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Kurzzusammenfassung

In dieser Arbeit wird die Klassifizierung ungeordneter Fermionen auf die Beschreibung
translations-invarianter Grundzustinde iibertragen. Ankniipfend an die Arbeit von
Kitaev vervollstandigen wir die Umwandlung von Symmetrien in Pseudo-Symmetrien,
die eine Clifford-Algebra bilden. Dieser mathematische Rahmen wird genutzt, um
einen homotopietheoretischen Beweis fiir die Eintrdge im “Periodensystem topologi-
scher Isolatoren und Supraleiter” in der verallgemeinerten Version, die die Anwesen-
heit eines Gitterdefekts erlaubt, zu formulieren. Wir erweitern diese Klassifizierung,
indem wir die Einschrénkung einer Mindestanzahl von Valenz- und Leitungsbéndern
aufheben. Hierdurch erfassen wir den Hopf-Isolator, sowie eine hier erstmals identifi-
zierte topologische Phase, den Hopf-Supraleiter. Im verallgemeinerten Rahmen zeigen
wir, dass die Konzepte von “starken” und “schwachen” topologischen Phasen neu de-
finiert werden miissen, um zu vermeiden, dass starke topologische Phasen durch das
Stapeln topologischer Phasen niedrigerer Dimension realisiert werden kénnen.
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Abstract

We transfer the classification results for disordered free fermions to the setting of
translation-invariant ground states and complete the framework developed by Kitaev
in which true symmetries are encoded as pseudo-symmetries satisfying Clifford algebra
relations. In this mathematical setting, we give a homotopy theoretic proof of the
Periodic Table for topological insulators and superconductors in its generalized form
allowing for the presence of a defect. Permitting arbitrary numbers of valence and
conduction bands, we extend the homotopy classification to include the Hopf insulator
and a newly identified topological phase we call the Hopf superconductor. In this
general setting, we show that the distinction between strong and weak topological
phases needs to be altered in order to prevent strong phases from being realized by
stacking lower dimensional phases.
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1. Introduction

Soon after the foundations of quantum mechanics were laid, the theory was applied to
the problem of electrons moving in the periodic potential of a crystalline solid. The
resulting dispersion relation (energy bands) of a single particle was the starting point
for band theory. This theory assumes non-interacting fermions filling the energy
bands according to the Fermi-Dirac distribution. Surprisingly, the assumption of
independent particles turned out to be quite general if “particle” is replaced by “quasi-
particle”. This is the content of Fermi liquid theory: For the majority of crystals,
interactions between particles can be neglected at the cost of renormalizing properties
like their mass.

In recent years, the old band theory resurfaced at the forefront of condensed matter
research, triggered by the discovery [vKDP80] of the quantum Hall effect in two-
dimensional materials penetrated by a strong magnetic field. This presented the first
example of a topological phase called a topological insulator, being characterized by an
insulating interior with currents along its boundary and a quantized conductivity. It
was soon recognized [Hal88] that this new topological state can be realized on a lattice,
resulting in the concept of the “Chern insulator”. Some years later, it was shown that
by introducing symmetries [KMO05, BHZ06, [FK07] a whole zoo of new topological
phases could be realized. Starting with the time-reversal invariant analog of the
Chern insulator in two dimensions [KMO05, BHZ06, KWB™07|, a similar topological
phase was predicted [FKMO7] and subsequently realized [HQW 708, XQH™09] in three
dimensional materials. In both cases, theory preceded experiments since it was in
materials suggested by theorists that the existence of these topological phases was
confirmed. In contrast, the experimental discovery of superconductivity preceded the
microscopic theory by a good 50 years.

In this new and very active field of research, the search for topological phases
soon matured into attempts at classifying all of them. After enumerating the possible
invariants that could be found for a given dimension and symmetry [SRFLO0S]|, a beau-
tiful pattern between these invariants was revealed in [Kit09] using algebraic tools in
connection with K-theory. These results were later confirmed by an analysis of possi-
ble topological terms in non-linear sigma models describing Anderson delocalization
on the surface of a topological insulator [RSFLI10]. An open question which we address
in this thesis is the classification of topological insulators outside the range where the
K-theory framework applies, capturing for instance the Hopf insulator [MRWO0S].

A further generalization was the introduction of lattice defects, augmenting the clas-
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sification by position-like (rather than momentum-like) coordinates for surfaces en-
closing a defect [TK10]. Recently, a first step towards further generalization was taken
in [ZK14] by considering phase differences in Josephson junctions between topologi-
cal superconductors (viewed as topological insulators of Bogoliubov quasi-particles),
which are neither position- nor momentum-like.

The point of view of homotopy theory is often adopted as a starting point, but
results are then derived by more indirect means either through algebraic constructions
as in [Kit09 [SCR11, [FM13| or the calculation of homotopy invariants.

In the present work, a homotopy theoretic derivation of the classification of topolog-
ical insulators is developed in the general setting of [TK10]. We rediscover the known
results entirely from this natural perspective and extend them beyond the stable K-
theory regime while giving the exact conditions under which the previously derived
results hold. Furthermore, we investigate how concepts like the distinction between
“strong” and “weak” topological insulators can be generalized to the extended setting.

This thesis is organized as follows: In Chapter [2| the setting of independent quasi-
particles and the description of ground states is introduced. After reviewing the rele-
vant tools of homotopy theory in Chapter [3] we introduce the concept of topological
phases by defining an equivalence relation between ground states, contrasting some
alternative approaches taken in the current literature. In Chapter [l we determine
all topological phases in the stable regime, reproducing as a corollary the K-theory
classification of [Kit09] as well as the stable classification involving defects in [TK10].
The exact conditions of applicability of these stable results are derived in Chapter
All cases where these conditions are violated are investigated in Chapter [6]in order to
complete the classification of topological phases. The fruit of this labor is the discov-
ery of a new topological phase which we call the Hopf superconductor in symmetry
class C, a close cousin to the Hopf insulator of [MRWOS]. For the generalized setting
encompassing both the stable and unstable regime, we revisit the notions of strong
and weak topological phases in Chapter [7] giving a modified definition of these terms
which we show is consistent in general. The physical implications of non-trivial topo-
logical phases are considered in Chapter [§) cumulating in a discussion of interactions
and disorder.



2. Quasi-particle ground states

The goal of this chapter is to introduce the concept of a quasi-particle ground state for
a translation invariant Hamiltonian. We start by describing the single particle setting,
which will then be used to define the many-body ground states of an extended class
of Hamiltonians given by quadratic operators on Fock space. This will be followed by
the introduction of symmetries and the relations they impose on ground states. As a
final result, we systematically construct symmetry groups representing each of the ten
possible symmetry classes by successively adding symmetries, a procedure that was
started, but left incomplete, in [Kit09] (and hence will be referred as as the “Kitaev
sequence” ).

2.1. Single particle setting

We assume that there is a d-dimensional lattice Z¢ with minimal distance normalized
to 1, describing, for example, the positions in a lattice of atoms or, more generally, unit
cells. To every unit cell in Z?, we associate a Hilbert space C™ for the electrons (or more
generally fermions) in the crystal. The n complex degrees of freedom introduced in
this manner can have many physical interpretations, including the spin of an electron,
the orbitals associated to the underlying atoms, the number of atoms per unit cell
or any combination of these. The single particle Hilbert space H will therefore be
defined as

H = *(2%) @ C. (2.1)

Another name for this setting is the tight binding representation.

It is useful to fix a basis {|x) ® |i)} = {|x,i)} of H, where |x) € £2(Z) stands for
the series on Z¢ with value 1 at x and 0 everywhere else and |i) with i = 1,...,n is
some orthonormal basis of C™ (for instance the basis of orbitals).

A Hermitian scalar product is defined on the basis states as

(x,ily,J) = Oxydij. (2.2)

With respect to this scalar product, a translation t, by a € Z% is defined as a unitary
operator

talx,1) == |x +a,i) (2.3)
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and a single particle Hamiltonian H = H' : H — H is translation invariant if
taH = Ht, (2.4)

for all a € Z%. In that case, it has the general form

H’X [ Zh]z ’X+y7j> (25)

where h(y) : C* — C™ are the hopping matrices which satisfy h(y) = h(—y) to ensure
hermiticity of H. For a local Hamiltonian, the magnitude of these terms decreases
exponentially with |y| := max(|y;|)i=1,...4- In common models (called tight binding
models) only terms with |y| < 1 (nearest neighbor hopping) or |y| < 2 (next-nearest
neighbor hopping) are non-vanishing.

The translation invariance of H allows for a further simplification: A simultaneous
eigenbasis of all operators t, can be defined using the discrete Fourier transform

. 1 x|
ki) = szjek 1%, 1), (2.6)

where k is an element of the d-dimensional torus T (the dual of Z¢) and V is the
volume of the system, which is introduced as a regularization to render the set {|k, i)}
an orthonormal basis of H (with the goal of sending V' — oo)H Indeed, applying t,
yields

talk,i) = e KAk, ). (2.7)

Since eq. (2.4)) implies that H must leave the eigenspaces of all translations ¢, invariant,
H acts block diagonally as

Hlk,i) = \fz ¢ hyi(y)x +y, )
= W Z el _Y)hji(y)|xl,j>
Z k) [k, j), (2.8)

where we have defined the Bloch Hamiltonian as

H(k) =Y e h(y). (2.9)

y

The vectors |k, ) are not well defined for V' — oo, but a proper regularization takes care of this
problem. For instance, one may consider an arbitrarily large, but finite subset of Z¢ with volume V/
and periodic boundary conditions in order to enable the implementation of translation invariance.
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In other words, the Hilbert space H decomposes as an orthogonal sum
=P Hi (2.10)
k

of eigenspaces Hy corresponding to the eigenvalue e~ under translations. The

Bloch Hamiltonian is simply given by the restriction of the Hamiltonian H to one of
these eigenspaces and due to (2.4]), its image is contained in the same component:

H(k) = H|Hk : Hx — Hk- (2.11)

2.2. Fock space and many-body ground states

Up to this point, the setting was that of a single particle on a lattice with a Hamiltonian
that is invariant under lattice translations. In order to describe many-body states,
the first step is to specify the exchange statistics. In our case, we will be interested in
fermions (usually electrons), so the proper many-body Hilbert space is given by the
Fock space F, which is the exterior algebra

Fi=AH) =P "(H). (2.12)
Here A™(H) is the subspace of m-particle states |¢1) A+« A|dpm) with |¢;) € H. The
orthonormal basis {|k, )} of H induces a basis of A" (H) given by the set

{Ik1,91) A+ A K, im) } (2.13)

and the union over the number of fermions m yields a basis for all of F. In this basis,
a Hermitian scalar product can be defined by

<|k1,z'1> N SN R AV ‘-/\\k’m,iﬁn)>

1= Oy K Ok Ky Oy i+ O i

m

(2.14)

For two states with different particle numbers, it is defined to be 0.

We denote by c;-r (k) the operator which creates a particle in the state |k, i), realized
in F through exterior multiplication by |k, ). Its Hermitian conjugate with respect to
the scalar product defined above will be denoted by ¢;(k). This operation annihilates
the particle which is in the state |k,) and it is realized in F by contraction with
the form (k,i| € H*. These operators fulfill the canonical anti-commutation relations
(CAR):
cl(k)el, (k') + of, (K)ef (k) =

(2

0
ci(k)cy (k') + e (K)ei(k) =0 (2.15)
el (K)eq (K) + co(K)el (k) = 6
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We call these creation and annihilation operators bare, as opposed to linear combina-
tions of them which will appear later.
Single particle operators O : H — H are extended to operators O : F — F by

O(k1,i1) A+ A Ky i) == (Olk1,i1)) A -+ A (OKpn, i) (2.16)

and linear extension thereof for general elements in F. Alternatively, all single parti-
cle operators may be expressed succinctly through particle creation and annihilation
operators as

0= Y 04(kX)cf(k)c;(K). (2.17)
k.k’;i,5

In particular, the translation operator t, has the many-body form

fa=>_ e ™2 (k)ei(k), (2.18)

k;i

while the Hamiltonian H is turned into

H =" H;j(k)c](k)c;(k), (2.19)
k;i,j

with the Bloch Hamiltonian H (k)A as introduced in eq. (2.9)). Of course, the analog of

relation ([2.4)) still holds true, so H is translation invariant:

taH = Hi,. (2.20)
In an eigenbasis of H(k) with creation and annihilation operators EZ(k) and ¢ (k)
corresponding to creating (and respectively, annihilating) a particle with energy E; (k)
in the eigenstate |1;(k)), it has the form

H =" E;(k)e](k)é (k). (2.21)
k;i

We choose to order the energies according to Ej;(k) < Ej(k) for i < j. The many-
body ground state |g.s.) € F is obtained by filling the energy eigenstates from the
one with least energy upwards. The energies E;(k) are continuousﬂ functions of the
momentum k forming the i-th energy band and if the associated eigenstates are filled
for all k € T¢, this band is called an occupied (or valence) band. We will exclusively
consider the case of insulators (as opposed to conductors), where the first p bands are
occupied and the remaining n — p bands, called conduction bands, are empty, with an

2The eigenstates |1;(k)), however, need not be continuous functions of k in general. In fact, in many
cases of topological insulators there cannot be a continuous choice.
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energy gap Ej(k) < Epy1(k) for all k € T¢ as illustrated in Figure In that case,
the ground state of H is an element in F given by

gs) =[] ) chx)o), (2.22)

keTd

where |0) € AY(H) = C is the vacuum state.

a~

| energy gap

I,

k

Figure 2.1.: Schematic illustration of energy bands in dimension d = 1 with n = 3
bands of which p = 2 bands are occupied and n — p = 1 band is empty.
Periodic boundary conditions due to k € T! = S! are indicated by the
dashed lines on the left and on the right.

Notice that in order to specify the ground state, any set of p linearly independent
operators in the vector space

C(k) := spanc{cl (k), & (k), ..., (k)} (2.23)

applied to |0) at every momentum k would yield a state proportional to |g.s.). Indeed,
if a new set of operators is constructed from the one introduced above through an in-
vertible matrix Sk : C'(k) — C(k) (not required to be continuous in k), then eq.
with Ej(k) replaced by Sk(é;r(k)) would be identical up to a factor [, det(Sk) # 0.
For all physical observables, only the ray C-|g.s.) is relevant, so the result is physically
identical.

Furthermore, unlike the eigenstates |¢;(k)), the subspace C(k) varies continu-
ously with k € T% Modeling the torus T¢ as the quotient space R?/277Z¢, non-
degenerate eigenstates |1;(k)) merely have to satisfy the condition that both |¢;(k))
and |¢i(k + G)) be eigenstates of H with the same eigenvalue for all reciprocal lattice
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vectors G € 27Z%, so that

Wik + G)) = Aalvi(k)), (2.24)

with non-zero Ag € C, the phase of which can be interpreted as a Berry phase [Ber84].
In the degenerate case, the eigenspaces at k and k 4+ G are related by some invertible
complex matrix. In either case, we have

Ok + G) = C(k). (2.25)

An alternative view of C'(k), which will be useful for the generalization of the current
setting in the next section, presents itself by introducing generalized annihilation
operators

¢ (=k) fori<np.

)

i (k) = {i(k) fori>p (2.26)

These operators have the property that they all annihilate the ground state |g.s.)
and, taken together with their Hermitian conjugates, they fulfill the canonical anti-
commutation relations . Shifting the energies by a constant (the chemical po-
tential) such that, for all k € T E;(k) < 0 for i < p and E;(k) > 0 for i > p, the
Hamiltonian expressed in terms of the new operators reads

H =" |Ei(k)|af (K)a;(k) + const. (2.27)
k;i

This expression makes manifest that a state in F is the ground state of H if and only
if it is annihilated by all «;(k), which confirms that |g.s.) is indeed the ground state.
Quasi-particle excitations are given by aj(k)\g.s.} and correspond to the creation of
particles (i > p) or holes (i < p).

We now formalize the role of the new set of operators by introducing the 2n-
dimensional vector space Wy of all linear combinations of creation and annihilation
operators that decrease the momentum by k,

Wi := spanc{a1 (K), ..., an(k),al(=Kk), ..., ol (=k)} (2.28)
= spanc{é1(k), ..., (k), & (=K),..., & (—=k)} (2.29)
= spanc{ci(K), ..., cn(k), cl (=k), ..., cl (=k)}. (2.30)

This space splits as Wik = Hy @ H_x and corresponds to a component of what is
known as Nambu space

W oM =EPH; e H) = P W (2.31)
k k
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In this decomposition, we have identified the space of bare annihilation operators with
H* by restricting annihilators to maps AY(H) — A%(H), where we can identify the
domain with A and the codomain with C. Under this identification, the component
‘Hj. corresponds to bare annihilators reducing the momentum by k. Similarly, the
bare creation operators restrict to AY(H) — Al(#H) and we can identify them with
their image of |0) to obtain elements in H. From this point of view, the component
‘H_x contains bare creation operators also decreasing the momentum by k.

There is a canonical bijection H — H* which assigns to a vector v € H the function
(v,-) € H*. Using this bijection on the subspace H C H* @ H and its inverse on
H* C H* ® H defines an anti-linear map v : H* @ H — H* @ H with 42 = 1. In
the interpretation of H* & H as the space of all linear combinations of creation and
annihilation operators, v is simply given by Hermitian conjugation. Its restriction to
Wik C H* ® H can be written explicitly as

v Wk — W,k
> " wici(k) + vicl (k) = Y el (k) + Tici(—k). (2.32)

Another structure on H* ® H is the pairing given by the anti-commutator
{}HeH)(H ®H)—C, (2.33)

which can only be non-zero for pairs taken from components with opposite momentum
and therefore descends to a pairing

{ - Wk@W_x—C. (2.34)

Using the anti-commutator above in conjunction with the map -, we can define a
natural Hermitian scalar product for w,w’ € Wi:

(w,w') == {yw,w'}. (2.35)

This definition gives the standard scalar product on C2" in a basis of Wy consisting
of operators obeying the CAR (2.15)):

(ci(k), ch(—k))
(cik), ¢ (k) =

For general elements in Wy, we extend anti-linearly in the left and linearly in the right
argument as usual.

0 = (cl(~k), ¢;(Kk)) (2.36)
ij = (cl(=X), el (—K)). (2.37)
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With respect to this scalar product, the map « is seen to be anti-unitary, since, for
all w,w’ € W,

(yw, yw') = {y*w,yw'}
= {w,yw'}
= {yw', w}
= (', w). (2.38)

We now return to the connection between the ground state and its annihilators: The
continuous map assigning to every k € T¢ the n-dimensional subspace

A(k) := spanc{aq (k), as(k), ..., a,(k)} C Wk, (2.39)
subject to the constraint
{A(k),A(-k)} =0 (2.40)

for all k € T? due to the CAR (2.15)), uniquely determines the ground state |g.s.).
The reason is that, with respect to the scalar product defined in eq. (2.35)), A(k) splits

into an orthogonal sum
Ak) = AP(k) @ AP (k), (2.41)

where AP(k) := spanc{ayi1(k), apia(k),...,an(k)} and A%(k) = C(—k) from eq.
(2.23). The superscripts p and h stand for particle and hole, since AP(k) C H;. an-
nihilates particles, while A"(k) C H_j annihilates holes (= creates particles). Thus,
specifying either one of A"(k) or AP(k) determines the other as its orthogonal comple-
ment and therefore suffices to determine A(k). Notice that the constraint of eq.
is automatically fulfilled here.

In the present setting, the framework introduced above is equivalent to specifying
the map k — C(k) from before. However, it will be necessary for the generalized
setting of the next section, where A(k) is still well-defined in contrast to C'(k).

2.3. Superconductors

We now wish to expand the framework introduced in the previous section by gener-
alizing the Hamiltonian H of eq. (2.19) to

H =" H;;(k)c](k)cj(k) + Aij(k)e] (k)cl(—k) + Ay (K)e;(—k)ei(k).  (2.42)

ki, j

10
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The additional terms allow for a mean-field description of superconductors by includ-
ing the creation and annihilation of Cooper pairs. This Hamiltonian is still translation
invariant, since translations act on creation and annihilation operators as

facl (K)ig! = e7kacl (k) (2.43)
taci(k)igt = e®a (k). (2.44)

Hence, for a translation invariant Hamiltonian, pairs have to be created and annihi-
lated with opposite momenta. This is reasonable physically as translation invariance
leads to momentum conservation and the only way to achieve this whilst creating or
annihilating a pair of particles is to assign opposite momenta to each constituent.

Repeating the analysis of the previous section, we require a new set of operators
éj-(k) and ¢;(k) such that

H= Z \Ei(k)]a;r(k)ai(k) + const., (2.45)
k;i

In contrast to before, if the coefficients A;;(k) in eq. (2.42) are non-vanishing, the
new operators are required to be linear combinations containing both types cj- (k) and
¢i(—k). The generalized setting introduced in the previous section applies to this
situation: The ground state is the state annihilated by all a;(k) and specifying it is
equivalent to specifying the space of these annihilators in the form of a continuous
map k — A(k) C Wy subject to the constraint (2.40).

More formally, the vector spaces Wy are, by construction, isomorphic to (C")* @
C" ~ C?", independent of k. In the language of vector bundles, we therefore have
a trivial bundle {Wy bera =~ T¢ x C?*. Thus, we can identify all fibers and often
write Wx = W = C?" for simplicity. There may be situations where the vector bundle
is non-trivial, for instance in effective low energy theories which discard some bands
and only focus on the ones closest to the Fermi energy. In any case, the assignment
k — A(k) defines a sub-vector bundle of {Wx}ycra. Focusing on the case where
{Wx }iea is trivial, we are now in a position to give a formal definition of what kinds
of ground states we will examine in this work:

Definition 2.1. By an IQPV (insulator quasi-particle vacuum) we mean a complex
sub-vector bundle A 5 T with fibers p~1(k) = A(k) € W = C?" of dimension n
such that all pairs of fibers A(k) and A(—k) annihilate one another with respect to
the CAR pairing:

VkeT¢: {A(k),A(-k)} =0. (2.46)

There is an alternative, yet equivalent description which will be adopted throughout
the later parts of this thesis. It formalizes the notion of the map k — A(k) C C?" by

11
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defining its codomain to be the Grassmannian
Gr,(C?") := {Subvector spaces A C C*" with dim(A) = n}. (2.47)
The CAR constraint (2.40]) can be realized on Wy ~ C?" by defining an involution

70 : Gy, (C*") — Gr, (C*)
A AL (2.48)

where
At = {we C™: {w,w'} =0 for all w’ € A}. (2.49)
The alternative definition can now be given as

Definition 2.2. By an IQPV (insulator quasi-particle vacuum) we mean a continuous
map

A:T? = Gr,(C*™)

k i~ A(k), (2.50)

subject to the condition
A(=k) = 19(A(k)). (2.51)
It will turn out to be useful to denote by 7 : T¢ — T? the involution 7(k) = —k

such that the constraint in the definition above may be rephrased as an equivariance
condition

AoT=190A. (2.52)

Remark 2.3. The Hamiltonian H given in eq. can be associated with an en-
domorphisnﬁ Hpac(k) : Wx — Wk in analogy to the Bloch Hamiltonian H (k) :
Hyx — Hy defined in eq. (2.11)). Writing (cl(k),...,cn(k),c];(—k),...,cjl(—k))t =
(c(—k),c(k)), it is given by

. 1 c
H = Z (cf(k) c(—k)) <2Aﬁj((ll{{)) —éflili)k)T> <cT((EI)<)> + const. (2.53)

k

Hpqc (k)

3The subscript “BdG” is short for Bogoliubov-de Gennes and Hgac (k) is often referred to as the
BdG- or Bogoliubov-de Gennes Hamiltonian.
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2. Quasi-particle ground states

In the basis {c1(K),...,cn(K),cl(=K), ..., ch(—k)}, the matrix Hpag(k) is an endo-
morphism of Wy and due to the CAR (2.15)), it is restricted by the relation

A(k) = —A(=k)T. (2.54)

Finding the set of annihilators {a;(k)} annihilating the ground state amounts to
finding a transformation diagonalizing Hpqc (k) such that H can be written as

-1 diag (|E;(k)|) 0 k)
H= 221(: (af(k) a(—k)) ( & 0 diag(_|Ei(—k)D> <aT(—k)> + const.
(2.55)

It follows that the space spanned by the eigenstates of Hpqg(k) with negative eigen-
value is equivalent to the space of annihilators at k, while the space spanned by those
with positive eigenvalue corresponds to the space of creators at —k.

2.4. Symmetries

Symmetries are introduced into our framework through a symmetry group G which is
represented by unitary or anti-unitary operators on the single particle Hilbert space
‘H that commute with the Hamiltonian. We assume that translations form a normal
Abelian subgroup II C G and that all other symmetries commute with elements in
this subgroup. Therefore, on H, we have the relation

tag = gta (256)

for all translations t, € Il and g € G (note that we use the same notation for elements
of the abstract group G and the corresponding operators on H).
Unitary and anti-unitary representations on H have a natural extension to

W oH=EPH;oH k) =P Wi (2.57)
k k
by assigning to an operator g : H — H the operator
G egHaeH-H &H (2.58)

Given an eigenvector of translations [1)) € Hy with ta|)) = e~ 23}, applying an
element g € G yields another eigenvector with

250) ik e~ k2agl)  for unitary g
taglty) = gtalt) = ge % w) = § . Y L (2.59)
e*agly)  for anti-unitary g.

13



2. Quasi-particle ground states

Therefore,

glwy : Wk — Wi for unitary g, (2.60)
whereas

glwy : Wk — W_x for anti-unitary g. (2.61)
We are now in a position to introduce the concept of a G-symmetric IQPV:

Definition 2.4. An IQPV has a symmetry group G with the described properties if,
for all k € T,

gA(k) = A(K) (2.62)
for all unitary g € G/ and

gA(k) = A(~k) (2.63)
for all anti-unitary g € G/1L.

It is sufficient to consider the reduced symmetry group G/II, since all translations
act as scalars on A(k) by construction:

taA(k) = e *2A(k) = A(k). (2.64)

The type of IQPVs introduced in section [2.3] are recovered by setting G = II, so that
G/II is the trivial group and only the CAR constraint needs to be satisfied.
On the other hand, the setting of section [2.2] is recovered by setting G = II x Uy, so
G/II = U;. This symmetry implements particle number conservation and is intact
if A(k) =0 in eq. (no pair creation or annihilation). For later use, we write
elements in U; as €9 for some 0 € [0, 27] and generator () which acts as —1 on Hj,
and as +1 on H_y. We will often make use of ) rather than the exponentiated €'
by exploiting the fact that

99A(k) = A(k) <= QA(k) = A(k). (2.65)

2.5. Kitaev sequence

We will now construct ten examples of reduced symmetry groups G/II by systemati-
cally adding symmetries to the setting of Section In the end, we will show that
these ten cases already give all possible settings for the kind of symmetry groups in-
troduced in the preceding section. They will be split into two sets, one containing two
classes known as the complex symmetry classes and another containing eight classes
known as the real symmetry classes.

The accumulation of symmetries can be described systematically and succinctly by
turning the symmetries into a set of pseudo-symmetries, which are defined as follows:

14



2. Quasi-particle ground states

Definition 2.5. An IQPV k — A(k) has s pseudo-symmetries if there is a set of
k-independent, orthogonal and unitary operators Ji,...,Js : Wi — Wi satisfying the
Clifford relations

JiIm + Imd; = =20, (Im=1,...,s) (2.66)
and, for all k € T?,
(A(K), FAK)) = -+ = (A(K), J,A(K)) = 0. (2.67)

Remark 2.6. An orthogonal unitary transformation J of Wy is a C-linear operator
with the properties

(Jw, Jw'y = (w,w') and {Jw, Jw'} = {w,w'} (2.68)

for all w,w’ € Wy.

The condition (A(k), JA(k)) = 0 can equivalently be written as JA(k) = A(k)¢,
where A(k)¢ denotes the orthogonal complement of A(k) in Wy. This makes the
difference to true unitary symmetries apparent: The space A(k) is not conserved, but
rather mapped to its orthogonal complement.

2.5.1. Complex symmetry classes

The complex sequence starts with the setting of section which fits into the frame-
work of IQPVs by imposing a reduced symmetry group G/II = Uj.

Definition 2.7. By an IQPV of complex class s with s = 0,1,2,... we mean an
IQPV with reduced symmetry group G/I1 = Uy and s pseudo-symmetries as defined

in Definition [2.5

The following table summarizes the two complex classes and the symmetries im-
posed:

class ‘ symmetries ‘ ‘ pseudo-symmetries

S
A Q 0
1

none

Al | @, C (twisted particle-hole) J1 =ivCQ

Complex class s = 0 (alias class A)

For s = 0, the setting corresponds precisely to the one in section Due to the
U; symmetry, the ground states are given by an orthogonal sum A(k) = AP(k) @
AP (k), which renders the CAR constraint superfluous. Therefore, no additional
restrictions are imposed.
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2. Quasi-particle ground states

Complex class s = 1 (alias class AI)

We now add the symmetry of twisted particle hole conjugation
C:=~48=8y: Wx > W_x. (2.69)

For S = 1, this map is the operation v of Hermitian conjugation as introduced in
eq. (2.32), but in general we allow for a twisting in the form of a k-independent,
unitary and orthogonal map

S Wk — Wk, (2.70)
which is block diagonal with respect to the decomposition Wy = H;, @ H_y and fulfills
S?=1.

Since « is anti-unitary and S is unitary, their composition C' is anti-unitary. There-

fore, according to eq. (2.63) in Definition an IQPV with this symmetry needs to
satisfy

CA(k) = A(~k) (2.71)

for all k € T,
We define the pseudo-symmetry Ji to be the composition

Ji = ivCQ = iSQ = iQS, (2.72)

where we have used 72 = 1 and SQ = QS (since S is block-diagonal and @ is
proportional to the identity on each block). The map S is unitary and orthogonal by
definition and so is i), as the replacements

Cj (k) — —iCj (k) (273)

ch(—k) — icl(—k) (2.74)

leave both {-,-} and (-, ) invariant. Thus, J; is unitary and orthogonal. Since it also
squares to —1 (as @ and S commute and square to +1), it remains to inspect its
action on the subspaces of annihilators:

TA(K) = yCQA(K) = yCA(k) = vA(~k) = 7A(k)* = A(Kk)", (2.75)

where the last step follows from the definition of 7 in eq. relating {-,-} with
(,+). The calculation above shows that J; indeed qualifies as a pseudo-symmetry
according to Definition

Remark 2.8. In the physics literature, the operator J is often called the chiral operator
or a chiral symmetry. We emphasize here that it is not a true symmetry, but a pseudo-
symmetry.

We will argue at the end of this chapter that there is no new setting to be gained by
adding further pseudo-symmetries. Thus, we have already completed the description
of the complex symmetry classes and can now proceed to the more involved sequence
of the eight real ones.
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2. Quasi-particle ground states

2.5.2. Real symmetry classes

Unlike in the complex symmetry classes, we start the real ones without the Uj-
symmetry and define

Definition 2.9. By an IQPV of real symmetry class s with s = 0,1,2,... we mean
an IQPV with s pseudo-symmetries as defined in Definition [2.5.

The following table summarizes the symmetries to be introduced, as well as the
corresponding pseudo-symmetries formed from them:

CI Sl, SQ) 53’ T
AI Sl, SQ, S37 T7 Q
BDI | S1, 8, 83, T, Q, C

class | symmetries s | pseudo-symmetries
D | none 0 | CAR constraint
DIII | T (time reversal) 1| J1=7T
AIl | T,Q (charge) 2| Jo=1vTQ
CII | T,Q, C (twisted particle-hole) | 3 | J3 =iyCQ
C | S1, S2, S3 (spin rotations) 4 | see text
)
6
7

Real symmetry class s = 0 (alias class D)

This class is described in Definitions and and is realized here by a symmetry
group G = II consisting exclusively of translations.

