A Multiscale Analysis Method
and

its Application to Mesoscale Rainfall System

Inaugural-Dissertation
zur
Erlangung des Doktorgrades
der Mathematisch-Naturwissenschaftlichen Fakultét
der Universitét zu Koln

vorgelegt von
Chi Yan Tsui
aus Hong Kong S.A.R., China

Koln
2014



Berichterstatter: Prof. Dr. Y. Shao
Prof. Dr. R. Neggers
Tag der mUndlichen Prifung: 17.10.2014



Abstract

Heavy rainfall events often occur over southeastern China and the central United States
during the summer rainy seasons. The common features of heavy rainfall events in both
regions are the low level jets (LLJ) originated from the nearby seas and their associated
mesoscale convective systems (MCS). This kind of events has been investigated in
terms of synoptic forcing. However, the mechanism of producing rainfall is still unclear
as multi-scale interactions are involved.

To better understand the mechanism for the heavy rainfall events, this study develops a
multi-scale analysis method and applies it to a rainfall event in southeastern China. A
conceptual model for the heavy rainfall system (HRS), is proposed. The HRS consists
of a LLJ and an upper level jet (ULJ), MCS and cumulus. The three components are
presented based on the observations and analysis in previous studies. These components
represent respectively large, middle and small scale motions. Governing equation sets
of these three scales are derived by using successive filtering. Cross-scale terms in the
resultant equations represent the interactions between the scales.

The proposed mechanism can then be explained by use of three simplified equations,
corresponding to the jets (large scale), MCS (middle scale) and cumulus (small scale).
The simplified equations are obtained through dimensional analysis and only the terms
essential to the MCS are retained. With these equations, it is found that an ageostrophic
circulation developed between the jets. LLJ’s ageostrophy in the exit region is
associated with the vertical mesoscale momentum flux divergence and the deceleration
of the jet. Upward momentum transport originated from the cyclonic side of the LLJ
reaches the upper atmosphere on the cyclonic side of the ULJ. This momentum
transport constitutes the upward branch of the ageostrophic circulation. The downward
branch of this circulation is formed by the downward momentum transport from the
anti-cyclonic side of the ULJ due to its ageostrophy and it contributes to the momentum
flux divergence near the anti-cyclonic side of the LLJ. The mesoscale momentum flux
divergence can intensify the jet stream in the entrance region of LLJ. As a result, a
closed mesoscale ageostrophic dynamic circulation is formed between the large-scale
jets sustaining the LLJ, which in turn keeps supplying large scale moisture for the MCS
circulation and small-scale cumuli.



The dynamic circulation can also be strengthened by the thermodynamic processes that
occur on meso- to small scales. At the LLJ level, at the location of MCS, the ascent is
enhanced due to the increase of buoyancy. The buoyancy is associated with the
mesoscale heat flux divergence, and this heat flux divergence is associated with the
corresponding counterpart of latent heat. The related mesoscale condensation is
contributed by small scale cumulus moisture flux divergence and the MCS itself. A
reverse process occurs in the downward branch of the circulation with evaporation. As
a result, the whole circulation is strengthened.

A numerical experiment with the Weather Research and Forecasting Model (WRF) was
used to verify the aforementioned hypothesis. A heavy rainfall event on 13 June 2008
over Southeastern China was simulated. The model results from the parent and two
nested domains with resolutions corresponding to large, middle and small scales were
used in this event. To investigate the significance of the terms in the simplified
equations, the quantities related to the jets, MCS and cumulus were computed and the
terms related to the essential interactions were evaluated. Overall, the analysis results
were consistent with the proposed mechanism. An ageostrophic circulation was found
between LLJ and ULJ. The ascents were enhanced due to mesoscale latent heat flux
divergence, and thus the circulation was strengthened. This mesoscale latent heat flux
divergence was contributed by the condensation on the corresponding scale. Cumulus
moisture tended to condense on mesoscale and so the small scale latent heat
accumulated on mesoscale. The cumulus heat which was vertically transported on
mesoscale was insignificant to the mesoscale heat flux divergence.

To sum up, HRS is a collaboration of sub-systems with scales from global to mirco. In
summer seasons, ULJ migrates southward to the exit region of the LLJ. When the exit
regions of both jets are close to each other, the circulation associated with the jets’
ageostrophy is triggered. Momentum is transported on mesoscale between the jets, and
the LLJ is intensified (weakened) in its entrance (exit) region. The associated ascending
motion is enhanced by the mesoscale heat flux divergence above the LLJ level, where
the MCS and heavy precipitation are located. Large scale moisture is transported
horizontally by LLJ, and vertically transport occurs mainly on small cumulus scale
below the jet level and on mesoscale above the jet level.



Zusammenfassung

Starkregenereignisse treten oft Uber Suidostchina und den mittleren Vereinigten Staaten
wahrend der Sommerregenzeit auf. In beiden Regionen beinhalten die
Starkregenereignisse einen ,,low level jet* (LLJ), herriihrend von der nahe gelegenen
See, und das damit verbundene mesoskalige konvektive System (MCS). Diese Art von
Ereignissen wurde oft auf synoptische Antriebe untersucht. Der Prozess der
Regenerzeugung ist jedoch noch immer unverstanden da multiskalige
Wechselwirkungen involviert sind.

Um den Mechanismus der Starkregenereignisse besser zu verstehen, wird in dieser
Arbeit eine multiskalige Analysemethode entwickelt und auf ein Regenereignis in
Stdostchina angewendet. Ein Begriffsmodell fiir das Starkregensystem (engl. heavy
rainfall system, HRS) wird vorgeschlagen. Das HRS besteht aus einem LLJ und einem
,upper level jet™ (ULJ), MCS und Cumulus. Die drei Komponenten werden basierend
auf friihere Beobachtungen und Studien vorgestellt und représentieren jeweils groR-,
mittel- und kleinskalige Bewegungen. Beschreibende Gleichungssysteme dieser drei
Skalen wurden durch sukzessive Filterung hergeleitet. Gemischtskalige Terme in den
resultierenden Gleichungen reprasentieren die Wechselwirkungen zwischen den Skalen.

Der vorgeschlagene Mechanismus kann somit durch drei vereinfachte Gleichungen
beschrieben werden, welche den (groRskaligen) Jets, (mittelskaligen) MCS und
(kleinskaligen) Cumulus entsprechen. Die Gleichungen wurden dabei durch eine
Dimensionsanalyse vereinfacht, und nur die fir das MCS wichtigen Terme blieben
erhalten. Mit diesen Gleichungen konnte die Entwicklung einer ageostrophischen
Zirkulation zwischen den Jets gezeigt werden. Die LLJ-Ageostrophie in der
Auslaufsregion ist mit der vertikalen mesoskaligen Impulsflussdivergenz und der
Verlangsamung des Jets verbunden. Aufwarts gerichteter Impulstransport riihrt von der
zyklonischen Seite des LLJ her und erreicht die obere Atmosphare auf der zyklonalen
Seite des ULJ. Dieser Impulstransport bildet den aufwarts gerichteten Zweig der
ageostrophischen Zirkulation. Der abwaérts gerichtete Zweig wird aufgrund der
Ageostrophie von der antizyklonalen Seite des ULJ durch den abwarts gerichteten
Impultstransport gebildet und dieser tragt zu der Impulsflussdivergenz nahe der
antizyklonalen Seite des LLJ bei. Als Konsequenz wird eine geschlossene mesoskalige
ageostrophische dynamische Zirkulation zwischen den grofRskaligen Jets gebildet, die
den LLJ erhalt.Der LLJ wiederum stellt im Gegenzug Feuchte von der grof3en Skalen
flr die MCS Zirkulation und kleinskaligen Kumuli bereit.



Die dynamische Zirkulation kann auch durch thermodynamische Prozesse verstarkt
werden, welche auf Meso- bis kleinen Skalen auftreten. Auf dem LLJ-Niveau, am Ort
des MCS, wird der Aufstieg durch die Zunahme des Auftriebs verstérkt. Der Auftrieb
wurde mit der mesoskaligen Warmeflussdivergenz —assoziiert, und diese
Warmeflussdivergenz wurde mit dem entsprechendem Gegenstiick der latenten Warme
in Zusammenhang gebracht. Die entsprechende mesoskalige Kondensationsrate wird
durch die kleinskalige Kumulusfeuchteflussdivergenz und dem MCS selbst
beigesteuert. Ein Umkehrprozess tritt am abwarts gerichteten Zweig der Zirkulation mit
Verdunstung auf. Als Resultat wird die gesamte Zirkulation verstarkt.

Ein numerisches Experiment mit dem ,Weather Research and Forecasting
Model“ (WRF) wurde benutzt um die oben genannte Hypothese zu verifizieren. Dazu
wurde ein Starkregenereignis am 13. Juni 2008 (ber Sudostchina simuliert. Die
Modellergebnisse der Ausgangsdomane und zweier genesteter Domanen wurden mit
Auflésungen entsprechend der grof3en, mitteleren und kleinen Skala verwendet. Um die
Signifikanz der Terme in den vereinfachten Gleichungen zu untersuchen, wurden die
einzelnen GroRen der Jets, MCS und Cumulus berechnet und die Terme der
grundlegenden Wechselwirkungen bestimmt. Insgesamt sind die Analyseergebnisse
konsistent mit dem vorgeschlagenen Mechanismus. Es wurde eine ageostrophische
Zirkulation zwischen dem LLJ und dem ULJ gefunden. Der Aufstieg wurde durch die
mesoskalige Latente-Warme-Flussdivergenz beschleunigt und damit die Zirkulation
verstarkt. Diese mesoskalige Latente-Warme-Flussdivergenz ~ wurde  durch
Kondensation auf den entsprechenden Skalen erreicht. Cumulusfeuchte kondensierte
tendenziell auf der Mesoskala und fuhrte somit zur Akkumulation der kleinskaligen
latenten Warme auf der Mesoskala. Die Cumuluswérme, die auf der Mesoskalen
vertikal transportiert wurde, war fur die mesoskalige Warmeflussdivergenz nicht
signifikant.

Zusammengefasst ist das HRS ein Zusammenschluss von Untersystemen mit globaler
bis mikroskopischer Skala. In den Sommermonaten wandert der ULJ stidwarts bis zur
Auslaufregion des LLJ. Wenn die Auslaufregionen beider Jets nahe beieinander liegen,
wird die Zirkulation, die mit der Ageostrophie der Jets zusammenhangt, angeregt.
Impuls zwischen den Jets wird auf der Mesoskala transportiert und der LLJ wird in
seinem Einzugs- (Auslauf-) Gebiet verstarkt (geschwacht). Die assoziierte aufsteigende
Bewegung wird durch die mesoskalige Warmeflussdivergenz oberhalb des LLJ-
Niveaus angeregt, wo sich das MCS und der Starkregen befinden. Horizontaler
Transport grof3skaliger Feuchte wird durch den LLJ realisiert. Vertikaler Transport tritt
hauptsachlich auf kleinen Cumulusskalen unterhalb des Jet-Niveaus und auf
Mesoskalen oberhalb des Jets auf.
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1 Introduction

In rainy seasons, heavy rainfall events often occur over southeastern China and central
United States. The striking common feature of the heavy rainfall events in both regions
is a low level jet (LLJ) which originates from the South China Sea and the Gulf of
Mexico, respectively. Apart from the LLJ, some other common features are shared by
both cases, such as the southerly characteristics of the LLJs, occurrence of the events
in the mid-latitudes, the presence of mesoscale structures etc. These phenomena are
often analyzed by using synoptic charts (e.g. Chen et al. 1993), described in term of
large scale forcing due to the LLJ existence, the scale of the associated moisture
transport and the scale of area where the instability develops.

In this study, this kind of events is considered as an outcome of a system consisting of
several components in distinctive scales, which will be referred to as a heavy rainfall
system (HRS). As it involves multiscale interactions, the mechanism of producing
rainfall is complex and still unclear. The importance of mesoscale convective system
(MCS) is hidden when synoptic and micro (cumulus) scales are the study focus. It
remains hidden when the events are simulated and the effect of convections are
parameterized. A multiscale analysis technique therefore is developed in this study. The
interactions between the distinctive scales can be evaluated by taking the advantage of
high resolution numerical simulation.



1 Introduction

The objectives of this study are:

To build a conceptual model of heavy rainfall system;

To develop a multiscale analysis method,;

To establish a simplified equation set with focus on mesoscale, which is specific
to heavy rainfall system;

4. To compute the essential interactions among the scales using the simulation result
of a heavy rainfall event in Southeastern China, and to explain the mechanism of
the involved system;

To evaluate the reliability of the proposed mechanism; and

6. To visualize the heavy rainfall system of the event.

This thesis is divided into 6 chapters, including this one. In Chapter 2, the research
motivation and relevant literature review will be given and a conceptual model is built.
In Chapter 3, equation sets on three distinctive scales, namely, large, middle and small,
are derived. In Chapter 4, the equation sets for the three representative scales are
simplified to show the bare essential cross-scale interactions. Based on these equation
sets, a mechanism of heavy rainfall system is then proposed. In Chapter 5, the analysis
method is applied to a numerical simulation of a heavy rainfall event over southeastern
China. In the last chapter, the whole work is summarized, conclusion and outlook are
also given.



2 Research Motivation and Review

In this chapter, we describe the motivation of the study and the scientific challenges.
The chapter consists of four parts. The first part describes the research motivation. In
the second part, relevant studies on the components of HRS will be reviewed in order
to investigate the interactions among the components. In the third part, a conceptual
model of HRS is introduced. The model is constructed based on observations in China
and the United States. A hypothesis for the mechanism of HRS is proposed. At last, the
difficulties in dealing with multi-scale problems will be outlined.



2 Research Motivation and Review

2.1 Research Motivation

During the summer months in the northern hemisphere, LLJs often occur and are
accompanied with severe weather conditions. In central United States, LLJ originated
from the Gulf of Mexico is associated with the heavy precipitation in the Great Plains.
The temperature and moisture fluxes on 24 June 1998 estimated by Wu et al. (1998)
showed that LLJ originated from the Gulf of Mexico contributes to positive advections
of the quantities in the inland region. Another event, which occurred in 12 June 2008
over southeastern China, showed that heavy rainfall was associated with a
southwesterly LLJ [Wu et al. (2011)]. Both events have several features in common:

1) Both events happened in summer at mid-latitudes;

2) Accompanying the LLJ, a upper level jet (ULJ) in an almost orthogonal alignment
existed [Figure 3(c) in Wu et al. (1998) and Figure 10(a) in Wu et al. (2011)];

3) The role of LLJ is important, as it was responsible for the transport of moisture;

4) Topographical conditions of the coastal regions in both cases are similar. They
favour the moisture transport of LLJ from wet to dry region; and

5) Both LLJs are southwesterly.

According to the diagnoses of the two events, the HRS is triggered when the ULJ and
the LLJ occur at specific positions. By its occurrence in the summer season, it can be
deduced that HRS is established once LLJ and ULJ get closer, when ULJ migrates
southward while LLJ is persistent and stationary in coastal region during summer
seasons.

Precipitation occurs through moist convection, which usually arises as either microscale
cumulus, or MCS, or both. Cumuli contribute somewhat to the rainfall. However, the
scale of cumulus is too small compared to that of the rainfall area. In contrast, the MCS
can explain the scale of the rainfall area. According to observation, for example, the
coastal region along the entire southeastern China was effected as stated by Wu et al.
(2008). Also, the origin of MCS is the splitting or dying cells of cumuli and the
development of MCS is associated with LLJ. By studying the mesoscale convective
complex (MCC) over US, Augustine et al. (1991) concluded that the development of
MCC is associated with the warm moist air transported by LLJ. Meanwhile, by
analyzing the rainfall episodes over Eastern China, Chen et al. (2014) stated that LLJ
helps to sustain the conditional unstable layer in rainfall region, and the moisture
transported enhances the instability.



2 Research Motivation and Review

As a whole, it can be argued that a HRS consists of at least three components: Jets (ULJ
and LLJ), MCS (e.g. MCC), and cumulus. The geometry of these three components
trigger the occurrence of heavy rainfall in certain location. As these components are of
different scales, a multi-scale analysis method is needed to be developed to establish a
hypothesis on the mechanism of this kind of HRS. This is also the main objective of
this study.

2.2 Rainfall System

Before proposing the mechanism for HRS, the interactions among the components will
be reviewed to interpret the HRS concept.

2.2.1 Upper level jet and its associated precipitation

When looking at the zonally averaged wind field in northern hemisphere, we can find
a belt of westerly flow in upper troposphere sweeping along the midlatitudes. Within
the belt, there are noticeable narrow maxima located in northern America and east Asia.
These narrow streaks, known as jet streaks, are the signature of the ULJs. These jets are
permanent feature on synoptic charts, but they shift southward and become weaker
during the northern hemispheric summer. Figure 2.1 shows the monthly averaged wind
speed for June 2008 at the 200 hPa level in the northern hemisphere. It can be seen that
there are two prominent jet streaks embedded in the wind belt, one located over the
Eurasia continent (60°E) and one over east Asia (150°E). For the east Asian jet, Kuang
et al. (2007) found that its seasonal variation depends on meridional temperature
difference. It retreats southward and weakens during the summer season, but appears to
be stationary during June — July but with a rapid zonal displacement.

Early in 1952, an event of drought in the United States was documented in two monthly
diagnostic reports written by Klein (1952) and Hawkins Jr (1952). Summarizing their
findings, they found the drought was associated with the retardation of a polar front due
to the strengthening of the westerly jet. This ULJ, in which the wind speed was more
than twice as that at 200 hPa, prevented the southward penetration of cold polar air
mass. As a result, the forced ascending convective motions were weakened and rainfall
reduced. Furthermore, anti-cyclonic flow in the area to the south of the jet, where the
central and eastern US located, also suppressed the lifting motions, and took moisture
out of the States. On the basis of their diagnoses, Hawkins Jr (1952) attributed the
breaking of the drought to the release of moisture in the cyclonic area with the
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2 Research Motivation and Review

penetration of the front. Despite their simplicity, these reports give a clue on what the
framework of a HRS should consist of. Although the ULJ and its influence are not a
complete story, they tell that (westerly) ULJ itself is an essential component in a HRS.
The position and the strength of the jet determine the location and intensity of the
rainfall.

90N
60N
30N
EQ -
0 60E 120E 180 120W 60W
B =3 S al
10 20 30 40

Wind Speed (m s™)

Figure 2.1 ULJs in northern hemisphere in June 2008. Obtained by averaging
wind field at 200 hPa level using NCEP FNL Reanalysis data. Wind
speed is colour shaded (m s), geopotential height in contour (km) and
heavy dashed line indicates the axis of trough. Note that all the ULJs
are found in the downstream of the troughs.

An idealized structure of the westerly ULJ was introduced by Blackmon (1977), as
shown in Figure 2.2. It suggests that ULJ is maintained by a thermal-direct and a
thermal-indirect circulation, in the upstream and downstream sections, respectively.
The flow accelerates in the upstream section of the jet stream, with a poleward
ageostrophic circulation transverse to the jet, while it decelerates downstream with an
equatorward ageostrophic transverse circulation. Furthermore, in the exit region, a
maximum of convergence of eddy flux of westerly momentum is found to the north of
jet stream level, and underneath there is a maximum of eddy heat flux. Through the
analysis of the stream function and velocity potential distribution, in the meaning of
rotational and divergent circulations, Chen et al. (1988) concluded that the jet is
maintained by the balance between kinetic energy associated with ageostrophic flow
and the divergence of kinetic energy flux.
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2.2.2 Low level jet

When looking on the time-averaged wind field in the lower troposphere in the northern
hemisphere, one can observe there are significant meridional variations. A series of jets
are located along the coasts of continents over the world and orientate southwesterly in
common. The most noticeable jets are located over the Gulf of Mexico in southern US
and South China Sea in east Asia. These two LLJs are the typical cases for studying the
relationship between the synoptic scale environment and mesoscale convective systems.
The southeast Asia LLJ plays an important role during the East Asian Summer
Monsoon period. The LLJ, just like ULJ, can be sustained by an ageostrophic
circulation [Bonner (1968)]. It also acts as a moisture conveyor belt for the heavy
precipitation over southeastern China. Despite the different mechanisms for heavy
precipitation in the rainy seasons in different places, numerous studies have presented
convincing evidences coincidentally to show that LLJ transports moisture for the
development of deep convections associated with storms and heavy precipitations,
particularly in the rainy seasons. In Japan, Matsumoto (1972) found that precipitation
prefers to occur on the cyclonic side of a LLJ, and the moisture tongue coincides with
the jet streak. Similar findings are shown by Matsumoto et al. (1972) and Akiyama
(1973). In Northern Taiwan, Chen et al. (1988a, 1988b, 2004) statistically proved that
heavy rainfall is closely related to the LLJ’s occurrence.

