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Simulated Annealing has proven to be a very sucessful heuristic for
various combinatorial optimization problems. It is a randomized algo-
rithm that attempts to find the global optimum with high probability
by local exchanges. In this paper we give a new proof of the conver-
gence of Simulated Annealing by applying results about rapidly mixing
Markov chains. With this proof technique it is possible to obtain bet-
ter bounds for the finite time behaviour of Simulated Annealing than
previously known.

1 Introduction

Simulated Annealing was first introduced by KIRKPATRICK ET AL. [8] as
a random local search heuristic to solve large combinatorial optimization
problems. With respect to many excellent experimental results [7] it is a
general method that yields most times good performance results even when
dealing with NP-hard problems.

An instance of a combinatorial optimization problem can be formalized as
a pair (©,c). Q is the set of configurations, ¢ : Q@ — R, is the cost function,
that assigns costs to each element of 2. We assume that we are dealing
with a minimization problem, i.e. we are looking for a configuration with
minimal cost. The set of gobal minima is called Qyiy.
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Simulated Annealing explores the configuration space starting from an ar-
bitrary chosen configuration and and generates a new one according to a
certain neighborhood structure N C Q2. According to the initial implemen-
tation of Simulated Annealing we assume that the neighborhood structure
is symmetric and the probability to generate a certain neighboring configu-
ration is a € [0,1]. Furthermore, we take it for granted that the underlying
graph induced by the neighborhood structure is strongly connected. This
implies that for every pair f,g € Q there exist a path f =vy,v9,..., 07 =9¢g
with (v, vi4+1) € N. d(f,g) denotes the length of the shortest of these paths.
Every time a new solution is generated, its cost is evaluated and the new
solution is either accepted or rejected according to an acceptance rule.

The following algorithm shows the general structure of Simulated An-
nealing.

simulated annealing (X, 7))
(given: an initial state Xy and an initial value Tj)
t=0;
k=0;
while (outer-loop criterion not satisfied)
while (inner-loop criterion not satisfied)

X =generate(Xy);

if accept(X, Xy, Tp) X1 = X

else Xi11 = Xg;

k=k+1;
end(while);
T;+1 = update (T;);
t=t+1;
end(while);
end;

The acceptance rule is defined in such a way that it is also possible to
accept worse configurations with higher cost than the current configuration.
This is necessary in order not to get stuck in a local optimum. But the
probability to accept worse configurations is lowered during the algorithm.
This probability is driven by a so called cooling schedule, i.e. a monotonically
decreasing sequence of temperatures (T});eny with 7y — 0 as ¢ — oo. The
acceptance function has the following structure:

accept(f,g,T})
r =random number in [0, 1];

if r < elelN=<@)/T}) return ’accepted’
else return 'not accepted’;
end;

Coming to a rigorous mathematical model, we take the variable X} in
the algorithm as a random variable of the configuration space in the natural



way. Since the next configuration depends only on the current configuration,
the best suitable mathematical model to examine Simulated Annealing is an
inhomogeneous Markov chain.

With respect to the above defined strongly connected neighborhood struc-
ture N C Q? we get the following transition probabilities. For technical
reasons, we also assume that we stay at each state with a probability of at
least 1/2, so that we obtain:

v(f,9) € @
e(f)=c(g)
“ min{l,e” 7 }§ for f #g,(f,9) €N
Dy = 0 forfyég,(f,g)¢N
t
L=Spubfy  forf=g

Clearly psct})c > 1/2, so that the chain is aperiodic. Assuming fixed transition

(t)

probabilities p Fa (fixed temperature T}) the resulting homogeneous chain is
also ergodic and

—;ﬂ(f)
[ t
() = ——z

T,

g€ "
is the stationary distribution. Let cpin, = min{c(f) |f € ©2}. Obviously
1 0, if > .
7T}<' = lim 7T(t) = lim —— e = { ) lf C(f) - CmTIl
e el S HTe=emny: i ¢(f) = Cmin