Real symmetry class s = 1 (alias class DII)

The first symmetry to be imposed is the operation of time-reversal, which is repre-
sented on H by an anti-unitary operator 7" with 7?2 = —1. This operator commutes
with translations and therefore, as prescribed in eq. , it maps Wy to W_x. Orig-
inating from an operator on H, it is block diagonal with respect to the decomposition
Wk = Hy. ® H_x. Using T, we can define the first pseudo-symmetry as

J1 =T =THr. (2.76)

Note that this is a different J; than the one introduced in eq. (2.72]) for the complex
symmetry classes. Since 72 = 1 and T? = —1, the map J; squares to —1. As
a composition of two anti-unitary maps v and 7', it is unitary, while orthogonality
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2. Quasi-particle ground states

follows from the following calculation:

{Jiw, JJw'} = {yTw,yTw'}
= (Tw,yTw')
= (Tw, Tyw')
= (yw', w)
= {w', w}

= {w, w'} (2.77)

for all w € Wy and w' € W_y.
Moreover, it acts on the annihilator spaces A(k) of an IQPV as

J1A(k) = YT A(k) = yA(=k) = yA(k)* = A(k)S, (2.78)

where the second equality holds since T is a true symmetry.

Real symmetry class s = 2 (alias class AI)

In this class, the additional symmetry we impose is the Uj-symmetry of particle
number conservation. The present setting is therefore equivalent to that of complex
class s = 0 (class A) with the addition of time-reversal symmetry. Accordingly, we
have the familiar decomposition of the annihilator space as A(k) = AP(k) @ A"(k),
albeit with the restriction

TAk) = A(—k). (2.79)

Remark 2.10. Since T' is block diagonal with respect to Wy = H,. ® H_x and since
AP(k) C Hj and AP(k) C H_y, relation (2.79) can be reduced to the valence bands
only:

TAR k) = AP (—k). (2.80)

Using the perspective of Definition 2.1} an IQPV in the present class is given by a
complex sub-vector bundle subject to . This kind of bundle is called quaternionic
in [Dup69, DNGI14a]. Note that the term quaternionic does not refer to the field
underlying the vector spaces involved (these are always complex), but rather the
presence of a quaternionic structure mapping fibers at k to fibers at 7(k) = —k. A
quaternionic structure is defined as a map which is anti-linear map and squares to
—1, both criteria being fulfilled by T'.

The second pseudo-symmetry we define as

Jy = 11Q. (2.81)
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2. Quasi-particle ground states

Since both @ and J; are unitary and orthogonal, so is their composition Jy. The
Clifford algebra relations (2.66)) are fulfilled, as the following calculations demonstrate:

J3 =i1Qi[hQ = WTQIWTQ = —i*7*T?Q? = —1 (2.82)

JiJo =11QJy = —i11Q = —JoJ;. (2.83)

In the first line we have used the fact that all involved maps commute except for
and (), which anti-commute. The minus sign in the second line appears for the same

reason.
Recalling that the Uj-symmetry implies QA(k) = A(k), we conclude

B A(k) = iJ1QA(K) = J1A(k) = A(k). (2.84)

Real symmetry class s = 3 (alias class CTI)

We now augment the symmetry group by twisted particle-hole conjugation C' as in-
troduced in eq. (2.69)). For the third pseudo-symmetry it turns out that we can reuse
the first one of the complex sequence:

Js = ivCQ = iSQ = iQS, (2.85)

This does not come as a surprise since the setting of real class s = 2 (class All)
resembles that of the complex class s = 0 (class A), the only difference being the
addition of time-reversal symmetry. Thus, using the calculations in class A, we can
already conclude that J3 is unitary and orthogonal, squares to —1 and fulfills

J5A(k) = A(k)°. (2.86)

It remains to verify that it anti-commutes with J; and Js, which were not present in
the treatment of class A. We find that

J3J1 = iQS’YT = ’}/iQST = —’}/TiQS = —J1J3 (2.87)
and
J3Jy = J3i1Q = —iJ1J3Q = —1J1QJ3 = —J2J3. (2.88)

In the second line, we used the fact that J3 commutes with (. In conclusion, J3 is a
valid member among the three pseudo-symmetries in this class.

In order to proceed to the remaining four real symmetry classes s = 4,5,6 and 7,
an interlude introducing what is known as the (1, 1)-isomorphism is required. This
isomorphism will play an important role in the homotopy classification of IQPVs and
will therefore be introduced in a sufficiently general manner.
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2. Quasi-particle ground states

2.5.3. The (1, 1)-isomorphism

Denoting by CI(RP:9) the real Clifford algebra with p generators squaring to —1 and
q generators squaring to +1, there is an algebra isomorphism

CI(RPTLITY) ~ CIRPY) @ CI(RMY) (2.89)
~ CI(RP?) @ R(2). (2.90)

In the second line we have used the fact that CI(R!!) is isomorphic to the algebra
R(2) of real 2-by-2 matrices. One possible realization of this isomorphism is given by
assigning to the positive generator of C1(R'!) the Pauli matrix o3 and to the negative
generator the matrix ioy. Using the fundamental representation on the factor R(2),
there is a one-to-one correspondence of real representations of CI(RP+1:4+1) and those
of CI(RP?). We will use a variation of this fact in the following.

We start with the familiar space Wy, = W, but with double the dimension as before.
Hence, it is a 4n-dimensional Hilbert space which is equipped with a non-degenerate
symmetric bilinear form {-,-}.

Let there be ¢ > 2 Clifford generators Ji,...,J; realized as unitary operators on
W. In contrast to the pseudo-symmetries introduced in def. we require only the
first ¢ — 1 of them to be orthogonal, while the last one obeys

{Jw, Jou'} = —{w,w'} (2.91)

for all w,w’ € W. A Clifford generator with this property will be dubbed “imaginary”,
while the standard, orthogonal ones will be called “real”.

Due to their special role in the following (they are the analogs of the additional
positive and negative generator of CI(RP*14*1) as compared to CI(RP?), we rename
the last two generators:

I:=Jy1 (2.92)

K = J,. (2.93)

Since K? = —1, K has eigenvalues +i with corresponding eigenspaces W4. These
give an orthogonal decomposition

W=W,eWw_. (2.94)

Since Ji, ... Jg—2 and I anti-commute with K, they exchange these eigenspaces, which

implies that dim(Wy) = dim(W-).

The idea of this section is to reduce all structure to the subspace W, C W. The
first step is to restrict the non-degenerate symmetric bilinear form {-, -} from W x W
to Wy x W,. This procedure immediately yields another symmetric bilinear form,
which is also non-degenerate since, for all wy € W4 and w_ € W_,

{wy,w_} = {iwg, —iw_} = {Kwy, Kw_} = —{wy,w_} = 0. (2.95)
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Similarly, the Hermitian scalar product on W restricts to one on W,., where the non-
degeneracy of the restricted pairing again follows from that of the unrestricted one.
Indeed, for all wy € Wy and w_ € W_,

(wy,w_) = —(iwy, —iw_) = —(Kwy, Kw_) = —(wy,w_) = 0. (2.96)

Therefore, also v : W — W restricts to an anti-unitary operator v : Wy — Wy.
Let A C W be an n-dimensional subvector space obeying the orthogonality condi-
tions

JA= = J gA=TA=KA= A (2.97)

The last two conditions imply that A is invariant under the operator L := il K. Since
L? = 1, it has eigenvalues 41 with associated eigenspaces E11(L) and A splits into
an orthogonal sum

A= (AnEq (L) e (ANE_ (L)), (2.98)
Let Py := %(1 +iK) be the projectors onto Wy and
Ay =Py (ANE4 (L) C Wy. (2.99)

As part of the reduction to Wy, we would like to show that A C W can be reduced
to AL C W4 with relations (2.97)) replaced by

JAL == oAy = AT, (2.100)

where we define j; := LJj|yy, and A is the orthogonal complement of A in W,. As
a first step, we prove the following:

Lemma 2.11. The space A is completely determined by Ai. More precisely, the
projection map Py restricted to AN Ey1(L) gives isomorphisms

AN Eil(L) ~ AL (2.101)

and, within Wy,
AL =A_. (2.102)
Furthermore, YW admits an orthogonal decomposition into the following four subspaces:

ANEg (L) ={w+Lw|we AP}, ANE (L) ={w+ Lw|we A7)},

ANE_ (L) ={w—Lw|we A7)}, A°NE_ (L) ={w—Lw|we AP}
(2.103)
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Proof. Any v € E11(L) can be written

v=Piv+ P v
=Pvt P Lv
= PivF LP,v. (2.104)

Therefore, PLv = 0 implies that v = 0, so Py is injective. By definition it is also
surjective and hence an isomorphism. Therefore, all w € A4 can be written w = Pyov
with v € AN E4(L) and w + Lw = v. Similarly, all w' € A_ can be written
w' = Pyv' with v € AN E_1(L) and w' — Lw’ = v'. On the other hand, we have
w' + Lw' € A°N E4;(L) since

w' + Lw' = —iK (v — Lw') € KA = A°. (2.105)

Since (A, A°) = 0, it follows that 0 = (w + Lw,w’ + Luw') = 2(w,w’), so A} is
orthogonal to A_. Furthermore,

dim A®) + dim A®) =dim AN E, (L) +dim AN E_(L) = dim A = dim W,

(2.106)

implying that they are indeed orthogonal complements of each other in W, .
The last statement follows from the calculations above. O
The remaining ingredient in the reduction to W, is the reduction of Ji, ..., Jp_o.

Since the operators J; and L commute for all [ = 1,..., g — 2, the relations (2.97) can
be refined to

LJ; (A N Eil(L)) =J (A N E:tl(L)) = A°N E:H(L). (2.107)

The operators LJ; commute with K and hence also with the projections Py. Applying
P, to the equation above yields

le+ — LJZA+ — Af — Ai_ (2108)

foralll=1,...,q—2.
The operators j; obey the relations

JiJm + Imji = —20im (2.109)

forl,m=1,...,q—2.
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2.5.4. Real classes s > 4

We now apply the reduction procedure to the case where s pseudo-symmetries are
present. For this purpose, we define

K :=1iJ1J2J3, (2.110)
I1:=J4. (2.111)
The pseudo-symmetries Js, ..., Js correspond to Ji....J;—2 in the previous section

with an index shift of 4 and ¢ = s — 2. The crucial difference is the presence of three
additional operators Ji, Jo and Js, which commute with K and therefore leave W,
invariant. Accordingly, we define j; := ‘]l‘w+ for I = 1,2,3 and j; := LJl}WJr for
[ > 5 as before, where L =il K = JyJ2J3J4. This set of reduced operators obeys the
following algebraic relations:

jljm + Jm.jl = _25lmIdW+ (1 < l m < 2)
Jtgm = Jmji = 0 (1<1<2; 5<m<s), (2.112)
Jidm + Jmit = —20p,1dyy, (5 <1,m < s).

The pseudo-symmetry conditions for Ji, Jo and J3 can be refined to
JI(ANE41 (L)) = A°N Ex1(L), (2.113)

since Jp, Jo and J3 anti-commute with L and therefore exchange its eigenspaces. On
the other hand, they commute with K and therefore also with Py. Applying P; to

eq. (2.113)) and using Lemma then yields
AL = A, (2.114)
for [ = 1,2,3. Only two of these restrictions are independent, since jij2j3 is the
identity on W,. We settle on the arbitrary choice of choosing [ = 1,2 and disregarding
l II? 'contrast, we know from the previous section that, for [ > 5,
JlAL = A (2.115)
We summarize the reduced setting in the following definition:
Definition 2.12. A reduced IQPV of real symmetry class s > 4 is an IQPV k —
Ay (k) C Wy = C*™ constrained by
JA+(k) = A4 (k) (1
JiAL() = AL (k) (5
AL (R)E = A4 (—K),

5), (2.116)

for all k € T, The j; are unitary and orthogonal operators satisfying the relations
(2.112).
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It remains to be shown that the reduction procedure yields an equivalent description.
Thus we prove that IQPVs of real symmetry class s can be reconstructed from their
reduced versions:

Lemma 2.13. Fiz a decomposition W = W, @ W_ = E1(J1J2J3) @ E_1(J1J2J3)
and an isomorphism JiJoJzJy = L : Wy — We. Then there exists a one-to-one
correspondence between the IQPVs of symmetry class s > 4 and the reduced IQPVs
of the same class s.

Proof. We have already shown how to obtain the reduced IQPV from the original
one. Thus, we prove the converse: Given a reduced IQPV k — A (k) C Wy,
we construct the original IQPV in the same symmetry class. For this purpose, we
fix an isomorphism L : Wy — W_ with inverse Ly : W_ — W, in order to obtain
L=Ly+Ly: W — W. Setting K = i(Idyy, —Idy_), the extended pseudo-symmetries
are reconstructed as

Ji = g1 — LyjiLy, (2.117)
J2 = j1 — Ly ja Ly, (2.118)
Js = iK.JyJa, (2.119)
Jy = iLK, (2.120)
Ji=s5 = L ji + jiL+. (2.121)

These operators are orthogonal, unitary and satisfy the Clifford relations (2.66]).
The original IQPV k — A(k) is recovered from k — A (k) by defining

Ak) ={w+uw' + L(w—w')|we Ai(k),w € AL (k)°}. (2.122)

By construction, the relations (2.116]) translate back to the pseudo-symmetry condi-
tions ([2.67). Moreover, since L, is orthogonal and A, (k) = A, (—k), we conclude
that A(k)T = A(-k). O

In the following, we use the notion of reduced IQPVs in order to introduce the same
sequence of symmetries as for s = 0, 1, 2, 3 with the addition of spin rotation symmetry
SU,y. Nambu space will be denoted by W, (without k-dependence) to emphasize that
we start in the reduced setting before doubling the space in order to incorporate all
pseudo-symmetries.

Real symmetry class s = 4 (alias class C)

The setting in this class is that of real symmetry class s = 0 (class D) with an addi-
tional spin-1/2 degree of freedom and a corresponding SUs spin rotation symmetry.
Possible physical realizations of this class include superconductors with spin-singlet
pairing.

24



2. Quasi-particle ground states

The Nambu space of creation and annihilation operators reducing the momentum
by k is given by W, = C"/? @ (C?)spin, which emphasizes the spin degree of freedom.
The group SUj, is represented on Wy by unitary operators, implying that its three
generators ji,jo and js are anti-Hermitian (for n = 2, they are given by j; = ioy).
Since j? = j2 = j2 = —1, these three operators have the additional property of
being unitary. Moreover, since the representation of SUs on W, is derived from a
representation on the single particle Hilbert space, j1,j2 and j3 commute with v and
are therefore also orthogonal.

In the present symmetry class, spin rotations constitute the only symmetries besides
translations. Thus, the reduced symmetry group is given by G/II = SUy and IQPVs
k — A, (k) with this symmetry group satisfy

1AL (K) = joAs (k) = jaA (k) = A (K). (2.123)

Due to the relation j3 = j2j1, only two of these conditions are independent and we
focus on the leftmost ones involving j; and jo. The setting here is now precisely
that of a reduced IQPV of real symmetry class s = 4. Hence, after doubling the
space to W, @ W_ with a unitary and orthogonal map L| : W, — W_, we may use
Lemma to construct pseudo-symmetries Jy, Jo, J3 and Jy.

Real symmetry class s = 5 (alias class CI)

As announced previously, the treatment of the remaining real symmetry classes will
parallel that of the first four with the addition of spin-rotation symmetry. Just like
real symmetry class s = 4 was the analog of real symmetry class s = 0, the present
real symmetry class s = 5 is analogous to s = 1. Hence, the reduced symmetry group
G/II = SUgy is enhanced by the introduction of time-reversal symmetry 7. Being
represented by an anti-unitary operator, this new symmetry merits the additional
requirement that

TA, (k)= A (k). (2.124)
Similarly to s = 1, this leads to a pseudo-symmetry
js := T = T, (2.125)

which has the same properties as J; in real class s = 1 as defined in eq. (2.76). It
therefore squares to —1, is unitary, orthogonal and leads to the pseudo-symmetry
condition

JsA () = A (). (2.126)

Being unitary and orthogonal, j; and js commute with . On physical grounds, time
reversal T" inverts spin (analogous to T inverting angular momentum) and since j; and

25



2. Quasi-particle ground states

Jo are spin operators multiplied by i, they commute with T due to its anti-unitarity.
Therefore, j; and jo commute with j5 and the IQPV at hand is a reduced one of real
symmetry class s = 5. Alternatively, we can reformulate it as an unreduced IQPV
with five pseudo-symmetries using Lemma [2.13

Real symmetry class s = 6 (alias class AI)

Continuing in the same fashion, we introduce the U;-symmetry of particle number (or
charge) conservation with generator (), which is a unitary and orthogonal operator
on Wy. In other words, we require

QA (k) = AL (k). (2.127)
Similarly to s = 2, this leads to an additional pseudo-symmetry
je == 1j5Q. (2.128)

This operator is the analog of Jy in eq. (2.81) and has the same properties. Hence,
it squares to —1, is unitary as well as orthogonal and fulfills the pseudo-symmetry
condition

Jo A4 () = Ay (), (2.129)

in addition to the one imposed by js. Moreover, js anti-commutes with j5 (for the
same reasons that J; anti-commutes with Js, see eq. ) and commutes with j;
and jo, so we arrive at the setting of a reduced IQPV of real symmetry class s = 6.
Again, using Lemma [2.13] we can switch perspectives and reformulate the data above
with six pseudo-symmetries.

Real symmetry class s = 7 (alias class BDI)

The final real symmetry class we consider is obtained as an analog of real symmetry
class s = 3, but combined here with spin-rotation invariance. Accordingly, we assume
that twisted particle-hole conjugation C' is a symmetry. Since this symmetry is anti-
unitary, it follows that

CA4(k) = AL (—k). (2.130)
In complete analogy to real symmetry class s = 3, we form the pseudo-symmetry

Jr i =1CQ =15Q = iQS. (2.131)
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2. Quasi-particle ground states

The set {js, jo, j7} corresponds to the set {.Ji, Ja, J3} in the real symmetry class s = 3
and shares all of its properties, among which are unitarity, orthogonality, the Clifford
algebra relations and the pseudo-symmetry properties

G A (K) = jods (k) = jrAy (k) = A (k)" (2.132)

Additionally, j7 commutes with j; and js since we require C' to do so. The setting is
therefore that of a reduced IQPV in the real symmetry class s = 7. Once again, we are
free to convert to the setting with seven pseudo-symmetries according to Lemma [2.13]

2.6. Classifying spaces

In the previous section we have introduced a physical realization for IQPVs with any
number s = 0,...,7 of pseudo-symmetries. This gives a well defined mathematical
setting, which we describe in more detail in the present section. Given a set of s
pseudo-symmetries Jj ..., Js, we define

Cs(n) :={ACC™| JA= - = J A=A} (2.133)
= U2 Gy (C*™). (2.134)

To allow for more generality, we include more components than Gr,(C?") as in
eq. (2.47) by removing the restriction on the dimensionality of subspaces A.

Recall from eq. (2.51) the map

70 : Co(n) — Cy(n)
A AL (2.135)

Since Cs(n) is a subset of Cg(n) and since J;A = A° implies that J; A+ = (A+)°, the
map 7y restricts to maps

T 1= TO|Cg(n) 1 Cs(n) = Cs(n). (2.136)
We introduce the following notation for the fixed point sets of these maps:
Rs(n) :=={A € Cs(n) | 1s(A) = A}. (2.137)

An IQPV in the real symmetry class s can therefore be described as an equivariant
map

T — Cs(n),
YoT =Ts0. (2.138)
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2. Quasi-particle ground states

There is an alternative picture, which will help us make a connection to the existing
literature. To each element A € Cy(n) we may assign an operator

J(A) :=1(P4 — Pye), (2.139)

where P4 and Pac are the orthogonal projectors onto the space A and its complement
A° respectively. This operator is unitary and satisfies J(A4)? = —1. Since it is anti-
Hermitian, we can form the Hermitian operator (reinstating the dependence on k €
T9)

H(k) :=iJ(A(k)), (2.140)
which is known as the flattened, or flat-band Hamiltonian. Indeed, it can be obtained

from the original Hamiltonian defining the IQPV as its ground state if its eigenvalues
E;(k) are set to —1 for all annihilation operators and +1 for all creation operators

(see eq. (2.53)).

Using the transpose g7 of an operator g with respect to {-,-}, i.e.
{w, guw'} = {gTw,w'} (2.141)
for all w,w" € W, we obtain the relation Py (4) = (Pac)™ and therefore
(Jom)(A) = —J(A)T = JA)~T, (2.142)

It follows that the involution 79 on the level of subspaces A C W translates to an
involution on unitary operators

TCAR U(W) — U(W)
g (g HT =¢71T. (2.143)
We use the subscript CAR to indicate that the origin of this involution is the CAR
restriction of eq. (2.40]). The fixed points of 7caR are the orthogonal operators O(W) C
uw).
In the presence of s pseudo-symmetries Ji,...,Js, the operator J(A) fulfills the
relations

JiJ(A) = —J(A)J;, (2.144)

fori = 1,...,s, owing to J;A = A°. Thus, if J(A) € Fix(rcar), or equivalently if
A =19(A), then J(A) presents a choice of another pseudo-symmetry Js11 extending
the original set. Since the assignment A — J(A) is a bijection, we can give an
alternative view of the spaces Cs(n) and Rs(n) in terms of unitary operators:

Cs(n) ={J€UW)|J?>=—~1land J;J = —JJ; fori=1...,s} (2.145)
Ry(n) = {J € Cs(n) | Tcar(J) = J} (2.146)
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2. Quasi-particle ground states

These spaces are well known: Cs(n) is the space of all extensions of a unitary Clifford
algebra representation and Rs(n) is the space of all extensions of an orthogonal Clifford
algebra representation. They are used in the seminal work [Kit09] and have been deter-
mined in [Mil63] and more recently in [SCR11] with the result displayed in Table
The Clifford algebra isomorphisms CI(C**2) ~ C1(C*) ® C(2) of complex Clifford alge-
bras and CI(R*+89) ~ CI(R*) ® R(16) of real Clifford algebras (see [ABS64, L.M89])
yield a periodicity Csi2(2n) = Cs(n) and Rs18(16n) = Rs(n) [SCR11]. This is the
reason we stopped the sequence of introducing additional pseudo-symmetries at s = 1
for the complex symmetry classes and at s = 7 for the real symmetry classes: Further
pseudo-symmetries would not produce any new settings.

In order to obtain the symmetric spaces displayed as quotient spaces of Lie groups
in Table[2.1] we need to fix a basis of W. Any orthonormal basis will do for identifying
U(W) with Usg,. If we construct this orthonormal basis solely using elements fixed
under ~y, then we obtain a basis known as a Majorana basis [Kit09] and we can
additionally identify O(W) with Og,. It is shown in [SCR11] that the spaces Cs(n)
can be obtained as a union of orbits of the group

GE(n) :={geUW) | Jig=gJifori=1...,s} (2.147)

on appropriate elements in Cy(n). For instance, Cy(n) is the union of orbits gJg~!

of g € U, = G§(n) on 2n + 1 elements J € Cp(n) that have p eigenvalues +i and ¢
eigenvalues —i for all combinations of p and q. The stabilizer for each of these orbits
is the product U, x U,. Since Uy, /U, x Uy is none other than the Grassmannian
Gr,(C?"), the identification in eq. follows. The next space C1(n) is given by
an orbit of G$(n) = U, x U, on Jo € C1(n) with stabilizer the diagonal subgroup
U,, C U, xU,, producing the quotient listed in Table[2.I] Due to the 2-fold periodicity
Csi2(n) = Cs(n/2), all other spaces Cs(n) can be obtained from Cy(n) and C(n).

A similar, but more involved analysis can be applied to the spaces Rs(n), which
can be realized as (unions of) orbits of

Gs(n):={geOW) | Jig=gJ;fori=1...,s}
={g € G5(n) | Toarlg) = g}. (2.148)

In this case, all spaces Rs(n) are generated by a single orbit except for s = 2 and
s = 6, where R4(n) is a union of quaternionic and real Grassmannians respectively.

2.6.1. General symmetry groups

We now argue that every IQPV with general symmetry group G containing transla-
tions as a central subgroup can be constructed from the ten classes we have introduced.
In order to accomplish this, we use the classification result of [HHZ05] for Hamiltonians
acting on Nambu space H* @ H. Denoting by Gy the unitary symmetries containing
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2. Quasi-particle ground states

s Cs(87) R4 (8r)

0 Up+q:16rU16r/(Up X Uq) OlGT/UST

1 (UST X UST)/U8T U8T/Sp8r

2 Up+q:8rU8r/(Up X Uq) Up+q:4rSP8r/(Sp2p X SPQq)
3 (U47" X U4r)/U47" (Sp47‘ X Sp4r)/Sp47"

4| Uptg=4rUsr/(Up x Uy) Sp4r/Uar

5 (UQT X UQT)/UQT U2r/02r

6 | Uptg=2rU2:/(Up x Ug) Uptq=2rO2:/(0p x Og)

7 (U, x U,)/U, (O, x 0,)/0,

Table 2.1.: Realization of Cs and Rs = Fix(75) as homogeneous spaces.

the translations II as a central subgroup, the most general symmetry group in our
setting is given by a subgroup

GCGoUTGyUCGyUCTGy. (2.149)

The examples we have given correspond to Gy = II (all complex classes and the
real classes s = 0,1,2,3) and Gy = II x SUs (real classes s = 4,5,6,7). The result
of [HHZ05] states that for any reductive group Gy, the Hamiltonian is given by a
direct sum of blocks each of which is restricted to be an element of the tangent space
associated to one of ten types of symmetric spaces. In the setting with II C Gy,
the first part of this reduction is the decomposition of Nambu space H* ® H into
blocks Wy. This reduces the unitary symmetries to the quotient group Gy/II and all
further unitary symmetries in this quotient lead to an orthogonal decomposition of
Wk = @, W, with the Hamiltonians acting block-diagonally. Thus, in order to find
the building blocks for the general situation, we may restrict the discussion to a single
block Wf{ Since the CAR constraint as well as all subgroups of the form T'Gy and CGy
map the sector W to Wi(k), the setting for 7(k) # k is that of the symmetry classes
A and AIl in |Zir10]. Therefore, all Hamiltonians are elements of the tangent space
to either a unitary group or a Grassmannian. For 7(k) = k, the full classification
of [HHZ05|] applies and all symmetries in eq. are relevant if they are present.
In this case, there are ten possible symmetric spaces whose tangent space contains the
Hamiltonians, all of which are listed in Table

We have shown that there is a one-to-one correspondence between IQPVs and
the flattened version of their defining Hamiltonian in eq. . In fact, imposing
the condition of flat spectra on the space of Hamiltonians tangent to a symmetric
space Cs(n) in the complex classes and Rs(n) in the real classes, gives symmetric
spaces Csy1(n) and Rgy1(n) respectively [SCRI11]. For example, the tangent space
to Ci(n) = U, (class AIll) is given by its Lie algebra u, containing (i times) the

30



2. Quasi-particle ground states

Hamiltonians of complex class s = 2 = 0 (class A). Imposing a flat spectrum leads to
the union of Grassmannians displayed in Table

Thus, we can apply the classification result of [HHZ05| to arrive at the statement
that an IQPV with arbitrary symmetry group containing and centralizing translations
is described by a collection of IQPVs, one for each index i in Wy = @, Wf(, each being
in one of the ten complex or real symmetry classes s.
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3. Tools of homotopy theory

In this chapter, we introduce a collection of tools which are tailored for the determi-
nation of topological phases as pursued in the remainder of this work. Starting with
the definition of the notion of homotopy, we will introduce homotopy groups, their rel-
ative versions and various different realizations thereof, accompanied by some useful
tools for their computation. This will be followed by a generalization to equivariant
homotopy theory with an introduction of G-CW complexes and the G-Whitehead
theorem, both of which are a vital ingredient in the homotopy theoretic derivation
of the Periodic Table for topological insulators. We will finish with some facts about
loop spaces and suspensions that will help formalize the notion of adding position-like
and momentum-like dimensions to the configuration space of an IQPYV.

Throughout this work and in particular throughout this chapter, we will use the
category of topological spaces with morphisms being continuous maps. This being
understood, we will omit the attributes “topological” when talking about spaces and
the term “continuous” when referring to maps.

3.1. Homotopy

The backbone of homotopy theory is, as the name suggests, the notion of homotopy:

Definition 3.1. Two maps fo, f1 : X — Y are called homotopic (written fo ~ f1)
if and only if there exists a continuous interpolation, or homotopy, f; : X — Y with
t €0,1].

The property of being homotopic is an equivalence relation on the set of all maps
X — Y, which therefore organize into equivalence classes called homotopy classes.
The set of these classes will be denoted by [X, Y]. There is a corresponding equivalence
relation on spaces: Two spaces X and Y are said to be homotopy equivalent if there
exist maps f : X = Y and g : Y — X, called homotopy equivalences, such that
fog ~1Idy and go f ~ Idyx. This is a coarser equivalence relation than that of
homeomorphism, where the stronger statements f og = Idy and go f = Idyx are
required. Thus, homeomorphisms are examples of homotopy equivalences, but not
the other way around.

It is convenient to introduce the following notation: Given sequences of subsets

32



3. Tools of homotopy theory

X,C---CcXyCXandY, C---CY; CY, we denote by
(X, Xq,...,X,) = (Y,Y1,....Y,) (3.1)

amap f: X — Y with f(X;) CY; foralli=1,...,n. We say that two such maps are
homotopic if there exists a homotopy respecting these restrictions. The corresponding
set of homotopy classes we denote by

(X, X1,.... Xp), (VY .., ). (3.2)

A common situation is that of X,, = {x¢} and Y,, = {yo}, where zp € X and yp € Y are
distinguished points referred to as base points. In this case, we simplify the notation:

(X, X1, ., Xn—1,{x0}), ¥, Y1,..., Y1, {vo})] (3.3)
= [(X, Xl, ce Xn—h .TQ), (Y, Yl, NN ,Yn_l, yo)] (34)
= (X, X1,... X 1), (Y, Y1, Y1)l (3.5)

In this case, homotopies are called base point preserving, since f(xg) = yo stays fixed
throughout. A construction central to many results in this thesis is of this kind: For
X =S¢ the d-dimensional sphere (d > 0), we define the d-th homotopy group

ma(Y,90) = [(S%, 50), (Y, 0)]- (3.6)

We often drop the base point yy from the notation and simply write 74(Y") with the
base point preserving property being understood. There are two alternative definitions
of the d-th homotopy group due to the fact that S¢ is homeomorphic to the quotient
D?/0D? of the d-dimensional disk D? by its boundary dD? and, similarly, to the
quotient 1¢/01¢ of the d-cube I by its boundary 91 (see Appendix for details).
Thus,

ma(Y,y0) = [(D?,0D?), (Y, yo)] (3.7)
[(Id7 aId)7 (K yO)]'

The realization using the d-dimensional cube I¢ := [—7, 7]¢ lends itself for the defini-
tion of a group structure on these sets of homotopy classes. Given two representatives
frg: (1,019 — (Y,y0) with d > 0, we form their product as the concatenation along
the first coordinate (any other choice of coordinate would lead to the same group
structure, see Lemma below):

(f *g)(kl,k‘g, e

2k ko...,kg) for —m <k <0

g(2/{:1—ﬂ',k2...,kd) fOI‘0</€1 <.
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Though formulated for representatives, this definition descends to the level of homo-
topy classes to give a multiplication on m4(Y). It can be shown [Hat02] that this
multiplication is associative, has a neutral element (represented by the constant map
to the base point yg € Y) and inverses can be constructed by inverting the sign of the
first coordinate (k; — —k1). Note that mo(Y") is not equipped with a group structure
in general.

Viewing D? as the unit ball in RY, it inherits a Euclidean structure. The action
of the orthogonal group Oy on RY restricts to DY, so we can formulate the following
useful lemma generalizing the construction of inverses:

Lemma 3.2. Let Y be a space with base point yo € Y and f : (D¢,0D%) — (Y, o)
a representative of the class [f] € mq(Y) with d > 1. Then the concatenation with an
orthogonal transformation g € Og yields

Fogl = {[f] for det(g) =1, (3.10)

[f]7Y  for det(g) = —1.

Proof. The group Og4 has two connected components distinguished by the value of the
determinant. Therefore, given g € Oy with det(g) = 1, there is a continuous path to
any other orthogonal matrix with determinant 1. In particular, there is a path ~(t)
with v(0) = g and (1) = Id. This yields a homotopy

Fy:= for(t) (3.11)

with Fy = fog and F| = f. Since 0D is invariant under orthogonal transformations,
all maps in this homotopy are base point preserving.

