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Zusammenfassung

Das Hauptergebnis dieser Arbeit besteht in der Klassifikation von SO(3)-Wirkungen auf
5-dimensionalen Kontaktmannigfaltigkeiten. Die Impulsabbildung ermöglicht die Reduktion
eines solchen Raums um zwei Dimensionen. Diese Methode scheitert aber in den singulären
Punkten, die man deshalb getrennt untersuchen muß. Für diese Punkte stellt man fest, daß
alle möglichen Fälle durch 3 Modelle abgedeckt werden. Die ursprüngliche 5-dimensionale
Mannigfaltigkeit kann man dadurch rekonstruieren, daß man den 3-dimensionalen Unterraum
in verträglicher Weise auf die Menge der singulären Punkte klebt. Es ist bekannt, daß S1-
Hauptfaserbündel über einer geschlossenen Fläche durch die Eulerzahl charakterisiert werden.
In unserer Situation gibt es eine ähnliche Zahl, die die Verklebung der beiden oben genannten
Mengen festlegt.

Abstract

The main result in this thesis is the classification of SO(3)-actions on contact 5-manifolds.
Using properties of the moment map, one can reduce the manifold to a 3-dimensional contact
manifold with an S1-action. This works everywhere outside of the singular orbits. For the
singular orbits three models can be given that describe all possible cases. The 5-manifold is
then obtained by gluing the singular set onto the 3-dimensional S1-manifold in a compatible
way. As is well-known, S1-bundles over a closed surface are classified by an integer called the
Euler number. A similar invariant can be recovered in our 3-dimensional setting. We call it
the Dehn-Euler number.
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CHAPTER I

Introduction

The main objective of this is thesis is to explain the classification of 5-dimensional contact
manifolds with SO(3)-symmetry.

Readers not familiar with the terms used above should think of contact manifolds as
generalizations of energy hypersurfaces in a Hamiltonian mechanical system. I.e. imagine a
system of N particles in the standard Euclidean space R3. The position of the j-th particle is
given by the vector ~qj , its movement is described by the impulse (speed) ~pj . That means that
the complete Hamiltonian system is described by a vector (~q1, . . . , ~qN ; ~p1, . . . , ~pN ) ∈ R6N . In
classical mechanics the energy of the system is given by a function

E(~q1, . . . , ~qN ; ~p1, . . . , ~pN ) =
N∑

j=1

Aj〈~pj |~pj〉+ V (~q1, . . . , ~qN ) ,

where the first term (with Aj positive numbers) is called the kinetic energy, the second term,
which describes the interaction of the particles with each other, is called the potential energy.
The set of system configurations

Mε := {(~q1, . . . , ~qN ; ~p1, . . . , ~pN )|E(~q1, . . . , ~pN ) = ε}

with the given energy ε is under reasonable assumptions a submanifold of dimension 6N − 1
that carries a natural contact structure. At each point

(~q1, . . . , ~qN ; ~p1, . . . , ~pN ) ∈Mε

there is a direction into which the system will move under time. The contact structure is the
collection of planes normal to this direction at the points of Mε. (For a definition of what a
contact manifold really is, take a look at Chapter II.)

The symmetry group SO(3) is the set of rotations of the standard 3-dimensional Euclidean
space.

The contact topology of 3-dimensional manifolds is a subject which has been studied
for a long time, and with great success. Unfortunately, very little is known about higher
dimensions. This thesis treats 5-dimensional manifolds, so we will now mainly focus on this
dimension, and sketch some of the results known for this case.

1. Overview of 5-dimensional contact topology

1.1. Examples and existence results. Examples of 5-dimensional contact manifolds
have been known for a long time. The unit cotangent bundle S(T ∗M) of a 3-manifold M
carries a natural contact structure (these examples describe mechanical systems like the one
explained above). In particular, because all oriented 3-manifolds are parallelizable, for an
orientable 3-manifold, we have

S(T ∗M) ∼= M × S2 .

9



10 I. INTRODUCTION

Further examples are the Boothby-Wang manifolds ([BW58] or Section IV.1), which are
S1-principal bundles over a suitable symplectic manifold.

Lutz and Meckert found a natural contact structure on all Brieskorn manifolds ([LM76]
or Section IV.6.1), which are convex boundaries of Stein manifolds.

A more systematic approach was taken by Geiges in [Gei91], where he showed that any
simply connected 5-manifold carries a contact structure in any homotopy class of hyperplane
fields, provided some ”obvious” topological conditions are met.

Some constructions exist to build new contact manifolds out of old ones, e.g. connected
sum, Dehn twists (Appendix D) etc.

1.2. Invariants in 5-dimensional contact geometry. The so-called classical contact
invariants are topological ones. Any contact structure on a manifold M represents a hyper-
plane distribution, i.e. a codimension-1 subbundle of TM . Given two possibly non-equivalent
contact structures on M , one can check if the corresponding subbundles are equivalent. This
is done by comparing characteristic classes.

This method is relatively rough though Ustilovsky showed in [Ust99] using contact ho-
mology that the 5-sphere carries infinitely many non-equivalent contact structures that cannot
be distinguished by the classical invariants.

In 3-dimensional contact topology the division into tight and overtwisted structures (see
Section II.1) is one of the most fundamental discoveries in the field. No similar notion is
known in higher dimensions.

2. Group symmetry in contact geometry

In Riemannian geometry having a metric that is symmetric under some transformation
group is an exceptional situation. In fact, a generic metric does not have any symmetry at all,
and even the standard sphere Sn, which is the n-dimensional manifold with largest symmetry,
has only an n (n+1)

2 -dimensional symmetry group.
In contact topology the situation is completely different. Here any contact manifold has

a symmetry group of infinite dimension. Hence one is interested in finding subgroups which
are easy to handle, e.g. finite dimensional subgroups, or even better compact subgroups.
Finding a compact symmetry group is a strong restriction on the smooth structure of the
manifold. Any compact Lie group contains for example a circle group, but there are very
few smooth manifolds admiting a circle action (in Chapter III you can find a classification of
all 3-dimensional manifolds with an S1-action, but the general classification of 3-manifolds is
still unknown to this date). It is also interesting to note that n-dimensional exotic spheres
do not allow a smooth action of SO(n + 1) (which implies that smooth actions are different
from continous ones).

The most prominent results in contact group actions is probably the classification of S1-
actions on contact 3-manifolds ([Lut77], [KT91]; Chapter IV), and the classification of toric
contact manifolds (completed by Lerman in [Ler03]), i.e. the actions of an (n+1)-dimensional
torus Tn+1 on (2n+ 1)-dimensional contact manifolds.

For a symplectic manifold (M,ω) it is known that if π2(M) vanishes, there is no Hamil-
tonian action of a compact Lie group on M . Whether similar restrictions exist in contact
geometry is not known to the author.

An indication that group actions can lead to interesting examples is given by the following:
Considering S1-actions on 3-manifolds, Lutz showed for the first time that a manifold can carry
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non-equivalent contact structures (in fact he produced all contact structures on S3 in this way
[Lut77] – that these were all, was shown later by Eliashberg [Eli89], [Eli92]).

3. The results of this thesis

The main result in this thesis is the classification of SO(3)-actions on contact 5-manifolds.
Using properties of the moment map, one can reduce the manifold to a 3-dimensional contact
manifold with an S1-action. This works everywhere outside of the singular orbits. For the
singular orbits three models can be given that describe all possible cases. The 5-manifold is
then obtained by gluing the singular set onto the 3-dimensional S1-manifold in a compatible
way. As is well-known, S1-bundles over a closed surface are classified by an integer called the
Euler number. A similar invariant can be recovered in our 3-dimensional setting. We call it
the Dehn-Euler number.

Giroux proposed a method to produce new contact structures from a given one by applying
a so-called Dehn twist: If one finds a closed chain of Legendrian spheres in a contact 5-
manifold, its neighborhood is predetermined. One can cut out such a neighborhood, perform
a Dehn twist (as defined by Seidel), and glue it back in. The smooth structure of the manifold
is not changed, but the new manifold is often not contactomorphic to the initial one. For
the contact SO(3)-manifolds, it can be shown that the integer described above is equal to
the number of Dehn twists. Using this characterisation, it is for example easy to see that
the Ustilovsky spheres can be obtained from the standard contact 5-sphere using the Dehn
twist construction. One also obtains contact structures on S5 that are given by negative
Dehn twists; Giroux has proposed negative Dehn twists as a generalization of the notion of
overtwisted contact structures to higher dimensions.





CHAPTER II

Notation, definitions and preliminaries

In this chapter we will give basic definitions, and collect some necessary results without
stating the proofs.

1. Contact manifolds

Definition. Let M be a (2n + 1)-dimensional manifold with a hyperplane distribution
ξ that is maximally non-integrable, i.e. if one represents ξ locally as the kernel of a smooth
1-form α (which is always possible), then α ∧ dαn does nowhere vanish. Such a ξ is called a
contact structure on M .

The condition for a distribution χ which is the kernel of a 1-form β to be a foliation is
β ∧ dβ ≡ 0. The contact condition above is hence in a sense the exact opposite, and any
submanifold N tangent to ξ on some open set U ⊂ N can have at most dimension n.

Definition. A contact form α is a 1-form whose kernel is a contact structure. This is
equivalent to requiring

α ∧ dαn 6= 0 .

Remark II.1. Let ξ be a contact structure on M . There is a contact form α with
kerα = ξ, if and only if the (real) line-bundle TM/ξ is trivial. Such a contact structure is
called coorientable.

In this thesis all contact structures are assumed to be given by a contact form.

Remark II.2. Let α be a contact form, and f a nowhere vanishing smooth function. The
contact form f α defines the same contact structure as ξ.

Example II.1. Let M be a closed manifold. The canonical 1-form λcan on the contan-
gent bundle is given at a point ν ∈ T ∗pM by

λcan = π∗ν ,

where π : TM → M is the bundle projection. The restriction of λcan to the unit cotangent
bundle S(T ∗M) (with respect to any metric) is a contact form, and the differential dλcan is a
symplectic form on the contangent bundle T ∗M itself.

Definition. An submanifold N of a (2n + 1)-dimensional contact manifold (M, ξ) is
called isotropic submanifold, if N is tangent to ξ (i.e. TN ⊂ ξ). Such a manifold can have
at most dimension n, and it that maximal case N is called a Legendrian submanifold.

Definition. Let (M,α) be a contact manifold. The Reeb field R of the contact form
α is the unique vector field that satisfies

α(R) ≡ 1 and ιRdα ≡ 0 .

13



14 II. NOTATION, DEFINITIONS AND PRELIMINARIES

Two contact forms α1, α2 representing the same contact structure may have different
Reeb fields.

In 3-dimensional contact topology the dichotomy between tight and overtwisted is one of
the most fundamental notions.

Definition. Let (M,α) be a 3-dimensional closed contact manifold. It is called over-
twisted, if there is an embedded 2-disc D2 with Legendrian boundary ∂D2

ι : D2 ↪→M

such that ι∗α vanishes only at the center of the disc (compare Figure 1). A non-overtwisted
contact structure is called tight.

Figure 1. The induced foliation is asymptotic to the boundary

Often it is easier to find a disc D2 that is tangent to ξ along the whole boundary ∂D2 and
at a single interior point. A proper overtwisted disc can be obtained from D2 by keeping D2

fixed along the boundary, while pushing the interior of D2 in the direction of the Reeb field
(compare Figure 2).

Figure 2. By pushing the singular disc a bit along the Reeb field, keeping
the boundary fixed, we obtain a standard overtwisted disc.

Definition. Let (M,α) be a closed contact manifold. A symplectic manifold (W,ω) is
called a convex filling of M , if M is the boundary of W , and if there is a vector field X
defined in a neighborhood of M with the following properties

(i) X is an outward pointing vector field, transverse to M = ∂W , and (ιXω)|TM = α.
(ii) LXω = ω.

Such a vector field is called a Liouville vector field. A contact manifold (M,α) is called
convex fillable, if it allows a convex filling.
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2. Group actions on contact manifolds

In this section let G be a compact Lie group acting on a manifold M , and let g be the
Lie-algebra of G. A very nice introduction to such actions can be found in [Jän68]. All
actions are assumed to be effective, i.e. the map G→ Diff(M) is assumed to be injective.

Definition. The stabilizer (or isotropy group) Stab(p) ≤ G is the closed subgroup that
does not move p ∈M , i.e.

Stab(p) := {g ∈ G| gp = p} .
Sometimes we also write Gp instead of Stab(p). The orbit Orb(p) is the set

Orb(p) := {gp| g ∈ G} .

Definition. One distinguishes the following types of orbits:
Principal orbits: An orbit Orb(p) is called principal, if there is no other point q ∈M

such that Stab(q) � Stab(p), i.e. the stabilizer is minimal. We denote the set of all
principal orbits of M with M(princ).

Singular orbits: If the dimension of Orb(p) is smaller than the dimension of a prin-
cipal orbit, then Orb(p) is called singular. We denote the set of all singular orbits
with M(sing).

Regular orbits: Non-singular orbits are called regular, and we denote the set of all
such orbits with M(reg).

Exceptional orbits: A regular, but non-principal orbit is called exceptional orbit,
and we denote the set of all such orbits by M(reg).

Definition. The infinitesimal generator XM of an element X ∈ g is the vector field

XM (p) :=
d

dt

∣∣∣∣
t=0

exp(tX) p .

At any point p ∈M , there exists a so-called slice Sp. This is a submanifold that is trans-
verse to the orbit Orb(p), invariant under the action of Stab(p), and satisfies the condition
that whenever g · q ∈ Sp (with g ∈ G and q ∈ Sp), then g ∈ Stab(p).

Definition. A contact structure ξ is called G-invariant, if for every g ∈ G and p ∈ M
the equation

g∗ξp = ξgp

holds. If ξ is given by a contact form α, this α need not be G-invariant, but one obtains an
equivalent G-invariant contact form α̃ by averaging, i.e.

α̃ :=
∫

G
g∗α .

A contact G-manifold (M,α) is a G-manifold with an invariant contact form α.





CHAPTER III

3-dimensional manifolds with S1-action

The aim of this chapter is to explain the classification of closed 3-dimensional S1-manifolds.
The result was initially developed by [Ray68], but can be found in several other sources, as
for example in [Orl72] or [Aud04] (the last reference is the most readable, but only treats
the case of oriented manifolds). Note that we do not yet consider any contact structures on
the manifolds in this chapter.

The main ideas for the classification are the following: The S1-manifold is almost ev-
erywhere a principal S1-bundle. Such a bundle would be classified by its base space, and a
certain obstruction to finding a section. In our situation, the section has to be chosen with
certain additional conditions to make it compatible with the non-principal orbits.

First we will describe the local features of an S1-manifold.

1. The orbit types

The most important invariant of an orbit is the corresponding stabilizer. The only closed
subgroups of the circle are {1}, Zk, and S1 itself. The principal orbits of an effective S1-action
have trivial stabilizer, because principal stabilizers at different points are conjugate to each
other, but since S1 is abelian, there would be a subgroup that acts trivially on the whole
manifold.

1.1. Singular orbits. The only singular orbits are fixed points. We will denote the set
of all fixed points of a manifold M by F .

With the help of the slice theorem, one sees that a neighborhood of p ∈ F is determined
by a faithful linear representation of S1 on TpM . The only possible form is TpM ∼= R ⊕ C
with action

eiϕ(t, z) = (t, eiϕz) .

This means that the set F is composed by 1-dimensional submanifolds, and since M
is closed, the components of F have to be diffeomorphic to S1. The neighborhood of a
component of F is diffeomorphic to R × C/∼, where (t, z) ∼ (t + 1, Az) with a linear map
A : C→ C that commutes with the S1-action. It is easy to check that A ∈ C∗, but since C∗

is connected, the model neighborhood can be represented as well by S1 × C with the action
eiϕ(eit, z) = (eit, eiϕz).

With this model it is easy to see that the projection π : M → M/S1 to the orbit space
can be described in a neighborhood of F by

π : S1 × C→ S1 × [0,∞), (eit, reiϕ) 7→ (eit, r) .

Every section σ of the S1-action defined outside an open tubular neighborhood Uε of F
with radius ε is given by

σ : S1 × [ε,∞)→ S1 × C, (eit, r) 7→ (eit, reiϕ(eit,r)) ,

17



18 III. 3-DIMENSIONAL MANIFOLDS WITH S1-ACTION

F

Spσ

p

Figure 1. S1-action with fixed points

with a function ϕ : S1 × [ε,∞)→ S1. We can extend σ to the interior of Uε by setting

σ(eit, r) := (eit, reiϕ(eit,ε))

that is, by connecting the section σ in ∂Uε to the set of fixed points F with straight lines. The
section constructed is only continuous, but it is possible to make σ smooth in a neighborhood
of ∂Uε.

1.2. Exceptional orbits. Denote the set of exceptional orbits by E. Exceptional orbits
have stabilizer Zk. Their neighborhood is determined by the Zk-action on the 2-dimensional
slice. The possible actions on the slice are given by rotations of the form

(ξ, z) 7→ ξm · z = e2πim/kz

for the generator ξ = e2πi/k ∈ Zk, and m has to be an integer such that gcd(k,m) = 1
(otherwise the action would not be effective). It is clear that m is only defined modulo k, but
also the sign of m can change if we allow to invert the orientation of the slice.

ξ = e4πi/5

Figure 2. Slice of an exceptional orbit with k = 5 and m = 2 (m = 3 if the
slice is given the opposite orientation)

If M is oriented, then one can fix m by the following argument: Orient the slice in such
a way that its orientation, together with the direction of the S1-action give the orientation of
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M . Then we can fix m in such a way that it lies between 1 and k − 1. The numbers (k,m)
are called the oriented orbit invariants.

Let Uε be a tubular neighborhood of radius ε around an exceptional orbit. If M is non-
orientable, then Uε is a priori not oriented either, and the exceptional orbits with invariants
(k,m) and (k, k−m) are equivalent. The unoriented orbit invariants (k,m) are uniquely
determined by requiring that 1 ≤ m ≤ k/2. If the unoriented orbit invariants are not (k, 0) or
(k, k/2), then one can still give a canonical orientation to the neighborhood Uε by choosing the
orientation in such a way that the oriented and unoriented invariants coincide. For invariants
(k, 0) or (k, k/2), this does not distinguish the choices, because reverting the orientation
gives (k, k − 0) = (k, k) ∼ (k, 0), and (k, k − k/2) = (k, k/2) on Uε. Fortunately because
both numbers (k,m) are required to be coprime, the situation where one is not able to fix a
preferred orientation for Uε restricts to (k,m) = (2, 1).

Note that changing the direction of the S1-action has no effect on the invariants (k,m):
For the unoriented invariants this is obvious. For the oriented ones, the orientation of the
slice changes with that of the action, which both compensate each other.

E

Figure 3. Neighborhood of an exceptional orbit with k = 5 and m = 2

The neighborhood of the exceptional orbit can be described by S1×D2
ε (where D2

ε ⊂ C is
a disk of radius ε) with the action

eiϕ · (eiϑ, z) = (ei(ϑ+kϕ), eimϕz) .

The next aim will be to find a section σ to the S1-action on the boundary of Uε such that
its homotopy class [σ] is canonical (in the sense that it is uniquely determined by the pair of
orbit invariants (k,m)).

The S1-action defines for every q ∈ ∂Uε the same class [Orb(q)] ∈ H1(∂Uε,Z). A second
class [µ] is given by the meridian, i.e. by the boundary µ of a slice. This class generates the
kernel of the map H1(∂Uε) → H1(Uε). If Uε is oriented, then [µ] is uniquely determined,
otherwise there is a choice of sign. Recall that Uε can be canonically oriented, if M is
oriented or if the unoriented orbit invariants are not (2, 1). Otherwise orient Uε arbitrarily,
but remember that the choice is not canonical.

A section σ intersects each orbit in a single point, hence the intersection number ι([σ], [Orb(q)])
is 1 (by choosing σ with the correct orientation; compare Figure 4). This does not fix the
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1

Orientation
2

µ

σ

Orb(q)

λ

Figure 4. A section on ∂Uε for an exceptional orbit with k = 3 and m = 2

class of σ, because any other class [σ] + n[Orb(q)] with n ∈ Z can also be represented by a
section. The intersection number for this other section with the meridian would be

ι([σ] + n[Orb(p)], [µ]) = ι([σ], [µ]) + nk ,

where k is the order of the stabilizer of the exceptional orbit. We can fix a standard class
[σ] by requiring that β = ι([σ], [µ]) has minimal positive value. Note that mβ ≡ 1 mod k,
for the following reasons: The pair 〈[σ], [Orb(q)]〉 is a basis of H1(∂Uε,Z), and we can choose
a class [λ] such that ι([Orb(q)], [λ]) = −m, and such that 〈[λ], [µ]〉 is also a basis. With the
relations

ι([Orb(q)], [λ]) = −m ι([Orb(q)], [µ]) = k

ι([σ], [Orb(q)]) = 1 ι([σ], [µ]) = β ,

the second basis can be expressed by the first one in the form

[λ] = m [σ] + C [Orb(q)]

[µ] = −k [σ] + β [Orb(q)] ,

such that mβ = 1−Ck. Note that inverting the orientation of Uε changes the orientation of
∂Uε, µ and σ. Hence one gets ι([σ], [µ]) = −β < 0, and thus the canonical section σ′ with
respect to this orientation would be σ′ = σ+Orb(q), and the new invariant β′ would be k−β.

The only case where the orientation of Uε was arbitrary was when M was non-orientable,
and the unoriented orbit invariants were (2, 1). In this situation the number β is 1, and for
the opposite orientation of Uε we also get β = 2− 1 = 1.

If M is oriented or if the unoriented orbits invariants are not (2, 1), then one can choose
a unique canonical section in ∂Uε. Otherwise, there are two possible choices σ1 and σ2, such
that [σ2] = [σ1]± [Orb(q)].

Usually the Seifert invariants (α, β) are used to describe the exceptional orbits. In
terms of (k,m) one can write α = k and βm ≡ 1 mod α with 0 < β < α. It is easy to obtain
the Seifert invariants from orbit invariants and vice versa.

1.3. Special exceptional orbits. In the previous section the stabilizer of a point p was
isomorphic to a finite group Zk, and it acted effectively on a 2-dimensional slice by rotations.
If k > 2, rotations are indeed the only effective linear 2-dimensional actions of Zk, but if
Stab(p) ∼= Z2, the slice representation can also be given by reflections. Such an action on a
slice D2

ε ⊂ C can be written as

(ξ, z) = (ξ, x+ iy) 7→ z = x− iy ,
where ξ is the generator of Z2. These actions gives rise to special exceptional orbits.
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The neighborhood of a special exceptional orbit is diffeomorphic to

Möb× (−ε, ε) ,

where we describe the Möbius strip Möb by using the model R× (−δ, δ) with the equivalence
relation (t, s) ∼ (t + π,−s) and the S1-action eiϕ(t, s) = (t + ϕ, s). In particular, any S1-
manifold M with special exceptional orbits is non-orientable.

We will denote the set of all special exceptional orbits by SE. Each component of SE is
an S1-bundle over a circle, i.e. a torus. The neighborhood of a component of SE is equivalent
to R × Möb/ ∼, where (u, p) ∼ (u + 1,Φ(p)) with an S1-equivariant diffeomorphism Φ :
Möb→Möb.

Let Φ : Möb → Möb be an S1-equivariant diffeomorphism. Since R × (−δ, δ) is con-
tractible, any such map lifts to a diffeomorphism Φ̃ : R× (−δ, δ)→ R× (−δ, δ) which makes
the diagram commutative

R× (−δ, δ) R× (−δ, δ)

Möb Möb

p p p p p p p-Φ̃

?

π

?

π

-Φ

To be compatible with the S1-action, Φ̃ has to be of the form Φ̃(t, s) = (Φ1(s) + t,Φ2(s))
with smooth maps Φ1 : (−δ, δ) → R, and Φ2 : (−δ, δ) → (−δ, δ). Since Φ̃ is a lift of Φ,
also the equations Φ1(−s) = Φ1(s) and Φ2(−s) = −Φ2(s) hold. By assuming without loss of
generality that Φ1(0) = 0 and Φ2(s) > 0 for s > 0, we obtain an isotopy Φ̃u : R× (−δ, δ)→
R× (−δ, δ), (t, s) 7→ (t+ uΦ(s), uΦ2(s) + (1− u) s) that projects down to an isotopy between
Φ and the identity on Möb which commutes with the S1-action. Thus we get that the
neighborhood of a component of SE is equivalent to S1 ×Möb.

The projection to the orbit space is given by

π : S1 ×Möb→ S1 × [0, δ), (eiϑ, (t, s)) 7→ (eiϑ, s) .

Any section given outside of an ε-neighborhood of SE can be extended to the interior by
interpolation like it was done for fixed points.

2. Principal S1-bundles over surfaces

From the theory of classifying spaces, it is known that isomorphism classes of G-bundles
over a manifold B are in one-to-one correspondence with the set [B,BG] of homotopy classes
of continuous maps from B to the classifying space BG.

In our case, we have that BS1 ∼= CP∞ is isomorphic to the Eilenberg-MacLane space
K(2,Z) and it follows that [B,BS1] ∼= H2(B,Z). If B is an open surface, then the only
principal S1-bundle over B is the trivial one. If B is closed, but non-orientable, then there
are two non-isomorphic S1-bundles over B, and if B is closed and oriented, then there is a
bijection between Z and the equivalence classes of S1-bundles over B.

For S1-bundles over surfaces, this classification result can be proved in a more intuitive
way, which we will now sketch, because it helps to understand later the general S1-manifolds.
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First note that a principal G-bundle P over B is trivial if and only if it has a global section
σ. The trivialization is given by

G×B
∼=−→ P, (g, b) 7→ σ(b) · g .

Lemma III.1. Let P be an S1-bundle over the closed 2-disk D2, and assume a continuous
section σ is given over a closed proper subset A of the boundary ∂D2. Then one can extend
σ to the whole disk.

Proof. Of course, the lemma is a direct consequence of obstruction theory ([Bre93,
Theorem VII.13.11]), but we want to give a more constructive proof.

Assume first that D2 is covered by a single bundle chart. Then P ∼= D2 × S1, and we can
regard any section as a map D2 → S1. The section σ : A ⊂ ∂D2 → S1 can be extended to a

map σ : ∂D2 → S1, such that its degree is zero. For this note that ∂D2 − A =
�
∪jIj , where

each Ij is an open interval. Choose an arbitrary continuous map σ on Ij that is compatible
with the boundary conditions on ∂Ij . Do this for all but one subset Ij0 . There, choose σ
in such a way that it is not only compatible with the boundary conditions, but such that it
rotates as often on Ij0 as it does on ∂D2 − Ij0 , but in opposite direction.

A map f : S1 → S1 with deg f = 0 is homotopic to a constant map. Hence one can define
the global section by

σ : D2 → S1, reiϕ 7→ hr(eiϕ) ,
where hr is a homotopy between the constant map h0 and σ = h1.

If D2 is not covered by a single chart, then subdivide the disk into four equal quarters
Q1, . . . , Q4. Assume that they are arranged in clockwise direction and that Q4 contains a
part of ∂D2 − A. If each of the Qj is contained in a bundle chart, it is easy to finish the
proof. Extend σ from A over Q1 (which is possible, because Q1 is homeomorphic to a disk
and σ is only predefined in a subset of ∂Q1). Then construct σ on Q2 such that it extends
σ|A and σ|∂Q1∩∂Q2

. This is possible, because Q2 has free boundary in ∂Q2 ∩ ∂Q3. Repeat
the analogous step for Q3 and Q4, by using that Q3 has free boundary in ∂Q3 ∩ ∂Q4 and Q4

has free boundary in ∂Q4 ∩ ∂D2.

A

A

A

Q1

Q3

Q4

Q2

Figure 5. Q4 has free boundary

If some of the Qjs are not covered by a chart proceed by induction: Subdivide Qj fur-
ther into Qj1, . . . Qj4, which can be arranged like above. By the Lemma of Lebesgue, after
sufficiently many subdivision steps, each of the fragments is contained in a single chart. This
finishes the proof. �

Corollary III.2. Every S1-bundle over a closed 2-disk is trivial.

Theorem III.3. An S1-bundle over a compact surface B with boundary ∂B 6= ∅ is trivial.
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Proof. Every surface admits a triangulation. By spreading out the triangulation in a
plane, one can represent B by a polytope B̃ with edges a1, . . . , an (compare Figure 6). The
edges aj of B̃ either represent parts of the boundary of B or correspond to interior curves
along which B was cut open. Edges created by cutting are identified pairwise, i.e. to each such
edge aj there corresponds an opposite edge ak. If B is oriented, then the identification of the
edges aj and ak reverses the orientation. If B is non-orientable, then there is at least a pair
of edges {aj , ak} that are identified with the same orientation. If aj represents a boundary of
B, it remains unpaired.

B̃

a3

a2

a10
a11

a12

a1

a4

a5

a6

a7

a8

a9

a5

a12

B

a3

a1 a10

a8 a7

a2

a4

Figure 6. The edges a1 and a7 represent the boundary of the surface B. All
other edges are identified in pairs as indicated by the arrows. Note that all
identifications reverse the orientation, because B is an oriented surface.

Now we will define inductively a section over the edges aj of B̃. If aj represents a boundary
of B, or if the section over aj has been previously defined, then skip aj and go to the next
aj+1. If aj corresponds to an interior curve of B, and if σ is not defined on aj , then let ak be
the edge identified with aj , and choose an arbitrary continuous section σ over aj itself that is
compatible with any possible previous definitions of σ on aj−1. On ak construct the section
that is compatible with the identification between aj and ak.

