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�Z�#" { �%$?iu�0�(�Z�bBE3'�*+9^B%1\�*+�*�(+.��$N�EI.pe&(� 8:9.��/0I (?*#6'I.+?)r!%"#+h�%$ ′′ ;?�*�(+.�C���*6'8:9dU��(+ {-.� )#cE�*�k3N6NBEI (+*#6�I.+.)!#"#+ Å?i [ $%c_p .E6ZI.+?-P�,� +.�eO4peD �.+.-.& �(8:9.c%�,�(3�!%"#+wÅ?i �d@ BEI?J�-.�,$
W

mb

sKcxB%& B?i
sK� pA"#+`�,3eB%&ÂiHÁ}[%Å#ÅKFÇÃvcxB%$�3'� �*$53N�,+T+.�,12�,+a-.�,$epeB%6'6��(!%�*+�su3N�,$'+.�,+_3'6�3'�*9_I.+.)#6�$'�,)#� "#+



� ��� � ����������	 "uF

�Z��s.QX�w�#"Ki �%$ �Å?i Å%"�12�,�
v 	
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X$M+�!�[14*,&�95B%@,�2�/ �� ��2�' :`
&J�%�2�O�2�/ 	&J�! $";*\�/� "$�' 	v-S:T � �U95B%K4�' ;�! ;"$�/. .a�'35�/B0"$�'@��2B!�%���	�KD5�$�'.u14B%&-�% >"$�' 	v-S:T
� � �U95B!KO�' � MZ�%�eG	1ML��!G	14B%�' wv

peak
` ���/.J���e"$�/.+v S:T�� �U95B!KO�' FB!�%�'35�/ I*=�'� ∼ c GOo>7

",�!�D��S�T,�!&����,�' pG	1ML��!G	14B!�/ wv
peak

` �U�'.V�2�Q"$�'.+v-S:T�� � �U95B!KO�' CB%�!�/35�' F*\�/��t6�/ $�!35�/ 
o#X *0�'.J $�'. b/�'�!���, $�' 	&��!���;v S�T � �U95B!KO�' ;35�'35�/ P�$*\�/.u",�' ;v-S:T � � �U95B!KO�' ;"014"$@$.J���
1O@$&'7z"014E+b'@$&��O�2b/B!�%���nb'@n"$�' n14@$&�34�'"$�/�$ ���g595.JK495G;G;�' $"$�/ #��! $�%�' �g5�/.��0�OB%�2 ,�!&Jtu�'.V�2�/ 
b�t6�/�xg4�'.�&J���$�!�/"$�' ,�#K:B%�'�% $�e&JT\9O��?ND5.JG	�%35��.��/35�!95 ,�' C",�'.�&[.OD4E5� ∼ {z` r ′ 1O@,? ��14@,���$�' �^u�'��"$�/ �/�! $�/ H�T=94��&>g4�'.J35.OD5E4�'.J�>&J�!����"014&0#��! $�%�' �g5�/.��0�OB%�2 ,�!& 12R3/2

14@,? ���/.J���
b�ta�!&J���$�' c XI;I@, $" c X y,7�*=�'�-"$�' �14 $"$�/.��' �H�T\9O�2&eg4�'.J.��! ,35�'.V�n&J�!����"01O&�#��! ,�!�' �g4�'.V`
�$�4B%�� $�!& 12/13R2

14@,? ���/.J�2�-b/ta�%&����$�/ c XHA�@$ $"#{:XJA�XzM+�!�'&J� *\�/�!"$�/ #H�T=94��1O.J�2�/ e&J�! $"Q�! 
c G c



c G5{��������	��
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"$�'.+.a�'34�'B8.��4@$G;B!�%���� $�%���P��G	�W�2�'�% 014 $",�'.-14&�&J95b'�%�!�/.J�YX *0�'.J $�'.�K D5 $ $�/ wg��%�'B%� �U95B!KO�' 
"$�'&Dv S�T,&-��G	�W���� $"$�%K�1O�295.J�' p?A�$.[G	14&J&��%g4�	H:�2�/.� $�/ P��&J���'�P@$ $35&J.��/35�!95 ,�' �1O&�&�94b'�!�%�'.V�
t6�/.�"$�/ k74�J�'"$9:���IKO�'�% $� ��95B%K4�D"$�/&�v S:T$& � ��X
MZ�!� ��95B%K4�/ �"$�'&0&Qj/. g5�/.�35B%�'�!���,���!���U?A�'.� ,�'.dG;�%�eb/tu�'��1O@$&�35�/"$�'�, P���' �} 95.J"$�'.f`
35.�@$ ,",t694B!K4�/ I�%G 35B%�'�%���$�' FMN1O���' $&�1O�2b �=MZ�!� c XI;4KPT\�[�/ ���?A�'.J ��2�e} 94.�"$�/.�35.J@$ $",tu95B!KO�
"$�'&-*0�'B!",�'&-&Qy ;�`fy c �%&J�Q�'�% $�>v-S:T � ��95B%K4�O7 ",�!� c X+*4KPT\�;�' ���?A�/.� ��2�;} 95.�",�'.�34.�@$ $":`
t695B%K4�N",�'&�*0�'B%"$�'&�&[rBAz` r Ce�%&J�6�'�! ,�Nv-S:T�� � �U95B!KO�4X,MZ�!�+v-S:T�� } 94.�"$�/.�35.J@$ $",tu95B!KO�
@$ ��2�'.J&����$�/�!"$���C&J�!����g595 �"$�' v-S:T � �U95B!KO�' �"$�'& &Qj/. �J�'"$9:����"$@$.���� .��/Bl1O���%g
&�����t��O���$�'.J� 13 476D{z` c �� ����' $&J�%�����Y7�t614&L&��!��� �%  $�!�/"$.��%35�'.J�' 12/13R2

@$ $"�� D5�$� `
.��' 13R2/1

*\�/G	�/.�KP*014.NG	14�����YX *0�'.� ,�'.N&J�! $"i"$�%�'.a�'35�%95 $�/ pG	�W� 12R3/2

� c �! p"$�/.
} 95.�"$�/.�35.J@$ $",tu95B%K4�a14@$&J35�'",�'�$ ��u@$ $">"$�!� 12/13R2

`VH�T=94��&<B!�!�/35�' n�! $ $�/.��01OB!*#"$�/. .�� `
35�!95 ,�' nG;�%� 12R3/2

� c X4H����$B%�!�'E4B!�!���e�'.J.��'�%���$�' #",�!��H:T\94��&��! n"$�'._} 94.�"$�/.�35.J@$ $",tu95B!KO�
� L:�2.J�'G;�'.�� ���/.J�2� � 12R3/2

