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Abstract

We investigate a polytope (the QAP-Polytope) beyond a “natural” integer program-
ming formulation of the Quadratic Assignment Problem (QAP) that has been used
successfully in order to compute good lower bounds for the QAP in the very recent
years. We present basic structural properties of the QAP-Polytope, partially indepen-
dently also obtained by Rijal (1995). The main original contribution of this work is
the representation of the QAP-Polytope in a space different from the one in which it is
defined naturally. This representation provides us with a much simpler way to derive
the dimension of the QAP-Polytope, as well as to investigate the facial structure of it.
Furthermore, it leads to some interesting observations concerning the combinatorial
structure of the QAP-Polytope.
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MSC Classification: 90C09, 90C10, 90C27

1 Introduction

The Quadratic Assignment Problem (QAP) is one of the classical N'P-hard combinatorial
optimization problems, like, e.g., the Traveling Salesman Problem (TSP) or the Max Cut
Problem. The task is, to find an assignment = of n objects having certain amounts of flow
between each pair of them (stored in a matrix A = (a;x)) to n locations having certain
distances between each pair of them (stored in a matrix B = (bj;)) such that

DD aikbaiye(n

=1 k=1

is minimized. In this form, the problem was introduced by Koopmans and Beckmann
(1957). Actually, they put also a linear term )", Cir(sy into the objective function, mod-
elling costs that arise when placing a certain object in a certain location (independently
from the placement of the other objects).

For the following slightly more general formulation, Lawler (1963) proposed a lin-
earization underlying the approach by polyhedral combinatorics. In this formulation, an

*partially supported by DFG Ju 204/4-2 and EU ESPRIT Long Term Reseach Project Nr 20244
(ALCOM-IT)



instance of the QAP is given by the size n € N and objective function coefficients g;;i € R
(t,7,k,l=1,...,n) and h;; € R (¢,7 =1,...,n). Let II,, be the set of all n x n permuta-
tion matrices. Then, the task is to solve

n n
min E gijklfij$k1+§ hijag;

ik d=1 ij=1

st X = (255)ij=1,..n € .

Sahni and Gonzales (1976) showed that even e-approximation of the QAP is N'P-
hard. As a result, most approaches for exact algorithms for the QAP are branch&bound
type methods requiring in particular good lower bounds on the optimal objective function
value. Consequently, there has been much effort in deriving procedures that compute
(tight) lower bounds.

However, unlike e.g. for the TSP or the Max Cut Problem, until a few years ago, there
have been no approaches to the QAP from the direction of polyhedral combinatorics,
although there were some attempts of polyhedral kind in the sense that the QAP was
formulated as a linear mixed integer program in several different ways (Burkard (1990)
gives an overview). During the last three or four years, a few people have started to work
with an approach that admits a treatment by means of polyhedral combinatorics. First
computational results (in particular by Johnson (1992) and Resende, Ramakrishnan, and
Drezner (1994)) showed that this approach yields very good lower bounds.

We (and independently from us Rijal (1995)) started to investigate the polytope beyond
that approach. We describe the approach in a detailed way in Section 2, where we give
the definition of the QAP-Polytope QAP, as well as some first structural properties
of it. In Section 3, we present a polytope in a different space that is isomorphic to
QAP,. This different representation of the QAP-Polytope has some features that appear
to be nicer than the corresponding ones in the original representation. Clearly, since both
polytopes are isomorphic, these features are not of a combinatorial kind, but connected
to the structure of the coordinate vectors of the representations. In Section 4, we will
derive the dimension of the QAP-Polytope exploiting our second representation. Finally,
Section 5 samples the results obtained concerning the affine hulls of both representations.

We will use the following notations. For any set M, the set of all subsets of M of
cardinality 2 is denoted by (]\24) For a graph G = (V, F') with node set V' and edge set
E, the set E(W) for a subset W C V of nodes contains all edges having both endpoints
in W and §(W) contains all edges having precisely one endpoint in W. For two disjoint
subsets Wy, Wy C V of nodes, (W; : Ws) is the set of all edges having one node in W; and
one in Wy. For singletons {v} we often omit the brackets and write, e.g., §(v). If 2 € RY
is a vector whose components are associated with the nodes in V', and, again, W C V is a
subset of the nodes, then (W) is the sum of all components of z belonging to elements in
W. An analogous definition holds for a vector y € R¥ and a subset F C E. For any two
vectors a, b € R™, the notation @ < b means that a; < b; for all components i =1,...,n. If
R is a subset of the index set of a matrix A then Ar, means the submatrix of A consisting
just of the rows of A corresponding to R. The analogue holds for a subset of the column
indices. All vectors are meant to be columns, and for a subset R of the indices of a vector v,
Vg clearly means the vector consisting of the components of v corresponding to R. Finally,
conv(Q), aff(Q2), and lin(2) denote the convex, affine, and linear hull, respectively, of €.



2 Definition of the QAP-Polytope QAP,
Consider the graph G, = (V,, £,) having nodes

Vo= {(i,4) | i,j € {1,...,n}}
and edges
Eni= {00, (kDY € () |3 # ks £ 1]
For ease of notation, we define

[i,j,k,l] = {(27])7 (kvl)}

for all edges {(¢,7), (k,l)} € &,. Figure 2 shows the canonical drawing of G,, (for n = 4)
indicated by the matrix-structure of its node set.
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Figure 1: The graph G,, has all possible edges but the “horizontal” and the “vertical” ones.
Obviously, the graph G, has the following two properties:
(i) The size of a maximum clique of G, is n, i.e., the clique-number of G, is w(G,) = n.

