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Abstract

Topological insulators are unique quantum states of matter. Although they behave like ordi-
nary insulators in the bulk, states involving massless Dirac fermions at the surface of such ma-
terials are found to be metallic. Since their discovery in two-dimensional HgTe quantum wells,
topological insulators have been very actively studied, both experimentally and theoretically.

In this thesis, we investigate how a magnetic field induces one-dimensional edge channels
when the two-dimensional surface states of three-dimensional topological insulators become
gapped. The Hall effect, which can be measured by contacting those edge channels, remains
integer-quantized even when the topological 6-term in the bulk (and the associated surface
Hall conductivities U;l;rf) are not quantized due to time-reversal symmetry breaking. We show
that the quantization of the Hall conductivity UE;” arises as the f-term changes by +27n along
a loop around n edge channels. Analytical calculations on a model based on strained HgTe
are presented, which show how the interplay of orbital and Zeeman effects leads to quantum
Hall transitions where channels get redistributed along the edges of the crystal. This network
of edges, the existence of which we confirm by numerical tight-binding calculations, opens up
new possibilities to investigate the coupling of edge channels.

In the last part of this thesis, we investigate whether long-ranged Coulomb interactions,
controlled by the dimensionless coupling constant o = 1/(hev§}“fe), can induce spontaneous
symmetry-breaking on the surfaces of a three-dimensional topological insulator, thereby cre-
ating a gap in the metallic surface states. This would allow an anomalous quantum Hall effect
without explicitly breaking time-reversal invariance, i.e., without the application of an external
magnetic field. We find that one prerequisite for observing this effect is to reduce the Fermi ve-
locity v§ of the surface Dirac fermions. However, we find that screening due to bulk metallic
states renders the effective interaction strength oo small instead of large and therefore prevents
chiral symmetry breaking. We confirm this scenario by explicit numerical tight-binding calcula-
tions for various models in slab geometries, and by an analytical calculation of the correspond-
ing polarization functions. We also derive topological criteria for the existence of flat surface
bands and discuss under which conditions short-ranged Hubbard interactions may lead to an
interaction-induced band gap in the surface states. In particular, we find a generic scenario for
a surface band gap due to local interactions in the Fu-Kane-Mele model.






Kurzzusammenfassung

Topologische Isolatoren stellen eine neue Klasse von Materialien dar, die sich im Volumen wie
gewohnliche Isolatoren verhalten, auf ihrer Oberflache aber metallische Zustédnde besitzen.
Diese metallischen Randzustande lassen sich durch Dirac-Fermionen, d.h. durch masselose
ultra-relativistische Teilchen mit linearer Energie-Impuls-Relation beschreiben und weisen au-
Rergewohnliche Eigenschaften wie eine halbzahlig quantisierte Hall-Leitfahigkeit oder den sog.
magneto-elektrischen Effekt auf. Seit ihrer Entdeckung in HgTe-Heterostrukturen vor wenigen
Jahren sind topologische Isolatoren ein sehr aktives Forschungsgebiet.

In dieser Arbeit betrachten wir zunachst dreidimensionale topologische Isolatoren in Anwe-
senheit eines dufleren Magnetfeldes und untersuchen die Netzwerke eindimensionaler Rand-
kanale der zweidimensionalen Oberflachenzustande. Wir zeigen, dass die entsprechende Hall-
Leitfahigkeit a;{;“ stets in Vielfachen von e2/h quantisiert ist, wohingegen der sogenannte -
Term und die verwandte Oberflachen-Leitfahigkeit a;‘;rf auf Grund gebrochener Zeitumkehr-
invarianz keine Quantisierung mehr erfahren. Wir analysieren mittels Modellrechnungen den
Einfluss des aulieren Magnetfelds, das zugleich an Ladungs- und Spin-Freiheitsgrade der Dirac-
Fermionen koppelt, auf die Randkanale und zeigen, dass dies zu einer Verschiebung der Quan-
ten-Hall-Ubergange auf den Oberflachen des topologischen Isolators fiihrt. Des Weiteren gehen
wir kurz auf mogliche Anwendungen derartiger Randkanalnetzwerke ein.

Im letzten Teil der vorliegenden Arbeit untersuchen wir den Effekt von langreichweitigen
Coulomb-Wechselwirkungen, die durch chirale Symmetriebrechung eine Bandliicke in den an-
sonsten metallischen Oberflachenzustanden erzeugen kann. Wir diskutieren die Voraussetzun-
gen fir chirale Symmetriebrechung und zeigen, dass es ausreicht, die Fermi-Geschwindigkeit
der Oberflachen-Dirac-Fermionen zu verringern, sofern die Dielektrizitatskonstante des topo-
logischen Isolators endlich bleibt. Allerdings beobachten wir, dass eine Reduzierung der Fermi-
Geschwindigkeit in den betrachteten Modellen stets mit einer Divergenz der Polarisationsfunk-
tion (und damit der Dielektrizitatskonstanten) einhergeht, sodass langreichweitige Coulomb-
Wechselwirkungen abgeschirmt werden, was wir durch explizite numerische und analytische
Rechnungen Gberprift haben. Zum Schluss diskutieren wir unter welchen Bedingungen gene-
risch flache Bénder in topologischen Isolatoren auftreten kénnen, und zeigen mogliche Wege
auf, den Effekt der chiralen Symmetriebrechung durch lokale Hubbard-Wechselwirkungen zu
realisieren, um beispielsweise den magneto-elektrischen Effekt auf der Oberflache eines drei-
dimensionalen topologischen Isolators zu beobachten.
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CHAPTER

Introduction

tions of materials as being either conductors or insulators. It was only rather recently

understood that this distinction, based on the ability to conduct an electric current, is
not as sharp as it was once thought to be. The essential subtlety is that all real materials are of
finite size and hence have surfaces which can have very different properties from those of the
bulk.

A huge theoretical and experimental research effort has now established that band insula-
tors can actually be divided into two classes: the first one describes the “ordinary” band insu-
lators, in which electrons fully occupy valence bands, while all available conduction states are
well-separated by a large energy gap. Since there are no low-energy excitations, the system is
trivially insulating. The second class, however, are the topological insulators, in which the en-
ergy gap between the occupied and empty bands is fundamentally modified due to spin-orbit
interactions of relativistic origin. In topological insulators, the coupling of the spin and orbital
angular momentum of an electron leads to an inversion of the band gap: states formerly lying
above the gap are now below, and vice versa. Similar to the Mobius strip, this “twist” in the
electronic band structure cannot be simply unwound, and this feature leads to the notion of
topology in such insulators. Another consequence of this winded band structure is the appear-
ance of metallic states at the surfaces of topological insulators which, in general, do not exist
in the ordinary band insulators. Theoretically, those topological surface states have been pre-
dicted to show a linear energy-momentum relation similar to Dirac fermions, and an unusual
spin texture due to a locking of spin and momentum. The experimental confirmation of those
metallic surface states in HgTe quantum wells spurred a large activity in this field of research,
serving as a platform for both fundamental physics and technological applications like spin-
tronics or quantum computing.

From a historical point of view, the first and probably best-known example of a topologi-
calinsulator is the integer quantum Hall effect which shows a quantized Hall conductivity in a
perpendicular magnetic field". Haldane later realized that the quantum Hall effect may also oc-
cur in systems without an external magnetic field, and proposed a model for spinless fermions
on the two-dimensional honeycomb lattice under the influence of a fictitious inhomogeneous
magnetic field?. By including the spin degree of freedom and making the magnetic field spin-
dependent, Kane and Mele restored the time-reversal symmetry of the Haldane model, sug-
gesting that the single-layer graphene sheet with intrinsic spin-orbit interactions indeed con-
stitutes a new quantum phase of matter—the quantum spin Hall insulator®, Soon after, the
quantum spin Hall effect was in fact observed experimentally in HgTe quantum wells which

%I@ n the last decade, physicists have begun to question one of the most basic classifica-
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possess a larger spin-orbit coupling than the graphene system due to its heavier constituent
elements©.

In general, symmetry-protected topological insulators like the quantum spin Hall insula-
tor can be described as quantum states of matter which are insulating in the bulk, but exhibit
topologically protected edge or surface states at their boundaries. The surface states of a three-
dimensional topological insulator are gapless and protected against arbitrary deformations
and perturbations of the Hamiltonian as long as (i) time-reversal invariance as the most fun-
damental symmetry of the Hamiltonian is preserved and (ii) the bulk band gap is not closed.
In three dimensions, the different phases of topological insulators are characterized by four
topological Zs invariants v;, of which vy is the most important.

Inthe simplest case, a three-dimensional topological insulator can be constructed by stack-
ing layers of the two-dimensional quantum spin Hall insulator on top of each other. The helical
edge states of these layers hybridize and form surface states which can be localized by disor-
der, since time-reversal symmetry does not protect such states. This state of matter is a weak
topological insulator which has vy = 0. On the other hand, vy = 1 describes a strong topolog-
ical insulator which cannot be interpreted in terms of the 2D quantum spin Hall insulator. To
be precise, in a strong topological insulator, there exists an odd number of Dirac points on the
surface of the crystal. In the simplest case of a single Dirac point, the two-dimensional surface
metal can be described in terms of a Dirac Hamiltonian with linear spectrum.

In this thesis, we focus on the three-dimensional topological insulator as a novel quantum
state of matter. We begin in chapter 2] with a brief introduction to topological insulators and
explain the topological order in the quantum Hall effect. We also give a short introduction to
the Haldane model? and the quantum spin Hall insulator introduced by Kane and Mele®4%¢,
Afeature common to all these models is the bulk-boundary correspondence which relates the
topological structure of the electronic bulk band structure to the presence of gapless bound-
ary modes. We discuss conceptually how to calculate both analytically and numerically the
boundary states of topological insulators.

In chapter[3] we first describe the electronic band structure of mercury telluride (HgTe) and
cadmium telluride (CdTe), and discuss the discovery of the quantum spin Hall insulator in two-
dimensional CdTe/HgTe/CdTe quantum well heterostructures>. We go on to discuss briefly the
topological properties of bulk HgTe samples under applied biaxial strain, realizing an instance
of a strong topological insulator in three dimensions®1%, Finally, we develop a minimal model
for topological insulators in three dimensions, based on the states close to the Fermi level in
strained HgTe.

In chapter[4} we investigate the Hall response of a strong topological insulator and dis-
cuss the appearance of chiral edge states. We discuss the situation, where time-reversal invari-
ance is broken in a strong topological insulator, for example by an applied external magnetic
field, and show that a band gap opens for the otherwise gapless surface states. Those surface
states are then expected to become quantum Hall states which exhibit a half-integer quantized
Hall conductance o;‘;f = +¢2/(2h) (Ref.[10). We also discuss the related phenomenon of the
magneto-electric effect which is regarded as one of the characteristic features of strong topo-
logical insulators™3, Although the Hall conductivity of the two-dimensional surface metal is
thus expected to be quantized in half integers, it is known from transport experiments that
charge quantization leads to a quantized Hall conductance with afya“ = n(e?/h) and integer
n (Ref. [14). To resolve this apparent contradiction, we develop an effective field theory for the
surface Dirac fermions and compute the Landau level sequence in the presence of an external
magnetic field. The results are confirmed by explicit calculations of the band structure and
the edge channels using exact diagonalization methods. Furthermore, we discuss the role of



1 - Introduction 3

the topological 8-term in the effective action of topological insulators which is related to the
half-integer quantized conductance a;‘;f, and show how it can be reconciled with the integer-
quantized Hall response O.;{yall from transport measurements. In particular, we show that the
value of # and thus a;f;ff are not quantized in a system with broken time-reversal symmetry
and broken inversion symmetry, but the Hall response a;{yau as a global measurement indeed
remains quantized—as follows from the quantization of the elementary charge.

Chapter[5]focuses on the question whether a symmetry-broken state could appear on the
surfaces of a three-dimensional topological insulator due to an interaction-induced surface
band gap. We investigate long-ranged Coulomb interactions which can, in principle, lead to
a symmetry-broken state due to chiral symmetry breaking, where the Dirac fermions at the
surface exhibit a spontaneously generated mass™’, Once such a gap is opened, one expects
to see, for example, the anomalous quantum Hall effect or the surface magneto-electric effect
associated with topological insulators™3,

We start by reviewing the mechanism of chiral symmetry breaking of Dirac fermions in two
spatial dimensions in the presence of long-range Coulomb interactions and briefly discuss the
current status regarding chiral symmetry-breaking in the context of two-dimensional graphene
sheets. We then introduce the two-dimensional Kane-Mele model as an effective low-energy
model of a topological insulator on the two-dimensional graphene lattice®®. In particular,
finite-size graphene ribbons with zigzag edges host zero-energy edge states which form com-
pletely flat bands when spin-orbit interactions are absent, although those edge states are not
observed for armchair edges. We show how these flat bands are related to the topology of a
whole family of one-parameter Bloch Hamiltonians, and we give explicit criteria for the exis-
tence of those zero-energy boundary states for topological insulators in two and three dimen-
sions'®. The flat bands pave a way to achieve chiral symmetry breaking, and we discuss under
which conditions the one-dimensional edge states in graphene ribbons spontaneously develop
long-range ferromagnetic order in the presence of Coulomb interactions.

The results on the 2D graphene lattice can be generalized to strong topological insulators
described by the Fu-Kane-Mele model on the three-dimensional diamond lattice™®. For cer-
tain surfaces of 2D slabs, we predict the existence of zero-energy states similar to the Kane-
Mele model which form completely flat bands. We confirm the existence of those surface bands
by explicit tight-binding calculations and discuss the role of spin-orbit interactions generated
by second-nearest neighbor hopping. Concerning Coulomb interactions, the corresponding
surface Dirac fermions are expected to show a similar phase diagram as the Dirac fermions in
graphene, since the 2D surface states become more and more flat as the spin-orbit coupling
parameter is decreased. Furthermore, we show by an explicit calculation of the polarization
function to leading order in the spin-orbit coupling that the topological criterion for the exis-
tence of flat surface bands in that model also implies a sharp peak in the density of states. As a
consequence, long-range Coulomb interactions are screened, and chiral symmetry breaking is
ultimately avoided. Nevertheless, due to the vanishing kinetic energy of the Dirac fermions in
the flat bands, even local interactions can lead to spontaneous gap generation, and we discuss
a possible scenario for this effect in a mean-field approach.

Another class of 3D topological insulators is exemplified by the minimal model developed
in chapter 3] wherein a similar situation for chiral symmetry breaking may occur. In that sys-
tem, we also find surface bands which become more and more flat as we approach the bulk
critical point. In contrast to the Fu-Kane-Mele model, the origin of the flat surface bands is
similar to “spectral pressure” exerted by the bulk conduction and valence bands rather than a
topological argument. However, in this model, a surface quantum phase transition to a gapped
state is also hampered by the diverging polarization function, which is discussed by means of
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an explicit calculation. However, due to the flatness of the surface bands also local interac-
tion become relevant close to the bulk quantum critical point, and we find a generic situation
for an interaction-induced surface band gap in the Fu-Kane-Mele model. On the other hand,
in the minimal HgTe model we find a diverging penetration length of the surface states into
the bulk which results in a vanishing effective interacction strength for the surface states. The
calculation of the susceptibility matrix shows that ferromagnetism on the surfaces of the 3D
topological insulator is the leading instability, but this occurs very closely to the magnetic bulk
instability, so that fine-tuning of the model parameters is required for an observation of such a
surface band gap. In the last part of this chapter, we put our results in the broader context of
3D topological insulators, and discuss the relevance of chiral symmetry breaking as a general
mechanism involving surface states of topological insulators.

In Ref. 19 we published the construction of the minimal model based on the states in 3D
strained HgTe (cf. chapter[3) and the results of chapter[4] concerning the quantum Hall effect
and the non-quantized 6-term in topological insulators. The results of chapter[5are currently
being prepared for publication??.,



CHAPTER 2

Topological Quantum Matter

75N\ he of the most important concepts in condensed matter physics is the classification

of states of matter by the principle of spontaneous symmetry breaking. For exam-
TN ple, a crystalline solid breaks translational symmetries even though the fundamental
inter-atomic Coulomb interactions are translationally invariant, or a magnet breaks rotation
symmetries, although the responsible spin-spin interactions are isotropic, while a supercon-
ductor breaks spontaneously the U (1) gauge symmetry of the condensate. Each of those states
of matter is described by a unique order parameter which assumes a non-vanishing expecta-
tion value only in the symmetry-broken or ordered phase. The effective field theory, usually
referred to as Landau-Ginzburg theory, is determined by the general properties of the under-
lying system and the symmetries of some local order parameter. For a long time it was believed
that this theory provides a universal description of all quantum states of matter.

In 1980, however, von Klitzing discovered experimentally a new quantum state of matter—
the so-called integer quantum Hall effect—which cannot be described in terms of a Landau-
Ginzburgtheory. In a nutshell, the basic observation was that the longitudinal conductance o,
of atwo-dimensional electron gas subjected to a perpendicular magnetic field almost vanishes,
while the transversal conductance or Hall conductance is an integer multiple of the conduc-
tance quantum Gy = e?/h (Ref. l). This quantization turned out to be independent of micro-
scopic details such as the type of semiconducting material used, the quality of the sample, or
the precise magnitude of the magneticfield. “For the discovery of the quantized Hall effect” the
Nobel Prize in Physics was awarded to von Klitzing in 1985%!, Actual measurements of the Hall
conductance show that e?/h can be measured with a precision of about 10~ or better, which
is a manifestation of charge quantization or, in other words, gauge invariance2. The quantum
Hall effect also allows for a redefinition of the international standard for resistance in terms of
the electron charge —e and Planck’s constant h alone, based on the resistance quantum given
by the von Klitzing constant Rx = h/e? = 25812.807557(18) € (Ref. 23).

Two years after the discovery of the integer quantum Hall effect Tsui, Stormer, and Gos-
sard discovered in high-quality samples with very low disorder that the Hall conductance o,
also exhibits a fractional quantization?#22, Strong Coulomb interactions and correlations be-
tween the electrons are indeed responsible for the so-called fractional quantum Hall effect.
The quasi-particles condense into quantum states whose excitations show fractional quantum
numbers, including fractional charge and fractional (anyonic) statistics. The Nobel Prize in
Physics 1998 was awarded jointly to Laughlin, Stormer and Tsui “for their discovery of a new
form of quantum fluid with fractionally charged excitations”.

Historically, the quantum Hall effect is the first example of topological quantum matter
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which, in general, is characterized by non-local properties instead of a Ginzburg-Landau the-
orywith a local order parameter. In this chapter, we begin with a brief review of the classical and
quantum Hall effect, discussing in particular the appearance of chiral edge states in the quan-
tum Hall state. After that we review the approach by Thouless, Kohmoto, Nightingale, and den
Nijs describing the Hall conductance as a topological invariant'#. Although there is also an al-
ternative approach due to Laughlin which is based on the gauge invariance of the response of a
system to a change in the external vector potential%4, we do not consider Laughlin’s argument,
but rather focus on the approach by Thouless et al. as it demonstrates explicitly the concepts
of topology used in this thesis.

Another important step is to consider the so-called Haldane model which, in the origi-
nal work, borrowed the idea of the parity anomaly in quantum electrodynamics to construct
a quantum Hall state on the 2D honeycomb lattice?. In that model, the role of the external
magnetic field is taken over by an intrinsic magnetic field generated through second-nearest
neighbor interactions, and it turns out that this toy model shows a quantization of the Hall
conductance similar to the quantum Hall effect. In both systems, fundamental symmetries like
time-reversal invariance, translation invariance, charge-conjugation (particle-hole) symmetry,
or chiral symmetry are broken by the applied magnetic field or disorder in the samples. In that
sense, the quantum Hall effect and related system represent a certain class of intrinsic topo-
logical insulators, whose properties will be studied later.

A second class is given by the so-called symmetry-protected topological insulators which
have been studied extensively in the last decade. As was shown by Kane and Mele in 2005,
one can construct a certain model on the graphene lattice with non-trivial topological prop-
erties by adding up two time-reversed copies of the Haldane model, thereby restoring time-
reversal symmetry=4. In contrast to the intrinsic topological insulators, the resulting model
shows a quantization of spin currents instead of charge currents which has lead to the no-
tion of the quantum spin Hall insulator. The existence of the quantum spin Hall insulator as
a two-dimensional topological insulator was first predicted by Bernevig, Hughes, and Zhang
in 2006, and was soon after realized by Kénig et al. in CdTe/HgTe/CdTe quantum well het-
erostructures®?’. The experimental discovery of the two-dimensional topological insulators
has spurred a huge interest into topological quantum matter, both experimentally and theo-
retically.

The generalization of the TKNN invariant to the quantum spin Hall state by Kane and Mele
has also shown that all time-reversalinvariant topological insulators fall into two distinct topo-
logical classes (without ground state degeneracies) which are classified by a Z topological in-
variant3#18_ Although this approach is based on the topological aspects of band theory and
is thus only valid for non-interacting systems, it has become an important tool in the discovery
of new topological materials™®. In the last part of this chapter, we briefly review the topological
band theory and the Zj classification of symmetry-protected topological insulators in two and
three dimensions as introduced by Fu, Kane, and Mele3#4:8128,

Finally, note that this is an introductory chapter, and thus it is intended to provide a broad
overview of the analytical and numerical concepts used in this thesis. As such, this chapter
does not cover more recent developments like, for example, dynamical effects.

2.1 Classical Hall effect

Let us first discuss the classical Hall effect. In a two-dimensional electron gas in the zy plane,
the application of an electric field E = E,e, leads to a current density j, flowing in x direc-
tion. However, in a perpendicular magnetic field B = Be, (see Fig.[2.1), the Lorentz force
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Figure 2.1. (a) Schematic view of a typical four-terminal setup for Hall measurements. An electron gas
confined to two dimensions is subjected to an electric field E = Fe, within the plane and a perpen-
dicular magnetic field B = Be,. The voltage drop V., in longitudinal direction is measured between
contacts C5 and Cg, while the Hall voltage Vg is measured between contacts Cs and Cg. (b) Sketch of
the Hall resistance p,,, and of the longitudinal resistance p,, as function of the applied magnetic field
B. In the classical or low-field Hall regime, the transverse or Hall resistance p,, is proportional to the
magnetic field, while for larger magnetic field strengths p,,, exhibits plateaus. Figure after Ref. 29

Fy1, = (¢/m)(p x B) deflects the electrons with charge ¢ = —e and mass m drifting in the
direction with momentum p into the y direction. As a result of the accumulating charge at the
surfaces, an electric field E, builds up in y direction so that in equilibrium this electric field will
balance the Lorentz force, and the current will flow again only in the x direction. In that system,
two quantities are of particular interest: First, the so-called longitudinal resistance or magne-
toresistance is given by the ratio of the external field E, and the current density j,, while the
transversal resistance or Hall resistance relates j, to the transverse electric field E,:
PR ) (21)
Jz Jx
To gain a qualitative understanding of the classical Hall effect, let us consider the Drude
theory of metals, describing the diffusive transport of non-interacting electrons in solids. The
electrons with mass m and charge ¢ = —e are subject to the classical equations of motion,

b= q<E + Py B) _ 7 lp. (2.2)
m

The first term is the usual Lorentz force acting on charged particles, while the last term de-
scribes the momentum relaxation due to scattering of the charge carriers from impurities with
a characteristic relaxation time 7. In the steady state, the macroscopic transport is indepen-
dent of time, and therefore we find the following set of equations relating the electric fields to
the current densities:

0=qFE; — WePy — Tilpaza (2.3a)
0=qFEy + weps — T_lpy. (2.3b)
Here, we have defined the so-called cyclotron frequency by

B
We = L (2.4)
m
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This quantity characterizes the cyclotron motion of a charged particle in a perpendicular mag-
netic field due to the Lorentz force. By multiplying these equations by n,q7/m, where n, is the
density of charged particles, we find that

ooy = —weTjy + Jus (2.5a)
ooy = weTjr + Jy- (2.5b)

Here, we have introduced the current density j = gn,v = gn,p/m, and the Drude conductiv-
ity is given by

2
g™

oo = (26)

m
Obviously, the perpendicular magnetic field B leads to non-zero off-diagonal matrix elements
of the resistivity tensor p which relates the electric field E = pj to the current density j:

1 1 —WeT
p = ;O |:(,UCT 1 :| . (2.7)

In the static limit, the electric field E, is determined by the condition that there is no transverse
current in y direction, j, = 0. Solving Eq. (2.5b) for j, = 0 we find that

WeT . B .
B Ye o= s (2.8)
0o ngq

One can now easily read off the Hall resistance as

E, WeT B
=—pPyg=——> = — = . (2.9)
Pry = e =, o0 (=q)ng

Here, some aspects are worth noting: First, in the semi-classical limit, the Hall resistance p,,,
of a one-band system is completely independent of microscopic details like, for example, the
relaxation time 7 which strongly depends on the nature of inter-particle interactions or the type
of material used. Second, Eq. shows that the Hall resistance p,, grows linearly with the
applied magnetic field B [see Fig.(b)], while the slope of the Hall resistance p,,,(B) provides
access to the nature of the charge carriers and their density n,. Note that p,, (B) has a positive
slope for particles with negative charge like electrons.

Finally, the conductivity tensor o defined by Ohm’s law j = o F follows from the resistivity
tensor p by straightforward matrix inversion:

loh) 1 —WeT
= . 2.1
g 1+ ngQ |:wc7' 1 :| ( O)

If we consider a clean system subjected to a magnetic field, i.e., we take the limit w.7 — oo
with finite cyclotron frequency we, the resistivity and conductivity tensors are given by

0 1 110 -1
p—pzy[_l O:|’ U—pxy|:1 0:|. (2.1)

In that limit, the longitudinal components of the resistivity tensor p vanish. However, also the
longitudinal components of the conductivity tensor o vanish as well despite the fact that we
consider a clean system here, where one would naively expect perfect conductance across the
sample. The resolution of this seemingly counterintuitive result is that in the presence of an ex-
ternal magnetic field the charged particles move on closed orbits, leading to finite off-diagonal
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elements in the resistivity tensor with p,,, # 0 [cf. Eq. ]. As a consequence, 0,y = —1/pay
is finite as well.

Finally, note that the limits w. — 0 and 7 — oo do not commute. If we had taken the limit
w. — 0 first, the conductivity tensor simply becomes a diagonal matrix proportional to the
Drude conductivity oo, where the scattering time enters as oy = nqq2r/m, and we recover the
usual conductivity of a normal metal in the absence of a magnetic field.

2.2 Integer Quantum Hall effect

The semi-classical linear behavior of the Hall resistivity as function of the applied magnetic field
has been observed experimentally in two-dimensional electron gases at weak magnetic fields.
By the end of the 1970s, the fabrication techniques of heterostructure devices had advanced
so far that one could produce two-dimensional electron gases with high mobilities at the in-
terfaces of semiconducting materials. In 1980, von Klitzing discovered that in such an electron
gas the Hall resistance p,, develops plateau structures when it is subjected to strong magnetic
fields (of about 15 — 20 T) and cooled to very low temperatures (of about 1.5 K), thus inval-
idating the classical picture of the Hall effect™. This striking phenomenon became known as
the integer quantum Hall effect and was recognized with the Nobel prize in Physics in 19854,
Fig.[2.2Jshows the transport data for a real device in the quantum Hall regime. Instead of a linear
Hall resistivity [cf. Eq. (2.9)] we observe a series of so-called Hall plateaus in the Hall resistance
pay OF equivalently in the Hall conductance o, which are given by

1h e?
Pay = O Ogy = Vﬁ'

Experimentally, the quantization of o, with integer v turns out to be independent of micro-
scopic details such as the type of semiconducting material used, the quality of the sample,
and the precise magnitude of the magnetic field. At each of these plateaus, the longitudinal
resistance p,, vanishes by many orders of magnitude. As suggested by the name, the quan-
tum Hall effect requires inherently a quantum mechanical description of the electrons in two
dimensions. In this section, we first discuss the Hall effect of a two-dimensional electron gas
from a simple quantum mechanical point of view and derive the integer quantization of the
Hall conductance o, following the two reviews by Girvin®? and Goerbig=!. Later, we review
the topological argument of Thouless, Kohmoto, Nightingale, and den Nijs for the quantization
of o, (Ref. [14).

-— 212
2 (2.12)

2.2.1 Two-dimensional electrons in a magnetic field

To gain a basic understanding of the quantum Hall physics, we consider a free electron gas
whose movement is confined to the two-dimensional zy plane in an applied perpendicular
magnetic field B = Be,. We further assume that the electron spins are polarized, i.e., we
ignore the electronic spin degree of freedom in the following. Recall from elementary quantum
mechanics that a single electron with charge —e in a uniform magnetic field is described by the
following Hamiltonian (throughout this thesis we choose units such that ¢ = 1):

H2

1

H=_— A(r))? = —. 2.13
—(p+eA(r)? = 3 - 213
Here, we have replaced the usual momentum operator p by the canonical momentum oper-
atorIT = p + eA(r), with A(r) the vector potential generating the magnetic field, B(r) =
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Figure 2.2. Integer and fractional quantum Hall transport data showing the plateau regionsin the Hall re-
sistance p,, and associated minima in the longitudinal resistance p,, for a single-interface GaAs/AlGaAs
heterostructure grown by molecular beam epitaxy. For magnetic fields below 12 T the temperature used
was about 150 mK, while the high-field measurements were performed at 85 mK. The numbers v and
N indicate thefilling factors v and the Landau levels at which various features occur, as discussed in the
original publication by Willet et al. (see Ref. [25).

curl A(r). Note that neither A(r) nor p are gauge invariant, but IT actually is. A straightfor-
ward calculation then shows that the components of the canonical momentum II no longer
commute, but instead obey the following commutation relations:

h2

(M, T ] = [Ty, I, = 0, (I, T, ] = T2
B

(2.14)

where we have introduced the magnetic length as

Iy = ,/%. (2.15)

I isthe fundamental length scale in the presence of a magnetic field. The physical interpreta-
tion of this length scale is that the area 27rlj2B contains one quantum of magnetic flux, &y = h/e.
In other words, the density of magnetic flux is given by

P
= (2.16)
27ly
As a consequence of the non-vanishing commutator [IL,, IL,] = —#?/I% we cannot find com-

mon eigenfunctions to I, and II, at the same time, in contrast to the zero-field limit, where
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the momenta p, and p, commute. In that sense, even a uniform magnetic field “breaks” the
translational invariance of the two-dimensional electron gas. Note that any gauge of the vec-
tor potential breaks translational invariance in at least one direction, and thus the momentum
in that directions is no longer a good quantum number to describe the quantum states of the
two-dimensional electron gas.

This fact becomes apparent for certain choices of the vector potential. The so-called sym-
metric gauge and the Landau gauge are two convenient and frequently used choices for the
vector potential A(r). For a homogeneous magnetic field pointing in z direction, i.e., B(r) =
Be,, those vector potentials are given by

Asymm(r) = B(zey — yes)/2, (2.17a)
ALandau(T) = _Byex- (2.17b)

The Landau gauge is particularly useful when it comes to band structure calculations, because
in this gauge the vector potential A(r) points in the z direction, but varies only with the y posi-
tion. Hence, the system still possesses translational invariance in the x direction, and the cor-
responding momentum k, remains a good quantum number which can be used to calculate
the band structure of the quantum Hall system (see below).

To solve the stationary Schrédinger equation for the Hamiltonian (2.13) we consider the

Landau gauge, A = —Bye,, and rewrite the Hamiltonian in terms of the kinetic momenta p,,
and py, as
1 2., .2
H=— [(pz — eBy)* + p2]. (2.18)

To take advantage of the translational symmetry in x direction let us consider a plane-wave
ansatz for the wave function of the form

Vi(z,y) = ey (y) (2.19)

which is an eigenstate of the p, operator with eigenvalue fik. Substituting this ansatz into
the Hamiltonian and multiplying by exp(—ihk) from the left we obtain the effective one-
dimensional Schrodinger equation

hidr(y) = Exdr(y), (2.20)
where hy is the Hamiltonian of a one-dimensional displaced harmonic oscillator:

p2 mw?
hy = —2L c ki%)2. 2.21
k=5 5 (y + Klp) (2.21)

Here, the frequency of the harmonic oscillator is determined by the cyclotron frequency w,
[cf. Eq. ], and its central position Y, = —kl% is proportional to the momentum k. From
quantum mechanics we recall that the eigenvalues of the above Hamiltonian are simply given
by

1

En = huw (n 1 2). (2.22)

Thus, for each plane wave with momentum 7k in the x direction there will be an entire set of
energy eigenvalues labelled by an integer n, and those energy levels are commonly known as
the Landau levels of the two-dimensional electron gas. They form completely flat, i.e., disper-
sionless “bands” as they are independent of the momentum k, leading to the electronic band
structure of a quantum Hall sample shown schematically in Fig.[2.3|(a). Note that generically
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the chemical potential lies in between the Landau levels, rendering the quantum Hall sample
a true bulk insulator. When the chemical potential of the system is fine-tuned to coincide with
one of the Landau levels, the system becomes metallic, leading to sharp steps in the Hall con-
ductance o,,. Those steps are, however, slightly broadened in a real sample due to disorder
effects in the bulk of the sample. As a consequence, in general one would not expect to ob-
serve any finite conductance in the system, i.e., naively 0., = 0., = 0. Nonetheless, the
experimentally observed quantization of the Hall conductance o,,, = v/(e?/h) is not carried by
the bulk states of the sample, but rather stems from an integer number of edge states present
at the sample boundaries, as we show below.

Asecond observation from Eq. isthatthe Landau levels are hugely degenerate as they
are completely independent of the momentum fAk in the x direction. To determine the degen-
eracy of the Landau levels, let us consider a rectangular sample with dimensions L, x L, with
L,,L, > lp and periodic boundary conditions in the x direction. As mentioned above, it is
impossible to construct common eigenfunctions of I, and I1,,, and therefore it is impossible to
also have periodic boundary conditions in the y direction. The eigenfunctions of the harmonic
oscillator lt are strongly peaked at their center Y, = —ki%,

Y (1) o R H, (y — Yy,) exp [—2;2

B
where H,,(x) is the nth Hermite polynomial, and the translational invariance in x direction is
taken into account by the plane-wave ansatz exp(ikz). Note that the width of the harmonic
oscillator wave functions in the nth Landau level is of the order \/n I which is microscopic
compared to the system size, but the spacing between the centers of the wave functions is much
smaller, 27rlj23/Lx because L, > [p. Consequently, the values of the wave vector k for which
the basis state is inside the sample run fromk = 0to k = Lw/ZQB. The total number of states in
each Landau level is then

(y — Yzﬂ : (2.23)

L, [F/% L,L P
N=-% E=-"2"Y— __— = Ng. 2.24
2 /0 s, By ¢ (2.24)
Here,
® BL,L
Ng=— = Y 2.25
=3 By (2.25)

isthe number of flux quanta penetrating the sample. Importantly, there is one state per Landau
level per flux quantum. Since Ny > 1 we find that the degeneracy of each Landau level is
huge. The reason for this is that the spacing Ak = 27/ L, between the wave vectors k allowed
by periodic boundary conditions decreases as function of sample size L, while the range of
allowed wave vectors [0, L, /I%] increases.

Finally, note that the above results for the Landau levels are independent of the par-
ticular gauge of the vector potential A(r), whereas the corresponding eigenfunctions take the
particular form of Eq. only in the Landau gauge. To solve the Hamiltonian for a
generic vector potential it is convenient to introduce a pair of raising and lowering operators
a, a! similar to the quantum mechanical treatment of the harmonic oscillator. In the case of
the two-dimensional electron gas in a magnetic field, those raising and lowering operators are
given by , l

= B . t= B
a= NGT, (I, —dl,), a'= T

where the prefactors ensure a proper normalization with respect to the commutator:

a,al] = 1. (2.27)

(T, + 4IL,), (2.26)
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Figure 2.3. (a) Schematic picture of the Landau levels for the homogeneous system in the absence of
disorder. In the Landau gauge, one can plot the Landau levels as function of the momentum k&, where
they form “bands” which are completely flat, i.e., dispersionless. (b) In the presence of a harmonic con-
finement potential in y direction, Veont(y) = mweont (y%/2), those bands acquire a finite curvature as
function of the momentum k. (c) Zoom into panel (b). In contrast to panel (a), for any chemical potential
thereis an equal number of dispersing channels with positive and negative group velocity traversing the
sample at opposite edges of the sample.

In terms of the gauge-invariant momentum II, the Hamiltonian (2.13) is given by

—_

H2
- L), (228)

Substituting the ladder operators a and a! defined in Eq. (2.26) this Hamiltonian may be rewrit-
ten in the usual form of harmonic oscillators:

H = hw,

N

1
Ma+2>, (2.29)

where we have used the relation w, = h/(ml%) between the cyclotron frequency w. [Eq. ]
and the magnetic length /5 [Eq. (2.15)]. The eigenvalues and eigenstates of the above Hamilto-
nian are those of the number operator 7 = afa. Thus, the energy levels of the two-dimensional
electron gas are given by

Enmr = hu <n + ;) (2.30)

and we obtain the same result as before. Although the original Hamiltonian for the two-dimen-
sional electron gas is formulated in terms of two pairs of conjugate operators, i.e., {z, p, } and
{y,py}, and one expects in general the eigenvalues to depend on two independent quantum
numbers n, n/, we find that the Landau level sequence depends only on n. As a consequence,
they are highly degenerate, as shown above. By choosing a suitable gauge like the Landau
gauge, A(r) = —Bye,, we have seen that the second quantum number n’ can be interpreted
as, for example, the conserved momentum k along the x direction. Since this allows us to plot
meaningful band structures as function of k, in the following we always consider the Landau
gauge whenever a uniform magnetic field is applied.

2.2.2 The appearance of boundary states

So far we have considered the homogeneous quantum Hall sample which turns out to be a true
bulk insulator, unless the chemical potential is fine-tuned to coincide with one of the Landau
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Figure 2.4. (a) Illustration of the skipping orbits: In afinite-size system, the boundaries prevent electrons
from completing a full revolution, leading to chiral states located at the boundaries of the sample. (b) For
larger magnetic fields, higher Landau levels are populated, and electrons in those Landau levels also
form chiral edge states. For example, we can observe two chiral edge states at each boundary of the
sample if two Landau levels are activated (u;, = wg). Moreover, by contacting the side surfaces of
a quantum Hall bar we may perform conductance measurements probing the number of edge states.
(c) If the electrochemical potentials lie between different Landau levels, i.e., iy, # pg, the number of
edge channels differs, and there is a net charge transport across the sample.

levels (2.22). However, the experimental observation of the quantization of the Hall conduc-
tance, o, = v(e?/h) with integer v, contradicts this seemingly innocuous argument. The
solution to this paradox can be seen by explicitly considering the edges of the quantum Hall
sample.

Let us first discuss a classical picture which, for apparent reasons, is often referred to as the
skipping orbit interpretation. An electron subjected to a magnetic field will move on closed
orbits within the plane normal to the direction of the applied magnetic field due to the Lorentz
force. However, close to the boundaries of the sample the electron cannot complete the revolu-
tion, but instead “bounces off” of the sample boundary. This leads to a uni-directional motion
of the electrons in one direction at the edge, while electrons at the opposite edge move in the
opposite direction. Fig.[2.4](a) shows a schematic illustration of those chiral edge states occur-
ring at the boundaries of a quantum Hall sample.

We can now ask how this classical picture has to be modified when we take the quantum
nature of the electrons into account. To show the appearance of edge channels in the quantum
mechanical version we have to introduce the notion of “boundaries” into the model Hamilto-
nian. For simplicity, we consider a system with periodic boundary conditions in the z direction
and add a harmonic confinement potential

1
Veont () = = Mwlone y° (2.31)

2
in the y direction which is assumed to vary slowly of the scale of the magnetic length, i.e.,
Weonf <€ We. This is a very crude approximation of the boundaries of a real quantum Hall sam-
ple, but allows for an analytic solution with respect to the Landau levels and the emerging chiral
edge states. The single-particle Hamiltonian for a two-dimensional electron gasin the presence
of the confinement potential V.one(y) is given by

1> 1 1
H=_— = —[(pe — eBy)? + p2] + = nf > 2.32
5 T VW) = 5 [(e = eBy)” +p,] + 5 meeonr v, (2.32)
where we have employed the Landau gauge A = — Bye, for the perpendicular magnetic field

B = Be,. As before, the translational symmetry of the system in z direction allows us to
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choose eigenfunctions of the Hamiltonian which take the following form:

Ui(z,y) = ey (y). (2.33)

This particular ansatz for a wave function leads to the one-dimensional Schrédinger equation
hiow(y) = Exdr(y) for ¢ (y) with the following single-particle Hamiltonian:

1 1
hy = —+ 5 mwe (y - leB)2 + 5 MWeconf 92' (2.34)

Completing the square we see that this is again the Hamiltonian of a displaced harmonic oscil-

lator: ) ) ) .
Dy mw; — 9 wions Pk

= +Y.)“ — . 2.35

2m 2 (v k) 2 2m ( )

2 _
We Weonf

Apparently, the displacement is different compared to the homogeneous case, i.e., the har-
monic oscillator is now centered at the position

w2

c

conf

and the frequency of the harmonic oscillator is detuned from the cyclotron frequency:

We = \Jw? — w2 ;. (2.37)
Importantly, in the presence of the confinement potential V ou¢(y), the set of energy eigenval-
ues does notonly depend on the integer n labeling the Landau levels, but also shows dispersive
behavior as function of the momentum #k:

2.2
Ene = hiz, (n + 1) L, (2.38)
2 2m/

where we have introduced the effective mass m’ = m(w? — w2 ;)/w? ;. Fig.[2.3](b) shows
the Landau levels as function of the momentum %k in the presence of the confinement poten-
tial Veone (). By turning off the confinement potential, weons — 0, the effective mass diverges,
m’ — oo, and we recover the perfectly flat, dispersionless Landau levels from the ho-
mogeneous quantum Hall system, as shown in Fig.[2.3/(a). Note that the Landau levels are
independent of the dispersive part i2k%/(2m’) at k = 0, and therefore we describe the chemi-
cal potential with respect to the sequence of Landau levels at k£ = 0. For example, the dashed
lines in Fig.[2.3|(c) represent chemical potentials in between the first and second Landau level
and in between the second and third Landau level, respectively.

In contrast to the flat Landau levels, we find an even number of dispersive modes, depend-
ing on the relative position of the chemical potential within the quantum Hall band structure
[see Fig.[2.3](c)]. Specifically, between the first and second Landau level there we find a single
dispersive mode with positive group velocity

10&, 1 hk

= — = — €, 2.
vy, ok e m/e (2.39)

and another dispersive mode with negative group velocity —wv;. These modes correspond to
the chiral edge channels with the first one running along one edge in = direction, the other
mode running along the opposite edge in —z direction. By tuning the chemical potential so
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that it lies in between the second and third Landau level, we find a total of four dispersing edge
channels, two of which with positive group velocities and two with negative group velocities.
Again, these modes are confined to the opposite edges of the quantum Hall system, and thus
are of chiral nature. Apparently, for each Landau level below the chemical potential we obtain
a set of two chiral edge channels propagating in opposite x and —x directions. Since these
edge channels always appear in pairs, there is no net current flowing through the quantum
Hall sample in z direction [cf. Fig.[2.4](b)].

So far we have motivated and explained the appearance of edge states in a quantum Hall
sample, but we still have to relate their existence to the quantization of the Hall conductance,
ozy. Let us consider a finite Hall voltage Vi across the quantum Hall sample in y direction,
corresponding to the difference in the chemical potential between the two edges, eV = ur —
w1, [see Fig.2.4)(b)]. In the following, we assume that the charge transport occurs mainly at the
edges and neglect the gradient in the chemical potentialin the bulk. Moreover, we assume that
the chiral edge modes are spatially separated by the width L, > [p of sample, and are thus
protected against backscattering from each other. Since the chemical potentials iy, and pr of
the external leads can be controlled independently, we can, in principle, control the number of
chiral states at both edges independently. For example, by changing the chemical potentials
appropriately, we can increase or decrease the number of edge channels and induce a net Hall
current through the sample in z direction [see Fig. (c)]. To calculate this Hall current we
have to sum up the current densities of all occupied states in the quantum Hall sample:

"L [ dk
I, =e Z / %(UﬁnF(gm,k — pR) + vEnp(Emp — b)), (2.40)
m=1

where v,f’L denotes the group velocity of right- and left-moving chiral edge states, and np(¢) is
the Fermi distribution function. Note that we have assumed that there are v Landau levels oc-
cupied in the bulk of the sample. In the zero temperature limit, only states below the chemical
potential are occupied, i.e., np(e — u) — O(u — €), and we can rewrite the integrand as a total
derivative of the energy eigenvalues:

. Y dk (1 (%’m,k 1 agm,k
L=eY [ o (5 25 0 = Ema) — 75 O~ € .41
e — KR e
=55 [ de = vE (g — pa). 2.41
h m=1 /ML ‘ Vh (MR 'UL) ( b)

Substituting the definition of the Hall voltage drop across the sample, eVy = pur — pur, we

obtain the current in z direction: )

I, = V%VH. (2.42)

As a consequence, we immediately see that the Hall conductance o, = I,/Vy is quantized:

2
Gay = u% with v e Z. (2.43)

Consequently, when the Fermi energy of the two-dimensional electron gas lies in a gap be-
tween two Landau levels, then the zero-temperature Hall conductance is an integer multiple of
the conductance quantum G = €2 /h. As mentioned before, this result does not depend on mi-
croscopic details of the sample such as the type of semiconducting material used or the quality
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of the sample which in general enter the band structure &. Itis merely a result of the fact (i) that
charges are quantized in multiples of the elementary charge e and (ii) that there is an integer
number of conducting edge channels which cannot be changed adiabatically by tuning some
external parameter. Hence, the quantum Hall effect is also robust against symmetry-breaking
perturbations like disorder or crystal defects.

2.2.3 Chiral edge states in a tight-binding model

The appearance of current-carrying chiral edge states in a quantum Hall system actually does
not depend on the specific boundary conditions of the sample. To show that explicitly, let us
compute the spectrum of a tight-binding model on a square lattice and compare the results
to the case of the harmonic confinement potential [cf. Eq. (2.31)]. In the following, we assume
periodic boundary conditions in the x direction and open boundary conditions in the y direc-
tion. Note that the open boundary conditions can be considered as an effective, infinitely large
hard-wall boundary potential, where edge channels are expected to appear when we switch on
the magnetic field.

In the absence of an external magnetic field, the single-band tight-binding Hamiltonian for
s orbital states on a two-dimensional square lattice takes the form

H=-t> (che,+He). (2.44)
(m,n)

Here, t is the overlap parameter or hopping amplitude for s orbitals, (m, n) denotes nearest-
neighbor positions m and n, and ch and ¢y, are fermion creation and annihilation operators at
site i satisfying the usual anti-commutation relations:

{¢sCn} = {cin,cjl} =0, {cm,c};} = Omn, (2.45)

with d,,,,, the Kronecker delta. To account for the external magnetic field B(r) = curl A(r), we
perform the so-called Peierls substitution which is the analogue of the minimal substitution
p — II = p + eA(r) for the electron gas on a discrete lattice:

) r
bt = texp(—f/ dr~A(r)>, (2.46)

where the electron moves from the initial site r; to its final position 7. In the Landau gauge,
A(r) = —Bye,, the overlap parameters t/r,y describing hopping in the x and y directions ac-
quire different phase factors:

t, = texp(iNpy), t, =t (2.47)

Here, Ng = ®/® is the density of magnetic flux per unit cell, and &y = h/e denotes the quan-
tum of magnetic flux. As a result, the tight-binding Hamiltonian in the presence of a uniform
magnetic field is translationally invariant only in the x direction:

H=—t Z [eXp(iN‘by)cjnncm—l,n + Cinncm,n—l + HC] (248)
(m.n)

Due to the translational invariance in = direction we may perform a Fourier decomposition of
the creation and annihilation operators:

1 ) 1 y
+ ikma T i —ikma . f
Conn = N Ek e Chns  Chn = o gm e Chns (2.49)
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where N, is the number of unit cells in = directions and a the lattice constant. This leads to the
following one-dimensional Bloch Hamiltonian:

H(k) =t Z [COS(]{JCL + Nq)na)cznckn + (anck,n—l + Cchk,n—‘rl)} ’ (250)

Fig.[2.5] shows the energy eigenvalues or band structure of this tight-binding Hamiltonian as
function of the momentum Ak in z direction which is computed by exact diagonalization meth-
ods. Importantly, the hard-wall confinement by the sample edges due to the open boundary
conditions in y direction leads to dispersive modes with positive and negative group velocities,
ultimately resulting in the chiral edge states which are observed experimentally. Just as in the
case of the harmonic confinement potential considered before, those edge states are very well
localized at the boundaries of the sample [see Fig.(c, d)]. We also find two chiral modes at
the edges of the sample upon activating the second Landau level by increasing the chemical
potential, etc. Note that the edge channel corresponding to the second Landau level is local-
ized slightly more within the bulk than the first one.

2.3 The Hall conductance as a topological invariant

In this section, we discuss the role of topology in the quantum Hall effect. The basic idea can
be easily understood by considering the single-particle Bloch functions of non-interacting elec-
trons moving in a two-dimensional lattice. In the absence of a magnetic field, those Bloch
functions are characterized by two quantum numbers, i.e., the band index n and the two-di-
mensional crystal momentum k. Since the wave function is periodic as a function of k, the
Brillouin zone is topologically equivalent to the two-dimensional torus 7. This idea of Bloch
functions can be generalized to the so-called magnetic Bloch functions, where the momentum
k takes values in the magnetic Brillouin zone which is not the same as the crystalline Brillouin
zone (see below). As we show below, it turns out that the Hall conductance o, is an integer
multiple of €2 /h, where the prefactor is the integral of some curvature over the torus 7. Math-
ematically, this quantity is a topological invariant which is known as the first Chern class of
a so-called U (1) bundle. This also implies that (i) the Hall conductance o, is necessarily an
integer multiple of €2/h, and (i) that this quantization is insensitive to experimental details
such as the material used, the sample boundaries, disorder, electron-electron interactions, or
an inhomogeneous magnetic field. In the following, we start with a review of the original argu-
ment due to Thouless, Kohmoto, Nightingale, and den Nijs'#, before we proceed to rewrite the
topological invariant in terms of a Berry phase. The following discussion is due to Watson2.

2.3.1 The argument by Thouless, Kohmoto, Nightingale, and den Nijs

In this section, we review the original version of the argument for a quantized Hall conduc-
tance which was given by Thouless et al. in 1982™, Let us start by considering a system of
non-interacting electrons moving in the zy plane on a square lattice and subject to a uniform
perpendicular magnetic field:

H= %(p +eA(r)>+U(r) with Uz,y) =U(z+a,y) = U(z,y + a), (2.51)

where A(r) is the vector potential, and the potential U (r) simply represents the periodic po-
tential of the square lattice. Then the Hall conductance can be calculated from a Kubo formula,
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Figure 2.5. (a) Band structure of a quantum Hall system with infinite extension in x direction and finite
width of L,; /a = 1000 sites in y direction. The flux density per unit cellis equal to Ny = 27/25 ~ 0.251,
so that an electron has to hop around 25 plaquets to enclose a single quantum of magnetic flux. In terms
of length scales this is equivalent to the hierarchy « < p < L,. The flat parts of the band structure
correspond to the hierarchy of Landau levels, while the dispersing parts coincide with the chiral edge
states at the boundaries. Upon increasing the chemical potential we observe an increasing number of
left- and right-moving edge modes. (b) Zoom into the band structure close to the center of the Brillouin
zone (the T" point). Upon placing the chemical potential (gray lines) in between the Landau levels we
observe an equal number of left- and right-moving chiral edge states. (c, d) Plot of the spatial distribution
function forther = 1and v = 2 chiral edge modes with positive and negative group velocities. The edge
states are well separated across the sample, leading to a vanishing overlap of the two wave functions
within the bulk of the sample.
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i.e., as response of the system to a small applied electric field in second-order perturbation the-
33.
ory=>:

2 af, Ba ap, Ba
Opy = 1— g — . (2.52)
hA Ea<Ep<Es (€a = &p)?

Here a, (3 label the single-particle eigenstates of the Hamiltonian with energies &, and &g,
Vay 9 denote the matrix elements of the particle velocity operator in  and y directions, and A
is the 2D area of the system. Note that the energy denominator simply stems from a second-
order process in which an electron below the Fermi surface (£, < Ep) is scattered to an empty
state above the Fermi surface (£ > £r). Second, note that in the above expression for the
Kubo formula we assume that the ground state is non-degenerate, and thus the denominator
is always well-defined.

Let us consider the magnetic unit cell which is an enlarged unit cell in real space so that an
integer multiple of the magnetic flux quantum ®,, passes through it [see Fig.[2.6) (a)]. For exam-
ple, if the primitive lattice vectors of the magnetic unit cells take on the form R = n(qa;)+mas,
then ¢ magnetic flux quanta are in the unit cell formed by ga; and a». Similar to the well-known
Bloch states in a usual solid, the single-particle eigenstates 5 () of the above Hamiltonian
can be labelled by a band index n and a momentum k in the so-called magnetic Brillouin zone
which, for the example given above, takes on values restricted by k € [0, 27 /(qa)] x [0, 27 /a]
[see Fig.[2.6](b)]. Taking the translational invariance with respect to the magnetic unit cells into
account, the corresponding magnetic Bloch functions u,,x () are normalized to unity,

/d2r e (P)]2 =1 with  wni(r) = e * T (1), (2.53)

where the integral is taken over the magnetic unit cell. In terms of those Bloch functions, the
matrix elements of the particle velocity operator can then be written as

ho? = (€5 — E4) (ua|Vieus) = (Ea — E8)(Viualug). (2.54)

As a consequence, the energy denominator in the Kubo formula (2.52) drops out upon substi-
tuting this expression for the components of the velocity operator v®7. After rewriting the sum
over states 3 as 255>6F = Zgﬁ - ZgﬁdF itisthen easy to show that the resulting expression

for o, can be written as
Ouy OJuy | Oug,
) ~Caie | ac)) 259

Goy = — M z (<a

where in the last step we have used the completeness of the eigenstates to eliminate the sum
over the eigenstates 3. Note that the second term 265<5F gives zero which can be seen by in-
terchanging a and [ eigenstates. The next assumption is that the Fermi energy lies in between
a band gap, so that the sum extends over a set of filled bands « which can be rewritten as a

momentum integral as follows:
Z / d*r / (2.56)
271/ (qa 27r/a

Due to the translational invariance of the magnetic Bloch functions, the matrix elements take
values proportional to A/ (ga?) times the integral over the magnetic unit cell. Hence, the area
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Figure 2.6. (a) The primitive lattice vectors of the magnetic unit cell (MUC), through which a total of ¢
quanta of magnetic flux pass, is formed by the vectors ga, and a,, where a; = ae, and a; = ae,
denote the primitive lattice vectors of the atomic square lattice. (b) Similar to the construction of the
first Brillouin zone for solids, we can construct the magnetic Brillouin zone (MBZ) which, in this case,
is characterized by the reciprocal lattice vectors by = (27)/(¢ga)e, and by = (27/a)e,. The arrows
indicate the direction of the line integral in Eq. . Figure after Ref. [32

prefactor A cancels, and we obtain the following momentum-space integral over magnetic
Bloch functions as a result for the Hall conductance:
OUnik
, 2.57

Z / d2]€ <<8unk 3unk> o <8unk
) 2mi Oky | Ok, Oky
where the sum runs over occupied Landau levels, and the momentum integral is taken over
the magnetic Brillouin zone only. Eq. is the formula for the Hall conductance given by
Thouless et al. in their original work™. At this point it is, however, not immediately clear that
the above integral is quantized and takes only integer values.

As shown by Thouless et al., the integrand appearing in Eq. can be rewritten as the z
component of the curl of some “fictitious” vector potential .4 which will be defined later and
whose interpretation is intimately related to the Berry phase of a spin 1/2. To show the integer
quantization of the integral appearing in Eq. (2.57), we focus on the contribution of a single
occupied band to the Hall conductance o,. Starting from Eq. we first insert a resolution

of unity, 1 = [ d*r |r)(r|, to rewrite the matrix elements in terms of complex-valued functions
ug(r) such that o, takes the following form:

d2k‘ 8uk auk(r) auk(r)* 8uk(r)
Toy = / /2m< Ok B Oky O > (2.58)

Y

x

We can write the integrand as the z component of the curl of some vector field, and then use
Stokes’ theorem to rewrite the integral as a line integral around the magnetic Brillouin zone

[see Fig.[2.6|(b)]:

2
Ozy = eh/d2 / Vk X (ug(r)” Vkuk(r))]z (2.59a)
2

— [ j{ - (un(r) Vs (1)) (2.59b)
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The remaining line integral can be computed in a straightforward way. First, note that the wave
functions ug(r) can differ only by a phase factor v(k) between corresponding points in the
magnetic Brillouin zone shown in Fig.[2.6|(b), i.e., on the horizontal (vertical) lines we have

Uy mja(r) = €T ®uy (), (2.60a)
eiW(k)u—W/(qa),ky (’I“) (260b)

Note that v(k) is independent of the position . The line integral along the boundary of the
magnetic Brillouin zone then gives the following contribution to the Hall conductance:

dk 2 rdk
oy = ;4 yre (Vi) = 5 458 Via ), 2.61)

where we have used the fact that the magnetic Bloch functions are taken to be normalized to
unity [cf. Eq. (2.53)]. Therefore, the total line integral is proportional to the total change in the
phase (k) of the wave function around the boundary of the magnetic Brillouin zone, and since
that phase must be an integer multiple of 27, this finally shows that the Hall conductance must
be quantized:

dk e?
= — p — - k) = — . 2.62
Most importantly, v is an integer number. That result can now be easily generalized to a set of
n occupied bands:
2
€
Ouy = h Z 7{ Vi (k) = v (2.63)

T 0CC.

with the integer v known as the TKNN invariant. This concludes our review of the proof given
by Thouless et al. in their original work for the quantized value of the Hall conductance™

To sum up, we started from a Kubo formula for the Hall conductance of a non-in-
teracting two-dimensional electron gas which is only valid (i) when the ground state is non-
degenerate and (ii) when linear response theory is applicable, i.e., when the electric field is
smaller than the energy gap and can be treated as a small perturbation. This expression was
then expressed in terms of magnetic Bloch functions w, (), but very little information was
actually needed to rewrite the Kubo formula in the form given in the original work by
Thouless et al. (Ref. 14). The only important fact used was that those Bloch functions can be
labelled by a band index n and a momentum vector k in the magnetic Brillouin zone. Moreover,
we made use of the fact that the Bloch functions have a well-defined phase relationship when
taking the line integral along the boundary of the magnetic Brillouin zone. This ultimately lead
us the conclusion that the Hall conductance o,,, of a non-interacting electron gas is necessarily
an integer multiple of the conductance quantum e2/h.

The weakness of the argument is, however, that the above reasoning only applies in clean
systems, and one might ask whether disorder could destroy the translational symmetry with re-
spect to the magnetic unit cells, so that the use of magnetic Bloch functions u,,x (7) is no longer
applicable. The generalization of the argument by Thouless et al. was given by Niu, Thouless,
and Wu in another seminal work in 1985, This argument only assumes that the many-body
ground state of the system is non-degenerate and that an energy gap exists at the Fermi level,
so that all bands below the Fermi energy are completely filled. Niu et al. then showed that the
Hall conductance o, can be expressed as an integral similar to that one given in Eq. (2.57), and
thus o, is quantized in integer multiples of €2 /h.
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2.3.2 The TKNN invariant as a topological invariant

Mathematically, the integral appearing in Eq. is indeed a topological invariant. It was
first recognized by Avron, Seiler, and Simon in 1983 that this integral is the first Chern class of
a so-called U(1) fiber bundle on the base manifold of a torus 7% (Refs. 35/36). In the case of
non-interacting electrons, the fibers are the magnetic Bloch functions |u,,x), and the torus 72
corresponds to the magnetic Brillouin zone. On the other hand, for interacting electrons the
integer quantization of the Hall conductance was previously shown by Laughlin in a seminal
work, where he viewed the quantum Hall effect as a quantum charge pump, exploiting the fact
that the Hamiltonian must be the same when an integer multiple of flux quanta has passed
through the system?Z, Nevertheless, the recognition of the Hall conductance as a topological
invariant is not just a mathematical formality, but also of physical relevance as it explains the
robustness of the quantization of the Hall conductance against many kinds of perturbations.
To gain a better understanding of the relation between the Hall conductance and the first
Chern class of non-interacting electrons, let us consider the Hall conductance of a single band

in units of 2 /h [cf. Eq. (2.59)1:

2
e(;jyh _/;lﬂ]j Vi X </ d*r uk(T)*Vkuk(T>>Z- (2.64)

Now let us define a fictitious vector potential A(k) in momentum space by

A(k) = i/er U (1) " Vigur (1) = i{uk|Vieug). (2.65)

Here, two aspects are noteworthy: First, the vector potential A(k) is formally defined in terms
of the magnetic Bloch functions |ug) in momentum space, and thus it has no connection at all
to any electric or magnetic field in the sample. Second, .A(k) is also known as the Berry vector
potential, and Eq. shows that the Hall conductance o, can be expressed as the curl of

A(k):
. a2k d’k
e / o (VAR = / 5 P09 = 5 (2.6

where F (k) = Vj, x A(k) is the so-called Berry curvature, and ¢ = ¢ dk - A(k) is the well-
known Berry phase. Here, we have used that the integral of Vi, x .A(k) over the magnetic Bril-
louin zone can be converted into a line integral of the Berry vector potential along the boundary
of the magnetic Brillouin zone. Note, however, that this Brillouin zone is topologically equiv-
alent to a torus T2, and hence the Hall conductance necessarily vanishes if one can smoothly
define the vector potential LA(k) over the entire torus. Conversely, this implies that a neces-
sary condition for a non-trivial Hall conductance is that it is impossible to find magnetic Bloch
functions ug(r), so that A(k) is smoothly defined on the torus. Therefore, one cannot apply
Stokes’ theorem globally over the whole magnetic Brillouin zone.

Mathematically, this observation can be reformulated more strictly using topology. Since
the magnetic Bloch functions are only defined up to a phase factor they form a U (1) fiber bun-
dle over the base manifold of the magnetic Brillouin zone which is topologically equivalent to
the torus T2. As a consequence, the fictitious vector potential A(k) possesses a U(1) gauge
freedom. The integral over the Berry vector potential .A(k) is the Chern number which is a
topological invariant of the U(1) fiber bundle. Although .A(k) has a gauge degree of freedom,
the Chern number is invariant under gauge transformations, and thus the Hall conductance is
well-defined and an integer multiple of €2 /h.
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This concludes the discussion of the topological aspects of the quantum Hall effect. At this
point, the connection between the quantized value of the Hall conductance and the first Chern
number (or TKNN invariant), which is a measure for the non-trivial structure of a U(1) fiber
bundle, should have become clear. In the following, we will often use a similar terminology
when it comes to the discussion of the topological properties of some model Hamiltonian.

