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ABSTRACT

In the first part of this thesis I derive a full quantitative formula which de-
scribes the amplitude and frequency of magnetic oscillations in two-dimen-
sional Dirac systems. The investigations are on the basis of graphene, but they
generally also hold for other two-dimensional Dirac systems. Starting from
the Luttinger-Ward functional [1] I derive an expression for the oscillatory
part of the grand potential of graphene in a magnetic field. The amplitude
of this expression is usually called the Lifshitz-Kosevich (LK) formula. I per-
form the computation for the clean and the disordered system, and I study
the effect of electron-electron interactions on the oscillations. I discuss my re-
sults by comparing them to the analogue expressions for the two-dimensional
electron gas (2DEG) which have been derived in Ref. [2]. I find that, un-
like in the 2DEG, a finite temperature and impurity scattering also affects
the oscillation frequency. Further I find that in graphene, compared to the
2DEG, additional interaction induced damping effects occur: To two-loop or-
der electron-electron interactions do lead to an additional damping factor in
the amplitude of the LK-formula. Moreover the renormalization effects can-
not fully be accounted for by renormalizations of the Fermi velocity but they
also have to be described by field renormalizations.

The publication of the results of this part of the thesis is currently in progress.

In the second part of this thesis I investigate the temperature dependence of
the shear viscosity and spin diffusion in a two-dimensional, two-component
Fermi gas, as realized in ultracold atomic gases [3]. I implement a contact
interaction that only acts between fermions in different hyperfine states. The
transport coefficients are obtained within a kinetic approach. I solve the lin-
earized Boltzmann equation by using a variational principle and present a
full numerical solution for the degenerate gas. In contrast to previous works
[4, 5] I take the medium effect due to finite density fully into account. This
effect reduces the viscosity to particle density ratio, #/#, by a factor of four
for strong interactions; and similarly for spin diffusion. The lowest value I
obtain for the viscosity to entropy ratio is 17/s = 0.15%, and it occurs close
to the phase transition to the superfluid phase. This value is about twice
the conjectured lower bound [6] of 7/s = ﬁ%, computed using the Ad-
S/CFT correspondence [7]. I compare my result for the shear viscosity to
the measurements by Vogt et al. [3], who measured the damping rate of the
quadrupole mode of a trapped Fermi gas confined to two dimensions. This
damping rate is related to the shear viscosity of the gas and our numerical
results agree well with the experiment.

The results of this part of the thesis are published in Phys. Rev. A 86, 013617
(2012).






KURZZUSAMMENFASSUNG

Im ersten Teil der Arbeit leite ich einen Ausdruck her, der Amplitude und
Frequenz magnetischer Oszillationen in zweidimensionalen Dirac Systemen
quantitativ beschreibt. Die Herleitung ist auf Grundlage von Graphen, sie ist
jedoch auch giiltig fiir andere zweidimensionale Dirac Systeme. Mein Aus-
gangspunkt ist das Luttinger-Ward Funktional [1], von dem aus ich einen
Ausdruck fiir den oszillierenden Teil des groffkanonischen Potentials ableite.
Die Amplitude dieses Ausdrucks wird allgemein als Lifshitz-Kosevich (LK)
Formel bezeichnet. Zuerst fithre ich meine Berechnungen fiir reines Graphen
aus, anschlieffend implementiere ich Unordnung und untersuche den Effekt
von Elektron-Elekron Wechselwirkungen auf die Oszillationen. Die Diskus-
sion meiner Ergebnisse erfolgt anhand eines Vergleichs mit den analogen
Ausdriicken fiir das zweidimensionale Elektronengas (2DEG), die in Ref. [2]
hergeleitet wurden. Im Vergleich zum 2DEG beeinflussen eine endliche Tem-
peratur und die Streuung an Storstellen in Graphen auch die Oszillationsfre-
quenz. Auflerdem treten in Graphen zusitzliche, wechselwirkungsinduzierte
Dampfungeffekte auf: In zweiter Ordnung in der Wechselwirkung finde ich
einen zusitzlichen Dampfungfaktor in der Amplitude der LK-Formel. Zu-
dem konnen die auftretenden Renormierungseffekte nicht ausschliefilich als
Renormierung der Fermigeschwindigkeit beschrieben werden, sondern sie
renormieren auch das Feld.

Im zweiten Teil der Arbeit untersuche ich die Temperaturabhéingigkeit der
Scherviskositit sowie der Spindiffusion eines zweidimensionalen, zweikom-
ponentigen Fermigases, wie es in ultrakalten Gasen realisiert wurde [3]. Ich
implementiere eine Kontaktwechselwirkung, die nur zwischen Fermionen
in verschiedenen Hyperfeinzustinden wirkt. Ich berechne die Transportkoef-
fizienten innerhalb eines kinetischen Ansatzes: Ich 16se die linearisierte Boltz-
mann Gleichung unter Anwendung des Variationsprinzips und présentiere
eine numerische Losung. Im Gegensatz zu bisherigen Arbeiten [4, 5] bertick-
sichtige ich die Effekte des Mediums, die bei einer endlichen Dichte auftreten.
Dies reduziert das Verhiltnis von Viskositédt zu Teilchendichte um einen Fak-
tor von etwa vier. Ein dhnlicher Effekt ist bei der Spindiffusion zu beobachten.
Der kleinste Wert, den ich fiir das Verhiltnis der Viskositdt zur Entropiedichte
erhalte, ist 17/5 = 0.15% und tritt nahe des Phaseniibergangs zum Suprafluid
auf. Dieser Wert ist ungefdhr doppelt so grofs wie die mutmafliche untere
Grenzevony/s = ﬁ % [6], die anhand der AdS/CFT-Korrespondenz berech-
net wurde [7]. Ich vergleiche meine Ergebnisse fiir die Viskositat mit den Mes-
sungen von Vogt et al. [3]. In diesem Experiment wird die Dampfungsrate
der Quadrupolmode eines auf zwei Dimensionen beschridnkten Fermigases
gemessen. Diese Dampfungsrate ldsst sich mit der Viskositdt des Gases in
Beziehung setzen und meine numerischen Ergebnisse stimmen gut mit dem
Experiment tiberein.






SAMENVATTING

In het eerste gedeelte van de dissertatie leidt ik een volledig kwantitatieve for-
mule af die de amplitude en frequentie van magnetische oscillaties in tweed-
imensionale Diracsystemen beschrijft. Hoewel het onderzoek is gericht op
grafeen, geldt de toegepaste aanpak voor tweedimensionale Diracsystemen
in het algemeen. Beginnend met de Luttinger-Ward functionaal [1] leidt ik
een uitdrukking af voor het oscillerende gedeelte van de groot-canonieke po-
tentiaal in een magnetisch veld. De amplitude van deze uitdrukking wordt
gewoonlijk de Lifshitz-Kosevich (LK) formule genoemd. Ik pas de bereken-
ing in het geval van schone- en wanordelijke-systemen toe, en bestudeer
het effect van de elektron-elektron interacties op de oscillaties. Ik controleer
de overeenkomst van mijn resultaten met vergelijkbare uitdrukkingen voor
het tweedimensionale Fermigas (2DEG) zoals berekend in Ref. [2]. In tegen-
stelling tot het 2DEG concludeer ik dat een eindige temperatuurs- en onzuiv-
erheidsverstrooiing de frequentie van oscillatie beinvloedt. Tevens bereken ik
dat er in grafeen, afgezet tegen het 2DEG, extra door interacties geinduceerde
dempingseffecten optreden: Tot op de tweede lus-orde elektron-elektron in-
teracties leidt dit tot een extra dempingsfactor in de amplitude van de LK
formule. Bovendien kunnen de renormalisatie-effecten niet volledig door de
renormalisatie van de Fermisnelheid verklaard worden. Om dit wel te kun-
nen verklaren, zullen veldenrenormalisaties ook meegenomen moeten wor-
den.

In het tweede gedeelte van de dissertatie beschouw ik de temperatuursafhanke-
lijkheid van de schuifviscositeit en spindiffusie in een tweedimensionaal Fer-
migas met twee componenten, gerealiseerd in een ultrakoud atomisch gas
[3]. Ik pas een contactsinteractie toe die alleen werkt tussen fermionen in ver-
schillende hyperfijntoestanden. De transportcoéfficiénten worden berekend
via een kinetische aanpak. De gelineariseerde Boltzmannvergelijking wordt
opgelost door middel van variatierekening. Ik presenteer de volledige nu-
merieke resultaten voor het ontaarde gas. In tegenstelling tot eerder werk
[4, 5] neem ik tevens het effect van de eindige dichtheid van het medium
volledig mee. Dit effect reduceert de verhouding van de viscositeit tot de
deeltjesdichtheid, 17 /1, met een factor vier in het geval van sterke interacties;
hetzelfde geldt voor de spindiffusie. De laagste waarde die ik verkrijg voor
de verhouding van de viscositeit tot de entropiedichtheid is 17/s = 0.15%. Dit
resultaat wordt verkregen dichtbij de faseovergang naar een superfluide fase.
Deze waarde is tweemaal de voorspelde minimale waarde van 77/s = ﬁ%
[6] berekend door middel van de AdS/CFT correspondentie [7]. Mijn resul-
taten voor de schuifviscositeit vergelijk ik met metingen van Vogt et al. [3],
welke de demping van een quadrupool van een tot twee dimensies beperkt
Fermigas bestuderen. De mate van demping is gerelateerd aan de schuifvis-
cositeit van het gas. De numerieke resultaten komen goed overeen met de
resultaten van dit experiment.
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Part1

DE HAAS - VAN ALPHEN OSCILLATIONS IN
GRAPHENE






MOTIVATION

Electron-electron interactions in condensed matter systems have been subject
to ample astonishment throughout the history of research on solid state sys-
tems. An important breakthrough was the Fermi liquid theory developed by
Landau in 1957-59 [8]. It explains why a system of strongly interacting par-
ticles can be described by a system of non-interacting quasiparticles, which
allows for simple theoretical models to describe phenomena in condensed
matter system.

However, in Dirac systems, the Fermi liquid theory is not straightforwardly
applicable. [9] It has been shown that graphene can be described by a marginal
Fermi liquid. [10] And as the screening length diverges at the Dirac point,
electron-electron interactions are expected to play a significant role.

In general there exist two different predictions on the effect of Coulomb-
interactions in graphene. Assuming a weak coupling, electron-electron in-
teractions are assumed to renormalize the Fermi velocity according to vr —
vrln %, where k is the momentum and A is a high-energy cutoff. [11, 12, 13]
At strong couplings one expects the system to undergo a phase transition at
low temperatures towards an excitonic insulator. [14] It is not yet ascertained
if graphene is in the weak or the strong coupled regime. A Quantum Monte-
Carlo simulation as well as experiments suggest that couplings are not strong
enough for the insulating phase to occur. [15, 12]

There are only very few experiments which allow to deduce information
about the electron-electron interactions in a system. A standard experiment
is the measurement of magnetic oscillations. Generally they are described
by the Lifshitz-Kosevich (LK) formula. [16] As electron-electron interactions
affect the oscillation amplitude, one can extract their strength by fitting the
LK-formula to the measured amplitude. [12, 16] However, in the Fermi lig-
uid regime, the amplitude of the LK-formula does not contain an additional
damping factor due to electron-electron interactions, but instead electron-
electron interactions only affect the oscillations by renormalizing the cyclotron
frequency. [2, 17]

Since graphene near the charge neutrality point is not a Fermi liquid [9, 10],
it is questionable if this Fermi liquid result also holds for graphene. Yet, there
are experiments reported where the Fermi liquid LK-formula was used to
extract interaction effects from the damping of the amplitude of magnetic
oscillations. [12]






GRAPHENE

Graphene is a two-dimensional system of carbon atoms arranged on a hexag-
onal lattice, the so called honeycomb lattice, see Figure 1. It is thus a single-
atom thick sheet of graphite. This strictly two-dimensional crystal was dis-
covered to be stable by the groups of Konstantin novoselov and Andre Geim
at the University of Manchester in 2004. [18, 19] They used a method called
mechanical exfoliation to prepare thin films of graphite, including the mono-
layer. For this discovery they won the nobel prize in physics in 2010.
Before this discovery it was thought that strictly two-dimensional systems
would not be stable, according to the argument by Peierls and Landau [20, 21]
that large thermal fluctuations should destroy the long-range crystal struc-
ture. Later, a theorem due to Mermin and Wagner stated that in one- and
two-dimensional systems, a continuous symmetry cannot be broken. [22, 23]
Consequently atoms in these systems cannot be arranged on a lattice which
would break translational symmetry. Accordingly, the experimental finding
of a stable graphene sheet were startling and groundbreaking.
A lot of debate has taken place about the reason why a stable graphene sheet
can be produced. On the one hand there are doubts that the Mermin-Wagner
theorem applies for finite graphene samples. [24] On the other hand, it has
been found that a suspended graphene sample ripples in the third dimension
[25], which suppresses the thermal fluctuations.

In this chapter we will review the electronic properties of graphene and the

FIGURE 1: The honeycomb lattice of graphene. Image by Alan Stonebraker/APS [26].

behaviour of graphene in a magnetic field, assuming that it is perfectly flat.
We will introduce the tight binding model for graphene from which the band
structure can be obtained. Based on this we will discuss the low energy excita-
tions, leading us to the Dirac theory. This effective low-energy theory will be
used throughout this part of the thesis. Thereafter, we will address graphene



GRAPHENE

in a magnetic field. In this chapter we largely follow the review article by
Castro neto et al. [27].

2.1 ELECTRONIC PROPERTIES OF GRAPHENE

Carbon is the element of atomic number six with electron configuration
1522522p?. In order to form a lattice structure the 2s-orbitals and the py- and
py-orbitals of the carbon atoms hybridize and build three sp? hybrid orbitals.
These three hybrid orbitals are located in one plane and form the maximal
possible angle of 120° between each other. The p.-orbital is perpendicular to
the plane in which the hybrid orbitals are situated.

Three of the four valence electrons occupy the three sp? hybrid orbitals and
form o-bonds in all three directions with the electrons in hybrid orbital of ad-
jacent carbon atoms. An image of the resulting hexagon structure is shown in
Figure 1. The fourth electron is located in the p,-orbital and forms a 7-bond
with the electrons of the p,-orbitals of the adjacent carbon atoms. Hence the
rt-band, which is constituted in this way, is half filled and responsible for the
electronic properties of graphene.

2.1.1  The tight binding model

Within the tight binding approach the mobile p, electrons are considered to
be located at the lattice sites. However they can hop to another lattice site. As
the hopping amplitude depends on the overlap of the wave functions of the
atoms on the lattice sites in most cases it is sufficient to consider only nearest
neighbour hopping. In graphene, the hopping energy ¢ (the tunneling matrix
element) for nearest neighbour hopping is t ~ 3eV [27], while the energy #
for next nearest neighbour hopping is much smaller, ' ~ 0.3 eV [28].

The honeycomb lattice can be seen as a triangular lattice with a bi-atomic unit
cell and lattice vectors a; and ajy, see Figure 2. The inter atomic distance of
the graphene lattice is @ ~ 1.42A. All three nearest neighbours of an atom of
sublattice A (B) are located on sublattice B (A) and connected via the vectors

a

51 =(0,a), &r= —g(\@,n, 53 = 5(v3,-1). (1)
The nearest-neighbour tight-binding Hamiltonian, neglecting interactions, reads
. 3
H=—tY Y (al(r)be(r+8;) +hc.), (2)
T i=1

where a,(r) (af(r)) and b, (r + &;) (b (r + 6;)) annihilates (creates) an elec-
tron of spin ¢ on site r; of sublattice A and site r + J; of sublattice B, re-
spectively. In order to find the energy-momentum relation of the charge
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FIGURE 2: The honeycomb lattice of FIGURE 3: The reciprocal lattice of the

graphene. The vectors aq and a; are honeycomb lattice with reciprocal lat-

the lattice vectors of the triangular sub- tice vectors a; and a}. The shaded

lattices A and B. area inside represents the first Bril-
louin zone.

carriers one needs to perform a Fourier transformation of the operators,
as(r) =Yg aarkelkr. The Hamiltonian in k-space reads

3 .
H=-t) Z(elk‘sia;kbglk +h.c.)
i=1 k

— a‘r t 0 _tf(k) Aok
et (0 ) ()

with
f(k) = €3 2cos (kya\f> + e iakx, (4)

The energy eigenstates E(k) of this Hamiltionian are

Ey (k) = +t, |3+ 2cos(V3kya) + 4 cos (?kﬂ) cos (;kxa). (5)
This dispersion is plotted in Figure 4. It consists of two bands, the lower
rt-band and the upper 7t*-band, each of which contains the same number
of states. In six points at the corners of the Brillouin zone the two energy
bands touch. Only two of these so called Dirac points are inequivalent as
they cannot be connected by a reciprocal lattice vector. These inequivalent K
and K’ points are called "valleys’.

7
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GRAPHENE

FIGURE 4: Bandstructure of graphene. In the six K-points of the Brillouin zone, shown
in Figure 3, the two energy bands touch. The zoom in on the right shows the cone-
shaped bandstructure in the vicinity of one of the Dirac points. Figure extracted from
Ref. [27].

When expanding the dispersion around a Dirac point, the resulting energy-
momentum relation is linear,

E+(q) =~ thog|q| + O{ (%)2}, (6)

where q is the momentum relative to the momentum K of one Dirac point,
k = K + g, and vur is the Fermi velocity defined by vr = %ta ~ 10° 5
Hence the energy-momentum relation near the Dirac points is rotationally-
symmetric and cone-shaped, which is emphasized in Figure 4, with v being
the slope of the cone. This bandstructure is also called the Dirac cone, which
is plotted in Figure 5.

Since each carbon atom contributes one 7r-electron, which can occupy ei-
ther a spin-up or a spin-down state, we have twice as many states as 7-
electrons. Hence in pristine graphene, the lower 7r-band, which is also called
the valence band, is completely filled and the upper 7t*-band, also called con-
duction band, is empty. Thus the chemical potential y in pristine graphene
crosses the Dirac points, meaning p = 0. In this sense, it is an ideal semi-
metal. By doping the system, the chemical potential can be moved away from
the Dirac point, 4 > 0 or ¢ < 0. For chemical potential much larger than
the temperature, 1 > T, the conoidal band structure is not striking and the
system resembles a Fermi liquid. However, for chemical potentials near the
Dirac point, meaning y < T, the cone-shaped dispersion plays an important
role and the description as a pure Fermi liquid becomes questionable once
interactions are taken into account. This relation of scales is sketched in Fig-
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Dirac cone E iVF|k|

FIGURE 5: Excitations in the Dirac cone: If the
temperature T is much smaller than the chemi-
cal potential y, only states in the vicinity of the
chemical potential are accessible. In this small
energy range the system can be described as a
~Dirac point Fermi liquid. This is illustrated by the blue arrow.
_____ Whereas for high temperatures also the other
band becomes accessible, depicted by the green
arrow, and the cone-shaped dispersion must be
taken into account.

T<<u
T=u

ure 5.

