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Abstract

Active matter provides a wide spectrum of non-equilibrium emerging phenomena. In
nature, active agents endure a vast number of propulsion mechanisms to generate
directed motion. Examples range from the cytoskeleton, where actin filaments and
microtubules are driven by molecular motors, or ATP-dependent enzymatic processes
altering the dynamics of the cytoplasm, to kinesin motors going through microtubules,
which generate nonequilibrium forces that affect the dynamics of the cytoskeleton, the
transport, and the organization in the cell interior.

Following the physical nature of active elongated systems, we drive our investiga-
tions into the properties of active filamentous, polymer-like system in which activity
is taken into account by independent site velocities, with orientations changing in
a diffusive manner, and not tangential to the polymer contour. The intimate cou-
pling of thermal and active noise, shear stress, hydrodynamic interactions, and poly-
mer conformations implies the emergence of novel structural and dynamical features.
First, we study analytically the conformational and rheological properties of active
filaments/polymers exposed to shear flow. Using the continuous Gaussian semiflexible
polymer model extended by the activity, yields a shear-induced deformation, align-
ment, and shear thinning behavior, similarly to the passive counterpart. Independent
of stiffness, activity facilitates the swelling of polymers, and enhances alignment and
shear thinning.

Next, we analyze the influence of hydrodynamic interactions (HI) on the prop-
erties of polymers and filaments exposed to activity. Activity is taken into account
by independent site velocities, with orientations changing in a diffusive manner. We
investigate the conformational and dynamical properties of active self-propelled fila-
ments/polymers in solution by using Brownian dynamics simulations and analytical
theory. At moderate activities, HI lead to a substantial shrinkage of semiflexible poly-
mers; even flexible HI-polymers shrink, while active free-draining polymers swell mono-
tonically. For large activities, flexible and semiflexible polymers undergo a reswelling.
The polymer mean square displacement is enhanced, and an activity-determined bal-
listic regime appears. Similarly, we explore polymers in solution in the presence of
external active noise. Now, the same description of the system is used, however, a
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coupling between the activity and hydrodynamics in the equations of motion has been
taken into account. That way, we can depict the activity as a correlated noise from
the environment, which we describe by the colored noise, instead of being an intrinsic
property of the polymers. In this case, HI lead to an enhanced swelling of flexible poly-
mers with increasing activity, even for moderate values, differing substantially from
the conformational properties of self-propelled polymers in presence (and absence) of
HI.

To conclude, we introduce a particle-based mesoscale hydrodynamics simulation
technique for both cases; polymers in presence of external active noise and self-
propelled polymer. After comparing the new conformational properties with the
Brownian dynamics simulations, we find quantitative and qualitative agreement. At-
tractively, the MPC method can allow the application of more complex geometries
for active objects in confinement, in contrast to the hydrodynamic tensor approach
simulations .
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Kurzzusammenfassung

Aktive Materie weist ein weites Spektrum an Nichtgleichgewichts-Phänomenen auf.
In der Natur findet man eine Fülle solcher aktiven Systeme, die durch verschieden-
ste Fortbewegungsmechanismen gerichtete Bewegung erzeugen können. In den hier
betrachteten Längenskalen reichen Beispiele aktiver Materie von Zytoskelett, wo Act-
infilamente und Mikrotubuli von molekularen Motoren bewegt werden bis hin zu ATP-
getriebenen, enzymatischen Prozessen, die die Dynamik des Cytoplasmas bestimmen.

Im Rahmen dieser Forschungsarbeit fokussieren wir uns auf die Eigenschaften von
aktiven, filamentartigen, polymer-ähnlichen Systemen. Dabei wird, anders als bei
tangential, entlang der Kontur getriebenen Filamenten, die Aktivität durch unab-
hängige Geschwindigkeiten entlang der Kontur des Filaments beschrieben, deren Ori-
entierungsvektoren sich wie bei einem diffusiven Prozess verhalten. Die Kopplung
von thermischen Fluktuationen mit der Aktivität, der Einfluss von Scherströmungen
und hydrodynamischen Wechselwirkungen zeigen neue strukturelle und dynamische
Eigenschaften auf.

Im ersten Teil beschreiben wir mittels analytischer Berechnungen die strukturellen
und reologischen Eigenschaften von aktiven, semiflexiblen Filamenten unter dem Ein-
fluss von Scherströmungen. Dabei verwenden wir das, um die Aktivität erweiterte,
kontinuierliche Gauß‘sche Polymermodell und zeigen dessen Scherungs-induzierte De-
formation, Ausrichtung und Verdünnung. Unabhängig von der Steifheit des Poly-
mers, steigert die Aktivität, im Vergleich zum passiven Polymer, dessen Schwellung,
Auslenkung und Verdünnung.

Des Weiteren untersuchen wir die strukturellen und dynamischen Eigenschaften
von aktiven, selbstgetriebenen Filamenten in Lösungen mittels Brownian Dynamics
Simulations und mit Hilfe von analytischen BerechNungen. Bei moderater Aktivität
des Systems führen die hydrodynamischen Wechselwirkungen zu einer signifikanten
Schrumpfung der semiflexiblen Filamente; auch flexible Filamente schrumpfen mit
zunehmender Aktivität, während sie ohne Einfluss von hydrodynamischen Wechsel-
wirkungen monoton anschwellen. Bei sehr starker Aktivität schwellen die semiflexi-
blen und flexiblen Filamente auch unter Einfluss der Hydrodynamik wieder an. Die
mittlere quadratische Verschiebung vergrößert sich mit zunehmender Aktivität und
ein ballistisches Regime tritt ein.
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Ähnlich zu den selbstgetriebenen Filamenten, untersuchen wir auch extern getriebene
Filamente in Lösungen. Dabei tritt eine Kopplung der Hydrodynamik und der Ak-
tivität auf. Dies wiederum führt zu einer stark gesteigerten Schwellung der flexiblen
Filamente und das auch unter dem Einfluss von bloß moderater Aktivität. Dieses Ver-
halten unterscheidet sich substanziell vom Verhalten von selbstgetriebenen Filamenten
sowohl in Lösungen, als auch ohne hydrodynamische Wechselwirkungen.

Wir stellen auch eine neue, Teilchen-basierte Mesoskalen-Hydrodynamik-Simulation
für beide Fälle vor. Der Vergleich mit Brownian Dynamics Simulationen zeigt eine gute
qualitative als auch quantitative Übereinstimmung. Ein großer Vorteil dieser neuen
Methode, die auf MPC basiert, ist, dass sich damit sehr leicht die Untersuchung der
oben vorgestellten Systeme auf eine größere Anzahl an Polymeren und komplexeren
Geometrien hoch-skalieren lässt.
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Introduction

Over the last decades, soft condensed matter physics has become a rapidly expanding
branch of science and has attracted considerable interest from the biology, biophysics,
and chemistry community. Its importance in the research and industry fields has
exponentially increased, always promoted by the rampant development of experimental
techniques. These state-of-the-art techniques are especially designed to provide a
vast description of biological systems by exploring properties at smaller length and
time scale, which ultimately offer a wide range of technological applications, from
nanotechnology to health science, e.g., medicine, pharmacology, biotechnology.

The investigation of the properties of soft materials has brought the invention of
new tools, as well as the improvement of optical microscopy, light scattering, and
rheology techniques. Colloidal aggregates, emulsions, drops/droplets, polymer melts
or microgels fit into the category of such materials. A major focus is on the mechanical
properties and their relationship to the internal dynamics of the structures within the
materials. The complexity of the studied systems has also favored the development of
the theoretical and numerical methods applied, which became more demanding and
sophisticated. In addition, the search for new ways to create materials with more
attractive and exotic properties and high technological value is always concomitant.

In particular, activity and self-driven motion are paramount in living and artificial
systems. This has motivated the new field of active matter in the last years, focusing
on the physical features of propelled mechanisms and on the emergent behavior in a
collective of a large number of identical active agents. Similar to biological microswim-
mers, various autonomous synthetic machines in the nano- and microscale have been
also designed. Such agents provide the basis for multifunctional, highly responsive, in-
telligent (artificial) active materials, which manifest emergent behavior and the ability
to perform tasks in response to external stimuli.

0.1 Active Matter

Active matter is a fascinating and relatively new field in soft matter physics. The
perpetual conversion of either internal chemical energy, or pump energy from the
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environment, to generates directed motion is the key feature of active matter[1, 2]. Its
associated out-of-equilibrium nature is the origin of intriguing emerging structural and
dynamical properties. This field aims to understand how macroscopic properties of
interacting particles emerge from properties of the constituent particles as well as their
interactions. In presence of interaction, this ability to self-propel leads to fascinating
collective phenomena such as activity-driven phase separation or large-scale collective
motion [1–11], which are absent in their passive counterparts but largely observed in
populations of active particles (both in living and man-made systems) across a broad
range of scales: from vertebrates, e.g., flock of birds, school of fish (see Fig.1(a)) or
human herds, down to motile bacteria (see Fig.1(b)) or intracellular filaments driven
by molecular motors.

Fig. 1 Two examples of active matter systems, (a) School of fish in open water de-
scribing a closed toroidal geometry, and (b) a colony of Chlamydomonas reinhardtii
algae, fascinating unicellular green organisms used as an early and prominent model
system for third generation energy resources which prompted scientists to do extended
research on physiology and signaling during the algae life cycle.

On the nano- and microscale, biology provides a plethora of active agents ranging
from enzymes [12, 13], the cytoskeleton in living cells [4, 7, 14–21] to microswimmers[1,
4, 22, 23], e.g., sperm, algae, bacteria, and a diversity of planktonic microorganisms
[1, 4, 22, 23]. Microswimmers are characterized by swimming in regimes in which
the viscous forces with the fluid dominate over the inertia. The ration of such forces,
known as Reynolds number is on the order of ∼ 10−5, while for macroscopic systems
like fish or humans in water are exposed to Reynolds numbers of ∼ 105. At low
Reynolds numbers there is almost no inertial delay in time between the applied forces
and the fluid response is almost instantaneous. In this viscous regime, time non-
periodic motion will achieve net displacement[3].

In nature, exists a rich variety of propulsion mechanisms that endure active agents
to generate net motion. Sperm cells break spatial symmetry by beating its flexible
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flagellum back and forth [24–26], while some bacteria, such as Paramecia, whose body
is all covered by beating cilia, synchronize causing metachronal waves which translates
into the forward motion of the cell [27], or Escherichia coli, [22, 28, 29] are propelled
by rotating helical filaments attached to their bodies. The actin filaments of the
cytoskeleton are driven by molecular motors [7, 18–21, 30], or ATP-dependent enzy-
matic activity-induced mechanical fluctuations drive molecular motion in the bacterial
cytoplasm and the nucleus of eukaryotic cells [31].

0.1.1 Bacteria and bio-polymers

A fundamental determinant of microbial life is morphology. Nearly all bacteria are
spherical (Chlamydomonas reinhardtii, Fig.1(b)) or moderately elongated (E. coli,
Fig.2(a), self-assembled dinoflagellates [32, 33]), generally ranging in size from 0.3µm

up to almost 1mm. Another example are Proteus mirabilis, rod-shaped bacteria re-
sponsible for the 90% of all Proteus infections in humans, which grow in bacterial
colonies or biofilms, and show swarming motility [34]. On the other hand, Phyto-
plankton range from 1µm to a few millimeters in size, are morphologically much more
diverse and can be found single-celled or colonies, often arranged in chains as shown
in 2(c). Their beauty and morphological complexity have amazed generations of ecol-
ogists, but the adaptive significance of their form often remains unknown.
Elongated filaments render active soft matter a promising class of new materials
[36, 37]. Nature provides various examples of filamentous, polymer-like active agents or
phenomena where activity governs the nonequilibrium dynamics of passive molecules.
Propelled biological polar semiflexible filaments are ubiquitous, e.g., filamentous actin
or microtubules in the cell cytoskeleton due to tread-milling and motor proteins
[35, 38]. In motility assays, filaments are propelled on carpets of motor proteins
anchored on a substrate, which results in a directed motion and the appearance of
self-organized dynamical patters [7, 10, 14, 18–21, 30, 39, 40]. Furthermore, the active
dynamics of microtubules [41] or actin-filaments [42] leads to an accelerated motion
of chromosomal loci [31, 43] and chromatin [44].

0.1.2 Assembly of active colloids

Artificial active particles have been synthesized utilizing mostly chemical or physical
propulsion mechanisms [2, 45–50]. Janus particles belong to the category of artifi-
cial microswimmers, whose fabrication is achieved by coating their surfaces with two
different reacting materials [2]. The locomotion of such particles is achieved by orig-
inating gradients, and not by breaking spatial symmetry as usual in biological swim-
mers. The flow around the particle is generated by thermal, chemical concentration,
or electric/magnetic field gradients [2, 51, 52]. The flexible linker between such Janus
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Fig. 2 (a) E. coli are rod-shaped, coliform bacteria that are propelled by rotating
large helical filaments, (b) the analysis of the microtubules flow (fluorescent green
lines) inside the cytoskeleton of a Drosophila Oocyte reveals emerging cytoplasmic flow
patterns and an enhancement of the vesicles (red dots) and other particles embedded
in the active fluid [35], (c) fluid mechanics governs a wide range of functions for
tonic organisms, from propulsion to nutrient uptake to fertilization. In particular,
Phytoplankton are mostly microscopic, unicellular photosynthetic organisms that live
suspended in water, and (d) an aggregate of Proteus mirabilis in a biofilm.

particles can be realized using stripes of DNA [53], where magnetic colloids connected
by double-stranded DNAs have been studied.

Moreover, synthetic active or activated colloidal polymers [54] are nowadays syn-
thesized in various ways. Assembly of active chains can be directly arranged by con-
necting self-propelling Janus particles (monomers) by flexible linkers. Assembly of
active chains of metal-dielectric Janus colloids can be achieved by imbalanced inter-
actions, where simultaneously the motility and the colloid interactions are controlled
by an AC electric field [55–57]. Electrohydrodynamic convection rolls lead to self-
assembled colloidal chains in a nematic liquid crystal matrix and directed movement
[58]. Moreover, chains of linked colloids, which are uniformly coated with catalytic
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nanoparticles, have been synthesizes [59]. Hydrogen peroxide decomposition on the
surfaces of the colloidal monomers generates phoretic flows, and active hydrodynamic
interactions between monomers results in an enhanced diffusive motion [59]. Fig.3
shows two examples of synthetic active colloidal polymers consisting of several species
of colloidal particles tightly bound together.

Fig. 3 (a) Synthetic active colloidal semiflexible chain with a characteristic size of
∼ 5µm [59]. (b) Representation of a passive and an active colloidal polymer in a
solvent. For the active case, an active colloid is indicated by a Janus particle with a
red arrow indicating the self-propulsion direction[54].

0.2 Hydrodynamics in active filamentous systems

Valuable insight into the properties of self-propelled filaments/polymers, or their pas-
sive counterparts exposed to an active bath, is obtained by computer simulations and
analytical theory. Filaments are modeled as semiflexible polymers, with an imple-
mentation of activity adapted to the particular propulsion mechanism. Polar poly-
mers, which are not force free, representing actin filaments or microtubules driven by
molecular motors, are typically propelled by forces tangential to the polymer contour
[11, 60–65]. In addition, self-propelled polymers, where activity is taken into account
by independent site velocities, with orientations changing in a diffusive manner, have
been considered; in absence of hydrodynamic interactions (HI) [60, 63, 66–77], but
also accounting for fluid-mediate interactions [59, 61, 62, 78–80].

In fact, the spontaneous motion in dilute and viscous solutions of elongated fil-
aments/ polymer-like objects are common in biology. Microswimmers rely on the
beating and rotation cilia or flagella for propulsion, as well as for going through peri-
odic changes of their body shape. These systems are characterized for undergoing a
spontaneous motion of their slender bodies, for being small enough to consider Brow-
nian fluctuations relevant, and also for resisting deformations produced by the flow
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field and Brownian fluctuations. The emerging behavior of such filaments appear
from the interplay between fluid flow, Brownian fluctuations and the polymer elas-
ticity, i.e., bending and bonding forces. Such systems raise a challenging new class
of fluid-structure interaction problems [81]. Hydrodynamic interactions is proven to
change the properties of active systems in various ways. An individual self-propelled
particle—an isolated monomer in the case of a colloidal-type polymer [54]—is force
and torque free, and creates a flow field lacking a Stokeslet, but includes higher multi-
pole contributions [9, 10, 24, 79, 82–85]. In all cases, a faster dynamics of the polymer
center-of-mass with increasing activity is obtained [63, 67, 69, 71, 74–76, 86]. In-
terestingly, conformational changes in polymers/colloidal chains and the interference
of the monomers/colloids flow fields lead to autonomous polymer motion even when
individual monomers are non-motile [59, 78, 79].

0.3 Summary

In this manuscript, we provide detailed analytical and computational studies to charac-
terize the conformations and dynamical properties of a variety of filamentous/polymer
-like agents on the mesoscopic level (100nm – 100µm), where classical mechanics is
still satisfied and thermal fluctuations from the environment become relevant. Such
polymers are exposed to several environmental conditions, e.g., shear stress, fluid me-
diated interactions, active correlated bath, confinement, etc. After this introduction,
the thesis starts with Chapter 1, the theoretical background, in which the fundamen-
tals, mathematical models and theory in Stochastic Dynamics, Hydrodynamics and
Active Matter are explained in detail. In this thesis, activity is considered as an in-
dependent stochastic process with an exponential temporal correlation acting on the
sites of the polymer. Hence, the amount of activity on a system will give us a mea-
sure of how far from equilibrium that system is, and how persistently the constituting
entities are moving.

The core of the thesis is divided in four main chapters (Ch. 2-5), which include the
novel studies, findings and results of this work. Chapter 2 introduces the continuous
Gaussian semiflexible polymer model extended by the activity under shear stress. Sim-
ilarly to passive polymers, this extended model yields a Weissenberg-number depen-
dent shear-induced deformation, alignment, and shear thinning behavior. For flexible
polymers, activity enhances the shear-induced polymer deformation . Independent of
stiffness, activity-induced swelling facilitates and enhances alignment and shear thin-
ning compared to a passive polymer. In Chapter 3, the analytical approach for active
semiflexible polymer is also used [87–93], followed by the validation of the results
with Brownian dynamics simulations. Single active Brownian polymers (denoted as
ABPO), are discrete linear chain composed of active Brownian particles, as a minimal
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model for self-propelled polymeric object. Active Brownian polymers have already
been studied analytically before [69, 73, 75, 94], but finite extensibility of the polymer
length is a key property that has been neglected so far. We show that the constraint
of a finite polymer contour length leads to distinctly different behavior compared with
studies neglecting such property. Furthermore, we show that hydrodynamic interac-
tions and how they are coupled with activity, through the polymer equation of motion,
have a key effect on the polymer dynamics and conformational properties. Here, no
Stokeslets of active origin are generated. At low activities, HI lead to a significant
shrinkage of semiflexible and flexible polymers, while active free-draining flexible poly-
mers swell monotonically. Large activities imply a reswelling, however, to a less extent
than for non-HI polymers, caused by the shorter polymer relaxation times due to hy-
drodynamic interactions. The polymer mean square displacement is enhanced, and
an activity-determined ballistic regime appears. Chapter 4 presents a similar study
than Ch. 3, but with a different origin of the active source is depicted. This chapter
presents the conformational and dynamical properties of semiflexible polymers in solu-
tion moved by external colored noise. Here, a Stokeslet fluid due to active forces is now
generated. We introduce the multiparticle collision approach (MPC) to describe the
surrounding fluid which is coupled to our Brownian dynamics simulations (polymer
dynamics), and are further compared with our analytical and numerical approaches.
Now, HI lead to an enhanced swelling of flexible polymers by increasing activity, and
the conformational properties differ substantially from the self-propelled polymers in
presence of HI and the free-draining ones.

To support simulations in Ch.3, for active Brownian polymers in dilute solutions,
Chapter 5 adopts the MPC approach for fluids coupled with semiflexible polymers in
presence of external active noise. After comparing the conformational properties with
the Brownian dynamics simulations, we find excellent quantitative and qualitative
agreement.
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Chapter 1

Theoretical background

1.1 Stochastic dynamics

Stochastic dynamical systems comprise all those systems which are subjected to ran-
dom forces. This randomness or "noise" represents the effect of a large number of
environmental degrees of freedom. Stochastic systems can be modeled by stochastic
differential equations, in which one or more terms are stochastic or random processes.
In this chapter, we briefly introduce the main concepts of stochastic systems and add
a few commonly used examples present in most biological and physical systems, e.g.,
the well-known Brownian motion, the Ornstein-Uhlenbeck process, etc.

1.1.1 Langevin dynamics

Mesoscopic objects such as colloids or macromolecules show a considerably slower
dynamics and are significantly larger that embedded fluid particles. Then, the inter-
actions of a solute with the surrounding fluid can be expressed in an effective way,
where the fluid is considered as a frictional background and exerts random forces
produced by thermal agitation on the solute particle. Drag and random forces are
not independent, but rather linked, which is expressed by the so-called fluctuation-
dissipation theorem [95].

Therefore, the dynamics of mesoscopic objects embedded in a fluid at thermal
equilibrium can be described by the Langevin equation [95, 96]

M r̈(t) = −γṙ(t) + Γ (t) + F (t), (1.1)

where M is the mass of the object, and the terms r̈ and ṙ denote its acceleration
and velocity at time t, respectively. The expression γṙ is the frictional force, with
drag coefficient γ, and Γ is the stochastic force accounting for the collision of the fluid
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particles with the colloid. For colloids, γ is given by the Stokes law γ = 6πηrc, with η
the viscosity of the fluid and rc the colloid radius.

The stochastic force is considered as a Gaussian and Markovian process, meaning
that the process is δ-correlated with the first two moments[95]

〈Γ 〉 = 0, (1.2)

〈Γ (t) · Γ (t′)〉 = 6γkBTδ(t− t′) (1.3)

Here, kB is the Boltzmann constant, and T is the temperature. The amplitude 6γkBT

from the second moment can be derived from the fluctuation-dissipation theorem [96].
It is also important to mention that hydrodynamic interactions, and electrostatic or
hydrophobic effects are not captured by the standard Langevin dynamics.

The well-known time regime, where the drag forces acting on the fluid dominate
over inertia is called Brownian dynamics (BD). In this overdamped limit, the accel-
eration of the particle is negligible compared to the drag contribution, |M r̈| � |γṙ|.
Thus, the Langevin equation (1.1) can be approximated by the expression

ṙ(t) =
1

γ
[Γ (t) + F (t)] . (1.4)

1.1.2 Ornstein-Uhlenbeck process

Typically, systems out-of-equilibrium are characterized by not following a Gaussian
and Markovian process (withe noise), but rather describing an non-Markovian pro-
cess, i.e. colored noise, where the particles velocity correlation decay exponentially
in time. A Makovian process can be recovered by extending phase-space by an addi-
tional variable exposed to white noise, with a temporal exponential correlation of the
additional variable. The effective set of stochastic equations is often of the from of the
Ornstein-Uhlenbeck process.
The general form of an Ornstein-Uhlenbeck process [95] for f stochastic process

variables Xi can be written as a system of linear stochastic differential equations with
constant coefficients,

Ẋi +

f∑
j=1

ωij Xj = Γi(t). (1.5)

Here, Xi denote the process variables, wij are constant matrix elements, and Γi are
the Gaussian distributed stochastic forces with the moments

〈Γi〉 = 0 , 〈Γi(t)Γj(t′)〉 = bijδ(t− t′) (1.6)
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1.1 Stochastic dynamics

where bij = bji, and describe the strength of the noise[95]. The general solution of
Eq. (1.5) can be found via the method of Green’s function as

Xi(t) = Xh
i (t) +X ih

i (t) (1.7)

where Xh
i (t) and X ih

i (t), the homogeneous and inhomogeneous solutions, respectively,
have the forms

Xh
i (t) =

∑
j

Gij(t)Xj(t
∗) , (1.8)

X ih
i (t) =

∑
j

∫ t

t∗
Gij(t− t′)Γj(t′)dt′. (1.9)

Thereby, Gijobeys the initial condition Gij(t
∗) = δij at time t∗, Xi(t

∗) ≡ X∗i , and the
differential equation

Ġij +
∑
l

ωilGlj = 0 , (1.10)

with the straightforward solution

Gij = [exp (−ω t)]ij ≈ δij − ωijt+
1

2
ω2
ijt

2 +O (wijt)
3 . (1.11)

Finally, the general solution is

Xi(t) =
∑
j

Gij(t− t∗)X∗j +
∑
j

∫ t

t∗
Gij(t− t′)Γj(t′) dt′ , (1.12)

where the identities G−1(t) = G(−t) and G(t)G−1(t∗) = G(t− t∗) were used. Using
these results, we can calculate the first moment for the i-th stochastic process variable,
Xi, as

µi(t) = 〈Xi(t)〉 =
∑
j

Gij (t− t∗)X∗j , (1.13)

and the second moment,

σij(t) = 〈(Xi(t)− µi(t)) · (Xj(t)− µj(t))〉 = ...