(ii) The maximum cliques (i.e., the n-cliques) of G,, correspond to the n x n permutation
matrices.

Let an instance
n n
min Z ikl T Tk + Z hijeij
(QAP) i,7,k,0=1 1,5=1
st X = (25)ij=1,. €1l

of the QAP be given (h € (R™?, g € (R™)*Y). Define (h,¢) € RY» x R by setting
h?i,j) = hij + Gijij ((l,]) € Vn) and gfi,j,k,l] = Giski + Jklij ([i,j,k,l] € gn) The set of
(node sets of) n-cliques of G,, is denoted by

CLA; :={C CV, | C n-clique of G,}.

Solving (QAP) now is equivalent to finding among the n-cliques of G, one having min-
imal node- and edge-weight (with respect to the weights (h', ¢’)), i.e., solving (QAP) is
equivalent to solving



min 7/ (C) + ¢'(£,(C))
(QAP)
st. CecLar.

We will use the following notations in the sequel: For any subset W C V,, of nodes of G,,
we denote by 2" € RV» the characteristic vector of W, i.e., for v € V,,, we set

w . 17 lfUEW
T 0, ifog W

Analogously, for any subset 7 C &, of edges of G,,, we denote the characteristic vector of
F by yf' € R, ie., for e € &,, we define

F . 17 lf€€F
Yo =0, ifeg I

We write 2¥ instead of 21} and y° instead of yi¢}.
The QAP-Polytope is

QAP, = Conv({(avc7 ygn(c)) | C e C,CQZ}).

For any a € {1,...,n}, we define

row(") := {{a,5)|j=1,...,n}

O

to be the a-th row of V,,, and
col® .= {(i,a) | i=1,...,n}
to be the a-th column of V,,. For v = (1,j) € V,,, we set r(v) := 17 and ¢(v) := j.

Observation 1. The graph G, is invariant under permutations of the rows, permutations
of the columns, and transposition of the node set, where transposition means mapping
(i,7) to (j, i) for all (i,7) € V,,. Clearly, the automorphisms of RV" x R induced by the
corresponding coordinate permutations are symmetries of QAP,,, i.e., they induce distance
preserving affine transformations that map QAP,, into itself.

From Observation 1 one immediately derives a first property of the QAP-Polytope.
Theorem 1. All cones induced at the vertices of QAP,, are isomorphic.

We will now show, that QAP,, has famous relatives, which are certain Boolean Quadric
Polytopes | Cut Polytopes. Let K, = (V,,, F,) be the complete graph on m nodes.
Similarly to the definitions for the QAP-Polytope, for any subset W C V,,, of nodes we
denote the characteristic vector of W by X" € RV and for any subset F' C E,,, we denote
the characteristic vector of F by Y € RE’"(We use capital letters for vectors in the space
belonging to K,,).

The Boolean Quadric Polytope of the complete graph with m nodes is

BQ,, = Conv({(XC,YE’"(C)) | C C Vm})
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This polytope was introduced by Padberg (1989). It was shown to be isomorphic to the Cut
Polytope of the complete graph with m + 1 nodes (i.e., the convex hull of all characteristic
vectors — with respect just to edges — of cuts in that graph) by De Simone (1989).

Let QAP,, be the canonical embedding of QAP,, into the space RY»2 xRE2. The following
theorem was independently also discovered by Rijal (1995).

Theorem 2. QAP, is a face of BQ,2. Hence, QAP, is isomorphic to a face of BQ,2
and to a face of the Cut Polytope of the complete graph with n? + 1 nodes.

Proof. Obviously, QAP,, is contained in the face

F = {(X7 Y) € BQn2 | Y{(i,j),(k,l)} = 0 for all {(27])7 (kvl)} € En2 \gn}
of BQ,2. But X(V,2) < nis a valid inequality for F, and the face of F defined by the
corresponding equation is precisely QAP,. Hence QAP,, is a face of a face of BQ,». O

It is a well known result (found by Barahona and Mahjoub (1986)) that the Cut Polytope of
the complete graph has diameter one. Clearly, this fact and Theorem 2 yield immediately:

Theorem 3. The diameter of QAP,, equals one (for n > 2).

Next, we will derive a linear description of a polytope P, € RV» x R whose integer points
are precisely the vertices of QAP,,. We observe that for any row or column S C V), the
equation

(1) z(S)=1
holds for all points (z,y) € QAP,,. If furthermore v € V,, \ S then also
(2) y(v:9)—z, =0

is valid for QAP,. We denote the system of all equations of types (1) and (2) by
AW (2, y) = b, Tt consists of 2n 4 2n?(n — 1) equations. We define

Pi={(x,y) € RV x RS | AP (2, ) = 00V y > 0}
Remark 1. For all (z,y) € RV x R we have

The following theorem was discovered first by Johnson (1992), and later, independently,
by Drezner (1994), Rijal (1995), and the authors.

