢ € [0, 1] and has a maximum m > 0 at a point
to € 10,1].

Since
T(cwv(t) < Cadb [IVo(8)][F, — Aerac [o(®)[|%, + Alldr 2
< @)%, (Cam = Acrael ) + Alldr | 1
and Hv(t)”%q > ¢, > 0 the constant ¢,, > 1 can be chosen large
enough so that J(c,v(t)) is negative for every t € [0, 1].

With a ¢, chosen this way it follows that J(y(t)) < 0 for ¢ €
(cw,cw + 1] and since ¢, > 1 it follows that J(y(t)) < 0 for
t € (cw+1,cp(ey+1))]. O
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Lemma 6.10. (fs,) implies that
1
F(z,t) — F(z,s) > 2?)f(nr:,s)sl_p(tp_l — s (6.4)
for every s >0, t > 0 and almost all x € Q2.

This lemma is a generalization of a result that can be found in
Step 3 of the proof of Theorem 1.2 in [36].

Proof. Let 0 < s <t, then

2 (2,58)) = 1 (a2) 1S (et) = (7 (w))

1\P 1\P
G O
follows from the Nehari condition (f3 ).

It has been shown that the derivative is increasing, therefore the
1
function s — F(z,s?) is convex and continuously differentiable
on (0,00). Thus
1 1 1 1\ 1_q
F (ac,tp) - F (w,sp) > Ef <x,sp) sp(t—s)
for all s,t > 0 and equivalently

F(z,t) — F(z,s) > ;f(ac, s)s! TP (P — sP)

for all s,¢ > 0 and almost all z € Q. Since t — F(z,t) and tP~!
are continuous in [0, 00), the inequality extends to ¢ = 0. O
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Corollary 6.11. Fort =0 in inequality (6.4) it follows that
1
—F(z,s) > —=f(x,s)s
p

and thus 1
F(z,s) — —f(z,s)s <0
p

for all s > 0 and almost all x € 2.

Proposition 6.12. Given (fis), (f2.s), (f3.s), (a1,s) and (azs)
there is a mountain pass solution uy € Wy*() so that

J(uy) :JQJ{/J(U)

Proof. By Lemma 6.7, Corollary 6.11, (f15) and (f2s) as well as
a(sP)sP > cqsP the functional satisfies the Palais-Smale compact-
ness condition following Theorem 3.44. By the inequality (6.3) it
follows that inf,cg, J(u) > ¢1 > 0 if d is chosen small enough. Let
u be an arbitrary, nonnegative, nontrivial and radially symmetric
function which decreases in the radial direction. Then by the
growth conditions there is a tg > 0 so that for ug := tu it follows
that |[tVugl|;, > d and J(tug) < 0 for ¢ > 1.

Since J(0) = 0 this shows the functional has a mountain pass
geometry and therefore there is a mountain pass solution uy €
Wol’p(BR(O)) for every A > 0.

The mountain pass solution minimizes the energy in the Nehari
manifold. Otherwise there would be a u € N with J(u) < J(uy)
and using Proposition 6.8 and Lemma 6.9 there would be an
admissible path vy with

J((t) < J(u) < J(ur) = inf max J(v(t))

which is a contradiction. O
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6.2.3 The Modified Problem

Now a detour is necessary in order to be able to show that the
Schwarz symmetrization of u)y is also a solution of the problem.
This uses the method of the modified problem from [36, 40].

For a given fixed u € N consider

—div (a(z, |Vul?) [VwP 2 Vw) = Af(z,u) in €,
(6.5)
w=0 on 0f).

This is the Euler-Lagrange equation of the functional
1
Ju(w) = / —a(x,|VulP)|Vwl? = A f(x, u)wdx
Qb
with
J/

u

(w)v = / a(z, |[Vul?) |[Vw P *Vw - Vo — Af (2, u)vdz.
Q

Lemma 6.13. Given (a1s) and (fi1,s), the problem (6.5) has a
unique weak solution

w € Wy P(Q)\ {0}

for every u € N.

This is essentially a simple application of the direct method in
the calculus of variations.

Proof.

Jy(tw) = tP </Q ;a(;v, ]Vu|p)]Vw|pdx) —t ()\/Qf(a:,u)wdm>
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6.2 Proof of the Symmetry Result

Since both integrals are positive and p > 1, the functional is
negative for a fixed w # 0 and a sufficiently small ¢ > 0. By the
Hoélder inequality and the Sobolev embedding the functional can
be estimated from below by

G -1 g—1
Ju(w) 2 2Vl =X (Cryllul ' + Crallullfs') 19w,

This shows that the functional is coercive. By strict convexity of
the first term and linearity of the second term, the functional is
strictly convex and thus weakly lower semicontinuous. Coercivity
implies that the minimizing sequence wy, € VVO1 P(Q) with

lim J(wg) = inf J(v) € (—00,0)
k—oo vEW,P(Q)

is bounded in W, (). Because W, () is reflexive there is a
weakly convergent subsequence wy, — w € Wol P(Q).