2.4 Quantum Hall effect without Landau levels: Haldane model

The quantum Hall effect of a two-dimensional electron gas is usually associated with the pres-
ence of an applied external magnetic field which gives rise to the Landau level spectrum (2.22).
However, it was shown in 1988 by Haldane that one can observe a quantum Hall effect even
in a system without an external magnetic field, but with broken time-reversal symmetry“. In
general, the scenario considered in the Haldane model involves a two-dimensional semimetal
with a degeneracy of the valence and conduction bands at isolated points in the Brillouin zone.
If inversion symmetry is broken, a gap opens, and the system becomes a normal insulator with
oy = 0. However, if a gap opens due to the breaking of time-reversal symmetry, the system be-
comes an integer quantum Hall insulator with quantized Hall conductance o,,. Nevertheless,
if both perturbations are present, the two gaps compete, so that the relative strength of the
two symmetry-breaking terms determines whether the system exhibits a quantum Hall state
or not.

Although Haldane’s model was originally defined on the honeycomb lattice”, we consider,
for simplicity, the following two-band model of s orbital states on the two-dimensional square
lattice:

oo —tZ(lllT.az +wx\I’i+1,j Lt o, +wy\1;,
.J

.|_
T Y t H.C.> +mY Ulo U (2.67)

1,3

) 2

Here, t is the overlap parameter or hopping amplitude, m is the tuning parameter or fermion
mass, and U is a two-component spinor. Moreover, o, 0., and o, are the usual Pauli matrices

in standard notation:
0 1 0 — 1 0
Op = [1 0} , Oy = L O} , O, = {0 _J . (2.68)

To diagonalize this Hamiltonian we may perform a Fourier decomposition of the two-compo-
nent spinors ¥ and rewrite the model in momentum space, leading to the following Bloch
Hamiltonian:

H(k) =d(k) o, (2.69)

where, for brevity, we have introduced the vector d(k) by
d(k) = (—tsin(kya), —tsin(kya), m — t cos(kya) — t cos(kya))” . (2.70)
The band structure of the Haldane model is obtained by straightforward diagonalization of the

Bloch Hamiltonian, leading to the following conduction and valence bands:

(2.71)

Fig.[2.7] shows the bulk band structure for m/t = +0.1 for a system with periodic boundary
conditions in z and y directions as function of the crystal momentum k.
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Figure 2.7. Bulk band structure £ (k) of the Haldane model form/t = 0.1 [panel (a)] and m/t = —0.1
[panel (b)]. Obviously, the band structure is fully gapped with the size of the bulk band gap given by
Esap/t = 2|m/t| = 0.2 which allows for the calculation of the Chern number. A close inspection reveals
only minor differences between the two band structures for m/t = £0.1. Nevertheless, the two band
structures are characterized by different Chern numbersn = —1 and n = 1 for m/¢ = £0.1 in the left
(right) panel, respectively.

2.4.1 The first Chern number

Despite the seemingly simply Hamiltonian (2.69), this model exhibits an unusual phase dia-
gram consisting of three phases that may be distinguished by some non-local order parameter
(see Fig.[2.9). It turns out that this non-local order parameter is identical to the first Chern num-
ber v, similar to the order parameter describing the quantized conductance o, in the quantum
Hall effect. In terms of the vector d(k), this topological invariant v can be written as

v= g [ dhedt, d(k) - 01, a(k) x 0, (k) € . (272)
T

where d(k) = d(k)/|d(k)| is the unit vector in the direction of d(k). Geometrically, the Chern
number is equal to the number of times the unit vector Ei(k:) wraps around the unit sphere as
we go through the whole Brillouin zone. Furthermore, note that the above construction of a
winding number has a deep relation to the second homotopy group of the unit sphere in three
dimensions, v € 7r2(82) = Z. For example, the two band structures shown in Fig.look quite
similar on either side of the quantum critical point m/t = 0, but the Chern number takes on
differentvaluesv = lorv = —1for —2 < m/t < 0and 0 < m/t < 2, respectively. Although
the electronic band structures plotted in Fig.[2.7/do not immediately reveal their topological
properties, we can understand the different Chern numbers by analyzing directly the vector
d(k) which enters Eq. .

Fig.shows an illustration of the vector d(k) as function of the crystal momentum k for
different values of the tuning parameter m. The color code in that figure is chosen such that
arrows pointing up (down) are indicated by red (blue) color, while arrows lying in the equato-
rial plane are shown in green color. The first Brillouin zone [—7/a, 7/a] x [—7/a, 7 /a] is indi-
cated by the black square as a guide to the eye. Obviously, in the topologically trivial phases for
Im/t| > 2the normalized vector d(k) points either up or down, but does not show any winding
[cf. Fig.[2.8](a, d)]. In the topologically non-trivial phases, however, we observe a skyrmion con-
figuration at k = (7/a, 7/a)” with Chern number v = 1 form/t = —1 and an anti-skyrmion
configuration at k = (0,0)” with opposite Chern number v = —1 form/t = 1 [cf. Fig.(b,
c)]. Note that in order to change the Chern number v, the system has to undergo a quantum
phase transition, where the bulk band gap vanishes, and the unit vector El(k:) becomes singu-
lar. In the Haldane model, this can happen atm/t = +2and m/t = 0 (see Fig.]2.9) at one of the
high-symmetry pointsin the Brillouin zone, i.e.,T' = (0,0)", M = (n/a,0)T or M = (0,7 /a)7,
and R = (r/a,7/a)T.
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Figure 2.8. lllustration of the winding of the unit vector d(k) as function of the two-dimensional crystal
momentum k, where d(k) is defined by Eq. in the main text. The color code is chosen such that
red (blue) arrows point up (down), while green arrows lie in the equatorial plane, and the black square
indicates the first Brillouin zone [—7/a, 7 /a] x [—7/a, 7 /a] of the underlying square lattice. Panels (a)
and (d) show the absence of a winding of d(k) in the usual band insulator phase for |m/t| > 2. In con-
trast, for m/t| < 2 we observe a non-trivial winding of d(k) which changes at the quantum critical
pointm/t = 0, as shown in panels (b) and (c). Moreover, for m/t = —1 we observe a skyrmion configu-
ration of d(k) with winding number v = 1 located at the corner k = (7 /a, w/a)T of the Brillouin zone,
while for m /t = 1 there exists an anti-skyrmion located at the center k = (0,0)7 with winding number
v=—1.
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Figure 2.9. (a) Phase diagram of the Haldane model as function of the tuning parameter m. For
|m/t| > 2, the system describes an ordinary band insulator (BI) with Chern number v = 0, while for
|m/t| < 2 we have a Chern insulator (CI) with Chern number v = +1 for negative (positive) m. (b) Plot
of the Chern number v as function of m, calculated numerically from Eq. for the Chern insula-
tor (2.67). To change the topological sector, the system has to undergo a quantum phase transitions at
m/t = £2 orm = 0, where the bulk band gap vanishes.
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2.4.2 The appearance of edge states in the Haldane model

To complete the discussion of the Haldane model, we discuss the effect of boundaries on the
band structure. Let us consider the tight-binding Hamiltonian as real-space version of
the Haldane model with periodic boundary conditions in x direction and open boundary con-
ditions in y direction. Due to the translational invariance, we may perform a Fourier decompo-
sition of the spinors W with respect to the x direction, leading to an effective one-dimensional
Bloch Hamiltonian H (k):

TUZ+ZUy¢

H(k Z@zﬂ [—tsin(ka)o,+(m—tcos(ka))o, | —tZ( +1+H.c.>, (2.713)
j

where k denotes the conserved momentum in z direction. The band structure for this one-
dimensional Hamiltonian can be calculated numerically by exact diagonalization techniques.
As aresult, we find that the spectrum is a projection of the bulk band structure (2.71) onto the
conserved momentum k within the bulk Brillouin zone, shown in Fig.[2.10|for m/t = +0.1.
However, a close inspection of the band structure reveals additional modes traversing the bulk
band gap which basically invalidate the picture of an insulator away from the quantum critical
points m/t = £2 and m/t = 0. Furthermore, those modes cease to exist when going into the
ordinary insulating phase (|m/t| > 2) with Chern number v = 0. Similar to the chiral edge
states in the quantum Hall state, we may identify those modes as topologically protected edge
states being located at the boundaries, where the Chern number changes from a non-trivial
value v = £1 to the trivial case v = 0, and those edge states cross in a Dirac-like fashion at the
time-reversal invariant momenta k = 0 or k = 7 (see Fig.[2.10)

2.5 Quantum spin Hall insulator

The quantum Hall state provided the first example of a quantum state that cannot be character-
ized by a local order parameter theory, but shows an intrinsic topological order which is stable
even without any symmetry. Recently, a new class of topological states has emerged which are
called quantum spin Hall insulators or topological insulators=’. The quantum spin Hall insu-
lator has been theoretically predicted for graphene®, and has first been experimentally ob-
served in mercury telluride quantum wells®®€, This discovery has motivated the study of the
so-called symmetry-protected topological order. In contrast to systems with intrinsic topo-
logical order, the symmetry-protected topological states are only distinguishable from trivial
disordered phases when a certain symmetry is preserved, most notably time-reversal invari-
ance.

While the quantum spin Hall state and the quantum Hall state are quite similar and pos-
sess a lot of common properties, they also differ in important ways, most importantly in the
presence or absence of time-reversal symmetry, respectively. Since the Hall conductivity o, is
odd under time-reversal, the chiral edge states in the quantum Hall state can only be observed
when time-reversal symmetry is broken, for example by a magnetic field. As discussed before,
time-reversal symmetry is also broken in the Haldane model by an intrinsic staggered
magnetic field with no net flux through the unit cell, and this model also exhibits a quantized
Hall conductance. Starting from the Haldane model one can construct a toy Hamiltonian for a
quantum spin Hallinsulator by combining two time-reversed copies of that modelin such away
that no net magnetic field (neither intrinsic nor externally applied) penetrates the sample. As
a result, this Hamiltonian preserves time-reversal symmetry, because time-reversal flips both
the spin-up and spin-down states as well as the sign of 0,,. Moreover, in an applied electric
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Figure 2.10. Band structure for the semi-infinite Haldane model with periodic boundary condi-
tions in x direction and open boundary conditions in y direction. While most bands are related to the
bulk band structure by straightforward projection of the bulk bands along the y direction, there exist
boundary modes (indicated by red color) traversing the band gap. The location of the crossing point of

the helical edge states changes from k = 0 form/¢t > 0 [panel (a)] to k = w/a witha = 1form/t < 0
[panel (b)].
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field, the spin-up and spin-down electrons give rise to spin-polarized Hall currents flowing in
opposite directions which are referred to as helical edge states, in analogy to the relation be-
tween the spin and the momentum of a particle known as helicity from relativistic quantum
mechanics. Although the TKNN invariant is zero, there is, however, another topological Zs in-
variant v for the quantum spin Hall insulator which takes two possible values, v € {0, 1}, and
which distinguishes between two topologically distinct classes. The fact that there are only
two classes can be understood by considering the edge states in a quantum spin Hall insulator.
Being comprised of two copies of the Haldane model which are time-reversal partners, there
are always pairs of counterpropagating edge states with opposite spin present at each edge or
surface which we refer to as moving in “forward” and “backward” directions, respectively. For
a single pair of those edge states, backscattering by a non-magnetic impurity is forbidden due
to time-reversal symmetry. Kane and Mele showed that the reflection amplitude from a non-
magnetic impurity is odd under time-reversal, because it basically involves flipping the elec-
tron’s spin®. Unless time-reversal symmetry is broken by, for example, a magnetic impurity, an
incident electron has to be perfectly transmitted across the impurity region. In that sense, the
helical edge states are topologically protected by time-reversal symmetry.

2.5.1 Construction of the Z, invariant for 2D topological insulators

Over the last couple of years, a large number of equivalent mathematical formulations of the
Zs invariant v have been developed¢1138748 The original approach by Fu and Kane=® is for-
mulated in terms of the occupied Bloch functions |u,,(k)). From quantum mechanics we re-
call that time-reversal symmetry is represented by an anti-unitary operator © = exp(%Sy)lC,
where S, is the spin operator, and K denotes complex conjugation. Moreover, for spin 1/2 elec-
trons we know that ©2 = —1, where 1 is the identity operator. Note that this leads to the
important constraint that all eigenstates of a time-reversal invariant Hamiltonian are at least
two-fold degenerate (Kramers’ theorem). Starting from the Bloch states |u,,(k)) one can ana-
lyze their properties under time-reversal by defining a unitary matrix w as:

Wy (B) = (U (k)|Oun (—k)). (2.74)
Due to time-reversal symmetry, the matrix elements at k and —k are related by
w(k)! = —w(—k). (2.75)

In two dimensions, the Brillouin zone contains four time-reversal invariant momenta (TRIMs)
which are denoted by I', witha =1, ..., 4:

I =007, Ty=(x07, Is=(0n", Ty=@mmn?T. (2.76)
At these four points w(T',) is skew-symmetric since
w(l)T = —w(-Ty) = —w(Ty). (2.77)

Mathematically, the determinant of a skew-symmetric matrix can be written as the square of
the Pfaffian, a polynomial in the matrix entries. This allows for the definition of time-reversal
parities o, by
Pfw(Ty)
det w(Ty,)

Provided the gauge of the Bloch states |u,,(k)) is chosen continuously throughout the whole
Brillouin zone, one can define the branch of the square root uniquely. Given a surface normal

da

= +1. (2.78)
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vector G, we can identify pairs of time-reversal invariant momenta by I';; — 'y = G/2, and
the so-called “time-reversal polarizations” 7, (see Ref. [38) associated with that surface can be
written as

g = (5(11(5@2 = +1. (2.79)

For a topologically non-trivial surface state an odd number of states is required which have
an odd parity under time-reversal. This allows to define the Zs invariant v by the following
relation:

(=1 =] d- (2.80)

In the two-dimensional quantum spin Hall phase with v = 1 the product of two time-reversal
parity eigenvalues is equal to m,m, = —1, while all other combinations are equal to +1.

If the Hamiltonian contains additional symmetries, the calculation of the Zs invariant v
may be simplified. For example, if the Hamiltonian has inversion symmetry, the Bloch states
lum (k)) are also parity eigenstates at the special points A, with eigenvalues x,,(A,) = £1.In
that case, the polarizations d, entering the definition of v [Eq. (2.80)] have been shown to be
equal to the products of parity eigenvalues of the occupied bands™:

0 = H Xm(Aa).- (2.81)

m OocCC.

If, however, the Hamiltonian conserves the total spin .S,, then one can define two independent
Chern numbers ny and n for the spin-up and spin-down electrons which describes the quan-
tized spin Hall conductance of the system=43941 \where time-reversal invariance implies that
nt + ny = 0. Nevertheless, the Zy invariant can be identified with the parity of the spin Chern
number:

Y= w mod 2. (2.82)

However, in the presence of terms that do not conserve S, an experimental reality, the spin
Chern number loses its meaning, but the Z, invariant retains its value and characterized the
quantum spin Hall phase.

The above construction of the Z, invariant v basically relies on the fact that the model is
time-reversal invariant. Kane and Mele showed that as a consequence of that symmetry the
edge states in the quantum spin Hall insulator phase are robust against the effects of weak
interactions, even when spin conservation is broken>*, Nevertheless, for strong interactions
an electronicinstability opening up a band gap is expected, and the resulting state breaks time-
reversal symmetry=848:43,

2.5.2 Generalization to 3D topological insulators

The above construction of a topological Zs invariant v can be generalized to the case of three-
dimensional topological insulators which are characterized by four Zs invariants (vy; v1v213)
(Refs. [7]8). The surface states of a three-dimensional topological insulator can be described in
terms of a two-dimensional momentum k within the surface Brillouin zone. Like in the two-
dimensional case of a topological insulator—the quantum spin Hall insulator—there are four
time-reversalinvariant momenta I, present in the surface Brillouin zone, where any state must
be at least two-fold degenerate by virtue of Kramers’ theorem. These Kramers pairs of sur-
face states form two-dimensional Dirac points in the surface band structure. Between any pair
I', and I'y of the special points in the surface Brillouin zone those surface states may connect
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Figure 2.11. Electronic band structure between two time-reversal invariant momenta I', and ', as func-
tion of crystal momentum k. In panel (a) the surface states cross the Fermi energy E'r an even number of
times, whereas in panel (b) the number of crossing points is odd. Note that an odd number of crossings
leads to topologically protected metallic boundary states, as discussed in the main text. Figure taken
from Ref. 28l

Figure 2.12. a, b) Schematic picture of the Fermi surface (red) in the surface Brillouin zone for (a) a weak
(vo = 0) and (b) a strong (1y = 1) topological insulator, respectively. The small arrows indicate the
electron spin which is locked to the momentum k due to time-reversal symmetry. c) In the simplest case
of a strong topological insulator, the Fermi surface encircles a single Dirac point with linear dispersion
relation. Figure taken from Ref. 28|

in such a way that they intersect the chemical potential either an even number of times [cf.
Fig.[2.17](a)] or an odd number of times [cf. Fig.[2.11] (b)]. Which of the two alternatives is real-
ized is determined by the three Zs invariants v, 15, and v3 for the three independent surfaces
of a crystal.

In the simplest case, a 3D topological insulator can be constructed by stacking layers of
the 2D quantum spin Hall insulator on top of each other. As a result, the helical edge states
of the layers hybridize and form surface states. Fig.[2.12](a) shows one particular situation of
a Fermi surface for weakly coupled layers stacked along the z direction, where the Fermi sur-
face encloses an even number of time-reversal invariant momenta on the surface (I'y and I'; or
equivalently 'y and T'y). This state of matter is called a weak topological insulator with “triv-
ial” topological index vy = 0. It has been shown that the other three indices (v11413) can be
interpreted as Miller indices describing the orientation of the 2D quantum spin Hall layers (see,
e.g., Ref. [8). Although surface states must be present for clean surfaces, they can be localized
by disorder since time-reversal symmetry does not protect those states.

On the other hand, 1y = 1 describes a strong topological insulator which cannot be in-
terpreted in terms of the 2D quantum spin Hall insulator. In a strong topological insulator, the
Fermi surface encircles an odd number of Kramers degenerate Dirac points on the 2D surface
of the crystal [cf. Fig.[2.12](b) and (c)]. In the simplest case of a single Dirac point, the 2D surface
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metal can be described in terms of a Dirac Hamiltonian with linear spectrum:
Howt(k) =vpk-o. (2.83)

Here, vp is the Fermi velocity of the surface metal, and o describes the electron’s spin. As a
result, the surface electronic band structure is similar to that of graphene, except that there
is just a single Dirac fermion instead of four as in graphene (due to valley and spin degenera-
cies). Note that the electron spin is locked to the momentum k due to time-reversal symmetry,
leading to the notion of helical surface states in strong topological insulators. Moreover, an
electron going around the Dirac point effectively rotates its spin by 27, and therefore it picks
up a non-trivial Berry phase of 7. Note, however, that the description of the two-dimensional
surface of a strong topological insulatorin terms of a single Dirac fermion seemingly violates the
fermion doubling theorem which states that for a time-reversal invariant system Dirac points
must always come in pairs®?. The resolution to this puzzle is that the partner Dirac fermion
resides on the opposite surface of the solid, restoring the counting scheme for Dirac fermions.
Finally, the surface states of a strong topological insulator cannot be localized even for strong
disorder as long asthe bulk band gap remainsintact®!. Along with the presence of time-reversal
invariance, this is often quoted as the major reason for the topological protection of the surface
states against disorder and non-magnetic impurities.

2.5.3 Experimental realizations of strong topological insulators

In recent years, a class of 3D compounds—exemplified by BisTes, BioSes, and SboTes—were
identified as strong topological insulators using ARPES (angle-resolved photoemission spec-
troscopy) measurements, where the surface state consists of a single Dirac cone®™*,

From an experimental point of view, the topological insulators are challenging to realize,
because there are two critical requirements that must be fulfilled simultaneously: First, the
bulk of the sample must be free of magnetic impurities, because otherwise time-reversal sym-
metry is broken, and a gap for the surface states opens. Second, the Fermi energy must lie
within the bulk gap. Chen et al. report in recent works on the realization of topological insula-
tors in BioSe3 samples, in which they were able to precisely control the position of the Fermi
energy>#°>, Moreover, they managed to introduce a controlled amount of magnetic dopants
to break the time-reversal symmetry, which allows to study gapped surface Dirac fermions as
well.

The experimental results of the electronic band structure of undoped BisSe3 obtained by
ARPES measurements, shown in Fig.[2.13] beautifully exemplify the existence of the Dirac-like
spectrum of the surfaces states in topological insulators. Similar to the band structure of Bis Te3
(not shown here, cf. Ref. 54), aside from the Fermi surface of the surface-state band (indicated
as SSB in Fig.[2.13), there is also the Fermi surface of the bulk conduction band (BCB). Note
that the bottom of the bulk conduction band is located about 190 meV above the Dirac point
labeled by E; which is indicative of a direct bulk band gap [cf. Fig.[2.13](c)]. As pointed out by
Chen et al., the Dirac point in BisSes is actually a better candidate than BisTes for realizing the
topological surface Dirac fermion state, because in the latter system the surface Dirac point is
below the top of the bulk valence band (BVB). However, experimentally one finds that the bulk
conductivity is not small due to a large impurities concentration which makes it hard to detect
the topological surface states™*.

Fig.[2.13)(b) shows a cross section plot of the band structure for various binding energies.
Here, we observe how the band structure of the surface state evolves from the single Dirac point
at the center of the surface Brillouin zone into a hexagonally shaped Fermi surface.
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Figure 2.13. Experimental measurement of the electronic band structure of undoped BiySe; measured
by angle-resolved photo-emission spectroscopy (ARPES). (a) The bulk conduction band (BCB), bulk va-
lence band (BVB), and surface state band (SSB) are indicated, along with the Fermi energy (Er), the
bottom of the BCB (E5), and the Dirac point (E'p). (b) Constant-energy contours of the band structure
show the evolution of the surface state band from the Dirac point to a hexagonal shape (indicated by
green dashed lines). (c) Band structure along the K’ — I" — K direction, where I is the center of the
hexagonal surface Brillouin zone, and the K and M points are the corner and the midpoint of the side
of the Brillouin zone, respectively. The BCB bottom is about 190 meV above Ep and 150 meV below
Er. (d) Photon energy-dependent Fermi surface maps which have been symmetrized according to the
crystal symmetry. Figure after Ref. 551
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Chen et al. also confirmed the nature of the hexagonal Fermi surface of the surface states
by the photon energy-dependent ARPES, as shown in Fig.[2.13|(d). Since the shape of the Fermi
surfaces does not vary upon changing the energy of the incident photons, the Fermi surface
of the surface Dirac fermions is truly two-dimensional, whereas the Fermi surface of the bulk
conduction band in the center clearly changes, which can be traced back to the k. dependence
of the dispersion relation.

Finally, topological insulators are also expected to occur in many other materials and not
onlyin binary compounds like BioTes, BisSes, and SboTes. Promising candidates for topological
insulators are, for example, certain iridium-based pyrochlore materials®®™2, but also the family
of ternary Heusler compounds®®®! are under current investigation.



CHAPTER 3

Electronic Band Structure
of Topological Insulators

lowed energies an electron may have in a periodic crystalline potential, thereby form-

ing energy bands which are separated by energy gaps or band gaps from one another.
In general, band theory describes the behavior of electrons in crystalline solids by assuming
the existence of such energy bands, and it explains very well many physical properties such
as optical absorption or electrical resistivity. From a theoretical vantage point, the description
of electrons in a solid is generically a many-body problem and thus a complicated task. The
full Hamiltonian of a perfect crystal does not only contain single-electron potentials describ-
ing the interactions of the electrons with the massive atomic nuclei, but also pair potentials
describing the electron-electron interactions have to be taken into account. While many dif-
ferent approaches to the problem of calculating the band structure have been formulated in
the past decades, in this thesis we only consider the so-called tight-binding approach which
assumes that the electrons are tightly bound to the constituent atoms and can be described by
a time-independent single-particle Schrodinger equation.

In a simplified picture, we can identify three major types of band structures describing in-
sulators, semiconductors, and metals. Concerning the electronic properties, the only differ-
ence between an insulator and a conductor is that the band gap between the so-called valence
band and the conduction band is much larger in the insulator than in the conductor. Here,
the valence band describes the highest occupied band, in analogy to the valence electrons of
individual atoms, whereas the lowest unoccupied band is referred to as the conduction band,
because current can only flow when electrons are excited to the conduction band, for example
by thermal fluctuations or by application of a gate voltage. The gap between valence band and
conduction band strongly influences, among other things, the electrical and optical properties
of a material, and is thus an important property of the solid.

In contrast to this simple picture, a topological insulator is a material which behaves like
an insulator in the bulk of the sample, but exhibits metallic states on its surfaces which allow
for charge transport or current. To be precise, the electronic band structure resembles an ordi-
nary band insulator in the bulk of the sample, where the Fermi level sits between the valence
band and the conduction band. However, on the surfaces of a topological insulator there ex-
ist states which (i) are exponentially localized at the surfaces, (ii) traverse the band gap, and
(iii) allow for conduction on the surfaces. Importantly, those surface states are protected by
certain fundamental symmetries of the system—time-reversal symmetry, particle-hole symme-

31@ n condensed matter physics, the electronic band structure of a solid describes the al-
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try, or chiral symmetry—and by the inherent topological properties of the bulk band structure
(see, e.g., Refs. [62H6T). Topologically protected boundary states were first predicted to occur
in graphene nanoribbons®* and quantum well heterostructures of mercury telluride (HgTe)
sandwiched between layers of cadmium telluride (CdTe) due to a particular band inversion
in HgTe, and they were observed experimentally in those quantum wells in 2007°/%%, |ater,
topological insulators were also predicted on the surfaces of 3D bulk materials, forming a novel
type of a two-dimensional electron gas, where the electron’s spin is locked to the momen-
tum“®, The first experimentally realized 3D topological insulator was discovered in bismuth
antimony (BiSb)®¥™Y but soon after the topologically protected surface states were also ob-
served in anumber of materials such as pure antimony (Sb), bismuth selenide (BiySes), bismuth
telluride (BiyTes) and antimony telluride (SbyTes) using angle-resolved photoemission spec-
troscopy (ARPES)28253ITI2 Since then, many more materials have been studied and some of
them are now believed to exhibit topological surface states as wel[0%173,

In this chapter, we focus on the electronic properties and topological surface states of mer-
cury telluride (HgTe) and cadmium telluride (CdTe). To develop a better understanding of the
electronic band structure of both HgTe and CdTe, this chapter has been divided into several
parts: First, we give a brief introduction into the general tight-binding approach to the elec-
tronic band structure of solids, following the textbooks by Yu and Cardona'™, Winkler’®, and
Kittel’®, After that, we review the effect of spin-orbit interactions coupling the spin to the or-
bital angular momentum of the electron. Since the strength of the spin-orbit interaction scales
with the atomic number of the atoms, the spin-orbit coupling is expected to be important for
heavy elements such as mercury, cadmium, and telluride. Importantly, the energy correction
of the levels due to spin-orbit interactions leads to an inversion of the bands in HgTe compared
to CdTe which results in topologically protected, chiral edge channels, as will be discussed be-
low. In the third section, we describe the crystal structure and the crystal symmetries of HgTe
and CdTe, both showing a zinc-blende-type lattice. We then compute the bulk band structure
and density of states of those materials using a 20-band tight-binding Hamiltonian which was
already studied in the 1970’s and 1980°s™8l, After that we focus on layered CdTe/HgTe/CdTe
quantum well heterostructures which are synthetic structures containing a thin layer of HgTe
sandwiched between two layers of CdTe with large band gap. In particular, we briefly review the
theoretical aspects and the experimental discovery of the quantum spin Hall insulator in those
heterostructures. In the last two sections, we first discuss the effect of biaxial strain on the band
structure of HgTe which is generated by the epitaxial growth of HgTe on a CdTe substrate. Here,
we show that biaxial strain opens up a direct band gap at the center of the Brillouin zone, but
also an indirect band gap which we obtain from the density of states. In principle, this obser-
vation paves the way for topologically protected states on the surfaces of a strained 3D HgTe
samples, because the surface states are no longer coupled to the metallic bulk states®'?, In the
last section, we construct a minimal model for 3D topological insulators which is based on the
states of strained HgTe close to the Fermi level. We discuss in detail the electronic band struc-
ture and the phase diagram which shows both strong and weak topological insulator phases.
In the next chapter, we will investigate the quantum Hall effect in this model and discuss the
relation between the edge channels and the so-called §-term.

3.1 Tight-binding approach to the electronic band structure

In developing the tight-binding approach for electrons in a solid we start from the assumption
that the electrons are tightly bound to the nuclei, just like in the atomic limit. Bringing the
atoms closer together, the separation of the atoms becomes comparable to the lattice constant
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in solids, so that their wave functions overlap, and it is possible to approximate the electronic
wave functions in the solid by linear combinations of the atomic wave functions. Accordingly,
this approach is also known as linear combination of atomic orbitals or LCAO approach®Z,
The justification for these approximations is that in a covalently bonded semiconductor such
as mercury telluride (HgTe) we can distinguish between two kinds of electronic states. On the
one hand, electrons in the conduction bands are delocalized and can be approximated well by
nearly free electrons. On the other hand, the valence band electrons are mainly localized in the
bonds and behave more like atomic states, so that their wave functions should be very similar
to bonding orbitals found in molecules.

To formulate the tight-binding approach, let us start by decomposing the position of an
atom in the crystalline lattice into r;; = R; + r;, where R; denotes the position of the jth
primitive cell of the Bravais lattice, and r; is the position of the [th atom within the unit cell.
Furthermore, let us consider a crystal Hamiltonian H which is given by the sum of the atomic
Hamiltonians describing the atomic orbitals of the nuclei and an interaction term describing
the electronic interaction (hopping) between different atoms. As mentioned above, we can
construct electronic wave functions as linear combinations of the atomic wave functions if the
interaction between the atoms is weak. Due to the translational invariance of the crystal, those
wave functions can be written in terms of Bloch functions ®,,,;% () as

(I)mlk("') = \/1N Z eik'lequl(T _ ""jl)p (3_])
J

where m labels the electronic state of the Ith atom with crystal momentum k, and N is the
number of unit cells in the crystal. The atomic orbitals ¢,,,;(r — rj;), also known as Léwdin
orbitals, are constructed from the usual atomic orbital wave functions in such a way that wave
functions centered at different atoms are orthogonal to each other:

/dBT’ Qﬁ;knl(’f' — le)d)m’l’(r — ’I”j/l/) = 5j,j’5l,l’5m,m" (32)

As a consequence from this orthogonality relation, the electronic wave functions ®,,,, are also
orthogonal to each other:

/d37“ (I):;zlk(r)q)m'l/k/ (T) = 5(k - k,)él,l’ém,m’a (3-3)

where 6(x) denotes the Dirac delta function. The eigenfunctions ¥ (r) of the Hamiltonian H
are superpositions of the Bloch functions ®,,,;x (7):

Up(r) = comi(k) P (T) (3.4)

m,l

with complex coefficients ¢,,;(k) € C to be determined. To compute the set of eigenvalues
& and eigenfunctions Wy () of the Hamiltonian H, we multiply the stationary Schrodinger
equation HVU(r) = EVi(r) by the wave function ¥ () from the left and integrate over
the spatial coordinate 7. Using the orthogonality of the electronic wave functions ®,,,;. () we
obtain a linear set of equations for the coefficients ¢,,;:

Z Comt (k) (M m (k) — EkO1rOmmr) = 0. (3.5)

m,l
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Here, H,,1 1 (k) represents the matrix element (@15 |H|®,,,717k) Which in terms of the Lowdin
orbitals ¢,,,;(r) can be written as:

Hotmv (k) = % Zexp [ik - (750 — 1) | (Do (1 — 750) K] i (7 — 7 j100)). (3.6)
3.3’
For a material modeled by N bands including orbital and spin degrees of freedom the matrix
elements H,,; 17 (k) form a Hermitian matrix of size N x N which can be easily diagonalized,
thereby solving Eq. (3.5). As a consequence, the eigenfunctions U, (r) and the eigenenergies
Enk of the Hamiltonian # are labeled by the so-called band index, which takes on the values
n = 1,..., N, and the crystal momentum k. A plot of the electron energies & as function of
the crystal momentum k is usually known as the electronic band structure of the crystal.
Assuming that the electrons are tightly bound to the atomic nuclei the overlap of orbital
wave functions decreases very fast with increasing distance between the unit cells j and j’.
Hence, instead of summing over all unit cells j and j in the crystal, we can approximate the
matrix element H,,; /17 (k) by restricting the sum only over the nearest neighbors of an atom.
In that sense, j will be summed over the atom itself and its nearest neighbors:

Mot (k) =Y explik (R + vy — 7)) [ (S (7 — 70 M| (7 = 7j0)). (3.7)
j

Of course, this approximation is not limited to nearest-neighbor interactions only, but one can
easily include interactions between second-nearest or even further neighbors if needed by a
straightforward generalization of the matrix elements. Additional matrix elements describing
interactions over longer distances can be used, for example, to increase the accuracy of the
tight-binding calculations.

To conclude, within the tight-binding approach (3.5), the band structure of electrons in a
solid can be obtained by calculating the eigenvalues of a Bloch Hamiltonian #(k), which de-
scribes the interactions of electrons tightly bound to the nuclei, as function of the crystal mo-
mentum k. The overlap of the orbital wave functions describes the hopping of electrons be-
tween different atoms and leads to the formation of delocalized conduction bands. The va-
lence band electrons, on the other hand, are localized in the bonding orbitals and in general
responsible for the elastic properties of the crystal which are not at the focus of this chapter.

3.2 Spin-orbitinteractions

Itis well known from atomic physics that the electron spin is coupled to the orbital angular mo-
mentum via the spin-orbitinteraction whichis a relativistic correction to the usual tight-binding
Hamiltonian. The spin-orbit correction can be visualized when we shift from the standard frame
of reference, where the electron orbits the nucleus, into a reference frame, where the electroniis
stationary and the nucleus instead orbits the electron. In that case, the orbiting nucleus gener-
ates an effective magnetic field which couples to the electron’s spin. A Taylor expansion of the
Dirac equation in powers of (v/c)?, where c denotes the speed of light, leads to several terms
which are responsible for the hyperfine splitting of the atomic energy levels. In particular, the
atomic Hamiltonian for the spin-orbit interaction is given by

h
Hso (VV(r) x p)-o = —5 €ijr 0;V(r)pros, (3.8)

~ dm2e? 4m2c?
where V (r) is the Coulomb potential of the atom with atomicnumber Z,and o = (0,0, 0,)"
is the usual vector of Pauli spin matrices [cf. Eq. (2.68)]. This energy correction is a factor (Za)?
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smaller than the Coulomb energy, with « ~ 1/137 the fine-structure constant. However, since
the Coulomb interaction V' (r) and thus the strength of the spin-orbit interaction both scale
with the atomic number Z of the atom, we expect the spin-orbit coupling to be important only
for materials which are made of heavy elements with large Z, such as CdTe and HgTe. There-
fore, especially for those compounds we have to include spin-orbit interactions into the tight-
binding Hamiltonian to properly describe their electronic band structures.

In atomic physics, the Hamiltonian for the spin-orbit interaction is often expressed in terms
of the orbital angular momentum operator ! and the spin operator s as

Hso =2Xg0 - s, (3.9)

where A\go is usually referred to as the spin-orbit coupling parameter. In that representation
it becomes apparent that there is no spin-orbit correction to the s-wave-like states which have
an orbital angular momentum [/ = 0.

To develop a representation of the spin-orbitinteraction (3.8) which can be used in the tight-
binding approach, let us start with a brief review of some facts about orbital wave functions.
From quantum mechanics we know that the orbital electronic wave functions |/, m;) are classi-
fied according to their orbital angular momentum /, and they can be chosen as eigenstates of
the z component L, of the orbital angular momentum operator l.The eigenvalues of L., usually
denoted by m; or just m if there is no ambiguity with other quantum numbers, are called mag-
netic quantum numbers and take the values —I, —I + 1,...,l — 1,1. Furthermore, the eigen-
functions of the spin-orbit interaction (3.9) are eigenstates of the total angular momentum
g =1 + $ and its z component, . In general the magnetic quantum number m; correspond-

ingto j, takes the values —j, —j +1,...,j — 1, j. Since we consider a single electron (s = 5) in
a p orbital state (I = 1), the eigenvalues of}' canbeeitherj =1+ s = % orj=1l—s= % The
common eigenfunctions |4, m;, [) ofj' and j, can be expressed as superpositions of the eigen-
functions |I,mm;, o) of the orbital angular momentum I and spin . To be precise, we obtain a

j = 3 quartet:

13, +3,1) =[1,1,1), (3.10a)
243, 1) = 7<|1,1,¢>+f|1 0.1)), (3.10b)
12 -2:1) = 701 —1,1) +V2[1,0,4)), (3.10¢)
15, -3,1) =11,-1,]), (3.10d)
andaj = 1 doublet:
|3, +3,1) = 7(|1 0,1) — V2[1,1,1)), (3.10¢)
|33 1) = 7(|1 0,1) = V2|1, -1,1)). (3.10f)
Using the relation
205 =(1+8)2 -1 8 =3 -1 -8 =j(j+1)—11+1)—s(s+1), (3.11)

we can easily calculate the matrix elements of the spin-orbit interaction (3.9). As a result, for
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the p orbital states we obtain:

>

<%7mja 1|2)\SO z '

<%7mj7 1|2ASO z '

|
| 1) = —2Xs0. (3.12b)

N[—= N

y Mgy
, Mg,

wn>

Thus, in the basis of total angular momentum states, the spin-orbit interaction is diagonal:
Hso = Aso diag(1,1,1,1, -2, —2). (3.13)

Obviously, the effect of the spin-orbit interaction is to split the j = 2 states (3.10a(3.10d) from
the j = % states , and forthe j = % and j = % states this spin-orbit splitting is
equalto Ago = 3Xs0.

As mentioned before, the spin-orbit interaction Hgo = 2Ag0 I - s couples the electron spin
o to the orbital angular momentum. Using the following basis of p orbital states,

{lp, o)} = {Ipe, 1) [y, 1) |22 1) [P, 1) [Pys 1) |20 1) ) (3.14)

this coupling between orbital angular momentum and electron spin is easy to observe in the
following 6 x 6 Hamiltonian for the spin-orbit interaction:

0 i 0 0 0 1
—~i 0 0 0 0 i
0 0 0 -1 —i 0
fso=401¢9 o -1 0 —io0 (315)
0 0 ¢t 0 0
1 i 0 0 0 0

Apparently, the off-diagonal matrix elements couple the spin-up and spin-down states of the
different p orbitals and thus lead to a non-trivial mixing of states. In particular, since the spin-
orbit interaction is quite strong in heavy elements like Hg and Cd, this coupling may lead to
sizable and important corrections of the electronic band structure, and thus spin-orbit interac-
tions cannot be neglected, but have to be considered within in the tight-binding approach.

In the following, we will develop a suitable Bloch Hamiltonian for the outermost, partially
filled s and p orbitals of HgTe and CdTe. Note that in HgTe the spin-orbit interactions are so
strong that they result in a band inversion within the electronic band structure. This is one
of the major reasons for the appearance of topologically protected edge and surface states in
two-dimensional quantum wells and strained 3D HgTe samples, as discussed later.

3.3 Electronic band structure of HgTe and CdTe

In this thesis we are mainly interested in the electronic band structures of mercury telluride
(HgTe) and cadmium telluride (CdTe). Both HgTe and CdTe are binary II-VI compounds, where
cadmium (Cd) and mercury (Hg) are group-ll elements in the periodic table of elements with
atomic numbers Z = 48 and Z = 80, respectively, while tellurium (Te) is a group-VI element
with atomic number Z = 52. Furthermore, both CdTe and HgTe are tetrahedrally bonded
semiconductors in which each atom is four-fold coordinated, i.e., each atom is surrounded by
four nearest-neighbor atoms forming a tetrahedron (see Fig.[3.1). The ionicity of the covalent
bonds in II-VI compounds increases the Coulomb interaction between the ions, leading to an
increased band gap in the electronic band structure. CdTe, for example, has a direct band gap
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of about 1.6 eV at room temperature, but HgTe is actually a zero-band gap semiconductor or
semimetal. Due to the strong spin-orbit coupling in HgTe, the bands close to the Fermi level
are inverted compared to CdTe, as will be discussed in detail in section[3.3.4] As mentioned be-
fore, the band inversion is one of the reasons for the edge states in quantum well heterostruc-
tures made of CdTe and HgTe which is discussed in section In this section, however, we
first discuss the crystal properties of bulk HgTe and CdTe, and then construct a 20-band tight-
binding Hamiltonian following Refs. [T7H81 which describes both the covalent bonding of the
outermost, partially filled sp® orbital states as well as some excited conduction band states.
After that we review the electronic band structure of those materials and introduce the termi-
nology frequently used in semiconductor physics in section|3.3.4

3.3.1 The crystal structure and symmetries of HgTe and CdTe

The crystal structure of HgTe and CdTe is the same as in the zinc-blende lattice with a two-
atomic unit cell consisting of anionic telluride (Te?~) and cationic mercury (Hg?*) or cationic
cadmium (Cd?*). The zinc-blende lattice shown in Fig. (a) is a face-centered cubic (fcc)
Bravais lattice [see Fig.[3.2](b)], and its primitive lattice vectors are given by

1,0, )7, as=2(1,1,0)7, (3.16)

a
a; = 5 (Oa ]-a ]-)Ta a) = 9

(RIS

where a is the length of the crystallographic unit cell, and v denotes the transpose of the
vector v, as before. The position of each atom in the crystalline solid can be decomposed into
rj; = R; + r;, where R; denotes the position of the jth unit cell of the Bravais lattice, and r;
is the position of the [th atom within the unit cell. Note that the mercury telluride lattice has
two atoms per unit cell, i.e., [ = 1,2 only, and those atoms are located at »; = (0,0,0)” and
ro = (1,1, 1)T'. Hence, the positions of the nearest-neighbor atoms in the zinc-blende lattice
are given by

di =210, dy=2(1,-1,-1)7,
4 4
a a (3.17)
ds = (-1,1, -7, dy= 1 (-1,-1,1)T.

The reciprocal lattice is defined in terms of three primitive reciprocal lattice vectors by, bs,
and bz which are related to the direct lattice vectors a1, a2, and a3 by a; - b; = 27;;, where

[L111]
®

[111] [111]

[100] o 010]
[111]

Figure 3.1. Atetrahedron with a mercury atom (red filled circle) in the center surrounded by four telluride
atoms (bluefilled circles). The thick black lines indicate the bonds in the high-symmetry directions [111],
[111], [111], and [111]. The coordinate axes are shown in black, where the [001] axis points out of the
plane.
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(a) (b)

a

=

Figure 3.2. (a) The crystal structure of the mercury telluride (HgTe) lattice. (b) The face-centered cubic
lattice with a set of primitive lattice vectors a1, as, and as. (c) The reciprocal lattice of the fcc lattice
and the first Brillouin zone. Points of high symmetry are denoted by I' = (0,0,0)7, X = 27”(1, 0,0)7,
K =25(33 0)T and L = 25(1, 1, 1)7, while the three high-symmetry directions [100], [110], and
[111] in the Brillouin zone are denoted by A, ¥ and A. Figure after Ref. 74l

0;; is the Kronecker delta. In three dimensions, a general solution for this relation is given by

b — a; X ag
i = €Z]k7r|(a1 < (12) . 0’3‘ >

where, j, and k represent a cyclic permutation of the three indices 1, 2 and 3, ¢;;, denotes the
fully anti-symmetric tensor with €123 = 1, and |(a1 X a2) - as| is the volume of the primitive
cell. The reciprocal lattice points of the fcc lattice form the body-centered cubic (bcc) lattice,
so that the primitive reciprocal lattice vectors of the HgTe crystal are given by

b = 2 (—1,1,1)T, by = 2 (1,-1,1)7, by = 2 (1,1, -1)7. (3.18)

a a a

The first Brillouin zone of the fcc lattice, i.e., the unit cell of the reciprocal lattice, is also shown
in Fig. (c). Since the reciprocal lattice vectors are obtained from the lattice vectors a1, as,
and as, the symmetries of the Brillouin zone are determined by the symmetries of the crystal
lattice, as discussed below.

The space group of the zinc-blende structure has the number 216 and is denoted by Td2 in
Schonflies notation or F'43m in international notation, where the symbol F43m describes a
face-centered cubic lattice with four-fold improper rotations about the (001) axes, three-fold
rotations about the (111) axes, and reflections on the {110} mirror planes. Note that this space
group is symmorphic, i.e., apart from the lattice translations, all generating symmetry opera-
tions leave one common point fixed which implies that generators of such a space group can
only include the point-group operations, i.e., rotations, reflections, inversions, and improper
rotations. The corresponding point group of the zinc-blende lattice has 24 elements which are
identical to the elements of the point group of a tetrahedron, denoted by T};. The point group
symmetry operations of the zinc-blende crystal are defined with respect to the three mutually
perpendicular crystallographic axes, where the origin is placed at one of the two atoms in the
unit cell. With this choice of coordinates, the 24 symmetry operations are listed in Table[3.1]
The elements of this point group can be divided into five classes { E'}, {8C3}, {3C2}, {654},
and {60}, because rotations by the same angle with respect to equivalent axes belong to one
class, while all reflections on equivalent planes belong to a different class. Hence, T,; has five
irreducible representations which are usually denoted by A1, Ao, E, T1, and T, where E de-
notes the identity operation in group theory.



3 - Electronic Band Structure of Topological Insulators 43

class symmetries of the space group #216 / T2 | F43m
{E} identity
{8C3} three-fold clockwise and counterclockwise rotations of 120° about the [111],

[111],[111], and [111] axes
{3C>} two-fold rotations of 180° about each of the [100], [010], and [001] axes

{654} four-fold improper clockwise and counterclockwise rotations of 90° about
the [100], [010] and [001] axes
{60} reflections on each of the (110), (110), (101), (101), (011), and (011) planes

Table 3.1. The space group T of the zinc-blende lattice has the same symmetry operators as the point
group of the tetrahedron, denoted by 7.

molecular Koster BSW
notation notation notation
Aq Iy Iy

A2 F2 FQ

E I's T

Ty Iy I'5

Ty I's a5

Table 3.2. List of commonly used notations for the irreducible representations of the T, point group.
Note that "y and I'5 are sometimes interchanged in the literature.

However, using the notation Ay, As, F, T1, and T to label the irreducible representation
of the Ty group is more commonly used in molecular physics than in semiconductor physics,
where a different notation is used. First, note that the wave functions of a crystal with wave
vector k at the center of the Brillouin zone, i.e., the I point, transform in a way that is specified
by the irreducible representations of the point group of the crystal. Thus, the corresponding
Bloch functions at the I" point can also be classified according to these irreducible representa-
tions. Historically, in semiconductor physics it is more common to use “I'” plus a subscript “¢”
to label the irreducible representations of T}, but there are two different conventions used for
labeling the same irreducible representation by the index i. The first convention to label the
five irreducible representations by I'1, ..., I'5 is due to Koster and is used most commonly in
the literature, but the Bouckaert-Smoluchewski-Wigner (BSW) notation (I'1, '9, I'12, T'15, I'25)
is also sometimes used. For reference, the different notations for the T,; point group are listed
in Table[3.2

3.3.2 Tight-binding Hamiltonian for HgTe and CdTe

To properly describe the sp? hybridized bonds of the those materials, we formulate the tight-
binding Hamiltonian % = Ho + Hso for CdTe and HgTe in terms of an sp3s* basis which de-
scribes the covalent bonding of the outermost, partially filled sp3 orbital states on the one hand
and some excited s* conduction band states on the other hand““¢!, To be specific, we consider
the following basis of 20 orbital angular momentum states, {|v, a, 0, k) }, where v € {a, ¢} de-
notes the atom and distinguishes between the anion (v = a) and the cation (v = ¢) in the
unit cell. & € {s,ps,py,p-, s*} denotes the orbital symmetry, o € {1, ]} is the electron spin,
and k denotes the crystal momentum. This basis set of states has the distinct advantage that
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one can in a straightforward and direct way write down the tight-binding Hamiltonian #, de-
scribing the hopping of electrons between orbitals on nearest-neighbor atoms. On the other
hand, as discussed before, the spin-orbit Hamiltonian Hso then contains off-diagonal matrix
elements coupling different spin states with angular momentum ! = 1 which makes the analyt-
ical calculation of the band structure much more complicated. As a consequence, for generic
crystal momentum k we have to numerically compute the electronic band structure by means
of exact diagonalization. Note that one can also write down the tight-binding Hamiltonian in
the basis of total angular momentum states, {|v, j, m;, [, k) }, in which the spin-orbit Hamilto-
nianisdiagonal, but the corresponding tight-binding Hamiltonian becomes more complicated.
We refer the reader to Ref. [79/for an explicit form of the 20-band tight-binding Hamiltonian in
terms of those eigenstates.

The 20 x 20 Bloch Hamiltonian matrix o describing the hopping processes of electrons
between nearest-neighboring atoms turns out to be block-diagonal in momentum space and
can conveniently be written in terms of the 5 x 5 matrices b , (k) as follows:

0 0
HO(k) — 00 []aa(k) ? hac(k) ) (3]9)

First, note that the diagonal block matrices hY, (k) describe the energies of the s, p, and s*
orbital states of the anion (v = a) or the cation (v = ¢) with respect to each other. Hence, the
block matrices b,, (k) are diagonal themselves and independent of the crystal momentum k:

E, O 0 0 0
0 Eyn 0 0 0

W, ky=10 0 E, 0 0 |. (3.20)
0 0 0 E, 0
0 0 0 0 Eg&

On the other hand, the off-diagonal block matrices h?.(k) and h?, (k) describe the hopping
of electrons between the different orbital states of anion and cation, independent of the spin
orientation. To be specific, h?, (k) takes the following form:

Vss go(k)  Vspgi(k)  Vipga(k)  Vipgs(k) 0
Vs 91(E)  Viw go(K)  Vaiyg3(k)  Vay g2(k)  Vpsr g1(k)
boc(k) = |Vis g2(k)  Vaygs(k)  Viw go(k)  Vaygi(k)  Vpse g2(k) | - (3.21)
V})s 93(k) ny QQ(k) Va:y g1 (k) Vaz gO(k) Vps* 93(k)
0 Vs*p 91(k) Vs*p 92(k) Vs*p gB(k) 0

For example, the matrix element of two s orbital states on the anion and cation is given by:

4
(a,s,0,k[Holc, s,0,k) = (s|Ho|s) > _ e ¥ = Vi, go(k), (3.22)

7j=1
where we have taken the anion (v = a) to be located at the origin, and d; (j = 1,...,4) de-

notes the positions of its four nearest-neighboring cations (v = ¢) in the zinc-blende crystal.
The other matrix elements can also be expressed in terms of the four phase factors exp(ik - d;)
and the overlap parameters Viss, Vipo, Visos Vopos Voprs Vsepo, and Vpg«o. Hopping from the
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excited s* orbital to the s and s* orbitals of neighboring sites have been neglected for simplic-
ity, following Refs. [79J80. In appendix[Alwe have summarized the general construction scheme
of (i) the overlap parameters and (ii) the above matrix elements. However, note that the p or-
bital states have to be decomposed into the so-called o and @ components due to the crystal
structure of the zinc-blende lattice, as shown in appendix[A]in detail. As a consequence, this
decomposition introduces a factor of cos § = 41/+/3, where the sign depends on the relative
orientation of the positive and negative lobes of the p orbitals. It is thus convenient to define
the following overlap parameters for the tunneling or hopping of electrons between different
orbitals:

Vo Voo
Vs = Viso, ‘/spz\s/%a V},SE\I}%,
V., = Voo T 2Vipm meEM’ (3.23)
3 3
‘/s *o V s*o
V* = L’ V * = P .
o \/g ps \/g
and the relative orientation of the anions and cations in the zinc-blende lattice enters in the
functions g;(k) with j = 0,...,3. In contrast to the construction of overlap parameters for

molecules shownin appendix@, we allow that, for example, V, and V,,s differ from each other,
so that one can use an additional parameter in fitting the calculated band structure to first-
principle band structure calculations or experiments. The four momentum-dependent func-
tions g;(k) (with j = 0,. .., 3) obtained from summing over the phase factors exp(ik - d;) are
then given by

4

1 L - 1, ... e e 1

go(k) = 1 ;e’k d_ Z(elk di 4 gikrdz 4 ciktds 4 ik d4), (3.24a)
1o | 1, , | ‘

gi1(k) =~ ngn(dj c@)etkTd = —(efkrdr g piktdy _ piktds _ oiktda) (3.24b)
14 1
1< , 1, , : :

go(k) =~ ngn(dj etk d =~ (etkrdr _gikrda g oiktds _ piktda) (3.24¢)
14 4
1 o | 1, | | .

gs(k) = = Z sgn(d; - 2)e* 4 = —(elkrdr _ piktda _ pikrds 4 oikrda) (3.24d)
14 1

Finally, the spin-orbit interaction contains off-diagonal matrix elements coupling spin-up
and spin-down electronic states of different p orbital states as discussed previously. In the basis
of orbital angular momentum states we obtain:

hgg(ﬁ) hgg(m 0 0
_ () be) 0 0
Hso =" 0 5% BO() (3:25)
0 0 b3Un B2
with the 5 x 5 matrices K59 (50”) given by
00 0 00 o 0 0 0 0
0 0 —i\, 0 0 0O 0 0 XN O
B =10 iA, 0 0 Of, B2AY=1{0 0 0 —i\, O (3.26)
00 0 00 0 —X\ i, 0 0
00 0 00 O 0 0 0 0
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In addition, the spin-orbit interaction for spin-up and spin-down states is related by

501 = b0 ()], BEOU) = [50(1)]T, (3.27)

where b* and h denote the complex conjugate and the Hermitian conjugate of the matrix b,
respectively.

3.3.2.1 Energy levels at the T" point

To give an explicit example of how to compute the electronic band structure of the HgTe and
CdTe and to develop a better understanding of the spectrum at the center of the Brillouin zone,
let us calculate the eigenenergies of the Hamiltonian matrix at the I point. For k = (0,0,0)”
we find with Eq. thatgo(k) = 1and g;(k) = Oforj = 1,2, 3. As a result, the 20 x 20 tight-
binding matrix simplifies into two 2 x 2 matrices for the bonding and anti-bonding s electrons
and two 2 x 2 matrices describing the excited s* orbitals:

Esa ‘/ss Es*a 0
[v;s E] [0 E] (3.282)

Moreover, the p orbital states are coupled due to spin-orbit interactions, resulting in two equiv-
alent 6 x 6 matrices:

—tAa A Vie O 0
0

Epq
Ag
Ao Aa Epg 0 4V
Vie 0 0 Ep —ide Ao (3.28b)
0 Vi 0 X Epe —i)c
| O 0 Vie  Ae  iAe  Epe
These three matrices can be easily diagonalized, giving the following spectrum:
ES(I ESC 1
£.0(T) = % bV (Boa — Bo? +4V2, (3.29a)
Es*a Es*c Es*a — Es*c
Eyes(T) = ;r e e (3.29b)
Ep+Ep+Xa+ A 1
£,.(T) = oot L 2+ ey 5\/ (Epa — Epe + Ao — Ao)2 + 4V2,, (3.29¢)
Epo+ Epc —2Xg —2X. | 1
£,4(T) = Zpe 2 ; + 5\/ (Bpa — Epe + 20 — 2))2 +4V2,.  (3.29d)

In the atomic limit, i.e., for vanishing inter-atomic interactions, Vs, = V,, = 0, we observe the
aforementioned spin-orbit splitting between the j = 2 and j = 1 states:
3\, fortheanion(v=a
Ago = ¢ . ( ) (3.30)
3\, forthe cation (v = ¢)

with the corresponding magnitudes for anion and cation in the two-atomic unit cell. Note that
this energy splitting of the j = % and j = % states at the I" point is used to determine the
strength of the spin-orbit coupling parameter Ago by fitting some experimental data to band
structure calculations with and without spin-orbit interactions™.,
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3.3.3 Bulk band structure and density of states of HgTe and CdTe

The empirical tight-binding parameters for the electronic band structures which are listed in
Table[3.3|were obtained by Kobayashi, Sankey, and Dow by fitting numerical band structures
of HgTe and CdTe at the T point and the X points of the Brillouin zone [see Fig.[3.2](c)] to ex-
perimental data'®. Furthermore, the spin-orbit coupling parameters )\, and \. were fitted from
the spin-orbit splitting at the I point between the j = 2 and j = 1 states.

Figures[3.3|and[3.4]show the computed electronic band structure of CdTe and HgTe along
the principal symmetry directions of the zinc-blende-type solid (left panels) and the correspon-
ding density of states (right panels). For clarity, the bulk bands with so-called I's, I'7, and T'g
symmetries are shown in red, green, and blue colors, respectively. These bands are particularly
importantin the CdTe/HgTe/CdTe quantum well heterostructures hosting two-dimensional va-
riants of a topological insulator, which will be discussed in the following section. For example,
in ordinary insulators like CdTe, spin-orbit interaction is not very strong, so that the I'g bands
are below the I'g band (see Fig.[3.3). However, since Hg has a larger atomic number, Z = 80, the
spin-orbit interactions are much larger in such heavy-element compounds which modifies the
topology of the electronic band structure. In particular, the spin-orbit interaction leads to the
aforementioned band inversion of the I's and I'g bands and makes HgTe actually a semimetal.
Also, note that the larger splitting of the peaks in the density of states of HgTe compared to
CdTe is indicative of strong split-orbit interactions.

CdTe HgTe
on-site energies:

E. —8891 —9.776
E, 0915 0.155
Egq 7000 6.000
Eo —0.589 —1.404
E, 4315 4.300
Ege 7500 6.500

overlap parameters:

AVee —4.779 —3.267
4V 1739 2.412
4Vps —4.767 —3.243
4Vye 2.355 1443
4Vy, 4124 3.639
AVep 1.949 3520
AVper —2.649 —0.323

spin-orbit couplings:

Aa 0.367 0.299
Ae 0.013 0.286

Table 3.3. Tight-binding parameters in electronvolt of the 20-band model for CdTe and HgTe including
nearest-neighbor interactions only, obtained by Kobayashi, Sankey, and Dow™. The overlap parameters
Vs, etc. are related to those in the standard notation due to Slater and Koster®? as follows: Vs = Vo,
Vep = Vszm/\/g’ Vps = *Vpso/\/g’ Viw = (me +2vpp7r)/3: Vay = (V;DPU - Vppfr)/& Verp = VS*pﬂ/\/g:
and Vs« = — Vs /V/3.
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Figure 3.3. (a) Band structure £(k) of cadmium telluride (CdTe) as function of crystal momentum k

along the principal symmetry directions. The high-symmetry points are denoted by L = 22 (1,1 1)T,
I' = (0,0,007, X = 25(1,0,0)7, and K = 22(2,3 ()T, while the three high-symmetry directions

[100], [110], and [111] in the Brillouin zone are denoted by A, ¥ and A. The so-called I's and I'g valence
and conduction bands are shown in blue and red color, respectively, while the spin-orbit split-off I';
valence band is indicated by green. (b) Density of states v(w) of CdTe calculated numerically from the
band structure £(k) performing exact diagonalization of the tight-binding Hamiltonian 1 = Ho + Hso
for 5- 10 random sampling points in momentum space.
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Figure 3.4. (a) Band structure £ (k) of mercury telluride (HgTe) as function of crystal momentum k along
the principal symmetry directions. As in Fig.[3.3] the points of high-symmetry are denoted by L, T', X,
and K, while the lines of high-symmetry in the [100], [110], and [111] directions are denoted by A, ¥
and A. Similarly, theT's and I's bands are shown in blue and red color, respectively, while the I'; valence
band has a green color. Importantly, note that the I's and I's bands are inverted with respect to the
usual band order as in CdTe. (b) Density of states v(w) for HgTe calculated numerically from the band
structure £(k) performing exact diagonalization of the tight-binding Hamiltonian H = Ho + Hgo for
5-10° random sampling points in momentum space.
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3.3.4 Irreducible representations, symmetries, and terminology of the bulk bands

In this section, we briefly introduce a certain notation of the electronic band structure of the
diamond- and zinc-blende-type semiconductors which is based on group theory™. Since the
electrons move in the presence of a periodic crystal potential, their wave functions can be sym-
metrized to reflect the crystal symmetry, i.e., the wave functions can be written in a form such
that they belongto certain irreducible representations of the space group of the crystal. In par-
ticular, the symmetries of the wave functions close to the I' point, i.e., the center of the Brillouin
zone are important, because the energy bands have a simple parabolic form in the vicinity of
that point. In the following, we therefore introduce the terminology which is frequently used
in the context of zinc-blende-type materials such as HgTe and CdTe, and we refer the reader to
Ref. [74|for details.

Although we have introduced the Bloch Hamiltonian in terms of orbital angular momentum
states labeled as {|v, a, 0, k) }, where a € {s,p,, py, p. } specifies the orbital symmetry of the
wave function and o € {7, ]} the electron spin, we focus on a different basis of total angular
momentum states which will be denoted by {|v, j, m;,[, k) } due to the strong spin-orbit inter-
actionsin heavy elements. Here, j is the total angular momentum, m; the corresponding mag-
netic quantum number, and [ the orbital angular momentum. From quantum mechanics we
recall that the transformation between the two basis sets of wave functions can be performed
in a straightforward manner:

gm0y = 1% 5,my, 1) = axllymy — 5,1) + Bell,mj + 3, 1), (3.31)

where the so-called Clebsch-Gordan coefficients for a spin 1/2 electron with angular momen-
tum [ are given by

l+m; + 1
aizﬂﬁziﬁ% ai—l—oﬂ_:ﬁi—l—ﬁ%:l. (3.32)

In the literature, it is common to classify total angular momentum eigenstates according
to their behavior under symmetry transformations of the crystal by means of group theory.
Aside from the orbital part of the wave function, one has to take the spin of the electron into
account as well. Groups containing symmetry operations of wave functions including the spin
degree of freedom are known as double groupsﬂ In most cases it is sufficient to know only the
irreducible representations for the double group at the center of the Brillouin zone, i.e., the
I" point. In the case of the zinc-blende crystal, the 48 elements of the double group are divided
into eight classes which are labeled by T'y, . . ., T's, whose representations can be found, for ex-
ample, in the textbook by Yu and Cardona'™., A carefulinspection of the symmetries then reveals
that the two-fold degenerate, s-like |7 = %, mj = i%,l = 0) states belong to the so-called I'g
representation™. In addition, the two-fold degenerate, p-like |j = £, m; = £3,1 = 1) states
belong to I'; representation, whereas the four-fold degenerate, p-like |j = %,mj = i%,l =1)
and [j = 2,m; = £1,1 = 1) states belong to the I's representation, because this is the only
four-dimensional representation in this group. Although those representations describe the
symmetries of the corresponding atomic wave functions, the electronic bands in a solid inherit
their symmetry properties and are labeled accordingly as I'g band, I'; band, and I's band,
respectively.