The limit distribution is therefore a constant probability vector, which prob-
ability charges are concentrated on the global optima of the solution space.
Many asymptotic convergence results, already published in the mid 80‘s, are
concerned with the choice of an appropriate cooling schedule. This schedule
should guarantee the convergence of the probability distribution to 7* as
t — 00. One of the most remarkable is that of HAJEK [5]:

The depth of a local minimum f is taken to be the smallest number d(f)
such that there is a configuration g with ¢(f) > c¢(g) reachable at height
c(f)+d(f) from f. This means that there is a path from f to g using a con-
figuration h with c¢(h) = ¢(f)+d(f) and the maximal cost of a configuration
in every path is at least ¢(f) + d(f). This implies

(e.@)
. D
tl_lglo P(X; € Qmin) =1 & 521 exp (_i> = 00, (1)

where D is the maximum of all depth d(f) of all configurations f, that are
local but not global minima. Therefore, HAJEK suggested a logarithmic
cooling schedule T} = @ with I' > D.



In addition, many other authors (see e.g. [9] for an overview) were able
to prove asymptotic convergence with a logarithmic cooling schedule and
different, most times easier accessible values of I'. But, infinitly many steps
are quite difficult to perform. Therefore, finite type bounds of the proximity
of the probability distribution P(¢) of the configuration space after genera-
tion of ¢ transitions to the uniform distribution on the set of optimal states
m* are of special interest.

ANILY and FEDERGRUEN [1], GIDAS [4] and MITRA ET AL. [13] have
obtained independently similar deterministic upper bounds of this proximity
using a logarithmic cooling schedule T; = I'/ In(¢) with I chosen according
to HAJEK’S result. To the best of our knowledge the bound of MITRA ET
AL. [13] is the best published so far:

Let Q" be the set of local minima and r = min o\ o- maxgeq d(f,g) be

the radius of the underlying graph. Then we define a = % (a)" and b = %,
where ¢ is the difference between the minimal cost and the next to least
cost value and A is the maximal cost difference between two neighboring

configurations. Then there exists ¢; € N with

1
1\ min{a,b}
t> - -7 <
> <€> = g |P(t) f 7rf|_e
feQ

For the m-city travelling salesman problem this bound would be of size
2m—+1
e™m [9].

In the following we give a new proof for the convergence of the distri-
bution of Simulated Annealing using a logarithmic cooling schedule T} =
v/ In(t) to the distribution 7* that is concentrated on the optimal states.
Our proof technique enables us to give considerably better finite time bounds

than established so far. Our bound for the n-city travelling salesman prob-

c m2 og(m .
lem for example would be 215627175() and thus the super-exponent in the

result of MITRA is removed. As an easy consequence we can derive that
Simulated Annealing is with high probability in a global minimum after
exponentially many steps.

2 Convergence Bounds

The main inequality of this section is stated in the following theorem:

Theorem 1 The distribution P(t) of the inhomogeneous Markov chain, that
corresponds to Simulated Annealing with logarithmic cooling schedule, satis-
fies for sufficiently large t:

IP(t+1) =t + 1) g < %c@,



where ¢(G) is a problem-dependent parameter and ||z||, = >, %

The proof is technical and uses a recent result of MIHAIL [12] about
homogeneous Markov chains. Tt relates the difference of the distribution at
time ¢ and the stationary distribution to the difference of the distribution
at time £ — 1 and the stationary distribution. The main tool is SINCLAIR
and JERRUM’S [6] conductance

min EUEA ZU%A TuPuv (2)
ACOY ey mu<1/2 Y oueA Tu

¢, =

of an ergodic Markov chain with transition probabilities p,, and station-
ary distribution 7. The mathematics behind this appraoch dates back to
CHEEGER [2] and LAWLER and SOKAL [10]. SINCLAIR and JERRUM’S [6]
used CHEEGER’S inequality to derive a result for the running time of ran-
dom walks on graphs based on their conductance properties. Later MIHAIL
[12] proved a version of this running time bound basically without linear
algebra tools and this version is especially helpful here.

