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Zusammenfassung

Diese Arbeit befasst sich mit exakten Losungen in , geometrischen“ Theorien der
Gravitation von der Art der Allgemeinen Relativitdtstheorie. Am Beginn des ersten
Kapitels geben wir eine kurze Einfiihrung in den Kalkiil der dufleren Differential-
formen. Daran anschlieBend untersuchen wir die Cotton 2-Form, die zu konformen
Eigenschaften der Raumzeit in Beziehung steht und von besonderer Bedeutung fiir
Modelle der Gravitation in 1+ 2 Dimensionen ist. Wir definieren die Cotton 2-Form
mittels der zweiten Bianchi-Identitédt, fiihren eine irreduzible Zerlegung durch und
bestimmen so die Anzahl der unabhdingigen Komponenten. In drei Dimensionen
leiten wir die Cotton 2-Form aus einem Variationsprinzip ab. Dann klassifizieren
wir die Cotton 2-Form im 3-dimensionalen Riemann’schen Raum und geben entspre-
chende Beispiele an. Danach konstruieren wir mit Hilfe der Cotton 2-Form kovariant
erhaltene geometrische Gréflen und untersuchen die entsprechenden Materie-Strome.
In diesem Rahmen fiihren wir die Bach 3-Form ein und setzen sie in Beziehung zur
Chevreton 3-Form, einem Superenergietensor, der gegenwirtig in der Literatur dis-
kutiert wird. Abschliefend untersuchen wir die Eigenschaften der Cotton 2-Form
im metrisch-affinen Raum.

Das zweite Kapitel ist der Gravitation in 1 4+ 2 Dimensionen gewidmet. Wir
beschéftigen uns mit der Einstein- Cartan-Chern-Simons (ECCS)-Theorie von Miel-
ke und Baekler und finden eine “BTZ-artige” Losung mit konstanter axialer Torsion.
Wir bestimmen die Autoparallelen und Extremalen, die Killingvektoren und die glo-
balen Ladungen. Daran anschlieflend leiten wir den Teleparallelismus, die Einstein-
Cartan-Theorie und das Modell der topologisch-massiven Graviation aus der ECCS-
Theorie ab. Wir zeigen, wie sich die BTZ-Lésung mit Torsion zu Losungen der vor-
genannten Spezialfille reduzieren ldsst. Abschlielend leiten wir eine neue, konform-
flache Losung der 1 + 2-dimensionalen Einstein’schen Gleichung fiir perfekte Fliis-
sigkeiten mit Hilfe in Kapitel 1 gefundener Techniken ab.

Im letzten Kapitel wenden wir uns der 1 4 3-dimensionalen Metrisch-Affinen-
Graviationstheorie (MAG) zu. Das Hauptziel besteht in der Entwicklung eines ein-
fachen Modelles, in dem die Lorentz-Invarianz durch ein Vektorfeld verletzt wird.
Dazu verwenden wir einen bestimmten Anteil der Nichtmetrizitdt. Wir stellen einen
Lagrangian auf und wéhlen die Kopplungsparameter derart, dass sich die Feldglei-
chungen auf einen quasi-einsteinschen Anteil und eine Wellengleichung fiir das die
Lorentz-Invarianz verletzende Vektorfeld reduzieren. Abschlieend diskutieren wir
eine einfache, von Baekler vorgeschlagene Losung dieses Modells.






Abstract

In this thesis we present exact solutions of geometrical theories of gravity, i. e. those
of a general relativistic type. In the first chapter, we give a short introduction into
the calculus of exterior differential forms. Subsequently we investigate the Cotton
2-form which is related to the conformal properties of spacetime and plays an im-
portant role in three dimensional models of gravity. We derive the Cotton 2-form
for arbitrary dimension by means of the second Bianchi identity. We perform an
irreducible decomposition and determine the number of independent components. In
three dimensions we derive it from a variational principle. We review its conformal
properties in Riemannian spacetime. Then we perform a classification of the Cotton
2-form in three dimensional Riemannian spacetime and give examples for all classes.
After that we construct conserved geometrical quantities from the Cotton 2-form
and investigate the corresponding material currents. In this course we derive the
Bach 3-form and relate it to the Chevreton 3-form, a superenergy tensor for the elec-
tromagnetic field recently discussed in the literature. We conclude with discussing
the properties of the Cotton 2-form in metric-affine space.

The second chapter is devoted to gravity in three dimensions. We investigate
the Einstein-Cartan-Chern-Simons (ECCS) theory of Mielke and Baekler and find
a “BTZ-like” solution with constant axial torsion. We determine autoparallels and
extremals, Killing vectors and global charges of this solution. Subsequently, we de-
rive teleparallelism, Einstein-Cartan theory and topologically massive gravity from
the more general framework of the ECCS theory. We show how the BTZ-solution
with torsion reduces to solutions of the aforementioned subcases. In conclusion, we
construct a new conformally flat perfect fluid solution of Einstein’s field equation in
three dimensions by using technics developed in chapter 1.

In the last chapter we turn to four-dimensional metric-affine gravity. The main
goal is to devise a simple model which allows for the breaking of Lorentz invariance by
means of a vector-like quantity. Therefore we take a vector-piece of the nonmetricity.
Then we set up a Lagrangian and derive the field equations. By means of analyzing
the field equations we find constraints on the coupling parameters which simplify
the field equations considerably. Thereby we arrive at the desired simple model
of Einstein’s gravitational theory extended by a vector-like, Lorentz violating field.
Finally, we discuss a simple solution of this model by Baekler.






Introduction: Einstein’s theory of
gravity and beyond

Why go beyond Einstein’s theory of gravity? Today, Einstein’s theory of gravity,
nearly hundred years after it was proposed, is an experimentally well established
framework for describing gravitational phenomena. Even in every day life it plays
an important role; without general-relativistic corrections, GPS!-based navigation
would mislead us by several kilometres per day from the desired destination. Indeed,
in the vicinity of our earth general relativity predicts gravitational physics with
astonishing accuracy. The gravitational redshift, time delay in the gravitational field,
relativistic corrections of satellite orbits—all have been confirmed. Also in our solar
system the relativistic corrections to the planetary orbits, time delays of radar pulses
traveling between the earth and its neighboring planets and the bending of the light
from distant stars in the gravitational field of the sun fit well into general relativity.
Gravitational lensing of distant galaxies gives evidence for the validity of general
relativity far away from us. The slowing down of the rotation period of the Hulse-
Taylor pulsar is in good agreement with calculations assuming the genuinely general-
relativistic effect of gravitational radiation. As important as these direct applications
of general relativity are, the tests of its fundamental assumptions is encoded in the
local validity of special relativity. Numerous experiments justify directly the axioms
and confirm the predictions of local Lorentz invariance. Moreover, also quantum
field theory is hardly imaginable without the rigid Poincaré group, and therewith
special relativity.

However, going beyond the solar system, first doubts arise. An anomalous accel-
eration of the Pioneer spacecrafts 10 and 11 has been detected. Anomalous means
not predictable by means of general relativity based celestial perturbation theory.
Is there just a technical problem or new physics involved? Looking deeper into the
cosmos the problems also become deeper ... In order to explain the rotation curves
of galaxies and the expansion rate of the universe, we are forced to work with the
hypothesis that most of the gravitating mass-energy is comprised of invisible and
unknown forms of energy and matter. Up to the present, no direct experimental
evidence for such forms of mass-energy could be found.

On the theoretical side, there is a deep conceptual conflict in unifying quantum

LGlobal positioning system: Sattelite-based positioning system
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theory and in particular the standard model of elementary particle physics, and
general relativity. Quantum field theory presupposes spacetime as background on
which the fields propagate. In general relativity the gravitational field carries energy.
According to quantum theory, this energy should be quantized, i. e. spacetime itself
is suggested to be a quantum field. Does our world only consist of quantum fields
whereas space and time, like macroscopical substances, appear only effectively due
to quantum interaction? Or is spacetime an irreducible classical quality of nature?
Despite many important advances the various quantum gravity theories until now
have not provided a consistent and definite answer. This motivates to look beyond
Einstein’s theory of gravity.

It is important to understand the fundamental interaction between matter fields
and spacetime (gravity). This is the reason for looking into a gauge theory of
gravity. We start from matter currents in flat spacetime and then ask which degrees
of freedom of spacetime should be coupled to it. By Noether’s theorem we know
that energy-momentum is related to translations in spacetime, angular momentum
(and spin) is related to rotations. The matter Lagrangian is invariant under rigid
spacetime translations and rotations, i.e., the rigid Poincaré group. The next step
is, in the spirit of Einstein’s equivalence principle, to soften the rigid invariance to a
local one and thereby introducing the potential of translations, the coframe ¥* and
the potential of rotations, the antisymmetric connection I'yg = —I'go. In order to
make these degrees of freedom propagating, we have to introduce the corresponding
field strengths, the torsion T* = D¥*, and the Riemann-Cartan curvature R,3 =
“DI'ys” and devise a dynamical Lagrangian. In this way we arrive at the Poincaré
gauge theory. Experimental evidence suggests even a step beyond this structure.
The Regge-trajectories in elementary particle physics give rise to the hypothesis of
the existence of shear-currents. The corresponding shear potential turns out to be
the nonmetricity Qn.3 = —Dgas. We arrive at metric-affine gravity with independent
variables coframe 9%, connection I',” and metric gns.

The interplay between the various geometrical quantities coframe, connection,
metric, torsion, curvature and nonmetricity is mathematically very complex. This
thesis is devoted to the analysis of the geometrical structures in order to construct
exact solutions for metric affine gravity and various of its subcases, such as Poincaré
gauge theory, teleparallelism, Einstein- and Einstein-Cartan theory, and topolo-
gically massive gravity. We thereby hope to contribute to the question of which
generalization of Einstein’s theory of gravity is most promising.



Chapter 1

Geometry of n-dimensional
(post-)Riemannian spacetime

1.1 Introduction

We first give a short overview of differential geometry with exterior differential forms.
Subsequently, we turn to the Cotton 2-form which is of special importance in three
dimensional models of gravity.

The non—linear coupling of gravity to matter in general relativity presents dif-
ficult technical problems in attempts to understand the gravitational interaction of
elementary particles and strings or to investigate details of the gravitational col-
lapse. Progress in the former area has come mainly from treating quantum fields
as propagating on fixed background geometries [98], whereas much of the progress
in the latter has come from detailed numerical work [31, 1, 51]. Exact solutions
of the relevant matter—gravity equations can play an important role by shedding
light on questions of interest in both general relativity and string theory. One is
often interested in certain classes of solutions with specified asymptotic properties,
the most common of them are the asymptotically flat spacetimes. Recent work
in string theory has, via the AdS/CFT conjecture, highlighted the importance of
the asymptotically anti—de Sitter spacetimes [80]. The AdS/CFT correspondence
relates a quantum field theory in d dimensions to a theory in d + 1 dimensions that
includes gravity [50, 117]. This is the motivation for looking at the conformally flat
spaces and at the spaces of constant curvature. For this reason we decided to review
the subject and to collect some old and new results that are nowadays important in
the context of anti-de Sitter spacetimes and to present them in a modern language.
These results seem presently not to be too well known in the community.

In the theory of conformal spaces the main geometrical objects to be analyzed
are the Weyl [114] and the Cotton [33] tensors. It is well known that for conformally
flat spaces the Weyl tensor has to vanish. Then the Cotton tensor vanishes, too.
However, the Cotton tensor is only conformally invariant in three dimensions.

11
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Recently, the study of three-dimensional spaces is becoming of great interest;
for these spaces the Weyl tensor is always zero and the vanishing of the Cotton
tensor depends on the type of relation between the Ricci tensor and the energy—
momentum tensor of matter. Any three-dimensional space is conformally flat if the
Cotton tensor vanishes. In Einstein’s theory of gravity, the Ricci tensor is related to
the energy—-momentum tensor of matter by means of the Einstein equation. Then the
vanishing of the Cotton tensor imposes severe restrictions on the energy—momentum
tensor. The Cotton tensor also plays a role in the context of the Hamiltonian
formulation of general relativity, see [4].

First we derive the Cotton 2-form in the context of the Bianchi identities. Sub-
sequently we describe its characteristic properties and perform an irreducible decom-
position with respect to the (pseudo-)orthogonal group. This allows us to determine
the number of irreducible components in any dimension. Moreover, in four dimen-
sions, we relate the Cotton to the Bach tensor. After that we show how to derive
the Cotton 2-form in 3 dimensions by means of a variational procedure. We classify
the Cotton 2-form in 3 dimensions by means of its eigenvalues and give examples
for all classes. Eventually we discuss the role of the Cotton 2-form in the context of
building covariantly conserved geometric quantities which may serve as gravitational
counterparts to conserved matter currents. We will encounter the Bach 3-form and
a certain super energy tensor of the electromagnetic field, the so-called Chevreton
tensor.
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1.2 Exterior calculus: Notation and Conventions

1.2.1 Coframe and frame, Levi-Civita density

We start from a given n-dimensional differentiable manifold M,,. At each point P of
M, there is the n-dimensional tangent vector space Tp(M). In such a tangent space
we can introduce a vector basis, the so-called frame {ea}, o . , ;- Since we have a
differentiable manifold, we are always supplied with a local coordinate system. The
frame can then be expanded in terms of the local coordinate basis 0; according to

e, = €', 0;. (1.1)

If there exists a coordinate system such that the (non-degenerated) coefficients e,
obey €', = 6, we call the frame natural or holonomic. We will give another criterion
a few lines below.

In the cotangent space Th(M) there exists a local one-form basis or coframe
which can be also expanded in terms of the local coordinate cobasis according to

9P = e;® da? . (1.2)
For every coframe there is a frame which is dual to that particular coframe,
ea |9 =€ 0i)(e;f da?) = €' e’ =65 . (1.3)

Again, the coframe is called holonomic or natural if there is a coordinate system
such that e;* = §*. This can be achieved if the coframe is integrable, i.e.

1
0= = di" = 2 Qap” 9% A 9, (1.4)
where we introduced the object of anholonomity €27. Its components read
Qop” =eplea]Q =26 nel50,e;". (1.5)

In the case of a non-vanishing object of anholonomity we call coframe and frame
anholonomic. From now on we obey the following conventions:

a,B,---=0,1,2,...,(n—1) are anholonomic or frame indices,

i,j,---=0,1,2...(n—1) are holonomic or coordinate indices.

. . ; il . . .
Under a coordinate transformation z* — x* the coordinate basis and cobasis, re-
spectively, transform according to

- -1
ox* . O0xt
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Thus, for a vector v = v¢9; or a 1-form w = w;dz* to remain invariant under a
coordinate transformation, their respective components have to transform like

i i

v = % v, wy = %w, (1.7)
The generalization to arbitrary p-forms and tensors is straightforward. The anholo-
nomic indices are not affected by coordinate transformations but by local frame
transformations. In general, the anholonomic indices are referring to a represent-
ation of a Lie-algebra. Taken as an example, a p-form with one upper index, w®
represents w= w*e,. Thus, we call w* a vector-valued p-form. Analogously we term
wq as covector-valued p-form, and a p-form without index a scalar valued form.

A tensor density of weight w is defined as

) ) , .

PR ox™ ox' Oz’ 0x’a

Ty ..ot 70 = (sgn)? |J|" —; -
1 P le

: .. T, Ji-da 1.8
ngj :L‘Jl x]q 21 ...Zp ) ( )

oz’
the latter case we speak of a pseudo-density, which switches sign if the orientation
of the coordinate system is reversed.
We introduce the contravariant Levi- Civita density independent of all other struc-
tures of the manifold, apart from its dimension, by putting (here n = 4),

where J := det (a””i> is the Jacobi determinant and P takes the values 0 or 1. In

B 1 if {ijkl} even permutation of {0,1,2, 3}
eIk — 0 if {ijkl} no permutation of {0,1,2,3} . (1.9)
—1 if {ijkl} odd permutation {0,1,2,3}

The weight turns out to be +1. Via the relation

1 if {ijkl} even permutation of{a,b,c,d}
Eijr €70 = 670 = 0 if {ijkl} no permutation of {a,b,c,d} , (1.10)
—1 if {ijkl} odd permutation of {a,b,c,d}
where ijb,fld denotes the generalized Kronecker symbol, we define the covariant Levi
civita tensor density, which is of weight —1. Thus,

1 if {ijkl} even permutation of {0,1,2, 3}
€ijkl = 0 if {ijkl} no permutation of {0,1,2,3} . (1.11)
—1 if {ijkl} odd permutation of {0,1,2,3}

For anholonomic indices we find completely analogous relations, apart from the
fact that the determinant of the jacobian is replaced by the determinant of the local
frame transformation. We then speak of a pseudo density of anholonomic weight,
see A.1.1. in [58].



15

1.2.2 Connection, covariant derivative, and structure equa-
tions

In order to allow for a covariant derivative we introduce a connection 1-form by
Viea =T (W) es, ToP(0;)=Tiw", T.° =T ds". (1.12)

It is comprised of n® independent components. The meaning of such a general
connection and its role in defining parallel transport is explained in Schrodinger’s
classical text Space-Time Structure [104], e.g. Taken as an example, the exterior
covariant derivative of a p-form w,? reads

Dw,? =dw,® — T, A wf + Ff Awy” . (1.13)

According to the expansion of the connection (1.12) we find for the components
of the covariant derivative of a tensor of type (1,1), that is a 0-form ¥,?,

VU, =0,V —T,, V. +T,.°¥,. (1.14)
Subsequently, we define the torsion, a vector-valued two-form T by

1
T — 3 T 9 N9 := DY* = dd* + % A 98 , 1% structure eq., (1.15)

and the curvature, an antisymmetric tensor-valued 2-form R,

1
R = Qszaﬂ I AG” = dTP — TV AT, 274 structure eq. (1.16)

Both quantities have a geomet-

rical interpretation. The torsion rep- W
resents a closure failure of infinites-
imal displacements: Let at a point P
be given two vectors v and w. By
means of the connection we perform
a parallel displacement of the vec-
tor v along w, yielding ', and of
w along v, yielding w', respectively.
If there is torsion present a closure
failure of the infinitesimal parallelo-
gram will occur (see figure). To be
more accurate, torsion measures the
non commutativity of displacements
of points, see [48].

closure failure in case
of non-vanishing torsion

transport by means .-
_..---of connection

\Y




16

In the presence of curvature a
vector which is parallely transported
around a closed loop in general will
not return to its initial state but will
be rotated by an angle . Its length,
however, remains the same. This ro-
tation is represented by the antisym-
metric curvature 2-form. In a space-
time with nonmetricity the curvature
possesses also a symmetric piece. Then a vector is subjected to a general linear
transformation and changes its length, moreover, the angle between two vectors will
not be conserved under parallel transport. We will come back to this later.

The definitions of torsion, curvature and covariant exterior derivative are already
sufficient to derive the Bianchi identities,

DT* = Rg*AY°, 1t Bianchi, (1.17)
DR, = 0, 2"d Bianchi. (1.18)

The first Bianchi identity follows from to the Ricci identity,
DDw,’ = —R," ANw.,P + RP Aw,". (1.19)

In order to prove the 2nd Bianchi identity we write the second structure equation
in the form

dle? =T, AT P+ R,P. (1.20)
Taking the exterior derivative of (1.20) yields

0=ddl,? =dl',) AT,? —T," Adl,’ +dR,” . (1.21)
We can replace the derivatives of T',? by means of eq.(1.16), yielding

0 = dT," AT, —T," Adl.? 4 dR,P
(T’ AT + R) AL =T A (T, AT + RP) +dR,".
= RADS —T, AR +dR,, (1.22)
= DR,’. (1.23)
The Lie-derivative is a kind of derivative which is independent from any kind
of connection or metric structure. We refer to [60] or [110] for the mathematical

details.
The Lie-derivative for a scalar-valued p-form reads (Cartan’s formula)

Lyw=du|w)+u|dw. (1.24)

The proof can be found in [8], e.g.
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For a vector-valued p-form we have
L,w® = d(u]w®) + u)dw™ — WP (su® + u? Q.5%), (1.25)
and for a covector-valued p-form
Lowe = d(u|wa) + u|dwy + ws (0au® +u7 Q0°) . (1.26)

The generalization to an arbitrary number of (mixed) indices is straightforward.
Sometimes it is desirable to replace the ordinary derivatives by covariant ones.
Then, the object of anholonomity is replaced by the torsion,

Lw® = D(u]w®) + u] Dw® — o (Vgu® + 4" T,5%) . (1.27)

1.2.3 Metric, Hodge-, and Lie-duals

Now we introduce a geometric structure which allows us to represent length and
angles, namely a Riemannian metric

9 = Gop v X ﬁﬁ ) Gap = g(@a, eﬁ) ) (128)

where g, is a symmetric, non-degenerated tensor field,

9aop = 9Ba 5 det Gop 7£ 0. (129)

Since gog is a symmetric, regular square matrix, there is a frame where it takes a
diagonal form. The elements on the diagonal are the eigenvalues of g. According to
Sylvester’s theorem of inertia, the number ind(g) of negative eigenvalues is invariant
under similarity transformations. By normalization of the basis vectors we arrive at
the diagonal elements —1 or +1. A frame in which the components of the metric have
this form is called (pseudo) orthonormal frame. The number of negative eigenvalues
is called index such that

gop = diag(—1,-1,...,1,1,...). (1.30)
ind ind
1n n—1in

By means of the metric we can raise and lower indices in the usual way. It is quite
easy to calculate that the determinant of the metric g := det(g;;) transforms like a
tensor density of weight +2. This can be used to construct the totally antisymmetric
unit tensor from the Levi-Civita tensor density:

v/ |det(gi;)|

Being a tensor we lower its indices by means of the metric

¢l in (1.31)

Niy..in *= Girj1 -+ Ginjn 77j1 dn . (132)
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Table 1.1: The n-basis

n = *1, basis of n-forms,
Ny = *q, = eq N, basis of (n — 1)-forms,
Nayas = (Vg A Vay) = €ayMay > basis of (n — 2)-forms,
Najas...om = *(ﬁal A ﬁaz JANCRIVAN ﬁan) = €q, nalaz...a(n_l) .

(1.36)

By means of the Levi-Civita tensor density, we can define a duality operation which
maps a contravariant tensor of degree p, ¥,, ..ap, INtO a covariant tensor density of
degree n — p, namely ¥q, . o, €% Bi--Bn-r TIn order to establish a proper duality
operation between tensors/forms of degree p and degree n—p we have 1) to raise and
lower indices and 2) to get rid of the determinant of the Jacobian which arises from
coordinate transformations. Both can obviously achieved by means of the n-tensor.

We define the Hodge-duality operation which maps a p-form ¥ into a (n — p)-
form *W¥

1

*\Il = m \Ilal ...0p nal mapﬁl wBrp ﬁﬁl Ao A ’0’3"7‘7 . (133)

We give some important relations for the Hodge-dual in appendix A.1. As compon-
ents we have
* 1 aq ...0p
\Ilﬂl ...,Bn_p — ﬁ \Ilal .. Qp n B1 ...,Bn_p . (134)

This suggests the following definition of the Lie-dual of a Lie-algebra valued p-form
with g-indices

1
SO an—g a w,@1 ...Bq 18, ...ﬂqal Qn—g (135)

Supplied with a metric g and the corresponding Hodge-star duality operator *, we
can define the 7-basis', see table 1.1.

In general we assume independence of the metric and parallel transport, i. e. the
connection. Then arises the nonmetricity

Qag = —Dgop = —dgag + 2F(a5) . (1.37)

Together with the definition of the torsion, DY* = d¥* +I's* A 9?, we then can give

!The n-basis seemingly was introduced by Trautman, see [110].
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a decomposition of the connection according to
Lap = % dgop + (€1a] dgpy) V7 + €ja]s) — % (eales)S2y) 0
et} T + 5 (eales)Ty) o
+% Qap + (€[] Qppy )0 . (1.38)
If nonmetricity is present, the curvature 2-form will no longer be antisymmetric,
DQus = —DDguap = Ry gyp + Rg” gy5 = 2 Rap) - (1.39)

As a consequence, vectors, if parallely transported around a closed loop will not
only be rotated but undergo a general linear transformation.

Figure 1.1: Take two vectors u and v and transport them in Euclidean, Riemann-
Cartan, and Metric-affine space around a closed loop.

R

En Euclid — identity
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1.3 The Cotton 2-form in n-dimensional Rieman-
nian space

1.3.1 Bianchi identities and the irreducible decomposition
of the curvature

In a Riemannian space the torsion T'* = D9¥“ vanishes. Thus, the first Bianchi
identity reads

0= DT® = DDV¥* = Rz N9, (1.40)
or, in components,
R[agﬂé =0. (1.41)

The first Bianchi identity is a (co-)vector valued 3-form with

. ( g ) _n*(n— ;?(n —2) (1.42)

independent components that imposes the same number of constraint equations
on the components of the curvature. Accordingly, in n-dimensions, the curvature

9-form has
_n<n>:n2(n—1)(n+1) (1.43)

(3) (5) = (5) ="

independent components. For n = 3, we have 6 independent components and for
n = 4 (the case of GR) 20 independent components.
The second Bianchi identity is

DR, =0, VpRu."=0. (1.44)

We now perform the irreducible decomposition of the curvature with respect to
the pseudo-orthogonal group [58]:

n=1 Rag = 0 y

n=2 R,3 = Scalarygs,

n=3 R,s = Scalar,g + Ricel o5, (1.45)
n>4 Rop = Scalares + Rigel o5 + Weyl, 5.

e The Scalar,g-piece is given by

1

771(” — 1) Rﬁa/\ﬁg , R:= eaJRica’ Ric, = eﬂJ Raﬂ 7 (1.46)

Scalar,g := —
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where R is the curvature scalar and Ric, the Ricci 1-form. This piece has 1
independent component and is present in any dimension n > 1. In components
we have

Ric, = Ricye ¥, Ricue = Raua™, R = Ry, (1.47)
and

2
Scalar,,ag = — ] R guja9s - (1.48)

n(n —1
The Scalar piece enjoys the obvious symmetry

Scalaras A 97 =0, Scalarj,yap = 0. (1.49)
From dimension three onwards the tracefree Ricci piece comes into play,
2 1
Ri&iaﬁ = ——2 19[(1 A R)é‘g] y Rj@lglz RiCIg - — R’l?lg . (150)
n— n

It has ;(n+2)(n— 1) independent components. In index notation this corres-
ponds to

. 4 ) . ) 1
Rictiwas = ——— g« B, Bifas = Ricas — — Rgag.  (1.51)

If we contract the first Bianchi identity (1.40), we find

0 = es|(Ro” A 9%) = Ricy A 97, (1.52)
since R,® = 0 in a Riemannian space. Thus, Ric,, 9* A 9% = 0 or

Ricep = Ricga , (1.53)
that is, the Ricci tensor is symmetric. This also implies

Rigki o5 A 9% = 0. (1.54)

Finally, in dimension greater than three, the Weyl 2-form emerges according
to

Weyl, s := Rap — Scalarag — Rigel 4 - (1.55)
From the construction it is clear that the Weyl 2-form is totally traceless, i.e.,
o) Weyl® = —e5|Weyl®® =0, eq]es|Weyl* =0. (1.56)

This property also explains the vanishing of the Weyl 2-form in 3 dimensions.
An arbitrary antisymmetric tensor-valued 2-form A, = —Ags = Apvap ™ A
¥” /2 in 3 dimensions has 9 independent components. The condition e, | A%? =
0 results in 3 one-forms, i.e., 9 constraint equations that eventually yield the
vanishing of all components.
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According to [62], we can combine Scalar,s and Ricél 44,

2
Scalar,s + Ricél o5 = R Vo A Lg) (1.57)
n JE—

with
1

L, := aﬂ - —
T —

RY,, (1.58)

i.e., this sum can be expressed in a coherent way in terms of the 1-form L,. From
Scalar,s and Rieti,g it inherits the property

Lo AN9*=0. (1.59)
We may expand L, in components as
L L Ri ! R (1.60)
a3 = Lgo = Ricgy — ———= aB - .
B B 1Cap 2(n — 1) Gop

This tensor is sometimes called Schouten tensor. Also the names rho tensor or Pyg
can be found in the literature. Then the curvature 2-form can be expressed as

2
R, = Weyl s — —— 9, AL 1.61
ap = Weylog — ——— Jia A Ly (1.61)
or, in components,

4
Rag,y,; = Weylaﬁw — ﬁ g[a\['yLJHﬂ] . (1.62)

1.3.2 Cotton 2-form

By applying the exterior covariant derivative to (1.61), we obtain the following
representation of the second Bianchi identity,

2
0=DR. = DWeylaﬂ + —279[a N Cg] , (1.63)
n J—
where we encounter the Cotton 2-form
1 b v
C,:=DL, = 3 Cuva O N U (1.64)

or, in components,

1

2n—1) V[aRgﬂh) : (1.65)

Cag,y =2 (V[aRiCﬁh — 2(n
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We perform an irreducible decomposition of the Cotton 2-form with respect to the
Lorentz group. We can use the decomposition for the torsion, as given in [58], since
this is also a vector-valued 2-form. Then we have

c* = (I)Ca + (2)Ca + (3)Ca :
TENCOT + TRACOT + AXICOT, (1.66)
inf(n—1) = 3n(n*—4) + n + in(n—1)(n—2),
where
1
@ e :7%iWA@MW% (1.67)
1
®ge .= 3 e®](Cs A7), (1.68)
Woe = go-@ge _C)ce, (1.69)
or, in components,
[s4 2 6]
(2)C;w = I C’,,Mf3 , (1.70)
« 1 (07
(3)0”,/ 3 Clup 9 B (1.71)
We,* = ¢,*-%0,*-®c,>. (1.72)

TENCOT, TRACOT, and AXICOT are the computer algebra names of the
pieces of the Cotton 2-form, denoting the tensor, the trace, and the axial pieces,
respectively. The number of independent components of these pieces is given in the
third line of (1.66). They arise as follows: TRACOT corresponds to a scalar-valued
1-form C := e, |C® with n independent components. In general, a (co-)vector-valued
2-form has

n<g>:@ (1.73)

independent components. AXICOT corresponds to a scalar valued 3-form (C*Ad,)
and thus has

( " ) _n(n - lé(n— 2) (L74)

independent components. Thus, TENCOT is left with

n2(n2— 1) n(n-— 1()5(71 -2) n— g(n —2)(n+2) (1.75)

independent components.
We now show that in a Riemannian space the trace piece (TRACOT) and the
axial piece (AXICOT) vanish. Hence, only the tensor piece (TENCOT) with its
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n(n? — 4)/3 independent components survives. This insight seems to be new. For
n = 3, we have 5 and for n = 4 (the case of GR) 16 independent components.