2.1.2  The Dirac equation

In the previous section we saw that near the Dirac points, the dispersion
relation of graphene is linear. To describe the system in the vicinity of the
Dirac points, we expand the Hamiltonian (3) around K = (4—”, 0)and K' =
(— 3 f ,0) and approximate the fermionic operators as a sum of two new
operators

as(r) ~ e KT ag(r) + e K Tag (r) (7)
by(r) = e_iK’"bK(r) + e_iK,"bK/(r). (8)

After Fourier transforming the new fields, the Hamilton operator reads
3 .
H~ ) Y o"* (ak(k — K)bx(k — K) +a(k — K)bg (k — K')
i k

+ aly(k — K')bg(k — K) +aly(k — K')bg (k — K')).
()

Since we want to develop a theory for low energy excitations, we neglect
terms that couple electrons at the K and the K'-points. These terms only
contribute at higher energies. Thereupon the Hamiltonian decouples into a
Hamiltonian HX and HX', which describes the system at the K-point and the
K’-point, respectively,

3
=YY ekl (k — K)bx(k — K) + h.c. (10)
ik

A

AX =Y Y ket (k — K)oy (k — K') + h.c. . (11)

i=1 k

Mw
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We write k = K+gq and expand to linear order in g, i.e. we write elkdi —
el (K+0)0i K3 1 jq5,/K% and the Hamiltonian reads,
A5 = 2ar Y (akla)bb(@) ( 0 iy ) ( la) )
2 9 x +iqy 0 bk (q)
. a
= hor Y (a(@)bh()) 7 ( . ) , (12)
q bk (q)
w3 0 +ig ax(q)
HK = 7[11’2 ﬂ}.(/(q)b}(/(q) ( 1 v ) ( K
2 & ( ) gx —iqy 0 b/ (q)
= tor Y (el (a)ble () °q ( ax(q) ) . (13)
q bK'(Q)

Here, & = (0y,0y) is the vector of Pauli matrices and ¢* = (0y, —0y) is its
complex conjugate. We now see that the electron wave function ¢(r) near the
Dirac points obeys the two-dimensional Dirac equation

—ihvpd Vg (r) = Eyg(r) at the K-point, and (14)
—ihvp6* Vi (r) = Ege(r)  at the K'-point. (15)

For this reason the quasiparticles in graphene are also called massless Dirac
fermions.

2.2 THE TWO-DIMENSIONAL ELECTRON GAS IN A MAGNETIC FIELD

In order to be able to compare our results for graphene to the analogue
expressions for the two-dimensional electron gas (2DEG) we will first dis-
cuss the energy spectrum of the 2DEG in a magnetic field before we turn to
graphene. Thereby we follow the book by Landau and Lifshitz [29].
We consider a two-dimensional system of non-interacting electrons with a
parabolic dispersion in the x-y—plane which is exposed to a perpendicular
magnetic field, i.e. B = Bé,. The Hamilton operator of such a system is given
by

. 1. 22

H= %(p— eA)”, (16)
where m is the electron mass, e the electron charge and A is the magnetic
vector potential defined by B = V x A. Within Landau gauge, ie. A =

( ’(]fy ) , the Hamiltonian reads

oma? (y+ B2, (17)

2
N Py
H= -~
m+2 eB

2

where we have defined a cyclotron frequency

B
_B

(18)

We
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This Hamiltonian has the form of that of the harmonic oscillator with the
minimum of the potential shifted by £%. Thus the energy levels of this system
are those of the harmonic oscillator, namely

E; = hw, (n + ;) (19)

with 7 being a non-negative integer. The magnetic field therefore leads to a
quantization of energy. These degenerate quantized energy levels are called
Landau levels.

2.3 GRAPHENE IN A MAGNETIC FIELD

In this section we restrict ourselves to low energies near the Dirac point such
that the system is well described by the Dirac equation (14). All calculations
in this section are performed for excitations near the K-point. The physics
near the K’-point can be obtained in an analogue way.

In order to account for the magnetic field we assume a minimal coupling and
the Dirac equation reads,

hope(—iV +eA) YK (r) = Ep¥(r). (20)

Using Landau gauge the solution of this equation has the generic form X (r) =

@K (y)e'**. With this ansatz the Dirac equation reads
_ Bey
hop Oy YT oK) = rek ), (21)
—0y —k+ =22 0
It is convenient to introduce the dimensionless variable ¢ = % — Igky where

Ip =/ % is the magnetic length. now the eigenvalue equation reads

0 2=(0z +
feoe A0 ok — k(e (22)
(=0 +¢) 0
with the cyclotron frequency
we = V2%E = vp 22, (3)
Ip h

The eigenstates of this matrix equation are spinors

K _ 1/’11_1((:)
D), (6) = <ﬂ:lpn(€)> (24)

where the first entry refers to sublattice A and the second entry to sublattice
B. ¢,(¢) are the solutions of the one-dimensional harmonic oscillator, with
n being a positive integer. The eigenstates of the analogue matrix for the
K’-point are given by

CI)EI — ilpn (g) ) . (2
(g) (1/)71—1 (6) 5)

11
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GRAPHENE

The many-body Hamilton of graphene in a perpendicular magnetic field is
thus given by

. 0 1 (2
X = /dy(é)ka)‘I’Zx(C)hwc ( 5 (=9 +¢) = f)ﬂf) )ka(‘:)‘

(26)
Since the translation symmetry in y-direction is broken by the Landau gauge
and thus ky is not a good quantum number we keep the integration over
the y-coordinate while summing over the k, coordinate in Fourier space. We

write the wave functions as an expansion with respect to the Eigenfunctions
(25) of the system.

¥ (€)= et ( B P15, (E) ) .
Ok B, P, () 27

With this expansion the Hamilton reads

AN = ey A& T (8 91, (0 b, s, 8)

ky,nn’

) 0 550 +9) ( B e W11, (€) ) 8)
F5(=9:+2) 0 Bt e P g (8)

UfE% %(ag + 8wk, (&) = V'ipy_1x, and %(—ag +E) w1, (8) = VI P g,
yields

gk = hwclB/dC Y. (ﬂl,kxbn/,kx\/EPZ_ka(C)l/Jn/—LkX(@

kynn’
b} VY] (E) e (€)). (29)

now we can perform the integral by using the normalized property of the
wave functions [ d&y;; (&), (8) = iénn/ and the Hamilton becomes

AK = e Y (0 b V1 + b gt V1)

kym
0 n a
= hw, al bt ok ) (30)
Zlebita) (%) (o

The eigenvalues of this Hamiltonian are

E+ = thwe/n. (31)

Thus the Landau levels in graphene in a uniform magnetic field are not
equally spaced as they are in a two-dimensional electron gas but they get
closer with higher energy. As a consequence, phenomena which are negligi-
ble when the electrons in the system only occupy low Landau levels might
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become important when also high Landau levels are occupied. Another pe-
culiar feature is the existence of a Landau level with zero energy. It is respon-
sible for the anomalous integer quantum hall effect without any Hall plateau
at n = 0. From Eq. (25) one can see that the wave functions of the electrons
and holes in this Landau level are fully localized in one of the sublattices of
the honeycomb lattice: since _; is zero, the wavefunction at the K-point is
localized in sublattice B and the wavefunction at the K’-point it is localized
in sublattice A. In this way the magnetic field does not break inversion sym-
metry.

The Landau levels are degenerate according to (see Equation (43) and (23))

_ eBL?  w?I?

hr 2702’ 52)

D

where L is the size of the system.

13






INTRODUCTION TO THE DE HAAS - VAN ALPHEN
OSCILLATIONS

In 1930 de Haas and van Alphen observed an oscillatory magnetic field de-
pendence of the magnetization in single crystal bismuth at low temperatures.
Later on this oscillatory behaviour of the magnetization was detected also
in other systems, but the observation seemed to be confined to polyvalent
metals, where more than one electron participates in a bond. In 1952 Onsager
established a theory for the de Haas - van Alphen (dHvA) effect based on
Landau quantization of the electron energy in an applied magnetic field. [30]
According to his theory, the dHvA-frequency F which is the reciprocal of the
period in %, with B being the magnetic field, is proportional to the extremal
cross-section A of the Fermi surface. Moreover, the proportionality factor is a
universal constant. The relation reads [16]

h

F= %A/ (33)

with e being the electron charge. Thus measuring the dHvA-oscillations can
be used as a tool of detecting the Fermi surface of a system: by measuring
the dHvA-frequency for different crystal orientation one gains the structure
of the Fermi surface. Relation (33) also explains why it is easier to observe the
oscillations in polyvalent metals. Systems with more than one bonding elec-
tron exhibit a Fermi surface which crosses Brillouin zone boundaries, produc-
ing "pockets’. These pockets, with their small extremal cross-section, result in
oscillations with a small frequency, which are easier to observe.

In this chapter we will use a semiclassical approach in order to explain the
physics behind the magnetic oscillations. We will see that this oscillatory be-
haviour is due to the quantization of electron motion in a magnetic field. We
thereby follow the books by Shoenberg [16] and Kittel [31].

—25

o H1BIN AXIS.

& H/ B IN. AXIS.

T=14.2K
—-20
Lo~
105 M/H /r"
-
—-1.5 0\0/ “/
—-1.0 >
o] 5 o H 15 20x10° 6

FIGURE 6: First observation of the oscillatory field dependence of the magnetization
in single crystal bismuth (de Haas and van Alphen 1930) [16].
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3.1 SEMICLASSICAL APPROACH TO THE ORIGIN OF THE MAGNETIC OS-
CILLATIONS

In a magnetic field B an electron with charge e which moves with velocity v
is exposed to the Lorentz force F' according to

F = —e(vx B). (34)

We now restrict ourselves to the situation of a magnetic field which is perpen-
dicular to the velocity of the electron. In this case the electron motion due to
the Lorentz force describes a circuit. Because of the closed orbit the wave func-
tion must fulfill a boundary condition. This results in the Bohr-Sommerfeld
quantization rule for an electron in a magnetic field,

]{pdq = (n+7)2mh, (35)

where n is a non-negative integer and the integral over the electron momen-
tum p runs along the electron orbit described by the trajectory g. The phase 7y
is exactly % for a parabolic band and deviates slightly from % for other Fermi
liquids. This deviation depends on energy and magnetic field. In graphene,
however, 7 is zero. Within minimal coupling, the momentum p of an electron
in a magnetic field B is

p="hk—cA (36)

with A being the magnetic vector potential. Using Stokes’ theorem and the
relation ik = r x B which follows from the definition of the Lorentz force
we find

j{pdq:j{hkdq—e;{Adq:—e%prdq—e/ V x AdS’
P S/
:ij{frxdq—e/ BdS = eB2S — eBS
Js!
= eBS = (n + v)2rth. (37)

The quantization rule for the closed electron orbit with area S follows as

27th

Sn=(n+ ’Y)ﬁ- (38)

The quantization rule for the area a, of the electron orbit in k-space reads

27meB
an = (n+7)—— (39)

This quantization rule is the so-called ‘Onsager relation” [30]. Consequently
the electrons move on so called Landau tubes in k-space whose cross-sectional
area fulfill the quantization rule (39). For a spherical Fermi surface the Lan-
dau tubes are plotted in Figure 7. In terms of these quantized electron orbits
one can understand the oscillatory behaviour of several physical quantities
of a system in a varying magnetic field as follows: The electrons of a system
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FIGURE 7: For a system with a spherical Fermi surface the Landau tubes are cylinders.
The dashed line is the extremal cross-section of the Fermi surface. The cross-sectional
area of the Landau tubes is given by the Onsager relation (39). Only the occupied part
of the tubes is plotted which lies within the Fermi sphere.

occupy those Landau tubes which are located inside the Fermi surface. Let
us assume that there is a large number of Landau tubes inside the Fermi sur-
face, i.e. the magnetic field is sufficiently weak. When the magnetic field is
increased, also the cross-section of the Landau tubes increases, see Eq. (39),
and the occupied length of the Landau tubes decreases until the Landau tube
separates from the Fermi surface. At this moment its occupation vanishes
instantaneously. As these vanishings happen periodically the total energy of
the system and all quantities which can be derived from it show a periodic
behaviour. Equation (39) leads to the following relation for the magnetic field
B, at which the Landau tube n parts company with the Fermi surface,

1 27te
B, (n+7) HA (40)
with A being the extremal cross-section of the Fermi surface. Thus the period
of the oscillations is given by

1 1 1 27me

BBy B, A @)
and the frequency reads
hA
= e (42)

Due to the restriction of the electron location to orbits with quantized cross-

. 2
section the Landau levels are degenerate. Per surface element there are (ZT")

allowed k-values. The area between two adjacent Landau tubes is according
to Onsager’s relation (39) Aa = %. Thus the degeneracy factor is

L )2 _ eBL?

D =2Aa | — .
a<27r hr

(43)

17
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FIGURE 8: In an applied magnetic field, the k-states rearrange on the Landau tubes.

The factor of two stems from the spin. This degeneracy factor is indepen-
dent of the dispersion and thus also graphene’s Landau levels are degenerate
according to Eq. (43), as referred to in Eq. (32).



THE LIFSHITZ-KOSEVICH FORMULA IN THE
NON-INTERACTING SYSTEM

A full formula in order to describe quantitatively the magnetic oscillations
was derived by Lifshitz and Kosevich already in 1954 [16]. This formula is an
expression for the oscillatory part of the grand potential Qs of a system in a
magnetic field. Observables, such as the magnetization M or the specific heat
¢, can be derived from this expression via the corresponding derivatives,

_ aOosc
Mosc—( OB )y

_ 9 (900sc
Cosc = TaT( 3T )B. (44)

In this chapter we will first outline the derivation of the Lifshitz-Kosevich
(LK) formula for the two-dimensional electron gas (2DEG) as it has been
performed by Adamov et. al. in [2]. (However, in this chapter we neglect
electron-electron interactions.) On the basis of this result we will discuss the
effects which lead to a damping of the oscillation amplitude. Thereafter we
will compute the LK-formula for clean and disordered graphene. The effect of
electron-electron interactions will be discussed in the following chapter. The
results, in particular the differences between the LK-formula for the 2DEG
and that for graphene, will be discussed in Chapter 6.

Our starting point is the Luttinger-Ward functional [1] which relates the ther-
modynamic potential Q) of the system to its Green function G,

Q= -Ttr{ln(-G 1)} - Tw{GE} +O. (45)

(From now on we will set the Boltzmann constant, kg = 1, as well as the
Planck’s constant, i = 1.) The trace implies summation over the Landau level
index m, the fermonic Matsubara frequencies w, = 7T (2n + 1), and the dif-
ferent degenerate states within one Landau level. The self-energy . accounts
for disorder (%) or electron-electron interactions (233). T is the temperature.
The terms Ttr{G%.} and )/ are introduced to avoid overcounting of diagrams.
Their oscillatory parts cancel each other [2] such that the magnetic oscillations
are fully described by

Qo = —T tr{ln(—-G ")} = —=DT)_) In(— Yiwy)). (46)

m wpy

In the last step we used the generic identity tr{InG} = ¥, In(g;;) which holds
for any diagonalizable matrix G with Eigenvalues g;;. The factor D accounts
for the sum over degenerate Landau levels, see Eq. (43). We use the Poisson
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y
p(E) p(E)
‘ ‘ ‘ ‘ ‘ ‘ ‘ Poisson formula QVWVDVQVQ

>
E

FIGURE 9: The transformation which is described by the Poission summation formula:
Instead of summing over discrete Landau levels one goes to a continuous picture with
a constant density of states p(E) which is modulated by a periodic function.

summation formula which relates the summation of a function to the func-
tion’s continuous integral,

L fu = Jim m;w JRE | ;oo [ axfaenns
= (/Ooo dxf(x) + 212/00o dxf(x) cos(27mlx). (47)

Philosophically this transformation means that we go from discrete Landau
levels to a continuous picture, where a constant density of states is modu-
lated by oscillating modes, see Figure 9. This approach is appropriate when
the Landau levels are sufficiently broadened due to e.g. disorder or temper-
ature. In this case we obtain a small parameter, w,/agis (2gis is the disorder
potential) and w./T, respectively, such that the magnetic field can be treated
perturbatively.

We neglect the first term as it only describes the B = 0 state, and insert the
function defined in Eq. (46) into Eq. (47) and integrate by parts,

Qo = 2DTZZ/ dxIn(—g 1 (x,iwy)) cos(27tlx)
wp [=1

1, . ysin(2mlx) ]

:—ZDTZZ [ln[—g 1(x,zwn)](2nl)]

wp =1 0

d/ 4, . sin(27tlx)

+2DTWZMZZ(:)/ (x, iwy )a( J (x,zwn)) 27l dx.
(48)

The first term is non-oscillatory and finite due to a cut-off in the Green func-
tion. The oscillatory part thus reads

d sin(27tlx)

= 2DTZZ/ mdx ( —g_l(x,iwn)>de.

wy [=0

(49)



4.1 THE LIFSHITZ-KOSEVICH FORMULA FOR THE TWO-DIMENSIONAL ELECTRON GAS

4.1 THE LIFSHITZ-KOSEVICH FORMULA FOR THE TWO-DIMENSIONAL
ELECTRON GAS

In this section we will compute the Lifshitz-Kosevich formula for the two-
dimensional electron gas. Using the energy spectrum derived in Section 2.2
we can write down the Green function for the 2DEG in Landau level space,

A

N . roe . 1 .

G (iwy) ™ = (iwg + )1 - H -2 = (zwn—i-y—wc <m+2>) 1-2.
(50)
Here, we neglect interaction effects and consider white-noise disorder. That
means that the impurities are randomly distributed in the system and that

the disorder potentials u(r) of the single impurities, located at r;, are not
correlated, meaning [32]

(u(r;)) =0 and (u(r;)u(r)) = ugé. (51)
The strength of the scattering potential ug is related to the scattering time T
via
1
27tng T

ug = (52)

Here, ny is the free single-particle density of states. At weak magnetic fields,
ie. weT K 1, the self-energy can be computed in the k-basis and is given by

[32]

. _isgnw

Sais (iewn) = =220, (53)

The eigenvalues of the inverse Green function then follow as
“1ys ) 1 isgnw
G (i) = it + 1 — we (m+ 5 ) + “E (54)
2 2T

and the oscillatory integral (49) reads

~ W mL T we sin(27tlx

O=—"5—) Z / : coin(2rlx) ordr (53)

Wy 1= —lwy — P+ 3We + XWe — =5

This integral can be solved using residue theorem and for u > %wc we get
for the oscillatory part

n 27l
Opse = dvw, TL? Z Z e~ e (@t 2%) o (W) , (56)
=1 wy>0 We

with v = 77 being the density of states of the two-dimensional electron gas,
where m is the electron mass. The sum over Matsubara frequencies w;, =
nT(2n + 1) can be performed resulting in

~ > (1) 1 _al 2rlp
Opse = 4vw, TL? ( € wcT Cos <> .
0sc c 1:21 ] ZSinh(zifclT) we (57)

21
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4.1.1  Effects of amplitude damping

From Eq. (57) we see that there are two parameters that enter the amplitude
and lead to a damping of the oscillations: a finite temperature T and a finite
relaxation time 7. These damping effects are discussed qualitatively in the
next two sections by following the book by Shoenberg [16].

