Some results on finite dimensional
modules of current and loop algebras

Inaugural - Dissertation

ZUr
Erlangung des Doktorgrades
der Mathematisch-Naturwissenschaftlichen Fakultat

der Universitat zu Koln

vorgelegt von

(Ghislain Fourier



Gutachter Prof. Dr. P. Littelmann, Universitit zu Koln (Betreuer)
Prof. Dr. S. Konig, Universitiat zu Kéln
Prof. Dr. V. Chari, University of California, Riverside

Tag der Disputation 25.10.2007



Kurzzusammenfassung

Auf dem Gebiet der endlichdimensionalen Moduln von Strom- und Schlei-
fenalgebren wurden in den letzten zwei Jahrzehnten erhebliche Fortschrit-
te gemacht. Darauf aufbauend haben wir in der vorliegenden Arbeit be-
wiesen, dass Demazuremoduln als Moduln fiir die Stromalgebra isomorph
sind zu einem Fusionsprodukt “kleinerer“ Demazuremoduln, ausserdem be-
rechneten wir die Zerlegungen der fundamentalen Demazuremoduln als g-
Moduln. Durch die Kombination dieser beiden Resultate ergeben sich neue
Dimensions- und Charakterformeln fiir Demazuremoduln. In einer Anwen-
dung konstruierten wir affine Hochstgewichtsmoduln als direkte Limes von
Fusionsprodukten von Demazuremoduln.

Dariiber hinaus bewiesen wir, dass die fundamentalen Demazuremoduln als
Moduln fiir die Stromalgebra isomorph sind zu Kirillov-Reshetikhin-Moduln,
analog zeigten wir in der kombinatorischen Darstellungstheorie, dass die
Kirillov-Reshetikhin-Kristalle jeweils die Demazure-Kristalle enthalten.

Wir fanden einen neuen, elementareren Beweis der Dimensionsformel fiir
Weylmoduln der Schleifenalgebra im einfach verbundenen Fall. Fiir die
getwisteten Schleifenalgebren haben wir eine Klassifikation der Weylmoduln
angegeben und die bekannten Theoreme aus dem ungetwisteten Fall, d.h.
Tensorproduktstruktur, Dimensions- und Charakterformeln, iibertragen und
bewiesen.

Abstract

In the field of finite dimensional modules of current and loop algebras a lot of
research was done and progress was made in the last two decades. Resuming
the discussions we showed in the present thesis that Demazure modules are
fusion products of “smaller“ Demazure modules and calculated a decompo-
sition of the fundamental Demazure modules as g-modules. Combining both
results we obtained new dimension and character formulas for Demazure mo-
dules. As an application we constructed certain affine highest weight modules
as the direct limit of fusion products of Demazure modules.

We proved that the fundamental Demazure modules are isomorphic to Kirillov-
Reshetikhin modules for the current algebra. Furthermore we proved as
an analogon in the combinatorial representation theory that the Kirillov-
Reshetikhin crystal contains the Demazure crystal.

We give a new and elementary proof of the dimension formula of Weyl modu-
les for the loop algebra in the simply laced case. For twisted loop algebras we
provide a classification of Weyl modules and proved the analog theorems from
the untwisted case, e.g. tensor product structure, dimension and character
formulas.






Introduction

In the study of algebraic objetcs, e.g. Lie algebras, the representation theory becomes
more and more important. To simplify the analysis of these objects by representing them
as “easier“ obejcts is discovered to be a powerful tool. Namely finding maps that preserve
the structure into endomorphisms of vector spaces. The idea is to find symmetries and
to decude from them properties of these obejcts. A natural question is to ask how many
of these representations (resp. modules) can be found and how do they look like.

Lie algebras and their representations were initially defined in the 19th century and be-
came very important in quantum mechanics in the second half of the last century. The
classification of simple Lie algebras and their irreducible representations, the basic tools
in the theory, where subjects to a lot of research in the last hundred and more years.
In the last 50 years the research on variations of these simple Lie algebras, e.g. affine
Lie algebras, quantum algebras, loop algebras etc., was growing explosively and became
a huge and intensively studied field. The theory of finite dimensional representations of
these algebras has been subject to a lot of research and articles in the recent years. See
for example [1], [2], [3], [4], [5], [6], [8], [9], [10], [12], [14], [16], [17], [24], [28], [34] for
different approaches and different aspects of this subject.

There are a lot of classification and structure problems still unsolved for these Lie algebras
and their modules. For instance, Chari and Pressley gave a classification of the irreducible
representations of loop algebras. Since the category of finite dimensional representations
is not semisimple, this is far from being a classification of all finite dimensional represen-
tations. They provide a class of these representations, called Weyl modules, which are
in some sense the maximal finite dimensional representations. The Weyl modules are far
from being well understood. One of the main interests of this thesis is to provide progress
in the analysis of the structure of these representations.

This thesis consists of four articles, written with various coauthors which are published
yet or will be published soon

I G. Fourier, P. Littelmann
[Tensor product structure of affine Demazure modules and limit constructiond
Nagoya Math. J. Vol. 182(2006), 171-198

IT G. Fourier, P. Littelmann,
Weyl modules, Demazure modules, KIi-modules, crystals, fusion products and lima

constructions,
Advances in Mathematics, Volume 211, Issue 2, 1 June 2007, Pages 566-593

IIT G. Fourier, A. Schilling, M.Shimozono,



IDemazure structure inside Kirillov-Reshetikhin crystals)
J. of Algebra 309 (2007), no. 1, 386-404

IV V. Chari, G. Fourier, P. Senesi
[Weyl modules for the tunsted loop algebras)
submitted to J. of Algebra

A special kind of finite dimensional modules are the Demazure modules. One of the most
interesting modules for an affine Kac-Moody algebra g is the so called basic representation,
that is the irreducible highest weight module of highest weight Ay. Let us denote by
V(mAo) the irreducible highest weight module of highest weight mAg, a multiple of the
fundamental weight of the basic representation. For each element A\ of the coweight
lattice P¥ one can associate an element of the (extended) affine Weyl group ¢_,v and so a
Demazure module D(m, A"). The Demazure module is, by definiton, a finite dimensional,
cyclic module for the affine Borel subalgebra of g. D(m, \Y) is a module for the current
algebra Cg = g ® C[t] as well and so especially for the underlying simple complex Lie
algebra g. So a natural question is to ask for the dimension and the g-character. In [I]
we provide the following: Let A\Y = A} + -+ + A be a sum of dominant coweights then

D(m,\") = D(m,\{) ® ... ® D(m, )

The proof deals with Demazure operators and the Demazure character formula ([13], [29]),
so it is quite elementary.

To compute the dimension and give a character formula we provide a list of almost all of
the “smallest“ Demazure modules, corresponding to fundamental coweights. The “big-
ger“ Demazure modules are just tensor products of these fundamental Demazure modules.

The Demazure modules are modules for the current algebra. Since the tensor product ist
not cyclic, the tensor product factorization doesn’t respect the current structure. One can
modifiy the product structure to obtain a cyclic module. Let ¢, be the automorphism of
the current algebra induced by z®t — x®t—a for some complex number a. Let ay, ..., a,
be pairwise distinct complex numbers, and twist the action of Cg on the i-th factor by
¢a;- Then the tensor product of these twisted modules is cyclic. But this module is not
graded, while the Demazure module has a grading induced by the operation of ¢. So in
[15] the fusion product (denoted with * instead of ®) is introduced and defined to be the
graded associated module of the twisted tensor product, where the filtration is induced
from the grading of the current algebra. In [II] we proved that

D(m, \Y) =~ D(m, \))a, * ... x D(m, \)q,.

This shows that the Demazure modules are fusion products of “smaller*“ Demazure mod-
ules (this was proved before for sl,, in [5] and [14]).



The tensor and fusion product structure can be used to construct the irreducible highest
weight g-module V(mAy) as a Cg-module. It is known that this module is isomorphic as
a module for the affine borel subalgebra to the direct limit of Demazure modules. For
example V(mAy) ~ lim, ., D(m,n)\") for any nonzero dominant coweight AY. In [I]
and [II] we provided a construction of V(mAy) as a Cg-module as a direct limit of fusion
products of Demazure modules. A kind of this has been done in the framework of perfect
crystals for classical Lie algebras and for a few exceptional types, see for example [19],
[26] or by Littelmann paths in [31].

Another intensively studied class of modules are the Kirillov-Reshetikhin modules, a name
that originally refers to evaluation modules of the Yangian. To each node of the Dynkin
diagram of simple Lie algebra g and each positive integer r, one associates a certain cyclic
finite dimensional module K R(i,7) with highest classical weight rw;. In [4] a definition
of these modules for the current algebra in terms of generators and relations is given.

In [I] and [II] we proved a connection to Demazure modules. Demazure modules are de-
fined by Weyl group elements, and the extended affine Weyl group is isomorphic to a semi
direct product of the classical Weyl group and the translations at the coweight lattice.
By identifying the Cartan subalgebra with its dual via the invariant bilinear form, one
can identify the coweight lattice with a sublattice of the weight lattice. The fundamental
coweights w;” are mapped to multiples of the fundamental weights, so v(w;") = d;w;. The
d; are determined by the kernel of the Cartan matrix (and its transpose) and € {1, 2, 3}.
For example in the simply laced case, all the d; = 1.

In [I] we have calculated an almost complete list of the g decompositions of the ‘smallest “
Demazure modules D(m, d;w;), all the classical Lie algebras are treated, a few nodes of
exceptional types are missing. By comparing our list with a list of the g decompositions
of the Kirillov-Reshetikhin modules, recently calculated in [4], we showed, that the de-
composition of D(m,d,w;) coincides with the one of K R(d;m,) in the calculated cases.
In [IT] we proved in general (g of arbitrary type, i an arbitrary node of g and m € N)

D(m, d;w;) ~ KR(d;m,w;) as modules for Cg

This was done before for the classical types, for example in [7]. The proof given in [II]
compares the generators and relations of the Kirillov-Reshetikhin modules ([4]) with the
generators and relations of the Demazure modules ([20], [32] and [36]). So especially the
g decompositions are the same, although they are still unknown in a few cases.

The notion of a Weyl module in this context was introduced in [9] for the affine Kac-
Moody algebra and its quantized version. These modules can be described in terms of
generators and relations, and they are characterized by the following universal property:
any finite dimensional highest weight module which is generated by a one dimensional
highest weight space, is a quotient of a Weyl module. This notion can be extended to the



category of finite dimensional graded representations of the current algebra ([5], [15]). So
for each dominant weight A of g one associates a graded Cg module W ().

A natural question is again the dimension and character formula of this W(\). There
had been conjectures for these formulas and they were proved in [34]. In [II] we gave a
more elementary proof for these conjectures in the case where g is of simply-laced type.
The idea is to show that the Weyl module W () is nothing else than the Demazure
module D(1,\). This was proved for the sl case in [9] and for s, in [5]. We proved the
general simply-laced case by comparing the generators and relations for both modules and
reducing the assertion to the sl case. By identifying the Weyl module with a Demazure
module we obtain the following formula (for A = Y | m;w; as a linear combination of
the fundamental weights)

W()\) = W(w1>*m1 kLK W(wn)*mn

The Weyl modules for the loop algebra are parametrized by n-tuple (where n ist the rank
of g) of polynomials (;) with constant term 1. In [9] it is proved, that the Weyl modules
statisfy a tensor product property, i.e. the decomposition of the n-tuple into polynomi-
als with distinct roots corresponds to a decomposition of the Weyl module into a tensor
product of “smaller“ Weyl module. The Weyl modules with a unique fixed root can be
parametrized by a dominant weight and a nonzero complex number W (\, a).

The Weyl modules were also defined and analyzed for twisted quantum affine algebra in
[12]. The non-quantum counterpart, namely the twisted loop modules, was missing. The
main difficulty is, that the twisted affine algebras are not only built up from Agl)’s but
also from Ag).

So let Lg“ be the twisted loop algebra, let gy be the simple complex Lie fixpoint algebra.
In [IV] we defined for each r-tuple (where r is the rank of gg) (77) of polynomials with
constant term 1 a module of the twisted loop algebra with the suitable properties. We
showed that for each (77) there exists an untwisted Weyl module W ((m;)), an ideal I of
U(Lg) and an ideal 17 of U(Lg’) such that the following holds

1. W((m;)) is cyclic for U(Lg)/I
2. W((n?)) is cyclic for U(Lg?)/I°

3. The natural embedding U(Lg’) — U(Lg) becomes an isomorphism U(Lg?)/17 ~
U(Lg)/1

With these, one can deduce all the desired properties of twisted Weyl modules from their
untwisted counterpart. So the twisted Weyl modules admit an analog tensor product
structure, analog dimension and character formulas and analog universal properties. Some
of the results in [IV] were proven in [9] and [12] but at least we simplify some of the proofs.



In [23] Kashiwara introduced the notion of a good U (g)-module, which, roughly speak-
ing, is an irreducible finite dimensional U (g)-module with a crystal basis and a global
basis. It is conjectured that the quantum Kirillov-Reshetikhin modules are good and that
every good module is a tensor product of KR modules. The existence of their crystal
basis is proved for nonexceptional types ([35]). The KR cyrstals corresponding to KR
modules which are isomorphic to Demazure modules are those whose crystal basis is con-
jectured to be perfect. A few paper in the last decade made progress in defining these
KR crystals also in a combinatorial way (for example [18]). In [IV] we proved, that these
combinatorial crystals are, under some natural assumptions, unique. We showed, that
the Demazure crystal [22] is a subcrystal of the Kirillov-Reshetikhin crystal, in the sense,
that one has to add certain arrows labelled with 0 to obtain the KR-crystal. In [26] and
[37] the combinatorial KR-crystal is given for a few types.

In [33] the crystals of the quantum Weyl modules are given in terms of Littelmann paths.
In [II] we showed that, in the same sense as above, the Demazure path model is as sub-
model of the Weyl path model. I.e. the Weyl path model can be obtained from the
Demazure path model by adding certain arrows labelled with 0. So the path model for
the Weyl module is strongly determind by the Demazure path model.

Acknowledgements This work wouldn’t be possible without the guidance, help and
cooperation of Peter Littelmann. I would like to thank Anne Schilling for her hospitality
in Davis in spring 2006 and Vyjayanthi Chari for her hospitality in Riverside in spring
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Tensor product structure of affine Demazure modules
and limit constructions

G. Fourier* and P. Littelmann®
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Abstract

Let g be a simple complex Lie algebra, we denote by g the affine Kac-Moody
algebra associated to the extended Dynkin diagram of g. Let Ag be the fundamental
weight of g corresponding to the additional node of the extended Dynkin diagram.
For a dominant integral g—coweight A", the Demazure submodule V_,v(mAy) is a
g-module. We provide a description of the g—module structure as a tensor product
of “smaller” Demazure modules. More precisely, for any partition of Y = > j )\}/
as a sum of dominant integral g—coweights, the Demazure module is (as g—-module)
isomorphic to @); V,Ajv (mAg). For the “smallest” case, \Y = w" a fundamental
coweight, we provide for g of classical type a decomposition of V_,v(mAg) into
irreducible g—modules, so this can be viewed as a natural generalization of the
decomposition formulas in [14] and [17]. A comparison with the U,(g)—characters of
certain finite dimensional Uy (g)-modules (Kirillov-Reshetikhin-modules) suggests
furthermore that all quantized Demazure modules V_yv ,(mAg) can be naturally
endowed with the structure of a Ué (g)-module. We prove, in the classical case (and
for a lot of non-classical cases), a conjecture by Kashiwara [11], that the “smallest”
Demazure modules are, when viewed as g-modules, isomorphic to some KR-modules.
For an integral dominant g-weight A let V(A) be the corresponding irreducible g-
representation. Using the tensor product decomposition for Demazure modules,
we give a description of the g-module structure of V(A) as a semi-infinite tensor
product of finite dimensional g—modules. The case of twisted affine Kac-Moody
algebras can be treated in the same way, some details are worked out in the last
section.

*This research has been partially supported by the EC TMR network ”LieGrits”, contract MRTN-CT
2003-505078. 2000 Mathematics Subject Classification. 22E46, 14M15.



Introduction

Let g be a simple complex Lie algebra, we denote by g the affine Kac-Moody algebra asso-
ciated to the extended Dynkin diagram of g. (The twisted case is considered separately in
the last section). Let Ag be the fundamental weight of g corresponding to the additional
node of the extended Dynkin diagram. The basic representation V' (Ag) is one of the most
important representations of g because its structure determines strongly the structure of
all other highest weight representations V' (A), A an arbitrary dominant integral weight
for g.

Let PV be the coweight lattice of g. An element AV in the coroot lattice, can be viewed
as an element of the affine Weyl group Wa (see section 1), and one can associate to A"
the Demazure submodule Vyv(A) of V(A) (see section 2).

Actually, this construction generalizes to arbitrary Y € P in the following way: one
can write \Y as wo € W in the extended affine Weyl group, where w € W#" and o
corresponds to an automorphism of the Dynkin diagram of g. Denote by Vyv(A) the
Demazure submodule V,,(A’) of the highest weight module V(A’), where A’ = o(A).

If \Y is a dominant coweight, then the Demazure module V_,v(mAy) is in fact a g—
module, and it is interesting to study its structure as g-module. So one would like to get
a restriction formula expressing V_,v(mAy) as a direct sum of simple g-representations.
We write V_yv(mAy) for the Demazure module viewed as a g-module.

A first reduction step is the following theorem describing the Demazure module as a
tensor product. Such a decomposition formula for Demazure modules was first observed
by Sanderson [21] in the affine rank two case, and was later studied in the case of classical
groups in the framework of perfect crystals for example in [15], see [7] for a more complete
account. We provide in this article a description of the Demazure module as a tensor
product of modules of the same type, but for “smaller coweights”. More precisely, let \Y
be a dominant coweight and suppose we are given a decomposition

A=+ N+ N

of AV as a sum of dominant coweights. The following theorem is a generalization of a result
in [17], where the statement has been proved in the case m = 1 and under the additional
assumption that all the A/ are minuscule fundamental weights, and the decomposition
formulas in [5], [6], [14] and [15], where in the framework of perfect crystals for classical
groups many cases have been discussed. (The corresponding version for a twisted Kac-
Moody algebra can be found in section 4.)

Theorem 1. For all m > 1, we have an isomorphism of g—representations between the
Demazure module V _yv(mAo) and the tensor product of Demazure modules:

V_)\v (on) ~ V_)\lv (mAO) (%9 V_)\¥ (on) XX V_/\Tv (on)



Of course, to analyse the structure of V _yv(mAq) as a g-module, the simplest way is
to take a decomposition of A as a sum of fundamental coweights A\Y = > a;w;”. So by
Theorem 1, it remains to describe the structure of the V,wiv(m/\o) as a g—module. We
give such a description below for all fundamental coweights for the classical groups. For
the exceptional groups we give the decomposition in the cases interesting for the limit
constructions considered later. The enumeration of the fundamental weights is as in [1],
we write wq for the trivial weight. For more details on the notation see section 2, we only
recall here that we use the abbreviations V_,v(mAg) and V_,,vy(mAg) for the Demazure
submodule associated to the translation ¢_,(v), viewed as an element in the extended
affine Weyl group. We write V* for the contragradient dual of a representation V. Many
special cases of the list below have been calculated before, for example by the Kyoto
school ([11], [14], [15], [22]). (The corresponding version for a twisted Kac-Moody algebra
can be found in section 4.)

Theorem 2. Let w” be a fundamental coweight and let V_,v(mAo) be the associated
Demazure module. Viewed as a g—module, V _v(mAg) decomposes into the direct sum of
wrreducible g—modules as follows:

o Type A,: V,wiv(on) =V _..(mAg) =~ V(mw;)* as sl,-module for all i =1,...,n.

e Type B,: Set 0 =0 for i even and 0 =1 for i odd, then we have for 1 <i < n:

V_uy(mhg) = V_, (mAg) ~ @ V(aiw; + a;—owi—o + ... + agwy)

a;+a;—o+...4+ag=m

and for i =mn:

V_wx (mAg) =V _a,, (mAg) ~ @ V(2an,wy + ap—own_2+ ... + agwy)

an+an—o2+...4+ag=m
as $09,.+1-module.

e Type C,: for j <n we have

V_wjv (mAy) = V_ij(on) ~ @ V(2aw; + ... + 2a;w;)

ai+...+a;<m
and for j =n: V_,v(mAg) =V _,, (mAo) = V(mw,) as sp, ~module.
o TypeD,: Set @ =0 for i even and 6 =1 for ¢ odd, then we have for 2 <i<mn —2:

V—wy (mAg) =V _,,(mAg) ~ @ V(aw; + aj—swi—s + ... + agwy)

a;+a;—2+...+ag=m

and fori=1,n—1,n: V_,v(mAo) = V_,.(mAo) =~ V(mw;)* as s0y,-module.

i



o Type Eg4:

v(mo) =V _y,(mho) ~ V(mw;)* fori=1,6

Vfw
Vg (mAg) = V_yy(mAg) ~ é V(rws)

r=0

as Eg—module.

o Type E;:
V_wy(mAg) = V_y, (mho) ~ V(mwr)
V_wy(mAo) =V _y, (mAg) ~ @V (rwr)
r=0

as Er—module.

m

o Type Eg: V_,v(mAg) = V_ys(mhg) ~ G}OV(TWS) as Egs—module.
o Type Fy: .
V_wy(mhg) = V_, (mho) ~ PV (rw))
r=0
and

V—w}( (on) = V—2w4 (on) x~ @ V(?"C&Jl + 52(4}4)

r+s<m
as Fy—module.
o Type Go: V_yy(mhg) = V_o,(mAg) =~ @ V(rws) as Ge-module.
r=0

There is a very interesting conjectural connection with certain U, (g)-modules. Here
U;(g) denotes the quantized affine algebra without derivation.
Let K R(mw;) be the Kirillov-Reshetikhin—module for a multiple of a fundamental weight
of g, for the precise definition see [5], it is irreducible as U;(g) and the highest weight,
when viewed as a U,(g)-module, is mw;. In [10] Kashiwara introduced the notion of a
good U/(g)-module, which, roughly speaking, is an irreducible finite dimensional U, (@)~
module with a crystal basis and a global basis, and he proved that the tensor product of
good modules is a good module. It is conjectured that the KR-modules are good. For
all fundamental g—weights w; Kashiwara constructed this irreducible finite-dimensional
integrable U/ (g)-module KR(w;) and showed that it is good and even more that the
crystal is isomorphic to a certain generalized Demazure crystal as a g—crystal.

Let ¢ = Z—g (for the definition of the aj see section 1.1) and [ € N. Let KR(lc)wy)

be the Kirillov-Reshetikhin-module for U} (g) associated to the weight lcywy. It is more



generally conjectured that the K R(lc)wy) the crystal is isomorphic to the crystal of a
Demazure module, after omitting the O—arrows in both crystals [11]. Chari and the Kyoto
school have calculated for classical Lie-algebras and some fundamental weights for non-
classical Lie-algebras the decomposition of the Kirillov—Reshetikhin module K R(lc)wy))
into irreducible U,(g)-modules [2]. By comparing the U,(g)-structure of the Kirillov—
Reshetikhin module K R(lcfwy)) with the list in Theorem 2 we conclude:

Corollary 1. In all cases stated in Theorem 2, the Demazure module (V_,v ,(IAg)) and
the Kirillov-Reshetikhin module K R(lc)wi*) are, as U,(g)-modules, isomorphic.

In particular, if K R(lc)wi*) has a crystal basis, then the crystal is isomomorphic to
the crystal of (V_,v(IAg)) after omitting the arrows with label zero. By using the U,(g)-
module isomorphism, we see that (in the cases above) the quantized Demazure modules
V_.y.q(IAg) can be equipped with the structure of an irreducible U;(g)-module. In fact,
using the Theorem 1, we see that for classical groups all quantized Demazure modules
V_xvq(lAo), AV a dominant coweight, can be equipped with the structure of an U (g)-
module. Of course, in the exceptional case the same argument shows that when AV can
be written as linear combinations of the fundamental weights listed in Theorem 2, then
again V_,v 4(IAg) can be equipped with the structure of an Uy (g)-module. This leads to
the following:

Conjecture 1. Let g be a semisimple Lie algebra, let U,(g) be the associated untwisted
quantum affine algebra and let U](g) be its subalgebra without derivation. For all dom-
inant coweights AY and for all [ > 0, the Demazure module V_,v ,(IAg) can be endowed
with the structure of a Ué(’g\)—module admitting a crystal basis. Its crystal graph is iso-
morphic to the crystal of the Demazure module, after omitting the arrows labelled with
Zero.

The tensor decomposition structure in Theorem 1 holds in the following more general
situation. Let A;, 1 <7 < n, be a fundamental weight of g such that the corresponding
coweight w; is minuscule. Let A be a dominant coweight and suppose we are given a
decomposition

AN =w + N+ + N

of AV as a sum of dominant coweights and denote w; the highest weight of the irreducible
g-module V(w;)*.

Theorem 1 A. For allm > 0 and s > 1, we have an isomorphism of g—representations
between the Demazure module V _yv(mAg + sA;) and the tensor product of Demazure
modules:

V_xw(mhg + sA;) ~ V(sw)) ® V_,\g((m +8)Ao) @ - @V _yv((m+ s)Ag).



Let A be an arbitrary dominant integral weight for g. The g-module V(A) is the direct
limit of the Demazure-modules V_y,v(A) for some dominant, integral, nonzero coweight
of g. We give a construction of the g-module V(A) as a direct limit of tensor products
of Demazure modules. This has been done before in the case of classical Lie-algebras for
A = rAy (and corresponding weights obtained by automorphisms as in the statement of
Theorem 2) by Kang, Kashiwara, Kuniba, Misra et al. [7], [14] via the theory of perfect
crystals. In addition they have also considered some special weights in the case of non-
classical groups. For Go, such a construction has been given by Yamane [22]. For the Lie
algebras of type E¢ and E; a construction (only for the case A = Ay) was given by Peter
Magyar [17] using the path model.

We provide in this article such a direct limit construction for arbitrary simple Lie
algebras g. Let A be a dominant, integral weight for g, then we can write A = rAg + A
with A dominant, integral for g.