In order to see the vanishing of AXICOT, we contract the Cotton 2-form with
the coframe and use (1.59):

V*NCy=09"NDL,=—-D(W*ANL,) =0, (1.76)

or
2
3!

The second Bianchi identity leads to a vanishing trace of the Cotton 2-form (TRACOT),
C = e,|C* = 0. In order to see this, we contract (1.63) twice:

C[uua} = V[le/a] =0. (177)

OzngDRaﬂ:eﬂJDWeylaﬂ—Z—:;C"‘—ni219°‘/\0, (1.78)

0 = eq|es| DR®® = e, |eg| DWeyl™ — 2C = —2C, (1.79)
or

Cos® = Vo (Ric[;" _ %R&;*) _o. (1.80)

As we see, the second Bianchi identity relates the derivative of the Weyl 2-form to
the Cotton 2-form,

n—3
n—2

es] DWeyl ? = Co - (1.81)

This formula allows us to rewrite the Einstein equation as a Maxwell-like equation
for the Weyl tensor, see [14], e.g. The Ricci identity intertwines the derivative of
the Cotton 2-form with the Weyl 2-form,

2
DC, = DDL,=—-R.,’ NLg=—-Weyl,’ A Lz + — Vi A Lg A LP
n J—
= —Weyl, A Lgs. (1.82)

Consequently, in three dimensions, C, is a covariantly conserved 2-form, with DC,, =
0. Thus it is a candidate for a conserved current that can be derived by means of a
variational procedure.

The Weyl 2-form is antisymmetric and tracefree, i. e.

Weyl,; = —Weylg, , es| Weyl,? =0,
and the L, 1-form fulfills

eaJLg = ng La .
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Table 1.2: Properties of the Cotton 2-form C,, in arbitrary dimensions

Cy:=DL,, L,:=es|R,’ — m R, Cotton 2-form
VEANCy=0 (axialfree) 1st Bianchi identity
€ |]C* =10 (tracefree) contr. 2nd Bianchi ident.
DWeyl 5 = —ﬁ Vo N Cp 2nd Bianchi identity
DC, = —Weyl P A Lg Ricci identity
Cy = Co+ (n—2) 05 Weyl,? conformal transformation

Therefore the contraction of DC, with the frame vanishes,

e*|DC, = —e*| (Weyl,’ A Lg) = —(e*|Weyl,’) A Lg — Weyl,” A e®| Lg
0. (1.83)

This means, in components, that the divergence with respect to the last index
vanishes,

VCX Cl“/a — 0 . (1.84)

The properties of the Cotton tensor are summarized in Table 1.2.

1.3.3 The Cotton 2-form as a variational derivative

It is well known [40, 7] that C, can be obtained by means of varying the 3-
dimensional Chern-Simons action

1 2
Crr = =3 (raﬂ Adlg" — 2 TP ATEY A rva) (1.85)

with respect to the metric keeping the connection fixed. In order to enforce vanishing
torsion

T = DY* = d9* + T[> A 9P (1.86)
and vanishing nonmetricity

Qap = —Dgap = —dgas + Ta” gyp + T's” gay , (1.87)
we have to apply Lagrange multipliers. Then the total Lagrangian reads

L=Crr+ A AT*+ 2P A Qugs, (1.88)
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where )\, is a 1-form and A\*® = M\ a symmetric 2-form. The corresponding field
equations read (for the explicit calculation see Appendix A.4.3)

oL
5o = I°=0, (1.89)
oL
(D\—aﬁ — Qaﬂ — 0, (190)
5L « «x «
ST 8 = —Rg —/\5/\’19 +2X3% =0, (1.91)
oL
JZL = D\ =0. (1.93)
af

We can solve (1.91) for its symmetric and its antisymmetric parts,

Riag) + e N Ag) = 0, (1.94)
—Rop) + 0 ANAgy +2X = 0. (1.95)

Because of (1.90), the symmetric part of the curvature vanishes,

0= DQus = —DDgoap = R." 98 + Rg"gay = 2R () - (1.96)
Thus, by means of (1.95)

Aap = —% 9 A Ag) - (1.97)

According to (1.61), in three dimensions, Rag = —2 3o A Lg. We substitute this
into (1.94) and find

)\g =2 Lﬁ , Aaﬁ = —19(a A Lﬂ) . (198)
Eventually,

1 6L oL 2 oL

2 59 " 39 e R (1.99)

In three dimensions the Cotton tensor arises from the variation of the topological
Chern-Simons term. Recently, Jackiw et al. [67, 52, 66] defined a modified Cotton
tensor in n = 4 which also can be defined by means of a variational principle. They
start from the Pontryagin density

1
-3 R.” A Rg® = dCgp ,
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where the Chern-Simons action appears as a boundary term. In order to get a con-
tribution of Crg to the field equations Jackiw et al. introduce an external embedding
field 6,

1
Viain = 3 O R.,’ N Rg® = —0dCrg = df A Crr — d (6 Cgr) - (1.100)

The field 6 is kept fixed, i. e. will not be varied. A similar procedure was also carried
out for electromagnetism, where the embedding variable is related to symmetry
breaking. By varying (1.100) with respect to the metric one finds

C¥ = 0 m nFmeCy?) + 6 k1 *WeylF@t

This modified Cotton tensor is manifestly symmetric and traceless. The vector field
6 ; induces polarization dependence of the intensity of gravitational waves.

The Cotton 2-form defined by us only in n = 3 can be obtained from a variational
principle. However, in n = 4, the Bach 3-form can be obtained from the conformally
invariant action

1
VBach = ~3 Weyl,s A *Weyl®? |

For vanishing nonmetricity and torsion we obtain, see appendix A.4.2,

. (SVBach
09
Like the Cotton 2-form in 3 dimensions, the Bach 3-form in 4 dimensions is tracefree,

symmetric, covariantly conserved, conformally invariant, and vanishes in a conform-
ally flat space. We will discuss the Bach 3-form in more detail in section 1.6.

B, = = D*Cy +*Weyl P A Ls .

1.4 Conformal correspondence

The conformal correspondence between two n—dimensional manifolds V,, and I7n is
achieved by means of a conformal transformation of the form [42, 102]

Jop = exp(20)gas,  §° = exp(—20)g*”, (1.101)

where o is an arbitrary function. In general, a conformal transformation (1.101)
is not associated with a transformation of coordinates, i.e., with a diffeomorphism
of V,,; both metrics in (1.101) are given in the same coordinate system and frame.
Since these transformations preserve angles between corresponding directions, the
causal structure of the manifold is preserved. As a rule, indices of quantities with hat
are raised and lowered by means of §*° or g,s, respectively, those of untransformed
quantities by g®? or g,s. The transformed connection reads

B8 = T8+ (8 do — Do 0 + 00 09) = TP + 5.7, (1.102)
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a comma denotes partial and a semicolon covariant differentiation. If D=d+
I',? + S,” is the exterior covariant derivative with respect to I',?, the transformed
curvature is

Ro® =dlo? — Ty  ATP = R® + 209, A Sy 077, (1.103)

1
Sy:=Do,—o0,do+ 3 09060, . (1.104)

By contracting (1.103) with the frame eg|, we infer

Lo = Lo—(n—2)8,, (1.105)
Weyl, ? = Weyl ?, (1.106)

R = exp(—20)[R—2(n—1)0% — (n—1)(n —2)040%] .  (1.107)
The Weyl 2-form is conformally invariant since a conformal transformation does not

act on the trace-free part of the curvature. Application of D onto (1.105) yields the
transformation behavior of the Cotton 2-form,

Co=Co+(n—2)osWeyl,”. (1.108)

Thus, in n = 3, where the Weyl 2-form vanishes, the Cotton 2-form becomes con-
formally invariant.

Criteria for conformal flatness

In the following paragraphs we investigate the criteria for conformal flatness, i. e., the
possibilities to transform the curvature to zero by means of a conformal transform-
ation. We basically follow [102]. Since we have seen that the curvature 2-form in 2,
3, and more than 3 dimensions is built up rather differently, we have to investigate
these cases separately.

n=2

In n = 2 the only non-vanishing curvature piece is the curvature scalar R. Its
behavior under conformal transformation is given by

R =exp(—20) (R—20%,) =0. (1.109)
Thus,

o R

R=0 <= 0% = 5 (1.110)

This is a scalar wave equation for the conformal factor ¢ with R as source. Since
the wave equation always has a solution, we conclude that all 2-dimensional spaces
are conformally flat.
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n>3
For more than 2 dimensions we start from (1.61), namely

2

Since the Weyl 2-form is conformally invariant it cannot be transformed to zero
by means of a conformal transformation. Consequently, the vanishing of the Weyl
2-form is a necessary condition for conformal flatness.

The L, 1-form transforms according to

~

Ly=L,—(n—-2)85,. (1.112)
We can transform L, to zero if there is a function ¢ such that

Lyo=(n—-2)8,. (1.113)
This will impose a differential restriction on L,3. By means of (1.104), we rewrite
the latter equation as a differential equation for o 4,

Doy=040p ¥ — %U’ﬂ 080 + ﬁ L. (1.114)

If we apply the covariant derivative to both sides of (1.114), we obtain a necessary

condition for the integrability,
1
-R,? og=DDo,=05Do, A o Do g Ay + > C,. (1.115)
n _—

This becomes a necessary and sufficient condition of integrability if the dependence
on o, can be eliminated, see [102, 103]. Thus we substitute Do, from (1.114) into
(1.115):

1

—RPos=— Ly Ng o+ ——0C,. 1.116

op=———5LaNdgoT+ — (1.116)

Using the decomposition (1.61) of the curvature, we finally arrive at
—(n—2)Weyl,P o5 =C,. (1.117)

For n = 3, the Weyl 2-form is zero and C, = 0 is the integrability condition for
the conformal factor. Thus, if the Cotton 2-form is zero, the space is conformally
flat. Conversely, if the space is conformally flat, there is a conformal transformation
such that R,? =0 < L, = 0 = C, = 0. Since the Cotton 2-form is conformally
invariant in 3 dimensions, we find C, = 0. Hence, the vanishing of the Cotton
2-form is the necessary and sufficient condition for a V3 to be conformally flat.

In more than 3 dimensions the vanishing of the Weyl 2-form is a necessary
condition for conformal flatness. Thus, also in dimensions greater than 3, C, = 0
is the integrability condition for the conformal factor. However, for n > 3, the
contracted second Bianchi identity (1.78) implies the vanishing of the Cotton 2-
form when the Weyl 2-form is zero. Hence, the vanishing of the Weyl 2-form is also
the sufficient condition for conformal flatness.
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1.5 Classification of the Cotton 2-form in three
dimensions

A vector-valued 2-form in 3 dimensions has 9 independent components, the same as
the number of components of a 3 x 3 matrix. A mapping between these two can be
achieved by means of the Hodge dual. The Hodge dual of a vector-valued 2-form
in 3 dimensions is a vector-valued 1-form with the same number of independent
components. Its components form a 2nd rank tensor (“matrix”),

Cag = eaJ*Cg = *(Cg A ﬁa) (1.118)

or, in components,
8 : 1 v
Co” =V, | Ricyy — ZRg,,a nr . (1.119)

This alternative representation of the Cotton 2-form, often called Cotton-York tensor
[120] (even though it was already discussed explicitly by ADM [4]), can only be
defined in three dimensions. Sometimes it appears under the name Bach tensor in
the literature, see [32], e.g. This seems to be a misnomer.

The Cotton tensor is tracefree
Co® =€ |"C* =*(C* ND,) =0. (1.120)
In three dimensions, the 2nd Bianchi identity (1.63) amounts to ¥, A Cg = 0. In
view of the definition (1.118), we infer that the Cotton tensor is symmetric Cyog =

Cps,- Introducing this symmetry explicitly into (1.119), we obtain the alternative
representation

CP = OP* = p(*y Ric, P . (1.121)

We now perform a classification of the Cotton tensor with respect to its eigen-
values. The corresponding generalized eigenvalue problem reads:

(C*? —Xg*®) V3 =0, C*=0, C®gups=0. (1.122)
By lowering one index, we can reformulate this as ordinary eigenvalue problem for
the matrix C,°. However, in that case, the symmetry C*® = (5 is no longer

manifest:

(Ca? =A8E) V=0, C.*=0. (1.123)
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Euclidean signature

The case of Euclidean signature is simple: the generalized eigenvalue problem re-
duces to an ordinary one. As a real symmetric matrix C*® possesses 3 real eigen-
values and the eigenvectors form a basis. With respect to this basis, C*? takes a
diagonal form. Since C? is tracefree, the sum of the eigenvalues is zero. Con-
sequently, we can distinguish 3 classes:

e Class A
Three distinct eigenvalues: A; # A and A3 = —(A; + Ag).

e Class B
Two distinct eigenvalues: A\; = Ay # 0, A3 = —2);.

e Class C
One distinct eigenvalue: A\; = Ay = A3 = 0.
In the present context of Euclidean signature, this implies Cyp3 = 0.

Lorentzian signature

In the case of an indefinite metric, the roots of the characteristic polynomial
det (C* — X g*) =0 (1.124)

may be complex. Accordingly, the matrix C,? is no longer symmetric and in the
equivalent ordinary eigenvalue problem

det (Co” —A82) =0 (1.125)

complex eigenvalues occur, too. This point seems to have been overlooked by the
authors of [12]. Consequently, the classification will not be as simple as it was the
case for the Euclidean metric.

In the following, we will present a classification of C,”®. The tracefree condition
(1.123),, in orthonormal coordinates, reads explicitly

Cill+0C2+C2=0. (1.126)

Accordingly, we can eliminate C3?, e.g., from (1.123);. Then the secular determinant
reads
Cit—)X C? C:?
det —012 022 - A 023 = 0, (1127)
-3 C,? —C12—-Cy%2 - )

with the 5 matrix elements C;!, C,2,C13,C52,C53. We compute the determinant
and order according to powers of A,

N 4+bA+c=0, (1.128)
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where

b= (G - GO — (G 4 (GO (GO - (G, (1129)

c = [(011)2022 + 011(022)2 + 011(012)2 + 011(023)2 (1130)

+(012)2C22 + 9 012013023 - (013)2022] )
The roots of (1.128) are given by
A VB A V3

/\1—A, /\2——5 —|—27B, A3——5—’I,7B, (1131)
with
D? — 12b D? +12b 1/3
———, B:= 6;1), D:= (—108c+ 121265 + 81c2) . (1.132)

A cubic polynomial with real coefficients has at least one real root and the complex
roots have to be complex conjugates. The Jordan normal forms of the Cotton tensor
read:

A=

“Petrov”’-type Jordan form Segre notation eigenvalues
A1 0 0
I 0 X 0 [111] AL # A2, As = —A1 — Ao
0 0 —A1— X
A1 0 0
D 0 A 0 [(11)1] AL = # 0,3 = —2X\;
0 0 —-2X
A1 1 0
II 0 A 0 [21] A=A # 0, = —2)\;
0 0 —-2X
0 1 0
N 0 0 0 [(21)] A=X=X3=0
0 0 0
0 1 0
111 0 0 1 3] A =X =\ =
0 0 0
0 0 0
o 0 0 0
0 0 0

This parallels exactly the Petrov classification of the Weyl tensor in 4 dimensions
[108]. This comes about since the Weyl tensor in 4D is equivalent to a (complex)
3 x 3 tracefree matrix, as C,” in 3D; for a similar classification of C,g, see [54].

Since one eigenvalue is real, types D and II with only one independent eigenvalue
A1 = A2 = —2)3 are always real. For class I, besides the real eigenvalue, two complex
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eigenvalues may occur. In that case, they are complex conjugated. Therefore, class
I can be subdivided into class I with 3 real eigenvalues, [111], and class I’ with one
real and two complex conjugated eigenvalues, [1zZ]. By performing a kind of null
rotation, we can also give a real form for class I':

Rez Imz 0
U —Imz Rez 0 [1zZ] A = —2Rez, ha=2,A3=2 .
0 0 —2Rez

We can now specify simple criteria for deciding to which of these classes the
Cotton tensor C,? belongs. First determine the eigenvalues.

1. Three different eigenvalues (2 independent)

(a) all real = Class I

(b) one real, two complex = Class I’
2. Two different eigenvalues (1 independent A; = Ay = —2)3)

(a) (Co’ =M1 09)(Cs" + 5 A1 03) =0 = Class D
(b) else = Class II
3. All eigenvalues zero
(a) C,P=0=0
(b) C,°Cs" =0 = Class N
(c) else = Class III

Examples

We now give examples in order to demonstrate explicitly that all classes presented
are non-empty indeed. All results have been checked by means of computer algebra,
see Appendix A.5.1 for an explicit sample program.

e Class I’
The generic example is the (1+2)D static and spherically symmetric spacetime,
given in an orthonormal coframe with signature (+ — —) by
R - d R
P = odt, 9 =", R=rdp, v=1ur). (1.133)

\/’4_/)’

The Cotton tensor and its eigenvalues read, here ()’ = d/dr:

" 0 0 —1 m
C.P = \/@_Z@b 00 0 , A =0, =)= z\/z@b . (1.134)
10 0
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A well-known example is the 3D analog to the Reissner-Nordstrom solution,
a solution of the 3D Einstein-Maxwell equation [11]:
p=Ar’—¢*Inr— M. (1.135)
e Class I

In [92], eq.(4.1), the following solution for the vacuum DJT field equation is
given: The orthonormal coframe with signature (— + +) reads

9 = ao(dip + sinh 6 dg) (1.136)
9= g (—sin df + cos ¢ cosh6de), (1.137)
P = a (cos ) df + sinp cosh 0 dg) (1.138)

where the DJT field equations are fulfilled provided

2 1 2
_Ggta; +a

wtata=0, p=-—- " (1.139)
Then the Cotton tensor reads
9 9 1 0 0
Cf— g T0nta 4 —a o | (1.140)
(ay + az)ala’ 0 ‘“6“2 —as
ai1+az

The eigenvalues can be read off from the diagonal. For a; = as, the Cotton
tensor degenerates to class D. The solution eq.(4.6) in [92] is analogous to the
present case.

e Class D
An example is the 3D Godel solution (signature (+ — —)), see [97] eq.(4.1):

P = <§> [dt—2(\/m—1)d¢ , (1.141)

L

ot = <§> \/:jrﬁ, (1.142)

9 = <§> rdg, (1.143)

with
00 5
1
0 10|, M=lo=—-Ag= (—) . (1.144)
0 01
This is a vacuum solution of the DJT model as well as a solution of the 3D
Einstein equation with matter.
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Many of the other solutions known for the DJT field equation are also of
Class D:

— The squashed 3-sphere solutions by Nutku and Baekler [92], eq.(4.10)
and eq.(4.1), eq.(4.6) for a special choice of parameters (see above).

— The topologically massive planar universe with constant twist of Percacci
et al. [97], eq.(3.20).

— The perfect fluid solution of Giirses [53], eq.(6).
— The DJT-black hole solution of Nutku [91], eq.(24).
— The recent black hole solution by Moussa et al. [87], eq.(4).

e Class N
In section 2.6, the following solution of the DJT-field equations is derived:

; 1 1

9 = em/? |1+ ) e M)dt + (1 — 5 e Mdx)| , (1.145)
; 1

9 = 3 e M2 (dt — dz), (1.146)

P = dy. (1.147)

The Cotton tensor, with all eigenvalues being zero, reads

s [ -1 -1 0
=21 1 1 0], M=X=X=0. (1.148)
0 0 0

Another class N solution is given in [97], eq.(4.9).

We have found no (sensible) solutions to the Einstein or DJT field equations
which are of Class II or ITI. However, it is easy to find metrics for which the Cotton
tensor is in general of class I but may degenerate to classes II or III. Just in order
to show that these classes are nonempty, we will sketch corresponding examples:

o Class II
The following coframe (signature (— + +)),

9 =e 2dt +dx, L dr, 9?2 = dy, (1.149)

yields the Cotton matrix

8e %Y 6(3e %Y — 1) 0
CoP = —6(3e™ —1) —4e% (3¢ +1) 0 : (1.150)
0 0 de 3 (e® + 1))
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In general we find three different eigenvalues

A o= 2eW (3\/1 —eBY 1 Tel — T2 — 3¢ 4 1) , (1.151)
Ay = 2% (—3\/1 — efY + Tety — Te2y — 3e? + 1) , (1.152)
Az = 2e (3 +1). (1.153)

Hence, in general, this yields class I (or I’). However, for y = 0 this reduces to

[ 8 120
CLlY="| —12 —-16 0 |, A =X=—-4,)X=38. (1.154)
0 0 4
Since
-1 -1 0
(C.P —868) (CoP +46%) =144 | 1 1 0 | #0, (1.155)
0 0 O

this matrix belongs not to class D. Indeed we find
(C.? —888) (C.P +468)" =0, (1.156)
Thus, it belongs to class II.

Class III
The Cotton tensor for the following coframe (signature (—++)) is also of class
I in general:

O =(z—t)dt, 9 =@+t)de, O =dy, (1.157)
4(2¢% + z?) 0 0 !
+ I~ )T (t2+2z2)(t+x)t
o = 5 1 0 0 eP+a o) | » (1.158)
(t +2)°(t — z) _q  (@P42e)(tra) 0

(2t2+z2?)(t—x)z
where the three different eigenvalues read

4/t8 +2(t7x + taT) + t822 + 16(tP2® + t325) — 226 — 28

A — 1.159
! (t+z)5(t — 2)° » )
Ao = —\i, (1.160)
A3 = 0. (1.161)

Again, this leads to class I (or I’). On the hypersurface given by z = ¢(+/13 +
3)/2, all eigenvalues collapse to zero. However, one can easily compute that
also in that case

CP#0, CLPCs"#0, but C,PCsC =0. (1.162)

Therefore, the Cotton tensor degenerates to class III.

e Class 0: All conformally flat solutions.
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1.6 The Cotton 2-form and automatically con-
served quantities

In this section we want to shed some light on the subtle interplay between conserved
matter currents and geometrical identities. Experience has told us that all forms
of energy gravitate — the source of gravity is the energy density of matter. From
special relativity we know that the energy density is accommodated in the time
component of the energy-momentum vector. In this way we find the vector-valued
energy-momentum (n — 1)-form

1

Y=3Y%4="—"T2X

(n—1)! progin 1 PN N ey =T ey (1.163)

By means of the Noether identities the energy-momentum is conserved. In flat
spacetime we have

;=0 & V;T9=0. (1.164)

We have identified the source of gravity. What about the gravitational field? Ein-
stein recognized that the connection of flat spacetime acts as the “inertial field
strength”. Switching on gravity means supplying the connection with own degrees
of freedom and thereby arriving at a curved Riemannian spacetime. In electro-
magnetism, e. g., the divergence of the field strength is proportional to the source
current. The (covariant) derivative of the connection is given by the curvature.
Hence, we suspect the curvature to be proportial to the energy-momentum. Since
the energy-momentum is a vector-valued, conserved (n — 1)-form we have to look
for a similar piece of the curvature. The basic relation in order to construct such a
quantity is the second Bianchi identity,

DR’ =0. (1.165)

The conservation equation DY, = 0, as a vector valued n-form, has n independ-
ent components. The Bianchi identity is a tensor valued 3-form and thus has
n?(n — 1)(n — 2)/6 independent components. However we can extract a piece with
n independent components in a straightforward manner by contracting it with the
frame,

ealesley | DR = 0. (1.166)

Then we have a covector-valued 0-form with n components. We can rewrite this
equation by taking the Hodge dual,
*(ea)egles ] DRPY) = —9, A9g A9y A*DRP
= —DRPY A* (9o N5 AD,)
—DR® Anagy = —D (R Anagy) (1.167)
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where we used some elementary rules of exterior algebra and the relation Dn®#" = 0,
which is valid in Riemannian spacetime. This suggests the definition of the Einstein
(n — 1)-form

1
Go 1= 3 Tlagy RP with DG, =0. (1.168)

In this way we motivate the Einstein equation (£ is the gravitational constant)
Gy, =1%,, (1.169)

which is valid in all dimensions n. We may generalize this field equation without
departing too far from general relativity by adding further conserved geometrical
(n — 1)-forms at the left hand side.

Here, we draw our attention to dimension dependent equations. Also in this case
our starting point is the second Bianchi identity. By differentiation of the second
Bianchi identity we found, see table 1.2,

DC, = —Weyl P A Lg. (1.170)

Since in n = 3 the Weyl tensor vanishes, the Cotton 2-form, in three dimensions, is
a conserved (3 — 1) = 2-form. Thus, what about the gravitational field equation

Go + iCy = 547 (1.171)

This is nothing else than the well-known DJT-model of gravity!
Something similar can be obtained in 4 dimensions by using the Bianchi identity
for the dual of the curvature. In Appendix A.4.2 it is shown that

DD*C, = —D (*Weyl,” A Lg) . (1.172)
Thus,
B, := D*Cy +*Weyl,? A Ls =: B, ns (1.173)

or, in components,

Bog = V¥Coys + L Weyl, 5, , (1.174)
is a covariantly conserved 3-form:
DB,=0  (V3B,”=0). (1.175)

We recognize the Bach tensor Bag [5, 102, 96, 112]. From the symmetry properties
of Cq, Lo, and Weyl, 5 it follows that

B, AU =0 (Baa = 0) , eaJ B*=0 (B[am = 0) . (1.176)
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Moreover, it transforms as a conformal density and can be derived from a variational
principle, see appendix A.4.4. Since in a conformally flat space the Weyl and the
Cotton tensors vanish, the vanishing of the Bach tensor is also a necessary (but not
sufficient) condition for a four dimensional space to be conformally flat. Applying
again our heuristical scheme we may put

G, +aB, =%, (1.177)

and just have “found” Bach gravity!