Proof:

VIPE) = x(t+ D,y
B Ju — T(t 4+ 1),)?
B \/Z m(t+ 1)y
< (£)u — () + () (t+1>)
v ( ull2
() | |z
ull2 7T(t+1)u 2
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In order to estimate the difference between the two stationary distributions
we consider

c(f)—clg)
t t+1 v
"0 _ 2ol T e (@
7T(t + 1)f Zg T
due to
c(H)—clg)
(t+1) e(f)—c()

= e — = (1) < (L1 e
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where cmax = max{c(f)|f € Q}. Applying the main result of MIHAIL [12]
we get

1P(t+1) =7t + Dllers < (1= @+ 1)*)[P(E) = 7(t + 1)[1+1

(®(t + 1) is the conductance of the homogeneous chain with constant tran-
sition matrix p/*! and stationary distribution 7(¢ 4+ 1)) and therefore from

(3):

VIP(E+1) =7t + Dlles
< I+ (J (1 -+ 1/2)eme 1 P(E) — 7(0)
—m(t+1),)?
\/ Z Tt + 1)y ) ' (5)
The next step is to relate the time-dependent conductance ®(¢) to the con-

ductance ® in the uniform case (uniform distribution: 7, = 1/|Q|):
We get for all t € N:

S jea S geam(t)pl,
§:heA ( )
D fegga(f.gen min{t™
2n2h€At c(h)/v

t—cmax/'y Ii{(ng) € N|f € A,g ¢ A}
2n|A|

B(t) =

NI ey

v

2 @t_cmax/')’

and therefore

@2

3¢max (6)
2t

N

1—®(t+1)2<1—

By choosing v = 48¢max, we get with ¢ > (é)w:
P2 1

o 2t30ma.x/'y S 1 o m (7)
So we can obtain an estimation of the first factor in (5):
Y @+ 1)1+ Dy <1 L ()
t - 2l

Next we consider the second part of the sum in (5):

\/Z —7rt+1)) _ \/Z(%—Zw(t)u—i-ﬂ(t—i-l)u)

V@ 1/tyemasir — 1
1/t. (9)
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Thus we get the following conclusion:

VIIP®) — w(t)]|; > 4t~ /4
+ Du)?
P(t) — + E <0.
4t1/4 || 7T |t \/ t 1) _0 (10)

Finally we can establish the last estimation:

Lemma 2 Let tyg = (%)16 and v = 48¢max- This implies the following
inequality for all t > ty:

VIPE+1) — lt+ Dl < %m{agm(m 1) — il + 1)||t0+1}.

Proof: For t = ty, the claim is obvious. For ¢ > ty we distinguish two cases.

|P(t) — x(t)]; > 4¢t~'/*. The proof follows with (5) and (10) by in-
duction.

VIPGH D =G+ Dl < (1 1) VIP@ —
< (- PVIP@H -0
1

_)f/ﬁ max {5, g\/HP(tO +1) —7(to + 1)||t0+1}

1 16
< % max {5, @\/Hp(to +1) —7m(to + 1)||t0+1}

(ii) \/[P(t) — 7(t)]|; < 4t~'/*. Straightforward calculation with the help of

(9).
(t+1 4 1
1P(8) = m(t |t+\/z t+1+)) = WJF\/;

< 5
< o

The main theorem follows with
¢(G) = max® {5, @HP(tO + 1) —w(to + 1)|leg+1

immediately from the last lemma. ad

Now it is easy to derive the following corollary:



Corollary 3 The distribution P(t) of the Simulated Annealing Markov chain
converges to the constant probability vector ©, of which probability charges
are concentrated uniformly on the global optima.