Lower semicontinuity shows that

J(w) < lim J(wg,) = inf  J(v)
l—o00 erol«P(Q)

and thus w is the minimizer. If @ is a different minimizer then
by the strict convexity

J <w —i—w) < J(w) + J (@) = inf J(v)
2 2 veW P (Q)

which is a contradiction, so the minimizer is unique. O

Lemma 6.14. Foru € N let w € Wol’p(Q) be the solution of the
modified problem (6.5). Then

/Qf(:n,u)udxﬁ/gf(m,u)wdm.
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This is similar to a calculation in Step 3 in the proof of Theorem
1.2 in [40].

Proof. u € N is equivalent to
/ a(z, |Vul?)|VulPdz = )\/ f(z,u)udx
Q Q

and because w solves (6.5) weakly, J/ (w)v = 0 for all v € Wol’p(Q),
including v = v and v = w, which implies

/ a(z, |[Vul?) [V’ 2 VwVuds = )\/ [z, u)udx
Q Q

and

/ a(z, |Vul?)|Vu|Pdz = )\/ f(z,w)wdz.
Q Q
Using those equations it follows that
)\/ f(z,u)udz
Q

= / a(z, |Vul") [ Vw P *Vw - Vuda
Q

p—1

< (/Q a(x, |Vu|p)|Vw\pdx> p</Q a(z, |Vup)|Vupdx>;

— ([ str) ™ (3 [ stompur)

1

Dividing by (/ f(z, u)uda:) " shows that
Q

/ﬂf(a:,u)udxﬁ/ﬂf(x,u)wda:.
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Proposition 6.15. Given (f3), (as) and u € N, let w be the
solution of (6.5) with t > 0 so that tw € N'. Then

J(tw) < J(u)

with equality if and only if u is a solution of the original boundary
value problem.

This is essentially the generalization of Step 3 in the proof of
Theorem 1.2 in [40].

Proof. Using the concavity of A(s) and Lemma 6.10
J(tw) — J(u)
1 1
= | ~A(z,|Vtw’) — =A(z, |Vul?
[ S A Veup) = 2 A V)
— MF(z,tw) — F(z,u))dz
1
< [ Sate. [VuP) (Ve - [VuP)
Qb

1 z,u)ul 7P ((tw)? — uP))dx
Aot (e )

a(x, |VulP)[tVw[P — A f(x, u)u' P (tw)Pdx

(h )

1 a(z, |VulP)|[Vul? = A f (2, u)udz
o, )

_t P p_ 1-
=5 (/Qa(az7 IVulP)|[Vwl? — A f(z,u)u pwpdx)

1
p
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where the last equality follows from u € N/. Now w is a solution
of (6.5), so the term involving a in the last line can be replaced
with f to obtain

J(tw) — J(u) < )\; (/Q fz,uw)w — f(ac,u)ul_pwpdac> . (6.6)

With the Holder inequality and Lemma 6.14 it follows that

[ swwwds = [ (H2) it
=/Q(fif:?))ﬁl(up)’f(ﬂx"‘f))’l’(wp);dx

-
< ( /Q fl(;’_?) upd:c) " ( /Q fiii?) wpdq:> ;

< (/Qf(:z,u)wdaz)p;l</Qf(x,u)u1_pwpd1:>;.

Dividing by ([, f (=, u)wd:t:)lﬁpTl implies

/f(%u)wclwﬁ/f(:r,u)ul_pwpda:.
Q Q

Combined with inequality (6.6) this proves J(tw) — J(u) < 0.

Equality holds if and only if all inequalities are equalities. Because
of the Holder inequality in the last set of inequalities this means
that u? has to be a constant multiple of w? and therefore u has to
be a constant multiple of w. Since both functions are nonnegative
and nontrivial this implies that there is an s > 0 so that u = sw.
But v = sw € N and tw € N and by Proposition 6.8 this implies
s =t and therefore u = tw.
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6.2 Proof of the Symmetry Result
Using this fact in (6.5) and choosing v = tw gives
0=J (wv= /Qa(m, |Vul?) | VwlP*Vw - Vo — M (z, u)vdz
= /Qa(x, [tVwP) [tV w|Pt P — \f (z, tw)twdz

:tl_p/ )\f(x,tw)twdx—/)\f(x,tw)twda:
Q Q

and since p > 1 it follows that ¢ = 1. Thus w = w and there-
fore (6.5) shows that u has to be a solution of the original differ-
ential equation. ]

Now the theory is in place to complete the proof of Theorem 6.3.

6.2.4 Proof

Proof of Theorem 6.3. By Proposition 6.12 there is a mountain
pass solution uy so that J(tuy) < J(uy) for ¢ > 0 and ¢ # 1.
Since (tu)” = t(u*) it follows from Theorems 4.31 and 4.32 that

J(tuy) < J(tuy) < J(uy) for every t >0

where the last inequality is strict unless ¢ = 1. Since there is a
t > 0 so that tu} € N and uy minimizes the energy in the Nehari
manifold it follows that ¢ — J(tu}) has its maximum at t = 1
with J(u}) = J(uy).

Let now w be the solution of (6.5) for u = u} and ¢y > 0 so that
tow € N. Then by Proposition 6.15

J(tow) < J(uy) = J(ua)
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and again using that w) minimizes the energy in the Nehari man-
ifold there has to be equality in the inequality. Proposition 6.15
then implies that u3 is a solution of (P).