"It is beyond the scope of this thesis to describe double groups in detail. The reader should refer to the textbooks
by Yu and Cardona™and Lew Yan Voon and Willatzen®¥ and references therein for details on the definition of double
groups.
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Figure 3.5. (a, b) Schematic picture of the bulk band structure of HgTe and CdTe close to the Fermi
levelat E = 0 eV. At the I point there are four important bands: The I's band is two-fold degenerate,
stems from the |j = mJ = il [ = 0) states, and shows an s-orbital like behavior. Moreover, the I'g
band is usually referred to as electron (E) band. The I'; band is also two-fold degenerate, but stems
from |j = %,mj = ﬁ:%,l = 1) states, and thus shows a p-orbital like behavior. Due to the spin-orbit
splitting between the I'; and I's bands, the I'; band is usually called the spin-orbit split-off (SO) band.
TheT'g band is, however, four-fold degenerate, because it originates from the |j = %,mj = i%,l =1)
and[j = 2,m; = +4,1 = 1) states with p- orbltalllke character. The |j = 3,m; = +£3,1 = 1) states are
known as heavy hole (HH) bands, whilethe |[j = 3,m; = £3,1=1) states are referred to as light-hole
(LH) bands due to their different effective masses Figure after Ref. [27.

group k-p gsmgi ) e o)

theory theory states states

Lo, +3)  |E,+3) 3, +5.00 s,

o, —3) B, —3) 320 [ )

L7, +3)  180,+3) l3.+5.1) 75 (e, b +ilpy, ) + [p2, 1)
Tr =4 150,-3)  15,-51) L (pet) —ilpy, D) — Ip= )
Us,+3)  [HH.+3) [5.+3,1) 75 (Ipe, 1) +ilpy, 1)

Ts,+3)  |LH,+3) 13,431 J5 (Ipe, ) +ilpy, ) — 2l 1)
Us,—3) |LH,—3) [5,—5:1)  Z (pes 1) —ilpy, 1) +2Ip2. 1))
s, =3)  [HH,=3) [3,-35,1) 5 (pe,b) +ilpy, d)

Table 3.4. List of commonly used notations for the band topology of semiconductors like CdTe and HgTe.
Note that the notations are often used synonymously in the literature.
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There exists, however, another frequently used naming convention for the topology of the
band structure which is related to the so-called k - p theory and describes the particular cur-
vature of the bands at the I" point in the Brillouin zone. In normal semiconductors and insu-
lators, the T'g band describes an s-like electron band (F), because it has positive curvature at
the I' point with effective mass meg > 0, ie., &, (k) =~ k2/(2meg) [see Fig. (b)]. How-
ever, the I's bands describing the p-like valence bands have negative effective masses meg < 0
describing hole-like excitations. Moreover, the m; = =+3 states are referred to as heavy-hole
band (H H), whilethem; = i% states are called the light-hole band (L H), because meg rg <
mesr, - For reference, the different notations for the band topology are listed in Table

As mentioned before, the I'; and I'g states with orbital angular momentum [ = 1 are split
by the spin-orbit interaction, Hso = 2Aso -3 (see section . Typically, the magnitude of
the spin-orbit splitting Aso = 3XAgo in a semiconductor with relatively light atoms is small
and thus negligible. However, in semiconductors containing heavier elements such as CdTe
or HgTe, the spin-orbit gap can be as large as the band gap, Agp ~ 1 eV, pushing down the
I'7 states in energy (see Fig.[3.5). Consequently, the I'; states are referred to as the spin-orbit
split-off band (SO) in the literature and usually not taken into account. Moreover, in HgTe the
energy correction of the I's bands due to spin-orbit interactions is so large that the I's bands
are pushed above the I'g band (see Fig.[3.5). This reversal in the band ordering of the I's and I'g
bands is one of the major reasons for the topological properties of HgTe.

3.4 CdTe/HgTe/CdTe quantum well heterostructures

In the context of topological insulators, we now discuss CdTe/HgTe/CdTe quantum wells which
are synthetic heterostructures containing a thin layer of HgTe of thickness dpg1e sandwiched
between two thin layers of CdTe of equal thicknesses dcqre (see Fig.[3.6). Over the past two
decades, fabrication techniques for quantum well heterostructures have greatly improved, and
ultimately these achievements have led to the experimental discovery of the so-called quan-
tum spin Hall effect and topological edge states in CdTe/HgTe/CdTe quantum wells®. These
quantum well heterostructures show the interesting property of having either a normal or an
inverted band structure, depending on the thickness of the sandwiched HgTe layer. Heuris-
tically, in a large quantum well, the confinement of the electronic states within the quantum
well is small, so we may expect that the electronic band structure of the quantum well at the
I' point mostly looks like HgTe which has an inverted band structure. However, upon reduc-
ing the thickness of the HgTe epilayer the confinement energy increases, thus shifting the en-
ergy bands. Eventually, the thickness of the HgTe epilayer will fall below a critical thickness,
d. ~ 63 A, and the energy bands will start to align in a normal way, i.e., the quantum well be-
havior is dominated by properties of CdTe (see Fig.[3.7). At the critical thickness d_, the band
inversion takes place, and one-dimensional helical edge states appear at the boundaries of the
two-dimensional quantum well heterostructure, giving rise to the quantum spin Hall effect
in the absence of any external magnetic field='°%, |n this section, we review the basic proper-
ties of CdTe/HgTe/CdTe quantum well heterostructures, and afterwards we study the electronic
band structure of these quantum wells, depending on both growth direction and quantum well
width.

One of the important properties of CdTe/HgTe/CdTe quantum wells is that the lattice con-
stants of HgTe and CdTe are almost identical to each other:

apgre = 6.46 A and  acar. = 6.48 A. (3.33)

This nearly perfect lattice alignment allows for pseudomorphic growth and is desirable for
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Figure 3.6. Schematic picture of a CdTe/HgTe/CdTe quantum well heterostructure in which the central
HgTe epilayer of width du,Te is surrounded by CdTe epilayers of width dcqare on both sides.

high-quality quantum well heterostructures, because it allows to significantly reduce the num-
ber of crystal defects such as dislocations or vacancies. However, having the same lattice con-
stants is not a necessary condition for pseudomorphic growth of the so-called epitaxial layer
(epilayer) on the substrate. Growing the epilayer on a substrate with a different bulk lattice
constant results in a strained, but otherwise perfect epilayer. Nevertheless, there is a limit to
the thickness of a strained layer one can grow while maintaining a perfect lattice. Since the
strain energy increases with the thickness, the epilayer may lower its total energy by relieving
the strain beyond some critical layer thickness through the creation of dislocations. Obviously,
the critical thickness for two materials grown on top of each other depends on the difference of
their lattice constants. For CdTe/HgTe/CdTe heterostructures, the critical thickness for the HgTe
epilayer is about 200 nm™?. Hence, to leading order, we neglect the lattice mismatch for nar-
row quantum wells (dpgTe < 200 nm) and use the bulk material properties of HgTe and CdTe
to model the quantum wells. Later, in section[3.5|we consider strained HgTe systems and show
that the application of biaxial strain leads to the opening of a small band gap at the I" point.

Furthermore, due to the band difference between CdTe and HgTe, their conduction and
valence band edges do not align with each other. The creation of quite sharp interfaces be-
tween CdTe and HgTe, however, allows to control the shape of this band gap discontinuity, and
comparisons between experimental results and theoretical calculations have shown that these
band edge discontinuities can be rather abrupt, making a simple square well a good approxi-
mation for the confinement potential in most quantum well structures. The difference between
the band edges is also known as the valence band offset. For example, in semiconducting de-
vices this band offset produces the potential which is responsible for confining the charge carri-
ers (electrons or holes) in one layer only. For CdTe/HgTe/CdTe quantum wells, the valence band
offset has been investigated in detail by a number of different methods®**®2, yielding approxi-
mately

Evpo = (560 £ 50) meV. (3.34)

In the following, we consider symmetric CdTe/HgTe/CdTe quantum well heterostructures
which have a fixed number Ncqt. = 8 of CdTe layers surrounding a variable number Ny, of
HgTe layers on each side. To calculate the electronic band structure of such a quantum well, we
first have to construct a Bloch Hamiltonian matrix for a system with open boundary conditions
in the growth direction of the quantum well and periodic boundary conditions in the two direc-
tions perpendicular to it. However, within the tight-binding approach these two-dimensional
surfaces will always generate some surface states, even for trivial band insulators such as CdTe.
These surface states correspond to dangling sp3-hybridized bonds at each surface atom, and
thus strongly depend on the details of the surface. On the other hand, the topology of the con-
duction and valence bands of CdTe and HgTe are quite different, so that we may distinguish be-
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Figure 3.7. (a, b) Schematic picture of the bulk band structure of HgTe and CdTe close to the Fermi level
at EF = 0eV. The important bands at the I" point are given by the s orbital band I'q and the p orbital
bands I'7 and I's corresponding to the j = % andj = % total angular momentum states, respectively.
(c, d) Sketch of the band structure in CdTe/HgTe/CdTe quantum wells as function of the quantum well
width d. Solid lines indicate the bulk bands, and the dashed lines show the energy bands within the
quantum well which differ from the bulk bands by some confinement energy [cf. Eq. (3.37)]. For d < d,,
the quantum well bands are dominated by the CdTe layers, while for d > d. the bands are inverted due
to the strong spin-orbit interaction in HgTe. Figure after Ref. 271

tween them. Since the I'g, I'7, and I's bands of CdTe are in the usual, non-inverted order, CdTe
can be adiabatically connected to the vacuum by taking the band gap of CdTe to infinity, so that
the topological properties of the interfaces between CdTe and HgTe are completely determined
by HgTe. It turns out that the topological properties of the HgTe layer are insensitive to the de-
tails of the surface and do not depend on the exact surface renormalization scheme, so we may
choose a surface regularization which removes the trivial surface states. Thus, in the following
we consider periodic boundary conditions between the top and bottom CdTe layer, connecting
the sp®-hybridized dangling bonds and thereby removing those trivial surface states.

To construct a tight-binding Bloch Hamiltonian for CdTe/HgTe/CdTe quantum well hetero-
structures we have to describe (i) the intra-layer hopping within a single epilayer and (ii) the
inter-layer hopping between the CdTe and HgTe epilayers. Therefore we start by developing a
tight-binding Bloch Hamiltonian for CdTe and HgTe in a slab geometry with planar surfaces
describing the intra-layer hopping of electrons. After that we will couple those epilayers in
the perpendicular direction, resulting in the tight-binding Hamiltonian for a quantum well het-
erostructure.
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[001] |=—HgTe —| [Ny,

substrate

Figure 3.8. Ny, layers of HgTe are grown epitaxially along the [001] direction, forming a so-called slab
geometry with planar surfaces whose normal vectors are along the [001] direction.

3.4.1 HgTe and CdTe in a (001) slab geometry

So far we have considered the properties of electrons in the bulk, i.e., either in an infinite solid
or a solid with periodic boundary conditions. Now let us assume that the crystal is finite in the
[001] direction and that there are two impenetrable barriers (infinite energy barriers) associated
with the two (001) surfaces which are separated by a distance d. These surfaces reflect the
bulk Bloch wave functions along the [001] direction and break translational symmetry in that
direction which has to be taken into account in the tight-binding approach to quantum well
heterostructures. Furthermore, those surfaces reflecting the wave functions lead to standing
waves whose wavelength )\ takes on the discrete values

Ap = % with n=1,23,... (3.35)
In other words, the confinement leads to a quantization of states. For a free particle with mass
m, the allowed wave vectors of the Bloch waves are given by

hom = 28 = % with n=1,2,3,... (3.36)

The confinement of the particle within a distance d along the z direction also increases the
kinetic energy relative to the free case by the confinement energy which for n = 1 is given by

2m  2md?’

gconf = (337)
Note that this confinement energy is inversely proportional to the layer thickness, i.e., Econs
d?, and thus goes to zero as d grows. Recall from quantum mechanics that in an infinite one-
dimensional square well potential the energies of excited states are given by &, = n2Eont
withn = 1,2, 3,.... The effect of this confinement on the electronic band structure is shown
schematically in Fig.(c, d). For small quantum wells, i.e., small thickness d, the energy cor-
rection due to the confinement energy E.on¢ is large and leads to a sizable correction of the
energy levels within the quantum well. In the opposite limit, i.e., for large quantum wells, the
confinement energy E.ont is rather small, and the HgTe epilayer in the center of the quantum
well shows a band structure which is very close to the one of bulk HgTe.

Now, let us construct the tight-binding Hamiltonian for a single layer of either CdTe or HgTe.
Since the translational symmetry is broken in the [001] direction, the construction of electronic
wave functions can only include Bloch wave functions within the (001) plane perpendicular to
the [001] direction.
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Figure 3.9. Schematic picture for the construction of the surface Brillouin zones by projecting the bulk
Brillouin zone onto the surfaces with normal vectorsin the [001], [110], and [111] directions, respectively.
Figure taken from Ref. [90

3.4.1.1 Intra-layer hopping

Similar to the tight-binding approach for the bulk crystal, we can write down a 20 x 20 intra-
layer Bloch Hamiltonian H| which describes the hopping of electrons within a single layer of
HgTe or CdTe. It turns out that H is also block-diagonal in momentum space:

0 0
alc‘L(k:H) 0 0 au(kH) 0”0
Hop = | of aa(Ky) o ac (k) (3.38)
ca(k”) OHO cc (k| )0 0“0
0 calky) 0 ce(K|)
Here, k| = (kz, ky, 0)T denotes the conserved momentum within the surface Brillouin zone

of the (001) plane, and the construction of such a surface Brillouin zone and its high-symmetry
points is schematically shown in Fig.[3.9]for different orientations of the slab.

The diagonal block matrices bB',',(kH) in Ho) are independent of the momentum k”, describ-
ing the relative energies of the orbital states with respect to each other:

Eq, 0 0 0 0
0 E, 0 0 0
0 0 E, 0 0|, (3.39)
0 0 0 B, O
0 0 0 0 Ee&

(k) =

whereas the off-diagonal block matrices hgﬂ(ku) describe the intra-layer interaction matrix el-
ements between different orbitals on the anion and cation:

Vss go (k) Vipgr(ky)  Vip goy (k) Vip gs (k) 0
Vs g1 (B)) Vi goy(ky)  Vay g31(Ry)  Vay 921(K)) Vs g1 (Kyp)

0ol (k) = | Vos 9o (k) Vay g3 (k) Vaw 9oy (k) Vay g1(ky) Vise g2 (ky) | - (3.40)
Vis g311(K)) Vay g2 (k) Vay g1 (k) Vaw go) (k) Vst g3(K))

0 Vep g11(K) Virp 921 (K)) Virp g3y (K)) 0
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Just as in the bulk crystal it is convenient to define a set of functions g; (k||) by summing over
those phase factors exp(ik| - d;) which describe the intra-layer hopping. Note that the phase
factors exp(ik - d;) entering the definition of the functions g; (k| ) depend on the orientation
of the slab. To be specific, for the [001] oriented slab these functions are given by

90) (k) = %(6““” T etk td2) (3.41a)
g1 (ky) = %(6““” T ik dz) (3.41b)
92) (k) = %(e"’“” T ik d) (3.41¢)
g3 (ky) = i(eik” T etk (3.41d)

For slabs with (111) faces and growth direction in the [111] direction those functions would
have to be defined appropriately, taking into account the symmetries of the crystal lattice.
Nevertheless, the overall form of the Hamiltonian matrix in the tight-binding approximation
[cf. Eq. (3.40)] is independent of the slab orientation.

3.4.1.2 Inter-layer hopping

In a slab geometry consisting of IV layers with planar surfaces, the Bloch Hamiltonian matrix
describing such a slab can be conveniently written asan N x N super-matrix:

_HEH Hyy 0 0 |
H HTOH H,, 0 0
0 Hy, %ou Hoy
Ho = ) (3.42)
Hi ”HSH H,, 0
0 0 Ho Ho Hou
I 0 0 M, Hy

where each element of Hg is a 20 x 20 matrix by itself. Consequently, the full Bloch Hamiltonian
matrix for a slab consisting of IV layers has the dimensions 20N x 20N.

Here, the matrix elements of the inter-layer Hamiltonian Hy, describe the inter-layer hop-
ping between the cation in the lower layer and the anion in the upper layer. In contrast to the
block matrices H, on the diagonal of H, describing the intra-layer hopping [cf. Eq. ],
the matrix #( does not contain any diagonal elements and does not need to be Hermitian,
because it appears on the super- and sub-diagonals of H:

0 0 0 0
0 0 0 0
HoL = 3.43
L7 otk 00 0 -
0 bk 0 0

For the sake of completeness, these 5 x 5 matrices b (k) = b3 (k)T = b (—k)ina[001]
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oriented slab geometry take the following form:

Vs goL (k) Vspgro(ky)  Vepgar(k)) Vspgsi(ky) 0
ps gi(ky) Vizgor(k))  Vaygsi(ky) Vaygai(ky) Vise gri(ky)
bow (k) = pS g21(ky) Viygsi (k) Viegor(k)) Viygii(ky) Vs ga1(ky) |,
Vs gs (k) Viygor(ky) Veygri(ky)  Vawgor(ky)  Vps g3 (ky)
Verp g1 (k) Vep g21(ky)  Vip gsi (k) 0
(3.44)
where we have introduced another set of functions g; | (k) with j = 0,.. ., 3. These functions

are defined by a summation over those phase factors exp(ik - d;) connecting the adjacent
layers. Like the intra-layer functions g (k) the particular form of these functions depends
on the orientation of the slab, and thus g; (k) has to take the symmetries of the slab into
account. For example, for slabs with (001) surfaces, those function are given by

901 (k) = i(eik“ "y gtk tda) (3.45a)
gui (k) = (™17 ds ik, (3.45b)
go1(ky) = i(eik”'dg kit da) (3.45¢)
g31(Ky) = i(—eik“ Tds p gtk Ty, (3.45d)

3.4.1.3 Spin-orbit interaction

Finally, the spin-orbit interaction coupling spin-up and spin-down states of different p orbitals
on each atom is given by the same interaction matrix as was introduced for the bulk electronic

band structure [cf. Egs (3.25H3.27)]:

gm gm) 0 0
e K %m (349
0 0 o) 32

Since thisis a local interaction, we take spin-orbitinteractionsin a finite-size slab geometry into
account by adding the 20 x 20 matrix g0 to the diagonal elements of the Bloch Hamiltonian
for the slab, H).

3.4.2 Quantum wells with (001) oriented faces

Finally, to construct the full Bloch Hamiltonian matrix for a CdTe/HgTe/CdTe quantum well het-
erostructure consisting of Noqe layers of CdTe surrounding Ny, e layers of HgTe on both sides,
we proceed in a straightforward manner by combining the three super-matrices for the sepa-
rate CdTe and HgTe (001) epilayers. Note that one has to properly connect these epilayers at
the interfaces between CdTe and HgTe, depending on the termination of each of these layers.
The interface between cadmium, tellurium, and mercury can be modeled by either an abrupt
change of the empirical tight-binding parameters from one layer to next, or by a linear interpo-
lation of the tight-binding parameters for tellurium. However, the electronic band structure of
the quantum well structure turns out to be insensitive to the qualitative model details of the
interface, but is rather determined by the bulk properties of the materials, in particular by the
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Table 3.5. Generic form of a tight-binding Hamiltonian for a CdTe/HgTe/CdTe quantum well heterostruc-
ture containing Nzt = 5 epilayers of HgTe sandwiched between two CdTe layers of equal width
(Ncate = 5). The elements describing intra- and inter-layer interactions are labeled by the subscripts
“||” and “_L” and are represented by 20 x 20 matrices as follows: ¢| = Ho + Hso and ¢, = Ho, for
CdTe, while b = Ho + Hso and b1 = Ho. for HgTe. The “interface” matrices i, and j . connect-
ing neighboring HgTe and CdTe layers in the quantum well are given by either ¢, or fj, depending on
the termination of the epilayers. To avoid trivial surface states corresponding to the dangling sp® hy-
bridized bonds at each surface atom, we consider periodic boundary conditions between the top and
bottom CdTe layer. They are connected accordingly by the ¢, and cl matricesin the lower leftand upper
right corners of the matrix, respectively.

band inversion of HgTe. For reference, the full Bloch Hamiltonian matrix for a CdTe/HgTe/CdTe
quantum well structure used in our calculations takes the form shown in Table[3.5]

Fig. [3.10] shows the subband spectra of a [001] quantum well heterostructure as function
of the quantum well width Ny, close to the Fermi level. Since a symmetric CdTe/HgTe/CdTe
quantum well grown in the [001] direction has the point group Dy, (Ref. [75), all electron and
hole bands are doubly degenerate at the I point [see Fig.[3.10](a)]. In contrast to the bulk band
structure of HgTe, the level crossing at the I' point is avoided in quantum well heterostruc-
tures due to the bulk inversion asymmetry of the zinc-blende-type crystal lattice, and around
Nﬁ]gtTe = 18 we obtain an anti-crossing between the highest conduction band and the lowest
valence band with an energy gap of about 18 meV. Nevertheless, level crossings remain pos-
sible for some non-zero k points at the critical quantum well width NﬁrgitTe = 18 layers [see
Fig. (b)]. Furthermore, in agreement with Refs. [9]91 we find that for each valence band
offset Eypo there exist critical values k, ¢, and Nf{gfre for the two-dimensional momentum
k| = k(cos ¢,sin ¢) and for the quantum well width that give rise to a band crossing. In prin-
ciple, this could also be used as an additional method to numerically determine the valence
band offset and to compare with related & - p calculations or spectroscopic methods 8462192133,
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Figure 3.10. (a) Plot of the subband spectrum at the center of the Brillouin zone, i.e., the I" point, as
function of the layer thickness Nygr. for a (001) oriented CdTe/HgTe/CdTe quantum well with Ncare =
8 epilayers of CdTe surrounding HgTe on both sides. (b) Plot of the subband spectrum at one of the non-
zero crossing points, where a crossing of the conduction and valence bands is observed. Note that away
from the T" point the double degeneracy of the subbands is removed due to the absence of inversion
symmetry in (001) quantum wells. Depending on the overlap parameters and the valence band offset
Evpo we find certain points in the surface Brillouin zone, where the subbands cross as function of the
quantum well thickness d. The exact position in the Brillouin zone, however, depends on quantitative
details. Figure similar to Ref. 9.
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Figure 3.11. (a) Schematic illustration of the layered CdTe/HgTe/CdTe quantum well heterostructures
grown epitaxially by MBE. (b) Longitudinal four-terminal resistance R4 23 for different quantum well
heterostructures as function of the gave voltage measured at 7" = 30 mK. Sample | with quantum well
width d = 5.5 nm < d. is in the normal regime, while samples Il, lll, and IV with quantum well width
d = 7.3 nm > d. show an inverted band structure. Most importantly, in the normal regime, the system
resembles an ordinary insulator with a very large resistance. In the inverted regime, however, there
exist topologically protected edge states running along the sample which lead to a quantized resistance
of 2¢2/h. The inset shows an illustration of the devices used by Kénig et al., where the edge states at
the boundaries of the gated region (indicated by the red and blue lines) run in opposite direction. Figure
after Refs. [6]271

Finally, note that the situation in [001] quantum well heterostructure is somewhat special.
For instance, a quantum well heterostructure grown on a substrate with (111) faces has the
point group Cs,, and hence the surface states must always cross at the I" point as a function
of layer thickness, i.e., one cannot observe the above anti-crossing of levels close to the Fermi
level. To conclude, the character of the quantum well subbands and the corresponding band
structure topology depends sensitively on the growth direction of the quantum well and its
crystal symmetries!,

3.4.3 Experimental discovery of the quantum spin Hall insulator

In this section, let us briefly review some of the experimental observations of the transport
properties of CdTe/HgTe/CdTe quantum wells made by Konig et al. (Refs. [6]27). Experimen-
tally, they have investigated the properties of HgTe samples which have a quantum well width
intherange 4.5 — 12 nm, and thereby they have studied samples both in the normal and the in-
verted regime. The samples grown by molecular beam epitaxy and structured by means of op-
tical and electron lithography have a particular sequence of different layers made of CdTe and
HgTe, as shown in Fig.[3.11/(a). Here, the HgTe quantum wells are surrounded by mercury-doped
Hgo.3Cdg. 7 Te barriers and by iridium-doped layers, which allows to control the electron mobil-
ity inthe samples. For example, Kéniget al. report electron mobilities of several 10'® cm?/(V s)
even at low densities n < 5-10'! cm ™2, while the elastic mean free path is of the order of sev-
eral um, which opens up the possibility for transport measurements on those devices. For the
investigation of the transport properties Konig et al. have used devices in a conventional six-
terminal Hall bar geometry, with quantum well widths of about 4.5 — 12 nm.

In particular, the appearance of edge channels in the inverted quantum wells with thick-
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nessd > d. = 6.3 nm was studied in small six-terminal Hall bar geometries. The data shown
in Fig.(b) from Ref. [6 shows the four-terminal resistance R4 23 = Va3/I14 as function of
the normalized gate voltage for several devices. Apparently, the data for sample | with a quan-
tum well width d = 5.5 nm < d. shows the behavior expected for a device with a normal band
structure, because theresistance R14 23 increases by many orders of magnitude when the Fermi
level is in the gap. On the other hand, samples Il, Ill, and IV show that the resistance remains
finite in the insulating regime, i.e., for Vz — Vi, == 0 V, which is the key signature of the edge
states in the quantum spin Hall insulator phase. The inverse of the resistance, G14 23, reaches
a plateau close to the predicted value of 2¢2/h for the two edge states running in opposite di-
rections. Konig et al. have also checked that the sample geometry does not affect this result by
investigating samples of different dimensions [samples II, Ill, and IV in Fig.[3.11)(b)]. For further
details on the fabrication of those CdTe/HgTe/CdTe quantum wells and experimental results
see Refs. 5627/ and references therein.

3.5 Strained HgTe as three-dimensional topological insulator

The discovery of the two-dimensional quantum spin Hall insulator in CdTe/HgTe/CdTe quan-
tum well heterostructures has generated a lot of interest in the topological properties of semi-
conductors, especially the generalization to three dimensions 8285253169512 However, many
of those compounds under investigation, which have been predicted theoretically to realize 3D
topological insulators, show strong defect doping and low carrier mobilities which makes the
observation of charge transport on the surface quite difficult!®. HgTe samples, on the other
hand, can be produced with high quality and high carrier mobilities, thereby opening up the
possibility to perform transport measurements. Furthermore, HgTe is charge-neutral when the
Fermi energy lies exactly at the band touching point of the I's,, valence band and the I's. con-
duction band, and shows a band inversion of the I's and I'g bands due to strong spin-orbit inter-
actions, as discussed above. In principle, one can thus expect that three-dimensional HgTe also
hosts Dirac-like states on its two-dimensional surfaces, but since HgTe is a semimetal, those
surface states are always coupled to metallic bulk states and thus difficult to observe. Nev-
ertheless, the application of strain can open up a band gap between the I'g. and I'g,, bands,
so that strained 3D HgTe is expected to be a three-dimensional strong topological insulator®.
Recently, Briine et al. have provided experimental evidence by quantum Hall measurements
that strained 3D HgTe is indeed a strong topological insulator and hosts 2D Dirac-like surface
states''?,

In this section, we discuss our numerical tight-binding calculations in the presence of strain
and show that indeed a direct band gap at the I" point of the Brillouin zone is opened due to
strain. To be specific, following Ref. [9lwe consider a HgTe bulk sample grown epitaxially on a
CdTe substrate with normalvectorin the [100] direction, where strainis applied within the (100)
plane normal to the growth direction. As mentioned before, the lattice constants of HgTe and
CdTe are almost identical to each other, aygre = 6.46 A and acqre = 6.48 A, and the critical
thickness for lattice relaxation of the HgTe epilayer is about 200 nm (Ref. 10). This implies that
for thinner HgTe samples (dugeTe < 200 nm) the epilayer adopts the in-plane lattice constant
of the CdTe substrate which can be described in terms of biaxial strain within the (100) plain.
Although the lattice mismatch between CdTe and HgTe is rather small,

Aq = 2CdTe — OMgTe g 307 (3.47)

aCdTe

the resulting biaxial strain is sufficiently large to open a band gap between the I'g, and I's,.
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Figure 3.12. (a) Band structure £(k) of mercury telluride (HgTe) under biaxial strain generated by the
lattice mismatch Aa = 0.3% as function of crystal momentum k along the principal symmetry direc-

tions. The high-symmetry points are denoted by L = 2%(1, 2, 4)7, T = (0,0,0)”, X = 22(1,0,0)%,
and K = 27(2 2 0)T, while the three high-symmetry directions [100], [110], and [111] in the Brillouin

zone are denoted by A, 3 and A. The so-called I's and I's valence and conduction bands are shown
in red and blue color, respectively, while the spin-orbit split-off I'; valence band is indicated by green.
(b) Zoom into the band structure close to the I" point. The applied strain leads to a direct energy gap of
about Sg;;e“ (T') = 12 meV between the I's,, and T'g. bands.

bands. Evaluating the strain tensor for biaxial strain in the (100) plane (cf. appendix[B|for de-
tails) we have calculated the electronic band structure of strained HgTe. At first glance, the
band structure shown in Fig. (a) does not differ very much from the one without strain
shown previously in Fig.[3.4] However, a closer inspection of the band structure at the I" point
[see Fig.[3.12](b)] reveals a direct band gap instead of a band touching,

direct _ _
Eqap (K =T)=12meV, (3.48)
which is in qualitative agreement with the k - p calculations by Briine et al. (Ref.[10). Moreover,
we also obtain a finite indirect band gap which is calculated from the bulk density of states of
strained HgTe [see Fig.[3.13](a)]:

gnairect — 4 meV. (3.49)

Note that the indirect band gap is a factor three smaller than the direct band 5g;§eCt(F). As a
consequence, the fully strained 3D HgTe is insulating in the bulk, and thus the 2D surface Dirac
states are no longer coupled to metallic bulk states. Finally, this opens up the possibility to
study those Dirac-like surface states both experimentally and theoretically.

In the presence of uniaxial compressive strain along the [001] direction, Dai et al. have pre-
viously shown that strained 3D HgTe is a strong topological insulator in three dimensions under
the definitions given by Fu, Kane, and Mele*"" as long as the bulk gap does not close”. Further-
more, they have explicitly calculated the topological surface states of strained 3D HgTe using
the so-called six-band Kane model which is an effective low-energy Hamiltonian in terms of
the I'y,, and I'7,, valence bands and the I'g. conduction band obtained by integrating out the

effect of the other bands [see Fig.[3.14|(a)]. This approach is based on the k - p approximation
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Figure 3.13. Density of states for strained HgTe with biaxial strain in the (100) plane generated by the lat-
tice mismatch Ag, calculated numerically from the electronic band structure of bulk HgTe by performing
exact diagonalization on 5- 10° random sampling points in momentum space. In panel (a) Aa = 0.3%
with the indirect band gap 077t = 4 meV, while in panel (b) the lattice mismatch is artificially in-
creased to Aa = 3%, leading to a ten times larger indirect band gap.

and thus only valid in the vicinity of the expansion point of the Taylor series which is usually
taken as the center of the Brillouin zone, k = 0.

It turns out that the origin of the topological surface states can be traced back to the band
inversion of HgTe, in particular between the light-hole (L H) conduction band I's. and the elec-
tron-like (F) valence band I'g,.. The additional heavy-hole (H H) valence band is split from the
LH band by an energy gap generated by the applied strain. However, the heavy-hole band is
only important for details in the electronic band structure, but does not change the topology
of the bands, as shown in Fig.[3.14](b). Even when the heavy-hole band is fully coupled to and
hybridizing with the F band, the strained 3D HgTe is a strong topological insulator with a single
surface Dirac state crossing at the I' point. In the next section, we construct a minimal model for
3D HgTe based on the electron (E) and light-hole (L H) states. Based on this model, we study in
chapter4/the quantum Hall effect of such a topological insulator in the presence of an external
magnetic field™.

3.6 Construction of a minimal model for topological insulators

To develop an explicit model of a strong topological insulator, we consider a strained 3D HgTe
sample and describe its low-energy properties in terms of the relevant states close to the Fermi
level. In the following chapter, we then consider the quantum Hall effect of this model in the
presence of an applied magnetic field, and discuss the relation between the quantized Hall
conductance and the topological §-term'.

3.6.1 Choice of basis states

As discussed in the previous section, HgTe exhibits a strong topological insulator phase under
applied strain which opens up a direct band gap at the I" point'?. Dai et al. showed® that the
topological surface states of strained 3D HgTe can be described in terms of the I's conduction
(E) bands and the T'g light-hole (L H) bands while the I's heavy-hole (H H) bands can be ne-
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Figure 3.14. (a) Schematic band structure for the extended 14 x 14 Kane model with usual band ordering
(C's, band below I'g. band). For a definition of the k - p couplings see Ref. [94l (b) Band structure close to
the I pointcalculated from the six-band Kane model for the decoupled heavy-hole (HH) band (left panel)
and the fully coupled heavy-hole band (right panel). The two-dimensional surface states traversing the
bulk gap (red lines) are clearly visible and show Dirac-like behavior at the I point, implying that only the
electron (F) and the light-hole (L H) bands are important for the topological properties of strained 3D
HgTe. Figure after Ref. [9l
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glected. To construct an effective model for a strong topological insulator based on strained
3D HgTe, we limit ourselves to a four-dimensional basis set of wave functions in the following
sequence, consisting only of those I' and I's states:

1) = |Te, +3) = |E, +3) = s, 1), (3.50a)
‘2> = ‘F67 _%> - ‘Ea _%> - ‘87\L>7 (350b)
3) = [Ts.+1) = |LH,+1) = ;6 (Ipss 1) + ilpys 1) — 2lpss 1), (3.500)
4) = Do~ 1) = [LH,~3) = 2 (lpeut) —ilpyo D) + 2l ). (350)

V6

The goal of this section is to derive the effective description of the relevant £’ and L H states for
strained 3D HgTe and to construct a 4 x 4 Hamiltonian for a strong topological insulator using
the theory of invariants which states that the Hamiltonian must be invariant under all symme-
try operations of the system under consideration ™, To be specific, we consider a simple cubic
lattice in three spatial dimensions, where the electronic states of the effective model are given
by the set (3.50} - In other words, we consider a system that is invariant with respect to spat|al
inversion (P) and two-fold rotations about the z, 3, and z axes (R, (), R (), and R.(7)).

Furthermore, in the absence of time-reversal symmetry-breaking perturbatlons such as an ex-
ternal magnetic field, we consider a system that is invariant with respect to time-reversal (@).
In the following, we briefly discuss the transformation of the basis set of wave functions
under those symmetries, and then construct a suitable Bloch Hamiltonian which respects the
aforementioned symmetries (see Table[3.6). Finally, we discuss the bulk band structure and
the phase diagram of that model.

3.6.2 Time-reversal symmetry

Let us first discuss the effect of time-reversal symmetry © on the set of wave functions .
We recall from quantum mechanics that the time-reversal operation for spin 1/2 fermions is
represented by an anti-unitary operator © and has a two-dimensional representation with the
property 62 = —1, where 1 is the unit operator. For a spin 1/2 fermion, time-reversal is usu-
ally implemented by the representation © = ioy K, where o, is the usual Pauli matrix, and
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KC denotes complex conjugation. Thus, time-reversal flips the spin of the electron with a spin-
dependent prefactor +1 for spin-up and spin-down states, respectively. In that sense, the spin-
up and spin-down states are time-reversal partners or Kramers’ partners.

It is a straightforward task to compute the transformation of the basis set of wave func-
tions under time reversal. As a result, the conduction band states | F, i%) states and the
light-hole valence band states | LH, £3) are both Kramers’ partners, i.e.,

O|E, +3) = +|E, 74), (3.51a)
O|LH,+}) = £|LH,F1). (3.51b)

Thus, in terms of the basis set (3.50) time-reversal may be represented by

0 1 0 0

A . -1 0 0 O

O=iTg®o, K= 0 0 0 1 K. (3.52)
0O 0 -1 0

Asabove T = (7,7, 7.)" isavector of Pauli matrices acting on the orbital degrees of freedom,
o = (0z,0y, o.)T acts on the spin degrees of freedom, and 79 = oy = 1 denotes the 2 x 2
identity matrix.

3.6.3 Spatial inversion symmetry

While time-reversal symmetry relates states with opposite spin to each other, the spatial in-
version operation P defines the parity of each state. First, recall that in Cartesian coordinates
the inversion operation acts as P(x,y, z) = (—x, —y, —z), whereas in spherical coordinates
75(r, 0,¢6) = (r,m — 6,¢ + 7). As a consequence, the spherical harmonics Y;,,,(6, ¢) as the
building blocks of the s and p orbital wave functions transform as:

PYim (0, 6) = Vi (1 — 0,6 + 1) = (—1)! Vi (0, 9). (3.53)

Thisimplies that the conduction band states | F, i%> have even parity, because they stem from
s orbital (I = 0) states. On the other hand, the light-hole valence band states |LH, i%) are
superpositions of p orbital states, and thus they are odd under spatial inversion. Hence, in
terms of the basis set P may be represented by a diagonal 4 x 4 matrix:

10 0 O
- 01 0 O
00 0 -1

with eigenvalues +1. Note that the parity of the different states can greatly simplify the calcu-
lation of the effective 4 x 4 Hamiltonian in the following.

3.6.4 Rotations about the Cartesian axes

Besides the usual temporal and spatial inversion symmetries, we also consider certain rota-
tional symmetries of the basis states (3.50), in particular the symmetries of the wave functions
with respect to rotations about the Cartesian axes.
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3.6.4.1 Two-fold rotations about the x axis

Let us first discuss two-fold rotations about the  axis, denoted by R (7). In Cartesian co-
ordinates, the rotation by 7 within the yz plane reverses the sign of the y and z coordinates,
Re(m)(z,y, z) = (x, —y, —z), while in spherical coordinates we have R..(7)(r, 0, ¢) = (r, 7 —
0, —¢). Hence, the spherical harmonics Y},,, (6, 7) transform under two-fold rotations about the
x axis as

7éx(ﬂ')y’lm(a ¢) = Ylm(ﬂ' - 07 _¢) - (_1)l le,fm<67 d)) (3-55)

Note that in contrast to the spatial inversion operation the rotation about the x axis inter-
changes the corresponding spherical harmonics Yy, and Y; _,.

However, aside from the orbital part of the wave function we also have to consider the spin
degree of freedom. From quantum mechanics we recall that for a spin 1/2 electron a rotation
about an arbitrary axis n by the angle « is described in terms of a unitary operator U(n, «)
defined by

Un,a) = exp(é?; n: a’) = ogcos(a/2) +i(n-o)sin(a/2). (3.56)

As a consequence, the two pairs of conduction band states {|E, 3), |E, —%)} and light-hole
valence band states {|LH, ), |[LH, —%)} are partners under the rotation operation Ro(m):

Re(m)|o) = /2|5) (3.57)

witho € {1,]}and & € {],1}, respectively. Combining the transformation properties of the
orbital part and the spin part of the wave function, the rotation operation R, (7) acting on the

basis set (3.50) yields

Rao(m)|E,+3) = ¢™?|E, £}), (3.58a)
Ro(m)|LH, 1) = /2| LH,F1). (3.58b)

In terms of a skew-Hermitian (or anti-Hermitian) 4 x 4 matrix, R, () takes the form

0z 0 O

- ) : 0 0 O

Re(m)=iT, Qo = 00 0 —i (3.59)
00 — O

Note that the two-fold application of ﬁx(ﬂ), i.e., a full revolution around the z axis, leads to a
sign change of the wave function. This can be understood from the transformation behavior of
the electronic spin which rotated by 27 leads to the phase factor e™ = —1, leading to the well-
known sign change of the spin wave function when the electron spin performs a full revolution.

3.6.4.2 Two-fold rotations about the y axis

We also consider two-fold rotations about the y axis, denoted by ﬁy(w). Obviously, the action
of R, (7) in Cartesian coordinates is given by R, (7)(x,y,2) = (—z,y, —z), while in spheri-
cal coordinates R, (7)(r,8,7) = (r,m — 0,7 — ¢). Thus, the spherical harmonics Y, (6, ¢)
transform under two-fold rotations about the y axis as

Ry (1) Yim (0, 6) = Yim(m — 0,7 — ¢) = (=1)! "™ Y] (6, ). (3.60)
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Just as for rotations about the x axis, the spherical harmonics Y;,,, and Y; _,,, are partners of
each other, but in contrast to R, (r) there exists another phase factor (—1)” = ™™ which
stems from the transformation of the azimuthal angle ¢ under R, (). Taking into account the
rotatlon of the electron spin about the y axis as described by L{(n m) withn = ey, the basis
set 0) transforms under the rotation operation R y(m) as

Ry (m)|E,£3) = +|E,F1), (3.61a)
Ry(m)|LH, +3) = +|LH, F3). (3.61b)

This leads to the following skew-symmetric 4 x 4 matrix:

0 1 0 O

- ) -1 0 0 O

Ry(m) =it ®oy = 0 0 0 —1 (3.62)
0 01 O

In analogy to R, (r), the two-fold application of ﬁy(w) results in a sign change of the wave
function due to the electron spin acquiring the phase factor e'™ = —1.

3.6.4.3 Two-fold rotations about the z axis

Finally, let us discuss two-fold rotations about the z axis, R.(m). In spherical coordinates,
R:(m)(r,8,¢) = (1,0, ¢ + ), so that the spherical harmonic Y;,,,(6, ¢) change sign:

Ra(5)Yim(0,6) = Yim (0,6 +7) = (=1)" Yin (6, 6). (3.63)

Thus, in contrast to rotations about the x or y axes, the spherical harmonics Y}, are eigenfunc-
tions of the rotation operation R, (7) with eigenvalues (—1)". Moreover, since the quantiza-
tion axis of the electron spin coincides with the rotation axis, the spin part of the wave function
is diagonal as well with eigenvalues e="/2 = i for spin- up and spin-down states, respectively.
As a consequence, the transformation of the basis set (3.50) under two-fold rotations about the
z axis is given by:

R.(m)|E,£1) = +i|E, £1), (3.64a)
R.(m)|LH,+3) = +i|LH,£1). (3.64b)

Therefore, the rotation operation R . (7) can be represented as a complex diagonal 4 x 4 matrix:

t 0 0 O

- . 0 —i 0 0

R.m)=iTp R0, = 00 i 0 (3.65)
0 0 0 —i

This completes the discussion of symmetry operations for the minimal model.

3.6.5 Effective Hamiltonian for a topological insulator based on symmetries

After the brief discussion of the symmetry operations, we now construct a minimal Hamilto-
nian for topological insulators in three dimensions based on the four-state basis of HgTe de-
scribing conduction band states (denoted by F) and light-hole valence band states (denoted
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by LH) [cf. Eq. (3.50)]. As discussed in the previous subsections, we consider a system that has
time-reversal symmetry (), spatial inversion symmetry (P), and two-fold rotational symme-
tries about the Cartesian coordinate axes (R (7), R, (7), and R ()).

In general, any 4 x 4 Hamiltonian matrix can be expressed in terms of the identity matrix 1,

five I‘-matricesE]Fa, and ten commutators I, thereof as

4
Hk) =e(k)L+ > da(k)Ta+ Y dap(k)Ta, (3.66)
a=0 a<b=0

where the five 4 x 4 matrices I'y ... 4 satisfy the usual Clifford algebra:

{Ta,Tp} =201 with a,6=0,...,4, (3.67)
and d,; denotes the Kronecker delta. Moreover, the ten non-vanishing I'-matrices ', are de-
fined by commutators of I'; and I':

Lap = — Lo, Ts). (3.68)

1
2i
Since the Bloch Hamiltonian matrix should be invariant under the set of symmetry operations
{6,P, Ru(r), Ry(m), R (m) }, the functions d, (k) and d,;(k) should have the same transfor-
mation behavior under those symmetry operations as I', and I';, respectively. Therefore, we
have to work out the transformation form of the I matrices under the above symmetry opera-
tions. To be specific, we construct the I matrices as follows:

{F07 Fla ]-_‘2) F37 F4} = {TZ ® 00, —Tx ® Ogy, —Tx ® va —Tx ® Oz, Ty ® UO}' (369)

As defined above, 7, and o, with « € {z,y, z} denote Pauli matrices acting on the orbital and
spin degrees of freedom, respectively. Since 72 = 02 = 1 forall a € {x,y, 2} it is straightfor-
ward to show that

2 =T% =1, {I4,Twp} =0, {TapTact=0 for b#ec. (3.70)

For the above I" matrices, we have calculated the transformation behavior under the sym-
metry transformations ©, P, R (), R, (r), and R () which are listed in Tablefor refer-
ence. For example, a term like sin(k,a) is odd under spatial and temporal inversion as well as
under two-fold rotations about the y and z axes, but even under two-fold rotations about the
x axis itself. A close inspection of Tableshows that only I'; has the same signature under
all those symmetry operations, and thus the Bloch Hamiltonian contains a term sin(k,a)T';.
For a system that preserves the symmetries generated by ©, P, R..(7), Ry (), and R () we
therefore obtain the following general Bloch Hamiltonian H (k):

3
Ho(k) = (k)1 + m(k)To — t Y _(cos(kja)To + sin(kja)T;). (3.711)
j=1

Here, (k) describes the global bending of the bands throughout the Brillouin zone, m(k) de-
notes the mass parameter or tuning parameter which allows to realize different topological
phases of the model, and ¢ is the overlap parameter or hopping amplitude. In the following,
we neglect the global bending of the bands, i.e., we set (k) = 0, and we consider only a con-
stant tuning parameter, i.e, we consider m(k) = m = const.

2Unfortunately, the time-reversal invariant momenta introduced by Kane and Mele are also labeled by the sym-
bol “I'” with subscript “¢” which should not be confused with the I, matrices introduced for the minimal model or
the center of the Brillouin zone k =T..



3 - Electronic Band Structure of Topological Insulators 69

© P Ru(ln) Ry(r) R.(r)
+ +

Lo + + +
rn - - + — —
ry - — - + -
I's - - — — +
s - - + + +
Fop + — + — -
Fo2 + - - + —
Los + — - - +
Lo + —  + + +
', - + — — +
L3 — + - + -
'y - + + — —
T3 — +  + - -
Fog — + - + -
Ty — + - - +

Table 3.6. List of the signatures of the I matrices [Eq. (3 -] under time reversal @ [cf. Eq. ] spa-
tial i |nver5|on P [cf. Eq. ], and rotations about the Cartesian axes R, (), R, (), and R (m) [cf.
Egs. (3.59][3.62} [3.65)]. The “+” symbol indicates that the matrix has positive (negatlve) signature de-
fined by, for example, OI'yO~! = +T.

Additional terms which preserve certain rotation symmetries, but break time-reversal sym-
metry and/or inversion symmetry can be easily identified from Table [3.6] by close inspection.
The first term, A Iy, breaks both time-reversal and inversion symmetry. For example, the ap-
plication of an external magnetic field breaks time-reversal symmetry, and thus it induces a
small, but finite contribution to A I'. In contrast, the term A’ I"g4 only breaks inversion sym-
metry, and such a term will be present in any system without an inversion center such as HgTe.
Concerning the investigation of the quantum Hall effect in the next chapter we will usually fo-
cus on the term A T'o4 and neglect A’ T'yy4 in the following, but for the sake of completeness we
briefly discuss the effect of A’ I'g4 on the band structure as well.

To conclude, in this thesis we mainly study the following tight-binding Hamiltonian:

3
H(k)=mTy—t Z(Cos(k‘ja)f‘o +sin(kja)l;) + A Ty. (3.72)
=1

By inverse Fourier decomposition of the four-component spinors ¥y,
1 L - 1 Lo
U, =— E ek Ry U, =— E etk Ry (3.73)
R k>’ k R
VN = VN F

we can easily calculate the real-space Hamiltonian of the 3D topological insulator on a square
lattice which can be formulated as

H = mij FO\I/ _tZZ|:\I,T <F0 ’LF >\I/R_ej+H.C.:| +AZ\I];¥F4\IIR‘ (3.74)
R

R j=1

This lattice Dirac Hamiltonian in 3+1 dimensions can be generalized to a time-reversalinvariant
topologicalinsulatorin 4+ 1 dimensions by adding a hopping term \IJE(FO —il'4)¥r+H.c.to
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the Hamiltonian 1, This generalization, however, works only up to four dimensions due to
the fact that a four-band Hamiltonian can be constructed from just five I' matrices I'y .. 4 and
commutators thereof.

Finally, note that we can also write the Bloch Hamiltonian (3.72) in the following form:

3
H(k)=mTo—1t» (cos(kja)To + sin(k;a)T;) + ATy = d(k)-T, (3.75)
j=1

where we have introduced the five-component vectors d(k) and I" given by

d(k) = (m — tcos(kya) — tcos(kya) — tcos(k.a),
— tsin(kga), —tsin(kya), —tsin(k.a), A)T, (3.76a)
T = (T, I1,12,T3,Ty)". (3.76b)

In that form, there is a striking similarity between the minimal four-band model of a 3D topo-
logical insulator and the two-band Haldane model defined in two dimensions (see section|2.4).
As a consequence, we may expect similar properties of this model with respect to the elec-
tronic band structure, the phase diagram, and the appearance of surface or edge states in ap-
propriately chosen samples. For example, one can compute the second Chern number (5 as
the winding number of the unit vector d(k) = d(k)/|d(k)| on the unit sphere S* when going
around the four-dimensional Brillouin zone:

3

C2= 5o

d*% €ppor du(Ory do) (Okydy) (Oky do ) (Okyd-r ). (3.77)
The above expression is well-defined as long as the bulk band gap does not vanish, i.e., for
|d(k)| # 0. In the inversion-symmetric and time-reversal invariant system, this condition
holds as long as m/t # +£3 orm/t # +1. For details on the definition of the first and second
Chern numbersin two and four spatial dimensions, we refer the reader to Ref. Illand references
therein.

3.6.6 Electronic band structure and bulk properties

To develop a better understanding of the minimal model for topological insulators in three di-
mensions [cf. Egs. (3.72H3.75)], let us start by discussing the electronic band structure. To com-
pute the energy eigenvalues £ (k) as function of the crystal momentum k we have to diago-
nalize the Hermitian 4 x 4 Bloch Hamiltonian (k). Due to the anti-commutation properties
of the I' matrices [cf. Eq. (3.70)] we can easily read off the eigenvalues from the square of the
Hamiltonian:

[H(K))* = [d(k)-T)* = |d(k)]” 1, (3.78)

implying that the energy bands are doubly degenerate in the presence of inversion symmetry
(i.e., for A’/t = 0):

(3.79)

Fig. shows the bulk band structure of a system with periodic boundary conditions in all
spatial directions as function of the crystal momentum k for different tuning parameters m /1.
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Figure 3.15. Plots of the bulk band structure £ (k) of the time-reversal invariant and inversion-
symmetric model along the principal symmetry directions of the simple cubic lattice. Panels (a)-
(d) show plots form/t € {3,1,—1,—3}and A/t = A/ /t = O with ¢ = 1. The high-symmetry points are

denotedbyF:(O,O,O)T,R:%’T(%5 DT, X =25(10,007,and M = 22(1,1,0)7T.

In three dimensions, the Brillouin zone of the simple cubic lattice contains eight so-called
time-reversal invariant momenta (TRIMs) which are given by

r'=(0,007", R=2($1 L7 (3.80a)
Xy = 2% (%7070)T7 Xo = (O % O)T’ X3 = Fﬂ ( %) (38Ob)
M= (5,507, My=21(0,3,5)", My=%(303)"  (3.80¢)

A straightforward calculation of the spectrum of the minimal model at those eight points of
high symmetry in the Brillouin zone yields:

E+(D 4+ k) = £/ (m — 3t)2 + A2 + 12|k|2, (3.81a)
Ex(X +k)=+/(m —1)2 + A2 + 12]k]2, (3.81b)
Ex(M + k) = £v/(m +1)2 + A2 + 12|k|2, (3.81¢)
Ex(R+k)=4+/(m+3t)2 + A2 + 12|k|2, (3.81d)

where we have set the lattice constant a = 1. Apparently, for certain values of the tuning pa-
rameter m/t the conduction and valence bands show a spectrum that is reminiscent of a mas-
sive, i.e., gapped Dirac theory. Furthermore, in the presence of both time-reversal and inversion
symmetry, i.e., for A = 0, the electronic bulk band structure is characterized by 3D Dirac points
in the bulk of the system which are located at one of the TRIMs in the Brillouin zone if the tuning
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parameter m/t is chosen appropriately (see Fig.. If, however, spatial and temporal inver-
sion symmetry are broken by, e.g., an external magnetic field, the system becomes an insulator
with a band gap of &, = 2A.

To better understand the low-energy properties of the minimal model, let us focus on the
casem/t = 3 and expand the Bloch Hamiltonian 7 (k) to linear order in k around the I point:

H(kﬁ) ~dmIly— ta(k:x I+ k‘y I's + k. Fg) + ATy + O(k2) (3.82a)
om 0 takz —iA tak_
~ 0 om taky — —tak, —iA )
tak, +iA  tak_ —&m 0 + O(k%), (3.82b)
taky —tak, + iA 0 —5m

where k+ = k, + ik,, and dm = m — 3t denotes the distance to the quantum critical point.
Consequently, the spectrum of this low-energy Hamiltonian describes massive Dirac fermions:

Ex(k) = £1/0m2 + a2t2|k|2 + A2, (3.83)

where each band is doubly degenerate in the absence of the bulk inversion asymmetry term
A F04.

Note, however, that the two-fold degeneracy of the bulk bands is lifted in inversion-asym-
metric materials such as HgTe. This can be easily understood within the minimal model upon
including the inversion-symmetry breaking term A’ I'g4 which does not commute with the T’
matrices I'y 4. In that case, the energy eigenvalues of the Bloch Hamiltonian are given by

Si:t(k) = ﬂ:\/do(k:)2 + (\/d1 (k)Z + dQ(k)2 + d3(k)2 + d04(k)>2 + d4(k:)2 (3.84)

with dos(k) = A’. Fig.[3.16/shows the bulk band structure of the effective model with broken
inversion symmetry form/t = 3and m/t = 1, respectively. The straightforward calculation of
the bulk band structure shows that in the vicinity of the bulk Dirac point located at the center
of the Brillouin zone the spectrum of the low-energy Hamiltonian is given by (§m = m — 3t):

Ext(k) = ++/0m2 + A2 + (t|k| = A)2. (3.85)

Thus, at the quantum critical point, ém/t = A/t = 0, the bands touch at some points in
momentum space not far away from the center of the Brillouin zone, I', but the precise location
of the band touching point depends on inversion asymmetry parameter A’ /.

To complete the discussion of the bulk properties of the effective model for a 3D topologi-
cal insulator, let us discuss the phase diagram of the system. In the presence of time-reversal
symmetry, i.e., for A/t = 0, a 3D topological insulator can be classified by four Zz invariants
(vp; v1v2v3) Which take on two possible values v; € {0,1} fori = 0,1,2,3. As shown by Fu,
Kane and Mele, vy distinguishes strong topological insulators with vy = 1 from trivial band
insulators and weak topological insulators with vy = 0, the latter being described by non-
vanishing indices (v1v5173).

The Zs invariants (vg; v1v213) for a topological insulator in three spatial dimensions can be
calculated from the Bloch wave functions over the bulk Brillouin zone. The following discus-
sion is due to Fu, Kane, and Mele®®58, A time-reversal invariant system satisfies the relation
OH(k)O~! = H(—E) for all crystal momenta k within the Brillouin zone. As mentioned be-
fore, in three dimensions, there exist eight time-reversal invariant momenta (TRIMs) I';, where
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Figure 3.16. Plots of the bulk band structure £ 1 (k) of the topological insulator model along the
principal symmetry directions of the simple cubic lattice. Panels (a) and (b) show plots for m = 3t
and m = twitht = 1 and A’/t = 0.5, respectively. Note that due to the lack of inversion symmetry,
the bulk Dirac points are shifted away from the high-symmetry points denoted by R = 22 (1,1, 4)7
I'=(0,0,07,X =25(1,0,0)7,and M = 22 (3,1 0)7.
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the Bloch Hamiltonian is invariant under time-reversal, i.e., @”;’-[(Fi)(;)*1 = H(T;). As a conse-
quence, the eigenstates of the Bloch Hamiltonian at those points form Kramers’ pairs, i.e., they
are doubly degenerate. Note that the eight time-reversal invariant momenta I'; can also be
indexed by three Z5 integers n; € {0, 1}, because the I'; are related to the reciprocal lattice
vectors by, b, and bs by

3
1
Li = Tnyngna) = 5 > by (3.86)
I=1
Defining the 2NV x 2N unitary matrix w by

Winn (k) = (tm(—k)|O)un (k)), (3.87)

where 2N is the number of occupied bands, and |u,, (k)) denotes the n-th Bloch state with crys-
tal momentum k, the matrix w is skew-symmetric at the time-reversal invariant momenta I';,
because (Ou|Ov) = (v|u) and ©2 = —1 (see also section . Mathematically, the determi-
nant of a skew-symmetric matrix can be written as the square of the Pfaffian, a polynomial in
the matrix entries, i.e., the Pfaffian of the matrix w satisfies (Pfw)? = detw. This allows for
the definition time-reversal parity eigenvalues §; by

5= Ltw) _ (3.88)

" /det w(Ty)

As shown by Fu, Kane, and Mele one can construct four Zy invariants from the eight time-
reversal invariant momenta IT'; (Ref. [8). The first one, v, can be expressed in terms of the §;
as a product over all eight TRIMs:

(-1 =] 6 ==L (3.89)

This Zs invariant v distinguishes between weak (y = 0) and strong (v = 1) 3D topological
insulators which generically host an even (odd) number of Dirac states on their surfaces. The
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other three invariants, vy, 15, and v, are given by the products of four §; for which the TRIMs
I'; reside on the same plane in momentum space:

(_1)V1 = H 5(n1:1,n2n3)7 (390)
na,n3€{0,1}

and v, and v3 are obtained from the above relation by cyclic permutation of the indices. In
particular, a weak topological insulator can be interpreted as being made of layers of 2D quan-
tum spin Hall states which are stacked along the [v11413] direction. In that sense, the indices
(v11213) are similar to Miller indices of those 2D layers. For further details on strong and weak
topological insulators see, for example, Refs. 3/4)7/8/28!

In the context of our minimal model of a 3D topological insulator, we have calculated the
full set of Zy invariants (1v; v11213) as function of the tuning parameter m /t in the absence of
symmetry-breaking terms, i.e., for A/t = A’/t = 0. As a result, we obtain four distinct phases
separated by quantum phase transitions, where the bulk band gap vanishes:

(0;000) for|m/t| >3
1;111) for-3 <m/t < —1
(vo; vivars) = ( ) / (3.97)
(0;111) for|m/t| <1
(1;000) forl <m/t <3

Note that the minimal model realizes both strong and weak topological phases which in prin-
ciple allows to study different topological phases within the same model. Fig.[3.17]shows the
corresponding phase diagram of the effective model for a 3D topological insulator with its four
different phases. In the presence of both time-reversal and inversion symmetry, the model
has bulk Dirac points at the high-symmetry points in the Brillouin zone for m/t = +3 and
m/t = +1 [cf. Eq. ]. At these points the bulk band gap vanishes, and the system un-
dergoes a quantum phase transition from one topological state to another. For |m/t| > 3, the
system describes a band insulator (Bl) with trivial topological quantum numbers (0; 000), while
for [m/t| < 3 the system is topologically non-trivial. To be more precise, for 1 < |m/t| < 3
the model describes a strong topological insulator (STI) with quantum numbers (1;000) and
(1;111) for negative and positive m, respectively. For intermediate |m/t| < 1, however, the
model describes a weak topological insulator (WTI) which can be identified by the quantum
numbers (0; 111).

3.7 Summary

In this chapter, we have discussed the electronic band structure of the so-called symmetry-
protected topological insulators. In general, a topological insulator is an ordinary band insu-
lator in the bulk of the system, where the Fermi level sits between the valence band and the
conduction band, but there exist metallic states on the surfaces of the system. Importantly,
those surface states traverse the band gap and allow for conduction on the surfaces. In con-
trast to the boundary states observed in the quantum Hall effect (see chapter[2), the surface
states are protected by time-reversal symmetry and by the topologically non-trivial winding of
the Bloch wave functions in the bulk band structure.

In the first part of this chapter, we have discussed the electronic properties and the topo-
logical surface states of quantum well heterostructures made of HgTe and CdTe. In particular,
we have first introduced the 20-band tight-binding Hamiltonian for bulk HgTe and CdTe, both
showing a zinc-blende-type lattice.
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Figure 3.17. (a) Phase diagram of the minimal model for a 3D topological insulator as function of the
tuning parameter m/t for A/t = A’/t = 0. Atm/t = 3 and m/t = +1 the bulk gap vanishes, and the
system undergoes a quantum phase transition between different topological quantum states which can
be described in terms of four Z; invariants (vy; v1v5v3). For |m/t| > 3, the system describes an ordinary
band insulator (BI) with trivial topological quantum numbers (0; 000), while for |m/t| < 3 the system
is topologically non-trivial. For 1 < |m/¢| < 3 the model describes a strong topological insulator (STI)
with quantum numbers (1;000) and (1; 111) for negative and positive m, respectively, and for |m /t| < 1
a weak topological insulator (WTI) which can be identified by the quantum numbers (0; 111). (b) Plot of
the Z, invariant v as function of the tuning parameter m, calculated numerically using the definition
given by Kane and Mele®. Note that in both the trivial and the weak topological insulator phase vy = 0.

After that we have introduced the general terminology used in semiconductor physics to
describe the bulk band structure, and we have seen that those bands are inverted in HgTe due
to strong spin-orbit interactions. This has lead to the theoretical prediction of the quantum
spin Hall state in CdTe/HgTe/CdTe/HgTe/CdTe quantum well heterostructures, and soon after
the helical edge states were experimentally found.

