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Chapter 1

Technical change in environmental

growth models

1.1 Introduction

This thesis studies the relation between economic growth and the environment in an
endogenous growth model with a negative pollution externality of production. The
aim is to find answers to some of the most pressing questions regarding the future
of today’s economies: "How - if at all - can economic growth be decoupled from
environmental degradation?”, ”Is persistent economic growth socially desirable if its
impact on the environment is taken into account?” and “How costly is environmental
conservation in terms of consumption and economic growth?” Particular focus in this
respect is given to the role of endogenous technical change.

Adverse effects of economic activity on the environment are undeniable. Cer-
tainly, the most prominent example is climate change, as measured among other
indicators by the development of temperature: In its fourth assessment report, the
Intergovernmental Panel on Climate Change (IPCC) observed a trend in the change
of global surface temperature of 0.74 during 1906-2005, with an almost twice as
large average increase in 1956-2005. According to the IPCC “(m)ost of the observed
increase in global average temperatures since the mid-20th century is very likely!
due to the observed increase in anthropogenic (greenhouse gas) concentrations(...)” .2
As the main sources of greenhouse gas emissions, the IPCC identifies energy supply
(25.9%), industry (19.4%) and transport (13.1%).3

L“Very likely” describes a probability greater than 90% (IPCC (2007), ‘Climate Change 2007:
Synthesis Report’, p. 27).

2IPCC (2007), ‘Climate Change 2007: Synthesis Report’, p. 39.

3SIPCC (2007), ‘Climate Change 2007: Synthesis Report’, p. 36.
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In case of a further rise in temperature by only 2-3 degrees, ecosystem loss,
increased risk of species extinction and major effects on human health and wellbeing
due to, for example, food and water stress are predicted by the IPCC for the end of
the 21st century already.

The severe predicted impacts of human-induced environmental degradation have
led scientists to account for negative side effects of economic activity on the envir-
onment in models of economic growth, to deal with the questions raised in the
beginning. A lively discussion on these issues has developed since the well-known
work ‘The limits to growth’ by Meadows et al. (1972) in particular. But only in the
1990s, scientific debate began to point to the importance of accounting for technolo-
gical development in environmental-economic models to meet the challenges arising
from the growth-environment relation. Technological progress can help to decouple
economic growth from pollution by reducing the pollution intensity of production
inputs and processes, by developing cleaner substitutes for polluting inputs or by
raising input productivity, thereby allowing to produce the same amount of output
with less inputs.

The TPCC and also the Stern Review on the Economics of Climate Change
express their belief in technical development to decouple economic growth from
environmental damages?. However, the question whether decoupling is possible and
at what cost is subject to controversy, even when technical change is taken into
account.

First, the ecological benefits of technical change are not undisputed. While in
principle, increased input productivity can reduce pollution as it allows to save on
polluting inputs without giving up output, in practice it may mainly raise output
or even stimulate the demand for polluting inputs. This so-called rebound effect® of
technical progress is one reason for environmental activists like Greenpeace to believe
that the world economy should give up economic growth and converge towards
stationary levels of consumption and production.’

Second, environment-friendly development is often feared to imply large costs

in terms of economic growth. First, controlling the rebound effect of productiv-

4See Stern (2007) and IPCC (2007).

% A formal definition can be given along the lines of Berkhout et al. (2000): A rebound effect denotes
the percentage of potential input saving that is lost due to increased input use. A rebound effect
of more than 100%, which implies a net increase in input use, is sometimes referred to as backfire.

6Convergence to a stationary economy as demanded by environmental activists usually goes beyond
merely giving up long-run growth. Environmental activists believe the world economy to have
surpassed sustainable levels of economic activity so that downsizing - ‘degrowth’ - is unavoidable.
This belief is shared by a political movement of the same name, which has its origin in France
(‘décroissance’), see for example Aries (2005) and Latouche (2004).
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ity growth by saving on polluting inputs obviously comes at the cost of giving up
potential consumption growth. Second, the larger the fraction of research directed
towards reducing the pollution intensity of inputs, the less the fraction that may be
directed to raise productivity. Even if these costs are not decisive from a welfare
perspective, they lower political incentives to pursue environmental policy.

To come to reliable conclusions concerning the prospects of reconciling economic
growth with a clean environment, the interactions of productivity-enhancing and
pollution-reducing technical change have to be studied, taking into account the
possibility to control the rebound effect of productivity growth through input saving.

The model which is developed and analyzed in this thesis, to our best knowledge,
is the first to explicitly and analytically do so in a framework in which perfectly clean
substitutes to the polluting input are not available, but the pollution intensity of
the polluting input can be reduced through innovation. In the few models which
consider endogenous reductions in pollution intensity through technical change, the
possibility to control the rebound effect of productivity growth is disregarded.

This omittance is not trivial: The key result of this thesis is that long-run eco-
nomic growth is socially desirable for a sufficiently patient representative household
but both persistent reductions in the pollution intensity of intermediates and input
saving characterize long-run optimal pollution control for reasonable parameter val-
ues. Neglecting the possibility to control the rebound effect of productivity growth
weakens the prospects for persistent economic growth in the long-run optimal solu-
tion considerably.

The remaining sections of this first chapter provide the theoretical background
for the analysis in the subsequent chapters. We first give a short introduction to
the modelling of pollution and environmental quality in models of economic growth
in section 1.2, explaining the main approaches of relating the environment to the
production and the consumer side of the models. In section 1.3, we survey the
embodiment of technical change in theoretical environmental-economic modelling,.
The aim is to single out the implications of endogenous technical change for the
prospect of decoupling growth from environmental deterioration, the desirability of
long-run growth and the cost of environmental preservation. Section 1.4 serves to
explain the mechanisms to counteract pollution growth in the model which will be
presented in chapter 2 and to clarify the terminology regarding technical change
and pollution control. We conclude with a short outline of the remaining chapters

of this thesis in section 1.5.
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1.2 Key elements in environmental-economic

modelling

Whether or not technical change is taken into account, the relationship between eco-
nomic growth and the environment depends crucially on the specification of house-
hold preferences and the production-environment relation. An extensive treatment
of the approaches and challenges of including the environment in economic modelling
has been given by Pittel (2002) for endogenous growth models and by Xepapadeas
(2005) for both neoclassical and endogenous growth models. In this section, we sum-
marize the modelling aspects relevant for the analysis of the literature in section 1.3

and the model to be presented in chapter 2.

1.2.1 Preferences

In the models to be considered in section 1.3 below, households value environmental
quality positively and suffer disutility from environmental damages due to pollution.
Households’ preference for a clean environment is usually assumed to be attribut-
able to non-rival services of nature from clean air and water or the recreational
value of a clean environment, for example. It is assumed that households do not
internalize consequences of their consumption decision on the environment. If not
stated otherwise, utility in the models of the next section is increasing and concave
in consumption and environmental quality or - equivalently - increasing and con-
cave in consumption and decreasing and concave in the pollution stock. The latter
implies that a decrease in environmental quality due to an increase in pollution
affects household-utility the more, the lower environmental quality is already (the
more polluted the environment is). Thus the instantaneous utility-function is of the

general form”

u = u(c, E)
U > 0 uee <0 (1.1)
ug > 0 ugg <0

"In this and the following sections, we adapt the notation in the literature to the notation in the
model which is presented in chapter 2. Further, we omit the time index ¢, where it does not lead
to confusion.
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in terms of per-capita consumption ¢ and environmental quality £ or of the form

u = u(c,DS)
e > 0 e <0 (1.2)
us < 0 wugsg <O

in terms of per-capita consumption and pollution S. u., .., us, ugs denote the
first- and second-order partial derivatives with respect to ¢ and S respectively.

We use S to refer to the stock of pollution which is the more relevant variable for
household utility, for example, in the context of air pollution and climate change.®
Several models’ consider the flow P of pollution for simplification. We come back
to the difference between flow and stock representation below.

While there is much agreement on the signs of the partial derivatives, the sign
of the cross-derivative between consumption on the one hand and environmental
quality or pollution on the other hand varies in the literature. If utility is addit-
ively separable (u.z = u.s = 0), the environmental externality does not affect the
household’s consumption decision. If, on the other hand, the marginal utility the
household derives from consumption increases in environmental quality or decreases
in pollution (u.p > 0, u.g < 0), the desired consumption growth rate is, ceteris
paribus, lower than in the additively separable case when the household expects
higher pollution or lower environmental quality. A third specification is the op-
posite case, u.g < 0, u.s > 0, for which the desired growth rate is higher. This
specification is however seldomly used. The standard assumption is that marginal
utility is non-increasing in pollution. A comparison of the different specifications
for the laissez-faire equilibrium and the optimal solution in an endogenous growth
model can be found in Michel and Rotillon (1995).

Bovenberg and Smulders (1995), as well as Gradus and Smulders (1996) spe-
cify requirements for the functional form of the utility function so that long-run
growth at constant rates is optimal. In particular, the elasticity of marginal utility
in consumption must be constant and the intertemporal elasticity of substitution

between consumption and the environmental variable must be unity. A commonly

8Health effects, for instance, are related to concentrations of air pollutions rather than short-lived
emission flows.

9See, e.g., Bovenberg and Smulders (1995), Elbasha and Roe (1996), Hart (2004, 2007) and Ricci
(2007).
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used specification which satisfies the requirements is:

4(e.S) = { e T —ho(S), o #1 13)

In(c) — ¥o(S), c=1

1 > 0 is a parameter reflecting the strength of the preference for a clean environment
and o is the intertemporal elasticity of substitution in consumption. The disutility
of pollution, 1 ¢, is assumed to be increasing as well as convex in S (¢g > 0, pgg > 0).
Unless stated otherwise, this specification or a utility function with similar properties

is chosen in the literature in section 1.3.

1.2.2 Economy-environment representation

The main concern of this thesis regarding the economy-environment relation is the
polluting impact of production, which is most commonly represented by the by-
product approach: For a given level of technology, the pollution flow (sometimes also
referred to as the level of emissions) P is a function of gross domestic product (GDP)
Y or some input X in the production process. For computational convenience, most

models assume a linear specification
P = HyY (14)

where ky is the emission-output coefficient or, equivalently, the pollution intensity
of output.

If it is a production input rather than total GDP which causes pollution, the pol-
lution intensity of output is determined by the pollution intensity of the input and

the input’s share in GDP, as the following transformation shows:

P = lixX (15)
X
= I{X?Y
The relation between economic growth and the environment as well as the de-
sirability of long-run growth depend crucially on the assumptions about the emission-
output coefficient. In the early growth models without technical change, which we

consider in the next subsection, ky and rx are usually exogenously fixed'” and the

10Some models assume that it can be lowered by abatement investment (e.g., Keeler, Spence and
Zeckhauser (1970), Van der Ploeg and Withagen (1991)), or directly chosen (Stokey (1998)).
The paper by Stokey is discussed in more detail below.
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input ratio X/Y is constant at least along a balanced growth path. Environmental
care may then have a level effect on the pollution path through a lower X/Y, but
(in the absence of ex-post abatement measures) growing GDP necessarily leads to
proportionally growing pollution in the long run. In models with technical change
on the contrary, there is the possibility of ‘decoupling” GDP- and pollution growth:
Technical change can lower ky and kx directly, or it can help to save on polluting
inputs and reduce X/Y.

As indicated before, the most severe consequences of pollution for household
wellbeing do not arise from quickly dissolving pollution flows but from an accu-
mulating stock of pollution. The development of the pollution stock over time!® is

captured in the literature by the following function:
S = P"™ (A, P)— A(S) (1.6)

Of the models we review in the next section, particularly those without endogenous
technical change in subsection 1.3.1 allow for active abatement activities A to remove
part of the pollution stock or flow. P"** denotes the pollution flow net of abatement.
Further, natural regeneration also cleans up a share of S in each period, which is
reflected in the function A(S). For computational convenience, most models assume
a linear regeneration function with constant regeneration rate 2.

The actual stock of environmental quality can be expressed as the difference
between the level of environmental quality in a non-polluted, ‘virgin’ state and the

stock of pollution:!3-

E=F"-82>0

It follows that
E=-S. (1.7)

A drawback of this approach is that it necessarily requires the pollution stock to
be constant in the long-run because E can neither exceed the virgin state nor fall

below zero. In the model to be presented in chapter 2, we prefer the specification

E =51,

'Henceforth, we denote time derivatives with a dot above the variable.

12 A more complex specification can be found in Bovenberg and Smulders (1995, 1996).

13See also Pittel (2002), p. 37.

14Aghion and Howitt (1998) define as their indicator of environmental quality the difference
E — E™** < 0, because along a sustainable path with declining pollution stock, it converges
to a finite upper bound, zero. If pollution is allowed to rise in the long run, this specification
loses its appeal, as £ — E™?#* is then unbounded below.
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as it does not fix the movement of the pollution stock ex ante and therefore allows
to study the dependence of pollution growth on household preferences.

Besides the by-product approach to model polluting production, an approach
which is found in some environmental growth models (e.g. Bovenberg and Smulders
(1995)) assumes the flow of pollution P to be an input in production. This spe-
cification of the production-pollution relation suggests that more intensely polluting
production techniques are more productive or, to put it differently, that avoiding
pollution decreases production, ceteris paribus.'®
Pittel (2002, p. 30) and Ricci (2007) show that the specification with pollution as a
production input is equivalent to the by-product approach when the emission coeffi-
cient ky is variable and has a negative effect on productivity in output production.

The environment as a factor of production is found more often in models with
natural resources. The use of natural resources also imposes pressure on the envir-
onment, particularly if resource stocks are non-renewable. A separate literature has
developed to consider the problem of resource scarcity in the production process.'
We are interested in questions arising from the external effects of pollution rather
than the scarcity problem and will therefore refer to the resource literature only as

far as resource use generates pollution.

1.3 The importance of endogenous technical change

This section introduces to the modelling of endogenous technical change in relevant
theoretical environmental-economic literature!”. It serves to highlight the role of
endogenous technical change for the possibility of decoupling economic growth from
pollution, the desirability of long-run economic growth with environmental extern-
alities and the cost of environmental preservation.

The first subsection shortly revises results from models which do not explain tech-

15There may also be positive feedback from the stock of environmental quality E or, equivalently,
negative feedback from the pollution stock S on productivity in the consumption-goods sector.
Pollution reduction then has an additional benefit besides the positive impact on household
utility. Feedback effects are not decisive for the subsequent analysis and therefore neglected
here.

6Neoclassical models have been analyzed for example by Dasgupta and Heal (1974), Solow (1974)
and Stiglitz (1974).
Models with endogenous technical change include Barbier (1999), Scholz and Ziemes (1999),
Groth and Schou (2002), Grimaud and Rouge (2003), chapter 5.3.2 in Aghion and Howitt (1998),
Di Maria and Valente (2008) and Hassler, Krusell and Olovsson (2012).

17Surveys of technical change in applied models of growth and the environment can be found, e.g.,
in Grubb et al. (2002) and Loschel (2002).
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nical change endogenously but neglect technological progress. Among the models
considered are neoclassical growth models in the line of Ramsey (1928) - Cass (1965)
- Koopmans (1965) as well as endogenous growth models with AK-technology (Re-
belo (1991)) or learning-by-doing (Arrow (1962)).

The results from this literature are then compared to the findings from models
with endogenous technical change. In recent years, many of the standard growth
models with endogenous technical change, such as disaggregated models with ex-
panding product variety (Romer (1990), Rivera-Batiz and Romer (1991)) and ver-
tical product differentiation (Aghion and Howitt (1992), Grossman and Helpman
(1991)), have been adapted for the analysis of economic growth with environmental
externalities. Lately, scientific debate has been particularly interested in the determ-
inants of the direction of technical change, both at equilibrium and from a normative
perspective. This interest is based on the awareness that technological development
can occur along distinct paths which differ in their effects on the environment and
economic growth. We explicitly distinguish models where the direction of technical

change is exogenously given from models where it is endogenous.!®

1.3.1 Growth and the environment without technical change

Summary: I[n the models revised in this subsection, long-run growth can only be
optimal if a sufficiently productive abatement technology is in place.

Economic growth is driven by the accumulation of physical capital. Pollution is
generated by either physical capital or aggregate output. Because in all models, the
capital-output ratio is constant at least in the long run, pollution asymptotically grows
at the same rate as consumption and GDP in the absence of pollution control. Given
the standard assumptions regarding the wutility function explained in the previous
section, persistent economic growth with unconstrained pollution growth may be the
outcome of a market equilibrium but it cannot be optimal. Without technical change
however, the only way to reconcile economic growth and environmental preservation
18 to 1nvest a share of output or the capital stock in ex-post abatement measures.
Unless the abatement technology is sufficiently productive, this share must increase
over time so that investment in physical capital is crowded out and long-run growth

comes to a halt.

Due to diminishing returns to capital, neoclassical models like the Solow-Swan

and the Ramsey model do not feature economic growth in the long run. Cap-

18We complement the aforementioned earlier surveys by Pittel (2002) and Xepapadeas (2005), as
the literature on endogenous direction of technical change is briefly addressed by Pittel only.
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ital, production and consumption per capita converge to a constant steady-state.'”
Naturally, neoclassical models are therefore not suited to analyze linkages between
economic growth and the environment in the long run.

The central conclusion from the transition in the Ramsey-Cass-Koopmans-frame-
work is that abatement expenditures crowd out investment in physical capital and
economic growth. Capital, consumption and output grow more slowly in the trans-
ition phase and are lower in the long-run steady-state of the socially optimal solution
(Keeler, Spence and Zeckhauser (1972), Forster (1973), Gruver (1975) and Van der
Ploeg and Withagen (1991)). The result that pollution control entails crowding out
of capital investment turns out to have some relevance also for the long-run analysis
of one sector endogenous growth models as is shown below.

In neoclassical models in the line of Solow (1956)-Swan (1956), there is no op-
timizing behavior on the household side which further limits its applicability for the
analysis of environmental problems. In particular, welfare effects of pollution cannot
be accounted for and a thorough analysis of environmental policy is not possible.
We therefore do not consider this type of model more extensively.?’

Simple one-sector endogenous growth models like the AK-model (Rebelo (1991))
and models with learning-by-doing also do not explain technical change endogen-
ously. Nevertheless, they are more suitable for studying the linkages between the
environment and long-run economic growth. In the absence of an environmental
component, non-decreasing returns to capital allow for persistent economic growth
in these models. If positive and non-decreasing returns to capital persist even if pos-
sible feedbacks from the environment on the production function are accounted for,
long-run growth remains feasible. However, given the standard assumptions that
instantaneous utility is increasing and concave in consumption and environmental
quality (or increasing and concave in consumption and decreasing and concave in pol-
lution) and the marginal utility of consumption non-increasing in pollution, long-run
economic growth is optimal only if pollution abatement is possible and the techno-
logy productive enough. To be more precise, the abating effect of capital or output
must sufficiently exceed its polluting effect (Michel and Rotillon (1995), Gradus and

Smulders (1993, 1996)).>' Otherwise, an ever increasing share of resources is re-

19f the neoclassical framework is extended to allow for technical change, technology advances at an
exogenously given rate. The driving force of long-run economic growth remains unexplained, so
that no reliable results on the desirability of long-run economic growth, the growth-environment
relation and the cost of environmental preservation can be obtained.

20The literature based on neoclassical growth models including the Solow-Swan framework is re-
vised in greater detail in Xepapadeas (2005).

2! Michel and Rotillon (1995) show that without any possibility to counteract growing pollution,
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quired for pollution abatement so that capital investment is crowded out completely
in the long run.

A stronger preference for a clean environment (larger ¢ in equation (1.3)) leads
to stronger crowding out and less growth (Gradus and Smulders (1993)), as long
as the abatement technology is not so productive that pollution declines if there is
balanced growth of capital and abatement.?

One reason for the stark dependency of model results on an exogenous abatement
technology is the inability of the models to generate persistent reductions in pol-
lution intensity (i.e., the emission-output coefficient) without decreasing the social
return to capital. Stokey (1998) assumes in an AK-model that the emission-output
coefficient can be directly chosen. At any point in time, there is a continuum of
emission-output ratios available and every value of the emission-output coefficient
is associated with a different existing production technology. Cleaner technologies
with lower emission-output coefficient are assumed to be less productive. Stokey
does however not explain the development of new, cleaner technologies. While by
lowering the emission-output coefficient, the development of pollution and output
can in principle be decoupled, the results with respect to the desirability of long-run
economic growth are similar to the aforementioned models: Persistent reductions
in the emission-output-ratio persistently decrease the marginal product of capital
so that long-run growth is no longer optimal. Pollution control crowds out capital

investment and long-run growth.

sustained long-run growth is optimal only if the marginal utility of consumption rises with the
pollution stock. A sufficient condition is that the utility from growing consumption outweighs
the disutility of growth from higher pollution.

Mohtadi (1996) finds in an AK-model that long-run growth without abatement may be optimal
even though the marginal utility of consumption falls with declining environmental quality, or
equivalently, rising pollution stock. This result is however driven by special assumptions on the
functional form for the environment-production relation: Environmental quality is a decreas-
ing and concave function of the capital stock. This implies that even without abatement, the
emission-output-ratio falls as the capital stock grows, while the ratio is constant in the model by
Michel and Rotillon.

22The opposite case is studied by Gradus and Smulders (1996). A stronger environmental pref-
erence may then increase growth, if households are patient and the intertemporal elasticity of
substitution in consumption is large. In this case, households are not interested in smoothing
utility over time and do not react to anticipated gains from declining pollution by increasing
current consumption.
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1.3.2 Results from models with endogenous technical change

The central result of the previous section was that without technical change, long-run
growth can only be optimal if abatement is possible and the abatement technology
is sufficiently productive. Otherwise abatement investment leads to a complete
crowding out of capital investment and growth.

Technical change, as mentioned in the introduction, can help to decouple eco-
nomic growth and pollution growth in several ways, most directly by reducing the
pollution intensity of intermediates but also by developing cleaner substitutes for
polluting inputs and increasing factor productivity. On the other hand, productiv-
ity growth in particular may also have adverse effects on the environment through
rebound effects on the demand for polluting inputs.

A careful modelling of technical change as driven by preferences and economic condi-
tions is therefore essential to come to reliable conclusions concerning the desirability
of long-run growth and the cost of environmental preservation.

This subsection revises results from models which explain the development of

technology endogenously.

Exogenous direction

Summary: In the following, models are considered which include an endogenous
representation of technical change but do not allow for an endogenous choice between
different directions of technical development.

Technical change in these models occurs in the form of productivity growth. Higher
productivity allows to use polluting production inputs more efficiently without giving
up output, thereby also reducing the pollution intensity of GDP (Aghion and Howitt
(1998), Bovenberg and Smulders (1995, 1996)). Additionally, several authors as-
sume that through a positive spillover, productivity growth may directly reduce the
pollution intensity of production for a given amount of inputs (Elbasha and Roe
(1996), Koesler (2012), Ferreira-Lopes et al. (2012)).

Overall, the conclusions concerning the possibility to reconcile growth and environ-
mental preservation and therefore the desirability of long-run growth are more optim-
istic than in the previous section. Although none of the models includes abatement,
long-run growth is optimal under fairly standard conditions on model parameters.
Environmental care may even have a positive effect on the long-run optimal growth
rate for two reasons: First, if productivity growth at the same time reduces the pollu-

tion intensity of production and it does so at a sufficiently large rate, faster growth
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leads to improved environmental quality (Elbasha and Roe (1996)). This effect is
similar to the one found by Gradus and Smulders (1996) for a particularly pro-
ductive abatement technology. Second, even if technical progress does not break the
trade-off between growth and environmental quality, the fact that research in itself is
not polluting or less polluting than production may lead to a shift of labor resources
from the production to the research sector.

By the same mechanism, environmental policy can stimulate research activity and
growth (Grimaud (1999)), which yields a welfare gain if research is underprovided
in the laissez-faire equilibrium.

A drawback of the models to be analyzed in this subsection is the exogenous direc-
tion of technical change. Whether and how productivity-enhancing technical change
influences the pollution intensity of production is determined exogenously.

While technical change clearly has the potential to facilitate environmental conser-
vation, the environment-friendly effects of technical change may be but are by no
means always a costless by-product of productivity-improvements.

Some models (Elbasha and Roe (1996), Koesler (2012)) also allow for negative in-
stead of positive external effects of productivity growth on the pollution intensity of
production. Yet just as more productive inputs are not automatically cleaner, they
need not be more polluting either. Productivity growth imposes pressure on the en-
vironment only indirectly, through the rebound effect described in the introduction.
This effect is, however, already accounted for by the production- and pollution accu-
mulation function.

The assumption of spillovers from productivity on pollution intensity therefore tends
to overstate either the positive or the negative environmental effects of technical

change and economic growth.

Aghion and Howitt (1998, chapter 5.3.1) adapt the specification of pollution as a
by-product of production with endogenous pollution intensity in Stokey (1998) to a
Schumpeterian model with vertical product differentiation and creative destruction.
As was pointed out in section 1.2 and will be shown below, this approach can
alternatively be understood as pollution being a production input.

The production function for the consumption good is given by

Y = L'y [L QX0 di. (1.8)
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and generates a flow of pollution according to the function
P=k}Y, ~>0. (1.9)

As in Stokey’s paper, pollution intensity ky is a control variable and production
technologies with a lower pollution intensity are less productive. (); denotes the
productivity of intermediate good X;. The intermediate is produced from capital K
according to the function X; = K;/Q;. Its productivity @); can be improved through
costly research and development (R&D). Success is stochastic with an innovation
arriving at the Poisson-arrival rate p for the individual researcher. Average quality

Q= filonidi evolves according to the function

Q = unq@,

with n being the mass of researchers active in the R&D-sector and ¢ the exogenously
given size of innovations.
With the AK-production function in Stokey’s paper, long-run growth was not op-
timal, because continuous reductions in the pollution intensity of the consumption
good led to a persistent decrease in the social return to capital.
Aghion and Howitt show that with endogenous productivity-enhancing technical
change, long-run growth with declining pollution intensity (declining sy ) is feasible
if productivity increases sufficiently fast to avoid a decline in the social marginal
product of capital. If the pollution stock is allowed to rise in the long-run optimal
solution, persistent growth is optimal given an upper bound on the rate of time pref-
erence as it is standard in endogenous growth models. Because Aghion and Howitt
assume a threshold for environmental quality, the pollution stock must fall over time
and long-run growth is only optimal if the intertemporal elasticity of substitution is
smaller than one.?® If the intertemporal elasticity is larger than one, the marginal
utility of consumption does not fall fast enough with growing consumption to make
households willing to sacrifice consumption growth for pollution control.

Grimaud (1999) decentralizes the model in Aghion and Howitt (1998) to study
the channels by which a stricter environmental policy (in terms of slower growth

of pollution permits) influences economic growth.?* The associated faster growth

23There is an additional restriction on the parameter range which implicitly defines a lower bound
for the rate of natural regeneration. This restriction follows from the authors’ focus on balanced
growth paths. It is not needed if unbalanced paths are allowed as well.

24Grimaud assumes horizontal instead of vertical product differentiation. The distinction between
the approaches is not essential to the analysis in this section.
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in the permit price affects economic growth negatively because firms choose a less
polluting (and less productive) technology and because growth in intermediate goods
slows down. But there is a positive effect as well: A stricter environmental policy
decreases labor demand in the consumption goods sector relative to the R&D-sector
and thereby shifts the allocation of labor to research. This effect is shown to be
outweighed by the negative ones but it reduces the adverse impact of a tightening
of environmental policy on growth.

As suggested earlier, substitution of (1.9) into (1.8) proves the approach of

Aghion and Howitt to be equivalent to a specification of the form
Jiie
y = [(-955 prs < fileQindi> L (1.10)

where the flow of pollution is an input in production. Productivity growth allows to
reduce the use of pollution in production without giving up output. This feature of
technical change is considered explicitly in a disaggregated two-sector model with
pollution-augmenting knowledge by Bovenberg and Smulders (1995, 1996). Further,
it is a prerequisite not only for the desirability of long-run growth but for persistent
growth to be feasible in the first place in models where the polluting input is a
non-renewable resource which is essential for production, as, e.g., in Schou (2002).

It is important to note that the effect of productivity growth on the environment
depends on how it is used. While it allows to reduce the use of polluting inputs in
production and thereby the pollution intensity of output, it increases the marginal
product of polluting inputs at the same time, as can be seen in (1.10).

Productivity growth does not directly affect the cleanliness of the production
process. Several authors link the pollution intensity of intermediate goods or the
consumption good explicitly, but exogenously, to its productivity. Even though the
drawback of this approach, as pointed out in the summary, is that the relation
between productivity and pollution intensity is arbitrarily fixed, it can be seen as a
first attempt to account for a second, explicitly environment-friendly, component of
technical development along with productivity improvements.

Among the contributions assuming a direct effect of productivity on the pollution
intensity of intermediates inputs is Elbasha and Roe (1996). The authors allow
for a positive or negative spillover. They set up a general equilibrium model of a

small open economy, where technical change takes the form of expanding variety in
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intermediate goods as in Romer (1990). At time ¢, a consumption good*
Y = QuKSLEDY Qy>0,0<a; <1 Ya;=1

is produced with a constant returns to scale technology, using capital and labor

along with an index D of M differentiated inputs X;:

M 1/6
D:</ dez‘) 0<f<1
0

)y is a parameter. Intermediate goods are produced from labor and capital both
assumed to be in fixed supply so that the aggregate quantity X = fUM X;di of in-
termediates is constant. But due to the concavity of D (# < 1), D and therefore Y
increase if the aggregate quantity X is divided over a larger variety M of intermedi-
ates. The number of designs of intermediates M is assumed to be proportional to a
stock of knowledge. New designs of intermediate goods are produced in the R&D-

sector from physical capital and labor, building on the existing stock of knowledge:
M=QuKl LY, "M Qu>00<8<1

(s is constant. Firms in the intermediate goods sector must pay for their blueprints
by buying a licence from the R&D-sector. Pollution is included in the Romer-model
of Elbasha and Roe as a by-product of intermediate production. Environmental

quality F is a flow variable which takes the form?®

M —1/v
E = (/ X;’di) 0<n. (1.11)
0

In a growing economy, as the fixed aggregate quantity of intermediates is allocated
over a larger variety M, environmental quality decreases if and only if 7 is smaller
than one, while it stays constant whenever v is equal to one and increases whenever

v exceeds one. For v > 1, there are decreasing returns to scale in pollution: The

25 Elbasha and Roe assume that there are two consumption goods - one imported and one exported
good - to analyze the effects of trade on the relationship between the environment and growth.
As the distinction is only relevant for the analysis of trade-effects and trade is not in the focus
of this review, we explain the mechanism for a single consumption good.

26The authors also discuss an alternative specification where environmental quality is inversely
proportional to aggregate GDP. Environmental quality then decays at a constant rate along a
long-run growth path, both in the laissez-faire equilibrium and the social optimum. Long-run
growth is only optimal in such a setting under special assumptions about the utility function and
the production-environment relation (compare footnote 21 on page 10).
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pollution flow is smaller and the flow of environmental quality, F, larger if a given
quantity X of intermediates is divided over more varieties. This increase in envir-
onmental quality for v > 1 can be understood as a reduction in pollution intensity
of aggregate quantity due to expanding product variety. On the other hand, if
v < 1, there are increasing returns to intermediate quantity in pollution and pollu-
tion intensity increases in the number of varieties. Environmental quality falls with
technical development. If v = 1, environmental quality only depends on the total
amount of intermediates and is independent of technology.

Elbasha and Roe find that for v > 1, stronger environmental care increases long-run
economic growth in the optimal solution if the intertemporal elasticity of substitu-
tion in utility is not smaller than one. This is due to the fact that for v > 1, growth
goes along with an increase in environmental quality, because of the technology
spillover. As long as households have no desire to smooth utility, it is optimal to
forego current consumption to enjoy higher consumption levels along with a cleaner
environment in the future. A similar result was obtained by Gradus and Smulders
(1996) in case of a strongly productive abatement technology.

With v < 1, results are ambiguous. Depending on parameters, growth may still
rise in response to a stronger environmental preference but only because of the as-
sumption that the beneficial effect of an increase in the consumption growth rate
outweighs the negative effects of the associated faster pollution growth in utility.
In fact, the assumption v < 1 appears more intuitive than v > 1, given that a share
of total emissions may accrue independent of a firm’s production level, comparable
to a fixed cost. A larger number of intermediate varieties and, accordingly, firms
then generates more emissions than if the same quantity is produced by fewer firms.
However both in- and decreasing returns are unusual assumptions, the common
specification being constant returns to scale (y = 1).

The presence of effects, in particular of positive effects, of increasing product
variety on environmental quality would be more intuitive if new varieties were cleaner
than the existing. But this fact is not captured in a Romer model. It can better be
accounted for in a framework with vertical product differentiation.

There exist only a few such contributions, among them two models by Koesler
(2012) and Ferreira-Lopes et al. (2012). The authors assume that the productivity
level can, through a spillover effect, lower the pollution intensity of production. In

Koesler (2012), the pollution flow is given by

P=Q "N X, — 00 <7y <00
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so that Q77 can be interpreted as the pollution-intensity xy of aggregate inter-
mediate quantity. Whether long-run growth can be reconciled with environmental
preservation naturally depends on the strength of the spillover, i.e., the size of the
parameter ~. If v is negative, the pollution intensity of intermediate goods rises with
their productivity. Pollution increases faster than aggregate intermediate quantity.
If v is positive but smaller than one, productivity growth decreases the pollution in-
tensity, but pollution still rises in a growing economy. If v exceeds one, the spillover
of productivity is strong enough to completely decouple pollution growth and eco-
nomic growth so that the pollution flow declines. Calibration in Fereirra-Lopes et
al. suggests that underinvestment in research and development is more likely to
occur in the market equilibrium as v increases.

Instead of a spillover of productivity to pollution intensity, Hart (2007) assumes
that each innovation increases productivity and at the same time contributes to a
second technology stock which reduces the pollution intensity of production inputs.
He also finds a growth-enhancing effect of environmental policy. An extended ver-
sion of Hart (2007) where the research direction is endogenously chosen is presented

in more detail in the next subsection.

Endogenous direction

Summary: In the previous subsection, it has been pointed out that it is important
to model the choice between different directions of technical progress endogenously.
In this subsection, models are presented which include such an endogenous repres-
entation of technical progress.

The relation between economic growth and the environment and the cost of envir-
onmental preservation in terms of economic growth are then also influenced by the
connection between different research directions: Stronger preference for the environ-
ment or stricter environmental policy may attract resources to environment-friendly
research but divert them from other research directions which may be more growth-
oriented. On the other hand, environment-friendly research may increase overall
research activity and growth through a positive spillover.

Two approaches to model the direction of technical change exist in the literature:
The first approach assumes that research can increase the productivity in two dif-
ferent sectors, producing two types of goods - a ‘clean’ and a ‘dirty’ one (Hung et
al. (1994), Grimaud and Rouge (2008), Acemoglu et al. (2012)). In the second
approach, technical change either increases productivity and/or reduces the pollution
intensity of a given production input (Verdier (1995), Hart (2004), Ricci (2007)).
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The models in general are still optimistic about the desirability of long-run growth
from a social planner’s perspective. But in particular if a clean substitute for the
polluting good does not exist, they do not find a positive effect of environmental care
on optimal growth as easily as the models in the previous subsection.

A drawback of the approach with a clean and a dirty production input is that it re-
lies exclusively on input saving through factor substitution. This leads to pessimistic
conclusions concerning long-run growth if substitution possibilities are limited. The
second approach on the other hand neglects the possibility to save on polluting inputs.
Productivity growth therefore always has a strong rebound effect, which increases pol-
luting quantity one for one. The social benefit of long-run growth may therefore be

underestimated.

Models with two distinct types of inputs - a ‘clean’ and a ‘dirty’ good have
been favored in the literature to endogenize the direction of technical change. The
pollution flow in these models is proportional to the dirty input, while the clean
input is not polluting at all.

The production function for the final consumption good is of the form

e—1

Y = (BYar +(1—B)Y, )1 Be(0,1); 0 < & < oo,

where Yo denotes the clean input, Y} is the dirty input, ¢ is the elasticity of substi-
tution between the two inputs and (3 is a weight parameter. Y and Y are produced
in two different production sectors, using a composite of primary inputs (labor, cap-
ital and - for Y - possibly resources). The direction of technical change then refers
to whether innovation increases productivity in the clean or the dirty production
sector. The pollution intensity of the dirty input is exogenously fixed.

Models with a two-sector structure in research and production have been used
primarily to study the impact of policy on the direction of technical change (‘direc-
ted technical change’) and the cost of environmental policy, building on Acemoglu
(2002)27.

A recent contribution is Acemoglu, Aghion, Bursztyn and Hemous (2012)*®. The

authors endogenize the direction of technical change in a discrete time two sector

2TThis model in turn draws on previous work by Kiley (1999) and Acemoglu and Zilibotti (2001).

28The approach in Acemoglu (2002) has primarily been adopted in models where the second pro-
duction input Yp is or is produced by a resource (Smulders and de Nooij (2003), Di Maria
and Smulders (2004), Di Maria and Valente (2008), Grimaud and Rouge (2008) and Hassler et
al. (2012)). However, with two exceptions to be cited below, these models focus exclusively
on the issues arising from resource scarcity and neglect pollution and the amenity value of the
environment.
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model with vertical product differentiation and creative destruction. The clean and

the dirty input respectively are produced with a Cobb-Douglas technology:

1
n—L;sa/Qgsaxgdi s=C,D;0<a<l

0

Researchers can choose between improving the productivity of intermediates in the
clean or the dirty sector. There is thus a trade-off between the two research direc-
tions. Innovations for an individual researcher arrive at the exogenous rate p~ in the
clean and pj, in the dirty sector in each period. The innovation size ¢ is exogenously
fixed and the same for both sectors. Further, research labor supply is given so that
the aggregate rate of technical progress is exogenous. Sectorial productivity evolves

according to the difference equation

Qst = (1 + ,ustqnst)Qst—lv

where ng denotes the mass of researchers in the clean and the dirty sector respect-
ively.

Environmental quality decreases proportional to the use of the dirty input Y, and
regenerates at a positive constant rate according to (1.7) and (1.6). If the pollution
stock is sufficiently large, E; = 0 for all subsequent periods which is entitled an en-
vironmental disaster. In this case household utility converges to (—o0) irrespective
of the consumption level.

Because the arrival rate for innovations is state-dependent, balanced growth with
advances in both the dirty and the clean technology is only a knife-edge-solution.
The authors assume that initially the technology in the dirty sector is sufficiently
advanced relative to that in the clean sector and therefore more profitable so that
innovation starts in the dirty sector.

The laissez-faire equilibrium then leads to an environmental disaster in finite time.
In the optimal solution, the environmental disaster has to be avoided. Still, for a
sufficiently low rate of time preference, long-run growth is optimal as long as the
two inputs are substitutes (¢ > 1). For complementary inputs, an environmental
disaster can only be prevented if economic growth is given up completely.