For the case of det(g) = —1, we use a path ~(¢t) with v(0) = ¢ and (1) =
diag(—1,1,...,1). In this case, the homotopy F; interpolates between f o g and
fodiag(—1,1,...,1). Under the homeomorphism u~! described in Appendix the
latter maps to a representative of the class [f]~!, which finishes the proof. O

Two important consequences of this Lemma 3.2 are the following:
Corollary 3.3.

(i) A permutation o of the coordinates in I¢ maps [f] € nq(Y) to [f o o] = [f] if
sgn(o) =1 and to [f o o] = [f]~! if sgn(o) = —1.

(ii) A representative of the inverse class [f]~1 can be obtained from f by inverting

the sign of any odd number of coordinates in 1%. Inverting the sign of any even
number of coordinates leaves the class [f] invariant.
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Figure 3.1.: Homotopy equivalence (I?, 912, J!) — (D2, S!,50): J! (the boundary with
one side removed) is contracted to the point sg. To relate the left picture
to the definitions, note that the first coordinate runs vertically and the
second horizontally.

Proof. The homeomorphism u defined in Appendix [A.T|commutes with the operations
of inverting the signs and permutation of coordinates, so we can use Lemma [3.2
Statement (i) is obtained by using the subgroup of Oy consisting of permutation
matrices. Similarly, statement (ii) is obtained from the diagonal subgroup of O4. O

A generalization of homotopy groups is given by the relative homotopy groups

ma(Y,Y1,50) == [(D,0D%, s0), (Y, Y1, %0)] (3.12)
= (D%, 8", 50), (Y, Y1,%0)] (3.13)
= (1%, 01%, J471), (Y, Y1, 50)]. (3.14)

Here we have defined J9=! := 919\ (I1¢-1 x {—n}) to be the boundary with one side
removed (the one with last coordinate equal to —). Figure illustrates the two
definitions in the case d = 2 as well as the homotopy equivalence between the respec-
tive domains. Similarly to the homotopy groups, the set w4(Y, Y1, 30) is equipped with
a group structure by concatenation in the first coordinate of I¢. However, since the
last coordinate is assigned a special role, this group structure is only defined for d > 2
in general. We often suppress the base point and write m4(Y, Y1) = m4(Y, Y1, 90).

Homotopy groups together with their relative versions fit into a long exact sequence
(d=0)

s (V) 2 (V) 5 ma(V V) 2 (V) S (V) —

The map i4 is induced by the inclusion Y7 < Y and jg by the inclusion (Y, {yo}) —
(Y,Y7). Given a representative f : (D?,S%71) — (Y,Y1) of a homotopy class [f] €
ma(Y, Y1), the map 9, is defined by

Oalf] == [f|ga-r] € ma—1(V1). (3.15)
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The end of the exact sequence reads
D m() S m(Y) S () -2 m(Yh) =2 mo(Y).

It takes on a special role as the three sets on the very right do not form groups in
general. In particular, among the four maps only ¢; is guaranteed to be a homomor-
phism. Note that all of these sets have a distinguished element represented by the
constant map. We can therefore still speak about the kernel of a map as the preimage
of this distinguished element. Hence, also the notion of exactness is still well defined.

The exact sequence above is closely related to the exact sequence of a fibration
Y1 < Y 5 B. In fact, the projection p induces an isomorphism (see [Hat02], p. 376)

P« - 7Td(Y, Yl) — Wd(B), (316)

for all d > 1. Defining 64 := 040 (ps) !, there is an exact sequence

- — 7Td(Y1) l} ﬂd(Y) &} 7Td(B) i} 7Td,1(Y1) E Wdfl(Y) —_—

3.2. Equivariant homotopy

In the real symmetry classes, IQPVs are given by equivariant maps and accordingly,
we extend the notion of homotopy to this equivariant setting. Thus, we generalize the
notion of topological spaces to include the action by a group G (which will be finite
for all applications) and introduce

Definition 3.4. Given two G-spaces X and Y, an equivariant homotopy between two
equivariant maps fo, f1 : X = Y 1is a continuous family fy : X — Y of equivariant
maps.

The property of being equivariantly homotopic is an equivalence relation on the set
of all equivariant maps X — Y and we denote by [X, Y]G the corresponding set of
equivalence classes. We use notation analogous to the one introduced in Section
in particular [X, Y]f denotes the set of base point preserving G-equivariant homotopy
classes. The base point of a space X is always chosen to lie within the set of fixed points
X© of the G-action. We often use the language free homotopy classes for [X,Y]¢ as
opposed to based homotopy classes for [X,Y]%. Note that in the real symmetry classes
of Section the group action is given by the special case G = Zs.

Up to this point, we have considered the case X = T¢ with Zy acting through the
involution 7 : T — T¢ defined as 7(k) = —k. For a more general configuration space,
we make the following definition:
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Definition 3.5. The set of topological phases of the real symmetry class s with con-
figuration space X is given by

(X, Cs(n))2 or [X,Cs(n)]22, (3.17)

depending on whether or not the space of annihilators is fixed for some point in X.
In the complex symmetry class s, the set of topological phases with configuration space
X is given by

[X,Cs(n)] or [X,Cs(n)ls. (3.18)

An example of a physical setting in which base point preserving homotopy classes are
relevant is given in the presence of a compactified momentum space X = R?U{oco} =
S?. In this case we require IQPVs to map to the same point in Cy(n) for infinite
momentum and that this property is preserved under homotopies.

The physically relevant configuration spaces X that we will encounter in this thesis
are products of spheres and as such can be described as maps from cubes with ap-
propriate boundary conditions. If the domain is a product S% x --- x S% then the
corresponding cube is the product I% x - .. x I = [4++dn Naps from this cube
satisfy the property that the image of points with components on the boundary 91%
of one of the factors is invariant if these components are changed within 9I%. For
instance, with dy = - -+ = d,,, = 1 we have the torus T realized on I"* with periodic
boundary conditions, whereas for m = 1 we have S% realized on I with the property
that the entire boundary 9I% is mapped to a single point.

The possible Zs-actions on these kinds of configuration spaces can therefore be
reduced to Zg-actions on a cube. Since a cube is simply a product of intervals [—, 7],
we need to choose a representation of Zo on every one of the intervals. There are
only two choices: Either the non-trivial element acts as the identity or it inverts the
interval coordinate. We call this coordinate trivial or non-trivial respectively. If there
are d, trivial coordinates and dj non-trivial coordinates, then we will always order
them so that the trivial ones come first and the non-trivial ones last and denote the
corresponding d, + dj-dimensional cube by I

The most important examples of spaces realized by imposing boundary conditions
on cubes are

e X = T realized as I? with d non-trivial coordinates,

o X = Sdwdr = Qdetdr reglized as 1%t with the first d, coordinates trivial and
the last dj coordinates non-trivial,

e X = S% x T realized as I% 19 with the first d, coordinates trivial and the
last dj, ones non-trivial.
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The domain X = S% x T% was previously used in [TK10] for the purpose of classifying
topological phases in the presence of a defect. If a defect has codimension d, + 1, it
can be enclosed by a large sphere S%, and at every point of this sphere, we can use
the approximation of having translation invariance as before. Thus, the domain is
enhanced to S% x T%. In Chapter EL we prove that one may replace S% x T% by
S%=:dk at the expense of losing “weak” invariants.

The based maps S%% — C,(n) and the corresponding sets of (equivariant) homo-
topy classes according to Definition will be studied extensively in Chapter 4] In
this context, another important space with Zs-action will appear:

Definition 3.6. Given a Zy-space Y, the equivariant loop space Q%Y is the space
of based maps f : S%% Y equipped with the Zy-action f +— g- f-g~'. The set of
Zy fized points (U4 @Y )22 js the subset of based equivariant maps. The base point of
0%y is the constant map.

This definition enables us to reformulate the set of (based) topological phases with
configuration space X = S% % as

%k, Cy(n)]Z2 ~ o ((Q% ™ Cy(n))"2)
~ 74, (2" Cy(n))")
= mq, (M) (3.19)

In the last line we have introduced the abbreviation Mj := Q0% Cy(n))%2. For the
frequently occurring loop spaces with one momentum-like or position-like coordinate,
we will often use abbreviations Q%! = Q and Q10 = Q.

We can now prove a useful connection to the previously introduced concept of
relative homotopy groups [TZMV12]:

Lemma 3.7. For all d; > 0, the set of topological phases in the real symmetry class
s with configuration space X = S%% can be expressed by the relative homotopy group

8%k Cy(n)]22 = g, 41 (QV4T1C4(n), Mg, ). (3.20)

Proof. Throughout this proof, we adopt the formulation in terms of cubes as domains.
Thus, the space S% is treated as 1%+ with coordinates (z1,...,2q4,,k1,. .., ka, ).
Given a map f : I%+de — C,(n) representing a class in [S% % C,(n)]22, we may view
it as a map I% — M jk as in the identification . The crucial construction is
shown in Figure The domain of maps (¢ : 1% — Cy(n)) € M 4, 1s cut in half
at the (dy — 1)-plane (0,k2,...,kq,) € I% and only points with coordinate k; > 0
are kept since the Zg-equivariance condition ¢(—k) = 75(1(k)) determines the value
of all other points. We assign an equivalence class [f] € mq, 41(Q0%~1C,(n), Mj )
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according to

fro (@t o1ttt gdey — (QO% 10y (n), M, _y, const.)
(1'1, ey Tdy ]Cl) — f(l‘l, N 7xdz)(k17 Ty ey -), (321)

where const. denotes the constant map to the base point A, € Rs(n) C Cs(n) and the

last coordinate k1 now runs from 0 to 7 rather than —m to m due to the cut. Hence,
the definition of J% is changed to J% := gld=+1\(Id= x {0}).

(—=m,m) ‘ (m, )

(—m, —m) (m,—m)

Figure 3.2.: Illustrating the cutting procedure for d, = 0: Domains of elements in
(from left to right) M7, M35 and MS$ are shown, with a cut along the
points with first coordinate equal to zero. This shows the restriction of
M35 to Mj_, along the cut: On the left, restriction to 0 results in maps
to Ry = Mg, the fixed point set of the involution 7. In the middle,
restriction to the dashed line results in a map in M7 and finally, on the
right, the restriction of a map in M3 to the plane spanned by the dashed
lines gives an element in MJ. The gray region contains all information
about the mappings, since all points in the white regions are determined
by the Zs-equivariance condition.

For arbitrary x1,...,z4, and ki, f(z1,...,24,,k1) is a map I%~1 — Cy(n), which
maps the boundary 91%~! to the base point of Cy(n) (because maps in M 4, do so).

Therefore, f(x1,...,xq,, k1) € QU%—1C,(n).
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The subset J% c gId=+1 corresponds to one of z1 to x4, being +1 or k; = 1. Since
f(01%) = const. as well as f(I%)(81%) = A,, it follows that f(J%) is the constant
map to A,.

The remaining face in 91% T is the one along the cut, namely the plane with k; = 0.
With this coordinate removed, the Zs-equivariance condition of M dsk reduces to the
one of Mj 4, so f(ord=) ]\/{jk_l.

Since the assignment f +— f is merely a reinterpretation of f on half of its domain,
while the other half is determined by the Zs-equivariance relation, it is clear that

this map is well defined at the level of homotopy classes and f ~ g & f ~ g for all
f,g € [S%=d Cy(n)|22. O

Using Lemma to translate the set [S%%, C,(n)]%2 to a relative homotopy group
ﬂdzH(QO’dk_le(n),Mjk_l), we can determine its elements through the exact se-
quence associated to relative homotopy groups, provided the homotopy groups as
well as the maps in the sequence are known. In fact, for d, > 1, we can use the group
structure of the relative homotopy group and the fact that the maps in the exact
sequence are homomorphisms to arrive at the general result

Lemma 3.8. For d, > 1, all preimages under 04,41 of elements in mq, (Y1) are in
bijection with im(jg,+1) C ma,+1(Y,Y1). Therefore, as a set,

T, +1(Y; Y1) = im(ja, +1) X im(9g,+1)- (3.22)

Proof. From the long exact sequence associated to the relative homotopy groups, we
take the map

8%_,_1 : 7de+1(Y, Yl) — Td, (3/1) (323)

As aset, mg,11(Y, Y1) is the disjoint union of preimages of 9,4, 1. All of these preimages
contain the same number of elements: Choosing two elements 3 € 8@1“(51) and

By € 8711 (02), a bijection is given by
de+1
1 (01) = 97 (62)
o afy ! B, (3.24)
with inverse

O L1 (62) — 97", (61)

a— afy' B (3.25)

Notice that this construction makes use of the fact that, for d, > 1, the map 94,41 is
a group homomorphism. With the bijection above, we can identify all preimages with
the preimage of the neutral element 1 € 7y, (Y1):

9751 (1) = ker(9g,41) = im(ja,+1), (3.26)
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where we have used exactness in the second equality. This completes the proof. [

The case d,, = 0 requires separate treatment since 71 (Y, Y7) is not a group in general
and therefore 0 cannot be a homomorphism. However, even in this case there is some
structure in the form of a right action of the group 71(Y) on 7 (Y,Y1) (see [tDOS,
p. 129]). Making the base point yp € Y7 C Y explicit, this action is defined by
assigning to a representative path « : [0,7] — Y with a(7) = yo and a(0) € V1
the concatenation [v] - [a] := [a xv] € m (Y, Y1) with [y] € m(Y). It enables us to
formulate the following statements analogous to those in Lemma [3.8

Lemma 3.9. The orbit of the right action of m(Y) on an element [a] € 07 ([y]) C
(Y, Y1) generates all of ;" ([y]). The isotropy group of [a] is isomorphic to the
image of m1(Y1,y) in w1 (Y) under the map fo[y] := [@* 7 * ], where & is the inverse
path of c. In particular, the union of all orbits is in bijection with the entire preimage
o (mo(Y1)).

Proof. Since the action is defined through representatives, we first check that it is well
defined on the level of homotopy classes. If two maps oy and «q represent the same
class [ap] = [a1] € m1(Y, Y1), then there exists a homotopy «; : [0, 7] — Y interpolating
between the two, with ay(7m) = yp and a;(0) € Y;. This yields a homotopy oy * 7y
implying that [ag*7] = [a1*7] in 71 (Y, Y7). Similarly, a homotopy between two loops
~o and ;1 gives a homotopy a*y, so that [a*x~] = [a*y1] € m1(Y, Y1) and the action
is indeed well defined.
The map 01 maps every orbit to a single connected component of Y7 since

Oila] = [a(0)] = difa x 1] (3.27)

for all [y] € m1(Y). Conversely, if two elements [a], [5] € 71(Y, Y1) satisfy d1]a] =
0118], the points «(0) and 3(0) lie in the same connected component of Y7. Therefore,
we can find a homotopy of, e.g., @ to another representative & which satisfies @(0) =
B(0). The concatenation of the two paths gives a class of loops [371 *a] € m1(Y) and
its action on 3 yields

(871« a)-[8) = [B% 8" xa] =[a] = [o]. (3.28)

Thus, [@] and [A] lie in the same orbit.

For the remainder of the proof, we need to make base points explicit. The stabilizer
of [a], where «a is a path from yp to y € Y1 C Y, is given by elements [y] € 71 (Y, yo)
with [y] - [a] = [a], i.e. a* 7y ~ . This property implies that

[ax v xa] = [a*xa] = [const.] € m (Y, Y1,y). (3.29)

41



3. Tools of homotopy theory

Using the exact sequence associated to 71 (Y, Y7, y) (note the change to the base point
y rather than yo), it follows that [a * v * & € ker(j1) = i1(m1(Y1,y)). The map f, is
an isomorphism between 71 (Y, y) and m1 (Y, yo) and we identify

falaxy*xa)l=laxaxyxaxa]l =[] € m(Y,yo). (3.30)

Conversely, any [w] € m(Y1,y) is mapped under j; o iy to the trivial element in
m1(Y,Y1,y) and therefore

(falw]) - [a] = [axaxwxa] = [w*a] =[a] € m (Y, Y1,y0). (3.31)
O

An example where the preimages under 0 are not in bijection is illustrated in
Figure where we take the example of Y7 € Y C R2. In this example, we have
m1(Y1) ~ m(Y) ~ Z, where the homotopy class n € Z corresponds to a winding num-
ber n around the hole in Y (white region in Figure[3.3). On the other hand, mo(Y) =0
(Y is connected) and mp(Y1) = Zs as a set (Y7 has two connected components). This
gives the following exact sequence:

43 43 +3

42— 49 ﬂ\
ilil\il\l

0 0\0 0\0
z Z Z Zs 0

Il ) Il ) Il Il ) Il
(V1) — 2 (V) — s (V1) — 2 (Vi) —2 s (V)

Due to exactness, 01 has to be surjective. In other words, there is only one connected
component of Y, so all connected components of Y7 can be reached by paths. Since i is
a bijection and in particular surjective, exactness implies that ker(j1) = m1(Y) = Z. Tt
follows that im(j;) = ker(0;) contains only one element represented by the constant
map. If 0; were a homomorphism, a trivial kernel would imply that it is injective
and therefore m (Y, Y1) would contain only two elements. However, due to the lack
of group structure, a trivial kernel does mot imply injectivity as illustrated in the
diagram above.

From the perspective of the previous two lemmas, we can also inspect preimages
under 0;. The preimage of the connected component of Y7 containing the base point
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(a) (b)
(c) (d)

Figure 3.3.: Example illustrating non-bijective preimages under 9y with Y; (dark gray)
a subset of Y C R? (light gray). There are two preimages since Y; has
two connected components (7o(Y1) = Za as a set). The preimage of the
connected component containing the base point yg includes the two paths
shown in [(a)| and [(b)] Both are homotopic to the constant map (in fact,
the preimage contains only one homotopy class). In contrast, and
@ are not homotopic (the preimage contains infinitely many homotopy
classes).
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9o contains only one element represented by the constant map to yg. In other words,
the action of 71(Y}) is trivial (no matter how many loops are added, they can all be
retraced within Y7). On the other hand, acting by 71 (Y1) on the path in Figure
yields infinitely many non-homotopic paths, one of them being [3.3(d)} Thus, the
preimage of the other component of Y] under 0; contains infinitely many elements.

Sometimes it is possible to avoid using relative homotopy groups in order to obtain
statements about equivariant homotopy classes. The following lemma is useful when-
ever a (non-equivariant) homotopy group has a generator which is represented by an
equivariant map.

Lemma 3.10. Let o : S%% — Y be a based and equivariant map, where we denote
by T the involution on S%% and by Ty the involution on Y. If [a] is the generator
of Ta,+a, (Y) = Z, then every (non-equivariant) homotopy class in 74,44, (Y) has an
equivariant representative.

Proof. Let [a] = 1 € Z. Then the map @ obtained by inverting the sign of first
coordinate of o represents the class [@] = [a] ! = —1 € Z. Any other homotopy class
n € 7Z is represented by o” for n > 1 or @" for n < —1 (the constant map represents
the neutral element 0 € Z), where we define

a™(x1, ..., Tdytd,) =a(nzy + (0 —2m — 1)m, 22, ..., Zd, 44, )
for z1 € [-m +mZ, —7w 4+ (m + 1)Z], (3.32)

withm=0,...,n— 1.

This definition is illustrated in Figure |3.4f The domain of o is divided into n parts
along the x; direction and to each part the map « is applied. For n = 2, this
construction reduces to the product defined in eq. and for larger n it is homotopic
to n-fold iteration of eq. in the sense of a* (a* -+ (a*a)--+), which does not
split the first coordinate into equal parts.

The equivariance of « implies the equivariance of &: If 71 denotes the map which
inverts the first coordinate in S%%  then

QAQOT=QOTIOT =QOTOT] =Ty OQOT] = Ty O Q.. (3.33)
Inspecting eq. (3.32]), we see that
yod" = (1tyoa)' = (aor)"=a" o, (3.34)

and the same for a&. These relations are obvious for d, > 1 since the first coordinate is
unchanged under 7 in that case. For d; = 0, observe that the m-th interval in
is exchanged with the (n — m)-th interval and both are inverted. Since all intervals
contain the same map «, the last equation follows.

O
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L2 ol = a |l a | «

x1

Figure 3.4.: Visualization of the domain of o™ as defined in eq. (3.32)) for n = 3 and
ds +dp = 2.

3.3. G-CW complexes

The construction of homotopy groups and their relative versions require the use of
disks and their boundary spheres (or homotopy equivalent spaces) as domains. In this
section, we introduce a class of spaces called CW complexes, as well as their equivari-
ant generalization, G-CW complexes. These spaces are built by successively attaching
disks of various dimensions along their boundary spheres and, not surprisingly, there
are intimate ties to the homotopy groups. This fact will be exploited in the formula-
tion of the Whitehead theorem and its equivariant generalization, the G-Whitehead
theorem.

Definition 3.11. A finite CW complex is defined inductively: Starting with a finite
set of points X called the 0-skeleton, we form the 1-skeleton X1 by attaching ny cells
I' (intervals) along their boundary 01 according to maps

¢; + 01" — Xo, (3.35)

withi=1,...,nq.

Having constructed the (m — 1)-skeleton X,,—1, we similarly form the m-skeleton
by attaching n,, cells I"™ (m-cubes) along their boundary OI"™ as prescribed by the
attaching maps

N L (3.36)

witht=1,...,Np,.
We stop this procedure after d steps to arrive at the finite CW complex X = X4 of
dimension d.

Example 3.12 (Sphere S%). The sphere S can be viewed as a CW complex with a
single point in Xg = X1 = --- = X4_1, and X obtained by attaching the boundary of
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a single cell I? to this point. However, this construction is not unique: An alternative
CW structure, which generalizes to the equivariant case introduced later, is given by
Xm = S™. Thus, we start with two points (Xo = S”) and form X; by attaching two
intervals I' as the two hemispheres of X; = S!. This in turn is the equator of Xy = S?,
which is constructed by attaching the two hemispheres 12, etc.

Proposition 3.13. Products of finite CW complezes are again finite CW complexes.

Proof. Given two CW complexes X and Y with skeleta X; and Y}, where ¢ < d;
and j < dg, the product X x Y is a finite CW complex with skeleta X,, x Y;, for
m < max(dj,d). The attaching maps are given by the products of the individual
ones for X and Y. This construction can be iterated to arrive at a statement about
arbitrary products. O

In physical applications, it is the configuration space which will be a CW complex.
In order to incorporate the action of Zs on this space, we introduce a generalization
in the form of G-CW complexes for a finite group GG, which includes the special case
G = Zo.

Definition 3.14. A finite G-CW complex X is constructed inductively: Starting with
a set of points Xy with trivial G-action, we construct the m-skeleton X, from the
(m — 1)-skeleton X,,,—1 by attaching ny, cells of the form I x G/H™ with subgroups
H™ C G through equivariant attaching maps

T OT™ x G/H™ = X, (3.37)

with i = 1,...,ny. The group G acts as the identity on I (and thus on 0I"™) and
by left multiplication on G/H]". The largest value d for which ng # 0 is called the
dimension of the G-CW complex X = Xg .

Remark 3.15. Taking H™ = G for all m and 4, we have I"" x G/H" = I" and the
definition reduces to that of an ordinary CW complex with non-equivariant attaching
maps ¢;".

Example 3.16 (Sphere S% %), The sphere S% % with d, trivial coordinates and
dj, non-trivial coordinates can be equipped with the structure of a Zo-CW complex.
We start by constructing the part with trivial involution X, = S?% as an ordinary
CW complex according to Example The (d, + 1)-skeleton is then formed by
equivariantly attaching the pair I%*1 x Z, as the two hemispheres of Xd,+1 = Sl
leaving X4, = S% as its equator which is fixed under the Zs-action. We iterate this
process until we arrive at the full Zo-CW complex Xy, 14, = S@z+dk . This construction
is illustrated in Figure for (d.,dg) = (0,1).
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.......
Lig
Z2 m
o - i@ @
.......

Figure 3.5.: Construction of S*! visualized as a circle (left) and as an interval with
boundary (two black points) identified (right). Starting with X consist-
ing of two points (one gray, one black), the cell I x Zg comprising two
parts related by the Zs-action is attached equivariantly.

Proposition 3.17. Products of finite Zo-CW complexes are again finite Zo-CW com-
plezes. In particular, since S%% is a Zo-CW complex for all d, and dj, so are the
following spaces:

d
T = H S%¢ (Brillouin zone) (3.38)
=1
d .
Sda Tk = gda0 HSO’Z (Brillouin zone with defect) (3.39)

=1

Proof. The product of two cells I"™ and 1”2 is the cell I 72 with trivial Zs-action.
Similarly, the product of I"™ x Zs and I™2 is 1172 x Z, with Zs-action on the factor
Zso. The only difficulty arises in the product of I"* x Zy and 12 x Zo which is given by
[m1+m2 5 7o x Zig and does not immediatly fit into Deﬁnitionof a Z9-CW complex.
However, the action of Zg on Zgy x Zsy leaves invariant the two subsets {(0,0), (1,1)}
and {(0,1),(1,0)}, so we have a splitting

(I x 7o) x (I™2 x Zg) = I"™F™2 x (Zy x Zs)
= [tz (ZQ (] Zg)
= (I™FM2 5 7o) LI (I™ ™2 x 7). (3.40)

Note the factors Zs in the above should be considered not as groups but rather as sets
with two elements. The non-trivial element of the group Zs acts by exchanging these
two elements.

Given two Zo-CW complexes X and Y, their product X x Y can now be equipped
with a Zo-CW structure. Given the m-skeleta X, and Y,, of X and Y respectively,
the m-skeleton of X xY is given by the union of all sets X,,,, x Y}, with m;4+mo = m.
Denoting the attaching maps of X and Y by ¢!" for X and 6" for Y respectively,
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Figure 3.6.: Zo-CW structure of the Brillouin zone torus T? = S%! x S%! as described

in Example

mi1
)

the attaching maps of X x Y are given by all products ¢; " x 0;”2, where we include
m1 = 0 and my = 0 by defining qb? to be the constant map to the i-th element in
Xo (and similarly for 69). If two attaching maps both have a domain with non-trivial
Zo-action, we use eq. to obtain two separate attaching maps in place of their

product. O

Example 3.18 (Brillouin torus T?). The Brillouin zone torus T2 = S%! x S%! has the
following Zo-CW complex structure shown in Figure[3.6t Opposing sides are identified,
so the 0-skeleton consists of 4 points, to which 4 products I' x Zs (a total of 8 intervals)
are attached to form the 1-skeleton. The 2-skeleton is formed by attaching the product
of the two 1-cells of the two circles S%!, which splits as 12 xZgx Zg = (12X Za)U(I? X Zy),
corresponding to the 4 gray squares in the diagram. The resulting action of the non-
trivial element of Zs is indicated by the arrows.

3.3.1. The G-Whitehead Theorem

Computing homotopy classes [X,Y] and especially their equivariant generalization
[X,Y]% is a hard problem in general. For instance, even the seemingly innocent sets
[S™, S™] are unknown to a large extent. However, with knowledge about the homotopy
groups of Y, there are substantial simplifications if X is a G-CW complex. In order
to formalize this statement, we introduce the concept of maps being connected:
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Definition 3.19. A map f:Y — Z is said to be m-connected if the induced map

f* : 7"'d(yr) — 7I-d(Z)
[g] = [fog]

s an isomorphism for all d < m and surjective for d = m.

More generally, let Y and Z be G-spaces and f : Y — Z an equivariant map. If we
denote by Y# and ZH the fixed point sets under a subgroup H C G, we have a more
general notion:

Definition 3.20. If G is a group, let m denote an integer-valued function H — m(H)
defined on all subgroups H of G. Then a G-equivariant map f :' Y — Z is called
m-connected if for any subgroup H C G the restriction f7 : YH — ZH is m(H)-
connected.

We are now in a position to formulate the G-Whitehead theorem, which formalizes
the statement that knowledge about homotopy groups can be used to infer knowledge
about the sets of homotopy classes involving a G-CW complex as a domain.

Theorem 3.21 (G-Whitehead Theorem). If X is a G-CW complex and the base-
point preserving and G-equivariant map f :Y — Z is m-connected, then the induced
maps

Fr X Y8 = (X, 29, [g] = [fodl,
Fo (X Y9 5 [X,2)9 (gl [fogl,

are bijective if dim(X™) < m(H) for all subgroups H of G. They are surjective if
dim(XH) < m(H) for all subgroups H of G.

We refer to the many references for the proof of this theorem. The base-point
preserving statement can be found in [MG95| [Ada84] and the statement about free
homotopy classes is found in [tD87, [Wan80, [Mat71].

3.4. Relating based and free homotopy classes

The G-Whitehead Theorem offers statements about both base-point preserving
and free homotopy classes. In this section, we state the relation between the two. More
explicitly, we formulate a relation between the set [X,Y]%2 of based Zs-equivariant
homotopy classes and the set [X, Y]Z2 of free Zs-equivariant homotopy classes in the
case of a Zo-CW complex X and a G-space Y. For if X is a Zy-CW complex, we can
use the Zs-homotopy extension property [tD87] in order to define a right action of
71 (Y%2) on the set [X,Y]%2 as follows. Given a class [y] € 71(Y?2), we can interpret
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any of its representatives v as a homotopy of Zg-equivariant maps f; : {zo} — Y
with ¢t € [0,1] and base point z9 € X%?2 C X. Given some based Zs-equivariant
map Fy : X — Y, we use the equivariant homotopy extension property of X to
extend the homotopy f; from {z(p} to all of X to yield a homotopy F; : X — Y
through equivariant maps. At ¢ = 0 and ¢ = 1 this construction gives two based and
equivariant maps Fy and F] and the assignment

(X, Y22 x m (YE2) - [X,Y]E2
[Fo] x [y] = [F1] (3.41)

defines a right action of 71(Y?2) on [X,Y]%2. Denoting by [X,Y]%2/m(Y?2) the set
of orbits under this action, we can formulate the following result:

Lemma 3.22. For a Zo-CW complex X and a G-space Y with path-connected fixed
point set Y22 there is a bijection

(X, Y] /m(YP2) ~ [X, Y],

The proof of this statement can be found in [Whi78, p. 101]. A more detailed and
elementary exposition in the case of trivial Zg-actions is presented in [Hat02l p. 421].
The main idea is the following: During a free homotopy between two based equivariant
maps Fy and Fy, the base point traces out a loop in Y%#2. Therefore, even though
there may be no based homotopy between Fj and Fi, they lie within the same orbit
under the 1 (Y%2)-action, see Figure

3.5. Path spaces and suspensions

Given a configuration space X, we would like to formalize the notion of adding
position-like and momentum-like coordinates. For example, we would like to construct
Sdztldr and S+l given X = S%% The following construction accomplishes this
goal:

Definition 3.23. The position-like suspension SX and momentum-like suspension
SX of a Zo-space X are both given by the quotient

X x [0,1]/X x {0} UX x {1}, (3.42)

which is a Zo-space where the non-trivial element of Zo acts on the suspension coor-
dinate t € [0,1] as

t—t for SX
and t+— 1 —t for SX.
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Yo

Figure 3.7.: Example of the action of w1 (Y?2) on [X, Y22 with X = S!, Y C R? (gray
with two holes), trivial Zs-actions and base point 9y € Y22 =Y. The red
and blue loops represent distinct elements in [X, Y]%2, but share the same
orbit under the action of 7 (Y?2), a representative of which is indicated
by the dotted loop. Indeed, they are freely homotopic by a homotopy
tracing out the dotted loop.
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Example 3.24. For X = S% % we obtain

SX = 88t = glethii (3.43)
SX = §8dwrde = gdordit1 (3.44)

Another space of interest which is closely related to the suspension construction is
the space of paths in a Zs-space:

Definition 3.25. The position-like path space Q(X,x1,x2) and the momentum-like
path space QUX,x1,12) of a Za-space X both consist of all paths in X starting in
x1 € X and ending in xo € X. They are Zs-spaces with the non-trivial element of Zo
acting point-wise on points on the path and as

t—t for Q(X, x1,x2)
and t v 1 —t for Q(X, 1, 22)

on the path coordinate t € [0, 1].