Let W be the g-module W := V_gv(rAg), where 6 is the highest root of g, we show
that W contains a unique one-dimensional submodule. Fix w # 0 a g-invariant vector in
W. Let V(A) be the irreducible g-module with highest weight A and define the g-module
V. to be the direct limit of:

Vor: V) =WRVA) =WeaWeVA) =WeaWeaWe V() —...

where the inclusions are always given by taking a vector u to its tensor product v — w®u
with the fixed g-invariant vector in W.

Recall the notation V(A) for V(A) viewed as a g-module. (The corresponding version
for a twisted Kac-Moody algebra can be found in section 4.)

Theorem 3. For any integral dominant weight A of g, A = rAg + X\, the g-modules Vs
and V(A) are isomorphic.

Remark 1. The choice of W is convenient because it avoids case by case considerations.
But, in fact, one could choose any other module W = V_ v (rA)®™, where V_,v(rAy) is
the Demazure module for a dominant, integral, nonzero coweight p¥ and m is such that
V_,v(rAg)®™ contains a one-dimensional submodule.

1 The affine Kac-Moody algebra

1.1 Notations and basics

In this section we fix the notation and the usual technical padding. Let g be a simple
complex Lie algebra. We fix a Cartan subalgebra b in g and a Borel subalgebra b O .
Denote ® C h* the root system of g, and, corresponding to the choice of b, let ®* be the
set of positive roots and let A = {ay,...,a,} be the corresponding basis of ®.



For a root § € ® let Y € b be its coroot. The basis of the dual root system (also
called the coroot system) ®¥ C § is denoted AY = {oy,..., )}

We denote throughout the paper by © = >" | a;q; the highest root of ®, by ©* =
Yo a’ay the highest root of ®¥ and by © = >~  a/a; the coroot of ©. Note that
©Y # ©* in general. The Weyl group W of ® is generated by the simple reflections
S; = Sa, associated to the simple roots.

Let P be the weight lattice of ® and let P¥ be the weight lattice of the dual root
system PY. Denote PT C P the subset of dominant weights and let Z[P] be the group
algebra of P. For a simple root «; let w; be the corresponding fundamental weight, we use
the same notation for simple coroots and coweights. Recall that w; is called minuscule if
a’ =1, and the coweight w;’ is called minuscule if a; = 1.

Denote by hr C b the real span of the coroots and let b C h* be the real span of
the fundamental weights. We fix a W—invariant scalar product (-,-) on h and normalize
it such that the induced isomorphism v : hg — b maps © to ©. With the notation as
above it follows for the weight lattice PV of the dual root system ®¥ that

a; a;

v(iy) = —o; and v(w')=—
a

Let g be the affine Kac-Moody algebra corresponding to the extended Dynkin diagram
of g (see [8], Chapter 7):

g=9g®cC[t,t '@ CK @ Cd
Here d denotes the derivation d = t% and K is the canonical central element. The Lie

algebra g is naturally a subalgebra of g. In the same way, b and b are subalgebras of the
Cartan subalgebra b respectively the Borel subalgebra b of g:

h=h®CK®Cd, b=b®CK®CdadgoctC[] (1)

Denote by ® the root system of g g and let ®* be the subset of positive roots. The positive
non-divisible imaginary root in ®* is denoted . The simple roots are A = {ag} U A
where ag = 0 — ©. Let Ag,..., A, be the corresponding fundamental weights, then for
1 =1,...,n we have

Az‘ =w; + CL;/A(). (2)

The decomposition of 6 in (1) has its corresponding version for the dual space H*:
b* = h* @ CA @ C9, (3)

here the elements of h* are extended trivially, (Ao, h) = (Ag,d) = 0 and (Ay, K) = 1, and
(0,h) = (0, K) = 0 and (,d) = 1. Let AY = {oy,f,..., o} C b be the corresponding
basis of the coroot system, then af = K — ©V.



Set h% = RS+ Yoo RA;, by (3) and (2) we have b C Hﬁg. The affine Weyl group Waft
is generated by the reflections sg, s1, ..., s,, where again s; = s,, for a simple root. The
cone C = {A € h5|(A, oY) > 0,i =0, ...,n} is the fundamental Weyl chamber for g.

We put a” on (almost) everything related to g. Let P be the weight lattice of g, let
P~ be the subset of dominant weights and let Z[]g] be the group algebra of P. Recall the
following properties of § (see for example [8], Chapter 6):

(6,0)) =0Vi=0,...,n w(d)=6VweW  (apa))=—(0,a))fori>1 (4)

Put agp = af = 1 and let A = (a;;)o<ij<n be the (generalized) Cartan matrix of g. We
have a non—degenerate symmetric bilinear form (-,-) on b defined by ([8], Chapter 6)

(o, af) = Zai; ,j=0,...,n
(af,d) =0 i=1...,n (5)
(ag,d) =1 (d,d) =

Denote by g the subalgebra of g generated by g and ay = K — ©Y, then by = f) o CK
is a Cartan subalgebra of gs.. The inclusion by, — f) induces an epimorphism h* — b
with one dimensional kernel. Now (4) implies that we have in fact an isomorphism

b*/C5 — b,

and we set bl p = EIE /Rd. Since RS C C, we use the same notation C' for the image in
bir- In the following we are mostly interested in characters of g-modules respectively
gsc—modules obtained by restricion from g—modules, so we consider also the ring

Z|Py = Z[P/I,

where Iy = (1 — ¢?) is the ideal in Z[P] generated by (1 — ¢?).

1.2 The extended affine Weyl group

Since W™ fixes 6, the group can be defined as the subgroup of GL(bZ ) generated by
the induced reflections sy, ..., s,.

Let M C b be the lattice M = v(@;_, Zay'). If g is simply laced, then M is the root
lattice in b, otherwise M is the lattice in b generated by the long roots. An element



A € b g can be uniquely decomposed into A = A+ 0bAg such that A € hi. For an element
p € M let t, € GL(h%. ) be the map defined by

A=X+0Ng— t,(A) =X+ bAo+bu=A~+ (A, K)p. (6)

Obviously we have t, 0t = t,,,/, denote ty; the abelian subgroup of G L(b}, ) consisting
of the elements t,, n € M. Then W is the semidirect product W2 = W ixt,,.

The extended affine Weyl group Wt is the semidirect product W = Wt L, where
L =v(P;_, Zw,) is the image of the coweight lattice. The action of an element ¢, € L,
is defined as above in (6).

Let X be the subgroup of Wt stabilizing the dominant Weyl chamber C:

S ={oceW|sC)=C).

Then Y provides a complete system of coset representatives of Wt JWal and Wat =
Yx W The elements o € X are all of the form (one can verify this easily or see [1])

0= Tit—u(w;/) = Tit—wm

where w,’ is a minuscule coweight and 7; = wowy ;, where wy is the longest word in W and
wp; is the longest word in W,,, the stabilizer of w; in W.

We extend the length function ¢ : W*' — N to a length function ¢ : W s N by
setting ((ow) = ((w) for w € W2 and o € X.

2 Demazure modules

2.1 Definitions

For a dominant weight A € P let V(A) be the (up to isomorphism) unique irreducible
g-highest weight module of highest weight A.

Let U (b) be the enveloping algebra of the Borel subalgebra bC g. leen an element
w € W /Wy, fix a generator v,y of the line V/(A), ) = Cuya) of F) eigenvectors in
V(A) of weight w(A).

Definition 1. The U(b)-submodule V,,(A) = U(b) - v, A) generated by v,(a) is called the
Demazure submodule of V (A) associated to w.

To associate more generally to every element cw € W = SxWa a Demazure
module, recall that elements in 3 correspond to automorphisms of the Dynkin diagram of
g, and thus define an associated automorphism of g, also denoted o. For a module V' of
g let V° be the module with the twisted action g ov = o~ !(g)v. Then for the irreducible

module of highest weight A € P+ we get V(A7 =V(a(N)).



So for ow € WaT = Nx el we set
Vo (A) = Vi (0(A))  respectively V., (A) = Vipo-1(o(A)). (7)

Recall that for a simple root o the Demazure module V,,,(A) is stable for the associated
subalgebra sly(«) if and only if s,wo < wo mod Wy in the (extended) Bruhat order. In
particular, V,,,(A) is a g-module if and only if s;wo < wo mod Wil for alli =1,...,n.

The example which will interest us are the Demazure modules associated to the weight
rAo for r > 1, in this case W3 = W, so W2 /I = L. The Demazure module Vi, v, (Mo)
is a g—module if and only if 1" is an anti-dominant coweight, or, in other words, ¥ = —\
for some dominant coweight.

To simplify the notation, we write in the following

Voyv(mhg) for Vi . (mAy), (8)

(V)

and we write

V_)\v (on), (9)

for V_,v(mA) viewed as a g-module. So we view Char V_,v(mAy) as an element in Z[P]
obtained from the h—character by projection.

2.2 Demazure operators

Let 3 be a real root of the root system ®. We define the Demazure operator:

~

~ X _ psg(N)-8
Dy ZIP| = Z[P), Dyle}) = —

1—eP
Lemma 1. 1. For \,u € P we have:
A LA B a1 e if (X, B8Y) >0
Dg(e*) =4 0 it (A, 8Y) = -1 (10)
—eMB A28 L ess(N)-B if (N, BY) <=2

2. Dg(e”“) = e’\Dﬂ(e“) + esﬁ(N)Dﬁ<€/\) — M ss(n)

~

3. Let x € Z[P] be such that sg(x) = x, then Dg(x) = x.

-~

4. Let x € Z[P], then Dg(x) is stable under sz. In particular, if Dg(x) = X, then
s(x) = X

10



5. Dg is idempotent, i.e., Dg(Dg(e")) = Dg(e*) for all

Proof. For 1., 3., 4., and 5. see [3], (1.5)—(1.8). The proof of part 2. is a simple calculation.

[
Lemma 1 implies:
Corollary 2. If (i, V) =0, then Dg(e**) = et Dg(e).

The corollary is in fact a special case of the following more general exchange rule,
which follows easily from Lemma 1:

-~

Lemma 2. Let x,n € Z[P]. If Dg(n) =1, then

Ds(x 1) =n-(Ds(x))-

Since Dy, (1 —€%) = (1 —¢?) for all i = 0,...,n, Lemma 2 shows that the ideal I is
stable under all Demazure operators Dg. Thus we obtain induced operators (we still use
the same notation Dg)

Dg : Z|Py] — Z[Ps], €+ 15— Ds(e?) + Is,

Recall further that (6, 3¥) = 0 (see (4)), so it makes sense to define on Z[P,| the function
et = (X, BY).

Lemma 3. If A\ € PN b*, then Do, (e*) = D_o(e*) in Z[P.].

Proof. Since A € b* we have (A, a) = (A\,¢c — 0Y) = —(\,0Y). Further, ag = — O, so
equation (10) can be read in Z[P,.] as

et eMO 4 4 MO i = (N )= (), -0Y) >0
Dao(eA) = 0 if <)‘>Oé(\)/> = <)‘7 _6V> =-1
—e? 9 —eMn=De if p = A af) =(\,—0Y) <=2 (11)
= D_@(e)‘) [

2.3 Demazure character formula

We want to extend the notion of a Demazure operator also to elements of . We define
for o € X:

~ ~

D, : Z|P] — Z[P], D,(e") =e"™.
Since 0(0) = 6, we get an induced operator D, on Z[Pis.|.

Lemma 4. D,Dg = Dy D,

11



Proof. Let A € P, then (A, 3Y) = (o(A),0(BY)), which implies the claim by equation
(10). .

In the following we denote by D;, ¢ =0, ..., n the Demazure operator D,,, correspond-
ing to the simple root «;. Recall that for any reduced decomposition w = s;, ---s;. of
w € W the operator D,, = D, - -- D;_is independent of the choice of the decomposition
(see [12], Corollary 8.2.10).

We associate an operator to any element wo € Wweft by setting

Dwo:Z[Psc] - Z[PSC]
et s Dy(e”™W)

By Lemma 4 we have for ow € Waff = S x [yaff;
Daw : Z[Psc] - Z[PSC]
e - J(Dw(eA)> = Dy (€M)
Let wo € W2 and let A € P+ be a dominant weight.

Theorem 1 ([12] Chapter VIII, [13, 18]).
Char Vi, (0(A)) = Dye(e™).

Let \Y be a dominant coweight. Associated to v € W we have a Demazure

operator Dy (wvys We write for simplicity just D_,v.

Lemma 5. Let A}, \y be two dominant coweights, and set \¥ = A} + \y. Then
D_yD_yy =Dy
Lemma 6. Let V be a finite dimensional gs.—module such that Char V' € Z[P], then
D;(CharV) = CharV Vi=0,...,n; and D,(CharV) = Char V. (12)

Proof. The character of a finite dimensional g-module is stable under the Weyl group W
and hence stable under D; for all ¢ = 1,...,n by Lemma 1. It remains to consider the
case 1 = 0. Now all weights lie in h*, so by Lemma 3 we have:

Dy(Char V') = D_g(Char V') = Char V'

where the right hand side is again a consequence of Lemma 1.
Now o = Ylovwy) for some minuscule fundamental coweight wy and some y € W.

Since t_,,v) operates trivially on Z[P] and D,(Char V') = Char V, the claim follows. e

12



3 The proofs

3.1 Proof of Theorem 1

Let AV be a dominant coweight and suppose we are given a decomposition
AN =X+ AN+ o+

of \Y as a sum of dominant coweights. For the notation see (8) and (9).

Theorem 1 As g—representations, the modules
V_)\\/ (on) and V,,\i/ (on) & V,)\%/ (on) Q- X V_)\)/ (on)
are 1somorphic.

More precisely, we will show that, on the level of characters of gs.—modules:

Theorem 1°.
Char V_,v (mAg) = €™ Char V_,y(mAo)Char V_yy (mAo) - - - Char V_y (mAy).

Theorem 1’ obviously implies Theorem 1, so it suffices to prove Theorem 1’.
A first step is the following lemma:

Lemma 7. Let x € Z[P..] be a character of the form e™Char V', where V is a finite di-
mensional g—module. Suppose \Y € PV is a dominant coweight and let t_u(avy = Siy .. 84,0

be a reduced decomposition in W Then
D, ... Dy, Dy(e™Char V) = D;, ... D;, Dy(e™°)Char V.

Proof. The lemma is proven exactly in the same way as Lemma 2, only using now in
addition Lemma 6 for the operators Dy and D,. °

Proof of Theorem 3.1°. The proof is by induction on r. Suppose r = 1 and \Y = wo
where o € ¥ and w € W, The character of V_,v (mAyg) is the character of the Demazure
submodule V,,(o(mAy)) = V,,(mAy + mw]) for some appropriate minuscule fundamental
weight of g. So all g,.—weights occuring in the module are of the form mAy + mw;+ a
sum of roots in ® (possibly positive and negative, see Lemma 3), and hence the character
is of the desired form e™*Char V_,v(mAy).

Suppose now r > 2 and the claim holds already for r — 1. By the definition in
equation (7) we have for ¢,y = wo € Wi

Char V_yv(mAgy) = Char V,,(ma(Ay)),

13



by the Demazure character formula (Theorem 1) the latter is equal to D_v(e™),

Char V_yv (mAg) = D_yv(e™0),

SO

by Lemma 5 the right hand side can be rewritten as
Char Vv (mAg) = D_yy <D_/\2v . D,Ay(eon)),

by induction the right hand side can be reformulated as

Char V_,v(mAg) = D_yv (emAOChar V,,\g (mAg) - - - Char V_,\y (on)>,
by Lemma 7 this is equivalent to

Char V_yv (mAg) = (D_AY (eon)) Char V_yy (mAy) - - Char V_y (mAy).
Now the arguments for the proof of the case r = 1 show that this implies

Char V_,v(mAy) = e Char V—/\Y (mAy)Char V_)\g (mAy) - - - Char V—Ay(m/\o),

which finishes the proof. °

3.2 Proof of Theorem 1 A

The proof is similar to the proof above, so we give just a short sketch. As above, we have
Char V_)\v (on =+ TAZ) = D_)\v (emA0+TAi) = Df)\g D*AX e D—AX wa;/ (emA0+TAi) )

Now t_,(,) = t—o, = Ti0;. Here 7; = wo wp, where wy is the longest element in W and
wp; is the longest word in the stabilizer W,, of w;, and o; is a diagram automorphism.
Note that O'l(Al) = Tiilt,wi (Ao + wi) = T;l(Ao) = AO and

O'Z'(A()) = Tiilt_wi (AQ) = Tiil(A(] — w,;) = Ao + Tiil(—wl‘) = A() + wow()’i(—wi) = A() + w;“,

where w* denotes the highest weight of the irreducible g-representation V' (w;)*. Note that
A¢ + w} is again a fundamental weight (for the Kac-Moody algebra @), and recall that

-1 *
Ti = Wi wo = Wo (W~ Wo,iWo) = WoW,45
where wg ; is the longest word in the stabilizer W+ of w;. So
D—w;/ (eon—l—rAi) —_ DTi Da'z' <emA0+rA¢>
— D’Ti <€mA0+mw;+er>
_ A *
— e(m—i—r) ODn (emwl >
= elminh Doy, (emw2‘>
= et Char V(mw;).

Now the same induction procedure as above applies to finish the proof. °
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3.3 Proof of Theorem 2

The proof is divided into several case by case considerations. Suppose first that wV
a minuscule coweight. In this case (for m = 1 this has already been proved in [17])
t_, = w; owoo; and hence

Char V_ v (mAO) =D v eon — Dwi Owoeon+mw _ Dwowi*oeon-i—mw _ emAOChal“ V(mw)*

In particular, this finishes the proof for the Lie algebras of type A,,. For the next few cases
we need the following:

Lemma 8. Let wg be the longest element in the Weyl group of g, let z be an arbitrary
element of Staby (©), where © is the highest root of g, let r € N. Then

Vwozso (rAg) ~ @ V(mO)

as g-representations.

Proof.
D(woz)so (eer) = DwozD*@(eTA())
—_ Dwoz(erAO + 6TA0+9 N eT‘Ao-‘rT@)
— Dwo(eer + €TA0+@ + ...+ eer+r@)
= "(Duy (€ + Duy (€°) + ... + Duy (€79)))
which finishes the proof. °

In the cases FEg, E7, Eg, Fy, G5 the highest root © is also a fundamental weight, say

w;. Let p; : sv Then v(w)) = le = p;©. In fact, for the adjoint representations

considered here one sees that p; = 11 in all cases. Since t_., = 5050, it follows by Lemma 8:

rAO @ V (mw;)

Next we consider the types B, and D,, with the Bourbaki indexing of the simple roots, i.e.,

we consider the root system as embedded in R™ with the canonical basis {¢y,...,€,} and
the standard scalar product. The basis of the root system is given by the simple roots
a; =€ —€41,1=1,...,n—1and o, = ¢, (type B,, n > 3) respectively a,, = €,_1 + €,

(type Dy, n > 4), the highest root is €; + €5 in both cases. We have

t—UJQ = 861+6280
= (32...Sn...32>51(32...5n...82>50
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In the following we consider only the non-minuscule fundamental coweights. We get for
2i < n (case B,) respectively 2i < n — 2 (case D,):

bvwy) =l-a—el-g—c " toey -
=t_., <(52313352)t,w2(52313352)> e <(52F2 Ce5981)
(5201 8382)t wy (5283~ 52i-1)(5182 - 32i—2)>
= Se1+e2505e3+e4 ((82818382)80(82818382)> Sesteq " Segiq1+en (13)
((32172 -+ 8951)(S2i—1 - - - $352)S0(S283 + - - S2i-1) (5152 - - - sgi,g)>
= [s€1+62363+64 e 5521.71%21} [so ((32315332)30(52313352)> e
((822‘—2 T 5281)(821'—1 T 8382)80(8283 T 822'—1)(8182 T 821‘—2))}

We see that we can write the word as a product wyws of two words, the first being an
element of the Weyl group W and the second being a word in the subgroup of W
generated by the simple reflections sg, s1, . .., S2;_1, this is (in the B, as well as in the D,
case) a group of type Dy;.

Since we look for a character of a g—module, we know the character is stable under
the operators D;, 1 <i < n. So to determine the character of V_,y (mAy), it suffices to
get a reduced decomposition of the word ws above modulo the right and left action of W,
the character of V,wQVi(mAO) can be reconstructed by applying the Demazure operators

The strategy is the following. We show that the decomposition above of wj is a reduced
decompostion. Further, we show that 7 = s1s3... S9;_1ws is the longest word of the Weyl
group of the subgroup of W#¥ of type Dy;.

Before we give a more detailed account on how to prove this, let us show how this
solves the problem. Let  C g be the semisimple Lie algebra of type Dy; associated to the
simple roots oy, ..., a1, then V,(mAy) is an irreducible 9—module. More precisely, it
is the irreducible m~th spin representation (associated to the node of «g). Let ?’ be the
semisimple subalgebra of ? corresponding to the simple roots s, . . ., ag; 1, then 0’ is also
the semisimple part of a Levi subalgebra of g. Since V,(mAy) is a b—module, it is hence a
b and a 9'—module. By the Borel-Weil-Bott theorem we know that the induced g—module
(which is the module V_,y (mA)) has the same direct sum decomposition as V;(mAo)
has as ?"-module. Since the latter has been already given in [16], this finishes the proof.

We come now back to the proof of the first claim. We make the calculations in the
following modulo ¢, so the set of positive roots for the type Dy;—subdiagram (modulo 4)
is the set

{es—a |1 <s<t<2i}U{—e—¢|1<s<t<2}.

In these terms the decomposition of ws as the second part in the square brackets in (13),
reads as

W2 = S—e1—eS—e3—eq """ S—egi1—ezi
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and all positive roots above are sent to negative by ws roots except oy, as, ..., a9, 1. This
implies that the decomposition above of length 4i? — 3i is reduced, and

T = 51583 ...52;—150 ((82815352)50(52518352)) e ‘((821'72 Tt 5251)(82171 Tt 5332) (14)
80(5283 s 32i—1)(3152 T 52i—2)>

is a reduced decomposition of the longest word of the Weyl group of the subgroup of type
Dy;. This shows that 7 a subword of ¢_,,,., and V—w;i(m/\o) is the g—module generated by
the b—0'-submodule V. (mAy).

It has been already pointed out above that the decomposition of V_,y (mAg) as g-
module is completely determined by the h—module structure of V,(mAg) and the decom-
position of V;(mAy) as o’ -module. So it remains to describe the decompositon of the
m-th spin—representation V,(mAg) with respect to the subalgebra ?’, and to describe the
highest weights as weights for the Cartan subalgebra b.

The decomposition of the m-th spin-representation V,(mAy) with respect to the sub-
algebra ' can be found in [16] (see section 1.4). The description of the possible highest
weights occuring ([16], Proposition 3.2) in the decomposition implies for 2i < n (case B,,)
respectively 2i < n — 2 (case D,,):

Char V_,v (mAg) = Z Char V(ajws + . . . + awsy),

\
23
a1+...+a;=m

and for 27 = n in the case B,,:

Char V,%vl (mAo) = Z Char V(aiwa + ... + Q(n—2)/2Wn—2 + 20,wy,).

a1+...tay/0=m

The calculation for the odd case is similar. We assume 2¢ + 1 < n in the case B,, and
2t + 1 <n — 2 in the case D,

t—wg/i_‘_l = teg—eleeyi—enit—eain
ey (52518380t ) ¢, 59535152) -+ -
(822‘_2 o0 818951 Szt_51_5282 089181 ... Sgi_g)
(SQi c. slt,qsl c. Sgi)
Ser+esS0Ses+es (525153525052535152) - - -
Segi1+e9; (82i_2 ...815892;—1...825052...852;—-151 ... 821‘_2)
S€2i+1 (SQZ' ...8510181 ... SQZ‘)
[SerteaSestes ™" Seni1es Seni1)[S0(525153525082835182) - - -
(Sgi_g ... 8182i—1...825052...852;—-151 ... Sgi_2>(82i ...8158082. .. 327;)0'1]

It follows as above that the second part of the word is reduced. In fact, after multiplying
the word with s;s3...59;,_1, we obtain a reduced decomposition of the longest word

T = 8153 ... 821'_180(828183828082838182) . '(Sgi_g . ..851892;—-1...825052...82;—-151 ... 821‘_2)
(822‘ ...8180S52 ... SQZ‘)
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in the Weyl group of the semisimple Lie algebra 9 C g of type Dy associated to the
simple roots ay,...,as. The Demazure module V,,, (mAy) is an irreducible 9—module,
it is the m—th spin representation, associated to the node corresponding to a;. Consider
the decomposition of V,,, (mAg) as an h— and a 9'-module, where 9" C 0 is the semisimple
Lie subalgebra associated to the simple roots oy, . .., ag. By [16], we get as '—h—module
the decomposition (2i + 1 < n in the B, case):

Vo, (mAg) = V. (mA;) = @ V(aw + aqws + ... + ajwaii1)
a1+...4+a;,=m

and, again by the Borel-Weil-Bott theorem, the same decomposition holds for the De-
mazure module V_w2vi+1(m/\0) as g—module. The case n = 27 + 1 is treated similarly.

Next we consider the Lie algebra of type C,. We have for j = 1,...,n — 1 (w,/ is
minuscule)

towy =toow, =l ogl og tag = tooe, (S1t_26,51) - -+ (Sjo1 -+ S1t_2e, 517+ Sj-1)-
Replacing t_s., by sa¢, 50 we get

tiwjv = 8261 80(8182518081)(82818251808182) e (Sj—l o 8182618081 s Sj—l)
5261308262(818081)8263(8281803182) T Ser(Sj—l T 818051 Sj—1)
= [59¢, 52655265 * S2¢;][S0(515051) (5251505152) - (551 - - 518051+ - 5j-1))]

We proceed now with the same strategy as before. For the moment we omit the reflections
521526, 82¢5 * * * S2¢;- Lhe second part, the word

T = 80(818081)(8281808182) s (Sj—l c 8515081 Sj—l)a

is a reduced decomposition of the longest word of the semisimple subalgebra @ C g of

type C; associated to the simple roots ay, ..., a;_1.
The Demazure module V. (mAg) is, as d—module, irreducible. Let ?" C 0 be the
semisimple Lie algebra associated to the simple roots oy, ..., a;_1, it follows again from

[16] that the restriction of V,(mAy) decomposes as ?'— and h—module

V. (mAg) ~ @ V(2aw1 + ... + 2a;w;),

ay+...+a;<m

which, as above, implies the corresponding decomposition as g-module.
Fot g of type Fy and w) we use the same strategy as above. Using the same notation
as in [1], one sees 2wy = 2¢; = (€1 + €2) + (€61 — €2) = O + 5159535251(0), so

tvwy) = toow, =l g —al-atre, = (S050)(5152535251505152535251)
= (S505e1—c;)(505152535251505152535251)
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Again we decompose the translation into a product of two words w7 such that w € W and
7 is a subword of a reduced decomposition of the longest word of the Weyl group of type
B, corresponding to the roots {ag, a1, as, az}. For the corresponding Levi subalgebra of
g we have V,(mAg) is the Cartan component in the m-th symmetric power of the action
of the orthogonal Lie algebra on C". Now by looking at the decomposition of this space
with respect to the Levi subalgebra of g corresponding to the simple roots {a, as, a3}
(using again the tables in [16]), we obtain the desired formula.