4.1.1.1  Damping due to finite temperature

At finite temperature T the probability of occupation of a state with energy e
is given by the Fermi-Dirac distribution

1

fle) = ST (58)
1+eT

where yu is the chemical potential. The following gedankenexperiment illus-
trates why this occupation distribution leads to a phase smearing, and thus
to a damping of the oscillation amplitude. Let us assume that we have sev-
eral copies i of our system at T = 0, but with different chemical potentials
y; such that the y; are distributed according to the Fermi-Dirac distribution.
Thus only the copies with y > € are occupied. This situation is equivalent to
a single system with occupation distribution (58). Since the frequency of the
dHvA-oscillations depends on y, the different copies are not phase-coherent,
leading overall to a phase smearing. From Eq. (57) we can extract the reduc-
tion factor due to finite temperature,

T

T= (59)
2sinh(%)

For high temperatures 27t%IT/w, > 1 this factor approaches

Rr ~ T~ 21T/ we, (60)

A
E)

A
p(E) p(
finiteT, T
£

E

FIGURE 10: The density of states p(E) versus the energy E for a system in a magnetic
field. A finite relaxation time and/or a finite temperature broadens the otherwise
sharp Landau levels.

4.1.1.2  Damping due to disorder

Impurity scattering leads to a finite relaxation time T of the electrons. Ac-
cording to the uncertainty principle connecting time and energy this causes
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a broadening of the otherwise sharp Landau levels. The levels broaden in a
Lorentzian fashion. Thus the probability that a Landau level with energy €y
in the case of no level broadening effects lies between € and € + de is given

by
de
(G—GLL)Z + (1/2”[)2'

(61)

If it is reasonable to assume that the relaxation time 7 is independent of the
electron energy, the effect of this level broadening is similar to the case of
finite temperature, but this time with a Lorentzian broadening,

ap
. 62
(= 0P+ (17207 ”
This again leads to a phase smearing and thus to a damping of the ampli-
tude. The reduction factor due to a finite relaxation time, first introduced by
Herbert Dinlge [16] and also called the ‘Dingle factor’, reads

il

Rp = e @, (63)

If one introduces

1

X=5_— (64)
the Dingle factor becomes
_2r2lx
Rp =e e . (65)

Comparing this Dingle factor to the temperature induced damping factor (60)
suggests to identify x with a temperature. Hence x is the so called Dingle
temperature.

4.2 THE LIFSHITZ-KOSEVICH FORMULA IN CLEAN GRAPHENE

Now we will derive the Lifshitz Kosevich formula for clean graphene. The
inverse Green function of the clean, non-interacting system is given by

A A

Gal(wn) = (iwy, —u)l— H (66)

where w, = (2n 4 1)7T is the fermionic Matsubara frequency. We insert the
Hamiltonian of graphene in a magnetic field, Eq. (30), to give

G5 (e, m) = ( font e e/ )
wey/m  iwy +u
(67)

where m is the Landau level index. The Eigenvalues of this matrix are

Sy = iwy + p £ we/m. (68)

23
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With these eigenvalues the Luttinger Ward functional (46) reads

o= DT Y. Y Y In (it — Awev/m — p) (69)

m=0 wn A==%1

and for the oscillatory potential (49) we get

~ > o 1 —Aw, sin(27lx)
0 =2DT / : dx
wznlzl/\zil 0 —iwp — Y —Awe/x 24/x 27l
ZTwZL2 > i sin 27Tlx) (70)
vt &= 2l (iwn + 1) — w2x’ 7

272
Here, we have inserted the degeneracy factor D = ‘2‘)7;52 (Eq. (43)) of the Lan-
F

dau levels. The integral of Eq. (70) can be evaluated using residue theorem,
with the integration path shown in Figure 11.

) : 1) 2mlx _ ,—i2mlx
/ dx( sin(27tlx) B l/ dx(e e
0

iwy +u)? —w2x  2iJo iwy + 1)? — w?x

_ 1 / dy o271l 1 n 1 >
2 Jo (iwn + )2 —iw2x)  (iwy + pu)? + iw?x)
—4nlwnp iZT(I(‘llsz%) 4nlwnp —i2nl(;¢2—w%)

7T
- 5002 - wp) [e @@ e @@ Owap)te e ®(_wnﬂ)]
Cc

(71)

Using Y-, F(wn) = Yw,>0 (F(wn) + F(—wy)), we get the following expres-
sion:

2/ sin 27rlx) B
(iwn +p)? —w2x

) e [ —2mlx —2mlx
— d
Nl N e e iy Rl e N TRy

wy>0

—4rlwn |p|

T —nA 27l (42 — w?
—— Y e “ 2cos (W) O(u? — w?). (72)

we wp>0 ¢

Importantly, the first term on the right-hand-side in Eq. (72) does not con-
tribute an oscillatory term to the thermodynamic potential. Thus the oscilla-
tory potential reads

Qosc = 5 ?e c 2 (73)

. 2TW?I2 & Bl 1 e 27l (12 — w2
< w? cOS M .
TToE =1 wy,>0
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Im{x}

FIGURE 11: Integration path: we use the integration
path 1 in the upper complex half-plane to evaluate

the integral (Wf;% and the path 2 in the lower

complex half-plane for the integralm
such that the paths c¢;, vanish for x — co. Thus
the original integral along the real axis, paths a1,
, can be written as an integral along the imaginary

axis, paths b 5, plus summation over residues.

—i27tlx

Re{x}

4.2.1  The LK-formula in the Fermi liquid regime

In the limit ¢ > T the T-dependence of the frequency can be neglected.
Furthermore, the sum over Matsubara frequencies can be extended to infinity.
The LK-formula for graphene in the Fermi liquid regime thus reads

~  ATw?L? & 1 2ntly?
Qose = — 5 — 72 P\ T2
F I1=1lsinh (T) ¢

(74)

We therefore observe that the Fermi liquid regime of graphene almost re-
produces the formula for a standard 2DEG, cf. Eq. (57), the difference arises
simply from the different spacing of the Landau levels and the linear density
of states.

4.2.2  The LK-formula near the Dirac point

Upon approaching the Dirac point we observe a number of peculiarities: (a)
due to the restricted sum in Eq. (73) the oscillations completely die as soon
as u < 7T. (b) The effective oscillation frequency is not only a geometric
quantity, but instead also depends on temperature via the dependence upon
wWy.

4.3 THE EFFECT OF DISORDER ON THE DHVA-OSCILLATIONS

As discussed in Section 4.1.1.2 disorder in the system leads to a damping of
the amplitude of the de Haas - van Alphen oscillations. In this Section we
will compute this damping factor in graphene. For this reason we will first
compute the disorder related self-energy £ 4; and subsequently we will solve
the oscillatory integral Eq. (49) with the self-energy included in the Green
function according to the Dyson equation [33],

A

G1=Gy — Lgis. (75)
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We do not attempt to make a realistic modelling of the properties of graphene
with disorder; instead we treat disorder in the simplest way to gain a physical
understanding of its effects.

4.3.1  The self-energy within the self-consistent Born approximation (SCBA)

We consider the self-energy within the SCBA to lowest order in the disorder
potential, such that we have a non-vanishing imaginary part. That means the
self-energy consists of the following two diagrams, where =p=is the dressed
Green function.

3:SCBA % %

S TS, = U [UumEe - uehar g6

The disorder potential U(r) is given by the sum over the potentials that arise
from scattering at the single impurities which are located at R;.

zmp zmp

Zur— —uOZ(Sr— (77)

Here we have assumed short-ranged impurities with uniform strength .
Since the single impurities are generally randomly distributed, it is reason-
able to take the average over all possible configurations, meaning

lmp Nrmp Nlmp
(S5CBAY — (1 Z 5(r — R;)) +u Z Z /dr (r— R)3(r' — R))(C(r — ')
o(r—r")d
0
Nimp
=u§ Y_ (G(0)) = u§Nimy(G(0)), (78)
=1

where we assumed a translational invariant average. In momentum space the
averaged self-energy then reads

<2§gBA = VOszp Z (79)

Since we want to perform the calculation within the Landau level (LL) basis,
we need to transform the Green function into the LL-basis. The inverse Green
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function of graphene in a magnetic field in the presence of disorder is then
given by (cf. Eq. (67) and Eq. (75)),

&1 — ( fwn + p— X we/m > (80)
wer/m iwy +p— Zdls
A 1

=G = - -
(iwy +p — X8, (iwog +p — Zdls) w?2m
< lwn " ‘u Zdls WCf >
we/m iwy + p— X5

(81)

Here we assumed that the self-energy is diagonal in the Landau level basis.
Inserting this Green function into Eq. (79), we find a self-consistent expression
for the self-energy,

(iwn + p — X8, ) (iwn + p — Zdls) w2m’

ZdlS = mwuoz

We can perform the sum over k by simply multiplying by the degeneracy
factor (32) of the Landau levels,

2
dls = AdisW¢ Z

. b(a)
-z
lwy + |2 dis ) (83)

zal
(iwn + p — 28 ) (iwy + p — 28,) — w?m

N,mpuOL
27v2

of the disorder potential.

In the following we assume that sufficiently high-lying Landau levels are pop-

ulated such that the asymmetry between the sublattices is irrelevant. We then

have

where ag;s =

is a dimensionless parameter characterizing the strength

iwy + H—- Zdis
iwn + p — Lgis)? — w?m

Z‘dls - adlsw 2 ( (84)
We use the Poisson summation formula, Equation (47), to dualize the sum
over Landau levels making the expression more amenable to approximations
for weak fields.

FA .
lwy + H— z“dis ei27rlx
(lwn + p— gis)? — w2

Ygis = lxdlsw Z
|=—00
U%Az iwy + H—= Lgis
= D‘dis/ dx— Yy )2 _
(1(Un +u dlS)

(iwn + b 27tlx
+ ocdlsZ/ n ot = Eais) xcos( " >

lwn + H—= Z‘chs) c

= Tgi T3 (85)

Here we introduced a cutoff A, restricting the analysis to the regime where
the dispersion is linear. The first term X, is the | = 0 term and corresponds

27
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to the standard expression of the SCBA in a system without magnetic field.
The second part £ describes the oscillations of the self-energy due to the
magnetic field. Performing the integration yields

vEA? — (iwy + p — Tis)?
_(iwﬂ e z‘dis)Z

20 = —agis(iwn + p — Tgis) In (86)

This expression can be solved self consistently to leading order in ag4;5 and

we obtain,

U%AZ — (ZCUn + ]/l)z
—(iCUn + ]/1)2 '

Tais = ~aatis (iwn + ) In 87)
Y3 can be computed by using integration by parts, yielding an analytic
expression. This calculation is performed in Appendix A.1. However, more
insight is gained by treating the integral using residue theorem:

l-anx _1-27er
e vt +e
gslg = adls(lwn+y Zdls 2/ ( n Zd)
is
o 21 27
|b\l al —i%al
= agis (iwy + pu — Tgis) 271iO(a 2 2 Q) —e ¢ O(—b))
~ 25l - 25l
e c e c

_|_

XA dis (an e 2‘dls 2/ (88)

a+i(b—x) a+i(b+x)

. / " " ’
with @ = (4 — Zy)? — (wWn — Zg)* and b = 2(wy — Zy;,) (4 — Ty;s) where
Z:ﬁs is the real part of Xg;s and Zéis is its imaginary part. The first term
stems from the residue. Whether the pole is located inside or outside the
integration contour depends on the sign of 4 and b. The second term stems
from integration along the imaginary axis and is a non-oscillatory correction
term. The integration contours used here are plotted in Figure 11. In the
regime T 2 wc both terms in Zodsl‘; are suppressed exponentially due to the
factors exp( 27 1p|1) and exp(—2% % xl), respectively. Thus, in this regime, X35

can be neglected and the self-energy can be well-approximated as

2A2 2
) v A% — (iwy + 1)
Lgs = —agis(ion + “I/l) In ( — (iwn + y)2
222
~ —aa(i _ A
~ —agis(iwy, + ¢) In (—(iwn n y)2> . (89)

4.3.2  The Lifshitz-Kosevich formula with disorder

Now we can include the derived expression for the self-energy Eq. (89) into
the Green function Eq. (80) and compute the oscillatory grand potential Eq.
(49). As the self-energy is energy independent, the steps (67) to (70) can be
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performed analogously to the calculation of the clean system but now with
an additional summand, X 4;s. We have,

gal = iwn —+ H— Zdis(iwn, ]/l) + wc\/% (90)

and therefore

472 ) : 1
_ Tw; g ZZ /0 d sin(27lx) . (91)
I=

v o licon + # — Zagis (iwn, ))* — w?x

This integral can again be computed using residue theorem (the computation
is performed in appendix A.2). We find,

|1l
1+
~ 2Tw2L2 0 q Tiais3 747221((usz%)(mdisfzqmdis)wwn(1+2adisr))

Qosc Zl

7'[01:

wp>0

27l

cos (225 (42 = ) (1 + 20T — il pleon (= 29)) ) 02)
c

Now we can define a Dingle temperature according to Eq. (65). The damping

factor that stems from disorder is

47l 2_ 2
— 4 (42—} (tigis—2ptgis) + | wn20gisT) —%2““”(W(nadb—z¢adb)+zadlbr>

e w =e we

Thus the Dingle temperature Tp reads
2 _ 2
Tp = wn (M(n“dis - 2¢“dis) + 2"‘disr) (93)
[lwn

and at zero temperature it becomes

Tp = “" | Tt dis - (94)

From the expression for the grand potential, Eq. (92), we derive the oscillatory
part of the magnetization (44),

Q)
Mose = ( agsc ) .

1l
2, © 1+“d15% 47l _
4TL%e F (12 —wp) (magis—2¢ngis)+ | ptlwn (142a4;T) )

- ey oy e

=1 wy>0

4 2 (002 = ) (g — 29ma) + k(1 28

27l
< cos (250 (4 — )1+ 20T) — gl (- 29)) )

2
+ w—g ((y wW2) (1 + 2agisT) — dagis|pt|wn (1 — 24;))
X sin (anzl ((y — W) (14 2ag3T) — dagis|p|wn (0 — 24;))) ] .(95)
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THE EFFECT OF ELECTRON-ELECTRON INTERACTIONS
ON THE DHVA-OSCILLATIONS

As the relaxation time due to electron-electron interactions is temperature
dependent, it is natural to assume that electron-electron interactions also con-
tribute to the Dingle temperature. Fowler and Prange showed that electron-
phonon interactions do not lead to an additional damping but only renormal-
izes the effective mass. [34] This statement has been generalized to electron-
electron interactions for T 2 w, and it is independent of the specific form
of the interaction potential. For the two-dimensional electron gas it can be
found in Refs. [17, 2]. It states that the imaginary part of the self-energy due
to electron-electron interactions, ¥/, (iwy), which formally leads to an addi-
tional damping factor, only yields a renormalization of the field for the first
Matsubara frequency, i.e. £/, (iwg) o wy. Higher Matsubara frequencies can
be neglected for temperatures T 2> w,.. The real part of the self-energy, =,
does not lead to an additional damping factor but only renormalizes the elec-
tron mass.

In this chapter we will first retrace the statement for the two-dimensional
electron gas and then investigate the effect of electron-electron interactions
in graphene. We find that while to one-loop order all interaction effects can
be fully accounted for by the renormalized Fermi velocity, this ceases to be
true to two-loop accuracy and additional renormalization effects play a role.
Furthermore, at finite temperature, electron-electron interactions do lead to
an additional damping factor due to inelastic scattering which is absent for
standard metals.

5.1 THE EFFECT OF ELECTRON-ELECTRON INTERACTIONS IN THE TWO-
DIMENSIONAL ELECTRON GAS

In contrast to the disorder self-energy >, the self-energy for electron-electron
interactions ¥,. depends on energy, i.e. on the Landau level m. Thus we will
first investigate the influence of an energy dependent self-energy on the os-
cillations. We will see that the real part of the self-energy only renormalizes
the cyclotron frequency. Then we will compute the imaginary part and show
that it is only a renormalization of the field for temperatures T 2 we.

The Green function of the two-dimensional electron gas, Eq. (50), was given

by

G(m,iw,) ! = <ia)n +u— we (m+ ;)) 1-3. (96)
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We assume a self-energy that is diagonal in the Landau level basis. By follow-
ing Adamov et. al. [2] we use the following ansatz for the self-energy,

Yee(m, iwy) = —ingwy + 6y + Bwem + 5 (m, iwy,), (97)

where 0%(m, iw,) incorporates inelastic scattering processes. As these are in
general small by a factor of T/Er (Er is the Fermi energy) we neglect the real
part. The imaginary part does not depend on energy, meaning on the Landau
level index m, and so we can write

0% (m,iwy) =~ i8L (iwy). (98)

In Chapter 4 we derived a generic expression for the oscillatory grand poten-
tial, Eq. (49), which was

d 1, sin(27lx)
_ZDTwanZO/ mdx(_g (xllwn)>27nldx.

(99)

Inserting the Green function of the two dimensional electron gas, Eq. (96),
with eigenvalues

¢ (x) = iwy(1 +ap) +p — op — wex(14B) — % —i6% (iwy),  (100)

the oscillatory integral reads

~ DT & (™ we(1+ B)sin(2mlx) dx
Q= ZZ/0 (—iwn(1+ag) — p 4 0p + wex(1 4 ) + 4 + 6% (iwy))
(101)

Solving this integral using residue theorem and neglecting the non-oscillatory
summands we obtain

) a 1 M 27tlji
o) — _9DT — we (1+B) COS| —F————Fv | 102
osc w”2> ; 1 (wc(l—Fﬁ)) (102)

where we introduced an effective chemical potential fi = y — o — %¢. We see,
that the self-energy X, influences the oscillation amplitude as follows: The
real part of X, renormalizes the cyclotron frequency according to

we = we(1+p). (103)

A non-vanishing imaginary part would first lead to a renormalization of the
Matsubara frequency according to

wy = wa(1+ag), (104)

and second it would lead, as in the case of disorder, to an additional damping
factor

{2711(5)2” }
exp . (105)

*
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5.1 THE EFFECT OF ELECTRON-ELECTRON INTERACTIONS IN THE 2DEG

5.1.1 The Fermi liquid self-energy for generic interactions.

Now we will derive a generic expression for the imaginary part of the self-
energy of the Fermi liquid, in order to see if it meets the conditions for no
additional damping factor in the amplitude due to electron-electron interac-
tions.

We compute the electron self-energy within the ‘random phase approxima-
tion” (RPA) [35],

k-k'iw-io' ©

Yeelk i) = 7 N = SN Pt Q Pt
. . X ‘ I : I . '
kiow K iw' kio
3 d*r’ o o
= —T/ 2n 2 ZV (k — K, iw, —iw))Gy(K,iw),), (106)

where the interaction potential V is a resummed interaction line (double
dashed line). We use the spectral representation for the potential V(k —
k', iw, —iw)) and the Green function Gy(k',iw},) [35],

d2K’ de V"(k —k,e) [~ de G} (K, &)
Yook, i — il VASA A
ce (K, icwn) 2”22/007T1wn71w/7€/0071— iw!, — &

211
_ /dk/ / —V”k K, e)Gl(K',&)

—iwy + iw), — € —iw], — &
(wp —wh)?+€* w2+e2’

(107)

Since for a collective mode or general interaction we have V" () = — V" (—e¢),
we can transform to

. . dzk/ ae on / 1"yl ~
Yee(k,iwy) = V (k—K', €e)Gy (K €)
wn

—iw), — &
.
(wn — n) + e w?+e?