Now we are in the situation that we can apply Lemma III.1 to find a section over the
polytope, which induces a continuous section over B by our construction. �

The next aim will be to see how sections of an S1-bundle P can differ on the boundary
∂P . For this we will generalize the degree of a map.

Let B be a compact surface B with non-empty boundary, and let P ∼= S1 × B be an
S1-bundle over B. Let σ be a section of P . Its degree on ∂B will be defined like this:
Choose an arbitrary trivialization of P . If B is oriented, then all of the components ∂Bj of
the boundary ∂B receive a natural orientation, and by measuring σ|∂Bj

with respect to the
trivialization of P , it can be considered as a map between oriented circles. Define

deg(σ|∂B) :=
∑

j

deg(σ|∂Bj
) .

If B is non-orientable, then fix an arbitrary orientation for each component ∂Bj ⊂ ∂B. With
these choices it is again possible to consider σ|∂Bj

as a map between oriented circles and use
the above definition of the degree. The degree is not well-defined, because it can depend on
the trivialization of P and the orientations chosen.
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Lemma III.4. Let B be a compact surface B with non-empty boundary, and let P ∼=
S1 × B be an S1-bundle over B. If B is oriented, then for any section σ of P the equation
deg(σ|∂B) = 0 holds.

If B is non-orientable, then deg(σ|∂B) ∈ 2Z. If B is non-orientable, then for any even
integer n ∈ 2Z, there is a section σ in P , such that deg(σ|∂B) = n.

Proof. By representing σ with respect to the trivialization, we can regard the section
as a function σ : B → S1. We have to show that deg(σ|∂B) = 0, if B is orientable, and
deg(σ|∂B) ∈ 2Z otherwise.

First note that a map f : D2 → S1 is always null-homotopic, and in particular deg(f |∂D2) =
0. With a triangulation, we can representB as a polytope B̃, where certain edges of the bound-
ary are identified as described in the proof of Theorem III.3. The total degree deg(σ|

∂B̃
) on

the polytope vanishes. This number is obtained by adding two contributions: One comes
from the edges aj of B̃ that correspond to interior curves in B, the other one comes from
the edges that represent the boundary of B. This least part is identical to deg(σ|∂B). If B
is orientable, then the edges are identified with opposite orientations, i.e. the contribution of
two identified edges cancel each other out. If B is non-orientable, then there is at last one
pair of edges where the orientations of ai and aj agree. The contribution of these edges is
then always an even number.

Given a section σ1, we want to construct on a non-orientable surface B a section σ2 such
that the intersection number between σ1|∂B and σ2|∂B as curves on ∂B ∼= T2 is 2k. The
intersection number is the difference of the degrees of both sections. Define σ2 first only on
the boundary of the polytope B̃ by setting σ2|∂B̃

= σ1|∂B̃
. There are two edges aj1 and aj2

of B̃ that are identified in B with equal orientation, because B is non-orientable. Change σ2

on the free boundary of B̃ by doing 2k positive turns with respect to σ1, and on aj1 by doing
k negative turns. On aj2 the section σ2 has to be changed correspondingly, since aj1 and aj2

are identified. Now the total degree of σ2 vanishes on ∂B̃, and σ2 can be extended in such a
way to the interior of the polytope B̃ that it induces the desired section on B. �

Corollary III.5. Let P be an S1-bundle over a compact surface B with a single boundary
component. Let σ1 and σ2 be two arbitrary sections over B. If B is orientable, then the re-
strictions σ1|∂B and σ2|∂B are homotopic. If B is non-orientable, then the restrictions σ1|∂B
and σ2|∂B have even intersection number, and for every section σ1 and every even integer
n ∈ 2Z, we can construct a section σ2 such that the intersection number ι(σ1|∂B , σ2|∂B) = n.

Let P be an S1-bundle over a closed surface B without boundary. Choose a closed disk
D ⊂ B that lies inside a bundle chart, and denote the closure of the complement of D by
B∗ := B − intD. We can decompose P into the two parts P |D and P |B∗ , which are the
restriction of P to the corresponding subset of B. The intersection P |D ∩ P |B∗ is an S1-
invariant torus T . If B is oriented, then orient T as the boundary of P |B∗ , otherwise choose
an arbitrary orientation. Since both P |D and P |B∗ are S1-bundles over compact surfaces
with boundary it is possible to find sections σD and σB∗ . If B is orientable, let

e := ι(σD|T , σB∗ |T ) ∈ Z
be the intersection number of σD with σB∗ inside T , where both sections carry the orientation
inherited by B. If B is non-orientable, choose for the two sections an arbitrary orientation,
and let

e :=
(
ι(σD|T , σB∗ |T ) mod 2

)
∈ Z2
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be the intersection number in T modulo 2. We call e the Euler invariant of an S1-bundle.

Lemma III.6. The Euler invariant e of an S1-bundle is well-defined.

Proof. If B is oriented, then the section on P |D is well-defined up to homotopy. Consider
now P |B∗ . By Corollary III.5, any two sections in P |B∗ restricted to the boundary P |∂B∗ = T
are homotopic, and hence e does not depend on the section chosen.

If B is non-orientable, then σD is well-defined up to homotopy and orientation. Any
two sections in P |B∗ have even intersection number on the boundary T . The number
ι(σD|T , σB∗ |T ) is only well-defined up to sign and addition of even integers, but then e
does not depend on the sections or any of the orientations chosen.

U

D3D1
D2

Figure 7.

To prove that e does not depend on the disk D in B, note that if D1 and D2 are two small
closed disks in B that are sufficiently C0-close, they are both contained in a third disk D3

that lies inside a bundle chart U (like represented in Figure 7). A section over D3 restricts to
sections over D1 and D2. For the construction of the Euler invariant choose a section σj over
B − intDj . These restrict to B − intD3, and we obtain a section suitable for the calculation
of the Euler number e with respect to the disk D3. Both e for Dj and D3 are equal, because
D3 − intDj is an annulus and by Lemma III.4 it follows that deg(σj |∂D3

) = deg(σj |∂Dj
).

By the disk theorem, we can connect any two small disks on B by an isotopy, and by
the argument above, e does not change along the path. Hence the Euler invariant does not
depend on the disk. �

Lemma III.7. Let M1, M2 be two 3-dimensional S1-manifolds, and let V1 ⊂ M1 and
V2 ⊂M2 be S1-invariant solid tori that contain only principal orbits. An S1-diffeomorphism

Φ : M1 − intV1 −→M2 − intV2

extends to an S1-diffeomorphism Φ̃ : M1 → M2, if and only if the image Φ(σ1|∂V1
) of a

section σ1 in V1 extends to a section σ2 in V2.

Proof. Fix a diffeomorphism h : V1/S1 → V2/S1 such that π2(Φ(p)) = h(π1(p)) for all
points p ∈ ∂V1.

∂V1 V1 V1/S1

∂V2 V2 V2/S1

-

?

Φ|∂V1

-π1pppppppppp?Φ̃

?

h

- -π2

If there is a section σ2 in V2 that extends Φ ◦ σ1|∂V1
, then we can define Φ̃ by

Φ̃ : M1 →M2, p 7→

{
Φ(p) if p ∈M1 − intV1

σ2(h(π1(p))) · eiϕ if p ∈ V1, where ϕ such that σ1(π1(p)) · eiϕ = p.
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This map is an S1-homeomorphism. It is possible to smooth σ2 in V2 to make Φ̃ an S1-
diffeomorphism.

Conversely, if Φ̃ is a continuation of Φ, then the map h : V1/S1 → V2/S1 is induced by Φ̃.
It is clear that Φ̃ ◦ σ1 ◦ h−1 is a section in V2 that extends Φ ◦ σ1|∂V1

to V2. �

Theorem III.8. An S1-bundle over a closed surface B is classified by its Euler invariant
e.

Proof. First note that it is possible to construct an S1-bundle P with any desired Euler
invariant. Define B∗ := B − intD, where D is a small disk in B. The bundle over B∗ is just
PB∗ := B∗ × S1, and the bundle over D is PD := D × S1. The boundary of both bundles is
a torus S1 × S1, where the circle action is given by the natural action on the second factor.
Glue PB∗ onto PD via the S1-homeomorphism

(eiϕ, eiϑ) 7→ (eiϕ, ei(ϑ+eϕ)) .

The section p 7→ (p, 1) in PB∗ is mapped to the curve {(eiϕ, eieϕ)|ϕ ∈ [0, 2π)} on the boundary
of PD, which intersects the trivial section e times.

Let P1 and P2 be S1-bundles over B both with Euler invariant e. The aim is to find a
bundle isomorphism Φ : P1 → P2. Consider a small disk D ⊂ B and denote the closure of
the complement of D again by B∗ := B− intD. Choose a section σj in Pj |B∗ and σ′j in Pj |D
for j = 1, 2. If B is non-orientable then take care to choose σ2 in such a way that

ι(σ1|∂D , σ
′
1

∣∣
∂D

) = ι(σ2|∂D , σ
′
2

∣∣
∂D

) .

Note that this is possible by Corollary III.5 and Lemma III.6, since we can change the inter-
section number by any even integer.

Define Φ over B∗ by

Φ : P1|B∗ → P2|B∗ , p 7→ σ2(π(p)) · eiϑ ,
where ϑ is chosen is such a way that p · e−iϑ = σ1(π(p)). By using Lemma III.7, we will
now show that Φ extends to the whole S1-bundle P1. The intersection number of σj |∂B∗ and

σ′j

∣∣∣
∂D

is equal for both j = 1, 2. It follows that Φ ◦ σ′1|∂D has the same intersection number

with σ2|∂D as σ′2|∂D, and then Φ ◦ σ′1|∂D is homotopic to it and extends to a section over
D. �

3. The orbit space

Corollary III.9. The orbit space B := M/S1 is a two-dimensional orbifold. The bound-
ary of B is the projection of F ∪ SE. The set E/S1 consists of discrete points in the interior
of B.

4. Equivalence between S1-manifolds

Let M be a 3-dimensional S1-manifold. Call M an exceptional S1-manifold, if M is
non-orientable and has at least one exceptional orbit with unoriented orbit invariants (2, 1).

The Euler invariant e of M will be defined in a similar way as was done above for
S1-bundles: If the S1-action has fixed points or special exceptional orbits, or if M is an
exceptional S1-manifold, then set the Euler invariant e of M to 0.

If M does not have
(i) fixed points
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(ii) special exceptional orbits
(iii) or in case M is a non-exceptional S1-manifold

then choose a small disk D ⊂ B covered only by free orbits, and let B∗ be B− intD. Choose
a section σD in M |D, and a section σB∗ in the set of principal orbits of M |B∗ that agrees with
the standard sections (defined in Section 1.2) in the neighborhood of the exceptional orbits.
If M is oriented, then there is a natural orientation on M |D, and one can define a preferred
orientation on σD and σB∗ . These orientations induce an orientation on M |∂D, σD|∂D and
σB∗ |∂D. If M is non-orientable, then choose an arbitrary orientation on each of M |∂D, σD|∂D
and σB∗ |∂D. For M oriented, the Euler invariant is the intersection number between σD and
σB∗ in M |∂D. For M non-orientable, the Euler invariant e ∈ Z2 is the intersection number
between σD and σB∗ in M |∂D modulo 2.

Lemma III.10. The Euler invariant e of a 3-dimensional S1-manifold is well-defined.

Proof. If M contains fixed points, special exceptional orbits or if M is an exceptional
S1-manifold, then there is nothing to prove. Otherwise one needs to show that e does not
depend on the section or on the disk D ⊂ M/S1, and if M is non-orientable on any of the
orientations chosen. The proof is almost identical to the one of Lemma III.6.

The manifold M |B∗ has only a single boundary component, but the sections over B∗ are
not defined in the exceptional orbits. Cut out small neighborhoods of these exceptional orbits,
and apply Lemma III.4. If M is oriented, then any two sections on the boundary of M |B∗

are homotopic, because the total degree on the boundary has to vanish, and both sections
are equal on the neighborhood of the exceptional orbits. If M is non-orientable, then any two
sections on the boundary of M |B∗ have even intersection number, which gives no contribution
to the Euler number e ∈ Z2. �

Theorem III.11. A 3-dimensional S1-manifold M is completely determined by the num-
bers

(g, f, s, e, (k1,m1), . . . , (kN ,mN )) ,
where g is the genus of the orbit space M/S1, the number of components in the fixed point set
F is denoted by f , the number of components of special exceptional orbits SE is denoted by
s, e is the Euler invariant, and the (kj ,mj) are either the oriented or unoriented invariants
of the exceptional orbits.

(i) If M is oriented, then s = 0, the numbers (kj ,mj) are the oriented orbit invariants,
and e is an integer that has to vanish if f > 0.

(ii) If M is non-orientable, then (kj ,mj) are the unoriented orbit invariants, and the
Euler invariant e is an element in Z2 that is 0, if f 6= 0 or s 6= 0 or if M is an
exceptional S1-manifold.

Every combination of invariants described above, is realized by an S1-manifold.

Proof. If M1 and M2 are S1-manifolds with identical invariants, we have to show that
there is an S1-diffeomorphism Φ : M1 →M2.

We will first define Φ in a neighborhood of the exceptional orbits. As we explained in
Section 1.2, the neighborhood of an exceptional orbit carries a preferred orientation unless
M1 is an exceptional S1-manifold. For the moment we will assume that we are not in this last
situation. Then we can find an S1-diffeomorphism ΦE : UE → M2 on a small neighborhood
UE ⊂ M1 of the exceptional orbits E that respects the preferred orientations. The image of
a standard section in each component of UE is again a standard section.
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There exists a diffeomorphism h : M1/S1 →M2/S1 that extends the map induced by ΦE

on UE/S1. We will denote both orbit spaces M1/S
1 and M2/S1 by B after identifying them

with the diffeomorphism h.
It depends on the situation how we proceed: If f 6= 0 or s 6= 0, then there exists a section

σ1 in M1−E that extends the canonical section on UE . The same can be done in M2, where
we choose σ2 to extend Φ ◦ σ1 around the exceptional orbits. Define Φ : M1 →M2 by

Φ(p) :=

{
ΦE(p) if p ∈ UE

σ2(π(p)) · eiϕ otherwise,

where π : M1 → B denotes the projection onto the orbit space, and ϕ ∈ S1 is chosen such
that σ1(π(p)) · eiϕ = p.

If s = f = 0, then choose a small disk D ⊂ B suitable for the computation of the Euler
invariant. The same strategy as above can be used for M1|B∗ and M2|B∗ with B∗ := B −D
to construct an S1-diffeomorphism Φ : M1|B∗ → M2|B∗ . If M1 is non-orientable, then one
has to take care that the sections σ1 and σ2 have equal degree on the boundaries M1|∂D and
M2|∂D with respect to sections over D. This allows us to apply Lemma III.7 to extend Φ to
the whole of M1.

If M1 is non-orientable and contains an exceptional orbit Orb(p0) ⊂ E with unoriented
orbit invariants (2, 1), then there are two possible choices for standard sections around this
orbit Orb(p0). The difference of the homotopy classes of these two choices correspond to the
class generated by an orbit. This means that if we followed the steps used for the computation
of the Euler invariant, depending on the choice for the standard section, e would be 1 or 0.
The section that gives e = 0 is the one that will be used to do all the steps like in the
construction above. In the end, one obtains an S1-diffeomorphism between M1 and M2.

To construct a manifold with a given set of invariant, start with a surface B∗ with genus
g and one more puncture than the number of components in F , SE, and E. Take B∗ × S1,
and glue in the exceptional orbits by attaching the canonical sections around E to the trivial
section of B∗ × S1, then attach the fixed points and special exceptional orbits. At the end,
glue in a solid torus D2 × S1 with the linear map described in the proof of Theorem III.8 to
produce the desired Euler invariant e. �

5. Generalized connection 1-forms

In this chapter so far, all invariants necessary to classify 3-dimensional S1-manifolds were
given. Unfortunately, depending on the form in which a certain manifold is given, it may
be extremely hard to compute these numbers explicitly. In this section, we will describe an
alternative method to find some of the invariants, which may or may not prove easier to apply
for a given manifold. In any case, the theory developed here will be important for Chapter IV.

Definition. Let M be an S1-manifold. Denote by ZM the infinitesimal generator of
the S1-action. A generalized connection 1-form A is a 1-form on M that satisfies the
equations

LZM
A = 0 and A(ZM ) ≡ 1 .

Remark III.1. It is clear that generalized connection forms do not exist, when there are
fixed points. But on any S1-manifold M with non-vanishing vector field ZM , it is easy to
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construct a connection form A. Choose for example an S1-invariant metric g on M and define

A :=
1

‖ZM‖2
g(ZM , ·) .

Let M be an S1-manifold with connection form A. The 2-form dA is S1-invariant, and
because of

ιZM
dA = LZM

A− d
(
A(ZM )

)
= 0 ,

it vanishes on orbits. Denote the set of principal orbits of M with M∗, and let B∗ := M∗/S1

be the orbit space corresponding to M∗. From the equations above, it follows that dA induces
a 2-form on B∗. (With orbifold theory, one can also define differential forms on the whole
orbit space, but here we will avoid doing so.)

Definition. The curvature form F of a connection form A is the unique 2-form on B∗

defined by the equation

dA = π∗F ,

with π : M∗ → B∗.

Lemma III.12. Let A be a connection 1-form on M , and F its curvature form on B∗.
Then ∫

M
A ∧ dA = 2π

∫
B∗
F .

Proof. Let U ⊂ B∗ be an open set, and Φ : U × S1 ↪→ M∗ be a bundle chart with
coordinates (x, y, eiϕ). The connection has the form Φ∗A = dϕ + f(x, y) dx + g(x, y) dy on
this chart, and Φ∗dA = (∂xg − ∂yf) dx ∧ dy. The curvature is the unique form on B∗ such
that π∗F = dA. Then we can write (with ι : U → U × {1})∫

U×S1

Φ∗A ∧ Φ∗dA =
∫

U×S1

(∂xg − ∂yf) dϕ ∧ dx ∧ dy = 2π
∫

U
Φ∗dA

= 2π
∫

U
ι∗Φ∗π∗F = 2π

∫
U
(π ◦ Φ ◦ ι)∗F = 2π

∫
U
F ,

because π ◦ Φ ◦ ι : U → U is the identity map on U . �

Theorem III.13. Let M be a closed, oriented 3-dimensional S1-manifold determined by
the invariants

(g, f = 0, s = 0, e, (α1, β1), . . . , (αN , βN )),

i.e. M does not have any fixed points, but it has N exceptional orbits with Seifert invariants
(αj , βj) (remember that the Seifert invariants can be easily obtained from the orbit invariants),
and the Euler number is e. Let A be a generalized connection 1-form on M . Then:∫

M
A ∧ dA = 4π2

e+
N∑

j=1

βj

αj

 .

Proof. The proof of this theorem will be postponed to Section IV.4. �
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6. Examples

6.1. Brieskorn manifolds. The most important examples in this thesis are provided
by Brieskorn manifolds (for a more detailed approach see [Mil68]). Let a0, . . . , an ∈ N,
and let f be the polynomial

f : Cn+1 → C, (z0, . . . , zn) 7→ za0
0 + . . .+ zan

n ,

The Brieskorn manifold Σ(a0, a1, . . . , an) ⊂ Cn+1 is the intersection of the variety Vf :=
f−1(0) with a sphere S2n+1.

Vf

Figure 8. Vf is a variety with an isolated singularity at 0, but taking the
intersection with S2n+1 gives a smooth manifold.

6.1.1. The Milnor fibration. There is a natural R-action on each of these manifolds given
by

R× Σ(a0, . . . , an)→ Σ(a0, . . . , an)(
t, (z0, . . . , zn)

)
7→ (e2πit/a0z0, . . . , e

2πit/anzn) .

The orbits of this action give the Milnor fibration. The R-action is never effective, but it in-
duces an effective S1-action for S1 ∼= R/cZ with the least common multiple c = lcm(a0, . . . , an).
We will call this S1-action the Milnor action on a Brieskorn manifold.

From now on we will restrict to 3-dimensional Brieskorn manifolds Σ(a0, a1, a2). Assume
that t ∈ (0, c) leaves a point (z0, z1, z2) fixed. Then the three equations

e2πit/ajzj = zj

hold (with j = 0, 1, 2), i.e. either

zj = 0 or t = kjaj

with some kj ∈ N. It is not possible for two of the three components (z0, z1, z2) to vanish at
the same time (because the equations zaj

j = 0 and |zj |2 = 1 contradict each other). Assume
first that none of the zj vanishes. Then t is a multiple of all three aj , and hence also of
c = lcm(a0, a1, a2), which is not possible by our assumption on t.

Therefore the only orbits which are not principal are given by zj = 0 for exactly one
j = 0, 1, 2. Assume that z0 = 0. Then to satisfy

(0, e2πit/a1z1, e
2πit/anzn) = (0, z1, z2) ,

both t/a1 and t/a2 have to be integers, and hence t is a multiple of lcm(a1, a2). The stabilizer
of (0, a1, a2) is isomorphic to Zk with k = lcm(a0, a1, a2)/ lcm(a1, a2).
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To compute the second invariant of the orbit Orb(0, z1, z2), note first that if a0 = 1, then
the point (0, z1, z2) does not lie on an exceptional orbit, because the order of the stabilizer is
k = lcm(1, a1, a2)/ lcm(a1, a2) = 1. If a0 > 1, then the complex plane {(z0, 0, 0)|z0 ∈ C} is
a slice at (0, z1, z2). The generator of Stab(0, z1, z2) is given by lcm(a1, a2). As explained in
Section 1.2, the orbit invariant m can be read off from the equation

e2πim/kz0 = e2πi lcm(a1,a2)/a0z0 .

It follows that m = k lcm(a1, a2)/a0 = lcm(a0, a1, a2)/a0.

Lemma III.14. The stabilizer of a point (0, z1, z2) ∈ Σ(a0, a1, a2) is isomorphic to Zk with
k = lcm(a0, a1, a2)/ lcm(a1, a2), i.e. it lies only on an exceptional orbit if lcm(a0, a1, a2) 6=
lcm(a1, a2). In that case the orbit invariants (k,m) are

(k,m) =
(

lcm(a0, a1, a2)
lcm(a1, a2)

,
lcm(a0, a1, a2)

a0

)
.

Note that the set of points {(0, z1, z2) ∈ Σ(a0, a1, a2)} is diffeomorphic to Σ(a1, a2).

6.1.2. The Brieskorn manifolds W 2n−1
k . In this section, we will follow the beautiful expo-

sition in [HM68]. I would like to thank Otto van Koert for bringing these examples to my
attention.

An interesting subfamily of Brieskorn manifolds are the ones of typeW 2n−1
k := Σ(k, 2, . . . , 2).

(The upper index denotes the dimension of the manifold.) These spaces carry an SO(n)-action
that commutes with the Milnor action defined above. Set zj = xj + iyj , and z = (z1, . . . , zn),
x = (x1, . . . , xn), and y = (y1, . . . , yn). The SO(n)-action on Cn+1, given by A · (z0, z) =
(z0, A · z) for a matrix A ∈ SO(n) (embed the orthogonal group in the standard way into
GL(n,C)) restricts to the manifold W 2n−1

k , because f can be written as

f(z0, z) = zk
0 + ‖x‖2 − ‖y‖2 + 2i 〈x|y〉 .

The stabilizer of a point (z0,x + iy) is given by the intersection Stab(x) ∩ Stab(y). If
follows that the stabilizer of (z0,x + iy) with linearly dependent x and y is isomorphic to
SO(n− 1). The stabilizer of any other point is isomorphic to SO(n− 2). Fixed points do not
occur, because (z0, 0, . . . , 0) does not lie on W 2n−1

k .
To make computations easier, we define W 2n−1

k as the intersection of the variety Vf with
the sphere of radius

√
2.

Lemma III.15. The manifold W 3
k is an S1-principal bundle over S2 with Euler number

e = k. The orbit space of W 2n−1
k for 2n− 1 ≥ 5 is a closed disk.

Proof. Note that the projection π : W 2n−1
k → C, (z0, z) 7→ z0 is compatible with the

orbit structure of W 2n−1
k . The following computation (with r0 = |z0|) shows that π(W 2n−1

k )
lies in a disk with radius 1:

f(z0, z) = zk
0 + ‖x‖2 − ‖y‖2 + 2i 〈x|y〉 = 0 ,

f(z0, z) = zk
0 + ‖x‖2 − ‖y‖2 − 2i 〈x|y〉 = 0 ,

‖(z0, z)‖2 = r20 + ‖x‖2 + ‖y‖2 = 2 .

By using the first two equations and the Cauchy-Schwarz inequality, one obtains

r2k
0 = (‖x‖2 − ‖y‖2)2 + 4 〈x|y〉2 = ‖x‖4 − 2 ‖x‖2‖y‖2 + ‖y‖4 + 4 〈x|y〉2

≤ ‖x‖4 + 2 ‖x‖2‖y‖2 + ‖y‖4 = (‖x‖2 + ‖y‖2)2 .
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Equality holds only if x and y are linearly dependent (for 2n− 1 ≥ 5 such a point (z0, z) lies
on a singular orbit). With the sphere equation one gets

r2k
0 ≤ (2− r20)2 ,

and it is possible to take the square root on both sides, because 2 = ‖(z0, z)‖2 ≥ r20, and so

rk
0 + r20 ≤ 2 .

It follows that the image of π lies in a disk D2 of radius 1, and if 2n−1 ≥ 5, the set of singular
orbits is equal to π−1(∂D2).

Next we will show that π : W 2n−1
k → D2 is surjective. Define

A(r) =

√
2− r2 +

√
(2− r2)2 − r2k .

The map below is an embedding of the disk into W 2n−1
k

σ : D2 ↪→W 2n−1
k , z0 7→

(
z0,

i

2A(|z0|)
(A2(|z0|) + zk

0 ),
1

2A(|z0|)
(A2(|z0|)− zk

0 ), 0, . . . , 0
)
,

such that π ◦ σ = idD2 .
Each point eiϕ in the boundary ∂D2 of the disk is covered by a single orbit. It is easy to

see that
π−1(eiϕ) =

{
(eiϕ, ieikϕ/2y)| with ‖y‖ = 1

}
,

and all of these points lie on a single orbit, because SO(n) acts transitively on Sn−1.
We want to show that the preimage of an interior point z0 ∈ D2

<1 is composed by a
single orbit, if 2n − 1 ≥ 5, and composed of two orbits, if 2n − 1 = 3. Because the Milnor
action commutes with the SO(n)-action considered in this example, it is no restriction to the
generality of the proof to assume that z0 = r0 is real. Any point (r0, z) can be rotated in a
first step to a point with x = (x1, 0, . . . , 0) such that x1 ≥ 0. If the dimension of W 2n−1

k is 5
or larger, then a second rotation allows to change y to the form (y1, y2, 0, . . . , 0) with y2 ≥ 0.
From f(r0, z) = 0, it follows 〈x|y〉 = 0, such that y1 = 0 (the case x1 = 0 can be excluded,
because then the orbit would lie in π−1(∂D2). The orbit over r0 can be represented by the
point

(r0,
√

2− r20 − rk
0 , i
√

2− r0 + rk
0 , 0, . . . , 0) .

For the 3-dimensional Brieskorn manifolds W 3
k , it is only possible to rotate every point to one

of the form

(r0,
√

2− r20 − rk
0 ,±i

√
2− r0 + rk

0) .

But depending on the sign of the last slot, the point lies on a different orbit.
It follows that the orbit space of W 2n−1

k with 2n − 1 ≥ 5 is diffeomorphic to D2. The
orbit space of W 3

k is diffeomorphic to two copies of the disk that have been glued along the
boundary. Hence the manifold W 3

k is an S1-principal bundle over S2. Now we will show
that the Euler number of such an S1-manifold W 3

k is really k. For this, we will compute the
intersection number between the two sections σ± on the common boundary,

σ± :D2 ↪→W 3
k , z0 7→

(
z0,

i

2A
(A2 + zk

0 ),± 1
2A

(A2 − zk
0 )
)
,
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π : (z0, z1, z2) 7→ z0

1 C−1

W 3
k

Figure 9. W 3
k is obtained by taking two solid tori that are glued along the

boundary. Each of the solid tori covers the disc.

with A =

√
2− r20 +

√
(2− r20)2 − r2k

0 . The points where both sections intersect are the ones

with z0 = eiϕ0 , where eikϕ0 = 1, i.e. there are k intersection points. �

6.2. Lens spaces. A (3-dimensional) lens space L(p, q) (with integers 1 ≤ q < p and
gcd(p, q) = 1) is defined in the following way: Let ξ = e2πi/p be the generator of the cyclic
group Zp. The action on the 3-sphere S3 ⊂ C2 given by

ξ · (z1, z2) = (ξz1, ξqz2) .

is free, because
(ξnz1, ξ

nqz2) = (z1, z2)
can only hold if z1 = 0 and p|nq, but since gcd(p, q) = 1, it follows that p|n, and n has to be
multiple of p. Hence the orbit space

L(p, q) := S3/Zp

is a smooth manifold. It is obvious that π1(L(p, q)) ∼= Zp. Lens spaces were the first examples
of closed manifolds that are homotopy equivalent but not homeomorphic, e.g. L(7, 1) '
L(7, 2), but L(7, 1) 6∼= L(7, 2). More on this topic can be found in many books on algebraic
topology (e.g. in [Bre93], [Hat02]). Here of course, we are interested in lens spaces as
S1-manifolds.