.��'�%�������$�/.214@,? *$�%&ub/@ c XHA�7 12/13R2

.��'�%�������$�/.214*h*,�!& ;�XJA�X
MZ�!�pjI9�",�'B!B%�!�/.�@$ $3U"$�'. #��% $�!�/ �g5�'.J�0�4BW�2 $�%&�&��C"$�'.hv S:T1� � ��94B!K4�/ G;�%���+�!BW?A�C"$�/&
  ���tu�'�%���Pt614�$.J&����$�/�! $B%�!���$KO�'�W�2&�G;9:"$�'B%B!&�g495 H:��@,�2b/K:� � � �! $ ,�/ta�!&J&��/.%= c �,* A ? �'.f`35�!*,� v ≤ c ;4o>7� ≤ c ; 2.5 �/G −3 X *_�$. "$�!��14@,&�35�/"$�'�$ ����' w^6�/.��/�!���$�+"$�'. v S�T � �U95B!KO�' 
?A95B!34� c A4o ≤ v�-�y9;5o#7$"$�%�N"$@$.J���$&����$ ,�%����B!�%���$�QMZ�!�����2�D"$�/.av-S:T����U95B!KO�' F�!G &ej .
B!�!�/34�Y7O14@,?A34.�@$ $">"$�/.  $�!�/"$.��%35�' 13R2/1 ≤ c

XI; �U�'.V�2�474*\�/�0 ≈ 103.5 �/G −3 X5MZ�!��v S:T
�
} 95.�"$�/.�35.J@$ $",tu95B%K4�N�/.�.��/�!����� 13R2/1

�U�'.V�2�+*$�!&�{�XH;�X,MZ�%�'&J�[^6�'.J�'�%���$�N"$�%�'&��/. �U95B!KO�
K D5 $ ,�' wG;�%� v ≤ { ;5o @$ $"� ≥ c ; 4 �'G −3 7:*$b/tDX:G	�W�-�$95�$�/ hvx�/G	T=�'.�1O�2@,.��' %=qG;9�"$�/BW`
B!�!�/.J��*,�!& c ;9;4o ? @$ $"IMZ�!�����2�/ C ≤ c ; 4 �/G −3 �/.�KPBl�4.V��t6�/.�"$�/ kX

12R3/2
12/13R2

13R2/1

v � o �  � �'G −3 �
v S:T/� ;,XHGz` c XI; {�XHAz` r$XH; ;,X y�` c XI; c A�`fy9; ≈ c ; 3.5

v S:T/� � ≤ ;,XJG c XH;�`f{�XHA ≤ ;,X|y ≤ c ; ≤ c ; 2.5

v_14*=�'B%B!��r,X c � #��% $�!�/ �g5�'.J�0�4BW�2 $�%&�&��<",�'.�t6�/�%��g5�/.J���'�!BW�2�/ e^u�'.��/�!���$� "$�/.�*\�/�!"$�/ e�%G v � L:�
"$�!&JK:@��2�!�/.J���' ��95B%K4�/ P��S:T=�' p",�'&�&Qj/.DX MZ�!�DT$��S:&��%K�14B!�%&����$�/ p�_1O.214G;�/���'.a&��% $"IG;�%�
"$�'G  < P��tu�'�%����t�14�,.�&����,�'�! ,B!�!���,K4�'�W�2&JG	9:"$�'B%B6g594 �H:�2@,��b'KP� � � �% $ $�/ta�%&�&J�'.>= c �,* A ?G	9:"$�'B%B!�%�'.J�-tu95.�"$�/ kX

MZ�!� 12R3/2

`VH�T=94�2&nK D5 $ ,�' �G	�W�n",�'G  < ���tu�'�!����t614�$.J&����$�/�! $B%�!���$KO�'�%��&�G;9�",�'B!B� ,�!�����
�'.�KPB!�4.J��tu�'.�",�' k7��J�'"$9:���d"$�%&�KP@,�2�%�'.J�u�%���e?A95B%35�' $",�-b�t6�/�,GED535B%�!���$�)�� ��2�/.�T$.J�/�21O�2�%95 $�' �6[T��2�!&J���C"$�, $ $�'&!&Q1O&�G;�%��M+�!�����2�/ ∼ 103−5 �'G −3 @, $"Cv � 50K

70*$b�tDX &D14&aG	�W�
�'�! ,�'G v �'G;T=�'.21��2@$.J35.214",�!�' ����' kX
MZ�!� 12/13R2

`fH�T\9O�2&��! D"$�/ &Qj/.���94B!K4�/ e*=�'",�'@,���' n�% e�/�! $�/G �$95G;9535�/ $�' njI9:"$�'B%B~7
"014E 13 476D{z` c 95T,���!&����F"$�%��K�ta�!.J"kX=jI�%��"$�/G  < P��tu�'�%����t�14�,.�&����,�'�! ,B!�!���,K4�'�W�2&JG	9:"$�'B%B
�'.�34�'*=�' �&J�!����H,�4@$B%�' $",�!�����2�/ � b/ta�%&����$�/ 

1022 �'G −2 @$ ," 1023 �'G −2 *=�'�0 $�%�'"$.J�!35�/ 
MZ�!�����2�/ I ≤ 103 �'G −3 @$ $"F $�!�/"$.��%35�' Lv �'G;T\�/.21O��@$.��/ Iv ≤ c AOo>X



c G4y
M+�!� 12/13R2

`VH:T\94��& ≈ ;,XJAw"$�/.Qv S:T �a} 95.�"$�/.�35.J@$ $",tu95B%K4�;K D5 $ ,�' �G;�%�N�'�! ,�'G �$9�`
G;9535�/ $�' CjI9:"$�'B%B� $�!�������'.JKPBl�4.V��tu�'.J"$�' 8X �����I�! ��2�/.�T$.J�/�2�%�'.J�Q",�!�'&J�n� 95&��W�2�%95 $�' FG;�%�
�/�! $�/G o[B!@$G;T=�' k7�"$�'.a�'�% $�' Fv �'G;T\�/.21O��@$.�35.�14"$�%�' ��2�/ Fb/@$G o[B!@,G	T=�' $�% $ $�/.� L�01O�'X