By Theorem 4.34 it follows that u} = u) which concludes the
proof. O

6.3 Proof of the Regularity Result

By Definitions 3.17 and 3.26 and Section 3.4.4 the functions can
be extended so that all of the assumptions of Theorem 6.5 hold in
Q% (0,00) for A and 2 x R for F' with f(z,s) = 0 for s < 0 which
implies nonnegativity of critical points by Lemma 3.12. If the
statement of the theorem holds for this modified problem, then
by choosing A large enough solutions will also be solutions of the
original problem. Assume therefore in the remaining chapter that
the functions are extended in this way and that the assumptions
hold in 2 x (0,00) and © x R respectively.

The existence of a VVO1 P(Q)-solution to the problem follows from
the mountain pass theorem. Growth estimates can be used to

1
show that there is a constant C' > 0 so that |uy||;, < CA a-r.

The main idea is to use a frozen differential equation similar
to (6.5) with Theorem 3.34 and the growth estimate stated above.
Doing this multiple times leads to a sequence of estimates

[unllpoe < MEA™T .

It can be shown that limy_ .o 7% = ﬁ which implies that there
isakENsothat’yk>q_%andf0rsuchak

IAf(z,ux(z))| < Mg—lcf)\l—%(q—l) < M,g_le)\é_%(q_l).
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6.3 Proof of the Regularity Result

Theorem 3.39 then shows existence of w € (0,1) and M > 0 so
that ||uy|lc1.. < M. This step can now be repeated for a frozen
differential equation in order to obtain the stated decay estimate
for the solutions uy if v is large enough.

6.3.1 Growth Estimates

Corollary 6.16. (ag,) implies that for ¢, = pcjl and C, = pcfl
it follows that

co < alz,s) <Cq  forall (z,s) € [0,00)

and
cqo < A(z,s) < C,.

Lemma 6.17. By Corollary 6.16 and (fi1,) functions in the
Nehari manifold are uniformly bounded away from zero:

Ca PP .__L
veN = |Vul, > < 2 ) A @,
L CCs

This is a generalization of estimates found in Step 4 of the proof
of Theorem 1.2 in [40].

Proof. uw € N is equivalent to

/a(x, \Vu|P)|Vu|Pde = / Mz, u)udz.
Q Q

Estimating the left side from below and the right side from above
via the growth estimates gives

cal| VullLy < ACy[ullq-
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The Sobolev inequality |u||?, < C%||Vu|?, implies

CC? _
1< A8 v 1

a

and this proves the statement. ]

Remark 6.18. If u € C1(Q), the estimate

)7\ < ~ ([ vupa )’1’<Hv locl21?
q—p = p
G, < | rp 0 ul"dx < Ul oo

shows a lower bound for the C'-norm.

Lemma 6.19. By (a1,) and (fa,) for every u € N the energy
J(u) is bounded from below by

J(u) > car||Vullf,.

This is again a generalization of estimates found in Step 4 of the
proof of Theorem 1.2 in [40].

Proof.
J(u) = J(u) — 9 (u)(u)
= [ A(VuP) ~ da(|Tul) Tu
Qb

—AN(F(z,u) —9f(x,u)u) dr
> carl|VullL,-
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6.3 Proof of the Regularity Result

Proposition 6.20. Given the assumptions for Theorem 6.5 there
is a mountain pass solution for every A > 0 and for such a solution
u) the estimate

J(U)\) § Cl)\iﬁ

1 1\ [Ca\eP =
o= G-(F) e
-G-0) e

> H“HLq
where Cg = SUPuewg’P\{O} TVaullp

holds with

Proof. Let u € W,?(Q) with |Vul|;», = d. Then by the growth
conditions

J(u) = cal Vullzy = AClull 7,

> ol VullZp = AC;CE[VullT,
— Cod? — AC;CYdI

which is positive for sufficiently small d > 0 since g > p.

Then, for a nontrivial, nonnegative u € VVO1 P(Q),
J(tu) < Cat?||Vullfs — Acpt?|lullf,

and thus J(tu) < 0 for large enough ¢. Let Ao > 0 be fixed,
ug = tou with to so that Cyt?|Vullf, — Xocst?||ul|?, < 0 for
every t > to. Then J has a mountain pass geometry and since it
satisfies the Palais-Smale compactness condition it has a mountain
pass solution for every A > Ag.