The standard Hopf action of the circle on S3

S1 × S3, (eiϕ, (z1, z2)) 7→ (eiϕz1, eiϕz2)

commutes with the Zp-action defined above, and hence it induces a well-defined S1-action on
L(p, q). This S1-action is not effective in general. If there is an n ∈ {1, . . . , p − 1} such that
n(q − 1)/p ∈ Z, then the two equations

e2πitz1 = ξnz1 and e2πitz2 = ξqnz2

are solved by t = n/p, i.e. e2πin/p acts trivially on every point [z1, z2] ∈ L(p, q). The kernel of
the map S1 → Diff(L(p, q)) is isomorphic to Zr with r = gcd(p, q − 1). From now on divide
the circle by Zr to get an effective S1-action.



34 III. 3-DIMENSIONAL MANIFOLDS WITH S1-ACTION

The only two exceptional orbits E1 and E2 are given by the circles

E1 := {[z1, 0]| z1 ∈ C} and E2 := {[0, z2]| z2 ∈ C}

in L(p, q). The element ξ generates the stabilizer of both orbits, and the stabilizer is isomor-
phic to Zk with k = p/ gcd(p, q − 1) (remember that the circle acting on L(p, q) had to be
reduced to obtain an effective action). Note that the greatest common divisor of p and 0 is
gcd(p, 0) = p, such that for q = 1, Zp acts as the obvious restriction of the Hopf action, and
there are no exceptional orbits. That means that all L(p, 1) are principal S1-bundles.

To compute the second orbit invariant m, we will do most of the necessary computations
on the 3-sphere, and later apply the equivalence relations. Note that the slice at [1, 0] ∈ E1

and [0, 1] ∈ E2 can be written as

SE1 := {(0, z2)| z2 ∈ C} and SE2 := {(z1, 0)| z1 ∈ C} .

The slices lift to S3, and the action of the generator ξ of the stabilizer on (0, z2) ∈ T(1,0)S3

and on (z1, 0) ∈ T(0,1)S3 gives

ξ(0, z2) = (0, ξz2) ∈ T(ξ,0)S3 and ξ(z1, 0) = (ξz1, 0) ∈ T(0,ξ)S3 .

Projecting to the lens space L(p, q) gives the following equivalence relations: T(1,0)S3 3
(0, z2) ∼ (0, ξqz2) ∈ T(ξ,0)S3, and T(0,1)S3 3 (z1, 0) ∼ (ξz1, 0) ∈ T(0,ξq)S3. For the action
of the generator ξ, this means

ξ(0, z2) = (0, ξ1−qz2) ∈ T[1,0]L(p, q) and ξ(z1, 0) = (ξ1−az1, 0) ∈ T[0,1]L(p, q) ,

where a, b ∈ Z are chosen in such a way that aq + bp = 1. The orbit invariants (k,m) are
defined by the representation of ξ on the slice

ξz = e2πim/kz ,

and accordingly the orbit invariants of E1 are

(k1,m1) =
(

p

gcd(p, q − 1)
,

c1
gcd(p, q − 1)

)
,

and the ones of E2 are

(k2,m2) =
(

p

gcd(p, q − 1)
,

c2
gcd(p, q − 1)

)
,

where c1 is the smallest positive number that can be obtained from (1−q) by adding multiples
of p, and c2 is the smallest positive number that can be obtained in the same way from (1−a).

The orbit space of L(p, q) is isomorphic to the double quotient of S3 first by Zp and then
by S1, but since both actions commute, we have

L(p, q)/S1 ∼= CP1/Zp .

The exceptional orbits in CP1 correspond to the points [1 : 0] and [0 : 1]. Hence the orbit space
of L(p, q) with the exceptional orbits removed is equal to the quotient of the punctured plane
C∗ by Zp, which is still diffeomorphic to C∗. The total orbit space L(p, q)/S1 is homeomorphic
to S2.

To obtain the Euler invariant, we will make use of Theorem III.13. The 1-form

α = x1 dy1 − y1 dx1 + x2 dy2 − y2 dx2
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is invariant under both the Hopf- and the Zp-action, and thus projects down to an S1-invariant
form α̃ on L(p, q). The integral of α ∧ dα over S3 gives∫

S3

α ∧ dα =
∫

B4

dα ∧ dα = 8
∫

B4

dx1 ∧ dy1 ∧ dx2 ∧ dy2 = 4π2 ,

but the 3-sphere S3 is a p-fold cover of L(p, q). Therefore the 3-form α̃∧dα̃ evaluates to 4π2/p
on the lens space. Also, in general the 1-form α̃ has to be rescaled by gcd(p, q− 1) to correct
for the non-effectiveness of the standard Hopf-action. Finally we obtain for a connection
1-form A on L(p, q) that ∫

L(p,q)
A ∧ dA =

4π2 gcd(p, q − 1)2

p
.

According to Theorem III.13, the Euler number e of the lens space is given by

e =
gcd(p, q − 1)

p

(
gcd(p, q − 1)− β1 − β2

)
,

where the Seifert invariant βj is the smallest positive number such that βjcj/ gcd(p, q−1) ≡ 1
mod (p/ gcd(p, q−1)). All of the invariants given so far can easily be computed for any given
L(p, q), but I have not been able to find a nice closed formula.

If q = 1, then there are no exceptional orbits, and one obtains that the Euler number is

e =
gcd(p, 0)2

p
= p ,

and hence L(p, 1) is the principal S1-bundle over S2 with e = p, and

L(p, 1) ∼= W 3
p .





CHAPTER IV

Contact S1-manifolds

In this chapter we will give the classification of 3-dimensional contact S1-manifolds (The-
orem IV.16). Several people have contributed to this result. Probably the first to consider
S1-invariant contact structures were Boothby and Wang ([BW58]). They constructed con-
tact structures on manifolds (of any dimension) with a free S1-action, where all the orbits are
transverse to the contact structure. In [Lut77], Lutz extended the result to 3-dimensional
S1-bundles with an invariant contact structure allowing Legendrian orbits. He was able to
show that these contact structures sometimes lie in different homotopy classes of plane fields,
providing different contact structures on the same manifold. Finally, Kamishima and Tsuboi
gave a full classification of 3-dimensional contact S1-manifolds in [KT91]. Unfortunately, the
proof in [BW58] is wrong, and the one in [KT91] explains in great detail the easy parts, but
skips completely the more difficult arguments. In this chapter I hope to fill the missing gaps
in the literature.

Remark IV.1. In this section we will only consider contact structures induced by a global
contact form α. Such a contact structure defines an orientation on the manifold in question,
because it is not possible to change the sign of α ∧ dα by changing the sign of α. On an
oriented manifold M a contact structure ξ is called positive, if the orientation given by ξ
coincides with the one of M .

Note that many invariants of an S1-manifold M described in Chapter III depended on the
orientation of M . All such invariants below will be computed with respect to the orientation
induced by the contact structure. This subtle point may seem unnecessary, but it is quite
important as can be seen in Example 6.1.

1. Contact S1-bundles

It has been known for a long time that S1-principal bundles over certain symplectic mani-
folds carry a natural contact structure.

Theorem IV.1 (Boothby-Wang). Let (M,ω) be an integral symplectic manifold, i.e.
a symplectic manifold with [ω] ∈ H2(M,Z). The S1-bundle (P,M, π) over M with Euler class
[ω] has a connection α that represents an S1-invariant contact form.

Definition. The manifold (P, α) in the theorem above is called the Boothby-Wang
fibration over (M,ω).

Remark IV.2. The proof below assumes for higher dimension that the reader is familiar
with the relation between the classification of S1-bundles and the curvature form is known
(see [Wel80]). For dimension 3 these results can be found in Section III.2 and III.5.

Proof of Theorem IV.1. Let β be an arbitrary connection on P , i.e. an S1-invariant
1-form with β(ZP ) = 1, where ZP is the infinitesimal generator of the S1-action.

37
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The curvature of β is a 2-form ω′ on M such that dβ = π∗ω′. The curvature represents
the Euler class, thus [ω′] = [ω], and one finds a 1-form γ on M such that dγ = ω′ − ω.

Define α = β−π∗γ. This is also a connection, because α(ZP ) = β(ZP ) = 1 and LZP
α = 0,

and it is a contact form, because dα = dβ−π∗(ω′−ω) = π∗ω, and α∧(dα)n = α∧π∗ωn 6= 0. �

Let X be a nowhere vanishing vector field on an (n+1)-dimensional manifold M . Accord-
ing to the flow box theorem (e.g. [PdM82, Theorem 2.1.1]), there exists around any point
p ∈M a chart

(−ε, ε)n+1 ⊂ Rn+1 −→ U ⊂M
with coordinates (x0, x1, . . . , xn) such that the vector field X is given by ∂

∂x0
. A chart U

around p ∈ M is called a regular chart for X, if it is of the form above, and if the
intersection of any trajectory of X with U is either empty or a single line

{(t, x1, . . . , xn)|xj fixed and t ∈ (−ε, ε)} .
A contact form α on M is called regular, if every point p ∈M is contained in a regular chart
for the Reeb field XReeb.

Lemma IV.2. Let X be a vector field on a closed manifold M such that there is a regular
chart around every point p ∈ M . Every trajectory of X is a closed loop, and the function
λ : M → R+, which assigns to every p the period of the flow ΦX , i.e.

λ(p) := min
{
t ∈ (0,∞)|ΦX

t (p) = p
}

is smooth.

Proof. First we will show that every trajectory is closed, i.e. a circle. If the flow line
through p ∈ M is not a circle, it cannot be a closed subset either. Then there is a point
q lying in the closure of the orbit through p, but not on the integral curve itself. There is
a regular chart with coordinates (x0, x1, . . . , xn) around q such that the field is of the form

∂
∂x0

. By our assumption the trajectory through p enters at most once a small neighborhood
of q, but at the same time q has to lie in the closure of this trajectory. Hence q lies on the
trajectory, which is a contradiction, and every trajectory is closed.

It follows that the function λ is defined, but a priori it does not need to be continuous,
and thus is is not obvious that λ is bounded from below by a positive number. Because M
is compact, it can be covered with finitely many regular charts, where the smallest one is a
cube say (−ε0, ε0)n+1. We get

λ ≥ 2ε0 .
Now we will show that λ is a smooth function. Let U be a regular chart around p0 such

that p0 corresponds to the point (0, . . . , 0) in coordinates, and let t0 = λ(p0). The time-t0-flow
T := ΦX

t0 : M →M of the field X is a diffeomorphism that leaves p0 fixed. Because the chart
U is regular, the map T has on an open subset of U (compare Figure 1) the form

T (x0, x1, . . . , xn) = (x̃0, x1, . . . , xn) ,

and because T is a diffeomorphism, x̃0 = x̃0(x0, . . . , xn) is a smooth function. Using that
(x0, x1, . . . , xn) = ΦX

x0
(0, x1, . . . , xn), and that T commutes with the flow, it follows that

x̃0(x0, x1, . . . , xn) = x̃0(0, x1, . . . , xn) + x0 .

This allows us to define a smooth function

F : U −→ R, (x0, x1, . . . , xn) 7−→ t0 − x̃0(0, x1, . . . , x2n) ,
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ΦX
t0

p0

x0

(x1, . . . , xn) (x1, . . . , xn)

x0

p0

Figure 1. T = ΦX
t0 is a diffeomorphism with fixed point p0

which associates to points in U a time, where the flow ΦX returns:

ΦX
F (x0,x1,...,xn)(x0, x1, . . . , xn) = ΦX

−x̃0(0,x1,...,xn) ◦ ΦX
t0 (x0, x1, . . . , xn)

= ΦX
−x̃0(0,x1,...,xn)

(
x0 + x̃0(0, x1, . . . , xn), x1, . . . , xn

)
= (x0, x1, . . . , x2n) .

Note that F does not depend on the x0-coordinate. If we are able to show that λ coincides
around p0 with F , we have shown that λ is smooth. In fact, it is enough to show that
|λ− F | < ε, because inside a regular chart (−ε, ε)n+1 the period of the field X cannot be
smaller than 2ε.

We will now prove that λ is continuous. Then it follows that F and λ are arbitrarily close
around p0 and hence equal. Let pn be a sequence of points in U such that pn → p0. We have
to show that limn→∞ λ(pn) = λ(p0).

First note that F ≥ λ, because λ is the smallest positive return time for the flow, and
then the inequality

λ(p0) = t0 = F (p0) = lim supF (pn) ≥ lim supλ(pn)

holds.
If lim inf λ(pn) < λ(p0), then there is a subsequence pk such that λ(pk) → λ0 < λ(p0).

Note that ΦX
λ0

(p0) = p0, because on one hand we get

lim
k→∞

ΦX
λ(pk)(pk) = lim

k→∞
pk = p0 ,

but since the flow map ΦX : R×M →M is continuous, we also have ΦX
λ(pk)(pk)→ ΦX

λ0
(p0).

From the equation ΦX
λ0

(p0) = p0 it either follows that λ0 = λ(p0), which contradicts the
assumption above, or λ0 = 0, but this is not possible because we showed that λ ≥ 2ε0.

This gives
λ(p0) ≥ lim supλ(pk) ≥ lim inf λ(pk) ≥ λ(p0) ,

and the function λ is continuous in p0. �

Theorem IV.3 (Boothby-Wang). Let P be a manifold with a regular contact form α.
Then α can be rescaled by a constant, such that the Reeb flow induces a free S1-action on P
and the orbit space is a symplectic manifold.
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Proof. Apply Lemma IV.2 to the Reeb field XReeb to see that all Reeb orbits are closed
and to obtain the function λ. We will show that λ is constant in this situation.

The vector field X(p) := λ(p) ·XReeb(p) is smooth and has closed orbits with return-time
1. The flow of X gives P the structure of an S1-bundle. There are bundle charts of the form
U × S1 = {(x1, . . . , x2n, e

iϕ)} around an arbitrary point. The contact form α can be written
in this chart as

α = f(p) dϕ+
2n∑

j=1

gj(p) dxj .

Because XReeb = 1
λ ∂ϕ is the Reeb field, it follows that f(p) = λ(p), and using Cartan formula

0 = LXReeb
α =

1
λ

2n∑
j=1

(
∂gj

∂ϕ
dxj −

∂λ

∂xj
dxj

)
,

and as a consequence ∂xjλ = ∂ϕgj . The function λ does not change along the ϕ-direction,
hence ∂2

ϕgj = ∂xj∂ϕλ = 0, and so

gj =
∂λ

∂xj
· ϕ+ c(x1, . . . , x2n) ,

but this means that ∂λ
∂xj

= 0, because gj has to be 2π-periodic in ϕ. The function λ is
constant.

Divide α by λ. It is clear that P is an S1-bundle over its orbit space M with the action
induced by the Reeb flow. The contact form is a connection for this bundle and its curvature
F is a 2-form on M such that dα = π∗F . It is well-known that the curvature F represents an
integral cohomology class, and it is also clear that F is non-degenerate, because α ∧ dαn =
α ∧ ϕ∗Fn 6= 0. �

2. Local behavior of the contact structure

In Section III.1, all local invariants of a 3-dimensional S1-manifold (without any contact
structure) were given. In this section, the aim will be to specify all possible behaviors of
invariant contact structures in the neighborhood of such orbits.

The result is that principal orbits can be either Legendrian or transverse to the contact
structure, and orbits with non-trivial stabilizer allow at most one contact structure up to
S1-contactomorphisms.

Definition. Two G-invariant contact forms α1 and α2 on a G-manifold M are called
locally G-equivalent around a submanifold N ↪→ M , if there is a G-diffeomorphism
Φ : M → M with arbitrarily small support around N such that Φ∗α1 and α2 represent the
same contact structure on a small neighborhood of N .

2.1. Fixed points. Recall that the set F of fixed points is a disjoint union of circles.

Lemma IV.4. Let M be a closed oriented 3-dimensional S1-manifold. Any two positive
S1-invariant contact forms are locally S1-equivalent around the set of fixed points F .

Proof. A neighborhood U of a component of F is S1-diffeomorphic to S1 ×D2
ε with the

action eiϕ(eit, z) = (eit, eiϕz). The 1-form

α0 := dt+
1
2

(
x dy − y dx

)
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is an S1-invariant contact form on U , where we used z = x+ iy.
Assume now another positive invariant contact form α1 = f dt + g dx + h dy is given on

U with functions f, g, h : U → R.
The tangent space TpM at a fixed point p = (eit0 , 0) ∈ F splits as S1-module into 〈∂t〉 ⊕

〈∂x, ∂y〉, but also into ε1 ⊕ ξp, where ε1 is the line generated by the Reeb field Y of α1, and
ξp = kerα1, because it has been shown in the proof of Lemma A.2 in Appendix A that Y
remains invariant under the S1-action. If follows that ε1 = 〈∂t〉 and ξp = 〈∂x, ∂y〉, and then
g(eiϕ, 0) = h(eiϕ, 0) = 0 and

α1 = f(eit, 0) dt on F ,

with f(eiϕ, 0) 6= 0. We can divide α1 by the function f (possibly only on a smaller neighbor-
hood of F ) to obtain an equivalent contact form α̃1 = dt + g dx + h dy, with new functions
g, h : U → R.

The Reeb field Y = ∂t lies in the kernel of dα̃1, hence we obtain that dα̃1 = (∂xh− ∂yg) dx∧
dy with ∂xh− ∂yg > 0 on F , because α̃1 is a positive contact form. The linear interpolation

α̃s := (1− s)α0 + s α̃1

with s ∈ [0, 1] consists in a neighbhorhood of F , of positive invariant contact forms, because
on F the contact condition is

α̃s ∧ dα̃s := (1− s+ s (∂xh− ∂yg)) dt ∧ dx ∧ dy > 0 .

This allows to apply Lemma A.2: The vector field Xs is defined by the equations

ιXsα̃s = 0 and ιXsdα̃s = rs α̃s − ˙̃αs ,

where rs = ˙̃αs(Ys) with Ys the Reeb field of the form α̃s. On F the equations reduce to

ιXsα̃s = 0 and ιXsdα̃s = 0 ,

because ˙̃αs = 0, and hence the vector field Xs vanishes on the fixed point set.

1

ρδ(r) =


1 for r ≤ δ/2

1− N(δ) ·
∫ r

δ/2
exp

δ2

4(x − δ/2)(x − δ)
dx for δ/2 < r < δ

0 for r ≥ δ

δ/2 δ

Figure 2. ρδ is a cut-off function, with N(δ) the reciprocal value of
∫ δ
δ/2 exp δ2

4(x−δ/2)(x−δ) dx

There is a small neighborhood Ũ of F , where the flow ΦXs
s is defined for all s ∈ [0, 1]. To

finish the proof choose a cut-off function ρδ that is equal to 1 on the set [0, δ/2) and whose
support lies in the interval [0, δ) (for example the choice depicted in Figure 2 would do), and
consider the time-one-flow of the vector field X̃s(eit, z) = ρδ(|z|) ·Xs(eit, z) with support in
Ũ . The map ΦX̃s

1 gives the desired equivalence. �
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2.2. Exceptional orbits. The exceptional orbits of S1-actions have been described in
Section III.1.2.

Lemma IV.5. Let M be an oriented 3-manifold with an S1-action. Any two positive S1-
invariant contact forms on M are locally S1-equivalent around the set of exceptional orbits
E.

Proof. A neighborhood U of an exceptional orbit with orbit invariants (k,m) is S1-
diffeomorphic to S1 × D2

ε with the action

eiϕ · (eit, z) = (ei(t+kϕ), eimϕz) .

The 1-form

α0 := dt+
1
2

(
x dy − y dx

)
is an S1-invariant contact form in the neighborhood of the exceptional orbit.

The procedure to show that any other S1-invariant contact structure is locally equivalent
to the one given by α0, is almost equal to the one given in the proof of Lemma IV.4.

Assume α1 is another S1-invariant contact form in the neighborhood U . The tangent
space TpM splits as Zk-module canonically into ε1⊕ ξp, where p is a point on the exceptional
orbit, and Stab(p) ∼= Zk. The line ε1 is generated by the Reeb field of α1. It follows that the
Reeb field is parallel to the exceptional orbit. Dividing by the function α1(ZM ), we obtain a
contact form α̃1 with α0 = α̃1 and dα̃1 = f dα0 on E with f > 0. The proof is completed by
the same arguments as those of Lemma IV.4. �

2.3. Special exceptional orbits. We are only considering contact manifolds (M,α)
with a contact form. In particular M is naturally oriented, but the existence of special ex-
ceptional orbits implies that the manifold is non-orientable (see III.1.3). Hence 3-dimensional
contact S1-manifolds do not have any special exceptional orbits.

2.4. Legendrian orbits. A 1-dimensional S1-orbit Orb(p) is called Legendrian, if it is
everywhere tangent to the contact structure. This is equivalent to requiring that the generator
ZM (p) of the action does not vanish at p, and that αp(ZM ) = 0.

Lemma IV.6. Let M be a closed, oriented 3-manifold with an S1-action. The set of
Legendrian orbits Σ is a submanifold, whose components are embedded tori. All Legendrian
orbits have trivial stabilizer.

Proof. Let α be an invariant contact form. Define a function H : M → R which is
constant along the orbits by

H(p) := αp(ZM ) .

The set Σ can be written as Σ = H−1(0)−F (with F the set of fixed points). Since F is the
union of a finite number of embedded circles, and their neighborhood is of the form described
in the proof of Lemma IV.4, it follows that the subsets F and Σ do not touch each other.

To see that the set Σ is a closed submanifold, it is enough to prove that dH does not
vanish on Σ. This is shown by the following calculation using Cartan formula

0 = LZM
α = ιZM

dα+ dH .

If dH vanishes as some point p of Σ, then p is a fixed point, because αp(ZM ) = 0 and
ιZM

dαp = 0, and so ZM (p) = 0.
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The Legendrian orbits have trivial stabilizer, because on the exceptional orbits the Reeb
field R is parallel to the field ZM and thus ZM does not lie in ξ = kerα. By continuity it follows
that exceptional orbits have a small neighborhood that does not contain any Legendrian orbit.

To see that the components of Σ are tori, note that the orbit space of a small neighborhood
of Σ is a smooth surface, and that H induces a smooth function H∗ on this surface. The zero
set of H∗ is composed of circles and thus the set of Legendrian orbits Σ is a torus (because
the S1-principal bundle over a circle is trivial). �

Corollary IV.7. The zero-set of the function H : M → R, p 7→ αp(XM ) projects to a
collection of circles L1∪. . .∪LN in the orbit space B = M/S1. The complement of L1∪. . .∪LN

decomposes into B+ := {p ∈ B|H(π−1(p)) > 0} and B− := {p ∈ B|H(π−1(p)) < 0}. The
orbit space B is partioned by the circles Lj into B+ and B−.

Lemma IV.8. Let M be an oriented 3-manifold with an S1-action. Any two positive S1-
invariant contact forms on M with identical set of Legendrian orbits Σ are locally S1-equivalent
around Σ.

Proof. This has been proved in [Lut77], but for completeness, we rewrite the proof
more explicitly: There is a neighborhood of the torus that looks like U := S1 × S1 × (−ε, ε),
where the circle acts on the first component:(

eiϕ
′
, (eiϕ, eiϑ, s)

)
7→
(
ei(ϕ+ϕ′), eiϑ, s

)
.

We will show that any positive S1-invariant contact form on U with Legendrian orbits in Σ
is locally S1-equivalent to

α0 = s dϕ+ dϑ .

Let α1 = f(ϑ, s) dϕ + g(ϑ, s) dϑ + h(ϑ, s) ds be a second positive invariant contact form
on U with the same Legendrian orbits, i.e. with f(ϑ, 0) = 0 and in particular ∂ϑf(ϑ, 0) = 0.
The contact condition on Σ is α1 ∧ dα1 = g ∂sf dϑ ∧ ds ∧ dϕ 6= 0, and hence g(ϑ, 0) 6= 0.
By possibly restricting to a smaller neighborhood and after dividing by g, we can assume
α1 = f(ϑ, s) dϕ+ dϑ+ h(ϑ, s) ds (with new functions f, h). Let αt := α0 + t (α1 − α0) be the
linear interpolation of the two forms. All 1-forms in this family are positive invariant contact
forms in a neighborhood of Σ. This can be checked by computing αt ∧ dαt only on Σ:

αt ∧ dαt = (dϑ+ th ds) ∧ dαt

= (1− t)α0 ∧ dα0 + t α1 ∧ dα1 = ω0 + t(ω1 − ω0) ,

where ωi := αi ∧ dαi. Both volume forms are by assumption positive, and their convex span
does not vanish anywhere.

If the time-dependent vector field Xt defined in Lemma A.2 has a global flow Φt, then the
equivariant Gray stability shows that the two contact forms α0 and α1 are equivalent. The
vector field Xt is given by the equations 0 = ιXtαt and ιXtdαt = rt αt− α̇t, where rt = α̇t(Yt)
with Yt the Reeb field of the form αt.

Both the Reeb field Yt and the vector field Xt are tangent to Σ, because

dαt = (1− t+ t ∂sf) ds ∧ dϕ+ t ∂ϑh dϑ ∧ ds 6= 0

on TM |Σ. If Yt had a ∂s-component, Yt would not lie in the kernel of dαt. The second
defining equation for Xt simplifies on Σ to ιXtdαt = −h ds, and in particular it follows that
Xt does not have a ∂s-component either.

As a consequence, the flow of Xt is defined on the closed submanifold Σ up to time 1,
and by continuity also on a small neighborhood Ũ around Σ. To finish the proof choose
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again a cut-off function ρδ : R→ [0, 1] like the one in Figure 2, and consider the vector field
ρδ(|s|) ·Xt. Its time-1 flow is the map that gives the desired equivalence. �

3. Uniqueness of Contact Structures

In Theorem III.11 the classification of closed 3-dimensional S1-manifolds was given. Two
contact S1-manifolds (M1, α1) and (M2, α2) can only be equivalent if they are S1-diffeomorphic,
i.e. if all the invariants given in the theorem agree. In this case, we can identify M1 and M2

and speak instead of a single S1-manifold M with two different contact structures α1 and α2.

Lemma IV.9. Let M be a 3-dimensional S1-manifold with two positive S1-invariant contact
forms α0 and α1. Assume that the set Σ of Legendrian orbits for both forms is the same
collection of tori. Then there is an S1-diffeomorphism Φ : M → M such that Φ∗α1 and α0

represent the same contact structure on M .

Proof. If necessary multiply α1(ZM ) by −1 to make sure that it has the same sign
as α0(ZM ). This assures that the sign of α0(ZM ) and α1(ZM ) agrees everywhere. By
Lemma IV.4, Lemma IV.5 and Lemma IV.8 we find an S1-diffeomorphism ϕ that is the
identity outside a small neighborhood of E ∪F ∪Σ, and such that in a smaller neighborhood
the 1-forms ϕ∗α1 and α0 represent the same contact structure. We can thus assume without
loss of generality that α0 = α1 on a small neighborhood U of E ∪ F ∪ Σ.

Now divide the form α0 by the smooth S1-invariant function α0(ZM ), and α1 by α1(ZM )
on M − F ∪ Σ. The neighborhood of a principal orbit is S1-diffeomorphic to the set S1 × D2

with coordinates (ϕ, x, y) and the natural S1-action on the first factor. The scaled contact
forms α0 and α1 are in these charts of the form

αj = dϕ+ fj(x, y) dx+ gj(x, y) dy .

All of the 1-forms in the linear interpolation αt = α0 +t (α1−α0) are positive S1-invariant
contact forms, because αt is given by

αt = dϕ+ ft(x, y) dx+ gt(x, y) dy ,

with ft(x, y) := (1 − t) f0(x, y) + t f1(x, y) and gt(x, y) := (1 − t) g0(x, y) + t g1(x, y). Then
the 3-form

αt ∧ dαt = (∂xgt(x, y)− ∂yft(x, y)) dϕ ∧ dx ∧ dy
= (1− t)α0 ∧ dα0 + t α1 ∧ dα1

is positive by the assumption that α0 and α1 are positive contact forms.
The flow of the vector field Xt defined in Lemma A.2 exists, because αt is constant in a

small neighborhood U of E ∪F ∪Σ, and Xt vanishes on U , so that the flow cannot “escape”.
This shows that both contact forms are equivalent. �

Remark IV.3. The lemma can easily be generalized to a compact manifold with non-
empty boundary if the orbits in ∂M are Legendrian for both contact forms.

Let (M,α) be a contact S1-manifold. If M has Legendrian orbits, then construct a
graph ΓM in the following way: To every component Mj ⊂ M − Σ associate a vertex Vj ,
and attach to Vj the sign of α(ZMj ), the number of fixed point components, the invariants
(αj,1, βj,1), . . . , (αj,Nj , βj,Nj ) of the exceptional orbits lying in this component, and the genus
of the orbit space of Mj . Connect two vertices Vj and Vk by an edge only if the corresponding
components in M touch each other. The edge is labeled by the number of components in Σ
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between Mj and Mk. Note that Vj can only be connected to Vk if they carry different signs
(as a special case it is not possible to connect Vj to itself).

We call two such graphs Γ1 and Γ2 isomorphic, if there exists a bijective map Φ from the
vertices {V1,1, . . . , V1,N} of Γ1 to the ones of Γ2 that respects all numbers associated to the
vertices, and such that the edges and their labels are conserved. The sign of the vertices must
either be equal for all pairs V1,j and Φ(V1,j) or always opposite.

Lemma IV.10. Two 3-dimensional contact S1-manifolds (M1, α1) and (M2, α2) with Leg-
endrian orbits are equivalent, if and only if the associated graphs ΓM1 and ΓM2 are isomorphic.

Proof. If the two manifolds are equivalent, it is obvious that the graphs are isomorphic.
The opposite implication of the proof is based on Baer’s theorem [Bae28], the classification
of 3-dimensional S1-manifolds, and Lemma IV.9. �

4. Existence of a contact structure

The first results in this section will be a generalization of Theorem IV.1, where it was
shown that a non-trivial principal S1-bundle allows a connection 1-form α that defines an
invariant contact structure. For the definition of generalized connection forms, we refer to
Section III.5. Below we will also give the proof of Theorem III.13, which was postponed in
Chapter III. Probably the proof is a direct consequence of the theory of characteristic classes
on orbifolds, but here we will only use “smooth” techniques.