Proof:
. . . B . o
Jim [P(t) ~ T, < Jim [P(t) w0l + Jim [[x(t) — "]
< i —
< Jim [P0~ x(0)] +0
< 0

With Lemma 2 we can also derive finite time bounds for Simulated An-
nealing:

Proposition 4 Let § be the difference between the minimal cost and the
next to least cost value and cpax the mazimal value of the cost function.
Then there exist constants ci,co € N with

Cmax

L9\ .
v =Y IP(X,=f) -7} <e
!

€

Proof: Let f € Quin. Then we get:

1 1
[mp(t) —7f] < -
|Qmin| |Qmin| + t_6/7|Q|
and
t>( 4|0 >7/5 IS B 1 o«
o |Qmin|6 |Qmin| |Qmin| +ti5/7|Q| o 4|Qmin|‘

Now let f ¢ Qmin. Here we get:

Q] \/° o€

|Qmin|6

Hence

S Img(t) = mjl < /2.

feq

Furthermore we get with Lemma 2:

SIPCK: = 1)y (0)] < VIl o {5, 35 TP + 1) = 70 it |
f



and
1P(to + 1) = m(to + Dllig1 < |Q(to + 1)/

Therefore we get

3/2 4
. <32|9| 6(1>(8to+1)> S P =) =) <2
f

and the proposition follows from the above calculations. a

In the following we will describe an application of Simulated Annealing
to the traveling salesman problem, a well known strongly NP-hard combi-
natorial optimization problem [3]. We consider only a restricted, but still
NP-hard version of this problem with special distance values to get a proper
estimation for § and ¢pmax-

We are given a set C' of m cities and distances d(c;,¢;) € {1,2} for each
pair of cities ¢;,c; € C. We are looking for the shortest tour that connects
all these cities. Given a starting tour, we consider the generation method
for neighboring tours known as 2opt-transitions. We select two cities in the
present tour uniformly at random with probability m(m%l and reverse the
order in which these cities in between this pair of cities are visited. Therefore
we get with Proposition 4: deq,c0 € N

9c1 m?2 log(m)

tZECT = Z|P(Xt):f)_77f(t)|ﬁﬁ-
f

This bound is considerably smaller than the best bound e—m* published
so far by MITRA ET AL. [13]. A similar result yields the application of
Simulated Annealing to graph coloring [15], where the super-exponent can
also be removed.

As an easy consequence we could estimate the probability to be in an

optimal state after sufficiently many steps:

Corollary 5 The Markov chain is in an optimal state (i.e. optimal tour)
with probability of at least 3/4 after exponentially many steps.

Proof:
P(X; € Qmin) > Y 77— [P(X; € Quin) — Y 7
fEQmin fEQmin
> 1- Y |P(X;=f) -7}
fEQmin



3 Concluding remarks

We can improve the finite time bounds of the proximity of the probabil-
ity distribution P(t) after ¢ transitions to the uniform distribution on the
set of optimal states 7*. Thus, we improve the bound for the finite time
behaviour of Simulated Annealing considerably. But, this bound is rather
poor for practical purposes. This is broadly in line with practical experi-
ences [9] with logarithmic cooling schedules that ensure the convergence,
however they are far too slow for a practical implementation. Corollary 5
states that Simulated Annealing is in an optimal state with high probability
after a number of steps that exceeds the cardinality of the configuration
space. Therefore, it would be less time consuming to enumerate the whole
configuration space. On the other hand we need not to bound the difference
|P(t) — m| summarized over the whole configuration space to get Corollary
5. This implies that the exponential size of the bound is possibly not nec-
essary, when one does not summarize over the whole configuration space of
exponential size. As a consequence, despite the technical difficulties, con-
sidering the maximum norm is possibly better to obtain results improving
those in Corollary 5. But there is no hope at least in the general case to
prove sub-exponential bounds for the performance of Simulated Annealing.
The reason is the following: It is possible to prove for an application of
Simulated Annealing to a specially constructed instance of the 3-coloring
problem and arbitrary cooling schedule [15]:

P(Xt S Qopt) <te ",

where n is the the number of vertices to be colored.
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