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Dedicated to Alfio Quarteroni on the occasion of his 70th birthday.

Abstract. The FETI-DP (Finite Element Tearing and Interconnecting - Dual Primal) method
has recently successfully been applied to virtual element discretizations, adding more flexibility to
the resolution of possibly complicated underlying domain geometries. However, for second-order
partial differential equations with large discontinuities in the coefficient functions, in general, the
convergence rate of domain decomposition methods is known to deteriorate if the coarse space is not
properly adjusted. For finite element discretizations, this problem can be solved by using adaptive
coarse spaces, which guarantee a robust method for arbitrary coefficient distributions, or by the
computationally much cheaper frugal coarse space, which numerically proved to be robust for many
realistic coefficient distributions. In this article, both, the adaptive and the frugal FETI-DP methods
are applied to discretizations obtained by using virtual elements. As model problems, stationary
diffusion and compressible linear elasticity in two spatial dimensions are considered. The performance
of the methods is numerically tested, varying the quasi-uniformity of the underlying meshes, the
polynomial degree, the scaling method, and considering regular and irregular domain decompositions.
It is shown that adaptive and frugal FETI-DP for virtual elements behave similarly as in the finite
element case.

Key words. virtual elements, FETI-DP, domain decomposition methods, robust coarse spaces,
adaptive coarse spaces
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1. Introduction. In recent years, interest has grown in discretization methods
for partial differential equations which allow for more general meshes while retaining
optimal approximation properties [14]. The virtual element method (VEM) is a finite
element method (FEM) type procedure which allows for the use of polygonal meshes
that may contain non-convex elements and hanging nodes. This is achieved through
implicitly defining the shape functions by local PDE problems on each element, making
them unknowable (hence ”virtual”) inside the elements, but providing flexibility in
the definition of function spaces with desirable properties, such as higher regularity
of the solution [13, 3, 34]. The relaxed mesh assumptions allow for a highly localized
mesh refinement process and an increased fidelity of the grid to possibly complex
underlying geometries. The VEM has already been formulated for numerous different
problems [9, 42, 7, 10, 44, 2, 12, 20]. To make it suitable for larger scale problems,
the nonoverlapping domain distretisation method FETI-DP (Finite Element Tearing
and Interconnecting - Dual Primal), [18, 19, 28, 29] can be applied to virtual element
discretizations. This has already been proposed and analyzed in [16, 15, 36]. FETI-DP
is a robust and parallel scalable iterative solver for the discrete systems of equations
arising from discretized partial differential equations. The scalability and robustness
of such nonoverlapping domain discretization methods for elliptic partial differential
equations are due to an appropriate coarse space. A simple approach is to sub-assemble
the system in certain primal variables. Given fairly strict assumptions on the coefficient
function of the given model problem, (robust) condition number estimates have been
proven [28; 29]. In the case of highly heterogeneous materials, in general, the condition
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number of the FETI-DP method is known to deteriorate, leading to large iteration
numbers and hence poor performance. As a remedy, different adaptive coarse spaces
have been proposed for numerous domain decomposition methods in order to deal with
complex coefficient functions such as arbitrary jumps along or across the interface. A
recent list of references to the large number of publications in this field can be found
in the introduction of [21].

Here, we consider two types of coarse spaces for FETI-DP. The first is an adaptive
coarse space first proposed in [31] which has been further developed and analyzed in
[25, 23, 37, 30, 38]. Applying this coarse space leads to a robust algorithm with respect
to discontinuities in the coefficient function across the interface for both stationary
diffusion and compressible linear elasticity. Its downside is, that the construction of
the coarse space involves the solution of local generalized eigenvalue problems. The
second coarse space is computationally less expensive while often still robust. It is
based on the new frugal constraint approach introduced in [21]. The frugal coarse
space is a heuristic method that tries to mimic the eigenvectors belonging to the
largest eigenvalues of the local generalized eigenvalue problems used to define the
adaptive coarse space. Since this can be done without solving an eigenvalue problem
this approach is less expensive then the original adaptive coarse space. It was shown
to outperform the classical coarse spaces in every situation considered so far; see [21].
Here, we consider the frugal and adaptive FETI-DP methods applied to the virtual
element method. Preliminary results for the adaptive coarse space applied to FETT-DP
for virtual elements have been presented in [43]. We implement the coarse spaces
using the Deflation/Balancing approach [27] and investigate whether the performance
of the frugal and adaptive coarse spaces in fairly general situations can justify further
inquiry into mesh refinement and parallel load balancing considerations, in the context
of FETI-DP.

The remainder of this paper is organized as follows. In section 2, we give a brief
overview of the virtual element method and its application to our model problems.
In section 3, the FETI-DP method and its frugal and adaptive coarse spaces are
introduced, and the proof of the condition number estimate for the adaptive variant of
FETI-DP for virtual elements is transferred from known FETI-DP theory. Finally, in
section 4, we provide results of numerical experiments which confirm the theoretical
estimates for the adaptive coarse space and also heuristically indicate the robustness
of the frugal coarse space. In section 5, a conclusion is given.

2. Model problems and the virtual element method. We consider both,
stationary diffusion and linear elasticity problems with jumps in the coefficient functions,
i.e., the diffusion coefficient or, respectively, Young’s modulus. For both problems, the
domain Q C R? is assumed to be a polygon.

2.1. Stationary diffusion. Let f € L?(£2). We consider the stationary diffusion
equation with homogeneous Dirichlet boundary values

-V (pVu)=f inQ,
u=0 on Jf).

Here, we assume p to satisfy 0 < p. < p(z) < p* for two constants p., p* € R. The
corresponding weak formulation is given by

(2.1)

Find u € H}(Q) such that
a(u,v) = (f,v)r2q) for all v € Hg (),
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where a(v,w) := (pVv, Vw) 2o for v,w € Hj(Q).

2.2. Compressible linear elasticity. For Q as above and f € (L?(Q2))?, the
equations for compressible linear elasticity are given by

—2pdiv(e(u)) — AV(div(u)) = f in€Q,
u=0 on .