In the case of substitutable inputs, a tax on the dirty input combined with a subsidy
to clean research can reduce production in the dirty sector and make innovation in
the clean sector profitable. The most notable effect of endogenous directed technical

change occurs when the inputs are strong substitutes (¢ > 1 + 2-). Policy meas-
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ures may then be temporary. As the clean sector catches up and becomes the more
advanced sector over time, labor is shifted to the production of the clean input.
Although technical change has a rebound effect on the polluting input through an
increase in the relative price, Yp stops growing. If, on the other hand, the inputs
are weak substitutes, the pollution tax has to be in place permanently. While tem-
porary intervention is enough to redirect research activity in this case as well, the
rebound effect of technology outweighs the effect of the labor-shift and encourages
production of Yp.

In the long run, the clean technology may lead to equally fast or faster growth than
the dirty technology (depending on the assumption about p,). In a transitional
period however, a switch to clean technologies lowers growth.

Similar models with a polluting production input have also been studied by
Hung, Chang and Blackburn (1994) and Grimaud and Rouge (2008).

The focus in Grimaud and Rouge (2008) is on environmental policy, like in

Acemoglu et al. (2012). The authors develop a two sector model, where Y is pro-
duced from a clean labor resource and Yp from a non-renewable natural resource.
Flow pollution is proportional to the use of the natural resource and decreases en-
vironmental quality.
The existence of a finite resource stock implies that resource use must ultimately
decrease over time, both in the laissez-faire equilibrium and in the social optimum.
Nevertheless, persistent economic growth is both feasible and optimal, because in-
creasing productivity overcomes resource scarcity.

At the same time, as extraction flows come to a halt, so does the deterioration
of environmental quality. The environmental externality vanishes asymptotically.
While this implies that no environmental policy is needed in the long run, the authors
show that in the short and medium term, the resource is extracted too rapidly so that
pollution growth is too fast, while output growth is too slow along the equilibrium-
path compared to the optimal solution. Further, research effort in labor-augmenting
‘green’ research is too low and technical change is too much oriented towards the
non-renewable resource. This remains true even if the knowledge externality in the
green research sector is internalized by an appropriate subsidy. A shift in the tax-
profile on the dirty resource-input towards the early periods, which is called stricter
environmental policy, can delay resource extraction, divert labor from resource-
augmenting to green research and thereby increase output growth.

Hung, Chang and Blackburn (1994) compare the relation between economic

growth, the environment and welfare in the laissez-faire equilibrium, the first-best
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solution and a second-best solution, where all externalities but the negative external
effect of pollution on utility are internalized.

Technical progress has the form of increasing variety in the intermediates used for
the production of Y and Y), respectively. The difference to the Romer-type models
in the previous section is that there are two separate stocks of designs, Mc and Mp,.
The authors assume perfect substitution between Y and Yp in production (¢ — 00).
The utility-function is specified to be additively-separable and logarithmic in both
consumption and pollution so that the standard assumption of convex disutility of
pollution is given up. The adverse effect of pollution growth on utility is therefore
weaker than if the disutility increases in the pollution stock. Under these assump-
tions, the direction of technical change is determined by relative costs in research
and production of the inputs and relative productivity (as measured by the ratio of
knowledge stocks) of the two research sectors irrespective of households’ preferences
even in the optimal solution.

Hung et al. find that compared to the laissez-faire solution, long-run growth in the
social optimum may be higher. Compared to the optimal solution when the environ-
ment does not affect utility however, it is lower so that environmental care depresses
growth. A major weakness of the model are the strict assumptions on preferences
and the production function which limit the influence of preferences on the choice
of technology.

In the context of the two-sector approach as chosen by Acemoglu et al. (2012),
Grimaud and Rouge (2008) and Hung et al. (1994), it is important to note that al-
though innovations in the clean sector are often referred to as environment-friendly
or ‘green’, they are not inherently so. As indicated in the previous section, the
effect of productivity growth on the environment depends on how it is used. The
entitlement of increasing productivity in the clean sector as green innovation can
only be reasonable at all if higher productivity encourages substitution towards the
clean input. But whether it does depends on how higher productivity in the clean
sector affects the relative marginal product of the clean input, which in turn hinges
on the elasticity of substitution between the clean and the dirty input (see also
Di Maria and Smulders (2004)): Technical change in the clean sector raises the
marginal product of the clean input relative to that of the dirty input (it is biased
towards the clean input), if the inputs are gross substitutes. In this case, technical
change also increases the relative cost-share of the clean input. It is then called
pollution-saving. Technical change in the clean sector increases the relative cost

share of the dirty input (is pollution-using) if inputs are gross complements.
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Acemoglu et al. (2012) and Hung et al. (1994) base their key results on the assump-
tion of the inputs being substitutes. In this case, technical progress in the clean sec-
tor is indeed pollution-saving and can thus be entitled environment-friendly. Grim-
aud and Rouge refer to labor-augmenting technical change as ‘green’ even though the
labor- and the resource input may be complements and labor-augmenting technical
change in fact increase the relative marginal product of the dirty input.

While making the models more easily analytically tractable, a shortcoming of
the two-sector approach is that the pollution intensity of the dirty good is exogen-
ously fixed. Because of this assumption, the final good can become cleaner through
input substitution towards the clean input but the dirty input always remains dirty.
While the approach allows for optimistic conclusions concerning the optimal rela-
tion between long-run growth and the environment if inputs are easily substitutable,
the exogenously fixed pollution intensity impedes persistent long-run growth if the
inputs are complements.

The endogenous choice between decreasing pollution intensity and increasing
productivity has been given comparatively little attention in the literature so far,
the most known exceptions being Verdier (1995), Hart (2004) and Ricci (2007).

Verdier (1995) studies environmental policy in a model with expanding product
variety as in Grossman and Helpman (1991). He assumes that the quantity X;
of each variety ¢ = 1...M(t) of the differentiated consumption good generates a
pollution flow P; = kx;X;, similar to equation (1.5), where ky; is the emission-output
ratio of variety ¢. While engaging in R&D-activities to develop a new variety, firms
can endogenously choose kx;. Contrary to the models by Stokey (1998) and Aghion
and Howitt (1998), kx; only changes whenever there is an innovation. Different from
Koesler (2012) and Ferreira-Lopes et al. (2012), reductions in the emission-output
ratio are not a by-product of productivity growth but require an additional research

effort: To develop a new variety with an emission-output ratio of xkx, an amount

ZR(Kx)
M)

ZR(Rx, M(t)) ==

of R&D-labor is required. The labor-requirement is decreasing and convex in kx
and falls with the number M (t) of products developed at time t. There is thus a
positive externality from the accumulated stock of knowledge.

Under laissez-faire, the largest possible emission-output ratio is chosen as the be-
nefits in terms of lower pollution are external to the firm. Environmental policy

in form of a tax on emissions has a growth-depressing effect because it induces in-
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vestment in a lower emission-output coefficient which increases R&D-labor costs.
On the other hand, a tax has the countervailing positive effect already described in
Grimaud (1999) as it reduces demand in the production sector and frees labor for
research. If the labor requirement [z (xx ) does not rise too elastically with declining
pollution intensity and the tax is not too large, the latter effect outweighs the former
and environmental policy increases long-run growth.
The quantity of consumption good varieties is constant in the long-run because the
only factor of production, labor, is in fixed supply. The development of pollution
therefore depends solely on the development of the emission-output coefficient. In
Verdier’s model, xx is also constant along the balanced growth path so that pollution
does not change over time. The model cannot generate persistent reductions in pol-
lution intensity. A more realistic representation of developing cleaner technologies
would take into account a second stock of knowledge or technology and assume that
environmental innovations are the outcome of an R&D-process just like productivity
improvements. Among the very few contributions considering economic growth and
pollution in a setting with two different technology stocks are Hart (2004) and Ricci
(2007).

Hart (2004) develops a model with production vintages. At time ¢, there exists

a number of designs for intermediate goods discovered in distinct periods 7.

In-
termediate X; is based on a design discovered in period i, X; is the intermediate
based on the most recent design. Eventually, older designs are not used anymore be-
cause of fixed costs in intermediate good production. Designs differ not only in their
productivity (); in production but also in their cleanliness B;. Higher cleanliness
reduces the emission-output coefficient kx; = B%_ of the intermediate X;. Different
from Verdier (1995), B; is a stock variable which may increase over time.

If there are v vintages in use in period ¢, production is

and it generates a pollution flow

t

P= Y Qo

i=t—(v—1)

29 Contrary to Hart (2004), we distinguish vintages by the time of their discovery, not by their age
relative to the most recent vintage.
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Hart assumes that skilled workers can only choose between research directions, while
for either direction, the impact of an innovation on the two technology stocks (); and
B; is exogenously given: Productivity-oriented research only increases productivity
so that pollution rises at the same rate as Y;, while environmental research increases
cleanliness and productivity at the same rate so that pollution is constant. Dif-
ferent from Verdier, environmental research does not lead to higher costs but to a
slower productivity improvement than productivity-oriented research. The change

in technology following the discovery of a new design is formally given by

Q1 = (14+4q9)Q By = B,
Q1 = (14+4q5)Q By = (1+bp)B;

where ¢ = bp and qg > ¢p. Thus the decision problem in the R&D-sector is dis-
crete rather than continuous as there are only two alternatives. Success is stochastic
with an aggregate arrival rate which is the same for both kinds of innovation.

As both in the market and from a social planner’s perspective the costs and bene-
fits of either research direction for a single researcher are independent from other
researchers’ decisions, the decision problem always has a corner solution where all
researchers choose the same type of research. Environmental research is not chosen
under laissez-faire, because it gives a lower productivity boost.

Hart derives the optimal solution and then assumes the existence of vintage-
specific sales taxes on all but the newest vintage, chosen so as to implement the op-
timal allocation of labor across vintages. These taxes boost the market-dominance
of the newest, cleanest vintage. Hart shows that through this effect, such taxes may
not only divert labor from dirty to clean research but also increase total research
effort. If this increase is large enough, growth accelerates despite the countervailing
negative effect of a smaller innovation size (g < qg). From a welfare perspective,
this result is of course only relevant if clean research is socially preferred. It is im-
portant to note that the positive effect of the tax on growth only arises if vintages
differ in pollution intensity.°
A major drawback of the model in Hart (2004) is the very limited two-point techno-
logy set. Ricci (2007) proves that the restriction of firms’ technology choice is crucial

for the positive effect of environmental policy on economic growth in Hart’s model.

30Tn this way, the mechanism at work differs from that in the papers by, for example, Verdier
(1995) and Grimaud (1999), where the tax may increase research activity because it reduces
factor-demand from the production sector. This difference is also pointed out in a similar paper
by Ricci (2007), considered below and in Hart (2007).
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Ricci studies the growth effects of environmental policy in a framework with an
almost unconstrained technological menu, omitting welfare-analysis and negative
external effects of pollution on household utility in particular.

The source of pollution in Ricci’s model is physical capital:

1 1

P_/ Pydi _/ kKdi o,y € (0,1)
0 0

Each innovation in any of the continuum of sectors ie[0, 1] reduces the pollution-

intensity #, of the leading-edge technology and increases its productivity Q,.

@/@ = png q>0
K/ = Cun (<0

1 is the individual arrival rate for innovations, n the economy-wide mass of research
labor. The step-size ¢ for productivity improvements is a predetermined constant,
while the choice of ( is endogenized in the last section of the paper.

Similar to Stokey (1998), Ricci assumes that a trade-off between environment-
friendly innovations and output growth exists because the marginal product of inter-
mediates in final goods production depends positively on the emission-capital-ratio.
Ricci replicates Hart’s result concerning a potentially positive effect of environmental
policy on growth if the step-size ( of environment-friendly innovations is exogenously
fixed like in Hart’s model. However, if the size of environmental innovations is en-
dogenously determined, the positive effect of the increase in R&D-employment on
total productivity growth is outweighed in numerical simulations by the negative
effect of a larger step-size in environmental innovations on productivity in the con-
sumption good sector. The divergent result found by Hart (2004) arises because the
exogenous step-size of innovations sets an upper-bound to the direct negative effect
of a switch in R&D-direction. This upper bound no longer applies with endogenous

step-size.?!

1.3.3 Conclusion

Technical change opens new opportunities to decouple economic growth from pol-
lution and environmental degradation and it may reduce the cost of environmental

conservation in terms of growth, output and welfare. From the models considered

31Gee Ricci (2007), p. 304.
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in this section, it becomes apparent, however, that whether it indeed relaxes the
trade-off between economic growth and a clean environment depends on a number
of other factors. Notably, the influence of technical change on the demand for pol-
luting inputs and whether research in environment-friendly technical change diverts
resources from other - potentially more growth-stimulating - research activities is
of great importance. In models where positive impacts of technical change on the
environment arise as a side-effect of productivity-oriented innovation, a positive re-
lation between growth and environmental care and a beneficial effect of technical
change on the costs of environmental policy is more likely to be found than in the
literature with endogenous direction where the environmental benefits of technical
change cannot be obtained without costly investment.

As we have shown, most existing models with endogenous direction of technical
change rely on input-substitution and input-saving technical change but neglect
reductions in the pollution-intensity of inputs. Models which generate a persistently
falling pollution-intensity on the other hand do not take input-savings into account.
The model to be presented in chapter 2 considers reductions in pollution intensity
through green innovation, while allowing for input saving to reduce the rebound
effect of productivity growth. We prove that input saving and reductions in the
pollution intensity of inputs simultaneously characterize long-run optimal pollution
control. Neglecting either the possibility to make intermediate goods cleaner or the
possibility to control the rebound effect of productivity growth leads to a slow down

or even a complete halt in long-run growth in the optimal solution.

1.4 Two ways of pollution control

The preceding section highlighted the importance of technical change for the growth-
environment relationship but also showed that the specification of technical change
and the ways it influences growth and the environment are diverse. The aim of
this section is threefold: First, we explain how technical change affects the growth-
environment relation in our model and define the two ways to achieve pollution
control and decoupling: green innovation and deceleration. Second, we relate and
contrast our approach to the literature. Third, we clarify the terminology regarding

technical change and pollution control.
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1.4.1 Green Innovation

In the environmental-economic literature, the term ‘green innovation’ refers to dif-
ferent types of technological development. Our definition of green innovation is in
line with Verdier (1995), Hart (2004) and Ricci (2007). We define as green innova-
tion such innovation which is aimed at reducing the pollution-intensity of polluting
inputs, kx (or, if total output were polluting, xy): Emissions from fossil fuels can
be reduced by improving filters in the combustion process. Cars become cleaner
through the build-in of better catalytic converters. Green innovation in this sense
directly dampens the negative effect of economic activity on the environment.

As we have indicated before, there is also a different notion of the term ‘green
innovation’. Increases in factor productivity can help to economize on the use of
polluting inputs by increasing the relative profitability of cleaner alternatives so
that the amount of pollution generated per unit of GDP falls. This kind of green
innovation is represented by the productivity increase in the clean sector in the
models by Hung, Chang and Blackburn (1994) and Acemoglu et al. (2012). The
most prominent real-world example is probably research and development to increase
the profitability of comparatively clean energy sources like solar or wind power which
substitute for polluting fossil-fuels.

But, as pointed out in the previous section, this type of innovation is not inher-
ently clean. Its effect on the environment is only indirect and depends on whether
productivity growth is indeed used to reduce the use of the dirty input. Further, as
indicated by Di Maria and Smulders (2004), the particular assumptions about the
production function determine to what extent increasing productivity in the clean
sector even encourages input-saving in the dirty sector. In general, we therefore do
not speak of increases in factor productivity as green innovation, although they have
the potential to be pollution-saving. In our model, factor productivity always raises
the marginal product of the polluting production input and should therefore not be

referred to as ‘green’; even according to the definition by Di Maria and Smulders.

1.4.2 Deceleration and Quantity Degrowth

Although we do not refer to productivity improvements as green, they can never-
theless help to decouple output growth and pollution growth in the optimal solution
of the model which is presented in the following chapter. A prerequisite is that the
rebound effect of productivity growth is restricted and higher productivity is used

to save on polluting inputs rather than merely to produce more output. Reducing
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the ratio of intermediate inputs to GDP implies that output and consumption grow
at a rate smaller than the one which could maximally be achieved given productiv-
ity growth. Potential consumption growth is thus given up. Because of its growth
effect, we call this particular way of input-saving ‘deceleration’. A strong form of
deceleration occurs when polluting quantity decreases in absolute terms and not
only per efficiency unit. We then speak of ‘quantity degrowth’2.

Quantity degrowth necessarily occurs in models where the polluting input is a
non-renewable resource, if there is no substitute to the resource input, because re-
source use must ultimately decline as the stock gets exhausted (see Schou (2002),
Grimaud and Rouge (2008)).

In the model to be presented in chapter 2, the input is an accumulative production
factor and still, it may be optimal (but not an equilibrium) to let the share of inter-
mediates in production or even their absolute quantity decline to zero. Deceleration
and degrowth are not enforced by input scarcity but result from the maximiza-
tion of household utility by the social planner, given household preferences and the

production technology.

1.5 Outline of the remaining chapters

Chapter 2 presents the model underlying the remaining chapters of this thesis and
derives the long-run laissez-faire equilibrium as well as the long-run social optimum.
A Schumpeterian endogenous growth model with vertical product differentiation is
extended by an environmental component by assuming that inputs are polluting
and differentiated not only in their productivity but also in their pollution intens-
ity, or cleanliness. Both productivity and cleanliness can be increased endogenously
and independent of each other through costly research and development. There are
no completely clean substitutes to the polluting input. Pollution growth can be
controlled either by reducing the pollution intensity of a given quantity of interme-
diate goods by green innovation or by controlling the rebound effect of productivity
growth through deceleration.

Under laissez-faire, however, neither green innovation nor deceleration is chosen
at equilibrium. Productivity growth has a strong rebound-effect on polluting quant-
ity which increases one for one in the long run so that the ratio of polluting inputs

relative to GDP remains constant. Compared to this path of unconstrained pollu-

32If we interpret intermediate quantity as material used, quantity degrowth (and, in a weaker sense,
deceleration) corresponds to what is sometimes called “dematerialization”.
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tion growth, convergence to a stationary economy would be socially preferable.
Even so, for sufficiently patient households, convergence to a stationary economy is
not optimal because pollution growth can be controlled: Sustained economic growth
in the optimal solution always goes along with persistent green innovation to reduce
the pollution intensity of intermediates. This result is driven by the existence of
fixed costs in each individual research unit. Once a research unit is opened up and
the fixed costs are paid, making intermediates at least marginally cleaner while mak-
ing them more productive generates almost no additional cost. If production is very
elastic with respect to polluting inputs, the social planner relies exclusively on green
innovation to control pollution. He keeps the share of polluting inputs in GDP con-
stant (as under laissez-faire) to generate fast consumption growth. For reasonable
parameter values, production is inelastic with respect to intermediate quantity com-
pared to productivity. Deceleration then allows to gain from productivity growth
in a relatively clean way without incurring a large loss in consumption growth. At
the same time, the relative social return to green innovation is comparatively small.
It is therefore optimal to choose deceleration along with reductions in the pollution
intensity of intermediates.

It has been pointed out that there is controversy in the literature as to whether
or not environmental care leads to slower economic growth. We show that in our
model, economic growth in the long-run optimum may be faster if the representative
household cares for a clean environment than when there is no such environmental
externality. Similar to what is found by Hart (2004) and Ricci (2007), the positive
effect of environmental care on growth in our model is driven by green innovation
attracting labor to the R&D-sector, which accelerates productivity growth. The
strength of the household’s preference for a clean environment, given that an ex-
ternality of pollution on household utility exists, does not affect long-run growth.

The restriction of the analysis in chapter 2 to a long-run perspective can only be
justified if the solution of the model does indeed converge to the long-run outcome.
Because our model does not include physical capital and pollution accumulation is
not internalized in the market equilibrium, economic variables in the laissez-faire
solution grow at their balanced growth rates without transitional dynamics even
though pollution growth converges over time.

For the social optimum, stability is not as evident. Local stability properties and
transitional dynamics of the long-run optimal solution are studied in chapter 3.
The model generates a complex non-linear dynamic system in six dimensions which

cannot be solved analytically. We therefore resort to numerical analysis for a large
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number of parameterized examples, using the relaxation algorithm by Trimborn,
Koch and Steger (2007). Results suggest that in a reasonable parameter range,
there exists an optimal transition path leading towards the long-run optimal solution
derived in chapter 2 for any initial state close to the long-run optimum. The focus
on a long-run perspective in chapter 2 is therefore justified.

Analysis of the transitional dynamics for a benchmark parametrization confirms
that green innovation and deceleration characterize the optimal solution not only
in the long-run but throughout the transition as well. Further, it is apparent that
the initial technology endowment of an economy is crucial for its consumption- and
pollution path as well as welfare: Economies with an initially more advanced tech-
nology enjoy higher consumption levels and a cleaner environment in every period
and therefore higher intertemporal welfare.

A central result of chapter 2 is that for reasonable parameter values, both green
innovation to reduce the pollution intensity of polluting inputs and deceleration to
dampen the rebound effect of productivity growth are chosen in the optimal solu-
tion. In chapter 4, we illustrate the importance of supplementing green innovation
by deceleration to control pollution growth by demonstrating the consequences for
long-run growth if either of the two channels for pollution control, green innovation
or deceleration, is not available to the social planner.

First, we consider a constrained long-run optimum without deceleration. We impose
the condition that in the long-run optimal solution, there has to be balanced growth
of productivity and intermediate quantity. For parameter constellations such that
the unconstrained long-run optimal solution was characterized by deceleration, there
is no long-run growth in the constrained solution.

Next, we reintroduce deceleration but rule out green innovation, so that the pol-
lution intensity of intermediates is exogenously fixed. We show that in this case,
long-run consumption growth is optimal for a smaller parameter range than in the
unconstrained optimum. The social planner chooses deceleration for all parameter
constellations which support long-run growth. Deceleration is faster than in the
unconstrained optimum while long-run growth in consumption and GDP is slower
without green innovation. Further, environmental care unambiguously lowers the
long-run optimal growth rates of consumption and GDP compared to the optimal
solution when households do not care for the environment.

In chapter 5, we study a variation of the baseline model from chapter 2 in
which the intermediate goods sector depends on a non-renewable resource as the

only production input. As mentioned in the introduction, according to the IPCC,
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one of the major sources of pollution is energy supply, and the generation of energy
relies heavily on non-renewable resources like fossil fuels. To reasonably interpret
the polluting intermediate input in our model as energy, it is therefore important to
account for the exhaustibility of energy-resources along with the pollution external-
ity. Chapter 5 examines the robustness of the main results from the baseline model
with respect to the inclusion of a non-renewable resource.
Because the resource stock is finite, resource-use and thereby the use of interme-
diate inputs and polluting emissions must converge to zero asymptotically, both in
the long-run optimum and in the unregulated market-equilibrium: There must be
quantity degrowth.
The need to reduce resource use over time leads to slower long-run consumption
growth but also a declining pollution stock in the laissez-faire solution. The size
of the initial resource stock, on the other hand, does not affect long-run growth
rates. However, the entire paths of intermediate production, output, consumption
and pollution are lower for less resource-abundant economies.
The literature on polluting non-renewable resources (Schou (2000, 2002), Grimaud
and Rouge (2008)) usually assumes that the resource constraint is binding in the so-
cially optimal solution as well. In the case of a binding natural resource constraint,
we find that resource-scarcity brings about such a rapid decline in the pollution
stock that green innovation is superfluous in the long run. The social planner shifts
resources to the R&D-sector to spur productivity growth. The environmental ex-
ternality does not influence the long-run optimal path.
Contrary to the literature, we find that, given a sufficiently large initial resource
stock, the socially optimal solution with an exhaustible resource corresponds to
the solution in the baseline model for reasonable parameter constellations. To be
more precise, the natural resource constraint is not binding if the environmental
externality requires a steep decline in the pollution stock and the factor share of
intermediate goods is particularly small. In this case, the long-run optimum in the
model of chapter 2 is characterized by quantity degrowth even without a constraint
on resource use and therefore intermediate production. The total amount of interme-
diate goods used over time is then bounded so that the resource is never exhausted
if the initial resource stock is sufficiently large.

Chapter 6 first summarizes the main results of this thesis. It then concludes

with a short reflection on the implications and on approaches for further research.



Chapter 2

Green Innovation, Productivity
Growth and GDP Deceleration!

In this chapter, we study economic growth and the development of environmental
quality in a Schumpeterian model with polluting intermediate production and en-
dogenous rate and direction of technical change. In particular, research effort can
be directed at increasing the productivity and/or decreasing the pollution intensity
of production inputs. We explicitly take into account the possibility to control the
rebound effect of productivity growth through deceleration, by keeping growth in
polluting inputs below productivity growth.

The first section presents the model. As is standard in models with vertical

product differentiation, real GDP can either be increased by raising the quantity of
intermediate inputs or the productivity of a given amount of inputs. But while pro-
ducing a larger quantity of intermediates accelerates pollution growth, productivity
growth affects pollution only indirectly through the effects described in the previous
chapter: Higher productivity allows to reduce the share of polluting inputs in GDP
but at the same time increases their marginal product, thereby setting incentives
to expand intermediate production. Productivity growth has a rebound effect on
polluting quantity.
We do not assume the existence of a completely clean substitute to the polluting
input. There are two ways then to decouple output- and pollution growth: The first
is to partially direct R&D-effort towards green innovation to reduce the pollution
intensity of intermediate quantity. The second is to restrict the rebound effect of
productivity growth on polluting quantity through deceleration.

The model is solved for the laissez-faire equilibrium and the social optimum.

IThis chapter is based on Funk and Burghaus (2013).

33
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We focus on solution paths with asymptotically constant growth rates and describe
the long-run properties of these paths. It is important to note that narrowing the
analysis to paths with asymptotically constant growth rates is a weaker restriction
on the set of potential solutions than that of balanced growth in all periods which is
usually found in the literature. We give a precise definition of both types of solutions
in section 2.2 below.

In section 2.3, we determine the long-run laissez-faire equilibrium. We assume that
pollution is an external effect from production on household utility. Therefore the
unregulated market-equilibrium equals the standard balanced-growth outcome in
endogenous growth models with creative destruction. Neither green innovation nor
deceleration is chosen by agents, and pollution grows proportionally to output and
consumption. We prove that a path without long-run economic growth is socially
preferable to the laissez-faire equilibrium with unrestricted pollution growth.

In section 2.4, we derive the long-run social optimum. Despite the negative envir-
onmental externality of production, long-run economic growth is optimal given that
the rate of time preference is not too large. The threshold is not stricter than in
models of creative destruction without environmental externality. Long-run growth
however has to be accompanied by persistent pollution control. For reasonable as-
sumptions about parameters, both green innovation and deceleration are needed to
restrict pollution growth.

In the introduction, we pointed out concerns in academic and political discussion
that environmental care may entail substantial costs in terms of economic growth.
Our analysis in this chapter suggests that even with persistent deceleration, long-
run optimal consumption growth may be faster if the representative household gains
utility from a clean environment than if there is no environmental externality. This
result is driven by a positive effect of green innovation on overall research activity.

The last section discusses the model specification.

2.1 The model

oc—1

In each period, a representative household receives utility v(c;) = %3¢, ”° from per-
op—1
capita-consumption ¢; = % and utility y¢” (E,) = Y5 E, °F from environmental

quality E;. We assume, as is often done in the literature (e.g., Stokey (1998);
Aghion Howitt (1998), chapter 5), that utility is additively separable. Discounted
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intertemporal utility is given by

o0 ge=1 7p—1
U:/ e_pt< Te o7 +yp—2E _F,oF )Ldt, (2.1)
0

O'C—lt op — 1

where p is the rate of time preference, L total household labor supply and o, 05 > 0,
0., 0p # 1 are the intertemporal substitution elasticities of consumption and envir-
onmental quality respectively. 1 > 0 measures the weight of environmental quality
in instantaneous utility. Utility is increasing and strictly concave in both arguments.

Environmental quality is inversely related to the stock of pollution originating

from the intermediate sector:

1
E,=— 2.2
=5 22)
While utility is concave in Ej, the relation between environmental quality and pollu-

1—0c

tion is convex. Depending on o, the disutility ¢¥¢°(S;) = —¢¢”(E,) = ¢1‘_’—§ES,5”TE
of pollution can be concave or convex in S;. We assume that it is convex, by re-
stricting o g to the interval (0,1/2). As indicated in the introduction, it is reasonable
to assume that the marginal disutility of pollution increases in the pollution stock.
The assumption of convex disutility also rules out parameter constellations for which
the utility impact of pollution asymptotically becomes negligible relative to that of
consumption in a growing economy. This is not an interesting case for the analysis
of questions arising out of the trade-off between economic growth and a clean envir-
onment from a long-run perspective. Not only the long-run laissez-faire but also the
long-run optimal solution would be similar to those in non-environmental models of
growth through creative destruction.

For the analysis in this and the following chapters, we prefer to express utility

oo oe—1 1-op
U:/ e_pt( Te _ome — gL g on )Ldt (2.3)
0

O'c—lt 1—O'E

as function

of the pollution stock directly.

The representative household allocates an amount Ly; of its labor supply L to
final-good production, an amount Lx; to intermediate production and an amount
Lp: to research:

L=Ly;+ Lx;+ Lps (2.4)

Final output Y} is produced from labor Ly, and intermediate goods X;; of various

productivity levels @, from a continuum of sectors i € [0, 1], with the production
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function .
Yi—Lhe [ XeQi (25)
0

where 0 < a < 1. Y; is used for consumption only.
Y, =¢L. (2.6)
Intermediate goods in sector ¢ are produced with the production function

Xit = pLxuQy, (2-7)

1
where ¢ > 0 is a parameter and Q; = [Q;di measures aggregate productivity.? X
0

can be interpreted as any kind of non-durable production input including energy.
Polluting energy inputs are however usually associated with polluting non-renewable
resources which we do not consider in the baseline specification of our model. We
show in chapter 5 that with only a mild restriction of the parameter range, the
introduction of a non-renewable resource for intermediate production does not affect
the long-run social optimum so that the main results of this model still hold.

Pollution evolves according to the equation of motion
Sy ==L — 48, (2.8)

In general, we use a dot above a variable to indicate its derivative with respect
to time while we mark growth rates with a cicumflex. X;/B; is the pollution flow

generated by the quantity of intermediates. The pollution intensity of X; decreases
1

in the aggregate cleanliness B, = [Bjdi of the inputs used. In every period, a

fraction ¢ of the pollution stock is C(l)eaned up by natural regeneration processes.
Because of natural regeneration, pollution growth will eventually cease if there is
no growth in intermediate production. However, if X; grows, S; will asymptotically
grow at the same rate unless the pollution intensity of intermediates is reduced over
time by green innovation.
Even without green innovation, pollution growth remains below its potential if

there is deceleration so that the rebound effect of productivity-growth is restricted.

2The dependence of X;; on aggregate productivity Q; is needed to ensure that the allocation of

labor supply and thereby growth rates of the aggregate variables in our model are constant in
the long run. Our results would not change qualitatively if we assumed that instead of labor, a
fraction of final output had to be spent on the production of intermediates (see section 2.5).
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We speak of deceleration whenever growth in intermediate quantity remains below

productivity growth. This is expressed by the following, more formal definition:
Definition 2.1 There is deceleration whenever )?t < @t so that X;/Q; declines.

The two sources of slow pollution accumulation (besides natural regeneration)

Xt Q¢
Q¢ By

Q:/ By is small, which means a sufficiently large share of research must have been

become apparent when rewriting (2.8) as S, = —6,: First, S, is small whenever

oriented towards green innovation in the past. Second, pollution accumulates more

slowly with a smaller X,;/@Q; brought about by deceleration.

If there is no deceleration ()?t = @t), then a constant stock of pollution (§t =

dst _
dt 0

the direction of technical change:

) requires B, = @t.g This suggests the definition of a natural benchmark for

Definition 2.2 The direction of technical change is ecologically neutral if and
only if B, = @t, productivity-oriented if and only if LA?,: < @t, and green if and
only if B, > @t.

Both productivity ¢ and cleanliness B change over time due to innovations from
a continuum of R&D-sectors. Entry to the research sector for any intermediate X;;
is not restricted. For research unit j € [0, 00|, increasing ();; by a rate ¢;;; and By

by a rate b;;; requires

2 ta
szt Q

units of labor. We call ¢;;; and b;; the step-size of an innovation with respect to

ta
Q:

Ipije(Qijes bije) = + bwt L1 d (2.9)

productivity and cleanliness respectively. We denote the wage rate by wp;. Then

Qit
woid;

> 0 are fixed entry costs for unit j in sector i. Variable costs for each
dimension of technology improvement are quadratic in the step-size. Total costs
wpilpije rise with the level of sectoral relative to aggregate productivity (/@
and cleanliness B;;/B; respectively. The underlying assumption is that technology
improvements in a given sector are increasingly difficult the more advanced the
technology in that sector is already, while there are positive spillovers from the

other sectors.*

35,5 = 0 if and only if Xy = 65¢B; and dS’ = 0 if, in addition, )A(t = Et. Since )?t = @t, this
requires Bt Qt
4Like the intermediate production function, labor required in R&D (equation (2.9)) must depend
on the sectoral and additionally on the aggregate levels of technology to ensure asymptotically
constant growth.
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it i
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Figure 2.1: Innovation Possibilities Frontier

Given [p;;;, a trade-off exists between making an intermediate more productive and
making it cleaner, as is evident in figure 2.1. On the other hand, there is an indirect
positive relation between research orientations as well. Once fixed costs have been
paid to innovate in one direction, a comparatively small additional labor-investment
is needed to increase the other technology stock as well.

If a researcher j enters into the research sector for intermediate X; at time ¢,
he hires labor [p;;; and chooses a step-size g;;; and b;;; for the improvement in
productivity and cleanliness respectively. The wage rate wp; is taken as given.
Innovations occur at the exogenous, constant Poisson arrival-rate p per unit of time
for the individual researcher j. An innovation changes the sectoral productivity level
by ¢;;:Qi: and the cleanliness of production by b;;;B;;. The innovator obtains a patent
for the production of the improved intermediate good. He then receives a profit flow
from selling the intermediate which eventually ceases when a new innovation arrives
and the incumbent is replaced by another firm. If n; units decide to enter research
sector ¢ in ¢, innovations arrive at rate un; in this sector. The expected change in

Q); and B; in period ¢ is given by:
E[AQu] = / 1qijtQicdy (2.10)
0
E[ABy] = / i Birdj (2.11)
0

While the sectorial technology level faces discontinuous jumps, aggregate technology

evolves continuously, because there is a continuum of sectors carrying out research.



2.2. Definition: Balanced- and asymptotically-balanced-growth solutions 39

Arguing along the lines of the law of large numbers®, the average rates of change
Q; and B; of Q and B approximately equal the respective expected rates of change,
which are derived by aggregating over sectors in (2.10) and (2.10). Accordingly, the

aggregate equations of motion are:

1 g
Qr = / / N%’jt@itdjdi (2~12)
0o Jo

1 pnge
B, = / / p1bij Birdjdi (2.13)
0 0

2.2 Definition: Balanced- and asymptotically-

balanced-growth solutions

The subsequent analysis of the model in this and the following chapters extends
beyond balanced growth paths to ‘asymptotically-balanced growth paths’. The fol-
lowing definition serves to clarify the terminology, where here and in the following,

Zoo Tefers to the limit lim z; of a variable z:

t—o00

Definition 2.3 Assume that for some initial state (Qo, Bo, So), there exists a solu-
tion such that the sequence (@t, Bt’§t> = converges towards the vector (@OO, Eoo, §oo
fort — oo. We call such a solution aé:gsymptotically—balanced growth (ABG) solu-
tion. We say that the model has an asymptotically unique ABG-solution if all ABG-
solutions have the same limit vector (@oo, B\OO, §OO .

If there exist initial states (Qo, Bo, So) such that the corresponding solution paths are
characterized by (@ué&,@) = (@Oo,éoo, §oo> for every t, we call the path defined

by (@t, ét,gt)oo (@Oo, §oo, §OO> the unique balanced growth (BG)-path.

t=0

In abuse of terminology, we sometimes refer to the unique limit of all ABG-
solutions for ¢ — oo, characterized by the unique vector (@m,ﬁm,goo), as the
ABG-solution.

Note that a BG-solution, defined by constant growth rates of (), B and S for all

t, is also an ABG-solution. The reverse is not true, because there may not exist

® Although it is usually cited also in this context, the law of large numbers does not in general
hold for a continuum of random variables as given in this model (see Judd (1985)). Uhlig (1996),
amongst others, derives conditions under which the use of the law in the case of a continuum is
correct.
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an initial state (Qo, By, Sp) such that @t, Et and §t are constant for all t. We will
see that while, for any set of parameters, the economy has a unique BG-equilibrium
and a unique ABG-optimum, it need not have a BG-optimum. In particular, a
BG-optimum does not exist in proposition 2.5 if the conditions for deceleration are
satisfied, and in proposition 2.6.

The distinction between ABG-paths and BG-paths is not necessarily important
for interpreting the results of the social planner’s solution, as we concentrate on the
long-run for both balanced- and asymptoticall-balanced-growth solutions. From a
more technical point of view, an ABG-path which is not a BG-path is interesting

for its own sake.

2.3 The laissez-faire equilibrium

In this section, we prove the existence of a unique balanced-growth equilibrium.
The pollution stock grows without restriction at the same rate as consumption,
production and productivity. There is neither green innovation nor deceleration.
For any initial values of the state variables, the interest rate and the allocation of
the fixed labor supply to production and research, as well as the chosen step size ¢;;
and b;; are constant. All other aggregate variables except the pollution stock grow at
their balanced growth rates at all times. If the relation between the state variables
is unbalanced initially, the development of the pollution stock exhibits transitional
dynamics.

The laissez-faire equilibrium is given by sequences of plans for per-capita con-
sumption {¢;},, assets {A;}, , labor supply in production {Ly;, Ly}, and re-
search {Lp;}, , demand for intermediates {Xg};o, demand for labor in production
{Lglm,LdYt}g‘) and research labor demand {lp;;;}, , plans for the step-size {g;:},
in productivity {b;;;},” in cleanliness, as well as sequences of intermediate prices
{pn}go and wages {int,wYt,th}go in intermediate production, final good produc-
tion and research and a path {r;},~ for the interest rate such that in every period
t, (i) the representative household maximizes utility taking into account the budget
constraint and the labor market constraint (2.4), (ii) profits from final- and inter-
mediate goods production as well as research profits are maximized, (iii) aggregate
expected profits in each research sector are zero (iv) the markets for intermediate
goods, the three types of labor and assets clear (v) all variables with the possible
exception of ¢;; and b;; are non-negative.

We now consider the behavior of the various agents in the model in turn before
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we close the model and determine the general equilibrium in section 2.3.4.

2.3.1 The representative household

The representative household earns income from labor and asset holding which he

spends on consumption and the acquisition of new assets. The budget constraint is
. 1
ol + Ay =rA + / wxitLxidi + wy Lyt + wpiLpe, (2.14)
0

where A; denotes asset holdings and wx;;, wy; and wp; the wage rates for labor in
intermediate production, production of the consumption good and research. The
interest rate is denoted by r;.