We also showed by explicit tight-binding calculations that the application of biaxial strain
generated by the epitaxial growth of HgTe on a CdTe substrate opens up aband gap at the center
of the Brillouin zone. In principle, this allows for the observation of topologically protected
states on the surfaces of a strained 3D HgTe sample, because they are no longer coupled to
metallic bulk states.

Finally, motivated by those results we have constructed a minimal model of strained HgTe
as a 3D topological insulator, whose properties in an external magnetic field will be studied in
the next chapter.






CHAPTER 4

Hall Conductance Quantization and
the 6-Term in Topological Insulators

a great deal of theoretical and experimental interest>4/718128:38140152I53169071 yn|jke nor-

mal band insulators, three-dimensional topological insulators host extended metallic
states on their surfaces which can be considered as massless Dirac fermions. The electronic
band structure and quantum spin texture of the helical surface states have been well estab-
lished theoretically and experimentally, as discussed in chapters[2]and

Particularly interesting is the problem of a 3D topological insulator subjected to an exter-
nal magnetic field. Since the 2D surface Dirac fermions carry definite charge —e, the magnetic
field couples to the orbital motion of the Dirac fermions. If the magnetic field contains a com-
ponent normal to the two-dimensional surfaces, this leads to a Landau level quantization of
the electronic surface band structure. Landau levels for Dirac fermions are special, however,
because a Landau level at exactly zero energy is guaranteed to exist®>?®, This zeroth Landau
level is particle-hole symmetric in the sense that the Hall conductance is equal and has oppo-
site sign when the Landau level is either empty or fully occupied. Since the Hall conductance
increases by a full conductance quantum e? /h when the Fermi level crosses a Landau level, the
Hall conductance of the surface states o, must be half-integer quantized™#®. Based on this
unique electric response to an applied magnetic field, Qi et al. have proposed the unconven-
tional magneto-electric effect which is regarded as one of the characteristic features of strong
topological insulators™2, However, in a usual quantum Hall system, the current-carrying 1D
edge states are responsible for the integer-quantized Hall conductance o,,, measured in trans-
port experiments (see chapter[2). It is, however, not immediately clear if similar boundary
states are also responsible for the half-quantized Hall conductance in strong topological insu-
lators, and how the quantized nature of the conducting edge channels can be reconciled with
the prediction of the half quantization of the Hall conductance.

Experimentally, quantum oscillations originating from the Landau level quantization of the
surface states have been observed in several transport experiments'937190 For example, in a
recent experiment, Briine et al. have reported the observation of the quantum Hall effect in
a strained bulk mercury telluride (HgTe) samples”. Notably, quantum Hall plateaus seem to
appear atvarious magnetic field strengths. In contrast to the quantum Hall effect of an ordinary
2D electron gas, they report an odd-integer sequence of Hall plateaus with filling factors v =
9,7,5atlow magneticfields, before the Hall plateaus continue in the usual sequence with filling
factors v = 4, 3,2 at high magnetic fields (see Fig.[4.1). The occurrence of the odd-integer filling

%I% opological insulators are new quantum states of matter which have recently attracted
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Figure 4.1. Transport data of a strained 70 nm thick HgTe sample measured at 50 mK, as obtained by
Briine et al. (Ref. [10). The Hall conductivity (red line) shows plateaus at the integers v = 9,7,5 and at
v =4,3,2. Theinset shows the Hall resistance R, (red line) and the longitudinal resistance R, (black
line). The Hall resistance shows plateaus at the same magnetic fields, where the longitudinal resistance
R, develops minima. Figure after Ref. 10

factorsis attributed to the presence of aLandau level at zero energy. Thisis but the smoking gun
forthe quantum Hall of Dirac fermions on the 2D surfaces of the sample, because massless Dirac
fermions subjected to an orbital magnetic field always exhibit a zero mode, as shown below.
However, at the same time plateaus develop, the longitudinal resistance p,, does not vanish
(see Fig.[4.1) which indicates that the conductance measurements are either contaminated by
metallic states present on the side surfaces or by finite bulk conductivity. As pointed out by
Briine et al., a likely candidate for the finite longitudinal resistance in HgTe are the metallic side
surfaces: Due to the particular orientation of the magnetic field with respect to the sample, the
side surfaces are subjected to a parallel magnetic field rather than a perpendicular magnetic
field. Thus, the surface states on the side surfaces remain metallic and coexist with the Landau
levels formed by the Dirac fermions in the surfaces normal to the magnetic field, likely giving
rise to the non-vanishing longitudinal resistance.

In addition, the spin-orbit interaction, which actually is responsible for the appearance of
the Dirac fermions in HgTe in the first place, makes the Zeeman coupling different from that in
graphene which also exhibits Dirac fermions at low energies. Instead of a simple spin-splitting
of the electronic band structure, the Zeeman interaction coupling the electron’s spin to the
magnetic field acts as a Dirac mass term in topological insulators. As we show below, the inter-
play between the orbital magnetic field, the uniform spin-splitting Zeeman field, and the inver-
sion asymmetry present in zinc-blende-type crystal structures such as HgTe leads to a compli-
cated interplay of the associated energy gaps. As a consequence, the Dirac electrons located on
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different surfaces show different behavior in presence of a magnetic field. Moreover, since all
surface states of a finite three-dimensional sample of a topological insulator are connected, the
surface states living on the sample surfaces may, in principle, move from one side to another.
To address those issues, we investigate the Hall response of a 3D strong topological insu-
lator in the presence of a uniform magnetic field oriented such that all surfaces have a normal
component, thus opening a gap for all surface excitations. Although a uniform magnetic field
breaks time-reversal and translational symmetries, we can calculate the electronic band struc-
ture of a tight-binding model by choosing a suitable sample geometry and gauge of the vector
potential, as discussed in chapter[2] Starting from the minimal model for strained 3D HgTe de-
rived in the previous chapter we compute the effective surface Dirac Hamiltonian, describing
massive Dirac fermions in the presence of an orbital magnetic field, using the standard bound
state solution of an interface between a topological and a trivial band insulator. We then con-
siderthe chiral edge states which appearin finite magnetic fields, and discuss their dependence
on model parameters, in particular the Dirac mass term. For a sample with finite dimensions in
all directions, those edge states connect and form edge state networks, whose properties will
be discussed as well. After that, we clarify the role of the so-called 8-term in topological insula-
tors and show how it is related to the Hall response o, measured in experiments. Notably, we
show that the #-term can be interpreted as a local measurement of the Hall conductance a;‘;ff
for a single surface, whereas a transport experiment to determine UE;H is but a global mea-
surement of the whole sample. We show that the surface Hall conductance and the 8-term are
related by oi‘;f = (8/27) x (e%/h) for a single surface of a strong topological insulator, while
agy"l“ = n(e?/h) with integer n in transport measurements, and we derive the general relation
between those two quantities. Finally, we study the role of the edge channels and the §-term in
the presence of an external magnetic field by means of exact diagonalization techniques and

compare the numerical results with our obtained analytical results.

4.1 Quantum Hall states in the minimal model for strained 3D HgTe

To develop a better understanding of the quantum Hall effect in a topological insulator, we
consider the minimal model which was derived from strained 3D HgTe in the previous chapter.
After a brief recap of that model, we derive the surface Dirac Hamiltonian and compute the
Landau levels sequence. Here, we observe that the Zeeman interaction coupling the spin of the
Dirac fermions to the magnetic field acts as a Dirac mass term, thereby modifying the Landau
level sequence.

4.1.1 Minimal model for topological insulators

In the previous chapter, we have shown that strained 3D HgTe can, in principle, host Dirac-like
states on its 2D surfaces. Here, note that the application of biaxial strain due to growth on a
CdTe substrate opens up a band gap which decouples the surface states from the otherwise
metallic bulk bands. As discussed before, transport measurements by Briine et al. have pro-
vided some evidence for the strong topological insulator phase of strained 3D HgTe and the
Dirac-like surface states.

To be specific, we study the following tight-binding Hamiltonian on a simple cubic lattice:

3 .
Ty —il;
Ho=mY Whlolp—t> [\Ifk <°2J> Vp o + Hc] (4.1)
R

R j=1
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where m is the so-called tuning parameter, and ¢ denotes the overlap parameter or hopping
amplitude between nearest-neighboring sites. Moreover, the I" matrices are constructed as
follows:

{F()a F17 F?a F37 F4} = {TZ & 00, —Tg ® Ogy, —Tg ® Uya —Tg & Oz, Ty & UO}' (42)

Here, T = (s, 7y, TZ)T is the vector of Pauli matrices acting on the orbital degrees of freedom,
and o = (0,,0,,0.)T denotes the usual Pauli matrices acting on the spin degree of freedom.
By Fourier decomposition of the four-component spinors ¥ p,,

1 - 1 -
Vp=—> Ry 0 =—_ Ry, (4.3)
RUN 4 ook YN 4 R

where N denotes the number of crystallographic unit cells, we obtain the corresponding Bloch
Hamiltonian of the 3D topological insulator:

3
Ho(k) =mTo—t Z(cos(kja)Fo + sin(k;ja)T’;). (4.4)
=1

We also consider additional terms in the Hamiltonian which preserve the rotational symme-
tries of the minimal model, but break time-reversal and/or inversion symmetry. As shown in the
previous chapter, we find two terms: The first term, A T'y4, breaks both time-reversal and inver-
sion symmetry, whereas the second term, A’ I'y4, will be present in any system without inver-
sion center such as HgTe. Note that the application of an external magnetic field breaks time-
reversal and inversion symmetry, thus it will induce a small, but finite contribution to A T'y.
Since A T’y breaks both time-reversal and inversion symmetry, it usually suffices to consider
only that term in our discussion of the Hall response and the §-term. Hence, in the following,
we usually neglect the effect of A’ T'g4 on the electronic band structure as it does not change
qualitatively our results. Moreover, since both terms are diagonal in both momentum space
and real space, one can simply add them to the corresponding real-space or momentum-space
Hamiltonian if needed.

The minimal model for 3D topological insulators exhibits four distinct phases which are
separated by quantum phase transitions, where the bulk band gap vanishes, as described in
section[3.6.6] Fig.[4.2shows the corresponding phase diagram of the minimal model with the
four different phases. In the following, we focus on the strong topological insulator phase for
1 < m/t < 3, asindicated by the red shading in Fig.[4.2]

4.1.2 Effect of an applied external magnetic field

The problem of a 3D topological insulator subjected to an external magnetic field is surprisingly
rich. On the one hand, the magnetic field couples to the orbital motion of the 2D surface Dirac
fermions which carry charge —e, leading to the appearance of Landau levels when the magnetic
field contains a component normal to the surface. Note that the magnetic field component
parallel to the surface can be accounted for by a suitable shift of the momenta k in the Hamil-
tonian. On the other hand, the magnetic field also couples to the electronic spin of the Dirac
fermions, leading to a Zeeman energy splitting of spin-up and spin-down states. However, due
to the spin-orbitinteraction in HgTe, the effect of the Zeeman interaction on the electronic band
structure is quite different from the one observed for usual Dirac fermions which are found, for
example, in graphene. As we show below, the magnetic Zeeman field acts as a Dirac mass term
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Figure 4.2. Phase diagram of the minimal model for a 3D topological insulator as function of the tuning
parameter m. Atm/t = £3and m/t = +1 the bulk gap vanishes, and the system undergoes a quantum
phase transition between different topological quantum states which can be described in terms of four
Zs invariants (vg; v1vavs). For Im/t| > 3, the system describes an ordinary band insulator (Bl) with
trivial topological quantum numbers (0; 000), while for | /t| < 3 the system is topologically non-trivial.
For1 < |m/t| < 3 the model describes a strong topological insulator (STI) with quantum numbers
(1;000) and (1;111) for negative and positive m, respectively, and for |m/¢| < 1 a weak topological
insulator (WTI) which can be identified by the quantum numbers (0; 111). In this chapter, we focus on
the strong topological insulator phase for 1 < m/t < 3, asindicated by the red shading.

in topological insulators instead of a simple spin-splitting of the electronic band structure. To
study topological insulators in an applied magnetic field and investigate the Hall response, we
briefly discuss how the magnetic field can be included into the minimal model of a 3D topolog-
ical insulator in terms of (i) a Zeeman interaction coupling the electronic spin to the magnetic
field and (ii) an orbital magnetic field coupling the charge to the magnetic field.

4.1.2.1 The magnetic Zeeman interaction

Inthe presence of an applied external magnetic field, the two-fold degeneracy of the bulk bands
may also be lifted by the magnetic Zeeman interaction H; = gup By o through a spin-
dependent Zeeman energy. Here, the constant of proportionality g is usually referred to as
g-factor, and p g denotes the Bohr magneton. Both the electron (E) and the light-hole (L H)
band are subject to the Zeeman spin-splitting, and we can represent the above Zeeman Hamil-
tonian in the basis set of Eq. as:

T0 + T T0 — T
My =gEuB< = > ® (Bz-0) +gLHuB< = > ® (Bz- o) (4.52)
9eB; —9pBj 0 0
= _ 4.5b
BB 0 gruB;  gLuBj, (4.5b)
0 0 graB) —gLuB3

where g and g, denote the g-factors of the electron and light-hole bands, respectively, and
By denotes the Zeeman field. Furthermore, we have introduced BZjE =Bj £ iB%. In terms of
the matrices I',, [cf. Eq. (4.2)] and their ten commutators I, the Zeeman Hamiltonian can also
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be rewritten as
Hz = pupB7(g+ T2z — g- T14)
— upBy(9+ T13+g-Ta4) (4.6)
+ uBBz(g+ T2 — g- Ta4),

where, for brevity, we have introduced g+ = (9g £ 9r1)/2.

4.1.2.2 The orbital magnetic field

As already discussed in chapter in the presence of a magnetic field B(r) the kinetic momen-
tum p must be replaced by the canonical momentum operator IT = p — ¢ A(r), where A(r)
is the vector potential of the magnetic field. On a discrete lattice, however, the analogue of
minimal substitution is the so-called Peierls substitution in which the overlap parameter t is
augmented by an additional phase factor!%!:

Tf
t =t = texp (z;/ dr - A(r)), (4.7)
c e,

where 7; ; denote the initial and final position of the electron. To be specific, let us consider a
uniform magnetic field in the yz plane given by the magnetic field vector

B(r) = By (0, cos ¢, sin ¢) 7, (4.8)

where ¢ describes the inclination angle of the magnetic field with respect to the y axis. The
corresponding Landau gauge points in z direction, but varies only in y and z directions:

A(r) = Bo(zcos ¢ — ysing)e, = (2B, — yB;)e,. (4.9)

As a consequence, the overlap parameter for electrons hopping in x direction acquires a posi-
tion-dependent phase factor given by
e

= (2By — yBZ)] = texp2mi(2Ng — yN3)], (4.10)

t = texp[

while the hopping amplitudes in y and z direction remain unaffected, t;, = t, = t. For brevity,
we have introduced the magnetic flux densities as (o € {y, z}):

P B
_ &Da (4.11)

N§ =2 .
¢ CI)() he

Note that the resulting tight-binding Hamiltonian explicitly depends on the Cartesian coordi-
nates y and z which spoils the translational invariance in those directions, but the translational
invariance in z direction prevails. Hence, k, is a good quantum number, and we may perform
a Fourier decomposition of the four-component spinors ¥, = W, with respect to the z di-
rection, as discussed in chapter[2] This leads to the following two-dimensional tight-binding
Hamiltonian, where the magnetic field enters through the flux-dependent shift of momentum
(second and third term) and through the Zeeman interaction coupling the magnetic field and
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the spin degree of freedom (last term):
Z U] (mTo+AT)T,

- tZ‘Ilk 4 €08 (kza + 2m(2N§ — yNg))To ¥, .

—tz\lfk " sin(kya + 2m(2N§ — yNg))T1 ¥

1 FQ — ZFQ t
— Z |:\Ilkzyz <2> \I’kz,y—a,z + HC:|
y’z
t Fg — iFg +
—ty |:\Ijkyz <2> U)o vt H.c} +Hz.
y’z

Here, we have included the time-reversal and inversion symmetry-breaking term A T'y which is
induced by a finite magnetic field and turns out to be important for the Landau level sequence,
as we discuss later. Due to the explicit dependence of the Hamiltonian on the spatial coordi-
nates in y and z direction, we can only calculate the electronic band structure of samplesin a
quasi-1D geometry, for example, in a beam-shape geometry with periodic boundary conditions
in x direction and open boundary conditions in y and z directions. We have used this partic-
ular tight-binding Hamiltonian for our numerical calculations of the electronic band structure
and the so-called #-term introduced later, and the results shown in the last section are in very
good agreement (up to a few percent due to finite-size effects) with the following analytical
approach.

kaoyz (4.12)

4.1.3 Derivation of the surface Dirac Hamiltonian

Before we discuss the numerical results, let us first consider an analytical approach to the band
structure of the minimal model in the presence of an external magnetic field. To show the ap-
pearance of topologically non-trivial states on the 2D surfaces of a 3D topological insulator, we
consider an interface between a strong topological insulator and a trivial band insulator with
normal vector 7 [see Fig.[4.3|(a)]. Starting from the bulk Bloch Hamiltonian of our time-reversal
invariant and inversion-symmetric model of a 3D topological insulator,

3
H(k) =mTy— tZ(cos(k:ja)Fo + sin(k;ja)T;), (4.13)
j=1

we introduce new coordinates such thatr = r| + r, wherer; = (r-n)n = rndenotes
the out-of-plane componentof r, while 7 describes the in-plane component of r parallel to the
interface. Since the phases on both sides of the interface are characterized by different tuning
parameters m/t < 3 and m/t > 3, respectively, let us consider the effective mass parameter
om(r,) = m(r,) — 3t which changes sign at the interface as function of the out-of-plane posi-
tion r | [see Fig.[4.3](b)]. Throughout this thesis, we use the convention that the surface normal
vector points away from the topological insulator, so that dm(r, ) > 0forr, > 0 mimics the
trivial band insulator, while ém(r ;) < 0forr; < 0describes the strong topological insulator.

To compute the low-energy 2D Dirac Hamiltonian describing the topological surface states
at the interface, we first compute the eigenmodes of the linearized bulk Hamiltonian and then
project this Hamiltonian onto the eigenstates of its zero-energy eigenmode, as shown below
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Figure 4.3. (a) Schematic picture of an interface between a strong topological insulator (STI) and a trivial
band insulator (Bl). (b) The effective mass parameter m(r,) = m(r,) — 3t changes sign across the
interface as function of the normal coordinate r, . Here, dm(rL ) > 0forr, > 0 mimics the trivial band
insulator, while m(r, < 0)forr, < 0describes the strong topological insulator. (c) Plot of the spatial
probability amplitude of the surface state, |¢)(r )|?, as function of .

[see Fig.[4.3](c)]. Close to the interface, i.e., for |dm(r )| = |m(r,) — 3t| < t, we may perform
a straightforward Taylor expansion of the bulk Bloch Hamiltonian to linear order in k around
the I' point. As a result, we obtain the low-energy bulk Dirac Hamiltonian as follows:

3
H(k) = om(r )Ty —ta Z ki T;=6ém(r ) To—vrk: T, (4.14)
j=1

where, for brevity, we have introduced T' = (I'1,T2,T3)T, and v = ta denotes the bulk
Fermi velocity. Similar to the decomposition of the real space coordinate r, we can split up
the crystal momentum into two contributions k and k, where k| and k; = (k-n)n de-
note the in-plane and out-of-plane momenta, respectivelyﬂ Due to the interface, the trans-
lational invariance is broken in the normal direction. As a consequence, upon substituting

k, — —ihV, = —ihno,, weobtainaone-dimensional Schrédinger equation for the surface
state with in-plane momentum k;:
Hiky,r )V (ky,r) = E(k))Y(ky, L), (4.15)

where the one-dimensional Bloch Hamiltonian H(k, 71 ) is given by
H(ky,r1) = om(r)To —vp k)T +ihvpn-T oy, . (4.16)

Due to the assumed translational invariance parallel to the surface, we can make a plane-wave
ansatz for the wave function W(k),7,) o exp(ik)-r|)¥(rL). Substituting this ansatz into
the one-dimensional Schrodinger equation for the full wave function [cf. Eq. (4.15)], the topo-
logical surface states are given by the zero-energy solutions of the following one-dimensional
Schroédinger equation for ¢(r | ):

HLl/J(T'J_) = (5m(m_)FO + thvp N+ r arl)”l/}(TJ_) = 0. (4.7)

This Schrodinger equation is but a homogeneous linear one-dimensional ordinary differential
equation for ¢ (r_ ):

Oy, w(r1) = mZ)F (A T) 1Ty 6m(ry) b(r.). (418)

'Different conventions for the definition of the in-plane momentum k| appearinthe literature. Onthe one hand,
a common choice is k| = (kq, ky)” which results in an effective Dirac Hamiltonian of the usual form, vp (k0. +
kyoy). Ontheotherhand, if one defines k| = 71 x k, then theresultant Dirac Hamiltonian takes the form v (kpoy —
kyoz) forn = e.. Up to a rotation about the z axis, both conventions are, however, equivalent.
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A general solution of that differential equation can be obtained by choosing a suitable ansatz
for the wave function ¢ (r ):

P(ry) =hoe 7). (4.19)

Here, v is an taken to be an eigenvector of the Hermitian matrix A = —i(n-T')~'T'y with
eigenvalue ), i.e., A1)y = A\ipg. By substituting this ansatz into the differential equation
we then obtain a simple linear ordinary differential equation for f(r, ):

om(ry)

Orf(r) = A= (4.20)

As a result, the straightforward integration with respect to r yields a generic solution for the

surface state ¢(r, ):
W(ry) =g exp(—)\/ dr’ om(r )> (4.21)

th

Since om(r,) > O0forr; > 0, a physical solution is given by a positive eigenvalue \. Note that
the eigenvalues and eigenvectors of the matrix A can be obtained by analytical diagonalization,
leading to four normalized eigenvectors v+ ; and v+ 5 corresponding to the eigenvalues A =
+1:

1 1
by = 7 (Fin,, Finy, 1,007, di9= 7 (Fin_,+in.,0,1)T. (4.22)

Thus, by projecting the bulk Dirac Hamiltonian onto the eigenmodes v, 1 and v, o corre-
sponding to the eigenvalue \ = 1, we obtain the proper in-plane Hamiltonian #. For the sake
of concreteness, we choose . = e, in the following, but the results can be easily generalized to
an arbitrary surface normal na. After a unitary transformation given by U, = exp(imo./4), the
resulting surface Hamiltonian H takes the following form:

Ho(kH) =vpk-o”, (4.23)

where z* denotes the complex conjugate of the complex number z. In a similar way, we can
project the additional term A T'y, which simultaneously breaks time-reversal symmetry and
inversion symmetry of the 3D topological insulator, onto the physical surface eigenstates v ;
and v o as well, and we obtain:

H =-Ao.. (4.24)
In other words, the symmetry-breaking term oc A acts as a Dirac mass term with constant mag-
nitude. We can also project the magnetic Zeeman interaction Hz [cf. Eq. ] onto the eigen-
modes of the surface state. After a proper shift of the in-plane momentum k to absorb Zeeman
terms proportional to o, and o, the Zeeman interaction results in a second mass term for the
Dirac fermions. In contrast to ﬂ/, however, this mass term depends explicitly on the orientation
of the surface under discussion:

Hy = [(9-Bj.9-By, —g+B3)" - ho.. (4.25)

Finally, the orbital magnetic field coupling to the electronic charge is taken into account by
minimal substitution, k — k + £ A(r), where A(r) is the vector potential of the normal field
component appropriately transformed into the proper basis with respect to the surface. As a
result, for small [0m/t| and for |Al, |BS|, |®.| < |dm| we obtain the following surface Dirac
Hamiltonian:

Heuwrt (k) = vp (k: + iA(r)) c 0" 4 Mgurf O, (4.26)
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which describes massive Dirac fermions on the two-dimensional surface of a strong topological
insulator with in-plane momentum k and subjected to a perpendicular orbital magnetic field
that is given by A(r). It is worth to note that the unusual Dirac mass term

Mgurf = (g—B%mg—B%a _g+B§)T ‘n—A (427)

depends on the relative orientation of the magnetic field with respect to the surface normal
vector ni. In principle, this allows us to independently control the effects due to the orbital
magnetic field and the Zeeman magnetic field. For example, the Dirac mass mg,.f can be finite
even for a magnetic field parallel to the surface for which the vector potential A(r) vanishes,
as discussed below.

4.1.4 Landau level spectrum of the surfaces

To compute the Landau level spectrum of the massive Dirac Hamiltonian in the pres-
ence of an external orbital magnetic field B(r) = curl A(r), we first consider massless Dirac
fermions moving in the two-dimensional zy plane subjected to a perpendicular magnetic field
B = B e,. Later, we include a finite Dirac mass term which leads to a small correction of the
Landau levels and in particular shifts the zeroth Landau level away from zero energy.

Let us start with a discussion of the massless Dirac Hamiltonian [cf. Eq. (4.26)]

Ho(k) = vp <k + iA(r)) ‘o, (4.28)

where v is the velocity of the Dirac fermions, and o* = (o, —ay)T is a vector of Pauli matrices
in the 2D zy plane. A convenient choice for the vector potential A(r) of the perpendicular
magnetic field B(r) = B e, is the Landau gauge:

B(r)=B,e,, A(r)=-yB,e,, (4.29)

which points in z direction, but varies with the y coordinate in real space. Within the Landau
gauge, the system possesses translational invariance in the x direction, motivating the follow-
ing ansatz for the wave function of a Dirac fermion:

Uy, (y) o< ey (y), (4.30)

where k, denotes the conserved momentum along the x direction. As a result of this wave
function ansatz, we obtain a one-dimensional Schrédinger equation for ¢ (y):

Hi, (9)Y(y) = &k, (Y)Y (y), (4.31)

where the Hamiltonian #(k,, y) is obtained from the massless Dirac Hamiltonian # (k) by re-
placing k, — —ih0, dueto the explicit dependence of the vector potential on the y coordinate:

B
0 ky — Bly 40
=h S vl 4.32b
. [kx—%y—ﬁy 0 ] (520
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Similar to the quantum Hall effect in a 2D electron gas (cf. chapter[2) let us introduce the mag-

netic length [ defined by
| h
lg = B (4.33)

As a consequence, the Dirac Hamiltonian Hy, (y) can be rewritten as

h
() =7 Kszx - sgn(Bmf;) 00+ izgayay] (4.342)
hvp 0 Ilpk, — Sgn(BJ_)% + lBay
=5 4.34b
I [lka —sgn(BL)% —138y 0 ( )

To solve this Hamiltonian it is convenient to introduce a new dimensionless coordinate g,

li, 8, = —sgn(B.)lpd,, (4.35)

¢ = lpke —sen(B1) -

and to rewrite the Dirac Hamiltonian #(k,, y) in terms of this new coordinate:

hvp hop 0 q —sgn(B )0,

Hi, (q) = =—(q00 — isgn(B1)d0y) = g |g+sgn(BL)d, 0

(4.36)
Ip

Now let us introduce a pair of raising and lowering operators O, O similar to the quantum
mechanical treatment of the harmonic oscillator. In the case of Dirac fermions, those raising
and lowering operators are given by

q+ 04
V2 V2

which satisfy the usual commutation relations for bosonic raising and lowering operators:

&
Il

(4.37)

(0,01 =1. (4.38)

Finally, in analogy to the cyclotron motion of the Dirac fermions within the zy plane let us in-
troduce a cyclotron frequency w, for Dirac fermions given by:

[2v2e| B
we =2 for = Ul l|. (4.39)
Ip h

As aresult, the Hamiltonian for Dirac fermions movingin the zy plane subjected to a perpendic-
ular magnetic field B = B e, can be reformulated in terms of raising and lowering operators
0,0" as

0 O

of o (4.40)

T

_I.
] and ’H,jzzhwc[o O],

O 0
where the superscript “£” indicates the direction of the perpendicular magnetic field given by

sgn(B). To compute the eigenenergies or Landau levels for Dirac fermions, let us calculate
the square of the above Hamiltonians (7—[22)2:

+ o
(H;,,)? = (hwe)® {069 090] = (hw.)? [“gl 2] (4.41)
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where we have used the fact that O, Of obey bosonic commutation relations [cf. Eq. (4.38)]
to express the Hamiltonian in terms of the number operator s = Of©. Similarly, for 7—[;; we
obtain: )
oo 0 n 0
+32 _ 2 _ 2
()" = (hwe) [ 0 O(’)T] = (hwe) {0 - J : (4.42)
Hence, we can easily construct the eigenfunctions of (Hli )2 using the eigenfunctions |n) of the
number operator 7. For the perpendicular magnetic field oriented along the +z direction, i.e.,
forsgn(B,) = 1, we obtain a set of eigenfunctions of (H;z)2 given by

o m and it o U?D] , (4.43)

while for a magnetic field oriented along the —z direction with sgn(B, ) = —1 the set of eigen-
functions of the Dirac Hamiltonian (7—[,;5)2 given by

Vg X ng and ¢, x {n —>1>] . (4.44)

In both cases, however, the eigenenergies or Landau levels of Dirac fermions moving in a per-
pendicular magnetic field are independent of the longitudinal momentum k. As (Hfm)Qwﬂf =
n(hwe)?yE, the eigenenergies of the original Dirac Hamiltonian 7, are given by

En = hwesgn(n)y/|n| = sgn(n)4/2v%eh| B, ||n|. (4.45)

In contrast to the quantum Hall effect of a 2D electron gas (cf. chapter [2), the distance be-
tween the Landau levels is not constant, but decreases with increasing Landau level index n as
l/m. Moreover, note that there exists a half-filled Landau level at zero energy, i.e., £,—0 = 0,
due to particle-hole symmetry.

Now let us consider the effect of a mass term on the Landau level spectrum. In the presence
of a Dirac mass term such as mg,.f 0, the ground state degeneracy is lifted, because the ground
state wave functions woi acquire a finite energy with opposite sign for the different orientations
of the magnetic field:

Mgurf Uzw(:)t = EMgurf w(:)t = Sgn(BJ_)msurf w(:)t (4.46)

On the other hand, the higher Landau levels obtain an additional energy correction o< mgy,¢
; 2 .
sinceo; = 1:

€, = sgn(n)\/2eh|BL|[n| + m2,; for n+#0. (4.47)
To conclude, the Landau level sequence for massive Dirac fermions is given by
sgn(B 1 )Mgurf forn =20
&, = ) — . (4.48)
sgn(n) \/2vFeh|BJ_Hn| +mZ, forn#0

Note, however, that the correction of the Landau levels due to the Dirac mass term is only rele-
vant for the zeroth Landau level, because usually the orbital Landau level splitting fw, is much
bigger than the Zeeman spin-splitting, so that we can neglect this small energy correction for
all but the zeroth Landau level:

Msurf ~ ,UfBHBZHQ < hwe ~ hUF\/M (4.49)
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Inthatsense, the Landau levels for massive Dirac fermions are similar to those of massless Dirac
fermions [cf. Eq. (4.45)], except that the zeroth Landau level is not at zero energy anymore.
The above results are valid for any planar surface of the strong topological insulator with
surface normal vector nn and normal magnetic field component B, = 7 - B. Since the Landau
levels do not cross as a function of the applied magnetic field B, or the surface Dirac
mass term mg,., they are independent of quantitative details with respect to mg,t. We may
then characterize each surface by a topological invariant or Hall quantum number v defined by

1 forB;, >0
y:{”JF or oy (4.50)

—n forB; <0

where we have assumed that the chemical potential ug.t On that surface lies in between ad-
jacent Landau levels, &, < psut < Ent1. Experimentally, the surface chemical potential
Lsurf €an, in principle, be controlled via gate voltages. Fig.[4.4 shows the Landau level se-
quence (4.48) and the corresponding Hall quantum number v calculated from Eq. as
function of the surface Dirac mass term my,, for different magnetic field orientations (B, > 0
and B, < 0). Note that the splitting of the zeroth Landau level due to mg,,+ may lead to differ-
ent quantum numbers v = 0 or v = 1 depending on the relative sign of the mass term, if the
chemical potential 1 is tuned appropriately.

For a single surface, the quantitative details of the Dirac mass term and the magnetic field
orientation do not matter as long as they change adiabatically in the sense that the quantum
number v, which characterizes the surface, does not change. If, however, we consider a finite-
size sample with planar surfaces, there exist a number of edges, where two surfaces intersect.
In particular, if two surfaces with different quantum numbers v intersect, there appear edge
states due to the bulk-boundary correspondence, as we discuss below. Furthermore, in a finite
sample the edge states are connected, leading to edge channel networks, and the dependence
of the Landau level sequence on the Dirac mass term myg,.¢ leads to interesting physics when
the orientation of the magnetic field is changed, as will be discussed later as well.

4.1.5 The appearance of edge states

To illustrate the emergence of chiral edge states in the presence of an external magnetic field,
let us consider an edge, where two surfaces intersect. Assuming that both surfaces have a fi-
nite normal magnetic field component B, the electronic states at those surfaces form Landau
levels, and we can characterize the surfaces by Hall quantum numbers 14 and v, defined by
Eq. (4.50), as previously discussed.

Furthermore, the edge can be considered as a 1D “domain wall” between 2D surfaces of a
finite-size 3D sample of a topological insulator, across which some parameter varies spatially.
In particular, this spatial phase transition may result in gapless excitations which form in the
vicinity of the edge of a topological insulator. This concept known as bulk-boundary corre-
spondence relates the topological properties of the surfaces, i.e., the quantum number v, to
the number of gapless edge modes. Other examples of the bulk-boundary correspondence in-
clude the edge statesin the Haldane model discussed in chapter[2|or the topological excitations
at the domain walls in the Su-Schrieffer-Heeger model (cf. appendix|C).

In the context of an edge between two planar surfaces of the minimal model in the pres-
ence of a magnetic field, there exist Av = 11 — 5 edge states if the quantum numbers v; and
v, differ, there exist quantum Hall edge states, and their direction is given by the relative mag-
nitude of 11 and 1. Using Egs. and we can therefore calculate the Hall quantum
numbers v for a quasi-1D beam-shaped sample of a strong topological insulator for a finite-size
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Figure 4.4. Schematic picture of the Landau level sequence (4.48) as function of the surface Dirac mass
term m = mgy,r and the normal magnetic field B, . The dashed lines are guides to the eye, connecting
Landau levels belonging together. Panels (a) and (b) show the same Landau level sequence for opposite
orientations of the normal magnetic field component (B, > 0and B, < 0). In the absence of a Dirac
mass term, the n = 0 Landau level has zero energy and is located in the center of the sequence. The
corresponding Hall quantum number v has been calculated from Eq. (4.50). If the chemical potential y
is close to the zeroth Landau level, one can obtain different quantum numbers for a surface, depending
on the relative sign of the mass term m. Panels (c) and (d) show the Landau level sequences for opposite
top and bottom surfaces with normal vectors i, = —n,,. As a consequence, the normal magnetic fields
at the top and bottom surfaces, B, ; and B, ;, have opposite sign, and the sequences of Hall quantum
numbers run in opposite direction.
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Figure 4.5. (a) Schematic view of an edge state in the direction of the current. The planar surfaces of the
topological insulator are characterized by two quantum numbers 14 and 5 as defined by Eq. inthe
main text. The number and orientation of edge states is then given by Av = v, — 5. (b) lllustration of a
current-carrying edge channel running along the edges of a finite 3D topological insulator in a magnetic
field.

sample as shown in Fig.[4.5/(a). Then, the differences Av = vy — v, determine the position
and number of the edge channels, where 14 and v characterize two adjacent surfaces which
intersect. Moreover, concerning a finite 3D sample of a topological insulator, those edge states
connect and form closed current loops, as illustrated in Fig.[4.5](b).

To develop a better understanding of the edge states and their properties, let us consider
different limits of model parameters. As an example, Fig. [4.6| shows the appearance of Hall
currents propagating along the one-dimensional interfaces along the  and —z direction for a
tilted magnetic field B. For n = 0, the relevant Landau levels close to the Fermi energy are
then = 0 and n = +1 Landau levels, respectively. The position of the induced edge currents,
however, depends on the sign of the surface Dirac mass mg,¢. By tuning the surface chemical
potential such that mg,,t = 0, the Zeeman interaction and inversion asymmetry are small per-
turbations, so that the edge states are dominated by orbital magnetic field effects. As a conse-
quence, the edge states are located in a plane normal to the magnetic field direction, as shown
in Fig. (a), which is similar to the usual quantum Hall effect of a 2D electron gas. On the
other hand, when mgy,+ ~ (9-B%, g B, —g+B%)T - fu the Dirac mass term explicitly depends
on the surface orientation relative to the magnetic field. In the beam-shaped sample of Fig.[4.6]
this leads to a sign change of the Dirac masses on opposite surfaces, effectively interchanging
the Hall quantum numbers of the top and bottom surfaces. The resulting counter-propagating
edge currents are thus located at opposite edges in the direction of the applied magnetic field
B [cf. Fig.[4.6](b)], which is similar to the Zeeman spin-splitting of spin-up and spin-down states.

4.1.6 Edge channel networks

As mentioned in the previous section, since all surfaces of a finite 3D topological insulator are
connected, the chiral edge states are also connected to each other, thus forming networks of
edge channels. Due to the dependence of the Dirac mass term on the relative orientation of the
magnetic field and the planar surfaces of the sample, this can lead to interesting networks of
edge states when the direction of the magnetic field is changed.

To be specific, we have calculated the quantum numbers v [cf. Eq. (4.50)] and the number
of edge channels Av for the labeled edges in the finite-size geometry shown in Fig.[4.7)(d). Here,
the magnetic field was chosen such that it can be parametrized as B = By(1, cos ¢,sin ¢)7,
where ¢ denotes the rotation angle with respect to the y axis [cf. Fig. (a)]. This particular
realization of a magnetic field allows a wide variety of edge channel networks.

For example, note that for ¢ = nx with integer n the magnetic field is perpendicular to the
z direction, i.e., the top and bottom surfaces with normal vectors +e, are not gapped by the
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Figure 4.6. Schematic cross section of a beam-shaped sample of a strong topological insulator with
infinite extension in z direction, but finite height and width in y and z directions. B denotes the applied
magnetic field responsible for the Landau level spectrum of the surface Dirac fermions. Calculating the
Hall quantum numbers v for each surface using Egs. and (4.50), surfaces with different quantum
numbers v; and v5 induce Hall currents along their shared edges, and their number and orientation is
given by Av = vy — 5. (@) Tuning the surface chemical potential such that mgy¢ ~ 0, the Zeeman
interaction and inversion asymmetry are small perturbations, and the positions of the Hall currents are
dominated by the orbital field, i.e., they are localized in a plane perpendicular to the magnetic field. (b) If
the Zeeman interaction dominates, i.e., mguwt ~ (9—B%, g9_ By, —g.B2)T - n, then the mass terms on
opposite surfaces of the sample have different sign, leading to different Hall quantum numbers v at the

top and bottom surfaces. In contrast to the orbitally dominated edge states, the induced Hall currents
are located at the edges along the direction of the magnetic field, showing a Zeeman-like character.

applied magnetic field. As a consequence, in that limit the cyclotron frequency for the surface
Dirac fermions vanishes, w. — 0, and the Hall quantum numbers v of the top and bottom
surfaces diverge as ¢ — nm. Similarly, for ¢ = (n + %)77 with integer n, the magnetic field is
oriented parallel to the left and right side surfaces with normal vectors in 4y direction.

Forintermediate rotation angles ¢ we observe, however, much more interesting edge chan-
nel configurations. We have calculated the number of edge channels as function of the rotation
angle ¢ of the magnetic field using Eq. (4.50), with the results for the different edges plotted in
Fig.(a). Forinstance, for ¢ = /4 the magnetic field points in the (1/2, 1, 1)7 direction, and
we observe a closed edge channel in a plane almost perpendicular to this direction which is
dominated by the orbital effects of the magnetic field, as shown in Fig.[4.7](b). This is similar
to the orbitally dominated current-carrying edge states, as discussed previously and shown in
Fig. (a). If we rotate the magnetic field further towards the z axis, i.e., for ¢ = /15, the
cyclotron frequencies of the top and bottom surface decrease which leads to a “contraction”
of the corresponding Landau level sequence. Hence, for fixed surface chemical potential pigy,f
the Hall quantum numbers of the top and bottom surface increase (decrease), and this leads
to the appearance of additional closed edge channels around the top and bottom surfaces, as
shown in Fig.[4.7](c).

Moreover, in principle, one can control the chemical potential of each surface of the topo-
logical insulator sample by applying a gate voltage through side contacts. By changing the
chemical potential of the surfaces, we can construct similar sequences of quantum Hall tran-
sitions on the surfaces. The different patterns of those edge channel networks obtained upon
changing the strength of the magnetic field, its orientation, or the side gate voltages, may thus
serve as a fingerprint of a topological insulator and the related Dirac-like surface states, in con-
trast to the more conventional chiral edge channels observed in the usual quantum Hall sam-
ples. It also opens up the opportunity to study quantum Hall physics by separately contacting
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Figure 4.7. (a) The number of edge channels along the edges 1-6 as defined in panel (d) for a beam-
shaped sample of a strong topological insulator. The Hall quantum numbers v and their differences
corresponding to the edges have been calculated from Eq. as a function of the inclination an-
gle ¢ for the chemical potential 1/t = 0.2 using the model parameterst = 1, A/t = 0, B =

%(1, cos ¢,sin ¢)”. The number of edge channels on the six other edges are obtained by inversion

symmetry since A/t = 0, and the sign indicates whether the current runs parallel or anti-parallel to one
of the Cartesian coordinate axes. At ¢ = 0 and ¢ = 7 the magnetic field is perpendicular to either the
y or z direction. For the two inclination angles ¢ = 7 and ¢ = {% the edge channel configurations are
shown in panels (b) and (c), respectively. On each face of the sample, the Hall quantum number v is
written which characterizes the surface, and the number of edge channels is obtained as the difference
vy — o of the surfaces intersecting at the edges. Panel (d) indicates the numbering of edges and the
coordinate system. We have published parts of this figure in Ref. 19

the edge channels which, for example, might allow for the study of heat transportin topological
insulators™.

4.1.7 Conductance networks

For a given edge channel network we can also calculate the corresponding conductance net-
work due to the fact that each edge channel carries a current defined by the relation I /V = G.
Such a network of conductances could, in principle, be studied by applying contacts at the in-
dividual edges of the sample and measuring the voltage drop between the different contacts.

As an explicit example, let us consider the edge channel network shown in Fig.[4.7|(c) and
project the network onto a two-dimensional plane as shown in Fig.[4.8] where the Hall quan-
tum numbers v as calculated from Eq. characterize the individual surfaces of the beam-
shaped sample, and v = 0 on the outside of the sample. The difference Av = v; — 15 between
surfaces which intersect then determines the number and direction of the edge channel states
as described above.

Using the fact that the total current entering and leaving a contact is equal (Kirchhoff’s law)
and that the electrochemical potential remains constant when channels split, we can calculate
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Figure 4.8. Illustration of the conductance network corresponding to the non-trivial edge channel net-
work shown in Fig.[4.7) (c) which is obtained by projecting the edge channels onto a two-dimensional
plane. The Hall quantum numbers v characterize the surfaces, with the outside of the network corre-
sponding to v = 0. By applying a bias voltage at the rectangular (golden) contacts, a current [ is passed
through the sample which is carried by the chiral edge channels. The electrochemical potentials ® at the
individual voltage contacts a-h (indicated by gray circles) allow, in principle, to study the conductance
network. We have published a similar figure in Ref. 19

the electrochemical potentials ®; at the edge contacts a-h as follows. Injecting a current I at
the left contact indicated by a golden square, the contacts ®,, ®;, and ®, all lie on the same
electrochemical potential ®. With respect to the potential ®, at contact a a voltage drop I /G|
occurs at contacts e and g, because there the number of edge channels has reduced from two
to one. A similar reasoning for the other contacts then shows that the conductance network
shown in Fig.[4.8]is characterized by

(q)aa q)lh (I)a (I)dv (I)€7 q)fa q)ga q)h)T
= (0,0,8 — 21 /Go, ®,& — I /G, ® — L 1/Go,® — 1/Go,® — 1/Go)T, (4.51)

where Gy = €2 /h is the elementary conductance quantum. Defining the skew-symmetric ma-
trix of cross-conductances G by

I
= — 4.52
goz,B q)ﬁ_q)ay ( )
a straightforward calculation then shows that
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Note that the infinite matrix elements of the cross-conductance tensor stem from the fact that
we assume a vanishing bulk conductance. A close inspection of the cross-conductance ten-
sor furthermore reveals that depending on the experimental setup one cannot only measure
integer conductances such as Gy, = Go or Gy, = 2G), but also rational values, for instance
Gef = %Go (Ref. 19). As a consequence, a single experiment probing the edge channel net-
work can be misleading in the sense that the experimental results depend very much on the
positions of the voltage probes relative to the contacts, where the bias voltage driving the cur-
rentis applied, on the orientation of the magnetic field, and on the surface chemical potentials.
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Figure 4.9. Schematic illustration of a topological insulator with a sharp step edge. Due to the differ-
ent Hall quantum numbers v on the surfaces, the corresponding chiral channels propagate in opposite
directions at the step edge. This allows, in principle, to study the interactions and scattering processes
between counter-propagating edge channels as function of the step height.

Nevertheless, the particular dependence of the full cross-conductance tensor G as function of
the rotating magnetic field allows, in principle, for an experimental identification of topological
insulators.

Furthermore, due to the quantization of the charge transport within the edge channels, the
power P which is dissipated at the points, where two edge channels meet, is also quantized. In
otherwords, in such a conductance network one could, in principle, observe a quantized Ohmic
conductance 12/ P. For example, according to the above discussion of the electrochemical po-
tential differences, the dissipated power close to the contact e takes the quantized value 2G,
whereas close to contact f the dissipated power P takes on the value G /2. Such a quantized
heat source might also have interesting applications for the study of heat transport in topolog-
ical insulators.

4.1.8 Counter-propagating edge channels at step edges

Another interesting aspect of such edge channel networks are the interactions and scattering
processes of chiral edge states located at step edges on the surface of a strong topological in-
sulator, as shown in Fig.[4.9] Since the edge states are chiral, i.e., the electrons move in only
direction at one edge and in opposite direction at the other edge, there is no backscattering at
the same edge. However, the conductance is quite sensitive to tunneling between the counter-
propagating edge channels. Note that any charge that tunnels between the two edge states is
effectively backscattered which leads, in principle, to a reduction of the conductance. More-
over, since the edge channel networks depend sensitively on both the surface chemical poten-
tial and the orientation of the external magnetic field with respect to the sample, this setup
allows basically to study the interaction effects between different numbers of edge channels.

In section below, we discuss the numerical results for the electronic band structure
and the localized edge channels obtained for different heights of the step edge using the tight-
binding approach. We also briefly discuss the Coulomb interaction between the two chiral edge
channels at the step edge.
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4.2 Numerical results for the quantum Hall effect in the minimal model

In the previous section, we have obtained analytical results for the Landau levels on the sur-
faces of a strong topological insulator subjected to an external magnetic field. Notably, we
have shown that the edge channels in a finite-size geometry show a particular dependence on
the relative orientation of the magnetic field with respect to the sample due to a non-universal
Dirac mass term in the surface Dirac Hamiltonian. Toillustrate (i) the locations of the chiral edge
channels along the edges of a 3D sample subjected to an external magnetic field, (ii) the ap-
pearance of the edge channel networks upon rotating the magnetic field, and (iii) the counter-
propagating edge channels at the step edges, we have calculated the properties of an infinite
beam-shaped sample and an infinite slab using exact diagonalization techniques. In this sec-
tion, we discuss the numerical results and compare them with the analytical ones obtained
in the previous section. Here, it turns out that we obtain a very good agreement between the
analytical and numerical results up to a few percent in magnitude.

4.2.1 Numerical results for the chiral edge states

First, let us consider the electronic band structure of a finite-size geometry with rectangular
cross section and dimensions N, x N, x N, = oo x 50 x 40. Although the orbital magnetic
field breaks translation symmetries, in the appropriate Landau gauge the momentum along
the x direction is conserved, and we may consider a two-dimensional tight-binding problem
in the yz plane parametrized by the momentum &, [cf. Eq. (4.12)]. The band structure of such
a tight-binding Hamiltonian can be calculated by, for example, exact diagonalization. Fig.[4.10]
shows the resulting band structure as a function of the momentum k,, in different limits which
allows to study the effect of the individual terms entering the two-dimensional tight-binding
Hamiltonian (4.12).

Let us start with the band structure of the clean model, i.e., in the absence of any symmetry-
breaking terms or an external magnetic field, as shown in Fig.[4.10|(a) for m/t = 2, A/t = 0,
qu> = fo, = 0, and By = 0. In that limit, the cyclotron frequency vanishes, and each surface
exhibits Dirac-like surface states which can be easily observed in panel (a). Note that the tiny
band gap stems from finite-size effects and vanishes as the cross section N, x N, — oco. A
Dirac mass term such as the symmetry-breaking term A, which is constant and equally strong
on all surfaces of the sample, leads to a massive Dirac spectrum, i.e., a band gap of the order of
2A [compare Fig.[4.10|(a, b)].

By applying an external magnetic field, Landau levels emerge, and the spectrum of the Dirac
fermions changes, as discussed in the previous section. If the magnetic field is oriented such
that two of the side surfaces remain gapless, the band structure exhibits both Dirac-like states
and flat Landau levels, as shown in [4.10|(c). To observe a well-defined quantum Hall signature,
the magnetic field has to be oriented in such a way that there is a finite normal magnetic field
component on all side surfaces. In that case, all electronic surface states form Landau levels
which are represented by the flat parts in the electronic band structure in Fig.[4.10] (d), while
the dispersive parts correspond to the 1D chiral edge channels. To obtain the positions of the
chiral edge channels, we have calculated the corresponding probability distributions in the ab-
sence of Zeeman interactions, as shown in Fig.[4.10| (e, f), where the filled right (left) triangles
in red (blue) color indicate particles moving in positive (negative) z direction, respectively. As
expected from the analytical approach, the current-carrying edge channels are located at the
edges within a plane normal to the magnetic field direction, and their relative position depends
on the chemical potential above or below zero energy [cf. Fig.[4.10| (e, f)].
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Figure 4.10. Plots of the electronic band structure of a beam-shaped strong topological insulator with
dimensions NV, x Ny x N, = oo x 50 x 40. The parameters of the model have been chosen such that
it realizes a strong topological insulator in the absence of magnetic fields: ¢ = 1, m/t = 2, N, = 40,
N, = 50,9+ = %, By = 0. (a) In the absence of an orbital magnetic field (N = NZ = 0) and
inversion asymmetry (A/t = 0) we observe Dirac-like surface states on all four side surfaces. (b) In
the presence of a Dirac mass term A o, with A = 0.05, those Dirac surface states become massive,
opening up aband gap. (c) By applying an orbital magnetic field, the Dirac fermions are re-organized into
Landau levels. If the magnetic field is oriented parallel to one of the side surfaces (A /¢t = 0, NJ = 0.01,
N§ = 0), this surface remains gapless, leading to the formation of surface states resembling a Dirac
cone. (d) Upon rotating the orbital magnetic field such that all surfaces exhibit a finite normal magnetic
field component (A/t = 0, Ny = N = 0.007), the electronic states of all side surfaces form Landau
level sequences. The flat parts represent the Landau levels, while the dispersive parts correspond to
the one-dimensional edge channels. (e, f) Logarithmic plot of the probability distribution |+(r)|? as
function of the two-dimensional coordinate 7 in a cross section of the beam-shaped sample for different
values of the chemical potential n/¢. Particles moving in positive (negative) = direction are indicated
by a filled right (left) triangle in red (blue) color. For positive (negative) i the edge channels show the
expected orbital motion of electrons (holes) with negative (positive) charge.
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Figure 4.11. (a) Plot of the electronic band structure of a beam-shaped strong topological insulator with
dimensions N, x N, x N, = oo x 50 x 40. The parameters of the model have been chosen such that
it realized an inversion-symmetric strong topological insulator in the absence of magnetic fields: ¢t = 1,
m/t =2,A/t =0,N, =50, N, =40, g+ = 1, By = (0,0.14,0.14)7, N¥ = NZ = 0.007. (b-f) Loga-
rithmic plots of the probability distribution |¢(7)|? as function of the coordinate = in a cross section of
the beam-shaped sample for different chemical potentials . /¢. Particles moving in positive (negative) =
direction are denoted by afilled right (left) triangle in red (blue) color. (b-d) Sequence of “normal” quan-
tum Hall transitions, where opposite edge channels move simultaneously between edges. For positive
(negative) i the edge channels are dominated by the orbital field and show an orbital motion in a plane
perpendicular to the magnetic field, where the direction of the current-carrying edge channels is de-
termined by the negative (positive) charge carriers. The splitting of the zeroth Landau level due to the
magnetic Zeeman interaction [cf. Eq. (4.48)] leads to an additional Hall transition which is dominated by
the Zeeman interaction, i.e., the edge channels are located in the edges along the direction of the mag-
neticfield B. (e-g) For larger chemical potential we observe multiple orbitally dominated edge channels
located in edges perpendicular to the magnetic field. In the logarithmic plots (from left to right) we ob-
serve that the edge states corresponding to higher Landau levels in panel (a) are slightly less localized
at the edges. We have published a similar figure in Ref. 191
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However, in a more realistic system the magnetic field also couples to the electronic spin
degree of freedom which leads to an effective magnetic Zeeman interaction. As shown previ-
ously, the Zeeman interaction in topological insulators is different from the one obtained for
Dirac fermions in graphene, because it leads to a mass term which depends on the relative
orientation of the magnetic field and the surface normal vector [cf. Egs. (4.27] [4.48)]. To bet-
ter understand the role of the Zeeman interaction, let us first consider an inversion-symmetric
topological insulator with A/t = 0. In that case, the degeneracy of the zeroth Landau level at
zero energy is lifted by the Dirac mass term mgy¢ = (9—B%, g By, —g+B§)T -ninduced by the
Zeeman interaction. As discussed in the previous section, the edge channels are then located
at the edges along the direction of the magnetic field B, as shown in Fig.[4.6|(b). To check this,
we have calculated the electronic band structure and the probability distributions of the eigen-
states within the tight-binding approximation in the presence of a magnetic Zeeman field, as
shown in Fig.[4.11] Panels[4.17](b-d) show a sequence of quantum Hall transitions between the
lowest Landau levels &, withn € {—1,0, 1}. Note that the energy of the Landau levelsisin very
good agreement with the analytical Landau level sequence (4.48). While the edge channels at
the chemical potential 11/t = £0.15 show the expected orbital character, where the electrons
move in a plane perpendicular to the applied magnetic field as discussed above, at p/t = 0
we observe another quantum Hall transition to a state dominated by the Zeeman interaction.
This can be easily seen from the orientation of the edge channels along the direction of the
magnetic field B which is in perfect agreement with our analytical arguments. Moreover, the
quantum Hall transitions for the individual edge channels occur simultaneously at both edges
due to the rotation symmetry of the model for A/t = 0, i.e., edge channels located in opposite
edges of the sample “jump” between edges at the same time. For larger chemical potentials,
e.g., u/t = £0.35, we also observe three orbitally dominated edge channels corresponding to
the three filled Landau levels &, with n € {0, £1,42}. More generally, a closer inspection of
the electronic band structure shows that always pairs of Landau levels become occupied at a
quantum Hall transition, except for the zeroth Landau level, whose degeneracy is eventually
lifted by the Dirac mass term. In that sense, we observe an odd-integer quantum Hall effect.

This picture changes when we take a finite inversion asymmetry A/t into account which is
generated by (i) inversion asymmetry due to the sample growth on a subtrate or (ii) the applied
magnetic field breaking time-reversal symmetry. In that case, the two gaps induced by the Zee-
man interaction and the symmetry-breaking term A/t compete with each other and can lead
to interesting quantum Hall transitions. For example, the edge channels can switch between
an orbitally dominated character and a Zeeman-dominated behavior depending on the rela-
tive strength of the two gaps, as was observed in Figs.[4.10jand[4.11] To shed some light into the
more complicated interplay between those two competing gaps, we have calculated the elec-
tronic band structure of the minimal model in the presence of a finite orbital magnetic field, a
finite Zeeman interaction, and a finite inversion-asymmetry A /¢ which is shown in Fig.[4.12](a).
As before, the Landau level energies agree very well with the analytically obtained Landau level
sequence. However, if we consider the sequence of quantum Hall transitions close to the ze-
roth Landau level, we also observe individual edge channels “jumping” from one edge of the
sample to another as function of the chemical potential [see Fig.[4.12](b-d)].

In principle, itis also possible to obtain more complex situations which show both orbitally
dominated and Zeeman interaction dominated edge channels, for instance close to the quan-
tum Hall transition populating the first and second Landau levels. This, however, requires fine-
tuning of the chemical potential iz and the applied magnetic field B as the corresponding fea-
ture in the band structure is not very pronounced, and thus it is likely not observable in a real-
world quantum Hall experiment. Since such sequences of quantum Hall transitions also occur
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Figure 4.12. (a) Plot of the electronic band structure of a beam-shaped strong topological insulator with
dimensions N, x N, x N, = oo x 50 x 40. The parameters of the model have been chosen such that it
realized an inversion-asymmetric strong topological insulator in the absence of magnetic fields: ¢t = 1,
m/t = 2, A/t = 0.05, N, = 50, N, = 40, g+ = %, Bz = (0,0.14,0.14)", NY = NZ = 0.007.
(b-d) Logarithmic plots of the probability distribution |+(r)|? as function of the coordinate r in a cross
section of the beam-shaped sample for different chemical potentials 1/t. Particles moving in positive
(negative) z direction are denoted by afilled right (left) triangle in red (blue) color. For positive (negative)
1 the edge channels are dominated by the orbital field and show an orbital motion in a plane perpendic-
ular to the magnetic field, where the direction of the current-carrying edge channels is determined by
the negative (positive) charge carriers. Panels (b-d) show an unusual sequence of Hall transitions, where
the current-carrying edge channels move independently between the edges upon increasing (decreas-
ing) the chemical potential 1./t. The presence of both magnetic Zeeman interaction and the inversion
asymmetry A/t leads to an non-trivial interplay of the gaps induced by those interactions, resultingin a
complicated behavior of the zeroth Landau level [cf. Eq. ] close to the Fermi level at i1/t = 0 which
is, however, also captured by our theory. We have published a similar figure in Ref. [191
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when changing or rotating the magnetic field, they could provide an interesting setup to study
the interactions of individual edge channels.

4.2.2 Numerical results for counter-propagating edge channels

Finally, to gain a better understanding of the interaction effects of counter-propagating edge
channels, which occur at step edges of the sample, we have calculated both the band structure
and the corresponding eigenstates of the edge channels for various heights of the step edge.
Fig.[4.13 shows the electronic band structure of beam with rectangular cross section, whose
primary dimensions are given by NV, x N, x N, = oo x 50 x 40. The step edge has a fixed
width of 25 unit cells in y direction and a variable height in z direction, where panels (a) and (b)
of Fig.[4.13|correspond to step heights of 1 and 20 unit cells, respectively. While the additional
features in the electronic band structure due to the step edge are not very pronounced for small
steps, they become more and more important for increasing step heights. In particular, we
have calculated the eigenstates for a large step edge as illustrated in within the tight-binding
approach for different chemical potential. As expected, we observe the current-carrying edge
channels close to the edges, where the Hall quantum number v changes. In Fig. those
states are the left- and right-moving states indicated by filled left (right) triangles with blue (red)
color atenergy £/t = —0.095 and close to k£ = 0.

In principle, the tight-binding approach in conjunction with exact diagonalization methods
would also allow to estimate the strength of the Coulomb interaction Vg (7, 7') o< €2 /|r — 7|
between the counter-propagating edge channels as well. Here, the field lines of the electric
field can only extend in the yz plane, because we assume translational invariance in the di-
rection perpendicular to the cross section, which also gives rise to the conserved momentum
k in the band structure calculations. However, for a proper estimate of the Coulomb interac-
tion strength one should also consider the dielectric properties of the model. For example,
bulk HgTe has a large dielectric constant, epg1e =~ 21.0, and thus the screening of long-ranged
Coulomb interactionsis very efficient’¥2, Moreover, due to the step edge the electric field shows
a strong anisotropy within the 2D yz plane, so that an estimate of the Coulomb interaction
would become much more complicated.

Finally, from a theoretical point of view it would also be desirable to investigate the inter-
actions of counter-propagating edge channels in terms of chiral Luttinger liquids. Here, the
general framework of Luttinger liquids should provide a suitable language to discuss the signa-
tures of different types of interactions between counter-propagating chiral liquids.

4.3 The magneto-electric effect and the topological 6-term

In two and three dimensions, the non-interacting topological insulators are described by Z»
invariants (see sections[2.5and[3.6.6) which have been reformulated in a number of different
ways=838546 However, in the presence of interactions or disorder, those expressions for the
Zs invariants are, in general, not well-defined. One approach to generalize the Z invariants to
the interacting case can be formulated in a topological field theory™. The relevant topologi-
cal field theory in 3 4+ 1 dimensions is given by the axion Lagrangian or the so-called 8-term
which is well-known in quantum chromodynamics'®7192, Based on this term in the topolog-
ical field theory Qi, Hughes, and Zhang have predicted, among other interesting effects, the
so-called topological magneto-electric effect, where an electric field induces a magnetic field
in the same direction. For example, a particularly interesting effect is the appearance of an im-
age magnetic monopole under the surface of a topological insulator when an electric charge
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Figure 4.13. Plots of the electronic band structure of a beam-shaped strong topological insulator with
dimensions N, x N, x N, = oo x 50 x 40. The parameters of the model have been chosen such
that it realized an inversion-asymmetric strong topological insulator in the absence of magnetic fields:
t=1,m/t=2,A/t=0,N, =50,N, =40, g+ = % The magnetic field orientation has been chosen
such that the topological insulator realizes the situation shown in Fig.[4.9] We have checked numerically
that the edge channels are indeed located at the edges of the step edge sample. Panel (a) shows the
band structure for a step edge with a height of two unit cells. Note that the additional features in the
band structure close to £ = 0 are not very pronounced, and fine-tuning of the magnetic field and/or
the chemical potential is required to observe the counter-propagating edge channels. Moreover, due to
the small height, the tunneling probability between those counter-propagating edge channels is quite
large, so that tunneling leads to backscattering. In panel (b) we calculated the band structure for a step
height of 20 unit cells. Here, the most interesting feature occurs at small negative chemical potential
p/t = —0.095 close to k = 0, where the left- and right-moving states indicated by the filled left (right)
triangle in blue (red) color correspond to the counter-propagating channels at the step edge.
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is brought into proximity™. The constant of proportionality entering the topological magneto-
electric effectis universal and quantized in odd multiplies of the fine-structure constant o = %20
(Ref. [T1).