MZ14& #��! ,�!�' �g4�'.��$�4B%�� $�!& 13R2/1

b/�'�%34�6�% �"$�/ hv S�T�� ��95B%K4�/ h�0�4@��$3n�'�% $�' &D.�14"$�%�' �`
���' wg594 I�/�! $�/G b'@,Gs14 $",�'.��/ �U95B%K4�' ,.214 $"8X0MZ�!�/&��!&V��G	�W���/�! $�/G �' ���&�T$.J�'���$�/ $"$�' 
&[.21O"$�!�/ P���' �"$�/.;",@$.����$&J���$ $�W���2B%�!���$�/ MZ�%�����2�F"$�'&
&D14&��/&;�/.�KPBl�O.�*014./X) <�! �&�94B!���$�/.
&[.21O"$�!�/ P�e�!&V�n�%G��8@$&21OG	G;�' $�$14 $3CG;�%�Q�/�! $�/.e&J���P@$�' ����!�'B%B!�/ �H:�2�/.� $�/ ��2&J���'�P@$ $3��! 
",�!�'&J�' �U95B!KO�' #T$B!14@$&��%*\�/B��/.�KPBl�O.�*014./74"$�%��GED535B!�%���n�%&J�Y7�t6�/ $ >"$�!�6�! $"$@,b'�!�/.J���aH:�2�/.� �`
�/ ��2&J���'�P@$ $3��'�! ,�[*\�/"$�'@,���' $",�'.a95B!B%�Z&�T,�!�'BW�YX
MZ14&�.��/Bl1O���%g#&J����t��4���,�'.�� 13 476D{z` c �! 	"$�' wv S:T�� ��95B%K4�/ w"$�'&�&Qj/. �!G } �/.�35B%�'�!���
b/@$.Nv S:T ��} 95.J"$�'.J35.�@, $",tu95B!KO�#�! ��2�/.�T$.J�/�2�%�'.J�d�!���pG;�%�Z"$�'G } 95.J�014 $"$�/ $&��/�! i�/�! $�/&
�\ta�%&����$�/ �t695B%K4�/ $3�14&J�'&��%G &Qj/. � ",�!���<.2�4&J�' $b��'�% $�'&-&�95B%���$�' ��\ta�!&J���$�' �tu95B!KO�' $3�1z`
&J�'&[�%&J�[G;94�2�Wg:�!�'.V�Z",@$.����]"$�%�  <.�35�/*$ $�!&J&��#"$�/.

∆
` gO14.J�l14 $�/�d(Z $14B%S:&��n�! ]oD14T$�W�2�'Bxy,X

"� ��2�'.a"$�/.a(Z $ 01O�$G	�O7$"014E>"$�%�[v-S:T ���U95B!KO�' F�!G &ej . "$�!�[34B!�'�%���$�' �#��! ,�!�' �g4�'.V`
�$�4B%�� $�!&J&��d�/G	�W���2�%�'.J�' Ita�%�d"$�%�dv-S:T���} 95.�",�'.�34.�@$ $"�t695B%K4�O7k&�9�ta�!�>1O@$&N"$�/  <.J35�'*�`
 ,�!&�&J�' �"$�'.

∆
` gO14.J�l14 ,�'�d(+ 014B%S:&J�;�/.�G;�%�J�2B!�e�!���]"$�%�n?A95B!34�' $"$�/ #��% $�!�/ �g5�'.J�0�4BW�2 $�%&�&��

",�'&��\ta�%&����$�/ Ptu95B%K4�' ,3�14&��/& � ;�XJG ≤12 R3/2 ≤ c
XI;,7 12/13R2

�ar$XI;+@, $" 13R2/1

- ;,XHG�X�MZ�!�
jF9�"$�/B!B%�!�'.J@$ $3a"$�%�'&��/. #��% $�!�/ Pg4�'.J�0�4B%�� $�!&J&��-G	�W��"$�'G  < ���t6�/�!����t614�$.�&J���$�'�% $B!�%���$K4�/�%��&V`
G;9:"$�'B%B,�'.J35�!*��Y7�"014ED"01O&��\ta�%&����$�/ Ptu95B%K4�' ,3�14&6�% >"$�' hH�T$�!.�14Bl1O.�G;�' dv �'G;T\�/.21O��@$.��/ 
g495 c A4o ≤ v ≤ G ;4o �01O�a&J9�ta�!�[�'�% $�[35�/.��! ,35�DMZ�!�������470"$�%�[G	�W��b'@, $�'�$G;�' ,"$�'.av �'G#`
T=�'.�1O�2@,.a14*$ $�%G	Gn� �

n ≤ 103 �'G −3 *=�'� c A4o @$ ,"
n ≤ 102 �'G −3 *=�'� G ;4o>X

�����iKO95 $ ��2�e?A�$.+"$14&Z"$@,.����$&J���$ $�%�J�2B%�!���$� #��% $�!�/ Pg4�'.J�0�4B%�� $�!& 12R3/2

*=�'&V���O���!35�/ k70t�1O&
H�14K�14G	9O�29F�/�>14B�X = c ��� G ? ?A�$.n"01O&n"$@$.J���$&����, $�%�J�2B!�%���$��#��! ,�!�' �g4�'.��$�4B%�� $�!& 12R2/1

�! 
",�'._�% $ $�/.��' #jI�!B%���$&J��.214E5�u�$�'.�14@$&J35�/?A@$ ,"$�' #�01O*\�/ �5MZ�%�u",@$.����$&J���$ $�W���2B%�!���$�/ ���/.J���
 ,�'�$G;�' iG;�%�Z14*$ $�/�$G;�' $"$�/G &D14Bl1OKP���!&J���$�' .�14"$�%@$&Zb/@]14@,?A35.J@$ $"p�/�! $�/.N� D5�,�'.��/ 
(+ $bY1O�$B g495 p� 95&��W�2�%95 $�' IG	�W�a&��/�$.Z�$94�$�' 12R3/2

` �U�'.V�2�' 8X ��G &[�'35�/ $&21��2bnb/@C"$�/ 
12R2/1 > 1

�x95&J�%���!95 $�/ �K D5 $ $�/ e�J�'"$9:���hK4�/�! $� 12R3/2 > 1
�U�'.J���Z*=�'�="$�'.u35B!�/�!���$�/ 

(+@�	:D5&J@$ $3hg495 ∼ * ′ 35��?A@$ $"$�/ pt6�/.�"$�/ kXkMZ�%� 12R3/2 > 1
`VH:T\94��&Z&J�! $"C?A94B!35B%�!���wg:�!�'B

B%95K�14B!�%&��%�'.J���'.+@$ $"� P@$.Q*=�'� �'�% $�'.D(Z@
	:D5&�@, $3Ig495 ∼ { ′ "$�/���'K��2�%�'.�*$14.'X�������&J���$B!�%�'E5�G;�!���>"$�/.-} �/.�Gd@��2@$ $3Qg595 � �!�/B!�'*,�! $&JK:�,�/�614B~X = c �	�	� ? 14 k7P"014EQ"$�!�����'�!b/G	�/���014 $�%&V`G;�' F�! Lg5�/.�&J���$�!�/"$�' $�/ �.��/35�!94 $�' F@$ $"�&Q14B!1ML��!�/ w"$�!�D35B%�'�!���,�' F&��! ,"k7 @$ $"L?A95B!35B%�!���
"$14&_"$@,.����$&J���$ $�%�J�2B%�!���$� #��! $�%�' �g5�/.��0�4BW�2 $�%& 12R3/2

35.J95E5�'.2.a�'35�%95 $�' e�'�% djC1OE+?A�$. "$�!�
(+ $bY1O�$B!"$�%�����2��g595 �H:���'.� ,�' ��2&V�2�'�P@$ ,35&�KO�'.� ,�' L�! >"$�%�'&��/ .a�'34�!95 $�/ #�!&V�YX  <�! 12R3/2