The corresponding variational formulation reads

. 1 2
(2.2) {Fmd u € (Hg())" such that

a(u,v) = (f,v)(12())> for all v e (HL(2))?,

where

a(u,v) = 2@/ e(u) : e(v)dax + )\/ div(u)div(v) de.
Q Q
Here, the strain tensor £(u) and its product £(u) : €(v) are given by

2
e(w)=1(Vu+Vu') and e(u):e(v) = Z gij(u)ei;(v),
i,j=1
where p and A are the Lamé parameters that can be computed from Poisson’s ratio v
and Young’s modulus E using

\ Ev q E
T arnd—2) M EToay
2.3. The virtual element method. We give a brief outline of the VEM theory
as it applies to our model problems. For more details we refer to [6, 7, 1]. Let {Tx}n
be a sequence of tessellations of 2 into a finite number of simple polygons K, where
h:=maxgeT, hx and hg := diam(K). Each polygon has a finite number of vertices.
Let P, (K) denote the space of polynomials of at most degree k on K. We further
write PE := P, (K) in the case of stationary diffusion and Pf := (P, (K))? for linear
elasticity. We assume that there exists a v > 0 such that for all A and for all K € Tp:
1. There exists a ball B with radius r >yhg such that K is star-shaped with
respect to every point inside B.

2. The distance between any two vertices of K is at least yhg.

We further assume, that the coefficient functions p, E, and v are element-wise constant
on 7Ty, for each h and that the bilinear form a(-,-) can be split into

a(v,w) = Z a®(v,w) Yo,weV.
KeTh

The idea of VEM is to find a finite dimensional subspace V;, C V and a symmetric
bilinear form ay (-, -) such that a splitting of the form

ah(vh,wh) = Z a{f(vh,wh) Vvh,wh S Vh
KeTn

is possible, where aX(-,-) is bilinear on Vi X Vi i for each K € Tp. In order to
establish the target order of accuracy £ € N> the following properties must hold for
all h and for all K € T}, :
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. ]P)i( C Vh\Ky

e k-consistency: af (p,vs) = a®(p,vp) for all (p,vy) € PE x VhK

e stability: There exist a,,a™ > 0, that do not depend on h and on K, such
that a.a™ (vp,vp,) < af(vh,vh) < a*af(vp,vn) Yo € V.

The discrete formulation is then given by

(2.3) {Find up, € Vi, such that

ap(up,vp) = (fn,vp) for all v, € Vp,

with f, € V). It can be shown that this formulation satisfies the optimal convergence
properties; see, for example, [6, 1]. To achieve this, a virtual element space V}, is
defined by the following properties. Let v, € V, be a (possibly vector valued) function.
e FEach component of v, is a continuous function on the boundary of each
KeT,.
e Each component of v, is a polynomial of degree k on each edge e of every
polygon K.
e Each component of (Avh)\ K (where the Laplace-operator is evaluated compo-
nent wise) is a polynomial of degree k — 2 inside every K.
We can choose the following degrees of freedom on Vj:
e The values of v, on each polygon vertex.
e For k > 2 the k—1 values of vj, on each point of the Gauss-Lobatto quadrature
rule on every edge of the tessellation.
e For k > 2 and all K € Tj, the volume moments up to order k — 2 of v, in K:

1
ﬁ/ vp, - pdax VpGIP’f.
K

We choose the standard scaled monomials as a basis for PkK ; see, e.g., [6]. The
resulting shape functions are computable on the edges of the tessellation, but not
realistically computable in the interior of the elements. However, for vy, wy, € V;,(K)
the bilinear form a’€ (v, wp) can be computed to a sufficient precision to guarantee
optimal convergence properties. In practice this can be achieved by defining for each
element K a computable projection operator IIX : V},(K) — PX using

a® (I vy, p) = a™ (vn,p)  Vp € Py.

In general, these equations do not determine I v uniquely and thus further equations
must be enforced. The details are outlined, for example, in [8, 33]. The projection
operator and the symmetry of a’ (-, -) yield the identity

a® (v, wy) = o™ (M vy, TTEwy) + ™ (I = T Yoy, (I = TE)wy,) Yo, wy, € Vi(K).

The first additive term of the right hand side above can be computed exactly, while the
second one cannot be evaluated in general. Therefore, the discrete bilinear form ahK (")
is defined by replacing the second term by an appropriate stability term S¥ (-, ), which
is assumed to be symmetric, positive definite, and to scale as a’(-,-) on the kernel of
X satisfying

cxa® (vp,vp) < 8% (v, vp) < c*a® (vp,v) Vo € ker(TTF).
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Here, we obtain the discrete bilinear form
al (v, wp) = o (X vy, TTE wy,) + SE (T =TT Yoy, (1 —TTE)Ywy,) Vo, wy, € Vi (K).

The matrix formulation is obtained as follows. We denote by Ng the number of
local degrees of freedom on a polygon K and by dof;(-) the evaluation of a (smooth
enough) function ¢ in the i-th local degree of freedom of K and by ¢1,...¢nN, the
corresponding nodal basis functions which satisfy dof;(¢;) = d;;, where §;; is the
Kroneker Delta. Define the consistency part of the stiffness matrix

(Ke)ij = a” (I15 03, TT5 ).
We choose the following stability terms

Nk

SE (v, wp) = Z dof; (vp,)dof; (wp,) for diffusion and
i=1
1 K

SE (v, wp) = §tr(Kc) Z dof;(vp,)dof;(wp)  for elasticity,

i=1
for all vy, wy, € Vi, (K). We can now define the stability part of the stiffness matrix
(Ks)ij = S ((I = T )i, (I =TI ) )
and the local stiffness matrix
K=K, + K.

The (global) stiffness matrix can then be assembled the same way as in the classical
finite element method. For a comprehensive description of the implemenation; see
[8, 33]. For an investigation of different stability terms we refer to [32, 11].