X
(108)

We thus have a real and an imaginary part of the self energy, where the
imaginary part is given by

S (kyicon) = / &K / / —V”k K, e)Gl (K, €)
ee \"vr 71 - 0 s
Wy

X .
(wy — wn) +e2 w2+ &

(109)
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In the special case of a Fermi liquid we can linearize the dispersion around
the Fermi surface. The resulting density of states is particle-hole symmetric
and the integral over € yields just 77 meaning

42’ € sgn w,,
" . 1 /
> (k, iw,) nTZ/ / fV (k—K, )m

7‘/// k k/
e €)e

dzk’ / de

Il
|
3
H
—
~
~
e

1 1
- ((wn—w;>2+ez B <wn+wz>2+e2>

4’k [~ de o e
J 2n)? ) @ = vate
(110)

This implies that on the first Matsubara mode, i.e. w, = 7T, there is a contri-
bution

211
=/ (k,inT) o — nT/ dk Lmi;v”(k K, )1 (111)

but no T? dependence. This leads to
Yeo(k,inT) = 2L, (inT, k) —inTf(k) = &}, (inT, k) —iwof(k).  (112)

The imaginary part of the self-energy is simply a renormalization of the field
and incorporated in the parameter ag in the general form of the self energy,
Eq. (97).

We conclude that at sufficiently high temperatures, i.e. when it is reasonable
to only consider the first Matsubara frequency wy, electron-electron interac-
tions do not lead to an additional damping factor in the amplitude of the
Lifshitz-Kosevich formula for the two-dimensional electron gas.

5.2 THE EFFECT OF ELECTRON-ELECTRON INTERACTIONS IN GRAPHENE

In this section we will investigate the effect of electron-electron interaction
on the oscillation amplitude in graphene. Thereby, we will follow the same
logic as in the case of the 2DEG. We will first calculate the oscillatory part of
the grand potential with a self-energy %, that depends on energy. Then we
will compute the interaction induced self-energy for graphene and see that
for finite temperatures the imaginary part contributes an additional damping
factor to the LK-amplitude.

We make the following ansatz for the self-energy, which we will motivate
below by means of an explicit calculation.

$.0 (11, i) iwa(1=2Z7Y (1= Zyp)we/m
e (1= Zo,)we/m — iwn(1—2Z71)

165" (wey/m, wy)  OE (we/m, wy) (113)
0% (wen/m, wy) 16X (wer/m, wy) ' 3
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Here, we assumed that Z and Z,, account for logarithmic renormalizations
and do not explicitly depend on energy. 6% (we/m, wy) and 6%/ (wev/m, wy,)
are real and correspond to non-logarithmic contributions and potentially de-
pend on temperature. The Green function thus reads

Clmiwn) = [ “nZ A Zowem
Zopwe/m  iwyZ7
16X (wer/m, wy)  OZ (we/m, wy) (114)
0 (wen/m, wy) 16X (wer/m, wy) .
The eigenvalues of this matrix are
gt = iwnZ 7+ — 0 F (VmweZy, — 6L) (115)
=81~ A&, (116)

with A = £1. Inserting these eigenvalues into Eq. (99), the grand potential
reads

- DT &1 oo [ sin(27lx) 4 (—g1 + Ago)
O=— - / dx dx. 11
T ;Z I Agl 0 [ —g1+ AP (117)

Merging the two poles yields

~ DT X1 oo sin(2nlx)(2(%g1)gl—2(%82)&)
0=—Yy /0 [ d a 1d

il 81— &
DT & 1 [ [sin(27lx)<L (¢? — ¢2
_7227/ [ ( z)dx(§1 82) d (118)
4 wy [=1 0 gl_gZ

Now we will linearize the denominator around the pole xo with g2 — g3 |x:x0 =
0,

QZ*ZZ / [ sin(27tlx) 4 (g2 — g2) ]dx. (119)

(x —xo dx(81 g2)|x:xo

We expand the pole in powers of the interaction parameter &, which we will
define below (6%’ and 6% are quadratic in «),

Xg = x(()o) + x(()z) +

To lowest order we have

2 2
(—iwnzfl —y) — ( x(()o)chvF> =0
2
= w?Z%Fx((]O) = (iwnzfl + y) = —w2Z72 4+ y? + 2w, Z . (120)

To quadratic oder we find

2 2
(mieonz ™t = ptiox (x{")) "~ (\/ 1) + 2P wezy, — 65/ (x <°))> —0
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= w?Zzz,Fxéz) = 2i0% (—iw,Z 7! —y)+252’(x(0)) x(()o)wCZvF

= 1'(2%{52”}%2 L 2R{62"}u + 23 {62} xO wczw>

+ 2R{0X"YwuZ 7+ 23 {0% Y + 2R{ox'} xO chvF

(121)

Computing the integral using residue theorem, we obtain
~ 1 2 - A (w0, Z e (S{OZ I AR{OE ) wn Z T+ (S{6E - R{6Z )
Qosc = 2DT Z 2 e ZZZF ( )

=1 wn >0

27l 25—2 2 " / -1
x s | o (—whZ 724 2 + 2(R{OT"} — S{6T NwnZ
wC Z?}p
+2(3{oZ"} + 8%{(52'});{) > . (122)

5.2.1 The interaction induced self-energy for graphene

In this section we will compute the electron-electron interaction induced self-
energy 3. for graphene in the ‘random phase approximation” (RPA). We will
perform our computation in k-space. We believe that this is a reasonable ap-
proximation at weak magnetic fields since in the case of disorder we showed
that the part of the self-energy due to a finite magnetic field, X3¢ (Eq. (88)),
can be neglected for T 2 w..

S in the RPA was given in Eq. (106),

211
k A
See(k,iwy) = T§ / d V(k— K, iw, —iw),)Go(K,iw)) . (123)

Graphene’s free electron Green function for zero chemical potential is given
by
—iwnIl -0 pk@'

Go(k, iwy) =
" w2 + v3k?

(124)

and the Coulomb interaction in the RPA at zero temperature is given by

27TRvF
|k:| + 27TvE k2

44/v2k2+wh

with & = e?/(evr) (e corresponds to the dielectric constant) being graphene’s
dimensionless fine structure constant. In the following we will only work to
two-loop accuracy and consequently expand the dressed Coulomb interac-
tion to quadratic order yielding

Vikiwy) = -=--- + <:> _____ + 0@

V(k,iwy) = , (125)
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_ _ YE 0. (126)

We decompose the self-energy into a first and a second order part according
to

See(k,iwy,) ~ im(k:, iwy) + 2(2)(19, iwy) (127)

where 2(1)(16, iwy) is linear in a, while 2(2)(14:, iwy) is quadratic in a. They
read

A2 1 iwll+opk'é
(27)? [k — K| w2 + v2k'2

S (k,iw,) = 27'wprZ/ (128)

and
211
£ iwy) = L ‘”F 2/ dk !
k: k)2 + (wy — wh)?

zw,ﬂl +vpk/ &
Wi +0vik’?

(129)

We see that the imaginary part is strictly diagonal, while the real part is off-
diagonal. This motivates ansatz (113) for the self-energy.

We start with the calculation of (). From symmetry we observe that the
diagonal part vanishes and only the off-diagonal part survives,

2K 1 vpk! &
(271)2 |k — K'| w2 + v2k2

SV (k,iw,) = ZﬂlXUpTZ/ (130)

We apply an integral identity,

® dx 1 1
[ 11 (31

oo T A%+ X2  a

and rescale k' and x with v, and obtain

. &?K 1 K'o
1 H —
SO (k,iw,) = meTZ/ / e A
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We use the Feynman parameter and write

211 1
S (k,iw,) = ZﬂﬂcTZ/ dk / x/o du
k'o

"  — opk a1 (1 ) (@ 1 K2))
= o [ s [
X Ko
(k' — uvpk)? + ux? +u(1 — u)vzk? + (1 — u)cu;qz))2
= omrn [ s [
" 1 (k' + uvpk)o

Vi (K2 4+ x2 4+ u(l —u)v2k2 + (1 — u>w;12))2'

In the last step we shifted k — k' + uvpk and rescaled x and wj,. The k'
integral over the first summand vanishes as the integrand is odd, the second

summand contributes
xTorkd © dx 1
_ — d
2 wz, /700 7T /0 U \/ﬂ

S (K, iw,)

<A2 + 224+ u(l—u)o2k? + (1 — u)w?

1
x2+u(l —u)o2k? + (1 — u)w'2>

«Topko 1

= Z/O du/u
Wy
1

X

\/A2+u )02k2 + (1 — u)w?

1
— / ) . (132)
\/u(l —u)vik? + (1 — u)w)?
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The sum over w), can only be performed analytically in the limit T — 0 when
one can transform the sum into an integral,

£ (k,iwy) = "‘UF"”’/d /du,/
1

\/A2 +u(l— u)v%k2 +w'? \/u(l — u)vEk? + w'?

(kazr / u(1— u)vrk?
\/1—u A2+u1—u) v2k?
twpknr/ / ( u(l—u Uzk2>
_ avpkd
= O (1), (133
Now we calculate () (k, iw,,). We use an integral identity and write
. 270\ 20202 210 oo
SO (kiwy) =— ”) (270)° a0 Z/ dk /

1 iwy 1+ vpk! o
X2+ 03k — k)2 + (wn — w})? W+ 02k

Using the standard Feynman parameter we can rewrite it as

211 1
2O (k,iw,) = —nzzxzv%TZ/ &k / x/ du
0

zwn]1+vpk:’6'
ux? 4+ v2 (k' — uk)? + (w), — uwy)? + u(l — u)?

where O = v2k? + w?. In the following we analyze this expression in the
zero temperature limit. We note, however, that we have also analyzed the fi-
nite temperature behaviour of this expression numerically, which is discussed
later. In the limit T — 0 we can rewrite the expression after an appropriate

shift as
211 00 1
2 (k,iw,) = 7120(2012:/ / dk / d—;/ du
—0o0 JO

(iw" + uiw, )1+ vp(k’ —|— uk)o
ux? 4+ v2k2 + w? + u(l — u)Q?’

For symmetry reasons we can simplify the expression to yield

211 1
2@ (kiw,) = —n2a? (zwnll—i—vpk:(r/ /dk / x/ du
0

TRt w’z +u(l—u)0? "’
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The integrals over k’ with a cutoff A and w’ are elementary and we obtain

o2

1 o)
2(2) (k:, lCUn) = —g(lwnﬂ+vpkﬁ') / du\/a/ dx
0 —00

1 1
<\/x2+u(1—u)02 \/x2+u(1—u)Qz+A2> .
Integrating over x leaves us with

2

1 _ 2 2
£ (k, iwy) = —%(iwnl—l-vpk:fr)/ duy/iln MO+ A
0

u(l—u)Q? 7/

which we can integrate to give

. 2 1 1—u)Q?+ A2
£O(kyiwn) =~ (il +vpko) [ In (4
(k,iwn) S (iwy 1 + vpkd) A du uln a1 = u)0P
22
= ﬂ(iwnll—i—vpk&)

V2 3/2 V2Q
= (—Q+V4AANZ + 02 arctan
[03 ( ) V-Q+ VAT + 2

3/2 \/
+ (—Q — V4A2 + QZ) arctan [ 20

V- — VAN (2
407
+ 2In {AZ} ] (13

In the limit Q% < A? this reduces to

2 2.2
&2y oy X W1 N-vg 1 5
2O (k,iw,) = —7(1(4);1]14—7)1:’60') <6ln (W) - gln(Z) +3 .(135)
In defining the Z-factors we introduced in the ansatz for the self-energy, Eq.
(113), we only include the logarithmically dependent parts since the other
parts are irrelevant for the flow equations. They read

w2 A?
A 1+ —In————
( 12 02k + w32
., 4N a2 A2
Zoe = (14— —"In—o——|.
UF ( +4 nka 12 nv%kz—f—w%) (136)

While Z corresponds to the field renormalization, Z,, can be identified with
the renormalization factor of the Fermi velocity. This implies that the Green
function reads

Gl (k,iwy) = Z7 (iwl + Zyl — vpkéZZ,,) (137)
and consequently we can define a renormalized Fermi velocity vR as

oR = vpZZ,,, (138)

)
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where vr is the bare Fermi velocity. The calculation was performed within
bare perturbation theory. In order to derive the flow equation we add a
counter term in Z,. which is present in the renormalized perturbation theory.
This counter term reads

2
ot o AN
6™ ok (139)

Exploiting do}ffA = 0 we obtain the flow of the renormalized Fermi velocity

as

dof 0ZZy,  9ZZy, du U}
dinA ~ P 3mA T ax aofolnA
0} (9ZZyy & 9ZZy, IZZy,
" ZZy \OInA  ZZ,, oax JInA
a o
= of (4—3>+0(a3). (140)

The flow of « itself to lowest order in perturbation theory (one-loop) is given
by fla = — % + O(a3). The flow equation implies a critical a. = 3/4, which
potentially describes a repulsive critical point from weak coupling to strong
coupling. However, in a strict large-N limit to all orders in « the absence of
such a critical point was shown by Son in Ref. [36], meaning that the critical
point most likely is an artefact of the order of approximation.

For additional effects of inelastic scattering we have also investigated 3(2) at
finite temperatures. Here, we concentrate our discussion on the diagonal part

of 2 called 63" = Zézi;g(T) - Zg;g(T = 0), which enters the amplitude
and frequency of the oscillation, see Eq. (122), and was introduced in the
ansatz for the self energy (113). We have found that

2
2 2 2
,, ~ amin2 T T
52 (k,Cl]n) - 12 Wy w% + U%kz + O W . (141)

A discussion of the results follows in the next chapter.
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DISCUSSION AND SUMMARY

In this chapter we will give an overview of our main results and compare
our findings for graphene to the two-dimensional electron gas. Further we
will discuss an experiment where the LK-formula was applied and we will
analyse our results. We will give an outlook at the end of the chapter.

6.1 COMPARISON OF THE DHVA-OSCILLATIONS: GRAPHENE VS. 2DEG

First we will discuss the different energy scales of the two systems and their
consequences. Thereby we will set # = 1 and kg = 1, and the used unit for
the energy is Kelvin (K). Thereafter we will compare the Lifshitz-Kosevich
formula for graphene to that for the 2DEG, for clean, disordered, and inter-
acting systems. However, we did not study the combined effect of disorder
and interactions.

6.1.1  Energy scales

In Table 1 we contrast the energy characteristics of graphene which were de-
rived in the introductory Chapter 2 with those of the two-dimensional elec-
tron gas. Graphene’s linear dispersion leads to different energy scales in a
magnetic field, compared to the 2DEG with its quadratic dispersion. The en-
ergy of the Landau levels does not depend linearly on the Landau level index
but goes with its square root. Thus the Landau levels are not equally spaced
but get closer with higher energy. As a consequence, phenomena which are
negligible when the electrons in the system only occupy low Landau levels
might become important when higher Landau levels are also occupied. For
example, the Zeeman effect, which we neglected throughout the thesis, leads
to an energy splitting for different spin species according to E = +jiB, where
ji is the magnetic moment of spin-up electrons and —ji that for spin-down
electrons. For example at a magnetic field of B = 0.1T it becomes important
when Landau levels with index n ~ 10000 are occupied. Also the cyclotron
frequency w,, which is linear in the magnetic field for the 2DEG, depends
on the square root of the magnetic field in graphene. For the common mag-
netic fields and temperatures at which experiments are performed, w, < T
holds in the 2DEG. But due to the different B-dependence of w, in graphene,
we «~ T applies for the same experimental parameters. An example is given
in the last two lines of Table 1.
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TABLE 1: Energy scales

2DEG Graphene
Dispersion E = szZn E = +ourk
Landau levels E, =wc(n+ %) En+ = twe/n
cyclotron frequency We = % we = vpV/2eB
B=0.01T we ~ 0.01K we =~ 30K
B=01T we =~ 0.1K we ~ 100K

6.1.2  The Lifshitz-Kosevich formula in a clean system

In Table 2 we contrast the Lifshitz-Kosevich formula for the 2DEG and for
graphene without disorder or interaction effects. The most striking difference
is the limited sum. The oscillations in graphene die as soon as 7T > u. The
other noticeable difference in graphene’s magnetic oscillations is the depen-
dence of the frequency on the temperature through wy,. This also has strong
consequences if temperature becomes comparable to the chemical potential,
which in contrast to metals is easily achievable in graphene.

TABLE 2: The LK-formula in a clean system

~ _ 1\ _ 2mlwp
2DEG Qose = vw T Y21 Y0 <o %e we cos (%)
4rtlwn |y
N 2TWP? oo w1, T 2 27l (2 —w32)
Graphene Q5 = mf% Y21y, s07€ < cos T

6.1.3 The Lifshitz-Kosevich formula in a disordered system

In this section we will discuss the effect of disorder on the oscillations in
gaphene and compare this effect to that discussed in Section 4.1.1.2 for the
2DEG.

In Table 3 we contrast the LK-formula with disorder for graphene and the
2DEG. Again, we see, that in contrast to the oscillations in the 2DEG, the
oscillations in graphene die above a characteristic temperature Tosc. This tem-
perature depends on the strength a4;s of the scattering potential and is given

by mTosc = % Disorder in graphene, unlike in the 2DEG, also affects

the oscillation frequency.
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In Section 4.1.1.2 we introduced the Dingle temperature Tp, which expresses
the damping of the amplitude due to disorder. In Table 3 we specify the Din-
gle temperature for the 2DEG as well as for graphene. In graphene the Dingle
temperature depends on the chemical potential and on the temperature, un-
like in the 2DEG.

TABLE 3: The LK-formula in a disordered system

1 7T
2DEG Qosc - 4VWCTZZ 1 Ewn>0 _1) ¢ %UCI (wn+2r) cos (an”)

_ 1
TD—ZTET

1
g (2R (ra2g0) ln (14241

Wy >0

Graphene Q5 = ZTWC Y 112

X cos (2”61 ((u? w%)(1+2a1")—4zx\y|wn(7r—2¢))>

Tp = wy ((”2_“’%) (o — 2¢pa) + szl")

|1l wn

Tp(T =0) = |p| e

6.1.4 The effect of electron-electron interactions on the Lifshitz-Kosevich formula

TABLE 4: The LK-formula with electron-electron interactions

271l (wn (14+ag) -0

2DEG Qosc = —2DT Yon>0 L1 %[W o8 (wcz(qlfﬁ))

Graphene Q5 =2DTY 2, %Zzw

wy>0

~ A (a2 e (SRR Nz (S0 )R D)

X e

X COS (aégél: ( — (U%Zfz + yz —|—2(§R{(SZ//} _ %{52/}>wnzfl

F2(S{6T"} + R{5T'}) y))

We have derived the LK-formula for weak interactions in both, the 2DEG
and graphene, see Table 4. One of the main features of the 2DEG is that in-
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elastic processes on the first Matsubara mode do not lead to an additional
damping, since §X” vanishes on the first Matsubara mode. (see Eq. (112))
This implies that interaction effects can fully be absorbed in renormalization
factors.

