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Kurzzusammenfassung

Verschiedene mathematische Modelle in zahlreichen Anwendungsgebieten resultieren in
Gleichungssystemen Differential-Algebraischer Gleichungen (DAEs) und partieller Dif-
ferentialgleichungen. Diese Systeme werden auch partielle oder abstrakte Differential-
Algebraische Gleichungen genannt (ADAEs). Sie werden gewohnlich durch die Lin-
ienmethode diskretisiert und das halb-diskretisierte System stellt eine DAE dar. Eine
systematische mathematische Behandlung nichtlinearer ADAES ist zurzeit noch im An-
fangsstadium.

Wir présentieren zwei Ansétze, um nichlineare ADAESs zu behandeln. Zum einen un-
tersuchen wir sie im Hinblick auf Losbarkeit und Eindeutigkeit von Losungen und der
Konvergenz von Losungen des halb-diskretisierten Systems zur Losung des Ausgangssys-
tems. Zum anderen studieren wir die Sensitivitdt der Losung unter Stérungen auf der
rechten Seite und im Startwert.

Der erste Ansatz erweitert einen Ansatz von Tischendorf fiir die Behandlung einer
speziellen Klasse linearer ADAEs auf den nichtlinearen Fall. Er basiert auf dem Galerk-
inansatz und der Theorie monotoner Operatoren fiir Evolutionsgleichungen. Wir zeigen
eindeutige Losbarkeit der ADAE und starke Konvergenz der Galerkinlésungen. Weiter-
hin beweisen wir, dass diese Klasse von ADAEs Storungsindex 1 und h6chstens ADAE-
Index 1 hat.

Im zweiten Ansatz formulieren wir zwei Prototypen gekoppelter Systeme, einen ellip-
tischen und einen parabolischen, indem wir eine semi-explizite DAE an eine unendlich
dimensionale algebraische Operatorgleichung oder an eine Evolutionsgleichung koppeln.
Fiir beide Prototypen zeigen wir eindeutige Losbarkeit, starke Konvergenz der Galerkin-
l6sungen und ein Storungsindex-1-Resultat. Beide Prototypen finden Anwendung bei
konkreten gekoppelten Systemen in der Schaltungssimulation. In diesem Zusammen-
hang zeigen wir zusatzlich globale Losbarkeit fiir die nichtlinearen Gleichungen der Mod-
ifizierten Knotenanalyse unter passenden topologischen Voraussetzungen.






Abstract

Various mathematical models in many application areas give rise to systems of partial
differential equations and differential-algebraic equations (DAEs). These systems are
called partial or abstract differential-algebraic equations (ADAEs). Being usually dis-
cretized by the method of lines the semi-discretized system yields in general a DAE. A
substantial mathematical treatment of nonlinear ADAES is still at an initial stage.

We present two approaches treating nonlinear ADAEs. We investigate them with re-
gard to the solvability and uniqueness of solutions and the convergence of solutions of
semi-dicretized systems to the original solution. Furthermore we study the sensitivity of
a solution with regard to perturbations on the right hand side and in the initial value.
The first approach represents an extension of an approach by Tischendorf for the treat-
ment of a specific class of linear ADAEs to the nonlinear case. It is based on the
Galerkin approach and the theory of monotone operators for evolution equations. We
prove unique solvability of the ADAE and strong convergence of the Galerkin solutions.
Furthermore we prove that this class of ADAEs has Perturbation Index 1 and at most
ADAE Index 1.

In the second approach we formulate two prototypes of coupled systems, an elliptic
and a parabolic one. Here a semi-explicit DAE is coupled to an infinite dimensional
algebraic operator equation or an evolution equation. For both prototypes we prove
unique solvability, strong convergence of Galerkin solutions and a Perturbation Index 1
result. Both prototypes are applied to concrete coupled systems in circuit simulation.
In this context we also prove a global solvability result for the nonlinear equations of
the Modified Nodal Analysis under suitable topological assumptions.
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1. Introduction

Numerous mathematical models in science and engineering give rise to systems compris-
ing partial differential equations (PDEs) and differential-algebraic equations (DAEs).
These systems are called partial differential-algebraic equations (PDAEs) and occur
frequently in application areas such as electric circuit simulation, flexible multibody
systems, gas or water distribution network simulation or chemical engineering, see
[CM96D., [Sim00, [Tis04]. Loosely speaking DAEs differ from explicit ordinary differential
equations (ODEs) as the dynamics of the system are restricted to some algebraic con-
straints. Furthermore considering the temporal dynamics of PDE systems, constraints
may occur when e.g. considering mixed systems involving elliptic and parabolic PDEs.

Starting in the 1980s systems of linear PDEs were studied by applying the method
of lines. This means the complex system, depending on spatial variables and the
time, is first discretized in all spatial variables. The resulting system of equations
depends on time only and yields an ODE or a DAE. This was a major reason for
DAEs becoming a subject of systemcatic research and it is also a reason why these
systems are often called PDAEs. The term PDAE is frequently used when study-
ing the semi-discretized system which is in fact a DAE. Although the term PDAE is
more common in literature we will use the term abstract differential-algebraic equation
(ADAE) to ensure that the non-discretized system is considered. Most of the math-
ematical analysis has been done for discretized PDAEs on the basis of the theory of
DAEs which was well developed in the past thirty years, see the standard textbooks
IGMS86l, HLR89, BCP96, [KMO0G, Ria08, LMT13|. However, the theoretical treatment of
especially nonlinear ADAES is still at an initial stage.

A useful tool for classifying DAEs is its index which gives an insight into the solution and
perturbation behavior. There are several index concepts available for DAEs. Regarding
solvability they have proven fruitful for analyzing the structure of the DAE and thus
identifying the inherent dynamics and all (hidden) constraints. So initial values cannot
be chosen freely as it is the case for ODEs. For higher index DAEs not only integration
but also differentiation problems occur. Furthermore DAEs of higher index represent
ill-posed problems. This means that small perturbations on the right hand side may lead
to large differences in the solution. This dependence is measured by the Perturbation
Index and is very important for the numerical treatment of DAEs, see [HLR89, [LMT13].

A similar tool would be desirable for ADAEs. The definition and determination of in-
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dexes for linear ADAESs has received attention in recent literature, see [CM96D, [LSEL99,
LMTO01], Tis04, RA05, Rei06]. A comprehensive theory for existence and uniqueness of
solutions to (nonlinear) ADAEs does not exist. Even in the case of standard PDEs,
where classifications in terms of elliptic, parabolic or hyperbolic PDEs exist, different
approaches are used. They are usually tailored to the particular properties of the inves-
tigated equation. For ADAESs the situation becomes even more complex because various
types of equations are mixed.

In this thesis we are interested in a systematic treatment of nonlinear ADAEs. We derive
certain classes of ADAEs which we are going to investigate with regard to the following
guiding questions.

1. What conditions must be met for an ADAE to be solvable? When is the solution
unique?

2. How does the solution change if the system is perturbed? Are there index criteria
— similar to DAEs — which describe the perturbation behavior?

3. How should an ADAE be discretized? Is the solution of the semi-discretized system
unique and does it converge to the exact solution?

While the first question is a core question in mathematics, the second one aims at suitable
perturbation estimates. The second and the last question are closely linked. It is known
that using different discretization schemes the semi-discretization of the ADAE may act
like a deregularization (increasing the Perturbation Index) or regularization (decreasing
the Perturbation Index), see [Giin00]. So the determination of a perturbation estimate
for the ADAE is important to predict the perturbation behavior to be expected from
a corresponding discretized system. Furthermore it should be stressed that the conver-
gence of solutions of the semi-discretized ADAE to a solution of the original ADAE is
merely investigated in literature where numerical analysis is mainly concerned with the
semi-discretized ADAE itself and its discretization in time.

We concentrate on two approaches towards the treatment of ADAEs in the sense of the
guiding questions above. The first one is based on the solvability theory for evolution
equations. Common approaches are the semigroup approach and the Galerkin approach,
see |GGZT4, Zei90b, Rou05|. For the semigroup approach solvability results for ADAEs
— in this context also called degenerate differential equations — exist, mainly for the lin-
ear case, see [EY99|, but also for certain classes of nonlinear ADAESs, see [FR99, [RK04].
The Galerkin approach is preferable in our context as it naturally provides a numerical
solution procedure. It is based on the theory of monotone operators in Banach spaces
which will be an essential tool for proving our results. The Galerkin approach for evolu-
tion equations has been extended to a specific class of linear ADAEs in [Tis04]. There a
solution is found that is only differentiable in the sense of generalized derivatives in the



context of evolution triples. We will extend this result to the nonlinear case. A major
problem that occurs here is the solvability of the nonlinear Galerkin equations because
the standard solvability theory for DAEs cannot be applied due to lacking smoothness
properties.

The second approach is tailored to treat so-called coupled systems. They arise espe-
cially in circuit simulation and have gained increasing significance in the last ten to
fifteen years. Ever more increasing demands on high performance chips result in higher
complexity, package densities and operating frequencies of integrated circuits. The well-
established standard approach of describing the behavior of the circuit by the equations
of the Modified Nodal Analysis (MNA), see |[CL75, [DK84, [CDKS8T7|, is not sufficient
anymore for capturing all physical effects. Electromagnetic effects or heating effects,
stemming from the surrounding circuitry, for example, or more accurate switching be-
havior of semiconductors cannot be neglected anymore when simulating correct physical
behavior. So the MNA equations, yielding a DAE, are usually complemented by a suit-
able system of PDEs describing these additional effects or elements. The MNA equations
and the PDE system interchange information via certain coupling terms, additional cou-
pling equations, certain variables serving as input for boundary conditions of the PDE
system or even more general parametric coupling. The resulting system is in general
very complex and nonlinear, see e.g. [Gun01, [ABGT03, Tis04, Bar04, [ABGO05, [Cul09,
ABGI10, [Sch11l Baul2].

As a new systematic approach towards coupled systems we present two general prototype
systems. On the one hand a semi-explicit DAE is coupled to an operator equation (el-
liptic prototype) and on the other hand it is coupled to an evolution equation (parabolic
prototype). In both cases we derive unique solvability results and show strong conver-
gence of the solutions to the corresponding Galerkin equations. Furthermore we show
that these systems have Perturbation Index 1.

These prototypes can also be applied to coupled systems in circuit simulation. Here the
MNA equations are coupled to the Laplace equations for simulating a specific resistor
and the heat equation for simulating additional heating effects. In both cases a decou-
pling of the MNA equations is necessary. With this decoupling and adapted passivity
conditions for the basic elements of the circuit we also derive a global solvability result
for the MNA equations under suitable topological conditions.

This thesis is organized in the following way. After some preliminaries on function spaces
and norms we present a general framework for ADAEs in chapter Furthermore we
discuss guiding questions for the treatment of ADAEs and familiarize the reader briefly
with relevant index concepts and solvability approaches that have been developed for
ADAESs in recent literature. In chapter [3|we concentrate on finite dimensional DAEs first
and derive global solvability and perturbation results for a specific class of semi-linear
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DAEs fulfilling monotonicity properties on certain subspaces. In this context also the
MNA equations are investigated. Chapter [4]is devoted to an abstract approach for non-
linear ADAESs involving a strongly monotone operator. It is an extension of the linear
case presented in [Tis04]. Unique solvability is shown by means of convergent Galerkin
solutions. Additionally we analyze the system with regard to perturbations on the right
hand side. In chapter [5| two prototype coupled systems are presented and investigated
with regard to solvability, perturbations and convergence of Galerkin solutions. The
obtained results are applied to exemplary coupled systems in circuit simulation. Finally
we summarize our results and give an outlook for future research concerning the study
of ADAEs. The appendix covers the essential functional analytic material which is used
throughout this thesis.



2. A general setting for ADAEs

Numerous mathematical models in science and engineering give rise to systems com-
prising partial differential equations (PDEs), ordinary differential equations (ODEs),
algebraic equations and differential-algebraic equations (DAEs). They occur frequently
in application areas such as electric circuit simulation (|Tis04]), flexible multibody sys-
tems ([Sim98, [Sim00]) or chemical engineering (JCM96b]). Depending on space variables
and time, these systems are usually discretized in space first by the method of lines
and then result in a finite dimensional DAE. So it is common to use the term partial
differential-algebraic equation (PDAE) for these kind of systems. In literature often the
term PDAE is used when essentially the semi-discretized system is studied. As our fo-
cus will be on the analysis of the original infinite dimensional system we prefer the term
abstract differential-algebraic equation (ADAE) as introduced in [Tis04, Rei06]. Fur-
ther common terms are degenerate differential equations ([EY99]) or descriptor systems
(|Rei06]).

This chapter will provide a brief overview of ADAEs. After having assembled some
fundamental mathematical notation concerning function spaces we present a general
framework for ADAEs. We formulate guiding questions for studying ADAEs with re-
spect to solvability, perturbation analyis and convergence of solutions of the discretized
system to the solution of the original ADAE. As a classification tool we recapitulate the
ADAE Index and the Perturbation Index. Finally, we present the relevant approaches
in literature for treating general ADAEs and coupled systems in circuit simulation.

2.1. Function spaces and norms

In this section we introduce some mathematical notation concerning relevant function
spaces to be used throughout this thesis. For keeping this introductory part as brief
as possible we recommend [Ada75l [Zei86l, Wer05l [Eva08| for more functional analytic
background material.

A real Banach space V' is a complete normed vector space (on R). The corresponding
norm in V' is denoted by ||-||,,. The dual space of V, denoted by V*, is the set of all
linear and continuous functionals on V, i.e.

V*:={f:V — R| f is linear and bounded} .
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Furthermore we write

(fio)y == flv) YweV

and with the norm

/1

y+ = Sup |<f,1)>|

llvlly, <1

the dual space V* is a real Banach space. Let (v,) C V be a sequence, then we say that
v, converges to v € V' (short: v, — v) as n — oo, if it converges in the norm, i.e. if
|v, — vl;, = 0 as n — oco. The sequence (v,) converges weakly to v (short: v, — v) as
n — oo if

(fyon)v = (f,v)y VfeV" asn— .

The real Banach space V is a Hilbert space if there is a scalar product on V' which we
denote by (-|-)y. If V.=R" n € N, the Euclidean scalar product and its induced norm
are denoted by

(z|y) ="y, |zl :=VaTz  Va,yeR™

A matrix A € R™*™ can be measured by the induced operator norm

| Az||
|All, == sup —7.
zeRnz£0 ||

Let V,W be Banach spaces and U C V. Then we write C(U, W) for the set of all
continuous functions f : U — W. Usually continuity is defined on open sets. Therefore,
if U is arbitrary, we have to be specific. In this case we mean that f € C(U, W), if f
can be extended locally to a continuous function, i.e. for every v € U there exists an
open neighborhood U(v) C V such that f can be extended to a continuous function
on U(v), cf. |Zei&6, Definition 4.22]. Similarly, we denote by C*(U, W) the set of all
continuously differentiable functions on U. If f : V — W is linear and continuous we
write f € L(V,W) and f € L(V) if V = W. Note that in the case that f is linear, f is
continuous if and only if f is bounded. We set

1/ ()l
/1] = sup e
HVEW sevioro Mol
Another important notion is Lipschitz continuity. Let f : V x M — W be a map and
M C X be a subset of the Banach space X. Then f is Lipschitz continuous on V if
there is L > 0 such that

1f(0.2) = F@.2)lly < Llv =2l ¥o,0€Viz €M
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Note here that L does not depend on z € M.

For a set Q C R™ we denote by € the closure of , its interior by Q) and the boundary
by 09Q. If € is open we denote by C(2) the set of continuous functions f : Q — R,
by C*(Q), k € N, the set of k-times continuously differentiable functions on € and by
C>°(Q) the set of all infinitely often continuously differentiable functions on Q. We write
f€C(Q),if f € C(Q) can be extended continuously to the boundary. Of importance is
also the space of test functions C§°(€2) which consists of all f € C*°(£2) having compact
support. We will also encounter these spaces for 2 = Z C R being a compact time

interval. Then C(Z, W) is a Banach space with the norm
1 lle@w) = max|lfO)lly  Vf e CZ W)

and if W =R" we write [|fozw) = [Ifl- We also encounter the space CYZ,W) and

if f € CY(Z,W) we denote the (time) derivative by f’(t) or % f(t). Especially the latter
will be used for functions depending on other variables as well. For a deeper treatment
of continuous and continuously differentiable functions we refer to [Zei86.

Next, we address spaces of integrable functions. We set for 1 < p < oo

1
L,(Q) = {v : 2 — R measurable | [jv]|, o) < oo}, [vllr, 0 = (/Q lv(z)|” d:c)

where the integral is to be understood in the Lebesgue sense. L,(£2) is a Banach space
and for p = 2 it becomes a Hilbert space with the standard scalar product

(uv)sse = [ ulp(o)ds

Note that elements of L,(€2) are strictly speaking not functions but equivalence classes,
see e.g. [Wer(03]. Two functions u, v € L,(Q2) are equivalent if they differ only on a subset
of Q of (Lebesgue) measure zero. Therefore a pointwise evaluation of these functions is
not well-defined, but as long as we work with integral expressions we can treat them as
functions. We also state the space of essentially bounded functions on €2:

Lo () = {v : 2 — R measurable| esssup |v(z)| < oo}

zeQ

The definition of Lebesgue spaces is a starting point for defining many important classes
of functions spaces. Especially Sobolev spaces play a fundamental role in the treatment
of PDEs, see [Ada75, [Jos07]. For defining weak derivatives of real valued functions the
space of locally integrable functions L c(€2) is essential. A function v :  — R is
locally integrable if and only if v € L;(K) for every compact subset K C Q. We say
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that u € L;10.(Q) has a weak derivative in direction x; with x = (z1,...,2,)" if there
is w; € Ly 10c(§2) such that

/u@ivdx = —/wivdx Vv e C5 (). (2.1)
Q Q

We have omitted the argument x here and ;v denotes the classical derivative of v in
the direction of x;. We use the same symbol for the weak derivative and write w; = d;u
and

Vu= (81u. ..(9nu) )

It is well-known that, if u € C*(2), the weak derivatives exist and coincide with the
classical ones. Then equation ([2.1)) is simply the integration by parts formula. Note
that weak derivatives can also be defined for higher order, but this is of no importance
in this thesis. The space

H'Y(Q) = {u € Ly(Q)| du € Ly(Q), 1 <i < n}

is a Hilbert space with

[N

2 2
[l ) = <||u||L2(Q) > II@-UIILQ(Q)> )
i=1

(w]v) @) = (u|v) o) + Y (0u]0:0) o0

i=1

We also use the notation:
n

/ VuVodr = Z(aiulaiv)le(g)
Q

i=1
Another important space is
Hy () = {ue H(Q)| ulpo =0} .

Note here that the condition u|sq = 0 has to be understood in the sense of the trace
operator, see [Ada7h|. We also have that H} () is the completion of C§°(£2) with respect
to (w.r.t.) the norm ||-[| ;1 () Hg($?) is a Hilbert space and we write (Hy(2))* = H ().

So far we have only considered Lebesgue spaces for real valued functions. They, however,
can also be generalized to Lebesgue spaces with values in Banach spaces. An introduction
is given in Appendix [A.3] where also generalized derivatives and evolution triples are
discussed. Additionally in the appendix we cover fundamentals with regard to projectors
on Banach spaces, the Theorem of Carathéodory, the Theorem of Browder-Minty and
the Theorem of Arzela-Ascoli.
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2.2. A general form for ADAEs

A general form of nonlinear ADAEs was proposed in [Tis04] based on first observations
made in [LMTOI]. Let spaces V, W, Z, Z, be real Banach or Hilbert spaces. Consider

A%D(u(t), £) + B(u(t),t) =0, teT (2.2)

on a fixed time interval Z := [ty,T] € R. Equation (2.2) is to be understood as an
operator equation with

A:Z,—=>W, D(t): V=2 B(t): VW tel.

Note that in general A may depend on u and t as well and that we also allow the operators
A, D and B to be defined on subsets of V' and Z,, respectively. In this thesis we only
consider the case of A being constant. Note also that A and D may be singular. The
time derivative can be a classical or a generalized derivative depending on the underlying
spaces.

The form ([2.2)) is especially intended for studying the structure of coupled systems. These
systems consist of DAEs and PDEs which exchange information via certain variables and
coupling terms. Coupled systems in circuit simulation will be discussed at the end of
this chapter. Many PDEs and DAEs themselves fit naturally in the framework of .
In the following we present two examples, one being a standard second order PDE and
the other one being a simple DAE describing the behavior of a simple electric circuit.
As coupled systems comprise both PDEs and DAEs this is a good starting point. For
examples of coupled sytems we refer to [LMTI3] chapter 12] and to chapter [5| of this
thesis where we study prototypes of coupled systems.

Example 2.1 (Standard second order PDE).

The following is taken from [Eva08| [JosO7]. Let © be an open and bounded subset of
R™ and Z := [ty,T] C R be a fixed interval. We set Qp := Q X (t, 7] and study the
problem

W+ Lu=f in Qp, (2.3a)
u=0 ondxTI, (2.3b)
u=ug onx{ty} (2.3¢)

where f: Qpr — R, ug : Q — R are given and v : Q7 — R is the unknown (u = u(z,t)).
L denotes for every t a second order partial differential operator in divergence form

Lu=— Z 8j (aij (13, t)azu) + Z bz(x’ t)azu + C(:U, t)u

i,j=1 i=1
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with given coefficient functions a;;, b; and ¢ (4,5 = 1,...,n). Note that for a; = 1,
a;; =0 (i # j), by = ¢ = f = 0 we obtain the heat equation, because £ reduces to the
Laplace operator, i.e. L = —A. We assume that a;; = aj;,b;,¢ € Loo(Qr) for all 4,7,
f € La(Qr) and uy € Ly(R2). The bilinear form

b(u,v,t) = / Z a;;(z, t)0;ud;v + Z bi(x,t)0v + c(z, t)uvdx
Q=1 i=1
is defined for u,v € H () and for almost all (f.a.a.) t € Z. We write
u(t)(z) = u(z,t) and  [f(t)(z) = f(z,1).

Thus we identify u, f with u : Z — H}(Q) and f : Z — Ly(f2). Following the standard
procedure of multiplying by a test function, integrating over 2 and finally applying
integration by parts, we obtain the weak formulation of ({2.3)):

(W (£),0) 3y + D(u(t), v,8) = (F(O)|0) iy Vo € HYQ), faa t€T  (2.4a)

where v’ is to be understood as a generalized derivative. Note that
Hy(Q) € Ly(Q) € H()
forms an evolution triple. If
u € Wy (T Hy (), L2(Q)) == {w € La(Z, Hy(Q))| w' € Lo(T, H~(Q)) }
fulfills we say that u is a weak solution. Because the embedding
Wy (Zs Hy (), La(Q)) € C(Z, L2 ()

is continuous, the initial value condition (2.4b|) makes sense. For relevant background
material on evolution triples, generalized derivatives and the involved Lebesgue spaces

we refer to Appendix and [Zei90al, [Eva08| [Jos07]. Setting
V=2=H)Q), W=2Z,=V*=H'Q)
and
A=idy-, D:=idy, (B(u,t),v)y ="0b(u,v,t) = (f(t)|v)L,0)

puts (2.4]) into the form (2.2). idy and id v« are the identity maps on V and V* respec-
tively.

10



2.2. A general form for ADAFEs

—_
[\

C) v, %L — ¢

Figure 2.1.: Sample circuit with two resistors R; and Ry, a capacitor C', an inductor L
and a voltage source vs.

Example 2.2 (DAEs - sample circuit).
The form ([2.2)) is a generalization of so-called semi-linear or quasi-linear DAEs

A%d(m, t)+b(x,t) =0 onDxT (2.5)

with D C R” being open and connected, A € R"*™ d:DxZ — R™and b: DxZ — R",
cf. [LMT13]. Here V=W =R" and Z = Z,, = R™. Electrical circuits can be described
by a DAE and a small circuit is given in Figure 2.1} The corresponding equations read

gri1(er — ez, t) —jy =0
—gri(er —e2,t) + grales —es,t) + 75, =0

d
&QC(G?,J) — gra(e2 —es, t) =0

d )
&QbL(JLvt) —e=0
—e; —vs(t) =0

with functions gr1,9r2,qc,¢r : R x Z — R describing the behavior of the resistors
Ry, Rs, the capacitor C' and the inductor L. The voltage source is described by the
function v, : Z — R. The variables are node potentials e;, es, e3, the current through
the inductor j; and the current through the voltage source jy,. The equations rely on
the Modified Nodal Analysis (MNA) which will be described in chapter 3] With

x = (21, T, 3,74, 25) | = (e1, €0, €3, j1,jv) "

11



2. A general setting for ADAEs

we set

2
Il
cor~ oo
o~ oo o
=
8
=
Il
S
= Q
8 8
il
E =
N

gR,1(:r1 — T, t) — x5
—gr1(T1 — T2,t) + gro(w2 — 23, 1) + 24
b(z,t) = —gr2(72 — 3,1)
2
—x1 — vs(t)

to obtain the form (2.5).

A useful tool for classifying DAEs is its index as it gives an insight into the solution
and perturbation behavior. There are several index concepts available for DAEs. To
mention just a few we name the Kronecker Index (|[GP83, (GMS&6, [LMT13|), the Dif-
ferentiation Index (JCam8&87, BCP96]), the Tractability Index (J[GMS86, Ria08, LMT13]),
the Strangeness Index ([KM94, [KMO06]) and the Perturbation Index ([HLR89, HNW02]).
For an overview of these and also other important index concepts for DAEs we refer to
[Voi06l, Meh12]. Regarding solvability they have proven fruitful for analyzing the struc-
ture of the DAE and thus identifying the inherent dynamics and all (hidden) constraints.
So for higher index DAEs not only integration but also differentiation problems occur.
Furthermore initial values cannot be chosen freely as it is the case for ODEs. They
have to satisfy all constraints of the system, for an in-depth treatment we refer to
|[Est00, Baul2|. Furthermore DAEs of higher index generally represent ill-posed prob-
lems, i.e. small perturbations on the right hand side may result in large differences in the
solution. This dependence is measured by the Perturbation Index and is very important
for the numerical treatment of DAEs, cf. [LMT13].

A similar tool would be desirable for ADAEs which are defined on infinite dimensional
spaces. A comprehensive theory for existence and uniqueness of solutions of (nonlinear)
ADAESs does not exist. Even in the case of standard PDEs, where classifications in terms
of elliptic, parabolic or hyperbolic PDEs exist, numerous approaches are used. For sys-
tems of PDEs or coupled systems the situation becomes even more complex. Therefore
we propose the following guiding questions which arise naturally when studying ADAEs.

1. What conditions must be met for an ADAE of the form (2.2]) to be solvable? When
is the solution unique?

2. How does the solution change if the system is perturbed? Are there index criteria
— similar to DAEs — which describe the perturbation behavior?

12



2.2. A general form for ADAFEs

3. How should an ADAE of the form (2.2)) be discretized? Is the solution of the

discretized system unique and does it converge to the exact solution?

The last question is concerned with the numerical treatment of ADAEs. Being usu-
ally defined on infinite dimensional function spaces they have to be discretized in space
and in time. The standard approach is to discretize in space first and then in time
which is well-known under the term method of lines. After space discretization for many
mixed systems (e.g. in chemical engineering) a DAE is obtained, cf. [CM96al [(CM96D)].
The function spaces can, for example, be approximated with the Galerkin approach.
The Galerkin equations yield a DAE and it is important to achieve convergence of the
Galerkin solutions to the solution of the original ADAE.

In the following we will concentrate on ADAEs where the operators A and D are
potentially singular. For the treatment of DAEs we refer to the standard textbooks
IBCP96, IKMO0G, Ria08, LMT13| and the references therein. PDEs are extensively dis-
cussed in literature, see e.g. [Zei90al [Zei90b, [Jos07, [Eva08|. Some index concepts for
DAESs mentioned previously have been generalized to the setting of ADAEs. We will
briefly discuss these concepts with regard to the questions stated above.

ADAE Index

For DAEs the Tractability Index has proven fruitful for investigating the structure of
possibly nonlinear DAEs in terms of solvability and perturbation estimates, cf. [LMT13].
The so-called ADAE Index was first proposed in [LMTO01]. We follow here the more
general version presented in [Tis04, Bod07| which is also covered in [LMTI3|. The
ADAE Index naturally extends the Tractability Index for DAEs of the form to
operator equations of the form and is also based on linearizations. More precisely,
we consider here the operator equation ([2.2)), where the operators A, D(-,t) and B(-,t)
act on the real Hilbert spaces V = H, Z = Z,, and W for all t € Z. We assume the
Fréchet derivatives of the operators B(-,t) and D(-,t) to exist, i.e. there exist linear
continuous operators By(u, t) and Dy(u,t) such that

B(u+ h,t) — B(u,t) — Bo(u,t)h = o(||h|\,) ash—0
D(u+ h,t) — D(u,t) — Do(u,t)h = o(||h]|,;) ash—0
for all A in some neighborhood of zero and all w € V', t € Z. We say that

r(h)

r(h) =o(||]ly) ash =0 & Tl —~0ash — 0.
.

We assume that the spaces im Dy(u,t) and ker Dy(u,t) do not depend on u and t. We
set Ny := ker Dy(u,t) which is a closed subspace in V' because Dy(u,t) is bounded.
Furthermore we assume A and Dy to be well-matched, i.e. the transversality condition

ker A ® im Dy(u,t) = Z

13



2. A general setting for ADAEs

holds for all w € V and ¢t € Z. With & we denote the topological sum and so im Dy (u, t)
is closed. As a consequence there is a constant projection operator R : Z — Z satisfying

imR =imDy(u,t), kerR =ker A

for all w € V and t € Z. For DAEs this is known under the term of a properly stated
leading term, cf. [Mar03, [HMO04], [LMT13, chapter 3]. We set

Go(u,t) := ADy(u,t) YueV, teT.
and it holds
imGy(u,t) =im AR =im A and kerGy(u,t) = ker RDqy(u,t) = ker Dy(u,t).
The natural solution space for the ADAE is
Cp(Z,V):={ue C(Z, V)| D(u(-),") € C'(Z,2)}

but unfortunately it is not linear. As pointed out in [Tis04, Remark 4.2] for a lineariza-
tion

d
A Polu(t), 1) + Bo(u(t), t) = 0

of at u, € CH(Z,V) the natural solution space reads
Cp,(Z,V) :={u e C(Z,V)| Do(u.(), )u(:) € CHZ,Z)}.

Under additional smoothness assumptions the spaces Ch(Z, V) and Cp, (Z, V) coincide,
cf. [LMT13] Proposition 12.1]. We are now able to define the ADAE Index.

Definition 2.3 (ADAE Index).
Let an ADAE of the form (2.2)) with all assumptions made above be given. We say that
the ADAE has

e ADAE Index 0, if dim Ny = 0 and im Gy = W;

e ADAE Index 1, if dim Ny > 0 and there is a projection operator Qy : V' — V onto
the constant space ker Gy(u, t) such that the operator

gl(ua t) = gO(u7 t) + BO(UJ t) QO
is injective and im G, (u, t) = W;

e ADAE Index 2, if dim Ny > 0, dim(kerG;(u,t)) > 0 and there are projection
operators Qp : V. — V onto ker Gy(u,t) and Qy(u,t) : V. — V onto ker G;(u,t)
and the operator

Go(u,t) := Gy(u,t) + Bo(u, t)PoQ1(u,t)

is injective and im Gy (u,t) = W. Py is the complementary projector of Qy.

14



2.2. A general form for ADAFEs

It can be shown that the ADAE Index 1 definition does not depend on the choice of the
projector Qy. We also stress that the ADAE Index requires the spaces Z and Z,, to be
equal. This, in general, does not need to be the case, if e.g. the weak formulation of a
PDE as in Example is considered. Furthermore the weak derivative of the solution
is only square integrable instead of being continuous. In chapter [4] we follow an abstract
solvability approach for ADAEs and encounter a solution which is only square integrable
in time. In the particular case we will give a sensible definition of the operators Gy and
G, and prove that they satisfy the corresponding conditions. Furthermore the ADAE
Index definition coincides with the one for the Tractability Index (cf. [LMT13]) if the
underlying spaces are V = R", Z = Z,, = R¥ and W = R™.

The ADAE Index (in the infinite dimensional setting) was examined in several test cases
in [LMTO01] and [LMTI3, chapter 12]. Further index results were shown for coupled
systems in circuit simulation with distributed semiconductor devices, cf. [Sch02) [Tis04]
Bod07|. There the known index results for the semi-discretized system were validated
for the original infinite dimensional system. As for DAEs an index definition should
give us information about the perturbation behavior. A connection between the ADAE
Index and a perturbation result is not known so far as it is for certain classes of nonlinear
DAEs having Tractability Index 1 or 2, cf. e.g. [Baul2, Theorems 2.49 and 2.50]. We
now define the Perturbation Index for ADAEs.

Perturbation Index for ADAEs

The Perturbation Index for DAEs, cf. [HLR89], has also been extended to ADAEs. We
present here the definition given in [Bod07|. A similar definition can be found in [CM9GD]
and in [RAQS] for linear ADAEs. Let u, € Cp (Z,V) be the unique solution to
with initial value u,(ty) = up. Additionally, the perturbed initial value problem

d

A%

D(u(t),t) + B(u(t),t)
U(tg) =

is considered where the perturbation 6 € C*~1(Z, W), its derivatives 6 for 1 < i < k
and u — ug =: & € V are sufficiently small. Let us be the unique solution to (2.6) and
k be the smallest number for which an estimate of the form

5(t), tel, (2.68)
ug

k—1
mas us() — (1) < ¢ (naouv + 3 max H6<Z><t>llw>

with a constant ¢ > 0 holds. Then the ADAE ({2.2) has (continuous) Perturbation Index
k. We wrote 60 = 6.

For higher index DAEs it is well-known that even small perturbations on the right hand
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2. A general setting for ADAEs

side and in the initial conditions can lead to a large difference in the solution. This
is the case for DAEs with index higher than 1 because then the derivative of § occurs
on the right hand side of the estimate. Furthermore it is assumed that the solution
u, is in CH(Z, V). As pointed out already for the ADAE Index this cannot be always
expected especially when considering weak formulations of PDE systems. Therefore a
more general definition considering also weak solutions in time is proposed.

Definition 2.4 (Perturbation Index).

Let u, € S C X be the unique solution to in some solution space S with given
initial value u.(ty) = ug € H. Let X,Y, H be Banach spaces where no time derivatives
are measured. Additionally consider the perturbed initial value problem

A%D(u(t), t) + Blu(t),t) = 8(t), teT, (2.72)

u(te) = uf (2.7b)

and assume that the perturbation § € Y, its derivatives 6 € Y for 1 < i < k and
ud — ug =: & € H are sufficiently small. Let us € S be the unique solution to (2.7) and
k be the smallest number for which an estimate of the form

k—1
s =l < e (nfsouﬂ .S Ha@uy) ©5)

i=0
with a constant ¢ > 0 holds. Then we say that (2.2)) has Perturbation Index k.

Definition [2.4] comprises the definition of the Perturbation Index for continuous functions
because setting S = Cp (Z,V), X =Y = C(Z,V) and H = V results in the situation
above. Less regular spaces are also possible, e.g. in the case of Example 2.1 Here we
would have S = WJ(Z; H}(Q), Ly(Q)), X = Lo(Z,H3(Q)), Y = Lyo(Z,H () and
H = Ly(2). We will encounter a similar situation in chapters [4] and [f]

ADAEs in literature

We assemble here approaches for ADAESs concerning generalizations of other index con-
cepts, solvability results and also theoretical results for coupled sytems in circuit simu-
lation. Most of the approaches have in common that they rely on continuous or contin-
uously differentiable solutions to (2.2)). In [MB00] a generalization of the Differentiation
Index is presented which also takes spatial derivatives into account. Furthermore in
[ILSEL99| a differential spatial and a differential time index for linear time independent
ADAEs is formulated. The approach is based on the Laplace transform and Fourier
transform. A generalization of the Perturbation Index for PDAEs is defined on a quite
formal level in [CM96b|. Starting out from a classical formulation of a linear constant
PDE system with initial and boundary conditions various examples are examined. It
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2.2. A general form for ADAFEs

is pointed out that perturbation analysis should not only take the right hand side and
initial conditions but also boundary conditions and the spatial domain into account.
Note that for the form perturbations 0 on the right hand side may depend on the
space variable as well because §(t) € W.

In [RAO5] ADAEs of the form
Au'(t) + Bu(t) = r(t), teZ, (2.9)

with linear time-invariant operators A, B and a sufficiently smooth function r are con-
sidered. In contrast to the earlier approaches mentioned in the previous paragraph here
a weak formulation (in space) of the underlying PDE system is investigated. However,
with regard to the time ¢ the solution is assumed to be continuously differentiable. Per-
turbation estimates are obtained because of the requirement that the operator B satisfies
a certain Garding inequality. Additionally, an alternative Perturbation Index definition
for linear ADAEs is given in [RA05, Definition 3.3] where also perturbations of the
boundary conditions and derivatives of perturbations of the initial value are considered.

A theoretical approach for analyzing linear time-independent ADAEs of the form ([2.9))
was developed by Reis, cf. [RT05, [Rei06, Rei07]. Here V = Z = Z,, and W are Hilbert
spaces and A : V' — W is a bounded linear operator wheras 5 : dom(B) CV — W is a
closed linear operator. With dom(B) we mean the domain of the operator B. Motivated

by the Kronecker normal form for finite dimensional DAEs with constant coefficients a
decoupled version of (2.9) is achieved:

N OO\ 4 0 I K\, 0 r1(t)
0 Il—( " )+[0 L B = [ () (2.10)

Here N is linear, bounded and nilpotent, i.e. there is ¥ > 0 such that N¥ = 0, N¥~! £ 0.
The number v is called the ADAE Index and can be compared to the Kronecker Index
for finite dimensional DAEs. The proof of the decoupled form is based on projectors Q;
similar to the ones needed for the definition in the ADAE Index above. This gives some
justification for the ADAE Index for ADAEs of the form (2.9), cf. [RT05, Theorem 4.1].
The main differences between and the finite dimensional case are the boundary
control operator M and the coupling operator K. Having the decoupling , the
set of consistent initial values can be parameterized and perturbation results can be
obtained, cf. [Rei06, Rei07]. The appearance of the boundary and coupling operator
leads to additional difficulties for the parametrization of consistent initial values. An
initial value not only has to fulfill (hidden) algebraic constraints but also some additional
(hidden) boundary constraints.

Considering the theory of evolution equations there are two major approaches for solving
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evolution equations, namely the semigroup and the Galerkin approach, see e.g. [Lio69,
GGZ74, [Ze190a, [Ze190bl, [Sho97, [Emm04, Rou05]. In [Tis04] the Galerkin approach for
linear ADAEs with a strongly monotone, bounded and time-dependent operator B has
been proven. Furthermore the system has been analyzed with regard to perturbations
on the right hand side and the ADAE Index. In chapter [4] we study this approach again
but allow the operator B to be nonlinear.