Let us first discuss the origin of the 6-term. As shown by Qi, Hughes, and Zhang, the ef-
fective action of a Dirac Hamiltonian in 3 4+ 1 dimensions coupled to an external U(1) gauge
field A, (x,t) can be derived by dimensional reductio Starting from a Chern-Simons field
theory in 4 + 1 dimensions, one can choose a certain Landau gauge in which the Hamilto-
nian becomes translationally invariantin one of the spatial directions. Thus, assuming periodic
boundary conditions in that direction, one can perform a Fourier decomposition of the spinors
and rewrite the Hamiltonian as one-dimensional Bloch Hamiltonian. The effective action for
the resulting system in 3 + 1 dimensions can then be written as

2
Sasion[ Ay, 0] = %i B dt €upe O(2,t) Iy A, (x,1) D, Ay (. 1), (4.54)
where p, v, p,0 € {0,1,2,3} = {t, x,y, 2} denote temporal and spatial coordinates, and €,,,,p»
is the totally anti-symmetric tensor with €p123 = 1. 6(x,t) is a smooth field in the 3 4 1 di-
mensional space-time, so that it can be considered locally as a parameter. This effective theory
is known in the field theory literature as axion electrodynamics'%31%% where the 0(x, t) field
plays the role of the axion field0%107,

Usually, the electric polarization P couples linearly to the external electric field F, and the
magnetization M couples linearly to the magnetic field B. However, the field 6(«x, t) couples

to both external electromagnetic fields E and B since
€uvpo OuAy 0,A; =2 E- B. (4.55)

For that reason, the #-term is often referred to as magneto-electric polarization. Note that
E - B is odd under time-reversal, so that in general the effective action S,xijon breaks time-
reversal symmetry. Note also that when (x,t) becomes a constant parameter independent
of space and time, i.e., 0(x, t) = 6 = const, this effective action is also referred to as the topo-
logical term for the 8-vacuum!%%199 While this term is usually not accessible experimentally,
Qi, Hughes, and Zhang have made several theoretical proposals, where the 6-field might be
related to physical observables™.

4.3.1 Thevalue of # in topological insulators

Let us start with a brief discussion of some properties related to the 6-term. First, if we consider
the bulk of the system or a system with periodic boundary conditions in all spatial and temporal
directions, f(x, t) takes a constant value 6. As a consequence, the effective action S,xion can
be written as a total derivative:

e? 0

Saxion [A;u 9] = ﬁa /d?’l’ dt €uvpo aﬂAy 8pAO' (4563)
e? 0

- ﬁ% dgm dt €uvpo 8#(AuapAa)- (456b)

At first glance, the above integral vanishes for a general electromagnetic field since it can be
written as a surface integral in a closed (3 + 1)-dimensional space-time, but this is misleading

“Note that this theory can also be obtained directly in a 3 + 1 dimensional theory by integrating out the fermion
fields in the presence of the external gauge fields A, (@, t) and 6(x, t).
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as was pointed out, e.g., by Vazifeh and Franz™®. Since the gauge field 4, (x, ) of a periodic
electromagnetic field is, in general, not periodic in space and time, the effective action Saxion
does not vanish. Instead, the integral is rather quantized as 2mm with integer m in units of €2/
(Ref. [110), so that the action exp(iSaxion) = exp(ifm) is invariant under the shift of § by any
integer multiple of 27

exp(im) = exp[i(6 + 2mn)m| Vn € Z. (4.57)

All physical observables are thus invariant under a global transformation 6 — 6 + 27n with

~

integer n. Moreover, in the presence of time-reversal symmetry (©) and/or spatial inversion

symmetry (P), the electromagnetic fields E and B transform as

©E=E, O6B-=-B, (4.58a)
PE=-E, PB-=B. (4.58b)

Both symmetries independently imply that the product E - B is odd, i.e., changes sign under
© or P. Thus, naively also 6 is odd, and the only allowed value for 8 is zero. This, however,
neglects the fact that the action is also 27-periodic, and shifting # by multiples of 27 shows that
also 8 = mis allowed by the above symmetries. As a consequence, in a time-reversal invariant
and/orinversion-symmetric system, the value of # must be equal to eitherf = 0orf = 7. ltwas
believed for a long time, however, that in most insulating materials # = 0 is the only allowed
value for the 6-term due to the lack of experimental evidence for systems realizing the non-
trivial value of & = w. Nevertheless, the recent discovery of the 3D topological insulators and
the quantization of the 6 value allow for a distinction between strong topological insulators
and weak topological insulators or trivial band insulators, as was pointed our by Qi, Hughes,
and Zhang™:

or = (4.59)

0 Jn for weak topological insulators and trivial band insulators
n -+ % for strong topological insulators

Finally, note that if both time-reversal and inversion symmetry are broken, the topological
quantization of physical response functions is not guaranteed any longer which implies that
the value of 6 is not quantized any more and can take any fractional value. In that case, one has
to use other methods to define and compute the topological invariant v, for example Green’s
functions.

4.3.2 Relation between the 6-term and the Hall response

As previously mentioned, due to the 27 periodicity of the effective action S,xion, i.€., 0 — 0 +
27n, the integer part of the % is not a physical quantity. However, as we discuss below, if we
consider a system with open boundary conditions, the integer part of § entering the effective
action S,yion becomes physical, and its value depends on quantitative details of the boundary.

Being quadratic in the external gauge field A,,, the effective action S,yion describes the lin-
ear response of the system to external electromagnetic fields E and B. By taking the functional
derivative of Syyion With respect to A, we obtain the electromagnetic response of the system
in terms of the generalized current j, which depends on the spatial and temporal gradients of
the f-field:

0Saxion[Ap, 0] €* 1

jula,t) = e = s e 0,0(x, 1) 9,Aq (. 1). (4.60)



4 - Hall Conductance Quantization and the 6-Term in Topological Insulators 105

In other words, a temporal or spatial gradient of (x, ¢) induces a Hall current in the system.
Conversely, there will be no Hall response in the bulk, where 6(x, t) takes a constant value 6
and where all gradients of f(x, t) vanish.

However, if we consider a system with an interface between two homogeneous materials,
where the §-field depends only on the z coordinate and is constant otherwise, i.e., §(x,t) =
0(z), then the current density is given by

2
ju(z) = ‘2 6;”" 0,0(2) 8y Ay (, 1) (4.61)

with p,v,0 € {t,z,y}. In the static limit, this current describes the quantum Hall effect in
the perpendicular zy plane with the corresponding Hall conductivity o, (2) given by [see also

Fig.[4.14](a)l:

_e20.0(2)
Ozy(2) = o (4.62)
By integrating 0., (%) in afinite range z; < z < 2 we obtain the interface current as
0(22)
p— T . 4.
Jy = / dz jy(z / dz o4y(2 h27r/ dz 0.0(z h27r e )d@ (4.63)

Thus, the Hall conductance of the region between z; and z2 depends only on the change in 6(2)
in this region and is not sensitive to any details of the function 6(z):

surf e / d Z

As a result, an interface between the two homogeneous materials with different 6 values has
the Hall conductance

0z2) 49 €2 0(z) — 0(21)
SRAG 4.64
=< /9 4 (4.64)

(21) o 2m

surf _ 2 Af
e ho2n’
where Af = 0(z3) — 0(z1) denotes the difference of the # values of both materials. More im-
portantly, since # = 7 in a strong topological insulator, we observe that the Hall conductance

attheinterface between a trivial band insulator and the strong topological insulator is equal to
half of the conductance quantum:

(4.65)

2

ot = iﬁ (4.66)

Note that this result is valid only if the surface band structure is gapped, for example, by the
proximity to a ferromagnetic layer.

This result can also be understood as follows: The effective Hamiltonian for a single Dirac
fermion at the interface can always be written in a proper basis as two-band Bloch Hamiltonian

Hourt (K, ky) = vp(kzor + kyoy) + mos, (4.67)

where m is an effective mass which is, for example, generated due to the proximity to a ferro-
magnetic layer. This Dirac Hamiltonian can also be obtained, for example, by a Taylor expan-
sion of the Haldane model introduced in chapter[2| close to the quantum phase transition at
m/t = 2. As shown for the Haldane model, one can compute the Hall conductance from the
Chern number which is well-defined if the fermion mass m is non-zero so that a band gap is
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Figure 4.14. (a) Illustration of the Hall effect at a single interface between two homogeneous materials
induced by the spatial gradient 0,6(z). (b) Illustration of the Hall effect at the two parallel interfaces in
a heterostructure. The applied electric field E = Fe, induces Hall currents j, and j, at the top and
bottom interfaces of the topological insulator (Tl) and the trivial band insulator (BI), where the 6 value
changes. These Hall currents j, and j, point into and out of the direction of the paper, respectively.

opened. For a constant mass m it turns out that the Hall conductance for a single Dirac fermion
is then equal to a half of the conductance quantum:

2
J?y) = ;—h sgn(m). (4.68)
Quite generally, the topology of the bulk band structure requires that the Hall conductance
carried by a single surface Dirac fermion at the interface between two homogeneous materi-
als with different 6 values is quantized in half-odd integers, provided a surface band gap exists.
Note that the half-integer quantization of the Hall conductance of a single Dirac fermion is in-
timately related to its m Berry phase12819596 | that sense, the above result for the surface
conductance a;gff is intimately related to the Hall conductance in the Haldane model.

Aside from the unusual half-integer quantization of the Hall conductance, Eq. seems
to violate Laughlin’s quantization of the integer quantum Hall effect??. The resolution to this
apparent contradiction is that in a real sample there are always two surfaces at opposite sides
of the sample with opposite normal vectors. As a consequence, the total Hall response U;I;}g =
ai};jfg - a;‘;lf, in a slab with top and bottom surface is either equal to 0 or =1, and thus an integer
number, thereby restoring the integer quantization of the quantum Hall effect.

To clarify the consequences of the last point, let us consider a topological insulator in a
slab geometry which is sandwiched on both sides by trivial band insulators [see Fig.[4.14| (b)].
Furthermore, we assume that time-reversal symmetry is broken by an applied magnetic field
which creates aband gap in the surface electronic band structure. As shown above, the topolog-
ical insulator is characterized by a non-trivial value of 8 which, in the presence of time-reversal
orinversion symmetry, takes the bulk value § = (2n+ 1)7 with integer n. The trivial band insu-
lators, on the other hand, shall be described by the values 6, ;, = 27n, , for the top and bottom
layers, respectively. Due to the spatial gradientin 6(z) across the interfaces, the applied electric
field E = Fe, induces Hall currents in the y direction given by [cf. Egs. (4.60}[4.61)]:

. €2 20, -6
62 62 95 —0

The corresponding Hall conductances for the individual top and bottom interface are then given
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Figure 4.15. Schematic picture of the quantum Hall effect at the edges of a topological insulator, with
the dashed green lines indicating the branch cuts of 8 separating the top and bottom vacuum from each
other. While the spatial gradient 9.6(z) induces afinite surface Hall response 05" at the top and bottom

zy
interfaces, the orbital magnetic field B “pushes” the induced Hall currents to the edges of the sample.
At the edges, where the top and bottom surfaces intersect each other, the total Hall response of;” =
a;‘;ﬁ — a;‘;j‘:f) = %(nt — np) is quantized and independent of the precise value of 6 within the bulk of
the topological insulator.
by
2 2
surf €0 —0 e 0
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Apparently, the individual surfaces of a strong topological insulator with # = 7 show a half-
integer quantized Hall conductance. However, if we consider that the top and bottom surfaces
intersect at some point in real space (or infinity for that matter), then the total Hall response of
the topological insulator at this edge is given by the difference of the surface Hall conductances
since the surface normal vectors point in opposite directions:

2

oryl = ot — ot = (e — ). (4.1)
As a result, we obtain the well-known integer-quantized Hall effect: o' = n(e?/h) with
n € Z. Most importantly, the total Hall response at the intersection is independent of the par-
ticular value of 6 in the bulk of the topological insulator. Thus, the precise value of § cannot be
obtained from a standard quantum Hall measurement probing UE;H, because a transport mea-
surement is but a global measurement probing the whole topological insulator sample. Never-
theless, by using appropriate surface-sensitive methods one could, in principle, determine the
value of § mod 27 from o—;grf [cf. Eq. ], because they provide access to local properties of
the sample. For example, the polar Kerr effect, where linearly polarized light shows a rotation
of the polarization axis upon reflection on some surface, is a well-known experimental probe of
the Hall conductance 0., and it has been recently applied to thin films of topological insulators
in the vicinity of a ferromagnet™2,

Moreover, we immediately see from Eq. that the appearance of current-carrying edge
states implies that the top and bottom vacuum surrounding the topological insulator are dif-
ferent in the sense that n; # n;. Put differently, the value of 8 is not well-defined throughout
the whole space, but contains singular branch cuts, where the integer part of % changes (see
Fig.[4.15). As a consequence, the singularities of the f-term and the chiral edge states are also

related to one another.
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To better understand those chiral edge states, let us first compute the currents through a
2D manifold with an edge-like boundary (see Fig.[4.16). Similar to a topological insulator in the
slab geometry, the planar surfaces of the crystal can be characterized by integers ny and no

describing the integer part of the surface Hall response o5t [cf. Eq. (4.70)]. In the static limit,
i.e., 0,6(r,t) = 0, the current density j = je, as obtained from Eq. (4.60) can be rewritten as

62

jlr) = —ﬂ(VG( r)) x E(r). (4.72)
By integrating this current density over a sufficiently large region across the edge bounded by
the contour C (see Fig.[4.16), we obtain the following current-carrying edge channel:

2 2
I = /daﬁ-j(r) = —;T—h don-(Vo(r)) x E(r) = ~3n don-V x (0(r)E(r)).
(4.73)
Since the electric field is a conservative force and can thus be described in terms of a scalar
potential ®(r) with E(r) = —V®(r), where V x E(r) = 0, we can write the above equation

for the current I as

= 27rhj{dr 27rh7{dr O(r)(VO(r fdr (Vo(r))®(r),

(4.74)
where we have rewritten the surface integral of the curl of the vector field (r) E(r) into a line
integral along the boundary C of the surface by applying Stokes’ theorem. If we assume further
that 6(r) is singular at most at one point on the manifold, we may rewrite the expression for

the current as
2 2

e e
I=———FA® ¢ dr-Vi(r)=— Ad - 4.75
5T jé; r-Vo(r) . (n1 —na), (4.75)
where A® = &,— P4 denotes the potential difference between the edge equipotential line with
®(r) = ®. and the potential &, at the singularity (dashed green line in Fig.[4.16). Therefore,
the number of one-dimensional chiral edge channels is given by an integer winding number W

of the f-term, and the Hall conductance o2 = I/A® can be rewritten as
Hall e? 1
Ope = ——W with W= j{dr -VO(r) =ny — na. (4.76)
Y h 2

This underlines the quantization of the Hall conductance in units of €2 /h. Moreover, the loca-
tion of the edge channels tracks the singularities of the 6-term and vice versa. Since the winding
numbers W are integer-quantized and thusindependent of the precise value of  characterizing
the topological insulator, the total Hall response aHya” is also independent of details of 6. This
shows that the quantization of the Hall effect, rooted in charge quantization, is a much more
robust concept than the quantization of the 8 value in topological insulators which is based on

the presence of time-reversal symmetry or spatial inversion symmetry.

4.3.3 Numerical results for the 6-term

Finally, for an infinite slab in the xy plane with dimensions N, x N, x N, = oo x oo x 20
we have also calculated the layer-resolved matrix of conductivities o,,(z, ') and derived the
change of the 6-term as function of the layer index z. Specifically, we consider the following



4 - Hall Conductance Quantization and the 6-Term in Topological Insulators 109
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Figure 4.16. a) Illustration of a current-carrying edge channel running along the edges of a topologi-
cal insulator. b) Schematic view in the direction of the current. The planar surfaces of the topological
insulator are characterized by integers n; and no, describing the integer change of the 6 value across
the surfaces, thereby characterizing the surface Hall response ag}; [cf. Eq. M ]. The number of chiral
edge channels can be obtained by computing the winding number of the f-term along the contour C
in a clockwise orientation. The dashed green line indicates the branch cut in real space, where () is
singular. We have published parts of this figure in Ref. 19

one-dimensional tight-binding Hamiltonian which is parametrized by a two-dimensional in-
plane momentum k = (k,, k,):

= Z \IJLZ (m — tcos(kza) — t cos(kya))ToW,,,

- tz \I/Jr (sin(kga)T'1 + sin(kya)T2) ¥y,

—tZ[ ( ZP3>\I/kz_a+H.c.]

+AY LT+ Hy

(4.77)

Here, the first two lines describe the usual hopping of electrons within a single layer of the slab,
whereas the third line describes the inter-layer hopping between two adjacent layers. We also
include a Zeeman interaction 7z which creates a finite bulk band gap in the electronic band
structure, and thus the energy denominator entering the Kubo formula below becomes
well-defined. The layer-resolved Hall response can then be calculated from the matrix of con-
ductivities 0, (2, 2’) using the Kubo formula®? as follows:

(ol H (k. 2)|8) {5105, H (k. )]
Z ] [ (€0 — &)

Ouy(2,2)

Ea </»l<55

(|Ok, H ke, 2")|B) (B0, H(K, z)|a)
_ R . (4.78)

where H(k, z) denotes the projection of the above tight-binding Hamiltonian # (k) onto layer
z. Consequently, the total response o, (2) in layer z to a uniform electric field is given by:

Ozy(2) = /OO dz' o4y(z,2'), (4.79)

—00
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which allows us to calculate the change in the #-term from one layer to next one as follows:

z
0(z) = / dz' oyy(2). (4.80)
—0o0

Fig.(a, b) shows the layer-resolved Hall response o, (2) (top panel) and the integrated
value for the #-term (bottom panel) as function of the layer index z for different phases realized
by the minimal model. First, note that in the trivial band insulator phase, i.e., for |m/t| > 3,
the system shows only a very small transverse response at all which is in agreement with our
naive understanding of the trivial band insulating character of this phase. Consequently, there
is no change in the value of 6(z) across the slab. The situation is, however, completely differ-
ent in the topologically non-trivial phases for |m/t| < 3. Both weak and strong topological
insulators are characterized by non-vanishing Hall responses at the top and bottom surfaces
of the slab, where the gradient 0,60(z) is largest. Nevertheless, we observe an important dif-
ference between the weak and strong topological insulator: While the weak topological insu-
lator for |m/t| < 1 shows a Hall response 0., ~ e?/h, the strong topological insulator for
1 < |m/t| < 3'is characterized by half a conductance quantum o, ~ €?/(2h) as expected
from theory. In other words, the strong topological insulator hosts a single surface state at
each surface, whereas the weak topological insulators hosts two surface states at each surface.
Upon integrating the layer-resolved Hall response we immediately see that the value of the 6-
term within the bulk of the slab is given by an even (odd) multiple of 7 in the weak (strong)
topological insulator, thus underlining the formulation of the Zs classification of time-reversal
invariant and/or inversion-symmetric 3D topological insulators discussed in section|4.3.1

However, as mentioned before, this Z, classification in terms of 8 is only well-defined in the
presence of either time-reversal symmetry or inversion symmetry, because the value of 8 is not
quantized any longer if both symmetries are absent. To illustrate this further, we have calcu-
lated the #-term of the minimal model also in the presence of symmetry-breaking terms,
as shown in Fig.[4.17) (c, d). To be specific, in the minimal model, such a symmetry breaking
can be easily taken into account by considering a finite value of A I'y. Starting from a time-
reversal invariant and inversion-symmetric model for A/t = 0 with quantized Hall response
oy = €2/(2h) atthe surfaces and a quantized bulk value § = 7, we observe that the bulk value
of the f-termis no longer quantized, but takes an arbitrary, non-quantized value when A /¢ isin-
creased. Upon further increasing A /t beyond a critical value given by A/t = g, B7, a surface
guantum phase transition takes place, where the total Hall response of the slab Ui‘;f + o—;‘;g
changes from e2/h to zero. This is accompanied by a sign change of the surface Hall conduc-
tance of one of the two surfaces and can be understood in terms of the change of the 6 value in
the bulk as follows. For A/t = 0, one can characterize the top and bottom vacua surrounding
the sample by different 6-values ; = 2mn; and 8, = 2mny, where ny # ny in the topolog-
ically non-trivial phase. When A/t is increased, both time-reversal and inversion symmetry
are broken, so that the half-integer quantized surface Hall response of a 3D topological insu-
lator is no longer protected, which can also be seen in the classification table of topological
insulators®>®’, Indeed, we find a crossover of the f-term in the bulk of the system, and at the
critical value A, the value of 6 crosses an integer multiple of 27 which leads to the sign change
in the surface Hall conductance and marks the surface quantum phase transition to the “trivial”
phase.

To summarize those results, we see that the total Hall response and the total change in the
f-value across the whole sample are always quantized due to the topological value of 6, =
27y describing the vacua on either side of the slab, irrespective of the presence or absence of
time-reversal symmetry or inversion symmetry. As a consequence, a quantum Hall experiment
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Figure 4.17. Plots of the layer-resolved in-plane Hall response o, (2) [panels (a) and (c)] and plots of the
#-angle [panels (b) and (d)] as function of the layer index z, calculated for different phases from a layer-
resolved Kubo formula in a slab geometry for N, = 20 layers [cf. Eqs. (4.784.80)]. The parameters of
the model (t = 1, A/t = 0, g1 BZ = 0.25) are chosen such that it realizes a trivial band insulator phase
form/t = +4 (black line, open squares), a strong topological insulator phase for m/t = 2 (red line,
open circles), and a weak topological insulator phase for m/t = 0 (blue line, open triangles). (a) In
the trivial insulator phase for [m/t| > 3 and A/t = 0, there is almost no Hall response to an applied
external electric field, while in the topological insulator phases for |m/t| < 3 both top and bottom
surface host metallic surface states. (b) 8(z) is constant within the bulk of the sample, but changes when
entering or leaving the topological insulator sample. Moreover, since 6(z) tracks the metallic surface
states, we observe that the strong topological insulator hosts a single topological state on each surface,
while the weak topological insulator has two topological surface states. The integer part of §/(27) has
been chosen such that 0 < @ < 27 in the bulk of the sample. (c) At A/t = g4 BZ = 0.25 the bulk of the
system shows a crossover to a trivial band insulator phase which can be observed by the sign change
of the surface Hall response at this point. (d) Upon increasing A/t we observe that the bulk value of
0 is not an integer multiple of 7, but takes any value, as expected from theory. Nevertheless, the total
change across the sample remains quantized, (N,) — (1) = 27(n; — nyp). Note that in this case the
strong topological insulator phase for A/t < 0.25 is characterized by vacua with different topological
quantum numbers n; ;, = 0,1 on both sides of the slab, while the trivial band insulator has the same
vacuum surrounding it. We have published a similar Figure in Ref. [19.
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probing the whole slab can only measure the integer quantization of the Hall conductance agjﬂ

which is in agreement with the fact that charge is quantized in multiple of the unit charge e.
Thus, the value of the bulk 6-term is inaccessible to a transport measurement and can only
be revealed in different types of surface-sensitive experiments. As mentioned before, the Kerr
effect, where linearly polarized light shows a rotation of the polarization axis upon reflection
on some surface, is a well-known experimental probe of the Hall conductance which could, in

o surf
principle, measure the local value of o3,

4.4 Summary and discussion

In this chapter, we discussed important aspects of our minimal model for topological insulators
and focused in particular on the quantum Hall effect which takes place on the 2D surfaces of a
3D topological insulator.

When deriving the effective Dirac Hamiltonian for a single surface we observed that the Zee-
man interaction coupling the electron’s spin to the magnetic field leads to a non-trivial and
surface-dependent mass term for the surface Dirac fermions. We showed analytically that the
competition between the gaps induced by the symmetry-breaking term A T'y and the Zeeman
interaction leads to different types of edge channels which are either dominated by the orbital
magnetic field or by the Zeeman field. In finite-size geometries we showed that those edge
channels form networks since all surfaces are connected to each other. Moreover, upon chang-
ing the orientation of the magnetic field the Dirac mass term on the surfaces changed, and this
results in non-trivial edge channel networks with two or more edge channels along a single
edge. In particular, we showed that the corresponding conductance network also allows to
measure fractional values of the conductance quantum when contacting the individual edges
by voltages probes. Since this pattern changes as function of the magnetic field and/or the sur-
face chemical potential, this allows for interesting experiments on 3D topological insulators. To
illustrate the Landau level sequence in a magnetic field and the positions of the edge channels,
we calculated the electronic band structure of a infinite beam with rectangular cross section.
The energy of the resulting Landau levels agreed with the analytical sequence within a few per-
cent, and also the edge channels were located within a few lattice sites at the edges of the
sample. While the complicated interplay between the different gaps is more difficult to grasp
analytically, the numerical tight-binding calculations allowed to study the behavior of the edge
channels when changing, for example, the chemical potential. In particular, we observed edge
channels“jumping” from one edge to an adjacent one, which could be used as a hint for the
topological nature of a sample. Furthermore, the dependence on the relative orientation be-
tween magnetic field and surfaces allows for non-trivial conductance networks which can also
show fractional conductances when placing appropriate voltage contacts on the edges.

In the second part of this chapter, we discussed the role of the #-term in topological in-
sulators and showed how it relates to the Hall response measured in transport experiments.
Notably, we showed that the Hall response a;{;ll is a global measurement on the topological
insulator and quantized in integer multiples of the conductance quantum e2/h due to charge
quantization, while in a time-reversal invariant topological insulator the response of a single
surface, o;grf, is equal to half the conductance quantum. Nevertheless, this half-integer quan-
tization ceases to exist once time-reversal and inversion symmetries are broken in the bulk of
the sample, for example by the applied magnetic field, which was confirmed by numerically
calculating the corresponding Hall response of a topological insulator slab.

The results of this chapter have been published in Ref. 19



CHAPTER 5

Surface Criticality in
3D Topological Insulators

N on-interacting topological insulators are characterized by a bulk band gap and gapless
2 DN edge or surface states at their boundaries which are protected by time-reversal sym-

metry and the intrinsic topological winding of the electronic bulk band structure, as
discussed before. Therefore, topological insulators are stable against non-magnetic disorder or
perturbations which do not break the symmetries of the Hamiltonian, and the bulk-boundary
correspondence suggests that, as long as the bulk band structure remains gapped with a non-
trivial band topology, there exist edge states at the boundaries. If an energy gap can be induced
in the surface states, even more interesting effects such as the topological magneto-electric ef-
fect or Majorana fermions are expected to occur on the surfaces of topological insulators. This
gap can be induced, for example, by breaking time-reversal symmetry in the bulk by applying
an external magnetic field® (compare also previous chapter), by proximity to a magnetic mate-
rial™! or a superconductor™', etc. However, it is not immediately clear to what extent the bulk-
boundary correspondence holds in the presence of electron-electron interactions. In general,
interactions are expected to create correlated topological states™#12l, For example, Gurarie
has proposed that strong correlations could realize a topologically non-trivial phase without
any surface states when the interactions become sufficiently strong.

In this chapter, we investigate the question whether electron-electron interactions on the
can induce a band gap in the surface electronic band structure. In particular, we focus on the
mechanism of chiral symmetry breaking which describes the spontaneous generation of an
exciton mass of 2D Dirac fermions in the presence of long-range Coulomb interactions above a
critical interaction strength. The main idea behind this is to reduce the average kinetic energy
of the surface Dirac fermions in order to increase the effective interaction strength, whereas
the properties of the bulk should remain unchanged. In the context of 3D topological insula-
tors, this gap creation implies that there are no gapless Dirac-like surface states on the 2D sur-
faces, although the bulk electronic band structure of the topological insulator remains gapped
with a non-trivial band topology. In the following, we investigate under which conditions chi-
ral symmetry breaking could be expected on the surfaces of topological insulators and discuss
its possible realization in different models. We show that (i) long-ranged Coloumb interactions
cannot drive the transition due to screening, but (ii) short-range Hubbard-like interactions may
give rise to gapped surface states, provided the system has an “approximate” chiral symmetry.

This chapter is organized as follows: After an introduction of the mechanism of chiral sym-
metry breaking in the context of Dirac fermions in two spatial dimensions, we briefly review the
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current experimental and theoretical status regarding chiral symmetry breaking in the context
of two-dimensional graphene sheets'#2,

Wethen introduce the two-dimensional Kane-Mele model as an effective low-energy model
of a topological insulator on the two-dimensional graphene lattice®. In particular, we review
that the zero-energy edge states in finite-size graphene ribbons with zigzag edges form com-
pletely flat bands, but those are not observed for armchair edges. We also show how those flat
bands are related to the topology of a whole family of one-parameter Bloch Hamiltonians, and
we give explicit criteria for the existence of those zero-energy boundary states for topological
insulatorsin two and three dimensions™®. After that we discuss under which conditions the one-
dimensional edge states in graphene ribbons spontaneously develop long-range ferromagnetic
order in the presence of Coulomb interactions.

The results on the two-dimensional graphene lattice can be generalized to strong topo-
logical insulators described by the Fu-Kane-Mele model on the three-dimensional diamond
lattice™®., This model shows both weak and strong topological insulator phases when tuning
its model parameters appropriately, but does not exhibit a trivial band insulator phase in the
perturbatively accessible regimes. We also consider surfaces of slabs with different orienta-
tions described by the Fu-Kane-Mele model, and for certain surfaces we predict the existence
of zero-energy states which form completely flat bands. Furthermore, we confirm the existence
ofthose surface bands by explicit tight-binding calculations and discuss the role of spin-orbit in-
teractions generated by second-nearest neighbor hopping. In the presence of Coulomb interac-
tions, the corresponding surface Dirac fermions are expected to show a similar phase diagram
as the Dirac fermions in graphene, since the 2D surface state bands become increasingly flat as
we decrease the spin-orbit coupling parameter. However, being of 3D nature, we also have to
consider the bulk properties of the model, in particular the dielectric polarization. We show
by an explicit calculation of the polarization function to leading order in the spin-orbit coupling
that the topological criterion for the existence of flat surface bands also leads to a sharp peak
in the density of states. As a consequence, this activates screening of the long-range Coulomb
interactions, and chiral symmetry breaking due to Coulomb interactions is avoided. However,
due to the vanishing kinetic energy of the Dirac fermions in the flat bands, even local interac-
tions can lead to a spontaneous gap generation. We discuss a possible scenario for this effect
in a mean-field approach.

Another class of 3D topological insulators is exemplified by the minimal model developed
in chapter 3| wherein a similar situation for chiral symmetry breaking is expected to occur. In
that system, we also find surface bands which become more and more flat as we approach
the bulk critical point. In contrast to the Fu-Kane-Mele model, the origin of the flat surface
bands is “spectral pressure” exerted by the bulk conduction and valence bands rather than a
topological argument. However, due to the nearby presence of those bulk states, the surface
quantum phase transition towards a gapped state is hampered by the diverging polarization
function for which we give an explicit calculation. This divergence can also be understood from
the presence of an intermediate semimetallic phase between the strong topological insulator
and the trivial band insulator phases that generically exists in inversion-asymmetric systems
such as HgTe, as shown by Murakami/123124,

In the last two parts of this chapter, we discuss the role of short-ranged, Hubbard-like in-
teractions on the surface states which become relevant for systems when long-ranged interac-
tions are screened. In particular, we show that in the Fu-Kane-Mele model the surface states
should quite generically develop a surface band gap, whereas a similar situation in the mini-
mal model can only be obtained by fine-tuning the interaction strength. Furthermore, we put
our results in a broader context of 3D topological insulators, and discuss the relevance of long-
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range Coulomb interactions or local interactions in view of chiral symmetry breaking as a gen-
eral mechanism for the surface states of topological insulators. This opens up the possibility
to identify classes of model Hamiltonians for 3D topological insulators with gapped 2D surface
states.

5.1 Coulomb interactions and chiral symmetry breaking

To describe the mechanism of chiral symmetry breaking, we first briefly review the differences
between the Fermi liquid description of interacting electrons in a normal metal and the prop-
erties of Dirac fermions. Let us start by considering the behavior of electrons in a normal metal,
where the electrons interact with each other and with the ions in the crystal via strong long-
range Coulomb interactions. Assuming that the electrons propagate freely in a non-relativistic
way, the system is Galilean invariant, and the kinetic energy of the electrons is given by the
quadratic dispersion p?/(2m). Moreover, since electrons carry spin 1/2 and obey Fermi-Dirac
statistics, all states below (above) the Fermi energy £ are occupied (empty). However, it is not
immediately clear that these two basic ideas—Galilean invariance and Fermi-Dirac statistics—
are also valid in the presence of strong interactions. Nevertheless, the theory of screening due
to Lindhard explains that metals are dynamically polarizable materials and that electrons col-
lectively screen the electric fields in the interior of metals, so that the long-range Coulomb in-
teractions become effectively short-ranged and weak enough for a perturbative approach#.
Altogether, this has lead to the theoretical framework of Landau’s Fermi liquid theory, where
the excitations of strongly interacting electrons in a metal can be described in terms of weakly-
interacting quasi-particles that carry the same quantum numbers, e.g., spin, as the original
particles, but may also have, for example, different effective masses than the bare particles4®,
There are, however, also exceptions to this, where the Fermi liquid ground state becomes unsta-
ble. For example, electron-phonon interactions can induce an effective attractive interaction
between electrons leading to the Cooper instability of the Fermi liquid towards a supercon-
ducting ground state2"12% or the presence of Fermi surface nesting can lead to Fermi surface
instabilities resulting in charge or spin density wave ground states’3%132, Note that when the
electronic density becomes very low and screening becomes ineffective, this also leads to a
Fermi liquid instability towards the Wigner crystal state33713>, The following discussion is due
to Kotov et al. (Ref. 122).

To develop a better understanding of the interplay between kinetic energy and Coulomb
interactions, let us consider electrons moving freely in a metal in a non-relativistic way. Due to
the Galilean invariance of such a system, the kinetic energy of a particle is given by p?/(2m),
where m is the (effective) electron mass, so that the average kinetic energy per particle can be
estimated as

R 94
2mi2 ~ om 4
Here, we have used the fact that the momentum p = %k of the particle is of the order |p| = /I,
where the average distance between electrons is given by [, and ng = [~ denotes the average
electron density in d spatial dimensions. On the other hand, the Coulomb interaction takes the
usual form

<gkin> ~ (5-1)

where e is the electron charge, and e denotes the dielectric constant of the host medium. With
the average distance |r| = [ between two particles, the average Coulomb interaction energy
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is of the order
e 14
<gCou1> ~ ? ng (5-3)
thus following a different power-law behavior with respect to the electron density. The ratio of
the average Coulomb energy (Ecoul) to the average kinetic energy per particle (Eyiy ) is usually
referred to as interaction parameter rg which is given by

(Ecou) _ 2me? aold _ (1o He (5.4)
(Exin) eh? 4 nd ’ '

re =
where, for brevity, we have introduced the electron density ng which depends on the material

properties as follows:
2me?\ ¢
ng = 2 . (5.5)

If the average electron density ng is relatively high, i.e., ng > ng, then the kinetic energy dom-
inates over the Coulomb energy, and the latter can be considered as a perturbation to the free
electron gas. In that limit, the Fermi liquid description of electrons in a metal is well-defined
and yields the correct results. However, upon lowering the average electron density such that
ng < ng, the Coulomb energy becomes more and more dominant and can lead to instabili-
ties of the free electron gas like Wigner crystallization331135, Therefore, in a Galilean invariant
system, the relative strength rg of the Coulomb interaction energy and the kinetic energy is de-
termined by the electron density which, to a certain extent, can be controlled experimentally by
changing the electron density, opening up the possibility to study different electronic phases
aside from the Fermi liquid phase.

Although a large number of theoretical works on the two-dimensional honeycomb lattice
existed, showing that single-layer graphene sheets have interesting properties, the experimen-
tal discovery of graphene in 200413 has proven that the picture presented above has to be
extended. Since the carbon atoms in graphene are organized in a regular hexagonal lattice
in two dimensions, the low-energy properties of the electrons close to the Fermi level are de-
scribed by the linear Dirac dispersion +vp|p|, where vp is the Fermi velocity. Although v is a
material property and much smaller than the speed of light ¢, i.e., vr/c &~ 1/300 for graphene,
the effective low-energy theory of electrons in graphene is much more similar to the one of 2D
Dirac fermions, and thus quite distinct from the usual Galilean invariant formulation of Lan-
dau’s Fermi liquid theory. For example, we immediately recognize that the average kinetic en-
ergy per electron in two-dimensional graphene is of the order

hv
(Exin) ~ TF = hvpn(lj/Q (5.6)

and that it shows a different behavior compared to the Fermi liquid case in d = 2, where
(Ekin) ~ nq [cf. Eq. ]. Furthermore, due to the linear dispersion the electronic density of
states vanishes linearly at the Dirac point, leading to the notion of graphene being a semimetal,
i.e.,azero-band gap semiconductor. As a consequence, in contrast to the electron gas described
by Fermi liquid theory, pristine graphene cannot screen the long-range Coulomb interaction
due to the lack of electronic states at the Fermi level. To compare the average kinetic energy
with the Coulomb interaction, note that the electron-electron interactions can be considered as
instantaneous, because the photons mediating the Coulomb interaction are much faster than
the electrons in graphene, vy < c. Therefore, the Coulomb interaction in graphene takes the
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Figure 5.1. Schematic zero-temperature phase diagram of chiral symmetry breaking in QED2 as func-
tion of the number of fermion flavors IV and the interaction strength o = e2?/(hevr). A dynamical mass
A(e, p) is generated if N is below a critical number N, ~ 7 — 9 and is found above a critical interaction
strength a. ~ 0.8 — 3.3 (Refs. [15[138H141). The above numerical results are based on various approxi-
mations in different limits. For graphene with physical flavor number N = 4 (valley and spin degrees
of freedom) a similar phase transition towards the gapped exciton insulator is expected once a critical
interaction strength «, has been reached. Furthermore, in the simplest case of a strong topological in-
sulator, there is a single Dirac cone located at the surfaces, i.e., we have N = 1. Figure after Ref. 122l

usual form which, however, breaks the Lorentz invariance of the low-energy theory. Nev-
ertheless, if we compare the kinetic energy and the Coulomb interaction energy we observe
that this ratio

a= (Ecow) = ¢ (5.7)

<Skin> hEUF

is actually independent of the electron density ng, but depends on (i) material properties such
as the Fermi velocity vr and (ii) environmental properties like the dielectric constant e. In the
case of weak electron-electron interactions, i.e., for o < 1, we can use standard perturbative
methods to calculate, for example, the fermion self-energy (v, k) or the polarization func-
tion II(w, q). In particular, the weak-coupling analysis shows that & = 0 is an infrared-stable
fixed point, and thus Coulomb interactions are marginally irrelevant up to logarithmic correc-
tions22137, Nevertheless, in the strong coupling limit, long-range Coulomb interactions can
also lead to spontaneous symmetry breaking of the ground state due to an excitonic pairing
mechanism which is discussed below.

In relativistic quantum electrodynamics in 2 4+ 1 dimensions or QED, 1, Dirac fermions in
the presence of long-range Coulomb interactions can exhibit a spontaneously generated mass
term, thereby creating a gapped system. This phenomenon is known as chiral symmetry break-
ing in the literature and is subject of current research#2741 although the idea actually goes
back more than 25 years™8150, The analysis in relativistic QEDo ; shows that a dynamical
mass A(e, p) can be generated if the number of fermion flavors NV is below a critical number
N.. Moreover, for a fixed value of NV, a transition to a gapped state is only found above a critical
interaction strength a.(N). The overall phase diagram at zero temperature as function of the
number of fermion flavors IV and the interaction strength « is expected to look similar to the
one shown in Fig.[5.1 We also briefly note that at finite temperatures one expects the existence
of a critical temperature given by kT, ~ A(0), while finite doping 1 is expected to quickly
destroy the dynamical gap™#2.

However, there exist important differences between QED, 1 and graphene: First, note that
the Dirac fermions are confined to the 2D sheet of graphene, whereas the field lines of the elec-
tric fields responsible for the Coulomb interaction extend through 3D space. Second, since the
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Fermi velocity v of the Dirac fermions in graphene is much smaller than the speed of light the
Coulomb interaction can be considered as instantaneous. As a consequence, the Coulomb in-
teraction breaks the Lorentz invariance, showing that the Dirac-like quasi-particles arise only
due to the peculiar band structure of graphene, and in that case the mass scale is set by the
coupling itself. In graphene, there exists also the possibility of a dynamically generated mass,
but there the mass scale is related to the ultraviolet momentum cutoff A, where the bandwidth
of the Dirac fermions is given by W = vpA. Furthermore, in graphene the number of Dirac
fermions is fixed by N = 4 taking the spin and valley degrees of freedom into account. On the
other hand, in strong topological insulators the fermion flavor numberis equalto N = 1inthe
simplest case, where the surfaces host a single Dirac cone.

The dynamic mass A(e, p) can be obtained as a self-consistent solution within the random-
phase approximation (RPA) for the electronic self-energy (v, k) from the following Dyson-
Schwinger equation‘42;

p) = Z/ / d?k VERA\(v — e,k — p)A(v, k) (5.8)

2p2 — v2 |k|2 Ay, k)? +i0t"

Thismass gap A(e, p) has a strong momentum dependence due to the long-range nature of the
Coulomb interaction, with A(e, p) reaching its maximal value at small momenta and decreas-
ing at large momenta®. The dynamical Dyson-Schwinger equation has been studied both an-
alytically and numerically using various approximation schemes™813% and a number of predic-
tions for the critical fermion flavor number N, and the criticalinteraction strength . have been
made. For example, a significant simplification of the self-consistency equation is obtained in
the static limit, where the potential Vgpa (w, q) is replaced by a static one, Vgpa (w = 0, q) (Ref.
15). However, since all of the methods are based on various approximations and different lim-
its, the results vary in a certain range, but it is generally accepted that . lies within 0.8 — 3.3,
while N, = 7 — 9 (Refs. [15/138H141).

The physical structure of the gapped state depends on the order parameter for the chiral
symmetry breaking. In the case of a two-component Dirac theory described by the following
Dirac Hamiltonian,

(5.9)

H(k:):vpkz-a—i—mzazzvp[ s kx—lky},

ke + ik, —m,

a gap in the spectrum can be opened, for example, by a mass term m o, coupling to the third
Pauli matrix, because mass terms like m o0, or myo, can be treated by a suitable redefinition
of the two-dimensional surface momentum k = (ky, k,)7:

Ex(k) = £\/vi|k|? + m2. (5.10)

Consequently, to describe chiral symmetry breaking, one investigates the spontaneous mass
generation in terms of the order parameter (U, ¥). In graphene, many different symmetry-
broken states can occur due to chiral symmetry breaking. For example, in graphene, o, may
correspond to the sublattice degree of freedom, and thus the gapped state is a charge density
wave state with a modulation of the electronic density breaking the sublattice inversion sym-
metry. On the other hand, on the surfaces of strong topological insulators the spinor degrees of
freedom are associated with the electron spin due to the helical nature of the surface state, im-
plying that the chiral symmetry breaking corresponds to spontaneous ferromagnetism which
opens a spin gap and breaks time-reversal symmetry on the surface. Note that once such a gap
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is opened one expects to see, for example, the anomalous quantum Hall effect or the surface
magneto-electric effect associated with topological insulatorst™13,

Finally, concerning the interaction parameter o = €2 /(hevr) [cf. Eq. ] we observe that
there are, in principle, two ways to increase the interaction strength a by (i) decreasing the di-
electric constant € or (ii) reducing the Fermi velocity vy of the Dirac fermions. The first strategy
has been pursued extensively in the context of graphene. Here, by suspending the graphene
sheet one can control the dielectric constant e through the environment, and one expects a
value of o =~ 2.2 in vacuum™. Although this is well within the range of the reported critical
values a. ~ 0.9 — 3.3, there is no experimental evidence which would confirm the existence of
an excitonic insulator phase in graphene. Instead, recent quantum oscillation measurements
show a semimetallic behavior down to lowest fillings and temperatures™!. The apparent con-
tradiction between theory and experiment is subject of current research.

In the context of topological insulators, our basic idea is to pursue the second strategy, i.e.,
we would like to decrease the Fermi velocity vr of the surface Dirac fermions. In contrast to
graphene, where the effective interaction strength o = ¢?/(hevr) is bound from above as e
is bound from below by its vacuum value, this approach in principle allows to drastically in-
crease « and thereby opens up the possibility for a surface quantum phase towards a gapped
state. We will investigate whether this can be achieved by approaching the bulk quantum crit-
ical point of the topological insulator, where the bulk band gap closes and a phase transition
to a topologically trivial phase occurs. The appropriate knob to control the Fermi velocity is
the spin-orbit coupling parameter which has been demonstrated experimentally via chemical
substitution in bismuth-based compounds”?, but can in principle also be achieved in mercury
telluride systems by replacing mercury atoms with cadmium atoms®. In principle, this tuning
of spin-orbit coupling works, provided the dielectric constant e characterizing the bulk of the
sample remains finite, but we will have to investigate as well to what extent € is affected by the
adiabatic change in the spin-orbit coupling.

To develop an explicit understanding of the spontaneous mass generation on the surfaces
of topologicalinsulators, we first concentrate on a toy model which was introduced by Kane and
Mele on the graphene lattice®* and later generalized to the three-dimensional diamond lattice
by Fu, Kane, and Mele™®. In those models, we show that the surface states form completely flat
bands when the spin-orbit interaction parameter approaches a critical value of zero. Notably,
at the quantum critical point the models possess an additional chiral symmetry which guar-
antees the existence of zero-energy states at the boundaries of the system. While in graphene
screening of long-range Coulomb interactions is absent due to the lack of states at the Fermi
level and thus a spontaneous mass generation is expected to occur, the situation turns out to
be completely different on the 3D diamond lattice. Here, the nodal lines with zero energy in the
bulk of the system, which enforce the existence of the zero-energy surface states, also lead to
screening of the Coulomb interactions, and therefore the effective interaction strength o will
not diverge. Nevertheless, since the average kinetic energy of the surface states is zero, even
local interactions can lead to spontaneous gap generation.

After that we will consider another class of topological insulators which is exemplified by
the minimal model based on mercury telluride, as discussed in chapter[3] Here, we find a spe-
cific situation for a potential enhancement of the long-range Coulomb interactions by means
of decreasing the Fermi velocity v of the surface Dirac fermions without any additional fine-
tuning and symmetries. Unfortunately, the same effect which renders v small also increases
the dielectric constant € and finally prevents the interaction strength o from becoming large.

We also discuss the effect of local interactions on the surface electronic band structure and
show that localinteractions can generically lead to a surface band gap if the surface states form-
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ing the flat band do not penetrate too much into the bulk. We find such a situation in the Fu-
Kane-Mele model, while the minimal model again evades a spontaneous gap generation.

5.2 The Kane-Mele model of 2D topological insulators

The Kane-Mele Hamiltonian is one of the most well-studied toy models in the context of 2D
topological insulators and it was introduced in 2005 by Kane and Mele®, It is inspired by the
Haldane model, a mathematical model for spinless fermions under the influence of a fictitious
inhomogeneous magnetic field with vanishing total flux (see chapter[2). Although time-reversal
symmetry is broken in the Haldane model, it opens up the possibility to observe the quantum
Hall effect in the absence of an applied external magnetic field, as discussed in chapter[2} By
including the spin degree of freedom and by making the inhomogeneous magnetic field spin-
dependent, Kane and Mele have restored the time-reversal symmetry of the system, giving rise
to the quantum spin Hall insulator phase. In the original work, Kane and Mele have studied
graphene as a 2D topological insulator and, in particular, the competition between the intrinsic
spin-orbit interaction and inversion-symmetry breaking perturbations like a Rashba spin-orbit
interaction and a staggered perturbation, which make graphene an ordinary insulator®#. In the
following, we discuss the basic aspects of the graphene lattice and the spin-orbit interaction
in graphene, before we formulate the Kane-Mele Hamiltonian and discuss its properties and
its phase diagram. After that, we consider the appearance of edge states in graphene ribbons
and discuss their properties as a function of various model parameters. Furthermore, following
Ref."®we describe a topological argument for the existence of zero-energy edge states. We show
that those edge states can become perfectly flat which opens up the possibility for spontaneous
ferromagnetism at the edges of graphene ribbons.

5.2.1 The crystal structure of the graphene lattice

Graphene is theideal 2D form of carbon, where the atoms are arranged in a hexagonal lattice or
honeycomb lattice structure, as shown in Fig.[5.2](a). This planar structure of carbon atoms is
characterized by two types of bonds which exhibit the so-called sp? hybridization. Of the four
valence orbitals the 2s, 2p,, and 2p,, orbitals form the in-plane bonding and anti-bonding o, o
orbitals by superpositions, and the o orbitals of neighboring carbon atoms form strong cova-
lent bonds which are responsible for the elastic properties of the 2D graphene sheet. Moreover,
note that the o, o* orbitals are even with respect to the planar symmetry. The remaining 2p,
orbital, however, points out of the plane and does not couple to the o states, because it is odd
with respect to the planar mirror symmetry of the graphene sheet. The interaction between
neighboring 2p, orbitals then creates the delocalized bonding and anti-bonding , 7* orbitals
which are responsible for the electronic properties of graphene.

The honeycomb lattice actually is a triangular lattice with a basis of two atoms per unit cell,
where the primitive lattice vectors are given by

ar = 3(3, V3T, ay= 3(3, V3T, (5.11)

and a denotes the distance between neighboring atoms [cf. Fig.[5.2](a)]. The position of each
atom in the graphene lattice can be decomposed into r;; = R; 4 r;, where R; denotes the
position of the jth unit cell of the Bravais lattice, and r; is the position of the Ith atom within
the unit cell. The two atoms in the unit cell of the honeycomb lattice are located at r; = (0,0)”
and ro = (1, v/3)7. Hence, the positions of the three nearest neighbors of a carbon atom are
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Figure 5.2. (a) The real-space lattice structure of graphene consisting of two interpenetrating triangular
lattices forming two sublattices 2 and B (indicated by blue and red dots). a; and as are the primitive
lattice vectors, and d; with i = 1,2, 3 denote the bond vectors to nearest-neighboring atoms. (b) The
reciprocal lattice of graphene and its first Brillouin zone. Points of high-symmetry are given by I' =
(0,0) and M = 27(1,0)7, and the Dirac cones are located at the two non-equivalent corners of the
Brillouin zone, K+ = 2%(1,+1/v/3)T.

given by

=20V, d= 20, -VA)T, dy=a(-1,0)", (512)

while the six second-nearest neighbors are located at positions
dll:t = :|:a1, dlz:t = :|:a2, dg:l: = :|:(a2 — al). (5.13)

Thereciprocal lattice of the graphene lattice is given by two primitive reciprocal lattice vectors
b1 and by which are defined by the relation a; - b; = 2md;;, where §;; is the Kronecker -symbol.
The reciprocal lattice points of the triangular lattice form again a triangular lattice which is
spanned by the primitive reciprocal lattice vectors

2 2T
b = —(1,V3)T, by=-(1,-V3)" 5.14
1 3CL( 7f) ) 2 Sa(a f) ) ( )

as shown in Fig.[5.2|(b). The first Brillouin zone of the honeycomb lattice also forms a regular
hexagon, but rotated by 90° in the zy plane with respect to the real-space honeycomb lattice.
Note that the symmetries of the Brillouin zone are determined by the symmetries of the crys-
tal lattice due to the construction of the reciprocal lattice vectors b; from the primitive lattice
vectors a;.

The 2D space group or plane group of the hexagonal lattice is symmorphic, indexed as num-
ber 17, and denoted by C¢, in accord with the Schoenflies notation or p6mm in international
notation™2153, Here, the symbol p6mm describes a primitive lattice in two spatial dimensions
with a six-fold rotation axis normal to the lattice plane and reflections across the {10} and the
{21} mirror lines, respectively. On the other hand, the symmetries at the center of the Bril-
louin zone, i.e., the I" point, are described by the hexagonal point group Cg,,. The 12 elements
of this point group can be divided into 6 classes { E'}, {C2}, {2Cs}, {2Cs}, {304}, {30, } and
are listed in Table[5.1] Here, note the presence of vertical reflection planes o, and diagonal
reflection planes o4 which, for clarity, are illustrated in Fig.[5.3} The point group Cg, has six
irreducible representations which are usually denoted by A;, Ao, By, Bs, F1, and E>. Note
thatin condensed matter physics the wave functions are usually classified by their symmetries
at the T" point, while the above terminology of irreducible representations is more commonly
used in molecular physics.
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class symmetries of the plane group #17 / Cg,, [ p6mm

{E} identity

{Cs2} two-fold rotation of 180° about the [001] axis

{2C5} three-fold clockwise and counterclockwise rotations of 120° about the [001]
axis

{2Cs} six-fold clockwise and counterclockwise rotations of 60° about the [001] axis

{30,} three reflections in a vertical plane containing the axis of highest rotational
symmetry (z axis) and one of the primitive lattice vectors

{304} three reflections in a diagonal plane containing the axis of highest rotational

symmetry and bisecting the angle between two o, reflections

Table 5.1. The 12 elements of the plane group C¢, and the corresponding point group Cj, are divided
into the above six symmetry classes, leading to six distinct irreducible representations.

(b) "
Y

Figure 5.3. lllustration of the reflection symmetries o, and o, in a 2D graphene sheet in (a) real space
and (b) reciprocal space.

5.2.2 Tight-binding approach to the electronic band structure of graphene

Although carbon has four valence orbitals, the 2s, 2p,, and 2p,, orbitals hybridize forming the
in-plane bonding and anti-bonding o, o* orbitals, while the perpendicular 2p, orbitals form
the delocalized bonding and anti-bonding m, 7* orbitals which are mainly responsible for the
electronic properties of graphene. Taking the electron’s spin into account, we have to consider
eight states per carbon atom, i.e., a total of 16 states in the unit cell of the honeycomb lattice.
In principle, the resulting 16 x 16 Hamiltonian can be described by a tight-binding Hamilto-
nian using the Slater-Koster parametrization of the overlap parameters similar to the mercury
telluride system discussed in chapter[3] Note that the bonding and anti-bonding o, o* and ,
7* bands have different parity with respect to in-plane mirror symmetry of the graphene sheet,
and therefore matrix elements coupling those bands vanish exactly. Moreover, since the o, o*
bands are well separated in energy from the 7, 7* bands and also too far away from the Fermi
level to play an important role for the electronic properties of graphene, they are usually ne-
glected in the tight-binding approach. As a consequence, we focus on the two 7, 7* bands
and derive an effective 4 x 4 Hamiltonian describing the electronic band structure of graphene
which givesrise to the electronic valence and conduction bands linearly crossing the Fermi level
at the high-symmetry points K . in the Brillouin zone of graphene.

Let us start by introducing two sublattices 2l and B for the graphene lattice with annihila-
tion operators a, a' and b, b' acting on the corresponding 2 and 9B sublattices, respectively. Let
us define a four-component spinor ¥; = (a1, a;y, bit, by )* describing the sublattice and spin
degrees of freedom, where i labels the crystallographic unit cells. Within the tight-binding ap-
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proximation, the electronic interaction between neighboring carbon atoms is then described
by the following effective Hamiltonian:

Hy=—t Z (c;-racj(7 +H.c)=—t Z (ajabja +H.c.), (5.15)
(i,9),0 (3,3),0

where the usual fermionic creation and annihilation operators ¢, ¢ act on both 2 and 98 sublat-
tice. The energy bands of that Hamiltonian can be easily calculated by diagonalizing the cor-
responding Bloch Hamiltonian. First, note that the Fourier transform of the four-component
spinor W, is given by

1 - 1 -
U =— PRy  p, =) ¢k Ry 5.16

where N denotes the number of unit cells in the crystal, and R; denotes the position of the ith
unit cell. Upon substituting the above expression for ¥, it is straightforward to show that the
corresponding Bloch Hamiltonian (k) is given by the following 4 x 4 Hermitian matrix:

Ho(k) = —(t/2)(y(k) — ® o9 + H.c.). (5.17)

Here, for brevity, we have introduced two vectors of Pauli matrices, o = (04, 0y, O'Z)T and
T = (T2, Ty, TZ)T, acting on the spin and sublattices degrees of freedom, respectively, and oy =
Tp = 1is the 2 x 2 identity matrix. 7+ = 7, &+ i1, are the usual raising and lowering operators
describing hopping between the 2 and B sublattice. Finally, (k) is a sum over phase factors
exp(ik - d;) describing the hopping between nearest-neighbor carbon atoms located at d;:

etk dj (5.18)
1

v(k) =

3
J:
To compute the electronic band structure of graphene, we diagonalize the Bloch Hamiltonian
H(k), and due to the fact that the matrices 7— ® oy and 7+ ® oy anti-commute we obtain the
following eigenvalues of Hy(k):

Ex(k) = £ty (k)] (5.19)

where the + sign corresponds to the conduction (valence) band. On the honeycomb lattice,
one can also compute analytical expressions for the eigenvalues of the Bloch Hamiltonian:

Er(k) = :I:t\/?) + 2 cos(V3ak,) + 4 cos(3ak, /2) cos(V3ak,/2). (5.20)

Note that this result was obtained in the absence of spin-orbit interactions and next-nearest
neighbour hopping, whose effects on the electronic band structure will be discussed below.
The hexagonal Brillouin zone of graphene has three kinds of high-symmetry points denoted
by I', K, and M, as shown in Fig. (b). First, the direct band gap between the conduction
and valence band is largest at the center of the Brillouin zone, i.e., the I" point. Second, at
the M point, the density of states exhibits a van Hove singularity and vanishes logarithmically,
because the conduction (valence) bands show a saddle point as function of the crystal mo-
mentum k. Finally, the conduction and valence bands touch at the corners K . of the Brillouin
zone, and importantly the density of states vanishes linearly (see Figs.[5.4 and[5.5). Note that
there are two non-equivalent points K 1 in the Brillouin zone of the graphene lattice, which are
not connected by a reciprocal lattice vector, and those two points are often referred to as the
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TS(k)

Figure 5.4. Energy spectrum of a single two-dimensional graphene sheet as function of the crystal mo-
mentum k. The first Brillouin zone is indicated by a regular hexagon (opaque shading) with the two
non-equivalent K . at the corners the Brillouin zone, where the conduction and valence bands touch
linearly as &4 (k) = top|k|.

two valleys of graphene. Moreover, close to the K 1, the conduction and valence bands show
a conical behavior which can be seen by substituting k = K + q and expanding the Bloch
Hamiltonian for small g:

Hi(q) = :l:qu~cr. (5.21)

Here, v = 3ta/2 ~ 10° m/s is the Fermi velocity in graphene, g denotes the momentum
relative to K1 as before, and o = (o, ay)T is a two-dimensional vector of Pauli matrices.
Furthermore, in contrast to our conventions o does not act on the real electronic spin of the
electron, but on the sublattice degree of freedom. Hence, o, is often referred to as pseudospin
degree of freedom. The resulting low-energy spectrum (5.22) is formally equivalent to the one
obtained from solving the massless Dirac equation in two spatial dimensions:

E1(q) = +op|q| + O(¢?). (5.22)

Note that this result was obtained by Wallace already in 1947"%, Due to the sp? hybridization
of each carbon atom, there is only one electron left in the 7 orbital, and thus the system is
half-filled. As a consequence, the transport properties and low-energy physics of graphene are
entirely dominated by the conical spectrum close to the so-called Dirac points K. For
further reading we refer the reader to recent reviews and references therein/>>7158,

5.2.3 Spin-orbitinteraction in graphene

Let us now consider the role of spin-orbit interactions in graphene. As discussed previously,
the electronic properties of graphene are determined by the «, 7* orbitals formed by the 2p,
orbitals which have orbital angular momentum [ = 1 and magnetic quantum number m; = 0.
The spin-orbitinteraction Hgo = Ago ! - s, however, couples orbital angular momentum states
with different magnetic quantum numbers. For example, spin-up electrons in the 2p, orbitals
are coupled to spin-down electronsin the 2p, and 2p, orbitals (see chapterfor amore detailed
discussion of the spin-orbit interaction between p orbital states). Therefore, spin-orbit interac-
tions couple the electronic 7, 7* states with the o, o* states. One approach to include spin-orbit
interactionsinto the tight-binding approach is to give up the effective low-energy description of
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Figure 5.5. Density of states v(w) per unit cell as a function of energy w /¢ computed from the electronic
band structure of graphene. v(w) is symmetric with respect to w = 0 in the absence of next-nearest
neighbor hopping. The inset shows a zoom-in close to the charge-neutrality point of one electron per
site, where the density of states is approximately linear in energy, i.e., v(w) x |w|.

graphene in terms of the 7, 7 orbitals only, i.e., to use a tight-binding model Hamiltonian con-
sisting of four atomic orbitals {s, p,, py, p. } and two spin states {1, | }. In that case, the numer-
ical calculation of the electronic band structure shows that the effect of spin-orbit interactions
on the overall energy scale of the band structure is not very pronounced, with the exception
that a band gap is opened at the Dirac points. However, for realistic values of the spin-orbit
couplingin graphene, i.e., A\go = 10 meV, this bulk band gap is only of the order 10 peV (Refs.
3I4159). Moreover, the numerical calculations and analytical symmetry arguments show that
the electron’s spin is a good quantum number close to the Dirac points®. These results suggest
that one can derive an effective Hamiltonian for the 7, 7* bands of graphene by integrating out
the higher energy bands, neglecting the spin-orbit interactions between the ¢ and 7 orbitals.
As shown by Kane and Mele, the remaining spin-orbit interaction between spin-up and spin-
down states within the 7, 7* orbitals can also be described in terms of an effective spin-orbit
Hamiltonian, as discussed below.