=
∑
kl

∫ t

t∗
Gik(t

′ − t∗)Gjl(t
′ − t∗)bkldt′ = σji . (1.14)

1.1.3 Fokker-Planck equation

The Fokker-Plank equations is an equivalent formulation of a stochastic process in
terms of a probability density distribution function p(X, t) [95]. For simplicity, the
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calculations are expressed for a one spatial coordinate. The stochastic process of
Eq. (1.29) leads to

∂p(X, t)

∂t
= ωij

∂

∂Xi

[xjp(X, t)] +Dij
∂2p(X, t)

∂Xi∂Xj

, (1.15)

where the Einstein summation convention is used. The conditional probability density
distribution function

p(X, t) = p(X, t | X∗, t∗)p(X∗, , t∗) (1.16)

obeys the same equation of motion as p(X, t), with the initial condition

p(X, t | X∗, t∗) = δ(X −X∗) . (1.17)

Expressing p(X, t) by its Fourier transformation p̃(k, t | X∗, t∗), the linear differential
equation in Eq. (1.15) reads

∂p̃(k, t)

∂t
= −ωijki

∂p̃(k, t)

∂kj
−Dijkikj p̃(k, t) . (1.18)

where p̃ is the Fourier transform of p,

p(X, t | X∗, t∗) =
1

(2π)m

∫
ei

∑
j kjXj p̃(k, t | X∗, t∗) dmk . (1.19)

and the initial condition after the transformation is

p̃(k, t∗ | X∗, t∗) = e−i
∑
j kjX

∗
j . (1.20)

Considering that p(X, t) and the corresponding Fourier transform p̃(k, t) are Gaussian
functions[95, 97], the solution of Eq. (1.19) is

p̃(k, t | X∗, t∗) = exp

[
−i
∑
j

kjµj(t− t∗)−
1

2

∑
j

kikjσij(t− t∗)

]
. (1.21)

Inserting Eq. (1.21) into Eq. (1.18) and sorting by powers of k yields the two differential
equations

µ̇i = −
∑
j

ωijµj , (1.22)

σ̇ij = −
∑
l

(ωilσlj − ωjlσli) + 2Dij (1.23)
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1.1 Stochastic dynamics

and their respective initial conditions

µi(t
∗) = µ∗i , (1.24)

σij(t
∗) = 0. (1.25)

By inserting the Green function Eq. (1.11) into the Fourier transformed Eq. (1.19),
the solutions is

µi(t) =
∑
j

Gij(t− t∗)x′j , (1.26)

σij(t) = 2
∑
k,l

∫ t

0

Gik(t
′ − t∗)DklGlj(t

′ − t∗) dt′ . (1.27)

Finally, inserting the Fourier transform p̃(k, t) from Eq. (1.21) in p(X, t) from Eq. (1.19)
yields the conditional probability density distribution function in space

p(X, t | X∗, t∗) =
1

(2π)N/2
1√

|σ(t− t∗)|

× exp

(
−1

2
[Xi −Gik(t− t∗)X∗k ]

[
σ−1(t− t∗)

]
ij

[Xj −Gjl(t− t∗)X∗l ]

)
.

(1.28)

with the Jacobian |σ(t)|1/2. Since σij = σji, σij is assumed to be positive definite, and
the inverse [σ−1]ij, square root [σ1/2]ij and inverse square root [σ−1/2]ij exist and are
symmetric.

1.1.4 Itô calculus

The Itô calculus is a branch of calculus which involves stochastic processes, and in
particular, systems driven by Wiener processes such as Brownian motion. Thus, the
stochastic differential equation for the Itô process of a Brownian motion in one dimen-
sion is

dX(t) = b(X(t), t)dW (t) + F (t)dt (1.29)

with an instantaneous diffusion coefficient D(X(t), t) = [b(X(t), t)]2 /2, an stochastic
process dW (t) = Γ (t)dt, with Γ as the stochastic variable, and an instantaneous drift
(or force) F (t). Note that the corresponding random term, b(X(t), t), in eq. (1.29)
explicitly depend on the state of the system (i.e. on X(t)), we call it multiplicative
noise. In contrast, we would have additive noise in the equation if b(t) just depends
on time.

25



Theoretical background

If we extend the Itô calculus for an arbitrary high-dimensional order [96], the
m-dimensional Wi (i = 1, 2, ...m) independent Wiener processes fulfill the properties,

dWi · dWj = δijdt,

dWα
i = 0 (α > 2), (1.30)

dWi · dt = 0 and

dtα = 0 (α > 1).

Now, supposing that a certain function f(X, t) is twice continuously differentiable
and Xi (i = 1, 2, ...m) is a vector process, df(X, t) will be also an Itô process with the
differential,

df =

(∑
i

∂f

∂Xi

Fi +
∑
i

∂fi
∂t

+
∑
i,j

1

2

∂2f

∂XiXj

bibj

)
dt+

∑
i,j

∂f

∂Xi

bibjdWj(t). (1.31)

We applied the notation Fi = F (Xi(t), t) and bi = b(Xi(t), t). Usually, one of the
variables, say X1, is the time t and dX1 = dt. In this case, b1j = 0 for all j and
F1 = F (t).
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1.2 Hydrodynamics

1.2 Hydrodynamics

Until now, we have considered the dynamics of embedding fluid particles in a stochastic
environment where the correlations of the fluid are neglected. However, the dynamics
of solute particles in a fluid environment can be affected by the motion of the fluid,
commonly known as hydrodynamic interactions. To start with the description of our
fluid, we consider it as a continuum characterized by its mass density ρ(r, t), local
stress σ(r, t), and fluid velocity u(r, t), where each quantity is given at a specific
positionr and time t. In this chapter, we introduce the Navier-Stokes equations as
the hydrodynamic equations governing the time evolution of these quantities. Fur-
thermore, we describe in detail a particle-based mesoscale simulation approach, the
multiparticle collision dynamics method (MPC), which accounts for both the correla-
tions of the fluid and the stochasticity of the thermal bath.

1.2.1 Navier-Stokes equations

In the framework of fluid mechanics, the Navier-Stokes equations are partial differ-
ential equations that describe the motion for a viscous, heat conducting fluid. These
equations arise from applying Newton’s second law of motion, together with the as-
sumption that the stress in the fluid is the sum of a diffusing viscous term and a
pressure term.

Considering a fixed mass of material in a volume V , the rate of change of a certain
property g(r, t) of such material volume is given by

Dg

Dt
=
∂g

∂t
+ v ·∇g, (1.32)

where D/Dt is defined as the material derivative. In general, the whole mass inside
of the material volume V is given by M =

∫
V
ρdV . Thus, assuming the conservation

of mass, dM/dt = 0, inside the material volume V , since a the mass of the material
under changes in size, position, volume or surface over time is assumed to be fixed. By
means of the Leibniz-Reynolds transport theorem and applying also Gauss’ theorem,
follows for any volume V , [98]

d

dt

∫
V

ρdV =

∫
V

(
∂ρ

∂t
+ ∇ · (ρu)

)
= 0. (1.33)

Hence,

∂ρ

∂t
+ ∇ · (ρu) = 0. (1.34)
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This is the continuity equation in the case of incompressible fluids, the mass density
inside the volume V is constant in time, ∂ρ/∂t = 0, and consequently, ∇ · (ρv) = 0.

The Navier-Stokes equations represent the conservation of momentum. The exten-
sion of Newton’s second law of motion for a fluid is given by the Cauchy momentum
equation of motion, which in the Eulerian form reads

ρ

(
∂u

∂t
+ (u ·∇)u

)
= ∇ · σ + f . (1.35)

Here, σ is the fluid stress tensor, and f is the force density acting on the fluid. For a
Newtonian fluid, the stress tensor is given by, [99]

σ = −p(r, t)I + η

[
∂u

∂t
+

(
∂u

∂t

)T]
−
(

2

3
η − ηV

)
∇ · v (1.36)

with p(r, t)I as the hydrostatic local pressure in the fluid, and η and ηV the shear
and bulk viscosities, respectively. Now, adding the stress tensor (Eq. (1.36)) into the
Navier-Stokes equation (Eq. (1.35)) turn into

ρ

(
∂u

∂t
+ (u ·∇)u

)
= −∇p+ η∆u+

(η
3

+ ηV
)
∇ (∇ · u) + f . (1.37)

While assuming an incompressible flow and the condition of mass conservation, the
equation reads

ρ

(
∂u

∂t
+ (u ·∇)u

)
= −∇p+ η∆u+ f . (1.38)

In order to study the different contributions in the Navier-Stokes equation, we intro-
duce the dimensionless quantities

u′ = u/U0 , r′ = r/L0 , t′ = t/T0 , (1.39)

where U0, L0, and T0 are the characteristic velocity, length and time scales of the
system, respectively. Thereby, the Navier-Stokes equation turns into the dimensionless
equation

ReT
∂u′

∂t′
+Re (u′ · ∇′)u′ = −∇′p′ + ∆′u′ + f ′ (1.40)

where p′ = L0η
−1v−10 p, f ′ = L0η

−1v−10 f and ∇′ = ∂/∂r′, all in dimensionless units. In
addition, the Reynolds numbers are Re = ρv0L0/η and ReT = ρL2

0/ηT0 are introduced.

28
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For the limit case of Re � 1, the non-linear advective term is negligible and the
Navier-Stokes equations can be linearized. Thus, considering an incompressible fluid
we get the equation

ρ∂u/∂t = −∇p+ η∆u+ f . (1.41)

On the top of that, ReT � 1, we obtain an instantaneous relaxation of the hydro-
dynamic interactions compared to the characteristic scales in the system. Hence, the
Stokes equations, also called creeping flow equations, arises in the form

η∆u−∇p+ f =0 , (1.42)

∇ · v =0. (1.43)

1.2.2 Hydrodynamic interactions

To solve the linear Stokes equations (1.42) and (1.43), we apply the Fourier transfor-
mation u(r) =

∫
uq e

−2ıπqrdq3, which yield

ηq2uq − iqpq = fq , (1.44)

q · uq = 0. (1.45)

These algebraic equations can be easily solved, and we obtain

u(r) =

∫
G(r − r′)f(r′)d3r′ , (1.46)

with the Green’s function G(r)

G(r) =
1

4πηr
I − 1

8πη
∇⊗ (∇r) . (1.47)

Due to the fact that ∇r = r
r
and ∇⊗ r = I, with I as the unit matrix, we can write

1

8πη
∇⊗ (∇r) =

1

8πη
∇⊗

(r
r

)
= − 1

8πη

rrT

r3
+

I

8πηr
(1.48)

where we have used the Leibniz chain rule for calculation of ∇ ⊗
(
r
r

)
. The Green’s

propagator, also known in literature as the hydrodynamic Oseen tensor, reads

G(r) =
1

8πηr

(
I +

rrT

r2

)
, (1.49)

with r⊗r = rrT . The corresponding velocity field is also referred to as Stokeslet. [100]
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1.2.3 Equations of motion of particles in fluid

In the creeping-flow limit, where the flow is linear and propagates instantaneously,
the hydrodynamic forces exerted on the immersed particle i due to the motion of the
other (N − 1) particles is

F h
i = −

N∑
j=1

γijuj , (1.50)

with the velocity

ui = −
N∑
j=1

µijF
h
j . (1.51)

where γij and µij are the hydrodynamic friction and mobility tensors, respectively.
The force density acting on the fluid from the i-th particle is then given by f(r) =

Fiδ(r − ri). Thereby, having a particle moving in a viscous fluid with other (N − 1)

embedded particles will exerts a force Fi = −F h
i on the surrounding fluid, resulting

in a perturbation of the flow field. Such perturbations of the flow fluid will propagate
quasi-instantaneously throughout the fluid particles, inducing forces onto the other
embedded solute particles. Therefore, the overall flow field u(r) originated by the
motion of the point-like particles at the position ri can be shown as a linear sum of
Green’s propagators,

u(r) =
N∑
i=1

G(r − ri)Fi. (1.52)

Considering the real friction between a particle at ri and the viscous fluid in which
the particle is suspended, and with Eq. (1.52), we obtain

ṙi =
N∑
j=1

(
G(ri − rj) +

δij
γ

)
Fj , (1.53)

from which we can clearly identify the expression for the hydrodynamic mobility tensor

µij =
δij
γ
I + (1− δij)G(ri − rj) . (1.54)

By substituting G(ri − rj) with the Oseen tensor of Eq. (1.49), we get

µij =
δij
γ
I + (1− δij)

1

8πηr

(
I +

rrT

r2

)
. (1.55)

This expression points out the long-range interactions of the flow field, with a decay
of ∼ 1/r, induced by the motion of suspended particles.
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For a rigid object with a arbitrary shape, the calculation of the flow field at dis-
tance r from the solute particle of size l using Eq. (1.46) becomes untractable and, a
multipole expansion can be performed in powers of l/r. Longer range corrections of
spherical objects can be taken into account the Rotne-Prager-Yamakawa (RPY) ten-
sor. The RPY approximation is extensively used to model hydrodynamic interactions
between spherical particles suspended in a fluid. At first order, one can approximate
the velocity distribution by a point force exerted at the centre of the body. This corre-
sponds to the far field solution, which is the already mentioned Stokeslet (monopole).
However, this approximation is no longer satisfied for finite size sphere. We consider a
rigid sphere of diameter l with its center positioned at ri. We rewrite Eq. (1.46) using
a Taylor expansion and obtain the fluid velocity u(r), with a uniform force density
fi = Fi/ (πl2) applied on the sphere surface,

ui(r) =

(
1 +

l2

6
∇2
i

)
G(r − ri) · Fi. (1.56)

This naturally leads to a different Green’s propagator G(r) than the Oseen tensor,
namely

Ω (rij) =


1

8πηrij

[
I +

rijr
T
ij

r2ij
+

l2

2r2ij

(
1

3
I−

rijr
T
ij

r2ij

)]
, rij > l

1

3πηl

[(
1− 9

16

rij
l

)
I +

3

16

rij
l

rijr
T
ij

r2ij

]
, rij < l,

(1.57)

The velocity correlations decay at least as ∼ 1/r4 for rij < l , which results in
a positive definite mobility matrix tensor, which is an essential feature in Brownian
dynamics simulations.

1.3 Simulations of systems with HI

1.3.1 Ermak-McCammon scheme

To study soft colloids and polymers in the overdamped Langevin description, several
Brownian dynamics simulation algorithms are available in the literature [101–103].
Here, we introduce the Ermak-McCammon algorithm.

In this framework, a system of N (i = 1, . . . , N) solute Brownian particles em-
bedded in a viscous fluid with thermal fluctuations are considered with equation of
motion

ṙi(t) =
N∑
j=0

Hij [Fj(t) + Γi(t)] + kBT
N∑
j=0

∇j ·Hij (1.58)
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which relates the velocity of particle i to forces applied to the rest of the particles
including hydrodynamic interactions as given by Eq. (1.53). The tensor Hij accounts
for the hydrodynamic interactions and has the form

Hij = δijI/3πηl + (1− δij)Ωij , (1.59)

with the first term accounting for local friction and second term the RPY tensor of
Eq. (1.57) for the particle-particle correlations. Thus, the hydrodynamic mobility
tensor Hij introduces long-range interactions and couples distant particles yields ∇j ·
Hij = 0 for every particles, and the gradient-mobility term in the Langevin equation
vanishes. This is different for a no-slip surface, where this term is non-zero and has to
be taken into account. Thermal fluctuations obey the fluctuation-dissipation relation

〈Γi(t)Γj(t
′)〉 = 2kBTH

−1
ij δ(t− t′). (1.60)

The positive-definite mobility matrix Ωij allows the thermal noise correlation to be
numerically implemented by a Cholesky decomposition [101]. For the numerical dis-
cretization, the iterative Langevin equation in terms of the dimensionless discrete time
variable n = t/∆t and position variable r̃ = r/l now reads

r̃i(n+ 1) = r̃i(n) +
N∑
j=0

H̃ijF̃j(n) +

√
2H̃ijΓ̃i(n), (1.61)

where the rescaled forces are F̃j = Fj(l/kBT ), the mobilities are H̃ij = Hij(kBT∆t)/l2,
and the rescaled thermal noise has the variance unity〈

Γ̃i(n)Γ̃T
j(m)

〉
= δnmδijI. (1.62)

1.3.2 Multiparticle collision dynamics (MPC)

The multiparticle collision dynamics approach (MPC), introduced by Malevanets and
Kapral, [104, 105] is a coarse-grained mesoscale simulation method used to describe the
hydrodynamic interactions as well as thermal fluctuations of compressible fluids, i.e.,
ideal gas. It has been proven that the MPC fluid obeys the Navier-Stokes equation with
an ideal gas equation of state [104, 106], and a H-theorem has been derived [104, 107],
which ensures the relaxation of the fluid to equilibrium. In addition, the equilibrium
distribution function of the velocities has been shown to be Maxwellian [104, 107]. The
versatility of this method, allows to couple it with other simulation techniques, e.g.,
molecular dynamics simulations [108–111]. Moreover, the MPC algorithm is highly
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Fig. 1.1 Scheme of the Multiparticle Collision dynamics (MPC) streaming and colli-
sion steps. (a) Red dotted circles represent previous particle positions, blue bullets
represent the new positions after streaming, and black dotted arrows represent particle
velocities. (b) The collision cells are indicated by red lines. Particle velocities (grey
arrow) are being rotated respect to the the center-of-mass frame of the individual
collision cell to the new velocities (black arrow).

parallel, and is suitable for GPU implementation with a high performance efficiency
[112].

The MPC fluid consists of a set of Nf point-like particles represented by their posi-
tions ri, velocities vi (i = 1, . . . , N) and mass m. The algorithm is based in two steps,
streaming and collision. In the streaming step, particles move without interacting
with each other, but with the freedom to be perturbed by a possible external applied
field. Hence, the positions and velocities are updated as

ri(t+ h) = ri(t) + hvi(t) , (1.63)

vi(t+ h) = vi(t) (1.64)

h is the collision time, which is directly related with the viscosity of the fluid [113].
In the collision step, the system is divided into cubic cells of length a, which defines
the local interacting environment. Linear momentum is exchanged between the Nc

particles of a collision cell by applying a rotation of their relatives velocities, where
vi,cm(t + h) = vi(t + h) − vcm(t + h), around a random oriented axis by an angle α.
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Thus, the particle velocities are

vi(t+ h) = vcm(t+ h) +R(α)vi,cm(t+ h) (1.65)

where the center-of-mass velocity is vcm(t) =
∑

i vi(t)/Nc. Here, R denotes the rota-
tion operator

R(α) =

 R2
x + (1−R2

x) RxRy(1− c)−Rzs RxRz(1− c) +Rys

RxRy(1− c) +Rzs R2
y + (1−R2

y)c RyRz(1− c)−Rxs

RxRz(1− c)−Rys RyRz(1− c) +Rxs R2
z + (1−R2

z)c

 , (1.66)

where c = cosα, s = sinα, and R = (Rx,Ry,Rz), with the Cartesian components of
R defined as

Rx =
√

1− θ2 cosϕ , Ry =
√

1− θ2 sinϕ , Rz = θ , (1.67)

and θ and ϕ are uncorrelated, uniformly distributed random numbers taken from the
interval [−1, 1] and [0, 2π], respectively. Typically, the rotation angle α = 130◦ [111].
In many occasions, .e.g., isothermal fluids, systems out of equilibrium, etc., the energy
conservation is violated and a mechanism to regulate the temperature of the system
has to be implemented. The Maxwell Boltzmann thermostat rescales velocities on
the level of individual MPC cells. [114, 115] After every collision step, the relative
velocities, vi,cm(t), in each cell are rescaled by a factor κ to get the new velocities

v′i = vcm + κvi,cm , (1.68)

with the scaling factor

κ =

(
2Ek∑Nc

i=1mv
2
i,cm

)
. (1.69)

Here, Ek is the kinetic energy taken from the gamma distribution expected for a
canonical ensemble

P (Ek) =
1

EkΓ(f/2)

(
Ek
kBT

)f/2
exp

(
− Ek
kBT

)
, (1.70)

with Γ(x) being the gamma function and f = 3(Nc − 1) is the number of degrees of
freedom of the MPC particles in a collision cell.
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1.4 Active systems

In this chapter, we present the theoretical and computational framework to model
active Brownian polymers. In simulations, we rely on the active Brownian polymer
model (ABPO) [116, 117], where a discrete linear chain composed of active Brownian
particle (ABP) [6, 118, 119] is considered. For the analytical model, we take the
continuous Gaussian semiflexible polymer model (GSFP) [87–90, 92, 120], extended
by an active force density; the Gaussian active semiflexible polymer (GASFP) [74, 76,
77, 116, 117, 121]. Here, fluid mediated interactions have not been considered yet.

1.4.1 Active Brownian particle (ABP)

An active Brownian particle (ABP) is commonly represented as a hard-sphere-type
particle being propelled by a constant force along a preferred direction in 3-dimensions

e(t) = (cosφ sin θ, sinφ sin θ, cos θ)T . (1.71)

which changes direction in a diffusive manner. The equation of motion for the particle
position r is given by [8, 122]

M r̈(t) = γv(t)− γṙ(t) + F (t) + Γ (t) , (1.72)

whereM is the particle mass, v(t) = v0e(t) is the propulsion velocity with modulus v0,
F (t) the external force acting on the particle, and Γ (t) is a Gaussian and Markovian
stochastic process accounting for thermal fluctuations of the translational motion. For

Fig. 1.2 llustration of an Active Brownian Particle (ABP) represented by a blue-red
sphere (resembling a Janus particle). The blue part undergoes the catalytc reaction
while the red one does not react with the environment. In average, the ABP propels
towards the direction of the active vector e(t) (black arrow).

colloids or polymers, we can neglect the inertia term (M r̈) and adopt the overdamped
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limit Eq. (1.4), which for the active case is

ṙ(t) = v0e(t) +
1

γ
[F (t) + Γ (t)] . (1.73)

The stochastic process Γ (t) first and second moments are given by

〈Γ 〉 =0, (1.74)

〈Γα(t)Γβ(t′)〉 =2γkBTδαβδ(t− t′) . (1.75)

Here, δαβ the Kronecker delta with α, β ∈ {x, y, z}, δ(t − t′). Translational friction
coefficient γ, is related with the translational diffusion coefficient DT = kBT/γ. The
orientation vector e of the active velocity v is independent of the colloid translation,
and follows the stochastic differential equation

ė(t) = η̂(t)× e(t) , (1.76)

with the Gaussian and Markovian stochastic process η̂ of zero mean and the second
moment,

〈η̂α(t) η̂β(t′)〉 = 2DRδαβδ(t− t′) , (1.77)

where DR is th rotational diffusion coefficient. The correlation function for the rota-
tional diffusion of v(t) reads [122]

〈v(t) · v(t′)〉 = v20e
−(d−1)DR|t−t′| , (1.78)

with d denoting the spatial dimension. The correlation function (1.78) can be also
derived from the differential equation of the active velocity v [1, 8, 86],

v̇(t) = −γRv(t) + η̂(t) , , (1.79)

with the damping factor γR = (d−1)DR. Here, the second moment of random process
is

〈η̂α(t) η̂β(t′)〉 =
2(d− 1)

d
DRv

2
0δαβδ(t− t′) . (1.80)

The set of equations (1.73) and (1.79) is typically referred to literature as an Active-
Ornstein-Uhlenbeck Process (AOUP) [123] .

In Brownian dynamics simulations, the inertia equation of motion (1.72), and
also the overdamped equation (1.73), are solved via the Ermak-McCammon scheme
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[101, 102, 124]. The solution of the equation of motion for the rotation of the orien-
tation vector e is obtained as follows.[125, 126] We can interpret the motion of e as
a random walk on the surface of a unity radius sphere. Thus, the corresponding time
discretization in the integration time interval ∆t is

e′(t+ ∆t) = e(t) + eθ(t)∆η̂θ + eφ(t)∆η̃φ, (1.81)

where eξ ∼ ∂e/∂ξ (ξ ∈ {φ, θ}) are the unit vectors which follow from Eq. (1.71). The
stochastic variables ∆η̂ξ (ξ ∈ {Φ, θ}) are Gaussian and Markovian processes with zero
mean and the second moments

〈∆η̂ξ∆η̂ξ′〉 = 2DRδξξ′∆t. (1.82)

After normalization, the vector e (t+ ∆t) yields

e(t+ ∆t) = e′(t+ ∆t)/ |e′(t+ ∆t)| . (1.83)

1.4.2 Active Brownian polymer (ABPO)

A semiflexible active polymer is composed ofNm active Brownian particles (cf. Fig. 1.3)
[67, 117], which obey the equations of motion (i = 1, . . . , Nm)

ṙi(t) = v0ei(t) +
1

γ
[Fi(t) + Γi(t)] , (1.84)

ėi(t) = η̂i(t)× ei(t). (1.85)

The forces Fi(t) = −∇ri(Ul + Ub + ULJ) following from the bond (Ul), bending
(Ub), and volume exclusion (ULJ) potentials, [117]

Ul =
κl
2

Nm∑
i=2

(|Ri| − l)2 , (1.86)

Ub =
κb
2

Nm−1∑
i=2

(Ri+1 −Ri)
2 , (1.87)

ULJ =

4ε
∑
i<j

[(
σ

rij

)12

−
(
σ

rij

)6

+
1

4

]
, rij <

6
√

2σ

0, rij >
6
√

2σ

, (1.88)

where Ri+1 = ri+1−ri is the bond vector, rij = ri−rj the vector between monomers
i and j, and rij = |rij|. The energy ε measures the strength of the purely repulsive
potential, and σ is the diameter of a monomer. Γi and η̂i are Gaussian and Markovian
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Fig. 1.3 llustration of an active Brownian polymer (ABPO), where the monomers are
represented by blue-red ABPs, in a passive environment (white noise). The black
arrows represent the independent active velocities vi, σ is the diameter of the particles
and l the bond-length between two ABPs.

stochastic processes with zero mean and the second moments defined in Eqs. (1.75)
and (1.82). Here, κl and κb are the bonding and bending constants, respectively.

As for the ABP model, the translational equations of motion (1.84) are solved via
the Ermark-McCammon algorithm. [101, 102] The selection of equations of motion
(1.85) for the orientation vectors are given by Eqs. (1.81) and (1.82).

