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Abstract

Symplectic twist maps already appeared in the works of Poincaré. They
emerge naturally as discretizations of certain low-dimensional Hamiltonian
systems and offer a nice handle for studying their dynamics. The associated
theory had experienced a tremendous boost from the discoveries made by
Kolmogorow, Arnold and Moser in the 1960’s, and by Aubry and Mather
in the 1980’s. In this thesis, we will substantiate the usefulness of studying
twist maps also in non-periodic and low regularity settings, that is in
situations where the classical results are not applicable.

In particular, we will concentrate on perturbative methods for near-
integrable systems. One typical feature of such systems is the existence
of “approximate first integrals”, so called adiabatic invariants, and their
presence usually has strong consequences for the dynamics. Here, we derive
growth rates for a large class of non-periodic twist maps depending on the
regularity assumptions. As an application, the Fermi-Ulam ping-pong is
considered, where the possible growth in velocity is linked to the number
of bounded derivatives of the forcing function.

Moreover, in systems with adiabatic invariants and almost periodic
time-dependence the underlying compact structure enables one to use
a generalization of Poincaré’s recurrence theorem. By harnessing this
fact, we prove that in such systems the set of initial condition leading to
escaping orbits typically has measure zero. This is again demonstrated
using the ping-pong model. Other applications are found in the Littlewood
boundedness problem, where we consider a periodically forced piecewise
linear oscillator together with its discontinuous limit case, and also a super-
linear oscillator with an almost periodic forcing term. These systems are
given by differential equations and thus the mentioned results imply also
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the Poisson stability of almost every solution. Even in the periodic case,
these insights represent valuable contributions due to the low regularity
assumptions necessary to obtain them.
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Chapter 1

Introduction

Consider an interval I C R and a map f: R x I — R2, (0,r) — (61,71),
which is a diffeomorphism with respect to its image and isotopic to the
identity. Moreover suppose that f satisfies:

(i) Twist condition: We have % #0in R x I.
(ii) Symplecticity: There is a C' map n(@,r) such that

dn = ridfy — rdf.

(iii) Periodicity condition: We have
01(0 +2m,r) = 601(0,r) + 2, r1(0 +2m,r) =r1(0,7),
and also the primitive function 7(6,r) is 2w-periodic in 6.

After identifying the circle S* with the quotient space R/27Z, the function
f can be seen as the lift of a map f : (6,7) — (01,71) defined on a cylinder.
Then, f is called exact symplectic twist map (of the cylinder).

These maps arise naturally as Poincaré maps of certain low-dimensional
Hamiltonian systems. In fact, the converse is also true. Under suitable
assumptions, any exact symplectic twist map can be obtained as the
time-27 map of non-autonomous Hamiltonian equations

=Mt =2 an)
q= ap q,p,1), p= aq q,p,1),



2 Chapter 1. Introduction

where (¢,p) € R? and H(q,p,t + 27) = H(q,p,t) = H(q + 2, p,t) satis-
fying the Legendre condition 2H > 0 [Mos86]. Instead of studying the
continuous equations, one can now consider its Poincaré map and the
orbits that arise from its iteration. Often this comes with some advantages,
for example in numerical calculations or when dealing with non-smooth
Hamiltonians. In the last sixty years, the field has received a lot of atten-
tion and numerous applications (see e.g. [AP90, [Gol01, MHOQO9] for the
general theory), mainly due to the introduction of two powerful tools: the
theories of Kolmogorow-Arnold-Moser on the one hand and Aubry-Mather
on the other [Arn63l Mos62a, Mat82]. To illustrate these results, we briefly
discuss their consequences for the completely integrable twist map

0, =6+ QO(T), r=r, (1.1)

where ¢ € CY(I) is such that ¢’ # 0. If by denotes a primitive of
r¢'(r), then dhyg = r;df; — rdf, i.e. the map is exact symplectic. Any
embedded circle S! x {7} is preserved by this function, and rotated by
an angle increasing/decreasing with 7. If the so-called rotation number
w = ©(7) is commensurable with 27, that is 5%~ € Q, then all orbits on
the corresponding circle are periodic. Otherwise, they are quasi-periodic
with frequencies 27 and w. In [Gol01], Golé aptly describes completely
integrable maps as the paradise lost of mathematicians, physicists and
astronomers. The dynamics are completely understood and the invariance
of embedded circles prevents any point from escaping in the vertical
direction. In applications, such systems mostly appear only as strongly
idealized models. Fortunately, the mentioned theories imply that many of
these nice features persist under small perturbations in the space of exact
symplectic twist maps. On a non-rigorous level, the situation after such a
perturbation is as follows. Let Z C R be a compact interval and a proper
subset of p(I). For any w € Z, there is a closed invariant set M = M,,, such
that any orbit in M has rotation number w. If w is commensurable with
27, the corresponding set contains periodic orbits and possibly heteroclinic
orbits joining them. For w not commensurable with 27 there are two
possibilities: If w satisfies a Diophantine condition and the perturbation is
small enough, then M remains a closed invariant curve and orbits on this
curve are quasi-periodic. Note, that these invariant loops act as barriers,
since any orbit starting in a region between two such curves has to remain