LLJs can be recognized on a synoptic chart by locating the horizontal wind maxima at

7



2 Research Motivation and Review

vertical levels between 850 — 600 hPa. From the observation, positive vorticity always
occurs on the left side of the jet axis while negative on the right side (e.g. Chen et al.
1997). Meanwhile, they are categorized in terms of life cycle, jet streak height and
magnitude of wind shears. For example, the “formal” LLJs, which possess a significant
diurnal cycle, was distinguished from nocturnal LLJs (Stensrud 1996) and barrier jets
(Chen et al. 2004). Obviously, they are distinguished according to the formation
mechanisms. In this study, the LLJ in the rainfall system is the formal one which carries
the characteristics defined by Stensrud (1996) and Chen et al. (2004):

Related to synoptic scale forcing,

Significant vertical and horizontal wind shear,

Transports warm and moist air from lower latitudes (towards frontal area), and
Helps to establish a convectively unstable environment.

M w e

To maintain the function of a moisture conveyer belt, the LLJ has to be sustained and
thus intensification is needed in its entrance region. One of the intensification
mechanisms is associated with ULJ, which is studied by Uccellini et al. (1979). The
study proposed that the intensification of the LLJ is the result of its coupling with ULJ.
The LLJ which is embedded in the lower branch of an indirect circulation between the
jets, is intensified due to the increase of isallobaric wind component. This study later
was verified by a numerical experiment carried out by Sortais (1993). The experiment
confirmed the coupling of the ULJ and LLJ and demonstrated the formation of a pre-
frontal rain band along the cyclonic side of the LLJ. Note that the formation of LLJs is
beyond the scope of this study, but the importance and contribution to the HRS. Only
the behavior of LLJ and its influences on mesoscale motion over south China are the
concerns of this study.

2.2.3 Mesoscale Convective System

The study of mesoscale motions has been started since van der Hoven (1957) found a
“gap” (i.e. relative low variance) in energy spectra. The gap appears as a large valley
separating the microscale from the macroscale peaks, with scales ranging from a few
minutes to few hours temporally, or on the order of 1 to 100 km spatially. These scales
of lacking variation are of typical mesoscale processes. Progressive studies on the role
of mesoscale motion in spectrum have been done for decades and well-summarized by
Atkinson (1981). Mesoscale processes in terms of temporal and spatial scale has been
classified by Orlanski (1975). Recent study by Hamilton et al. (2008), using a GCM
with high resolution, showed that the upper tropospheric Kkinetic energy spectrum,

8



2 Research Motivation and Review

synonym of wind speed variance spectrum in this case, is associated with the space-
time variability of rainfall. While with more energy on scales with wave number larger
than 10, it comes with higher variability of rainfall, and the authors suggested that there
may be a significant role of direct latent heat forcing of mesoscale motions in shaping
the energy curve in the mesoscale portion.

Mesoscale systems sometimes exist as clouds in different shapes. They can be
recognized in terms of their orientation or appearance. Organized MCSs are often
observed in the frontal area. Squall line is one of the examples. Figure 2.3 shows the
conceptual structure of a squall line proposed by Biggerstaff et al. (1991). Other
systems which appear in circular (irregular) shapes are termed as MCC [Maddox
(1980)]. The kinematic and thermodynamic circulation of organized MCS has been well
documented. For example, Houze et al. (1989) and Biggerstaff et al. (1991) have

proposed isolated structures of organized MCS by doppler-radar and rawinsonde data,
respectively.

:
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Figure 2.3 A conceptual two-dimensional model for a squall line. Hydrometeor
produced by convective cells tends to be transported to the stratiform
region. Note that in the stratiform region there is a mesoscale updraft
due to the condensation of hydrometeor, while downdraft underneath
due to evaporation of precipitation.

[Adopted from Figure 18 of Biggerstaff et al. (1991)]



2 Research Motivation and Review

For those MCS (or MCC) in irregular shape, they are formed loosely in group of cells
in an environment with weaker wind shear compared to organized MCS [Emanuel
(1994)]. Its lifetime varies from hours to days, and the distribution of updraft region is
determined by the nature of the MCCs themselves. Since MCC are regular in properties
and features, Maddox (1980) has defined MCC by its size and lifetime using IR
temperature instead of its orientations.

Mesoscale motion plays an important role in maintaining the upper jet stream. The close
relationship of mean zonal (synoptic) flow and eddy circulation has been deeply
revealed by Grotjahn (1993). In short, the synoptic flow is continuous along the latitude
circle, while the flow accelerates due to its ageostrophy and constitutes the ascending
branch of Hadley cell, another secondary circulation must exist to constrain the flow
from “speeding” infinitely. It means that, to preserve the flow continuity, the flow does
decelerate. The deceleration is accomplished by the “eddy” motions associated with
mid-latitude cells, or “Ferrel cell”. Hence, most ULJs observed are often southwesterly
rather than strictly westerly. Severe rainfall or storms are frequently observed on the
cyclonic side of the ULJ where the flow decelerates. By temporal filtering, Holopainen
(1984) has statistically proved that eddy motion dominates in the storm track region
and the energy tends to be drawn from the mean flow to the “synoptic-Scale” eddies.
This provides an evidence that mesoscale motions are crucial in maintaining ULJs and
responsible for the transport of moisture and heat.

Beside the effect on ULJ, MCS also intensifies LLJ. To adjust the geostrophic balance,
Chen et al. (1998) showed that a secondary equatorward cross-jet circulation was
developed in the exit region of ULJ. Mesoscale convection is found in the pre-frontal
region. To feed the air required for the convection in the lower troposphere, a poleward
cross-jet circulation was induced beneath the ULJ. LLJ therefore was developed and
intensified by the meso-inflow.

2.3 Hypothesis of Heavy Rainfall System

Based on the interactions among the HRS components, a mechanism of HRS is
proposed here. The three components, i.e. LLJ and ULJ, MCS, and cumulus are
presented schematically in Figure 2.4. The LLJ is assumed to be southerly, while ULJ
westerly. MCS is located only on the cyclonic side of both jets, while cumuli are located
on the cyclonic side of the LLJ.

10



2 Research Motivation and Review

The forcing of the large scale jets is geostrophic. When the ULJ migrates southward
and is close enough to the LLJ, the jets’ ageostrophy could be associated with mesoscale
ascent and moisture transport. This phenomena is evidenced by the observations /
studies aforementioned. The mesoscale ascent constituents the upward branch of the
ageostrophic circulation where condensation takes place. The latent heat released
enhances the instability, which therefore foster the occurrence of heavy precipitation.
The downward branch of the circulation is also considered. The mesoscale downdraft
intensifies the LLJ in its entrance region, which in turn sustain the moisture transport
for the HRS.
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Figure 2.4 A hypothesis on heavy rainfall system mechanism. The dashed lines
visualize the relative levels of the jets. Vortexes represent the positive

vorticity regions on the jets’ cyclonic sides.

The MCS tends to occur in the region with the highest positive vorticity, because
positive vorticity with convergence means the presence of upward motion. Note that
the MCS also favours cumuli. As mentioned before, MCS is generated by the splitting
or dying cells of cumuli in an instable region. Accordingly, cumulus can be formed on
the LLJ’s cyclonic side, with the positive vorticity decreasesing.
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2 Research Motivation and Review

In such geometry, the HRS can be maintained in a steady state by the ageostrophy of
the jets, and a continuous supply of moisture can be achieved. However, more detailed
investigations are needed to get a clearer picture and plot the whole story.

2.4 The Current Issues in Multiscale Analysis

The HRS consists of components in three distinctive scales. These three scales, namely,
large, middle and small scales, interact with each other to form a complex sustaining
system. These threefold relationships behave in a complicated manner. What makes the
situation more challenging is the distinctness of the scales. As shown in Figure 2.5, each
component falls on different scale. According to the figure, by the definition given by
the Committee of Atmospheric Science of the National Academy (CAS), baroclinic
wave (associated with ULJ) is of climatological-synoptic scale, LLJ and squall line (a
kind of MCS) are of synoptic-mesoscale [but also can be of meso-4-scale proposed by
Orlanski (1975)]. Deep convection (a form of cumulus) is of micro-scale. As a whole,
the borders of between components’ scales obscure the processes in term of space and
time, i.e. process with a given spatial scale may be of another temporal scale. In order
to distinguish the scale of the components clearly, the scales should be well-defined in
the new analysis technique, so that the interaction between components can be
estimated. In this study, only spatial scale will be used to avoid confusion.

The heat and moisture transport in the threefold relationship is one of the focuses.
However, the existing parameterizations are capable of dealing with one (spatial) sub-
scale only, but not two. So, this barrier has to be broken through in the new technique.
Although parameterization is a typical strategy to deal with such kind of “sub-scale”
problems, only the contribution of the sub-scale motions on the large scale is estimated
by the parameterization but not the sub-scale motions themselves.

12
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Figure 2.5 Scale definition of different processes in term of temporal and spatial

coverages. [Adopted from Figure 6 of Atkinson (1981), p. 19]

In reality, however, mesoscale convective systems play important role. For example,
Zipser (1977) observed the presence of mesoscale downdrafts out of cumulus clusters
at the rear part of a squall line. The horizontal scale of these downdrafts was of several
hundred kilometers. In these downdraft, convections due to cumuli were suppressed.
The observations suggested that, the scales of these meso-structures fall between the
synoptic scale and micro-a scale (or “convective” scale), and their mechanism differs
from that of cumulus. To complete the picture, one of the solutions was the development
of mesoscale parameterization. In this aspect, based on the findings of Zipser et al.
(1969, 1977), Leary et al. (1979) proposed a mesoscale parameterization by introducing

13



2 Research Motivation and Review

an idealized mesoscale system on a larger-scale environment. The idealized system
consists of a convective region and an anvil region. Apart from a detrainment to the
environment, there is also an entrainment into the anvil region from the convective
region. The contribution from convective cumuli is assumed to be included in this
idealized model. When the area of anvil region was deducted, the parameterization
scheme is simply restored to typical mass-flux approach. However, with this idealized
model, the control parameters in the flow of water and heat budgets were based on
studied cases, i.e. empirical values, as well as the dimensions of the model itself. Unlike
the cumulus parameterization which is initialized by CAPE extent, this
parameterization is “compulsory”. The above parameterization tells the importance of
mesoscale structure to the large scale environment.

The sub-scale terms that used by parameterization are produced by performing
Reynolds Averaging on the large scale governing equations. Two types of are formed,
i.e. the averaged and the covariance terms. The averaged term represents the large scale
advection while the covariance the effect of sub-scale motion. That is, when preforming
Reynolds Averaging on the equation, it resolves the motion into averaged and sub-scale
only, but not more. Moreover, Reynolds Averaging gives no restriction on the sub-scale.
Hence, in principle all the scales which are smaller than that of average can be regarded
as “fluctuation” in the averaging and hence reflected by the covariance terms altogether.
In the atmosphere, there is no obvious gap among the processes on large, meso-, and
convective scales. As a result, Reynolds Averaging is unable to separate the multi-scale
process, thereby the definition of ‘sub-scale” in all parameterization processes are
subjective. This problem has been realized by Arakawa (2004) that the definition of
“sub-scale” or “sub-grid” varies upon applications. He stated that “... I have avoided to
use the words large-scale processes and small scale processes. This is because those
words are not well defined when there is no gap in the spectrum of atmospheric
processes ... avoided the words grid scale and sub-grid scale because the concept of
parameterization is not unique to a numerical model ... <. All facts above point out that
the traditional strategy is not sufficient enough in dealing with “sub-grid” processes and
hence it is not possible to estimate the contribution of the intermediate scale process in
a multi-scale system.

In this study, a multi-scale analysis technique is developed. Instead of estimating the
large-scale averaged values, synoptic, meso- and convective structures will be resolved
with the help of high computation power. The essential interactions between each scale
will be clearly illustrated, in order to show the how the jets and cumuli interact with the
mesoscale convective system.
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3 Derivation of Multiscale Equations

In this section, the governing equations for the HRS are derived. Based on the HRS,
each governing equation is required to be derived on three scales in order to describe
the components on the corresponding scales.

In the first part, an arbitrary quantity is first decomposed to n scales, then the general
form of total derivative, which is presented in all governing equations, is established
for these n scales by using Reynolds (spatial) Averaging. In the second part, the three
scales, i.e. large, middle and small scales, are defined respect to the HRS, and the
corresponding governing equations are developed, the corresponding continuity
equation and equation of state are also given.

15



3 Derivation of Multiscale Equations

3.1 Total Derivative for Multiscale

3.1.1 Single value on different scales
Before dealing with specific scales of interest, an expression of a quantity on n-th scale
is needed to be defined. An arbitrary quantity, y, can be decomposed as

x=x"+ " (3.1)

where yL1 is the low-pass signal of y with a window size of the 1st scale, and x! is
the corresponding high-pass signal. In case of Reynolds averaging, y is decomposed
to a mean and a perturbation. Then, y! is processed in the same manner as y, but with
a window size of the 2nd scale. This process is shown schematically in Figure 3.1.

For the n-th scale, we have
XL(n—l) — XLn +XHn (3.2)

This equation states that the low-pass quantity y“™=1 on (n-1)-th scale is composed
of a low-pass signal y'™ on n-th scale which acts as a “background”, and a high-pass
signal (™= which is the perturbation with respect to y". If the filtering is simply
spatial averaging, the following relationship is satisfied for two dimensional space

1 a b
XLn — Ez ZXijL(n_l)

i=1j=1

where i and j are the indices in the directions of x and y, respectively. a and b are two
positive integers. This implies that the averaged area for the n-th scale must be a X b
times that for (n-1)-th scale. Note that a and b can be different on different stage of
filtering. Figure 3.2 shows an example on the first 2 stages. y! is obtained by
averaging 4 y values, as shown in (a). Then, similarly, y'? is obtained by 4 y!!
values.

16



Figure 3.1

Figure 3.2

3 Derivation of Multiscale Equations
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3 Derivation of Multiscale Equations

Likewise, this relationship can be extended to volumetric averaging in 3-dimensional
space, i.e.

where k and ¢ resemble i (j) and a (b), but in the vertical direction.

The quantity y can now be expressed in term of n scales

x=x"+ X (3.3)

It states that y can be considered as a summation of all high-pass signals and a low-
pass signal on the largest scale, as shown in Figure 3.1. A quantity with the highest
resolution is now considered to be composed of signals with various resolutions. In
other words, the signal can be decomposed into infinite components with distinctive
resolutions (or frequencies).

18



3 Derivation of Multiscale Equations

3.1.2 Derivation of general equation

In order to develop a multi-scale equation system, it is important to examine first the
decomposition of the total derivative of a quantity, as it is an essential term in all
prognostic equations. If y is conserved, then

i)% duy vy owy (3-4)

where  u, v, w are the zonal, meridional, and vertical wind velocities, respectively.

As Eq. (3.1), with u, v, and w expanded in the same way, it gives

a(XL1+XH1) . 6(uL1+uH1)()(L1+)(H1) 6(vL1+vH1)()(L1+)(H1)
at - ax ay
(3.5)
a(WLI_I_WHl)(XLl_I_XHl)
0z

Take an average of the equation above over the 1st scale, the resultant equation is
given by

—1
XM _ g, 11 _ g g B ETt _ Wt awty

at

where V), and v, are horizontal del operator and velocity (vector), respectively,
with v, =u+v

By subtracting ( 3.6) from ( 3.5), the tendency of y/'* is given by

oyt L1

at

= —Vp v ) = V- 0y = V0 H L V) ) FTYHT
(3.7)

_owliyHt  gwhHiyli  gyHiyH N aleleLl
0z 0z 0z 0z

Eq. ( 3.6) describes the tendency of y when it is averaged over the 1st scale, while Eq.

(3.7) the tendency of yx’s perturbation relative to the 1st scale. Following the procedure
above, the equations for Scale n can be given as

19



3 Derivation of Multiscale Equations

Ln Ln,Ln a(ZnWH")(HnLn)
A= Vo vyt = W Sy ) 22
at 0z 0z
(3.8)
I I Il v \
where
Term | represents the storage of average y on Scale n
Term 11 the flux divergence associated with horizontal advection due to the
motion on the same scale
Term 111 the flux divergences associated with perturbations on scales smaller than
Scale n

Term IV, V  are the vertical counterpart of Il and IlI, respectively.

Eq. ( 3.8) reveals that the temporal change of a quantity y on Scale n depends on local
advections, as well as the divergence of sub-grid flux divergences.

And the relevant high-pass equation is given as

aXHn:_A_ INyHN _ U .ay HnolN _ T .4, Hn ., HN
9t Vv VX Vv VX Vv VX
I I Il v
—V.-3" vhH(n—l)XH(n—l)L(n_l) +V-30 vthXHnLn
\ VI
_ a(thnXHn) _ 6(vthXLn) _ a(vthXHn) (39 )
0z 0z 0z
VII VIl IX
_ OTWHGDHGD Y oSy
0z 0z
X Xl
where
Term | describes the storage of y’s perturbation relative to Scale n
Term 11 flux divergence associated with the advection of y#m itself
brought by the horizontal mean flow v,"
Term 111 flux divergence associated with the advection of '™ brought by
the perturbative motion v, "™
Term IV flux divergence due to the perturbations relative to Scale n
Term V total contribution of all perturbation flux divergences up to Scale
n-1
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3 Derivation of Multiscale Equations

Term VI as Term Il in Eq. ( 3.8), but with opposite sign. It reveals the
linkage between mean and perturbation on Scale n
Term VII - XI are the vertical counterpart of Term Il — VI, respectively

Eq. ( 3.9) implies that the temporal change of y’s perturbation on Scale n is attributed
to several factors. First, the change is associated with its corresponding averaged motion
related to Terms Il, 111, VII and V1II. In other words, the perturbative quantities (y*,
v, 1™, ...) interact with the averaged quantities (y*, v,!", ...). Several scenarios can
be made for these interactions and will be discussed in the later sections. Second, it
depends on the advections on its own scale, i.e. Terms IV and IX. Third, the sum of the
sub-grid flux divergences, Terms V and X, which consists of the high-pass divergences
of all scales smaller than Scale n and averaged over Scale n-1, contribute to the change.
Finally, Terms VI and XI, which are the total of averaged effects of all sub-grid flux
divergences over Scale n, have the opposite sign to the Term Ill and V in Eq. ( 3.8).
This is not surprising because Eq. ( 3.8) states that Terms Ill and V contribute to the
temporal change of x.", as a result, equal amounts should be taken from the change of
xH™ in order to maintain the conservation of y. Overall, Eq. ( 3.8) shows how an
arbitrary quantity y is deposited with respect to the n scales. On this basis, the
interactions among the interested scales will be studied.
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3 Derivation of Multiscale Equations

3.2 Equation Set for Heavy Rainfall System

Beginning with the basic governing equations, and using the outcome form the previous
section, equations for three scales, which are the most relevant to the HRS, are
developed.

The equations for n-th scale in the previous section now reaches the 3th scale, i.e. three
scales are covered, namely large, middle and small, with superscripts of I, m, and s,
respectively. For each scale, the corresponding low-pass and high-pass signals are given
with superscripts L and H, respectively. For example, u* represents the low-pass
signal (L) of zonal wind velocity on large scale (1), while u** high-pass signal (H) on
the corresponding scale (1).

raw
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Filter signal Physical interpretations

High-pass on middle scale

Cu on micro-scale

High-pass on large scale
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Low-pass on large scale

ULJ and LLJ on synoptic

scale

Figure 3.3 A quantity on three representative scales. Signals are assigned to the

components in the heavy rainfall system.