Although we focus on the Galerkin approach throughout this treatise, we give some
remarks on the treatment of ADAEs with the semigroup approach. Fundamental work
is collected in [FY99] where ADAEs are also called degenerate differential equations.
Linear systems of the form

A%Du(t) + Bu(t) = Ar(t), teZI, (2.11a)
Du(ty) = zo € im D (2.11b)

are considered where A, D and B are linear operators and V = 7 = Z, = W is a
Hilbert space. If A = idy the operators D and B are defined on linear subspaces
dom(B) C dom(D) C V. If r € C'(Z,V), a certain passivity condition holds (with a
constant 5 € R) and the operator

XD + B :dom(B) CV — V is bijective for some \g > (2.12)

then the system ([2.11) has a unique (classical) solution v : Z — dom(B) such that
Du € CYZ,V) and Bu € C(Z,V), cf. Theorem 2.9, [FY99]. In the proof equation
([2.11)) is transformed with M := —BD~! into a multivalued differential equation of the
form

2(t) e Mzx(t) + f(t), teZ,

ZE(to) = X9

for a suitable f. We remark that the operator D! is defined as a multivalued function
satisfying

D'y = {v € im (dom(D))| Dv =u} Vu €imD.

Similar solvability results were obtained in the cases that A = D* or D = idy. The
approach relies mainly on the passivity condition and on and is meant for deal-
ing with hyperbolic problems. We remark that the linear operators A, D, B may be
unbounded. In [Tis04] it is pointed out that these ADAEs — considering the finite di-
mensional case — have Tractability Index 1 and have to satisfy a certain constraint which
is implied by the passivity condition.
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In addition to that the semigroup approach has also been extended to linear time de-
pendent systems of the form

d

A(QE(

D(t)u(t)) + B(t)u(t) = At)r(t), tel,
D(to)u(to) =T € im D

with A(t) = idy or D(t) = id v, cf. [FY99]. Unique solvability relies on certain uniform
bounds of terms involving the operator

R(A\ 1) == (AD(t) + B(t)) ™!

for all t € Z and A € ¥ C C with X being a specific region in the complex plane. In
practice these conditions are usually quite difficult to verify. From the theory of finite
dimensional DAEs it is also known that time dependent matrix pencils are not as well-
suited for solving DAEs as in the constant case. For example in [BCP96, chapter 2.4] it
is mentioned that in general neither regular matrix pencils (D(¢), B(t)) imply solvability
nor solvability implies a matrix pencil to be regular. This is also stated in [GMS86] and
illustrating examples can be found in [BCP96, Examples 2.4.1 and 2.4.1| and [Tis04]. For
further approaches to linear degenerate evolution equations we refer to [FY99] and the
references therein. An overview of spectral methods for studying degenerate differential
operator equations can be found in [Rut(7].

Nonlinear approaches for solving ADAESs of the form

C%(Du(t)) + Bu(t) = f(t,u(t)), teZ

are studied in [FP86, [FR99, [RV03], [RK04) Rut08]. Here D and B are closed linear opera-
tors from a Banach space V' into a Banach space W and f is a nonlinear term satisfying
certain smoothness properties. The solvability results are local except in [RK04| where
global solvability is obtained requiring strong smoothness assumptions for f. The main
condition for all these approaches is that the resolvent (D + uB8)~! has a pole in p = 0 of
maximal order 2. This resolvent condition, however, is difficult to verify in applications
because the existence of the resolvent and the pole property has to be validated.

Apart from the results presented above some solvability results also exist for special
(nonlinear) ADAESs, e.g. multiphysically modeled systems in circuit simulation. Here
the circuit is modeled by the equations of the MNA which we will present in chapter [3]
The resulting system is a DAE where the variables are the node potentials and certain
currents of the electrical network. To simulate semiconductors in high frequencies cor-
rectly a distributed modeling is essential. A common model is given by the drift-diffusion
equations (DD-equations), cf. [Moc83|, [Sel84) |Gaj85, (GG86, Mar86, [Gaj93|. The DD-
equations are a system of one elliptic and two parabolic PDEs for every semiconductor.
The coupling between the DAE and the PDE system is two-directional. On the one

19



2. A general setting for ADAEs

hand evaluations of boundary integrals of the contacts of the semiconductor devices
have an influence on the DAE and on the other hand boundary conditions are described
by functions depending on the node potentials, cf. [Tis04, MTT11|. Solvability results of
these coupled systems are given in [ABGTO03| [ABG05|, [ABG10] for certain topological
assumptions, which guarantee the network equations to have Tractability Index 1. They
are based on applications of the Schauder or Banach Fixpoint Theorem and well-known
solvability results for the DD-equations, cf. [Mar86]. This system has been studied with
regard to perturbations in [Bod07|. In [Giin0O1] a linear hyperbolic system simulating
transmission lines is coupled to the MNA equations. The solvability of the coupled sys-
tem is proven by the Galerkin approach and perturbation estimates are derived as well.
It is pointed out that the index of the Galerkin equations coincides with the one of the
coupled system. Using other discretization schemes the semi-discretization of the ADAE
may act like a deregularization (increasing the index) or regularization (decreasing the
index), cf. |[Giin00]. In [Bar04] a model is presented which couples the network equations
to the one dimensional heat equation in order to simulate heating effects in a circuit.
Here solvability is also investigated and the proof mainly relies on fixpoint arguments.
In [Cul09] the higher dimensional case is considered along with the Galerkin approach.
We will discuss this system in chapter [5

2.3. Conclusion

In this chapter basic notation concerning relevant function spaces has been collected.
Then we presented a general form for abstract differential-algebraic equations
(ADAEs) from |[LMTO1, ILMT13] which is based on operators being defined on cer-
tain Banach or Hilbert spaces. Furthermore we proposed guiding questions for treating
ADAESs concerning solvability, perturbation analysis and convergence of solutions of dis-
cretization methods. The ADAE Index (Definition from [LMTOI, [Tis04] and the
Perturbation Index for ADAEs from [Bod07] are presented. The definition of the Per-
turbation Index was slightly generalized in order to apply it also to solutions which are
not necessarily continuous or continuously differentiable in time, cf. Definition [2.4]

Additionally, we covered relevant results from the literature investigating index con-
cepts, solvability and perturbation behavior of ADAEs. These approaches mainly focus
on linear time-invariant operators, see [CM96b|, [LSEL99, Y99, [RA05, Rei06], except
for some nonlinear solvability results which are based on a semigroup approach, see
e.g. [FR99, RK04]. The Galerkin approach and the convergence of the Galerkin solu-
tions to the solution of the original system for a certain class of linear time dependent
ADAESs are discussed in [Tis04]. This approach will be extended to the nonlinear case
in chapter [4]

Having applications from circuit simulation in mind we are especially interested in
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coupled systems. We mentioned main results concerning the solvability and pertur-
bation behavior of coupled systems in circuit simulation which add semiconductors
[Tis04, [ABGT03, [ABG10, Bod07] or transmission lines (JGiin01]) to the circuit or sim-
ulate additional heating effects ([Bar04), [Cul09]). These systems are very complex and
for the derivation of the results the underlying structure of the systems has to be ex-
ploited. There is no general approach available for treating (nonlinear) coupled systems
with regard to solvability, perturbation behavior and convergence of Galerkin solutions.
Therefore it is essential to develop prototype coupled systems which cover already a
certain coupling structure. This task will be pursued in chapter
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3. Solvability of nonlinear DAEs
with monotonicity properties

In the last three decades differential-algebraic equations (DAEs) have become a ma-
jor mathematical tool for modeling and simulation in many application areas including
electrical circuit simulation, mechanical multibody systems, gas and water network sim-
ulation and many others, see [KMOG, Ria08, LMT13|. From a theoretical point of view
solvability results and sensitivity with regard to perturbations for DAEs are of great
interest. Solvability results for nonlinear DAEs are in general local, i.e. given in a neigh-
borhood of a given initial value, cf. [KMO6, LMTI3|. The well-known Implicit Function
Theorem in combination with a suitable transformation, reduction or decoupling of the
original system is a key to obtain these results. A differential-geometric approach can
be found in |[Rei91]. Some global results exist which ensure the existence of a solution
on a given fixed interval. But they require strong smoothness assumptions and uniform
bounds of certain inverse matrices, see [GMS86, [RK04, [CCO07|. These conditions are quite
difficult to verify in actual applications. In the context of coupled systems which may
be approximated by Galerkin equations, for example, global solvability results for DAEs
are desirable because otherwise the existence interval of solutions may vary with the
Galerkin step n.

In circuit simulation a standard tool for describing a circuit’s behavior are the equations
of the Modified Nodal Analysis (MNA). These equations represent a nonlinear DAE and
local solvability results and perturbation estimates are known which are based on the
concept of the Tractability Index, cf. [Tis99, [ET00, [Tis04]. It is also well-known that
the Tractability Index of the MNA equations depends on the topology of the electrical
network. Furthermore, there it is also assumed that the constitutive relations of the
basic circuit elements satisfy certain monotonicity (or passivity) conditions. Here the
question arises whether these monotonicity conditions can be used directly to prove a
global solvability result and a perturbation estimate. This will be investigated in this
chapter.

The results of this chapter were developed in cooperation with Jansen and Tischendorf
and can also be found in [JMT12|. In section we present important definitions and
results for solving nonlinear algebraic equations, both globally and locally, based on the
concept of strong monotonicity. The dependence of the solution on other components
will be important in this context. In section[3.2f we will use these results to obtain unique
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solvability results for a certain class of semi-linear DAEs. It will be shown that these
DAESs have Perturbation Index 1. In section [3.3| we describe briefly the derivation of the
MNA equations. Finally, we apply the solvability and perturbation results of section
to the MNA equations in the topological index 1 case.

3.1. Preliminaries

In this section we assemble more or less well-known tools for solving nonlinear algebraic
equations with (local) monotonicity properties. We will use these tools extensively in
the later sections of this chapter.

Definition 3.1 (Lipschitz continuity).
Let a function f:R" x R™ — R* n,m,k € N, be given. Then

(i) f is Lipschitz continuous w.r.t. the first argument «x if there is a constant Ly > 0
such that

1 f(z2,y) — f(x, )|l < Lyllwe — o], Vo, 20 € Ry € R™.

(i) f is locally Lipschitz continuous w.r.t. the first argument z in (xg,yo) € R™ x R™
if there are neighborhoods U(zy) C R™, V(yo) € R™ and a scalar L > 0 such that

I f(z2,y) = flzr,y)|| < Lllwg — 21|, Yai,22 € U(zo),y € V(yo).

(iii) f is locally Lipschitz continuous on R™ x R™ if f is locally Lipschitz continuous
for all (z,y) € R* x R™.

We indicate that Definition (i) can also be found under the term global Lipschitz
continuity when stressing that it holds for all z;,25 € R™ or under the term uniform
Lipschitz continuity when stressing that L is independent of y. However we will use
the term Lipschitz continuity as defined in (i). If f is continuously differentiable
w.r.t. x then f is Lipschitz continuous w.r.t.  if and only if there is an L > 0 such that
| fe(z,9)||, < L for all (x,y) € R" x R™.

Definition 3.2 (Strong monotonicity).
Let a function f : R™ x R™ — R™ be given. Then

(i) f is strongly monotone w.r.t. the second argument y if there is a scalar py > 0
such that

(f(z,y2) — fF@, ) e — 1) > ppllye —all?, Vo € R™ gy, 50 € R™.
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3.1. Preliminaries

(ii) f is locally strongly monotone w.r.t. the second argument y in (xg,y9) € R™ x R™
if there are neighborhoods U(zg) C R", V(yo) C R™ and a scalar p > 0 such that

(F(z,y2) — F,y) |y — ) > pllye — il Yo € Uxo), 31,92 € V(yo).

(iii) f is locally strongly monotone on R™ x R™ if f is locally strongly monotone for all
(x,y) € R™ x R™.

For strongly monotone functions the following Corollary is an immediate consequence.

Corollary 3.3.
Let a function f :R" x R™ — R™ be given.

(i) If f is strongly monotone w.r.t. y, then

||f($7y2) - f(x7y1)|| Z Ky ||y2 - yl” ) Vo € anybyZ € R™.

(1) If f is locally strongly monotone w.r.t. y in (zo,Yo), then
1/ (2, y2) = f(,y)ll = wllye —anll, Vo € Ulzo), y1,52 € V(wo)-

Here U(xy), V(yo) are the same neighborhoods and i, py are the same constants as in

Definition [3.3

PROOF:
For all (z,11),(z,y2) € R* x R™ and (z,11), (z,92) € U(xo) x V(y0), respectively, it
holds

flly: — nll® < (F(z, ) = fla,y) lye — 1) < L (@y2) = fl@y) vz — wll
by the Cauchy-Schwarz inequality with & =y or 1 = p. a

Therefore strong monotonicity can be regarded as a counter part of Lipschitz continuity.
The Jacobian of a strongly monotone function is bounded from below as we will see in
the next lemma.

Lemma 3.4.
Let the continuous function f : R™ x R™ — R™ be continuously differentiable w.r.t. y
and let fy(x,y) be the Jacobian of f w.r.t. y at the point (z,y). Then it holds:

(1) f is strongly monotone w.r.t. y if and only if the map z — f,(x,y)z is strongly
monotone w.r.t. z, i.e. there is a p > 0 such that

(2l fyw,y)2) Z pl=l*, V(r,y) € R* x R™ vz € R™
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3. Solvability of nonlinear DAEs with monotonicity properties

(11) In the case of (i) fy(x,y) is bounded from below by p, i.e.
I fy(x, )|, = p V(zr,y) € R" x R™.

PROOF:

(i) The proof can also be found in [ORT70] p. 142]. But we state it here for completeness.
Let x € R" be arbitrary.

(=) Let z,y; € R™ 2 # 0, s > 0 and y, := y; + sz. With the mean value theorem we
obtain

sSullzl? = pwllye = nll® < (2 — il f(z.y2) — fla, 1))
1
= d
(sz|/0 fy(x,y1 + tsz)dt sz)

= 5%(z| /0 fy(z, y1 +tsz)dt 2).

Dividing both sides by s? leaves the left side independent of s whereas the right one still
is. Taking the limit s — 0 we obtain

1
pllzl® < (ZI/0 fylw, gy + ts2)dt 2) = (2] fy (2, 41)2).

(<) Let y1,y2 € R™ then we have applying the mean value theorem:
1
(1 — vl f(z,91) — f2,92)) = (Y1 — 2] / fo(@, 92 + tH(yr — yo))dt(y1 — 2))
0

— /0 (yl - y2|fy<l’,92 + t(yl — y2))(y1 _ yz))dt

> |y — vl
(ii) With (i) and the Cauchy-Schwarz inequality we obtain for all (x,y) € R™ x R™ that

ull=ll® < 1 fy(2,9)2) < Nzl Iy g2l < 120 1y (2 9)ll,

Example 3.5.
The function

fTR=R, flo)=ca®>+cz, >0 ¢>0
is strongly monotone whereas the function
x

g:R—=R, gx)=e

is not. This can be seen with Lemma 3.4l
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A function f : R®™ — R", which is Lipschitz continuous and strongly monotone, is
bijective. This is a consequence of the well-known Theorem of Zarantonello in the
setting of real Hilbert spaces. It is a generalization of Cea’s Lemma for bilinear, coercive
and bounded forms, cf. [EmmO04] Satz 3.5.2] or [Zei90b, Theorem 25.B|. From the strong
monotonicity of f it follows easily that f~! is Lipschitz continuous. However, dropping
the Lipschitz continuity of f and having only continuity implies global solvability as
well. This is formulated in [OR70, Theorem 6.4.4]. Again this is a special version of the
well-known more general Browder-Minty Theorem for monotone operators on Banach
spaces, cf. Theorem [A.14] [Zei90b, Theorem 26.A| or [Rou03, chapter 2.3|. We state it
here for the space R™ and will refer to it in the later chapters of this thesis. For a proof
cf. [OR70, Theorem 6.4.4].

Theorem 3.6.
Let f:R™ — R™ be continuous and strongly monotone. Then the equation

flz)=y

has a unique solution x € R™ for each y € R™.
Furthermore the inverse function f~!:R™ — R™ is Lipschitz continuous.

Lemma 3.7.
Let T C R be an interval and f : R" x R™ x T — R™ be a continuous function. Then
for all (z,t) € R™ x T the equation

fz,y,t) =0 (3.1)

has a unique solution y € R™ if f is strongly monotone w.r.t. y and Lipschitz continuous
w.r.t. x. The solution depends on (z,t) and we write y = (x,t) with the continuous
function ¢ : R™ x T — R™ which is Lipschitz continuous w.r.t. x.

PRrooOF:

The unique solvability is derived from Theorem for all but fixed (z,t) € R* x T
with the solution y, . By setting ¢ (x,t) := vy, we obtain the solution function . The
continuity of ¢/ as well as the Lipschitz continuity w.r.t. x have to be checked.
Continuity. Let (x,,t,) € R™ x Z be a sequence with (x,,t,) — (z,t) € R" x T as
n — oo and hence

f(xrw w(xn7 tn)v tn) = 0 = f(x7 w(x7 t)? t)'
We obtain with the strong monotonicity (scalar iy > 0)
19 (2, t) — (@, tn) |
1
M_f ||f(xn> ¢(I, t)v tn) - f(xm ¢($na tn)a tn) ||

IN

- ,uif | f(xn, ¥(x,t),t,) — flx,(x,t),t)]] =0 asn— 0
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3. Solvability of nonlinear DAEs with monotonicity properties

because f is continuous. So 1 is continuous.
Lipschitz continuity. Let x1,x5 € R®, t € Z and hence

f($17¢($1,t)at) =0= f($27¢(132,t),t>.

Similar as before is follows with strong monotonicity
1
H¢<I27t) _¢(x17t)|| S ,Lb_f ||f(.172,1/1<l‘2,t),t) —f(x2,¢(x1,t),t)\|

— Lo o000~ Sl v, 0)

L
< 2 |22 — 1] -
f

The last line was obtained using the Lipschitz continuity of f (Ls > 0). O

Remark 3.8 (Solution function).
A function v as in Lemma will be called solution function. This means generally
that there is a unique function v satisfying

y=(x,t) & f(r,y,t) =0.

A sufficient condition for having a continuous v which is Lipschitz continuous in x was
given in Lemma [3.7 However another sufficient condition is based on the Theorem of
Hadamard, cf. [OR70, Theorem 5.3.10|. It states that, if ¢ : R™ — R™ is continu-
ously differentiable and ||g,(y) ™!, < v < oo for ay > 0 for all y € R™, then g is a
homeomorphism of R™ onto R™. Consider (3.1]) with f being continuously differentiable,
| fy(z,y,t)7*||, being uniformly bounded and f being Lipschitz continuous w.r.t. . Then
for given (x,t) we obtain a solution y = ¢ (z,t). From the standard Implicit Function
Theorem, cf. [OR70, Theorem 5.2.4] or [Zei86, Theorem 4.B], it follows now that 1 is
continuous and

¢x(x7 t) = _fy(l‘, ¢(9€» t)’ t)_lfa:(x7 ’Q/J(SB, t)v t)'

So |[the(x,t)|| is uniformly bounded because f,' and f, are. The latter is bounded
because f is Lipschitz continuous w.r.t. z. So ¢ itself is Lipschitz continuous w.r.t. x.

The Implicit Function Theorem is a standard tool for solving nonlinear algebraic equa-
tions of the form

flz,y) =0

locally w.r.t. x around a point (xg,yo) with f(xg,y0) = 0. For a general overview we
refer to [KP03]. In its standard version the continuous differentiability of f is required.
Nevertheless there is an Implicit Function Theorem by Kumagai based on an observation
of Jittorntrum, cf. [Jit78, [Kum80|, which does not require differentiability of f. More
precisely we state the following.
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3.1. Preliminaries

Theorem 3.9 (cf. [Jit78, Kum&0]).

Let f:R™ x R™ — R™ be continuous and f(xg,y0) = 0 for o € R", yo € R™. Suppose
there exist neighborhoods A C R™ and B C R™ of xq and yo, respectively, such that
f(z,+) : B — R™ is locally one-to-one in y for all x € A. Then there exist neighborhoods
Ag CR"™ and By C R™ of xy and yo, respectively, such that for all x € Ay the equation

f(z,y) =0

has a unique solution

y = () € By
where ¥ : Ay — By is continuous.

Here a function f : B C R"™ — R™ is said to be locally one-to-one if for every point
y € B there is a neighborhood V' C B of y such that f|y is injective. The following
Lemma is an application of Theorem [3.9] It gives a local solution result in analogy to
Lemma using local strong monotonicity.

Lemma 3.10.
Let f : R" x R™ x R — R™ be continuous and let there be (zo,yo,t0) € R" x R™ x R
with

f(xo0,y0,t0) = 0.

Furthermore let f be locally strongly monotone w.r.t. y and locally Lipschitz continuous
w.r.t. z in (2o, Yo, o).

Then there exist neighborhoods Ay C R™ x R, By C R™ of (xg,t9) and yo, respectively,
such that

fx,y,t) =0

has a unique solution y = (x,t) where ¥ : Ay — By is locally Lipschitz continuous
w.r.t. x in (xg,to).

PROOF:
Applying Corollary there exist neighborhoods A C R" x R, B C R™ of (zg, %) and
Yo, respectively, such that there are p, L > 0 with

||f($,y2at)_f($,yht)|| ZMHy?_ylnv \V/({L‘,t) €A7 Y1, Y2 EB, (32)
[f(z2,9.) = f(z,y, || < Llwa —zf|,  V(z1,1), (22,t) € A, y € B. (3.3)

Let (z,t) € A and y;,y2 € B with f(z,y9,t) = f(x,11,1), then

0= Hf(l’,yg,t) - f(xvyht)H > 2 ”y2 - yl”
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3. Solvability of nonlinear DAEs with monotonicity properties

because of (3.2]) and hence y; = y». So f is locally one-to-one in y for all (z,t) € A.
Because of Theorem there exist neighborhoods Ay C A, By C B of (xg,ty) and vy,
respectively, such that for all (x,t) € Ay the equation

f(x,y,t) =0

has a unique solution

Yy = ¢(x>t) € BO

where 1) : Ay — By is continuous. Let (x1,t), (z2,t) € Ay and hence

f($17¢($1,t),t) =0= f($27¢($2,t)at>-

It follows
1
||1/]($27t) - @Z)(Ilvt)H S ; ||f(l’2,¢($27t),t) - f($2,¢($1,t),t)||
1
= [ (21, ¥(21,8),8) — [ (@2, (21, 1), 1)
L
< — e — @]
and so v is locally Lipschitz continuous. O

In this section we have briefly summarized solvability results of algebraic equations which
are (locally) strongly monotone and (locally) Lipschitz continuous. We extended these
results to solvability results of parameter dependent algebraic equations in Lemmata
8.7 and [3.10] They are very important for solving certain DAEs with monotonicity
properties in the next section.

3.2. Solvability results for DAEs

First, we specify the class of DAEs we are going to investigate. Let Z C R be a compact
interval and D C R" be open and connected. Let the equation

d
Aad(z,t) +b(z,t) =0 (3.4)
with A € R™™ d € CY(D x Z,R™) and b € C(D x Z,R") be given. We call (3.4) a
semi-linear or quasi-linear DAE, cf. [LMT13|. Notice here that we already assume in

the formulation that the matrix A is constant. Furthermore (3.4)) is a special version of
the general ADAE (2.2). For notational reasons we write z instead of z(t).
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3.2. Solvability results for DAEs

Definition 3.11 (Properly stated leading term, cf. [LMT13]).

A DAE of the form has a properly stated leading term on D x Z, if rk (im d,) is con-
stant on D x Z, im d, has a continuously differentiable basis in R™ and the transversality
condition

ker A@imd,(z,t) =R™, V(z,t)eDxZT
holds.
Furthermore we set
Mo(t) :={2 € D| b(z,t) eimA}, teZ (3.5)

which is the obvious constraint set of (3.4]). The flow of the DAE is restricted to My(t),
cf. [Mar03, LMT13].

Assumption 3.12 (Basic assumptions for (3.4))).
Consider a DAFE of the form (3.4). We assume that

(i) the DAFE (3.4)) has a properly stated leading term,
(i1) kerd,(z,t) is independent of (z,t) € D x I.

Note that the second assumption implies that (kerd.(z,t))* is also independent of (z,t).
In order to find a solution to a decoupling step is useful to identify algebraic
and differential solution components. The following two lemmata describe a way of
decoupling DAEs relying on an orthonormal bases decomposition of certain subspaces.
Given a function f : R™ — R" it is well-known that for projectors @Q,Q € R™" (see
Appendix and their complementary projectors P, 15, respectively, it holds:

flz)=0< Pf(Pr+Qz)=0and Qf(Pz+Qz)=0 VzeR"

The variables Pz, Qx as well as the two equations are given in R”. This means the system
size and the number of variables is doubled compared to the original system. However,
the intrinsic dimension of Pz, for example, is only dim(im P) < n. With the following
approach it is possible to formulate equations with variables which are equivalent to
f(z) = 0 and are given in their intrinsic dimension. This idea was developed by Jansen,
cf. [Jan13|, and can be found in [JMT12] as well.

Lemma 3.13 (Projector and basis functions).
Let M € R™ ™. Define

n, := dim((ker M)*), n, := dim(ker M)
and let

Bx = {plv"'upnz}7 By = {q17"'7Qny}
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3. Solvability of nonlinear DAEs with monotonicity properties

be orthonormal bases of (ker M)+ and of ker M, respectively. Furthermore we set
p:=(p1,....pn,) ERV™,  q:=(q1,...,qn,) € RV™.
We have the following.
(i) P:=pp' is an orthogonal projector with im P = (ker M)=,
(ii) Q :=qq' is an orthogonal projector with im Q = ker M,
(11i) P is the complementary projector of Q, i.e. P =1 —Q,

(iv) Let T C R be a compact interval and D C R™ be open and connected. Let be
f € C(DXZ,R™) where the Jacobian f.(z,t) exists for all (z,t) € DXZ. Assuming
ker f,(z,t) = ker M to be independent of (z,t) and using the notation above it then
follows that f(z,t) = f(Pz,t) holds for all (z,t) € D x T with sz+ (1 —s)Pz € D,
s € [0,1].

PROOF:
(i) P is a projector because

P*=pp'pp' =plp' =P
and PT = P. Since p' € R™*" has full row rank and im p = (ker M)+ we get
imP =impp' =imp = (ker M)*.

(i) Q> = Q, QT = Q and im Q = ker M follow analogously.
(iii) The matrix B := (p q) € R™" is orthonormal and therefore it holds BB = I,,.
This is equivalent to

1= o
E birbjr = Vi<i,5<n
kOjk = {0 i =1

with B = (b;;). Then for all 1 <4, j <n:

szkb]k = szkb]k + Z birbjr = Z k)i(Pr); + Z(Qk) (qr);-
k=ns+1 k=1 k=1

It follows that pp' + qq' = I,, and hence P + Q = I,,.
(iv) Since im @ = ker M = ker f.(z,t) for all (z,t) € D x T we see that

f2(z,)Q =0 and f,(z,t)P = f.(z,1).
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3.2. Solvability results for DAEs

Applying the mean value theorem (sz + (1 — s)Pz € D) to the difference gives

f(z,t) — f(Pz,t) = fz (Pz+ s(1 — P)z,t)ds(I — P)z

Z f.(Pz+ s( 1— P)z,t)Qds z =0,

Il
o\o

see here [Mar(3|. O

We can now use Lemma for decoupling a DAE of the form (3.4)).

Lemma 3.14 (Decoupling).

Let T C R be a compact interval and D C R™ be open. Consider a DAE of the form
(3.4) under the Assumption with p, q as in Lemma for the matriz d,(z,t).
Furthermore let sz + (1 — s)pp'z € D, s € [0,1] for all z € D. Define

D, ={r€R™| 32D x=p'z},
D, ={yeR™| I2€D:y=q 2}

Then (3.4) can be formulated equivalently as

d
&m(x t) = f(x,y,t) (3.6a)
0=g(z,y,t) (3.6b)

with f € C(D, x D, x Z,R™), g € C(D, x D, x Z,R™), m € CY(D, x Z,R"™) and
mg(x,t) being non-singular for all (z,t) € D, x Z. Here being formulated equivalently
means that
(z4,v:) € CHT,R™) x C(T,R™)
is a solution of (3.6|) if and only if
ze = pry + que € C(Z,R")

is a solution of (3.4)) with p'z, € CY(Z,R").

PROOF:
It can be checked that D, and D, are open. Let v and w be as in Lemma @ for the
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3. Solvability of nonlinear DAEs with monotonicity properties

matrix AT. With the help of Assumption and Lemma it follows

d
Azd(z,1) +b(z 1) = 0

& A%d(Pz, £ +b(P+Q)zt) =0
d

& A&d(p(pTZ), t)+b(p(p'2) +a(q'2),t) =0

d
& Aad(px, t) + b(pzr +qy,t) =0

g VTA%d(px,t) + vib(pzr+qy,t) = 0
wib(pr+qy,t) = 0

o ) = fy
0 = g(z,y,1)
with
r:=p 2zeR™, y:=q zeR™
and

m(z,t) = v’ Ad(pz,t),
f(z,y,t) == —vb(pz + qy, t),
g(x,y,t) .= w'b(pz +qy,t).

Ad (*). (=) follows from left multiplication by v’ and w' and observing that w' A = 0
because

kerw' = (imw)* =imv = (ker AT)* = im A.

(<) Multiplying the first line by v and the second by w gives

d
VAEd(px, t)+ Vb(pz + qy,t) =0,
=0

Wb(pz + qy, t)
with the projectors V := vv' and W := ww'. Adding these two equations and noticing

that VA = A gives the desired result. By the construction of x,y,m, f and g it is
obvious that the DAEs (3.4) and (3.6)) are equivalently formulated. O

We can now focus on the solvability of systems of the form and subsequently apply
the obtained results to DAEs of the form (3.4)) via Lemma [3.14]
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Theorem 3.15 (Global Solvability).
Let T C R be a compact interval. Consider the system

im(x, t) = f(z,y,t) (3.7a)

dt
0=g(z,y,t) (3.7b)
with f € C(R™ x R™ x T,R™), g € C(R™ x R™ x T,R™), m € CY(R™ x Z,R™). If
(i) m is strongly monotone w.r.t. x,
(i1) f is Lipschitz continuous w.r.t. x and y,

(11i) g is Lipschitz continuous w.r.t. © and strongly monotone w.r.t. vy,

then (3.7) has a unique solution (x,,y.) € CY(Z,R"™) x C(Z,R™) for every initial value
$*<t0) =g € R,

PROOF:

FEzistence. We can solve (3.7b) w.r.t. y due to Lemma with a solution function
y = Y(x,t) with v € C(R™ x Z,R™) and v is Lipschitz continuous w.r.t. x. Inserting
this expression into (3.7al) we obtain

d

&m(:c,t) = f(z,¥(z,t),t) =: f(z,1). (3.8)
Clearly fis continuous and the Lipschitz continuity w.r.t. x follows from the Lipschitz
continuity of ¢ w.r.t. x and (ii).

Next we show an a priori estimate for any solution z : J — R"* to (3.8) on an arbitrary
subinterval J := [to,T;] C Z. If x solves (3.8) we can integrate over [to,t] C J and
obtain

m(z(t),t) = m(zo, to) + /t Flz(s), s)ds

with x(tg) = xo. Using the strong monotonicity of m we get

z(t) — o]

< lm(a().t) — m(zo D)

< Hm(ﬂfo,to)—m(ﬂio,t)HﬂL/t f(x(s),s)Hds

< llm(zo to) — m(zo, )] + / Flawo, ) ds + / Fa(s),s) — Flao, )| ds

t
< (T'—ty) max ](“mt(xoaTm)”+||f(950a7'f)||)+Lf/t l(s) = ol ds

Tf,TmE[to,T
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3. Solvability of nonlinear DAEs with monotonicity properties

with L 7>0. The last line is a consequence of the mean value theorem and the Lipschitz

continuity of f We conclude that there are constants ¢y, cy > 0, independent of ¢, such
that

t
lo(t) — 2ol < 1 + e / le(s) — oll ds.
to

Applying the Gronwall Lemma gives the desired a priori estimate
|2(t) — zo|| < cre2 Tt = C

with C' > 0 being independent of ¢. It is

%m(w t) = mg(z, )’ + my(z,t)

for x being continuously differentiable. Using Lemma [3.4 and the fact that m is continu-
ously differentiable the map z — m,(x,t)z is continuous and strongly monotone w.r.t. z.
So mg(x,t) is non-singular and the inverse m '(x,t) is continuous because of Lemma
B.7.

Then can be reformulated as

o = my(z,t)"! (f(:z:,t) - mt(a:,t)) — iz, 1)

for ¢ € 7 with initial value z(¢y) = o € R™. The function m is continuous as a
combination of continuous functions. Hence we can apply the Peano Theorem, cf. [Zei80,
Theorem 3.B]. We obtain a local solution x € C'(J,R"*) on a subinterval J C Z which
can be extended to the whole interval Z because of the a priori estimate above, cf. [Zei90b),
p.801 (iii)]. So there is a solution x, € C*(Z,R"*) of and by setting

yo() = (), ) € C(Z,R™)

we obtain a solution (z.,y.) € C*(Z,R"™ x R™) to (|

Uniqueness. For uniqueness let (z1,41), (z2,y2) be two solutlons which fulfill (| . So
we have z;(t) fulfilling (3.8) and y;(¢) = ¢ (x;(¢),t) for i = 1,2, t € Z. Therefore we have
on Z:

d d ~ ~

Em(ml(f) t) — &m(l‘z(t) t) = fla(t), 1) — flx2(2), 7).

We have x1(tg) = xo = x2(to) and integration over [ty, ], t € Z yields

m(xy(t),t) — / Fla(s — f(2a(s), s)ds.
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Using the strong monotonicity of m and the Lipschitz continuity of fvwe see that

1 (8) — w2 ()] < % [ (1 (2), 1) = m(aa(t), )]

1 t

<. / Fa(s),s) — Flaa(s), )|| ds
Ly ft

<1 / o1 (s) — wa(s)]| ds.

with ¢ > 0. Gronwall’s Lemma now reveals that z,(t) = z5(t) for all ¢ € Z and therefore
y1(t) = P(x1(t),t) = P(xa(t),t) = ya(t) for all t € 7. 0

An analogous result ensuring local unique solvability can be obtained as well.

Theorem 3.16 (Local solvability).

Let T C R be a compact interval. Consider the system

d

&m(l‘, t) = f(xa Y, t) (393)
0=yg(z,y,1) (3.9b)

with f € C(R"™ x R™ x Z,R"™), g € C(R™ x R™ x Z,R™) and m € CI(R”Z X Z,R")
and

(0, o) € Mo(to) = {(z,y) € R™ x R™| g(z,y,10) = 0}.
If
(i) m is locally strongly monotone w.r.t. x in (xo,ty),
(i1) f is locally Lipschitz continuous w.r.t. x and y in (xg, Yo, to),

(111) g is locally Lipschitz continuous w.r.t. x and locally strongly monotone w.r.t. y in
($0, Yo, tO);

then there exists T > 0 such that (3.9)) has a unique solution (z,y) on I, := [ty,ty + 7]
with (z,y) € CYZ,,R"™) x C(Z,,R™).

PROOF:
FEzistence. With the requirements (i)-(iii) we find a neighborhood

U° = U, (wo) x U, (yo) x Uy(to)

such that all of the requirements (i)-(iii) hold in U°. In the following we use the shorter
notation U, := U,(zo), U, := Uy(yo) and U, := U(ty). We can solve equation (3.9b)
w.r.t. y due to Lemma with a solution function ¢ € C(UY x U, Uy) with y = ¢ (x, )
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3. Solvability of nonlinear DAEs with monotonicity properties

and U} € U,,U) € Uy, U) C U;. 9 is locally Lipschitz continuous w.r.t. z in Up.
Inserting this expression into (3.9al) we obtain

d

&m(x,t) = f(z,¥(z,t),t) =: f(z,1). (3.10)
Clearly fis continuous and the local Lipschitz continuity w.r.t. z in U? follows from the
local Lipschitz continuity of ¢ w.r.t. x and (ii). It is

&m(m, t) = mg(z,t)2" + my(x,t)

for x being continuously differentiable. Using Lemma [3.4] and the fact that m is con-
tinuously differentiable the map z +— m,(z,t)z is continuous and strongly monotone
w.r.t. z for all (z,t) € U x UP. So m,(x,t) is non-singular and the inverse m_!(x,t) is
continuous in U? x U? because of Lemma [3.10}

Then can be reformulated as

' = my(z, )" (f(:v,t) ~ my(a, t)> — i(z, 1)

for t € U and initial value z(ty) = 29 € R™. The function m is continuous as a
combination of continuous functions on U? x U?. There is a compact set

Qi = {(x,t) ER™ X I| ||z — 20| < a, t € [to,to +b]} C UL x U?

for some a,b > 0. Hence we can apply the Peano Theorem, cf. [Zei86, Theorem 3.B].

So there exists 7 > 0 such that there is a solution z, € C*(Z,,U?) on the interval

T, = [to,to + 7] C UP. x, solves (3.10) and with y.(t) := ¥(x.(t),t) € C(Z,,R™) we
obtain a solution (z,,y.) € C*(Z,,R"™) x C(Z,,R™) of (3.9).

Uniqueness. The uniqueness proof follows the same lines as the uniqueness proof of

Theorem B.15 O

Furthermore a perturbation result can be obtained ensuring that system (3.7)) has Per-
turbation Index 1. We concentrate on the global assumptions of Theorem [3.15]

Theorem 3.17 (Perturbation result).
Let T C R be a compact interval. Consider the system

im(x,t) = f(z,y,t,6,(t)) (3.11a)

dt
0=g(z,y,t,,(1)) (3.11b)

with functions f € C(R"™ x R™ x I x R" R™), g € C(R™ x R™ x T x R™,R™),
m € CY(R™ x Z,R") and perturbations ¢, € C(Z,R") and §, € C(Z,R™). If
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3.2. Solvability results for DAEs

(i) m is strongly monotone w.r.t. x,
(i1) f is Lipschitz continuous w.r.t. x, y and d,,
(1it) g is Lipschitz continuous w.r.t. x, 0, and strongly monotone w.r.t. y

then (B.11) has a unique solution (2°,y°) € CHZ,R™) x C(Z,R™) for every initial
value 2°(ty) = x} € R"=. If (z,,vy.) is the solution for (6,,8,) = 0 and x.(ty) = ¢ and

*

if ||a:0 — :BSH 1s sufficiently small, then there is a constant ¢ > 0 such that

0

0
L — Ty Ys — Y

L <e(llzo— 2] + 1600+ 16,11.0) -

ot

PRrRoOOF:

Let 9, and d, be given. Then the unique solvability follows directly from Theorem m
because the perturbations d, and J, depend only on ¢. Concerning the perturbation
estimate the algebraic part can be solved uniquely with a continuous solution
function ¢ with y = ¢(z,t,6,). This is due to Lemma v is Lipschitz continuous
w.r.t. « and d,. So with Theorem system ([3.11) is uniquely solvable for a given
initial value 2§ € R™. The solution is denoted by (2%,y?), and for (d,,d,) = 0 and
x4(tg) = xo we denote the solution by (x.,y.). We obtain for t € Z:

ye(t) = P(@.(t),8,0),  y2(t) = (al(t). ¢, 8,(¢))

So we see that

25 (t) — 2. (O] + 16,()]]) (3.12)

yo(t) =y ()] < en (|

for a constant ¢; > 0. By integrating the dynamical part we see that

m(z.(t),t) = m(xg, to) +/t f(ze(8),y.(s), s,0)ds,

m(a(0,8) = miafyto) + [ Fal(6).5200). 5.6 (9)ds
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3. Solvability of nonlinear DAEs with monotonicity properties

Making use of the strong monotonicity of m we observe

’m‘s t)H

l m (1}6 — m\x
< MII (22(8),t) — m(z.(t), 1)
< - ||m x, to) — (‘7507t0)||

/ﬂu $),5.00(5)) = f(2.(5),9.(5),5.0)|| ds

< ;Hm(%ﬂfo) m(xg,tg)”

+o | [22(s) — 2 (s)|| + [[92(s) = ya(s)]] + [102(5) ] ds
B12) t

< s | J|l22(s) = au(s)|| ds + e (10z]]oo + 10yl + [Jm(g, to) — mizo, to)|])

with constants ¢y, c3,c4 > 0. Here we used the Lipschitz continuity of f and the fact
that the perturbations d, and d, are continuous. Additionally an application of the mean
value theorem gives

6

(2, to) — m(zo,to) || < 5 [Ima(&,to)]],

for a constant ¢; > 0 and £ € R™. For ||z} — || being sufficiently small ||m, (&, to)|, is
bounded. An application of the Gronwall Lemma gives

|

#3(0) = 2. (0)]| < o (18allog + 15yl + 128 = o))

for a constant ¢g > 0. In combination with (3.12)) we achieve the desired result. O
Remark 3.18.