Theorem 4. QAP,, = conv (Pn N (ZY" x ZE"))

Proof. Clearly, QAP,, C conv (P, N(ZY" x Z*")) does hold. To show QAP,, D conv(P,N
(ZV" x ZF)), let (2,y) € P N (ZY" x Z°). Since the equations of type (1) hold for the
{0, 1}-vector (z,y) (cf. Remark 1), 2 is the characteristic vector of an n-clique C' C V,, of
G, and y is the characteristic vector of some subset F' C &, of the edges of G,,. Hence, it
remains to prove that F' = &,(C). Let e = [i, J, k,{] € I' be an arbitrary edge. Because the
equations y((¢,7) : rong)) — ;) = 0 and y((k,1): rowgn)) — @1,y = 0 hold, we conclude
(2,7), (k1) € C, and hence F' C &,(C)). On the other hand, adding up (n — 1) times
all equations of type (1) and once all equations of type (2), and dividing the resulting
equation by 4, one obtains y(&,) = %n(n — 1), which implies |F'| = |€,(C)], and the proof
is complete. a



Remark 2. Theorem 8 will show that all inequalities in the linear description of P, are
facet defining for QAP,. Theorem 11 will exhibit a mazimal redundant subset of the
equations in the above linear description.

It follows from (the easy part of) Theorem 4 that

min{(g,h)"(2,) | (x,y) € Pu} < min{(g,8)" (2,9) | (2, y) € QAP,}

for all (g,h) € RY» x R, We call the lower bound for the QAP obtained by solving the
linear program min{(g, n)7 (z,y) | (x,y) € P,} the Equation Bound.

It was proved by Johnson (1992) and later, independently, by Drezner (1994) that the
Equation Bound is always at least as good as the Gilmore/Lawler Bound proposed inde-
pendently by Gilmore (1962) and Lawler (1963). Furthermore, computational experiments
— most extensively done by Resende, Ramakrishnan, and Drezner (1994) — showed that the
Equation Bound is the best known lower bound for most of the instances in the QAPLIB
(Burkard, Karisch, and Rendl, 1994) of size at most 30. The Equation Bound was not
computed for larger instances up to now due to the huge and very difficult linear programs
that arise. (There are instances of size 16 in the QAPLIB that are still not solved to op-
timality!) For approximating this bound, Johnson (1992) developed a nice Langrangean
relaxation procedure.

The theoretical and practical results concerning the Equation Bound motivated our further

study of QAP,,.

3 Another Representation: QAP

Starting the investigation of QAP,,, it turns out rather quickly that the vertices of QAP,
are very difficult to handle with respect to such goals like showing the affine independency
of a certain subset of them. This is mainly due to the fact that among these vectors there
are no pairs that have just “slightly differing” supports.

For this reason, we searched for another representation of the QAP-Polytope, i.e., we tried
to map QAP,, isomorphically into another space, in which the vertices “look nicer”. For
this purpose, recall that the system A (z,y) = (") of 2n 4 2n?(n — 1) equations is valid
for QAP,,, indicating a lot of redundant variables. Note also that G,,_1 is contained in G,
in the sense that V,,_; CV, and £,_1 C &,.

Proposition 1. Let M be a subset of the row indices of A(”)(av7 y) = b corresponding
to a set of equations consisting of

(a) all but one of the equations z(S) =1 (9 € {I’OW(ln)7 . 7I’OW7(1n)7 Col(ln)7 ces 76017(171)})
(b) all equations y(w : rowgn)) —2y, =0 (weVy,ie{l,...,n—1}\ {r(w)})

(¢) all equations y(w : Colgn)) — 2y =0 (weV,_1,j€{l,...,n=1}\ {c(w)})
(d) for every node w € V,,_y either y(w : rowgzn)) — 2, =0 ory(w: colé”)) — 2, =0, but
not both



(e) for every pairv € I’owgln)\{(n7 n)}, v € 6017(171)\{(717 n)} either y(v : rowi?g,)) —2, =0

or y(v': Coli?v))) — z, =0, but not both.

Then AE\Z).(JU, y) = bg\z) is equivalent to the following system.

(1) = 1-a(coll(}") (v € row!” \ {(n,n)})
2) 2, = 1-a(row{ ") (v € col ™\ {(n,n)})
3) 2wy = e(Vaot) = (n—2)
(1) Yo = 2y —y(w: COli?U_)l)) (v € row(\ {(n, )},
w € Vi \ coll()
(5) Yowy = aw—ylwirowl V) (v € col"\ {(n,m)},
w € Vg \rowl())
6) Yinmwy = y(w:Vaor) = (n=3)ay (w € Vi)
M gy = 1= (wleoll) Urowli) = yleol (Y s rowl( )

Proof. We show that any equation in (1), ..., (7) can be obtained from a linear combi-
nation of equations in (a), ..., (e). Noting that (a), ..., (e) and (1), ..., (7) have the
same number of equations (and that the system (1), ..., (7) has full row rank), this will

prove the proposition.

Since we know that in the node-edge-incidence matrix of the complete bipartite graph
K, , any single row can be linearly combined by the other rows, we also can linearly
combine all equations in (1), (2), and (3) from the equations in (a). Equations (4) and
(5) are precisely the equations in (b) and (c¢). We can combine any equation in (6) from
an appropriate one in (d) and some suitable ones either in (b) or in (c). Similarly, we can
combine any equation in (7) from one equation in (e), some equations either in (b) or in
(c), and one equation in (a). ]

Let W := row!"” U 6017(171)7 F =& W)UsW),and W := VYV, \ W, F =&, \ F. Let the
system of equations (1), ..., (7) in Proposition 1 be

(@w,yr) = A'(agr, yp) + .
Define the affine map ® : RV» x R& — R x R®" via ®(z,y) := (2/,y') with

(@, yp) = (aw,yr) — (A'(ew yp) + 1),
($/W7ylf) = (vayF)

for all (z,y) € RY" x R®. Obviously, ® is an affine transformation of RY» x R®» i.e., a
one-to-one affine map. Proposition 1 implies the following.