As illustrated in Figure 3.3, the components of the heavy rainfall system are assigned
to the specific signals. Generally, sub-scale effects are represented by the perturbation
on the corresponding mean (average). HI is the MCS signal on the large scale mean LI,
while Hm (cumulus) on middle scale mean Lm. HI has a higher resolution than LI and
is identical to that of Lm. The situation of Hm is similar accordingly. In addition,
although Ls and Lm are not used to describe HRS, they are essential for the computation
of Hm and HI, respectively. Based on these notations, the equations for the HRS’s
components can be developed.
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3 Derivation of Multiscale Equations

Seven basic equations are needed to describe the dynamics of the atmosphere. These
include

Momentum equations (Newton’s second law in 3 dimensions)
Temperature equation (Conservation of energy)

Moisture equation (Conservation of moisture)

Continuity equation (Conservation of mass)

Equation of state

moowp

Hereafter, these 7 equations will be termed as an “equation set” for simplicity. Despite
the wide coverage in its frequency spectrum, the rainfall system can be simplified to
one which composed of only small, middle, and large scales. The motions on each scale
are represented by one equation set. It follows that there are 3 equation sets for the
representation of the rainfall system. In this sub-chapter, the derivation of equations
respect to these 3 scales are given.

3.2.1 Horizontal momentum equation

The momentum equation in x-direction is

ou , o owu 10p 2
—+Vy,rvyu+—=fv———+4+vWu
at h h 0z f p O0x (3.10.1)

| I Il v Vv VI

where  u is zonal wind speed;
v meridional wind speed,;
f Coriolis parameter;
p air density;
p pressure; and
v the kinematic viscosity.

Term I in Eq. ( 3.10.1) is the tendency terms, Term Il and 111 the advection terms in flux
form, Term IV the Coriolis term, Term V the pressure gradient forces, and Term VI the
viscosity terms representing the influence of viscous stress and is often omitted so as in
this study because they are small and only significant on the molecular scale.
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Al Small scale equations
As discussed before, u can be decomposed as
u = ubls +ufts
Expanding u in Eq. ( 3.10.1), with viscosity terms omitted, gives

a(uls+uHs)
ot

9 (WLs+WHs)(uLs +uHs)

+ V—h ) (ths + UhHS)(uLS + uHS) + _

(3.11.1)
i a(pLS+pHS)
pLs ox

— f(ULS + 1]HS) _
The equation above describes the full temporal change of horizontal momentum on
small scale. The equation is filtered necessarily in order to obtain the equations for the
mean momentum and the corresponding perturbation.

Using the outcome of Eq. ( 3.6), and substituting y with u, the equations for the mean
horizontal momentum on small scale are

auLS
at

. T —
= —Vh ' thSuLS — Vh ' vhHSuHS

(3.12.1)
——Ls
awksuyls  gwHsyHs Ls 1 9pks
0z 0z +fv pLs ox
v \ VI VIl

All symbols are as defined before. As these equations are specific to the motions over
a small scale. All the terms now have physical meanings related to the small scale mean.
Note that the Coriolis term and pressure gradient forces are processed for small scale
as follows

Term VI reveals the Coriolis forces, by averaging f (v’ + vf%) and
f (b +uf's) over Ls
Term VII the pressure gradient force in zonal / meridional direction, by
. apLs 8pHS apLS apHS
averaging —— + —— and % + 5y OVer Ls
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Accordingly, the perturbation equations for the small scale (i.e. the turbulence equation)
is analogous to Eq. ( 3.7)

outts _ ? . LS, Hs T . Hs, Ls V_\ . Hs., Hs T . Hs. HsLS
9t = —Vp'vp"u — V'V "uU™ —Vp v u + hnVp"u
I 1 1l v Vv
. (3.13.1)
F) Ls,,Hs 9 Hs,,Ls F:) Hs, Hs owHsyHs S 19 Hs
_ w=u _ w u _ w u + w u + vaS _ _p_
0z 0z 0z 0z pLs ox
VI VII VIl IX X Xl
Term X describes the fluctuation of Coriolis forces on small scale
Term XI the perturbation of pressure gradient forces on small scale

Eq. ( 3.12.1) implies that the temporal changes of mean momentums is contributed by
the advection of mean motions, averaged advection due to turbulence, Coriolis force
and pressure gradient force.

Unlike that of the mean momentum, the temporal change of turbulence, i.e. Term I in
Eq. ( 3.13.1), is contributed by the interaction with the corresponding mean motions,
advection of the turbulence itself (as well as the averaged counterpart), and the
perturbation of Coriolis force and pressure gradient force. The interaction of turbulence
and the mean motion will be discussed in detail later. Note that the averaged advection
due to turbulence are always in opposite to their counterparts in the corresponding mean
equations.

Due to their similarity, the equation corresponding to meridional component v is not
shown here. Hereafter, zonal component u will be used only as an example to show
the derivation of the equations which involve horizontal components. The
corresponding meridional equations can be found with codes following the respective
zonal equations documented on the List of Equations of this thesis.
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A2 Middle scale equations
Similar for middle scale, we have

oulm — — ——————m = ————Llm
- — _vh . thmuLm _ Vh . vhHmuHm _ vh . ‘DhHSuHS
I I i AV
———Im —————Im
a(whkmayLm) 6(meuHm ) 6(WH5uHS
T ez az - oz (3.14.1)
Vv VI VIl
Lm
Lm _ _1 9p
+fv T7 o
VIl IX

where all terms are analogous to the corresponding terms in the equation for small scale
mean [Eq. ( 3.12.1)], except that

Term IV represents the advection of turbulence momentum on middle scale
Term VII as Term 1V, but for vertical
And,

qutm

— — _Vh . thmuHm _ Vh . vhHmuLm _ Vh . vhHmuHm

I I I \v

—_— ———7=Ls _— ———FLm —_— ———F7Ilm
_Vh . vhHsuHs + Vh . vhHmuHm + vh . ‘UhHSuHS

Vv VI VIl
_ a(whmuttm)  g(whmulm)  g(wHmytm) (3.15.1)
0z 0z 0z
VI IX X
_owhsuf | gyHmyEm ™ + o
0z 0z 0z
XI pdll X1
Hm _ _1 op"™
+fU me ox
XIV XV
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3 Derivation of Multiscale Equations

All the terms are analogous to the corresponding terms in the equation for middle scale
perturbation [Eq. ( 3.13.1)]. It is noteworthy to state that the advection due to turbulence
on small scale (Term V and XI) are also factors in the temporal change.

A3 Large scale equations

Likewise,
dul! — _ _— ——— — —— ] — ——]l
% = -V, thluLl —V, v Ayl Y, -y AmyHm™ .y Hsy Hs
I I Il v \
Ll ___
a(whlylt) 6<leu"” ) a(meuHle) 6(wH5uH5Ll
N 0z N dz N dz N 0z ( 3.16.1 )
VI VIl VIl IX
w1 ont
+fv 0 ox
X Xl
Term IV shows that the advection of cumulus on large scale
Term V advection of turbulence on large scale
Term VIII as 1V, but in vertical direction
Term IX as 'V, but in vertical direction
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And,
ouH! v L, Hl _ o HL, Ll _ o HL, Hl
T=—Vh'vh u —Vh'vh u —Vh'vh u
I 1 Il v
— —————Im — ————lm
_Vh . vhHmuHm _ Vh . ‘DhHSuHS
Vv VI
S — _ — _ —— ]
+Vh . vhHlqu + Vh . vhHmuHm + Vh . vhHsuHs
VII VIl IX
_ 6(WLlqu) _ a(WHluLl) _ a(lequ)
0z 0z 0z
X Xl Xl
aWHmuHmLm astuHsLm
- 0z - 0z
X1 A\
aWHlquLl aWHmuHle aWHsuHsLl
0z 0z 0z
XV XVI XVII
Hi_ 1 opM!
+fv 0 o
XVIII XIX
Term V describes the advection of cumulus on middle scale
Term VI as V, but for the advection of turbulence
Term XIII the vertical form of V
Term XIV the vertical form of VI
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3 Derivation of Multiscale Equations

3.2.2 Vertical momentum equation
The derivation of multi-scale vertical momentum equations is identical to those of
horizontal, except the addition of a buoyancy term which is crucial in vertical motions.

B1 Small scale equations
Starts with the vertical momentum equation

—=-Viyw——--—-g (3.18)

where  w is vertical wind speed,
p s air density, and
g is the acceleration due to gravity

and

w = wks 4+ whs

p =pLs+pHs

Expanding Eq. ( 3.18) and multiplying with a factor of pls + p*S, then divided by
pls, it gives

Hs Ls Hs
pfs a(wls+wts)
(1 + pLS) at -

Hs\
— (1 + ZLS) V- (thsWLs + thsWHs + vhHSWLS + vhHsWHS)

HS) a(WLSWLS+WLSWHS+WHSWLS+WHSWHS)

— P
(1 + pls 0z

1 a(pL5+pHS) pHs
_E 0z N (1 + pLS) g

Hs
Assuming that the density’s perturbation ZT is negligible, hence all the terms with the

Hs Hs
factor of ZT vanish. However, the term (1 +ZT) g retains because its order is

comparable with other advection terms associated with the mean motions.
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3 Derivation of Multiscale Equations

This gives a full equation describing the small scale vertical motion.

owls+whs o Lsy,L Ls,, H Hsy, L Hs,, H
ot :_V'(vhSWS+vhSWS+vh SWS+vh Sw S)
_ a(WLsWLs+WLsWHs+WHsWLs+WH5WHs) ( 319 )
0z
10 pLs+pHs Hs
LY
P 0z ps

Using the outcome of Eq. ( 3.7), the equation of vertical momentum perturbation for
small scale is given as follow

awHs N — — — —— L5
— — _Vh . thsWHs _ Vh . vhHSWLS _ Vh . vhHSWHS + Vh . vhHsWHs
I I 11 AV V
awlswHs  gwHSwLs  guwHsyHs aWHsWHsLS
- 0z - 0z - 0z + 0z ( 3.20 )
VI VIl VIl IX

All terms above are analogous to the corresponding equations for horizontal
momentum on small scale, except

Term XI describes the buoyancy effect due to the perturbation in density
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3 Derivation of Multiscale Equations

B2 Middle scale equations

Similarly, we have

aWHm

at
| I I v

— _Vh .v—hLmWHm _ vh . vhHmWLm _ Vh . vhHmWHm

— ——F——Ls _— ————Im _— ———FLm
_Vh . ‘DhHSWHS + vh . vhHmWHm + vh . ‘DhHSWHS

Vv VI VII
9 (WLmWHm) 6(WHmem) 6(meme)
0z 0z 0z
VI IX X
aWHsWHsLS aWHmWHmLm aWHSWHsLm
- 0z 0z 0z
Xl Xl X1

(3.21)
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3 Derivation of Multiscale Equations

B3 Large scale equations

Likewise,
owlkl — _ ——— 1 _ ] _ ——l
o — _Vh . thlWLl _ Vh . vhHlWHl — Vh . vhHmWHm _ Vh . vhHsWHs
I I Il v AV
— Ll — Ll —— LI
a(leWLl) 6<lele ) 6(meme ) 6(WHSWH5
- 0z h 0z B 0z B 0z
VI VII VIl IX
_ Lot
le 0z
X Xl
aWHl N —_ —_
— — _vh . thlWHl _ Vh . vhHlWLl _ vh . vhHlWHl
I I Il v
_— —————Im — ———Im
_Vh . vhHmWHm — Vh . vhHsWHs
Vv VI
— ——l _— ———]l —_— ————l
+Vh . vhHlWHl + Vh . vhHmWHm + Vh . ‘UhHSWHS
VII VIl IX
a(WLlWHl) a(WHlM_/Ll) a(WHlWHl)
0z 0z 0z
(3.23)
X Xl Xl
ameme aWHsWHs m
- 0z - 0z
X1 X1V
aleWHl aWHmWHm aWHsWHsLl
0z 0z 0z
XV XVI XVII
ol ez ptY
XVIII XIX
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3 Derivation of Multiscale Equations

3.2.3 Conservation of heat

Following the previous routine, the equations regarding the conservation of heat can be
derived as below

C1 Small scale equations

aeLS
at

. N —
= _Vh ' thSBLS — Vh ' vhHSHHS

) (3.24)
_ owlsgLs _ owHsgHs $ 1 ALsY _ LpeLS

oz 0z ptscy V-Q™) prscy

v V Vi Vil

The filtering related to the terms with 8 are analogous to those in the momentum
equations aforementioned. Term VI describes the spatial change of energy due to net
radiation, where C,, is the specific heat capacity approximately equals to that for dry
air Cpg = 1004.67 J kg™ K1, by C, = C,q(1+0.84q). Q [Jm™2s~1] is the net
radiation rate which is directional dependent, with V a three dimensional del operator.
Term VII shows the contribution associated with the phase change of hydrometeors.

L, [Jkg™1] isthe latent heat of water depending on phase change, e [ kg m3 s™1 ] net
condensation / evaporation rate.

90Hs N — — — ——— IS
= — _Vh . thngs _ Vh . vhHSHLS _ Vh . vhHSHHS + Vh . vhHngs
I I Il v \Y
avT/'LSBHS astgLs OWHSBHS aWHngSLS
- 0z - 0z - 0z + 0z ( 395 )
VI VII VI IX '

1 L eHs

_ V:-0H) — 2

pLst ( Q ) pLSCp

X Xl

Term X reveals the contribution due to the perturbation of net radiation on small scale,
while Term XI reflects the effect by the phase change of hydrometeors due to the

perturbation of net evaporation rate. The rest of the terms are analogous to the
corresponding equations.
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3 Derivation of Multiscale Equations

C2 Middle scale equation

Similarly, we have

aplm — _— ———m — ————Im
— — _Vh . thmng _ Vh . vhngHm _ vh .vhHngs
| ] i v
o(wHmgHm™™\  5(wHsgHs"™
a(wngLm) w w
0z 0z dz (3.26)
Vv Vi Vi
1 _nLm Lyel™
- meC (V Q ) - meC
p P
VI IX
And
agHm T .., LmpH .., Hmpl .., HmpH
9t =—Vh'vhm9m—Vh'vh mHm—Vh'vh mgm

| I I v

— —————Ls —_— —————Lm _— ————Lm
_Vh . ‘UhHSHHS + Vh . vhngHm + vh . vhHngs

\Y VI VI
_ a(WngHm) _ 6(me9Lm) _ a(WHmeHm)
0z 0z 0z
(3.27)
VI IX X
aWHseHsLS aWngHmLm aWHngsLm
- 0z + 0z + 0z
Xl Xl X1
__1 . oHmy _ Lve™
mecp (V Q ) mecp
XV XV
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3 Derivation of Multiscale Equations

C3 Large scale equation

Following the routine, we have

agLl — ol o —mamM o el e —eamsh
—_ . — . LoHI — . H H — . HsgH
7— Vh Uy 0 Vh Uy 0 Vh (43 mgHm Vh Uy sgHs
I I Il v AV
—— LI —— Ll —— LI
o(wherty O(wHTOAL" ) o(wHmgHm ") o(wHsgHs
N 0z h 0z B 0z B 0z
VI VII VIl IX
Ll
leC ( Q ) LlC
X Xl
26H! v LigHl _ g HigLl _ g HlpHI
7=—Vh'vh 0 —Vh Uy 0 —Vh'vh 0
I I Il v
_— —————1Im _— ———FIMm
_Vh . vhHmQHm — Vh . vhHngs
Vv VI
v Hgm™ L o Hmpam-t | g HspHs-
+Vh'vh 0 +Vh'vh mgHm +Vh'vh sgHs
VII VIl IX
a(M—/LleHl) a(WngLl) a(WHleHl)
0z 0z 0z
X Xl Xl
aWHmQHmLm aWHngsLm
N 0z N 0z
X1 X1V
alengLl aWngHle aWHngsLl
0z 0z 0z
XV XVI XVII
Hl Lve
leC ( Q ) LlC
XVIII XIX

l

(3.28)

(3.29)
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3 Derivation of Multiscale Equations

3.2.4 Conservation of moisture
The derivation of these equations is identical to those in the previous part by taking 6
as q.

D1 Small scale equation

94 _ .. Ls,Ls _ .7, Hs HsLS
or = VY URT QT = Vv
| ] i
(3.30)
_ aWquLs aWquHs _ S_LS _ e_LS
0z 0z pLs pLs
v Vv Vi VI
aqhs _ V_\ Ls ,Hs T Hs ,Ls T Hs ,Hs V_\ Hs Hs-S
e = VhVh QT VRt Vg =Vt UpTTqT Vet VT
| ] 1l v Vv
- 1L
B awlsqHs B awHsgls B awHsgHs N owHsqHs s
0z 0z 0z 0z (3.31)
Vi VI VIl IX
SHS eHs
_ﬁ_ﬁ
X Xl

where S5 is the net moisture source term. Term V1 in Eq. ( 3.30) is the contribution
due to a net moisture source, and Term VII due to a net evaporation. Terms X and Xl in
Eqg. ( 3.31) are similar to the two terms just mentioned, but for the corresponding
perturbations of net moisture source and net evaporation, respectively.
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3 Derivation of Multiscale Equations

D2 Middle scale equation

9q'™ U .y lmolm _ g .3, HmaHm™ _ g .7, Hs Hs'™
e = Va ORI = Vvt =V v 5q
I I i AV
— Lm ——-Llm
a(wlmglm) 6(mequ ) 6(WH5qHS
B 0z B 0z B 0z
V VI VIl
SLm eLm
- me - me
VIl IX
aqu . . .
— . Lm_ Hm __ . Hm ,Lm __ . Hm _ Hm
ot ==Vp-v,"q Vi v Mg Vv Mg

— ———7>LsS _-— ———FIm _— ———FLm
_vh . vhquHs + vh . vhquHm + Vh . vhquHs

\Y VI VII
a(M—/Lqum) O(WHmC_]Lm) a(WquHm)
0z 0z 0z
VI IX X
aWquHsLS aWquHmLm aWquHsLm
N 0z + 0z + 0z
Xl Xl X1
SHm eHm
- pLs - me
XV XV

(3.32)

(3.33)
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3 Derivation of Multiscale Equations

D3 Large scale equation

" _ o L u g, L HY o Amoam _ 5. 5 Hs gast
=0 = Vh v g =V wpfligtt =V v Mgt — vy - gt
I I 11 v \Y
— Ll ——— Il —Ll
a(wHqH) a<lequ ) a(mequ ) a(WquHs )
N 0z B 0z N 0z - 0z (334)
VI VIl VIl IX
SLl eLl
_ﬁ_ﬁ
X Xl
aq"t _. — .
_ . 1y, L, HL .1y HLLL . 4y, HL  HL
ot ==V v q" =V v g =V vpg
I I 11 v

_— ———FLm _— ———FFLm
_Vh . vhquHm — Vh . vhquHs
\Y VI

— ——— Ll —_— ———Ll — ————— LIl
+Vh . vhquHl + vh . vhquHm + Vh . vhquHs

VII VIl IX
_ a(M—/quHl) _ a(WquLl) _ a(WquHl)
0z 0z 0z
(3.35)
X Xl Xl
owHmgim " gy Hsghs "
- 0z - 0z
X1 X1V
HI H- Hm  Hmt Hs Hs-
owfitq +awmqm +6w5q5
0z 0z 0z
XV XVI XVII
SHl eHl
Cpks pH
XVIIT XIX

So far all the prognostic equations are derived. The rest of the governing equations are
processed as follow.
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3 Derivation of Multiscale Equations
3.2.5 Continuity equation
Mass continuity can be expressed as

dp  dpu dpv Jdpw
at  ox dy 0z

In this study, the air is assumed to be incompressible, and so the equation is simplified
to

dpu Jdpv Jdpw
=.0+P+P

0 0x dy 0z

After spatial averaging, the continuity equations on the three scales regards to the HRS,
are given as follows:

E1 Small scale equation

E2 Middle scale equations

E3 Large scale equation
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3 Derivation of Multiscale Equations
3.2.6 Equation of state

The last governing equation is equation of state which states that

where  p IS pressure,
R gas constant for dry air,
pm density of moist air, and
T, virtual temperature

For simplicity, p,, will be assumed to be the density of dry air p in this study.