Note that in order for the path space to be different from the empty set, the points
21 and z9 need to lie within the same connected component of X.

Given a base point x, € X%? C X, there are natural base points for its suspension
and path space: For both SX and SX, we choose the point (x.,1/2), which is fixed
by either Zs-action. In the case of the path spaces Q(X, zg,z1) and Q(X, zg, 21), we
take some fixed Zs-equivariant path from zg to x7.

There is a useful relation connecting suspension and path spaces, which is stated
as follows:

Proposition 3.26. Given a Zyo-CW complex X and a Zo-space Y, there are bijections

[SX, Y22 ~ [X, QY. yo, y1)]2* (3.45)
[SX, Y22 ~ [X, QY. yo, y1)]* (3.46)

Proof. Put simply, the correspondence is established by reinterpreting the suspension
coordinate as a path coordinate and vice versa. However, there is a mismatch when it
comes to homotopies fixing base points: While in the suspension only a single point
is fixed, in the path space the entire path constituting the base point is fixed. This
discrepancy is remedied by considering a version of the suspension called the reduced
suspension ¥ X or £X obtained by additionally collapsing the subspace {z.} x I in
SX or SX to a point. In the case of a Zy-CW complex X, there are Zo-homotopy
equivalences X ~ SX and X ~ SX (see [Ada84, p. 491]). Analogously, we modify
the path spaces Q(Y, yo,y1) and Q(Y,yo,y1) of a Zo-space Y to be loop spaces QY
and QY by taking y; = yo and choosing the base point to be the constant loop to
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yo € Y22 C Y. Again, there are Zs- homotopy equivalences Q(Y,y1,70) ~ QY and
Q(Y, y0,y1) ~ QY. The reduced suspension and the based loop space are adjoints of
one another in the sense that there are bijections

[2X, V]2 ~ [X, QY] (3.47)
X, V]2 ~ [X, QY22 (3.48)
In both cases, the suspension coordinate on the left hand side is reinterpreted as the
loop coordinate on the right hand side and there are no longer issues regarding base

points. Due to the homotopy equivalences between reduced and unreduced suspen-
sions as well as loop spaces and path spaces, the original statement follows. ]
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The goal of this chapter is to determine the set [S%% Cy(n)]?? with n > d,,dy
for all d,, d; and complex and real symmetry classes s. The results of this endeavor
are displayed in Table In the absence of defects (d, = 0), this table is known
as the Periodic Table for topological insulators and superconductors [Kit09] and has
been generalized in [TK10] to all d;. On a historical note, the entries of the Periodic
Table were initially not presented as in Table but were rather calculated case
by case for low dimensions. Indeed, there is no a priori reason for expecting the di-
agonal pattern that only exhibits itself if the symmetry classes are arranged in the
presented order. The latter was first realized by Kitaev [Kit09] by noticing that there
is a deep relation to a mathematical result known as Bott periodicity [Bot59]. The
plan of this chapter is to make use of Bott periodicity in order to prove that there
are bijections [X,Cs(n)]22 ~ [SX,Csy1(2n)]22 and [X,Cs(n)]?2 ~ [SX,Cs_1(n)]%2
for path-connected Zo-CW complexes X with dim X < n (SX and SX denote the
suspension of X which adds a momentum-like or position-like dimension to X respec-
tively, see Section . Specializing to X = S% % the result shown in Table
follows.

Before we proceed with the homotopy classification, we point out crucial differences
to other choices of equivalence relations that are used widely in the literature.

4.1. Alternative equivalence relations

There are two mathematical languages in which IQPVs may be viewed, as introduced
in Definitions and in the setting without symmetries. Both capture the fact
that the spaces of annihilators should vary continuously with some parameter in a
configuration space X (e.g. with momentum k € X = T¢). We can either encode this
feature in the form of a continuous map from X to a classifying space or by viewing
the collection of annihilator spaces as a sub-vector bundle over X.

More formally, and in the presence of symmetries, we may view it as a rank-n
complex sub-vector bundle A % X with fibers p~! (k) = A(k) C Wi = C*" subject to
A(k)* = A(r(k)) and the pseudo-symmetry conditions (2.67). On the other hand, we
may describe it by a classifying map A : X — Cs(n) subject to the Zs-equivariance
condition 7,0 A = AorT.

We used the description in terms of classifying maps with the natural equivalence
relation of being homotopic in order to define topological phases of IQPVs. In this

o4



4. Homotopy classification

index | symmetry dp — d

S label 0 1 2 3

complex 0 A Z | 0| Z |0
classes 1 All 0| Z | 0| Z
0 D Zo |Zo | Z | O

1 DI 0 | Zo | Zo | Z
2 All Z | 0 | Zso | Zo
real 3 CI 0 | Z | 0 | Zs
classes 4 C 0 0| Z |0
5 Cl 0] 0| 0| Z

6 Al Z | 0] 010

7 BDI Zo | Z | 0 | O

Table 4.1.: The sets [S%d Cy(n)]%2 for 1 < d, + dj, < n, also known as the Peri-
odic Table for topological insulators and superconductors. The complex
symmetry classes are included with trivial Zs-actions. The entries 0, Zso
and Z mean sets with one, two and (countably) infinitely many elements,
respectively. They are groups only when d, > 1. For d, = dy = 0, the
three entries of Z change to Zg, 11 (class A), Z,, /511 (class All) and Z,, /441

(class AI), corresponding to the connected components of Cy(n) (class A),
Ry(n) (class AIl) and Rg(n) (class A); see Table
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4. Homotopy classification

section, we point out two alternative equivalence relations based on the vector bundle
description, both of which will turn out to give, in general, a coarser classification than
using homotopy. These differences can already be illustrated for the complex class
s =0 (class A), where IQPVs can be viewed either as classifying maps X — Gr,(C")
or complex p-dimensional sub-vector bundles of X x C". We assume here that X is
path-connected and thus focus on only one connected component of Cy(n). In other
words, the dimension of the fibers will be constant.

Two such sub-vector bundles A4y and A; with p-dimensional fibers and projections
po: Ao — X and p; : A] — X are said to be isomorphic if there exists a homeomor-
phism h : Ag — A; which maps fibers to fibers (p; o h = pg) by linear isomorphisms.
This notion defines an equivalence relation and its equivalence classes, called isomor-
phism classes, will be denoted by Vectf (X).

There is a bijection [Hus66]

Vects (X) ~ [X, Gry(C™)] if 2(n — p) > dim X, (4.1)

so the two equivalence relations lead to the same equivalence classes if the condition
on the dimensionality of X is met. However, if it is violated, it may occur that two
IQPVs are isomorphic as sub-vector bundles but not homotopic. A concrete example
is provided by the “Hopf insulator” [MBRWOS| for X = S® with n = 2 and p = 1,
where 2(n — p) = 2 < 3 = dimS3. Indeed, while all complex line bundles over S3
are isomorphic to the trivial one (Vect(S?) = 0), such vector bundles, viewed as
subbundles of S? x C2, organize into distinct homotopy classes:

[S3, Gr1(C?)] = m3(S?) = Z. (4.2)

These homotopy classes are distinguished by what is called the Hopf invariant (see
Section for details).

A standard approach used in the literature is to work with a further reduction of the
topological information contained in isomorphism classes, by adopting the equivalence
relation of stable equivalence between vector bundles. Two vector bundles Ag — X
and Ay — X are stably equivalent if they are isomorphic after adding trivial bundles
(meaning trivial valence bands in physics language), i.e. if there exist mj,mgy € N
such that

Ao ® (X x C™) ~ A & (X x C™2). (4.3)

Under the direct-sum operation, the stable equivalence classes constitute a group
called the reduced complex K-group of X, denoted as K¢ (X). Inverses in this group
are given by the fact that for compact X, all complex vector bundles A have a partner
A’ such that A& A’ ~ X x C" for some n € N, where the right-hand side represents
the neutral element. In the limit of a large number of valence and conduction bands,
called the stable regime, the elements of the reduced K-group are in bijection with
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4. Homotopy classification

the homotopy classes of maps into the classifying space [Hus66]:

Kc(X) ~ [X, Gr,y(C™)] if 2(n — p) > dim X

(4.4)
and 2p > dim X.

Outside the stable regime, stably equivalent vector bundles need not be isomorphic,
much less homotopic. A class of examples demonstrating the differences between all
three equivalence relations is provided by imposing, on top of the Uj-symmetry of
the complex symmetry class A, the combined operation T o I of time-reversal and
inversion as a symmetry with 72 = 1 and I? = 1 as well as T o I = I o T. Although
fundamentally time-reversal squares to —1 for fermions, the property 72 = 1 can be
realized by the reduction of an SU; symmetry as carried out in the real class s = 6
(class AI) in Section Since both T and [ invert the momentum (k — —k),
their combination fixes it and therefore the spaces of annihilators are restricted by the
condition (7" o I)A(k) = A(k). The anti-linear map T o I acts as a real structure on
Wk = C™ and due to the condition on the spaces of annihilators, we may restrict our
attention to the +1 eigenspace of this real structure, defining a real subspace R™ C C".
Accordingly, the IQPVs in this setting are given by classifying maps X — Gr,(R") or
p-dimensional real sub-vector bundles of X x R™, where X is momentum space. Note
that this realization falls outside of the complex and real symmetry classes introduced
in Section[2.4]since inversion I does not commute with translations. To stay within the
scope of the symmetry classes introduced earlier, we could instead impose only time-
reversal T with 72 = 1 and choose X to exclusively have position-like coordinates.
This would lead to the same description and correspond to the real class s = 6 (class
Al).

We will focus on the choice X = S¢ which is to be understood as S%? if X is
momentum space and S%0 if all dimensions of X are position-like. The latter can be
interpreted as a measuring surface around a defect of codimension d + 1. In any case,

the analogs of equations (4.1)) and (4.4]) read
Vect, (X) ~ [X,Gry(R")] if n —p—1 > dim X (4.5)
and

Kr(X) ~ [X,Grp(R")] if n —p—1>dim X

) (4.6)
and p — 1 > dim X.

Setting p = 1 and X = S!, we have a bijection Vect}(S') ~ [S!, Gr1(R")] ~ Z, for
n > 3, where the non-trivial element is represented by the Moebius bundle [Hat03].
For n = 2 we see the difference between homotopy classes and isomorphism classes:
Since Gry(R?) = S!, it is clear that [S!, Gry(R?)] = [S!, S!] ~ Z, where the homotopy
classes are distinguished by their winding number. However, the bundle which twists
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4. Homotopy classification

by 2m when traversing the base space S! and thus has a non-trivial winding number
2 is isomorphic to the trivial bundle.

Taking now X = S2, we can combine equations and to obtain the state-
ment that there is a bijection Kg(S?) ~ Vect5(82) for p > 3. Indeed, violating the
latter requirement with p = 2, we have Vect5(S?) ~ Ny while I?R(SZ) = Zso. A rep-
resentative of the non-trivial class 2 € Ny = Vects(S?) is the tangent bundle to S?
denoted by T'S?. By regarding S? as the unit sphere in R3, we can also construct
the normal bundle NS? ~ S? x R. The direct sum of 7S? and NS? is S? x R? and
therefore TS? is stably equivalent to the trivial bundle. Yet, the isomorphism class
of TS? differs from that of the trivial bundle. The result Vects(S?) = Ny can be
found in [Hat03|] and, in the context of classifying topological phases, in Table A.1 of
[DNG14b].

The notion of isomorphism (and stable equivalence) classes of vector bundles can be
extended to the two real symmetry classes s = 2 (class All) and s = 6 (class AI). In
these symmetry classes, there is an additional time-reversal operator 1" acting on the
total space of a bundle A £ X with T2 = —1 for class AIl and T? = +1 for class AL
This action covers the involution 7 on the base space, i.e. Tp~!(z) = p~!(7(z)). These
bundles are called Real vector bundles [Ati66] or Quaternionic vector bundles [Dup69]
(with capital R and Q in order to distinguish them from vector bundles over the real
and quaternionic numbers). An isomorphism of two Real or Quaternionic vector bun-
dles is an isomorphisms of the underlying complex vector bundles with the additional
property that it commutes with 7. The corresponding reduced K-groups are written
KR(X) [Ati66, DNG14b] and KQ(X) [Dup69, DNG14a].

The K-theory groups for the other symmetry classes can be inferred indirectly by
an algebraic construction using Clifford modules as in [Kit09, FM13]. In all cases, the
K-theory groups of momentum space X are in bijection with [X, C,(n)]%? as a set, in
the limit of large n (as well as large p where applicable, see Table .

To sum up, the natural equivalence relation for us to use is that of homotopy. It
is a finer tool than stable equivalence (as considered in [Kit09]) and even ordinary
isomorphy of vector bundles (as considered in [DNG14a, DNG14b] for s = 2,6), and
is therefore adopted as our topological classification principle. In Chapter [5| we give
the precise bounds on the number of conduction and valence bands for all complex and
real symmetry classes beyond which the three equivalence relations differ, including

equations (4.1)), (4.4)), (4.5) and (4.6) as special cases.

4.2. The diagonal map
In this section we prove the bijection [X, Cy(n)]%? ~ [SX,Csy1(2n)]%2 for any path-

connected Zo-CW complex X. For this purpose we introduce the “diagonal map”
increasing the momentum-like dimension as well as the symmetry index by one.
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4. Homotopy classification

The spaces Cs(n) and their 74-fixed point sets Rs(n) are defined through pseudo-
symmetries satisfying Clifford algebra relations (see Section [2.6). To formulate the
diagonal map, we exploit this close connection to Clifford algebras by using the
counterpart of the algebra isomorphisms CI(C?) ® CI(C*) ~ CI(C**2?) as well as
CI(RYMY) ® CIR%Y) ~ CI(R*11). Recall that CI(C™) is the complex Clifford al-
gebra with m generators and Cl1(RP-?) is the real Clifford algebra with p negative and
q positive generators.

The following treatment is analogous to the one in Section Let there be s real
pseudo-symmetries ji . .., js on W, = C?" forming the space Cs(n) with 7s-fixed point
set Rs(n) as defined in Section We now choose to view W, as part of a space
W = W, @ W_ = C* on which an imaginary generator K acts with eigenspaces
Wa for its eigenvalues £i. We fix an isomorphism L : W, — W_ with inverse
Ly : W_ — Wy and set L := L + L. A new set of s + 2 generators can now be
defined on W as

Jy = Lyji+ 5Ly (Il=1,...,9) (4.7)
Js41 :=1LK (4.8)
J5+2 =K. (49)

We interpret this set of operators as a set of pseudo-symmetries on the doubled space
W. The pseudo-symmetries Ji,...,Js41 are real, while Jgio is imaginary by con-
struction. This enhanced set of pseudo-symmetries defines the space Cs12(2n) with
fixed point set Rs11,1(2n) (we use a double subscript to indicate that the number of
real and imaginary pseudo-symmetries). In Section we have constructed a map
Cs42(2n) — Cs(n) which restricts under 7542 to a map Rsi1,1(2n) — Rg(n). The
following assignment constitutes the inverse of this map:

f:Cs(n) = Csq2(2n)
Ar = {w+w + Ly(w—w') |we Ay, v € AT}, (4.10)

This map is well defined since
Jif(Ap) == Jspaf(Ay) = f(A4)" (4.11)

Furthermore, if A = At then f(A) = f(A)*, so f restricts to a map f’ : Ry(n) —
RS+171(2n).
In order to define the diagonal map adding a momentum-like coordinate, recall from
eq. (2.139) that we can associate to a subspace A C W the anti-Hermitian operator
J(A) =1i(Pa — Pye). (4.12)

with the properties J(A4)? = —1 and 7car(J(A)) = J(AL).
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Given A € Cs12(2n) and the eigenspace Ei(K) associated to the eigenvalue +i of
K, we can define the heart of the diagonal map as the one-parameter family

Bi(A) = eT/AKIA) B (K. (4.13)
The following lemma summarizes the key features of this map.

Lemma 4.1. The assignment [0,1] > t — [i(A) for A € Csy2(2n) is a curve in
Cs+1(2n) with initial point So(A) = E4i(K), final point f1(A) = E_i(K), and mid-
point B1,9(A) = A. It is Za-equivariant in the sense that Bi(A)t = B1_¢(AL).

Proof. Since the Clifford generators Ji,...,Js, and I anti-commute with K, they
exchange the two eigenspaces E,i(K) and E_;(K) = E1;(K)¢, so E4i(K) € Cs11(2n).

Similarly, J(A) anti-commutes with all generators Ji,...,Js, I, implying that the

latter commute with the product K.J(A) as well as the unitary operator e(*™/2)K7(4),

Therefore, since Ei(K) lies in Cy11(2n), so does e*™/2KIA) . B (K) = B;(A). In
other words, 3;(A) satisfies the pseudo-symmetry relations
J1Bi(A) = ... = JsBi(A) = IB(A) = B (A)°. (4.14)
To see that the curve ends at E£_;(K), we recall that K? = J(A)? = —1 and KJ(A) =
—J(A)K (due to KA = A°). These relations imply that (KJ(A))? = —1 and
B1(4) = KD . (k)

=sin(r/2)KJ(A) - E4i(K)

— J(A) - By (K)

= E_i(K), (4.15)
since J(A) swaps the eigenspaces of K.

The property that the midpoint of the curve evaluates as f3;/5(A) = A can be
deduced by computing

T/ DEIA) — cos(mr/4)Idyy + sin(r/4) K J(A)
= (Idw + KJ(A))/V2. (4.16)
Applying this to any w € E4i(K) we get

(Idw + KJ(A)w =w —iJ(A)w
= —iJ(A)(w —iJ(A)w)

€ E4i(J(A)) = A. (4.17)

The linear transformation e(™“E/(4) . B (K) - A, w — w —1iJ(A)w, is an isomor-
phism because J(A) - E4;i(K) = E_;(K). Hence

Buya(A) = oM VEIA . () = A (4.18)
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Turning to the property stated last, we use 7car(J(A4)) = J(A*) and 7car(K) = —K
(since K is imaginary) as well as E,;(K)* = E_;(K) to obtain

Bt(A)J_ _ 7_CAR(e(tw/2)KJ(A)) . E_H(K)J_
= e(itﬂ-/2)KJ(Al) . E_I(K)

= Br_i(Ah), (4.19)

where we have additionally used the identity (g-A)* = 7car(g)-A* for all g € GL(W).
Thus t — S1(A) is Za-equivariant in the stated sense. O

Let the notation for the space of paths in Csy1(2n) from Ei(K) to E_i(K) be
abbreviated to

Q(Cs11(2n), E4i(K), E-i(K)) = Qg Cs41(2n). (4.20)

Interpreting the parameter ¢ in the definition of 5; as a path parameter, we obtain an
equivariant map

B:Cs(n) = Qi Csy1(2n)
Ap = {t = Bi(f(A4))} (4.21)

Due to its Zs-equivariance, it restricts to a map
B : Cs(n)?2 = Ry(n) = (QxCsyi1(2n))%2, (4.22)

where the Zo-action on the path space is the one introduced in Section |3.5

Let an IQPV in the real symmetry class s with configuration space X be described
by the map 9 : X — Cs(n). Using 3, we can form Bo1 : X — QxCsi1(2n) and in-
terpret this map as a map SX — Cys11(2n) describing an IQPV in the real symmetry
class s + 1 with double the number of bands and an additional momentum-like coor-
dinate in its configuration space (see Section . In the following, we demonstrate
these features on an example.

Example 4.2 (From (d, s) = (0,0) to (1,1)). Starting with a superconductor ground
state in the real symmetry class s = 0 (class D) in zero dimensions (X = S%) and
with W, = C2? (n = 1), applying the construction above produces the ground state of
a time-reversal invariant superconductor in class DII in one dimension (SX = S%1).
Recall that both points of X = S%? are fixed under the involution 7 and therefore the
image of a map describing an IQPV is restricted to lie within Ry(1) C Cy(1), which
consists of only two points:

Ro(1) ={C-¢,C- T}, (4.23)
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which correspond to the empty and occupied state |0) and |1) respectively. Choosing
the base point to be C|0), there are two based maps S — Ry(1): the constant
map and the map 1 assigning to the point in S° which is not the base point the
image |1). The procedure of doubling the number of bands amounts to forming the
tensor product with the two-dimensional spinor space ((C2)Spin to obtain the space
W=W;dW_ =C*= (C?)pag @ (C?)spin, where we use the subscript “BdG” as for
the Bogoliubov-de Gennes Hamiltonian of eq. . We set

K :=i(01)Bdc ® (01)spin; (4.24)
so the image of A = C-cf € Ry(1) under f as defined in eq. is given by
f(A) = span(c{c;, CI}, (4.25)
while the base point A, = C - ¢ € Ry(1) is mapped to
f(A,) = spanc{cy, )} (4.26)

The operator I is chosen to be the pseudo-symmetry J; introduced in Section [2.5.2
as part of the Kitaev sequence:

I=J = ’}/T = (Gl)BdG (024 (iO‘Q)Spin. (427)

We can now apply (B; with ¢ € [0,1] to obtain a one-dimensional IQPV in the real
symmetry class s = 1 (class DII). Since the parameter ¢ will play the role of the
momentum coordinate, we use the parametrization k := 7(t — 1/2) to obtain

A(k) = Bijrg1/2(f(A))
_ 2RI | )
_ J/2KIA) | 4

= spang {ci,(—k:) cos(k/2) — c_q(k) Sin(k/2)}a=T,¢ . (4.28)
Similarly, the base point f(A.) € R11(2) maps to
A, (k) = spang {ca(k) cos(k/2) — ¢ (—k) sin(k/2)}gz¢,i : (4.29)

Since A(+m/2) = A.(£7/2), the two parts A(k) and A, (k) fit together to produce
a single Zs-equivariant map SS®° = S%! — (01(2), as shown in Figure In fact,
the part A, (k) can be absorbed into the part A(k) by extending the range of k from
[—7/2,7/2] to [—m, .
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Figure 4.1.: The additional coordinate introduced may be viewed as a suspension co-
ordinate since A, (k) (lower arc) and A(k) (upper arc) agree at k = +7/2,
producing a domain S%!. The Zs-action on S%! is indicated by the arrows.

The many-body ground state which is annihilated by all elements in A(k) for all
k € [-m, 7] can be written as

lg.s.) =exp (X, cot(k/2)P(k))|vac), (4.30)
with
P(k) == cl(k)cl (—k). (4.31)

There are other choices of imaginary generator K, for instance the family K(a) =
i(o1)Bag ® (01 cosa + o3sin oz)spin. With respect to an arbitrary choice of «, the
generalized Cooper pair operator P, (k) reads

P,(k) = cﬂk)ci(—k) cos o + (c$(k)c¥(—k) — ci(k)ci(—k)) sin «, (4.32)

manifesting the spin-triplet pairing of the superconductor at hand.

Example 4.3 (From (d,s) = (1,1) to (2,2)). Starting from the result of the previous
example, we now apply the diagonal map once more to arrive at a two-dimensional
system in the real symmetry class s = 2 (class AIl). The result of this exercise will be a
representative of the topological phase known as the quantum spin Hall effect. Having
already introduced spin, doubling the dimension of VW has the physical interpretation
of introducing two bands, which we label by p and h. Applying the (1, 1)-isomorphism
f of eq. to the outcome of the previous example yields

f(A(k) = spanc {ap+ (k1) ay (k). b _(<k), bl L (<k1) }o (433)
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with
Ao (k1) = cop(k1) cos(k1/2) +icc_yn (k1) sin(k1/2), (4.34)
boe(k1) = con(k1) cos(k1/2) —iec_qp (k1) sin(k1/2). (4.35)

Here we have used a convenient basis in order to avoid linear combinations of creation
and annihilation operators, in anticipation of the particle number (or charge) conser-
vation to be introduced. The following operators present a set of pseudo-symmetries:

J1 =7T = (01)Bdc ® (102)spin ® Idph, (4.36)
I =Jy=1QJ1 = (02)Bdc ® (102)spin ® Idpn, (4.37)
K = ildpag @ (01)spin ® (01)ph- (4.38)

We now translate the subspace f(A(k1)) C C8 to the operator J(f(A(k1))) according
to eq. :
J(f(A(k1))) = i(o3)Bac ® (Idspin @ (03)ph cos(k1) + (02)spin @ (01)pn sin(k1)) . (4.39)
The diagonal map can now be evaluated as
A(k) = eF2/DEIAED) L 4 (ky)
= spanc {ar,. (k). (k),8]_(-k),8 , (k) }, (4.40)
where k = (k1, k2) and
Goe(k) = (Cop(k)cos(k1/2) +iec_qn(k)sin(ki/2)) cos(ka/2)
— (c—on(k) cos(k1/2) +iecy p(k) sin(k1/2)) sin(k2/2), (4.41)
= (con(k)cos(k1/2) —icc_gp(k)sin(k1/2)) cos(ka/2)
— (c—o,p(k)cos(k1/2) —iecon(k)sin(k1/2)) sin(k2/2). (4.42)

bz (k)

By construction, the space A(k) is ki-independent for ko = £7/2, so the momentum
space can be viewed as SS*! = S%2. 1In order to verify that the present IQPV
represents the non-trivial phase called the quantum spin Hall phase, we follow [KMO05]
and consider the bilinear form assigning to w,w’ € Ay the complex number

Ok (w,w') := (Tw,w') = {Jyw,w'}, (4.43)

where we identify Wi = W_x = C8. A short computation using the facts that J; is
orthogonal with respect to {-,-} and J12 = —1 reveals that 0y is skew:

O (w,w') = {Jyw,w'}
= {J2w, Jyw'}
= —{w, Jjw'}
= —{Jiw',w}
= —Ok(w',w). (4.44)
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The Kane-Melé Pfaffian [KMO05] is defined to be the Pfaffian of the skew bilinear form
fx and evaluates in the present example as

Pf(0y) o< cos®(kz). (4.45)

This expression vanishes only for the two points with ko = £7/2. The fact that
the zeros occur in a pair at k and —k is guaranteed due to Oy (w,w’) = O (Tw, Tw")
and TA(k) = A(—k). Being zeros of a complex-valued function, all zeros of the
Pfaffian carry a vorticity and homotopies of IQPVs can only create zeros in pairs
with opposite vorticities. Furthermore, at the special momenta k = —k the form 6y
is non-degenerate so the Pfaffian cannot vanish and pairs of zeros cannot be created
or annihilated there. Thus, the property of having an even or odd number of pairs
of zeros is an invariant and since the trivial topological phase is represented by a
constant map, all of its representatives belong to the even sector. On the other hand,
the result of applying our diagonal map yields a Kane-Melé Pfaffian with a single pair
of zeros and therefore represents the quantum spin Hall phase.

4.3. Homotopy theory of the diagonal map

Having constructed the equivariant map £ that maps an IQPV X — Cs(n) to an
IQPV §X — Cs41(2n), we now investigate its induced map on equivariant homotopy
classes (= topological phases):

BL2 1 [X,Cs(n)]22 — [SX, Coy1(2n)]%2. (4.46)

We wish to apply the Zy-Whitehead theorem (Theorem in order to show that,
under certain circumstances, 522 is a bijection and therefore leads to the diagonal pat-
tern in the Periodic Table[4.1] First, we identify [SX, Cs41(2n)]2 = [X, QCs11(2n))%2
according to Proposition[3.26] The problem now fits the format given in Theorem [3.21
with Y = Cs(n) and Z = Qi Csy1(2n). Therefore, in order for 522 to be a bijection for
d < n, both the map £ (forgetting its equivariance) and its restriction 3’ to Zo-fixed
points (see eq. ) need to induce bijections on the level of all homotopy groups
g for d < n.

The first of these statements follows immediately from a result known as complex
Bott periodicity [Bot59], since our map S reduces to the complex Bott map when the
Zo-action is ignored:

Proposition 4.4. The induced map
ﬁ* : ﬂd(CS(n)) — Wd(QKCS+1(2n)) (4.47)

s an isomorphism for all s and 1 < d < n.
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We exclude the case d = 0 since, for instance, mo(Co(n)) = mo( U?/:‘O Gry(C?)) =
Zon+1 but mo(QxC1(2n)) = m1(U,) = Z. Often this discrepancy is evaded in the
literature by the ad hoc definition Cy(n) = Z x Gr,(C?"). However, in the physical
setting there is no justification for this adjustment and with some care, our proofs will
work without it for d > 1, leaving d = 0 to be treated separately.

The second statement, which concerns the connectivity of the map ' defined in
eq. (4.22), is more intricate and we will devote the remainder of this section to it. As
a first step, we know from Section that we can identify the equivariant path space
with the equivariant loop space. Using Lemma [3.7], we know that loops are already
determined by half of their length, so we can conclude

7a(QK Cy1(2m)%) = ma(QCs11(2n)™) = masr (Cosr, Rosr) (4.48)
for all d > 1. Thus, showing that 3’ is highly connected amounts to showing that
Bt ma(Rs(n)) = mar1(Carr, Ret) (4.49)

is an isomorphism for 1 < d < n.

In the next subsection, we prove the above statement for the two real symmetry
classes s = 2 and s = 6. The other classes will be handled by a more indirect proof
based on this result.

4.3.1. Bijection for s € {2,6}

In order to show that £, is highly connected, we will make use of the fact that there
is, for s = 2 or s = 6, a fibration (actually, even a fiber bundle)

Ryy1(2n) < Coy1(2n) -2 Ry1(2n), (4.50)

for a base space §5,1(2n) ~ R,1(2n) to be introduced. Inspecting the spaces in
Table these two fiber bundles correspond to

Sp,, = U, = U,,/Sp,, (s =2), (4.51)
On/4 — Un/4 L Un/4/On/4 (5 = 6)a (452)

where n needs to be a multiple of 2 for the first one and a multiple of 4 for the second
one.
The projection p induces an isomorphism

P a1 (Csy1(2n), Roy1 (2n)) = way1 (R (2n)) (4.53)
for all d by basic principles (see [Hat02, p. 376]). On the other hand, we will show
that the map 8’ can be interpreted as a map S, into Qi R, 1 rather than (QxCyy1)?2,
yielding the real analog of Proposition [£.4] in the form of isomorphisms

By : Ta(Rs(n)) — g1 (Rs1(2n)). (4.54)
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4. Homotopy classification

Ultimately, we will show that 3'op = E which proves that 3, also induces isomorphisms
on homotopy groups.

The outlined strategy is summarized in the diagram below: Since the diagram is
commutative and two out of three maps are isomorphisms (p, and (), the third map
B. has to be an isomorphism as well. In fact, it will turn out that the step of halving
the interval of the path coordinate in the map S’ to ¢ € [0, %] in order to arrive at the
relative homotopy group will be reversed under the projection p which doubles the
interval to ¢ € [0, 1] again.

Ta+1(Cst1(2n), Rsi1(2n))

B P
half double

Ta(Rs(n)) - Tar1(Rs,1(2n))

Changing the CAR involution

Recall that the CAR pairing of W is given by the anti-commutator bracket {-,-} for
fermionic operators. Using the two pseudo-symmetries I and K in the definition of
Cs12(2n), we can form the operator

ug = %(1 —IK). (4.55)
This operator is unitary since IK is anti-Hermitian and (IK)? = —1:
wpup = 11— IK) 1+ 1K) = L(1 — (1)) = 1. (4.56)

Using ug, we define another bracket
{uw, 0} = {ugw, ugw'}, (4.57)

for w,w’ € W.
Since I is a real and K an imaginary pseudo-symmetry, I preserves the bracket
{-,-}, while K reverses its sign. Therefore,

{w,w'} = Lw — IKw,w' — IKw'} = {~IKw,uw'} = {IK)'w,w'}.  (458)

~——

This implies that if {w,w’} = 0, then {IKw,w'} = 0, so the modified bracket results
in a modified involution T,y : Csy1(2n) — Csy1(2n) related to the original involution
by

?3+1 =J]Ko Ts+1- (459)
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4. Homotopy classification

Consequently, also the involution Tcar on operators is modified to

?CAR:IKOTCARO(IK)il, (4.60)

and in particular
Tear(I) = IKTcar(D(IK) ' = KIK ™' = —1, (4.61)
Foar(K) = IKToar(K)(IK) ™" = I(-K)I™' = +K. (4.62)

Thus, the roles of I and K are reversed under the modified bracket: I becomes an
imaginary pseudo-symmetry, while K is turned into a positive one. All remaining
pseudo-symmetries commute with the product I K and therefore

7cAr(J1) = Tcar(J1) = Ji (4.63)

for i =1,...,s. These s pseudo-symmetries define the space Cs(2n) as before and we
now have two options of extending the set of pseudo-symmetries by an imaginary one
to obtain Cs41(2n): Either we take K with the usual involution 7car leading to the
fixed point set

Re1(2n) = {A € C4(2n) | KA® = A = 71 (A)}, (4.64)

or we choose I with the modified involution Tcar, which results in a different fixed
point set

Re1(2n) = {A € Cy(2n) | TA® = A = 7,1 (A)}. (4.65)

These two spaces are in bijection (R 1(2n) ~ §871(2n)), since they are related by the
invertible transformation ug.