3.4 Proof of Theorem 3

We will need the following simple:

Lemma 9. Let \Y be a dominant, integral coweight of g, let wq be the longest element of
the Weyl group of g, then:

l(t_)\vwo) = l(t_)\v) + l(wo)

So reduced decompositions of t_yv and wy give a reduced decomposition of ¢_\vwy.

Lemma 10. Let W be the g-module W := V _gv(rAg), then there exists a unique one-
dimensional submodule in W.

Proof. The proof is by case by case consideration.
e For type A, we have ¥ = w) + w,/, so by Theorem 2
V_gv(rhg) = V(rw}) @ V(rwk)
contains an unique one-dimensional submodule.

e For type B, and D,,, 6V = wy. By Theorem 2 V_,y(rAy) contains a unique one-

dimensional submodule.

e For type C,, 0¥ = wy and 6 = 2w, so again by Theorem 2 V_gv(rAy) contains a
unique one-dimensional submodule.

e If g is of type Eg, E7, Eg, Fy, Go, then 0¥ = w),wy, wy, wy,wy respectively and the
claim follows again by Theorem 2. °

We come to the proof of the theorem:
Proof. Let W be the g-module V., (rAg). Consider the following sequence of Weyl group
elements:

wy < sgsowo < (5950)*wo < (s950)°wo < ... .
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Note that the length is additive (recall t_y = spsy and Lemma 9), and in a reduced
decomposition of sy every simple reflection s;,i = 1,...,n, has to occur. So given an
arbitrary element x € W there exists an N € N such that w < (5980)Nwp. Hence:

V<A) = J\}l—{noo ‘/(SGSO)Nwo (A)
Write A = rAg + A, then we obtain (using the Demazure operator)

D(Seso)Nwo(e(er+>\)) = D(saso)NDwo(e(TA0+>‘))
= Diyys)v (€™ Char V()))
e™o( Char W)Y Char V()

This shows that in the sequence of inclusions
VIA) =WV —=WeaWe V() —...

the submodules W& @ V()) are, as g-modules, isomorphic to V(SQSO)NwO (A). Now the
same arguments as in [17], chapter 3, prove the theorem. °

4 The twisted case

In this section we would like to extend the results to twisted affine Kac-Moody algebras
and by the way to so called special vertices. Let &) be Dynkin diagram of affine type, r
the order of the automorphism, in this section we consider only r > 1. A vertex k of the
Dynkin diagram is called special if 0 — a,qy is a positive root, here 0, ax, o and so on are
defined in the same way as in chapter 2. For example, 0 is always special vertex, one has
ag = 2 for Afl) and ag = 1 for the other case.

Suppose k is a special vertex. Set 0, = 0 — apay, we have the finite Weyl group
Wi = (s;|1 # k) and let M be the Z-lattice spanned by v(Wy(6))) (see [8] for more
details). One knows ([8]) that the affine Weyl group of X is isomorphic to W, x tat,s
the semi-direct product of Wy with the translations (modulo §) by M. The following
Lemma holds:

Lemma 11. Let k be a special vertex, then spse, = t,vy modulo 6. For X with (A, K) =0
it follows:

SkSe, (A) = A
Proof.
Sesn ) = se— A0
= sk(A = A(6) (6 — aray))
= S (@]) + @A @) — AE)3
So the lemma follows, because A(«a) + ax)) = 0, since A\(K') = 0. .

In section 2 we have defined the Demazure operator Dy for every real root 3, with
Lemma 1 and Lemma 11 it follows:
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Lemma 12. Let y € Z[P N b*]. If sp,.(x) = x, then Dq, (X) = X

If one deletes in the Dynkin diagram of %) the zero node, then one gets the diagram
(let us call it Y,) of a simple Lie Algebra. The following list shows which diagram one
gets after removing the zero node, and further, it shows that the positive root 6 — agay is
a root of Yy.

e for A?: Ay and 0 — agag = aq = 6, the highest root of A,

for Ag): C; and § — agag = 6, the highest long root of C;

for Afl)_lz C; and ¢ — apayy = 0%, the highest short root of C;

for Dgl: B; and 0 — agay = 6°, the highest short root of By
e for E?): F, and 0 — apag = 0°, the highest short root of Fy

e for Df'): Gy and 0 — agag = 6°, the highest short root of G,

More generally, a vertex k is special if and only if there exists an automorphism o of
the Dynkin diagram, such that o(k) = 0. In the untwisted case special is the same as
minuscule. In the twisted case, there are only for Ag)_l and Dgl nontrivial automorphisms.

We make a new list now for the twisted case, we delete a special vertex k # 0.

e for Ag)_l deleting 1: C; and 6 — ajay = 67, the highest short root of C;
o for Dﬁ)i deleting 1: B; and 0 — a;ay = 67, the highest short root of B,

We get an analog of Lemma 6. Let g be the affine Kac-Moody algebra associated to X&) ,
let a be the simple Lie algebra associated to Y, and denote P the weight lattice of a.

Lemma 13. Let V be a finite dimensional a module such that Char V' € Z[P], then
D;(CharV) = CharVVi=0,...,n (15)

Proof. CharV is stable under D; , ¢ > 1. In fact, Char V' is stable under Dy for all roots
of the Lie algebra a. So only the case ¢ = 0 has to be considered. Now all weights in V'
are of level 0, so Dy = D_,,9, 0o = 0 — apap, on these weights, which finishes the proof.
This suffices to prove this, because if x is stable under Dg, then it is stable under D,,g,
even if it is not a root. .

Recall P is the Z-lattice spanned by the fundamental weights of a. One can now
formulate a statement analogous to Theorem 1. Let AY be a dominant element of M, C P,
where Py are the integral, dominant weights of a. Let A\Y = A/ + Ay + ... + A\’ be a
decomposition of AV as a sum of dominant elements of Mj,.
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Theorem 2. Let k be a special vertex of a twisted affine Kac—Moody algebra of type Xl(lr),

and let a,... be as above. For all m > 1, we have an isomorphism of a-modules between
the Demazure module V _yv(mAy) and the tensor product of Demazure modules:

V,)\v (mAk) >~ V_)\lv (mAk) X V_)\g (mAk) X R V,)\;/ (mAk)

With the Lemma above, the proof is the same as in the untwisted case.

As in the untwisted case we can now look in more detail at the smallest Demazure modules
V_u;(INg), where w; is a fundamental weight for a. The decompositions listed below have
been partially calculated (or conjectured) in [5], the remaining cases (and the proofs of
the conjectured decompositions) have been calculated by Naito and Sagaki (unpublished
result) as in [20] With a bar we denote again the a-module, where a denotes the simple
Lie algebra associated to diagram obtained after removing the zero node. Let e =1 for ¢
odd and 0 for 7 even.

. Agi), a is of type C,
V—wi<lA0) ~ @ V(slwl + ...+ siwi)
51+...+Si§l
° Agi)_l,a is of type C,
V_Wi<lA0) = EB V(Spiwpz‘ + SpyoWpi42 + .. siwi)
Sp;tsp;+2+...+si=l
. Dz(12421> a is of type B,

i=mn:V_,(IA) ~V(lw,)
i#mn Vo, (IAo) P V(siwr+...4+ sw;)

s1+...+s;<l

12

Eéz), a is of type Fy

i=1:V_,,(I1N) =~ @ V(swy)

0<s<l
i=4:V_,,(IN)~ P V(siwi + sswy)
0<s1+s4<i
° DZ(LS), a is of type Gy
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For the other special vertices the decompositions can be computed by taking automor-

phisms.

Theorem 3 holds in the same way, for the basic module W of the direct limit one choose
V_QX (rAg). Then the direct sum decomposition of W contains obviously an one dimen-
sional module, namely the one who corresponds in the Demazure module V_gv(rAy) to
the weight rAg. Again let V) be the direct limit constructed above. Then it follows

Theorem 3. For any integral dominant weight A of g, A = rA, + X\, the a-modules Vs

and V(rAy) are isomorphic.
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Weyl modules, Demazure modules, KR-modules,
crystals, fusion products and limit constructions
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Abstract

We study finite dimensional representations of current algebras, loop algebras
and their quantized versions. For the current algebra of a simple Lie algebra of
type ADE, we show that Kirillov-Reshetikhin modules and Weyl modules are in fact
all Demazure modules. As a consequence one obtains an elementary proof of the
dimension formula for Weyl modules for the current algebra, the loop algebra and its
quantized version (see also [3, 10]), and the fact that the Weyl modules of the loop
algebra are specializations of irreducible modules of its quantized analogue (see also
[3, 27]). Further, we show that the crystals of the Weyl and the Demazure module
are the same up to some additional label zero arrows for the Weyl module.

For the current algebra Cg of an arbitrary simple Lie algebra, the fusion product
of Demazure modules of the same level turns out to be again a Demazure module.
As an application we construct the Cg-module structure of the Kac-Moody algebra
g-module V (¢A() as a semi-infinite fusion product of finite dimensional Cg—modules.

Contents
1 Introduction
2 Notation and basics

2.1 Affine Kac-Moody algebras
2.2 Definition of Demazure modules
2.3 Properties of Demazure modules
2.4 Weyl modules for the loop algebra

*This research has been partially supported by the EC TMR network ”LieGrits”, contract MRTN-

CT 2003-505078 and the DFG-Graduiertenkolleg 1052, 2000 Mathematics Subject Classification. 22E46,
14M15.



2.5 Weyl modules for the current algebra . . . . . . .. ... ... ... ... 12

2.6 Fusion products for the current algebra . . . . . . . .. ... ... ... .. 13
2.7 Kirillov-Reshetikhin modules . . . . . . . . . . ... ... ... .. ... .. 14
2.8 Quantum Weyl modules . . . . . . .. ..o 14
3 Connections between the modules 15
3.1 Quotients . . . . .. 15
3.2 KR-modules . . . . . . . 16
3.3 The slo-case . . . . . . . 18
3.4 Thesimply-laced case . . . . . . . . . ..o 19
3.5 Demazure modules as fusion modules . . . . . . . ... ... ... ... 23
4 Limit constructions 26

1 Introduction

Let g be a semisimple complex Lie algebra. The theory of finite dimensional represen-
tations of its loop algebra Lg = g ® C[t,t™!], its quantized loop algebra U,(Lg) and its
current algebra Cg = g ® C[t] have been the subject of many articles in the recent years.
See for example [2], [3], [5], [7], [8], [10], [11], [12], [13], [16], [20], [21], [26], [28], [34] for
different approaches and different aspects of this subject.

The notion of a Weyl module in this context was introduced in [11] for the affine Kac-
Moody algebra and its quantized version. These modules can be described in terms of
generators and relations, and they are characterized by the following universal property:
any finite dimensional highest weight module which is generated by a one dimensional
highest weight space, is a quotient of a Weyl module. This notion can be naturally
extended to the category of finite dimensional representations of the current algebra ([7],
[18]). Another intensively studied class of modules are the Kirillov-Reshetikhin modules,
a name that originally refers to evaluation modules of the Yangian. In [6] Chari gave a
definition of these modules for the current algebra in terms of generators and relations.

The current algebra is a subalgebra of a maximal parabolic subalgebra of the affine
Kac-Moody algebra g. Let A be a dominant weight for g and denote by V(A) the asso-
ciated (infinite dimensional) irreducible g-representation. Another natural class of finite
dimensional representations of the current algebra are provided by certain Demazure sub-
modules of V(A). Of particular interest for this paper are the twisted (see section 2.2)
Cg-stable Demazure submodules D(m, ) of V(mAg), where Ay is the fundamental weight
associated to the additional node of the extended Dynkin diagram of g.

If g is simply laced, then we can identify the weight and the coweight lattice, so
the Weyl modules as well as the twisted Cg-stable Demazure submodules of V' (mAy) are
classified by dominant weights A € P*.



Theorem A For a simple complex Lie algebra of simply laced type, the Weyl module
W (A) and the Demazure module D(1,\) are isomorphic as Cg-modules.

Also the Demazure modules of higher level are related to an interesting class of finite
dimensional modules for Cg. Let g be an arbitrary simple complex Lie algebra, the Cg-
stable Demazure modules D(m, \") are classified by dominant coweights A € PT.

Theorem B For a fundamental coweight w; let d; = 1,2 or 3 be such that dw; =
v(w/). The Kirillov-Reshetikhin module K R(d;mw;) is, as Cg-module, isomorphic to
the Demazure module D(m,w;). In particular, in the simply laced case all Kirillov-

Reshetikhin modules are Demazure modules.

Remark 1. The fact that D(m,w);’) is a quotient of a Kirillov-Reshetikhin module has
been already pointed out in [9]. In the same paper Chari and Moura have shown that
D(m,w,;”) is isomorphic to K R(d;mw;) for all classical groups using character calculations.
Our proof is independent of the type of the algebra.

To stay inside the class of cyclic highest weight modules, the tensor product of cyclic
Cg-modules is often replaced by the fusion product of modules [17].

Theorem C Let g be a complex simple Lie algebra and let \Y = X} + ...+ X\ be a
decomposition of a dominant coweight as a sum of dominant coweights. Then D(m,\")
and the fusion product D(m, \}) % -+ D(m, \)) are isomorphic as Cg-modules.

Remark 2. The theorem shows in particular that the fusion product of Demazure mod-
ules of the same level is associative and independent of the parameters used in the fusion
construction. In [2] it is shown that the fusion product of Kirillov-Reshetikhin modules
of arbitrary levels is independent of the parameters.

As a consequence we obtain for the Weyl module W () in the simply laced case:

Corollary A Suppose g is of simply laced type. Let X = ajwy + ... + a,w, be a de-
composition of a dominant weight X € Pt as a sum of fundamental weights. Then the
Weyl module W () for the current algebra is the fusion product of the fundamental Weyl
modules:

W(A) 22 W(wy) # s Wwy) sk Wilwy) # o W(wy) -

(&

~~ ~~
ay an

The Weyl modules for the loop algebra are classified by n-tuples © = (my,...,m,) of
polynomials 7; € Clu] with constant term 1 [11]. The associated dominant weight is
Ar = >, deg mw;. Similarly, the Weyl modules for the quantized loop algebra are classified
by n-tuples m, = (mg1,...,myn,) of polynomials 7, ; € C(q)[u] with constant term 1, the
associated weight A\, is defined as above.

It follows from the existence of a global basis for the extremal weight modules [27]
and the special structure of the crystal basis [3] that the dimension of the Weyl modules



depend only on A; respectively A, and that (whenever one has an appropriate lattice)
the specialization of the quantum Weyl module is the classical Weyl module. It was shown
in [10] that, as a consequence, the conjectured dimension formula [11, 12] for the Weyl
modules for the quantum loop algebra.

A different approach was suggested in [11, 12]. In fact, using the specialization and
dimension arguments outlined there, Theorem A and Theorem C imply in the simply
laced case the dimension formula and the specialization result:

Corollary B Let g be a simple Lie algebra of simply laced type, let A = Y m;w; be a
dominant weight (for g), let ™ (resp. m,) be an n-tuple of polynomials in Clu] (resp. in
C(q)[u]) with constant term 1 such that A = Az = Ar,.

1. dim W(A) = dim W () = dim W, (7,) = dim D(1, \Y) = [ [,(dim W (w;))™

2. If m, is integral, then the specialization W,(m,) at ¢ = 1 of the quantum Weyl
module is isomorphic to the Weyl module W (7;) for the loop algebra associated to
the specialized n-tuple of polynomials.

Remark 3. For g = sl,,, the connection between Demazure modules in V' (Ay) and Weyl
modules had been already obtained by Chari and Loktev in [7]. The isomorphism between
the Weyl module W () and the Demazure module D(1, \) has been conjectured in [16].

For a dominant weight A = Y m,w; let m\, be the tuple having (1 — au)™ as i-th
entry. The quantum Demazure module D,(m, A) has an associated crystal graph which
is a subgraph of the crystal graph of the corresponding irreducible U, (g)-representation.
We conjecture that by adding appropriate label zero arrows, one gets the graph of an
irreducible U, (g)-representation. In the simply laced case and level one we have:

Proposition The crystal graph of D,(1, \) is obtained from the crystal graph of W (my 1)
by omitting certain label zero arrows. More precisely, let B(\)y be the path model for
Wo(mgr1) described in [37], then the crystal graph of the Demazure module is isomorphic
to the graph of the concatenation mp, * B(\)q.

In the simply laced case, the restriction of the loop Weyl module W(m, ,) to Cg is (up
to a twist by an automorphism) the Weyl module W (A). It follows:

Corollary C The Demazure module D(m, \) of level m can be equipped with the structure
of a cyclic U(Lg)-module such that the g-module structure coincides with the natural g-
structure coming from the Demazure module construction.

Let V(mAg), m € N, be the irreducible highest weight module of highest weight mA,
for the affine Kac-Moody g. In [19] we gave a description of the g-module structure of
this representation in terms of a semi-infinite tensor product. Using Theorem C, we are
able to lift this result to the level of modules for the current algebra. The theorem holds



in a much more general setting (see Remark 18), but for the convenience of a uniform
presentation, let © be the highest root of the root system of g.

Theorem D Let D(m,n®©) C V(mAy) be the Demazure module of level m corresponding
to the translation at —n©. Let w # 0 be a Cg-invariant vector of D(m,©). Let V.>° be
the direct limat

D(m,0) — D(m,0)* D(m,0) — D(m,0)x D(m,0) * D(m,0) — ...

where the inclusions are given by v — w ® v.
Then V(mAg) and V.20 are isomorphic as U(Cg)-modules.

The semi-infinite fusion construction can be seen as an extension of the construction
of Feigin and Feigin [15] (g = sly) and Kedem [28] (g = sl,) to arbitrary simple Lie
algebras. We conjecture (see Conjecture 2) that, as in [15] and [28], the semi-infinite

fusion construction works for arbitrary dominant weights and not only for multiples of
Ag.

Remark 4. Naito and Sagaki [35], [36], [37] gave a path model for the Weyl modules
W (w) for all fundamental weights and g of arbitrary type. Since the Weyl modules coincide
with the level-one Demazure modules provided g is simply-laced, the semi-infinite limit
construction above gives on the combinatorial side a combinatorial limit path model for
the representation V' (Ag) as a semi-infinite concatenation of a finite path model, extending
in this sense the approach of Magyar in [32].

After introducing some notation, we will recall in more detail the definition of De-
mazure and Weyl modules and fusions products. The proof of the Theorems A — C, their
corollaries and the proposition is given in section 3 (see Theorem 4, 7 and 8). The proof
of Theorem D is given in section 4, see Theorem 9.

Acknowledgements. We are grateful to V. Chari, A. Joseph, S. Loktev, T. Miwa,
A. Moura and H. Nakajima for many helpful discussions and useful hints.

2 Notation and basics

2.1 Affine Kac-Moody algebras

In this section we fix the notation and the usual technical padding. Let g be simple
complex Lie algebra. We fix a Cartan subalgebra b in g and a Borel subalgebra b O .
Denote ® C h* the root system of g, and, corresponding to the choice of b, let ®* be the
set of positive roots and let A = {ay,...,a,} be the corresponding basis of ®.

For a root € ® let 3Y € h be its coroot. The basis of the dual root system (also
called the coroot system) ®¥ C § is denoted AY = {oy,...,a)}.



We denote throughout the paper by © = Y7 | a;a; the highest root of ® and by
©Y =3""  a’a) its coroot. Note that © is in general not the highest root of ®. (For
more details ooncernmg the connection with the dual root system of the affine root system
® see [24], Chapter 6.)

The Weyl group W of ® is generated by the simple reflections s; = s,, associated to
the simple roots.

Let P be the weight lattice of g and let PT be the subset of dominant weights. The
group algebra of P is denoted Z[P], we write xy = > m,e (finite sum, p € P, m, € Z)
for an element in Z[P], where the embedding P — Z|[P] is defined by p +— e*.

We denote the coweight lattice by P, i.e., this is the lattice of integral weights for the
dual root root system. The dominant coweights are denoted P+.

Corresponding to the enumeration of the simple roots let wy, ..., w, be the fundamen-
tal weights. Let hr be the “real part” of b, i.e., hr is the real span in § of the coroots
ay,...,a), and let bj be the real span of the fundamental weights wy, . ..,w,. Let (-,-) be
the unique invariant symmetric non-degenerate bilinear form on g normalized such that
the restriction to b induces an isomorphism

v:br — bR, ’/(h):{f?’ : ]Fh,h’)

mapping OV to ©. With the notation as above it follows for the weight lattice PV of the
dual root system ®V that
) = a—\i/oz,; and v(w)) = &wi, Vi=1,...,n.

a; 7

\
7

v(a
Let g be the affine Kac-Moody algebra corresponding to the extended Dynkin diagram
of g (see [24], Chapter 7):

§=g®cC[t,t"'|eCK & Cd

Here d denotes the derivation d = t<4

7> K is the canonical central element, and the Lie
bracket is given by

[t @x4+AK +pd, t"@y+vK+nd] = " @[z, y|+unt" Qy+nmt" @x+mby, _n(z,y) K. (1)

The Lie algebra g is naturally a subalgebra of g. In the same way, the Cartan subalgebra
h C g and the Borel subalgebra b C g are subalgebras of the Cartan subalgebra h
respectively the Borel subalgebra b of g:

~

h=h®CK®Cd, b=baCK & Cd® g tC[{] (2)

Denote by ® the root system of g [ g and let ®* be the subset of positive roots. The positive
non-divisible imaginary root in ®+ is denoted 6. The simple roots are A = {ag,a1,...,0,}



where g = 6 — ©. We identify the root system ® of g with the root subsystem of o
generated by the simple roots oy, ..., a,.
Let Ag,...,A, be the corresponding fundamental weights, then for ¢ = 1,...,n we
have
A = w; + a A. (3)

The decomposition of E)\ in (2) has its corresponding version for the dual space f)\*:
b* =h* B CAy & CS (4)

Here the elements of h* are extended trivially, (Ag, h) = (Ag,d) = 0 and (Ag, K) = 1, and
(0,6) = (8, K) =0 and (5,d) = 1. Let AV = {a¥,a),...,a’} C b be the corresponding
basis of the coroot system, then of = K — ©V. Recall that the positive affine roots are
precisely the roots of the form

T={B+s0|BedT, s>0U{-B+s5|Bed, s>0}U{sI|s >0}
For a real positive root 3 + sd respectively —(3 + sd the corresponding coroot is

(B+s0) =p6"+ K respectively (=034 sd)" = —3" +

()
Let b be the real span RS + > o RA;, note that by the decomposition (4) and by (3)
we have hy C 6{@. The affine Weyl group W2 is generated by the reflections sg, 51, ..., Sy,
acting on Eﬁg. (We use again the abbreviation s; = s,, for a simple root «;.) The cone
C={Aebhyl(A,aY)>0,i=0,..,n} is the fundamental Weyl chamber for .

We keep the convention and put a = on (almost) everything related to g. We denote
by | P the weight lattice of g and by P+ the subset of dominant weights. As before, let
Z[P] be the group algebra of P so an element in the algebra is a finite sum of the form

domyuet, u € P and m, € Z. Recall the following special properties of the imaginary
root 9§ (see for example [24], Chapter 6):

(6,0)) =0Vi=0,....,n w(d)=6VweW T (apa))=—(0,a))fori>1 (6)

Put ap = af =1 and let A = (a;;)o<ij<n be the (generalized) Cartan matrix of g. We
have a non-degenerate symmetric bilinear form (-, -) on b defined by ([24], Chapter 6)

MX@O:%%J@jzuuwz
(aY,d) =0 i=1,...,0 (7)



Since W fixes §, the affine Weyl W*" can be defined as the subgroup of GL(b )
generated by the induced reflections sq, ..., s,. Another well-known description of the
affine Weyl group is the following. Let M C b be the lattice M = v(D]_, Za}). If g is
simply laced, then M is the root lattice in b, otherwise M is the lattice in hi generated
by the long roots.

An element A € b} p can be uniquely decomposed into A = A+ bAg such that A € bg.
For an element 1 € M let t, € GL(b%, k) be the map defined by

A=A+ bAg — L, (A) = A+ bAg + b = A + (A, K)pu. (8)

Obviously we have ¢, 0t = t,,4,s, denote ¢y the abelian subgroup of G'L(b}, i )consisting
of the elements ¢, p € M. Then W?T is the semi-direct product W% = W xt),.

The extended affine Weyl group Waf is the semi-direct product Wat = W xtr, where
L =v(@;_, Zw}) is the image of the coweight lattice. The action of an element ¢, u € L,
is defined as above in (8).

Let ¥ be the subgroup of Walt stabilizing the dominant Weyl chamber C:
S ={oceW|sC)=C).

Then X provides a complete system of coset representatives of att /Wt so we can write
in fact Waf = S waff,
The elements o € X are all of the form

0= Titfu(wiv) = Tit—w“

where w,” is a minuscule fundamental coweight. Further, set 7, = wywy;, where wy is the
longest word W and wy; is the longest word in W,,, the stabilizer of w; in W.

We extend the length function ¢ : W2f — N to a length function ¢ : wa - N by
setting ((ocw) = f(w) for w € W2 and o € X.

2.2 Definition of Demazure modules

For a dominant weight A € Pt let V(A) be the (up to isomorphism) unique irreducible
highest weight module of highest weight A.