The household maximizes (2.3) by choosing the paths for consumption, labor and
asset holding while taking pollution accumulation as given®. He takes into account

the budget-constraint (2.14) and must satisfy the no-Ponzi-condition

ft
lim (e_ Or“d”At> > 0.
t—o0
which rules out chain-letter finance, that is, schemes where the household borrows
continuously without ever repaying his debt or interest.

As utility is additively separable, pollution accumulation does not affect the max-
imization problem. Solving the maximization problem yields the standard Euler-

equation for per capita consumption:

G =0.-(ry—p) (2.15)

2.3.2 Production

The production function for the consumption good is given by (2.5). Firms max-
imize profits over Ly and X, taking the wage rate wy; and the prices p;; of the
intermediates in sectors ¢ € [0, 1] as given. We normalize the price of the consump-
tion good to one. The first order condition for Ly yields the implicit labor demand

function

1
wy; = (1 —a) Ly? / X5Q1di. (2.16)
0

6The maximization problem is depicted in appendix 2.A.1.
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From the first-order condition for X;, the following demand function for intermediate

7 1s derived: )

Xi(pu) = (g) " Quly, (2.17)

Dit

Each unit of the intermediate is produced with the production function (2.7):
Xit = pLxuQ

At equilibrium, wages in intermediate production must be the same in every sector 7,
so that marginal costs M C; = (1/¢) - (wx;/Q;) are the same for goods with different
productivity levels. On the other hand, final good producers’ demand is larger for
more productive intermediates. It follows that only the owner of the patent for the
intermediate design with the highest productivity will be producing in sector ¢, as
he can always choose a price so that the firm with the next highest productivity
level cannot break even. For the rest of this subsection, the firm index j is therefore
omitted.

The intermediate good in sector i is sold at a price p;; to firms in the final good

sector. The monopoly producer chooses p;; to maximize profits
Wgt((pit) = (pit — MCy) Xy,

taking into account MCy = (1/¢) - (wx¢/Q:) and the demand function (2.17). The
profit maximizing monopoly price is given by a constant mark-up over marginal

costs for all i": .
bt = @ : (th/Qt)

The wage rate at equilibrium is obtained by substituting (2.17) in (2.16):
wy; = wy; = wp; = (1 — )% ()" Q, (2.18)

We then derive the quantity of intermediates produced in sector i as function of the
amount of labor employed in final good production, for any given sectoral level of

productivity, from (2.17):

042

Xip = 1— aSOLYtQit (2-19)

"Monopoly pricing prevails under certain restrictions on model parameters which we derive in
section 2.3.3.



2.3. The laissez-faire equilibrium 43
Monopoly profits in sector ¢ in period t are:

x (- O‘)lia 2(1+0a), o
T = ¢ ©“ Lyt - Qit (2.20)

The aggregate quantity X; of intermediates is

1 a?
X, — X;di = ——oL , 2.21
t /0 +al (1_a)<ﬂ YtQt ( )

where we used the definition folQitdi = @, of aggregate quality.

2.3.3 Research and Development

At time t, researcher j in sector ¢ chooses Ip;ji, ¢+ and b;;; to maximize expec-
ted profits from R&D. These consist of the profit flow he expects to receive as a
monopolist in intermediate production less of research labor costs.

In every period and every sector, the exogenous arrival rate of innovations for
the individual researcher is p. If researcher j succeeds in innovating, he changes
the productivity level in sector i from @ to (g;t + 1) - Q. After the innovation,
the productivity level remains constant until the next innovation occurs and the
monopoly producer is replaced by the new innovator.

The probability per unit of time of being replaced as the monopolist in sector 7
is exogenously given from the perspective of researcher j in every period v > ¢ and
increases in the mass n;, of research units active in sector ¢ at time v. More precisely,
innovations in every sector ¢ follow a Poisson-process with arrival-rate p;, = pn;,.
The probability that the isncumbent monopolist is still producing in period s > t is
then given by P(s) = e_ft v 8 His profits in period s can be deduced from (2.20),
substituting the after-innovation productivity level (g;;; + 1) - Qi for Q.

Expected discounted lifetime-profits are:

BWVilas)] =[5 (gge) - P(s)e e ™ ds (2.22)

1-a)™ ) S
= %oﬁ(l-ﬁ-a)@a (Qijt + 1) . Qltft Lyse_j;f (m,-l,-#w)dvds

Expected research profits are obtained by substracting research costs wp.lpiji:

E [Wgt(qz'jt, bz‘jtﬂ = uk [%jt(%’jt)] - thlDz‘jt(C]z‘jt, bz‘jt)v (2-23)

8For a short derivation, see appendix 2.A.2.
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Labor Ip;j; is given by (2.9) and the wage wp: by (2.18).

Researcher j maximizes (2.23) by choosing ¢;;; and b;;;.° Reducing the pollution
intensity of intermediates by increasing B; is costly but does not increase profits
E [Vijt]. Therefore b;;; = 0 for all i, j,¢ so that the pollution intensity of interme-
diates is constant under laissez-faire. The first-order condition for ¢;; can, after

simplification, be written as:
S
oz,uj;ooLyse_ft (rotiin)dv g 2¢;1 =0 (2.24)

The equation still depends on n; through the sectoral arrival rate p,. To determine
¢ and n;, it must be taken into account that expected research profits in every
sector ¢ have to be zero at equilibrium. Otherwise, further research units would
enter into sector ¢ so that n; would rise as long as the expectation value of profits
was positive, while n; would decrease if expected discounted profits were negative.

The zero profit condition can be written as

2
0o 5 (% + d
f, Ly Je rotmaddogg G T8 (2.25)
(14 qije)ap
From (2.24) with (2.25), we determine the equilibrium value
g =4 =vV1i+d—1 (2.26)
of gijt. ¢"" is constant over time and across sectors. It increases in the entry cost

parameter d because less entry lowers the probability of being replaced by the next
innovator and therefore increases marginal profits from Productivity—improvementsw.
Because ¢ is constant, the integral [ Ly.e Jt (roF)® gs on the left-hand

side of the free-entry condition (2.25) must be independent of ¢. Setting the time

derivative of the integral to zero shows that the integral must be equal to ”Ijryljt.

This suggests that Ly, n; and » must be constant at equilibrium even if there is

no balanced growth, which we prove in the next section. After substituting TthJ
it

for the integral in equation (2.25), and the equilibrium value of ¢, (2.26), on the

9We summarize the essentials of the maximization problem here. See appendix 2.A.3 for a more
detailed description.

10Tn the analysis, it has been assumed that the monopoly price is smaller than the limit price. This
will be the case, whenever p™°" < (¢ +1) - (1/¢) (wx;/Q;) which is equivalent to choosing
fixed costs d > % -1
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right-hand side, we can solve the free entry condition for n:

1 Tt

1
ALy, —
2Vitd—1 '

Ng =Ny =

(2.27)

2.3.4 General equilibrium
The market value of firms

Every unit of assets A in our model corresponds to a share of the market value of
firms in the intermediate sector. The total stock of the representative household’s
assets at the beginning of period ¢t must therefore equal the aggregate market value of
firms before innovation. In each sector ¢, only the firm with the highest productivity
level ();; is active in production. The before-innovation market value of this firm can
be derived from (2.22), substituting @);; for the after-innovation productivity level

(¢ijt +1)- Q. To obtain the aggregate market value V; of firms, we take the integral
s
over all sectors and use (2.25) with (2.26) to replace ftooLyse_ft (rothz)dv g,

1
V, = /E[Vijt]di
0

_ pU= O‘):%‘Qawa (m - 1) O, (2.28)

The market value is proportional to the economy-wide productivity level Q).

Labor market clearing

We use (2.27) along with the labor market constraint (2.4) and equation (2.21) to
find the allocation of labor between final good production, intermediate production
and research (Ly¢, Lx¢, Lp;) and determine the mass n; of research units in sector
i for any given interest rate r;''. The equilibrium n; is:

- (3 o) (VIFA-1)

" ey ) (VTTd 1) bd (2.29)

(e}

The mass of research units is the same in every sector. It increases in the arrival rate
1 for innovations and decreases in the interest rate r; and the fixed labor requirement

d.

'The derivation can be found in appendix 2.A.4.
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Equilibrium growth

Taking into account that n, and ¢"' are the same for all research sectors and using
the definition of the aggregate productivity index @), the equation of motion (2.12)
for @) simplifies to

Qt = ,unthFQt.

Substituting (2.26) for ¢"* and (2.29) for n;, we obtain the productivity growth rate
in period t as a function of the interest rate r;:

- (%) (VIFd-D)2

11—«

(B2 + ) (VI+d—1)+d

e 11—«

(\/1+—d - 1) (2.30)

It follows from (2.21) that X; and @), grow at the same rate at equilibrium because
labor must be constant. From the resource constraint, it is obvious that ¢; then also
grows at the rate Q,. We set (2.30) equal to (2.15) and solve for the equilibrium

interest rate.

pL (Vi+d—1)+ (52 +1%) (VI+d—=1)+d)p
) (VIitd-1)°

1
2
JLF

1
Oc
(e}

(e + ) (VI+d-1)+d+ 2 (2 + =

«@ 11—« c \« «@

(2.31)

With the expression for rF equation (2.30) yields the equilibrium growth rate

il — (5 +1%5) (VI+d—1)p
(L2 ) (VITd—1) +d+ 2 (L+ %) (VItd—1)°

@LF: (\/1—|-—d—1>.

(2.32)
The growth rate decreases in the rate of time preference, p and increases in the
intertemporal elasticity of substitution in consumption, o, and the arrival rate of
innovations, u. The effect of the fixed-costs-parameter d is ambiguous as ¢ in- but
entry n decreases in d. The elasticity of intermediate quantity in production, «,
also has an ambiguous effect: An increase in « decreases the market-power of the
monopolist in the intermediate sector. This unambiguously raises monopoly profits
relative to the equilibrium wage rate and thereby increases R&D-profits, n and the
equilibrium growth rate. On the other hand, more labor is used in the intermediate
sector and less in research due to the increase in intermediate quantity. This second
effect tends to decrease n and the equilibrium growth rate.
The growth rates of ¢, X, @) and B are constant for any set of initial values
for the state variables. Therefore growth in ¢, X, () and B is balanced without

transitional dynamics.
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It follows from (2.8) that the pollution stock must increase at the same rate Q¥

as intermediate quantity, productivity and consumption in the long run:
§£OF _ @LF

However, contrary to the growth rates of the other variables, the growth rate of the
pollution stock does not adjust to its balanced-growth level instantly if the relation
between the state variables is not reconcilable with constant growth of the pollution
stock initially.

Define an upper bound p"F for the rate of time preference such that @LF >0
if and only if p < p*F. Further, define a lower bound pTV¢I¥ such that the trans-
versality condition for assets is satisfied if and only if p > pTV¢MF 12 The following

proposition describes the balanced-growth equilibrium for pTV&IF < p < pHF:

Proposition 2.1 BG laissez-faire equilibrium

Assume pTVOLE < p < plF.

There exists a unique BG laissez-faire equilibrium with positive economic growth.
Productivity growth leads to equally fast expansion of polluting quantity ()A( LE —
@LF ). There is neither deceleration nor green innovation. Pollution grows at the

same rate as consumption, production and productivity.

Proof. See appendix 2.A.5. =

At the balanced-growth equilibrium path, a one percent increase in productivity
leads to an equally large expansion of polluting quantity X,;. This corresponds
to the strongest possible rebound effect on polluting quantity in our model. As
producers do not internalize the adverse effect of pollution on household utility and
pollution does not affect the production process, there is no incentive to self-restrict
in polluting intermediate production. For the same reason, no resources are invested
to reduce the pollution intensity of intermediates through green innovation. In a
growing economy, there is unconstrained pollution growth. We prove in appendix
2.A.6 that the strong negative utility effect from growing pollution outweighs the
positive effect from consumption growth in such a way that a solution without long-

run growth would be socially preferable.

-1
121t follows from (2.32) that p™* = FuL ((i + ﬁ) (Vi+d- 1)) .
Appendix 2.A.5 shows that the transversality condition yields the critical value p
Lo(1-a) (1 - i) (1+d)~"?uL.

TVC, LF _
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Proposition 2.2 Comparison to an economy without long-run growth

Assume that the disutility of pollution is convex (o < 1/2).

A solution without long-run growth is socially preferable to the laissez-faire equilib-

rium in proposition 2.1.

Proof. See appendix 2.A.6. =

The intuition for our result follows straightforwardly from the assumption that
the disutility of pollution is convex but utility is concave in consumption: The
marginal utility gain from an additional unit of consumption becomes negligible
relative to the marginal utility loss generated by a unit increase in the pollution stock
as consumption and pollution rise at the same rate. Utility declines persistently
without lower bound. If, on the contrary, long-run consumption growth is given
up, the pollution stock and therefore utility converge to constant values. There
is, however, a transitional welfare loss because consumption growth drops to zero
instantly, but the pollution growth rate declines over time. We show in the appendix
that if the switch occurs late in time (i.e. “in the long run”), the long-run effect
outweighs the transitional effect.

Proposition 2.2 suggests that advocating stationary long-run levels of consump-
tion and production as is done by environmental activist is not entirely unreasonable.
If adequate regulation is not in place, giving up economic growth is indeed welfare-
improving to a situation where continuous growth leads to persistent and rapid
environmental degradation. We show in the next section that nevertheless, for a
sufficiently patient household, a path without long-run growth is not optimal given

that pollution growth can be controlled through green innovation and deceleration.

2.4 The long-run optimal solution

Having shown that unconstrained pollution growth is clearly suboptimal, we analyze
the socially optimal outcome of our model in this section. In subsection 2.4.1, we
combine the first-order conditions to four key equations which are central for the
determination of the social planner’s solution in this and the subsequent chapters.
The long-run optimal solution is characterized in subsection 2.4.2. First, we prove
that long-run economic growth is optimal given that the representative household
is sufficiently patient. We then examine the optimal development of the pollution
stock. Whether this stock declines or increases along the long-run optimal path
depends on the representative household’s preferences, more exactly on the inter-

temporal elasticities of substitution in consumption and pollution. Finally, we study
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long-run optimal pollution control for any set of parameters. In subsection 2.4.3,
we build a numerical example which suggests that for reasonable parameter values,
green innovation to reduce the pollution intensity of intermediates is optimally com-
bined with deceleration to control the rebound effect of productivity growth. In
the last subsection, we show that environmental care need not be detrimental to
long-run growth. On the contrary, it may increase long-run consumption growth if

green innovation induces a sufficiently strong shift of labor towards the R&D-sector.

2.4.1 Dynamic optimization problem and first-order

conditions

The social planner chooses the time paths of Q);, B;, @), B, S, consumption ¢ and
production z;;, X;, Y, X, as well as the allocation of labor Ly, Lxit, Lxt, lpijt,
Lp¢, the mass of research units'® n, and the step size ¢ij+ and b;;; for technology-
improvements in every period ¢ so as to maximize utility (equation (2.3)). He takes
into account the labor market constraint (2.4), the production function (2.5), the
aggregate resource constraint (2.6), the equation of motion for pollution (2.8), the
expected change in @ (2.10) and By (2.11) and the aggregate equations of motion
for @Q; (2.12) and B; (2.13).

Before solving the dynamic optimization problem, we characterize the optimal
allocation of variables across sectors and across economic agents within each sector,
which can be derived through static optimization.

Because all research units j are ex ante symmetric and the labor requirement is

convex in ¢;; and b;;, the social planner chooses the same ¢;j¢, b;j; and therefore {p;;;

i
for every j in sector i. Further, the planner allocates intermediate production in
every sector 7 to the latest innovator because he is the most productive and cleanest
and marginal costs are the same for all j. We therefore omit the index j from now
on.

As to the allocation of intermediate production across sectors in period ¢, the

socially optimal amount
Qit
Q:

of intermediate production in sector ¢ is obtained from the static maximization of

Xi =Xy

(2.33)

output Y, given aggregate intermediate quantity X!

13To allow for an analytical solution to the planner’s problem, we impose the constraint n;; = n,
for all 4.
11Gee appendix 2.B.1.
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The optimal ¢; and b;; are the same in every sector 7: The social planner chooses
the step-size in every sector 7 so as to reach a given rate of change Qt and Bt in
the respective aggregate technology level with a minimum labor investment. From
the equations of motion (2.12) and (2.13) for @ and B together with the R&D-cost
function (2.9) we can conclude that the marginal gain of an increase in b; and ¢;, in
terms of faster technological progress, and the additional amount of labor required
increase in the sectorial technology levels );; and B;; in the same way. Therefore
sectorial differences are irrelevant for the optimal choice of ¢; and b;.

Our reasoning yields the following lemma:

Lemma 2.1 The optimal g;;;: and b;j; are the same for all research units j and all
sectors i: gy = q¢ and bijy = by. The social planner optimally allocates a higher share
of aggregate intermediate production to the sectors with relatively higher productivity

according to equation (2.33).

Proof. Proof in the text. m
Using lemma 2.1, we can express the dynamic optimization problem in aggregate
1 1
variables only: From (2.9), with [ Qudi = @y, [ Bydi = B, and n; = ny, the total
0 0
amount of labor allocated to research in period t is Lp; = ns(¢? + b2 + d). To

1Xx

-0 units of labor. The labor

produce X; units of intermediates requires Ly; =

market constraint can be written as

1X
L="=214 Ly +ny(q? + 0+ d). (2.34)
@ Q4

Further, the equations of motion (2.12) for @ and (2.13) for B are:

Qr = pngiQy (2.35)

Bt = unstt (236)

With (2.33), output Y can be expressed as a function of aggregate variables only.

The aggregate resource constraint can be written as:
Ly " X{Qy " = L (2.37)

The social planner’s problem can then be solved by finding the optimal paths for
Q, B, S, ¢, X, Ly,n,q and b subject to (2.8), (2.34), (2.35), (2.36) and the resource
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constraint (2.37). Further, the non-negativity constraints
Qt, By, Sty ¢, Xy Lyy,my > 0, Vit

must hold. While we ensure that the non-negativity constraints are satisfied, we do
not take them into account formally as additional constraints in the maximization
problem. The current-value Hamiltonian function is:

o ge—1 OR l-op
H = < C o — St"E)L
o.—1

1—0'E

FvQupnyq Qs
+vptpnib By

X
+vgs (EZ - 55t>

FAve (X7Qy “Ly,* — ¢L)
1X
+An(L — == — Lyt — nu(q} + b +d)) (2.38)
0 Qs
where v, vp: and vg; are the (current-value) shadow-prices of @y, B; and S; respect-
ively and Ay, and A\p; are the (current-value) Lagrange-multipliers for the resource
constraint and the labor market constraint.
We derive the necessary first-order conditions from Pontryagin’s maximum prin-

ciple. These include the conditions

OH s

5~ Ve=g Y (2.39)

aH Vst 11— 1— 1

T~ e By yaxe apla A\ =0 2.40

aXt Bt + Yty Qt Yt Lt (th ( )

0OH

% = 0«& UQt/,I/ntQt = 2)\Ltntqt (241)
t

OH

% = 0 vBt,untBt = 2)\Ltntbt (242)
t

OH 5 1o

o 0 & voi1qiQ: + vBepbe By = ALyt (qt +b; + d) (2.43)
t

oH —ar7—«

= 06 Al — ) XPQI Ly = Ay (2.44)

0Ly,
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for the control variables, the conditions

OH

% = pPUst — @St <~ —¢S§1_20E)/UEL - 5USt = pUst — T'JSt (245)
t
0OH
— = — 1 2.46
20, pPUQt — UQt ( )
an—arl-a Xt 1 .
= UQt,untqt -+ )\Yt(l — Oé)Xt Qt LYt + )\Lt?@ = p’UQt — ’UQt
t
0H . X .
(9_Bt = puBt — VBt < Uptnby — UStB_t; = pUBt — VBt (2.47)
for the state variables, the conditions
OH X
S — —05, =5, 2.48
a’USt t Bt t t ( )
oOH . i
B Qt < pqrQr = Qy (2.49)
V@t
0H . i
Bt = ,Lbntstt = Bt (250)
Ovpy
0OH
0& XPQ; *Ly," =L (2.51)
Oy
OH 1X, 9 o
0 L=——+1L by +d 2.52
a)\Lt @Qt_‘_ Yt+nt(Qt _l_ t+ ) ( )
for the costate variables as well as the transversality conditions!®:
fim (e7"vgQ) = 0
lim (e™"vp,By) = 0 (2.53)
lim (eithStSt) = 0
t—oo

Our aim is to characterize the socially optimal solution in the long run. From

the set of first-order conditions, we derive four key equations which together with

the equations of motion (2.48) to (2.50) for the state variables, the static constraints

(2.51) and (2.52), the transversality conditions and the non-negativity constraints

characterize the interior social optimum for t — oo'S.

6

As labor supply L is constant and we are interested in paths with at least asymp-

5There is some dispute about whether these transversality conditions are indeed necessary in
infinite-horizon optimization problems. Counterexamples do however not exist for problems with
time-discounting as in this model. The transversality conditions in (2.53) nest the weaker and
unambiguously necessary transversality condition tli)rgo e PH; = 0. (Chiang (1992), p. 243-251)

16The derivations are shown in appendix 2.B.2. In particular, the assumption n. > 0 is used.
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totically constant growth rates, we can use that the allocation of labor to production
and research as well as the number of research units n and the step-size ¢ and b must
be constant in the long run.

Asymptotically-balanced growth: The first equation is obtained from equa-
tion (2.45) with (2.40) and governs the development of the marginal utility of con-
sumption relative to the marginal disutility of pollution so as to ensure constant
growth rates in the long run:

o, — 1. 1l—0g~

B = S + ()?oo ~ B — §oo) (2.54)

O¢ ofp

The difference in parentheses is zero along a balanced growth path. Equation (2.54)
is then the balanced-growth condition described in Gradus and Smulders (1996)
which has become standard in environmental endogenous growth models: It requires
that the ratio of instantaneous marginal utility from consumption to instantaneous
marginal disutility from pollution must develop proportional to S/c¢ so that the
elasticity of substitution between ¢ and S is unity.
If growth rates are required to be constant only asymptotically, the difference on the
right hand side may be negative: If emissions X /B are decreased particularly fast,
the pollution stock asymptotically falls at the rate of natural regeneration (—d),
as we explain in section 2.4.2. For such a fast decline in the pollution stock to be
optimal, the relative marginal utility of consumption must decline faster than the
ratio ¢/S of consumption to pollution rises.

Consumption Euler-equation: Dividing the first-order condition (2.46) for
productivity @ by its shadow-price vy and using (2.39), (2.41) and (2.44) to replace
the variables Ay, Az, vg and their growth rates yields a version of the consumption

Euler-equation:

i’c\oo +p= el (LYOO + 1 (£> ) + UNoofoo + ()A(OO — @oo) (2.55)
e 2qo0 P \Q /)

The Euler-equation states that the marginal social net return to higher productivity
must compensate the household for shifting consumption into the future and invest-
ing in productivity-oriented research.

The first term on the right is the sum of the marginal social return (in utility units)
to productivity in final good production and the marginal social benefit from lower
costs in intermediate production. The second term, ;1nqs, is the marginal contri-

bution of an increase in the current productivity level to future productivity through
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the equation of motion for (). The third term accounts for the fact that the social
value of an additional unit of () in terms of consumption may change in response
to the reallocation of resources from current consumption to productivity-oriented
research. This term is equal to zero along a balanced growth path and negative
whenever there is deceleration.

Research-arbitrage: An equation similar to (2.55) holds for the decision between
using labor for production of the consumption good and using it for green innov-
ation. Labor is allocated to both productivity improvements and green innovation
if and only if the social net returns to both research directions are equal. This

requirement is formally represented by the research-arbitrage condition

p LXN \_» (@ 11X
2q_oo(LY°°+E<6)m)_2boo (1—aLY°° so(@)oo)' (2.56)

The term on the left-hand side is the social marginal return to productivity in final
good and intermediate production described above.
The term on the right-hand side denotes the social return to green innovation from
slower pollution accumulation (in utility units). This return is larger if the produc-
tion elasticity a of X is large and the production costs, é (X/Q), in terms of labor
are small because the incentive to produce intermediate quantity X is stronger.
The effects of () and B on their respective future levels and the change in the
respective social value of () and B relative to consumption cancel out.
Indifference: A fourth condition is derived from (2.41) and (2.42) with (2.43):

¢+ =d (2.57)

Equation (2.57) ensures that the social planner is indifferent between all finite, non-

negative levels for the mass of research units n.

2.4.2 Characterization of the long-run optimum
Optimality of long-run economic growth

Equations (2.54) to (2.57) are relevant only for an interior solution to the optimiz-
ation problem with persistent economic growth.!” In standard endogenous growth

models, long-run growth is optimal for a sufficiently patient household. A similar

17"The four conditions were derived under the assumption n, > 0. It will become obvious in this
subsection that no, > 0 implies persistent economic growth.
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condition on the rate of time preference can be derived from the Euler-equation
(2.55) in the present model with negative environmental externalities. The upper
bound p differs depending on the parameter constellation considered and is defined

in appendix 2.B.4.

Proposition 2.3 Positive long-run consumption growth

Optimal growth of per capita consumption is positive in the long run, if and only if

p<p.
Proof. See appendix 2.B.6. m

In proposition 2.2, we proved that compared to unconstrained pollution growth at
the rate of consumption growth, a path without long-run economic growth is welfare-
improving. This does, however, not imply that a solution without growth is optimal.
Proposition 2.3 is not surprising given that pollution accumulation can be restricted
without giving up consumption growth altogether. Yet persistent economic growth
must be accompanied by continuous pollution control. Before analyzing in detail how
pollution control is optimally achieved, we describe the long-run optimal relation

between consumption and pollution growth in the next subsection.

The optimal relation between long-run economic growth and pollution

accumulation

Although we have shown that unrestricted pollution growth cannot be optimal, it
would be wrong to conclude that an optimal path for pollution in our model must
exhibit constant or decreasing pollution levels. The conclusion from proposition 2.2
merely is that pollution growth must be sufficiently slower than consumption growth,
so that utility from consumption is not outweighed by damages from pollution over
time. It follows from the ABG-condition (2.54) that, for our assumption of convex
disutility of pollution (0 < 1/2), whether the pollution stock de- or increases in
the long-run optimum depends on the intertemporal elasticity of substitution in

consumption:

Proposition 2.4 Development of the pollution stock

Assume that instantaneous disutility of pollution is convezr (ocp < 1/2) and p < p.

Long-run growth must be accompanied by a persistent restriction of pollution growth.

The pollution stock, Sy, increases (decreases) in the long run if and only if o, > 1
(0. <1).
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Proof. The first statement follows both as a corollary from proposition 2.2 and
from equation (2.54).
As to the second, note that given ¢, > 0, the left-hand side of (2.54) is positive

whenever 0. > 1 while it is negative for o, < 1. Under the assumption of convex
l-og
oE

disutility of pollution, on the right-hand side is positive. Further, the difference
)?OO — Eoo — Aoo in parentheses is smaller than zero only if §oo < 0 and zero otherwise.
Therefore the right-hand side of equation (2.54) is positive if and only if See > 0
and negative if and only if Sa < 0. It follows that the pollution stock must increase
whenever o, > 1 and decrease whenever o, < 1.1* m

A similar dependency of the optimal pollution path on the intertemporal elasti-
city of substitution in consumption is found in Stokey (1998).

To gain a better intuition, note that if instantaneous disutility ¢ (S;) from
pollution is convex, marginal instantaneous disutility converges to zero if and only
if S; decreases to zero and diverges to infinity if and only if S; grows persistently.
For o, > 1, instantaneous marginal utility v'(c;) of consumption in (2.3) falls in
response to an increase in consumption, but underproportionally. If the pollution
stock remained constant, the ratio of marginal (dis)utilities v'(c;)/ (¢¢'(S)) would
rise relative to S;/¢; and it would be beneficial to invest less in pollution control.
If, on the other hand, the pollution stock rose at the same rate as consumption,
v'(¢;)/ (@' (S)) would fall relative to S;/c; and it would be beneficial to restrict
pollution growth. It follows that the pollution stock must rise in the long run but
at a rate sufficiently below the consumption growth rate for the limit of the ratio
vier) /(f—Z) to be constant.

¥’ (S)
In the opposite case with o, < 1, instantaneous marginal utility of consumption falls

overproportionally in response to an increase in the consumption level. In this case,
the pollution stock must fall in the long run to satisfy the ABG-condition.

The pollution stock can at most decrease at the rate of natural regeneration
(S, > (—4)). To actually reach this rate of decrease, flow pollution would have to
become zero and all economic activity would have to be given up. This path for
pollution and environmental quality is clearly never optimal, given that the utility
function satisfies the Inada-conditions for consumption. Still, it can be optimal to

decrease the pollution flow particularly fast so that :S'\oo = (—0) is approached asymp-

18Note that (2.54) also suggests that under more general assumptions concerning the utility func-
tion, whether the pollution stock de- or increases depends on og being smaller or larger than
one as well. For o > 1, pollution is allowed to rise only if ¢ < 1 while a falling pollution stock
is required for oo > 1.
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totically!®. Such a solution becomes more likely, if the representative household is
particularly patient to desire a comparatively large consumption growth rate and
the rate of natural regeneration is small: It follows from (2.54) that the pollution
growth rate must converge to Sy, = (—0) whenever ¢, > %5 This constraint

delta

defines an upper bound p for the rate of time preference so that Soo = (—0) if

and only if p < pdetta 20

Corollary 2.1 Assume convex disutility of pollution (op < 1/2).

If and only if 0. < 1 and the representative household is sufficiently patient (p <

pllte < 5) so that the optimal growth rate of consumption per capita is equal to
or larger than %5, the pollution stock decreases with the rate Soo = (—0)

asymptotically.

Proof. Whenever o. < 1, the pollution stock decreases in the long-run optimal
solution according to proposition 2.4. The pollution stock can at most decline
at rate Sy, = (—08). It follows that for o. < 1, condition (2.54) can hold with

S. = X., — By, for consumption growth rates c,, < ((11004/235 only. If p < pdetta,

so that the optimal consumption growth rate is ¢, > Wé pollution growth

must converge towards §oo =(—J). m

Green innovation, deceleration and the direction of technical change

As shown in proposition 2.3, long-run growth in the optimal solution requires to
persistently restrict pollution growth. In the following, we characterize the interior
long-run optimal solution for any set of parameters. In proposition 2.5, we analyze
in detail the long-run solution of the social planner’s maximization problem for
parameter constellations for which the conditions from corollary 2.1 are not satisfied
so that pollution growth is given by §oo = )A(oo — EOO. The case with §oo = (—9)
yields similar results and is treated in proposition 2.6. Figure 2.2 gives an overview
over the different cases in dependence on the rate of time preference, p.

We have suggested earlier that if growth rates are to be constant asymptotically,

the allocation of labor and the step-size ¢ and b must be constant in the long run.

9As pollution falls, the amount (—dS) of the pollution stock which is cleaned up by natural
processes also declines. As long as the pollution flow does not persistently decrease faster than
(—09), the growth rate of the pollution stock cannot continuously fall towards its lower bound
(=9). The long—run growth rate of the pollution stock equals the growth rate of the flow in this

case. For St to converge towards (—d) for ¢ — oo, the constant long-run growth rate X B
of the pollution flow X/B must not exceed the long—run growth rate of (—4.5), which is (=9).
20 ,delta

P again differs for the balanced-growth and the ABG-case. It is defined for each case in
appendix 2.B.4.
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In this case, equation (2.56) requires intermediate quantity in efficiency units, more
precisely the ratio (X/@Q)_, to be constant in the limit as well.

Assume that there exists a balanced-growth path along which productivity and
cleanliness grow at constant rates, not only asymptotically. Such a path must be
characterized by a strictly positive (X/Q)_*" and therefore equal growth in inter-
mediate quantity and productivity. It follows from the resource constraint that
consumption ¢ will also grow at the same rate.

Equation (2.54) then gives information about how strongly research has to be
oriented towards green innovation to achieve balanced pollution growth. The ori-

entation of research is given by

~ o~ (0.—1) /o
Bo/Qoo =1— —— . 2.58
/@ (1—o0p)jon (2.58)
Given convex disutility of pollution (0 < 1/2), the ratio % is smaller than

one so that EOO / @oo is always strictly positive.
To understand (2.58), assume - besides convex disutility of pollution - that the

IES in consumption, o, is smaller than 1. The optimal pollution path in a growing
(0c—1)/0c
PO (1-og)/oE
is strictly negative, so that B, /Q is larger than one: Along a balanced growth

economy must then be negatively sloped by proposition 2.4. The ratio

path, one percent growth in productivity leads to one percent growth in polluting
quantity. For the pollution stock to fall, a more than one percent reduction in pollu-
tion intensity is needed. Research and technical change are oriented towards green
innovation. As op increases from close to zero to 1/2, the intertemporal elasticity
of substitution in pollution (0 /(1 —20g)) increases and the optimal pollution path
becomes steeper, ceteris paribus. The ratio EOO / @OO increases as well because relat-
ively more green research is needed to achieve a faster pollution reduction.
If 0. > 1, the pollution stock increases in the long run and research and technical
change are oriented towards improving productivity (Eoo / @oo < 1). As a response
to an increase in o, research is now shifted more strongly towards productivity-
improvements because there is less aversion towards pollution growth.

However, the research arbitrage equation (2.56) implicitly defines an upper bound
for the orientation of research towards green innovation. On a balanced growth path
with strictly positive (X/Q)_, the optimal by /¢o and therefore B, / @Oo must be

smaller than a/(1 — «). If (2.58) exceeds this ratio, a balanced-growth solution of

210n a balanced growth path, (X/Q)_. = 0 implies X;/Q; = 0 for all ¢. This is only possible if
X; = 0 for all ¢ which, as explained before, cannot be an optimal path for X because of the
Inada-conditions for consumption.
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the social planner’s problem does not exist.
If we allow for growth rates to be constant only in the limit, equation (2.56) can

still be satisfied by choosing the upper bound

boo/Qoo = Eoo/@oo - a/<1 - a) (259)

for research orientation together with persistent deceleration asymptotically. Keep-
ing growth in intermediate quantity below productivity growth in the long run
dampens the rebound effect of higher productivity and decreases the ratio X/Q
towards zero.

Given the research orientation in (2.59) and using the relations §oo = )A(oo — Eoo
and G = aXoo + (1 — ) Qu, from the resource constraint (2.52), we can derive
the optimal relation between the long-run growth rates of )/(\'oo and @oo from the

ABG-condition (2.54) after some manipulation:

2 (0c=1)/0¢ o
- 1+(ﬁ)—<1—ﬁ—m)A
K= T Qo (2:60)
L2 (1 )
For = < 1 — %, the fraction is smaller than one so that intermediate
quantity grows indeed more slowly than productivity. The further :2- lies below
1— %, the smaller is the ratio and the faster is therefore deceleration.??

We substitute the expression for )?oo into cy = oz)A(oo +(1—-a) @oo to find ¢y, as

function of @Oo:

2
14 (- _
o= (1?)1)/ O (2.61)
1+:5 (1 - (1—faE>/_aE>

For -~ < 1-— ((10_;%, it becomes obvious that keeping growth in intermediate

quantity below productivity growth comes at a cost in terms of potential consump-
tion growth.

We summarize our results in the following proposition, where we define the lower
TVC

bound p := {Zdelta:

oc>1

o2y so that if p > p, the transversality conditions in (2.53) are

22We say that deceleration is the faster, the smaller the growth rate of X and therefore the growth
rate of ¢ and Y is relative to the productivity growth rate. When X, /Q is smaller, a smaller
proportion of every unit of productivity growth is used to increase polluting quantity and a
smaller fraction is therefore turned into output and consumption growth.
According to this definition, faster deceleration does not imply that the ratios X/Q, ¢/Q and
Y/Q decline faster, because if productivity growth slows sufficiently, the difference X - @ does
not decrease.
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satisfied?3 and corollary 2.1 does not apply (Sx > (—0)).

Proposition 2.5 (A)BG optimum for S, > (—0)
Assume o < 1/2 so that the disutility of pollution is convex and p < p < p:

Green innovation without deceleration: If o/ (1 —«) > 1 — ((f’:i,
op)/oE

exists a unique BG-path which solves the set of necessary conditions. Xy, Y;, ¢; and Qy

there

grow at the same constant rate. Growth in the pollution stock [3’\00 equals the growth
rate of flow pollution, )A(OO—B\OO = @OO—EOO. There is green innovation (Eoo > 0) but
no deceleration ()/(\'Oo = @oo ). The ratio of green relative to productivity-improving

innovation is given by (2.58).

Green innovation with deceleration: Fora/l—a < 1—%, a BG-solution
does not exist. There exists an asymptotically unique ABG-path which solves the
necessary conditions for t — oo. Pollution growth §Oo equals the growth rate of
flow pollution, )A(oo — EOO. §oo s reduced below the potential rate @oo both by green
innovation (EOO > 0) and through deceleration ()?oo < @Oo, Coo < @OO) The ratio

of green relative to productivity-improving innovation is given by (2.59).

Proof. See appendix 2.B.7. =

It is intuitive that optimal pollution control always includes green innovation:
Once research units are opened up, it is almost costless to make intermediate goods
marginally cleaner while making them more productive. Extra costs to reduce the
emissions of a new more powerful engine will be relatively low if the fixed costs (e.g.
for equipment and fixed labor costs) have been paid.

Unlike green innovation, deceleration is not always optimal in a growing eco-
nomy as the costs in terms of foregone consumption growth may be substantial.
Reductions in pollution intensity are optimally combined with deceleration if the
elasticity « of final good production Y; = X¢ (QtLYt)l_a with respect to quantity
is sufficiently small.

In this case, the cost of deceleration is comparatively low: A small elasticity implies
that polluting quantity growth has only a small effect on output growth compared
to quality growth. Quantity growth can be restricted without giving up too much
consumption growth.

Further, with the relative unattractiveness of growth in polluting quantity for small
@, it becomes less important to reduce the pollution intensity of intermediate goods.

A small o lowers the social return to green as opposed to productivity-improving

23 The critical value pTVC is defined in appendix 2.B.4.
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research. It becomes more likely that the ratio of green relative to productivity-
oriented innovation in (2.58), needed to sustain the optimal pollution path with
balanced growth, exceeds the upper bound «/(1 — «). Research then remains
rather productivity-oriented but deceleration lowers the rebound effect of productiv-
ity growth and thereby helps to restrict pollution growth.

A solution without deceleration becomes less likely as o increases, whenever
the pollution stock falls in the long-run (0. < 1) and more likely if it rises (o, > 1).
The reason is that the steeper pollution path implies a stronger orientation of
R&D towards green innovation in the former and a stronger orientation towards
productivity-oriented innovation in the latter case.