3. The FETI-DP domain decomposition method. Let us give a brief de-
scription of the FETI-DP method. Let {£2;})¥.; be a nonoverlapping domain decom-
position of the polygonal domain 2 C R?, such that Q = UN Q;, equipped with
sequences of quasi-uniform tessellations 7", i = 1,..., N. A sequence of tessellations
T" of a domain  is called quasi-uniform, when there exists a constant C' > 0 such
that

h < Chg, for each K € Ty,

For each subdomain €2;, we obtain local stiffness matrices K and local load vectors
f® by a finite element discretization. The local solutions u(*) are given by K®u() =
f® with respect to the tessellations above. Let H; denote the diameter of €; and
H :=max; H;. Let T := U;»,;09Q; N 0Q;\0Qp be the interface, that is, the set of all
points that belong to at least two subdomains. We further write I'® := T' N 9. We
denote by £ the nodes of the open part of the edge between €2; and Q; and by g
the closed edge, which includes the boundary cross-points. Further denoting by I',
the set of all finite element nodes which lie on the interface, we split these nodes into
two distinct sets, the set of primal nodes (IT), and the set of dual nodes (A) obtaining
I'y, = AUIIL. While the choice of primal nodes usually depends on the given problem,
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in this article every node that lies on the boundary of three or more subdomains is
chosen to be a primal vertex. As such, the dual nodes are those, which lie on the
edges between two subdomains. Nodes that neither lie on the boundary nor on the
interface are called interior nodes and we denote its set with I. Finally, we require
the decomposition to be conforming, that is, the finite element nodes coincide on the
interface. We define V* C V to be a finite dimensional FE space which can be split
into V" = Hf\il Vb, where V;* C V; are the local discrete FE spaces. We further
define the discrete trace spaces W; := V(9; NT',) and let W := Hfil W;. Functions
in W may have multiple values on I';,. We therefore introduce function spaces with
additional continuity constraints on I'j,

W= {w, e W vEY ¢ Ty, Vo € gV wi () = w) ()},
and in the primal nodes
W= {wp, e W : vEY ¢ Iy, Veell ne’ wh (z) = wfl(x)}

These sets satisfy WcWcw.

3.1. Standard FETI-DP. The FETI-DP method is defined as follows. We
assume the following local ordering of the degrees of freedom which yields the following
representation of the local stiffness matrices, solution vectors, and right-hand sides

s omm) [ I
EO= g0 kO kO, u@= W], and  fO = |0
K o i3

Defining B := I UA, we can also write

OO 0 0
K(i):[KBB KB,H]’ u<i>:l“5)], and  fO) = [fB,],

Ky Kih u] i
where
I OO . K0 o [u® . (i)
@*h%as,waﬁ7@=@»de=@.
Al AA AID U A

Similarly, we group the dual and the primal indices into the index set I' and find

e R R AR R i
Knn  Knp Kyps Uy I

We further define block diagonal matrices corresponding to nodes of a certain type
Ky = diag K.

For the different node collections, Kgp, Krr, and Ky are defined similarly. We
denote by RL = (R%1 )T, R(H2 )T, e, Rl(TN)T) the partial finite element assembly operator
with values in {0, 1}, which assembles the system in the primal variables. We obtain
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the partially assembled matrices

N
> )T 7-(1 ) > T, -(1 N)T7-(N
KHH = ZRI(_I) Kl(_ﬂ)_IR{'[)7 KHB = (R{'[) Kl(‘[])377R{‘[ ) Kl('IB))’
i=1

~ DT (1 N)T (N = DT (1 N)T (N
UH:(R%)U(r[)a-“’R%)U(H )), and fH:(R%) ﬁ),...,R%) 1(1))

Similarly, we denote by RE = (Ia, RL)T the primal assembly operator for all interface
nodes. We further introduce an operator B = (B, ..., BW)) with entries in {—1,0, 1}
such that Bu = 0 holds if and only if v € W is continuous over the interface. We
therefore denote B as the jump operator. We also introduce the following notation

1 N 1 N
By=BY,.... BNy and Bp=BY,...,BM).
Each row in By belongs to a physical interface node x and contains exactly a single 1

and a single —1 such that Bgupg = 0 ensures that u is continuous in x. We enforce the
continuity constraint using Lagrange multipliers A and obtain the FETI-DP saddle

point system
K BT[] [f
B 0| [X o]’

Rofmn ) [ e 7 [2]

Knp Ko (s fo

where

Using block Gaussian elimination, we derive the standard FETI-DP system FA = d

where
(3.1) F = ByKppBE + BpKpp KpnSuh KnpKpp By and
d=BpKghfp+ BeKgpKpnSin(fn — KugKpp/a)-

Here, §HH is the global Schur complement
St = K — KHBKé}E;KBH

and Sit in (3.1) constitutes the coarse problem of FETT-DP. We further define local
Schur complements

51 = K& - KO (K) KR, Spp = ding, 5.
and the primally assembled Schur complement
S := RLSrrRp.
Next, we introduce scaling matrices D) belonging to their subdomains €;. Consider

the domain ; which shares the edges £91,...,£%» with the subdomains Q. ,...,Q

. Jis Jn>s
respectively. Ordering D) according to the edges, yields

D(z) _ diagﬁilebm]

Eidm *
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We further require that the two scaling matrices belonging to an interface edge £%
satisfy

plil

gij +D([g]L]J =1,

where I denotes the identity matrix. We consider p-scaling and deluxe scaling; see
29, 17, 25].
With these scaling matrices, the scaled version of Br is defined as

1 DT (1 N)T (N
Bpr=(Bpk.....Bo2) = (DVBY, .. . DMTBM),
The Dirichlet preconditioner is then given by
M51 = BD,Fng,P-

The preconditioned FETI-DP system M BlF A=M Bld is solved iteratively using
the preconditioned conjugate gradient (PCG) method. It is well-known that the
convergence of the PCG method depends on the spectral condition number of the
given system. The above system admits the condition number bound

(3.2) dMED<CQ+M%%?»i

where C is a constant independent of H, k, and h; see [29, 28, 41] for k = 1, [24,
Theorem 1] for spectral elements, and [15, Corollary 1] for virtual elements. However,
this bound only holds under specific conditions, such as slowly varying coefficients
inside each subdomain.