Theorem [3.15] still holds if the strong monotonicity of g w.r.t. y is replaced by the
condition that there is a continuous solution function ¢ : R"™ x Z — R™ which is
Lipschitz continuous in x. The perturbation result stated in Theorem can also be
applied. The same is true for Theorem [3.16| if the local strong monotonicity of g is
replaced by the existence of a continuous solution function in the neighborhood of the
initial value (g, yo, to) which is locally Lipschitz continuous in z. These generalizations
will be important when applying the solvability results from before to the equations of
the MNA in the next section.

With the decoupling presented in Lemma the solvability and perturbation results
above can be transferred to a DAE of the form (3.4)). We conclude this section with two
corollaries.
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3.2. Solvability results for DAEs

Corollary 3.19.
Consider a DAE of the form (3.4)) on the interval T := [to, T), i.e.

d
Aad(z,t) +b(z,t)=0 teZ

with the Assumption and p, q and v, W as in Lemmafor the matrices d,(z,t)
and AT, respectively, and initial value

20 € M() t() {Z € Rn| qu(Z to = 0}
If
(i) (x,t) = v Ad(pz,t) is (locally) strongly monotone w.r.t. x (in (zq,ty)),

(ii) (z,y,t) — v b(px + qy,t) is (locally) Lipschitz continuous w.r.t. x and y (in

(
(
(ZL’ Yo, to))
(

(iii) (z,y,t) — w' b(px + qu,t) is (locally) Lipschitz continuous w.r.t. x and (locally)
strongly monotone w.r.t. y (in (o, Yo, t0)),

then (3.4) has a unique continuous solution z : I, — R™ with p' z being continuously
differentiable on I, =T (on L, = [to,to + 7] with a scalar T > 0).

PROOF:
The proof is a direct application of Theorem (global solvability) and Theorem [3.16]
(local solvability) and Lemma [3.14] 0

Corollary 3.20.
Let the assumptions of Corollary[3.19 in the global sense be fulfilled. Consider addition-
ally the perturbed system

A%d(z, t)+b(z,t)=0(t), teZ (3.13)

for a perturbation § € C(Z,R™) with initial value
20 € My(to) = {2 € R"| a' (b(2, to) — d(to)) = 0}

and ||ppng — ppTon being sufficiently small. Then (3.4) and (3.13) have unique solu-
tions z, and 20, respectively. Furthermore the following estimate holds

5 5
oo < e (JI20 = 20f| + 11911.0)
for a constant ¢ > 0.
PROOF:
This is a direct consequence of Theorem [3.17] in connection with Corollary and
Lemma [3.14 O
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3. Solvability of nonlinear DAEs with monotonicity properties

3.3. Application in circuit simulation

In this section we describe briefly the well-known equations of the Modified Nodal Anal-
ysis (MNA) as they are the standard tool for coupled systems in circuit simulation.
From an industrial point of view a suitable model for numerical simulation of electric
networks has to meet two contradicting requirements. On the one hand the number of
independent network variables has to be as small as possible to keep computing time suf-
ficiently small. On the other hand the physical behavior of the electrical network should
be reflected as correct as possible. A well-established modeling approach meeting these
demands is based on the network’s topology and finally results in the MNA equations.

In MNA the circuit’s topology is modeled by a network graph consisting of nodes and
branches. The physical behavior is described by the Kirchhoff circuit laws and the
characteristic equations for the basic elements, namely resistors, capacitors, inductors,
current and voltage sources, see [CL75, [CDKS8T7, [Ria08]. We only consider elements with
two contacts here, i.e. each element is represented by a branch of the network. The
resulting system of equations results in a DAE, cf. [ET00, [Tis96].

After having described the MNA equations we will decouple the resulting system with
the decoupling presented in Lemma [3.14] Finally, we apply the solvability Theorems
and and the perturbation Theorem [3.17] The assumptions will only be based
on properties of the characteristic equations for the basic elements and on the network
topology.

Basic elements and characteristics

For the basic elements of an electrical circuit, i.e. capacitors (C), resistors (R), inductors
(L), current sources (I) and voltage sources (V'), certain characteristic equations hold
describing the physical relation between their branch currents and voltages. Formally
let ny with X € {C,R,L,V,I} be the number of elements of type X in the circuit.
Similarly jx,vyx : Z — R™X are the vectors of branch currents and voltages of elements
of type X. Z C R is a time interval. The constitutive relations are

jolt) = Spac(wel®), 0, Jn(t) = gnlon(®),6), w(t) = 500((0),0)

for the charge of the capacitors, the conductance of the resistors and the flux of the
inductors with functions

go - R" xXZT - R" gr:R""xZ —R"™ and ¢:R"™ xZ — R"E.
For the sources we restrict ourselves to independent sources

gr(t) = is(t), vy (t) = vs(t)
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3.3. Application in circuit simulation

with functions i, : Z — R™ and v, : Z — R™. For the treatment of controlled sources
we refer to [ET00]. Concerning the smoothness of the functions q¢, ggr, ¢r, is and v, we
make the following assumption.

Assumption 3.21.
The element relations satisfy

gc € C*(R" I, R"), ¢ € C*(R™ x Z,R"), gr€ C(R"* x I,R"R),

We denote the Jacobians by

0 0
C(yat) = a_yQC(yat)a L(]? t) = @le/(j: t)

The source terms are continuous, i.e. iy € C(Z,R™) and vy € C(Z,R™).

In literature also the matrix

G(y> t) = %QR(yv t)
is defined. For the matrices C, L, G it is assumed that they are positive definite for all y
and t € Z. Physically this means that the elements are strictly (locally) passive, i.e. they
do not emit energy, see e.g. [Tis04, Bar04]. It turns out that for applying the global
solvability result from the last section we have to strengthen the passivity condition by
assuming strong monotonicity. For example for the matrix C'(y,t) it means that

ng’(y,t)vc > o HU0H2 for all y,vc € R"¢, t €T

due to Lemma Although it is well-known for constant matrices that positive defi-
niteness and strong monotonicity coincide, cf. [Saa03|, the strong monotonicity condition
here is important to get a uniform bound pc > 0 from below for all (y,t) € R" x 7.
However, the differentiability of gr is not needed. We make the following assumption.

Assumption 3.22 (Global passivity).
The element relations qc, ¢, and gr are strongly monotone w.r.t. the first argument and
gr 1s Lipschitz continuous w.r.t. the first argument.

Aiming for local solvability we need the corresponding local version of Assumption [3.22]

Assumption 3.23.
The element relations qc, ¢, and gg are locally strongly monotone w.r.t. the first argu-
ment and gr 1s locally Lipschitz continuous w.r.t. the first argument.

We do not require differentiability of gg here. However, if the matrix GG exists and is
positive definite, then Assumption is fulfilled. We also fix the assumption that is
usually employed in the literature, cf. e.g. [ET00L [Tis04], Bar04, Bod07].
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3. Solvability of nonlinear DAEs with monotonicity properties

Assumption 3.24 (Local passivity, [Bar04]).
The element relations qc, ¢, and ggr are continuously differentiable and

0 0 0
Cly,t) i = — t L(j,t) = — T Gy, t) .= — t).
(yv ) ayQC<y7 )7 (]7 ) ay¢L(j7 )7 (y7 ) ang(y7 )
are positive definite. The source terms iy and vs are continuous.

An example for a strongly monotone characteristic function for a diode — modeled as a
nonlinear resistor — can be found in [T'S02, chapter 1|. These functions are defined as a
combination of exponential functions. They are in general not Lipschitz continuous on
R. Nevertheless this can be achieved by cutting off the function outside a certain area
of physical interest and making a linear extension, see section for an example.

Topology and Kirchhoff laws

An electrical network can be described topologically by an arbitrarily oriented connected
graph G = (N, B), where N is the set of nodes and B is the set of branches. We briefly
state that a loop is a connected subgraph, where exactly two branches are incident with
each node.A cutset is a subgraph of G, such that, if removed from G, a disconnected
graph G’ remains. But if any branch from the cutset is added to G’ the resulting graph
is connected again. We will not cover further standard graph theory here. Instead we
refer to [Die05| for general graph theory and to [DKS84) [Tis04, [Ria08|, Baul2] for graph
theory in the context of MNA where additional illustrating examples are given. The
basic network elements — resistors, capacitors, inductors, current sources and voltage
sources — are located on the branches. So it holds

> nx =18

X€e{C,R,L,V,I}
The network topology is then described by the (reduced) incidence matrix
Ae {_1 0 1}(|N\*1)X\B\

which can be obtained by the circuit graph when eliminating an (arbitrary) reference
node also called the mass node. It is given by

1, if the branch j leaves node 1,
(A);; == ¢ —1, if the branch j enters node 1,

0, else.
We denote by
i) = (e jr® jr(t) jv(t) ()" and
v(t) = (ve(t) va(t) vi(t) wi(t) (b))

the vectors of all branch currents and voltages for all t € Z. The circuit modeling is
based on the well-known Kirchhoff laws which hold at any time.
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3.3. Application in circuit simulation

(i) Kirchhoff’s current law (KCL): The algebraic sum of all branch currents having
one node in common is equal to zero.

(ii) Kirchhoff’s voltage law (KVL): The algebraic sum of voltages along any loop of
the network is equal to zero.

Mathematically KCL and KVL imply
Ajt) =0 and A'v(t) = e(t)

where e(t) € R", n, := |N| =1, t € Z, is the vector of node potentials. The node
potentials are the voltage drops at every node compared to the mass node. Furthermore
the incidence matrix A can be sorted according to the branch types (w.r.t. the elements):

A= (Ao A Ap Ay A))

The MNA equations can now be derived easily starting from the KCL by taking the
following steps:

1. Apply the KCL to every node except the mass node.

2. Insert the constitutive relations for capacitors, resistors and current sources given
by the functions q¢, gr and is.

3. Add the constitutive relation for the inductors and insert the KVL vy (t) = Ae(t)
to obtain a system formulated in the node potentials and the currents through
inductors and voltage sources.

We finally arrive at the MNA equations, cf. [HRB75l [CDKS&7]:
d

AC&QC(AZ‘G(t)v t) + Argr(Age(t), t) + Apjr(t) + Aviv(t) + Aris(t) =0 (3.14a)
SouGL(0,0 — ATe()) =0 (3.140)
Ale(t) —vy(t) =0  (3.14c)

Note that the number of variables, namely (e(t),j.(t), 7y (t)), has been significantly
decreased compared to the starting Kirchhoff equations and element relations. Example
fits exactly into the framework of (3.14)). For investigating a reasonable circuit we
assume the circuit to be connected and that it is not a short circuit.

Assumption 3.25 (No short circuit, cf. [ET00]).
There are neither loops of voltage sources only nor cutsets of current sources only, i.e. the
matrices

AV and (AC AR AL Av)T (315)

have full column rank.
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3. Solvability of nonlinear DAEs with monotonicity properties

For applying the solvability results of the last section to the MNA equations we need
stricter topological conditions. We make the following assumption.

Assumption 3.26.
The matrices

QLAv  and  (Ac Ar Ay) (3.16)
have full column rank where Q¢ is a projector with im Q¢ = ker A/L.

Topologically this means that there are neither loops of capacitors and voltage sources
with at least one voltage source nor cutsets of inductors and current sources. Note that
already implies . Assumption is also known as the topological index 1
conditions, cf. [ET00].

The MNA equations were already classified in terms of the Tractability Index and
it was shown that the index conditions can be completely given in terms of topological
conditions of the circuit.

Theorem 3.27 (cf. [Tis99, [ET00]).

Let Assumptions and [3.25 be fulfilled. Then the MNA equations (3.14]) represent a
DAE (3.4)) with a properly stated leading term. The DAFE has

o Tractability Index 0 if and only if there are no voltage sources in the circuit and
the circuit has a tree containing capacitors only,

e Tractability Index 1 if and only if there is at least one voltage source in the circuit
or there is no tree containing capacitors only and if there is neither an LI-cutset
nor a CV-loop with at least one voltage sources,

e Tractability Index 2 otherwise.

An Ll-cutset is a cutset consisting only of inductors and current sources and a CV-loop
is a loop consisting only of capacitors and voltage sources. Local solvability and pertur-
bation results exist, cf. [Tis99, [Tis04]. In the next section we investigate the solvability

of the MNA equations under the Assumptions [3.21], [3.22] [3.23] [3.26] Especially a global
solvability result will be obtained.

Global solvability of the MNA equations

We will now introduce the matrices for decoupling the MNA equations . Therefore
let kz := dim(ker AL) and q, € R™>**¢ whose columns form an orthonormal basis of
ker A/, cf. Lemma [3.13, Let then k¢ := n. — kg and p, € R"**¢ whose columns form
an orthonormal basis of (ker AL)t. We have A.q. € R"V>*kc and let be qpy € RFe*kev
whose columns form an orthonormal basis of ker A\.q., kzy := dim(ker A{.q-). The
columns of the corresponding matrix poy € RF¥e**ev form an orthonormal basis of

(ker 14;(1C«>L and k@\/ = k)@ — k)@v.
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3.3. Application in circuit simulation

Lemma 3.28.
Let Assumptions be fulfilled. Then the matrices

acAv  and  Ahqeqoy (3.17)
have full column rank.

PROOF:
Qc = qoqf is a projector onto ker AL, With Assumption it follows that

ker (qoacAv) = {0}

Since q¢ has full column rank we deduce that ker (q5Ay) = {0}. Furthermore qgy

and (Ac Ag AV)Thave full column rank due to Assumption [3.26 So qoqqy and

(Ac Ag AV)T dcqcy have full column rank. Since

- A%qCQCV - 0
(Ac AR Av) dedev = A@Qchv = | Ardedcov
AVQCQCV 0
also A]T%chcv has full column rank. |

In the following we omit the t-dependencies of the variables e(t), ji(t), jv(t) to make
the notation shorter. With the matrices po, qo, poy and qqy we can split the vector
e € R". Therefore we define

ec = pge € RFe, e 1= qge € Rke,

ey 1= pgveg € RFev ey 1= qgveg € RFev,
compare Lemma [3.13, We can write
€ = Pcec T dceg = Peec + dcPoveay + dcdevesv: (3.18)

With the matrices ps, o, pey and qoy we can also split the MNA equations ((3.14)).

D AC%QC(Ach(fC, t)+ Argr(Ape.t) + Arjr + Avjv + Arig(t)| =0 (3.19)
Pevas [Argr(Age, t) + Arjr + Avjyv + Ariy ()] =0 (3.19b)

acvac [Argr(Age, t) + Arjr + Ari()] =0 (3.19¢)

%ch(jL, t)—Ale= (3.19d)

Ale —uv,(t) = (3.19¢)
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3. Solvability of nonlinear DAEs with monotonicity properties

Note that ALqe = 0 and A{,.qoqey = 0 due to the choice of qg, qoy. Define

AéX = EAX> XG{R,L,‘/,[},

Azvx = acvacAx, X €{R,L,1}.
for a more compact notation. We then obtain the following lemma.

Lemma 3.29.
Let Assumptions cmd be fulfilled. The MNA equations (3.14]) can be reformu-
lated as a DAE of the form

() A()w)  om
0=g ((jf) ,eCV,t> (3.20b)
(ejc;vv> _h ((ji) ,ecv,t> (3.20¢)

with

he(ec,t) = (Agypey)  (vs(t) = Aypeec)
He(ec,t) = Appcec + AL ppevhe(eo,t),
hy(ec, eqy,t) = gR(f%VRe@V + H.(ec,t),t)
hi(ec,jr, egv,t) = —(ngAav)flpgv [Az LiL + Az ghy(ec, egy, ) + Az is(t)]

regarding the splitting (3.18|) of the potentials e and

ec ,_ pgAcqc(Agpcec,t))
n((50)1) = (G

f <<€C’) o t) L <—pg [ARhg + ALjL + A\/hz + A[%(ﬂ])
N RAATS = T T I ’

JL AL pcec + A@chvhe + A@VL€6V>

e y )
g <<ji) €0V t) = Agvirhy + Aoy i + Aoy 1is(1),
(e he
h . — t = .
<<]L) 7€C'V7 ) <hz>
PROOF:

Using the splitting of the potentials e from (3.18) we can rewrite equations (3.19b)),
(3.19¢|) and (3.19¢]). First, we rewrite (3.19¢|) and get

Ay pIr(Agy peov + Agpeec + Agppeveey) + Agv pin + Agyris(t) = 0. (3.21)
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3.3. Application in circuit simulation

Second, ([3.19€) is reformulated to
Al poec + A%Vpcveév —vs(t) = 0.

From Lemma we know that Agv € R"v**z has full row rank because of Assumption
and therefore is surjective. The matrix AL poy € R™**ev is invertible. This can
be seen as follows. If w € ker AL pey we have poyw = 0 because poyw € (ker AL )+
The columns of psy are linearly independent and so we have that w = 0, showing the
injectivity of Agvpcv. For surjectivity let y € R™. There exists w € R* such that
A%Vw = y because A%V is surjective. Decomposing

W = PeyPlyW + Aoy déyw

we observe that

T T T T T il w
y = Agyw = AgyPovPov + Agydevdevw = AgyPoyw

wli)th W = plyw € RFev because A%chv = 0. This also implies that ny = kz and we
obtain

cov = (AgyPev) " (us(t) — Appeec) = he(ec,t). (3.22)
Similarly we can restate (3.19h)):
ngAéRgR<A£pC€C + A%Rpcveév + A%VRGGV’ t)
+ngA6LjL + ngAévjV + ngAélis(t) =0
With the definition of H. and h, we achieve
Jv = —(pevAsy) T pov [Ae it + Az rhy(ec eav, t) + Az pis(t)]
= hi<€CJ jLJ €cv t)

because py Ay is invertible. So the definitions of g and & are obvious with (3.21]) and
3.22)). Hence equations (3.19b)), (3.19¢) and (3.19¢) are reformulated to (3.20b)) and
3.20c|) with the given notation. Equations (3.19a]), (3.19d]) can be easily reformulated
[B.204). 0

t

)

Theorem 3.30 (Global Solvability).
Consider the MNA equations (3.14) on a fived interval T := [to, T|. Let the Assump-

tions and hold. Then the equations (3.14) have a unique solution

(e, jurjv) € OCLR0) where (pge,ju) € CAI, RIS for any given. initial
value (pe(to), jr(to)) = (pleo, jro)-
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3. Solvability of nonlinear DAEs with monotonicity properties

PROOF:

Due to Lemma the MNA equations (3.14) can be reduced to the form (3.20)). It
can be seen that a solution to (3.14]) is a solution to (3.20]) and vice versa regarding the

splitting (3.18)). For applying Theorem to (3.20) we have to check its assumptions.

Therefore we set
T €c
T = =" and y = e~
(w) <JL> vt

(i) Obviously m € Cl(RFetne x T RFetnL) because qo, ¢ are continuously differen-
tiable. So we have to check the strong monotonicity of

m(x,t) = (pgAcgiEfglz)cxl, t))

w.r.t. . Let x,z € RFeTL then

(x —Z|m(x,t) —m(z,1)) = (21— Z1|psAcqe(Alpotr, t) — go(AlpoT,t))

+(22 — T2 [ dr (22, 1) — PL(22,1))

(Alpem1 — Alpeti|go(Alpom,t) — qo(AlbpTs, t))
+(x2 — Ta| Pr(2, 1) — @r(22,1))

2 ~
> e ||Alpe(z — 20)||” + pr |72 — o
Ho _ 12 — 12
> ————— ||z — 1|+ pr ||z — 22|
2
|(Alpe) ||
> pllz -zl

for constants uc, pur, u > 0. Here we used the strong monotonicity of qo, ¢ and the
fact that Al.pe has full column rank because of the choice of p,. We also used

L. = (Agpc)+(142pc)

where (ALpe)T is the Moore-Penrose inverse of Alpg, cf. [BGO3).
(ii) For showing that

fla,y,t) = (_pg(ARhg(m,y,t) + Apzo + Avhi(zy, o, y,t) + A”'S(t)))
o Apperi + AL povhe(r1,t) + ALy y)

is continuous and Lipschitz continuous w.r.t. x and y, we have to recall the definition of
the auxiliary functions he, He, h, and h; of Lemma They are continuous and they
are Lipschitz continuous w.r.t. ec, jr, and ez as a combination of Lipschitz continuous
functions. Consequently f is continuous on R¥¢*m2 x R¥ev x T and also Lipschitz contin-
uous w.r.t. z and y. Note that we have assumed v, and i, to be continuous (Assumption
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3.3. Application in circuit simulation

3.21)) and gr to be Lipschitz continuous w.r.t. the first argument (Assumption [3.22)).
(iii) The function
g(l’, Y, t) = (Aéthg(xla Y, t) + A@Vng + AéVIiS(t))

is continuous on R¥c+"L x RFev x T and Lipschitz continuous w.r.t.  with the same
arguments as in (ii). The strong monotonicity w.r.t. y has to be checked. Let y,§ € R¥ev
then we observe with the strong monotonicity of gg:

(y - ﬂ|g(l‘, Ys t) - g(l’,g, t))
(v — 9| Aoy r(9r(Agy gy + Heleo, 1),1) = gr(Agy zy + Helec: 1), 1))
(Agy r(W = D) |9r(Agy gy + Helec, 1).) — gr(Agy g + Helec, 1), 1))

> MRHA%VR?J—EHQ

> . ——— ly—lI*
| 4w

= flly -l

for constants p, > 0. Here A%V p has full column rank due to Lemma and
therefore we used the Moore-Penrose inverse (A%V )" as before. We conclude that
the assumptions of Theorem are fulfilled and there exists a unique solution for the
reduced decoupled MNA equations . With ez, and jy given by and the
splitting we find the unique solution of the MNA equations for the given
initial value. O

Theorem 3.31 (Local Solvability).

Consider the MNA equations (3.14) on a fized interval T := [to, T|. Let the Assumptions
15.21), 13.25 and [3.26] hold. Furthermore let an inital value zy := (eo, jro, jvo) be given
which fulfills equations (3.19b), (3.19d) and (3.19¢). Then there exists a scalar T > 0
such that the MNA equations have a unique solution (e, jr, jv) € C(Z,,Rretnetnv)
on I, == [to, to + 7] C Z where (ple, ji) € CHZ,, Rrctne),

ProoOF:

We use the same arguments as in the Proof of Theorem |3.30| and apply Theorem [3.16
instead of Theorem [3.15| using the decoupling of the MNA from Lemma[3.29, The initial
value 7y is chosen such that

(20, Y0) = ((pgeo,jLO)T,qqugeo) € My(to)

with M, being defined as in Theorem [3 So after applying Theorem [3.16| we again
apply the same arguments as in the proof of Theorem [3.30 So there exists 7 > 0 and
Z, = [to, to + 7] € Z with a unique (local) solution for the MNA equations (3.14). O

We conclude this chapter by showing a perturbation result for the MNA equations ([3.14])
considering the case of global assumptions.
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3. Solvability of nonlinear DAEs with monotonicity properties

Theorem 3.32 (Perturbation result).
Let Assumptions|3.21), (3.2 and[3.26 hold. Consider the perturbed MNA equations

AC(;it c(Ale(t),t) + Argr(Ape(t), t) + ALjp(t) + Avjv(t) + Aris(t) = 6.(t)  (3.23a)
S ouiult). 1)~ ATe(t) = u(t) (3230)

ATe(t) — vy(t) = 6y () (3.23¢)

with perturbations §, € C(Z,R"), §; € C(Z,R") and oy € C(Z,R™). Then the
equations (3.23)) have a unique solution

(2,42, 38) € O(Z,R™*m+v)  ywhere  (pe®,j0) € CH (T, RFetne)

for any given initial value (pse®(to), 32 (to)) T = (p&ed, 190) T =: ). Let (e,jL,jV) be the
solution for (8,05, 0y ) = 0 with initial value (pLe(to), jr(to))" = (P&eo, jro) " =: 2o . If
||x0 — :CSH is sufficiently small then there is a ¢ > 0 such that

e = el + 1 = 20l + v = . < el = a3l + I8 + B3l + 010)-

PROOF:
We set § = (J,,dr,0y)" and apply the same decomposition as in Lemma and obtain
perturbed functions

ho(ec,t,6(t)) = (AgyPev) ™ (us(t) = Appeec +dv (1)),
Hg(eC7t75(t)) = Agpc’ec+A%RpCth(607t75(t))a
ho(ec,eay, t,0(t) = gr(ALy peov + Hl(ec,t,6(t)),t)

and

h?(ec, jL’ €cv t? 5(t)>
= —(plvAey) 'ply [Ac it + Az ghl(ec, eay, t,0(t)) + Az is(t) — alide(t)] -

All functions are Lipschitz continuous in §. Furthermore we have

f6 €c o=t 5@) — pC [ARh6 + ALjL + AA\/h(s + Alis (t) - 5e<t>]
gr) eV ' ALpCeC—I—ACLpCVh +ACVL€CV+5L(t))

e . .
g’ ((Jf) seavs b, 5(75)) = Acyphy + Acviin + Aoy is(t) — alvadoe(t)

() oreon) = (i)

and these are Lipschitz continuous w.r.t.  as well. Therefore Theorem [3.17] with Remark
3.18| can be applied and gives the desired result. O
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3.4. Conclusion

3.4. Conclusion

In this chapter we have derived a global and a local existence result for nonlinear
differential-algebraic equations of the form having Perturbation Index 1, cf. Corol-
laries [3.19) and [3.20] The decoupling into algebraic and dynamical parts is based on an
approach using orthonormal bases of certain subspaces which was developed by Jansen,
cf. [Jan13|. The resulting algebraic part is assumed to be given by a (locally) strongly
monotone function and is solved by Lemma (Lemma [3.10)), where we investigated
the solvability of such equations with regard to parameters. Furthermore a strongly
monotone derivative part and further assumptions such as Lipschitz continuity ensure a
priori estimates and finally the existence of a global (local) unique solution and pertur-
bation estimate, cf. Theorems [3.15] [3.16] and [3.17] The solvability results are applicable
to the equations of the Modified Nodal Analysis (MNA) under the topological index 1
conditions (Assumption , cf. Theorems and . The usual passivity assump-
tions for the element functions had to be slightly extended to fit into the concept of
strong monotonicity. However, differentiability of the conductivity function gg is not
necessary anymore. Finally, we proved that the MNA equations with the topological
index 1 condition still have Perturbation Index 1, cf. Theorem [3.32

The foundations and ideas collected in this chapter and the concept of strong mono-
tonicity will be important in chapters [4] and [5] Especially the decoupling of the MNA
equations (Lemma and the global solvability of the algebraic part (Theorem
will be applied in chapter |5| when investigating prototype coupled systems in circuit
simulation.

It should be possible to extend the results of this chapter in various directions. For
example the smoothness assumption concerning the MNA equations (Assumption
could be generalized. For example the derivative of the charge and flux functions q¢
and ¢y, could be understood in the weak sense, i.e. it exists almost everywhere. Instead
of solving the inherent ODE with the Peano Theorem, an application of the more gen-
eral Theorem of Carathéodory would be necessary. Thus also the assumption that the
source functions 7y and vy are continuous could be dropped, requiring the functions i,
and v, only to be integrable. This would result in a solution where the derivatives of the
dynamical components exist almost everywhere and the algebraic solution components
are integrable. A further extension could be to investigate the Tractability Index 2 case,
cf. Theorem [3.27] Therefore the idea of the decoupling needs to be carried further,
cf. [Jan13| for details of the decoupling in the higher index setting.
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4. Nonlinear ADAEs with monotone
operators

In this chapter an operator approach is investigated for solving nonlinear abstract
differential-algebraic equations (ADAEs) with the Galerkin approach. We study a sys-
tem of the form

A* [Du(t)] + B(t)(u(t)) = r(t) for almost all ¢ € [to, T (4.1)

with operators A, D : V — Z B(t) : V — V* t € Z, and V,Z being real Banach
spaces and V* being the dual space of V. The operators A and D are linear whereas
the operators B(t) are nonlinear. A* is the dual operator of A and the derivative [Du)’
is understood in the sense of generalized derivatives in the setting of evolution triples,

cf. Appendix

If A and B are identity operators (and V' = Z) equation (4.1)) is reduced to a standard
evolution equation with well-known solvability results, see e.g. [Ze190bl [Rou05] [Eva0s].
Standard approaches for treating evolution equations are the Galerkin and the semi-
group approach. For the semigroup approach we refer to [F'Y99, [FR99, RK04| and the
comments in chapter [2] of this thesis.

From a numerical point of view the Galerkin approach is preferable because it auto-
matically provides a numerical solution procedure. For ADAEs of the form the
Galerkin approach was investigated by Tischendorf in [Tis04] for linear strongly mono-
tone operators B(t). In this chapter we will extend this approach to the nonlinear case
in this chapter. In the Galerkin approach system (4.1)) is approximated by a system on a
finite dimensional subspace V;, (dimV,, = n) of V. This system is given by the Galerkin
equations and yields a differential-algebraic equation (DAE). Having solved these, the
Galerkin solutions converge to the original solution to as n — oo by means of a
priori estimates and monotonicity arguments.

The unique solvability of the nonlinear Galerkin equations poses an interesting subprob-
lem here. Although the resulting DAE has Index 1 character, well-known solvability
results from standard DAE theory, see [GMS86, [KMO06l, LMT13| for example, cannot be
applied because the required smoothness conditions are not fulfilled. Furthermore solv-
ability needs to be ensured on a fixed time interval as otherwise it may depend on the
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4. Nonlinear ADAEs with monotone operators

Galerkin step n and it is not clear what happens to the existence interval if n tends to
infinity. We aim for global solvability on the fixed interval [to, T here.

In this chapter we extend the results obtained for the linear case of in [Tis04]
chapter 4] to the nonlinear case. So instead of a linear operator family B(t) we allow
the operator family to be nonlinear under comparable conditions concerning the mono-
tonicity and boundedness of B(t). Furthermore the structural condition A = D from
[Tis04] for the dynamical part is weakened to a condition of the form A = 7D with a
certain operator 7. Together with other structural conditions this is discussed in the
following section. Next we will prove that the Galerkin equations corresponding to
have a unique solution. Then the main unique solvability result is presented and strong
convergence of the sequence of Galerkin solutions is shown. Finally we investigate the
behavior of the solution with regard to perturbations on the right hand side and the
initial value and classify in terms of the ADAE Index.

4.1. Structural assumptions
In this section we discuss the structural assumptions for solving the following ADAE:

A" [Du()] + Bt)(u(t)) = r(t) for almost all ¢ € [to, T (4.2a)

We set Z := [to,T] with tg < T < oo and let V, Z be real Banach spaces. The
operators D, A : V — Z are linear, bounded and independent of time whereas the
operator B is time dependent and depends nonlinearly on u. The derivative [Du(t)]
is to be understood in the generalized sense in the setting of evolution triples. With
A* . Z* — V* we denote the dual operator of A € L(V, Z), i.e. the unique operator
A* . Z* — V* satisfying

(A 2" v)yy = (2", Av)y, VzreZ* ve,

cf. [Wer0d, chapters II1.4 and V.5|. Equation is assumed to hold for almost all
(fa.a.) t € Z, ie. for all t € Z\ U where U is a set of measure zero. System fits
into the framework presented in chapter |2 More precisely we assume the following
basic properties.

Assumption 4.1 (Basic properties).

Let T := [to,T] C R be a fized time interval. Let V' be a real reflexive and separable
Banach space and let Z C H C Z* be an evolution triple.

The mappings D :V — Z and A :V — Z are linear and continuous. Furthermore D is
surjective and r € Lo(Z,V*). We have B(t) : V — V* for allt € T.
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4.1. Structural assumptions

For basics on evolution triples we refer to Appendix [A.3] Equation (4.2a)) is an equation
in V* and thus can be written equivalently as

([Du(t)], Av)z + (B(t)(u(t)),v)y = (r(t),v)y Yv eV, faa. tecT.

The solution space W, ,(Z;V, Z, H)
Let Assumption [4.1] be fulfilled. We define the space
Wyp(Z;V, Z, H) := {u € Ly(Z,V)| [Du]' € Ly(Z, Z*)}

which was first introduced in [Tis04] with [Du]’ denoting the unique generalized deriva-
tive of Du. It is given by the relation

/I S (O Du(t)dt = — / o) [Du] ()dt Vo € C(T). (4.3)

z
Here Du : 7 — Z is defined by
(Du)(t) :=Du(t), teZ

and equation (4.3)) is to be understood in Z*. So Du(t) € Z C H is identified with the
unique representative in Z*, cf. Proposition This means we can write equivalently

/I (1) (Du(t)] 2) st = — / S(O([Du)' (1), )zt Vg € CE(T), = € Z,

cf. Appendix [A.3] We also write [Du] (t) = [Du(t)]. The space Wi, (Z;V,Z, H) is an
2D

extension of the usual solution space
W(Z; Z, H) = {u € Ly(Z, 2)| v € Lo(Z,Z*)}
for evolution equations formulated on Banach spaces of the form
u'(t) + Bt)u(t) =r(t) faa.teZ,
cf. e.g. [Zei90al chapter 23] or [Emm04, chapter 8]. We will use the shortened notation

Wy = Wy(Z;Z, H),
W21,D = W217D(I;V,Z,H)

and collect some properties of W .

Proposition 4.2.
Let Assumption be fulfilled. Then the following holds:
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4. Nonlinear ADAEs with monotone operators

(i) The space W217D s a real Banach space with the norm
HUHWZ}p = HUHLQ(LV) + H[DU]/HLQ(I,Z*)-

(i) If u € Wyp then Du € Wy.

(ii) For every u € Wy, there exists a unique continuous function zp, : T — H which
coincides with Du f.a.a. t € Z. Furthermore there is a constant ¢ > 0 such that

max l2pu(®)ll y < c||Dully; -

(iv) Let be Du, Av € Wy and s,t with to < s <t < T. Then the integration by parts
formula

(Du(t)\Av(t))H—(DU(S)MU(S))H:/<[Du(7)]'JAU(T)>Z+<[AU(T)]/aDU(T)>ZdT
holds. The values Du(t), Av(t), Du(s), Av(s) are the values of the corresponding

continuous functions zpy, 24y : L — H in the sense of (iii).

PROOF:

(i), (ii) This was done in [Tis04, Propositions 4.14 and 4.15].

(iii) This is a direct consequence of (ii) and the fact that the embedding Wy C C(Z, H)
is continuous, cf. Proposition [A.10]

(iv) An application of the integration by parts formula in Proposition reveals the
desired formula. O

Proposition 4.2 (iii) justifies the following assumption concerning the initial condition of
equation (|4.2a)).

Assumption 4.3. (Initial condition)
The initial value zo is in H. This means that we require formally

Zpu(to) =2p € H
in (4.2D) with zp, € C(Z,H) in the sense of Proposition [4.9 (iii).

Assumption 4.4. (Projectors)
The null space of D splits the space V, i.e. there exists a projection operator Q € L(V)
with

im Q = kerD.

By P we denote the complementary projector of Q.
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4.1. Structural assumptions

For more details on projection operators we refer to Appendix [A.3]

Lemma 4.5.
Let Assumptions[{.1] and [{.4] be fulfilled. Then there exists a constant ¢ > 0 such that

vl < cl|Dvll, Vo€ ker Q.

PROOF:
We remark that ker @ = im P. We show that the operator

D|kerg cker Q@ — 7, D’kerg” :=Dv Yv € ker Q

is linear, continuous and bijective. D|y . o is linear and continuous because D is. For the
surjectivity let z € Z. Then there is a v € V s.t. Dv = z because D is surjective. Thus
v can be written uniquely as v = v; + v9 € ker Q@ @ im Q where im @ = ker D because Q
is a projection operator. Then Dv, = Dv; + Dvy = Dv = 2z and so leer o is surjective.
For injectivity let vy, vy € ker @ and Dv; = Duy. Then (v; — v3) € kerD = im Q. So
v; = v9. Hence the inverse operator D|l_<érg is continuous (see e.g. [Wer(5], Kor. IV 3.4)
and we have

ol = |l oPlier ot < clDvll, ¥ € ker @
for a constant ¢ > 0. |
We define the space
Cp(T; V. Z):={ueC(Z, V)| Duec C'Z,Z)}.
and introduce the norm
el gy = maax ()l + mas || (D),

We write shortly Cf, instead of Ch(Z; V, Z). The next lemma shows that the space W 5,
is an extension of the space C'5 which we already encountered in chapter

Lemma 4.6.
Let Assumptions [4.4] be fulfilled. Then the following holds.

(i) The set of polynomials w:T — V, i.e.
w(t) = by + byt + byt® + - - + byt
with b; € V for all i and n =0,1,... is dense in WQI,D.

(1) Cp C Wy p dense.
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4. Nonlinear ADAEs with monotone operators

PROOF:

(i) Let u € Wy p, then Du € W5 with Proposition (ii). Since the set of polynomials
z: T — Z with coefficients in Z is dense in W (Z; Z, H), cf. [Zei90al, Proposition 23.23],
there is a sequence (z,) of such polynomials with

Z, —Du inW; asn— oo.