The situation is different in graphene. Here, both inelastic effects as well as
renormalization effects influence the amplitude. The inelastic effects are ex-

pressed by 6%/ (xéo),iwn) and 6% (x(()o),iwn). The latter is given by (cf. Eq.
(141))

a2n1n2w T?
12 "\ w2(1—2Z72) + p2 + 2w, Z

TZ 2
o { (w%(l —Z72)+u? +2iwnZ—1y> } >~(142)

However, unlike in the case of disorder, the inelastic effects vanish for zero
temperature.
Another interesting property is that the dominant damping term

55 (2, iw,) =

e “7 (143)

cannot fully be accounted for by renormalizations of the Fermi velocity, since
. . 1 . 1 . .

it goes like G2z instead of FT which would be required for that. So
this result is in contrast to a recent analysis, where this has tacitly been as-
sumed [12] and which we will discuss in the following section.

6.2 APPLICATION OF THE LIFSHITZ-KOSEVICH FORMULA

In the Nature article by Elias et. al. [12] the
authors report their experimental finding on
how electron-electron interactions in graphene
renormalize the Fermi velocity vr — v}. They
find a momentum dependent renormalized
Fermi velocity v} (k) which reshapes the Dirac
cone.

In their experiment, Shubnikov-de Haas (SdH) ﬂ(
oscillations in graphene are measured as a func-

tion of temperature T. These oscillations in

the conductivity of graphene in a magnetic

field are usually also described by the Lifshitz- “
Kosevich formula. By fitting the first harmonic

I = 1 of the LK-formula (57) for the two-
dimensional electron gas,

FIGURE 12: Dirac cone re-
T shaped by electron-electron in-

Al vy ——————, (144) teractions as reported in Ref.
ZSinh(zn;egmf ) [12].




6.3 OUTLOOK

to the measured amplitude, the effective mass
m* is extracted. It is related to the effective Fermi velocity v} via

. hymn
e = = % (145)

m =
*
UF (%

By repeating this procedure for different doping levels (meaning different
momenta), a momentum-dependent effective mass is obtained. The analysis
of the experimental data suggests a logarithmic renormalization of the Fermi
velocity, caused by electron-electron interactions,

vr(k) «~ Ink. (146)

The reshaped Dirac cone is plotted in Figure 12. As a consequence, electron-
electron interactions effectively reduce the density of states at low energies.
In the experiment the doping level, embodied by the electron and hole con-
centrations, 1, and 7y, respectively, is varied between || « 10°cm~2 and
|| «» 1012 cm~2. The chemical potential y is related to the particle concentra-
tion via yu = h\/7nor. Thus we find 40K < |u| < 1400K (for vp = 10°). The
magnetic field is varied from B ~ 0.01T to B ~ 0.1T and the temperature
regime of the measurements is 0K < T < 60K. With these parameters we
find

nzT
we~T, (147)

meaning in the experiment the non-Fermi liquid regime of graphene is
reached. From our analysis we can say that the statement that a renormal-
ization of v is the only damping effect due to electron-electron interactions
is only true to one-loop order. Our two-loop calculation of the self-energy in
Chapter 5 shows that electron-electron interactions in graphene also lead to
inelastic processes, see Eq. (142) as well as field renormalization effects, see
Eq. (143). Furthermore the frequency of the oscillations is also affected by
temperature, impurity scattering and interactions, as seen in Table 3, 2, and 4.
However, it should be mentioned that it is not clear to what extent our anal-
ysis for dHvA-oscillations also applies to Shubnikov - de Haas oscillations.

6.3 OUTLOOK

From the theoretical point of view it would be interesting to also study the
interplay of electron-electron interactions and impurity scattering. In the two-
dimensional electron gas this coupling was studied in Ref. [2]. The authors
find that in the diffusive regime the electron mass is renormalized, meaning
that impurity scattering does not change qualitatively the effect of electron-
electron interactions on the amplitude of the dHvA-oscillations. As we found
additional damping effects due to electron-electron interactions in graphene,
it would be interesting to see how impurity scattering influences this result,
meaning if our results still hold in the diffusive regime of graphene.

47
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On the experimental side there are so far no reported experimental inves-
tigations of the dHvA-effect in graphene. In Section 6.2 we compare our
results to the measurements of Shubnikov de - Haas oscillations, as they
were performed in Ref. [12]. Usually these oscillations in the conductivity
are also described using the LK-formula derived for dHvA-oscillations, since
the derivation of the oscillating conductivity is more sophisticated and there
are so far no theoretical descriptions which also include the effect of electron-
electron interactions. (Theoretical work on SdH-oscillations neglecting any
interaction effects can be found in Ref. [37] for graphene and in Refs. [38, 39]
for the 2DEG.) However, it is not clear to what extent the LK-formula for
dHvA-oscillations describes the oscillations in the conductivity well.



APPENDIX

A.1 COMPUTATION OF THE OSCILLATORY PART OF THE SELF-ENERGY
DUE TO DISORDER

In this section we will derive an analytic expression for the oscillatory part of
the disorder induced self-energy defined in Eq. (85).

®© o cos (Zzlx)
ZOSC = [xdis(iwn + ]/l — Z) Z /0 dx c
=1

(iwn +p—X)% —
0
W2 . (2nl /1%
= Y Ye e '
i (i + 1 — )Z { sin 3 ¥ (lw+y2)2x}o
27mlx
wZ 0 o0 1 Sll’l( w2 )

® iwy + z / dx—— = ,

disor 7o+ = )l; 0 I ([iwn +p—X)2 —x]?
(148)

where we integrated by parts. Now we will first compute the sum over [,
yielding

2mlx
sin { "7 1, i 1/(2
I it J —zi(lne’#? +1In(~1)) = 5 < ~rmod (27) + ”>
c

= % <2w7-2[(xmod( ) + 7'(> (149)

Now we use this expression to solve the integral,

C

[icog + u —X)%2 — x]?

/ooo dx %(@T FLamod(w?)) + n)

18 x4
B EZ/ ([iwn + p —£)? — x — nw?|?
_ Z / 27X + 7T
B Wg n=0 71‘0”” L x—n)?
(‘Jc

. o7n (iwn +p —%)?
= 5z /O dePolyI[1,x — == L= (1~ 2x)

7(iwn+]£72)2

T T | (icwy + p — %)?
- 4+ - o[- T EE 2
N ip P 2|7 & kT wr )65
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where 7 is Euler’s constant. Thus we obtain the following expression for ¥.°°¢,

$0sC Xdis w?
2 \ 2(iwp +p— %)
_ (iwnﬂ;E)Z
. | (iwg +p — X)?
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A.2 THE GRAND POTENTIAL FOR DISORDERED GRAPHENE IN A MAG-
NETIC FIELD

In this section we will compute the oscillatory potential for disordered graphene.
The corresponding self-energy X4 is given by Eq. (89).

~ TaJ4L2 sin(27tlx
Q= 2 / ( : ) 5 - (152)
UF Wy = licon + p — Lgis (iwn)]” — w2x

In order to evaluate the integral using residue theorem the location of the
pole needs to be known. For this purpose we split the sum over wy, such that
we have w;, > 0 from now on:

A~ Tai4L sin(27tlx) sin(27tlx)
Q .
S Loz L1t o d X ot T eon)P—Bx | i = (—icom P2

(153)

In the following we assume p > 0. For p < 0 it is expedient to sum over
negative wy, i.e. to use the identity Y, F(wy) = ¥, <0 (F(—wn) + F(wy)).
The two poles read

1. )
= liwn+p— Zais(in)? (154)
c

1 ) .
X2 = E[*lwnJFV*Zdis(*lwnﬂz- (155)

c

Here, we only perform the calculation for the first pole. The location of the
second pole can be computed analogously.
First we will simplify the expression (89) for the self-energy

. . ZJ%AZ
Zdis(lwn) ~ _‘Xdis(lwn + ]l) In W

im,2 A2
= —wgis(iwy + p) In <(60F>

W2 + 2)e2i®

= —agis (iwn + p) (T + it — 2ip) (156)
2
with T =In (LU%F_T_\])/@) and ¢ = arctan (?) . (157)

If we insert expression (156) for the self-energy into Eq. (154) we obtain
1. ‘
X1 = w2 (iwn + ,u)z(l + agisT + igis (77 — 247))2' (158)
c

We expand the pole to linear order in a4 as we are interested in a weak
disorder potential,

wlxy = (P — wi) (14 2ag;T) — dagiswnpt (T — 2¢)

+ 2 (wnﬂ (14 2agisT) + agis (> — w3 ) (m — 24’)) : (159)
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In order to find the zero-crossing of the real part we use the ansatz y =
wy + 0y and expand again the real part up to first oder in a4;s whereupon we
assume that éy is linear in ag;s.

(;42 — w%) (14 20g;s) — dagiswn (T — 2¢p) ~ 2w, o4 — 4adisw%(7r —2¢) Lo

With ¢ = arctan ( w:jréy) ~ arctan(l) = § we get as a condition for the

zero,
Opo = agiswnm = po = wu(l + agis). (160)

Hence the pole is located within our range of integration only for frequen-
cies wy < %. (We find the same condition for the second pole x;.) The
imaginary part of the pole, see Eq. (159), is larger than zero. Thus the pole is
located in the first quadrant. With this information we now can apply residue

theorem to compute the integral,

/°° d sin(27lx)
o

iwn + i — s (ieon)]* — wx

1 ) eianx
= */ dx— ; Pl
2000 fiwn + p— T (iwn)]” — wlx

1 ) efi27rlx
- —./ dx— — — L+ (161)
2iJo liwn + p — Zgis (iwn)]” — ng

The integration path is plotted in Figure 11. For the integral I; we use path
c1 since €% vanishes for x — ico. This path contains the pole.

1 o0 ei27rlx
I =5 / dx— . 2 e
LJo [lwn + H—= Z‘dis (lwn)] —wgx

1 0 ei27tlx
—*./ dx 5
2i Jico iy + p — Zgis (iwn)]” — w2x

b
1 VR8T 1N 2 oS (i)
+ =2mi Yy ( 2) g wf (4T :
2i o —ws
In the first term we substitute ¥ = —ix and in the second term we part the

self-energy X4; into a real part Z:ﬁs and an imaginary part Z:hs'

1 [ e~ 27ty
L = f/ dy— —— . (162)
200 iwn + p = T (iwn)]” — wiy
1

TFagm i / ” . / "
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Wny

- 07% (163)
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The first term is a non-oscillatory correction term. Now we simplify the oscil-
latory part I;. We only keep terms linear in ay;s. We consider the self-energy
(156) and split it into a real and an imaginary part:

Lgis = —dis (iwn + ]4) (lnr + i — 2i4))
= agis(—puInT + wy (1 — 2¢)) — ingis(wn InT + p (7w — 2¢))
= Z::lis + iz‘::,lis' (164)
We see that X}, and X/}, are both linear in agjs. Thus the oscillatory part in
Eq. (163) simplifies to

I
Pr”‘dis” 27l
w?

I = 5

! " 471 " !
(HZ,ZyZdisfw% +2“’"Zdis) 87 ﬁ (pewn *F‘Zdis*“’"zdis)
P — c
5 .

(Uc Wy

(165)

Now we examine integral I defined in Eq. (161) using residue theorem. We
use the integration contour c, as e 2* vanishes for x — —ico,

1 ) efi27rlx
L= _2*/ dx— . 2 5
LJo liwn + p — Zgis (iwn)]” — wzx

1 40 e—i27tlx
= — / dx— . 2
2i J—ieo [Z(Un +u— Zdis(lwn)] B ng

1 e—2mly
L e S (166
200 [iwn + p — Zais (iwn)]” + wiiy

where we have used the substitution y = ix.
Now we add our results Eq. (162), Eq. (163) and Eq. (166) and obtain

/°° d sin(27tlx)
o

iwy +p— Zdis(iwn)]z - ng

1 [ _ 1
) / dye 2y ; ; 2 5.
/0 [lw” Ty Zdis(lwn)] + wgty

1
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1+adisn 27l
S5y et

! " " /
(y272y2disfwﬁ +2wn2dis)ef i;iz’ (Hwn—pZ g1 —WnZgis)
[ .

(167)
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We also performed the analogue calculation, steps (156) to (167), for the sec-
ond term in Eq. (153) which depends on Xg;s(—iwy ). Merging the two results
we gain the following expression,

. T 4L2 °° 1
=Y / dx e—zmx H +2)? — (wn — Z‘gis)z)
1=1 wn>0

1
(((#Jrzdls) 2 — (wn = T 2) " + (20 + Ely) (wn — Ty) + w2x)

X

1
+
(<y+zd15) _( Zgls) )2 ( (‘u—i_zdls)( Zé{ls) ng))

"
wn>0
27Tl 2 / 2 "
X 2 cos ﬁ(y —2uX g — Wy +2wnLygi) | - (168)
c

We now see that the non-oscillatory correction terms are real and finite be-
cause of the factor e2¥. We insert the expression for the self-energy defined
in Eq. (164) and generalize our result to negative chemical potentials,

[pe|
T+agis ¥
~ ZTCUgLZ =1 dis 2 i}m((}‘ —w )(n“di572¢“dis)+‘V‘Wn(lsz“disr))
Qosc = 5 7 €
TE =1 wy>0

cos (257 (02 = @)1+ 2aaT) ~ dogulpleon (- 29) )

c

(169)



Part I1

SHEAR VISCOSITY AND SPIN DIFFUSION IN A
TWO-DIMENSIONAL FERMI GAS






MOTIVATION

Transport properties provide particularly valuable probes which can reveal
the nature and strength of the effective interaction between particles. The
shear viscosity 7, e.g., measures the internal friction in a quantum fluid,
which is lowest for strongly interacting systems. For certain relativistic gauge
theories the ratio of the shear viscosity to the entropy density s has been com-
puted using the AdS/CFT correspondence and takes the value (17/5)min =
i/ (4rtkg) [7]. It has been conjectured that this value provides a lower bound
also for a wider class of relativistic field theories [6], and quantum fluids
which saturate this bound are therefore regarded as "perfect fluids’ [40]. Quan-
tum fluids ranging from (non-relativistic) ultracold atoms to (relativistic) quark-
gluon plasmas have been investigated in the search for such a perfect fluid
[40]. In the solid state context, the viscosity of graphene layers has been
shown to decrease logarithmically with increasing temperature [41] coming
reasonably close to the lower limit. Another example is the viscosity of the
unitary Fermi gas in three dimensions which has been measured [42, 43, 44]
and again comes rather close to the hypothetical bound for temperatures
below the Fermi temperature. This is in agreement with calculations based
on kinetic theory for low [45, 46, 47] and high temperatures [48, 49, 50, 51].
These calculations have been confirmed and refined in approaches based on
the Kubo formula with self-energy [52] and full vertex corrections [53] and
recently also in the form of a Quantum Monte Carlo simulation [54]. Measure-
ments for a trapped two-dimensional Fermi gas with strong interactions have
found the viscosity to decrease with decreasing temperature and increasing
interaction strength. [3]

The quantum limit for the spin diffusion coefficient, D ~ #i1/m, has also been
predicted to provide a similar lower bound for spin diffusion in any system
[55]. Measurements of the spin diffusion coefficient for the three-dimensional
Fermi gas [56, 57] come close to this lower bound and are in good agreement
with calculations based on kinetic theory [56, 55].

Since in two dimensions the effect of interactions is stronger, one expects the
transport coefficients to be even smaller than in three dimensions.






INTRODUCTION TO ULTRACOLD ATOMS

Ultracold atoms have emerged as a versatile system to study quantum ef-
fects in strongly interacting fermionic and bosonic many-body systems [58].
In particular, studies of ultracold fermionic systems are of special interest
since they can reveal the physics behind complex phenomena in condensed
matter systems. The advantage of systems of ultracold fermionic atoms over
real condensed matter systems is the excellent control over the Hamiltonian
parameters. Crystal structures can be simulated by optical lattices: Interfering
laser beams form an intensity pattern in which neutral atoms can be trapped.
Parameters such as lattice constant and on-site potential can be tuned in ex-
periment. [58] Fermionic atoms in a trap obey an quadratic dispersion with
a real mass which is not renormalized by a lattice potential. The interaction
between the atoms can be tuned by Feshbach resonances, see Section 8.2.
In this chapter we will introduce the most important features characterizing
ultracold atomic systems and the tools used in ultracold atom experiments.
Thereby we will follow the book by Stoof, Gubbels, and Dickerscheid [59] as
well as the review article by Bloch, Dalibard and Zwerger [58].

8.1 SCATTERING

Collisions of two atoms in the quantum regime do a priori include scattering
processes involving states at nonzero relative angular momentum. In order
to scatter in these states, the incoming atoms need to have enough energy
to overcome the centrifugal barrier due to the centrifugal potential which
scales with V'« [(I + 1) [60], where [ is the quantized angular momentum
of the final state. The energy of this threshold for small ! corresponds to a
temperature in the milli-Kelvin regime for the typical atomic masses that are
used in experiments. [58] Below that temperature, only s-wave scattering pro-
cesses can occur. This threshold temperature defines the regime of ultracold
collisions. In many cases realistic interactions can be well approximated by
a contact interaction. This has an important consequence on the scattering
in ultracold fermionic systems: as fermions obey the Pauli exclusion prin-
ciple and because ultracold temperatures only allow for s-wave scattering,
only fermions in different intrinsic states are affected by a contact interaction.
Therefore, in order to observe scattering events, fermionic gases are prepared
in different intrinsic states - most often in two different hyperfine states.

A quantitative discussion on scattering in two dimensions will be given in
Section 10.2, where we derive the two-body scattering matrix for collisions in
a two-dimensional system.
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8.2 FESHBACH RESONANCES

The Feshbach resonance is a very important feature of ultracold atomic gases
which allows to study strongly correlated systems. By tuning the system to-
wards a Feshbach resonance, the scattering length can be increased drasti-
cally.

A Feshbach resonance can occur in systems which exhibit two coupled scat-
tering channels which differ in the internal configuration of the colliding
atoms: the closed channel which contains a two-atom bound state close to
the continuum of the other channel, called the open channel. This situation
is depicted in Figure 13. For instance when the atoms in a gas can take two
different spin states, the two colliding atoms can either form a singlet or a
triplet. Let us assume that the singlet channel contains a bound state which
is close in energy to the continuum of the triplet channel. The two channels
are coupled via the hyperfine interaction which can provoke a spin flip. As
the singlet and the triplet have a different magnetic moment, the two channels
have a different Zeeman shift in a magnetic field. For that reason a magnetic
field can be tuned such that the bound state of the singlet channel becomes
resonant to the continuum of the triplet channel.

The resonating bound state is an eigenstate of the scattering process, as well
as the plane waves of the continuum. For that reason the bound state is or-
thogonal to the plane waves and there is no overlap of the wave functions.
In the resonant case, the plane waves of the continuum are repelled and the
scattering length diverges.