in this region. The other possibility is that the circle breaks down, in
which case M is an invariant Cantor set with possibly homoclinic orbits
in the gaps.

However, both Aubry-Mather-Theory and the different versions of
the KAM-Theorem rely critically on the (generalized) periodicity of the
involved functions with respect to the angle #. Moreover, the latter also
requires a considerable degree of smoothness. In this thesis, we will
demonstrate that studying symplectic twist maps can still be very fruitful
if these two conditions are relaxed. We consider functions f of the type
depicted above, but without imposing the periodicity condition These
maps are called symplectic twist maps of the plane and their analysis is
non-standard in the literature. In a series of publications, Kunze and
Ortega investigated this class of functions [KOO08, [KO10, KO11l, KO12,
KO13, [KO20, [KO21]. As applications, they considered the Fermi-Ulam
ping-pong model and the Littlewood boundedness problem. Here, we shall
continue their survey and examine the same two fields of application.

The thesis is in large parts based on the three papers [Sch19, [Sch22|
0S22] published by the author, the last one being a joint work with Rafael
Ortega. It is structured as follows. First, we continue the introduction
by stating the main abstract findings and also briefly discussing some of
the key ideas employed to obtain these results. Then, we close it with
two small sections containing descriptions of the Fermi-Ulam ping-pong
and the Littlewood boundedness problem, including the most relevant
references and also a presentation of the main non-abstract results. In the
second chapter, some properties of measure-preserving transformations
and a generalization of Poincaré’s Recurrence Theorem for infinite measure
spaces are discussed. This theorem is applied to a class of exact symplectic
twist maps of the cylinder with low regularity in Chapter [3| In addition,
the consequences for some piecewise linear oscillators are stated. Chapter
deals with almost periodic twist maps. As applications, the Fermi-
Ulam ping-pong and a superlinear oscillator are considered. In Chapter
the completely non-periodic case is treated and growth rates depending
on the regularity are established for a class of symplectic twist maps,
which is again demonstrated using the ping-pong model. Finally, Chapter
[6] contains some conclusions. Following the appendices, there is also a
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listing some of the frequently used symbols with no claim
to completeness.

1.1 Non-periodic twist maps and adiabatic invari-
ants

As already indicated above, symplectic maps can be seen as the discrete
analog to Hamiltonian motions. Twist maps are associated to those Hamil-
tonians for which the velocity is monotone in the canonical momentum. In
general, these maps do not have to satisfy the periodicity assumption
e.g. when studying a non-autonomous Hamiltonian H(q,p,t) with general
time dependence. Let f : (0,7) — (01,71) be any symplectic twist map.
Due to the twist condition[(i)] the map (6,7) — (6, 6;) is a diffeomorphism
with respect to its image. We write R : (0, 61) — (0, r) for its inverse. If n
denotes the primitive function from then S(0,01) = —(noR)(0,61) is
a generating function since we have
%(0,91) =T, (3051’(9,91) = —T1.

So the canonical transformation f can be described by a single scalar
function S. If f induces a map f on the cylinder, it can be easily shown
that we have n(0 + 2m,r) = n(f,r) on R x I if and only if

S(0 + 27,01 4 27) = 5(0,6;)

holds for all suitable (0, 61). Another important property of this particular
generating function, depending on the old and new position variable, is
that it yields a variational principle. There is a one-to-one correspondence
between complete orbits (6,7 )nez, where (0, 7) = f(0p—1,7n—1), and
sequences (0, )ncz satisfying

825(971_1, Hn) + 815((9”,(9”4_1) =0, néez.