We now study the long-run optimal solution of our model for parameter constel-

lations such that the condition p < pdett

of corollary 2.1 is satisfied and the pollution
stock must decrease with the maximum rate § asymptotically. Recall that p < pdetta
requires slow natural regeneration and implies that the representative household is
patient and desires a comparatively high consumption growth rate. As before, we
find two types of optima - one with and one without deceleration - depending on

the specification of model parameters.

Proposition 2.6 ABG optimum for S, = (—6)

Assume o, < 1 and convex disutility of pollution (cp < 1/2). Assume further, that
the condition of corollary 2.1 holds (p < pieie).

Green innovation without deceleration: If 1/o. < %= or if 1/o. > %= and
Coo < %6, any ABG-path without deceleration which solves the mecessary
first-order conditions fort — oo is characterized by a stronger orientation of research
towards green innovation (larger Eoo / @Oo ), compared to the corresponding case in

proposition 2.5.

~ (1-20g)/c
and Csy > W& there

l—«

Green innovation with deceleration: If1/o. > *-

exists an asymptotically unique ABG-path characterized by deceleration which solves
the necessary first-order conditions for t — oo. The orientation of research is the

same as 1n the corresponding case in proposition 2.5.

Proof. See appendix 2.B.8. m
As in the preceding subsection, whether there is deceleration in the long-run

optimal solution depends on how elastic the production function is with respect

(0c=1)/0c

(1-og)/oE’ the conditions

to intermediate quantity and quality. For % < 1 —



62 Chapter 2. Green Innovation, Productivity Growth and GDP Deceleration

for deceleration are still satisfied.?* Additionally, there is deceleration in the long-

run optimal solution also for & > 1 — A%e1/% if 1 /5.~ & and the desired

1-« (1—og)/oE 1-«
consumption growth rate is sufficiently large (¢, > ((11;02’7)%6)
¢ 1—a

Because research orientation is green for o, < 1, the ratio Eoo / @oo must exceed
one. At the same time, it must remain below the upper bound %-. It follows that
the case where the long-run optimal solution is not characterized by deceleration
can only occur if %~ > 1, i.e. if the production elasticity of intermediate quantity
exceeds 0.5. From empirical estimates, this is not a realistic range, as we argue in
section 2.4.3 below.

An overview over the different cases for the long-run optimal solution outlined

in propositions 2.5 and 2.6 is given in figure 2.2.

(i) se<1
ABG without /,/ BG without //
deceleration 7 deceleration e
X =Q) -7 ABGwith Xy =Q) -~ aBGwith No Growth
7 deceleration s deceleration
//// ()2¥ < Q¥) /’// ()Zae < éy)
0 ,.deha r— I"
| | |
S, =(-0) S, >(-d)
(i) sc>1
BG without /,//
deceleration d
)2 = C //// .
Xy sz/ ABG with No Growth
s deceleration
//// (>2¥ < (i)¥)
: ad .
TVC >
0 r r

f_
]

S, >(-a)

Figure 2.2: Case differentiation for the long-run optimal solution in dependence of the rate
of time preference, p. Broken lines indicate a further partition of the parameter space in
the relevant range of p, given by proposition 2.5 for So, > (—0) and by 2.6 for S = (—9).

AUFirst, 1 — 9¢=1/9¢ < /50 if ¢ < 1 and the disutility of pollution is convex (og < 1/2).

(1—0og)/oE
4 <1- % and 1 — % < 1/o¢c implies that %~ < 1/0¢. Given 125 < 1/o¢

and 25 <1-— %, the condition for S to converge to (—d), which is Gs > %5,
implies ¢y > W&

T I«
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From the ratio Eoo / @oo in propositions 2.5 and 2.6, we can directly determine

the direction of technical change:

Corollary 2.2 Darection of technical change

Given the conditions of propositions 2.5 and 2.6, the direction of technical change
is green (productivity-oriented), i.e., B, > @Oo (Eoo < @Oo), if and only if 0. < 1
(c. > 1) when there is no deceleration. With deceleration, the direction of technical
change is green (productivity oriented), i.e., Boo > Qoo (Eoo < @OO), if and only if
a>1/2 (a<1/2).

P/I\‘oof/'.\ The ratio % in (2.58) is negative (positive) so that LA?OO/Q\OO > 1
(Bso/Qoo < 1) in the balanced-growth case in proposition 2.5 whenever o, < 1
(o. > 1). Proposition 2.6 is only relevant for . < 1 and the ratio §oo / @oo exceeds
the value in proposition 2.5 if there is no deceleration. It follows that without
deceleration, technological change is green (Eoo / Qoo > 1) if and only if 0, < 1
and productivity-oriented (Bs/Qo < 1) if and only if o, > 1. With deceleration,
Beo/Qo = /(1 — a) in propositions 2.5 and 2.6 so that technical change is green

whenever > 1/2 and productivity-oriented whenever v > 1/2. =

Quantity degrowth A very strong form of deceleration occurs if intermediate
quantity falls in absolute terms, not only per labor efficiency unit. There is then
degrowth in intermediate quantity (but not in GDP). Because quantity degrowth is
deceleration in its extreme, it is optimal only if the pollution stock is required to
decline in the long-run optimum (for o, < 1) and the ratio of production elasticities
is particularly small. This result follows as a corollary from propositions 2.5 and
2.6:

Corollary 2.3 Quantity degrowth

Given the conditions of proposition 2.5, the long-run solution of the social planner’s
problem is characterized by quantity degrowth ()/foo < 0) if and only if the condition
=< (11— Q)% holds.

Given the conditions of proposition 2.6, there is quantity degrowth if and only if

o < (11— a)lg—jc and @oo is sufficiently large.

Proof. Proof follows directly from setting Xoo < 0in equation (2.60) and equation
(2.B.48) in the appendix. =
We will prove in chapter 5 that, given quantity degrowth, assuming intermediate

goods are energy-inputs produced from a non-renewable resource leads to the same
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qualitative results for the social planner’s solution if the initial resource stock is
sufficiently large. The pollution externality induces such a strong decline in resource
use over time that the stock is never exhausted and the natural resource constraint

is not binding.

2.4.3 A numerical example

Which of the cases in the previous subsection is more relevant empirically? Should
green innovation be complemented by deceleration or even quantity degrowth in
the long-run? Although our model is too stylized to produce reliable quantitative
results, we think it allows to give a plausible indicative answer at least to these
general qualitative questions. The relevant parameters are «, o. and og. While
there are little reliable empirical estimates of o5, we believe that disutility is convex
in the pollution stock (0 < 1/2) so that the marginal disutility of pollution is the
larger, the more polluted the environment is. As for the IES of consumption o,
a large body of empirical literature (e.g., Hall (1988), Ogaki and Reinhart (1998))
suggests 0. € (0,1). Choosing « is less straightforward. Setting a to the capital
share implies a = 1/3. Interpreting X; as energy, a would be substantially smaller
than the capital share. On the other hand, « is also the inverse of the mark-up in
the intermediate sector. Estimates for the manufacturing sector in the U.S. (Roeger
(1995)) suggest values of a of at least 0.3. We consider values of o which do not

exceed 0.5 as plausible.

Corollary 2.4 Assume p < p, convex disutility of pollution (o < 1/2), an inter-

temporal elasticity of substitution in consumption o. € (0,1) and 0 < a < 1/2.

Productivity growth always has to be accompanied by both green innovation and decel-
eration. Research is productivity-oriented (t @oo > Eoo > 0), but deceleration restricts

the rebound effect of productivity growth.

Proof. We have shown in section 2.4.2 that for convex disutility of pollution, the
oo Q) _ (oc=1)/oc
condition %- <1 (—op)jon

to be characterized by deceleration in the case where §oo > —0 and a sufficient

is necessary and sufficient for the long-run optimum

condition if S, converges towards (=§). For 0 < a < 1/2, this condition holds for
all o, € (0,1). m

If we choose a smaller range for «, so that a does not exceed the capital share
of 1/3, there is deceleration in the optimal solution for o, < 2 which covers most

empirical estimates of the IES in consumption. Setting « to the energy share in
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real GDP?°, even extremely high values of o. up to 4.4 as found by Fuse (2004) for
Japan do not violate the condition.

For intermediate quantity to fall in absolute terms, so that there is quantity
degrowth, o, must be smaller than one and « should be substantially below the
capital share. Quantity degrowth is most likely to be optimal if « is interpreted as
the energy share in GDP: Setting o ~ 0.09, the optimal solution is characterized
by quantity degrowth for values of o, from almost the entire interval (0, 1) if 1/3 <
og <1/2.

We conclude that for reasonable assumptions about model parameters, both
green innovation and deceleration (possibly in its extreme form, i.e., quantity de-
growth) contribute to optimal pollution control. In chapter 4, we illustrate the
adverse effects on long-run consumption growth if only one channel of pollution

control is available to the social planner.

2.4.4 Environmental care and the pace of economic growth

In our model, a stronger research orientation towards green innovation means slower
productivity growth for given total research effort. Further, deceleration requires
to give up potential consumption growth. Intuitively, one might therefore expect
environmental care to slow down economic growth relative to the case where the
negative environmental externality of intermediate goods is not taken into account.
In appendix 2.B.9, we derive the long-run optimal solution of our model assuming
the weight of pollution in utility is zero (¢» = 0), so that the representative household
is not affected by pollution. Comparing the optimal solution of the baseline model
to the optimum in the modified setting, we find that the above intuition is not
necessarily correct. Economic growth is positive for larger rates of time preference
in the baseline framework and, depending on parameters, the long-run growth rates
of consumption, production and productivity may in fact be higher than in the
setting without negative external effect from pollution.2¢

Moreover, the degree of the household’s preference for a clean environment and
therefore the strength of the negative pollution externality, as reflected in the size of

¥, does not influence long-run growth rates at all (given ¢ > 0). The reason is that

% Energy expenditures as a share of GDP amounted to 8.9% in the U.S. in 2012 (EIA (2013)).

26 A similar result can be obtained if the optimal solution for ¢ > 0 is compared not to the optimum
for ¢ = 0 but to the laissez-faire equilibrium. It is, however, not possible in this case to attribute
faster growth to the environmental externality in particular because equilibrium growth may be
slower or faster than optimal as a result of several other externalities.
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stronger environmental preference does not alter the social return to productivity-
oriented research, which is the driver of economic growth. The long-run relation
between productivity growth and growth in intermediate quantity, consumption and
output is fixed independently of the environmental preference on an ABG-path.?”

We prove our claim formally for parameter constellations for which the long-run

optimal solution is characterized by deceleration:

Proposition 2.7 Environmental care and the pace of economic growth
Assume that the disutility of pollution is convex (o < 1/2) and that the conditions

for deceleration from propositions 2.5 and 2.6 are satisfied.

In the baseline setup with ¢ > 0, compared to the optimal solution in a modified
setting without negative external effect from pollution on wutility (v = 0), (i) the
condition for growth in per capita consumption to be positive is less strict (p¥=° < p)
and (i) optimal growth in per capita consumption is faster if and only if the rate of
time preference is sufficiently large.

Given 1 > 0, the strength of the representative household’s preference for a clean
environment, as reflected in the size of ¢, has no influence on long-run optimal

growth rates.

Proof. See appendix 2.B.10. =

The driving force behind this result is a positive link between green and producti-
vity-oriented research. Green innovation can lead to an increase in the optimal
amount of labor devoted to research which fosters also productivity- and therefore
consumption growth. We show in chapter 4 that in the constrained optimum without
green innovation (b; = 0, V), consumption growth is unambiguously slower than in

the unconstrained optimal solution with ¢ = 0.

2.5 Discussion of the model specification

The results of our model are affected by the parameters of the utility function and
the production function for the final consumption good in particular. While the
assumptions of additively separable utility and a Cobb-Douglas production func-

tion are somewhat restrictive, they are commonly used in previous literature and

2TA similar result was found by Gradus and Smulders (1993) in a Lucas-Uzawa-model. While
stronger environmental preference has no influence on long-run growth rates, it can be expected
to affect the levels of the model variables along the long-run path. These effects can however not
be analyzed without studying transitional dynamics.
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make the model analytically convenient to handle. In this section, we consider more
general specifications of the utility function and the production function for the con-
sumption good. We also discuss alternative forms for the functions which describe
production in the intermediate goods sector, pollution accumulation and environ-
mental quality, as well as research and development. The discussion suggests that
the specification of the model described above is conveniently simple, yet intuitive.
The main results are robust to several changes in the model setup, notably the
assumption of non-additively-separable preferences.

Our assumption of an additively-separable utility function is in line with previous
important contributions (e.g., Stokey (1998), Aghion and Howitt (1998)). A more
general specification, which allows for constant long-run growth rates, is proposed
by Gradus and Smulders (1996):

o1
[ e = (ctSt_w> Tdt o#1

2.62
ftozooe_pt (Inc, — 9 InSy) dt oc=1 (2:62)

U<Ct7 St) = {
o > 0 is the intertemporal elasticity of substitution and i) > 0 still the weight of the
pollution stock in utility. For ¢ = 1, the utility function reduces to an additively
separable form. With this specification of utility, the marginal utility of consumption

is given by:

o1
Uet = (ctSt_w> 7 ct_1

A higher pollution stock lowers (increases) the marginal utility of consumption
whenever 0 > 1 (0 < 1). As already explained in chapter 1, growing pollution
then ceteris paribus tends to depress consumption growth relative to the additively-
separable case, even under laissez-faire, whenever ¢ > 1 and accelerates economic
growth whenever o < 1.

Our main results concerning optimal pollution control remain unaffected by the
switch to the more general specification (2.62), more precisely: Long-run growth
always goes along with green innovation and, depending on parameters, requires
deceleration. The non-additively-separable utility function complicates however the
solution of the social planner’s problem. In the case without deceleration, it is not
possible to derive a complete analytical solution even for the long-run growth rates.
It should be noted that the robustness of our main results does not require the
standard assumptions of convex disutility of pollution and a marginal utility of con-
sumption which is non-increasing in the pollution stock (u.s < 0).

In fact, the above specification of utility does not allow for the marginal utility
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of consumption to decrease in the pollution stock and the disutility of pollution to
be convex at the same time.?® This shortcoming could be corrected by changing the

relation between environmental quality and pollution from E, = S; ! to
Et - Emax - St'

With this specification, however, the pollution stock necessarily has to be constant
in the long-run, as explained in chapter 1. Along a balanced-growth path without
deceleration, productivity and cleanliness therefore optimally grow at the same rate.
Still, conclusions concerning the desirability of long-run growth and optimal pollu-
tion control are similar to those obtained with the baseline specification.?”

Besides the relation between environmental quality and pollution, another im-
portant equation is the accumulation function for the pollution stock. We assume
that emissions are generated by polluting production inputs X. As indicated in
chapter 1.2, an alternative assumption often used in the environmental-economic
literature is that emissions are proportional to the entire GDP, Y, rather than to

specific inputs. The pollution accumulation function is then given by
Sy = ky(Y; — 05, (2.63)

In such a setting, all inputs in GDP production contribute to pollution growth and
more productive intermediates generate more emissions. Naturally, in such a world,
saving on the polluting input through deceleration cannot reduce pollution growth.
It can be shown that there will not be deceleration in the long-run optimum, if the
pollution accumulation function is given by (2.63).

In fact, however, not the size of GDP but the extent to which its production uses
polluting inputs and processes determines emissions. Higher productivity does not
by itself accelerate pollution accumulation. It may only do so indirectly through
rebound effects on the use of polluting inputs. However, whether it does depends
on the behavior of economic agents and their willingness to save on polluting inputs
despite higher productivity. We have shown that if the possibility to control the

rebound effect is not taken into account, an important channel to decouple economic

28The convexity assumption for the disutility of pollution is satisfied if and only if (1 — 1/0) <
(—1), which implies o < 1, while u.s < 0 if and only if o > 1.

29The laissez-faire solution with unconstrained pollution growth on the other hand will violate
the non-negativity constraint E; > 0 at some point in time if consumption grows persistently.
An interesting question studied by Michel and Rotillon (1995) is whether a ‘distaste effect’ of
pollution (u.s < 0) will halt long-run consumption growth. The authors show that despite the
distaste effect, consumption growth remains positive.
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growth and environmental degradation is neglected.
Now consider the specification of the production functions. The Cobb-Douglas
production function we have chosen for the consumption goods sector is a special

case of the more general CES-production function

e—1
e

Yt:<aXt +(1—a)(LYtQt)€;1>; 0<e< oo

Long run growth rates and the question how pollution control is achieved in the long-
run optimum now depend on the elasticity of substitution €. If intermediate goods
and the labor input are bad substitutes (¢ < 1), deceleration cannot be optimal,
as the relative marginal product of intermediates X relative to effective labor Ly @)
rises overproportionally in response to a decline in the ratio X/Q. Green innovation
now becomes particularly important, as pollution control can only be achieved by
reducing the pollution intensity of intermediate goods. Without the possibility to
develop cleaner inputs, long-run economic growth would not be optimal (see Acemo-
glu et al. (2012), for example). In our setup with green innovation, on the contrary,
persistent growth is still socially desirable and reconcilable with environmental pre-
servation.

For € > 1, on the other hand, the polluting input is not essential for production. In-
termediate quantity can be substituted by an entirely clean alternative input without
incurring a loss in potential long-run output and consumption growth. Even though
X/@Q may fall and become zero in finite time, there is therefore no deceleration.
When polluting emissions decline to zero, in finite time or asymptotically, green
innovation becomes superfluous. We believe this case to be less relevant empirically,
as no currently existing substitutes for polluting production inputs and processes
are entirely clean.

Regarding the production function for intermediates, we have assumed that in-
termediate goods are produced with labor, and that overall productivity () has a
positive spillover on intermediate production. Therefore, even though labor is in
fixed supply, intermediates are accumulative goods. Whether intermediate produc-
tion uses (effective) labor or GDP affects long-run growth rates in the laissez-faire
equilibrium but not in the optimal solution. It does not alter our main results.
Given that intermediate goods are essentially inputs to their own production pro-
cess when intermediate production uses GDP, the specification with labor as chosen
in this model seems more appealing.

In chapter 5, we analyze how the results of our model are affected when intermediate
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production uses a non-renewable resource as the only input so that production is
limited by the finiteness of the resource stock.

The choice of alternative specifications for the R&D-cost function is limited. Our
specification is carefully chosen so as to guarantee that there exists a well-defined, in-
terior laissez-faire equilibrium and social optimum characterized by constant growth
rates asymptotically.

To ensure a unique finite choice for the step-size in technology both at the laissez-
faire equilibrium and in the social optimum, research costs must be convex in the
step-size ¢ and b respectively (the innovation possibilities frontier must be concave).
Fixed costs are needed to avoid that the mass of research units tends to infinity while
the technology improvement within each unit converges to zero (n — oo, ¢ — 0,
b — 0). Finally, the specification of spillovers from sectorial and aggregate techno-
logy levels makes the setup reconcilable with (asymptotically) balanced growth.

If we assumed that given the R&D-cost function (2.9), not labor but final output was
required to undertake R&D, the social planner’s problem would produce the same
qualitative results. There would however be no balanced growth in the laissez-faire
equilibrium because, while output rises over time, research costs remain constant
due to the spillovers. Changing the specification of the R&D-production function
so as to make it compatible with constant growth also under laissez-faire requires a
highly asymmetric function which is difficult to justify.

Overall, the discussion suggests that the model specification, while restrictive in
some aspects, is intuitive and convenient to handle analytically. The main results
are robust to several changes in the model setup, notably the assumption of non-

additively-separable preferences.

2.6 Conclusion

In this chapter, we considered a Schumpeterian growth model with polluting in-
termediate production, where technical progress can increase the productivity and
lower the pollution intensity of intermediate goods. Pollution accumulation can be
controlled by green innovation and by deceleration. The latter means that growth in
intermediate quantity is kept below productivity growth so that intermediate goods
are used more efficiently over time. This goes along with a cost in terms of foregone
potential growth in consumption and GDP.

We have shown that under laissez-faire, neither green innovation nor deceleration

is chosen in the long run equilibrium. If utility is concave in consumption but the



2.6. Conclusion 71

disutility of pollution is convex in the pollution stock, a path without long-run
growth would be socially preferable.

The long-run social optimum allows for a constant positive long-run consumption

growth rate whenever the representative household is sufficiently patient. However,
persistent economic growth has to be accompanied by persistent pollution control.
It is always optimal to allocate a part of total labor supply to green innovation.
If production is sufficiently inelastic with respect to intermediate quantity, green
innovation is optimally complemented by deceleration to dampen the rebound effect
of productivity growth. Polluting quantity growth has only a minor effect on output
growth compared to productivity growth in this case. Deceleration therefore allows
to gain from productivity growth in a relatively clean way, without incurring a large
loss in potential consumption growth. The relative social return to green innovation
on the other hand is small, so that research is rather productivity-oriented.
We developed a numerical example showing that this case is relevant for reasonable
assumptions about the parameter constellation. While deceleration in the presence
of persistent productivity growth does not require that intermediate quantity falls
in absolute terms, it is not unlikely that this strong form of deceleration, which we
call ‘quantity degrowth’, is optimal. Yet even with quantity degrowth, consumption
and GDP may still rise.

Because there are concerns both in scientific and public debate that environ-
mental care may entail large costs in terms of economic growth, we were interested
in singling out the effect of the environmental externality on the pace of long-run
consumption growth in the long-run optimum. We therefore compared the long-run
optimal consumption growth rate of the baseline model to the optimal consumption
growth rate in a modified setting, when neither environmental quality nor the pollu-
tion stock enters the utility function. We proved that despite the before-mentioned
concerns, consumption growth may be faster when the representative household
cares for a clean environment. The underlying mechanism is that green innovation
attracts labor to the R&D-sector, thereby stimulating also productivity growth. The
strength of the household’s preference for a clean environment, given that there ex-
ists an external effect on household utility, does not affect long-run optimal growth

rates.
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2.A Appendix to section 2.3

2.A.1 Consumer maximization

Taking into account the budget-constraint (2.14), and the fixed total labor supply

L, we set up the current-value Hamiltonian-function

O_C ge—1 O_E l-op
H - ( Ct 7€ — ¢ St 7E ) L
o.—1

l—O'E

1
VAt (TtAt + JwxiLxudi + wytLyy + wpeLpy — CtL>
0

1
+ ALt (L — (fLXitdi + Ly + LDt)>
0

for the household’s maximization problem. v4; is the current-value costate variable
of assets A in t and \j; the Lagrange-multiplier of the constraint on labor. The

first-order conditions according to Pontryagin’s maximum principle are:

OH =1
a—ct — O Rt vAt — Ctdc (2A.].)
OH
9L xa = 0& v Wwxie = ALy
o0H
OLys = 0 vawy, = Ay
OH
9L, = 0 vawps = Ay
OH | |
D4 = PUAt — VAL S VT = pUAs — VA (2.A.2)
0A;
OH o 1 |
87) - At = At = rtAt + waitLXitdZ + wYtLYt + thLDt — CtL (2A3)
At 0
oH 1 ,
= O@L:‘[LXitdl_FLYt_‘_LDt
a>\Lt 0

The first-order conditions for the different types of labor can only be satisfied sim-
ultaneously, if firms in the different sectors of intermediate production as well as
firms in final good production and research all offer the same wage. The household
is then indifferent about the allocation of his labor supply.

The first-order condition for assets, A;, can be restated as v4 = p — ;. Log-

differentiating both sides of the first-order condition for consumption yields

—1

Ct = VA¢.
O¢
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By substituting the expression for U4;, we obtain the Euler-equation (2.15).
Besides the first-order conditions, the transversality condition

lim (e_pthtAt) =0 (2.A.4)

t—o0

must hold. From (2.A.2), the path for v4; can be derived. It is given by vs =

t
v Aoe_f o (re=p)dt, Substituting into the transversality condition shows that the trans-
versality condition implies the no-Ponzi-condition:

lim (eipt'UAtAt) =0

t—o00

t
& UAO}LI?O (e_for’”d”At) =0

As is standard in endogenous growth models, the transversality condition imposes
a lower bound on the rate of time preference, p, to be derived in appendix 2.A.5

below.

2.A.2 Survival probability

We denoted the probability that the innovator from period ¢ is still producing at a
date s > t by P(s). It is the probability that £ = 0 innovations occur in sector i
in the interval [t, s]. As innovations in sector ¢ follow a non-homogeneous Poisson-
process with arrival rate p,;,, v € [t,s], the waiting time between innovations is
exponentially distributed with parameter p,,. The probability that the incumbent
still holds the monopoly position in sector ¢ at time s is then given by

P(s) = _m(s)k e

= (2.A.5)

where m(s) = [ p;,dv.
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2.A.3 Profit maximization and entry in the research sector

The first-order condition for ¢ of the profit-maximization problem is:

D
oF [ﬂ'ijt] _ 0
8%‘3‘7&
1 . 11—« 2 S Z
PN M( j) OKQ(H_O()QOaQit/LYseL (TerHiv)d'UdS — 2thQijt&
t
t

Upon substitution of wp; from (2.18) and elimination of equal terms on both sides,
we obtain equation (2.24).

The zero-profit-condition

E 1] = nB [Vig] — wpidpije = 0

171

simplifies to

ap(l + Qz‘jt)/LYse_ft (o) g — (qz?jt + d)

t

when using (2.18) for wpy, (2.9) for [p;;; and (2.22), taking into account the after-
innovation productivity level (14 ¢;;;)Q; and b;;, = 0 for all 7, j, t. We solve for the

integral /Lyseft (rotii)dv g5 and obtain (2.25).

t
To derive ¢, equation (2.25) is substituted into the first-order condition (2.24)

for g;;;. After simplification, the condition can be written as:
@y + 2qi50 —d =0

Of the two solution candidates for g;j, only the positive, i.e.
" =vV1+d-1

is reconcilable with the first-order condition for g;;;, as ;, is non-negative. Therefore
¢g=+v1+d—11n (2.26) is the solution of the optimization problem.

As g;;; is constant over time, it follows that the integral must be constant as well,
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which yields the condition:

o0

a s
ot /LYseft (retm)dogs | = 0
t
& / Lyse_fts(’””“”)d”ds _ _In
/ Ty 4 [y

We use the result to replace the integral on the left-hand side of (2.25), then sub-
stitute ¢ = /1 + d — 1 on the right-hand side and solve for n;;. We obtain (2.27)
in the text.

2.A.4 Allocation of labor

With the labor-market constraint (2.4) and equations (2.7) as well as (2.21), we
determine entry n, along with Ly, Ly; and, using (2.9), also total research labor
Lp; for any given interest rate r;.

First, it follows from (2.7) with (2.21) that

1
Lx; = / Lxidi
0

062

= Ly.
T _ g

The labor-market constraint becomes:

o2
<1+ )Ly,g~|—nt(q2+d):L
1 -«
We substitute ¢“f and (2.27) into the labor-market constraint and solve for Ly

Lyté%@ﬂﬂ%l)w (L+%((\/1+—d—1>2+d>>

(2.A.6)

SIrd—1)? 1o (14 (o V) (VIFd—1)+d
In the calculations, we used 1 + % + loz( i;ﬁ—dl_)fd =a— ( (171)?)151 ) .

2
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With (2.A.6), labor use in intermediate production is:

2
[0
LXt - LYt (2A7)

1—a
1a&{Ta(1+(ﬁLa;;>rC(l114)rd1)+d<L+%<(\/1+—d1>2+d)>

The expression (2.29) for n given in the text follows upon substitution of (2.A.6)
Vitd-1)*+d (L+125)(Vi+d-1)
2.2 ( —1=_—j=tTa)
G20, W 3 e e P T T (e

. Labor use

in R&D is given by:

1
Lo = / [ tosedidi
0
0

_ Lk _( )( thd- )_ ((\/H—d—1>2+d) (2.A.8)

2.A.5 Proof of proposition 2.1

The path defined by the exogenous initial values @)y, By, Sy for the state variables,
the allocation of labor as given by (2.A.6) to (2.A.8) with (2.31) in the text, Xy
from (2.7), co = Yy from (2.6), the growth rates ¢-F = YF = XLF — QLF BLF —
in every period t and the pollution accumulation function (2.8) satisfies all the
necessary conditions for an equilibrium as defined in section 2.3. If the initial values
Qo, Bo and Sy for the state variables are such that with X from (2.7), the pollution
accumulation function (2.8) yields the balanced growth rate §£OF in ¢ = 0, the path
is characterized by balanced growth. It remains to be shown that the sufficient
conditions for the optimization problems described in the text are satisfied and that
the solution is unique.

The Hamiltonian function for the intertemporal maximization problem of the
representative household is strictly concave in consumption and linear in all other

variables and we have shown that the transversality condition ensures that the no-

Ponzi-condition is satisfied. It follows that the household’s maximization problem
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has a unique solution. The same is true for the static maximization problems in
the R&D-sector as well as the production sectors for the consumption good and
intermediates, which are concave as well. The path described in the text is therefore

TVOLE < p < pUF and, if the initial values

the unique laissez-faire equilibrium for p
o, By and Sy for the state variables are reconcilable with balanced growth, the
unique balanced-growth equilibrium.

The critical value p™VoLF .= 1a(1 — ) (1 - i) uL (1+d)""* is derived from

the transversality condition lim (e PlyaAy) = 0, which has been shown to equal

t—o00

the condition vAotlim (e_for“dUAt) = 0. Substitution of A; = AQGQ t with Ay =

2% (V1+d—1)Qo from (2.28) and taking into account that ry = rL¥
LF_QLF — 0.

The transversality condition is satisfied if and only if ¥ — Q'F > 0. With (2.31)
and (2.32), it follows that 7™ — QF >0 p> 1a(l-a) <1 — U%) puln/1 4 d’

for all ¢ shows that the condition can be simplified to v Avotlime (r

2.A.6 Proof of proposition 2.2

O'C].

For convex disutility of pollution (05 < 1/2), :=2£ is at least one while is smal-

ler than one. In the balanced-growth equilibrlunl7 SUF — §CI;OF =cF, Instantaneous
oe—1 1— G’E l-op
utility wy = J%5¢,7° — 7 S, "7 converges to —¢°(S;) = —yZ 5, 2 and

declines persistently towards (—oo). The long-run growth rate is 1= ;E §LF

Now assume instead that economic growth is given up in a period s < oo:
Consumption growth drops to zero instantly, while pollution growth converges to
zero over time. Initially, the utility loss from forgone consumption growth exceeds
the gain from slower pollution growth so that there is a loss in per-period utility
compared to the laissez-faire equilibrium. This loss is only transitory: In the long-
run, the pollution stock is constant and so is utility. Therefore, from a certain time
onwards, not growing yields a utility gain in each period which increases as t — oc.

Because of the concavity of the utility from consumption and convexity of the
disutility from pollution, the transitional welfare loss is smaller, the later in time
the switch occurs and converges to zero as s — co. Giving up economic growth in

the long run therefore yields an increase in intertemporal welfare.
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2.B Appendix to section 2.4

2.B.1 Sectorial allocation of intermediate production
The planner solves the static maximization problem

1
max Y; = L%,ta/XﬁQ}t“di

Xi1>0
=0

1
s.t. / thdl = Xt
i=0

We denote by Ax; the Lagrange-multiplier of the constraint. The necessary first-

order condition for an interior maximum of the Lagrangian L is:

OL
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<:>Xz‘t = (_> Qit

=0

Axt

1
We substitute the expression for X;; into f X di = X; and solve for \y;:
i=0

1 1

a \ 1T«
_ di = X
()\Xt) /tadz t

1=0

B Qt l—o
<:>)\Xt = Oé(Xt

Substituting Ax; back into the expression for X;; yields (2.33).
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2.B.2 Derivation of equations (2.54) to (2.57)
Equation (2.54) - Asymptotically-balanced growth

The first-order condition (2.40) for X yields a relation between the marginal utility

of consumption and the shadow price vg of pollution:

a— —a —a 1
Vst — —Bt (/\YtOéXt 1L§/t tl _ALtE)

X, \"/ « 1X
= —(1-a)g "B ! Y ——
( a)Ct ! <QtLY1;) (1 — vt (2 Qt

where we used \y; = c{l/ac from (2.39) and Ar; = Ay¢(1 — @) XPQ, “Ly from

(2.44) in the second line. It follows that the relation

—

R A s A — o) 1X
Ugy = — (1/o)a+ B+ (1 —a) <Xt_Qt_LYt) + <1—CYLYt_EaI>

must hold.
In the long-run, for ¢ — oo, both Ly and Lx = éX/Q are constant, so that the

equation simplifies to

@\Soo = = (1/00) /C\oo + Eoo - (1 - O[) ()/{roo - Cjoo) (2B9)
Taking into account that Co, = aXeo + (1 - a)@oo is required for the resource

constraint to be satisfied in the long run, an equivalent equation is
Usoo = (1 = 1/0.) Coo + Boo — Xoo-

Next, we divide the equation of motion for pollution, (2.45), by vg:

St(1—2O'E)/O'E
L -5 =p— T
Ust
On an ABG-path, according to the production function of intermediate quantity, X
must grow at a constant rate in the long run because labor Lx is asymptotically
constant and () grows at a constant rate. It then follows from (2.B.9) that the
long-run growth rate vg., of vg must be constant as well. This implies that the

1-20g

ratio Slf Voe /vs; must be asymptotically constant, so that in the long run, vg

must grow at the same rate as the (instantaneous) marginal disutility ¢S —27#)/7#
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of pollution:
D00 = (1 = 20p) /0 E) Sse. (2.B.10)

Substituting Vge, from (2.B.9) into (2.B.10) and rearranging yields (2.54).

Equation (2.55) - Consumption Euler-equation

We derive the Euler-equation for an arbitrary period ¢ first, and afterwards take the
limit for t — oo.

We divide (2.46) by vg:, which yields the new equation

Ayt coriea | AL X 1 _
ngr + — (1 — ) X7Q, “Ly,* + ——— = p — vg,. 2.B.11
Mgy UQt( ) X7 Q" Ly, vor ¢ Q2 Qt ( )

Next, we replace the Lagrange-multipliers \y and A\, as well as the shadow price
vg and its growth rate:
The Lagrange-multipliers are given by (2.39) and (2.44) for all ¢.

In an interior solution of the optimization problem, n; > 0 for all ¢. Given n; > 0,
we can derive the long-run value of the shadow-price vg and its long-run growth rate

from (2.41): Dividing by n; on both sides of (2.41) and solving for vg, yields

- 2ALeq
t —_— .
N uon

(2.B.12)

With Az; = A\yve(1 — @) XPQ; *Ly? from (2.44) and Ay, = ¢ from (2.39), the

equation is equivalent to:

2 —1/o ( Xy )Oé
vor = (1 —a)—c ¢
o ( ),U ! Qi Ly qt

This implies that
g, =—(1/o)a+a ()?t —@t—LAyQ + G (2.B.13)

Substituting the expressions for vg:, Ay; and Ay as well as vg, in 2.B.11 and

simplifying yields
~ 1X ~ o~ R
(1/o)e+p= 2 (LYt + ;—t) + png + <Xt —Q — LYt) + G-

(s = 0 on an ABG-path

Taking the limit for ¢ — oo, taking into account I//;oo =q
proves that in the long-run, the Euler-equation is given by (2.55) in the text.
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Equation (2.56) - Research arbitrage

To derive the long-run research arbitrage equation, we first manipulate (2.47) in the
same way as (2.46) in the previous subsection.
Given n; > 0, using (2.42) together with (2.39) and (2.44) to replace the Lagrange-

multipliers, the shadow price vg; and its growth rate are given by

2 by
= 2.B.14
Ut 1B, ( )
2 —1/c < Xt )a Qt
= (1l—a)—¢ " —b
( )M ' Qily:) Bi '
and
vpy=—(1/0.) ¢ + « ()?t - @t - Z:’t) + @t — pngby +/b\t (2.B.15)
respectively.

In the derivation of equation (2.54), we have shown that the relation
-«
Vs = —(l—oz)ct_l/U“Bt( he ) (ﬁLw - lg;) holds. Dividing equation (2.47)

QtLyy ¢
by vgy, substituting for vg, g, Vs, Ady: and Az; and rearranging yields:
1/0, = — - —— X, — L 1-— b
(1/oc)e+p %, (1—a Yt @QI‘)‘{'@ t— Ly ) +(1—a)Q + b

In the limit for ¢ — oo, the equation becomes

(1/0.)Co + p = % (%LY&, - é (%) ) taXe+ (1-a)0s (2.B.16)

as b, 1S constant.
Setting equal the right hand-sides of (2.55) and (2.B.16), we obtain (2.56).
Equation (2.57) - Indifference

Equation (2.57) is obtained directly by substituting (2.B.12) and (2.B.14) for vg;
and vp; in (2.43) and taking the limit for ¢ — oo.
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2.B.3 Long-run solution to the necessary conditions for para-

meter constellations in proposition 2.5 (§OO > (—=6))
(1.) Balanced growth (X, = Q)

The long-run optimal values for ¢ and b follow from equations (2.58) (which in
turn was derived from the asymptotically-balanced growth condition (2.54)) and the
indifference condition (2.57): Using the accumulation functions for @) and B, the

ratio Beo/Qos = 1 — % in (2.58) is equivalent to by, = (1 — —((1?;3;;> Joo-

Substituting into ¢ + b% = d (equation (2.57)) yields the long-run solution for ¢,
which is then used to determine b, from b, = (1 — M) (oo

1-og)/oE

o\ —1/2
oo = <1+<1—%)) d'/? (2.B.17)

—1/2
c 1 c c 1 c ?
boo = <1 — M) 1+ (1 — M) dt/? (2.B.18)
(]_—O'E)/O'E (1—O'E)/O'E
Neo 18 determined from the consumption Euler-equation (2.55). First, we solve

the labor market constraint (2.52) for Ly o:

1 /X
Lyec=L— = =] —nel(dd +0% +d 2.B.19
i (3) e emen enn

We substitute ¢% + b%, = d from (2.57) in (2.B.19) and (2.B.19) together with
Cop = X Qoo = Moo in (2.55). Solving the Euler-equation for n.,, we obtain

the solution:

—1
sHa L —p
" (d—(1-1/0.,) &) pag (2.8.:20)

1 (oc— l/ap —1/2
2 (1+ (1 (1-0og /UE ) d /ML_p (O’C—]_)/O'c 2 2
“(1‘( )

_M 1/2 l—o0g)/og
(1/Uc+<1 - )/0E> >/Ld/

In the second line, the solution for ¢, in (2.B.17) was used.
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The amount of labor devoted to R&D-activities in the long run is

Lpse = MNoolq> + b2 +d)
— on.d. (2.B.21)

The research arbitrage equation (2.56) yields the balanced-growth amount of
labor in intermediate production Ly = é(X /Q).,, which is proportional to the
ratio (X/Q),: We substitute (2.B.21) in (2.B.19), (2.B.19) in (2.56) and solve the

resulting equation

1

R G Y .0 A P .
2q_oo(L_2n°°d)_2boo(1—a<L @(Q)m 20001) w(@)m)

for - (X/Q).: The solution is

Lxeo = é <§>OO = (1-a) ( “ bﬁ) (L — 2nood) | (2.B.22)

Q -« Goo
with ne given by (2.B.20) and 0= =1 - % from (2.58).
With the solutions for Ly = é (X/Q),, and Lps, we derive Ly, from (2.B.19).
boo
Lysw = (1—a)(1+"2) (L - 2nud) (2.B.23)
4o

o\ 1/2
(Ucfl)/o'c 1/2
<2 (0. —1) /0. 2 <1 + (1 - (1*JE)/UE_) ) d?p—(1—1/o.) uL
OEED) /o—E) | 1 VR
2 (1/0.+ (1 - —(3_0E3§0E> i
Next, we determine the long-run growth rates for ¢, Y, X, @, B and S. We first

derive the common growth rate @oo of @, ¢, Y and X. With the solutions for n.,

and ¢, we find that the growth rate of productivity is:

Qe = HWNooleo (2.B.24)

1 1 (0.~ 1) fo. \*\
o.—1) /o, _
- ERY 5(”(1_W)> k=
o+ (1- el £)/0F

1-0g)/oE

The growth rate of intermediate cleanliness can be deduced directly from (2.58).

