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Abstract
In this thesis we study torsion theory, subobjects and filtration properties in quasi-
abelian, exact and right triangulated categories. All such categegories fit into the
larger framework of extriangulated categories. Our work falls into three parts. In
the first, we define torsion pairs for quasi-abelian categories and give several char-
acterisations. We show that many of the torsion theoretic concepts translate from
abelian categories to quasi-abelian categories. As an application, we generalise the
recently defined algebraic Harder-Narasimhan filtrations to quasi-abelian categories.

Secondly, we investigate how the concepts of intersection and sums of subobjects
carry to exact categories. We obtain a new characterisation of quasi-abelian cate-
gories in terms of admitting admissible intersections in the sense of [60]. There are
also many alternative characterisations of abelian categories as those that addition-
ally admit admissible sums and in terms of properties of admissible morphisms. We
then define a generalised notion of intersection and sum which every exact category
admits. Using these new notions, we define and study classes of exact categories
that satisfy the Jordan-Hölder property for exact categories, namely the Diamond
exact categories and Artin-Wedderburn exact categories. By explicitly describing
all exact structures on A = repΛ for a Nakayama algebra Λ we characterise all
Artin-Wedderburn exact structures on A and show that these are precisely the ex-
act structures with the Jordan-Hölder property.

Thirdly, we study right triangulated categories; which can be thought of as
triangulated categories whose shift functor is not an equivalence. We give intrinsic
characterisations of when such categories have a natural extriangulated structure
and are appearing as the (co-)aisle of a (co-)t-structure in an associated triangulated
category.
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Zusammenfassung
In diese Doktorarbeit untersuchen wir Torsiontheorie, Unterobjekte und Filtrierung-
eigenschaften in quasi-abelschen, exakten und rechtstriangulierten Kategorien. Alle
derartige Kategorien passen in den großeren Rahmen der sogenannten ‘extrian-
gulatierten’ Kategorien. Unsere Arbeit ist in drei Teile aufgeteilt. In die Erste
definieren wir Torsionpaare für quasi-abelsche Kategorien und präsentieren ver-
schiedene Charakterisierungen. Wir zeigen, dass sich viele Konzepte der Torsion-
theorie direkt aus abelschen Kategorien in quasi-abelsche Kategorien übertragen
lassen. Als Anwendung generalisieren wir die kurzlich definierten algebraischen
Harder-Narasimhan Filtrierungen auf quasi-abelsche Kategorien.

Zweitens untersuchen wir, wie sich die Konzepte der Schnittmengen und Summen
von Unterobjekten in exakte Kategorien übersetzen lassen. Wir erhalten eine neue
Charakterisierung von quasi-abelschen Kategorien bezüglich ‘admissible’ Schnittmen-
gen im Sinne von [60] sowie alternative Charakterisierungen abelscher Kategorien
als genau diese Kategorien, die zusätzlich admissible Summen unterstützen, sowie in
Bezug auf ‘admissible’ Morphismen. Wir führen eine generalisierte Vorstellung von
Schnittmenge und Summe des Unterobjekte ein, die in jeder exakten Kategorie funk-
tionieren. Mit diesen definieren und untersuchen wir exakten Kategorien, die die
Jordan-Hölder Eigenschaft besitzen, nämlich die ‘Diamond’ und Artin-Wedderburn
exakten Kategorien. Indem wir ausdrücklich jede exakte Struktur auf A = repΛ für
eine Nakayama Algebra Λ beschreiben, charakterisieren wir alle Artin-Wedderburn
exakten Strukturen auf A und zeigen, dass diese genau die exact Strukturen sind,
die die Jordan-Hölder Eigenschaft aufweisen.

Im dritten Teil untersuchen wir rechtstriangulierte Kategorien; diese kann man
sich als triangulierte Kategorien vorstellen, deren die Shiftfunktor keine Äquivalenz
ist. Wir geben intrinische Charakterisierungen, wann solche Kategorien ein natür-
liche extriangulatierte Struktur haben und als eine (Co-)Aisle von einer (Co-)-t-
struktur in einer verknüpften triangulierten Kategorie vorkommen.
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Chapter I

Introduction

In representation theory, to study an associative (finite dimensional) algebra, A,
(over a field k) one looks to understand the category of modules of A. It is well-
known that a (hom-finite) abelian k-category, A with a projective generator, P , is
equivalent to a module category of a k-algebra, namely of EndA P which naturally
inherits the structure of an associative (finite dimensional) k-algebra from A.

Subcategories of these module categories can aid in the understanding of the
whole category for example, in the study of torsion(free) classes, subcategories of
filtered modules, and wide subcategories; which appear in the study of (τ)-tilting
theory [2, 57], stratifying systems [49, 91] and stability conditions [79] and other
areas respectively. Often, and in the case of the above examples, the property of
a subcategory that is ‘closed under extenstions’ or ‘extension closed’ arises. The
formalism of Quillen’s exact categories [107] axiomatises the property of extension
closed subcategories of abelian categories. These are additive categories equipped
with an exact structure, which provides the minimal framework required for study-
ing a class of extensions/ short exact sequences in a (bi)functorial way. Choosing
a Quillen exact structure allows to define various cohomology theories for locally
compact abelian groups, Banach spaces, or other categories studied in functional
analysis [62].

Alternatively, one may seek to understand the derived category of an algebra,
which is the natural setting for the study of dervied functors [125]. This has the
structure of a triangulated category [106, 125]. Triangulated categories have be-
come an important and powerful tool throughout representation theory [109, 75],
homological algebra [121] and algebraic geometry [59].

Thus the study of triangulated, exact and abelian (which are a special class of
exact categories) categories is of general importance in representation theory and
other mathematical disciplines. The language of extriangulated categories allows one
to study such structures and more simultaneously. Extriangulated categories were
introduced by Nakaoka and Palu in [95] as a generalisation of exact categories and
triangulated categories. The framework of extriangulated categories allows one to
axiomatise properties of categories that have structural similarities to exact and/or
triangulated categories but fall into neither class, for example extension closed sub-
categories of triangulated categories. The formalism of extriangulated categories
then allows homological algebra to be applied to such categories which has been
done successfully by many authors, for example [48, 98, 130].

In this thesis, we investigate how some important concepts in abelian categories
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carry over to (classes of) exact categories. Namely, torsion pairs, sums and intersec-
tions of subobjects and the Jordan-Hölder property. We also look at certain torsion
pairs in triangulated categories and study the structures behind these. For the rest
of the introduction, we discuss these concepts in more detail.

I.1 Torsion pairs
Torsion classes were introduced for abelian categories by Dickson [41] to generalise
the notion of torsion and torsionfree groups. Since then they have been widely
studied in various contexts including (τ -)tilting theory [2, 57], lattice theory [40]
and, more recently, stability conditions [33, 124].

Bondal & Van den Bergh [25] and Rump [112] characterised the structure of
torsion(free) classes in abelian categories: Each torsion(free) class in an abelian
category is quasi-abelian and every quasi-abelian category, Q, appears as the tor-
sionfree class of a ‘left associated’ abelian category LQ and as a torsion class of an
abelian category RQ.

Quasi-abelian categories are a particular class of exact categories whose maximal
exact structure ([114, 119]) coincides with the class of all short exact sequences in the
category (see Definition II.1.19). As the name suggests, they are a weaker structure
than abelian categories. Quasi-abelian categories appear naturally in cluster theory
[118] and in the context of Bridgeland’s stability conditions [29].

Based on a characterisation of torsion pairs in abelian categories [41], we define
a torsion pair for an arbitrary additive category as follows.

Definition. (Definition III.1.1) Let A be an additive category. A torsion pair in A
is an ordered pair (T ,F) of full subcategories of A satisfying the following.

(T1) HomA(T ,F) = 0.

(T2) For all A in Q there exists a short exact sequence

0 TA A AF 0

with TA ∈ T and AF ∈ F .

In this case we call T a torsion class and F a torsionfree class.

We seek to define and study torsion classes in quasi-abelian categories by describ-
ing torsion classes of quasi-abelian categories in terms of the torsion(free) classes in
the associated abelian category. We note that torsion pairs in pre-abelian and semi-
abelian categories, which are weaker structures still than quasi-abelian categories,
have been studied in [70]. In this more general context, torsion pairs no longer have
the well-known characterisations that they have in the abelian set up. In [28] torsion
theory in non-abelian, so-called homological categories has also been considered.

We call torsion pairs (C,D), (C ′,D′) in an additive category satisfying C ⊆ C ′
twin torsion pairs and the intersection C ′ ∩ D their heart. In Theorems III.2.2 we
show that, in abelian categories, the heart of twin torsion pairs is quasi-abelian,
then in Theorem III.3.2 we establish a bijection between torsion pairs in the heart
and certain torsion pairs in the ambient abelian category.
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With this machinery in hand, our strategy for studying properties of torsion
classes in a quasi-abelian category Q is to translate the problem to the associated
abelian category LQ using the above bijection, utilise the properties of torsion in
abelian categories, then translate back toQ. We see that in general, torsion theoretic
concepts of abelian categories carry well to quasi-abelian categories (Propositions
III.4.13, III.4.14 and III.4.17). Furthermore, in Theorem III.4.9 we characterise
when LQ is a small module category over a right noetherian (resp. right artinian
ring).

In [124], Treffinger has shown that every chain of torsion classes satisfying
mild finiteness conditions in an abelian category induces Harder-Narasimhan fil-
trations. Such filtrations were extensively studied in [108] and named after Harder
and Narasimhan for their work [58]. Furthermore, Rudakov [110] showed that every
stability function on an abelian category induces a Harder-Narasimhan filtration of
each object. In [16] and [33] it was observed, for abelian categories, that each stabil-
ity function induces a chain of torsion classes; which served as inspiration for [124].
As an application of our results, we show that chains of torsion classes in quasi-
abelian categories also induce Harder-Narasimhan filtrations (Corollary III.5.9).

I.2 Intersections and sums
The concept of intersection and sum of subobjects, which is readily available for
groups, modules or objects in an abelian category is very useful. For instance, in
the definition of the standard modules in stratified algebras [43] and also in torsion
theory: When working in an abelian category, the module TA is isomorphic to∑

ψ:T→A
T∈T

Imψ [11]. In addition, many proofs of the Jordan-Hölder-Schreier theorem
make use of these notions e.g. [17].

In a general categorical setup, the intersection is defined as pullback of two
monomorphisms, if it exists. However, in order to define a sensible cohomology the-
ory, one needs to restrict the notion of subobjects to admissible subobjects, which
allow to form kernel-cokernel pairs. In the context of functional analysis, for in-
stance, this leads to the study of closed subspaces, often giving rise to the structure
of a quasi-abelian category. More generally, the setup is that of exact categories
[107]. In this generality, one requires not only that the intersection of admissible
subobjects exists, but it needs to be an admissible subobject itself.

Motivated by these ideas, we generalise the abelian notions of intersection and
sum to exact categories. We do this in two ways. Firstly, by considering intersections
as pullbacks and sums as pushouts of intersections - as is the case in the abelian
setting, see [53, Section 5] and [104, Definition 2.6] - we recall in Definitions IV.2.1
and IV.2.2 the classes of AI-categories (Admissible Intersection) and AIS-categories
(Admissible Intersection and Sum) from [60], which are exact categories that admit
intersections (respectively intersections and sums) of subobjects in a similar way to
the abelian setting.

It transpires that these notions of intersection and sums are quite restrictive:
The AI-categories are necessarily quasi-abelian with the maximal exact structure
Emax Proposition IV.2.5. The converse has also been proved by Hassoun, Shah &
Wegner and thus we have a new characterisation of quasi-abelian categories. As for
the (AIS)-categories, it turns out are precisely the abelian categories endowed with
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the maximal exact structure (Theorem IV.2.9). Along the way, we also show that
the class of admissible morphisms is typically poorly behaved, unless we are working
in an abelian category with maximal exact structure (Theorem IV.1.4).

As a conclusion of the above, these notions of sums and intersection for exact
categories are not suitable for the general setting, see also Examples IV.3.2 and
IV.3.3. This leads us to define, in Definition IV.3.4, a general notion of admissible
intersection and sum that works for all exact categories. For two admissible sub-
objects (A, f) and (B, g) of X, their intersection, IntX(A,B), is the set of all their
maximal common proper admissible subobjects. Dually, their sum, SumX(A,B) is
the set of all their minimal common proper admissible superobjects that are subob-
jects of X. As an application of these new definitions, we study the Jordan-Hölder
property for exact categories which we discuss next.

I.3 The Jordan Hölder property
In a classical theorem in group theory, Camille Jordan stated in 1869 that any two
composition series of the same finite group have the same number of quotients.
Later, in 1889, Otto Hölder reinforced this result by proving the theorem known as
the Jordan-Hölder-Schreier theorem, which states that any two composition series
of a given group are equivalent, that is, they have the same length and the same
factors, up to permutation and isomorphism. This theorem has been generalised to
many other contexts, such as operator groups, modules over rings or general abelian
categories.

Definition (Definition IV.3.1). Let (A, E) be an exact category. A finite E-compos-
ition series for an object X of A is a sequence

0 = X0 X1 . . . Xn−1 Xn = X
i0 i1 in−2 in−1

where all il are proper admissible monics with E-simple cokernel. We say an exact
category (A, E) has the (E-)Jordan-Hölder property or is a Jordan-Hölder exact
category if any two finite E-composition series of X are equivalent, that is, they
have the same length and the same composition factors, up to permutation and
isomorphism.

This is an interesting problem since the Jordan-Hölder property does not hold
in general for any exact category, see [31, Example 6.9], [46] and Examples IV.3.2
and IV.3.9 for counter-examples. This problem is also studied by Enomoto in [46],
using the Grothendieck monoid which is a lesser-known invariant of exact categories
defined by the same universal property as the Grothendieck group. He shows that the
relative Jordan-Hölder property holds if and only if the Grothendieck monoid of the
exact category is free. We use our concepts of intersections and sums of subobjects
to define classes of exact categories. Firstly, the Diamond exact categories, which are
exact categories satisfying the Diamond axiom (Definition IV.3.6). These categories
generalise abelian categories (Remark IV.3.2), and satisfy the relative Jordan-Hölder
property (Theorem IV.3.8). Thus the Diamond axiom provides a sufficient condition
for the Jordan-Hölder property to hold.

We also define an analog of the Jacobson radical for exact categories, the E-
Jacobson radical, radE(X), as the generalised intersection of all maximal E-subobjects
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of X and also introduce the notion of E-semisimple objects (see Definitions IV.4.1
and IV.4.3). We show some basic properties of the E-Jacobson radical motivated by
the properties of the classical Jacobson radical. We then use this to introduce the
E-Artin-Wedderburn categories, which are exact categories where an analog of the
classical Artin-Wedderburn theorem holds (Definition IV.4.4). We give examples of
such categories and prove in Lemma IV.4.6, that every additive category with the
minimal exact structure Emin in the lattice (Ex(A),⊆); the split exact structure, is
an E-Artin-Wedderburn category. Then, by showing that the Diamond axiom is sat-
isfied, we see that Krull-Schmidt E-Artin-Wedderburn categories are Jordan-Hölder
(Theorem IV.4.7).

We then give for any Nakayama algebra, Λ, an explicit description of all ex-
act structures on repΛ in Theorem IV.4.8 and use this to characterise all Artin-
Wedderburn exact structures on repΛ in Theorem IV.4.9. It turns out these they
are exactly the Jordan-Hölder exact structures on repΛ (Theorem IV.4.10).

Once satisfied, the E-Jordan-Hölder property allows to define the E-Jordan-
Hölder length function (compare also [46, §4.1]):

Definition (Definition IV.5.1). The E-Jordan-Hölder length lE(X) of an object X
in A is the length of an E-composition series of X. That is lE(X) = n if and only if
there exists an E-composition series

0 = X0 X1 . . . Xn−1 Xn = X.

This E-Jordan-Hölder length function has good properties (Propositions IV.5.5
and IV.5.7) that improves the general length defined and studied on any exact
category in [31, Definition 6.1, Theorem 6.6]. For instance, it is additive along
admissible short exact sequences (Corollary IV.5.1).

I.4 Aisles and co-aisles
As we noted above, the structures behind torsion pairs in abelian categories are
quasi-abelian categories. In the final chapter, we seek to find a triangulated analog
of this characterisation. The torsion pairs we are interested in for triangulated
categories are t-structures and co-t-structures.

Definition. Let T be a triangulated category with shift functor Σ. A pair of
additive subcategories (U ,V) is a torsion pair in T if

(a) HomT (U ,V) = 0;

(b) For all A ∈ T there exists a triangle

U → A→ V → ΣU

such that U ∈ U and V ∈ V .

Additionally, (U ,V), is a t-structure [18] (resp. co-t-structure [26, 101]) if ΣU ⊆ U
(resp. Σ−1U ⊆ U).
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t-structures play a central role in stability conditions [29] and tilting theory
[57] on triangulated categories. Co-t-structures are a more recent development and
have become very important in silting theory [3, 67] which is intimately connected
to τ -tilting theory [2]. We aim to characterise the aisles of the t-structures and
the co-aisles of the co-t-structures. Both of these classes of subcategories are right
triangulated categories so first we must understand this structure. To do this, we
employ the use of extriangulated categories.

The data of a right triangulated category (or suspended category), first intro-
duced in [76] consists of an additive category R, an endofunctor Σ : R → R called
‘the shift of R’ and a class of right triangles of the form A → B → C → ΣA
subject to essentially the same axioms as the triangles of a triangulated category
(see Definition V.1.1). Informally, a right triangulated category is a triangulated
category whose shift functor is not necessarily an equivalence. Such categories
(or their left-handed analogues) have been the subject of study in many articles
[12, 21, 74, 83, 86, 87]. In [10], the class of ‘right triangulated categories with right
semi-equivalence’ were introduced, these are the right triangulated categories whose
shift functor is fully faithful and with image that is closed under extensions. Such
right triangulated categories enjoy homological properties close to those of triangu-
lated categories, we formalise this similarity by showing that a right triangulated
category has the natural structure of an extriangulated category precisely when the
shift functor is a right semi-equivalence (Corollary V.2.15). Moreover, we are able
to characterise which extriangulated categories have a natural right triangulated
structure (Theorem V.2.14).

To prove this, we use an extriangulated generalisation of the constructions of a
right triangulated quotient category from a contravariantly finite subcategory (of an
additive category) due to [22] and [10] (see Proposition V.2.8). We also use ideas
from relative homological algebra to characterise which extriangulated structures
give rise to right triangulated quotient categories (with right semi-equivalence) (see
Proposition V.2.9).

The construction of these right triangulated structures can be thought of as a
‘one-sided’ analogue of the triangulated structure of the stable category of a Frobe-
nius exact (or even extriangulated) category [56, 63]. See [20, 69] for similar con-
structions.

We may now turn our attention to aisles and co-aisles. To every right trian-
gulated category R there is an associated triangulated category: the stabilisation
S(R) (see Section V.1.1 for details and construction). In the case where R has a
right semi-equivalence, S(R) can be thought of as the smallest triangulated category
containing R as a subcategory. Furthermore, we show in Lemma V.3.3 that if R is
a (co-)aisle in a triangulated category then it is also a (co-)aisle in S(R). Thus we
look to characterise when R is a (co-)aisle in S(R).

We give an intrinsic characterisations of when a right triangulated category with
right semi-equivalence, R, appears as the co-aisle of a co-t-structure in terms of
internal torsion pairs of R and homological properties (Theorem V.3.5). As a direct
consequence, we obtain that silting subcategories of triangulated categories corre-
spond precisely to bounded right triangulated categories with right semi-equivalence
that have enough projectives (Corollary V.3.6). This adds to the interpretations of
silting subcategories in a triangulated category, which are surveyed in [6].

For the case of t-structures, there are related works [4, 77, 84] that give various
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characterisations of aisles. We note that our approach differs in the sense that we
look to give characterisations intrinsic to the right triangulated category, that is, the
aisle, rather than properties of the aisle related to the ambient triangulated category
which we do in (Theorem V.3.10).

In [115, Proposition 3.9], it was shown that t-structures in an algebraic trian-
gulated category correspond bijectively to certain complete cotorsion pairs in the
associated Frobenius exact category. Additionally, it was observed in [94, Propo-
sition 2.6] that t-structures in a triangulated category are precisely cotorsion pairs
satisfying a shift closure property. We add to this picture by showing that in the
case of Frobenius extriangulated categories, aisles of t-structures in the triangu-
lated stable category may be constructed as (shifts of) right triangulated quotients
(Theorem V.4.1).

I.5 Outline
In Chapter II we recall and discuss the background concepts that provide the setting
for our work. Some other chapters also contain preliminaries that are not relevant for
the whole thesis. Chapter III is based on [123] and corresponds to the introduction
Section I.1. Chapter IV is based on [32] and corresponds to the sections I.2 and I.3
of the introduction. Lastly, Chapter V goes with the introductory section I.4 and
the material can mostly be found in [122]. A more detailed breakdown is given at
the beginning of each chapter. We have chosen to order the contents in this way as
it is more or less chronological.

I.6 Conventions
Throughout the document categories are assumed to be essentially small and ad-
ditive (though we often restate this) and subcategories are assumed to be full and
closed under isomorphisms.
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Chapter II

Preliminaries

In this section we introduce the relevant definitions and concepts that will form the
backdrop to our work. We begin by discussing additional structures on additive
categories, namely extriangulations, exact structures and idempotent conditions.
We then discuss some concepts from relative homological algebra. Most of this
Chapter is unoriginal, with the exceptions being short Lemmas.

II.1 Additive categories with addtional structure
Additive categories are categories with finite biproducts that are enriched over the
category of abelian groups, Ab. Such categories are ubiquitous throughout algebra.
This is not surprising, since they are categories where one may ‘add’ objects or
morphisms together (in finite amounts, at least,) and the categories of the more
elementary algebraic structures, (groups, matrices, modules...) are all naturally
additive categories. Many of the above examples actually have a richer structure,
they are naturally k-categories for a field k, that is, they are enriched over the
category of k-modules.

In the study of homological algebra, one often looks to study long exact sequences
of functors/ modules / groups. To do this in a functorial way, extra data is required,
for example an extriangulation or an exact structure, which we discuss next.

II.1.1 Extriangulated categories
In this section we put the background on extriangulated categories based on [95,
Section 2] where such categories were introduced. Let A be an additive category
and E : Aop ×A → Ab be an additive bifunctor.

Definition II.1.1. For any A,C ∈ A, two pairs of composable morphisms in A

A
x−→ B

y−→ C and A
x′−→ B′ y′−→ C

are equivalent if there exists an isomorphism b : B → B′ such that

A B C

A B′ C

x

b∼=

y

x′ y′

9



commutes. We denote the equivalence class of A x−→ B
y−→ C by [A

x−→ B
y−→ C],

and by S(C,A) we denote the class of all such equivalence classes.

Notation II.1.2. For a : A → A′ write a∗ = E(−, a) : E(−, A) → E(−, A′).
Similarly, we write c∗ = E(c,−) : E(C ′,−)→ E(C,−) for c : C → C ′.

Definition II.1.3. [95, Definition 2.6] Let δ ∈ E(C,A) and δ′ ∈ E(C ′, A′).. Then
δ⊕δ is the unique element, η, of E(C⊕C ′, A⊕A′) ∼= E(C,A)⊕E(C,A′)⊕E(C ′, A)⊕
E(C ′, A′) satisfying

(pA)∗(jC)
∗η = δ, (pA′)∗(jC)

∗η = 0, (pA)∗(jC′)∗η = 0, and (pA′)∗(jC′)∗η = δ′

where C C ⊕ C ′ C ′jC jC′ and A A⊕ A′ A′pA pA′ are a co-product and
product in A respectively.

Definition II.1.4 ([95, Definitions 2.9, 2.10]). An assignment sC,A : E(C,A) →
S(C,A) for all C,A ∈ A is an additive realisation of E if it satisfies the following
axioms.

(S1) s(0) = [A→ A⊕ C → C].

(S2) s(δ)⊕ s(δ′) = s(δ ⊕ δ′) ∈ S(C ⊕ C ′, A⊕ A′) for δ ∈ E(C,A), δ′ ∈ E(C ′, A′).

(S3) For all s(δ) = [A
x−→ B

y−→ C] and s(δ) = [A′ x′−→ B′ y′−→ C ′] such that
a∗δ = c∗δ′ for a : A → A′ and c : C → C ′ (that is, (a, c) : δ → δ′ is a
morphism of E-extensions). There is a commutative diagram in A

A B C

A′ B′ C ′

x

a ∃b

y

c

x′ y′

and in this case we say that the triple (a, b, c) realises the morphism of E-
extensions (a, c) : δ → δ′.

Notation II.1.5. If s(δ) = [A
x−→ B

y−→ C] we may also write

A B Cx y δ

and call this an extriangle. In this situation we also call x an E-inflation and y an
E-deflation. We may also say that y : B → C is the cone of x and x : A→ B is the
co-cone of y.

Definition II.1.6 ([95, Definition 2.12]). A triple (A,E, s) is an extriangulated
category if it satisfies the following conditions. In this case we call the pair (E, s) an
external triangulation of A and s an E-triangulation of A.

(ET1) E : Aop ×A → Ab is an additive bifunctor.

(ET2) s is an additive realisation of E.

10



(ET3) For all commutative diagrams with extriangles as rows

A B C

A′ B′ C ′

a b

δ

∃c

δ′

there exists c : C → C ′ making the diagram commute and such that
(a, c) : δ → δ′ is a morphism of extriangles.

(ET3)op Dual to (ET3).

(ET4) For any pair of extriangles of the form

A B D
f f ′ δ , B C F

g g′ δ′

there exists a commutative diagram

A B D

A C E

F F

f f ′

g h

δ

gf

g′

e δ′′

h′

δ′ (f ′)∗δ′

with columns and rows being extriangles such that h∗δ′′ = δ and f∗δ′′ =
(h′)∗δ′ (that is, (f, h′) : δ′′ → δ′ is a morphism of extriangles).

(ET4)op Dual to (ET4).

For the rest of this section, let (A,E, s) be an extriangulated category.
Remark II.1.7 ([95, Remark 2.18]). Let X ⊆ A be a subcategory of A that is closed
under E-extensions, that is, for all extriangles

A B C

the implication A,C ∈ X ⇒ B ∈ X holds. Then (X ,E|X , s|X ) is an extriangulated
category.

Lemma II.1.8 ([95, Corollary 3.12]). Let A B Cx y δ be an ex-
triangle. Then there are long exact sequences

HomA(−, A) HomA(−, B) HomA(−, C) E(−, A)

E(−, B) E(−, C),

HomA(C,−) HomA(−, B) HomA(−, A) E(C,−)

E(B,−) E(A,−)

x◦− y◦− δ# E(−,x)

E(−,x) E(−,y)

−◦y −◦x δ# E(y,−)

E(y,−) E(x,−)

11



of functors and natural transformation in the functor categories [Aop,Ab] and [A,Ab]
respectively. The maps δ# and δ# are given at X ∈ A by

(δ#)X : HomA(X,C)→ E(X,A), (δ#)X : HomA(A,X)→ E(C,X)

f 7→ f ∗δ g 7→ g∗δ.

Lemma II.1.9 ([88, Proposition 1.20]). Let δ ∈ E(C,A) be an extriangle and a ∈
HomA(A,A

′) a morphism. Then there exists a triple of morphisms (a, b, 1) realising
the morphism of extriangles (a, 1) : δ → a∗δ

A B C

A′ B′ C ,

x

a

y

b

δ

x′ y′ a∗δ

(II.1)

and such that the sequence A A′ ⊕B C
[−ax ] [ y b ] y′∗δ is an extriangle.