5.2.4 The Kane-Mele Hamiltonian

An explicit Hamiltonian describing the electronic properties of graphene in the presence of
spin-orbit interactions was given by Kane and Mele in 20052, introducing the following ef-
fective 4 x 4 Kane-Mele Hamiltonian for graphene:

Hiy = —t Z (C;racjg + H.c.) +iXs0 Z c;ra(yij-a)wzcja,
(4.9),0 ((i,5)),0.07

+ iR Z c;ro [(o % &Z]) : ez]m,ch/ +A Zgiczo-cio-a

<i7j>)0-70-/ i70

(5.23)

where o0 = (04, 0y, 0.)T acts on the electron’s spin degree of freedom. The first term repre-
sents the usual matrix elements describing the hopping of electrons between nearest-neigh-
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boring atoms, where ¢ denotes the spin-independent overlap parameter or hopping ampli-
tude. The second term describes the spin-orbit interaction of the conduction electrons. Since
the Kane-Mele Hamiltonian is formulated in terms of electrons with s orbital symmetry, the
spin-orbitinteraction is effectively generated by an interaction which connects second-nearest
neighbors with a spin-dependent amplitude +\gp. Note that on the graphene lattice the vector
v;j is defined by

1
vi;j = (0,0,v;5)7 = N [dl(.jl.) X dl(?)], (5.24)
where dS’Q) denote the two bond vectors which are traversed by the electron when moving

from site i to site j. The normalization prefactor ' = /3a?/2 is chosen such that vijis a
unit vector, i.e., v;; = £1. The third term in Eq. is a Rashba spin-orbit interaction with
strength Ag between electrons located on nearest neighboring atoms connected by the bond
vector d;;. Such a term, which explicitly violates the mirror symmetry of the graphene sheet,
may be generated, for example, by a perpendicular electric field or by interactions with the
substrate. Finally, the last term describes a staggered sublattice potential with £, = +1 on the
2 and B sublattice, respectively, which breaks the two-fold rotation symmetry of the graphene
lattice. This term is included in the Kane-Mele Hamiltonian to describe the quantum phase
transition between the quantum spin Hall insulator phase and a trivial band insulator phase
depending on the relative strength of the spin-orbit coupling Aso and the sublattice potential
A.

To better understand the Kane-Mele model, let us first calculate the corresponding Bloch
Hamiltonian and then discuss its phase diagram. Performing a Fourier decomposition of the
four-component spinor ¥ = (a;4, a;j, bit, bu)T on the triangular Bravais lattice as before, we
obtain the following Bloch Hamiltonian:

Hxm(k) = —(t/2)(v(k) — @ 0p + H.c.) + g0 7> ® (u(k) o) + A1, ® 00, (5.25)

where, for simplicity, we consider the case Ar /t = 0. As introduced before, the two vectors of
Pauli matrices, o0 = (04, 0y, o)l and T = (74, Ty, 7.)T act on the spin and sublattice degrees
of freedom, respectively, and o9 = 79 = 1 denotes the 2 x 2 identity matrix. Furthermore,
~(k) is a tight-binding function summed over the phase factors exp(ik - d,) corresponding to
the three nearest neighbor atoms located at dy, d2, and d3, and u(k) is a three-component real
vector which consists of a sum over the phase factors exp[(ik - (d; — d;/)] connecting second-
nearest neighbors:

3
v(k) = Z ek d; (5.26a)
j=1
. 3
u(k) = % 3" (dy x dy)e* (@), (5.26b)
J,i'=1

For the two-dimensional honeycomb lattice and using the normalization N/ = \/§a2/2 we im-
mediately see that u,(k) = uy(k) = 0, while u,(k) describes a spin-conserving spin-orbit
interaction which respects the symmetries of graphene:

u, (k) = 4 cos(3ak,/2) sin(V3ak,/2) — 2sin(V3ak,). (5.27)

Note, however, that the gap generated by the spin-orbit interaction Ago is different from the
gap that is generated by the staggered sublattice potential A: The spin-orbit interaction Ago
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coupling to 7, ® o, produces gaps with opposite sign at the two Dirac points K, while the
sublattice potential A couples to 7, ® gg and produces gaps with the same sign at the Dirac
points. Finally, for the sake of completeness, the full 4 x 4 Hamiltonian matrix takes the follow-
ing formsH4:

)\S()uz(ki) + A 0 —ty(k) 0
. 0 —)\SQuz(k) + A 0 —t'y(k)
HKM(k) B —t’)/(k)* 0 —)\SOuz(kz) —A 0 ' (5.28)
0 —ty(k)* 0 Asouz(k) — A

The electronic band structure of the Bloch Hamiltonian (5.25}5.28) is obtained by a diagonal-
ization of the Hermitian 4 x 4 matrix 7 (k). For the Kane-Mele Hamiltonian this leads to the
following eigenvalues:

Exx(k) = £/ Py (K)? + (Aso|u(k)| + A)2. (5.29)

Thus, in an inversion-symmetric system, i.e., for A/t = 0, the conduction and valence bands
are two-fold degenerate as expected. In the absence of Rashba-type spin-orbit interactions,
ie., for \r/Aso = 0, the bulk band structure is fully gapped with an energy gap of the size
Egap = 213v3 Aso — A| (Ref. ). For A > 3v/3 Aso the bulk band gap is dominated by the
staggered sublattice potential A, and the system becomes a trivial band insulator. However, in
the opposite case A < 3v/3 Ag0, the Kane-Mele model describes the quantum spin Hall insu-
lator phase which exhibits topologically protected edge states in finite-size ribbon geometries
(see below). At the transition between the trivial insulator and the quantum spin Hall insulator,
which occurs at A = 3v/3 g0, the bulk band gap closes, allowing the edge states to change
their topological properties by switching time-reversed partner states [see also Fig.[5.8|(c, d)].
Finally, even in the presence of a finite Rashba spin-orbit interaction A\r, the phase diagram of
the Kane-Mele model contains a finite region which is adiabatically connected to the quantum
spin Hall insulator phase at Ag /Aso = 0 (cf. Fig. as shown by Kane and Mele in Ref. [4l

5.2.5 Edge states of graphene nanoribbons

The different phases of the Kane-Mele model can also be understood from the behavior of the
edge states in finite-size ribbons. As shown by Kane and Mele, in the quantum spin Hall insula-
tor there exists a single pair of time-reversed eigenstates of the Kane-Mele Hamiltonian at each
edge of the system3. Those gapless edge states are protected against small (non-magnetic)
perturbations and against localization due to weak disorder, because time-reversal invariance
prohibits mixing of Kramers’ doublets and single-particle elastic backscattering is forbidden.

To develop a better understanding of those edge states, we therefore consider graphene
nanoribbons with armchair and zigzag edges. Below we show numerically the appearance of
edge states with a dispersion set by the spin-orbit interaction Agp or the next-nearest neighbor
hopping amplitude ¢'. It turns out that those edge states become increasingly flat as we tune
both Agp and ¢’ towards the critical point A\go/t = t'/t = 0. A similar result was already
obtained by Fujita et al. and Nakada et al. in 1996 who studied a semi-infinite graphene ribbon
with zigzag edges, showing that it has a band of states which have zero energy and which are
localized at the edges of the graphene ribbon19161,

In the first place, let us consider a graphene ribbon with zigzag edges as shown in Fig.[5.7]
and let us assume that the ribbon has an infinite length in the longitudinal = direction, but a
finite width of IV unit cells in the transverse y direction. To illustrate the construction principle
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Figure 5.6. Phase diagram of the Kane-Mele model as function of the staggered sublattice poten-
tial A and the Rashba-type spin-orbitinteraction Ag in units of Aso for0 < Ago/t < 1. For Ag /Aso = 0,
the quantum phase transition between the quantum spin Hall insulator (QSHI) and the trivial band in-
sulator (BI) takes place at |A/Aso| = 3v/3 =~ 5.2, while for A/A\so = 0 the quantum phase transition
takes place at | A\r /A\so| = 2v/3 ~ 3.5. Note that in between there is a finite region in the phase diagram
which is adiabatically connected to the quantum spin Hall insulator at Ag /Aso = 0. Figure after Ref. [4.

for the tight-binding Hamiltonian in a ribbon geometry, we restrict the following derivation to
the hopping term between nearest-neighbor atoms:

Hy=—t Y (clc;, +He). (5.30)
<7’7]>7U

Taking the two-atomic unit cell into account, we can rewrite that Hamiltonian in terms of the
integer indices m and n which label the different unit cells of the semi-infinite graphene ribbon
as defined in Fig.[5.7] As a result, we obtain:

Ho=—~t > (ahnobmno + Chinobm 100 + Cnobmn1.0 + H). (5.31)

m,n,oc
Since the graphene ribbon is assumed to be infinite in the longitudinal = direction, a Fourier
decomposition of the operators in that direction yields

Hy=—t Z [(1+ e*)al bino T aLnabk7n7170 +H.c.]. (5.32)

kno
k,n,o

Note that a similar one-dimensional Fourier decomposition of operators can be performed also
for the remaining three terms of the Kane-Mele Hamiltonian (5.23). The band structure of the
graphene ribbon is then obtained from the resulting one-dimensional tight-binding Hamilto-
nian by means of exact diagonalization methods.

Fig.[5.8/shows the electronic band structure of a graphene ribbon with N = 50 unit cells in
the transverse direction terminating in zigzag edges which was calculated in the above tight-
binding approximation for different values of the spin-orbit coupling A\so /¢ and sublattice po-
tential A/t. The bulk band gaps at the 1D projections K+ = 7 4 /3 of the Dirac points K +
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n—1 n n-+1

Figure 5.7. Sketch of a finite-size graphene ribbon with armchair (zigzag) edges which are indicated
by yellow (green) lines in vertical (horizontal) direction. The two sublattices 2( and B of the honeycomb
lattice areindicated by red and blue dots, respectively. The primitive lattice vectors a; and a are chosen
such that one can easily derive a tight-binding Hamiltonian for the zigzag edges along the horizontal
direction. The indices m and n label the unit cells of the graphene lattice as the lattice vectors are given
by R = maj + nas.

can be easily identified from their cone-like shapes. There are, however, two bands (indicated
by red lines in Fig.[5.8) traversing the bulk band gap which connect the Dirac points and do not
belong to the bulk states of the ribbon since they are localized at the edges of the ribbon/1€%161,
These edge states are helical states in the sense that electrons with opposite spin propagate in
opposite directions. Interestingly, the edge states exist even in the limit A\go — 0, where they
become perfectly flat [cf. Fig.[5.8|(a)], leading to an enhanced local density of states at the Fermi
energy associated with the zigzag edges. However, when electron-hole symmetry is broken by,
e.g., a finite second-nearest hopping amplitude ¢ # 0, those states become dispersive with
a Fermi velocity v}dge given by t'a (Ref.[162). In that case, the band bending of the edge states
opens up the possibility for elastic scattering into the bulk conduction and valence bands. How-
ever, the two-fold degeneracy of the electronic band structure is lifted upon breaking inversion
symmetry by adding a staggered sublattice potential. For A/\so < 3+/3 the system is adia-
batically connected to the quantum spin Hall insulator at A/Aso = 0 and shows similar edge
states [cf. Fig.(c)], while for A /Ago > 31/3 the system is dominated by the band gap gener-
ated by the staggered sublattice potential and describes a trivial band insulator. In that case,
the edge states do not cross the bulk band gap anymore, as shown in Fig.[5.8](d).

A related effect occurs if chiral symmetry is broken by, e.g., finite spin-orbit interactions
Aso/t # 0. In that case, the edge states become dispersive with a Fermi velocity of the edge
states proportional to Asp, but the spin-orbit interactions also generate a bulk band gap Eggrl,k
whose size is determined by Ago as well [see Fig.[5.8|(b)]. Consequently, the edge states travers-
ing the bulk band gap are protected against elastic scattering into the bulk bands. In general,
if we consider a perturbation breaking chiral symmetry which also generates a bulk band gap
Eg;ék, but otherwise leaves the topological properties of the Kane-Mele model intact, then the
edge states of the zigzag ribbon acquire a finite Fermi velocity which is of the order vj}dge ~
€§;gk/Aq. Here, Aq = 27 /3 is the distance of the two Dirac points located at K ; whose pro-
jectionis givenby K+ = 7 £ 7/3 (see Fig.. In the case of spin-orbit interactions Agp, the

bulk band gap is given by £J4k = 2-31/3 A0, and thus we can estimate v%dge ~ 9V3 g0/ ~
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5Ago Whichisin agreement with the computed band structure for graphene ribbons with zigzag
edges, as shown in Fig.[5.8]

Finally, note that similar edge states also occur in graphene ribbons with armchair edges,
but in that case the 1D projections of the Dirac points K are both at K = 0. Hence, zero-
energy states exist only at £ = 0, even at the quantum critical point Ago/t = 0 (an analytical
argument for the absence of flat edge states except for & = 0 is given below). Moreover, those
edge states inherit their Fermi velocity from the bulk, i.e., v%dge = v}%“lk, and thus their proper-
ties cannot be easily manipulated in contrast to the zigzag case. In that sense, grapheneribbons
with zigzag edges are much more interesting than armchairs edges, because they host perfectly

flat edge states in the limit Aso /t — 0.

5.2.6 Topological origin of zero-energy edge states

In this section, we briefly review the topological criteria for the existence of zero-energy edge
states in graphene, as discussed by Ryu and Hatsugai’®. The following discussion is mainly
based on the topological criteria for the existence of topologically protected zero-energy bound
states in the Su-Schrieffer-Heeger model which is discussed in appendix[C] In particular, we
show below that those zero-energy edge states form completely flat bands in graphene nano-
ribbons with zigzag edges. The topological arguments by Ryu and Hatsugai also provide a more
general framework to discuss the zero-energy surface states in the 3D Fu-Kane-Mele model,
which will be discussed in the next section.

In graphene, there are several ways to truncate the system, leading to different shapes of
the edges for a graphene nanoribbon, such as zigzag, bearded, and armchair edges (see Fig.[5.9]
left column). Starting from the bare Kane-Mele model for Ago/t = Ar/t = A/t = 0, includ-
ing only hopping of electrons between nearest-neighbor sites, and neglecting the spin degree
of freedom we can perform a Fourier decomposition of the spinors ;. As a result, we obtain
a family of Hamiltonians which can be written in the form H(k,, ky) = d(ks,ky) T, where
d(ks, ky) € R3. In the following, we choose coordinates such that the edge is always oriented
along the y direction, so that the momentum k, along the edge is a good quantum number,
while we consider open boundary conditions in z direction (cf. Fig[5.9). Hence, we study a one-
parameter family of one-dimensional tight-binding Hamiltonians which are parametrized by
the momentum k, € [—7/a, 7/a]. The vector d for the different types of edges is given by"®:

igrag(Kas ky) = (1+ cos(kya) + cos(kya — kya), sin(kya — kya)) ", (5.33a)
diearded (kz, ky) = (1 + cos(kga) + cos(kza — kya),sin(kya) + sin(kya — k:ya))T, (5.33b)
darmchair (Kz, ky) = (1 + cos(kza) + cos(kya + kya),sin(kga) — sin(kza + kya))T, (5.33¢)

where, for simplicity, we have sett = 1. Importantly, note that d, (k;, k,) = 0 for all momenta
(kz, ky) within the 2D Brillouin zone due to a sublattice or chiral symmetry of the model, as dis-
cussed below. As a function of k, € [—n/a, w/a] the vector d(k,, k,) forms a closed loop, be-
cause k, = £ /a are related by the reciprocal lattice vector 27 /a and thus d(k, = 7/a, ky) =
d(ky = —m/a, k). For a given value of k, € [—7/a, 7/a] one can calculate the corresponding
winding number v of d:

1 w/a

V= —
2

dky €0 do(ky, ky) O, ds (ke ky) € Z, (5.34)

—7/a

where €,3 denotes the totally anti-symmetric tensor with €12 = 1, and &(km, ky) is the nor-
malized vector in the direction of d(k,, k). Note that for a given momentum £, this winding
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Figure 5.8. Electronic band structure of a graphene ribbon with N = 50 unit cells in the transverse
direction terminating in zigzag edges. The blue dashed lines indicate the projections of the K1 points
onto k = 7 £ 7/3. The parameters of the Kane-Mele model have been chosen such that for¢t = 1
and Ar/t = 0 the model describes a quantum spin Hall insulator for A/Aso < 3v/3. (a) In the
absence of spin-orbit coupling, i.e., for Aso/t = 0, the zigzag ribbon exhibits perfectly flat zero-energy
edge states. Although the bulk band gap £2uF = 2[3v/3As0 — A| = 0, the band gap observed in the
ribbon band structure stems from finite-size corrections, i.e., Sg;k;)b(’“ ~ O(1/N). (b) In the presence of
spin-orbit interactions (here, Ao/t = 0.03) those edge states become dispersive with a Fermi velocity
given by vp ~ 9v/3 Aso/m &~ bAso. (c) The two-fold degeneracy of the band structure is lifted upon
breaking inversion symmetry by adding a staggered sublattice potential. For A/\so < 3v/3 the system
is adiabatically connected to the quantum spin Hall insulator at A/Aso = 0 and shows similar edge
states. (d) For A/Aso > 3v/3 the system is dominated by the band gap generated by the staggered
sublattice potential and describes a trivial band insulator. Also, the edge states do not cross the bulk

band gap anymore.
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number v counts how often the unit vector d(k,, k,) winds around the unit circle as function of
k.. Furthermore, this winding number is intimately related to the first homotopy group of the
unit circle, 71 (S') = Z, and thus takes only integer values. The motivation and mathematical
formulation of this winding number and its relation to the topologically protected edge states
is explained in detail in appendix|C|for the Su-Schrieffer-Heeger.

The explicit calculation of the winding number for graphene ribbons with zigzag, bearded,
and armchair edges then predicts zero-energy edge states in the case of zigzag edges for mo-
menta k, € [—m/a,—2n/3a] U [27/3a,n/a] and for k, € [—27/3a,27/3a] in the case of
bearded edges, while no zero-energy edge states are expected for the armchair edges except for
k, = 0. Explicit tight-binding calculations of the electronic band structure of graphene ribbons
with different types of edges as shown in Fig. have confirmed this scenario'®. Moreover,
since there is a finite region of momenta, where the zero-energy edge states occur, they are ex-
pected to form completely flat bands for zigzag and bearded edges, but not for armchair edges.
In general, flat bands induce a sharp peak in the density of states at the Fermi energy which
might trigger an instability in the presence of interactions. For example, electron-electron in-
teractions can lead to a spontaneous magnetic polarization of the edges, as discussed below.

Now let us discuss how spin-orbit interactions, hopping between second-nearest neigh-
bors, and the staggered sublattice potential affect the topological argument for the flatness of
the edge states in graphene ribbons. As shown in appendix|C| a necessary condition for a non-
trivial winding of the d(k) vector is that the model Hamiltonian possesses a chiral symmetry so
that d(k) lieswithin a 2D plane. Consequently, the existence of zero-energy edge states forming
aperfectly flat band is due to the fact that the first homotopy group is non-trivial: 71 (S') = Z. A
closeinspection of the Kane-Mele Hamiltonian shows that chiral symmetry, i.e, sublattice
symmetry is represented by the operator & = 7., ® oy, so that the condition {ﬁ, Him (k) =0
immediately implies Aso/t = Ar/t = A/t = 0. From this we can infer that all three interac-
tions break chiral symmetry, where the effective dispersion of the edge states is then set by the
symmetry-breaking interaction strength. Mathematically, this is a consequence of the fact that
the first homotopy group of higher-dimensional spheres is trivial:

T (S") = {Z n=1 (5.35)
0 n>1

In that sense, any perturbation breaking chiral symmetry also leads to a finite bandwidth of the
edge states, and the question whether such a perturbation could lead to a spontaneously bro-
ken state with finite magnetization at the edges of a graphene ribbon is a matter of microscopic
details. For example, for weak next-nearest neighbor hopping ¢’ /t < 1, the bandwidth of the
edge states is small compared to the bulk bandwidth, and we can hope to observe a sponta-
neously broken edge state, similar to case of perfectly flat edge states at ¢’ /¢ = 0, but whether
the kinetic energy or the interaction dominates depends on numbers.

5.2.7 Spontaneous ferromagnetism at the edges of graphene nanoribbons

In the last part of this section, we discuss the effects of electron-electron interactions on the
boundary states of a single-layer graphene sheet. Since the localized edge states form a com-
pletely flat band, the local density of states develops a sharp peak and the electron compress-
ibility diverges, which strongly affects the role of electron-electron interactions. For example,
a number of ab initio calculations'®¥1%% and mean-field analyses' /%' have predicted gapped
edge states with ferromagnetic order, and also effective models™™*# show that close to half
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Figure 5.9. Loops of d(k) in the two-dimensional (X,Y) = (d,, d,)) space and band structures of finite-
size graphene ribbons with (a) zigzag, (b) bearded, and (c) armchair edges. In the left column, the ovals
indicate the crystallographic unit cell with 2l and 5 sublattice, while the dotted squares indicate a choice
for an enlarged unit cell for a finite-size ribbon. The loops in the middle panel corresponding to the
one-parameter family of Bloch Hamiltonians 7{(k) = d(k)- T are given by Eq. (5.33). Here, k, is the
conserved momentum along the graphene ribbon, and for simplicity we have takent = 1. The existence
of zero-energy edge states is predicted for the (a) zigzag edge and (b) bearded edge, but not for the (c)
armchair edge due to the different winding numbers. Explicit tight-binding calculations for finite-size
graphene ribbons (right column) confirm those zero-energy edge modes forming flat bands which are
continuously connected to the bulk spectrum. Figure taken from Ref. [18l
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Figure 5.10. Schematicillustration of the ferromagnetic magnetization at the zigzag edges of a graphene
ribbon. Figure taken from Ref. 122l

filling both short-ranged Hubbard interactions and long-ranged Coulomb interactions lead to
full spin-polarized edge states.

A simple physical interpretation of this magnetic ground state is the following: electron-
electron interactions try to minimize the interaction energy, thereby maximizing the distance
between the electrons, which leads to a correlated ground state. First, in a graphene nanorib-
bon there is a mismatch between the number Ny o3 of 2 and B lattice sites, depending on
the kind of edge termination. The most prominent example in the context of graphene are the
aforementioned zigzag edges, where the outermost atom always corresponds to either the 21
sublattice or the B sublattice, but zero-energy edge states forming flat bands are present not
only for zigzag edges, but for any boundary, except for pure armchair edges, where an equal
number of 2 and *B sites exist. Second, a local Hubbard interaction between spinful electrons
in a flat band at half filling will favor a spin-polarized ground state with long-range ferromag-
netic order (see Fig.[5.10), because local interactions of electrons with the same spin orienta-
tion are prohibited by the Pauli exclusion principle, thereby minimizing the total energy of the
system. However, as the two zigzag edges of a graphene nanoribbon shown in Fig.[5.10]termi-
nate on different sublattices, a local Hubbard interaction cannot cause any interaction between
the states at the opposite edges. The only contribution is therefore a tunnel coupling between
the edges which favors an anti-ferromagnetic alignment of the two edges™™. A similar argu-
ment can also be applied to long-range Coulomb interactions at half filling, where the system
is charge neutral. Away from half-filling, the charged edges will interact with each other, but
this inter-edge coupling is much weaker than the intra-edge coupling, so that it is expected not
to alter qualitatively the ferromagnetic magnetization at the edges.

From a different point of view, one can understand the effect of electron-electron interac-
tions on the edge states by considering the Kane-Mele model as an ideal quantum spin Hall in-
sulator, where the left-moving states on the edge are correlated with spin-down (o = ), while
the right-movers have spin-up (¢ = 1). The correlation between the spin and the momentum
gives rise to the notion of a helical liquid, in analogy to the helicity of massless Dirac fermions
in a relativistic theory. When linearizing the band structure, we can describe the edge states in
terms of a helical Luttinger liquid &>

Hing, = vr / 0 (9, (2)i0ut e (2) — 1, (2)i0sty, (2)), (5.36)

where the right- and left-movers are denoted by 1zt and ¢ 1|, respectively. In that sense, the
above Luttinger liquid theory can be considered “spinless” as spin and momentum are locked
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and do not present independent quantum numbers. The usual single-particle backscattering
term,

Hiw = g [ dz (W (0)0,(2) + Hoc), (537

which opens up a mass gap in the spinless Luttinger liquid, is not allowed in the low-energy
theory, as it is odd under time-reversal. There are, however, two time-reversal invariant inter-
actions which are allowed, namely forward scattering:

Hi = g5 [ o bl @)y (@00 (@), ), (538)

and Umklapp scattering:

Hum = gum / 0z (Bl ()0 (& + )y, (& + @)y (2) + He), (5.39)

where we have used a point splitting of the fermionic operators with the lattice constant a. The
Umbklapp process flips two spins simultaneously by scattering two left-movers with spin-down
into two right-movers with spin-up and vice versa. On the other hand, the forward scattering
term gives rise to a renormalized velocity u and a non-trivial Luttinger liquid parameter K, but
the system remains gapless otherwise>:

1/2
2 2\1/2 VF — Jfs
u = (v — g and K=|——">— . (5.40)
( r gfb) (UF + gfs)

Only the Umklapp scattering term converting two left-moving fermions into two right-moving
ones can induce a mass gap close to or at half filling, i.e., for kp = 0. In the presence of Umk-
lapp scattering, the standard Luttinger liquid Hamiltonian after bosonization takes the follow-
ing form15>;

1

H = 27T/dalc [;ﬁ,(@x(b(x))Q +UK(63;0($))2:| + 2?:21)2 /dw cos(V8), (5.41)

where ¢(z) = ¢r(z) + ¢r(x) and 6(z) = ¢r(x) — ¢ (x) are two bosonic fields describing the
charge and current excitations of the system. This Hamiltonian is also known as sine-Gordon
Hamiltonian in the field theory literature. Physically, the effect of the cosine is the following:
In contrast to the quadratic terms, which let the field ¢(x) fluctuate, the cosine term would like
to lock the field ¢(x) into one of the minima of the cosine, so that there will be a competition
between the quadratic part and the cosine. The renormalization group analysis shows that the
Umklapp term becomes relevant for K < K. = 1/2, where the field ¢ is locked into one of the
minima of the cosine™™. Hence, the ¢(x) field orders, and we get into a massive phase with a
gap of A = a‘lgﬂé?%m, where the system spontaneously breaks time-reversal symmetry by
developing long-range ferromagnetic order at half filling and zero temperature. For the helical
Luttinger liquid we observe that the value of the Luttinger liquid parameter K can be tuned by
changing the Fermi velocity vp [cf. Eq. (5.40)]. In particular, by making v sufficiently small we
obtain vp ~ g¢ and thus K < K. = 1/2 which marks the transition to the ferromagnetic edge
channels.

5.2.8 Discussion

To conclude, we have studied the Kane-Mele Hamiltonian as a model for 2D topological insula-
tors with topologically protected edge states, and we have discussed the topological criterion



136 5.3 - The Fu-Kane-Mele model on the diamond lattice

of chiral symmetry to predict zero-energy edge states. Furthermore, we have shown that those
edge states form completely flat bands in the limit A\so — 0, leading to a sharp peak in the
local density of states. Consequently, interactions become more relevant, and the strongly in-
teracting edge states are prone to many-body instabilities leading to a spontaneous ferromag-
netic order at the boundaries of graphene. Hence, generalizing the Kane-Mele model on the 2D
graphene lattice to the 3D diamond lattice we expect a similar mechanism on the 2D surfaces of
such a3Dtopologicalinsulator aswell, namely in the context of chiral symmetry breaking which
describes the spontaneous gap generation of 2D Dirac fermions in the presence of long-range
Coulomb interactions. In the remainder of this chapter, we investigate possible routes towards
such a surface state of a 3D topological insulator with a spontaneously generated mass due to
interactions.

5.3 The Fu-Kane-Mele model on the diamond lattice

In the previous section, we have studied the Kane-Mele Hamiltonian on the graphene
lattice which was introduced as a model Hamiltonian in the context of 2D topological insula-
tors in 2005 by Kane and Mele®', Soon after, this model was generalized by Fu, Kane, and Mele
to three spatial dimensions, introducing the so-called Fu-Kane-Mele Hamiltonian on the dia-
mond lattice as a 3D analogue of the Kane-Mele model”¢:

Hyxn = —t Z (C;‘racja + H.C.) + iAo Z CIU(VU 'O')Ua,cjo/
(i,9),0 (i,9),0,0"
+A Z ficjgcic, —t Z (cj»gcjg +H.c.).
Z’,()’ <<7‘7.7>>a0

(5.42)

Note that the Kane-Mele Hamiltonian and the Fu-Kane-Mele Hamiltonian are quite similar, but
differ in dimensionality due to the underlying lattices and crystal symmetries. For example, on
the graphene lattice the vector v;; has the form (0, 0, yfj)T due to the symmetries of the lattice.
Thus, the spin-orbitinteraction of the electrons conserves the spin. In contrast, on the diamond
lattice all elements of the vector v;; have non-zero components ufj = +1 (witha € {x,y, 2}),
therefore leading to a mixing of spin-up and spin-down states. Furthermore, the Rashba-type
spin-orbit interaction Ag, which in graphene is generated due to the lack of mirror symmetry
in the presence of, e.g., a substrate, is absent on the diamond lattice due to full inversion sym-
metry. As a consequence, the two models also have different bulk phase diagrams: Depend-
ing on the model parameters, the Kane-Mele Hamiltonian exhibits both a trivial band insulator
phase and quantum spin Hall insulator phase, whereas the Fu-Kane-Mele Hamiltonian exhibits
only a semimetallic phase. To make this model either a strong or a weak topological insula-
tor, we have to include additional anisotropies in the overlap parameters, as discussed below.
Moreover, we also include a spin-independent hopping term ¢’ between next-nearest neigh-
boring atoms as leading-order correction to the usual hopping term. This term gives rise to an
energy correction which is identical for both sublattices of the diamond lattice and destroys
the particle-hole symmetry of the conduction and valence bands. Similar to the edge states in
graphene ribbons, where the bands formed by the edge states also become dispersive with a
Fermi velocity vy = at’ when particle-hole symmetry is broken by second-nearest neighbor
hopping™1%2 we expect similar effects of this term on the surface states in a diamond slab
geometry.

In the following, we first consider the crystal symmetries of the diamond lattice, and then
discuss the electronic band structure of the Fu-Kane-Mele Hamiltonian. In slab geometries,
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(a) (b)
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| | S

Figure 5.11. (a) The crystal structure of the diamond lattice. (b) The face-centered cubic lattice with a
set of primitive lattice vectors. (c) The reciprocal lattice of the fcc lattice and the first Brillouin zone.
Points of high symmetry are denoted by I' = (0,0,0)”, X = 27(1,0,0)", K = 27(3,3,0)7, and
L = 22(3,4,4)T, while the three high-symmetry directions [100], [110], and [111] in the Brillouin zone

are denoted by A, > and A.

we find surface states which become perfectly flat at the bulk quantum critical point Ago /t =
t'/t = 0. Those flat surface bands can be explained by a straightforward generalization of
the topological criteria given for the zero-energy edge states of the Kane-Mele model on the
graphene lattice, as discussed in the previous section. We also show that they are related to
nodal lines in the bulk of the system, where the bulk band gap vanishes. Moreover, the surface
bands in principle open up the possibility to find a surface state with a spontaneously gener-
ated mass term, thereby creating a gapped system as discussed in section[5.1} Concerning the
relevant interaction parameter o = ¢2/(hevi™™) [cf. Eq. ] our strategy is to decrease the
Fermi velocity Uil“f of the surface Dirac fermions which can be achieved by approaching the
bulk quantum critical point. The appropriate knob here to control the Fermi velocity is the
spin-orbit coupling parameter Ago which has been demonstrated experimentally via chemical
substitution in bismuth-based compounds, but can in principle also be achieved in mercury
telluride systems by replacing mercury atoms with telluride atoms®. However, one also has to
investigate to what extent the dielectric constant e characterizing the bulk of the sample is af-
fected by the adiabatic change in the spin-orbit coupling. In particular, we show by explicitly
calculating the polarization function that the dielectric constant diverges as Agp vanishes. As
a consequence of this divergence, the spontaneous mass generation on the surface of a strong
topologicalinsulatoris hampered by screening due to the presence of the aforementioned bulk
nodal lines.

5.3.1 The diamond lattice

Since the diamond lattice shown in Fig. is very similar to the zinc-blende lattice discussed
in section[3.3.1, we only briefly mention the basic results. First, the diamond lattice is a face-
centered cubic (fcc) Bravais lattice with a two-atomic unit cell, and those identical atoms are
located atr; = (0,0,0)” and 7o = %(1,1,1)7, giving rise to two sublattices denoted 2 and 3.
The primitive lattice vectors a1, a2, and a3 and the corresponding primitive reciprocal lattice
vectors by, be, and bs defined by the relation a; - b; = 27d;; are given by Egs. and (3.18).
The Brillouin zone of the diamond lattice forms a truncated octahedron, as shown in (c).
Since the reciprocal lattice vectors are obtained from the direct lattice vectors, the symmetries
of the Brillouin zone are also determined by the symmetries of the crystal lattice.

The two atoms in the unit cell of the diamond lattice are equivalent, and this has impor-
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class symmetries of the space group #227 / 0,71 | Fd3m

{E} identity

{3C>} two-fold rotations of 180° about each of the [100], [010], and [001] axes
{654} two four-fold improper clockwise and counterclockwise rotations of 90°

about the [100], [010] and [001] axes
{604} reflections on each of the (110), (110), (101), (101), (011), and (011) planes

{8Cs} three-fold clockwise and counterclockwise rotations of 120° about each of
the [111], [111], [111], and [111] axes

{i} inversion

{301} reflections on each of the (100), (010), and (001) planes

{6C4} two four-fold clockwise and counterclockwise rotations of 90° about the

[100], [010], and [001] axes
{6C%} two-fold rotations of 180° about each of the [110], [101], and [011] axes
{85} two three-fold improper clockwise and counterclockwise rotations of 60°
about [111], [111], [111], and [111] axes

Table 5.2. The symmetry group O} of the diamond lattice has the same symmetry operators as the point
group Oy, of the cube. The first five symmetry classes are the same as those of T;, while the other five
are obtained from the first five by multiplication with the inversion operation.

tant consequences compared to the zinc-blende lattice (cf. chapter[3): The space group #227
of the diamond lattice, also denoted by O or Fd3m in international notation, is different from
the space group sz (F43m) of the zinc-blende lattice discussed in section Here, Fd3m
describes a face-centered cubic lattice with diamond glide planes normal to the (100) axes,
three-fold improper rotations about the (111) axes, and reflections on the {110} mirror planes.
Moreover, the space group OZL is non-symmorphic, because it contains three glide planes de-
finedbyx = ¢,y = §,and z = ¢. For example, the plane defined by x = £ is a glide plane,
because the diamond lattice is invariant under a translation by 4 (0, 1, 1) followed by a reflec-
tion on this plane. Choosing the origin at the center of the line joining the two identical atoms
we observe that the crystal structure is invariant under spatial inversion with respect to this
origin, showing that the point group contains the inversion as point-group operation as well.

Therefore, the factor group of the diamond lattice is isomorphic to the point group gen-
erated from the point group Ty of the zinc-blende lattice by adding the inversion operation.
Consequently, this point group consists of 48 elements and is denoted by O,. The 48 elements
of this point group are divided into 10 classes { E'}, {3C2}, {654}, {604}, {8Cs}, {i}, {304},
{6C4}, {6C%}, and {855} which are listed in Table [5.2|for reference. Hence, Oy, has ten irre-
ducible representations which in atomic physics are denoted by A1y, Aoy, Ey, T4, Tog, A1y,
Aoy, Ey, T1y, and Ty,,. Here, “u” and “g” refer to the even (odd) parity of the irreducible rep-
resentations under those symmetry operations, respectively. As mentioned before, the irre-
ducible representations are often classified by their symmetries at the center of the Brillouin
zone, i.e., the I" point, and are thus labeled by Fli, F;t, F;f, I‘jf, and th, where the superscript
“+” denotes the even/odd parity of the representation'™.

5.3.2 Electronic band structure of the Fu-Kane-Mele model

The electronic band structure of the Fu-Kane-Mele model may be calculated in a similar way
as for the Kane-Mele model following the general tight-binding approach. First, we decompose
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the position of anatomin the diamond latticeintor;; = R;+r;, where R; denotes the position
of the unit cell within the fcc lattice, and r; is the position of the atom within the unit cell. For
the diamond lattice we have [ = 1,2 only. In analogy to the graphene lattice, we consider two
sublattices 2L (I = 1) and B (I = 2) for the diamond lattice with annihilation and creation
operators a,a’ and b, b acting on the 2 and B sublattice, respectively. As before, we define
the four-component spinor ¥; = (ait, a;), bit, bu)T comprising both the sublattice and spin
degrees of freedom of the electrons, and we define the Fourier transform of ¥; as in Eq. (5.16).
The straightforward Fourier transformation of the Fu-Kane-Mele Hamiltonian on the diamond
lattice then results in the following Bloch Hamiltonian:

Hrxm (k) = —(t/2) (’y(k:) T+ ®op + H.C.) + A0 T2 ® (u(k:) : 0') (5.43)

+AT, @0 —t'Y (k)0 ® 0p. '
Asintroduced before, the two vectors of Pauli matrices, o = (0., 0y, o)l and T = (7, Ty, )T
act on the spin and sublattices degrees of freedom, respectively, 09y = 79 = 1 isthe 2 x 2
identity matrix, and 7+ = 7, &£ i7, denote raising and lowering operators describing hopping
between the2( and B sublattice. As for the Kane-Mele model, we can calculate the matrix struc-
ture of the Bloch Hamiltonian which takes the following form:

Asouz(k) + A Asou—(k) —ty(k) 0
ey (k) _ )‘SOUJr(k) —ASOUz(k?) +A 0 _t/}/(k)
FEM —ty(k)* 0 “Asousz (k) — A —Xsou_(k) |’
0 —ty(k)* —Asout(k)  Asous(k) — A

(5.44)
where we have omitted the diagonal elements —t'~'(k) 1o®oq for clarity. Here, y(k),~'(k), and
u(k) are tight-binding functions which are summed over nearest and second-nearest neigh-
bors on the diamond lattice, respectively, and u (k) = u, (k) £ iu, (k). First, the hopping be-
tween nearest-neighboring and next-nearest neighboring atoms is described in terms of (k)
and /' (k), respectively:

4 4
k)= eF i (k)= Y ekldimdi), (5.45)
j=1 J#5'=1

On the diamond lattice, v(k) and 7/(k) are given by:

v(k) =4 [C08<a4k$> Cos<a4ky> cos<a4kz> — isin<a4k$> sin(CLsz) sin<ajz>]7 (5.46a)
v (k) = 4[cos<a2kx> cos<a2ky> + cos(asy) Cos<a12€z> N Cos<a12<:z> COS(al;@)]'

(5.46b)

Second, u(k) is a three-component real vector which describes the effective spin-orbit interac-
tion generated by a spin-dependent hopping term connecting second-nearest neighbors. On
the diamond lattice all components of u(k) are non-vanishing:

: k k k
ugy(k) =i Z (Vij)xeik'(di_df) = 4Sin(a2z) |:COS<a2y) — cos(cgz)], (5.47)

i,j=1
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and the remaining components u, (k) and u (k) are obtained from u,, (k) by cyclic permutation
of theindices z, y, and z. Note that v;; is defined in such a way that its components are of unit
magnitude: )

Vij = % |:d£]1) X dgj)i| = —% (dz X dj) with N = %, (548)
where df.j.’?) denote the two bonds d; and d; traversed by electron when moving fromsite i to
j. As mentioned before, the Kane-Mele Hamiltonian on the graphene lattice and the Fu-Kane-
Mele Hamiltonian on the diamond lattice are essentially equivalent, thus leading to the same
Bloch Hamiltonian in the tight-binding approach. However, in the 2D case of graphene, the
spin-orbit interaction is spin-conserving, i.e., u, (k) = u, (k) = 0, whereas in the 3D case of the
diamond lattice the different spin-up and spin-down states mix.

The four energy bands of the Fu-Kane-Mele Hamiltonian can be calculated by diagonalizing
the corresponding Bloch Hamiltonian (5.43). As a result, we obtain:

Eri(k) = —t'"y (k) £ VE2[y(k)[2 + (Asolu(k)| £ A)2. (5.49)

Apparently, the presence of a hopping term between next-nearest neighbor atoms shifts the
Fermi level of the model and breaks particle-hole symmetry, while the gaps induced by the
spin-orbit interaction Agp and the staggered sublattice potential A compete. Note that in an
inversion-symmetric system, i.e., for A/t = 0, each band is doubly degenerate, and the con-
duction and valence bands meet at the three equivalent X points in the Brillouin zone, X, =
(27 /a)eq fora € {z,y, z}. Tolift this degeneracy and to make the Fu-Kane-Mele model a topo-
logical insulator, we have to include anisotropic modulations of the hopping amplitude t on the
four nearest-neighbor bonds, i.e., we sett — t; =t +6t; (j = 1,...,4) which lowers the crys-
tal symmetries of the diamond structure'”. As a consequence, the tight-binding function ~(k)
describing the hopping between nearest neighbor atoms is modified as well,

& 5t
(k) =) <1 + tj)e““'dj, (5.50)

i=1

while we neglect the changes of the next-nearest-neighbor tight-binding function ~/(k), be-
cause usually the overlap parameter ¢’ is much smaller than ¢, i.e., ¢/t < 1. Also note that the
(gapped) bulk Dirac points defined by the two conditions |y(k)| = 0 and |u(k)| = 0 are shifted
within the Brillouin zone as function of the hopping amplitude modulations ét;.
Fig.[5.12)illustrates the effect of the various model parameters on the electronic band struc-
ture &1+ (k) of the Fu-Kane-Mele model. Throughout this section we consider all model pa-
rameters to be equal to zero unless stated otherwise, except for the hopping amplitude which
is usually set to unity. Panel (a) shows the band structure of the pristine Fu-Kane-Mele modelin
the absence of spin-orbitinteractions Ago, modulated hopping amplitude 6¢;, and a staggered
sublattice potential A. Apparently, there exists a critical line of high-symmetry between the
X and W points in the Brillouin zone, where the conduction and valence band have the same
energy, leading to a semimetal. By including spin-orbit interactions, the degeneracy of conduc-
tion and valence bands is lifted, but the system remains a semimetal, because the bands still
touch at the high-symmetry point X [cf. panel (b)]. If we further consider anisotropic hopping
amplitudes, as shown in panel (c) for 6¢; /¢t = 0.4, this bulk Dirac point is shifted away from
the X point. Note, however, that the conduction and valence bands still touch at some other
point k* within the bulk Brillouin zone which is determined by the relation |y(k*)| = 0 (not
shown in Fig.[5.12). The gap induced by the staggered sublattice potential A creates a finite
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bulk band gap and makes the system an ordinary band insulator [cf. panel (d)]. In the presence
of both sublattice potential A, which breaks the inversion symmetry of the model, and spin-
orbit interactions, both gaps compete with each other and lift the two-fold degeneracy of the
conduction and valence bands [cf. Eq. (5.49)]. In particular, there exists a critical line in the pa-
rameter space defined by A/Aso = 8 which separates a topologically non-trivial phase from
the trivial band insulator, similar to the phase diagram obtained for the Kane-Mele model on
the graphene lattice (cf. Fig.[5.6). To be specific, for a given sublattice potential A we observe a
topologically non-trivial phase for A\go > A§y = A/8[cf. panel (e)], but a trivial band insulator
for A\so < A§y = A/8 [cf. panel (f)].

From the bulk density of states v(w) plotted in Fig. as function of the energy w/t we
also see that the line of bulk Dirac points, which only exists in the absence of spin-orbit interac-
tions, leads to a linear dependence v(w) ~ |w| close to the Fermi level [cf. panels (a, ¢, d)]. On
the other hand, we observe that the degeneracy of the valence and conduction bands along
this nodal line is lifted by including spin-orbit interactions. However, the bands still touch at
the isolated three-dimensional Dirac points X. Consequently, the density of states vanishes
quadratically, i.e., v(w) ~ w? [cf. panel (b)]. Furthermore, the second-nearest neighbor hop-
pingterm ¢’ breaks particle-hole symmetry as can be seen from the asymmetric density of states
in panels (d, f). Finally, if we consider the situation, where hopping along one of the bonds
is stronger than along the others (§¢1/t = 0.4), and take spin-orbit interaction into account
(Aso/t = 0.125) we observe that a global band gap is opened in panels (e, f), in agreement
with the electronic bulk band structure shown in Fig.[5.12|(e). In principle, this bulk band gap
opens up the possibility for the existence of topologically protected surface states, and those
surface states are of interest in the scenario of chiral symmetry breaking on the surfaces of a
strong topological insulator, as discussed before.

To explain the phase diagram of the Fu-Kane-Mele model shown in Fig.[5.14]let us briefly
summarize the results of Refs. [7]8. Most importantly, the different phases of the Fu-Kane-Mele
model can be distinguished by the four Z invariants (v; v1213), which have been introduced
in section [2.5]and which have been discussed for the minimal HgTe model in more detail in
section[3.6.6] In the following, we review both the weak and strong topological insulator phases
with g = 0 and vy = 1, respectively.

For vy = 0, the Fu-Kane-Mele model describes a weak topologicalinsulator, and this quan-
tum state of matter is characterized by an even number of Dirac fermions on each surface. It
can be interpreted as a 3D sample consisting of layers of 2D quantum spin Hall states which are
stacked along the [ 1513] direction, where 11, 19, and 3 take the role of Miller indices for the
planes showing the quantum Hall phases. As pointed out by Fu, Kane, and Mele, the presence
or absence of topologically protected surface states is rather involved in the case of vy = 0.
It turns out that the number of Dirac fermions on a particular surface of the crystal depends
very much on the translational symmetries of the lattice in the sense that upon doubling the
unit cell two Dirac points will be folded back onto one another. A weak periodic potential or
disorder would then induce a band gap, thus localizing and eliminating the topological surface
states.

The quantum states with vy = 1, on the other hand, are much more robust against dis-
order and are therefore called strong topological insulators. In contrast to weak topological
insulators, a strong topological insulator hosts an odd number of Dirac fermions on each of its
surfaces, with partner Dirac fermions residing on opposite surfaces of the sample. In the sim-
plest case, the surface Fermi surface encloses a single Dirac point. Due to the 7w Berry phase
of a single Dirac fermion, the surface state is immune to non-magnetic disorder and cannot
be localized by weak disorder. In other words, a strong 3D topological insulator exhibits a 2D
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Figure 5.12. Particle-hole symmetric energy bands £ 1 (k) [cf. Eq. ] of the Fu-Kane-Mele Hamilto-
nian (5.43) as function of the crystal momentum k with ¢t = 1. (a) For Ago/t = dt;/t = A/t = 0 both
conduction and valence bands are doubly degenerate, and there is a nodal line with zero energy con-
necting X and . (b) The degeneracy of valence and conduction bands along that nodal line is lifted by
including a finite spin-orbit coupling parameter (Aso /t = 0.125), but the bands still touch at the three-
dimensional Dirac point X. (c) A modulation of overlap parameters (§t; /t = 0.4) shifts the bulk Dirac
point away from the high-symmetry point X, but the gap closes at another point k™ in the Brillouin zone
which is determined by the relation |y(k™)| = 0 (not shown here). (d) Breaking inversion symmetry by
adding a staggered sublattice potential A/t = 0.5 leads to a true band gap £z, = 2A in the absence of
spin-orbit coupling. (e) The gap induced by the spin-orbit coupling, however, competes with the gap due
to the staggered sublattice potential, lifting the degeneracy of both conduction and valence bands and
shifting the bulk Dirac point on the high-symmetry line between X and W for ¢, /t = 0. (f) In presence
of the sublattice potential, there is a critical spin-orbit coupling A, = A/8, where a quantum phase
transition to a trivial band insulator phase for Ago < A§, takes place.
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Figure 5.13. Plots of the density of states v(w) of the Fu-Kane-Mele Hamiltonian as function of the
energy w/t. (a) For A\so/t = 0t;/t = t'/t = 0 both conduction and valence bands are doubly degener-
ate, and there is a critical high-symmetry line connecting X and W, leading to the soft gap behavior of
v(w) atthe Fermilevel,w/t = 0. (b) By including a finite spin-orbit coupling parameter (Aso /t = 0.125)
this degeneracy of valence and conduction bands along a line is lifted, but the bands still touch at the
three-dimensional Dirac point X. As a consequence, v(w) vanishes quadratically at the Fermi level.
(c) The modulation of overlap parameters (§¢1 /¢ = 0.4) only moves the line of bulk Dirac points away
from the high-symmetry line connecting X and W, but does not collapse the line to single bulk Dirac
points. (d) The conduction and valence bands are no longer particle-hole symmetric once a finite next-
nearest neighbor interaction ¢’ /¢t = 0.05 is taken into account. This, however, does not remove the line
of bulk Dirac points. (e) Combining the spin-orbit interaction (Aso /¢t = 0.125) and the anisotropy hop-
ping along of the bonds (6t;/t = 0.4) destroys the line of bulk Dirac points and creates a bulk band
gap in the system which finally allows for the existence of gapless surface states. (f) The bulk band gap
prevails when taking into account the additional next-nearest neighbor interaction ¢’ /t = 0.05, but the
properties of the gapless surface states can be modified in a non-trivial way by next-nearest neighbor
interactions.
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Figure 5.14. Phase diagram as function of the modulation d¢; and ¢ of the nearest-neighbor overlap
parameters ¢ for bondsin the [111] and [111] directions (§¢; 2/t < 1). The gray (white) area indicates the
strong (weak) topological insulator phase, and for each phase the topological Z, invariants (vg; v1v213)
are explicitly given. Note that the indices (v 1513) can be interpreted as Miller indices for planes of 2D
quantum spin Hall insulators stacked and coupled along the [ 15v3] direction. Figure after Ref. [8

metallic surface which is topologically protected by time-reversal symmetry.

Note, however, that transitions between any two phases of the Fu-Kane-Mele model can
only occur when the bulk band gap vanishes according to the bulk-boundary correspondence.
As shown by Fu, Kane, and Mele, such quantum phase transitions can only occur when the bulk
band gap closes at any of the X pointsin the bulk Brillouin zone of the diamond lattice®®. Hence,
0ti/t =0(: =1,...,4) can be considered as a multi-critical point in the phase diagram of the
Fu-Kane-Mele model (cf. Fig.[5.14) which separates eight different phases:

Finally, note that the Fu-Kane-Mele model does not show a trivial band insulator phase in the
perturbatively accessible regime around the multi-critical point. A trivial phase can only be
reached when drastically increasing the overlap parameter along one of the bonds, i.e., §t1 /t >
2,sothatelectronicinteractions along that bond dominate, but we will not consider that phase.

5.3.3 Surface bands in diamond slabs

So far we have only discussed the bulk phase diagram of the Fu-Kane-Mele model in terms of
the electronic band structure £1 4 (k) and the corresponding density of states v(w). As shown
by Fu, Kane, and Mele this model has also non-trivial surface states which can be studied by
solving the tight-binding Fu-Kane-Mele Hamiltonian in a finite slab geometry with open bound-
ary conditions in the growth direction of the slab and periodic boundary conditions in the two
perpendicular directions. Figs.[5.15land[5.16|show the two-dimensional slab band structures for
two slab geometries with (001) and (111) surfaces along the high-symmetry points and lines of
the corresponding surface Brillouin zone. Note that Fig. [3.9schematically illustrates the con-
struction of the surface Brillouin zone for different normal vectors in the [001], [011], and [111]
directions, and this construction is valid for both zinc-blende and diamond lattice as they have
the same reciprocal lattice.

As expected, in the strong topological insulator phases we observe an odd number of Dirac
points in the surface spectrum indicated by red solid lines in Fig.[5.15] while the weak topolog-
ical insulator phase is characterized by an even number of Dirac points, as shown in Fig.[5.16]
Those states crossing the bulk band gap are exponentially localized at the surfaces, giving rise
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Figure 5.15. Electronic band structure of slabs with (a) (111) surfaces and (b) (001) surfaces for a
slab width of N = 50 layers. The parameters of the model are chosen ast = 1, 6t;/t = 0.4, and
Aso/t = 0.125, so that both panels realize a strong topological insulator. In addition to the bulk bands,
we observe surface bands traversing the bulk band gap indicated by red lines, and those are localized
at the top and bottom surfaces of the slab. In general, in the strong topological insulator phase there
exists an odd number of points, where the surface bands cross in a Dirac-like fashion, as can be seen in
both panels. On the (111) surfaces, this can either happen at the three non-equivalent M, M, and M
points or at the " point, and which one of the two cases is realized depends on the surface termination,
as discussed in the main text. Similarly, we find a single Dirac point on the (001) surfaces either at the
X, point or at the X5 point.
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Figure 5.16. Electronic band structure of slabs with (a) (111) surfaces and (b) (001) surfaces for a slab
width of N = 50 layers. The parameters of the model are chosen such that both panels realize the weak
topological insulator with an even number of Dirac cones on the surfaces for¢ = 1 and Ao/t = 0.125.
In panel (a) we have chosen 6ty /t = —0.4, while in panel (b) we use §t; /t = 0.4. Obviously, there
exist surface bands which traverse the bulk band gap, but in contrast to the strong topological insulator
shown in Fig.those surface bands always cross in an even number of Dirac points.
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Figure 5.17. Density of states v(w) of the Fu-Kane-Mele model as function of the energy w/t for different
values of the spin-orbit coupling Aso /t. The parameters of the model are chosen such that the system
is in a strong topological insulator phase for Agso/t > 0: t = 1, 6t;/t = 0.4, and A/t = 0. For small
spin-orbit interactions Ago the bulk band gap £sa, < Aso and vanishes at the quantum critical point
A§o/t = 0 (indicated as black line).

to the notion of a 2D surface metal of Dirac fermions in 3D topological insulators. Due to the
Kramers’ theorem, the Dirac points are located at the time-reversal invariant momenta of the
surface Brillouin zones. Note that in the strong topological phases of the Fu-Kane-Mele model,
each surface state traversing the bulk band gap has a single time-reversed partner state, and
those pairs of eigenstates are robust against small perturbations due to time-reversal symme-
try.

It is interesting to study the effect of the different model parameters on the Fermi velocity
v3t of the surface Dirac fermions. To be specific, we focus on the strong topological insulator
phase of a slab with (001) surfaces in which the bond along the [111] direction is stronger than
the others, i.e., we consider only dt; /t = 0.4, but the results presented in the following are
equally valid in the other phases with g = 1 as well.

Let us first discuss the role of the spin-orbit coupling parameter Agp. In an inversion-sym-
metric system, i.e., for A/t = 0, the spin-orbit interaction between next-nearest neighboring
atoms leads to a finite bulk band gap which depends linearly on the strength of the spin-orbit
coupling Aso for small couplings, i.e., Egap o< Aso. This can be easily seen from the density of
states shown in Fig.[5.17]for different spin-orbit couplings Aso /¢ € {0.1,0.05,0.025, 0}. Appar-
ently, the bulk band gap vanishes at the quantum critical point which is given by A, /t = 0
in an inversion-symmetric system (A /¢ = 0). Note that only at that point the system may un-
dergo a quantum phase transition from a topological quantum state of matter to another one,
as mentioned before.

Furthermore, since the bulk band gap closes at the bulk quantum critical point A, /t = 0,
the surface states traversing the bulk band gap are expected to become perfectly flat in that
limit. In other words, the surface Fermi velocity vil“f is expected to vanish as A\gp decreases:

U?,Prf xAso — 0 as Ago — 0. (5.51)

Fig.[5.18] (a-d) shows the expected evolution of the surface states obtained from a (001) slab
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as function of decreasing spin-orbit coupling Aso /¢t € {0.125,0.05,0.025,0}. In principle, the
decrease of the surface Fermi velocity opens up the possibility to observe a spontaneous mass
generation on the surfaces of the topological insulator since a = €2/(hv$™) could become
large, but as we show below, the dielectric constant € also diverges and « goes to zero instead of
diverging. Nevertheless, when the average kinetic energy goes to zero, even local, Hubbard-like
interactions become more relevant and can drive the transition, as we further discuss below.

Let us now discuss the role of the hopping term ¢’ between next-nearest neighboring atoms
as leading-order correction to the usual hopping term ¢. It is well known from graphene that
next-nearest neighbor interactions shift the Fermi level and change the bandwidths of both
valence and conduction bands, thus breaking particle-hole symmetry. In addition, the edge
states in zigzag graphene nanoribbons become dispersive as well, with the bandwidth set by
the next-nearest neighbor interaction ¢’ (Ref. [155). In the Fu-Kane-Mele model on the diamond
lattice, the surface bands also become “flat” at the Dirac point located at X in the sense that
Ok€(k) = 0for A\go — 0, as shown in Fig.(e—h). However, due to next-nearest neighbor
interactions, away from the X point the surface bands also become dispersive and bend up-
or downwards, again with a bandwidth set by . As a consequence, in the presence of inter-
actions, the surface bands will couple to the bulk bands due to the finite curvature, and this
allows for elastic scattering into the bulk. The opening of an elastic scattering channel for the
Dirac fermions occurs at a finite spin-orbit interaction strength which is set by the next-nearest
neighbor hopping amplitude, Aso ~ t'/4. Hence, to leading order the decrease of the surface
Fermi velocity vﬁ}“f as function of the spin-orbit coupling Ago is cut off by a finite next-nearest
neighbor hopping ¢/, resulting in the rough estimate v3%"f oc max{|Asol,#'}. In a sense, the
magnitude of the surface Fermi velocity vﬁ%“f is reduced by a factor ¢’ /t compared to the bulk
Fermi velocity, i.e., v = (¢'/t)vk for Ao/t < #/t. Furthermore, note that the average
kinetic energy of the Dirac fermions does not vanish as the surface bands now have a finite
bandwidth.

Finally, let us consider the effect of a staggered sublattice potential A which breaks the
inversion symmetry of the diamond lattice, thereby reducing the point group symmetry of the
crystal lattice from OF to T2 (cf. sections and for details on the crystal symmetries
of the zinc-blende and diamond lattices). Most importantly, the bulk quantum critical pointin
the phase diagram is shifted towards a finite spin-orbit coupling A§, = A/8, where the bulk
band gap between the £+ _ (k) bands vanishes [cf. Eq. (5.49)]. Fig.[5.19shows the density of
states of the inversion-asymmetric Fu-Kane-Mele model for different spin-orbit couplings. It
turns out that for A\so > A§( the Fu-Kane-Mele model describes a strong topological insulator,
while for Aso < A§(, the system is a trivial band insulator. This situation is reminiscent of the
phase diagram of the Kane-Mele model on the 2D graphene lattice, where the quantum spin
Hallinsulator phase is separated from a trivial band insulator state by a quantum critical point
at ASo = 3v/3 A (Refs. [3/4).

Fig.[5.18] (i-1) shows a sequence of slab band structures in the presence of both inversion
asymmetry (A/t = 0.25) and next-nearest neighbor hopping (t'/t = 0.1) as function of the
spin-orbit coupling Aso/t € {0.125,0.05,0.025,0}. Above the critical spin-orbit interaction
strength \§,/t = A/(8t) = 0.03125 we observe the expected surface bands which are split
due to inversion asymmetry [panels (i, j)]. Note, however, that one of the surface states shows
a Dirac point with an energy that lies in the projected bulk valence bands, and thus the corre-
sponding surface state is likely to interact with the bulk bands due to elastic scattering. When
the bulk valence and conduction bands touch at the bulk quantum critical point \§,/t =
0.03125, the surface states can “unknot” and remove their topologically non-trivial winding
over the Brillouin zone. As a consequence, for A\so < Ay the Fu-Kane-Mele model describes
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Figure 5.18. Plots of the electronic band structure for a slab with (001) surface and a thickness of N = 50
layers. The bulk bands are indicated by black lines, while the surface states traversing the bulk band
gap are shown in red. The parameters of the model are chosen such that it realizes a strong topological
insulator in the simplest case: t = 1, t1/t = 0.4, Aso/t = 0.125,¢'/t = 0,and A/t = 0 [cf. panel (a)].
Columns from left to right show band structure plots for Ago /¢ € {0.125,0.05,0.025, 0}, while the rows
from top to bottom show plots for (¢' /¢, A/t) = (0,0), (0.1,0),and (0.1, 0.25), respectively. (a-d) In the
absence of next-nearest neighbor hopping (t'/t = 0) and inversion asymmetry (A/t = 0) the surface
bands are doubly degenerate, so that top and bottom surfaces exhibit identical surface states. Those
surface states become perfectly flat in the limit of vanishing spin-orbit interactions, i.e., v3*f — 0 for
Aso — 0. (e-h) Taking next-nearest neighbor interactions into account (¢’ /¢ = 0.1) the surface states do
not become perfectly flat in the limit Aso — 0, but exhibit a finite band curvature, where the bandwidth
of the surface band within the bulk band gap is set by the nearest-neighbor hopping amplitude ¢'. (i-1) In
the absence of inversion symmetry, A/t = 0.25, the degeneracy of the surface bands is lifted, but the
states corresponding to top and bottom surfaces still cross in Dirac points located at the X point of the
surface Brillouin zone. There exists, however, a critical spin-orbit coupling \§ = A/8, where the bulk
band gap closes and the system undergoes a quantum phase transition to a trivial band insulator phase
[in between panels (j) and (k)].
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Figure 5.19. Density of states v(w) of the Fu-Kane-Mele model with broken inversion symmetry as func-
tion of the energy w/t for different values of the spin-orbit coupling Aso /t. The parameters of the model
(t =1,0t1/t = 0.4,and A/t = 0.25) are chosen such that the system is in a strong topological insulator
phase for Aso > A§o = A/8. The inset shows that the bulk band gap closes at the critical spin-orbit
coupling A§,/t = A/(8t) = 0.03125 and the corresponding density of states vanishes quadratically in
agreement with isolated Dirac points (indicated by the yellow dashed line). Although on both sides of
the quantum phase transition the system remains gapped, the profile of the density of states v(w) as
function of w/t is quite different, showing a discontinuous vanishing in the trivial phase.

a trivial band insulator phase. Similar to the previous discussions we observe that the surface
bands become increasingly flat as we approach the bulk quantum critical point A§,, which
might allow for elastic scattering between the surface bands and the bulk states [see, e.g.,

Fig.[5.18](i)].