Let u € WO1 P be a nonnegative, nontrivial function. If v and ug
are linearly dependant, then tu with ¢ > 0 is an admissible path
for the mountain pass theorem.
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If they are not linearly dependant, then they can be connected
by a path which can be constructed as follows:

With v(t) = tug + (1 — t)u the term

IVo)l7e
RECI

is well-defined for ¢ € [0, 1] and has a maximum m > 0 at a point
1

t; € [0,1]. Let ¢ = 2max {tQ, 1, (Sg—gf) q_p} where t9 is chosen so

that J(tu) < 0 for ¢t > t3. Then

I(ev(t)) < Cac?[Vu(t) |7 — Mocyc?|lo(t)]1 7
< (C va(t)H _)\chcq—p> cpHv(t)Hqu
o@®N%e
Com
< a’t _ AP P q
< () sserucont
<0

for every t € [0,1]. Thus J(cv(t —¢)) < 0 for ¢ € [¢,c+ 1] and

tu, if te|0,d,
Y(t) =< (t—c)eug + (1 — (t — ¢))eu, if te(c,c+1],
e, if te(c+1,c¢(c+1)],

with ¢ € [0, ¢c(c+1)] is an admissible path connecting 0 and ug via
u. By construction of this path J(v(t)) < 0 for t € (¢,c(c+ 1)]
and therefore

J((t)) = sup J (tu).
ey T = sup )
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6.3 Proof of the Regularity Result

Since there may be paths with a lower maximum this shows that
for the mountain pass solution u)

J(uy) = inf max J(y(s)) <  inf  supJ(tu).

Ver s ueW, P\ {0} t>0
u>0

Thus, an upper estimate for J(uy) can be computed by looking
at
J(tu) < Cat?[Vully, — Aegt?ullf, =: a(t).

The function « has a global positive maximum «(t3) since a(t) > 0
for a small ¢t and lim;_,o, a(t) = —00. « is continuously differen-
tiable, so at this point the derivative of o has to be zero, thus

! — _
0= o(ts) = Cal|Vullf,t5 ™ = Aegllulg.t5

which is equivalent to t3 = 0 or

1
o (Callullz,\ 77
eyl

This shows that

1 c
sup J(tu) < —Cat?||Vul?, — ALt|ul|2, = a(t) < alts)
t>0 p q

and

Cy c
att) = 5 (S219ult, - AL,

_p_
CallVully \ (OA 1

= (AL “A\Vulf, - -C vu”)

()\CfHuH%q P H ||LP q AH ”LP

1

— _4qp_
_ (1 a 1) Ch \ 7 (IVullpe \ "
p g/ \ N [ull £q '

CAIWUH’&)
AcylullZq
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Taking the infimum over all nontrivial u € WO1 P(Q)) with u >0

means ””VlZﬁ”Lflp will be the inverse of the optimal Sobolev constant
C's and thus
_1
J(ur) < (1 - 1) (C%> Vo
poqa)\

O]

Corollary 6.21. By Lemma 6.19 and Proposition 6.20 there is
a Cy >0 so that

__1
IVusllpe < CoX"a7
for every mountain pass solution uy and A > 0.
6.3.2 Iterative Regularization

Central for the proof is the repeated use of Theorem 3.34 with
appropriately chosen constants a, § and r leading to a sequence
Vi

Lemma 6.22. Letp € (1,n) and q € (p, %). Define

1
Ti:maX{n+€, q } with »3::(qn)7
P q—1 2\qg—p »p

1
a:=q—1—06 with ﬁ::min{nnpp,ql}

Then
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6.3 Proof of the Regularity Result

q—p " p p’
o 1<57“_%,
oO§a<%—1—%% and
< 1
OO<T_q_p.

Proof. o Since ng—pq = (n—p)q < (n—p)n"—f;) = np it follows
that n(¢—p) = ng—np < pg and thus 3 < ﬁ which shows
that € > 0 and

n n 1/n q
— < —de==(—-4+—).
p D 2\p q-—p

o The inequality fr < n"—f; follows immediately from the
definition. If 8 = %% then

np

and if 5 =g —1 then
57’2((]—1)76] =g>p>1.
q—1
Thus, in either case 1 < Br < %'

olff=gq—1thena=q¢—1-p5=0. Ifﬁznn—f;)%then

n np 1
a=q—1-p0< b P2
n—op n—pr
o It remains to calculate 7 for the cases § = ¢ — 1 and
_ 1
,B—nn—_’;); with
q 1( q n)
r= or r=_ +—.
q—1 2\qg—p p
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In case 8 = q — 1 it follows that

1 <q—1 ) 1
r=— (1) = —.
p—1\q¢g—p q—Dp

If p = Pl oand r = % (% + %) it follows that

n—pr q—p
1 1
(p—m_("f?)( )1 - 1
n — — 1(49 . n
P 1P 2<q—p%_p)
2np

N TR

and since g < ;£ this is strictly larger than

2np
(n—p) (7% + (% —p)2)
2np
— - 1
np+npp — (n—p)n
_ 2np

-1

- 2np

=0.
Ifﬁ:n"—_’;)%andr:qf—lthen
1 np q—1 _np lg-—1
q—pn—p ¢ n—-pqq—p

(p—1r=

and since % >1and g < % this term is positive as well.

As ( is the minimum of those choices it follows that in either
case

1
o<r < —.
q—p
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6.3 Proof of the Regularity Result

Lemma 6.23. Let v = 0 and vir1 = v + 7(1 — (¢ — p))-
Then v1 = 7 and either 7 = ﬁ and vy = ﬁ for all k €
N\{0}, or 7 < ﬁ and the sequence vy, is strictly increasing with
limg 00 V& = ﬁ-

Proof. By construction 4 =7 € (O, ﬁ}.

Iszﬁand’yk:Tthenfka:T+T(1—1):T.