Definition II.1.10. A commutative square

A B

A′ B′

x

f f ′

x′

in A is a weak pushout if for all pairs of morphisms g : A′ → C, y : B → C such
that gf = yx, there exists a (not necessarily unique) morphism h : B′ → C such
that hf ′ = y and hx′ = g:

A B

A′ B′

C.

x

f f ′
y

x′

g

∃h

Lemma II.1.11. The left hand square in Diagram II.1 is a weak pushout and weak
pullback.

Proof. By Lemma II.1.8, every E-deflation of an extriangle is a weak cokernel of the
E-inflation; that is, every every morphism that post-composes with the E-inflation
to give the zero morphism factors, not necessarily uniquely, through the E-deflation.
Similarly, every E-inflation of an extriangle is a weak kernel of the E-deflation. The
claim now follows from Lemma II.1.9, since the weak pushout property is equivalent
to [ y b ] : A′ ⊕B → C being a weak cokernel of [ −ax ] : A→ A′ ⊕B.

Lemma II.1.12 ([95, Corollary 3.5]). Let

A B C

A′ B′ C ′

x

a

y

b

δ

c

x′ y′ δ′

be a morphism of extriangles. Then the following are equivalent

12



(i) a factors through x;

(ii) a∗δ = c∗δ′ = 0;

(iii) c factors through y′.
Definition II.1.13. Let A = (A,E, s) be an extriangulated category. An object
P ∈ A is E-projective if E(P,C) = 0 for all C ∈ C. By ProjEA we denote the
subcategory of E-projective objects. We say that A has enough E-projectives if for
all C ∈ A there exists an extriangle

A P C

with P ∈ ProjEA. The notions of E-injectives and having enough E-injectives are
defined dually. The subcategory of E-injective objects is denoted by InjEA. An
object Q ∈ ProjEA is an E-projective generator if for all A ∈ A there exists an
E-deflation QI → X for some set I. When the external triangulation is implicit, we
drop the subscript E.
Definition II.1.14. For two subcategories X ,Y of A, by X ∗ Y we denote the
subcategory of A consisting of objects A ∈ A for which there exists an extriangle

X A Y

with X ∈ X and Y ∈ Y .
Remark II.1.15. It follows immediately from the definition that if 0 ∈ X then Y ⊆
X ∗ Y and dually, if 0 ∈ Y then X ⊆ X ∗ Y .
Lemma II.1.16. Let A = (A,E, s) be an extriangulated category. Consider a
commutative diagram of extriangles

A B C

A⊕ A′ B ⊕B′ C ⊕ C ′

A′ B′ C ′

iA jC

δ

pA′ qC′

η

εA εB

δ′

εC

where εA, εB, εC are all split extriangles and the upper (resp. lower) sets of vertical
maps are morphisms of extriangles (iA, jC) : δ → η (resp. (pA′ , qC′) : η → δ′). Then
η = δ ⊕ δ′ ∈ E(C ⊕ C ′, A⊕ A′).
Proof. We verify that η satisfies the conditions of Definition II.1.3. Using the upper
morphism of extriangles we have that

(pA)∗(jC)
∗η = (pA)∗(iA)∗δ = (1A)∗δ = δ

where pA is the retraction of the section iA; and

(pA′)∗(jC)
∗η = (pA′)∗(iA)∗δ = 0∗δ = 0.

The other properties are checked similarly using the lower morphism of extriangles.
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The motivating examples of extriangulated categories, as we have hinted, are
exact categories and triangulated categories. In the next section, we look at exact
categories, and specific classes thereof, in more detail. We do not treat triangu-
lated categories on their own, but rather through the more general lens of right
triangulated categories in Chapter V.

II.1.2 Exact categories
Let us first recall the full definition of a exact category, which were introduced by
Quillen in [107].

Definition II.1.17. Let A be an additive category. A kernel-cokernel or short exact
sequence in A is a pair of composable morphisms, (i, d), such that i is kernel of d
and d is cokernel of i. Let E be a class of kernel-cokernel pairs that is closed under
isomorphism in A. The pair (A, E) is an exact category and E is an exact structure
on A if the axioms (Ex0), (Ex1),(Ex1)op, (Ex2) and (Ex2)op hold.

(Ex0) For all objects A ∈ ObA, we have that (1A, 0), (0, 1A) ∈ E .

(Ex1) The class of kernels in E is closed under composition. That is, if i and i′
are kernels in E (that is, (i,Coker i), (i′,Coker i′) ∈ E) the the composition
i′i, if it is well-defined, is also a kernel in E .

(Ex1)op The class of cokernels in E is closed under composition.

(Ex2) The class of kernels in E is closed under pushout along arbitrary mor-
phisms. That is, the pushout of a kernel i : A → B in E along an
arbitrary morphism f : A→ C exists

A B

C D,

i

f g

j

p

and yields a kernel j in E .

(Ex2)op The class of cokernels in E is closed under pullback along arbitrary mor-
phisms.

In this case we call the pairs (i, d) in E conflations or admissible sequences. The
kernels i in E are referred to as inflations or admissible monomorphisms and are
depicted as �; the cokernels d in E are referred to as deflations or admissible
epimorphisms and are depicted as �.

Remark II.1.18. Let us explain the connection of exact categories to extriangulated
categories following [95, Example 2.13, Corollary 3.18]. Let (A, E) be an exact cate-
gory and set E(C,A) to be collection of isomorphism classes of admissible sequences
starting at A and ending at C. Let us assume that E(C,A) is a set for all A,C ∈ A.
Then, it follows from the existence of pushouts and pullbacks that E(−, ?) is func-
torial in both arguments and the Baer sum provides E(C,A) with the structure of
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an abelian group. We also set s : E(C,A) → S(C,A) to be the identity for all
A,C ∈ A, then it follows that (A,E, s) is an extriangulated category.

Conversely, an extriangulated category, (A,E, s), gives rise to an exact structure
E =

∪
A,C∈A sE(C,A) on A if and only if each E-inflation is a monomorphism and

each E-deflation is an epimorphism.
In this work, we often work with specific classes of additive categories.

Definition II.1.19. Let A be an additive category.

(a) [34, §5.4] A is pre-abelian if every morphism in A admits a kernel and a
cokernel.

(b) [112, p168] A is quasi-abelian (or almost abelian) if it is pre-abelian and if
the pullback (resp. pushout) of any cokernel (resp. kernel) in A along an
arbitrary morphism is again a cokernel (resp. kernel)

In pre-abelian categories, pushout and pullbacks always exist, which will be a
useful property in Chapter IV. It is well-known that the class of all split short exact
sequences, Emin, in an additive category A is an exact structure and is minimal
(that is, Emin is contained in every other exact structure on A). For pre-abelian
categories, a maximal exact structure also always exists and can be described.

Proposition II.1.20. Let A be a pre-abelian category and let Emax be the class of
all short exact sequences in A satisfying the following:

(i) The pushout of any kernel in Emax along an arbitrary morphism is again a
kernel in A;

(ii) The pullback of any cokernel in Emax along an arbitrary morphism is again
a cokernel in A.

Then Emax is an exact structure on A and contains every other exact structure on
A. Furthermore, A is quasi-abelian if and only if Emax coincides with the class, Eall
of all short exact sequences in A.

Proof. The statement for pre-abelian categories is [119, Theorem 3.3]. The second
is a manipulation of the definition of a quasi-abelian category.

Remark II.1.21. In the sequel, when we make reference to a quasi-abelian or abelian
category, A, without specifying an exact structure, it is implicit that we are working
with the exact category (A, Eall).

Note that certain properties of the underlying additive category A determine
which exact structures can exist on A. See [31, Section 2] for a summary on the
minimal and maximal exact structures on any additive category. Moreover, under
some finiteness conditions, the exact structures on A are parametrized by subsets of
Auslander-Reiten sequences. This phenomenon was observed in [31, Theorem 5.7],
and is based on [47]:

Theorem II.1.22. Let A be a skeletally small, Hom-finite, idempotent complete
additive category which has finitely many indecomposable objects up to isomorphism.
Then every exact structure E on A is uniquely determined by the set B of Auslander-
Reiten sequences that are contained in E. We write in this case E = E(B).
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The poset of E-subobjects

When working in an exact category (A, E), one looks to study subobjects relative
to the exact structure E . Here we recall the important definitions of classes of these
‘E-subobjects’.

Definition II.1.1. Let A and B be objects of an exact category (A, E). If there is
an admissible monic i : A � B we say the pair (A, i) is an admissible subobject or
E-subobject of B. Often we will refer to the pair (A, i) by the object A. If i is not
an isomorphism and A ̸∼= 0 we say that (A, i) is a proper admissible subobject of B.

Definition II.1.2 ([31, Definition 3.3]). A non-zero object S in (A, E) is E-simple
if S admits no E-subobjects except 0 and S, that is, whenever A � S, then A is
the zero object or isomorphic to S.

Remark II.1.23. Let A be an E-subobject of B given by the monic i : A � B.
We denote by B/A the cokernel of i, thus we denote the corresponding admissible
sequence as

A B B/Ai

Remark II.1.24. An admissible monic i : A� B is proper precisely when its cokernel
is not an isomorphism and is non-zero.

Definition II.1.3 ([31, Section 6.1]). An object X of (A, E) is E-Noetherian if any
increasing sequence of E-subobjects of X

X1 X2 . . . Xn−1 Xn Xn+1 . . .

becomes stationary. Dually, an object X of (A, E) is E-Artinian if any descending
sequence of E-subobjects of X

. . .Xn+1 Xn Xn−1 . . . X2 X1

becomes stationary. An object X which is both E-Noetherian and E-Artinian is
called E-finite. The exact category (A, E) is called E-Artinian (respectively E-
Noetherian, E-finite) if every object is E-Artinian (respectively E-Noetherian, E-
finite).

Now let us recall a definition similar to [46, Definition 2.1]:

Definition II.1.4. Two E-subobjects ( Yi X
fi

) for i = 0, 1 are isomorphic E-
subobjects of X if there exists an isomorphism ϕ ∈ HomA(Y0, Y1) such that f0 = f1◦ϕ.
We denote by PE

X the set of isomorphism classes of E-subobjects of X. The relation

(Y, f) ≤ (Z, g)⇐⇒ ∃
Y Z

X
f

∃h

g

turns (PE
X ,≤) into a poset. Sometimes, to avoid clutter, we will drop the superscript

E and write PX . By SX we denote the set of isomorphism classes of proper E-
subobjects of X, thus PE

X = SX ∪{0}∪ {X} and SX inherits a poset structure from
PX .
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Remark II.1.25. An E-subobject (Y, f) of X is a maximal element of PE
X if and

only if Coker f is E-simple. For a poset (P,≤), by Max(P ) we denote the maximal
elements of the poset. Thus Max(SX) is the class of maximal E-subobjects of X.

II.1.3 Idempotent completness
Here we discuss the property of splitting idempotents in an additive category which
is strongly related to the existence of direct summands and see how these concepts
fit into the extriangulated setting. Until Lemma II.1.40, everything is well-known,
we tend to include short proofs for completeness and convenience.

(Weak) idempotent completeness

Definition II.1.26. An additive category, A, is idempotent complete if for every
idempotent morphism e : B → B there exists a commutative diagram

A B

A B

s

r e

s

which we refer to as the splitting of e.

Remark II.1.27. In a splitting of an idempotent e as above, r is a retraction and s
is a section.

Lemma II.1.28. Let A be an additive category, then the following are equivalent.

(i) A is idempotent complete;

(ii) Every idempotent morphism in A admits a kernel;

(iii) Every idempotent morphism in A admits a cokernel.

Proof. We prove the equivalence of (i) and (ii) whence the remaining equivalences
will follow by duality. Firstly, let us show that (i) implies (ii). Let e : B → B be
idempotent, then (1− e) is also idempotent and admits a splitting

A B

A B.

s

r
1−e

s

We claim that s is a kernel of e. Indeed, we have that (1−e)s = srs = s from which
we deduce that es = 0. Now, let w : W → B be such that ew = 0; then we have
that w = (1− e)w = srw and we are done.

For the converse, let e be idempotent and let s : A → B be kernel of the
idempotent (1−e). Then, as (1−e)e = 0 there exists a unique morphism r : B → A
such that e = sr. Observe that (1− e)s = 0 gives us that es = s. Therefore we have
that srs = s and since s is monic, we conclude that rs = 1A and we are done.

Definition II.1.29. An additive category, A, is weakly idempotent complete if every
retraction in A admits a kernel.
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As the terminology suggests, being weakly idempotent complete is a more general
than being idempotent complete.

Lemma II.1.30. Suppose an additive category A is idempotent complete, then A
is weakly idempotent complete.

Proof. Suppose that A is idempotent complete and let r : B → C be a retraction
and s : C → B be such that rs = 1C . Then, sr is idempotent. Let k be a kernel of
sr then it is straightforward to verify that k is also a kernel of r.

Lemma II.1.31. Let A be weakly idempotent complete additive category and let
r : B → C be a retraction in A. Then B ∼= K ⊕ C where k : K → B is a kernel of
r.

Proof. This is essentially [35, Remark 7.4]. We repeat the argument here for conve-
nience.

Let s : C → B be such that 1C = rs. We have that r(1B − sr) = r − rsr = 0.
Thus there exists a unique morphism t : B → K such that kt = 1B − sr. We make
two observations: Firstly, that k is a section since ktk = (1B − sr)k = k − srk = k
and k is monic. Secondly, that ts = 0 since kts = (1B − sr)s = 0 and k is monic.
From these two observations, it follows that the morphisms [ tr ] : B → K ⊕ C and
[ k s ] : K ⊕ C → B are mutually inverse isomorphisms.

In other words, a weakly idempotent category is one that contains all the direct
summands of its objects.

Definition II.1.32. For a subcategory X of an additive category A by add(X )
(resp. Add(X )) we denote the subcategory consisting of all direct summands (that
exist in A) of finite (resp. infinite) direct sums of objects in X (that exist in A).
We also call the subcategory X additive if X = Add(X ).

Lemma II.1.33. Let A be an additive category, then the following are equivalent

(i) A is weakly idempotent complete;

(ii) Every section in A admits a cokernel.

Proof. The equivalence of (i) and (ii) is [35, Lemma 7.1] and we recall the argument.
By duality, it is enough to show that (i) implies (ii). To this end, let s : C → B be
a section and let r : B → C be such that 1C = rs. Then r is a retraction and by
assumption admits a kernel k : K → B. We claim that, in the notation of the proof
of Lemma II.1.31, that t : B → K is a cokernel of s. We have already seen that
ts = 0 and that t is a retraction, in particular an epimorphism. It remains to verify
that t is a weak cokernel of s: let w : B → W be a morphism such that ws = 0,
then wkt = w(1B − sr) = w − wsr = w and we are done.

Remark II.1.34. Every additive category, A, admits an idempotent (resp. weak
idempotent) completion. That is, there exists an idempotent (resp. weakly idem-
potent) complete category B and a fully faithful additive functor F : A → B with
the following universal property: Every additive functor G : A → C with C being
idempotent (resp. weakly idempotent) complete factors uniquely through B via F .
For constructions and more discussion see [35, §6,7], [73, 1.2], and [96, Remark 1.12].
We note that, without a smallness condition on A, the weak idempotent completion
of A may not be defined see [27, pg. 373ff].
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Krull-Schmidt categories

Definition II.1.35. An additive category A is Krull-Schmidt if each object decom-
poses into a finite direct sum of indecomposable objects having local endomorphism
rings and that this decomposition is unique up to isomorphism and permutation of
summands.

First we recall the following.

Definition II.1.36 ([82, Proposition 4.1]). A ring R is semi-perfect if it satisfies
the following equivalent conditions

(a) projR is Krull-Schmidt;

(b) Every simple R-module admits a projective cover;

(c) Every finitely generated R-module admits a projective cover;

(d) As an R-module, R admits a decomposition R = P1 ⊕ · · · ⊕ Pr such that the
Pi each have a local endomorphism ring.

The Krull-Schmidt property is related to that of idempotent completeness.

Proposition II.1.37 ([82, Corollary 4.4] ). An additive category is Krull-Schmidt
if and only if it is idempotent complete and the endomorphism ring of every object
is semi-perfect.

Extriangulated categories with (WIC)

Definition II.1.38 ([95, Condition 5.8]). Let A = (A,E, s) be an extriangulated
category. Then A satisfies the condition (WIC) if the following hold

(a) For all f ∈ A(A,B) and g ∈ A(B,C), if gf is an E-inflation then so is f .

(b) For all f ∈ A(A,B) and g ∈ A(B,C), if gf is an E-deflation then so is g.

Example II.1.39. There are two large classes of examples.

(a) Every triangulated category (viewed naturally as an extriangulated category)
satisfies the condition (WIC). Indeed, every morphism in a triangulated cat-
egory is an E-inflation and an E-deflation.

(b) An exact category (A, E) (viewed naturally as an extriangulated category)
satisfies the condition (WIC) if and only if A is weakly idempotent complete
[35, Proposition 7.6].

In general the condition (WIC) is not equivalent to the ambient additive cat-
egory being (weakly) idempotent complete. For instance, there exist triangulated
categories whose underlying additive category is not idempotent complete [97]. How-
ever, we may characterise weak idempotent completeness through the lens of extri-
angulated categories.

Lemma II.1.40. LetA = (A,E, s) be an extriangulated category. Then the following
statements equivalent
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(i) A is weakly idempotent complete;

(ii) Every retraction in A is an E-deflation;

(iii) Every section in A is an E-inflation.

Proof. The fact that (i) implies (ii) follows from Lemma II.1.31. Indeed, using the
notation of the proof, we have an equivalence of composable morphisms

K K ⊕ C C

K B C,

[ 10 ] [ 0 1 ]

[ k s ] ∼=

k r

and thus both rows lie in the same equivalence class of S(C,A). Our claim follows
since the upper sequence is always an extriangle [NP Remark 2.11].

Now we show that (ii) implies (i). Let r : B → C be a retraction and suppose
that there is an extriangle A B Cx r . Let s : C → B be such that
rs = 1C . Then we apply (ET3) to the commutative diagram

A A⊕ C C

A B C

[ 10 ] [ 0 1 ]

[x s ] ∃ c

x r

and by the commutativity of the right hand square we have that [ 0 c ] = r [ x s ] =
[ 0 1C ]. Thus c = 1C . It follows from [95, Corollary 3.6] that [ x s ] : A ⊕ C → B
is an isomorphism and we deduce that x is monic and therefore a kernel of r. The
equivalence of (i) and (iii) follows from dual arguments.

We have the following immediate consequence.

Corollary II.1.41. Let A = (A,E, s) be an extriangulated category. Suppose that
A satisfies the condition (WIC), then A is weakly idempotent complete.

Remark II.1.42. Let (A,E, s) be an extriangulated category. Then idempotent com-
pletion and weak idempotent completion of A admit a natural external triangulation
[93, 126].

We summarise the relationships that we have discussed: For an additive category,
A, the following implications hold for an external triangulation (E, s) of A.

A is Krull-Schmidt

A is idempotent complete (A,E, s) satisfies (WIC)

A is weakly idempotent
complete.

We finish this section with a technical lemma which is useful for detecting when
an extriangle is decomposable.
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Lemma II.1.43. Let A = (A,E, s) be an extriangulated category. Suppose that A
is weakly idempotent complete, then any extriangle of the form

A B0 ⊕B1 C
[ a0a1 ] [ 0 b1 ] δ

with B0 ̸∼= 0 is decomposable. In particular, b1 is an E-deflation, A ∼= B0 ⊕ A′ and
δ ∼= δ0 ⊕ δ1 where δ0 = 0 ∈ E(0, B0) and δ1 ∈ E(C,A′).

Proof. By (ET3)op there is a morphism x : B0 → A rendering the diagram

B0 B0 ⊕B1 B1

A B0 ⊕B1 C

[ 10 ]

∃x

[ 0 1 ]

b1

η0

[ a0a1 ] [ 0 b1 ]

δ

commutative and such that (x, b1) : η0 → δ is a morphism of extriangles. Observe
that commutativity of the left square tells us that 1B0 = a0x, thus x is a section.
By assumption, we have a split extriangle

B0 A A′ .x y η1

Now we apply (ET4) to obtain

B0 A A′

B0 B0 ⊕B1 B1

C C

x y

[ a0a1 ] α

η1

[ 10 ] [ 0 ϕ ]

[ 0 b1 ] β

δ δ1=y∗δ

where ϕ : B1 → B1 is an automorphism. Then, by Lemma II.1.16, we deduce that
δ = δ0 ⊕ δ1 where s(δ0) = [B0 → B0 → 0]. The fact that b1 is an E-deflation
follows from using the automorphism ϕ to find a representative of s(δ1) with b1 as
the second morphism.

II.2 Approximations and relative homological al-
gebra

We briefly recall some basic definitions from relative homological algebra introduced
in [66] and state some useful properties.

By MorA, we denote the category of morphisms in A.

Definition II.2.1. [13] X ⊆ A be a full subcategory and let A ∈ A. A right X -
approximation of A is a morphism α : X → A with X ∈ X such that all morphisms
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X ′ → A with X ′ ∈ X factor through α:

X ′

X A

∃ ∀

α

Dually, we define a left X -approximation of A. The subcategory X is called con-
travariantly finite (resp. covariantly finite) in A if every A ∈ A admits a right (resp.
left) X -approximation. X is called functorially finite if it is both contravariantly
and covariantly finite in A.

Definition II.2.2. Let D ⊂ Ob(A) be a class of objects. A morphism f : A → B
in A is D-monic if all morphisms A→ D with D ∈ D factor through f

A B

D.

f

∀
∃

D ∋

or, equivalently, A(f,−)|D : A(B,−)|D → A(A,−)|D is an epimorphism. By
Mon(D) we denote the class of all D-monic morphisms in A. We define the no-
tion of a D-epic morphism and the class Epi(D) dually.

Similarly, for a class of morphisms ω ⊂ Ob(MorA), an object J ∈ A is ω-injective
if for every morphism f : A→ B in ω, all morphisms A→ J factor through f

A B

J.

∀f∈ω

∀
∃

or, equivalently, A(f, J) is an epimorphism for all f ∈ ω. By Inj(ω) we denote the
class of all ω-injective objects in A. We define the notion of an ω-projective object
and the class Proj(ω) dually.

Example II.2.3. (a) A-monics are precisely sections.

(b) If A has enough injectives, then Inj(A)-monics are monomorphisms.

(c) A left D-approximation of an object A is just a D-monic morphism A → B
such that B ∈ D.

(d) In an extriangulated category, (A,E, s), the E-injective objects coincide with
Inj({E-inflations}).

We collect some useful properties.

Lemma II.2.4. Let D be a class of objects in A and ω a class of morphisms. Then
the following hold

(i) Mon(D) is closed under composition and direct summands in MorA;

(ii) Mon(D) is left divisive, that is, gf ∈ Mon(D) implies that f ∈ Mon(D);
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(iii) Mon(D) is closed under weak pushouts.

Proof. (i) and (ii) are easily verified. Let us show (iii). Let

A B

A′ B′

x

f f ′

x′

be a weak pushout square in A with x ∈ MonD. We must show that x′ ∈ MonD.
To this end, let g : A′ → D be a morphism with D ∈ D. Then, as x is D-monic,
there exists a morphism y : B → D such that yx = gf . Now, by the weak pushout
property there exists a morphism h : B′ → C such that hx′ = g as required.

The interested reader may look at [90] and [113] for more properties of D-monics
and ω-injectives. For other applications of these notions, look, for instance in [23,
45, 7].
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Chapter III

Torsion pairs and quasi-abelian
categories

In this chapter we define and study torsion pairs in quasi-abelian categories. The
chapter is organised as follows. In Section III.1 we define torsion pairs for additive
and extriangulated categories, prove some basic properties of these objects and com-
pare with the characterisations of torsion pairs in the abelian setting. In the next
section (III.2), we prove that the heart of twin torsion pairs is quasi-abelian. This
provides us with a way to generate examples of quasi-abelian categories that are
not naturally arising as torsion(free) classes. Section III.3 is devoted to proving a
bijection between torsion pairs in the heart of a twin torsion pairs and certain tor-
sion pairs in the ambient abelian category. We furthermore show that, under mild
assumptions, this bijection preserves the functorially finiteness of the torsion(free)
classes. In the fourth section (III.4), we recall the construction of the left associated
abelian category, LQ, for a quasi-abelian category, Q, due to Schneiders [116] and
give criteria for when it is equivalent to a small module category. We then use the
results of the previous sections to completely characterise torsion pairs for quasi-
abelian categories. As an application of the newly developed theory, in the final
section (III.5) we show the existence of Harder-Narasimhan filtrations for chains of
torsion classes in a quasi-abelian category. Furthermore, we also explore topological
properties of the set of chains of torsion classes in a quasi-abelian category.

III.1 Defining torsion pairs
We will consider two types of torsion pairs in our work, one that depends only on
the ambient category and another that depends on an external triangulation.

Definition III.1.1. Let A be an additive category. A torsion pair in A is an
ordered pair (T ,F) of full subcategories of A satisfying the following.

(T1) HomA(T ,F) = 0.

(T2) For all A in A there exists a short exact sequence

0 TA A AF 0
iA pA (III.1)

with TA ∈ T and AF ∈ F .
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In this case we call T a torsion class, F a torsionfree class and the short exact
sequence in (T2) is called the (T ,F)-canonical short exact sequence of M .

Definition III.1.2. Let A = (A,E, s) be an extriangulated category. A pair of
additive subcategories, (U ,V), of A is an E-torsion pair in A if

(ET1) HomA(U ,V) = 0;

(ET2) For all C ∈ A there exists an extriangle

U C Vu v (III.2)

with U ∈ U and V ∈ V . We call this sequence a E-torsion extriangle of C.

Let us note that the term E-torsion pair is non-standard, but we employ this
term to make a distinction between our two definitions. We collect some properties
of (E-)torsion classes.

Lemma III.1.3. Let A be an additive category and (T ,F) a torsion pair in A.
Then

(i) T =⊥ F := {A ∈ A | HomA(A,F) = 0};

(i’) F = T ⊥ := {C ∈ A | HomA(T , C) = 0};

(ii) T is closed under extensions, quotients, and coproducts;

(ii’) F is closed under extensions, subobjects, and products;

(iii) For all A ∈ A, the morphism iA is a right T -approximation of A;

(iii’) For all A ∈ A, the morphism pA is a left F-approximation of A.

If (U ,V) is an E-torsion pair with respect to an external triangulation (E, s) of A
then the above properties (with an appropriate change of notation) also hold. In
addition, U is also closed under E-extensions and E-quotients. Dually, V is also
closed under E-extensions and E-subobjects.

Recall that a subcategory X of an additive category A is:

(a) closed under extensions if for all short exact sequences 0→ A→ B → C → 0
in A such that A,C ∈ X , then B ∈ X .

(b) closed under quotients if for all epimorphisms B → C in A such that B ∈ X ,
then C ∈ X . Being closed under subobjects is defined dually.

(c) closed under coproducts if for all families of objects {Ai | i ∈ I} in X indexed
by a set I such that the coproduct

⨿
i∈I Ai exists in A, then

⨿
i∈I Ai ∈ X .

Being closed under products is defined dually.

(d) closed under E-quotients (with respect to a fixed external triangulation (E, s)
of A) if for all E-deflations, B → C, if B ∈ X then C ∈ X . Being closed
under E-subobjects is defined dually.
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Proof of Lemma III.1.3. Let (T ,F) be a torsion class in an additive category A.
We prove the statements for the torsion class T , whence the statements for F follow
by dualising the arguments.