3.1.1. Implementation of constraints. We give a brief description of the
deflation and balancing approaches to enforce edge constraints that are given as
the columns of a matrix U; see, e.g., [27]. In the FETI-DP system, the continuity
condition Bu = 0 is already enforced. Therefore enforcing the additional condition
UTBu = 0 does not change the solution and can lead to a faster convergence of
the PCG algorithm. We define the F-orthogonal projection P = U(UTFU)~'UTF,
denote by A* the solution of the FETI-DP system FA = d, and consider the deflated
and preconditioned system M, (I — P)TFA = M;"(I — P)Td. Additionally, we define

A=UUTFU)'UTd = PF~'d = P\*

and obtain the solution of the original system by A* = X + (I — P)A. One can show,
that we can project the correction onto range(I — P) in each iteration, obtaining the
symmetric deflation or projector preconditioner

Mg} = (I - P)Mp'(I - P)".

For further details, see, e.g., [27]. If A is the PCG solution of MIS};.F)\ = M;}Dd, the
solution to the original problem is now given by \* = XA + X. The balancing approach
adds the correction A in each PCG iteration through the definition of the balancing
preconditioner

Mgh = Mpp +UUTFU)UT,
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since both additive terms on the right hand side are symmetric, the resulting precon-
ditioner is also symmetric. In the present article, we use the balancing approach to
enforce additional adaptive, frugal, or classic constraints, which are described in the
following sections.

3.1.2. FETI-DP for virtual elements. To define the FETI-DP method for
problems discretized using virtual elements, we simply replace the finite element
stiffness matrices K(? and load vectors b(*) with their equivalents obtained using the
VEM. The implementation of the FETI-DP method for virtual elements in 2D is
nearly identical to its finite element counterpart, with the exception that a different
data structure is necessary in order to accommodate for the more general meshes used
with virtual elements.

3.2. Adaptive constraints. The goal of this section is to define a coarse space,
which yields a condition number bound that is independent of arbitrary coefficient
jumps. More precisely, for a given tolerance TOL > 1, the resulting preconditioned
system should satisfy a bound of the form

K(MgpF) < CTOL,

where C' > 0 is a constant which only depends on certain geometric parameters of the
domain decomposition. To achieve this, we use an approach which has been introduced
in [31] together with a condition number indicator; see [25, Section 5] for a theoretical
analyis and the first full proof for the condition number bound.

For an edge £ shared by the subdomains €2; and €, let Bei; = [Bgl)] , Bgzz] be the
restriction of [B(i), B(j)] with rows related to the degrees of freedom of the Lagrange
multipliers of £ consisting of exactly one 1 and one —1. Let Bp gij := [Bg)gij , Bg)gij]

be obtained the same way from [Bg?r, B(Dj?r]. We further define S;; := diag(Slgll, Sg))
and Pp;; = ngij Bg;, the local version of the operator Pp := BIT)IBF, which is
central to the analysis of any FETI-DP method; see, e.g., [28]. Following [23, 31, 21],
we now solve the generalized eigenvalue problem

(3.3) (Ppijvij, Ppijwij)s,, = pij(vij, wij)s,,  Vvi; € (ker Sj;)*.

A detailed description on how to solve this eigenvalue problem can be found in
[25]. Let wﬁj, l=1,...,L be the eigenvectors belonging to eigenvalues uéj that are
bigger than a user-defined tolerance TOL. The adaptive constraints are then given by
Bp gis SijPDijwéj and enforced by a balancing approach.

THEOREM 3.1. Let Ng be the mazximum number of edges of a single subdomain.
We further assume all subdomain vertices to be primal. The condition number of
the FETI-DP algorithm with finite or virtual elements and adaptive constraints as
introduced above with tolerance TOL > 1 and implemented using the deflation method
M~' = Mg} or balancing method M~ = Mgy satisfies the condition number bound

k(M~'F) < N2 TOL.

Proof. The proof for FETI-DP and finite element discretizations has been given
in [25]. The proof for the variant using virtual elements turns out to be analogous, as
the kernels of the Schur complements are identical, regardless if the local discretization
is done using finite or virtual elements. Furthermore, the interface consists of line
segments in both cases, therefore the discrete trace spaces can be constructed the
same way as in the finite element case. 0
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w(z) 08 w(m)p Q;

Eij

Fig. 1: Left: Illustration of the construction of a frugal constraint on edge &;; for a
heterogeneous diffusion coefficient. Middle: Maximum coefficient per finite element
node on &;; with respect to subdomain €2;. Right: Maximum coefficient per finite
element node on &;; with respect to subdomain ;.

3.3. Frugal constraints. The frugal coarse space introduced in [21] attempts to
approximate heuristically the adaptive constraints introduced above without the need
to solve an eigenvalue problem. More precisely, for each edge of the interface I', a single
constraint is built heuristically which, in many cases, belongs to a large eigenvalue of
the eigenvalue problem (3.3). Consequently, we obtain a robust FETI-DP method for
many coefficient distributions at a computationally low cost. It is therefore a viable
alternative to the classical weighted edge average constraints described, for example,
in [26]. A brief description is also provided in subsection 3.4. The frugal constraint
is also often a computationally efficient alternative for the adaptive constraints that
belong to the first nonzero eigenvalue. Let us now define the frugal constraints for
virtual element discretizations for stationary diffusion and linear elasticity problems.
Let us note that here the frugal constraints can be defined exactly as in the finite
element case.

3.3.1. Stationary diffusion. Denote by w(z) the support of the virtual element
basis function on a node =z € 2. We compute, for [ =i, j,

7D (x) ;= max .
P () y@(mmlp(y)

J

We then define véli),- as

l
vé,v,)j () :=

P (x) x €&,
0 v € O\EY.