Lemma IV.11. Let M be a closed oriented 3-dimensional S1-manifold without fixed points.
Any generic connection form A on M is a contact form in the neighborhood of the exceptional
orbits.

Proof. We can perturb any A in a neighborhood UE of the exceptional orbits E to make
it of contact type on UE . If A is already of contact type, leave it unchanged, otherwise define

Ã :=
1
f

(A+ εραK) ,

where αK is an invariant contact form on UE with αK(ZM ) = 1 (take the one defined in
the proof of Lemma IV.5, and rescale it), ρ is an S1-invariant cut-off function around E with
support in UE . The function f is given by f := A(ZM ) + εραK(ZM ) = 1 + ερ, and ε > 0 is
an arbitrarily small number.

Consider the 3-form

Ã ∧ dÃ =
1
f2

(A+ εραK) ∧ d(A+ εραK)

=
1
f2

(A ∧ dA+ εραK ∧ dA+ ε2ρ2 αK ∧ dαK + ερA ∧ dαK + εA ∧ dρ ∧ αK) .

Note that Ã∧ dÃ gets arbitrarily close to A∧ dA when ε decreases. On the exceptional fiber
the 3-form reduces to

Ã ∧ dÃ =
ε

(1 + ε)2
(αK ∧ dA+ ε αK ∧ dαK +A ∧ dαK) .

This form vanishes on E at most for a single ε, but by making ε smaller, we can always
assume that Ã is of contact type on E, and thus on a small neighborhood of E. �
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Theorem III.13. Let M be a closed oriented 3-dimensional S1-manifold determined by
the invariants

(g, f = 0, s = 0, e, (α1, β1), . . . , (αN , βN )),
i.e. M does not have any fixed points, but N exceptional orbits with Seifert invariants (αj , βj),
and the Euler number is e. Let A be a generalized connection 1-form on M , and F the
corresponding curvature form on B∗. Then∫

B∗
F = 2π

e+
N∑

j=1

βj

αj

 .

Proof. By the lemma above, we can perturb A to make it of contact type around the
exceptional orbits E. Since the difference between the integral of the original form and the
perturbed form can be made arbitrarily small, it is no restriction to assume that A itself is
of contact type around E.

According to Section III.4, the Euler number is computed by taking a small S1-invariant
solid torus V in M containing only free orbits. Define M∗ := M − E, B∗ := M∗/S1 and
D := V/S1, and choose a section σ1 : D ↪→ V and another section σ2 : B∗ −D ↪→ M∗ − V
that agrees with the canonical sections around the exceptional orbits E1, . . . , EN . The Euler
number is equal to the intersection number between the two sections on ∂D.

The curvature form F is exact over the domain of each of the sections σj , because from
the equations π ◦ σj = id, we can deduce

F = id∗ F = (π ◦ σj)∗F = σ∗jπ
∗F = σ∗jdA = d(σ∗jA) .

By splitting B∗ into D and B∗ −D, the integral can be written as∫
B∗
F =

∫
B∗−D

F +
∫

D
F =

∫
D
d(σ∗1A) +

∫
B∗−D

d(σ∗2A) .

Now we would wish to apply Stoke’s Theorem. Though B∗ −D has open ends at the excep-
tional orbits, it is easy to see that one can cut off small punctured disks Cj around Ej in B∗,
and not change the integral by much. The reason is that the integral over this small disk is
equal to the integral of (2π)−1A∧ dA over the corresponding neighborhood of an exceptional
orbit (compare Lemma III.12). But A ∧ dA is bounded in M , and so the integral of this
3-form over Cj goes to zero if the size of the disk decreases. Thus we can write

(1)
∫

B∗
F =

∫
∂D

(σ∗1A− σ∗2A) +
N∑

j=1

∫
∂Cj

σ∗2A+ ε ,

where each of the ∂Cj is the outer boundary of the punctured disk Cj , and ε is a rest term
that becomes arbitrarily small as the radius of Cj goes to zero.

To evaluate the contribution of exceptional orbits in Equation (1), consider such an orbit
Ej with orbit invariants (k,m). Note that by assumption, α is of contact type around Ej . We
can apply Lemma IV.5 to find a neighborhood U of Ej that is S1-contactomorphic to S1×D2

ε

with the action
eiϕ · (eit, z) = (ei(t+kϕ), eimϕz)

and with contact form

A =
2

2k −m|z|2

(
dt+

1
2

(
x dy − y dx

))
.
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Note that a contactomorphism could change the scaling of the 1-form, but since A is a
connection 1-form, the correct scaling is the one given above. The canonical section σ in such
a neighborhood can be written as a map

σ : D2
ε − {0} → U, reiϕ 7→ (eiλ1ϕ, reiλ2ϕ) ,

with suitable integers λ1 and λ2. In Section III.1.2, we expressed the homology classes of
the meridian µ and the longitude λ as linear combinations of the canonical section σ and an
orbit. It is easy to invert the corresponding matrix, and one obtains

[σ] = β [λ]− (1−mβ)/k [µ] ,

where C = (1−mβ)/k by the requirement that the determinant of the matrix should be one,
hence λ1 = k, and λ2 = −(1− βm)/k.

With the pull-back

σ∗A =
2

2k −mr2
(λ1 +

λ2r
2

2
) dϕ ,

one can integrate ∫
S1

r

σ∗A =
4π

2k −mr2
(λ1 +

λ2r
2

2
) ,

over the circle of radius r, and one sees that the contribution around the exceptional orbit Ej

goes to 2πλ1/k as we send the radius of the punctured disk Cj to 0.
Remember that the orbit invariants (k,m) and the Seifert invariants (α.β) are related by

k = α, and β is the smallest positive number such that mβ ≡ 1 mod k. Then Equation (1)
simplifies with the arguments given so far to∫

B∗
F =

∫
∂D

(σ∗1α− σ∗2α) + 2π
N∑

j=1

βj

αj
.

To compute the first term, note that σ2(p) can be described as σ1(p) · eiγ(p) on ∂D.
One can easily check in bundle coordinates that σ∗2α = σ∗1α + dγ. Hence, one gets that
σ∗1α − σ∗2α = −dγ, and integration of this form gives −2π deg γ, which is equal to 2πe,
because γ counts how often σ2 rotates in comparison to σ1 in the fiber direction, which is just
the Euler number.

Finally we get the formula∫
B∗
F = 2π

e+
N∑

j=1

βj

αj

 . �

With this result, we can reproduce Theorem IV.1 in the presence of exceptional orbits.

Corollary IV.12. Let M be a closed oriented 3-dimensional S1-manifold with N excep-
tional orbits that have Seifert invariants (αj , βj) j = 1, . . . , N , but assume there are no fixed
points in M . There is an S1-invariant contact structure α on M without Legendrian orbits,
if and only if the Euler number e is not equal to

e0 := −
N∑

j=1

βj

αj
.

We call the number e+ e0 the orbifold Euler number.



48 IV. CONTACT S1-MANIFOLDS

Definition. We call an S1-manifold manifold M with the contact structure α given in
the corollary above a (3-dimensional) generalized Boothby-Wang fibration.

Proof. Notice that any contact form without Legendrian orbits can be rescaled such
that it becomes a generalized connection form. If e = e0, then by the theorem above∫

M
α ∧ dα = 0 ,

which is a contradiction to the contact condition.
To prove the opposite implication, use an arbitrary generalized connection A on M that

is a positive contact form around the exceptional orbits (possible by Lemma IV.11). The
differential dA is equal to the pull-back of the curvature 2-form F on B∗. According to
Theorem III.13, the integral of F over B∗ is given by the formula 2π (e+

∑
βj/αj). Choose

a volume form Ω on B∗ that agrees with F close to the open ends of B∗ corresponding to the
exceptional orbits, and such that

∫
Ω =

∫
F . The existence of such a volume form is obvious,

define for example
Ω := ρF + (1− ρ)λΩ̃ ,

with an arbitrary volume form Ω̃, a cut-off function ρ with support around E, and a suitable
λ ∈ R+. The difference F − Ω is equal to zero around the exceptional orbits.

Convert B∗ into a closed smooth manifold by gluing disks D1, . . . , DN into the open ends
corresponding to the exceptional orbits in M . The 2-form Ω − F can be extended to this
compactification by setting it to 0 on the Dj , because the form vanishes around the ends
of B∗. Since

∫
(Ω − F ) = 0, there is a 1-form β on the compactification of B∗ such that

dβ = Ω − F , but in general β does not need to vanish on the disks Dj that were glued in.
Still, β is closed and hence exact on the Dj , so we can choose functions f : Dj → R such
that df = β. Finally set β̃ = β − d(ρf).

The 1-form α = A+ π∗β̃ is a contact form with the desired properties. �

Lemma IV.13. There is a positive S1-invariant contact form α without Legendrian orbits
on any compact oriented 3-dimensional S1-manifold M with non-empty boundary and without
fixed points.

Proof. Define on M a generalized connection form A such that A ∧ dA > 0 around the
exceptional orbits E (Lemma IV.11). To convert A into a contact form on the whole of M ,
we will add the pull-back of a 1-form on B∗, similarly as in the proof of Corollary IV.12.

A volume form Ω̃ on B∗ := (M − E)/S1, can be capped off at the open ends of B∗ that
correspond to the exceptional orbits by multiplying it with a cut-off function,

Ω := (1− ρ) Ω̃ .

Fill the open ends around E by gluing in disks D1, . . . , DN , and extend Ω to these disks by
setting it there to 0. This form is exact, because ∂M 6= ∅, and thus there is a 1-form β such
that dβ = Ω. Though Ω ≡ 0 at the ends, this need not be true for β. Still, β is exact on the
2-disks that have been glued in. Hence there is a function f defined on the Dj with df = β,
and so the 1-form β − d(ρf) vanishes at the open ends of B∗. The S1-invariant connection
form

A+ π∗β − π∗df
is of contact type on all of M , if one chooses the right sign for β. �
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Lemma IV.14. There is a positive S1-invariant contact form α without Legendrian orbits
on any 3-dimensional oriented compact S1-manifold M with fixed points.

Proof. To construct such a form, it is possible to take a contact form around the fixed
point set F and on the complement of a small neighborhood of F and use a partition of unity
argument.

By the lemma above, it is possible to find a contact form αR on M − UF , where UF is a
small neighborhood of the fixed point set F . Assume that UF is contained in another open
set U ′F that is of the form explained in Section III.1.1, i.e. it is S1-diffeomorphic to S1 × D2

ε

with the action eiϕ(eit, z) = (eit, eiϕz).
On U ′F define a positive contact form by

K dt+
1
2

(
x dy − y dx

)
= K dt+

r2

2
dϕ ,

where we used polar coordinates. This form is outside the fixed point set F = {(eit, 0)}
equivalent to

αF := dϕ+
2K
r2

dt .

The contact form αR is given on U ′F − UF by

αR = f(t, r) dt+ dϕ+ g(t, r) dr ,

with smooth functions f, g : U ′F − UF → R.
Let ρ : U ′F → [0, 1] be an S1-invariant cut-off function that only depends on the r-

coordinate, such that ρ(p) ≡ 1, when p ∈ UF , and ρ(p) ≡ 0 for p close to the boundary of
U ′F . Define the S1-invariant 1-form

α = (1− ρ)αR + ραF = dϕ+ (1− ρ) (f dt+ g dr) +
2K
r2

ρ dt .

This is a positive contact form, because

α ∧ dα = dϕ ∧ d
(
(1− ρ)αR + ραF

)
= (1− ρ)αR ∧ dαR + ραF ∧ dαF − dϕ ∧ dρ ∧ αR + dϕ ∧ dρ ∧ αF

= (1− ρ)ωR + ρωF +
(

2K
r2
− f

)
∂rρ dϕ ∧ dr ∧ dt ,

with ωR := αR ∧ dαR and ωF := αF ∧ dαF . Note that the form dt ∧ dr ∧ dϕ is positive, and
hence the last term is also positive if one chooses K large enough, because ∂rρ is negative
and f is bounded. �

The only case left to prove is that contact forms with some Legendrian orbits exist on
any oriented S1-manifold. This is a consequence of the following Lemma.

Lemma IV.15. Let M be a closed oriented 3-dimensional S1-manifold with orbit space B.
Assume a collection of embedded disjoint loops γ1, . . . , γN is given on B that do not touch the
boundary ∂B or any singular point.

If it is possible to mark every component Bk of B − ∪γj with a sign in such a way that
at each loop a component marked with “+” touches a component marked with “−”, then it is
possible to find an S1-invariant contact form α on M whose set of Legendrian orbits Σ covers
the curves γj.
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Proof. Let Σ be the set of points that cover ∪γj . To find an invariant contact form for
which Σ is the set of Legendrian orbits, proceed like this: On each of the components Mk

of M − Σ there exists an invariant contact form αk (according to Lemma IV.13 and IV.14)
without Legendrian orbits. Assume that for the generator ZM of the S1-action, the function
αk(ZM ) has the same sign as the one that has been attached to the corresponding component
of Bk.

If Mk and Mk′ meet at a component of Σ, we need to connect αk to αk′ by an S1-invariant
contact form such that all the Legendrian orbits of the new form lie in Σ. The standard
neighborhood (compare Lemma IV.8) of a component of Σ is given by U := S1×S1× (−ε, ε),
where the circle acts on the first component:(

eiϕ
′
, (eiϕ, eiϑ, s)

)
7→
(
ei(ϕ+ϕ′), eiϑ, s

)
.

A possible S1-invariant contact form on U with Legendrian orbits in Σ can be defined by

α0 = s dϕ+K dϑ ,

where K > 0 is a number that will be chosen below. The contact form αk is defined on
S1 × S1 × (−ε,−ε/2], and after rescaling we can assume that it is of the form

αk = −dϕ+ f1(ϑ, s) dϑ+ g1(ϑ, s) ds :

αk′ is defined on S1 × S1 × [ε/2, ε), and of the form

αk′ = dϕ+ f2(ϑ, s) dϑ+ g2(ϑ, s) ds .

Note that all of these contact forms are supposed to be positive, which is equivalent to
requiring

∂f1

∂s
− ∂g1
∂ϑ

> 0 and
∂g2
∂ϑ
− ∂f2

∂s
> 0 .

By rescaling α0, we obtain on U+ := S1 × S1 × [ε/2, ε) the form

α0 = dϕ+
K

s
dϑ ,

and by using a cut-off function ρ(s), we can consider on U+ the form

α̃ := ρα0 + (1− ρ)αk′ = dϕ+
Kρ

s
dϑ+ (1− ρ)f2 dϑ+ (1− ρ)g2 ds ,

which connects to α0 on one end and to αk′ on the other one. The contact condition for α̃ is
given by

α̃ ∧ dα̃ =
(
ρ
K

s2
+ (1− ρ) (∂ϑg2 − ∂sf2)−

K

s

∂ρ

∂s
+ f2

∂ρ

∂s

)
dϑ ∧ ds ∧ dϕ > 0 .

This inequality holds if we choose K large enough, because the sum of the first two terms in
the bracket is always positive, and |f2| is bounded such that we can assure that K − f2 > 0.

The proof for S1 × S1 × (−ε, 0] is completely analogous. �

The classification can be summarized in the following theorem.

Theorem IV.16. Let M be an oriented S1-manifold of dimension 3 determined by the
following numbers

(g, f, s = 0, e, (α1, β1), . . . , (αN , βN ))
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(as defined in Chapter III). If M has fixed points (f 6= 0), or if

e 6= −
N∑

j=1

βj

αj
,

then there is exactly one positive invariant contact structure without Legendrian orbits. If
there are no fixed points, and if the Euler number is equal to the term above, then M does
not carry invariant contact forms without Legendrian orbits.

For every isomorphism class of graphs ΓM (as described at the end of Section 3) compatible
with M as S1-manifold, there exists a single positive invariant contact structure, which gives
back the graph ΓM .

5. Overtwisted and fillable S1-invariant contact structures

In this section we will describe for many S1-invariant contact structures properties that
are also interesting outside the realm of group actions.

Lemma IV.17. An S1-principal bundle P with a Boothby-Wang contact form α has a
natural convex filling.

Proof. Consider the (complex) line bundle L associated to P , i.e. the bundle obtained
from P ×C by identifying (p, z) with (pe−iϕ, eiϕz) for every eiϕ ∈ S1. The S1-principal bundle
embeds naturally via

P ↪→ L, p 7→ [p, 1] .

The two forms
1
2

(
|z|2 α+ x dy − y dx

)
and

1
2
dα

on P × C induce well-defined forms on L. By adding the differential of the first form to the
second one, we obtain a symplectic form

ω :=
1
2
d(|z|2) ∧ α+ dx ∧ dy +

1 + |z|2

2
dα

on L, because 2n ωn = n (1 + |z|2)n−1 (dα)n−1 ∧
(
d|z|2 ∧ α+ 2dx ∧ dy

)
has only a one-

dimensional kernel on P × C generated by −ZP + x ∂y − y ∂x.
The following field

X :=
1 + r2

2r
∂r =

1 + x2 + y2

2 (x2 + y2)
(x ∂x + y ∂y)

is a Liouville vector field for the manifold (P, α). Hence (L, ω) is a convex filling of P . �

The corollary below is a direct consequence of the statement above, because fillability
implies tightness as shown in [Eli90], [Gro85], and [Zeh03].

Corollary IV.18. An 3-dimensional Boothby-Wang fibration (M,α) is tight.

Lemma IV.19. A 3-dimensional closed contact S1-manifold (M,α) with fixed points and
Legendrian orbits is overtwisted.
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Proof. The fixed points project to points on the boundary ∂B of the orbit space, and
the tori of Legendrian orbits project onto embedded loops γ1, . . . , γN in the interior of B.
Choose a point p1 ∈ ∂B, and connect it with a smooth embedded path γ to a point p2 ∈ γj

on a Legendrian orbit γ in such a way that γ runs only through points that correspond to
regular non-Legendrian orbits (with exception of the starting and end point).

Away from the starting and the end point, the contact form can be considered a connection
form of a principal bundle, and this allows us to lift γ to a path that lies in the kernel of α.
Close to the end points the path upstairs in M is chosen in such a way that it connects the
lifted path smoothly to the fixed point set on one side and to the Legendrian orbits on the
other side. In both parts it should be tangential to the contact structure.

The union of all orbits over this curve gives an embedded disk that is overtwisted. �

The following lemma shows that overtwisted contact structures are the typical ones (at
least if we require S1-invariance) in the sense that given any invariant contact structure, it
is always possible to modify it in a small S1-neighborhood of a point to obtain the situation
described below.

Lemma IV.20. Let (M,α) be 3-dimensional closed contact S1-manifold over the orbit
space B. Let Γ be the set of embedded circles in B covered by Legendrian orbits in M . If
there is a disk D in B bounded by a circle γ1 ∈ Γ, such that D is covered only by points with
trivial stabilizer, and if D contains a second circle γ2 ∈ Γ, then (M,α) is overtwisted.

Proof. By Remark IV.3 the subset (π−1(D), α) is S1-contactomorphic to D2 × S1 =
{(z, eiϕ)} with contact form

α = cos
3π |z|

2
dϕ+ sin

3π |z|
2

x dy − y dx
|z|

.

It is easy to check that the set {(z, 0)||z| ≤ 2/3} ⊂ D2 × S1 is an overtwisted disk. �

The lemma has given rise to a construction called Lutz twist ([Geiar]), which allows to
modify a contact form α in a Darboux chart to make α overtwisted.

6. Examples

6.1. Brieskorn manifolds. The Brieskorn manifolds W 2n−1
k with the natural SO(n)-

action were defined in Section III.6.1.2. In this section we will regard two different invariant
contact structures on each of these manifolds.

Lemma IV.21. The 1-forms

α+ := k (x0 dy0 − y0 dx0) + 2
n∑

j=1

(xj dyj − yj dxj)

and

α− := −(k + 1) (x0 dy0 − y0 dx0) + 2
n∑

j=1

(xj dyj − yj dxj)

induce SO(n)-invariant contact structures on W 2n−1
k .
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Proof. Consider the invariant 1-form

αλ := λ (x0 dy0 − y0 dx0) + 2
n∑

j=1

(xj dyj − yj dxj) ,

and let f = zk
0 + z2

1 + . . .+ z2
n be the defining polynomial of W 2n−1

k , and r2 = ‖(z0, z)‖2. The
contact condition for a 1-form β on W 2n−1

k is equivalent to

df ∧ df ∧ d(r2) ∧ β ∧ (dβ)n−1 6= 0

at any point of W 2n−1
k . To compute this term note that all differentials in (dβ)n−1 appear in

pairs dxj ∧ dyj such that any differential that does not come with its corresponding pair in
df ∧ df ∧ d(r2) ∧ β, vanishes in the end. For β = αλ, the contact condition is

gλ(z0, z1, . . . , zn) 6= 0

with the function

gλ(z0, z1, . . . , zn) = k2|z0|2(k−1)|zi|2−
k(λ+ 2)

2
(zk

0z
2
i +zk

0z
2
i )+2λ

(
(|z0|2 + |zi|2)|zj |2 − z2

i z
2
j

)
.

By using the equation r2 = 2 and f = 0, one can reduce this function to

gλ(z0) = (k(λ+ 2)− k2 − 2λ) |z0|2k + 2k2 |z0|2(k−1) − 4λ |z0|2 + 8λ .

It is easy to check that all αλ with λ ≥ k or λ < −k satisfy the contact condition. All forms αλ

with λ ≥ k are equivalent to the canonical contact structure α+ which was given in [LM76].
The forms αλ for λ < −k are all equivalent to α−. There is always an L ∈ [−k, k), where the
contact condition breaks down for αL, such that α+ and α− need not be equivalent. �

Lemma IV.22. The set of points in (W 2k−1
k , α±) which lie on Legendrian orbits is equal

to
{(z0, z)| |z0| = 1} .

Proof. The tangent space Tp Orb(p) of the orbit through p = (z0, z) is spanned by the
infinitesimal generators XW 2n−1

k
(p) for all X ∈ so(n), which are given by

XW 2n−1
k

(z0, z) = (0, X · z) .

Then one gets α±(XW 2n−1
k

) = 4xt ·X · y. The point (z0, z) lies on a Legendrian orbit, if and
only if xt ·X · y = 0 for all X ∈ so(n). It is easy to check that x and y have to be linearly
dependent.

In Section III.6.1.2 we already saw that then |z0| = 1, and it follows that the Legendrian
orbits are equal to the singular ones, if the dimension 2n− 1 is at least 5. �

Lemma IV.23. The contact S1-manifolds (W 3
k , α±) are all non-equivalent. For a given

k, the contact form α+ and α− induce opposite orientations. By Lemma III.15, (W 3
k , α±)

is a principal S1-bundle over S2 with Euler class ±k (the sign of the Euler number depends
on the orientation of the manifold; see also Remark IV.1 and IV.4 below). There is a single
component of Legendrian orbits Σ covering the equator of the base space S2.

Proof. Most of the claims were already shown above. That α+ and α− induce opposite
orientations can be easily checked by evaluating the function gλ(z0, z1, z2) defined in the proof
of Lemma IV.21 at the point (z0, z1, z2) = (0, i, 1). �
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Remark IV.4. It is very important to measure the S1-invariants with respect to the
orientation induced by the contact form α. If one forgets about the positivity assumption in
Theorem IV.16, all invariants of the manifolds (W 3

1 , α+) and (W 3
1 , α−) would be equal, and

one could be tricked into believing that both contact manifolds are equivalent. But in fact
the two examples are not even contactomorphic, because we have

(W 3
1 , α+) ∼= (S3, αtight) .

This can be seen by finding a filling for the Brieskorn manifold (e.g. the hypersurface Vf =
f−1(0) with f(z0, z1, z2) = z0 + z2

1 + z2
2 can be desingularized around 0 to give a filling). The

contact manifold (W 3
1 , α−) is isomorphic to (S3, αOT), where αOT is an overtwisted contact

structure. This can be seen by finding an overtwisted disk in the following way:
The manifold W 3

1 is diffeomorphic to the 3-sphere S3, and can be decomposed into two
solid tori V+ and V−. This decomposition can be achieved by using the sections σ± defined
in Section III.6.1.2 to construct diffeomorphisms

Φ± : S1 × D2 →W 3
1 , (eiϕ, z) 7→ eiϕ · σ±(z) .

The intersection of the two solid tori V+ and V− is the set of Legendrian orbits. The pull-back
of the contact form α− to any of the V± gives

Φ∗
±α− = ±A

4 − x2 − y2

A2
dϕ+

1− 2A2

A2
(x dy − y dx) ,

with A =

√
2− r20 +

√
(2− r20)2 − r2k

0 . We will stretch out a disk that spans through V+,

and has a collar lying in V−. The standard section in V+ is a disk D+ = {(1, z)} ⊂ V+. The
induced foliation on D+ consists of radial rays starting at z = 0. The center z = 0 is the
only singular point, and hence this is not an overtwisted disk, but we will extend D+ into the
torus V− by attaching an annulus, and consider the foliation there.

V+ V−

D+

A[ε,1]

Figure 3. W 3
1 decomposes into two solid tori V+ and V−. By taking a section

in V+ and extending it far enough into V−, we obtain an overtwisted disc.

The gluing map between the two solid tori is given by the equation

Φ−(eiϕ, eiϑ) = e−iϑ · Φ+(eiϕ, eiϑ)
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on the boundary of the tori. This can also be written in the form Φ−(eiϑ, eiϑ) = Φ+(1, eiϑ).
We will consider the embedding of the annulus A[ε,1] (which extends the disk D+) given by

A[ε,1] ↪→ V−, re
iϑ 7→ (eiϑ, reiϑ) .

The contact form pulled-back to this annulus gives(
A2 − 2r2

)
dϑ .

The foliation still runs radially, but there is a circle of singularities on this annulus, because
the coefficient in front of dϑ is negative for r = 1 and positive for small r > 0.

Note that it is easy see that all manifolds (W 3
k , α±) decompose into two solid tori with a

boundary of Legendrian orbits, and that the proof in Section 3 can be modified to see that all
of these solid tori are S1-contactomorphic to V+ and V− given above. Hence the distinction
of these contact S1-manifolds is purely given by the gluing map on the boundary of the tori.

In [Lut77] it was proved that every contact structure on the 3-sphere can be represented
by an S1-invariant 1-form.

Remark IV.5. The Milnor fibration together with the SO(2)-action described here con-
vert the manifolds (W 3

k , α±) into toric contact manifolds. This will be explained in more
depth in Appendix B. From the discussion there it will be obvious that all (W 3

k , α−) are
overtwisted.





CHAPTER V

The cross-section

Let M be a G-manifold.

Definition. A G-equivariant map µ : M → g∗ is called an (abstract) moment map,
if for every Lie subgroup ι : H ↪→ G the map µ◦ ι : M → h∗ is constant on the components of
the fixed point set of H (see [GGK02]). If there is such a moment map on M , the G-action
is called Hamiltonian.

As mentioned in Section II.2, at any point p ∈M of aG-manifoldM there is a submanifold
Sp called a slice. Usually there is a lot of freedom in choosing such a slice, but for the coadjoint
action on g∗, there exists a unique maximal slice at any ν ∈ g∗, which will be denoted by S∗ν
(see [DK00]). The maximal slice at a generic point is equal to the (dual of a) Weyl chamber.

Example V.1. Consider the SO(3)-structure of so(3)∗ given by the coadjoint action. The
principal orbits are 2-spheres lying concentrically around 0, and {0} is the only singular orbit
in so(3)∗. The maximal slice of an element ν ∈ so(3)∗ (ν 6= 0) is R+ · ν and the maximal slice
at 0 is the whole of so(3)∗.

Z∗

Y ∗

X∗

Ad
(
exp(tZ)

)∗

Ad
(
exp(tX)

)∗

Ad
(
exp(tY )

)∗so(3)∗

Figure 1. The coadjoint action on so(3)∗ is isomorphic to the standard ro-
tations on R3.

Definition. For a Hamiltonian G-manifold M with moment map µ : M → g∗, the
cross-section R at a point ν ∈ µ(M) is defined as

R := µ−1(S∗ν) .

The cross-section R is called principal cross-section, if it contains no smaller cross-section.

Lemma V.1. The cross-section at ν is a submanifold with a Hamiltonian Gν-action, where
Gν := Stab(ν)

Proof. The moment map µ is G-equivariant, and the G-orbit at ν̃ ∈ S∗ν is transverse to
the slice S∗ν , hence

µ∗TqM ⊇ µ∗Tq Orb(q) = Tν̃ Orb(ν̃) t S∗ν

57



58 V. THE CROSS-SECTION

for any q ∈ µ−1(ν̃), which shows that µ is transverse to the slice S∗ν , and the cross-section R
is a submanifold.

The Gν-action on R is just the restriction of the G-action on M , and the moment map
µR on R is the restriction of the moment µM on M , i.e.

µR(r) := µM (r) ◦ ι
for the natural inclusion ι : Gν ↪→ G and all r ∈ R. �

Remark V.1. Note that the action of Gν on the cross-section is in general not effective
(even if the G-action on M was).

Lemma V.2. Let M be a G-manifold with moment map µ : M → g∗. Choose a point
ν ∈ µ(M), and denote the cross-section at ν by R := µ−1(S∗ν). The product G × R is a
Gν-bundle over the base space G×Gν R :=

(
G×R

)
/Gν with the Gν-action given by

(h, (g, r)) 7→ (gh−1, hr)

for all g ∈ G, r ∈ R and h ∈ Gν . The following diagram induces a G-equivariant diffeomor-
phism between G×Gν R and the flow-out G ·R ⊂M .