F1 Small scale equation

———Ls
pHs =R (pLSTUHS + pHST,,LS + PHSTVHS _ pHSTvHS )

—Ls
Similar to the prognostic equations, the averaged product of perturbations pHsT,*S

also contributes to the pressure perturbation pf’s.
F2 Middle scale equation

Lm

Ls
pHm = R (meTva + pHmp Lm 4 pHmp Hm 4 phs HS® _ pHmp Hm

— pHsTvHSLm)

F3 Large scale equations

Ll Ll Ll
p“ =R (leTle + leT,,Hl + pHmTva + pHSTvHS )

—FLm —FLm —Ll
le =R (leTle + leTle + leTle + pHmTva + pHSTvHS _ leTle

_ pHmTvaLl _ pHsTvHSLl)
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4 Theory on Heavy Rainfall System

In the previous chapter, full sets of seven governing equations are developed for the
three scales. These equation sets will be used to study the interactions of the flows on
large (i.e. Jets), middle (i.e. MCS), and small (i.e. cumuli) scales. It is not possible to
solve these equations analytically because of their complexities and non-linear
characteristics. Obviously, numerical method is a more feasible approach to tackle the
problem. However, scale diversity of the equation sets leads to the difficulty on
performing analysis since they carry too much information. Therefore, simplification is
a must in order to understand the essential interactions among the scales. In this chapter,
the equation sets for the three scales are simplified to establish the crucial linkages
between them. To facilitate description, the equation set for the large scale hereafter
will be simply called “L equation”; that for MCS for the middle scale “M equation”;
that for cumulus “S equation”. The aim of the simplification is to show the bare essential
interactions, not for detailed diagnosis. The effects of over-simplification will be
discussed in the corresponding discussion parts, when they are significant in the
relevant balances. The simplification is focused on the rainfall system assumed to be in
a steady state. Thus, the system shows no prognostic characteristics and the tendency
terms (Term 1) in all equations are omitted.
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4 Theory on Heavy Rainfall System

This chapter is divided into dynamic and thermodynamic sections. The dynamic section
deals with the momentum equations, while the thermodynamic section potential
temperature (heat) and moisture. There are three parts in each section:

a) The first part is the simplification of the L equation, in order to show the
characteristics of the jets in the simplest form.

b) The second part is the simplification of the S equation. The circulation associated
with cumulus and the compatibility to the existing parameterization are considered.
Feedbacks to large scale and MCS are also discussed.

c) The third part is the simplification of the M equation and it is also the focus of this
study. With respect to the mesoscale system, the linkages to jets and cumuli are

shown to explain the role of MCS in HRS.

At last, the results from the simplifications will be composed to show how MCS
interacts with all three scales from both dynamic and thermodynamic perspectives.
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4 Numerical Experiment for MCS Diagnosis

4.1 Dynamics Simplification

4.1.1 Simplification of large scale equation

In this section, dynamic equations will be simplified. Hereafter, superscript L, M, and
S will be used, which refer to jets (large scale mean LI), MCS (perturbation HI on large
scale) and cumulus (small scale Ls).

a) Upper level jet

ULJ is a large-scale system as shown in Figure 2.1. In most cases, we are interested in
the zonal component of ULJ and thus it is convenient to assume ULJ as a purely
westerly flow in concept. Therefore, in the upper troposphere, Eg. ( 3.16.1) can be used
to delineate the circulation associated with ULJ. The simplification can be made step
by step regarding the physical interpretations and the significance of those motions on
smaller scales. For large scale circulations such as ULJ, the influences of smaller scales
such as turbulence can be omitted.

1 Turbulence terms

The effect of turbulence can be neglected because of its small scale and the fact that
ULJ exists in the upper troposphere. As a result, turbulent flux divergences contribute
little to the large scale zonal momentum on large scale and Term V and IX in Eq. ( 3.16.1)
can be neglected.

2 Cumulus terms

It is a good assumption that the large scale mean momentum is independent of cumulus
dynamics. One of the reasons is that cumulus updrafts hardly reach the level of ULJ,
provided that the cloud tops of most cumulus (congestus) reach ~4 — 6 km even in
tropical region [Redelsperger et al. (2002)], though it is possible for the deepest
convection to penetrate the upper troposphere. Another reason is that the proportion of
convective region to the large scale area is small. Anthes (1977) has estimated the
magnitude of horizontal eddy (here referred as the cumulus scale) heat flux, and found
that the value is insignificant compared to that of the vertical eddy flux. The result of
his estimation is also valid on the horizontal momentum eddy flux which perturbations
of horizontal momentum are even smaller or closed to that of potential temperature.
The last reason, which was also mentioned by Anthes (1977), is that the value of flux
divergence is further decreased by a high resolution which is equivalent to a small grid
size in simulation. Based on these 3 factors, Term IV and VIII are neglected.
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4 Theory on Heavy Rainfall System

3  MCS terms

As mentioned in Section 2, the dynamics of ULJ is maintained by “eddy” circulations
in the exit region, so it is reasonable to interpret that this kind of “eddies” is actually
implying to a type of circulation on a smaller adjacent scale. As MCS often
accompanies in the ULJ’s exit region (also LLJ’s), it is plausible to deduce that these
eddies are the vertical flux divergences arisen from MCS and has a significant effect in
the jet dynamics when considering in large area. In other words, horizontal momentum
associated with MCS is transported vertically between the jets. The horizontal “meso-
momentum” transported by the ascent constitutes the upward branch of an ageostrophic
circulation associated with the jets. To complete this transverse circulation, the meso-
momentum is transported downward on the anti-cyclonic side and leads to the
enhancement of LLJ.

As MCS scale is closer to the large scale compared to the cumulus scale, the last factor
mentioned in the previous part becomes more significant. Moreover, vertical MCS
momentum transport is more important than the horizontal transport for the
maintenance of ULJ. As a result, Term Il is omitted and VII is preserved. Note that
Term VII coexists in both MCS and large scale equations, and it means a linkage
between the ULJ and the MCS. In simple, the vertical transport of MCS momentum on
a large area is responsible for the transfer of momentum between LLJ and ULJ. The
details of this term will be discussed later.

4 Large scale real force terms

For the large scale real motion itself, the relevant terms are simplified on the basis of
ULJ’s characteristics. The horizontal dynamic forcing of ULJ is dominant by Coriolis
force (Term X) and pressure gradient force (Term XI) according to its scale and feature.
In the case of a ULJ in steady state, the tendency term (Term 1), as well as the large
scale advections (Term Il and VI), vanish. The forcing of the jet flow then is
ageostrophic which is counterbalanced by Term VI1.

The resultant large scale equation for ULJ is given as

— L
o) o
0z p O0x (4.1)
\1 X Xl
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4 Numerical Experiment for MCS Diagnosis

This equation implies that the vertical transport of mesoscale horizontal momentum
associated with MCS in a large area contributes to the ageostrophic circulation
associated with ULJ. In steady state, a balance exists between these three forces. Note
that the air density is assumed to be independent of scale now. In other words, the air
in the multiscale system is incompressible.

b) Low Level Jet

The scale of LLJs is always an argument since it covers the border between synoptic
and mesoscale, as shown in Figure 2.5. In the conceptual model, LLJ is categorized as
large scale system because the (spatial) scale of the interested LLJ is comparably larger
than that of MCS. LLJ is a similar regime as ULJ that can be observed in the lower
troposphere, and it carries also ageostrophic characteristics in the streak region. In most
cases LLJs are found to be southwesterly beneath the westerly ULJ over central US and
southeastern China. With its prominent southerly characteristics, LLJ is assumed to be
purely southerly for simplicity, and hence Eq. (3.16.2) is used to describe the dynamics
of LLJ.

In analogy to Eq. ( 4.1), the simplified equation for LLJ is

- L
3 L_ia_pL_a(vaM)
fu p 0y - 0z (4.2)
X Xl VI

It also states that ageostrophic circulation associated with the LLJ is counterbalanced
by the vertical transport of horizontal MCS momentum. LLJ decelerates in its exit
region, and the large scale horizontal momentum converts to that on mesoscale and
transported vertically by the mean of MCS (see Figure 4.6). In its entrance region, LLJ
accelerates due to the descent of mesoscale momentum on its anti-cyclonic side, i.e. a
reverse process described in Eq. ( 4.2). In short, vertical mesoscale flux divergence

determines the LLJ’s dynamics. More details will be discussed in the last section.

c) Vertical Momentum

As both ULJ and LLJ belong to large scale regime, which exist in stable environment,
it is reasonable to assume that the jets are hydrostatic, i.e. w* ~ 0 m s~. In other
words, all the advection terms in Eq. ( 3.22) are ignored and only real forces are retained.

45



4 Theory on Heavy Rainfall System

The simplified equation is given as

p 0z (4.3)

This equation is simply hydrostatic equation which states the balance between vertical
pressure gradient force (Term X) and gravitational force (Term XI).

4.1.2 Simplification of small scale equation

In the dynamics of cumulus, the vertical motion dominates and the horizontal motion
is often ignored. This leads to the abandonments of Eq. ( 3.15.1) and (3.15.2). Most
cumulus parameterization schemes in present assumed the cumulus dynamics in steady
state. It implies that the cumulus vertical momentum remains unchanged with time
[Term I'in Eq. ( 3.21) equals to 0], and it gives Eq. ( 4.4). This assumption is preserved
in our model and so the theory can be compatible to the existing parameterization
schemes.

S

ow
=0 (44)

One point has to be clarified is that though the time rate of vertical momentum is
assumed to be unchanged, the updraft and downdraft still exist in cumulus for the
transport of thermodynamic quantities.

4.1.3 Simplification of middle scale equation

As emphasized before, the influence of the jets and cumuli to MCS is the focus of this
study. It is crucial to establish an applicable equation which clearly depicts the
interactions between the jets, cumuli and MCS, with respect to the MCS itself.

A Horizontal momentum
The routine in the previous section is used to simplify Eq. ( 3.17.1) and (3.17.2).

Al Turbulence terms

Due to its insignificance on mesoscale, all the turbulent terms vanish, i.e. Term VI, IX,
X1V and XVII.
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4 Numerical Experiment for MCS Diagnosis

A2 Cumulus terms

Same as their insignificance on large scale, horizontal cumulus flux divergence are also
assumed to be insignificance on MCS’s scale, as cumulus hardly reaches the level of
MCS anvil region, and so the small scale momentum hardly be transported on MCS
level. In this case, all the related flux divergences are omitted, i.e. Term V, VIII, XIlI
and XVI.

A3 MCS terms

The MCS dynamics resembles to cumulus dynamics and also assumed to be in steady
state. As vertical motion dominates in MCS, horizontal mesoscale momentum flux
divergence, i.e. Term 1V, is neglected. As mentioned, vertical transport of mesoscale
momentum is important because it is associated with the jets’ ageostrophy, therefore
the relevant Term XII is retained. Although the corresponding effect on large scale,
which is reflected by Term XV, is important, this equation is with respect to mesoscale,
hence this effect is not the concern in this middle scale equation. In fact its contribution
is insignificance and it will be investigated in the corresponding discussion part. In the
same manner, its horizontal counterpart, Term VI, is also neglected.

A4 Terms associated with Jets and MCS

The interaction between the jets and the MCS is the most prominent one in the dynamic
issue. As precipitation is often be found on the cyclonic side of ULJ and LLJ, so there
must be a kinematic interaction between the jets and the MCS. This interaction tells
how the MCS motions is associated to the large scale motion arises from the jets.
Quantitatively, the possible term(s) which links the motion on large and middle scales
are Terms Il, 111 X and XI. However, it is difficult to determine the linkage by the terms
themselves.

As mentioned the vertical mesoscale momentum flux divergences are responsible for
the transport between the jets, these terms must be related to mesoscale vertical motion.
Consider the lifting of air in which vorticity and divergence are needed. Expanding Eq.
(3.17.1) and (3.17.2) by chain rule, differentiate the equations with respect to y and X,
respectively, then subtract the resultant equations. It gives the vorticity equation for
MCS. The full derivation is documented in Appendix A, while its essences can be
represented as follow

ot
at

iavaM _iawMuM
ox 0z dy 0z

A B C D E F

=~y v M — Ty - v MG — 20D — 2¢4DM —
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M M M M
where ¢M = 22— _ 24" pm = 3% 4 9V a6 the vorticity and divergence associated
ox dy dx dy
with MCS, respectively. Accordingly, ¢l = ot LWL OV oo the
| : ! ox oy ' 0x ay

counterparts on large scale, respectively.

It states that the mesoscale vorticity following the flow increases with time due to 6
main factors:

A) Mesoscale vorticity itself is advected by large mean flow;

B) Large scale vorticity is advected by middle flow;

C) Mesoscale vorticity is concentrated by large scale convergence;

D) Large scale vorticity is concentrated by mesoscale convergence;

E) Zonal gradient of vertical flux divergence of mesoscale meridional momentum; and
F) Meridional gradient of vertical flux divergence of mesoscale zonal momentum.

Note that the essences on the basis of the interaction between the large and middle
scales. Irrelevant and insignificant terms are ignored. As we are considering the
interaction at a steady state, the equation above can be rewritten as

iavaM o awMyM
ox 0z dy 0z ( 4.5 )
A B C D E F

V—h_th{M _l_V—h_th(L — —ZZMDL _2€LDM _

It states that the advection of vorticities on meso- and large scale is balanced by the
divergence effects and the gradient of mesoscale vertical flux divergences. In the case
of the HRS, Term C and D are the source of mesoscale vorticity. Term C refers to the
concentration of MCS vorticity by the convergence associated with jets. It is a reliable
source as the precipitation region located beneath the ULJ which aligned downstream
of an upper level trough (see Figure 2.1). The advection of (large scale) positive
vorticity associated with the ULJ results in the upper level divergence. In response to
the divergence, low level convergence on large scale is developed in the region. This
convergence concentrates the mesoscale vorticities on a large area, as shown in Figure
4.1(a). Term D represents a similar effect, but with the scales replaced by each other.
The positive vorticity associated with LLJ on its cyclonic side is concentrated by the
mesoscale divergence [Figure 4.1(b)]. This is a process that large scale vorticity
converts to mesoscale vorticities.
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Figure 4.1 Schematic diagram showing the increase of mesoscale vorticity.
(@) Mesoscale vorticity increase due to large scale convergence.
(b) Large scale vorticity is “splited” and converts to mesoscale
vorticities due to mesoscale convergence.

Term E and F represent the contribution to the increase of mesoscale vorticity due to
the horizontal gradient of vertical mesoscale flux divergence. The demonstration of
Term E is shown in Figure 4.2. In the entrance region of LLJ, the zonal gradient of the
flux divergence from Quarter 1 to 2 is negative, contributes to positive advection
process of the vorticity, i.e. positive vorticity is advected from the cyclonic side to the
anti-cyclonic side. Respect to large scale, when the averaged value of the flux
divergence on large scale remains positive, say in Quarter 1, then the jet accelerates due
to its ageostrophy described by Eq. ( 4.2). This process describes how the mesoscale
flux divergence intensifies the LLJ in the entrance region through the advection of
mesoscale vorticity in order to maintain the jet as well as the transport of moisture.

The contribution in the exit region can be explained in an opposite sense. The positive
gradient of the flux divergence leads to the negative advection of mesoscale vorticity,
i.e. positive vorticity is advected away from Quarter 3 to the west, or can be considered
as negative vorticity which is advected from Quarter 4 to the east. Accordingly, when
the averaged value of the flux divergence on Area 3 remains negative, according to Eq.
(4.2), the jet decelerates.

49



4 Theory on Heavy Rainfall System

Grad.lent of vertical - +
flux divergence: +ve

Advection of vorticity: <2:@ @>

Area 3 Area 4

Gradient of vertical
flux divergence: -ve

Advection of vorticity: GE> <;:%D

Entrance
Area 1 Area 2

+ -

Figure 4.2 Effect of Term E on the jet dynamics. Big opened arrow represents LLJ.

owMyM

Sign “+” and “-* represent the values of , While solid black arrow

indicates the gradient of it. Opened red arrow represents advection
direction of the corresponding vorticity.

To sum up, when the interaction between large and middle scale is in a steady state, the
advection of vorticity (Term A and B) is balanced by the enhancement of vorticity due
to divergence effect among the two scales (Term C and D), and the horizontal advection
of vertical flux divergence of mesoscale horizontal momentum (Term E and F).

Term A, B, C and D are the product of horizontal derivatives of Term Il and Il in Eq.
(3.17.1) and (3.17.2) with respect to orthogonal directions, while Term E and F are the
product of Term XV from both equations). Therefore, it can be implied that the spatial
change of the horizontal interactions between large and middle flows results in the
enhancement of vorticity in the area.

Back to the simplification of Eq. ( 3.17.1) and (3.17.2), Term Il and Term 11l describe
the interaction between middle and large scale flows. As it is responsible for the
transport between ULJ and LLJ, Term XII must be included in the simplification which
involved mesoscale vertical transport. Noted that Term X and XI are ignored. For Term
X, due to the hydrostatics assumed on large scale, therefore it vanishes as w*! is close
to zero. For Term XI, following the derivation of Term Il and I1l, it is not difficult to
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realize that it is responsible for the tilting of horizontal vorticities, which is not the main
concern in the mechanism of heavy rainfall system, and hence it is omitted. Term XVI11I
and XIX are the effect of Coriolis force and pressure gradient force, respectively,
compared to the scale of MCS, both are omitted.

If the interaction is assumed in a dynamic equilibrium that the advections of the two
scales in space remain unchanged, the dynamic process between middle and large flow
can be simplified as

— — owMyM
Yy vptuM + vy, v Mul =
h*Vh hVn P (46.1)

I Il X

These two equations imply that, in steady state, the horizontal momentum of MCS
interacts with jet motions. These interaction are presented in the enhancement of MCS’s
vorticity which is responsible for the acceleration (deceleration) of the LLJ in its
entrance (exit) region and contributes to mesoscale vertical flux divergence. Note that
the equations above are independent of cumulus dynamics.

B Vertical momentum
The simplification of vertical momentum equation for MCS [Eq. ( 3.23)] is similar to
that of horizontal.

B1 Turbulence and cumulus terms

Following the routine in previous section, Term VI, IX, XIV, and XVII which associated
with turbulence aspect; Term V, VIII, XIIl, and XVI which associated with cumulus
aspect, are neglected.

B2 MCSterm

In middle scale, the horizontal momentum flux divergence of MCS, i.e. Term IV, are
omitted. For the same reason mentioned in previous section, vertical momentum flux
divergence Term XII is retained and its counterparts on large scale, Term VII and XV,
are neglected.
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B3 Terms associated with large scale and MCS

Term 11, 111, X and XI are not necessary to be retained because the vertical component
do not contribute to horizontal mesoscale vorticity which is not a sufficient precursor
for precipitation.

Term XVIII and XIX are the real forces exerted by buoyancy and pressure gradient,
respectively. To keep the simplicity, pressure gradient force is ignored, though it
contributes to the ascent to an extent. Compare to pressure gradient force, the buoyancy
term is a more dominant factor.

Applying Boussinesg Approximation on Term XIX, the resultant equation is written as

owMyM _ ﬂ
oz et9Y (4.7)
XV XIX

This equation implies that, the vertical momentum flux divergence of MCS, i.e. the
vertical transport of vertical mesoscale momentum, is supported by the buoyancy of the
air mass associated with MCS itself. In other words, MCS’s vertical motion is enhanced
by the density departure in MCS scale.

C  Vertical Transport of horizontal momentum

To delineate the transport of mesoscale horizontal momentum flux divergence by the
corresponding ascent, Eq. ( 3.17.1) and ( 3.23) are used to construct a zonal momentum
flux divergence equation. Multiple the equations by w™ and uM, respectively, then
sum the equations up, we have

awM(wMyM) _ M oM

dz Uy (4.8)
A B

where all the horizontal terms and non-linear terms are ignored since only vertical
contribution is concerned. The full derivation is shown in Appendix B.
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Likewise, the equation for meridional momentum constructed from (3.17.2) and ( 3.23)
are

6wM(WMvM) _ Mﬂ
0z Vg (4.9)
A B

The two equations above state that the vertical transport of vertical flux divergence of
horizontal MCS momentum increases when the corresponding horizontal momentum
is transported by the buoyancy. When the rainfall system reaches a steady state, the
transport of horizontal momentum is intensified by the buoyancy associated with the
vertical motion. The details regarding the origin of mesoscale buoyancy forcing will be
discussed in the next section.
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4.2 Thermodynamics Simplification

4.2.1 Simplification of large scale equation

The simplification of Eq. ( 3.28) and ( 3.34) are similar to the previous section, with
more attention is paid on the compatibility to the parameterization scheme in present.
In this section, the heat issue described by Eq. ( 3.28) is used as an example for the
simplification, and the outcome can be applied to the moisture issue described by Eqg.
(3.34).

1 Cumulus and turbulence terms

In all the aspects except large scale itself, the cumulus parameterization schemes
proposed by Awakara et al. (1974) and Tiedtke (1989) focused on the contribution of
cumulus vertical transport of heat and moisture to the large scale forcing [Term VIl in
Eq. (3.28) and ( 3.34)], while that arisen from horizontal transports are ignored due to
their insignificance. In addition, all the effects due to turbulence are out of the
consideration. On this basis, Terms 1V, V, and IX, which have been mentioned above,
are neglected. Therefore, only Term VIII is retained.