Lemma 1. On the affine space
A= {(z,y) € R x RS | A)(z,y) = b1}
(containing QAP,, ), ® coincides with the canonical projection

(n) (n)
grown ool RV RO 4 [T = {(z,y) € RY" x R® | 2 = 0, yp = 0}.

Clearly, U can be identified with RY»=1 x R~1. So we have shown that the canonical
projection 7 : RV» x Ré» — RVr—1 x R 1 transforms the polytope QAP, C RV» x Ré
into an isomorphic polytope

QAP;_l g RVn—l X Rgn—l‘

Hence, investigating the combinatorial structures (face lattices) of the polytopes QAP,
(n > 2) is equivalent to investigating the combinatorial structures of the polytopes QAP}
(n>1).

Remark 3. The following describes the relationship between QAP, and QAP _, more

precisely.

(i) 7 induces a one-to-one mapping k between the set CLQ! of n-cliques of G,, and the

set
*

1 ={C C V1 | Cis (n—1)- or (n — 2)-clique of G,—_1}
of (n —1)- and (n — 2)-cliques of G,,_1 (cf. Figure 2).

Figure 2: The effect of the projection =.

(ii) Let F C QAP,, be a face of QAP,, with vertices corresponding to a set ' C CLQ,
and let F* C QAPr_, be the corresponding (via ©) face of QAP}_,. Then the
vertices of F* correspond to the projections k(I') of the n-cliques in F'. In particular:
The vertices of QAP _, are the characteristic vectors (with respect to nodes and
edges) of the n — 1- and (n — 2)-cliques of G,,_1.

(iii) Let (u,v)T(z,y) < w be a valid (resp. facet defining) inequality for QAP,,, and
let (61, 0) € RYr+1 x RE+1 be the vector arising from (u,v) by “zero-lifting”. From
part (ii) of this remark it follows that (i, 0)T(2,7) < w is valid (resp. facet defining)
for QAP 41, if, and only if, (u,v)T (2,y) < w is valid (resp. facet defining) for
QAP



Observation 2. As for QAP,,, permutations of the rows, permutations of the columns,
and transposition of the node set induce symmetries of QAPT.

Next, as we did for QAP,,, we will derive a linearly described polytope P C RY» x Ré",
whose integer points are the vertices of QAP . Let aq,az € {1,...,n} be two distinct
numbers. Then, for all points (z,y) € QAP

x(rowg”l)) + x(row(az)) — y(rowg”l) : rowgz)) =1

and

z(co ) + z(col )) — y(col(a”) : Colg”)) =1

hold. Let A~ ”)( y) = b*(") be the system of all these equations. Also, for all v € V,,
ie{l.onp\r(v)}, 6{ yny\e(v)} and (z,y) € QAP

y(v: rowgn)) -2, <0 and y(v: Colgn)) -2, <0

are valid. Hence, QAP is contained in the polytope

A()(ac,y) = pxn)
Pr ) (o) € RV RS | VO TOW ) ey <0 (e Vi r(v)
" 7 y(v: Coin))—xv < 0 (v € Vy, j#c(v))
y 20

Remark 4. For all (z,y) € RV" x R, we have
(r,9)€P; — a<la>0y<L.

Lemma 2. Let C' C V, be an arbitrary clique of G,. If A*() (2, y&(O)) = p*0") then C
is of sizen or n — 1.

Proof. Clearly, |C| < n. Suppose, |C| < n— 1, then there must be two rows, without loss
()

of generality row(ln) and I’OW(Qn)7 such that Cﬂrow(ln) = () and C'Nrowy"”’ = (), contradicting
xc(row( )) +a (rowgn)) — ygn(c)(row(ln) : I’OW(Qn)) =1. O

Theorem 5. QAP = conv (772 N (ZY" x ZE"))

Proof. Clearly, QAP} C conv (PN (ZY" x Z)). To show conv(P; N (ZY" x Z)) C
QAPE, let (z,y) € Py (ZY» x Z5). Since (z,y) is a {0, 1}-vector (cf. Remark 4), z
is the characteristic vector of some C' C RY», and y is the characteristic vector of some
F C R%. From x(row(ln)) + x(row(zn)) — y(row(ln) : row(zn)) =1 and y(v: row(ln)) -2, <0
for all v € I’OW(Qn)7 we can conclude x(row(ln)) < 1. An analogous argument holds for all
other rows as well as for all columns, and hence, C' must be a clique of G,. Therefore, by

Lemma 2, it suffices to show F' = &,(C).
If {v,w} € F then y(v: rowi?t)u)) — 2, <0 implies v € C', and y(w : rowff(lg)) — 2, <0
implies w € C Which proves I C En(C(). On the( ())ther hand, for any {v,w} € &,(C),
"y

T(Z) PIOW ) = 1, there must be an edge in
(

F N (row ?)) : row(())). This shows |€,(C)] < |F|, and the proof of the theorem is
complete. a

due to x(row ) + x(row(?))) — y(row
(



Remark 5. From Theorem 8 (coming up in Section ) one can conclude that all inequali-
ties in the linear description of Py are facet defining for QAP},. Theorem 10 (in Section 5)
will show that precisely one (arbitrary) equation in that linear description is redundant.

In Theorem 2 we showed that the canonical embedding QAP,, of QAP, into the space
RV»2 x RFn? is a face of the Boolean Quadric Polytope BQ, .. Analogously, let QAP be
the canonical embedding of QAP into RYn2 x REn2,

Theorem 6. QAP is a face of BQ,>. Hence, QAP} is also isomorphic to a face of
BQ,2 and to a face of the Cut Polytope of the complete graph with n? + 1 nodes.