G×R G ·R

G×Gν R

-Φ

?

π

p p p p p p
p p p p p p�

The original moment map µ can be reconstructed from µR : R→ g∗ν , because with the natural
projection πν : g→ gν the equation

µ(Φ(g, r)) = Ad(g−1)∗ (π∗νµR(r))

holds.

Proof. ThatG·R is diffeomorphic toG×GνR has also already been stated in [LMTW98],
but we will give again the main argument. If gr = g̃r̃ for some r, r̃ ∈ R and g, g̃ ∈ G, then
µ(r) = µ(g−1g̃r̃) = Ad(g̃−1g)∗µ(r̃). Since both µ(r) and µ(r̃) lie in S∗ν it follows from the
definition of slice that g̃−1g ∈ Gν , and as a consequence:

(g, r) ∼ (gg−1g̃, g̃−1gr) = (g̃, g̃−1g̃r̃) = (g̃, r̃) ,

as expected. It is not difficult to finish the proof that G×Gν R
∼= G · R (for smoothness use

that G×R is a Gν-bundle, and has local trivializations).
The first step in the reconstruction of the original moment map µ : G ·R→ g∗ consists in

building µ : R→ g∗ using µR : R→ g∗ν . The extension from R to G·R is then achieved by the
G-equivariance. According to Lemma C.2 in Appendix C, there is an embedding π∗ν : g∗ν ↪→ g∗

and π∗νµR = µ |R , because µ(R) ⊆ S∗ν . Together this gives the desired equation. �

Corollary V.3. In the situation above, we can define a 1-form β on G × R that is
invariant under the diagonal Gν-action by setting

β(g,r)(Xg + ṙ) := 〈µR(r)|πνcGXg〉 ,
where (Xg, ṙ) is a vector at (g, r) ∈ G×R, and cG : TG→ g is the Cartan form cG(Xg) =
g−1
∗ Xg.
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Proof. For h ∈ Gν define the map ψh : G × R → G × R, (g, r) 7→ (gh−1, hr). The
invariance can be seen by the following easy computation (here Rg denotes right-translation
in the Lie algebra)

ψ∗hβ(Xg + ṙ) = 〈µR(hr)|πνcGRh−1Xg〉 = 〈Ad(h−1)∗µR(r)|πν(gh−1)−1
∗ Rh−1Xg〉

= 〈µR(r)|Ad(h−1)∗πνh∗Rh−1g−1
∗ Xg〉 = 〈µR(r)|Ad(h−1)∗πν Ad(h)cGXg〉

= β(Xg + ṙ) . �

In the context of contact and symplectic manifolds, moment maps occur naturally (in fact
the notion of abstract moment map is of course a generalization of the symplectic moment
map).

Definition. A moment map µ : M → g∗ of a contact G-manifold (M,α) is given by

〈µ(p)|X〉 := αp(XM ) .

For a nowhere vanishing G-invariant function f : M → R, the two contact forms α and
f α are equivalent. The corresponding moment maps are µ and f µ, i.e. it is possible to rescale
a contact moment map by any such function.

Definition. A moment map for a symplectic G-manifold (M,ω) is a G-equivariant map
µ : M → g∗ such that for every X ∈ g the definition HX(p) := 〈µ(p)|X〉 gives a Hamiltonian
function of the vector field XM (p) := d

dt exp(tX) · p, i.e.

ιXM
ω = −dHX

holds.

For a symplectic G-manifold no moment map needs to exist, but if it does, the moment
map is unique up to the addition of elements ν ∈ g∗ that remain invariant under the coadjoint
action.

Lemma V.4. Let (M,ω) (resp. (M,α)) be a symplectic (resp. contact) manifold with a
Hamiltonian G-action. Let µM : M → g∗ be the moment map, and let R be the cross-section
at an element ν ∈ µM (M) ⊂ g∗. The cross-section becomes in a canonical way a symplectic
(contact) submanifold with a Hamiltonian Gν-action and moment map µR := ι∗µM |R (with
the natural embedding ι : Gν ↪→ G).

Proof. A proof for symplectic manifolds was given in [LMTW98] and one for contact
manifolds can be found in [Wil02]. We reprove the statement anyway, because the argument
used in [Wil02] is indirect and would not help in Lemma V.6.

(a) Let (M,α) be a contact manifold. The Reeb field XReeb is tangent to the cross-
section R, because

LXReeb
〈µ|X〉 = LXReeb

α(XM ) = 0 .

One still needs to show that V := (TrR ∩ ξr, dα) is a symplectic vector space for all
r ∈ R (define ξr = kerαr). For any two elements X,Y ∈ g, we have

dα(XM , YM ) = ιYM
ιXM

dα = ιYM
LXM

α− ιYM
d〈µ|X〉 = −〈µ|[X,Y ]〉 .

Instead of proving that V itself is symplectic, one shows that the complement of V
in ξr is symplectic.
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It is useful to have a look at Appendix C to understand better the arguments
used below. Choose an Ad-invariant metric m on g and denote the element dual to
µ(r) by Z. Lie algebra and coalgebra have an orthogonal splitting

g = im ad(Z)⊕ ker ad(Z) and g∗ = im ad(Z)∗ ⊕ ker ad(Z)∗ .

The slice S∗ν lies in ker ad(Z)∗, and hence in particular ad(Z)∗µ(r) = 0. Every vector
XM (r) for an element X ∈ im ad(Z) lies in ξr, because if X := [Z, X̃] for X̃ ∈ g,
then

α(XM (r)) = 〈µ(r)|X〉 = 〈µ(r)|ad(Z)X̃〉 = 〈ad(Z)∗µ(r)|X̃〉 = 0 .

It follows that the set {XM (r)|X ∈ ad(Z)g} is equal to the complement V ⊥ of V in
ξr.

We want to show that (V ⊥, dα) is a symplectic vector space. This means that
for every non-zero XM (r) = [Z, X̃]M (r), there is an element YM (r) = [Z, Ỹ ]M (r)
with dα(XM , YM ) = −〈µ(r)|[X,Y ]〉 6= 0. If this was not true, it would follow that
ad(X)∗µ(r) vanishes on ad(Z)g, but in fact ad(X)∗µ(r) = 0 holds even on the whole
Lie algebra g, because for any W ∈ ker ad(Z) we have

〈µ(r)|[X,W ]〉 = 〈µ(r)|[[Z, X̃],W ]〉 = 〈µ(r)|[[Z,W ], X̃] + [Z, [X̃,W ]]〉

= 〈ad(Z)∗µ(r)|[X̃,W ]〉 = 0 .

The elements exp(tX) lie in the stabilizer Gν , because ad(X)∗µ(r) = 0 and hence
Ad(exp(tX))∗µ(r) = µ(r). By the definition of a slice it follows that exp(tX) ∈ Gν

and X ∈ gν = ker(ad(Z)), but since the sum g = im ad(Z)⊕ ker ad(Z) is direct, we
have X = 0.

(b) For symplectic manifolds the equation

ω(XM , YM ) = −ιYM
d〈µ|X〉 = −〈µ|[X,Y ]〉

holds. Thus the argument in (a) can be applied without any major modification. �

One of the reasons why the cross-section is important for symplectic and contact manifolds
is that it allows to reconstruct its flow-out (including symplectic or contact structure), and
that the flow-out lies open and dense in the original manifold.

Lemma V.5. Let R be the principal cross-section in a Hamiltonian G-manifold M with
moment map µ : M → g∗. The set R is a connected, open and dense subset.

Proof. It is known that codimM(sing) ≥ 2, hence it is enough to restrict to the set of reg-
ular orbits. For symplectic manifolds the required statement has been proved in [LMTW98,
Lemma 3.11]. Note that M(prin) in that article denotes the set of regular orbits.

For a contact manifold M , on the other hand, a strategy like in [Wil02] can be applied:
The symplectization M×R is a Hamiltonian G-manifold with moment map µ̃(p, t) := et µ(p).
Apply the Lemma to M ×R, and restrict all cross-sections to the set M ×{0} to get back to
the contact case. �

Remark V.2. One might wonder whether the principal cross-section always corresponds
to a Weyl chamber, or put differently, whether the intersection of an (open) Weyl chamber
with the image of the moment map is always non-empty. This is not the case, as the following
example shows: The Brieskorn manifolds (W 2n−1

k , α+) with their natural SO(n)-action have
principal stabilizer isomorphic to SO(n − 1), which is not abelian for n ≥ 4. It follows that
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the moment map does not map any point into the interior of a Weyl chamber. In particular
µ(W 2n−1

k ) lies in a set of codimension 3.

For a symplectic or contact G-manifold it is possible to reconstruct the flow-out from the
cross-section (including the corresponding forms). Intuitively this fact can be explained in
the following way: If we know the corresponding structure on TM |R (not just on TR), we are
done, because the G-action transports the structure to any point of the flow-out G · R. Now
for the contact structure α, the G-orbits are transverse to the cross-section, at each p ∈ R,
and we need to find the elements X ∈ g for which XM (p) lies in the kernel of α and which
point out of R. This is not too difficult, since according to Lemma V.2 the moment map
µ : R→ g∗ is known.

Orb(p)

p
R

Figure 2. Knowing the contact planes in TM |R is enough because of G-invariance.

Lemma V.6. Let (M,ω) (resp. (M,α)) be a symplectic (resp. contact) G-manifold with
moment map µM : M → g∗, and let R be the cross-section at ν ∈ g∗. With the G-map
Φ : G × R → M defined in Lemma V.2 and the 1-form β given in Corollary V.3, the
following statements hold:

If (M,α) is a contact manifold, then Φ∗α = αR + β. Put differently, αR + β induces a
G-invariant contact form on G×Gν R that is contactomorphic to the one on G ·R ⊆M .

If (M,ω) is a symplectic manifold, then the 2-form ωR+dβ on G×R induces a G-invariant
symplectic form on G×Gν R that is symplectomorphic to the one on G ·R ⊆M .

Proof. To prove the statement, we first need to compute the differential Φ∗ of the map
Φ : G×R→M, (g, r) 7→ g · r. The differential is computed by

Φ∗(Xg + ṙ) =
d

dt
Φ(g · exp(tX), r(t)) =

d

dt

(
g · exp(tX) · r(t)

)
,

where Xg ∈ TgG and r(t) is a path in R, such that r(0) = r and r′(0) = ṙ. Since Φ∗ is linear
and by using Φ∗(Xg) = g∗XM (r) and Φ∗(ṙ) = g∗ṙ, one obtains

Φ∗(Xg + ṙ) = g∗XM (r) + g∗ṙ .

Consider first the case of a contact G-manifold: We need to show that Φ∗α = αR + β.
The pull-back of α is

(Φ∗α)(Xg + ṙ) = α(g∗ṙ) + α(g∗XM (r)) = α(ṙ) + 〈µM (r)|X〉 .
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On the other hand, if Xg + ṙ is plugged into αR + β one obtains

αR(Xg + ṙ) + β(Xg + ṙ) = αR(ṙ) + 〈π∗νµR|cG(Xg)〉 = αR(ṙ) + 〈π∗νµR|X〉 .
According to Lemma V.2 the map π∗νµR is equal to the restriction of µM to R. Since ṙ is
tangent to R and αR is the restriction of α to R it follows that

αR(ṙ) + 〈π∗νµR|X〉 = α(ṙ) + 〈µM (r)|X〉 ,
and Φ∗α = αR + β, as we wanted to show.

Let now (M,ω) be a symplectic manifold. We need to show that Φ∗ω = ωR + dβ. The
right-hand side can be expanded (we use that π∗νµR = µM |R) to

(ωR + dβ)(Xg + ṙ, Yg + ṡ) = ωR(ṙ, ṡ)− L(Yg+ṡ)β(Xg) + L(Xg+ṙ)β(Yg)

− β
(
[Xg + ṙ, Yg + ṡ]

)
= ωR(ṙ, ṡ)− L(Yg+ṡ)〈µM (r)|X〉+ L(Xg+ṙ)〈µM (r)|Y 〉
− β

(
[Xg, Yg] + [ṙ, ṡ]

)
= ωR(ṙ, ṡ)− Lṡ〈µM (r)|X〉+ Lṙ〈µM (r)|Y 〉 − 〈µM (r)|[X,Y ]〉 .

For the pull-back of ω one obtains

(Φ∗ω)(Xg + ṙ, Yg + ṡ) = ω(g∗XM (r) + g∗ṙ, g∗YM (r) + g∗ṡ)

= ω(ṙ, ṡ)− Lṡ〈µM (r)|X〉+ Lṙ〈µM (r)|Y 〉+ ω(XM (r), YM (r)).

The last term above is equal to

ω(XM , YM ) = −LYM
〈µM (r)|X〉 = − d

dt
〈µM (exp(tY ) · r)|X〉

= − d

dt
〈µM (r)|Ad(exp(−tY ))X〉 = −〈µM (r)|[X,Y ]〉

and so
(Φ∗ω)(Xg + ṙ, Yg + ṡ) = ω(ṙ, ṡ)− Lṡ〈µM (r)|X〉

+ Lṙ〈µM (r)|Y 〉 − 〈µM (r)|[X,Y ]〉 .
This shows that the equality Φ∗ω = ωR + dβ does indeed hold. �

One can find a symplectic version of the following theorem in [LMTW98], the contact
version has been described in [Wil02].

Theorem V.7 (cross-section theorem). Let (M,α) be a contact G-manifold with moment
map µM : M → g∗. Let ν ∈ g∗ be an element in the image of the moment map, and let
S∗ν ⊆ g∗ be the unique maximal slice at ν.

Then:
(1) The cross-section R := µ−1

M (S∗ν) is a contact Gν-submanifold of M , where Gν :=
Stab(ν).

(2) The G-action induces a G-diffeomorphism between the flow-out G · R ⊆ M and
G ×Gν R. The contact form α on the flow-out can be reconstructed from the cross-
section and the embedding ι : Gν ↪→ G.

Remark V.3. The theorem uses the embedding Gν ↪→ G. If one considers a cross-section
R as an abstract H-manifold with H ∼= Gν and one embeds H in two different ways into G
(ι1, ι2 : H ↪→ G), then in general G ×ι1H R 6∼= G ×ι2H R. In the case of SO(3)-manifolds,
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however, the embedding of S1 into SO(3) is unique up to conjugation, and no problem will
arise at this point.





CHAPTER VI

4-dimensional symplectic SO(3)- and SU(2)-manifolds

The classification of closed symplectic 4-manifolds with a Hamiltonian SO(3)-action was
given by Iglesias in [Igl91]. Later Audin published the corresponding classification result for
Hamiltonian SU(2)-actions in [Aud04]. In this chapter we will reprove these results using
the cross-section theorem. From now on let G denote either SO(3) or SU(2), and let (M,ω)
be a 4-dimensional symplectic G-manifold with moment map µ : M → g∗.

Example VI.1. (1) The manifold (CP2, ωFS) (where ωFB is the symplectic form as-
sociated to the Fubini-Study metric [MS95]) can be given a Hamiltonian SO(3)-
action induced by the standard representation on R3, which has to be complexified
to obtain an action on C3. The moment map is given by

〈µ([x1 + iy1 : x2 + iy2 : x3 + iy3])|X〉 :=
xtXy

‖x‖2 + ‖y‖2
,

with X ∈ so(3), x = (x1, x2, x3) and y = (y1, y2, y3). The point [1 : 0 : 0] has
stabilizer isomorphic to O(2), and Orb([1 : 0 : 0]) is an an embedded RP2. The only
other singular orbit is given by Orb([1 : i : 0]) ∼= S2, with stabilizer isomorphic to S1.
All other points have stabilizer isomorphic to Z2.

The image of the moment map is a 3-ball. The preimage of every concentric
2-sphere in µ(CP2) is a single orbit. On one end we have the origin whose preimage
is Orb([1 : 0 : 0]), and on the other extreme there is the boundary of the ball with
preimage Orb([1 : i : 0]).

(2) The manifold (S2× S2, λ1 ωstd⊕ λ2 ωstd) is a symplectic manifold (ωstd is the SO(3)-
invariant volume form on the sphere) with diagonal SO(3)-action, i.e. (g, (p1, p2)) 7→
(gp1, gp2). The stabilizer of a point (p1, p2) is equal to the intersection Stab(p1) ∩
Stab(p2). Hence the only singular orbits are {(p, p)|p ∈ S2} and {(p,−p)|p ∈ S2}.
The principal stabilizer is trivial.

The moment map is given by

〈µ(x1, y1, z1;x2, y2, z2)|X〉 = λ1

(
x1X

∗ + y1 Y
∗ + z1 Z

∗)
+ λ2

(
x2X

∗ + y2 Y
∗ + z2 Z

∗)
(the 2-sphere is equal to a coadjoint SO(3)-orbit and there the moment map is the
identity). The image of the moment map is a spherical shell with inner radius
||λ1| − |λ2|| and outer radius equal to |λ1| + |λ2|. The extremal values are taken
again on the singular orbits. If |λ1| = |λ2|, the image of the moment map is a 3-ball.

(3) The manifold (CP2, ωFS) also admits a Hamiltonian SU(2)-action. We let SU(2) act
by embedding it in the standard way into the upper left part of SU(3).

The point [0 : 0 : 1] is a discrete fixed point, and the only other singular orbit is
Orb([1 : 0 : 0]) ∼= S2, which has stabilizer isomorphic to S1.
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The image of the moment map is a 3-ball, with the fixed point of CP2 lying in
the preimage of 0 ∈ su(2)∗, and the other singular orbit is in the preimage of the
boundary of the ball.

Lemma VI.1. Let (M,ω) be a 4-dimensional symplectic G-manifold with moment map
µ : M → g∗. The (principal) cross-section R is a 2-dimensional symplectic S1-manifold. The
principal stabilizer of the G-action on M can only be trivial, isomorphic to Zk or to S1.

Proof. The first statement is a direct consequence of the cross-section theorem and
Example V.1. If the image of the moment map were completely contained inside {0}, then
the action would be trivial, because for every X ∈ g, the Hamiltonian function HX := 〈µ|X〉
would be constant.

Note that Stab(p) is a subgroup of Stab(µ(p)) because the moment map is G-equivariant.
Thus the principal stabilizer has to be one of the subgroups of S1, which reduces to one of
the cases mentioned above. �

Theorem V.7 says that R together with the embedding of S1 = SO(2) into G determines
G ·R completely. But the embedding of SO(2) into G is unique (up to inner automorphisms)
and thus only R is relevant.

These possible cases will now be inspected separately.
Principal stabilizer isomorphic to SO(2): Such a stabilizer can only occur if G =

SO(3), because the elements ±1 ∈ SU(2) lie in the intersection of all maximal tori,
and an SU(2)-action with such an isotropy group is not effective.

The stabilizer at points of the cross-section R coincides with the S1 acting on R,
hence this group acts trivially on R, and it follows that

SO(3) ·R ∼= SO(3)×SO(2) R = S2 ×R .

Also, because SO(2) acts trivially, it follows that the differential of the Hamiltonian
function HZ := 〈µR|Z〉 is zero, and then HZ is constant on R, which has two
consequences: The image µ(SO(3) ·R) lies in a single orbit in g∗, and the same then
holds for all of µ(M), in particular the image of M does not contain 0. The manifold
M is equal to the flow-out of R and thus

M ∼= S2 ×R ,

with the standard SO(3)-action on the 2-sphere and trivial action on R. Also, it
follows that the symplectic form on M is equal to the sum of an SO(3)-invariant
volume form on S2 and some arbitrary volume form on R. The manifold M is thus
determined by the genus of R and the total volumes of the 2-sphere and of R.

Principal stabilizer is discrete: All cyclic groups in G = SU(2) isomorphic to Z2k

contain the elements ±1 ∈ SU(2), hence an SU(2)-action is only effective if the order
of the principal stabilizer is odd. The SO(2)-action on R has the same stabilizer Zk

as the G-action on M (i.e. the S1-action on R is in general not effective).
Assume for now that 0 /∈ µ(M). The cross-section is a 2-dimensional toric

manifold, i.e. R is simply a 2-sphere with k-fold rotations around a fixed axis. The
manifold M = G ×SO(2) S2 is an S2-bundle associated to the S1-bundle G over S2.
The only two S2-bundles over S2 are S2 × S2 and S2×̃S2, which is the unique non-
trivial bundle obtained e.g. as the projectivization P(O(1) ⊕ C). Here O(1) is the
dual of the tautological line bundle over CP1. We denote the k-fold tensor product
O(1)⊗ . . .⊗O(1) by O(k).
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The two sphere-bundles can be distinguished by choosing sections, and measuring
the parity of the normal bundles. The trivial S2-bundle gives even parity, the non-
trivial one gives odd parity. In our examples, such a section can be given by G/S1 ↪→
M, [g] 7→ [g,N ], where N is a fixed point on S2 (the north pole). The normal bundle
of this section is isomorphic to G ×S1 C with the k-fold rotations on C. Note that
the equivalence relation (g, z) ∼ (ge−iϕ, eikϕz) can be regarded as the one of a k-fold
tensor product of a line-bundle, i.e.

(g, z ⊗ 1⊗ . . .⊗ 1) = (g, z) ∼ (ge−iϕ, eikϕz) = (ge−iϕ, eikϕz ⊗ 1⊗ . . .⊗ 1)

= (ge−iϕ,
(
eiϕz

)
⊗
(
eiϕ1

)
⊗ . . .⊗

(
eiϕ1

)
) .

The normal bundle for the section of an SO(3)-manifold with principal stabilizer Zk

is isomorphic to O(2k), and the one of an SU(2)-manifold with stabilizer Z2k+1 is
correspondingly isomorphic to O(2k + 1). Hence all of these SO(3)-manifolds are
diffeomorphic to S2 × S2, and all SU(2)-manifolds are diffeomorphic to S2×̃S2.

If 0 /∈ µ(M), then M is determined by G, the principal stabilizer Zk, µR(max)
and µR(min).

If 0 ∈ µ(M), the principal cross-section is an open disk D2
R ⊂ C with an S1-

action that rotates around the origin. The only singular orbit is a fixed point that
corresponds to the maximum of µR, and there are neither exceptional orbits in R nor
in G ·R. Below we will see that the principal stabilizer has to be trivial or isomorphic
to Z2.

Now we have to check what happens when 0 lies in the image of the moment map. Note
that the orbits in µ−1(0) are all isotropic, because

ωp(XM , YM ) = −〈µ(p)|[X,Y ]〉 = 0 for all X,Y ∈ g and p ∈ µ−1(0).

Thus the orbits in µ−1(0) have at most dimension 2, and they have to be singular. The
possible stabilizer for p ∈ µ−1(0) is either G, SO(2) or O(2).

Fixed point: If G = SO(3), then there are no fixed points, because the representation
theory of this group only allows odd-dimensional irreducible submodules, and these
are not compatible with the symplectic structure on the tangent space of a fixed
point.

If G = SU(2) there can be at most a single discrete fixed point p ∈ M . The
reason for this is that the linearized SU(2)-action on TpM has to be by the standard
matrix representation. The neighborhood of such a fixed point contains only free
orbits, and the given case can only occur if the principal stabilizer of M is trivial.

To get the complete manifold M one needs to glue the neighborhood of a fixed
point Bε(0) ⊂ C2 with SU(2) ×S1 R in an equivariant way. Up to isotopy there is
a unique way to do this. Gluing the two manifolds respecting the symplectic form
and the group action is equivalent to gluing the principal cross-sections of these two
parts along a neighborhood of the boundary. The cross-sections have to be identified
by an S1-equivariant symplectomorphism on a collar. It can be checked by a short
computation that these maps are in a one-to-one correspondence with the maps from
I → S1, and thus the space of equivariant symplectomorphisms is connected, which
means that the gluing is unique.
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cross-section around fixed point

R

Figure 1. Gluing a neighborhood of a fixed point with the rest of the manifold
can be done on the cross-section level.

The manifold given in Example VI.1.(3) is a symplectic 4-dimensional SU(2)-
manifold which contains 0 in the image of the moment map, and by the result above
it is, up to scaling of the symplectic form, the unique one.

Lagrangian orbits: If p ∈M lies in µ−1(0) and Stab(p) is either SO(2) or O(2), then
Orb(p) is a Lagrangian submanifold, and its neighborhood is symplectomorphic to
the cotangent bundle T ∗ Orb(p) with the natural symplectic structure (see Exam-
ple II.1). The only action possible on T ∗ Orb(p) is the natural one induced from the
action on Orb(p). This excludes the case G = SU(2), because this action would not
be effective.

If G = SO(3), both SO(2) and O(2) can occur as stabilizers for singular orbits.
Like in the fixed point case above, to produce a closed manifold we need to glue
the Lagrangian orbit into the cross-section part conserving the structure, and this is
equivalent to gluing the principal cross-sections. The gluing is again unique.

If the stabilizer of the singular orbit is isomorphic to SO(2), then both building
blocks are diffeomorphic to T ∗S2, and the gluing respects a bundle structure over S2.
In fact the manifold M is diffeomorphic to S2 × S2 described in Example VI.1.(2)
with λ1 = λ2.

In the case where the singular orbit has stabilizer O(2), one of the building
blocks is diffeomorphic to T ∗RP2, and the other one to a line-bundle with Euler
class 4 over S2. The given manifold is CP2 with the SO(3)-action induced by the
standard representation on R3, which has to be complexified to obtain an action on
C3. The embedded RP2 is the orbit of [1 : 0 : 0] and the singular orbit S2 is the orbit
of [1 : i : 0]. This has been described in Example VI.1.(1).



CHAPTER VII

5-dimensional contact SO(3)-manifolds

This chapter contains the main results of the thesis. It consists of the proof of the theorem
below, which describes the classification of 5-dimensional contact SO(3)-manifolds.

Theorem VII.1. The following list gives a complete set of invariants for a cooriented
5-dimensional closed contact SO(3)-manifold M , in the sense that there is an SO(3)-contacto-
morphism between any two manifolds with equal invariants, and there exists a manifold for
every choice of invariants from the list.

• The principal stabilizer is isomorphic to Zk for some k ∈ N (including the trivial
group, for k = 1).
• The closure R of the cross-section is a compact 3-dimensional contact S1-manifold

without any fixed points or special exceptional orbits. Each boundary component of
R corresponds to a component of M(sing). The orbits in the boundary are the only
Legendrian orbits.
• If M has singular orbits, then the principal stabilizer is either isomorphic to Z2 or

trivial. In the first case, all components of M(sing) are isomorphic to S1×RP2. If the
principal stabilizer is trivial, one has two different types of components in M(sing),
which are either copies of S1 × S2 or S1×̃S2 := R × S2/ ∼ with the equivalence
(t, p) ∼ (t+1,−p). The Dehn-Euler number n(R) is an integer, which describes how
M(sing) is glued onto M(reg). This Dehn-Euler number satisfies certain arithmetic
conditions described in the Definition on page 78.

Remark VII.1. In Theorem IV.16, we gave the classification of contact 3-dimensional
S1-manifolds. The cross-section R is thus determined by the following invariants:

• If R is closed, it is determined solely by the genus of its orbit space B := R/S1, the
exceptional orbits, and the orbifold Euler number which cannot be zero.
• If R is an open manifold, it is determined by the number of boundary components,

the genus of its orbit space B, and its exceptional orbits.

By applying the cross-section theorem, one can reduce the 5-dimensional contact SO(3)-
manifold to a 3-manifold.

Corollary VII.2. Let (M,α) be a 5-dimensional contact SO(3)-manifold with moment
map µ : M → so(3)∗. The cross-section R is a 3-dimensional contact S1-manifold without
Legendrian orbits or fixed points.

Conversely, let (R,α) be a 3-dimensional contact S1-manifold without Legendrian orbits,
and without fixed points. Then there is a 5-dimensional contact SO(3)-manifold M that has
R as its cross-section.

Proof. The first part of the statement is a direct consequence of the cross-section theo-
rem and Example V.1. If R had Legendrian orbits or fixed points, then 0 would be contained
in the image µ(R).
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For the second part, the manifold M is given by SO(3)×S1 R, with the standard SO(3)-
action on the left factor. The contact form on M is constructed by taking α+ α(ZR) ·Z∗ on
{e} ×S1 R, and moving it with the SO(3)-action to the rest of M . Here Z∗ denotes the dual
of Z with respect to the standard basis {X,Y, Z} of so(3), i.e. to a basis were the Lie bracket
of two basis vectors gives the third one. �

In the rest of this chapter we will write c.p. G-contactormorphism for coorientation
preserving G-contactomorphism.

Lemma VII.3. Let (M,α) and (M ′, α′) be 5-dimensional contact SO(3)-manifolds. A
c.p. SO(3)-contactomorphism Φ : M → M ′ induces a c.p. S1-contactomorphism between the
cross-sections R and R′.

Proof. The pull-back Φ∗α′ is equal to f ·α with a positive function f : M → R. For the
moment maps, this gives µ′ ◦Φ = f · µ. The restriction of Φ to R is an S1-contactomorphism
to R′. �

Lemma VII.4. Let (M,α) and (M ′, α′) be 5-dimensional contact SO(3)-manifolds, and let
R and R′ be their respective cross-sections. A c.p. S1-contactomorphism Φ : R→ R′ induces
an SO(3)-contactomorphism between the flow-outs SO(3) ·R ⊂M and SO(3) ·R′ ⊂M ′.

Proof. The map is given by

SO(3)×S1 R→ SO(3)×S1 R′, [g, p] 7→ [g,Φ(p)] .

One easily checks that the map is well-defined, and respects the contact structures. �

Let (M,α) be a contact 5-manifold and let SO(3) act by contact transformations with
moment map µ.