THE TRANSPORT COEFFICIENTS

9.1 SHEAR VISCOSITY

The shear viscosity # of a fluid or a gas is a measure of the internal friction
of the system. It characterizes the force required to create a velocity gradient
in the system. The shear viscosity is the proportionality factor that relates the
force F and the velocity gradient du/dy,
ou
F=An—, 170
1oy (170)
where A is the cross sectional area of the system. [40] Figure 15 illustrates
this definition.

A

moving y

boundary plate

> [

u

dy

fluid gradient

cross section A

X

fixed boundary plate

FIGURE 15: The shear viscosity # indicates how much force F is needed to create a
velocity gradient g—;. The picture is based on Ref. [61].

By measuring the shear viscosity of a system one can gain information about
the interaction between the particles of the system. The shear viscosity of
strongly interacting systems is lower than that of weakly interacting systems.
This at first sight contradictory correlation can be understood as follows:
The viscosity measures the momentum transfer across a given distance: In
a weakly interacting gas, as one boundary plate jolts a particle, the particle
moves to the other plate and transfers its momentum. However, if the system
is strongly interacting, the particle has already lost a part of its momentum
through scattering with other particles by the time it arrives at the other side.
In this case the momentum transfer is smaller, and hence the shear viscosity
is also smaller. In terms of Eq. (170) and Figure 15 one can think in the fol-
lowing way: In strongly interacting systems, less force is needed to create a
velocity gradient because the momentum transfer from one side of the capil-
lary to the other is hindered by scattering.
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In fact, the temperature dependence of the viscosity #(T) is expected to have
a minimum, as now discussed (we follow the article by Schifer and Teaney
[40]). In a classical picture, which goes back to Maxwell, the viscosity in a di-
lute gas is connected to the momentum transfer of the individual molecules.
The relation reads as follows,

1
n= gnpl (171)

where n is the particle density, p the momentum and ! the mean free path.

The mean free path is connected to the transport cross section ¢ via | = -L.

Since the molecules move according to their thermal energy, % = kgT, the
viscosity of a dilute gas increases with increasing temperature in accordance
with

g = Y2EL (172)

o

but it is approximately independent of the density. This counterintuitive be-
haviour was observed in experiments which were carried out by Maxwell
himself. When the temperature is further lowered the gas condenses into a
liquid and transport can no longer be described by the motion of the individ-
ual molecules. Here, transport processes are thermally activated transitions
between local energy minima and the viscosity scales up with decreasing
temperature according to

_E_

1 = hnetsT (173)

where E is the activation energy. Because of the opposite scalings of the vis-
cosity for dilute gases, Eq. (172), and liquids, Eq. (173), there must be a mini-
mum of the viscosity as a function of temperature. It is natural to expect that
this minimum occurs in the vicinity of the gas-liquid phase transition.

Now we come to the question how to identify a "good" fluid. Experimental
results show that the viscosity of liquids which are known to have a good
flow characteristic differs by orders of magnitude. This observation suggests
that the viscosity should be normalized with respect to some thermodynamic
quantity. Eq. (171) and (173) indicate that the viscosity scales with particle
density n. Indeed, the ratio I of fluids with similar flow characteristics takes
values of the same order of magnitude. However, as we are especially inter-
ested in a comparison to relativistic systems, normalization with respect to
particle density is not applicable because in these systems the particle num-
ber is not conserved. A more suitable normalization quantity is the entropy
density s. For many fluids the entropy density scales as s -~ nkg. The uncer-
tainty relation of quantum mechanics provides us with a rough estimate of a
lower bound of the ratio £: The product of the momentum and the mean free
path is restricted from below according to pl 2 #. From Eq. (171) it follows

h
>

» |
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But since kinetic theory is not reliable in the regime I « % other methods

are needed in order to get a reliable lower bound. Based on the string theory
framework, Kovtun et. al. [6] laid down a conjecture for the lower bound:

(175)

The existence of a lower bound of the viscosity raises the question if there is
a "perfect fluid" whose ratio of viscosity to entropy density is equal to ﬁ.

9.2 SPIN DIFFUSION

In a fermionic system which contains two different spin species, 1 and |,
random collisions between the particles lead to spin currents which flow in
such a way as to even out spatial gradients in the spin density. Here, spin
refers to any intrinsic quantum number of the fermions. The spin diffusion
coefficient D; is a measure of this equilibration process and is defined by [56]

js = —DsV(ny —ny) (176)

where js is the spin current density and ny(}) is the density of spin-up (spin-
down) atoms. In our setup this translates to the two fermionic species with
atomic masses n1 and m | responding to gradients in the chemical potentials
#+ and p|, which are opposite for the two species.

An excellent set-up to measure the spin diffusivity is provided by ultracold
atomic gases [56]: Two clouds of fermionic atoms which are prepared in two
different spin states are separated from each other in a trap via a magnetic
field gradient. Then strong interactions are induced by driving the system
near a Feshbach resonance. The two atom clouds are released and collide in
the middle of the trap. They "bounce" off each other, but subsequently collide
again because the trapping potential pulls both clouds into the middle of the
trap. This oscillating process is imaged selectively for the different spin com-
ponents. The spin diffusivity Ds can be gained by comparing the relaxation
rate to the gradient in the spin density.

In the strongly interacting regime, the spin diffusion coefficient exhibits a
minimum as a function of temperature [55]. As spin diffusivity is smallest
for strong interactions, this minimum is considered to be universal. This
can be understood from the argument presented in Refs. [56] and [55]: At
a high collision rate, a spin-up fermion is scattered back into the spin-up
cloud when the two atom clouds collide, rather than diffusing into the oppo-
site spin region. Hence the spin diffusion coefficient increases with increasing
mean free path /,,; between scattering events, and with increasing velocity v
of the atoms. In general we have for a d-dimensional system, [62]

1
Ds - avlmf- (177)

. . . . . K4
linf is connected to the scattering cross section ¢ via [, r - %, withn = —i—

being the particle density. For temperatures T much higher than the Fermi
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temperature Tr the scattering cross section is given by the thermal de Broglie
wavelength, o - /\”%*1 where At = —=2Z__ and the fermions move with the

VammksT’
thermal velocity vt = v/2mrtkpT. This yields for the spin diffusion coefficient
in two dimensions:

D; 2% - 2mnkBT22k7§FVz’;T7;i‘ﬂ - hll{%(mnkBT) T (178)
For temperatures far below the Fermi temperature only low energy states of
the trap are occupied. Collisions into a low energy state are therefore sup-
pressed due to the Pauli exclusion principle. Thus in the low-temperature
regime the effective scattering cross section increases with increasing temper-
ature and is found to scale according to o &« T2. As the average velocity is of
the order of the Fermi velocity v = %, the spin diffusion coefficient in two
dimensions scales as

Of hmoitl 1

Dsr o v —— =
* 7 2no mkFTZCXT2

(179)
and one expects a minimum to occur near the Fermi temperature before Pauli
blocking becomes effective.

Now we will estimate the minimum value of the spin diffusion coefficient:
The scattering cross section for strong interactions is related to the de Boglie

d—1

wavelength via ¢ /\%_1 = (%) , where p is the momentum of the
fermions. In the degenerate regime, p on average is the Fermi momentum
pr = hkp and v the Fermi velocity vr = % This yields for the spin diffusion
coefficient in two dimensions,

v Tikp 27T k 1n

Dsmimifisz, (180)

2nc  2m k3 2m  2m
This estimate of the universal quantum limit for spin diffusion in Fermi gases
is independent of the temperature.



SCATTERING IN TWO DIMENSIONS

10.1 THE MODEL

We consider two species of interacting fermionic atoms, labeled by o = 1, |,
in two dimensions. The corresponding Hamiltonian reads

H = 2 Eko — Ko Ckack(7+ % 2 Ck/ ‘Lck+qTCchk’¢ (181)
kk'q

The first term describes the energy of the free Fermi gas with the free single-
particle dispersion ey, = k*/2m, and species-dependent chemical potential
He. (In this chapter as well as in Chapter 11 and 12 we will set i = 1 and kp =
1) cL +Cko are fermionic creation and annihilation operators. The second term
accounts for the interactions between the fermions where gy is an attractive
contact interaction and V is the area of the system. We sum over all initial
momenta k and k' and the momentum transfer g. At ultracold temperatures
the interaction only allows s-wave scattering (as higher scattering channels
are suppressed due to the potential barrier, see Section 8.1). Due to the Pauli
principle the s-wave contact interaction acts only between different species 1
and | .

10.2 THE SCATTERING MATRIX

In the dilute Fermi gas, the only important interaction processes are two-
particle collisions. In this section we will derive an expression for the 2d
two-body s-wave scattering matrix which describes such processes in two di-
mensions. First we will consider two-body scattering processes in the vacuum
and derive the vacuum scattering matrix 7,"* for s-wave scattering. Thereby
we follow the book by Stoof, Gubbels, and Dickerscheid [59] and the article
by Adhikari [63]. Thereafter we also include the effect of a medium on the
two-body scattering processes and we derive an integral expression for the
the medium scattering matrix 7, which can only be computed numerically.

10.2.1  The two-body scattering matrix in the vacuum

We consider a spherically symmetric interaction potential V(ry —ry) = V(|r; —
r7|). In this case the two-body Schrodinger equation separates into a part de-
scribing the center-of-mass motion and one part describing the relative mo-
tion. The Schrodinger equation for the relative wave functions ¢ (r) reads

(Ho+ V(r)p(r) = Ep(r) (182)
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7 V2 e .
with Hy = TZ, being the free Hamiltonian with the reduced mass m; ! =

my 14 mIl. E is the energy at which the elastic scattering process takes place.
As |k) solves the problem for V = 0 the solution of Eq. (182) is given by

N

1Y) = k) + Vi) - (183)

E— HO +ie
The infinitesimal part ie is introduced in order to deal with the singular na-
ture of the operator -—. Eq. (183) is known as the Lippmann-Schwinger
equation. For dlstances r much larger than the range R of the scattering po-
tential, the wave function assumes the form

) ; ik'r
Pe(r,0) ~ ¥ 1 ﬂf(k, k’)eﬁ. (184)

The first term describes the incoming state, which is assumed to be a plane
wave in x-direction with wave vector k. The outgoing state with wave vector
k' is rotationally invariant around the scattering potential V at the origin and
is determined by the momentum-dependent scattering amplitude f(k, k'),
which is defined via the matrix element,

Ok ) = = e (] 7 ). (185)

We now introduce the operator 722, defined by

174 lpp) = 728 k) (186)

which is called the two-body scattering matrix. Multiplying Eq. (183) with
V and using Eq. (186) yields the Lippmann-Schwinger equation for the T-
matrix,

28 _ 9 4 vy 128, (187)
where Gy is the free Green function

A 1

Col2) = (188)
with z = E + ie. When expanding this expression into a Born series,

T2 =V 4+ VGV + VG VGV + ... (189)
one gains a formal solution for the scattering matrix

B =V 4+ VGV, (190)

where we introduced the full Green function

G=(z-A)L (191)
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When inserting the complete set of eigenstates |¢,) (5| of the perturbed
Hamiltonian H with eigenvalues €, one gets the following expression for the
scattering matrix,

12B V+ Z V|lpﬂé l/JlX / 471.2 |lpk lpk| (192)

= & zZ— €

From this expression we can see that the two-body scattering matrix exhibits
poles in the complex plane that correspond to the bound states of the interac-
tion potential and that it has a branch cut along the positive real axis due to
the continuum of scattering states at positive energies.

From Eq. (185) we see that the two-body scattering matrix is related to the
scattering amplitude f(k, k') via

Floe ) = = e (K12 ) (199)

As we consider elastic scattering processes, meaning k = k/, the scattering
problem is fully described by k and 6, where 8 is the angle between the wave
vector k of the incoming wave and the wave vector k of the outgoing wave.
Since we are only interested in s-wave scattering it is convenient to expand
the scattering amplitude in partial waves with amplitudes f; (k) and then only
consider the first summand,

f(k,0) [Zelcos 10) fi (k). (194)

We now write the incoming plane wave as a superposition of incoming and
outgoing spherical waves by using

eikx _ 1krc059 2611 Ccos 19)]1(k7’)
=0

1 ikr —iZ(14+1) —ikr ,i% T(+1)
= lgelz cos(10)/ o (e e 2V fe )
(195)

with €, = 2 for | # 0 and ¢y = 1. Here, we used the asymptotic form of the
Bessel function j;(kr). From Eq. (184), Eq. (194), and Eq. (195) we can see that
scattering at a potential leads to a change in the coefficient of the outgoing
spherical wave according to

efkr . (1+ 2if; (k))e*r
VT VT '
Since the probabiliy flux is conserved during the scattering process, the coef-

ficient 1 + 2if;(k) is equal to unity. This can be taken into account by writing
the coefficient as an exponential function,

(196)

1+ 2if; (k) = ¥ k), (197)
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And we find for the scattering amplitude f;,

; 1
j— 151 (k) 1 =
filk)y =e sin &; (k) cota k) =1 (198)
Consequently the partial wave expansion for the T-matrix reads
A e 2 & 1
128 (k,0) = k0)=—— 10) — .
(6,6) = YTl ) = = 3 rcos16) s — (199)

When only considering s-wave scattering we can use the low energy expan-
sion for cot dy(k) with E = 2"—;’,

ncotdy(E) = In(E/ep) + O(E/€eR) (200)
with constant eg = 1/2m,R? and R the range of the interaction potential.
Inserting this expansion we find for s-wave scattering [63, 64],

B 27/ my
To(E) = In(eg/E) +im’ (201)
The pole at E = —ep < 0 corresponds to the two-body bound state. This

bound state is always present in an attractive 2d Fermi gas [65, 64] and the
binding energy

_ 1
2m,a?y

€p (202)
defines the 2d scattering length a,p.

In the following section we derive an expression for the two-body scattering
matrix in the medium. Thereby we will use the notation 7y = 7% for the
vacuum two-body, s-wave scattering matrix (Eq. (201)) derived in this section.

10.2.2  The two-body scattering matrix in the medium

At finite density we need to consider the effect of the medium on the two-
particle collisions. This scenario is described by the two-body scattering ma-
trix Tip (g, w) in the medium which is subject to the Bethe-Salpeter equation

(331,

1
Tiw (@ w) = T (q,w) + 15 ;Tk%”‘c(q,w)GpT(w)Gp+q¢(w)7;kf(q,w)~ (203)

k is the momentum of one particle before the scattering event and k' is its
momentum after the scattering event. ¢ is the relative momentum of the par-
ticles which is not changed by the scattering process. The sum runs over all
internal momenta p. The vacuum scattering matrix 7,7/°(q, w) is given by Eq.

(201) and [66]

1 1
G (w)G w)=-T : - -
pt (@) Gpgy (@) 1; R — ey T 701 Tn —m—erre I

_ _ fulep) = frileprq)
iwn = €pp — Eprqy T 1y

(204)
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with f}| (€p) being the Fermi-Dirac distribution [65]

1
eT(Ep—rt) 41

fri(ep) = (205)

In a dilute gas with short-range interactions, where the average interparticle
spacing k;l is much larger than the range R of the potential (meaning we
have a small parameter kR, where kr is the Fermi momentum) only dia-
grams which have no crossing interaction lines survive. (This approximation
is consistent with the lowest order approximation of the large-N expansion in
Section 13.1.) The recursive formula reduces to the ladder structure sketched
in Figure 16,

FIGURE 16: Ladder approximation for the scattering matrix Ty (g, w)

Tae (g, w) = V(g,w) + v<q,w>§ Y GH(w)Gpy g (@) Ty (g,w),  (206)
P

where V is a single interaction line. Since the expression for T (g, w) does
not depend on k, we can solve this equation for 7 (g, w) yielding

V(g,w)
T(q,w) =
@) = @)L 5, Gy (@)Cyrgs (@) o7
or
) 1 1
T (q,w) = m 1z ZGpT(W)Gp+q¢(W)
4 p
[ @p flepr —pup) + fleprq — 1))
_ 1 P P+q
= To(E) / (2m)? iw 4 pr + 1y — €pt — €piql (208)

This integral is known analytically at T = 0 [67]. At finite temperature we
can perform only the angular integral analytically which is done in appendix
B.1. The radial part we have to compute numerically.
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THE BOLTZMANN FORMALISM

The Boltzmann approach is a formalism to compute the distribution func-
tion of particles in a system. It was developed by Ludwig Boltzmann [68]
in 1872 in order to describe the dynamics of classical gases. The approach is
based on the semi-classical picture: particles move in phase space and scatter
among each other or from external obstacles. It remains applicable in quan-
tum systems provided quantum interference effects are negligible and the
quasiparticles are well-defined.

In this introductory chapter we will derive a variational approach to solve the
linearized Boltzmann equation. Thereby we will follow the book by Ziman
[69] and the article by Arnold et al. [70].

11.1 INTRODUCTION TO THE BOLTZMANN FORMALISM

The distribution function fg(7,t) counts the average number of fermions in
the momentum state k in the neighbourhood of position r at time t. In equi-
librium the distribution function in a Fermi gas is given by the Fermi-Dirac
distribution

J I —

T (209)
eT(Ek V) + 1

where yu is the chemical potential and €j, the energy of the state with mo-
mentum k. The processes that lead to a disequilibrium and thus to a change
of the distribution function in time, can be identified from % fr(r,t) #0. It
follows that,

d . )
Efk(r’ t) = atfk(T, t) + kkak: ('P, t) + TVT‘fk(r/ t) = _Icoll [fk(r/ t)]
(210)
We discuss each term now in turn. The term
Vo fr(r,t) = vV fr(r,t), (211)

takes the group velocity v into account, with which the different momentum
states travel in k-space.

External fields F,y¢, which act as classical forces on the system are accounted
for by

EVifi(r,t) = Foxt Vi fi(r,t). (212)

On the other hand we have

et = (L) = —talfelr ), (213)
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describing the change of f(r,t) due to collision processes. The collision in-
tegral I.o;[fx (7, t)] is a functional which induces a change in the distribution
of momenta k. It will be specified in Section 11.2.2. Collecting Egs. (210) to
(213) yields the Boltzmann equation,

[0t + vIz + FextOk | fre(7,t) = —Loulfr(r,t)], (214)

which is an integro-differential equation for the quasiparticle distribution
function fg(r, t). It can be written in the form,

Dﬁfk:(rrt) = —Ieon [fk:(r't)]' (215)

where we have introduced the tensor differential operator D,, which is called
the driving term as it accounts for perturbations driving the system away
from the equilibrium situation. & specifies the type of the perturbation. In
this thesis we will have & = # for the shear viscosity in Section 12.1 and
« = sd for the spin diffusion in Section 12.2.

From now on we will simply write f, for the distribution function in order
to discriminate between the different fermionic species but thereby skip the
other dependences unless they are necessary for the comprehension.