The long-run pollution growth rate follows from (2.54), taking into account that

~

X — B — §Oo = 0 holds under the assumption that corollary 2.1 does not apply
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so that S, > (=6). The long-run growth rate S is given by:

S _ (Uc_l)/ac/cx
(1—0’3)/0’3 >

(0e—1)/oe
Uon)os 1 (0. —1) /o,
_ (I—on)/o5 . —\/1+(1 ( ) 42—

_ (oe—1)/oe 2 1—o0g)/oE
l/o.+ (1 (lfaE)/crE>

N
8
|

(2.B.25)

It remains to be proven that S is indeed larger than (—8) for o, < 1, and that
the non-negativity constraints as well as the transversality conditions are satisfied.

The condition on model parameters to ensure Soo > (=6) for o. < 11is:

1/2
1 (0o —1) Joo \ _
delta _ — 4 1 2¢ “J//7c¢ d 1/2 L 2.B.26

B i+o_@nqw%y (1-0x) /o5
o (1—0g)/og (1—-0.) /0.
Equation (2.B.26) also ensures that (X/(BS)), > 0. Whenever o, > 1 so that
S. > 0 in a growing economy, S > (—6) and (X/ (BS ) > 0 is satisfied for any

p which allows for positive long-run consumption growth.
In the derivations of the above equations, an interior solution with n., > 0 was

presumed. Equation (2.B.20) shows that ny, > 0 if and only if

o\ 1/2
p < Ppe = % (1 + (1 - W) ) d-2,L. (2.B.27)

1—O'E)/O'E

For the remaining constraints, it is sufficient to prove that the transversality
conditions are satisfied: As is standard in endogenous growth models, the transvers-
ality conditions guarantee Ly, > 0. Because (X/@)., in (2.B.22) is proportional
to Ly, it is strictly positive as well.

To prove that the transversality conditions are satisfied, we use (2.B.13) to ex-
press the long-run growth rate of the shadow price v on a balanced growth path
as function vg = — (1/0.) Qs of the state variable. tlggo (e P'vg:Q:) = 0 holds
whenever the rate of time preference exceeds the long-run growth rate of vg,Q:.

Using vg_ = — (1/0¢) Qo the formal condition is p > (1 —1/0.) Qs. Upon sub-
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stitution of (2.B.24) and rearranging, this is equivalent to

1/2
1 1-1/0, o.—1) /0. \” .
b VO _ / )QG+(15 )/ )) v

2”(“% l—op)/on

l1-og)/oE

(2.B.28)
Note that for 0. < 1, the right hand side is negative so that the condition is satisfied
for any positive p.
Using (2.B.9) and (2.B.15) to derive 035, and g, the same condition is obtained
from the transversality conditions for B and S.

(2.) Asymptotically-balanced growth with deceleration ()?oo < Q\OO)

The long-run values ¢, and by, are derived from (2.59) in the text, which follows

from the research arbitrage equation (2.56), and the indifference condition (2.57):

9\ —1/2
(0
= (1 1/2 2.B.2
i ( +(1_a)> a (2.B.29)
o o 2 71/2
boo = e (1 " (1 - a) > " .

Neo 18 determined from the consumption FEuler-equation (2.55) as in the previous

subsection. First, the labor market constraint (2.52) is used again to express Ly«
as function of n.. With tlim (X/Q) = 0, labor use in intermediate production

converges to zero asymptotically, i.e.
1

while the total amount of labor in the R&D-sector is still given by Lps,, = 2ns.d

from (2.B.21). The labor market constraint becomes
Lyeo = L — 2n..d. (2.B.31)

We substitute (2.60), (2.61) and (2.B.31) in the Euler-equation (2.55) and solve for
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Neo- 1he solution is:

UL — pgoo

oo = 2 (2.B.32)
(d 010 (1425 >) qgo) p

1+ﬁ(1_ (00*1)/0%

(1-op)/op

(e ) (1012 (- )

a oc.—1)/oc _ _
<1/UC+E<1—ﬁ>>dllJ l -« 1 UE)/UE

In the second line, ¢, from (2.B.29) was used.

Lpe and Ly, are obtained by substituting n., in (2.B.21) and (2.B.31).

Ly = L—2n.d (2.B.33)
@ oc—1)/oc a \?2 —1/2
21t (1 ) (1 ) =i
a (Ucfl)/o'c
(1/Uc +ia (1 - (170E)/0E>> H

With (2.B.32) and (2.B.29), we derive the long-run productivity growth rate:

@oo = [UNoooo (2.B.34)

14 o (1 _ M) 2\ /2
1—a (1-og)/op 1 (1 + (L) ) AL —p

1 a (0c=1)/oc a )2 2 1—
<a_c +ia (1 - (1_UE)/UE>> (1 + (E) ) @

The long-run growth rates of cleanliness B, intermediate quantity and consumption

(and GDP) can be found by substituting Q. in (2.59), (2.60) and (2.61) in the text
respectively:

o (14 o (1 _ (ge=1)/oe >> o\ 1/2
=17 - ( 1_(O[ 1/ W 2 % b (1 - ) Pk e
« Oc— Oc o —
<a_c Tia (1 - (170E>/0E)> (1 + (%) )
(2.B.35)
1+1L2_ (1_ (oc=1)/oc a o\ 1/2
% -~ (1-om)/o -« 1 o 3
Ro= PTTm |5 1+(1_a) 420l — p
(Z Tia (1 - (1-&@/@)) <1 +(123) )
(2.B.36)
~ 1

1 o\ 1/2

«
= ~ 1 a2l — 2.B.37
¢ %_,_L(l (Uc—l)/0c> 2< +<1_0‘)> : g ( )

- (1—og)/oE
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~

The growth rate of the pollution stock is §oo = Xoo — Eoo, which is equivalent to

R (Ugfl)/crc 1 a 2
Soo - (1=op)/oe “4/1+ ( ) d_1/2'uL 2 (2B38)
1/o.+ 12 ( ey ) ’ e

(1-og)/oE

The condition on the rate of time preference needed to ensure Sy, > (—0) foro. < 1

1 9 1/2

delta Q -1/2

> =—-11 d L
P pDec 2 < + (1 . Oé) ) 12

_(i+ o (1_((00‘1)/"C>>(1_”)/”5 (2.B.39)

o, 11—« 1—o0g)/og (1—-0.) /0.

is given by:

Similar to the previous paragraph, §oo > (—0) is satisfied for any p reconcilable with
positive long-run consumption growth if o, > 1.

The upper bound on p to guarantee positive long-run growth is:

. o\ 1/2
P = (1 + (1 fa) ) 42yl (2.B.40)

Similar to the previous subsection, it remains to be shown that the transversality

conditions are satisfied, because Ly, > 0 then follows from (2.B.33). Taking the
long-run growth rates of vg, vg and vg from (2.B.9), (2.B.13) and (2.B.15) into ac-
count, we derive the condition p > (1 — 1/0.) ¢ which, with (2.B.37), is equivalent
to

1 1—1/0 o 2\
p > ppvC = - : 1+ —— d-V?uL.  (2.B.41)
2 a _ (oe=1)/oc l—«
L+ 1-a 1 (1—og)/oE

Again, for 0. < 1, the condition is satisfied for any positive p.
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2.B.4 Definition of boundary values for the rate of time

preference

From (2.B.26) to (2.B.27) and (2.B.39) to (2.B.41), we define the following boundary

values for the rate of time preference:

9 1/2
1 (cc=1)/0c — a (0c—1)/oc

_ =05)/78 @ (=oz)/on
— o o) (2.B.42)
1 o - o Tc— Oc
F (14 (2)") L, Ta <1~ opny/os
9\ 1/2 a1 _ (ee=l)/oe
1 _ (oe=D)/oe ~1/2,,], _ o, U=oB)/on s 1-a (=op)/on’
2 (1 * (1 (1—03)/0E> ) d pl = (1=oc)/oe & 0. <1 o
pdelta — ‘
{ 1 o 2\ 2 1/2 (1—og)/oE o <1- ((10_6_1;70 ’
5(1+(m)) d7V2pL — ke e, ac<1E ’
(2.B.43)

1-1/ (0c—1)/ 2\ /2 (oc=1)/
1 o ) 1+(1——°C "c) d12pL, o s ] — (el

2 ve—1)/oe (1—og)/o @ (1—0og)/o
pTvC ::{ 1+(1—4((175El;§a,5 mee BnE
z 1-1/oc a2\ g _a_ _ loe=1)/oc
e ) (1 (%) ) APl e <1~ oo
L-a (1-og)/oE

2
= L4 (1 _ M) and Ky = i+ a <1 — M) are positive constants.

1-og)/oE 1-a (1-og)/or

2.B.5 Long-run solution to the necessary conditions for para-

meter constellations in proposition 2.6 (S, = (—4))
(1.) Asymptotically-balanced growth without deceleration

With )A(oo = CA)OO, it still follows from the resource constraint that

Substituting into the asymptotically-balanced-growth condition (2.54) with §oo =

(—8) and solving for Ba, we obtain

Boo = (1/0.) Qus — ((1 — 201) Jog) 6. (2.B.44)
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As o, < 1, the ratio Eoo/@oo in (2.B.44) is larger than Eoo/@oo =1 — foeelioe

a (U—om)/op
in the case with So, > (—0) for every constellation of parameters that satisfies the

condition Qu, > U=0E19E§ for G — (—4).

(1- —0ec )/ oc
The ratio By, / QOO implied by (2.B.44) is only reconcilable with the research-
arbitrage equation (2.56) if it does not exceed t2-. If (1/0.) < %, this is true for

any Cs > 0. If (1/0.) > 1%, Boo/Quo < o= s guaranteed by the condition

(1—20’E)/O'E

Qo < Jgr) - =

5, (2.B.45)

which implies a lower bound on the rate of time preference p.
With Eoo = UNgbs and @oo = lUNoo(s and using the indifference condition
(2.57), ¢ + b2, = d, to express by, as function of ¢, equation (2.B.44) can also be

written as

o/ d — g% = (1/0.) ineeqeo — (1 — 20g) JoRg) 0 (2.B.46)

The consumption FEuler-equation (2.55) does not depend on §OO or the ratio

Eoo / @oo. It yields the same relation

i L —p .
(d=(1=1/oe)gd)p ™

between n., and ¢ as in the balanced-growth case.

Neo =

(2.B.47)

Equations (2.B.46) and (2.B.47) form a system of two equations in the two
unknowns ¢, and ns,. Moo as as function of ¢ in equation (2.B.47) is unchanged
from the balanced-growth case. However after substituting for n., in (2.B.46), it is
not possible to solve (2.B.46) for ¢, analytically due to the mixture of exponents.

Depending on parameters, there may be a unique solution, two solutions or no
solution. To prove this claim, consider equation (2.B.46), where n. = n(gso) is
given by (2.B.47). We divide both sides of equation (2.B.46) by 7. (¢so):

pd = g3 = (1/0c) 140 — nOO(CIOO)_l (1 =20g)/og)d

The left hand side of the modified equation is non-negative as well as decreasing

and concave in ¢.. The right-hand side is positive whenever the condition for

§Oo = (—5) is satisfied, because (nsGo = @Oo (12‘;&5 is a weaker condition
than QOO 11%);?5 For 0. < 1, in the relevant range with QOO Wé the

right-hand side is concave and first increasing, then decreasing in ¢, because the
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first term is linear and n.,(gs) " is decreasing and convex in ¢, whenever o, < 1.

A unique solution exists if and only if the value ¢o = v/d, which sets the left-
hand side of the equation to zero, lies between the two zeros of the right-hand side.
An equivalent condition is that at ¢, = V/d, the right-hand side is positive. This is

true if and only if
1
p < 5;wl*WL —((1 = 20%) Jog) 0.

(2.) Asymptotically-balanced growth with deceleration

As in the case where S, > (—6), the research arbitrage equation (2.56) with
(X/Q),, = 0 yields
EOO/Q\OO = -
Using the indifference condition (2.57), the long-run solutions for ¢., and b, are
given by (2.B.29) and (2.B.30).
With §Oo = (—9), the relation between )?Oo and @\oo differs from the one in

appendix 2.B.3: Substituting ¢ = a X + (1—a) Qoos Boo = ﬁ@w as well as

1—a’

Soo = (—6) in the balanced growth condition (2.54) we obtain the following expression

for )?Oo as function of Q\Oo:

e 1 (=2m)/op 14 ()"~ (Vo —5%) 5

*© 7 —04%(1/00)-1-1 . (1/Uc)+1 Qoo (2.B.48)

(1-20g /O’E
(1/oc)—

necessary and sufficient for deceleration, are satisfied, the growth rate XOO is smaller
than @Oo.
With X, from (2.B.48), o = a X + (1 — @) Quo yields

Whenever the two conditions 1/0, > - and @m 726, which together are

- _ o (1-20p)/op,  1+(:% =)’
T ol-a (/o) +1 2 (1/o.)+1

Qs (2.B.49)

In the same way as in appendix 2.B.3, we derive n., from the consumption
Euler-equation (2.55):

a 1-20 o
UG L—p+ (1 —1/oc) 2 %(5

(1- 1/06)(1+( ) _
(d (et T | M

Lps and Ly, are given by (2.B.21) and (2.B.31) respectively.

Noo —
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The growth rate of productivity is:
@oo = HNooleo
o\ —1
o o
= (1- —— )11 2.B.
( a)(l—a+a><+(1—a)) (2.B.50)

1/2
1 a \’ _ a (1—20g)/ok
— |1 V2,1 — 1-1
2( +(1—0¢)> A nl = p+ /06)1—04%(1/06”15

The growth rates of intermediate quantity and consumption (and GDP) follow from
(2.B.48) and (2.B.49).

1+ (12)" = (L)oo — 125)

R = L U=2om)oss gy, . (2.B.51)

T—ats (/o) +1 T+ (1)

9\ 1/2

l—aq* (1/o)+1

N a (1—20g)/oE
Coo =
l—aq* (1/o.) +1

o\ 1/2

§+(1—a)o, (2.B.52)

-« l—a%(1/o.)+1

As S = (—0) only occurs for 0. < 1 and sufficiently large values of the long-run
consumption growth rate, it can readily be verified that the transversality conditions

and the non-negativity constraints for Ly and n.. are satisfied for any p < plelta,

2.B.6 Proof of proposition 2.3

Given that g, > 0 and ¢, is proportional to @oo in both cases of appendix 2.B.3,
Coo > 0 & ng > 0. It follows that for parameter constellations as assumed in
proposition 2.5, long-run consumption growth is positive if and only if p < p.

The cases in proposition 2.6 only occur for sufficiently fast consumption growth
so that whenever proposition 2.6 applies, ¢,, > 0 is necessarily satisfied and no

additional restriction of the parameter range is needed.
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2.B.7 Proof of proposition 2.5

The allocation of labor and the long-run growth rates derived in appendix 2.B.3 for

(gc—1)/0c (0c—1)/0c
(1-ogp)/og (1-og)/oE

first-order conditions as well as the non-negativity constraints and the transversality

= >1- and % < 1-— respectively satisfy all the necessary
conditions, given the parameter restriction p < p < p in proposition 2.5. They
therefore describe a solution of the set of necessary conditions. It remains to be
shown that the solution is unique.

The only other solution candidate which has so far been excluded by the as-
sumption of an interior solution is a solution with n,, = 0. To prove that n., = 0
cannot be an optimal choice for n under the parameter restriction p < p, we show
that, given n,, = 0 and p < p, the partial derivative of the Hamiltonian-function
with respect to n is positive in the limit, i.e. tlg?o %—Z ln.=0> 0. This condition is

satisfied, if and only if
Voo G0 @00 + VBooltboo Boo > ALco (qgo + b2+ d) . (2.B.53)

Given ny = 0, the first-order conditions (2.41) and (2.42) for ¢ and b are always
satisfied and the social planner is indifferent between any levels of ¢, and b.,.
Because every choice of ¢, and b, must yield the same level of intertemporal welfare,
any particular pair can be selected as solution. We define the limits nggoq(noo) and
nggob(noo), obtained from the first-order conditions given n,, > 0 as the solutions
in this case. The limit for ¢ can be derived by solving the Euler-equation (2.55) for
q instead of n. The limit for b follows from (2.58) or (2.59) respectively. It differs

between the balanced-growth case and the case with deceleration.

Balanced growth

Substituting the labor market constraint (2.B.19) into the Euler-equation (2.55) and
taking the limit for n,, — 0 on both sides yields niiogoq(noo) = £L/p. Accordingly,

the limit for b is limob(noo) = (1 — M) £L/p from (2.58). The research-

Moo —> (1-og)/oE
arbitrage condition (2.56) requires that lim X (ny) = (1 —a) 4,0( o — lq’%:) L in

o0 @ 1—a
the limit.
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We then determine the values of the shadow prices vg. and vps for ne, = 0
from (2.46) and (2.47) with (2.40) and (2.52), taking into account that X, c,

@, B and S are constant in the long run. We obtain the expressions vg. =
Mo (B + £ (3) ) 5 and v = M B2 (2250 = £(3) ) 3

¢ P
Substituting vgee, VBeo, limoq(noo), 1im0b(noo) and limog(noo) aswell as Ly, =
L— é (%) in (2.B.53) and simplifying yields
0
lim— > 0
tg?o on

9\ 1/2
1 (0.—1) /o, —1/2
s é(”(“m)) i

o 1/2
Because 1 (1 + (1 - M) ) d=Y2uL = ppy, which is the upper limit for

(1—og)/oE

(0e=1)/o

> 1 - %, we have shown that given p < and 22 > 1 — =7, no

solution to the set of necessary first-order conditions with n., = 0 exists.

Asymptotically-balanced growth with )A(oo < @oo

In the asymptotically-balanced-growth case, it can readily be verified from (2.55)
that n(l)iogoq(noo) = £ L/p as before. The limit for b changes to nE,IEob(noo) ==EL/p
and lim X (neo) = 0.

e
Proceedlng as in the balanced-growth case, we find that hm %IZ >0 p<

1/2
2 <1 + (ﬁ)z) d~Y2uL. The right-hand side corresponds to the upper bound p

_a _ (cc—1)/0c
for ;7= <1 (-op)jon"

optimal solution in the given parameter range.

Again, hm %Z > 0 proves that n,, = 0 cannot be an

2.B.8 Proof of proposition 2.6

In the case without deceleration, depending on parameters, one, two or no interior
solution to the set of first-order conditions with the properties described in propos-
ition 2.6 may exist as shown in appendix 2.B.5.

The solution derived in appendix 2.B.5 for the case with deceleration (1/0. >

[e]

%= and Qoo > %’Wé) satisfies all the necessary first-order conditions given

p=p
provided for the case with deceleration.

delta " Uniqueness follows from appendix 2.B.7. No further proof has to be
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2.B.9 Long-run growth in the model without pollution ex-
ternality (¢ = 0)

Without pollution externality, utility depends on consumption only:

o oc—1
U= / L
t 1

=0 Oc —

The first-order condition for S becomes

OH

= — PUst+ — @St <~ _5USt = pUst — i)st (2B54)
05,

This condition can only be satisfied if vg; = 0 and 05, = 0 for all ¢. The second
solution vg; > 0 with Ug; = p + 0 violates the transversality condition for S for all
feasible long-run growth rates S > (—9).

The first-order condition (2.40) for X then directly yields aggregate intermediate

production
o

Xy = ©Qt Lyt (2.B.55)

11—«
for any given labor supply Ly, and productivity level Q.

With vg; = 0, it follows from the first-order condition

vpepniby = pupy — Upy

for B, that vg, = 0 and v = 0 for all +3°.
If v = 0, it is optimal to set by = 0 for all ¢ as can be seen from (2.42). Then the

optimal long-run level of ¢ is
¢o=" = Vd (2.B.56)

from (2.57).

As Ly is constant, we conclude from (2.B.55) and the resource constraint that
)A(oo = Coo = Q\oo. We can still determine n, from the Euler-equation (2.55). Using
Xoo = O = @oo, q = V/d, the labor market constraint (2.52) and the indifference

condition (2.57), the solution is

1 1
nwo:—(_d—w L )
T (oo vap \2° TP

30 Again, there is a second solution gy = p — punby but like the non-zero solution for vgy, it does
not satisfy the transversality condition for the associated state-variable (B).
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The growth rate of production, consumption and productivity is

Qi}ozo = HNofo

1 /1
= — (=dY?uL — 2.B.
o (2 u p> (2.B.57)

which is positive whenever p < p¥= = 1 pd~'/2L.

2.B.10 Proof of proposition 2.7

(1.) Comparison of consumption growth in the baseline model to the
model with ) =0

(i) Parameter region for positive consumption growth: Comparison of
1/2

P = su (1 + (ﬁ)2> d~'2L and p¥=° shows that positive consumption

growth is optimal for larger values of the rate of time preference with ¢ > 0

1/2
than with 1) = 0 because <1 + (ﬁ)2> > 1.

(i) Consumption growth rate: If proposition 2.5 applies (Sy > (—4)) and
there is deceleration in the long-run optimal solution, the long-run consump-
tion growth rate in the baseline model is given by (2.B.37). If proposition 2.6
is relevant (Ss = (—4)), equation (2.B.52) displays the consumption growth
rate. Comparison of (2.B.37) and (2.B.52) respectively to the growth rate in

(2.B.57) proves the claim in the proposition.

(2.) Influence of the size of

Given S > (—6), it follows from equations (2.B.34) to (2.B.38) that long-run
growth rates are not affected by the parameter ¢. If §oo = (—9), the relevant
equations are (2.B.50) to (2.B.52) and Ba, = ﬁ@m



Chapter 3

Local stability analysis and

transitional dynamics

Our propositions from the previous chapter are only relevant if at least for an initial
state of the model-economy close to its long-run path, there exists a transition
path which leads towards the long-run solution. We therefore study local stability
properties and transitional behavior of our model in this chapter.

At the laissez-faire equilibrium, all variables except the pollution stock grow at

their balanced growth rates at all times and the pollution growth rate converges for
any initial conditions. It follows that the balanced-growth laissez-faire equilibrium
is globally asymptotically stable.
For the long-run social optimum derived in the previous chapter, the stability prop-
erties are not as apparent. Unless there exists a balanced-growth optimum, and
initial conditions are such that the economy starts on the balanced-growth path in
the social planner’s solution, all variables exhibit transitional behavior. Due to the
complexity of the non-linear model, the transition paths cannot be found analyt-
ically. For the same reason, global stability analysis of the long-run optimum is
beyond the scope of this thesis.

We examine local stability of the social planner’s solution close to the long-
run optimum numerically for a set of 88 different parameter constellations. For
ease of exposition, the analysis is limited to parameter constellations for which the
conditions of corollary 2.1 in chapter 2 are not satisfied (S. > (—4)). In a reasonable
parameter range, we find that for any initial state of the economy, there exists an
optimal path which converges towards the long-run solution derived in the previous
chapter.

Transitional dynamics are studied for an exemplary parametrization with de-

96



97

celeration. The analysis of the trajectories suggests that the optimal solution is
characterized by green innovation and deceleration not only in the long run but
also throughout the transition path. Further, it becomes apparent that the initial
technology endowments of an economy are crucial for the optimal consumption- and
pollution profiles. Economies with an initially more advanced technology enjoy per-
sistently lower pollution levels, higher consumption levels and larger intertemporal
welfare.

In preparation of the numerical analysis, we reduce the set of necessary first-order
conditions for the social planner’s problem in chapter 2 to a dynamic system of six
non-linear first-order differential equations in six variables. To study local stability
properties, variables which are not constant in the long run have to be rescaled
so that instead of asymptotically balanced growth, the dynamic system displays a
stationary solution in the long run.

For the numerical analysis, we choose the relaxation algorithm by Trimborn,

Koch and Steger (2008). The algorithm requires as input the dynamic system, ini-
tial values for the state variables and an initial guess for the long-run steady-state
and the transition path. Based on this information, it iteratively searches for the
true transition path of the scale-adjusted system. Moreover, it computes the ei-
genvalues of the Jacobian-matrix at steady-state, which reveal the local stability
properties of the long-run solution.
A major advantage of the relaxation algorithm over more established numerical
procedures such as backward integration (Brunner and Strulik (2002)), projection
methods (Judd (1992); Judd (1998), chapter 11) or time elimination is that it is
well-suited to deal with two characteristics of the present dynamic system which
complicate numerical analysis: center manifolds and multi-dimensional stable man-
ifolds.!

A center manifold is tangent to the eigenspace spanned by the eigenvalues of the
Jacobian-matrix with real part zero’. In the dynamic system considered, the cen-
ter manifold represents the continuum of steady-states into which scale-adjustment
converts the asymptotically unique ABG-path of the social planner’s solution. In
the balanced-growth case, the center manifold is one-dimensional, while it is two-
dimensional if the long-run social optimum is characterized by deceleration. Ac-
cordingly, the Jacobian-matrix evaluated at the center has one or two eigenvalues

with zero real part respectively. Both with balanced growth and with deceleration,

IFor a more detailed comparison to alternative procedures, see Trimborn et al. (2008).
2See, for example, chapter 9.4 in Tu (1994).
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there exists a three-dimensional stable manifold in which trajectories converge to
the center.

This chapter is organized as follows: The scale-adjusted dynamic system and the
center manifold are described in sections 3.1 and 3.2. In sections 3.3 and 3.4, we
explain the relaxation algorithm and its implementation. Section 3.5 presents the

results.

3.1 The scale-adjusted dynamic system

In general, there are different ways to transfer the original dynamic system, which
is characterized by balanced growth asymptotically, into a system with a long-run
steady-state®: One approach, to which we resort here, has amongst others been used
in the analysis of the Lucas (1988)-Uzawa (1965)-model. All variables with long-run
growth rates different from zero are rescaled, so that their motion is slowed according
to the respective long-run growth rates. The second option is to build ratios of
variables which are constant in the long run, as is usually done in the Ramsey-Cass-
Koopmans-model, for example, and define theses ratios as new variables.

We choose scale-adjustment, because it has the advantage, also pointed out by
Trimborn (2007), that the paths of the unscaled variables can be recovered from the
development of the scaled variables.

As explained in chapter 2, the allocation of labor to research and production of
final output and intermediates is stationary in the long-run optimum (Ly s, Lxoo,
Mooy (oo, Doo are constant). All other aggregate variables z grow at constant growth
rates 2., different from zero. We rescale these variables so that Z; = z;-e 2" denotes
the new variable, which converges to a constant value as ¢ tends to infinity.*

The set of scale-adjusted first-order conditions resembles the original conditions
except for an exponential expression e(Xoo=Q)t ip the scale-adjusted first-order con-

ditions for X and @ and in the labor market constraint:

Vst | v ~ LA\ (5.6
@ + )\YtOéXta_lL%/_ta %—a — _#e(xoo—Qoo)t =0
B Qi
A o aria Al X g
—pnggy — =2 (1 — ) XPQ; LY, — #_T;G(Xoo Qoo)t
VQy V@, gOQt
o S _
+U__a(Xm_Qm) +/) = UQt

3See also Trimborn (2007), pp. 85/86.
4 Appendix 3.A.1 shows the details of the scale-adjustment.
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Ly, + — = eX==0=) (@2 402 +d) = L

Lo

Along the long-run balanced-growth path, )?oo = @oo and e(X=—Q=) = 1 for all ¢.
Otherwise )A(OO < @oo, so that e(Xe—Qw)t converges to zero as t — o0.

In appendix 3.A.2, we combine the first-order conditions so as to eliminate the
Lagrange-multipliers and costate variables as well as the control variables n and
c. The remaining equations form a system of six non-linear first-order differential
equations in the three control variables b, Ly and X as well as the three state
variables @, B and S.

b 1 d—021 b o 1o~ 0 4 (%25 b
R L Kr =~ ) O Ly (ﬂ + 1) .1
— Y — Y
)N( 1 ~ 1—
=t - p—Xoo—— 2L Ja—w2L
X, a( _ A) 2d
be
1 > 1<
+ L A= N Ly, (1 - —XtQt_lL;le(X‘X’_Q‘”)t>
a1-1)2 ~(1 =) (& +52) @
1 1— 1 1 —~
— ithYt + “ < + “ ) Ly, (3.2)
a(l—a)(l 01>2d «Q (1_‘%) . l1l—a
. ~172¢7E 1
Lyt = —0.,p+ (0. —1)9S, °7 L=
LYt € Na(l_i)_l ~ (1704)(17(%6) ~
Xt (Ltht> B,
—(1- (0 g g Retet) 5
(I-a)(o.—1) I—a ¢ 1@y Lye
a1y 17 =1 ,(Xee—Qoo)t | bt
+u((1—a) (0. —1) L+ Lyy) T (1_a S XiQy Lyye ) Ji 33)
t ~ o~ ~ ~ .
2d (14 LG, Ly el @)
S X 5.3, (3.4)
St BtSt
ét Lp 3 s~ (Roo—Qoo)t A
5 = 53 d— bt L— LYt 1+ ;XtQt LYte - Qoo (35)
t
B 1 1~ ~ ¢ 5 ~
Et — E%bt <L — Ly, (1 + EXtQtlLYie@fooQoo”)) — By (3.6)
t

The expression e(X=~@=) gccurs in all equations except for equation (3.4). If the
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parameter space is such that the long-run optimal solution is characterized by
deceleration ()/(\'oo < @oo), the scale-adjusted dynamic system is therefore non-
autonomous, i.e., explicitly dependent on time. The relaxation algorithm by Trim-
born et al. allows to analyze also non-autonomous dynamic systems. While in prin-
ciple, time dependence may complicate local stability analysis, it does not impair
the analysis of the present system of differential equations because the system con-
verges towards an autonomous system asymptotically.® Li and Lofgren (2000) show,
building on Benaim and Hirsch (1996), that if the time-dependent term declines ex-
ponentially, as it does in the above equations, any solution to the non-autonomous
system converges to the solution of the autonomous limit system asymptotically.
The two systems share the same local stability properties near the long-run steady-

state.

3.2 Steady-state: The center manifold

The scale-adjustment described in the previous section turns the asymptotically
balanced growth path of the social planner’s solution derived in chapter 2 into a
continuum of steady-states. The manifold of steady-states is a center manifold.®
We now implicitly characterize the center manifold by solving for the steady-states
of the scale-adjusted dynamic system, both when the original system is characterized
by balanced growth in the long run and in the case with deceleration. The steady-
state levels of the unscaled variables b and Ly are known from chapter 2. The levels
for the scale-adjusted variables have yet to be determined.

From the steady-state solutions, it becomes obvious that in the balanced-growth
case, the center manifold is one-dimensional, while it is of dimension two in the case

with deceleration.

3.2.1 Balanced growth

When there is balanced growth in the unscaled system, @Oo = )?oo. It follows that
e(Xo=Qx)t = 1 for all t. The steady-state solutions for b, and Ly, are given by
(2.B.18) and (2.B.23) in chapter 2. The long-run level of the ratio Xo/Quo, can,
for @oo = )?oo, be inferred from equation (2.B.22) in chapter 2. It can be verified
when setting the right-hand sides of (3.1), (3.5) and (3.6) to zero, that by, Ly~ and

)~(oo / @m as determined in chapter 2 are the unique solutions to this homogenous

®The concept of asymptotically autonomous equations goes back to Markus (1956).
6A formal proof can be found in corollary 10 in Trimborn (2007).
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equation system.

The ratio 5500 / @oo defines )?oo as a function of @oo. Presuming Ly /Ly oo = 0 must
hold at the long-run steady-state, it becomes obvious that the right-hand side of
(3.2) is a linear combination of the right-hand sides of (3.1), (3.3), (3.5) and (3.6):

~oo/§

From the two equations Ly /Lys = 0 and Soo / S

= 0 is satisfied for any Qu, given be /boo
= 0 and Qu from (2.B.24).

= 0, the three remaining

variables Qoo, B and S cannot be umquely determined. There is a continuum of

solutions. We solve Ly, /Ly = 0 and Soo / Soo

@w. The set of long-run steady-state solutions is:

=0 for BoO and Soo as functions of

~1/2
c 1 c c 1 c 2
boo o oe=Djoe\ (1 (;_ (oe=D/oe M2 (3.7)
(1—0’E)/O'E (1—0’E>/O'E
L (1—a) [ =22 11 (L 2L i 0 ) (3.8)
. —a) | —— —2— — bz, 0o .
v A — 0 m
o b
~ 11—« /d— b2
Xoo QOZ,OO—HLYOOQOO (3.9)
\/d—b2,
—1 _1ZEE
boo boo Oc
~ \/d—b2, <\/db§o + 1) 0+ ge—1P
B 2 -1
boo boo 1 Ly
A (( d—b§0> +1> ( d—b§o+1) <L+1 ‘”cy—1>
—20 o boo 1_06%
( 1 ) 11*255 (le_i> lng E o d—bgo ( E)/ "’ (3 10)
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-1 T
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Note that the steady-state values of the unscaled variables b,, and Ly, given by
(3.7) and (3.8), do not depend on Qo and are therefore the same in each steady-state

of the center manifold.

3.2.2 Deceleration

If there is deceleration, the long-run growth rate of intermediate quantity lies below
the productivity growth rate ()A(Oo < @OO) so that e(Xee=Q)! converges to zero for
t — oo. In this case, the steady-state values (2.B.30) for b, and (2.B.33) for Ly

from chapter 2 solve the three equations by, /bso =0, @oo / Qo = 0 and By / B., = 0.

Given Lyoo /Ly = 0 holds, taking into account tlgglo e(Xoo=Qo)t — () and substi-
tuting the expressions for by and Ly oo, as well as (2.B.34) and (2.B.36) from chapter
2 for the long-run growth rates @Oo and )?oo , the equation X o = 0 is satisfied as
well.

The equation system is underdetermined by two equations. We solve Lyoo /Lyos =0

and §oo / §Oo = 0 for )Zoo and goo as functions of @oo and Eoo. The continuum of

steady-states is described by:

o\ —1/2
b = 1?@ <1+<%> ) dM2 (3.12)

B ad + 2P 1-(1+a(1-5; ) )Jom
X = .
—L£(1—a)\/d—b% (_a\/zf—bw + 1> <L+ q j;;;o_l))
. <5 n §oo> 1-(+a(1-5))em (wﬂ*é) 1-(1+a(1-5)) 7 (3.14)
(lfa)(lf%c) B 170E1
. <LY00@00> =(ra(i-5))es gl (re(im))7s
B ad + 2P 1-(1+a(1-5;) )om
S = i
—5q (L—a)y/d =03 (—a et 1> (L + (1—5)731—1))
P
. (5 X 500> 1= (1+a(1-55 ) )or @Ll—a) 1=(1+e(1-35) )om (3.15)
(a-0)(1-5 )or - 1*0%)1@
Ly PO Ol 2
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The next subsection summarizes the essentials of the relaxation procedure.”

3.3 Description of the solution algorithm

The relaxation algorithm by Trimborn et al. (2008) requires as inputs the system of
differential equations, initial conditions for the state variables, a set of final boundary
conditions and an initial guess for the transition path towards the final steady-
state. If no explicit guess for the path is provided, the code by default sets all
variables constant at their final steady-state values. The /V; initial and Ny boundary
conditions must sum up to the number NN of differential equations.

To make the continuous-time dynamic system with infinite time horizon suitable
for numerical processing, the Matlab-code first rescales the time range R, to map
the interval [0,1] before choosing a grid {7i,...,7a} from the transformed time
interval. With the vector of the dependent variables z;, = (21, ..2nk) at each time
Tk, k = 1...M, a set of M meshpoints (7, zx) is obtained.

Afterwards, the differential equations are discretized using the midpoint of each
interval (7y,7x11). Along the true solution path, the difference in the values of the
dependent variables between two neighboring meshpoints £ and £+ 1 approximately
equals the slope f(Tx,Zr) = 2(Tx, Z) at the midpoint (74,2;) as derived from the
differential equation system times the length of the time interval. Formally this

relation is given by the vector equation

2kr1 — 2k = (Tks1 — Tr) [ (Tk, Zk)

Te+Tek+1 — _ Zkt2k+1
2 2

with 7, = 2 = . The discretization error is small, given a sufficiently

large number of meshpoints. The difference

Hy = zpy1 — 2 — (Tk+1 - Tk)f(?kagk)

therefore reflects the error which occurs when the trial solution is not the true solu-
tion path. This error can be computed between any two meshpoints k =1,.., M —1,
yielding M — 1 vector equations. With the initial conditions  : RY — R and the

"A more detailed description can be found in Trimborn (2007) and Trimborn et al. (2008). We
adjust the notation to make it compatible with the notation in our model.
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final boundary conditions F' : RV — R™2 an Mz N —dimensional system

I(z1)

E(z) = | Hy(zk, 2541)

F(zu)

of M + 1 non-linear vector-equations is obtained.

The relaxation procedure then uses the Newton-algorithm to iteratively find the
vector of variables for which F(z) = 0 so that the error between the trial solution
path and the path predicted by the differential equation system is zero. In every
iteration, the Newton algorithm computes a vector of change Az = (Az, .., Azy)

by solving the linear equation

D.E(z) is an Mz N-matrix which contains the Jacobi-matrices of each of the M +1
vector-equations of E(z). The trial solution is then adjusted by Az or a fraction of
it. The algorithm continues until the error E is sufficiently small or the maximum

number of iterations is reached.

3.4 Implementation

We run the Matlab-code for 88 parameter constellations.

As suggested in our numerical example of chapter 2, we constrain o g to the open in-
terval (0,1/2). We extend the range of values for @ and o, so as to cover parameter
constellations with balanced growth besides such with deceleration. We consider
values of o from the interval (0,1) and o. €(0,2). For the rate of time preference,
p, we pick values between 0.001 as suggested by Stern et al. (2007) and 0.015 as
assumed by Nordhaus (see, for example, Nordhaus (2007)).