We characterize activity by the Péclet number Pe and the ratio ∆ between transla-
tional, DT = kBT/γ, and rotational, DR, diffusion coefficient of an isolated monomer,
where

Pe =
v0
lDR

, ∆ =
DT

l2DR

. (1.89)

The coefficient κl (Eq. (1.86)) for the bond strength is adjusted according to the applied
Péclet number, in order to avoid bond stretching with increasing activity. By choosing
κ̃l = κll

2/kBT ∝ Pe, bond-length variations are negligible and we ensure the contour
length is fixed for all considered activities. Furthermore, the scaled bending force
coefficient κ̃b = κbl

2/kBT (Eq. (1.87)) is related to the polymer persistence length,
lp = 1/(2p), by

pL = Nm
κ̃b (1− coth (κ̃b)) + 1

κ̃b (1 + coth (κ̃b))− 1
. (1.90)

The parameters of the truncated and shifted Lennard-Jones potential are σ = 0.8l and
ε = kBT .
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1.4.3 Continuous gaussian active semiflexible polymer (GASFP)

For the analytical treatment of the polymers, the mean-field model for a continu-
ous Gaussian semiflexible polymer, denoted in literature as Gaussian semiflexible
polymer (GSFP) model, is adopted [89, 90, 127–130]. We consider the polymer as
a differentiable space curve r(s, t) of contour length L, with contour coordinate s
(−L/2 6 s 6 L/2) at time t. The overdamped equation of motion is then given by
the Langevin equation [120, 131]

γ
∂r(s, t)

∂t
= 2νkBT

∂2r(s, t)

∂s2
− εkBT

∂4r(s, t)

∂s4
+ Γ (s, t), (1.91)

with the boundary conditions for free ends

2ν
∂r(s, t)

∂s
− ε∂

3r(s, t)

∂s3

∣∣∣∣
s=L/2

= 0 ,

2ν
∂r(s, t)

∂s
− ε∂

3r(s, t)

∂s3

∣∣∣∣
s=−L/2

= 0 ,

2ν0
∂r(s, t)

∂s
+ ε

∂2r(s, t)

∂s2

∣∣∣∣
s=L/2

= 0 ,

2ν0
∂r(s, t)

∂s
− ε∂

2r(s, t)

∂s2

∣∣∣∣
s=−L/2

= 0 ,

(1.92)

where here γ is the translational friction coefficient per unit length. The terms in
Eq. (1.91) with the second and forth derivative capture chain flexibility, i.e., chain
entropy, and bending forces, respectively. The Lagrangian multipliers ν(s) and ν0 =

ν(±L/2) account for the inextensibility of the polymer (we will denote ν as stretching
coefficient in the following), and ε characterizes the bending stiffness [87, 90]. For a
polymer in three dimensions, previous studies yield ε = 3/4p and ν0 = 3/4, where p =

1/2lp and lp is the persistence length [87, 90]. Adopting the mean-field approach, the
stretching coefficient ν is independent of s and is determined by the global constraint∫ L/2

−L/2

〈(
∂r(s)

∂s

)2
〉
ds = L. (1.93)

The stochastic force Γ (s, t) is assumed to be stationary, Markovian, and Gaussian
[95, 132], with zero mean, 〈Γ(s, t)〉 = 0, and the second moments

〈Γα(s, t)Γβ(s′, t′)〉 = 2γkBTδαβδ(s− s′)δ(t− t′) . (1.94)
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In order to study active Brownian polymers, we extend the GSFP-model to the
Gaussian active semiflexible polymer (GASFP) model [74, 76, 77, 116, 121], by includ-
ing an active velocity term into the original equation. In analogy to ABP, activity is
introduced by assigning a propulsion velocity v(s, t) is assigned to every point r(s, t),
which change in an independent manner [1, 2, 8, 118, 133, 134]. The equation of
motion for the ABPO is then given by the Langevin equations

∂r(s, t)

∂t
= v(s, t) +

1

γ

[
2νkBT

∂2r(s, t)

∂s2
− εkBT

∂4r(s, t)

∂s4
+ Γ(s, t)

]
, (1.95)

∂

∂t
v(s, t) = −γRv(s, t) + η̂(s, t) , (1.96)

where η̂(s, t) is a Gaussian and Markovian stochastic force with zero mean and the
second moments

〈η̂α(s, t) η̂β(s′, t′)〉 =
d− 1

d
v20lγRδαβδ(t− t′)δ(s− s′) . (1.97)

This yields the correlation function [1, 73, 74, 86, 123]

〈v(s, t) · v(s′, t′)〉 = v20le
−γR|t−t′|δ(s− s′) . (1.98)

For a spherical colloid in 3-dimensions, the relation γR = 2DR applies. Since only
first and second moments of the active velocity are required for the current analytical
studies, the results are independent of the underlying active velocity dynamics of an
active site—either AOUP or ABP.
In the previous description, the activity is introduced as an intrinsic velocity of the
monomers, where the polymer can be considered as comprised of ABPs [66, 72, 86].
However, v can also be considered as an external stochastic process with the exponen-
tial correlation (1.78) [1, 8, 73, 86]. This correlated noise represents an active bath of
colored noise on passive monomers. [6, 45, 67, 68, 71, 122, 133–137]. Both examples
are mathematically equivalent and are illustrated in Fig. 1.4.

We introduce the length scale l in the continuum representation of a semiflexible
polymer. Thereby, the ratio L/l can be interpreted as the number of uniformly dis-
tributed active sites along the polymer. In the flexible limit, we set p = 1/l, which
leads to the relation pL = L/l. The choice p = 1/l is motivated by discrete bead-spring
polymers, typically used in computer simulations [72, 117], where every monomer is
an ABP. Since we are working with a touching-bead model, the bead diameter σ and
bond-length l must be equal, σ = 0.8l, and are taken as the minimum length scale
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1.4 Active systems

Fig. 1.4 (a) Illustration of a passive polymer comprised by a set of passive monomers
(green) surrounded by an active bath pictured with red/blue lines. Such an active
environment induces active correlations (colored noise) into the monomers which decay
exponentially in time. (b) Illustration of an active Brownian polymer (ABPO), where
the monomers are represented by blue-red ABPs, in a passive environment (white
noise).

and free parameter in the continuum polymer model. In the flexible case, the length
scale l corresponds to the Kuhn length [138, 139].

To solve Eq. (1.95), a linear inhomogeneous partial differential equation of fourth
order, we apply the eigenfunction expansion

r(s, t) =
∞∑
n=0

χn(t)ϕn(s), (1.99)

where χn(t) and ϕn(s) are the time-dependent amplitudes and the position-dependent
eigenfunctions, respectively. The differential equation for the eigenfunction is

εkBT
d4

ds4
ϕn(s)− 2νkBT

d2

ds2
ϕn(s) = ξnϕn(s) . (1.100)
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with the eigenvalue χn(t). The eigenfunction ϕn of the self-adjoint eigenvalue problem
(1.100) form a complete set of orthogonal basis function, which are given by [88, 89,
120, 140]

ϕ0 =
√

1/L

ϕn(s) =

√
cn
L

[
ζ ′n

sinh(ζ ′ns)

cosh(ζ ′nL/2)
+ ζn

sin(ζns)

cos(ζnL/2)

]
, ∀n odd, (1.101)

ϕn(s) =

√
cn
L

[
ζ ′n

cosh(ζ ′ns)

sinh(ζ ′nL/2)
− ζn

cos(ζns)

sin(ζnL/2)

]
, ∀n even.

ϕ0 determines the translational motion of the polymer center-of-mass. The set of
constants cn from Eq. (1.101) are derived from the normalization condition [88, 89, 120]∫ L/2

−L/2
ϕn(s)ϕm(s) ds = δnm . (1.102)

From the boundary conditions (1.92), we get the equations for the wave numbers ζn
and ζ ′n

ζ ′2n − ζ2n = 2ν/ε, (1.103)

ε
[
ζ3n sin(ζnL/2) cosh(ζ ′nL/2)− ζ ′3n cos(ζnL/2) sinh(ζ ′nL/2)

]
(1.104)

−2ν0
(
ζ2n + ζ ′2n

)
cos(ζnL/2) cosh(ζ ′nL/2) = 0 , ∀n odd

ε
[
ζ3n cos(ζnL/2) sinh(ζ ′nL/2) + ζ ′3n sin(ζnL/2) cosh(ζ ′nL/2)

]
(1.105)

+2ν0
(
ζ2n + ζ ′2n

)
sin(ζnL/2) sinh(ζ ′nL/2) = 0 , ∀n even,

where the eigenvalues are related to the wave numbers via ξn = kBT (εζ4n + 2νζ2n), with
the 0-th eigenvalue ξ0 = 0.

In the flexible limit, where the persistence length lp � L (or also pL → ∞), the
eigenvalue equation and eigenfunctions have a much more compact solution. Now, the
wave numbers are given by ζn = nπ/L and the eigenvalues by ξn = 2νkBTζ

2
n. Thus,
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the well-known eigenfunctions of the Rouse model are obtained [88, 132, 141],

ϕ0 =

√
1

L
,

ϕn(s) =

√
2

L
sin
(nπs
L

)
, ∀n odd,

ϕn(s) =

√
2

L
cos
(nπs
L

)
, ∀n even.

(1.106)

The most general solution of (1.95) can be written in terms of an eigenfunction ex-
pansion,

r(s, t) =
∞∑
n=0

χn(t)ϕn(s) , Γ(s, t) =
∞∑
n=0

Γn(t)ϕn(s), (1.107)

and for the velocity

v(s, t) =
∞∑
n=0

vn(t)ϕn(s) , η̂(s, t) =
∞∑
n=0

η̂n(t)ϕn(s). (1.108)

Inserting the eigenfunction expansion (1.107) into the equation of motion (1.95), mul-
tiplying with ϕm, integrating over

∫
ds and using the orthogonality property of the

eigenfunctions yields the Langevin equation for the amplitudes χn(t) and the active
noise vn(t)

d

dt
χn = − 1

τn
χn +

1

γ
Γn + vn , n > 0 ;

d

dt
χ0 =

1

γ
Γ0 + v(0) , (1.109)

d

dt
vn = −γRvn + η̂n , (1.110)

where vn=0 ≡ v(0), and the relaxation times are given by

τn =
γ

ξn
=

γ

kBT (εζ4n + 2νζ2n)
, n > 0 ; τ0 =∞ . (1.111)
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Chapter 2

Active polymer under shear flow

The conformational and rheological properties of active filaments/polymers exposed
to shear flow are studied analytically. Using the continuous Gaussian semiflexible
polymer model extended by the activity, it is derived the analytical expressions for the
dependence of the deformation, orientation, relaxation times, and viscosity on the per-
sistence length, shear rate, and activity. The model yields a Weissenberg-number de-
pendent shear-induced deformation, alignment, and shear thinning behavior, similarly
to the passive counterpart. Thereby, the model shows an intimate coupling between ac-
tivity and shear flow. As a consequence, activity enhances the shear-induced polymer
deformation for flexible polymers. For semiflexible polymers/filaments, a nonmono-
tonic deformation is obtained because of the activity-induced shrinkage at moderate
and swelling at large activities. Independent of stiffness, activity-induced swelling fa-
cilitates and enhances alignment and shear thinning compared to a passive polymer.
In the asymptotic limit of large activities, a polymer length- and stiffness-independent
behavior is obtained, with universal shear-rate dependencies for the conformations,
dynamics, and rheology.

2.1 Model

2.1.1 Equation of motion

The filament/polymer is described by the Gaussian semiflexible polymer model intro-
duced in Sec.(1.1.3). Thereby, the polymer of length L is considered as a continuous,
differentiable space curve r(s, t), with the contour coordinate s (−L/2 ≤ s ≤ L/2),
and the time t. The activity is introduced by assigning an active velocity v(s, t) to
every point r(s, t) (cf. Fig. 2.1). The equation of motion of r(s, t) is then given
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Fig. 2.1 Illustration of the continuous semiflexible active polymer (ABPO) in shear
flow. The arrows and colors indicate the orientation of the active velocity v(s, t).

by [74, 76]

∂

∂t
r(s, t) = v(s, t) +

kBT

γ

(
2λ

∂2

∂s2
r(s, t)− ε ∂

4

∂s4
r(s, t)

)
+

1

γ
Γ (s, t) + K r(s, t) ,

(2.1)

with the boundary conditions of Eq. (1.92). The terms with the second and fourth
derivative in Equation (2.1) account for the entropy elasticity and bending stiffness,
respectively, Γ for thermal fluctuations, and K r(s, t) for the shear flow, with the shear-
rate tensor K. The Lagrangian multipliers λ0 = λ(±L/2), λ(s), and ε are determined
by constraints [87, 90]. In general, this yields ε = 3/4p and λ0 = 3/4 for a polymer
in three dimensions, where p = 1/2lp in terms of the persistence length lp [89, 90].
The Lagrangian multiplier λ, denoted as stretching coefficient, is determined in a
mean-field manner via the global constraint of Eq. (1.93). [74, 89, 90]

As discussed in Sec. (1.4.3), the active velocity v(s, t) can be considered as ex-
ternal colored noise experienced by the respective polymer site, the picture adopted
here, or as intrinsic polymer property originating from self-propulsion. For an iden-
tical mathematical formulation, the active site has then to be described by an active
Ornstein–Uhlenbeck particle (AOUP) [123, 125]. However, also an ABP can be con-
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sidered, as long as only second moments of the active velocity correlation function are
relevant [117]. In any case, the active velocity is described by a diffusive process—
Brownian motion—either for the propulsion direction only (ABPs) [1, 2, 8, 118, 133,
134], or for the individual Cartesian components, i.e., the magnitude of v is changing
too (AOUPs) [1, 74, 123, 125]. Independent of the details of the underlaying stochastic
(active) processes, we denote our polymer as active Brownian Polymer (ABPO) Hence,
the active velocity, v(s, t), is described by a non-Markovian, but Gaussian stochastic
process with zero mean and the second moments [74, 76, 125]

〈vα(s, t)vβ(s′, t′)〉 =
v20l

3
e−γR|t−t

′|δ(s− s′)δαβ, (2.2)

i.e., the polymer is exposed to colored noise [74, 76, 125]. Here, v0 is the propulsion
velocity, the damping factor γR can be related to the rotational diffusion coefficient
DR of a spherical colloid in three dimensions via γR = 2DR, and α, β ∈ {x, y, z}.
The stochastic process Γ (s, t) of the translational motion is assumed to be stationary,
Markovian, and Gaussian with zero mean and the second moments

〈Γα(s, t)Γβ(s′, t′)〉 = 2γkBTδαβδ(s− s′)δ(t− t′), (2.3)

where T is the temperature, kB the Boltzmann constant, and γ the translational
friction coefficient per length. The latter is related with the translational, thermal
diffusion coefficient DT via DT = kBT/γl. Finally, shear is applied along the x-
direction and the gradient along the y-direction of the Cartesian reference frame.
Hence, the shear-rate tensor is given by Kxy = γ̇, where γ̇ is the shear rate.

2.1.2 Eigenfunction expansion

The linear equation of motion (2.1) is solved by the eigenfunction expansion

r(s, t) =
∞∑
n=0

χn(t)ϕn(s) (2.4)

and an analogous representation of v and Γ shown in Eq. (1.107) and (1.108), in terms
of the eigenfunctions ϕn of the eigenvalue equation [74, 88]

εkBT
∂4

∂s4
ϕn(s)− 2λkBT

∂2

∂s2
ϕn(s) = ξnϕn(s) , (2.5)

which gives exactly the same solution as for the eigenfunctions in Eq. (1.101). As men-
tioned in Sec. (1.4.3), the eigenfunction ϕ0 accounts for the polymer’s center of mass
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motion, the cns are normalization coefficients, and the wave numbers are determined
by the boundary conditions of Eq. (1.92).

Insertion of the eigenfunction expansion for r(s, t) from Eq. (2.4) into the equation
of motion from Eq. (2.1) yields the new equation of motion for the mode amplitudes χn,

∂

∂t
χnα(t) = − 1

τn
χnα(t) + vnα(t) +

1

γ
Γnα(t) + γ̇χnyδxα, (2.6)

with respective amplitudes vn(t) and Γn(t) of the active velocity and stochastic force,
and the relaxation times (n > 0)

τn =
γ

ξn
=

γ

kBT (εζ4n + 2λζ2n)
. (2.7)

The stationary-state solution of Equation (2.6) for n > 0 is

χnα(t) =

∫ t

−∞
dt′e−(t−t

′)/τn [vnα(t′) + Γnα(t′) + γ̇χny(t
′)δxα] , (2.8)

and for the polymer center of mass motion (n = 0),

χ0α(t) = χ0α(0) +

∫ t

0

dt′ [v0α(t′) + Γ0α(t′) + γ̇χ0y(t
′)δxα] . (2.9)

2.1.3 Mode–amplitude correlation functions

The time correlation functions of the mode amplitudes can be calculated straightfor-
wardly by Equation (2.8), which yields 〈χn(t) · χm(t′)〉 = δnm 〈χn(t) · χn(t′)〉, with
(n > 0, t ≥ 0)

〈χny(t)χny(0)〉 = 〈χnz(t)χnz(0)〉 =

(
kBTτn
γ
− v20lγRτ

3
n

3
(
1− (γRτn)2

)) e−t/τn +
v20lτ

2
n

3 (1− (γRτn)2)
e−γRt,

(2.10)

〈χnx(t)χnx(0)〉 = 〈χny(t)χny(0)〉+
γ̇2v20lτ

4
n

3
(
1− (γRτn)2

)2 e−γRt
+

[
γ̇2τ 2n

2

(
kBTτn
γ
− v20lγRτ

3
n

3
(
1− (γRτn)2

))(1 +
t

τn

)
− γ̇2γRv

2
0lτ

5
n

3
(
1− (γRτn)2

)2
]
e−t/τn ,

(2.11)
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〈χnx(t)χny(0)〉 =
γ̇v20lτ

3
n

3 (1− (γRτn)2) (1− γRτn)
e−γRt

+

[
γ̇τn
2

(
kBTτn
γ
− v20lγRτ

3
n

3
(
1− (γRτn)2

))(1 +
2t

τn

)
− 2γ̇γRv

2
0lτ

4
n

3
(
1− (γRτn)2

)2
]
e−t/τn .

(2.12)

2.1.4 Inextensibility and stretching coefficient λ

The inextensibility constraint (1.93), together with the eigenfunction expansion and
the correlation functions (2.10)–(2.12), leads to the equation

∞∑
n=1

〈
χ2
n

〉
φn = 1 (2.13)

to determine λ, where φn =
∫ L/2
−L/2 (∂ϕn(s)/∂s)2 ds/L and

〈
χ2
n

〉
=

3kBT

γ
τn +

v20l

1 + γRτn
τ 2n + γ̇2

kBT

2γ
τ 3n + γ̇2

v20l (2 + γRτn)

6 (1 + γRτn)2
τ 4n. (2.14)

In general, Equation (2.13) has to be solved numerically. However, the sum over
the mode numbers can be evaluated in the limit pL → ∞, or even for moderate
pL, for larger activities Pe � 1 [76], due to the dominance of the stretching modes
in these limits, i.e., ζn = nπ/L and τn = γL2/3kBTπ

2pµn2 = τR/µn
2, where τR =

γL2/3kBTπ
2p is the Rouse relaxation time of the passive polymer [88, 132]. Here, the

Péclet number Pe and other relevant dimensionless quantities, such as the Weissenberg
number Wi, the ratio between the translational and rotational diffusion coefficient ∆,
and the scaled stretching coefficient µ, in terms of the value at equilibrium, 3p/2, are
introduced as

Pe =
v0
DRl

, Wi = γ̇τ0, ∆ =
DT

l2DR

, µ =
2λ

3p
. (2.15)

Thereby, τ0 = τ1(Pe,Wi = 0) is the longest polymer relaxation time at zero shear
but in the presence of activity. Combined with results from Refs [74, 142], we find
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from Equation (2.13)

1
√
µ

coth (2pL
√
µ)− 1

2pLµ
+
Pe2

6µ∆

[√
µ

1 + 6µ2p3l3∆
coth

(
2pL

√
µ

1 + 6µ2p3l3∆

)
− 1

2pL

]
+
Wi2π4

540pL

µ2
0

µ3
+

Wi2Pe2L3(2 + 2L3/3π2l3∆pLµ)

54π2∆2(pL)2l3(1 + 2L3/3π2l3∆pLµ)2
µ2
0

µ4
= 1,

(2.16)

where for the evaluation of the term proportional to Wi2Pe2 ∼ γ̇2v20 only the first
mode, n = 1, has been taken into account; the deviation to the full sum is below
3% for all Pe, pL, and Wi. The last term on the left-hand side reflects the coupling
between activity and shear flow.

The following asymptotic dependencies for the stretching coefficient µ are obtained:

(i) Passive semiflexible polymer in shear flow, i.e., Pe = 0 (for details, cf. Ref. [142])

– For pL� 1 and µ� 1

µ3 − µ5/2 − π4Wi2

540pL
= 0,

Wi�1
=⇒ µ = Wi2/3

(
π4

540pL

)1/3

, (2.17)

– For pL < 1 and µ� 1

µ =
Wi2/3

pL

(
4

15

)1/3

. (2.18)

(ii) Active flexible polymer at weak shear flow, i.e., Wi � 1, pL � 1, and τn =

τR/µ0n
2 [74, 76]. For later use, we denote the Lagrangian multiplier at Wi = 0

and Pe > 0 by µ0

– For 1� Pe <∞ and µ0 →∞

µ0 =
Pe4/3

pL

L

6l∆
, (2.19)

– For Pe→∞, i.e., µ0 →∞

µ0 =
Pe

pL∆

√
L3

54l3
. (2.20)

(iii) Active flexible polymer in shear flow, τn = τR/µn
2,
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Fig. 2.2 Stretching coefficient µ = 2λ/3p normalized by the value µ0 of the active,
non-sheared system as function of the Weissenberg numberWi for the Péclet numbers
Pe = 0, 0.6, 3, 10, 30, 102, 3 × 102, and ∞ (bright to dark color); (left) pL =
L/2lp = 0.1 (stiff) and (right) pL = 102 (flexible polymer). The number of active
sites is L/l = 102 and the diffusion coefficient ratio ∆ = 0.3.

– For 1 < Pe,Wi <∞, L3/3πl3pL∆µ� 1, and pL� 1 (with Equation (2.19))

µ = Wi2/3µ
2/3
0

(
Pe2

36∆pL

)1/3

= Wi2/3
Pe14/9

pL∆

(
L

36l

)2/3

, (2.21)

– For Pe→∞, i.e., µ0 = Pe
√
L3/54l3/pL∆→∞

µ = µ0
1√
2

√
1 +

√
1 +

8Wi2

π2

Wi�1−→ Wi1/2
Pe

pL∆

√√
2L3

54πl3
. (2.22)

Hence, in the limit Wi → ∞, µ exhibits a crossover from a µ ∼ Wi2/3 depen-
dence for 1 � Pe < ∞ to a dependence µ ∼ Wi1/2 for Pe → ∞. The latter
characteristics are different from the passive case and are a consequence of the
coupling between activity and shear flow.

The full numerical solution for the stretching coefficient µ is presented in Figure 2.2
as a function of the Weissenberg number and for various activities. We set L/l = 102

for the number of active sites. Hence, when changing pL, we change the persistence
length lp = 1/2p at a fixed contour length in order to maintain the active-site density.
As illustrated for pL = 0.1 and pL = 102, µ exhibits a crossover from a dependence
µ ∼ Wi2/3 at low Pe to the relation µ ∼ Wi1/2 for Pe → ∞ and sufficiently large
Wi, in agreement with the theoretical limits, Equations (2.21) and (2.22). It must be
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Fig. 2.3 Stretching coefficient µ = 2λ/3p as a function of the Péclet number Pe for
the stiffness pL = 10−2, 10−1, 100, 101, and 102 (bottom to top). The Weissenberg
numbers are (left) Wi = 0 [74] and (right) Wi = 102. The number of active sites is
L/l = 102 and ∆ = 0.3.

emphasized that µ/µ0 approaches the asymptotic dependence

µ

µ0

=
√
Wi

√√
2

π
(2.23)

for Pe � 1. Hence, a universal, activity- and pL-independent behavior is predicted.
For completeness, Figure 2.3 illustrates the dependence of µ on the Péclet number for
the Weissenberg numbers Wi = 0 (left) and Wi = 102 (right). The predicted power-
law dependencies (Eq. (2.19) for Wi < 1, and Eq. (2.22) for Pe � 1 and Wi � Pe)
and scaling with respect to pL are recovered. Figure 2.2 shows a shift of the crossover
from the Wi2/3 to the Wi1/2 dependence towards smaller Wi with increasing Pe.
This crossover strongly depends on L/l, and shifts to larger Wi with increasing L/l.
Hence, for a larger number of active sites, no crossover could be observed anymore
for suitable Weissenberg numbers. On the contrary, for a smaller number L/l, the
crossover appears already at smaller Wi. In the extreme case of L/l → 1, a behavior
similar to an active dumbbell in shear flow appears [86].

2.2 Dynamics and conformations
2.2.1 Relaxation times

The relaxation times (2.7) depend on the shear rate (Wi), activity (Pe), and persis-
tence length (p) via the stretching coefficient λ = 2µ/3p. In the limit of a highly flexible
polymer, the relaxation time is τn = τR/(µn

2). Hence, the mode-number dependence
of τn is unaffected by the nonequilibrium character of the dynamics. However, the
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Fig. 2.4 Longest polymer relaxation time τ1 normalized by the longest relaxation time
τ0 of the active, non-sheared system (Wi = 0) as function of the Weissenberg number
Wi for the Péclet numbers Pe = 0, 0.6, 3, 10, 30, 102, 3×102, and∞ (bright to dark
color); (left) pL = 0.1 and (right) pL = 102. The number of active sites is L/l = 102

and ∆ = 0.3.

presence of µ indicates the fundamental importance to account for the inextensibility
of the polymer. Since µ ≥ 1 is a monotonically increasing function of Pe and Wi,
activity and shear flow always accelerate the relaxation process and the relaxation
times become shorter [76, 143].