Lemma VII.5. The principal stabilizer of a contact SO(3)-manifold is isomorphic to Zk

for some k ∈ N (including the trivial group, for k = 1).

Proof. Since the moment map µ corresponding to the action is equivariant, Stab(p) ≤
µ(Stab(p)). The SO(3)-structure of so(3)∗ was given in Example V.1, and it follows that
µ ≡ 0 if the principal stabilizer is not one of Zk or S1. But µ ≡ 0 means that the action is
trivial, which in particular contradicts effectiveness.

In fact, the circle S1 can also be excluded as principal stabilizer. Assume exp(tX) (for some
X ∈ so(3), X 6= 0) leaves p fixed, i.e. exp(tX) · p = p, then we have µ(p) = µ(exp(tX) · p) =
Ad(exp(−tX))∗µ(p) and as a consequence ad(X)∗µ(p) = 0. Let now X,Y, Z ∈ so(3) be
the standard basis of the Lie algebra. Then, 〈µ(p)|Z〉 = 〈µ(p)|[X,Y ]〉 = 0, 〈µ(p)|Y 〉 =
−〈µ(p)|[X,Z]〉 = 0 and obviously 〈µ(p)|X〉 = α(XM (p)) = 0, i.e. µ(p) = 0.

Not only does this show that S1 cannot be a principal stabilizer, it also proves that all
singular orbits lie in µ−1(0), and the cross-section has no fixed points. �

The principal cross-section R = µ−1(R+Z∗) is a contact 3-manifold with a Hamiltonian
S1-action. The S1-orbits are neither fixed points nor tangent to the contact structure. If
0 /∈ µ(M) the cross-section R is a closed subset of M , because R+Z∗ ∩µ(M) is compact, and
hence R is a closed manifold and then M , as flow-out of R, is completely determined by R.

Lemma VII.6. Let (M,α) be a 5-dimensional contact SO(3)-manifold. Then M(sing) =
µ−1(0).
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Proof. The preimage µ−1(0) is the union of SO(3)-orbits tangent to kerα, i.e. a collection
of isotropic submanifolds. But isotropic submanifolds of a 5-dimensional contact manifold
have at most dimension 2, and hence these orbits have to be singular. On the other hand,
the proof of Lemma VII.5 shows that all singular orbits lie in µ−1(0). �

Furthermore a stabilizer of an exceptional orbit is isomorphic to some Zm and these orbits
lie discrete surrounded by principal orbits.

1. Examples

In this section we will introduce a few examples. They will be used during the rest of the
chapter to apply the theory while it is being developed.

Example VII.1. The standard contact structure on the 5-sphere S5 ⊂ C3 is given at a
point (z1, z2, z3) by

α+ =
3∑

j=1

(
xj dyj − yj dxj

)
,

with zj = xj + iyj . This contact form is invariant under the SO(3)-action induced by the
standard matrix representation.

The stabilizer of a point x + iy ∈ S5 with x = (x1, x2, x3) and y = (y1, y2, y3) is the
intersection of the stabilizer of x and that of y. If x and y are linearly independent, we have
Stab(x + iy) = {e}, and Stab(x + iy) ∼= S1 otherwise.

For any matrix A ∈ so(3), the moment map is given by 〈µ+(x + iy)|A〉 = 2xtAy. The
cross-section is then the set

R = {x + iy ∈ S5|x1y3 − y1x3 = x2y3 − y2x3 = 0 and x1y2 − y1x2 > 0} .

The condition x1y2 − y1x2 > 0 implies that the other two equations, regarded as a linear
system in (x3, y3), have the unique solution (x3, y3) = 0. Hence the cross-section is given by

R = {(z1, z2, 0) ∈ S5|x1y2 − y1x2 > 0} .

The S1-action on R is given by simultaneous rotations in the (x1, x2)- and (y1, y2)-plane. Its
orbit space R/S1 lies in a natural way in CP1 with the projection π : R → R/S1 given by
π(x1 + iy1, x2 + iy2, 0) = [x1 + ix2 : y1 + iy2]. Note that the equation x1y2 − x2y1 = 0 is
well-defined in CP1 and its solutions are given by the standard embedding of RP1. Hence
R/S1 is diffeomorphic to an open disk and R ∼= D2

<1 × S1.
Another SO(3)-invariant contact form on S5 can be given by

α− = i

3∑
j=1

(
zj dz̄j − z̄j dzj

)
− i
(
(z2

1 + z2
2 + z2

3) d(z̄
2
1 + z̄2

2 + z̄2
3)− (z̄2

1 + z̄2
2 + z̄2

3) d(z
2
1 + z2

2 + z2
3)
)
.

Note that the first part of the form is identical to the standard form α+. It is easy to check
that the second term does not give any contribution to the moment map, and hence µ+ = µ−.
The cross-section for α+ and α− are then of course also equal.

The example will be continued at the end of the next section.
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Example VII.2. Other interesting SO(3)-manifolds are the Brieskorn spheres (W 5
k , α±),

which were already introduced in Section III.6.1.2 and IV.6.1. As we will see later, these
examples cover all the simply connected contact SO(3)-manifolds with singular orbits of
dimension 5. The open book decomposition of these manifolds is closely related to the SO(3)-
symmetry (see [vKNar] and Appendix E).

It is well-known that W 5
k is diffeomorphic to S5 for k odd, and to S2 × S3 for k even,

but Ustilovsky ([Ust99]) showed by using contact homology that all of the contact mani-
folds (W 5

2n+1, α+) ∼= S5 are different, so in particular we cannot expect them to be SO(3)-
contactomorphic.

The moment map for (W 5
k , α±) was already computed in the proof of Lemma IV.22. The

infinitesimal generators of the SO(3)-action have a trivial z0-component. Hence the moment
maps µk(z0, z1, z2, z3) for both αk and α−k have to be equal. They are given by

〈µk|X〉 = 4(x3y2 − x2y3), 〈µk|Y 〉 = 4(x1y3 − x3y1) , and 〈µk|Z〉 = 4(x2y1 − x1y2) .

It can be seen with a similar computation as in Example VII.1 that the cross-section R is
given by the points (z0, z1, z2, 0) ∈W 5

k with x2y1 − x1y2 > 0.
The map (z0, z1, z2, 0) 7→ z0 from R to the open unit disk is the projection of R onto its

quotient space (see [HM68]). The cross-section is S1-diffeomorphic to D2
<1 × S1.

The example will be continued at the end of the next section.

2. Singular orbits

In this section, we will show that each component of M(sing) corresponds to one of three
possible models.

Lemma VII.7. Let (M,α) be a 5-dimensional closed contact SO(3)-manifold. Recall from
Lemma VII.5 that the principal stabilizer H is either trivial or isomorphic to Zk.

If H ∼= Zk with k ≥ 3, then M does not have any singular orbits.
If H ∼= Z2, then any component of M(sing) has a neighborhood that is SO(3)-diffeomorphic

to a neighborhood of the zero-section in S1 × TRP2, with trivial action on the first part and
natural action on the second one.

If H is trivial, any component of M(sing) has a neighborhood that is SO(3)-diffeomorphic
to a neighborhood of the zero-section in the vertical bundle V Etriv or V Etwist, where Etriv is
the trivial S2-bundle over S1 and Etwist is the twisted S2-bundle over S1.

In all of these cases, there is up to SO(3)-contactomorphism a unique invariant contact
form on sufficiently small neighborhoods of M(sing).

In the rest of this section we will describe all possible cases, and show the claims of the
lemma.

One of the conclusions will be that the closure of the cross-section of a 5-dimensional
contact SO(3)-manifold M is a compact 3-dimensional contact S1-manifold with boundary.
The interior points of R lie in regular SO(3)-orbits, while ∂R lies in M(sing). The S1-orbits at
the boundary are Legendrian.

Lemma VII.8 (Equivariant Weinstein Theorem). Let (M,α) be a contact G-manifold, and
let Orb(p) ↪→M be a Legendrian G-orbit. Then a neighborhood of Orb(p) is G-contactomorphic
to a neighborhood of the zero-section in (R⊕T ∗ Orb(p), dt+λcan), where G acts by g · (t, v) =
(t, g−1

∗ v).
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Proof. There is a G-invariant almost complex structure J on the contact structure
ξ = kerα such that

Tq Orb(p) ∩ J · (Tq Orb(p)) = {0} for all q ∈ Orb(p).

The trivial line bundle ε1 spanned by the Reeb vector field of α is also G-invariant. This
implies that the normal bundle of T Orb(p) in M can be equivariantly identified with ε1 ⊕
T Orb(p) ∼= ε1 ⊕ T ∗ Orb(p). The contact form restricts to dt+ c λcan on the zero-section, and
rescaling the fiber gives the desired form dt+λcan. The differential of α is a positive multiple
of dλcan on the orbit. This allows us to apply Theorem A.3, which finishes the proof. �

By looking at the different stabilizers that can occur, it will be seen that all singular orbits
are either isomorphic to S2 with stabilizer S1 or to RP2 with stabilizer O(2).

2.1. Fixed points. The irreducible representations of SO(3) are all odd-dimensional.
This implies that 5-dimensional contact SO(3)-manifolds do not have fixed points by the
following argument. The vector space spanned by the Reeb field is a trivial submodule of
TpM , and the contact plane (ξp, Jp) is a complex 2-dimensional SO(3)-module, which also
has to be trivial. That means the action on TpM is trivial, which contradicts effectiveness.

2.2. Stabilizer O(2). The neighborhood of an orbit with stabilizer O(2) is SO(3)-equi-
variant to R×T ∗ Orb(p) with Orb(p) ∼= RP2. The stabilizer of any non-zero element in T ∗RP2

is isomorphic to Z2, which is then the principal stabilizer.
A connected component of

M(O(2)) := {p ∈M |Stab(p) is conjugate to O(2)}

is an RP2-bundle over S1 (the closure M(O(2)) is a closed submanifold, possibly containing
points with larger stabilizer than O(2), but we proved that M has no fixed points, and
hence M(O(2)) = M(O(2))). The structure group of a (G/H)-bundle with the standard G-
action on the fibers is just the group of G-equivariant diffeomorphisms from G/H to itself.
It is not very difficult to see that this is given by N(H)/H (see [Bre93]). In our case
N(O(2))/O(2) = O(2)/O(2) = {e}, and hence every component of M(O(2)) is of the form
S1×RP2. The neighborhood of such a component is SO(3)-diffeomorphic to S1×T ∗RP2 with
the standard SO(3)-action on the second part. A possible invariant contact form is given by
dt+ λcan, where λcan is the canonical 1-form on T ∗RP2.

In fact, the contact form above is the only one in a small neighborhood of the singular
orbit up to SO(3)-contactomorphisms. This can be proved in a similar way as Lemma VII.8:
After pulling back the form to S1 × T ∗RP2, one has α = f(t) dt + r(t)λcan on the singular
orbits. One can divide by f(t) and then rescale the fibers to obtain the standard form dt+λcan,
which allows us to use [LW01, Theorem 5.2], which states that there is a neighborhood of
the orbit SO(3)-contactomorphic to the normal bundle.

In Sections 3 and 4, it will be important to know what the cross-section looks like in
a neighborhood of the singular orbits. We compute the cross-section close to M(O(2)) in a
coordinate description.

A chart of RP2 around [1 : 0 : 0] is given by R2 → RP2, (q1, q2) 7→ [1 : q1 : q2], and the
SO(3)-action is induced by the standard matrix representation. Let X,Y, Z be the standard
basis of so(3), where each element generates the rotation around the corresponding axis of
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R3. For Y , for example, the action looks like

exp(tY ) · [1 : q1 : q2] = [cos t+ q2 sin t : q1 : q2 cos t− sin t]

=
[
1 :

q1
cos t+ q2 sin t

:
q2 cos t− sin t
cos t+ q2 sin t

]
The infinitesimal generators of the action are given in this chart by

XRP2([1 : q1 : q2]) = q2 ∂q1 − q1 ∂q2 ,

YRP2([1 : q1 : q2]) = −q1q2 ∂q1 − (1 + q22) ∂q2 ,

ZRP2([1 : q1 : q2]) = −(1 + q21) ∂q1 − q1q2 ∂q2 ,

and the moment map is

〈µ(t, q1, q2, p1, p2)|X〉 = q2p1 − q1p2 ,

〈µ(t, q1, q2, p1, p2)|Y 〉 = −q1q2p1 − (1 + q22) p2 ,

〈µ(t, q1, q2, p1, p2)|Z〉 = −(1 + q21) p1 − q1q2p2 .

Elements of µ−1(R+Z∗) have p1 6= 0 or p2 6= 0, and for such elements q2p1 − q1p2 = 0 and
−q1q2p1 − (1 + q22) p2 = 0 hold. These two equations can be read as a linear system in p1

and p2, and there are only non-trivial solutions if the corresponding determinant vanishes,
that is, if −q2 (1 + q22) − q21q2 = −q2 (1 + q21 + q22) = 0. If this is the case, then q2 = 0, and
from this it follows that p2 = 0. The cross-section R consists of vectors in TRP2 tangent
to RP1, but pointing only in positive direction (with the embedding of RP1 in RP2 given by
[a : b] 7→ [a : b : 0]).

The restriction of the contact form on R is given in the chart above by dt+ p1 dq1. Hence
α is a contact form even on the boundary of R, and the orbits of the S1-action are Legendrian
on ∂R ∼= S1 × S1.

A collar neighborhood of ∂R is of the form S1 × [0, ε) × S1 with contact form dt + r dϕ
and action eiϑ · (t, r, ϕ) = (t, r, ϕ+ 2ϑ). The embedding of this neighborhood into M is given
by

(t, r, ϕ) 7→
(
t, [cos(ϕ/2) : sin(ϕ/2) : 0],−r sin(ϕ/2) ∂1 + r cos(ϕ/2) ∂2

)
,

and the points (t, 0, 0) ∈ ∂R all have equal stabilizer in SO(3).

2.3. Stabilizer S1. The neighborhood of an orbit with stabilizer S1 is SO(3)-diffeomorphic
to R × TS2 with trivial action on the first, and standard action on the second component.
The principal stabilizer is trivial. A connected component of

M(SO(2)) := {p ∈M |Stab(p) is conjugate to SO(2)}

is a closed manifold, because no fixed points or points with stabilizer O(2) do exist, and hence
M(SO(2)) is diffeomorphic to an S2-bundle over S1. The structure group of such a bundle is
N(SO(2))/SO(2) ∼= Z2, hence the only two S2-bundles over S1 are the trivial one Etriv and
the twisted one Etwist. They can be described as R × S2 under the equivalence relations
(t, p) ∼ (t+1, p) and (t, p) ∼ (t+1,−p) (with t ∈ R and p ∈ S2) respectively. A neighborhood
of a component of M(sing) is diffeomorphic to the corresponding vertical bundle. The SO(3)-
action on the second component of R × S2 is compatible with these identifications, and one
obtains an action on either vertical bundle V Etriv and V Etwist.
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A possible invariant contact form is given by dt+λcan on R×T ∗S2, where T ∗S2 is identified
with TS2 via an invariant metric. This form descends to V Etriv and also to V Etwist, because
the reflection in the construction of Etwist is induced by a diffeomorphism of S2, and λcan on
T ∗N remains invariant under maps induced by diffeomorphisms of the base space N .

In a small neighborhood ofM(SO(2)), every invariant contact form is SO(3)-contactomorphic
to dt+λcan. The proof of this fact is completely analogous to the one for orbits with stabilizer
O(2) above, and will be omitted.

Now we will describe what the cross-section looks like in a neighborhood of the singular
orbits. The moment map µ is given in the neighborhood of a singular orbit by

〈µ(t, q, p)|X〉 = ptXq

with (t; q, p) ∈ R1×T ∗S2 ⊆ R1×R3×R3 and X ∈ so(3) in its standard matrix representation.
One easily checks that the cross-section is the set of points (t, q, p) where q lies in the equator
of the sphere and p is a vector tangent to the equator at q, with all these vectors oriented the
same way. The S1-action on the cross-section is induced by rotations around the z-axis of the
sphere.

Figure 1. On the left the cross-section around an exceptional orbit is dis-
played: It consists of vectors at the equator pointing into positive direction.
The picture on the right displays a model more accessible to the imagination:
The cross-section sits as a ring around the equator of the sphere. Vectors
pointing into the cross-section are normal to the sphere.

For Etriv, a collar neighborhood of the boundary ∂R can be given by S1 × [0, ε) × S1,
while for components of type Etwist, the form R× [0, ε)× S1/ ∼ with the equivalence relation
(t, r, ϕ) ∼ (t+ 1, r, ϕ+ π) will be used. The contact form in both cases is dt+ r dϕ, and the
S1-action is eiϑ · (t, r, ϕ) = (t, r, ϕ+ϑ). The embedding of R into the neighborhood of M(sing)

is given by
(t, r, ϕ) 7→

(
t; (cosϕ, sinϕ, 0); r · (− sinϕ, cosϕ, 0)

)
.

With this embedding, the points (t, 0, 0) and (t, 0, π) in ∂R all have equal stabilizer.
This concludes the description of all cases of singular orbits, and the proof of Lemma VII.7.

Example VII.1 (cont.). As described above, the singular orbits of S5 are composed of all
points x + iy where x = (x1, x2, x3) and y = (y1, y2, y3) are linearly dependent. The singular
orbits are 2-spheres, and we have to decide whether the component of S5

(sing) is equal to Etriv
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or to Etwist. This of course is independent of the contact structure. The only points invariant
under rotations around the z3-axis are (0, 0, eiϕ) with 0 ≤ ϕ < 2π. But since (0, 0, 1) and
(0, 0,−1) both lie in Orb(0, 0, 1), we have S5

(sing)
∼= Etwist.

Example VII.2 (cont.). Now we will determine the type of the singular orbits of W 5
k .

This of course does not depend on the contact structure. As we said above, a point (z0, z1, z2, z3) ∈
W 5

k lies on a singular orbit if and only if x is parallel to y, where x = (x1, x2, x3) and
y = (y1, y2, y3). In particular, consider the points that are invariant under rotations around
the z1-axis. They are given by

{(
eiϕ,±ie

ki
2

ϕ, 0, 0
)
| 0 ≤ ϕ < 2π

}
. For k odd, all points lie

on a single path, but for k even there are two connected components. Hence, one obtains(
W 5

k

)
(sing)

∼= Etwist for k odd, and
(
W 5

k

)
(sing)

∼= Etriv for k even.
So far all invariants found for (W 5

k , α±k), and (W 5
k′ , α±k′) are equal if k ≡ k′ mod 2. But

at the end of the next section, a last invariant will be computed that allows us to distinguish
all of the (W 5

k , α±k).

3. Equivalence between contact SO(3)-manifolds

In this section, the necessary and sufficient conditions for the existence of an SO(3)-
equivariant contactomorphism Φ : M → M ′ between two 5-dimensional contact SO(3)-
manifolds (M,α) and (M ′, α′) will be given.

If there are no singular orbits on M , then 0 /∈ µ(M) and the whole manifold is determined
according to Theorem V.7 by its cross-section. Two contact 5-manifolds with an SO(3)-
action without singular orbits are thus equivalent if and only if their cross-sections are. The
possible cross-sections, being closed contact 3-manifold with S1-actions, can be found in the
Classification Theorem IV.16.

On the other hand, if 0 ∈ µ(M), then M = M(reg) ∪M(sing), but there are several ways
to glue both parts. The flow-out SO(3) · R ∼= SO(3) ×S1 R is determined by R, but for the
whole of M the problem is that p ∈ ∂R does not “remember” as point in the S1-manifold R,
which stabilizer Stab(p) ≤ SO(3) it had in M .

The solution lies in choosing an arbitrary point p0 ∈ ∂R and marking all other points p
in the boundary with Stab(p) = Stab(p0) ≤ SO(3). The marked points form curves in ∂R. If
the boundary component corresponds to Etriv, these curves are given by two sections to the
S1-action that are related to each other by a 180◦-rotation. If the component corresponds
to Etwist, the marked points lie on a single curve, which intersects each S1-orbit twice. If
the singular orbits have stabilizer isomorphic to O(2), then the marked points form a single
section.

Another way to describe the situation is the following: Gluing M(sing) onto M(reg) can be
achieved by gluing R onto the cross-section in the neighborhood of M(sing). This means that
one has to identify two tori. The generators of the homology in ∂R are given by an S1-orbit
and a section σ to the S1-action in R. The generators of the homology of R ∩M(sing) can be
described by an S1-orbit, and by a curve of marked points as fixed above. The S1-obits have
to coincide in both parts, and the only freedom when gluing consists in choosing the relative
position of the other two homology classes.

Lemma VII.9. Let (M,α) and (M ′, α′) be two 5-dimensional contact SO(3)-manifolds
with principal cross-sections (R,α) and (R′, α′). Assume there is an S1-contactomorphism ψ
between R and R′ that maps the marked curves γ1, . . . , γn in ∂R onto the marked curves in
∂R′, i.e. ψ ◦ γi = γ′i. Then there is an SO(3)-equivariant contactomorphism Ψ : M →M ′.
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Proof. Over the flow-out SO(3) · R and SO(3) · R′ the claim holds. Hence if M(sing) =
∅, then the statement is true. The problem for ∂R 6= ∅ is that ψ extends to an SO(3)-
homeomorphism on M , but this map is in general not smooth at the singular orbits. Hence
we will need to deform ψ in a neighborhood of ∂R.

Choose a component K of M(sing). The image ψ(K) in M ′
(sing) is of the same type: If the

principal stabilizer of R is isomorphic to Z2, then every component in M(sing) and M ′
(sing) is

diffeomorphic to S1×RP2, and if the principal stabilizer of R is trivial, then the two types of
component in M(sing) and M ′

(sing) can be distinguished by the curves of marked points.
Now one can represent the neighborhood ofK and ψ(K) by the standard models described

at the end of Section 2.2 and 2.3. The cross-section is either given by (R × [0, c) × S1/ ∼
, dt+r dϕ) for Etwist or by (S1× [0, c)×S1, dt+r dϕ) for the other two types of singular orbits.

The map ψ is S1-equivariant, thus

ψ(t, r, ϕ) =
(
T (t, r), R(t, r), ϕ+ Φ(t, r)

)
.

Furthermore it rescales the form α = dt+ r dϕ by a function f(t, r) > 0, i.e.

f(t, r) dt+ rf(t, r) dϕ = fα = ψ∗α =
(
∂T

∂t
+R · ∂Φ

∂t

)
dt+Rdϕ+

(
∂T

∂r
+R · ∂Φ

∂r

)
dr .

The consequences are R(t, r) = rf(t, r), ∂tT (t, r)+rf(t, r) ·∂tΦ(t, r) = f(t, r), and ∂rT (t, r)+
rf(t, r) · ∂rΦ(t, r) = 0. The boundary is mapped onto the boundary, i.e. R(t, 0) = 0. We can
assume T (0, 0) = 0 and Φ(0, 0) = 0. Also, all of the three cases Etriv, Etwist, and S1 × RP2

lead to Φ(t, 0) = 0, because the γi are mapped onto the γ′i.
Let ρε : R+ → [0, 1] be the smooth map

ρε(r) =


0 for r ≤ ε/2
N(ε) ·

∫ r
ε/2 exp ε2

4(x−ε/2)(x−ε) dx for ε/2 < r < ε

1 for r ≥ ε

with N(ε) the reciprocal value of
∫ ε
ε/2 exp ε2

4(x−ε/2)(x−ε) dx. The maximum of the derivative of
this function is N(ε) · exp(−4) = N(1)e−4/ε. One can now replace the original map ψ by

ψ̂(t, r, ϕ) :=
(
T (t, r), R(t, r), ϕ+ ρε(r) · Φ(t, r)

)
.

It is easy to check that ψ̂ is well-defined on the cross-section R: The relations ψ(t+2πa, r, ϕ+
2πb) = ψ(t, r, ϕ) + (2πa, 0, 2πb) carry over to ψ̂.

The map ψ̂ is equal to
(
T (t, r), rf(t, r), ϕ

)
for points with r ≤ ε/2 and equal to ψ for

points with r ≥ ε. It is also an S1-diffeomorphism. The determinant of the differential dψ̂ is
equal to the one of dψ. The injectivity and surjectivity follow easily from the same properties
of ψ. For example to show that (t′, r′, ϕ′) lies in the image of ψ̂, use that there is a (t, r, ϕ)
with ψ(t, r, ϕ) = (t′, r′, ϕ′). Then ψ̂

(
t, r, ϕ+ (1− ρε(r)) · Φ(t, r)

)
= (t′, r′, ϕ′).

There is now an SO(3)-diffeomorphism Ψ̂ on M extending ψ̂. Away from the singular
orbits, the map Ψ̂ is given as in the proof of Lemma VII.4. In the neighborhood of M(sing)

one can use the standard model for Etriv and Etwist, where the map Ψ̂ is given by

Ψ̂ : (t; p, v) 7→ (T (t, ‖v‖); p, f(t, ‖v‖) v) ,
for p ∈ S2 and for v ∈ T ∗p S2 with ‖v‖ < ε/2. If the component of M(sing) was diffeomorphic
to S1 ×RP2 the map is given by the projectivization of Ψ̂ defined above. These maps clearly



78 VII. 5-DIMENSIONAL CONTACT SO(3)-MANIFOLDS

define SO(3)-equivariant diffeomorphisms in the neighborhood of a singular orbit, but one
still needs to check that this definition is compatible with the map given in the proof of
Lemma VII.4. Because both maps are SO(3)-equivariant, it is enough to check that these
maps agree on the cross-section R. But Ψ̂ restricted to R gives back the map ψ̂. This shows
that Ψ̂ is a globally-defined map.

The map Ψ̂ is an SO(3)-diffeomorphism, but it is only a contactomorphism far away from
the singular orbits. All of the SO(3)-invariant 1-forms in the family αs := (1 − s)α + s Ψ̂∗α
on M satisfy the contact condition. This can easily be checked in a small neighborhood
of the singular orbits by using the local form given above. On M(princ), one checks the
contact condition along R (by choosing ε small enough) and then uses SO(3)-invariance. The
equivariant Gray stability shows that Ψ̂ deforms to an SO(3)-contactomorphism Ψ. �

Of course, the next question is how to find maps with the properties required in Lemma VII.9.
For this, we need to define a last invariant for the cross-section.

Let R be a compact oriented 3-dimensional S1-manifold with non-empty boundary. De-
note the components of ∂R by ∂Rj (j = 1, . . . , N) and assume that on each of the boundary
components a smooth closed curve γj is given that intersects the S1-orbits transversely. Orient
the curves in such a way that γ̇j followed by the infinitesimal generator ZR of the S1-action
gives the orientation of ∂Rj .

The γj should be of the same form as the marked points described above, i.e. if the
principal stabilizer is isomorphic to Z2, assume γj intersects each S1-orbit in ∂Rj exactly
once. If the principal stabilizer of R is trivial, the curves are either sections or intersect each
orbit twice.

On the boundary of a small tubular neighborhood of the exceptional orbits one can define
standard sections (see III.1.2), which can be extended to a global section σ of R→ R/S1. Let
σ be oriented in such a way that the tangent space to the image of σ followed by the positive
S1-direction gives the positive orientation of R.

Definition. Denote the intersection number of two oriented loops α and β in an oriented
torus by ι(α, β). If the principal stabilizer in R is trivial define the Dehn-Euler-number
n(R, γ1, . . . , γN ) ∈ Z by

n(R, γ1, . . . , γN ) := 2
m∑

j=0

ι(γj , ∂σ) +
N∑

j=m+1

ι(γj , ∂σ) ,

where we assume the first m curves to be sections to the S1-action, and the other curves to
intersect each orbit twice. Note that the first term is a sum over even numbers and the second
term is a sum over odd numbers.

If the principal stabilizer is isomorphic to Z2 define the Dehn-Euler number by

n(R, γ1, . . . , γN ) :=
N∑

j=1

ι(γj , ∂σ) .

In this case n(R, γ1, . . . , γN ) can be any integer.

The Dehn-Euler number is very similar to the Euler invariant for an S1-manifold. To
see that n(R, γ1, . . . , γN ) is independent of the section chosen, one can copy the proof of
Lemma III.10. Note also that the coorientation of the contact structure has no effect on this
definition.
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Remark VII.2. In Lemma VII.4, it was shown that the cross-section R (as contact S1-
manifold) is an invariant of a 5-dimensional contact manifold M . It has just been proved that
the number n(R, γ1, . . . , γm) is also an invariant of M , because under an SO(3)-contactomor-
phism the marked curves are mapped onto each other. Below we will finish the proof that
a manifold M is completely determined by the invariants mentioned in Theorem VII.1 (i.e.
cross-section, singular orbits and n(R)).

The 3-manifolds in the following lemma are cross-sections of 5-manifolds.

Lemma VII.10. Let (R,α) and (R′, α′) be two S1-diffeomorphic 3-dimensional contact S1-
manifolds without fixed points, but both with N boundary components. Assume that the orbits
in the boundary are the only ones that are Legendrian. Assume further that on each of the
boundary components ∂Rj and ∂R′i, curves γj and γ′i are specified such that for both manifolds
the first k curves (k ≤ N) are sections to the S1-action and the other curves intersect each
orbit exactly twice. Then there is an S1-contactomorphism Φ : R→ R′ such that Φ ◦ γj = γ′j,
if and only if n(R, γ1, . . . , γN ) = n(R′, γ′1, . . . , γ

′
N ).

Proof. The basic strategy is to find diffeomorphic sections with certain properties in R
and R′. With these sections one can construct an S1-diffeomorphism between the 3-manifolds
that maps the boundary curves in R onto the ones in R′. Afterwards this map is deformed
to a contactomorphism.