Let U(Jp) be the enveloping algebra of the Iwahori subalgebra J, = g @ tC[t] b ® 1,
and let U(n) be the enveloping algebra of n = n* @ C[t] ® h @ tC[t] & n~ @ tC[t].

Given an element w € W2 /W, fix a generator Vw(ny Of the line V(A)ya) = Cuya
of h-eigenvectors in V(A) of weight w(A).

Definition 1. The U(E) —submodule V,,(A) = U(E) Ay generated by vy(ay is called the
Demazure submodule of V(A) associated to w.



Remark 5. Since v is an erigenvector, we can also view the Demazure module V,,(A)
as a cyclic U(Jp)-module or a cyclic U(n)-module generated by v, a):

Vio(A) = U(Tp) - vwa)y = U[@) - V().

To associate more generally to every element cw € W — SxWa a Demazure
module, recall that elements in Y correspond to automorphisms of the Dynkin diagram of
g, and thus define an associated automorphism of g, also denoted o. For a module V' of
g let V7 be the module with the twisted action gov = o~!(g)v. Then for the irreducible
module of highest weight A € P+ we get V(A)” = V(a(A)).

So for ow € W = ST we set

Vo (A) = Vi (0(A))  respectively Vi (A) = Vipo-1(0(A)). 9)

Recall that for a simple root o the Demazure module V,,,(A) is stable for the associated
subalgebra sly(«) if and only if s,wo < wo mod Wy in the (extended) Bruhat order. In
particular, V,,(A) is a g-module if and only if s,wo < wo mod W3t for all i = 1,...,n.

We are mainly interested in Demazure modules associated to the weight /A for £ > 1.
In this case Wil = W, so W /W = L. The Demazure module Vi, v, (No) is a g-module
if and only if p" is an anti-dominant coweight, or, in other words, u¥ = —\" for some
dominant coweight. Since we will mainly work with these g—stable Demazure modules,
to simplify the notation, we write in the following

D(t,\Y) for Vi . (€Ao) (10)

v(AY
where \Y = —wg(\Y), the dual coweight of A\V. This notation is justified by the fact
that D(¢, \Y) is, considered as g-module, far from being irreducible, but this g-module
still has a unique maximal highest weight: ¢v(\Y), i.e., if V(u) is an irreducible g-module
of highest weight u and Hom (V' (u), D(¢,\)) # 0, then necessarily we have (v(\Y) — u
is a non-negative sum of positive roots. For more details on the g-module structure of
D(¢,\V) see also Theorem 2 respectively [19].

2.3 Properties of Demazure modules

A description of Demazure modules in terms of generators and relations has been given
by Joseph [23] (semisimple Lie algebras, characteristic zero) and Polo [38] (semisimple Lie
algebras, characteristic free), and Mathieu [33] (symmetrizable Kac-Moody algebras). We
give here a reformulation for the affine case.

Theorem 1 ([33]). Let A € P+ and let w be an element of the affine Weyl group of

o~

g. The Demazure module V,,(A) is as a U(b)-module isomorphic to the following cyclic



module, generated by v # 0 with the following relations: for all positive roots 3 of g we
have

(Xs @)oo =0  where s >0, kg = max{0, —(w(A), (8 + s6)¥)}
(Xg @)oo =0 where s >0, kg =maz{0,—(w(A),(—B+ s6)")}
(h@t)v=0 Vheh, s>0,
(h@Dw=wl)(h)v  Vheh,  dv=w()(d).v, Kv=IlevelA)w

Let \Y € Pt be a dominant coweight. We reformulate now the description of the
Demazure modules above for the Demazure modules D(¢, \") we are interested in.

Corollary 1. As a module for the current algebra Cg, D(¢, \V) is isomorphic to the cyclic
Cg—module generated by a vector v subject to the following relations:

nt@C[tlv=0, h@tClt]v=0, hwv=Lv(X)(h)v for all h € b,
and for all positive roots 3 € ® one has
(X5 ® )k v = 0 where s > 0 and kg = £ max{0, —(Ag +v(\), (= +s6))} (11)

Proof. Denote by M the cyclic U(Cg)-module obtained by the relations above. Recall
(see (8)) that t,wvy(fAg) = (Ao + fv(XY) and set p = t,v)(CAg). Write t,,v) = wo
where w € W2 and o € ¥. Set A = (Ag), then the highest weight g-module V (¢A) has
a unique line of Efeigenvectors of weight p, let v, be a generator. Fix also a generator
Vwo(u) Of weight wo(p). Restricted to the current algebra, we have |, = ¢v(X¥). The
submodule U(Cg).v, of V(¢A) is the Demazure module D(¢, \") because:

DAY =V, (tAg) = UR) - Vuy() = U(Cg).v,.

—v(Y)
Since v, is an extremal weight vector, using sly-representation theory one verifies easily
that v, satisfies the relations above. For example, if the root is of the form 3+ sd, where
s > 0and 8 € ®* is a positive root, then the corresponding coroot is of the form Y +s' K,
s’ > 0. It follows that

Ay + lv(N\Y), B + S K) =05 + (tv(\Y), 3Y) >0,

and hence (n* @ C[t])v, = 0. So we have an obvious surjective Cg-equivariant morphism
M — D(¢, \), which maps the cyclic generator v to the cyclic generator v,,.

To prove that this map is an isomorphism it suffices to prove: dim M < dim D(¢, \Y).
The module M is not trivial by the above, and the generator v € M is a highest weight

10



vector for the Lie subalgebra g C Cg. In fact, the relations imply that the g-submodule
U(g).v € M is an irreducible, finite dimensional highest weight g-module V (¢v(\Y)) C M.
So we may replace for convenience the generator v by a generator v' € V({v(\Y)) of
weight wq(fv(XY)), i.e., we replace a g-highest weight vector by a g-lowest weight vector.
By construction, the following relations hold:

1) (X5 ettty = 0wheres>0; kg = {max{0, —(Ag + wo(r(AY)), (B + 56))}
2) (h@ 1) = Llv(we(A\Y))(h)v" where h € b.
3) htCltly = 0 4) n” QC[t]v' =0

Now in 4) we have roots of the form —( + s, where (3 is a positive root and s > 0. It
follows
(Ao +wo(v(XY)), =B" + §'K) = &' + (—wo(v(X")), 87) = 0,

so we can reformulate 4) in the following way:
4) (X5 @t*) . =0 where s > 0 ; kg = {max{0, —(Ag + wo(v(A")), (=6 + s0)")}

Now 4) implies M = U(g ® C[t]).v' = U(Jp).v', and 1),2),3),4’) show that the cyclic
generator v’ for M as U(Jp)-module satisfies the same relations as the generator for the
Demazure module D(¢, \"). Hence we have a surjective U(Jp)-module homomorphism
D(¢,\Y) — M, which finishes the proof. o

Remark 6. We can easily extend the defining relations in Corollary 1 to an action of
g ® C[t] & CK by letting K act by ¢, the level of £A,. This follows immediately from (1)
since in the current algebra there are no elements of the form x ® 7%, s > 0.

The g—module structure of these special Demazure modules has been investigated in
[19]: let AY = A +...4+ A/ be a sum of dominant integral coweights for g and let £ € N.

Theorem 2 ([19]). As g-modules the following are isomorphic
DAY~ D, N)®...® D N)

In this paper we will extend this isomorphism to an isomorphism of Cg-modules by
replacing the tensor product by the fusion product.

2.4 Weyl modules for the loop algebra

The Weyl modules for the loop algebra L£g have been introduced in [11]. These modules
are classified by n-tuples of polynomials m = (my,...,m,) with constant term 1, and they
have the following universal property: every finite dimensional cyclic L£g highest weight
module generated by a one-dimensional highest weight space is a quotient of some W ()
(for a more precise formulation see [11]). So these can be considered as maximal finite

11



dimensional cyclic representations in this class. A special class of tuples of polynomials

is defined as follows: fix A = Z?Zl mjw; a dominant integral weight for g and a nonzero

complex number a € C*, and set
e = (1 —au)™, ... (1 —au)™). (12)
The Weyl modules W(m, ,) are of special interest because

1. it has been shown in [11] that a Weyl module W () is isomorphic to a tensor product
(0% i W (7, .q;) of Weyl modules corresponding to this special class of polynomials.

2. the defining relations for the Weyl module W (m,,) reduce to (see [7]): W(my,) is
the cyclic module generated by an element w) 4, subject to the relations

(ﬂ+ & C[t, t_l])w/\ﬂ = O7 (h & ts)w/\@ = as)\(h)wAﬂ, (l’;l & 1)mi+1w)\7a = O
forallheh, 1 <i<n,seZ.

In the following we denote by A, = ). degmw; the weight associated to a n-tuple of
polynomials 7.

2.5 Weyl modules for the current algebra

Let A = >  myw; be a dominant weight for g. A class of Weyl modules W () has also
been introduced for the current algebra. In terms of generators and relations one has:

Definition 2. Let A\ be a dominant integral weight of g, A = > muw;. Denote by W(\)
the Cg-module generated by an element v with the relations:

" @Cltlv=0, h@tC[tlv=0, hv=Ah)v, (z; ®1)" T v=0

for all h € b and all simple roots ;. This module is called the Weyl module for Cg
associated to A € PT.

The same proofs as those in [11] show that W (\) exists, is finite dimensional and has
the same universal property (see also [8] and [7]).

Remark 7. It follows easily that for all positive roots 3 the following relation holds in
W(N):
(X @) =0 for kg=A(B").

For a € C* consider the Lie algebra homomorphism ¢, defined as follows:
0, :Cg—Cg, zR@t"—z®(t+a)".

Now W (my ) is module for the loop algebra and hence by restriction also a module for
the current algebra. It has been shown in [11, 8] that the twisted Cg-module

0o (W (7)), where the action is defined by (z ® t™) o,, w = (z ® (t —a)™)w

is a cyclic Cg-module satisfying the relations in Definition 2, so:

12



Lemma 1. As a Cg-module, p,*W (m\ ) is a quotient of W ().
In [16] the so called higher level Weyl modules were introduced:

Definition 3. Let W be a cyclic Cg-module, with fived generator w. We denote by W
the Cg submodule of W®* generated by w®.

For a dominant integral weight \ let W () be the Weyl module for the current algebra.
The Weyl module of level k corresponding to X\ is defined as

W ()

Remark 8. Let V,,(A) denote the Demazure submodule in the irreducible highest weight
g-module V(A) corresponding to the Weyl group element w. Then

Vi (ME =V, (kA)

Remark 9. [16] Let V, W be cyclic Cg-modules, and suppose that V' is a quotient of W.
Then VI is a quotient of WK,

2.6 Fusion products for the current algebra

In this section we recall some facts on tensor products and fusion products of cyclic Cg-
modules. Let W be Cg-module and let a be a complex number. Let W, be the Cg-module
defined by the pullback W, so x ® t* acts as © ® (t — a)®. The following is well known:

Lemma 2 ([17]). Let W ... . W™ be cyclic graded, finite-dimensional Cg-modules with
cyclic vectors wy, ..., w, and let C' = {c1,...,c.} be pairwise distinct complex numbers.
Then wy @ ... Q@ w, generates W) @ ... @ W[ .

The Lie algebra Cg has a natural grading and an associated natural filtration F'*(Cg),
where F*(g ® Cl[t]) is defined to be the subspace of g-valued polynomials with degree
smaller or equal s. One has an induced filtration also on the enveloping algebra U(Cg).
Let now W be a cyclic module and let w be a cyclic vector for W. Denote by W the
subspace spanned by the vectors of the form g.w, where g € F*(U(Cg)), and denote the
associated graded Cg—module by gr(W)

gr(W) = @ Wy /Ws_1 where W_; = 0.

i>0
As g-modules, W and gr(W) are naturally isomorphic, but in general not as Cg-modules.

Definition 4 ([17]). Let W' and ¢; as above in Lemma 2 . The Cg-module
Whe s« W i=gro(W @...@ W)

Cc

1s called the fusion product.
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Remark 10. It would be more appropriate to write V[/'Cl1 *...x W/ for the fusion product,
since a priori the structure of the fusion product depends on the choice of C. It has been
conjectured in fact in [17] that the fusion product a) does not depend on the choice of the
pairwise distinct complex numbers C' € C", and b) is associative. This has been proved in
the case g = sl,, for various fusion products. In this paper we will prove the independence
and the associativity property for the fusion product of the Demazure modules D(¢, \),
which justifies the fact that we omit almost always the pairwise distinct complex numbers
in the notation for the fusion product. In [2] it is shown that the fusion product of
Kirillov-Reshetikhin modules of arbitrary levels is independent of the parameters.

Remark 11. The case r = 1 is of course not excluded. For example, let W be a graded
cyclic Cg-module. Let C' = {c}, where ¢ € C, then gr,(W) ~ W as Cg-modules.

2.7 Kirillov-Reshetikhin modules

In [6] (see also [9]) for each multiple of a fundamental weight mw; a Cg-module K R(mw;)
has been defined. These modules are called Kirillov-Reshetikhin module because in many
cases (Lie algebras of simply laced type or of classical type, see [6]) they can also be
obtained from the quantum Kirillov-Reshetikhin module by specialization and restriction
to the current algebra.

Definition 5. Let K R(mw;) be the Cg-module generated by a vector v # 0 with relations
(m*@C[t])wv=0, (h @tC[t]))v =0, hv =mw;(h) , h €h (13)

(X,)" o= (X, ®t)v=0 and (Xo,)v =0 for j #i. (14)

i

2.8 Quantum Weyl modules

Let U,(Lg) be the quantum loop algebra over C(g), ¢ an indeterminate, associated to
g (see [14]). As in the classical case, one can associate finite-dimensional modules of
U,(Lg) to n-tuples of polynomials 7, with constant term 1 and coefficients in C(q) (see
[11]). These modules are called quantum Weyl modules. Again, the following universal
property holds: every highest weight module generated by a one-dimensional highest
weight space is a quotient of W, (m,) for some n-tuple 7, (see [11]). Each such module has
a unique irreducible quotient which we denote by V(7).

For such a n-tuple m, = (mq,1,...,mgn) set Ar, = >, deg my;w;, and let 7, 1 be defined
as in the classical case.

The connection with Demazure modules is given by a theorem due to Kashiwara. We
state the theorem only for the simply laced type, but it holds in much more generality.
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Theorem 3 ([25]). Let g be a simple Lie algebra of simply laced type, then
dim W, (7y0,1) = dim D, (1, w;")
and Wy (mqw;.1) 1s irreducible.

Remark 12. The classical Demazure module V,,(A) (resp. D(m, AY)) is the ¢ — 1 limit
of the quantized Demazure module V, ,(A) (resp. D,(m,\Y)).

Definition 6. The n-tuple m, is called integral if all coefficients are in A, and if the
coefficient of the highest degree term is in C*q”.

Let Ua(Lg) be the A subalgebra defined in [11]. It has been shown in [11] that for an
integral n-tuple 7, the corresponding quantum Weyl module W, (7,) admits a U(Lg)-
stable A-lattice W4(m,) C W,(m,).

Further, let C; be the A-module with ¢ acting by 1, then U(Lg) is a quotient of
Ua(Lg) ® Cq, and W, (m,) := Wa(m,) ® C; becomes in a natural way a U(Lg)-module.

Let 7, be the n-tuple of polynomials obtained by setting ¢ = 1, so the coefficients are

in C. The universality property of the Weyl modules implies [11]:

Lemma 3. If m, is integral, then the U(Lg)-module W,(m,) is a quotient of the classical
Weyl module W (7).

It was already pointed out in [12] that the cyclicity result of Kashiwara ([25], Theorem
9.1, see [39] for the simply laced case) for twisted tensor products of cyclic modules implies
a lower bound for the dimension:

dim W (my) > | [ (dim Wi (mge;,0)) 5™ (15)

The existence of a global basis for the extremal weight modules [27] and the special struc-
ture of the crystal basis [3] implies that the dimension of the Weyl modules depend only
on Ar,, as conjectured in [11, 12]. Further (whenever one has an appropriate lattice), the
specialization of the quantum Weyl module is the classical Weyl module. As a conse-
quence (see [10]), one gets that the inequality in (15) is an equality, but we will not need
this in the following.

3 Connections between the modules

3.1 Quotients

We have some obvious maps between the Weyl modules for the current algebra and certain
Demazure modules.

15



Lemma 4. Let \V be a dominant integral coweight of g. For all m > 1, the Demazure
module D(m, ") is a quotient of the Weyl module W (mv(\)).

Proof. This follows immediately by comparing the relations for the Weyl module in
Definition 2 and the relations for the Demazure module in Corollary 1 °

Lemma 5. Let A/, i = 1,...,r be dominant integral coweights, let \¥ = XY +...+ XY, and
let aq, ..., a, be pairwise distinct complex numbers. Then

D(1, M\ ), % ... % D(1,\Y),,
is a quotient of W(v(\)).
Proof. Let v; € D(1,)) be the cyclic generator as in Definition 2 and let v()\) =
>, miw;, then the following relations hold:
nt @Cltlv; =0, (h@tC[t])v; =0; h® Ly, =v(\)(h)v; , (g, ® 1)+ ;=0

Let v(A\Y) = >, mjw;, then the following relations for the fusion product follow from the
relations above:

Nt @ ClH].(0]=) =0, h@L(v) =) = vA) () (0] =) | (ag, ® )™ (u7=) = 0.

7

To see that all the relations of the Weyl module are satisfied in the fusion product, it
remains to show that h ® tC[t] annihilates v; ® ... ®v,. So (recall that (h® t*).v; = 0 for
k > 0) we have for n > 1:

(h®tn).7}1®...®UT = ZU1®®(h®(t+C])n)v1®®’Ur
= 2 Gr(A)hu®... 0,
J
= (ZgrvA) ) ®... v
J

By definition, this an element in the n-th part of the filtration, but obviously the vector
v ® ... ® v, in also 0-th part of the filtration. Hence in the fusion product we have
(h@t") ®...Qv, =0 for n > 1. It follows: (h ®tClt]).v; ®...®v, =0, which finishes
the proof. °

3.2 KR-modules

Theorem 4. For a fundamental coweight w,’ let d; such that dw; = v(w;"). The Kirillov-
Reshetikhin module K R(d;mw;) is, as Cg-module isomorphic to the Demazure module
D(m,w;). In particular, in the simply laced case (i.e., the root system is of type A,,D,,,E,)
all Kirillov-Reshetikhin modules are Demazure modules.
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Remark 13. The fact that D(m,w,’) is a quotient of a Kirillov-Reshetikhin module has
been already pointed out in [9]. In the same paper Chari and Moura have shown that
D(m,w,;") isomorphic to K R(d;mw;) for all classical groups using character calculations.
Our proof is independent of these results, and holds for all types, and gives an alternative
proof of the fact that these modules are finite dimensional.

Proof. The fact that D(m,w,’) is a quotient of K R(d;mw;) is obvious by comparing the

relations of the K R modules with the relations of the Demazure module from Corollary 1.

To show that the K R-modules above are quotients of Demazure modules, it remains

to verify that the relations (14) above imply the relations (11) in Corollary 1. So let [ be

a positive root, set a = a;, d = d; and w = w;. Note that [h@t*, Xy Rt = B(h) Xy Q@ itk
implies:

(Xg @t)v=0 = (X;@t)v=0Vr=>s (16)

The fact that (11) holds for the elements X follows by sly-theory. If (w,3") = 0, then
(11) holds for all elements X; ®t°, s > 0, by (16).

Assume now (w, ") > 0 and consider an element of the form X; @ t* for some s > 1.
Let v # a be a simple root, to verify the relation for X; ® t* is equivalent to verify it
for X;(ﬁ) ® t*. By replacing 3 by s,(5) if (5,7") > 0, without loss of generality we may
assume that either 3 = «, in which case the relations are satisfied, or 3 # a and « is the
only simple root such that (3,a") > 0.

We have (3,aY) =7, 7 =1,2,3. So 3 = s4(8) = 8 — ja and, if t > j, then, up to a
scalar,

Xz ot =X, @t,[...[X; ©t, X, @t77]..].

Except for the case where a, 3 are two short roots in a root system of type G, the
clements X, ®t, X5 ® t*~J generate the nilpotent part of a Lie algebra of type Ay, By or
Gy.

We consider first the case a, (3’ are short roots in a root system of type Gs. Let v be the
long simple root, then 3" = v +a and 8 = v+ 2a = w. We have XJv =0, (X7 ®t)v =0
and hence (X5 ®t)v = [X7, X, ®tJv = 0. In the same way one concludes (X5 ®@t*)v = 0.
Now using the commutation relations, one sees that Xp.((X5 ® t)*.v) = 0 for all k > 0.
So if (X 5 ® t)¥.v # 0, then this a highest weight vector for the Lie algebra generated by
Xp and X3, and hence (X5 ®1)*" 1.0 = 0. It follows that the elements X ®*, X7 ®1°,
s > 0, satisfy in this case the relations for the Demazure module D(m,w").

Suppose now «, (3 form a basis of a root system of type Xs, X = A,B,G. Using the
higher order Serre relations (see for example [29], Corollary 7.1.7), one sees by induction
that (X, ® t).v = 0 implies for some constant ¢ € C:

(Xget)mv = (X;ot ., [X, @t X;@t7].])"
= ¢ (X, "Xz @t )"
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Now if X ® 577 satisfies the relations for the Demazure module in (11), then so does
Xg ® t°.

In the simply laced case this finishes the proof since the arguments above provide an
inductive method reducing the verification of the relations to the case either § = « or
s = 0, and in both cases we know already that the relations hold. In the case g is of type
B,,C, or F4, the procedure reduces the proof to the cases 1) § = a, 2) s = 0 (now in
these two cases the proof is finished), or 3) 3 is a long root, « is a simple short root and
(B,a”) = 2. In this case the relations have to be verified for the root vector X; ®1¢.

Now except for one case (in type F4) the pair (o, 5/ =  — 2«) is such that w(3"V) =0,
s0 Xg.v =0 and hence (X5 ® t?).v = 0. Now as above, using the commutation relations
one sees that Xs(X; @ t)".v = 0 for all k, so if (X ® t)*.v # 0, then this is a highest
weight vector for the Lie subalgebra generated by Xg[. It follows (X 5 ® t)™ v =0, and
hence X5 ® t satisfies the relations for the Demazure module.

In the remaining case in type F, (using reflections by simple roots v # «) it suffices to
consider the pair where @ = a3 and § = a1 + 2a + 4z + 2a4 (notation as in [4]). Now [’
is a positive root for which we already know that the relations for the Demazure module
hold. (Using simple reflections s, v # «, to verify the relations for 4’ is equivalent to
verify them for as + 2ag, this is a positive root of the type discussed above). One has
w(BY) = 2,50 (Xz®t*).v =0, (X;®t)" v =0and (X;)*"*".v = 0, and the induction
procedure shows (X ®@t*).v = 0, (X5 @t*)" v = 0 and (X; ®#*)*"*1.v = 0. It remains
to show that (X; @) *!1.v = 0. Suppose u = (X5 ®)*"*1.v # 0, then, by sly-theory,
Xgm”u # 0. Now using the commutation relations, a simple induction procedure shows
that X7 (X5 ®t)*"*'.v is a linear combination of terms of the form

(X5 ® t)gm“_?””(Xg ® 2" (X5 ® 3.
For n = 2m + 2 one has 7 > m + 2, and hence all the terms vanish. It follows u = 0.

Now for g of type Gy the induction procedure (respectively the arguments above for the
two short roots) reduce the proof of the relations to the cases of the root vectors X; ®t
and X ® t?. Here « is the short simple root, (' is the long simple root and 3 = s.(3').
Since (X5)*"*!v = 0 and (X5 ®1*).v = 0, the commutation relations as above show that
X5 (X5 @t)*™ v = 0 and hence, by sly-theory, (X; ® t)*" v = 0.

Note that the root vectors X; and X, , commute. Since (Xg_a ® t?)v = 0, we see
that Xo(X; ®t*)* .0 = 0 for all £ > 0. So if (X3 ®1*)*.v is nonzero, then this is a highest

weight vector for the Lie subalgebra generated by XF. Since (3mw — k3, a") = 3m — 3k,
it follows that (X5 @ t*)™ v = 0. .

3.3 The sly-case

Before we come to the proof of the main results, let us recall the case g = sl;. Note that
for sly we have v(\Y) = A = .. Recall:
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Theorem 5 ([11]). Let A = mw, then dim W(\) = 2™.
As immediate consequence one obtains (already proved in [11], see also [7]):
Theorem 6. For g = sly one has W(A) >~ D(1,\) as Cg-modules.

Proof. The Demazure module is a quotient of the Weyl module, and by [19] and the
theorem above one knows that dim D(1, ) = (dim D(1,w))™ = 2™ = dim W (). .

3.4 The simply-laced case

In this section let g be a simple simply laced Lie algebra, so g is of type A,, D,, or E,.
Note that in this case v(A\Y) = A. We are now ready to prove

Theorem 7. Let g be simply laced. Let \Y € Pt be a dominant integral coweight for g.
The Cg-Weyl module W (X) is isomorphic to the Demazure module D(1,\V).

Remark 14. In [7] the result has been proved for sl, by showing that the dimension
conjecture of [11] is true for the classical Weyl module for g = sl,. Our approach is
different and uses the relations defining a Demazure module. On the other hand, we
obtain a proof of the dimension conjecture of [11] for the simply laced case by combining
the result above with Theorem 2, see Proposition 1.

Proof. We know already that the Demazure module is a quotient of the Weyl module. By
comparing the defining relations in Corollary 1 and in Definition 2, we see that to prove
that this map is an isomorphism, it is sufficient to show for the Weyl modules that the
following set of relations hold: for all positive roots 3 € ®* and all s > 0 one has

(X5 @t°)"* v =0 where s > 0 and kg = max{0, —(Ao + v(\"), (=3 + s6)")}  (17)
Let 3 be a positive root of g, let s € N be a nonnegative integer and set
k = max {0, \(3") — s}.
Let wy € W(A) be a generator of weight A. To prove (17), we have to show
(X5 @), =0.