Connection with real Bott periodicity

We recall from eq. (4.21)) the definition of the map 3 : Csi2(2n) — Qg (Csy1(2n))

adding a momentum-like coordinate:
Bi(A) = /2RI B (K).

Lemma 4.5. For A € Rsy1.1(2n) the curve t — Bi(A) lies entirely within Es,l(Zn).

Proof. By inspecting the definitions (4.65)) and (2.137)) one sees that

R5+1,1(2n) = R5,1(2n) N R5+1(2n). (466)

Indeed, the two spaces on the right-hand side have the same pseudo-symmetries
Ji,...,Js and I, but the points of the second space are fixed with respect to 7sy1
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4. Homotopy classification

while the first space is the fixed-point set of 7541. As a consequence, all elements
A € Ry 1(2n) N Rey1(2n) are fixed under the map IK:

IKA=1K7s11(A) =Ts11(A) = A. (4.67)
Since I is a pseudo-symmetry, it follows that
KA=KIKA=1TA= A" (4.68)

Therefore the intersection on the right-hand side of Eq. does give the space on
the left-hand side.

Owing to all points A of Rs11,1(2n) lie in both R, 1(2n) and §5,1(2n). Also,
the product K J(A) commutes with all generators Ji, ..., Js and I. It follows that the
one-parameter group of unitary operators e(tm/2KJ(A) pregerves the pseudo-symmetry
relations of §S71(2n). Moreover, e(7/2KJ(A) i real with respect to the CAR structure
since Tcar(K) = +K and

TeAr(J(A)) = J(Te11(4)) = J(A).
Hence f;(A) € Rq1(2n) for all ¢ € [0,1] as claimed. O

As a consequence, the map 3’ : Rs(n) — (QxCsy1(2n)) may be reinterpreted as a
map

B: Ry(n) — Qi Ry 1(2n) (4.69)

by using the modified involution Tcar on Csy1(2n). After identifying §871(2n) ~
R, 1(2n) ~ Rg_1(n), this map corresponds to the well known real Bott map [Bot59]
and we therefore have the result

Proposition 4.6. The induced map
Ba : ma(Rs(n)) = may1 (o1 (20))
1s an isomorphism for 1 < d < n.

Thus, the only ingredient remaining is the projection p.

The projection p
For the remainder of this section, we adopt the simplified notation
Cs—i—l = Cs+1(2n)a
Roi1 = Rot1(2n),
Rei11 = Rsy11(2n),
Re1 = Ro1(2n).
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4. Homotopy classification

We reiterate the following relations between these spaces:

Rei1 C Coq, (4.74)

Ry1 C Coy, (4.75)

Rgy11 = Rey1 N Ry ;. (4.76)

Recall that all of the pseudo-symmetries Ji,...,Js and I anti-commute with the

operator K, so they map the eigenspace E;i(K) to its orthogonal complement E_;(K).
Thus, E;(K) is an element in Cyy1 and we may realize the latter as an orbit

Csi1 =U - Eyi(K), (4.77)
by the group
U:={ucUW)|u=JiwJ;'=...= JuJ;' = Tul'} (4.78)
with stabilizer
Uk ={uecU|u=KuK '} (4.79)

Note that we met U in Section as U = G;C+1(2n). In that section, we pointed out
that the spaces Csy1 can all be realized by orbits for even s and as unions of orbits for
odd s. We focus on the case with even s and thus a single orbit, since our goal will be
to apply the machinery developed here to the case s € {2,6}. For odd s, some details
would have to be changed, including the replacement of Cs11 by one of its connected
components.

Since all v € U commute with I, the stabilizer Ux can be realized alternatively as
the fixed point set of the Cartan involution

O(u) == IKu(IK)™!, (4.80)

rendering Csy1 a symmetric space. Indeed, for all odd s it is a unitary group, see
Table The involution 6 has the useful property that it relates the two involutions
Tcar and Tcar on Cgy1 by the formula

TcAR = 0 0 TCAR, (4.81)

see eq. (4.60). In fact, all three involutions commute with one another.
The two subgroups of U fixed by the involutions Tcar and Tcar will play an im-
portant role in this section:

G := Fix(tcar) C U, (4.82)

G := Fix(7car) C U. (4.83)
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4. Homotopy classification

Similar to the realization of Csy; as an orbit of U, we can realize Rs41 and Es,l as
orbits of G and G respectively:

Rei1 =G - A,, (4.84)
R.1 =G -Ey(K)=G/H, (4.85)

where we have chosen a base point A, € Rsy1 DESJ = R,11,1 and defined the stabilizer
subgroup

H:=UgNG=UxNG=GNG. (4.86)

The situation is illustrated in Figure The groups G and G generate Rs11 (blue)
and fis,l (green), which intersect in the space Rqy11 (red circle) containing the base
point A,.

The different realizations of H follow from eq. - Since the Cartan involution
restricts to G and has H as its fixed points within G, the space Rs 1 is also a symmetric

space. A construction which will be used in the proof of the next lemma is the Cartan
embedding G/H = U(G/H) C G defined by the bijection

G/H — U(G/H) (4.87)
GH — g6(3)~ L. (4.88)
We omit an analogous discussion for R since it will not be required for the following.

Lemma 4.7. Suppose that the principal bundle U — U/Ux = Csy1 admits a global
section, i.e. a map o : Csp1 — U with 0(A) - E4(K) = A for all A € Csq1. Suppose
further that

(i) for all A € Csy1, the group element o(A) commutes with its images under 6 and
TCAR, and

(i) for all A € ESJ the relation Toar(o(A)) = o(A)~! holds.
Then the mapping p : Csy1 — Csy1 defined by
p(A) := Tcar(o(4) 7" - A (4.89)
has the following properties:
1. p 1s onto ﬁ&l.
2. p(Be(A)) = Bar(A) for all A € Rgyq,.
3. p(Rs+1) = E_i(K).
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4. Homotopy classification

E_i(K)

Figure 4.2.: Schematic visualization of the setting in Lemma The orbits under
the groups G and G are the spaces }?571 and Rsi1 (green and blue) re-
spectively. Their intersection (red) is the space Rs11 1. The projection p
squares (“doubles”) in the green direction (property 1 and 2) and thereby
sends the blue part to the south pole E_;(K) (property 3).
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4. Homotopy classification

Proof. Before proving that p is onto §S71, we show that the image of p is con-
tained in Rs;. For this purpose, we write p(A) = X(A) - E4(K) with £(A4) =
Tcar(0(A)) "o (A) and send p(A) to its image under the Cartan embedding:

p(A) = B(A)I((A)) ™ = g.

Using the fact that 7car(X(4)) = X(A4)~! as well as assumption (i), applying Tcar
to g evaluates to

7oar(9) = Toar (E(A)0(E(A) ™)
= (0 0 7car)(B(A))Tear(2(4)) 7!
=6(2(A))"'5(4)

1

—~
=

S(A)0((A4) !
g.

This implies that #(§) = 7car(§) = §~ ' and therefore § lies in the Cartan embed-

ding U(G/H). This in turn implies that p(A) € G- E4;(K) and therefore p maps into
R, 1. To see that it is in fact surjective, let A = o(A) - E4(K) € Rs1 C Csy1. By
assumption (ii), the expression for p(A) in this case takes the form

P(A) = ear(o(A) ™" A = 0(4)? - E(K). (4.90)

Thus p : Rﬂ — Rﬂ is the operation of squaring (or doubling the geodesic distance)
from the point Eij(K): in normal coordinates by the exponential mapping with
respect to Eyi(K) it is the map

P(A) = p(exp(X) - Exi(K)) = exp(2X) - Exi(K). (4.91)

Since the squaring map is surjective, it follows that p : Csp1 — }~3571 is onto. In
Figure the property of squaring can be visualized as “stretching” by a factor of
two into the green direction.

Now for A € Rsi11 C Ry we recall that §;(A) = e"/2KJ(A) . B (K). The
second stated property is then an immediate consequence of the squaring property in
eq. (E90):

p(Be(A)) = (e(m/z)KJ(A))2 - E1i(K) = Bar(A).

Turning to the third property, we observe that o as a section of U — U /U satisfies,
forallu e U,

o(u- A) = uo(A)h(u, A), (4.92)
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for some h(u, A) taking values in the isotropy group Uk of Fi(K). By specializing
this to A =g+ A« € Rs41 for u =g € G and using g = Tcar(g) we obtain

p(A) = 7oar(c(A)) Lo (A) - Byi(K) (4.93)
= 7car(h) " troar(0(AL) Lo (A,) - Eyi(K) (4.94)
= 1car(h) T p(AL) (4.95)
= rcar(h) ' E_i(K) (4.96)
= E_i(K). (4.97)

In the second to last line we have used the second property of p in the form p(A,) =
p(B1/2(Ax)) = Bi1(As) = E_i(K) and in the last line we have used the fact that
rcar(h) ™! € Uk since the subgroup Uy of -fixed points is stable under Toar (as 6
and Tcar commute). In the schematic picture presented in Figure this property
corresponds to p sending the entirety of the blue subset Rs;11 C Csy1 to the south
pole E_;(K). O

Remark 4.8. The section o with the stated properties, whose existence is a necessary
condition for the statement of Lemma to hold, exists if and only if s € {2,6}.

Proposition 4.9. The map B, of eq. (4.49) is an isomorphism for s € {2,6} and
1<d<kn.

Proof. Let s = 2 for definiteness. Then U = U, x U,, and the Cartan involution 6 has
the effect of exchanging the two factors of U = U, x Uy, so the subgroup Fix(f) = Ui
is the diagonal subgroup U, C U, x U,. The involution 7car acts by 7s, in each
factor, where we define 75, : U, — U, to be the involution with Fix(rs,) = Sp,,.
Hence G = Fix(rcar) = Sp, x Sp,, and G = Fix(7car) = Uy, with intersection
H =GNG =8Sp,,. The orbit of G on E4;i(K) is Ry = G/H = U, /Sp,.

The principal bundle U — U/Ug = Cs4 is the projection U, x U,, — U,, x U, /U,
and is trivial. We may take o to be of the form o(A) = (u, 1), with the second factor
being the identity. The involution Tcar does not mix the two factors, implying that
the second factor of 7car(c(A)) is still the identity. Because the Cartan involution
0 exchanges factors and thus moves the identity map to the first factor, 6(c(A))
commutes with o(A) and 7car(o(A)), as is required in order for the first condition of
Lemma [4.7| to be met. Moreover, an element A € Ry lifts to o(A) = (urgp(u) ™!, 1d)
for some u € U,,. In this case one has Tcar(0(A4)) = (rsp(u)u=t,1) = o(A)~L, which
means that also the second condition of Lemma is satisfied. The case of s = 6
proceeds along the same lines with the substitutions n — n/4 and Sp — O.

Thus Lemma [£.7] applies, and from the properties stated there it follows that for
s € {2,6} we have a short exact sequence of spaces

Rgp1 = Csp1 =2 Ry, (4.98)
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4. Homotopy classification

where the first map is simply the inclusion of Ry = p~'(E_i(K)) into Csyq. The
second map, p : Csp1 — Es,l, has the so-called homotopy lifting property: for any
mapping f: X x [0,1] — és’l there exists a mapping F':=co f: X x [0,1] = Cs41,
which is a lift of f in the sense that p o f = f. This means that the short exact

sequence (4.98) is a fibration.
It is a standard result of homotopy theory (see [Hat02, Thm. 4.41,p. 376]) that the

mapping p, induced by the projection p of a fibration induces isomorphisms

o 7Td+1(Cs+1, R8+17 A*) — 7Td+1(Rs,1a E—I(K))

for all d (for clarity, we make the base points explicit here). By composing p, with
the mapping 3. of eq. (4.49), we arrive at the map

Px © 5; : ﬂd(R5<n>, A*) — 7rd+1(R571(2n), E_I(K» (499)
By the second property of p stated in Lemma [4.7, we have
ps o Bl = B (4.100)

and since, in addition to py, the induced map E* is an isomorphism by Proposition
so is B for all 1 < d < n. O

Remark 4.10. To draw the same conclusion for all real classes s, one would need eight
fibrations of the following type:

U/Sp — (U x U)/U — (O x 0)/0,
Sp/(Sp x Sp) — U/(U x U) — O/U,
(Sp x Sp)/Sp = (U x U)/U — U/Sp,
Sp/U < U/(U x U) — Sp/(Sp x Sp),
U/O — (U x U)/U — (Sp x Sp)/Sp,
0/(0x0)—=U/(UxU)— Sp/U,
(0x0)/O0 = (UxU)/U—U/O,
O/U—=U/(UxU) — 0/(0 x 0).
The third (s = 2) and seventh (s = 6) of these are the fibrations discussed in the

proof of Proposition While the others are available [Gif96] in the K-theory limit
of infinitely many bands (n — 00), they do not seem to exist at finite n.

We are now in a position to use the Zs-Whitehead Theorem |3.21|in order to prove
the following;:
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Proposition 4.11. Let X be a path-connected Zo-CW complex, and let s = 2 or
s = 6. Then the map (4.46) between homotopy classes of Zs-equivariant maps,

21X Co(n)]22 = [SX, Capn (20))22,

which increases the symmetry index and the momentum-space dimension of a topo-
logical phase by one, is bijective for dim X < n.

Proof. After the identification [SX, Cy11(2n)]%2 = [X, QxCyi1(2n)]%2 given by Propo-
sition [3.26] our statement is an immediate consequence of the Za-Whitehead Theorem
(Theorem . Recall that in order for that theorem to apply in the case of a Zs-
equivariant map 8 : Y — Z, one has to show that 87 : YH# — ZH is highly connected
for all subgroups H of Z,. We have done so (with the identifications Y = Cs(n)
and Z = QxCsy1(2n)) for H = {e} (by Proposition and H = Zy (for s = 2
and s = 6 by Proposition . In both cases, the fact that (for s = 2,6) there is
no bijection between my(Cs(n)) and mo(QxCsy1(2n)) (resp. between mo(Rs(n)) and
70((Qx Cs41(2n))?2)) is remedied by the assumption that X is path-connected. In-
deed, under that condition the image of the base-point preserving map 3 (resp. 572)
lies entirely within the connected component of QxCsy1(2n) (resp. (QxCsi1(2n))%2)
containing the base point and we may simply restrict to that single connected com-
ponent. With this detail in mind, the Z,-Whitehead Theorem indeed applies to give
the stated result. O

4.4. Classification for all s

In this section we extend the statement of Proposition to all real symmetry
classes s. In order to do so, we construct a mapping which increases the position-
like dimension of the configuration space X by one (rather than the momentum-like
dimension as before) while decreasing (as opposed to increasing) the symmetry index.
As a corollary, choosing the configuration space X = S% % as introduced in Section
will allow us to recover the generalized Periodic Table for topological phases (Table
including the presence of a single defect with codimension d, + 1 as put forward in
[TK10]. The connection to the physical configuration spaces given by the Brillouin
zone T% without defect and the product S% x T% in the presence of a defect will be
made in Chapter [7} There we prove that, in the stable regime, the sets of topological
phases [T%, Cy(n)]Z2 and [S% x T9%, C,(n)]%? decompose into a product with factors
exclusively of the form [S%" Cy(n)]22, 0 < r < dy, all of which are determined here.

4.4.1. Additional position-like dimensions
Recall from Definition that the map 3 is given by
Bi(A) = U /AKI(A) . 4
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In the following, we use the same definition, for A € Cs(n) (rather than the previous
A € Cs42(2n)) and with 7car(K) = K (rather than 7car(K) = —K). Thus, all
pseudo-symmetries Ji, ..., Js_1, K are assumed to be of the real type. The change
of the formerly imaginary generator K to a real one has an important consequence:
the second property listed in Lemmachanges from B¢ (A)*+ = B1_¢(AL) to B (A)* =
B¢(A*). Hence, the additional coordinate ¢ is now position-like rather than momentum-
like. This means that the modified curve t — [;(A) agrees with the original Bott map
[Both9l IMil63]: all Za-fixed points A € Rs(n) C Cs(n) are now mapped to Zo-fixed
points f;(A) € Rs_1(n) C Cs_1(n) for all t. A treatise on the relationships between
complex and real Bott periodicity can be found in [MQ12]. The alternative use of /3
described here leads to the following result:

Theorem 4.12. For a path-connected Zo-CW compler X with dim X < n, the orig-
inal Bott map B induces a bijection

[X7 CS(TL)]%Q — [SX7 CS—l(n)]%Q'

Proof. We use Proposition to identify [SX,Cs_1(n)]%? = [X,QxCs_1(n)]% and
in order to be able to apply the Zs-Whitehead Theorem (Theorem . For the
trivial subgroup {e} C Za, the map f : Cs(n) — QxCs_1(n) is the complex Bott
map and therefore highly connected. Similarly, for the full group Zs, the map S
restricts to the real Bott map Rs(n) — Qi Rs—1(n), which is also highly connected.
The obstruction that there may be a mismatch between m for Cs(n) resp. Rs(n) and
QrCs_1(n) resp. Qg Rs_1(n), is avoided by the reasoning described in the proof of
Proposition O

By specializing the result above to the case of X = S% % (which is path-connected
unless d, = dj, = 0) and using SX = S(S% %) = Sd+1.dk we immediately get the
following:

Corollary 4.13. There exists a bijection
8%, Cum) |22 [8%H, Oy ()2

for 1 <d, + di < n.

4.4.2. Additional momentum-like dimensions

We now state and prove for all real symmetry classes s an analog of Theorem for
an increase in the momentum-like dimension:

Theorem 4.14. For a path-connected Zo-CW compler X with dim X < n there is,
for any real symmetry class s, a bijection

[X, Cs(n)]2? = [§X, Copr (20)]72.
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Proof. The idea of the proof is to first apply Theorem repeatedly in order to
adjust the symmetry index s to be either 2 or 6 (for concreteness, we settle on the
arbitrary choice of 2 here), then use the statement of Proposition to increase the
momentum-like dimension of X by one, and finally go to the symmetry index s + 1
by retracing the initial steps.

To spell out the details, let s = 2 + r with » > 0 (the cases s = 0 and s = 1 are
included as s = 8 and s = 9 respectively by making use of the eightfold periodicity
Cs(n) = Cs48(n/16) and Rs(n) = Rsis(n/16)). Then Theorem implies that
there is a bijection

X, Cy(m)% = [S7X, Ca(m)] 2,

where S”X is the r-fold suspension of X. Here we made use of the fact that if X is
path-connected, then so is its suspension. We next apply Proposition [£.11] to obtain
a bijection

[S"X,Ca(n)]22 ~ [SS"X, C5(2n)]22.

Finally, we observe that SS™ X = S"SX and carry out r applications of Theorem
in reverse:

[§78X, C3(2n)] 22 = [SX, Cp1 (20)]72,
which completes the proof. O
Specializing once more to X = S%:% we have

Corollary 4.15. For 1 < d, + di < n, there is a bijection
[T, O (n)] 72 o [S¥HHY, Oy (20)]22.

Proof. Although this result follows directly from the more general one in Theo-
rem [4.14] it may be instructive to repeat the proof in order to show our chain of
reasoning for a special case of importance in physics:

[S%edk, Cy(n)]F2 =[S 572k Cy(n)] 72
~ [Sdz+s_27dk+17 03(271)}%2

~ [Sdedk L O (2n)) 22,
O

From the combination of the Corollaries and the entries of Table are
determined by just specifying one column of entries for variable symmetry index s but
fixed values for the dimensions d, and dj, subject to d; + di > 1. For example, one
may take (dg,dy) = (1,0), in which case [0, Cs(n)]%2 is none other than the well-
known fundamental group 71 (Rs(n)) for the real symmetry classes and m1(Cs(n)) for
the complex ones.
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In stating our Theorems and we simply posed the qualitative condition
d = dim X < n, leaving their range of validity unspecified. In this chapter, we fill
this quantitative void and formulate precise conditions on d (as a function of n) in
order for the theorems to apply. This sets up the investigation of changes to the
homotopy classification displayed in Table to be carried out in Chapter [6]

5.1. Connectivity of inclusions

In the definition of the space Cs(n) with involution 7, fixing the subspace Rs(n),
the dimension n takes values in msN for a minimal integer ms > 1 which depends
on the symmetry class s. This restriction n € msN stems from the requirement
that YW = C?" must carry a representation of the Clifford algebra generated by the
pseudo-symmetries Ji,...,Js. The numbers m; can be obtained by choosing the
minimal parameters in Table[2.1]and are related to the ones found in [ABS64], Table 2]
and [SCR11l Table V]. The result is shown in the following list, which can be continued
beyond s = 8 by the relation mgsyg = ms/16:

8
16

S‘O
1

1 2 3 4 5 6 7

ms | 2 2 4 4 4 4 8
Let the Clifford generators in the definition of Cs(n) be denoted by J; and those
of Cs(mg) by J/ (I =1,...,s). For any symmetry class s, let a fixed element Ay €

Rs(ms) C Cs(ms) be given. We then have a natural inclusion
is: Cs(n) = Cs(n+ms), A Ad Ao, (5.1)

where Cs(n + my) is defined with Clifford generators J; & J] (for I =1,...,s). The
map is; has the property of being equivariant with respect to the Zs-action on its
image and domain:

is(A)t = At @ Ay = AT @ Ag =i (A1). (5.2)

In particular, its restriction i22 to the fixed point set Cs(n)?2 = R,(n) has image in
Cs(n +ms)? = Ry(n + my).
The goal of this chapter is to prove the following theorem:
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5. Beyond the Periodic Table

Theorem 5.1. Given a path-connected Zo-CW complex X and a number (of bands)
n = mgr for some integer r € N, the induced map

(is)s 1 [X, Co(n)]22 = [X, Cs(n +my)] 2

is bijective if dim X < dy and dim X%2 < dy, and remains surjective under the weak-
ened conditions dim X < dy and dim X%2 < dy. The values of di and do are given
in the following table (the complex symmetry classes are included by replacing the Zo-

actions on X, Cs(n) and Cs(n + ms) by the trivial one and neglecting the conditions
on X7%2):

s Cs(msr)o - dy Case
even | Upyq/Up x Uy - min(2p+1,2¢+1) | (iv)
odd U, - 2r (i)

s Cs(msr)o C’S(ms?")oZ2 do Case

0 UQT/UT XU,« OQT/UT 2r —1 (ii)

1 Ugy Uar/Spa, 4r (ii)

2 | Uszpyag/Uszp x Uzg | SPapiq/SPap X Spy, | min(4p +3,4¢ +3) | (i)

3 Us, Spa, dr +2 (i)

4 Usr /U, x U, Spa,. /Uy 2r +1 (iii)

5 U, U, /0, r (iii)

g Up+q/Up x Ug Op+4/O0p x Oy min(p, q) (iv)

7 U, O, r—1 (i)

For the complex symmetry classes with even s (class A) as well as the real classes
s =2 (class All) and s = 6 (class Al), the single parameter r is refined to r = p+ q
i order to accommodate the possibility of the base point lying in different connected
components of Cs(msr).

Remark 5.2. The choice of p and ¢ in the refinement r = p + ¢ amounts to choosing
a chemical potential and thus declaring the number of valence bands to be p and the
number of conduction bands to be ¢ (or vice versa).

Proof. Since X is path-connected and all maps are base-point preserving, we may re-
place Cs(n) = Cs(mgr) by its connected component (denoted by Cs(msr)g in the
table) containing the base point A, € Rgs(n) C Cs(n). Then, by applying the
Zo-Whitehead Theorem, we obtain the desired statements provided that i, is di-
connected and i? is do-connected, with numbers d; and ds that are yet to be deter-
mined. The latter is done in the remainder of the proof, where we distinguish between
four cases.
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5. Beyond the Periodic Table

Case (i)

We start with the three rows attributed to case (i) in the tables. These enjoy the
property of having Lie groups for their target spaces and we can make use of the
following three fiber bundles:

Or — 07"-1—1 — Or+1/Or = Sr)
U, = Upyg = Uy /U, = S7FL

SPa, <+ SPay42 — SParyo/Spa, = SV,

each of which gives rise to a long exact sequence in homotopy. By using m;(S%) = 0
for I < d, we infer from these sequences the following values of d; and ds:

dao=r—1 for O, = Opy1,
dy = 2r for U, — Ur+1,
dy =4r+2 for Spy,. < Spy,o.
For the next two cases, (ii) and (iii), the target spaces are quotients G,/H, with
G, and H, being either an orthogonal, a unitary or a symplectic group. The strategy

in the following will be to apply the result of case (i) to the exact sequence associated
to the fiber bundle

H, — G, - G,/H,.

We distinguish between case (ii) where the inclusion G, < G,y is at most as con-
nected as the inclusion H, < H,;1, and case (iii) where it is more connected.

Case (ii)

Let G, — G,41 be m-connected, where m is less than or equal to the connectivity of
H, — H,;1. Then for all j € Nwith 1 < j <m—1 there is the following commutative
diagram:

mj(Hy) — mi(Gy) — m(Gy/Hy) —— mj—1(Hy) — mj—1(Gy)

EoE e

TFJ'(HT+1) - Wj(Gr+1) - WJ(GT+1/HT+1) - ijl(Hr+1) - ijl(erLl)

The Five-Lemma (for j > 2) and the Special Five-Lemma (for j = 1) of Appendix[A.2]
imply that (i%2), is an isomorphism for all j with 1 < j < m — 1. The map
(i22), : 7o(Gy/H,) = 7o(Gry1/Hr11) needs to be investigated separately. This task
is facilitated by the fact that domain or codomain only contain more than one element
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5. Beyond the Periodic Table

for G, /H, = Og,/U,. In that case, m9(Og,/U,) = Zs = m9(O2,+2/Uy+1). In the real-
ization of Og, /U, as an orbit, all elements A € Og,/U, may be written A = gA, for
a fixed A, € Oz,/U, and g € Og,. The two connected components are distinguished
by det(g) = £1 and we compute

i(A) =i (gAs)
=gA, ® Ay
= (9 ®1d)(As & Ag). (5.3)

Since det(g @ Id) = det(g), it follows that the map (i%2), is a bijection on .
By considering the part further left in the long exact sequences, we obtain the
commutative diagram

Tm(Gyr) ——— (G /Hy) ———— wp—1(Hy) ——— m—1(G,)

lsurjective l@fz ) l: l:

7"'m(Gr—&—l) — 71'm(G'r—i-l/Iflr—&—l) — 7"'m—l(f-[r-i—l) — 7I'm—l(G'r—i—l)

Here, the second Four-Lemma (see Lemma of Appendix [A.2)) implies that (i22),
is surjective. Combining all results, it follows that the inclusion i22 is m-connected,
so doy = m.

Case (iii)

Consider now the complementary case, where H, < H, is m-connected with m less
than the connectivity of G, — G,4+1. We again use parts of the long exact sequence
associated to the bundle H, — G, — G,/H, in order to determine the connectivity

of the inclusion 22. Similar to the previous case, consider the following commutative
diagram for 1 < j < m:

Wj(HT) B Wj(GT) e Wj(GT/HT) e Fj_l(Hr) B ’R’j_l(G,«)

lsurjective l: l@? ) \L: lg

Tj(Hr1) — 7j(Gry1) — mj(Gryr/Hrg1) — mj—1(Hrp1) — 7j-1(Gry)

Again, the Five-Lemma and the Special Five-Lemma of Appendix [A2] imply that
(iSZQ)* is an isomorphism for all j with 1 < 5 < m. Notice that a difference to
the previous case is the fact that the leftmost vertical map is only surjective. The
extension to j = 0, where the diagram above is not defined, is trivial here since all
spaces in involved are path-connected. Further to the left in the exact sequence, we

find the commutative diagram
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Tm+1(Gr) ———— Tm41(Gr/Hy) ———— 7 (Hy) ———— i (Gy)

lﬁ l(ifz ) lsurjective lﬁ

Tt 1(Gra1) — Tna1(Grg1/Hyg1) —— T(Hrg1) —— 7n(Grg1)

The second Four—Lemma again implies that (i22), is surjective. Therefore, in this
case, 22 is (m + 1)-connected, so that dy = m + 1.

Case (iv)

In the remaining three rows of the table, the target space has the form of a quotient
Gp+q/Gp x Gy. For the product of any two spaces Y and Z, one has a natural
isomorphism [Hat(02]

(Y x Z) ~mj(Y) x 7;(2) (5.4)

for all j > 0. Setting ¥ = G, and Z = G, it is compatible with the inclusions
Gp — Gpy1 and Gy — G4 giving a commutative diagram

Wj(Gp X Gq) E—— Wj(Gp_H X Gq—i—l)
mi(Gp) X mi(Gq) — mj(Gp1) X Tj(Ggt1)

Hence, if G < Gp1 is m-connected and G4 < Gg41 m’-connected, then G x G4 —
Gp+1 X Ggq1 is min(m, m')-connected. In particular, excluding the trivial case where
p = 0 or ¢ = 0, the inclusion G, x G4 = Gpy1 X Gg41 is always less connected than
Gp+q = Gpyg+2 and we can follow the steps of case (iii) with H, replaced by G, x G,.
As a result, dy = min(m,m’) +1 = min(m + 1,m' + 1) (and the same for dy). This
completes the determination of d; and dy and, hence, the proof of the theorem. [

Specializing to the physically most relevant case of X = S%% _ we obtain
Corollary 5.3. The induced map
(s ) : [SdmdkaS(n)]%Q - [Sdz’dka Cs(n+ mS)]%Q

18 bijective if 1 < dy + dp < d1 and d, < do and surjective if 1 < d, + di, < dy and
dy < ds.

Once the conditions for (is). to be bijective are met, we are in what is called the
stable regime. In that case, given some path-connected finite Zs-CW complex X,
Corollary can be applied repeatedly to give a bijection

(is)s : [X, Cs(m)) — [X, Cs(00)] 22, (5.5)
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5. Beyond the Periodic Table

where Cg(00) is the direct limit under i5. This is the limit where K-theory applies
for arbitrary Zo-CW complexes X of finite dimension. For example, taking complex
class A (even s and trivial Zs-actions), the right hand side is often written [X, BU].
and is in bijection with K¢ (X).

Returning to the case of a fixed configuration space X, Theorem [5.1] gives the exact
boundary to the stable regime of K-theory. However, as discussed in Section
on the unstable side there is a further distinction in some symmetry classes between
homotopy classes and isomorphism classes of vector bundles. This is the case for the
real symmetry classes s = 2 (class AIl) and s = 6 (class Al) as well as the complex
symmetry class with even s (class A), all three of which have been handled in case (iv)
in the proof of Theorem[5.1] In these symmetry classes, there is a Uj-symmetry leading
to a decomposition of the fibers A(z) € Cs(n) (z € X) as A(z) = AP(z)DAP(z), where
p stands for particles or conduction bands and h for holes or valence bands. Recall
from Section that A(z) is already determined by A"(z). The bundle with fiber
AN(z) over x € X is a Quaternionic vector bundle in the sense of [Dup69] (class AI),
a Real vector bundle in the sense of [Ati66] (class AI) or an ordinary complex vector
bundle (class A) over X. In [DNG14b| and [DNG14a], these vector bundles have been
classified up to isomorphism for X = S%% with d; < 4 and d, < 1. However, as
was emphasized in Section in the situation at hand, where we have subvector
bundles, isomorphism classes agree with homotopy classes only when dim AP(z) is
large compared to dim X and dim X?%2. It is the goal of the following to specify
precisely what is meant by “large” in the three symmetry classes respectively.