According to Lemma IV.5, the contact form around an exceptional orbit is locally unique
up to S1-contactomorphisms. Thus one can start the construction of Φ by taking an S1-
contactomorphism from a small neighborhood of the exceptional orbits in R to a neighborhood
of the orbits of the same type in R′. Choose also, for each j ∈ {1, . . . , N − 1}, an S1-
diffeomorphism from a neighborhood of ∂Rj to a neighborhood of ∂R′j that maps γj onto γ′j
.

The standard sections to the S1-action around the exceptional orbits extend to a global
section σ on R(princ). In R′, construct a section in the following way: Take σ in the neighbor-
hood of the exceptional orbits and in the neighborhood of ∂Rj for 1 ≤ j ≤ N − 1 and map it
with Φ to R′. Now extend the image of σ to a global section σ′ on R′(princ).

By the assumptions of the lemma, we know that n(R, γ1, . . . , γN ) = n(R′, γ′1, . . . , γ
′
N ), and

by our construction ι(σ, γj) = ι(σ′, γ′j) for all 1 ≤ j ≤ N − 1. It follows that the intersection
numbers ι(σ, γN ) and ι(σ′, γ′N ) are also equal. Hence one can homotope σ′ in such a way that
its position with respect to γ′N is the same as the one of σ with respect to γN .

One can map σ onto σ′ and by using the S1-action, we obtain an S1-diffeomorphism
Φ : R→ R′ such that Φ ◦ γj = γ′j for all j = 1, . . . , N .

To transform the map above into a contactomorphism we need to sharpen Remark IV.3
to avoid that the Moser trick moves the curves on the boundaries. The neighborhoods of
the boundary components are of the form S1 × [0, δ) × S1 with coordinates (t, r, ϕ), and the
circle action on the last coordinate. Assume one contact form to be α = dt + r dϕ and the
other one α′ = g(t, r) dt+ h(t, r) dr + f(t, r) dϕ. The orbits in the boundary are Legendrian,
hence f(t, 0) = 0 and ∂tf(t, 0) = 0. Thus the contact condition along such an orbit becomes
g(t, 0) 6= 0, and we can divide the whole form by the function g to obtain the equivalent form
dt+ h(t, r) dr + f(t, r) dϕ (with new functions f and h).

Define now a map Ψ : R→ R by

(t, r, ϕ) 7→ (t− (1− ρε(r))rh(t, 0), r, ϕ)
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for points with r < ε and the identity otherwise. Here ρε is the cut-off function defined in
the proof of Lemma VII.9.

The map Ψ is an S1-diffeomorphism. It is surjective, because it is the identity on the
two tori S1 × {0} × S1 and S1 × {ε} × S1. The map is a local diffeomorphism because
det(dΨ) = 1− r (1− ρε(r)) ∂th(t, 0) does not vanish if we choose ε small enough. Injectivity
relies on a similar argument: If Ψ(t, r, ϕ) = Ψ(t′, r′, ϕ′), then clearly ϕ = ϕ′ and r = r′.
Finally t − t′ = r (1 − ρε(r)) (h(t, 0) − h(t′, 0)). With the mean value theorem one sees that
if t 6= t′, one has 1 = r (1− ρε(r)) ∂th(t̂, 0) with t̂ ∈ (t, t′), which is not possible if ε is chosen
small enough.

For r = 0 the forms α and Ψ∗α′ are equal, hence the linear interpolation αs = (1− s)α+
sΨ∗α′ consists of S1-invariant contact forms. To apply the Moser trick one considers the
vector field Xs that is the solution to the equations

ιXsαs = 0 and ιXsdαs = λs αs − α̇s ,

with the function λs := ιYsα̇s, where Ys is the Reeb field of the contact form αs. The solution
Xs vanishes on ∂R, and Xs has a time-1 flow in a small neighborhood of the boundary.
Hence one has constructed an S1-diffeomorphism between R and R′ that maps the boundary
curves onto each other, and respects the contact forms close to the boundaries and in the
neighborhood of the exceptional orbits.

The proof is now finished by applying the Moser trick a second time, but now in the
interior of the manifold. The vector field generates a global isotopy, because the two contact
forms are identical close to the boundary components, and the vector field has compact
support. �

Example VII.1 (cont.). The Dehn-Euler number n(R, γ) is the last invariant that needs
to be computed to find (S5, α±) in the classification scheme. The path γ can be taken to be
(eiϕ, 0, 0) with 0 ≤ ϕ < 2π, and a section in R = {(z1, z2, 0) ∈ S5|x1y2 > x2y1} can be found
by

σ : {z ∈ C| Im z > 0} ↪→ R ⊂ S5, z 7→ 1√
2 + 2|z|2

(
1 + z, z − 1, 0

)
.

The boundary of σ is composed of two segments 1/
√

2 · (eiϕ, eiϕ, 0) with ϕ ∈ [0, π] and
1/
√

2 + 2x2 ·(x+1, x−1, 0) with x ∈ (−∞,∞). The boundary can be smoothed at the points
where the two components meet, but this has no effect on the intersection number, because the
only intersection point of ∂σ and γ is given by (1, 0, 0), and hence n(R, γ) = ±1. The cross-
section R has opposite orientations for α+ and α−, thus n+(R, γ) = 1 and n−(R, γ) = −1.

The complete set of invariants for (S5, α±) is: The principal stabilizer is trivial, S5
(sing)

has a single component that is isomorphic to Etwist, the cross-section is D2
<1 × S1, and the

Dehn-Euler number n(R) equals ±1.

Example VII.2 (cont.). Above, we already saw that the cross-section of any W 5
k is S1-

diffeomorphic to D2
<1 × S1, and

(
W 5

k

)
(sing)

is isomorphic to Etriv for k even and Etwist for k
odd.

Now we will compute n(R, γ) for (W 5
k , αk) and (W 5

k , α−k). The curve γ(ϕ) is given by
(eiϕ,+ie

k
2
iϕ, 0, 0) with ϕ ∈ [0, 2π] for k even and with ϕ ∈ [0, 4π] for k odd.
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In III.6.1.2 we already found a section for the cross-section R: Set r0 = |z0| and A =√
2− r20 +

√
(2− r20)2 − r2k

0 . The map below is a section of R:

σ : D2 ↪→ R, z0 7→
(
z0,

izk
0

2A
+
iA

2
,− z

k
0

2A
+
A

2
, 0
)
.

The restriction of σ to ∂R is σ(ϕ) =
(
eiϕ, i

2(1 + eikϕ), 1
2(1− eikϕ), 0

)
.

The intersection of γ and ∂σ is given by the equations 2eikϕ/2 = 1+eikϕ and 1−eikϕ = 0,
and hence kϕ = 4πn with n ∈ Z. For k = 0, every point of ∂σ lies in the curve of marked
points, but by shifting the section a bit along the S1-action, one obtains n(R, γ) = 0. For k
even, the curve γ is parametrized by ϕ ∈ [0, 2π), and there are k/2 intersection points, for k
odd, the curve γ closes for ϕ ∈ [0, 4π), and there are k intersection points.

The calculations so far did not depend on the contact form, but one can check that R has
different orientations for αk and α−k. This changes the orientation of ∂σ and γ, but also of
∂R, and hence for (W 5

k , αk) we have n(R, γ) = k, and for (W 5
k , α−k) we have n(R, γ) = −k.

The complete set of invariants for (W 5
k , α±k) is: The principal stabilizer is trivial,

(
W 5

k

)
(sing)

is isomorphic to Etwist for k odd and to Etriv for k even, the cross-section is D2
<1 × S1, and

n(R) = ±k. In particular it follows that the 5-sphere (S5, α+) in Example VII.1 is equivalent
to (W 5

1 , α+1), and (S5, α−) is equivalent to (W 5
1 , α−1).

Note also that every 5-dimensional simply connected contact SO(3)-manifolds with singu-
lar orbits is SO(3)-contactomorphic to one of the Brieskorn examples (W 5

k , α±k). The reason
is that the orbit space M/SO(3) of M has to be simply connected ([Bre93]), and must have
non-empty boundary. Hence M/SO(3) is a 2-disk, and M(sing) has a single component. From
this it follows that the cross-section is isomorphic to D2

<1×S1. The principal stabilizer cannot
be isomorphic to Z2, since then it follows by applying the Theorem of Seifert-van Kampen
that π1(M) ∼= Z2. Thus, the principal stabilizer has to be trivial, and all cases are covered
by the (W 5

k , α±k).

4. Construction of 5-manifolds

In this section, we will construct a manifold M for each of the possible combinations of
invariants given in Theorem VII.1.

4.1. M(sing) = ∅. The classification given in Theorem IV.16 shows that there is an S1-
invariant contact structure without Legendrian orbits on any closed 3-dimensional contact
S1-manifold R with non-vanishing orbifold Euler number and such that R has no special
exceptional orbits or fixed points.

The 5-manifold M is then given by M ∼= SO(3) ×S1 R, where the circle on R acts with
k-fold speed to get the desired stabilizer on M .

On the other hand, it follows from Lemma VII.6 that 0 /∈ µ(M), and thus R cannot have
Legendrian orbits. It is also clear that R cannot have fixed points.

4.2. M(sing) 6= ∅ and trivial principal stabilizer. Let R be any 3-dimensional S1-
manifold without fixed points and without special exceptional orbits, but with non-empty
boundary ∂R. By the requirement that only the S1-orbits on the boundary are Legendrian,
the contact structure on R is uniquely determined (Remark IV.3).

Over the interior of R, the 5-manifold M∗ = SO(3) ×S1 (R − ∂R) is a contact SO(3)-
manifold. Now one has to glue in the singular orbits, in such a way as to get the chosen
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combination of components of type Etriv and Etwist and the Dehn-Euler number n(R). First
we will show how to glue in the standard model for Etriv; for this, we need to have a standard
form for a neighborhood of ∂R.

Let σ be any section in R that is compatible with the standard sections around the
exceptional orbits. In Lemma IV.8 it has been shown that any contact form around ∂R is
equivalent to a standard form: Denote the coordinates of a collar S1 × [0, ε) × S1 around a
boundary component by (eit, r, eiϕ) and let the S1-action be eiϑ · (eit, r, eiϕ) = (eit, r, ei(ϕ+ϑ)).
Every invariant contact form is up to an S1-contactomorphism equal to dt+ r dϕ. In general
the section σ will not be of the form σ(eit, r) = (eit, r, 1) in the collar though, but it is not very
difficult to arrange the model neighborhood in this way. Let [t] and [ϕ] ∈ H1(M,Z) be the
classes given by S1 × {0} × {1} and {1} × {0} × S1, respectively. The section σ represents an
element [t] + a [ϕ], and there is a linear map A ∈ SL(2,Z) that induces an S1-diffeomorphism
such that σ represents [t] in the new coordinates. The contact form becomes (1+ar) dt+r dϕ,
which after dividing by 1 + ar and rescaling in the r-direction can be transformed back into
dt+ r dϕ. Now by deforming σ, one obtains a collar for the boundary where the action, the
contact form, and the section are all in standard form.

The standard way of gluing is to consider S1 × T ∗S2 with SO(3)-action on the second
factor and with the contact form dt+ λcan. The cross-section of S1 × T ∗S2 looks exactly like
the neighborhood of the boundary components of R, which allows us to identify both. Since
the cross-section determines the 5-manifold lying over it, this gives a gluing of S1 × T ∗S2

to M∗. In the boundary, the section σ and the curve of marked points are identical, but
one can push σ a bit along the S1-action to avoid having any intersection points. Thus the
contribution of this gluing to n(R) is zero.

To construct a general M , i.e. an M with n(R) 6= 0 or with Etwist ⊂ M(sing), we need to
change the construction.

Assume first that we want to glue in a component of type Etriv, which adds 2c to the
Dehn-Euler number. The neighborhood of ∂R was chosen above to be S1 × [0, ε) × S1 with
contact form dt+ r dϕ and with a section σ of the form σ(eit, r) = (eit, r, 1). The matrix

A =
(

1 c
0 1

)
∈ SL(2,Z)

induces a diffeomorphism, which can be isotoped as above to obtain a new model for the
neighborhood of ∂R, where σ represents the homology class [t] + c [ϕ], and where the contact
form is still in standard form. Gluing Etriv along the cross-section R works again without
any problem. The intersection number between the section σ and the curve of marked points
gives now c.

To glue in a component of type Etwist, recall that the cross-section around Etwist could
be described by R× [0, ε)× S1/ ∼ with the equivalence relation (t, r, eiϕ) ∼ (t+ 1, r, ei(ϕ+π))
and contact form α = dt + r dϕ. The curve of marked points was given by {(t, 0, 1)} and
{(t, 0,−1)}. There is now a diffeomorphism Φ : S1 × [0, ε) × S1 → R × [0, ε) × S1/ ∼
, (e2πit, r, eiϕ) 7→ (t, r, ei(ϕ+πt/2)). The curve of marked points pulls back to {(e2πit, 0, e−πit)},
and Φ∗α = (1 + πr/2) dt + r dϕ, which can be isotoped into standard form. The model for
the cross-section close to Etwist and close to ∂R looks identical, and it is possible to glue both
parts. The Dehn-Euler number n(R) can be arranged in the desired way as above.

4.3. M(sing) 6= ∅ and principal stabilizer is Z2. If the principal stabilizer is isomorphic
to Z2, then all components of M(sing) are equivalent to S1×RP2. The gluing occurs completely
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analogous to the way it was done above: Choose identical charts for a neighborhood of ∂R,
and for the cross-section around M(sing), and glue along these.

5. Relation between the Dehn-Euler number and generalized Dehn twists

In Appendix D, a short introduction to Dehn twists is given. In this section we want to
show that the Dehn-Euler number n(R) counts the number of Dehn twists needed to glue in
the singular orbits.

Assume a 5-dimensional contact SO(3)-manifold (M,α) is given whose principal stabilizer
is trivial, and which has singular orbits of type Etriv. Above it was shown how to glue in new
singular orbits by attaching them at the cross-section R in a way to arrange any Dehn-Euler
number n(R). The neighborhood of a component of M(sing) is SO(3)-contactomorphic to
(S1 × T ∗S2, dt + λcan). Write points in T ∗S2 as (q,p) ∈ R6 with |q| = 1 and q ⊥ p. The
cross-section is

R =
{(
t; (x, y, 0), (ry,−rx, 0)

)}
,

and assume the section σ was of the form σ(r, t) = (t, (1, 0, 0), (0,−r, 0)).
Now cut out a small neighborhood of Etriv, and glue in a mapping torus (M±k

Dehn, β
±
k )

as described in Appendix D. It is easy to check that this respects the SO(3)-action. The
component of the singular orbits in M±k

Dehn correspond to Etriv if k is even, and to Etwist

otherwise. In fact, it is known ([Sei98]) that on T ∗S2 the Dehn twist τ±2n is isotopic to id and
τ±2n+1 is isotopic to τ+

1 (both in the space of diffeomorphisms with compact support), hence
the diffeomorphism type of M does not change after gluing in M±k

Dehn if k is even.
Now, it only remains to see what effect this has on the Dehn-Euler number n(R). The

contact form on the mapping torus is

β±k = h±k (|p|) dt+ λcan ∓ t|p| d
(
fk(|p|)

)
.

The cross-section R in R× T ∗S2 is equal to the one for the standard contact form,

R =
{(
t; (x, y, 0), (ry,−rx, 0)

)}
/∼ ,

because the last term of β±k does not change the moment map (ιXM
dfk = LXM

fk, but fk only
changes in radial direction).

To compute the local contribution to n(R), notice that the section

σ(t, r) = (t; (1, 0, 0), (0,−r, 0))

to the S1-action in
{(
t; (x, y, 0), (ry,−rx, 0)

)}
⊂ R× T ∗S2 does not descend to a continuous

section in the mapping torus. Instead one could replace σ by

σ(t, r) =
(
t;
(
cos(±tgk(r)),− sin(±tgk(r)), 0

)
,
(
−r sin(±tgk(r)),−r cos(±tgk(r)), 0

))
.

Since σ remains unchanged far away from the singular orbits, it extends to the unmodified
section, and it is easy to check that σ induces a continuous section on M±k

Dehn.
The intersections of σ with the curve of marked points is given by

(cos(±tgk(0)),− sin(±tgk(0)), 0) = (±1, 0, 0) ,

i.e. cosπkt = ±1 and sinπkt = 0, and then kt ∈ Z. There are k points on ∂R, where σ
intersects the marked set of points.
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If k is odd, the boundary corresponds to Etwist. Then there is only a single curve of
marked points and the contribution of this boundary to n(R) is k. If k is even, then there are
two disjoint curves of marked points, and there are only k/2 intersection points with the first
one. But since for singular orbits of type Etriv this number is multiplied by 2, the contribution
to n(R) is again k.

Thus the Dehn-Euler number n(R) counts the number of Dehn twists applied at M(sing).
All constructions on S1×S2 in Appendix D are Z2-equivariant, and this allows us to build

manifolds with principal stabilizer Z2 and arbitrary n(R).



APPENDIX A

Equivariant Gray stability

The Moser trick is a powerful method for showing that two contact forms α0 and α1 on
a manifold M are related by a contactomorphism. In a first step, one tries to find a smooth
1-parameter family of contact forms αt on M with t ∈ [0, 1] connecting the two forms given
above. Note that this is often relatively easy to accomplish, e.g. if α0 and α1 are sufficiently
similar (C1-close) then the linear interpolation will give the desired family. Once this family
has been found the following arguments are applied.

Assume there is a smooth isotopy Φt : M →M generated as the flow of a vector field Xt,
i.e.

d

dt

∣∣∣∣
t=t0

Φt(p) = Xt0 ◦ Φt0(p) ,

with ft 6= 0, such that

Φ∗
tαt = ft α0 .(2)

Below we will deduce equations for the field Xt. One can then consider these equations
without the a priori assumption of having a smooth isotopy, and then try to construct one
from the solutions of these equations.

Taking the derivative of (2) yields

d

dt

∣∣∣∣
t=t0

(Φ∗
tαt) = ḟt0 α0 .

The left side is equal to (see [Geiar])

d

dt
(Φ∗

tαt) = Φ∗
t (LXtαt + α̇t) = Φ∗

t

(
d(αt(Xt)) + ιXtdαt + α̇t

)
.

On the right side one can eliminate α0 using equation (2), and one obtains

Φ∗
t (d(αt(Xt)) + ιXtdαt + α̇t) =

ḟt

ft
· Φ∗

tαt =
(
d

dt
ln(ft)

)
· Φ∗

tαt .

By our assumption, Φt is a diffeomorphism, and we can apply its inverse to get

d(αt(Xt)) + ιXtdαt + α̇t =
((

d

dt
ln(ft)

)
◦ Φ−1

t

)
αt

If we further assume Xt to lie in the contact structure ξt = kerαt, then the equation reduces
to

ιXtdαt + α̇t =
((

d

dt
ln(ft)

)
◦ Φ−1

t

)
αt(3)

85
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The problem is that the right side depends on the flow Φt, which we are trying to compute.
But by plugging the Reeb field Yt of the contact form αt, i.e. the unique vector field that
satisfies αt(Yt) = 1 and ιYtdαt = 0, into equation (3), we obtain

α̇t(Yt) =
(
d

dt
ln(ft)

)
◦ Φ−1

t ,

which allows us to eliminate the term containing Φt. That means, if we find a solution Xt to
the equations

ιXtαt = 0 and ιXtdαt = ht · αt − α̇t ,

where ht = α̇t(Yt), such that Xt has a globally defined flow Φt, then Φt will have the desired
property Φ∗

tαt = ft α0.
If we restrict the second equation to the contact structure ξt, then we can use that the

2-form dαt is non-degenerate on ξt, and we find a solution Xt ∈ ξt. Note that Xt also solves
the second equation on TM , because both sides vanish if we plug in the Reeb field Yt.

The Moser trick is usually applied for closed manifolds, because there every vector field
has a globally defined flow. In this thesis we are interested in equivariant applications.

Lemma A.1. Let G be a connected Lie group that acts smoothly on a manifold M , and
let Φt be the flow of a time-dependent vector field Xt. If the Lie bracket [XM , Xt] vanishes
for every X ∈ g, then the maps Φt are G-equivariant.

Proof. To show that Φt commutes with the action of any element g ∈ G note that g
can be written as a finite product g = g1 · · · gn, with gj = exp(Xj) and Xj ∈ g. Hence it is
enough to show Φt ◦ exp(X) = exp(X) ◦ Φt for small X ∈ g.

It is well-known that the flows ΦY
s and ΦZ

t of time-independent vector fields commute if
the bracket [Y, Z] vanishes ([KMS93, Corollary I.3.15]). We will make use of this result by
constructing time-independent flows related to Xt and XM .

Define on M × I with I = [0, 1] the vector fields Y (p, t) := Xt(p) + ∂t, and Z(p, t) :=
XM (p). The Lie bracket [Y, Z] = [Xt, XM ] + [∂t, XM ] vanishes. The flow of Y is given by
ΦY

s (p, t) = (Φs+t(p), s + t), and the flow of Z is just ΦZ
s (p, t) = (exp(sX) · p, t). Both flows

commute, and one has

(Φs1+t(exp(s2X) · p), s1 + t) = ΦY
s1
◦ ΦZ

s2
(p, t) = ΦZ

s2
◦ ΦY

s1
(p, t)

= (exp(s2X) · Φs1+t(p), s1 + t) .

This gives the desired equality exp(X) · Φt(p) = Φt(exp(X) · p). �

Lemma A.2. Let G be a connected Lie group that acts smoothly on a manifold M . Assume
there is a 1-parameter family αt of G-invariant contact forms (with 0 ≤ t ≤ 1) on M , and
that the vector field Xt, defined as solution of the equations

ιXtαt = 0 and ιXtdαt = ht · αt − α̇t ,

with Yt the Reeb field of αt and ht = α̇t(Yt), has a flow Φt that exists for all t ∈ [0, 1]. Then
the maps Φt are G-equivariant contactomorphisms, and all αt are equivalent contact forms.

Proof. First note that for every t the Reeb field Yt of αt commutes with the infinitesimal
generators of the actionXM for allX ∈ g, which means that the Lie bracket [XM , Yt] vanishes.
The Reeb field is the unique solution of the equations

αt(Yt) = 1 and ιYtdαt = 0 .
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With the Leibniz rules for the Lie derivative one obtains

0 = LXM
αt(Yt) = ιYtLXM

αt + αt([XM , Yt]) = αt([XM , Yt])

and

0 = LXM
(ιYtdαt) = ιYtLXM

dαt + ι[XM ,Yt]dαt = ι[XM ,Yt]dαt .

These two equations together show that [XM , Yt] = 0.
To prove that [XM , Xt] = 0, apply the Lie derivative to the defining equation for Xt:

0 = LXM
αt(Xt) = αt([XM , Xt]) and LXM

(ιXtdαt) = ι[XM ,Xt]dαt = (LXM
ht) · αt .

The last term vanishes, because the function ht is given by ht = α̇t(Xt). Together with
Lemma A.1 this shows that all Φt are G-equivariant. �

Theorem A.3. Let G be a connected Lie group that acts smoothly on a manifold M .
Assume there are two G-invariant contact forms α0 and α1 such that the equations

α0 = α1 and dα0 = dα1

both hold at a point p ∈M . Then the two forms are contactomorphic in a small neighborhood
of the orbit Orb(p).

Proof. Since both forms are G-invariant, it is clear that the equations hold on the whole
orbit Orb(p). It is also clear that the convex span αt = (1 − t)α0 + t α1 consists of contact
forms in a small neighborhood of the orbit, because αt = α0 on Orb(p), and the contact
condition is open.

The Moser equations reduce on the orbit to

ιXtαt = 0 and ιXtdαt = ht · αt − α̇t = 0 ,

and hence the vector field Xt vanishes on Orb(p). There is a small neighborhood of Orb(p),
where the flow is defined for all t ∈ [0, 1]. �





APPENDIX B

3-dimensional contact toric manifolds

As shown in Section IV.6.1, there are two commuting contact S1-actions on the manifolds
(W 3

k , α±). We want to show in this appendix how these spaces fit into the classification
scheme for toric contact manifolds.

Definition. A (2n− 1)-dimensional toric contact manifold (M,α) is a contact mani-
fold with an n-torus Tn acting effectively through contactomorphisms.

Toric contact manifolds have been classified by Lerman in [Ler03]. For manifolds of
dimension 5 or larger the classification is given basically by the moment polytope, i.e. by
the cone over the image of the moment map (which happens to be a convex polytope). Here
we are only interested in T2-actions on (W 3

k , α±) (see Section IV.6.1). In the 3-dimensional
case, the image of the moment map represents a curve that can run more than once around
the origin, and hence the moment polytope alone does not classify the 3-dimensional toric
manifolds. For this case one has instead to normalize the moment map such that its image
lies in the unit circle of t∗ ∼= R2. Measure the angle ϕ1 of the starting ray, and the total angle
ϕ2 that is traced out by the moment map on S1 ⊂ t∗.

Theorem B.1 (Lerman). Closed connected co-oriented (!) 3-dimensional toric contact
manifolds (M,α) fall into one of the following cases:

(1) If the action of T2 is free, then M is diffeomorphic to T3 ∼= T2×S1. With (ϕ1, ϕ2, t)
the coordinates of T2 × S1, the contact form α is given by

α = cos(nt) dϕ1 + sin(nt) dϕ2

for some n ∈ N.
(2) If the T2-action is not free, then M is diffeomorphic to a lens space (including S1 ×

S2). As contact toric manifold, M is classified by two real numbers ϕ1, ϕ2 with
0 ≤ ϕ1 < 2π, ϕ1 < ϕ2 such that both tanϕ1 and tanϕ2 are rational.

The Milnor S1-action defined in Section III.6.1.1 and the SO(2)-action defined in Sec-
tion III.6.1.2 commute, and give (W 3

k , α±) the structure of a contact toric manifold. Denote
the generator of the Milnor action by Y , and the one of the SO(2)-action by Z. The T2-action
is not free, because the two circles of points

{(0, eiϕ, ieiϕ)|eiϕ ∈ S1} and {(0, eiϕ,−ieiϕ)|eiϕ ∈ S1}

have non-trivial stabilizer in T2. Points in the first set remain fixed under elements generated
by Y − (lcm(k, 2)/2)Z, points in the second set are fixed by the circle generated by Y +
(lcm(k, 2)/2)Z. All the toric manifolds (W 3

k , α±) thus fall into the second case of Lerman’s
classification theorem.

Note that, unfortunately, for k odd the T2-action is not effective. We will first treat the
manifolds W 3

2n, because there the torus does not have to be modified.
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+4−4

4n

Z∗

Y ∗

Figure 1. Moment poly-
tope of (W 3

2n, α+)

Y ∗

Z∗
+4−4

4n

−1

Figure 2. Moment poly-
tope of (W 3

2n, α−)

Lemma B.2. The image of the moment map for the manifolds (W 3
2n, α±) is displayed in

Figure 1 and 2. The angles ϕ1 and ϕ2 can easily be read off.

Proof. Remember that the Milnor action had to be rescaled to give an effective circle
action, hence the generator of the action is

YW 3
2n

(z0, z1, z2) :=
(
−y0, x0,−ny1, nx1,−ny2, nx2

)
.

The moment map gives

〈µ+|Y 〉 = 4n and 〈µ−|Y 〉 = 4n− (4n+ 1) |z0|2 .
The generator ZW 3

2n
for the SO(2)-action and its moment map were already given in Sec-

tion IV.6.1. The moment map evaluates to

〈µ±|Z〉 = 4 (x1y2 − x2y1) .

We would like to express the function 〈µ+|Z〉 as a map that only depends on the z0-coordinate.
Note that the moment map is invariant under the torus action. Hence, instead of considering
the image of the moment map for all points (z0, z1, z2), it is enough to consider only points
of the form (r0, x1, iy2), where r0 ∈ [0, 1] and x1 ≥ 0. In particular, we have

x1 =

√
2− r20 − r2n

0

2
and y2 = ±

√
2− r20 + r2n

0

2
,

and

〈µ±(z0, z1, z2)|Z〉 = ±2
√

(2− |z0|2)2 − |z0|4n . �

For the manifolds W 3
2n+1, the combination of the Milnor and the SO(2)-action is not an

effective torus action. The element eπi acts under the Milnor action (with lcm(2, 2n + 1) =
2(2n+ 1)) as

(eiπ, (z0, z1, z2)) 7→ (e2kπi/kz0, e
2kπi/2z1, e

2kπi/2z1) = (z0,−z1,−z2) ,

and this map is equal to the SO(2)-action of eiπ. To make the action effective, we have to
quotient out the torus T2 by the subgroup generated by (eiπ, eiπ). This is equivalent to adding
to the lattice Z2 = 〈(1, 0), (0, 1)〉 the points generated by (1/2, 1/2). The new lattice can be
represented by as 〈(1, 0), (1/2, 1/2)〉.

In our case, the infinitesimal generator for the effective T2-action corresponds thus to the
unmodified generator ZW 3

2n+1
of the SO(2)-action, and the second vector is given as

YW 3
2n+1

(z0, z1, z2) :=
(
−y0, x0,−

2n+ 1
2

y1,
2n+ 1

2
x1,−

2n+ 1
2

y2,
2n+ 1

2
x2

)
+

1
2
ZW 3

2n+1
.
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Figure 3. The vectors (1, 0), (1/2, 1/2) generate the refined lattice.
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Lemma B.3. The image of the moment map for the manifolds (W 3
2n+1, α±) is displayed

in Figure 4 and 5.

Proof. The moment map for the vector ZW 3
2n+1

is the same as for k even, and is

〈µ±|Z〉 = 4 (x1y2 − x2y1) ,

and after rewriting the dependence in z0, we obtain again

〈µ±(z0, z1, z2)|Z〉 = ±2
√

(2− |z0|2)2 − |z0|4n+2 .