Ifr < ﬁ and v € (0, ﬁ) then 1 — (¢ —p)vyr > 0. This implies

Yetr1 =V +7 A = (¢ — D)) >

and thus ~y;, is strictly increasing. On the other hand 7 < ﬁ
implies 1 — (¢ — p)7 > 0 and
A= (g=p)7) <T+—— (1= (q—p)7) = —
Ye+1 =Tt Y \L —(q—D)T Trr—\Ul=qg=—p)T)=—7.
q—Dp q—>p

Therefore ~; is bounded and as a strictly increasing sequence it
converges to a y. Taking the limit on both sides of the definition
shows

y = Hm g = lim (v +7(1=(a=p)w)) =7 +7(1=(a=p)7)
—00 k—ro0

and this has the unique solution v = ﬁ which concludes the
proof. O
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Proposition 6.24. Let the assumptions in Theorem 6.5 with
p < n hold and Ao > 0 be arbitrary. Then for every v € (0, ﬁ)
there is an M > 0 so that

[uxl[poe < MATY

for every X > Ao and every mountain pass solution wuy.

Proof. If p < n let r, a, § and 7 be as in Lemma 6.22 and if
p:nchoosea:(),ﬁ:q—l,T:ﬁandrzq%. This
implies r = 43 > 1= 2 and fr = ¢ € (1, 00) and thus the choice
of constants is admissible for the regularity theorem following

Remark 3.35.

The function u = u), solves the differential equation
—div (a(a:, ]Vu\p)]Vu\p_QVu) =u” ()\f(a:, uﬂx))uf‘(m)) .
It should be noted that the function f(x,ux(x))u)*(x) does not
have a singularity at points where uy(z) = 0 due to the growth
conditions for f and a < ¢ — 1. The right-hand side is equal to
u“¢y(x) with
oA(7) = A f(z, up(@))uy * (@).

Since a(x, |2|P)|z|P > ce|z|P Theorem 3.34 states that esssupq, |uy|
exists and only depends on «, 7, HUAHL% and ||¢a]| ;- With

1
léall < ACY (/Q |uA\<q—1—a>de) = CpMluall%s
and 1 < fAr < % it follows that

__1
luallor < CslIVull o < CsCoA™7
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6.3 Proof of the Regularity Result

by Corollary 6.21 and Theorem 2.26. It is assumed that Cg is
large enough to encompass both Sobolev embeddings.

Since 1 — % = —(p — 1)7 it follows that for every A > Ao

ol - < CfC?CgA_(p_l)T < CfC§C§Ag(p_1)T'

Thus there is an upper bound for ||¢,||;» which is independent of
A for A > X\g. Corollary 6.21 and Theorem 2.26 again show that

1

luall, 22 < Csl|Vull, < CsCarg ™"

and the upper bound on ||u,\HL% also does not depend on A.

Thus the upper bound on esssupg |uy| is independent of A and
there is an My so that

lunll e < MoA™

for all A > Ay with v9 = 0.

Assume now that [|uy || 0 < MpA™" with & > 0 (see Lemma 6.23
for the definition of 7).

The function u = A*+1uy solves the differential equation
—div(a(z, [Vux ) [VulP V) = ATTD%0F f (g, uy (). (6.7)

The left-hand side satisfies the condition a(z,|Vuy(z)|)|z[" >
ce|z|P and

AR unl me < AR Cs|[Vua]
< CCo\™ 777

__1
Ve+17 =5
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since Yi+1 < ﬁ, so this term does not depend on A.
The right-hand side of eq. (6.7) is bound by (1 + |u|®)¢, (z) with

d’)\( )=\ (p— 1)'7k+1+1f(x uy)

S0 once again it remains to control the norm of ¢, to control the
upper bound on ||[AT+1uy ||} .

1
= A@P=Dre1+1 </ ‘ui‘f(:n,uA)uAa‘rd:U) "
Q

1
< )\(p—l)%+1+10f (/Q |u,\|(q_1_a)rd$) THUAH%‘X’
— \(— 1)%+1+1CfHu>\HLWHUAH%OO

< CfczﬁMgcCg)\(P—l)’Ykﬂ-&-l—%—a’wf.

|

The exponent of Ais (p — 1)yg41 + 1 — ﬁ — ary, and it will now
be shown that this is 0. With

Yir1 =+ 7L = (@=p)w) =T7+% (1 - (¢—p)7)

and 1 — q% =—(p—1)7 as well as

a=q—1-f=p—1+q—p—-F=@p-1)1—-(¢—p)7)

it follows that

(pl)%+1+1q€pa%
=(@p-DT+wl-(g=—p)7) =7+ 1~ (¢—p)7) %) =0.

Thus there is a constant My > 0 so that the essential supremum
of the solution of (6.7) is bound by My for every A > \g. Since
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6.3 Proof of the Regularity Result

A+ solves the equation this implies ||uy|| o < My A770+1,

By induction there is a sequence M}, so that for all £k € N

[urllpoe < MpA™™

with limg o0 76 = ﬁ.