It is more difficult to decide over reasonable values for the rate of natural regen-

eration, §: The regenerative capacity of nature typically depends on the type of
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pollutant considered and the existing pollution level. Moreover, regeneration may
vary over time. While our aggregated specification of the pollution accumulation
function cannot account for such differences, the numerical analysis shows that the
size of the regeneration rate is not crucial for local stability. We choose § from the
interval (0.001,0.2). The fixed-cost parameter d in the R&D-cost function is set to
d=1/a3

As to the population size L and the individual arrival rate p for innovations, we
arbitrarily fix 4 = 0.03 and adjust the value for L so as to obtain a value for the
long-run GDP growth rate between 1% and 4% and to satisfy the transversality
condition. The parameter ¢ in the production function for intermediates and the
weight 1 of the pollution stock in the utility function only affect steady-state levels
but not long-run growth rates. Neither of the parameters is relevant for the distinc-
tion between balanced growth and deceleration. We set ¢ = 0.5 and consider values
between 0.5 and 2 for the weight 1 of the pollution stock.

All variables of the dynamic system with the exception of b have to be non-
negative at any point in time. While the long-run steady-state of the scale-adjusted
system satisfies the non-negativity constraints, the relaxation procedure does not
account for the constraints during iterations. We therefore run the algorithm using
logarithmized variables to ensure that the original variables are non-negative.

A guess for the final steady-state for the parameter constellations without de-
celeration is constructed from equations (3.7) to (3.11), with an arbitrary choice of
@oo. Almost any value for @oo can be chosen®, because the algorithm only requires
a final guess which lies on the center manifold but the particular steady-state to
which the system converges does not need to be known in advance. In the cases
with deceleration, we use equations (3.12) to (3.15), with Qs and Bs set to an
arbitrary value.

We do not provide a precise initial guess for the solution path, so that the algorithm
assumes all variables to be constant at their final steady-state values at all mesh-
points as the trial solution.

As final boundary conditions, we require the three control variables to correspond

to their respective steady-state levels.

8This value guarantees that the condition d > 1/a? — 1 for monopoly pricing in the laissez-faire
equilibrium is satisfied, even though it is not relevant for the social planner’s solution.

9The sole exception is @OO = 1. Setting @00 = 1 is not viable, because we use logarithmized
variables and initial values of the state variables are given as multiple of the long-run steady-state
values. With Q. = 1, the starting value for the logarithmized @ would be zero.
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3.5 Results

This section displays the results of the numerical analysis. First, local stability
close to the center manifold of steady-states is examined. In a reasonable parameter
range, the dynamic system has a three-dimensional stable manifold in the examples
considered. This implies that for any set of initial conditions for the state variables,
there exists an optimal transition path leading towards the long-run optimal growth
path. In section 3.5.2, the transition path is analyzed in an example with decel-
eration and trajectories with different initial technology endowments and pollution
stocks are compared. It is shown that green innovation and deceleration characterize
the optimal solution not only in the long-run but along the entire path. Differences
in the initial pollution stock lead to only small divergence in the long-run optimal
levels of technology, consumption and pollution. Comparing optimal paths for eco-
nomies with different initial technology endowments, on the other hand, suggests
that the optimal path for the economy with the initially more advanced technology
exhibits higher consumption as well as lower pollution levels and therefore larger

intertemporal welfare.

3.5.1 Local stability

While in general, the stability properties of the non-linear model cannot be derived
from studying the eigenvalues of the Jacobian-matrix at steady-state when there
exists a center manifold!’, a center manifold of steady states is a so-called nor-
mally hyperbolic invariant manifold (NHIM) which can be treated analogously to a
hyperbolic fixed point.'!

The fundamental theorem of normally hyperbolic invariant manifolds (Hirsch et
al. (1977), see also Li et al. (2003)) is a generalization of the Hartman-Grobman
theorem for hyperbolic fixed points. The most important conclusions from the the-
orem of NHIM for our purpose are twofold: First, close to the center, the non-linear

system and its linearization are topologically equivalent. Local stability properties

10The reason is that the linearized system does not give enough information about the development
of the system on the center manifold (see also Trimborn (2007)).

"UNormally hyperbolic invariant manifolds (NHIM) extend the concept of hyperbolic fixed points,
which are in fact zero-dimensional manifolds, to dimensions > 1: The main characteristic of
a NHIM is that along the manifold, movement of the dynamic system is slower than offside.
Locally, there exist stable and unstable manifolds to the NHIM just as to a fixed point.

Along a center-manifold of steady-states, there is no movement at all, so that the main require-
ment for a NHIM is naturally satisfied (see also Trimborn (2007), p. 16). Trimborn (2007) proves
in corollary 12 that a center manifold of stationary points is a NHIM.
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near the center manifold can therefore be examined by studying the eigenvalues of
the Jacobian-matrix evaluated at the center. Second, a stable manifold to the cen-
ter exists, the dimension of which is determined by the number of eigenvalues with
negative and zero real part.'?

The stable manifold in the present dynamic system is three-dimensional, both
with balanced growth and with deceleration, in a reasonable parameter range'?:
In the balanced-growth case, the Jacobian-matrix of the dynamic system has one
eigenvalue with zero real part, corresponding to the one-dimensional center manifold.
Further, it has two eigenvalues with negative real part. With deceleration, two
eigenvalues have zero real part and there is one eigenvalue with negative real part.
The real parts of the three remaining eigenvalues are positive. We conclude that
locally, there exists an optimal transition path converging to the center manifold
for any set of initial conditions (Qq, Bo, So). The path is uniquely identified by the
three initial conditions for the state variables.

While each trajectory in the stable manifold converges to some steady-state
on the center manifold, the stable manifold does not characterize the convergence
region for a particular point on the center. According to the fundamental theorem
of NHIM, information on convergence to a particular steady-state is given by stable
submanifolds, so-called fibers.!* The dimension of the fibers is determined by the
number of eigenvalues with negative real parts. The stable fibers of the present
dynamic system are therefore two-dimensional in the balanced-growth case and one-

dimensional in the case with deceleration.

3.5.2 Transitional dynamics

The center manifold for parameter constellations with deceleration is derived by
defining a mesh for the variables () and B and computing the values for S from
equation (3.15) above, using Matlab. Figure 3.1 displays the center manifold along
with several trajectories in (@, B, S)-space in an example with deceleration, where
the values o = 0.3, 0. = 0.5, o = 0.3, 0 = 0.1, p = 0.01 and ¥ = 0.5 are chosen

for the variable parameters. In the example, all eigenvalues are real so that there is

12The stable manifold to the center is tangent to the subspace spanned by the eigenvectors asso-
ciated with the eigenvalues with negative real part and the center subspace.

13The algorithm fails for some parameter constellations where the value of the intertemporal elasti-
city of substitution in consumption, o, is either smaller than or equal to 0.2, or at least 1.3.
Excluding this part of the range for o, leaves an interval which still covers most of the empirical
estimates for the IES in consumption.

1See also Trimborn (2007), pp. 20-21.
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Q scale

B scale

Figure 3.1: Center manifold and transition paths with deceleration for a« = 0.3, ¢ = 0.5,
cp=03,0=0.1p=0.01,¢%=05

no oscillation. A green cross in figure 3.1 marks the starting point of a trajectory
at time t = 0, a red cross the final state (for ¢t = 500).

It becomes obvious that the initial levels of technology and pollution matter for
the steady-state levels of the scale-adjusted variables: Each of the trajectories takes
the economy to a different steady-state on the center manifold, which implies that
trajectories represent distinct fibers.

However, for the pairs of starting points which differ only in the initial value of
the pollution stock, fibers are very close, so that the final steady-states appear to
coincide in the figure. This suggests that initial technology levels matter significantly
more for the long-run levels of pollution and productivity than initial pollution levels.
The transition is studied in more detail below. It is shown that not only the optimal
paths for pollution and productivity but also the optimal consumption paths for
economies with different initial pollution stock almost coincide in the medium- and
long term if economies share the same technology endowment initially.

It can be concluded from the almost vertical progression of the trajectories in
figure 3.1 that, similar to the laissez-faire equilibrium, the growth rate of unscaled
pollution adjusts more strongly over time than the growth rates of the unscaled

technology stocks. The growth rates of productivity and cleanliness are close to
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Figure 3.2: Center manifold and transition paths with balanced growth for o = 0.9,
0c.=05,05=03,0=0.1, p=0.01, 9 =0.5

their respective long-run values from the beginning.'®

The convergence properties of the optimal solution in the case with deceleration
extend to the balanced-growth case. Figure 3.2 shows the transition of the state
variables towards the center manifold in this case, for parameters o = 0.9, o, = 0.5,
op=203,0=0.1, p=0.01 and ¢ = 0.5.1°

We now study transitional dynamics in the example with deceleration from fig-
ure 3.1 in more detail. Figure 3.3 shows the time paths of the six variables @,
B , S , b, Ly and X in the dynamic system as well as the paths for scale-adjusted
per-capita consumption ¢ and the ratio of unscaled intermediate quantity to un-

scaled productivity, X/Q, along two different trajectories with high and low initial

15Note that the development of a scale-adjusted variable mirrors the relation of the unscaled growth
rate to its long-run value, not the behavior of the unscaled variable directly. If the scale-adjusted
variable remains constant, the unscaled variable grows at its long-run rate. If the scale-adjusted
variable increases (decreases), the growth rate of the original variable lies above (below) its
long-run limit.

16The figure displays two strongly bent trajectories with overshooting in the scaled pollution stock.
These trajectories show a behavior often encountered in systems with multi-dimensional stable
manifolds, when the stable eigenvalues are sufficiently unequal in size (Trimborn (2007)). The
solution is then first attracted by the submanifold associated with the eigenvalue which is smaller
in absolute terms. The reason is that the component of the solution with this eigenvalue decays
more slowly. Overshooting may also occur for the deceleration-case, as will become obvious in
figure 3.3 below.
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Figure 3.3: Transitional dynamics for ‘high’ and ‘low’ initial productivity level

productivity level respectively.

Considering the transition process along either of the trajectories confirms that
the optimal solution is characterized by green innovation and deceleration not only
in the long-run but along the entire transition path: b in subplot (iv) is positive
throughout and subplot (viii) shows that X /@ declines persistently.

Subplot (iv) also suggests that for high and low initial productivity, research
is more strongly oriented towards productivity-enhancing technical change in the
beginning and becomes greener over time. However, it can be concluded from the
fact that @Q in (i) is almost constant over time and B in (ii) shows only a mild
decrease, that the growth rates of unscaled productivity and cleanliness remain close
to their respective long-run levels despite the shift in research orientation. This is
in line with the results from figure 3.1 above.

Comparing the two trajectories, it becomes evident from subplots (iii) and (vii),
that the social optimum for the economy with the higher initial productivity level is
characterized by larger consumption and lower pollution levels over the whole time
path. It follows that utility in every period ¢t and intertemporal welfare are higher
for the economy which starts out more productive.

The higher consumption levels are a direct consequence of the larger initial pro-
ductivity level, as the initial difference in productivity persists over time (see (i)).

The lower pollution levels in the initially more productive economy are explained
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by lower emissions and, consequently, a smaller pollution growth rate during trans-
ition.!” Emissions are lower both because the use of polluting intermediate inputs
is restricted more strongly in every period and because intermediates are cleaner:
Greater productivity, as can be concluded from (vi), is used optimally not only to
consume more but also to use less polluting intermediate quantity in every period.
At the same time, subplot (ii) shows that, while both economies start with the same
B , cleanliness grows slightly faster during transition along the trajectory with the
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larger initial productivity level'®. Research is more strongly oriented towards green

innovation in this economy in the short and medium term (see (iv)).!?

It is interesting that in the economy with high initial productivity level, the

scale-adjusted pollution stock S in (iii) first slightly undershoots its long-run value
before it rises towards its steady-state level. The behavior of S suggests that the
pollution growth rate is below its long-run value initially, then rises for some time
and overshoots its steady-state value before it declines again.
It appears that in the economy which starts out with a comparatively low pollution
growth rate, it is optimal to let emissions X /B rise for some time - although not in
such a way that the pollution growth rate becomes positive. The comparatively fast
growth in polluting intermediate quantity relative to the reduction in its pollution
intensity dampens the negative effect from the decline in production labor (see (v))
on consumption. In the long run, as innovation becomes greener, emissions fall and
the pollution growth rate declines towards its steady-state level.

Comparing trajectories with ‘high’ and ‘low’ initial value of B or, equivalently,
unscaled B yields similar results as the comparison for differences in initial pro-
ductivity concerning consumption- and pollution levels. Greater cleanliness allows
the economy to consume more and enjoy a less polluted environment at the same
time. However, the difference in consumption levels is apparently driven by different
levels of intermediate production, not by productivity differentials (see subplot (vi)
of figure 3.4): The economy which is initially cleaner can ‘afford’ to produce a larger

quantity of intermediate goods in every period without incurring higher pollution

1"Because o¢ < 1, the pollution growth rate is negative so that ‘smaller’ refers to a faster decline
in the unscaled pollution stock.

18Fven though the deviation in both B and X is small in value, it causes a divergence in pollution
paths which is clearly visible.

YDuring transition, a higher step-size b in green innovation necessarily goes along with a lower
step-size ¢ in productivity-oriented research because the indifference condition, ¢? + b7 = d, must
hold in every period t, not only for t — oc.

In the long run, as was explained in section 3.2, b, the orientation of research, as well as the
allocation of labor to research production are the same in every steady-state on the center
manifold and therefore independent of the initial state.
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Figure 3.4: Transitional dynamics for ‘high’ and ‘low’ initial pollution intensity

levels. The paths for scale-adjusted productivity, on the other hand, almost coincide,
as is obvious from (i).

If trajectories differ in initial pollution levels but not in technology endowments,
it can be seen from figure 3.5 (subplots (iii) and (vii)) that the time paths of (scaled)
consumption and pollution converge, as was suggested in figure 3.1. In the medium
and long term, consumption is only slightly larger and pollution marginally lower in
the initially less polluted economy.

For the less polluted economy, it is optimal to choose larger levels of intermediate
production initially (see (vi)) but at the same time more labor in research and less
in the production of the consumption good (v). This spurs innovation only slightly,
as can be seen in (i) and (ii). Because of the smaller labor force in the consumption-
good sector, scaled consumption levels in the less polluted economy are below those
in the more polluted economy in the beginning. After only a few periods, the gap
almost closes as in the initially cleaner economy, labor from the intermediate sector
is shifted towards the consumption good sector and in the initially more polluted

economy, production labor is shifted to the research sector.
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Figure 3.5: Transitional dynamics for ‘high’ and ‘low’ initial pollution stock

3.6 Conclusion

In this chapter, we have studied numerically the local stability properties of the long-
run optimal solution for a large set of parameter constellations, using the relaxation
algorithm by Trimborn, Koch and Steger (2007). Further, we examined transitional
dynamics in an exemplary parametrization with deceleration.

The results of the stability-analysis suggest that the socially optimal solution
converges to the long-run (asymptotically) balanced growth path of the unscaled
system. This justifies the focus on ABG-solutions in chapter 2.

Analysis of the transition towards the long-run solution confirms that the social
optimum is characterized by green innovation and deceleration, not only in the long
run but also throughout the transition path. Transitional dynamics were studied
for different technology endowments and initial pollution stocks. Differences in the
initial pollution stock lead to only small divergence in the optimal paths. The initial
technology endowment, on the other hand, affects crucially optimal pollution and
consumption levels during transition and in the long run. Economies with initially
more advanced technology enjoy lower pollution levels, higher consumption levels

and larger intertemporal welfare.
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3.A Appendix to chapter 3

3.A.1 Scale adjustment

We adjust the scale of all variables but the control variables ¢, b;, n;, and Ly; which
are constant in the long-run optimum without scale-adjustment. The scale-adjusted
variables are defined as follows:

Control variables:

Et .= Cteicoo.t
X, = Xe Xt
State variables:
Qr : = Qe 9"
Bt = Bte_B‘” t
St = Ste_s‘x’ ¢
Lagrange-multipliers:
Ave @ = Ay et
>\Lt .= /\Lt€_>\l‘°°'t
Costate variables:
Vg, 1 =vge "9
Upy 1 = upe Pt
Usp © = usie S

We then use the above definitions to express the first-order conditions (FOC) in the

scale-adjusted variables only:

FOC for the control variables

With the definitions of ¢; and th and taking into account that the first-order con-

dition for consumption implies the long-run relation X;/OO = — L% between con-

oc

sumption growth and growth in the Lagrange-multiplier of the resource constraint,
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the first-order condition for consumption becomes:

1

Et 7c - )\Yt

Using the definitions of the relevant scale-adjusted variables in the first-order

condition for X (equation (2.40) in chapter 2) yields

@e(fs‘”_gw)t + Ay XL Ni_ae(fym_(l_a)(f%_@w))t — lge(’ﬁm_@“’)t =0.
Bt ' Qt

We substitute XZOO = X;/OO + a)A(oo + (1 - a)@oo obtained by taking growth rates
in the first-order condition for Ly (equation (2.44) in chapter 2) and divide by
X;/OO —(1-a) ()/foo — @OO) As from the first-order condition for X, it follows that
300 — Boo — Adyeo + (1 —a) (Xo — Qo) = 0 both with and without deceleration (in
the latter case, )?oo — @oo = 0), the exponent of the first term becomes zero:

I ~ 1\ (%0
O A X Lol — — S (R Qe —
Bt ¥ Qt

The exponent )A(oo — @oo, on the contrary, is only zero in the cases without decel-
eration and is negative otherwise. Therefore e(X=Q)t is either one for all ¢ or
converges to zero.
Next, we use the definitions of vg,, @t and A, in the first-order condition (2.41)
for ¢:
P GRS v

We then replace vg__ by Xzoo — Qs from (2.41). The exponential expressions cancel

out:
pvg,Qr = 214G
The same is true for the first-order condition (2.42) for b, where we use the
definitions of vg,, Et, Ar: and the relation vg,, = XZOO — B..:

M@tét = 2XLtbt

In the first-order condition (2.43) for n, the variables vg:, vpe, Qr, By and Ap,
have to be scale-adjusted to their respective steady-state values. Using XZoo =

vg,, + @oo = UBoo + Eoo, it becomes obvious that all exponential terms cancel out
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and the scale-adjusted first-order condition is:
~ A LT Doy 2 2
U Qr + Upepb By = Ay (g7 + b} + d)

In the scale-adjusted first-order condition for Ly, the exponential terms also
vanish if we take the relation Xzoo = )\Ayoo + oz)?oo +(1- a)@oo into account. The

scale-adjusted equation is:

th(]_ — Q)X?@%_QL;? = XLt

FOC for the state variables

When rescaling the first-order conditions for the state variables, the growth rates
of the costate variables have to be adjusted as well. Because 0g; = vgie "5=, the
growth rate va:gt is the difference between the growth rate vg; of the unscaled variable
at time ¢ and the long-run growth rate vg,,. Rearranging yields vg, = 27?9,5 + U500-
We divide the first-order condition for S by vs; and use the definition of vg, and
Ugy = 5:.5'15 + V00"

1-20p

E ~
S

elamSe Tty § = p— @t — U800

Us¢

We know that in the long-run social optimum, éé’\m = 090, S0 that the exponential

expression is one:
. 1-20p

S, 7F =
—p—=—L — 8= p— U5 — Useo
Ust
We proceed similarly with the first-order conditions (2.46) and (2.47) for () and
B. From the first-order conditions (2.41) for ¢ and (2.44) for Ly, we can see that
)/\;Oo — g, o ()?oo — @oo) = Xzoo -0, — C/Q\oo = 0. The scale-adjusted first-order

condition for @) is:

)\Yt o ~N—arl— ~ 1 )A(:t (Xoo—Qoo)t = —~
untqt+7(1 —a)XaQ aL Q+TALt_T€ oo~ Qoo :p—UQ —UQOO
UQt t t Yt UQt 4,0 Q% t

Again, the last exponent is zero if and only if there is no deceleration and strictly

negative otherwise.
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When adjusting the scale of the first-order condition for B, we use

UBoo = XZOO — By = )xyoo +aXy + (1 - oz)Qoo — B, and the relation vg., =
)\Yoo+BOO_(1_a)( Qoo)
Uer X =
—=2L 2Lt pingby = p — Uy — UBoo
VBt B

FOC for the costate variables and Lagrange-multipliers

In the first-order conditions for the costate variables, we must take into account
that the growth rate of the state variable is the sum of its long-run growth rate
and the growth rate of the scale-adjusted state variable. This leads to the following

scale-adjusted first-order condition for vg:

X, o s < =
X BoomSlt _ 5= G, 4 5,
B,S,

In the first-order conditions (2.49) and (2.50) for vg and vp, we only need to
adjust the growth rates:

Hneqy = @ + Q\oo
untbt B + B

Finally, we derive the scale-adjusted first-order conditions for the Lagrange-multipliers

Ay and Ar. For Ay, we obtain
aL = XpQI “Ly",

using a)/(\'oo +(1-— a)@oo = Cs. In the scale-adjusted first-order condition for \j,

the exponential expression e(*=~@=)t gccurs once more:

1X, 3
L= Ly, + —=te(em0=)t iy (g2 4 17 + d)
i
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The set of scale-adjusted first-order conditions is:

Chapter 3. Local stability analysis and transitional dynamics

G ¢ = A (3.A.1)
VS ~ ~ 1A (5.6
USt 4 NyaXo tpizegla - 22 (Re-Qult — (3.A.2)
Bt t
Qe = 2ALiq (3.A.3)
/J/l/}\étét = QS\/Ltbt (3A4)
%tﬂ%ét + Eﬁtﬂbtét = XLt (qf + th + d) (3.A.5)
M1 =) X0QI Ly = Ay (3.A.6)
~172<7E
S, ’E =
—p————L -3 = p—0s —Uss (3.A.7)
Ust
Ayt 1~ 1X =
gy + =4 (1 — ) X2 Q; LY+ =L ——te(X“’ Qoolt = p—vg, — Vg, (3.A.8)
VQ¢ vQy P Q7
Usy Xy o =
_F&gg +pnby = p—Up;, — Vs (3.A.9)
X 5 >
L R Bo=S)t _ 5 — G, 4 5 (3.A.10)
B:S;
g = Q+ Qoo (3.A.11)
by = B+ Ba (3.A.12)
XeQl oL, = &L (3.A.13)
Ly, + ;ae(x“’ Qo)t 4 n(q +0; +d) = L (3.A.14)

3.A.2 Derivation of the scale-adjusted dynamic system

Elimination of the Lagrange-multipliers 5\; and XZ

Ay: and Az, are directly given by (3.A.1) and (3.A.6). Their growth rates are:

Ay

—

ALt

1~
O-C

)\Yt + OéXt + (1- Oé)Qt - aLYt

1~
—U—ct + aXt + (1 - a)Qt — OdLyt
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At the center manifold of the scale-adjusted dynamic system, these growth rates are

zero, while the unscaled variables grow at the rates:

— 1 -
>\Yoo = ——Cx
O¢
— 1 ~ ~
)\Loo = ——Cxt aXoo + (]- - Q)Qoo
O¢

Elimination of the costate variables

From (3.A.2), it follows with (3.A.1) for Ay; and (3.A.6) for Az; that the scale-

adjusted costate variable for pollution is given by

~ 1NN— — Xoo—Q o ’V_iNoz— —al-ap
Ug; = (1 —a) (;XtQt Lt e(eamQu)t - a)) ¢, e X0 QB
The growth rate is
o~ l e ~71 -1 ()?oo_@oo)t o~ o~
Vs = ——Ct‘i‘Bt‘i‘OéliN_l 1 (5\( —Q Y o (Xt_Qt_LYt>
Oc EXtQt LYte Rl /) — (17(1)
LX\Q; Ly eXoem Qe (%.-0.)
éXtQ;lL;ie(?mf@m)t -5
The unscaled variable vg grows at the rate
o~ ]. o~ fay A~ ~
VSoo = _O__coo + Boo - (1 - Oé) (Xoo - Qoo)
c

at the steady-state of the scale-adjusted system.
The costate-variables vg, and vp; and their growth rates are determined from
(3.A.3) and (3.A.4) respectively, using AL, from (3.A.6). The levels are:

1 - <~
(1 —a)e, " XPQ " Lyiq

~_% vanl—ar—o b
(1—a)e, = X0y "Ly Et

v =

—~

Upy =

Tl N

t
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Computing the growth rates yields:

= 1= =~ T ~
v, = _O_Ct_a<Qt_Xt+LYt) + Gt
—~ 1~ ~ ~ A .
VB = TG —a Q— Xy + Ly, | + Q¢ — Bi + by

From the unscaled first-order conditions, we obtain:

1 ~ ~
%) = __Aoo - co Xoo)
V0 Ucc Q@ <Q
— 1 ~ ~ ~
VBoo = __Cw+aXoo+(1_a)Qoo_Boo
O¢

Substituting vg,, vp,; and th into equation (3.A.5) and collecting terms yields:

qt2+bf:d

~(1720'E)/0E —~
We rearrange equation (3.A.7), —@/}StTL — 0 = p— Us; — U5, and substitute

Usty Vst and VS0t

~1720'E
S, °F 1 ~
Y5, L+ —¢,— By

~ o~ ~ ~ 1 - ~ ~
(1= ) (ARQ7 LyteCumor — o) & e Rp Ly QieB, °°

é)?tégllj;i‘e()?oo_@oo)t + 1 R

EPN At (Xoo — Qoo) + 0+ p
gloXtQt 1L pre(XeoQoo)t — (12)
~ l v.O-1l7-1 ()?ooféoo)t ~ o~
1~ = X:Q; Ly e +1 =~ 2
= ——Ga+Bitoag 2 j_lt _IY:? = - (Xt — Q- LYt) (3.A.15)
Oc ;XtQt LYte( 0= Qoo)t _ =

We then proceed similarly with equation (3.A.8), using the expressions for th )A\Et,

—

vQ,, Vo, and vg__ . The equation becomes

1 11X, o A
—HMe Gy — H_LYt Bt (Rt

1 ~ ~
+_Coo_a(Xoo_Qoo>+p
2q

2q0Q, oc
S S = .
= ——0¢+ta (Xt — Qt — LYt) + gt (3A16)

C
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—

Finally, we replace vg,, Vg, Up; and Vg, in (3.A.9):

pl (1~ % 0. o 1=
§b_t (;XtQt 1€(X Qoo)t _ (1 — a) Ly,g) — ,LLTLtbt +p— a'_CCt (3A17)
o~ = - ~ 2 . 1 ~ ~ ~
= a(Xt_Qt_LYt) +Qt_Bt+bt+O__Coo_(aXoo+(1_a)Qoo)+Boo
C

Elimination of ¢

We use the scale-adjusted resource constraint to obtain ¢; and the growth rate a

The long-run growth rate ¢, of the unscaled variable ¢ was derived earlier. We
substitute

5oL XPQTLY
L
;5 - ait+<1—a>(é§t+fyt)

to = aXeo+(1—0a)0x

in equations (3.A.15) to (3.A.17). Equation (3.A.15) becomes:

1-20R

¥S, 7F Lo
~ o~ o ~af1—1)_1 ~\ (1—a)(1-21) <
(1= ) (4507 Lylet S0 = 2 0 (1) 2

(£ -1) LRQr LytelT=0=r — (Lo i)

o

Q

4o — — Xoo 3.A.18
éXtQt_lL;ie(Xw‘Q‘”)t ey ( )
L [0 l e N_l -1 )?oo*@oo)t o — L
(& +52%) LRQ Lytel res (-2 .
H(1—a) [ Ao ) e _ 0 V) Qoo — B +6+p
éXtQt_lL;%e(Xoo_Qoo)t — (1204)
1 1% A-17-1 (Xoo—0oo 1 «
(% — 1) ;XtQt LYte( Qoo)t _ <%(17a) + 1) )/,?
= —Q =~ ~_ — — — o t
SXQy Ly elXeomQuolt — oy
(5 + %) § %@ et~ 4 gy (1= 2

—(1-«a)

IXQ; LyjeFe@)t — e
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Equation (3.A.16) can be written as:

11X 5 5 1 1 o ~
—punyq; — Bt Re=Qu L2y (1—a) (— + > Qoo

2q00 Q) 2q oo (1—-a)
1Y\ & 1 o} =~
<o) R (G ) (@)
1\
+a (1 — 0_> Xe+aq—0p (3.A.19)

And the modified equation (3.A.17) is:

115 < 2 -5 1 « 1\ ~
H—EXtQtle(XOOQOO)t S Lyt — pmgby — (1 — ) (1 - —> Qoo

2bt 2bt<1—0é) Oc
= 1 1)?+§+(1—)1—15—(1—)1+ )Ly
- e O o * “ o.) °t “ o. (1—a) vt
1\ =
Oc

Elimination of ¢

To eliminate q and its growth rate from the equations, we use ¢? + b? = d to express

¢; and ¢; as functions of b; and l;t

0 = VIR

2
by ~

by

-~

Qt:_m

Equations (3.A.18) and (3.A.20) remain unchanged. Equation (3.A.19) becomes:

1 11X, .« A 1\ ~
/= S SR ST YOS SN (AT S

2 Ji—n 2 A—Re0,
1 a ~ 1 Q -~ —
- (1‘a)(a_c+<1—a>>Q°°‘“‘“)(E*u—a)) (Qt““)
< 1)/,: bf —~
—|—Oé 1—— Xt— __—bt
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Further, we replace ¢; and ¢; in the scale-adjusted first-order conditions (3.A.11)
and (3.A.12):
d—b? —

pniby — Eoo = ét

Elimination of n

With the labor market constraint Ly; + lXt eEo=Q)t (g2 + b2 +d) = L and
q? + b? = d, we substitute n; out of the system Equation (3.A.18) does not depend
on n; directly. The modified equations (3.A.19) and (3.A.20) are:

H _ (Xoo—Qoo)t ek 1
2d (L Lyt S0)(136215 6 ) d bt 9 = b% Lyt (3A21)

s A 1\ =~ 1 o A~
N T ‘“(“a)Xw*“‘“)(a—ﬁu—a))%
S L a O, + Ly - )% 62?3
= (G ) (e B wa (10 1) S -

and
e L— 1L _lXQl(X —Qoo)t b MliL
- 2d R L2h(1—a)
ﬁll N_]- ()?oo_éoo)t J— — i % — — P 2) n
+ X:Q; e all Xoo—(1—a) (1 Qoo + Boo (3.A.22)
2 bt (Y2 Oc¢
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And equations (3.A.11) and (3.A.12) become:

2’; (L LYt—;XtQt e(Koo=Q0) )\/d 02— Qo = Q, (3.A.23)

o (L Lyt — —XtQt Le(Xoo=Qc0) )bt By = B, (3.A.24)
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Construction of the dynamical system

First, we replace Q by £ (L Ly, — —XtQ Lo(Xoo—Qoo) )\/ — Q. and B
by 25 (L — Ly — ;XtQt Lo(Xoo—Qoo)t ) b, — B, in equations (3.A.18), (3.A.21) and
(3.A.22). The resulting equations are:

1-20R

pS, 7 L

(1) (AXQ Lylele0er — o) )};(1—0% (LYtQt)(l -2

(f - 1) LX,Qr LypeXoeQ)t — (é(lfa) + 1)
FXQ LyfeeQuit — oy

(aL - 1) é)?t@ZlLEe“?M*@w)t - <i(13¥a) + 1) -

LXQr Ly eXemQeolt — o

Lt ) AR LT e (1= L))

LXQ LyfelRmr @it — o

<bt (1 — o)) g e Sy (1) )

1v A —17-1 —
;XtQt LYte(Xoo Qoo)t _ __

Xoo+0+p

“+«

—(1—a) (

-

+
5 (L — Ly, — éXthle(Xw_QW)t>

and
(1 R L X,Q; LeEe=Qut ) | [ — 2
~-a)(1-—) & i LR t
1 b?
= —(1- — L 1-— )X
(1-a) (ac+(1—a)) Yt+a( ac> Ld- bet
and

1 1~ 5
(i 1) e (1 L )
¥

2d
pl o nwlls (Roo—Ooo)t 1\ &
———— L ~X o 1-—) Xs 3.A.27
25, (1 —a) Yt+2bt tQt el 7, ( )

1 « 1\ = ~

Next, we collect the equal terms in (3.A.26) and (3.A.27) and equate.
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Solving for Bt yields:

~ 1 d-v1 b a 15~ 2 5 b

b P t —L t o - )Lf —lL—l (Xoo—Qoo)t —t 1
(3.A.28)
We then substitute the expression for b, back in (3.A.27) and solve for X:

by

L AR Vit

a(l—ai)2d —1—04)(0_%—1-

1 1-— 1
'uthYt‘i‘ -

_a(l—a) <1—0i>§1
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~

We substitute X, in (3.A.25), simplify and solve for Z;:

~1720'E L 1

— 1), P L
Ly, = —op+ ~ (1(?)1 )Y t~ (1—a)(1-L) ~
Xt e (Lyt t) " Bt

(1= a)(oe—1) ( @ é)?t@tlLY%e

l—«

0

% s XQr lLa?ie(X""_QW)t)

+ (1 + 2 XQ; Ly, (Koo —=Qoo)t

—l—ﬁ((l—a)(ac—1)L+LYt)\/d—bt2 (

()?oo@oo)t) 5

vyt €

Taking into account the definition of the growth rate of a variable z, z; = i—:, the

differential equation system is given by equations (3.A.28) to (3.A.30) and equations

(3.A.10), (3.A.23) and (3.A.24), namely

((3.A.10))

1 L%0 XeomQ Q
5%\/d——bf <L — Ly (1 + ;XtQt_lL;f%e(Xoo_QM)t)) ~ Qe ((3.A.23))

= 1 1~ ~ PPN ~
B = 5%@ (L — Ly, (1 + ;XthlL;ie%—Qw)f)) — By

((3.A.24))

As we exclude parameter constellations such that corollary 2.1 in chapter 2 is satis-

fied, we set e(Xe—Beo=9)t — 1 in (3.A.10).

(3.A.30)



Chapter 4
Constraining pollution control

In chapter 2, it was shown that for reasonable parameter values, the long-run optimal
solution is characterized by both persistent green innovation and deceleration to
dampen the rebound effect of productivity growth. In this chapter, we illustrate the
importance of using both channels simultaneously to control pollution growth.!

For this purpose, we consider in turn two constrained optimization problems,
where either green innovation or deceleration is not available to the social planner.
While we cannot conduct a proper welfare analysis without studying transitional
dynamics, we can analyze the consequences of either constraint for economic growth
in the long run.

First, we rule out the possibility to dampen the rebound effect of productivity
growth through deceleration in section 4.1. More precisely, we assume that the social
planner must accomplish balanced growth of intermediate quantity and productivity
in the long run. For parameter constellations such that the unconstrained long-run
optimum requires deceleration, persistent economic growth is no longer optimal in
the constrained solution.

Next, we make the alternative assumption that green innovation is not available to
the social planner in section 4.2. The pollution intensity of intermediate goods is
exogenously fixed so that pollution growth can only be restricted through decelera-
tion. The constraint on green innovation is binding for any parameter constellation
with positive long-run growth in the unconstrained model. Without green innov-
ation, long-run growth is still positive for sufficiently low rates of time preference.
However, the social planner chooses faster deceleration in this case and consump-
tion growth slows down relative to the unconstrained solution. Further, contrary to

what was found in chapter 2, consumption growth is unambiguously slower than in

'Excerpts from this and the following chapter are contained in Funk and Burghaus (2013).
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the model without environmental externality if technical progress cannot be used to

reduce the pollution intensity of intermediate goods.

4.1 The model without deceleration

An interior solution to the social planner’s problem requires deceleration in the long
run for reasonable assumptions about model parameters, as suggested in chapter
2.4.3. Still, models with a similar structure of the R&D-sector do not take the
possibility to control the rebound effect of productivity growth into account (see
Hart (2004), Ricci (2007)). In this section, we analyze the implications of confining
the analysis to solutions without deceleration.

We therefore assume that the social planner is forced to choose )A(Oo = @OO. The
constraint implies that in the long run, every increase in productivity leads to a one
for one percentage increase in polluting quantity.

Consider again the research arbitrage equation (2.56) from chapter 2:

1 1 /X Y a 1 /X
aq—m(LWz(a)m)—%(—l—a% so(@)m)

With the constraint X, = @oo, the ratio (X/Q), is strictly positive and the ratio
boo/ Qoo = Eoo / Q\oo must be sufficiently smaller than - At the same time, condition
(2.54) for balanced growth

e— 1. 11— ~ = ~
7 UESoo+Xoo_Boo_Soo

Coo =
Oc op

must hold.

Naturally, if deceleration is not chosen in the unconstrained long-run optimal
solution, the constraint )A(OO = @Oo is not binding and the constrained solution
equals the unconstrained optimum.

If the conditions for deceleration in propositions 2.5 and 2.6 are satisfied, we
know that the ratio B, /@« obtained from (2.54) under the assumption Xo = @oo
is not compatible with (X/Q)_ > 0in (2.56). The only solution to (2.56) and (2.54)

with )A(Oo = (o occurs when ¢, by and all long-run growth rates are zero.
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Proposition 4.1 Constrained BG-optimum without deceleration
Assume that the social planner must choose )?Oo = @oo, so that pollution growth can

only be restricted by green innovation in the long run.

If the conditions for deceleration in propositions 2.5 and 2.6 are not satisfied, the
constraint )/(\'Oo = @oo 1s not binding and the constrained solution equals the uncon-
strained optimum. Whenever the parameter constellation satisfies the conditions for
deceleration in the unconstrained solution, the constraint is binding. There exists a

constrained solution where the long-run growth rates of all variables are zero.

Proof. See appendix 4.A.1. =

With the constraint )A(oo = @Oo, bringing about the balanced-growth relation
(2.54) between growth in consumption and pollution requires research to be rather
strongly oriented towards reductions in pollution intensity. But the social plan-
ner chooses deceleration in the unconstrained solution precisely when the relative
return to green research is too small for such a strong orientation towards green
innovation to be optimal. With less environmentally-oriented research on the other
hand, pollution growth is suboptimally fast. The only solution is to give up long-run
growth.

The implications of the result in proposition 4.1 are twofold: First, neglecting
the possibility to control the rebound effect of productivity growth leads to the con-
clusion that long-run economic growth is not optimal for a larger parameter region
than is actually the case. Second, the result reinforces the statement of proposi-
tion 2.2: We have shown in this proposition, that stationary consumption levels as
demanded by certain green movements are socially preferable to the unregulated
market solution. Proposition 4.1 indicates that stationary consumption levels may
dominate long-run growth in terms of welfare even if there is government inter-
vention and the externalities in green innovation in particular are internalized, if
adequate policy-measures to control the rebound effect of productivity-growth are

not in place.

4.2 The model without green innovation

In this section, we assume that b; is exogenously fixed to zero for all . We first
derive and characterize the constrained long-run optimal solution in subsections
4.2.1 and 4.2.2. In subsection 4.2.3, the constrained optimum is compared to the

unconstrained long-run optimal solution from chapter 2, both in the baseline model
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and in the modified setting where the representative household does not suffer a

negative external effect from pollution.

4.2.1 Optimization problem and first-order conditions

Without green innovation, there is no possibility to reduce the pollution intensity of
polluting inputs. Cleanliness B is no longer a state-variable but a constant so that
the equation of motion for B is irrelevant.