Figure 2.4 displays the numerically obtained longest relaxation time as a function of
the Weissenberg number for various Pe and the stiffness pL = 0.1 (stiff) and pL = 102

(flexible polymer). For pL� 1 and small Péclet numbers (Pe . 1), the relaxation time
τ1, corresponding to the rotation relaxation time of a rigid polymer, dominates over
all other (bending) relaxation times [76, 88]. Hence, the relaxation times of Figure 2.4
(left) are not simply proportional to µ−1 in this limit. However, with increasing Pe,
bending contributions gradually vanish and the asymptotic dependence τ1/τ0 = µ0/µ

is assumed. According to Equation (2.23), the ratio τ1/τ0 is then independent of Pe
and pL. In Figure 2.4 (right) for flexible polymers, bending modes are negligibly small
and the relation τ1 ∼ 1/µ applies for all Pe. Consequently, τ1 exhibits the power-law
dependencies of Equations (2.17), (2.21), and (2.22).

It must be emphasized that the shear-rate dependency τ1 ∼ 1/
√
Wi is a conse-

quence of the activity of the polymer and emerges from the coupling of activity and
shear (cf. Equation (2.16)). The passive polymer under shear exhibits the dependence
τ1 ∼ Wi−2/3, which we find for small Pe also for the active polymer. A dumbbell of
active monomers exhibits a similar coupling of activity and shear and, correspondingly,
shows a comparable crossover of the relaxation times [142].

Figure 2.5 illustrates the mode-number dependence of the relaxation times for
various activities and shear rates. For semiflexible polymers, activity and shear flow
modify the relaxation behavior because stretching modes (n2) dominate over bending
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Fig. 2.5 Mode-number dependence of the relaxation times τn normalized by the longest
relaxation time τ1 for the Péclet numbers Pe = 0, 101, 102, and 103 (different colors
and symbols; from left to right), and the Weissenberg numbers Wi = 0, 101, 102, and
103 (different tone, bright to dark, for every color). The persistence length is pL = 1
and L/l = 102.

modes (n4) with increasing activity and flow strength. Bending stiffness remains
dominant at larger mode numbers. Activity as well as flow induce a transition from
semiflexible to flexible polymer behavior, which extends to smaller and smaller length
scales with increasing Pe and Wi.

2.2.2 Radius of gyration

The polymer conformations are characterized by the radius of gyration tensor G,
with the components

Gαβ =
1

L

∫ L/2

−L/2
〈(rα(s)− rcmα) (rβ(s)− rcmβ)〉 ds, (2.24)

where rcm is the center-of-mass position of the polymer. Insertion of the eigenfunction
expansion (2.4) yields

Gαβ =
1

L

∞∑
n=1

〈χnα(t)χnβ(t)〉 (2.25)
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in terms of the mode-amplitude correlation functions 〈χnαχnβ〉 (Equations (2.10)–
(2.12)).

Figure 2.6 depicts the radius of gyration-tensor componentGxx along the flow direc-
tion for rather stiff (pL = 0.1) and highly flexible (pL = 102) polymers. Note that only
the excess deformation due to shear is shown. Activity leads to additional conforma-
tional changes, which are included in G0

xx = Gxx(Wi = 0). As for passive semiflexible
polymers, shear leads to an extension and alignment along the flow direction, which
saturates at large shear rates because of the finite polymer contour length [142, 144].
The actual asymptotic stretching for Wi → ∞ depends on the activity. At pL � 1,
the asymptotic limits are G∞xx/G0

xx = 12pL/7 for Pe = 0 [142], and G∞xx = L2π6/9450,
G0
xx = L2/45, hence G∞xx/G0

xx = π6/210 for Pe→∞. It is noteworthy that the latter
limit is independent of pL, i.e., it applies for every stiffness, and the same asymptotic
behavior is displayed in Figure 2.6 (left) and (right). Shear flow leads to an addi-
tional stretching of the active polymer, particularly for Pe → ∞, and not simply to
an orientational alignment as for a rod, where G∞xx/G0

xx = 3 for Wi � 1 [142], since
π6/210 ≈ 4.6 > 3. However, the difference of the asymptotic values for Pe = 0 and
Pe→∞, respectively, can be substantial, since G∞xx of the passive system depends on
polymer length. The polymer pre-stretching by activity reduces the possible stretch-
ing by shear. The asymptotic limits for pL → 0 at Pe = 0 are G∞xx = 10L2/105 and
G0
xx = L2/36, hence, G∞xx/G0

xx = 24/7, in agreement with Figure 2.6 (left). Note that
Gxx/G

0
xx depends non-monotonically on the Péclet number at small pL. The ratio

Gxx/G
0
xx increases with increasing Pe at small Pe and decreases again for Pe � 1

(cf. Figure 2.6 (left)). In contrast, Gxx/G
0
xx decrease monotonically with increasing

Pe at large pL (cf. Figure 2.6 (right)). In any case, shear leads to an alignment and
additional stretching even in the limit of very large activity.

The radius of gyration-tensor component along the gradient direction is displayed
in Figure 2.7. Note that Gyy ≡ Gzz. Consistent with the extension in the flow direc-
tion, a polymer shrinks in the transverse direction. We find the asymptotic dependen-
cies for Wi → ∞ and Pe = 0, Gyy/G

0
yy = 3

√
30Wi−2/3 for pL → 0, and Gyy/G

0
yy =

3
√

540pL/π4Wi−2/3 for pL � 1 . In the limit Pe → ∞, Gyy/G
0
yy = π/(

√
2Wi) inde-

pendent of pL. Again, the latter dependence is specific for active systems, since passive
polymers typically show a weaker dependence on the Weissenberg number [142, 144].

2.2.3 Alignment

Anisotropic objects in shear flow are preferentially aligned along the flow direction [142,
144]. We characterize the extent of alignment by the angle χG between the eigenvector
of the gyration tensor with the largest eigenvalue and the flow direction. The alignment
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Fig. 2.6 Radius of gyration-tensor component Gxx along the flow direction normalized
by the value G0

xx at zero shear as function of the Weissenberg number Wi for the
Péclet numbers Pe = 0, 0.6, 3, 10, 30, 102, 3 × 102, and ∞ (bright to dark color);
(left) pL = 0.1 and (right) pL = 102. The number of active sites is L/l = 102 and
∆ = 0.3.

angle is conveniently obtained from the relation

tan(2χG) =
2Gxy

Gxx −Gyy

=

∞∑
n=1

〈χnxχny〉

∞∑
n=1

〈
χ2
nx

〉
−
〈
χ2
ny

〉 , (2.26)

where

〈χnxχny〉 =
γ̇kBT

2γ
τ 2n +

γ̇v20l(2 + γRτn)

6(1 + γRτn)2
τ 3n. (2.27)

In the asymptotic limit µ� 1, i.e., τn ≈ τR/n
2µ, this expression reduces to [86]

tan(2χG) =
2µ

Wiµ0

. (2.28)

Hence, we obtain the asymptotic dependence tan(2χG) ∼ Wi−1/3 for Pe→ 0 and
tan(2χG) ∼ Wi−1/2 for Pe → ∞, respectively. The various regimes are displayed in
Figure 2.8. ForWi < 1, the stretching coefficient is approximately unity and tan(2χG)

decreases as Wi−1. For large Weissenberg numbers, the shear-rate dependence of µ
becomes important and changes the Wi dependence to tan(2χ) ∼ Wi−1/3 for Pe� 1

and to tan(2χ) ∼ Wi−1/2 for Pe� 1.
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Fig. 2.7 Radius of gyration-tensor component Gyy along the gradient direction nor-
malized by the value G0

yy at zero shear as function of the Weissenberg number Wi for
the Péclet numbers Pe = 0, 0.6, 3, 10, 30, 102, 3×102, and∞ (bright to dark color);
(left) pL = 0.1 and (right) pL = 102. The number of active sites is L/l = 102 and
∆ = 0.3.

2.3 Rheology: Viscosity

The polymer contribution ηp to the viscosity of a dilute solution follows from the virial
expression of the stress tensor

σxy = −ρ
∫ L/2

−L/2
〈Fx(s)ry(s)〉 ds (2.29)

via ηp = σxy/γ̇, where F is the intramolecular force of Equation (2.1) and ρ the
polymer concentration. The active force, γv(s, t), does not contribute to the stress
tensor. Evaluation of the average in Equation (2.29) yields

ηp =
ρkBTγ

γ̇

∞∑
n=1

1

τn
〈χnxχny〉 =

ρkBT

2

∞∑
n=1

[
τn +

γv20l(2 + γRτn)

3kBT (1 + γRτn)2
τ 2n

]
, (2.30)

which depends via the stretching coefficient µ on the shear rate.
The zero-shear viscosity η0p follows from Equation (2.30) via the stretching coef-

ficient µ0. Its dependence on Pe is shown in Figure 2.9. The viscosity η00p at zero
shear and zero Péclet number is given by η00p = ρkBTπ

2τR/12 for pL � 1, and by
η00p = γL3ρ/72 for Pe → 0. In the latter case, the first mode, τ1 = γL3/36kBT ,
describing the rotational motion of the rodlike polymer, dominates the sum over the
relaxation times [88]. For flexible polymers, where pL � 1, the zero-shear viscosity
increases monotonically with increasing Pe, and saturates at η0p/η00p = 4pL/5 in the
limit Pe→∞. Thereby, the viscosity increase, associated with the monotonic swelling
of the polymer with increasing activity [74], is substantial because η0p/η00p ∼ pL. With
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Fig. 2.8 Shear-induced polymer alignment, characterized by the angle χG between
the eigenvector of the gyration tensor with the largest eigenvalue and the flow
direction, as function of the Weissenberg number Wi. The Péclet numbers are
Pe = 0, 0.6, 3, 10, 30, 102, 3 × 102, and ∞ (bright to dark color); (left) pL = 0.1
and (right) pL = 102. The number of active sites is L/l = 102 and ∆ = 0.3.

increasing stiffness, the activity-induced polymer shrinkage (cf. Ref. [74]) implies a
decrease in η0p, followed by an increase due to a reswelling of the polymer for Pe→∞,
and the asymptotic value η0p/η00p = 8/5 is assumed. Here, the activity dependence of
η0p is significantly smaller than for flexible polymers, and reduces to a factor below two
in the rod limit.

The shear-rate dependence of the viscosity ηp, normalized by η0p, is displayed in
Figure 2.10 for various Péclet numbers. Independent of persistence length and ac-
tivity, the polymers exhibit shear thinning. However, the dependence on the Weis-
senberg number is strongly affected by the activity. The behavior of passive semiflex-
ible polymers, where Pe = 0, has been discussed theoretically in Ref. [142]. For
such polymers, the viscosity exhibits the asymptotic dependencies for Wi → ∞:
ηp/η

0
p = (540pL/π4)1/3Wi−2/3 for pL � 1 and ηp/η

0
p = (30)1/3Wi−2/3 for pL < 1.

In fact, for large stiffness, pL = L/2lp < 1, there is a cross-over regime with an ap-
proximate power-law drop of ηp ∼ Wi−3/5 as indicated in Figure 2.10 (left). Here,
both bending and stretching modes contribute with a Weissenberg number-dependent
weight. Activity substantially changes the shear-thinning behavior, and, with in-
creasing Pe, the ratio ηp/η0p decreases faster with increasing shear rate. From Equa-
tion (2.30), we obtain the relation

ηp
η0p

=
µ2
0

µ2

Wi→∞
=

π√
2Wi

(2.31)

in the limit Pe → ∞, which is independent of pL. Hence, activity enhances shear
thinning considerably.
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Fig. 2.9 Zero-shear viscosity η0p normalized by the zero-shear viscosity η00p of a pas-
sive polymer as function of the Péclet number Pe for the polymer stiffness pL =
100, 10, 1, 0.1, and 0.01 (top to bottom at Pe = 104, dark to bright color). The
number of active sites is L/l = 102 and ∆ = 0.3.

Shear thinning of passive polymers, where Pe = 0, has intensively been stud-
ied experimentally [145, 146], theoretically [142], and by simulations [144, 147–152].
Specifically, measurements on DNA molecules provided insight into the behavior of
individual polymers [146]. These experiments and simulations often predicted a power-
law decay of the viscosity in the shear-thinning regime, with exponents in the range
1/2 to 2/3. The spread is partially explained by the very broad crossover regime be-
tween the zero-shear viscosity and the asymptotic dependence for Wi → ∞. In any
case, activity is predicted to lead to a significantly stronger shear-thinning effect.

2.4 Discussion

The coupling between shear flow and activity, as is visible in the correlation func-
tions (2.10)–(2.12), determines the characteristics of an ABPO in shear flow. The
shear-rate dependence of all properties—conformational, dynamical, and rheological—
are modified by activity. Thereby, the determining factor is the polymer inextensibility,
which is reflected in the activity and shear-rate dependence of the stretching coefficient
λ = 3pµ/2 in our coarse-grained description. In particular, the asymptotic behavior
for Pe,Wi → ∞ is naturally governed by inextensibility. As far as the dynamics is
concerned, we find a weaker variation of the relaxation times with shear rate at large
activities compared to a passive polymer, with the longest relaxation time τ1 changing
from a τ1 ∼ Wi−2/3 dependence of a passive polymer to a τ1 ∼ Wi−1/2 decay for
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Fig. 2.10 Shear viscosity ηp normalized by the viscosity η0p of a non-sheared, active
polymer as function of the Weissenberg number Wi for the Péclet numbers Pe =
0, 0.6, 3, 10, 30, 102, 3 × 102, and ∞ (bright to dark color); (left) pL = 0.1 and
(right) pL = 102. The number of active sites is L/l = 102 and ∆ = 0.3.

Pe � 1. In turn, this results in a change of the shrinkage of the radius of gyration
components Gyy = Gzz from a Wi−2/3 to a Wi−1 dependence, a similar change for the
viscosity ηp, and a change of the alignment from a Wi−1/3 to a Wi−1/2 dependence
with increasingWi at Pe� 1. As has already been discussed in Ref. [74], flexible and
semiflexible ABPO show the same activity-induced swelling behavior for Pe� 1, in-
dependent of pL. Consequently, a universal shear-flow behavior is obtained in that
limit. For all conformational (Gxx, Gyy, tan(2χG)), dynamical (τ1), and rheological
(ηp) properties, universal curves are obtained, with shear-rate dependencies differing
from those of a passive system. The behavior originates from the dominance of the
flexible modes (n2) in the relaxation behavior for all stiffness caused by activity.

Active dumbbells already exhibit various of the discussed shear-induced charac-
teristics [86]. However, the polymer nature, with the many more internal degrees
of freedom, provides additional features and means of controlling active properties.
Specifically, the number of active sites, L/l, is important. As our study shows, the
crossover from the power laws valid for passive polymers to those of an ABPO at
P � 1 depends crucially on L/l. With increasing L/l, the power laws for Pe� 1 ap-
pear at much larger Weissenberg numbers only. Depending on the size of the polymer,
the Weissenberg numbers of the crossover could exceed experimentally accessible val-
ues. For computer simulations of an ABPO described as bead-spring polymer [72, 117],
this aspect is of minor concern because typically every monomer is considered as an
ABP and not too long polymers are studied.
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Chapter 3

Active Brownian polymer with
hydrodynamic interactions

In this chapter, we analyze the influence of hydrodynamic interactions on the con-
formational and dynamical properties of ABPOs, denoted as ABPOs+HI in the fol-
lowing, by computer simulations and an analytical approach. In simulations, we em-
ploy a bead-spring linear phantom or self-avoiding polymer with ABP monomers (cf.
Fig. 3.1), where the ABP propulsion direction changes diffusively, [117] and hydro-
dynamic interactions are taken into account Rotne-Prager-Yamakawa hydrodynamic
tensor. [153, 154] For the analytical calculations, we consider a Gaussian semiflexible
polymer, [74, 89, 120] with active sites modeled by an Ornstein-Uhlenbeck process
(active Ornstein-Uhlenbeck particle, AOUP), [74, 123, 125] where the active velocity
vector changes in a diffusive manner; here, HI is included via the preaveragred Oseen
tensor. [132, 155] The main purpose of our study is to resolve the influence of hydro-
dynamics on the properties of self-propelled polymers, respecting the force-free nature
of an individual active agent. Hence, no Stokeslet due to self-propulsion is present.
Only Stokeslets arising from bond, bending, and excluded-volume interactions between
monomers, as well as thermal forces are considered. Moreover, we neglect higher order
multipole contributions of the active monomers, especially the force dipole. Since we
consider point particles, source multipoles are also absent. All these multipoles decay
faster than a Stokeslet. Hence, we capture the long-range character of HI in poly-
mers of a broad class of active monomers. As far as near-field hydrodynamic effects
are concerned, our model closest resembles a polymer composed of neutral squirm-
ers, [24, 82, 83, 85] where particular effects by higher multipole interactions between
monomers are not resolved.[78, 79]
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Active Brownian polymer with hydrodynamic interactions

3.1 Computer simulations

3.1.1 Model: Equation of motion

A semiflexible active polymer is composed of Nm active Brownian particles (ABPs)
(i = 1, . . . , Nm, cf. Fig. 3.1),[67, 117] which obey the equations of motion

ṙi(t) = v0ei(t) +
Nm∑
j=1

Hij [Fi(t) + Γi(t)] , (3.1)

ėi(t) = η̂i(t)× ei(t). (3.2)

Here, ri(t) and ṙi(t) denote the position and velocity of particle i, respectively, and c
The forces Fi(t) = −∇ri(Ul + Ub + ULJ) following from the bond (Ul), bending (Ub),
and volume exclusion (ULJ) potentials, [117] given by Eqs. (1.87), (1.86) and (1.88),
respectively. Γi and η̂i are Gaussian and Markovian stochastic processes with zero
mean and the second moments〈

Γi(t)Γ
T
j (t′)

〉
= 2kBTH−1ij δ(t− t′) , (3.3)

〈η̂iα(t)η̂jβ(t′)〉 = 2DRδαβδijδ(t− t′)) , (3.4)

where Γ T
i denotes the transpose of Γi, and H−1ij the inverse of Hij; T is the tem-

perature, kB the Boltzmann constant, and DR the rotational diffusion coefficient of
a spherical colloid. The tensor Hij(rij) = δijI/3πηl + (1 − δij)Ω(rij) accounts for
hydrodynamic interactions, with the first term including local friction, and the Rotne-
Prager-Yamakawa tensor [124, 153, 154]

Ω (rij) =
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1
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1− 9

16

rij
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)
I +

3

16

rij
l

rijr
T
ij

r2ij

]
, rij < l

, (3.5)

with the solvent viscosity η and the unit matrix I. We assume a touching bead
model of spherical colloids, hence, the monomer hydrodynamic radius is half of the
bond length l. The Rotne-Prager-Yamakawa tensor insures the positive definiteness
of the hydrodynamic tensor even at small distances. The translational equations
of motion (3.1) are solved via the Ermark-McCammon algorithm. [101, 102] The
procedure to solve the equations of motion (3.2) for the orientation vectors is described
in Subsec.1.4.1. [122]
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3.1 Computer simulations

n
<latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit><latexit sha1_base64="IqW2N36QktBwntGQavLhE1DLrrE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipKQflilt1FyDrxMtJBXI0BuWv/jBmaYTSMEG17nluYvyMKsOZwFmpn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDGz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6qeW/Wa15X6bR5HEc7gHC7BgxrU4R4a0AIGCM/wCm/Oo/PivDsfy9aCk8+cwh84nz/XEYzy</latexit>

v
<latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit><latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit><latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit><latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit>

v
<latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit><latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit><latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit><latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit>

v
<latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit><latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit><latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit><latexit sha1_base64="BYkWZvw+rB7J+nz9EK6tSK9R6SQ=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIrsqMCLosunFZwT6gLSWTZtrQTGZIMsU6DP6KGxeKuPU/3Pk3Zqaz0NYDIYdz7iE3x4s4U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFQYS0KbJOSh7HhYUc4EbWqmOe1EkuLA47TtTW4yvz2lUrFQ3OtZRPsBHgnmM4K1kQb2UU/TB5NL8tvzk2maVgZ21ak5OdAycQtShQKNgf3VG4YkDqjQhGOluq4T6X6CpWaE07TSixWNMJngEe0aKnBAVT/Jt0/RqVGGyA+lOUKjXP2dSHCg1CzwzGSA9Vgtepn4n9eNtX/VT5iIYk0FmT/kxxzpEGVVoCGTlGg+MwQTycyuiIyxxESbwrIS3MUvL5PWec11au7dRbV+XdRRhmM4gTNw4RLqcAsNaAKBR3iGV3iznqwX6936mI+WrCJzCH9gff4AXR6Vyg==</latexit>

F
<latexit sha1_base64="e2okWqmfZ98HYkrbTnWxZnjpV+M=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgqiQi6LIoiMsK9gFtKJPpTTt0MgkzEzGE+CtuXCji1g9x5984TSvU14FhDufcw70cP+ZMacf5sEpLyyura+X1ysbm1vaOvbvXVlEiKbRoxCPZ9YkCzgS0NNMcurEEEvocOv7kYup3bkEqFokbncbghWQkWMAo0UYa2NW+hjuTy4rfD7LLPB/YNbfuFMDOL/Jl1dAczYH93h9GNAlBaMqJUj3XibWXEakZ5ZBX+omCmNAJGUHPUEFCUF5WHJ/jQ6MMcRBJ84TGhbqYyEioVBr6ZjIkeqx+elPxL6+X6ODMy5iIEw2CzhYFCcc6wtMm8JBJoJqnhhAqmbkV0zGRhGrTV2WxhP9J+7juOnX3+qTWOJ/XUUb76AAdIRedoga6Qk3UQhSl6AE9oWfr3nq0XqzX2WjJmmeq6Bust0/Y05WH</latexit><latexit sha1_base64="e2okWqmfZ98HYkrbTnWxZnjpV+M=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgqiQi6LIoiMsK9gFtKJPpTTt0MgkzEzGE+CtuXCji1g9x5984TSvU14FhDufcw70cP+ZMacf5sEpLyyura+X1ysbm1vaOvbvXVlEiKbRoxCPZ9YkCzgS0NNMcurEEEvocOv7kYup3bkEqFokbncbghWQkWMAo0UYa2NW+hjuTy4rfD7LLPB/YNbfuFMDOL/Jl1dAczYH93h9GNAlBaMqJUj3XibWXEakZ5ZBX+omCmNAJGUHPUEFCUF5WHJ/jQ6MMcRBJ84TGhbqYyEioVBr6ZjIkeqx+elPxL6+X6ODMy5iIEw2CzhYFCcc6wtMm8JBJoJqnhhAqmbkV0zGRhGrTV2WxhP9J+7juOnX3+qTWOJ/XUUb76AAdIRedoga6Qk3UQhSl6AE9oWfr3nq0XqzX2WjJmmeq6Bust0/Y05WH</latexit><latexit sha1_base64="e2okWqmfZ98HYkrbTnWxZnjpV+M=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgqiQi6LIoiMsK9gFtKJPpTTt0MgkzEzGE+CtuXCji1g9x5984TSvU14FhDufcw70cP+ZMacf5sEpLyyura+X1ysbm1vaOvbvXVlEiKbRoxCPZ9YkCzgS0NNMcurEEEvocOv7kYup3bkEqFokbncbghWQkWMAo0UYa2NW+hjuTy4rfD7LLPB/YNbfuFMDOL/Jl1dAczYH93h9GNAlBaMqJUj3XibWXEakZ5ZBX+omCmNAJGUHPUEFCUF5WHJ/jQ6MMcRBJ84TGhbqYyEioVBr6ZjIkeqx+elPxL6+X6ODMy5iIEw2CzhYFCcc6wtMm8JBJoJqnhhAqmbkV0zGRhGrTV2WxhP9J+7juOnX3+qTWOJ/XUUb76AAdIRedoga6Qk3UQhSl6AE9oWfr3nq0XqzX2WjJmmeq6Bust0/Y05WH</latexit><latexit sha1_base64="e2okWqmfZ98HYkrbTnWxZnjpV+M=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgqiQi6LIoiMsK9gFtKJPpTTt0MgkzEzGE+CtuXCji1g9x5984TSvU14FhDufcw70cP+ZMacf5sEpLyyura+X1ysbm1vaOvbvXVlEiKbRoxCPZ9YkCzgS0NNMcurEEEvocOv7kYup3bkEqFokbncbghWQkWMAo0UYa2NW+hjuTy4rfD7LLPB/YNbfuFMDOL/Jl1dAczYH93h9GNAlBaMqJUj3XibWXEakZ5ZBX+omCmNAJGUHPUEFCUF5WHJ/jQ6MMcRBJ84TGhbqYyEioVBr6ZjIkeqx+elPxL6+X6ODMy5iIEw2CzhYFCcc6wtMm8JBJoJqnhhAqmbkV0zGRhGrTV2WxhP9J+7juOnX3+qTWOJ/XUUb76AAdIRedoga6Qk3UQhSl6AE9oWfr3nq0XqzX2WjJmmeq6Bust0/Y05WH</latexit>