Proof. Analogously to the proof of Theorem 2, QAP is contained in the face

F = {(X7 Y) € BQn2 | Y{(i,j),(k,l)} = 0 for all {(27])7 (kvl)} € En2 \gn}

of BQ,. Let A*(") be the matrix obtained by adding a zero-column to A*("™) for each edge

in £,2\ &,. Then, A*(")(X|Y) < v*(") is valid for F, since the vertices of F correspond to

the cliques of G,. The face of F defined by A*(")(X,Y) = v*(") contains QAPY. But then,

using Lemma 2, one deduces that this face is precisely QAP which proves the theorem.
O

Remark 6. Due to Theorems 2 and 6, QAP is isomorphic both to a face of BQ,2 as
well as to a face of BQ,_1y (for n > 2) and to faces of the corresponding Cut Polytopes,
too.

By construction, QAP} is isomorphic to QAP, 11, but “living” in the same space as

QAP,. So, what is the relationship between QAP,, and QAP;? By observing that
z(V,) <n

is valid for QAP , one deduces immediately:

Observation 3. QAP,, is a face of QAP .

However, the relationship is indeed much stronger.

Proposition 2. Let n > 2. There are n+ 1 affine maps ¢, : RV» x R¥» — RY» x R
(o =0,...,n) such that for the n +1 images Q, = ¢o(QAP,) (a=0,...,n) of QAP,
the following hold:

(i) Every Q. is isomorphic to QAP,,.
(i) Fach Q, is a face of QAPT.
(iii) The Q. have pairwise empty intersection.

(iv) QAP; = conv (Ul _y Qu)

10



(n) (n)

Proof. For any row or column S € {row; ’, ... rowy, ,Col(n) Col } let 7% @ RV»x
R — {(2,y) € RV" x R®" | 25 = 0, Ys(s) = 0} be the Canonlcal projection. Then the

(m) Ucolgl n .

map w"Wn in Lemma 1 decomposes mto

7_K_rowgln)ucolgln) — ﬂ_COIn o

(n) (n)

rowy,

(n) (n) . . .
rown - Ueoln™ narforms an isomorphic transformation of QAP,,,

(n)

(n) . . .
so does 77" too. Clearly, there is nothing special about row;,’, and therefore, the same

holds for all

Since Lemma 1 showed that =
(n)
Go =7 (a=1,...,n).
Finally, define ¢ to be the identical map on RY» x R®». Hence, all the
Qa = ¢Q(Q-/47Dn) (05207... 7n)

are isomorphic to QAP,,, what proves part (i). Parts (ii), (iii), and (iv) follow from the
observation, that for any o € {1,...,n}, the vertices of Q, correspond to the (n — 1)-
cliques of G, having no node in common with the a-th row of V,,. a

From Proposition 2 and the isomorphism between QAP, 1 and QAP}, the following
“inductive construction” of QAP, 11 follows.

Theorem 7. For n > 1 there are n + 1 affine maps 1, : RY" x R — RVnt1 x REn+1
(= 0,...,n) such that for the n + 1 images Qq := 1o (QAP,) (a=0,...,n) of QAP,
the following hold:

(i) Every Q. is isomorphic to QAP,,.

(iI) Each Q, is a face of QAP 41.
(iil) The Q. have pairwise empty intersection.
(iv) QAP 41 = conv (Ul _y Qo)

In the remaining part of this section, we will investigate the system A*(”)(ac7 y) = ()
describing an affine subspace

A" = {(z,y) € R x RS | A5 (g, ) = p*(M)}

that contains QAP It will turn out (cf. Section 5) that, indeed, A* is the affine hull of
QAPL. A (z,y) = b consists of the 1n(n — 1) equations

(3) x(rowgn)) + x(rowén)) - y(rowgn) : rong)) =1 (1<i<k<n)

and of the In(n — 1) equations

(4) x(colgn)) + x(colgn)) — y(colgn) : CO];n)) =1 (1<j<l<n).

Now, let’s consider just the “y-part” M := A.(g) of the matrix A*. We define a (total)

ordering of the edges &, by requiring that each edge [7,7,k, 1] € &, with i < k and j < [ has
as its successor the edge [i,1, k, j], and by ordering the edges {[i,j, k, (] € &, | i < k,j <1}
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lexicographically according to the quadrupels (¢, k,j,{). After permuting the columns of
M with respect to this ordering of &,, M is the following n(n—1) X |€,| matrix (for n = 3):

111111
111111

We are interested in the bases of the matrix M, i.e., in maximal subsets of linearly indepen-

dent columns of M. Since columns corresponding to edges [i, j, k, [] and [i, [, k, j] are identi-

cal, we can identify them for our considerations. But then, the resulting n(n—1)x % || ma-

trix M’ is the node-edge incidence matrix of the complete bipartite graph Knm-1) nn-1) =
5

(RnUCpy (R :Cr)), (R NGy = D), ’
A pair {[i, 7, k, ], [i, 1, k, 7]} of edges [i,j, k1], [i, 1, k, j] € &, is called a crossing pair. We
interpret the “left shore” R, of K nn=1) n(n—1) with the set of all possible pairs of rows of

V.., and the “right shore” C,, with the set of all possible pairs of columns of V,,. The edges
(R, : C,,) are then in one-to-one correspondence with the set of crossing pairs of &,.