(i): Clearly T ⊆⊥ F . To see the converse, let A ∈ A be such that HomA(A,F) =
0. Then in the (T ,F)-canonical short exact sequence of A we have that pA = 0 and
thus A ∼= T ∈ T .

(ii): The fact that T is closed under extensions, follows from part (i) after by
applying the left exact functor HomA(−, F ) for all F ∈ F to a short exact sequence
0 → A → B → C → 0 with A,C ∈ T . Next, let e : B → C be an epimorphism
in A with B ∈ T . Observe that the composition pCe : B → CF is zero by (T1).
Thus, as e is an epimorphism, pC is zero and C ∼= T C ∈ T . Now we show that T is
closed under coproducts. Let {Ai | i ∈ I} be a family of objects in T indexed by a
set I such that the coproduct

⨿
i∈I Ai exists in A and let ιi : Ai →

⨿
i∈I Ai denote

the canonical inclusions. Suppose there is a morphism f :
⨿

i∈I Ai → F for some
F ∈ F . Then, as all Ai ∈ T the composition fιi = 0 for all i ∈ I. Thus f is the
unique morphism such that the diagram

Ai
⨿

i∈I Ai

F

ιi

0
f

commutes for all i ∈ I. Since the zero morphism satisfies this property, we conclude
that f = 0 and

⨿
i∈I Bi ∈ T by part (i).

(iii): Let A ∈ A and t : T → A be a morphism with T ∈ T . Then, by (T1)
the composition pAt = 0 and therefore, by the universal property of kernels, there
exists a (unique) t′ : T → TA such that t = iAt

′.
Now we fix an external triangulation (E, s) of A and let (U ,V) be an E-torsion

pair in A. The proof of everything apart from the closure of U under E-extensions
and E-quotients is a straightforward generalisation of the above. The fact that U is
closed under E-extensions follows from the axiom (ET1) together with Lemma II.1.8.
It remains to show the closure under E-quotients, to this end let

A B Cx y δ

be an extriangle with B ∈ U . We apply (ET4)op to this extriangle and an E-torsion
extriangle III.2 of C to obtain

A E U

A B C

V V.

f u

x

g

y

v

Now since B ∈ U we have that g = 0 and thus f : E B
∼= . From this, we deduce

that u is also an isomorphism and so C ∼= U ∈ U as required. The claims for V
follow dually.
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We make the following observation.
Remark III.1.4. For a quasi-abelian category equipped with its maximal exact struc-
ture, the notions of torsion pair and E-torsion pair coincide. Thus in the sequel, for
brevity, we only use the term torsion pair in this setting.

For the rest of this section, we will discuss only torsion pairs for additive cate-
gories. Then, for the remainder of this Chapter we will be working with torsion pairs
in quasi-abelian categories, which are the same as E-torsion pairs. In Section V.3
we will discuss E-torsion pairs in (right) triangulated categories.
Remark III.1.5. In an abelian category, the conditions (i) & (i’) of Lemma III.1.3
together are sufficient conditions for a pair for for (T ,F) to be a torsion pair [41,
Theorem 3.1]; we will show in Proposition III.4.14 that this is also the case for
quasi-abelian categories.

Also in the abelian setting, the condition (ii) (resp. (ii’)) of Lemma III.1.3 is
sufficient for a subcategory to be a torsion (resp. torsionfree) class [41, Theorem
4.1]. However, in general, this is not the case in a pre-abelian (or even quasi-abelian)
category. Let Q be the quiver

1 2 3

and consider the abelian category A = modKQ whose Auslander-Reiten quiver is
given by

P1

P2 I2

S3 S2 S1.

Consider the additive subcategory C generated by the indecomposables S3, S2, P2, P1

and I2. which is quasi-abelian as it is a torsionfree class of A. Now the subcategory
T = add{S2, P2} of C is closed under coproducts, extensions and quotients in C
but it is not a torsion class in C. Indeed, T ⊥ = add{S2 ⊕ P2} but ⊥(T ⊥) =
add{S2 ⊕ P2 ⊕ I2 ⊕ P1} ̸= T which contradicts Lemma III.1.3(i) thus T is not a
torsion class in C.

Torsion pairs in additive categories also admit a functorial description.

Proposition III.1.6. Let A be an additive category. Then a full subcategory T ⊆ A
is a torsion class in A if and only if there exists a functor t : A → T that is an
idempotent and radical kernel subfunctor of the identity such that T = {A ∈ A |
tA ∼= A}. Moreover, in this situation such a functor is a right adjoint to the
canonical inclusion T ↪→ A.

Recall that a functor F : A → A is

(a) idempotent if F (FA) ∼= FA for all A ∈ A.

(b) a kernel subfunctor of the identity if for all A ∈ A there exists a morphism
FA→ A which is a kernel and part of a kernel-cokernel pair

FM M M/FM
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for all M ∈ A and furthermore that for all f : A→ B in A the diagram

FA A

FB B

Ff f

commutes.

(c) radical if F (Coker(FA→ A)) ∼= 0 for all A ∈ A.

Proof of Proposition III.1.6. (⇒) Let F be the torsionfree class associated to T .
We verify that the assignment A 7→ TA satisfies the conditions above. Firstly, let
f : A → B in A then, by (T1), pBfiA : TA → BF is zero, hence by the universal
property of kernels, there exists a unique T f : TA→ TB such that iB(T f) = fiA. It
is clear that this defines a functor A → T which is, by construction, a subfunctor of
the identity. To see that it is idempotent, consider the (T ,F)-canonical short exact
sequence of TA for any A ∈ A.

0 T (TA) TA (TA)F 0
iT A pT A

and observe that pT A = 0 by (T1) therefore iT A is an isomorphism and also (TA)F ∼=
0. The fact that T (−) is radical follows from applying a dual argument to the (T ,F)-
canonical short exact sequence of AF . It remains to check that T = {A ∈ A | TA ∼=
A}, but this follows from the fact that, for all A ∈ T , pA = 0 by (T1).

(⇐) Let t : A → T be a functor as in the statement and set F = {A ∈ A |
tA ∼= 0}. Then as t is radical, A/tA ∈ F , for all A ∈ A. Thus (T2) is satsified. To
verify (T1), let A ∈ T , B ∈ F and f : A→ B be a morphism in A, then there is a
commutative diagram

tA A

0 ∼= tB B

∼=

tf f

from which we conclude f = 0 and (T1) is satisfied.
The fact that such a t is a right adjoint follows from Lemma III.1.3(iii).

As a direct consequence, we justify some of our terminology.

Corollary III.1.7. Let A be an additive category and (T ,F) be a torsion pair on
A. Then for all A ∈ A the (T ,F)-canonical short exact sequence is unique up to
isomorphism.

We end with a motivating family of examples for studying torsion pairs in non-
abelian settings.

Example III.1.8. Let Λ be a finite dimensional k-algebra for a field k. We fix an
order on the indecomposable projective Λ-modules P (1), P (2), . . . , P (n) and define
the modules

U(i) :=
∑

ϕ:P (j)→P (i)
j>i

Imϕ, and ∆(i) := P (i)/U(i).
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We write ∆ = {∆(1), . . . ,∆(n)} and by Filt(∆) we denote the smallest extension
closed subcategory of modΛ containing ∆ (by convention 0 ∈ Filt(∆)). The algebra
Λ is called standardly stratified [42] if proj Λ ∈ Filt(∆) and quasi-hereditary [117]
if in addition EndΛ∆(i) is a skew-field for all 1 ≤ i ≤ n. The concept of a quasi-
hereditary algebra, which was introduced as a tool to study highest weight categories
that appeared in the representation theory of Lie algebras and algebraic groups
[100, 39], pre-dates that of a standardly stratified algebra. Let us note that the
definition of a quasi-hereditary algebra that we gave here, due to Dlab & Ringel [43],
is different from Scott’s original formulation (in which the class of quasi-hereditary
algebras was defined recursively using heredity ideals) but is equivalent.
Proposition III.1.9. Let Λ be a standardly stratified algebra. Then for all 1 ≤ j ≤
n the pair of subcategories (Filt(∆>j),Filt(∆≤j)) is a torsion pair in Filt(∆); where
we use ∆>j to denote the set {∆i | j < i ≤ n} and ∆≤j is used in a similar way.

We export most of the proof to the following lemma.
Lemma III.1.10. In the situation of Proposition III.1.9, for all X ∈ Filt(∆) there
exists s ≥ 0 and a short exact sequence in modΛ

0→ ∆(n)⊕s → X → X ′ → 0

with X ′ ∈ F (∆<n).
We do not believe this to be an original result. However, since we have found no

explicit proof of this in the literature, we include one.

Proof. Note that for a subcategory X of modΛ we have that Filt(X ) =
∪
k≥1X ∗k

where X ∗k = X ∗ X ∗ · · · ∗ X (k-times). If X ∼= 0 there is nothing to show. Let
0 ̸∼= X ∈ Filt(∆), we proceed by induction on ℓ = ℓX := min{k ∈ N | X ∈ ∆∗k}.
For ℓ = 1 we have that X ∈ ∆ and the assertion is trivial. Suppose that ℓ > 1, then
by definition of ∆∗ℓ there is an short exact sequence in modΛ

0 Y X ∆(j) 0
f

where ℓY < ℓ and 1 ≤ j ≤ n. By the induction hypothesis, there is a short exact
sequence

0 ∆(n)⊕r Y Y ′ 0
f ′

for some 0 ≤ r and Y ′ ∈ Filt(∆<n). From these sequences, we build the commutative
diagram (this can be thought of as applying (ET4))

0 0

0 ∆(n)⊕r Y Y ′ 0

0 ∆(n)⊕r X E 0

∆(j) ∆(j)

0 0.

f ′

f

x
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In the case that j < n, the right hand vertical sequence shows that E ∈ Filt(∆<n)
and we have the second row sequence as required. If j = n. then by [43, Lemma 1.3]
and [129, Lemma 3.3] the right hand vertical sequence splits. We form the pullback
of the second row along a section s : ∆(n)→ E to obtain

0 ∆(n)⊕r F ∆(n) 0

0 ∆(n)⊕r X E 0.

y s

x

It again follows from [43, Lemma 1.3] that the top row splits, that is F ∼= ∆(n)⊕r+1

and by the Snake lemma we have that y is a monomorphism with cokernel Y ′ ∈
Filt(∆<n) and we are done.

Proof of Proposition III.1.9. The fact that (T1) holds follows from, for example,
[129, Lemma 3.3]. (T2) follows from repeated application of Lemma III.1.10.

III.2 The heart of twin torsion pairs
We begin by recalling the structure of torsion(free) classes in abelian categories:

Lemma III.2.1 ([25, Proposition B.3], [112, §4, Corollary]). Every torsion class
and torsionfree class of an abelian category has the structure of a quasi-abelian
category.

In this section we generalise the above result. Namely, we consider the inter-
section C ′ ∩ D where (C,D), (C ′,D′) are torsion pairs in A such that C ⊆ C ′ or,
equivalently, D′ ⊆ D. We shall refer to such couples of torsion pairs as twin torsion
pairs and the intersection C ′ ∩ D as their heart. We denote twin torsion pairs by
[(C,D), (C ′,D′)]. We will show that such hearts are quasi-abelian.

Theorem III.2.2. Let A be an abelian category and let [(C,D), (C ′,D′)] be twin
torsion pairs on A. Then the heart, C ′ ∩ D, is quasi-abelian.

Remark III.2.3. We remark that, in general, distinct twin torsion pairs can have
the same heart. Indeed, consider the quiver A3 as in Remark III.1.5 and the twin
torsion pairs [(

add{S1}, add{S2 ⊕ S3 ⊕ P2 ⊕ I2 ⊕ P1}
)
,
(
0,A

)]
and [(

add{S3}, add{S1 ⊕ S2 ⊕⊕I2}
)
,
(
add{S1 ⊕ S3}, add{S2 ⊕ I2}

)]
which both have heart add{S1}.

The first step of the proof of Proposition III.2.2 follows the argument in [112,
Theorem 2] and does not require the assumption that the torsion pairs are twin.

Lemma III.2.4. Let A be an abelian category and let (C,D), (C ′,D′) be torsion
pairs in A. Then C ′ ∩ D is pre-abelian.
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Proof. We check the existence of kernels in C ′ ∩ D, whence existence of cokernels
will follow by duality. Let f : A → B be a morphism in C ′ ∩ D, let g : Ker f → A
be a kernel of f in A and let h : C′(Ker f) → Ker f be the right C ′-approximation
of Ker f . Set K := C′(Ker f). We claim that hg : K → A is a kernel of f in
C ′ ∩D. Firstly, note that K ∈ D. Indeed, D is closed under subobjects, and K is a
subobject of Ker f which in turn is a subobject of A.

Now let u : X → A be a morphism in C ′ ∩ D such that fu = 0. Then by the
universal property of kernels, there exists a unique morphism v : X → Ker f such
that vg = u. Since h is a right C ′-approximation of Ker f and X ∈ C ′ there exists a
morphism w : X → K such that wh = v. Together, we have that u = vg = whg,
thus u factors through hg:

X

K Ker f A B.

u∃v∃w

h g f

It remains to show that this factorisation is unique. Let w′ : X → K be such that
u = w′(hg). Observe that h and g are both monomorphisms and hence so is hg.
Then w(hg) = u = w′(hg) and we conclude that w = w′.

The previous result shows that kernels (resp. cokernels) in C ′ ∩ D are given by
kernels in C ′ (resp. cokernels in D).

Notation III.2.5. When it exists, we denote the kernel of a morphism f in a
subcategory C of an ambient category A by KerC f .

We observe that the exact structure on C ′ ∩ D inherited from A and the exact
structure arising from short exact sequences in C ′ ∩ D coincide.

Proposition III.2.6. Let A be an abelian category and let [(C,D), (C ′,D′)] be twin
torsion pairs in A. Then a pair of composable morphisms (f, g) in C ′ ∩D is a short
exact sequence in C ′ ∩ D if and only if it is a short exact sequence in A.

Proof. Let (f : A → B, g : B → C) be a short exact sequence in C ′ ∩ D. Then
it follows from Lemma III.2.4 that A = KerC′ g = C′(Ker g) and C = CokerD f =
(Coker f)D. Consider the commutative diagram with rows and columns that are
exact in A
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0

0 C(Coker f)

A B Coker f 0

0 Ker g B C

(Ker g)D′ 0

0

f

g

By the Snake lemma we see that C(Coker f) ∼= (Ker g)D′ ∈ C ∩D′. But as C ⊆ C ′
we have that C ∩ D′ = 0. Thus A ∼= Ker g, C ∼= Coker f proving the assertion.

The reverse implication is trivial.

Proof of Theorem III.2.2. This follows directly from Lemma III.2.4 and Proposition
III.2.6 since the exact structure inherited from A consists of all short exact sequences
in C ′ ∩ D.

Remark III.2.7. Not every quasi-abelian subcategory of an abelian category arises
this way. For example, consider the linearly oriented quiver Q of type A3 as in
Remark III.1.5. Then the subcategory X = add{P2 ⊕ I2} of modKQ is quasi-
abelian. Indeed, the kernel and cokernel of the morphism P2 → I2 are both the
zero morphism and there are no non-trivial short exact sequences. Suppose that
X = C ′∩D for some twin torsion pairs [(C,D), (C ′,D′)]. Then add{S2} ⊂ FacX ⊆ C ′
and add{S2} ⊂ SubX ⊆ D, but add{S2} ̸⊂ X .

III.3 A bijection of torsion pairs
In this section, we develop a bijection between the torsion pairs of the heart of two
twin torsion pairs and a class of torsion pairs of the ambient category. We remind
the reader that when we work with a (quasi-)abelian category A, we mean that we
work with the exact category (A, Eall) and that, in this case, the terms ‘short exact
sequence’, ‘conflation’, and ‘E-sequence’ are all interchangeable. We begin with a
technical lemma.

Lemma III.3.1. Let A be an abelian category and let [(C,D), (C ′,D′)] be twin
torsion pairs in A. Then for all A ∈ A, we have the following isomorphisms

(i) (C′A)D ∼= C′(AD) =: C′AD;

(ii) C(AD′) ∼= (CA)D′ ∼= 0;

(iii) C(C′A) ∼= CA ∼= C′(CA);
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(iv) (AD)D′ ∼= AD′ ∼= (AD′)D.

Proof. Let A ∈ A, using the (C,D)-canonical short exact sequence of A and the
(C ′,D′)-canonical short exact sequence of AD, we build the following commutative
diagram

CA E C′(AD)

CA A AD

(AD)D′ .

f

y

We make some observations. First note that as C ⊆ C ′ and C ′ is closed under
extensions, the upper short exact sequence shows that E ∈ C ′. Secondly, by using
the Snake Lemma we see that f is a monomorphism and we have a short exact
sequence

E A (AD)D′
f

with first term in C ′ and last term in D′. Hence, by uniqueness of torsion canonical
short exact sequences, we have that E ∼= C′A. Now the top row can be written as

CA C′A C′(AD)

which has first term in C and, as D is closed under submodules, last term in D.
Thus we conclude that (C′A)D ∼= C′(AD) and C(C′A) ∼= CA.

The fact that C(AD′) ∼= 0 and (AD)D′ ∼= AD′ follows from the commutative
diagram with rows being short exact sequences

C(AD′) AD′ (AD)D′

0 AD′ AD′
1AD′

and the uniqueness of torsion short exact sequences. The remaining isomorphisms
are proved similarly.

The main result of this section is the following.

Theorem III.3.2. Let A be an abelian category and let [(C,D), (C ′,D′)] be twin
torsion pairs in A. Then there is an inclusion preserving bijection:

{(X ,Y) torsion pair in A | C ⊆ X ⊆ C ′} ←→ {(T ,F) torsion pair in C ′ ∩ D}
(X ,Y) 7−→ (X ∩ D,Y ∩ C ′)

(C ∗ T ,F ∗ D′)←−[ (T ,F).
Proof. We begin by showing the maps are well-defined. First, let (X ,Y) be a torsion
pair in A and suppose that C ⊆ X ⊆ C ′. Observe that X ∩ D and Y ∩ C ′ are
subcategories of C ′ ∩ D and we have that HomC′∩D(X ∩ D,Y ∩ C ′) = 0 thus (T1)
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is satisfied. To verify (T2), let A ∈ C ′ ∩ D and consider the (X ,Y)-canonical short
exact sequence of A

XA A AY .

Now as D is closed under subobjects, XA ∈ D and thus XA ∈ X ∩ D. Similarly, as
C ′ is closed under quotients we have that AY ∈ Y ∩ C ′. Thus, (X ∩ D,Y ∩ C ′) is a
torsion pair in C ′ ∩ D.

Conversely, let (T ,F) be a torsion pair in C ′ ∩ D. By definition, we have that
C ⊆ C ∗ T and as C ′ is closed under extensions and T ⊆ C ′ we have that C ∗ T ⊆ C ′.
Now to show that (C ∗ T ,F ∗ D′) satsifies (T1), let f : A → B be an arbitrary
morphism with A ∈ C ∗ T and B ∈ F ∗ D′. Consider the diagram

C A T

F B D′

∃f ′ f ∃f ′′

where the top (respectively bottom) row shows that A (respectively B) is an element
of C ∗ T (respectively F ∗ D′). That is, C ∈ C, T ∈ T , F ∈ F and D′ ∈ D′.
Observe that as HomA(C,D′) = 0, by the universal property of kernels (respectively,
cokernels) there exists f ′ : C → F (resp. f ′′ : T → D′) rendering the diagram
commutative. But since F ⊆ D, we have that HomA(C,F) = 0, so f ′ = 0. Similarly,
as T ⊆ C ′, f ′′ = 0. By the Snake Lemma there is an exact sequence

0 C Ker f T F Coker f D′ 0.δ

Then δ = 0 as HomA(T ,F) = HomC′∩D(T ,F) = 0. We conclude that Ker f ∼= A,
Coker f ∼= B and f = 0.

To show (T2) let A ∈ A. We begin by using the (C ′,D′)-canonical short exact
sequence of A and the (C,D)-canonical short exact sequence of C′A to form the
pushout of short exact sequences

CA

C′A A AD′

C′AD P AD′ .

p

Note that, by the Snake Lemma we have a short exact sequence

CA A P. (III.3)

Now, we use the lower short exact sequence of the above diagram and the (T ,F)-
canonical short exact sequence of C′AD to form the pushout of short exact sequences

T (C′AD)

C′AD P AD′

(C′AD)F Q AD′ .

p
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Then the lower short exact sequence shows that Q ∈ F∗D′ and by the Snake Lemma
we have a short exact sequence

T (C′AD) P Q.

Finally we use this short exact sequence and Sequence (III.3) to form the pullback
of short exact sequences

CA R T (C′AD)

CA A P

Q.

y

We observe that the upper short exact sequence shows that R ∈ C ∗ T . Now by the
Snake lemma, there is a short exact sequence

R A Q

which shows that (T2) is satisfied.
We show that the mappings are mutually inverse. Let (X ,Y) be a torsion pair

in A such that C ⊆ X ⊆ C ′. We claim that X = C ∗ (X ∩ D). Let A ∈ X . Observe
that, as C ′ is closed under quotients and X ⊆ C ′, we have AD ∈ C ′ ∩ D. Therefore
we may build the pullback of short exact sequences using the (C,D)-canonical short
exact sequence of A in A and the (X ∩D,Y ∩ C ′)-canonical short exact sequence of
AD in C ′ ∩ D

CA E X∩D(AD)

CA A AD

(AD)Y∩C′

f

y

Observe that the upper short exact sequence shows that E is an element of C∗(X∩D).
By the Snake Lemma, we see that Coker f ∼= (AD)Y∩C′ . As A ∈ X , HomA(A,Y) = 0
and so Coker f = 0. Thus A ∼= E ∈ C ∗ (X ∩D). The reverse inclusion is clear since
both C and X ∩ D are contained in X and X is closed under extensions. The fact
that Y = (Y ∩ C ′) ∗ D′ follows by a dual argument.

Let (T ,F) be a torsion pair in C ′ ∩ D. We claim that T = (C ∗ T ) ∩ D. Let
A ∈ (C ∗ T ) ∩ D. As A ∈ C ∗ T there is a short exact sequence

C A T
f

with C ∈ C and T ∈ T . Now, as A ∈ D, HomA(C, A) = 0 and, in particular,
f = 0. Thus A ∼= T ∈ T . The reverse inclusion is clear since T ⊆ D by assumption
and T ⊆ C ∗ T trivially. The fact that F = (F ∗ D′) ∩ C ′ holds follows by a dual
argument.
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The following Corollary is a direct consequence of the inclusion preserving prop-
erty of the bijection in Theorem III.3.2. We note that this generalises Theorem 4.2
in [9], where the same result is shown to hold in the case that C ′ ∩ D is wide, that
is, closed under kernels, cokernels and extensions.

Corollary III.3.3. Let A be an abelian length category and let [(C,D), (C ′,D′)] be
twin torsion pairs in A. Then the set of all torsion classes in C ′ ∩ D is a complete
lattice isomorphic to the lattice interval [C, C ′] of the complete lattice of torsion
classes in A.

Let us also note that Theorem III.3.2 has since been generalised in [1, Theorem
3.9] for extriangulated categories to the class of ‘s-torsion pairs’ which are a special
class of E-torsion pairs. We discuss this more in Section V.4. For now, we look at
consequences of the above Theorem. The following Lemma shows that the hearts
of twin torsion pairs are preserved under the bijection of Theorem III.3.2.

Lemma III.3.4. Let A be an abelian category, [(C,D), (C ′,D′)] twin torsion pairs
in A and let [(T ,F), (T ′,F ′)] be twin torsion pairs in C ′ ∩ D. Then

T ′ ∩ F = (C ∗ T ′) ∩ (F ∗ D′).

Proof. Let A ∈ (C ∗ T ′) ∩ (F ∗ D′) and consider the commutative diagram

CA A AD

C′A A AD′

f g

with top (resp. bottom) row being the (C,D)-canonical (resp. (C ′,D′)-canonical)
short exact sequences of X. The existence of the vertical maps f and g follows from
the fact that C ⊆ C ′. Moreover, it follows from Lemma III.3.6 and its dual that
C′A ∈ F and AD ∈ T ; in particular, C′A,AD ∈ C ′ ∩ D. Thus, as HomA(C,D) = 0,
f = 0 and we deduce that AC ∼= 0 and A ∼= AD ∈ T ′. Similarly, A ∼= C′A ∈ F and
we have A ∈ T ′ ∩ F . The reverse inclusion is trivial.

Example III.3.5. In [43] the class of left-strongly quasi-hereditary algebras were
introduced. These are quasi-hereditary algebras such that the subcategory Filt(∆) is
a torsionfree class itself in modΛ. Let Λ be a left strongly quasi-hereditary algebra.
Then it follows from Proposition III.1.9 and Theorem III.3.2 that for all j < i we
have twin torsion pairs in modΛ[(

Filt(∆>j) ∗ ⊥ Filt(∆) , Filt(∆≤j)
)
,
(
Filt(∆>i) ∗ ⊥ Filt(∆) , Filt(∆≤i)

)]
With heart

Filt(∆≤i) ∩
(
Filt(∆>j) ∗ ⊥ Filt(∆)

)
= Filt(∆(j,i])

which, by Corollary III.4.18, is quasi-abelian.

The following lemma will be useful later.

Lemma III.3.6. Let A be an abelian category, [(C,D), (C ′,D′)] be twin torsion
pairs in A and let (T ,F) be a torsion pair in C ′ ∩D. Then for A ∈ A, we have that
A ∈ C ∗ T if and only if AD ∈ T . In particular, any short exact sequence showing
A as an element of C ∗ T is isomorphic to the (C,D)-canonical short exact sequence
of A.
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Proof. Suppose that A ∈ C ∗ T . Then there is a short exact sequence C � A � T
with C ∈ C and T ∈ T . Since T ⊆ D, by the uniqueness of the (C,D)-canonical
short exact sequence of A, we deduce that AD ∼= T ∈ T .

Conversely, suppose that AD ∈ T . Then the (C,D)-canonical short exact se-
quence of A exhibits A as an element of C ∗ T .

III.3.1 Functorial finiteness
In this section, we investigate how the bijection in Theorem III.3.2 reflects the func-
torially finite property of torsion(free) classes. Recall that a torsion pair (T ,F) is
functorially finite if both T and F are functorially finite subcategories. In the fol-
lowing result, we see how functorially finite torsion pairs behave under the bijection
of Theorem III.3.2. The proof of part (ii) was privately communicated by Gustavo
Jasso who used a similar argument in his work on τ -tilting reduction [71, Theorem
3.13].

Proposition III.3.7. Let A be an abelian category and let [(C,D), (C ′,D′)] be twin
torsion pairs in A.

(i) If (X ,Y) is a functorially finite torsion pair in A such that C ⊆ X ⊆ C ′,
then (X ∩ D,Y ∩ C ′) is a functorially finite torsion pair in C ′ ∩ D.

(ii) Suppose that A has enough projectives and injectives and that (C,D) and
(C ′,D′) are functorially finite as torsion pairs in A. Suppose (T ,F) is a
functorially finite torsion pair in C ′∩D, then (C ∗T ,F ∗D′) is a functorially
finite torsion pair in A.

For the proof we will need the following result.

Lemma III.3.8 ([68, Proposition 5.33]). Let T be a triangulated category and X
and Y be full subcategories of T . If X and Y are contravariantly finite in T , then
so is X ∗ Y.