F
<latexit sha1_base64="e2okWqmfZ98HYkrbTnWxZnjpV+M=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgqiQi6LIoiMsK9gFtKJPpTTt0MgkzEzGE+CtuXCji1g9x5984TSvU14FhDufcw70cP+ZMacf5sEpLyyura+X1ysbm1vaOvbvXVlEiKbRoxCPZ9YkCzgS0NNMcurEEEvocOv7kYup3bkEqFokbncbghWQkWMAo0UYa2NW+hjuTy4rfD7LLPB/YNbfuFMDOL/Jl1dAczYH93h9GNAlBaMqJUj3XibWXEakZ5ZBX+omCmNAJGUHPUEFCUF5WHJ/jQ6MMcRBJ84TGhbqYyEioVBr6ZjIkeqx+elPxL6+X6ODMy5iIEw2CzhYFCcc6wtMm8JBJoJqnhhAqmbkV0zGRhGrTV2WxhP9J+7juOnX3+qTWOJ/XUUb76AAdIRedoga6Qk3UQhSl6AE9oWfr3nq0XqzX2WjJmmeq6Bust0/Y05WH</latexit><latexit sha1_base64="e2okWqmfZ98HYkrbTnWxZnjpV+M=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgqiQi6LIoiMsK9gFtKJPpTTt0MgkzEzGE+CtuXCji1g9x5984TSvU14FhDufcw70cP+ZMacf5sEpLyyura+X1ysbm1vaOvbvXVlEiKbRoxCPZ9YkCzgS0NNMcurEEEvocOv7kYup3bkEqFokbncbghWQkWMAo0UYa2NW+hjuTy4rfD7LLPB/YNbfuFMDOL/Jl1dAczYH93h9GNAlBaMqJUj3XibWXEakZ5ZBX+omCmNAJGUHPUEFCUF5WHJ/jQ6MMcRBJ84TGhbqYyEioVBr6ZjIkeqx+elPxL6+X6ODMy5iIEw2CzhYFCcc6wtMm8JBJoJqnhhAqmbkV0zGRhGrTV2WxhP9J+7juOnX3+qTWOJ/XUUb76AAdIRedoga6Qk3UQhSl6AE9oWfr3nq0XqzX2WjJmmeq6Bust0/Y05WH</latexit><latexit sha1_base64="e2okWqmfZ98HYkrbTnWxZnjpV+M=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgqiQi6LIoiMsK9gFtKJPpTTt0MgkzEzGE+CtuXCji1g9x5984TSvU14FhDufcw70cP+ZMacf5sEpLyyura+X1ysbm1vaOvbvXVlEiKbRoxCPZ9YkCzgS0NNMcurEEEvocOv7kYup3bkEqFokbncbghWQkWMAo0UYa2NW+hjuTy4rfD7LLPB/YNbfuFMDOL/Jl1dAczYH93h9GNAlBaMqJUj3XibWXEakZ5ZBX+omCmNAJGUHPUEFCUF5WHJ/jQ6MMcRBJ84TGhbqYyEioVBr6ZjIkeqx+elPxL6+X6ODMy5iIEw2CzhYFCcc6wtMm8JBJoJqnhhAqmbkV0zGRhGrTV2WxhP9J+7juOnX3+qTWOJ/XUUb76AAdIRedoga6Qk3UQhSl6AE9oWfr3nq0XqzX2WjJmmeq6Bust0/Y05WH</latexit><latexit sha1_base64="e2okWqmfZ98HYkrbTnWxZnjpV+M=">AAAB/HicdVDLSsNAFJ3UV62vaJduBovgqiQi6LIoiMsK9gFtKJPpTTt0MgkzEzGE+CtuXCji1g9x5984TSvU14FhDufcw70cP+ZMacf5sEpLyyura+X1ysbm1vaOvbvXVlEiKbRoxCPZ9YkCzgS0NNMcurEEEvocOv7kYup3bkEqFokbncbghWQkWMAo0UYa2NW+hjuTy4rfD7LLPB/YNbfuFMDOL/Jl1dAczYH93h9GNAlBaMqJUj3XibWXEakZ5ZBX+omCmNAJGUHPUEFCUF5WHJ/jQ6MMcRBJ84TGhbqYyEioVBr6ZjIkeqx+elPxL6+X6ODMy5iIEw2CzhYFCcc6wtMm8JBJoJqnhhAqmbkV0zGRhGrTV2WxhP9J+7juOnX3+qTWOJ/XUUb76AAdIRedoga6Qk3UQhSl6AE9oWfr3nq0XqzX2WjJmmeq6Bust0/Y05WH</latexit>

Fig. 3.1 Illustration of the activity-induced flow by the motion of an ABPO+HI.
Several ABPs moving by chance together in a certain direction, indicated by the
velocity arrow v, drag other connected ABPs, which in turn exert a force, F , indicated
by the red arrow, on the fluid inducing Stokes flow. The small arrows vn display the
direction of the active velocity. No flow field is generated by the active motion of an
individual ABP.

The Péclet number Pe and the ratio ∆ between translational, DT = kBT/3πηl,
and rotational, DR, diffusion coefficient are given by Eq. (1.89). The coefficient κl
(Eq. (1.86)) for the bond strength is adjusted according to the applied Péclet number,
in order to avoid bond stretching with increasing activity. By choosing κll2/kBT =

(10 + 2Pe)103, bond-length variations are smaller than 3% of the equilibrium value l.
Here, the scaled bending force coefficient κ̃b = κbl

2/kBT (Eq. (1.87)) is related to the
polymer persistence length, lp = 1/(2p), by Eq. (1.90). We set σ = 0.8l and ε = kBT

as the parameters of the truncated and shifted Lennard-Jones potential.

3.1.2 Conformations

We characterize the polymer conformations by the mean square end-to-end distance.
Results for phantom polymers of length L = (Nm − 1)l = 49l and L = 199l are
presented in Fig. 3.2. Evidently, ABPOs in the presence of hydrodynamic interactions
exhibit a pronounced shrinkage for 1 . Pe . 10, where shrinkage depends on polymer
length and is substantially stronger for longer polymers. Semiflexible ABPOs+HI
shrink stronger than ABPOs-HI, but the effect vanishes gradually as pL → 0. This
is a consequence of the reduced influence of hydrodynamic interactions for rather
stiff polymers. [91] Yet, the asymptotic swollen value for Pe → ∞ of ABPOs+HI is
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smaller than the value for ABPOs-HI, for which theory predicts L2/2 and simulations
yield approximately 2L2/5. [74] Hence, hydrodynamic interactions affect the swelling
behavior of flexible and semiflexible polymers for all Pe > 0. In particular, the
asymptotic size 〈r2e〉 ≈ L2/10 for Pe → ∞, which is independent of stiffness, is
smaller than the value for an ABPO-HI.
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Fig. 3.2 Mean square end-to-end distance (simulations) as a function of the Péclet
number for semiflexible polymers with Nm = 50 (L = 49l) monomers (bullets) and
pL = 5 × 101 (blue), 1.5 × 101 (green), 2.6 (red), 2.5 × 10−1 (cyan), and 2.5 × 10−2

(purple). In the solid lines are theoretical results for ABPOs-HI, and bullets are for
phantom polymers. The dashed lines are guides for the eye. See Fig. 3.4 for snapshots.

Self-avoidance reduces the extent of shrinkage, specifically of flexible polymers.
This is illustrated in Fig. 3.3. For pL & 10, the equilibrium value 〈r2e〉 of a self-
avoiding polymer is swollen compared to a phantom polymer. Such an ABPO+HI
exhibits a less pronounced shrinkage for all polymer lengths. Naturally, excluded-
volume effects vanish with decreasing pL, and for pL < 1 there is hardly any difference
between a phantom and a self-avoiding polymer. Moreover, the swelling behavior
with and without excluded-volume interactions is rather similar in the limit Pe� 1.
Interestingly, phantom and self-avoiding polymers show a universal dependence on Pe
as they start to swell. Here, active forces exceed both, excluded-volume interactions
and bending forces. As predicted by theory (cf. Sec. 3.2.3), the internal dynamics
is determined by the modes of a flexible polymer, i.e., intermolecular tension, in this
regime. Snapshots of conformations with and without HI are presented in Fig. 3.4.
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Fig. 3.3 Mean square end-to-end distance (simulations) as a function of the Péclet
number for semiflexible polymers with Nm = 200 (L = 199l) monomers (squares)
for pL = 2 × 102 (blue), 6 × 101 (green), 101 (red), 1 (cyan), and 10−1 (purple). In
filled squares correspond to phantom and open squares to self-avoiding polymers. The
dashed lines are guides for the eye. See Fig. 3.4 for snapshots.

3.1.3 Dynamical properties

The dynamics of ABPO+HI is characterized by the monomer mean square displace-
ment (MSD) averaged over all monomers 〈∆r2(t)〉 =

∑
i〈(ri(t) − ri(0))2〉/Nm. Fig-

ure 3.5 shows MSDs of a polymer withNm = 200 monomers for various Péclet numbers.
A passive polymer exhibits the well-known Zimm behavior, with the time dependence
t2/3 of the MSD in the center-of-mass reference frame for t/τZ � 1. At long times
t/τ̃1 � 1, the center-of-mass displacement dominates the monomer MSD for all Péclet
numbers. Here, we find the HI-independent MSD 〈r2cm〉 = 2v20lt/γRL following from
Eq. (3.1) for Pe � 1 (see also Eq. (3.41)). For Péclet numbers Pe > 1, the active
ballistic regime, 〈∆r2〉 ∼ t2, is present at short times (γRt, t/τ̃1 < 1). Moreover, for
t/τ̃1 & 1 and moderate Péclet numbers, Pe ≈ 10, activity implies a polymer-specific
regime, where the monomer MSD exhibits a power-law dependence 〈∆r2(t)〉 ∼ tα

′ ,
with an exponent of α′ ≈ 2/5, a value smaller than the exponent α′ = 2/3 of the
Zimm dynamics. The reduction of the exponent is a clear consequence of the coupling
between hydrodynamics and activity, since ABPOs-HI always display slopes α′ & 1/2,
where α′ = 1/2 is the value of a passive flexible polymer (Rouse model). [76] However,
this regime appears as a crossover from the ballistic to the diffusive regime. Neverthe-
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Fig. 3.4 Configurations of flexible phantom ABPOs of length Nm = 50 for the Péclet
numbers Pe = 1 (top) and 103 (bottom) in the presence (green) and absence (red) of
hydrodynamic interactions.

less, it is a consequence of hydrodynamics with a sub-diffusive motion. The polymer-
specific regime vanishes gradually with increasing Pe. As discussed in Sec. 3.2.3, this
is a consequence of the decreasing polymer relaxation times with increasing activity.

3.2 Analytical model of active Brownian polymer in
solution

The simulations of the previous section yield a surprising shrinkage of even flexible
polymers by hydrodynamic interactions. In order to shed light on the underlying
mechanisms, we study an mean-field analytical model, where an active polymer is de-
scribed by a continuous Gaussian semiflexible polymer model. [89, 120] This approach
has been applied successfully in the analysis the properties of ABPO-HI [74, 76] in
close quantitative agreement with simulations.[117]

3.2.1 Equations of motion

The polymer is considered as a differentiable space curve r(s, t) of length L, with con-
tour coordinate s (−L/2 6 s 6 L/2) and time t. Activity is introduced in analogy to
an active Ornstein-Uhlenbeck particle (AOUP)[125] by assigning a propulsion velocity
v(s, t) to every point r(s, t) (cf. Fig. 3.1) [2, 74, 76], which changes in an independent
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Fig. 3.5 Mean square displacement of a flexible phantom polymer with Nm = 200
(pL = 200) monomers for the Péclet numbers Pe = 0 (blue), 101 (green), 102 (red),
and 103 (cyan). The time is scaled by the factor γR = 2DR. The solid lines indicate the
monomer MSD and the dashed lines the MSD in the polymer center-of-mass reference
frame. The black lines are guides for the eye correspond to a power-law fit of the data
in the respective regime.

manner. The equation of motion is then given by the Langevin equation [120, 131]

∂r(s, t)

∂t
= v(s, t) +

∫ L/2

−L/2
ds′H(r(s), r(s′)) (3.6)

×
[
2νkBT

∂2r(s′, t)

∂s′2
− εkBT

∂4r(s′, t)

∂s′4
+ Γ (s′, t)

]
,

with boundary conditions for free ends as specified in Refs. 74, 76, 88. The tensor
H(r(s), r(s′)) accounts for hydrodynamic interactions; it is defined as H(r(s), r(s′)) =

Ω(r(s)−r(s′))+Iδ(s−s′)/3πη, where the second term on the right hand side describes
the local friction, and

Ω(∆r) =
1

8πη|∆r|

(
I +

∆r ⊗∆r

|∆r|2

)
(3.7)

is the Oseen tensor [132, 155]. The terms in Eq. (3.6) with the second and forth
derivative capture chain flexibility, i.e., chain entropy, and bending forces, respectively.
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The Lagrangian multipliers ν(s) and ν0 = ν(±L/2) account for the inextensibility
of the polymer (we will denote ν as stretching coefficient in the following), and ε

characterizes the bending stiffness [87, 90]. For a polymer in three dimensions, previous
studies yield ε = 3/4p and ν0 = 3/4, where p = 1/2lp and lp is the persistence length
[87, 90]. Adopting a mean-field approach, the stretching coefficient ν is independent
of s and is determined by the global constraint∫ L/2

−L/2

〈(
∂r(s)

∂s

)2
〉
ds = L. (3.8)

The stochastic force Γ (s, t) is assumed to be stationary, Markovian, and Gaussian.
[95, 132]

Within the AOUP description of the analytical calculations, the active velocity
v(s, t) is a non-Markovian but Gaussian stochastic process with zero mean and the
correlation function [1, 73, 74, 86]

〈v(s, t) · v(s′, t′)〉 = v20le
−γR|t−t′|δ(s− s′) . (3.9)

Here, v0 is the constant propulsion velocity and γR characterizes the decay of the
velocity correlation function. For a spherical colloid in solution, the relation γR = 2DR

applies, where DR is the rotational diffusion coefficient. The correlation function
(3.9) emerges due to a diffusive motion of either the Ornstein-Uhlenbeck process for
the active velocity, or by the change of the propulsion direction (unit vector) of an
ABP.[74, 125]. Since only first and second moments of the active velocity are required
for the current analytical studies, the results are independent of the underlying active
velocity dynamics of an active site—either AOUP or ABP. Further details on the
derivation of the equations of motion are presented in Ref. 74, including a discussion
of the factor l in Eq. (3.9).

Self-propelled systems are force and torque free [1, 2]. Hence, only conservative
and random forces give rise to Stockeslet-type hydrodynamic interactions in Eq. (3.6).
However, we neglect force-dipole, source-dipole, and higher multipole flow field con-
tributions, as they decay as O(r−2) with distance compared to a 1/r decay of the
Stokeslet flow field [79].

3.2.2 Solution of the equations of motion

Hydrodynamic tensor: Preaveraging approximation

The hydrodynamic tensor renders Eq. (3.6) a nonlinear and nonlocal equation of mo-
tion. In order to obtain an (approximate) analytical solution, we apply the preaverag-
ing approximation originally proposed by Zimm [132, 156], where the hydrodynamic
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tensor is replaced by its average over the stationary state distribution function, i.e.,
H(r(s) − r(s′)) → 〈H(r(s)− r(s′))〉 = H(s, s′). Hence, Eq. (3.6) turns into a linear
equation—an Ornstein-Uhlenbeck process—with a Gaussian stationary-state distribu-
tion function for the distance ∆r(s, s′) = r(s)− r(s′) of the form [95, 120, 125, 132]

Ψ(∆r) =

(
3

2πa2(s, s′)

)3/2

exp

(
− 3∆r2

2a2(s, s′)

)
, (3.10)

with a2(s, s′) = 〈(r(s)− r(s′))2〉. Note that a(s, s′) is not necessarily a function of
s − s′ only. The explicit form of a(s, s) will be discussed later. Preaveraging yields
[120]

Ω(s, s′) =
Θ(|s− s′| − l

3πη

√
3

2πa2(s, s′)
I = Ω(s, s′)I , (3.11)

and the hydrodynamic tensor becomes

H(s, s′) =

[
δ(s− s′)

3πη
+ Ω(s, s′)

]
I = H(s, s′)I . (3.12)

The Heaviside step function, Θ(x), in Eq. (3.11) introduces a lower cut-off, which we
choose as l. [120] In a touching bead model of a polymer, l is the bead diameter and,
hence, the polymer thickness.

The preaveraging approximation has very successfully been applied to describe the
dynamics of DNA [131] and semiflexible polymers. [120] Even quantitative agreement
between analytical theory and simulations of the full hydrodynamic contribution of
rather stiff polymers is achieved, [157] as well as with measurements on DNA. [131, 158]
This demonstrates that preaveraging is also suitable for rather stretched polymers, it,
however, fails for rodlike objects.[91]

Eigenfunction expansion

The final linear equation is solved by the eigenfunction expansion

r(s, t) =
∞∑
n=0

χn(t)ϕn(s) (3.13)

in terms of the eigenfunctions ϕn of the equation

εkBT
d4

ds4
ϕn(s)− 2νkBT

d2

ds2
ϕn(s) = ξnϕn(s) , (3.14)

69



Active Brownian polymer with hydrodynamic interactions

with the eigenvalues (n ∈ N0)

ξn = kBT
(
εζ4n + 2νζ2n

)
. (3.15)

The mode numbers ζn follow from the boundary conditions. The respective eigenfunc-
tions and eigenvalues are explicitly presented in Refs. [74, 76, 88]. Specifically, in the
limit of a flexible polymer, pL� 1, the eigenfunctions are

ϕ0 =

√
1

L
, (3.16)

ϕn(s) =

√
2

L
sin
(nπs
L

)
, ∀n odd (3.17)

ϕn(s) =

√
2

L
cos
(nπs
L

)
, ∀n even , (3.18)

with the wave numbers ζn = nπ/L and the eigenvalues ξn = 2νkBTπ
2n2/L2.

The equation of motion (3.6) yields the Langevin equation for the mode amplitudes,
χn(t),

dχm(t)

dt
=
∞∑
n=0

Hmn [Γn(t)− ξnχn(t)] + vm(t). (3.19)

The mode representation of the hydrodynamic tensor is Hnm = (δnm + 3πηΩnm)/3πη,
with the preaveraged Oseen tensor Ωnm.[120] The second moments of the stochastic-
force amplitudes Γn are given by

〈Γnα(t)Γmβ(t′)〉 = 2kBTδαβδ(t− t′)H−1nm , (3.20)

with α, β ∈ {x, y, z}. The mode representation of the correlation function (3.9) of the
active velocity is [74]

〈vn(t) · vm(t′)〉 = v20le
−γR|t−t′|δnm . (3.21)

In Eq. (3.19), all modes are coupled in general and the set of equations can only
be solved numerically. To arrive at an analytical solution, we neglect the off-diagonal
terms of the hydrodynamic mode tensor Hnm, which leads to the decoupled equations
[120, 131, 132]

dχn(t)

dt
= − 1

τ̃n
χn +HnnΓn(t) + vn(t) , (3.22)
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with the relaxation times

τ̃n =
1

Hnnξn
=

τn
1 + 3πηΩnn

, (3.23)

and τn = 3πη/ξn, the relaxation times in absence of hydrodynamic interactions; for
flexible polymers τn = 3ηL2/(2νkBTπn

2). [76, 88]
The stationary-state solution of Eq. (3.19) is

χn(t) =

∫ t

−∞
dt′ e−(t−t

′)/τ̃n [vn(t′) +HnnΓn(t′)] (3.24)

for n > 0, and for n = 0 the solution is

χ0(t) = χ0(0) +

∫ t

0

dt′
[
v(0)(t

′) +H00Γ0(t
′)
]
. (3.25)

Averages and correlation functions

With the correlation functions of the stochastic forces (3.20) and velocities (3.21), the
correlation functions of the mode amplitudes become (t ≥ t′)

〈χn(t) · χm(t′)〉 = δnm

(
kBTτn
πη

e−|t−t
′|/τ̃n (3.26)

+
v20lτ̃

2
n

1− (γRτ̃n)2

[
e−γR|t−t

′| − γRτ̃ne−|t−t
′|/τ̃n
])

,

〈χ0(t) · χ0(t
′)〉 =

〈
χ2

0(0)
〉

+ 6kBT H00 t
′ (3.27)

+
v20l

γ2R

[
2γRt

′ − 1− eγR(t′−t) + e−γRt + e−γRt
′
]
.

The eigenfunction expansion (3.13) and the correlation functions (3.26) permit us
to calculate the mean square distance a2(s, s′). Explicitly, we find

a2(s, s′) =
∞∑
n=1

〈
χ2
n

〉
(ϕn(s)− ϕn(s′))2, (3.28)

with the stationary-state average

〈
χ2
n

〉
=
kBTτn
πη

+
v20lτ̃

2
n

1 + γRτ̃n
. (3.29)

As for passive polymers, the relaxation behavior (3.26) is determined by hydro-
dynamics. Remarkably, however, the mode-amplitude correlation functions (3.29) de-
pend on the hydrodynamic interactions via the relaxation times (3.23). In Eq. (3.29),
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the active term with v20 leads to enhanced fluctuations, specifically at small mode
numbers,[121] and reflects the violation of the fluctuation-dissipation relation. [159]
Thus, HI changes, additionally to the dynamics, also the stationary-state conforma-
tional properties of an active polymer.

Hydrodynamic tensor: Mode representation

In order to determine the relaxation times τ̃n, the double integral

Ωnn =

√
1

6π3η2

∫ L/2

−L/2

∫ L/2

−L/2
Θ(|s− s′| − lc)

ϕn(s)ϕn(s′)√
a2(s, s′)

ds′ds (3.30)

needs to be evaluated, which itself depends via a2(s, s′) on the Oseen tensor Ωnn.
Hence, the equation has to be solved in an iterative and self-consistent manner, where
the double integration, combined with the summation of Eq. (3.28), constitutes a
major computational challenge. To arrive at a more easily tractable expression with a
single integral, we apply standard approximations for the integrals over the functions
ϕn in Eq. (3.30) as, e.g., described in Ref. 132 for a flexible polymer. For a passive
semiflexible polymer, a2(s, s′) is only a function of the difference |s − s′| [89, 120].
This is no longer the case in the presence of activity, where a2(s, s′) depends on s− s′
and s + s′ in general. In fact, an analytical expression of a2 for a flexible ABPO-HI
can be calculated by performing the sum in Eq. (3.28). To obtain an approximate
expression, which depends on the difference |s − s′| only, we replace the difference of
the eigenfunctions in Eq. (3.28) by the expression approximately valid for a passive
polymer, namely ϕn(s)−ϕn(s′) = 2 sin(nπ(s−s′)/2L) for n odd, and ϕn(s)−ϕn(s′) = 0

for n even. As a result, we obtain

a2(s) =
8

L

∑
n,odd

(
kBTτn
πη

+
v20lτ̃

2
n

1 + γRτ̃n

)
sin2

(nπ
2L
s
)
, (3.31)

and, hence, Ωnn is given by

Ωnn =

√
2

3π3

1

ηL

∫ L

lc

L− s√
a2(s)

cos
(nπ
L
s
)
ds. (3.32)

Aside from the distance a2(s−s′), which depends on activity via the relaxation times,
this expression is identical with that of a passive polymer. [120] As shown in Ap-
pendix A, the approximations of Eqs. (3.31) capture the dependence of a2 on the
contour coordinate well, the better the larger the Péclet number.

72



3.2 Analytical model of active Brownian polymer in solution

Assuming a linear dependence of a2(s− s′) on |s− s′|, i.e., a2(s) = a20|s|L, as for a
passive flexible polymer [120], we obtain the analytical solution of Eq. (3.32),

Ωnn =
1√

3π3ηa0

1√
n
, (3.33)

in analogy to the Zimm approach [120, 132, 156]. Choosing for a20 the result of a
flexible ABPO-HI, namely a20 = 1/µpL + Pe2/6µpL∆, where the Péclet number Pe
and ∆ are defined in Eq. 1.89, and µ is given by µ = 2ν/(3p), [74] we obtain

Ωnn ∼
√
pLµ

Pe
√
n

(3.34)

for Pe� 1.

In the following, when not indicated otherwise, the approximate expressions (3.31)
and (3.32) are used for the calculation of the Oseen tensor. Moreover, we use ∆ = 1/3,
the value of a spherical colloid of diameter l in solution.

3.2.3 Stretching coefficient and relaxation times

The stretching coefficient and relaxation times are interdependent and need to be
determined simultaneously. Due to nonlinearities, specifically in Ωnn, the respective
quantities can only be determined numerically.

We focus here on flexible polymers, where pL� 1, and we set L/l = pL. Then, in
terms of the eigenfunction expansion (3.13), Eq. (3.8) for the stretching coefficient ν,
respectively µ = 2ν/3p, becomes

∞∑
n=1

[
kBTτn
πη

+
v20lτ̃

2
n

1 + γRτ̃n

]
ζ2n = L, (3.35)

with the relaxation times (Eq. (3.23))

τ̃n =
τR

µn2(1 + 3πηΩnn)
, (3.36)

where τR ≡ ηL2/(πkBTp) is the Rouse relaxation time [88, 132]. In the non-hydrodynamic
case, i.e., Ωnn = 0, we find the asymptotic solution µ = Pe4/3/6∆ of Eq. (3.35), in-
dependent of pL.[74] For the relaxation times, we recover the Zimm behavior τ̃n =

τZ/n
3/2 at Pe = 0, with the longest relaxation time τZ = η(L/p)3/2/(

√
3πkBT ) (Zimm

relaxation time).
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The scaled stretching coefficient, µ, is presented in Fig. 4.7 as a function of the
Péclet number. For the considered polymer lengths and stiffness, µ is independent
of pL. Moreover, it increases approximately linearly with Péclet number for Pe & 5,
somewhat weaker than µ of comparable passive polymers. Hence, hydrodynamics
modifies the stretching coefficient.
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Fig. 3.6 Normalized stretching coefficient µ = 2ν/(3p), solution of Eq. (3.35), as
function of the Péclet number Pe for flexible polymers with pL = 103, 104, and 105

without HI (green) and with HI (blue). The results are independent of polymer length.