2  MCS terms

As MCS carries convection property as cumulus does, horizontal transport associated
with MCS are be treated in the same way as the cumulus counterpart on the basis of
those parameterization schemes aforementioned. As a result, Term |11 is omitted. The
vertical transport term, Term VI, which is associated with MCS vertical heat transport,
is retained.

3  Large scale terms

Term |1 explains the horizontal transport of moisture by a mean flow. As described in
Section 2, the main feature of LLJ is the transport of moisture from sources, so it should
be related to a horizontal moisture flux divergence on a large scale. It is not hard to see
that Term 1l is describing the relevant phenomenon, hence it is retained. In the
conceptual model, heat and moisture are transported by the vertical motion of MCS and
cumuli, and the large scale vertical transport are excluded, i.e. Term V1 is ignored. Jet
thermodynamics is mainly forced by horizontal advections rather than the radiative
heating and phase change of moisture on large scale. Donner et al. (1993) found that
the large scale radiative forcing is dominant in deep convections. However, the
contributions are not significant when comparing to the horizontal structure of the jets,
and so and Term X is neglected.
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The resultant thermodynamic equation of heat and moisture for large scale now are
simplified as follow

a(wMeM“) a(wses“)

T.oLlol — _ _ (4.10)
v vh 6" = 0z 0z

o o(wre) a(wSe)

Vo ==, (4.11)

I VIl Vil

The equations above state that, in steady state, the heat and moisture on large scale
transported by the corresponding horizontal mean flow (jets) fuel the relevant quantities
which are transported vertically on smaller scales (i.e. MCS and cumulus) in large area.

4.2.2 Simplification of small scale equation

Unlike the corresponding equations in dynamic issues, cumulus equations in
thermodynamic issue [Eq. ( 3.27) and ( 3.33)] cannot be nullified because the heat and
moisture transports are associated with precipitation. In order to keep the compatibility
to the existing parameterization schemes, the framework of those schemes are
integrated to the relevant equations. To do that, it is necessary to transform the equations
in the schemes in order to fit the corresponding terms in the small scale equations.

As mentioned in Section 4.1.2, circulation associated with cumulus in steady state
shows no tendency. In the existing schemes, the heat and moisture contained in an air
mass transported by this steady flow is based on the “quasi-mass-continuity”. In short,
it states that the net difference between entrainment and detrainment rate of cumulus
contributes to the vertical mass flux divergence within the cumulus boundary [Eq. (1)
in Awakara et al. (1974)],

where E; and D; (kgm™3s~1) are the entrainment and detrainment rates,
respectively. M., ; is mass flux by M,..; = pw with air density p and vertical wind
speed w. Subscript i represents the i-th individual cloud.
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Meanwhile, in the scheme of Tiedtke (1989), mass flow is represented by the meaning
of a bulk cumulus, provided that its size remains the same with time.

E,—D,=2& and Eq—Dg =22

where subscripts u and d denote updraft and downdraft, respectively.

By summarizing the aforementioned equations, a composite equation can be deduced
to depict this mass flow in steady state,

oM
E-D== (4.12)

This equation describes the motion of mass in a cumulus while keeping the mainframe
that the difference between horizontal entrainment and detrainment processes results in
the vertical mass flux divergence, regardless of the size of the cumulus. Hence, this
equation can be applied on a scale which is able to resolve the associated convection.
As the equations above show the interaction between the (bulk) cumulus and its “sole”
environment, it is necessary to advance the equation above in order to fit the proposed
equations.

Consider the definition of “scale” in the model. For a cumulus itself, the air from on
large scale environment (with scale LI) entrains through the boundary to the cumulus
by its own flow (with scale Hm). However, the entrainment process occurs not only
between cumulus and large scale environment, but also between cumulus and MCS (HI).
Therefore, there must be aterm in Eq. ( 3.27 ) and ( 3.33 ) which quantitatively describes
the advection between scales Hm and LI, as well as Hm and HI.

Inthe Eq. (3.27), Term 111 is the descriptive term for that. Rewrite Term Il and it gives

-V vhHme_Lm — _Vh . thG_Ll _ Vh . vhng_Hl
Eu EnL
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It can be seen that Term 111 is actually referring to the cumulus horizontal transport of
heat on 2 scales. E;; is the horizontal transport of large scale heat by cumulus motion;
while Ey; transport of MCS heat by cumulus motion, as shown in Figure 4.3
schematically. The former depicts the entrainment from large scale environment, while
the latter from MCS.

o C—, = Detrainment from cumulus

a(wS65)

»
y 0z

Vertical heat flux divergency

i

g EHI: = Vh g Uhng
© </ Entrainment from MCS

ey o oar
E L — Y h " Up % ‘
Entrainment from large environment

Figure 4.3 Proposed dynamics of a cumulus. E and D represent entrainment and
detrainment, respectively. In this study, there are two types of
entrainment: From large environment and from MCS. Details refer to
the discussion of Eq. (4.14) in Section 4.2.3(4). Note that entrainments
and detrainment do not occur necessarily at the cloud base and cloud top.

Likewise, the (horizontal) detrainment of cumulus is represented by Term IV, i.e. —V—h .
v, MmeH™ This term shows the heat of MCS detrained by the flow of MCS itself to
either large scale environment or MCS. The last element which has to be considered is
the term corresponds to vertical mass flux. Similar to the detrainment process, vertical
heat flux divergence is the result of transport of heat of cumulus by the vertical flow of
cumulus itself. It is obvious that this process can be described by Term X only in Eq.
( 3.27 ). The contribution of the vertical mass flux divergence to the MCS and large
scale will be shown in later section.
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Thus, Eq. (4.12) can be rewritten as follow to describe the cumulus thermodynamics

— — a(wsSeS
=V, v,5(0M + 01) — v, - 1,565 =% (413)
Il v X

It is a simplified version of Eq. ( 3.27 ) apparently. Based on observations, cumulus
shows a conspicuous life cycle which is associated with the tendency term (Term 1).
However, as mentioned, cumulus is assumed in steady state, so this term is omitted.
Also, radiative heating on small scale favours the genesis of cumulus only, so Term
XIV is ignored too.

As mentioned in Section 4.2.1, vertical flux divergence of heat and moisture associated
with cumulus affect the large scale forcing. Relative to the cumulus, there should be a
feedback to the large scale environment, and also to MCS. These effects are reflected
by Term XII in the corresponding equations. However, as the focus of this equation is
on the small scale only, these averaged effect will be neglected here. Forcing due to
evaporation (Term XV) is omitted as it is not the focus.

In the same way, Eq. ( 3.33) regarding the conservation of moisture can be simplified
as

9 S,S
—Vh UhS(CIM + CIL) Vv vhSqS - (M;Zq ) (4 14)
i v X

The two equations above state that the net difference of entrainment and detrainment of
heat / moisture in a cumulus contributes to the vertical cumulus heat / moisture flux
divergence, provided that the entrainments involve MCS and large scale environment.

4.2.3 Simplification of middle scale equation

1 MCSterms

The simplification of Eq. ( 3.29) is based on the concept that MCS is an intermediate
medium between jets and cumuli. MCS allows transport of momentum, heat and
moisture among them in order to maintain the heavy rainfall system through mesoscale
convection. In other words, the vertical term related to MCS itself are more important
than the horizontal counterpart. As a result, Term Xl retained while Term IV is
neglected.
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Since Eq. ( 3.29) describes the thermodynamic motion of MCS only, the corresponding
effect on large scale is neglected for simplicity and the effect should be reflected in the
corresponding large scale equation. Therefore, Term XV is neglected, as well as its
horizontal counterpart Term VII.

2 Turbulence terms
In the turbulence aspect, Terms VI, IX, X1V, and XVII, are neglected.

3 Terms associated with Jets and MCS

Heat and moisture from large scale environment are transported by the circulation
associated with MCS. The phenomenon has been described in Section 2 that moist
tongue associated with LLJ often reaches MCSs’ vicinity. While LLJ is responsible for
horizontal transport, MCS is responsible for the vertical transport of heat and moisture
on mesoscale in the vicinity of jet’s exit region. It leads to the negligence of Term III
and Term XI. On the contrary, the reverse processes, i.e. MCS’s heat and moisture
transported by large scale flow, are also insignificant though they are possible to exist.
As a result, Terms Il and X omitted.

4 Cumulus terms
It is not a complete picture yet as cumuli also create an identical effect on the MCS
scale as what they do on large scale. Analogues to the effect of cumulus in large area,

aWngHmHl

there should be aterm like — in Eq. (3.29) to represent the effect in middle

scale area. However, scale of MCS, i.e. HI, is a sub-scale from Scale Lm. By the
definition in Section 3, it is not possible to perform averaging on HI scale. Instead, the
effect of cumulus heat / moisture flux divergence on mesoscale is shown in an indirect
manner.

The effect is presented by eliminating the value over large area (Term XV1) from that
over middle area (Term XIlII). The former value consists of the information on a large
area only, while the latter consists of the information in both large scale area and MCS,
hence the difference is the net effect of cumuli on the MCS. Note that ~ “™ is rewritten
as  (M+L) since Lm = HI + Ll. The quantity with this overbar carries the value
associated with MCS, and also the large scale mean. The misleading overbar ™ is
avoided which means “averaged over MCS scale” (It does not exist). In other words,
Term XIII and XVI collaborate in order to show the net effect of vertical transport of
cumulus heat in MCS. Their horizontal counterparts Term V and VIII are neglected
because of their insignificance.
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5 Real forcings

Similar to cumulus equation, the forcing due to radiative heating, Term XVIII, is
excluded. However, the heat due to phase change of moisture is an important factor
because it is related to the heated produced is associated with the enhancement of
vertical transport, as mentioned in the previous section.

Figure 4.4 Representation of the terms in Eq. (4.15) and ( 4.16). In this case, the
ratio of Scale S : M : L is 1:3:9. Small solid arrow represents flux
divergence on Scale S, open arrow on Scale M, and the huge arrow on
Scale L. Quantity H can be either potential temperature 6 or specific
mixing ratio q

The mentioned terms are presented schematically in Figure 4.4, and the resultant
equation for MCS’s heat conservation is given as follow:

a(wMeM) _ awSes Y owSeS"\  LyeM
0z - 0z T\ ez B pCp (4_15 )
Xl X1 XVI XIX

It states that the vertical heat flux divergence increases when heat is dissipated by
cumuli on mesoscale (net difference of Term XIII and XVI1) and when latent heat is
released through mesoscale condensation of moisture. Apply to the case of rainfall
system, when it is in a steady state, the heat transported in MCS by the ascending motion
is supported by the latent heat released on mesoscale, and also by the heat released from
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cumuli on mesoscale. However, at the height higher than the base of anvil region, the
dissipation from the cumuli becomes weaker, and the former factor dominates.

It is not difficult to see that the corresponding equation for moisture explains the origin
of the mesoscale latent heat. Similar to the simplification for Eq. ( 4.15 ), the equation
can be written as

M [owsgs™™? (awsgst\| | awMa™)
o[- )| (416)

XIX Xl XVI XV

It means that the mesoscale condensation process, i.e. negative value of E™, is balanced
by the moisture which is transported by either cumuli or MCS. It is a process in which
the cumulus moisture converts to be on mesoscale by the meaning of condensation.
These two factors are comparable to each other at the junction between the MCS’s
convective and anvil region.

Combining the phenomena described by Eq. (4.15) and (4.16), it can be implied that,
in an extreme case, all the moisture transported in small cumulus scale is transported
upward and condensates on mesoscale. The resultant latent heat flux then contributes
to the vertical mesoscale heat flux divergence.
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4 Theory on Heavy Rainfall System

4.3 Physical Interpretation of the Multiscale Heavy Rainfall

In this section, the essential interactions with respect to MCS are showed and interpreted.
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A mechanism of HRS in term of MCS is proposed. The mechanism is divided to the
dynamic and thermodynamic circulations. The relevant MCS-centric flow chart is
shown in Figure 4.5, in which crucial interactions in term of MCS can be found.

4.3.1 Dynamic circulation

The jet dynamics is ageostrophic, especially in the jets’ exit regions. It is the result of
the geostrophic balance which is altered by the presence of MCS vertical flux
divergences. The vertical flux divergence of MCS’s horizontal momentum in large area
supports the ageostrophy of the jets. The most important characteristic of Eq. (4.1) and
(4.2) is that the vertical flux divergence of MSC is related to the jets’ ageostrophy of
the jets, as these equations can be rewritten as

— 1
L 10pk a(WMuM )

f’l?a — ;E = 0 and

——— L

M,M
a(w v ) _ —fuL _lapé
0z a  poay

respectively.

where subscripts a and g indicate the ageostrophic and geostrophic components,
respectively.

The first equation states that stronger ageostrophy of ULJ gives larger mesoscale flux
divergence, and the second equation larger flux divergence gives stronger ageostrophy
of LLJ. Overall, these MCS flux divergences adjust the geostrophic balance associated
with ULJ and LLJ in order to sustain the jets in ageostrophic manner. Thus, the flux
divergences play a crucial role in the exchange of momentum between the jets.

As it is the linkage between the jets, MCS flux divergence is responsible for the
maintenance of the heavy rainfall system. It means that, its associated flux divergence
not only weakens the LLJ in the exit region [as mentioned in Section 4.1.1 b)], but also
intensifies it in its entrance region.

Here is the mechanism. In the lower troposphere, the ageostrophy of the LLJ in the exit
region leads to the dissipation of horizontal momentum through mesoscale vertical
transport in a large area [Eq. ( 4.2 )], as shown in Figure 4.6 schematically. Respect to
mesoscale, the corresponding gradient of MCS flux divergence contributes to the
negative advection of positive (negative) mesoscale vorticity on its cyclonic (anti-
cyclonic) side [see Eq. (4.5) and Figure 4.2]. The result is the decrease of mesoscale
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vorticity in the exit region and hence the jet decelerates. In steady state, a balance is
achieved among the horizontal advection of mesoscale vorticity, the divergence effects,
and the gradient of MCS flux divergence, described by Eq. (4.6.1) and (4.6.2). It states
that the MCS flux divergence, i.e. vertical transport of mesoscale horizontal momentum,
balances the advections between the middle scale and the large scale mean flows.

In addition, the divergence effect tells that mesoscale vorticity at a point increases by
two sources [Eq. ( 4.5 )], 1) The mesoscale vorticity is concentrated by large scale
convergence, and 2) a portion of large scale vorticity is concentrated by mesoscale
convergence.

Mesoscale vertical flux divergences
of horizontal momentum with
positive vorticity in a large area

At the exit region,
LLJ decelerates.

A

A<

Figure 4.6 Schematic diagram showing the interaction between LLJ and MCS.

The horizontal momentum is transported vertically to the exit region of ULJ, as shown
in Figure 4.7, constitutes the upward branch of the ageostrophic circulation. The
ageostrophy of ULJ in the region is responsible for those MCS flux divergence
transported. The ULJ decelerates as described by Eq. ( 4.1) as its geostrophic balance
is altered due to the divergence of mesoscale horizontal momentum on its cyclonic side.
Reverse process occurs on the anti-cyclonic side of the ULJ, where the mesoscale
momentum is transported downward, to the anti-cyclonic side of the LLJ. This
downdraft constitutes the downward branch of the circulation. The resultant gradient of
the mesoscale flux divergence in the entrance region of the LLJ leads to increase of
mesoscale vorticity, enhance the ageostrophy, and so the jet accelerates.

By this ageostrophic circulation, LLJ is intensified (weakened) in its entrance (exit)
region, and thus it can be maintained. Maintenance of the LLJ means the maintenance
of moisture transport on large scale, which use to fuel the convections of cumuli and
MCSs. With this mechanism, the heavy rainfall system can be sustained. On the other
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hand, the moisture which is transported vertically in cumuli and MCS plays a role of
strengthening the corresponding circulation. The detail will be discussed in the next
section.

4.3.2 Thermodynamic circulation

Heat and moisture on large scale are carried by the LLJ in the lower atmosphere. Eq.
(4.10) and ( 4.11 ) state that these thermodynamic quantities advected by large scale
mean flow contribute to the mesoscale and cumulus scale flux divergences.

Heat and moisture are transported vertically either by MCSs or cumuli, on large scale.
For those transported by MCS, they must be transported by the mean of cumulus first.
Heat is released mainly on small scale in the lower troposphere, while on mesoscale in
the middle troposphere. Nevertheless, the mesoscale heat can be the result of the
accumulation of small scale heat. No matter by MCS or cumuli, the heat and moisture
at last are transported to the upper troposphere, especially the cyclonic regions shared
by both jets, and potentially unstablize the region.

A Cumulus path:

Respect to cumulus, the flux divergence Term X is contributed by the entrainment and
detrainment processes, i.e. Term Il and 1V, respectively, in Eq. ( 4.13 ) and ( 4.14).
Cumulus entrains large scale and MCS heat and moisture, and detrains its own to the
ambient environment. The net difference of these processes results in the upward
transport of heat and moisture, as proposed in numerous cumulus parameterization
schemes.

B  MCS path:

Apart from the “traditional route” of cumulus heat/moisture contributes to large scale,
which stated by the existing parameterization schemes, it can also contribute to MCS
in concept. The effect of cumulus heat on MCS scale is reflected by Term XIlIl and XVI
in Eq. (4.15). The cumulus latent heat accumulates and is transported on mesoscale.
Another contribution is the mesoscale latent heat flux itself. They originate from
mesoscale evaporation rate, which has two sources, as delineated by Eq. ( 4.16 ), 1)
cumuli (net effect of Term XIII and XVI), it means that the cumulus moisture flux
divergence on the MCS scale contributes to the mesoscale condensation rate and 2) the
moisture flux divergence on mesoscale itself (Term XV). It implies that, MCS serves
as an intermediate medium for the heat and moisture to convert from small to mesoscale
through the condensation process. Hence, cumulus heat contributes to the mesoscale in
two ways, by the direct contribution, or by small scale evaporation on MCS scale.
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C Enhancement of the ascent

Respect to MCS, the ascending motion is enhanced by the buoyancy of MCS’s air itself,
as delineated in Eq. (4.8 ) and ( 4.9 ). Mesoscale heat flux divergence increases with
the latent heat flux in MCS when condensation takes place (negative value of
evaporation rate), as described in Eq. ( 4.15 ), and the potential temperature departure
from its ambient environment increases with height. The increase in buoyancy is the
result, as well as the instability of the region, i.e. the location of the MCS which located
on the cyclonic sides of both jets, as shown in Figure 4.7. The instability enhances the
ascent in the upward branch of the ageostrophic circulation. Reverse process occurs in
the downward branch by the evaporation of the precipitation or water, and so downward
motion is enhanced. As a result, the ageostrophic circulation is strengthened by the
thermodynamic process. Ideally the mesoscale motion is located in the region where
maximum vorticity can be benefited and also the largest flux divergence for the jets’
ageostrophy can be produced. Based on the conditions mentioned, an ideal geometry,
as shown in Figure 4.7, is established. The ageostrophic circulation is perpendicular to
the ULJ’s axis while less than 90° to the LLJ’s axis.

==
R P o Strong mesoscale flux
esevere process occurs e ; : i
for the downdeafl 4 P divergence of hOI‘lZOll[?{l
. \ - momentum due to the MCS updraft
- beneath, and responds to the ageostrophy
” of ULJ.

Downdraft is enhanced due
to the evaporation of the
precipitation.

The mesoscale ascents are
/ 2 cnhanced by the latent heat
which is released from the
ﬁ moisture by condensation,
results in heavy precipitation.

Mesoscale divergent flow
with -ve vorticity intensifies
the LLJ.

Mesoscale momentum is
K o] transported upward on
T large scale due to the
— 7" ageostrophy of LLJ.

3 = Preferable location
" for MCS and heavy
. <

northward on lafge scale. A precipitation.
and decelerates in the exit region.