What is now the physical content of this game? In Einstein gravity, the Bianchi
identity DG, = 0 corresponds to DY, = 0. In turn, DY, = 0 is a conserved current
due to the field equations of matter. In flat space, without gravity, we then find the
corresponding conservation law d¥, = 0 for the free matter fields.

Do also the Cotton or the Bach forms supply us with such independent conser-
vation laws? Let us assume Einstein gravity, G, = £¥,. The Einstein (n — 1)-form
is equivalent to the 1-form L,,

Go=LP Ange =1%,. (1.178)

This equation can be inverted, yielding a 1-form representation of Einstein’s field
equation,

Lo=1(%,, (1.179)

where the modified energy-momentum 1-form is defined according to

Sa = (—1)n—4ind x5 - (B, AP A ﬂa] . (1.180)
n J—
Similar to (1.178) we find?
N0 =P A . (1.181)

Consequently, we can express the Cotton 2-form in terms of energy-momentum,

~ : 1
Cy = DL, = (D%, = (—1)"*"dyp {*Za — (B APT) Ay | . (1.182)
Since the vanishing of the Cotton 2-form is, in all dimensions, a necessary criterion
for conformal flatness, matter sources which allow conformally flat solutions of Ein-
stein’s field equations must fulfill (1.182). In n = 3 this is also a sufficient condition

2Incidentally, this can be understood from a kind of dual variation. In [88] the formula of the
variation of the n-basis is given (here adapted for an orthonormal coframe),

L L L
e =09° Anag = 6L =480 A 505 A 59, 89% A o A 59,

e

or 550La =(-1)" (S‘E—gﬁ/\nﬁa . This formula directly yields the relations between Gy , Lo and Lo, Za.
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for conformal flatness. We will make use of this fact when deriving the conformally
flat perfect fluid solution in section 2.7.
In n = 3, the Cotton 2-form is identically conserved,

DC, = —Weyl A Cs =" 0. (1.183)
Hence, in n = 3, the Einstein equation implies (£ = 1)
DC, = DDYy=—R,PNE5=0. (1.184)

Using the irreducible decomposition of the curvature and eq.(1.179), eq.(1.184)
amounts to an algebraic constraint on the energy-momentum:

SCAPP AL =0, (1.185)
However,
PP A*Sg =*(e°|S5) =*(Tapn™®) =0 (1.186)
B € B ep ) :

since the energy-momentum is symmetric which corresponds to angular momentum
conservation, see [57, 83].

What about the Bach 3-form? We can proceed along the same line as before.
Replacing L, by ¥, we find the matter-counterpart of the Bach 3-form,

1
X, :=D*D |*%, — 3 (2, A9 Ay | +*Weyl P A*Eg. (1.187)

This is a conserved quantity provided the Einstein equation holds. Can we find a
corresponding conserved quantity in flat spacetime, i. e. if we switch of gravity? In
the course of studying literature on electromagnetic conservation laws, [13], we came
across the Chevreton tensor

1
H; = (V*Fy) (Vi F) — 7 9 (ViF) (VEF™) (1.188)

It is tracefree and symmetric and thus has 9 independent components. Moreover, it
is conserved in flat spacetime. In [41], Edgar derives an alternative representation of
the Chevreton tensor eq.(1.188) just by using the source free Maxwell equations, the
definition of the electromagnetic energy-momentum and some geometrical identities
in n =4,

2R
2H;; = V*V, T;; — 2Ty Weyl*;' + 3 Tij - (1.189)

This occured to us rather similar to the Bachtensor, (1.174),

Bz’j = Vk Cz'kj + Lkl Weylikjl = 2ka[2Lk]J + Lkl Weylikjl , (1190)
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if one replaces L;; by Tj; and assuming R = 0. Indeed, a short calculation, see
appendix A.4.8, showed

provided the Einstein-Maxwell equation holds. This becomes even more appar-
ent by using an alternative representation of the Bach tensor, using the trace-free
Ricci-tensor (compare [112], but mind the signs due to different conventions for the
curvature!),

1
+2 (B/ﬁ?zk Bfﬂ?kj — 1 Yid Rty Bffbkl>
1 1 . 1
+{ 3 Bity — 5595 V'V + 3 Vid; | R. (1.192)

Comparing this to the Chevreton tensor (1.189) we see that provided

Ga = T, (Einstein equation), (1.193)
T® gop =0 (trace free), (1.194)
T,.T" — 1 TY T;j gap = 0 (Rainich condition), (1.195)

we indeed find (1.191). In exterior calculus, we can define the Chevreton 3-form
Heo = Ho"np. (1.196)

Incidentally, by making again use of the source-free Maxwell equations, we can give
the following representation,

H, = %eaj(}'g A* FB) — Fy A (ea" FP) (1.197)
— Ll )= Fan el ) (1199

where
Fo = D(eo|"F). (1.199)

This 3-form is manifestly traceless and symmetric by construction,
Yo AH* =0, e*|Ho =0. (1.200)
Additionally, it is conserved in flat space, see appendix A.4.9.

DH,=0 flat space. (1.201)
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Table 1.3: The mapping between conserved matter currents and geometrical iden-
tities

Einstein equation

Gy =13,
contracted conservation of
2nd Bianchi DG, =0 — DY, =0 energy-momentum
identity current
Go = L%,
Yo N9 =0,

Ya /\*Eﬁ - %gaﬁE,,/\*EV =0.
conservation of
DB, =0 — DH, =0 Chevreton
current

divergence free
Bach 3-form

In general, we do not have D, = 0 in an arbitrary spacetime. It is known from
the literature [41] that the Chevreton 3-form is conserved in Einstein spaces.

These structures suggest that the Chevreton 3-form is connected to some Noether
identity. Eq. (1.197) looks like the canonical energy-momentum for the Lagrangian
FuN*F* = D(eq|*F)N*D(e*|*F). Then H, would be related to translations. How-
ever, the Langrangian contains derivatives of the electromagnetic field F'. Probably
one should try to transform it to a first-order Langrangian by means of an appro-
priate change of variables in order to find a viable physical interpretation. The
concrete example of a point charge suggests that the Chevreton 3-form is some-
how related to quadropole interaction. In cartesian coordinates (electromagnetic
potential A = q/r dt) the components of #, read (A, B = 1,2, 3)

(H,) =L 348 9saB 2 | . (1.202)

The spatial part clearly resembles the usual electromagentic quadropole tensor. Fur-
ther investigations are necessary.
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1.7 Generalization of the Cotton 2-form to post-
Riemannian spacetimes

Riemann-Cartan spacetime

In Riemannian space(time) the Cotton 2-form arises as the exterior covariant deriv-
ative of the 1-form part of the curvature in the context of the 2nd Bianchi identity,

1

2 =) Tl

C,=DL,, Lo =es|R.P —

This definition can naturally be generalized to Riemann-Cartan space(time). In this
case, three additional irreducible parts of the curvature occur. We again identify a
1-form piece, see appendix, page 88,

2 1
“Rys +PRop + CRop = — Bio AL Lg:=es|R®" — ——— RY
aﬂ"‘ a,8+ af n_2 [a Bl » (6} e,BJ e 2(72,—1) a
(1.203)
and a 2-form piece
2
M® .= R 4 — ol A LA (1.204)
where
MeB — (VRed | ()paB  (B)pad (1.205)
Then we apply the exterior covariant derivative to eq.(1.204),
o B2 glargB. 2 gan s
DR*® = DM — Tl ALA + = _glepchl =0, (1.206)
n—2 n—2

where C* is the Cotton 2-form C* = DL® as introduced in the previous sections.
We expand it in a coframe

C* = DL*=D(L,*¥) = (DL,*) A9 + L,* D"
= (VgL, )9 NO* +L,*TH, (1.207)

and read off the components
Cow® =2V, L,*+ Lg*T," . (1.208)

We also may rearrange eq.(1.206) in order to isolate the 1- and 2-form pieces.

2 2 2
DM® — = _prle AR##l 4= gl A CF — e ANEF =0, (1.209)
n—2 n—2 2

n —



44

where
1 n—2

_9
B = TARRA - "2 _ T2 RT AW (1.210
n—1 Bit 2n(n — 1) 2n(n — 1)2 )

9*NT = V7> 4 G (1.211)

RPP +

1
e = T —
n—1

All irreducible pieces of C, # 0, the trace is

O = ea)0° = 3 (ealealT) e ] M*P 4 2 [(LPes)T) + 2 (es)T) (ea) 1),

2 n—
(1.212)

and the axial piece reads

n—2

Ca h9® = 2209, A (5] DMP) — 2 S0a A feg) (TOALA)] . (1213)

n—3 n —

The Divergence is now given by
1

DCo=—My" NLg+ — (9 ANLP) A Ly] (1.214)
n—

Even in n = 3, where M*® = 0, DC,, is non-vanishing. There is no specific relation
to the conformal transformation behaviour of the Riemann-Cartan curvature which
actually is conformally invariant, see below.

Metric-affine space

In metric-affine space, the curvature is asymmetric. It can be split into a symmetric
and an anti-symmetric piece,

Rag = R[aﬁ} + R(ag) =: Wag + Zag . (1.215)

Hence, there exist two contractions (Z, := €°|Z,p)

1

eaJRag = Z,B — (Lﬂ + m L’l?lg) y (1216)
1

€ |Rag = Zo+ (Lg+ —— Lig). (1.217)

The curvature does therefore not contain a unique 1-form piece but two independent
1-form pieces. In order to cover the 1-form content of the curvature we have to
consider both (or two linear combinations, respectively). Consequently, one would
have to define two “Cotton 2-forms”,

W)iC, = DL,, (1.218)
@, = Dz,. (1.219)
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Conformal Transformation in metric-affine space

According to [58], conformal transformations in metric-affine space are give by?

g : { gaﬂ =QF? 9op » &a = QF 9~ ) €a = QF €a,

I,=r,-C6dnQ +  R,°=R,. (1.220)

Since the curvature is conformally invariant, the Cotton 2-form will play no special
role. Moreover, a metric-affine space can not be conformally flat. Torsion and
nonmetricity transform according to

Qus = QFF[Qus— (L —2F +2C) gapdIn €], (1.221)
T QF [T* +(F — C)dInQ A 9°]. (1.222)

The conformal transformation acts only on the trace pieces,

T = T+ (C—-F)n-1)dnQ, (1.223)

Q = Q—(L—-2F+2C)dnQ2. (1.224)
Hence, torsion and nonmetricity can be transformed to zero if
M = Oe =9, dT' =0, (1.225)
MQap = PQas =PQus =0, dQ=0, (1.226)
where, if both, 7" and @), are present we additionally need

_ (C=F)n-1)
T=—"F—pc @ (1.227)

The curvature is conformally invariant. In its definition enters only the connection.
In our approach, the connection is transformed only by a piece proportional to a
total differential, see eq.(1.220). This additional piece obviously does not contribute
to the curvature R,® = dI',? — T,” A Fvﬂ . The Riemannian piece of the curvature
does, of course, transform, see appendix A.4.7.

In conclusion it can be stated that we may keep the definition C, = DL, also
in Riemann-Cartan and metric-affine spaces. However, already in Riemann-Cartan
space(time) the Cotton 2-form loses most of its distinctive properties which made it
of specific interest in Riemannian spacetimes.

3In order to compare our results to [58], in this section, we use Cy for the object of anholonomity
and Q for the conformal factor!
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Chapter 2

Gravity in three dimensions:
Models and solutions

2.1 Introduction

On first sight, (14+2)-dimensional gravity seems to be rather boring. In 3 dimensions
(3D), the Weyl tensor vanishes and the curvature is fully determined by the Ricci
tensor and thus, via the Einstein equation, by the energy-momentum alone. Outside
the sources the curvature is zero and there are no propagating degrees of freedom,
i.e., no gravitational waves. Moreover, there is no Newtonian limit. But even if
spacetime is flat, it is not trivial globally. A point particle, e.g., generates the
spacetime geometry of a cone. In such a geometry we have light bending, double
images, etc. The spacetime for N particles can be constructed similarly by gluing
together patches of (1 + 2)D Minkowski space. This was occasionally investigated
since the late 1950s, see Deser et al. [38] and the review of Carlip [23].

Some problems in (1+3)D gravity reduce to an effective (14 2)D theory, like the
cosmic string, e.g.; the high-temperature behavior of (1+3)D theories also motivates
the study of (1 + 2)D theories. In this context, Deser, Jackiw, and Tempelton
(DJT) proposed a (1 + 2)D gravitational gauge model with topologically generated
mass [40]. However, the real push for (1 + 2)D gravitational models came when
Witten formulated the (1 + 2)D Einstein theory as a Chern—Simons theory, in a
similar way as proposed by Achiicarro and Townsend [3], and showed its exact
solvability in terms of a finite number of degrees of freedom [115, 116]. Also de Sitter
gravity, conformal gravity, and supergravity, in (1+2)D, turn out to be equivalent to
Chern—Simons theories [64, 73, 34, 35], see also the recent monograph of Blagojevié
[16].

Mielke and Baekler (MB) proposed a (1 + 2)D topological gauge model with
torsion and curvature [84, 7, 85| from which the DJT-model can be derived by
imposing the constraint of vanishing torsion by means of a Lagrange multiplier
term. Gravitational theories in (1 + 2)D with torsion, see also Tresguerres [111]

47
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and Kawai [71], are analogous to the continuum theory of lattice defects in crystal
physics, in particular, the corresponding theory of dislocations relates to a torsion of
the underlying continuum, see Kroner [76], Kleinert [72], Dereli and Ver¢in [36, 37],
Katanaev and Volovich [70], Kohler [74], and Puntigam and Soleng [101]. The fresh
approach of Lazar [77, 78, 79| promises additional insight.

The next important impact on (1 + 2)D gravity was the discovery of a black
hole solution by Bafados, Teitelboim, and Zanelli (BTZ) [11]. The BTZ black hole
is locally isometric to anti-de Sitter (AdS) spacetime. It can be obtained, see Brill
[20], from the AdS spacetime as a quotient of the latter with the group of finite
isometries. It is asymptotically anti-de Sitter and has no curvature singularity at
the origin. Nevertheless, it is clearly a black hole: it has an event horizon and,
in the rotating case, an inner horizon. Also electrically and magnetically charged
generalizations are known. For extensive discussions see the reviews [10, 24, 25, 23,
9, 15]. The relevance to (1 + 3)D gravity can also be seen from the fact that the
BTZ solution can be derived from the (1 + 3)D Plebaniski—Carter metric by means
of a dimensional reduction procedure, see Cataldo et al. [27]. By means of the BTZ
solution, many interesting questions can be addressed in the context of quantum
gravity. For example, Strominger computed the entropy of the BTZ black hole
microscopically [109]. There is also a relationship between the BTZ black hole and
string theory, see Hemming and Keski—Vakkuri [63]. Some recent work on solutions
in 3 dimensional gravity can be found in [93], [39], e.g.

Thus, although (1 + 2)D gravity lacks many important features of real, (1+ 3)D
gravity, it keeps enough characteristic structure to be of interest, especially in view
of the fact that in the (1 + 2)D case many calculations can be done which are far
too involved in (1 + 3)D for the time being.

In this chapter, we will first construct a general Lagrangian for quadratic Poin-
caré gauge theory enriched by a rotational and a translational Chern-Simons term
and derive the corresponding field equations. Then we specify to a model proposed
by Mielke and Baekler which could be called “Einstein-Cartan-Chern-Simons the-
ory” (ECCS). We derive the general vacuum solution which carries constant axial
curvature and constant axial torsion. From this we derive a suitable coframe and
connection 1-form. We arrive at a generalized BTZ-solution with torsion, see table
2.1. Subsequently we determine the Killing vectors, the autoparallels and global
charges. The ECCS theory contains various gravitational models as subcases:

e Teleparallel gravity in case of vanishing curvature and rotational Chern-Simons
term,

e Topologically massive gravity (Deser-Jackiw-Tempelton model) in case of van-
ishing torsion,

e Einstein-Cartan theory in case of vanishing of both Chern-Simons terms,

e Einstein gravity in case of vanishing of both Chern-Simons terms and vanishing
torsion.
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We show that the global charges in all this subcases reduce to the results known from
the literature. Subsequently we derive the subcases in a rigorous manner by means of
imposing Lagrange multipliers. We show that our BTZ-solution with torsion is also
a solution of proper teleparallelism and of 3D Einstein-Cartan theory with matter.
We also derive a new solution of the DJT-model and a conformally flat perfect fluid
solution of Einstein’s theory, that is, an analog of the interior Schwarzschild solution.

2.2 Topological Poincaré gauge theory

Now we construct a Lagrangian for n = 3 which encompasses the variables ¥ and
I',? and the field-strengths 7% and R,”?. Additionally, we use the Hodge dual. We
consider a first order field theory. Moreover we demand the Lagrangian to be at
most quadratic in the field strengths and cubic in the gauge potentials.

First, we consider 3-forms linear in the field strengths. In the case of the
curvature we need a 1-form with two indices. The natural choice for this is 743,
yielding

1

Vic == Y]

R A g . (2.1)
This is the usual Einstein-Cartan (Hilbert-Einstein in the case of vanishing torsion)
Lagrangian. We have introduced a fundamental length ¢ in order to guarantee the
same physical dimension of all terms in the Lagrangian. To build a 3-form linear
in torsion, we are in need of a 1-form with one index. Therefore, we may use the
coframe 9,

1
CT = —

= %219 ATy (2.2)

Since ¥, may be interpreted as gauge potential of local translations, we call Ct
the translational Chern-Simons term. The Chern-Simons 3-form for the curvature
reads [55]

1 2
Cpi=—3 (raﬂ Adlg" — 2 TP AT A Ff) : (2.3)

This term is cubic in the gauge potential I'. In 4D, Cy, is a boundary term and its
exterior derivative dCy, = —R*® A R,3/2 is quadratic in the curvature.

Second, we turn to 3-forms quadratic in the field strengths. They are built up
from the field strength and linear combinations of its contractions multiplied by its
dual. It was shown that these products can be most appropriately given in terms of
the irreducible pieces of the field strengths. The torsion has 3 irreducible pieces, a
tensor piece (V7T a trace piece ?T*, and an axial piece ®)T* (for their definition
see appendix A.3 and [58]). The curvature in general has 6 irreducible components.
However, in 3 dimensions only three survive, namely the scalar piece (¥ R*?  the
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tracefree symmetric Ricci piece (YR and the (post-Riemannian) antisymmetric
Ricci piece ®) R*A. For the precise definition of the irreducible pieces, we refer to ap-
pendix A.3. Then we can write the most general quadratic pieces of the Lagrangian
as

1
VT2 = ﬂ T A ( ax (l)Ta + az (2)Ta + as (3)Ta) ) (24)
Vae = 272 R A* (by W Rap + b5 @ Rag + b © Rag) - (2-5)

Finally, we include a cosmological term

A
VA = —ZTI. (2.6)

Thus, our Lagrangian reads
Vo =XVec+Va+ V2 + Vg2 + 601 Cr + 61,Cy, . (27)

We multiply the Einstein-Cartan piece with a dimensionless constant y and the
Chern-Simons parts with “vacuum angles” 6t and 6. This Lagrangian includes
many known models of (1 + 2)D gravity. For x =1, a; = a3 = a3 =0, by = b5 =
bg = 0, Oy = 6, = 0, we arrive at the standard Einstein theory with cosmological
constant in (1 + 2)D. If we include the curvature Chern-Simons term (61, # 0) and
the Riemannian quadratic curvature terms (a; = a3 = a3 = 0, bs = 0), we find
the “quadratic gravity in (2 4+ 1)D with topological Chern-Simons term” advocated
by Accioly et al.[2]. By setting the quadratic terms to zero and keeping Einstein-
Cartan, cosmological, and both Chern-Simons terms, we recover the 3D topological
gravity model of Mielke and Baekler [84, 7].

Our following investigation will mainly circle around solutions with constant
axial torsion. The most general case we consider in this context is the Mielke-Baekler
model which also may be called Einstein-Cartan-Chern-Simons theory (ECCS). We
find the general vacuum solution which is a prolongation of the well-known BTZ
solution of 3D Einstein gravity. Subsequently we show that this solution also solves
the field equations of Einstein teleparallel gravity and Einstein-Cartan theory. The
Deser-Jakiw-Tempelton (DJT) [40] model of topological massive gravity arises by
means of imposing a Lagrange multiplier for vanishing torsion. Thus, we consider
the following Lagrangian

3
1
_ o _ a S a
V = 57 —XR ANop —2An+TAN ( laI Ta>
Or ., Oy . 2 o
+oa N — = <raﬁAdrﬂ —graﬂArﬁw\rﬁ,>

+Qap AP + T A Ao + RSP A XY (2.8)
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The field equations follow from the variation with respect to g (zeroth field equa-
tion), ¥* (first field equation), I',? (second field equation), and the Lagrange mul-
tipliers (constraint equations). However, in [58] it is shown that the zeroth field
equation can be eliminated by means of the Noether identities. We are then left
with the first field equation and the antisymmetric part of the second field equation.
These read

X 3 A O
DH,+ = 0o, R+ -1y — =Ty — E, — D)\, = X,, 2.9
X 6
2—£ NaBy T — 2—22 JIq A 195 -0, Rag + 19[(1 A\ Hm — D)\[am — 19[(1 N )\g] = Tab, (2.10)

where we also included the respective matter currents and

H, = —%*(ZaI(I)Ta>, (2.11)

B, — % [(ea)T%) A Hs — T A (ea) Hs)] - (2.12)

2.3 Einstein-Cartan-Chern-Simons theory
In this section we assume

Aa =A% =a1=ay=a0a3=0, (2.13)
and obtain the Lagrangian

Vs = XVec + Vi + 01 Cr + 61 Cr, + Liat (2.14)

where we included a matter Lagrangian. We find the field equations by variation
with respect to coframe and connection, respectively:

O

%naﬂ'yRﬂ’y—i_Ana_?Ta — éza, (215)
0
%namT”—?zﬂa/\ﬁg—ﬁLéRag = LTap- (2.16)

The 3-forms of the material energy-momentum and spin currents are defined by
Yo = 0Lmas /00 and Top 1= 6 Limay /0T, respectively. For vacuum, £, = 0, To5 =
0, we can algebraically solve the two equations with respect to curvature R*® and
torsion T®. It turns out that both, R*® and T, have only an axial piece with one
independent component:

Rag ~ P, N ﬁg , Ty ~ - (2.17)



52

The coefficients can be expressed in terms of the coupling constants. We put the
right-hand side of (2.16) to zero and multiply it by x/(20.€) 7**?. We arrive at

(62 # 0)

Orx X
= ppeh T — == P g, NIg —S P Rog = 0. 2.18
260 1 e T = qp 1 Vo N g =5 1" R (2.18)
:72(5_”7‘ =2nH

We substitute this into the first field equation (2.15). Together with (2.16), we find
2A0%0, — O X  Na T

T, = =2 ., 2.19
2+ 20.0, £ ¢ (2.19)
XA+ 02 9N R
Rayg = — = 9, AVg, 2.20
g Y2+ 20,6, 2 Iz p (2:20)
where
X* + 2016y, # 0 (2.21)

has to be required. By redoing this derivation for the case 6, = 0, we see that (2.19)

and (2.20) remain valid. Thus (2.21) is the only constraint of the coupling constants.
Eqgs.(2.19) and (2.20) represent the general exact vacuum solution of the Einstein-

Cartan-Chern-Simons model with the MB-Lagrangian (2.14).

2.3.1 Vacuum solution of the ECCS theory

The (142)-dimensional model of Mielke and Baekler contains the DJT model in the
limit of vanishing torsion. Therefore it is expected that the general solution of the
field equations (2.15) and (2.16) contains a kind of BTZ-like solution with torsion
which, in the same limit, reduces to the standard BTZ solution.

According to (2.19) and (2.20), the vacuum solution has constant curvature
and torsion. Thus, we make a static and spherically symmetric ansatz for the
(orthonormal) coframe,

9 = N(r)dt, (2.22)
;o dr

9 = N (2.23)
9 = G(r) [-W(r)dt+dg)], (2.24)

where N(r), G(r) and W(r) are free functions. Our ansatz for 9" does not restrict
the generality. We could introduce another free function 9" = dr/F(r). However,
rescaling of the radial coordinate according to dr = (dR/N) F leads back to our
ansatz.

The metric reads

g=—0 @0 +9 00 +9 9%, (2.25)
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Together with the torsion, see (2.19),
T 2AL%0;, — 0 1 x
To =2 g, 7o TTX
T TS S n 1 26,0

we calculate the connection according to, c.f. eq.(1.38), (2% := dv¥®)

(2.26)

1 1
Fag = e[aJ Qm — 5 (eaJng Q,y) 97 — e[aJTm + 5 (eaJ ngT,y) ’197,

see also [58] Eq.(3.10.6), for dgss = 0 and Q. = 0. Subsequently, we compute
the curvature and the components of the field equations. Linear combination of the
components of the 1st field equation (2.15) yields

d? G yn?
=—=0. 2.2
r? G 0 (2.27)
Consequently, we put
G=A+ Br, (2.28)

where A and B are integration constants. After substitution of (2.28) into (2.15),
one component turns out to be

N [&*W dW
This requires
(0]
R — ) 2.
|44 (A+Br)2+ﬁ (2.30)

Again we have introduced two integration constants, a and 3. Together with (2.30),
the 1st field equation (2.15) yields a first order ordinary differential equation for N2,
which can be integrated (m is another integration constant),

a? A
N2(r) = = (A’ - 2ABr — B*? 2.31
M =m+giay B (2:31)
where we introduced an effective cosmological constant
T+ R
Aeg = a2 (2.32)

This agrees with [7] Eq.(9.3). By means of the coordinate transformation r — Ar+B
and ¢ — ¢ + (Gt and some change in notation, we arrive at our new BTZ-like
solution with torsion, see Table 2.1 for its explicit form. The topological terms in the
Lagrangian induce an effective cosmological constant even if the ‘bare’ cosmological
constant A vanishes. If we put 6, = 6 = 0, then Agg = —A and T = 0, and we
fall back to the standard BTZ solution [11].

The M = 1and J = 0 metric is then recognized as the three-dimensional anti-de
Sitter space AdSs. It is straightforward to see that the general solution (2.19) and
(2.20) represents a space of constant negative curvature. Thus, the BTZ black hole
with torsion is also locally isometric to AdS3.
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Table 2.1: Exact vacuum solution of the 3D Einstein-Cartan-Chern-Simons

theory: BTZ-like solution with torsion

X 0
vacuum 9 leby BV + Ao - 7T Ta =0 (2.33)
field eqs. X gy T — O G N5 — iRy = 0. (2.34)
2 2
; dr A%
coframe Vo= —1/)(7") P(r) == \/(5) — M + Aegr? (2.36)
; J
9 = r (—2—73 dt + d¢> (2.37)
metric g= gt ® ot +9" @9 + 19‘2’ &® 19‘2’ (2.38)
4 o T J J T
' =T = (= — —A, — - — 2.
(é o ﬂ'T)dt+<2r E’f‘ ( 39)
: i _ or T
connection [ =-ro = 7 dt + d¢ (2.40)
1 i3 J T\ dr
et — e — _ (2 4+ L 2.41
(27«2* ) ¥ (24
torsion T = 2 %na (2.42)
: R
Riemann-Cartan R — 7 9% A 9P (2.43)
curvature
Riemann R = Ag 9 A 0P (2.44)
: e_ TR ,
Riemann-Cartan Cc* = 57 (2.45)
Cotton
Riemann C*=0 (2.46)
_br 2 2 2
constants T =2 X+ A, R : bz + XA off 1= (2.47)

X% + 200, . _X2 + 20,6,
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2.3.2 General conformally flat vacuum solution with torsion

As we have seen, the vacuum field equations (2.15), (2.16) imply constant Riemann-
Cartan curvature. We can decompose the Riemann-Cartan curvature into the
Riemannian curvature R, and a torsion dependent part,

Rop = Rop — D Kop+ K" ANKog, (2.48)
where the contortion K,? is defined according to
T =: 9% N Kp“. (2.49)

Then also the Riemannian curvature turns out to be constant, see appendix A.4.10.
Consequently, the Riemannian Cotton 2-form is zero and the metric has to be con-

formally flat. Hence we make the ansatz
5 dx ;dy 5 dz
o _ ar i_ 9%y 3 _ 4%
V= T ) T ) T
where ¥ = U(z,y,2). The 1st field equation (2.15) yields that the mixed second
derivatives vanish. Therefore ¥ has the form

(2.50)

U =00 (z) + TW(y) + T (2). (2.51)
Then, the 1st field equation requires

0y VY =9, ¥ = 9, W) (2.52)
This leads to the general solution with 5 Parameters A, B,C,D,E

U=A(-2"+y"+2’)+Bz+Cy+Dz+E. (2.53)
The field equations impose only one constraint equation on the parameters,

0=B?—-C?—-D?+4AE + Aegr - (2.54)

For B=C = D =0, E = 1 we recover the usual form of the (anti-) de Sitter metric,
for A= B = D = E = 0 the Poincaré metric. Coordinate transformations which
yield the BTZ-metric are given in [23].