Figure 3.7 displays longest relaxations times, τ̃1, as function of Pe. For 1 <

Pe . 10, hydrodynamic interactions enhance the decay of the relaxation time with
increasing Pe compared to the non-hydrodynamic case, specifically for pL > 103.
Note that µ ∼ Pe, independent of the polymer length in the considered length regime.
This is a consequence of an increase of Ωnn with increasing Pe (cf. Appendix A). In
contrast, a slower decay of τ̃1 is obtained for Pe > 10. Here, we find a strong polymer-
length dependence, which is related to particular values of Ωnn (cf. Fig. B.1). The
approximation (3.34) yields the relation τ̃1 ∼ 1/

√
Pe for 3πηΩnn � 1, which describes

the Péclet number dependence well in the interval 10 < Pe < 103 for pL = 105. As
shown in Fig. B.1 for shorter polymers, Ωnn varies more slowly with Pe and, hence, τ̃1
decays faster with increasing Pe. In the limit Pe→∞, Ωnn becomes very small and
the contribution to the relaxation times vanishes gradually. Hence, τ̃1 approaches the
asymptotic dependence τ̃1 ∼ 1/Pe, determined by µ.
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3.2 Analytical model of active Brownian polymer in solution

Results on the mode-number dependence of the relaxations times for various Pe
are presented in Appendix C. The intricate dependence of Ωnn on the relaxation times
poses a major challenge for an (approximate) analytical solution, a problem we were
not able to overcome so far.
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Fig. 3.7 The longest polymer relaxation time τ̃1, Eq. (3.36), normalized by the corre-
sponding passive value τ̃ 01 as function of the Péclet number Pe for flexible polymers
with pL = 105 (solid), 104 (dashed), and 103 (dotted). The green line shows the result
of an active polymer in absence of HI, where τ1 ∼ Pe−4/3.

3.2.4 Conformational properties

The conformational properties of a polymer are characterized by the mean square
end-to-end distance 〈r2e〉 = 〈(r(L/2)− r(−L/2))2〉, which is given by

〈
r2e
〉

=
8

L

∑
n, odd

(
kBTτn
πη

+
v20lτ̃

2
n

1 + γRτ̃n

)
(3.37)

in terms of the mode amplitudes of Eq. (3.29). Numerical results for 〈r2e〉 of flexible
polymers (pL � 1) are shown in Fig. 3.8 for various polymer lengths. Starting from
the equilibrium value 〈r2e〉 = L/p at Pe = 0, ABPOs+HI first shrink with increasing
activity and then swell for higher Pe (solid lines), in qualitative agreement with the
simulation results of Sec. 3.1.2. In the asymptotic limit Pe → ∞, a limiting value
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〈r2e〉 < L2 is assumed. Thereby, the shrinkage strongly depends on the polymer length
and is more pronounced for longer polymers. As shown in Fig. 3.8, flexible ABPO-
HI exhibit a drastically different behavior and swell monotonically with increasing
activity. The reason for the qualitatively different conformational properties rests on
the different polymer-length dependence of the Rouse and Zimm relaxation times,
where τR/τZ ≈

√
pL. Hence, in the presence of hydrodynamic interactions, relaxation

times are shorter by the factor 1/
√
pL, which can be orders of magnitude for long

flexible polymers.
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Fig. 3.8 Polymer mean square end-to-end distance 〈r2e〉, Eq. (3.37), as a function
of the Péclet number Pe for flexible ABPOs+HI of length pL = 2 × 102 (orange),
103 (green), 104 (yellow), and 105 (magenta). The blue lines correspond to a free-
draining flexible polymer with pL = 50. The dotted curves represent the contribution
with the relaxation times τn and the dashed-dotted curves that with v20 of Eq. (3.37),
respectively.

Hydrodynamic interactions lead to a polymer-length dependence of the swelling
with increasing Péclet number (Pe�∞), as shown in Fig. 3.8. For polymer lengths in
the range pL ≈ 102−103, Ωnn depends only weakly on the mode number (cf. Fig. B.1),
hence, replacement of the relaxation times τ̃n by the relaxation times τZ/n3/2 yields

〈
r2e
〉

=
L

pµ

[
1 +

4Pe2

(3π)3/2∆
√
pL

(
1− 1

2
√

2
ζ(3/2)

)]
, (3.38)
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3.2 Analytical model of active Brownian polymer in solution

in the limit γRτ̃n � 1, where ζ(x) is Riemann’s zeta function (ζ(3/2) ≈ 2.61). In the
limit of very large pL and Pe � 1, at least in the vicinity of pL = 105, τ̃n can be
approximated by Ωnn of Eq. (??), which yields

〈
r2e
〉
∼ L

pµ

Pe3√
µpL

. (3.39)

Thus, we find the same dependence on pL for both, small and large pL, and 〈r2e〉/L2

decreases as 1/(pL)3/2. The dependence on Pe changes from 〈r2e〉 ∼ Pe for pL ≈
102 − 103 to 〈r2e〉 ∼ Pe3/2 for pL ≈ 105, because µ ≈ Pe. For an ABPO-HI, we
found instead 〈r2e〉 ∼ LPe2/3/p, [74] since for such a polymer µ ∼ Pe4/3. Hence,
hydrodynamic interactions lead to a qualitative different Pe dependence.

Figure 3.8 shows the individual contributions to 〈r2e〉—the term with the relax-
ation times τn (dotted lines) and that with v20 (dashed-dotted lines) in Eq. (3.37),
respectively. The initial shrinkage of 〈r2e〉 with increasing Pe is caused by the decreas-
ing relaxation times τn ∼ 1/µ with increasing activity. In the thermal contribution
of Eq. (3.38), 〈r2e〉 ∼ L/(pµ), the stretching coefficient µ increases with increasing
activity, which formally implies a decreasing persistence length below the value of a
passive polymer, corresponding to more compact conformations than of the passive
case. The v20-dependent term causes a swelling of the polymer. For an ABPO-HI,
the competing effects lead to an overall swelling, since swelling exceeds shrinkage. In
case of an ABPO+HI, swelling is weaker due to fluid-induced collective motion (cf.
Fig. 3.1) compared to the random motion of an ABPO-HI, and 〈r2e〉 assumes a min-
imum. Mathematically, this is reflected by the shorter relaxation times τ̃n compared
to τn. Hydrodynamic interactions accelerate the polymer dynamics and higher Pe are
required to achieve a significant swelling of an ABPO+HI.

The exponents of the (approximate) power-law regimes for the various pL val-
ues approximately exhibit the above predicted scaling relations with respect to Pe
(Pe > 10). The shift of the dashed-dotted curves in Fig. 3.8 to smaller 〈r2e〉 with
increasing polymer length, pL, reflects the discussed decrease in relaxation times by
hydrodynamics.

Figure 3.9 shows a comparison of analytical and simulation results. We find good
agreement for short polymers (Nm = 50), but theory yields a less pronounced shrink-
age for the longer polymers. We like to emphasize that for an ABPO-HI the theo-
retical approach reproduces the simulation data very well. [117] The reason of the
discrepancy is not evident, but is related to the applied approximations, which seem
to underestimate hydrodynamic effects. We speculate that the preaveraging approx-
imation may fail, because active fluctuations could be large and the replacement of
H(r−r′) by 〈H(r− r′)〉 no longer be justified. Yet, the analytical expression captures
the qualitative behavior, and even more quantitatively the swelling behavior at large
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Pe is reasonably well reproduced, although the asymptotic value for Pe→∞ is some-
what overestimated due to the applied mean-field approximation of the bond-length
constraint.
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Fig. 3.9 Mean square end-to-end distance as a function of the Péclet number of flexible
ABPOs+HI for the monomer number Nm = 50 (pL = 50) (blue) and Nm = 200
(pL = 200) (green). Solid lines correspond to analytical and symbols to simulation
results.

3.2.5 Dynamical properties

The dynamics of the polymers is characterized by the site mean square displacement
(MSD) averaged over the polymer contour, 〈∆r2(t)〉 =

∫
〈(r(s, t) − r(s, 0))2〉ds/L,

which yields 〈
∆r2(t)

〉
=
〈
∆r2cm(t)

〉
+
〈

∆r20(t)
〉

+
〈

∆r2a(t)
〉
, (3.40)

with the center-of-mass mean square displacement

〈
∆r2cm(t)

〉
=

6kBT

L
H00t+

2v20l

γ2RL

(
γRt− 1 + e−γRt

)
, (3.41)
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3.2 Analytical model of active Brownian polymer in solution

H00 = (1 + 3πηΩ00)/(3πη), the activity-modified equilibrium internal-dynamics con-
tribution 〈

∆r20(t)
〉

=
1

L

∞∑
n=1

6kBTτn
γ

(
1− e−t/τ̃n

)
, (3.42)

and the active contribution〈
∆r2a(t)

〉
=

1

L

∞∑
n=1

2v20lτ̃
2
n

1 + γRτ̃n

(
1− e−γRt − γRτ̃ne−t/τ̃n

1− γRτ̃n

)
. (3.43)

Remarkably, in the center-of-mass MSD only the thermal contribution includes
hydrodynamics, viaH00 [131], which depends on activity through µ, whereas the active
term is identical with that of an ABPO-HI [74, 76, 86]. The reason is that swimming is
force free and no Stokeslet is present. Within the approximation a2(s, s′) ≈ a2(s− s′),
Eq. (3.32) yields

Ω00 =
8

3
√

6π3ηa0
. (3.44)

Hence, for 3πηΩ00 � 1, the thermal center-of-mass diffusion coefficientD0 = kBTΩ00/L

increases somewhat due to activity in the range 1 . Pe . 50, and decreases for higher
Pe (cf. Fig. B.1).

In the asymptotic limit Pe → ∞, the active polymer is stretched, and the hy-
drodynamic contribution to thermal diffusion decreases (cf. Fig. App.B). As for a
passive, rodlike polymer [91, 132, 155], asymptotically hydrodynamic interactions
yield only small corrections with respect to the polymer-length dependence of a non-
hydrodynamic (free-draining) polymer.

Figure 3.10 displays the average site mean square displacement for various Péclet
numbers. For a passive flexible polymer, we recover the well-known Zimm behavior,
with 〈∆r20(t)〉 ∼ t2/3 for t/τZ � 1, and a crossover to free diffusion for t/τZ � 1

[131, 132, 156].
In the presence of activity, four time regimes can be identified,

• t → ∞ — The MSD is dominated by the linear time dependence of the center-of-
mass dynamics, with the diffusion coefficient

D =
kBTH00

L
+

v20l

3γRL
. (3.45)

The other terms approach a constant value equal to 2〈r2g〉, where 〈r2g〉 is the active-
polymer radius of gyration. The simulations results are in agreement with the active
contribution to D.
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Fig. 3.10 Mean square displacement of flexible ABPO+HI, Eq. (3.40). (a) MSDs for the
Péclet numbers Pe = 10−2 (blue), Pe = 2×101 (orange), Pe = 1.5×102 (yellow), and
Pe = 103 (purple); the polymer length is pL = 105. The time is scaled by the Zimm
time τZ of a passive polymer. (b) MSDs for the polymer lengths pL = 5× 101 (blue),
2×102 (green), 103 (red), 104 (cyan), and 105 (purple) and Pe = 102. 〈∆r2∞〉 = 2〈r2g〉
denotes the asymptotic value of the MSD in the center-of-mass reference. The dashed
lines correspond to the MSD in the polymer center-of-mass reference frame, Eqs. (3.42)
+ (3.43), and the solid lines to the overall MSD, Eq. (3.40). The black lines indicate
power laws in the respective regimes.

• t/τ̃1 � 1� γRt— The active contribution to the MSD is dominated by (γRτ̃1 � 1)

〈
∆r2a(t)

〉
=

2v20l

γRL

∞∑
n=1

τ̃n
(
1− e−t/τ̃n

)
. (3.46)
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With the power-law dependence τ̃n = τ̃1/n
α̃ of the relaxation time and by replacing

the sum by an integral, we find

〈
∆r2a(t)

〉
=

2v20lτ̃1
γRL

(
t

τ̃1

)1−1/α̃ ∫ ∞
0

dx
1− e−xα̃

xα̃
. (3.47)

With the assumption 3πηΩ11 � 1 and Eq. (3.33), which corresponds to the exponent
α̃ = 3/2, Eq. (3.47) yields 〈

∆r2a(t)
〉
∼ L2Pe5/3

(pL)2
t1/3, (3.48)

i.e., a site sub-diffusive MSD dominated by the internal polymer dynamics. The
exponent α′ = 1 − 1/α̃ = 1/3 of Eq. (3.48) approximately agrees with the full nu-
merical result 2/5 (cf. Fig. 3.10). Note that the exponent α̃ (τ̃n ∼ 1/nα̃) is in fact
larger than α̃ = 3/2 for most Pe (cf. mode-number dependence of relaxations in
Fig. C.1), which leads to an exponent α′ somewhat larger than α′ = 1/3, consistent
with the results of Fig. 3.10, where we find α′ ≈ 2/5. Figure 3.10(b) emphasizes the
universality of the internal dynamics with increasing pL. The various curves, espe-
cially for the MSD in the center-of-mass reference frame, asymptotically approach
a power-law regime with an exponent close to the predicted value. This polymer
specific regime is evidently only pronounced for pL & 103. Hence, it is not clearly
visible in Fig. 3.5 of the MSD obtained from simulations.

• t/τ̃1, γRt� 1 — Taylor expansion of the exponential functions in Eq. (3.43) yields

〈
∆r2a(t)

〉
=
v20lγR
L

∞∑
n=1

τ̃n
1 + γRτ̃n

t2, (3.49)

consistent with the observed ballistic regime in Fig. 3.10. This regime and its
dependence on activity and polymer properties is in quantitative agreement with
the simulation results of Fig. 3.5.

• t → 0 — The MSD is dominated by Eq. (3.42), and all modes contribute. Setting
τ̃n = τ̃1/n

3/2 and replacing the sum by an integral yields

〈
∆r20(t)

〉
=

2L

π2pµ

(
t

τ̃1

)2/3 ∫ ∞
0

dx
1− e−x3/2

x2
. (3.50)

This is the same relation as obtained for a passive system, except that µ and
τ̃1 depend on activity. With Eq. (3.34), we find the Péclet-number dependence
〈∆r20(t)〉 ∼ Pe−2/3(t/τZ)2/3 for Pe & 50 and pL� 1.
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3.3 Conclusions and discussion

Two stochastic processes determine the size and shape of an ABPO+HI—thermal
and active fluctuations. Due to the linearity of the analytical equations of motion
and the additivity of the noise, the fluctuations lead to additive contributions to the
mean square end-to-end distance, which are, however, coupled by the inextensibility of
the polymer. The active fluctuations yield a contribution quadratic in the propulsion
velocity (or Péclet number), similar to the quadratic dependence of the MSD of an
ABP [1, 2], which leads to a swelling of the polymer, however, with a Pe dependence
smaller than quadratic due to the increase of the stretching coefficient with increasing
Pe. The polymer inextensibility implies enhanced fluctuations of the thermal part of
〈r2e〉 by the active noise—expressed by the factor µ—corresponding to a decreasing
persistence length with increasing activity associated with a shrinkage of the polymer
size.

Qualitatively, the behavior can be understood as follows. An increasing activity
yields an increasing persistent displacement lm/l = v0/γRl = Pe/2 of a monomer
before it changes its propulsion direction. Hence, any disparity in the propulsion di-
rection is amplified by an increasing Pe and leads to, in average, divergent monomer
trajectories and an increasing intramolecular tension reflected in the increasing stretch-
ing coefficient µ. For an ABPO-HI, the competing shrinkage of the thermal part and
swelling of the active contribution leads to an overall swelling, since swelling exceeds
shrinkage. In case of an ABPO+HI, the reduced swelling can descriptively be under-
stood by fluid-induced collective motions compared to random motions in absence of
HI (cf. Fig. 3.1). Mathematically, this is reflected by the shorter relaxation times
τ̃n compared to τn. To achieve a swelling of an ABPO+HI comparable to that of an
ABPO-HI requires larger Péclet numbers. As a consequence, 〈r2e〉 of an ABPO+HI
assumes a minimum at intermediate Pe.

As mentioned several times, we do not take into account swimmer-specific flow
fields of individual monomers. Nonetheless, the intramolecular forces create com-
plex flow fields—from single monomers to the full filament. Already for a pair of
monomers, forces along their bond vector constitutes a force dipole, aside from a
potential Stokeslet. In fact, such a force-dipole field could also exist for a passive
polymer, but the stronger forces of active monomers increase the dipole field and its
relevance for the polymer dynamics significantly. Hence, on larger length scales, em-
bracing more monomers, the overall flow field is rather complex and a large number
of hydrodynamic multipoles contribute. This dynamically emerging multipoles are
a particular feature of ABPOs+HI and, in their sum, lead to the observed polymer
shrinkage.

To unravel the influence higher-order multipole flow fields, we currently perform
mesoscale hydrodynamic simulations of short linear chains of connected squirmers

82



3.3 Conclusions and discussion

(monomers).[85] Preliminary results of squirmers without active stress (neutral squirm-
ers) reveal a weak influence of higher-order multipoles on the polymer conformations
and dynamics. A markedly stronger effect appears for monomers with finite active
stress (puller/pusher), where polymer conformational and dynamical properties de-
pend on the strength of higher-order multipoles. In general, the individual multipolar
contributions depend on the particular propulsion mechanism, and, thus, their inclu-
sion can be essential to capture the relevant hydrodynamic flow fields for an adequate
description of the polymer properties.

The polymer dynamics is determined by two relaxation processes, the orienta-
tional relaxation of an active site/monomer, and the polymer relaxation. This leads
to distinct time regimes in the polymer mean square displacement. At short times
t/τ̃1, γRt � 1, activity leads to a ballistic regime, with an enhanced dynamics com-
pared to a passive polymer. For t/τ̃1 � 1 � γRt, the MSD is dominated by the
internal dynamics, and a polymer-characteristic subdiffusive regime appears. Again,
activity and hydrodynamics play a decisive role, leading to a power-law dependence
with an exponent, α′ ≈ 2/5, smaller than that of a passive hydrodynamic polymer.
In the asymptotic limit of long times, the enhanced diffusive dynamics is no longer
affected by the fluid motion, but rather becomes identical to that of an ABPO-HI.
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Chapter 4

Characteristics of active polymers in
solution by external colored noise

In this article, we explore the effect of external colored noise, resembling an active
environment, on the properties of semiflexible polymers in dilute solution by hydro-
dynamic simulations and analytical theory. The active polymer is specific in so far as
the polymer is not force free, as it would be the case for a polymer with self-propelled
monomers [54, 116], and the active forces give rise to a Stokeslet flow. We analyze
the influence of the additional flow field, in comparison to a self-propelled polymer,
on the conformational and dynamical polymer properties in presence of HI. We like to
emphasize that for an active polymer in absence of HI, their properties for externally
driven and self-propelled monomers are identical [74]. In the presence of hydrodynamic
interactions, the behavior of polymers with self-propelled, active Brownian particle-
type monomers differs qualitatively from that of polymers with externally, by colored
noise forces, driven monomers. Here, simulation and theoretical results for polymers
in solution in the presence of external active noise are presented. In simulations, a
semiflexible bead-spring polymer chain is considered, analytically, a continuous linear
semiflexible polymer. Activity is taken into account by independent site velocities,
with orientations changing in a diffusive manner. In simulations, hydrodynamic in-
teractions (HI) are taken into account by the Rotne-Prager-Yamakawa tensor or an
implementation of the active polymer in the multiparticle collision dynamics approach
for fluids. To arrive at an analytical solution, the preaveraged Oseen tensor is used.
The active process implies a dependence of the stationary-state properties on HI via
polymer relaxation times.

We will show how our studies reveal a decisive influence of hydrodynamic interac-
tions and their origin on the polymer conformations and dynamics. With increasing
activity, HI lead to an enhanced swelling of flexible polymers, and the conformational
properties differ substantially from those of polymers with self-propelled monomers in
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presence of HI or free-draining polymers. The polymer mean square displacement is
enhanced by HI. Over a wide range of time scales, hydrodynamics leads to a subd-
iffusive regime for flexible active polymers, with an exponent larger than that of the
Rouse and Zimm models of passive polymers.

4.1 Computer simulations

4.1.1 Model of active polymer

The semiflexible polymer is composed ofNm active Brownian particles (i = 1, . . . , Nm),
which are linearly connected by a harmonic bond potential Ul, given by Eq. (1.86),
experiencing bond-orientational restrictions by the bending potential Ub given by
Eq. (1.87), and excluded-volume interactions are taken into account by the purely
repulsive Lennard-Jones potential ULJ given by Eq. (1.88).

In addition, every monomer experience an active force

F a
i = F aei(t) (4.1)

of constant magnitude F a. We consider this as an external force in contrast to the
self-propulsion force of Ref. [116]. As a consequence, an individual monomer in a fluid
is no longer force free, but the active force gives rise to a Stokeslet [1]. As for an
active Brownian particle, we set F a = γv0, with the friction coefficient γ = 3πηdH
of the surrounding fluid—η is the fluid viscosity and dH the monomer hydrodynamic
diameter—and the active velocity v0. The orientation ei changes in a diffusive manner
according to Eq. (1.76), where η̂i is Gaussian and Markovian stochastic processes with
zero mean and the second moments given by Eq.(1.77).

Fluid mediated interactions are incorporated implicitly by the Rotne-Prager-Yamakawa
(RPY) hydrodynamic tensor [124, 153, 154] or explicitly by modeling the fluid via the
MPC approach [104, 165, 166].

4.1.2 Brownian dynamics with the RPY tensor

In Brownian dynamics simulations in presence of hydrodynamic interactions, the over-
damped equation of motion

ṙi(t) =
Nm∑
j=1

Hij [F a
i + Fi + Γi(t)] (4.2)

is considered. The forces Fi = −∇ri(Ul +Ub +ULJ) follow from the potentials (1.86)-
(1.88), and Γi accounts for thermal fluctuations. Γi is a Gaussian and Markovian
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stochastic processes with zero mean and the second moments〈
Γi(t)Γ

T
j (t′)

〉
= 2kBTH−1ij δ(t− t′) , (4.3)

where Γ T
i denotes the transpose of Γi and H−1ij the inverse of Hij. The hydrodynamic

tensor, Hij(rij), is given by

Hij(rij) =
δij

3πηdH
I + (1− δij)Ω(rij), (4.4)

where the first term on the right-hand side accounts for local friction and the RPY ten-
sor Ω(rij) for inter-particle interactions [116, 132, 155]. The RPY tensor ensures the
positive definiteness of the hydrodynamic tensor even at small distances. The trans-
lational equations of motion (4.2) are solved via the Ermark-McCammon algorithm
[101, 102]. The procedure to solve the equations of motion (1.76) for the orientation
vector is described in Ref. [122].

The active noise, quantified by the dimensionless Péclet number [74, 125] and the
ratio between translational, DT = kBT/3πηdH , and rotational diffusion, DR, of a
single monomer are denoted as

Pe =
v0
lDR

, ∆ =
DT

d2HDR

. (4.5)

As for the self-propelled polymers, we choose the coefficient (Eq. (1.86)) for the bond
strength κll2/kBT = (10 + 2Pe)103,in order to avoid bond stretching with increasing
activity. Thus, we keep bond-length variations are smaller than 3% of the equilibrium
value l. Also, the scaled bending force coefficient κ̃b = κbl

2/kBT (Eq. (1.87)) is
related to the polymer persistence length, lp = 1/(2p), given by Eq. (1.90), and σ =

0.8l and ε = kBT are the truncated and shifted Lennard-Jones potential parameters,
respectively.

4.1.3 Active polymer in MPC fluid

Polymer dynamics

Every monomer bead is exposed to an active forces F a
i = v0ei(t), hence, a polymer

experiences the total external force

F a =
Nm∑
i=1

γv0e(t) =
Pe

dH∆

Nm∑
i=1

ei(t), (4.6)
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Fig. 4.1 a) Illustration of a passive polymer made out of monomers (green) surrounded
by an active fluid (flow field lines shown in blue). ABPs push the polymer with a
certain persistence and induce active correlations that decay exponentially with time
to the monomers velocities. b) Illustration of an active polymer(ABPO), in which the
monomers are represented by ABPs, in a passive fluid.

which drags along fluid and induces an overall fluid flow [167]. In a confined systems
with walls, the fluid is reflected at a wall and gives rise to fluid backflow. To prevent
a net fluid flow in our system with periodic boundary conditions, we modify the
equations of motion of the fluid (and the embedded polymer) in such a way that the
total momentum of the system (fluid plus polymer) is zero. This implies the backflow
force on a monomer:

F b
i = − M

mN +MNm

F a, (4.7)

where m is the mass of the fluid particle, N is the total number of fluid particles, and
M is the mass of a monomer. The dynamics of a monomer is then described by the
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equations of motion

M r̈i = Fi + F a
i + F b

i , (4.8)

with the force Fi following from the potentials (1.86)-(1.88). Equation (4.8) is solved
by applying the velocity Verlet algorithm.

Fluid dynamics and fluid-polymer coupling

The dynamics of the MPC fluid proceeds in two steps—streaming and collision [165,
166]. In the steaming step, Newton’s equations of a motion for fluid particles are
solved in the presence of the backflow force F bf

i = mF b
i /M over a time interval h,

denote as collision time. Since ei(t) changes very slowly in the time interval h, we
apply the integration scheme

vk(t+ h) = vk(t)−
h

mN +MNm

F a(t), (4.9)

rk(t+ h) = rk(t) + hvk(t)−
h2

2(mN +MNm)
F a(t) (4.10)

where rk(t) and vk(t) are the position and velocity of the MPC particle k at time t,
respectively. In the collision step, particles are sorted into cubic cells of side length a of
a cubic, periodic systems of volume V = Na3/〈Nc〉 to define the collision environment;
〈Nc〉 is the mean number of fluid particles in a collision cell. Subsequently, the relative
velocity of each particle, with respect to the center-of-mass velocity of all the particles
within the corresponding collision cell, is rotated by a constant angle α around a
randomly orientated axis. The orientation of the rotation axis is chosen randomly and
independently for every cell and collision step. Hence, the final velocity after a MPC
step is

vi(t+ h) = vcm(t+ h) + R(α) [vi(t+ h)− vcm(t+ h)] , (4.11)

where R(α) is the rotation matrix, and

vcm =

∑Nc
j=1mvj +

∑Nc
m

k=1Mvk

mNc +MN c
m

(4.12)

the center-of-mass velocity of the Nc fluid particles and the N c
m monomers within the

cell of particle i. Similarly to Eq. (4.11), the velocities of the monomers are rotated,
which yields the fluid-monomer coupling by MPC collisions.