Figure 4.7 Collaboration of dynamic and thermodynamic circulations in a heavy
rainfall system, i.e. Ageostrophic circulation between the jets enhanced
by the buoyancy associated with MCS.
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Overall, the result of the two paths are the same. Heat and moisture are transported
vertically in the lower troposphere and latent heat is released through the phase change
of the moisture in the middle troposphere. The presence of MCS is the result of vertical
mesoscale heat and moisture flux divergence, and also the accumulation of cumulus
moisture. Note that that the thermodynamic quantities also can be transported directly
from cumulus scale to large scale. The dynamic circulation which associated with the
position of LLJ and ULJ, determines a preferable location for these convections.
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5 Numerical Experiment for MCS Diagnosis

In this chapter, the simplified middle scale equation of MCS will be verified by a
numerical experiment. Verification of the equations by using numerical model is
necessary since an observation is a quantity at a point which is measured with a specific
resolution or on a specific scale. Using the simulated gridded data from numerical
models allows us to translate the data on one scale to another upon the demand. The
“translation” here refers to the averaging algorithm developed in Chapter 3. A pre-
monsoon rainfall event in southeastern China is simulated by WRF on a parent and
nested domains. The time period chosen for simulations is roughly the same as Case 2’s
studied by Wu et al. (2011). Hence, this numerical experiment can be treated as an
extended study based on their work. The results from the domains corresponding to the
defined scales are used to visualize the interactions with respect to MCS.

Overall, this chapter is composed of 4 parts,

5.1) Background, which includes the aims and description of the experiment.

5.2) Experiment design, which is a technical part regarding to the model settings used
in the simulation

5.3) Result analysis, where the interested terms are plotted and analyzed, and the
significance of the interactions are evaluated.

5.4) Discussion based on the result, where the circulations will be evaluated and
compared to the conceptual model. The deduced circulations and mechanism of
the HRS in the event will be visualized.
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5.1 Background

A pre-monsoon phenomenon in southeastern China was simulated using a numerical
model WRF. Five domains, i.e. the parent domain with four nested domains, were
introduced to the simulation. The selected case was on 13 June 2008, the beginning of
the period when the “rain belt” located at the mid-lower reaches of Yangtze River [Ding
(2008)]. In this pre-monsoon period, heavy rainfall has been observed along the coastal
region of South China and its mechanism has been studied by Wu et al. (2010). The
striking feature are a ULJ and a LLJ beneath. The presence of ULJ, LLJ, MCS (broad
rainfall area) and the extent of rainfall fit the definition of HRS in this study. This system
in reality therefore can be used as an example to investigate the proposed mechanism
of the HRS.

Overall, the aims of this experiment are

1) To simulate the HRS with high resolution.
2) To estimate the terms in MCS equation.
3) To apply the equation for diagnosis.

5.2 Experiment Design

The simulation time begins on 12 June 2008 at 1800 UTC, and lasts for 2 days. The
simulation was initialized by NCEP FNL reanalysis data with a resolution of 1° x 1°.
After the spinning up for 1 day, the data at 1800 UTC on 13 June is used for the analysis.
During this period, corresponding synoptic data shows that the rainfall area is located
along the coastal region of southeastern China [see Figure 2(e) in Wu et al. (2011)].

In order to compute the interested terms in MCS equation, which consist of the
quantities with different resolutions, the output from three domains corresponds to the
representative resolutions have been selected for the computation. Table 5.1 shows the
spatial and temporal (timestep) resolution of the domains in the simulation. The data on
each domain is equivalent to the mean on the respective scales. Note that Domain 2 and
4 were not involved with the computation, since Domain 2 and 4 served as transient
domains to keep the nesting ratio in a low value for reliable outcomes and numerical
stability. By adding these two domains, nesting ratio of 3 is maintained in the simulation,
and the only disadvantage is an extra expenditure of computer resource. The details of
the selected domains are summarized in Table 5.2.
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In addition, 48 vertical levels were used on all domains. The discretization halted when
the model top reached 5 hPa level. For convenience, the outputs with eta coordination
were transformed to Cartesian coordination in the analysis. The practical outputs have
an identical spatial resolution as the inputs, while the only difference between them is
the vertical layers which were interpolated to 42 layers in the outputs.

Figure 5.1 shows the positions of Domain 1, 3, and 5 introduced in the simulation. The
nested domains are positioned according to the development of mesoscale disturbances
(refer as MCS later) which are located in the exit region of an ULJ and on the cyclonic
side of a LLJ.

. Resolution (nesting ratio) Scale
Domain
dx dy dt represented

1 (Parent) 54 km 54 km 6 sec LI
2 18 km (3) 18 km (3) 2 sec (3) —
3 6 km (3) 6 km (3) 1sec (2) Lm

4 2 km (3) 2 km (3) 5 sec(2) —

5 .667 km (3) .667 km (3) .25 sec (2) Ls

Table 5.1 Model configuration for the simulation.
. No. of grid Location in degree
Domain

nx ny Cen. Lat. Cen. Lon.

175 100 30.0N 1175E

508 367 30.7N 120.7E

5 1816 1174 285N 119.3E

Table 5.2 Setting of Domain 1, 3, and 5.

The guantity associated with HI and Hm are computed from the data of Domain 3 and
5 respectively. The existence of Domain 1 is a must for the nesting process. The
computation of perturbations from the outputs is based on the definition used when
deriving the equations (see details in Chapter 3). The value on Scale Lm (Domain 3)
was computed by averaging 81 values on Scale Ls (Domain 5), i.e. 9(9) points in x(y)
direction on one single vertical level, while the value on Scale LI (Domain 1) by 243
values on Scale Lm (Domain 3), i.e. 9(9) in x(y) direction on 3 vertical levels. Then the
perturbation at a grid point is evaluated by the subtraction of the averages. For example,
the perturbation of Hm was calculated by subtracting LI value from the corresponding
Lm value.

71



5 Numerical Experiment for MCS Diagnosis
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Figure 5.1 Domains of the simulation. Five domains are used in the numerical
experiment, and Domain 1 (parent), 3 (nested), and 5 (nested) are used
for analysis.

5.3 Result Analysis

In this part, the terms of the simplified equations are evaluated to verify the interactions
among the three scales with respect to mesoscale. 1800Z 13 June 2008 is selected for
the analysis as it is the mature state of the MCS.

531 General pattern

The position of jets in Domain 3 is depicted in Figure 5.2, with the LLJ at 2 km above
ground level (AGL) extending from the coast of southeastern China to the southern
Japan. The flow decelerates over the South China Sea, eventually a jet streak appears
on the southeastern coast of China. The LLJ is southwesterly and its exit region
coincided with that of the ULJ (to the west at 12 km AGL), which is consistent to what
described in Chapter 2. Moreover, it is also located in the entrance region of the ULJ to
the east simultaneously. This phenomenon of LLJ in the entrance region of ULJ has
been studied by Chen (1982). The study shows that unstable gravity-inertia wave
developed in the entrance region of ULJ has a triggering effect on the LLJ beneath.
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Figure 5.2 LLJ and ULJ in Domain 3. LLJ is in shading, ULJ in solid contour (m
s1), and water vapour mixing ratio at LLJ level (> 2.5 g kg™) in long
dashed (g kgl). Line AB at 118.5E is for the cross section shown in
Figure 5.22.

The location of this simulated LLJ is consistent with the synoptic charts in previous
studies. The LLJ is often found in the coastal area between South China Sea and
southeastern China. This orientation allows moisture transporting from the sea to the
continent. This characteristic is represented by a “moist tongue” which coincides to the
location of the LLJ, as shown by the mixing ratio contour in Figure 5.2.

In order to examine the mesoscale disturbances associated with the LLJ and ULJ,
representative layers for the LLJ and ULJ are determined, the representative levels for
the LLJ and ULJ are chosen to be 7 and 12 km AGL in all domains, respectively.
Hereafter, “LLJ level” in this work means the representative LLJ level where the
associated mesoscale interactions are the most obvious, while the representative ULJ
level is same as the simulated.
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5.3.2 Diagnosis on the event

In this section, the distribution of the interested terms in the simplified middle scale
equations will be plotted. The result is used to determine the significance of the terms,
and also the reliability of the involved processes.

A Dynamic circulation — LLJ and MCS

Recalling Eq. (/4.2 ), the ageostrophic circulation associated with LLJ is balanced by
the vertical flux divergence of mesoscale horizontal momentum in a large area. To
examine this process and determine the significance of the terms involved, the
distribution of each term is plotted at the LLJ level.

The distribution of ageostrophic zonal wind component u% at 7 AGL in Domain 3 is
computed by the left hand side of Eq. (4.2) divided by the Coriolis parameter which

- L
varies with latitudes, i.e. u, = 71 (—fuL - %aaiy) (Figure 5.3). It can be obtained that

the jet streak is embedded in the positive value region. u’ reaches the highest value at
the jet streak with its maximum extending downstream to the exit region on the right
flank. It also indicates that the jet decelerates downstream due to the forcing arisen by
u,, and the associated ageostrophic circulation only dominates in the rear portion of the
LLJ. Meanwhile, Figure 5.4 shows the distribution of Term VI, i.e. the right hand side
of Eq. ( 4.2 ). It represents the effect of vertical transport of mesoscale horizontal
(meridional) momentum on large scale. The negative region aligns with the LLJ on its
cyclonic side, and the high value region coincides with the jet streak location.
Accordingly, the mesoscale vertical transport of horizontal momentum is associated
with the LLJ. In order to evaluate the relative contribution, the ratio of Term VII to
a(WL)
0z
high ratio region (the band in cyan — blue colour) coincides with the negative region in
Figure 5.4. It suggests that the vertical flux divergence of the horizontal momentum
explains at least 30% (pale cyan) of the ageostrophic circulation in the vicinity of the
LLJ. Note that the ratio is not an absolute value, and thus the positive value suggests
that the divergence flux is positively correlated to the ageostrophy. However, on the
anti-cyclonic side, the value decreases though it remains positive correlation.

L
Term Il and 1lI, i.e. /(—fuL - %aaiy)’ is used. As shown in Figure 5.5, the
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Figure 5.3 The distribution of ageostrophic zonal wind component (m s™) at 7 km
AGL, in Domain 3. Isotachs of LLJ (> 20 m s, horizontal wind) at the
same level is shown for reference.
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Figure 5.4  The distribution of (x 1073 ms™2),i.e. Term VIl in Eq.

0z
(4.2).
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Figure 5.5 Ratio of vertical flux divergence of mesoscale horizontal momentum to
the ageostrophic component [(Term VII / Term 1l + 1) in Eq. ( 4.2)].
Only the region with positive correlation is shown here.

B Dynamic circulation — ULJ and MCS
Likewise, Eq.(4.1) which links the circulation of ULJ and MCS is verified. Unlike the

1 opL

: ax) at 11.5

LLJ, the pattern of ageostrophic meridional component v, = %(va -

km AGL forms a dipole in the region, as shown in Figure 5.6. The maximum (minimum)
is located on the ULJ to the east (west) on its left (right) flank. This phenomenon
resembles the LLJ’s. It indicates that positive (negative) v, IS needed in order to
accelerate (decelerate) the jet. As a result, strong gradient of vl is generated between
the entrance region of the ULJ to the east and the exit region of the ULJ to the west.
Similar to LLJ, the distribution of vertical flux divergence of mesoscale zonal
momentum [Term VII in Eqg. ( 4.1)] is associated with the ULJs (Figure 5.7). For the
ULJ to the east, the positive (negative) region dominates on the left (right) frank and
the maximum region coincides with the v maximum. Instead of a negative region
with a vt minimum to the west, the positive contribution of Term VII is suppressed,
and the suppression coincides with the negative v, region (see the middle white band
in Figure 5.6 for reference). On the same propose, the relevant ratio is used to weight
the significance of the terms (Figure 5.8). Positively correlated region fairly surrounds
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the jet streak to the east, but dominates on the cyclonic side of the ULJ to the west. It
implies that the forcing on the anti-cyclonic side of the ULJ to the west is affected by
the presence of the ULJ to the east. Overall, similar conclusion can be made that the
vertical flux divergence of the horizontal momentum explains at least 30% of the
ageostrophic circulation on the cyclonic side of the ULJ to the west.

The orientations of the simulated ULJs in fact differ from that in the conceptual model.
The flow in the entrance region of ULJ to the east is southwesterly and changes to
westerly gradually downstream. In order to examine its southerly characteristic and the
associated ageostrophic circulation, the corresponding ratio of Eq. ( 4.2 ) is used.
However, the ratio are inconspicuous at 11.5 km AGL. Instead, the distribution at 10
km AGL is shown in Figure 5.9. The orientation of the high ratio region exhibits a
similar manner as that of the LLJ. It is located on the left flank in the entrance region
and dominates where the flow carries southerly component. Note that the high ratio
region aligns in South — North direction.

Based on the finding of Part A and B, the vertical flux divergence of mesoscale
horizontal momentum on large scale is associated with:

1) The location relative to the jets. The prominent region of the divergence flux is
mainly located on the cyclonic side (left frank) of the LLJ and ULJ; while the
corresponding region with opposite value on the anti-cyclonic side (right frank).
This outcome explains how the large scale momentum converts to be of mesoscale
where the LLJ/ULJ decelerates due to its ageostrophy. It can be obtained that the
involved divergence flux accounts for at least 30% of the corresponding
ageostrophic forcing.

2) Wind component of the jets. The mesoscale momentum component is determined
by the ageostrophic component of the jet, which is related to the orientation of the
jet.

3) Height. By comparing the distribution at LLJ level (7 km AGL) and where just
below the ULJ (10 km AGL), it can be implied that the estimated vertical flux
divergence of mesoscale meridional momentum in Eqg. (4.2) decreases with height.
One of the possible reasons is due to the stability at upper level and so the ascent is
reduced. Another reason is due to the veering of wind associated with the LLIJ’s
warm advection, and the resultant zonal component is responsible for ULJ’s
ageostrophy.
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Same as Figure 5.3, but for the ageostrophic meridional component v,
(m s?) of the ULJs at 11.5 km AGL.
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Figure 5.7  Same as Figure 5.4, but for (x 1073 ms™2), Term VIl in
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Figure 5.8 Same as Figure 5.5, but for the ratio respect to Eq. (4.1).
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Figure 5.9 Same as Figure 5.5, but at 10 km AGL.
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C Dynamic circulation — MCS and large scale motion

In this part, Eq. (4.6.2) is verified to illustrate the interaction between MCS and large
scale motion with respect to mesoscale. Figure 5.10 shows the advection process VTl
v,LvM (Term I1) in Domain 3, at the LLJ level. Positive advection processes dominates
on left flank of LLJ only, while negative on the right flank, near the jet streak. The
region bounded by dash-dotted lines is dominated by positive mesoscale vorticity (For
the detailed vorticity pattern, see Appendix C). As seen in the figure, the relevant
positive advection is located in this bounded region, and note that they are in
coincidence on the left flank of the LLJ. The dash-dotted line which halves the jet streak
fairly splits the negative advection process (indicates in cyan colour) from the region.
Likewise, the advection process described by Term Il is shown in Figure 5.11. The
pattern is similar to that in Figure 5.10, but the amplitude is higher. The positive
advection process in the vicinity of LLJ extends northwestward to the dashed-dotted
border to the west.

As mentioned in Section 4.1.3(A4), the increase of mesoscale vorticity in space
involves both advection processes mentioned above and they can be considered as a
whole. Figure 5.12 shows the total contribution of both Term Il and Ill. It can be
obtained that negative advection processes dominate the right flank of the LLJ. The
dash-dotted border in the middle of the streak fairly keeps these negative processes out
of the region. In addition, on the LLJ’s left flank, the advection of mesoscale vorticity
with a deeper red colour in the rear portion is more intensive in the exit region than that
in the entrance region. Overall, the advection process between middle and large scale
flows is associated with the LLJ. The positive advection processes is related to the
positive mesoscale vorticity.
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Figure 5.10  The distribution of V, - v,tv™ (x 1073 ms2) at 7 km AGL, i.e.

Term Il in Eq. (4.6.2). LLJ streak is represented by isotach of >20 m s
(horizontal wind). The region dominated by positive mesoscale vorticity
is bounded by dash-dotted lines. The shading is presented in grids
because the advection terms at the edges are undefined as they involve
the averaged values of the adjacent averaged areas.
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Same as Figure 5.10, but for V, - v,Mvt (x 103 m s72), Term 11 in
Eq. (4.6.2)
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In Part A and B, the vertical mesoscale divergence flux on large scale has been studied.
Respect to MCS, this effect can be analyzed in a resolved scale. Figure 5.13 shows the

owMyM . . .
[Term XV in Eq. (4.6.2)], in Domain 3 at the

pattern of the corresponding term, .

LLJ level. The red region, which represents positive flux divergence, coincides with the
orange-red region in Figure 5.12. In addition, the broad red region is located in the
positive vorticity region only, in alignment with the LLJ on its cyclonic side.

The counterpart ratio for Eq. (4.6.2) is used to weight the significance of the terms
involved. The distribution of the ratio of Term XV/(Term Il + Term Il1) is shown in
Figure 5.14. Although the pattern is noisy, it can be obtained that the density of the high
value (blue points) is higher in the bounded region and reaches maximum on the
cyclonic side of LLJ. This suggests that in general the vertical divergence flux of
mesoscale horizontal momentum is positively correlated to the advection processes
between middle and large scale motions, especially on the cyclonic side of LLJ.
According to the figure, the flux divergence explains about 50% of the advection
processes which is associated with the LLJ.
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Figure 5.13  Same as Figure 5.4, but for (x107° ms™4), Term XV in Eq.

0z
(4.6.2), at 11.5 km AGL.
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Figure 5.14  Same as Figure 5.5, but for the ratio of Term XV/(Term Il + Term I11)

in Eq. (4.6)
D Thermodynamic circulation — MCS and Cumuli

In this part, the Eq. ( 4.15) and ( 4.16 ) are examined in order to find out how heat is
generated by the condensation of moisture on middle and small scales. As the small
cumulus scale is involved, Domain 5 which has the highest resolution is used for the
analysis.

Before studying the heat issue, it is better to determine the moisture pattern first as it
has been hypothesized that one of the heat sources is the latent heat released from the
condensation of moisture. In order to visualize the effect on the moisture distribution,
a higher level of 7.5 km AGL is used. This level is one output level higher than the

M M
representative LLJ level. Figure 5.15 shows the distribution of % [Term XV in

Eq. (4.16)]. It shows that the vertical mesoscale moisture flux divergence is relatively
gentle along the coastal region, but more intensive in the inland region. Two regimes
with intensive flux divergence are developed at (29.5N, 118E) and (27.5N, 116.5E).
The negative region represents the decrease of moisture flux due to condensation, while
positive for evaporation. At this level, the flux divergence due to shallow cumuli are
insignificant and it is assumed that any effect from cumulus scale can contribute on
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mesoscale. The effect due to cumulus moisture flux divergence on middle mean scale
[Term XIII in Eq. ( 4.16 )] is shown in Figure 5.16. It is obtained that the decrease of
cumulus moisture flux divergence coincides with the location of the two regimes and it
means that only condensations in small scale occur in those areas. Furthermore, the
order of the magnitude is the same as that of Term XV. This implies that, above the jet
level, the cumulus moisture flux divergence on mesoscale is also significant compared
to that on mesoscale itself.

Note that the values of Term XVI are in the order of -8, i.e. 100 times smaller than the
two terms mentioned, so it is ignored.

The total contribution of Term XV and XIII gives the total mesoscale condensation rate
by MCS and cumuli, i.e. Term XIX in Eqg. ( 4.16 ), but it is not shown here because it
can be reflected by Term XIX in Eq. ( 4.15 ) which will be discussed later.
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Figure 5.15  The distribution of — (x 1072 kgkg™' s™1) [Term XV in Eq.

(4.16)] at 7.5 km AGL, in Domain 5. Isotach of LLJ>20 ms™at 7
km AGL is shown for reference.
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Figure 5.16  The distribution of %—Z (x 1073 kgkg~ts™1) [Term XlIl in
Eq. (4.16)].

The balance of mesoscale heat is described by Eq. ( 4.15 ). The mesoscale heat flux

. a(wMeM) . - .
divergence —, s represented by Term XII, as shown in Figure 5.17. It is similar

to the pattern in Figure 5.15. Two regimes with intensive flux divergences are developed.
Note that this level is still 7.5 km AGL. In each regime, the upward flux divergence
region (positive region) is larger than downward flux region (negative). It tends to
organize in an irregular shape in one piece, while the regions with downward flux
divergence exist individually.

The contributions to Term XII, as mentioned in Eq. ( 4.15 ), are Term XIX, XIII and
XVI. Term XIX is a complex term as it involves Term X1 in Eq. ( 4.16 ), latent heat of
condensation L,, (function of specific mixing ratio) and heat capacity of vapour C,
which is a function of temperature.