A visualization of this construction can be found in Figure 1. We then obtain
T o= &HT _ ()T

Vgi; = [vgi; ,—vgy; ] and the frugal constraint is given by
ceii = Bp giiSi; Ppijvgii.
3.3.2. Linear elasticity. When applying the FETI-DP method to linear elastic-
ity in two dimensions, we need three constraints for each edge to account for the three

(linearized) rigid-body motions. Let Q) denote an arbitrary domain with diameter H.
The kernel of the strain tensor ¢ is given by

o 1 _O _i 72172+£f72
Tl_ov T2_17 7‘3_ﬁ, $1—ﬁ1 )
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(a) Voronoi

Fig. 2: Examples of tessellations of [0,1]? with 200 elements.

where # € () is the center of the linear rotation. The frugal constraints are generated
as follows. The rigid-body modes are first scaled pointwise by

~ (1)
E (z):= max E(y),
(x) jomax )

defining the scaled rigid-body modes f,(ql@), for [ = 4,5 and m = 1,2,3. We then proceed
by defining

om0 gy o {7 (@) @ e &,
e "o x € ON\EY,

and, writing ng)T(:c) = [vgg’i)T(x), - gjj’j)T

as in the stationary diffusion case by

()] we obtain the three edge constraints

C(S?Z) = BD7gijS7;jPD7;jUgrg)7 m = 1, 273.

3.4. Classic weighted edge constraints. Finally, we consider the classic
coarse space introduced in [26] for the linear elasticity case, which we briefly de-
scribe here. We define the weighted average

>owiee Ti(@i)u(z;)
Dowiee Ti(@i)

on an edge & of the interface T', where #;(x) = E(z)r;(x) for j = 1,2 as above. We
note, that in [26] only weighed translations have been used, whereas the extended
variant with weighed rotations has been considered and compared to the frugal coarse
space in [21]. In this article, we only use weighed translations.

j:172a

4. Numerical results.

4.1. Implementation and model problems. We considered our own FETI-
DP implementation in Matlab and carried out our numerical experiments using
MATLAB R2020b. The implementation given in [39] forms the basis of the VEM Code,
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Fig. 3: Square root of the condition numbers for the preconditioned FETI-DP method
for virtual elements for a linear elasticity problem with constant coefficients for each
subdomain. We used p-scaling and f = 1 on the 5 x 5 domain decomposition depicted
in (a). The meshes on each subdomain consist of 100 - 2™ elements for n € {0,...,6}
and are of the types shown in Figure 2. Young’s modulus E is set to 210 - 10 on the
red subdomains in (a) and to 210 elsewhere. The polynomial degree is denoted by k.
We used 500 Lloyd iterations in the generation of the CVT meshes.

which we extended by elements with polynomial degree k = 2. For the implementation
of linear elasticity, we followed [33]. To compute norms and the right-hand side we
used the 2D quadrature rules given in [5]. The code can be found under the link given
in [4]. For the generation of the irregular domain decompositions we used METIS
5.1.0 [22].

For the model problems, we always consider a right hand side of f = 1 everywhere
and zero Dirichlet boundary values. We analyze the coefficient distributions shown in
Figure 4. If not stated differently, the small and large coefficients (diffusion coefficient
and Young’s modulus) are given by 1 and 10° in the diffusion case, and 210 G Pa
and 210 - 108 GPa for linear elasticity. In the case of random coefficient distributions,
approximately a quarter of the polygons are set to the relevant large coefficient.
Further, we iterate the PCG method until a relative residual reduction of 1072 is
reached. The tolerance for the computation of adaptive constraints is always set to
TOL = 100. The obtained adaptive constraints are normalized and orthogonalized
using Matlabs orth() function before being implemented by the balancing method.

4.2. Meshes and domain decomposition. We consider two different types
of meshes. The first one is a bounded Voronoi diagram, generated from uniformly
randomly distributed points inside © = [0, 1]2, using the code provided in [35]. The
meshes of the second type are generated with PolyMesher [40] using an appropriate
number of iterations of Lloyd’s algorithm. This creates a mesh which approximates a
Centroidal Voronoi Tessellation (CVT). In Figure 2 examples for Voronoi and CVT
meshes are shown. Both types consist entirely of convex polygons. We note that
the given sequence of CVT is quasi-uniform with A/hmin < 1.4, whereas this fraction
deteriorates when the Voronoi meshes are refined. Here, we have h := maxgec7, hi
and, respectively, hmin := minge7, hx the maximal and minimal diameter of all
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(c) Two straight beams (d) Random

Fig. 4: Four different coefficient distributions for a 3 x 3 domain decomposition with
quadratic subdomains. Red elements: p = 10% for diffusion, E = 210 - 105 for elasticity
(with v = 0.3 everywhere). White elements: p = 1 for diffusion, E = 210 for elasticity.

%1073 %1073
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(a) On Voronoi mesh (b) On CVT mesh

Fig. 5: Solutions for a stationary diffusion problem with coefficient distribution
Figure 4(b).
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Table 1: Condition numbers (cond), iteration numbers (it), and the size of the coarse
space (#c) for the FETI-DP algorithm for virtual elements for stationary diffusion
and linear elasticity problems in 2D with one straight beam cutting through each
subdomain; see also Figure 4(a). Each subdomain is discretized by a CVT mesh with
200 elements, which was created with 500 Lloyd iterations. The polynomial degree is
denoted by k. We consider frugal (fr) and adaptive (ad) coarse spaces. The adaptive
tolerance is TOL = 100 and p-scaling was used.