It is a well-known fact (discovered by Balinski and Russakoff, 1974) that the set of bases
of the node-edge-incidence matrix of the complete bipartite graph K, ,, is precisely the
set of node-edge-incidence matrices of spanning trees of K, ;,,. This yields the following
characterization of all bases of A*(®) that do not contain columns corresponding to nodes

of G,.
Proposition 3.

(i) Precisely one (arbitrary) equation in A*(”)(ac7 y) = v*(") s redundant, in particular

rank(A*) =n(n - 1) — 1.
(i) A subset B C &, of edges of G,, corresponds to a basis of A*) if and only if

(a) |Bl=n(n-1)—-1
(b) There is no crossing pair contained in B.

(c) There is no sequence (eq, fo, €1, fi,...,€k-1, fr—1) (k > 2) of edges in B such
that e, and f, connect the same rows of V,, and fo and €11y mod & cOnnEct
the same columns of V,, for allaa=0,... k- 1.

4 Dimension and trivial facets of QAP, / QAP
Theorem 8. For n > 3 the following three statements hold.
(i) The dimension of the QAP-Polytope is

dim(QAP,) = (n—1)2 4 =D 2(” =2 (= 1)(n—2)—1).
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(ii) The inequalities

ye > 0 (e € &)
are facet defining for QAP,,.
(iii) The inequalities
Ye S 1 (6 € gn)
z, > 0 (veV,)
z, < 1 (veV,)

are implied by the equation system A(”)(ac,y) = b and the nonnegativity of the
y-variables.

The results described in this theorem were found independently also by Rijal (1995). His
proof is a “direct” one (i.e., using affinely independent vectors and a dimension argument
to show that a certain space is generated), while ours is an “indirect” proof (i.e., using
affine/linear combinations to show that this space is generated). Our use of the represen-
tation QAP of the QAP-Polytope simplifies the proof enormously, since the presence of
characteristic vectors of cliques of two different sizes allows us to construct “much nicer”
linear combinations.

Statement (4ii) of Theorem 8 is just a repetition of Remark 1. Parts (i) and (ii) follow
from the following Theorem describing the dimension and the trivial facets of QAP

Theorem 9. For n > 2 the following two statements hold.

(i)
n?(n —1)2

dim(QAP}) = n? 4+

(ii) The inequalities
ye > 0 (e € &)
are facet defining for QAP .

Proof of Theorem 9. We will give a single proof covering both parts of the theorem.
Due to the symmetries of QAP described in Observation 2, we can restrict the proof of
part (ii) to the case e = [n,n — 1,n — 1, n]. Consider the face

F = Q.AP; N {($7 y) € RV" X Rgn | Ynn—1,n—1,n] = 0}
of QAP}. Define
Fi={(a,y) e RV x R™ | A (@, y) = 6"y g oy ) = 0.

Claim 1: If we prove F = aff(#) then the whole theorem follows.
Proof of Claim 1. From Proposition 3 we know that dim(QAP}) < n2—|—n2(7127_1)2— (n(n—
1)—1). Since F is a proper face of QAP?, we know that A*(") (2, y) = b*(") does not imply
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Y[nn—1,n—1,, = 0, and hence, again, by Proposition 3, dim(F) = n? + M —n(n—1).
Now, F = aff(#') implies that
2 -1 2
n* + % —n(n—-1) = dim(F)
< dim(QAP})
2 -1 2
<t S ) ),
which proves both parts of the theorem. a

Claim 2: For n > 2 we have F = aff(F).

Proof of Claim 2. The proposition does hold for all n > 2. However, in order to
simplify the proof, we will restrict ourselves to the case n > 5, what means that in
particular the four lemmata stated below apply. (The cases n = 2,3,4 can be checked
by computer.) Clearly, F D aff(F’) holds. Hence, it suffices to show dim(F) < dim(F).
As already deducted in the proof of Claim 1, dim(F) = dim(RY" x R") — n(n — 1). For
L:={(z,y) — (2", y) | (z,y),(2',y) € F} we have dim(lin(L)) = dim(F"), and therefore,
it suffices to exhibit a set B C RY» x R of n(n — 1) vectors that satisfies

(5) lin(LUB) =RV x R,

The next four lemmata will provide us with a suitable collection of vectors in lin(L).
Figure 3 illustrates these vectors, as well as some notations used in the respective proofs.

Lemma 3. Ifn > 2, andifvy,...,v, € V, form an n-clique of G, and [n,n—1,n—1,n] &
En{v1, ... v} then

($v170) T Z (07 y{vl,va}) cL.

a=2
Proof of Lemma 3. Let C := {vy,...,v,} and Cy := {vy,... ,v,}. Since (21, y(C1),
(2C2,y(C2)) € F. we conclude that (z¥1,0) 4+ S27_, (0, ytvrval) = ((2C1,y5(C1)) -
(2¢2, y®n(C2)) € lin(L). O

Lemma 4. If n >4, [i,j,k, 1] € &, and [n,n—1,n—1,n] & {[i, ], k1], [i,[,k, j]} then
(0, yf+y — (0, y1HH)) € lin(£).