Partitioning of space in collision cell implies violation of Galilean invariance, which
is reinstalled by a random shift of the collision lattice at every collision step [107, 166].
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In order to maintain locally a constant temperature, the Maxwell-Boltzmann scaling
method is applied [114].

We measure energies in units of kBT , lengths in units of the collision cell a, and
time in units of τ =

√
ma2/kBT . The the MPC particle mass is set to m = 1,

the monomer mass to M = 10m, and the average number of particles in a collision
cell to 〈Nc〉 = 10. A time step h = 0.01

√
ma2/kBT is used, which corresponds to

the viscosity η = 82.14
√
mkBT/a4 [107, 111, 144]. MPC is an ideal gas and, hence,

its isothermal velocity of sound is cT =
√
kBT/m, which is unity in the units of the

simulation. To realize low Mach numbers, the transport velocity of an active monomer
has to be small compared to cT . All simulations are performed in a cubic periodic box
of linear size L = 100a.

In order to compare simulation results obtained via the MPC approach with the
Brownian dynamics simulations using the RPY tensor, several parameters have to be
adjusted. In particular, MPC simulations yield the hydrodynamic diameter dH = 0.6a

of a monomer [168, 169], which yields ∆ = kBT/3πηd
3
HDR ≈ 0.6.

4.2 Computer simulations: Results

4.2.1 Conformational properties

The average shape of a polymer is characterized by its the mean square end-to-end
distance. Figure 4.2 displays results for phantom and self-avoiding polymers of lengths
L = (Nm − 1)l = 49l, 149l and various persistence lengths lp, where p = 1/2lp.
Evidently, flexible polymers, pL & 15, swell monotonic with increasing Péclet number,
whereas semiflexible polymers shrink at moderate Pe and swell for large Pe similarly
as flexible polymers. In the asymptotic limit Pe → ∞, the value 〈r2e〉 ≈ 2L2/5 is
assumed. Excluded-volume interactions change the behavior in so far as 〈r2e/l2〉 starts
at a larger equilibrium value. For higher Pe and swollen polymers, self avoidance
becomes irrelevant.

The mean square end-to-end distances obtained for polymers embedded in a MPC
solvent is compared with the simulation results applying the RPY tensor in Fig. 4.3.
Evidently, we obtain quantitative agreement of the polymer conformations for the two
simulation approaches, which confirms their suitability for these simulation studies.
For the hybrid MPC approach, the deviations from the RPY tensor simulations appear
for Pe & 102. This is attribute to limitations of the MPC approach in terms of Mach
and Reynolds numbers.

The structural properties of the polymer in presence of hydrodynamic interactions
strongly depends on the nature of the active process. As discussed in Sec. 4.1.1,
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Fig. 4.2 Polymer mean square end-to-end distance as a function of the Péclet number
for semiflexible polymers with (a) Nm = 50 (L = 49l) and (b) Nm = 150 (L = 149l)
monomers. Bullets are results of phantom polymers and squares results of self-avoiding
polymers in (a) for pL = 5× 101 (blue), 1.5× 101 (green), 2.6 (red), 2.5× 10−1 (cyan),
and 2.5 × 10−2 (purple), and in (b) for pL = 1.5 × 102 (blue), 4.5 × 101 (green), 7.5
(red), 7.5× 10−1 (cyan), and 7.5× 10−2 (purple). The dashed lines are guides for the
eye. Hydrodynamics is taken into account by the RPY hydrodynamic tensor.
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Fig. 4.3 Polymer mean square end-to-end distance as a function of the Péclet number
of semiflexible polymers with Nm = 50 (L = 49l) monomers for pL = 5× 101 (blue),
2.6 (red), and 2.5×10−2 (purple). Solid lines are results applying the RPY tensor and
bullets are results of hybrid simulations using the MPC approach.

here, the active force is considered as an external force. Figure 4.4 shows that such an
external active force leads to a significant stronger polymer swelling than intrinsic self-
propulsion as discussed in Ref. [116]. Remarkably, hydrodynamic interactions lead to
a shrinkage of flexible active polymers with self-propelled monomers (ABPO+HI) over
a range of Péclet numbers. This is in contrast to externally driven active polymers,
where flexible polymers always swell. Moreover, the externally driven active polymers
assume a larger asymptotic mean square end-to-end distance for Pe → ∞ than an
ABPO+HI, i.e., intrinsically active Brownian polymers in presence of hydrodynamic
interactions are always more compact.

4.2.2 Dynamical properties

The dynamics of the polymers can be calculated from the monomer mean square
displacement (MSD) averaged over all monomers 〈∆r2(t)〉 =

∑
i〈(ri(t)−ri(0))2〉/Nm.

From figure 4.5 we have the MSDs of a polymer with Nm = 150 monomers for various
Péclet numbers.

The passive polymer (Pe = 0) exhibits a time dependence 〈∆r2〉 ∼ t0.6, very close
to the well-known Zimm behavior, with the time dependence t2/3 of the MSD in the
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Fig. 4.4 Polymer mean square end-to-end distance as a function of the Péclet number
of semiflexible polymers of length Nm = 50 (L = 49l) and pL = 5×101 (blue), 1.5×101

(green), 2.6 (red), 2.5×10−1 (cyan), and 2.5×10−2 (purple). Bullets indicate results for
the external active process and lines the respective results for self-propelled monomers
(ABPO+HI [116]).

center-of-mass reference frame for t/τZ � 1. At long times t/τ̃1 � 1, the center-of-
mass displacement dominates the monomer MSD for all Péclet number. In contrast
with the HI-independent MSD of the active Brownian polymers from Eq. (3.41), we
get a HI-dependent MSD 〈r2cm〉 = 2v20lH00t/γRL following from Eq. (4.46). Here, the
active ballistic regime, 〈∆r2〉 ∼ t2, appears at short times (γRt, t/τ̃1 < 1) and becomes
more relevant with increasing Péclet.

4.3 Analytical approach

Insight into the qualitative differences between an externally driven active polymer and
a polymer composed of self-propelled monomers is achieved by an analytical model,
where the polymer is described as a continuous Gaussian semiflexible chain. This
model has previously been applied to linear and ring active Brownian free-draining
polymers, ABPO-HI, [74, 76, 77, 117, 121], as well as to linear self-propelled polymers
with hydrodynamic interactions, ABPO+HI, [116].
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Fig. 4.5 Mean square displacement of a flexible phantom polymer with Nm = 150
(pL = 150) monomers for the Péclet numbers Pe = 0 (blue), 10 (green), 102 (red),
and 103 (cyan). The time is scaled by the factor γR = 2DR. The solid lines indicate the
monomer MSD and the dashed lines the MSD in the polymer center-of-mass reference
frame. The black lines are guides for the eye correspond to a power-law fit of the data
in the respective regime.

4.3.1 Model and equations of motion

The polymer is considered as a differentiable space curve r(s, t) of total length L,
with contour coordinate s (−L/2 ≤ s ≤ L/2), and its conformations change with time
t. The external active process is introduced by assigning an independent velocity
v(s, t) to every point r(s, t). The corresponding Langevin equation is [120, 131]

∂r(s, t)

∂t
=

∫ L/2

−L/2
ds′H(r(s), r(s′))

[
3πηv(s′, t)+ (4.13)

2νkBT
∂2r(s′, t)

∂s′2
− εkBT

∂4r(s′, t)

∂s′4
+ Γ (s′, t)

]
.

94



4.3 Analytical approach

Free end boundary conditions are applied as described in Refs. [74, 76, 88]. Moreover,
the constraint on the contour length∫ L/2

−L/2
ds

〈(
∂r(s, t)

∂s

)2
〉

= L (4.14)

is take into account, which is elementary to achieve the correct polymer properties
[74, 76, 88, 121]. The tensor H(r(s), r(s′)) = Ω(r(s)−r(s′))+Iδ(s−s′)/3πη captures
the hydrodynamic interactions, where the term with the δ function describes the local
friction, and

Ω(∆r) =
1

8πη|∆r|

(
I +

∆r ⊗∆r

|∆r|2

)
(4.15)

is the Oseen tensor [116, 132, 155]. The terms in Eq. (4.13) with the second and forth
derivative capture chain flexibility, i.e., chain entropy, and bending forces, respectively.
The Lagrangian multiplier ν accounts for the inextensibility of the polymer (we will
denote ν as stretching coefficient in the following) and ε characterizes the bending
stiffness [87, 90]. For a polymer in three dimensions, previous studies yield ε = 3/4p,
where p = 1/2lp and lp is the persistence length [87, 90].

For the velocity v(s, t), we adopt a non-Markovian Gaussian stochastic processes
with zero mean and the correlation function (colored noise)

〈v(s, t) · v(s′, t′)〉 = v20le
−γR|t−t′|δ(s− s′) . (4.16)

This correlation function follows from Eq. (1.76) or, similarly, by considering a monomer
as an active Ornstein-Uhlenbeck particle (AOUP) [1, 73, 74, 86, 125].

As outlined in Sec. 4.1.1, v(s, t) is a consequence of an external force, hence, v(s, t)

appears under the integral in Eq. (4.13) and implies a Stokeslet flow. Possibly higher
order multipole flow fields, such as force-dipole and source-dipole contributions are
neglected since they decay as O(r−2) with distance compared to a 1/r decay of the
Stokeslet flow field [79].

4.3.2 Solution of the equations of motion

Hydrodynamic tensor: Preaveraging approximation

In order to find an, at least, approximate analytical solution of the nonlinear and
nonlocal equation of motion (4.13), we apply the preaveraging approximation proposed
by Zimm [132, 156], where the hydrodynamic tensor H(r(s)−r(s′)) is replaced by its
stationary-state average, i.e., H(r(s)− r(s′))→ 〈H(r(s)− r(s′))〉 = H(s, s′). Hence,
Eq. (4.13) turns into a linear equation (Ornstein-Uhlenbeck process) with a Gaussian

95



Characteristics of active polymers in solution by external colored noise

stationary-state distribution function for the distance ∆r(s, s′) = r(s) − r(s′) of the
form [95, 116, 120, 125, 132]

Ψ(∆r) =

(
3

2πa2(s, s′)

)3/2

exp

(
− 3∆r2

2a2(s, s′)

)
, (4.17)

with a2(s, s′) = 〈(r(s)− r(s′))2〉. Then, the hydrodynamic tensor becomes

H(s, s′) =

[
δ(s− s′)

3πη
+ Ω(s, s′)

]
I = H(s, s′)I , (4.18)

with the preaveraged Oseen tensor

Ω(s, s′) =
Θ(|s− s′| − dH)

3πη

√
3

2πa2
I = Ω(s, s′)I. (4.19)

The Heaviside step function Θ(x) introduces dH as a lower cut-off for the hydrody-
namic interactions, which can be identified with the thickness of the polymer.

The preaveraging approximation has very successfully been applied to describe
the dynamics of DNA [131] and semiflexible polymers [116, 120]. Even quantitative
agreement between analytical theory and simulations of the full hydrodynamic con-
tribution of rather stiff polymers is achieved [157], as well as with measurements on
DNA [131, 158]. This demonstrates the suitability of preaveraging even for stretched
polymers. However, the preaveraging approximation overestimates the hydrodynamics
of rodlike objects [91].

Eigenfunction expansion

The linearized equation of motion is solved by the eigenfunction expansion

r(s, t) =
∞∑
n=0

χn(t)ϕn(s), (4.20)

in terms of the eigenfunctions ϕn of the equation

εkBT
d4

ds4
ϕn(s)− 2νkBT

d2

ds2
ϕn(s) = ξnϕn(s) , (4.21)

with the eigenvalues (n ∈ N0)

ξn = kBT
(
εζ4n + 2νζ2n

)
. (4.22)
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The wave numbers ζn follow from the boundary conditions. For a passive flexible
polymer, pL � 1, the wave numbers are ζn = nπ/L and the eigenvalues ξn =

2νkBTπ
2n2/L2. The stiffness dependence of ζn and ξn of passive semiflexible poly-

mers is discussed in Ref. [88] and for free draining active polymers in Ref. [76].
Insertion of the expansion (4.20) into the Eq. (4.13) yields the equation

dχm(t)

dt
=
∞∑
n=0

Hmn [γvm(t) + Γn(t)− ξnχn(t)] (4.23)

for the mode amplitudes χn, where Hnm = (δnm + 3πηΩnm)/3πη is the hydrodynamic
tensor in mode representation [120]. The second moments of the stochastic-force
amplitudes Γn(t) are given by

〈Γnα(t)Γmβ(t′)〉 = 2kBTδαβδ(t− t′)H−1nm . (4.24)

The mode representation of the correlation function (4.16) of the active velocity is [74]

〈vn(t) · vm(t′)〉 = v20le
−γR|t−t′|δnm . (4.25)

In Eq. (4.23), all modes couple in general and the set of equations can only be
solved numerically. To arrive at an analytical solution, we neglect the off-diagonal
terms of the hydrodynamic mode tensor Hnm, which yields [120, 131, 132] (n > 0)

dχn(t)

dt
= − 1

τ̃n
χn +Hnn [Γn(t) + γvn(t)] , (4.26)

with the relaxation times

τ̃n =
1

Hnnξn
=

τn
1 + 3πηΩnn

(4.27)

and τn = 3πη/ξn the relaxation times in absence of hydrodynamic interactions. For
passive flexible polymers [76, 88]

τn =
3ηL2

2νkBTπn2
. (4.28)

The stationary-state solution of Eq. (4.26) is (n > 0)

χn(t) = Hnn

∫ t

−∞
dt′ e−(t−t

′)/τ̃n [γvn(t′) + Γn(t′)] , (4.29)
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and for n = 0

χ0(t) =χ0(0) +

∫ t

0

dt′H00

[
γv(0)(t

′) + Γ0(t
′)
]
. (4.30)

Correlation functions

The correlation functions of the mode amplitudes are given by (n > 0)

〈χn(t) · χm(t′)〉 = δnm

(
kBTτn
πη

e−|t−t
′|/τ̃n (4.31)

+
v20lτ

2
n

1− (γRτ̃n)2

[
e−γR|t−t

′| − γRτ̃ne−|t−t
′|/τ̃n
])

,

and for n = 0

〈χ0(t) · χ0(t
′)〉 =

〈
χ2

0(0)
〉

+ 6kBT H00 t
′ (4.32)

+ γH00
v20l

γ2R

[
2γRt

′ − 1− eγR(t′−t) + e−γRt + e−γRt
′
]
.

Inserting the eigenfunction expansion (4.20) into the mean square distance a2(s, s′),
we obtain

a2(s, s′) =
∞∑
n=1

〈
χ2
n

〉
(ϕn(s)− ϕn(s′))2, (4.33)

with the stationary-state correlation functions (4.31)

〈
χ2
n

〉
=
kBTτn
πη

+
v20lτ

2
n

1 + γRτ̃n
, (4.34)

which depend on the hydrodynamic interactions via τ̃n. The active term with v20 leads
to enhanced fluctuations, which are more significant at small mode numbers [121], and
reflects the violation of the fluctuation-dissipation relation [159]. Notably, hydrody-
namic interactions affect the dynamics as well as the stationary-state conformational
properties of an active polymer, in contrast to passive systems, where conformational
properties are independent of hydrodynamic interactions.

Mean square distance and hydrodynamic tensor: Mode representation

The exact analytical expression of the mean square distance a2 (4.33) for the flexible
active polymer can be calculated by (numerically) performing the sum in Eq. (4.33).
For a semiflexible polymer in a passive system, a2(s, s′) is only a function of the
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difference |s− s′| [89, 120]. A priori, a2(s, s′) of an active polymer depends on s and s′

individually. As a first approximation, we replace the difference of the eigenfunctions
in Eq. (4.33) by the expression valid for a passive polymer which only depends on
|s− s′|, and ϕn(s)− ϕn(s′) = 2 sin(nπ(s− s′)/2L) for n odd, and ϕn(s)− ϕn(s′) = 0

for n even.
As a result, we obtain the expression

a2(s) =
8

L

∑
n,odd

(
kBTτn
πη

+
v20lτ

2
n

1 + γRτ̃n

)
sin2

(nπ
2L
s
)
. (4.35)

In order to determine the relaxation times τ̃n, which depend via a2(s, s′) on the Oseen
tensor, the double integral

Ωnn =

√
1

6π3η2

∫ L/2

−L/2

∫ L/2

−L/2
Θ(|s− s′| − dH)

ϕn(s)ϕn(s′)√
a2(s, s′)

ds′ds (4.36)

has to be calculated. As a consequence, Eq. (4.33) and (4.36) have to be evaluated
in an iterative and self-consistent manner, where the double integration, combined
with the summation of Eq. (4.33), constitutes a major computational challenge. A
more easily tractable expression with a single integral follows by apply a standard
approximation for the integrals over the functions ϕn in Eq. (4.36) as, e.g., described
in Ref. [132] for a flexible polymer, which yields

Ωnn =

√
2

3π3

1

ηL

∫ L

dH

L− s√
a2(s)

cos
(nπ
L
s
)
ds. (4.37)

This expression is identical with that of a passive polymer aside from the distance
a2(s− s′), which depends here on activity via the relaxation times [120]. As shown in
Fig. 4.6, the approximations resulting in Eq. (4.35) capture the dependence of a2(s, s′)
on the contour coordinate well, the better the larger the Péclet number. Assuming a
linear dependence of a2(s− s′) on |s− s′|, i.e., a2(s) = a20|s|L, as for a passive flexible
polymer [120], we obtain the analytical solution of Eq. (4.37)

Ωnn =
1√

3π3ηa0

1√
n
, (4.38)

in analogy to the Zimm approach [120, 132, 156]. Choosing for a20 the result of a
flexible ABPO-HI, namely a20 = 1/µpL + Pe2/6µpL∆, where the Péclet number Pe
and ∆ are defined in Eq. (4.5), and µ is given by µ = 2ν/(3p) [74], we obtain for
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Fig. 4.6 (a) Mean square distance between two points along the polymer contour as
a function of their distance for pL = 103 and the Péclet numbers Pe = 10−2 (blue),
Pe = 1 (orange), Pe = 50 (yellow) and Pe = 103 (purple). The solid lines are obtained
from Eq. (4.33), where s′ = −L/2, and the dashed lines from the approximation (4.35).
The long-dashed line is a power-law fit, which yields a2(s) = 0.11s1.27. (b) Ratio
∆a2 = |a2(s, s′) − a2(s − s′)|/a2(s, s′) [Eqs. (4.33), (4.35)]. The colors correspond to
the same Péclet numbers as in (a).

Pe� 1

Ωnn ∼
√
pLµ

Pe
√
n
. (4.39)

In the following, when not indicated otherwise, the approximate expressions (4.35)
and (4.37) are used for the calculation of the Oseen tensor. Moreover, we use ∆ = 1/3,
the value of a spherical colloid of diameter l in solution.

Stretching coefficient and relaxation times

Considering flexible polymers, pL� 1, setting L/l = pL, and inserting the eigenfunc-
tion expansion (4.20), the constraint (4.14) for the stretching coefficient µ = 2ν/3p

turns into
∞∑
n=1

[
kBTτn
πη

+
v20lτ

2
n

1 + γRτ̃n

]
ζ2n = L, (4.40)

with the relaxation times (Eq. (4.27))

τ̃n =
τR

µn2(1 + 3πηΩnn)
, (4.41)
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where τR = ηL2/(πkBTp) is the Rouse relaxation time [88, 132]. Due to nonlinear
terms, specifically in Ωnn, we solve the required equations and expressions numerically.
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Fig. 4.7 Normalized stretching coefficient µ = 2ν/(3p), solution of Eq. (4.40), as
function of the Péclet number Pe for flexible polymers with pL = 50 (dotted), 1.5×102

(dashed), and 103 (solid) in blue color. The green line shows the result of an active
polymer in absence of HI for pL = 103 (solid). The black lines denote the power laws
in the respective regimes.

The scaled stretching coefficient, µ = 2ν/(3p), is presented in Fig. 4.7 as a function
of the Péclet number. For short polymers or larger stiffness (pl = 50), µ increases
linearly with increasing Pe in the limit 1 � pL � Pe (cf. Eq. (D.2)). In case
of more flexible polymers (pL & 103), µ ∼ Pe4/3 in the range 1 � Pe � pL (cf.
Eq. (D.3)). The overall dependence of µ on Pe resembles that of a polymer in the
absence of hydrodynamic interactions in this limit [74]. Yet, hydrodynamics affects µ
particularly for Péclet numbers in the vicinity of Pe ≈ 10. In Appendix D, a more
detailed discussion of the asymptotic dependencies are provided.

Figure 4.8 depicts the dependence of the preaveraged Oseen tensor on the mode
number for flexible polymers. For a passive polymer, we obtained the dependence
Ωnn ∼ n−1/2 of the Zimm model[132] over a range of mode numbers, which depends
on pL. With increasing Péclet number, both the values of Ωnn and the magnitude
of the slope decrease substantially. As a consequence, at high Péclet numbers, Ωnn

does not contribute to the mode-number dependence of the relaxation time anymore,
as is reflected in Fig. 4.8. Again, we obtain the Zimm behavior with τ̃n ∼ n−3/2 for
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the passive polymer. With increasing Péclet number, the slope changes to τ̃n ∼ n−7/4

for Pe = 103, a dependence very close to that of a free-draining, non-hydrodynamic
Rouse polymer. This emphasizes the diminishing effect of hydrodynamic interactions
with increasing activity.

The activity-dependence of the longest polymer relaxation time is displayed in
Fig 4.9(b). The drop of τ̃1 with increasing Pe is determined by the stretching coefficient
µ and the implicit dependence of Ω11 on µ(Pe). The shift to larger Pe of the curves
in presence of HI compared to that in its absence reflects the influence of HI on the
relaxation times, specifically the influence of Ω11. The latter is also responsible for
values τ̃1/τ̃ 01 > 1 (Pe ≈ 1), because Ω11 decreases with increasing Pe (Fig. 4.8). As
discussed in App. D, µ is essentially independent of hydrodynamic interactions for
pL � Pe, hence, the drop of τ̃1 for pL = 50 (Pe � 1) is solely determined by µ and
τ̃1 ∼ 1/Pe. Similar, the asymptotic behavior for pL = 103 is determined by the µ, with
τ̃1 ∼ 1/Pe4/3, the dependence of a polymer in absence of hydrodynamic interactions.
However, for very flexible polymers, pL & 103, HI gives rise to an intermediate regime,
10 < Pe < 103, where τ̃1 ∼ Pe−7/6. The difference to a decay with Pe−1 seems subtle,
but is essential, as will be discussed in Sec. 4.3.3
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Fig. 4.8 (a) Mode-number dependence of the Oseen tensor Ωnn for polymers of length
pL = 103 (squares) and pL = 105 (circles) and the Péclet numbers Pe = 10−2 (blue),
Pe = 1 (orange), Pe = 50 (yellow), and Pe = 103 (purple). The black line indicates
the power law Ωnn ∝ n−1/2 in the respective regime.
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Fig. 4.9 (a) Mode-number dependence of the relaxation times τ̃n for flexible polymers
of length pL = 105 and the Péclet numbers Pe = 0 (blue), Pe = 1 (orange), Pe = 50
(yellow), and Pe = 103 (purple). The black line indicates the power law in the
respective regime. (b) Longest polymer relaxation time τ̃1, Eq. (4.41), normalized by
the corresponding passive value τ̃ 01 as function of the Péclet number Pe for flexible
polymers with pL = 50 (dotted), 1.5 × 102 (dashed), and 103 (solid) in blue color.
The green solid curve corresponds to an active polymer in absence of HI for pL = 103,
where τ1 ∼ Pe−4/3.

4.3.3 Conformational properties

The conformational properties of a polymer are characterized by its mean square end-
to-end distance 〈r2e〉 = 〈(r(L/2)− r(−L/2))2〉, which is

〈
r2e
〉

=
8

L

∑
n, odd

(
kBTτn
πη

+
v20lτ

2
n

1 + γRτ̃n

)
(4.42)

in terms of the mode amplitudes of Eq. (4.34). Numerical results for 〈r2e〉 are displayed
in Fig. 4.10. As in simulations (cf. Fig. 4.2), polymers swell with increasing activity
and saturate for Pe → ∞. The swelling behavior is distinctly different from that of
free draining polymers or polymers with self-propelled monomers by the dependence
on the relaxation times τ̃n. Comparing the active terms (with v0) for a free-draining
polymer [74], a polymer with self-propelled monomers [116], and Eq. (4.42), we find

τ 2n
1 + γRτ̃n

≥ τ 2n
1 + γRτn

≥ τ̃ 2n
1 + γRτ̃n

, (4.43)

because τ̃n ≤ τn. Hence, the externally driven polymer swells strongest with increasing
Péclet number, and swelling sets in at smaller Pe. This is reflected in the shift of the
dashed-dotted lines in Fig. 4.10 to smaller Pe with increasing pL, whereas respective
curves shift to larger Pe in case of polymers with self-propelled monomers, associated
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with polymer shrinkage [116]. This reflects the distinct influence of the character of the
active noise on the polymer conformations in presence of hydrodynamic interactions.
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Fig. 4.10 Polymer mean square end-to-end distance 〈r2e〉 scaled by the equilibrium
value L/p in the presence of HI as a function of the Péclet number Pe for flexible
polymers of length pL = 50 (blue), pL = 1.5 × 102 (orange), pL = 103 (yellow),
and pL = 104 (purple). The green curve corresponds to the free-draining flexible
polymer with pL = 50. The dashed curves represent the passive contribution with the
relaxation times τn and the dashed-dotted curves the active part with v20 in Eq. (4.42).