Straight beams; see Figure 4(a)

Stationary diffusion Linear elasticity
k=1 k=2 k=1 k=2
N || #¢ cond it | #c¢ cond it || #c cond it | #c cond it
fr [32]12 133 5[12 1.7 5 [36 141 10]36 1.67 12
fr | 52|40 133 5|40 176 5 | 100 1.53 11| 120 1.71 13
fr 7218 133 5|8 1.7 5 210 154 11 | 210 1.90 14
ad [3°[[6 133 5[6 176 5 18 149 10]18 184 13
ad |52 ||21 133 5|21 176 5|60 153 11|60 1.89 13
ad | 72|42 133 5|42 176 5 | 126 1.54 11| 126 1.90 13

Table 2: Condition numbers (cond), iteration numbers (it), and the size of the coarse
space (#c) for the FETI-DP algorithm for virtual elements for stationary diffusion
and linear elasticity problems in 2D with one beam with offsets cutting through each
subdomain; see also Figure 4(b). Each subdomain is discretized by a CVT mesh with
200 elements, which was created with 500 Lloyd iterations. The polynomial degree is
denoted by k. We consider frugal (fr) and adaptive (ad) coarse spaces. The adaptive
tolerance is TOL = 100 and p-scaling was used.

Straight beams with offsets; see Figure 4(b)

Stationary diffusion Linear elasticity
k=1 k=2 k=1 k=2
N || #¢ cond it | #c¢ cond it || #c cond it | #c cond it
fr [32[12 135 712 178 8136 158 11[30 3.72 19
fr | 52|40 135 7 |40 178 8 | 100 1.83 13| 100 3.88 21
fr 7218 138 7|8 179 8 210 1.90 13| 210 4.02 22
ad [ 326 1.50 8 | 6 1.99 9 || 12 202 13|12 435 20
ad |52 |20 152 8 |21 202 9 |40 577 17|40 7.07 24
ad | 72|42 179 8 |42 203 8|84 611 25|8 753 30

polygons in 7,. The regular domain decompositions are created by generating a mesh
for a single quadratic subdomain and then mirroring this mesh across the interface
edges. Consequently, the resulting domain decomposition is conforming. A solution
of a stationary diffusion problem on such a domain decomposition can be found in
Figure 5. In contrast, for the irregular domain decompositions, we create a Voronoi or
CVT mesh for the entire domain and partition it using Metis.

4.3. Unconstrained preconditioned FETI-DP for virtual elements. As
a sanity check of our implementation of FETI-DP for virtual elements, we first consider
a simple coarse space consisting exclusively of vertex constraints and choose a simple
coefficient distribution with constant coefficients within each subdomains. In Figure 3
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Table 3: Condition numbers (cond), iteration numbers (it), and the size of the coarse
space (#c) for the FETI-DP algorithm for virtual elements for linear elasticity problems
in 2D with two straight beams cutting through each subdomain; see also Figure 4(c).
Each subdomain is discretized by a CVT mesh with 200 elements, which was created
with 500 Lloyd iterations. The smaller coefficients are p = 1 and E = 210 respectively.
The higher coefficients are chosen such that the resulting coefficient jump is 10%. The
polynomial degree is denoted by k. We consider frugal (fr) and adaptive (ad) coarse
spaces. The adaptive tolerance is TOL = 100.

Two straight beams per subdomain; see Figure 4(c); increasing jump
p-scaling deluxe scaling
k=1 k=2 k=1 k=2

N «a | #c cond it | #c cond it || #c cond it | #c cond it
fr | 52 4] 120 129 59 | 120 129 63 || 120 9.26 25 | 120 9.86 25
fr | 52 5 120 775 112 | 120 854 119 || 120 764 50 | 120 78.6 54
fr | 52 6| 100 4.93e3 162 | 120 4.29e3 167 || 100 767 70 | 120 758 80
ad | 5> 4 57 109 70 | 54 153 79 40 79.0 54| 40 975 57
ad | 5> 5 | 106 9.23 21 | 106 8.98 23 76 326 38| 76 30.1 41
ad | 52 6 || 120 1.19 9 | 120 1.49 11 || 110 242 13 | 110 242 13

Table 4: Condition numbers (cond), iteration numbers (it), and the size of the coarse
space (#c¢) for the FETI-DP algorithm for virtual elements for stationary diffusion
and linear elasticity problems in 2D with two straight beams cutting through each
subdomain; see also Figure 4(c). Each subdomain is discretized by a CVT mesh with
200 elements, which was created with 500 Lloyd iterations. The polynomial degree is
denoted by k. The higher coefficients are chosen such that the resulting coefficient
jump is 10%*. We consider frugal (fr) and adaptive (ad) coarse spaces. The adaptive
tolerance is TOL = 100 and p-scaling was used.

Two straight beams per subdomain; see Figure 4(c); increasing no. of subdomains
Stationary diffusion Linear elasticity
k=1 k=2 k=1 k=2

N «a || #c cond it | #c cond it || #c cond it | #c cond it
fr [32 6] 12 7223 9 12 7.17e3 11 36 2.93e3 40| 36 2.7le3 44
fr | 52 6| 40 1.09e4 27 | 40 1.09e4 27 || 100 4.93e3 162 | 120 4.29¢3 167
fr |72 6| 84 1.26e4 41 | 84 1.26e4 43 || 210 1.24e4 368 | 210 1.13e4 413
ad [ 32 6 12 1.14 3| 12 147 3 36 1.18 91 36 149 11
ad | 5> 6| 40 1.14 3| 40 148 3 || 120 1.19 9 | 120 1.49 11
ad |72 6| 84 1.14 3| 87 1.47 3 || 252 1.19 9 | 252 149 11

we can see that the condition numbers of FETI-DP for virtual elements show a similar
behavior as would be expected from FETI-DP with finite elements in the case of
linear elasticity for subdomain-wise constant coefficient functions; see [24, Fig. 4].
Especially for the CVT meshes, we see the typical linear behavior in the log plot. A
proof of the condition number estimate (3.2) for stationary diffusion and constant
coefficients on every subdomain, and detailed numerical results pertaining to this case,
can be found in [15]. For linear elasticity with subdomain-wise constant coefficients,
such a result has not yet been established. Our numerical experiments support the
fact that a polylogrithmic behavior also holds for this case. They also suggest, that
the quasi-uniformity assumption might be necessary, since the square roots of the
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Table 5: Condition numbers (cond), iteration numbers (it), and the size of the coarse
space (#c) for the FETI-DP algorithm for virtual elements for stationary diffusion
(sd) and linear elasticity (le) problems in 2D with element-wise randomly distributed
coefficients; see also Figure 4(d). Each subdomain is discretized by a CVT mesh
with 200 elements, which was created with 500 Lloyd iterations. The polynomial
degree chosen as 1. We consider frugal (fr) and adaptive (ad) coarse spaces. The
adaptive tolerance is TOL = 100. The same meshes and randomness seeds were used
for stationary diffusion and linear elasticity. If #c¢ = 0 this means that the adaptive
algorithm did not find any constraints and therefore the unconstrained preconditioned
FETI-DP method was used to generate the results.