Proof of Proposition III.3.7. (i): Let (X ,Y) be a functorially finite torsion pair in
A. In light of Lemma III.1.3(iii)(iii’) we only need to check that X ∩D is covariantly
finite in C ′ ∩D and that Y ∩ C ′ is contravariantly finite in C ′ ∩D. We will show the
first property, the second will follow by a dual argument. Let A ∈ C ′ ∩ D and let
β : A → X be a left X -approximation of A, which exists as A ∈ A. Consider the
canonical (C,D)-short exact sequence of X

CX X XD.
f g

Observe that, as X is closed under factor objects, XD ∈ X and thereforeXD ∈ X∩D.
We claim that gβ : A→ XD is a left X ∩ D-approximation of A in C ′ ∩ D. Indeed,
let r : A → X ′ be a morphism with X ′ ∈ X ∩ D then, as X ′ ∈ X and g is a left
X -approximation of A, there exists a morphism γ : X → X ′ such that γβ = r.
Now, as X ′ ∈ D, (γf : CX → X ′) = 0 and as g = Coker f , there exists a morphism
δ : XD → X ′ such that δg = γ. Together we have r = γβ = δ(gβ) and thus r factors
through gβ as required.

(ii): Suppose that (C,D) and (C ′,D′) are functorially finite torsion pairs in
A and let (T ,F) be a functorially finite torsion pair in C ′ ∩ D. We claim that
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(C ∗ T ,F ∗ D′) is a functorially finite torsion pair in A. By Lemma III.1.3, we only
need to show that C ∗ T (resp. F ∗ D′) is covariantly (resp. contravariantly) finite
in A. Both facts follow from Lemma III.3.8 and its dual by using the equivalences
Db(A) ∼= K−(projA) and Db(A) ∼= K+(injA) respectively which hold as A has enough
projectives (resp. injectives) together with the observation that, in this case, A is a
functorially finite subcategory of Db(A).

III.4 Torsion pairs in quasi-abelian categories
The aim of this section is to characterise torsion pairs in quasi-abelian categories.
For a torsionfree class F of an abelian category A (which are quasi-abelian as we
noted in Section 3) we have already done this in the previous sections: By taking the
twin torsion pairs [(T ,F), (A, 0)], Theorem III.3.2 tells us that torsionfree classes
in F are precisely torsionfree classes of A that lie in F with corresponding torsion
classes obtained by intersecting with F . Using results of Bondal & van den Bergh
and Rump, we may do this for all quasi-abelian categories.

Lemma III.4.1 ([25, Proposition B.3], [112, Theorem 2], [111, Theorem 1]). Let
Q be a quasi-abelian category. Then Q is a torsionfree class in an abelian category
LQ. Moreover, Q is a cotilting torsionfree class in LQ (that is, every object in LQ
is a quotient of an object in Q). This gives a correspondence between cotiltings in
abelian categories and quasi-abelian categories.

LQ is sometimes referred to as the (left) associated abelian category of Q.

III.4.1 The category LQ.
Following [111] and originally due to Schneiders [116, §1.2], we give a construction
of LQ. Then we investigate the conditions on Q such that LQ is a (small) module
category.

Recall the homotopy category of Q, K(Q), whose objects are chain complexes
of objects of Q and morphisms are chain complex morphisms modulo homotopy,
see [116, 1.2.1] for details. Let X be the subcategory of K(Q) consisting of com-
plexes concentrated in degrees 0 and 1 with the non-trivial differential being an
monomorphism. That is, complexes of the form

. . . 0 X0 X1 0 . . .
f

that are exact in X0. In practice, we identify the above complex with the monomor-
phism f .
Remark III.4.2. We make some observations.

(a) A morphism, (α, β) : f → f ′ in X is just a commutative square

X Y

X ′ Y ′

f

α β

f ′

(III.4)
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and is null homotopic if there exists h : Y → X ′ in Q such that hf = α and
f ′h = β. Observe that, as f is monic, if f ′h = β then hf = α is automatically
satisfied.

(b) [111, Proposition 6] We may describe kernels and cokernels of a morphism as
in (III.4) explicitly in X . Consider the commutative diagrams in Q

X

A Y

X ′ Y ′

∃!r

f

α

u

v
y

β

f ′

A Y

X ′ B

Y ′

u

v q
β

f ′

p

p

∃!s

Then it is easily verified that the morphisms in X

X A

X Y

r

u

f

X ′ Y ′

B Y ′

f ′

p

s

give a kernel and cokernel of (III.4) in X respectively. It follows that a mor-
phism as in (III.4) is monic if and only if it is a pullback and it is regular (that
is, both monic and epic) if and only if it is an exact square in Q. Futher-
more, we can naturally decompose any morphism as in (III.4) into a cokernel
followed by a regular morphism followed by a kernel:

X Y

A Y

X ′ B

X ′ Y ′.

f

r

u

v

y
q

p

p

s

f ′

By [111, Proposition 1, Proposition 3], we may formally invert all regular mor-
phisms to obtain the category LQ which is abelian by [51, 3.2].
Remark III.4.3. Schneiders originally observed LQ as the heart of a canonical t-
structure on the category K(Q) as part of his work to study the derived category
of a quasi-abelian category. We also note that LQ is a special case of [18, Exemple
1.3.22] where the authors made the corresponding construction in the more general
setting of exact categories. Similar categories have also been considered in other
contexts, for example [127].
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Remark III.4.4. There is a canonical inclusion

Q ↪→ LQ
A 7→ (0→ A)

which is full, faithful, additive, exact and preserves monomorphisms. We implicitly
identify Q with its image in LQ.

In the following results, for brevity we say ‘projective’ when we really mean
‘E-projective where (E, s) is the external triangulation corresponding to the exact
structure Eall’ (Remark II.1.18).

Lemma III.4.5 ([111, Lemma 4]). LetQ be a quasi-abelian category. Then ProjQ =
ProjLQ.

Corollary III.4.6. Let Q be a quasi-abelian category. Then LQ has a (small)
projective generator if and only if Q has a (small) projective generator.

Proof. Suppose that LQ =: L has a projective generator, then by Lemma III.4.5 we
may assume that is is of the form (0 → P ) with P ∈ ProjQ. Then, for all A ∈ Q
there exists a morphism p : P I → A in Q for some set I such that

0 P I

0 A

p (III.5)

is an epimorphism in L. We claim that p is a cokernel in Q. By computations as in
Remark III.4.2(b), the cokernel of III.5 is

0 A

CoimQ p A
p̃

where p̃ : CoimQ p→ A is the canonical morphism. By assumption, this morphism
is null-homotopic, so there exists a morphism h : A→ CoimQ p such that p̃h = 1A.
In particular, p̃ is a retraction. It is well-known (e.g. [112, §1]) that in a quasi-
abelian category the morphism p̃ is always a monomorphism. Thus we deduce that
CoimQ p ∼= A and that p is a cokernel in Q.

Conversely, suppose that P is a projective generator of Q. We will show that
(0 → P ) is a projective generator of L. First note that (0 → P )I ∼= (0 → P I) for
a set I. By Proposition III.4.5, (0 → P ) is projective, it remains to show that for
all (f : A→ B) ∈ L there exists an epimorphism (0→ P ) � (f : A→ B). To this
end, let p : P I � B be a cokernel in Q. We will show that the composition

0 P I

0 B

A B

p

f

40



is epic. Since the embedding Q ↪→ L is exact, the upper commutative square
is an epimorphism. By computations as in III.4.2(b), the cokernel of the lower
commutative square is

A B

B B

f

f

which is null-homotopic by the identity morphism B → B. Thus the lower commu-
tative square is an epimorphism. We conclude that the composition is an epimor-
phism.

As a consequence, there is a ‘Gabriel-Mitchell theorem for quasi-abelian cate-
gories’, giving conditions on Q such that LQ is a module category.

Proposition III.4.7 ([111, Proposition 12]). Let Q be a quasi-abelian category.
Then LQ ∼= ModΛ if and only if Q has a small basic projective generator P . More-
over, in this case Λ ∼= EndQP .

We may also describe when LQ is a small module category over certain classes
of rings. Note that in the next results we are working with subobjects and not
E-subobjects.

Lemma III.4.8. Let Q be a quasi-abelian category. Then LQ is noetherian (resp.
artinian) with respect to subobjects (that is, every ascending (resp. descending) chain
of subobjects stabilises) if and only if Q is noetherian (resp. artinian) with respect
to subobjects.

Proof. Since LQ is abelian, we may identify subobjects with kernels, thus by Re-
mark III.4.2(b) we may assume all subobjects of (f : A→ B) are of the form

A X

A B

r

u

f

and note that r and u are monomorphisms. Hence, an ascending chain of f subob-
jects in LQ corresponds to an ascending chain of subobjects

A ⊂ X1 ⊂ X2 ⊂ · · · ⊂ B

in Q and the claim follows. The dual argument holds for descending chains of
subobjects.

Theorem III.4.9. Let Q be a quasi-abelian category. Then LQ ∼= modΛ for a right
noetherian (resp. artinian) ring if and only if Q is noetherian (resp. noetherian and
artinian) with respect to subobjects and has a basic projective generator P . Moreover,
in this case Λ ∼= EndQ(P ).

Proof. By, for example, [85, Theorem 1 and Corollary 1] an abelian category is
equivalent to a small module category over a right noetherian (resp. artinian ring)
if and only if it admits a projective generator and is noetherian (resp. noetherian
and artinian) with respect to subobjects; whence the claim follows from Corollary
III.4.6 and Lemma III.4.8.
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We also discuss the existence of an injective cogenerator in Q.

Lemma III.4.10. Let Q be a quasi-abelian category with an injective cogenerator
I. Then the following implication holds:

∀X ∈ LQ, Ext
1
L(X, (0→ I)) = 0 = HomL(X, (0→ I)) = 0⇒ X ∼= 0 (III.6)

Proof. Let X = (f : A → B) ∈ L := LQ, then, by construction there is a short
exact sequence in L

(0→ A) (0→ B) X
(0,f) (0,1B)

By assumption there is a short exact sequence 0→ A→ I → A/I → 0 in Q which,
after embedding into L, remains a short exact sequence. We form the pushout of
these short exact sequences to obtain

(0→ A) (0→ B) X

(0→ I) E X

(0→ I/A) (0→ I/A).

(0,f) (0,1B)

Since Q is closed under extensions, we have that E ∈ Q. Now suppose that
Ext1L(X, (0→ I)) = 0 then the second row splits which gives that X ∈ Q. Thus the
claim follows since I is a cogenerator of Q.

Recall from [57] that an object T in an abelian category A is called cotilting
if SubT is a cotilting torsionfree class such that T is Ext-injective with respect to
this torsionfree class and that the implication III.6 of Lemma III.4.10 holds (with
appropriate change of notation). We note that by [57, Lemma 4.5] over an artin
algebra Λ, cotilting modules and cotilting objects in modΛ coincide. We have the
following as an immediate consequence.

Corollary III.4.11. Let Q be a quasi-abelian category with an injective cogenerator
I. Then (0→ I) is a cotilting object in LQ.

Remark III.4.12. Dually, for a quasi-abelian category Q, one may construct an
abelian category RQ such that Q is a torsion class in RQ. This gives another proof
of Proposition III.2.2. Moreover, the categories LQ and RQ are derived equivalent
and are related by tilting induced by Q, see [25], [50], [111] and [116] for more
details.

III.4.2 Properties of torsion(free) classes
We compare the properties of torsion and torsion free classes in quasi-abelian cate-
gories with the abelian setting.

Proposition III.4.13. Every torsion and torsionfree class in a quasi-abelian cate-
gory has the structure of a quasi-abelian category.
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Proof. By Theorem III.3.2 every torsionfree class, F , of a quasi-abelian category
Q is a torsion class of LQ that happens to lie in Q and is therefore quasi-abelian.
Theorem III.3.2 also tells us that the associated torsion class in Q is T ∩ Q where
T = ⊥F in LQ. But T ∩Q is the intersection of a torsion and torsionfree class, and
as F ⊆ Q, by Proposition III.2.2, it is quasi-abelian.

We now prove that the converse of Lemma III.1.3(i)(i’) holds in quasi-abelian
categories giving a familiar characterisation of torsion classes.

Proposition III.4.14. Let Q be a quasi-abelian category. Then a pair of full
subcategories (T ,F) is a torsion pair on Q if and only if the following hold.

(i) For all A ∈ Q, HomQ(A,F) = 0 iff A ∈ T ;

(ii) For all B ∈ Q, HomQ(T , B) = 0 iff B ∈ F .

Proof. The fact that the conditions are necessary was proved in Lemma III.1.3. We
now prove that they are sufficient. Let T ,F be full subcategories of Q such that

T = {A ∈ Q | HomQ(A,F) = 0}
F = {B ∈ Q | HomQ(T , B) = 0}.

Observe that if (⊥Q ∗ T ,F) is a torsion pair in L = LQ, then ((⊥Q ∗ T ) ∩Q,F) =
(T ,F) is a torsion pair in Q which proves the statement. It remains to show that
(⊥Q ∗ T ,F) is a torsion pair in L. Since L is abelian, it suffices to show that

⊥Q ∗ T = {A ∈ L | HomL(A,F) = 0}
F = {B ∈ L | HomL(

⊥Q ∗ T , B) = 0}

Let B ∈ L be such that HomL(
⊥Q ∗ T , B) = 0. In particular, we have that

HomL(
⊥Q, B) = 0 thus B ∈ Q and as 0 = HomL(T , B) = HomQ(T , B), B ∈ F .

Now let A ∈ L be such that HomL(A,F) = 0 and consider the (⊥Q,Q)-canonical
short exact sequence of A

0 ⊥QA A AQ 0.
p

Observe that HomL(AQ,F) = HomQ(AQ,F) = 0, else by pre-composing with the
epimorphism p we would obtain a non-zero morphism A → F . Thus AQ ∈ T and
the sequence shows A is an element of ⊥Q ∗ T .

In the case of torsion pairs in small module categories over artin algebras, which
are abelian, there is a well-known symmetry:

Proposition III.4.15 ([120, Theorem]). Let A ∼= modΛ with Λ an artin algebra
be an abelian category and (T ,F) be a torsion pair in A. Then T is functorially
finite in A if and only if F is functorially finite in A.

We will see that this symmetry extends to the quasi-abelian setting. We note
that LQ ∼= modΛ for an artin algebra Λ is satisfied, for instance, the conditions
of Theorem III.4.9 are met and EndQ(P ) is an artin algebra. In particular, if Q
is a k-linear hom-finite quasi-abelian category for a field k, then EndQ(P ) is finite
dimensional and hence artin. We first prove a lemma that does not depend on
EndQ(P ).
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Lemma III.4.16. Let Q be a quasi-abelian category. Then Q is functorially finite
in L = LQ.

Proof. As we noted in Lemma III.4.1, by [25, Proposition B.3] Q is a cotilting
torsionfree class of LQ and is therefore covariantly finite in L. It remains to show
that Q is contravariantly finite. Let (f : A→ B) ∈ L, we claim that the morphism

0 B

A B
f

in L is a right Q-approximation of f . Indeed, if (α, β) : (0 → B′) → f is some
morphism in L (note that necessarily α = 0), then (0, β) : (0 → B′) → (0 → B)
gives the required factorisation.

The author thanks Lidia Angeleri-Hügel for pointing out an inaccuracy in a
previous version of the following result.

Proposition III.4.17. Let Q be a quasi-abelian category such that LQ ∼= modΛ for
an artin algebra Λ. and let (T ,F) be a torsion pair in Q. Then T is functorially
finite if and only if F is functorially finite.

Proof. Let (T ,F) be a torsion pair in a quasi-abelian category Q and suppose that
F is functorially finite in Q. We begin by showing that F is functorially finite in
L = LQ (this was not done in Proposition III.3.7). As F is a torsionfree class in
L, it is covariantly finite in L. We now show that every X ∈ L admits a right
F -approximation. Let Q → X be a right Q-approximation of X, which exists by
Lemma III.4.16, and let F → Q be a right F -approximation of Q, which exists by
assumption. Then it is easily verified that the composition F → X is a right F -
approximation of X. Thus F is a functorially finite torsion class in A and therefore
so is its associated torsion free class ⊥Q∗T in L by Theorem III.4.9 and Proposition
III.4.15. It now follows from Proposition III.3.7(i) that T is functorially finite in Q.

For the converse, we reverse the argument but use Proposition III.3.7(ii) to see
that ⊥Q∗T is functorially finite in L which we may do since L has enough projectives
by Corollary III.4.6 as Q has a projective generator by assumption.

We close this section by noting some other properties of torsion classes the quasi-
abelian setting are also inherited from the abelian case.

Lemma III.4.18. The intersection of torsion classes in a quasi-abelian category
is again a torsion class. Also, the heart of twin torsion pairs in a quasi-abelian
category is quasi-abelian.

III.5 Harder-Narasimhan filtrations
In this section we apply the results of the previous sections to show the existence of
Harder-Narasimhan filtrations arising from chains of torsion classes in quasi-abelian
categories. We recall the pseudometric on the space of chains of torsion classes
defined by [124] building on [29] and then investigate topological properties of this
space. To begin, we recall the necessary concepts following [124, §2] where it was
shown that abelian categories admit Harder-Narasimhan filtrations.

44



Definition III.5.1. For an additive category, A, consider the order reversing func-
tions of posets, η, from the real interval [0, 1] to the set of all torsion classes of A
such that η(0) = A and η(1) = 0. Equivalently, the data of such a map is a chain
of torsion classes in A

η : 0 = T1 ⊆ · · · ⊂ Tr ⊂ · · · ⊆ T0 = A

with r ∈ [0, 1] satisfying Tr ⊆ Tr′ if and only if r ≥ r′. We call such an η quasi-
Noetherian (resp. weakly-Artinian) if for every interval (a, b) ⊂ [0, 1] there exists
s ∈ (a, b) such that TrA ↪→ TsA (resp. s′ ∈ (a, b) such that Ts′A ↪→ TrA) for all
r ∈ (a, b) and A ∈ A. By T(A) we denote the set of all η that are quasi-Noetherian
and weakly-Artinian.

Notation III.5.2. Let η = (Ti)i∈[0,1] ∈ T(A). For any j ∈ [0, 1], by Fj we denote
the associated torsionfree class of Tj in A.

Lemma III.5.3. Let Q be a quasi-abelian category and η = (Ti)i∈[0,1] ∈ T(Q). Then
for every r ∈ [0, 1], the pairs of subcategories(∪

s>r

Ts,
∩
s>r

Fs
)

and
(∩
s<r

Ts,
∪
s<r

Fs

)
are torsion pairs in Q. Moreover, for all X ∈ torsQ, if X ⊂ Ts for all s < r then
X ⊂

∩
s<r Ts. Similarly, if Ts ⊂ X for all s > r then

∪
s>r Ts ⊂ X .

Proof. Let r ∈ [0, 1], we will show that the pair (T ,F) = (
∪
s>r Ts,

∩
s>r Fs) satisfies

the hom-orthogonality conditions of Proposition III.4.14. Since, for all s > r, F ⊂
Fs we have that HomQ(Ts,F) = 0 and hence HomQ(T ,F) = 0.

Let Y ∈ Q be such that HomQ(T , Y ) = 0. Then for all s > r, HomQ(Ts, Y ) = 0
and so Y ∈ Fs for all s > r, thus Y ∈ F .

Let X ∈ Q and suppose that X ̸∈ T . Then for all s > r, X ̸∈ Ts. Since (Ts,Fs)
is a torsion pair in Q it follows that HomQ(X,Fs) ̸= 0 for all s > r. We deduce that
HomQ(X,F) ̸= 0 as the Fi are ordered by inclusion.

Thus we have shown that T = {X ∈ Q | HomQ(X,F} = 0 and F = {X ∈ Q |
HomQ(T , X) = 0}, so by Proposition III.4.14, (T ,F) is a torsion pair in Q. The
fact that (

∩
s<r Ts,

∪
s<r Fs) is a torsion pair follows from a similar argument and

the remaining claims are basic set theory.

Definition III.5.4. Let A be an additive category and η = (Ti)i∈[0,1] ∈ T(A). For
r ∈ [0, 1], we define the subcategories Pηr as follows

Pηr =


∩
s>0Fs if r = 0(∩
s<r Ts

)
∩
(∩

s>r Fs
)

if r ∈ (0, 1)∩
s<1 Ts if r = 1.

Remark III.5.5. In a quasi-abelian category Q, for every η = (Ti)i∈[0,1] ∈ T(Q), each
Pηr is quasi-abelian. For r = 0, 1 this is obvious. For r ∈ (0, 1) observe that∪

s>r

Ts ⊆ Tr ⊆
∩
s<r

Ts
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thus
∪
s>r Ts and

∩
s<r Ts define twin torsion pairs with heart Pηr and is hence

quasi-abelian by Theorem III.2.2. We also note that for all twin torsion pairs
[(C,D), (C ′,D′)] in Q their heart, C ′ ∩ D, appears as Pηr in the chain of torsion
classes

η : 0 ⊂ C ⊂ C ′ ⊂ Q

for some r ∈ [0, 1].

Set-up III.5.6. Let A be an abelian category and fix twin torsion pairs [(C,D),
(C ′,D′)] in A and set Q = C ′ ∩ D. By Theorem III.3.2, we may identify T(Q)
bijectively with a subset of T(A) along the map

ϕC = ϕ : T(Q) ↪→ T(A)
η = (Ti)i∈[0,1] 7→ ϕ(η) = (Xi)i∈[0,1]

where

Xi =


A if i = 0
C ∗ Ti if i ∈ (0, 1)
0 if i = 1.

We denote the image of ϕC by TC(Q). Thus TC(Q) consists of all η = (Ti)i∈[0,1] ∈
T(A) such that C ⊆ Ti ⊆ C ′ for all i ∈ (0, 1). We remark that, in light of Remark
III.2.3, this map does indeed depend on C (since then Q determines C ′ by Theorem
III.3.2).

We investigate the subcategories Pϕ(η)r .

Lemma III.5.7. In the situation of Set-up III.5.6. Let η = (Ti)i∈[0,1] ∈ T(Q). Then

Pϕ(η)r =


Pη0 ∗ D′ if r = 0;
Pηr if r ∈ (0, 1);
C ∗ Pη1 if r = 1.

Proof. Let r ∈ (0, 1), and observe

Pϕ(η)r =

( ∩
s∈(0,r)

(C ∗ Ts)

)
∩

( ∪
s∈(r,1)

(C ∗ Ts)

)⊥

=

(
C ∗

∩
s∈(0,r)

Ts

)
∩

(
C ∗

∪
s∈(r,1)

Ts

)⊥

=

(
C ∗

∩
s∈(0,r)

Ts

)
∩

(( ∪
s∈(r,1)

Ts
)⊥Q
∗ D′

)

=
( ∩
s∈(0,r)

Ts
)
∩
( ∪
s∈(r,1)

Ts
)⊥Q

= Pηr

where the first and last equalities follow from Lemma III.5.3 and the definitions
knowing that T1 = 0 and T0 = Q. The second equality is straightforward set theory,
the third equality follows from Theorem III.3.2 and the fourth equality holds by
Lemma III.3.4. The cases r = 0, 1 follow by similar arguments.
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We now show that every η ∈ T(Q) induces a unique Harder-Narasimhan filtra-
tion of each object.

Theorem III.5.8. In the situation of Set-up III.5.6. Let η = (Ti)i∈[0,1] ∈ T(Q).
Then for all A ∈ Q there exists a unique (up to isomorphism) Harder-Narasimhan
filtration of A with respect to η in Q. That is, a filtration

0 = A0 ( A1 ( · · · ( An = A

of A in Q such that

(HN1) Ak/Ak−1 ∈ Pηrk for all 1 ≤ k ≤ n;

(HN2) rk > rk′ if and only if k < k′.

Proof. Let A ∈ Q and η = (Ti)i∈[0,1] ∈ T(Q). Let

0 = A0 ⊂ A1 ⊂ · · · ⊂ An = A

be the Harder-Narasimhan filtration of A with respect to ϕ(η) in A, which exists
by [124, 2.9], so that for all 1 ≤ k, k′ ≤ n, Ak/Ak−1 ∈ Pϕ(η)rk and rk > rk′ precisely
when k < k′. We claim that this is also the Harder-Narasimhan filtration of A with
respect to η in Q.

We first show that for all 1 ≤ k ≤ n, Ak/Ak−1 ∈ Pηrk . When rk ∈ (0, 1), this is
trivially true by Lemma III.5.7. It remains to check for rk = 0, 1. Observe that the
only case where rk = 0 (resp. rk = 1) can occur is when k = n (resp. k = 1). So
suppose that rn = 0, then An/An−1 = A/An−1 ∈ Pϕ(η)0 = Pη0 ∗ D′. As A ∈ Q is an
element of C ′, so is the quotient A/An−1. Thus A/An−1 ∈ C ′ ∩ (Pη0 ∗ D′) = Pη0 by
Theorem III.3.2. Similarly, we see that A1/A0 = A1 ∈ D∩Pϕ(η)1 = D∩(C∗Pη1 ) = P

η
1 .

By Lemma III.5.7, this implies that (HN1) holds. Note that (HN2) holds since it
is inherited from the abelian case A as is the uniqueness of the filtration up to
isomorphism.

It remains to show that Ai ∈ Q for all 1 ≤ k ≤ n. We proceed by induction on
k. For k = 1 we have shown that A1 = A1/A0 ∈ Pηr1 ⊂ Q for some r1 ∈ [0, 1]. The
k > 1 case follows by using the short exact sequences

0 Ak−1 Ak Ak/Ak−1 0

in A as Ak/Ak−1 ∈ Pηrk ⊂ Q and since Q is closed under extensions.

Corollary III.5.9. Let Q be a quasi-abelian category and η = (Ti)i∈[0,1] ∈ T(Q).
Then for all A ∈ Q there exists a unique (up to isomorphism) Harder-Narasimhan
filtration with respect to η in Q.

Proof. The result follows from Theorem III.5.8 asQ appears as Pηr for some r ∈ [0, 1]
in the chain of torsion classes

η : 0 ⊂ ⊥Q ⊂ LQ

in T(LQ).
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Example III.5.10. Let Λ be a standardly stratified algebra. Then, it follows from
Proposition III.1.9 that we have a chain of torsion classes in Filt(∆):

η : {0} ⊂ Filt(∆>n−1) ⊂ Filt(∆>n−2) ⊂ · · · ⊂ Filt(∆>1) ⊂ Filt(∆).

Then if Λ is left strongly quasi-hereditary (Example III.3.5) then we may use
Corollary III.5.9 to see that η induces Harder-Narasimhan filtrations of all objects
in Filt∆. Alternatively, we could deduce this by repeatedly applying Proposi-
tion III.1.9 and we note that this second method works even without the left strongly
quasi-hereditary assumption.

We recall that, by [29, 6.1] and [124, 7.1], for an abelian category A, T(A) is a
topological space with pseudometric given by

d(η, η′) = inf{ε ∈ [0, 1] | Pη′r ⊂ P
η
[r−ε,r+ε]∀r ∈ [0, 1]} (III.7)

for η, η′ ∈ T(A). Where
Pη[a,b] := Filt

( ∪
s∈[a,b]

Pηs
)

for 0 ≤ a ≤ b ≤ 1 and we set Pηr = 0 for all r ̸∈ [0, 1].
Remark III.5.11. Note that, for η, η′ ∈ T(A), we have d(η, η′) = 0 if and only if
Pηr = Pη′r for all r ∈ [0, 1].

As we remarked earlier, the embedding of T(Q) (of Set-up III.5.6) in T(A)
depends on C. So when Q occurs as the heart of many twin torsion pairs, T(Q)
can be embedded into T(A) in as many ways. To finish, we see that the various
embeddings of Q are at maximal distance apart in T(A) and that each of these
embeddings is closed.