In the anti-de Sitter case we can display the solution, coframe and connection,
very compactly as

dz® A
9 = _:/3) , p=1-— Tﬂ(—xZ + 192 + 22), (2.55)
7 A
Faﬂ = / naﬂ + «'L'[a 19[3} Tff . (256)

For 6 = 0, this corresponds to the solution of Dereli and Vergin [37].

In the “teleparallel” case, where the Riemann-Cartan curvature vanishes, we
have T = £y/Aeg. Then we recover the solution of Fjelstad and Hwang [45].

For Aeg = 0, i.e. vanishing Riemannian curvature, we recover Cartan’s spiral
staircase solution discussed in [26] as an example for a 3D space with torsion. How-
ever, the requirement A.g = 0 = R + 72 amounts to a constraint on the coupling
parameters. We will discuss this case in section 2.5.
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2.3.3 Properties of our solution
Autoparallels and extremals

In a Riemann—Cartan space, the autoparallels (straightest lines) and the extremals
or geodesics (longest/shortest lines) do not coincide in general. An autoparallel
curve z'(s) obeys, in terms of a suitable affine parameter s, the equation

d? z*(s)
ds?

dz'(s) dzi(s)

=0. 2.57
ds ds ( )

+ Fijk

The (holonomic) components of the connection I';;* depend on metric and torsion
according to

1
2
where T';;* is the Christoffel symbol and K;;* the contortion. In (2.57), only the
symmetric part of the connection enters. By means of (2.58), it can be expressed as

Lip® = Cap® + T sy - (2.59)

The extremals are determined by the metrical properties of spacetime alone and
follow from the variation of the world length [ \/—g;; ¢ 47 in the standard way:

d? z*(s) LT dz'(s) dz’(s)

ds? 7 ds ds ( )
For our solution, see Table 1,
7-'
Tijk =2 7 Nijk — Ti(jk) =0. (2.61)

Thus, the torsion dependent piece drops out in (2.59) and (2.57). Autoparallels and
extremals coincide and we get the same geodesics as in the case of the standard
BTZ-solution in Riemannian spacetime.

Killing vectors

In a Riemann-Cartan space we call £ = £% e, a Killing vector if the latter is the gen-
erator of a symmetry transformation of the metric and of the connection according
to

£:g=0, £:T,°=0, (2.62)

see [58, p.83]. These two relations can be recast into a more convenient form,
e|Dés = 0, (2.63)
D(eal DE) +€IRS = 0, (2.64)
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where D refers to the Riemannian part of the connection (Levi-Civita connection)

and 13 to the transposed connection: E):: d+ Ea B.=d+T,°+ €a ] T?. For our
solution we find two Killing vectors, namely

(t) (¢)
§:=0, and ¢&:=0;, (2.65)

that is, the same Killing vectors as in the case of the standard BTZ solution.

Quasilocal conserved quantities

Now we consider the conserved quantities of our solution. Nester, Chen, and Wu
[90], see also the literature quoted there, proposed a quasi-local boundary expres-
sion within metric-affine gravity, a theory the spacetime of which goes beyond the
Riemann-Cartan structure in that it carries additionally a nonmetricity. We ad-
apt the formulas of [90] for the case of vanishing nonmetricity. The derivation
starts from a first-order Lagrange n—form V that is at most quadratic in its field
strengths T and R*. The corresponding momenta read H, := —0V /0T* and
H,p := —0V /OR®®. The Lagrangian can be decomposed with respect to a vector
field N, with N |dv = 1:

V. = dvAN|V
=t dvA | — (£Ex9*)ANHy — (£8T0°) NH — N*$H, —dB|.  (2.66)

The Hamilton 2—form $) is defined by $ := N* §), +d B . Since ), turns out to be
proportional to the field equations, only the spatial boundary 1-form B contributes
to the boundary integral of 3. In order to obtain finite values for the quasi-local
“charges”, the boundary term has to be compared to a reference or background solu-
tion which will be denoted by a bar over the corresponding symbol. As background,
we choose our solution with M = 0, J = 0. Moreover, the difference of a quantity
a between a solution and the background is Aa := a — @. Then, the quasi-local
charges are given by [90]

— _[ (N AH, 4 A (N,
B(N) = {(NJ 9")AH, + M"(( JHa))}

NP)AH,; + AT (N|Hgp)
H,

DR (2.67)
(

U)

NP)AHus + AT (N|H,p)

The upper (lower) line in the braces is chosen if the field strengths (momenta) are
prescribed on the boundary. The momenta of our solution read H, = —(61/2¢%) 9

and Hop = (X/2€) Nap — (0L/2) Tap
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We derive the quasi—local energy and angular momentum by taking for the vector
field N the Killing vectors 0; or 0y, respectively:

£30) = |6y (At d =T M) +x (Aear® = VA 79) | do

—% (201 T? — ) M — 2661, Aeg JT + x (Ao — 2MT)] dt,  (2.68)
(B(9;) = — [% T+ 6y, (0M — TJ)] dé

— |:X (Aeff’r2 — \/Aeff’/'i/)) + % (QLT_ X) (EM - TJ) + Z—E J:| dt . (269)

In order to obtain total energy and angular momentum, we have to integrate, for
t = const, the B’s over a full circle and to perform the limit r — oo.

1 2w
E, = 7 lim [QL (Aegtl J —T M) + x (AeffT2 — VAerr ”/))] d¢ , (2.70)
r—oo [,
1 ) 2w X
T o

By carrying out the integration and taking the limit we find!

2 M
B, = 7” [eL (AefféJ—TM)jo?] , (2.72)

Ly = -1 %J+9L (EM—TJ)]. (2.73)

In each case occur admixtures from the other charge, respectively. This is not too
surprising, since torsion and curvature emerge in both field equations. We can
recover some specific cases well known from the literature and compare our results.

In the first place, of course, we consider 3D Einstein theory, where only the
Riemann-Cartan and cosmological constant terms survive,

Einstein theory Or=0;,=0, x=1, A#0. (2.74)

Indeed we arrive at the usual interpretation of the parameters M and J as mass
and angular momentum,

T T

EOOZZM’ Lo=—-1J, (2.75)
provided we identify the 3D gravitational constant as £ = 7 and introduce a factor
—1 into the angular momentum. The last point seems to be somewhat awkward.
However, one has to keep in mind that a corresponding factor —1/2 is also intro-
duced in classical general relativity, see Wald [113]. Moreover we have to keep in

In our publication, [47], we adapted the choice £ = 7 and introduced a factor —1 into the
angular momentum. We will discuss this choice on the next page.
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mind that there is no clear and unambiguous prescription of which timelike and
spacelike Killing vectors are to be used in order to get the “right” energy and angu-
lar momentum. The parameters J and M can be expressed in terms of the proper
angular momentum L., and the proper mass-energy F.:

€ (x —20;T) Lo + 2001 E ¢

Jo= - =t —— (ALyx + BE), 2.76

T X 40, T —4IR — (ALe + B B) (2.76)
(X —200T)Eoo + 20 001, Loy ¢

M o= TR g ABet Cle) (2.77)

The Killing equations and the quasi-local charges are linear in the Killing vectors.
Hence, we could define the new Killing vectors

€W .= A0, +C08;, ¢9P:=_-A40,—Bo,. (2.78)

These “automatically” yield the canonical M and J as mass and angular momentum,
respectively.

Also the “teleparallel limit” gives the expected result. Here we assume 6;, = 0
and R = 0. This implies 62 = —xAf2, i. e. we have to keep the Einstein-Cartan
piece. We will understand the reason in the next section. This also explains that
O does not independently contribute to the charges: Without either Riemann-
Cartan or rotational Chern-Simons piece the corresponding Lagrangian allows only
vanishing torsion and curvature! Thus, we fall back to the Einsteinian case, as it
should be since it turns out that the MB-Lagrangian constrained to yield vanishing
curvature is indeed equivalent to the teleparallel Einstein Lagrangian.

Finally, we consider the subcase of vanishing torsion. As we are going to show
in section 2.6 this corresponds to the DJT model of topologically massive gravity.
We find it especially satisfactory that we obtain a result in agreement with the
literature. In [87] the authors assume the following identification of parameters

1
20, =—=, Ag=-A=10?% fl=k=7, x=1, (2.79)
ik

where y is the DJT coupling constant. We stress that this is ezactly the identification
which is enforced by the proper procedure to deduce the DJT field equations form
the Mielke-Baekler model by means of a Lagrange multiplier for vanishing torsion!
Then

J M
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2.4 Teleparallelism

In teleparallel gravity we demand vanishing curvature. The basic variable is the
coframe, acting as a translational gauge potential. The Lagrangian than is taken to
be quadratic in the field strength, i. e. torsion,

A
Vi=Ve =S+ AP A Rog + 1™ A Qap - (2.81)

In [58] it is shown that due to the Noether identities the field equation for g,s drop
out completely and we are left with the antisymmetric part of the field equation for

Fa,Ba
Reg = 0, (2.82)
A
DHo+ 5~ Ea = 0, (2.83)
D)\[ag] - 19[a VAN Hm = 0, (2.84)

where, as a reminder,

3
1
H, = —Z*(Zal(”Ta>, (2.85)

I=1
1

Ea = 5 [(eaJTﬂ) A H[g — T’B A (eaJ Hg)] . (286)

In view of the identity, see appendix A.4.6,
1

Dilap = Nagy NT" = =290 N (me —(n—2)"Ty — (3)Tm> , (287)

we can give a general solution for the Lagrange multiplier provided we choose
1

ap =—1, ap=n-—2, a3 = 3. (2.88)
Consequently, we find for the Lagrange multiplier

Mg = — (2.89)

af — 2/ Mg - .

In this way we recovered nothing else than Einstein’s teleparallelism which is equi-
valent to general relativity because of, see appendix A.4.5,

R¥ Anes = RU* Anus —2d(0, A*T)

1
+T*A* <—(1)Ta +(n—2)@T, + 5 (3)Ta> : (2.90)

Hence the Lagrangian (2.81) with the choice of parameters (2.88) is effectively equi-
valent to the conventional Hilbert-Einstein Lagrangian. Moreover, in [48] it is shown
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that (2.88) makes the Lagrangian (2.81) invariant under local Lorentz transforma-
tions.

In the following we show that our “BTZ-solution with torsion” is also a solution
of the proper, Einstein teleparallelism in n = 3 where

1 1
Hy =~ * (—(1)Ta + @71, + 3 (3)Ta> : (2.91)
The field equations to fulfill are given by
A
DHy~Ea+t51a=0, Rap=0. (2.92)

Our aim was to embed the solution of constant axial torsion into teleparallel gravity.
Hence we make the ansatz

T T
T* =2—n" H, = - 9*. 2.
7 = Iz (2.93)
A simple calculation (using DY¥* = T* and some relations for the eta basis) yields
T2 T2
_D_Ha == 26—3770‘, Ea = £—3na (294)
Hence the field equation (2.92) reduce to
A
gn‘”L?n":O & T=xv—-Al. R,3=0. (2.95)

It remains the task to find a suitable metric/coframe such that the Riemann-Cartan
curvature vanishes. Therefore we split the connection 1-form into its Riemannian
piece and the contortion

I, =18 -K,°, (2.96)
which is determined by the torsion according to K%3 A 9% = T, and find
R, =RY,?P - DK/ + K, NK}. (2.97)
For our ansatz of constant axial torsion we compute by means of some simple algebra
T2
Ras = RY, - 75 Da N5 (2.98)

Again we arrive at constant Riemannian curvature. A suitable coframe and metric
have already been derived in section 2.3.1. This solution is a subcase of the vacuum
solution of the Mielke-Baekler model. The teleparallel constraint R, = 0 here
results in a constraint on the coupling parameters,

02 4+ xAL2 =0, 0, =0. (2.99)

This case was extensively studied by Blagojevic [19, 18, 17].
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2.5 E. Cartan’s spiral staircase

In 1922, E. Cartan gave the following prescription of parallel transport in a space
with curvature and torsion:

“...imagine a space F which corresponds point by point with a Euc-
lidean space E, the correspondence preserving distances. The difference
between the two spaces is following: two orthogonal triads issuing from
two points A and A’ infinitesimally nearby in F will be parallel when
the corresponding triads in E may be deduced one from the other by a
given helicoidal displacement (of right—handed sense, for example), hav-
ing as its axis the line joining the origins. The straight lines in F thus
correspond to the straight lines in E: They are geodesics. The space F
thus defined admits a six parameter group of transformations; it would
be our ordinary space as viewed by observers whose perceptions have
been twisted. Mechanically, it corresponds to a medium having constant
pressure and constant internal torque.”

Obviously, Cartan’s prescriptions are reflected in the solution (2.55, 2.56),

dz® A Ae
I = i 1/) =1- —ff(_x2+y2+z2)a FQIB - 77177&'3—’_1;[0‘ 79'3] Tﬂ‘a (2100)

P 4
where the effective cosmological constant has to be set to zero, A.g = 0, then auto-
parallels and extremals coincide, see 2.3.3. Thus, in the spiral staircase, extremals
are Fuclidean straight lines. This is apparent in Cartan’s construction. We can view
this as a subcase of the BTZ-solution with torsion of the MB-model provided we
impose the following constraint on the coupling parameters, see table 2.1,

T+ R
0= Aot = —5—, (2.101)
or
4N*040% — 3602x% — 12xAL?070;, — 8650, — 4k*A2 = 0. (2.102)

Cartan apparently had in mind a 3D space with Euclidean signature. For an altern-
ative interpretation of Cartan’s spiral staircase we consider the 3D Einstein—Cartan
field equations without cosmological constant. This is a subcase of our “Master
Lagrangian” (2.8) with A = a; = ay = a3 = 0y = 0, = A\, = 0. The field equations
are then

1
5 Ty 7T = €%, (2.103)
1

Enaﬂ'y T = éTaﬂ- (2.104)
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Figure 2.1: Cartan’s spiral staircase. Cartan’s rules [26] for the introduction of
a non-Euclidean connection in a 3D Euclidean space are as follows: (i) A vector
which is parallelly transported along itself does not change (cf. a vector directed
and transported in z-direction). (ii) A vector that is orthogonal to the direction of
transport rotates with a prescribed constant “velocity” (cf. a vector in y—direction
transported in z—direction). The winding sense around the three coordinate axes is
always positive.

f:’? - é/’ ™
S
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If we put Aeg = 0, then, see (2.55,2.56), we arrive at

9 = 6% dz' raﬂzgnaﬂ.

(2.105)
The components of the connection are totally antisymmetric: T'yop = e4]|Top =
(T/€) Nyap- The Riemannian curvature vanishes. By simple algebra we find,

Ta:2zna, Raﬂzo, Raﬂz_ﬁ

ap
/ a0 (2.106)

The coframe and the connection of (2.105), Euclidean signature assumed, form a
solution of the Einstein—Cartan field equations with matter provided the energy—
momentum current (for Euclidean signature the force stress tensor t,”) and the spin
current (here the torque or moment stress tensor s,57) are constant,

T2 T
Y, =: t,° ng = 5 Ne and Teg =: 843" 1y = —r Yags - (2.107)
Inversion yields
2 T
taﬁ = _£_3 5£ ) Safy = _g_z Moy - (2108)

We find a constant hydrostatic pressure —7?2/£3 and a constant torque —T /{2, ex-
actly as foreseen by Cartan. In solid state physics, this corresponds to a superposi-
tion of three “forests” of screw dislocations that are parallel to the coordinate axes
with constant and equal densities. However, in a real crystal, the Riemann-Cartan
curvature R* has to vanish (instead of the Riemannian curvature R**, as in our
exact solution) and no pressure would emerge macroscopically.

Thus we can either view the spiral staircase as a vacuum solution and special
case of our (constrained) solution of Table 1 or as a material solution of 3D Einstein—
Cartan theory (with Euclidean signature) carrying constant pressure and constant
torque.

2.6 The Deser-Jackiw-Templeton model

In our geometrical section we already mentioned the fact that the Cotton 2-form
in 3 dimensions is covariantly conserved and can be derived from the rotational
Chern-Simons Lagrangian by imposing vanishing nonmetricity and torsion. Thus,
it can be consistently coupled to matter. In our Master-Lagrangian we have to put
Or = a; = as = a3 = 0, yielding

Lpjr = 05Crr + Vig + Va + Ag AT + NP Qop + Limat

1 A
= 6, Crr — 2—€R"5 A Mg — Zn+>\a AT* 4+ AP A Qup + Linas - (2.109)
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Using (1.99) and (2.9,2.10) we find
1
Gy + Any + ; Co =12,, (2.110)

where G, = %nam A RP7 is the Einstein 2-form and the DJT coupling constant
1/u = —26.¢, see [40]. The Einstein (n — 1)-form G, is equivalent to the 1-form L,
according to

Go = LP Angq, (2.111)

see [62]. Hence, we may rewrite the DJT-field equation as a differential equation for
La )

DLy + pLP Ange = b Yo — A, . (2.112)

The Bianchi identities imply full integrability of this system.

In the following we derive a new solution of the DJT-model. Our motivation was
to find a Class N spacetime c. f. section 1.5. Inspired by the corresponding (1+ 3)D
metrics, we start with the ansatz

N =dt+de, 9 =dt—dz, 9 =dy, (2.113)
with the non-orthonormal metric

g=0 9ty — R o9, ¢=1y). (2.114)
The Cotton tensor, in this frame, reads (()' = d/dy):

0 00
Caﬂ _ d}m 10 0 , ALl=A2=X3=0. (2.115)
0 00

The vacuum DJT field equation reduces to

1 P — " =0, (2.116)
7

with the general solution
Y =Ay+ Be" 4+ C. (2.117)

In an orthonormal coframe with signature (— + +) and A = C = 0 and B = 1,
coframe and Cotton tensor can be brought into the more familiar form

5 1 1
9 = e |1+ gt (1= S e dr)| (2.118)

: 1
ot = 3 eI (dt — dz), (2.119)

9 = dy. (2.120)
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The Cotton tensor, with all eigenvalues being zero, in this frame, reads

s [ -1 -1 0
0 ) /\1 - /\2 - )\3 - . (2121)
0

2.7 Einstein: Conformally flat perfect fluid solu-
tion

As an application of the relation between energy-momentum 2-form and Cotton 2-
form, eq. (1.182) and as an example for a class 0 solution, we will derive the spher-
ically symmetric, conformally flat, perfect fluid solution to Einstein’s field equation.
We use the ansatz

9 = N(r)dt, O =dr/F(r), 9*=rdo, (2.122)
with signature (— + +). The energy—momentum of the perfect fluid is given by
Za = [p(r) + p(r)] ua v’ ng + p 1, (2.123)

where u® is the 4-velocity of the fluid elements which, in an orthonormal frame, is
given by u® = (1,0,0). By using (1.182), we find

C; = _{%(2ar[N(p+p)]—Narp)} 90 A9, (2.124)
c; =0, (2.125)
C; = —ga,,pﬁi/\ﬁﬁ. (2.126)

Consequently, we have to demand constant energy density p = const for a conform-
ally flat solution with C,, = 0. By using p = const, we infer from (2.124)

C1

N = p+ p(r)

, (2.127)

where c; is an integration constant. The O-component of the Einstein field equation
(1.8) yields

F?(r)=c,— (bp+A)r?. (2.128)
The remaining components of the field equation are fulfilled provided

dp _ (bp—AN)(ptp)r

dr F?

(2.129)
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This ordinary differential equation can be integrated yielding (c; is another integra-
tion constant)

_ s F(lp+A)+ (c3)*A + pF?

G- (2.130)

Finally, the solution is given by (2.122,2.127,2.128,2.130), compare the solutions
in [46].

This is the analog to the interior Schwarzschild solution which is also conformally
flat. The constants can be chosen in such a way that the pressure is positive and
finite. A smooth joining to the BTZ-metric also is possible.
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Chapter 3

Einstein-aether theory

3.1 Introduction

In the previous sections we considered gravitational theories living in Riemann-
Cartan or Riemannian spacetimes. The independent variables have been the coframe
and the connection with the field strength torsion and curvature, respectively. The
metric hasn’t been an independent variable; the corresponding field strength, the
nonmetricity, which characterizes the non-compatibility of metric and parallel trans-
port, has been forced to be zero by means of a Lagrange multiplier. As a con-
sequence, the symmetric part of the connection can be eliminated from the field
equations and only the antisymmetric part remains as an independent variable. In
this last chapter we are going to liberate the action principle from the last constraint,
the vanishing of the nonmetricity, thereby promoting the connection to a truly inde-
pendent variable. Allowing for nonmetricity corresponds to abolishing local Lorentz
invariance. In Riemann-Cartan spacetime, the length and the angles between vec-
tors remain absolute structures in the sense that these are preserved under parallel
transport. In the presence of nonmetricity

Qaﬂ = _Dgaﬂa (31)

the scalar product between two vectors changes under parallel displacement along
a curve with tangent vector u as (L is the gauge covariant Lie derivative)

Lug(va W) = _UJ [Qaﬁva W'B + Q g(Va W)] ) (32)
where
1
Q = ; Qaa , Qaﬁ = Qaﬁ - anﬂ , (33)

are the trace (Weyl covector) and the traceless (shear) part of the nonmetricity. In
the case of vanishing shear, the light-cone is left intact—we have a rigid (conformally)
light-cone structure which may be viewed as the epitome of local Lorentz invariance.
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Hence, by allowing for nonmetricity, we break down the local Lorentz invariance of
Riemann-Cartan spacetime.

Violation of Lorentz invariance is a generic feature of many models of quantum
gravity, see [68, 75|, e. g. In classical general relativity, the flat Minkowski space
is, in a way, the ground-state of spacetime in the absence of matter fields, i. e. va-
cuum. If now spacetime becomes a quantum field itself, there is no apriori reason
why the ground state of this quantum field should be Lorentz invariant. Indeed,
even in classical electrodynamics it is conceivable that there are vacuum spacetimes
which are characterized by a non-Lorentz invariant constitutive relation which ob-
structs the familiar light-cone structure of conventional Maxwell-Lorentz electro-
dynamics, see [61]. Thus one should be open-minded for dissolving the light-cone
... The deformation of the light cone leads to observable consequences and there is
an intensive search going on to see these effects by means of astrophysical observa-
tions [68, 99, 100].

The most common reaction in the literature to the challenge of Lorentz symmetry
violation is the introduction of a preferred frame and thereby reintroducing a kind
of “aether field”. Jacobson and Mattingly [69] introduce an extra timelike 4-vector
field u which, in addition to the metric, describes the properties of spacetime. In
order to make the theory general covariant, they take this field to be dynamical,
determined by a Lagrangian carrying a kinetic term (Vu)? and a massive term u?.
Consequently, the aether field equations are Yang-Mills like,

V H + lower order terms ~ fu, (3.4)

where H ~ Vu is the field momentum (excitation) and ¢ some constant.

We will propose a different scheme. It doesn’t seem very natural to associate u
with the properties of spacetime. What tools do we have to characterize spacetime
itself? We measure length and angles (— metric g,g) in a local frame of reference
(— 9*) and compare these measurements carried out at different points (—
parallel transport I',%). Thus, the intrinsic properties of spacetime are encoded in
(gap, 9%, T'xP) and quantities derived therefrom. An additional, external vector field
is foreign to this structure! Moreover, the geometry of metric-affine spacetime, by
carrying nonmetricity, is rich enough to account for a violation of Lorentz invariance.
As additional benefit we can give a consistent framework of how to couple the “aether
field” to matter, a problem which seems to be unsolved in the theory of J&M. We
assume, in the spirit of the equivalence principle, minimal coupling, i.e., partial
derivatives are replaced by covariant ones.

In the theory of J&M the “aether” is represented by the vector field u. In order to
compare our approach to theirs, we first look for vector-like, geometrical quantities
which characterize Lorentz violation in metric-affine geometry. In the next step we
propose a Lagrangian for our “geometrical-aether” theory. Eventually we analyze
the field equations and construct some simple solutions.
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3.2 Vector-likeLorentz-violatingquantitiesin MAG

We argued in section 3.1 that the genuine quantity describing Lorentz violation is
the nonmetricity. In this section we look for vector-like pieces of the nonmetricity.
In n dimensions, as a symmetric tensor-valued 1-form, the nonmetricity has n?(n +
1)/2 independent components. We immediately recognize a vector-like piece with n
components by splitting off the trace,

Q=

— ; Qaa ) Qaﬂ = Qaﬂ - anﬂ . (35)
The Weyl covector @) is a scalar-valued 1-form and therefore has n independent
components. It is related to scale transformations, see (3.3), and thus extends the
Lorentz to the conformal group. The presence of ) does not touch the (conformal)
light-cone structure. The nonmetricity Qo = Qiag dz’, from a geometrical point
of view, can be understood as a strain measure for the different directions specified
by the 1-forms dz*. Accordingly, @.s defines a shear measure since the dilation
measure () is subtracted out. In order to find a vector-like degree of freedom of
@op, we contract it with the frame and find

A* =P | Dop, A=A, 9%, n components. (3.6)

Apparently, the 1-form A is our desired vector-like shear measure. It remains the
task to resolve (3.6) with respect to @,3. Of course, A, with n components does
not contain all information of (o3 with n(n+1)(n —2)/2 independent components.
We will denote the piece of @),3 which corresponds to A by (3)Qag. The superscript
3 is conventional and will be explained later. The excess of @,g over (3)Qag is

@aﬂ ::Qaﬂ - (3)Qaﬂ ) (37)

with
@aa = (3)Qaa = Qaa =0, (38)
eaJ(?))Qaﬂ = Aﬂ ’ eaJ @aﬁ =0. (39)

We now make an ansatz for Q. in order to obtain its explicit form. The only
possibility to construct a symmetric tensor-valued 1-form out of scalar-valued 1-
forms A® and AM | is

®Qap = Vo )| A + gag AT, (3.10)
The 1-forms A, A can be determined using the constraints (3.8,3.9),
(3)Qaa = AD £ A0 = 0, (3.11)

1
”; es] AD 1 e5 AU = 4| A (3.12)

eaJ (S)Qaﬁ —
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Thus we find
1 2n
A — A AL — 3.13
n B n-Dm+2) " (3:13)
and consequently
2n 1
®Qup = Aa¥s) — = gap A ) . 3.14
Qap (n—1)(n+2) ( («¥8) — 9op > ( )

It turns out that (3)Qag already is an irreducible piece of the nonmetricity which
can be decomposed according to

Qaﬂ = (I)Qaﬂ + (2)Qaﬂ + (3)Qaﬁ + “) Qaﬁ )
= TRINOM + BINOM + VECNOM + CONOM ,

%nZ(nnLl) = én(n—1)(n+4)+%n(n2—4)+n+n,

where the remaining pieces are defined by
@Q.5 = —g ewlPs)s  Po=Ras NV — ﬁﬁa AN, (3.15)
WQas = 90pQ, (3.16)
MQuap = Qap— PQas — PQas — Y Qus. (3.17)

In conclusion, we have found a vector-like piece of the nonmetricity which is
related to shear and therewith genuine Lorentz violating. This piece, (3)Qag, will be
in the center of interest in the following.

In order to set up a “J&M-like Lagrangian” we require a massive term propor-
tional to A%A,. Indeed such a term can be naturally constructed from the respective
irreducible piece ) Q,g3,

2n 2n
G Qup N*PQP = AN*A = A*Ayn.  (3.18
Qas N0 = ) = 1) nro)n—1) M hen (B18)
It remains the task to find an appropriate kinetic term. This is the subject of the
next section.