5.3.4 Topological origin of the flat surface bands

As shown in the previous section, solving the Fu-Kane-Mele model in a slab geometry we find
surface states which become perfectly flat in the limit Ago — 0, but this property is not limited
to a specific model or geometry, as we discuss below. More generally, in the presence of a chiral
symmetry, the system supports nodal lines, i.e., lines with zero (or constant) energy in the bulk,
and their existence leads to flat surface bands, i.e., topologically protected gapless fermions
localized at the surfaces forming a band without dispersion176172,

To gain a better understanding of those flat bands, we consider a semimetal with a nodal
line in the bulk. The topological invariant supporting the existence and topological stability of
the nodal line is the following contour integral /%102

1 k A
v= 2§ KSR V) e . (5.52)
C 271

where N denotes the number of conduction and valence bands, and ¥ defines the chiral sym-
metry operator. The topological protection stems from the fact that the phase of the zero-
frequency Green’s function G(w = 0, k) = H(k)~! can only change by an integer multiple of
27 when going around the nodal line in the three-dimensional momentum space (see Fig.[5.20).
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Figure 5.20. a, b) The Fermi surface £(k) = Ep indicated by the red line is the momentum-space ana-
logue of avortex line, where the phase of the Green’s function changes by an integer multiple of 27 going
around the nodal line in (w, k) space. This nodal has a non-zero winding number in momentum space,
and this gives rise to topologically protected states located on the surfaces of the system. Those surface
states form a completely flat band which terminates on the projection of the nodal line onto the surface.
c) Winding of the Green’s function G around the nodal line which can be considered as a singularity of
the Green'’s function (red dot). Figure after Ref. 176l

On the other hand, as we are concerned with certain slab geometries, one may also choose
the contour as a straight line [—x/a, 7/a] along the direction k£, normal to the surface, and
consider thein-plane momentum k in the surface Brillouin zone as a parameter of the winding
number:

1™ dky o _
v(ky) = N/_w/amtr{E’H(kLk) 10k, H(k 1, ky)} € Z. (5.5

Since the points k£, = +7/a are equivalent due to periodic boundary conditions, the contour
[—7/a, 7 /a) forms a closed loop as well, and thus the above integral takes on integer values if
the integration path does not cross the bulk nodal line, where the energy is zero.

Now let us assume that for any point k| within the projection of the nodal line onto the
surface v(k)) # 0, while v(kj) = 0 outside this region [cf. Fig. (a)]. Since the states
with non-trivial winding number v(k ) # 0 cannot be adiabatically transformed into the states
of topologically trivial systems with v(kj) = 0 like the vacuum, a surface state with zero en-
ergy emerges for each momentum k| inside the non-trivial region of the surface Brillouin zone
at the interface between systems with different winding numbers. Note that the appearance
of topologically protected surface states has the same mathematical footing as in the Kane-
Mele model discussed in section[5.2.6|and in the Su-Schrieffer-Heeger model discussed in ap-
pendix namely the fact that the first homotopy group of the unit circle S' is non-trivial:
m1(S') = Z. Furthermore, following the arguments presented in those sections, it also be-
comes immediately clear that the existence of flat surface bands in the Fu-Kane-Mele model is
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protected by the chiral symmetry 3.

Now let us discuss the flat surface bands in the Fu-Kane-Mele model in the absence of spin-
orbitinteractions Ago, modulations of the overlap parameters 6, hopping between next-nea-
rest neighbors t/, and the staggered sublattice potential A. The remaining nearest-neighbor
hopping couples the 2( and B sublattice of the diamond lattice, and the Bloch Hamiltonian has
a chiral symmetry which is given by the operator S = 7. ® 0. Moreover, the Fu-Kane-Mele
model has nodal lines in the bulk connecting the high-symmetry points X and W in the Bril-
louin zone for §t; /t = Owithi = 1,...,4 [cf. Fig.(a)]. Those nodal lines are shifted in the
bulk Brillouin zone if we consider finite modulations §t; of the hopping amplitude, but their
presence still guarantees the existence of topologically protected surface states. We have cal-
culated the winding number v (k) [cf. Eq. ] in that situation for slabs with (001) and (111)
oriented surfaces, as shown in Fig.[5.21} As discussed above, regions with non-trivial winding
number v (k|), which cannot be connected adiabatically to the vacuum, host perfectly flat sur-
face bands. Indeed, for the (001) slabs we find such zero-energy states, shown in Fig.(d),
in the same area of the surface Brillouin zone, where v(k)) = 1, as shown in Fig.(a). Simi-
larly, we also find flat surface bands in the (111) oriented slabs which are in perfect agreement
with Fig.[5.15\when we take the limit Ago /t = 0.

However, note that in all slab geometries, the winding number v (k) depends on the ter-
mination of the surfaces, which can be understood as follows: As shown in appendix[C], the
winding number v (k) can also be expressed in terms of a unit vector d(k), where d(k) € R®
is defined by the parametrization of the bulk Bloch Hamiltonian as H(k) = d(k) - T'. Here, I is
a five-component vector of the 4 x 4 I' matrices similar to the ones introduced in chapter[3|for
our minimal model. Aside from the number and position of the nearest-neighbors in the crystal
lattice, also the choice of the unit cell influences the vector d(k). In the simplest case, the unit
cell of the diamond lattice contains only two sublattices 2 and B, which allows for different
definitions of d(k), for example:

4
doss (k) = —t Y ek (di=d), (5.54a)
j=1
4
doya(k) = —t Y ek (did2), (5.54b)
j=1

Since dys (k) = explik-(dy — di)]dga(k) and dy — di = %(0,—1,—1)7, this results in
a change of the winding number by Av = 1, as shown in panels (b) and (c) of Fig. [5.21| for
different terminations of (111) slabs.

In the presence of perturbations breaking chiral symmetry, however, those surface bands
become dispersive with a bandwidth set by the perturbation strength. For example, Fig.[5.18(a-
¢) shows dispersive surface bands with a bandwidth proportional to the spin-orbit coupling
As0, because spin-orbit interactions are proportional to 7, ® o, breaking chiral symmetry as
{f], T, ® 0.} # 0. We have also checked by explicit tight-binding calculations that hopping
between second-nearest neighbors ¢’, which also breaks the chiral symmetry of the Fu-Kane-
Mele model, leads to a finite dispersion of the surface bands [cf. Fig.(d)].

Finally, an important consequence of a flat surface band is the singular density of states
which may lead to instabilities of the surface Dirac metal towards the formation of symmetry-
broken states with smaller density of states. For example, Heikkila and Volovik have shown that
topologically protected surface bands without dispersion emerge by stacking graphene layers
on top each other in a rhombohedral stacking' ™™, The flat surface bands arise, because a



5 - Surface Criticality in 3D Topological Insulators 153

+ [(b)

~
%] ¥y

b

iz EiS 0 2 4
3

3 3 3

Figure 5.21. Plots of the winding number v/(k)|) as function of the momentum & in the surface Brillouin
zone of (a) (001) surfaces and (b, c) (111) surfaces, where gray and white areas correspond to winding
numbers v(k) = £1 and v(k|) = 0, respectively. In all plots, the surface Brillouin zone is indicated
by dotted lines, and the path through the surface Brillouin zone used in Figs.[5.15/and[5.16is marked by
solid lines. In panels (b, c) we used different terminating layers of the (111) slabs which can be taken into
account by a redefinition of the Bloch Hamiltonian 7 (k), thereby resulting in different winding numbers.

nodal line is formed in the bulk of the system in the limit of a large number of graphene layers.
Furthermore, in that model the formation of a singular density of states with increasing number
of layers N is exemplified by the singularity v(w) ~ w?N=1 which for N > 1yieldsa 1/w
divergence: v(w) = 1/(2rNw)812, So far we have shown that in the Fu-Kane-Mele model
there exist flat surface bands which, in principle, opens up the possibility for a spontaneously
generated mass in the presence of long-range electron-electron interactions. However, the flat
band also leads to a shard peak in the density of states, and therefore we have to discuss the
polarization function of the Fu-Kane-Mele model in the limit Ago /¢ — 0 as well.

5.3.5 Polarization function for the Fu-Kane-Mele model

So far we have only discussed the evolution of the Fermi velocity v}urf upon tuning the strength
of the spin-orbit interactions Ao/t — 0, where we have already seen that nodal lines appear
in the bulk of the system at the quantum critical point Ago/t = 0. Since the density of states
vanishes at the Fermi level, i.e., v(w — 0) = 0, the bulk is not metallic, and naively one would
not expect screening to be relevant. Consequently, the bulk dielectric should be rather con-
stant so that the effective interaction strength « diverges. However, our calculations show that
this is not the fact, and we find a precursor to screening in the divergence of the polarization
function in the low-frequency limit w = 0 and long-wavelength limit ¢ — 0. Here, we consider
the dielectric constant €(Agp) as function of the spin-orbit coupling Aso which can be easily
calculated from the electronic polarization function II(w, g) in the static limit.

Our starting point for computing the polarization function II(w, q) is the functional repre-
sentation of the quantum partition function Z expressed as a coherent state path integral over
the action S:

Z:/D(\Iﬂ,\p)exp(—smﬂ,\p]) with  S[UT, 0] = So[UF, U] + S [TF, U], (5.55)
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The free action Sy[¥T, U] describing non-interacting spinful electrons in terms of the Fu-Kane-
Mele Hamiltonian Hpkwn (k) [cf. Eq. (5.43)] is simply given by

4
cS‘()[\IJT,\I’}E/(;iﬂ_];:4

where, for brevity, we have introduced the “4-momentum” k& = (v, k) comprising both fre-
quency v and momentum k, and ¥, denotes the four-component spinors with sublattice and
spin degrees of freedom. Furthermore, we consider an instantaneous Coulomb interaction be-
tween the Dirac fermions as their Fermi velocity is much smaller than the speed of light:

L(—iv 1+ Hexm(k)) ¥, (5.56)

S [0, 0] = = [ &'k | &K' d q

v, vl V@Y, v, (5.57)

where V(q) = ¢?/|q|? is the Fourier transform of the bare Coulomb potential V () = ¢2/|r|.
The free Green’s function Gy (k) of the electron gas is defined as the Wick contraction <\Ilk\11,1>0.
In terms of the Fu-Kane-Mele Hamiltonian, Gy(k) is just the inverse of the kernel of the free
action So[¥T, ¥]:

. —1

go(ki) = <‘I’k\11;2>0 = (—ZV 1+ HFKM(IC))

In general, the polarization function I1(g) with 4-momentum ¢ is defined as the Fourier trans-
form of the connected correlation function (¥f(x, 7)U(x, )T (x’, /)T (2, 7'))o. In the case
of a translationally invariant system, II(¢) can be rewritten as a four-dimensional momentum

integral (see Fig.|5.22):

(5.58)

I(q) = 2/ (jjf)zl tr{Go(k)Go(k +q)}. (5.59)

Here, the factor of 2 stems from the Wick contraction of field operators after relabeling mo-
mentum indices, and the trace is evaluated over the internal degrees of freedom, i.e., spin and
sublattice degrees of freedom in our case. Within the random phase approximation, the dielec-
tric constant e is then related to the polarization function I1(g) by:

4re

e(q) =1+ —5 I(qg). (5.60)
la|

Hence, to determine the screening properties of the Fu-Kane-Mele model close to the bulk
quantum critical point we have to calculate the polarization function (see Fig.[5.22) in the static
limit and for long wavelengths, II(w = 0,q — 0). Note that as long as Aso/t # 0 the bulk re-
mains gapped, so that we may perform a Taylor expansion to quadratic order in small q. In
contrast, at the quantum critical point Ago/t = 0 we have to consider the full expression for
the polarization bubble, as derived in the following.

To calculate the polarization function II(g), we start from Eq. and rewrite the Fu-

Kane-Mele Hamiltonian Hrky (k) in terms of 4 x 4 I'-matrices I', as
Hrxm(k) = d(k)- T, (5.61)
where the five-component vectors d(k) and I" are defined as follows:

d(k) = (Rev(k), — Imy(k), Asous (k), Asouy (), Asous (k)" (5.62a)
I'= (1, ®00,7y ®00,T: @0y, T, @ 0y, T, @ O'Z)T. (5.62b)
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k+q

k

Figure 5.22. Leading-order Feynman diagram for the polarization function II(¢) = II(w, q). The “4-
momenta” k and ¢ comprise both frequency and momentum, i.e., we consider k = (v, k) and ¢ = (w, q).

Similar to the minimal modelintroduced in chapter[3} those I matrices satisfy the usual Clifford
algebra, i.e., they anti-commute with

{To,Ty} =261 for ab=1,...,5. (5.63)

Since I'? = 1, we can easily diagonalize the Hamiltonian to obtain the electronic band struc-
ture. As a result, we obtain the same result as discussed previously:

E(k) = +|d(k)|, (5.64)

where each conduction and valence band is two-fold degenerate. Due to the anti-commutativ-
ity of the above I" matrices, we also obtain a simple expression for the bare fermion propagator

[cf. Eq. B.58)]:

. -1 wl+ d(ki) -
k)= (—ivl+d(k)-T = 5.65
Go(k) = (~iv 1 +d(k)T) ™ = S5 000 (5.65)
Furthermore, as the I" matrices are traceless, i.e., trI';, = Oforalli = 1,...,5, we can easily
calculate the matrix trace in Eq. (5.59). As an intermediate result, we obtain:
d*k —v(v+w)+dk) dk+q)
II =38 i 5.66
rai0) = [ o T w7 a2 (5:66)

To compute the frequency integral over —oo < v < oo, we perform a rotation to the imaginary
frequency axis by substituting v = iz. In the static limit, i.e., forw = 0, we then find the
following expression for the polarization function using the well-known residue theorem:

d’k _|d(k)||d(k + q)| — d(k)-d(k + q)

Mol =00 = | G tklate s g+ -y ©°

Concerning the role of the spin-orbit coupling Ao we observe that the bulk band gap remains
finite as long as we keep A\go /1 finite and include modulations of the hopping amplitude, dt;
[cf. Figs.[5.12}[5.13} and[5.17]. In that case, we may perform a Taylor expansion of the integrand
for low-energy excitations with small wave vector g:

1
d(k + q) ~ d(k) + qa0.d(k) + gqaqgaaaﬁdw) +0(¢), (5.68a)
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and the Taylor expansion of the vector norm with respect to q is given by:

1
|d(k + q)| = |d(Kk)| + dadald(K)| + 5;daq9a95|d (k)| + O(q’)

=|d(k)| + QQM
(k)] (5.68b)
9048 (Oad,(K))(9sd, (k) + dy(k)0a0pd, (k) '
2 (k)]
. QQ;B dv(k)(aad’y(’ )() )’gk)( ad5( )) + O(q?;)’

where 9, f(k) = 0f(k)/0ka, and a summation over the Greek indices o, 5,7, € {z,y,z}
is implied. Upon substituting the above expressions, the static polarization function takes the
following form:

3
N = 0,4) ~ 20005 | (Zwl)ﬁs [(aady(|lzz)<)k(:>a|§d”(k))
dy (k) (Dady (K))ds(Kk) (Dds(k))

B 3
|d(k)[? ] +0(¢°), (5.69)

orin a more compact notation:

@k [[(q-Vi)d(k)]* _[d(k)-(q-Vi)d(k)]? ,
(27)3{ |d(k)|? |d(k)[? } +O(q”). (5.70)

Hrxm(w =0,q9) = 2/

This result for the static polarization function in the limit of long wave lengths, g — 0, is appar-
ently well-defined as long as the bulk remains gapped which is ensured by a finite spin-orbit
coupling Aso/t # 0 and finite hopping modulations 6¢;, as mentioned before. Furthermore,
from our previous analysis of the bulk band structure and density of states we also know that
in the limit Aso/t = 0 nodal lines emerge in the bulk of system close to the X points, and those
nodal lines also give rise to the perfectly flat surface states. Close to the bulk quantum critical
point Ago/t = 0, we can describe such a nodal line by an effective low-energy Hamiltonian

Heg(k) = d(k)-T with d(k) = (ks ky, Aso)T, (5.71)

where we have performed a suitable coordinate transformation, so that &, is the momentum
along the nodal line which does not enter the effective Hamiltonian. Upon substituting the
vector d(k) into the polarization function II(w = 0, q) [cf. Eq. (5.70)] we find that

4 +q;
|Aso|

Heff(w =0, Q) X (5.72)

In the Fu-Kane-Mele model, there are three equivalent X points in the Brillouin zone of the
diamond lattice, located X, = 22 (1,0,0), X, = 2% (0,1,0)7, and X, = 2% (0,0,1)”.
Hence, combining the above result for all three X points we find that the static polarization
function develops a 1/Ago divergence close to the bulk critical point:

2
HFKM(W =0, q) X |q’ + O(qg). (5.73)
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Note that the above result was obtained in the absence of next-nearest neighbor hopping ¢'.
This particular form of the polarization function is reminiscent of the situation in two-dimen-
sional graphene sheets with a single Dirac point and mass m, where the static polarization func-
tion takes the following form1221153

q|?

ngaphene(w =0, q> X —F/—.
Vila2 + m?

According to our discussion, we find a similar relation in the three-dimensional Fu-Kane-Mele
model for a line of Dirac points, where the spin-orbit interaction generates a mass term for the
otherwise gapless Dirac fermions:

(5.74)

2 2/ for A 0
s = 0,q) o 19 O({|qr /Psol forAso # 575)
/v%|q|2 + )\%O lg|/vr for Ao =0

An important consequence of this result is that the dielectric constant e [cf. Eq. (5.60)] diverges
upon approaching the bulk quantum critical point Aso /t = 0, which can be interpreted a pre-
cursor to the screening of long-range Coulomb interactions by the bulk nodal lines:

4me c
e:l+i21'[(w:0,q)o<co+—l—>oo as Ago — 0 (5.76)
q| |Asol
with some numerical constants cg ;. This particular divergence of the dielectric constant has a
profound consequence on the effective interaction strength «:

2
1 1 1 1
c = for Aso — 0. (5.77)

o = X =
hptte = |Asolco +e1/[Asol  coldsol +er el

Here, we have used that the surface Fermi velocity close to the bulk critical point is roughly
given by U?Hf x |Aso| if next-nearest neighbor hopping is neglected (cf. discussion of the
surface bands in section[5.3.3). We expect that this result is not changed qualitatively when
hopping between next-nearest neighbors is included. Most importantly, note that the effec-
tive interaction strength does not generically become large when vil“”f — 0 upon approach-
ing the quantum critical point, in stark contrast to our naive expectation that a flat surface
band leads to a diverging interaction strength «, thereby opening a surface band gap (see sec-
tion. Hence, in general we do not expect a spontaneous mass generation due to long-range
Coulomb interactions in the Fu-Kane-Mele model and related models either due to the screen-
ing of Coulomb interactions.

5.3.6 Discussion

To conclude, we have shown that the existence and topological stability of the flat surface
bands in the Fu-Kane-Mele model are guaranteed by the nodal lines in the bulk of the system
present at Ago/t = 0, whose projections onto the 2D surfaces of a finite system determine
the range of the flat surface states. However, in general we expect that those nodal lines also
lead to screening of the long-range Coulomb interactions as the static polarization function
(w = 0,q) x |g*|/|Xso| shows a particular divergence as a function of the spin-orbit cou-
pling Aso. Concerning the effective interaction strength a o 1/(vi¥¢), we find that the diver-
gence of the dielectric constant e o< ¢y + ¢1/|As0| is compensated by a reduction of the Fermi
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velocity of the surface Dirac fermions as v}‘,”f x Aso. If we take the hopping ¢’ between second-
nearest neighbors into account, the chiral symmetry of the Fu-Kane-Mele model is broken, and
the surface states become dispersive with a reduced surface Fermi velocity v3 = (¢ /t)vbulk,
similar to the situation in the Kane-Mele model on the graphene lattice (see previous section).
In any case, we expect to find surface states with small Fermi velocity, but at the same time the
dielectric constant is expected to diverge linearly as function of the spin-orbit coupling Aso,
which is a precursor to screening. Consequently, the effective interaction strength o does not
become large close to the critical point, but is expected to be of the same order as other energy
scales, and chiral symmetry breaking due to long-range Coulomb interactions is not expected
in general. Our analysis also suggests that probably the most promising situation to observe a
spontaneously generated surface mass in the Fu-Kane-Mele model could be a situation, where
the bulk band gap is still pronounced and screening is not yet too strong, but here it comes
down to numbers. Furthermore, as the average kinetic energy of the surface Dirac fermions
goes to zero as we approach the bulk quantum critical point, even local interactions of arbi-
trarily small strength are expected to create a gap, as we discuss in section|5.5/on a mean-field
level.

5.4 Flat surface bands in the minimal model for HgTe

In the previous section, we have discussed the properties of the Fu-Kane-Mele model, and
we have seen that chiral symmetry breaking due to long-range Coulomb interactions will not
generically occur in that model, although the corresponding surface states become flat upon
approaching the bulk quantum critical point. However, this model is somewhat special in the
sense that it describes the spin-orbit interactions in terms of a next-nearest neighbor hopping
due to the s orbital nature of the electronic states instead of an intrinsic or atomic spin-orbit
coupling of p orbital states. Moreover, the diamond lattice has a large number of crystal sym-
metries protecting the topological properties of the sample. For example, the Fu-Kane-Mele
model is a semimetal with zero band gap in the presence of uniform overlap parameters, and
we have to increase the overlap parameter along one of the bonds, so that the Fu-Kane-Mele
model becomes a strong topologicalinsulator, as discussed above. Also, the trivial band insula-
tor phaseis not perturbatively accessible in the Fu-Kane-Mele model unless we take a staggered
sublattice potentialinto account or drastically increase the hopping amplitude along one of the
bonds™.

Another class of topological insulator models is exemplified by the minimal model for topo-
logical insulators in three dimensions which we have introduced in chapter[3|(Ref. 19). In con-
trast to the Fu-Kane-Mele model, this effective model is based on superpositions of the p or-
bital states and thus allows for intrinsic spin-orbit interactions without the need of next-nearest
neighbor interactions. Furthermore, the corresponding phase diagram contains both strong
and weak topological phases as well as a trivial band insulator phase. However, it turns out
that in the absence of inversion symmetry this model also exhibits an intermediate metallic
phase in which the bulk Dirac points shift around in the bulk Brillouin zone as function of the
tuning parameter until they meet a time-reversed partner and annihilate. Such a phase is also
known as a Weyl metal, because the effective low-energy theory can be described in terms of
gapless Weyl fermions=81897182 e also find that the polarization function develops a diver-
gence as a precursor to screening of long-ranged Coulomb interactions due to a line of nodal
pointsin the bulk of system, as we discuss below. Consequently, also in this model the effective
interaction strength a does not diverge, and we do not find chiral symmetry breaking in that
model.
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In the following, we investigate the behavior of the surface bands in the minimal model
without inversion symmetry by solving the tight-binding Hamiltonian for a slab geometry with
(001) oriented faces. We show that the Fermi velocity v3*™ of the surface Dirac fermions also
vanishes upon approaching the bulk quantum critical point, because the bulk conduction and
valence bands form a “spectral stamp” squeezing the surface bands. As a consequence of this
“spectral pressure” the Fermi velocity vil“f of the surface Dirac fermions becomes smaller. After
that, we discuss the polarization function in the zero-frequency and long-wavelength limit and
compute the dielectric constant € as for the Fu-Kane-Mele model. In particular, we show that
close to the quantum critical point e diverges due to the appearance of the bulk nodal lines.
Similar to the Fu-Kane-Mele model, this divergence renders the effective interaction strength
« small enough, so that a spontaneous mass generation is in general avoided in the minimal
model for 3D topological insulators as well.

5.4.1 Flat surface bands in the minimal model

In chapter[3} we have introduced an effective tight-binding model for 3D topological insulators
which was based on the bulk bands close to the Fermi level in strained 3D HgTe. After perform-
ing a Fourier decomposition of this model on the simple cubic lattice, the corresponding Bloch
Hamiltonian was formulated as follows:

3
H(k) =mTy— tZ(cos(kja)Fo + sin(kja)T';j) + A’ Toq. (5.78)
j=1

Here, m is the mass parameter or tuning parameter of the minimal model which allows to
realize different quantum states of matter, notably a trivial band insulator phase for |m| > 3t
and a strong topological insulator phase for ¢t < |m| < 3t (see Fig.. Furthermore, we
consider the 4 x 4 matrices I, and their commutators I, as introduced in chapter[3] Note that
we explicitly take the term A’ T'y4 into account, which breaks inversion symmetry, but does not
break time-reversal symmetry. Diagonalizing the above Bloch Hamiltonian we find the bulk
electronic band structure:

Eoy(k) = i\/ do(k)2 + (le(k-ﬁ + dy(R)2 + ds (k)2 + d04(k)>2 (5.79)

where the tight-binding functions d; (k) are defined as:

do(k) = m — t(cos(kza) + cos(kya) + cos(k.a)), (5.80a)

di(k) = —tsin(kza), dao(k) = —tsin(kya), dz(k)= —tsin(k.a), (5.80b)
and

dos(k) = A’ = const. (5.80¢)

As shown in chapter in an inversion-symmetric system, i.e., for A’/t = 0, the valence and
conduction bands are doubly degenerate, and the bulk band gap closes at one of the time-
reversal invariant momenta I, X, M, or Rin the Brillouin zone, depending on the value of the
tuning parameter m//t.

However, the situation is much more interesting in system with broken inversion symmetry,
where the two-fold degeneracy between the valence and conduction bands is lifted due to a fi-
niteterm A’ T'g4 # 0. To close the bulk band in such systems, one needs to fulfill two conditions
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simultaneously:

m/t = cos(kza) + cos(kya) + cos(k.a), (5.81a)

At = \/sinQ(kxa) + sin?(kya) + sin®(k.a). (5.81b)

Each of the two conditions defines a two-dimensional manifold of solutions in momentum
space, and for given values of the tuning parameter m /¢ and inversion asymmetry A’ /t we find
three possible situations:

(i) If thereis no point in momentum space which fulfills both conditions at a time, then the
system describes either a trivial insulator or a topological insulator. Those phases can be
easily distinguished by their different Z, invariants (vo; v11v213).

(i) If, however, we find isolated points fulfilling both relations, then we are either at the bulk
quantum critical point or in the intermediate metallic Weyl phase. Note that both the criti-
cal point and the metallic Weyl phase are characterized by isolated bulk points with linear
dispersion.

(iii) If we find lines of solutions in momentum space, then we are also in the intermediate
metallic Weyl phase. Those lines are, however, an artifact of the system being particle-hole
symmetric, and in a generic system the lines will be reduced to single bulk Dirac points.

As a result, for an inversion-asymmetric system with A’/¢ # 0 we may identify three different
phases: m < m¢; and m > m¢y describe the topological insulator and trivial band insula-
tor phases, respectively. For m.; < m < me2, however, the system enters an intermediate
metallic phase, whose size depends on the inversion asymmetry A’/t. The value of m.; can be
estimated from a gradient expansion of the tight-binding functions d; (k) in the limit A"/t < 1

which leads to ;
1 /
Mel _g_ =2 <A> . (5.82)

It is important to note that at m = m,; the bulk band gap closes, but this happens away from
the time-reversal invariant momentum I' = (0,0, 0)7 at a distance set by |k| = A/t. Fig.
shows the closing of the bulk band gap within the linearized band structure of the minimal
model close to the critical point m < m,1. Although the bulk band gap appears to close on a
sphere |k| = A’/t, thisis an artifact of the low-order expansion, and higher-order terms induce
cubic anisotropies which reduce the spherical symmetry to isolated Dirac points. Nevertheless,
the distance of the bulk Dirac points is set by A’ /t.

Now let us consider the surface states of such an inversion-asymmetric system. Approach-
ing the bulk quantum critical point m.; from within the strong topological insulator phase,
i.e., form < m1, the bulk Dirac cones are gapped, and the bulk band gap is given by Egap, =
2 |0m| = 2 |m — m¢1|. For an arbitrary surface with normal vector 7 we can project the bulk
band gap onto the corresponding surface Brillouin zone. Fig.[5.24|shows the projected bulk con-
duction and valence bands for a (001) surface with normal vector in the [001] direction, and at
the critical point m,; the bulk band gap closes. Consequently, in a finite-size sample, the sur-
face bands connect states originating from the bulk across the gap, and due to Kramers’ theo-
rem those surface bands have to cross at the center of the surface Brillouin zone, T’ = (0,0)7, as
projection of the time-reversal invariant momentum I'. In that sense, we find that in the vicin-
ity of the critical point m = m1 the bulk bands exert a “spectral pressure” onto the surface
bands, and thus the surface bands become more and more flat as m — m.1. A rough estimate
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Figure 5.23. Plot of the linearized band structure £ (k) of the minimal model realizing a strong topo-
logical insulator fort = 1, m/t = 2.9, and A/t = 0.25. The system is characterized by two gap scales
ziéap = 2|dm| and ziéap = 2v/6m2 4+ A’?, where §m = m — m,, is the distance to the quantum crit-
ical point m.;. Upon approaching the bulk quantum critical point the gap 5;123 closesat k = +£A'/t,
while €g(§1)o = 2|A’| remains finite. As a consequence, close to the bulk quantum critical point the two
bulk bands &1 _ (k) lead to singular contributions to the static polarization function II(q,w = 0), as
discussed in the main text.

for the Fermi velocity v%“”f of the surface Dirac fermions can be obtained from a simple linear
interpolation between the bulk Dirac cones at the edges of the projected bulk band gap:

& |9m|
f bulk
vt g,a/l; bulke 221 (5.83)

where ful%uu‘ = ta denotes the Fermi velocity of the bulk fermions. Obviously, the Fermi velocity
burf can be reduced drastically when approaching the bulk quantum critical point m = m.1,
but the surface bands do not become perfectly flat in that limit. This can be understood as fol-
lows: Although the projected bulk band gap exerts a spectral pressure onto the surface bands,
higher-order terms invalidate the picture of a perfectly flat stamp, but introduce a roughen-
ing of the stamp surface on the scale (A’/t)? (see Fig.. Consequently, the bulk band gap
closes only at isolated bulk Dirac points, and the surface bands can bend up- or downwards, so
that they do not become perfectly flat anymore.
To confirm this intuitive picture, we have calculated the surface states of the minimal model
by solving the Bloch Hamiltonian in a finite slab geometry with open boundary conditions in

the z direction of the (001) slab and periodic boundary conditions in = and y directions:
H k” Z\Pkuz mF0—|—A F04) k)2
—t Z \I/k 2 cos(kza) + Cos(l{ya))Fo\I/kHZ

) (5.84)
—t Z \I/k 2 sin(kza)l'y + 51n(kya)F2)‘IlkHZ

ng +
—t Z [ o2 <> W oo T H.c.] :
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Figure 5.24. Projection of the bulk conduction and valence bands onto the surface Brillouin zone of a
(001) surface. To leading order, the bulk bands have the form of a stamp which closes as m — m.;.
Higher-order corrections lead to a fine structure of the projected bulk bands which is clearly visible in
the Figure.

Fig.[5.25/shows the two-dimensional slab band structure for a slab with (001) surfaces along the
high-symmetry lines of the surface Brillouin zone, while Fig.[5.26|shows a magnification of the
slab band structure close to the center of the Brillouin zone. Apparently, the nearby bulk bands
exert pressure on the surface bands, so that they become increasingly flat upon approaching
the bulk quantum critical point which confirms our basic understanding of the flatness of the
surface bands in the minimal model.

To conclude this section, we have established a possible route to control the Fermi velocity
of the surface Dirac fermions appearing in the minimal model for 3D topological insulators by
tuning m as Uil“f o« |m — me1|/t. However, due to the nearby presence of the bulk bands we
also have to consider screening mechanisms in that model. Although the projected bulk gap in
the form of a stamp exerts spectral pressure onto the surface bands and forces them to become
quite flat, the same bulk stamp can also lead a finite density of states on an intermediate energy
scale which eventually may lead to screening of the long-range Coulomb interaction.

5.4.2 Polarization function for the minimal model

Let us briefly discuss the polarization function for the minimal model of a 3D topological insu-
lator close to the bulk quantum critical point m /¢ = 3 in the presence of inversion asymmetry.
For om/t = |m — 3t|/t < 1 we may consider a linearized version of the minimal model (5.78),

3
He(k) ~ 0mTo —at Y k; T+ A’ Tou, (5.85)
j=1

where k measures the distance to the center of the Brillouin zone, i.e., at the I point. As intro-
duced before, we define the free Green’s function as the single-particle propagator

Go(k) = (WIW ) = (—iv 1 + Heg(K)) ', (5.86)
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Figure 5.25. Plot of the electronic slab band structure for a (001) slab consisting of V, = 100 layers.
The parameters of the minimal model are chosen such that it describes an inversion-asymmetric
topologicalinsulator: t = 1 and m/t = 2.7. The inversion asymmetry A’/t = 0.7 was chosen artificially
large to show the appearance of the bulk band gap exerting spectral pressure onto the surface bands
indicated by red lines.
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Figure 5.26. Zoom into the electronic slab band structure for a (001) slab consisting of V, = 500 layers.
The parameters of the minimal model are identical to those in Fig. The inversion asymmetry A’
shifts the bulk Dirac points away from the time-reversal invariant momentum I" on a scale set by |k| =
A’/t and leads to the formation of a stamp-shaped bulk band gap. The surface of the stampis roughened
on a scale (A’/t)? which allows the surface bands (indicated by red lines) to bend up- or downwards
and to interact with the bulk states by elastic scattering. A simple estimate for the Fermi velocity of the
surface Dirac fermions can be given as v3™ ~ ., /(A /1) oc v2U(|m — meq | /A7), where vk = at
denotes the bulk Fermi velocity.
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where k = (v, k) is the 4-momentum consisting of both frequency » and momentum k. Let
U(k) be the unitary matrix of normalized eigenvectors of the effective Hamiltonian H.g (k),
ie.,

U (k) Her (R)U (k)T = diag({E,(k)}). (5.87)

Here, £, (k) denotes the eigenenergies of H.g (k) in ascending order:

Eri(k) = +/0m? + (at]k| £ A)2. (5.88)
As a consequence, the free Green’s function Gy (k) can be rewritten as
Go(k) = UK)D(k)U(K)T  with D(k) = diag({(—iv + E.(k))'}). (5.89)

In analogy to the discussion of the Fu-Kane-Mele modelin the previous section, we consider the
polarization function I1(q) as defined in Eq. (5.59). Upon substituting the free Green’s function
Go(k) we can rewrite the above relation for the polarization function as

4
M) =2 [ 55 tr{F (k. @) DOR)F (k. @)D+ ), (5.90)

where, for brevity, we have introduced a structure factor 7 (k, q) which depends on the mo-
menta k and q as follows:

F(k,q) =U(K) UK+ q). (5.91)
Since D(k) is diagonal, the polarization function II(q) then takes the form
'k ¢ [f(k Q)| F (k. q)
I(q) =2 ’ m . 5.92
w=2f i 2= iy~ Ealk))(iko + id — (kT ) (5:92)

First, let us perform the integration over the internal frequency, v. As a result, we obtain:

4

_ d’k np(En(k)) — np(Em(k +q) — iqo)
lte) = / )3 Z nF o D™ G Gl + ) — En(R))

. (5.93)

At zero temperature, all states below (above) the chemical potential u are occupied (empty)
sincenp (e — u) = ©(u — €) with ©(z) denoting the Heaviside theta function, so that the static
polarization function takes the following form (. = 0):

4

Pk O=bmlk + ) = O=Lnlk
(w=0,q) =2 / B > F nF (k; @) : €n5(k++q;;—5n(<k> =

m,n=1

(5.94)
Here, the only non-vanishing contributions to the static polarization function stem from parti-
cle-hole excitations:

1 m occupied and n empty
O(=En(k +q)) — O(=&,(k)) =< —1 mempty and n occupied (5.95)
0 both m and n empty or occupied

Note that the energy denominator &,,,(k + q) — £, (k) is non-zero as long as dm # 0, because
the indices m and n refer to either valence or conduction bands, respectively.
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Concerning the quantum critical point of the minimal model we find that the static polar-
ization function develops a singularity in the long-wavelength limit at the bulk quantum
critical point. In the following, we consider the inversion asymmetry A’ T'y4 as a small pertur-
bation to the strong topological insulator, i.e., we focus on the case A’/t <« 1, and focus on
the leading-order terms of II(w = 0, q) in the limit ¢ — 0. Starting from the linearized band
structure we see that in the vicinity of the bulk Dirac point the singular contribution to
the polarization function stems from the touching of the highest valence band and the lowest
conduction band:

Ex_ (k) = £1/0m? + (at|k| — A)2, (5.96)

where, for simplicity, we have assumed that A’ is positive. The divergence of the polarization is
due to the fact that in the limit ¢ — 0 and dm — 0 the energy denominator entering Eq.
vanishes. Note that the other terms entering Eq. remain constant or vanish quadratically
for small g vectors, and therefore we neglect those terms in the following discussion. The di-
vergent term I1(23) (w = 0, q) of the polarization function then takes the form

o d*k [F(k,q)|2sF (k. q)
N (w=0,q) = / 213 &k + ;;— 53("’)327

where & 3(k) = £+ _ (k). This integral can be solved analytically, for example by introducing
a suitable coordinate system such that ¢ = ge, and spherical coordinates {k, 0, ¢} for the
momentum integral over k. After substituting x = cos § with corresponding integral measure
dxr = — sin 0 df we perform a Taylor expansion of both numerator and denominator for small
q < om/t < A/t < 1. As aresult, the relevant term under discussion then takes the form

(5.97)

(23) 1 2] 12 A o [! a? om?
II =0 = t dk k d . 5.98
(w ) 1672 (at)"lal /0 /1 v [(atk — A')2 4+ dm?2]5/2 (5.98)

Note that the integration over x € [—1, 1] simply gives a prefactor of 2/3, and the remaining
integral over k € [0, 0o) also can be easily performed, resulting in:

A+ om?2 + M)Q

1
90 =0.0) = s (arPlal (S0 0

(5.99)

Close to the bulk quantum critical point, we may simplify our result for om/t < A/t < 1,
such that we obtain the following result for the full polarization function:

1 A 1 A7
(w=0,q) ~ t)%|q|* = 2ql)? 5100
(w 7q) 1871'2 (CL ) |Q| 13 6m?2 187‘&'2 t 6m2 (UF ’q,) 9 ( )
where v2Uk = tq is the bulk Fermi velocity. We have also taken the factor of 2 into account

which arises from the fact that II(w = 0,q9)23 = II(w = 0,q)s2. Note that the prefactor
1/(1872%) is in very good agreement with numerical calculations of the full polarization func-
tion IT(w, q) in the low-energy limit. The above result shows that the static polarization func-
tionII(w = 0, g — 0) diverges quadratically as function of dm. Consequently, this implies that
the bulk dielectric constant e diverges as well:
72
€ x const. + —= — oo as om — 0. (5.101)
dm?2

Hence, as anticipated from the beginning, this leads to the avoidance of chiral symmetry break-
ing due to long-range Coulomb interactions:

e2 om
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since v}urf o dm /A’ [cf. Eq. ]. Note that this particular behavior can be traced back to
the nearby presence of the bulk states which leads to screening of the long-range Coulomb
interaction, similar to our discussion of Coulomb interactions in the Fu-Kane-Mele Hamiltonian

(cf. section|5.3).

5.4.3 Discussion

To conclude this section, in the minimal model we find a different route to flat surface bands in
3D topological insulators, where the flatness is induced by “spectral pressure” exerted by the
bulk bands. However, upon approaching the bulk critical point m = m,, where the bulk band
gap closes, we also find a diverging polarization function, II(w = 0, q) o |q|?/(m — m.1)?, in-
dicating the appearance of screening due to the intermediate nodal lines'2312%, Consequently,
the effective interaction strength o = 62/(hev}urf) vanishes as we approach the quantum crit-
ical point m = m¢;. Therefore, a spontaneous mass generation by virtue of chiral symmetry
breaking due to long-range Coulomb interactions does not occur in our minimal model based
on strained 3D HgTe. The same reasoning is expected to apply to a large family of bismuth-
based compounds for which similar effective models have been constructed recently. How-
ever, since the surface bands become increasingly flat close to the critical point, even local in-
teractions are expected to become relevant which might also create a surface band gap, as we
discuss below.

5.5 Spontaneous gap generation due to local interactions

So far we have investigated the mechanism of chiral symmetry breaking on the 2D surfaces of
3D topological insulators due to long-range Coulomb interactions. Specifically, in both the Fu-
Kane-Mele model and the minimal model based on strained 3D HgTe we have seen that the
surface bands become flat as we approach the bulk quantum critical point, but at the same
time the polarization function exhibits a divergence due to either nodal lines in the bulk or an
intermediate semimetallic phase, which is a precursor to screening of the long-range interac-
tions. Nevertheless, as the Fermi velocity of the surface Dirac fermions vanishes, the average
kinetic energy goes to zero as well:

h
(Eiin) ~ % = hopn/* 50 as vp — 0, (5.103)

Naively, one would expect that any local perturbation on the surface generates a mass gap for
the surface states, because the kinetic energy as the relevant energy scale to compare with van-
ishes. However, as we are concerned with the interactions of 2D surface states of a 3D topolog-
ical insulator, the situation is more complex: Close to the critical point the penetration length
of the surface states into the bulk of the topological insulator may increase and eventually di-
verge, so that the surface states are being “absorbed” into the continuum of bulk states, re-
sulting in a vanishing effective interaction strength at the surfaces. To study the effect of local
interactions in more detail, we first discuss the mean-field argument for the critical interaction
strength. After that, we review the role of local interactions in the presence of flat surface states,
as exemplified by the Fu-Kane-Mele model and the minimal HgTe model.

In the first place, to develop a rough estimate for the critical interaction strength U, of a
purely local contact interaction V (r) = Ud(r) above which a mass term for the Dirac fermions
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is generated, we consider the following Dyson-Schwinger equation (cf. section[5.1):

. )—z/ / d2k VQD v—e k—p) A k)
P/= V2 k2 — A(v, k)2 +i0+

(5.104)

Here, the Fermi velocity v of the surface Dirac fermions is finite as long as we are not at the
bulk quantum critical point, where the surface bands become flat. Asimple estimate for A (¢, p)
can be obtained by the mean-field ansatz A(e, p) = A = const for the purely local interaction
Vap(v — €,k — p) = U. In that case, the above self-consistency equation simplifies to

) / / d’k U / d’k U (5.105)
=1 - = 5 .
_ 212 —v%|k|2 — A2 +i0F (2m)% 5 /U%‘k|2+A2

where we have integrated out the internal frequency v in the last line. If we further assume that
A is zero below the critical interaction strength U, and finite above, we can easily perform the
momentum integration. As a result, we obtain

_1/d2k U. U A
(

=3 (5.106)

om)2vplk|  4rvp’
where A is the momentum cutoff which specifies the range of validity for the Dirac spectrum.
An important consequence of the above mean-field calculation is that the critical interaction
strength vanishes linearly as v goes to zero:

U, = 4#% 50 as wvp— 0. (5.107)

Therefore, since the critical interaction strength U, vanishes upon approaching the quantum
critical point, we generically expect a transition towards a gapped state, even for arbitrarily
small interaction strengths. This argument, however, hinges on the assumption that the 2D
surface states are well localized at the individual surfaces and that the matrix elements be-
tween the surface states of opposite surfaces vanish. Although that assumption proves valid in
the Fu-Kane-Mele model, the quantum phase transition in the minimal model is governed by a
diverging penetration length of the surface states, as we discuss below.

To describe the boundary states localized at the surfaces of a 3D topological insulator, we
consider the following generic ansatz for the wave function :

Wk, 1) ~ 2o IH2 1T e/ (5.108)

Here, the first part describes a plane wave with the conserved, in-plane surface momentum k|,
whiler, denotesthe position with respect to the surface normalvector, and l is the penetration
length of the surface state into the bulk. Furthermore, 1)y describes the spinor structure of the
surface states, and the prefactor 171/2 ensures a proper normalization of the surface state:

/0 d?“J_ WJ(k”,TJ_)’Q =1. (5.109)

In particular, the above ansatz can be utilized to estimate the effective strength U, of a local
Hubbard-like interaction for the surface states:

Ut = / dr o dr'y [(ky,r0)> Uod(re — ') (R, )| (5.110a)
0

[e%) k , 4
x Uo/ dr| W x % (5.110b)
0
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Note that the effective interaction strength is reduced by afactor 1/ compared to the bare inter-
action strength Uy, which allows to distinguish between two cases depending on the behavior
of [ as function of the tuning parameter of the quantum phase transition.

In the first case, the penetration length / remains finite upon approaching the bulk quantum
critical point and generically we expect a gapped surface state, because the critical interaction
strength U, vsurf decreases upon approaching the bulk critical point, while U, remains
finite and eventually becomes larger than U,.. We find an example of that particular scenario in
the Fu-Kane-Mele model, where the surface bands become increasingly flat as we decrease the
spin-orbit coupling Ago, i.e., vﬁ%“f x Agso — 0, butthe penetration length [ of the surface states
remains small. The reason for the exponential localization of the surface states close to the
quantum critical point can be traced back to the topological protection of the surface states
by the nodal lines in the bulk of the system. As discussed before, those nodal lines enforce
the surface bands to become perfectly flat in a large region of the surface Brillouin zone (cf.
Fig.[5.21), and consequently the surface states cannot penetrate into the bulk, because most
of their weight is localized at the surfaces. We have also checked numerically for a range of
parameters that the penetration length [ remains finite, even in the presence of perturbations
which break the chiral symmetry associated with the presence of the nodal lines. By virtue of
Eq. we then find that the critical interaction strength U, « Agp decreases, so that Ueg
becomes larger than U, sufficiently close to the critical point Ago /t = 0, resulting in a surface
band gap due to local interactions.

To summarize our results for the Fu-Kane-Mele model, we generically expect a spontaneous
gap generation due to [ocal interactions as a result of the surface bands becoming flatin a large
region of the surface Brillouin zone. On the other hand, long-range Coulomb interactions are
screened by the nodal lines in the bulk of the system, leading to a diverging dielectric constant
¢, which ultimately prevents the effective interaction strength a o< 1/(ev$*!) from becoming
large.

The situation is quite different in the second scenario, where the penetration length di-
verges upon approaching the bulk quantum critical pointas! ~ |m —m.1|~}, so that the effec-
tiveinteraction Ueg ox Up/l goesto zeroaswellasvp ~ |m—m1| — 0form — m.;. Note that
we find a realization of such a diverging penetration length in the minimal HgTe model when
we tune the mass parameter m towards the critical value m.;. In this case, it is however not
clear if local Hubbard-like interactions can lead to a spontaneous gap generation close to the
quantum critical point, because both the kinetic energy (Exin) ~ ta |m —me1| and the effective
interaction strength U.g ~ Uy |m —m.1| decrease simultaneously. To answer that question, we
have calculated the layer-resolved spin-spin correlation function x(q) for the minimal model
of strained 3D HgTe (cf. section from which we infer the leading instability of the system
close to the critical point:

= Z \I/T — tcos(kza) — tcos(kya))To¥,,,

_tZ\I/ sin(kza)l'y + sin(kya)l2) ¥,

(5.111)
+ FO — ZFg t
—ty [\lsz <2> Ul .+ H.c.]
z
+ AU Tl + Hy.
z

To be specific, we have numerically computed the spin-spin correlation function for the inter-
actions on the individual orbitals for different values of the in-plane surface momentum g and
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layer indices z, 2:

/d Z (k,a|Ss(2)lk + @, B)(k + g, 8IS+ () |k, @) + c.c.
2 gka_gk—l-q,ﬁ

, (5.112)

Here, ' indicates that the summation is restricted to states which fulfill the energy condition
Ek.a < EF < Ek+tq,3,and N isanormalization constant. Furthermore, the spin-operator S4.(z)
actingin layer z is defined by:

Si(z) = (TO :;: TZ) ® 0., (5.113)

where the “+£” determines whether we compute the spin-spin correlation function and thus the
leading instability of the electron-like (E) or light-hole (L H) states (for a definition of the states
involved see section[3.6).

Fig.[5.27shows the eigenvalues of the susceptibility matrix x(q) for a slab with a thickness
of NV, = 20 layers and for different high-symmetry points in the surface Brillouin zone. Upon
approaching the bulk quantum critical point m — m.1, where roughly m.; =~ 2.6 — 2.7, the
leading surface instability close to the critical point is found to be of ferromagnetic type, as
indicated by the open red squares in Fig.[5.27] To be precise, we find the following order of
eigenvalues of x(q):

E00%0) < Eoem < £y (5.114a)
EQG) < EDMmy < Eb0): (5.114b)
EQ) < ENE Ly < ER ) (5.114¢)

Note that none of the eigenvalues of the susceptibility matrix x(q) diverges upon approaching
the critical point m1, so that the usual mean-field condition 1 = Ux(q) implies a finite inter-
action strength U™ for a gapped surface state. However, since the eigenvalues become smaller
close to m,1, the critical interaction strength U* also becomes larger, but does not diverge.
Furthermore, note that finite-size effects are not small for this system size and lead to correc-
tions of the bulk eigenvalues. For example, although the two momenta (7,0, 7)” and (7, 7, 0)7
are equivalent by virtue of lattice symmetries, their eigenvalues differ by up to 10%. We have
checked numerically that those deviations become smaller when increasing the slab width to
larger values, and we have also analyzed the structure of the eigenvectors as function of the
layer index z for the different surface momenta (not shown here). The above results are sum-
marized in the schematic plot of the eigenvalues shown in Fig.[5.28 where bulk eigenvalues
corresponding to symmetry-equivalent points in the Brillouin zone have the same value, and
the surface eigenvalues are indicated by open symbols, showing that the leading instability is
surface ferromagnetism.

Fig.[5.29|shows the surface and bulk eigenvectors of the susceptibility matrix x (g — 0) for
a slab with N, = 20 layers and tuning parameter m/t = 2 [cf. Fig.[5.27|(a)]. The two eigenvec-
tors of the doubly degenerate surface eigenvalue are well localized at the surfaces of the slab
(open symbols), as shown in Fig. (a), where most of their weight is localized in the first
three layers of the slab. On the other hand, the eigenvector corresponding to the largest bulk
eigenvalue (filled green symbols) shows a rapidly oscillating behavior as a function of the layer
index which can be reconciled witha momentum ¢, = 7/a (a = 1) perpendicular to the surface
[cf. Fig.[5.29](b)]. In that sense, we may identify this bulk eigenvalue with the bulk momentum
(0,0, 7)T. Similarly, the eigenvectors of the two smallest bulk eigenvalues shown in Fig.(b)
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Figure 5.27. Eigenvalues of the layer-resolved susceptibility matrix x(g) for the light-hole orbitals [cf.
Eqg. and discussion in main text] for a slab with a thickness of N, = 20 layers and for three high-
symmetry surface momenta ¢ = (0.01,0.01)7, q = (7,0)7, and q = (7, 7)7 indicated in red, green,
and blue. The open andfilled symbols denote the eigenvalues, whose eigenvectors have the most weight
at one of the surfaces orin the bulk, respectively. The parameters of the minimal HgTe model introduced
in chapterE] have been chosen ast = 1, A’ /t = 0.7, realizing an inversion-asymmetric strong topolog-
ical insulator for m < m.1, where roughly m.; ~ 2.6 — 2.7. For small slabs, finite-size effects lead to
corrections of the eigenvalues, so that, for example, the bulk eigenvalues corresponding to the momenta
(m,0,m)T (smallest bulk eigenvalue for g = (7,0)%) and (7,7, 0)7 (largest eigenvalue for g = (7, m)T)
do not have the same value, but differ by up to 10%. Those deviations, however, become smaller when
increasing the slab thickness N, .
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Figure 5.28. Schematic plot of the eigenvalues of the susceptibility matrix x(q) [cf. Eq. ] for three
high-symmetry surface momentaq = (0,0)”, q = (7,0)”,and g = (7, )7 indicated in red, green, and
blue. The thick lines represent those eigenvalues, whose eigenvectors are localized in the bulk of the
system, while the open symbols represent the eigenvalues of the eigenvectors located at the surfaces of
the slab (see Fig.. Importantly, the largest eigenvalue is found for g = (0,0)7 at the surfaces, im-
plying that the leading instability of the system is a ferromagnetic one, while the largest bulk eigenvalue
with momentum (0,0, 7)” shows an anti-ferromagnetic order in the direction normal to the surfaces.
Note that in large systems the bulk eigenvalues corresponding to equivalent momenta, e.g., (7, 0,0)”
and (0,0, 7)T have the same value.

vary smoothly across the slab, corresponding to small bulk momenta g — (0,0,0)7. We have
also checked numerically that the eigenvectors of bulk eigenvalues for different surface mo-
menta are equivalent up to symmetry transformations of the underlying simple cubic lattice.
Combiningthose results, we obtain the first set of inequalities in Eq. , and asimilar analy-
sis of the eigenmodes of x(g) for varying momenta then gives rise to the schematic plot shown
in Fig.[5.28]

To summarize our results regarding local interactions in the minimal model based on HgTe,
the leadinginstability of the 2D surfacesis a ferromagnetic one, with an anti-ferromagnetic cou-
pling of the two surfaces, as indicated by the largest bulk eigenvalue. However, since all eigen-
values of the susceptibility matrix x(q) are of the same order, this instability only occurs in a
very small region of the m-vs.-U phase diagram, so that fine-tuning of the interaction strength
U and the mass parameter m of the model is required. In contrast to the Fu-Kane-Mele model,
the spontaneous gap generation of the surface Dirac fermions in the minimal model is not ex-
pected to be a generic feature, but it rather depends on microscopic details of the model.

5.6 Discussion and outlook

Finally, let us put our results for the mechanism of a spontaneous mass generation on the sur-
faces of 3D topological insulators in a broader context following the theoretical classification
of quantum phase transitions of three-dimensional, time-reversal invariant topological insula-
tors due to Murakami'?3124, |n that classification scheme, the quantum phase transition from
a topologically non-trivial state to a band insulator state as function of a single tuning param-
eter m is shown to depend on the presence or absence of inversion symmetry, giving rise to
two classes A and B of Hamiltonians, respectively. The questions we would like to address in
the following are how the surface states and correspondingly the topological Zs invariant v of
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Figure 5.29. Eigenvectors of the layer-resolved susceptibility matrix x(g = 0) for a slab thickness of
N = 20 layers, and the parameters of the minimal HgTe model are the same as in Fig.[5.29] (a) Local-
ization of the two surface eigenvectors indicated by open symbols, where most of the weight is located
within the first three layers of the slab. b) The eigenvector of the largest bulk eigenvalue indicated by
filled circles shows a rapidly oscillating behavior as function of the layer index z which can be associated
with a momentum of ¢, = 7 perpendicular to the slab surfaces. On the other hand, the eigenvectors of
the smallest bulk eigenvalues indicated by filled squares and filled diamonds show a smooth variation
across the slab which is indicative of small momenta.

a 3D topological insulators changes when we tune an external parameter, and whether or not
we can expect a spontaneous mass generation for the surface Dirac fermions due to long-range
Coulomb interactions or short-ranged, Hubbard-like interactions. Such a system with a finite
surface band gap is a prerequisite for more exotic states of topological insulators showing the
anomalous quantum Hall effect or the magneto-electric effect, as mentioned before.

In the following discussion, we consider “generic” quantum phase transitions between to-
pologically trivial and non-trivial phases as a function of a single tuning parameter m, and we
exclude phase transitions where a crossing of bulk bands is achieved by tuning two or more
parameters. Similarto our approach of tuning the spin-orbit coupling Aso discussed above, this
generic parameter m can be thought of as being externally controllable, for example by exerting
pressure or by chemical doping. Note that at the quantum phase transition, the topological Z»
invariant vy must change its character from being odd to being even, or vice versa. According
to the bulk-boundary correspondence, this implies that the bulk band gap must close at some
point k* in the Brillouin zone, because only then can the bulk bands “unwind.” To study that
quantum phase transition, let us consider the following generic Bloch Hamiltonian:

_ |brr(k)  bry(k)
Hlk) = [fm(k) flu(k)]' 5115)

If we assume that the Hamiltonian has no additional degeneracies other than those imposed by
time-reversal symmetry, it suffices to discuss the phase transition of 3D topological insulators
in terms of 4 x 4 Hamiltonian matrices, because we need two spin states and two bands with
opposite parity which are exchanged at the phase transition. Time-reversal symmetry relates
the spin-up and spin-down parts of the Bloch Hamiltonian at momenta k and —k to each other
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as follows: ) R
H(k) = OH(-k)TO™, (5.116)

where © = oy ® 19 K implements the time-reversal operator. As introduced before, o =
(02,0y,0.)T acts on the spin degrees of freedom, whereas T = (7, 7, 7.)T acts on the orbital
degrees of freedom, and o9 = 79 = 1 is the 2 x 2 identity matrix. In particular, Eq.
implies that

boo (k) = +hos(—k)T, (5.117a)
boo (k) = —bos(—k)", (5.117b)

whereo € {t,]}anda € {|,1} denote opposite spin orientations. From the Kramers’ theorem
for time-reversal invariant systems it follows that the spectrum of the Bloch Hamiltonian (k)
is doubly degenerate at the eight time-reversal invariant momentaT; (i = 1, ..., 8) which can
be parametrized as

3
1
Fi = F(mn2n3) = 5 E nlbl, (5.118)
=1

where b1, bs, and b3 denote the primitive reciprocal lattice vectors of the system. There is,
however, anotherimportant symmetry which relates the spectrum at opposite momenta k and
—k, namely inversion symmetry P:

H(k) = PH(—k)P~ . (5.119)

The presence or absence of inversion symmetry has important consequences on the existence
of a non-trivial, semimetallic phase between the quantum spin Hall insulator and the trivial
band insulator, as we discuss below. Since other kinds of band crossings due to higher point-
group symmetries can be considered as degenerate cases of the generic system discussed in
this section, we only consider the effects of time-reversal and inversion symmetry in the fol-
lowing.

5.6.1 Inversion-symmetric systems

In the first place, let us discuss systems with inversion symmetry. As a consequence of both
time-reversal invariance and inversion symmetry, the bulk bands are doubly degenerate for all
momenta k due to Kramers’ theorem, and the quantum phase transition occurs when the band
gap between the two doubly-degenerate conduction and valence bands closes at some point
k* in the Brillouin zone. Furthermore, in the presence of inversion symmetry, the two bands
involved can be characterized by their parity eigenvalues 11,72 = +1. If both bands have the
same parity, 71 = 12, then the co-dimension, i.e., the number of conditions which have to be
fulfilled simultaneously for the band gap to close, is five23124 |n particular, this exceeds the
number of tunable parameters m, k;, k,, and k.. Hence, in that case there is no generic band
crossing at any point k* in the Brillouin zone.

The situation is, however, different if the two bands have opposite parity, i.e., we consider

m = —mn2. In that case, the Bloch Hamiltonian can be parametrized as
4
H(k) = e(k) + do(k)Lo + Z d;(k)T;, (5.120)
j=1

where e(k) and dy(k) are even functions of k, while d;(k) (j = 1,...,4) are odd functions of
k. A suitable set of matricesI'; (i = 0, ..., 4) has been introduced in chapterfor the minimal



174 5.6 - Discussion and outlook

model of a topological insulator based on strained 3D HgTe, where the two bands involved cor-
respond to the s-like I'g band with even parity and the p-like I's band with odd parity, but this
representation of H (k) is, of course, not limited to a specific system. Since the above I" ma-
trices anti-commute as discussed in section the electronic band structure of the model
Hamiltonian is simply given by:

(5.121)

where each band is doubly degenerate, as mentioned before. Although we cannot expect a
band crossing for a generic point k* in the Brillouin zone as the co-dimension is also five, the
number of tunable parameters reduces to just m at the time-reversalinvariant momenta I';, be-
caused;(k =T;) =0(forall j =1,...,4) by virtue of being odd functions of k with respect to
I';. Hence, only for bands with opposite parities we expect a crossing of the doubly-degenerate
bands at some k* = T';. On one side of the quantum phase transition, e.g., for m < my, the
system describes a topologically non-trivial phase like the quantum spin Hall insulator, while
the other side m > myg describes the topologically trivial band insulator.

Thus, in time-reversal invariant systems with two bands of opposite parity and an addi-
tional inversion symmetry, it is possible to tune a quantum phase transition between different
topological sectors by changing a single parameter m. In particular, we have discussed the
Fu-Kane-Mele model on the diamond lattice, where the phase transition of the correspond-
ing strong topological insulator phase to the trivial phase can be controlled by changing the
spin-orbit coupling parameter Ago/t. However, note that to realize a strong topological insu-
lator phase in the Fu-Kane-Mele model it is necessary to include anisotropic modulations of
the overlap parameter which effectively shift the crossing points away from the T'; into the bulk
Brillouin zone (cf. section[5.3|for details).

5.6.2 Inversion-asymmetric systems

In systems without inversion symmetry, it is generically impossible to observe the quantum
phase transition between topologically distinct systems for a single value of the tuning param-
eter m, as we discuss now. Let us first consider the time-reversal invariant momenta I';, where
the spectrum is doubly degenerate due to Kramers’ theorem. Since the 4 x 4 Bloch Hamiltonian
can be written in a form similar to Eq. (5.120), the doubly degenerate conduction and valence
bands touch only when all d;(k) vanish, implying that the co-dimension is equal to five123!12%,
However, the momentum k = T'; is fixed, so that one cannot control the band touching at the
time-reversal invariant momenta I'; by tuning the single remaining parameter m.

Away from the time-reversal invariant momenta, i.e., for k # T, the spectrum is non-
degenerate, and the gap closes due to a touching of only two bands. Such a band crossing
can be described in terms of an effective 2 x 2 Bloch Hamiltonian:

3 .
Hep(k) =Y dj(k)o; = [ (k) + ds E . , (5.122)

J

Il
o

where Jj(k) (j=0,...,3)arereal functions of m and k. The two bands touch if and only if the
following three conditions are met:

di(k) =0 Vje{1,2,3}, (5.123)
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because dy (k) only leads to a shift of the energy levels, but does not affect the level crossing oth-
erwise. Notably, these three conditions define a one-dimensional curve in the four-dimensional
(m, ks, ky, k) space. Hence, for a generic value of the tuning parameter m there will be points
k*,where the bands cross, and when m is changed adiabatically, those points move in momen-
tum space, so that the system remains gapless. Because the two sides of the quantum phase
transition (m < mg and m > my) belong to topologically distinct phases, there should be
some phase transition in between, and one can thus ask how this phase transition looks like in
the inversion-asymmetric systems upon changing the tuning parameter m.

The answer to that question is that instead of a phase transition at a single value m of the
tuning parameter there appears a finite region m.1 < m < mea, where the system remains
gapless. Furthermore, the only way to open or close the bulk band gap is to create or destroy
pairs of gapless points or, more precisely, pairs of so-called Weyl fermions. Such gapless points
with linear spectrum represent monopoles in momentum space and carry a topological quan-
tum number or “charge”>81897182 For example, a pair of a monopole with charge ¢ = 1 and
an anti-monopole with charge ¢ = —1 is created at m = m,1, so that the system becomes
gapless. By further increasing the tuning parameter m, the monopole and anti-monopole at
k. (m) start to shift around in momentum space as function of m, but time-reversal symmetry
always enforces that k.. = k_. Importantly, a bulk band gap can only open again when the
monopole and the anti-monopole meet and annihilate which happens at m = m.9, and the
system enters the trivial band insulating phase.