Hence for every v € (0, ﬁ) there is a k € N so that v, > v

which concludes the proof. ]

Corollary 6.25. If p > n then

1
[ull joa-z < Cs[|Vullpp < CsCaA a7

by Theorem 2.27 and Corollary 6.21. In this case the statement
of the previous theorem follows trivially.

It has now been shown that ||uy||; - decays fast enough in all cases
which is the critical component in showing that |Af(z,ux(z))]
remains bounded even as A — oo. This is the key to applying
Theorem 3.39.

6.3.3 Proof

Proof of Theorem 6.5. It has now been shown that for every Ag >

0 and v € (O, ﬁ) there is an M > 0 so that

IVuall, <CA" 75 and  [juyllpe < MA™

for every A > Ap and every mountain pass solution u).

This implies

N (2, un(z)] < CpAN~ @07 < o0,
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Theorem 3.34 can now be used for the boundary value problem

—div (a(x, |Vu|p)|Vu|p_2Vu) = Af(z,uy) inQ,
u=20 on 0f).

It implies that there is an wy € (0,1) and M., so that [|u||c1e, <
M for every A > A since all terms which wo and M,,, depend on
are independent of .

The function
q—1 1

NPT T Ty

solves the differential equation

~div(a(z, [Vur")[Vul’ > Vu) =00 f (@, u,) in Q,
u=0 on 0.

Since (z, s) — a(z, sP) is globally Lipschitz continuous the func-
tion a(x, |VuylP) is in C%2 with the norm being bound by the
Lipschitz constant and M,,, and therefore it is independent of .

Using this with the computation
’)\(v(q—l)—l)ﬂf(x’ u,\)’ < MEZ 0@ DD (1)
= CfMg_l

shows that there is an w € (0,w2) and M,, > 0 so that for every
A> Ao

L_,},@
Jurll e < MAr=T o1,

q—1

g=1__1
A1 Py < M,

Cl,w
or, equivalently,
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6.3 Proof of the Regularity Result
Note that v > q_% implies

! =1y
p—1 Tp-1°7
This gives a decay estimate for the C“-norm of uy. In the limit
v = ﬁ it follows that

1 g—1 1 1 g—1
p—1 Tp—1 p—1 q—pp—1
_q-pr—(¢-1)
(p—1)(g—p)
1
q-vp

Thus for every n € (0, qip) it is possible to choose v close enough
to ﬁ so that

and thus
[uallgre < MuA™"

for every A > Ap and every mountain pass solution u).

Remark 6.18 shows the lower bound for the C1*“-norm. O
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7 Examples

There have been 4 main existence theorems shown so far:

o Theorem 5.1 shows the existence of a minimizer using the
behaviour of A and F' at oco.

o Theorem 5.3 shows the existence of a smooth minimizer
2
using the behaviour of ;l?A(:c, sP) and the absence of sin-
gularities of f(z,s) at the origin.

o Theorem 3.46 shows the existence of a mountain pass solu-
tion using the behaviour of A and F' at oo.

o Theorem 6.5 shows the existence of a smooth mountain pass
2
solution using the behaviour of %A(x, sP) and f(z,s) at
the origin.

The specific mountain pass geometry in Theorems 3.46 and 6.5
automatically implies the existence of a local minimizer, however
in the case of Theorem 6.5 the local minimizer has to be 0, since
for any sufficiently small d > 0 the functional J is positive on
Sa.

The growth conditions of Theorem 5.1 and Theorem 3.46 at oo
are incompatible, but Theorem 5.3 and Theorem 3.46 can be
used to show existence of two positive solutions which will be
demonstrated in Example 7.6.
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Proposition 4.16 shows that any radially symmetric weak solution
of (P) is a critical point of J,.. In case of a ball those solutions are
in C2((0, R]) with «/(r) < 0 in (0, R]. In case of an annulus those
solutions are in C2([R1, RI\{r}) With u’( ) <0 in (r1, R] where
the continuity of «” in r; depends on 4= A(:c sP). Under suitable
assumptions regarding a and f the 1n1t1al value problem (4.4)
with u(R) = 0, v/(R) = —¢ < 0 and u(r) > 0 for r < R has a
unique solution with a maximal existence interval. Thus weak
solutions are associated with solutions of this initial value problem
(up until the point r; in case of an annulus).

The following theorem gives a precise characterization of the
solutions of this initial value problem for a specific example. It
can be shown for more general formulations including cases that
are singular elliptic at the origin.

Proposition 7.1. Let

1 1 1
—A(x,sP) = =52 + =53
P 2 3
and f(s) be locally Lipschitz continuous in [0,00) and positive in
(0,00). Then the final value problem for critical points of Eq. (4.2)

can be stated as

g (il (2 CORRA D)

u'(r) = - 1+ 2] forr <R,
u(r) >0 forr <R,
u(R) =0,

u'(R) =

and for any ¢ > 0 it has a unique solution uw in an interval

(R—¢,R) C (0,R).

There is a unique minimal ro so that u exists on (1o, R) and one
of the following statements is true:
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o rg =0 andu/'(0) =0, or
o rg =0, lim,_,ou(r) = oo and lim,_,gu/(r) = —o0, or

o 19 >0 and lim,_,, u(r) = 0.