Theorem III.5.12. In the situation of Set-up III.5.6, TC(Q) is a closed set of the
topological space T(A) and if Q also occurs as the heart of different twin torsion
pairs [(C1,D1), (C ′1,D′

1)], then

d(TC(Q),TC1(Q)) = 1

where TC1(Q) is defined following Set-up III.5.6.

Proof. First, we show that TC(Q) contains all of its accumulation points and is
therefore a closed set of T(A). To this end, let x = (Ti)i∈[0,1] be an accumulation
point of TC(Q) so that there exists a sequence (ηn)n∈N in TC(Q) such that d(x, ηn) <
1
n
.
To this end, let η = (Ti)i∈[0,1] ∈ T(A) such that there exists η′ ∈ TC(Q) with

d(η, η′) = d(η′, η) = 0. We want to show that x ∈ TC(Q) so we therefore must show
that C ⊆ Px1 and D′ ⊇ Px0 . For the first of these claims, let s be the supremum of
the set

{i ∈ [0, 1] | C ⊆ Px[i,1]}.
Note that this set is non-empty since A = Px[0,1] by Theorem III.5.8. We must
consider the case when s < 1. Then for large enough n such that n−1

n
> s we have

that d(x, ηn) > 1
n
which is a contradiction. The second claim is shown dually.
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Chapter IV

Intersections, sums and
Jordan-Holder property for exact
categories

The chapter is organised as follows. In the first section (IV.1) we give characterisa-
tions of abelian categories in terms of the behaviour of admissible morphisms and
prove an exact analog of the fourth isomorphism theorem which will be a useful
tool. In Section IV.2 we recall the (AI) and (AIS) categories from [60] which are
the exact categories that admit admissible intersections and sums of E-subobjects
in a similar way to abelian categories. We then prove that the (AI) categories
are precisely the quasi-abelian categories and the (AIS) categories are precisely the
abelian categories. To end that section, we discuss how these results apply to the
category of Banach spaces. In Section IV.3, we address the shortcomings of the
(AI) and (AIS) categories by introducing a generalised intersection and sum which
makes sense for arbitrary exact categories. Using this, we define the Diamond ex-
act categories and show that these categories satisfy the E-Jordan-Hölder property.
In the next section (IV.4), we introduce an exact analog of the Jacobson radical
and study exact categories that behave well with respect to the radical, which we
call the E-Artin-Wedderburn categories. We show that these Krull-Schmidt exact
categories with this property are E-Jordan Hölder and apply this theory to classify
completely exact structures on the module category of a Nakayama algebra with the
Jordan-Hölder property. We finish in Section IV.5, by discussing a length function
that exists for an exact category with the E-Jordan-Hölder property.

IV.1 General results
We show an E-version of the fourth isomorphism theorem. We also give some results
describing the behaviour of admissible morphisms, which yields a new characterisa-
tion of abelian categories in Theorem IV.1.4.

IV.1.1 Admissible morphisms and abelian categories
Definition IV.1.1 ([35, Definition 8.1]). A morphism f : A → B in an exact
category is called admissible if it factors as f = me where m is an admissible monic
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and e is an admissible epic. Admissible morphisms will sometimes be displayed as

A B◦
f

in diagrams, and the classes of admissible morphisms of A will be denoted as MoradA .
Similarly, by Homad

A (A,B) (resp. EndadA (A)) we denote the set of admissible mor-
phisms in A from A to B (resp. A). Note the abuse of notation here, one should
really write Morad(A, E) since the admissible property depends on the exact struc-
ture E , however we avoid doing this for readability purposes.

In this subsection we show that the admissible morphisms in an exact cate-
gory behave poorly, unless we work in an abelian category with the maximal exact
structure. Let (A, E) be an exact category. The following fact will be our main tool:

Lemma IV.1.1 ([51, Proposition 3.1]). Suppose that every morphism in A is ad-
missible, then A is abelian and E = Emax = Eall.

Lemma IV.1.2. Suppose that the class of admissible morphisms in A is closed
under composition. Then A is abelian and E = Emax = Eall.

Proof. We show that every morphism can be written as the composition of a sec-
tion followed by a retraction. Whence the claim will follow from Lemma IV.1.1
since sections and retractions are always admissible morphisms, since the split exact
structure is the minimal exact structure on any additive category. To this end, let
f : X → Y be an arbitrary morphism in A and consider the two split short exact
sequences

X X ⊕ Y Y

X X ⊕ Y Y.

[ 10 ] [ 0 1 ]

[
1
f

]
[−f 1 ]

Then there is a commutative diagram

X Y

X ⊕ Y

f

[
1
f

]
[ 0 1 ]

which proves the claim.

Lemma IV.1.3. Let A be a weakly idempotent complete additive category. Suppose
that the class of admissible morphisms in A is closed under addition. Then A is
abelian and E = Emax = Eall.

Proof. Let f : X → Y be a morphism in A. Then[
0
f

]
=
[
1
f

]
+ [ −1

0 ] : X → X ⊕ Y

is the sum of two sections and is hence admissible by assumption. Let

X X ⊕ Y

Z

[
0
f

]

g [
h′
h

]
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be a factorisation of
[
0
f

]
into an admissible epic followed by an admissible monic.

Observe that, as g is epic, h′ = 0. By Lemma II.1.43, we have that if [ 0h ] is
an admissible monic then so is h. Thus f = hg and is therefore an admissible
morphism. Now the claim follows from Lemma IV.1.1.

This shows that, in general, the set of admissible endomorphisms EndadA (X) is
not a subring of EndA(X) under the usual addition and composition, also that
Homad(X,Y ) is not a group under the usual addition. To finish, we summarise the
results of this subsection.
Theorem IV.1.4. Then the following conditions are equivalent:
(i) A is an abelian category and E = Eall;

(ii) Mor(A) = Morad(A);

(iii) Morad(A) is closed under composition;

(iv) A is weakly idempotent complete and Morad(A) is closed under addition.
Proof. The implications (ii) ⇒ (i), (iii) ⇒ (ii) and (iv) ⇒ (ii) follow from Lemmas
IV.1.1, IV.1.2 and IV.1.3 respectively. Clearly, (ii) ⇒ (iii), (iv); thus it remains to
verify that (i)⇒ (ii). Indeed, let f : A→ B be an arbitrary morphism in an abelian
category, then the following commutative diagram

A B

Im f ∼= Coim f

f

im f coim f

shows that f is an admissible morphism with respect to Eall.

IV.1.2 Isomorphism theorem
We give a generalisation of the fourth isomorphism theorem for modules to exact
categories:
Proposition IV.1.5. (The fourth E-isomorphism theorem) Let (A, E) be an
exact category and let

X ′ X X/X ′

be a short exact sequence in E. Then there is an isomorphism of posets

{A ∈ A | X ′ � A� X} ←→ {B ∈ A | B � X/X ′} = PE
X/X′

A 7−→ A/X ′.

Proof. Let us begin by showing that the correspondence is bijective. First we note
that the map A 7→ A/X ′ is well-defined by [35, Lemma 3.5]. Next, we define an
inverse map ϕ. For B � X/X ′ define ϕ(B) to be the pullback

X ′ ϕ(B) B

X ′ X X/X ′.

α y
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We observe that by [35, Proposition 2.15], α is an admissible monic and thus ϕ
is a well-defined map. We now show that the maps are mutually inverse. For
X ′ � A� X, we apply ϕ by taking the pull-back and by [35, Proposition 2.12, 2.13]
we obtain the identity on the left of the diagarm and then the fact that ϕ(A/X ′) ∼= M
follows from applying the Five Lemma for exact categories [35, Corollary 3.2] to the
diagram

X ′ ϕ(A/X ′) A/X ′

X ′ A A/X ′.

For B � X/X ′, there is a short exact sequence

X ′ ϕ(B) B.

Thus, ϕ(B)/X ′ ∼= B and we are done.
Now we show that this is an isomorphism of posets. First we show that if

X ′ � A′ � A � X then A′/X ′ � A/X ′. This follows from applying [35, Lemma
3.5] to the diagram

X ′ A′ A′/X ′

X ′ A A/X ′.

y

Finally, we show the converse, that is if A′/X ′ � A/X ′ � X/X ′ then A′ � A.
From earlier in the proof, there is a commutative diagram

A′ A′/X ′

A A/X ′

X X/X ′.

α

y

with the outer rectangle being a pullback. Thus, by the Pullback Lemma and [35,
Proposition 2.15], α is an admissible monic.

Remark IV.1.2. By the Fourth E-isomorphism theorem (Proposition IV.1.5), an E-
subobject (Y, f) of an object X is E-maximal if and only if for all commutative
diagrams

Y

Z X

f
g

h

either g or h is an isomorphism.
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IV.2 The AI and AIS exact categories
In abelian categories, the notions of intersection and sum of subobjects are given
by pullbacks and pushouts respectively, see [53, Section 5] and [104, Definition 2.6].
In this paragraph, we investigate whether these concepts carry to exact categories.
We recall the definitions of admissible intersection and sum that were first defined
in [60], then show that these lead to characterisations of quasi-abelian and abelian
categories respectively. To finish, we look at the category of Banach spaces as an
example.

IV.2.1 Definitions and properties
The intersection, which exists and is well defined in a pre-abelian exact category, is
not necessarily an admissible subobject. We recall the definition of exact categories
satisfying the admissible intersection property and the admissible sum property from
[60]. Note that, in a previous version of [60], the name quasi-n.i.c.e. was used in
the sense that they are necessarily intersection closed exact categories, and which
we will call A.I since they admit Admissible Intersections:

Definition IV.2.1 ([60, Definition 4.3, 4.6]). An exact category (A, E) is called an
AI-category if A is pre-abelian additive category satisfying the following additional
axiom:

(AI) The pullback A of two admissible monics j : C � D and g : B � D exists
and yields two admissible monics i and f .

A B

C D

i

f g

j

y
(IV.1)

The object A in the diagram above is called the intersection of the E-
subobjects (B, g) and (C, j) of D; we also use the notation B ∩D C for
this intersection.

Let us now introduce a special sub-class of the AI exact categories, that we call
A.I.S exact categories, since they admit Admissible Intersections and Sums:

Definition IV.2.2 ([60, Definition 4.5, 4.6]). An exact category (A, E) is called an
AIS-category if it is an AI-category and moreover it satisfies the following additional
axiom:

(AS) The morphism u in the diagram below, given by the universal property of
the pushout E of i and f coming from the pullback diagram of the axiom
(AI) above, is an admissible monic.

A B

C E

D

i

f l
g

k

j

p

u

(IV.2)
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The object E in the above diagram is called the sum of the subobjects (B, g)
and (C, j) of D; we also use the notation B +D C to denote the sum.

Let us note that these definitions generalise the abelian versions.

Lemma IV.2.3 ([60, Corollary 4.11]). Let A be an abelian category. Then (A, Eall)
is an AIS-category.

Remark IV.2.1. One may consider the duals of the above definitions by taking ad-
missible epics instead of monics. Since our focus is on E-subobjects we only study
the above and simply remark that the dual definitions lead to the duals of the results
of the rest of Section IV, which hold without statement.
Remark IV.2.2. Equivalently, in the notation of the above definitions, we have

B ∩D C = Ker

(
B ⊕D D

[g −j]
)

and
B +D C = Coker

(
B ∩D C B ⊕ C[i −f ]t

)
.

Lemma IV.2.4. Let (A, E) be an exact category and let f : X � Z and g : Y � Z
be admissible monics. Suppose that X ∩Z Y exists and is the zero object, then
X +Z Y ∼= X ⊕ Y .

Proof. By assumption, there is a pullback diagram in A:

0 X

Y Z.

f

g

y

By direct computation we have that

0 X

Y X ⊕ Y

s

t

p

is a pushout diagram for any pair of morphisms s and t satisfying the universal
property of the coproduct. Thus, by definition, X +Z Y ∼= X ⊕ Y .

IV.2.2 AI-categories and quasi-abelian categories
It is not difficult to see that the split exact structure Emin does not satisfy axiom
(AI) unless every sequence splits in A. Compare also [78, Remark 2.4 and 5.3]
which helps to show that the category of abelian groups equipped with Emin does
not satisfy axiom (AI). In fact, an exact structure needs to contain all short exact
sequences in order to satisfy the (AI) axiom:

Proposition IV.2.5. Let (A, E) be an exact category. If (A, E) is an AI-category,
then E = Eall.
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Proof. Let us suppose that the exact structure E is strictly included in Eall, then
there exists a short exact sequence

η : 0 A B C 0
f g

such that η /∈ E . Consider the two sections
[
1
g

]
: B → B ⊕C and [ 10 ] : B → B ⊕C.

It is easy to verify that the pull-back of these two morphisms is:

A B

B B ⊕ C.

f

f
[
1
g

]

[ 10 ]

y

Since f is not admissible in E , the (AI) axiom is not satisfied and (A, E) is
therefore not an AI-category.

Thus, in light of Proposition II.1.20, every AI-category is a quasi-abelian category
equipped with its maximal exact structure. It has been proved recently in [61,
Theorem 6.1] that the converse also holds, and hence together a new characterisation
of quasi-abelian categories is established:

Theorem IV.2.6. (Brüstle, Hassoun, Shah, Tattar, Wegner) An exact cate-
gory (A, E) is an AI-category if and only if A is quasi-abelian and E = Eall.

However, as we see in the next example, not every quasi-abelian category with
its maximal exact structure is an AIS-category.

Example IV.2.7. As we did in Chapter III, consider the quiver

Q : 1 −→ 2 −→ 3

The Auslander-Reiten quiver of repQ is as follows:

P1

P2 I2

S3 S2 S1

a

b

Let A be the full additive subcategory generated by the indecomposables P2, P1, S2

and I2. Then A is an intersection F ∩ T ′ where F is the torsion free class of the
hereditary torsion pair (T ,F) = (add(S1), add(S3 ⊕ P2 ⊕ P1 ⊕ S2 ⊕ I2)) and T ′ is
the torsion class of the cohereditary torsion pair (T ′,F ′) = (add(P2⊕P1⊕S2⊕ I2⊕
S1), add(S3)) of repQ. By Theorem III.2.2 we conclude that A is an quasi-abelian
category and the only non-split short exact sequence in A is the Auslander-Reiten
sequence

0 P2 P1 ⊕ S2 I2 0
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We verify that the axiom (AS) fails; to that end, we consider the following
admissible monics in A:

P2

P1 P1 ⊕ S2

[ ab ]

[ 10 ]

The pullback along these monics in the abelian category repQ is given by the object
S3, but this is not available in A. Being quasi-abelian and so pre-abelian, A admits
a pullback which is a subobject of the abelian pullback, thus the zero object. Hence,
we have in A that the intersection along the given monics is P1 ∩ P2 = 0, and
therefore, by Lemma IV.2.4, P1 +P2 = P1⊕P2. However, the direct sum P1⊕P2 is
not an admissible subobject of P1 ⊕ S2, thus the axiom (AS) fails.

IV.2.3 AIS-categories and abelian categories
In this subsection we prove that the categories satisfying both the (AI) and the (AS)
axioms are exactly the abelian categories. First we need a Lemma.

Lemma IV.2.8. Let A be a quasi-abelian category and E = Eall. Suppose that every
monomorphism in A is a kernel, then A is abelian. Dually, if every epimorphism
is a cokernel, then A is abelian.

Proof. Let f : X → Y be an arbitrary morphism in A we will show that f is
admissible, whence it follows that A is abelian by Lemma IV.1.1. Recall that there
is a commutative diagram in A

Ker f Coker f

X Y

Coim f Im f

f

c

f̄

i

where f̄ is both monic and epic (see [112, Section 1] for details) and the columns are
E-sequences since A is quasi-abelian and E = Eall. By assumption, the composition
if̄ is a kernel and therefore an admissible monic since A is quasi-abelian. Thus
the decomposition f = (if̄)c shows that f is admissible and we conclude that A is
abelian by Lemma IV.1.1. The proof of the dual statement is similar.

Now we can prove the main result.

Theorem IV.2.9. An exact category (A, E) is an AIS-category if and only if A is
abelian and E = Eall.

Proof. We noted earlier in Lemma IV.2.3 that every abelian category with its max-
imal exact structure is AIS. To prove the converse, let (A, E) be an exact AIS-
category. By Theorem IV.2.6, A is quasi-abelian and E = Eall. Thus, by Lemma
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IV.2.8, it is enough to show that every monomorphism f : X → Y in A is a kernel.
To this end, consider the E-subobjects given by two sections[

1
f

]
:X � X ⊕ Y

[ 10 ] :X � X ⊕ Y.

By computation, their intersection is the zero-object

0 X

X X ⊕ Y.

[
1
f

]

[ 10 ]

y

Thus, by Lemma IV.2.4, their sum is given by the direct sum X ⊕X

0 X

X X ⊕X

X ⊕ Y

[ 11 ]
[
1
f

]

[ 10 ]

[ 10 ]

p

u

where u =
[
1 0
0 f

]
is an admissible monic since (A, E) is (AIS). Now, by [35, Corollary

2.18], f is an admissible monic and we are done.

Remark IV.2.3. Let A be an abelian category. Then for all objects X ∈ A the
poset PEall

X of E-subobjects (which is also the poset of subobjects in the classical
sense) is a lattice with join and meet operations given by the intersection and sum
of E-subobjects.

IV.2.4 Banach spaces: an example
Typical examples of such quasi-abelian but non-abelian categories arise in functional
analysis (see [61] for many examples). We next look in detail at one important
example, the category of Banach spaces and see how the theory we have developed
fits there. We thank Theo Bühler for his helpful remarks about this category.

Definition IV.2.10. We denote by Ban the category of Banach spaces (over the
field of real numbers). The objects of Ban are the complete normed R−vector
spaces, and morphisms are continuous linear maps.

The kernel of a morphism f : X → Y in Ban is the linear kernel f−1(0) � X,
however the cokernel

Y � Y/f(X)

in Ban is in general different from the linear cokernel Y → Y/f(X). Thus f : X →
Y is an admissible monic in Ban precisely when f is a monomorphism such that
f(X) is closed in Y . The Open Mapping Theorem for Banach spaces guarantees
that an admissible monic f : X → Y is an isomorphism onto f(X). In fact the class
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E = Eall of all kernel-cokernel pairs coincides with the class of short exact sequences
of bounded linear maps, see [36, IV.2].

It is well-known that the category Ban is quasi-abelian with the maximal exact
structure Eall, but it is not abelian. We verify here the admissible intersection
property and we reprove, using Theorem IV.2.6 that Ban is quasi-abelian:

Theorem IV.2.11. The category Ban of Banach spaces, equipped with the maximal
exact structure E = Eall, is an AI-category.

Proof. Consider two E-subobjects (X0, f0), (X1, f1) of an object X in Ban. Since
the admissible monics fi are isomorphisms onto their range ,fi(Xi), we can identify
X0 and X1 with closed subspaces of X. The intersection of closed subspaces is
closed, therefore we have the following diagram of closed embeddings (which are
admissible monics):

X0∩X1 X1

X0 X

i1

i0 f1

f0

From [60], we know that the object X0 ∩ X1 satisfies the pullback property from
axiom (AI) in modR. Since the pullback can be written as kernel (Remark IV.2.2)
and kernels in Ban are the kernels in mod R, we conclude that the (AI)-axiom
is satisfied: The pullback along admissible monics exists, and yields admissible
monics.

Remark IV.2.4. While Ban satisfies the admissible intersection property, it does
not satisfy the admissible sum property and so it is not abelian by Theorem IV.2.9.
Indeed, it is shown in [24, Chapter 3.1] that both, the intersection X0 ∩X1 and the
sum X0 + X1 (as subvector spaces of X) admit norms turning them into Banach
spaces, satisfying that

X0 ∩X1 ↪→ Xi ↪→ X0 +X1

are continuous embeddings for i = 0, 1. In fact, the whole interval between X0 ∩X1

and X0 +X1 is studied in [89], as interpolations between intersection and sum. We
summarize the situation in the following diagram:

X0∩X1 X1

X0 X0+X1

X

i1

i0 j1 f1

j0

f0

r

The sum X0 + X1 is the pushout in modR, hence satisfies the pushout property
in Ban since the kernel-cokernel pairs of bounded maps in mod R are also exact
in Ban. However, the inclusion map r : X0 + X1 → X (which is bounded, thus
continuous) is not an admissible monic in general: The norm on X0 + X1 is given
in [37, Chapter 3.1] by

∥x∥X0+X1 = inf{∥x0∥X0 + ∥x1∥X1 | x0 + x1 = x},
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and with respect to this norm, the subspace X0 +X1 in X is not necessarily closed.
Indeed, consider any morphism of Banach spaces f : X → Y such that the range of
f is not closed in Y (see, for instance, [37, Chapter 1.2] for examples). Then, since
f is continuous, the subspace

G(f) := {(x, y) ∈ X ⊕ Y | fx = y} ⊆ X ⊕ Y

which is called the graph of f is closed in X ⊕ Y . However, the sum, Z of G(f)
(equipped with the canonical inclusion) and of [ 10 ] : X � X ⊕ Y is not closed in
X ⊕ Y . Since, if it were then the intersection of Z and [ 01 ] : Y � X ⊕ Y would be
closed as a subspace of Y by Theorem IV.2.11 but, this intersection is f(Y ), which
is not closed in Y by assumption.
Remark IV.2.5. We may also describe the E-simple objects of Ban. There is only
one (up to isomorphism) - R itself. This follows from the facts that every finite
dimensional subspace of a Banach space is closed and that any two norms on a
finite dimensional real vector space are equivalent [37, Chapter 1.2].

Furthermore, this tells us that the maximal E-subobjects of a Banach space, X
are its closed subspaces of codimension 1.

We also see that the poset PE
X of closed subspaces of X is a lattice: Meets in

PE
X are given by intersections, which are closed. The join of two closed subspaces Y

and Z is given by Y + Z.
It also follows from this discussion that Ban satisfies the E-Jordan-Hölder prop-

erty since every E-composition series of a Banach space X of dimension n <∞ will
be of length n and each composition factors is isomorphic to R.

IV.3 The diamond exact categories
In this section we address the drawbacks of the intersection and sum in the previous
section by introducing a general notion of intersection and sum that applies to exact
categories. We then use this to introduce a class of exact categories - the diamond
exact categories - and show that these satisfy the E-Jordan-Hölder property as in
Definition IV.3.1.

IV.3.1 Jordan-Hölder property
Definition IV.3.1. Let (A, E) be an exact category. A finite E-composition series
for an object X of A is a sequence

0 = X0 X1 . . . Xn−1 Xn = X
i0 i1 in−2 in−1 (IV.3)

where all il are proper admissible monics with E-simple cokernel. We say an exact
category (A, E) has the (E-)Jordan-Hölder property or is a Jordan-Hölder exact
category if any two finite E-composition series for an object X of A

0 = X0 X1 . . . Xm−1 Xm = X
i0 i1 im−2 im−1

and

0 = X ′
0 X ′

1 . . . X ′
n−1 X ′

n = X
i′0 i′1 i′n−2 i′n−1
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are equivalent, that is, they have the same length and the same composition factors,
up to permutation and isomorphism.

Remark IV.3.1. As shown in [60, Theorem 6.2], one can use the same steps as in
[17] and the E-Schur lemma [60, Proposition 3.5] one may prove that every abelian
category (equipped with maximal exact structure) is a Jordan-Hölder exact category
using only the (AI) and (AIS) axioms.

IV.3.2 General intersection and sum
For an AIS-category (A, E), or equivalently, for an abelian category A with max-
imal exact structure Eall, the intersection of two subobjects of X is defined as the
pullback of their monomorphisms in X and their sum is defined as the pushout of
this pullback, which is also admissible. In terms of the poset PE

X of E-subobjects of
X, this means that PE

X forms a lattice as we remarked before. However, in general
the poset PE

X is not a lattice, even when the E-Jordan-Hölder property holds for the
exact category (A, E), as the following simple examples demonstrate.

Example IV.3.2. Let A be the category of all even dimensional k-vector spaces
endowed with the split exact structure E = Emin. Then the E-simple objects are pre-
cisely the two-dimensional vector spaces, and the Jordan-Hölder property is clearly
satisfied. Consider the object X = k6 with basis {v1, v2, v3, v4, v5, v6} and the two
elements of PE

X given by

V1 =< v1, v2, v3, v4 > and V2 =< v2, v3, v4, v5 > .

The intersection V1 ∩ V2 in mod k is V3 =< v2, v3, v4 >. But since V3 is not in A,
every two-dimensional subspace U of V3 is a maximal lower bound for both V1 and
V2, when we view (U, f) as an element in PE

X with its inclusion map f . Therefore
PE
X is not a lattice, and the intersection of V1 and V2 is not unique in (A, E), in fact

it is an infinite set formed by all embeddings (U, f) of maximal proper subspaces U
of V3.

Example IV.3.3. A similar phenomenon can be observed studying the additive
category A = repA2 of representations of the quiver of type A2, endowed with the
minimal exact structure E = Emin. We denote the simple representations by S1 and
S2, and the indecomposable projective-injective representation by P1. Then there is
a non-split indecomposable short exact sequence in A

0 S2 P1 S1 0
f g

which is not admissible in Emin. Therefore (A, Emin) is not an AI-category by Propo-
sition IV.2.5. Choosing the object X = S2⊕P1⊕S1, we observe that there are many
maximal E-subobjects ofX with quotient S1 given by (S2⊕P1, αλ) with λ ∈ k, where[

1 0
0 1
0 λg

]
= αλ : S2 ⊕ P1 → X = S2 ⊕ P1 ⊕ S1.

Each of these admit many maximal E-subobjects with quotient P1 given by (S2 ⊕
P1, βµ) with µ ∈ k where [

1
µf

]
= βµ : S2 → S2 ⊕ P1.
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The preceding examples motivate the following definition, where we allow the
(generalised) intersection and sum to be a set of objects:

Definition IV.3.4. Let (Ai, fi), i ∈ I, be a collection of E-subobjects of X indexed
by a set I. We denote the set of all their common admissible subobjects with respect
to X as

SubX({(Ai, fi) | i ∈ I}) := {(Y, h) ∈ P E
X | Y ∈ PE

Ai
;∀i ∈ I}

and define the E-relative intersection of the (Ai, fi) in PE
X as

IntX({(Ai, fi) | i ∈ I}) := Max(SubX({(Ai, fi) | i ∈ I}),

the set of maximal elements in SubX({(Ai, fi) | i ∈ I}) (where we define the gener-
alised intersection over the empty set to be {0}). Dually, we denote the set of all
common superobjects of Ai, i ∈ I

SupX({(Ai, fi) | i ∈ I}) := { (Y, h) ∈ PE
X | (Ai, fi) ∈ PE

Y , ∀i ∈ I}

and define the E-relative sum of the Ai, i ∈ I in PE
X as

SumX({(Ai, fi) | i ∈ I}) := Min(SupX({(Ai, fi) | i ∈ I})),

the set of minimal elements in SupX({(Ai, fi) | i ∈ I}).

Example IV.3.5. In the setup of Example IV.3.2, the objects V1 and V2 have as E-
relative intersection in PE

X the Grassmannian IntX(V1, V2) = Gr(2, 3) of all maximal
proper subspaces of V3. The set SumX(V1, V2) however consists only of the element
X itself. In Example IV.3.3, any two of the objects (S2 ⊕ P1, αλ) have an infinite
intersection containing all elements (S2, βµ) of PE

X , and conversely, any two of the
(S2, βµ) have an infinite sum containing all the objects (S2 ⊕ P1, αλ).