The latter equation is sometimes called the discrete Euler-Lagrange equa-
tion and sequences (6,,)nez corresponding to orbits of f are critical points
of a suitable action functional. In the case when f is an exact symplec-
tic twist map of the cylinder, this observation is the starting point for
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Aubry-Mather theory (see e.g. [Gol01]). However, even if condition
is not satisfied, this approach yields many interesting insights. For ex-
ample, under suitable assumptions on S, there are infinitely many orbits
(Or, rn)nez so that sup,,cy |rn| < co. Such orbits are simply called bounded.
The variational character of twist maps is however no subject of this thesis.
For a discussion of its implications in the non-periodic case we refer the
reader to [KOO08|, [KO10, KO11, [KO12|]. Instead, we will concentrate on
pertubative methods for near-integrable systems.

In non-periodic settings, invariant curve theorems are not applicable,
and thus, proving boundedness of all orbits seems generally out of reach.
In fact, there are many examples of non-periodic twist maps leading
to unbounded motions. One can even find such maps in the class C*
with bounded derivatives up to any preassigned order leading to escaping
orbits, i.e. orbits with lim,_, |rn| = 0o (see e.g. [KOL11] or Section
where the same construction is depicted). Nevertheless, the regularity
assumptions have an impact also for non-periodic maps. In some cases,
where unbounded motions exist, one can at least determine upper bounds
for their growth.

To this end, consider an autonomous Hamiltonian H (g, p, \) with one
degree of freedom and depending on a fixed parameter A\. Moreover,
assume that its level sets L, = {(¢,p) : H(q,p,\) = h} define compact
closed curves encircling the origin. In this case, there is a canonical change
of variables (¢, p) — (¢, I), transforming the system into so called action-
angle coordinates. Geometrically, the action I corresponding to a point
(q,p) € Ly, is defined to be the area bounded by the associated phase curve
divided by 27 and ¢ is some conjugate angular variable. From an analytic
perspective, these coordinates are chosen because then the equations of
motion have the form

b=w(,N), I=o0, (1.2)

i.e. its Hamiltonian Hy = Hy(I, A\) does not depend on the angle and I
is a first integral. Now, suppose that the parameter is not fixed but a
function A = A(et). In this case, the transformation depicted above is time
dependent and yields a Hamiltonian of the form Hy (I, A(et))+eH1 (¢, I,et),
where H; is 2m-periodic in ¢. If the frequency w(I, ) does not vanish,
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an averaging procedure can be applied to show that the action I remains
an “approximate first integral”, that is [I(t) — I(0)] = O(e) for times
0 <t < e~ ! Such a quantity is called adiabatic invariant. The time span
over which [ is nearly preserved can be improved by imposing stronger
regularity assumptions on A and H (up to exponential time spans in the
analytic case [Nei84]). Note, that there are many subtleties involved,
including the very definition of adiabatic invariants. For a more thorough
discussion, we refer the reader to [Arn89] and also [Hen93]. If \ is fixed
and 0?Hy = Ojw # 0, then clearly any time-7' map of system is a
completely integrable twist map of the form . Therefore, the reasoning
described above also suggests the existence of “adiabatic invariants” for
suitable perturbations of this map. This observation is one of the key ideas
used throughout the thesis. However, we will obtain the perturbations
differently. Moreover, we shall omit giving a precise definition of adiabatic
invariants in the context of maps and instead always specify the exact
properties of these quantities when needed. In Chapter [5| for example, we
consider non-periodic symplectic twist maps f : (6,7) — (01,71) of the
form

1
0, = 9+E(V+F1(0’T))’ 71 :r+r1_aF2(0,r), (1.3)

where a € (0,1), v € R\ {0} and F; = O(r~%) uniformly in 6 for
i =1,2. These maps can indeed be seen as perturbations of the completely
integrable twist map (L)) with ¢(r) = yr~* and bo(r) = —2Lr1~*, since
applying a rescaling p = dr yields

01 = 04 6%yp~* + O(6**), p1 =p+ O(6°),

uniformly in 6 as § — 0. Thus, if one assumes periodicity of the relevant
functions, the argument above leads to the existence of invariant curves,
showing that all orbits are bounded. Without any periodicity assumptions
one can still find adiabatic invariants. Note that f is exact symplectic since
all closed 1-forms are exact in the plane. However, the exactness does not
have the same strong implications as in the case of the cylinder. Therefore,
Kunze and Ortega introduced the notion of E-symplectic families of maps
in [KO21], where they studied holomorphic functions of the type . In
Section [5.3] we adapt this notion to the non-analytic case. By using the
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rescaling £ = £'/%r, the map f can be brought into the form
Peiomy=x+el(z,e), x1=(01,61), == (0,5).