Random coefficient distribution; see Figure 4(d); increasing no. of subdomains
Voronoi CVT

p deluxe p deluxe

N | #c cond it | #c cond it || #c cond it | #c cond it

fr sd | 32 12 1.31ed 65 12199 9 12 1.58e5 31 12 284 10
fr sd | 52 40 1.61ed 104 | 40 3.70 13 40  1.95eb 134 | 40 3.26 13
fr sd | 72 84 1.20ed 181 | 84 442 16 84 2.12ed 185 | 84 290 14

fr le | 32 36 2.7le5 286 | 36 2.50 15 36 3.4leb 212 | 36 453 23
fr le | 52| 120 5.23e5 482 | 120 5.92 21 || 120 4.2de5 815 | 120 4.82 18
fr le | 72| 251 3.79e5 1530 | 251 168 36 || 252 5.66e5 1295 | 252  3.20 19

ad sd | 3? 19 3.23 14 3 415 11 18 3.16 13 0 642 13
ad sd | 5° 41 6.46 19 3 857 19 55 7.44 18 1 110 21
ad sd | 7% | 103 8.74 21 14 824 22 | 102 8.35 22 4 929 23

1

9

)

ad le | 3? 33 37.0 43 0 100 26 24 37.1 33 5.01 20
ad le | 5° 96 33.7 62 | 11  30.3 42 || 105 35.8 52 8.40 30
ad le | 72 || 218 35.8 62 | 28 29.7 45| 261 43.6 61 | 3 50.2 42

condition numbers for meshes that are not quasi-uniform do not show a clearly linear
behavior in the log plot. For a more specific statement, further investigations and
numerical experiments should be carried out.

4.4. Various constraints for regular domain decompositions. Let us now
discuss the performance of frugal and adaptive coarse spaces for highly heterogeneous
problems with large coefficient jumps discretized with VEs, i.e., frugal and adaptive
coarse spaces for FETI-DP for virtual elements. We consider coefficient distributions,
for which we know that the frugal constraints are sufficient for FETI-DP with finite
elements for a robust convergence (see Figure 4(a) and Figure 4(b)), but we also
consider distributions, for which usually adaptive constraints are necessary (Figure 4(c)
and Figure 4(d)). Let us first consider the simpler coefficient distributions with straight
beams and beams with offsets across the interface.

Results for stationary diffusion as well as linear elasticity and coefficient distribu-
tions as shown in Figure 4(a) and (b) are presented in Tables 1 and 2. The coefficient
distributions are 2D projections of the ones considered in [21] for FETI-DP and finite
element discretizations, and show comparable results here for virtual elements. In
addition, the frugal algorithm shows a similarly robust performance as the adaptive
algorithm, at the cost of a larger coarse space dimension. The frugal coarse space
dimension can be reduced by eliminating the superfluous constraints belonging to
edges that have no problematic coefficient jump. This has already been discussed in
[21]. We can further observe that frugal FETI-DP shows a comparable behavior for
polynomial degrees k =1 and k = 2.
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(b) CVT DD

(d) CVT DD with beams

Fig. 6: Examples of Metis domain decompositions into 25 subdomains for the two
mesh types with 5000 elements each. The red regions in ¢) and d) are the ones, where
the coefficient is high.

Next, we consider a coefficient distribution with two beams cutting through each
subdomain; see also Figure 4(c). For the finite element case, we know that the frugal
coarse space is not sufficient to obtain a numerically scalable method which is robust
against coefficient jumps. This is confirmed for virtual element discretizations by
the results presented in Table 3 and Table 4. First, in Table 3, we consider an
increasing coefficient jump. Although frugal FETI-DP shows to be not robust against
the jump, the increase in the number of iterations is mild when using deluxe scaling.
For comparison, we also show results for adaptive FETI-DP, which has, as expected,
low condition numbers in all cases. Second, in Table 4, we increase the number of
subdomains and fix the coefficient jump. As can be expected, frugal FETI-DP, in
contrast to adaptive FETI-DP, is not numerically scalable for this specific coefficient
distribution with two beams cutting each subdomain. Further results for a random
coefficient distribution as in Figure 4(d) are presented in Table 5. Here, the frugal
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Table 6: Condition numbers (cond), iteration numbers (it) and the size of the coarse
space (#c) for the FETI-DP algorithm for virtual elements for linear elasticity problems
in 2D. The coefficient distribution is five straight beams, on a Voronoi/CVT mesh with
5000 elements and four different domain decompositions into 25 subdomains generated
by Metis as depicted in Figure 6(c) and (d). The CVT mesh used 3000 Lloyd iterations.
The polynomial degree is k = 1. We consider classic weighted average (wa), frugal (fr)
and adaptive (ad) coarse spaces. The adaptive tolerance is TOL = 100.