IV.3.3 The diamond categories are Jordan-Hölder exact cat-
egories

In this section we prove the E-Jordan-Hölder property in a more general context
than abelian categories, namely for exact categories that we call the diamond exact
categories:

Definition IV.3.6. (Diamond Axiom) Let (A, f) and (B, g) be two distinct max-
imal E-subobjects in PX , that is, their cokernelsX/A andX/B are E-simple. We say
that (A, f) and (B, g) satisfy the diamond axiom if for every Y ∈ IntX(A,B) we have
that A/Y and B/Y are both E-simple and the elements of the sets {X/A,A/Y },
{X/B,B/Y } are equal up to permuation and isomorphism.

A

Y X

B

f

g

A diamond exact category (A, E) is an exact category that satisfies the diamond
axiom for each pair of maximal subobjects A and B of a fixed object X.
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Remark IV.3.2. When A is an abelian category equipped with its maximal exact
structure, then for each object X we have that IntX(A,B) and SumX(A,B) are
given by the unique objects A ∩X B and A +X B, respectively. We also have the
second isomorphism theorem, which tells us that

B/A ∩X B ∼= A+B B/A.

When A and B are maximal E-subobjects of X, we have that A+X B = X and we
deduce from the above that (A, Emax) satisfies the Diamond axiom. Moreover, in
this case, we always have ‘crosswise’ isomorphisms

X/A ∼= B/A ∩X B and X/B ∼= A/A ∩X B.

In Example IV.3.3 we see that one can have the lengthwise isomorphisms

X/A ∼= A/Y and X/B ∼= B/Y

when the poset PE
X is not a lattice.

Lemma IV.3.7. Assume that an object X in a diamond exact category A has a
composition series of length n:

0 = B0 B1 . . . Bn = X.

If (C, f) is a maximal element in PX , then there exists a composition series of X
through C of length n:

0 = C0 C1 . . . Cn−2 C X.
f

Proof. By induction on n. For n = 1, this is obvious because C = 0. Assume now
n ≥ 2. If Bn−1 = C as elements in PE

X , we can use the given composition series of
X. Otherwise, consider an element Y ∈ IntX(Bn−1, C):

0 = B0 . . . Bn−1

Y X.

C

By the diamond axiom, both quotients Bn−1/Y and C/Y are E-simple since Bn−1

and C are maximal elements in PE
X . By assumption we have a composition series of

length n− 1 of Bn−1:

0 = B0 B1 . . . Bn−1 = X ′.

Since Y is maximal in PE
Bn−1

, we may apply our induction hypothesis so that there
exists a composition series of Bn−1 through Y of length n− 1. We remove the final
arrow Y � Bn−1 in this series and append Y � C � X. This yields a composition
series of X through C of length n:

0 = Y0 . . . Yn−3 Y C X.
f
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Theorem IV.3.8. Every diamond exact category is a Jordan-Hölder exact category.

Proof. Following the strategy of the proof in [99, Chapter 4.5], assume we are given
two composition series

0 = B0 B1 . . . Bn = X

and
0 = C0 C1 . . . Cm = X.

We proceed by induction on n. For n = 1, the objectX is E-simple and the statement
clearly holds. Assume now n ≥ 2. For any object Y ∈ IntX(Bn−1, Cm−1) we obtain
the following diagram:

0 = B0 . . . Bn−1

Y X

0 = C0 . . . Cm−1

The diamond axiom applied to the maximal E-subobjects Bn−1, Cm−1 of X yields
that Y is maximal in both Bn−1 and Cm−1. Lemma IV.3.7 applied to the maximal
element Y of Bn−1 yields a composition series

0 = Y0 . . . Yn−3 Y Bn−1

of length n−1. Moreover, Lemma IV.3.7 applied to the maximal element Y of Cm−1

yields a composition series

0 = Y ′
0 . . . Y ′

m−3 Y Cm−1

of length m − 1. This gives two composition series of the object Y of length n − 2
and m− 2, respectively. By induction hypothesis, we conclude that n− 2 = m− 2
(thus n = m), and that these two composition series of Y have the same composition
factors, up to permutation and isomorphism. Consider now the following diagram:

0 = B0 . . . Bn−2 Bn−1

0 . . . Y X

0 = C0 . . . Cn−2 Cn−1

By induction hypothesis, the two composition series

0 = B0 . . . Bn−2 Bn−1

and
0 = Y0 . . . Y Bn−1
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are equivalent. In the same way, the two composition series

0 = C0 . . . Cn−2 Cn−1

and
0 = Y ′

0 . . . Y Cn−1

are equivalent. By the diamond axiom, the sets of quotients {X/Bn−1, Bn−1/Y } and
{X/Cn−1, Cn−1/Y } are equal, up to isomorphism. Using this fact and comparing the
four composition series of length n−1 above, we conclude that the two composition
series given in the beginning have the same composition factors up to permutations
and isomorphism.

We provide in Section IV.4 examples of diamond categories that are not abelian
categories with Eall. However, not every exact category (A, E) is diamond, or Jordan-
Hölder, even if A is abelian, as the following example demonstrates.

Example IV.3.9. Consider the category A = repQ of representations of the quiver

1

2 3

The Auslander-Reiten quiver of A is as follows:

S2 I3

P1 I1 = S1

S3 I2

By Theorem II.1.22, each exact structure on A is uniquely determined by the
set of Auslander-Reiten sequences which it contains. Consider the exact structure
E containing the Auslander-Reiten sequences

(AR1) 0 S2 P1 I3 0

(AR2) 0 S3 P1 I2 0

Then (A, E) is not Jordan-Hölder, and it is also not a diamond category. Indeed,
we have that the simples S2 and S3 are maximal subobjects of P1, but the quotient
sets {S2, P1/S2 = I3} and {S3, P1/S3 = I2} are not isomorphic.

IV.4 E-Artin-Wedderburn Categories
We use the notion of generalised intersection to define a version of the Jacobson
radical relative to an exact structure E . This allows us to show the Jordan-Hölder
property for Krull-Schmidt categories under the assumption that this E-radical be-
haves well with respect to direct sums of E-simple objects, that is, the exact structure
satisfies an exact analog of the Artin-Wedderburn theorem. We then classify all such
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exact structures in repΛ where Λ is a Nakayama algebra and furthermore note that
these are all Jordan-Hölder exact structures on repΛ.

Throughout this section, we assume all categories to be Krull-Schmidt. Recall
from Definition II.1.35 that a Krull-Schmidt category is an additive category, A,
such that each object decomposes into a finite direct sum of indecomposable objects
having local endomorphism rings and that this decomposition is unique up to iso-
morphism and permutation of summands. In particular, in this case (A, Emin) is a
Jordan-Hölder category.

IV.4.1 E-Jacobson Radical
Let (A, E) be an essentially small Krull-Schmidt exact category. We introduce a
Jacobson radical for exact categories.

Definition IV.4.1. Let X ∈ A, we define the E-Jacobson radical to be the gener-
alised intersection

radE(X) := IntX{(Y, f) ∈ SX | (Y, f) ∈ Max(SX)}

and SX is as defined previously in II.1.4. Note that, by Definition IV.3.4, radE S =
{0} for all E-simple objects S.

Proposition IV.4.2. Consider X,Y ∈ A and r : R X.

(i) For all (R, r) ∈ radE(X), radE(Coker(r)) = {0}.

(ii) For all (Z, g) ∈ SX , Z is an E-subobject of some (R, r) ∈ radE(X) if and
only if pg = 0 for all E-simple quotients p : X � S of X.

Proof. (i): Let (R, r) ∈ radE(X) and (Q, q) ∈ radE(X/R) corresponding to Q′ � X
via the Fourth E-isomorphism Theorem (Proposition IV.1.5). By same result and
since (R, r) ∈ radE(X) we have that the maximal E-subobjects of X correspond
exactly to maximal E-subobjects of X/R. Hence, as Q is an E-subobject of every
E-maximal subobject of X/R, we have that Q′ is an E-subobject of every maximal
E-subobject of X. Thus, by definition of the generalised intersection, since R � Q′

we deduce that R ∼= Q′ so Q ∼= Q′/R ∼= 0.
(ii): The claim follows from the observation that admissible epimorphisms X �

S with S being E-simple correspond exactly to maximal E-subobjects of X.

Definition IV.4.3. An object X ∈ A is called E-semisimple if it can be written
as a finite direct sum of E-simple objects.

We study exact categories where the E-semisimple objects have nice characteri-
sations:

Definition IV.4.4. An exact structure E on A is called Artin-Wedderburn if for
any object X ∈ A the following properties are equivalent:

(AW1) Every sequence in E of the form A� X � X/A splits;

(AW2) X is E-semisimple;

(AW3) radE(X) = {0}.
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We say in this case that (A, E) is an E-Artin-Wedderburn category.

Remark IV.4.1. (a) The implication (AW1) ⇒ (AW2) always holds for Krull-
Schmidt categories. Indeed, suppose X is not E-semisimple. Then in the
decomposition of X as a direct sum of indecomposables, X ∼=

⊕n
i=1Xi, there

exists 1 ≤ i ≤ n such that Xi is not E-simple. Thus there exists a non-split
E-inflation f : Y � X and observe that composing f with the canonical
inclusion Xi � X results in a non-split E-inflation Y � X.
We note that without the Krull-Schmidt assumption on our categories, this
implication in general does not hold, even in the abelian case. A class of
counterexamples is given by the continuous spectral categories. These are
Grothendieck categories where every short exact sequence splits but there are
no simple objects as every object is decomposable, see [105, Example 2.9] for
examples of such categories.

(b) The implication (AW2)⇒ (AW3) also always holds. Indeed, let Si, 1 ≤ i ≤ n
be E-simple objects and X =

⊕n
i=1 Si. Then observe that for all 1 ≤ j ≤ n

that
⊕n

i=1,i ̸=j Si equipped with the canonical inclusion fj :
⊕

i ̸=j Si � X is an
E-maximal subobject of X. Thus for every (r : R � X) ∈ radE(X), r factors
through fj for all 1 ≤ j ≤ n and we deduce that r = 0.

Example IV.4.5. Consider the category A = repQ of representations of the quiver

Q : 1 2 3α β

We classify which exact structures E on A are Artin-Wedderburn, and when (A, E)
is a diamond or Jordan-Hölder category. The Auslander-Reiten quiver of A is

P3 S1

S2 I2

P1 S3

and the Auslander Reiten sequences in A are

(1) S2 → P1 ⊕ P3 → I2;

(2) P3 → I2 → S1;

(3) P1 → I2 → S3.

This example has been studied in [31, Example 4.2], and A admits precisely 23 = 8
exact structures E corresponding to choosing some subset B of the three Auslander-
Reiten sequences in A, as discussed in Theorem II.1.22. We denote the different ex-
act structures accordingly as Emin, E(1), E(2), E(3), E(1, 2), E(1, 3), E(2, 3), Emax, in-
dicating the Auslander-Reiten sequences that are included.

Consider first the exact structure E(1) generated by the Auslander-Reiten se-
quence (1). Then the only non-split indecomposable E(1)-sequence is (1) thus
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P1 ⊕ P3 is E(1)-semisimple and (A, E(1)) does not satisfy the implication (AW2)
⇒ (AW1). The same object P1⊕P3 also shows that (A, E(1)) is not Jordan-Hölder
(and hence not diamond) since there are non-equivalent E(1)−composition series
0→ S2 → P1 ⊕ P3 and 0→ P1 → P1 ⊕ P3.

Now consider the exact structure E(2, 3) on A generated by the sequences (2)
and (3). As in Example IV.3.9 one can see that (A, E(2, 3)) is not Jordan-Hölder
nor diamond. Moreover, radE(2,3)(I2) = {0} but I2 is not E(2, 3)−semisimple thus
(A, E(2, 3)) satisfies neither the implication (AW3) ⇒ (AW1) nor (AW3)⇒ (AW2).

One may verify that all other exact structures E on A are Artin-Wedderburn,
and also satisfy the diamond and Jordan-Hölder property, but only (A, Emax) is
an AIS-category. We conclude that six of the eight exact structures are Jordan-
Hölder, and in this example, the conditions being E-Artin-Wedderburn, diamond
and Jordan-Hölder are equivalent.

A further example of E-Artin-Wedderburn categories is provided by the split
exact structure:

Lemma IV.4.6. A is an Emin-Artin-Wedderburn category.

Proof. For the exact structure E = Emin, we have that the admissible monics are
precisely the sections, and the E-simple objects are the indecomposables. Every
object in A is thus E-semisimple, and we clearly have the equivalence of (AW1) and
(AW2). Since every X is E-semisimple, the implication (AW3) =⇒ (AW2) is always
true.

As we have noted, for Krull-Schmidt categories, (A, Emin) is a Jordan-Hölder cat-
egory. The following result further studies the relationship between Krull-Schmidt
categories and the Jordan-Hölder property.

Theorem IV.4.7. Let (A, E) be an E-Artin-Wedderburn category. Then (A, E) is
a Jordan-Hölder exact category.

Proof. We show that (A, E) satisfies the Diamond Axiom IV.3.6. For that purpose,
let

A

C D

B

be a commutative diagram in (A, E) with D/A and D/B being E-simple and C ∈
IntD(A,B). By the Fourth E-Isomorphism Theorem (Proposition IV.1.5), there is
a commutative diagram

A/C

0 D/C

B/C
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with (D/C)/(A/C) ∼= D/A and (D/C)/(B/C) ∼= D/B both being E-simple and
IntD/C(A/C,B/C) = {0}. Thus, it is enough to consider diagrams of the form

X0

0 Y

X1

f0

f1

with Y/Xi being E-simple for i = 0, 1 and IntY (X0, X1) = {0}.
We must show that theXi are E-simple and that the sets {X0, Y/X0}, {X1, Y/X1}

are equal up to permuation and isomorphism of their elements.
If (X0, f1) and (X1, f1) are isomorphic as E-subobjects of Y it follows that

X0
∼= X1 is E-simple since IntY (X0, X1) = {0}. So we may assume that this is

not the case. Observe that the (Xi, fi) are both maximal E-subobjects of Y . It
follows that radE(Y ) ⊂ IntY ((X0, f0), (X1, f1)) = {0}. Since (A, E) is E-Artin-
Wedderburn, the short exact sequences Xi Y Y/Xi

fi both split and
Y is E-semisimple. Thus X0 ⊕ Y/X0

∼= Y ∼= X1 ⊕ Y/X1 and X0
∼=
⊕n

j=0 Sj and
X1
∼=
⊕m

j=0 Tj with the Sj and Tj being E-simple. As (A, E) is Krull-Schmidt, n = m
and the sets {S0, . . . , Sn, Y/X0}, {T0, . . . , Tn, Y/X1} consist of the same objects, up
to permutation and isomorphism. Without loss of generality, we may suppose that
S0
∼= Y/X1 and T0 ∼= Y/X0. Now ⊕nj=1Sj � Xi, but since IntY (X0, X1) = {0} we

conclude that n = 0 and that the Xi are E-simple and we are done.

IV.4.2 Artin-Wedderburn exact structures for Nakayama
algebras

We characterise all Artin-Wedderburn exact structures for any Nakayama algebra
Λ. It turns out they are exactly the Jordan-Hölder exact categories for modΛ, the
category of finitely generated left Λ−modules.

A finite-dimensional algebra Λ is called Nakayama if every indecomposable right
and left projective Λ-module is uniserial. The representation theory of Nakayama
algebras is well-known ( see e.g. [11, Chapter V] or [14, Section VI.2]), we recall
some details here:

The indecomposable Λ−modules are all uniserial, thus determined by the list of
its composition factors from top to socle, which can be represented by a word w
in the vertices of the quiver of Λ. Denote the module corresponding to a word w
by [w]. Equivalently, indecomposable Λ−modules are parametrized by the non-zero
paths in the quiver Q of Λ.

If we label the vertices of the path in Q corresponding to the indecomposable
module [w] as

c→ c+ 1→ · · · → d− 1→ d

then we denote the module [w] also by [w] = [c, d]. In this case, the Auslander-Reiten
quiver of Λ contains a subquiver of the form described in Figure IV.1 where we
label the Auslander-Reiten sequences η[c,d−1] in A = modΛ by the module [c, d− 1]
where the sequence ends; the sequence starts in the Auslander-Reiten translate
τ [c, d− 1] = [c+ 1, d]. For indecomposables [w] and [w′], the space

Ext1Λ([w], [w
′])
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[c, d]

[c+1, d] [c, d− 1]

[c+1, d−1]

[d−1, d] [c, c+1]

[d, d] [d−1, d−1] [c+ 1, c+ 1] [c, c]

η[c,d−1]

η[d−1,d−1] η[c,c]

Figure IV.1: Part of the Auslander-Reiten quiver of repΛ containing the module
[c, d] and all of its simple composition factors

is at most one-dimensional, and a basis can be given by the following non-split short
exact sequences: If [ww′] is indecomposable, then a basis is given by

ηw,w′ : 0 −→ [w] −→ [ww′] −→ [w′] −→ 0.

If w = uv and w′ = vt such that [uvt] is indecomposable, then a basis is given by

ηw,w′ : 0 −→ [w] −→ [uvt]⊕ [v] −→ [w′] −→ 0.

We refer to [ww′] respectively [uvt] as the top module in the extension ηw,w′ . Thus for
the Auslander-Reiten sequence η[c,d−1], the top module is [c, d]. The description of
the indecomposables and the Auslander-Reiten sequences in A can be obtained from
[38] for the more general case of string algebras, and the basis for the Ext1-spaces
is given in [30] for gentle algebras.

Our first step is to give a more precise description of an exact structure on A
using the Auslander-Reiten sequences it contains.

Theorem IV.4.8. Let B be a set of Auslander-Reiten sequences in A and E = E(B)
be the corresponding exact structure on A. Then the short exact sequence ηw,w′ ∈ E
if and only if the Auslander-Reiten sequence η[u] belongs to B whenever there is a
non-zero morphism from [w] to τ [u] and from [u] to [w′].

Proof. Necessity follows directly from axioms (A2) and (A2)op: One can easily verify
that forming push-outs and pull-backs of the given exact sequence ηw,w′ along the
morphisms from [w] to τ [u] and from [u] to [w′] yields the desired Auslander-Reiten
sequences, which thus belong to E .

Sufficiency follows from the fact that exact structures E onA correspond to closed
subfunctors of the bifunctor Ext1(−,−) on A, see [44]. Auslander-Reiten theory
implies that the socle of Ext1(−,−) is given by the Auslander-Reiten sequences,
and a closed subfunctor E = E(B) is uniquely determined by its socle B, see [15].
We show in [15] that E = E(B) is the maximal subfunctor of Ext1(−,−) whose
socle is B, therefore the sequence ηw,w′ (which induces the socle elements in B as we
showed above when discussing necessity) must belong to E = E(B). Here we indicate
how to verify this directly from the axioms and leave the details to the reader:
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Consider first the case where [w] = τ [u] and there is an arrow in the Auslander-
Reiten quiver from [u] to [w′]:

[a]

[b] [w′]

[w] [u]

[c]

η[w′]

η[u]

By assumption, the Auslander-Reiten sequence η[u] belongs to B since there is
an irreducible morphism from [u] to [w′]. Moreover, since the identity is a non-
zero morphism, the Auslander-Reiten sequence η[w′] also belongs to B. We wish to
apply axiom (A1) of an exact structure to this situation, however the monics from
η[u] and η[w′] cannot be composed directly, only when considering the direct sum of
the split exact sequence (1[c], 0) with η[w′] this becomes possible. It turns out that
the composition of the monic from η[u] with the monic of the short exact sequence
η[w′] ⊕ (1[c], 0) yields the monic of the short exact sequence ηw,w′ ⊕ (1[c], 0), which
belongs to E by axiom (A1). Then [35, Corollary 2.18] shows that ηw,w′ ∈ E . To
finish the proof, proceed by induction along paths from [w] to τ [w′] and from τ−1[w]
to [w′].

Remark IV.4.2. As Λ is Nakayama, the poset of submodules of an indecomposable
[c, d] is totally ordered. In particular, for any exact structure E on A, the poset
of proper E-subobjects S[c,d] is also totally ordered. Hence all indecomposable non
E-simple objects have a unique maximal E-subobject. Moreover, all (E-)subobjects
of [c, d] are of the form [x, d] for some c ≤ x ≤ d, whereas all quotients are of the
form [c, y] for some c ≤ y ≤ d, see Figure 1.

Now we may classify all Artin-Wedderburn exact structures on A = modΛ when
Λ is Nakayama.

Theorem IV.4.9. Let B be a set of Auslander-Reiten sequences in A = modΛ and
E = E(B) be the corresponding exact structure on A. Then E is Artin-Wedderburn
if and only if for all Auslander-Reiten sequences η[w] ∈ B the top module of this
sequence is not E-simple.

Proof. We use the notation from Figure IV.1. To simplify the presentation of the
proof, we introduce phantom zero objects [x, y] = 0 whenever x > y. In this
notation, all Auslander-Reiten sequences

η[c,d−1] : [c+ 1, d] [c, d]⊕ [c+ 1, d− 1] [c, d− 1]

have two middle terms, with top module [c, d], and where [c+ 1, d− 1] denotes the
zero object when c+ 1 > d− 1.

We first suppose that there exists an Auslander-Reiten sequence η[c,d−1] in B such
that the top module [c, d] is E-simple, and we show that this implies E being not
Artin-Wedderburn. Let y ≤ d− 1 be such that [c, y] is E-simple and η[c,j] ∈ B for all
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j ∈ (y, d − 1]. Such a y always exists. Indeed, if [c, d − 1] is E-simple then we take
y = d− 1. Else, let [c, y] be an E-simple factor module of [c, d− 1], then y satisfies
the required conditions by Theorem IV.4.8.

Now, let x ≥ c be maximal such that there is an indecomposable non-split short
exact sequence in E of the form

[x, d] [c, d]⊕ [x, y] [c, y]. (IV.4)

Note that [x, y] ̸∼= 0 by the assumption that [c, d] is E-simple. If [x, y] is E-simple then
this sequence shows that the implication (AW2) ⇒(AW1) does not hold. Suppose
that [x, y] is not E-simple and let [w, y] be its unique maximal E-subobject, note
that w > x. Thus

radE
(
[c, d]⊕ [x, y]

)
⊆ Int[c,d]⊕[x,y]

(
[c, d]⊕ [w, y], [x, d]

)
.

Observe that the E-subobjects of [x, d] are of the form [i, d] with i ∈ (x, d] and the
only possible indecomposable E-subobjects of [c, d]⊕ [w, y] are of the form [j, y] with
j ∈ (w, y] or [w, d]. We deduce that, if radE([c, d] ⊕ [x, y]) ̸= {0} then [w, d] is an
E-subobject of [c, d]⊕ [w, y]. But this is a contradiction to the maximality of x, thus
the implication (AW3) ⇒ (AW1) does not hold.

For the converse, consider a non-split E-sequence. Since Ext1(−,−) is an additive
bifunctor, it suffices to consider short exact sequences with indecomposable end
terms, which are for Nakayama algebras of the form

[c, d] [a, d]⊕ [b, c] [a, b]

where [b, c] may denote the zero object. Note that the inequalities a ≤ c− 1 ≤ b ≤
d− 1 must hold. By assumption and Theorem IV.4.8; [a, d] is not E-simple. Thus,
since A is Krull-Schmidt, [a, d] ⊕ [b, c] is not E-semisimple. This shows that the
implication (AW2) ⇒ (AW1) holds. It remains to show that radE([a, d]⊕ [b, c]) ̸=
{0}. Observe that

S[a,d]⊕[b,c] =
{
[c, d], [i, d]⊕ [c, b], [a, d]⊕ [j, b]

∣∣∣ [i, d] ∈ S[a,d], [j, b] ∈ S[c,b]}
Let [x, d] � [a, d] be the unique maximal E-subobject which exists by assumption
that the top module [a, d] is not E-simple, and let [y, b] � [c, b] be the unique
maximal E-subobject of [c, b] if it exists or the identity if not. Then

Max(S[a,d]⊕[c,b]) ⊆
{
[c, d], [x, d]⊕ [c, b], [a, d]⊕ [y, b]

}
.

First suppose that x ≥ c. Then, as a < c by Theorem IV.4.8, [x, d] � [c, d] and

radE

(
[a, d]⊕ [c, b]

)
⊇ Int[a,d]⊕[c,b]

(
[c, d], [x, d]⊕ [c, b], [a, d]⊕ [y, b]

)
=
{
[x, d]

}
.

Which shows that radE([a, d] ⊕ [c, b]) ̸= {0}. Now suppose that x < c. Then b > x
as c− 1 ≤ b. Now radE([a, d]⊕ [c, b]) contains

Int[a,d]⊕[c,b]

(
[c, d], [x, d]⊕ [c, b], [a, d]⊕ [y, b]

)
=
{
[x, d]⊕ [y, b]

}
̸= {0}

which again shows that radE([a, d]⊕ [c, b]) ̸= {0}; and we are done.
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Note that Enomoto studies in [46] the Jordan-Hölder property for torsion-free
classes in the module category of a Nakayama algebra endowed with the maximal
exact structure. We investigate now when A = modΛ with any exact structure E
is Jordan-Hölder:

Theorem IV.4.10. Let Λ be a Nakayama algebra, and denote A = modΛ. Then
an exact category (A, E) is E-Artin-Wedderburn precisely when it is Jordan-Hölder.

Proof. The E-Artin-Wedderburn categories are Jordan-Hölder by Theorem IV.4.7.
Conversely, assume that (A, E) = (A, E(B)) is Jordan-Hölder. By [46, Theorem
4.13], we know that the number s of E-simple objects equals the number p of E-
projective indecomposable objects. Every non-E-projective indecomposable admits
an Auslander-Reiten sequence in B, therefore

s = p = | ind(A)| − |B|

where ind(A) denotes the (isoclasses of) indecomposables in A. We conclude

| ind(A)| = |B|+ s,

and parametrise the set of indecomposables by the E-simples together with the top
module for every Auslander-Reiten sequence. Clearly this top module cannot be
E-simple in this case, thus by Theorem IV.4.9, (A, E) is E-Artin-Wedderburn.

IV.5 The length function
In this section, we consider a Jordan-Hölder exact category (A, E) and we study
the E-Jordan-Hölder length function lE that the E-Jordan-Hölder theorem allows us
to define over the set ObjA of isomorphism classes of objects. Throughout, (A, E)
denotes an E-finite essentially small Jordan-Hölder exact category. To simplify no-
tation, we will not distinguish here between the isomorphism class [X] of an object
X of A and the object X.

Definition IV.5.1. We define the E-Jordan-Hölder length lE(X) of an object X in
A as the length of an E-composition series of X. That is lE(X) = n if and only if
there exists an E-composition series

0 = X0 X1 . . . Xn−1 Xn = X.

We say in this case that X is E-finite. If no such bound exists, we say that X is
E-infinite. Clearly, isomorphic objects have the same length, and therefore this def-
inition gives rise to a length function lE : ObjA → N∪{∞} defined on isomorphism
classes.

Now we prove some corollaries of the E-Jordan-Hölder theorem:

Corollary IV.5.1. Let
X � Z � Y

be an admissible short exact sequence of finite length objects. Then

lE(Z) = lE(X) + lE(Y ).

72



Proof. We know that X is a subobject of Z and that Y ∼= Z/X. By the fourth
E-isomorphism theorem (Proposition IV.1.5) we may assume that there is an E-
composition series of Y of the form

0 = Z0/X Z1/X . . . Zl−1/X Zl/X ∼= Y

with Zi � Z; we also take an E-composition series

0 = X0 X1 . . . Xn−1 Xn = X

of X. Since
(Zi+1/X)/(Zi/X) ∼= (Zi+1/Zi)

by [35, Lemma 3.5], the following is a composition series of Z:

0 = X0 X1 . . . Xn−1 Xn = X = Z0

Z1 . . . Zl−1 Zl = Z

i

i

Thus
lE(Z) = n+ l = lE(X) + lE(Y ).