Such a family {P.} is called E-symplectic of class C*T! if the primitive
function ¢(6,¢&, ) satisfying

d¢(-,e) =& dby — £db

is close to some function em(x) with m € C{f“ in a suitable sense and
both I(x,e) and ((z,¢) have sufficiently many bounded derivatives. Here,
Cf denotes the space of bounded functions with bounded derivatives up
to order k. For small ¢ > 0, any function in this class of near-identity
symplectomorphisms can be realized as the Poincaré map of a 1-periodic
Hamiltonian system. After k steps of an averaging procedure, one obtains
the system in normal form

y=¢eJVN(y,e) +eJVR(y,t,e),

where J denotes the standard symplectic matrix and the remainder satisfies
R(y,t,e) = O(e*) in C%. The function F(x) = N(x,0) is an k-th order
adiabatic invariant for P, in the sense that

|E(x,) — E(zo)| = O(e), 0<n<min{N,e ¥},

for a piece of orbit (zy)o<n<n = (P2(20))o<n<n Dot leaving some domain
G. This can be translated into growth rates for the original map. In the
case of twist maps given by , we need to assume that Fiy, F» and the
symplectic primitive function lie in a suitable class. To this end, consider
the space F*(s) of functions F(7,v) such that F € C*(R x [v,,00)) for
some v, > 0 and

sup v T2|0Y F(1,0)] < o0
(T,v) ERX [v4,00)

for every multi-index v = (v1,1v2) with |v| < k. This class was first
introduced in [Ort99] and it is very useful for describing expansions of
twist maps. The depicted argument then leads to the following result.
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Theorem 1.1 (Theorem [5.25). Given k € N, r, > 0, a € (0,1) and
v € R\ {0}, consider a map f : R x [ry,00) = R x [0,00), (0,7) — (61,71)
of the form with Fy,Fy € F*2(a). Moreover, suppose there is
a function h € C*2(R x [ry,00)) that satisfies dy = r1dfy — rdf with
(h —ho) € FF2(2a — 1), where ho(0,7) = — (%) r1=@. Then, there is a

constant C > 0 such that if (0, Tn)nen, denotes a complete forward orbit
of f, there is ng € N so that

Ty < Cnl/(kﬂ)a, n > nyg.
Remark 1.2. (a) N denotes the positive integers, whereas Ng = NU {0}.

(b) If the functions Fy, Fy and b are analytic, we have r, = O((logn)/®)
for any real complete forward orbit (6,7 )nen, [KO21].

Instead of abandoning condition altogether, one can also consider
twist maps with an angle that is periodic in a generalized sense. A function
u € C(R) is called (Bohr) almost periodic, if for all € > 0 there exists
L = L(¢) so that any interval of length L contains a number 7" such that

lu(t+T) —u(t)] <e, vt e R.

There are several equivalent ways to describe almost periodicity. The
following will be particularly useful in our analysis. Let 2 be a commutative
topological group, which is metrizable, compact and connected. Moreover,
assume there is a continuous homomorphism v : R — Q with dense image,
inducing a flow ¥, (t) = w 4+ 1(¢t) on Q. A function wu(t) is almost periodic
if and only if there is such a pair (£2,%) and a function U € C(£2) so that

If u € CY(R), the latter formula also implies u'(t) = 9,U (¥ (t)), where
dyU(w) = limp_0 £ (U(w +1p(h)) — U(w)) denotes the derivative along the
flow. For example, taking = S! leads to periodic functions. Another
important subclass is given by the quasi-periodic functions. There € is the
N-Torus TV, where T = R/Z. We denote its classes by © = © +Z". The
image of the homomorphism 1)(¢) = vt winds densely around T?, whenever
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the frequency vector v = (v1,...,vy) € RY is rationally independent.
Finally, note that also limit periodic functions are included, which are
obtained as the uniform limit of continuous periodic functions.

Now, we consider a family {g, }weq of symplectomorphisms of the form

gw(t,r) = (t+F(@Z}w(t)v"ﬂ)’r+G(¢w(t)vr))7 (1'4)