The inclusion 45 adds dimensions to both AP and AP, corresponding to the addition
of conduction bands and valence bands. This increases q to ¢+ 1 and p to p+1, as was
considered in case (iv) of Theorem above. This inclusion can be refined by two
separate inclusions: Given a fixed Ay = Ag @ Ag € Cgs(my), one may add additional
valence bands,

il Cy(n) = Cs(n4+ms/2), A Ad Ab (5.6)

S

or additional conduction bands,
PP Cs(n) = Cs(n+ms/2), A— Ad AL (5.7)

Since the situation is entirely symmetric, we will focus on % for the remainder of this
section. In the realization of Cs(n) and Rs(n) as (unions of) homogeneous spaces, we
have (restricting to one connected component as in Theorem [5.1))

iy : Usprag/Uzp X Uzg = Uzpyagra/Uzp X Uzgia,
P\Z
(Zg) 2 Sp2p+2q/sp2p X Squ — Sp2p+2q+2/sp2p X Sp2q+27
i6 : Uptq/Up X Ug = Upg41/Up X Uy,

(iE’)Z2 : Op+q/Op X Og = Opig41/Op X Og1.

(5.8)
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Note that the complex symmetry class A may be included in this treatment by taking
the inclusion i with Zs-action ignored.
All of these maps have the form

le) : Gp+q/Gp X Gq — Gp+q+1/Gp X Gq+1. (59)

Since the inclusion Gpi1q < Gpyg41 is always more connected than the inclusion
Gy — Gg41, we find ourselves in the setting of case (iii) in the proof of Theorem
Thus, if Gg < Gg41 is m-connected, then the inclusion i is (m + 1)-connected,
independent of the parameter p. Using the Zo-Whitehead Theorem once more, we
can now prove the following:

Corollary 5.4. For a path-connected Zo-CW complex X, the induced map adding a
conduction band,

() [X, Cs(m)]72 — [X, Cs(n +my/2) 2,

1s bijective or surjective according to the following table:

‘ bijective ‘ surjective
class A dim X < 2¢g+1 dim X <2¢+1
class AT | dim X < 2¢+ 1 and dim X%? < ¢ | dim X < 2¢+ 1 and dim X% < ¢
class All dim X < 4qg+3 dim X <4q+3

Proof. The proof is analogous to that of Theorem For class A, the fact that if is
(2¢ + 1)-connected leads to the result. Proceeding to class AI, we have a non-trivial
Zo-action and therefore the additional requirement on dim X%2 due to the fact that
(ig)ZQ is g-connected. For class AIl, there is a slight change in the requirement for
dim X due to the factor two in the indices (¢ — 2¢, see eq. ) Furthermore,
since (i5)%2 is (4q + 3)-connected while i} is only (4¢ + 1)-connected, the additional
requirement on dim X?%2 is always fulfilled due to dim X%2? < dim X. O

For X = S% % the table in the Corollary simplifies to the following:

bijective surjective
class A de +dp <2g+1 dy +dp <2g+1
class AT | dy+dp <2¢+1landd, <q | dy+dpy<2¢+1andd, <gq
class Al dy +di <4qg+3 dy +dp <4g+3

Notice the difference to the result in Theorem Rather than requiring both p
and g to be large, only one of the two indices is required to be large. In fact, if the
configuration space X meets the conditions for bijectivity as listed above, the set of
(equivariant) homotopy classes is in bijection with the set of isomorphism classes of
rank-p complex vector bundles (class A), rank-p Real vector bundles (class AI) and
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5. Beyond the Periodic Table

rank-2p Quaternionic vector bundles (class AIl) with fixed fibers over the base point
of X. Thus, we have derived the exact boundary, within the unstable regime, below
which isomorphism classes of vector bundles may differ from homotopy classes.

Remark 5.5. The restriction of fixed fibers over the base point of X can be removed
by applying the free version of the Zs-Whitehead Theorem (rather than the one with
fixed base points, see Theorem [3.21)) for a connected component of Cs(n).

The following table qualitatively summarizes the relationship between the three
equivalence relations in this context:

p and g large homotopy = isomorphism = stable equivalence

p arbitrary and q large | homotopy = isomorphism D stable equivalence

p and ¢ arbitrary homotopy D isomorphism D stable equivalence

The first line is the setting of Chapter[d] since this is the regime where Bott periodicity
holds. The meaning of “large” in this case is derived in Theorem The second line
includes the regime discussed above, where the conditions of bijectivity in Corollary[5.4]
are met. These conditions are allowed to be violated in the third line, which includes
the regime where all three equivalence relations may be different.

We now list all potentially unstable cases violating the conditions of bijectivity in
Corollary and Corollary There are infinitely many possibilities in general if d,
and dj are unrestricted. However, the physically most relevant cases are those with
dr < 3 and d; < dg. The latter inequality is needed on physical grounds since the
dimension of the defect is d, — d, — 1 > 0. Table lists all cases which are not in
the stable regime and may therefore differ from the stable classification.

In Table the cases in which isomorphism classes of vector bundles give the same
classification as homotopy classes are included. In order to leave this intermediate
regime (i.e to have more homotopy classes than isomorphism classes), the conditions
for ¢ need to be met additionally by p. For instance, neither the stable classification
nor the classification of complex vector bundles give any non-trivial topological phases
for d, + d, = 3 in class A, but the Hopf insulator [MRWO0S8] with ¢ = p = 1 has a
homotopy classification by Z. In the next chapter, we investigate all potential changes
beyond the stable regime in the part of Table |5.1{ with d; = 0 (no defect).
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complex | symmetry dy =0 dy =1 dy =2
class s label dp=1|dp=2|dp=3|dp=2|dp,=31 dp =3
even A g=1 q= q= qg<2
odd Al r=11]r=1 r= r<2 r<2
real symmetry d; =0 d, = dy =2
class s label dk:1 dk—2 dk—3 dk: dk: dk:
0 D r=1 r= r= r<2
1 DI r= 1
2 Al
3 CI 1 r=1
4 C r=1 1 =1 r <2
5 C1 r=1 r= =1 <2 r<2
6 Al q= qg=1 1| ¢g=1 q<2
7 BDI r=1 r=1 r= r<2 r<2 r<3

Table 5.1.: All potentially unstable cases for di < 3 and d, < d.
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6. Novel topological phases

In this chapter, we will go through all possible exceptions to the Periodic Table cu-
mulating in the result displayed in Table

6.1. One dimension (d; = 1)

We begin in the lowest dimension dy = 1, where the only possible exception resides
in the real symmetry class BDI. In this case, we have C7(m7) = Uy with 77 being
complex conjugation, which leads to a fixed point set R;(m7) = O;. The reason that
this case violates the conditions of Theorem [5.1]is the fact that 71(O1) is trivial while
71(02) = Z and m1(0,,) = Zg for all n > 3. The topological phases in this setting are
given by the set

S U = 2, (6.1)

since there is a bijection with its non-equivariant analog [S!, Uil = m(U;) = Z.
Thus, the topological phases here are already in bijection with the stable classification
[S%1,U,)%2 = Z for n > 2, but since all countably infinite sets are in bijection with
each other, we aim for the stronger statement that this bijection is induced by the
inclusion i : Uy — U,. If i, were not surjective, then some topological phases would
be lost for n = 1 and if it were not injective, then there would be some additional
topological phases for n = 1.

The generator for 71(Uy) = Z can be chosen to be the loop f(k) = e’%, which has
the property of being equivariant: f(—k) = f(k). Therefore, every non-equivariant
homotopy class has an equivariant representative. Recall that the inclusions

Uy —=Ug—..- =T,

are equivariant (as a special case of eq. (5.2)) and induce isomorphisms on m by
Theorem Therefore, for any n € N, the set [S®!, U,]22 is in bijection with 71 (U,,)
for the same reason as the one given for n = 1. In fact, there is a commutative diagram

[SO1, Uy )22 —— 7 (Uy)

ES

lz’* JZ (6.2)

SO, Un)2 —— m(Uy)

*
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complex | symmetry dy =0
class s label dip=11dp,=21 d, =3
even A 0—27Z
odd ATl 0—-0]| Z—0
real symmetry de =0
class s label dp=1|dp=2]| di. =3
0 D 0—0
1 DI
2 Al
3 Cl
4 C 0— ZQ
5 C1 0—-0| Z—0
6 Al 0—0
7 BDI Z—727|0—-0| 00

Table 6.1.: Comparison between the stable classification of Table (entries located
to the left of the arrows) and the classification outside the stable regime
(entries to the right of the arrows) which is neither captured by K-theory
nor by isomorphism classes of vector bundles. Entries here are for the case
ofr:qzlanddx:OinTable
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and thus i, is the bijection [S®1, Uj]%2 = [S%! U,]%2 = Z. The classification in this
case is therefore identical to the stable classification. The same arguments apply when
the restriction for maps to be base-point preserving is lifted, since [S!, U,] = 71(U,,).
This follows from Lemma[3.22] since the action of 71 (U,,) on itself is trivial (the action
is given by conjugation in this case and 71 (U,,) is Abelian).

6.2. Two dimensions (dy = 2)

For d;, = 2, there are three symmetry classes to consider. In all of these the stable
classification leads to only one topological phase. We start with the complex sym-
metry class AIll, where the set of topological phases to determine is given by the
non-equivariant homotopy classes

[S%, U1y = m(Uy) = ma(SH) = 0. (6.3)

From this it is immediate that also the set of free homotopy classes is trivial. Thus,
the fact remains that there is no non-trivial topological phase.

For the real symmetry class s = 5 (class CI) with dp = 2, the target space is
C5(ms) = Uy with 75 being the identityﬂ and therefore R5(ms) = Cs(ms) = Uj.
Using Lemma the set of (based) topological phases in this case can be rewritten
as

(892, Uy)2 = 7y (QUy, MY), (6.4)

where M} stands for the set of IQPVs in the real class s = 5 and dimension dj, = 1.
The set on the right hand side fits into an exact sequence, part of which is displayed
in the following diagram:

ﬂ-l(SﬁUl) — 7T1(QU1,M15) — 7TO(|]|\415) (6.5)

0 0

On the right, we have used the fact that for dy = 1 there is no unstable regime (see
Table . Alternatively, we may use Lemma to rewrite mo(M7) = m1(Uq, Uy),
which is trivial (m(Y,Y) is trivial for any Y since all paths can be retraced). Due to
the exactness of the sequence shown in the diagram above, we conclude that

[S%2 U, |22 = 0. (6.6)

Using Lemma this also holds without base points being preserved.

'For more bands, 75 is the operation of taking the transpose, but here we deal with scalars, on which
the transpose acts as the identity.
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The last case to consider for dj = 2 is the real symmetry class s = 7 (class BDI),
which we have considered for di = 1 previously. In fact, we can use the previous
result in conjunction with diagram (with s = 7 rather than s = 5 and a different
Zy-action on Ujp) to show that [S%2,U]22 = 0 (and therefore also [S*2, Uy]%2 = 0

using Lemma [3.22]).

6.3. Three dimensions (dy = 3)

The number of possible exceptions to the stable classification increases to seven for
d, = 3 (see Table . We begin by investigating the three symmetry classes which
we have already encountered in the previous two sections for dp = 1 and di = 2.
Starting with the complex symmetry class Alll, we find immediately that

[83,U1]* = 7T3(U1) = 7T3(Sl) =0 (67)

and the same for the free homotopy classes. This marks the first change to the stable
classification: For n > 2, m3(U,,) = Z # 0, so there exist non-trivial phases which are
absent for n = 1.

Turning to the real symmetry classes C'1 and BDI, we can use a diagram similar
to (6.5) but for one dimension higher:

[SO,S’ Ul]fz
[

T (Q?Uy) — m(Q2Uq, M3) —— mo(M3) (6.5)

[ | '

m3(U1) 802, U,y ]2

| [

0 0
In the right column we have used the previous results (no non-trivial phases in dj = 2
for both CI and BDI) and the left column follows from the basic fact that m4(S') = 0
for all d > 2. The exactness of the sequence again implies that [S°3 U;j]%2 (and
therefore also [S%3, U;]%2) is trivial for the classes CI and BDI. In the case of class
CT this marks a change from a Z classification to a trivial one.

The rest of this section will be devoted to the remaining four symmetry cases, for
which the Hopf fibration will play a major role since the target space will be Gry(C?) =
S? rather than U; = S'. This treatment will reveal cases where there are more
topological phases than in the stable regime, including the Hopf insulator [MRWOS]
and a newly identified phase we call the Hopf superconductor.

We will continue with our strategy of determining based homotopy classes first.
In the complex symmetry class A, the set of (based) topological phases is the set of
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non-equivariant homotopy classes
[S?, Gr1(C?)], = m3(Gr1(C?)) = Z. (6.9)

This group Z on the right hand side is generated by the celebrated Hopf map h
(meaning that [h] =1 € Z). It is the projection map of a fibration

Sty §3 s Gry(C?) (6.10)

and defined as follows: We view S? as the unit sphere in C? by assigning to an element
(21,2, 23,24) € S3 the two complex numbers z; := x1 4+ iz and 2y 1= x3+iz4, where
the requirement z% + x3 4+ 23 + 22 = 1 translates to |z1|? + |22|> = 1. The Hopf map h
is the canonical map assigning to the point (21, z2) € C2? the complex line in Gry(C?)
which passes through the origin and this point. The preimage of this line consists of
all pairs (A2, Aze) with A € Uy = S!, explaining the fiber in the above sequence.

In the following, we deviate from this canonical definition by identifying both do-
main and codomain of h with spaces which are more suitable for computations and
visualizations. First, we identify Gri(C?) with S? by assigning to a complex line
through (z1, z2) its complex slope z1/z2 € CU {oo} and subsequently using the in-
verse of the stereographic projection py : S> — C U {co} as defined in Appendix
Explicitly, we obtain the expression

(py ' 0 h)(21,22) = (2Re(2122), 2Im(2122), |21 * — |22/%) (6.11)
= (2z123 + 2w214,
2x9x3 — 21124,

2+ 2k — 22— 23) (6.12)

Furthermore, we will often use the homeomorphism r o p3 : S3 — I3 /913 as defined in
Appendix and thus replace h by the composition

pyloho(ropy) t: P =82 (6.13)

with the property that 913 is mapped to a point in S2. We take the liberty of denoting
all of these variations of the Hopf map by the same symbol h, since we will be interested
in its homotopy-invariant properties which are not affected by homeomorphisms.

The fact that 73(S?) = Z and that it is generated by [h] can be deduced from part
of the exact sequence associated to the fibration :

m3(SY) —— m3(S?) — 15(S?) —— ma(SY)

I I I |
0 Z Z 0
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Exactness implies that A, has to be an isomorphism. Using the basic fact that my(S%) =
Z is generated by the homotopy class of the identity map, [Id] = 1 € Z = 74(S?) for
all d > 1 (to be introduced in more detail later), the generator of m3(S?) is given by

hJId] = [ho1d] = [R]. (6.14)

Although they will not be necessary for the computations in the remainder of this
chapter, we complete the discussion here by introducing integral formulas for the ho-
motopy invariants distinguishing the homotopy classes in 72(S?) = Z (by an invariant
called the mapping degree) and 73(S?) = Z (by the Hopf invariant). Starting with the
former, let there be a differentiable representative f : S — S? of a homotopy class in
72(S?). Given the volume 2-form w on S? with normalization fSQ w = 1, the mapping
degree n of the map f is defined to be the integer

naeg( ) = [ F'w (6.15)

The fact that the identity on S? represents the generator of mo(S?) = Z is reflected in
the fact that

Ndeg(Id) = /52 w=1. (6.16)

For a differentiable map ¢ : S* — S?, we again use the pullback ¢g*w. However, this
time a 3-form is needed that can be integrated over S3, so we form the wedge product
with a 1-form « chosen as follows: The second de Rham-cohomology group is trivial
on S? (H gR(S?’) = 0), implying that all closed 2-forms on S? are exact. Therefore,
since dg*w = g*dw = 0, we choose a 1-form « with da = g*w. The Hopf invariant of
g is defined to be the integral

NHopt (9) = /3 a Adao. (6.17)
S
The Hopf invariant of the Hopf map h is
Prtopt(h) = 1. (6.18)

Both invariants described above have canonical generalizations: The mapping degree
can be generalized to maps S¢ — S? giving a complete invariant of 74(S%) = Z for all
d > 1 (all homotopy classes are distinguished by this invariant). Alternatively, it may
be generalized to the Chern number [Nak03] of maps S? — Gr,,(C") with general m
and n. The Hopf invariant can be generalized to maps S2?~! — S¢, giving a partial
invariant of maq_1(S%) (maps with different Hopf invariants are not homotopic, but
the converse is not true in general for d # 2).
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The set of (based) topological phases with configuration space S in class A was
given in with the Hopf map h representing the phase known as the Hopf insula-
tor [MRWOS]. All other topological phases in this case may be realized by making use
of the addition in 73 (an alternative way of obtaining representatives in these phases
is described in [DWSD13]).

Continuing on to the three real symmetry classes D, C' and Al, we need to under-
stand how the Hopf map behaves under the different Zs-actions. Even though the
ultimate goal is to determine topological phases for dp = 3 and d, = 0, we find it use-
ful to keep the more general Zs-action on the domain, so I3 = [%% with d, + d = 3
as introduced in Section On the codomain S?, there are three different Zs-actions
with non-trivial element 7, : S — S2, corresponding to the three real symmetry
classes according to the following list:

(—x1, —x2,23) for s =0 (class D)
Ts(21, 22, 23) = ¢ (21,22, 23) for s = 4 (class O) (6.19)
(—x1,x2,23)  for s =6 (class Al).

We take this opportunity to point out that s = 2 (class AIl) is excluded, since the
minimal number of bands in that case is at least four, with two of them occupied,
(p = ¢ = 1in Groy(C?129), see Table. This doubling is required in order to satisfy
the conditions imposed by the pseudo-symmetries or, in the most prominent physical
realization thereof, the conditions of particle number conservation and time-reversal
symmetry.

Hence, the space (S2)%2 of Zs-fixed points is given by

S0 = 0y/U;  for s =0 (class D)
(8%)%2 = { §2 = Sp,/U; for s = 4 (class C) (6.20)
St = Gri(R?) for s =6 (class AlI).

Our aim for the remainder of the section is to determine the set [S%3, Cy(m;)]%2 =
[S3,S2)Z2 for the three cases listed above. Similarly to previous calculations, we
employ Lemma [3.7] to identify

[S%3, Oy (m)|22 = mo(M35) ~ 71 (2282, M3), (6.21)

where M5 denotes the space of 2-dimensional, 2-band IQPVs in class s. The relevant
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part of the associated exact sequence is displayed in the following diagram:

503, Cy (my)]
4 . I .
m (M)~ 1 (0282) —2 1 (0282, M) — 2 mo(Mg) —2 10(0252)
l l
7T3(S2) 7['2(82)
l l
Z Z

(6.22)

The entry on the right, mo(S?) = Z, is the set of homotopy classes of based maps
S? — S?, which are distinguished by the mapping degree. In order to determine
the set [S*3, Cy(ms)]%2 using the diagram above, we will show that ker(ip) contains
only the trivial element, which must be the only element in the image of 0; due to
exactness. This will be established in the next proposition and will enable us to apply
Lemma to obtain a bijection

[S%%, Cs(mi)[5? = m1 (2°8%) /i (m1 (M5)), (6.23)
for s =0,4,6.

Proposition 6.1. For the three cases s = 0,4,6 we have the following result for

mo(M3) in diagram (6.22]):

Z  for s=0 (class D)
mo(M3) =< 2Z  for s =4 (class C) (6.24)
0  fors==6 (class Al),

and the invariant distinguishing all homotopy classes is the mapping degree. In partic-
ular, for all three cases s = 0,4,6, the image of the map 01 : 71 (Q?S2, M3) — mo(M5)
in diagram (6.22)) consists only of the class represented by the constant map.

Proof. The cardinalities of these results follow from the fact that d, = 0 and di = 2
are sufficiently low to be in the stable regime (c.f. Table . However, in order
to prove the important statement about the mapping degree, and to be able to use
details about the nature of representatives at a later stage, we need to go into more
detail. Starting with the last line (s = 6), there is a diagram (we take the liberty of
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writing Al in the superscript in place of s = 6 for clarity)

mo(M3'T)
, . I .
i (MAY) — 1 (Q82) 25 1 (82, MAY) 2 o (MAY) —2 70 (QS?) 625
Il Il Il Il :
WQ(SQ,Sl) 7'('2(82) Wl(SQ,Sl) 71'1(82)
[ [ l [
7 x7Z 7 0 0

The bottom row needs some explanation. The two entries on the right, 71(S?) and
71(S?,S1), are trivial since loops on S? as well as paths ending on the equator S! C S?
can be contracted to a point. The leftmost result, m2(S2,S') = Z x Z, can be deduced
from the associated exact sequence

i j o i
ma(SY) —25 my(S2) 22 my(S2,8Y) — m(SY) - 1 (S?)
|| || [ || (6.26)
0 Z 7 x 7. Z 0

The fact that, as a set, m2(S2,S') = Z x Z follows from Lemma using the injectivity
of jo and the surjectivity of 0y, both statements being implied by the exactness of
the sequence above. However, we wish to use the group structure of m2(S?,S!), so a
more detailed analysis is required which can be found, for instance, in [Hil53), p. 41].
As indicated in diagram (6.2€]), there is a splitting § : m1(S') — m(S?,S'), defined
as follows: The inclusion i : S' < S2? is (based) homotopic to the constant map to
the base point of S? (see Figure . Therefore, for any loop v representing a class
[v] € 71(S1), the composition i o is homotopic to the constant map. By taking the
homotopy parameter as part of the domain, we obtain a map (D2, S!) — (S2,8!),
which descends to the map é on homotopy classes.

From this definition, it is clear that 95 o § = Id on m1(S!). Recalling the injectivity
of jo, we conclude that every element of m(S2,S') is uniquely represented by a sum
jala] + 8[B] for [a] € m(S?) and [B] € m1(S!). Since jo(m2(S?)) is contained in the
center of m2(S?%,S!) (see [EDOS, p. 128]), the latter is isomorphic to a direct product
of groups

79(S2,SY) ~ jo(me(S?)) x 6(m(SY)) ~ Z x Z. (6.27)

It remains to determine the map 4y : i (M{") — m2(S?) in diagram (6.25), which
assigns to an equivariant map S“!' — S? its mapping degree. For this purpose, it
is necessary to use the equivariance relation in order to double the domain in the
isomorphism (82, S') ~ m(M{"). Since 4; is a homomorphism, it is sufficient to
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Figure 6.1.: Homotopy between i : S < S? and the constant map to the base point.

know its values on the generators of Z x Z = m3(S%,S!). The generator (0,1) € Z x Z
is given by 6[Id] for [Id] = 1 € Z = m1(S!). Since the involution on both domain and
codomain is reflection about the equator, it extends to the identity map on S™!. On
the other hand, the generator (1,0), which is given by ja[Id] for [Id] € m(S?), extends
to the concatenation Id x Id (as defined in eq. ) on Sb!. Therefore, the map i,
evaluates as

WL Xl —17Z
(m,n) — 2m + n. (6.28)

In particular, it is surjective and exactness implies that j; : m2(S?) — mo(M;3') has
to be the constant map. At the same time, j; has to be surjective since im(j;) =
ker(9;) = mo(M3'1). Hence, mo(M34") can only contain a single element and we write

mo(M3h) = 0. (6.29)

Turning to the case s = 0 (class D), we have an exact sequence

mo(My)
l
m1(082) 2 1 (082, MP) —2 mo(MP) —2 10(QS?)
|| || || (6:30)
WQ(SQ) Wl(SQ,SO) 7T1(SZ)
l l l
Z Zs 0
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The only changes to diagram (6.25)) used for the calculations with s = 6 (class Al)
are the omission of the leftmost column (which will not be required here) and the fact
that (52)%?2 = S° rather than S!.

The entry mo(M{) = 71(S%,S%) can be computed through the following exact se-
quence:

m1(80) —L 7y (S2) 2 71 (S2,89) <2 7(S0) s g (S2?)

[ [ [ [ (6.31)
0 0 Zo 0

It immediately follows that the map 0; is an isomorphism. The two homotopy classes
of 71(S%,8%) = Zy are paths that start and end at the base point, represented by the
constant map, and those that start at the base point and end at the other point of
SY. Physically, these two homotopy classes are the trivial and non-trivial topological
phase in one-dimensional class D superconductors, both of which can be realized, for
instance, in the Kitaev Majorana chain model [KitO1].

is the constant map to the trivial homotopy class (with mapping degree 0).

Returning to diagram , we see that the map 9; has to be surjective due
to exactness (note that the two maps named 0; in diagrams and are
different). Thus, the set mo(MP) = (252, MP) is the disjoint union of the two
preimages under d;. Using Lemma [3.9] each preimage can be realized as an orbit of
71(2S%) = Z. One is the orbit on the constant path as illustrated in the upper part of
Figure [6.2] and the other is the orbit on a path of loops ending in the non-trivial loop
of mo(M{) = Zy as shown in the lower part of Figure In order to construct an
element in the latter orbit, we can use the fact that the identity map Id : S — S? is
Zg-equivariant in symmetry class D (since the involution happens to be the same on
domain and target) and restricting it to one hemisphere gives a path of loops ending
in the non-trivial element of mo(M{) = Zs.

Upon doubling the domain by using the Zs-equivariance to undo the application
of Lemma [3.7| and return from (252, MP) to mo(MJP), the action by an element of
71(028%) = 75(S?) with mapping degree n € Z effectively adds a mapping degree 2n.
The reason is that two coordinates of the extended part of the domain are inverted,
which is a transformation with determinant 1 leaving the homotopy class invariant
according to Lemma while the involution on the target S? is homotopic to the
identity. Therefore the action of m1(02S?) = 72(S?) = Z on the constant map yields all
even mapping degrees, while the action on the element corresponding to the identity
map yields all odd mapping degrees, as illustrated in Figure[6.2] The result is

mo(My) = Z, (6.32)

with elements distinguished by their mapping degree. Note that the stabilizers of both
orbits have to be trivial since the action of any non-trivial element in m1(QS?) = Z
changes the mapping degree and therefore also the homotopy class.
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“ H

Figure 6.2.: Illustration of the action of 1 € Z = 71 (QS!) = m2(S?) on the constant
path in 71 (9282, M{) (upper row) and on a path ending in the non-trivial
element of mo(M{) (lower row), creating representatives with mapping
degree 2 and 3 respectively. Depicted is the domain and different colors
indicate different images. The cut of Lemma is indicated by the
dashed line. For instance, the lower left is the identity map of S? (which
is equivariant for class D) and can be viewed as a path ending in the
non-trivial element of mo(M{’) when restricted to the right half.
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The last case to consider is that of symmetry class s = 4 (class C), where we have
(S?)?2 = S? and the following exact sequence:

o (Ms)
‘ . I .
T (ME) —2 71(Q82) -2 (082, MC) —2 7o(ME) —2s 70(QS?) 6.35)
ll l ll l '
m2(S?,52) m2(S?) m1(S%,52) m1(S?)
l ll l l
0 Z 0 0

Here the situation is particularly simple: Both relative homotopy groups ma(S2,S?)
and m1(S2,S?) vanish due to the general statement that m4(Y,Y) = 0 for all spaces Y’
and dimensions d > 1. As a consequence, ji is an isomorphism and all homotopy
classes in 7T1(QS2,MIC ) are represented by maps S2 — S? and classified by their
mapping degree. Upon the identification (252, M) = mo(MS), the domain is
doubled and so is the mapping degree, since the involution on the target S? is the
identity. We have therefore arrived at the final result

mo(MS) = 2. (6.34)
O

We have shown that the elements of m(M3) are distinguished by the mapping
degree in all cases s = 0,4, 6. It follows that the map i¢ in diagram has trivial
kernel for all s = 0,4,6 and therefore, due to exactness, the image of J; can only
contain one element. Hence, for s = 0,4, 6,

[S03, Cy(ms))2? = 71 (%82, M5) = ker(dy). (6.35)

This situation constitutes a special case of Lemma/[3.9| where there is only one preimage
under d; and therefore the left hand side of the equation above may be realized as a
single orbit under 71 (22S?) = 73(S?) with stabilizer i1 (71 (M3)). For later reference,
we summarize this result in the following lemma:

Lemma 6.2. For s € {0,4,6}, there is a bijection
[8%%, Cy(ms))2? = w1 (97S?) fir (m1 (M5)).

Before proceeding to the main result of this section, we take a moment to unravel
some of the indirect arguments that were necessary to prove Lemma above. For
this purpose, we make the usual identification of domains S% % with 1% where it
is understood that the entire boundary of 1% is mapped to a point.
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Any equivariant map v : 13 — S? restricts to an equivariant map 1°? — S?
when any of its three momentum-like coordinates is set to zero. For concreteness
let (K1, ko, k3) be the coordinates of I3 with —7 < k; < 7, then (0, ks, k3) is said
restriction (we make the arbitrary choice of setting the first coordinate to zero). It
must have mapping degree zero, since v is continuous and a homotopy to the constant
map is given by (¢, ko, k3) for t € [0, 7] (recall that the boundary of 1% is mapped
to a single point). This homotopy is through non-equivariant maps in general, but we
have proved that there always exists a homotopy through equivariant maps as well
(ker(ip) is trivial in diagram , a corollary to Proposition . Consequently,
every homotopy class of equivariant maps 13 — S? has a representative that is
constant in the ko, ks-plane, which we still denote by 1. The domain of ¢ can be
viewed as two 3-spheres joined in a point, one being the part with k1 > 0 and the
other the one with k; < 0. We can therefore assign two well defined Hopf invariants
N4 = NHopt (¥4) and n— = nyepe(1)—), where ¥4 and ¢_ are the map 1) restricted to
k1 > 0 and k; < 0 respectively. Note that these numbers are only well-defined (and
in particular invariant) as long as the ks, k3-plane maps to a single point. They are
not independent, since ¢ is equivariant and therefore

Yy =Ts0P_oT. (6.36)
Pulling back the volume 2-form w of S? by the composition 7, o g rather than g yields
(1s09)'w=g¢"Tiw=+tg"w, (6.37)

where the sign is positive for the orientation preserving involutions 79 and 74 (class D
and class C respectively) and it is negative for the orientation-reversing 7¢ (class AI).
Thus da in eq is changed to +da. However, this sign change is compensated for
since the same sign needs to be chosen for the potential 1-form «, so the form a A da
stays invariant for all three 7, (s = 0,4,6). As a consequence, NHops(Ts©g) = NHopt(9),
or in other words, (75)s : 73(S?) — 73(S?) is the identity. The involution 7 on the
domain inverts three coordinates and therefore det(r) = —1. Lemma|[3.2| then implies
that [go 7] = [g]~! for [g] € m3(S?) or npept(g © T) = —nmep(g) (this can also be seen
directly in eq. ) Collecting these results, we can relate ny and n_:

Ny = NHopt (V1)
= NHopf(Ts 0 Y- 0 T)
= NHopt (Y- 0 7)
= —NHopt (Y-)
=—-n_. (6.38)
Hence, the total Hopf invariant of i is zero and the Hopf insulator in the complex

symmetry class A does not have an immediate equivariant realization in the real sym-
metry classes. However, this does not mean that there is only the trivial topological
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phase. As an analogy, the topological phases in the complex symmetry class A in two
dimensions are distinguished by the Chern number (and hence are often called Chern
insulators [Hal88|) and this is always zero when imposing time-reversal symmetry in
the real symmetry class All. Yet, there is a Zs-classification with the non-trivial phase
represented by the quantum spin Hall effect [KMO05] we met in Example

In the situation at hand, we have constructed a representative ¢ for an arbitrary
class in [S%3, Cs(ms)]Z2 which maps the ks, k3-plane to a point, but general homotopies
through equivariant maps do not respect this property. In fact, any such general
homotopy ; between two representatives ¢y and 1, both of which map the ko, ks-
plane to a point, restricts to a loop in M35 for k; = 0. As such, it represents an element
in 71 (M3). If this element has a non-trivial Hopf invariant, then ny (and therefore
also n_) may be changed by this number. This is the reason for the quotient in
Lemma It will turn out that for the symmetry classes s = 0 and s = 6 (class D
and class Al), all Hopf invariants are realized in 71 (M35), while for class s = 4 (class
() only even Hopf invariants can be realized. The former means that there are no
non-trivial topological phases in classes D and Al, while the latter implies that there
is one non-trivial topological phase in class C: A representative with odd ny can
never be deformed to the constant map with ny = 0.