Then there is a unique v,(t) € im P = ker Q with Dv,(t) = z,(t) and v, is a polynomial
with coefficients in V' because Dy, o is bijective. Furthermore the set of polynomials
with coefficients in V' is dense in Ly(Z, V') and hence there is a sequence (u,) of such
polynomials with

up, > u in Lo(Z,V) asn — oo.
We define

wy, = v, + Qu, € WQ{D

which is a polynomial with coefficients in V. With Lemma (continuity of D|1_<érg)
we get

[|w, — UHWQ{D = (P + Q)(wn — U)HLQ(LV) + HZ; - [DU]IHLQ(LZ*)

IN

an - PU)HLQ(I,V) + ”Qun - QUHLQ(I,V) + ||Z7/1 - [Du]/||L2(LZ*)

< ez = Pz + ln = tllyzy) + 120 — Dl

with a ¢ > 0. The right hand side tends to 0 as n — oo and this proves (i).
(ii) Since the set of polynomials with coefficients in V' is a subset of C}, we clearly have
that C, is dense in W5 5, with (i). O

Having introduced the proper solution space we can formulate the problem to be inves-
tigated as follows:

Find a solution u € W3 (Z;V, Z, H) such that for all v € V and f.a.a. t € Z:

([Du(t)], Av)z + (B(t)(u(t),v)y = (r(t),v)v, (4.4a)
Du(ty) = zo. (4.4b)

In the next two sections we discuss a structural condition A = 7D for some operator 7
and the properties of the operators B(t) : V — V*.
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4.1. Structural assumptions

The operator T

The integration by parts formula, cf. Proposition (iv), is a major key for proving
unique solvability for evolution equations, see [Zei90a], [Zei90b| or [Rou05]. In order to
have it applicable to some structural conditions on the operators A and D have to
be imposed.

Assumption 4.7 (Operator 7).
Let Assumption be fulfilled and we assume that

A=TD

where T € L(Z) is bijective and the operator Ty € L(H) with Tz = Tz for all z € Z
has the following properties:

(i) Ty is self-adjoint, i.e. (x| Tpgy)y = (Tux|y)g Yo,y € H.

(i) There exists S € L(H) such that Ty = S*®S. By S* we denoted the adjoint
operator of S in the Hilbert space setting, i.e. the unique operator satisfying

(Sz|y)g = (x|S™y)y Yo,y € H.

In [Tis04] the requirement A = D is made instead of imposing Assumption which
is more general. We state some properties of the operator 7 which will be used in the
later analysis.

Lemma 4.8 (Properties of T).
Let Assumption[4.1) be fulfilled and T be defined as in Assumption[f.]. Then the following
holds.

(i) There is a unique Ty € L(H) with Tu|z =T .

(i4) T is bijective and T;' = (T V) where T;;' is the unique extension of T~* to
L(H).

(1ii) There is a constant ¢ > 0 such that ||v||; < ¢||Sv|| gz for allv € H.

(iv) Ty is strongly monotone, i.e. there is ju > 0 such that (v|Tyv)y > p|v||3, for all
veH.

PROOF:
(i) Since Z C H C Z* is an evolution triple we have ||z]|,; < c||z||, for all z € Z with a
fixed constant ¢ > 0. Knowing that 7 € L(Z) we deduce that 7 € L(Z, H) because

[Tl < cllTzlz < el Tlyz 2z vz € 2.
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4. Nonlinear ADAEs with monotone operators

Since Z C H dense there is a unique operator Ty € L(H) with Tg|z = T, cf. [Wer(05,
Satz I1.1.5].

(i) 7! is continuous since T is continuous, cf. [Wer05, Korollar 1V.3.4]. Using (i) we
have the unique extension operators Ty € L(H) resp. (T ')y € L(H) of T resp. T .
We show (T 1)gTgv = v for all v € H. If v € Z there is no need for any further
proof. If v € H \ Z there is a sequence (v,) C Z with v, — v in H as n — co. Since
(T Y uTuv, = v, we have

T DuTae =l < T DaTaw =)l + v = vl
< (HT_ Vet ||y 1Tl o ‘|‘1>||Un—UHH—>Oasn—>oo

Hence (7 ') gTgv = v and analogously it can be shown that Tz (7 !)gv = v for all
veH.
(iii) Making use of (i) and (ii) we obtain ¢ > 0 such that

*HeL

S*HEL(H)
Wl = 1T " Tavll y < (Tl oy 187 S0l < cliSvlly Yoe H.
(iv) Let v € H. Then we have
(W] Tav) = Svlly = cllvll
for a ¢ > 0 using (iii) and that Ty = S*#S. O

To illustrate the properties of 7 we provide a short example.

Example 4.9.
Consider the evolution triple Z C H C Z* with Z = (H(Q2))? and H = (L,(Q))?* with
Q = (a,b) CR. Then Z* = (H*(Q))% Let a;; € CHQ) N C(Q) for 4,5 = 1,2. Then we

define T as follows.
T:-Z=7 T: <Z1) N <a11z1 +a12z2)
%9 (2121 + Q2222
The operator T is well-defined because a;;2, € Hy(Q2) for 4,7,k = 1,2 and T is linear
and continuous. If we require the matrix A(x) := %(:E))m-:l,g to be symmetric positive

definite for all z € €, then 7 fulfills Assumption [4.7] This can be seen as follows. We
fix x € 2 and omit it as an argument. We have a5 = as;, the matrix A is invertible and

Al = 1 Qg2  —a12
a11Q929 — a%2 —Q12 a1

All entries of A~! are continuously differentiable. So by the means of A~! the operator
T is invertible and Ty € L(H). Ty is self-adjoint because for v,w € H we have

(V]| Trw) g = (v1]anwy 4+ a12w2) 1y0) + (V2| a12w1 + a2ws) 1, @)
= (1101 + a1202 | W1) Ly(0) F (a1201 + a22v2 | W2) 1, ()

= (Tuv|w)m
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Since A is symmetric positive definite we can use the Cholesky decomposition to obtain
a lower triangular matrix L such that A = LL". With L = (I;;); j=1.2 we set

Seito s () ()

(] lagwy

It is S € L(H) because l;; € C*(Q) N C () (can be verified by simple calculation) and

S H—H S fwn .
Wa lo1wy + laows

It is then easy to verify that Ty = S*#S.

The conditions on the operator 7 are such that it behaves well with the integration by
parts formula. This will be elaborated in the following lemmata.

Lemma 4.10.
Let Assumption be fulfilled and T as in Assumption . Let be w € Wi and define

Tw:T—Z, (Tw)(t):=Tuw(t) tel.
Then Tw € W, . Furthermore
(W' (t), Tw®t))z = ([Tw] (#),w(t))z faa teT.

PROOF:
It has to be proven that

(i) Twe Ly(Z,2)
(ii) [Tw] € Ly(T, Z*), i.e. there exists f € Ly(Z, Z*) such that

[Tuus == [ (.20t Vze 2 e Cr

T

(i) Since w is integrable, so is Tw, cf. [Emm04, Satz 7.1.15, (iii)]. So Tw is especially
measurable. We then have

2 2 2 2 2
HTw||L2(I,Z) < /IHT”L(Z) [w(®)||7dt = HTHL(Z) Hw||L2(Z,Z) <0
and so Tw € Ly(Z, 7).

(ii) Let 7% € L(Z*) be the dual operator of 7. We set f(t) := T*w'(t). The same
argument as above gives the measurability of f and we derive

V12, 0y = / 17w ()]

7o dt < HT*Hi(Z*) |w/||i2(z,z*) < 00.
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4. Nonlinear ADAEs with monotone operators

Using the properties of 7 and Ty we verify for all z € Z and ¢ € C§°(Z) that

(w®)[T2)n = (wt)[Taz)n = (Taw(t)|2)n = (Tw(t)|2)n

and thus
N /I (f(t), 2)zp(t)dt = — /I Tl (1), 2 ()l
— - [WwO. Tzl
— [T 0ar
= [Tl
which implies 7*w’ = f = [Tw]. This proves the lemma. .
Lemma 4.11.

Let Assumption be fulfilled and let be w € W, and a € C*®(Z). Then aw € Wy
where (aw)(t) := a(t)w(t) and we have the product rule

(aw)'(t) = o/ (t)w(t) + a(t)w'(t).

With o/ (t)w(t) we mean o/ (t)j(w(t)) where o/(t) is the derivative of a(t) in C*°(T) and
j € L(H,Z*) is the natural embedding as presented in Proposition .

PROOF:
First we have that aw € Ly(Z, Z) because it is measurable and

2 2 2
HOéwHLz(I,Z) < Tﬁ%@(ﬂ’ HwHLg(I,Z) < 0.

Moreover we define f: 7 — Z* as

f@t) =/ (t)j(w(t)) + alt)w'(t).

The measurability is clear and f € Lo(Z, Z*) because

2 ~ 2 112 2 2 2
e < Elo% 1 e / o812 d + ol 41z 0o

< Cllullfy <.

for constants ¢, C' > 0. We used that the embedding Z C H is continuous. Furthermore
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4.1. Structural assumptions

for all z € Z and ¢ € C§°(Z) we obtain

/I 1)zt = / (a(t)ur (), 2) s ()dt + / (! (1)j (w(t)), ) 7p(t)dt

T

ET [l napr @+ [ @ Ou]mptdr

A

_ / (w(t)|2)m [(ap) (1) — o' (t)p(1)] dt
_ / (w(t)] 2) pa(t)e (t)dt
— —/I(a(t)w(t)|Z)H<Pl(t>dt

using the product rule for continuously differentiable real valued functions. Hence we
have f = (aw)" and the desired product rule follows immediately. O

Lemma 4.12.
Let Assumption be fulfilled and T be defined as in Assumption . Let w € W
Then

d 2 /
37 ISwOI = 2(w'(t), Tw(t)) 7

where % denotes the weak derivative of a real valued function, i.e.

/Z%IISw@)H?{@(t)dt: —/Z||Sw(t>\|§,¢<t>dt Vi € C(T)

PROOF:
Itisw e Ly(Z,7) C Lo(Z,H) and w' € Lo(Z, Z*). Remembering the comment in the
proof of Lemma [£.10] (i) we see that Sw is measurable. Then also the function

te [ Sw(t)g

is measurable, even integrable because

[0SO ey < IS [ ol a

Z
IS / ()] dt

2 2
< ¢ ||’SHL(H) ”wHLz(I,Z) < 0.

E
IN=

The function

t— (W' (t), Tw(t))z
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4. Nonlinear ADAEs with monotone operators

is also integrable, i.e. in Li(Z). This is a direct consequence of the Holder inequality
(Proposition [A.7)):
O Tu el = [ 1O, Tl

< ’w HLQ 7,7%) HTwHLg(IZ) <0

because Tw € Ly(Z, Z), cf. Lemma [4.10] Let be ¢ € C5°(Z) and set v(t) := o(t)Tw(t).
We can use Lemma to get Tw € W, because w € Wy and T satisfies the relevant
properties. Furthermore with Lemma we obtain v € W.,. We now use the integra-
tion by parts formula from Proposition for s = tg, t = T. Applying the product
rule from Lemma we get

0 = /Z (W (6), 0(t)) 5 + (W (1), w(t)) dlt
= [ @@ Tw®)zolt) + (T @), w(0) olt) + (Tult) w(®)u ()
= 2 [ WO Te) e+ [ (SwOlSun)ne

The last line follows from Lemma and we directly deduce that 2(w'(t), Tw(t))z is
the weak derivative of ||Sw(t)|%. O

Corollary 4.13.
Let Assumption be fulfilled and T be defined as in Assumption . Let be u € Wzl’D
and s, t with to < s <t <T. Then

ISDu(t) |z — SDu(s) |7 = 2/ ([Du(r)]', Au(r)) zdr

PROOF:
Let u € W 5, and therefore Du € W3. An application of Lemma for w = Du gives
the desired result after integrating over [s, . O

The operator family 5(t)

In this section we introduce conditions for the operator family B(¢) in order to obtain a
solvability result. In the standard theory of nonlinear evolution equations with monotone
operators the same or similar conditions are required, see [Rou05| or [Zei90b).

Assumption 4.14 (Operator family B(¢)).
The operator family

Bt): V=V tel

fulfills the following properties.
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4.1. Structural assumptions

(i) Strong monotonicity. There exists p > 0 such that
(B(t)(u) — Bt)(v),u—v)y > plu—o|} VYu,0eV, tel
(i) Hemicontinuity. The map
s+ (B(t)(u + sv),w)y
is continuous on [0,1] for all u,v,w € V, t € L.

(i1i) Growth condition. There exists a non-negative function g € Lo(Z) and a constant
¢ > 0 such that

1B(t)(v)]

ve <gt) +c|v|l, YveV, tel

(iv) Measurability. The map t — B(t) is weakly measurable, i.e. the function
t = (B(t)(u), v)v
s measurable on I for all u,v € V.
We set X := Ly(Z, V) and hence X* = Lo(Z,V*). We define
B: X — X", (Bu)(t):=B(t)(u(t)) YueX, tel (4.5)

and have
(Bu, v)x — /I (Bu®)), v(t))vdt Yu,v € X. (4.6)

The operator B : X — X* inherits the properties of the operator family B(t) as it is
shown in the next lemma.

Lemma 4.15.
Let the operator family B(t) fulfill Assumption |f.14. Then the operator B as defined in
(4.5) satisfies the following.

(i) Strong monotonicity. There exists ;1 > 0 such that
(Bu—Bv,u—v)x > fiflu—v|% VYu,veX.
(i1) Hemicontinuity. The map
s — (B(u+ sv),w)x

is continuous on [0, 1] for all u,v,w € X.
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4. Nonlinear ADAEs with monotone operators

(111) Growth condition. There exists a non-negative function g € Lo(Z) and a constant
c > 0 such that

|Bv]

xo S Clllglliym +llvlx) Voe X

(iv) Measurability. For allu € X, v € V the real function
t = ((Bu)(t), v)v
is measurable on Z.

PROOF:
The measurability was proven in [Zei90b, Lemma 30.2 and Problem 30.1]. Having
checked the measurability, (ii) and (iii) can be proven as in [Zei90b, section 30.3b].
It remains to show (i). Let u,v € X. The Hélder inequality tells us that the real
function

t = (B(t)(u(t)), v(t)v

is integrable over Z. Since B(t) : V' — V* is strongly monotone with a uniform g > 0
we have

(Bu—Buv,u—v)x = /(B(t)(U(t)) = B(t)(v(t)), u(t) — v(t))vdt

7T
2
> / () — o(0)|1% dt
2
> [ ||“ - UHX
with 7 = pu. O

Lemma 4.16 (Uniqueness of solutions).

Let Assumptions and be fulfilled. Then a solution u € W217D to
1S UNLQUE.

PROOF:
Let uy,uy € W3 5 be two solutions of ([4.4) in Wy 5. Then we obtain using the linearity
of D and of the generalized derivative for all v € V and f.a.a. t € Z:

([D(ua(t) — uz(t)]' Av)z + (B(t) (s (1)) — B(t)(ua(t)), v)y = 0.

We insert ui(t) — us(t) € V for v and integrate over Z. Since uy — uy € Wiy the
integration by parts formula leads to

0 = [|SDus(T) — SDus(T)||3; — [|SDus (to) — SDus(to) I3,
2 / (B (us (1)) — B (us(t))s us (t) — us(t))vt

ISD(ur(T) — ua(T)) 7 + QN/I lua (£) = ua(t)]I5, dt.

v
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4.2. The Galerkin equations

Here we used the strong monotonicity of B(t) and that Du,(ty) = 2o = Dua(ty). Hence

0< [ fhustt) = w®)} de <0
T

and consequently u;(t) = us(t) fa.a. t € Z. O

4.2. The Galerkin equations

In this section we derive the Galerkin equations of problem (4.4) and prove unique
solvability. Without mentioning them explicitly we will require Assumptions [£.1] [4.3]
4.4 [4.7 and in the following. Furthermore we make the following assumption

concerning the Galerkin scheme.

Assumption 4.17 (Basis).
Let {wy,wq,...} C V be a basis in the sense of Definition with the following
properties:

(i) There exists a sequence (z,0) C Z C H with
Zno = 20 i H, d.e. |20 — 20|y = 0 asn — o0
where

Zno € span{Dwy, ... Dw,} Vn € N.

(1i) The basis {wy,ws, ...} of V is chosen such that w; € im P or w; € im Q for all i
with P and Q being the projection operators from Assumption[{.]] Let

Ip = {Z| U}iEimP}, IQ = {Z‘ ’LUZGIHIQ}
and for n € N let

Lp={i|1<i<n, w;€imP}, nP:=|lpl,
InQ = {Z’ 1<1<n, w; €im Q}, nQ = ‘[nQ’

then

Lip = Ip and I,o— 1o asn— oo.

In [Tis04] it is required that there is a basis {z1, 2z2,...} € Z and that for all n € N
there exists an m,, € N such that

{Dwy,...,Dw,} Cspan{zy,...,2m, } -
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4. Nonlinear ADAEs with monotone operators

This condition is not needed. Furthermore we remark that the assumption on the basis
is satisfied if it is ensured that

w; €imP forodd? and w; €im@ for even 7.

If one of these spaces is finite dimensional we stop with this numbering and proceed with
normal numbering for the other space.

We fix n € N. In order to set up the Galerkin equations we consider the finite dimensional
spaces

V, = span{wy,...,w,}
and
H, :=span{Duwy,...,Dw,}.
We equip H,, with the scalarproduct of H. We note that dim H,, < n and that
H,CZCHCUZ.

We consider (4.4al) and replace formally u(t) € V by u,(t) € V,, and v € V by w; € V,,.
Thus the coordinate free Galerkin equations are obtained.

([Dun(t)], Aws) z + (B(t) (un(t), wi)y = (r(t), wi)v (4.7a)
Duy,(to) = zno (4.7b)

for all i = 1,...n and f.a.a. t € Z. The solution space of (4.7)) will be
W, = {u, € Lo(Z,V,)| [Dun) € Lo(Z, Hy)}

Since the embedding H C Z* is continuous it is

([Du,(t)], Aw;)z = %(Dun(t) |Aw;)g  faa. tel

d

where & is the weak derivative of a real valued function. We will now prove a priori
estimates for the solutions of the Galerkin equations. A simple but helpful tool is the
following classical inequality. For all o > 0 it holds that

2|zyl <o '2* +ay? Vr,y €R. (4.8)
A direct consequence is
(x+y)? <22® +2y° Va,y €R.

We will use these classical inequalities in the next lemma and later on.
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4.2. The Galerkin equations

Lemma 4.18 (A priori estimates).

Let Assumptions 4.3 144 7 and[f.17 be fulfilled. Let u,, € W, be a solution
of (4.7). Then the following holds.

(i) un € Wyp.
(i) u, is unique.
(11i) There exists a C > 0, independent of n, such that
HunHLQ(I,V) <C,
||Bun||L2(I,V*) <C,
< (.
max [[Du, (1) < C
PROOF:
(i) We have H,, C Z C H C Z* and dim H,, < co. There is a ¢; > 0 such that
Izl <eallzlly  Vze Hy

because the norms |[-||,, and |||, are equivalent on H,. Additionally we have for all
xr,z € H, that

(z,2)7 = (z|2)u < |2lly 12l g < o[zl M2l
for a ¢ > 0 because Z C H C Z* is an evolution triple. So it is
2]l z- < cllzlly V2 € Hy

with a ¢ > 0. Then it follows from u,, € W, that u, € Lo(Z,V) and [Du,] € Lao(Z, Z*)
proving (i).

(i) Because of (i) the integration by parts formula can be applied to u, and so (ii)
follows from Lemma using the same arguments.

(iii) Let u, € W,, € Wy be a solution of (4.7). Then it is

([Du,(t)]", Aun (1)) z + (B(t) (un (1)) — 7(t), un(t))y =0 faa. t €T
Integrating over [to,t], ¢ < T and applying the integration by parts formula gives

0= 2 / ([Dun(8)] + Atn(5))z + (B(S) (tn(5)) — 7(5), n(5))vdls

= SDu DI — 18D

2 [ B un(s) = BEO) + B0 = r(s) (o)
> DO — ISDunltol

b2 [ o) as 42 [ B0 = o mfevas

to
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4. Nonlinear ADAEs with monotone operators

In the last line we used the strong monotonicity of B(s). Rearranging terms gives

ISP +20 [ (I ds < 18Dty +2 [ () = BOWO). (s

to

Applying the classical inequality (4.8)) with 2a0 = p gives

5 /t (r(5) — B()(0), un(s))yds
< 9 / 1 ()l Nt ()]l +2 / 1B()(O) - lln(s)]] s

t t t
<t [t at [ IBEOI- s+ p [ o)l as
to to to
_ 2 - 2 2
< opt ||g||L2(I) +2u7 ||T||L2(I,V*) +p ||Un||L2(Lv) :
Here we used the growth condition for B(t). Inserting t = T we obtain
2 2 2 - 2 - 2
|SDun(T) |7 + 1 ||un||L2(I,V) < [|Szonlly + 21 ' ||g||L2(I) +2u7 ||T||L2(I,V*) (4.9)

Since ||8Dun(T)||§{ > 0,7 € Ly(Z,V*), g € Lo(Z) and 2,90 — 29 in H as n — oo there
is a C7 > 0, independent of n, such that

HunHLQ(Lv) < (4.10)

Furthermore we see with the growth condition for B(t) and the Holder inequality that

/I 1B(t) (un (1)

Ldt < [+ elul rar

< / 29(t)? + 262 un(8)|2
A
2 2
< 2|gllzyq@ + 2¢7 lwnll 7,z

Using (4.10) there exists a Cy > 0, independent of n, such that
HBUJnHLQ(LV*) < Ch.

In analogy to the estimate (4.9) we arrive at
t
ISDu @+ 0 [ uo)lfds < €
to
fora C > 0, independent of n. We have

t
/ lu(s)[ly ds >0, [ Du(®)|l}; < e ISDu(t)|
to
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4.2. The Galerkin equations

for a constant ¢; > 0, cf. Lemma (iii). We conclude that there must be a C5 > 0
such that

<
max || Du(t)| < Cs

Choosing C' = max {C, Cy, C3} gives the desired result and C' does not depend on n. O

For applying solvability results from the theory of ordinary differential equations we
rewrite the coordinate free Galerkin equations (4.7) as follows. For fixed n € N we
represent

n

un(t) =) eiulthw; €V,

j=1

with coefficients ¢;,(t) € R for all t € Z. We split

ua(t) = Y cim(Bw+ > et (4.11)

j€lnp jEInQ

with I,,p and I,,o as in Assumption [£.17] The index sets I,p and I,o are disjoint and
satisfy

InpUInQ:{l,...,n}.

We set for t € 7

and

2(t) == (& ()jens € R, y(t) = (5s(0))jenq € R,

Inserting (4.11)) into the Galerkin equations (4.7al) we obtain the system

%(j; z(t)Dw;| TDw;) i
+<B<t>(z xj<t)wj+z yi(Ow;), w)y = (r(t),w) i€ Lyp
<B<t)(Z rw(t)wjfz yi(Ow;), widy = (r(t),wi) i€ Ing
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4. Nonlinear ADAEs with monotone operators

Here we used the linearity of the weak derivative and that
Dw; =DQuw; =0 Vi€ [,o.

The initial condition (4.7b)) reads

Duy,(ty) = Z zj(to)Dw; = 2o, = Z zo;Dw; (4.12)

jelnP jeInP

with coefficients xo; € R, j € I,p and zy = (z0;)jer,, € R". Note that ([£.12) is
equivalent to x(ty) = zo because the Dw,, j € I,p are linearly independent.
Rewriting in matrix notation gives the system

Ga'(t) + bp(x(t),y(t),t) = rp(t), (4.13a)
bo(z(t),y(t),t) = ro(t), (4.13b)
z(to) = o (4.13¢)

fa.a. t € Z with

G = ((Dw; | TDw;)n)ijer,p € RPXnP

:zc] Jw; + Z yi(Hw;), wi)v € R"7,

( J€Inp J€lng i€lyp
n

=
©
—~
8
—~
~+
~—
<
—~
~+
~—
~
~—
I

x] Jw; + Z yi(t)w;), wi)v € R"<,

JGIm: J€lng i€lo
n

P
’LEI P < Rn )
r(t)awz>>7,el o) € Rngy

(xoj)ze[np RWP

We remark that all these terms depend on the Galerkin step n. It is shown in the next
lemma that the Galerkin system (4.13]) inherits important properties from the abstract

system (4.4)).

Lemma 4.19 (Properties of (4.13).
Let Assumptions 4.3 -4 4.7 and be fulfilled. Then the following holds.

(i) G is positive definite.
(ii) bg is strongly monotone w.r.t. y.

(111) bp, bg are continuous w.r.t. (z,y).
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4.2. The Galerkin equations

(iv) bp, bg are measurable w.r.t. t.
(v) rp € Ly(Z,R"P), rg € Lo(Z,R"9).

PROOF:
We define the following norms on R"” resp. R"<:

S|l L lle = | D viws

]l =

The norm properties are obviously fulfilled because the w; are linearly independent.
(i) Let x € R"”. Then

l‘TGZE = Z ZL‘ZCL‘J(DUJ”TDU%)H = ( Z x]Dw]|’TH( Z IL’jDUJj))H Z 0

’i,jEInp jeInP ie]nP

because of the properties of Ty, cf. Lemma (iv). Tt is 2"Gx = 0 if and only if
> el x;Dw; = 0 since Ty is strongly monotone. This is also equivalent to

Z rjw; € kerD = im Q.

jeln’P

We also have >,
are linearly independent. Thus 2" Gz = 0 if and only if x = 0, proving (i).

(ii) Let x € R"", t € T be fixed and let y,y € R"?. Making a zero addition and using
that B(t) is strongly monotone we obtain

zjw; € imP and so z; = 0 follows for all j € I,p because the w;

(bQ(x7yat) - bQ(xvgat) |y - g)

= (BM(Y zwi+ Y ywy) = BOD | wjwj+ Y giwy), > (v — T)wy)v

JELp j€lno JjElp Jj€lno Jj€lno
112 ~ —112
> plly=9lhe = ally — 9l

for a i > 0 because all norms on R"© are equivalent. f is independent of z and t.

(iii) We fix t € Z. Let ((zm,ym)) € R™ be a sequence with (2., ym) — (z,y) € R”
as m — oo. We remark that B(t) : V' — V* is monotone and hemicontinuous on the
reflexive Banach space. Hence it is also demicontinuous, i.e.

Uy —movin V. = B(t)(vy,) = B(t)(v) in V" asm — oo,

cf. |Zei90bl Proposition 26.4]. We set

U 1= Z TmjW; + Z YmjWj, V= Z Tjw; + Z Yjw;

Jj€lp j€lng JElnp J€lng
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4. Nonlinear ADAEs with monotone operators

and obtain

lvm = vlly < e ([2m = zllp + lym = ¥ll,0)
< C (|’<xmvym) - («T,y)HOO) —0asm — o0

for constants ¢p, ¢y > 0. Thus using the demicontinuity of B(t) we have for all i € I,,p:
(B(t)(vm), wiyy — (B(t)(v), w;)y as m — oo.

This yields
|bp (T, Y, t) — bp(x,y, )|, — 0 as m — oo.

The continuity of bg w.r.t. (z,y) follows analogously.
(iv) bp and bg are measurable w.r.t. ¢ because

t = (B(t)(u), v)v

is measurable on Z for all u,v € V, cf. Assumption (iv).
(v) This is a direct consequence of the fact that r € Ly(Z, V™). O

Lemma 4.20.

Let Assumptions and[{.17 be fulfilled. Let (z,y) be a solution to
[@.13) with x € C(Z,R""), y € Ly(Z,R"2) and the derivative x'(t) exists f.a.a. t € L.

Then
Up(t) := Z z;(t)w; + Z yi(Hw; faa tel (4.14)

Jj€lp jeInQ

solves (4.7) and u, € W,.

PROOF:
For more details on the (generalized) derivative z'(t) we refer to Appendix [A.2] Let

(z,y) be a solution to (4.13]) and define u,, as in (4.14). We can write
Un(t) = Pun(t) + Quy(t)

and have

n

Du,(t) = Y x;(t)Duw;.

Jj€Inp

Clearly Pu, € C(Z,V,,) and so Pu, € Ls(Z,V,,). We have Qu,, € Ly(Z,V,,) because

||Qun||L2(LVn) = Z Yjw; < Z [[w;lly HyjHLQ(LRnQ)-

j€lno L2(Z,Vn) j€lno
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4.2. The Galerkin equations

using Minkowskis inequality. So w, € Lo(Z,V,,). From (4.13c) we see that the initial
value (4.7b) is fulfilled. Furthermore from (4.13a)), (4.13b]) we see that

3" 2 () (Dwy | Aw) i = (r(£) = B(E) (un(t)), wi)v

Jj€lnp

for all i € {1,...,n}. So with the identification H, = H} and the properties of the
derivatives z’(t) we see that

[Du, (t E :c (t)Dw;
.]GI'ILP

and the coordinate free Galerkin equations (4.7al) are fulfilled. Remember that we
equipped H, with the scalar product of H. We see for j € I,,p that

([Dun®)] [Awj)r = (r(t) = B(t)(un(t)), wj)v
< e (lr@®lly- +9(®) + [lun@ ) [[Pw;lly,

for a constant ¢; > 0. Applying Lemma [4.5] yields

|w;illy, < 2| Dwslly, J € Lp

for a constant ¢, > 0 noting that the norms ||-||, and [|-||; are equivalent on the finite
dimensional space H,,. So there exists a constant c3 > 0 such that

(Ti [Dun ()] [Dwi)ar < s (|Ir(1)]

ve 9 + [un@)ly) 1 Dwill -

for all i € {1,...,n}. Fori € I,q is trivial. Since [Du,(t)] € H, we can represent it by
a linear combination of the Dw;. We obtain

¢ |[[Pun®]|I}; < (Ta [Dun(t))' | [Dun()))r
< (lr@®lly- +9(t) + llua(®)lly) || [Dun ()]

for a ¢,cqy > 0 because Ty is strongly positive, cf. Lemma (iv). Hence there is a
C > 0 such that

I

[P ||y < CAlr@lly + g(t) + llun(®)]ly)
The right hand side is a function in Ly(Z) and so we have that
[Du,]" € Ly(Z, H).
and conclude u,, € W,,. O

The solvability of the system (4.13]) will be shown in the next lemma. Applying Lemma
the solution can be transformed into a solution to the Galerkin equations (4.7)).
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4. Nonlinear ADAEs with monotone operators

Lemma 4.21.

Let Assumptions l4.14) and |4.17 be fulfilled. Then the system ({4.13])
has a solution (x,y) with v € C(Z,R""), y € Lo(Z,R"?) and the derivative x'(t) exists
fa.a. tel.

PROOF:

The proof will proceed in three steps.

Step 1. Show an a priori estimate for x.

Step 2. Solve equation for y and insert it into equation to obtain an
initial value problem for x.

Step 3. Solve the initial value problem with the Theorem of Carathéodory and extend
the solution to a global solution on Z, see Appendix [A.2]

Ad (1). We define the norm

Z C(]jDU)j

jeInP

||x||nP,D =

H

on R"”. The norm properties are inherited from the H-norm. We just have to check
that ||z[,pp = 0 implies x = 0. If ||z[],,p , = 0 then D(3_,.; ~x;w;) = 0 because D is
linear. Then w:= 3", ; xjw; € ker D = im Q but also w € imP. This means w = 0
and thus x = 0 because the w; are linearly independent. Let (x,y) be a solution to
(4.13) and u,, defined as in (4.14). u,, € W, solves because of Lemma |4.20, Due to
Lemma [1.18] (iii) we have that

= | Dun(t)ll s < C
H

Z Z; (t)DU}]

jEInP

lz@lpp =

for C' > 0 which is independent of ¢. Since all norms on R"” are equivalent there is a
constant C' > 0 such that

max|[|z(t)]| < C. (4.15)

Ad (2). We now solve the algebraic equation
bo(z,y,t) =ro(t)
having x € R"” with ||z|| < C. We define
BQ(t) R — RnQ’ BQ<t)(y) B bQ(l’, yat)a tel.

Then Bo(t) is continuous, strongly monotone on R"? and the map t — Bg(t)(y) is
measurable for all y € R"2. This follows directly from Lemma [4.19} Furthermore there
exists d > 0 and h € Ly(Z) such that

1Bo®)(w)ll < dllyll +h(t) VeI, yeR"™.
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4.2. The Galerkin equations

This is a direct consequence from the growth condition for B(t):

Jj€lnp jEInQ iel °
n

[bo(z, y,t)|| = B wjwi+ > yjwy), wihy

< Egggé(ﬂwz'ﬂv) g(t) +c Z rjw; + Z Yjw;
J€Lnp J€lng v

< E(g(t) + lzll,p + llyll,0)

< h(t) +d|yl

for constants ¢,c,¢ > 0 because all norms are equivalent on R™ and on R and
|z|| < C. Fixing t € Z we can apply Theorem and hence Bg'(t) exists and is
Lipschitz continuous. Consider now the operator

Bg : Ly(T,R"?) — Ly(Z,R"?)*, (Boy)(t) := Bo(t)(y(t)).
We see that
Ly(T,R"9)* = Ly(Z, (R"9)*) = Ly(Z,R"°)

and that Bg is well-defined. This is due to the growth estimate:

1Boyll 1, (z,mne) :/Illbg(x,y(t),t)!\2dt§/IQ(h(t)2+d2 ly(@)II*)dt < oo

for y € Ly(Z,R"2). Note that the operator family Bg(t) fulfills all the conditions made
for B(t) in Assumption because the continuity of Bg(t) implies the hemicontinuity
(on R"9) and measurability is given with Lemma [£.19] (iv). As of the arguments in
Lemma (applied to Bo(t)) we see that Bg is strongly monotone and hemicontinuous.
Furthermore the inverse operator Bg' : Ly(Z, R"?) — Ly(Z,R"?) exists and is Lipschitz
continuous, cf. Theorem [A.14] So the inverse operator takes the form

(Bo'F)(t) = Bo' (1)(f(t)) VteI, fe Ly(Z,R").
Applying this gives
y(t) = (Bg'ro)(t) = Bg' (t)(ro(t)) =: 05 (w,1a(t),t) =: Yo(w,1)

and for fixed z we see ¥g(z,-) € Lo(Z,R™?) because rg € Ly(Z,R"?) and y = Bg'rq.
We also see that 1go(z,1) is continuous w.r.t. x as follows. We fix t € Z, let (,,,) C R"”
be a sequence with z,, — z € R"" as m — oo and set

Yy = wQ(xvt)a Ym ‘= wg(l’m,t)-
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4. Nonlinear ADAEs with monotone operators

Hence

bQ(xvyvt) = TQ(t) = bQ(xmaymat)

and using the strong monotonicity of bg again we observe

||ym - y” S E||bQ($m7ym7 ) - bQ(xmay7t)||
:E||bg($,y7t) (‘Tﬁ”mya )”

for a ¢ > 0. Finally
[Vo(zm, t) — Yo(z, )| < ¢llbo(z,y,t) — bo(Tm,y,t)|| = 0 as m — oo

because bg is continuous w.r.t. z.

Ad (3). We insert the expression for y(¢) into equation and obtain
IL’/(t> = G_l (TQ<t> - bfp([ﬁ(f),iﬂg(l’(t),t)?t)) = f(l’(t), t)

because G is invertible due to Lemma [4.19] With the initial condition z(tq) = zo this
is an initial value problem on Z which we will solve globally with Theorem [A.3] In the
first step of this proof we have shown the a priori estimate for x on Z with a constant
C > 0. It still remains to show that f fulfills a growth condition and the Carathéodory
conditions on K x T where K := {z € R""| ||z|| < 2C}.

Growth condition. Let be 5(t) := bg' (%, 7o(t),t) with T € K. Strong monotonicity gives

60! @, ra(t), )| < Tllbo(Z,7(1),1) — bo(@, 0, t)]| < T (llra(t)lls + Ibo(Z, 0, 1))

for a ¢ > 0. We already know that ||bo(Z,0,1)|| < h(t) with h € Ly(Z) and T € K using
the growth condition of B(t). So for

k(t) =2 (lre(®)|l + (1))
we have k € Ly(Z) and
lvo(Z, )] = Hbél(i, rQ(t),t)H < k(t) for all (7,t) € K xT (4.16)
Applying the growth condition to bp we obtain

If @ Ol < [|67F

Ul @) + 1bp(z, Yo(w, 1), 1))

ijwj+z¢gxt

JElp jel,p
< [|G7Y|, (lrp(@)]| + Eg(t) + 1 [|z]| + ez [wa(z, t)]].))

< cs(lrp®)ll + 9(t) + k(1)) =: M(?)

<6

N lre@l +¢

|4
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4.2. The Galerkin equations

for constants ¢, ¢, ¢1, ¢a,c3 > 0. Clearly M € Ly(Z) C L1(Z).

Carathéodory conditions. bp is measurable w.r.t. ¢ and continuous w.r.t. y. Since ¢¥g(z, 1)
is measurable w.r.t. ¢ it follows that from the substitution principle for measurable
functions that

t— bP<x7wQ(x7t)7t>

is measurable, cf. e.g. [Zei90bl, p.1013]. So f is measurable w.r.t. ¢ for all x € K because
ro is also measurable. f is continuous w.r.t. z because bp is continuous w.r.t. z, y
(Lemma and )¢ is continuous w.r.t. = as shown above.

We can now apply Theorem and so there is a solution z, : Z — R"” to

v (1) = f2a(t), 1), wa(to) = o

in the sense of Carathéodory, i.e. z, € C(Z,R"”) and the derivative 2, (t) exists f.a.a. t €
Z. We set

Yu(t) := Vo(z.(t), 1)

and vy, is measurable, cf. [Zei90bl, p.1013]. Since ||z.(t)|| < C for all t € T we see with

(4.16) that y, € Lo(Z,R"?). Clearly (z.,y.) solves (4.13)). O

Unique solvability can be now concluded.

Theorem 4.22 (Unique solvability of the Galerkin equations).

Let Assumptions 4.3, 144 .7 .14 and [f.17 be fulfilled. Then the Galerkin equa-
tions (4.7) have a unique solution u, € W,.

PROOF:
Let (z,y) be a solution on Z to (4.13) from Lemma [1.21] Then Lemma [4.20] gives a
solution w,, € W, of (4.7) and w, is unique because of Lemma [4.18| O

Remark 4.23.

For proving the unique solvability of or we relied on the structural assump-
tions made for . Note also that a global solution (on Z) was obtained. Especially
considering the semi-explicit form and knowing that bg is solvable w.r.t. y we
have a DAE of Index 1 character. However, we cannot formally apply the definition of
the Tractability Index (or ADAE Index) because it requires more smoothness w.r.t. t.
Thus an application of well-known solvability results, see [GMS86, LMT13, [KMO6], is not
possible. In the linear case a solvability result for DAEs with measurable solutions is
given in [LMT13| chapter 2.11.1].
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4. Nonlinear ADAEs with monotone operators

4.3. Unique solvability

Theorem 4.24 (Unique solvability of (4.4 .

Let Assumptzonsu . . . m and- . 17 be fulfilled. Then (4.4)) has a unique so-

lution w € Wy (Z;V,Z, H). Furthermore the sequence (u,) of solutwns to the Galerkin
equations (4.7) converges weakly to u in Ly(Z,V), i.e

U, = u in Loy(Z,V)  asn — oo.

PROOF:
We first outline the strategy of the proof.
Step 1. To increase the legibility we set

X = Ly(T,V), X*=Ly(T,V").