5.6.3 Overview of the quantum phase transitions of 3D topological insulators

To summarize, the different quantum phase transitions of time-reversal invariant 3D topolog-
ical insulators with and without inversion symmetry are schematically depicted in Fig.
while Fig.[5.31shows the corresponding phase diagram in the plane of a single tuning param-
eter m and a second parameter § describing an inversion-symmetry breaking perturbation of
the system. Fig.[5.30](a) shows the phase transition of an inversion-symmetric topological insu-
lator occurring at a single point m in the parameter space. On the other hand, a topologically
non-trivial gapless phase m.,1 < m < ms with Weyl fermions appears between the quan-
tum spin Hall insulator and the trivial band insulator when inversion symmetry is broken [see
Fig.[5.30](b)], giving rise to the intermediate gapless region in the phase diagram in Fig.[5.31]

At this point, one might ask the question how inversion symmetry modifies the structure of
the surface bands and whether this symmetry is important in the context of a spontaneous gap
generation due to long-range Coulomb interactions. Furthermore, the intermediate semimetal-
lic Weyl phase could also affect the screening of Coulomb interactions, so that a spontaneous
symmetry breaking due to long-range interaction might be prevented. To answer that question
one may discuss different scenarios for gapped surface states which may arise in inversion-
symmetric and inversion-asymmetric systems.

5.6.4 Flat surface bands and spontaneous mass generation

Within the above classification of quantum phase transitions of time-reversal invariant 3D topo-
logical insulators we may discuss possible scenarios for the spontaneous gap generation of the
surface states. As discussed before, one would in general expect that a flat surface band leads
to a diverging effective interaction strength as o 1/(61}%‘“), and thereby induces a spon-
taneous surface band gap by means of chiral symmetry breaking due to long-range Coulomb
interactions if we are able to tune the surface Fermi velocity v%“rf appropriately (cf. section.
However, close to the critical point screening of the long-range interactions becomes more and
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Figure 5.30. Schematicillustration of the quantum phase transition of a time-reversal invariant 3D topo-
logical insulator in the (a) inversion-symmetric and (b) inversion-asymmetric case as a function of a
single tuning parameter m. The left- and right-most panels indicate the quantum spin Hall insulator
for m <« my and the trivial band insulator for m > my, respectively. In inversion-symmetric sys-
tems, the quantum phase transition between the two distinct phases occurs at a single value m of
the tuning parameter, while in systems without inversion symmetry there appears a gapless phase for
me < m < meo. In this intermediate phase, Weyl fermions with a linear spectrum shift around in the
Brillouin zone as function of the tuning parameter m until they meet again at m = m.o, where they
annihilate each other and create a bulk band gap again. Figure after Ref. [123|
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Figure 5.31. Schematic illustration of the generic phase diagram of time-reversal invariant 3D topologi-
cal insulators. m denotes the tuning parameter, while § describes an inversion-symmetry breaking per-
turbation of the system, and § = 0 describes inversion-symmetric systems. The boundaries of the in-
termediate, gapless phase of Weyl fermions determine the critical values m.; and m.o of the tuning
parameter. Figure after Ref. 123
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Figure 5.32. Schematic illustration of the different classes A4, A3, Az, and B within Murakami’s classi-
fication of phase transitions of 3D topological insulators1212%, (a) In class A1, there exists only a single
bulk Dirac point (indicated by gray shaded area) at a time-reversal invariant momentum G/2, and the
corresponding surface bands (indicated by red lines) inherit its Fermi velocity, i.e., we get vil“f oc viulk,
(b) In class As, there exists more than one bulk Dirac point, but they remain disconnected from each

other. Hence, the corresponding surface bands is determined by the bulk Fermi velocity, i.e., we again

have v§t oc Bk, (c) If, however, the bulk Dirac points become connected by surface bands, this opens

up the possibility to control the Fermi velocity of the surface Dirac fermions independently of the bulk
Fermi velocity. (d) In inversion-asymmetric systems of class B, the Dirac points are located symmetri-
cally around the time-reversal invariant momenta k = G/2 =+ k. Similar to class A3 the Fermi velocity
of the surface bands connecting pairs of Dirac points can be reduced upon approaching the bulk quan-
tum critical point, because the bulk conduction and valence bands exert “spectral pressure” onto the
surface bands.

more relevant, and in both the Fu-Kane-Mele model and the minimal HgTe model we find that
the dielectric constant e diverges upon approaching the bulk critical point. Despite the fact that
the surface bands become increasingly flat, long-range Coulomb interactions are in general not
expected to induce a surface band gap. On the other hand, local interactions can also lead to
a band gap if the average kinetic energy as the relevant energy scale to compare with becomes
smaller and smaller close to the critical point. In that setup, the Fu-Kane-Mele model shows a
generic instability towards a ferromagnetic surface as the surface states become flat in a large
region of the corresponding surface Brillouin zone. The minimal HgTe model on the other hand
only shows a ferromagnetic surface instability in a small region of the phase diagram which
requires fine-tuning of the model parameters, and in that model it comes down to numbers.

To develop a better understanding of those results in a broader context, let us first con-
sider strong topological insulators with Zs invariant vy = 1 in the presence of inversion sym-
metry (class A), where the bulk band gap closes at one of time-reversal invariant momenta
in the Brillouin zone. Since strong topological insulators are characterized by an odd number
of Dirac cones in the corresponding surface Brillouin zone, we may distinguish between three

subclasses [cf. Fig.[5.32](a-c)].

Inclass A1, there exists only a single Dirac point located at one of the time-reversal invariant
momenta in the Brillouin zone, kg = I';. Since the surface bands connect the bulk conduction
and valence bands across kg, their Fermi velocity is mainly determined by the bulk Fermi ve-
locity, i.e., we find v39 oc vbulk [cf. Fig.(a)], and we cannot tune the surface Fermi velocity
vﬁ}”f by varying the tuning parameter m of the model. As a consequence, we have no control
over the effective interaction strength o = €2 /(hevi™™) oc 1/(evi¥™), so that the spontaneous
generation of a mass gap due to long-range Coulomb interactions upon approaching the bulk
quantum critical point is not expected to be a generic feature in class .A;. Furthermore, as the
average kinetic energy of the surface Dirac fermions remains finite, we cannot hope to find a
generic mass gap due to local interactions either.

An interesting situation, however, might be realized in a certain class of 3D “frustrated hop-



178 5.6 - Discussion and outlook

ping” models such as the non-magnetic pyrochlore systems with a single Dirac fermion on the
surfaces. In those systems, band structure calculations have shown that one can find degener-
ate, flat bulk bands in the absence of spin-orbit interactions™®. This, in principle, would allow
to investigate the mechanism of spontaneous gap generation also in such a system by varying
the spin-orbit coupling strength. Whether a particular pyrochlore system is a strong topological
insulator can, however, only be established by means of detailed band structure calculations
or experiments. Although long-range Coulomb interactions are expected to be screened due to
the large density of states induced by the flat bands, local interactions could in general induce
a surface band gap, because the average kinetic energy of the Dirac fermions becomes small
close to the quantum critical point. Consequently, those systems should present promising
models for spontaneously gapped surface states which would be worth studying in the future.

Two further subclasses .45 and A3 of inversion-symmetric topological insulators exist, in
which an odd numbern > 1 of Dirac points located at the time-reversal invariant momenta oc-
cur. To start with, let us consider class .45, where the Dirac points are independent of each other
in the sense that they are not connected by surface bands [see Fig.[5.32|(b)]. Here, the Fermi ve-
locity of the surface Dirac fermions is again determined by the bulk Fermi velocity, v§¥f oc vbulk,
and similar to class .A; we do not generically expect a spontaneously generated mass on those
surfaces either.

If, however, the Dirac points are indeed connected by the surface bands as in class A3 [see
Fig.[5.32](c)], we can, in principle, hope to drive the system towards a critical point, where the
surface bands become increasingly flat, so that a band gap for the surface Dirac fermions could
be spontaneously generated by the mechanism of chiral symmetry breaking due to long-range
Coulomb interactions. One particular example of such a system in class A3 is the Fu-Kane-
Mele model on the 3D diamond lattice, where we have investigated the flatness of the surface
states and where we have shown that we get perfectly flat surface bands with v3f /¢ — 0 upon
approaching the bulk quantum critical point. Here, the existence and topological stability of
those zero-energy surface bands is guaranteed by an additional symmetry of the model, namely
chiral symmetry, which leads to nodal lines in the bulk of the system, i.e., one-dimensional
curves of Dirac points with zero energy (cf. section[5.3.4). In particular, since those nodal lines
have finite components in all spatial directions, they are also responsible for the screening of
long-range Coulomb interactions which manifests itself in a diverging dielectric constant (cf.
section[5.3.5). Hence, in a generic system, we do not expect that one can tune the effective
interaction strength o 1/(61}%“*) to values larger than the critical interaction a., where a
spontaneous generation of a surface band gap occurs.

In the presence of spin-orbit interactions Agp or hopping between second-nearest neigh-
bors ¢’ we also do not expect that Coulomb interactions can induce a spontaneous mass in the
surface Dirac fermions, since both interactions break the symmetry of the Fu-Kane-Mele model.
To be precise, spin-orbit interactions lift the degeneracy of the nodal bulk lines, so that only a fi-
nite number of bulk Dirac points remains which are subsequently gapped if we also take modu-
lated hopping parameters dt; into account. Hopping between second-nearest neighbors, how-
ever, only leads to an energy shift of the nodal lines which can be seen from the corresponding
density of states (cf. section[5.3.2). In particular, the surface bands no longer remain perfectly
flat in the presence of those interactions, because longer-ranged hopping processes lead to a
finite kinetic energy of the surface states. Hence, we expect to find surface states with a small
Fermi velocity, but being close to the bulk quantum critical point the dielectric constant ¢ is
expected to become large as well as a precursor to screening. As a consequence, chiral symme-
try breaking due to long-range Coulomb interactions does not play a role in the Fu-Kane-Mele
model. However, as the average kinetic energy becomes smaller and smaller upon approach-
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ing the bulk quantum critical point, local interactions are expected to create a gap, discussed
in section[5.5] In particular, the localization of the surface states within the penetration length /
leads to a finite effective interaction strength U.g ~ Uy /I, where Uy is the bare, local Hubbard
interaction. As the critical interaction strength U, ~ vg decreases, it will eventually become
smaller than U.g, and quite generically a surface band gap develops.

However, it is not clear whether the presence of a chiral symmetry as in the Fu-Kane-Mele
model is the generic situation in class A3 to achieve flat surface state bands. One could also
try to construct certain toy models, where hopping in one direction is different than in the two
orthogonal directions such that bulk nodal lines (provided they exist) will be confined to two-
dimensional planes in momentum space. Since those nodal lines will not extend in all momen-
tum directions one might expect anisotropic screening of long-ranged Coulomb interactions
perpendicular and parallel to the nodal lines. Consequently, the polarization function will di-
verge onlyin, e.g., the ¢, and g, direction, but show a smooth behavior as function of ¢.. Such
an anisotropic screening might open up the possibility for a “partial” chiral symmetry breaking
due to Coulomb interactions on certain surfaces.

Inthe second class of quantum phase transitions between the topologically distinct phases,
which occurs in systems with broken inversion symmetry (class ), one would expect a better
situation for the spontaneous gap generation as far as the generic appearance of flat surface
bandsis concerned: First, the surface bands connect pairs of bulk Dirac points which are located
symmetrically at K = G/2 £ kg around the time-reversal invariant momenta of the Brillouin
zone [see Fig.(d)]. Due to the finite distance of those Dirac points set by |kg|, we can give
a rough estimate for the Fermi velocity of the surface Dirac fermions as v3¥f oc Egap/|Ko. As
we have shown in the minimal model derived from the low-energy properties of strained HgTe,
we can decrease the surface Fermi velocity v?}”f by closing the bulk band gap £gap o< dm =
|m — me1|. However, this particular closing of the bulk band gap in the form of a “stamp” is not
generic, although the surface bands become flat. Furthermore, the effect of the surface bands
becoming flat is compensated by the screening properties of the polarization function which
ultimately pre-empts the scenario of chiral symmetry breaking due to long-range Coulomb in-
teractions, as discussed before. The role of local interactions in that model is more compli-
cated, as discussed in section The analysis of the susceptibility matrix x(q) has shown that
the leading instability of that model is surface ferromagnetism which opens a band gap for the
surface Dirac fermions. However, since all eigenvalues of the susceptibility matrix are of the
same order, this scenario only occurs when tuning the interaction U and the mass parameter
m to a narrow parameter regime. In that sense, the gapped surface state in the minimal model
is a fine-tuned situation and does not present a generic feature of the 2D surface states. Fur-
thermore, as many other materials are described by a similar model Hamiltonian, the results
presented here should be applicable to a range of topological insulator materials as well, but
here again it comes down to numbers.

To conclude, we do not find a generic way to create flat surface bands which would cre-
ate gapped surface states. Nevertheless, we have identified two specific mechanisms: First, a
system may possess a chiral symmetry which gives rise to topologically protected bulk nodal
lines and flat surface bands. Even if this chiral symmetry is only “approximate” in the sense
that additional small terms break this symmetry, the surface bands are still reasonably flat so
that one can hope to trigger a surface instability towards gapped surface states. The second
mechanism is small inversion-symmetry breaking which creates a “stamp” of bulk valence and
conduction bands. Here, the surface bands traversing the bulk band gap become increasingly
flat as the stamp closes, but this happens on momentum scales that are usually hard to resolve
in experiments due to the small inversion asymmetry.






APPENDIX A

Molecular Orbitals and
Overlap Parameters

his appendix gives a brief derivation of the overlap parameters in terms of molecular
%Ig orbitals. Since we are mainly interested in the electronic band structure of llI-V or 1I-VI

compounds such as HgTe, we restrict ourselves to the case of tetrahedrally bonded
semiconductors. These semiconductors host valence electrons in s and p orbitals which are
shown schematically in Fig.[A.]l When two atoms are brought together the atomic orbitals over-
lap, and the tunneling between two atomic orbitals produces two hybridized orbitals. Because
the two atoms are interchangeable, the symmetric superposition of the atomic orbitals forms
the so-called bonding orbital, while the anti-symmetric superpositions forms the anti-bonding
orbital. Note that there are two different ways for two p orbitals to overlap: p orbitals over-
lapping along the direction of the p orbitals form ¢ bonds [cf. Fig.|A.1|(c)], whereas p orbitals
overlapping in a direction perpendicular to the p orbitals form 7 bonds [cf. Fig.[A.1](d)].

Although the concept of bonding and anti-bonding orbitals was originally introduced for
molecules, it can be extended to crystals by assuming that the orbitals of each atom in the crys-
tal overlap only with the orbitals of its nearest neighbors. Furthermore, in a solid the bonding
and anti-bonding orbitals are broadened into conduction and valence bands. For the case of
tetrahedral semiconductors, the bonding orbitals are filled with electrons and become the va-
lence bands, while the anti-bonding orbitals yield the conduction bands. The crystal structure,
however, significantly affects the overlap between atomic orbitals.

The interaction between atomic orbitals lowers the energy of the bonding orbital by an
amount V which is determined by the tight-binding Hamiltonian H, between the different
atomic orbitals of the atoms, whereas the energy of the anti-bonding orbital is increased by
the same amount V. In both cases, the matrix element V' of the tight-binding Hamiltonian is
referred to as the overlap parameter. For a molecule containing only s and p valence electrons
there are only four non-vanishing overlap parameters: Vi, Vipo, Vipo, and V. Todevelop an
explicit understanding of those overlap parameters, we consider a homopolar molecule, and
we denote the atomic orbital on the first atom (designated as atom Ain Fig.[A.2) as |a) and that
on the other atom (B) as | 5). These orbital states can be expressed in terms of radial wave func-
tions and spherical harmonics Y;,,, (6, ¢), where the atom is located at the origin. Furthermore,
we denote the direction vector from the first atom to the second atom as d, and d = d/|d] is
the unit vector along the direction of d.

First, let us choose coordinates such that (i) the z axes are parallel to d and (ii) the az-
imuthal angles ¢ are the same (see Fig.[A.2). Within these coordinate systems, the spherical
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Figure A.1. Schematic picture of the overlap between s and p orbital wave functions of two atoms leading
to molecular orbitals. a, b) Overlap of two 1s and 2s orbitals forming bonding and anti-bonding o, o*
orbitals. c, d) Overlap of two 2p, and 2p, orbitals along the x axis forming bonding and anti-bonding
o,0* and &, T orbitals, respectively.

harmonic wave function describing the two atomic orbitals |«) and |3) are given by Y,,(6, ¢)
and Yy, (0, ¢), respectively. Thus, the hopping Hamiltonian #, has cylindrical symmetry with
respect to d, and therefore it cannot depend explicitly on ¢. The corresponding matrix element
is then proportional to the integral of the azimuthal wave function exp[i(m’ — m)¢| and van-
ishes unlessm = m/:
o d¢ i(m'—m)o
(a|Ho|B) o —e = Om.m/» (A1)
0 2T ’

where d,,,,, denotes the Kronecker d-symbol. For hopping in the z direction this selection rule
leads to four non-vanishing and linearly independent overlap parameters between s and p elec-
trons:

(s|Hols),
(s|Holpz),
{pz[Holpz),
(pz[Holpa)-

Note that (p,|Ho|py) = (pz|Ho|pz) and that (p.|Ho|py) = 0 by symmetry. In general, those
overlap parameters are labeled o, 7, and § in analogy with the s (I = 0), p (I = 1),and d (I = 2)
atomic wave functions.

In the above derivation of the overlap parameters, we have expanded the wave functionsin
terms of p orbitals along the Cartesian axes which are parallel or perpendicular to the bonding
directions. However, in a tetrahedrally bonded semiconductor like HgTe or CdTe studied in the
main text, the bond vectors d linking nearest neighboring atoms are not identical to the Carte-
sian axes. Thus, a different choice for the coordinate systems is more convenient. To be precise,
one typically chooses the crystallographic axes as the coordinate axes, and the spherical har-
monics Y},,(0, ¢) of the atomic orbitals are then defined with respect to this fixed coordinate
system. To construct the matrix elements of the tunneling Hamiltonian, we first decompose

SSO’

(A.2)

Vipo
Vipo
Vopr
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Figure A.2. Choice of the polar coordinate systems for atoms A and B in a two-atomic molecule. The z
axes are chosen to be parallel to the vector d connecting the two atoms, such that the azimuthal angle
¢ is the same for both coordinate systems. Figure after Ref.™,

the Cartesian p orbitals into the ¢ orbitals parallel and the 7 orbitals perpendicular to the bond
vector d, and afterwards we express the overlap between two p orbitals in terms of the overlap
parameters Vio, Vipo, Vipo, and V-, as discussed below.

A.1 Overlap parameters between an s orbital and a p orbital

Let us first consider the matrix element (s|#H|p;) between the s orbital |s) and the |p;) orbital,
where j = z,y, 2. Let p be a unit vector along the direction of the p; orbital. We start by decom-
posingthe |p;) orbitalinto two p orbitals parallel (|p,)) and perpendicular (|p,)) to the direction
vector d:

p;) = (B-d)|po) + (P 7)|pr), (A3)

where 71 is a unit vector normal to d within the plane spanned by& and p[see Fig.(a)]. Using
Eq. (A.2), we find that the Hamiltonian matrix element is then given by:

(s|Holp;) = (B~ d)(s|Holpo) + (B~ 7){s|Holpx) = (P~ d)Vipo, (A4)

where V,,, is the overlap parameter describing the tunneling between an s orbital and a p or-
bital which is oriented parallel to d. Note that the matrix element (s|Ho|p,) vanishes, because
the s orbital is invariant under rotations about the axis defined by the direction vector d, but
the 7 orbital is not. The matrix elements between the p orbitals on atom A and the s orbital on
atom B are obtained simply by inverting the direction of the bond vector d, i.e., by changing the
sign:

(pj|Hols) = —(s[Holp;) = (P d)Vpso, (A.5)

where, for brevity, we have defined Vs, = —Vpo.

A.2 Overlap parameters between two p orbitals

The construction of the matrix element (p;|Ho|p;) between the p orbital |p;) on the first atom
and the p orbital [p;) on the second requires a little bit more work. Consider two unit vectors p;
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(b)

Figure A.3. To calculate the overlap between an s orbital and a p orbital state [panel (a)] or between to
p orbital states [panel (b)] one has to decompose each p orbital into two p orbitals parallel and perpen-
dicular to the unit vector d.

and p; along the directions of the two p orbitals, i.e., along the z, y, or z axes [see Fig.(b)].
Both p orbitals can be decomposed into two o and 7 orbitals parallel and perpendicular to d:

i) = (B Dpio) + (i 7) pin),  |ps) = (B d)lpjo) + (B; 1) lpjr), (A6

where n; (1) denotes the unit vector perpendicular to din the plane spanned by dand p; (p)).
The straightforward calculation of the matrix element between |p;) and |p;) then yields:

(pilHolpj) = [(f?" d)(pio| + (B; - 1) (pirl] Ho[(D; - d)|pjo) + (D, - 75)|pjn)]
= (B;* d)(B; - d)(piolHolpjo) + (Bi - 70i)(B; - 72;) (pix | Holp) (A7)
= (p; )( )Vppcf + (P; - nz)(p] ;)05 Vpr
where we have used the matrix elements V,,,, and V,,,» describing the tunneling of electrons

between p orbitals parallel and normal to the bond vector d, respectively [cf. Eq. (A.2)]. Substi-
tuting the relation

(Bi i) (B, - 70)6i5 = (Bi - 1) (B 7)) (R - 7o) = [p; — (P~ d)d] - [p; — (p;-d)d],  (A.8)

we obtain:

(pilHolp;) = (s d)(B; - d)Vps + [B; — (B; - d)d] - [p; — (D - d)d]Vipr (A.9a)

{( >vppa+[ — (i ) Vppr =

o (A.9b)
(p )( )( ppU_V;?pW) i F ]

A.3 Overlap parameters in diamond and zinc-blende lattices

Finally, let us summarize the above results and consider the overlap parameters V., Vipo,
Vpso» Vaa, and V,, which are commonly used in the context of diamond or zinc-blende lattices.
As discussed in the main text, in those crystal lattices the bond vectors between nearest neigh-
boring atoms are given by

dy = %(1,1,1) %(1 —1,-1)7,
a . a . (A10)
Z( 1 ].,—1) 5 d4: Z(—17—1,1) 5

where a denotes the length of the crystallographic unit cell. Note that |d;| = (a/4)v/3 for all
i=1,... 4.

To compute the matrix elements of the tight-binding Hamiltonian #, on the diamond or
zinc-blende lattice, we assume that one of the two atoms, the anion denoted by v = a, is
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located at the origin. Hence, the positions of the four nearest neighbors in those crystal lat-
tices, the cations labeled by v = ¢, are then given by the vectors d; with j = 1,...,4. First,
let us consider the matrix element between the two s orbital states on the anion and cation,
(a,s,o,k|Holc, s,o,k), where o € {1,]} is the spin of the electron in the s orbitals, while
k denotes the crystal momentum in the first Brillouin zone. Since the overlap parameter de-
pends on the angular momentum of the states involved and the distance between the atoms,

we obtain:
4

<CL,S,O',k|H0‘C,S,O',k Z |H0| zk.dj = Vs gO(k) (A”)
=1

In the last line, we have introduced the overlap parameter V,, and the tight-binding function
go(k) as

ss —< |HO| > — sscr (A-12)
and
4 .
go(k) =) e+, (A13)
j=1

Note that Eq. (A.T1) is the same as Eq. in the main text.

The matrix elements between s and p orbitals can be computed in a similar manner. For
example, the overlap between the s orbital of the anion and the p,, orbital of the cation oriented
in the e, direction is given by:

4 4
<a7550)k|H0|Capavaak Z |H0‘pa lk.dj = Z(i)a'&j)%pa eik.dj‘ (A14)
j=1 j=1
Since |d;| = (a/4)v/3forall j = 1,..., 4, the above relation can be rewritten as
<(17370'7k‘%0|07pa70'7k Vspzsgn etk di = sp ga(k)7 (A15)

where we have introduced the overlap parameter
Vipo
V3’
Furthermore, the sign which arises from the different orientations of the bond vectors d; de-
fines three tight-binding functions

Vip (A16)

== Z sgn(p etk d; (A7)

where o € {z,y,z} = {1, 2, 3} denotes the orientation of the p orbital state. Those functions
are defined in Eq. in the main text fora =1.

Finally, the calculation of the overlap between different p orbitals of anion and cation can
be performed in the same manner. First, the matrix element of p orbitals oriented in the same
direction e, is given by

4

(@, Doy 0, k[ HolC, pa 0, k) = > (palHolpa)e’™ 4 = Viy Z 4 = Vi go(k),  (AI8)
j=1
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where we have introduced the overlap parameter V. as

(Pa|Holpa) _ Vipo + 2Vipr
3 3

Vg = (A19)

using Eq. (A.9). Similarly, for the matrix elements of p orbitals oriented in different directions
e, and eg we obtain:

4 4
(a,pa,0,k|Holc, pg, 0, k) = Z<pa‘7'[0‘p6>eik.dj - Z(f’a +d;)(Dg* dj)(Vopo _Vppﬂ)eik'dj‘
j=1 j=1
(A.20)
This allows to define the following overlap parameter:
Vipoe — Vopre
Vpy = —2B2 PP (A.21)

3

so that the above matrix element can be formulated as
1< A L
(@, Das 0, K[Hole, 3,0, k) = Vi1 > senl(Bo- ) (B~ di))e™ 4 = Vi g,(K),  (A22)
j=1

where « is defined such that |(e, x eg)-e,| = 1. Note that the functions g, (k) are the same
functions as introduced before [cf. Eq. (A.17)].



APPENDIX B

Strain and Stress in
Diamond and Zinc-Blende Crystals

and zinc-blende-type crystal structures. To develop a better understanding, we first
l76

%I@ n this appendix, we summarize the relations between strain and stress in diamond

introduce the general concepts of strain and stress following the textbooks by Kitte
and Yu and Cardona™. After that, we discuss the effect of tensile uniaxial stress along the high-
symmetry [100], [110], and [111] directions of cubic crystals, before we continue with a dis-
cussion of tensile biaxial strain. We close with a brief summary of the consequences for the
tight-binding calculations on the diamond and zinc-blende-type crystals like HgTe and CdTe
discussed in the main text.

B.1 Elastic strain and stress

In general, the effect of a small crystal deformation on an atom, which is located at position r,
can be expressed in terms of a displacement vector R(r). If we consider three orthonormal
vectors &, ¢, and 2 with unit length in the unstrained solid and express the position of an indi-
vidual atom in those coordinates as r = =& + yy + 22, the displacement of that atom in the
strained solid can be written as:

R(r) = ug(r)& + uy(r)y + u.(r)2. (B.1)

If the deformation is non-uniform, w,(r), uy(r), and u.(r) can be related to the local strains
€ap by a Taylor expansion of R(r) around » = 0 using that R(0) = 0. As a result, we may
define the components of the so-called strain tensor ¢ by:

- 1 6ua 811,5
€ap = 5 (((93;5 + 6xa> . (Bz)

The strain in the solid is generated by the applied stress, i.e., by forces acting on a unit area
in the solid. In general, there exist nine components 0., 0y, 02z, Oyas Oyys Tyzs Ozzy Oy, 0 OF
the stress tensor o, where the first index represents the direction of the force, and the second
subscript denotes the normal vector of the plane to which the forceis applied. Forexample, o,
is a force applied in the z direction to a unit area in the yz plane, while o,,, is a force applied in
the x directionto aunitareainthe zz plane. In astaticsituation, where the angular acceleration
vanishes and where the total torque on the solid is zero, the number of independent stress
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components reduces from nine to six components 0., 0yy, 022, Ozy, Oyz, 02z, because o,y =
Oyzs Oyz = Ozy,aNd 0y = 0.

The simplest relation between stress and strain is Hooke’s law in which the applied force
leads to a linear stretching of a spring. In a solid, there is a similar relation between stress and
strain in terms of the elastic stiffness constants C;; ;; and the elastic compliance constants
Sijkl:

0 = Z Cijri€kl = €u= Z Sijkl0ij- (B.3)
k,l 2%
In view of the large number of indices in the above relations, one usually simplifies the notation
by introducing a new set of indices:

l=zx, 2=yy, 3=z2z, 4=yz, b=zx, 6=uy. (B.4)

Consequently, the rank-two tensors o and e can be written as

Oxx Ogzy Ozx 01 06 05
0= |Ozy Oy Oy| = |06 02 04, (B.5a)
Oyz Oyz Ozz 05 04 03
and
€ve  €xy €xp €1 €/2 €5/2
€= |€y €yy €| = |€6/2 € €/2]|. (B.5b)
€yz €yz €zz €5/2 €4/2 €3

Note that by convention the off-diagonal elements of the strain tensor e are defined with a factor
of 2 in contrast to the stress tensor o. A particular advantage of this contracted notation is
that the fourth-rank stiffness tensor Cj; 1; and accordingly the compliance tensor S;; 1; can be
represented by a 6 x 6 matrix. Now let us define two six-component vectors € and o

_ T T
€ = (617 €2, €3, €4, €5, 66) (ECECEa €yys €22, 2€y2a 26,4, 2€xy) s (B.6a)

T

_ _ T
o = (01702703704,05,06) = (O':Exa(fyyaO'ZZaUmezvaa:y) s (B.6b)

so that Eq. (B.3), which relates the strain and stress components, then takes the simple form of
a matrix-vector product:
o=Ce and €= So. (B.7)

Hence, the compliance tensor S = C~! is just the inverse of the stiffness tensor C.

In general, there are 36 elastic stiffness constants C;; and elastic compliance constants
S;; relating the six strain components ¢; to the stress components o, but their number can
be reduced by the following considerations. First, recall that the elastic energy density U is a
quadratic function of the strain within the approximation of Hooke’s law'™®:

6
1
U= 5 'Zl uijeiej, (B8)
Zh]:

where the coefficients u;; are related to the stiffness constants by virtue of Eq. (B.10). According
to Hooke’s law, the stress components o; are found from the derivative of the potential energy
U with respect to the corresponding strain component:

oUu 1
o; = a—EZ = Uj;€ + 5 ;(U” + ’LLji)Ej. (B.9)
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Note that only the symmetric combinations (u;; + wuj;)/2 enter the relations between strain
and stress. Thus, the elastic stiffness constants are symmetric as well:

Cij = —2—=L 5 =0y (B.10)
As a consequence, there are only 21 instead of 36 independent elastic stiffness constants.

The number of stiffness constants C;; can be reduced even further if the solid possesses
certain crystal symmetries. In view of the diamond and zinc-blende crystal structures discussed
in the main text, we consider a cubic crystal which has at least four three-fold rotation axes in
the [111], [111], [111], and [111] directions. The rotation of 27 /3 about these four axes leads to
an interchange of the x, y, and z axes as follows:

[111]: z—z—oy—ux, (B.1a)
111]: 2z — —2— —y > x, (B.11b)
111]: z—2z— -y — 2z >, (B.11¢)
[111]: z— —2—>y— . (B.11d)

Starting from the general expression for the elastic energy, the first sequence for rotations
about the body diagonal [111] implies that C;; = Coo = Cs3 as

0116% + 02263 + 03363 — CHE% + CQQQ% + 0336% — ... (B.12)

Similar relations between the different elastic stiffness constants are obtained from rotations
about the other body diagonals. Taking all symmetries of the cubic crystal into account, the
elastic energy has the following form:

C
U="1@+&+d)+

Cua
2 7(

C
5 et ed)+ £(61€2 + €2€3 + €3€1). (B.13)

2

Thus, there are only three independent elastic stiffness constants C11, C12, and Cyy in a cubic
crystal, and the matrix of elastic stiffness constant takes the simple form

[C11 Cio Ci2 O 0 0
Ci2 Ci1 Ci2 0 0 0
_|Ci2 Ci2 Ci1 O 0 0
C=10 0 0 cu 0 0 (B.14)
0 0 0 0 Cu 0O
(0 0 0 0 0 Cul

Furthermore, by inverting the matrix of the elastic stiffness constants (B.14) we see that in cubic
crystals the elastic stiffness constants C;; and the elastic compliance constants S;; are related
by:

C11 — C1z2 = (S11 — S12) 71, (B.15a)
C11 +2C12 = (S11 +2S12) 71, (B.15b)
Cus = Sy, (B.15¢)
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Figure B.1. Hydrostatic pressure is generated by the application of forces F' and — F' with equal strength
and opposite directions to the surfaces of an elementary cube within a solid.

B.2 Hydrostatic pressure

Let us consider a situation in which forces are applied along the z, y, and z axes to an elemen-
tary cube within a solid (see Fig.[B.1). We assume that these forces come in pairs so that a force
F applied to one face will be balanced by another force — F applied to the opposing face, thus
producing no acceleration of the solid. In addition, we require the off-diagonal forces to be
equal so that there is no net torque. Consequently, the stress tensor o is a symmetric second-
rank tensor, whose elements are given by the forces per unit area applied to the elementary
cube. Using the relation F; = Zj 0i;A; between the forces F'; and the face normal vectors
A, we see that the stress tensor for hydrostatic pressure p is diagonal:

—-p 0 0
c=0 —p O0]. (B.16)
0 0 —p

Note that compressive stress is negative, while tensile stress is positive, according to our con-
vention for the normal vectors A; pointing away from the solid (see Fig.[B.1). In general, the
application of hydrostatic pressure leads to a relative change in volume of the crystal propor-
tional to p which is also known as dilation of the crystalline solid.

B.3 Uniaxial stress

If we consider a single pair of forces F' and —F with equal strength and opposite directions
which are applied to surfaces of area A, whose normal vectors A and — A are oriented along
the same directions, the combined effect of the opposing forces F' and —F' is to stretch the
solid (see Fig.[B.2). Since the forces are applied along the same axis, the solid is said to be
under tensile uniaxial stress. In the following, we briefly discuss several realizations of such
forms of stress.

B.3.1 Tensile uniaxial stress along the [100] direction

First, let us consider two forces F = F(1,0,0)T and —F applied along the [100] direction to
surfaces with normal vectors A = A(1,0,0)” and —A [see Fig. (a)]. Using the relation
F;=3_,0ijA;forthe second-rank stress tensor o we find the following stress tensor o:

X
oc=10
0

o O O

0
ol . (B.17)
0
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(a) 1Loo1] (b) fLoo1j (©)

Figure B.2. The application of equal and opposite forces F and — F (red arrows) to a solid along the (a)
[100] direction, (b) [110] direction, and (c) [111] direction leads to tensile uniaxial stress stretching the
solid. The fractional change of volume of the crystal in (a) and (c) is equal to (F//A)(S11 + 2S512), while
in (b) the dilation is equal to (F'/A)(S11 + 3S12), where S;; denote the elastic compliance constants for
zinc-blende-type crystals.

Here, X = F'/A denotes the force per unit area. Note that according to our sign convention
tensile stress is positive, i.e., X > 0. The corresponding components of the strain tensor are

obtained using Eq. (B.7):

X511 0 0
e=1 0 XS 0 [, (B.18)
0 0 X S19

where S11 and S12 denote the elastic compliance constants for a zinc-blende-type crystal. This
matrix can be further decomposed into a sum of a diagonal matrix and a traceless shear strain
tensor:

X 0 0 2X 0 0
2 —
ezw 0 X 0 +w 0 —-X 0. (B.19)
0 0 X 0 0 -X

Physically, the diagonal matrix represents a hydrostatic pressure and thus leads to a dilation
of the crystal by X (S11 + 2S512) under tensile uniaxial stress along the [001] direction, while
the second shear strain tensor describes the relative deformation of the coordinate axes in the
strained solid.

B.3.2 Tensile uniaxial stress along the [110] direction

We encounter a different situation for a pair of forces F = (F/+/2) (1,1,0)” and —F applied
along the [110] direction [see Fig. (b)]. Assuming that the surface normal vectors are equal
to A = (A/v2)(1,1,0)" and — A we find the following stress tensor:

110
025110 (B.20)
000

with X = F'/Atheforce per unit area. The corresponding strain tensor for uniaxial stress along
the [110] direction in a zinc-blende-type crystal is given by:

S11+ 512 Su/2 0
€= — Saa/2 S11 + S 0 . (B.21)
0 0 2519

As before, the above strain tensor can also be decomposed into a hydrostatic pressure and a
traceless shear strain tensor:

X 0 0 X 0 0 0 X 0
Si1 + 38 S — S S
e:%OXO—I—%OX 0 +§X00. (B.22)
0 0 X 0 0 -X 0 0 0
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In contrast to tensile uniaxial stress along the [100] direction, we observe that the relative vol-
ume change for a uniaxial stress applied along the [110] direction is equal to X (S1; + 3S512)
rather than X (S1; + 2S12). Furthermore, there is an additional deformation of the x and y
axes in the crystal compared to the uniaxial strain along the [100] direction.

B.3.3 Tensile uniaxial stress along the [111] direction

Now, let us assume that a pair of forces F' = (F//v/3) (1,1,1)T and —F are applied along the
[111] direction to surfaces of area A, whose normal vectors A = (A4/+/3) (1,1,1)7 and — A are
also oriented along the [111] directions [see Fig.[B.2](c)]. Here, we find that the stress tensor is
given by

1
1], (B.23)
1

and consequently the strain tensor corresponding to a uniaxial stress applied along the [111]
direction of a zinc-blende-type crystal is given by

X S11 4 2512 Saa/2 Saa/2
€= 5 S44/2 S11 4+ 2512 S44/2 (B.24)
Saa/2 Saa/2 S11 + 2512

with X = F/A the force per unit area. Here, € can also be decomposed into the sum of a
hydrostatic pressure and a traceless shear strain tensor as follows:

X 0 0 0 X X
2
e:@oxo+%xox. (B.25)
0 0 X X X 0

Here, the dilation of the crystal for a uniaxial stress along the [111] direction is also equal to
X (S11 + 2512), just like for uniaxial stress along the [100] direction, but the coordinate axes in
the strained solid are completely different from the other stress realizations.

B.4 Biaxial strain in the (001) plane

In quantum well heterostructures, thereis usually a lattice mismatch between the different ma-
terials forming the quantum well layers which generically leads to strain in the sample. Let us
assume that an epilayer of a zinc-blende-type crystal is grown epitaxially along the [001] direc-
tion on a substrate with similar crystal structure. The difference in the two lattice constants
leads to a lattice mismatch

Aa=—=—"¢ (B.26)

where a; and a. denote the lattice constants of the substrate and the epilayer, respectively.
This lattice mismatch between the substrate and the epilayer leads to either a tensile or a com-
pressive strain on the epilayer. The stress corresponding to this strain is two-dimensional and
lies within the (001) plane of the epilayer, while we assume that there is no stress on the epi-
layer along the [001] axis (see Fig.[B.3). Consequently, such strain is called biaxial strain to
distinguish it from uniaxial strain.
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tioo1]

Figure B.3. Applying equal and opposite forces F and — F along both the [100] and [010] directions leads
to two-dimensional stress with the corresponding biaxial strain within the (001) epilayer. Although there
isnostressinthe [001] direction, the application of biaxial stress leads to a hydrostatic strain on the solid.

The stress tensor o describing biaxial stress in the (001) plane and the corresponding strain
tensor e obtained from Eq. (B.7) are given by

1 0 0 S11 + S12 0 0
c=X1]|0 1 0 and e= X 0 S11 + S12 0 , (B.27)
0 0 0 0 0 2579

where the force per unit area, X, is generated by the difference in lattice constants, Aa = (as—
ae)/as. In terms of the elastic compliance constants S1; and Si2, this force on the solid due to
lattice mismatch can be specified as

Aa
X=— (B.28)
S11+ S12
As a result, we obtain the following tensor describing biaxial strain:
€1 0 0

2C
e=10 e O with € =e=Aa and e3=— 12 Aa, (B.29)

0 0 e 1

where we have used that (S11 + S12) ™1 = —2C12/C1; by virtue of Eq. (B.15). Note that we can
also decompose the biaxial strain into the sum of a hydrostatic pressure and a uniaxial strain
in the [001] direction:

100 00 0
A A 9
6=J010—l%000. (B.30)
% 10 0 1 s 1 00 1

If the biaxial strain is compressive, Aa/as < 0, the hydrostatic pressure is also compressive,
but the uniaxial strain in [001] direction is tensile in nature.

B.5 Strained 3D HgTe samples

Finally, let us summarize the effects of biaxial strain on three-dimensional samples of HgTe.
As discussed in the main text, if we grow HgTe epitaxially on a CdTe substrate, the lattice mis-
match of the two materials induces biaxial strain within the epilayer of HgTe. Since the lattice
constants of HgTe and CdTe are almost identical to each other,

apgte = 6.46 A and  acqre = 6.48 A, (B.31)
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the critical thickness for lattice relaxation of the HgTe epilayer is about 200 nm (Ref. 10). This
implies that for thinner HgTe samples (digTe < 200 nm) the epilayer adopts the in-plane lat-
tice constant of the CdTe substrate. Although the lattice mismatch between CdTe and HgTe is
rather small,
Aq = 2CdTe — GHegTe 307 (B.32)
aCdTe

the resulting biaxial strain is sufficiently large to open a band gap between the I's,, and T'g.
bands, as shown in the main text. In this appendix, we evaluate the strain tensor for biaxial
strain and show how the bulk tight-binding calculations have to be modified when the solid is
under the effect of strain.

By definition, the strain tensor e leads to a displacement of an atom located at the position
r in the crystalline solid by a vector R(r) = e r. Thus, for the biaxial strain in the (001) plane,
as given by Eq. , we find that the changes dd; of the nearest-neighbor vectors d; in the
diamond or zinc-blende-type crystal are given by:

5dy = Z (€1, €2, €3)T = = Aa( ,—2a)7, (B.33a)
Sdy = % (e1, —€2, —e3) = %Aa (1,-1,2a)7, (B.33b)
5ds = % (—e1, e, —e3)T = % Aa(-1,1,2a)7, (B.33¢)
Sdy = % (—e1, —ea, e3)7 = % Aa(-1,-1,2a)7, (B.33d)

where, for brevity, we have defined a = C2/C1; as a ratio of elastic compliance constants.
Thus, an atom located at d; in the unstrained solid will be displaced, and in the strained solid
itis located atd| = d; + Ads:

%(1,1,1) += Aa(l,l, —20)7, (B.34a)
%(1,—1 i +1Aa( ,—1,2a)7, (B.34b)
%( 1,1,-1)7 +ZAa( 1,1,20)7, (B.34c)
%( 1,-1,1)7 —|—%Aa(—1,—1,2a)T. (B.34d)

Two effects of the applied strain are noteworthy: First, the overlap parameters in general de-
pend on the atomic distance d as d—? (cf. Ref. [74), so that the bare overlap parameters in the
strained solid Vy,,, Vi, V0, @and V. change in magnitude. Second, the angle between the
bond vectors and the Cartesian axes changes in the strained solid, so that the definition of the
overlap parameters V,, V.., and V,, given in sectionis not valid anymore and the more
general definitions of the matrix elements have to be used instead. For example, the matrix
element describing the hopping between s and p orbitals introduced in the previous appendix

has to be rewritten as:

4
(a,s,o,k|Holc, pa, o, k) = Z Vslpg etk di, (B.35)

7j=1
where V, takes the change in the bond length into account, while (p,, - &;) describes the mod-

ified bond angle with respect to the e,, direction. Similar relations hold for the other matrix el-
ements as well. As a consequence, we have rewritten each matrix element of the 20 x 20 Bloch
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Hamiltonian describing the hopping of electrons between anions and cationsin the zinc-blende
lattice of HgTe in terms of the bond vectors of the strained solid, and in the main text we have
calculated numerically the electronic band structure and the corresponding density of states,
taking into account both the changes in the bond lengths and the changes in the bond angles.






APPENDIX C

Topological Aspects of the
Su-Schrieffer-Heeger Model

he Su-Schrieffer-Heeger model is a very successful theoretical model to study con-
%Ig jugated polymer chains™®37183 |n their work, Su, Schrieffer, and Heeger focused on

the coupling between the 7 electrons forming the valence band and the ionic mo-
tions along one-dimensional chains. This model exhibits topological excitations called soli-
tons at domains walls coupling the two possible and equivalent configurations of bond-length
alternation in the Peierls-distorted ground state. In this appendix, we briefly touch on the Su-
Schrieffer-Heeger Hamiltonian and discuss its topological properties, which are quite similar to
the boundary states of topological insulators discussed in the main text. In particular, we show
that the different phases of that model can be classified by a winding number, i.e., a topolog-
ical invariant related to the first homotopy class 71 (S!) = Z. Furthermore, we give alterna-
tive formulations for the winding number in terms of the Bloch Hamiltonian which are used in
chapter[5|to determine the topological aspects of the Kane-Mele and the Fu-Kane-Mele model,
respectively.

C.1 The Su-Schrieffer-Heeger Hamiltonian

Historically, the Su-Schrieffer-Heeger model was developed for polyacetylene, (CH),, which is
a linear polymer consisting of weakly coupled chains of CH units forming a quasi-one-dimen-
sional lattice™®3!84, Three of the four carbon valence electrons are forming the three planar
sp?-hybridized o orbitals, where two of them are responsible for creating the one-dimensional
chain between neighboring carbon atoms, while the third ¢ orbital forms a bond with the hy-
drogen atom. The remaining p, orbitals of the carbon atom form the bonding and anti-bonding
m, m* orbitals. Since the optimal bond angle between the three ¢ orbitals is 120°, there ex-
ist two possible arrangements of the carbon atoms in nature, namely the cis-(CH), and the
trans-(CH),, as shown in Fig.@‘sf’. In both isomers, the o bonds form completely filled bands,
whereas the 7 orbitals lead to partially filled bands which are responsible for the electronic
properties of the system.

Let us consider the trans-(CH),. isomer. If all bonds were equally strong, this isomer would
be a quasi-1D metal with a half-filled band. However, such a system is inherently unstable with
respect to a Peierls instability, i.e., a dimerization of the bonds in which adjacent CH groups
move closer to each other and form single and double bonds. By symmetry, there are two such
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Figure C.1. Structure diagrams of the polyacetylene chains: Panel (a) shows the cis-(CH),. isomer, while
panels (b, c) depict the two degenerate ground states of the trans-(CH), isomer. Figure after Ref. 185!

states with lowest energy, as shown in Fig.[C.T|(b, c). Note that the ground state of the cis-(CH),,
isomer is non-degenerate, because there is no symmetry relating the two possible dimeriza-
tions. The two-fold degeneracy of the trans-(CH),. isomer leads to the existence of non-linear
topological excitations or solitons at the domain walls between the two degenerate ground
states!83184, |n the following, we consider an effective model for the trans-(CH), isomer and
discuss the properties of the Su-Schrieffer-Heeger model.

C.1.1 Tight-binding Hamiltonian for the Su-Schrieffer-Heeger model

In the first place, let us focus on a simple tight-binding Hamiltonian of the following form:

H == "[t+(=1)/6t)(cle; | + He), (c.)
J

where ¢ is the overlap parameter or hopping amplitude, and ¢ represents a modulation of
the overlap parameter due to the dimerization of nearest neighbors. Furthermore, ¢ and c}
are the usual fermionic operators annihilating or creating a (spinless) electron at site j, respec-
tively. Geometrically, the Peierls instability leads to a doubling of the crystallographic unit cell,

thereby creating a sublattice structure of the model [see Fig.[C.2|(a)]:
H=="[(t+dt)alb,; + (t — 6t)(alb; | + He)], (C.2)

J

where a,af and b, bt are the annihilation and creation operators acting on the 2 and 8 sub-
lattice, respectively. Let us introduce a two-component spinor 1; = (a;, b;)” with the Fourier
decompositions

:L ikja,),. ,:i —ikja
Ui m;e bi, Y \/NZ,;G Dk, (C.3)

where ais the distance between adjacent atoms, and NV denotes the number of two-atomic unit
cellsin the linear chain. It is straightforward to compute the corresponding Bloch Hamiltonian
of the Su-Schrieffer-Heeger model:

H(k) = [(t + 6t) + (t — 0t) cos(ka)]T, + (t — 6t) sin(ka)ry = d(k) - T, (C.4)
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Figure C.2. a) Linear chain of polyacetylene with two-atomic sublattice indicated by red and blue filled
circles. The Peierls instability leads to a dimerization of adjacent neighbors. b) Hopping of electrons
between second-nearest neighbors with hopping amplitudes ¢/, and ¢}, respectively.

Band structure &(k)/t

Momentum k

Figure C.3. Electronic band structure £ (k) of the Su-Schrieffer-Heeger modelfort = 1 and|dt/t| = 0.2.
The bulk band gap of size &, = 2|6t/t| at k = £ is clearly visible.

where, for convenience, we have introduced d(k) € R? describing the 2 x 2 Bloch Hamiltonian
H(k), and T = (74,7, 7-)T is the vector of Pauli matrices acting on the sublattice degree of
freedom [cf. Eq. (2.68)]. In that parametrization, the electronic band structure of that Bloch
Hamiltonian is simply given by:

Ex(k) = £|d(k)| = £V2t\/(1 + cos(ka)) + (5t/t)2(1 — cos(ka)), (C.5)

where “+” denotes the conduction and valence band, respectively. Note that £1 (k) are inde-
pendent of the sign of the hopping modulation é¢ which reflects the two-fold degeneracy of the
ground state. Fig.[C.3|shows the electronic band structure of the Su-Schrieffer-Heeger model
with a clearly visible bulk band gap of £y, /t = 2|6t /1.

C.1.2 Zero-energy bound states located at domains walls

For half-filling, we can expand the Bloch Hamiltonian around the Fermi momentum kp =
+m/a which leads to the following (1 + 1)-dimensional Dirac Hamiltonian:

H(k) = vpk 1y + m 7y, (C.6)

where the Fermi velocity is given by vp = (¢ 4 dt)a, and the Dirac mass is equal to m = 2§t. A
particularly interesting aspect of that effective model is that it possesses a zero-energy bound
state, as was discussed by Jackiw and Rebbi in 19768, Consider a spatially varying mass m(z)
such that m(z — +o00) = +my. By analyzing the above Dirac Hamiltonian in the continuum
limit, i.e., by replacing k, — —ihd,, Jackiw and Rebbi showed that this Dirac equation has
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Figure C.4. a) Evolution of the vector d(k) as function of the crystal momentum k in the two-dimensional
(ds, dy) plane. For t/t < 0 the vector d(k) encircles the origin indicated by the thick black dot in the
center, but not for §¢/t > 0. b) Evolution of the normalized vector d(k) as function of the momentum k.
Here, the full revolution of the d(k) vector for 6t /t < 0 reflects the non-trivial winding of d(k), while for
§t/t > 0the winding is trivial as it only covers a part of the unit circle S*.

a unique and normalizable solution with zero energy which is exponentially localized at the
domain wall, where m(z) changes sign:

Yo(r) o exp <— /x dx’ n;g}i)> [(1)} ) (C.7)

Note that for simplicity we have omitted the normalization constant. This bound state with zero
energy is usually referred to as a soliton and can be interpreted as a topological excitation of
the Su-Schrieffer-Heeger model'837186, As shown by Jackiw and Rebbi, both the soliton and the
anti-soliton as its partner have zero energy and thus form a degenerate doublet. Furthermore,
they are characterized by a so-called topological charge which takes on the values i% for the
soliton and anti-soliton, respectively'.

C.2 Topological origin of zero-energy bound states at domain walls

The existence of the zero-energy bound state at a domain wall can also be understood from the
different topological properties of the model for ¢/t > 0 and §t/t < 0, respectively. Fig.
shows the evolution of the vector d(k) as function of crystal momentum £ for positive and neg-
ative hopping modulation 6¢. Apparently, depending on the sign of d¢, the vector d(k) may or
may not enclose the origin, where |d(k)| = 0 and the conduction and valence band touch.
Note that the vector d(k) moves only within the two-dimensional (d,, d,) plane, because the
model possesses a chiral symmetry 3 = 7., i.e., it anti-commutes with 3: {#(k), %} = 0. In
the following, we explain the relation between the winding of the vector d(k) and the notion of
topology in more detail, based on the work by Ryu and Hatsugai’®.

To gain a better understanding of the topological aspects concerning the Su-Schrieffer-
Heeger model, we consider a generic class of particle-hole symmetric two-band systemsin one
dimension whose Bloch Hamiltonian can conveniently be written as:

H(k)=d(k)-T, d(k)eR> kec[-7/a,7/a (C.8)
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The corresponding eigenenergies of that Hamiltonian are simply given by &1 (k) = £|d(k)],
and the origin O € R3 corresponds to the gap-closing point, where the conduction and valence
band touch and the bulk band gap vanishes. Note that for any momentum k£ € [—7/a, 7 /al,
there exists a one-to-one correspondence between a point d(k) in the vector space R? and
the corresponding Bloch Hamiltonian (k). Furthermore, since the boundaries of the Bril-
louin zone +7/a are connected by the reciprocal lattice vector 27 /a and thus represent the
same point, the one-dimensional Brillouin zone is topologically equivalent to the unit circle,
ie.,[—m/a,7/a] = S'. We can therefore identify a loop [ : S* — R3, k — d(k) for each Bloch
Hamiltonian # (k) which depends on the parameters of the system, and discuss the topolog-
ical properties of the Su-Schrieffer-Heeger model in terms of those loops. The fundamental
idea is now to consider a homotopy, i.e., a continuous deformation of the Hamiltonian (k) to
a reference Hamiltonian which is known to exhibit zero-energy edge states'®.

In the following, let us focuson aloop ! : S' — R3,k +— d(k) which lies in a 2D plane
that contains the origin © € R3. A necessary condition for this assumption is that the system
possesses a chiral symmetry 3::

{S,H(k)Y =0 VkeS' <«  H(k)respects chiral symmetry. (C.9)
To prove that statement, we assume that a (normalized) vector n € R? exists such that
dk)-n=0 VkeS. (C.10)

Then we define a chiral symmetry operator ¥ = # - 7, so that ‘H (k) anti-commutes with 3 for
allmomenta & in the Brillouin zone:

{3, 1K)} = fada(k){Ta, 5} = Nads(k) X 208510 = 2i - d(k) 7o = 0, (c.1)

where the summation over indices « and §3 is implicit, and the last identity holds by Eq. (C.10).
As a side remark, note that chiral symmetry also implies that the energy eigenvalues & (k)
always appear in pairs with opposite sign since a global energy shift or bending of the bands
due to a term dy(k)7o is not allowed. Furthermore, note that we can restrict the loop [ to lie
within the (d,, dy) plane, because an arbitrary 2D plane can be rotated to the (d, d,) plane by
a unitary transformation. This stems from the fact that a global SO(3) rotation in the vector
space R? as base manifold of d(k) amounts to a SU(2) transformation of the Bloch Hamilto-
nian H (k).

Next, we further assume that we can continuously deform the loop I : S' — R2?, which
from now on is taken to lie within the 2D (d,, d,,) plane R?,into a loop [, : ST — S! that lies on
the unit circle centered around the origin O:

1:8' S R2 ks d(k) <5 1: S — Sk d(k), (C.12)
where H : S' x [0,1] — R? is a homotopy on the product space of the unit circle S* with the
unit interval [0, 1] into the 2D space R? such that H(k,0) = I(k) and H(k,1) = I.(k). Most
importantly, we assume that the loop I does not cross the origin O during the deformation into
I, since |[d(k = ©)| = 0 and thus d(k = O) is not well-defined.

Instead of discussing the properties of the original Bloch Hamiltonian H (k) in terms of the
vector d(k) we can now study loops I, : S — S on the unit circle. In particular, those loops
can be classified by an integer winding number which counts the number of times the nor-
malized vector Ei(k:) wraps around the unit circle as k goes through the Brillouin zone S*. This
allows to define an equivalence relation between the loops and to classify them according to
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their winding number. Mathematically, a more rigorous approach is to study the so-called ho-
motopy groups of spheres, m,(S™). In the simplest case n = m = 1, the homotopy group
71(S1) also counts the number of times a mapping in the homotopy class wraps around the
unit circle, just like in our case. Since the wrapping can occur in clockwise and counterclock-
wise directions, and wrapping in opposite directions cancel out, 71 (S!) is therefore an infinite
cyclic group and is isomorphic to the group Z of integers. The identification of the homotopy
group 71 (S1) with the group of integers is often written as

m(SY) = Z. (C.13)

The non-triviality of this homotopy group is the mathematical reason for the existence of the
zero-energy edge states at the domain walls of the Su-Schrieffer-Heeger model. In particular,
the bulk-boundary correspondence implies that if two systems with different winding numbers
vy and v, share a common interface, there exist Av = v — v, zero-energy bound states which
are localized at the interface, as is further discussed below.

Geometrically, the two degenerate ground states of the Su-Schrieffer-Heeger model can be
characterized by an integer number v which can be identified as the winding number of the
normalized vector d(k). In other words, the integer v counts how often the vector d(k) wraps
around the unit circle S when going through the one-dimensional Brillouin zone [~ /a, 7/ a).
A general expression for this winding number is given by:

v= 2 [ dka (dk) x B,d(k) = % dk e Prads (k) (k), (C14)

2T — -

where €, is the totally anti-symmetric tensor with €123 = 1, and the summation over «, 3, and
~ is implied. Note that the vector Ei(k;) does not cover the whole unit sphere, but only moves
within a 2D plane. As discussed above, after performing a unitary transformation of the Bloch
Hamiltonian #(k), the vector d(k) lies in the (d,, d,) plane, and the winding number takes a
simpler form:
1 (7 A A
V=g dk €qp do(k)ORdg(k). (C.15)
™ —T
Finally, for the Su-Schrieffer-Heeger model one can compute the winding number v
analytically:
1 —sgn(dt/t 0 fordt/t >0
y = L= senlot/t) /):{ orot/t > (C.16)

2 1 fordt/t <0

This result is in agreement with the non-trivial winding number v = 1 of d(k) for 6t/t < 0 as
shown in Fig.[C.4] In particular, note that for §¢/¢ > 0 the loop can be contracted onto a single
point without crossing the origin in the 2D plane, and thus this loop is considered a trivial loop
with v = 0.

Furthermore, the above result defines two classes of Hamiltonians with positive and neg-
ative hopping parameter ¢ which have two different winding numbersv = 0 and v = 1, re-
spectively. To define those two classes more explicitly, we can define a “vacuum” Hamiltonian
as hyac(k) = hyac, Where hy,c is an arbitrary Hermitian matrix which does not depend on the
momentum k and which possesses chiral symmetry, i.e., {f], hyac} = 0. Then hy,. describes
a local system without any hopping between different sites. Such a trivial system with v = 0
can be used as a reference system, and we can classify all other systems with v = 0 as trivial as
well, while those with v = 1 are non-trivial. Although this classification seems rather academic,
such a topological classification has direct physical consequences. In particular, a domain wall
between two topologically distinct phases exhibits zero-energy boundary states, such as the
solitons and anti-solitons in the Su-Schrieffer-Heeger model.
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C.2.1 Equivalent formulations of the winding number

A different, but equivalent formulation of the winding number v can also be given in terms of
the Bloch Hamiltonian H (k) as

Vzl/“%qimmlmﬁwn, ()
_x 2T

where the additional prefactor 1/2 accounts for the fact that we consider a two-band model,
and ¥ is the chiral symmetry operator introduced above. In that form, the winding number can
be generalized to interacting systems as well, where one has to replace the Bloch Hamiltonian
by the inverse of the fermion propagator, i.e., H(k) — G(k)~! (Refs. 176/177).

Another equivalent formulation for the winding number of the Su-Schrieffer-Heeger model
was given by Gurarie in Ref. 118in terms of a complex-valued function z(k). For the sake of
concreteness, let us consider n = e., so that the Bloch Hamiltonian takes the form H (k) =
dy(k)1y + dy(k)1y, and z(k) = dy (k) + idy(k). As a result, we obtain:

1 [T dk 1 0z(k) 1 8z(k)*
V_Q/wm<2(k?) ok _Z(k‘)* Ok > (Ca8)

Here, note that z(k) and z(k)* also appear as the off-diagonal matrix elements in the Bloch
Hamiltonian H(k):

H(k) = du(h)r, + dy (), = 2B T L2

[ 0 Z(k)*]. (C.19)

C.3 Role of next-nearest neighbor hoppinh breaking chiral symmetry

In the context of topological insulators discussed in chapter[5, we have to discuss the effect of
interactions between second-nearest neighbors which break the chiral symmetry of the Bloch
Hamiltonian. In the Kane-Mele model on the graphene lattice or the Fu-Kane-Mele model on
the diamond lattice, for example, such additional terms are given by the spin-independent hop-
ping and the effective spin-orbit interaction between next-nearest neighbor atoms, or by the
staggered sublattice potential. Acommon feature of those perturbations is that they couple to
the 79 and/or 7, matrices instead of 7, and 7, and thereby remove the chiral symmetry of the
model Hamiltonians.

To exemplify the role of such terms breaking chiral symmetry, let us consider the hopping of
electrons between second-nearest neighbors with hopping amplitudes ¢/,, ¢; as a small pertur-
bation H' to the Su-Schrieffer-Heeger model [see Fig.[C.2] (b)]. First, a straightforward Fourier
decomposition of the operators leads to the new Bloch Hamiltonian H (k) +H'(k), where H' (k)
is given by

H' (k) = (t), + t},) cos(2ka) T + (), — t},) cos(2ka)T, (C.20)

with 7p = 1 denoting the 2 x 2 identity matrix. The hopping between second-nearest neighbors
actually breaks the chiral symmetry of the Su-Schrieffer-Heeger model, because for S =1, we
have:

{f), T0} =219 and {f],TZ} = 27,. (C.21)

As a consequence, the loop I. described by the unit vector Ei(k:) of the Bloch Hamiltonian does
not lie in a 2D plane, but rather lives on the unit sphere S? instead of the unit circle S' when
k goes through the Brillouin zone. This modification has a profound consequence: The loop [.



C-8 C.3 - Role of next-nearest neighbor hoppinh breaking chiral symmetry

becomes contractible, because it is allowed to move on the whole sphere S2. Since the corre-
sponding first homotopy class of 52 is trivial,

m(S%) =0, (C.22)

the Su-Schrieffer-Heeger model in the presence of next-nearest neighbor interactions does not
show zero-energy bound states at domain walls. In that sense, the soliton and anti-soliton
as topological excitations are protected by chiral symmetry, and generically any symmetry-
breaking perturbation such as long-range hopping processes destroy the zero-energy bound
states. Furthermore, this also shows that, in general, there are no zero-energy edge states
present on the surfaces of the Kane-Mele model or the Fu-Kane-Mele model, with the possi-
ble exception of the time-reversal invariant momenta in the particle-hole symmetric case. In
the main text, this was also confirmed by explicit tight-binding calculations of those models.
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