Proof of Lemma 4. Let vy := (¢,7), vy := (¢,0), wy := (k,j), and wy := (k,[). Since
n > 4, we can find uy,...,u,—2 € V,, such that Cy := {vy,we, uy, ..., u,—2} as well as
Cy == {vg, w1, u1, ..., U2} form n-cliques of G, and [n,n—1,n—1,n] ¢ £,(C,) for a =
1,2. Define C5 := Cy \ {v1}, Cy := C1 \ {wsz}, C5 := C3\{v2}, and Cg := C3\ {w1}. Then
(20, y®n(C)) € Ffor a=1,...,6, and hence, (0,ylH35) — (0, ylobkily = (zC1 yn(C1)y -
(22, y=rl@)) — (205, yn(@)) — (2, y&lO) 4 (25, y () 4 (2%, y= (@) € lin(L). O

Lemma 5. If n > 5 and r,i,k € {1,...,n} as well as s,j,l € {1,...,n} are pairwise
distinct and [n,n— 1,n — 1, n] & {[r,s,1,j],[r,s, k, 7], [r, s, k, 1], [r, s,4,(]} then

(0, ylm=2dly — (0, ylosmaly 4 (0, ylms kY — (0, ylmotly € lin(L).

14



] 1
il0 Iql o |of
o [o]\e|o
o |o|/0\|o| o
k|0 "¢ o |[OT O]
o |o] o |9
(b) Lemma 4
j s 1 j s 1
ilQf|o] o |of o] ilO @@‘T}_QQ
«[o] B0 [o] o] |@ 0 [o] oo
K[} /0] © ok O] oo |o] o/|o
o||lo] o |o| © OC\)\\\OOO
o] o] o |0 © kO] O 43| O |O
(c) Lemma 5 (d) Lemma 6

Figure 3: The vectors of Lemmata 3 — 6

Proof of Lemma 5. Let a := (r,s), v; := (4,7), v2 := (4,1), w1 := (k, ), and ws := (k, ).
Since n > 5, we can find uy,...,u,—3 € V, such that Cy := {a, vy, wy,uy,... ,u,_3} as
well as Cy :={a, vg, w1, u1, ..., u,—3} form n-cliques of G, and [n,n—1,n—1,n] ¢ £,(Cy,)
for v = 1,2. Define C3 := C\ {a} and Cyq := Cy\ {a}. Then (2=, y(C2)) € F for o =
1,...,4, and hence, (0, yl"*53l) — (0, ylosi) 4 (0, ylosB10) — (0, ylrsilly = (21, yon(C1)) —
(€, y=n(@)) — (a2, y=( @) 4 (2%, y= (D) € lin(L). b

Lemma 6. If n > 5 and r,i,k € {1,...,n} as well as s,j,l € {1,...,n} are pairwise
distinct and [n,n— 1,n — 1, n] & {[i,s,r jl,[r, 4, k, s], [k, s, 0], [r 0, i s]} then

(0, ylomdly — (0, ylmiksly (0, ylEortly — (0, yIbosl) € lin(L).

Proof of Lemma 6. Let vy := (r,j), vz := (r,{), wy := (4,5), and wy := (k, s). Since
n > 5, we can find uy,...,u,—3 € V, such that Cy = {wy, vy, uy,...,u,-3}, Co :=
{vi, wo, 1, ... tup_3}, Cs = {wy, va, 1, ..., Up_3}, and Cy 1= {vg, wy, vy, ..., u,_3} form
(n—1)-cliques of G, and [n,n—1,n—1,n] & £,(C,) for @ = 1,...,4. Hence, (0, ylos"1) —
(0, yliHsly 4 (0, ylomlly — (0, ylrbisly = (261, y&n(C1)) 4 (205, yon(Ca)) — (202 yn(C2))
(2C4, y®(C9)) € lin(L). O

Now, back on the level of the proof of Claim 2, we choose B := {[1j2]] | 1 < j <[ <
nfU{[ilk2] |1 <i< k <n}and B:={(0,y°) | e € BU{[n,n—1,n—1,n]}. We will
prove equation (5) by showing (0,y°) € lin(£ U B) for all e € &, and (2¥,0) € lin(L U B)
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for all v € V,,. This will be done in five steps whose “effects” are shown in Figure 4.

Figure 5 illustrates the notations in the proofs of Steps 2, 3, and 4 In order to simplify
() ()

the notations, we define R, :=rowy "’ and C, :=coly”’ forall a =1,...,n.
Step 1: (0,y°) € lin(LUB) for all e € (Ry : Ry) U (C : C)
Proof. This follows by Lemma 4. a

Step 2: (0,y°) € lin(LUB) for all e € (R1U Rz) : (C1UCY))

Proof. Let e = [i,j,k, 1] € (R; : Cy) (3,1 € {1,2}). If j € {1,2} or k € {1,2} then
we are already done by Step 1. So assume j &k ¢ {1,2}. Let {i} := {1,2}\ {i} and
{1} == {L,2}\ {1} By Lemma 6, (0, yl">*1) —(0, y*"0) (0, ytt) — (0, y1"47]) € lin (L),
and hence, using Step 1, (0, yl/*4) € lin(£ U B). O

Step 3: (0,y°) € lin(LUB) for all e € §(R; U R, UCy UCY)

Proof. Let e = [¢,7,k, (] € (R U Ry, UC1UCy) with ¢ € {1,2} and k,l ¢ {1,2}. (The
case j € {1,2} and k,l ¢ {1,2} can be shown analogously.) Let {i} := {1,2}\ {i} and
choose 7 € {1,2}\ {j}. By Lemma 5, yloikl — ylivill 4 ylisiil _ yliskil ¢ lin(L£), and
hence, by Steps 1 and 2, ylo/*4 ¢ lin(£ U B). O

Step 4: (0,4°) €lin(LUB) for all e € &, (V,, \ (R1 U Ry UC1 UCy))