Five straight beams; see Figure 6(c) and (d); Metis decomposition

Voronoi CVT
p deluxe p deluxe

seed || #c cond it | #c cond it || #c cond it | #c cond it

wa 1] 108 7.62e5 1436 | 108 5.28e4 564 || 114 7.54e5 846 | 114 2.28¢4 386
wa 2 || 106 2.89¢5 840 | 106 3.49e4 480 || 110 2.83e5 945 | 110 4.94e4 574
wa 3| 112 9.19e5 1628 | 112 4.95e4 582 || 112 4.89e5 1031 | 112 5.81led 451
wa 4 || 110 4.85e5 1107 | 110 5.77e4 668 | 114 9.89e5 1218 | 114 2.69e4 457
fr 1] 150 4.41eb 167 | 150 43.1 28 | 149 31.3 29 | 149 3.59 16
fr 2 || 141 1.30e5 56 | 141 2.28 16 || 143 9.84e3 113 | 143 920 49
fr 3 || 148 3.03e5 285 | 148 215 31 || 145 2.20eb 125 | 145 2.11 15
fr 4 ]| 142 638 68 | 142 154 40 || 153 58.7 37 | 153 4.23 17
ad 1 85 13.1 38 | 66 4.71 21 75 9.74 28 | 67 520 19
ad 2 74 10.7 34| 70 4.12 18 81 14.3 33| 75 6.42 21
ad 3 89 114 35| 75 3.33 18 75 12.7 32 | 66 2.45 16
ad 4 78 38.0 40 | 75 3.68 19 73 23.4 38 | 63 5.95 20

constraint together with the simple p-scaling is overwhelmed by the problem, as is
especially evident in the linear elasticity case. On the other hand, we can see that the
frugal approach in combination with deluxe scaling handles this difficult problem very
well. Let us note that the underlying quasi-uniformity of the mesh does not seem to
play a deciding role in the quality of the coarse space.

To summarize, the frugal as well as the adaptive coarse space perform very well also
for FETI-DP applied to virtual element discretizations. Especially frugal FETI-DP in
combination with deluxe scaling shows to be surprisingly robust.

4.5. Metis domain decompositions. We consider a similar problem as in
Table 1 for N = 52, with 5 straight beams cutting through a mesh with 5000 virtual
elements. Here, we use Metis for the decomposition of the mesh and we consider
both, a Voronoi type mesh and a CVT mesh; see Figure 6 for the decomposition,
mesh quality and coefficient distribution. We further consider random coeflicients as
shown in Figure 4(d) for the same meshes and Metis decompositions. We use different
randomness seeds to generate four different Metis decompositions with 25 subdomains
each. This is to test for the dependence on the specific domain decomposition. The
results are shown in Table 6 and Table 7. We observe that the robustness of the frugal
algorithm depends on the specific domain decomposition, while the adaptive algorithm
handles all of them with ease. Just as in the case of regular domain decompositions,
the underlying quasi-uniformity of the meshes does not seem to have a consistent
effect on the condition and iteration numbers. As in the case of regular domain
decompositions, the use of deluxe scaling reduces the iteration numbers drastically
for the frugal FETI-DP algorithm for virtual elements in most cases. For adaptive
FETI-DP, deluxe scaling improves the general performance slightly in the case of
straight beams, and lowers the coarse space dimension to an impressive amount in the
random case.
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Table 7: Condition numbers (cond), iteration numbers (it) and the size of the coarse
space (#c) for the FETI-DP algorithm for virtual elements for linear elasticity problems
in 2D. The coefficient distribution is element-wise random coefficients, similar to
Figure 4(d) on a Voronoi/CVT mesh with 5000 elements and four different domain
decompositions into 25 subdomains generated by Metis as in Figure 6(a) and (b).
The CVT mesh used 3000 Lloyd iterations. The polynomial degree is k = 1. We
consider classic weighted average (wa), frugal (fr) and adaptive (ad) coarse spaces.
The adaptive tolerance is TOL = 100.

Random coefficient distribution; Metis decomposition
Voronoi CVT
p deluxe p deluxe
#c cond it | #c cond it || #c cond it | #c cond it

2]
@
@
[o %

wa 1] 108 1.27e6 2861 | 108 2.83e4 72 | 114 7.40e5 980 | 114 7.5le4 133
wa 2 || 106 1.72¢6 2179 | 106 1.00e5 75 || 110 6.83e5 996 | 110 1.25e5 170
wa 3| 112 891ed 1926 | 112 2.05e4 55 || 112 8.17e5 1181 | 112 8.98e4 76
wa 4 ]| 110 1.54e6 2179 | 110 4.63e4 91 || 114 7.57ed5 762 | 114 5.16e4 72
fr 1] 160 7.72e5 1405 | 160 5.33 22 166 6.09e5 832 | 166 56.7 23
fr 2 || 1564 1.18e6 1564 | 154 6.10 22| 164 4.74e5 695 | 145 4.87e4 48
fr 3| 164 4.88¢5 722 | 164 3.53 20 || 165 8.11ed 1202 | 165 592 20
fr 4 1 164 6.07ed 1356 | 164 3.80 20 || 167 6.09e5 598 | 167 2.8 18
ad 1 161 43.9 53 7 16.5 34 || 156 30.5 41 13 156 34
ad 2 ]| 155 77.1 50 4 14.5 36 || 134 20.9 40 | 11 68.5 40
ad 3] 122 61.7 46 4 10.7 31 || 148 30.5 41 5 13.6 34
ad 4 1| 163 27.3 46 6 51.1 45 | 133 14.6 35 6 9.0 30

5. Conclusion. We have applied frugal and adaptive coarse spaces to the FETI-
DP method for virtual elements, used regular as well as Metis domain decompositions,
and also considered polygonal meshes of varying quasi-uniformity. We especially
considered different highly heterogeneous coefficient distributions with large jumps for
both, stationary diffusion and linear elasticity problems. Our numerical results suggest
that the resulting frugal and adaptive FETI-DP methods are as robust as their finite
element counterparts. A theoretical condition number estimate for adaptive FETT-DP
has been transferred to the virtual element case and the numerical results confirm the
condition number bound. Especially the frugal FETI-DP method in combination with
deluxe scaling showed numerically to be very robust in most scenarios and might be a
good choice for many realistic applications discretized by virtual elements.
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