Let s[5 be the Lie subalgebra generated by X, X, 8". Let V be the sls @ C[t]-submodule
of W () generated by wy, i.e., V = U(slg@CJt]).wy. Then V satisfies obviously the defin-
ing relations for the slz @ C[t]-Weyl module W5(A(3Y)) (see Remark 7), so V is a quotient
of this Weyl module W3(A(5Y)). By Theorem 6 we know for the current algebra slz ® C[t]
that the Weyl module W3(A(3Y)) is the same as the Demazure module Dg(1, A(GY)).
In particular, the defining relations of Ds(1, (")) hold for the corresponding gener-
ator of Wg(A(BY)), and hence also for the corresponding generator of V. It follows:
(Xg ® )k awy = 0. °

The following proposition is an immediate consequence of Theorem 2 and 7.
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Proposition 1. Let g be a simple, simply laced Lie algebra and let \¥Y = > m;w,’ be a
dominant integral coweight. The dimension of W (\) is

dim W (A) = [[(dim W (w)™ = J](dim D(1,w))™

We can now describe the current algebra module ¢ (W (7)) obtained as a pull back
from the Weyl module for the loop algebra. Here A = ) m,w; and 7, is the n-tuple of
polynomials as in section 2.4.

Proposition 2. Let \ be a dominant, integral weight for g of simply laced type. Then
Pa(W(Tra)) = W(A)

Proof. We know that ¢! (W(m,)) is a quotient of W (A), so it suffices to show that
dim W(my,) > dim W (X). We have already seen that the specialization W,(m,.) at
q = 1 of a quantum Weyl module is a quotient of the Weyl module W (7, ,) (see Lemma 3).
By Theorem 3, the inequality (15) and Proposition 1 it follows hence:

dim W(my ) > dim Wy (mgre) > [1(dim Wy (mgw.1))™
= J[(dim D(1,w)))™ = [[(dim W (w;))™ = dim W (A).

As an immediate consequence we see (note, except for the connection with the current
algebras, these results follow also from the results on global basis theory in [3, 27]):

Corollary 2. Let g be a simple Lie algebra of simply laced type, let X be a dominant
weight (for g), let m (resp. m,) be an n-tuple of polynomials in Clu] (resp. in C(q)[u])
with constant term 1 such that A = A = Ar,.

1. dim W(A) = dim W (r) = dim Wy(n,) = dim D(1, \Y) = [[,(dim W (w;))™

2. If my is integral, then W,(m,) ~ W (7,) as U(Lg)-modules.

3. The quantum Weyl module W, () is irreducible (note, the m; have complex coeffi-
cients), and its specialization at ¢ = 1 is the Weyl module W () for the classical
loop algebra.

Proof. The first claim follows from Theorem 7, Proposition 1, Proposition 2, the ten-
sor product decomposition property (see section 2.4) and the specialization arguments
outlined in [12] (see section 2.8).

Now 2) is an immediate consequence of 1). To prove 3), let m,; be the multiplicity of
the root a/ € C* of the polynomial 7;(u). The tensor product W, = ®j7aj W, (wj, a?)®™ai
over all j and all roots a/ of 7;(u) is irreducible by Theorem 9.2, [26], it is again a highest
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weight module associated to the right n-tuple of polynomials, and has the right dimension
by 1), so it follows W, = W, (). The rest of the claim follows from 2). o

We can now also prove the first step of Conjecture 1 in [19] for g of simply laced type.
In the case of a multiple of a fundamental weight, this provides a method to reconstruct
the KR-module structure for U(Lg) from the U(Cg)-structure on the Demazure module.

Corollary 3. Let D(m,\Y) be a Demazure module of level m, corresponding to \V. Then
D(m,\Y) can be equipped with the structure of a U(Lg @ CK)-module such that the g-
module structure of D(m,\") coming from the construction of the Demazure module and
the g-module structure of D(m,\") obtained by the restriction of the U(Lg® CK)-module
structure coincide.

Proof. As a Cg-module, D(m,\") is a quotient of W (mA) (Lemma 4). Let N(mA) be
the kernel of the map, so D(m, \Y) =~ W (mA\)/N(m\) as Cg-modules. By Corollary 2, we
know that W (mA) is isomorphic to ;W (my,a1) as module for the current algebra.

Let Ni(mA) = ¢*;N(mA) be the submodule of W (m,,y1) corresponding to N(mA).
Using [8], Proposition 3.3 (see also [11]), one can show that x ® t~* operates as a linear
combination of elements of U(Cg) on W (mmua1). So a U(Cg)-submodule of W(m,,01) is
actually a U(Lg)-submodule. Since K is central (and operates trivially), we conclude
that Ny(mA) is a U(Lg @ CK)-submodule of W (7,5 1).

So the quotient W (mya1)/Ni(mA) is a U(Lg & CK)-module, isomorphic to the De-
mazure module D(m,\Y) as vector space. Further, since ¢* does not change the g-
structure of a Cg-module, we see that the g-module structure on D(m,\") and on the
quotient W (m,x1)/Ni(mA) are identical. o

We conjecture that the corresponding statement also holds for the quantum algebras
and that the module admits a crystal basis as U,(Lg)-module. Its crystal graph should be
obtained from the crystal graph of the quantum Demazure module just by adding certain
arrows with label zero.

In the level 1 case we know that we can identify W, (m, 1) with D,(1, A). To compare
the crystals, let Py, = P/Z6 be the quotient of the weight lattice by the imaginary root
and let ¥ : P®; R — P, ®z R be the projection of the associated real spaces. For a
weight v let 7, : [0,1] = P®z R, t — tv, be the straight line path joining the origin with
v, and let ¢ (m,) be the image of the path in P, ®z R.

Proposition 3. The crystal graph of D,(1,\) is obtained from the crystal graph of
Wy (mga1) by omitting certain arrows with label zero. More precisely, let B(\)q be the
path model for Wy(my 1) described in [37], then the crystal graph of the Demazure module
is isomorphic to the graph of the concatenation (mp,) * B(X)g.

Proof. Write t_, as wo, so Dy(1,\) is the Demazure submodule V, ,,(6(Ag)). The path
model theory (see [31]) is independent of the choice of an initial path, we are going
to choose an appropriate path. Instead of the straight line 7, (s, joining 0 and o(Ay),
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consider the two straight line paths m, and 7_), joining the origin with A, respectively
-\ in P ®z R. Let n = mp, * m_5, be the concatenation of these two and denote by
B(n) the set of paths generated by applying the root operators to n. By [31], section 6,
7 is linked for arbitrary L to the straight line path ma,_»,, which is an LS-path of shape
o(Ag). It follows that the two path models are isomorphic, and hence: a) the crystal
associated to the set of paths B(n) is isomorphic to the crystal of V,(c(Ay)), and b) in
B(n) there exists a unique path 7y contained in the dominant Weyl chamber and ending
in o(Ag). Denote by B(n). the image of this set of paths under the projection ). The
root operators e,, fa, a a simple root for g, are still well defined on paths in P; ®7 R
since ¢ vanishes on all coroots. In fact, the operators commutes with the map . So the
uniqueness of 7 (as path contained in the dominant Weyl chamber) implies that ¢ induces
a bijection between the crystals B(n) and B(n)y.

Let B(\) be the set of all LS-paths of shape A and denote by B(\). the image of this
set under the projection ¢. Combining part 3 of the theorem above with the result of
Naito and Sagaki in [37], we see that B(\)y is a combinatorial model for the crystal of
the Weyl module W, (7, x1). The concatenation 1(ms,) * B(\)y in Py ®z R provides a set
of paths stable under all root operators e,, a a simple root, and f,,,i=1,...,n.

To describe in B(n)y the set of path corresponding to the Demazure module D(1, \),
recall that the latter is the union of all paths of the form f”l1 . f”t o, Where t_), = wo.
W = Sa; """ Sa;, IS 2 reduced decomposition and n; € N. Recall that 7o is of the form
A, * 7', where 7' € B(A). Since we work modulo 6 and A is a level zero weight, e,my = 0
for all simple roots of g means that 7’ is a path completely contained in the fundamental
alcove of the root system of g. This path is obtained from the straight line path )
by folding it successively back into the alcove (in the same way as in [30], proof of the
PRV-conjecture). Next consider the sequence of turning points.

If \ is regular and generic (i.e., A # mu for some m > 2, u € PT), then this are exactly
the points where 7y meets the codimension one faces of the fundamental alcove A, and the
corresponding product of the simple reflections is exactly a reduced decomposition of w’,
where t, = w'o. We get a reduced decomposition of w (recall, t_y, = wo) by multiplying
the given reduced decompositions with appropriate simple reflection s,,, ¢« > 1. By the
choice of the reduced decomposition above, the paths fg;l fg;t o are all of the form
(ma,) * 7', where ' € B()\).

The same holds also in the general case, only that the turning points are not anymore
associated to just one simple reflection an element of maximal length in a coset W' /W"
of subgroups of W, Here W', W" are associated to the turning point and the path =,
for details in terms of galleries see for example [22], Example 4.

So the set of paths in the path crystal of V,(c(Ag)) corresponding to the subcrystal
of D(1, ) is a subset of 1(my,) * B(\)y. By the equality of the number of elements, the
two sets have in fact to be equal. °
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3.5 Demazure modules as fusion modules

In this section let g be a simple Lie algebra of arbitrary type. So, unless it is explicitly
mentioned, in this section we do not assume that g is necessarily simply laced.

Theorem 8. Let \Y = Y7, N be a sum of dominant integral coweights and let c1, . .., cs
be pairwise distinct complex numbers, then

D(1,\Y) ~ D(1,\]) % ... D(1,\))
as modules for the current algebras g ® C[t].

In the simply laced case we have of course equivalently:

Corollary 4. Let g be a simple simply laced Lie algebra. For A = > X\;,; A\; dominant
i=1
integral coweights, and cy, ..., cs pairwise distinct complexr numbers:

W) = W(A) *...x W(As)
as Cg-modules

Remark 15. For g = sl,, and the )\;, © = 1,..., s, all fundamental weights, the theorem
above (and its corollary) was proved by Chari and Loktev in [7].

Corollary 5. Let g be again a simple Lie algebra of arbitrary type and let XY =37 | A/
be a sum of dominant integral coweights and let cq,...,cs be pairwise distinct complex
numbers, then for all k > 1

D(k,\Y) = D(k, ) x...% D(k,\])
as modules for the current algebras g @ C[t].
As obvious consequences we have:

Corollary 6. 1. The fusion product of the Demazure modules D(k, \;) is associative
and independent of the choice of the pairwise distinct complex numbers {cy, ..., cs}.

2. Letd; be as in Theorem 4, then K R(md;w;) is the m-fold fusion product K R(dw;)*™.
Proof of Corollary 5. It follows from Remark 8 and Theorem 8 that
D(k, ) = D1, X)) ~ (D(1,\Y) % ... % D(1,\Y)).

By Proposition 2.10 in [16] the latter is a quotient of D(1,\Y)* x ... % D(k,\Y)F =
D(k,A\)*...«D(k,\)). The dimension formula (Theorem 2) implies again that the map
is an isomorphism. °
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Proof of Theorem 8. In the simply laced case the result follows immediately from the
equality of Demazure and Weyl modules: the right hand side is a Weyl module by The-
orem 7, and the left hand side is a quotient of this Weyl module by Lemma 5. Now by
Theorem 2 the dimension of both modules is equal, which finishes the proof.

In the general case we need to use the defining equations for Demazure module (see
Corollary 1). In the proof of Lemma 5 we have already seen that the fusion module:

D(1,\) *...x D(1,\))
is a quotient of the Weyl module and hence satisfies the relations:

nt @ CHL.(0F=) =0, h@ 1.(v0=1) = v(AY)(h)(vS=") and h @ tC[H](vS*=1) = 0.

)

Let now 3 € ®* be a positive root. The following lemma implies that the fusion product
is a quotient of the Demazure module. Since both have the same dimension by Theorem 2,

they are isomorphic, which finishes the proof. °
Lemma 6.
(X5 ® )8 (07) = 0 for kg = max{0, (Ao +v(\), (=5 +50)")},  (18)

The proof of Lemma 6 is by reduction to the g[gfcase. Note that in this case we know
already that Theorem 8 and Corollary 5 hold.

We fix first some notation. For a positive root § € ®* let Z5 C g be the Lie subalgebra
generated by the root spaces gis1ss, S € Z, the elements in the Cartan subalgebra (£ +

s0)¥, and the derivation d. Then Zz is an affine Kac-Moody algebra isomorphic to sly
with Cartan subalgebra hz = (Y, €K, d)¢c, where e = (3", 3Y)/2 (see equation (5)) is 1 if
(£ and © have the same length, and € = 2 or 3 if 3 is a short root. Set

ny=0"NZ; and sh(f) @Clt]=2ZsNg® Clt

Write #,(\v) = wo (see equations (9) and (10)), so w € W, Set u = w(o(Ay)) and let
v, € V(0(Ag)) be an extremal weight vector of weight p. The submodule M = U(Zg)v,, C
V(o(Ap)) is an irreducible (since v, is an extremal weight vector) Zg-submodule, say
M = VP(Q) is the Zg-representation of highest weight 2. The subspace

M(v(X)) = U(sh(B) @ C[t]).v, = U(ng)ss(v,) (19)

is then a Demazure module, stable under U(sly(5) ® CJt]). Now V(o(Ag)) is a level one
module for g, but the irreducible Zg-submodule Vj is a level e-module for the affine Kac-

Moody algebra Zg ~ sl (recall, the canonical central element of Z3 is eK). We need the
following more precise statement:
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Lemma 7. As sly(3) ®C[t]-module, the submodule M (v(\)) is isomorphic to D(e, mw?),
where m = v(A)(8Y) /e and w® denotes the fundamental weight for the Lie algebra sly(f3).

Proof of Lemma 7. The first step is to show that the highest weight €2 is a multiple of
a fundamental weight for Zz. The only non-trivial case is when © and (8 have different
lengths. We show first that in this case:

v(AY)(BY) = 0 mod €Z. (20)

To prove this, recall that for AY = >~ m,w;” one has v(AY) = >, m; %w;. If a; is a short
root, then 7% =€, so “—@wi(ﬁv) = 0 mod €Z. Now a case by case consideration shows that
if a; is a lonig simple root and [ is a short positive root, then again vwz(ﬁv) = 0 mod €Z.

Now sg(v(A )’lm) = t,(Q2) mod ZA, ( respectively t,(c(€2)) mod ZAO) for some sly(3)-
weight n. Since t,(€2) = 2 + en respectively ¢, (c(€2)) = o(2) + en, it follows

Q(BY) =0mod ¢Z respectively o(2)(3") =0 mod €Z. (21)

But this is only possible if 2 = eA’g or {) = eAﬁ as highest weight for the irreducible Z5 ~
sly-representation M, and hence M(v(A\Y)) ~ D(e, mw?) for some m. Since v(AY)(8Y) =
(eAS + emw®)(5Y), it follows that m = v(AV)(3Y).

Proof of Lemma 6. For each of the Demazure modules D(1,\Y) denote by M(v()\)))
the Zs-Demazure submodule generated by v;, as in (19). By the lemma above we have
M(v(X\)) = D(e,mw?), where m; = v(\)(8Y)/e. Taking the tensor product, we get an
embedding

Now the filtration on M(V()\lv)) M(v(XY)) as sly(8) ® C[t}-module is compatible
with the filtration of D(1,\}) ® -+ ® D(l AY) as g ® C[t]-module, so we get an induced

map

M(v(A)) # - % M(v(A])) — D(LA) - x D(1,A])
Since we are in the simply laced case, we know by Corollary 5 that the left sly(3) ® C[t])-
module is isomorphic to M (v(AY)). By construction, the generator of this module satisfies
the equation (18), and hence also the image v; =" satisfies equation (18).
Remark 16. It is not anymore true that W(v(\Y)) ~ D(1,AY). As a counter example
consider g of type Cy and take \Y = wy. Note that v(wy) = 2w;. By [19], D(1,wy) has
dimension 11, and by [6], K R(w;) has dimension 4. The fusion product K R(w;)* K R(w;)
is a quotient of W (2wy), so dim W (2w;) > 16 > dim D(1,wy).

We conjecture that Corollary 4 also holds in the non-simply laced case:

Conjecture 1. Let A = > \; be a sum of dominant integral weights, c1, . .., c, be pairwise
distinct complex numbers, then

W) = W) x...x« W(\,)
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4 Limit constructions

In this section we start with a simple Lie algebra g of arbitrary type. We want to
reconstruct the Cg-module structure of the irreducible highest weight U(g)-module V (I1Ay)
as a direct limit of fusion products of Demazure modules.

In [19] we have given such a construction of the g-module structure of V(IAy) as a
semi-infinite tensor product of finite dimensional g-module. In this section we want to
extend this construction to the U(Cg)-module structure by replacing the tensor product
by the fusion product.

We need first a few facts about inclusions of Demazure modules. Set b = hoat @ CK,
and, as before, we denote by W2 the affine Weyl group. Let A be an integral dominant
weight for g. We fix for all w e Walt /)yaft\ a generator v, of the line of weight w(A) C

V(A). Denote V,(A) = U(b).v,, the Demazure module and let ¢, : V,,(A) — V(A) the

inclusion.

Lemma 8. Let A be an integral dominant weight for g. Given wE Walt Jywatt there is
a unique (up to scalar multiplication) nontrivial morphism of U(b)-modules

Viw(A) — V(A).

In fact, this morphism is, up to scalar multiples, the canonical embedding of the Demazure
module.

Proof. We want to prove that, up to scalar multiples, ¢, : V;,(A) — V(A) is the only
nontrivial morphism of U (5)—modules. The proof is by induction on the length of w.

For w = id, the Demazure module is one-dimensional. The generator v is killed by
U(n™), so its image in V(A) is a highest weight vector. But such a vector is unique (up to
scalar multiple) in V' (A), and hence there exists, up to a scalar multiples, only one such
morphism.

Suppose now £(w) > 1, and let 7 = s,w, a a simple root, be such that 7 < w, and let
¢ : Vy(A) — V(A) be a non trivial U(b)-equivariant morphism. Let v, be a generator
of the weight space in V,,(A) corresponding to the weight w(A), and set m, = w(A)(aV).
Then (x,)™.v, # 0, but (z4)™ v, = 0.

Now ¢ is an U(b)-morphism, so the image ¢(v,) € V(A) is again an eigenvector for
h®CK of weight w(A)|peck. Since V(A) is a g-module, sly-representation theory implies
(o) .(vy) # 0, and since ¢ is an U(b)-morphism, we have (z,)"*!.¢(v,) = 0.

Now (z4)™*.v, is a generator of the Demazure module V(A) C Vi, (A), so ¢|v. ()
provides a non-trivial U(b)-morphism, which by induction can only be a non-zero scalar
multiple of the standard inclusion. Hence (z,)™.p(v,) is a non-zero multiple of v,.
Further, by weight reasoning and sly-representation theory, it follows that z_,p(v,) = 0.

By the usual exchange relation we get

957_”3 (xa)ma(p(vw) = C@(Uw)’
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for some nonzero complex number ¢, and hence ¢(v,,) is an extremal weight vector of
weight w(A), which finishes the proof. o

Corollary 7. Let 7 < w, then there ezists (up to scalar multiples) a unique morphism of

U(b)-modules V.(mAg) — Vi(mAy).

Consider the Demazure module D(m,n0) = V_,g(mAy). We fix a generator w # 0
of the unique U(Cg)-fixed line in D(m, ©). Note (see [19]) that w spans the line of the
highest weight vectors for g in V(mAg). By Theorem 8 we have for ¢; # ¢y an isomorphism

D(m,(n+1)0) ~ D(m,©)., * D(m,nO),,.

We extend this to an isomorphism of U(Cg @& CK)-modules by letting K operate on
D(m, (n+1)©) by the level m, and letting K act on the second module by 0 on the first
factor and on the second factor by the level m. Define the map

@ : D(m,nO).,, — D(m,0)., ® D(m,nO),,

by ¢(v) = w®v. This map is an U(Cg)-module morphism because w is U(Cg)-invariant,
which extends, as above, to a U(Cg & CK)-module morphism.

The map respects the filtrations up to a shift: let vo € D(m, ©) be a generator and let
¢ be minimal such that w®wvy € F4(D(m, 0)., ® D(m,nO),,). By the U(Cg)-equivariance
it follows that

@(Fj(D(m, n®).,) C Fj+q(D(m’ 0)e, ® D(m,nO),,)

So we get an induced U(Cg @& CK )-morphism ¢ between the associated graded modules
by ¢(¥) = w ®v. ¢ is nontrivial and so by Corollary 7 it is (up to multiplication by a
scalar) the embedding of Demazure modules ¢. We proved:

Lemma 9. The map ¢ : D(m,n0) — D(m, ©),*D(m,nO)., =~ D(m, (n+1)0) induced
by p(v) = w v is an embedding of U(b)-modules.

One knows that V(mAg) = lim D(m,n®) as U(Cg)-modules, and also as U (b)-modules.
It follows by the above:

Lemma 10. Let g be a simple Lie algebra.
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The following is a commutative diagram of U(Cg)-modules

D(m,n®)¢ - D(m,(n+1)©)
. z
D(m,n®©) 4 D(m,©).,,, * D(m,n®O),
z .
D(m,0)., *...*x D(m,0), *~ D(m,0),,.,, * D(m,0),, *...% D(m,O),

where the down arrows are the isomorphism of Corollary 5

Theorem 9. Let g be a simple Lie algebra. As U(Cg)-module, V(mAo) is isomorphic to
the semi-infinite fusion product

V(mAo) ~ lim D(m,©) *...%x D(m,0)

We expect the following to hold:

Conjecture 2. Let A = mAg + X be a dominant integral weight for g, then V(A) and

lim D(m,0)*...x D(m,0)x V(\)

are isomorphic as Cg-modules.
Remark 17. This isomorphism holds for the g-module structure, see [19].

Remark 18. As in [19], the limit construction above works in a much more general
setting. Let D(m, ") be a Demazure module with the property that for some k the
fusion product W = D(m, pu") * -+ x D(m,pu") ~ D(m, ku") contains a highest weight
vector of weight mAg. Instead of D(m,©) one can then use the module W in the direct
limit construction above.
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DEMAZURE STRUCTURE INSIDE KIRILLOV-RESHETIKHIN
CRYSTALS

GHISLAIN FOURIER, ANNE SCHILLING, AND MARK SHIMOZONO

ABSTRACT. The conjecturally perfect Kirillov-Reshetikhin (KR) crystals are
known to be isomorphic as classical crystals to certain Demazure subcrystals
of crystal graphs of irreducible highest weight modules over affine algebras.
Under some assumptions we show that the classical isomorphism from the
Demazure crystal to the KR crystal, sends zero arrows to zero arrows. This
implies that the affine crystal structure on these KR crystals is unique.

1. INTRODUCTION

The irreducible finite-dimensional modules over a quantized affine algebra Uy (g)
were classified by Chari and Pressley [3, 4] in terms of Drinfeld polynomials. We
are interested in the subfamily of such modules which possess a global crystal basis.
Kirillov—Reshetikhin (KR) modules are finite-dimensional Uy (g)-modules W"* that
were introduced in [7, 8]. It is expected that each KR module has a crystal basis
B™*, and that every irreducible finite-dimensional Uy (g)-module with crystal basis,
is a tensor product of the crystal bases of KR modules.

The KR modules W"™* are indexed by a Dynkin node r of the classical subalge-
bra (that is, the distinguished simple Lie subalgebra) go of g and a positive integer

s. In general the existence of B™* remains an open question. For type Aq(ll) the
crystal B™® is known to exist [18] and its combinatorial structure has been stud-
ied [24]. In many cases, the crystals B1* and B™! for nonexceptional types are also
known to exist and their combinatorics has been worked out in [16, 18] and [9, 14],
respectively.

Viewed as a U,(go)-module by restriction, W"* is generally reducible; its de-
composition into U, (go)-irreducibles was conjectured in [7, 8]. This was verified by
Chari [1] for the nontwisted cases.

Kashiwara [13] conjectured that as classical crystals, many of the KR crystals
(the ones conjectured to be perfect in [7, 8]) are isomorphic to certain Demazure
subcrystals of affine highest weight crystals. Kashiwara’s conjecture was confirmed
by Fourier and Littelmann [5] in the untwisted cases and Naito and Sagaki [22] in
the twisted cases.

In this paper we prove that the classical isomorphism from the Demazure crystals
to KR crystals sends zero arrows to zero arrows (see Theorem 4.4). It is not an
affine crystal isomorphism but becomes an isomorphism after tensoring with an
appropriate affine highest weight crystal. This recovers some of the isomorphisms
given by the Kyoto path model. We emphasize this is accomplished without the

Date: 16th May 2006.
AS was supported in part by NSF grant DMS-0200774 and DMS-0501101.
MS was supported in part by NSF grant DMS-0401012.
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2 G. FOURIER, A. SCHILLING, AND M. SHIMOZONO

assumption of perfectness of the KR crystals. The automorphisms on the crystals
that are used in the definition of the ground state path in the Kyoto path model,
come from affine Dynkin diagram automorphisms which can be calculated using
the factorization of a translation element in the extended affine Weyl group in our
setting. For the proof of our results we require the assumptions of regularity of KR
crystals, the existence and uniqueness of a certain special element u in a KR crystal,
and the existence of automorphisms on KR crystals coming from certain Dynkin
automorphisms (see Assumption 1). We show that under these assumptions, the
KR crystals admit a unique affine crystal structure (see Corollary 4.6), and we
give an algorithm which shows that twofold tensor products of KR crystals are
connected (see Corollary 6.1). We expect that Assumption 1 holds, that is, if the
existence of the KR crystals were established these hypotheses could be removed.
In Section 2 we establish notation and review some results about the extended
affine Weyl group. The definition of Demazure crystals and KR crystals is given in
Section 3. Section 4 contains our main result stated in Theorem 4.4 showing that
all zero arrows of the Demazure crystal are present in the KR crystal. In Section 5
we provide explicit sequences of lowering operators leading from the special element
u of a KR crystal to all classical highest weight elements of the KR crystal. The
connectedness of tensor products of KR crystals and an application regarding the
algorithmic calculation of the combinatorial R-matrix can be found in Section 6.

Acknowledgments. We like to thank Philip Sternberg for many stimulating dis-
. . 1)
cussion regarding KR crystals of type Dy, .