The spaces X, X* and H are all reflexive, cf. [Zei90al, Proposition 23.7]. The Galerkin
equations are uniquely solvable by Theorem and a priori estimates of the solutions
u, are given in Lemma m The Theorem of Eberlein and gmuljan states that each
bounded sequence in a reflexive Banach space has a weakly convergent subsequence,
cf. [Zei90al, Theorem 21.D|. Therefore a subsequence of (u,) exists, which we again
denote by (u,), and u € X, w € X*, 2y € H such that

u, ~uwin X, B(u,) = win X*, Du,(T) = zrin H (4.17)
as n — 0o. According to Assumption we have
Zno — 2o in H as n — oo

Step 2. We show the following steps.
(2.I) The key equation

O(T)(zr|Av)m — ¢(to) (20| Av)a = /(T(t) —w(t), v)vo(t) + (Av|Du(t))n¢'(t)dt (4.18)

T

holds for all ¢ € C*(Z), v € V.
(2.IT) The limits u, w, z7 satisfy

([Du(t)]", Av)z + (w(t),v)y = (r(t),v)y Yo €V, faa tel (4.19a)
Du(ty) = z0, Du(T) = 27, (4.19b)
ue Wyp(Z;V,Z, H). (4.19¢)

(2.III) The limit elements u, w satisfy B(u) = w. So we can conclude that u € Wy is
a solution to (4.4)).
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4.3. Unique solvability

Step 3. Weak convergence of the total Galerkin sequence (u,) in the space X to the
solution u. According to Step 2 it always follows from the convergence

Uy —uin X asn — oo

of an arbitrary subsequence of (u,) that @ is a solution of the original problem (4.4)).
Due to Lemma the solution is unique and we obtain v = u. Applying [Zei90a),
Proposition 21.23] directly gives the convergence of the total sequence (uy,), i.e.

u, ~uin X asn — oo.

This completes the outline of the proof and it remains to prove (2.1)-(2.I1I).

Ad (2I). Let be ¢ € C=(Z) and v € Vi, k € N fixed. Let n > k. Since u, € Wyp
it is Du, € W3 due to Proposition [4.2] (ii) and ¢ Av € W, using Lemma So an
application of the integration by parts formula [A.10] yields

(Dun(T) | H(T)AV) 1 — (D (t0) | $(t0) Av) 1
- / ([Dun(t)], $(8)Av) 2 + {[$()Av] , D (£)) 2l

_ /Z ([Dun(®)]', Av) 5(t) + (Av| Dun (t)) ! (1) dt

For obtaining the last line we used Lemma and the continuous embedding H C Z*.
Since v € Vj, C V,, the Galerkin equations (4.7al) can be applied and we obtain

/I ([Dun ()], Av) 26 (1)t = / (1 () — B()(un(1)), v)vo(t)dt
= (r — B(uy), pv) x
This gives

(Dun(T)|¢(T)Av) it = (zno| d(to) Av) = (r = Blun), dv)x + /(Av\Dun(t))Hd)'(t)dt

T

We analyze the different terms and observe that

Dun(T) — (Dun(T)|p(T)Av)y € H
B(uy,) — (B(uy,), pv)x € X**

because
|(Dun(T) | $(T)Av) | < || Dun(T)| g [|6(T)Av||
and with the Holder inequality [A.7] it follows

X* ¢U”X‘

[(B(un), ¢v) x| < /I|<B(t)(un(t)),¢(t)v)v|dt < [1B(un)]
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4. Nonlinear ADAEs with monotone operators

Furthermore we have
Up = /(.Av|Dun(t))H¢>'(t)dt e X"
T

because the linearity is apparent and

éuwmwﬁ»mﬂmﬂstAwﬂwmyAmmmmuw

s@émmmwas@me@w

using that Z C H is continuous and the Holder inequality [A.7] Letting n — oo but
keeping v € Vj fixed we obtain

(Dun(T)|¢(T)Av) g — (20| 0(T)Av) g,
(zno|9(to)Av)r — (20| ¢(t0).Av) g,
(B(uy), pv)x — (w, ¢v)x,

/I (Av|Duy,(t)) g o' (t)dt — /I (Av|Du(t)) g’ (t)dt.

recalling that z,0 — zo and the weak convergence of Step 1. We conclude
(20| A(T)AV) i — (20| P(to) Av) g = (r — w, ¢v) x + /(AU|DU(?5))H¢’(t)dt
I

for all v € J, Vi. The set |J, Vi is dense in V' because the Vj, are a Galerkin scheme.
Let now v € V be arbitrary then there is a sequence (v,,) C |J,, Vi such that v,, = v in
V as m — o0o. We have

[ Avy, — Avl|y < ¢ HT”L(Z) ”DHL(V,Z) v —vmlly,
for a ¢ > 0 and so Av,, — Av as m — oo. Additionally

¢<Um - U)HX

&l llvm — vy, = 0 as m — oo

(r—w, p(vm —v))x < [Ir — wl|x.

<cllr —w

X*

with ¢ > 0. Hence we obtain the key equation (4.18) for all v € V.
Ad (2.1I). Applying the key equation (4.18) for ¢ € C§°(Z), v € V:

. /I (Du(t) | Av) g (t)dt = /I (r(t) — w(t), v)yé(t)dt. (4.20)

For v € ker D = im O we obtain

/ (r(t) — w(t), o)y o(B)dt =0 faa teT.
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4.3. Unique solvability

The mapping
t= (r(t) —w(t), v)ve(t)
is integrable and hence an application of the well-known variational lemma reveals
(r(t) —w(t),v)y =0 Yvoeim@Q faa.tel. (4.21)

A is surjective because 7 and D are. So for z € Z there is a unique v € im P such that
z = Av. The following definition is well-defined for all z € Z:

(Z(t),2) 7z == (r(t) —w(t),v)y faa.teZl (4.22)
with z = Av, v € im P = ker Q. We show Z € Ly(Z, Z*). There is a ¢ > 0 such that
olly < cllvl, Vo e ker @
because T is bijective and Lemma [£.5] Since Av =0 for v € im Q it is
(Z(t),Av)z =0 Yve€imQ (4.23)
and it follows that

IZ()]

7o = sup [(Z(1), 2)7]

llzll ;<1
(z(t), Av)z|

= sup
lAv]| z <1
= sup [(Z(t), Av)z|
lAv]| z <1
veker o
sup  [{r(t) —w(t),v)v|
[l Av]| ;<1
veker 9
sup ||7(t) — w(t)]
lAv|| ;<1
veker 9
< ¢ sup |lr(t) —w(t)]
[l Av]| <1
vekerg

IN

IN

v UHV

-AU”Z

V*

f.a.a t € Z which implies

IZ()]

for constants ¢, C' > 0. Since 7, w € Lo(Z,V*) we have Z € Lyo(Z, Z*). With (4.20)) and
Proposition [A.9 we can conclude that

7z S Cr(t) —w(t)]

V*

z = [Du]' € Ly(Z,Z%).
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4. Nonlinear ADAEs with monotone operators

Since u € X we finally have u € W, 5. With (4.21)), (4.22) and (#.23) it holds for all
v € V that

(r(t) — w(t),v)y = (Z(t), Av)z = ([Du]' (t), Av),; faa tel

and thus (4.19a)), (4.19¢) are fulfilled.
It remains to show (4.19D)). Since u € Wy, we have Du € Wy and ¢Av € Wy for all

v eV and ¢ € C3°(Z). We can apply the integration by parts formula (Proposition
and obtain

(Du(T) | (T)Av) s — (Dulto) | $(t0) Av)
- / ([Du)’ (1), 6(t) Av)z + {[6Av] (), Du(?) zdt

(r(t) — w(t), v)vo(t) + (Av| Du(t))m (1)t

T
BT (x| Av) = 9(to) (20| Av).
Choosing ¢ € C*(Z) with ¢(ty) =0 and ¢(T) = 1 gives
(Du(ty) — 20| Av)g =0 Vv e V.
Since A is surjective we have
(Du(ty) — 20|2) g =0 VzeZ

and it follows Du(ty) = 2o because Z C H dense. With the same arguments it follows
Du(T) = zr taking a ¢ € C*°(Z) with ¢(ty) = 1 and ¢(T") = 0.

Ad (2.III). It is u,, = w in X and B(u,) — w in X* as n — oo and B is monotone and
hemicontinuous, cf. Lemma By showing

lim (B(u,), un) x < (w,u)x (4.24)

n—oo

the fundamental monotonicity trick can be applied, cf. [Zei90bl, p.474 or p.778], which
implies B(u) = w. Since u, € W, we have Du, € Wy and Au, € Wy, cf. Lemma
Therefore we can apply the integration by parts formula and observe

ISPy = 5 1SPulta)ly = [ ([Pl (0 Au(t)
[0 = Be) (0. un(®)va.

T

Hence

(B(un), un)x = (r,un)x + % (ISDun(to)ll g = 1SDun(T)| ) -
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4.3. Unique solvability

Because of (4.17)) we have that
SDu,(to) — SDu(ty) in H, SDu,(T) — SDu(T) in H
and hence

|SDu(T) || < lim [|SDun(T)|; -

n—oo

Furthermore we have
(ryug)x — (ryu)x asn — oo

because u,, — u in X. We conclude

lim (B(un), tn)x < (r,ux + % (I8Dulto)ll g = [SDun(T)| ) -

n—oo

Integrating by parts reveals

(ISDu(to)ll g = 1SPu(D)l ) = —L([DU]'(t),AU(t»zdt

(.15 (w—r,u)x.

Finally we get (4.24]). O

The strategy of the proof of Theorem [£.24]is strongly related to the one for proving unique
solvability of evolution equations, cf. [Zei90b, Theorem 30.A]. As already pointed out in
[Tis04] the main differences are:

DN | —

e The solution w is in the space W21,D and not in ..

e The Galerkin equations represent a nonlinear DAE instead of an ODE.
e Initial conditions are given for Du(ty) and not for u(ty) completely.

e Assumption is needed to define the generalized derivative [Du)'.

In Theorem we have proven the unique solvability of via the weak convergence
of the solutions of the corresponding Galerkin equations . We will prove in the next
theorem that this convergence is indeed strong in Ly(Z, V). Moreover, the dynamical
part of the solution Du,, converges in the space C(Z, H).

Theorem 4.25 (Strong convergence of the Galerkin solutions).

Let Assumptions[{. 1} [{.3, [{-4 [4.7 and[4.17 be fulfilled. Let u be the unique solution
to (4.4) and u, the unique solution of the corresponding Galerkin equations (4.7). Then

the following holds:
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4. Nonlinear ADAEs with monotone operators

(i) Du, — Du in C(Z,H) as n — oo,
(i) w, — w in Ly(Z,V) as n — oo.

PROOF:

(i) Let u € W5 be the solution to (4.4) and u,, € W, € W, 5, be the solution to (4.7).
The set of polynomials p : Z — V is dense in WZ{D, cf. Lemma . So we find for
u € Wyp and € > 0 a polynomial

p(t) = Zaiti, a; €V
and

I _pHWle = ||lu _p||L2(I,V) + H[DU]/ - [DP]IHL2(LZ*) <e.

The set |J,, ey Vi is dense in V. So the set of polynomials with coefficients in J, oy Va
is dense in WQI,D. That means that there is a sequence (p,,) of polynomials p,, : Z — V,,
with

Pn—u in WQ{D as n — oo. (4.25)
The continuity of the embedding Wy C C(Z, H) implies

max [ Du(t) = Dpu(D)lly < 1 [P~ Dpulyy < &l = palyy,

for constants ¢y, ¢; > 0 and thus

max |Du(t) — Dpp(t)||; = 0 asn — oo. (4.26)
€

Since

max || Dun(t) — Pult)|| < max|[Dun(t) — Ppa(t)||y + max |[Dpa(t) — Du(t)]

it is enough to show that

max | Duy(t) — Dpp(t)||y = 0 as n — oo. (4.27)
€

We also remark that

|8§Dun(to) = SDpu(to)lly < [[SDun(to) — SDulto)ll + |SPulto) — SPpu(to)ll
< 11820 — Szally + max | SDu(t) — SDp, ()]
and so
|SDuy(to) — SDpu(to)|lyz =0  asn— oo (4.28)
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4.3. Unique solvability

because S € L(H), 2,0 — 2o in H and (4.26)). We will show in the following that
max || SDuy, (t) — SDp, (1) |3, — [|SDun(to) — SDpu(to)ll3; = 0 asn — oo, (4.29)

tel

Using the Galerkin equations (4.7a}) and the original equations (4.4al) we have that

([Dun(®)], Alun(t) — pa(t))) 2
(r(t) = B (un(£)), tn(t) — pul(D))v
(Du(®)], Altn() — pa(®))) 2 + BE@(E) — BE) un(8)), tn(t) — pa(t))v
< {([Du®)), Alun(t) — pa(£)))z + (BE)(w(t)) — BE) (un(t)), u(t) — pa(t))y

for all ¢t € Z. The last line was obtained using the monotonicity of B(t), i.e.

(B(t)(u(t)) = B(t)(un(t)), u(t) = un(t)))v = 0.

Then integration by parts, cf. Corollary [4.13], gives for any ¢ € Z:

% (ISP (t) = SDpu(t)z; — [SDun(to) — SDpa(to) ;)

- / ([Dtn(3) — Dpu(s)]  Alttn(s) — pa(s))) s

to

(D) = Dp (o) Aluns) = pa(s)) s

to

IN

" / (B(E) (u(t)) — B(E)(un(t)), ult) — pu(t))vds

to

IN

||[Du], - [Dp"]/HLz(I,Z*) ||‘Aun - AanLg(I,Z)
+1B(w) = B(un)l 1,y zv+

The last line is a consequence of the Holder inequality, cf. Proposition [A.7 We have

lu — anLg(I,V) :

2 2 2 2 ~
[ Atn = Apnllz,z.2) < /I 1AL v, 2) [[n(t) = P (Ol A < €2 lJun = pally,zv) < C

for constants ¢;, C' > 0 because |tn — pall Lo(z,v) 18 bounded. This can be easily verified
by observing that

[un — pn“Lg(I,V) < Hun”LQ(Z,V) + HpTLHLg(I,V)

and [[upl| 1,7y < C by the a priori estimate, cf. Lemma {.18 Since p, — u in Wy 5, we
have p, = win Ly(Z,V), i.e. |[pnll}, 7y is bounded. Furthermore

1B(w) = B(un)|l vy < 1B 1,z + 1Bwa)ll v
< cllgllp, + el pyzvy + luallpyzary)
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4. Nonlinear ADAEs with monotone operators

is bounded because B satisfies the growth condition, cf. Lemma and the a priori
estimates from Lemma hold. So we deduce that there is a ¢3 > 0 such that

|SDu,(t) — SDpu(t)|3 — |SDun(to) — SDpa(to) |3

< o (D) = Pl |z + 0= Pall e

= eillu—pallwy -

The limit (4.29) follows immediately because of (4.25). Then (4.27)) follows with (4.28])
and Lemma (iii). Finally we get Du,, — Du in C(Z,H) as n — o0.
(i) Set X := Lo(Z,V) and Y := Lo(Z, Z). From Theorem we know that

u, =~ uin X, B(u,) = B(u)in X*, Du,(T) —=Du(T)in H asn — oo. (4.30)
We first remark that integration by parts gives
% (ISP(u(T) — un(T))Il; — [ISD(ulto) — un(to))ll7)

= /Z([Du(t)]/ — [Dun(t)], Alult) — un(t))) zdt

S Blu),u— un)x — ([Dun], Al — uy))y
and with Lemma .10
(Dun(T) | Au(T)) 1 — (Dun(to) | Aulto))
/I<[Dun(t)]/ SAu(t)z + ([TDu(t)]', Dun(t)) zdt

/Z ([Dun(®)], Au(t))z + {[Du(®)]’, Aun (1)) 7t

([Dun]’, Au)y + (r — B(w), un) x-

4.4a))

Applying the strong monotonicity of B, cf. Lemma [1.15] gives

2
pl|u — un”X

S (B) ~ Blun), v~ un)x + 5 [SD(T) ~ un(T) [y

S = Blun),u = w)x — (Dl Al — )}y + 5 1SD(u(to) — unlto)) I
(r = Blua), w)x — (D], Au)y + 1 [D(ult) — ualto)

< = Blun)w)x + 5 1SD(ulto) — unlto)) I

+ (r = B(u), un)x — (Dun(T) | Au(T)) g + (Duy(to) | Aulty))u
—  2(r—B(u),u)x — (Du(T) | Au(T))g + (Du(ty) | Au(to))y  as n — oo.
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4.4. Dependence on the data

The limit follows with the same arguments as in the proof of Theorem [£.24] because of
(4.30). Integration by parts reveals as above

2(r — B(u),u)x = 2([Du]", Au)y
(Du(T) [ Au(T))u — (Dulto) [ Aulto)) -
We conclude ||u — u,||y — 0 as n — oo. O

4.4. Dependence on the data

In this section we investigate solutions to (4.4) w.r.t. perturbations on the right hand
side and perturbed initial values. More precisely, we let 6 € Lo(Z, V*) be a perturbation
and z5 € H be the perturbed initial value and we obtain the perturbed problem

(A" [Du(t)] o)y +(Bt)(u(t)),v)y = (r(t) +3(t),v)v, (4.31a)
Du(ty) = z5€ H. (4.31D)

for all v € V and f.a.a. t € Z. We derive the following perturbation result.

Theorem 4.26 (Perturbatlon result).
Let Assumptions 4.1, |4.9 . . H 4. 14| and |4.17 be fulfilled and let u € Wyp be the

unique solution to (4.4)). Let there be a sequence zOn) C Z with 25, — 2 in H in analogy
to Assumption[{.17 and § € Ly(Z,V*). Then ([£.31)) has a unique solution us € Wyp
and there exists a C' > 0 such that

s = sl gy < € (l120 = 281 + 16z ) -

If B(t) is also Lipschitz continuous, i.e. there exists an L > 0 such that

1B(t)(u) = B(t)(v)]

then there exists a C > 0 such that

v < Lijju—vl, VuveV,tel

= wslhug, < C (50 = 28ll s + 180 o)) -

PROOF:
Set X := Ly(Z,V) and Y := Ly(Z, Z). The unique solvability of (4.31]) follows directly
from Theorem [4.24] Let us € W, be the unique solution of (4.31)) and u the one of

(4.4). Taking the difference of (4.31al) and (4.4a)) gives

([Dus()]' = [Du(t)]', Av)z + (B()(us(t)) — B(t)(u(t)), v)v = (3(t), v)v-
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4. Nonlinear ADAEs with monotone operators

for all v € V and f.a.a. t € Z. Using the strong monotonicity of B, cf. Lemma [4.15, and
the integration by parts formula, cf. Corollary [£.13] gives
pllus —ully < (Blus) = Blu),us — u)x

— (5,5 — u)y — ([Dus — D, Aug — Au)y
= (0.5 —ux + 5 ISDuslto) — ulto))l s — 5 1SDus(T) — (T

< 9]

s = ully + 5 ISDusto) — ulto))l -

X *
We have

19]

2 2 % 2
xo s —uflx < p 1015 + 55 llus — ullx

with the classical inequality and

I8D(us(to) — ulto))ly < ex |12 — =l
for a ¢; > 0 because S € L(H). So there is a constant C' > 0 such that

= sl < € ([l20 = 241 + 1611x-) (4.32)
Let now B(t) be also Lipschitz continuous. We have from above

([Dus®)] = [Du®)]', Av)z = (3(t) — B(t)(us(t)) + B(t)(u(t)), v)v
< (o) v+ + Llus(@) = u(@®)lly) lvlly

for all v € V. The restricted operator Al;y, » is bijective and for v € imP we have
o]}y, < 2] Av]| , for a ¢ > 0, ¢f. Lemma [£.5 So

[[Dus(®)] — [Du(t)]'

2o < 2 (16|l + L fJus(t) —u®)]y)

and hence using the classical inequality (4.8)) again gives

2 2
s =1 = | DGt - w5 at
< c3 (1181 + Ilus — ullx) -
for a c3 > 0. Combining this with (4.32)) gives the desired W; p-estimate. O

As a direct consequence of Theorem we see that the map

PLy - H x LQ(I, V*) — LQ(I, V), (Z(],?”) — U
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4.4. Dependence on the data

is continuous. If B(t) is also Lipschitz continuous then the map
powy  H X Lo(Z,V*) = Wy p(T;V, Z,H),  (20,7) = u

is continuous and we have continuous dependence on the data as for the linear case,
cf. [Tis04, Theorem 4.26|. Furthermore the estimates of Theorem show that (4.4))
has Perturbation Index 1, cf. Definition This also holds for the Galerkin equations

@D

In chapter [2] the concept of the ADAE Index has been presented. A direct application
of Definition [2.3] is not possible under the assumptions of Theorem [£.24 The unique
solution u € W21,D is not necessarily continuously differentiable. Moreover, the Fréchet-
differentiability of the operator B(t) is not assumed to prove existence. However, if we
assume Fréchet-differentiability of B(t), it is possible to define operators Gy and G; sim-
ilar to the ones in Definition 2.3] With these operators we are able to characterize the
index behavior by proving the required properties in definition [2.3]

First we mention that the strong monotonicity of B(t) carries over to the Fréchet-
derivative By.

Lemma 4.27.
Let B:V — V* be Fréchet differentiable and the map

t— <Bo(w + tU)U, ’U>V

be continuous on [0,1]. Then B is strongly monotone if and only if Bo(w) : V. — V* is
strongly monotone, i.e. there is a py > 0 such that

(Bo(w)v,v)y > o |o||Z for allw, v €V

PROOF:
Since B is Fréchet differentiable (with Fréchet derivative By) B is also Géateaux differen-
tiable, i.e. there exists B’ : V' — L(V,V*) such that for all u,v,h € V

lim %(B(u + th)B(u), v)y = (B/(u)h, vy

is satisfied, cf. [GGZT74, Kapitel III, Definition 1.6]. By and B’ coincide. Then the proof
from |[GGZ74, Kapitel III, Lemma 1.1] can be adopted. Let B be strongly monotone.
For s € (0,1) we apply the mean value theorem for a suitable sy € [0, s| and obtain

plisully < (Blw+ sv) - Bw), sv)y
= /(Bo(w+tv)v,sv>vdt

= 52<B(](w + S()U)’U, U)V.
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4. Nonlinear ADAEs with monotone operators

Dividing by s? and taking the limit s — oo reveals that

(Bo(w)v, vy = po [|vlf5,

with pg = p. Conversely, if By(w) is strongly monotone, we have

(Bw) = Blo),u =)y = [ (Bolw+ t{u= o)) v)u= vt = polu = ol
O

The following Lemma and Theorem were developed in [MT12] and can be
found in [LMT13] in the context for linear ADAEs. The corresponding linear version of
Theorem was originally proven in [Tis04, Theorem 4.24| in a similar way.

Lemma 4.28.
Let W be a Banach space and let Z C H C Z* be an evolution triple. Let A, D € L(W, Z)
be bijective. Define G : W — W* as follows:

(Gw,w)w = (Dw|Aw)y Yw,w e W.
Then G € LIW,W*) and imG = W*.

PROOF:
The linearity of G is clear and there is a ¢ > 0 such that

(Gw, w)yw = (Pw|Aw) g < &lwlly, [wlly

because the embedding Z C H is continuous and A, D € L(W,Z). We have to show
that for all w € W* there is a sequence (w,) C im G such that

|w — Wy ||y — 0 as n — oo.

The dual operator A* € L(Z*,W*) of A is bijective. This can be seen as follows. First
let A*Z =0 and so (z, Aw), = 0 for all w € W. Since A is bijective we have (%, z), =0
for all z € Z and thus z = 0. For surjectivity let be w € W* and define z € Z* as
(z,2) 7 := (w, A7 2) because A is bijective. Then A*z = w.

For a given w € W* the bijectivity of A* implies that there is a unique z € Z* such that
A*zZ = w. Since H* C Z* dense there is a sequence (4,) € H* such that

€
Ve >03IN eNVn>N:|zZ—a,l, < 3
By the Riesz Representation Theorem [A.5] there is a unique u,, € H such that

(Un, uyg = (up|u)g Vu € H.
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4.4. Dependence on the data

Since also Z C H dense there exists z, € Z such that

”Zn un”H

2
where ¢ > 0 is the constant from the continuous embedding Z C H. We set now
(Zn,2)z = (zn|2)n Vz € Z.

It is z, € Z* because the embedding Z C H is continuous and we have for z € Z

(Z—Zn,2)z = (Z—Up,2)z+ (Un,2)z — (2n|2)n
= (2= Un,2)z + (Un — 20|21

< 7= tnllge Izl 2 + e llun = 2nll g 121l < € llzll-

We conclude that [|Z — Z,||,. — 0 as n — oo. Since D is bijective there is a unique
w, € W such that Dw,, = z,. We define

(W, Wy = (Zy, Aw)z Yw € W.
It is w,, € W* and also w,, € im G because
(W, W)y = (Zn, Aw) z = (Dw, | Aw) g = (Gw,, w)w .
Finally, we see for all w € W:

A*Z, w)yw — (Zn, Aw) z
2, AUJ)Z — <2n,A’lU>Z

wHW

<'lI] - w?h 'U)>W =

IN
o
r
|
[N

n|l zZx*
for a ¢ > 0 because A is continuous. This completes the proof. O

Theorem 4.29 (Index characterization).

Let Assumptions u . . . m 4. 14 and |4.17 - be fulfilled. Let B(t) : V. — V* be

Fréchet differentiable on V' with derivative By(w,t) : V- — V* and let the map
s — (Bo(w + sv, t)v, v)y
be continuous on [0,1] for all w,v € V, t € Z. Define the operators

Go:V —=V* (Gou,v)y = (Du|Av)
Gi(w,t) : V = V* {(Gi(w,t)u,v)y := (Du|Av) g + (Bo(w, t) Qu, v)y

for allu,v,w eV, t €Z. Then the following holds:

(1) Go is injective and im Gy = V* if and only if D is injective.
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4. Nonlinear ADAEs with monotone operators

(ii) Gi(w,t) is injective and im Gy = V* for allw € V, t € T.

PROOF:
(i) If D is injective, then D is bijective. If Gou = 0 then

0= (Gou, u)v = [|SDullfy = e|lul;

because of Lemma (iii) and the bijectivity of D. So v = 0 and Gy is injective. With
Lemma, we see im Gy = V*. Conversely, if Du = 0 then (Gou,v)y =0 for all v € V
and so u = 0 because G is injective.

(ii) Fix w € V, t € Z and write G; and By instead of G (w,t) and By(w,t), respectively.
We show injectivity of Gy first. Let u € ker G;. This implies

(Du|Av)y + (BoQu,v)y =0 Vv e V.
For v = Qu we observe
(ByQu, Qu)y =
and thus Qu = 0 because By is strongly monotone, cf. Lemma [£.27] This yields
(Dul Au)yy = |SDuly = 0

if we use v = u. Hence Du = 0 because of Lemma [4.8] and so v € im Q. Finally, this
gives u = Qu = 0.
Next, we have to show that imG; = V*, i.e. that for all © € V* there is a sequence
(0,) € im Gy such that

|0 — Upl[y« =0 as m — o0o.

Let be v € V*. U :=1im Q is a closed subspace of V' because Q is a projection operator.
Hence U is a reflexive Banach space with the norm ||-||;,. We define the operator

B:U—>U*,  (Bu,uy:=(ByQu, Qu)y Vi,uecU

and B is well-defined. It is strongly monotone and bounded because By is and the norm
on U is ||-||\,. Define furthermore

(t,u)yy == (v, Qu)y YueU
and clearly o € U* because v € V*. With the Browder-Minty Theorem we can

solve uniquely the equation Bu = u or equivalently
(Bu. u)y = (0, Qu)v (4.33)

and get the solution u € U. Let P be the complementary projection operator of @ and
set W :=1imP. W is a Banach space with the norm ||-||,,. Furthermore we set

<’LD,U)>W = <17 — B()Qﬂ, Pw>v Yw e W (434)
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4.4. Dependence on the data

Clearly w € W* because v € V* and By is bounded. The linear and continuous maps
D|W, A|W W = Z,

are bijective because D and A = T D are surjective and ker D = im Q = ker P. Setting
G: W —=W*as

(Gw,w)w = (Dlww|Alww)y = (Dw|Aw)y Yw,we W
we can apply Lemma [£.28] So there is a sequence (w,) C im G such that
@ — ||y — 0 as n — 00.
w0, € im G means that there exists a w,, € W such that
(Dw, | Aw)g = (G, wyw = (Wy, w)w Yw € W. (4.35)
We define now
Uy = Pw, + QueV (4.36)

and set
(U, 0y := (GO, v)y Yo eV.

By definition v,, € im G; and we observe for all v € V:

<1_)_/l_]n)/U>V 1_)7U>V - <g1fﬁnav>v

=
2 (5,0)y — (D, | Av)y — (BoQii, v}y
— (05— BoQii, Pv)y + (o — ByQil, Qu)y — (Didn| Av) s
4,334,34 <1D’ PU>W . (D@R|AU)H
2w — @, Po)w
< Fla—alye lolly
So we obtain ||o — 0, ||,» — 0 as n — oo. O

Remark 4.30 (ADAE Index of (4.4)).
If we identify Du € Z with the unique element in Z* satisfying

(Du,z)z = (Dul|z)y VzeZ
we can write
Go=A"D, Gi(w,t)=A"D+ By(w,t)Qy

which matches the definition of Gy and G; in Definition [2.3] In this sense with Theorem
m and V, Z being Hilbert spaces the ADAE (4.4) has at most ADAE Index 1 and it
has ADAE Index 0 if and only if D is injective.
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4. Nonlinear ADAEs with monotone operators

4.5. Conclusion

In this chapter we have studied abstract differential-algebraic equations (ADAESs) of the
form (4.4]) with regard to unique solvability, convergence of Galerkin solutions, pertur-
bation results and the ADAE Index. The results presented in this chapter are general-
izations of the linear case in [Tis04] where the operator B(t) is linear and the structural
condition A = D holds. We assume the possibly nonlinear operator B(t) to be strongly
monotone and to be bounded by a growth condition (Assumption . The structural
assumption in the dynamical part of is generalized by requiring A = 7D for a
suitable operator T (Assumption . The requirements for 7 are such that the crucial
integration by parts formula can still be applied. The form includes the corre-
sponding well-known case for evolution equations, cf. [Zei90b, Theorem 30.A]. However,
the choice of the basis functions is not completely arbitrary because it needs to be en-
sured that the Galerkin solution satisfies the inherent constraints, cf. Assumption
in combination with Theorem [4.24]

The unique solvability result of in Theorem is based on a priori estimates of
the Galerkin solutions and then showing the weak convergence of these to a solution
of . For the definition of the derivative [Du]" a splitting condition concerning the
nullspace of D is needed, cf. Assumption [£.4, No standard solvability results from the
theory of differential-algebraic equations can be applied to solve the Galerkin equations
because the right hand side of is only assumed to be Ls-integrable in time
(Remark . The unique solvability of the Galerkin equations is shown in Theorem
It is based on first rewriting them in a semi-explicit form (4.13]) and then applying
the Theorem of Carathéodory, cf. Theorem [A.3] It is also important that we achieved
a global solution for every Galerkin step n on the given interval Z. Furthermore strong
convergence of the Galerkin solutions is shown in Theorem [.25]

In addition we analyzed the ADAE in the sense of the Perturbation Index and the
ADAE Index from chapter . We showed that has Perturbation Index 1 whereas
the definition of the ADAE Index could not be applied directly because it relies on hav-
ing smoother solutions. However, we defined suitable operators Gy and G; showing that

(4.4) in this sense has at most ADAE Index 1.

The results in this chapter were restricted to Ls-spaces in time, but it seems to be pos-

sible to extend the solvability and the perturbation result to L,-theory. More precisely,

let p>2, p'4+¢ ' =1. Withr € L,(Z,V*) we would obtain a solution u in the space
Wop:={ueL,Z,V)| [Du] € L,(Z,2")}.

The requirements for the operator family B(t) have to be adjusted as well. We refer to
the L,-theory for nonlinear evolution equations in e.g. [Zei90bl, [Emm04, Rou05].
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4.5. Conclusion

Furthermore we have seen that the integration by parts formula is as important for the
solvability result as it is for ordinary evolution equations. We put strong conditions on
the operators A, D and T to be able to use it. However, having coupled systems in mind
nonlinearities in the dynamical part would also be desirable. In circuit simulation when
systems of partial differential equations are coupled to the equations of the Modified
Nodal Analysis they occur in the finite dimensional part of the coupled system, see
chapter . Additionally, because the entire operator B(t) cannot be expected to be
strongly monotone in general, we will investigate prototype coupled systems in the next
chapter.
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As outlined in chapter [2| coupled systems are of great importance in many application
areas. Especially in circuit simulation many examples can be found. Basic circuit el-
ements are described by constitutive relations within the framework of the Modified
Nodal Analysis (MNA), but more complex elements like diodes or transistors can be
described by equivalent circuits which are modeled by a set of basic elements. Due to
miniaturization in chip design, higher package densities and higher operating frequencies
the standard equations of the MNA and these equivalent circuits are not sufficient any-
more for simulating correct physical behavior. To capture the behavior of distinguished
elements or certain effects involved systems of partial differential equations (PDEs) are
added to the circuit description. The drift diffusion equations for simulating semicon-
ductors, cf. [ABGT03],[ABG05, [ABG10], the heat equation for simulating heating effects,
cf. [Bar04l [Cul09], or the Maxwell equations for simulating electromagnetic behavior of
certain devices, cf. [Sch1ll [Baul2|, for example, have been added. These systems in-
terchange information via certain coupling terms, additional coupling equations, certain
variables serving as input for boundary conditions of the PDE system or even more
general parametric coupling. This results in the overall system being very complex and
these specific coupled systems themselves have already become research topics.

In general these coupled systems are treated numerically by approximating the sys-
tem in space first. Finite elements, for example, can be used for semiconductors,
cf. [ST05], or heating effects, cf. [Cul09], and the finite integration technique is an es-
tablished discretization scheme for electromagnetic devices, cf. [Baul2|. The resulting
semi-discretized system is a differential-algebraic equation and the numerical analysis
is mainly based on this system, concerning index analysis, sensitivity with regard to
perturbations or stability and consistency of numerical methods for time integration.
However, the difference of the semi-discretized system to the original coupled system
has merely been analyzed. For a coupled system involving stationary semiconductor
behavior a convergence estimate for the whole coupled system was proven in [MT11].
Furthermore it is important to investigate the sensitivity of the coupled system itself
with regard to perturbations, cf. e.g. [Bod07|. It is known that different discretization
schemes may act as a regularization (decreasing the index) or even a deregularization
(increasing the index) of the coupled system, cf. [Giin00].

In this chapter we will present two prototype coupled systems as a starting point for
treating (nonlinear) coupled systems systematically. For both systems we give unique
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solvability results, investigate the convergence of Galerkin solutions and present a per-
turbation estimate. These prototype systems are also applicable to circuit simulation as

we will demonstrate on two exemplary systems. Relevant background material for this
chapter can be found in Appendix [A.3| [A.4] and [A.5]

5.1. An elliptic prototype

In this section we discuss an elliptic prototype of a coupled system. Let Z := [to, T be
an interval and V' be a real Banach space. Consider the system

am(m(t), t)+ f(z(t),u(t),t) =0, tel, (5.1a)
g(z(t),t) =0, (5.1b)

B(u(t)) + R(z(t),t) =0, in V", (5.1¢)

x(to) =z € R™ (51d)

with functions m : R xZ — R™, f: R xV xZ — R", ¢g:R™ x7Z — R™ and
operators B: V — V* and R : R" x Z — V*. The unknowns are z(t) € R", y(t) € R™
and u(t) € V for t € Z. We also use the convention to write z(t) = (z(t),y(t))" € R,
n, = ng +n,. We will also often omit the explicit time dependency of the variables. The
initial value zy € R"* is given. Note that equations , represent a semi-linear
(finite dimensional) DAE whereas is an (infinite dimensional) operator equation.
The coupling of these two systems is realized by letting f depend on u and R depend
on z. We will investigate system (5.1)) w.r.t. solvability, perturbation estimates and
Galerkin convergence under suitable assumptions. We first prove unique solvability.

Theorem 5.1 (Unique solvability).
Let T := [to, T be an interval and assume the following:

(i) V is a real reflexive Banach space.
(i) m € CY(R"™ x Z,R") is strongly monotone w.r.t. x.
(1)) f e CR™ xV xI,R"™) is Lipschitz continuous w.r.t. z and u.

(iv) g € C(R™ x Z,R™) is uniquely solvable w.r.t. y € R™, i.e. there is a solution
function 1, € C(R™ x Z,R™) such that y = ,(x,t) whenever g((x,y)",t) =0
for all z,y,t. Furthermore v, is Lipschitz continuous w.r.t. x.

(v) B:V — V* is strongly monotone and hemicontinuous.
(vi) R € C(R™ x Z,V*) is Lipschitz continuous w.r.t. z.

Then (5.1) has a unique solution (z,u) € C(Z,R™ x V) with v € C*(Z,R"™) for every
mitial value xo € R™=.
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ProoOF:
Existence. For any given z € R™ ¢ € 7 we can solve the operator equation ([5.1c)
uniquely due to the Browder-Minty Theorem [A.14] We obtain

w=B"Y-R(z1)

and insert it into (5.1a). We remark that B! : V* — V is Lipschitz continuous, so u
depends continuously on (z,t) and is Lipschitz continuous w.r.t. z. Equation (/5.1a)) now
reads

Sm(et) =~ F((2,9) T B (<R ()T, 0).0) = Fr..1

with ]7: R™ x R™ x T — R™ being continuous and Lipschitz continuous w.r.t. x and
y. We can now apply Theorem [3.15] (in combination with Remark [3.18)) to get a unique
solution z, = (Z4,ys) of the system

d -
&m(:c,t) = f(x,y,t), tel

0=g(z,y,t)

with the initial value x,(ty) = 2. Here z, is continuous and z, is continuously differen-
tiable. So setting

u(t) .= B (=R(z.(t),1)), teT

we see that u, € C(Z,V) and that (z,,u,) is a solution to (5.1)).
Uniqueness. Let there be two solutions (z;, u;), i = 1,2, of (5.1). The strong monotonic-
ity of B gives

pllu() —u@®ly, < (Blur(t)) = Bluz(t)), ua(t) — ua(t))v

= (R(a(0).1) = R(z1 (1), 1), ua(t) — wa(t))v

for a x> 0 and all ¢ € Z and hence

1
[ur (£) — w2 (t) |y, < M IR (22(t),t) = R(z1(t), £)l]- -
Furthermore we obtain from (5.1b)) using the solution function v, that

191(8) = y2 (O] = [l9bg(21.(8), 1) = by (2(2), )| < Lug, [J1 () — 22 ()]

for a Ly, > 0. Thus there is a constant ¢, > 0 such that

[ur(t) —u2 (@)l < cull21(t) = 22(D)]]
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because R is Lipschitz continuous w.r.t. z and
[21() = 22 ()| < [J@1(t) — z2()]| + l2(t) — 1) -

Now integrating (5.1a)) over [tg, ] gives

m(z1(t),t) — m(w2(t), 1) :/t f(22(s), ua(s), 5) = f(21(s), ua(s), s)ds.