3.3 The quest for the kinetic aether term: The
strain curvature

In the last section we motivated the use of the 1-form piece A of the nonmetricity
as “aether 1-form”. The corresponding aether field strength should be of the type
F ~ dA. Then, the canonical, Yang-Mills like kinetic term for a 1-form field A would
look like

FA*F ~dAN™dA . (3.19)
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How could we construct such a piece for our aether 1-form? First we note that the
nonmetricity acts on the level of a connection, i.e., a gauge potential. We can split
off the post-Riemannian part of the connection, the distortion

NS =1, —1i8, (3.20)

We can read off the components of N,5 from the decomposition of the connection
(1.38) and find

Qaop = 2N(ap) - (3.21)

If we opt for interpreting the nonmetricity, and therewith its irreducible pieces, as
connections, the corresponding field strength, i. e. the exterior covariant derivatives,
act as curvature 2-forms. Indeed, by employing the zeroth Bianchi identity we find
the symmetric strain curvature 2-form

2Za5 = DQaﬂ == 2R(aﬂ) . (322)

Obviously, it has one distinctive piece, namely its trace Z := g*Z,5 = Z,7. It
should be noted that Z is related to a premetric quantity. In a space with only a
linear connection, the curvature R,? can be contracted, R,®, even if a metric is not
present. Thus R,” and, as a consequence, also Z is rightfully called dilcurv, the
part of the curvature related to dil(at)ations. This is an irreducible piece of Z,s and
we call it

1
SVAPRE 1 9067 - (3.23)

Since on the level of the nonmetricity dilations are related to (4)Qag, we denoted the
related curvature piece by the same number. In fact, the zeroth Bianchi identity, if
contracted, yields ¢** DQ,s = 2Z," = Z. By partial integration, we find

1
Z = 2dQ or (4)Za5 = - JapdQ =

5 (DWQas+ Rap AQ) . (3.24)

DO | =

The tracefree piece can be further decomposed into various “traces”, see appendix A.3:

R 1
Zo = €| Zos, A = mﬁ"/\ Lo Yo = *(Zag N 9°). (3.25)

Subsequently we can subtract out the traces:

1

n —

S = — %eaJ (WA Z,), Ta=Yom e AY,).  (3.26)
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The irreducible pieces may then be written as (see [58])

1 *
@Z.5 = =5 A Tp), (3.27)
1 A
®Z.5 = - (R Aegy) —2gas) A, (3.28)
n
1
WZes = = gasZ, (3.29)
n
2 -
O s = ~ Vo A Zp), (3.30)
(I)Zalg = Za,B — (2)Za,3 - (S)Zag - (4)Za,3 - (5)Za,3 . (331)

Our main interest focuses on (3)Qag. Is it possible to relate its exterior covariant
derivative to one of the irreducible pieces of Z,3? In order to answer this question
we calculate

2n
(n—1)(n+2)

1 1
DB Q.5 = (T(a Agy — Fa A DAgy + ~ Qop N A — ~ Gap dA) .
(3.32)

We use the following representation of the exterior covariant derivative of the zero-
form A,:

DAg = 9% ey) DAy = 9% Dy Ag = 9% Doy = 9% Do Ag) + 9 Dy (3.33)

Let us denote the “symmetric exterior derivative” as

DAg = 9% Do Agy . (3.34)
The antisymmetric part can be retrieved from the exterior derivative,
1 1
9 D[aAg] = —5 GgJ dA + 5 ng (Ta Aa) . (335)
Thus,
1
DA,B == DA,B - 5 6[3J (dA - TaAa) . (336)
Substituting this into (3.32) yields
D(3)Qag = 2n T(a Ag) — 19((1 A DAg) +1 19(a VAN eg)J (dA —T7A )
(n—1)(n+2) 2 7

+1Qus NA— L gogdAl|. (3.37)

Apparently, the right-hand side of (3.37) contains all irreducible pieces of the sym-
metric curvature Z,g. Contraction with the metric, for instance, yields

g’ D¥Qus =QAA. (3.38)
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Thus, D(3)Qag contributes to (4)Zag. For a better understanding of this structure
we make the simplifying assumptions

T =0, Qos = P Qups . (3.39)
Then we find
1
20 7., = BGDOQ, 5= 9 dA — 2g,5 dA 4
B Qap (n+2)(n—1) (n (« N eg)] Yap )’(3 0)
. 4
20Z = ODOQus == AEp), (3.41)
n
n? 1
A DAg — — 95 e*| DA,
s (n—l)(n+2)[ 5= 5 Vs’
2
— Ag A — 95 A%A,, . 42

In general, derivatives of A will occur in different irreducible pieces of the symmetric
curvature Z,g. However, in view of (3.40), the piece (¥) Z,5 seems to be the simplest
generalization of dA, especially in view of the identity, see appendix A.4.12,

n(n—2) &

@ zeB AN*B) 7,5 = — A A (3.43)
n

which obviously should parallel dA A*dA. We can give the general relation between
A and A, see appendix A.4.11,

A = 2(n1_ i - 2(n1_ 5 1P - 2(n1_ 5 {niIPa | [(n—1)Q — A+T]
n (Z :t; W7, 4+ % (3)Ta> A% — (VQup + P Qup) A eaJ(l)Tﬂ} _ (3.44)
In the special case
Mo = G)re = AQ5 =0, (3.45)
we indeed find the desired simple relation
A ~dA, (3.46)
and arrive at
®) Zog N* BV 298 ~ dA N *dA. (3.47)

We conclude that

4)Qup A * BQB 4 B 7,5 p* () 708 (3.48)
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presents itself as the centerpiece for embedding the J&M-aether field into metric-
affine gravity. However, life will not be so simple ... The first Bianchi identity

0=B*=DT*— Rg* N0, 3.49
B

interweaves various pieces of nonmetricity, torsion, and curvature in a complicated
manner. By contraction we find

—2
es|BP = RIC+(n—2)A—n2 dQ + eq| [D(OT™ + O179)]
1 n—2
WV)pe o @) pe T — T = .
o + Jea] T — —dT =0, (3.50)
P ANBs = X —DW*ANCT)+T*AT, =0. (3.51)

Even if we assume that the torsion only possesses its trace piece, i.e.

1
n—1

T =T =

9AT, (3.52)

and therewith A = dA/(2(n — 1)), we have

n—2
RIC — —d (2T -1)Q—-A)=0, 3.53
i.e. a dynamical aether field requires the presence of torsion.
When setting up a Lagrangian, it seems we are forced to include also torsion.
This leads us straight to the next section.

3.4 Lagrangian for metric-affine gravity

We now set up a first-order Lagrangian for gravity and aether. The independent
variables are (gag, 9%, ['s?). These are coupled minimally to matter fields ¥,

Ltot = V(ga,@a 19(1, Qa,@a Taa Raﬂ) + L(gaﬂa 190, \I]a D\I]) . (354)

The variation of the matter Lagrangian

1 oL
OL = 509ap 0P + 59 N B + 0T, N A% + 5T A 50 (3.55)
allows us to identify the material currents coupled to the potentials as metric energy-
momentum and canonical energy-momentum, and as hypermomentum (cag, o, A%).
The energy-momenta 0,3 and X, are related to each other by a Belinfante-Rosenfeld
type of relation. The hypermomentum splits in spin current & dilation current &

shear current:

1 — — —
Aaﬂ = Tap T Z Gop A’Y'y + Naﬂ ) Tap = —TBa Naﬂ = Mﬂa . (356)
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The hypothetical shear current X5 is discussed in [89, 59], see also the literature
given there.

The gauge Lagrangian is built in “Yang-Mills fashion”, quadratic in the field
strengths,

1 1
VataG ~ E(REC + X+ T2 +TQ+ Q%) + ;(W2+Z2). (3.57)

The part in the first parentheses describes “weak gravity”, governed by the conven-
tional gravitational constant k. It contains the usual Einstein-Cartan type term, a
cosmological term and terms quadratic in torsion and nonmetricity. Since we have
seen that torsion and nonmetricity enter into the connection and the weak-gravity
part contains no derivatives of the connection (namely the curvature), only new
contact interactions in addition to usual Newton-Einstein gravity will arise. In or-
der to make the connection propagating, we have to allow for the “strong gravity”
part in the last parentheses, characterized by the strong gravitational constant p.
It turns out that the most general (parity conserving) quadratic Lagrangian is most
appropriately displayed in terms of the 4 + 3 + 6 + 5 irreducible pieces of Q.3, T,
W,?, and Z,P, respectively (see [43], [95], [56], and references given):

1
Vmag = o

3
—Qp Raﬁ VAN TNap — 2)\0 n + TN (Z ar (I)Ta>
I=1
4 4
+ 2 (Z cr (I)Qaﬂ> A AT £ Qo N* (Z by (’)Qa5>
I=1

I=2

+ b5 (PQay A9%) A (WQPT A g) ]
— Raﬂ A* (Z wy ( Wap + w7 9q A (evJ(E))W’Yﬂ)

5 9
n 21D Zap+ 260, A (eal P Z75) + ) 2190 A (e7J<’—4>Z“Yﬂ)> . (3.58)

Here & is the dimensionful (weak) gravitational constant, Ao the “bare” cosmological
constant, and the dimensionless p is the strong gravity coupling constant. The con-
stants ag,...as, by,...bs, c2,cC3,Cq, W1, ... W7, Z1,...2 are dimensionless and should
be of order unity. Note the nontrivial formula

Rog AP = OW, 5 A0 . (3.59)
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The field equations then read

DM —m*f = 5 (zeroth) (3.60)
DH,-E, = X,, (first) (3.61)
DH®; — E% = A%, (second) (3.62)

oL
v 0. (matter) (3.63)

The excitations or gauge momenta are given by
ov ov ov

M =2 , H,=-— , HYg=———. 3.64
0Qus o7 A T BR,P (3:64)

The metric energy-momentum of the gauge fields is

ov

meP .= 2
8gaﬁ

= 9*ANEP+ QP AM® —~T*NHP —R“NH"P + R ANH?,,, (3.65)

the canonical energy-momentum of the gauge fields!

ov

595 = = ea|V + (ea) T?) A Hs+ (ea) Rg") N HP., + l(eaJng)M‘37 (3.66)

E, =

and the hypermomentum of the gauge fields

ov
oT 5

Eag = —19 A Hg - g,3 .Z\IOUy (367)

One can show that if the second field equation is fulfilled, either the zeroth or the
first field equation is redundant due to the Noether identities. The excitations can
be read off from the Lagrangian since we can use the Euler theorem for homogeneous
functionals. Take for instance

V(RY¥) = R N* (ZwI ) (3.68)

and substitute R*® — AR*®. Then we have
V(AR*) = N2V (R*?), (3.69)
and find by differentiation with respect to A

oV d (A R*9) oV 5
= of =9 :
8(/\Raﬂ)/\ ™ 8(/\Raﬂ)/\R AV, (3.70)

'For the relations between different energy-momentum currents in gravitational theory one
should also compare Itin [65].
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or, for A = 1, and employing the definition of the momenta,
1
V== Hog A R%A (3.71)

Then we can read off H,g by comparison with the explicit form of V. Since all terms
in (3.58) are homogeneous in this sense, we may generally apply this scheme. This
method does not work in case of the rotational Chern-Simons Lagrangian considered
in section 2.6. Then the variation has to be carried out by hand, see appendix A.4.3.

In the following we will not have to consider the full Lagrangian in (3.58)—
remember that our main interest is focused on #)Q,5 and ) Z,5. Additionally we
will of course keep the Einstein-Cartan part. Moreover we assume some more pieces
which will allow us to cancel some parts of the field equations by imposing algebraic
constraints on the coupling parameters.

3.5 Simple gravity-aether model and search for
exact solutions

Now we are going to devise explicitly a simple gravity-aether model. Our idea is to
arrive at a wave-like equation for the aether field

D*®z. P~ D*D®QL =0, (3.72)

and the usual Einstein-like equations for the gravitational part. Therefore we surely
keep Einstein-Cartan, cosmological, ?Q? and ®)Z? terms. Additionally, we allow
for the torsion-square term (I, the cross term IT ()Q, and the piece (W 2. These
will allow us to set the excitations H, and M®® to zero by means of appropriate
constraints on the coupling parameters. We thus assume the Lagrangian

1
Ve = 5 [—ao (OWP Anas +2X0) + as T* A*OT, + 205 B Qup A 9 AT

1
+b3Qa,3 A *(3)Qa'8] - 5 Ra[3 A *(U)ﬁ (6) Wag + 23 3) Za ) .

By means of prolongation methods developed in [6], Baekler suggested a solution to
the field equations. The coframe/metric will be assumed to be of the Schwarzschild-
de Sitter form,

9 =gt 9 =e*dr 92 =rdf, 9 =rsinfds, (3.73)
where

g=-9P P+ @ + 9?0 9® + 9P 9°, (3.74)
together with the Schwarzschild-de Sitter function

M A
w(r) 1 _ o _ A2 3.75
e — -7 (3.75)
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The torsion 2-form is

1901
o _ Lo o
472 ) ,002 _ ,012 )

,003 _ ,013

(3.76)

whereas the tensor part (VT® and the axially symmetric piece 9T vanish identic-
ally. The nonmetricity Q*° is given by

P+ 0 9 P

Loe™ 0 049t 92 9
272 92 92 0 0
9 #® 0 0

Q2 — (DQaB | () s _ (3.77)

The curvature pieces for this solution are explicitly displayed in appendix A.4.13. In
order to form a solution of the field equation we have to require certain constraints
on the coupling parameters,

8b3 +3c3 =0, a2+2c3=0, 3ag=2kIwg, 23=0. (3.78)

When we checked this solution by means of computer algebra, we realized that under
these conditions the aether 1-form is, in fact, completely arbitrary apart from the
fact that it has to be light-like A A *A = 0. This is a pity but not very astonishing
since the ®Z part, which governs the aether dynamics, has been canceled. In
the following we try to understand this structure better, especially the role of the
constraints.

We first analyze the excitations H, and M*®. For the Lagrangian (3.73) we find

1
Hy = ——"(a AT, + 3 B Qup N 9°)
1
= —3—*[19a A(esA+aT) . (3.79)

K

Hence, any two of the equations

(4) H,=0, (3.80)
(ZZ) as + 203 = 0, (381)
(iti) T=25 < BGQuA9=20T,, (3.82)

imply the remaining equation. We also have
2 1
s — 2 {b3 ®Q% + ¢, <19<a AT 41 g0 *T>]
K

2 4 b c
= —— |9 [ Zp AP AT ) —g® (2A+2T)] . :
3&[ <3 3 + c3 e’ | g 3 +4 (3.83)
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Again, any two of

(i) M =0, (3.84)
(i) 8bz +3c3 =0, (3.85)
(7)) T =31A, (3.86)

imply the remaining equation to hold. Thus, by assuming
1
CLQ—|—2C‘3:0, 8b3—|—363:0, T:§A, (387)

the field equations reduce to

FIRST 4]V + (ea|Rs") A HP, =0, (3.88)
SECOND DH%; =0, (3.89)
where
a
He = i n°s + we*OW5 + 237G 794 (3.90)

When assuming A = 27 and T® = AT, the distortion simply evaluates to (half
of) the nonmetricity,

1

Since we were mainly interested in the nonmetricity, this seems to be rather satis-
factory. As a consequence we also get a particularly simple splitting of the curvature
into Riemannian and post-Riemannian parts. In general, we find the formula

R = R;{x}ﬂ +DUNP N A Nvﬂ
RY? + DN,® + N, AN,7. (3.92)

Hence, if (3.91) holds,
R.,s = RUP+ % D (Quyg™) + i Qu" NQ.
= RBP4 6 DQuy— 5 Qe AQP 1 QAR
= RUP 4+ 7,° i@av AQP. (3.93)

From this equation we directly derive the contribution of the aether field to the
irreducible piece (®W,g, i.e., to the curvature scalar W = e, |eg| R*®. Because of
eales| = —eseq], the symmetric Z** drops out,

W= RO — ieajeﬁj (Qu7 A Qyp) (3.94)
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Under the assumption Qqp = (3)Qa5, the last term simply evaluates to
8

e®1e”] (BQNPQ,5) = —g A A (3.95)
If we assume a light-like aether,

0=A%A, =*(AA*A), (3.96)
the curvature scalar collapses to its Riemannian part. This allows us to cancel
the W and Einstein-Cartan like pieces in the field equation SECOND by as-

suming a metric/coframe which yields a constant Riemannian curvature, the usual
Schwarzschild-de Sitter form, for instance,

90 = erl™) dt , Pl = enr) dr, 9?2 = rdé , P = rsinfdg, (3.97)

The well-known Riemannian curvature scalar for this metric reads
A
(6) pof — —5 0% A 9P . (3.99)

By assuming

A
ap = 2nw6§ , (3.100)
we arrive at
Heg = 23*® 7. (3.101)

Moreover, because of the light-likeness of A, we have

TAN*OT, ~TA*T ~AAN*A = 0, (3.102)

Qas N*PQ¥P ~ AN*A = 0, (3.103)

G Qus A9 N*ATE = 2T AT, = 0. (3.104)
Consequently, the field equations read

2—23 [(ea] Z°7) N* B Z5, — ZPV A (ea)* P Z5,)] = 0, (3.105)

2 D*®ZF = 0. (3.106)

These equations form an algebraic constraint on the components of (3)Zag and a
wave-like equation for (3)Qag and are thus exactly what we were looking for. Unfor-
tunately, we were not able to find an exact solution for the aether field A. Thus it
seems that we have either to allow for different pieces governing the aether dynamics
in the Lagrangian or alter the structure of the underlying Riemannian spacetime.
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Both possibilities are not too far-fetched. Since the aether 1-form as a vector-like
quantity introduces a preferred direction in spacetime, it seems plausible to assume
a cylindrically symmetric structure of spacetime and not a spherically symmetric
one, as we did in our simple ansatz (3.73). On the other hand, dynamical aether
terms also do occur in other pieces of the curvature than ®)Z, as we have seen in
(3.37). Thus, it may also be viable to postulate a ((*) Z)2-term instead or additional
to the (¥ Z)2-term in the Lagrangian. We made extensive computer algebra exper-
iments in both directions but did not succeed in finding a sensible solution. Further
investigations are necessary.
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Appendix A

Appendix

A.1 Rules for exterior calculus

We would like to remind the reader of the following relations which hold for p-forms
¢ and v, and a g-form w. Furthermore we denote the exterior product by A, the
interior product by |, the Hodge-star operator by * and the exterior derivative by
d. The symbols u, v stand for vectors, a and b are numbers, ind is the index of the
metric.

(d+Yv)Aw = dAw+YAw
(@) N\w = ¢A(aw)=a(pAw)
dPAw = (-1D)PwAg
ul(ap +bp) = aulyp+buleo
(u+v)|w = ujw+v]w
u|(pAw) = (a]g) A+ (=1)" @A (uw)
ulv]¢p = —vjuls
V*Nealp = po
"0y +bp) = a4+
) = (_1)p(n—p)+ind¢ (
Heal) = ()P VI, A (
el = (Y Ava) (
VAP = TOAY (A.13
(
(
(

e
© 00 J O Ot &= W N =~

N N e v v e v N e S S e e S N N

(=)

> >
—_ = =
N =

d(ap +bd) = ady+bdd A14
dwANg) = dwoNd+ (1) wAdd
ddp = 0
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A.2 Conventions of index notation

Our index notation is based on the conventions of Schouten [102] and for exterior
calculus we refer to [58]. For quick and easy reference, we display our conventions
for index positions and signs of the Christoffel symbol, the Riemann tensor, and the
Ricci tensor (holonomic indices i,7,--- = 0,1,2,3). The sign of the Ricci tensor is
the same as those of the L;; tensor and the Cotton tensor. In particular, the Ric;;
sign introduces a relative sign between the L;; tensor and the Weyl tensor in the

decomposition of the curvature:

ViT* = 8T - Ty T, + T T},
+Rz'jke = 8iijl - 8jrik£ + Dim L™ — ije L™,
+Ricx = Ry,
+R = R,

4
Weylijee = Rijre+ —— giaiwLa -

An extensive comparison between the various conventions can be found in [86].

A.3 Irreducible decompositions

A.3.1 Nonmetricity

The nonmetricity splits into 4 irreducible parts:

Qaﬂ — (I)Qaﬂ + (2)Qaﬂ + (3)Qaﬂ + ) Qaﬂ )
= TRINOM + BINOM + VECNOM + CONOM ,

L2n+1) = —n(n—1)(n+4)+%n(n2—4)+n+n,

2n 1
) = A 98 — = gag A
Qas (n—1)(n+2) ( (aV8) = 3y Job )
(4)Qaﬂ = Gaop Q )
(I)Qaﬂ = Qaﬂ - (2)Qaﬂ - (S)Qaﬂ - (4)Qaﬁ .

(A.22)

(A.23)

(A.24)
(A.25)



A.3.2 Torsion
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The torsion is a one-indexed 2-form. There are again two possibilities two build a
one-index form out of scalar valued forms, namely by taking the exterior product of
the frame with a 1-form and by taking the interior product with the frame. What
is left over is the irreducible 3rd rank piece.

Ta — (I)Ta 4 (Z)Ta 4 (3)Ta ’
= TENTOR + TRATOR + AXITOR,

1 1 1
“n*(n—1) = nn®*—4)+n+ n(n—1)(n-2),
2 3 6
epe — L go p ()T

n—1 ’

1
DT = Zea|(T7Ap),
(I)Ta — Ta - (Z)Ta - (3)Ta .

A.3.3 Curvature

According to [58, 82] the curvature 2-form in a metric-affine spacetime decomposes
into 11 irreducible pieces. First we split it into a symmetric and an antisymmetric

part,

Rop =Wap+ Zap, Wop = Riap), Zap = Riap)-

(A.30)

The antisymmetric piece Wy can be further decomposed with respect to the pseudo-
orthogonal group:

web =

= WEYL

where

(I)VVa,B + (2)[/Va,3 + (S)VVa,B + (4)[/Va,3

+ PalrcoM + PScALAR + RICSYMF

(=) (W A tg) = ejaliby

+
+

o1 1 ~
-1 1nd_*X =_——e¢, X
2
———Va N\ Pg) 5
n—2 ! Yo
L gone
n—2 [ 8] »
1
W AV,
n(n —1)

(Syyas

RICANTI

Wa,B - (2Waﬂ G aB — (4)Wa,8 6 af — (6)Wa,8 )

+ ©pyas
+ SCALAR,

(A.31)
(A.32)

(A.33)
(A.34)

(A.35)

(A.36)
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with the traces
W= eg|[W* | W i=eo[W*, X*:=*(WPAd), X :=eo]X*, (A.37)

and the covector-valued forms

1 1
o = _ B
Yo = Xo— PaAX - —ea] (07 A Xp), (A.38)
1 1
ba = Wa= Wi — 5eaJ (9° A Wp), (A.39)
fo = eo (0P ANWp) =: es| RIC. (A.40)

We can get rid of the stars in the definition of the various traces,

RIC = 9% A (eg)]WLP), (A.41)
X = Wy A9*A9P = (—1)"*X, (A.42)

1 1 .
Vo = Woa A9+ 4 el X+ — Ja ARIC = (—1)(r—Dindxya (A 43)

We find characteristic contraction properties,

p— B N0 =0, (A.44)
eaJlZa - 07 lza NY* = , (A45)
R £ A0 = —2RIC. (A.46)

The 1-form pieces can be collected,

1 n—2
La—¢a+§£a+ 2n(n_1)
We may give a very intuitive representation of the irreducible decomposition. In the
first line of (A.48) we have the irreducible 4th-rank piece for which all contractions
vanish. In the second line are pieces displayed which effectively correspond to a 1-
form with one index multiplied with the coframe. In the last line of (A.48) we display
the pieces which can be obtained by taking the interior product with a 3-form.

1

1901 = aﬁ I~
Wi = es]Wa" = 50—

W, . (A.47)

Wasg = DWag
2 Do A @ L Ve NE L Ry, N
n—2 [@ Bl n—2 [ Bl n(n o 1) « B

+6[QJ’;/)g] — EeaJngZ. (A48)

For the symmetric part we find 5 irreducible pieces,

Zop = (I)Zaﬂ + (Z)Zaﬂ + (3)Zaﬂ + (4)Z0tﬂ + (5)Z0tﬂ ) (A49)



where the single pieces are defined according to

1
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@Zp5 = 3 (1) {9 AT}, (A.50)
1 N N
®) 7,5 = {nv A) - 2905 A} A.51
op o MY (en]B) — 2005 A1 (A.51)
1
(4)Za,3 - — ga,B Z, (A52)
n
2
OV Zs = =9 AZp, (A.53)
n
WZs = Zog—PZog— 25— 2,5 -0 Z,5, (A.54)
where
Zop =1 7" ap+ 5 9ap 2y, (A.55)
D o= 7 s, A:zﬁﬂa/\%a, Yo :=*(Z ap N9P), (A.56)
Ea =L a—3¢e](NZ ), Ta=Yy— e ](9TANY,). (A.57)
The contractions of = and Y vanish,
e*|2, =0, Y*ANE, =0, e*|Tq =0, 9*ANYT,=0. (A.58)
Contractions of the irreducible pieces of the curvature
Contractions with the coframe
Ow,pA A9 = 0, (A.59)
AW A9 = P, (A.60)
1 .
OWw,pA A9 = -3 fX, (A.61)
Dw,pA A9 = 0, (A.62)
1
OWw,L A = — 5 9 ANRIC, (A.63)
n _—
Ow,p A9 = 0, (A.64)
WzPA9 = 0, (A.65)
@z A9 = (—1)nitsenryh (A.66)
Gz A0* = AN, (A.67)
1
Wz A9 = 5 dQ N 9°, (A.68)
G ZzLA9e = 0. (A.69)




Contractions with the frame
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Double-duality relations in n = 4

OB _ %namw Wy, —*Opyes. (A.92)
@ppres _ %naﬂuu Ow,, = —*@wes (A.93)
BB _ %naﬂw O, —*Opes, (A.94)
Wppres _ %naﬂuu @O, = —*@weas (A.95)
G)ppad _ %namw Oy, = *Opyes (A.96)
@pros _ %n"ﬁ’“’ OW,, =*Opes. (A.97)

A.4 Calculations

A.4.1 Double-duality relations for the curvature

In this section we proof the double-duality relations for the irreducible pieces of the
antisymmetric curvature. The proofs all work in a similar way by computing

e[t | ("0 A OW,,) = e e |(* OW,, A 9° A 97),
and making use of the contraction properties of the respective curvature pieces.
1) (1) WHaB — %naﬂuv (I)WMV — * (1) Wes
Because of e® |VW,5 = 0 we directly find

e’ Je*|(n®® A OW,,) = n* Ow,, . (A.98)
On the other hand (9% A WW,5 = e |*MW,5 = 0),

Jen| (10 A IW,) = e Jer] (*(9° A 9%) A ITT,)

= e’|e*| ("W A9 A7) =22DW,s.  (A99)

2) (2)WaB — %naﬂuv (Z)Wuv — _*x(2Wes
Since e*|?W,3 = 0 we again have

e’ e | (n°? N OW,,) = nfr O, . (A.100)
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Shifting the Hodg-star and using (Z)W(,g = e J’;/)g we find
et (P ABW,,) = e’et] (*( W, AN9* A 9°%)
= *(OW,, A9 AI) A9 AP
4ox @pab _ *((2)W [a] ADO*) A A /P!
= 2*@pes _ gxple p 9ol = ox Ayl _ ( Jwﬁ)
= —2x@es (A.101)

3) ) Wb — 1 naﬂW( )W;w — *x (3)yWes
We have once more e*|®)W,5 = 0,
e’ |e* ] (1 AOW,,) = et O, (A.102)

On the other hand, remembering

1 ~

O Wap = T eales] X,

we obtain,
e’ e | (n®P A (3)WN,,) = e”|et| (* (3)WW AI* A 19ﬂ)
= *(OW,, A9 AI) A9 AP
42xByes _ 4*((3)Wu[a| A 9*) A 9P
= *X 9N +2XO Wb 4 x(ele| X)) A 9P
= 2*@®pyeb (A.103)

4) (Wb — %naﬂuv (4)Wuv — _* (Wes
In this case the contraction with the frame is non-vanishing,

e’|e" | (n™® A DW,,) = P W, + 24, A (A.104)
In view of

WWe? = — 90 A gg),

the last term on the right hand side can be reformulated,

by AP = by N N I = By A D™
_ Gy, e (A.105)
Hence,
e’ et |(nP AW, = B D, (A.106)
Now we use 9% A DWW, 5 = | * DW,5 = 0,
e’ et |(nP A DW,,) = e’ e] (* DWW, A 9™ A 9Py =2* @yyes (A.107)

which completes the proof.
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5) GIW=b — %naﬁuu (5)WW — *(B)Was
Since only the double contractions ®)W,5A9* A9 = 0 and e* |e? | ®)W,3 = 0 vanish
the proof is a little bit more involved. We use

1
(S)Waﬂ = _5 79[(1 A gﬂ} ) ga = eaJRIC )

and calculate
v Q 1 14 Q,
el | (0 NOW) = =5 e || A Iu A )
1
= —5 I NG+ 20 A

1
= —5(77aﬁ”" 19# NE + 2 1911 N naﬂ"” A fu)

1
= S NE) = =P OW, . (A.108)
On the other hand

e’ | et | (naﬁ A (5)Wuu) Sard (* (S)WW A 9% A 19[3)
= *(OW,, A A9”) NI AP
42 BIpyes _ gx(G)py, ol A gry A 9lo)
= 2* Ol 4 o*(Yle A RIC) AP
= 2*OWwes 4 oyl A | RIC)
— oxB)pes 4 2*(19[01 A 65}) - _2*(5)W°‘5, (A.109)

which completes the proof.