2. NOTATION AND BASICS

2.1. Affine Kac-Moody algebras. Let g be an affine Kac-Moody algebra with
Cartan subalgebra h, Dynkin node set I = {0,1,...,n}, Cartan matrix A =
(aij)i,jer, realized by the set of linearly independent simple roots {«; | i € I} C b*
and simple coroots {a) | i € I} C b, such that (o), oj) = a;; [10]. Let d € b
be the scaling element, which is any element such that (d, ;) = 0 for ¢ € I\{0}
and (d, ag) = 1. Let (a; | i € I) be the unique tuple of relatively prime positive
integers that give a linear dependence relation among the columns of A, and let
(aj | i € I) be the tuple for the rows of A. Let § = 7. ; a;o; be the null root,
0 = > ienqoy @i, and ¢ = 37, a)ay the canonical central element. We have
(d, ) = ap. Let {A; | i€ I} C bh* be the fundamental weights, which, together
with §/ag, are defined to the dual basis to the basis {; | i € I} U{d} of h. In
particular (o), Aj) = d;5. Let P =@P,.; ZA; ®Z(6/ag) C h* be the weight lattice,
Pt = @1 Z>oMi ® Z(6/ag) = {\ € P | (o), ) > 0foralliel} the set of
dominant weights and @ = @,.; Za; C b* the root lattice. The level of a weight
A € P is defined by (¢, A\). Let W be the affine Weyl group, generated by the
simple reflections {s; | i € I'}. W acts on P by s;A = X — (a) , MNa;.

Let (- | -) be the nondegenerate W-invariant symmetric form on h*; it is defined
by (o | aj) = aYa; ay; for i,5 € I, (a; | Ag) = 0 for i € T\{0}, (ap | Ao) = a5 ",
and (Ag | Ag) = 0. One may check that [10, (6.4.1)]

4 for Aéi)
2 otherwise.

(2.1) (6]6) = 2a0 = {
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The pairing (- | -) induces an isomorphism v : h — §* given by (v(h), h') = (h | #/)
for all h,h' € . So v(a)) = ai(a)) ta; for i € I, v(d) = agAg, and v(c) = 4.
Define 6¥ € h by v(0Y) =260/(0 | 0) = 0/ao.

Let gy C g be the simple Lie subalgebra whose Dynkin node set is I'\{0}, with
Weyl group Wy C W, root lattice Qg, weight lattice Py, and fundamental weights
{wi 1€ I\{0}} C R.

Let P = P/Z(6/ag). The natural projection P’ — P, has a section Py — P’
defined by w; — A; — aAg for i € I\{0}. The image of this section is the set of
elements in P’ of level zero.

2.2. Dynkin automorphisms. Let X denote the affine Dynkin diagram and
Aut(X) denote the group of automorphisms of X. By definition an element of
Aut(X) is a permutation of the Dynkin node set I which preserves the kind of
bonds between nodes. Observe that

Ar(s) = Q4

(2.2) for all i € I and 7 € Aut(X).

a¥(i> = a;
There is an action of Aut(X) on P given by
o(A:i) = Ay(s) foriel
o(d) =19
for 0 € Aut(X). By (2.2) this action restricts to an action of Aut(X) on Py called

the level zero action.

2.3. Translations. For o € Py, define the element ¢, € Aut(P) by [10, (6.5.2)]
1
(2.3) ta(A) = A+ (¢, N)a— (()\|a)+§(a | a)(c, A))é.

The map « — t, defines an injective group homomorphism Py — Aut(P) whose
image shall be denoted T'(P,). For any w € Wy,
(2.4) wtawfl = tw(a)-

Therefore Wy x T'(Fy) acts on P. There is an induced action of Wy x T(P,) on
P’ that preserves the level of a weight. For every m € 7Z there is an action of
Wo x T(Py) on Py called the level m action, given by w *,, p = w(mAg + p) —mAg
for p € Fy. Under the level one action, the element ¢,, is precisely translation by a.

2.4. Extended affine Weyl group. For eachi € I\{0}, define ¢; = max(1, a;/a});
these constants were introduced in [7]. Using the Kac indexing of the affine Dynkin
diagrams [10, Table Fin, Affl and Aff2], we have ¢; = 1 except for ¢; = 2 for

g:Br(Ll) andz’:n,g:C’T(Ll) andlgignfl,g:Ff) and ¢ = 3,4, and ¢, = 3
for g = Gél). Consider the sublattices of Py given by

M= P Zeio; =ZWy-0/ag
i€I\{0}

It is easy to fgheck that ,ﬂ/f C M and that the action of Wy on P, restricts to actions
on M and M. Let T(M) (resp. T'(M)) be the subgroup of T'(P,) generated by ¢y
for A € M (resp. A € M).
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There is an isomorphism [10, Prop. 6.5]
(2.5) W =Wy x T(M)
as subgroups of Aut(P). Under this isomorphism we have
(2.6) 50 = t6/ay56-
Define the extended affine Weyl group to be the subgroup of Aut(P) given by
(2.7) W =Wy x T(M).

When g is of untwisted type, M = QV, M = PV, ciw; = v(w)), and ¢;o; = v())
for ¢ € 1\{0}.

Let C C P ®z R be the fundamental chamber, the > set of elements A\ such that
(ay', A) > 0 for all i € I. Define the subgroup ¥ C W to be the set of elements
that send C' into itself. .

It follows from (2.4) and (2.5) that W is a normal subgroup of W. Thus ¥ acts
on W by conjugation. Since the Weyl chambers adjacent to C are precisely those
of the form s;(C) for i € I, the element 7 € ¥ induces a permutation (also denoted
7) of the set I given by

(2.8) TsT L = Sr(3) for i € I.
Since the braid relations in W are preserved, ¥ is a subgroup of Aut(X).

2.5. Special automorphisms. We identify the subgroup ¥ explicitly. Say that
an affine Dynkin node i € I is special if there is an automorphism 7 € Aut(X) of
the affine Dynkin diagram such that 7(i) = 0. In the untwisted case, ¢ is special
if and only if w)” is a minuscule coweight. Let I° C I denote the set of special
vertices. Explicitly, using the Kac labeling [10]:

{0,1,...,n} for A

{0,1} for B, Aéill

{0,n} for O, Dfi)_l
I°= {0,1,n —1,n} for Dgl)

{0,1,5} for BV

{0,6} for BV

{0} otherwise.

Proposition 2.1. For each i € I° there is a unique element 7, € ¥ such that
7;(i) = 0. Moreover ¥ = {7; | i € I°}.

We call 7; the special automorphism associated with ¢ € I°.

Note that every Dynkin automorphism is determined by its action on I°. We
describe the special automorphisms explicitly. 79 is the identity automorphism. If
g is of untwisted affine type and i € I° then for all j € I°, 7;(j) = k € I° where
—w; +w;j 2wy mod Qo and wy = 0 by convention. For g of twisted type the only
nonidentity (special) automorphisms are the elements of Aut(X) which on I° are
given by 7, = (0, 1) in type Aéi)_l and 7, = (0,n) in type Dﬁzl.

We now specify ¥ explicitly as a subgroup of permutations of I°. In all cases but
Dg) and n even, X is a cyclic group. This determines 7; and 3 completely except

for types AY) and DY, For AV, ¥ =~ Z/(n+1)Z where 7;(j) = j —4 mod (n+1)
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for all 4,7 € I°. For DS and n odd, ¥ is cyclic with 7,_, = (0,n,1,n — 1),
1 = (0,1)(n — 1,n) and 7, = (0,n — 1,1,n) in cycle notation acting on I°. For
n even, ¥ = 7/27 x Z/27 with 7, = (0,1)(n — 1,n), 7—1 = (0,n — 1)(1,n) and
Tn = (0,n)(1,n — 1).

Proposition 2.2. X & M/M via T; — w; + M fori € I° and

(2.9) W W x .

as subgroups of Aut(Py).

If i € I9 then ¢; = 1 and we have

(2.10) T, = wi't_y,
where, for A € Py,
(2.11) w) € Wy is the shortest element such that w)\ is antidominant.

2.6. Dynkin automorphisms revisited. Let Xy be the Dynkin diagram for the
classical subalgebra gg of g.

Lemma 2.3. There is a group homomorphism
Aut(X) — Aut(Xo)

/
g0

(2.12)

where o’ (i) = j if and only if o(w;) € Wow;.

Proof. We first claim that there is a group action of Aut(X) on Wo\ Py defined by
o(WoA) = Woo A where Aut(X) acts on Py via the level zero action. The level zero
action of sy on Py is the same as that of sy € Wy, by (2.6) and (2.3). Thus for the
level zero action, WA = Wy for A € Py. By (2.8), cWoo~! C W as it is generated
by s4(;) for i € I\{0}. Thus we have WooWoTA = Wo(oWoo Yot = WooT.
Therefore Aut(X) acts on Wy\ Fo.

Next we show that this action restricts to an action on F' C W\ Py where F is
the set of Wy-orbits of fundamental weights w; for ¢ € I\{0}. Due to the above
group action we need only that o F' C F for generators o of Aut(X). By (2.2) we
have o(w,) = Wy(r) — @, We(0) Where we write w; = A; — aAg for all i € I. Using
this one may straightforwardly check the lemma for each affine root system. O

Aut(Xp) is trivial except in the following cases, where the homomorphism is
described explicitly. The elements of Aut(X) and Aut(Xy) are given by their action
as permutations of I and I°\ {0} respectively.

(1) Aut(A,,) is generated by the involution ¢ — n + 1 — ¢ for ¢ € I\{0}. In this
case Aut(Agll)) is the dihedral group Dy, 1. For o € Aut(A%l))7 o’ is the
nontrivial element in Aut(A4,,) if and only if o reverses orientation.

(2) Aut(D,,) is generated by (n — 1,n) when n > 4. In this case Aut(Df(zl))
is generated by (0,1), (n — 1,n) and (0,n)(1,n — 1). All these map to
the nontrivial element of Aut(D,,) except in the case that n is even, when
(0,n)(1,m — 1) maps to the identity.

(3) Aut(Dy) is the symmetric group on the three “satellite” vertices {1,3,4}.
Aut(Dfll)) is the symmetric group on the vertices {0, 1, 3,4} and is generated
by (0,4) for ¢ € {1,3,4}. The generator (0,1) is sent to the element (j, k)
in Aut(D4) where {0,4,j,k} = {0,1, 3,4} as sets.
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(4) Aut(Esg) is generated by (1,5). Aut(Eél)) is isomorphic to the Ss that
permutes the special vertices {0,1,5}. Then each of the elements of order
two in Aut(Eél)) is sent to the nontrivial element of Aut(Eg).

Remark 1. In all cases, for all 7 € ¥, 7/ is the identity in Aut(X,). However for
oc=(0,1) € Aut(DﬁLl)) we have o/ = (n — 1,n) € Aut(D,,).

3. CRYSTALS

3.1. Definition of crystals. A P-weighted I-crystal is a set B, equipped with
Kashiwara operators e;, f; : B — B U {0}, and weight function wt : B — P such
if f;(b) # 0, wt(e; (b)) = wt(b) + o if e;(b) # 0, and (o, wt(b)) = @i(b) — ;(b)
where ¢;(b) = min{m | f(b) # 0} and &;(b) = min{m | e*(b) # 0} are assumed
to be finite for all b € B and ¢ € I. If f;(b) # 0 we draw an arrow colored ¢
from b to f;(b). The connected components of the graph obtained by removing all
arrows from B except the arrows colored i, are called the i-strings of B. We write
e(b) = icrei(b)A; and @(b) = >, wi(b)As.

An I-crystal B is regular if, for each subset K C I with |K| = 2, each K-
component of B is isomorphic to the crystal basis of an irreducible integrable highest
weight U, (gx)-module where gx is the subalgebra of g with simple roots a; for
1€ K.

The crystal reflection operator S; : B — B is defined by the property that S;(b)
is the unique element in the i-string of b such that £;(S;(b)) = ©;(b) or equivalently
©i(S;(b)) = &;(b). This defines an action of the Weyl group W on B if B is regular
[12].

If B and B’ are P-weighted I-crystals, their tensor product B ® B’ is a P-
weighted I-crystal as follows (we use the opposite of Kashiwara’s convention). As
a set B ® B’ is just the Cartesian product B x B’ where traditionally one writes
b® b instead of (b,b"). The Kashiwara operators are given by

fid) @b if £i(b) = ¢i(b)
b® fl(b/) if El(b) < Lpi(b/)

b®e;(b) if g;(b) < ().

Given any P-weighted I-crystal B and Dynkin automorphism o, there is a P-
weighted I-crystal B whose vertex set is written {b | b € B} and whose edges
are given by f;(b) = b' in B if and only if f,;)(b) = (0')?. The weight function
satisfies wt(b?) = o(wt(b)) where the second o is the automorphism of P defined
by o. A similar statement holds for Py-weighted I-crystals, using the level zero
action of o on Py defined in Subsection 2.2.

Given any P-weighted I-crystal B, define the contragredient dual crystal BY =
{b¥ | b € B} with wt(b") = —wt(b) and f;(b) = b’ if and only if e;(b¥) = b'".

fi(b@b) = {

€i(b® b/) = {

3.2. Branching. The following ideas have been applied extensively (in [18] and
[25], for example) to identify the O-arrows in KR crystals. We shall use them here
for the same purpose.

Let B be the crystal graph of a U, (g)-module and K C I. A K-component of B
is a connected component of the graph obtained from B by removing all i-edges for
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i & K. A K-highest weight vector is an element b € B such that ¢;(b) = 0 for all
1 € K. Suppose K is a proper subset of I. Since the subalgebra of g with simple
roots {a; | i € K} is semisimple, each K-component of B has a unique K-highest
weight vector. When K = I'\ {0} we call the K-components and K-highest weight
vectors classical components and highest weight vectors.

Suppose o is a Dynkin automorphism that fixes K and induces an automorphism
(also denoted o) on B that sends i-arrows to o(i)-arrows for all ¢ € I. Then by
definition o preserves i-arrows for all ¢ € K. There is a projection from the classical
weight lattice to that of the subalgebra with simple roots «; for i € K; we refer
to the latter as the K-weight lattice. In particular ¢ permutes the collection of
K-components, sending K-highest weight vectors to those with the same K-weight
(that is, @; 0 0 = ¢; for i € K).

3.3. Demazure modules and crystals. Let g be a symmetrizable Kac-Moody
algebra and U,(g) its quantized universal enveloping algebra. For a dominant weight
A denote by V(A) the irreducible integrable highest weight U,(g)-module with
highest weight A. Write B(A) for its crystal basis. Let b be a Borel Lie subalgebra
of g. For p € W - A let u, be a generator of the line of weight x in V(A). Write
p = wA where w is shortest in its coset wW?® and WA = {w € W | wA = A}.
When writing an element wA € W - A we shall always assume w is of minimum
length. Define the Demazure module

Vw(A) = Uq<[‘l) T Ugy(A)-

It is known that V,,(A) has a crystal base B, (A) [11]; it is the full subgraph of
B(A) whose vertex set consists of the elements in B(A) that are reachable by
raising operators, from the unique element u,,n € B(A) of weight wA. We shall
make use of the following result. By abuse of notation let

(3.1) Jw(b) = L7 () [ my € Zxo}

where w = s;,, + -+ s;, is any fixed reduced decomposition of w. It is known [15, 20,
21] that as sets,

(3.2) Bu(A) = fulun).

For g affine, let w € W. By (2.9) we may express it uniquely as w = z7 where
z € W and 7 € X. We define the Demazure module to be

Vu(A) :=Va(7(A)).

Its crystal graph is denoted B,,(A) = B,(TA). For a dominant A\ € M, let \* =
—wo(A), where wy is the longest element in Wy. Define D(\,s) = V;_,. (sAg) and
by abuse of notation, D(\,s) = B;_,.(sAg). For any o € Aut(X) let D7(\,s) =
By, 5 (8A5(0)); it is obtained from D(A, s) by changing every i arrow into a o(i)
arrow.

1

3.4. KR crystals. Kirillov-Reshetikhin (KR) modules W™*, labeled by (r,s) €
I\{0} X Zy, are finite-dimensional U, (g)-modules. See [7] for the precise definition.
It is conjectured that W™* has a global crystal basis B™*.

In [7] a conjecture is given for the decomposition of each Kirillov—Reshetikhin
(KR) module W™°r* into its go-components. Chari [1] proved this conjecture for
the nonexceptional untwisted algebras and for the exceptional cases for the nodes r
such that either r € I® or w, is the highest root. Recently the G case was treated



8 G. FOURIER, A. SCHILLING, AND M. SHIMOZONO

in full [2]. In [5], the go-structure of the Demazure modules was calculated for
the same cases as in [1], and it was verified that the Demazure and KR modules
agree as go-modules. In addition, it was shown in [6] that no matter what the
precise go-structure is, the Demazure and the KR modules agree as go-modules for
all untwisted algebras. Naito and Sagaki [22] proved the conjectures of [7] on the
level of crystals for the twisted cases under the assumption that the KR crystals
for the untwisted algebras exist. In unpublished work, Naito and Sagaki did the
same construction for the twisted cases on the Demazure modules.

Remark 2. Assuming that B™® exists, the Demazure crystal D(c,w,., s) and the
KR crystal B™“r® have the same classical crystal structure.

In this paper we assume that the KR crystal B™“® has the properties of As-
sumption 1, which we expect to hold if the KR crystals exist. In the next section
we will see that with these assumptions the Demazure crystal sits inside the KR
crystal (see Theorem 4.4) and that the KR crystal is unique (see Corollary 4.6).
For types By(ll), DS), and Agill let o be the Dynkin automorphism exchanging the
Dynkin nodes 0 and 1 and fixing all others. For types C’,Sl) and DSJZI let o be the
Dynkin automorphism defined by i — n — i for all ¢ € I. We also write o for the

induced automorphism of P.

Assumption 1. The KR crystal B™* has the following properties:

(1) B™rs is regular.
(2) There is a unique element v € B™"* such that

e(u) =sho and p(u) = sA; (),

where t_. . = wr with w € W and 7 € .

(3) For all types different from Aéi), B™¢r% admits the automorphism corre-

sponding to o (also denoted o) such that
(3.3) goog=o0o0¢ poo =0ooq.

For type ASL) we assume that B™°* is given explicitly by the virtual crystal
construction in [23].

4. RELATION BETWEEN DEMAZURE AND KR CRYSTALS

In this section we show that the Demazure crystal sits inside the KR crystals
in Theorem 4.4 and, assuming their existence, that the KR crystals are unique in
Corollary 4.6.

The main technique that we use in the proof is a decomposition of the translation
elements ¢_. ,, that ends in a word for the subalgebra associated to the nodes
{0,1,...,r — 1} of the Dynkin diagram in analogy to the results of [5].

Proposition 4.1. Let g be of nonexceptional affine type, r € I\ I° and t_., ., =
wt for w € W and 7 € X. Then a reduced word for the minimum length coset
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representative wo in Wyw is given by

forr=2i and

1 1 2
B7(1 ); Dr(L ); A;n)fl
forr=2i+1 and

1 1 2
B, DY, A2

forr =1 and
oM A pe

2n ’ n+1

TTie; S0(s283 - - Sop_1)(s182 - - - Sap_2)

(4.1) Wo = Hli:z 50(5233 s Szk)(5182 S+ Sok—1)

H;lc:i s0(s182 - Sp—1)

where the index k decreases as the product is formed from left to right.

Proof. All nodes for ASP are special so we may assume g is not of this type.
Applying the sequence of reflections in (4.1) to A, (o), we see that each reflection
s; changes the weight by a positive multiple of «;, and the final weight is Ay +
crwyr — 10. It follows that (4.1) yields a reduced decomposition of some element
we € W.
Using (2.3), in all cases we have

wh () = tfcrw,-T_lAr(o) = Ao — crw, — 6/ ag.

Since r ¢ I° we have w§"w, = —w, where wg" is defined in (2.11). Moreover wg"
is also the shortest element of Wy sending Ag + c,wy — id/ag to Ag — crwy — id/ay.
It follows that w = w{"ws is a length-additive factorization and that ws is the
minimum length coset representative in Wow. t

Remark 3. Let K = {0,1,...,r — 1} C I, gk C g the simple subalgebra with
Dynkin nodes K, {&; | j € K} the fundamental weights for gx, and Wx = (s; |
j € K) C W the Weyl group of gx. This given, we have ws = ijT(O) where
wy’ € Wi is defined with respect to g

Lemma 4.2. All of the weights of B™°* are in the convex hull of the Wy-orbit

Wy - crswr. Moreover for every p € Wy - cpswy, there is a unique element u, €
B(epswy) C B™r® of the extremal weight .

Proof. By [5, 22] the classical decomposition of D(c,w;, s) agrees with that specified
in [7]. In every case the above condition holds. O

Lemma 4.3. Let g be of nonexceptional affine type, r € I\ I°, s € Zso, k < 7
where B(cyswy) occurs in B™r*, and b = uc, s, € B(crswg) C B™°r*. Define

_ {52 - SparSi Su(b)  for B, DY AT

R T Sy.(b) for C,(Ll), Dg_‘)_l, Aéi)
Then
49 s _ ucrswk+2 fOT Bél)? Dgll)? Agm)—l’
(4.2) foly) = () p@ 4@
Ue, swp41 for Ch 7Dn+1’ 2n *

Proof. By definition the element y is an extremal weight vector within the classical
crystal B(c,swy). By weight considerations one may check that

y— {fs SR iS5 fiia fi () for BRY DD AS)

AR O for C3, D%, A3
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We claim that
e(y) =s(ho+A2)  oy) = s(Ao+ Apyo)  for BD, DM AP k>0

g(y) = S(AO + C’I‘A].) 2 y) = S(AO + CrAk-i-l) for 07(11)’ A(Qi)a D'SLz—i)-b k>0
e(y) = sl w(y) = s for k = 0.

By extremality and Lemma 4.2, y is in the indicated position within its i-strings for
i € I\{0}. It remains to show that eo(y) = wo(y) = s and (4.2) holds. In each case
we shall use Assumption 1 (3) either for the existence of a crystal automorphism o

on B or, in type Agi), for the virtual crystal construction of B"™¢%.

We begin with type DIV, We have ¢, = 1 and p = wt(y) = (0%, s%, 07 7F=2),
Here we realize Py C ((1/2)Z)"™ with i-th standard basis element ¢;, with w; =
(1%,0n7%) for 1 < i < n — 2 (we do not need the spin weights) and o; = ¢; — €;41
for 1 <i<n—1 Letd = us, ., € B(swrs2) C B™°. We have ¢o(V') = 0, for
otherwise fo(b') € B™* has weight contradicting Lemma 4.2. Since (o , wt(b')) =
2s, we have go(b') = 2s.

For type DS), the automorphism o of B™¢* satisfies eg = 0 0 e; 0 0. Define
z=¢€5(o(b')). It suffices to show that

y =o(z).

Let K ={2,3,...,n} C I. The subalgebra of g with simple roots «; for i € K, is of
type D,,_1. For this reason we shall refer to D,,_;-components and D,,_1-highest
weight vectors instead of K-components and K-highest weight vectors. Our proof
rests on the following fact:

B™*® contains a unique element of weight p that satisfies ¢ = 0
and whose associated D,,_1-highest weight vector has D,-weight
A= (0, 8% 0n—k1),

For the classical components of B™*® that contain D,,_i-components of weight A,
are precisely those of the form B((s — ¢)wy + twiy2) for 0 < t < s, and only for
t = 0 does the classical component contain an element of weight p with e; = 0 (and
by extremality B(swy) contains a unique element of weight p).

y clearly satisfies the above property. It suffices to show that o(z) does also.

o(b') is a D,,_;-highest weight vector with wt(o(b')) = (—s,s**1,0"7%=2). So
wt(z) = p. By weight considerations and Lemma 4.2, 2/ = Si41 - S2(2) is a Dy —1-
highest weight vector of weight A. Therefore o(z) has weight o(u) = p and has
associated D,,_1-highest weight vector o(z’), which has weight o(A) = \. Since the
Dynkin nodes 0 and 1 are nonadjacent we have 1(0(z)) = e1(e§(V')) = 1(V') = 0.
Thus o(z) fulfills the above criteria and so must be equal to y.

The proof is analogous for types By(ll) and Aéill using the same set K, which
defines subalgebras of types B, _1 and C,,_1 respectively.

For type C,(,D we have ¢, =2forall1 <r <n—1. Let K ={1,2,...,n—1}; the
associated subalgebra is of type A,_1. Here we realize Py = Z" with w; = (1¢,07~%)
forl1 <i<nand a; =¢ —¢41 for 1 <i<n-1and o, = 2¢,. Our argument
uses the fact that

B™2% contains a unique element of weight u := (0, (2s)%,0n k1)

such that €,, = 0 and whose associated A,,_1-highest weight vector
has C),-weight 2swy,.
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For the classical components in B"2% that contain such an A, _;-component, are
precisely those of the form B(2(s — t)wy + 2twgy1) for 0 <t < s, and among these,
only for ¢ = 0 does the classical component contain an element of weight u for
which €, = 0 (and by extremality B(2swy) contains a unique element of weight ).

By construction y satisfies this property. It suffices to show that o(z) does also,
where z = e} oo (V') and V' = uggy,,,, € B(2s5wi41) C B™.

We have o (b’) = 0 for otherwise fo(b') € B™2® would have weight contradicting
Lemma 4.2. Since {ay , wt(b')) = 2s we have go(b') = 2s.

o(b') is an A,,_1-highest weight vector of weight o (2swi11) = (0" %71, (=2s)*+1).
Therefore z has weight (0%~ (—2s)* 0) and associated A,,_;-highest weight vec-
tor 2/ = S,_j--S,_1(2), which has weight (0"~%, (—2s)¥). It follows that o(z)
has weight p and its associated A,_1-highest weight vector has weight 2swy. Now
en(0(2)) = en(ef (b)) = e, (b') = 0 since the Dynkin nodes 0 and n are nonadjacent.
We have shown that o(z) satisfies the above criteria and so must be equal to y.

Type D7(12+)1 is similar to type C,(f).