`
�U�'.V� � ;,XHG#�!GsM+@$.����$&J���$ $�W���[�/�! $�/.��/�! $b/�'B% $�' pjI95B!�/KP�$B%tu95B!KO�D�!&J�a?A95B%35B!�%���w*\�/.��/�%�2&
�/�! ����! �t6�/�!&>14@�?NHP�2�'.J $�' ���&J�2�/�P@$ $35&�14K��2�%g:�W���O�'X)��G } �'.J35B!�/�!����G;�%�#jI�'E5"$1O�2�/ � L:`
���'.J $�'.�H�T,�!.21OB!3�14B!1ML��!�/ ;?A95B%34�Y7:"014E#",�!�DH:���'.J $�' ��2&V�2�/�:@, $35&21OKP���%g:�%�2�O���! w"$�/ FoD�/.� $�/ 
g495 �HP��14.J*$@$.�&V��&Q14B!1ML��!�/ ]tu�'�W��14@,&Q�KD5�$�'.D�%&J�e14B!&[�%G &Qj/.Q7�",�'.D35�'34�' P�$*=�'.Q"$�'G
M+@$.����$&J���$ $�W���u"$�'.-jI�%B!���$&V�2.�14E5��*=�'.��/�%��&<�'�! ,��"$�'@,��B!�%���#�'.��KD5���2�+H:�2�/.� $�/ ��2&J���'�P@$ $34&V`
1OKP���%g:�%�2�O��b/�'�!3O�YX
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c G�*,�������	��
� � ����������
����
�������������������
����� !�� ���"�������#���%$���
&
�� ��
���'$����!�(��
)�

(Z*$*$�%B!"$@, $3ir$X|{������������
	���������u�+�!&V�29534.214G;G	�	"$�'. #��% $�!�/ Pg4�'.J�0�4B%�� $�!&J&��L14@�?Z"$�/.
T̃mb

`VH�K�14B!1 � #��% $KP& 12R3/2

7 jI�%�J�2� 12/13R2
7�@$ ��2�/ 13R2/1

X�M+�!�#?A�$ ,? �� P���'35.�1O�2�%95 $&f`
*\�/.��'�%���$�D"$�'.ag5�/.�&J���$�!�/"$�' $�/ �*0�'B!",�'.�&��% $"F95*\�/ F?q1O.�*$KO9�"$�%�'.V��14 $35�/35�'*=�' kX &[�'b'�4�$BW�
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KE+1D/47'*+Y47JM@BA�< �MDµ'*),+�A �EA*+.D/+1%a�gD/+.�wJ*+1%*L.+1% uOJM%*'�-/CE0a)G8ª'*),+�%*C78&�k+1%*'*)GKE+e¬N¨hA*+1D>J*%*K
hν � kT

%M),@BAO8eL1JM8/D/)9¡i81b

� ��� �3������ 
��.���P��������� � � .� ��� �
	#� �£���P�Q������� �����
��� � �S.�.���P�Q� ��� ����� � � 
�� �

$&%�LF��+.)MH°D/+.%*L.<=¨h;,;,+.%5'*+1D�CE6M8/),->@BA*+1%�«Y),+.< +l�7+1D/+.),%M<=4h@BAw8ª-/)G@BA�'M),+x'*+.8/+1@F8:),C7%�+.�vJ*4h8:)GCE%
'*J*D/@BA

CE6T8:),->@BA�'M),@BU �
τν � 1 ⇒ 1 − e−τν → 1

n=^�b yhqOt
CE6M8/),-/@BAQ'*�M%*%��

τν � 1 ⇒ 1 − e−τν → τν

n=^�bEDE{Et



� 	�� 	�����������
���� �������&���%'�&���"!������ � ��������� ����� � ��� �)� �9��� ��� ����� � �2�����9%B��
�� �Ny�DMp
3])G+�_i+.D/+1)98:-5CE_\+1%o'*),->UvJT8:),+.D>8�KE)G;G8°)G0 H5D>+1%*LF<=47;,;£CE6M8:)G-/@BAo'*),@BU

T = Trad

JM%*'�+.-
< C7;,K78�< �MDY'*),+°6*AOSv-/)GUP47;,)G-/@BA*+5« +10a6i+.D:4h8/J*D �

T = Trad,opt.dick =
hν

k

[

ln

[

hν

k

1

T̃ν,mb/ηdf + T̃ν(Tbg)

]

+ 1

]−1 n=^²bGDMp´t
$&0�H5D>+1%*LF<=47;,; C76M8:)G-/@BAQ'*�*%*%�+1D>Ag¨7;G8�0�47%Q'*)G+°CE6M8/),-/@BAM+�«Y)G+.< +°�v) 4

τν,opt.dünn =
T̃ν,mb

ηdf · [T̃ν(Trad) − T̃ν(Tbg)]

n=^²bGDOyEt
 k+1),'M+�H°;,+.),@BAwJ*%*K7+1% u ^�bEDTpaJM%*'�^�bEDOyvu _i+.),%*A*47;G8/+1% '*+1%IJ*%w_\+1UP47%*%O8:+.%��£�M;,;G<=4hUw8/CED
ηdf

ulH°;,+.),@BAwJ*%*K�^�bEDOyL1J*-/¨h8:L.;,),@BA�'M),+`J*%w_\+1UP47%*%O8/+H5D �E±E+
Trad

bµ¦N)G+ �c%*K7+1%g47JM),Kh¢
Uh+1)98:+1%�_i+.)i^c%*%g47A*0a+1%m�*_\+1D�'M),+1->+N_\+1)G'*+1%mJ*%w_i+.Uh4h%*%O8:+1%H°D �7±E+1%mD/+1'MJ*L1)G+1D/+.%�-/)G@BA
_\+1)G0 �x+.D/KE;G+1)G@BA�L.�k+1),+.D¥KE+10a+1->-/+.%*+1Da��),%*)G+1% bª$&@BA�'*+05g%M),+1D>+�'g47A*+.D¥L1J*%*¨7@BA*->8a'g4h-
��)G%*),+.%w�7+1D>Ag¨7;G8/-YL.�k+1)G+1D¤��),%*)G+1%Q),%Q'*+.DY^ND>8

12/13RJ/Ĵ :=

∫

T̃ν,mb,Ĵ(COJ→J−1)dv
∫

T̃ν,mb,J(13COĴ→Ĵ−1)dv

n=^²bGD DOt
�kCE_\+1)ª'*),+�$&%*'*),L.+1-c_i+.)£KE;G+1),@BAM+10 $&-/C78/CE6 _*LF�5b~KE;G+1)G@BA*+10

J
%wJ*DN+1),%T<=47@BA KE+.-/@BA*D>),+F¢

_\+1%��k+1D/'M+1% b �c)G+1D>_i+.)*_i+.L1+.),@BA*%*+F8
J
)G0m0a+1Dª'g47-xCE_\+1D/+¤¬¤)G�E+147J�J*%*'p´yTu*p D5JM%*'�p �

'M),+5$&-/C78/CE6\+?VYX?u 13 VYX�J*%*' V 18 X?bi k+1)�'*+1D¤^N%MKO47_\+�4h->8:D>CE%*CE0a),->@BA*+1D¤��),%M),+1%O�7+1DR¢A*¨7;G8/%*),->-/+fAg4P8e-/),@BA�< CE;GKE+1%M'*+°2cC7%w�7+1%O8:)GCE%'*J*D/@BAMKE+1->+.8:LF8 �§$&%*%*+.D/Ag4h;,_Q+1)G%*+1-Y$&->C78:CE6M-
-R8:+.Aw8²'*+1D�A �EAM+1D/+��c_\+1D>KO47%*K),0 } ¨hA*;,+.D1u�'*+.D�%*)G+1'*D>),KE+.D/+a�c_\+1D>KO47%*K�),0�¬¤+1%*%M+1D1b
�x+.D/KE;G+1)G@BAw8�0�47%�®>+.'*Cv@BAQ�7+1D>-/@BA*)G+1'*+.%*+�$&->C78:C76i+hu*'g47%*%�-R8:+.Aw8¤'g4h-YAg¨7JC5gK7+1D/+°$&->C78:C76
)G0�} ¨7AM;,+1D.uM'g4h-¤->+1;98:+1%M+1D/+�$&-/Ch8:CE6),0 ¬c+.%*%*+1D.b
¬¤),0a0²8Y0m47%Q%wJ*%�'M),+°KE;G+1),@BAM+°^N%*D>+1KEJ*%MKE->8/+10a6i+.D:4h8/J*DcJM%*'�'M),+°KE;G+1),@BAM+1%�£�*;G;G<=47UE¢
8/CED/+.%�< �*D +1)G%*+xCE6M8/),-/@BA²'*),@BUh+kJ*%M'?+1)G%*+kC76M8:)G-/@BA²'M�*%*%*+k��),%*)G+k4h% u´U7+1%M%w8£0�4h%�< +.D/%*+.D
'M),+°D/+.; 4h8/)G�7+ �N¨7JC5*KEU7+.)G8

α = [opt.dünn]
[opt.dick]

=
τν,opt.dünn

τν,opt.dick

_\+1)G'*+1DY$&->C78:C76i+hug'g47%*%KE),;98

opt.dick/opt.dünnRJup/Ĵup
= Ψτ ·

1 − exp (−τopt.dick)

1 − exp (−ατopt.dick)
≈ Ψτ

ατopt.dick

n=^²bGDOFwt

mitΨτ =
Jup

Ĵup

·
exp

(

2hBopt.dünnĴup

kT
− 1
)

exp
(

2hBopt.dickJup

kT
− 1
)

n=^²bGDQHEt

 k+.8:D/47@BAO8:+F8�0m47%]L.�k+1)�VYX $&-/C78/CE6\+I_\+1)G0 K7;,+1)G@BA*+1% eC78B4P8:),C7%*-/�*_\+1D>KO47%*KMu�'g47%M%
K7),;G8

Ψτ ≈ 1 	 bª$&%�+1),%M+10[A*CE0aCEKE+1%M+1%���Cv'*+.;,;k< C7;,K78²47J*-�H°;,+.),@BAwJ*%*K(^²bGDOF
1 �


�� R+3
12/13

R2
: � * 0

Ψτ 
V+� � ;J) 38BNR+3�6  �	V # �



yODOy���������������	�
����������
���������������������������� �"!����#���$���$� ���&%'���(�)�*��

τopt.dick � α−1 J*%*'�0m47%�+.D/Ag¨7;98?'*)G+`CE6M8/),->@BA*+`«Y),+F< +`'*+.D?CE6M8/),-/@BA�'M),@BU7+.%���)G%*),+
47;,;G+1),%M+²47JM-°'*+10 �x+1D/A*¨7;G8/%*),-f'M+1D°_\+1),'M+1% ��),%*)G+1%��

τ ≈ Ψτ/(R · α)
bi$&0��§47;G;�u§'g47±

47J*@BA�'*)G+`CE6M8/),-/@BA�'M),@BU7+.D/+Q��),%M),+aCE6M8:)G-/@BA�'*�M%*%�),-R8�u£+.D/KE)G_M8?->),@BA
R = Ψτ/α

u ),0
�\4h;,;�u7'g47±?4hJ*@BA�'*),+¤CE6M8/),->@BA`'*�*%*%M+1D/+f��)G%*),+eCE6T8:),->@BA`'*)G@BUa)G->81uv+.D/KE)G_M8k-/),@BA

R = Ψτ

b
^NJM<°'M),+QD/+.; 4h8/)G�E+.% �c¨7JC5gK7U7+1)98:+.%�'*+1D�VYX $&-/Ch8:CE6\+�)G%!'*+.Dm)G%*%*+.D/+1%���),;G@BA*->8/D:47±7+
KE+1A*+5)G@BA)G%Q^N_*->@BA*%*)G8>8¤^²bEH�+.),% b
 �+.8/D:47@BAO8:+F8x0�4h%²'g47-µ��)G%*),+.%O�E+1D>Ag¨7;98:%*)G-£L.�k+1)G+1Dl��)G%*),+.%²'*+.- �N47J*6T8:),->C78:C76*-ª�7CE%aVYX?u
'g47%*%Q< CE;,Kh8 �

12RJ/Ĵ =12 ΨJ/Ĵ · Jν(Tex,J→J−1) − Jν(Tbg,J)

Jν(Tex,Ĵ→Ĵ−1) − Jν(Tbg,Ĵ)

n=^�bEDEsEt
0m)98 12ΨJ/Ĵ =

ηdf,J,12

ηdf,Ĵ,12
· 1−exp(−τJ,12)

1−exp(−τ
Ĵ,12)

�P),0 C76M8:)G-/@BA¥'*�*%M%*+1%��§47;G;v0²J*±f'*)G+1-/+�H5;G+1)G@BAvJM%*K
0m)98c+.),%*+.0 «ª+.D/0 +1%O8:->6*D/+.@BA*+1%M'oL.J H5+.;,+.),@BAwJ*%*K`^�b y�Dm0?J*;98:)G6*;,)GL1),+.D>8��k+1D>'*+1%~b  �+.)
|J−Ĵ | = 1

),-R8£A*¨7JC5gK*u´L.J*0m)G%*'*+.->8ª_i+.)T'*+.%?%*)G+1'*D>),KE+.%?�c_\+1D>KO¨7%*K7+1% u´'*)G+�¬c¨7A*+1D>J*%*K
12ΨJ/Ĵ ≈ 1

L1J*;,¨7-/->),K*b �c%O8/+1D°'*+.D°^N%*%g4hA*0m+hu~'g4h±�-/),@BA�'M),+
Jν

'MJ*D/@BAI�l; 47%M@BUvUwJ*D¯¢
�E+1%I_\+1-/@BAMD/+1)G_i+.%�;,47-/->+1% J*%*'IJ*%O8:+.D�'M+1D°^N%M%g47A*0a+¥�ECE%o�T«ejYu ' b A b�'g4h±'M),+¥^N%v¢
D/+1K7J*%*KE-R8:+10a6\+1D:4P8:J*D>+1%�_\+1)G'*+1D�¬c)9�E+147J*-²K7;,+1)G@BAo->),%*'~u ;,¨7±785->),@BA�->CE0m)985%wJ*0m+.D/)G-/@BA
'*),+e^N%MD/+1K7J*%*KE-R8:+10a6\+1D:4P8:J*D