11.2 THE BOLTZMANN EQUATION IN LINEAR RESPONSE

We will solve the Boltzmann equation for the non-equilibrium distribution
function in the linear response regime, assuming that the deviation from the
equilibrium distribution function can be obtained in an expansion in the per-
turbation. Schematically, it assumes the form

fo= £+ A0 (1 12) £ (216)

where f2 is the Fermi-Dirac distribution of the equilibrium, see Eq. (209),
and f} is linear in the perturbation and otherwise a generic function (this is
true for all types of perturbations considered here). The factor + £ (1 — f9)
is introduced for later convenience. In the next two sections we will linearize
both sides of the Boltzmann equation, the driving term and the collision
integral.

11.2.1  The driving term

Since the driving term D, is linear in the perturbation one can replace f, —
f2 on the left-hand side of Eq. (215). We are interested in the stationary state
of the system, i.e. d;f = 0, hence in general we have,

Dtxf((r) = v(aefquae,x + auf((r)vrﬂa) + Fext(aejc((r)vkea + auf((f)vk%x)
= _ﬁf((r) (1 - fl(T)) (U(Vreoc + Vipta) + Fext (Ve + vkl/‘ﬁ))

1 L
= *ffg (1 7f¢(7)> 1(17],041:(17],& = DZ; (217)
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where we use the Einstein summation convention. At this point we have in-

troduced F/, as a generalized force field and I, as a generalized projection.
Both will be specified in Chapter 12, when we compute the transport coef-
ficients. For reasons of a concise presentation we assume from now on that

we can absorb the spin-dependence of F,,, into the factor I, and work with
Fy i only, which acts in the same way on both spin species. For concreteness,
in the case of an electrical conductivity it is FU e = Elé and L, e = evk +9ij

with E! being the ith component of the external electrlc field, e the electron
charge and U;c the ith component of the electron velocity. Since the driving
term is linear in the perturbation £ its general form also dictates the form of
the ansatz for f!, which we choose as

FK) = B 1o (k) gou (k) = Fl X1 o (K). (218)

Qo (k) is the excited function and we will later write it as a linear combination
of the excited modes of the system.

11.2.2  The collision integral

The collision integral describes the scattering between particles. It can be
derived from Fermi’s Golden Rule [71] and to lowest non-trivial order in the
interaction, represented by the scattering matrix 7 (Eq. (208)), it reads,

coll [ftT/ T / €k,0 + &/ —0 — €ktqo — €k:’fq,fa)

2
X ‘T (k + kl,Sk’g + €kl —g — Po — ‘14_(7)

% [fo (k) foo (K) (1~ fr (k+ @) (1~ fo (K —q))
—fo(k+4q)f-0 (k/—Q) (1—fo (k) (1 —f-o (k’/)) ]'

(219)

where [, = f ( .k and k' are the momenta of the particles before the scat-
tering event, q is the momentum transfer. The §-function accounts for energy
conservation and the product of distribution functions reduce the scattering
amplitude according to how many states with momenta k and k' are occu-
pied before the scattering event and how many states with momenta k + g
and k' — q are available. In order to work consistently we also approximate
the collision integral by using Eq. (216) and expand to linear order in f(},

Loulfo: f-c] = Clfa, frol + O((f3)% (f10)?)
~ Clfs. frol, (220)
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which yields

fm (T T / ska tep o — €k+qo — Gk/,q,g)

2
X ’T(k: + K epe + e o — o — Ho)

<[00 £ ) (1= 20k + ) (1= 20 (K — )]
x [fE )+ o () = f2 (R +a) = 1 (K = q)]. (221)

With the ansatz for f} introduced in Eq. (218) we can write the Boltzmann
equation in linear response,

Dt = —Clxd, X7 IR (222)

In the following we will skip the index « to preserve a clear view.

11.3 THE VARIATIONAL APPROACH

In this section we will find a solution for the linearized Boltzmann equation,
Eq. (222). A seemingly straightforward approach to solve Eq. (222) would
be to convert it to a matrix equation and solve it numerically. However, this
method fails when the matrix is singular. A better strategy is to convert this
integral equation into an equivalent variational problem. This variational ap-
proach will be introduced in a generic form in this section. In the following
chapter we will specify it to compute the transport coefficients.

A conserved current j// in a system is given by the integration over the phase-
space distribution function f, (k). In general it is defined by

=% J 1 fe(), (223)

where I} is the generalized projection defined in Section 11.2.1. If we use
ansatz (216) for the distribution function the generalized current reads

=Yg A0
= —Z/ XID7 = —(xI|D)
- Jk
—(X|S)FT = —S[x"] FY, (224)
where |x/) = (x , i1Y is a spinor and the components are themselves vectors
X XX 1% p

in function space. In the last line we have introduced a scalar product and we
have defined a functional,

Sil) =~ L1 [, 20 - )i (225)
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Using the definition of a scalar product we can also define the projection of
C[x"] on the spinor |x7),

Clx'] = %W IC[x7]), (226)

where we write the collision integral as a vector whose entries refer to the
different spin species, o and —o, thus

(Mﬂ_<awﬂ>_< Clxd 12+ Clxd 2 ]>_<Qﬂwm>
Co[x] Clx” o 2 )+ Clx” o 1) o xdl )’

where in the last step we have used the fact that due to Pauli blocking there
is no scattering between identical particles. The Boltzmann equation (222)
dictates the relation between these functionals,

Slx"] = —2C[x"]. (227)
We can now introduce a functional
Q"] = Sx"] +Clx"] (228)
whose extremum in function space
Q"]
Sxo

=0 (229)

ij,max
[

can be shown to lead to the Boltzmann equation for the respective species o

5S[x"] _CIYY]

1] ij,max ij
Sxa ylme 5xd

e DEEN T ==l @30

Conversely, the Boltzmann equation implies that the current reads
]1] _ —S[ ijmax] Fl']' _ ZC[Xgmax] Fj]'
= —2Qxy™™ | Fi. (231)

The proper strategy to solve the Boltzmann equation is thus to maximize

the functional Q[xJ] for xJ = I gg( ) by varying g, (k). This is done by
identifying the physically most relevant modes gy, (k) and writing g, (k) as
an expansion with respect to these modes,

= ZAngrtU(k) ’ (232)

l’ZAngw 2/\11 1gu|S) + 5 Z/\n)‘m gy |C[ITgm]).  (233)

75



76 THE BOLTZMANN FORMALISM

Taking the derivative of Q[I Y, Aygns (k)] with respect to a specific expan-
sion coefficient A, yields

5Q[Iij Y Angno (k)]
oAy

g 1 g y 1 g g
= (I'lg,|S) + 5 Y A (17 |CITgm]) + 5 Y Am(ITgu|Cl17g,])

=S+ 5 ZAm (C;l]m + C;q]w:) =8+ ZAmC;]mz (234)
" m

where we used the fact that C,ijm is a symmetric matrix.
Maximizing Q[I Y, Augne (k)] with respect to the expansion coefficients A,
. OQ[IY ¥y Angno (K)] ‘

n /\glnax

solved by matrix inversion,

ie = 0 leads to a matrix equation for A;** which can be

,,,,,

~ (et = A (235)

The advantage of solving Eq. (235) over Eq. (222) is that the basis of €%/ con-
sists of the physical modes of the system. That means if there is a zero in the
matrix, which leads to a singularity, it has a real physical meaning. For exam-
ple in a system where the different fermionic species have different mass, the
spin diffusion equilibration process will lead to an oscillation of the center of
mass, which cannot be relaxed. This will lead to a singularity in (C7)~1.
Usually the most relevant modes are the slow modes which are related to
almost conserved quantities whose relaxation is described by the collision
kernel.



COMPUTATION OF THE TRANSPORT COEFFICIENTS

12.1 THE SHEAR VISCOSITY WITHIN LINEAR RESPONSE

We consider a two-component Fermi gas in its most general form, allowing
for different chemical potentials for the two species, i.e. py and y| and a
species dependent mass m,. We are concerned with a system without exter-
nal forces, i.e. Fext = 0, in its stationary state, d; = 0, such that the left hand
side of the Boltzmann equation reduces to

vag(en(k)) = erfg(eU(k:)). (236)

Here, we specified the interaction according to a system with shear viscosity
1 and set @ = 5. The energy of the system is given by

2
ey(k) = o —ulr)k, (237)

with u(r) being the velocity field. We assume a uniform flow in the x-direction
and a velocity gradient in the y-direction as sketched in Figure 15 meaning
u(r) = (u(y),0). Now we can compute the spatial derivative of the equilib-
rium distribution function,

0
Vrfo = 0efgdVre = —BfI(1 = fOVr(—u(y)ks) = Bo(1 = £3) | ayu(y)ks
0

and the left hand side of the Boltzmann equation reads

0
kyk
Dufe = BfEA—fv | dyu(yke | = BfA—f)7=0yuly),  (38)
0

where we used v = % Following the logic of Section 11.2.1 we find

y k. k y
=58 ana B = au(y). (239)

(4

In the more general case, we define for a generic velocity field u(r) of the
fluid,

[—_;17] = aiuj + ajui — E(S{jalul

If,j,i = vﬁwkf p (240)
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with u; being the components of the flow velocity of the fluid. The generalized
current is the viscous part of the stress tensor describing hydrodynamics in
two spatial dimensions,

jij =TT = —nF/ = g0, (241)
where { the bulk viscosity. Combining Eq. (241) and Eq. (224) one obtains
1= x"] (242)

for the exact solution |x/). The variational principle provides us with a lower
bound. If we make an ansatz | ®3%) using a finite function set x'- asatz —
17y, Angno (k) this implies [72]

ij, ansatz]
4

n =z 877 [Xmax (243)

where | Xﬂ{aimm) corresponds to the optimal choice for a finite number of the

parameters A, introduced in Eq. (232) which maximizes Eq. (229). In the case
of the viscosity, the driving term does not couple to a conserved quantity such
as the total energy or the momentum. Consequently, the variational approach
can be employed straightforwardly, and very few modes suffice to solve the
problem essentially exactly. We found that, just as in the three-dimensional
case [52], the choice for the modes

go(k) =1 (244)
yields results which are very close to the exact result. We have checked this
statement for different sets of modes, for instance gus(k) = k" for n =

0,...,N up to N = 10 as well as Chebyshev polynomials up to the same
order. The differences were in the low percent level, i.e. of order O{1072}.
With this choice of modes, Eq. (244), we find the following expression for the
shear viscosity,

(I 1Sy)*

=8 Iif amax _ NHITAL
7= Silly) aiici)

(245)

where we used the expression (225) and (235) for §; [1,17] | and A™@X, respec-
tively.

12.2 THE SPIN DIFFUSION COEFFICIENT WITHIN LINEAR RESPONSE

Spin diffusion in a metal describes the response of a system of fermions to a
gradient in a magnetic field. In our setup this translates to the two fermion
species responding to gradients in the chemical potentials, which are oppo-
site for the two species with atomic masses m; and m . Again we assume a
system with no external forces, i.e. Foxt = 0, in its stationary state, d; f (k) = 0,
such that the distribution function is accordingly driven out of equilibrium

by
D f°(k) = vV, fO(k). (246)
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The energy of our system e(k) does not vary in space, meaning Ve(k) = 0,
but we have V.1, # 0, such that

V'rfc(r) = auafgvrﬂv = .Bfg(l - fao)vrﬂa- (247)

We assume that the absolute value of the gradient is the same for both species
but counteracts, meaning V,u, = 0V, and the driving term reads

kEVu
oo T 0 _£0
sd =0 g T fo (1 fa) . (248)
Again, we identify the generalized force and projection from Eq. (217),

B = oy

ij j
Il = 00,0 (249)
The generalized current in this case is the spin current given by
Js = _Uspslt]i (250)

with o being the spin conductivity. In accordance with Eq. (224) the spin
conductivity is bounded from below by

ij, ansatz

Os 2 Ssd [Xmax } (251)

We can deduce the spin diffusion coefficient D via

Os
D=— 252
P (252)
with the spin susceptibility of the free Fermi gas
mif)(k =0) +m f)(k = 0)
Xs = : (253)

27

In the case of the spin diffusion the driving term in general does not decouple
from the momentum mode. Accordingly, finding the relevant modes of the
system requires more care than in the case of the viscosity. The momentum
mode corresponds to the choice

8o = Oty (254)

The overlap of the momentum mode with the driving term within this varia-
tional ansatz is calculated as

(X1Dea) = (i In(14¢PH) g In(1 4 0P1%) ). (255)

This is zero if py = py = p and my = m| = m, meaning the momentum
mode is not excited. If these conditions do not hold, the momentum mode
is excited and it cannot be relaxed. This formally leads to an infinite spin
conductivity os. In metals the standard situation is spin balance with a finite
spin conductivity [73]. In the experiments under discussion [56] two clouds
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of different spin species are prepared to collide in the center of the trap. If
the two clouds have the same number of particles and the masses are equal
the unified cloud will reside in the center of the trap. On the other hand, the
zero mode can be excited if one prepares different densities and/or different
masses for the different spin species. The zero mode of the spin diffusion
then has a very simple and intuitive physical interpretation as the center of
mass motion.

In our concrete setup in a balanced system we work with the choice

o =m (256)

which is not a zero mode of the collision integral and has finite overlap with
the driving term. We have again checked more generic mode choices and
found this to provide an excellent variational ansatz.

With this choice of modes, Eq. (256), we find for the spin diffusion coefficient,
as an analogue to Eq. (245) for the shear viscosity,

1o ij m (ISea)?
D = —SuallJmAm = = _sd =20 (257)
XS XS <Isd‘C[Isd]>

The numerical solution for the shear viscosity and the spin diffusion coeffi-
cient is presented in the next chapter.
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In order to obtain results comparable to other systems we need to normalize
the transport coefficients by the respective thermodynamic quantities, density,
pressure, and entropy density, which we will compute in Section 13.1.

In order to be able to compare our results for the two-dimensional Fermi
gas to the transport coefficients of the classical gas we will discuss those
coefficients for the classical in Section 13.2 before we present our results in
Section 13.3.

13.1 THERMODYNAMIC QUANTITIES

For consistency all thermodynamic quantities have to be computed at the
same level of approximation. A definite prescription is provided by the large-
N expansion described in [51]. Here, N identical copies of spin-up and spin-
down fermions are introduced such that one can interpolate between free
fermions (N = c0) and the physical case of interacting fermions (N = 1). To
order O(1/N) the grand potential reads [51]

%_Z{ —2TIn(1 + e Plen) N/ w)SInT(k,w)}, (258)

with the full medium scattering matrix 7 (k, w) and the Bose function b(w) =
(exp(Bw) —1)~1, B = 1/(kpT). The total differential of the thermodynamic
potential dQ) = —SdT — PdV — Nydp provides us with the required relations
for thermodynamic quantities, pressure P, particle density #n, and entropy
density s. To leading order in 1/N the thermodynamic quantities within the
large-N expansion are those of the free Fermi gas [51] with grand potential

Q= —kpTY In(1+e Py, (259)
k
We find
n= % = —‘1/3(; =202 1In(1+PH), (260)
P= g? —nkgTOLir(1 —e'/?) and (261)
s = —31; = nkp{—260Liy(1 —e'/%) —In(e'/? —1)}, (262)

with the thermal length A7 = /271/mkpT and reduced temperature 6 =
T/ Tg. Lis(z) is the polylogarithm function. In the high temperature classical
limit & — oo the entropy density becomes

s=nkg{2+1In0+0(0 2} (263)
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13.2 TRANSPORT COEFFICIENTS OF THE CLASSICAL GAS.

In this section we present the shear viscosity and the spin diffusion coeftfi-
cient for the classical gas. By comparing our results for the quantum gas to
the coefficients of the classical gas we can reveal the quantum effect on the

2
transport coefficients. In the classical limit T > Tr = % the Fermi-Dirac
distribution, Eq. (205), becomes the Boltzmann distribution,

fOlk) = e F/T, (264)

for which f%(k) < 1 holds for high temperatures. In this case the integrals of
Eq. (245) and Eq. (257) simplify and can be solved analytically. Including the
vacuum scattering matrix, Eq. (201), in the collision integral in Eq. (245) and
Eq. (257), respectively, yields for the shear viscosity [4]

0) RO . 5 2
@ =5 with R =%+ [In (ZG)) +21n(kpa29)} , (265)

and for the spin diffusion coefficient [5]

2
D(G) = i with Q= ? + |:11’1 <i®> —|—211’1(kp612D):| . (266)
In the high-temperature limit the transport coefficients depend linearly on 6
with logarithmic corrections.

13.3 NUMERICAL RESULTS FOR THE TRANSPORT COEFFICIENTS

In Figure 17 we plot our numerical results for the transport coefficients for
the strongly interacting two-dimensional Fermi gas. In the left panel of Fig-
ure 17 we show the shear viscosity over particle density « = 77/n, and in the
right panel we give the spin diffusion coefficient times the mass, Dm. The
red lines represent the results with full medium effects, i.e. with the medium
scattering matrix 7 (g, w) (208) included in the collision integral C (221) while
the blue lines were calculated using the vacuum scattering matrix 7 ¢ (201).
The black lines represent the transport coefficients for the classical gas, Eq.
(265) and Eq. (266). Our main finding is that the medium increases scattering
in an interacting system and thereby substantially lowers the transport coeftfi-
cients. For strong interactions (eg/er = 2, for further explanation regarding
the interaction parameter eg/€er = 2 see below) we find a minimum value for
the shear viscosity with medium scattering of

Z ~ 0.837, (267)

at a temperature T/Tr ~ 1.3. The shear viscosity with vacuum scattering at
this temperature obtains the value

U
.~ 360, (268)
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which is approximately four times larger.
For the spin diffusion coefficient with medium scattering at strong interac-
tions we find a minimal value of

mD =~ 0.39%, (269)

at a temperature of T/Tr ~ 1.4. The spin diffusion coefficient with vacuum
scattering at this temperature is

mD =~ 2.3h, (270)

which is approximately six times larger than with medium effects included.
The reason for the very small value for the spin diffusion coefficient with
medium effects could be due to the fact that our approach overestimates
quantum fluctuations. As the calculation with only vacuum scattering in-
cluded underestimates quantum fluctuations we expect the real minimum
to be located between these two values. Consequently, we can conclude that
the spin diffusion coefficient for the two-dimensional Fermi gas is close to
the quantum limit of -~ %

For vacuum scattering the system always appears to be in the normal Fermi
liquid phase and the upturn of the transport coefficients for low temperatures
is due to Pauli blocking. With medium scattering the transport coefficients de-
crease down to a finite temperature T, where the medium 7 -matrix acquires
apole, T~1(g =0,w = 0)|r_1, = 0. Below T, this pole would formally lead
to a diverging collision integral C, see Eq. (221), and according to Eq. (235),
#7,D — 0 in this approximation. But in accordance with the Thouless crite-
rion [74, 75, 76], at this temperature the system undergoes a phase transition
to a superfluid phase where our approach is not valid. For the viscosity the
following picture applies: In the superfluid phase, the viscosity of the super-
fluid component within the Landau two-fluid model [77] is indeed zero, but
in the superfluid phase also the particle density is not defined, as there is no
particle conservation. Therefore, the ratio 1 /n is not well defined. If one also
considers the normal component of the fluid, the shear viscosity as well as
the particle density are finite and the ratio #/n increases with decreasing tem-
perature, such that the minimum value for #/# near the critical temperature
is global. A calculation of the viscosity in the superfluid B phase of He for
T < T¢ in Ref. [46] found that Pauli blocking and enhanced scattering cancel
precisely and the viscosity approaches a finite value for T — 0.