6) GW=s — %naﬁuu (G)WW — * (6)Wab

This is quite easy,

1 s 1 By 1 v a
ST OW = WO, N, = WA D, A (et )
1 1
T2 W = T (9 N 9P) = > Oes, (A.110)

A.4.2 Bach 3-form and Bianchi identity

By means of the Ricci identity and the decomposition of the curvature we have

DD*C, = —R,’A*Cp
= —Weyl,” A*Cs — Rigd . A*Cs — Scalar,’ A*Cj. (A.111)
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For p-forms ¢, ¢ of the same degree, there holds *¢ A ¢y = *1) A ¢. By means of

I N*¢p = (—1)P71*(e*]¢), we can prove that Scalar,g A *C* = 0. Performing a
“partial integration” we arrive at

DD*C, = —D (*Weyl,? A Lg) + (D*Weyl,”) A Lg — *Ricel ,° A Cp. (A.112)

Next, we use the “double duality relations” for the irreducible pieces of the curvature,

1
*Weyl,s = Weyl,, 5 ™ ap s (A.113)
1
*Rl(}a a — _Rl(}a uv 5 nuuaﬂ 9 (A114)
1
*Scalar,s = Scalar,, 577’“’ag. (A.115)

Together with eqgs.(1.63) and (1.57), we obtain

—_

1
(D*Weyl,’) ALg = 0"’ DWeyl,, A Lg=— 3 n" o 9 A Cyy A Lg

[\]

1
= 73 NP o Y, N\ Lg N C, = —"Ricd ", A C, +*Scalar’, A C,
= "Ricdl " N C, . (A.116)

Substituting this into (A.112) completes the proof.

A.4.3 Variation of the ECCS Lagrangian

We consider the Lagrangian
]_ 13 a 2 13 a
Crr = ) Lo” Adlg®™ — 3 Lo” ATgT AL, . (A.117)

The variation of this Chern-Simons Lagrangian, which only depends on the connec-
tion, turns out to be

1
6Crr = —0To" A Rg™ + 5 (To? A OT5%) . (A.118)

In the next step, we enforce vanishing torsion and nonmetricity by means of respect-
ive Lagrange multiplier terms:

L=Crr+Aa AT*+ 2P AQups . (A.119)
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The variation then yields
6L = O0CRR + 0Aa AT 4+ A A ST + 6% A Qup + X A 0Qugs
= TP ARg™ + 6Aa AT + Ao A (d69* + 6T 5% A 97 + T5* A 69°)
+6A A Qup + A A (=d6gap + 0T g5 + T 69,5 + 075" gay + 5" 69ary)
+% d (TP A 6T5%)
= TP AR + A AT + AP A Qop + % d (TP A 6T5%) + Ao A DEY™

—0T5* Ada A9° — X A Dbgas + 0T 0" A (A%5 + As%)
= A AT+ 6XP A Qop + 9% A DAy + 0gap DAP
—0TP A (Rg™ + Ag A 9™ — A% — Ag®%)

1
—d (—/\a A 69 + 5Faﬂ A 0T 5% — \*P 5gaﬂ> : (A.120)

A.4.4 Variational principle for the Bach 3-form

Our aim is to carry out the variation of Weyl,; A *Weyl®® with respect to the
coframe assuming vanishing torsion and nonmetricity. In order to use our canonical
formalism we note that due to the orthogonality relations for the irreducible pieces,

DR A*OR¥ =0  fori#j, (A.121)
we may start from the Lagrangian
1 1
Viaen = =5 R*% \*Weyl, 5 + 3 Qop NP + TN Ny . (A.122)

We again can eliminate the zeroth field equation by means of the Noether identity
and arrive at

Qs = 0, (A.123)
T, = 0, (A.124)
D*Weylaﬂ — ’19[& ANAg = 0, (A.125)
D\, + E, 0, (A.126)
where
1 " *
Eo =5 [(ea B”") A*Weylg, — R%" A\ (ea|*Weyly,)] - (A.127)

In n = 4 we can express D*Weyl,; in terms of the Cotton 2-form since, only in
n = 4, we have the double-duality relation

1
*Weyl, 5 = 5 n" ap Weyl ,, . (A.128)
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Then we can express the covariant derivative of the Weyl 2-form by means of the
Cotton 2-form, see table 1.2. Moreover we use some relations for the Hodge-dual
and that the contractions of the Cotton 2-form with the frame and the coframe,
respectively, are zero. Thus we find

1
D*Weyl,; = 3 n" ap DWeyl ,,
1 uv 1 v 1 v

= =g ap O NCy = 5 Tlap ANC, = 5(6 11ag) A Cy
1 1

= 3 e’ |(nap N\ Cy) = 5 e’ |(*Cy NIo NVUg) = =V AN *Cyp. (A129)

Substituting this into (A.125) directly yields
Ao = —*Cl. (A.130)

In order to compute E,, we also use the double-duality relation and additionally
the irreducible decomposition of the curvature. First, we find

(ea) RP") N*Weylg, = (ea|Weyl®") A *Weyly,

— (ea) (W A L)) A*Weyly,, (A.131)
(eal*Weylg,) A R% = (eal*Weyls,) A Weyl??

—(ea)*Weylg,) AP ALY (A.132)

The double-duality relation amounts to the equality of the first terms on the re-
spective right-hand sides,

1
(ea)*Weyl?") A Weyly, = [ea ] (5 P Weylw,>] A Weylg,

1
= (ea]Weyl,,) A <§ i Weylﬁ7>
= (ea]Weyl,,) A *Weyl* (A.133)

Now we treat the mixed terms. Here we use the property of the Weyl 2-form
that the contractions with the frame and the coframe vanish. Consequently, also
the respective contractions with the Hodge-dual of the Weyl 2-form vanish (since

e]*(...) =*(---ADa)),
(ea) (9P A L)) AN*Weylg, = LY A*Weyl,, — 9° A (eq) L7) A *Weylg,

= L' A*Weyl,, (A.134)
(ea]*Weylg ) AP ALY = L7 A [eq] (9° A*Weyly, ) — *Weyl,, |
= —L" AN*Weyl,, . (A.135)

Consequently,

Eo = —L" A *Weyl,, . (A.136)
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Eventually we arrive at

5VBach
o«

— —(D*C, + L" A*Weyl,,) = —B,, (A.137)

where the expression for the Bach 3-form does exactly coincide with the one con-
structed from the Bianchi identity, see appendix A.4.2.

A.4.5 Decomposition of the Einstein-Hilbert Lagrangian in
a Riemann-Cartan space

We use the basic definitions

RC-curvature R, = dUP—T,ATP |

Torsion T«

dy” +F5a/\19ﬁ,

Contortion ([58] 3.10.10) T Kesg NP |
Kop = —Kpa elal Tp) — 5 (€ales|Ty) 97,
Riemannian connection FC% = Dop+ Kap,

Riemann curvature R, 3 = dar -1l A I‘{}ﬁ .

Then we have:
R, = darl P —dK,? - (F{}av _ Ka7) A (F{}vﬂ _ Kvﬂ)
= dar8,f —dk,? - T8 7 A F{}vﬂ + KA F{}'yﬁ + T, A Kvﬁ
—TPANKy"+ TP AKL
= RUYP DK, + K, NK}/. (A.138)

Next, we use

d(Kaﬂ/\naﬂ) = D(Kaﬂ/\naﬂ): (DKaﬂ)/\naﬂ_Kaﬂ/\Dnaﬂ
P25 (DEB) Atug — KB AT A ugs - (A.139)

Hence,

R Anag = RE P Anos—d (K A jag) — K NTY Alagy +K*AKLP Mg . (A.140)
The last two terms are proportional:

K AT A gy ~ K N K" A9 A sy
—KPNKT A X[ (90 AOg AD,)]
—K*P NEKT A *[(0595 Ay — 6306 A0y + 8 96 A )]

2K AN K. ATag - (A.141)

L

The last equality follows because K,z is antisymmetric.
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Up to know, we have
1
R® A s = R{tef A Nap — d (K"‘ﬁ A nag) ~ 5 K NTY A oy - (A.142)

Let us express

1
Kaﬂ A Nopy = e[aJ Tm A Napy — 5 (eaJeﬂJ TJ) 196 A Nopy

in terms of irreducible pieces of the torsion.
We consider the two terms separately:

TP A gy = €*|TP A 1jagy = *| (TP A agy) — TP A €* | Napy

—0
—e*] [Tﬁ N (eﬂJna'y)] = —c%] [eﬁJ (Tﬂ N nav) - (ngTﬂ) N 77&7]
= —e*] [eg] (Ja A Oy AMT?) — (e)T7) A e

2 ] [0y ATy — D A*Ty + 0o A9y A*(TP ADg) — (5] T°) A Ny
L T 9 ATy A 4+ 0 Ty — (n—2)*T, — ndy A*(TP A )
+(n —2) 9, AX(TP A ) + (e*]es]|TP) A Nay
= T, — 9, A*(TP AIg) + (e |es|TP) A Ny - (A.143)
Moreover:
(e"]es) T%) Ny = ey] [(e%]es)T?) 11a] = €] {€] [9a N *(es]T7)] }
ey] [n*(es]T%) — (n - )*(eﬁJ %))
= —*[9, A (eg|T?)] . (A.144)

We turn to the second term:

(€] |Ts) 9 Anagy = (e*]€?|T5)* [€®](9a A9 AD,)]

= (e]¢ a)nm (€167 |T5) oy + (e*|€° | T;)
= =2 [e*](eg)T?)] Nay — 2*T, . (A.145)

The last equality follows because

* * 1 v 1 v
T, = (5 Ty O N0 ) =3 (e” e |Ty) Ny - (A.146)

'For a p-form ¢ we have 9, A *1) = (=1)P~1) * (e, ]¢))
26 A *p =1 A *¢ for rank ¢ = rank ¢

Segl*d =*(p A da)

494 A (%] @) = po for p = rank ¢
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The irreducible decomposition of the torsion reads

1
@ — s (es]T?), (A.147)

n E—

_ 1
@ = (—1)m0) 3 [9* AX(TP N 95)] (A.148)
Wpe = o _Ape _G)pe, (A.149)
We also need
1 . 1

*(3)T’y — (_l)s g [19a /\*(T’B A 19,8)] (_1)(n72)(n7(n72))+md(g) — g 9 /\*(T'B/\’lglg) )

(A.150)

(according to [82] (2.10) and [58] (3.7.5) ia and s is used synonymous). Then,

1
K Anagy = €*]T? A gy — 2 (e*]€?|T5) 9° A agy
= 2*T, — 9, A*(TP N9g) — 2% [, A (eg)T")]
2, 4 2*@T, 4 2O — 3*C)T — 9(n —1)*T,

1
— 9 (*(1)T7 —(n—2) *(2)T7 -5 *(3)T7> . (A.151)

Last, we rewrite

1
K8 A Neg = eaJTﬂ A Napg — 5 (%] eﬁJT,y) VA g

= (TP Anag) + (=1)" 2*TY A G, = €| (9o A A*TP) + 9, A*T7
= nIg A TP — (n— 1) Ig ATP + 9, AT =29, AT . (A.152)

Substituting this into eq.(A.142) we find the final result:
R¥ Anes = RU* Anus—2d(0, A*T)

1
+TA* <—(1)Ta +(n—2)dT, + 5 (3)Ta> : (A.153)

A.4.6 On the Einstein choice in metric-affine space

In a n-dimensional metric-affine space we have the following geometric identity:

1
Nagy NT7 = =200 A7 (me —(n—2) Ty — 5 (3)Tm> : (A.154)

We start from (T := e, |T*):

Mooy NT7 = €] (g AT?) = (~1)* *nas AT (A.155)
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The first term on the rhs can be rewritten as

ey Mg AT7) = ey] (W NIp) ANT7) = ey | ("T7 Ao A )
(&4 ]"T7) N o A g + (=) 2 [T Joy NUg = "T7 N gp,]
= (T NVYy) Ao A5+ 2(—=1)""2*T}, A Vg

(TTNGy) Ao ANVg — 201 AN *Tp . (A.156)

We can rewrite this formula in terms of the irreducible components of the torsion,

1 1
*Epe = (1) 2 [0 A*(TP A Yg)] = 7N (TP A 9g). (A.157)
Hence,
1 1
Opo N * T = 3 (TN Oy) Ao Ny = 2 (T AOy) Ao AT (A158)

Substituting 7¢ = M7 4 AT 4 G)T* and (A.156, A.158) into (A.155) we
obtain

Nasy N\ T = 3 ﬁ[a VAN *(3)Tg] -2 ﬁ[a AN* ((I)Tg] + (2)T5] + (3)Tm) —T A nag
1
= 20, A" <(1)Tm + Ty — 5 <3>Tﬂ]> ~T A ag - (A.159)

The term 7'An,p can be expressed by the piece )T, alone. Since nAT is a n+1-form
we have

0 = esleal(nAT) =ep][na AT +(=1)"n(ea]T)]
Map AT +2(=1)" " g eg| T, (A.160)

or,
T ANag =2naes]T - (A.161)

For *@ T, we find

1 1
Do N* BT, = : I N*(Ig AT = ——11% Aeg]*T
n — n —

= 1 [eﬂJ (1901 A *T) — Yop *T]

- (1) 5] (T A Da) ~ gas™T]

- [(~1)"" ) (e A T) — o *T]

= [T A ap + N (€] T) — gap*T] - (A.162)
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Antisymmetrizing and substituting (A.162) we arrive at

I AT = - i 7 (=T A tag + mja €4 ] T)
= —72(711_ 10 T A Nag - (A.163)
Substituting (A.163) into (A.159) yields
Tapy NT7 = =200 A (me + @ — % (3)Tﬁ]> +2(n — 1) 9o A* DT
= 29, A" <(1)Tm —(n—2)@Ty — % (3)Tm> : (A.164)

A.4.7 Conformal transformation of the Riemannian connec-
tion
In order to compare our results to [58], in this section, we use C, for the object of

anholonomity and 2 for the conformal factor!
According to (1.38), the Riemannian connection reads

Tl = 3 dgas + (e )dgon) 9" + el Coy — 3 (eales) C) 7, (A.165)
where the anholonomity is given by

Co = Gap O = gop di”. (A.166)
We consider the combined transformations

Gap = g5, 02=0F 0, é,=QTe,. (A.167)

Substitution into 3.10.9 yields:
d(Gag) = (L—2F)QE 27 (dInQ) gap + Q¥ 2 dgep, (A.168)
(Claldgn) 9" = eald(Q 7" ggp,) O
= (L—2F)Q"?F (e,,]dIn Q) gg, 97
+OF 2 ey |dgpp,) 97 (A.169)
With the definition (A.166) we obtain:
ElCs = Q3 e |gs, d(QF 97)
= QL QFG[QJCg —|—FQL 2F €la J(gﬂhdlnﬂ/\zﬁw)
= Qf 2Fe[aJCﬂ + FQ" e, |(dInQ A b)), (A.170)
(ales]Cy) D" = Q7T (eales]Cy) 97 = Q7 3F€aJeﬂJ(976d(Q 9°)) &
= QL " (eales] Cy) 07
+QL 2P F ey ]ep) (dInQ A 9,)) 97 . (A.171)
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Thus,

. 1
M - t-2rpl | ©
af af + 2

—% FQF % [(eq)ep) (dInQ A D,))07 — 2] (dInQ A Jg)]. (A172)

(L —2F) QF—2F (90 dIn + 2(eo|dIn ) ggp, 7]

It should be noted that this result differs from the corresponding formula eq.(3.14.12)
in [58]. It seems there is used the incorrect equation C, = dd,.

Remark. Because of the simple structure of dInQ) = do = g 59° (with Q =
exp o), the terms can be considerably simplified (the only possibilities to built 2-
indexed 1-forms from o 4, gog and 9, are do gog and o, Jg).

1
(ea)(dInY) ggy) " = 5 (0095 —057,), (A.173)
Gop dln} = Gap do 3 (A174)
(eales|(dInQAD,)) I = =20 474, (A.175)
e[aJ (d InQ A 195}) = O|a 19ﬂ] , (A176)
such that
~ 1
) = aot2frl 4 5 (L= 2F) Q" (gogdo + 0,095 — 0,5 Ya)
+FQE2F (0,95 — 0 594) - (A.177)
The pieces arising from the conformal transformation are tensorial,
1
Sag = 5 (L - 2F) QL_2F (gaﬁ do + 0.« 19g —0p ﬁa)
+F QL_2F (U,a 19g —0p 1901) . (A178)
We have:
1
Sep) = 5 (L = 2F) Q" gogdo (A.179)

which corresponds to Qu3 =0 = Qag =0.
S A9 =FQE2Fdo AP (A.180)
ie. T®=0 = T*=0if F=0.

A.4.8 Bach- and Chevreton tensor

We proof that under the conditions

V'T;; =0 (divergence free), (A.181)
Gij = kT;; (Einstein equation), (A.182)
T gij =0 (trace free), (A.183)
, 1
TyT?; — = T* Ty gi;; = 0 (Rainich condition), (A.184)

4
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the Bach tensor

Bij = V" Cyj + L¥ Weyly; = 2V*V; Ly + LM Weyly (A.185)
can be rewritten as

Bij = —Hij := —O¢ Tyj := —0OTy; + 2Ci; TV (A.186)

We use holonomic coordinates a, b, c,d, i, and assume k = 1.
Because the energy momentum is trace free, the field equation yields

T = Gap = Ricey = Ly - (A.187)
Substituting this into (A.185) we obtain

Bay = VV Ty — VoV Ty + T Weyl,, g - (A.188)
We employ the Ricci identity,

Ve VaT% — VaVeT = Read T% — Reay? T4 = Ricag T — Reap T4 . (A.189)
We use the irreducible decomposition of the curvature and arrive at

VeVoT% — VoV T% = Ricea T% — Weyl o, T4 + 2(giejp Layja)) T* . (A.190)

Replacing L., and Ricg, via the field equation yields
1
chach - Vachcb = —Weylcabd Tcd + 2 (TacTCb - Z Gab TchCd> . (Algl)

The second term on the right hand side vanishes because of the Rainich identity.
Using V.T'% = 0 and substituting the result into (A.188) we get

Buy = —VV Ty + 2 TWeyl g = —Hap - (A.192)
A.4.9 Conservation of the Chevreton 3-form in flat space-
time
The Chevreton 3-form reads
Ho = —eo (Fs N FP)— Fs A (ea)*FP) (A.193)

[(ca)] Fo) N* FP) = Fs A (ea]"FP)] (A.194)

N~ DN —

Fo = D(eq|'F). (A.195)
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We now prove the conservation of H, in flat space. We use holonomic coordinates
a,b,i,7,k... By construction we have, in flat space,

dF; = dd(e;|*F) = 0. (A.196)
Moreover,
d*F, = d'd(e,)*F)=d"d(Fin,/2) = d*(0p Fyy0* A1, /2)
= d'OcFy(* e — g"n'a + 00 /2)
W= (0, F) = —d0,F = —0,dF = 0. (A.197)

Both equations will not hold in a general spacetime! Using dF, = 0 = d*F,, the
exterior derivative of H, amounts to

—2dH, = FyNdlea|* F) —d(ea|Fp) N"FP = Fy A £, *F° — (Lo, Fp) N*F°
= Fp AN Lo, F' — (£, Fp) N°FP
= (L, FOYNFy— (£, Fo) NF =0. (A.198)

I have used here

L5 =", £, F'=reg|dF’ +d(e,)F). (A.199)

A.4.10 Contortion and curvature for constant axial torsion

We start from our ansatz for the torsion

T =2 %—na : (A.200)

The contortion 1-form is defined according to

1
Kop = 0] T — 5 (eales|Ty) 07 (A.201)

The first term thus gives

T T
e[aJ Tm =2 7 e[aJ 775} = -2 7 Tapg - (A.202)

For the second term we find
T T T
(ea) eﬁJT'y) 9 = 2 7’97 Ca) %Jm = —2 7’97 eanaﬁ = —2 znaﬁ- (A.203)
Consequently,

IT
Kaop =~ 1as (A.204)
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In order to calculate the curvature we proceed from

Ros = R, — DKo+ K,V N K5 (A.205)
We have the identity
1
Dnal...ap = _5 nQ A Noy...ap T T? A Nay...apB - (A206)
Hence,
T T T?
DKaﬂ = —7 D?’]ag = —? T’Y A nam = —2ﬁ Tf’ A naﬂ'y . (A207)

For the product of the n’s, in n = 3, it holds

N Anagy = € [(NNapy) = €] (Ja Adg A Dy)) = €| (7 (Ja A ADy))

(=1)eY | (94 AIg A D) = (—1)" 9, A (A.208)
Consequently, for odd index of the metric,
T2
DK.p = 26_2 Vo NUg. (A.209)
Finally we treat
T2 T2 T2
K NKyg = i’ AN = 5y € [(1a N1y) = S5 €] ("0 A7 (9 A Up))
7-2 *k in 7-2
— £_267J( (9, A9g) Ady) = (1) d€—267J(197/\19g/\19a)
T2
= % Yo NUg. (A.210)
Eventually we arrive at
T2
Ras = RY, - 75 Da N5 (A.211)

A.4.11 General relation between A and dA

We start from the definition of A in (3.25) and move the interior product to the left:

L [P J(0°A Zap)t Za®] = —— %) (Zag0P).

n—2 n—2
(A.212)

" 1 o
A= —TL—219 /\(G’BJ Zaﬂ) ==

Obviously, we have to express Z,s A 99 in terms of nonmetricity and torsion. This
is possible by means of the zeroth Bianchi identity

DQaﬂ - _DDgaﬂ = Ra’y 42 + Rﬂ’y Joy = 2fl(aﬂ) - 2Zaﬂ . (A213)
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We wedge with 92 from the right and obtain

D (Qag AN9°) =2Zag N° — Qo NT". (A.214)
On the other hand, by making use of

Qalg/\ﬁﬁ:Pa—Fﬁﬁa/\A—i—QA’ﬂa (A.215)
and of

DYy = D(gas ) = (Dgag) N9 4 gop DI® = —Qop N 9° + T, (A.216)

we can calculate

D (Qusn#) 129

1
D(Q/\ﬁa+—119a/\A+Pa>
n_

1
AdQ NIy — QNDYy,+ —— DI, NA — 1 94 NdA + DP,
n—1 n—1
dQ NV — QN (—Qas AN +T,)
1 1
+—— (—Qap AN +T,) ANA — 9o AdA + DP,

n—1 n—1

1
dQ Ay + Q A (Q/\ﬁa+mﬁa/\A+Pa> —QAT,

1 1 1
——— QN+ —— I NN+ P, ) NA+ T, N A
n—1 n—1 n—1
- Yo NdA + DP,
n—1
1
dQ NP +QAQA V0 + ——= QA ANA+ QAP = QAT
1 1 1
———— QNI NA— ——S I, ANANA——P, NA
n—lQ (n—1)2 " n—1 "
1 1
+—T, ANA— Uq NdA + DP,
n—1 n—1
1 1
dQNI+QNP,—QNT, — ——P, ANA+ To NA
n—1 n—1
- Yo NdA + DP, . (A.217)

n—1

Now we can compare (A.214) and (A.217). We find

2 Zap NP =

2Zas NP — 20 Z,5 N 9P
1
QANP,—QANT,— ——P,ANA
n—1

1
—— T, ANA—
+n—1 * n—1

Bo NdA + DPy+ Qap ANT” . (A.218)
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We expand the last terms by means of the irreducible decomposition of torsion and
nonmetricity:

Qag/\Tﬂ = Qag/\Tﬂ—l—Q/\Ta
1
= Qs A (TP +OTP) + Qos A <—1 9P /\T) +QAT,
n_
1

= DA (VTP+OTE) 4~ 9, AAAT
?@ B ( + ) + (n _ 1)2
1
—l——l P, ANT+QANT,. (A.219)
n—
Moreover,
1 1
— T, AA= O, +OT)VAA+ ——— 9, AT AA. A.220
n—1 n—l( * ) +(n—1)2 ( )

Substituting (A.219,A.220) into (A.218) yields

1
2 Zap AP = DP, — —119a AN dA+ DQop A ((I)Tﬂ + (3)Tﬂ)
n_

+- i - (WT, +OT,) A A
+P, A {Q ] (A — T)] : (A.221)
We use the following properties of the irreducible pieces:
e®|Py = e |V, = e*|OT, =0, e®| Dap = Ng. (A.222)
Then we find
2¢*|(Zap N°) = Pne?| [Q - - i S(A - T)] +— (W1, + ®T,) A®

n—2

— dA+ e | DPa— Qag A€ (W75 4 BTF) | (A.223)

We can further simplify the last term. First we note that
1
e |OTF = (—1)*¢?| 3 * [195 ANX(T7 A 197)] =(-1)°=* [ﬂﬂ AN (T NYy) A 19"‘]
= —f |8, (A.224)

Lo =

Hence,
Dop A e ((1)Tﬂ + (3)Tﬂ) = Dap A eaJ(l)Tﬁ
_ 0Quy A e | OB L DQ,, A et | TP
+ B)Qup A e |ITA (A.225)
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The last term can be further rewritten as

2n 1
(3) a (B — G Aoy — —a-a A ) A e | DB
Qap N €] (n—1)(n+2) <(a ) ngaﬂ e’
n
= 05 Ao A e®|VTP + Agd e | VTP
(n—l)(n—|—2)(ﬁ e’ + Apae®] )
n
= Ay (—e®| (95 ADTP) + W) 427, VTF
(n—l)(n+2)[ ( e | (I )+ )+ B ]
3n
= W)pe A.226
(n—1)(n+2) ’ ( )
where we used 93 A (T8 = 0. Finally we arrive at
- 1 1
A = ——dAN— ——¢e*|DP,
2(n — 1) 2=
L P 1)@ - A+T]
2(n—2) |n—1
(P on . " e, A
n+2 n—1
— (VQap + P Qus) A eaJ(”Tﬂ} : (A.227)
Note that in the last line we could substitute ? Qa5 = —2e(4] Pp)/3.
A.4.12 On the square of ®Z
We proof that the following relation holds for arbitrary spacetimes:
—9) . .
@)z N*B) 7,5 = nn=2) A p+A. (A.228)
n+2

This comes about since #)Z% corresponds to a scalar-valued degree of freedom,
namely to the two-form A, see (3.28). For a p-form ¢, we have the rules for the
Hodge dual *¢ = (—1)»P~1¢ in the case of Lorentz signature, furthermore,
V*N(eq]|P) =p¢ and *(pADJ,) = eq| *¢. Thus, the terms quadratic in contractions
of A in the end evaluate to A A *A,

(e | A)A*(ea] A) = —(*|A) A (ea] ™A) = —(e*|A)AILATA = 2AN A . (A.229)
We recall the definition (3.28)

3)

Zog = A—2g.,5A] . A.230
o8 =5 nda A eg)] 9o ( )
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It is symmetric ®) Z[*% = 0 and tracefree ¥ Z?., = 0. Thus,

1 A
P R
= [0 0a A (s B) A (9 A (]4))
(n+2)2 “

—2n 94 A (eg)A) A gaﬂ*A] . (A.231)

In order to calculate the first term, we apply the rules for commuting the Hodge
star with the exterior/interior product.