For type Aéi), the above kind of argument is not available since A(Qi) admits
no nontrivial Dynkin automorphism. Instead we apply virtual crystals. Under

Assumption 1 (3), by [23] the crystal B™* is realized as the subset of V"*® =
B @ BY® of type Ag;)_l generated from g, . ® us,, by the virtual crystal
operators fl = fifon_; for 1 <i <nand fo = f2 where f; are the crystal operators
of the A;il)fl-crystal V75, Denote the virtualization by v : B™® — V™. We
perform explicit computations using the tableau realization of U, (A, —1)-crystals
in [19] and O-arrows given by [24]. We have

v()=02n—k)® - (r+2)°r+1)°%%°--2°1°@r®...2°1°

v(y) = 2n)°Cn—k—1)°%--(r+2)°(r+1)%(k+1)*---3°2° @ r°---2°1°

o(ffy)y=2n—-k—=1)°--(r+2)°(r+1)°k+1)°%---2°1° @ r*...2°1°
= V(Uswyyy )-

O

The next theorem is the main result of this paper. It shows that under the
isomorphism between the Demazure and the KR crystals as classical crystals zero
arrows map to zero arrows. In addition it yields the isomorphism (4.3) without the
assumption that the KR crystal B™¢"* is perfect.

Theorem 4.4. Let (r,s) € I\{0} X Z~q. Suppose that r € I°, or c,w, =0, or g
is of monexceptional affine type. Write t_., ,» = wr withw € W and 7 € 3. Then
there is an affine crystal isomorphism

B(sA;0)) = B"* @ B(s\o)
(4.3) ;o
Ush oy P> U = U & Usp,
where u is the element specified by Assumption 1 (2). It restricts to an isomorphism
(4.4) D(c,wyr, 8) & B™°° @ usp,
where both sides of (4.4) are regarded as full subcrystals of their respective sides in
(4.3).

Proof. Let wy be the minimum length coset representative in Wyw. Then w = wiws
is a length-additive factorization with w; = ww; ' € Wy. We choose a reduced word
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of w by concatenating reduced words of w; and ws. We claim that it suffices to
establish the following assertions.

(A1) There is a bijection
Bw2 (SAT(O)) — B = fw2 (u/)

I
uSAT(o) = u

(4.5)

that preserves all arrows in fy,.
(A2) B’ C B™"® ® ugp,.

Suppose (A1) and (A2) hold. Since wy € Wy, By, (sA; (o)) contains all the classical
highest weight vectors of D(c,w, s). By (Al) these classical highest weight vectors
correspond to the classical highest weight vectors in B’. Let B” C B™“"* @ B(sAg)
be the classical subcrystal generated by B’; by (A2) B” C B™® @ usp,. By
Demazure theory for highest weight modules over simple Lie algebras, the bijection
(4.5) extends uniquely to a classical crystal isomorphism D(c,qw,.,s) = B”. By
Assumption 1 and Remark 2 we have B” = B"“"5 @ ugy,. So we have a bijection

(4.6) D(crwy, s) =2 B™° @ ugp,

which is an isomorphism of classical crystals that extends the bijection (4.5). It
follows that B™“"* ®@us,, and therefore B™"*® B(sAg), have a unique affine highest
weight vector, namely, «’. By [17, Prop. 2.4.4] there is an affine crystal isomorphism
(4.3). It must extend the bijection (4.6), and the Theorem follows.

We prove (A1) and (A2) by cases.

If r € I° then by (2.10) wy is the identity, Bu,(sA-0)) = {usa, > B = {u'},
¢ = 1, and B™® = B(sw,) as a classical crystal with classical highest weight vector
u. In this case (Al) and (A2) are immediate. This is the only case where w # w,.

If ¢,w, = 6 then 7 is the identity, w1 = sy and wy = so. By Assumption 1 (2),
B, (sAo) and B’ are the O-strings of ugp, and u' respectively. The elements are
at the dominant ends of their respective 0-strings, which both have length s. This
gives (A1). (A2) follows by the signature rule and Assumption 1 (2).

Otherwise we assume that g is of nonexceptional affine type and r € I'\ I°. Then
wy is given in Proposition 4.1. We use the notation of Remark 3 throughout the
rest of the proof. Since K C I, gk is a simple Lie algebra and Assumption 1 (1)
implies that B™°® decomposes into a direct sum of K-components, each of which is
isomorphic to the crystal graph of an irreducible highest weight module for U, (gx ).
We have the K-crystal isomorphisms

(47) sz (SAT(O)) = sz (S&T(O)) = B(S&}T(O)) =p.

The first isomorphism holds by restriction from an I-crystal to a K-crystal. The
equality holds by Remark 3 and Demazure theory for the simple Lie algebra gg.
We have By, (sw,()) = B’, since both sides are generated by fu, (with wy € W)
applied to K-highest weight vectors of K-weight sw-(g); see Assumption 1 (2). This
establishes (A1).

For types D, BV, Aéi)_l we have ¢, =1 for all r and 7 = 79 or 7 = 71 (and
7(0) = 0 or 7(0) = 1) according as 7 is even or odd. Here u = uy,_, € B(sw;()) C
B™¢rs where wy = 0 by convention.

We consider the decomposition of B™“"® into K-components, which we call D,.-
components. Note that 0 and 1 are the spinor nodes in D,.. Now u,_s,, € B™?°
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is a D,-lowest weight vector of D,-weight —2swy. Therefore there is a D,.-crystal
embedding

B(2s@0) ® usn, — B(swr(0))%* ® B(sAo)

®2

Ue, sw, @ Ushg U,SGO & UsAg -

But by Lemma 4.3 there is a D,-path from ' t0 ue, s, ® usp, that never changes
the right hand tensor factor. Therefore there is a D,-embedding

B/ — B(S‘:}T(O))®2 (9 B(SA())

/
U =1u ® uSAO = us&v)T(O) ® u—st:'[) ® U’SA[)'

The image of v’ is uniquely determined by Assumption 1 (2) since usz_,, ® u—sz,
is the unique element of B(SJJT(O))®2 with € = sA¢ and ¢ = sA; ().

The form of the image of u’ now clearly shows that when f,,, is applied to v’ it
only acts on the left hand tensor factor. This implies (A2).

Next let us consider type 01(11) for r ¢ I° for such r, ¢, = 2 and 7 is the
identity. Here u is the unique element in the one-dimensional C,-crystal in B"25.
We decompose B™2* as a K-crystal, which is a C,-crystal in this case. All other
arguments go through as for type Dg).

Types D£LQ+)1 and Agi) follow in the same fashion. In this case the decomposition
of B™“r% as a K-crystal is a B, crystal. O

Remark 4. We expect Theorem 4.4 to hold for any affine algebra g and any
Dynkin node r € I\{0}. Our proof requires a special property, that the minimum
length coset representative ws of Proposition 4.1 has a certain form, namely, in the
notation of (2.11), we = w} where X is a fundamental weight for some subalgebra
gx where K C I. This property of wy does not hold for the trivalent node in type
Eél). For such nodes a different strategy is required.

Remark 5. In the notation of Lemma 2.3 we expect that for any affine algebra
g with affine Dynkin diagram X and any o € Aut(X), there is a bijection o :
Brers — B (M:ers guch that (3.3) holds. In particular, for any o € Aut(X),
we expect that there is an automorphism o on B™°"® satisfying (3.3) if and only
if o/(r) = r. By Remark 1 this means that every special Dynkin automorphism
o € ¥ should induce an automorphism of each B™°"*. In contrast, for the nonspecial
automorphism o = (0,1) of DY, o' = (n — 1,n) is not the identity and o induces
a bijection B"~1* — B™* satisfying (3.3).

Remark 5 comes into play in Section 6 and the following Theorem.

Theorem 4.5. For the cases in Assumption 1 (3) where o is defined, there erist
unique mMaps

\II : D(W’M 8) — BT',CTS and \I]U N DU<(,()T7 S) SN BT,CTS.
The maps are induced by ¥(ugn,) = u and V7 (usn, ) = o ().

Proof. The map W7 is obtained by applying o to everything in sight. O

Corollary 4.6. The affine structure of B™°"° is uniquely determined.
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Theorem 4.7. Suppose that \ = ZTGI\{O} MmyCrwy with my € Z>g and m, > 0
only when r is as in Theorem 4.4. Write t_y» = wt for w € W and 7 € %.
Assume that for each k € I° and every r € I\{0} with m, > 0, the special Dynkin
automorphism 1, € X induces an automorphism of B™°* that sends i-arrows to
7 (i)-arrows. Then for every r' € I° there is an isomorphism

B(sAri) = (@) (B"*)®™) @ B(sA.)
reI\{0}

which restricts to an isomorphism of full subcrystals

B, vy, (M) 2 ( Q) (B™)*™) @uan,,-
ren{o}

Proof. Induction allows a straightforward reduction to the case of one KR tensor
factor. Applying a special Dynkin automorphism allows the reduction to the case
r’ = 0, which is Theorem 4.4. O

Corollary 4.8. Let A be as in Theorem 4.7. Then the Demazure crystal D()\,s)
can be extended to a full affine crystal by adding 0-arrows.

Remark 6. This proves Conjecture 1 in [5] on the level of crystals. However it is
not yet clear whether there exists a global basis of the Demazure module, whose
corresponding crystal basis is the one given in Theorem 4.7. For level s = 1,
Theorem 4.7 was proved using the Littelmann path model in [6, Proposition 3].

5. REACHING THE CLASSICAL HIGHEST WEIGHT VECTORS OF A KR CRYSTAL

In the proof of Lemma 4.3, explicit paths in the KR crystal were given, from the
element u to certain classical highest weight vectors in the KR crystal. For g of
nonexceptional affine type and for each KR crystal B™“*  we shall give (without
proof) an explicit way to reach each classical highest weight vector in B™°"® from
the element u of Assumption 1.

If r € I° then the KR crystal B™°* is connected as a classical crystal and the
problem is trivial. This includes all r € I\{0} for AD.

So we now assume 7 ¢ I°.

We shall use the standard realizations of the weight lattices of B,,C,,, D, by
sublattices of ((1/2)Z)". We let w; = (1¢,0"~%) for i € I\{0} nonspin. Since r ¢ I°
the only spin weight we need is w,, = (1/2)(1") in type B, and in that case ¢, = 2.
Thus all the weights we must consider, correspond to partitions, elements in ZZ
consisting of weakly decreasing sequences. Moreover, for the nonexceptional affine
algebras the KR crystals are multiplicity-free as classical crystals.

For g of type BT(Ll), DS), or Aéi)fl, B()) occurs in B™¢r® if and only if the
diagram of the partition corresponding to J, is obtained from the r x s rectangular
partition by removing vertical dominoes. Let ¢ = 0 or ¢ = 1 according as r is even
or odd. We have

1
A2 ( pA2i pA2i A2 A2i pA2i A2
Ux = H 0 (fa f52 e S ) T2 S faians) | u
i=(r—t)/2

where the product is formed from left to right using decreasing indices 1.
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Example 1. Let g be of type Dgl), (r,s) = (5,4) and A be the weight w5+ w3+ 2w;.
Then ¢t = 1, A is the partition (4,2,2,1, 1), and the sequence of lowering operators is
(fofafsfafifofs)(fef2f?). This is applied to the classical highest weight vector of
weight given by the partition (4), and the parenthesized subexpressions successively
yield classical highest weight vectors corresponding to the partitions (4,2,2), and
(4,2,2,1,1) respectively.

For g of type C’r(ll), A(Qi) or Dfi)l, the partitions corresponding to classical highest
weights in B™¢r® are precisely those of the form ¢, A = (¢, A1, ¢, A2, ... ) where A runs
over the partitions contained in the r x s rectangle. We have

1
Cr\i £Cr\; Cr\i
the,x = (Hﬁf e i:11> u
=7

where the product of operators is formed from left to right as 7 decreases.

Example 2. Let g be of type 03(1), (r,s) =(2,3), and A = wy +2wq. Then we have
¢, = 2, the partition A = (3, 1), and the sequence of lowering operators (2 f2)(f5).
This is applied to the classical highest weight vector of weight 0 (corresponding to
the empty partition). After f$ the classical weight is given by the partition (6) and
after ff? one has the partition (6,2) = 2.

6. CONNECTEDNESS

Theorem 4.4 shows that the KR crystals B™* are connected. In this section
we show that the tensor product of two KR crystals is also connected by providing
an algorithm which for any given element in the crystal yields a string of operators
e; (or f;) to reach a given special element. This algorithm is also useful in defining
crystal morphisms such as the combinatorial R-matrix. Since KR crystals and their
tensor products are not highest weight crystals, it is not completely obvious which
sequence of raising operators e; will yield a given special element.

Here we give a construction on how to reach u; ®ug € B™:°m1°1 @ B"2:¢r252 where
up is the unique elements of B™r1%t with e(u1) = s1A¢ and @(u1) = s1A; (o)
as required in Assumption 1 (2), and wuq is the unique element in B™°2°2 with
e(ug) = 32AT;1(0) and ¢(u2) = s2/\g as required in Assumption 1 (2) and Remark 5.

By Theorems 4.4 and 4.5 we have the following isomorphism of affine crystals

BTerst @ BT2:r2 82 B(SQA'rgl(O)) ~ Bt @ B(SQA())
U1 @ Uz @ UgyA . — U1 ® Usy Ay -
T2
Assume that s; > so. Acting with raising operators e; with ¢ € I one can bring
any element b; ® ba ® ug,a 1) into the form c¢; ® us ® ug,a 14, since by the
T2 T2
tensor product rule the e; will eventually act on the right tensor factors and by

Theorem 4.4 by ® ug,a 1 is connected to us ® ug,a i Once such an element
To 0 To 9

is reached, tensor from the right by (s, —s,)a, € B((s1 — 52)A0) to obtain

BTl,CrlSl ® B’I‘Q,Cr282 ® B(SQATQI(O)) ® B((Sl _ SQ)AO)
~ Bt @ B(SQA()) X B((Sl — SQ)AQ)
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under which ¢; ® us ® ug,p 1) @ U(s; —55)Ao MAPS 10 €1 @ Usyny @ U(s; —5,)A,- Lhe
T2

latter element is the image of the vector ¢; ® us, o, under the embedding of affine
crystals B™m15t @ B(s1Ag) — B™1%1 @ B((s1 — $2)Ao) ® B(s2/y).

Now from ¢ ® ugs,pa, € B™°1%1 ® B(s1A¢) one can reach u; ® us, A, using e;
with 7 € 1.

If s1 < s9 we tensor from the left with the dual crystals. Explicitly,

Bv(slATl(O)) X BTt ® BT2:¢r252 o~ Bv(Sle) ® BT2:Cr2 82

The lowest weight element u , € BY(s1Ag) corresponds to uy s 0 ®ur €
T1

Bv(slAﬁ(O)) ® B™:°1%1 Acting with lowering operators f; with ¢ € I one can
bring any element uJ ,  ® by @ by into the form uf, ® u; @ ca. Once
T1 T1

this element is reached, tensor on the left by U(vsz—sl)/\o € BY((s2 — s1)Ag), ob-

taining the element u(VSQ_Sl) Ao ® ug’l Ary oy @ U1 ® C2, which can be identified with
T1

“;/2 A ®C2 € BY(s2Ag) ® B"“r2%2. Now move down to the lowest weight vector
uy,\, ® up using f; with i € I.
As a result of the above construction we obtain the following corollary:

Corollary 6.1. The tensor product B™°m151Q B"2:¢m252 of KR crystals is connected.

The combinatorial R-matrix is a crystal morphism. More precisely
R : B ¢ri81 ® B"2:6r382 _, BT2,Cry82 ® BT1:¢r1 81

satisfies Roe; = e;oR and Ro f; = f;oR for all i € I. There exists a unique element
Uc,, spwr, € B"%:¢r.% and by weight considerations R must map R(ucmslwr1 ®
u%smz) = Ue,, sowp, @ Ue,, 51w, - Assume that s; > s3. Then for any element
by ® by € B™1 @ B™ 2" the above algorithm provides a sequence ey :=
€i,€iy -+ €5, such that egy(by ® ba) = uy ® ug. In particular, e{j}(ucrlslwrl ®
UCT252wT2) = U1 Q usg. Set f{<_l} = fig R fil' Then

R(by ® by) = f{ei}e{j}(ucrzsgwrz & Ue,, sywy., )-

For the case s; < sq a similar construction works where f; and e; are interchanged.
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WEYL MODULES FOR THE TWISTED LOOP ALGEBRAS
VYJAYANTHI CHARI, GHISLAIN FOURIER AND PRASAD SENESI

ABSTRACT. The notion of aWeyl module, previously defined for the untwisted affine algebras,
is extended here to the twisted affine algebras. We describe an identification of the Weyl
modules for the twisted affine algebras with suitably chosen Weyl modules for the untwisted
affine algebras. This identification allows us to use known results in the untwisted case to
compute the dimensions and characters of the Weyl modules for the twisted algebras.

1. INTRODUCTION

The notion of Weyl modules for the untwisted affine Lie algebras was introduced in [6] and
was motivated by an attempt to understand the category of finite dimensional representations
of the untwisted quantum affine algebra. Specifically, the Weyl modules were conjectured to
be the ¢ = 1 limit of certain irreducible representations of the quantum affine algebras. It
was proved that the conjecture was true for sl, and that this conjecture would follow if the
dimensions of the Weyl modules were known. H. Nakajima has pointed out recently that the
dimension formula follows by using results of [2] and [12].

Another approach to proving the dimension formula for the Weyl modules can be found in
[4] for sl,, and in [10] for the general simply laced case. These papers also make the connection
between Weyl modules and the Demazure modules for affine Lie algebras and also with the
fusion product defined by [7]. The approach in these papers is rather simple and show that
one can study the Weyl modules from a purely classical viewpoint. Other points of interest
and generalizations of these can be found in [8].

We now turn our attention to the case of the twisted affine algebras. None of the quantum
machinery is available and in fact there are rather few results on the category of finite dimen-
sional representations of the twisted quantum affine algebras [1], [5]. These results do show
however that one can make a similar conjecture; i.e that one can define a notion of the Weyl
module for the twisted affine Lie algebras such that they are the specializations of irreducible
modules in the quantum case. To do this, one requires the Weyl modules to be universal in a
suitable sense. One of the difficulties is in the case of the algebras of type A(;l), which are not
built up entirely of algebras isomorphic to Agl) ; and indeed one needs to understand A(22) on
its own. Thus, we use results of [9], [13] to arrive at the correct definition of the Weyl modules.

The next question clearly is to determine the dimensions of the Weyl modules and also
their decomposition as modules for the underlying finite-dimensional simple Lie algebra. In
the untwisted case these questions can be answered either by using the fusion product of [7] or

Date: 3rd May 2007.
VC was partially supported by the NSF grant DMS-0500751.
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the fact that the modules are specializations of modules for the quantum affine algebra. Both
these techniques are unavailable to us in the twisted case, as far as we know the notion of
fusion product does not admit a generalization to the twisted algebras. We get around these
difficulties by identifying the Weyl modules for the twisted algebras Xflm), m > 1 with suitably
chosen Weyl modules for the untwisted algebra X,gl) . We then use all the known results in the
untwisted case to complete our analysis of the twisted algebras. In conclusion, we note that

some of the methods we use in this paper give simpler proofs of some of the results in [6].

2. THE UNTWISTED LOOP ALGEBRAS AND THE MODULES W ().

2.1. Throughout the paper C (resp. C*) denotes the set of complex (resp. non—zero
complex) numbers, and Z (resp. Z,) the set of integers (resp. non—negative) integers. Given
a Lie algebra a we denote by U(a) the universal enveloping algebra of a and by L(a) denotes
the loop algebra of a. Specifically, we have

L(a) = a® C[t,t ],
with commutator given by
[33 ® tr,y ® ts] — [x’ y] ® tr+s

for x,y € a, r,s € Z. We identify a with the subalgebra a ® 1 of L(a). Given a € C*, we let
7o : L(a) — L(a) be the automorphism defined by extending 7,(z ® t*) = a*(z ® t*) for all
xeg kel

Given ¢, N € Z; and a = (ay,--- ,as) € (C*)’ let aa v be the quotient of L(a) by the ideal
a® [Ty (t — ar)NClt,t71].

Lemma. Leta = (a1,--- ,a;7) € (C*) be such that a has distinct coordinates. For all N € Z,
we have

N
da,N = Dp10q, N-

Proof. Since a, # as if 1 <r # s </, it is standard that

l
Clt,t ™)/ Tt = an)VClt. 71 = &L, Clt, 7Y/t — a,)VClt 7]
r=1

and the lemma now follows trivially. O

2.2. The simple Lie algebras and their representations. Let g be any finite-dimensional
complex simple Lie algebra and h a Cartan subalgebra of g and W, the corresponding Weyl
group. Let Ry be the set of roots of g with respect to b, I an index set for a set of simple
roots (and hence also for the fundamental weights), R; the set of positive roots, Q; (resp.
P; ) the Z span of the simple roots (resp. fundamental weights) and 4 be the highest root
in Ra‘. Given a € Ry let g, be the corresponding root space, we have

g=n" @hont, nt= @ O+a-
a€RT

Fix a Chevalley basis J:(f, ha, o € RT for g and set
rt =t hoy =hi, i€1.

(o7 P
2



In particular for ¢ € I,
[z, ;] = hi, [hi,xfc] = :|:2.1‘,?:.
Given a finite-dimensional representation of g on a complex vector space V, we can write
V=&ucy:Vy, Vu={veV:hv=ph)v Vheh}
Set wt(V) = {p € h*: V, # 0}. It is well-known that
Vi#0 = peP and wpewt(V) V weW,

and that V is isomorphic to a direct sum of irreducible representations. The set of isomorphism
classes of irreducible finite-dimensional g-modules is in bijective correspondence with P™ and
for any A € PT let V4(\) be an element of the corresponding isomorphism class. Then Vy(\)
is generated by an element vy satisfying the relations:

nTuy =0, hvy = Ah)vy, (xi_))‘(hi)+1v,\ =0. (2.1)
2.3. Identities in U(L(g). For i € I it is easy to see that the elements {z;" ® t* h; @ t* :

k € Z.} span a subalgebra of L(g) which is isomorphic to L(sl,). We shall need the following
formal power series in u with coefficients in U(L(g)). For i € I, set

(0.9]
hi @ ¥
pi(u) = exp <—Z - . uk> ,
k=1
o0 o0
xF(u) = (@FetHu™, FTw = > (@f o)l
k=0 k=—o0

Given a power series f in u with coefficients in an algebra A, let (f),, be the coefficient of v
(m € Z). The following result was proved in [11, Lemma 7.5], (see [6, Lemma 1.3] for the
formulation in this notation).

Lemma. Letr € Z,.

(af @) (@ @ DU = (1) (x; (w)p; (u)) mod U(L(g))%; " (u).

r41
U

2.4. The monoid P*. Let PT be the monoid of I-tuples of polynomials 7 = (7, - ,7,)
in an indeterminate u with constant term one, with multiplication being defined component
wise. For i € I and a € C*, set

Tia=((1—au)’ :jel)ecPt, (2.2)
and for A € PT, set

Taa = H(ﬂ-i’a))\(h/i)’ X 0.
i€l
Clearly any ™ € P can be written uniquely as a product

Y4
+ _
T = H 7r)\i,aia
k=1

3



for some A1,---,\; € PT and distinct elements aq,---,a, € C* and in this case we set
o= Hf;:l Ty, o-1- Define a map Pt — Pt by m— Agp =3, deg(m;)w;.

2.5. The modules W(w), V(w). Given ® = (m;);cr € P, let W(w) be the L(g)-module
generated by an element wq with relations:
LnHwr =0, hwg = Ax(Wwg, (7)) R Flyr =,
(P (w) — 7 (u)) wr = 0,
where A = 3,/ (degmi)w;, 7" =, i € I and h € . It is not hard to see that if we write
= Hizl T\, a, Where aq,--- ,ap are all distinct, then for i € I

¢
(pf(u) — ch(u)) wr=0 <= (Lt wr = Z)\j(hi)ag wrr.
=1

Let b € C* and let 7,W () be the L(g)-module obtained by pulling back W (7r) through the
automorphism 73, of L(g). The next result is standard.

Lemma. (i) Let w € P*. Then W(w) = U(L(n"))wsx, and hence we have,
wt(W(m) C Ar —QF, dimW(m)y, = 1.
In particular, the module W () has a unique irreducible quotient V (7).
(ii) For b € C*, we have W (mw) = W (m,), where w = (m;(u))icr and mp = (mi(b~ u))ier.

In particular we have
W(ﬂ-)\,a) gg W(ﬂ-/\,ab)'

2.6. The modules W (7) were initially defined and studied in [6] and a formula was conjec-
tured for their dimension. Parts (i) and (ii) of the next theorem were proved in [6]. Part (iii)
was proved in [6] in the case of sl,, for sl, it was proved in [4] and for the general simply laced
case in [10]. Part (iii) can be deduced for the general case by using results of [2],[12],[14] for
quantum affine algebras.

Theorem 1. (i) Given w = (m;);es; with unique decomposition 7 = Hf;:l T,.a0, We have
an isomorphism of L(g)-modules
W (m) = @y W (7 00)-
(ii) Let V' be any finite-dimensional L(g)-module generated by an element v € V such
that
L(n")v =0, L(h)v= Cu.
Then there exists m € PT such that the assignment wgx — v extends to a surjective

homomorphism W(w) — V of L(g)-modules.
(iii) Let A € Pt and a € C*. Suppose that A = >, _; m;w;. Then

W(Tl'/\,a> gg ® W(Wwi71)®mi.
el



2.7. Annihilating ideals for W (). The next proposition is implicit in [6] but since it
plays a big role in this paper we make it explicit and give a proof.