Proof. Let e = [i, 7, k, ] € £, (V. \ (RIUR,UCLUCY)). If e = [n,n—1,n—1, n] the claim is
clear, so assume € # [n,n—1,n—1,n]. By Lemma 5, ylt35l — ylin 1 4 g 05, 01] g liiki1] ¢
lin(£), and hence, because of Step 3, yl“/*4 ¢ lin(£ U B). O

Step 5: (2¥,0) € lin(LUB) forall v eV,
Proof. This follows using Lemma 3 and the fact that by Steps 1-4, (0,y¢) € lin(£ U B)
for all e € &,. a

This completes the proof of Claim 2, and hence, the proof of Theorem 9 is done. a

5 Affine hull of QAP, / QAP

Proposition 3 and Theorem 9 imply the following.
Theorem 10.
(i) afl(QAPY) = {(1,y) € R x Ré | 40 (s, ) = b}
(ii) Precisely one arbitrary equation in A*) (z,y) = 0" is redundant.

Finally, we want to show that also A(")(z,y) = b(*) describes aff(QAP,) completely,
and to exhibit a minimal subset of these equations describing aff(Q.AP,,). An analogous
theorem can be also found in Rijal (1995).

Theorem 11.
(i) aff(QAP,) = {(z,y) € RV x R | AW (2, y) = b}

(ii) Letr,c € {1,...,n} andletT be a subset of the equations A(”)(av7 y) = b consisting
of

(a) one of the equations x(S) =1 (S € {I’OW(ln)7 . 7I’OW7(1n)7 6017(171)7 ces 76017(171)})
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(b) new in Step 1

o o040 O O O O O O O
O /®/ o O O o O O O O
5 oV 0 o oHo o O
o O O O o O g o O O
o oOoro o O o O ; o O O
(c) new in Step 2 (d) new in Step 3
O O O O O o 6 o6 o o
o O O O O e 6 6 o o
o O e 6 o o ©o
o O o 6 6 o o
o O e 6 o o o
(¢) new in Step 4 (f) new in Step 5

Figure 4: The vectors y© in B and the ones newly shown to be in lin(£ U B) for each of
the steps in the proof.

17



1 j i il j I
i[O o o] o] [0 ]alo [o]]e o [o] o [@]
i@ o] o®| o i[o o olglo 0 o| @ o
O ol © o |0 x,@"/o O ilo o, £ o |0
k| O o |o] O] kO gl o [o] 5 k\@"'f} o] oo
ollo] o [of o o lo] oloflo] o olofo o
(a) proof of Step 2 (b) proof of Step 3 (¢) proof of Step 4

Figure 5: The notations used in the proofs od Steps 2, 3, and 4.

(b) for every v € V, \ (rowg,n) U colﬁ”)) either y(v : rowﬁn)) — 2, = 0 or y(v :
colﬁ”)) — 2, = 0, but not both

(c) forevery pair j € {1,... ,nf\{c}, k € {1,... ,n}\{r} either y((r,j): rong)) -
z(rj) =0 ory((k,c): Colgn)) — T(k,e) = 0, but not both

(d) for every pair j,l € {1,...,n}\{c} (j #1) either y((r,j): CO];n)) — %) =0
or y((r,1): Colgn)) — (1) = 0, but not both

(e) for every pair i,k € {1,... ,n}\{r} (i £ k) either y((i,c): rong)) — Z(j) =0
or y((k,c) : rowgn)) — T(k,e) = 0, but not both

(f) either for one pair j,l as in d) the equation not yet chosen in (d) or either for
one pair i,k as in €) the equation not yet chosen in (e), but not both

(g) all equations y((r,c): rowgn)) — Ty =0 (ted{l,...,n}\{r}
M) =2y =0 (G € {1, b\ {e})

Then, removing the set T from the system A(”)(av7 y) = b yields a minimal system
of equations having the same solution space as A(”)(ac,y) = (™, and hence, the
resulting system is a minimal system of equations for QAP,,.

(h) all equations y((r,c) : col

Proof. Clearly, in order to proof part (ii), we can restrict to r = n, ¢ = n. Let T be the
set consisting of all equations in A(”)(av7 y) = b but the ones in T. Then T partitions
into T = MUL (MnL=0), where M meets the requirements of Proposition 1 and L
consists of all equations considered in (d) and (e) but not chosen for T"in (d), (e), or (f).
Now, let H := rowgln) U colé”) be the set of variables eliminated by the transition from
QAP, to QAP _,. Then, the matrix Apso can be transformed by row operations (i.e.,
adding a multiple of a row to another row as well as permuting rows) and permutations
of the columns to the following matrix

R
0 |A
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where [z is the |H| x |H| identity matrix and A is a matrix obtained from the matrix
A*("=1) of the system A*(*=D(z, y) = 0**~V by removing one arbitrary row. Hence, A’
has full row rank (due to Proposition 3), and this rank is precisely dim(RY" x R&") —
dim(RY»—1 x Ré=1) — (n(n — 1) — 1). From this, both parts of the theorem follow by using
Theorem 8. O

6 Conclusion

The study presented in this paper covers only investigations of basic properties of the
polytope we (and also (Rijal, 1995)) have defined to be “the” QAP-Polytope, like consid-
erations of the affine hull, the trivial inequalities, or relationships between this polytope
and the Boolean Quadric / Cut Polytope. In order to use insight into the structure of
the QAP-Polytope in a computational way, it will be necessary to investigate the facial
structure more closely. We hope, that the results and the methods presented in this paper
(in particular the relationship between QAP, and QAP;_,) will be useful for further
research in that direction.
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