*(ﬁwA(eﬂ)JA)) - [( JA)/\W]— e<aJ*(eﬁ>JA)
= —(-)rtee] (FA N9 = ele] (99 A"A)
G0 A — 9@ A (D) *A) . (A.232)

The second term in the brackets of (A.231) simply evaluates to
—2n9 A (eg] A) A g*P*A = —2n 9% A (e ]A) N*A = —4n A N*A . (A.233)

Substituting (A.232) and (A.233) into (A.231), we find

) Zug AN*P 7298 = 202 AN *A — 129, A (eg] A) A9@ A (D] *A)

1
(n+2)2
—anA A *A] . (A.234)
The term in the middle yields (9% A ¥, = 0)

(D0 Aeg]A) A (9@ AP FA) = [19a A (eg) A) A 9% A (8]*A)

DO | =

00 A (5] A) AP A (e J*A)]

1 ) A
= 3 [—ﬁﬂ A (es] A) Adg A (eaJ*A)]
= —(n—-2)AA*A. (A.235)
Eventually,
1 -
3 * (3) 7 _ 2 2 *
O Zug N* O 28 = CEL [2n° + n?(n —2) — 4n] AA*A
—92) . R
_ =Y A A (A.236)

n+ 2
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A.4.13 Curvature of the spherically symmetric aether solu-

tion

The various non-vanishing pieces of the curvature of the solution on page 79 read:

0 2,001 _,002 _,003
° 0 1912 1913
3| o o 0 —29%
° ° ° 0
0,
0,
_79[01 A (/),3] )
E% 0 1
8rd g2 (07497,
E% 0 1
8rd g2 (07497,
0 ) (/)3 =0 )
0,
1
—E W 19043 3 W = 4)\ y
249% —6BY' 3B — A9?2 3BY% — Ay913
Lo . —209% C92% +3BY?2 CI9® +3BY3
24r3 B . . 4B Y 0 ’
° ° ° 4B Y
A=2X\r®—15m + 3r, B = \r®+6m —3r, C=4B - A,
0,
1 Ly
- o __1901
6 [419(01 A eﬂ)JA 2gaﬁ A] , o3 ,
0,
1 -
5 Qg(a A .:5) y
Lo 3 0 3 1
53 [(2Mr? — 6m) ¥° — (2Mr® + 3m — 3r) 9] ,
2E3’OB [—(2Ar® + 3m — 3r) ¥° + (4Ar® 4 6m — 6r)0'] |
r
Tom V. BT v
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A.5 Computer algebra
A.5.1 Classification of the Cotton tensor
% Calculation of Cotton-York tensor form given coframe/metric
out "baeklerl.exo";
load excalc ;

% Definition of coframe/metric
% Nutku, Baekler Ann. Phys (NY) 195 (1989) 16, eq 4.1

coframe 0(0) a0 * (d psi + sinh(theta)* d phi) ,

o(1) = al * (-sin(psi) * d theta
+ cos(psi)*cosh(theta) * d phi),
0(2) = a2 * ( cos(psi) * d theta + sin(psi) *cosh(theta)* d phi)

with metric g = -0(0) * 0(0) + o(1)*o(1) + o(2)*0(2) ;
frame e ;

displayframe ;

% calculation of curvature

pform riem2(a,b) = 2;

riemannconx chrisil ;

chrisi(a,b) := chrisi(b,a) ;

riem2(-a,b) := d chrisi(-a,b) - chrisi(-a,c) ~ chrisi(-c,b) ;
% calculation of L_a and Cotton

pform 111(a)=1,cotton2(a)=2;

111(a) := e(-b) _| riem2(a,b)

- 1/4 x (e(-c) _| ( e(-d) _| riem2(c,d) )) * o(a) ;
cotton2(a) :=d 111(a) + chrisi(-b,a) ~ 111(b) ;

% Definition of Cotton tensor

pform cotmat(a,b) = 0 ;

cotmat(a,b) := #(cotton2(a)”o(b)) ;

% Definitio of Cotton matrix
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matrix cotm(3,3) $
for a:= 1:3 do {for b:= 1:3 do{
cotm(a,b) := cotmat(-(a-1),b-1) }}$

% Definition Einstein 2-form
pform einstein2(a) =2;
einstein2(a) := (1/2) * #(o(a)~o(b)~o(c)) ~ riem2(-b,-c);

% Test of DJT field equations
pform null(a)=2;
null(a) := einstein2(a)+(1/mu)*cotton2(a);

let cos("a)**2 + sin("a)**2 => 1 ;
let cosh("a)**2 - sinh("a)**2 => 1 ;

a0+al+a2:=0;
mu := -(a0*x*x2+al**x2+a2%*2)/(a0*al*a2);

null(a) := null(a);

% test cotm
write "cotm/cotm(1,1);";
cotm/cotm(1,1);

% prefector cotm(1,1)

write " prefector cotm(1,1)";
off exp;

on gcd;

cotm(1,1);

write '"cotm";
cotm;

end;

A.5.2 Test of the BTZ-solution with torsion

% chh 2003-01-02
% ansatz in curvature

load excalc ;

Yot To 1o 1o o oo To 1o To o oo To o o o o ToTo o oo To T o o o To T o
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% general spherical symmetric %
% coframe yA

Tolo oo oo oo oo oo o oo oo oo oo oo o To T T T o

pform {nn,ff,gg,ww}=0;
fdomain nn=nn(r),ff=ff(r),gg=gg(r) ,ww=ww(r);
coframe o(t) = nn * d t,

o(r) = (d r)/nn,

o(phi) = gg * (d phi - ww xd t )
with signature (-1,1,1) ;

frame e ;

pform {curv2(a,b),curv2_ansatz(a,b)} =2$
pform torsion2(a)=2,conxi(a,b) =1 §

Yoo 1o oo oo to o To o oo ToTo o To o Jo o To o o JoTo oo To o o To o o To o o To T o o
% Ansatz for torsion: only axial piece %
% Nuo. Cim B 107, 91--110 T
Tt To 1o oo oo To oo o oo To o To o o ToTo To oo JoTo Jo oo To 1o Jo o T To 1o o o o o

torsion2(a) := 2xtor/ell * #o(a) ;
curv2_ansatz(a,b) := curv/ell*x2 x o(a) ~ o(b) ;

Yoot oo o oo o o s oo oo oo o o o o o To oo o o o Jo oo o o o o JoToTo oo o o o o ToTo oo
%» Connection according to PR 258, 1-171, eq. 3.10.6 %
% with g=const yA

Tolo o o o o oo o o oo oo oo o oo oo oo o T o o T To oo oo oo o oo o o o o o oo o T o o o T o

conxl(a,b) := 1/2 x (e(a) _|l d o(b) - e(d) _| d o(a) )
-1/2 x (e(a) _I Ce) _lI do(-c) ) ) * o(c)
- 1/2 * ( e(a) _| torsion2(b) - e(b) _| torsion2(a) )
+1/2 * (e(a) _| ( e(d) _| torsion2(-c) )) * o(c) ;

TotaTo ot To To o To To T o To o Vo o
% RC-Curvature Y
JotaTo ot o To o To o To o To o To o

curv2(-a,b) :=d conxl(-a,b) - conxl(-a,c) ~ conxl(-c,b) $
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Yoo Too oo Toto o ToTo o o ToTo o To o To o To o o To o o To o o To o o JoTa o o TaTo o ToTo o o To o o oo
% equation for torsion is identically fulfilled Y%
% now fulfill equation for curvature yA

Tolo oo 1o o o o oo oo oo oo oo o oo oo o Jo o T o T o To o 1o o oo oo o oo o o oo o o o

pform aux(a,b) = 2 ;
aux(a,b) := curv2(a,b) - curv2_ansatz(a,b) ;

pform curv_comp(a,b) = 0 ;
curv_comp(a,b) := eps(a,c,d)*eps(b,d,e) * e(-c) _| (e(-d) _| aux(-d,-e)) ;

h (t,t) + (r,r)
curv_comp(t,t) + curv_comp(r,r) ;

% yields
gg :=aa + bb xr ;

% (t,phi)
curv_comp(t,phi) ;

% yields
ww := alpha/((aa+bb*r)**2) + beta ;

% finally, (t,t)
curv_comp(t,t) ;

% yields an 1st order diff. eq. for nn*x2
solve(ws,Q(nn,r)) ;

aux2 := 2%*nnx

(aax*x4xcurv + aax*x4d*xtor**2 + 4xaaxx3xbbkxcurvxr + 4*xaax*3*xbbxrxtor**2 +
B6xaa**x2xbb**x2kxcurvxr*x*2 + 6xaa*x*2xbbkx*2*xr*x*x2xtor**2 + 4kxaaxbb**x3kcurvkr**x3 +
4xaaxbb**3*r**3*xtor**2 - alphax*2xbb**2xell**2 + bbxxdxcurvrxx4d +
bbxx4*xrx*xdxtor*x2)/(aa**3xbb*xell**2*nn + 3*aa**2xbbx*2*xell**2*nn*r +
3xaaxbb**3xell**x2xnn*r**2 + bbxx4kxell**x2*xnn*r**3) 5

nn := sqrt(m+int(aux2,r)) ;
% test

curv_comp(a,b) ;

% define effective cosmological constant
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(tor**2+curv) /ell**2 := lam_eff ;

on exp, div, rat ;
off gcd, allfac ;

factor m,lam_eff,alpha ;

nnxx2 ;

A.5.3 Test of 3D perfect fluid solution
% Test of interior BTZ solution

%out "interior.exo";

load excalc ;

pform {nn,ff,pp,rho} = 0;
fdomain nn = nn(r),ff=£ff(r),pp=pp(r),rho=rho(r);

coframe 0(0) = nnxd t ,
o(1) =4 r/ff ,
0(2) = r*d phi

with metric g = -0(0) * 0(0) + o(1)*o(1) + o(2)*0(2) ;

frame e ;

displayframe ;

pform riem2(a,b) = 2;

riemannconx chrisl ;

chrisi(a,b) := chrisi(b,a) ;

riem2(-a,b) := d chrisi(-a,b) - chrisi(-a,c) ~ chrisi(-c,b) ;

pform 111(a)=1,cotton2(a)=2;

111(a) := e(-b) _| riem2(a,b)
- 1/4 x (e(-c) _| ( e(-d) _| riem2(c,d) )) * o(a) ;

cotton2(a) :=d 111(a) + chrisi(-b,a) ~ 111(b) ;

pform cotmat(a,b) = 0 ;
cotmat(a,b) := (1/2) * #(o(a) o(c)~o(d)) * e(-c) _| (e(-d) _| cotton2(b)) ;
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matrix cotm(3,3) $
for a:= 1:3 do {for b:= 1:3 do{
cotm(a,b) := cotmat(-(a-1),b-1) }}$

pform energy(a,b) = 0 ;

pform u(a) =0;

u(a) := 0;

u(0) :=1 ;

energy(a,b) := (rho+pp)*u(a)*u(b)+pp*g(a,b);

pform coten(a)=1 ;

pform energy(a) =2 ;

energy(a) := energy(a,b)*#o(-b) ;

coten(a) := #(energy(a)-(1/2)*e(a) _| (o(b) energy(-b)));
d coten(a) + chrisi(-b,a) coten(b);

Q@(rho,r) := 0;

nn := cl/(rho+pp);

end;

ff := sqrt(c2-(kappak*rho+lam)*rx*2) ;
pp:=(c4xffx(kappa*rho+lam)+cé4**2xkappa*xlam+rhoxff**2)/

(c4x*2xkappax*2-ff**2) ;

% Definition Einstein 2-form

pform einstein2(a) =2;

einstein2(a) := (1/2) * #(o(a)~o(b)~o(c)) ~ riem2(-b,-c);
einstein2(a) + lam* #o0(a) - kappa * energy(a);

end;

A.5.4 Quasi local energy after Nester et al.

load excalc ;
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load limits;

a0 := -kappa/(2*ell);
al := theta_t/(2*xell**2);
a2 := -theta_l / 2;

pform{conx1(a,b)}=1;

pform {o_ref(a),conx_refi(a,b),hhl_ref(a),hhhhl_ref(a,b)} = 1;

pform {hhi(a),hhl_ref(a),hhhhi(a,b),hhhhl_ref(a,b),delol(a),delconxli(a,b),
transconxl(a,b) ,delhhi(a),delhhhhi(a,b)} = 1;

psi := sqrt((j/(2%r))**2 -m + lam_eff * rx*2 ) ;
coframe 0(0) = psi *x d t,

o(1) =d r / psi,

0(2) = -j/(2*r) * d t + r * d theta
with signature (-1,1,1) ;

frame e ;

pform torsion2(a) = 2;

torsion2(a) := 2xtor/ell * #o(a) ;

conxl(a,b) := 1/2 * (e(a) _|I d o(b) - e(b) _| d o(a) )
-1/2 * (e(a) _I Ce(® _I do(-¢c) ) ) * o(c)
- 1/2 * ( e(a) _| torsion2(b) - e(b) _| torsion2(a) )
+ 1/2 * (e(a) _| ( e(b) _| torsion2(-c) )) * o(c) ;

hhi(a) := al * o(a) ;
hhhhi(a,b) := a0 * #(o(a)~o(b)) + a2* conxl(a,b);

o_ref(0) := sqrt(lam_eff * r**x2)* d t;
o_ref(1) :=d r / sqrt(lam_eff * r *%2);
o_ref(2) :=r * d theta;

tor_ref := tor ;

conx_refi(a,b) := 0;

index_symmetries conx_refl(a,b): antisymmetric ;

conx_ref1(0,1) := - r xlam_eff * d t -tor_ref/ell*x r * d theta;
conx_ref1(1,2) sqrt(lam_eff*rx*2) *(tor_ref/ell*d t+ d theta);
conx_ref1(2,0) - tor_ref/ell * d r / sqrt(lam_eff * r *x2);
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hhil_ref(0) := al * o_ref(0) ;
hhil_ref(1) := al * o_ref(l) ;
hhil_ref(2) := al * o_ref(2) ;

index_symmetries hhhhl_ref(a,b): antisymmetric ;

hhhh1l_ref(0,1)
hhhh1l_ref(1,2)
hhhhl_ref(2,0)

- a0 * o_ref(2) + a2 * conx_ref1(0,1);
a0 *x o_ref(0) + a2 * conx_ref1(1,2);
-a0 * o_ref(1l) + a2 * conx_refl1(2,0);

delhhi(a) = hhi1(a) - hhl_ref(a) ;
delhhhhi(a,b) := hhhhi(a,b) - hhhhl_ref(a,b) ;
deloi(a) = o(a) - o_ref(a) ;

delconxi(a,b)

conxl(a,b) - conx_refi(a,b) ;

%transconxl(a,b) := e(a) _| conxl(-c,b)*xo(c) - e(a) _| torsion2(b) ;
%transconxl(a,b) := conxl(a,b) + e(a) _| torsion2(b) ;

n := Q(t);

transconxl(a,b) := (-e(b) _| (d(n _lo(a)) +conxi(a,-c) * (n _lo(c)) + n _

torsion2(a) ));

pform bbl = 1;
bbl := (n _| o(a)) ~ delhhi(-a)
+ delol(b) ~ (n _| hhil_ref(-b))
- transconx1(c,d) ~ delhhhh1(-c,-d)
- delconxl(e,f) -~ (n _| hhhhil_ref(-e,-f)) ;

2%pi * limit(@(theta) _| bbl,r,infinity) ;
limit(@(t) _| bbil,r,infinity) ;

pform bb2 = 1;

bb2 := (n _| o_ref(a)) ~ delhhi(-a)
+ deloi(a) = (n _| hhi(-a))
- (n _| conx_refi(a,b)) ~ delhhhhi(-a,-b)
- delconxi(a,b) = (n _| hhhhi(-a,-b) );
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2%pi * limit(@(theta) _| bb2,r,infinity) ;
limit(@(t) _| bb2,r,infinity) ;

%killing eq

pform transconx(a,b) = 1;
transconx(a,b) := conxl(a,b) + e(a) _| torsion2(b) ;

pform aux(a,b) =1 ;
aux(a,b) := e(a) _| (@ (xi _| o(b)) + transconx(-c,b)"(xi _| o(c))) ;

d aux(a,b) + conxl(-c,a) ~ aux(c,b) + conxl(-c,b) ~ aux(a,c) + xi _|
curv2(a,

A.5.5 Spherically symmetric aether solution

Totoloololo o oo to oo o o o o o o o o o o oto o oo os o o o o o o o o o To o To o oo o o o oo oo o o o o o oo To o oo
yA file baeklerb5.exi, chh, 2004-04-16, 2004-11-30 yA
yA test for spherically-symmetric aether-solution h

Voo ToToTo o To o To o To Jo o Vo oo foTo To o To o To o To Fo o Voo To Joto Fo oo o To Vo o o oo Voo Fo oo Voo Fo o T Voo Fo oo Yot Fo oo o o
load "excalc";

Vo JoTo o ToTo o 1o 1o JoTo o Jo o o Jo o o To o Jo o o Jo 1o Jo o o
% input coframe and metric %

Yot To 1o 1o o o To o To o o JoTo o o o JoToTo o o o ToTo o o

pform mu = O;
fdomain mu = mu(r);

coframe 0(0) exp(mu) * d t,

0(1) = exp(-mu) * d r ,
0(2) = r * d theta,
0(3) = r *sin(theta) * d phi
with
metric g = -0(0)*0(0) + o(1)*0(1) + 0(2)*0(2) + 0(3)*0(3)$
frame e$

Voo o o o o o o o o o o oo o o oo oo o

% input nonmetricity Y%
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oo oo totootaTo o toTo o s To oo o Toa 1o o
pform{nonmeti(a,b)}=1 ;

nonmeti(a,b) := 0;
index_symmetries nonmetl(a,b): symmetric ;

pform aether = 0;
% input aether function

%haether := 10*exp(-mu)/(2*xr**2) ;
fdomain aether = aether(r) ;

nonmet1(0,0) := aether * (0(0) + o(1)) ;
nonmet1(0,2) := aether * o(2) ;
nonmet1(0,3) := aether * o0(3) ;
nonmet1(1,1) := aether * (0(0) + o(1)) ;
nonmet1(1,2) := aether * o(2) ;
nonmet1(1,3) := aether * o0(3) ;

% alternative non-metricity for arbitrary, light-like aether field
hpform lamz(a) = 0 ;

%fdomain lamz = lamz(r);

%lamz (0) **2-1lamz (1) **2-1lamz (2) **2-1lamz (3) **2 :=0;

%nonmetl(-a,-b) := (4/9)*((o(-b)*lamz(-a)+o(-a)*lamz(-b))/2

b -g(-a,-b)*(lamz(-c)*o(c))/4);

oo lo o Toto oo To o 7o o To o To o 7o o fo o To o To o oo To Jo o Fo To o /o To o 7o To Fo o To Vo o o o oo Fo o o
% calculation torsion according to prolongation %
oo ToTo oo 1o o To o To To o To oo oo Ton To o To o To Foa To o To To o To o o fo o To o o Fo o Vo o To o To Fo o
pform torsion2(a) = 2;

torsion2(a) := (1/2) * nommetl(a,b) ~ o(-b) ;

olo Too Toto 1o To o To o Vo o

% connection Y%

Dot to ot o TotoTo o to o Toda

pform {conxi(a,b)}=1 ;

heconxl(-a,-b) := (1/2) * ( e(-a) _| d o(-b) - e(-b) _| d o(-a) )
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yA (1/2) * (e(-a) _| Ce(-b) _I d o(-c) ) ) ~ o(c)

% + (1/2) * nonmeti(-a,-b)

% + (1/2) * (e(-a) _| nonmetl(-b,-c)

% - e(-b) _| nonmeti(-a,-c)) *o(c)

% - 1/2 * ( e(-a) _| torsion2(-b) - e(-b) _| torsion2(-a) )
YA + 1/2 x (e(-a) _| ( e(-b) _| torsion2(-c) )) ~ o(c) ;

% alternative torsion
riemannconx chrisl ;
chrisi(-a,b) := chrisi(b,-a) ;

pform contori(a,b) = 1;

contorl(-a,-b) := (1/2) * ( e(-a) _| torsion2(-b) - e(-b) _| torsion2(-a))
- (1/2) % (e(-a) _| (e(-b) _| torsion2(-c)))~o(c) ;

conxl(-a,b) := chrisi(-a,b) -contori(-a,b)
+ (1/2) * nonmeti(-a,b)
+ (1/2) * (( e(-a) _| nonmeti(b,-c))
- ( e(d) _| nonmeti(-a,-c))) ~ o(c) ;

Vo JoTo 1o To oo 1o JoTo o To Jo o To o JoTo o Jo Jo o Jo 1o Jo o o o o o
% irreducible decomp. torsion 7%

Tolo o o o o oo oo oo oo oo o oo oo oo o To o o o T o

pform {tentor2(a),trator2(a),axitor2(a)}=2$

trator2(a):= (1/3)*%0(a) ~ (e(-b) _| torsion2(b));
axitor2(a):= (1/3)*e(a) _| (o(-b) ~ torsion2(b));
tentor2(a):= torsion2(a)-trator2(a)-axitor2(a);

Tt To 1o 1o o o To o To o o JoToTo o o JoToToTo o ToTo o oo ToTo o o ToTa o o o o
% irreducible decompostition nonmetr. 7

Tt To 1o 1o o o To o To o o JoToTo o o JoToToTo o ToTo o oo ToTo o o ToTa o o o o

pform lamzero(a)=0, {weylcovectorl,nomtracefreel(a,b),lamonel,
binoml(a,b),vecnoml(a,b),trinomi(a,b),conomi(a,b)}=1,
{thetatwo2(a) ,omega2(a)}=2, thetathree3=3$

weylcovectorl := nonmetl(-c,c)/4$

nomtracefreel(-a,-b) := nonmetl(-a,-b) - g(-a,-b)*weylcovectorl$
lamzero(-a) e(b)_|nomtracefreel(-a,-b)$

lamonel lamzero(-a)*o(a)$
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thetatwo2(-a)
thetathree3
omega2(-a)

#(nomtracefreel(-a,-b)~o(b))$
o(a) "thetatwo2(-a)$
thetatwo2(-a)-(1/3)*e(-a)_|thetathree3$

binomi(-a,-b)
vecnoml (-a,-b) :

(1/3)*#(o(-a) “omega2(-b)+o(-b) “omega2(-a)) ;

(4/9)*((o(-b)*1lamzero(-a)+o(-a)*lamzero(-b))/2
-g(-a,-b)*lamonel/4);

g(-a,-b)*weylcovectorl;

nonmetl(-a,-b) - binoml(-a,-b)

-vecnoml(-a,-b) - conoml(-a,-b);

conoml (-a,-b)
trinomi(-a,-b) :

Dot To ot To Toto To Vo To o To o To Vo To o Foto To fo Jo o
% calculation curvature %

Tolo o o 1o o 1o o oo oo oo o o oo oo oo oo o

pform curv2(a,b) = 2 ;
curv2(-a,b) d conxl(-a,b) - conxl(-a,c) ~ conxl(-c,b) $

Yot To 1o o To oo To o To o o To 1o oo o To o o oo To 1o o oo TaTo o o
% irreducible decomp. curvature %

Tolo oo oo oo oo oo oo oo oo o oo oo o Jo o T o T o T o

pform {ztracefi(a),yyl(a),xil(a),upsiloni(a)}=1,
{z2(a,b) ,ztracef2(a,b),delta2,
zcurvone2(a,b), zcurvtwo2(a,b),zcurvthree2(a,b),
dilcurv2(a,b),zcurvfive2(a,b)}=2%

z2(-a,-b)
ztracef2(-a,-b) :
ztracefi(-a)

(1/2)*(curv2(-a,-b)+curv2(-b,-a))$
z2(-a,-b)-(1/4)*g(-a,-b)*z2(-c,c)$
e(b)_|ztracef2(-a,-b)$

delta2 = (1/2)*0(a) “ztracefi(-a)$

yyil(-a) = #(ztracef2(-a,-b)"0(b))$

xi1(-a) := ztracef1(-a)-(1/2)*e(-a)_| (o(c) “ztracefi(-c))$
upsiloni(-a) := yyl(-a)-(1/2)*e(-a)_| (o(c)"yyl(-c))$
zcurvtwo2(-a,-b) := -(1/4)*#(o(-a) upsiloni(-b)

+0(-b) “upsiloni(-a));
(1/6)*(2x(o(-a)~(e(-b) _ldelta2)
+o(-b)~(e(-a)_ldelta2))-2*g(-a,-b)*delta2);

zcurvthree2(-a,-b):

dilcurv2(-a,-b) := (1/4)*g(-a,-b)*z2(-c,c);
zcurvfive2(-a,-b) := (1/4)*(o(-a) xi1l(-b)+o(-b) "xil1(-a));
zcurvone2(-a,-b) := z2(-a,-b)-zcurvtwo2(-a,-b)

-zcurvthree2(-a,-b)-dilcurv2(-a,-b)-zcurvfive2(-a,-b);
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pform {wzero,xzero}=0,
{wonel1(a),xonel(a),psii(a),phil(a)}=1,
{w2(a,b) ,paircom2(a,b),pscalar2(a,b),ricsymf2(a,b),
ricanti2(a,b), scalar2(a,b), weyl2(a,b)}=2%

w2(-a,-b) := (1/2)*(curv2(-a,-b)-curv2(-b,-a))$

wonel(a) := e(-b)_lw2(a,b)$

Wwzero = e(-b)_|wonel(b)$

xonel(a) := #(w2(b,a)"o(-b))$

XZero = e(-a)_l|xonel(a)$

psil(-a) := xonel(-a)-(1/4)*o0(-a) xzero
-(1/2)*e(-a) _| (o(b) "xonel(-b))$

phil(-a) := wonel(-a)-(1/4)*o0(-a)*wzero

-(1/2)*e(-a) _| (o(b) "wonel(-b))$

paircom2(-a,-b) :
pscalar2(-a,-b) :
ricsymf2(-a,-b) :
ricanti2(-a,-b) :

-(1/2)*#(o(-a) "psil(-b)-o(-b) "psil(-a));
-(1/12) ##(xzero~o(-a) "o (-b));
-(1/2)*(o(-a) "phil(-b)-o(-b) "phil(-a));
-(1/4)*(o(-a)~(e(-b) _| (o(c) “wonel(-c)))
-o(-b)~(e(-a)_|(o(c) “wonel(-c))));
-(1/12) *wzero*o(-a)~o(-b);
w2(-a,-b)-paircom2(-a,-b)-pscalar2(-a,-b)-
ricsymf2(-a,-b)-ricanti2(-a,-b)-scalar2(-a,-b);

scalar2(-a,-b)
weyl2(-a,-b)

factor 0(0),0(1),0(2),0(3) ;
Yot ToTo oo oo To o To o o ToTo 1o o T o
% input lagrangian %

Tolo oo o o o o o o oo o o oo oo ol

pform {lag4l,lag42,lag43,lagd4,lagdb,lagd} = 4;

lag4l := (1/(2xkap)) * (-aa0*(curv2(a,b) ~ #(o(-a)“o(-b)) + 2 * lam * #1));
lag42 := (1/(2xkap)) * aa2 * torsion2(a) ~ # trator2(-a);

lag43 := (1/kap) * cc3 * vecnoml(-a,-b) ~ o(a) ~ # torsion2(b);

lag44 := (1/(2%kap)) * bb3 * nonmeti(a,b) ~ # vecnoml(-a,-b) ;

lagd5 := - (1/2) * curv2(a,b) ~ #( zz3 * zcurvthree2(-a,-b)

+ ww6 * scalar2(-a,-b) ) ;

lagd := lag4l + lag42 + lagd43 + lagd44 + lagdb ;
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Dot Tolo T To To T To fo To o To o
% excitations Y,

Tolo o o oo 1o o o o o o o o o

pform {energy3(a),capm3(a,b)} = 3 ;
pform {htr2(a),hrot2(a,b)}= 2 ;

htr2(-a) := - (1/kap) * # (aa2 * trator2(-a) + cc3 * vecnoml(-a,-b) ~ o(b)) ;

hrot2(a,-b) := (aa0/(2xkap)) * #(o(a)~o(-b))
+ # ( ww6 * scalar2(a,-b) + zz3 * zcurvthree2(a,-b) ) ;

capm3(a,b) := -(2/kap) * (  Dbb3 * # vecnoml(a,b)
+ cc3 x (1/2) * ( o(a) ~ #trator2(b) + o(b) ~ #trator2(a) )
+ (1/4)* cc3 * g(a,b) * #(e(-c) _| torsion2(c)) ) ;

energy3(a) := e(-a) _| lagd
+ (e(-a) _| torsion2(b)) ~ htr2(-b)
+ (e(-a) _| curv2(-b,c)) ~ hrot2(b,-c)
+ (1/2) * ( e(-a) _| nonmeti(-b,-c)) ~ capm3(b,c) ;

Yoo 1o oo JoTo o o To o o To o To  To o o To o
%  field equations Y

Tolo o o o o o o o o o o o o o o oo oo o

pform first3(a) = 3 ;
first3(-a) := d htr2(-a) - conxi(-a,b) ~ htr2(-b) - energy3(-a) ;

pform second3(a,b) = 3 ;
second3(a,-b) := d hrot2(a,-b) + conxl(-c,a) hrot2(c,-b)
- conxl(-b,c) hrot2(a,-c)
+ o(a) ~ htr2(-b) + capm3(a,-b) ;

Voo To ot o To o To Vo To o To o To foTo o Fo o To fo o o o o o Fo o Fo o
% substitution of constraints Y
To o Voo oot o To oo to To o oo To o fo o Vo o fo o Fo Vo To To o Fo o
mu := log(1-2xm/r-lam/3*r**2)/2 ;

aa2 := - 2 * cc3 ;
bb3 := - 3% cc3 / 8 ;
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aal := 2%kap*lam*ww6/3 ;
zz3 = 0 ;

on exp ;

on gcd ;

factor 0(0),0(1),0(2),0(3) ;
factor ~ ;

first3(a);

second3(a,b);



126



Bibliography

1]

2]

3]

4]

[5]

[10]

[11]

[12]

A .M. Abrahams, C.R. Evans: Critical behavior and scaling in vacuum azisym-
metric gravitational collapse. Phys. Rev. Lett. 70 (1993) 2980-2983.