Proposition. Let w = Hle a0, € PT. There exists an integer N = N(7) such that
¢
(g ® H(t - ar)NC[t,t1]> W(m) = 0.
r=1

Proof. We begin by proving that for all ¢ € I
)4
z;, ® H(t —a,) My = 0. (2.3)
r=1

Set N; = Axr(h;). Using the defining relations of W (w) and Lemma 2.3,
0=(z} @ t)Ni(z; @ )Nt wg = (-1)V (xi_(u)p;r(u))N_ Wt

We also have

1 N;
pi(u).wg = H(l — aru)’\T(hi).wﬂ- = Zpi’ju] AT -
r=1 7=0
Combining these we get
N; N;
(x;(u)pj(u))m w = z; @piN,—it! | wr =x; ® Zt]pi,Ni—j wqr = 0.
=0 =0
But it is elementary to see that
N; ¢
Z tjpi,Nz‘*j = H(t - ar))w(hi)v
7=0 r=1

which proves (2.3). Since n~ is generated by the elements z; , i € I, it is immediate that there

exists N > 0 such that
¢
<:1:9_ ® H(t — aT)N> wr = 0. (2.4)
r=1

Since [n7,z,] =0 and W (w) = U(L(n™))ws as vector spaces, we get

¢
<x; o[- ar)N> W (r) =0.
r=1

Since any element in g is in the span of elements of the form {[x; [z [ [x;;,a:@_], R
i1, ik € I}, we now get
l
(g o[- aT)NC[t,t1]> W(m) =0.
r=1
]



Corollary. Given w € Pt with unique decomposition 7 = Hf:l Txna, € PT, there exists

N € Z. such that the action of L(g) on W () factors through to an action of gan on W(m)
and W(m) = U(L(n, y))wr.

3. THE TWISTED ALGEBRAS L?(g) AND THE MODULES W (77)

3.1. Assume from now on that g is simply-laced and that ¢ : g — g is a non—trivial diagram
automorphism of g of order m. In particular o induces a permutation of I and R™ and we
have

O'(ga) = ga(a)v U(b) = b7 U(ni) = ni.

th

Let ¢ be a primitive m'* root of unity, we have

g= g, ge={x€g:0(x)=_x}.

€

3

i
o

Given any subalgebra a of g which is preserved by o, set a. = g N a. It is known that gg is
a simple Lie algebra, hg is a Cartan subalgebra and that g. is an irreducible representation of
go for all 0 lege < m — 1. Moreover,

n*Ngo=ny = @ (90)_.,-

aER;rO

The following table describes the various possibilities for g, go and the structure of g as a
go—module, here 6§ is the highest short root of gg and By = A;.

m g go gk

2 Aoy, By, | Vg (265)
2 Agn_l, n> 2 Cn Vgo (68)
2 | Dypy1, n>3 | By | Vg (65)
2 Eg Fy | Vg (65)
3 Dy Ga | Vg (05)

From now we set Ry = R", Ry, = Ry, the sets I, P etc. are defined similarly. The set of
o— orbits of I has the same cardinality as Iy and we identify Iy with a subset of I. In the case
when g is of type As, we assume that n € Iy corresponds to the unique short simple root of
go. We shall also fix ¢ a primitive m*™" root of unity.

Suppose that {y; : i € I} is one of the sets {h; : i € I}, {z;7 :i € I} or {&; :i € I} and
assume that m = 2 and that i # n if g is of type Ag,. Define subsets {y;:i € Iy, 0 <e <1}
of ge by

vio=vi ifi=0(),  yio=vi+Yeu ifiF#o(i),

Yil =Yi — Yoy ifiFo(i) yin1=0 ifi=o(i),
6



If g is of type Aoy, then we set,
hno = 2(hn + hos1), @0 = V2[5 +@54),
l'il = _\/i(ff - ijL:+1)7 hn71 = Iy — hn—‘rlu

1
+ + +
yn,l = :FZ [xn,O’xn,1:| :

Finally if g is of type D4 and m = 3, set,

yio =y ifi=o0(i), Yio = Zyoj(i) if i # o (i),

yi,l = y¢72 =0 if 7= O‘(i),
Yi1 = i + CYo(i) + CYo2(i)s Yi2 = Vi + (o) + Cllo2y i i # 0(0),
In the rest of this paper in the case when g is of type As,, we shall only be interested in

elements A\ € Py such that A(hy ) € 2Z and we let P, denote this subset of Py . Moreover
we regard X € P as an element of Pt as follows:

A hio), i€ 1o, ifg is not of type Aap
Ahi) =40 ¢ I,
(1 - 6i7n/2))‘(hi,0)7 ng is Of type Aoy

3.2. Let 0 : L(g) — L(g) be the automorphism defined by extending,
Fxzeth) =Cto(x) @t

for xz € g, k € Z. Then ¢ is or order m and we let L?(g) be the subalgebra of fixed points of
o. Clearly,

m—1
L°(g) = P g @ t™°Clt™, 7).

e=0
Lemma. Let i € Iy and assume that i # n if g is of type Asy,. The subalgebra of L°(g))
spanned by the elements {:U ® tmk—e Jhie® tmh=c .k e Z, 0<e<m~—1} is canonically
isomorphic to L(sl,). If g is of type Agy, the subalgebra of L°(g)) spanned by the elements
{af. @ %7€ hpe @ t2k+ﬁ,:|:%[;cito, nl] @t k€ Z, 0 < e < m— 1} is canonically
isomorphic to L7 (sl3). O

3.3. Identities in U(L7(g)). Suppose that either g is not of type As, and a; € (Ro)7 or
that g is of type Ag, and i # n. Define power series with coefficients in U(L(%(g)) by,

ooml ®tmke
ze k—
o) = 32 1 ).

k=1 e=0
oo m—1 oo m—1
_ mk—+e\, mk+e+1 o+ _ + mk+e\, mk+e+1
- 2 : 2 : Lim—e @t )u ’ X; (u) - E : E ('Z"i,mfe @t )u :
k=0 e=0 k=—00 €=0



If g is not of type As, and a; € (Rp);", then we set

00
hio @t
ﬁmpwd}Z“fTUQv
k=1
oo 00
X;(’U,) — Z(x;() ® tmkuk+1) Z 10 ®tmk k+1
k=0 k=0

Finally, if g is of type As, and i = n we have,

o (o]
+ _ n,0 2k n,l 2k—1
gl o (-3 RO iy 3 e SO ),

k=1 k=1
co m—1 co m—1
— k k 1 > k k 1
=30 (ap @ T umE e, i) = D Y (ah @ mhrumitert,
k=0 e=0 k=—o00 €=0

Lemma. Letr € Z,.

(i) If g is not of type Agy, and a; € (Ro)T or g is of type Asn and a; € (Ro);", we have
(e, © ) (0 © )Y = (1) (x; (Wpf, () mod UL (@))% (u).
) ’ ’ r4+
(ii) If g is not of type Agy and o € (Ro);r,
(a0 1) (e & DO = (<1 (x7 (WP, (w))  mod UL (g)%i" (u).
(iii) If g is of type Aap, we have
(a) (2750 @ 1) V(y @ )" = — (x; (w)p,(w)), mod UL (g))%X;! (w),

() (x50 ® D)y, @ 1)) = — (pf ,(u)), mod U(L(g))%;! (u),

where

_ 1r_ _
yn,l = 1 |:$n,0’$n,1:| :

Proof. Parts (i) and (ii) are immediate consequences of Lemma 2.3 and Lemma 3.2. Part (iii)
is deduced from [13], [9, Lemma 5.36], exactly as (i) and (ii) were deduced from Garland in

[6].

3.4. The monoid P;}. Let ( ,) be the form on b induced by the Killing form of go

normalized so that (6o, 0p) = 2. For i € Iy and a € C*, X € P;" and g not of type Ag, let

o . A(h;
Tr?;a = ((1 - a(a“(%)u)éw 1J € IO)7 ﬂg,a = H (ﬂga) () )
i€lp

while if g is of type Asg, we set for i € Iy, a € C*, X € P,

wl,=(1—aw)’:jel), =%,=]] (ﬂga)(l—%émwhi)‘



Let P, be the monoid generated by the elements 7§ ,. Define a map P — P by

)\ﬂ-a = Z(deg 7Tl'>wl',

i€lp
if g is not of type As, and
Ao = Z(l + 0i,n) (deg 3 )w;,
i€l

if g is of type Ag,. It is clear that any w7 € P} can be written (non—uniquely) as product

[y

m—

l
_ o
=1 11 =5..ccan
k=1 e=0

where a = (a1, -+ ,a7) and a™ have distinct coordinates. We call any such expression a
standard decomposition of 7.

3.5. The set i(77). Given A = ), ;miw; € PT and 0 < € < m — 1, define elements
A(e) € P by,

= Zmiwi, A1) = Z Mowi, if m =2 and g not of type Ag,

i€ly i€ly:o(i)i
A0) = Z(l + im)miw;, A1) = Z L+ do(i)n)Mo(iywi, if m =2 and g of type Ag,
i€l i€ly:0(i)#1
A(0) = miw1 + maws, A1) =mswi, A(2) =mywy, if m=3.

Define a map r : Pt — P} as follows. Given w € P write

L
W:Hﬂ-)\k,aka ak?éapy 1§k#p§£7
k=1

and set

)_l

m—

¢
- H H >\k(€ Cear”
k=1 =0
Note that r is well defined since the choice of (Ag, ax) is unique and set
i(w?) ={we P’ :r(r)=n"}.

We now give an explicit description of the set i(7”). Recall that given A\ € P;\, we also regard
A € P* as in Section 3.1. In addition, define o(w;) = wy(;) for i € I.
Lemma. (i) Letie€ Iy and a € C*. We have,

i(wgi,a) = {Wgr(wi)7cm—'ra |0 <r<m},
and for A%, and i =n,

i(""gwn,a) = {an,a ) 7"wn+1,fa}

9



(ii) Let w° Hk I Hzelo( Oicean) et be a decomposition of w7 into linear factors
for g not of type Agn Then

£ m—1

- H H H{ﬂﬂ’"(wz‘),é’m‘“eak |0 <7 < m}Mhes

k=1 =0 i€y

where the product of the sets is understood to be the set of products of elements of the
sets.

In the case of A2n, let w° Hk 1 H€ o1 Licr, (7 (1465 C° O«k) ket be a decomposition of
77 into linear factors. Then

HHH{WW (w;),¢2~ 7‘+6ak|0<’r‘<2}mkez

k=1e=01icly
(iii) In particular, we have
14 ¢ m—1
H T pp,ar, = H H Zzek;; )k €i(m?),
k=1 k=1 =0 i€y

where puy, = Z?:Bl Y icry Mhei0(wi) and af* # al’

Proof. The first statement is trivially checked, noting that if ¢ is a fixed point of o, then

Tia = Ty crg for 0 < 7 < m. The other statements follow immediately from the first

one. O

From here on we shall assume that, unless otherwise noted, the element 7w € i(7?) chosen
is of the form given in (iii) of the lemma.

3.6. The modules W (x?), V(w?). Given 7% = (m;)ici, € P, the Weyl module W (w?)
is the U(L?(g))-module generated by an element wqo with relations:

L°(nMwre =0, hwr = Ar(hwre, (27, ") wge =0,

(pE, (w) = 7, () ) wre =0,

for all i € Iy and h € hy. If w% = Hf;zl ﬂ'Kkﬂk € P, it is not hard to see that for i € Iy, we
have if g not of type As,,

0
(pE, () = 75 () ) wme =0 = (i @™ Ywme = > N (hio)af wme,  (3.1)
j=1
and for g of type Aay,
0
(P () — () S0 =0 = (hie® ™ Ywme = 31— SHA(hi)a] wro.
j=1

10



3.7. For b € C* we have 7,(L?(g)) C L(g) and we let 7,W(7?) be the L7(g)-module
obtained by pulling back W (7w?) through 7,. The next result is proved by standard methods.
Lemma. (i) Let w7 € P}. Then W(nw?) = U(L?(n"))wg, and hence we have,

Wt(W(TrU) - )\ﬂ-a — QS_, dim W(PU))\TFG = 1.
In particular, the module W (7?) has a unique irreducible quotient V (7).
(ii) For b e C*, we have W (n%) = W (w§), where 77 = (m;(u))ier and 7w = (m;(b~ u))ier.
In particular we have
W(ﬂ-ia) g90 W(ﬂ-g,ba)‘

O

3.8. The main theorem. In the rest of this paper we shall prove the following result.
Theorem 2. (i) Let w7 € PJ. For all @ € i(w7), we have
W(m?) Zpog W(m),  V(77) Zpog V(m).

(i) Let w7 € P} and assume that Hi:l H?:Bl TS eCear © Pt is a standard decomposition

of w. As L?(g)-modules, we have

(iti) Suppose that [ 7S_¢eq € Py~ Then

m—1 m—1

W( H 3. cea) Zao ® WS cea)-

e=0 e=0
(iv) Let A = >y, miwi € PF and a € C*. We have for g not of type A,

W (nS.q) g0 QW (mE,)*™
i=1

and for g of type Aoy,
n—1
W(ﬂ-i,a) g90 W(Trgwn,l)@)T ® ® W(ﬂ-gi,l)@mi'
i=1

(v) Let V be any finite-dimensional L7(g)-module generated by an element v € V' such that
L°(nM)w =0, L°(h)v = Cu.
Then there exists w7 € P} such that the assignment wge — v extends to a surjective
homomorphism W (w?) — V of L?(g)-modules.

]
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4. PROOF OF THEOREM 2

4.1. Annihilating ideals for W (=?).

Proposition. Let w7 = Hle 7§ .. € PS. There exists an integer N = N(m) such that

m—1 )4
(@(ge ot T - aN e, t_m])> W(m?) =0.

e=0 r=1

Proof. The subalgebra L™(go) = go ® C[t"™,t~™] is canonically isomorphic to L(gp). It follows
from the defining relations that

L
Lm(na')wﬂ-n = 0, (h() & tmk)UJﬂ'a = (Z )\r(ho)a;nk> Wrro,

r=1

and hence, U(L™(go))wse is a quotient of the L(go)-module Wy, (7,,) where

l
Tm — H 7‘-)\7»,(1;""'
r=1

It follows from (2.4) that
m
(25, @ [T(¢" = a)wi =0, (4.1)
r=1

for some N € Z,, where 0y € Rar is the highest root in R(J{ .
Assume first that g is not of type As,, then

[2,: L7 (n7)] =0, B, 80l =g, 0<e<m-—1 (4.2)

The first equality in (4.2) gives (:cg_o ® Hf:l(tm = a,ﬁ”)N> W(w?) = 0,. One deduces now as
in the untwisted case that

1

<90 ® (H(tm - aT)N> C[tm,t-ﬂ) W(r?) = 0.
r=1

Applying h. ® "€ to the preceding equation and using the second equality in (4.2) gives

L
(ge ® tme (H(tm — a?’)) C[tm,t_m]> W(ﬂ-g) = Oa

r=1
for all 0 < e < m — 1 and the result is proved.
Assume now that g is of type As,. This time, we use the fact that
(T ® tC[t?, t ) wr € UL (h ® n+))($670 ® C[t?,t )wr
together with (4.1) to conclude that



Hence
l
([fcgo, vl @ [ - a?)N)> wg =0,
r=1

for some N > 0. Since the element [9«“5079«“5,1] € g1 generates g; as a go—module and
n—, [x;o , m;l]] = 0, we can now prove by similar arguments that for some N > 0,

l
(g1 ® [[ 1 = a)M)W (") = 0.
r=1
Next, using the fact that [xgo,uf] = C[az;o,x;l], we get
L
(x5, ® [T = a})V)W (=) =0,
r=1

which finally gives

<go ® H —aH)NC[? t_2]> W(n?) =0,

and completes the proof.

([
Given positive integers £, N € Z,, a = (ay, -+ ,a;) € (C*)’ and a subalgebra a of g such
that o(a) C a, let
¢
ol n = L(g)/ By (ac @t H(tm —ap)NClE™, t7™). (4.3)

k=1

Corollary. Let % = Hf,zl S, 4 € Pt be a standard decomposition of w% and set a =
(a1, -+ ,ar) There exists N >> 0 such that

W(x%) = Ul(ngan )" e
4.2.
Proposition. For all #° € P, the L°(g)-module W (7°) is finite—dimensional.
Proof. Let u € W(w?) and write u = ywqe for some y € U(L?7(n™)). The adjoint action of

the subalgebras nf on L7(g) and hence on U(L?(g)) is nilpotent. Using the defining relations
we get immediately that for some r = r(u) > 0, we have

(azf®1)'u=0, V acR{.

This implies that U(go)u is a finite-dimensional go—submodule of W (7?), and hence W (w?)
is isomorphic to a direct sum of gg—modules. Write,

:@W(w

neQy
13



where W (%), = {u € W(w?) : hu = u(h)u, ¥V h € bho}. The representation theory of go now
implies that
W(m?), #0 <= W(nm7),p #0, YweW.
Since W (w?),, = 0 unless u € X\ — Qar and the number of elements in PO+ with this property
is finite we get that W (m?), = 0, for all but finitely many v € P;". The proposition follows if
we prove that dim(W (m?),) < oo for all v € P;".
Choose a and N as in Corollary 4.1. Then

W(n?), = U((n;,N)U)Aﬂ-—uwwv
where
U, M) - ={y € Uy v) Dag—v : (1Y) = (A —v)(h)y, V h € bo}.

Since this subspace is finite-dimensional it follows that dim(W(7?),) < co as required. O

4.3. Let N € Z; and a € (C*)’. The inclusion ¢ : L7(g) — L(g) obviously induces a Lie

algebra map ta N : g9m y — 8a,n, Where a” = (af’,--- ,a;"). The following proposition will

play a crucial role in the proof of Theorem 2.

Proposition. Let a € (C*)¢ be such that a and a™ have distinct coordinates. For all N € Z.
we have an isomorphism of Lie algebras,

~ g ~ 4O
fa,N = @ga;",]\f = Bam N

for all N € Z.. In particular, the composite map L°(g) — L(g) — ga,N 1S surjective.

Proof. The proof that
@ggr,N = gam N
is an obvious modification of the one given in Lemma 2.1 which also shows now that it is

sufficient to prove the proposition when ¢ = 1. For this, let a € C* and f = t°g where
g € C[t™,t~™]. Then,

fet—a)VCltt™] = fet @t —am)NCtm, ™,
which proves that ¢, x is injective. The proposition follows by noting that
dim ggm y = dimg, v = N dim g.

O

4.4. We note some elementary observations which we use without further comment. Any
ga,v-module (resp. gg y) is obviously a L(g)-module (resp. L7(g)-module). Moreover if

a € (C*)* is such that a and a™ have distinct coordinates then for all N € Zy, any ga n—
module V' is also a gam y-—module and we write it as Vggm,N' Similarly if we start with a
gam y—module V' we get a ga, y—module which we write as Vg, . Note also that if V' is an
ga,y—module, then

Zan Vo (Vg

(Vg;m,N)ga,N :ga,N

> V. (4.4)

o )
am N/8a N
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4.5.

Lemma. Let w° € P}, and assume that w € i(7w?).

(i) There exists {,N € Z, and a € (C*)" with a and a™ having distinct coordinates such
that W (m) and W (w?) are modules for both ga n and gam n.
(ii) In particular,
W(m)g U(EZM,N)U/W;

o p—
am N

and V (m)gs,, . is an irreducible ggm n—module.

m’N

Proof. Let w = Hf;:l T .0, Where a = (ag,-- -, ax) and a™ have distinct coordinates. Propo-
sition 2.7 implies that W () = U(ga,n)wsn. Using proposition 4.3 we see that W () is also
module for g7,  and so we get

W(ﬂ-)ggm’]\] = U(ggm,N)wﬂ'

Similarly Proposition 4.1 implies that W (w?) is a module for g7, 5 and hence for ga . Since
V() is an irreducible module for g, y, it follows that it is also irreducible as a gam y—module
and the proposition is proved. O

The following proposition proves (i) of Theorem 2.

Proposition. Let #° € P}, w € i(w9).

o

(i) Regarded as L?(g)—module W (m) is a quotient of W(m?) and hence
V(ﬂ') gLo‘(g) V(ﬂ'g).
(ii) For N > 0, the L?(g)-module structure on W (w?) (resp. V(w?)) extends to an L(g)—

module action on W (w?) (resp. V(w?)).
(iii) The module W (m?) is a L(g)-module quotient of W (7).

ga,N

Proof. Using (3.1), (3.2) and the fact that r(w) = 77, we see that wx satisfies the defining
relations of W (mw?). Part (i) follows if we prove that W (mw) = U(L?(g))ws. But this is true
because proposition 4.3 and proposition 4.5 prove that there exists a € (CX)Z such that

W)z, = Ulgam n)wm = U(L7(g))wrr-

is the irreducible quotient of W (w?) and hence is isomorphic

am, N
It now follows that V()g,m »
to V(w?) as L?(g)—modules.

To prove (ii), note that that we have a surjective homomorphism of Lie algebras
P L(g) — gan — Gam N>
such that the restriction of p to L7(g) is just the canonical surjection. Moreover
P(L(n%)) € (05)%m v P(L(D)) C hm
and hence

L(ﬂ+)w7ro = 0, L(f))wﬂ-a = Cwﬂ'a.
15



Since dim(W (7)) < oo, it follows from Theorem 1(i) that W(m?)g,  is a quotient of W ()
for some 7 € P*. Since the module W (7) has an unique irreducible quotient V (7r), part (iii)
follows if we prove that

V(ﬂ-) gL(g) V(T‘-U)ga,N'
But this follows from part (i) and (4.4) and part (iii) is now proved. O
4.6. The next proposition proves part (ii) of Theorem 2.

Proposition. Let w7 Hk T, W/\k Ceap € Pt and assume that a and a™ have distinct
coordinates. As L?(g)—modules, we have

Proof. For 1 < k </, set

It is checked easily that the element ®£:1wﬂ—z satisfies the defining relations of wsre and hence
we have an L?(g)-module map,

l
7) = QW (x?).
k=1

The proposition follows if we prove that this map is surjective. For then, taking 7 € i(w?)
and 7, € i(7]), we have

14
dim W (rw) = dim W (= H dim W (=) H dim W (my) = dim W (),
k=1 k=1

where the first equality uses part (i) of Theorem 2 and the last equality follows from Theorem
1(iii). To prove that n is surjective choose N >> 0 so that W (#?) is a module for gam n and
also so that for all 1 < k < ¢ the algebra gaﬁN acts on W (m?) where aj* = {a}'} and we have

W(ny) = U(QZZ",N)wﬂ'Z-
On the other hand by Proposition 4.3 we have

L
o o
Yam N = @ gaZ‘,N7
k=1

and hence ®{_, W () is cyclic for gam - 1€

U(g%m n) (®f=ywrmg) = QW (x]).

This proves that 7 is a surjective map of ggm’ y—modules and the proof of the proposition is
complete.

g
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4.7. We now prove (iii) of Theorem 2. Recall that in Section 2.1, we have identified elements
of P} with elements of P* and hence for each @ € C* and A € P;} we have elements 7y , € P
and w{ , € P}. Moreover, ), € i(7w ).

Proof. Choose b € C*, 0 < e <m — 1 such that

by #bs, b A0, r#s.

Using Lemma 3.7, Theorem 2(ii) and Theorem 2(i) in that order gives,

3
3

W (S _cea) Za0 QWS4 Zrog W[ 70.)-

Il
o
m
Il
=)

€

Since A € P, we have []7ge(x,) ¢cen. € i([] mS_p.) and so by Theorem 2(i) we get,

W(H 7Tié,bé) gL"(g 1_[71'0E ceb

Theorem 1 gives,

HW e()\ ) Cebe —g H 770-6 gg (Wzm—ol O’e()\e),a)'

e=

m—1

And since Tsmtge(r)a € i([IeZ0 7%, cea), We get

H’Tl'ge CEbE _90 W(Tl')\a —La H 7'l'>\€7<e

which completes the proof.

4.8. We now prove Theorem 2 (iv). By Theorem 2(i), we have
W (mS.a) Zrog) W(maa)-
Theorem 1 gives if g not of type Ag, that
n
W(mra) Zg QW (mu, 1) ™
i=1

and for g of type gives As,

mn

W(mra) g W(m2w,1)" 2 @ ® (7w, 1) ™,

which completes the proof.
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4.9. We now prove Theorem 2(v). This part of the proof is very similar to the one given
in [6] in the untwisted case and we shall only give a sketch of the proof. Thus, let V' be an
L?(g)-module, assume that V' is finite-dimensional and that it is generated by an element
v € V such that

L(nM)v =0, U(L(h))v = Cu.
Let A € P be such that hv = A(h)v for all h € ho. Since V is finite-dimensional it follows
from the representation theory of the subalgebras {xfo, hio}, i € Iy that A € P} and also that

(2;0)°=0, i€ly, s€Zy, s> Ah)+1 (4.5)

Moreover if g is of type As,, we find by working with the subalgebra {%hn,o, yil ® tﬂFl} that

1
(Y1 ®@t)°v=0, s€Zy, s> EA(hn,O) + 1. (4.6)

Applying (x;ro ® t)® to both sides of (4.5), (i # n if g of type Ag,) we find by using Lemma
3.3 (i), (ii), that

(p;’rg(u)>s =0, s> Ahiyo),

while if g is of type Ay, we apply (37:;0)28 to both sides of (4.6) and using Lemma 3.3(iii), we
find

(pho(w), =0, k> A(ghno).

k

Set

o
77 () = (97 (u) e,

k=0
and let w7 = (77);er,. The preceding arguments show that 77 is an Ip—tuple of polynomials.
We claim that

A=Am, P (wo=(77(u) v, (4.7)

which now shows that V is a quotient of W(mw?). To prove that A = Ag is equivalent to
proving that

’ 0 4.8

(pZ’U)A(hl) v # ) ( )

for all 4 € I, if if g is not of type As, and for all i # n if g is of type As, and if g is of type As,
+

(pn,a(u))%/\(hn’o) v 7& 0. (49)

It is now easy to see (keeping in mind that (pi,(u)), = 1) that the following Lemma implies
(4.7).

Lemma. Let V be a finite—dimensional L°(g)-module and let v € V) be such that L? (n*)v =
0. For alli € Iy (i #n for g of type Aay ), we have

(P75 (W) A(he.0) (Pro (W)kv = (P (W) Ak )=V, 0 <k < A(hip),
and for g of type Asy, we have

(P (W) 171 o) (P (W)t = (B ()
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Proof. The proof of the first statement is given in [6, Proposition 1.1] and the key ingredient
in that proof is Lemma 3.4 (i). The proof when i = n and g of type A, is entirely similar
and one uses Lemma 3.4 (iii)(a) with 7 = $A(hn0) + 1.

(1]

[10]
[11]
[12]
[13]

[14]

O
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