We show now that the function lE is a length function in the sense of [81]:

Definition IV.5.2. A measure for a poset S is a morphism of posets µ : S → P
where (P ,≤) is a totally ordered set. A measure µ is called a length function when
P = N with the natural order.

Theorem IV.5.3. The function lE of an E-finite Jordan-Hölder exact category
(A, E) is a length function for the poset ObjA.

Proof. The function lE : ObjA → N is defined on the set ObjA, which is partially
ordered by the E-subset relation X ⊂E Y , see [31, Proposition 6.11]. Moreover,
consider X and Y in ObjA with X ⊂E Y . Then by Corollary IV.5.1 we have

lE(X) ≤ lE(Y ),

so lE is a morphism of posets.

As a consequence of the previous result, an E-finite object is an object with
E-finite length.

Lemma IV.5.4. Let (A, E) be an exact category. Then every E-Artinian and E-
Noetherian object X of (A, E) admits an E-composition series.

Proof. Let X be an E-Artinian and E-Noetherian object. Using the artinian hypoth-
esis, one can construct a sequence of strict E-subobjets with E-simple quotients:

0 = X0 X1 . . .

Since X is noetherian too, this sequence became stationary and ends with X at some
point. Finally, this sequence gives an E-composition series in the sense of IV.3.1.

73



The following result improves and uses [31, Lemma 6.5] and Lemma IV.5.4:

Theorem IV.5.5. Let (A, E) be a Jordan-Hölder exact category. An object X of
(A, E) is E-Artinian and E-Noetherian if and only if it has an E-finite length.

Proof. For an E-finite object X of length lE(X) = n ∈ N, the composition series is
of length n. Thus any increasing or decreasing sequence of E-subobjects of X must
become stationary and X is E-Artinian and E-Noetherian.
Conversely, let X be an E-Artinian and E-Noetherian object, then X admits an E-
composition series by Lemma IV.5.4. Since E satisfies the Jordan-Hölder property,
all composition series ending withX have the same finite length, soX is E-finite.

Remark IV.5.2. Note that a length function for exact categories in general was stud-
ied in [31, Section 6]. The notion there was defined as maximum over all lengths of
an E-composition series; in the case of an E-Jordan-Hölder category all composition
series of an object have the same length, so the definition we use here is compatible
with the one from [31].

Definition IV.5.6. We denote by (Ex(A),⊆) the poset of exact structures E on A,
where the partial order is given by containment E ′ ⊆ E . This containment partial
order is studied in [31, Section 4].

We conclude by noting that, similarly to [31, Lemma 8.1], the E-Jordan Hölder
length function can only decrease under reduction of exact structures:

Proposition IV.5.7. Let E and E ′ are exact structures on A such that E ′ ⊆ E , then
lE ′(X) ≤ lE(X) for all objects X in A.

Proof. Let us consider an E ′−composition series of ending by X

0 = X0 X1 . . . Xn−1 Xn = X.
i1 i2 in−1 in

where lE ′(X) = n. Since E ′ ⊆ E , all these pairs (ij, dj) will also be in E . So
the E ′-composition series is also an E-composition series and therefore by definition
lE(X) ≥ n.
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Chapter V

Right triangulated categories

The chapter is organised as follows. In Section V.1 we recall the definition of a
right triangulated category and associated triangulated categories - the stabilisation
and co-stabilisation. We also show some properties. In Section V.2 we show how
one may use relative homological algebra to construct new extriangulated structures
and characterise the projectives and injectives of these new structures. We then in-
vestigate how such extriangulated structures induce a right triangulated structure
on a quotient category and use this to prove our characterisations of extriangu-
lated categories as right triangulated categories and vice versa. We begin Section
V.3 with a discussion of torsion pairs in a right triangulated category with right
semi-equivalence. We then go on to prove the characterisations of right triangu-
lated categories as (co-)aisles of (co-)t-structures and use these to describe related
classes of (co-)t-structures. We end in Section V.4 by proving that in the case of
Frobenius extriangulated categories, aisles of t-structures in the triangulated stable
category may be constructed as (shifts of) right triangulated quotients using tools
from Section V.2.

Throughout, dual results for left triangulated categories (with left semi-equiva-
lence) hold but remain unstated.

V.1 Preliminaries
We begin by recalling in full the definition of a right triangulated (or suspended)
category first introduced in [76].

Definition V.1.1. Let R be an additive category and Σ : R→ R an endofunctor.
A right triangulation of the pair (R,Σ) is a collection ∆ of sequences of the form

A B C ΣA

in R that satisfy the following axioms.

(R1) (a) ∆ is closed under isomorphisms. That is, for every commutative dia-
gram

A B C ΣA

A′ B′ C ′ Σ(A′)

f Σf
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in R whose vertical arrows are isomorphisms, one row belongs to ∆ if
and only if the other row also belongs to ∆.

(b) For every A ∈ R, the sequence

0 A A 0
1A

belongs to ∆.
(c) Every morphism x : A→ B in R can be embedded into a sequence

A B Cx Σxx

in ∆.

(R2) If the sequence
A B C ΣAx y z

is in ∆ then so is the sequence

B C ΣA ΣB.
y z −Σz

(R3) Every commutative diagram

A B C ΣA

A′ B′ C ′ Σ(A′)

f Σf

in R whose rows belong to ∆ can be extended to a commutative diagram

A B C ΣA

A′ B′ C ′ Σ(A′).

f Σf

(R4) Let

A B X ΣA, B C Y ΣB,x x′ x′′ y y′ y′′

and
A C Z ΣA

yx z′ z′′

be sequences in ∆. Then there is a commutative diagram

A B X ΣA

A B Y ΣA

B C Z ΣB

ΣX

x x′

y

x′′

α

yx

x

z′ z′′

β Σx

y y′ y′′

γ
Σ(x′)

in R such that the dotted column belongs to ∆.
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If ∆ is a right triangulation of (R,Σ), then the triple (R,Σ,∆) is called a right
triangulated category and the sequences in ∆ are called right triangles. Following
[10], if the functor Σ is fully faithful and its image, ΣR, is closed under extensions
we call Σ a right semi equivalence and R a right triangulated category with right
semi equivalence.
Definition V.1.2. Let (R,Σ,∆) and (R′,Σ′,∆′) be right triangulated categories.
An additive functor F : R→ R′ is a right triangle functor if

(a) There is a natural isomorphism ζ : FΣ Σ′F
∼= ;

(b) For all right triangles A B C ΣAx y z in ∆, the sequence

FA FB FC Σ′FAFx Fy ζA◦Fz

is in ∆′.
Remark V.1.3. Let R = (R,Σ,∆) be a right triangulated category such that ΣR is
closed under extensions. Then the subcategory ΣR naturally inherits the structure
of a right triangulated category. Clearly, if Σ is a right semi-equivalence then ΣR
is also a right triangulated category with right semi-equivalence. We will see in
Section V.4 examples where ΣR is a right triangulated category with right semi-
equivalence but R is not.

For homological properties of right triangulated categories we point the reader
to [10].

We finish this subsection by noting that there are no finite right triangulated
categories with right semi-equivalence that are not triangulated. This is one of
the many ways to see that any additively finite triangulated category admits no
non-trivial (co-)t-structures. We refer to [5] for a discussion of such categories.
Lemma V.1.4. Let R = (R,Σ,∆) be a right triangulated category with right semi-
equivalence. Suppose that R is idempotent complete and additively finite, then Σ is
an autoequivalence. In particular, R = (R,Σ,∆) is a triangulated category.
Proof. Let S = {X1, . . . , Xn} be a set of isomorphism classes of indecomposable
objects in R. Since Σ is additive, fully faithful and R is idemopotent complete. Σ
acts as a permutation on the set S and we deduce that Σm = 1R for somem ∈ N.

V.1.1 (Co-)stabilisation of a right triangulated category
We recall the definitions of two triangulated categories associated to a right trian-
gulated category: the stabilisation and costabilisation.

The stabilisation of a right triangulated category, R = (R,Σ,∆), consists of
a pair (S(R), s) where S(R) is a triangulated category and s : R → S(R) is a
right triangle functor satisfying a universal property: For all right triangle functors
F : R → T with T being a triangulated category, there exists a unique triangle
functor F ′ : S(R)→ T such that F ′s = F

R S(R)

T .

s

∀F
∃!F ′
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Dually, the co-stabilisation of R consists of a pair (C(R), c) where C(R) is a
triangulated category and c : C(R) → R is a right triangle functor satisfying a
universal property: For all right triangle functors G : T → R with T being a
triangulated category, there exists a unique triangle functor G′ : T → C(R) such
that G = cG′.

The stabilisation and co-stablisation of a right triangulated category always exist.
Since we will use it explicitly, we recall the construction of the stablisation from [19,
Section 3.1] and [64]; see also [52]. For more information on the co-stabilisation,
which may be constructed as the category of spectra, we refer to [55, Section 4.5-
4.7]; see also [19, 72].

Let R = (R,Σ,∆) be a right triangulated category.

Definition V.1.5. We define the additive category S(R) as follows. The objects
of S(R) are pairs (A, n) with A ∈ R and n ∈ Z. The spaces of morphisms are given
by

HomS(R)

[
(A, n), (B,m)

]
= colim

−→k∈J

(
HomR(Σ

n−kA,Σm−kB)
)

where J = {k ∈ Z | k ≤ Min{n,m}}. There is an autoequivalence of S(R) which is
given on objects by Σ(A, n) = (A, n+ 1) and induced on morphisms by the natural
map

HomR(Σ
n−kA,Σm−kB)→ HomR(Σ

n+1−kA,Σm+1−kB)

for all k ≤ Min{m,n}. By abuse of notation, we denote this autoequivalence also
by Σ.

The functor s : R → S(R) is given on objects by s(A) = (A, 0) and for a mor-
phism f : A→ B, s(f : A→ B) is the zero-representative of HomS(R)((A, 0), (B, 0)).

Triangles in S(R) are given by sequences isomorphic to sequences of the form

(A, n) (B,m) (C, l) (A, n+ 1)x y z

such that there exists k ≤ Min{n,m, l} such that

Σn−kA Σm−kB Σl−kC Σn+1−kA
(−1)kΣ−kx (−1)kΣ−ky (−1)kΣ−kz (V.1)

is a right triangle in R.

One may verify that SΣ ∼= ΣS and that S is a right triangle functor.
Remark V.1.6. We make some observations.

(a) If the endofunctor Σ : R → R is fully faithful, then the morphism spaces in
S(R) are neater

HomS(R)

(
(A, n), (B,m)

) ∼= HomR(Σ
n−kA,Σm−kB), ∀k ≤ Min{n,m}.

Further, in this case, s : R → S(R) is fully faithful and S(R) is the smallest
triangulated category that contains R as a full right triangulated subcategory.

(b) If Σ : R → R is a right semi-equivalence then the ‘there exists’ preceding
Equation (V.1) can be replaced by ‘for all’.
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(c) If R is not triangulated, then every indecomposable object in S(R) is isomor-
phic to an object of the form (A, n) with A ∈ (R \ ΣR) ∪ {0}.

Many categorical properties of S(R) are inherited from R, for instance if R has
(co-)products then so does S(R). The following properties will be useful for our
work.
Lemma V.1.7. Suppose that for all A,B ∈ R we have that HomR(A,Σ

iB) = 0
for i >> 0. Then, for all X,Y ∈ S(R) we have that HomS(R)(X,Σ

iY ) = 0 for all
i >> 0.
Proof. Let X,Y ∈ S(R) then there exists A,B ∈ R and k > 0 such that ΣkX ∼= A
and ΣkY ∼= B. Therefore, for i >> 0, we have that

HomS(R)(X,Σ
iY ) ∼= HomS(R)(A,Σ

iB) ∼= HomR(A,Σ
iB) = 0.

We call a right triangulated category satisfying the condition of the above Lemma
V.1.7 bounded.
Lemma V.1.8. Let R = (R,Σ,∆) be a right triangulated category with right semi-
equivalence. Then R is extension closed as a subcategory of S(R).
Proof. Let

(A, n) (B,m) (C, l) (A, n+ 1)x y z

be a triangle in S(R) with n, m, l, minimal such that Σ−nA, Σ−mB, Σ−lC ∈ R.
We must show that if n, l = 0 then m = 0. For that purpose, suppose that m < 0,
then Min{m,n, l} = m and, by definition, there is a right triangle in R

Σn−mA B Σl−mC Σn+1−mA.
(−1)mΣ−mx (−1)mΣ−my (−1)mΣ−mz

As n −m, l −m > 0 and Σ : R → R is a right semi-equivalence, we deduce that
B ∈ ΣR which is a contradiction to the minimality of m.
Example V.1.9. Let T be a triangulated category andR ⊂ T a subcategory that is
closed under positive shifts and extensions. Then R is a right triangulated category
with right semi-equivalence and S(R) ∼= cosuspT (R), the smallest subcategory of T
containing R that is closed under negative shifts and extensions.

For more examples of the stabilisation of right triangulated categories, see [19,
Section 3.1] and [76].

V.2 Right triangulated categories as extriangu-
lated categories

The aim of this section is show that right triangulated categories have a natural
extriangulated structure precisely when the shift functor is a right semi-equivalence.
We also describe which extriangulated categories have a right triangulated structure.
To do this, we begin by using relative homological algebra to define new extriangu-
lated structures from existing ones (Section V.2.1). We then show when these new
extriangulations induce right triangulated structures on a quotient category (Section
V.2.2). With these tools in hand we complete the above aims in Section V.2.3.
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V.2.1 Extriangulated structures using relative homological
algebra

In this section we show how one can use relative homological algebra to construct
new extriangulated structures and characterise when these exact structures have
enough injectives/ projectives. The existence of these extriangulated structures also
follows from [65, Proposition 3.17] for n = 1 but we give an alternative proof using
relative notions. We begin with an easy lemma.
Lemma V.2.1. Let (A,E, s) be an extriangulated category, D be a class of objects
in A and δ be an extriangle. Then the following are equivalent
(i) There exists representative of s(δ), A x−→ B

y−→ C, such that x is D-monic;

(ii) The E-inflation of every representative of s(δ) is D-monic.
Proof. (i)⇒(ii) follows from Lemma II.2.4(iii). (ii)⇒(i) is obvious.
Proposition V.2.2. Let (A,E, s) be an extriangulated category and D a class of
objects in A. Consider the classes of extriangles for A,C ∈ A

ID(C,A) =
{
A B Cx y δ ∈ E(C,A) | x ∈ Mon(D)

}
,

PD(C,A) =
{
A B Cx y δ ∈ E(C,A) | y ∈ Epi(D)

}
, and

DD(C,A) = ID ∩ PD.

Then (ID, s|ID), (PD, s|PD) and (DD, s|DD) all define external triangulations of A.
Moreover,

D ⊆ InjIDA ⊆ InjDD
A and

D ⊆ ProjPD
A ⊆ ProjDD

A.

Additionally, suppose that D = Add(D) then the following hold.
(i) If D is covariantly finite and left D-approximations are E-inflations then

D = InjIDA and A has enough ID-injectives.

(ii) If D is contravariantly finite and right D-approximations are E-deflations
then D = ProjPD

A and A has enough PD-projectives.

(iii) If D is functorially finite, left (resp. right) D-approximations are E-inflations
(resp. E-deflations) and cones (resp. co-cones) of left (resp. right) D-
approximations are D-epic (resp. D-monic) then D = InjDD

A = ProjDD
A

and A has enough DD-injectives and DD-projectives.
Proof. We prove the statements for ID whence the remaining claims follow from
dual and combined arguments. Let δ ∈ ID(C ′, A), a ∈ HomA(A,A

′) and c ∈
HomA(C,C

′). By [65, Proposition 3.14] it is enough to show that a∗δ ∈ ID(C ′, A′),
c∗δ ∈ ID(C,A) and ID-inflations are closed under composition. The first follows
from Lemma II.1.11 and Lemma II.2.4(iii) and the third from Lemma II.2.4(i). To
show the second claim consider the morphism of extriangles (1, c) : c∗δ → δ

A B C

A B′ C ′ .

x y

b

c∗δ

c

x′ y′ a∗δ
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We see that x′ = bx ∈ Mon(D) and hence x is D-monic by Lemma II.2.4(ii).
We verify the additional claims. By construction we have that the class of D-

monic morphisms is contained in the class of ID-inflations, ω. Thus

D ⊆ Inj(Mon(D)) ⊆ Inj(ω) = InjIDA.

Now additionally suppose that D = Add(D), D is covariantly finite and left D-
approximations are E-inflations. Then for every object I ∈ InjIDA there is an
ID-inflation i : I → D with D ∈ D. We deduce that I is a direct summand of D
and we are done.

Remark V.2.3. It follows from Lemma II.2.4(ii) that the external triangulation (E, s)
satisfies (WIC) then so do (ID, s|ID), (PD, s|PD) and (DD, s|DD), in the notation of the
above result.
Notation V.2.4. Let (A,E, s) be an extriangulated category. For brevity, in the
sequel we will say a subcategory D of A has property (∗) if D = Add(D), D is
covariantly finite and all left D-approximations are E-inflations.

We note that one may view the Frobenius property [63, 56] of external triangu-
lations through the lens of relative homological algebra.
Corollary V.2.5. An extriangulated category (A,E, s) is Frobenius if and only if
there exists a functorially finite subcategory P such that
(a) All left P-approximations are E-inflations and all E-inflations are P-monic;

(b) All right P-approximations are E-deflations and all E-deflations are P-epic.
In other words, P = ProjDP

A = InjDP
A and DP = E.

V.2.2 Right triangulated stable categories
We show how extriangulations can induce right triangulated structures on a quotient
category. The construction is reminiscent of the triangulated structure of the stable
category of a Frobenius exact category [63, 56].
Set-up V.2.6. For the rest of this section, let (A,E, s) be an extriangulated category
and D ⊆ A be a subcategory satisfying property (∗). For each A ∈ A we make a
choice of extriangle

A D(A) ΣDA
iA pA δA (V.2)

where iA is a left D-approximation of A. We also define ΣD on morphisms: Let
f : A → B. Then, as iA is D-monic, there exists D(f) : D(A) → D(B) such that
D(f)iA = iBf and thus, by (ET3) there exists a morphism ΣDf : ΣDA→ ΣDB such
that (f,ΣD) : δA → δB is a morphism of extriangles.

A D(A) ΣDA

B D(B) ΣDB .

iA

f ∃ D(f)

pA

∃ ΣDf

δA

iB pB

δB

(V.3)

By AD we denote the stable category of A by the ideal of morphisms factoring
through objects of D.
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The following lemma is similar to [95, Claim 6.1].
Lemma V.2.7. The construction above of ΣD defines an additive endofunctor
AD → AD. Further, any other choice of extriangles δA yields a naturally isomorphic
endofunctor.
Proof. We keep the notation of the above paragraph. First we show that ΣD is
well-defined on morphisms in AD, that is, the construction of ΣDf is independent
of the choices made of D(f) and in (ET3). Indeed, let g : ΣDA → ΣDB be any
morphism such that (f, g) : δA → δB is a morphism of extriangles. Then g∗δB =
f∗δA = (ΣDf)

∗δB and therefore (g − ΣDf)
∗δB = 0. By Lemma II.1.12, g − ΣDf

factors through pB and hence g − ΣDf = 0 in AD.
Now suppose for all A ∈ A we have another choice of extriangle

A D′(A) Σ′
DA

i′A p′A δ′A

which then results in another endofunctor Σ′
D : AD → AD. Then, since iA is D-

monic, there exists s : D(A) → D′(A) such that siA = i′A. Then, by (ET3) there
exists tA = t : ΣDA→ Σ′

DA such that (1, t) : δA → δ′A is a morphism of extriangles.
Similarly, we obtain a morphism t′A = t′ : Σ′

DA → ΣDA such that (1, t′) : δ′A → δA
is a morphism of extriangles

A D(A) ΣDA

A D′(A) Σ′
DA

A D(A) ΣDA .

iA

∃ s

pA

∃ t

δA

i′A p′A

∃

δ′A

∃ t′

iA pA δA

We claim that {tA}A∈AD
is an isomorphism of functors ΣD → Σ′

D with inverse
given by {t′A}A∈AD

. The fact that the tA are isomorphisms in AD follows from the
observation that (1, t′t) : δA → δA is a morphism of extriangles and hence, by using
a similar argument to the above, we see that t′t = 1ΣDA in AD. Dually, tt′ = 1Σ′

DA
.

It remains to verify that {tA}A∈AD
is a natural transformation. Let f : A→ B we

must show that tBΣDf = Σ′
DftA. This follows from the observation that the pairs

(f, (tBΣDf)) and (f, (Σ′
DftA)) both define morphisms of extriangles δA → δ′B.

Proposition V.2.8. The stable category AD with the endofunctor ΣD admits a right
triangulation given by the collection of all sequences isomorphic to sequences of the
form

A B C Σx
f g h

that fit into a commutative diagram in A

A D(A) ΣDA

B C ΣDA .

iA

f

pA δA

g h f∗δA

Furthermore, ΣDAD is always closed under extensions and ΣD is fully faithful if and
only if D ⊂ ProjIDA.
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Proof. The arguments of [10, Theorem 3.3] and [22, Theorem 3.1] may be recycled
to the extriangulated setting.

We can precisely describe when ΣD is a right semi-equivalence.

Proposition V.2.9. Suppose additionally that cones of left D-approximations are
D-epic. Then the following hold.

(i) ID = DD.

(ii) AD is a right triangulated category with right-semi equivalence.

(iii) For all A,C ∈ A there is a functorial isomorphism of abelian groups

F = FC,A : HomAD
(C,ΣDA)

∼=−→ DD(C,A)

f 7−→ f ∗δA.

Proof. Claims (i) and (ii) follow directly from Propositions V.2.2 and V.2.8. It
remains to show (iii):

F is well-defined: We must check that if f = g ∈ HomAD
(C,ΣDA) then

f ∗δA = g∗δA. Indeed, in this case, f − g = 0 and, since pA is D-epic by part (i),
f − g factors through pA. Now, by Lemma II.1.12, (f − g)∗δA = 0 and we are done.
Note that this also shows the injectivity of F , since f ∗δA = 0 implies that f factors
through pA and thus f = 0.

F is bijective: It remains to show that F is surjective. Let γ ∈ DD(C,A) be
realised by A B Cx y . Then, since x is D-monic there exists g : B →
D(A) such that gx = iA. By (ET3), there then exists f : C → ΣDA such that
(1, f) : γ → δA is a morphism of extriangles. In other words, γ = f ∗δA =: F (f).

A B C

A D(A) ΣDA .

x

∃g

y

∃f

f∗δA

iA pA

δA

F is a homomorphism of abelian groups: This is straightforward:

F (f + f ′) = (f + f ′)∗δA = f ∗δA + f ′∗δA = F (f) + F (f ′).

Functorality in the first argument: Let c ∈ A(C,C ′). Then for all f ∈
HomAD

(C ′,ΣDA)

FC,AHomAD
(c,ΣDA) : f 7−→ fc 7−→ (fc)∗δA

DD(c, A)FC′,A : f 7−→ f ∗δA 7−→ c∗f ∗δA = (fc)∗δA

which proves the claim.
Functorality in the second argument: Let a ∈ HomAD

(ΣDA,ΣDA
′). Since

ΣD is full by part (b), there exists α ∈ HomAD
(A,A′) such that ΣDα = a. Then for

all f ∈ HomAD
(C,ΣDA)

FC,A′ HomAD
(C, a) : f 7−→ af 7−→ (af)∗δA

DD(C, α)FC,A : f 7−→ f ∗δA 7−→ α∗f
∗δA′ = (f)∗α∗δA = (f)∗a∗δA′

where the last equality in the second line follows from the definition of ΣD.
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In light of Corollary V.2.5, extriangulated categories (A,E, s) such that the in-
jective stable category AInjE is right triangulated with right semi-equivalence have
a ‘one-sided Frobenius’ property: There are enough injectives and each injective ob-
ject is projective. This imbalance of projectives and injectives and also Lemma V.1.4
indicate that we must look in extriangulated categories with infinitely many objects
for examples of quotients that are right triangulated with right semi-equivalence.

Example V.2.10. (a) Let Q be the infinite quiver

1← 2← 3← . . .

and consider the category A = modKQ/radm for some m > 1. A is an
abelian category and with its maximal exact structure it is an extriangulated
category. Observe that A has enough injectives and that each injective object
is projective. Indeed, Ir = Pr+m−1. But not every projective object is injective,
for instance P1 = S1 is not injective. Thus, by Theorem V.2.8, the quotient
category AInjA is a right triangulated category with semi-equivalence with the
shift given by the co-syzygy functor.

(b) Let A = (A,E, s) be an extriangulated category and let (U ,V) be a cotorsion
pair in A [95, Definition 4.1]. It is easily verified that V satisfies property
(∗). Thus AV is a right triangulated category. We will investigate examples
of this flavour for the case of Frobenius extriangulated categories further in
Section V.4. Let us note that the class of subcategories satisfying property
(∗) is more general than the class of cotorsion pairs, since the subcategories
giving cotorsion pairs must be closed under extensions.

(c) Let T be a compactly generated triangulated category. Recall that a subcat-
egory X of T is definable if there is a class of morphisms ω between compact
objects in T such that X = Inj(ω) [8, Section 4.1]; where it was also shown
that every definable category admits left approximations. Thus, since in a
triangulated category every morphism is an E-inflation, it follows that T X is
a right triangulated category.

A future avenue of investigation could be to classify the examples in (b) and (c)
that result in right triangulated categories with right semi-equivalence.

V.2.3 Right triangulated extriangulated categories
We characterise right triangulated categories as extriangulated categories. We begin
with some terminology and a useful lemma.

Definition V.2.11. Let (R,Σ,∆) be a right triangulated category. We say that
the right triangulation ∆ induces an extriangulated structure on R if there exists
an external triangluation (E, s) of R such that for all right triangles A x−→ B

y−→
C

z−→ ΣA, there is an extriangle A x−→ B
y−→ C

δ99K.

Lemma V.2.12 ([95, Proposition 3.30]). Let (A,E, s) be an extriangulated category
and D ⊆ ProjE(A)∩ InjE(A) be a full, additive, replete subcategory. Then the stable
category AD inherits an external triangulation, (E, s), given by

(i) E(C,A) = E(C,A) for all A,C ∈ A;
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(ii) E(c, a) = E(c, a) for all a ∈ HomA(A,A
′), c ∈ HomA(C

′, C);

(iii) s(δ) = [A B C
x y

] where s(δ) = [A B Cx y
] for all extriangles δ.

Example V.2.13. We give two important classes of examples.
(a) Let T be a triangulated category. Then the triangulation of T is a right

triangulation which induces an extriangulated structure on T . See [95, Section
3.3] This was a motivating example for the introduction of extriangulated
categories.

(b) Let (A,E, s) be an extriangulated category and D ⊂ A be a subcategory
satisfying property (∗) and such that all cones of left D-approximations are
D-epic. By Proposition V.2.9(i) we have that D ⊆ ProjE(A) ∩ InjE(A) and it
follows from part (iii) of the same result that the right triangulated structure
on AD of Proposition V.2.8 coincides with the extriangulated structure of
Lemma V.2.12. In other words, the right triangulation of AD (with right
semi-equivalence) induces an extriangulation on AD. Let us note that this
could also be deduced from a combination of Lemma V.1.8, Remark II.1.7
and the above Example.