A. Accioly, H. Mukai, A. Azeredo: Quadratic gravity in (2 + 1)D with a topo-
logical Chern-Simons term. J. Phys. A 34 (2001) 7213-7219.

A. Achicarro, P.K. Townsend: A Chern—Simons action for three—dimensional
anti—de Sitter supergravity theories. Phys. Lett. B180 (1986) 89-92.

R. Arnowitt, S. Deser, C.W. Misner: The Dynamics of General Relativity. In:
Gravitation: An Introduction to Current Research, L. Witten (Ed.). Wiley,
New York (1962). Eprint Archive gr-qc/0405109.

R. Bach: Zur Weylschen Relativitdtstheorie und der Weylschen Erweiterung
des Krimmungsbegriffs. Math. Zeitschr. 9 (1921) 110-135.

P. Baekler, F.W. Hehl: Metric-affine gauge theory of gravity III. Prolongation
and new classes of exact solutions. In preperation.

P. Baekler, E.W. Mielke, F.W. Hehl: Dynamical symmetries in topological 3D
gravity with torsion. Nuovo Cimento B107 (1992) 91-110.

P. Bamberg, S. Sternberg: A Course in Mathematics for Students of Physics:
Volume 2, Cambridge University Press, Cambridge 1991.

M. Banados: Notes on black holes and three dimensional gravity. AIP Conf.
Proc. 490 (1999) 198-216. Eprint Archive hep-th/9903244.

M. Banados, M. Henneaux, C. Teitelboim, J. Zanelli: Geometry of the 2 + 1
black hole. Phys. Rev. D48 (1993) 1506-1525.

M. Banados, C. Teitelboim, J. Zanelli: Black Hole in Three—Dimensional Space-
time. Phys. Rev. Lett. 69 (1992) 1849-1851.

J.D. Barrow, A.B. Burd, D. Lancaster: Three-dimensional classical spacetimes.
Class. Quantum Grav. 3 (1986) 551-567.

127



128

[13] G. Bergquist, I. Eriksson, J.M. Senovilla: New electromagnetic conser-
vation laws. Class. Quantum Grav. 20 (2003) 2663-2668. Eprint Archive
gr-qc/0303036.

[14] D. Bini, R.T. Jantzen, G. Miniutti: The Cotton, Simon—Mars and Cotton—York
tensors in stationary spacetimes. Class. Quantum Grav. 18 (2001) 4969.

[15] D. Birmingham, I. Sachs, S. Sen: Ezact results for the BTZ black hole. Int.
Jour. Mod. Phys. D10 (2001) 833-857.

[16] M. Blagojevié: Gravitation and Gauge Symmetries. Institute of Physics Pub-
lishing, Bristol, UK (2002) pp. 479 et seq.

[17] M. Blagojevié¢, M. Vasili¢: Asymptotic symmetries in 3d gravity with torsion.
Phys. Rev. D67 (2003) 084032 (14 pages). Eprint Archive gr-qc/0301051.

[18] M. Blagojevi¢, M. Vasilic: Asymptotic dynamics in 3D gravity with torsion.
Phys. Rev. D68 (2003) 124007 (7 pages). Eprint Archive gr-qc/0306070.

[19] M. Blagojevié¢, M. Vasilic: 8D gravity with torsion as a Chern-Simons gauge the-
ory. Phys. Rev. D68 (2003) 104023 (6 pages). Eprint Archive gr-qc/0307078.

[20] D. Brill: Black holes and wormholes in 2+1 dimensions. To be published in the
proceedings of 2nd Samos Meeting on Cosmology, Geometry and Relativity:
Mathematical and Quantum Aspects of Relativity and Cosmology, Karlovasi,
Greece, 31 Aug - 4 Sep 1998. In *Pythagoreon 1998, Mathematical and quantum
aspects of relativity and cosmology™® 143-179.

Eprint Archive gr-qc/9904083.

[21] J.D. Brown, J. Creighton, R.B. Mann: Temperature, energy, and heat capacity
of asymptotically anti-de Sitter black holes. Phys. Rev. D50 (1994) 6394-6403.

[22] J.D. Brown, J.W. York Jr.: Quasilocal energy and conserved charges derived
from the gravitational action. Phys. Rev. D47 (1993) 1407-1419.

[23] S. Carlip: Quantum Gravity in 2 4+ 1 Dimensions. Cambridge University Press,
Cambridge (1998).

[24] S. Carlip: Lectures on (2 + 1)-dimensional gravity. J. Korean. Phys. Soc. 28
(1995) S447-S467. Eprint Archive gr-qc/9503024.

[25] S. Carlip: The (24 1)-dimensional black hole. Class. Quantum Grav. 12 (1995)
2853-2879.

[26] E. Cartan: On a generalzation of the notion of Riemann curvature and spaces
with torsion. Translation from the French by G.D. Kerlick. In: Cosmology and
Gravitation, P.G. Bergmann, V. De Sabbata, eds. Plenum Press, New York
(1980) Pp. 489-491; see also the remarks of A. Trautman, ibid. pp. 493-496.



[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

129

M. Cataldo, S. del Campo, A. Garcia: BTZ black hole from (3 + 1) gravity.
Gen. Rel. Grav. 33 (2001) 1245-1255.

C.-M. Chen, J.M. Nester: Quasilocal quantities for GR and other gravity theor-
ies. Class. Quant. Grav. 16 (1999) 1279-1304. Eprint Archive gr-qc/9809020.

C.-M. Chen, J.M. Nester, R.-S. Tung: Quasilocal energy momentum for gravity
theories. Phys. Lett. A203 (1995) 5-11. Eprint Archive gr-qc/9411048.

M. Chevreton: Sur le tenseur de superémergie du champ électromagnétique.
Nuovo Cim. 24 (1964) 901-913.

M.W. Choptuik: Universality and scaling in gravitational collapse of a massless
scalar field. Phys. Rev. Lett. 70 (1993) 9-12.

D. Christodoulou, S. Klainerman: The Global Nonlinear Stability of the
Minkowski Space. Princeton University Press, Princeton, NJ (1993).

E. Cotton: Sur les variétés a trois dimensions. Ann. Fac. d. Sc. Toulouse (II)
1 (1899) 385-438.

T. Dereli, Y.N. Obukhov: General analysis of self-dual solutions for the
FEinstein-Mazwell-Chern-Simons theory in (14 2) dimensions. Phys. Rev. D62
(2000) 024013 (3 pages).

T. Dereli, O. Sarioglu: Supersymmetric solutions to topologically massive grav-
ity and black holes in three dimensions. Phys. Rev. D64 (2001) 027501 (4

pages).

T. Dereli, A. Vercin: A gauge model of amorphous solids containing defects.
Phil. Mag. B56 (1987) 625-631.

T. Dereli, A. Vergin: A gauge model of amorphous solids containing defects II.
Chern-Simons free energy. Phil. Mag. B64 (1991) 509-513.

S. Deser, R. Jackiw, G. 't Hooft: Three-dimensional Einstein gravity: dynamics
of flat space. Ann. Phys. (NY) 152 (1984) 220-235.

S. Deser, R. Jackiw, S.-Y. Pi: Cotton blend gravity pp waves. Acta Phys. Polon.
B36 (2005) 27-34. Eprint Archive gr-qc/0409011 (6 pages).

S. Deser, R. Jackiw, S. Templeton: Topologically massive gauge theories. Ann.
Phys. (NY) 140 (1982) 372-411.

S. Brian Edgar: On the structure of the new electromagentic conservation laws.
Class. Quantum Grav. 21 (2004) L21-L26. Eprint Archive gr-qc/0311035.



130

[42]

[43]

[44]

[45]

[46]

[47]

48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

L.P. Eisenhart: Riemannian Geometry. Princeton Univ. Press, Princeton, NJ,
sixth printing (1966).

W. Esser: FEzxact solutions of the metric—affine gauge theory of gravity. Diploma
Thesis, University of Cologne (1996).

J.J. Ferrando, J.A. Saez: On the classification of type D spacetimes. J. Math.
Phys. 45 (2004) 652—-667. Eprint Archive: gr-qc/0212086.

J. Fjelstad, S. Hwang: Sectors of solutions in three-dimensional gravity and
black holes. Nucl. Phys. B628 (2002) 331-360.

A.A. Garcia, C. Campuzano: All static circulary symmetric perfect fluid solu-
tions of 2+ 1 gravity. Phys. Rev. D67 (2003) 064014 (9 pages).

A. A. Garcia, F. W. Hehl, C. Heinicke, A. Macias: Fzact vacuum solution of a
(1+42)-dimensional Poincaré gauge theory: BTZ with torsion. Phys. Rev. D67,
12401 (2003). Eprint Archive gr-qc/0302097.

F. Gronwald, F.W. Hehl: On the gauge aspects of gravity. In: “International
School of Cosmology and Gravitation: 14" Course: Quantum Gravity”, held
May 1995 in Erice, Italy. Proceedings. P.G. Bergmann et al. (eds.): Singapore:
World Scientific (1996). Pages 148-198. Eprint Archive gr-qc/9602013.

D. Grumiller, W. Kummer, D.V. Vassilevich: Dilaton gravity in two dimensions.
Phys. Repts. 369 (2002) 327-430.

S.S. Gubser, I.LR. Klebanov, A.M. Polyakov: Gauge theory correlators from
non-critical string theory. Phys. Lett. B428 (1998) 105-114. Eprint Archive
hep-th/9802109.

C. Gundlach: Critical phenomena in gravitational collapse. Living Rev. Rel. 2
(1999) 4 (55 pages). Eprint Archive gr-qc/0001046.

G. Guralnik, A. Torio, R. Jackiw, S.-Y. Pi: Dimensionally reduced gravitational
Chern-Simons term and its kink. Ann. Phys. (NY) 308 (2003) 222-236. Eprint
Archive hep-th/0305117.

M. Giirses: Perfect fluid sources in 2 + 1-dimensions. Class. Quantum Grav.
11 (1994) 2585-2587.

G.S. Hall, M.S. Capocci: Classification and conformal symmetry in three-
dimensional space-times. J. Math. Phys. 40 (1999) 1466-1478.

F.W. Hehl, W. Kopczynski, J. D. McCrea, E. W. Mielke: Chern-Simons terms
in metric-affine space-time: Bianchi identities as Euler-Lagrange equations.
J. Math. Phys. 32 (1991) 2169-2179.



[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

131

F.W. Hehl, A. Macias: Metric-affine gauge theory of gravity II. Exact solutions.
Int. J. Mod. Phys. D8 (1999) 399-416. Eprint Archive gr-qc/9902076.

F.W. Hehl, J.D. McCrea: Bianchi identities and the automatic conservation of
energy-momentum and angular momentum in general-relativistic field theories.
Found. Phys. 16 (1986) 267-293.

F.W. Hehl, J.D. McCrea, E.W. Mielke, Y. Ne’eman: Metric-affine gauge theory
of gravity: field equations, Noether identities, world spinors, and breaking of
dilation invariance. Phys. Repts. 258 (1995) 1-171.

F.W. Hehl, Y.N. Obukhov: Is a “hadronic” shear current one of the sources in
metric-affine gravity?, 8th Marcel Grossmann Meeting on Recent Developments
in Theoretical and Experimental General Relativity, Gravitation and Relativ-
istic Field Theories (MG 8), Jerusalem, Israel, 22-27 Jun 1997. Eprint Archive
gr-qc/9712089.

F.W. Hehl, Y.N. Obukhov: Foundations of Classical Electrodynamics:
Charge, Flux, and Metric. Birkhduser, Boston (MA) (2003).

F.W. Hehl, Y.N. Obukhov: Linear media in classical electrodynamics and
the Post constraint. Phys. Lett. A334 (2005) 249-259. Eprint Archive
physics/0411038.

C. Heinicke: The Einstein 3-form G, and its Equivalent 1-form L, in Riemann-
Cartan Spacetime. Gen. Relat. Grav. 33 (2001) 1115-1130. Eprint Archive
gr-qc/0012037.

S. Hemming, E. Keski-Vakkuri: The spectrum of strings on BTZ black holes and
spectral flow in the SL(2,R) WZW model. Nucl. Phys. B 626 (2002) 363-376.

J.H. Horne, E. Witten: Conformal gravity in three dimensions as a gauge the-
ory. Phys. Rev. Lett. 62 (1989) 501-504.

Y. Itin: Coframe energy-momentum current. Algebraic properties. Gen. Rel.
Grav. 34 (2002) 1819-1837. Eprint Archive gr-qc/0111087.

R. Jackiw: 4-dimensional Einstein theory extended by a 3-dimensional Chern-
Simons term. 11 pages. Eprint Archive gr-qc/0310115 (2003).

R. Jackiw, S.-Y. Pi: Chern-Simons modification of general relativity. Phys. Rev.
D68 (2003) 104012 (19 pages). Eprint Archive gr-qc/0308071.

T. Jacobson, S. Liberati, D. Mattingly: Astrophysical bounds on Planck sup-
pressed Lorentz wiolation. 30 pages, submitted to Lecture Notes in Phys-
ics, Quantum Gravity Phenomenology, eds. G.Amelino-Camelia, J. Kowalski-
Glikman (Springer-Verlag). Eprint Archive hep-ph/0407370.



132

[69]

[70]

[71]

[72]

73]

[74]

[75]

[76]

[77]

78]

[79]

[80]

[81]

[82]

T. Jacobson, D. Mattingly: Einstein-aether waves. Phys. Rev. D70 (2004)
024003 (5 pages). Eprint Archive gr-qc/0402005.

M.O. Katanaev, I.V. Volovich: Theory of defects in solids and three-dimensional
gravity. Ann. Phys. (NY) 216 (1992) 1-28.

T. Kawai: Poincaré gauge theory of (2+1)-dimensional gravity. Phys. Rev. 49
(1994) 2862-2871.

H. Kleinert: Gauge Fields in Condensed Matter. Vol.I: Superflow and Vortex
Lines. Vol.IT: Stresses and Defects. World Scientific, Singapore (1989).

K. Koehler, F. Mansouri, C. Vaz, L. Witten: Wilson loop observables in 2 + 1
dimensional Chern-Simons supergravity. Nucl. Phys. B341 (1990) 167-186.

C. Kohler: Line defects in solid continua and point particles in (2 + 1)-
dimensional gravity. Class. Quant. Grav. 12 (1995) 2977-2993.

V.A. Kostelecky: Gravity, Lorentz violation, and the Standard Model. Phys.
Rev. D69 (2004) 105009 (20 pages). Eprint Archive hep-th/0312310.

E. Kroner: Continuum theory of defects. In: Physics of defgacts, R. Balian,
M. Kléman, and J.-P. Poirier (Eds.), Les Houches, Ecole d’Eté de Physique
Théoretique 1980. North Holland, Amsterdam (1981). Pages 215-315.

M. Lazar: Dislocation theory as a 3-dimensional translation gauge theory. Ann.
Phys. (Leipzig) 9 (2000) 461-473. Eprint Archive cond-mat/0006280.

M. Lazar: An elastoplastic theory of dislocations as a physical field theory with
torsion. J. Phys. A35 (2002) 1983-2004. Eprint Archive cond-mat/0105270.

M. Lazar: A nonsingular solution of the edge dislocation in the gauge
theory of dislocations. J. Phys. A36 (2003) 1415-1438. Eprint Archive
cond-mat/0208360.

J. Maldacena: The large N limit of superconformal field theories and su-
pergravity. Adv. Theor. Math. Phys. 2 (1998) 231-252. Eprint Archive
hep-th/9711200.

R.B. Mann: Lower dimensional black holes. Gen. Rel. Grav. J. 24 (1992) 433-
449.

J.D. McCrea: Irreducible decomposition of non-metricity, torsion, curvature
and Bianchi identities in metric-affine spacetimes. Class. Quant. Grav. 9,
(1992) 553-568.



[83]

[84]

[85]

[86]

[87]

88

[89]

[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

133

J.D. McCrea, F.W. Hehl, EEW. Mielke: Mapping the Noether identities into
Bianchi identities in general relativistic theories of gravity and in the field theory
of static lattice defects. Int. J. Theor. Phys. 29 (1990) 1185-1206.

E.W. Mielke, P. Baekler: Topological gauge model of gravity with torsion.
Phys. Lett. A156 (1991) 399-403.

E.W. Mielke, A.A.R. Maggiolo: Rotating black hole solution in a generalized
topological 8D gravity with torsion. Phys. Rev. D 68 (2003) 104026 (7 pages).

C.W.Misner, K.S. Thorne, J.A. Wheeler: Gravitation. Freeman and Co., San
Francisco (1973).

K.A. Moussa, G. Clément, C. Leygnac: The black holes of topologically
massive gravity. Class. Quantum Grav. 20 (2003) L277-L283. Eprint Archive
gr-qc/0303042.

U. Muench, F. Gronwald, F. W. Hehl: A small guide to variations in teleparallel
gauge theories of gravity and the Kaniel-Itin model. Gen. Rel. Grav. 30 (1998)
933-961. Eprint Archive gr-qc/98010386.

Y. Ne’eman, F.W. Hehl, Test matter in a spacetime with nonmetricity, Class.
Quant. Grav. 14 (1997) A251-A260. Eprint Archive gr-qc/9604047.

J.M. Nester, C.-M. Chen, Y.-H. Wu: Gravitational energy-momentum in MAG.
Eprint Archive gr-qc/0011101.

Y. Nutku: Ezact solutions of topologically massive gravity with a cosmological
constant. Class. Quant. Grav. 10 (1993) 2657-2661.

Y. Nutku, P. Baekler: Homogeneous, anisotropic three-manifolds of topologic-
ally massive gravity. Ann. Phys. (NY) 195 (1989) 16—24.

Y.N. Obukhov: New solutions in 3D gravity. Phys. Rev. D 68 (2003) 124015
(8 pages). Eprint Archive gr-qc/0310069.

Y.N. Obukhov, E.W. Mielke, J. Budczies, F.W. Hehl: On the chiral anomaly
in non-Riemannian spacetimes. Found. Phys. 27 (1997) 1221-1236.

Y.N. Obukhov, E.J. Vlachynsky, W. Esser, F.W. Hehl: Effective Einstein theory
from metric-affine gravity models via irreducible decompositions. Phys. Rev.
D56 (1997) 7769-7778. Eprint Archive gr-qc/9705039.

R. Penrose and W. Rindler: Spinors and Space-Time. 2 Vols. Cambridge Uni-
versity Press, Cambridge, UK (1986).

R. Percacci, P. Sodano, I. Vuorio: Topologically massive planar universes with
constant twist. Ann. Phys. (NY) 176 (1987) 344-358.



134

[98] J. Polchinski: String Theory. 2 Volumes. Cambridge University Press, Cam-
bridge, UK (1998).

[99] O. Preuss: Astronomical tests of the Einstein equivalence principle. Ph.D.
Thesis, University of Bielefeld (November 2002) 125 pages. Eprint Archive
gr-qc/0305083.

[100] D. Puetzfeld: Status of non-Riemannian cosmology. To appear in the proceed-
ings of the 6th UCLA Symposium on “Sources and Detection of Dark Matter
and Dark Energy in the Universe”. New Astron. Rev. 49 (2005) 59-64. Eprint
Archive gr-qc/0404119, 10 pages (2004).

[101] R.A. Puntigam, H.H. Soleng: Volterra distortions, spinning strings, and
cosmic defects. Class. Quant. Grav. 14 (1997) 1129-1149. Eprint Archive
gr-qc/9604057.

[102] J.A. Schouten: Ricci Calculus. Springer, Berlin (1954).

[103] J.A. Schouten: Uber die konforme Abbildung n-dimensionaler Mannig-
faltigkeiten mit quadratischer Mafbestimmung auf eine Mannigfaltigkeit euk-
lidischer Maf$bestimmung. Math. Zeit. 11 (1958) 58.

[104] E. Schrodinger: Space-Time Structure. Cambridge University Press, Cam-
bridge (1954).

[105] J.M.M. Senovilla: Remarks on superenergy tensors. In Gravitation and Re-
lativity in General, eds. A. Molina, J. Martin, E. Ruiz and F. Atrio (World
Scientific, 1999). Eprint Archive gr-qc/9901019.

[106] J. Socorro, A. Macias, F.W. Hehl: Computer algebra in gravity: Reduce-Ezcalc
programs for (non-)Riemannian spacetimes. I. Computer Phys. Comm. 115
(1998) 264-283. Eprint Archive gr-qc/9804068.

[107] A.A. Sousa, J.W. Maluf: Black holes in 2 + 1 teleparallel theories of gravity.
Prog. Theor. Phys. 108 (2002) 457-470. Eprint Archive gr-qc/0301079.

[108] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, E. Herlt: Exact
Solution of Einstein’s Field Equations. 2nd edition. Cambridge University Press,
Cambridge, UK (2003).

[109] A. Strominger: Black hole entropy from near-horizon microstates. J. High
Energy Phys. 02 (1998) 009 (11 pages).

[110] A. Trautman: Differential Geometry for Physicists. Bibliopolis, Naples (1984).

[111] R. Tresguerres: An ezact solution of (2+1)-dimensional topological gravity in
metric-affine spacetime. Phys. Lett. A168 (1992) 174-178.



135

[112] E. Tsantilis, R.A. Puntigam, F.W. Hehl: A Quadratic Curvature Lagrangian of
Pawtowski and Reczka: A Finger Exercise with MathTensor. In: Relativity and
Scientific Computing, F.W. Hehl, R.A. Puntigam, H. Ruder (Eds.). Springer,
Berlin (1996). Pages 231-240. Eprint Archive gr-qc/9601002.

[113] R.M. Wald: General Relativity. University of Chicago Press, Chicago (1984).
[114] H. Weyl: Reine Infinitesimalgeometrie. Math. Zeitschr. 2 (1918) 384-411.

[115] E. Witten: 2+ 1 dimensional gravity as an ezactly soluble system. Nucl. Phys.
B311 (1988/89) 46-77.

[116] E. Witten: Topology-changing amplitudes in 2 + 1 dimensional gravity. Nucl.
Phys. B323 (1989) 113-140.

[117] E. Witten: Anti de Sitter space and holography. Adv. Theor. Math. Phys. 2
(1998) 253-291. Eprint Archive hep-th/9802150.

[118] Y.-H. Wu: Quasilocal energy-momentum in metric-affine gravity. Master
thesis. National Central University, Chung-Li, Taiwan, ROC (June 2001) 66

pages.

[119] Y.-H. Wu, C.-M. Chen, J.M. Nester: Quasilocal energy-momentum in metric-
affine gravity. To be published.

[120] J.W. York, Jr.: Gravitational degrees of freedom and the initial-value problem.
Phys. Rev. Lett. 26 (1971) 1656-1658.



136



Danksagungen

An erster Stelle mochte ich Herrn Prof. Dr. Friedrich W. Hehl (Kéln) dan-
ken. Ferner gilt mein Dank P. Baekler (Diisseldorf), A. A. Garcia (Mexico City),
A. Macias (Mexico City) und Y. N. Obukhov (Kéln).

Diese Arbeit wurde durch ein Graduiertenstipendium der Universitidt zu Koln
gefordert,.

Erklarung

Ich versichere, dass ich die von mir vorgelegte Dissertation selbstdndig angefer-
tigt, die benutzten Quellen und Hilfsmittel vollstdndig angegeben und die Stellen der
Arbeit — einschliellich Tabellen, Karten und Abbildungen —, die anderen Werken im
Wortlaut oder dem Sinn nach entnommen sind, in jedem Einzelfall als Entlehnung
kenntlich gemacht habe; dass diese Dissertation noch keiner anderen Fakultdt oder
Universitdt zur Priifung vorgelegen hat; dass sie — abgesehen von unten angegebe-
nen Teilpublikationen — noch nicht verdffentlicht worden ist, sowie, dass ich eine
solche Veroffentlichung vor Abschluss des Promotionsverfahrens nicht vornehmen
werde. Die Bestimmungen dieser Promotionsordnung sind mir bekannt. Die von
mir vorgelegte Dissertation ist von Prof. Dr. Friedrich W. Hehl betreut worden.

Teilveroffentlichungen der Dissertation:

e A. A. Garcia, F. W. Hehl, C. Heinicke, A. Macias: Ezact vacuum solution of
a (1 + 2)-dimensional Poincaré gauge theory: BTZ with torsion. Phys. Rev.
D67, (2003) 124016 (7 pages).
http://www.arxiv.org/abs/gr-qc/0302097

e A. Garcia, F. W. Hehl, C. Heinicke, A. Macias: The Cotton tensor in Rie-
mannian spacetimes. Class. Quantum Grav. 21 (2004) 1099-1118.
http://www.arxiv.org/abs/gr-qc/0309008

137



138



Lebenslauf

Personliche Angaben

Geburtsdatum:
Geburtsort:
Staatsangehorigkeit:

Adresse:

Ausbildung

August 1979 — August 1983
August 1983 — Juni 1992

Juni 1992

November 1992 — Februar 1994
April 1994

Oktober 1994

Oktober 1996

Februar 2001

Mirz 2001

Oktober 2002 — September 2004

20. April 1973

Bergisch Gladbach

deutsch

Familienstand: ledig

Vogelsanger Strafle 45, 50823 Koln

Grundschule Vollberger Weg/Ko6ln Rath
Gesamtschule Koln Porz

Abitur

Zivildienst Gemeinde Rosrath

Aufnahme des Studiums (Philosophie, Physik
und Geschichte) an der Universitédt zu Koln
Wechsel zum Diplomstudiengang Physik
Vordiplom in Physik

Diplom in Physik

Aufnahme der Promotionsarbeit
Graduiertenstipendium der Universitdt zu Koéln

139