Proof. This problem can be seen as a (backwards) initial value
problem 3y = F(z,y) with y € R%. By the standard Picard-
Lindel6f theorem the solution exists locally in a neighbourhood
[R — e,R] x [0,a] x [c — d,c+ ] of (R,u(R),u'(R)). By the
standard extension theorem there is a maximal interval (rg, R)
so that the differential equation cannot exist on a larger interval
(Tla R) 2 (TOa R)

If the interval is maximal then either rg > 0 or rg = 0. If
ro > 0 then the inability to extend the solution implies that either
u(ro) = 0 or that liminf, |, |u/(r)| = co (since lim,,, u(r) = co
also implies lim,,, v/(r) = —00).

If 7o = 0 then either u is bounded with «/(0) = 0 or «’ is un-
bounded, because again u being unbounded implies that v’ is
unbounded.

Using the comparison principle for ordinary differential equations
the possibility that «’ is unbounded and 7y > 0 can be excluded:

o If «/(r) < 0 then

" L 2|/ (1 + 2u']) — Af(u(0))
u'(r) > 2 15 2] .

Thus, if u/(r2) is sufficiently negative so that the right-hand
side is positive, u will be convex and «'(r) < 0 for all r < 9.

155



7 Examples
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The differential equation v”(r) =

—"T_lv’ has the family of

solutions v/(r) = Cr~("=1 and it can be seen that v’ can
only be unbounded when r — 0. Using the estimate

—1
UH(?“) - nr u’(l + 2’u’|) + )\f(u) < n- 1u/
1+ 2[u/| r

and choosing C' so that u'(r1) = o/(r1) it follows that
u’(r) > v"(r) in (rg,r1) and thus 0 > «/(r) > '(r) for
r < 71 which implies that «' cannot go to —oo at rg > 0.

If u/(r) > 0 then u”(r) < 0 and thus v’ being unbounded
implies lim,|,, v/(r) = oo and lim,,, v’ (r) = —oo. Since
u > 0 it has to be bounded and f(u) can be assumed to be
bounded.

Analogously this shows

n—1/ 7 1!
u + |u|u) — A f(u —1
0> u'(r) = = 1‘+’2\u)’ f()>_nr W=D

with D > 0.

The differential equation

I n—1,
=— -D
(=-""
has the family of solutions
D
V'(r) = cr—(n=1) _ =y
n

which are bounded on any interval [, R] C (0, R]. Choosing
a point m and C so that v'(r1) = u/(r1) it follows that
u’(r) >v"(r) and 0 < u/(r) < v/(r) for r < r1. This shows
that «/(r) is bounded since v’ is bounded.



Thus the possibility that either v or «’ is unbounded on
an interval [e,r] C (0,R) can be excluded and therefore
U(TQ) =0if rg > 0.

If 7o = 0 and w is bounded on (0, R) then by Lemma 4.19 it
is a weak solution which by Theorem 4.22 and Theorem 4.24
implies that u € C2([0, R]) with 4/(0) = 0 and u”(0) < 0.

If w is unbounded then

lim u/(r) = —oco and lim u”(r) = cc.
r—0 r—0

This concludes the proof.

Corollary 7.2. If rg > 0 then the function corresponds to a
radially symmetric solution of (P) on the annulus with Ry = r.

If ro = 0 and u/(0) = 0 then the function corresponds to a radially
symmetric solution of (P) on the ball.

If Assumption 1 on page 42 is satisfied then any weak solution
has to be bounded by Theorem 3.34, which implies that unbounded
solutions of the initial value problem are not weak solutions in
that case.

Solving this initial value problem for different ¢ > 0 is therefore
a good way to get an idea of the possible solutions and their
behaviour on the ball Br(0) and annuli with Ry = R and R; €
(0, R).

In more general cases if

li d21A( P) =
sl—>r%d32p TF)=00
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then conventional numerical solvers lack stability and accuracy
for initial value problems and if
d* 1

lim — —A(z,s") =0

s—0ds2p
they usually fail once the solution reaches u/(r) = 0. This makes
them unable to show solutions on an annulus, although it is pos-
sible to get solutions on the ball even if the ellipticity degenerates
at the origin.

If computing solutions in the degenerate or singular case are
the primary goal then other methods should be chosen such as
finite element methods or wavelet methods. Those are the correct
approaches for weak solutions and able to deal with the lack of
regularity and unstable behaviour that can happen in those cases.
However their complexity puts them out of the scope of simple
examples here and the approach via the ordinary differential
equation is interesting because (in the somewhat restricted setting
of problems that are uniformly elliptic at the origin) this can be
used to visualize all possible candidates of solutions.

For that reason the examples will be visualized with equations
that are uniformly elliptic at the origin. Uniform ellipticity at the
origin is not necessary for the analytical results with the exception
of Example 7.3, where it is used to prove that the mountain pass
solution on the ball is radially symmetric. It is merely used to
exclude problems with the numerical simulations.

7.1 Numerical Solver

The numerical solutions were computed using the solve_ivp func-
tion from the Python package SciPy 1.3.2. The method used
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is the implicit Radau ITA Runge-Kutta method of order 5 for
ordinary differential equations. A semi-manual shooting method
was used to obtain a suitable initial value where an arbitrary
endpoint rg > 0 was not desirable.