The moment map for the vector YW 3
2n+1

defined above gives

〈µ+|Y 〉 = 4n+ 2 +
1
2
〈µ+|Z〉 = 4n+ 2±

√
(2− |z0|2)2 − |z0|4n+2

and

〈µ−|Y 〉 = 4n+ 2− (4n+ 3) |z0|2 +
1
2
〈µ+|Z〉

= 4n+ 2− (4n+ 3) |z0|2 ±
√

(2− |z0|2)2 − |z0|4n+2 .

�

Finally, we would like to check that all manifolds (W 3
k , α−) are overtwisted. The argument

will be based on finding a suitable circle lying inside the torus T2 to which Lemma IV.19 can
be applied.

Lemma B.4. The contact structure defined by α+ on W 3
k is fillable, and the one defined

by α− is overtwisted.
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Proof. The manifolds (W 3
k , α+) have a filling given by the desingularization of the cor-

responding Brieskorn variety Vf = f−1(0) with f(z0, z1, z2) = zk
0 + z2

1 + z2
2 .

In the examples W 3
2n with even index, the circle sitting in the torus T2 that is generated

by Y − nZ has fixed point set {(0, eiϕ, ieiϕ)}, and the points in the zero set of

f±(z0) = α−
(
YW 3

2n
− nZW 3

2n

)
= 4n− (4n+ 1) |z0|2 ± 2n

√
(2− |z0|2)2 − |z0|4n

lie on Legendrian orbits. The function f− only vanishes for z0 = 0, because the derivative
of f− is negative. The points (0, z1, z2) are fixed points and do not give Legendrian orbits,
but the function f+ has a zero, because f+(0) = 8n and f+(1) = −1. Hence we have found
an S1-action both with Legendrian orbits and fixed points, and Lemma IV.19 shows that
(W 3

2n, α−) is overtwisted.
For the manifolds W 3

2n+1 with odd index, the stabilizer for all points in {(0, eiϕ, ieiϕ)}
is generated by Y − (n + 1)Z. Legendrian orbits of this action correspond to zeros of the
functions

f±(z0) = α−
(
YW 3

2n
− (n+ 1)ZW 3

2n

)
= 4n+ 2− (4n+ 3) |z0|2 ± (2n+ 1)

√
(2− |z0|2)2 − |z0|4n+2 .

Again the function f− only vanishes at the fixed point in zero, but f+ has a zero, because
f+(0) = 8n+4 and f+(1) = −1. By the same lemma as above it follows that these manifolds
are also overtwisted. �

Remark B.1. It would be interesting to look into the proof of Lerman’s classification
theorem to check the following conjecture: There seem to be two different circles in the torus
which have fixed points. Each of these circles is generated by elements orthogonal to the rays
enclosing the moment polytope. When the moment polytope spans more than 180◦, it appears
that the argument above can be applied to show that the contact structure is overtwisted.



APPENDIX C

Remarks on Lie algebras and Lie coalgebras

Let V ≤ W be vector spaces and let ι : V ↪→ W be the inclusion. In general there is no
natural embedding ϕ : V ∗ ↪→W ∗ such that ι∗ ◦ ϕ = idV ∗ .

Such embeddings ϕ can be constructed by choosing a metric on W and taking the orthog-
onal splitting W = V ⊕V ⊥. The orthogonal projection π : W → V with respect to the chosen
metric induces then a map ϕ = π∗. For general vector spaces such an embedding depends
on the metric, but it will be shown below that for a compact Lie algebra g = W and certain
subalgebras h = V , the orthogonal splitting g = h ⊕ h⊥ is independent of the Ad-invariant
metric chosen, and in this sense there is then a natural embedding π∗ : h∗ ↪→ g∗.

In Chapter V this is used to reconstruct moment maps in Lemma V.2.
Let G always be a connected, compact Lie group, and let g be its Lie algebra. The natural

G-action on g is the adjoint one, and on g∗ it is the coadjoint action. An Ad(G)-invariant
metric induces a G-equivariant diffeomorphism between g and g∗, but this diffeomorphism is,
in general, not canonical. Still, most known results from the adjoint action on g carry over
to g∗. An interesting presentation of the G-manifold structure of g can be found in [DK00].

At every X ∈ g there is a unique maximal slice SX ⊆ g, and this slice is an open set in
gX = ker ad(X) (in particular X ∈ gX), which is the Lie algebra of the stabilizer GX ≤ G of
X. For every X ∈ g there is a splitting

g = gX ⊕ ad(X)g.

The splitting is natural in the sense that gX and ad(X)g are orthogonal to each other
with respect to any Ad-invariant metric m:

m(gX , ad(X)g) = −m(ad(X)gX , g) = 0 .

Lemma C.1. Let g be a Lie algebra of a compact Lie group G, and let h ≤ g be a subalgebra
for which there is an element X ∈ g with h = ker ad(X).

Then there is a natural splitting (which does not depend on the particular X)

g = h⊕ h⊥ .

Because an Ad(G)-invariant metric induces aG-equivariant diffeomorphism between g and
g∗, it follows that at each point ν ∈ g∗ there is single maximal slice S∗ν ⊆ g∗ (for otherwise
there would also be several slices at points in g).

Let ν ∈ g∗ be an arbitrary element. If X ∈ g is an element dual to ν (with respect to
some Ad(G)-invariant metric m), then the slice S∗ν lies inside ker

(
ad(X)∗

)
, as can be seen

from ad(X)∗S∗ν = m(SX , ad(X) ·) = −m(ad(X)SX , · ) = 0.

Lemma C.2. Let G be a connected, compact Lie group, and let ν ∈ g∗ be an element with
stabilizer Gν ≤ G.

Lemma C.1 gives a natural projection π : g = gν ⊕ g⊥ν → gν , and this map induces an
embedding π∗ : g∗ν ↪→ g∗.
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Let ν̃ ∈ S∗ν be an arbitrary element in the slice at ν. The element ι∗ν̃ lies in g∗ν (here
ι : Gν → G is the natural embedding). Now the original element ν̃ can be recovered from ι∗ν̃
with π∗, i.e.

ν̃ = π∗ι∗ν̃ .

Proof. Let Y ∈ gν be an arbitrary element. One easily sees that

(π∗ι∗ν̃)(Y ) = (ι∗ν̃)(πY ) = (ι∗ν̃)(Y ) = ν̃(Y ) .

Let now Z ∈ g⊥ν be another element. For the left side it follows

(π∗ι∗ν̃)(Z) = (ι∗ν̃)(πhZ) = (ι∗ν̃)(0) = 0 .

Denote the element dual to ν by ν†. For the right side it is known that g⊥ν = ad(ν†)g, i.e.
Z = ad(ν†)Z̃ with some Z̃ ∈ g, thus we have ν̃(Z) = (ad(ν†)∗ν̃)(Z̃). But we remarked above
that the slice at ν lies in ker

(
ad(ν†)∗

)
. �



APPENDIX D

Generalized Dehn twists in contact topology

In relation with open book decompositions, Giroux proposed a method for obtaining new
contact manifolds from given ones by removing a certain open set, and gluing in some other
set. First we will describe the sets that are cut out: Let (M,α) be a (2n + 1)-dimensional
contact manifold, and assume there is an embedding S1 × Sn ↪→ M or S1×̃Sn ↪→ M (where
S1×̃Sn = {(t, p) ∈ R×Sn}/ ∼ with (t, p) ∼ (t+1,−p)) such that the image of every n-sphere
is Legendrian, and such that the S1-direction is always transverse to the contact structure.
Note that for n odd, the antipodal map is isotopic to the identity, and in that case it is enough
to consider embeddings of S1 × Sn.

By the Weinstein Theorem, the neighborhood of S1 × Sn is contactomorphic to a neigh-
borhood of the zero section in (S1 × T ∗Sn, dt + λcan), and the neighborhood of S1×̃Sn is
contactomorphic to a neighborhood of the zero section in (S1×̃T ∗Sn, dt+λcan). If the contact
structure onM was invariant under an SO(n+1)-action, and if every Legendrian sphere was an
SO(n+ 1)-orbit, then we can even apply the equivariant Weinstein Theorem (Lemma VII.8).

There exists embeddings of S1×̃Sn into any Darboux chart, and hence into any contact
manifold (M,α), such that every n-sphere {?}×Sn is Legendrian. A map of this type can be
constructed as follows: Begin with the embedding

S1×̃Sn ↪→ (S2n+1, α =
∑

xj dyj − yj dxj)

(eiϕ, p) 7→ eiϕ · p .

One can delete a point from S2n+1 to obtain ([Geiar])

(S2n+1 − {?}, α) ∼= (R2n+1, α0 = dt+
∑

xj dyj − yj dxj) ,

and hence there is an embedding S1×̃Sn ↪→ (R2n+1, α0). By rescaling

(t, x1, . . . , xn, y1, . . . , yn) 7→ (λ2t, λx1, . . . , λxn, λy1, . . . , λyn)

one can push S1×̃Sn into an arbitrarily small chart.
On the other hand, there are sometimes obvious obstructions for embedding S1 × Sn into

an arbitrary manifold. For example, in dimension 5 the intersection number of S1 × S2 with
a sphere {?} × S2 in S1 × T ∗S2 is 2. Hence H2(M) and H3(M) cannot vanish, if we want to
embed S1 × S2 in the desired way into M .

Let U1 be a neighborhood of the sphere bundle of (S1 × T ∗Sn, dt+ λcan), and let U2 be a
neighborhood of the sphere bundle of (S1×̃T ∗Sn, dt+ λcan). Note that the map

Φ :U1 → U2

(t,q,p) 7→ (t,q cos(πt) + p/|p| sin(πt),−|p|q sin(πt) + p cos(πt))

can be isotoped into a contactomorphism. Hence it is the same sets that can be glued in, in
either of the two cases.
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1. Symplectic Dehn twists

A Dehn twist τ−k or τ+
k (with k ∈ N0) is a diffeomorphism from T ∗Sn−1 to itself con-

structed in the following way. Write points in T ∗Sn−1 as (q,p) ∈ R2n with |q| = 1 and
q ⊥ p.

Set

τ±k (q,p) =
(

cos
(
±gk(p)

)
|p|−1 sin

(
±gk(p)

)
−|p| sin

(
±gk(p)

)
cos
(
±gk(p)

) )(
q
p

)
If gk was equal to gk(r) = r, then τ±k would just be the standard geodesic flow. Instead, here
we choose gk(p) = πk + fk(|p|), where fk is a smooth function that increases monotonously
from 0 to πk on an interval that will be specified later. Outside this interval, fk will be
identically equal to 0 or πk. Though the details do not matter for the Dehn twist itself, our
computations will turn out to put some constraints on fk.

For small |p|, the map τ±k equals (−1)k id, while for large |p| it equals the identity map.

Definition. The map τ+
k (k ∈ N) is called a k-fold right-handed Dehn twist. The

map τ−k is called a k-fold left-handed Dehn twist.

We will now construct a mapping torus of T ∗Sn−1 using these Dehn twists following the
construction of Giroux and Mohsen [Gir02b]. The canonical 1-form λcan = p · dq on T ∗Sn−1

transforms like (
τ±k
)∗
λcan = λcan ± |p| d

(
fk(|p|)

)
.

Note that the difference λcan −
(
τ±k
)∗
λcan is exact. This implies in particular that the Dehn

twists are symplectomorphisms of (T ∗Sn−1, dλcan). As a primitive of the difference λcan −(
τ±k
)∗
λcan we will take

h±k (|p|) := 1∓
∫ |p|

0
sf ′k(s) ds .

For left-handed Dehn twists τ−k , the function h−k is always positive, but for right-handed Dehn
twists τ+

k , the function h+
k can be assumed to be positive by choosing a suitable interval where

fk increases. To be more explicit, choose a smooth function f that is identically 0 on the
interval [0, 1], on the interval [1, 2] it increases monotonically from 0 to 1, and f is identically
1 on the interval [2,∞). Furthermore, we may assume that the derivative f ′ is bounded by
2. Then we can take fk(x) := kπf(ckx) with ck > 3kπ. We have∫ |p|

0
sf ′k(s) ds ≤

∫ ∞

0
kπcksf

′(cks) ds ≤ kπ
∫ ∞

0
yf ′(y) dy/ck ≤

kπ

ck

∫ 2

1
y2 dy =

3kπ
ck

,

where we have substituted y = cks and used that f ′(y) = 0 outside the interval [1, 2] and that
f ′ is bounded by 2. Our choice of ck ensures for k > 0 that this integral is indeed smaller
than 1, so h+

k is positive.

2. The mapping torus

Consider the map

ϕ±k : R× T ∗Sn−1 −→ R× T ∗Sn−1,

(t;q,p) 7−→ (t+ h±k (|p|); τ±k (q,p)) .
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This map preserves the contact form dt+λcan on R×T ∗Sn−1, so we obtain an induced contact
structure on R× T ∗Sn−1/ϕ±k .

The manifolds (R×T ∗Sn−1/ϕ±k , dt+λcan) are a bit inconvenient, because it is not possible
to recognize easily the fibers in t-direction. To make computations easier, we will use instead a
different mapping torus that is contactomorphic to the manifold above. Let R×T ∗Sn−1/ ∼±k
be the mapping torus obtained by identifying (t;q,p) ∼±k (t + 1; τ±k (q,p)). We can define a
diffeomorphism

R× T ∗Sn−1/ ∼±k −→ R× T ∗Sn−1/ϕ±k
by sending (t;q,p) to (h±k (|p|) t;q,p). The pull-back β±k of the described contact form under
this diffeomorphism is given by

β±k = h±k (|p|) dt+ λcan ∓ t|p| d
(
fk(|p|)

)
.

We will denote this last mapping torus (M±k
Dehn, β

±
k ) by

M±k
Dehn := R× T ∗Sn−1/ ∼±k .

Far away from the zero section, the mapping torus M±k
Dehn is diffeomorphic to a trivial prod-

uct, and the contact form is just β±k = h±k (∞) dt + λcan. After rescaling the fiber direction,
the contact structure is in standard form, and hence it is possible to substitute small neigh-
borhoods of embedded Sn-bundles S1 × Sn or S1×̃Sn as described at the beginning of this
appendix with such mapping tori.





APPENDIX E

Open book decompositions

This appendix contains results obtained together with Otto van Koert, and described in
[vKNar]. The only changes done here are that definitions already given at some other point
of this thesis have been removed, and additionally to the right-handed Dehn-twists considered
in the article, also left-handed Dehn-twists are explained.

0. Introduction

At the ICM of 2002 Giroux announced some of his results concerning a correspondence
between contact structures on manifolds and open book structures on them. In one direction
this correspondence is relatively easy. We are given a compact Stein manifold M (i.e. a
compact subset of a Stein manifold where the boundary is a level set of a plurisubharmonic
function on it) and a symplectomorphism ψ of M that is the identity near the boundary of
M . It can be shown that this symplectomorphism gives rise to a mapping torus that inherits
a contact structure. Furthermore, the boundary of the mapping torus will always look like
S1× ∂M , so the binding D2× ∂M with the obvious contact structure can be glued in to give
a compact contact manifold.
Although Giroux announced much more than just this, it is already interesting to see how
this construction turns out in a few simple cases. As a Stein manifold we will take T ∗Sn−1

with its canonical symplectic form. For the symplectomorphisms used for the monodromy of
the mapping torus we will be using so-called generalized Dehn twists, a symplectomorphism
that can be written down explicitly. Seidel has shown [Sei98] that these Dehn twists generate
the symplectomorphism group of T ∗S2 up to isotopy. Furthermore his results show that Dehn
twists of T ∗S2 are of order 2 diffeomorphically, but not symplectically. This means that many
of these Dehn twists are isotopic to each other, but not symplectically so.
We will show that the above construction using T ∗Sn−1 with a k-fold Dehn twist yields the
Brieskorn manifold W 2n−1

k . In particular, this shows that the Ustilovsky spheres (special
Brieskorn spheres with non-isomorphic contact structures) can all be written in terms of
open book decompositions with Dehn twists as their monodromy. It also shows that Dehn
twists cannot be of order 2 in all dimensions (this is never true for n even). Namely, among
the Brieskorn spheres (these correspond to n and k odd) are exotic spheres as well as standard
ones. As the binding is always glued in in the same way, the Dehn twists corresponding to a
standard and an exotic sphere cannot be isotopic.

1. Notation & Definitions

1.1. Open books. The following definitions are taken from [Gir02a].

Definition. An open book on M is given by a codimension-2 submanifold B ↪→ M
with trivial normal bundle, and a bundle ϑ : (M −B)→ S1. The neighborhood of B should
have a trivialization B × D2, where the angle coordinate on the disk agrees with the map ϑ.
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The manifold B is called the binding of the open book and a fiber P = ϑ−1(ϕ0) is called
a page.

P

B

Figure 1. S1-action with fixed points

Remark E.1. The closure of a page P is a compact codimension-1 submanifold, whose
boundary is B.

Remark E.2. The open set M − B is a bundle over S1, hence it is diffeomorphic to
R× P/ ∼, where ∼ identifies (t, p) ∼ (t+ 1,Φ(p)) for some diffeomorphism Φ of P .

Definition. A contact structure ξ = kerα on M is said to be supported by an open
book (B,ϑ) of M , if

(1) (B,α) is a contact manifold,
(2) dα is a symplectic form on any page P , and
(3) the natural orientation of (B,α) coincides with the one as boundary of (P , dα).

Remark E.3. Note that if the binding is connected, point (3) of the definition above
holds automatically, because

0 <
∫

P
dαn =

∫
B
α ∧ dαn−1 ,

by Stokes theorem. Hence the orientation of B as boundary of P agrees with the one given
by the contact form.

1.2. Dehn twists. Dehn twists were introduced in Appendix D, and we will use the
notation given there.

2. Open books for the contact structure α± on the Brieskorn manifolds W 2n−1
k

The Brieskorn manifolds W 2n−1
k ⊂ Cn+1 (with k ∈ N0) are defined as the intersection

of the sphere S2n+1 with the zero set of the polynomial f(z0, z1, . . . , zn) = zk
0 + z2

1 + · · ·+ z2
n.

To make computations easier, assume that the radius of the (2n+ 1)-sphere is
√

2.
The orthogonal group SO(n) acts linearly on Cn+1 by leaving the first coordinate of

(z0, z1, . . . , zn) fixed and multiplying the last n coordinates with SO(n) in its standard matrix
representation, i.e. A · (z0, z1, . . . , zn) := (z0, A · (z1, . . . , zn)). This action restricts to W 2n−1

k ,
because the polynomial f can be written as zk

0 + ‖x‖2−‖y‖2 + 2i〈x|y〉 with x = (x1, . . . , xn)
and y = (y1, . . . , yn).
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It was shown in Lemma IV.21 that the two 1-forms

α+ := k (x0 dy0 − y0 dx0) + 2
n∑

j=1

(xj dyj − yj dxj)

and

α− := −(k + 1) (x0 dy0 − y0 dx0) + 2
n∑

j=1

(xj dyj − yj dxj)

induce SO(n)-invariant contact structures on W 2n−1
k . Note that the standard form given by

Lutz and Meckert [LM76] has positive sign in front of the first term.
It is well-known that all W 2n−1

k are (n − 2)-connected, and some of these Brieskorn
manifolds are spheres [Bri66], [HM68]. Ustilovsky [Ust99] showed that among them there
are diffeomorphic but non-contactomorphic manifolds. Namely if 2n− 1 = 1 mod 4, then all
W 2n−1

k with k = ±1 mod 8 are standard spheres with inequivalent contact structures.
In the remainder of this paper will we show that the contact structures α± on Brieskorn

manifolds W 2n−1
k are supported by an open book whose monodromy is given by a k-fold

right-handed Dehn twist for α+ and a k-fold left-handed Dehn twist for α−. We define
the binding B of the open book by the set in W 2n−1

k with z0 = 0. We have the fibration
ϑ : (W 2n−1

k −B)→ S1, given by (z0, z1, . . . , zn) 7→ z0/|z0|.

2.1. The binding. The only stabilizers of the SO(n)-action on the Brieskorn manifold
that occur are SO(n− 1) and SO(n− 2). The projection onto the orbit space is given by

W 2n−1
k −→ D2

(z0, z1, . . . , zn) 7−→ z0.

Points (z0, . . . , zn) lying over the interior of the disk (i.e. |z0| 6= 1) have principal stabilizer,
points over ∂D2 lie on singular orbits. The orbit B = Orb (0, 1, 0, . . . , 0) ∼= SO(n)/SO(n− 2)
is the binding of the open book. It is naturally contactomorphic to W 2n−3

2 . In fact, W 2n−3
2 =

SO(n)/SO(n− 2) is diffeomorphic to the unit sphere bundle S(T ∗Sn). This shows that part
(1) of Definition 1.1 is satisfied.

The symplectic normal bundle of the binding is trivial, because for k 6= 1 we have a
symplectic basis

1√
2k

(1, 0, . . . , 0),
1√
2k

(i, 0, . . . , 0),

and for k = 1 we have the basis√
2
5
(1,− z̄1

4
, . . . ,− z̄n

4
),

√
2
5
(i,− iz̄1

4
, . . . ,− iz̄n

4
).

The neighborhood theorem for contact submanifolds [Geiar] then shows that there is a neigh-
borhood of the binding that is contactomorphic to (B × D2, α+|B + r2dϑ), where (r, ϑ) are
polar coordinates on the disk.
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2.2. The pages. In this section, we will prove that W 2n−1
k −B is contactomorphic to R×

T ∗Sn−1/ ∼k, the mapping torus of a k-fold Dehn twist. To obtain this final contactomorphism,
we will combine several maps that will be described in this chapter. The following diagram
is meant as a reference:

(M±k
Dehn, β

±
k )

Ψ±
k←−Mk

S±k←− R× T ∗|p|<1S
n−1 Φk−→ (W 2n−1

k −B,α±)

The R-action on W 2n−1
k −B, given by

eit(z0, z1, . . . , zn) = (eitz0, e
ki
2

tz1, . . . , e
ki
2

tzn).

induces a diffeomorphism between the pages ϑ−1(1) and ϑ−1(eit).
Let us define an auxiliary mapping torus to make computations more convenient. Define

Mk := R× T ∗Sn−1/σk,

where
σk(t,q,p) = (t+ 1, (−1)kq, (−1)kp).

We will now give an explicit map to show that P is diffeomorphic to T ∗|p|<1S
n−1. Here

T ∗|p|<1S
n−1 denotes the open unit disk bundle associated with the cotangent bundle of Sn−1.

A point (q,p) ∈ T ∗Sn−1 ⊂ Rn × Rn with |q| = 1, |p| ≤ 1, and q ⊥ p is mapped to

(q,p) 7→
(
1− |p|2, F (|p|)p + iG(|p|)q

)
with F (r) =

√
2−(1−r2)2−(1−r2)k

2r2 and G(r) =
√

2−(1−r2)2+(1−r2)k

2 .
Together with the R-action this gives a map

Φk : R× T ∗|p|<1S
n−1 −→ W 2n−1

k

(t,q,p) 7−→
(
e2πit(1− |p|2), eπkit(F (|p|)p + iG(|p|)q)

)
.

This descends to a diffeomorphism of the subset of Mk with |p| < 1 to W 2n−1
k − B. For k

even, one obtains Φk(t + 1,q,p) = Φk(t,q,p), so that W 2n−1
k − B ∼= S1 × T ∗|p|<1S

n−1, and
for k odd, one obtains Φk(t + 1,q,p) = Φk(t,−q,−p), so that W 2n−1

k − B is a non-trivial
T ∗|p|<1S

n−1-bundle over S1.
The pull-back of the contact form α± to Mk under Φk gives

Φ∗
kα+ = 2πk

(
(1− |p|2)2 + |p|2F 2 +G2

)
dt+ 4FGλcan = 4πk dt+ 4FGλcan

Φ∗
kα− = 2π

(
k|p|2F 2 + kG2 − (k + 1)(1− |p|2)2

)
dt+ 4FGλcan

= 2π
(
2k − (2k + 1)(1− |p|2)2

)
dt+ 4FGλcan .

Next, we construct a diffeomorphism Ψ±
k from Mk to the mapping torus M±k

Dehn by defining

Ψ±
k (t;q,p) =

[
t;q · cos

(
± tfk(|p|)

)
+

p
|p|
· sin

(
± tfk(|p|)

)
,

p · cos
(
± tfk(|p|)

)
− |p|q · sin

(
± tfk(|p|)

)]
.

The map is well-defined, because Ψk ◦σk(t;q,p) is identified with Ψ±
k (t;q,p) in the mapping

torus M±k
Dehn. In order to show that the composition Φk ◦

(
Ψ±

k

)−1 is a contactomorphism, we
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will show that the pull-back of α± under Φk is contactomorphic to the pull-back of β±k under
Ψ±

k .
We now compute the pull-back of β±k under Ψ±

k , noting that the norm of p is invariant
under Ψ±

k (we do not write the dependence of h±k and fk on |p|):(
Ψ±

k

)∗
β±k =

(
h±k ± |p|fk

)
dt+ λcan .

Using partial integration to get the equation h±k (y) = 1∓ yfk(y)±
∫ y
0 fk(s) ds, we find

(
Ψ±

k

)∗
β±k =

(
1±

∫ |p|

0
fk(s) ds

)
dt+ λcan .

Note that Φ∗
kα+ has a very similar form. We make the following ansatz for a contactomor-

phism of (Mk||p|<1,Φ∗
kα±) to (Mk, (Ψ±

k )∗β±k ):

S±k : (t,q,p) 7→ (t,q,±g(|p|)
|p|

p).

With this ansatz we find what p should map to in order for the map to be a contactomorphism.
For right-handed Dehn twists, we are just rescaling p, while for left-handed ones, we are also
applying a reflection. The pull-back under this map of (Ψ±

k )∗β±k is given by(
1±

∫ g(|p|)

0
fk(s) ds

)
dt± g(|p|)

|p|
λcan .

Since we want this to be a multiple of Φ∗
kα±, we need to solve the following equation:

g(|p|)
1 +

∫ g(|p|)
0 fk(s) ds

=
|p|FG
kπ

for right-handed Dehn twists, and∫ g(|p|)
0 fk(s) ds− 1

g(|p|)
=
π(2k − (2k + 1)(1− |p|2)2)

2|p|FG

for left-handed Dehn twists. Define auxiliary functions

h+(y) :=
y

1 +
∫ y
0 fk(s) ds

and h−(y) :=

∫ y
0 fk(s) ds− 1

y
.

The above equations becomes

h+ (g(|p|)) =
|p|FG
kπ

for right-handed Dehn twists, and

h− (g(|p|)) =
π(2k − (2k + 1)(1− |p|2)2)

2|p|FG

for left-handed Dehn twists.
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We will solve for g(|p|) by inverting h±. This can be done by the following considerations.
The derivatives of h± are given by

dh+(y)
dy

=
1−

∫ y
0 sf

′
k(s) ds(

1 +
∫ y
0 fk(s) ds

)2 =
h+

k (y)(
1 +

∫ y
0 fk(s) ds

)2 > 0

and

dh−(y)
dy

=
1 +

∫ y
0 sf

′
k(s) ds

y2
=
h−k (y)
y2

> 0 ,

where we used that the h±k are positive by our choices in Appendix D.
Let us first consider the problem for right-handed Dehn twists. Since h+ is strictly

increasing, we observe that the function h+ maps [0,∞) bijectively onto [0, 1
kπ ). This can

be seen by noting that fk(s) = kπ for s sufficiently large, again due to our choice of h+
k . It

also means that h+ can be inverted, when restricted to a suitable range. One easily checks
that the right-hand side of the above equation, |p|FG

kπ , has positive derivative and is therefore
strictly increasing on the interval [0, 1). Moreover it has the same range as h+, namely [0, 1

kπ ).
Therefore we can find a smooth solution to g(|p|) by applying the inverse of h to |p|FG

kπ .
For left-handed Dehn twists, we find that h− is also strictly increasing, and it maps the

interval (0,∞) to (−∞, kπ). The right-hand side, π(2k−(2k+1)(1−|p|2)2)
2|p|FG , can be shown to be

monotonously increasing and maps (0, 1) onto (−∞, kπ). On the interval (0, 1) there is a
smooth solution to g(|p|) given by applying the inverse of h− to π(2k−(2k+1)(1−|p|2)2)

2|p|FG .
This shows that the open book (B,ϑ) on

(
W 2n−1

k , α±
)

has page T ∗Sn−1 with monodromy
given by either a right-handed or left-handed k-fold Dehn twist. The contactomorphism that
achieves this is

Ck := Φk ◦
(
S±k
)−1 ◦

(
Ψ±

k

)−1 : (M±k
Dehn, β

±
k )→ (W 2n−1

k −B,α±) .

Note that this contactomorphism also respects the projection to S1, because the S1-coordinate
is invariant under Ck.

2.3. The contact structure on W 2n−1
k is supported by the open book. Part (1)

of the Definition 1.1 was already checked in Section 2.1. Note that Φ∗α+ restricts to the same
form on each page as Φ∗α−, hence it is enough to show part (2) only for α+. The Milnor
fibration, which is transverse to the pages, is the Reeb field of α+, hence dα+ cannot have
non-trivial kernel on the page.

By Remark E.3, point (3) follows immediately if 2n − 1 ≥ 5, because the binding is
connected. If 2n − 1 = 3 the binding has two components B1 and B2, but by symmetry
considerations, one can easily see that integrating α over B1 yields up to sign the same value
as integrating over B2. If at least one of the two signs was negative, then the inequality in
Remark E.3 would be false.
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