The labor requirement in the R&D-sector depends on the step-size for productivity-

oriented innovation and fixed costs only. The labor market constraint becomes:
1 X,
L=Ly,+——=+4+n(¢+d 4.1
vt 2o t(g; + d) (4.1)
The current-value Hamiltonian-function reduces to:
ge—1 1-of
H — ( Oc e 4 ”’SJE)L

1-— (o)
X
+vgt (Et - 6373)

+vQepin g Qy
Fhve (XPQy Ly — L)

1X,
+A (L—L ———nwzf+d>
Lt Yt (PQ t( t )

t

Three changes arise in the necessary first-order conditions compared to the uncon-
strained model: First, the first-order conditions for B and its shadow price vg are
dropped from the system. Second, the first-order condition for Ar;, which restates
the labor market constraint, is given by (4.1) instead of (2.34). Finally, the first-

order condition for n reduces to

oH

o 0 & voiqiQ: = ALt (qtz + d) ) (4.2)
Ty

because both the marginal social benefit and the marginal social costs of an increase
in the mass of research units do no longer depend on how much an innovation reduces
pollution intensity.

Of the four key equations (2.54) to (2.57) for the long-run solution from chapter 2,
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the balanced-growth condition (2.54) and the consumption Euler-equation (2.55),

(1/ac)ew+p:2qLM<LyM+é(%) )+Qm+a( Qoo),

remain unchanged. The research arbitrage equation (2.56) on the other hand is no

longer relevant. The indifference condition (2.57), ¢% + b, = d, reduces to

@ =d. (4.3)

4.2.2 Characterization of the constrained long-run optimum

In the baseline model, given that the rate of time preference is low enough to make
positive economic growth desirable, it is optimal to allocate some labor to green
innovation in the long run and, as shown in chapter 3, also in the short and me-
dium term. The constraint b; = 0, Vt is therefore binding for any constellation of
parameters which supports positive growth rates in the unconstrained solution.

If the social planner cannot reduce the pollution intensity of intermediates through
green innovation, any rise in intermediate quantity leads to a proportional increase

in emissions. The long-run growth rate of the pollution stock is given by
Sse = max [)A(oo, —5] (4.4)

From the balanced-growth equation (2.54) with Bs = 0 and (4.4), we obtain the
relation between the long-run growth rates of intermediate quantity and productiv-

ity, which is
N (ge=1)/oc N
Xgo:() (1-og)/oE 1 ngo (45)
1+—(1— (o= )/ac)

(1—og)/oE

if S > (—6).2 As the numerator % of the ratio in (4.5) is smaller than
one, while the denominator exceeds one, it is obvious that the constrained long-run

optimum is always characterized by deceleration. For 0. < 1, the ratio % is
negative. There is then quantity degrowth.

Using the resource constraint, consumption growth as function of productivity

2For ease of exposition, we display long-run growth rates only for parameter constellations such
that S > (=0). The growth rates for the opposite case, S, = (—0), are shown in appendix
4.B.1. The results of proposition 4.2 below pertain also to the case with S, = (—9).
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growth is given by

Gl Y (4.6)
1+ (1- )

l1-og)/oE

From the consumption Euler-equation (2.55) with (4.3), we derive the long-run

productivity growth rate

(0c—1) /ac )

Nbv— ( (1-0og)/o 1 _

0’ = o <:C—1J)E/op ghd L - p) (4.7)
(1/0c) (1 - m)

It is evident from (4.7) that productivity growth is positive if and only if the rate
of time preference is smaller than p"=° = 1 ,u\/iaL.

TVEL=0 ig implicitly defined by the trans-

Similar to chapter 2, a lower bound p
versality conditions for the state variables®. The following proposition then describes

the constrained long-run optimum:

Proposition 4.2 Constrained ABG-optimum without green innovation

Assume o < 1/2, pTVO=0 < p < 5*=0 and that b, = 0 Vt is exogenously fired.

There exists an asymptotically unique ABG-solution which satisfies the necessary
conditions of the constrained optimization problem for t — oo. The ABG-solution
is characterized as follows: (i) Long-run growth in productivity, output and per
capita consumption is positive. (ii) Pollution growth is restricted by deceleration,
ie. Xoo < Qoo (i1i) Whenever o. < 1, there is quantity degrowth ()?OO <0).

Proof. Most of the proof for the case §oo > (—0) is given in the text. Appendix
4.B.2 proves the remaining results. m

A long-run growth path with unconstrained pollution growth, along which con-
sumption and the pollution stock grow at the same rate, cannot be optimal ac-
cording to proposition 2.2. Therefore, when there is no green innovation, polluting
quantity growth must remain below consumption and output growth. This means
that the ratio of polluting intermediate quantity in GDP must decrease over time
in a growing economy to decouple consumption- and pollution growth. The con-
strained long-run optimal solution must be characterized by deceleration if there is

positive economic growth. From equation (4.5), it can be seen that deceleration is

3To satisfy the transversality conditions, it is still required that p > (1 —1/0¢) Qoo which, upon

o (ec-1)/oc
. (1-1/oc) (14125 (1-7elee
substitution of Q=Y yields pTVC:t=0 = ( ! ( (on)/ E)> Lyl
o0 1o (1 ("C 1)/”C>+(171/J ) (1 (”C 1)/"6‘) 2 \/g
1-a (1-cp)/op ¢lT-a (1-op)/op

As before, the condition is satisfied for any p > 0 if o < 1.
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the stronger (X’=/Q"=0 is the smaller), the smaller %, or equivalently, the
greener innovation (the larger B'=°/Q%=°) in the unconstrained model.

Contrary to the findings in the previous section, long-run growth remains optimal
for sufficiently low values of the rate of time preference despite the constraint on
pollution control. The reason is that the optimal relation between consumption
and pollution growth given by (2.54) can be reached by choosing sufficiently fast
deceleration without giving up consumption growth completely.

Because equation (2.54) still holds, proposition 2.4 in chapter 2 implies that the
pollution stock must decline in the long run for o. < 1. It follows that in this case,

the quantity of intermediates must decrease when there is no green innovation.

4.2.3 Comparison to the unconstrained solution
Comparison to the solution in the baseline model

To assess the implications of the constraint on innovation for output- and consump-
tion growth, we compare the constrained solution to the unconstrained long-run

optimum from chapter 2.* Proposition 4.3 summarizes the results:

Proposition 4.3 Comparison to the solution in the baseline model
Compare the constrained solution as described in proposition 4.2 to the unconstrained

solution from proposition 2.5.

In the constrained solution with by = 0, Vt, (i) the upper bound on the rate of
time preference to guarantee positive long-run growth in productivity, output and
per capita consumption is smaller, (ii) deceleration is faster and (iii) the long-run
optimal growth rates of intermediate quantity, output and consumption are smaller

than in the unconstrained solution.

Proof. See appendix 4.B.3. =

It is intuitive that without the option to decrease the pollution intensity of inter-
mediate goods, quantity growth is restricted relative to the unconstrained case and
that deceleration is faster. Of every unit of productivity growth, less is used to in-
crease polluting quantity so that less of it results in consumption growth. X b=0/ @’;jo

and @=0/Q"= are therefore smaller than in the long-run optimum of chapter 2.

*We focus our comparison on the parameter region with p > p¢!*® where pd¢** is given by (2.B.43).
Under this assumption, S > (—9) not only in the unconstrained optimum of chapter 2, but also
in the constrained solution of this chapter. We thereby avoid parameter constellations for which
the long-run social optimum cannot be derived analytically. The case with p < pde!*? is treated
in the appendix.
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Comparing productivity growth yields ambiguous results. On the one hand,
labor resources in the R&D-sector can entirely be used for productivity improve-
ments when there is no green innovation, so that the step-size ¢ is larger. On the
other hand, the optimal mass of research units, n, decreases in ¢ for most para-
meter constellations. An additional effect of the constraint b, = 0,V¢ on long-run
productivity growth arises from the fact that deceleration is faster without green in-
novation. If o, > 1, optimal productivity growth tends to increase so as to dampen
the negative effect of faster deceleration on consumption growth. The optimal pro-
ductivity growth rate decreases if 0. < 1 so that consumption smoothing is desired.
Because of these countervailing effects, @f;o may exceed or fall below productivity
growth in the unconstrained case. But even if productivity growth is faster without
green innovation, the larger productivity growth rate cannot outweigh the negative

effect of stronger deceleration on consumption growth.

Comparison to the solution in the unconstrained model without environ-

mental preference (i) = 0)

If the representative household does not suffer utility losses from higher pollution
(¢» = 0), naturally, the social planner does not choose any pollution control in the
unconstrained model. The optimal solution for ¢) = 0 is therefore unaffected by the
restriction b; = 0, V¢. In chapter 2.4.4, we have shown, by comparing growth rates in
the baseline model and the model without pollution externality, that environmental
care need not be detrimental to long-run economic growth but may in fact accelerate

it. For the constrained solution without innovation, this result is no longer true:

Proposition 4.4 Comparison to the model with ) =0
Compare the constrained solution from proposition 4.2 to the solution of the model

without environmental externality (v = 0) as described in appendix 2.B.9.

In the constrained solution with by = 0, Vt, and v > 0, (i) the upper bound on the rate
of time preference to guarantee positive long-run growth in productivity, output and
per capita consumption is the same, but (ii) the long-run growth rates of intermediate
quantity, output and consumption per capita are smaller and (iii) the productivity
growth rate is smaller (larger) if and only if 0. > 1 (0. < 1), compared to the setting

where the representative household does not suffer from pollution (» =0).

Proof. See appendix 4.B.5. =
The positive effect of environmental care in the unconstrained solution occurs

when green innovation strongly increases the overall amount of labor in R&D. In
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the constrained solution with b, = 0, this positive effect vanishes. Further, decel-
eration in the constrained solution without green innovation is faster than in the
unconstrained solution. Output and consumption growth are therefore always lower
if the representative household cares for a clean environment.

Even without the positive spillover effect from green innovation, productivity growth
can be faster with environmental externality. More precisely, this case occurs when
there is quantity degrowth, i.e., for 0. < 1, so that faster productivity growth is
used to accelerate the decline in polluting quantity. If o. > 1, although decelera-
tion ensures that polluting quantity does not grow proportionally to productivity,
productivity growth still enhances quantity growth and thereby pollution growth.

Consequently, the social planner chooses slower productivity growth if o, > 1.

4.3 Conclusion

In this chapter, it has been shown that neglecting either the possibility to reduce the
pollution intensity of polluting production inputs through green innovation, or the
possibility to dampen the rebound effect of productivity growth through deceleration
considerably weakens long-run economic growth in the optimal solution.

If the rebound effect cannot be controlled, long-run economic growth is no
longer optimal for any constellation of parameters which requires deceleration in
the baseline model. The relative social return to green innovation is then too small
to achieve the optimal restriction in pollution growth.

If, on the other hand, the pollution intensity of intermediate goods cannot be
reduced by green innovation, long-run growth remains optimal if the representative
household is sufficiently patient. However, there is stronger deceleration so that the
growth rates of consumption and output fall short of those in the unconstrained
solution. Long-run economic growth is also unambiguously lower compared to the
model without environmental externality described in chapter 2, both because the
positive effect of green innovation on overall research activity is no longer present

and because of faster deceleration.
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4.A Appendix to section 4.1

4.A.1 Proof of proposition 4.1

To prove the proposition, it has to be shown that the path without long-run growth
satisfies all the necessary first-order conditions for ¢ — oo, as well as the transver-
sality conditions.

The balanced-growth condition (2.54) and the research arbitrage equation (2.56)
have already been taken into account in the text. Condition (2.57), ¢% + b = d,
is no longer relevant. With ¢, = b, = 0, the social marginal return to n is zero
while marginal costs are strictly positive due to the existence of fixed costs, so that
tll)IglO g—fi < 0. It follows that n. = 0 is reconcilable with the Kuhn-Tucker-condition
for n. The first-order conditions for ¢ and b (equations (2.41) and (2.42) in chapter
2) hold for any ¢., and by, whenever n,, = 0. The consumption Euler-equation
(2.55) and the first-order conditions for B and S determine the long-run levels of
the shadow prices vg, vp and vg.

As all variables and shadow prices are constant in the long run, time discounting
(p > 0) guarantees that the transversality conditions for ), B and S are satisfied,
so that the path without long-run growth indeed solves the necessary conditions of

the constrained maximization problem.

4.B Appendix to section 4.2

4.B.1 Solution to the necessary conditions for S, = ()

We first substitute S, = (—4) into (2.54) and solve for X

1 (1—20’E)/O'E 1—1/O'C

Xb=0 _
> l—a:* (/o) +1 % (1/o.) +1

Q=" (4.B.1)

The resulting relation between consumption growth and productivity growth is

A = aRE (1) 3
a (a o8) /085, _ 0=, (4.B.2)
]_—Oég(]_/(fc)‘f'l E(l/gc)—’_]-
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Using the same steps as in chapter 2, we obtain the long-run optimal value n’=°

from (2.55). n’° is given by:

o (1—a)o. [ a 1 1 1 l—o. a (1—20g)/0p
Moo Jau (1—aoc+ ) (2“\/3 . 1—aﬁ(1/00)+15

The productivity growth rate is:

G = ol (459
a 1 1 1 l—0. a (1-20g)/og

— (1-a)o. R ey 5
(1=a)o (1—0zac+ ) <2M\/E P 0. 1l—a*%(1/o.)+1

We substitute (4.B.3) in (4.B.1) and (4.B.2) to derive the long-run growth rates of
c and X:

1 (1—20’E)/0'E

X=0 = 4B.A
l—a:* (1/o.)+1 ( )

1 1 l—0. a (1—-20g)/og

+(1 —a) (o —1) (2M\/EL P 1_aﬁ(1/gc>+15

50 a (1—20g)/ok 1 1 l—0. a (1-20g)/og
_ 1— Sy —p—

C 5+( O()O—c 2“\/3 P o, 1 _aﬁ<1/(jc> +1

(4.B.5)

Because 0. < 1, the transversality conditions are satisfied.

4.B.2 Proof of proposition 4.2

1. Uniqueness: The path characterized in the text for Soo > (—=6) and in ap-
pendix 4.B.1 for S, = (—4) satisfies all the necessary conditions for an interior
optimum (ny > 0) for pTVEb=0 < p < p*=0. Tt is still to prove that the in-
terior solution is unique and the only other solution candidate, n,, = 0, solves
the necessary conditions only if p > 5*=°. To do so, it has to be shown that

lim %—Is ln—0< 0 if and only if p > p*=0. tlir&%—g lno=0< 0 if and only if

t—o00

VQoo o0 Qoo < ALoo (qgo + d) . (4.B.6)

As g is not uniquely determined for n,, = 0, we define the limit limoq(noo) =
£L/p as the long-run solution for ¢ (see appendix 2.B.7). The long-run solution

for the shadow-price of @ follows from the first-order condition for ) (equation
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(2.46)). With Lyo, + é <§>oo = L, vgeo 18 given by vge = )\LOOQ;}%.

Q

After substituting limoq(noo) = £L/p and vge = )\LOOQ;}% in (4.B.6) and

solving for p, it is obvious that tlggo %—Z lnw—0< 0 if and only if p > p*=0.

2. Properties for S, = (—0):

(i)

(i)

Deceleration: There is deceleration in the long-run optimal solution if
and only if )?oo < @Oo. From (4.B.1), it follows that in the case where
S = (—0), Xb=0 < Qb=0 if and only if

(1—20'E)/0'E

/o, )

3>

This condition is satisfied because Q\oo > ¢, and the threshold %5

(1-20g)/oE ¢.
—1/§c E§:

Given 0. < 1 and og < 1/2, the numerators and denominators of both

which ¢, must exceed for S, to converge to (—8) is larger than

ratios are positive. The numerator of % is larger than the numer-

1-20g)/og £ (1—og)/oE
1/0

ator of < and the denominator o (=000 is smaller than the

denominator of U—?M
Oc

Quantity degrowth: There is quantity degrowth in the long-run op-
timal solution if and only if Xoo < 0. If (4.B.1) is the relevant equation

for X 0, quantity degrowth requires:

(1—20'E)/0'E

(1-0.) /0o 0

3>

By a similar reasoning as in (ii), it can be concluded that as Q220p)/on s

(1—oc)/oc
%(5 for 0. < 1 and op < 1/2, the condition is satisfied whenever

5w = (~0).

4.B.3 Proof of proposition 4.3

1.

Parameter restriction for positive long-run growth: The upper bound

on the rate of time preference which guarantees positive growth in the uncon-

strained model is given by (2.B.42):

o\ 1/2
1 _ (oc—1)/oe —1/2 o (01 /oc
_ {2 (1 + (1 (lfo'E)/o'E> ) d ML’ 11— > 1 (lfUE)/O'E
p =

1/2
% <1 + (L)2> d=12ulL, <1 (0c=1)/o¢c

1 (1—og)/oE



138
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In the constrained solution, it is p*=° = 1/2ud~'/2L. As the radiant in 7 from

the unconstrained solution is larger than one, it follows that p > p*=°

(Uc—l)/f’c
(-0p)/o5’  deceler
in the unconstrained solution. It follows straightforwardly that X2=0/Q%° <
L (oc=1)/0c
For %= <1 — (—og)/os’
that Xb 0/Q"=0 < X/Qo if and only if 7% > 0, which is true.

there is no deceleration

comparison of (4. 5) with (2.60) in chapter 2 shows

Comparison of X.: Substituting (4.7) in (4.5) yields the long-run growth
rate of X for b = 0:

(0c—1)/0c
Tb=0 __ (1-op)/oE } -1/27
X = 2 (1 _ i (Q,ud L p> (4.B.7)
[oc+ 1255 \ 1 — oo

From equation (4.B.7) and equation (2.B.24) in chapter 2, we find that for
(gc=1)/oc

a1 leem/oe 5 aufficient condition for XP=0 < X, is
-a (op)/on’ 5

(Uc—l)/Uc

(—on)/on 1

<
_ (oe=D)/oe (0e—1)/0c |2
oot (1= E58) 1o+ (1- el

This condition is satisfied as the numerator of the fraction on the left-hand side

is smaller than one and the denominator exceeds one, given %~ > 1— %
With deceleration (;% <1 — %) the relevant equatlon from chapter

2 is (2.60) and a sufficient condition for X'=0 < X

a 2 (Ucfl)/ac a
(0. —1) /o, 1+ (25) " - ((1 - —(170,3)/0,5) - m)
1 = o )?
( _JE)/JE 1+(E)
N (0.—1) /o
(]_ — O'E) /O'E
As the right-hand side is negative and the left-hand side is positive, the con-

dition is satisfied.

. Comparison of ¢, (: }A/OO): Substituting (4.7) in (4.6) yields the long-run

growth rate of ¢ for b = 0:

1 1

=0 = —pd V2L — p) (4.B.8)
oo+ 2 (1 — foeloe ) A2

¢ (1—og)/oE
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If 1%~ > (1 — M), comparing (4.B.8) to (2.B.24), we find that a suffi-

(l—O'E)/O'E
cient condition for consumption growth in the constrained solution to be slower
is
1 1
=AY (oe=1)/oe |’
1/Jc+m<1—m> 1/UC+(1—(UC UC)

l1-og)/oE

which is satisfied given the above restriction of the parameter range.
For ;%= < (1 — %), it follows from equations (4.B.8) and (2.61) that

l1-og)/oE
long-run consumption growth is slower in the constrained solution, if and only

if
1 1 a 2\
—ud V2L < =1 A2l
ot T .

which is true because the radiant on the right-hand side is larger than one.

4.B.4 Comparison to the unconstrained solution of propos-
ition 2.6 (p < pdelta)

delta

The critical value p®**, applying in the unconstrained model if o. < 1, is

o\ 1/2
% (]. + (]_ — M) > d_l/QILLL — Ky (1*UE)/UE5 a1 (cc—1)/0c

pdelta = { l-og)/or (1-oc)/oc ™7 1-a (=op)/on
1 o 2\ Y2 (1-0p)/o o (010
3 (1 (29)°) " deL — RS, T DT

withk; =1/0 —I—(l — MY and kg = /o472 <1 - M) (see equation
1= /e (1-05)/op 27 MO (-05)/op 4
(2.B.43)).
Using (4.B.7) and S?=0 = X*=0 it follows that the critical value for o, < 1 in

the constrained model is:

pdelta,bzo _ ld’1/2,uL — Ky (1—-o0g)/oE

5 —<1 ~ o) /o (4.B.9)
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Comparison shows that plelta 0=0 < pdelta Tt follows that for p < pdlta) the

following cases can arise:

(1.) plelta. b=0 — 5 < pdelta; T this case, So = (—6) and SP=0 > (—4).

(2.) p < plelta b=0 < pdelta. Ty this case, So = §2§0 = (—0).

A formal comparison of the unconstrained and the constrained solution is only
possible if the parameter range is such that the conditions for deceleration in pro-
position 2.6 are satisfied, because the unconstrained social planner’s problem cannot
be solved analytically otherwise.

It is straightforward that growth in output and consumption is slower without
green innovation in case (1.): pdelta 0=0 < < pdelia implies that ¢?=0 < %(5 <

0

Cso- In the second case, proof that ?=% < ¢, is obtained straightforwardly from

(4.B.8) and (2.B.52), as (1 + (ﬁ)Q)l/2 > 1.

Comparison of (4.B.1) and (2.B.48) from chapter 2 shows that in case (2.),
X o/ @oo is smaller in the constrained solution, so that deceleration is unambiguously
faster without green innovation if and only if ﬁ > 0, which is true.

The comparison of the unconstrained and the constrained solution otherwise

yields ambiguous results.

4.B.5 Proof of proposition 4.4

1. Parameter restriction for positive long-run growth: The upper bound
for positive long-run growth in the optimal solution without preference for the

environment is p?=0 = 1ud~"/2L which is equal to p*=C.

2. Comparison of X,.: From equation (4.B.7) and equation (2.B.57) in chapter
2, we find that for S2=0 > (—4), X?=0 < X¥=0 if and only if

(0c—1)/0c

(—on)/on 1
o (e Dijoe ) 1/o.
oo+ 1% (1 - <1—aE>/o—E>
which is true, as 2<% < 1 and 1/0, + - (1 — M) > 1/0. given
88 =op)/om cTia (-on)/on c&

o < 1/2
If 5=0 converges to (—4), X*=0 < 0 while X%~ > 0 so that obviously X’=0 <
Xy=0,

3. Comparison of ¢,,: Comparing (4.B.8) to (2.B.57) in chapter 2, we find that

consumption growth in the constrained solution is slower for S?=0 > (—4) if
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and only if
1 1

< )
/o, + 12 (1 _ ((J_i) 1/0,

l-og)/oE
which is true.
If 570 = (—§), comparing (4.B.5) to (2.B.57) and collecting terms proves that
=0 < ¢¥=Y if and only if

1—20’E5>O

1
§Iud—1/2L —p—
OFE

This condition is satisfied whenever S?=0 = (—§):
If 3\2?0 = (=), then p < pdeltad=0 — %pdil/zL—ﬁl—(l_UE)/UE& As(1—20g) Jog <

(I—oc)/oc
(1 —og) /og, it suffices to show that

1
—_— > 1.
,{1(1 —0.) /o,

Using the definition of x; and rearranging yields

e )

which is true.

4. Comparison of Q.: From (4.7) and (2.B.57), it can be concluded that given
SP=0 5 (=), Q=0 < Q¥=0 if and only if

a (1_00)(1_M) <0.

11—« (1—0g)/oE

This inequality is satisfied if and only if o, > 1. For o, < 1, Q*=0 > Q¥=.
The case where S?=0 = (—§) occurs only if o, < 1. It still has to be proven
that Q*=° > Q¥=0 in this case. We compare (2.B.57) to (4.B.3). It follows

after division by o, and collecting terms that Q*=0 < Q¥=0 in case S*=0 = (—§
y o0 o0 o0

1 1 1 1— 205
— 1) (zp—=L—p— §) <o.
(7 1) Gt 5) <

if and only if
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As 0. < 1, the inequality is equivalent to:

1—20’E

Ofp

1
§ud’1/2L —p— §<0

We have shown before that 1pd~'/2L —p— %(5 > 0 whenever S$*=0 = (—§).
This proves that Q=0 > Q¥=0 also for =0 = (—4).



Chapter 5
Pollution and resource scarcity

A large share of worldwide emissions results from the use of polluting non-renewable

I Because our baseline model does

resources like fossil fuels in energy generation.
not consider non-renewable resources, intermediate goods could not explicitly be
interpreted as energy inputs. This chapter extends the baseline model of chapter 2
by a non-renewable resource to examine the robustness of our main results with
respect to the consideration of resource scarcity. In particular, it is assumed that the
resource is the only input to intermediate production and that its use as production
input generates pollution.

Exhaustibility of the resource stock demands that resource use must ultimately
decline to zero. This implies on the one hand, that the adverse effect of production
on the environment automatically vanishes with the resource stock as polluting
emissions converge to zero asymptotically. The total amount of emissions remains
finite and the pollution stock decreases over time. On the other hand, intermediate
quantity must also decline with resource use. Quantity degrowth is unavoidable at
least in the long run, not only in the optimal solution but also in the laissez-faire
equilibrium.

We find that because the finiteness of the resource stock requires intermediate
quantity to fall along the equilibrium path, it slows growth in consumption and
output in the laissez-faire equilibrium. Growth rates are not affected by the partic-
ular size of the initial resource stock. However, less resource-abundant economies
face lower consumption, output and pollution levels on the entire equilibrium path
compared to economies with a large natural resource endowment.

While for the laissez-faire equilibrium, the natural resource constraint is always

!The energy share in total anthropogenic greenhouse gas emissions in 2004 in terms of COs-
equivalent was 25.9 % according to the IPCC Synthesis Report (IPCC (2007)).
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binding, we have shown in chapter 2 that the social planner voluntarily chooses
quantity degrowth if preferences are such that a fast decline in the pollution stock
is desired and production is sufficiently inelastic with respect to intermediates. We
prove that in this case, contrary to what is assumed in the literature?, resource
scarcity is no constraint to the long-run social optimum and the results from the
baseline model still hold if the initial resource stock is large enough.
We also characterize the optimal solution for the case where the natural resource
constraint is binding. The need to save on the exhaustible resource then leads to
such a fast decline in resource use and therefore pollution that green innovation is
no longer optimal in the long run.

Section 5.1 describes the modifications to the model setup compared to the
baseline model. In section 5.2, we derive the laissez-faire equilibrium while the

long-run social optimum is analyzed in section 5.3.

5.1 Setup

We denote the resource stock in period t by F;. Starting from a finite positive initial

level Fp, the resource stock is depleted proportionally to resource use:
F, = —R, (5.1)

For simplification, we assume that the resource can be extracted at zero cost. This
assumption is in line with previous literature (see for example Barbier (1999), Schou
(2002) and Groth and Schou (2002)).

The resource stock F; must be non-negative for any t. Therefore total extraction
must not exceed the initial stock Fj, a requirement which is formally represented by

the condition -
/ R,dt < Fy. (5.2)
0

Suppose that one unit of intermediate goods is produced by one unit of the non-
renewable resource so that
Xy = Ry (5.3)

. . . . 1 . .
is resource input in sector i and X; = fi:o Xudi = R, is aggregate resource use.

As suggested in the introduction, equations (5.2) and (5.3) imply that intermediate

2See, for example, Grimaud and Rouge (2008) and Schou (2000, 2002) for models with a polluting
non-renewable resource.
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quantity must decline in the long run as the stock of the natural resource gets

exhausted, both in the laissez-faire equilibrium and the social optimum:

Lemma 5.1 If intermediate goods are produced with a non-renewable resource ac-
cording to equation (5.3), the growth rate X of intermediate quantity is negative in

the long-run. Any solution path is characterized by quantity degrowth for t — oo.

Proof. It follows from (5.3), that aggregate resource use is Ry = X;. Substitution
into equation (5.2) yields fooo Xidt < Fy. To satisfy the condition, the integral must
converge, which requires hm Xt )? < 0 as a necessary condition. m

We now study in detall the laissez-faire equilibrium and the long-run social op-

timum.?3

5.2 The laissez-faire equilibrium

The laissez-faire equilibrium is defined similar to chapter 2, with the exception that
there is an additional market for resources which must clear at equilibrium.

We prove in this section that because of the exhaustibility of the resource stock,
resource use and intermediate production fall along the entire equilibrium path.
Quantity degrowth may induce consumption to decrease as well. On the other hand,
emissions decline with resource use and the long-run growth rate of the pollution
stock is negative. The total amount of pollution generated over time is limited
by the scarcity of the polluting resource. Subsections 5.2.1 to 5.2.3 describe the
changes in the individual optimization problems. Subsection 5.2.4 characterizes the
equilibrium.

In subsection 5.2.5, the effects of resource scarcity on the growth rates and levels
of production, consumption and pollution are examined more closely. It is shown
that the growth rate of the resource price, which reflects the progressing scarcity
of the resource over time given an initial stock, depresses growth in GDP and con-
sumption for any constellation of parameters. The size of the initial resource stock
does not affect growth rates. The less resource-abundant an economy is, however,
the higher is the level of the resource price in every period and the lower are the

levels of production, consumption and pollution along the equilibrium path.

3 As in the previous chapters, we focus on balanced and asymptotically-balanced growth solutions.
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5.2.1 The representative household

We assume that the resource stock is owned by the household and that there are
well-defined property rights. Firms pay a price pgr; per unit of the resource. The

modified budget constraint of the representative household is given by
Ct + At = TtAt + wYtLYt + thLDt —+ pRth. (54)

As in chapter 2, the no-Ponzi condition must hold to rule out chain-ladder financing,.
Besides the budget constraint, the representative household takes (5.2) into
account when maximizing utility. We denote the current-value of the Lagrange-
multiplier for the new constraint by A\g; = XRtePt. Because the constraint is the
same in every period ¢, the present-value XR is constant so that /):R = p.
The set of first-order conditions in the baseline model from chapter 2 is extended

by the first-order condition for resource extraction R;:

o0H
—aRt =0 < vaPrt = ARt (5.5)
and the Kuhn-Tucker condition
aH o0 o0
<0< tht < Fg /\Rt >0 )\Rt Fg — tht =0. (56)

v is the shadow price of assets A in t.

Condition (5.5) states that the representative household is indifferent about the
amount of resource extraction in period ¢t when the marginal utility gain (vapr:)
from selling the resource and using the proceeds to accumulate more assets equals
the marginal utility loss (Ag;) the household incurs because an additional unit ex-
tracted in ¢ reduces the amount which can be extracted in future periods.

Because the household gains from selling the resource while he does not take into
account the pollution caused by its use in production, the resource stock is fully
exhausted asymptotically. This follows formally from the Kuhn-Tucker condition
(5.6) together with (5.5): If [° Ridt < Fy, Ag must be zero for all ¢* by the
complementary-slackness condition Ag, (FO — fooo tht) = 0. From (5.5), it follows

that the resource price pr; would have to be zero for all #°. This cannot be an equi-

4Because e”* cannot become zero, Ag; = 0 can only be satisfied if h r = 0. But in this case, Ag; = 0
for all ¢.

v 44 cannot be zero for ¢ < oo as it must equal the marginal utility of consumption by the first-order
condition for ¢ (equation (2.A.1) in appendix 2.A.1).
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librium as resource demand would become infinitely large and it would be beneficial
to slightly raise the price and extract more of the resource in every period.

The Euler-equation
af = 0¢ (Tt - p) (57)

for per capita consumption from chapter 2 still holds.
Taking growth rates on both sides of (5.5) and using XR = p as well as vy, =
(p — 1) vag from the first-order condition for assets®, we show that the consumption

Euler-equation is supplemented by the Hotelling-rule
DRt = T4 (5.8)

Equation (5.8) states that growth in the resource price must compensate the con-
sumer for not selling the resource today and investing in assets at the interest rate

Tt.

5.2.2 Production

The demand function for intermediate goods remains unchanged vis-a-vis the baseline

model: )

6% -«
Xit(pies Lys, Qu) = <p_> QitLy+ (5.9)
it
In the profit function

Wft( = (pit - MCt)Xita

it has to be taken into account that marginal production costs correspond to the
price pg; for the resource instead of marginal labor costs, as one unit of intermediate
goods is now produced from one unit of the non-renewable resource. Marginal costs
are still the same for every firm j so that, as in chapter 2, only the firm with the
latest patent will be active in production. The profit-maximizing monopoly price in
period t, given by the constant mark-up i over marginal costs, is

1
Pit =Pr = = PRi (5.10)

in every sector. With (5.9), (5.10) and MC} = pg;, profits in sector i are given by

y 11—«

2 <«
Tit = aT=app Lyt - Qi (5.11)

6See equation (2.A.2) in appendix 2.A.1.
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Profits depend negatively on the resource price. The effect is stronger, the more
price-elastic intermediate demand from the consumption goods sector is (i.e., the

larger «).

5.2.3 Research and Development

After-innovation profits in a I;eriod s> tarem), = %a%pgsﬁ Lys- (14 qij1)Qit-
As in chapter 2, P(s) = efft #iwd s the probability that the incumbent monopol-
ist is still producing in period s. It follows that expected discounted profits from

intermediate production in sector ¢ are given by:

ElViplas)] = [7¥(as0P(s)e v (5.12)
t

1- _a :
T aaﬁpml_a (1+ Qijt)Qit/LYse_ft (aretmin)dv g

t

In the second line, it was used that at time s > t, prs = pRtefts”d” according to the
Hotelling-rule (equation (5.8)).

Expected discounted profits are affected negatively both by the level of the resource
price in ¢t and by its growth rate, which raises the effective discount rate: The term
ﬁrv is the sum of the standard discount effect of the interest rate, r,, and the
term #-7,.. The influence of the growth rate results from the fact that, contrary to
the baseline model, unit production costs in the intermediate sector rise over time
because resource scarcity drives up the price of the resource input.

At any time ¢, as in the baseline model, a researcher j in sector ¢ maximizes
expected returns pE [V;;] from an innovation in ¢ less of research costs wpilp;jr. The
labor requirement [p;;; is given by (2.9) in chapter 2.
resource scarcity does not affect the step-size of innovations or the orientation of re-
search in the laissez-faire equilibrium. As in chapter 2, there is no incentive to invest
in green research because pollution is not internalized so that profit maximization
yields bleli = V™" = 0. The profit-maximizing choice of g;;; in the baseline model
in chapter 2 is only dependent on d and in particular not affected by the effective

discount rate. But upon substitution of the wage rate” in the first-order conditions

TAs in the baseline model, it is used that wp; must equal the wage in the production sector for
the consumption good at equilibrium. wy is equal to the marginal product of labor Ly; which

. 2o —g—
is (1 —a)aT=app, Q.
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and the zero profit condition, it becomes evident that both conditions differ from
those in chapter 2 precisely by the effective discount rate. The equilibrium value
¢ = ¢“" = V1+d —1 from chapter 2 therefore pertains to the model of this
chapter as well.

The discount factor on the other hand does affect n;;. Applying the same steps

as in the baseline model, the zero-profit condition can be simplified to

1 1 Tt
Vitd—-1 l—ap

The increasing resource price, ceteris paribus, crowds out overall research invest-

(5.13)

Nit = 1y = aLyy

ment through the aforementioned stronger discounting of profits in the intermediate
sector: Entry is smaller for any given interest rate r, and labor used in final good

production Ly;.

5.2.4 General equilibrium
The market value of firms

As in chapter 2, the value of firms must equal the stock of the representative house-

hold’s assets. Proceeding similar to the baseline model, we obtain the expression

1
v, — /E[Vijt]di
0

2a
1 — ) l—« JR « T
_ pllzajare u) (\/1 d—l) PR Q,
for the market value. Different from chapter 2, the market value of firms grows

slower than productivity because of the increasing resource price.

Resource market clearing

Because the resource stock is fully exhausted, total resource demand fooo R,dt =
fooo Xddt must equal total supply Fy. Integrating (5.9) over all sectors i and using
the Hotelling-rule to describe the development of the resource price, the condition

can be written as

2 ﬁ o) :
(a_) / e Tk " Ly Qudt = Fy. (5.14)
0

Pro
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Given the paths for productivity @), labor Ly and the interest rate, condition (5.14)
fixes the resource price at ¢t = 0 for any given initial resource stock Fy. It thereby
determines the level of the path {pg;}5°. The more resource-abundant the economy

is, the smaller is the resource price in every period t.

Labor market clearing

Using the labor market constraint, L = Ly + n; (g2 + d), to replace Ly; in (5.13),

we express n; as function of the interest rate only:

Z (5.15)

Equilibrium growth

Substituting (5.15) and the solution for ¢"*® in the equation of motion for Q® and
dividing by @, yields

Y (WVIFd-D)pL -1l (VI+d-1)n
0= o (iTd—1)+d |

On a balanced growth path, » must be constant for all ¢, so that n does not

change over time and ) grows at a constant rate. Integrating (5.9) over i, computing

the growth rate and using the Hotelling-rule (5.8) then yields the relation between

productivity growth and growth in intermediate quantity along an asymptotically-

balanced growth path:

~ ~ 1
XLER _ QUER _ 2, (5.16)
11—«

Equation (5.16) shows that the growth rate of the resource price drives a wedge
between productivity growth and growth in intermediate quantity. From lemma
5.1, we know that intermediate quantity does not only grow more slowly than pro-
ductivity but must ultimately decline along a long-run equilibrium path. This is
guaranteed by the transversality condition for ) as will be shown in the proof of
proposition 5.1 below.

Because intermediate quantity decreases over time, output and consumption

8See equation (2.12) in chapter 2.
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growth must fall short of productivity growth as well:

ELF,R, _ }’}LF,R _ (1 . &)Q\LF,R + OJ?LF,R

R —— (5.17)

l—«o

Setting equal (5.17) and (5.24), the interest rate and the equilibrium growth rates

of ), c and X can be determined as in chapter 2. The equilibrium interest rate is

given by:
N s=uL (Vi+d=1)+ (52 (VIi+d-1)+4d)p (5.18)
FLE R .
e (VIFd-1 (5 +1) (52 (VT d = 1) +4)
The equilibrium productivity growth rate is:
R (3(Z2+1) L - s (VIFd—1)p) (VIFd -1
A N G (17a) ( )7)! ) (5.19)

mi(\/l—f‘—d—l)2+<LL+1) (=2 (VIit+d—1)+d)

l—a oc

The growth rates of the economic and technology variables and the equilibrium
interest rate are constant for any initial state. Therefore, the path described by
Q, = QR B, =0, X, = X'FR G, = XUFR qnd ¥, = ¢ = "R for all ¢
is a balanced growth path and all variables except the pollution stock grow at
their balanced growth rates without transitional dynamics. For an initial pollution
stock not reconcilable with balanced growth, the pollution growth rate adjusts to
SLER — YLER gver time.

Contrary to our baseline model, it is possible that XUFR < (—6) so that §£OF’R =
(=6) > X“FR_ In this case the equilibrium path described above is only asymp-
totically balanced because their exist no initial conditions such that SLER — (—0)
for all £. The ABG-equilibrium is otherwise equal to the BG-equilibrium, as the
development of the pollution stock does not affect the decision of economic agents
under laissez-faire.