7.2 Examples

20

101 (72572, n)

200 4
100 A \
0

—100 4

0 1/5 1
Figure 7.1: —div (Vu + |Vu|Vu) = 4u3, n = 3

Example 7.3. Let %A(:c, sP) = %52 + %53, n=3, F(x,s) = st

Following Theorem 3.46 the functional has a mountain pass so-
lution uy. Theorem 3.34 shows that it has to be bounded and
Theorem 38.39 shows that it has to be in € CY*. This does not
follow directly from anything that was proved in this thesis as this
is the case where k > 0, but it is easy to check. The boundary
value problem s uniformly elliptic for this solution uy and thus
higher regularity for uy follows. This can be used to argue that
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every solution on the ball has to be radially symmetric using the
moving plane method Theorem 4.27. This is the only argument
and example that relies on uniform ellipticity at the origin to
make an analytical argument.

In case of an annulus there is a radially symmetric mountain pass
solution, however it does not necessarily have to be a ground state
solution.

The local minimizer associated with the mountain pass geometry
is the trivial solution.

Figure 7.1 shows the solution u on the annulus B1(0) \ By /5(0).
By Theorem 4.28 it follows that ry < % for any r1 < ro with
u(ry) = u(ro) = h. The curve (252, h) is shown in Fig. 7.1
together with the solution wu.

By differentiating eq. (4.10) it can be seen that u”(r) < 0 in
(Ry,70 +€) and v’ (R3) > 0. The numerical simulation shows
that there is only a single point in (1/5,1) where u”(r) =0, but it
s not entirely clear if this can be guaranteed.

Example 7.4. Figure 7.2 shows the numerical simulation of
the solution of %A(x, sP) = 352, A = 1 and the right-hand side
f(s) = 5082 (1.2 +sin(5000s)) on the annulus B1(0) \ By 5(0)
in R®. This shows that despite the fact that f(z,s) = f(s),
f € CYR), f(0) =0 and f(s) > 0 for s > 0 the possibility of
multiple points where u changes curvature cannot be excluded.
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1-1072 - — uln)

-1 4
%872 . \ — u/(r)
0

—1072 1 -
—1071 +
1 .
—0.1

U — v ——

Figure 7.2: The radially symmetric solution to

—Au = 50]s|"*(1.2 + sin(5000s)) in B;(0) \ By5(0) C R®.

Example 7.5. If %A(w,sp) = %SQ—F%SS, n =75 and F(z,s) = s

Theorem 6.5 is not admissible since % = % < 15 and since
ng—fg = % < 15 there is no direct way to use the mountain pass

theorem because depending on the choice of space Wol’p(Q) the
functional is either not well-defined or does not satisfy the Palais-
Smale condition.

It is unknown whether there is a radially symmetric solution on a
ball, however using W((Ry, Re)) C LY((Ry, R2)) for any ¢ > 1
shows that the mountain pass theorem can be used on J, and there
is a radially symmetric solution on an annulus.

Looking at the numerical solutions of the ordinary differential
equation in Fig. 7.3 suggests that every initial value v'(R) < 0
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leads to a solution on some annulus (R, R) and that no radially
symmetric solution on the ball exists.

Figure 7.3: —div (Vu + |[Vu|Vu) = 15u!t, n =5

Example 7.6. If %A(w,sp) =352+ 15, n=5 and F(z,s) =
s15 4+ s then, similar to the first example, the functional has
a nontrivial minimizer u1 and a mountain pass solution us on
any CY' domain. Arguing as in Example 7.3 both are radially
symmetric in case of a ball.

The numerical simulation in Fig. 7.4 shows that |u/(1)| > |u5(1)]
corresponds to mountain pass solutions on annuli.

10* 1 ug
102 4 ~ T P ety yal ntvatenn o TP
1] '/— ',—— I" e —— ::\:‘R‘\:\i
1072 4 i i ; i
10~ i i | i
0 1

Figure 7.4: —div (Vu + |[Vu|Vu) = 1.5y/u + 4u®, n = 5 and
|/ (1) > Jun(1)].
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|u'(1)] < |uf(1)| shown in Fig. 7.5 correspond to minimizers on

annuli.
Uy
1{
102 —————e——
h S D e o
10-5 A : lI llI ', \\’
105 ] | : ' : :
T - T ! T - T
0 1

Figure 7.5: —div (Vu + [Vu|Vu) = 1.5y/u + 4u3, n = 5 and
| (D] < Jui (D]

Since all radially symmetric solutions are in Wol’?’(Q) and f sat-
isfies Assumption 1 on page 42 it follows from Theorem 3.34
that all weak solutions are bounded, thus the unbounded solutions
shown in Fig. 7.6 with |u}(1)] < |u/(1)| < |ub(1)| cannot be weak
solutions on the ball (or the annulus).

104 .
102 .
1 -
102
10—4 4

0 1

Figure 7.6: —div (Vu + [Vu|Vu) = 1.5y/u + 4u3, n = 5 and
iy (D] < o’ (D] </ (2)].
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