We summarize and prove these results in the following:

Theorem 6.3. The topological phases of two-band IQPVs in the real symmetry classes
s = 0,4 and 6 in three spatial dimensions (dp = 3) without defect (d, =0) are

0 fors=0 (class D)
(893, Cs(my)]72 =[S, Cs(ms)|%2 = { Zy  for s =4 (class C)
0 fors=6 (class Al).

Proof. We use the identification [S*3, Cy(m;)]%2 ~ 71(Q2S?) /i1 (71 (M35)) of Lemma
and determine the subgroup i1 (1 (Ms3)) C m1(Q2S?) = 73(S?) = Z. This task is equiv-
alent to determining which classes in 73(S?) = Z can be realized by equivariant maps
Sd=dk 5 §2 with d, = 1 and dj, = 2.

As a first attempt, it is instructive to see whether the Hopf map h as defined in
is already equivariant as it is. If it were so, the fact that no homotopy through non-
equivariant maps to the constant map exists implies that in particular no homotopy
through equivariant maps does. Therefore, a non-trivial class would be realized. The
Hopf map is equivariant if it fulfills the condition

Tsoh=hort (6.39)

for a pair of involutions 75 on S? (with s € {0,4,6}) and 7 on 1% (with d, + dp =
3). We would like to make use of the Hopf map as written explicitly in eq. (6.12)),
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so we need to transfer the involution on I% % to S%% yusing the homeomorphism
pytorTt: Tdedk /oTdesdk —y ek The latter is given by

(p5 " o r™H)(x) = fu(lx]) (x, f2(1x]) (6.40)

for some functions f; and fo (see Appendix , so the involution 7 is realized on
Sd=dk — R* by acting as the identity on the first d, coordinates and as multiplication
by —1 on the next dj coordinates. The last coordinate is always left invariant as it
only depends on the absolute value of coordinates in 1% Furthermore, permuting
coordinates of 1% corresponds to permuting the first 3 coordinates of S%4%  R*
while leaving the last coordinate in place. Hence, we may resort to studying the
original Hopf map as displayed in eq. with x4 fixed under 7.
Starting with d, = 0 and di = 3, we have

h(—ﬂ?l, —T9, —X3, CC4) = (2(—1‘1)(—333) + 2(—x2)a:4,
2(—w2)(—23) + 2(—x1)24,
(=21)” + (—22)? = (=a3)" — af). (6.41)

While the third component in the image remains invariant, the sign changes for only
one of the summands in the first and second component respectively. Therefore, the
right hand side does not equal 75 o h for any s, which comes as no surprise in view of
the derivation leading to eq. , where we showed that the Hopf invariant always
vanishes for equivariant maps in classes s = 0, 4, 6.

Turning to the case d, = 1 and di = 2, which corresponds to the leftmost entry in
the diagram [6.22] we have

(hoT)(x1, w2, x3,4) = h(x1, —T2, —3, T4)
= (2z1(—x3) — 2(—z2)24,
2(—m2)(—x3) + 22124,
2} + (—w2)” — (—x3)” - zf)
= (—[2z123 — 2x924],

2x0x3 + 22124,

o +af — a3 - 2j)
= (7‘6 oh)(xl,xg,x3,3:4), (6.42)
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so the Hopf map can be realized directly as an equivariant map S"? — S? for s = 6
(class AI). Composing h with a transformation o which permutes the first three
coordinates cyclically, we compute

(hoooT)(x1,x2,23,24) = (hoo)(xy, —x2, —x3,x4)
= h(—z2, —73,71,74)
= (2(—m2)x1 — 2(—x3)24,
2(—x3)z1 — 2(—22) 24,
(—a2)® + (—a3)* — af — af)
= (—[2xox1 — 2w314],
— [2z321 + 2x024],
@y + a3 — af — af)
= (19 o h)(x2,x3,21,24)
= (rpohoo)(xy,x2,x3,x4). (6.43)

Hence, h o o is equivariant as a map S'2 — S2 for s = 0 (class D). Recall that cyclic
permutations of the coordinates leave the homotopy class invariant (see Lemma ,
so [hoo] = [h] =1 € Z. In fact, using Lemma all classes n € Z = m3(S?)
have equivariant representatives S'? — S% for s = 0 (class D) and s = 6 (class
AI). Therefore, for these two classes the map i1 in diagram is surjective and
Lemma [6.2] implies that

(8%, Os(me) | = m(°S?) fir (w1 (M5)) = ix(m1(M5)) /i (1 (M35)) = 0. (6.44)

It remains to investigate symmetry class s = 4 (class C), where the Hopf map
cannot be realized equivariantly as above. Using Lemma to identify m (MS) =
m2(QS%, ML), we can utilize the following exact sequence:

m (M)
. . I .
m(ME) —2 1(Q82) 25 1y(Q82, MC) — 2 1 (ME) s 71(QS?) (6.45)
Il Il Il Il :
Wg(SQ,SQ) 7T3(SQ) WQ(SQ,SQ) TQ(SQ)
l l l l
0 Z 0 7

The trivial entries follow again from m4(Y,Y) = 0 for all d > 1 and the non-trivial
entries Z are familiar from before. Due to exactness, jo is an isomorphism, so every
map (D2, S!) — (QSQ,Mlc) is homotopic to one that maps the entirety of S' to
the base point, yielding a map S? — QS? whose homotopy class is determined by
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the Hopf invariant. Upon doubling the domain in order to undo the application of
Lemma two coordinates are inverted and since the involution on the target space
S? is simply the identity, the Hopf invariant is also doubled (see Lemma . Thus,
every representative in 7r1(M20 ) has even mapping degree and we write

(M) = 2Z. (6.46)

Returning to the computation of [S%3, S?]22 in the present symmetry class C, we apply
Lemma [6.2] to obtain the final result

%8, 87122 ~ my (Q2S?) /iy (w1 (MS)) ~ Z/2Z = Zs.

For all three real symmetry classes s = 0,4, 6, the topological phases with a pre-
served base point coincide with the free topological phases. For s = 0 and s = 6 this is
obvious as there is only one based topological phase and the freedom of being able to
move the base point during homotopies cannot yield more homotopy classes. More for-
mally, we can use Lemma|3.22t If [X,Y]%2 = 0, then [X,Y]?2 = [X,Y]%2 /71 (Y?2) = 0.
For symmetry class s = 4, the fundamental group of the fixed points of 74 is trivial,
71((S?)%2) = m1(S?) = 0, so the action is trivial and

(809, %)% = 8%, 8772 /m (8%) = 8%, 7] 2. (6.47)
O

In conclusion, we have identified a superconducting analog in the real symmetry
class C of the Hopf insulator in complex symmetry class A, which we propose to call
the Hopf superconductor.

6.3.1. Many bands

In general, the Hopf insulator and superconductor only have non-trivial topology when
realized in a situation with exactly two bands. However, there is a generalization to
many-band models, which we present for the Hopf insulator in complex symmetry
class A. Using the homogeneous space model Grl((C2) = Uy/U; x Uy, an alternative
view of the fact that m3(Us/U; x Up) = Z presents itself by considering the fiber
bundle

U1 X U1 — U2 — UQ/Ul X U1. (6.48)
Part of the associated long exact sequence reads

7T3(U1 X Ul) — 7T3(U2) — 7T3(U2/U1 X Ul) — 7T2(U1 X Ul) (6 49)
| l | '

0 Z 0
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It follows immediately that m3(Uy/U; x Up) = Z.

In the presence of more conduction or valence bands, the leftmost map becomes sur-
jective due to m3(U,,) = Z for m > 2 and we retrieve the familialﬂ result m3(U, /U, x
U,) =0for p>1org>1 (or both) from Table (class A with dy = 3 and d, = 0).
If we however impose the condition that no energy levels are degenerate and that this
property is preserved under all homotopies, the space of annihilators turns into the
flag manifold

Un/(U1)", (6.50)

where (Up)"™ := Uy x --- x Uy is an n-fold product with factors U;. This is the
space of all collections of n mutually orthogonal, one-dimensional subspaces of C™.
In the physics literature, it was considered for the integer quantum Hall effect in
two dimensions [ASS83|, in which the assumption about separated energy levels is
justified, since the Landau levels are flat with constant energy differences. In fact,
using the generalized fiber bundle

(U1)" = Uy = Un/(Un)", (6.51)
the associated exact sequence has a part

m2(Un) — m2(Un/(U1)") — m1((U1)") — m1(Up)
|| || || (6.52)

0 /S Z

The rightmost map assigns to a set of winding numbers (mg,...,m,) € m((U1)")
their sum mq + --- + m, € Z = 71(Uy,). In particular, it is surjective and therefore
exactness implies that 75 (U, /(U1)") = Z"~!, the subset of Z" with sum equal to zero.
These invariants can be interpreted as Chern numbers of the line bundles associated
to each energy band with a zero sum rule due to the fact that the n-dimensional vector
bundle into which they are embedded is assumed to be trivial.

Moving to three dimensions, another part of the long exact sequence generalizes

diagram (6.49):

m3((U1)") — 7m3(Un) — m3(Un/(U1)") — m2((U1)")
|| || || (6.53)
0 Z 0

Thus, the non-trivial result m3(U,,/(U1)") = Z remains in this generalized setting with
an arbitrary number of bands.

2Actually, if one of p = 1 or ¢ > 1 and vice versa, we are not yet in the stable regime, but in the
intermediate regime of vector bundle isomorphism classes. However, these turn out to be trivial
too.
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7. Strong and weak topological phases

Up to this point we have exclusively computed (equivariant) homotopy classes for
IQPVs with configuration space S%% . In this chapter, we address the problem of
classifying topological phases with the important configuration spaces X = T% (the
Brillouin zone torus) and S% x T% (the Brillouin zone torus in the presence of a
defect of codimension d, 4+ 1). The solution we present sheds new light on the notion
of strong and weak topological phases, especially outside the stable regime.

7.1. Stable regime

We begin the exposition in the stable regime and write Cs(n) = Cs and Rs(n) = R, for
brevity throughout this section, with the understanding that n is always large enough
with respect to the dimension of the configuration space in order for the conditions of
bijectivity in Theorem to be fulfilled. In the stable regime, we determined the set

[S%edk, O] 22 (7.1)

of base-point preserving equivariant homotopy classes in Chapter [4 For d, = 0, the
set

SOk O )22 (7.2)

can be interpreted physically as classifying topological phases invariant under a con-
tinuous translation group, which leads to momenta k € R%. Imposing the physical
requirement that the image is fixed for |k| — oo, momentum space compactifies to
S%dk and the point oo is the base point with fixed image.

However, in the setting introduced in Chapter [2| with discrete translation group,
the set of topological phases in the absence of defects is

[Tda CS]Zza (7.3)
and in the presence of a defect with codimension d, + 1, it is
[Sde x T ]2, (7.4)

In the following, we demonstrate that our results completely determine the above
sets of topological phases in the stable regime, since they decompose as a product of
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sets of the form given in eq ([7.1)). This result has been derived in [FHN™11, [FMT13]
using K-theory - here we give an independent proof from the perspective of homotopy
theory.

Theorem 7.1. In the stable regime, there are bijections

[T, )% ~ ﬁ ([SO,T7 CS]?)G),

r=0

dy; (%)
s T, ey = I (185, e ),
r=0

for all real and complex symmetry classes s and dimensions d (respectively d, and
dy ), with the exception of classes A, Al and All, where we need to replace Cg by its
connected component (Cs)o containing the base point and omit the factor with r = 0
on the right hand sides.

Before proving these statements, we introduce a tool called the equivariant free loop
fibration (for the non-equivariant version see [tD08, p. 116]; the equivariant extension
is found in [tD87]): Let Y be a Zg-space on which the non-trivial element of Zy acts
by the involution 7. Then the space LY of free loops f : S%! — Y is equipped with
the Zg-action f +— 7y o f o7 and the equivariant free loop fibration is defined by

QY22 — (LY )22 2, y22, (7.5)

where p assigns to an equivariant loop f : S%! — Y its value f(sq) € Y72 at the base
point sg € S®!. Thus, the fiber over a point y € Y22 is the space of equivariant loops
based at y.

Importantly, this fibration is equipped with a section ¢ : Y22 — (LY)Z2 given by
assigning to y € Y22 the constant loop at gy, which results in poq = idyz,. Therefore,
the associated long exact sequence splits into short exact sequences

0 —— 1a((QY)2) —— ma((LY)2) 7= ma(Y%2) —— 0 (7.6)

5

for all d > 0. Note that the maps in these short exact sequences are homomorphisms
only for d > 1. In that case, the splitting yields an isomorphism

ﬂ'd((LY)ZQ) ~ ﬂ'd((QY)ZQ) Nwd(YZQ)
X g (QY)22) x mg(YP2). (7.7)

Since we are interested in the set of topological phases and not any group structures
on this set, we only require the lower line stating a bijection between sets.
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7. Strong and weak topological phases

The prerequisite d > 1 is a crucial condition. In fact, there exists an identification
[T, C172 ~ mo((L2Cs)%?), (7.8)

where (L% Cy)?2 is the dj-fold iterated equivariant free loop space of Cy, and if eq.
were true for d = 0, then a product decomposition would follow immediately, in con-
tradiction to the counter-examples that exist outside the stable regime (see eqs.
and in the next section). In the presence of a position-like dimension d, > 1
on the other hand, we have

[S% x T, C]%2 ~ my (L% Cy)%2)

2 (%)
=] (ra (@ c)™)

T;O (dk)
~ H ([Sda:,r’cs]?) o (7.9)
r=0

This result holds independently of stability conditions. However, it assumes that a
base point is preserved, for which there is no physical justification in this case.

Remark 7.2. With d, = 1 and trivial Zs-actions, the left hand side of eq. is
known as the di-th torus homotopy group of Cs, a concept developed in [Fox45] (with
a more detailed exposition in [Fox48|) and applied in the seminal paper [ASS83] to
the homotopy theory of the quantum Hall effect.

Proof of Theorem[7.1. We now prove the statements of Theorem without base
points, including the important case without defect. Assuming first that the symmetry
index s is odd in order for Cy to have only a single connected component, we use the
Bott map as in Theorem in conjunction with the Zo-Whitehead Theorem in
its free version to obtain bijections

[T, C,)% ~ [T, QC,_]% (7.10)
and
[S% x T Oy)22 ~ [S% x T4 QC,_]%, (7.11)

for odd s. Notice that we choose to use the loop space rather than the space of
geodesics (see Section [3.5)) and that the loop coordinate has the trivial Zs-action. We
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use this loop coordinate to identify the sets on the right hand side with a fundamental
group 71, enabling the use of the decomposition in eq. (7.7). Without defect, we find
(T4, C)%2 ~ [T9, QC, ]
~ Wl((LdCS_l)Zz)
~ m (L71QC_1)%2) x m (L7 Cs-1)"2)

~ H ([So,r7 Cs]%2> (f) (7.12)

In the last equation we used the Zo-Whitehead Theorem in reverse (the based version)
in order to readjust the symmetry index from s — 1 to s. A similar chain of bijections
is obtained for d, > 1:
[S% x T, 472 ~ [S% x TU% QC,_,]
~ 74, (L% Cy1)"2)
~ 7, (L% 100 —1)) x m (L% 1 Cs1)?2)

dy; (%)
~ I (ra (@ Co)™))

szk(] d (dk)
~ T Zo 7“
~ HO ([s Q0|2 )

dy, a
~ ] ([sdw”,cs]%?)(T ) (7.13)

r=0

The difference to the result of eq. is the lack of a base point condition at the
outset.

For even s, the requirements for the Zo-Whitehead Theorem are not met since there
are only a finite number of connected components of Cs in contrast to infinitely many
connected components of QCs_; (see Table . We therefore resort to the same
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strategy as in the proofs of the theorems in Chapters [4] and [ and replace Cs and
QCs_1 by their connected components (Cy)p and (Q2Cs_1)o containing the base point
(the base point of QCs_; being the constant loop at the base point of (Cs)g C Cs_1).
The Zo-Whitehead Theorem then gives bijections

[T, (Cs)o]* ~ [T, (QCs_1)o]* (7.14)
and
[S% x T (C4)g)%2 ~ [S% x T, (QC,_1)o]%2. (7.15)

In the first bijection, the right hand side is a subset of [T¢, QCs_1]%2. It can be iden-
tified in the decomposition (7.12) as the subset with the factor 71 (C?2,) = m;(Rs_1)
replaced by ker(i,) C m1(Rs—1) as illustrated in Figure [7.1] for the case d = 1, where

Ty 7T1(R5_1) — 7T1<Cs_1) (7.16)

is the induced map of the inclusion ¢ : Rg_1 < Cs_1.

Figure 7.1.: Decomposition of [S!,QC, 1]%2 = m((LCs_1)??) into the product
71 ((QCs_1)%2) x m1(Rs_1) as viewed from the domain. Thick black lines
are mapped to the base point and lines with arrows all indicate the
same loop representing an element in 71 (Rs—1). Elements in the sub-
set [S, (QCs_1)0)?2 C [S, QC,_1)%2 restrict to a loop a homotopic to the
constant loop, corresponding to an element « € ker(i,) C 71 (Rs—1).

Similarly, the set on the right hand side of the other bijection (eq. ) is a
subset of [S% x T9% QC,_1]%2, which can be identified with the subset of the re-
sult in eq. with the factor mq, 11(C*2,) = 74, +1(Rs_1) replaced by ker(i,) C
Tdy+1(Rs—1), where this time

’L; : 7rd1.+1(Rsfl) — 7wa+1(cs,1). (717)
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We use a slightly different notation here in order to distinguish the two maps i, and 7/,
even though both are induced by the same map i. For the real symmetry classes with
even s # 2,6, we have ker(i.) = m1(Rs—1) and ker(i,) = mg,4+1(Rs—1). Furthermore,
since Rs C (Cs)o in these cases and since both T and S% x T% are path-connected,
it follows that

[T, (Cs)o]™ =~ [T, Cy] 2 (7.18)
and
[She x T (Cy))22 ~ [S% x T C,)%2. (7.19)

Thus, the results for real symmetry classes with even s # 2,6 are the same as for
odd s.

For the remaining symmetry classes — complex class A and real classes AIl (s = 2)
and Al (s = 6) — the sets ker(i,) and ker(¢,) contain only one element. Therefore, the
factor with = 0 in the product decompositions and vanishes. Moreover,
Rs ¢ (Cs)p in these cases, so we cannot use eqs. and . It follows that the
main statements of the theorem need to be modified as announced. O

Remark 7.3. Physically, the replacement Cs — (Cy)p amounts to choosing a chemical
potential which fixes the number of valence and conduction bands. In order to fully
classify all topological phases in symmetry classes A, Al and All, one needs to move the
base point to every connected component of (Cj)o and apply Theorem In doing
so, one needs to be careful not to leave the stable regime, beyond which Theorem
is not valid in general.

Since we have determined in Chapter [4] all factors in the product decomposition
offered by Theorem it follows that we have determined all topological phases
with configuration spaces T¢ and S% x T% in the stable regime. Another use of
Theorem [7.1] is the option of distinguishing topological phases according to certain
factors in the product decomposition. For instance, the notion of strong and weak

can be defined:

Definition 7.4. A topological phase is strong in the stable sense if the bijection in
Theorem maps it to a product with non-trivial element in the factor [S%¢, C,)%2
(resp. [S% I Cy)22 ) with domain of the largest dimension. Otherwise, it is called
weak in the stable sense.

The weak topological phases contain those phases that are realized simply by stack-
ing IQPVs with momentum-like dimension lower than d into d dimensions. In the case
where a defect is present, the weak phases contain those that are stacked at every point
of the measuring surface S% . The distinction between strong and weak will be re-
visited and in fact revised when leaving the stable regime in the next section (hence
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the addendum “in the stable sense”). For now however, we stay in the stable regime
and give two examples of how the result in Theorem can be applied to identify
the strong and weak topological phases.

Example 7.5 (Class AIl). In the real symmetry class s = 2 (class All) without defect
and d = 3, we pick a connected component (Cs)g = Gra,(C?729) corresponding to 2p
valence bands and 2¢q conduction bands. Then Theorem implies

[T3, Gra, (CPT20)|22 ~ 7y x (Zg X T x Zs), (7.20)

since we know from Table [4.1] that

[S%3, Grg, (CHPF20)|22 = 7, (7.21)
[S%2, Grg, (CHPH20)|22 = 7, (7.22)
[SO1, Grg, (C#PH20))22 = . (7.23)

This is the result given in the seminal work [FKMO07] generalizing the two-dimensional
quantum spin Hall effect to three dimensions and predicting the existence of a three-
dimensional time-reversal invariant topological phase with no two-dimensional analog.
In that work, a quartet of independent invariants (vg; v, 2, v3) is constructed with
v; € Zs corresponding to the four Zs factors in eq. . The strong phases in this
example are those with vy = 1 (non-trivial value), while the weak phases are the
ones with vy = 0 (trivial value). All non-trivial weak phases have representatives
constructed by piling layers of two-dimensional quantum spin Hall phases into three
dimensions.

Example 7.6 (Class D). We have already considered real symmetry class s = 0 (class
D) in one dimension in Example but with a fixed base point. Theorem gives
the result

[TY, Co)%2 =[SO, Cyl%2 ~ Zy X Zs, (7.24)
as the results listed in Table [£.1] imply

8%, Coli? = Z, (7.25)
(SO0, CylZ2 = Zs. (7.26)

A representative of each topological phase is shown in Figure Two of them (dis-
played as blue and red dashed lines) map to only one connected component of Ry
at both momenta k¥ = 0 and £ = +x. These are homotopic to constant maps, but
not homotopic to one another. The remaining two representatives switch connected
components at k = 0 and k£ = £7 (blue and red solid lines). If a base-point is pre-
served, one of the choices of connected component is fixed and therefore only a Zo
classification remains.
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(Ro(1))o

(Ro(1))

Figure 7.2.: Representatives of the four topological phases in [S%!, Cy(n)]%2 = Zy x
Zy of Example for the (already stable) case n = 1. Shown is half
of each image (the other half is determined by the Zs-equivariance, see
Lemma. The 7p-fixed point set Ry(1) has two connected components
(Ro(1))o and (Ro(1))1 corresponding to the blue and red dot respectively.

7.2. Outside the stable regime

The proof of Theorem required the use of Bott periodicity, a result applicable only
in the stable regime. The next two examples demonstrate that this is not merely a
shortcoming of the technique used in the proof, but rather that the product decom-
position does not exist in general.

Example 7.7. In Section we introduced the Hopf insulator [MRWO0S]| as a non-
trivial representative of the set [S3, Gr;(C?)]. On a lattice in three dimensions however,
the set of topological phases is given by [T2, Gr;(C?)]. This set has been determined
in [AK10]:
[T%, Gr1(C?)] = {(no; n1, n2,n3) | n1,ng,n3 € Z;
ng € Z for ny = ny =n3 =0 and (7.27)
10 € Za.ged(ny,nz,my) Otherwise},
where ged(ng, n2,n3) is the greatest common divisor of the integers ni,ng and ng.
This example demonstrates that invariants may not be independent of each other as

in the stable regime. Only for n; = ny = n3 = 0 do we find ng € Z = [S?, Gr;(C?)] C
[T3, Gr1(C?)]. In all other cases, the range for ng is finite.
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Example 7.8. The setting of this next example is the one introduced in Section
Recall that this example is set in complex symmetry class A as above, but with the
additional symmetry ToI (combination of time-reversal and inversion with 72 = I? =
1). For this setup, Theorem still applies by using the Zs-action of real symmetry
class s = 6 (class AI) on the target space and the trivial Zg-action on all domains.
Hence, for large values of p and ¢, the set of topological phases (without defect) in
two dimensions is given by

(T2, Gryp(RPT )] = my(Grp (R” ) ¢ (m1(Grp(RP)) x 1 (Gryp(RP1)))
= Zg X (ZQ X Zg).

For dimensions greater than min(p, ¢), we find ourselves outside the stable regime (see
the table in Theorem [5.1]). This is in particular the case for two dimensions with p = 1
and ¢ = 3, where we have

[S%, Gr1(R?)] = Ny, (7.28)
[St, Gri(R3)] = Zo. (7.29)

Elements in the first set are classified by the absolute value of their skyrmion number,
which is defined as follows: Consider the fiber bundle Zo < S? — Gry(R?), where the
projection assigns to a point 2 € S C R3 the line passing through the origin and z.
From the associated exact sequence, it follows immediately that the projection induces
an isomorphism mo(S?) ~ mo(Gri(R3)). Since m2(S?) = Z (classified by the mapping
degree, see eq. (6.15)), we conclude that mo(Gri(R3)) = Z. We say a map S? —
Gr1(R?) has skyrmion number n if it represents a class in m2(Gry(R?)) originating
from a class in m(S?) with mapping degree n. The fact that only the absolute value
of the skyrmion number is a homotopy invariant is explained by applying Lemma [3.22
to obtain

[S?, Gr1 (R?)] = ma(Gry(R?)) /71 (Gry(R?)) = Z/Zs = No. (7.30)

The result of ([7.29)) has been discussed in the context of eq. (4.5): The single non-
trivial class is represented by the Moebius bundle.

With momentum space T2, the topological phases are given by [Jan87, BSH99,
Chel2]

[T2, Gr1(R®)] = {(no; n1,n2) | ny,na € Zo;
ng € N for ny = ny =0 and
ng € Zy otherwise}. (7.31)

Again, only if the lower-dimensional invariants n; and ny vanish does the invariant
ng have full range.
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From these two examples we take the lesson that, in general, we can only hope that
homotopy classes of maps from spheres will remain distinct as maps over a torus of
the same dimension. In this way, the results of Chapter [6] would still be valid in the
physically more relevant case with torus as a domain, with the slight drawback of
giving only a partial answer. This hope turns out to be justified, as we demonstrate
in the following theorem:

Theorem 7.9. The sets of topological phases without and with defect have subsets
S, Cy(n))%2 c [T, Cy(n)])%2 (7.32)
and
[S%=k Cy(n)]% < [S% x T, Cy(n)]?2. (7.33)

Both inclusions are defined by relaxing the appropriate boundary conditions for repre-
sentatives 19 — Cy(n) (resp. 1%+% — Cy(n)) on the left hand sides.

This theorem allows for a more general definition of the attributes strong and weak.

Definition 7.10. A topological phase is called strong in the general sense if it is non-
trivial and contained in the image of one of the maps in Theorem[7.9. Otherwise, it
1s called weak in the general sense.

The statement of Theorem translates to the following: If there is no homotopy
between two equivariant maps S%¢ — Cy(n) (resp. S%% — Cy(n)) through equiv-
ariant maps with the same domain, then there cannot be a homotopy through maps
with domain T¢ (resp. S% x T9). Put differently, allowing homotopies through maps
that obey less strict boundary conditions on I%% does not result in less homotopy
classes. The difficulty of proving this statement directly is illustrated in Figure [7.3

Recall from Section [3.2] that we can model all maps from products of spheres with
arbitrary Zs-actions as maps from a cube of the appropriate dimension (and with the
appropriate Zg-action) and certain boundary conditions. We make use of this model
in the following and use the simple notation I¢ since all Zy-actions will be covered at
once. Similarly, we use Q%Y and L?Y for the based and free loop spaces of Y without
specifying which coordinates are equipped with a non-trivial Zs-action.

In order to prove Theorem[7.9] we need to investigate some properties of Lemma|3.22)
in the case where the domain is a sphere. If a Zs-space Y has a path-connected fixed
point set Y72 then Lemma gives a bijection

[S9, V%2 ~ [S9, V%2 /7y (YE2). (7.34)

If Y22 has multiple connected components, we denote by YOZ2 the component contain-
ing the base point. Then a modified version of the above bijection holds:

(8%, 50), (Y, Y5 )" = [$%, Y2 /mi (Y22), (7.35)
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o

Figure 7.3.: Homotopy h; between maps from S? (t = 0 and ¢ = 1) through maps from
T? (t = 1,3, 2) in R? with a point removed (black cross in the middle).
The homotopy uses the hole of T? and it is not obvious how a homotopy
through maps from S? can be constructed from it canonically.

where the left hand side stands for homotopy classes of equivariant maps S¢ — Y
sending the base point into YOZQ. This amounts to replacing Y22 by its connected
component YOZ2 and therefore follows from Lemma,

The identifications and have a simple geometrical interpretation: Points
on the boundary of S% = [, 7]¢ are always fixed under the Zs-action and therefore
have to map to Y%2. A loop ~ representing an element in 71(Y%2) now acts on a
representative f of a class in [S?,Y]%Z2 by moving the image point of the boundary
along v to give a map by(7, f) : S¢ = Y (see Figure . In formulas,

f(2x) for |z| <
~v(3m —4|x|) for |x| >

ERSIE]

ba(v, f)(x) := { (7.36)

2

where |z| := max(z;);j=1.. 4.

Although defined on the level of representatives, eq. yields a well-defined
action on the level of homotopy classes and the orbit of this action is identified on
the right hand side of . In the following special case, the map b, simplifies
considerably, which will be important for the proof of Theorem

Lemma 7.11. For [y] € m((LY)??) and [f] € [S%, QY]%2,
[ba(y, )] = a1 (v()(0), £)] in [S?, LY]P2, (7.37)

where the first coordinate of v is the loop coordinate of my and f is interpreted as a
map ST — Y on the right hand side.
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(a) (b)

(c)

Figure 7.4.: The domain of by(7, f) for|(a)|d = 1,[(b)]d = 2 and[(c)|d = 3. The loop ~
is represented in blue with an arrow indicating the direction in which it
is traversed and the domain of f is depicted in gray. In @ and @, black
points are mapped to the base point yy € Y22, In the entire surfaces
of the two cubes are mapped to yg.
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Proof. The map ~ is a based loop of free loops with base point being the constant
loop at yg € Y. Alternatively, it may be viewed as a free loop of based loops by
switching the two loop coordinates. The latter interpretation is shown in Figure
for d = 1, where lines with arrows represent based loops. The fact that this is a free
loop of based loops is indicated by the color code: All these loops may be different,
but there are periodic boundary conditions (the most upper based loop is the same
as the lowest one, both being shown in orange). The goal of the present proof is to
construct homotopies in order to arrive at the picture in Figure which illustrates
the right hand side of eq. for d = 1: The argument “0” in v(-)(0) is reflected in
the fact that all loops are the same (depicted in blue) and the origin of the increased
index in by (as opposed to bg) is the fact that this loop surrounds the domain of f,
in contrast to the initial picture in Figure (c.f. the difference between Figure
and Figure .

The map bgq(7, f)(-, £m) is homotopic to f(-)(£m), since f(x)(£m) = yo and the
action fixes the neutral element. This can be seen in Figure for d = 1: The upper
and lower boundaries correspond to the concatenation of the based loop ~(-)(£m)
(orange), the constant loop f(:)(£m) (black) and the reversed version of ~(-)(£)
(orange, reversed arrow). This combination is clearly homotopic to the constant loop
and this homotopy is used to arrive at Figure

For the next homotopies, the central part of the cube [—m, 7 which is associ-
ated with f (gray area in Figure will remain invariant. The surrounding part
is equivalent to a map S — QY, but since we will only use special homotopies that
leave the part with last coordinate z4y1 = 0 in [—, 7]+ invariant (the blue loops in
Figure , we will restrict to only one hemisphere of S¢, which is a disk D?. The
same homotopies will be applied to the other hemisphere.