Tex

0a)G8 �c)G;G< +��7CE% 12RJ/Ĵ

D>+1;,4h8:)9�?KE+.%g47J`_\+1-R8:),0a0a+1% b
12RJ/Ĵ

�7+1D/A*¨7;G8k-/)G@BA�'g47%M%�->8/D/+.%*K²0aCE%*C78/CE% uO��)G%*),+.%w�7+1D>Ag¨7;G8/%*),->-/+e'*+.JM8:;G),@BAaJ*%O8:+1Dcp
_i+.'*+1JM8/+1%?%M),+1'MD/),K7+|^c%*D/+.KEJ*%*K7->8:+.0m6\+1D/4h8:JMD/+1%~u7'g47- �x+1D>Ag¨7;98:%*)G-|p|�e),D>'²+1D>->8£_i+.)TJ*%v¢
+1%*'*;G),@BA A*CEAM+1D5^N%*D>+1KEJM%*KE->8/+10a6i+.D:4h8/J*D�+1D/D>+1)G@BAw81b�jl),%o��)G%*),+.%O�E+1D>Ag¨7;98:),-NKED �E±7+1D547;G-
p�)G->8e->CE0m)98�J*%O8/+1D¤'*+1%KE+10m47@BAO8:+.%�^c%*%g47AM0m+.%%M),@BAO8¤L1J*;,¨7-/->),K*bT^N;,;G+1D>'*),%*K7- 5g%*'*+F8
0�47%~u��e)G+m)G@BA�),%o'*+1%�^N_*->@BA*%*)G8>8:+.% F*bEDJ*%*' F*b yL.+1)GKE+1%��k+1D>'*+7uª),%�Zv8:+.D/%*+.%w8/->8/+F¢
AvJM%*KE-/K7+1_*)G+.8:+.%�D>+1; 4P8:)G�(Ag¨7JC5*K  �+.D/+1)G@BA*+a0m)98 12RJ/J−1

-/)GKE%*) 5gUP47%O85KED �E±7+1D�47;,-�pEb
^NJM<|'*)G+²$&%O8:+.D/6*D>+.8B4P8:),C7%�KE+1A*+²),@BA�),%('*+1%�KE+.%g47%*%O8/+1% ^N_*->@BA*%*)98/8:+.% u~�7CED°47;G;,+10�)G%
^N_*->@BA*%*)G8>8�F*b y?+.),% b
¦N),+�ZT¨7J*;,+.%*'*)G@BAw8/+¥¬�)G->8f'M+05g%*)G+1DR8547;,-c'*),+²^N%*L147A*;£'M+1D���CE;G+1Uw�*;G+²; ¨h%*KE-N'M+1-�ZT+.AT¢
->8:D/47A*;G-¤6MD/Cmjx)G%*A*+.)G8:- �§¨7@BA*+h�§�*_*;,)G@BA*+1DR��+.),->+5�e)GD/'-/)G+�)G%Q'*+1Dcc4h'*),CO4h->8:D>CE%*CE0a),+c),0
@1KE-¯¢RZvSv->8/+10uE' b A bE)G% + @.0 −2 .*47%*KE+.KE+1_\+1%~b �c%O8:+.Dl'*+1Dl^c%*%g47A*0a+�+.),%*+.DlCE6M8:)G-/@BA�'*�*%v¢%*+1%Q��),%M),+NJM%*'QJ*%O8:+1D �x+.D/%g4h@BA*; ¨7->-/)GKEJ*%*K?'M+1D �c)G%O8:+1D>KED/JM%*'*->8/D:47AM;,J*%*K?< C7;,K78|< �*D ®>+ ¢
'*+1-£®¯¢¯¬¤)G�7+�47JQ+1)G%*+1-c}i�k+1)G%*)G�7+�47J*-RSv->8:+.0m-

∫

Iνdν =
hν

4π
AjiNj

n=^�bED �7t
' b A~b ®>+1'M+1-l+1)G%*L1+.;,%*+�47JM<\'g47-l¬¤)G�7+�47J

Nj

47%*K7+1D/+.K78:+Y��CE;,+.Uw�*;M)G%¥¤)G@BAO8:J*%*K°'M+1-|ZT+.AT¢
->8:D/47A*;G-�8:D/¨7K78Y_\+1) 'M+1Dejl0m)G-/->),CE%`L.J*DYKE+.0m+.-/-/+.%*+1%),%O8/+1KED>),+1DR8:+.%�$&%w8/+1%*->)G8:¨h8e_i+.)�uT'g4
+1-f0a)G8N'*+1D�3�47A*D>-/@BA*+.),%*;G),@BA*Uh+1)98

Aji

+1)G% �lA*C78:C7%�0m)98N'*+.D°jl%*+1D>KE),+
hν

+.0m)98/8/),+1DR8�b
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���� �������&���%'�&���"!������ � ��������� ����� � ��� �)� �9��� ��� ����� � �2�����9%B��
�� �Ny�D D
¦c),+�H5+.-:470�8:-:¨hJ*;,+.%*'*),@BAO8/+�+.D/KE)G_M8¤-/),@BA(47J*-¤'*+1D¤^Y'*'*)98:)GCE%47;,;G+1DY'*)G+1-/+.Dc« +1)G;,-/¨7J*;,+.%T¢
'M),@BAO8:+.% u

N =
∑∞

J=1 NJ

b|}~J*Da �+1D>+1@BA*%wJ*%MK�'*+1DmZM¨7JM;,+1%M'*),@BAO8:+�47J*-a'*+.DaK7+10a+1-R¢
->+1%*+.%�$&%O8:+1%M-/)G8:¨h8�+1),%M+1D�CE6M8:)G-/@BAo'*�*%*%*+.%���),%*)G+�_i+.% �78:)GK78�0�4h%I< CE;GKE;,)G@BA %*CT@BAo'*),+
 k+1-/+F8:L.J*%*K�47;G;,+1D|¬¤)G�E+147J*-

NJ

uv'*),+¤)�b ^²bw%*)G@BAO8�8:D>)G�v) 4h;§47J*-k�k+1%M),KE+.%�8B4h8/-:¨7@BAM;,),@BAmKE+F¢
0a+1->-/+.%*+1%

NJ

< CE;,K781b
�ª�*DQ'g47-�VYX���CE;G+1Uw�*;°< CE;GK78Q47J*-�H°;,+.),@BAwJ*%*K�^²bGD ��J*%O8:+.D�'*+.D(�v«ej£¢&^N%M%g47A*0a+7u
->CE0a)G8Q47;G-/C�'*+.DQ �CE;98:L10m47%*%v¢RH°;,+1)G@BAwJ*%*K�^�bGp D�J*%M']< +.D/%*+.DQJ*%O8:+1D�}~J*AM),;G< +.%g47A*0a+
'M+1D|H°;,+1)G@BAwJ*%*KE+.%¥^²b9prsMu7^�bGp �Mu7^�bGprq°J*%M'aH5;G+1),@BAwJ*%MK°^²b y7sf-/Cr�e),+Y'M+1D|ZTJ*_M->8:)98:JM8/),CE%
dν/ν = dv/c