Values of L, and C, are given by:

L, = [2.501 — 0.00237T (in deg. cel.)] x 106 (Jkg~1)
Cp = Cpq(1 4+ 0.84q) (m*s~? K1) where C,q = 1004.67 m* s™* K™!
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L,,eM
pCp

The value of the latent heat flux divergence — (Term XI1X) at each point is then

computed, with the given specific mixing ratio and temperature from the model output.
Its pattern in the vicinity of LLJ is almost identical to that of Term XII, especially on
its cyclonic side, as shown in Figure 5.18. The intensive flux divergence also coincides
with the locations of those two regimes, so as the location of upward and downward
regions. The contribution of cumulus heat on mesoscale is insignificant. As shown in
Figure 5.19, the contribution is limited though upward flux divergences is located in
the prescribed locations. Overall, it can be deduced that Term XII is mainly contributed
by Term XIX. In other words, the mesoscale heat flux divergence can be almost
determined by the mesoscale latent heat of condensation, provided that the
corresponding evaporation rate originates from cumuli and MCS itself. Overall, it
shows that moisture on small cumulus scale tends to evaporate on mesoscale and
contributes to the mesoscale evaporation rate, rather than transporting the cumulus heat
on mesoscale and contributes to mesoscale heat flux divergence directly.
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Figure 5.17  Same as Figure 5.15, but for - (x 1072 Ks™1), Term Xll in

Eq. (4.15)
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Figure 5.18  Same as Figure 5.17, but for — L;’z (x 1073 K s™1), Term XIX in Eq.
D
(4.15).
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Figure 5.19  Same as Figure 5.17, but for ————— (x 1073 K s™1), Term XlII

in Eq. (4.15).
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E  Thermo-driving circulation — Collaboration of MCS dynamics and
thermodynamics

So far the large-middle scale dynamics (Part A, B and C), and middle-small scale
thermodynamics (Part D) have been analyzed. The key question is arising that how the
former and the latter is related, in what form and to what degree. Eq. (4.9) is introduced
to describe this linkage in steady state. Hence the terms will be investigated. Figure

.. . awM(vaM) . .
5.20 shows the distribution of —, (Term A) at 7.5 km AGL, in Domain 3. It

implies that the vertical advection of vertical flux divergence of mesoscale horizontal
momentum is significant in the jet region only. The flux is advected upward on the
cyclonic side of the LLJ in the rear portion while downward in the front portion and
near the entrance region.

The pattern of mesoscale horizontal momentum transported by buoyancy v™ Z—AZ g
(Term B) is shown in Figure 5.21.The transport of mesoscale momentum by buoyancy
is mostly found on the cyclonic side of the LLJ in the rear portion, extends from the jet
streak to the exit region, while by subsidence air in the front portion and on the anti-
cyclonic side in the exit region. It is in agreement with the proposed mechanism in
Chapter 4. It is noted that the positive region is bounded by the dash-dotted line in the
LLJ’s exit region. Moreover, these regions coincide to the highly positive vorticity
(represented by red shading in Appendix C) because the ascending motion, which
contributed by buoyancy, is associated with positive vorticity.

The magnitude of Term XIX is an order higher than that of Term XV. It is suggesting
that the Term XV is one of the terms contributed by Term XIX. Other factors, such as
the horizontal advection terms on the same scale, have been considered. However, the
magnitudes of those horizontal advection terms are small compared to that of Term XV
(not shown here), and so the resultant pattern is similar to Figure 5.20. Overall, it shows
that the horizontal (meridional) momentum transported by buoyancy explains ~10% of
the increase of vertical momentum flux with height. The locations of transport by
buoyancy and subsidence are consistent to the proposed mechanism of HRS in Chapter
4,
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Figure 5.20  The distribution of —, (X102 m*s™) at 7.5 km AGL, i.e.

Term Ain Eq. (4.9). Isotach of LLJ > 20 m s at 7 km AGL is shown
for reference.
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Figure 5.21  Same as Figure 5.20, but for v Z—Lg (x 1073 m? s73), i.e. Term B in Eq.

(4.9). The region bounded by dash-dotted line is dominated by the positive
mesoscale vorticity.
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5.4 Conclusions and Discussion

54.1 Evaluation of the dynamic circulation

In Section 5.3.2(A) and (B), the circulation between LLJ and ULJ was simulated. The
result showed the mesoscale horizontal momentum was vertically transported between
the jets due to their ageostrophy, especially in the LLJ’s exit region. It means that the
upward branch of the circulation was stronger than the downward branch. The
horizontal mesoscale flux divergence, i.e. Term Il and IV, were also evaluated.
Although their magnitudes are in the same order as their vertical counterparts, their
patterns (not be shown here) showed that horizontal mesoscale transport on the large
scale is somewhat independent of the jet’s ageostrophy. Overall, the pattern shown in
Figure 5.5 was in agreement with that in Figure 4.2. Highly negative gradient of
mesoscale flux divergence was obtained in the exit region, while positive gradient in
the entrance region, though the gradient is weaker. The fairly negative value in the
entrance region was responsible for the acceleration of the jet, hence the maximum of
the jet streak is located ahead of it.

To ensure the existence of the vertical branches, the vertical velocity cross-section of
middle mean scale along 118.5E (Line AB in Figure 5.2) is plotted, as shown in Figure
5.22. The cross-section lies between the anti-cyclonic side of the entrance region (south)
and the cyclonic side of the exit region (north), i.e. it is on the same plane as the
ageostrophic circulation illustrated in Figure 4.7. Ascents are obtained at 28N, 29N and
30N, while downdrafts at 22N and 24N. The intensity of the updrafts is stronger than
that of downdraft, which is consistent with Figure 5.5. Moreover, it is found that the
paths of the vertical motion are tilted toward the ULJ to the west, and the degree of
tilting increases with latitude. This implies that the shape of the circulation is affected
by the position of the jets.

In Section 5.3.2(C), the balance of advection between middle and large scales and the
mesoscale flux divergence was clearly presented. Figure 5.12 shows that positive
(negative) horizontal advection occurred on the cyclonic (anti-cyclonic side),
contributed to positive (negative) vertical flux divergence. The balance can be fairly
achieved, especially on the cyclonic side, as shown in Figure 5.14. The mesoscale
vorticity was increased due to the horizontal momentum advection on the cyclonic side
of LLJ, in order to sustain the jet itself. At the same time, the gradient of the
corresponding flux divergence decreased.
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Figure 5.22  The cross section at 118.5E i.e. Line AB in Figure 5.2. Shading
represents vertical velocity (m s), while arrows indicate the position of
updrafts and downdrafts. Contour shows the distribution of equivalent
potential temperature (K).

54.2 Evaluation of thermodynamic circulation

In Section 5.3.2(D), the enhancement of vertical mesoscale flux divergence was
presented. The magnitude of mesoscale moisture flux divergence (Figure 5.15) was
comparable to that of cumulus on the corresponding scale (Figure 5.16). The
contribution of cumuli dominated in the regions of the mesoscale disturbances only. It
means that the mesoscale condensation rate was not only contributed by the
corresponding moisture flux divergence, but also by that of cumulus on mesoscale.
Meanwhile, the mesoscale heat flux divergence was mainly contributed by the
corresponding latent heat flux divergence, i.e. the pattern of Figure 5.17 resembles that
of Figure 5.18, rather than by cumulus heat flux divergence. It implies that, moisture
tended to evaporate on small cumulus scale, together with the counterpart on mesoscale,
contributed to the mesoscale latent heat flux divergence. On the other hand, at the level
of the mesoscale disturbance, heat could be transported on small scale and contributed
to mesoscale directly. However, this effect was insignificant (Figure 5.19).

The result in Section 5.3.2(E) showed that the vertical transport of mesoscale
momentum flux divergence was only one of the factors contributed by the buoyancy
transport. The ratio of Term XV / Term XIX in Eq. ( 4.7 ) was also investigated, and it
showed the value around 0.1 in the LLJ’s vicinity (pattern is not shown here). It implies
that the buoyancy of air contributed little to the transport of momentum flux divergence
on mesoscale. However, the buoyancy enhanced the ascents in the exit region. Referring
to Figure 5.22, the upward motion region dominates at the level higher than 7 km AGL.
The two striking updrafts, which corresponding to the maximum of mesoscale heat flux
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region (Figure 5.17), extends to the ULJ level. Note that the bright red area of these two
updrafts become larger above 7 km AGL. On the contrary, such enhancement is absent
in the downward branch of the circulation. Due to the limitation of Domain 5, the
subsidence of air corresponding to the downward branch is unable to be investigated
deeply.

54.3 Evaluation of the MCS

As proposed in the conceptual model, the MCS enhances the potential instability. As
shown in Figure 5.22, the instability increases at the location of the updrafts, indicated
by the increase of (middle scale mean) equivalent potential temperature (6,) with height.
To the south of the updrafts, the atmosphere is stratified and relatively stable. Figure
5.23 shows the distribution of 6, at 7.5 km AGL in Domain. It shows that in the
location of the mesoscale disturbances high 6, is drawn from the “tongue” and so the
instability is higher than the ambient region.

38N

34N
350
30N 345
340
26N
335
22N ’ 330
108E 114E 120E 126E 132E
Figure 5.23  Equivalent potential temperature (K) distribution at 7.5 km AGL, in
Domain 3.

Note that this 6, tongue is almost identical to the shape of the moist tongue shown in
Figure 5.2. Apart from the instability, it has been mentioned that precipitation occurs in
the position of MCS. Therefore, rain water mixing ratio is another signature of MCS.
The pattern of this quantity is shown in Figure 5.24. It is obtained that the location of
the highest rain water mixing ratio region agrees with that of the mesoscale disturbance.
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To sum up, in these region, ascents occur and are enhanced at the level about 7 km AGL,
with a high rain water content. This outcome is consistent with what proposed in the
conceptual model. Hence, it can be confirmed that the mesoscale disturbances with
these updrafts are the MCS components of the HRS.

34N )
30N 5 |
2
26N
| 1
.
22N R - Y 0
108E 114E 120E 126E 132E

Figure 5.24  Same as Figure 5.23, but for rain water mixing ratio (g kg?) at 7.5 km
AGL.

The thermodynamic relation between MCS and the large scale motion is also
investigated. Figure 5.25 shows the horizontal advection of moisture associated with
LLJ [Term Ilin Eq. (4.11)] at 7 km AGL. Negative value here means the advection of
moisture from wet to dry region. It can be obtained that the advection extends to the
MCS regions. Comparing the pattern with the corresponding averaged mesoscale
moisture flux divergence (Term VII) which is shown in Figure 5.26, the horizontal
moisture advection explains about 25 — 50% of the mesoscale moisture flux divergence
in the MCS regions. Moreover, at the LLJ level, the contribution to the cumulus
moisture flux divergence (Term VII1) is not significant (Figure 5.27). However, at the
level below the LLJ streak, the contribution of the cumulus moisture flux divergence is
higher by an order of 2 (not shown here).
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Figure 5.25 The distribution of horizontal moisture advection V - w;2q% (g kg? s?),
i.e. Term Il in Eq. ( 4.11). Note that negative value here is associated
with the advection of LLJ. Contour (m s-? shows the LLJ streak.
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Figure 5.26  Same as Figure 5.25, but for ————~ (g kg* s?), i.e. Term VIl in

0z
Eq. (4.11).
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Figure 5.27  Same as Figure 5.25, but for —— (g kgts?),ie Term VIl in
Eq. (4.11).

In the heat issue, the horizontal heat advection associated LLJ contributed less to both
heat flux divergences on small and mesoscale (the relevant ratios are not shown here).
It can be deduced that heat on large scale was converted to smaller scales through the
form of moisture, but not in form of heat itself. The large scale mean heat destabilizes
the large scale environment, but not in the MCS and cumulus regions. The horizontal
moisture advection, accordingly, should contribute to other cross-scale horizontal moist
processes. However, this is out of the study syllabus and will not be discussed here.

This finding explains the origin of the heat fluxes above the LLJ level which is
discussed in Section 5.3.2(D). Here is the full deduced path. Large scale horizontal
moisture advection associated with LLJ supplies moisture to cumulus regions in the
lower troposphere, and to the MCS regions above the jet level. However, on the LLJ
level, the effective cumulus region decreases, and the contribution to the cumulus
moisture flux divergence is unable to be resolved on the large scale. Instead, the
corresponding contribution was resolved on mesoscale mentioned in Section 5.3.2(D)
and it implied that the cumulus moisture at / above LLJ level is reflected by the
mesoscale evaporation rate.
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54.4 Conclusion
On the basis of the conceptual model and the outcomes of analysis above, a feasible

mechanism of HRS for the case of 13rd June 2008 can be proposed here, as shown in
Figure 5.28.

Downward branch of ageotrophic Upward branch of ageostrophic circulation.
circulation responds to the Mesoscale momentum transported upward
ageostrophy of the ULJ. 2 is associated with the ageostrophy of LLJ,

Another downward branch

of the ageostrophic \
circulation. 3

ascent is enhanced due to the buoyany of
MCS air, by the condensation involved.

Heavy precipitation occurs here.

N\

Mesoscale momentum flux 4 Moisture is transported by LLJ on large scale,
divergence associated with LLJ’s 5 fuels the cumuli below jet level, and the
ageostrophy intenifies the jet. MCS above jet level.

Figure 5.28  HRS over southeastern China for the case of 1800 UTC 13 June 2008.
The mechanism is based on the conceptual model. Dashed line on the
map indicates the moisture tongue corresponding to specific mixing
ratio of 3 g kg at the jet level.

The HRS over southeastern China was a collaboration of the components with scales
from global to micro in a specific geometry. The westerly ULJ over China migrated
southward during the summer season. The exit region of the ULJ to the west gets closer
to that of the LLJ and the ageostrophic circulation associated with the jets was triggered.
Differing from those in the model, the simulated LLJ was southwesterly rather than
purely southerly, while the ULJ to the east was also southwesterly rather than pure
westerly. The ageostrophic circulation was located between the LLJ (7 km AGL) and
the ULJ (12 km AGL) to the west. Mesoscale momentum was transported upward on
the cyclonic side of LLJ due to its ageostrophy. The transport was presented by the
corresponding flux divergence in the analysis. The analysis also showed that the ascent
was tilted toward the ULJ.
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There was no sign of coupling of the LLJ and the ULJ as no upper- and surface-fronts
were presented in the HRS. In the work of Sortais (1993), convective events is
associated with the enhancement in the pre-frontal region. Also, the orientation of the
jets was not orthogonal and thus coupling was hardly achieved. In this study, the
mesoscale convective activity regarding the MCS was solely explained by the resolved
heat and moisture fluxes on meso- and cumulus scales.

MCS was found in the location of the ascent, where the ascent was enhanced due to the
increase of buoyancy. The buoyancy was associated with the mesoscale heat flux
divergence, and this heat flux divergence was associated with the counterpart of latent
heat. Mesoscale condensation rate was contributed by the cumulus moisture flux
divergence on mesoscale and MCS’s itself. Downward branch of the circulation was
found on the anti-cyclonic side of ULJ, responding to the ageostrophy of ULJ. Two
downdrafts were found based on the simulation results. The downward mesoscale
transport at low level, responds to the LLJ’s ageostrophy and intensified the jet. The jet
was therefore sustained and moisture was supplied from South China Sea to the
continent.

Large scale horizontal moisture advection along the coast of southeastern China was
associated with LLJ. The moisture was mainly transported on small cumulus scale
below the jet level, and mainly on mesoscale above the jet level.

It implies that when the ULJ retreats in winter seasons, this specific geometry of the
components collapses, as well as the collaboration. The ageostrophic circulation and
the moisture cycle cannot be established. As a result, the system cannot be triggered.

To sum up, mesoscale was responsible for the transport and enhancement of momentum
between large scale motions and the accumulation of latent heat on small cumulus scale.
Large scale motions is the origin of the jet’s ageostrophy and is important for the
transport of moisture required by the HRS. Small cumulus scale provides a foundation
for the moisture to transport vertically at the low levels.

98



6 Summary and Outlook

Heavy rainfall events often occur over the central United States and southeastern China
during summer seasons. Two cases in the central US and southeastern China have been
studied by Wu et al. (1998) and Wu et al. (2011), respectively. Comparing their studies,
there are several features in common, 1) both events occurred in summers at the mid-
latitudes, 2) ULJs in an almost orthogonal alignment existed above the LLJs, 3) the
LLJs are responsible for the moisture transport, 4) topographical conditions of the
coastal regions in both cases are similar and they favour the moisture transport of LLJ,
and 5) both LLJs were southwesterly.

The mechanism of producing rainfall on mesoscale is still questioned as it involves the
dealing of multiscale interactions. The importance of mesoscale convective system
(MCS) is concealed in the synoptic analysis charts in large scale studies and hidden
when the events are simulated with the effect of convections parameterized. To get a
deeper understanding of the mechanism, in this study:

1)  Aconceptual model of heavy rainfall system is established,;

2) A multiscale analysis method is developed to simplify the equation sets specified
to HRS;

3) The essential interactions among the scales are evaluated using the simulation
results of the case on 18 June 2008 over southeastern China, and the mechanism
of the involved system is investigated; and

4)  The reliability of the proposed mechanism and the role of MCS for the event are
evaluated and the HRS is visualized based on the analysis result.

The conceptual model of HRS consists of three components: Jets (ULJ and LLJ), MCS,
and cumulus. The positions of these three components trigger the occurrence of heavy
rainfall on certain location. The system is assumed to be isolated and in steady state;
while the interactions among these three components are in dynamic and
thermodynamic equilibrium.
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As these components of the HRS are of different scales, a multi-scale analysis method
has been developed to explain the HRS. Three representative scales are defined, namely
large, middle and small scales. Governing equation sets for these three scales are
derived by successive filtering using Reynolds averaging (spatial averaging). The
resultant equations consist of cross-scale terms which represent the interactions
between each two scales. However, due to their non-linear characteristics and the scale
diversity, full equations corresponding to the jets (large scale mean), MCS (large scale
perturbation) and cumulus (middle scale perturbation), are simplified with respect to
mesoscale and only essential interactions are retained. By using the simplified
equations, the model was explained in term of dynamic and thermodynamic circulations
with mesoscale interactions.

An ageostrophic circulation is developed between the jets. \Vertical mesoscale
momentum flux divergence in the LLJ’s exit region responds to the LLIJ’s ageostrophy.
Mesoscale momentum is transported upward and the jet decelerates. The momentum is
transported on the cyclonic side of the LLJ, and reaches the upper atmosphere on the
cyclonic side of the ULJ, constitutes the upward branch of the dynamic circulation. On
the anti-cyclonic side of the ULJ, the momentum is transported downward due to its
ageostrophy, reaches the anti-cyclonic side of the LLJ and constitutes the downward
branch of the circulation. The associated mesoscale momentum flux divergence
intensifies the LLJ in its entrance region. As a result, a closed ageostrophic dynamic
circulation is formed between the jets and the transport of moisture by the LLJ can be
sustained. Stronger the ageostrophy of the jets, larger the mesoscale momentum flux
divergences on large scale are involved.

The dynamic circulation is strengthened by thermodynamic circulation. At the LLJ
level, in the location of MCS, the ascent is enhanced due to the increase of buoyancy.
The buoyancy is associated with the mesoscale heat flux divergence, and this heat flux
divergence is associated with the corresponding counterpart of latent heat. The related
mesoscale condensation rate is contributed by the cumulus moisture flux divergence on
mesoscale and that of MCS itself. Reverse process occurs in the downward branch of
the circulation with evaporation.

A numerical experiment by WRF was used to verify the aforementioned hypothesis. A
heavy rainfall event on 13 June 2008 over southeastern China was simulated. Model
result from the parent, and two nested domains, with resolutions corresponding to large,
middle and small scale means were used in this event. The resolutions of the domains,
from the parent to the finest nested, were 54000, 6000, and 666.67 m, respectively, were

100



6 Summary and Outlook

capable of resolving the structures on the corresponding scales. The parent domain
resolved the jet structures, and the two nested domains with 2 different resolutions
revolved respectively the structure of MCS and cumulus. The significance of the terms
in the simplified equations was investigated. The quantities related to the jets, MCS and
cumulus were computed, and the terms related to the essential interactions were
evaluated.