Both along a BG- and along an ABG-path, the pollution stock declines with
intermediate quantity in the long run. Further, the total amount of pollution emitted
is necessarily finite and equal to the initial resource stock Fp.

From (5.17) and (5.19), define an upper bound ,BIéF’R so that QLF'R > 0 if and
only if p < ﬁléF’Rand a second critical value pi*! so that ¢"R > 0 if and only if

p < prPR. Further, define pTVOR such that the transversality condition is satisfied
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if and only if p > pTVER 9

The following proposition describes the laissez-faire equilibrium:

Proposition 5.1 (A)BG-laissez-faire equilibrium

TVCE 5o that the disutility from pollution is convex and

Assume op < 1/2 and p > p
the transversality conditions are satisfied. Assume further that intermediate goods

are produced with a non-renewable resource according to equation (5.3).

There exists either a unique BG- or a unique ABG-equilibrium with the follow-
ing characteristics: There is no green innovation but persistent quantity degrowth
()A(LF’R < 0). Pollution declines at the rate of intermediate quantity in the long run.
For parameter constellations such that p > ﬁgF’R , there is mo productivity growth in
the (A)BG-laissez-faire equilibrium. Growth in per capita consumption and output is

negative. For ,BgF’R > p > pt R productivity growth is positive, while growth in out-

put and per capita consumption is negative. For p < ﬁfF R growth in productivity,

output and per capita consumption is positive.

Proof. See appendix 5.A.1. =

Contrary to the long-run equilibrium in the baseline model, it is possible that
the growth rates of consumption and output are negative (see also Schou (2002) for
a similar result). Degrowth does then not only occur in polluting quantity but in
consumption and output. The reason is that even if the representative household
is patient enough to lend to firms for R&D-investment, productivity growth is too

slow to compensate for the decline in intermediate production.

5.2.5 The effects of resource scarcity

While it is obvious from the preceding analysis that resource scarcity not only slows
growth in the intermediate production sector but even leads to persistent quantity
degrowth, it is interesting to study the impact of resource scarcity on the (A)BG-
laissez-faire equilibrium more extensively.

For any given initial resource stock Fy, the fact that the resource becomes scarcer

over time is reflected in the positive growth rate of the resource price. The rise in

(r2aog)snt d that th bound fi
m an a € upper oun or

From (5.17) and (5.19), it follows that g " =

1
; o sLER skl
consumption growth is p; - (ViTd 1)+ L ) (Vird1)"

As the first-order condition (2.A.2) for assets is unchanged compared to chapter 2, the trans-

versality condition still requires 7“F-R — QLF-R > 0. With (5.18) and (5.19), the critical value

o 1 1
TVCR _ 1 Toasgtl=sg

P 2 (gt +1) Vitd—

— L is obtained.
T—a
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the price induces the decline in intermediate quantity along the equilibrium path.
Further, resource scarcity affects economic variables through the level of the resource
price, which depends negatively on the size of the initial stock Fyp.

While the size of Fj is exogenous, the growth rate of the resource price is endo-
genous. Still, it is possible to single out the effects not only of Fy but also the impact
of the growing resource price on equilibrium growth and the levels of technology,
production, consumption and pollution.

The following proposition summarizes the results:

Proposition 5.2 Effects of resource scarcity

Consider the equilibrium in proposition 5.1.

Growth effects: For any given initial resource stock Iy, the exhaustibility of the
resource is reflected in a positive growth rate of the resource price. Resource scarcity
thereby (i) unambiguously decreases the growth rates of X, Y and ¢ as well as the
long-run growth rate of S in the (A)BG-equilibrium, (ii) lowers (increases) the pro-
ductivity growth rate whenever o. > 1 (0. < 1), given p < ,BgF’R, and (iii) restricts
the parameter range for which there is positive growth in per capita consumption in
the (A)BG-equilibrium.

Level effects: The size of the initial resource stock Fy (i) does not affect the alloca-
tion of labor to production and research, growth rates of the economic variables and
the long-run pollution growth rate, nor the paths of the technology stocks () and B.
However, the smaller Fy, (ii) the larger is the level of the resource price along the en-
tire equilibrium path and (iii) the smaller are, accordingly, the levels of intermediate

production, output, per capita consumption and pollution in every period t.

Proof. See appendix 5.A.2. =

The growth rate of the resource price has two opposing effects on the size of
the productivity growth rate, @LF’R: On the one hand, the negative effect on entry
for a given interest rate, apparent in (5.13), tends to slow growth. On the other
hand, the decrease in entry causes a countervailing general-equilibrium effect: The
equilibrium interest rate is smaller, which slows the price increase, as can be seen
from (5.8), and stimulates entry and productivity growth.
If 0. < 1, the representative household desires to smooth consumption over time and
reacts inelastically to changes in the interest rate. The decline in the interest rate is
therefore more pronounced than for o. > 1, so that the positive effect on productivity
growth predominates in the former, and the negative effect predominates in the latter

case.
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The growing resource price depresses consumption growth along the equilibrium
path because it induces quantity degrowth. The increase in productivity growth
for 0. < 1 dampens the decline in intermediate quantity and stimulates output
and consumption growth also directly. Nevertheless, the overall effect of resource
scarcity on consumption and output growth is unambiguously negative.

On the other hand, resource scarcity has a beneficial effect on household utility
through the pollution externality: The growing resource price ensures that the total
amount of emissions at equilibrium is bounded and the pollution stock declines along
the (asymptotically) balanced growth path.

The initial resource stock affects the laissez-faire equilibrium only through the
level of the resource price, according to equation (5.14). The price level does not
influence research profits because profits from intermediate production and research
costs decline in the price level in the same way. It follows that growth rates are
unaffected by the size of the initial resource stock. The implication is that two
economies with different initial resource endowments share the same long-run growth
rates and the same technology paths.

On the other hand, the price level is relevant for the determination of intermediate
production levels in each period (see (5.9)). The higher the resource price, the higher
is the price firms in the consumption goods sector pay for intermediate goods and
the lower are intermediate demand and the equilibrium quantity of intermediates.
Because productivity and labor in the consumption goods sector are independent
of the initial resource stock, it follows that the paths for output and consumption
in an economy with small initial resource stock are below those of a more resource-
abundant economy. At the same time, there is less pollution in every period as less

of the polluting input is produced.

5.3 The long-run social optimum

We now derive the long-run optimal solution under the constraint resource scarcity
imposes on intermediate production. Subsection 5.3.1 describes the changes in the
key equations. In subsection 5.3.2, we first characterize the social optimum in case
of a binding natural resource constraint, which is the case most commonly studied
in the literature. As in the previous section, we focus on (asymptotically) balanced
growth. We then suggest that for a sufficiently large initial resource stock and para-
meters such that the baseline model features quantity degrowth, the natural resource

constraint is not binding so that the results from the baseline model still apply.
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5.3.1 Optimization problem and first-order conditions

The current-value Lagrange-multiplier for the natural resource constraint, (5.2), is
again denoted by A\gr;. The equations of motion for S, () and B as well as the alloca-
tion of intermediate production across sectors and the economic resource constraint
remain unchanged compared to chapter 2. The modified production structure in the
intermediate goods sector does, however, alter the labor market constraint because
labor is not used in intermediate production anymore. The modified labor market

constraint is

L = Ly +ny(q + b2 +d). (5.20)

We use the production function (5.3) for intermediate goods to eliminate the vari-
able R from the optimization problem: Aggregate resource-use in period t equals the
aggregate quantity of intermediates produced, i.e., R; = X;. The natural resource

constraint (5.2) can therefore be rewritten as

/ Xydt < Fp.
0

The new current-value Hamiltonian function is:

ge—1 l1=op
H = (-2 ¢~ 22 g7 L
Oc — 1 1-— op
X
— — 0S8
+Vst (Bt t)
+vQen g Qe
—|—UBt,untstt (521)

+Ave (X7Q; Ly, — L)

+ ARt (Fg —/ Xtdt)
0

+Api(L — Ly, — ny(q? + b2 + d))

The Lagrange-multiplier for the natural resource constraint affects only the first-
order condition for X, reflecting the social cost of intermediate production arising
from the depletion of the non-renewable resource:

Ug

oH 13 a— —anl—a
X, = 0 < Bt My a X2 L 0Q — A =0 (5.22)
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As under laissez-faire, the set of first-order conditions is supplemented by the

Kuhn-Tucker-condition

0H
ARt

SO@FQ—/ XtdtZO >\Rt >0 )\Rt (FD_/ Xtdt) =0 (523)
0 0

for the Lagrange-multiplier Ag;, which expresses that either the resource stock is
fully depleted in infinite time or Ag; is zero for all t. Contrary to the laissez-
faire equilibrium, it is not clear a priory that it is optimal to extract the resource
completely. The social planner may choose not to extract the whole resource stock
in order to restrict the amount of polluting emissions.

Of the four key equations which have been derived in chapter 2 to describe the
(A)BG-path, the Euler-equation (2.55) and the indifference condition (2.57) are not
affected by the resource constraint. Equation (2.57) remains unchanged. The Euler-
equation differs from its equivalent in chapter 2 only because productivity does no
longer affect the costs of intermediate production, so that the term 1/p(X/Q)x is
dropped from the equation:

(1/0) e+ p = 5 —Lyeo + Quo + (Xoe — Q) (5.24)

The resource constraint does affect the research arbitrage equation and the balanced-
growth equation through its effect on the first-order condition (5.22) for intermediate

goods. The new research arbitrage equation is:

1 p a IRV XN
L Lyee = =1L - 2B (Z) L 2
2o T 2y (1—a 1—&(/\Y>OO(Q>OO Yoo (5.25)

As we show in the next subsection, the condition for asymptotically-balanced growth

differs depending on whether or not the natural resource constraint is binding.

5.3.2 Characterization of the long-run optimum
Binding natural resource constraint

The Lagrange-multiplier Ag; reflects the social costs of producing one unit of inter-
mediates - it is the social price of the non-renewable resource. Ag; increases over

time according to the modified Hotelling-rule

Nre = p. (5.26)
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While the social price Ag; of the non-renewable resource increases with pro-
gressing resource scarcity, the shadow price vg; of pollution moves along with the
marginal disutility of pollution on an asymptotically balanced growth path!®. The
shadow price therefore falls towards vs,, = 0 as the stock of the polluting resource
gets exhausted and the pollution stock declines.

The balanced-growth condition from chapter 2 is replaced by the requirement
that asymptotically, the social marginal product of intermediates in output produc-
tion, )\YtaXf‘_lLi,_to‘ 1= must grow at the same rate as the social price Ag; of the
resource to satisfy the first-order condition (5.22) for X. This relation implies that

the long-run optimal growth rate of X as function of @OO is given by

- 1 1Y\ » 1
Xr = — 1—— R — ). 5.27
*onaetl <( oc) Qo 1—ap> (5.27)

The increasing social resource price decreases growth in intermediate quantity below
productivity growth. The price effect is reflected in the term ﬁp, similar to the
term = in the laissez-faire growth rate (5.16).

For 0. < 1, it is obvious from (5.27) that intermediate quantity declines whenever
@oo > 0. If o, > 1, the transversality condition for @) is sufficient to guarantee
quantity degrowth as will be shown in appendix 5.B.1.

When using the relation \y,aX% 1Ly 2QL% = Apo between the social mar-
ginal product of intermediates and the social price of the resource in the research
arbitrage equation, (5.25), it becomes obvious that green innovation is no longer
optimal in the long-run. The difference in square brackets in (5.25) becomes zero

and the equation can only be satisfied if!!
B} = B = 0.

Asymptotically, all labor resources in the research sector is shifted towards pro-
ductivity improvements. From equation (2.57), ¢% + b2, = d, it follows that the
optimal step-size is

& = V. (5.28)

From the Euler-equation, we derive the mass of research units n®t , which with (5.28)

10See equation (2.B.10) in the appendix of chapter 2.
ULy =0 and g = 00 are no viable outcomes of the social planner’s problem.
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yields the long-run productivity growth rate

s(1-a) (ﬁ%ﬁﬂ) Goo bl = p

-
oo = 1/o,

(5.29)

Productivity growth dampens the adverse effects from quantity degrowth on output
and consumption growth. The relation between long-run growth in output and
consumption and productivity growth becomes evident after substituting (5.27) into

the production function:

N 1 .
EEOZYOSIT( o~ aap) (5.30)

Long-run output and consumption growth in the optimal solution is positive if and
only if productivity rises sufficiently fast to outweigh the decline in intermediate
quantity.

Pollution growth is given by

3\50 = max[)?i, _6]

Contrary to the baseline model, the long-run optimal growth rates of the economic
variables have the same functional form for Sy, > (—4) and S, = (—4). Pollution
growth has feedbacks on economic variables only through the shadow price vg of
the pollution stock in the first-order condition for X. But we have shown that
with a binding resource-constraint, the shadow price does not affect the first-order
condition asymptotically.

For the subsequent proposition, define the upper bounds ﬁg and p&* on the rate of
time preference for positive long-run productivity growth and consumption growth

TVC,R

respectively. Further, as in the previous chapters, define p so that the trans-

versality conditions are satisfied if and only if p > pTVER 12

2From (5.29), it follows that ﬁg =1(1-0) (1 + Li) d='2uL and from (5.30), the upper

11—« ocC
(-0 (1+r25 7
A k7P

- d='2puL is obtained.

bound pf = 3

T—a oo

The critical value pTVOTR is given by pTVOR = 1(1—a) (Li + 1) (1 —1/oc)d=?uL.

l-ao¢
Whenever o < 1, the expression on the right-hand side is negative and the transversality
conditions are satisfied for every p > 0.
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The results from the above analysis can be summarized as follows:

Proposition 5.3 ABG-optimum with binding resource constraint
Assume o < 1/2 and p > pTVOE, Assume further that intermediates are produced
with a non-renewable resource according to equation (5.3) and that the resource con-

straint 1s binding.

There exists an asymptotically unique ABG-solution which solves the necessary con-
ditions for t — oo. While the long-run optimum is always characterized by quantity
degrowth, green innovation is not optimal in the long-run (Ei = 0). For parameter
constellations such that p > ﬁg, there is mo productivity growth in the long-run so-
ctal optimum. Long-run growth in per capita consumption and output is negative.
For ﬁg > p > pl, long-run growth in output and per capita consumption is negat-
ive, while long-run productivity growth is positive. For p < p¥, long-run growth in

productivity, output and per capita consumption is positive.

Proof. See appendix 5.B.1. =

In the social optimum, as in the laissez-faire equilibrium, resource scarcity may
lead to degrowth in consumption and output in the long run. Intuitively, the binding
resource constraints demands a comparatively fast reduction in intermediate pro-
duction. Positive consumption growth is then only possible with a sufficient research
investment because productivity must increase fast enough to outweigh the decline
in intermediate quantity. But this requires a reduction in production labor and thus
current consumption which is not optimal if the rate of time preference is large.

When the resource constraint is binding, the social planner is forced to save on
polluting inputs to such an extent that investing in green innovation to bring about
an even faster decline in the pollution stock is not optimal in the long run. The
environmental externality does not influence the social planner’s decision asymptot-
ically: Neither the intertemporal elasticity of substitution in pollution, o, nor the
weight of pollution in utility, ¢, affects long-run growth rates. On the other hand,
resource scarcity becomes an increasing threat to economic growth over time. There-
fore, asymptotically, all labor resources in the research sector are shifted towards

productivity improvements, which help to use the resource more efficiently.

Non-binding natural resource constraint

A necessary condition for the natural resource constraint to be non-binding is that

resource use and therefore intermediate production decrease without the constraint,
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at least in the long run. Such a necessary condition is given in corollary 2.3 in
the baseline model which characterizes the parameter range for the long-run social
optimum to be characterized by quantity degrowth. We prove in appendix 5.B.2
that given quantity degrowth, the total amount fooo X,dt extracted of the resource
remains finite so that for a sufficiently large initial stock Fy, the resource is not fully
exhausted.'?

If the resource stock is not binding, it follows from (5.23), that the shadow price
Ar equals zero for all ¢. In this case, taking into account (X /@) = 0, the first-order
condition (5.22) for intermediate quantity X reduces to the corresponding equation
in chapter 2. With the requirement that the shadow price vg; of pollution must
move along with the marginal disutility of pollution, the same condition (2.54) for
(asymptotically) balanced growth as in the social optimum of the baseline model is
obtained. Given Mg, = Ag = 0 and (X/Q)_ = 0, the consumption Euler-equation
(5.24) and the research arbitrage equation (5.25) also equal the respective conditions
in the baseline model.

As all four key equations (2.54), (2.57), (5.24), and (5.25) correspond to those
from the baseline model, it follows that for a non-binding resource constraint, the
long-run optimal solution of the resource model is the same as in chapter 2.'* In
particular, some labor is always allocated to green innovation in a growing economy

so that
JE—
11—«

and long-run output- and consumption growth is non-negative.

Qc (5.31)

Proposition 5.4 ABG-optimum with non-binding resource constraint

Besides op < 1/2 and p > pTVC

, assume that intermediates are produced with a non-
renewable resource according to equation (5.8) and that the conditions for quantity
degrowth in corollary 2.3 are satisfied. Assume further that the path {X,}, for in-

termediate quantity is continuous.

Given a sufficiently large (but finite) initial resource stock Fy, the natural resource
constraint is not binding for the social planner’s problem. There exists an asymp-
totically unique ABG-solution solving the necessary conditions for t — oo which is

identical to the ABG-solution described in section 2.4.2 of chapter 2. More precisely,

131t is not possible to express the necessary and sufficient condition fooo Xdt < Fy for the resource
constraint to be non-binding in terms of the model parameters as this requires knowledge of the
entire path of X, which cannot be derived analytically.

14In the short run, the optimal solution will differ from the one in chapter 2, because labor is no
longer used in the intermediate production sector. This effect vanishes in the long run, as labor
in intermediate production converges to zero for X/Q — 0.
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there is quantity degrowth so that intermediate quantity X and resource use R fall
over time. Growth in output and consumption is positive, given p < p, and entirely
driven by productivity growth. The pollution stock S declines both due to quantity
degrowth and because the pollution intensity of intermediate goods is reduced by green

innovation. The orientation of research and technical change is given by (5.31).

Proof. The proof requires to show convergence of fooo X,dt, see appendix 5.B.2.
The remaining claims of the proposition follow from the text and the analysis in
chapter 2. m

. o (1—0¢)/oc
The condition %= < (1 — «) (—om)/or

run optimal solution to be characterized by quantity degrowth both for §Oo = (=)

in corollary 2.3 is sufficient for the long-

and S, > (—0). The condition is satisfied if the factor elasticity a of intermediate
quantity is small, the value of the intertemporal elasticity of substitution (IES) in
consumption, o, is below one and the IES in pollution, o, is large. In this case,
a decline in intermediate quantity has no strong effect on growth in output and
consumption, the relative social return to green research is small and a steep decline
in the pollution stock is desired. Because of the negative environmental externality
of production, optimal resource use is restricted to such an extent that the stock is
never exhausted.

In our numerical example in section 2.4.3 in chapter 2, we have suggested that
the parameter constellations for which there is quantity degrowth in the long-run
optimal solution are well in line with empirical evidence. In particular, quantity
degrowth was shown to be a likely outcome of the social planner’s optimization
problem if the intermediate good is interpreted as energy input and its production
elasticity « as the energy share in GDP.

We conclude that without too strong restrictions on the parameter range, the
long-run results from the socially optimal solution of the baseline model extend to

a model with a non-renewable resource.

5.4 Conclusion

If intermediate goods are produced from a polluting non-renewable resource as the
only input, resource scarcity forces intermediate production and therefore emissions
and the pollution stock to decrease asymptotically, even in the laissez-faire equilib-
rium. We have shown that the decline in intermediate production depresses equilib-
rium growth in output and consumption. Growth rates in the (A)BG-equilibrium

do not depend on the particular size of the initial resource stock. However, less
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resource-abundant economies face lower consumption, output and pollution levels
on the entire growth path compared to economies with a large natural resource
endowment.

While including a non-renewable resource drastically affects the laissez-faire equi-
librium, we have pointed out that for reasonable parameter constellations, the re-
source constraint is not binding in the social planner’s solution and the results from
the baseline model without resources continue to hold.

It is straightforward and widely acknowledged in the literature (Grimaud and
Rouge (2008) and Schou (2000, 2002)) that if the source of pollution is a non-
renewable resource, the finiteness of the resource stock alleviates the pollution prob-
lem in the long run. The analysis in this chapter suggests that the causality may
work in the opposite direction as well: The preference for a clean environment may
make it optimal to restrict resource use in a way that the resource stock is never

exhausted and the resource constraint is not binding.
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5.A Appendix to section 5.2

5.A.1 Proof of proposition 5.1

1. Existence and Uniqueness: Given p™V° < p < ﬁéF’R, existence and unique-
ness follow along the lines of the proof of proposition 2.1 in chapter 2. For
ptVOR < ﬁgF’R < p, it needs to be shown that n, = ny; = 0 for all ¢ is an
equilibrium. n = 0 implies QVF'F = 0 which leads to ¢*F'R = —2r by (5.17).
Substituting this growth rate in the Euler-equation and solving for r yields

r=p/ (1 + Li). n = 0 is an equilibrium if and only if wy; > wp, for this

l-a oc
value of r.

With r = p/ (1 + Li) and n; = 0, the integral in the expression for ex-

11— o
00

pected discounted intermediate profits is given by / Lyse_j; (Zarotmio)dv g
t
— 1=a (1 + Li) L. From the first-order condition with respect to g;;; for

P l—a o
the maximization of expected research profits and the zero-profit condition
wE[Viji] = wpilpiji, using by, = bR = 0, we derive ¢;;y = ¢"" R = /1 +d—1

2 R T
and wp; = u(lgj) arTa (1 + ﬁai) \/Hfld_lpml’“ QL. The wage in the con-
sumption good sector is wy; = (1 — oz)alz—iaap]_%;f“ (. Comparison proves that

wy¢ > wpy if and only if p > ﬁIéF’R.

2. Quantity degrowth: As —— > 1, the transversality condition is sufficient

l—«

for X“F:R in (5.16) to be negative.

3. Consumption and productivity growth: Because (1 + LL) %ML >

l—-a o¢

shland it (VI+d—1) < oty (VI+d—1) + 5 +d/ (VI+d 1),

it is evident that pLf% < ,BIQF’R. The results in proposition 5.1 then follow

straightforwardly.

5.A.2 Proof of proposition 5.2
1. Growth effects

(i) As to the effect of the growth rate pg of the resource price on the equilibrium
growth rates of X and S, it is sufficient to note that X“FR < 0 and :S”\CEOF’R =

max[X“F'R| —§] < 0 only because the price grows over time.
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From the consumption Euler-equation

C:O.C'(T_p)7

taking into account Y = ¢, it follows that pr lowers output and consumption
growth for any o, if and only if it decreases the equilibrium interest rate. The

interest rate in (5.18) can be written as

LF, R _ %UAML(Vl—‘I_d )
VT

(5 (VI+d-1)+d)p
e (\/1+d— 1) +d+ KRy
where K1 = ﬁ(}c (é (\/1 +d— 1)2 + I?TO‘ (\/1 +d— 1) + d). The term
kg, in the denominator reflects the influence of pr. As kg1 > 0, the fact that
the price rises over time decreases the equilibrium interest rate and therefore

growth in output and consumption.

(ii) To prove the result for productivity growth, note that the productivity growth

rate in (5.19) can be rewritten as

1 1

O nL =L (V1+d—1)p+kgs

g ALtk (vitd-1),
1L (VI+d—1) +52(Vi+d—1)+d+kpa

with ks = 125 (L300 — L (VI+d~1) p). Both ks and kg are attribut-
able to the growth rate of the resource price. Setting kr; and kg2 to zero and
comparing the resulting expression to @LF’R proves that the growing resource

price decreases the productivity growth rate if and only if
11 1-—
ko <—— (Vitd- 1) +— = (Vivd-1) +d>

ao,.

1 1

< <§ML—— (\/1+d—1)p) KRa
o

Substituting the expressions for kr 1 and kg2, the condition becomes

é1—ac (\/1+—d—1> (%gic“me_l)Jr(l?Ta (\/H——d—l)+d>p> <0

Oc

which is equivalent to 0. > 1. For o. < 1, the growth rate of the resource

price increases the productivity growth rate.
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(i)

The upper bound on p which guarantees positive consumption growth can

be rewritten as 7-FR = Ly L L )
Pe 2t é(\/l-&-d—l)-‘rlﬁR,s

KR3 ‘= ﬁ (\/1 +d— 1) + % +d/ (\/1 +d— 1), results from the growth rate
of the resource price. As kp3 > 0, the increasing resource price lowers the

The expression kg3, defined as

upper bound on p.

2. Level effects

(i)

(i)

(iii)

It is obvious from equations (5.16) to (5.19), as well as BY® = 0 and
SLER — max[ X FR 6] that the initial resource stock Fy does not influence
the growth rates of ¢, Y, X, @, B and S along the (A)BG-equilibrium path.
Because the initial values for () and B are given and the growth rates of @
and B jump to their respective ABG-levels directly, it follows that the entire
paths of () and B do not depend on Fj.

Taking into account that » = 7% and Ly are constant along the equilibrium

path and () grows at the constant rate @LF’R for all ¢, equation (5.14) can be
— ~ -1
written as — ("‘—2> T QoLy <QLF7R — L7’LF’R) = [,. It follows that the

PRO 1-a
resource price in t = 0 is

1— 1—
DRro = a? (QOLY) “ ( 1 TLF7R i @LF,R) “
FO 1— e ’

with 7R and @LF’R given by (5.18) and (5.19). Using the Hotelling-rule
(5.8), the resource price can be determined at any point in time. A decline in

Iy increases the price for all ¢.

It has been shown in (i) that the path for @ is unaffected by a variation
in Fy. The same is true for the constant Ly = L — nl'FR ((qLRR)2 —I—d)
because neither ¢“'® nor n™® (as given by (5.15) with (5.18)) depends on
Fy. Intermediate demand in every period ¢ decreases in the resource price
according to equation (5.9). It follows that by increasing the resource price

for all £, a decline in Fj shifts the path for intermediate quantity downwards.

Because {Ly },” and {Q.},” are independent of Fj, the path for output and

consumption shifts downwards with the path for X.

Further, because {B;}, is not affected by Fp, emissions X;/B; are lower for
all t. The path for the pollution stock S; is given by the solution to the
differential equation (2.8), S, = X, /By — 0S;. From the general solution, it
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can be concluded that due to the decline in emissions, the pollution stock S

is lower in every period.

5.B Appendix to section 5.3

5.B.1 Proof of proposition 5.3

1. Uniqueness: The interior ABG-solution described in the text satisfies all the

necessary first-order conditions for p < ﬁg. Similar to chapter 2, it remains
to be shown that it is the unique solution of the first-order conditions for
p < ﬁg (the only other solution candidate being n., = 0), and that n., = 0 is
a solution of the first-order conditions for p > ,65.

It therefore has to be shown that lim %—H lneo=0< 0 if and only if p > ﬁg. The
t—o0 9T

condition lim %—g < 0 is equivalent to
t—o0

V00000 Qoo + VBoottboo Boo < Aroo (¢ + b2 + d) (5.B.1)

From the first-order condition for B (equation (2.47) in chapter 2), it follows

with ne, = 0 and v, = 0 that v = 0'°.

The first-order condition for @ yields 05, = p—(1—a) Ay X{Q; “Ly,* /vge. On
an asymptotically-balanced growth path, (1 —a)\y e X2 Q5 Ly " /vge must
be a positive constant. If n,, = 0, () is constant and Ly, = L, while X and
Ay (which equals the marginal product of consumption by the first-order con-
dition for ¢) still decline. Therefore (1 —a)\y oo X2 Q™ *Ly */vgeo is constant
if and only if 75 = Ayeo + @Xs. With (5.27) and (5.30), which must hold
also if ne = 0, we obtain vg__ = 12 (1/0.—1)p/ (+2-1/0. + 1). Substituting
into 99, = p — (1 — @)\ X{Q; “Ly,* Jvg: for t = oo and rearranging yields
Voo = (1 — @) Ay X2 Q0L (El/ac +1) /p.

From the first-order condition for Ly which is unchanged from chapter 2, it
follows that Aree = (1 — @) Ay X2 QL™ and XZOO = X;\/oo + a)/(\'oo.

As in chapter 2, ¢, and b, are not uniquely determined for n,, = 0 and we
define the limits hm q(noo) = (1-a) (+=1/0. + 1) (1/2)puL/p and hm b(noo)
= ( obtained from the Euler-equation and the research-arbitrage equatlon re-

spectively as the solutions in this case.

15 A second potential solution, U5 = p, violates the transversality condition for B.
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Substituting vp, = 0 along with the expressions for vgs, Arco, 1im0q(noo)
Noo—

and limob(noo) = 0 into (5.B.1) yields after simplification and rearrangement

the condition p > 1 (1 — «) (1 + ——) puLd=/? = 59R_ We have thus shown

l-ao
that hm H < () and ne = 0 is a solution of the necessary first-order conditions

8
if and only if p > pOR,

2. Quantity degrowth: For o, < 1, )?50 < 0 follows straightforwardly from
(5.27). For o, > 1, the transversality condition tlim thQte_”t = 0 is sufficient
for )A(Eo < 0: For the transversality condition to be satisfied, p must exceed

(1-1/0)QR. As = > 1, p > (1 — 1/0,)QX implies that X% in (5.16) is

negative.

3. Productivity and consumption growth: Because 1+ —— 1 2o > L pQ > i,

The results concerning the signs of Qoo and C,, follow straightforwardly.

5.B.2 Proof of proposition 5.4

The integral foooXtdt can be written as the sum of the two integrals fOTXtdt and

f;o X,dt. Tt converges if and only if both integrals in the sum converge.

Because X; is finite for every ¢, the definite integral fOTXtdt is equal to a finite

value.

Consider the second integral: In any solution to the social planner’s problem for
which growth rates converge to the growth rates of the asymptotically-balanced
growth solution with quantity degrowth, the sequence{ )A(t}oo converges to the con-
stant X < 0. Assummg continuity, convergence implies that there exists a time
T such that X, < X < 0 for all ¢+ > T. Therefore if the integral I XTeX tdt con-
verges, t then so does the 1ntegra1 fT X,dt. The limit of the integral fT XTeX tdt is
XT[I/X eXt]T = —X;/X - eXT > 0 as X < 0. Because Xr < o0, the limit is
finite. It follows that the integral fT X,dt converges.

We have thus proven that [~ X,dt = fOTXtdt + [ Xydt converges.



Chapter 6

Concluding remarks

6.1 Summary of results

The present thesis studied the equilibrium and in particular the optimal relation
between economic growth and the environment. The central aim was to find an-
swers to the questions "How - if at all - can economic growth be decoupled from
environmental degradation?”, ”Is persistent economic growth socially desirable if
its impact on the environment is taken into account?” and “How costly is envir-
onmental conservation in terms of consumption and economic growth?” Particular
focus in this respect was given to the role of endogenous technical change.

Chapter 1 summarized the main conclusions from existing theoretical environmen-

tal-economic literature. Technical development was found to be crucial for long-run
growth to remain a desirable social aim in the presence of environmental externalit-
ies. It was suggested that technical progress may help to reconcile economic growth
and environmental preservation in several ways: e.g., by reducing the pollution in-
tensity of inputs or processes, by developing cleaner substitutes to polluting inputs,
or by raising productivity, which allows to reduce the amount of polluting inputs in
production without giving up output.
However, the analysis in chapter 1 also pointed out that whether technical progress
indeed relaxes the growth-environment trade-off depends on whether and how strong
there are rebound effects of productivity growth on GDP and the demand for pol-
luting inputs in particular, and on how environmentally beneficial technical change
affects other, more growth-enhancing, research alternatives.

The main lesson from the first chapter has been that, in order to come to reliable
conclusions concerning the prospects of reconciling economic growth with a clean

environment and the desirability of long-run economic growth, the interaction of
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pollution-reducing, ‘green’ innovation and productivity-enhancing technical change
has to be modelled endogenously. Further, it must be taken into account that
the rebound effect of productivity growth on the demand for polluting inputs is
endogenous as well and can be restricted by using higher productivity to save on
polluting inputs.

In chapter 2, we presented a model which meets these requirements. Economic
growth is driven by productivity improvements. Decoupling of economic growth
and pollution growth is possible by reducing the pollution intensity of polluting
production inputs through green innovation and by restricting the rebound effect of
productivity growth through deceleration.

In the laissez-faire equilibrium of our model, neither green innovation nor decel-

eration is chosen. Polluting quantity increases one for one with productivity in the
long run so that the ratio of the polluting input relative to GDP remains constant.
Productivity growth has a strong rebound effect on polluting quantity. It was shown
that compared to this path of unconstrained pollution growth, convergence to a sta-
tionary economy would be socially preferable.
Even so, we have shown that for sufficiently patient households, convergence to a
stationary economy is not optimal. Persistent growth must, however, be accompan-
ied by both green innovation and deceleration, or even quantity degrowth, to restrict
pollution growth for reasonable parameter values.

It has been pointed out earlier, that in the environmental-economic literature,
there is controversy as to whether or not environmental care entails a large cost in
terms of economic growth. In our model, economic growth in the long-run optimum
may be faster if households care for a clean environment than when there is no such
environmental externality. The positive effect of environmental care on growth in
our model is driven by green innovation attracting labor to the R&D-sector, which
accelerates productivity growth.

In chapter 3, we examined local stability properties of the long-run solution de-

rived in chapter 2 and studied the transitional behavior of the economy.
In the laissez-faire equilibrium, the economy jumps to its balanced growth path for
any initial conditions, even though the pollution stock may take time to adjust. The
numerical analysis of the social optimum suggests that for any set of initial values
for the state variables, there exists an optimal transition path leading to the long-
run optimal solution. The focus on a long-run perspective in chapter 2 is therefore
justified.

Analysis of the transitional dynamics of the social planner’s solution for an exem-
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plary parametrization confirmed that green innovation and deceleration characterize
the optimal solution not only in the long run but throughout the transition as well.
Moreover, it became apparent that the initial technology endowment of an economy
is crucial for its further development: Economies with an initially more advanced
technology enjoy higher consumption levels and a less polluted environment in every
period and therefore higher intertemporal welfare.

Chapter 4 underlined the importance of using both green innovation and de-
celeration to control pollution growth. It illustrated the consequences for long-run
growth if either of the two channels for pollution control, green innovation or decel-
eration, is not available to the social planner.

Depriving the social planner of the possibility to control the rebound effect of pro-
ductivity growth through deceleration is particularly detrimental to long-run growth:
Persistent economic growth is no longer desirable for any parameter constellation
which requires deceleration in the baseline model of chapter 2.

If, on the other hand, the pollution intensity of intermediates cannot be reduced
by green innovation, long-run consumption growth may still be optimal, but for a
smaller parameter range than in the unconstrained optimum. Further, the fixed
pollution intensity must be compensated by faster deceleration which leads to lower
long-run optimal growth rates of consumption and GDP.

In chapter 5, we examined the robustness of the main results with respect to the
consideration of resource scarcity. While the dependency of production on a scarce
resource alters the laissez-faire equilibrium, we have shown that the results from the
socially optimal solution in the baseline model extend to the long-run social optimum
with an exhaustible resource for reasonable parameter constellations. The negative
pollution externality of intermediate production then reduces optimal resource use

in a way that the resource is never exhausted if the initial stock is large enough.

6.2 Implications and extensions

The model presented in this thesis contributes to the ongoing debate on whether
technical progress can resolve the growth-environment trade-off. The results above
suggest that there is reason to believe technical development alone will not solve the
pollution problem. For parameter constellations which are well in line with empir-
ical evidence, fostering productivity growth while investing in green innovation to
decrease the pollution intensity of production is not sufficient to achieve the optimal

balance between consumption growth and pollution growth. Green innovation has
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to be supplemented by persistent deceleration in order to ensure that productivity
growth is used to decrease the share of polluting inputs in GDP and does not merely
lead to a faster expansion of production. The rebound effect of productivity growth
must be restricted.

Nevertheless, technical change is crucial for decoupling economic growth from
environmental degradation. Productivity growth accompanied by green innovation
and deceleration allows for consumption growth to occur in a relatively clean way.
It is therefore due to technical change that despite the environmental externality
and under parameter restrictions no stricter than in standard endogenous growth
models, economic growth is a desirable long-run aim in the model presented in this
thesis.

Technical change should not be expected to free environmental preservation of
all costs: First, controlling the rebound effect of productivity growth by saving
on polluting inputs comes at the cost of giving up potential consumption growth.
Second, the larger the fraction of R&D-resources directed towards environment-
friendly research, the less the fraction that may be directed to raise productivity.
This slows consumption growth, ceteris paribus.

Yet even though technical change does not turn environmental preservation into
a free-lunch, it may lower the cost of pollution control considerably: Although for a
given amount of labor used in R&D, a stronger orientation towards green innovation
implies slower productivity growth, green innovation may at the same time induce
a reallocation of labor resources from production to the research sector, thereby
stimulating growth in productivity and consumption. Without green innovation,
environmental care unambiguously lowers long-run optimal consumption growth.

While pollution control is optimal, it is not chosen in an unregulated market
equilibrium. A straightforward extension of our work is to analyze how the optimal
path for the economy can be implemented in the market.

A first-best policy has to stimulate green innovation and - if productivity-enhancing
research is underprovided - also productivity growth while at the same time con-
trolling its rebound effect on the polluting production inputs. All three aims could be
achieved by supplementing the two policy instruments which are standard in models
of growth through creative destruction, namely a subsidy to productivity-enhancing
research and a subsidy to intermediate production to correct the distortion from
monopolistic competition, with a research subsidy to green innovation and a tax
on emissions. The subsidy on green research must internalize the intertemporal

spillovers in the generation of green knowledge. The tax must correct for the distor-
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tion between equilibrium and optimal solution caused by the pollution externality.
For this purpose, the tax must internalize the marginal social loss in utility units
from the increase in the pollution stock caused by an additional unit of emissions.
On a balanced-growth path, the tax is constant. If the optimal solution requires
deceleration, the tax rate must increase along the long-run growth path to induce a
persistent decline in polluting intermediate quantity.

It would be interesting to examine the effects of such an emission tax on economic
growth, pollution and welfare if a full set of research subsidies is not available.
Further, the impacts of technology standards instead of subsidies in productivity-
oriented and green research could be analyzed.

For the analysis, however, the entire time path of the economy has to be known.
In this respect, a second starting-point for future work is the extension of the nu-
merical examples from chapter 3 into a proper calibration of the model to allow for
a meaningful policy analysis.

Calibration would also allow to quantify the welfare losses which occur, when, as
in chapter 4, either the rebound effect of productivity growth cannot be dampened
through deceleration, or the pollution intensity of production inputs cannot be re-

duced by green innovation.

Instead of by imposing an emission tax, the pollution externality could probably be internalized
by a tax on intermediate production which decreases in the cleanliness of intermediate goods.
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