N13CO =
3k

8π32Bd2
p

· 1

f(Trot/T0, J)
·
∫

Tmb,J→J−1dv
n=^�bED��Et

≈ 1.14 · 1014[cm−2]

f(Trot/T0, J)
·
∫

Tmb,J→J−1dv
n=^�bEDEqEt

0a)G8
f(x, J) = J2

x+1/3
exp (−J(J+1)

x
)
J*%M'

T0 = hB
k

≈ 2.8K
b1�£�*D VYX�K7),;G8

Trot/T0 =

J(J + 1)
u*��Cv'*J*@BA�-/),@BA

f(x, J)
L.J

f(J) =
J2

J(J + 1) + 1/3
exp−1

n=^�bGFE{Ot
�7+1D>+1),%T<=47@BAO8�b ¦c),+ 13 VYX ZT¨7J*;,+.%*'*)G@BAw8/+

N
),-R8f47_MAg¨7%*KE)GKa�7CE% '*+.DN« +10a6i+.D:4h8/J*D1u7®>+ ¢

'MCT@BA°��¨7@BA*->8 < �*D %M),+1'MD/),K7+l¤Ch8B4h8/),CE%*-R8:+.0m6\+1D/4h8:J*D>+1%
Trot

'*)G+x�gJ*%*UO8:)GCE%
f(Trot/T0, J)%wJ*Dc; 47%MKE-:470�0a)G8e'M+1DN« +10a6\+1D:4P8:J*D.ui'*)G+?ZT¨7J*;,+.%*'*)G@BAw8/+�)G->8c-/CE0a)G8c47JM@BA _i+.)ªJM%*KE+F¢

%*47J*+1D�«ª+.0m6\+1D/4h8:J*D>_i+.->8/),0a0?J*%*K?D>+1;,4h8:)9��KE+1%g4hJ�_i+.->8:)G0m0²_g47D1uw->C7< +1D>%'M),+c�7+1DR��+.%T¢
'M+.8:+ 13 VYXc¢¯��)G%*),+N8:4h8:-/¨7@BA*;G),@BAQCE6M8/),-/@BA'*�*%M%�)G->8�b
¦c),+`8B4P8:-:¨h@BA*;,)G@BA*+ZM¨7J*;G+1%*'M),@BAO8:+�'*+.-�0mCE;G+1UwJ*;,47D/+.%�H�47->+1-¥;,¨7±78¥->),@BA�%wJ*%�+.),%M<=4h@BA
'MJ*D/@BA²��J*;98:),6M;,),UP4h8/),CE%Y�7CE%

α13

J*%*'�'*+1D�D>+1;,4h8:)9�E+1% �c¨7JC5gK7U7+1)98��ECE%�VYX 6 � 2 > � ·10−5n= �; 4hU7+°+.8c47;zb prq����Etk_\+1D/+.@BA*%*+.%��

N =
N13CO

α13 · 8 · 10−5

n=^²b F*p´t
jl0a6*),D>),->@BA²L1+.),K78 ->),@BA uP'g47±N47J*@BA?0a)G8 �c)G;G< +x'*+.-£$&%O8:+.KED:47;G-ª�M_i+.D£+1)G%*+|CE6M8:)G-/@BA?'M),@BU7+.%
��)G%*),+¤'*),+°ZM¨7J*;G+1%*'*)G@BAO8:+f_\+1D>+1@BA*%*+F8Y��+.D/'*+.%�UP47%M% uM'*)G+N->CEKE+1%*47%*%O8:+��¤¢¯�§47UO8:CED���+F¢
8/A*Cv'*+��

N(H2) = 2.3 · 1020cm−2 · ΨJ
x

∫

T̃ (12C16O)dv
n=^�bGFOyEt

�)G8Y'*+.0��c¢&�§47UO8:CED
2.3 · 1020cm−2 3])G;,;G) 470a- �  �;G)G8:L¥nRprqEq��OtFuT'*+1DY)G%'M+1D¤��)G;,@BAT¢

-R8:D/47±E+�®>+k%g47@BA�3oCE;,Uh+1%O8&Sv6¥L.�e)G-/@BA*+.%
[1−4]·1020cm−2 �h47D/)G),+1DR8�ur)G% 3oCE;,Uh+1%*Uh+1D/%M+1%
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-/CEKO4hD ≤ 2.7·1021cm−2 -/+.),%?UP47%M%Qn�V�CE0²_i+.-�prqEqTpE�h�(47KE%g4h%*)M+F8l47;zbvp�qEqEsOt bh¦c+1DµJ*%v¢_i+.->8:)G0²8:+��§47UO8:CED

ΨJ
x = X(CO1 → 0)/X(COJ → J−1)

-/UP47;G),+1DR8µ'*+.% �c¢¯�§47UO8/CED
< �*D|47;,;G+�=Muv'M+1D/+.%��c_\+1D>KO47%*K²VYX

J → J −1
%*Cv@BA�C76M8:)G-/@BA�'M),@BU¥),-R8�b

ΨJ
x

+.%w8/-/6*D>),@BAO8
< CE;,KE;G),@BA'*+10 �x+1D>Ag¨7;98:%*)G-N'*+.Df),%O8:+.KED/)G+1DR8:+1%�$&%O8/+1%*->)G8B¨P8:+1%�'M+1Df_\+1)G'*+1% ��),%M),+1%~b~�£�MD= > D`->CE;,;98:+²< C7;,KE;G),@BA 0.5 ≤ Ψ3

x ≤ 2
+.),%*+¥->),%*%O�EC7;,;,+?jx)G%*-/@BAMD:¨7%*UwJ*%MK�->+1),% J*%M'o'*)G+

�(47-/->+1%w_\+1->8/),0a0?J*%*K�),-R8�->CE0m)98|47J*@BA`0a)G8x'M+1D|),%O8:+.KED/)G+1D>8/+1%a$&%O8:+1%M-/)G8:¨h8��7CE%�VYX9DP¢¯y
KEJM8e0 �EKE;,)G@BA b
¦N),+5��47-/->+�'M+1D 3oCE;,Uh+°; ¨7±h8�->),@BA47JM<��E+.D/->@BA*),+.'*+1%*+.%(^cD>8:+.%Q_i+.D/+1@BAM%*+1% b\�)G8 �¤),;G< +
'*+1DcZM¨7JM;,+1%M'*),@BAO8:+5J*%M'�'*+.D¤�£; ¨7@BAM+