We may now state and prove the main result of this section.
Theorem V.2.14. Let (A,E, s) be an extriangulated category. Then the following
are equivalent
(i) There exists a fully faithful additive endofunctor Σ : A → A such that

E(−, ?) ∼= HomA(−,Σ?) and that the image ΣA is closed under E-extensions;

(ii) InjE(A) = {0} and there are enough E-injectives;

(iii) There is a right triangulation of A that induces the extriangulated structure
(E, s).

Proof. (i)⇒(ii): We claim that, for each A ∈ A, the identity morphism 1ΣA ∈
HomA(ΣA,ΣA) ∼= E(A,ΣA) is realised by the sequence [A → 0 → ΣA]. In-
deed, we may use a similar argument to that of [95, Lemma 3.21]: Let s(1ΣA) =

[A E ΣAx y
], then by Lemma II.1.8 there is a long exact sequence in [Aop,Ab]

HomA(−, A) HomA(−, E) HomA(−,ΣA)

HomA(−,ΣA) HomA(−,ΣE).

x◦− y◦− (1ΣA)#=id

(1ΣA)#=id Σx◦−

It follows that y = 0 = Σx. Thus x = 0 since Σ is faithful. Now the exactness of
0→ A(−, E)→ 0 implies that E ∼= 0. Thus, if I is an E-injective object then it is
a direct summand of 0 and so I = 0.

(ii)⇒(i),(iii): In this case, the subcategory {0} satisfies E = I{0} = D{0}.
Thus the stable category A{0}

∼= A has a right triangulated structure with right
semi-equivalence by Propositions V.2.8 and V.2.9. The claims follow from Example
V.2.13(b).

(iii)⇒(ii): By the axiom (R3)(c), for all A ∈ A, the morphism A → 0 is the
first morphism in a right triangle. Thus, by assumption, A → 0 is an E-inflation
and the claim follows.
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As a direct consequence, we see that, in general, right triangulated categories do
not have a natural extriangulated structure.

Corollary V.2.15. Let (R,Σ,∆) be a right triangulated category. Then ∆ induces
an extriangulated structure on R if and only if Σ is a right semi-equivalence.

Remark V.2.16. The concept of negative (first) extensions of an extriangulated cat-
egory has been recently introduced and studied [1, 54]. For a triangulated category
T one may take E−1(−, ?) = HomT (−,Σ−1?) as a negative first extension. Since
by Lemma V.1.8 a right triangulated category with right semi equivalence R is an
extension closed subcategory of the triangulated category S(R) there is a natural
first negative extension structure on R given by E−1(C,A) := HomS(R)(C,Σ

−1A) ∼=
HomR(ΣC,A) for all A,C ∈ R.

V.3 Aisles and co-aisles
In this section, we show that the language of extriangulated categories allows us,
under some assumptions, to give an intrinsic characterisation of which right triangu-
lated categories with right semi-equivalence occur as (co)-aisles of (co-)t-structures
in its stabilisation. Let R = (R,Σ,∆) be a right triangulated category with right
semi-equivalence.

V.3.1 E-torsion pairs
We are interested in certain classes of E-torsion pairs.

Definition V.3.1. If A is a triangulated category (viewed naturally as an extri-
angulated category) with shift functor Σ, an E-torsion pair in A, (U ,V), is a t-
structure [18] (resp. co-t-structure [26, 101]) if ΣU ⊆ U (resp. Σ−1U ⊆ U) with
heart H = U ∩ ΣV (resp. co-heart M = U ∩ Σ−1V). We call the subcategory U the
aisle of the (co-)t-structure and V the co-aisle. A (co-)t-structure is bounded if the
equalities A =

∪
n∈ZΣ

nU =
∪
m∈ZΣ

mV hold.

The reader should be aware that the terminology and notation of torsion pairs
and (co-)t-structures in a triangulated category varies, often by a shift, through-
out the literature and that co-t-structures were introduced under the name ‘weight
structures’ in [26].

Before we proceed, let us compare the above definition of a torsion pair in R
with other notions appearing in the literature:

(a) An E-torsion pair (U ,V) in R is a right torsion pair [87] if Σ preserves V-
monics.

(b) When R is equipped with a negative first extension structure, E−1, (see
Remark V.2.16) an E-torsion pair (U ,V) in R is an s-torsion pair [1] if
E−1(U ,V) = 0. In this case the extriangle III.2 is essentially unique and
assigments C 7→ U and C 7→ V are functorial [1, Proposition 3.7].

The next lemma shows that right torsion pairs and s-torsion pairs in R coincide
(when we equip R with the natural first negative extension structure E−1(−.?) =
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HomS(R)(−,Σ−1?)) and that such E-torsion pairs remind us of t-structures; which
are precisely the s-torsion pairs in a triangulated category. For a class of objects X
in R, by Σ−1X we denote the class of objects {X ∈ R | ΣX ∈ X}.

Lemma V.3.2. Let (U ,V) be an E-torsion pair in R. Then the following are
equivalent

(i) ΣU ⊆ U ;

(ii) Σ−1V ⊆ V;

(iii) HomR(ΣU ,V) = 0;

(iv) Σ preserves V-monics.

Proof. (i)⇒(ii): Suppose that ΣU ⊆ U and let Y ∈ Σ−1V . Then there is a right
triangle

U Y Vu

with U ∈ U and V ∈ V . Consider the morphism Σu : ΣU → ΣY . By assumption,
ΣU ∈ U and ΣY ∈ V ; thus, Σu = 0. Since Σ is faithful, u = 0 and we deduce that
Y ∼= V ∈ V .

(ii)⇒(iii): Follows from the fact that HomR(U ,V) = 0 and Σ is fully faithful.
(iii)⇒(iv): Let f : A→ B be a V-monic morphism. There are right triangles

U A V ΣUu v

and

U ′ ΣA V ′ ΣU ′u′ v′

with U,U ′ ∈ U and V, V ′ ∈ V . Then, as f is V-monic, there exists g : B → V
such that gf = v. Since HomR(ΣU , V ) = 0 there exists c : ΣV → V ′ such that
c(Σv) = v′

ΣU ΣA ΣV Σ2U

U ′ ΣA V ′ ΣU ′.

Σu Σv

∃c

u′ v′

Thus
v′ = c(Σv) = cΣ(gf) = c(Σg)(Σf).

This finishes the proof since v′ is a left V-approximation of ΣA and so all morphisms
from ΣA to V factor through v′.

(iv)⇒(i): Let U ∈ U . Then, since HomR(U,V) = 0 we have that U → 0 is
V-monic. Thus, by assumption ΣU → 0 is also V-monic from which we deduce that
ΣU ∈ U .
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V.3.2 Co-aisles of co-t-structures
The next lemma justifies why we will look to describe R as a (co-)aisle in S(R).

Lemma V.3.3. Let T be a triangulated category, (V ,W) (resp. (U ,V)) be a t-
structure (resp. co-t-structure) in T and S := cosuspT V ∼= S(V). Then (V ,W ∩ S)
(resp. (U ∩ S,V)) is a t-structure (resp. co-t-structure) in S.

Proof. We prove the t-structure case, whence statement for co-t-structures will fol-
low dually. Let (V ,W) be a t-structure in T and set S := cosuspT V ∼= S(V).
Clearly, HomS(V ,W ∩ S) = 0 and ΣV ⊂ V . Thus it remains to show that
S = V ∗ (W ∩ S). Since V , (W ∩ S) ⊂ S and S is closed under extensions,
V ∗ (W ∩ S) ⊂ S. To show the converse, let A ∈ S then there exists a triangle
in T

V A W ΣV

with V ∈ V and W ∈ W . Thus W ∈ S ∗ ΣV ⊂ S ∗ S ⊂ S.

We also note that the boundedness of right triangulated categories (Lemma
V.1.7) relates to the boundedness of (co-)t-structures.

Lemma V.3.4. Suppose that R is the co-aisle of a co-t-structure, (U ,R) in S(R).
If R is bounded then the co-t-structure (U ,R) is bounded. A dual statement holds
for a t-structure (R,V) in S(R).

Proof. Let (U ,R) be a co-t-structure in S(R). By construction of S(R), the equality
S(R) =

∪
n∈ZΣ

nR holds. It remains to verify that S(R) =
∪
m∈ZΣ

mU . Observe
that since R is bounded, in light of Lemma V.1.7, for all X ∈ S(R) we have that
HomS(R)(R,ΣiX) = 0 for i << 0. Thus, by Lemma III.1.3, ΣiX ∈ V for i << 0;
whence the claim follows.

Before we give our characterisations of R as the co-aisle of a co-t-structure, we
make some comments. Note, by Proposition V.2.9, the E-projectives of R are the
precisely the objects P ∈ R satisfying HomR(P,Σ−) = 0. Recall from [3] that a
subcategory X = addX of a triangulated category T is silting if HomT (X ,Σ>0X ) =
0 and T = thickX , the smallest triangulated subcategory of T containing X that is
closed under direct summands. We are now ready to give characterisations of R as
the co-aisle of a co-t-structure in S(R) in terms of torsion pairs, E-projectives of R
and silting subcategories.

Theorem V.3.5. The following are equivalent

(i) R is the co-aisle of a co-t-structure (U ,R) in S(R);

(ii) R has enough E-projectives;

(iii) There is a torsion pair (ProjER,ΣR) in R.

Moreover, if R is bounded then the above conditions are also equivalent to

(d) ProjER is a silting subcategory of S(R).
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Proof. (i)⇒(ii): Suppose there is a co-t-structure (U ,R) in S(R). We must show
that for all X ∈ R there is a right triangle

R→ P → X → ΣR

in R with P ∈ ProjR. Since (U ,R) is a co-t-structure in S(R) there is a triangle
in S(R)

U → Σ−1X → R→ ΣU

with U ∈ U , R ∈ R. By rotating we obtain the triangle

R→ ΣU → X → ΣR.

We claim that ΣU ∈ ProjER. The fact that ΣU ∈ R follows from this triangle since
R is closed under extensions in S(R) by Lemma V.1.8. It remains to verify that
ΣU is E-projective in R, that is HomR(ΣU,ΣR) = 0:

0 = HomS(R)(U,R) ∼= HomS(R)(ΣU,ΣR) ∼= HomR(ΣU,ΣR)

where we have the first equality from the properties of co-t-structures.
(ii)⇒(iii): Let X ∈ R. By assumption there is a right triangle R→ P → X →

ΣR in R with P ∈ ProjER. We rotate this to the right triangle

P → X → ΣR→ ΣP

whence the claim follows as HomR(P,ΣR) = 0.
(iii)⇒(i): We use a similar argument to [92, Theorem 3.11]. Suppose that there

is a torsion pair (ProjER,ΣR) in R and set P := ProjER and U := {Y ∈ S(R) |
HomS(R)(Y,R) = 0}. Let 0 ̸= X ∈ S(R), we must show that there is a triangle

U → X → R→ ΣU

in S(R) with U ∈ U and R ∈ R. By the definition of S(R) there exists A ∈ R
and n ∈ Z such that X ∼= ΣnA. If n ≥ 0 then X ∈ R and we take the triangle
0 → X → X → 0. For n < 0 we proceed by induction. By assumption, there is a
right triangle in R

P → A→ ΣR→ ΣP

with P ∈ P and R ∈ R. This rotates to a triangle

ΣnP → ΣnA→ Σn+1R→ Σn+1P

in S(R). By the induction hypothesis, there is a triangle in S(R)

U → Σn+1R→ V → ΣU

with U ∈ U and V ∈ R. We apply (ET4)op to these triangles

ΣnP E U Σn+1P

ΣnP ΣnA Σn+1R Σn+1P

V V

ΣE ΣU

(V.4)

89



and claim that the triangle E → ΣnA→ V → ΣE satisfies the required conditions.
Since V ∈ R by construction, we only have to show that E ∈ U . Observe that ΣnP
is in U :

HomS(R)(Σ
nP,R) ∼= HomS(R)(P,Σ

−nR) ∼= HomR(P,Σ
−nR) = 0

since HomR(P,ΣR) = 0 and n < 0. Thus the top row of the Diagram V.4 shows
that E ∈ U since U is closed under extensions.

(iv)⇔(i): Since R is bounded, by Lemma V.1.7 the co-t-structure (U ,V) is
bounded in S(R). Observe that ProjER is the co-heart of this co-t-structure. The
claim then follows from [92, Corollary 5.9] where it was shown that a subcategory
of a triangulated category is silting precisely when it is the co-heart of a bounded
co-t-structure.

The characterisations of Theorem V.3.5 adds to the numerous interpretations of
silting subcategories in triangulated categories which are surveyed in [6]. We also
obtain the following as a direct consequence.

Corollary V.3.6. There is a correspondence between silting subcategories of trian-
gulated categories and bounded right triangulated categories with right semi-equiv-
alence that have enough projectives.

The above result is a triangulated analogue of Lemma III.4.1 due to Bondal
& van den Bergh and Rump, which states that there is a correspondence between
tiltings in abelian categories and quasi-abelian categories (this is actually the dual to
what was stated before). When working with derived categories/ module categories
of nice finite dimensional algebras these correspondences have a natural connection
which we explain in the next paragraph.

V.3.3 Tilting and silting connection
Let us first describe the tilting–quasi-abelian correspondence in the abelian setting:
Let Q be a quasi-abelian category and let A be the right associated abelian category
of Q so that Q is a tilting torsion class in A. Then ProjQ is a tilting subcategory
of A, that is, every object is a subobject of an object in ProjQ.

There is a natural way to associate a right triangulated category (with right
semi-equivalence) to a quasi-abelian category. For a quasi-abelian category Q as
above, we define the right triangulated category RQ := suspDb(A)Q, that is, the
smallest subcategory of Db(A) that is closed under positive shifts and extensions
that contains Q.

Lemma V.3.7. In the notation as above, the following hold.

(i) RQ = {X• ∈ Db(A) | H0(X•) ∈ Q, Hi(X•) = 0 ∀ i < 0};

(ii) S(RQ) = D(A);

(iii) If A has finite global dimension, RQ is bounded;

(iv) If Q has a projective generator then ProjRQ = ProjQ and RQ has enough
projectives.
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Proof. The left-to-right inclusion of part (i) is obvious. For the converse, note that
it is enough to show that ΣA = {ΣX | X ∈ A} ⊆ RQ. To this end, let X ∈ A,
then, as ProjQ is a tilting subcategory of A, there is a short exact sequence

0→ X → Q→ Q′ → 0

in A with Q ∈ Q. Since Q is a torsion class in A, it is closed under quotients
(Lemma III.1.3) and thus Q′ ∈ Q. This short exact sequence gives rise to a triangle
in Db(A)

X → Q→ Q′ → ΣX, (V.5)

which we rotate to the obtain the triangle

Q′ → ΣX → ΣQ→ ΣQ′.

The claim now follows since Q′,ΣQ ∈ RQ and RQ is closed under extensions. (ii)
and (iii) follow from (i). For (iv), let P be a projective generator of Q. We will
show that every object A in RQ admits a right triangle

B → P I → A→ ΣB

in RQ for a set I. Since, for X ∈ ΣRQ we may make take the triangle

Σ−1X → 0→ X → X

we only have to show the claim for objects in RQ\ΣRQ ⊂ Q⊔ΣA. For every object
Q′ ∈ Q there is a short exact sequence in Q (and hence also in A) K � P I � Q′

which induces a triangle in Db(A)

K → P I → Q→ ΣK

which is a right triangle in RQ since all terms are in RQ. For X ∈ A we apply
(ET4)op to the above triangle and an appropriate rotation of the triangle V.5 to
obtain a right triangle in RQ of the form E → P I → ΣX → ΣE.

Corollary V.3.8. Let Q be a quasi-abelian category with an injective cogenerator
I and a projective generator P and let A be the right associated abelian category of
Q. Suppose that, Q is artinian with respect to subobjects and EndQ(I) is an artin
algebra of finite global dimension. Then P is a tilting module in A and addP is a
silting subcategory of Db(A).

Proof. The first claim follows from our work in Chapter III, in particular it is a
combination of (the duals of) Theorem III.4.9 and Corollary III.4.11. The second
claim follows from Theorem V.3.5 and Lemma V.3.7

Remark V.3.9. Let Λ be a finite dimensional algebra over a field k and set A =
modΛ. By [2, Theorems 2.7 & 3.2] and [67, Theorem 2.2] (see also [80]) there are
bijections between the following

(a) Functorially finite torsion classes in A;

(b) Isomorphism classes of τ -tilting modules in A;
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(c) Two-term silting complexes in Kb(projA);

(d) Intermediate co-t-structures of Kb(projA).

and that the first bijection restricts to a bijection between tilting torsion classes
in A and isomorphism classes of tilting modules in A. Along these bijections, a
functorially finite torsion class T corresponds to the τ -tilting module M where
M is a projective generator of T which in turn corresponds to the 2-term silting
complex (P 1 → P 0) ∈ Kb(projA) where P 1 → P 0 → M → 0 is a projective
presentation of M in A. The co-t-structure corresponding to (P 1 → P 0) has co-
aisle suspKb(projA)(P

1 → P 0).
When Λ is of finite global dimension we have that Kb(projA) ∼= Db(A). Thus, by

Lemma V.3.7, following the correspondences above from (a) to (d), a tilting torsion
class T is associated to (the co-t-structure with co-aisle) RT as we defined at the
start of this subsection. Of course, without the finite global dimension assumption
on A, one could define RT as suspKb(projA)(P

1 → P 0) but this is somewhat less
natural.

V.3.4 Aisles of t-structures
We now present our characterisations of aisles of t-structures.

Theorem V.3.10. The following are equivalent

(i) R is the aisle of a t-structure (R,V) in S(R);

(ii) There is a torsion pair (ΣR,F) in R;

(iii) There is an equivalence of triangulated categories ϕ : S(R)→ C(R)

R

S(R) C(R)

s

ϕ

∼=

c

such that cϕs = 1R.

Proof. The equivalence of (i) and (ii) follows from dualising the arguments used in
the proof of Theorem V.3.5.

(i)⇒(iii): We show that in this case, S(R) satisfies the universal property of
the co-stabilsation of R. Let r : S(R) → R denote the functor induced by the
t-structure (R,V). Let T be a triangulated category and F : T → R be a right
triangle functor. Define the functor F ′ : T → S(R) by F ′X = (FX, 0). Clearly
rF ′ = F and F ′ is a triangle functor.

We verify that F ′ is unique with this property. Suppose that F ′′ : T → R is
another triangle functor such that rF ′′ = F . Then for all X ∈ T there are triangles
in S(R)

rF ′X ∼= FX → F ′X → V ′ → ΣFX

rF ′′X ∼= FX → F ′′X → V ′′ → ΣFX
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with HomS(R)(R, V ′) = 0 = HomS(R)(R, V ′′). Observe that, for n >> 0, ΣnF ′X,
ΣnF ′′X ∈ R. Thus, ΣnF ′X ∼= ΣnFX ∼= ΣnF ′′X. So, since F ′ and F ′′ are triangle
functors, F ′′ΣnX ∼= F ′ΣnX and we are done.

(iii)⇒(i): We will show that that cϕ is right adjoint to the inclusion s whence
we will be done by [77, Proposition 1.2]. It is enough to show that for all X,Y ∈ R
and m ∈ Z that there is a natural isomorphism

HomR(X, cϕ(Y,m)) ∼= HomS(R)(sX, (Y,m)).

If m ≥ 0 then (Y,m) = s(ΣmY ) and thus, by assumption cϕ(Y,m) = cϕs(ΣmY ) ∼=
ΣmY . On the other hand

HomS(R)(sX, (Y,m)) = HomS(R)((X, 0), (Y,m)) ∼= HomR(X,Σ
mY )

and we are done.
If m < 0, then HomS(R)(sX, (Y,m)) ∼= HomR(Σ

−mX,Y ). On the other hand,

HomR(X, cϕ(Y,m)) ∼= HomR(Σ
−mX,Σ−mcϕ(Y,m))

and
Σ−mcϕ(Y,m) ∼= cϕΣ−m(Y,m) = cϕ(Y, 0) ∼= cϕsY ∼= Y

and we are done since all isomorphisms used are natural.

We end this section by noting that the language of the torsion pairs in R also
allows us to describe related classes of (co-)t-structures.

Proposition V.3.11. R = (R,Σ,∆) be a right triangulated category with right
semi-equivalence.

(i) Suppose that there is a co-t-structure (U ,R) in S(R). Then there is a
bijection

{(X ,Y) co-t-structure in S(R) | Y ⊆ R}
←→{(A,B) E-torsion pair in R | ΣB ⊆ B ⊆ ΣR}

(X ,Y) 7−→(R∩ ΣX ,ΣY)
(Σ−1(U ∗ A),Σ−1B)←−[(A,B)

which preserves the inclusion of aisles and restricts to a bijection

{(X ,Y) co-t-structure in S(R) | ΣR ⊆ Y ⊆ R}
←→{(A,B) E-torsion pair in R | Σ2R ⊆ B ⊆ ΣR}.

(ii) Suppose that there is a t-structure (R,V) in S(R). Then there is a bijection

{(X ,Y) t-structure in S(R) | X ⊆ R}
←→{(A,B) E-torsion pair in R | ΣA ⊆ A ⊆ ΣR}

(X ,Y) 7−→(ΣX ,R∩ ΣY)
(Σ−1A,Σ−1(V ∗ B))←−[(A,B)

which preserves the inclusion of aisles and restricts to a bijection

{(X ,Y) t-structure in S(R) | ΣR ⊆ X ⊆ R}
←→{(A,B) E-torsion pair in R | Σ2R ⊆ A ⊆ ΣR}.
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Proof. We do not write the proof of (i) since it is a straightforward generalisation of
the proof of Theorem III.3.2. Part (ii) can be proved in a similar way. Alternatively,
since all E-torsion pairs in (ii) are s-torsion pairs, the bijections of (ii) are, after
shifting, special cases of [1, Theorem 3.9].

The (co-)t-structures in the second correspondences in parts (i) and (ii) are called
intermediate with respect to the (co-)t-structure of R. Let us mention related work
on this property. Intermediate t-structures also correspond to torsion pairs in the
heart [57, 23] and have applications in, for example, stability conditions [128] and
algebraic geometry [103]. In the case of co-t-structures, it has been shown that
intermediate co-t-structures correspond to certain two term silting subcategories
[67] and to cotorsion pairs in the ‘extended coheart’ [102].

V.4 Aisles through quotients
We fix some conventions. Let A = (A,E, s) be a Frobenius extriangulated category,
with projectives-injectives I and A = AI be the stable category, which has the
natural structure of triangulated category [95, Corollary 7.4] with shift functor Σ. By
I(X) we denote the object such that X → I(X) is a minimal left I-approximation.

In this section, we show the following.

Theorem V.4.1. Let (U ,V) be a t-structure in A and set D = Σ−1V. Then there
is an equivalence of right triangulated categories ΣDAD

∼= U .

Remark V.4.2. In [115, Proposition 3.9], where it was shown that t-structures in an
algebraic triangulated category correspond bijectively to certain complete cotorsion
pairs in the associated Frobenius exact category. Along that bijection a t-structure
(U ,V) in A corresponds to the cotorsion pair (U ,Σ−1V) in A. This bijection gener-
alises immediately to the extriangulated setting. Further, when then applied to the
case of a triangulated category T (which is Frobenius extriangulated category [95,
Proposition 3.22]), this specialises to the observation of [94, Proposition 2.6] that
t-structures in T are in bijection with cotorsion pairs (U ,V) in T such that ΣU ⊆ U .
Thus, these results and Theorem V.4.1 complement each other.

We note that a class of objects V ⊂ Obj(A) = Obj(A) defines subcategories of
both A and A.

Lemma V.4.3. Let D = Add(D) be a covariantly finite additive subcategory of
A. Then D is also a covariantly finite additive subcategory of A. Moreover, left
D-approximations are E-inflations in A.

Proof. For any X ∈ A, let α : X → D and β : X → I(X) = I be a left D-
approximation of X in A and a left I-approximation of X in A respectively. We
claim that [ αβ ] : X → D ⊕ I is a left D-approximation of X in A.

Indeed, since D is additive, 0 ∼= I ⊂ D, so D ⊕ I ∈ D. Let f : X → W be a
morphism in A with W ∈ D. Then there exists (g : D → W ) ∈ HomA(D,W ) such
that f = gα. Now, f − gα = 0 so f − gα factors through I and so must factor
through the left I-approximation of X. Thus there exists g′ : I → W such that
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f − gα = g′β. Rearranging we have

X D ⊕ I

W.

[αβ ]

f
[ g g′ ]

The remaining claim follows from Lemma II.1.9.

Let (U ,V) be a t-structure on A, so that for all objects X there exists a unique
(up to isomorphism) triangle in A

U(X) X V(X) ΣU(X)
uX vX wX

therefore there is a unique (up to isomorphism) triangle in A

Σ−1U(ΣX) X Σ−1V(ΣX) U(ΣX).
u′X v′X w′

X (V.6)

Note that this triangle is also the torsion extriangle of X with respect to the t-
structure (Σ−1U,Σ−1V). Set D := Σ−1V ⊂ A, which by Lemma V.4.3 satisfies
property (∗) and thus the category AD is a right triangulated category by Proposi-
tion V.2.8. We also set V ′(X) := Σ−1V(ΣX) and J(X) := V ′(X)⊕ I(X).

Lemma V.4.4. For all X ∈ A, ΣDX ∼= U(ΣX) in A.

Proof. By the definition of the functor ΣD and Lemmas II.1.9 and V.4.3, ΣDX fits
into a commutative diagram of extriangles in A

X I(X) ΣX

V ′(X) ΣDX ΣX .

v′X

where v′X : X → V ′(X) fits into the triangle (V.6). Thus ΣDX = coneA(v′X) ∼=
U(ΣX) in A.

Consider the diagram

A AD

U A

can

can

i
can

∃!G

where G is the unique additive functor rendering the diagram commutative which
exists since I ⊆ D. The next result finishes the proof of Theorem V.4.1.

Proposition V.4.5. The composition ψ := Gi : U → AD is a full and faithful
right triangle functor and induces an equivalence of right triangulated catgeories
U ∼= ΣDAD.
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Proof. ψ is a right triangulated functor: Note that for all U ∈ U , U(U) ∼= U
and V ′(U) ∼= 0 in A. Thus, by Lemma V.4.4, there is a natural isomorphism of
functors Σ|U ∼= ΣD and I(U) ∼= J(U) so that (right) triangles in U are also right
triangles in CD.

ψ is full: Follows from the fact that i and G are both full.
ψ is faithful: Let f : X → Y be a morphism in U . Suppose that ψ(f) = 0.

Then f must factor through D = Σ−1V in C. But since HomA(U ,V) = 0 and
Σ−1V ⊂ V this is only possible if f = 0.

Imψ ∼= ΣDAD: Let ΣDX ∈ ΣDCD, by Lemma V.4.4, ΣDX ∼= U(ΣX) in A
and hence also in AD. Thus ψ(U(ΣX)) ∼= ΣDX. Conversely, let Y ∈ U . Then
Y ∼= ΣD(Σ

−1Y ) ∈ AD by Lemma V.4.4.

Corollary V.4.6. ΣDGΣ
−1 : A → ΣDAD

∼= U is right adjoint to the inclusion
U ↪→ A. In particular, ΣDGΣ

−1 ∼= U(−).

Remark V.4.7. Theorem V.4.1 cannot be directly dualised to give co-aisles of co-t-
structures since the aisle of a co-t-structure is contravariantly finite.
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