In Figure 18 the ratio of the viscosity to entropy density #/s is compared
for different values of the interaction strength. The interaction strength is
expressed by the binding energy ep of the two-particle bound state scaled
by the Fermi energy er. For strong interactions the binding energy is larger
and it is connected to the two-dimensional scattering cross section app via
ep = 1/(2m,a3p,)) with the reduced mass m; ! = mT_1 + mll. As discussed in
Section 9.1, the viscosity is lower when interactions are stronger. The phase
transition, indicated by the endpoints of the solid lines at T = 1.04 T, to
the superfluid phase occurs at higher temperatures when interactions are
stronger. As an estimate, the smallest value we computed for the ratio #/s is
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FIGURE 17: The temperature dependence of the transport coefficients, the shear vis-
cosity left and the spin diffusion coefficient right, with and without medium effects, at
strong interaction eg/er = 2. While Pauli blocking (blue line) increases the transport
coefficients with respect to the classical gas (black line), medium scattering (red line)
substantially lowers the minimum as T, is approached from above.

for an interaction parameter eg/er = 0.5 (blue line). It is located at around
T/Tr =~ 0.6 and has a value of

h 1 h
/s~ 0.15— ~19

kg a1 6- (271)

This is only about twice the proposed string theory bound of /s = 1/ (4) %

13.4 RELATION TO OTHER THEORETICAL WORK
13.4.1 Shear viscosity

The shear viscosity for the two-dimensional Fermi gas, calculated using only
the vacuum scattering matrix, has also been discussed in [4, 5]. The authors
find a minimum of n/n ~ 2.7h at a temperature of T/Tr ~ 0.6 and a min-
imum of /s ~ 1.5% at T/Tr ~ 0.9. These values agree exactly with the
observed minima in our calculations with the vacuum scattering matrix, the
blue line in the left panel of Figure 17.

The calculation for the shear viscosity with the full 7-matrix has been per-
formed for the unitary three-dimensional Fermi gas by Enss et. al. [53]. In
two dimensions, quantum and interaction effects are stronger than in three
dimensions, and we expect the minimum of our computed shear viscosity
for the two-dimensional Fermi gas to be smaller. Enss et. al. find the minimal
value of /s ~ 0.6% at a temperature of T/Tr ~ 0.3 — 0.4 for the 3d Fermi

gas. This is four times larger than our result of 77/s ~ 0.15% at T/Tr =~ 0.6
for the 2d Fermi gas.
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n/s
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FIGURE 18: Viscosity to entropy ratio #/s in units of i/kp with medium scattering
above T, for different interaction strengths eg/er = 0.1, 0.2, 0.5, 1, 2 (from top to
bottom). The dashed line indicates the bound 7/ (47tkp).

13.4.2  Spin diffusion

The spin diffusion coefficient for the two-dimensional Fermi gas with only
the vacuum scattering matrix included in the calculations has also been dis-
cussed by Bruun in Ref. [5]. The author finds a minimum of mD ~ 2.15% at
a temperature of T/Tr ~ 0.85. This value is in very good agreement with
the lowest value we could find in our calculation with the vacuum scattering
matrix, mD = 2.07h.

The spin diffusion coefficient for the three-dimensional Fermi gas has been
discussed by Bruun in Ref. [55]. For high temperatures the author used a
kinetic approach while for low temperatures he includes strong correlation
effects by using Fermi liquid theory. In the unitarity limit the minimum value
of mD =~ 1.1 occurs somewhat below Tr but above the transition tempera-
ture of T, -~ 0.2Tr. This value is very close to the universal quantum limit
discussed in Section 9.2 and it is lower than our result for the spin diffusion
in a two-dimensional Fermi gas with vacuum scattering, but larger than our
result with medium effects included.

13.5 COMPARISON TO EXPERIMENT

We compare our computed result for the shear viscosity to the experimental
finding of Vogt et. al. [3] in a strongly interacting ultracold Fermi gas con-
strained to two dimensions. Experimentally the shear viscosity can be mea-
sured via the damping rate of the quadrupole mode of an oscillating gas. In
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this section we will sketch the experimental setup and derive an expression
which relates the damping rate of the quadrupole mode to the shear viscosity,
to allow comparison of our results with the experiment and the classical gas.

The experiment [3] is performed with a gas of “°K-atoms prepared in a 50/50
ratio in two different hyperfine ground states and cooled down to temper-
atures of the order TlF A standing wave potential creates an optical lattice
which confines the gas to two dimensions. Within the plane the gas is trapped
by a weaker isotropic, two-dimensional harmonic potential with trapping fre-
quency w, . The quadrupole mode is excited by adiabatically introducing a
small anisotropy and then abruptly returning to the original trapping con-
figuration. This excites an oscillation of the atomic cloud with frequency wg
until the radial trapping potential is switched off and the cloud expands.
From an absorption picture which is taken some milliseconds after switch-
ing off the potential one can determine the radii of the cloud in the x- and
y-direction and fit their difference to determine wg. The damping of the os-
cillations is caused by the viscosity of the gas. Hence one can calculate the
viscosity from the damping rate I'g which is connected to the time averaged
energy dissipation rate (E); via

_ (B}
Io= 2(E); (272)
The time-averaged mechanical energy is given by
2
() =" [ & (o) (273)

with n(r) being the two-dimensional particle density profile in the trap and
the parameter b specifies the strength of the velocity field, cf. Eq. (277). In the
temperature regime TlF > 0.3 in which the measurement of Vogt et. al. was
performed we can apply the high temperature approximation for the cloud
density which shows a gaussian decay with increasing distance r from the

center of the gap [4]

N _2
n(r) = ——e o (274)
with 0% = mz(fi and particle number N = [ d?r n(r). With this density profile
we obtain
V’NT
(E)t = Qs (275)
wi

The time averaged energy dissipation rate follows from the stress tensor (241)
BNy = — 2 [ d2r () @y + 0 — 6V 0)2 — [ d2r Z(r)(Vo)2. (276
< >t_*§. 1’17("“)( itj +dju; — o0j 'U) o T’C(T)( ’U) . (276)
For the quadrupole mode the velocity field has the form

v(r) = b[xéy — yé,] cos(wt) (277)
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such that the time averaged energy dissipation rate of the quadruple mode is
fully determined by the shear viscosity,

(Efy; = —2b2/dzr n(r). (278)
It is convenient to write

n(r) = n(r)a(r) (279)

with a(r) being a dimensionless function. The spatial integral over #(r) can
then be written as

/er n(r /dzr n = N(«a) (280)

With Eq. (275), Eq. (278) and Eq. (280) the quadrupole damping rate follows
as

To=——L(a). (281)

For a classical gas the viscosity is approximately independent of particle den-
sity, such that the spatial integral of #(r) is infinite. This problem is solved
by introducing a cutoff, which physically accounts for the nonapplicability of
hydrodynamics in the dilute corona of the cloud. Within kinetic theory, this
can be implemented by taking into account the frequency dependence of the
shear viscosity [78, 4, 51],

0
n(w) = 1_:_7(_[123(02/ (282)

where Ty is the viscous relaxation time, which is the time it takes for the stress
tensor to relax to the Navier-Stokes form T = —#(0)FJ. 5(0) is the shear
viscosity at zero frequency (which still depends on the spatial coordinates).
The relaxation time can be obtained from the sum rule which connects the
shear viscosity to the pressure P within kinetic theory [79],

= [dwn() = 5. (283)

Integrating Eq. (282) and comparing to Eq. (283) one finds an antiproportion-

_ 1) )
P(r) T n(nT"

Thus the spatial integral over #(w) becomes finite. Now we can calculate the
spatial average of a,

ality of the viscous relaxation time to the particle density: Tz =

1 n(r)a(r)
() = - /d27 n(wq,r) ﬁ
N N 1+ w? n(P)z(())
1 n(r)a(r
=N / &1 % , (284)
1+ R o)
wi NO%*p (r)
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. _ T _ T
where we introduced the global reduced temperature ® = T = VNa, and
the dimensionless pressure p(r) = PU). We now change variables to a local
n(r)T

temperature, defined as

T mT
T Tle T 7n(r)’ (285)
F

0(r)

2

where we used the fact that the Fermi temperature is Tr = ;—7’; and in two

dimensions the Fermi momentum is related to the particle density via
kp = V2mn. (286)

After this change of variables the integral reads

' 40 w(6)
:2@)2/ — 8
(@) Joo2 02 ) B w2 (287)
+ w? NOZp2(6)

Now we can compute («) numerically for the two-dimensional Fermi gas for
different interaction strengths ep/er, using our numerical result for #/n =
« (see Section 12.1 and left panel of Figure 17). The damping rate of the
quadrupole mode (Eq. (281)) over the trapping frequency w, can then be
extracted. We use the parameters from the experiment, ® = 0.3, ef/h =
6.4kHz, w; = 2m x 125Hz, N = 2620 particles and we use p(0) = 1. The
frequency of the quadrupole mode wg can be determined by measuring the
radius of the cloud in x and y-direction from the absorption picture. In the
hydrodynamic regime, i.e. for interaction parameters In(kpa,p) < 2.5, it is
found to be wg = ﬁwJ_.

For the classical gas we find by using Eq. (265),

2N
which yields for the damping rate
T'o RO 2N
— = 1 —— -
W, 2nVN { - ZRZG)Z} (289)

In Figure 19 we plot the computed damping rate over trapping frequency i—‘i
for the classical gas, Eq. (289), and for the two-dimensional Fermi gas ver-
sus the interaction parameter In(kpayp) together with the experimental data.
(Here, ayp is the two-dimensional scattering length.) The interaction param-
eter In(kpapp) is smaller for stronger interactions, and krayp is connected to
the energy of the two-particle bound state ep via i—? = m. We see that
the function for the classical gas fails to describe the experimental data. In the
2d Fermi gas the damping is strongly enhanced compared with the classical
gas and the peak hight I'g/w,; « 0.6 agrees well with the experiment. Still,
the peak position in our calculation occurs at a larger interaction parameter
than in the experiment.



136 CONCLUSION AND OUTLOOK

0.7 - . . .

MRV
* i
/

AN

FQ/O)_L

classical gas

0.1 w/ medium scattering —e—
0 exp. Vogt et al. (2012) —=—
0 2 4 6 8 10
In(krasp)

FIGURE 19: Quadrupole damping rate I'g/w | vs. the interaction strength of the
trapped gas at T/Tr = 0.3 and er/h = 6.4kHz, with radial trapping frequency
w, =21 x 125Hz and N = 2620 particles.
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We used the Boltzmann approach to compute the shear viscosity and the
spin diffusion coefficient of the two-dimensional Fermi gas. We performed
the numerical calculations with the two-body vacuum scattering matrix and
the two-body medium scattering matrix and find that the medium effects
lower both transport coefficients. In the case of the shear viscosity by a factor
of four, cf. Eq. (267) and Eq. (268), and in the case of the spin diffusion by
a factor of six, cf. Eq. (269) and Eq. (270). We also computed the ratio shear
viscosity over entropy density #/s (see Eq. (271)) and obtain a result that is
about twice the conjectured lower bound [6] of /5 = - %, computed using
the AdS/CFT correspondence [7].

The Boltzmann approach we used to compute the transport coefficients is
valid provided quantum interference effects are negligible and deviations
from well-defined quasiparticles are small. This assumption is questionable
in systems with strong interactions and at temperatures well below the Fermi
temperature Tr. In our calculation with the medium scattering matrix we only
go down to temperatures close to the Fermi temperature above the phase tran-
sition to the superfluid phase. We performed our calculations for different
interaction parameters up to eg/er = 2. Consequently we enter the strongly
coupled regime, which is marked by a sharp decrease of the quadrupole
mode frequency to wg ~ V2w, where w, is the frequency of the trap-
ping potential in an ultracold atom experiment [3]. Accordingly, it would be
instructive to compare our result to calculations within a formalism which
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does not require the quasiparticle picture to be valid, as e.g. an approach
based on the Kubo formula [53, 54].



APPENDIX

B.1 THE MANY-BODY SCATTERING MATRIX

In this section we compute the angular part of the integral

/ dzp f(epT - .uT) "‘f(eerqL - Vi)
(27)2 iw + pr + 1) — €pt — €prql

which is part of the many-body scattering matrix, Eq. (208).
We split the integral into two parts,

h- [ Fe_ fem-—m)
(27)% iw + pt + ) — €pt — €piqy
— / &p flept — 1)
- 2. 2 2 2 > 9
(2m) lw—'_‘uT—'—#J'_szT_ZpWi_Zqu_ ptzync;is
and
I, = / d’p fleptql — 1)
(27)% iw + pt + ), — €pt — €piqy
p—P—q / d’*p f(€p¢ - M)
(27)? iw + py + ) — €pqt — €p,
po—p [ d’p feprqr — 1))
N (27[)2 P> p? 92 2pqcosf

i+ Hr B S T T T T 2wy
Now we can summarize Eq. (291) and Eq. (292) and write

B 0o Pd}? 3 /271 1
ITi_/O (Zﬂ)zf(epﬂ' ‘uTi) 0 dGAT‘L—BTiCOSG

© pdp 21
= / s flept) — Hp)) ———=
o (2m)2 2 _m2
@m) Afy - By
with

2 2 2

. A A _

Apy = iw +py gy omy  2m;  Zmiy and By =--

Pl

(290)

(291)

(292)

(293)

(294)
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B.2 PROOF: MAXIMIZING Q[Xl]] LEADS TO THE BOLTZMANN EQUATION

In this section we will maximize the functional Q| X7 = Sa[x] + Cx"]
with respect to x*/ and we will see that this leads to the Boltzmann equation,
Eq. (222). For this purpose we will take the derivative of the functionals,

Su[x] and C[x"].

5S[Xij] _ / i / /
i e M AL LR RO OIS

T;/k, fg/(k’)(l UKL (K5~ K)o

= R FAR) (1= £ I (k) = 5% (295)
and
SCIXT) 6 V([ i e oy o (g
s = a2 U A0, )
AT ), 2 ) )
(296)
with
[ xRl (R, o (k)] =
;///kl’qfs(gk/(r'i‘sklO_Sk’+qa_€k1qv)
X ‘T(k""k]/gk:’g‘_'—ekl—g'_ Ho — M—cr) ’
< [f2 (k) 20 (k1) (1= £2 (K + ) (1= f20 (k1 —q)) ]
x x& (k") {Xfrj (k') + X7 (k1) = xd (K" +a) — x7y (k1 — q)}
(297)
and

o XL (DI (K, xd (k)] =

1
T 5(€k’—0+€k10_Sk’-&-q—o_ek:lfqa)
T Jk' Jki,q

2
X ‘7’ (K" + k1, ep o+ Epo — o — Hov)

< [£20 () 50 () (1= 20 (K +a) ) (1= £ (k1 = ) )

x x (k") {Xifa (k') + xd (k1) — x"7, (K" +q) — xd (k1 — q)]
(298)
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Taking the derivative we get for the first part (297):
_0
xd (k)

1
T 5(£kld+£k1—0'_sk/+q7_ek1—q—0')
T " Jk1,q

[ xRN CIxd (k) 17 o (k)] =

2
x ‘T (k' + k1, epro + €ky—0 — Ho — fi—c)

<SR fo (k) (1= f2 (K + ) (1= 2% (k1 — @) |
< ok — k') [xd (k') + x7o (k1) = xd (K +a) =17 (k1 - @) | +

1
b 5(8k’0+€k170_gk’-&-q(f_ek:lqua)
T ! kl/q

2
X ‘T (K" + k1, epro +€py—0 — Ho — o)

< S (K) fo (k) (1= £2 (K + ) (1= 2 (k1 —a)) |
< xd (k') [0(k k') = 5(k — k'~ q)] . (209)

Here the first summand just yields C [)(y, XZZU]. The second summand we split
once more and discuss the two addends therein separately. For the first one,
which contains the factor 6(k — k') we get

1
1= T / 5(8160' t ek —v — Ektqo — eklqu(r)
k1.q

2
X ‘T (k+ k1, €ko + €ky—0 — Ho — H—0)

< |f2 (k) o () (1= f2 (k+ ) (1= 2 (k1 — @) | X (R), (oo)
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and the second one with the factor 6(k — k' — q) yields

1

) = ——
2 T ki.q

5(‘5qu0 t €k~ — €ko — eklqua)

2
X ‘T (k—q+Fkiek—go+er—0 — Ho — H—0c)

X |f2 (k= a) £ (k1) (1= f2(R)) (1= £ (k1 —@)) | X — q)
= _% k 5(£k+q¢7 + €ki—0 — ko — €k1+q70)
1.9

2
X ‘7’ (k+q+ki,eprqo+ Eky—o — Ho — }—0o)

X< |f2 (k+a) 2 (k1) (1= f2 (R)) (1= f2 (k1 + @) ) | X (e + )

ki—ki—q 1
= T 5(8k+qa +Ep—q—0 — ko — ek:lfrf)
T kl/q

X ‘T (k + ki, €giqe T €k g0 — Ho — ]4—(7) ’
< |f2(k+a) 00 (k=) (1= £2 (k) (1= 2 (k1)) | X+ q)

1
T 5<€k¢7 t ek~ — E€ktqo — ekl—q—0>
kg

2
X ‘T (k+ k1, ek + €y —o — Ho — H—c)

X< [f2) 20 (k) (1= f2 (k+ @) (1= £ (k1 — @) | Xk + @)
(301)

where in the last step we used energy conservation during the scattering
process and the identity f0 (k) f0, (k1) (1— f2(k+q)) (1—f°, (k1 —q)) =
£0(k+a) 2, (k1 —q) (1- £2 (k) (1 - %, (k1)) which holds for the equi-
librium distribution function f°.

Now we look at the derivative of Eq. (298)

) ij / ij / i\
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2
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x 2L (K) [8(k = k1) = 5(k — Ry + q)]. (302)
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Here again we discuss the two summands separately. For the first one with
the factor é6(k — k1) we find

1
(3 ==+ / 5(£k’—¢7 T ko — Ek/1q—0 — equa)
T k',q

2
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(303)

And the result after transformations for the second summand with the factor
o(k—ki+q)is
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Here, again, we used energy conservation and the identity we used in the
last step of Eq. (301).
Adding all components we find

SClx' 1(C[ i I+

= =5 Xor XZ
oxdk) 2N
! é
f kLq (gkrr + €ki—0 — €ktqo — €k:1—q—a)

2

X ‘7' (k+ k1, e + €ky—o — Ho — H—c)
X [f2 (k) £ (k1) (1= 2k +) (1= 2 (k1 — )]

x (k) = xd(k + a) + 1 (K) = X7 (K — @)

= Clxd, x7,] (305)
Thus we find
51.][7(% =0 & S9-ClxLx’,]=0, (306)
Xo

which is the Boltzmann equation (cf. Eq. (222) and Eq. (224)).
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