A
< CE;,K78 �

M [kg] = < N(H2) > ·A[cm2] · m̄ n=^�bGF DOt
��)G8�'*+.%³H°D �E±7+1%

mH = 1.673 · 10−27 UwK*ul'*+.Dm0a)G8>8:;G+1D/+.%�«ª+.),;,@BAM+1%*0m47-/->+
m̄ =

2 · (1.36mH)
n � tFu¤'*+1DIZTC7%*%*+1%M0�47->-/+��

�= 1.989 · 1030 UwK*u?p16i@ > 180·3600
π

^ ��u
p�^ � > 1.4959787 · 1011 0 J*%M''M+10 ^c_*->8:47%*'

D[pc]
'*+.D 3�CE;GU7+fL.J*0  k+1CE_g4h@BAw8/+1D

< CE;,K78 �
M [M�] = 6.636 · 10−24 < N(H2)[cm

−2] > ·A[deg2] · (D[pc])2 n=^�bGF FOt
= 1.526 · 10−3 · ΨJ

x

∫

T̃ (12C16O)dv · A[deg2] · (D[pc])2 n=^�bGF H7t

=
9.456 · 10−6 ·

∫

T̃ (13COJ→J−1)dv

α13 · f(J)
· A[deg2] · (D[pc])2n=^�bGFOsEt

jx)G%*+�47;98:+.D/%g4h8/)G�7+� �+1D>+1@BA*%wJ*%MK�'*+.D�(47->-/+1%]< CE;GK78�47JM-�'*+1D�^c%*%g47A*0a+7u�'g47±�'*)G+3�CE;GU7+.%��v),D>) 47;G),-/)G+1DR8Y-/)G%*' u\),A*D>+?Zv8/D/J*UO8/J*Df47;G-/Cm'*J*D/@BA('*),+�+1)GKE+1%*+?H5D/4��T)98B4h8/),CE%Q'*CP¢
0m)G%*),+.D>8 �e),D/'~bh^cJ*-l'*+10 �f)GD/) 4h;,-:4P8:L7uPy��

Ekin �4> ¢��
Epot �

0m)98��
Ekin � > 1

2
Mv2J*%*'��

Epot � > −GM2/ < R >
< CE;GK78 �

Mvir ≈ ∆v2 · R
G

n=^�bGF �7t
= 2.289 · (∆v[km/s])2 · D[pc] ·

√

A[deg2]
n=^�bGF �Et

0m)98Y'*+1D¤H°D:4��v)G8:4h8:)GCE%*->U7CE%*-R8B47%O8/+1%(H > 6.672591 · 10−11 m3

kg·s2¦N),+?'MJ*D/@BA*->@BA*%*)98/8:;G),@BA*+¥« +1)G;,@BA*+.%*'*)G@BAw8/+¥'*+1D�3oCE;GU7+?)G->8°'*)G+²« +1)G;,@BA*+.%*L�47AM;µ6*D/C �xCP¢
;,J*0a+1%�J*%M'�'g4hA*+1D

< n >=
< N(H2) > ·A[cm2]

4π
3

R[cm]3
≈ 2.47 · 10−17 < N(H2) >

D[pc]
√

A[deg2]

n=^�bGFOqEt

� �	� 	 �  ��
�� �?��
i����
�� ���e� ���� ��� � ���Y� 
��e�
� 4h%*KE+1D � �ª+.%*L1),47-°n¯prqEqE{EtlJM%w8/+1D>-/J*@BAO8:+.%Q'*),+eD/+.; 4h8/)G�7+1% �c¨7JC5gK7U7+1)98:+.%`'*+1D|$&-/Ch8:CE6\+
VYX 6 13 VYX�),%���C7;,+1Uw�*;9��C7U7+1%�),%Q'*+.D¤)G%*%*+.D/+1%(��)G;,@BA*-R8:D:4h±E+°J*%*'->8/+1;,;98:+.%+.),%*+ �|4´¢
D/) 4P8:),C7%m0a)G8k'*+10 H547; 47UO8/),-/@BAM+1%�¤47'*)GJ*-k< +.->8�b �c0a-/UP47;G),+1DR8�4hJM<�'*),+cA*+1JT8:+°�*_*;G),@BA*+.%
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�TbIHhUw6\@N^c_*->8:47%*'�'*+.DeZTCE%*%M+fL1J*0 H547; 47UO8/),-/@BAM+1%`¤47'*)GJ*-�-R8B4h8>8�'*+.Dk�7CE%Q��47%*KE+.D�
� +1%*L.) 47-�n¯prqEqE{Ot�4h%*KE+1%MCE0m0a+1%M+1% pr{7Uw6\@5< C7;,K78 �

[CO]

[13CO]
= α−1

13 = 5.4 · RGC [kpc] · 10

8.5
+ 2.3

n=^�bIHh{Ot
0a)G8�'*+10 H547;,47UO8:),->@BA*+1%¤47'*)GJ*-

RGC

b
jl-?< CE;GK78²< �MD¥'*),+QZvCE%*%*+.%vJM0m;,47JM< _g47AM%

α−1
13 ≈ HhsMu£< �*D?'M+1%�ZM47KE)98/8:47D/)GJ*-R¢ ^ND/0 0a)G8

RGC ≈ s7Uw6\@a< CE;GK78 α−1
13 ≈ FO{QJ*%*'o< �MD�'M+1%�Zv@1JM8/J*0�¢ ^ND>0�0m)98

RGC ≈ F7Uv6\@m< C7;,K78
α−1

13 ≈ y��Tb¦c+1D�'*J*D/@BAM-/@BA*%*)98/8/;,),@BAM+ 3o+1D>8�),% '*+.D�K7+1-:4h0²8:+.%���)G;,@BA*-R8:D:4h±E+m;G),+.K78k®>+1'MCT@BAoA �EA*+.D
_\+1)

α−1
13 > sE{P¢ �7{MuM)G0�ZTC7%*%*+1%M->Sv->8/+10 _i+.)

α−1
13 > qE{nzV�CE0?_\+1-5prqEqMprtFb
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M̃ =




cos(ϑ̃) sin(ϑ̃) 0

− sin(ϑ̃) cos(ϑ̃) 0
0 0 1



 ·





1 0 0
0 cos(π + ∆ϕ) sin(π + ∆ϕ)
0 sin(π + ∆ϕ) − cos(π + ∆ϕ)



 ·





cos(ϑ̃) − sin(ϑ̃) 0

sin(ϑ̃) cos(ϑ̃) 0
0 0 1





=








[

cos2(ϑ̃) − sin2(ϑ̃) · cos(∆ϕ)
] [

−(1 + cos(∆ϕ)) sin(ϑ̃) cos(ϑ̃)
]

− sin(ϑ̃) sin(∆ϕ)
[

−(1 + cos(∆ϕ)) sin(ϑ̃) cos(ϑ̃)
]

[

sin2(ϑ) − cos2(ϑ)
]

− cos(ϑ̃) sin(∆ϕ)

− sin(ϑ̃) sin(∆ϕ) − cos(ϑ̃) sin(∆ϕ) cos(∆ϕ)
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