Using now the strong monotonicity of m, the Lipschitz continuity of f and the Gronwall
Lemma in combination with the estimates above we see that 1 = x,. Compare the
proof of Theorem for more details. Hence we also get y; = y2 and uy; = us. O

Note that the assumptions on the finite dimensional part (5.1al), (5.1b|) are very similar
to the assumptions required in Theorem Especially sufficient conditions for (iv) are
discussed in Remark We now investigate the solution to (5.1)) w.r.t. perturbations.

Theorem 5.2 (Perturbation estimate).
Let T := [to,T] be an interval. Consider the system

Em(x(t), t)+ f(z2(t),u(t),t,6.(t) =0, tel, (5.2a)
9(z(1),1,04(t)) = 0, (5.2b)

B(u(t)) + R(z(t),t) + 6,(t) =0, in V™", (5.2¢)

z(tg) = 23 € R™ (5.2d)

and assume the following:
(i) V is a real reflexive Banach space.
(1)) m € CY(R" x Z,R™) is strongly monotone w.r.t. x.
(1)) f € CR™ xV xTIxR"™ R"™) is Lipschitz continuous w.r.t. z, u and §,(t).
(iv) g € C(R™ x T x R™ R™) is uniquely solvable w.r.t. y € R™, i.e. there is a
solution function ¢ € C(R™ x T x R™ R™) such that y = ¢ (x,t,0,(t)) when-

ever g((z,y)",t,0,(t)) = 0 for all x,y,t. Furthermore ¢ is Lipschitz continuous
w.r.t. © and 6,(t).

(v) B:V — V* is strongly monotone and hemicontinuous.

(vi) R : R"™ x T — V* is continuous and Lipschitz continuous w.r.t. z.

(vii) o, € C(Z,R"™), 6, € C(Z,R™), 6, € C(Z,V*).
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Then (5.2)) has a unique solution (2°,u’) € C(Z,R" x V) with 2° € C*(Z,R"*) for every
initial value ¥y € R™. Let (z,u) be the solution for (8,8,,8,) = 0 with initial value
x(to) = zo. If Ha:o — :ng is sufficiently small then there is a C' > 0 such that

)

I =]

-+ max]fu(t) — (1), < c(||xo — a8+ 16l + 16yl + e 6,(0)

PROOF:
Solvability. For given perturbations d,, ¢, and d,, we set

f‘s(z,u, t) = f(z,u,t,0.(t)),
9’(z,1) == g(z,1,6,(t)),
RO(2,t) = R(z,t) + 6u(t)

for all t € Z and z € R", u € V. Then the functions f?, ¢° and R’ inherit all the
properties from the functions f, g and R and Theorem is applicable. Hence we get
the desired unique solution (2%, u°) for the initial value z§. In the case of (J,,d,,d,) = 0
and given initial value xy we denote the solution by (z,u).

Perturbation estimate. Using the strong monotonicity of B gives

u) = @ll, < [1Bu(e) = B0,
% IRG(0). 1) — R (®).8)],. + % 18,0y
< e (|l2lt) = SO + [wt) — PO + 16.0)])

for constants pu,c, > 0. In the last line we used the Lipschitz continuity of R w.r.t. z.
Furthermore we have with ([5.2b)) that

y(;(t) - ¢g($6(t)7ta 5y(t))7 y(t) - 1/Jg(l’(t), L 0)7 tel
and we obtain
[y() = y° ()] < [t (@(1),2,0) = by (2°(£), 1, 0)|| + ||t (2° (1), 2,0) = 1y (1), 1, 6,(£)) |
< ey ([Jx(t) = 2@ + l16,(0)]])

for a constant ¢, > 0. Applying the same arguments as in the proof of Theorem [3.17]
(in combination with Remark [3.18]) the desired estimate follows. The main steps in the
proof of Theorem were integrating (5.2b)) over [ty,t], making use of the Lipschitz

continuity of f and applying the mean value theorem (||$0 — :ng is sufficiently small).
O

Theorem shows that (5.1)) has Perturbation Index 1 under the given assumptions,
cf. Deﬁnition We do not require the perturbations (9, d, ) to be sufficiently small.
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5. Coupled Systems

This is due to the Lipschitz continuity of the functions f, g and R.

The operator equation (5.1c)) is stated for a possibly infinite dimensional Banach space V.
So corresponding Galerkin equations can be formulated and we show that the solutions
to the Galerkin equations converge uniformly to the solution of the system (5.1).

Theorem 5.3 (Convergence of Galerkin solutions).
Let T := [ty,T] be an interval. Consider system (5.1)) with initial value xy € R™ and
assume the following:

(i) V is a real reflexive and separable Banach space. Let dimV = oo and {vy,va,...}

be a basis of V in the sense of Definition|A.11. Set V,, :={vy,...,v,}.
(1)) m € CY(R"™ x Z,R™) is strongly monotone w.r.t. x.
(1)) f € CR™ xV xI,R"™) is Lipschitz continuous w.r.t. z and u.

(iv) g € C(R™ x Z,R™) is uniquely solvable w.r.t. y € R™, i.e. there is a solution
function 1, € C(R"™ x Z,R™) such that y = ,(z,t) whenever g((z,y)",t) =0
for all z,y,t. Furthermore 1, is Lipschitz continuous w.r.t. x.

(v) B:V — V* is strongly monotone and hemicontinuous.

(vi) R :R" XTI — V* can be decomposed as

R(z,t) =R(z)+r(t) V(zt)eR™ xT

where R € C(R™,V*), r € C(Z,V*) and R is Lipschitz continuous.

Then the Galerkin equations

%m(xn(t),t) + f(zn(t), un(t),t) =0, tel, (5.3a)
g(zn(t),t) =0, (5.3b)
(B(un(t)) + R(zn(t),t),v))y =0, i=1,...,n, (5.3c)

are uniquely solvable with solution (z,,u,) € C(Z,R™ x V,) and z, € CY(Z,R™).
Furthermore, if (z,u) is the solution to (5.1)), then

||z—zn||oo—i—r£1€aIXHu(t) —up(t)|ly, = 0 as n — 0o.
PROOF:

We outline first the strategy of the proof and show the following steps.
Step 1. The Galerkin equations (5.3) are uniquely solvable.
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5.1. An elliptic prototype

Step 2. For the Galerkin solutions (z,,u,) a priori estimates hold. More precisely, there
is a C' > 0 (independent of n and t) such that for all ¢t € Z:

lza (Ol < C Nlun(®)lly < C, [IB(un(t))]

e <C.

Step 3. The set {u,| n € N} is equicontinuous on Z.
Step 4. There is a subsequence n' and (z,,u.) € C(Z,R" x V') such that

ot = 2, Up(t) D ul(t) inV, t€Z  asn' — oo.
Step 5. The limits (z,, u,) fulfill system and
Zn =X Zy, Up = U, aAS N —> OO.
Ad (1). Equation can be equivalently formulated as
(B(un(t)) + R(zn(t),t),v)y =0 YveV, (5.4)

We identify V,, C V' as a subspace of V' with the induced norm and denote the natural
embedding operator from V,, to V by 7, : V,, = V. The dual operator of 7, is denoted by
Jr:V* — V*. Since we have J,u,(t) = u,(t) we can write equation equivalently
in operator notation as follows

B (un(t)) + Rn(2a(t), 1) =0 in V7
with B, :== JBJ, : V., = V. and R, (2,(),t) := T R(zn(t),t), t € Z. With Lemma

B, is strongly monotone and hemicontinuous because B is. The properties of R
transfer to R,, as well. Hence we can apply Theorem and obtain a unique solution
(2, un) € C(Z,R" x V,,) C C(Z,R™ x V) to (5.3) with x,, € C1(Z,R™) .

Ad (2). First we examine the algebraic part . With the Lipschitz continuity of 1,
we get

[yn @] = lltbg(zn(t), 1) — 1hg(0, 1) + ¥y (0, 8)[| < ¢y lzn(t)]| + d
and the strong monotonicity of B (ug > 0) together with the Lipschitz continuity of R
implies
1

lun (D)]* < £<B(un(t)) = B(0), un(t))v

L (IR Ga(t))]
KB
< (eu 2@ + du) un(®)]y

with constants ¢, ¢,, dy, d, > 0. The relevant requirements here were 1, and R being
continuous and Z being compact. We integrate (5.3al) over [to,t] and get

IN

v- +11B(0)|

V*) |un(t)||v

m(x,(t),t) = m(zo,ty) — /t f(zn(s),un(s), s)ds. (5.5)
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5. Coupled Systems

The strong monotonicity of m gives

1
Joa(®) = ull < 3, mn(),8) = m(zo, D)
SWMMMHWMMHAWNM%%@AWB

< [lm (o, to) — m(xo, 1) +/ c1 ([12n ()]l + llun(s)lly) + 117(0,0, 5)[| ds

to
t
s%+%/WMﬂMS
to

with constants ¢y, ¢;, d, > 0. For the last line we inserted the estimates from before
and we used that m and f are continuous. An application of Gronwall’s Lemma reveals
that x,,(¢) is uniformly bounded. After insertion into the estimates before we obtain that
|2, (t)|| and ||lu,(t)||;, are uniformly bounded by a constant C > 0. It remains to show
that B(u,(t)) is also bounded. Since B is monotone it is also locally bounded, i.e. there
exist r, & > 0 such that

lolly <7r = [[B)]

Vo S «,

cf. [Zei90b), Proposition 26.4 (a)]. From ([5.3c|) we infer
[{Bun(®)), wn () v] = [(R(zn(8), 1, tn ()] < [R(z0(8), 1)

for a Cz > 0 because R is continuous and z,(t), wu,(t) are bounded. Since

(B(un(t)) — B(v),u,(t) —v) >0 YveV

v Un(t>||v < Cp.

it is

1B (un(t))]

ve = sup rH{B(u,(t)),v)y

l[oll=r

< sup 77 ((B(v),v)v + (Blun(t), un(t))v — (B(v), un(t))v)

[[ol|=r

<yt <cw’ +Cp +a5> .

The right hand side is independent of ¢ or n.
Ad (3). We show first that {z,| n € N} C C(Z,R") is relatively compact. We remark
that

1 (zn(t), un (), )] < Cf (5.6)

for a constant C'; > 0 (independent of n and t) because of the a priori estimates and the
Lipschitz continuity of f. We define

wy(t) :=m(z,(t),t), neN teZ
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5.1. An elliptic prototype

and clearly have w, € C(Z,R") because x, and m are continuous. With (j5.5) and
(5.6) we see that ||w,(t)|| < C, with a constant C,, > 0 being independent of n and ¢.
Furthermore the w,, are equicontinuous because

lwn(t) = wa(®)] /t 1f (zn(s), un(s), )l ds < Cp [t — 1.

An application of the Arzela-Ascoli-Theorem gives a subsequence wy, and a limit
w € C(Z,R") with wy, = w as k — oco. Define x € C(Z,R™) as the unique solution of
m(xz(t),t) = w(t), t € Z, cf. Lemma [3.7} Then using the strong monotonicity of m we
obtain

pllew(t) — x(®) < [lm(e(t), t) —m(x(t), D]

= [Jwi(t) —w(®)]]

< max |lwr, —w|| -0 asn— oo.
Hence z, = x, i.e. the set {z,| n € N} C C(Z,R") is relatively compact.
We will show that {y,| n € N} C C(Z,R™) is also relatively compact. With we
have y,,(t) = ¢,(x,(t),t) and the x, are relatively compact in C(Z,R"), i.e. there is a
subsequence xj, with z;, =% x. Define y(t) = ,(z(¢), t) which is continuous. Then y, = y
because 1), is Lipschitz continuous. Hence the y,, are relatively compact in C(Z,R").
By the Arzela-Ascoli-Theorem {z,} and {y,} are both equicontinuous.
We are now able to show that {u,} C C(Z,V) is equicontinuous on Z. Let Lgz > 0 be
the Lipschitz constant of R, fix ¢ € Z and let € > 0. Since r is continuous and {x,},
{y.} are equicontinuous there is § > 0 (independent of n) such that

|2 (F) — 2a(t)]] < £2-e

3Lr
lyn(® = 3 (D] < ;,ff
Ir(®) = ro)l < 5=

for all ¢ € Z with [t — ¢] < §. Using the strong monotonicity of B gives for all ¢t € Z:

s [[un(t) — un(ﬂ”%/ < (Blun(t)) = Blun(t)), un(t) — un(t))

(R(za(0)) = Rlza(t)) + (1) = 1(t), un(t) = wa(D))
< (Lrllza(t) = 2@ + r(#) = r@)lv-) [[un(t) = un @)y

ot
!

ve)

Then we have

[un(t) = un(@)]y < B(||wn()—xn(f)H+||yn(t)—yn(f)||)+iHT(t)—T(f)I
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5. Coupled Systems

We deduce that {u,} is equicontinuous on Z.
Ad (4). Since {x,} is relatively compact in C(Z,R") there is a subsequence n’ and
z, € C(Z,R™) such that

Ty 2. asn — oo.
With y,(t) := ¥ (z.(t),t) we have as before that

Yoy = Ys  asn — oo
and hence

2w = 2 asn — oo.

However, for u,, we have not proven relative compactness. Our goal is to show pointwise
convergence of u, to a limit u, and apply Theorem [A.1I8 The spaces V and V* are
reflexive and w,,(t) and B(u,/(t)) are uniformly bounded due to the a priori estimates
above. Then for every t € 7 there is a subsequence of n’, which we denote by n} to
underline its dependence on ¢, and u; € V', w; € V* such that

Upy(t) = Uy 0V, B(upy(t)) = wy in V' as ny — oo, (5.7)

This is due to the Theorem of Eberlein and Smuljan, cf. [Zei90al, Theorem 21.D]. We
will show now for all t € Z:

(i

(R(zny (), 1), uny (£))v — (R(24(t), 1), u(t))v as ny — oo.

(Wi, v)y + (R(2(t),t),v)y =0 for all v € V.

(R(zny (1), 1), umy ())v - = (R(zng (1)) = R(2(8), ), iy (8))v + (RA2(2), 1), uny (£))v
— (R(z.(t),t),u)y asny —0

because R is Lipschitz continuous, u,(t) is uniformly bounded and z,, = z.. So the
first term vanishes as ny — 0 and the second term tends to (R(z.(t),?),u:)v because
Uy (t) — uy.

Ad (ii). Let n} > k, k € N and v € V. The map w — (w,v)y is in V** and so we have

with (5.7) that
(B(uny (1)), v)v = (W, v)y  as nf — o0
and

(R(zny (1), 1), v)v = (R(2:(1),),v)y  asny — oo
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5.1. An elliptic prototype

because 2,7 = z. and R is Lipschitz continuous. From the Galerkin equations ({5.3c|) we
know that

(Buay (1)), 0)v + (R (1), 1), 0} = 0

and letting n/ — oo we deduce

(e, v)v + (R(z(t),1),0)y =0 v e | JVi
keN

Since pen Vi € V dense and B(un/(t)), R(zw(t),t) are bounded this also holds for
v €V, cf. [Zei90a), Proposition 21.26 (c)].
Ad (iii). We have (5.3c) and additionally we only have to show

lim <B(un;/(t)),ung(t)>v < (W, Uy)v

ny —oo0

to apply the monotonicity trick (cf. [Zei90b, p.474 or p.778]) since B is hemicontinuous
and monotone. It is

(Bluay (1), ug (v = (R 2 (0),1), ()
= —(R(2(t),1),u(t))y asny — oo

with (i). Then (ii) gives (iii) with the monotonicity trick.

Having shown that we know that for given z, and fixed t € Z all weakly convergent
subsequences of n’ fulfill in the limit

B(u) = R(z.(t),t) in V™. (5.8)
The solution of ([5.8)) is unique and hence we have that
U (t) = a; in V,  Bluy(t)) = B(i) in V' asn’ — oo

with [Zei86, Proposition 10.13 (4)]. We set u.(t) := @; and observe that u, € C(Z,V)
because for t;, — ¢t we have

[us(te) — ue()]ly, < i 1B (us (k) — Bus(t)) |1+
T

IR (2 (), t) = R(2(2), 1)

ve— 0 ask— oo
1

because B is strongly monotone and z, and R are continuous. Additionally we have

(B(u(t)), s (t) = un (£))v — 0, (5.9)
(Bun (1)), us(t))v = (Blua(t)), us(t))v (5.10)
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5. Coupled Systems

for n” — 0 and (i) also holds for the sequence n’. Using the strong monotonicity of B
again we see that

5 || (2) — wwr (8) 5,
< (Bua(t)) = Bluw (1)), ua(t) = up (t))v
(Blut)), ua(t) — uw )y = (Bl (@), v (B)v = (R(zw (1), 1), e (),

&2, EID B (u. (1)),us () R (o (8),8) 0 () v
0 asn — oo.

ot
o

Hence we have that w,/(t) — w.(t) pointwise in V' as n’ — oo. We conclude now with
Theorem that u,, = wu, because {u,} is equicontinuous as shown above.
Ad (5). It remains to show that (z,,u,) fulfills the original equations (j5.1)). For w, this

is clear from ((5.8) and y. is given by v.(t) = ¥,(x.(t),t). So we need to show that ([5.1a))
is fulfilled. Therefore integrating the Galerkin equations (5.3a) gives

m(z (t),t) = m(xy(to), to) —/t f(zn (8), up(s), s)ds

Using the uniform convergence of (z,), (z,) and (u,,), the Lipschitz properties of f and
that x,/(ty) = zo we see that is fulfilled. This also means that z, € C*(Z,R"™)
and with Theorem the solution (z,,u,) is unique. Now we apply the convergence
principle form [Zei86, Proposition 10.13 (1)] which states the following: Given a Banach
space W, a sequence (w,) in W and w € W fixed. If every subsequence of (w,) has, in
turn, a subsequence which converges to w (in the norm ||-||;;,) then the original sequence
converges to w, i.e. [jw, —w|,, — 0 as n — oco. Here the space W is C(Z,R" x V)
and the arguments above can be applied to any subsequence n with a corresponding
subsequence 7’. Hence we have the convergence of the whole sequence. O

5.2. Application of the elliptic prototype in circuit
simulation

In this section we present a simple coupled system which fits into the framework of the
elliptic prototype discussed in the last section of this chapter. For literature on the
underlying physics motivating the following cf. [Sim56], Tis04, Baul2]. We start with
the MNA equations having been described in chapter [3| and choose one resistor to be
treated separately. We denote it by R and we describe its geometry by Q C R?, d < 3,
which is open and bounded. Its resistivity is implicitely given by the well-known Ohm’s
law

J =o€.
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5.2. Application of the elliptic prototype in circuit simulation

Letting Z := [to,T] be a fixed time interval it gives a relation between the current
density J : Q@ xZ — R? and the electric field £ : Q x Z — R via the conductivity tensor
o € R¥4, Furthermore consider the current continuity equation
Ip
V- J+—=—=0

J ot
where p : 2 X Z — R is the charge distribution. Neglecting any drift current, i.e. % =0,
and using the potential formulation —V¢ = &, see [HWO05|, we obtain the Laplace
equation

—V .oV =0,

for the electrostatic potential ¢ : Q xZ — R. We add mixed boundary conditions. More
precisely, let the boundary I' := 92 be sufficiently smooth. Let I' = I'p U 'y be split
with TpNTx = 0 and voly_1(T'p) > 0. By vol;_1(I'p) we denote the (d —1)-dimensional
measure of the set I'p. Furthermore we split the Dirichlet boundary as I'p = I'. U Tz
with I'. NI’z = 0. T'. and I'z are the contacts of the device. We then formulate the
Laplace equation with mixed boundary conditions:

—V-oVp=0, onQxZ, (5.11a)
Plr, = Vapp,  ¥lrz =0, (5.11b)
Vo -vir, =0 (5.11c)

for some applied voltage vapp : Z — R. v € R? denotes the outward normal vector and
with z € () and t € Z we denote the spatial and temporal dependency of ¢ respectively.
We will omit these dependencies most of the time. Note also that in the formulation
the electrostatic potential ¢ is time dependent because the applied voltage vapp
is. With the Gauss Theorem and equation it follows that

Oz/V-jdx:/j-de j-udF%—/J-udF:};—l—jR
Q T e I's

-~ -~

where jz and % are the currents through the contacts. Thus we have charge conservation
and so we can restrict ourself to one current

ir = irl(e) = / oV,
'z

cf. e.g. [Tis04, chapter 3.2| in the case of semiconductor modeling. We introduce a
corresponding incidence matrix Ax € R™*! as

1, if the branch of R leaves node 1,
(Ag)i == ¢ —1, if the branch of R enters node i,

0, else.
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5. Coupled Systems

The applied potential can be expressed as

Vapp = Vapp(t) = A7T36(t>

with e being the vector of node potentials, cf. chapter [3]
Together with the MNA equations we arrive at the coupled system:

d gr(Afe t)) . . .
A Ale t Ap A R + Arjr + Avijy + Arig(t) =0
T go(Ake t) + (Ar Ag) ( in(2) Ljr + Avjv + Aris(t)
d .
E%(]Lﬂf) —Aje=0

Ale—uv,(t) =0

Jr(p) —|—/ oV -vdl=0

V-0V =0
7—267 90|FE =0
Ve-vir, =0

(5.12a)

(5.12b
(5.12¢

(5.12¢
(5.12f

)
)
(5.12d)
)
)
(5.12g)

Here (5.12€) is given on ©Q x Z. We now formulate the variational version of (5.12)).
Therefore we assume to have a function h € H*(Q) with h|r, = 1 and h|r. = 0. We set

U = @ — happ
and let

veV:={veH(Q)| v|r, =0}.

(5.13)

which is a real separable Hilbert space. Then we obtain the variational formulation of

(5.11)):
/UVqudx = —’Uapp/O'VhVUd:E YveV
Q Q
We define the operators B:V — V* and R : R — V* as follows:

(B(u),v)y ::/UVquda: Yu,v €V and
Q

(R(z),v)y = z/ oVhVudr VzeR, veV
Q
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5.2. Application of the elliptic prototype in circuit simulation

The current jz can be rewritten as

jR:—};—Q/:/ O'V(,OVdF
T

c

= / hoVy - vdll
r

= / V - (hoVy)dx
)

= / V- (6Ve)h+oVeVhdzr
Q —

and so jr depends on u and vapp:

IR = JRr(U, Vapp) = / oV (u + hvgy,) Vhde (5.15)
Q

ILJ:;n‘;nzei.;ﬁned as in . Let B, R and jr be given as in and ,
respectively. Let o € R¥9 be positive definite. Then
(i) B is linear, bounded and strongly monotone,
(ii) R is linear and continuous,
(111) jr is Lipschitz continuous w.r.t. u and vy,
PRroOOF:

(i) The linearity is clear. Let u,v € H'(Q) and with the Cauchy-Schwarz inequality it
follows that

(B(u),v)vz/aVqudx

Q

d 3 d 2
< ||UH* (/ Z |8iu’2 dx) (/ Z |aw|2 dl’)
€ i=1 Q=1

< llolly [l g2 0y 0] g1 -

Furthermore we have for v € V that

d
/aVuVudx > pa/ |Vl dz = ,uo./ Z 0;ul” dz
Q Q (ot
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5. Coupled Systems

for some p, > 0 since o is positive definite and therefore (o) Ty > gy |Jy||” for all y € R
From the Poincaré-Friedrich inequality we have a ¢ > 0 such that

d 2
2 2
Jull o < | [ 310 dx+‘ [ war| |,
=1 D
——

=0, since ueV

since the boundary I' is sufficiently smooth and voly_1(I'p) > 0, cf. [GGZ74] p.36]. We
conclude

/ oVuVudxr > ug ||U||§{1(Q)
Q

for some pgr > 0.
(ii) The linearity is obvious and for z € R, v € V' we have as before that

(R(2), 0)v < |zl lloll, (12l gy 101l 1o -

So R is bounded and therefore continuous.
(iii) Let be u, @ € V and v,,, € R. Then we conclude as before:

7% (1, Vapp) = JR (U, Vapp )| = /QUV(U —u)Vhdz < ol [lu—ally [|h] 1

The Lipschitz continuity of jg w.r.t. v,p, follows analogously. O

We reformulate system ([5.12)):

d T
AC_QC(Age,t) + (AR A'R) (QR(AReat)

dt ]R(u, A;Iée)) + ALjL + AVjV + AI%(t) =0 (516&)

%QSL(jL, t)—Ale=0 (5.16b)
Ale—v,(t) =0 (5.16¢)
B(u) + R(Aze) =0 (5.16d)

The system is the weak formulation of system and can be analyzed within
the framework of the elliptic prototype. The operator equation is an equation in
V*. The main results of the last section, namely the solvability theorem (Theorem [5.1)),
the perturbation estimate (Theorem [5.2) and the convergence result for the solutions
of the corresponding Galerkin equations (Theorem , can be applied to under
suitable assumptions of the electrical network. This will be discussed briefly in the next
remark.
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5.2. Application of the elliptic prototype in circuit simulation

Remark 5.5 (Applicaton of the prototype).

We require Assumptions [3.21], and to hold which assured global solvability
and a perturbation estimate for the MNA equations , cf. Theorems and .
Furthermore we assume that A;Qc = 0 holds. This means that there is a path of
capacitors connecting the nodes of the device, compare [Bod07, Corollary 4.6]. We
perform the decoupling for the MNA equations, cf. Lemma m Condition ApQc =0
ensures that there is no dependency of u in the algebraic part, see the decoupling in

(3.19). With the same notation as in Lemma we obtain:

i () ) =1 (1) ) (At ireel) o o
g(< ) - ) _ (5.17b)
<ejcvv) . (( ) oo ) (5.17¢)

B(u) + R(Agrpeec) = 0 (5.17d)

Then Lemma [5.4] together with Theorem [3.30] ensures that the assumptions concerning
the involved functions are fulfilled. Hence we get the unique solution

(e7jL7jV7u) c C(I’ Rne+nL+nV % V)

to (5.16) by Theorem for a given initial value (ple(to),jr(to))" = (p&eo,jro) ' -
We have (ple,jr) € CY(Z,RFctme). Similarly we obtain the corresponding Galerkin
equations for (5.16|) and (5.17) and can apply Theorem if a suitable basis in V' is
taken.

If perturbations 6, € C(Z,R"™), 6, € C(Z,R":), §y € C(Z,R") and 0, € C(Z,V*) are
added to the right hand side of (5.16) we get:

.
Ao gae(Abet) + (A Ax) (01D ) 4 i+ v+ Avi(t) = 0.0
%¢L(jLat) — Aje=0.(t)

Ape —u,(t) = by (t)

B(u) + R(Age) = 6,(t)

Now the decoupling proceeds as above and we obtain a similar system to (5.17) by
just replacing the functions f, ¢, h with the functions f?, ¢°, h° from Theorem

Note that no perturbations of the MNA equations enter the operator equation because

Aje = Arpoec. So Theorem (in combination with Theorem [3.32) can be applied.
Let (€°,79,4%, u°) be the unique solution for a given initial value

(pie’(to), j1(to)) " = (pied, joo) | = f
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5. Coupled Systems

and let (e, jr, jv,u) be the solution for (d,dr,dv,d,) = 0 with initial value
(pielto), ju(to) " = (éeo, jro) " = 0.
If Ha:o — xSH is suffiently small then there is ¢ > 0 such that

le = ello + Nl = g2 ll + v = G0l +max [Jut) = w* (1)
2

Thus system (5.16)) has Perturbation Index 1.

Remark 5.6 (Structure of the coupled system).

In Remark [5.5] we have seen how the results of the elliptic prototype can be applied to

(5.16)). Moreover the system ([5.16)) provides more structure than used by the prototype.
We observe in ((5.16d)) that if u; is the solution to

(B(u),v)y + (R(1),v)v =0,
i.e. vapp = 1, the solution to (5.16d) for an applied potential v,y,, = Age is given by
U = Vapplly. (5.18)

Here u, is not time-dependent and so the time-dependency comes from v,y only. The
solution formula (5.18)) is due to the linearity of B and R. If we define ¢; := u; + h we
have that

<c (v o8]+ 10 + 18l + 16 .+ (o)

/ oV Vode =0 YveV.
Since u; € V we obtain "
/ oV1Vuyde =0
and so '
Jr = /Qanz)Vhdx = Vapp /Q oV Vhdx Pt Vapp /Q oV Vipde.

For a sufficiently smooth solution ¢; = u; + h the conductivity

p::/UngVgoldx
Q

is positive because o is positive definite and V¢, # 0 due to the boundary conditions.
This means that jz(u, Are) = pAgre =: gr(Age) is strongly monotone in Aje. With
the device effectively becoming a linear resistor the solvability Theorem for the
MNA equations can be applied. Here the term gz is allowed to appear in the algebraic
part, i.e. the condition A,Qc = 0 is not necessary. Note that these arguments are
not possible for the general prototype system, because there B and R may be nonlinear.
For the construction of (hemicontinuous) strongly monotone operators (with a nonlinear

o = o(Vu,z)) we refer to [GGZT74], pp. 68-70].
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5.3. A parabolic prototype

5.3. A parabolic prototype

In this section we discuss a parabolic prototype of a coupled system. Let Z := [ty, T] be
an interval and V' C H C V* be an evolution triple. Consider the system

' (t) + f(z(),u(t),t) =0, teZ, (5.19a)
g(z(t),t) =0, (5.19b)

u'(t) + Bu(t) + R(u(t), z(t),t) =0, in V", (5.19¢)
(to) = uo )

to)
with functions f : R™ x H x Z — R", g : R™ x Z — R™ and operators B : V — V*
and R : V x R" x T — V*. As for the elliptic prototype the unknowns are z(t) € R™,
y(t) € R™ and u(t) € V for t € Z. The same convention z(t) = (z(t),y(t))" as for the
elliptic case is used, cf. section [5.I and initial values zo € R™ and ug € H are given.
Note that equations ([5.19a), (5.19b) represent a semi-linear (finite dimensional) DAE. In
contrast to the elliptic case, is an (infinite dimensional) evolution equation involv-
ing a generalized derivative where a solution u will be in the space W) = W3 (Z;V, H).
Background material can be found in Appendix and [A.5] The coupling of these two
systems is realized by letting f depend on u and R depend on z. We will investigate sys-
tem (5.19) regarding solvability, perturbation estimates and Galerkin convergence under
appropriate assumptions. The unique solvability is obtained via a Galerkin approach.
First we assemble the following assumptions.

(to) = X, u

Assumption 5.7.
The following assumptions hold for system (5.19):

(i) Let I := [to, T] be an interval and V- C H C V* be an evolution triple.
(11) The initial values xo € R", ug € H are given.
(i) f € C(R"™ x H x Z,R™) is Lipschitz continuous w.r.t. z and u.

(iv) g € C(R™ x Z,R™) is uniquely solvable w.r.t. y € R™, i.e. there is a solution
function v, € C(R™ x Z,R™) such that y = ,(x,t) whenever g((x,y)",t) = 0
for all x,y,t. Furthermore v, is Lipschitz continuous w.r.t. x.

(v) B:V — V* is linear, strongly monotone and bounded.
(vi) R € C(V x R™ x Z,V*) is monotone w.r.t. u, i.e.
(R(u, z,t) — R(u, z,t),u —u)y >0 Vu,ueV,zeR* teT

and Lipschitz continuous w.r.t. z. Furthermore there are constants cg 1,cr2 > 0
such that

IR (u,0,1)]

ve < cerallully +ere YueV.
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5. Coupled Systems

(vii) Let dimV = oo and {vi,va,...} be a basis of V' in the sense of Definition [A.11]
Set Vi, :={v1,...,v,} and let there be a sequence (ung) C V' with u,y € V;, and
Upo — Uo n H as n — oo.

We remark here that the assumptions on the finite dimensional part , are
very similar to the assumptions required in Theorem [3.15] Especially sufficient condi-
tions for (iv) are discussed in Remark . For proving unique solvability and convergence
of the Galerkin solutions we proceed as follows. First, we show the uniqueness (Lemma
of a possible solution to . Then we prove a priori estimates for the Galerkin so-
lutions (Lemma and prove the unique solvability of the Galerkin equations (Lemma
5.10) which are given as follows:

() + f(zn(t), u,(t),t) =0, te€T (5.20a)

9(zu(t), 1) =0, (5.20D)

(ul, (1), v)y + (Buyp(t), v;)y + (R(un(t), 2,(t), 1), v)y =0, fori=1,...,n, (5.20c)
Tn(lo) = To,  Un(to) = Uno (5.20d)

The operator equation is formulated on the finite dimensional subspace V,, C V.
So un(t) is in V,, which also influences the finite dimensional variable z through the
coupling. Hence z, = (2,,%,)", too, depends on the Galerkin step n. Finally, we will
be able to prove solvability and convergence of the Galerkin solutions (Theorem .

Lemma 5.8 (Uniqueness).
Let Assumption be fulfilled. If (z,u) € C(Z,R" x H) with x € C*(Z,R™) and
w € Wi(Z;V,H) is a solution to (5.19) then (z,u) is unique.

PROOF:

Let (z,u), (Z,u) be two solutions to (5.19). We define Au := u — u, Az = z — Z,
Ax =2 —7 and Ay := y — j. It is Au(tg) = 0 and since u,u € W}(Z;V, H) we can
apply the integration by parts formula (Proposition and obtain

1 1 1
SIAu@I = 5 I1Au@lf - 5 I Autt)|

= / (AU (s), Au(s))ds

to

= —/t (BAu(s), Au(s))v + (R(u(s), z(s), s) — R(u(s), 2(s), s), Au(s))vds

s ||AU(S)||3/d8—/ (R(u(s), 2(s), ) — R(u(s), 2(s), s), Au(s))vds

to

—/ (R(u(s), z(s),s) — R(u(s), z(s), s), Au(s))yds

to
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5.3. A parabolic prototype

In the last line we used the strong monotonicity of B with u > 0. Since R is monotone
in v and Lipschitz continuous in z we have that

—(R(u(s), 2(s),s) — R(u(s), z(s), s), Au(s))y <0

and

(R(u(s),z(s),s) = R(u(s), 2(s), s), Au(s))v < Lr [ Az(s)|| [[Au(s)]]y
1 212
<35 1Au(s)| + = [ Az(s)]
I
using the classical inequality . Hence

2 ! 2 4L3€ ¢ 2
[Au@)|[5 + [ [[Au(s)]lyds < —= [ [|Az(s)[|"ds
to /'L to
From this it can be concluded that

1Au(t)|l7 < C”/t 1A(s)[* + [|Ay(s)]* ds (5.21)

holds for a constant ¢, > 0. For the algebraic part (5.19b) we have
y(t) = e(x(t),t),  Yt) = by(2(t),1)
and using the Lipschitz continuity of ¢, we observe that
1Ay (O]* < e A1) (5.22)
for a constant ¢, > 0. Using that
T / d 2
2Ax(t) A (t) = T | Az ()|

we see multiplying (5.19a)) from the left by Az(#)" that

1d

5% 1Az(®)]* = Ax(t)" (F(2(2),a(t),t) — F(2(2), u(t), 1))

Integration over [ty,t]| gives
1 1 1
LA = 3 [Aa()]? — 1 [ A(ro)|

- / Ax(s) " (f(2(s),a(s), s) = f(2(s), uls), ) ds

to
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5. Coupled Systems

because Ax(tg) = 0. With the Lipschitz continuity of f and the classical inequality (4.8)
we estimate

28x(s)" (f(2(s),als), s) = f(2(s), u(s), 5))
2Ly [|Az(s)] ([1A2(s)]] + |Au(s)] )
co (A (s)|* + [|Ay(s) I + | Au(s)|I7)

for scalars ¢, Ly > 0. Hence we get

<
<

|Az(t)] <cx/ 1Az(s)I* + [[Ay(s)* + [ Au(s) |7 ds (5.23)

Now inserting ([5.22)) into - and adding them gives
1AZ())* + [|Au(®)|F < Czu/ 1Az ()]* + | Aus)|; ds
to

for a constant ¢, > 0. An application of the Gronwall Lemma reveals that
1Az ()] + || Au(t)[| = 0
and we deduce that Az = 0, Au = 0 and with (5.22)) also Ay = 0. O

Lemma 5.9 (A priori estimates).

Let Assumption be fulfilled. If (z,,u,) € C(Z,R™ x V) with x, € C'(Z,R™) and
u, € Wo(Z;V, H) is a solution to the Galerkin equations (5.20)), then there is a C > 0
such that

<
mae |20 (1)) < C.

<
max [, (1) < C.

||un||L2(I,V) <C,
[l iz < C
where wy, € Lo(Z,V*) is defined by
(wp(t),v)y == (Bu,(t),v)y + (R(un(t), z,(t),t),v)y, YveV, neN, tel.

PRroOOF:
Let (z,,u,) be a solution of the Galerkin equations ([5.20]). Since u,, € W3 we can apply
the integration by parts formula (Proposition |A.10)) and get

1 1 t
@l = 5wl = [ () un(s)ves
to

—/t (Bup(s), un(s))v + (R(un(s), zn(8), s), un(s))yds

IN

i [ () ds = [ (RO.z05)5), (s
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5.3. A parabolic prototype

using the strong monotonicity of B and the monotonicity of R, i.e.

—(R(un(s), 2a(s), 5), un(s))v

—(R(un(s), 2u(s), 5) = R(0, 20(s), 5), un(s))v — (R(0, 2u(5), 5), un(s))v
< —< (0, 20(s), 8), un(s))v-
Furthermore we estimate

(R(0, z,(5), 8), un(s))vy = (R(0,z,(s),s) — R(0,0,5),u,(s))v + (R(0,0,5), u,(s))v

< (Lr [lza ()] + IR0, 0, 8)[ly+) llun(s) Iy
W 2

< S sl + o (L [z ()l + R0, 0, y-)”
W 4

< Sl + u (L llza(s)II* + 1R(0, 0, 5)]I7-)

for a constant Lr > 0. Here we used the Lipschitz continuity of R w.r.t. z and the
classical inequality (4.8 . Hence we derive

1 t
1O+ [ ool a5 < Shnnlly + 4 [ 22 1)1+ 1RO.0.9

V*
to

ds.

Since u,g — up in H as n — oo the term ||u,l|,; is bounded. The operator R is
continuous and Z compact, so ||R(0,0, s).. is bounded as well. We get the estimates

t
un()5 < Crum + Ca,u,H/ 2 ()1 + [lyn(s)]1* ds (5.24)
to

and
2 2
HunHLz(I,V) < Clu,Ly T Cou,Ls ”ZHHLQ(I,]R"Z) (5.25)
with constants ¢y 1, Cou m, CluLy, C2u1, > 0. For the algebraic part (5.20b)) we get
[yn () = [[g(2n(t), )] < Ly, [ (@) + [|16(0, £)|]

for a Ly, > 0 because of the Lipschitz continuity of 1,. ), is continuous and Z is
compact, so [|1,(0,¢)|| is bounded and we conclude that

2 2
[yn (" < €1y + cay [l2n (D] (5.26)
for constants ¢, c2,, > 0. Using integration by parts and ([5.20a}) we observe

1|| za(t)]I” ——|| zol” = /tévn(S)Tft;(S)dS

IN

/t [z ()T f (2n(s), un(s), 5)] ds
< / e [lzn ()]l (1za () + llun(s)ll 5 + 17(0,0,5)[]) ds

to

IN

C/t 2o (I + llza()I* + llun(s) 17 + 1£(0,0,5)]* ds
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5. Coupled Systems

for ¢;,¢ > 0. Thus

lea®)I? < c1s + ca / (a2 + Nl + Jun()?],)ds  (5.27)

to

with constants ¢ ;, ca, > 0 since f is continuous. Inserting (5.26|) in (5.24)), (5.27) and
adding them gives

t
2 2 2 2
[ (O + lun(®)] < c12u +02,m/ [0 ()" + llun(s)[[f ds
to
with constants ¢ zu, C2zu > 0. An application of the Gronwall Lemma reveals that
there is a C' > 0 (independent of ¢t and n) such that
2 _ A 2 A
[z, (OI" < C, fua () < C.