A LLJ and two ULJs were simulated. Based on the simulation result, a dynamic
circulation is found on the proposed location. At the representative LLJ level of 7 km
AGL (exactly located at 2 km AGL), the vertical flux divergence of the mesoscale
horizontal momentum explains at least 30% of the LLJ’s ageostrophy; at the ULJ level
(11.5 km AGL), the corresponding vertical flux divergence explains also at least 30%
of the ULJ’s ageostrophy, especially on the cyclonic side of the ULJ to the west. Based
on the distributions of the mesoscale flux divergences, it is deduced that the flux
divergence is associated with the location relative location relative to the jets, wind
component of the jets and the vertical level. Based on the vertical velocity distribution,
an intensive updraft and two gentle downdrafts are found on the cyclonic and anti-
cyclonic sides of the LLJ, respectively. It is also found that the circulation was tilted
toward the ULJ to the west, especially the updraft.

The simulated mesoscale circulation associated with MCS is consistent with the
proposed model. The simulated results show the existence of the balance between the
horizontal advections of middle and large scales and the vertical flux divergence in the
vicinity of the LLJ, especially on the cyclonic side. This finding supports the proposed
mechanism that the advection of mesoscale vorticity increases (decreases) when the
gradient of the vertical mesoscale flux divergence decreases (increases) in the LLJ’s
entrance (exit) region (see Figure 4.2), i.e. acceleration (deceleration) of the LLJ in the
entrance (exit) region.

Thermodynamic circulation is also found in the simulation. At the LLJ level, the
mesoscale heat flux divergence is almost determined by the counterpart of latent heat
which was associated with condensation. The mesoscale condensation rate originated
from cumuli and MCS itself. Both the cumulus and mesoscale moisture flux
divergences contributed to the mesoscale condensation rate and their effects are
comparable to each other. It implies that cumulus moisture tends to condense on
mesoscale and thus the associated latent heat accumulated on mesoscale. At lower
levels, large scale moisture was transported horizontally by LLJ and transported
vertically by the meaning of vertical cumulus moisture flux divergence. The effect of

101



6 Summary and Outlook

cumulus moisture flux divergence at LLJ level was unable to be resolved on large scale,
but on mesoscale. Moreover, the large scale horizontal advection of heat contributed
less to the vertical flux divergences of small and mesoscale, but destabilized the large /
middle scale environment. The result also shows that, moisture from large scale was
transported vertically on small scale below the LLJ level. Combing the above findings,
it can be deduced that cumuli plays the main role on vertical moisture transport in the
lower troposphere, but they condensed on mesoscale in the middle troposphere above
the LLJ level, hence the associated latent heat accumulates on mesoscale. Together with
the corresponding mesoscale moisture flux divergence, it contributes to the mesoscale
latent heat flux divergence. As a result, mesoscale heat is transported upward and the
buoyancy is increased, where MCS is located.

The enhancement of the ascent was simulated and its effect on the vertical velocity is
shown in Figure 5.22. The enhancement of momentum flux divergence by the buoyancy
is fairly shown by the simulation. The ratio of the relevant terms shows that the vertical
transport of mesoscale momentum flux divergence can be explained by ~10% of the
buoyancy transport. It can be concluded that the ascent was enhanced by the buoyancy
above the LLJ level, the vertical transport of momentum flux divergence associated
with the circulation was enhanced to some extent by the transport of buoyancy.

Overall, the findings from the simulation are consistent with the proposed mechanism.
The simulated circulations agrees well with the proposed mechanism of the HRS.
Meanwhile, three main differences were found in the simulation comparing to the
proposed HRS.

1) Two gentle downdrafts were found on the anti-cyclonic side of the LLJ;
2) Two ULJs were obtained; and
3) The circulation was tilted.

Note that the coupling of the simulated LLJ and ULJ didn’t occur according to their
orientations and the absence of upper- and surface fronts.

As awhole, HRS is a collaboration of the jets, MCS, and cumuli, in a specific geometry.
The system is triggered when the jets get closer to each other: The ULJ migrates
southward while the LLJ is permanent and stationary in the coastal region during
summer. Mesoscale motions associated with the MCS are responsible for the transport
and enhancement of momentum between the jets and the accumulation of small scale
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latent heat. Large scale motions is the origin of the jets’ ageostrophy and is important
for the horizontal moisture transport which fuels the entire HRS. Small cumulus scale
motions provide a foundation for the moisture to transport vertically at the lower levels
below the LLJ.

Based on the work done by this study, future work can be focused on:

1)

2)

3)

Finer simplification process. Although the simulation results shows that balances
exist between each two scales, the significant ratio is not high enough to show a
perfect balance, especially those related to thermodynamic circulation, since the
system is assumed to be in steady state and thus the contribution of tendency terms
are ignored. Also, the interactions apart from those considered may be significant
in the corresponding balance. To get a high ratio to describe the balances, a huge
amount of “non-related” terms have to be taken into account, leads to more
workload on this.

Enlargement of the finest domain. Due to the limitation of computational resource,
the region covered by Domain 5 is just large enough to visualize a part of the
cyclonic region of the LLJ, near its exit region (see Figure 5.15 as an example). It
is necessary to increase the size of Domain 5 in order to investigate the effects of
cumulus and mesoscale moisture in the downdraft branch of the ageostrophic
circulation.

Application of the proposed mechanism to the case of the central US. The proposed
mechanism have been verified in the case of China. The results show that the
conceptual model explains the event well. To further assess the proposed
mechanism, the conceptual model should be applied to the case of the US which
has a similar synoptic condition to the event in China.
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A Derivation of mesoscale vorticity equation

Differentiate Eq. 3.25.1 with respect to y, it gives
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where all the non-linear terms are omitted, note that Term 33 is retained in flux form
on propose.
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Differentiate Eq. 3.25.2 with respect to X, it gives
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ox 0z 0z \ Ox ox 0z dz \ Ox
29 30 31 32
a owMpM
-— Eq. (B
0ox 0z q ( )
33

where all the non-linear terms are omitted, note that Term 33 is retained in flux form
on propose.
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7 Appendix

Subtract Eq. (A) from Eq. (B), and substitute

M oM ouM oy ouM oM ovh out oy dub | avh
¢ T ox ay’D _6x+8y’( T ax 6y’D _6x+6y'wehave
M _
ot
—Vp - vptgM B2 + B6 — A2 — A6
—V, - oMt B10 + B14 — A4 — A8
—V, oMM B18 + B24 — A18 — A24
—20Mpt B1+ B3 + B7 + B13 — A3 — A5 — A7 — A9
—27LpM B5 + B9 + B11 + B15 — A1 — A11 — A13 — A15
a owMyM o awMyM
(75t ) B3L-A3l
—2¢MpM B17 + B19 + B21 + B23 — A17 — A19 — A21 — A23
M
_wk 8T B26 — A26
0z
L
—wh 2 B30 — A30
0z
_mowt _
M= B27 — A27
_ L owM _
o B31 — A31
owk gyM owl guM
- (EE‘E?) B25 — A25
owM gyl owM gyl
- (WE‘WE) B29 —A29

pr L (2 +uLi(%) B16 — A12
M2 (E) +uM 2 (%) B8 — A10

—vMi(ﬂ) + uMi(%) B22 — A20

+ other non — linear terms
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7 Appendix

B  Derivation of mesoscale momentum flux equation

Multiple Eq. (3.25.1) by w™, with only necessary terms retained, it gives

ovM oulvM avkvM ouMyl avMyL ouMyM ovMpM
o= )-w( )-wh (F+750)

at dx dy dx dy dx dy

o(wkvM a(wMyL a(wMyM
mow )_WM (w )_WM (w )

0z 0z 0z

Likewise, multiple Eq. (3.33) by v, we have

y owM M (6uLwM avaM) .M (auMwL n avaL) M (auMwM n 6vaM)
dx ay dx dy ox dy

M a(WLWM) _ UM a(waL) _ 17 a(w WM)

v 0z 0z oz 9L ‘g

Note that buoyancy term is retained here.

Sum the equations up, and rearrange the terms:

awMyM _ (—WM dulvM M 6uLwM) n (—WM avkoM M 61;LWM)
at ox dx dy dy

ouMyM ouMwM ovMyM ovMwM
M —vM ) + (—WM —vM )

ox dx dy dy
ouMypl 6uMWL) ( dvMyL 617MWL)
mMmet v o _ .M M _ M
+|—w . 1 Fw + w 2y v 3y

+ 0z v 0z
a(wMyl) 6(WMWL))
M oM
+ w 0z v 0z
oM
M
T ord
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7 Appendix

As a result, the equation can be rewritten in vector form
awMyM _
at
_Vh ' th(WMVM) — Vh ' th(WMvM) — WMVh ' thvL — vMVh ' thWL

_ OWL(vaM) _ OWM(WMVM) _ WM 6(WM17L) _ UM 6(WMWL)

0z 0z 0z 0z

oM
oL g

As it is a vertical flux equation, with all horizontal and w!’s terms omitted in steady

state, it becomes
ow"(wtvM) oM

M___
0z -V HLg

C Distribution of mesoscale vorticity (x 1073 s™1) on LLJ level 7 km AGL

38N
34N
30N _. l 1
26N s 0
22N : ' -1

108E 114E 120E 126E 132E
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AGL

HRS

LLJ

MCC

MCS
NCEP FNL
uLJ

WRF

8 List of Abbreviations

about ground level

heavy rainfall system

low-level jet

mesoscale convective complex

mesoscale convective system

National Centers for Environmental Prediction Final
upper-level jet

The Weather Research & Forecasting Model

9 List of Parameters / Constants

Cp = Cpa(1 + 0.84g) (m?s2K™)

Specific heat capacity for moist air at constant

pressure

Cpq = 1004.67 (m*s~2K™')  Specific heat capacity for dry air

f = (146 x 107*)sing (s71)

g =9.81(ms™?)

Acceleration due to gravity

L, = [2.501 — 0.00237T(in deg. cel.)] x 106  (Jkg™1)

Latent heat of evaporation with temperature T

R = 287.04 (m?s2K™1) Gas constant for dry air

Coriolis parameter, varies with latitude ¢
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A

. ® ® ® DM

g ®

Hs
Hm
HI

LI
Lm
Ls

10 List of Symbols

detrainment rate

large scale divergence

mesoscale divergence

detrainment rate due to downdraft of i-th cloud
detrainment rate of i-th cloud

detrainment rate due to updraft of i-th cloud

condensation / evaporation rate perturbation on large scale
condensation / evaporation rate perturbation on middle scale
condensation / evaporation rate perturbation on small scale
net condensation / evaporation rate on large scale

net condensation / evaporation rate on middle scale

net condensation / evaporation rate on small scale
entrainment rate

entrainment rate due to downdraft of i-th cloud
entrainment rate of i-th cloud

entrainment from mesoscale convective system
entrainment from large scale environment

entrainment rate due to updraft of i-th cloud

superscript for high pass signal, or perturbation
high pass signal on small scale

high pass signal on middle scale

high pass signal on large scale

superscript for large scale

superscript for low pass signal, or mean
low pass signal on large scale

low pass signal on middle scale

low pass signal on small scale
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O

LR
SR> S 5 § %

QMQQQQQQQQ

QHl
QHm
QHS
QLl
QLm
QLs

112

10 List of Symbols

superscript for middle scale

vertical mass flux

vertical mass flux due to downdraft in i-th cloud
vertical mass flux in i-th cloud

vertical mass flux due to updraft in i-th cloud

pressure
pressure perturbation on large scale

pressure perturbation on middle scale
pressure perturbation on small scale

see plt

pressure due to ageostrophy on large scale
pressure in geostrophic balance on large scale
mean pressure on large scale

mean pressure on middle scale

mean pressure on small scale

specific mixing ratio perturbation on large scale
specific mixing ratio perturbation on middle scale
specific mixing ratio perturbation on small scale
see gt

mean specific mixing ratio on middle scale
mean specific mixing ratio on large scale

mean specific mixing ratio on small scale

see gf!

see gHm

radiation rate perturbation on large scale
radiation rate perturbation on middle scale
radiation rate perturbation on small scale

net radiation rate on middle scale

net radiation rate on middle scale

net radiation rate on small scale



SHl
SHm
SHS
SLl
SLm

SLS

& 8 & &

€ & & &

10 List of Symbols

superscript for small scale

moisture source perturbation on large scale
moisture source perturbation on middle scale
moisture source perturbation on small scale
mean moisture source on large scale

mean moisture source on middle scale

mean moisture source on small scale

virtual temperature

virtual temperature perturbation on large scale
virtual temperature perturbation on middle scale
virtual temperature perturbation on small scale
mean virtual temperature on large scale

mean virtual temperature on middle scale

mean virtual temperature on small scale

zonal wind velocity

zonal wind vector

zonal wind velocity perturbation on large scale
zonal wind velocity perturbation on middle scale
perturbation of zonal wind velocity on small scale
see ult

ageostrophic zonal mean component on large scale

geostrophic zonal mean component on large scale
zonal mean wind velocity on large scale

zonal mean wind velocity on middle scale

zonal mean wind velocity on small scale

see ufl!

see ufm
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10 List of Symbols

Vv

v meridional wind velocity

v meridional wind vector

vit meridional wind velocity perturbation on large scale
pim meridional wind velocity perturbation on middle scale
vis meridional wind velocity perturbation on small scale
vt see vl

vk ageostrophic meridional mean component on large scale
v geostrophic meridional mean component on large scale
vl meridional mean wind velocity on large scale

plm meridional mean wind velocity on middle scale

vls meridional mean wind velocity on small scale

vM see vt

vS see pAmM

7% horizontal wind vector

v, horizontal wind perturbation on large scale

vy, Hm horizontal wind perturbation on middle scale

vyt high pass signal of horizontal wind vector on Scale n
vy s horizontal wind perturbation on small scale

v, 1 horizontal mean wind on large scale

v, M horizontal mean wind on middle scale

v, " low pass signal of horizontal wind vector on Scale n
v, s horizontal mean wind on small scale

w

w vertical wind velocity

wht vertical velocity perturbation on large scale

whm vertical velocity perturbation on middle scale

wihs vertical velocity perturbation on small scale

wt see wkt

wlt vertical mean velocity on large scale

wlm vertical mean velocity on middle scale

wls vertical mean velocity on small scale

wM see wh!

wS see whm
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10 List of Symbols

Greek

M Mesoscale vorticity

¢t Large scale vorticity

0 potential temperature

gt potential temperature perturbation on large scale
pHm potential temperature perturbation on middle scale
oHs potential temperature perturbation on small scale
oLt mean potential temperature on large scale

gLm mean potential temperature on middle scale

oLs mean potential temperature on small scale

oL see GL

oM see 4!

0% see gHmM

\Y kinematic viscosity

p air density

pftt density perturbation on large scale

phm density perturbation on middle scale

plts density perturbation on small scale

plt mean density on large scale

plm mean density on middle scale

pts mean density on small scale

Pm density of moist air

X arbitrary quantity

xin high pass signal of y on Scale n

Xt low pass signal of y on Scale n

Other

\Y three dimensional del operator

v, horizontal del operator
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F] XLn

at

aXHTL

at

ouls
at

gvls
at

outls
at

v Ln ., Ln
==V v,y

— —— ———FLS
=-V,- thSuLS -V, vhHsuHs — —

Ls, Hs

=_Vh'vh u

11 List of Equations

——— o Ln
nyHn Hn
=— =i——=Lln  a(wlnyln) 6<le X )
n
— Vh . 2:1 vthXHn — —

0z 0z
1 v Vv
— — — — L(n—l) [ —" F] Ln.,Hn
= V- pp i — G, Byt — G, Ry G Sy, H=D) y Hn-1) + V- Yy, Hnyhn n_ %
1l v Vv VI \1
A(vptnyln)  a(wpHmyHN) azvlsz(n-UXH(n-nL(n_l) aZ’fWH"XHnLn
- 0z - 0z - 0z + 0z
VI IX X Xl

—————1Ls
BWLSuLS owHsyHs 1 apLS

Ls __
+fv o5 ox

0z 0z

—=—-Ls
RN _ — _|s astvLs owHspHs 1 apLS
— _V. . LsjLs _ .y, Hs1,Hs > _ - — fyls — 22
Vv, Sv Vi v Sv 5 P fu o5 oy
I v vV VI VIl
————Ls
N s — IS owlsyHs owHsyLs owHsyHs owHsyHs 1 apHs
— V- vptSuls — v - v Syl + v, -y HsyHs™ — - - + + foffs ——
h=%h h=%h h=%h dz 9z oz dz f plLs ox

(3.8)

(3.9)

(3.12.1)

(3.12.2)

(3.13.1)
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118 11 List of Equations

——-Ls
gvHs N N N —_— ——— s owLsyHs gwHsyLs owHsyHs owHsyHs 1 apHS
=-V, v stHs -V, v Hvas -V, v HsvHs V., v, HspHs™ — — — _ uHs _
at h%h h %h h - %h T Vh Vn 0z 0z z + 0z f pLs oy
| I Il v \Y Vi Vil VIl IX X Xl
———1m —=———Lm
HmyHm HsyHs
dulm = _V, p mylm _yg .3 HmuHmLm -V, v HsuHsLm _ a(whmulm) _ 6<w “ ) _ a(w v ) + vam _ 1 apt™
ot h%h h%h h%h 0z 0z 0z plm  ax
————1Lm ——Lm
WM G, tmylm _ g . g EmpAm™ _ . HaAslm _ 0wt owmeHm ™) o(wihE™) fyim — L "
at h-%h h %h h“h 0z 9z 0z plm gy
| I I v \Y VI Vil VI IX
guHm —_— - —_— -— ————ls =— —F——F—-Ilm — —F—F-Ilm
= — _Vh . thmuHm _ Vh . vhHmuLm _ Vh . vhHmuHm — Vh . vhHsuHs + Vh . vhHmuHm + Vh . ‘UhHSuHS
Ls Lm Lm
a(wkmytim)  g(wHmglm) — g(wHmyHmM) gy HsyHs n owHmyHm n owHsyHs n vam 1 apHm
0z 0z 0z 0z 0z 0z plm  ax
gpHm — —_— —— -— ————ls —=— —F——F—Ilm — ———F1Im
= — _Vh . thmva _ Vh . vhHvam _ Vh . vhHmva — Vh . vhHSVHS + Vh . vhHmUHm + Vh . ‘UhHSUHS
| I I v \Y% Vi Vil
Ls Lm Lm
_ G(WLmva) _ a(WHmI—;Lm) _ a(meVHm) _ owHsyHs n gwHmMyHmM n owHsyHs _ qum _ 1 apHm
0z 0z 0z 0z 0z dz plm gy
VIII IX X XI Xl X1 XV XV
Hl Hl’l H H Ll Hsy H Ll
aull — — — ] — Ll — Ll a(w“u“) a(w u ) 6(w myAm ) a(w Syfs )
= -V, v, Myl _y, .y HyHU" Yy, . p, HmyHM™ _§y . HsyHs _ — — — vkt
ot h="h h="h h="h h="h az az az az +f
Hl Hl’L H H Ll HsyH Ll
avll — [ TN Ll — Ll a(lele) a(w v ) 6<w myHAm ) a(w Spfis )
Z =V, v Lyl vy, sp, HIpHL ], . p, HMpHM™ _ {7 . HspHs _ _ — — — full —
at h="h h="h hZh h="h az az az az f
| I Il v \Y VI VIl VIII IX X

<

1 ale

le ox

1 ale
le ay

Xl

(3.13.2)

(3.14.1)

(3.14.2)

(3.15.1)

(3.15.2)

(3.16.1)
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at
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awHs

at

aWHm
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—_ __ — _ — — ———F0Im
_Vh . thlqu _ vh . vhHluLl _ vh . vhHlqu _ Vh . vhHmuHm

A(whluHY)  a(wHILLL)  g(wHiyH!) owHmgHm™

- ——a——lm — ——Ll — ——FLl — —F—=Ll
— Vh . vhHsuHs + vh . vhHlqu + vh . vhHmuHm + Vh . ‘UhHSuHS

Lm Ll Ll Ll
owHsyHs owHlyHL owHmMyHmM owHsyHs 1 ale

0z 0z 0z

— — — — ———————Im
—Vh " thlle - Vh - vhHlel - Vh - vhHlle - Vh " vhHmva

Hl
v —
oz oz 0z 0z 0z +f pLl ax

_— —————lm — ———L — ——7FLl — ————Ll
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X Xl X1l X1 XV XV XVI XVII XVIII XIX
———Ls
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1 Il v \Y VI Vi VI IX X Xl
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= —Vh : thmWHm - Vh " vhHmWLm - Vh * vhHmWHm - Vh : vhHsWHS + Vh : vhHmWHm + Vh * vhHSWHS
1 Il v \Y VI 1
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