We introduce the radial coordinate 0 < r < 1 of Dd, which corresponds to 1 =

-=x4=0atr=0and to zg;1 =0 at r = 1. The result of using the homotopy
of by(7, f)(-, £m) to the constant map is a map ag : D¢ — QY depicted for d = 1 in
Figure and given in general by

]d+1

for r < 1
ag(r) := {7(”) N (7.38)
y(2r(1—r)) forr> 3,
The next step takes the form of a homotopy
s for r < 1=t
wn(r) = 4 ) -2, (7.39)
V(i1 —r) forr> 55,

where 0 < ¢t < 1. For d = 1, this is the step from Figure to Figure [7.5¢; The
former shows ag : D' — QY, which maps to the orange loop at r = 0 and to the blue
loop at r = 1. The homotopy «; pushes the orange region completely to r = 0 while
“stretching” the remainder accordingly, which results in a; shown in Figure [7.5d
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(©)

Figure 7.5.: Steps in the proof of Lemma for d = 1. The gray area corresponds to
the domain of f: S' — QY interpreted as a map S2 — Y. All black lines
are mapped to the base point of Y. @ shows the domain of b (v, f), in
this case given by conjugation of f by v : S! — (LY)%2. The latter can
be viewed as a free loop of based loops (colored lines) and arrows indicate
the direction in which the based loops are traversed. @] shows the result
of applying the homotopy of the upper and lower sides to the constant
map, giving the configuration with . The stage at oy = By is shown in
while [@] depicts the final configuration with 51, which corresponds
to the domain of ba(y(-)(0), f).
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Subsequently, all other loops are also pushed to » = 0 and “annihilate”, leaving
only the blue one. In formulas, this second homotopy is given by

Be(r) :i=~v(r(1 —r)(1 —1)), (7.40)
where By = a;. Since all Zs-actions introduced for 191 = [—7 7]9*! fix the radial
coordinate r and at the same time all homotopies depend only on this coordinate 7,
they all go through equivariant maps. O

For the next result, we use Lemma to show that the homotopy classes of maps
with periodic boundary conditions in one coordinate of [—m, 7]? include the classes of
maps that map to a fixed point at the edges of that interval.

Lemma 7.12.
(89, 50), (LY, (LY)g®)]™ D [(S™, s0), (Y, Yy2))™ (7.41)
Proof.

[(Sd7 30)7 (LY7 (LY)%2)]ZQ [Sd7 LY]%Q /Wl((LY)Zz) 7.42

(
= [SY, QY% 7 ((LY)22) (7.43
(S, 50), (1Y, (Q4Y)52))%2 /i (LY)*2) (7.44
(
(
(

U

7.45

81, Q1Y ]2 /m (1)) ) fmi (L))
= (81, QYR my (Y 72)
= [(Sd—Ha 50)’ (K YE)ZZ)]ZQ

7.46

)
)
)
)
)
7.47)

This chain of equalities and inclusions needs some explanation: We first use the
relation between based and unbased homotopy classes to arrive at . Then,
for eq. (7.43)), the perspective is changed to viewing the (free) loop parameter of LY as
the domain and the d coordinates of S¢ as the domain of elements in Q%Y. Importantly,
this effects a change from based homotopy classes to unbased ones. The inclusion
(7.44)) is well defined on the quotient since (QdY)%2 is fixed under conjugation by
elements in (LY)?2. Having arrived at by again using , we use Lemma
to find a homotopy of the action of elements in [S!, (29Y)?%2], as well as 71 ((LY)??) to
the action of some element in 7 (Y?22), yielding . In the last step, we use
again to complete the proof. O

Proof of Theorem[7.9. We have now accumulated the necessary ingredients in order
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to prove Theorem For the case without defects, if Y22 is connected,
[Td7Y]ZQ — [Sl Ld—ly]Zg

[(S", 50), (L471Y, (L1 )g2) ]2

[(82 80) (LdeY7 (Ld72y)%2)]22

[(Sd ' s0), (LY, (LY )52)) ™
(8%, 50), (Y, Y5 2)]
= [8¢, Y% (7.48)

D)
D
D
D)
D)

If Y%2 has several components YnZ2, we repeat the above steps for different base points
Yo € Y,22 to obtain

[Tda Y]Z2 = H[(Td’ s0), (Y, YnZQ)]ZQ

o [TI(87, s0), (v, V)]
= [, v]22 (7.49)

In the presence of defects, similar steps lead to the result of Theorem Assuming
again that Y22 is connected,

[S9e x T Y% =[S [Iky]|P

(8%, s0), (LY, (L%Y)g2)] 2

[(S%1, 50), (LY, (L% 1Y)g2) 7

[(Sd” 0), (LH72Y, (L% 2y )g2)) ™

[(Sd”’d’“‘l, s0), (LY, (LY )g2)]*

(8%, s0), (Y, Y52

= [§heti Y )22 (7.50)

UUUUUU

By the same argument as in (7.49)), the result generalizes to fixed point sets Y2 with
multiple connected components by repeating the above for base points in all different
components. This completes the proof of Theorem O

7.3. Stacked IQPVs

The primary goal of introducing the distinction between strong and weak topological
phases is to grasp the dimensionality of a given topological phase. This is motivated by
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7. Strong and weak topological phases

the fact that, given a d-dimensional IQPV in a non-trivial topological phase, there are
infinitely many realizations of IQPVs in dimensions greater than d produced simply
by stacking the original IQPV. For instance, a one-dimensional IQPV can be stacked
in two linearly independent ways into two dimensions and three linearly independent
ways into three dimensions, etc. Similarly, a two-dimensional IQPV can be extended
to a layered three-dimensional IQPV in three linearly independent directions.

In this section, we demonstrate at the hand of two examples the following state-
ments:

(i) Definition gives the maximal set of strong topological phases if we require

that strong topological phases cannot be realized by stacking lower-dimensional
IQPVs.

(ii) There are also weak topological phases (in both stable and general sense) that
cannot be realized by stacking lower-dimensional IQPVs.

We begin by formalizing the notion of stacked IQPVs. For simplicity, we start from
the setting of Section (corresponding to complex symmetry class A). Recall from
eq. (2.5)) that a general translation-invariant Hamiltonian in this setting acts as

Hx,i) =Y hji(y)x +y,4), (7.51)
Y,J

with hj;(y) = hij(—y) to ensure hermiticity, i,j = 1,...,n and x,y € Z?. Changing
to a an eigenbasis of translations, we obtain the Bloch Hamiltonian (see eq. (2.9)))

H(k) =Y e h(y), (7.52)

with k € T4

We now view the d-dimensional lattice Z? as being embedded into another lattice
ZP in a higher dimension D > d. In eq. , a canonical embedding is given
by letting x,y € ZP and setting hji(y) = 0 whenever y; # 0 for i = d+1,...,D.
Physically, this signifies no hopping of fermions into the new D — d directions or,
equivalently, that the system is stacked into these directions.

To generalize the stacking direction, we introduce an invertible, integer D-by-D ma-
trix A € GLp(Z) and define the stacked Hamiltonian to be given by the replacement
hii(y) — hji(A™ly), corresponding to changing the hopping from the y-direction to
the Ay-direction.

Defining the projection P : TP — T by P(ky,...,kp) := (ki,...,kq), the Bloch
Hamiltonian of the stacked system can be expressed by the lower-dimensional Bloch
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Hamiltonian:

Hyaac(k) = Y h(A7ly)e ™Y
yezPb

= D hly)e @

yezpb

- Y e
yezZpP
= > hy)e PN

yEZa
= H(PATk). (7.53)

The change in k-dependence descends to the level of IQPVs. Therefore, given an
IQPV ¢ : T? — C,(n), stacking it in D dimensions according to the matrix A yields
an IQPV

wstack(k) = ¢(PATk>7 (754)

with k € TP,

An important diagnostic is the following: Since AT is invertible and the projection
P has a (D — d)-dimensional kernel, there are exactly D — d linearly independent
directions in the Brillouin zone TP in which 1 is constant.

7.3.1. Stacked skyrmions

We begin by investigating Example in more detail in order to explain why the
product formula in Theorem [7.9] fails and to show that only the strong topological
phases (in the general sense of Definition do not have stacked representatives.
The result stated in eq. can be derived following the more general procedure
outlined presently, which uses the free loop fibration introduced in the proof of The-
orem but with trivial Zs-actions. Denoting by (LY'),, the n-th connected compo-
nent of the free loop space LY, the set [T?,Y] is a disjoint union of subsets labeled
by the pair (n1,n2), which contain classes whose representatives restrict to (LY"),, on
St x {sp} € T? and to (LY ),, on {sp} x St C T2. Notice that the number of elements
in a sector (n1,ng2) is the same as in (ng,n1).

Let p : LY — Y be the evaluation map of the free loop fibration with trivial
Zs-action. Then the number of elements in a subset (ni,n2) can be determined by
computing [S!, (LY),,] and counting the elements that map to (LY),, under the
induced map p,. In our example with ¥ = Gry(R?), the free loop space LY has two
connected components, since

[St, G (R?)] = 71 (Gri(R?)) = Zs. (7.55)
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Note that Lemma [3.22] implies that based and free homotopy classes agree in this
case, since m is Abelian and therefore the action on itself by conjugation is trivial.
We denote by (LY')o the component containing the constant map and by (LY'); the
component containing all non-trivial loops. The set we will study in the following is
[St, (LY)1], which is the union of sectors of the form (nj,1) or, equivalently, of the
sectors (1,n9), with ny,ny € {0,1}. If Theorem were applicable in the present
setting, all four sectors would satisfy (n1,n2) = Ny, so in particular, any union of two
sectors would have to contain infinitely many elements. We will show that [S!, (LY )]
contains only finitely many elements and thus confirm that Theorem can only hold
in the stable regime.

We will show later that 71 ((LY);) is Abelian and therefore Lemma can be
used to obtain

[SY, (LY )1] = m((LY )1). (7.56)

Choosing a base point in (LY, the long exact sequence associated to the free loop
fibration contains the right hand side of the above equation and reads

(V) =205 1 (QY)1) —2 m((LY)1) 2 m(Y) —2 mo((QY)1)

I I I |
7/ y/ Zs 0

This exact sequence is not split like the one with a base point in (LY)q in eq. .
Since the first map 0 is not the constant map as in the split case, but rather multipli-
cation by —2 [BSH99|, exactness implies that 71 ((LY")1) must be a group with exactly
four elements. This leaves only the possibilities Zo X Zs or Z4 and in either case, it is
an Abelian group as previously claimed and therefore [S!, (LY )] also contains only
four elements.

The other point, that all phases not captured in the strong subgroup as defined in
Theorem have stacked representatives in the present example, is explained by the
fact that m1((LY)1) = Z4 rather than Zy x Zo [Jan87, BSH99]. If ¢ : S — Gr(R3)
is a non-trivial topological insulator in one dimension, i.e. represents the non-trivial
class in m (Gry(R3)) = [S!, Gri(R3)] = Za, then the generator of 71 ((LY);) = Zg is
represented by (k1 + k2), where ky is the coordinate associated to m and kg is the
free loop coordinate. Since the group structure in 7 is concatenation of loops (see
eq. ), all elements in Z4 are represented respectively by one of

Y(mky + k), (7.57)

with m = 0,1,2,3. These configurations are illustrated in Figs. [7.6b| (m = 0), [7.6d
(m = 2) and (m = 3). The ones with even m belong to the sector (1,0), while
the ones with odd m belong to the sector (1,1). All of these maps correspond to
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Figure 7.6.: Maps T2 — Gry(R?) visualized by placing the image of a point (a line
in R3) on the point itself. T? is modeled here as a square with peri-

odic boundary conditions.

Colors represent the angle to the axis out

of the plane. Using the notation (ng;ni,n2) as in eq. (7.31)), @ cor-

responds to (1;0,0), @ to (0;1,0), and @ to (1;1,0) and @ and
to (1;1,1). Remarkably, all except @ are homotopic to stacked one-

dimensional phases.
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7. Strong and weak topological phases

the one-dimensional non-trivial IQPV stacked along the (—1, m)-direction of the two-
dimensional lattice Z2.

The above implies that the sectors (1,1), (1,0) and therefore also the sector (0, 1)
contain two elements, all of which have stacked representatives. Together with the
result of Theorem which can be interpreted as stating that the sector (0,0) is in
bijection with [S%, Gr1(R?)] = Ny, the result shown in eq. follows. Of the sector
(0,0) only the class of the constant map has a stacked representative. Thus, the only
topological phases which cannot be realized by stacking are the non-trivial elements
in Ng = [SQ, Grl(R3)] C [Tz, Gry <R3)].

7.3.2. Weak but not stackable

The following is an example — in the stable regime — of a weak topological insulator (in
both the stable and the general sense), which cannot be constructed through stacking:
In two dimensions, consider a 4n-band model with 2n occupied and 2n empty bands
in complex symmetry class AIl (see Section . Let there be an additional Uj-
symmetry, for example conservation of a spin component, which commutes with the
single pseudo-symmetry. Then all IQPVs are given by maps

Y :T? = U, x Uy, (7.58)

which can be viewed as two separate IQPVs as explained in Section This view
carries over to the set of topological phases, since they split as

[T%,U,, x Uy,] = [T%,U,] x [T?,U,,]. (7.59)

Therefore, we may apply Theorem to each factor separately. We know from
Table 4.1 that

m2(Upn) =0, (7.60)
m1(Uyp) = Z, (7.61)
mo(Up) =0, (7.62)
so we can conclude that
[T%, Uy x Uy = [T2,Un] x [T2,U,,]
= (m1(Un) x m1(Un)) x (m1(Un) x m1(Un))
= (Z x Z) (Z X 7). (7.63)

Writing ¥(k) = ¥ (ki,k2) = (¥1(k1,k2), ¥2(k1,k2)) € U, x Uy, the invariants in
eq. (7.63)) are given by the winding numbers n; of det(¢;(k1, 0)) and m; of det(¢;(0, k2))
for 1 = 1,2, arranged according to

(nl,ng) X (ml,mQ) S (Z X Z) X (Z X Z) (764)
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One-dimensional versions of this model are classified by [S', U, x U,] = 71(U,) x
71 (Up) = Z x Z, with invariants given by the winding numbers n; of det(v;(k)) with
i = 1,2 and k € S'. Stacking a representative ¢ of the class (n1,ns) according to
some matrix A € GLy(Z) yields two-dimensional IQPV (see eq. (7.54)

¢stack(k) = QS(PATk)
= ¢p(An ks + Ag1k2)
= (¢1(A11k1 + Aaika), p2(A11k1 + Aiks)), (7.65)

representing the topological phase
(Aunl, Aung) X (Aglnl, A21n2) € (Z X Z) X (Z X Z). (7.66)

Not all classes can be of this form, the simplest counter-example being (1,0) x (0, 1):
For the first and fourth invariant to be non-zero, both n; and ns would have to be
non-zero. However, this would imply that, in order for the second and third invariant
to vanish, Aj; = Ag; = 0, which would in turn lead to an invariant (0,0) x (0,0),
giving a contradiction.

The mathematical reason is the fact that Z x Z is generated by two elements rather
than only one. In physical terms, if the Uj-symmetry is realized by the conservation
of a spin component, then the non-trivial winding for spin up takes place along a
linearly independent direction from that of the non-trivial winding for spin down and
therefore there is no corresponding one-dimensional system.
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One of the main outcomes of this thesis is a classification of topological phases
[T?, Cs(n)]?2 as defined in Definition We now address the physical properties
of IQPVs described by maps 1o : T¢ — Cs(n) representing a non-trivial topological
phase [t)g] # [const.] € [T? Cs(n)]%2. By Definition each member of a family
Yy depending continuously on a parameter ¢ € [0, 1] and satisfying the same set of
symmetries resides in the same topological phase: [¢;] = [¢y] for all ¢ € [0,1]. The
parameter ¢ can always be associated to a continuous family of Hamilton operators
H; with the same symmetries by assigning the flattened Hamiltonian at every ¢ using
egs. (2.139)) and (2.140). As such, it can have a multitude of physical interpretations,
like the hopping amplitude or the strength of spin-orbit coupling. However, there
can be homotopies of Hamiltonians that do mnot descend to homotopies of IQPVs.
This is the case whenever the energy gap between the occupied and empty eigenstates
vanishes for some ¢y € [0,1] and the system is no longer insulating — it becomes a
metal. Given a homotopy H; from Hy with IQPV g to H; with IQPV 1, the only
way to obtain distinct classes [1)o] # [11] is the presence of at least one such value ¢
in order for ¢, to be ill defined, allowing a “jump” into another topological phase.
Thus, the hallmark of a topological phase transition is the closing of the energy gap.

In the next sections, we discuss two important physical manifestations of the ho-

motopy parameter ¢.

8.1. Atomic limit

We start in the complex symmetry class A as introduced in Section [2.1] Recall from
eq. . ) the action of a generic translation-invariant Hamiltonian on a ba51s {|x,)}
of the Hilbert space ¢?(Z%) @ C™:

Hlx, i) Zhﬂ )x+y,5),

with hopping matrix h(y)" = h(—y). Defining a homotopy H; by

Hy|x, i) == Zhﬂ )%, §) + (1 —t) Zhﬂ )% +y,4), (8.1)

(ys'ﬁX)
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with ¢ € [0,1], we recover the original Hamiltonian at ¢ = 0 (Hy = H). The end-
point H; is called the atomic limit. During the homotopy H;, the original hopping
amplitudes of Hy = H are gradually diminished until at ¢ = 1 they vanish completely.
One may think of this process as a continuous increase of the inter-atomic separation
from the original one at ¢ = 0 to infinity at ¢ = 1, so that only the atomic n-by-n
Hamiltonian h(0) remains for each lattice site, completely oblivious of the other sites.

Repeating the steps outlined in Section [2.1) we arrive at the Bloch Hamiltonian
of Hti

Hy(k) = n(0) + (1= 1) > e Vh(y). (8.2)

y#X

For ¢ = 0, this expression reduces to the Bloch Hamiltonian Hy(k) = H (k) of eq. (2.9)
and, not surprisingly, there is no momentum dependence in the atomic limit, H; (k) =
h(0). The latter property descends to the IQPV associated to H; and therefore the
topological phase [const.] € [T?, Cy(n)]%2 is represented by the IQPV of the atomic
limit. Here we fix a chemical potential in order to single out one connected component
of Cs(n), so that there is only one topological phase represented by a constant map.
The present discussion can be generalized to the setting of Section by using the
BdG Hamiltonian in eq. in place of the one from eq. we used above. In
the presence of additional symmetries, we require H; to have these symmetries for all
t € [0,1]. This may require a different homotopy than the one given in eq. (8.2), but a
homotopy always exists (recall the result of [HHZ05|] stating that every Hamiltonian
decomposes into blocks each taken from the tangent space of a symmetric space, which
is always path-connected).

We have thus found a physical manifestation of non-trivial topological phases:
Whenever [t/g] # [const.] € [T¢, C4(n)]?2, the homotopy H; to the atomic limit (with
Hj the defining Hamiltonian of v¢y) must undergo a topological phase transition in
the form of a gapless Hamiltonian. Conversely, if [¢)y] = [const.], there is always a ho-
motopy to the atomic limit varying exclusively through gapped Hamiltonians. These
features are used in [HPBI11] to define the terms “topologically trivial” and “topo-
logically non-trivial”, agreeing with our definitions. In [HPBII], the entanglement
spectrum is used as a diagnostic tool: If it exhibits spectral flow, the atomic limit
cannot be reached without a topological phase transition.

8.2. Boundaries

While the process of taking the atomic limit may be assigned the status of a Gedanken-
experiment, there are features of topological phases that are more accessible exper-
imentally. Recall the reasoning for introducing the configuration space S% x T%:
If there is a defect of codimension d, + 1, then we may enclose it by a sphere S%.
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If the radius of this sphere is sufficiently large, then we can use the approximation
of translation-invariance at every point and treat the dependence on the position on
S semi-classically as additional, independent continuous parameters. In a similar
fashion, we can describe the crossover between two representatives of the same topo-
logical phase in real space if the region of crossover is large enough. This crossover
can occur, in particular, to the atomic limit IQPV as shown in the lower part of
Figure [8.1] Thus, we have found yet another physical manifestation of the homotopy
parameter ¢ € [0, 1] in the form of the relative position within the crossover region in
real space between two IQPVs. If two IQPVs represent different topological phases,
we have learned that the energy gap is bound to close (there must be a topological
phase transition) if an interpolation between the corresponding Hamiltonians is cre-
ated. Therefore, in the crossover region there must be at least one gapless state. In
the example where one IQPYV is that of the atomic limit, the crossover region can be
interpreted as a (continuous) boundary of the material as shown in Figure and
the gapless state is located at this boundary. This relationship between topological
phases of the bulk and boundary properties is known as the bulk-boundary correspon-
dence. The experimental observation of topological phases has so far been limited to
the measurement of precisely these properties. For instance, the non-trivial phase of
two-dimensional systems in the real symmetry class AIl (the quantum spin Hall phase)
was discovered by transport experiments [KWB™07], which confirmed that conduction
only occurred along the rim of the sample. Similarly, in its three-dimensional gen-
eralization, photo-emission spectroscopy was used to show that the two-dimensional
surface carried gapless states [HQW 08, XQH™T09).

In real materials there are no large crossover regions forming continuous boundaries
as displayed in the lower part of Figure but rather sharp boundaries as shown
in the upper part. For this case, more quantitative information is needed about the
attribute “sufficiently large” ascribed to the crossover region. In many models, it
can be verified numerically that the gapless boundary states persist for sharp bound-
aries. Under certain circumstances, there are rigorous proofs that this must be so:
in symmetry classes A and AIl in d = 2, there is a proof in |[GP13| for quite general
Hamiltonians and in [MS11] for Dirac Hamiltonians. Using a semi-classical approxi-
mation for the Green’s function akin to the one we introduced here for IQPVs, [EG11]
presents an argument for the bulk-boundary correspondence encompassing the other
symmetry classes.

However, it is not true that a sharp boundary on a non-trivial IQPV will carry gap-
less states in general when the semi-classical approximations break down. A counter-
example is given in [HPBII] in the form of a non-trivial inversion-symmetric IQPV
without gapless boundary states (a slight generalization of the setting in this thesis
allows the accommodation of inversion symmetry).
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8.3. Interactions and disorder

Although the many-body picture of independent particles as introduced in Section [2.2]
seems limited at first glance, it covers a plethora of interacting systems that are well
described by non-interacting quasi-particles potentially differing from the elementary
particles in the microscopic description. In particular, interactions are essential for
the concept of superconductivity and are thus included in the mean-field description
of Section These arguments only account for interacting topological phases that
are homotopic to non-interacting ones (in the sense that there is a homotopy through
gapped, interacting Hamiltonians) and there are many phases beyond this “weakly
interacting” regime, like the fractional quantum Hall phases [Lau99]. It was shown
in [MKF13, WPS14] that the bulk-boundary correspondence discussed in the last
section needs to be revisited in the realm of strong interactions, with an additional
possibility of exotic gapped ( rather than gapless) edge theories displaying topological
order much like the fractional quantum Hall states.

Another concept seemingly disregarded in this work is the possible presence of dis-
order, since translation-invariance is assumed from the outset. However, at least in
the stable regime of many valence and conduction bands, an argument previously
used in [NTWRS5, [LP12, [QWZ06| can be made to incorporate disorder into our frame-
work. Let a translation-invariant system with topological phases [T?, Cs(n)]%? be
given, where n is the number of complex degrees of freedom per unit cell (correspond-
ing to the factor C" in the definition of the Hilbert space in eq. ) We now choose
to merge multiple unit cells in order to define a larger unit cell. For instance, we
can form a new unit cell containing N¢ of the original unit cells in a cube of length
N. This amounts to changing n by nN¢ in eq. defining the Hilbert space. The
topological phases with the enlarged unit cell are given by [T%, Cs(nN¢)]?2 and due to
Theorem [5.1]in combination with Theorem [7.1] this set is in bijection with the original
set [T?, Cs(n)]?2 if the latter resides in the stable regime. Thus, an arbitrary amount
of disorder repeating with a period of N lattice sites in real space does not alter the
topological phase (provided the energy gap remains open). Since N is arbitrary, we
can take N — oo to remove the restriction on the disorder to be periodic.

Note that the statement derived here guarantees that if, in the stable regime, the
disorder is continuously increased starting from the clean system, the topological phase
cannot change as long as the energy gap remains open. However, generically even an
infinitesimal amount of disorder fills the energy gap (even though the density of states
may be small). We can still apply the formalism developed in this thesis since the
number of occupied states is the same for all k € T¢. In fact, any amount of disorder
leaving open a mobility gap rather than an energy gap will leave the topological
phase invariant [NTW85, [LP12]. For completely general disorder it is still guaranteed
that the set of topological phases as a whole remains the same, but the disordered
topological phase may not be that of the clean system [LP12].
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sharp boundary

continuous boundary

Figure 8.1.: Comparison of sharp and continuous boundaries on a lattice Z? (dots)
with hopping amplitudes indicated by the color of links (black: full am-
plitude, white: zero amplitude).
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In this thesis, we employed the natural notion of homotopy as an equivalence rela-
tion defining topological phases. The task of obtaining a broad classification of these
phases seems daunting at first given the many variables like dimensions, symmetries
and the number of conduction and valence bands. However, if translations are sym-
metries and all other symmetries commute with them, we showed that the problem
reduces to ten symmetry classes as in [HHZ05]. We have organized these ten sym-
metry classes systematically using pseudo-symmetries which satisfy Clifford algebra
relations. Furthermore, we have proved that there are critical numbers of conduction
and valence bands above which the set of topological phases stabilizes. For spheri-
cal configuration spaces with arbitrary numbers of momentum-like and position-like
dimensions, we have classified all topological phases in this stable regime for the ten
symmetry classes. While this result can be obtained by more algebraic means using
K-theory, we have given an independent homotopy theoretic derivation thereof.

On top of the alternative proof of the known results, we have extended the classifi-
cation beyond the stable regime. In this endeavor, we have identified the exact bound-
aries to the stable regime for all ten symmetry classes and determined all exceptions
in the case of spherical configuration spaces with up to three exclusively momentum-
like dimensions. These exceptions include the Hopf insulator of [MRWOS], as well
as a newly identified topological phase which we call the Zo-Hopf superconductor in
symmetry class C. We have shown that all these results are also valid when the con-
figuration space is the physically more relevant Brillouin zone torus (or a product of
position-like sphere and this torus in the presence of a defect). In fact, in the stable
regime, the set of topological phases over the torus splits into a product of topolog-
ical phases over spheres, so we have given an exhaustive classification in that case.
Outside the stable regime, we showed the situation to be more intricate, since there
is no such product decomposition. However, we demonstrated that the results with
spherical configuration spaces give at least a partial answer to the full classification
problem there.

The question of sphere or torus as configuration space is intimately linked to the
concept of strong and weak topological insulators. While the latter distinction can
be defined in the stable regime using the product decomposition, we showed that
outside this regime a modified distinction has to be made in order to avoid strong
topological phases being realizable by stacking lower-dimensional systems. However,
we demonstrated that independent of which definition for the distinction between
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strong and weak is used, there can also be weak topological insulators that cannot be
stacked.
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A.1. Cubes, disks and spheres

In this appendix we spell out the homeomorphisms between S¢, 1¢/91¢ and D¢/9D?
leading to the equivalent definitions of the homotopy groups introduced in Chapter

First, defining 19 := [—, 7]? and D? as the unit ball in R? with radius 7, we have
a homeomorphism

w:1%/91% — D?/oD?

K
K by (A.1)

with inverse

ut:D?/oD? — 1/01¢

ki |k|——, (A.2)

kmax

where kmax := max{|ki|,...,|kq|}. Since the boundaries are mapped to each other,
these maps are well defined on the corresponding quotient spaces.

The second homeomorphism between will be a composite ropg : S — 1¢/91%, where
we view S¢ as the unit sphere in R4, The first part is the stereographic projection

pa: ST = RIU {0}

1

(x,t) —
with inverse
vy R? U {o0} — S¢

y 2y, |y]* - 1). (A-4)

L
1+ [y[?

This is followed by a rescaling to the cube I%:
r:RYU {oo} — 1¢/01¢

y Y, (A.5)

H [
14 Y2 ax
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with inverse
r1 1401 — R U {00}
X ————X. (A.6)
Note that r maps oo to the boundary dI¢ (and vice versa for 1), so it descends to
the quotient 1¢/91¢.
A.2. Four-Lemmas and Five-Lemma

Lemma A.1 (First Four-Lemma). Let there be groups X; andY; and homomorphisms
fi: Xi =Y, (i =1,2,3,4) forming the following commutative diagram with ezxact
rows:

Xl g1 X2 g2 X3 g3 X4

R

Vi — My, 2y My

If f1 is surjective and if fo and fi are injective, then fs is injective.

Proof. Given any x3 € ker(f3), commutativity implies that fi(g3(x3)) = hs(f3(z3)) =
h3(1) = 1 and therefore g3(z3) = 1 since f4 is injective. Due to ker(gs) = im(gs),
there is xo € Xo with go(x2) = z3. Using commutativity again, we obtain 1 =
fa(x3) = f3(g2(x2)) = ha(f2(x2)) and since ker(hg) = im(hq), there is y; € Y7 with
hi(y1) fa(x2). Surjectivity of f; implies that there is an element x; € X; with
fi(x1) = y1, so we can apply commutativity again to get fa(g1(x1)) = hi(f1(z1)) =
hi(y1) = fa(xa). Since fo is injective by assumption, gi(x1) = zo and exactness
implies that x3 = ga(z2) = g2(g1(z1)) = 1, proving that f3 is injective. O

Lemma A.2 (Second Four-Lemma). Let there be groups X; and Y; forming the fol-
lowing commutative diagram of homomorphisms with exact rows:

X2 92 )(3 g3 X4 94 X5

R

Yo —2 sy sy, My

If f5 is injective and if fo and fy be surjective, then f3 is surjective.
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Proof. Let y3 € Y3 be given. Then hs(ys) = fi(xq) for some z4 € Xy, since fy
is surjective. Applying hy to this equation gives 1 = hy(hs(y3)) = ha(fa(zs)) =
f5(g4(z4)), where we have used exactness and commutativity. Since f5 is injective,
this implies that g4(z4) = 1. Thus, due to exactness, x4 = g3(z3) for some z3 € X3.
It follows that hs(ys) = fia(zs) = fa(gs(x3)) = hs(f3(x3)) and therefore there is
y € ker(hs) with y3 = y - f3(x3). Since ker(hz) = im(hz), there is an element yy € Y>
with ha(y2) = y. Furthermore, f is surjective, so there is some zy € Xz with
fa(x2) = ya2. Collecting these results, we obtain

) - f3(w3)
= ha(fa(x2)) - f3(23)
= ha(y2) - f3(x3)
=y - f3(r3)

= Ys3.

f3(g2(x2) - 3) = f3(g2(22)
(

O]

Lemma A.3 (Five-Lemma). Let there be groups X; and Y; and homomorphisms
fi: Xi =Y (1 =1,2,3,4,5) forming the following commutative diagram with ezxact
rows:

)(1 g1 N X2 g2 X3 g3 X4 g4 X5

RN

ha Yy ha Vs hs Y, hy Y

ot

If f1 is surjective, f5 injective and if fo and f4 are bijective, then fs is bijective.

Proof. Injectivity of f3 follows from the first Four-Lemma [A1] and surjectivity from
the second Four-Lemma [A.2] O

A special version of the Five-Lemma relaxing the requirement of all entries to be
groups and all maps to be homomorphisms is given in [tD08), p. 129] and we reproduce
it here:

Lemma A.4 (Special Five-Lemma). Let there be two fiber bundles X; — X 2%

and Y1 =Y 25 B with a based map f : X — Y satisfying f o p1 = pao f, so that
f restricts to maps f : A — B and f: X1 — Yy. Consider the resulting commutative
diagram with exact rows:

7['1(X1) e 7T1(X) E— 7T1(A) E— 7T0(X1) _— ﬂ'o(X)

J» J» J» J» s

mY) —— my) ——— m(B) ——— m(Y1)) ——— m(Y)
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Additionally, suppose that all statements in the following list are true for all choices
of base point xg € A C X (and the corresponding base point f(xg) € B CY):

o f.:m(Xy) = m (Y1) is surjective,
o f.:m(X)— m(Y) is bijective,
o f.:mo(X1)— mo(Y1) is bijective,
o f.:mo(X) — mo(Y) is injective.

)

Then fi: m(A) — m1(B) is bijective for all choices of base point xy € A.
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