Applying this to (5.26)) gives the desired bound on ||y, (t)|| and so [|z,(t)|| is bounded.
Since z, is uniformly bounded we also get the boundedness of ||u,||}, 7 1y With (5.25).
It still needs to be shown that w,, € Lo(Z, V*) is bounded uniformly. We see

(wn(t), v}y = (Bun(t), v)v + (R(un(t), 2u(1), 1), v)v
< (er un(®ly + Lr (20O + [IR(un(t), 0, )[)) 0]l
< (o (lun(@lly + 1201 + cw2) [0l

with constants ¢, 1, ¢y2 > 0 because ||R(u,(t),0,t)]] < cra ||un(t)| + cr2. Hence

lnll ey = / lwa(®)]

<ot [ Nun(OI + fan It + o
T

2
2 dt

With cy,1,1, Cw,r,2 > 0. Since [[u||;, 7y and maxer [|z,(?)[| are bounded we obtain
the desired result. O

Lemma 5.10 (Unique solvability of the Galerkin equations).
Let Assumption be fulfilled. Then the Galerkin equations ((5.20)) have a unique solu-
tion (2, u,) € C(Z,R™ x V,,) with x, € CY(Z,R™) and u,, € W3(Z;V, H).

PROOF:
Inserting the algebraic constraint (5.20b]), reformulated as

Un(t) = Yg(2a(t), 1),
into ((5.20a) and ((5.20c)) we set

f(f[n(t)a un(t)> t) :
R(un(t), 2n(t), 1) :

F((n(t), dg(za(t), 1)) " un(t), ), (5.28)
R(un(t), (2 (), g(n(t), 1) 1) (5.29)
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5.3. A parabolic prototype

We have f € C(R™ x V,, x Z,R™) and R € C(V, x R™ x I,V*) because f, R and
1), are continuous. Considering now ([5.20c|) we proceed as for the Galerkin equations in
chapter [4] and represent

n n
= Z ;i (t)vy, Upy = Z ozgjvj
P j=1
with coefficients a,,;(t), a)); € R, t € Z. With (5.29) we have fori =1...,n

Zam (vj|vi) H"‘Zam (Bvj,vi)y + (R Zam Jvj, T (t), 1), vi)y =0

Z Qnj tO Z an]”]
Setting

an(t) = (am (@) .. awm®),  ai= (a1 ... a2, 1)
we write in matrix notation
Gal (t) + Bay(t) + r(an(t), z,(t),t) =0
with
G = ((vj|vi)m)ij=1...n
B

| |
Q
3
u
k}@
&
3
@4\
\_/
§
~
<
N—
l_‘
E

(e (t), x,(t

We have that r € C(R"= x T, R") because R is continuous. Consider now the initial
value problem

w(t) = — flza(t Z% v, ), Zn(to) = 20 (5.30a)

o (t)= -G (B&n( )+ r(an(t), z,(t), 1)), an(to) = al (5.30b)

which can be solved with the Peano Theorem in a neighborhood J := [tg, T;) C Z of t,.
Let (27, af) € CY(J,R"™ x R™) be this solution to ((5.30)). Then

= Z o, (t)vj,

yi(t) :wg< 5(1), 1),
(1) = (an(t) yt)’
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solves (5.20). We have u’ € W) and the initial value condition is fulfilled because the
vj, j =1,...,n, are linearly independent. Due to Lemma [5.9| we have that ||z (¢)| and
|luy (t)||,, are uniformly bounded by a constant C' > 0. We set

e ()1, = || D ans vy = i (D)l
i=1 "
and have
lon I < Ch, o, (D]l g, < Cu,C
because the norm ||-||; is equivalent to ||-|| on R™ (Cf, > 0). This is due to the fact

that the v; are linearly independent. So the solution (z}, o)) can be extended to the end
of the interval, cf. [Zei90bl p.800|. The uniqueness follows using the same arguments as
in Lemma [5.8 0

Theorem 5.11 (Solvability and Galerkin convergence).
Let Assumption be fulfilled. Then the original system (5.19) has a unique solution
(z,u) € C(Z,R"™ x H) with v € C*(Z,R™) and u € W3 (Z;V, H). Furthermore we have
for the solution (z,,u,) of the Galerkin equations (5.20)) that

max |2(1) — 2(1)| = 0,

mase (1) — u(t) | =0,

[tn = ullpyz0) =0
as n — oo.

PROOF:
The proof proceeds in several steps. We will first present the outline of the proof be-
fore proving the details. Therefore let (z,,u,) be the solution of the Galerkin equations

(5.20) and w,, defined as in Lemma [5.9}

Step 1. We show that the sequence (z,) is equicontinuous. Using then the uniform a
priori estimates from Lemmal5.9 we apply the Arzela-Ascoli Theorem and the The-
orem of Eberlein and Smuljan, cf. [Ze190al, Theorem 21.D]. So there exists a subsequence
of (xy,uy) and z € C(Z,R™), u € Ly(Z,V), w € Ly(Z,V*) and ur € H such that

Tp =2 T, Uy — uin Lo(Z, V),
un/(T) — up in [’I7 Wy — W in LQ(I, V*)

as n’ — oo. Furthermore we have y,(t) := ¥4(x,(t),t) and set y(t) := y(z(t),t). We
see due to the Lipschitz continuity of 1, that y,» = y and so z,, = z.
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Step 2. We show:
(2.I) The key equation

O(T) (x| 0) i — 9(to) (o |v)r = — / (w(t), v)v(t)dt + / (u(t)[V)ud'(dt  (5.31)

T

holds for all v € V, ¢ € C>(I).
(2.IT) The limits u, w and uy satisfy

('(t),v)v + (w (),U)V—O Yoev,
u(ty) = ug, w(T)=ur, ueWy(T;V,H).
)

(2.IIT) For the given limit z € C(Z,R"*) it is w(t) = B(u(t), z(t),t) for all t € Z. So the
limits u and z fulfill equation 1'

Step 3. up — uin C(Z,H) as n' — 0.

Step 4. The limits (z,u) satisfy the complete system ([5.19) and x € C1(Z,R").

Step 5. The preceding argumentation was done for a subsequence n’ of the original
sequence n. The limits fulfill and are unique because of Lemma . As in the
proof of Theorem we can apply the convergence principle from [Zei86l, Proposition
10.13|. Hence we have the convergence of the whole sequence ((z,,u,)) in C(Z,R™ x H).
Additionally we have the weak convergence of the complete sequence (u,) in Lo(Z, V).
Step 6. 1t holds u,, — u in Ly(Z,V') as n — oo. This completes the outline of the proof.
Ad (1). Because of the a priori estimates from Lemma [5.9[ and the Lipschitz continuity
of f there is a D > 0 (independent of n) such that

masx |/ (0 (1), ua (1), 1) < D.

Let € > 0 and §(¢) := 5. Then for ¢, € T with [t — | < 0(¢) we see integrating (5.20a))
over [t, ] that

t
l2n(£) = 2n(B)]] < / 1/ (2n(s), un(s), s)|ds < Dt — ] <e.
t
Ad (2.I). We now write n instead of n’. Let ¢ € C>(Z), v € Vi, k € N fixed, n > k.

Since u,, ¢v € Wy the integration by parts formula (Proposition |A.10)) can be applied
and we obtain

(un(T)|d(T)v)m — (uno|P(to)v)n = /I<u;(t)a¢(t)v>v + (¢ (1), un(t))vdt
/I —{wa (), B0}y + (un(t) [0) (1)t
Since u,(T) — ur and u,g — up in H we have

(un(T) V)i = (ur|v)m,  (uno|v)m = (uo|v)m
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as n — oo. From w, — v and w,, — w we deduce with the Holder inequality that

/I (wn (1), (1))t — / (w(t), Sy} ydt
/Z (0] un(£)) (1)t — / (u(t) | 0) (1)l

as n — oo because the embedding V' C H is continuous. So equation ([5.31]) is fulfilled
for all v € |J,cy Vi which is dense in V. With the usual density argument as in the proof

of Theorem [4.24] (2.I), we verify (5.31]) for all v € V.
Ad (2.1I). For ¢ € C§°(Z) and v € V' we obtain

/I (w(t), vy o(t)dt / (ult) o) (£)dt

and hence v/ € Ly(Z,V*) exists and v/ = —w with Proposition [A.9] So v € W} and
integration by parts (Proposition [A.10) with ¢v € W} for v € V and ¢ € C*(Z) reveals:

WD T)e)s — (ult) o)) = [ (0. 600y + (@ ooy
= [ .00y + wOlue e

(5.31)

(ur|p(T)v) i — (uo| d(to)v)m

Appropriate choices of ¢ and a density argument as in Theorem m, (2.IT), reveal that
w(T) = ur and u(ty) = up.

Ad (2.1II). We set X := Ly(Z, V), then X* = Lyo(Z, V™). For the limit z € C(Z,R™*) we
define

B:X — X*, (B@)(t):=Bu(t)+R(®u(t),2(t),t), ueX, tel.

We also write (B(u))(t) = B(u(t)). As for the w, in the proof of Lemma it can be
shown that B(u) € X* because z is bounded and w € X. We show:

(i) B is strongly monotone,
(i) B is hemicontinuous,

(iii) B(u,) — w as n — oo and

(iv) B(u) = w.
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Ad (i). Let @y, up € X. Then

(B(uy) — B(ug),u; — uz)x = /Z(R(ﬂl(t), 2(t),t) — R(ua(t), 2(t),t), ur(t) — ua(t))ydt

+ /I (BT (1) — a(t)), (1) — (1))t

> g |[in — llx

because B is strongly monotone and R is monotone w.r.t. u.
Ad (ii). We follow a standard argument here, cf. [Zei90bl chapter 30.3b. (IV)]. We first
remark that

(B@)(e), o) < (g (1D, + 120)) + g, ) ol

forall w € X, v € V and t € Z. This follows as in the proof of Lemma for the w,.
Let now w,w,v € X, t €Z and s, — s as k — oo with 0 < 5,5, < 1. We then have

(Ba(t) + s (t), w0 | < (cg, (1a(0) + 500y + 101 +cs,) 00y < a0t
with

q(t) := cqn (lu@lly + @)y + 12O + cq2) [[@ @Ol

for constants ¢, 1, ¢4 2 > 0 because s < 1. Therefore the majorant function g is integrable
because u, v, z and w are. Furthermore we have that

(B(a(t) + s,0(t)), o(t))v — (B(a(t) + sv(t)), @(t))y as k — oo
because of the continuity of B and R. From the principle of majorized convergence,
cf. [Ze190bl, p.1015], it follows that

]}Lrglo(B(a + Sp0), W) x = ;}gf}o I(B(a(t) + s 0(t)), w(t))ydt

= (B(u+ sv),w)x

This shows the hemicontinuity of B.
Ad (iii). Let h € X** and with the Holder inequality (Proposition [A.7]) and the Lipschitz
continuity of R (Lg > 0) it follows that

(h, Blun) —w)x- < ||h]

’g(un) — w,

- 1w — )

< e ([ 1RG0 (0,500, 0) = Rews(0), 200015 at)
+ [(h, w, — w)x~

1
17l o L (/I I2() = za ()] dt) + |(h, wn — w) x|

J/

IN

~~ —0 aS n—oo
—0 aS n—oo
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5. Coupled Systems

because 7z, = z and w,, — w in X* as n — oo.
Ad (iv). We have u,, — v in X and B(u,) — w in X* as n — co. Since B is hemicon-
tinuous and monotone it remains to show that

lim (Blun), un)x < (w, up) x

and the fundamental monotonicity trick can be applied, cf. [Zei90b, p.474]. Then we
can deduce that B(u) = w. Integration by parts and the Galerkin equations yield

1 1
5 lun ()l = 5 lun(to) 7

- /I<u;(t),un(t)>‘/dt
— [ {wa(t), un(t))vdt

T

= —/I<(l§(un))(t),un(t)>v+ (Run(t), 2u(t), ) = R(u(t), 2(t), 1), un(t))vdt.

We have that u,(ty) — up in H and u,(T") — w(T") in H and hence

u(T)] < Lim [un (T,

n—o0

cf. [Zei90a), Proposition 21.23 (c)|. Furthermore the Holder inequality gives
/(R(un(t), Zn(t), 1) — R(un(t), z(t),t), un(t))vdt

z
I [ lan(®) = (0 Fun(0)]

< c|lzn — 2]l |unllxy = 0asn — o0

IA

for ¢ > 0 because ||u,||y is bounded and z, =% z. We conclude:

i (B ) x < »

n—oo 2

O el
= —/I(u’(t),u(t))vdt

_ /I(w(t),u(t)>vdt = (w,u)x

IN

Ad (3). We now show the convergence of u,, to u in C(Z, H). Remember that with n we
still denote a subsequence of the original sequence. In analogy to the proof of Theorem
or the proof of [Zei90a, Theorem 23.A| there is a sequence (p,) of polynomials
Pn L — V,, with

pn—uin Wy asn — 0o (5.32)
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5.3. A parabolic prototype

because J,, Vi, € V dense. The embedding W3 C C(Z, H) is continuous, so we have

max [u(t) — pu(t)ly < 1w = pallyy =0 a5 = oo

with a ¢; > 0. So it suffices to show that

max lun(t) = pu(®)|lg = 0  asn — oo.
S

Clearly

lttn(to) = pa(to) Ly < lten(to) = u(to)lly + lu(to) = palto)ll
< ltno — o1 + maax fun (£) = pult) 15y = 0 252 = 00

because u,g — ug in H. Similar as in Theorem 4.25| we show that

max ||, (¢) = pu (D)3 — lun(to) = palto)l[ly =0 asn — oo (5.33)

which then proves the convergence of u,, in C(Z, H). It is
(u, (1) — ' (2), un (1) — pu(t))v
(5-209)
—{w(8) + (1), wa (1) = puD)v
) )

N COROR ORI MOI
= {B)(®) ~ (Blu)(®) + (Blun))(t) = wa(t),ua(t) = pa(O)v
= (B)(®) ~ (Blun)) (1), ua(t) — u(®))v + (Blu)) (1) = (Blun)) (1) ult) ~pul®)v

-~ -~

<0 <||(Bw))(®)~ (Blun))(0)
+ {((Bun))(t) — wn(vt)aun(t) —palt))v

SLr||z(8)=zn O)llun () —pn ()]lv

|
< || B = Bua)®)|, @) = pal®)lly + La 126) = 2 @) un(®) = pa®)

with Lz > 0. Integration by parts gives

Jellu®=pa(®)ly,

5 Jun(®) = pu0) s — 5 (o) — Pl
= /t<u;(3) — P (8), un(8) — pa(s))ds
- / (1 (5) = Pu(5), tn(5) = Pa(s)) + (u () = 0/ (5), n(5) = pa(s))ds

to

IN

e = Pally ltm = Pl +{|(Bw) = Blun))|| . lu = palluy

+Lg ||z — Zn||oo [t _pn”X
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5. Coupled Systems

Since u, — u and p, — u in W3 as n — oo the sequences (u,) and (p,) are bounded
in X. Furthermore B : X — X* is bounded and hence the sequence (B(u,)) is bounded
with the same reasoning as for w,,. This implies that the terms

lim = pally || (Blw) = (Blun))

X*

are bounded. Finally, we see that the right hand side tends to zero because z, = z and

(5.32) holds.

Ad (4). We have already seen that equation (5.19d)) is fulfilled by the limit u given the
limit z. Furthermore we can rewrite ([5.20af) as follows

t
t) = Xno —/ f(zn(8), un(s), s)ds.
to
It is x,0 = xg and letting n — oo we observe

o | (), (), $)ds — o + / F((s), u(s). 5)ds

” / lon(s) — 2(8)]| + llun(s) — u(s)]] s

< ¢t —to) max ([zn(s) — 2(s)l| + [lun(s) — u(s)ll ) — 0

IN

with ¢y > 0 using the Lipschitz continuity of f and (3). Since z, =% x the limits z,u
satisfy

x(t) :a:o+/t f(z(s),u(s),s)ds VteT.

Hence (5.194)) is fulfilled and = € C'(Z,R™*) because f is continuous. By the definition
of y the algebraic equation ([5.19h]) is automatically satisfied.
Ad (6). With integration by parts (Proposition [A.10) we get

3 1(T) = DI = 5 k) = waltollly = [ () = a0 u(t) = (Bt
—(B(u),u — up)x — (U, u— up)x
and

(un(T) [w(T)) 1 = (un(to) [ulto))n = /Z<u;(t)>U(t)>v+ (/' (2), un(t))vdt
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5.3. A parabolic prototype

So we have

1 1 ~ ,

5 [u(T) = un(T)|I5; = ) [u(to) — un(to) |7 — (B(w) + ul,u — uy)x (5.34)
and

(i, u)x = (B(w),un)x + (un(T)|w(T)) 1 — (un(to)|u(to))a- (5.35)
For convenience we set
Wy (t) := Bu(t) + R(u(t), z,(t),t), Vte.
With the strong monotonicity of B and the monotonicity of R we obtain

2
ps ||lu — un”X

< [ UB(® = unlt) u(®) — uae)vat
< /I<B(u(t) — Up (1)) + R(u(t), z,(t), 1) — R(un(t), z,(t), 1), u(t) — u,(t))ydt
S = = w4 5 () — (T

2 0 — = Blw) =y u = v + 5 o) = walt0)

B9 (i1, — Blu),u = wax — (w0 + ) + 3 lulte) = a1}

1D

(W — B(w), u — ) x — (wn, u)x — (B(u), un)x

—(un(T) |u(T)) 1 + (un(to) |ulto))n + % u(to) — un(to)[I3
With the Hoélder inequality we see that

(0 = B(u),u—up)x < €lz0 = 2]l [l = un]lx =0

with ¢ > 0 as n — oo because z, = z and (u,) is bounded in X. Since u,, — w in X
and w,, — w = B(u) in X* we have

(W, w)x — (B(u),u)x and  (B(u),un)x — (B(u),u)x as n — oo.

Since wu,(tg) — u(ty) in H and u,(T) — w(7T) in H we have with the integration by
parts formula (Proposition [A.10]) that

T g = |, = ~2(Bu),uhx — (DI + utto) I
— —2(B(u), u)x — 2(u', u)x 0.

So u, = uin Ly(Z, V) as n — oo. O
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Remark 5.12 (Algebraic part of (5.19)).
In the investigated system (5.19)) the algebraic part is given by the function g which
does not depend on u. Allowing ¢ to depend on u in the form

g(z(t), u(t), 1) =0

instead of makes the problem more complex. Apart from having to solve the
algebraic part w.r.t. y with a continuous solution function that is Lipschitz continuous
in z and wu, it is not obvious how to achieve uniform convergence of y, for the Galerkin
sequence. This was crucial in the proof of Theorem to obtain the convergence
of u, in C(Z, H). If, however, R(u,z,t) = R(u,z,t) only depends on z instead of z
completely, then the convergence of v, is not important to get the convergence of w,
in C(Z,H). We then conclude the uniform convergence by representing y, with the
solution function.

For obtaining a perturbation result for system (5.19)) we study the perturbed system

a'(t) + f(2(t),ult), t,04(t)) =0, teT, (5.36a)
9(2(),£,0,(t)) = 0, (5.36D)

u'(t) + Bu(t) + R(u(t), (1), t) 8,(t) =0, in V" (5.36¢)
x(to) = 2, ul(to) = ug (5.36d)

for perturbations d,(t) € R™, 6,(t) € R™ and 0,(t) € V* and perturbed initial values
25 € R™ and u) € H. We obtain the following result showing that the prototype system
(5.19) has Perturbation Index 1.

Theorem 5.13 (Perturbation result).
Consider system (5.36)) together with the following assumptions:

(i) Let T := [ty,T] be an interval and V C H C V* be an evolution triple.
2 e wnattal values xo, Ty € T Ug, Uy € are given.
i) The initial val e R" de H '
(1)) f € C(R™ x Hx T xR"™ R") is Lipschitz continuous w.r.t. z, u and J,.

(iv) g € C(R™ x I x R™ R™) is uniquely solvable w.r.t. y € R™ i.e. there is a
solution function 1, € C(R™ x I xR™ R™) such that y = ¢4(x,t,0,(t)) whenever
g((z,y)",t,0,(t)) = 0 for all x,y,t,0,. Furthermore 1, is Lipschitz continuous
w.r.t. x and o,.

(v) B:V — V* is linear, strongly monotone and bounded.
(vi) R € C(V x R"™ x Z,V*) is monotone w.r.t. u, i.e.

(R(u, z,t) — R, z,t),u —a)yy >0 Vu,u,v€V,z€R™ teT
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5.3. A parabolic prototype

and Lipschitz continuous w.r.t. z. Furthermore there are constants cg i, cro > 0
such that

IR (u,0,1)]

ve < erallully +ere Yu eV

(vii) Let dimV = oo and {vy,vs,...} be a basis of V' in the sense of Definition |A.11],
Set V,, := span{vy,...,v,} and let there be two sequences (uno), (uSy) C V with
U, quO eV, and

Uno — g in H, uly —udin H asmn — oco.

(viii) o, € C(Z,R™), §, € C(Z,R™) and 6, € C(Z,V™).

Then the perturbed system (5.36) has a unique solution (2°,u’) € C(Z,R™ x H) with
20 = (2%,9°)", 2° € CYZ,R™) and v’ € W3(Z;V,H). Let (z,u) be the solution for
(0z, 0y, 0u) = 0 with initial values x(to) = xo and u(ty) = ug. Then there is a C' > 0 such
that

= 2 + maeu(®) — w0, + s~

)
ey lazvy

<c (on — a4 [l — L + 16l + 164, + max 18,(6)

)

PROOF:
Solvability. For given perturbations d,, ¢, and d,, we define

F(1),u(t), t, 0.(1)),
9(z(),1,6,(1)),
Ré(u(t)az(t),t) = R(u(t), 2(1),t) + ()

for all t € Z. Then the functions f°, ¢° and the operator R’ inherit all the properties
from the functions f, g and the operator R and this makes Theorem [5.11] applicable.
Hence we get the desired unique solution (z°,u°) for the initial values x{ and u$ € H.
For (0,,0y,0,) = 0 and initial values xy and uy € H we denote the solution by (z,u).
Perturbation estimate. Building the difference between the perturbed and the unper-
turbed operator equation gives for t € Z:

(u® —u)(t) + B(ud(t) — u(t)) + R (t), 2°(t),t) — R(u(t), 2(t),t) 4+ 6,(t) = 0
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5. Coupled Systems

Tntegration by parts yields
1w = )}, = 5 o) — o),
= [ = ue ) - alsvas
= [0 ~ w96 - v
= [ REA,20609) = R, 060.6) +6,(6)6) ~ u(sh v

With the strong monotonicity of B (us > 0) and the Lipschitz continuity of R (Lgr > 0)
we obtain

5 0@ = w5 + s [ = wll 7,

< - ||u (to) — u(to HH /t \(R(u(s),z(s),s) — R(u‘s(j), 2(s),5),u’(s) — u(s))y ds
+/t (R(u’(s), 2(s),8) — R(u’(s),2°(s), s) + du(s), u’(s) — u(s))yds

< = ||u (to) — u(to HH /t (LR Hz(s) — 25(5)H + Héu(s)HV) Hu‘s(s) — u(s)HVds

< 5”” (to) — u(to HH Hué_uHLz(I,V)

*iA%WMw%WHWM%h

In the last line we used the classical inequality (4.8)). Hence there is a constant ¢; > 0
such that

e = ull 7y < cxmax ([|=(6) = 2 @] + 16 lly-) (5.37)
and
max ||u —u(t HH < max (|[=( zé(t)H + [16u(E)]l+) - (5.38)

tel

Furthermore we have from ({5.36b)) that
Y1) = 0 (0),1,0,(8)  and y(t) = v, (0(0),1,0).
We obtain

[y(t) =y (O] < [|ebg((t). ¢ ) o2’ (1), 1, 0)[| + [[abg (27 (1), £, 0) — (2 (), £, 64, (1))
< ¢y ([Jl2(0) - H+H5 )II)
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5.4. Application of the parabolic prototype in circuit simulation

for a constant ¢, > 0. Integration of and the Lipschitz continuity of f gives
¢
Ha:(s(t) —z(t)]| < ||x8 — | + ca;/t Hzé(s) —z2(s)|| + Hu‘s(s) - u(s)”H + ||10.(s)| ds
0

Inserting into each other, using (5.38) and the Gronwall Lemma gives the desired result.
O

5.4. Application of the parabolic prototype in circuit
simulation

In this section we discuss a coupled system in circuit simulation where the prototype sys-
tem from the previous section can be applied. In the classical formulation of the
MNA equations heating effects of certain circuit elements are not included. Nev-
ertheless it is well known that resistors, for example, may depend significantly on their
temperature. Due to miniaturization in chip design heating effects become ever more
important. Accordingly, the influence on the circuit’s behavior has to be simulated as
well. In [Bar04] a first coupled thermal-electric model was described which adds thermal
effects to the circuit by means of an additional 1D heat equation. Furthermore, com-
prehensive information on various heating models for resistors and diodes is given. This
approach has been extended to coupled systems involving semiconductors, cf. [BJ11],
and 2D /3D heat diffusion effects, cf. [Cul09]. In the following we will present the system
from [Cul09] and discuss how it fits into the framework of the parabolic prototype.

Description of the Model

We follow the description in [Cul09] and point out the main modeling aspects in order to
understand the corresponding coupled system mathematically. For a deeper treatment,
especially concerning the physical motivation or the numerical and technical realization,
we refer to [CAF08, [Cul09, ABCAET0]. Let Q € R? (d = 2, 3) be an open and bounded
set and Z := [ty,T] a time interval. We denote the temporal variable by ¢t € Z and
the space variable by x € 2. The set ) describes the physical region of the electrical
circuit where thermal effects are simulated. The circuit elements are either modeled as
thermally active or thermally inactive ones. Every thermally active element is associated
with a subset €, C Q with £ = 1,..., K and K being the number of thermally active
elements. We require

W A0, UCQ BN =0  kj=1.. K k#j

with Q and §2; having sufficiently smooth boundaries I' and I'y, respectively. A junction
temperature 0y = 0x(t), k = 1,..., K, is assigned to every thermally active element.
Additionally, the Joule power densities for every region €, are represented by pr = pr(t),
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5. Coupled Systems

k =1,..., K. The temperature field on  x Z is denoted by T'(z,t) and T.,, is the
ambient temperature. We write in vector notation

0(t) = (O1(t), ... 0k(®) ", p(t):= (m(),....px(t)), teT.

We set

1, €N

Xk(T) = TSR b1, K
0, else

being the indicator function of the set Q5. Then the distributed temperature field T'(x, t)

is linked to the junction temperatures by

1 fﬂk T(x,t)dx

This means that 6, is the mean value of T" over €. The Joule power dissipated by the
thermally active elements is given by

1

_ |Q—Wk(0k(t),vapp7k(t)), teT (5.40)
k|

Pi(t)
where the W) are functions depending on the junction temperature 6, and the applied
voltage vapp ;. We elaborate a concrete expression for the Wj, subsequently, cf. Assump-

tion [5.17} Heat diffusion in the simulation domain € is described by the heat diffusion
equation given by

T (x,t) &
a 8t7 + LT (x,t) = ;pk(t)xk(x) on Qx7ZT (5.41)
with
d
LT(x,t) ==Y O(kyd;T(x,t)) + aT(x,1),
ij=1

cf. Example [2.1] The factor a > 0 accounts for the thermal capacitance of the material
whereas the coefficients ;; = k;;(x) account for possibly anisotropic heat diffusion. Also
a reaction term with

4>0, ifd=2 and a=0, ifd=3

is embodied to model heat loss in the missing third dimension if d = 2. On the right
hand side the power terms p; are uniformly distributed over their corresponding physical
region ) C . This corresponds to (5.39) where the junction temperatures 6 are
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5.4. Application of the parabolic prototype in circuit simulation

extracted as mean values. Further ways of distributing the power terms p, and extracting
the temperatures 6, are possible using different distribution functions. For the one
dimensional case more details can be found in [Bar04]. Furthermore the heat diffusion
equation (|5.41)) is complemented by suitable boundary conditions. Here we assume to
have Dirichlet boundary conditions, i.e.

T(x,t) = Teny onI'xZ. (5.42)

In [Cul09] especially Robin boundary conditions are considered, but the case of Dirich-
let boundary conditions is also treated. The heat equation is linked to the MNA
equations by the junction temperatures 6(t). Therefore we first introduce a cor-
responding incidence matrix

Ar e R"*K A = (AT,la e 7AT,K)
which is defined by

1, if the branch of the thermally active element j leaves node 1,
(Ar)ij := < —1, if the branch of the thermally active element j enters node 4,

0, else.
In addition we describe all the branch currents of the thermally active elements by
jr(t) = gr(Afe(t), t,0(t))
with a function gr : RF x T x RE — RE. A concrete expression for gr will be presented

subsequently. Following the derivation of the MNA equations in chapter [3] we end up
with the following system:

AcSac(ALe(0), 1)+ Angr(Afe(t),0) + Argr(ATe(t),1,0()
+ALJL(t) + Avjv(t) + Aris(t) =
S ouin(t). 1) — ATe(r) =
A%( ) —vs(t) =

We allow the junction temperatures to have an influence on resistive elements only. In
[Cul09] or [Bar(4] an influence on certain types of controlled current sources is allowed.
The applied potential of the k-th thermally active element is given by

Uaprhk(t) = A;,ke(t)7 k= 17 A K. (543)
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Finally the fully coupled electro-thermal system can be formulated as follows, cf. [Cul09]:

Ao L 4o (ATe(t).t) + Angr(ALe(t).t) + Argr(ALe(t).t.6(t)

dt
+ALj(t) + Aviv(t) + Aris(
C oulinlt). 1) — ALl
Ape(t) — vy
Q%] 0c(t) — (T'(, ) | X0) 122
|| pr(t) = Wi(0k(t), A pe(t)) =

oI > () =0

T(:Eu )|F><I - Terw =0

=0
! 0.44
. 6
& 0
+ LT (x,t) —

Note that the variables e(t), j.(t), jv(t), 6(t) and p(t) are only time dependent whereas
T(x,t) also depends on the spatial variable z € ).

Application of the prototype

We are now going to transform the system ([5.44)) into a variational formulation such
that the results for the parabolic prototype system can be applied. First we set

V= Hg(Q), H:= LyQ)
and thus V* = H1(Q) and V C H C V* forms an evolution triple. We set
U(t)(l‘) = U(ZL‘,t) = T(J},t) - Tenv~

With the standard procedure of homogenization, multiplying by a test function v € V'
and integrating over 2 we obtain the weak formulation of (5.41)), (5.42):

—~

(W' (t),v)v + (Bu(t),v)y + W(p(t)),v)y =0 YveV

with B: V — V* and W : RX — V* defined by

(Bu(t) / Z kijOju(z, t)0v(z) + du(x, t)v(z)de (5.45)
_ 1 [
(W(p(1)) == Zpk / Jo(z)dx + — - /QozTem,v(x)dx (5.46)
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for all v € V and t € Z. The coupling condition ([5.39) has to be expressed in terms of
u as well and we arrive at

On(t) = —(u(-,t) [ xp) g + Tono = Ki(u(t)), k=1,...,K. (5.47)

where IC, : H — R. In vector notation we write
0(t) = K(u(t)) == (Ki(u(t)))r=1,..x (5.48)
where K : H — RE. We fix the following simple result.

Lemma 5.14 (Properties of Ky).
Let Ky, IC be given by (5.47) for 1 < k < K and (5.48)) respectively. Then Ky and K

are Lipschitz continuous.

PROOF:
Let be u,u € H. We then see that

Cr(u) — Kn(@)] = %] (w—a|xe)mr] < 1% el e —all

due to the Cauchy-Schwarz inequality for 1 < £ < K. The Lipschitz continuity of ICj
and /C follows directly. O

We can rewrite the second coupling condition (5.40|) with (5.43]) as

) = WO (1), ATel0) = WKL (u(0). AT (1)

and inserting into gives
—~ 1 1 T 1 .
W), by =~ | 3= o Welku(w(t), ARl xalapo(e)de + o | aTepun(r)dr

1 1
==Y~ WalKi(u(t), A7 e(t) (i [0) o) + — (ATeno [0) a0
a || a

(5.49)

K
1 L, .
= Wi (Kk(u(t)), Az pe(t)) (k] 0) Lo + (0T |0)12(0)-
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With the given notation the weak (and transformed) formulation of system (5.44)) reads

AcS5a0(ATe(0),0) + Angr(ARe(t),1) + Argr(ATe(t) 1, K(u(1)

)
+ALjr(t) + Avjv(t) + Aris(t)
(t)
vs(t)

(5.50)

Souin(t). 1) - ALt
A‘T/e( ) — vt

u'(t) + Bu(t) + W(u(t), e(t)) =
Note that the last equation is an operator equation in V* and w'(¢) denotes a general-
ized derivative. System has to be supplemented by appropriate initial conditions
which we will discuss later. In the following we are going to apply the solvability result

(Theorem [5.11)) and the perturbation result (Theorem [5.13]) to the system ([5.50). We

will also omit the explicit dependence on t of the variables e, j;, j and w.

First we present concrete expressions for the function g7 and the operator W. We start
with the following assumption.

Assumption 5.15.
Let Rop, > 0, O, € R, . > 0 be given for k=1,..., K and let be £} > —aik—l—(%k. Then
we define

1
Gu(0r) == For(L T o (Or — o)) (5.51)
and
o Ge(Br), i Ok < By,
Gr(0y) == {ékz(ek), lse. (5.52)

Furthermore we write

Equation yields a common model for the temperature depending conductivity of
the k-th element where Rg, > 0 is the resistivity at a reference temperature 6y, and
ag > 0 is the temperature coefficient, see [Bar04]. So for constant temperature linear
resistive behavior is assumed whereas the temperature depending behavior is nonlinear.
The modified term allows us to prove useful properties.

Lemma 5.16 (Properties of gr).

Let Assumption be fulfilled. Then gr € C(RE x T x RE RE) is Lipschitz continuous
w.r.t. Are and . Furthermore the functions Gy are bounded and they are monotone
decreasing functions, i.e.
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PROOF:
The continuity of g7 is obvious. It is ék(ék) < ék(ﬁk) for all 8, > [, because Ry, ay, > 0.
So the Gy are uniformly bounded, i.e. there is a Cz > 0 such that

GO, < Cq V0 € R".

Hence gr is Lipschitz continuous w.r.t. ALe. For proving the Lipschitz continuity of
gr w.r.t. 6 we prove the Lipschitz continuity of G with a constant Lg > 0 being
independent of k. Let 0,0, € R. If 0,0, > B we see that

1 1
1 —+ O./k(ek — 0019) 1 + Oék(e_k - 00k)
= Ry au |0 — 01| Gr(0k)Gi(6r)
< L |0 — 61|

|G (0) — Gr(0r)| = Ryt

with

Lo = Ryl C2
G lg}f’g{ ok YL
because G is bounded. With a similar argument we validate the Lipschitz continuity
for the cases 0,0, < 0 and 0y < Bk, 0r > [ with the same constant Lg. Hence gr is
Lipschitz continuous w.r.t. 6. B
The monotonicity of G can be seen as follows. For £, < 6, < 6, we have

ék(gk) < ék(ek) < ék(ﬁk)
because Ry, > 0. So (G} is monotone decreasing. O

As shown above the modification of GJ, in Assumption was necessary to prove the
Lipschitz and monotonicity properties of G;, on R. The function G}, itself is not Lipschitz
continuous and has a pole at —a,;l + Oo. However, the model is only physically rea-
sonable for temperatures in a neighborhood of the reference temperature fp;. Therefore
the presented cutoff of the function Gy is not problematic, cf. [Bar04]. A similar cutoff
has to be made for the power term W,.

Assumption 5.17.
Let Assumption be fulfilled. Let v > 0 be given and assume the power terms Wy,
k=1,...,K, to be of the form

G (0)y?, if lyl <,
Gr(0k) (27 |yl — %), else.

Let the operator W be given by (5.49)).

Wi (O, y) = {
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First we prove a helpful lemma.

Lemma 5.18.
Let C' > 0 and define f : R — R as

x?, if |zl < C,
fz) = )
2C |z| — C*, if |z| > C.

Then f is Lipschitz continuous.

PROOF:
Let x1, 29 € R. If 21| < C) |23] < C we have

|f(z1) — f(x2)] = |21 + 22| |21 — 22| < 2C |21 — 9] .

If |z1] > C, |x2| > C the function f is affin linear and clearly fulfills a Lipschitz condition
with constant 2C' > 0.
If |z1| < C, |xo| > C, we obtain using the inverse triangle inequality

|f(@2) = f(21)] = 2C [az| — C% — a?
= 2C |xg| — 2C% — (C* + 27)
< 2C(|wa| — [24])
<20 |z — x9|

because C? > C'|x;| and (C?+22) > 0. The case |z1| > C, |z2| < C follows analogously
and hence we find a global Lipschitz bound 2C > 0. O

Lemma 5.19 (Properties of W).
Let Assumptions |5.15 and |5.17 be fulfilled. Then W € C(V x R™,V*) is Lipschitz
continuous w.r.t. e and monotone w.r.t. u.

PRrRoOOF:

For all 1 < k < K the functions GG, are continuous and so are the functions W;. Because
of Lemma the operators K, are Lipschitz continuous and so W is also continuous.
The functions Gy, are uniformly bounded because of Lemma [5.16]and so the functions W
are Lipschitz continuous w.r.t. e. This is a consequence of Lemma [5.18] For e,e € R,
u,v € V we have

W(u,e) —W(u,e),v)y = — Z ”

=i

1 _
ol (We(Kr(w), Afze) — Wi(Ki(u), A7 1€)) (xi|v) i
<cw |le—é| |lv]l,

with ¢y > 0 because the embedding V' C H is continuous. This proves the Lipschitz
continuity of W w.r.t. e. For checking the monotonicity of W w.r.t. u let e € R" and
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5.4. Application of the parabolic prototype in circuit simulation

u,u € V. For fixed applied potential the functions W}, are monotone decreasing because
the Gy are, cf. Lemma [5.16, We set

ek = le(u), H_k = ’Ck(ﬁ)
and we see with the definition of Ky from (5.47)) that

W(u,e) = W(u,e),u —u)y

K
= Za Wk (Kr(u), Appe) = Wi(Ki (1), Agie)) (e |u — @) n
k=1
x L _
- Z o (Wi (O, Tke) Wk(ekaATke))(ek —0k) 2 0.
k=1
The last line follows from Assumption and Lemma [5.16| O

Considering the prototype we have to restrict ourselves to linear, but still time-
dependent functions gc and ¢;. Furthermore we have to exclude any temperature de-
pendence from the algebraic part of the MNA equations. This is also required in [Bar(04]
in the 1D setting. Therefore we make the following assumptions.