The asymptotic limit for Pe→∞ can be obtained analytically. The term γRτ̃n � 1

for Pe → ∞ (cf. App. D) and, thus, can be neglected in Eq. (4.42). Evaluation of
the sum over modes with the relaxation times (4.28) and insertion of Eq. (D.2) yields
then 〈r2e〉 = L2/2. This result is in close agreement with simulations, which yield
a somewhat smaller value, as shown if Fig. 4.11. Moreover, the asymptotic limit is
identical with that of a free-draining polymer [74], in contrast to a polymer of self-
propelled monomers [116].

Simulations (Fig. 4.2) and analytical calculations (Fig. 4.10) predict the swelling
behavior 〈r2e〉 ∼ Pe1/2 over a range of Péclet numbers, which increases with increasing
pL. This dependence on Pe is markedly different from that of free-draining polymers
and those with self-propelled monomers, where the exponent is larger than unity.
This difference rests upon a particular dependence of the dynamics on hydrodynamic
interactions, reflected in the Pe dependence of the relaxation time τ̃1 (Fig. 4.9)(b).
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Fig. 4.11 Comparison of the dependence of polymer mean square end-to-end-distance
on the Péclet number obtained from analytical theory (lines) and BD simulations
(bullets) for polymers with pL = 50 (blue) and pL = 1.5× 102 (orange).

Analytically, the square-root dependence is obtained as follows. First, the relax-
ation times τ̃n are well described by a power law, specifically for pL = 103 τ̃n ≈ τ̃1/n

2

(Fig. 4.9)(a). Secondly, in the relevant Pe regime, γRτ̃n � 1, hence, Eq. (4.42) yields

〈
r2e
〉
∼ Pe2

µ2τ̃1
∼
√
Pe, (4.44)

with µ ∼ Pe4/3 (Eq. D.3) and τ̃1 ∼ Pe7/6 (Fig. 4.9)(b)), relations appropriate for
pL = 103. It is the Pe dependence of the relaxation time τ̃1 which is decisive for
the relation (4.44). In the absence of HI, τ ∼ 1/µ ∼ Pe−4/3 and 〈r2e〉 ∼ P 2/3 [74],
which is a substantially stronger Pe dependence. However, the seemingly rather small
difference between 4/3 = 8/6 and 7/6 of the exponent of the relaxation time is decisive
and leads to a considerably different swelling behavior of the polymer with increasing
Pe.

The theoretical approach very well reproduces the simulation data, as shown in
Fig. 4.11. Merely, the analytical theory overestimates the asymptotic value as a con-
sequence of the mean-field-type constraint for the bond length (Eq. (4.14)).

We like to emphasize that the swelling of active polymers is determined by their
inextensibility, as is evident from the results of this section. Only by suitably includ-
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ing an inextensibility condition, e.g., Eq. (4.14), the qualitative correct behavior is
obtained theoretically [74, 76, 77, 116, 121]. Approaches neglecting such a condition
predict swelling, which quantitatively disagrees with simulation results.

4.4 Dynamical properties

The polymers dynamics is analyzing in terms of the monomer mean square displace-
ment (MSD) averaged over the polymer contour

〈∆r2(t)〉 =
1

L

∫ 〈
(r(s, t)− r(s, 0))2

〉
ds

=
〈
∆r2cm(t)

〉
+
〈
∆r20(t)

〉
+
〈
∆r2a(t)

〉
, (4.45)

with the center-of-mass mean square displacement

〈
∆r2cm(t)

〉
= H00

6kBT

L
t

+ (1 + Ω00)
2v20l

γ2RL

(
γRt− 1 + e−γRt

)
, (4.46)

H00 = (1 + 3πηΩ00)/(3πη), the activity-modified equilibrium-like internal-dynamics
contribution

〈
∆r20(t)

〉
=

1

L

∞∑
n=1

2kBTτn
πη

(
1− e−t/τ̃n

)
, (4.47)

and the active contribution

〈
∆r2a(t)

〉
=

1

L

∞∑
n=1

2v20lτ
2
n

1 + γRτ̃n

(
1− e−γRt − γRτ̃ne−t/τ̃n

1− γRτ̃n

)
. (4.48)

The passive parts of 〈∆r2(t)〉—in 〈∆r2cm(t)〉 and 〈∆r20(t)〉—, are, aside of the µ-
dependence of the relaxation times, identical with the dynamics of the Zimm model,
or a semiflexible polymer in presence of HI [91, 116, 132, 140].

The center-of-mass MSD exhibits the same time-dependent terms as an active poly-
mer without HI and a polymer with self-propelled monomers. For t→∞, 〈∆r2cm(t)〉
dominates the total MSD, increasing linearly with time with the diffusion coefficient

D = H00
kBT

L
+ (1 + Ω00)

v20l

3γRL
. (4.49)
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However, Ω00 depends on polymer length and Péclet number. Figure 4.8 suggests a
substantial increase of Ω00 with polymer length, and a decrease with increasing Pe,
and seems to approach a Pe-independent value for Pe� 1.

The average MSD of a point r(s, t) in the center-of-mass reference frame, Eqs. (4.47),
(4.48), exhibits three distinct regimes:

• t → 0 — The MSD is dominated by Eq. (4.47), and all modes contribute. With
τn = τR/(µn

2) for a flexible polymer, and conversion of the sum to an integral yields

〈
∆r20(t)

〉
=

2L

π2pµ

(
t

τ̃1

)2/3 ∫ ∞
0

dx
1− e−x3/2

x2
. (4.50)

This is the same relation as obtained for a passive system, except that µ and τ̃1
depend on activity, and a polymer with self-propelled monomers [116].

• t/τ̃1, γRt� 1 — Taylor expansion of the exponential functions in Eq. (4.48) yields

〈
∆r2a(t)

〉
=
v20lγR
L

∞∑
n=1

τ̃ 2n
τn(1 + γRτ̃n)

t2, (4.51)

consistent with the observed ballistic regime in Fig. 4.12. This regime and its
dependence on activity and polymer properties is in quantitative agreement with
the simulation results of Fig. 4.5 .

• t/τ̃1 � 1� γRt — With γRτ̃1 � 1, the MSD is given by

〈
∆r2a(t)

〉
=

2v20l

γRL

∞∑
n=1

τ 2n
τ̃n

(
1− e−t/τ̃n

)
. (4.52)

The relaxation times τ̃n are well described by the power-law τ̃n = τ̃1/n
γ (cf. Fig. 4.9).

Inserting this relation and replacing the sum by an integral, Eq. (4.52) yields

〈
∆r2a(t)

〉
=

2v20lτ
2
R

µ2γRL

(
t

τ̃1

)3/γ−1 ∫ ∞
0

dx
1− e−xγ

x4−γ
. (4.53)

For Pe > 50, the power-law exponent is close to γ = 7/4, hence,〈
∆r2a(t)

〉
∼ t5/7. (4.54)

This time dependence is in close agreement with the numerical result displayed
in Fig. 4.12. By the interplay between activity and hydrodynamic interactions, a
new power-law regime emerges for the inter-molecular MSD. The seemingly small
difference between the exponent γ = 7/4 and the value two for a Rouse polymer,
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Fig. 4.12 Mean square displacement of flexible polymers for pL = 105 and the Péclet
numbers Pe = 0 (blue), 1 (orange), 50 (yellow), and 103 (purple). (b) The Péclet
number is Pe = 115 and pL = 50 (blue), 1.5×102 (orange), 103 (yellow), 104 (purple),
and 105 (green). The dashed lines correspond to the MSD in the polymer center-of-
mass reference frame, and the solid lines are the overall MSD. The black lines denote
the power laws in the respective regimes.
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4.4 Dynamical properties

implies a significantly different power-law MSD, namely an exponent 7/5 vs. 1/2

for Rouse polymer [76]. Moreover, the type of active force matters—calculations for
self-propelled monomers yield the exponent 2/5 [116], which is even smaller than
the value for the free-draining polymers This emphasizes the strong and determining
influence of hydrodynamic interactions on the dynamics of active polymers.

The overall monomer MSD (4.45), exhibits even a different power-law regime 〈∆r2(t)〉 ∼
t3/4 for pl & 103, by an additional contribution of the center-of-mass MSD. Evidently,
a separation of the MSD in the center-of-mass reference frame from the overall MSD
is not possible, even for very long polymers.
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Chapter 5

Multiparticle collision dynamics
approach with self-propelled polymers

5.1 Self-propelled monomer in MPC fluid

An essential aspect of a self-propelled monomer is that active forces do not give rise to
a Stokeslet or other higher hydrodynamic multipoles. This is captures and reflected
by Eq. (3.1). To account for this specificity of an active particle, the MPC algorithm
has to be suitably adapted. Specifically, in the collision step no explicit contributions
of the active velocity have to be included.

As for the ABP of Sec, 3.1.1, we consider independent equations of motion for the
monomer translation, taking intramolecular forces Eqs. (1.87)- (1.88) into account,
and the active velocity vact = v0e; the latter is given by Eq. (3.2).
The integration scheme

ri(t+ dt) = ri(t) +
dt2

2M

Nm∑
i=1

Fi(t) + dt
[
vi(t) + vacti (t)

]
, (5.1)

vi(t+ dt) = vi(t) +
dt

2M
[Fi(t) + Fi(t+ dt)] , (5.2)

vacti (t+ dt) = vacti (t) + v0 [ei(t+ dt)− ei(t)] , (5.3)

for the streaming of the monomers are consistent with the dynamics of the self-propelled ABP-
type monomers of Sec. 3.1.1. The discretization of the equations of motion (5.1)- (5.3) follows
from the Strömer-Verlet algorithm, extensively used for second order differential equation
[170]. Equation (5.2) accounts for the velocity contribution of the passive intramolecular
forces, Eq. (5.1) for the positions and Eq. (5.3) for the independent change of the active
velocity. These equations assume a particular propulsion mechanism.
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Multiparticle collision dynamics approach with self-propelled polymers

5.2 Fluid-polymer coupling
The streaming of the MPC particles is given by Eq.(1.63). The coupling between the active
monomers and the MPC fluid occurs in the collision step as described in Sec. 1.3.2. Here,
both the MPC particles as well as the monomers perform a collision. Importantly, the
active velocity contribution of the active force has to be taken into account. Thus, the total
velocities after streaming (Eq. (5.3) ) are used in the rotation process and the calculation of
collision-cell center-of-mass velocity, which is then given by

vi(t+ h) = vacti (t+ h) + v̄cm(t+ h) + R(α) [vi(t+ h)− v̄cm(t+ h)] . (5.4)

By considering solely the passive monomer velocity, vi(t), in the rotation step, we assume
the activity of a monomer as an internal source of energy, which must be (explicitly) inde-
pendent from the fluid. In other words, we avoid the appearance of any Stokeslet of active
nature into the system.

The center-of-mass velocity of theNc+N
c
m particles, including fluid particles and monomers,

within the cell of particle i is

v̄cm =

∑nc
j=1mv̂j +

∑Nc
m

j=1Mvj

mNc +MN c
m

, (5.5)

and R(α) is the rotation matrix. Temperature is not conserved for systems far form equilib-
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Fig. 5.1 Illustration of an active polymer made out of monomers (yellow-green) sur-
rounded by MPC fluid particles (blue dots). Both monomers and fluid particles inside
a collision cell of size a are involved in the same rotation algorithm.
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rium, hence, a thermostat is imposed after each step over the fluid particles and monomers
velocities. We apply the Maxwell-Boltzmann scaling method, which picks randomly a new
kinetic energy from the gamma distribution in order to rescale the particles velocities af-
ter every collision step [114]. This ensures the local momentum conservation and yields a
Maxwellian velocity distribution.
We set the energy in units of kBT = 1, length in units of the collision cell a = 1, and time in
units of τ =

√
ma2/kBT . The mass is measured in units of the fluid particle mass m = 1.

To avoid high monomer velocities, we set a relatively high average number of particles per
collision cell of 〈Nc〉 = ρ = 50. Accordingly, a single monomer has a mass of M = 50.
Considering a time-step h = 0.01

√
ma2/kBT gives a viscosity of η = 447.4, according to the

theoretical formula [107, 111, 144]. A cubic periodic box of linear size L = 32a is considered.
Again, we keep the coefficient κl (Eq. (1.86)) as κll2/kBT = (10 + 2Pe)× 103, to ensure

bond-length variations smaller than 3% of the equilibrium value l.The scaled bending force
coefficient κ̃b = κbl

2/kBT (Eq. (1.87)) is related to the polymer persistence length, lp =

1/(2p), by Eq. (1.90). Finally, we keep σ = 0.8l and ε = kBT as the parameters of the
truncated and shifted Lennard-Jones potential.

5.3 Results: Comparison RPY with MPC
In Fig. 5.2, we show the comparison of the mean square end-to-end distances obtained for
the self-propelled polymers in a MPC solvent with the simulation results applying the RPY
tensor.
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Fig. 5.2 Polymer mean square end-to-end distance as a function of the Péclet number
of semiflexible polymers with Nm = 50 (L = 49l) monomers for pL = 5× 101 (blue),
2.6 (red), and 2.5×10−2 (purple). Solid lines are results applying the RPY tensor and
bullets are results of hybrid simulations using the MPC approach.
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Comparing the polymer mean square end-to-end distance obtained from the MPC ap-
proach with the results derived from the RPY tensor simulations, we find quantitative and
qualitative agreement, validating the proper implementation of both approaches. Similarly
to the case for active polymers by external colored noise in MPC (cf. Fig. 4.3), the deviations
from the RPY tensor simulations also appear for Pe & 102, due to limitations from the fluid
model in terms of Mach and Reynolds numbers. Nonetheless, we want to stress the advantage
of using the MPC approach compared to RPY tensor approach. Namely, it allows to treat
more sophisticated problems where no tensor can easily be obtained such as active objects
in confinement, or in complex geometries. Here, MPC can provide the correct hydrodynamic
behavior.
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Chapter 6

Conclusions and outlook

Analytical results for active semiflexible polymers under shear flow have been presented.
The Gaussian semiflexible polymer model is adopted, which takes into account the polymer
inextensibility in a mean-field manner by a constraint for the contour length [89, 90, 130].
Activity is modeled as a colored noise force with an exponential temporal correlation. The
linearity of the equation of motion, even in the presence of shear flow, allows for its analytical
solution. Relaxation times, deformation, alignment, and viscosity as a function of shear rate
have been calculated. Each of these quantities shows a strong dependence on shear rate.
Thereby, activity affects the shear response. An important aspect of a polymer in shear
flow is its stretching and alignment along the flow direction, and its shrinkage transverse to
it [142, 144, 150]. Activity enhances these aspects for flexible polymers. Semiflexible polymers
show a nonmonotonic deformation behavior as a result of an activity-induced shrinkage at
moderate Péclet numbers and a swelling at larger Pe, where the latter is similar to that of
flexible polymers at the same Pe [74]. The activity-induced preference in alignment leads
to a more pronounced shear thinning of highly active polymers, i.e., activity enhances shear
thinning. All polymers exhibit the same shear-rate dependence in the limit Pe → ∞, and,
consequently, a universal behavior is obtained.

In addition, we analyzed how the active polymer relaxation behavior is governed by two
processes, namely the diffusive dynamics of the active velocity, characterized by γR, and
the relaxation times of the polymer. Following this direction, remains to be analyzes how
these competing processes determine the overall relaxation dynamics, e.g., of the end-to-end
vector, and diffusion of the ABPO in the presence of shear flow.

We have presented analytical, numerical, and computer simulation results for the conforma-
tional and dynamical properties of active semiflexible polymers in the presence of hydrody-
namic interactions. In the simulations, the overdamped dynamics of a bead-spring polymer
composed of ABP monomers is studied, with hydrodynamic interactions captured by the
Rotne-Prager-Yamakawa hydrodynamic tensor. For the analytical treatment, the Gaussian
semiflexible polymer model is adopted, which takes into account the polymer inextensibility
in a mean-field manner by a constraint for the contour length. Here, activity is modeled as
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a Gaussian colored noise process with an exponential temporal correlation. Hydrodynamic
interactions are taken into account by the preaveraged Oseen tensor. The linearity of the
equation of motion allows for its analytical solution. In any case, our active forces do not
generate a Stokeslet, higher-order active multipole flow fields, which decay spatial as 1/r2 or
faster with distance from the self-propelled active site, are neglected, and only the presumably
dominant Stokeslet field resulting from intramolecular forces are taken into account.

Most remarkably, we find a strong influence of hydrodynamics on the polymer conforma-
tional properties. In absence of hydrodynamics, active flexible polymers (ABPOs-HI), with
pL > 10, monotonically swell with increasing activity, Pe, whereas semiflexible polymers,
with pL < 10, shrink at moderate Pe (the actual Pe-range depends on the polymer length)
and swell for higher Pe, similar to flexible polymers [74, 76]. In contrast, active polymers
in the presence of hydrodynamic interactions (ABPOs+HI) always shrink for moderate Pe
independent of stiffness, and swell again for high activities, where the asymptotic extension
for Pe → ∞ of an ABPO+HI is significantly smaller than that of an ABPO-HI. The ob-
served strong influence of hydrodynamics appears over a Péclet-number range well covered
by synthetic active colloids, where typically Pe . 150.[2]

Our studies predict a substantial effect of hydrodynamic interactions on the properties
of active polymers. The shrinkage, even in the presence of excluded-volume interactions,
results in an enhanced packing, which might be important for DNA organization within the
cell nucleus [160, 161]. The actual mechanism of DNA packing is unresolved so far, how-
ever, DNA transcription or other local enzymatic processes, e.g., active-loop extrusion [162],
provide a continuous local energy influx, and, hence, a source of nonthermal active noise.
Moreover, hydrodynamic interactions could be involved in the observed subdiffusive dynam-
ics of chromosomal loci [43, 163], which is typically related to a viscoelastic [94] or a fractal
environment [164]. Further experimental studies are necessary to resolve the relevance of the
various possible mechanisms affecting the dynamics, such as hydrodynamics, confinement,
and viscoelasticity.

We have studied the conformational and dynamical properties of flexible and semiflexible
polymers in presence of an external active bath and hydrodynamic interactions by simula-
tions and analytical theory. In the simulations, we consider the overdamped dynamics of a
bead-spring polymer, including hydrodynamic interactions via the Rotne–Prager–Yamakawa
hydrodynamic tensor. Moreover, we present an implementation of the active polymer in
the multiparticle collision dynamics approach. Comparison of the polymer conformational
properties at various Péclet numbers and polymer stiffness yields quantitative agreement be-
tween simulations employing the hydrodynamic tensor and the MPC method, respectively.
The MPC approach opens possibilities to study active polymers in situations, where a tensor
description is extremely difficult and demanding, as for polymers confined in channels. In
the analytical treatment, the Gaussian semiflexible polymer model is adopted, taking into
account the polymer inextensibility in a mean-field manner by a constraint for the contour
length. Here, hydrodynamic interactions are taken into account by the preaveraged Oseen
tensor. In any case, activity is modeled as a Gaussian colored noise process with an expo-

116



nential temporal correlation. This activity is assumed to be imposed externally onto the
monomers by interactions with their environment. As a consequence, the active force gives
rise to a Stokeslet flow field, in contrast to self-propelled monomers which are force free [116].

Our studies reveal a strong effect of hydrodynamics on both conformations and dynamics.
Hydrodynamic interactions lead to a swelling of flexible externally driven active polymers, in
contrast to flexible active polymers with self-propelled monomers (ABPO+HI) which show
shrinkage over a range of moderate Péclet numbers. In addition, the externally driven active
polymers reach a larger asymptotic plateau value for the mean square end-to-end distance
for Pe→ inf than an ABPO+HI, which are typically more compact.

Similary as for the polymer dynamics of ABPO+HI, at short times, t/τ̃1, γR � 1, ac-
tivity leads to a ballistic regime, with an enhanced dynamics compared to a passive system.
For intermediate time regimes, t/t/τ̃1 � 1� γRt, in which activity and polymer properties
govern the dynamics of the polymer, a subdiffusive regime ∼ t5/7 (or 3/4 with the numer-
ical results), a higher exponent than the 2/3 from the Zimm model and the 1/2 for Rouse
polymers. For the limit t→ inf, the center-of-mass of the polymer controls the dynamics of
the system, which leads to a diffusive regime (∼ t) for all Péclet numbers with the diffusion
coefficient of Eq. (4.49).

Further experimental investigations in the matter are essential to understand the inter-
play between hydrodynamics, out-of-equilibrium fluctuations, polymer conformations, and
emerging activity-driven self-organized structures. Luckily, further studies and experiments
of molecular/polymeric active matter will reveal original physical phenomena. Moreover,
thinking about future application based on the properties of these systems, valuable design
guidelines for tasks in the microscopic level such as directed transport and controlling assem-
bly pathways of dissipative materials and structures can be provided. Such a fundamental
understanding, opens a world of possibilities for creating soft functional materials that could
implement responses impossible to reproduce with passive materials.
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Appendix A

Intermolecular distance

Figure A.1(a) displays the mean square distance a2(s, s′) (Eq. (4.33)). It increases nonlinearly
with the separation |s− s′|. There is a quantitative difference between the exact expression
(4.33) and the approximation (4.35), but the later captures the essence of the distance and
Péclet-number dependence. The difference between the two expressions vanishes for Pe→ 0

and is small for Pe � 1, as illustrated in Fig. A.1(b). There, ∆a2 is the ratio of the
magnitude of the difference between a2 determined via Eq. (4.33) and (4.35), respectively,
divided by the expression Eq. (4.33). Within the applied simplified theoretical approach, the
quantitative agreement between the a2(s, s′) of Eq. (4.33) and (4.35) suffices and justifies the
use of Eq. (4.35).
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Intermolecular distance
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Fig. A.1 (a) Mean square distance between two points along the polymer contour as
a function of their separation for pL = 102 and the Péclet numbers Pe = 10−2 (blue),
2 × 101 (orange), 1.5 × 102 (yellow), and 103 (purple). The solid line is obtained
by Eq. (4.33) and the dashed line by the approximation (4.35). In the valuation of
Eq. (4.33), s′ = −L/2. (b) Ratio ∆a2 of the magnitude of the difference between a2
determined via Eq. (4.33) and (4.35) divided by the expression Eq. (4.33) for pL =
2× 102 (solid) and pL = 5× 101 (dashed-dotted). The colors correspond to the same
Péclet numbers as in (a).
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Appendix B

Mode-number dependence of Ossen
tensor

The mode-number dependence of the Oseen tensor Ωnn (4.37), with the approximation (4.35)
for a2(s), is illustrated in Fig. B.1 for various Péclet numbers and pL = 103 and 105. In the
limit Pe → 0, our approach is equivalent with the Zimm model for pL → ∞, and we
correspondingly find Ωnn ∼ 1/

√
n [120, 132, 156]. The Oseen tensor Ωnn drops abruptly
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Fig. B.1 Mode-number dependence of the Oseen tensor Ωnn (Eq. (4.37)) for polymers
of length pL = 105 (circles) and pL = 103 (squares) and the Péclet numbers Pe = 10−2

(blue), 2× 101 (orange), 1.5× 102 (yellow), and 103 (purple). The black line indicates
the power law Ωnn ∼ 1/

√
n.
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Mode-number dependence of Ossen tensor

below unity above a length-dependent mode number nm, where ζnm/p = nmπ/pL . 1.
Hence, the hydrodynamic contribution 1+3πηΩnn becomes irrelevant for modes n & nm and
the relaxation times are equal to those of an ABPO-HI.

Activity changes the mode-number dependence of Ωnn in a non-monotonic manner, and
the values of Ω11 at nonzero Pe can be larger than those of the passive polymer. However,
with increasing Pe, Ω11 is reduced and also Ωnn decrease more slowly with increasing n

compared to the passive polymer. Together, this leads to a weaker dependence of the polymer
dynamics on hydrodynamics with increasing activity. The length-dependence of Ωnn at small
mode numbers is roughly given by Eq. (3.34). Moreover, also the Péclet-number dependence
is approximately captured by Eq. (3.34) for pL = 105 and Pe & 10.
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Appendix C

Relaxation times

Figure C.1 presents the mode-number dependence of the relaxation times τ̃n (3.36). The
passive polymer exhibits the Zimm behavior τ̃n ∼ n−3/2. A similar power law is obtained for
higher Péclet numbers over a more or less wide range of mode numbers. However, at higher
Pe, a faster drop is obtained due to the slower decay of Ωnn with increasing mode number.
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Fig. C.1 Mode-number dependence of the relaxation times τ̃n for a flexible polymer
with pL = 105 and the Péclet numbers Pe = 10−2 (blue), 2× 101 (orange), 1.5× 102

(yellow), and 103 (purple). τ̃1 is the longest relaxation time. The black line indicates
the power law τ̃n ∼ n−3/2.
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Appendix D

Asymptotic stretching coefficient

The active contribution in the Eq. (4.40) can by written as

∞∑
i=1

v20lτ
2
n

1 + γRτ̃n
ζ2n =

Pe2pL2

9µ2∆2π2
(D.1)

×
∞∑
i=1

[
n2 +

2(pL)2

3µ∆π2(1 + 3πηΩnn)

]−1
,

when we set dH ≡ l. The stretching coefficient, µ, increasing with increasing Pe. Hence,
for (pL)2 � µ, the second term in the brackets can be neglected. Then, we obtain from
Eq. (4.40)

µ =

√
pL

6

Pe

3∆
. (D.2)

In the opposite limit, pL � Pe, the sum over n is dominated by the second term in the
bracket for small n, and the mode-number dependence is determined by the preaveraged
Oseen tensor. With increasing Péclet number, higher modes become important, at the same
time Ωnn becomes less relevant. Neglecting the hydrodynamic contribution, the sum over
modes can be evaluated, and Eq. (4.40) yields [74]

µ =
Pe4/3

6∆
. (D.3)
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