Assumption 5.20.
The functions qc and ¢y, are linear, i.e.

qgo(ve,t) == C(thve,  or(je,t) == L(t)jL
with matrices C(t) € R"e*"¢ and L(t) € R">*"L fort € 7.

Assumption 5.21.
Let Q¢ be a projector onto ker AL. Then we assume AJQc = 0.

Note that Assumption in combination with Assumptions and ensures
that ¢c and ¢ are continuously differentiable and so the matrices C(t) and L(t) are
continuously differentiable and positive definite for all ¢ € Z. We can now apply the
solvability result from Theorem to the system ([5.50]).

Theorem 5.22 (Unique solvability of (5.50)).
Let be T := [to,T] and V = HL(Q), H := Ly(Q) with Q being defined as before. Let
Assumptions [3.21), [3.23, [3.26], [5.13], [5.17, [5.20 and [5.21] be fulfilled. Furthermore we

assume

(i) B given by (5.45) is linear, strongly monotone and bounded.

(i) The initial values u(ty) = uo € H, (pLe(to), jr(to))" = (pLeo, jro) | are given.
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5. Coupled Systems

(1i1) Let {vi,va,...} be a basis of V in the sense of Definition |A.11. Furthermore
set Vi, := {v1,...,v,} and let there be a sequence (uno) C V with u,g € V;, and
Upo — Uo n H as n — oo.

Then the system (5.50)) has a unique solution (e, jr, jv,u) € C(Z, R+t x H) with
(p&e,jr) € CHZ,R*¥*L) and u € W4 (Z;V, H). Furthermore we have for the solution
(€ns (4L)n, (Jv)n, un) of the corresponding Galerkin equations that

lew = elloe + 1G)n = dilloe + GV )n — vl = 0
mase (1) — (1) = 0

[t — ullyz vy = 0
as n — 0o.

PROOF:

We perform the decoupling for the MNA equations, cf. Lemma [3.29] The condition
AJQc = 0 ensures that there is no dependency of u in the algebraic part, see the
decoupling in (3.19)). With the same notation as in Lemma we obtain:

d ec €c pgATgT(A;pCeCW 12 K(U))
— )t - ) oo t =
a7 () ) = () omt) = (07 :
€c
) emoit) =0
() o) =0 s
TV ((C) eqpit) =0
(5)=((2) o)
u' + Bu+ W(u,e) =0
Due to the splitting (3.18]) of the potentials e we write
T T . CWT
z = (:): ?J) = (($1»$2) (yhymy:a)) = ((ec,jL) (eév,eévdv))
and have

€ = PcT1 + dclcv¥1 + dePovye-
With Assumptions and we have

d . ((60) t) _d (pEAcqc(Agpcec’t))
dt jr )’ dt ér(jr,t)

_ (pgAcC’(t)Angec + pgACC(t)Ange’C>
L'(t)jr + L(t)J7,
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5.4. Application of the parabolic prototype in circuit simulation

with the matrix

Mer(t) == (pgACC’(()t)AEpC L(()t)> :

Mec(t) is positive definite because C(t), L(t) are positive definite and
ker (pLAcC(t)ALpe) = ker Alpe = {0},
The system (5.54) can now be equivalently formulated in the form ([5.19) with

f(z u,t) == Mor(t)™! (MéL(t)at — F g t) + <pEATgT(A}EC:c1,t,IC(u))>)

_ . g(x,y1,t)
90z 1) = ((.yz,yg)T Zh <x,yl,t>>

R(u, z,t) == W(u,per1 + dedevys + dePovie)
We obtain the system

v+ f(z,u,t tel,

)
g(z,)
u + Bu + R(u, z,t)
z(to) = wo,  u(to) = uo

In order to apply Theorem we have to check Assumption 5.7} Here (i), (ii), (v) and
(vii) are obvious.

(iii) As a combination of continuous functions the function f is also continuous. For
the Lipschitz continuity of f w.r.t. z and u we remark that the map w — Mg (t)w
is strongly monotone due to Assumption [3.22] As a consequence the inverse map is
Lipschitz continuous and thus there is a Cj; > 0 such that

[0, < Cor

0
0,
0, inV",

Since M{,, () itself is bounded and the functions f, gr and K are Lipschitz continuous
w.r.t. z and u, the Lipschitz continuity of f follows.

(iv) This can be seen in the proof of Theorem [3.30]

(vi) Due to Lemma the operator R is continuous, Lipschitz continuous w.r.t. z and
monotone w.r.t. u. The boundedness follows directly because

R(u(t),0,t) =W (u(t),0) = 0.
So Theorem [5.11]is applicable and gives the desired result for the decoupled system and
hence also for the system (5.50)). a

We note that B as given in (5.45)) is linear. If o, & > 0 and & = (K4j)ij=1,..,
is positive definite then B is also bounded and strongly monotone, cf. Lemma (i)
We give some additional remarks concerning the comparison to the analysis presented
in [Cul09] and show that system has Perturbation Index 1.
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Remark 5.23 (Comparison to the analytical results in [Cul09]).

In [Cul09] system is also treated by the Galerkin approach and a unique solvability
result is stated, cf. [Cul09, Theorem 3.10]. Although this result seems to be of more
generality than Theorem [5.22] it has to be dealt with carefully. We give a few reasons.
In [Cul09] a priori estimates for the MNA equations have been assumed, but not been
proven under the assumptions given for the (nonlinear) MNA equations. Furthermore for
the unique solvability of the corresponding Galerkin equations it is referred to a global
solvability theorem for DAEs having Tractability Index 1 (JGMS86, Theorem 15]). The
assumptions of this theorem have not been validated, especially the uniform boundedness
of a certain inverse matrix is not proven. Additionally, the convergence proof of the
Galerkin solutions (JCul09, Theorem 3.10]) is not complete. It lacks an explanation how
uniform convergence of the Galerkin solutions is achieved having only weak convergence
in the beginning. This was a main difficulty in the prototype before (Theorems and
and we had to exclude the temperature dependence from the algebraic part.

Remark 5.24 (Application of the perturbation result).

Let be Z := [to,T] and V := H}(Q), H := Ly(Q2) with Q being defined as before. Let
Assumptions [3.21], [3.22] [3.26] [5.15], [5.17} [5.20] and [5.21] be fulfilled. Then we consider
the perturbed system

d
AC&QC(AEQ t) + Argr(Ape, t) + Argr(Aje, t, K(u))

+ALjr + Avjv + Aris(t) = 6.(t)

0,
0Ll t) — Ape =01(t)
Ale — v (t) = 6y (1)
u' + Bu+W(u,e) = 6,(t)

for perturbations 6, € C(Z,R"), §, € C(Z,R"), oy € C(Z,R") and 0, € C(Z,V™).

Furthermore we assume
(i) B given by (|5.45)) is linear, strongly monotone and bounded.

(ii) The initial values u(ty) = ug,uy € H and

z(to) = (pae(to), jr(to)) " = (Pheo, jro) | =: w0,  x(te) = (pled, jo0)" =:

are given.

(i) Let {v1,vq,...} be a basis of V in the sense of Definition [A.11} Furthermore
set V,, := span {vy,...,v,} and let there be two sequences (ung), (1) C V with
uno,ufth €V, and

Uno — uo in H, uly —ulin H asn — oo.
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5.5. Conclusion

Then we see with the arguments in Theorem and with Theorem [5.13|that (5.55]) has
a unique solution (e, 59, 5%, u®) € C(Z, R *tme*nv x H) with (ple®, j0) € C1(Z,RFetnr)
and v’ € W3 (Z;V, H) for the initial values 23 € R" and u) € H. Furthermore we have
the perturbation estimate

le = e lloe + 1z = g2ll.o + llav = 30l +maxc Ju(®) = O]y + o= @[z,

tel

for a C' > 0 where (e, jr, jv,u) is the solution to (5.50) with initial values zy € R™ and
ug € H. Hence system ([5.50|) has Perturbation Index 1.

< C (on = o[ + [Juo = ug[|; + 1dellog + 10Lllog + 10y oo + max |6 (2)]

5.5. Conclusion

This chapter has been dedicated to the derivation of two prototypes of coupled systems
as given in and respectively. In the first one (elliptic prototype) a semi-
linear finite dimensional differential-algebraic equation (DAE) is coupled to an infinite
dimensional algebraic operator equation. The right hand side of the operator equation
depends on the DAE variable z and the dynamical part of the DAE depends on the
variable u of the operator equation. So the coupling is two-directional. For the second
prototype (parabolic prototype) the DAE and the coupling are similar to the first one.
But in the second case the DAE is coupled to an evolution equation. We studied both
systems with regard to unique solvability and strong convergence of solutions of the cor-
responding Galerkin equations. In the elliptic case solvability was shown independently
of the Galerkin approach (Theorem and the convergence of the Galerkin solutions
can be treated separately, cf. Theorem In the parabolic case a unique solution is
found as the limit of a sequence of Galerkin solutions, cf. Theorem [5.11] In both cases
we obtain global solvability results which are mainly based on the ideas of chapter [3]
the theory of monotone operators in Banach spaces, see e.g. [Zei90b|, and the Theorem
of Arzela-Ascoli. Furthermore we showed that both system have Perturbation Index 1,
cf. Theorems [£.2] and [£.13

We also presented two coupled systems to which the prototype systems could be ap-
plied. Both systems are examples for coupled systems in circuit simulation involving the
equations of the Modified Nodal Analysis (MNA). In the elliptic case we coupled the
MNA equations to the Laplace equation for the electrostatic potential which is derived
by Ohm’s law. The node potentials serve as boundary conditions for the Laplace equa-
tion and a term for the current also influences the MNA, cf. the classical formulation
(5.12) and the corresponding weak formulation . In the parabolic case we relied
on a model by [Cul09] which adds thermal effects to the MNA equations. Thus the heat
equation is coupled to the MNA equations, cf. systems and . On the one

149
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hand thermally active resistors depend nonlinearly on the temperature whereas on the
other hand certain power terms depending on the node potentials have an influence on
the right hand side of the heat equation. In both the elliptic and the parabolic case the
results of the corresponding prototype systems could be applied under suitable topolog-
ical conditions to the circuit, cf. Remark Theorem and Remark [5.24]

The prototype systems presented in this chapter are a first step towards a systematic
treatment of coupled systems. We see many ways of extending the results in this chapter.
A main task for future work could be to allow the algebraic part of the DAE to depend
on u as well. Appropriate conditions have to be found to ensure the solvability of the
algebraic part. Furthermore, considering the Galerkin approach, it is not yet clear how
in this case the strong convergence of the Galerkin solutions can be shown having only
weak convergence in the beginning, compare here the proofs of Theorems and
A further important step of extending the results could be to investigate the higher index
case. In literature solvability results for specific coupled systems in circuit simulation
are all restricted to the topological index 1 case, see [Giin01, [ABGT03| Bar04, [ABG10].
From a numerical point of view it would be also very interesting to obtain an error
estimate for the Galerkin equations. With such an error estimate the error of the com-
pletely discretized system (in space and time) with regard to the original system could
be obtained. The only result in this perspective can be found in [MT1I1] for a system
coupling the MNA equations to the stationary drift diffusion equations in the index 1
setting.
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This thesis is devoted to the study of so-called abstract differential-algebraic equations
(ADAEs). They arise in many application fields, for example in circuit simulation where
they are also known as coupled systems. Therefore we presented a general framework
for these kind of equations and discussed their treatment in the literature. We pro-
posed guiding questions to be investigated when studying nonlinear ADAEs. They are
concerned with unique solvability, perturbation behavior and convergence of solutions
of discretization methods of ADAEs. We investigated nonlinear differential-algebraic
equation (DAEs) with monotonicity properties and presented two approaches for treat-
ing ADAEs with regard to the guiding questions.

We have derived a global and a local existence result for a certain class of nonlinear
differential-algebraic equations. The results are based on a decoupling using orthonor-
mal bases of certain subspaces and monotonicity properties of the functions involved.
Furthermore we have shown that these specific DAEs have Perturbation Index 1. The
solvability results are applicable in circuit simulation to the equations of the Modified
Nodal Analysis (MNA) under the topological index 1 conditions. So we obtained a first
global solvability result for the MNA equations. Therefore the usual passivity assump-
tions for the element functions had to be slightly extended to match the concept of
strong monotonicity. However, differentiability of the conductivity function is not neces-
sary anymore. We also proved in this case that the MNA equations with the topological
index 1 conditions still have Perturbation Index 1.

Additionally we studied an abstract approach for solving ADAEs with monotone opera-
tors on Banach spaces. In [Tis04] the theory of linear evolution equations with monotone
operators was extended to a certain class of linear ADAEs. We extended this approach
to the nonlinear case. In this setting we proved unique solvability by approximating the
original system with the Galerkin approach. The solution is obtained as a weak limit of
solutions to the Galerkin equations which yield a nonlinear DAE. We have shown global
solvability of the Galerkin equations in a non-standard way because common solvability
results from literature could not be applied due to lacking smoothness properties. We
also showed strong convergence of the Galerkin solutions and a perturbation estimate
yielding the investigated ADAE to have Perturbation Index 1. For suitable smoothness
conditions we have also proven that the ADAE Index does not exceed one. As for the
linear case the most interesting point is that the choice of the basis functions for the
Galkerin approach is not comletely arbitrary. A proper choice ensures that the Galerkin
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solutions fulfill the constraints of the system.

Furthermore we presented two prototypes of coupled systems. In the first one (elliptic
prototype) a semi-linear finite dimensional DAE is coupled to an infinite dimensional
algebraic operator equation whereas in the second prototype (parabolic prototype) the
DAE is coupled to an evolution equation. In both cases the coupling is two-directional.
For both systems we proved existence and uniqueness of solutions and the strong con-
vergence of solutions of the corresponding Galerkin equations. Furthermore it is shown
that both systems have Perturbation Index 1. The results for the prototypes have been
applied to exemplary coupled systems in circuit simulation. In the elliptic case the MNA
equations are coupled to the Laplace equation simulating a specific resistor and in the
parabolic case the MNA equations are coupled to the heat equation adding thermal
effects of resistors to the circuit.

We see many directions for future research especially for coupled systems. The pre-
sented prototypes mark a first step towards a systematic treatment of coupled systems.
Nevertheless the structure of the prototypes has to be extended, e.g. an occurence of
the infinite dimensional variable in the algebraic part of the semi-explicit DAE would be
desirable. Especially a convergence proof of the Galerkin solutions is a challenge here.
Furthermore, for the exemplary coupled systems in circuit simulation we restricted our-
selves to the MNA equations satisfying the topological index 1 conditions. A prototype
which also covers the index 2 case is of interest. This would be a big step for a better
understanding of coupled systems as e.g. solvability results for specific coupled systems
in literature are all restricted to the topological index 1 case.

From a numerical point of view it would be also very interesting to obtain error esti-
mates for the Galerkin equations of coupled systems. With such an error estimate the
distance of the completely discretized system (in space and time) with regard to the
original system could be measured.
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A.1. Projectors

Important properties of projectors taken from [Zei86] are summarized. In the following
let X be a Banach space and V', W linear subspaces of X.

Definition A.1 (Projectors).

(i) A linear continuous operator P : X — X is called a projector or projection
operator if and only if P is idempotent, i.e. P? = P.

(ii) A projector P projects onto a linear subspace V' of X if and only if imP = V.

(iii) A projector P projects along a linear subspace V of X if and only if kerP = V.
(iv) A projector P : R™ — R™ is called orthogonal if PT = P.
)

(v) The sum X =V @ W is called a direct sum if and only if for all x € X we have
x = v+ w with a unique v € V and a unique w € W.

(vi) The direct sum X =V @& W is called a topological direct sum if and only if the
operators P and Q defined as

Pr=v and Qr=wfor z=v4+w, veVweWW
are continuous. This means P and Q are projection operators.

Starting from these definitions we can list some properties.

o [fP: X — X isaprojector and id : X — X is the identity map then Q :=id —P
is also a projector. Q is called the complementary projector of P. From the fact
that

ImP=kerQ and kerP =1imQ

we conclude that
— if P projects onto V then Q projects along V' and
— if P projects along V' then Q projects onto V.
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o If X =V @& W is a topological sum then V and W are closed. Conversely, if
X =V & W is a direct sum and V and W are closed linear subspaces of the
Banach space X, then this is a topological sum.

o If X =V & W is a topological sum we say that V splits the space X. This is
equivalent to the condition that there exists a projector P onto V' in which case
W = (id —P)(X). Hence we have X = im P @&ker P. Furthermore every projector
has a closed nullspace and a closed image space.

A.2. Theorem of Carathéodory

In this section we will state the well-known Theorem of Carathéodory. The results
presented are taken from [Zei90b|. For given zp € R", n > 1 and ¢, € R we consider the
initial value problem

2(t) = flat),t), teT (A.1a)

with f: R" xZ — R", n>1,7Z CR a closed interval and ¢ty € Z and zy € R". Along
with (A.1]) we consider the integral equation

t
z(t) =x0+ | f(z(s),s)ds, teT. (A.2)
to
Furthermore we write z = (x4, . .. ,xn)T, xo = (To1, - . . ,xOn)T and f = (f1,... ,fn)T. So
we can write problem (A.1]) as follows:
() = filz(¥),t), i=1,...,n, teT,
iL’Z(to) = Tj0-

Theorem A.2 (Carathéodory).
LetZ C J and set

J = {t€R| ’t—t0|§7"0},
K = {2z eR" |z -z <1}

where r,rg > 0. We assume that f : K x J — R satisfies the Carathéodory conditions,
i.e. foralli € {1,...,n}:

x +—  fi(x,t) is continuous on K for almost allt € J, (A.3a)
t —  fi(x,t) is measurable on J for each x € K. (A.3Db)

Furthermore let there be an integrable function M : J — R such that
|fi(x, t)| < M(t) for all (z,t) € K x J and all i. (A.4)
Then we have the following:
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(i) There exists an open neighborhood U of ty and a continuous function x(-) : U — R"
which solves the integral equation (A.2]).

(11) For almost allt € U the derivative '(t) exists and (A.1]) holds.

(i1i) The components x1(-),...,x,(-) of z(-) have generalized derivatives on U and z(-)

is a solution of (A.l) on U in the sense of generalized derivatives. x(-) is also
called a solution of (A.1)) in the sense of Carathéodory.

Theorem remains true if .J is a one-sided neighborhood of tg, i.e.
J:{tER| Ogt—togro}

Then U = {t e R| 0 <t —ty < ry} with r; > 0. A proof of Theorem can be found
in [CL55, p.43] or [Kam60, p. 197]. If the assumptions are satisfied for K = R"™ then
U = J. If a priori estimates of a possible solution are known it can be extended to the
boundary. This is stated in the next theorem which is an application of Theorem [A.2]

Theorem A.3 (Continuation of solutions).

Suppose there exists a C > 0 such that for any solution x(-) : U — R™ of on
any arbitrary subinterval U C I the estimate ||z(t)|| < C holds on U. Let J :=T and
K :={zeR": |z| <2C} and let the Carathéodory conditions (A.3) and the growth

condition (A.4) be fulfilled on K x J. Then (A.1]) has a (global) solution in the sense of
Carathéodory on T.

A proof of this statement is given in [Zei90b, P.30.2].

A.3. Basics for Evolution Equations

In this section we summarize briefly basic spaces and properties which are important
in the context of evolution equations. For a deeper treatment we refer to standard
literature, e.g. [Zei90a)] or [Emm04].

Evolution triples

Definition A.4.
Let

(i) Z be a real, separable and reflexive Banach space with dual space Z*,
(ii) H be a real, separable Hilbert space,

(iii) Z be dense in H and the embedding Z C H be continuous, i.e. there is a constant
¢ > 0 such that

Il <cllzll, vzez
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Then the spaces Z, H and Z* form a so-called evolution triple or Gelfand triple. We
write

Z CHCZ.

A Banach space Z is called separable if it has a countable dense subset. A subset of
a separable space is separable itself. Note that a Hilbert space is separable if and only
if it has a countable orthonormal basis. Z is called reflexive if the natural embedding
iz Z — Z* is surjective. Here Z** = (Z*)* is the double dual space and iy is given by

(igz,2") g = (2", 2)z, Y2z €Z 2"€ "

The map iz is linear, continuous and isometric, i.e. |[izz| 5. = ||z]|, for all z € Z. So it
is bijective on the reflexive space Z and thus Z = Z** in the isomorphic sense. We can
identify z with izz and write

(2", 2)z» = (2,2%)z V2 € Z, 2" e€Z"

Theorem A.5 (Riesz Representation Theorem).

Let H be a real Hilbert space. Then the map ig : H — H*, y — (-|y)g is linear,
isometric and bijective. In other words, for y* € H* there exists a unique y € H with
y*(x) = (x|y)g for allx € H and ||y*|

For a proof of this famous result we refer to [Zei90al, chapter 18.11b] or [Wer05, chapter
V.3|. With the map iy we see that H = H* in the isomorphic sense and we can write
(y,x)g = (x|y)y for all z,y € H. As a direct consequence every Hilbert space is
reflexive. A similar version of Theorem holds for evolution triples and it explains
how the inclusion H C Z* has to be understood.

Proposition A.6.
Let Z C H C Z* be an evolution triple. Then the following holds.

(i) To each uw € H there corresponds an element u € Z* which is defined by

(u,2) = (ulz)g VzeZ.

(ii) The mapping j : uw+— @ from H to Z* is linear, injective and continuous.

PROOF:
(i) Given u € H, then @ as defined above is a linear functional on Z. Furthermore we
have

(@ 2) = (u]2)z <|lullg [I2llg < cllullgllzll;  VzeZ
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because the embedding Z C H is continuous. This implies the continuity of @ because
lla|| ;. < cllull; and thus u € Z*.

(ii) The mapping j : H — Z* is linear and continuous because of (i). For injectivity we
assume j(u) = u = 0. This implies

(ulz)p =0 VzeZ
Since Z is dense in H we have (u|z)y = 0 for all z € H and get u = 0. O
Proposition allows us to identify u € H with @ € Z* and so we write

(u,2)z = (u|lz)p YueH, z€Z,
g < cllully, YueH.

[ ul
The embeddings Z C H and H = H* C Z* are both continuous. In particular we have
(z,w)z = (w,2)z Yz,weZ

because (w|z)g = (z|w)g.

The Lebesgue spaces L,(Z,V)

Let V be a real Banach space and Z := [tg,T] C R with ¢ty < 7' < oo. The following
results are taken from [Zei90al, chapter 23| where also more properties can be found. We
state them here for 1 < p < co. In this thesis we mainly consider the case p = 2. The
space L,(Z, V) consists of all measurable functions v : Z — V satisfying

lullz,zv) = </I||U(t)|!€ dt) < o0.

With the norm ||-|| 1,(z,v) the space L,(Z,V) is a real Banach space. The following two
results can be found in [Zei90al, Propositions 23.6 and 23.7].

Proposition A.7 (Holder inequality).
Let V' be a Banach space. Then

holds for all u € L,(Z;V), v € Ly(Z;V*) with1 <p < oo, p~ '+ ¢ ' =1. In particular
all the integrals above exist.

Proposition A.8.
Let V' be a real, reflexive and separable Banach space and let 1 < p < oo, p~t+q ' =1.
Then the following holds:
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(a) The map j: Ly(Z,V*) — L,(Z,V)*, j(v) = v with

(B.4) 1 @y = /I (w(t), u(t))vdt Vu € L(T; V)"

is well-defined, linear, bijective and isometric, i.e. 0] 7. = [[V]l1, zv+-
(b) The Banach space L,(Z,V) is reflexive and separable.

Proposition [A.§(a) allows to identify v € Ly(Z,V*) with v € L,(Z,V)* and hence it is
L,(Z,V)* = L,(Z,V*) and we write for all u,v € L,(Z,V):

(0, 0wy = / (0(t), u(t))vt,

1
ol = ( / \Iv(t)l‘é*dt> |

Generalized derivatives

Generalized derivatives for functions with values in Banach spaces can be defined similar
to weak derivatives of real-valued functions. We point out the basic definition and its
basic treatment in the context of evolution triples. For an overview on useful results
concerning generalized derivatives we refer to [Zei90al chapter 23.5]. Let Z and Y be
Banach spaces and Z := [ty,T] C R with ¢ty < T < co. Furthermore let v € L(Z, Z) and
w € Li(Z,Y). Then the function w is called the generalized derivative of the function u
on Z if and only if

/I S (Bult)dt = — /I St Yo € C°(T). (A5)

We write v’ for w. The values of the functions v : Z — Z and w : Z — Y may lie in
different spaces Z and Y. The equation above therefore includes the requirement that
the integrals on both sides belong to Z NY. The generalized derivative ' is unique.
Considering the situation for evolution triples the following result holds.

Proposition A.9.
Let Z C H C Z* be an evolution triple, T = [ty,T] C R and let 1 < p < oo with
p '+ q ' =1. Then the following holds:

(i) Foru e L,(Z,Z) the generalized derivative u' is unique as an element of L (Z,Z*),
i.e. t — u/(t) can be modified only on a subset of T of measure zero.

(11) Let w € L,(Z,Z). Then there exists v € Ly(Z,Z*) if and only if there exists
w e L,(Z,Z*) such that

/I (u(t) | 2) e ()t = — / (w(t), 2) 70(B)dt V= € Z¥p € C°(T)

T
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Then ' = w and

d

) 2)n = (W'(t),2)z

holds for all z € Z and almost allt € Z. With % we denoted here the generalized
deriwative of real functions on L.

In the situation of Proposition we define the space
WNZ: 2, H) :={u € L,(T,Z)| v € L(T,Z*)}
which forms a real Banach space with the norm
||u||wpl = ull,z,2 + ||U,||Lq(z7z*) :

Proposition A.10.
Let Z C H C Z* be an evolution triple, T = [tg,T] € R and let 1 < p < oo with
pt4+q ' =1. Then it holds

(i) The embedding
WAL 2, H) € C(T, )

1s continuous. More precisely, if u € WI}(I; Z,H) then there exists a uniquely
determined continuous function u : T — H which coincides almost everywhere on
T with the initial function uw. Henceforth we write u instead of w. In this sense
there is a ¢ > 0 such that

max [u(t)ll < el

(i) The set of all polynomials w:Z — Z, i.e.
w(t) = Zaiti with a; € Z, Vi,

is dense in the spaces W)(Z; Z, H), L,(Z, Z) and L,(Z, H).

(i1i) For all u,z € W)(Z; Z,H) and arbitrary s,t with to < s <t < T the following
integration by parts formula holds:

(u(®)|2()m — (u(s)[2(s))n = / (W'(7),2(7))z + ((7), u(7)) zd7

Here the values u(t), z(t), u(s), z(s) are the values of the corresponding continuous
functions u,z : T — H in the sense of (i).
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Galerkin Schemes

Let V be a Banach space. We set
dist (u,Y) = inf [lu —v[|,,

which is the minimal distance between the point © € V' and the set Y C V.

Definition A.11.
A Galerkin Scheme in V' is a sequence (Y,,) of finite dimensional nonzero subspaces
Y, C V with

lim dist (u,Y,) =0 YuelV.

n—oo

A basis of V' is an at most countable sequence (w;) of elements w; € V where finitely

many wi, ..., w, are always linearly independent and
v=W
neN

with V,, = span {wy, ..., w,}.
The following result can be found in [Zei90al, Proposition 21.49].

Proposition A.12. (Ezistence of bases and Galerkin schemes)
Let V' be a separable Banach space. Then

(i) V has a basis.

(i) If (wy,) is a basis in V, then (V) with V,, = span{wi,...,w,} is a Galerkin
Scheme in V.

(111) If (Y,) is a Galerkin Scheme in V', then we can construct a basis in V' by means

of (Yy).

More details and examples concerning Galerkin schemes are given in [Zei90a), chapter
21.13| or [EmmO04].

A.4. Theorem of Browder-Minty

The following is taken from [Zei90bl, chapter 26|. Let V' be a real Banach space and
consider the operator equation

Bu)=f, uweV (A.6)

with B : V — V*and f € V*. V* is the dual space of V. We make the following
definitions.
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Definition A.13.
The operator B : V — V* is said to be

(i) strongly monotone if there is p > 0 such that
(B(u) — B(v),u —v)y > plu—v|} VYuveV.
If
(B(u) —B(v),u—v)y >0 Vu,veV
then B is monotone.

(ii) hemicontinuous if the real function
t— (Blu+tv),w)y
is continuous on [0, 1] for all u,v,w € V.

Having clarified these definitions we can state the following theorem. Note that in
[Ze190b, Theorem 26.A| a more general version is presented and that we state it here
tailored to our purposes.

Theorem A.14 (Browder-Minty).

Let V' be a real reflexive Banach space. If B : 'V — V* is strongly monotone and
hemicontinuous then 1s uniquely solvable for all f € V*. Hence the inverse operator
B~1:V* =V exists and is Lipschitz continuous.

We also present a helpful lemma which can be found in [GGZT4, chaper 3, Lemma 1.3].

Lemma A.15.
Let V. W be real Banach spaces and L : W — V be a linear operator with

[Lully = llully,  VueW.

Let L* - V* — W™ be the dual operator of L and B : V. — V™ be a possibly nonlinear
operator. Then the operator B := L*BL : W — W* is strongly monotone (hemicontinu-
ous) if the operator B is strongly monotone (hemicontinuous).

PROOF:
This is an immediate consequence of the fact that £ is linear, fulfills ||Lull,, = ||u|lyy
and that we have

(Bu, w)w = (L*BLu,w)w = (BLu, Lw)y VYu,w € W.
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A.5. Theorem of Arzela-Ascoli

In this section the well-known Theorem of Arzela-Ascoli is stated. We remind briefly
that a subset M of a metric space V is relatively compact if the closure M is compact.
This is exactly the case if every sequence in M has a convergent subsequence in V. The
following can be found in [Die85l chapter 7] or [Zei90al, p.189]. Let Z := [ty, T be a
compact interval and let V' be a Banach space.

Definition A.16 (Equicontinuity).
Let

e {552V sl <o)

Then the set H is equicontinuous at a point t € Z if
Ve>030(e) >0Vfe HVteL |[t—t|<do=|ft)— f)l, <e.

The set H itself is called equicontinuous (on Z) if H is equicontinuous at every point ¢

of 7.

Definition A.17 (Uniform convergence).

Let (f,) be a sequence of functions f, : Z — V. The sequence (f,) converges uniformly
to fif

Ve > 03ng(e) >0Vn>ngVt e Z: | fu(t) — f(t)]],, <¢€
We write shortly
fa=fonZ asn— oo.

It is well-known that if the functions f,, are all in C(Z, V') then also f is continuous.
Here uniform convergence is convergence in the max-norm, i.e.

fo=mfonl e max|f(t) —fO)ly =0 asn—oco.

Theorem A.18 (Criterion for uniform convergence).
Let (f,) be a sequence of functions f, : Z — V. Suppose the functions f, € C(Z,V') are
equicontinuous on L. Then the pointwise convergence

fat) = f(t)  asn— o0
for all t € T implies the uniform convergence
fm=fonZ asn— o

and the limit function f :Z — V is continuous.
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Theorem A.19 (Arzela-Ascoli).
A subset H C C(Z,V) is relatively compact if and only if H is equicontinuous and for
allt € T the set

H(t) :={f(t) e V| fe H}

1s relatively compact in V.
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Notation

Abbreviation

ODE ordinary differential equation

PDE partial differential equation

DAE differential-algebraic equation

ADAE abstract differential-algebraic equation
PDAE partial differential-algebraic equation
MNA Modified Nodal Analysis

KCL Kirchhoft’s current law

KVL Kirchhoft’s voltage law

LI-cutset cutset of inductors and current sources
CV-loop loop of capacitors and voltage sources
w.r.t. with respect to

f.a.a. for almost all

e.g. exempli gratia

cf. confer

ie. id est

General

3 there exists

\ for all

N natural numbers

R real numbers

R™ real n-dimensional space

C complex numbers

I, € R™™ identity matrix

A e Rmm™ real matrix with n rows and m columns
AT € Rmxn transpose of A

diag {ai,...,a,} diagonal matrix with entries a;, i =1,...,n
ker A kernel of A

im A image of A

rk A rank of A

Il Euclidean norm on R”

(1) canonical scalar product on R”

| A, matrix norm of A corresponding to vector norm ||-||



Notation

A

M, N
reM

r¢ M
MCN
MUN
MNN
M@ N

M x N
dim X

YJ_

span { M}
f:M—N
dom(() f)
flo

F0). L)
fa(z,y)
oif

Vf

V-f

|Q| = vol,, ()
oN=r

Q

o

Q
vol,,_1(T)
()
C(Q)
C*(Q)
C*(Q)
Cg°(©)
Ly(€2)

L (92)
Ll,loc<Q)
H'Y(Q)
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time interval

sets

x is an element of M

x is not an element of M

M is a subset of N

union of M and N

intersection of M and N

direct sum of M and N

direct product of M and N (product set)
dimension of a vector space X
orthogonal complement of the subspace Y C X
span of vectors in the set M C X

map from M to N

domain of f

restriction of f: M — NtoU C M
derivative of f: Z — N

Jacobian of f w.r.t. x

partial derivative of f in direction ¢
gradient of f

divergence of f

measure of the nonempty open bounded set (2 C R"
boundary of the set €2

closure of the set (2

interior of the set 2

(n — 1)-dimensional measure of I'

space of continuous functions f : Q — R

all f € C(Q) that can be extended continuously to the boundary
space of k-times continuously differentiable functions f: 2 — R
space of infinitely continuously differentiable functions f: Q) — R
space of all f € C*(Q) with compact support

space of p-integrable functions f: Q — R (p > 1)

space of essentially bounded functions

space of locally integrable functions

Sobolev space of all functions f € Ly(£2) with generalized deriva-
tives 0;f € Ly(Q)

closure of C§°(Q) in H(2)

space of linear continuous functionals on H} (<)

Banach spaces

set of linear, continuous maps V' — W

=L(V,V)

dual space of V



Notation

=%

<v*7U>V

A e LW*, V)
H

(1)u

A € L(H)
C(U, W)

CY (U, W)
L(L.V)

Up — U

Up — U

VUp = U
lim
n—oo
lim
n—oo

norm on V'

=0v*(v) withv* € V*, v eV

dual operator of A € L(V, W)

Hilbert space

scalar product on H

adjoint operator of A € L(H) in the Hilbert sense

space of continuous functions f: U — W, U CV

space of continuously differentiable functions f : U — W

space of p-integrable functions f :Z — V

(strong) convergence of the sequence (v,) C V to v as n — oo in
the norm |||,

weak convergence the sequence (v,) C V to v as n — oo, i.e. for
all f SH <f7vn>V — <f7U>V

convergence of the sequence (v,) C C(Z,V) to v as n — o

limes superior

limes inferior

Modified Nodal Analysis

dc

9r

oL

/LS

/US

e € R"

JL € R

Jv € R

Ay € Rnexnx
qC c Rnexka
pC c RneXkc
ey € Rfexrer
Pcv € Rkrexkav
€c

constitutive relation for capacitors (charge)
constitutive relation for resistors (conductance)
constitutive relation for inductors (flux)

source term for current sources

source term for voltage sources

node potentials (dimension n,)

currents through inductors (dimension ny)
currents through voltage sources (dimension ny )
incidence matrix of branch type X € {C, R, L,V, I}
columns are orthonormal basis of ker A/,
columns are orthonormal basis of (ker AL)*:
columns are orthonormal basis of ker A{,q.
columns are orthonormal basis of (ker A{.qq)*
= ple € RFe

= qlLe € R

= pgvea - ]Rkév

= ngeé = Rkﬁv

=qLAx for X € {R,L,V, I}

= qlyqbAx for X € {R, L, I}
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A

ADAE. ... . [l

ADAE Index ........................ 14

Applied potential................ ... [114]

B

Banach space.........................
reflexive . ....................... [156]
separable....................... 156

C

Carathéodory conditions............

Convergence
inthenorm....................... 0}
uniform .............. L 162
weak. . ... [l

Coupled systems................ [19] [I01
elliptic prototype...............
parabolic prototype.............

D

Degenerate differential equation .. ...

Derivative
classical .......... ... .. ... ... 8
Fréchet .......................... 13
generalized ..................... 158
weak. ... S

Differential-algebraic equation
obvious constraint set............ 311
semi-linear................... 11},
with monotonicity properties . ...

Differentiation Index.................

Dual space ..................oooou.. [

E

Electrostatic potential .............. 113

Equicontinuous set ................. [162]

Euclidean scalar product.............. 6]

Evolution equation ................. 155

Evolution triple .................... [155]

F

Function
cutoff ........ ... ...l 143
integrable.............. ... ... [7]
Lipschitz continuous.............
locally integrable ................. [7]
locally Lipschitz continuous. ... .. 24
locally strongly monotone........
monotone decreasing ........... 142
strongly monotone...............

G

Galerkin approach...................

Galerkin scheme.................... [160l

Graph
branch........................... 44
cutset ... 44
incidence matrix ....... [44] 113} [139]
100D« 44
NOde. . ..o [44]

H

Heat equation...................... 138

Hilbert space ..............oooooiia... 6]

I

Inequality
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Index

classical ............ .. ... ... 0l
Holder..........................
Poincaré-Friedrich .............. 116}

Integration by parts formula . ...[58

K

Kronecker Index..................... 12

L

Laplace equation ................... 113

Lebesgue space .................. 7,

M

Method of lines......................

Modified Nodal Analysis.............
basic elements................... 42)
branch currents.................. 44
constitutive relations ............ 42)
CV-1oOp . oo [46]
decoupled equations ............. [47]
equations................oo.i... [45]
global passivity .................. [43]
Kirchhoff’s current law .......... 44
Kirchhoft’s voltage law ..........
Ll-cutset ........................ [46]
local passivity ...................
node potentials..................
short circuit ..................... [45]
topological index 1 conditions. . . .[40]

Monotonicity trick......... 86, [L11], 130

Moore-Penrose inverse............... H0)

N

Norm
Euclidean norm................... 6l
operator NOrm .................... o]

(0)

Operator
adjoint ............. ...,
dual....... ... D6!
hemicontinuous................. [161]
Lipschitz continuous.............. 0]
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1001010101 70)1 1 BN 16Tl
self-adjoint ................ ... ...
strongly monotone.............. 161
P
Partial differential-algebraic equation . [5]
Perturbation Index ..............
Polynomials........................ 159
Product rule......................... 641
Projector.......... ... ... ...
complementary ................. 153
orthogonal ...................... 153
Properly stated leading term. .. ..
R
Relatively compact set ............. 162
S
Semigroup approach.................
Sobolev space..............c.ooiia.
Solution function.................... P8
Strangeness Index ................... [12]
T
Theorem
Arzela-Ascoli................... 163l
Browder Minty (on R")..........
Browder-Minty ................. 161
Carathéodory................... 154
Hadamard....................... 28]
Implicit Function Theorem ... ... 28
Riesz Representation Theorem . .[156
Zarantonello.....................
Topological sum.................... 153
Tractability Index ................... [12]
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