where F,G € C(2 x (0,00)). If these maps have twist and = S!, there
are invariant curve theorems available. This is also true when gg(¢,7)
is quasi-periodic in t, provided that the frequencies satisfy a suitable
Diophantine condition (see [HLL18] and the references therein). The
situation is however fundamentally different if these Diophantine conditions
are neglected (due to the problem of small denominators [Arn63]) or if e.g.
there is an infinite number of frequencies. Moreover, even in the periodic
case, there are minimal regularity assumptions for the applicability of these
theorems. The necessary conditions have been decreased successively from
the original C333 by Moser to C° by Riissmann and finally to C3# with
B > 0 [Mos62al,[Rii70}, [Her86]. On the other hand, there are again examples
of periodic twist maps with unbounded orbits. The first one was given by
Takens in [Tak71], where he constructed such a map as a perturbation of
the completely integrable map in the class of C'! exact symplectic
twist maps of the cylinder. Later, this was improved to C*!'~¢ by Herman
[Her83]. We will consider maps of the form that are in general only
assumed to be of class C'. Despite the absence of invariant curve theorems,
the special structure of these maps reveals valuable information about
their dynamics. Note that F' and G are uniquely determined by . So
we may consider the function

g(w,r) = (w+Y(F(w,r)),r+ G(w,r)). (1.5)
It is related to {g,} via the identity
go (1, xid) = (Y, x id) o g,.
One of our main abstract results deals with these kind of functions.

Theorem 1.3 (Theorem [4.9). Let g: D C Q x (0,00) = Q x (0,00) be a
map of the form that is continuous, injective and measure-preserving.
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Moreover, suppose there is a function W € C’i(ﬂ x (0,00)) satisfying
0<pB<OW(w,r)<d for we, re(0,00),
with some constants 5,0 > 0, and furthermore
W(g(w,r)) < W(w,r)+k(r) for (w,r) €D,

where k : (0,00) — R is decreasing, bounded and lim,_, k(r) = 0.
Then, for almost all w € ), the set

E, = {(to,m0) : nh_)II{;lo T =00}

of initial condition leading to escaping orbits of the map g, has Lebesgue
measure zero.

Remark 1.4. (a) Here, C}p(Q x (0,00)) denotes the space of continuous
functions U(w,r) with derivatives dyU and 0,U in C(£2 x (0, 00)).
The spaces CZZ(Q) used down below are defined accordingly (see

Section .

(b) This result should be compared to Theorem 3.1 in [KO20], where it
is proven in the quasi-periodic case.

The reasoning behind this theorem is as follows. Since every map g,
is symplectic and injective, also g is continuous, injective and moreover
preserves a measure pug ® A, where A denotes the Lebesgue measure
on the real line and pq is a Borel probability measure called the Haar
measure of €. At first glance, g has a form suitable for the application
of the Poincaré Recurrence Theorem. However, the underlying space
may have infinite measure. This difficulty can be overcome by using
the following generalization due to Maharam [Mah64]. Given a map
T : X — X preserving a measure i, assume there is a measurable set M
with u(M) < oo, such that almost every orbit of 7" has to enter M in the
future. Then T is recurrent. In the case under consideration, such a set
can be constructed by using the function W. This function can be seen as
a generalized adiabatic invariant, since any growth will be slow for large
energies, i.e. where the system is close to integrable. Here, the trick is
to consider the restriction of g to the set I of initial condition leading to
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unbounded orbits. In that case, a viable choice for the space engendering
set is given by

M= JM;, Mj={(w,r)eQx(0,00): |W(w,r)—W; <27},

JEN

where (W;);en is a sequence of positive numbers growing to infinity suffi-
ciently fast. Note, that this method is not specific to twist maps. However,
the twist condition is very useful for finding a suitable adiabatic invariant
w.

Next, we introduce two fields of application for these abstract results.

1.2 Fermi-Ulam ping-pong

The Fermi-Ulam ping-pong is a model describing how charged particles
bounce off magnetic mirrors, and thus, gain energy. They undergo the
so called Fermi acceleration and one central question is whether the
particles velocities can get close to the speed of light that way. The
model was introduced by Fermi [Fer49] in order to explain the origin of
high energy cosmic radiation. A common one-dimensional mathematical
formulation of this problem is as follows. The point particle bounces
completely elastically between two vertical plates of infinite mass, one
fixed at = 0 and one moving in time as x = p(t) for some forcing function
p = p(t) > 0. The particle alternately hits the walls and experiences no
external force in between the collisions. The motion can be described
by the function f : (tg,v9) + (t1,v1), mapping the time ¢y € R of an
impact at the left plate x = 0 and the corresponding velocity vg > 0
right after the collision to (t1,v;), representing the subsequent impact at
x = 0. Since one is interested in the long term behavior, we study the
forward iterates (¢, vn) = f"(to,v0) for n € N. One can show, that the
map P : (to, Eg) — (t1, E1), obtained from f by a change of variables
E = %v2, is a symplectic twist map. The most studied case is that of
a periodic forcing p(t). Ulam conjectured an increase in energy with
time on the average [Ula61]. Based on some numerical simulations, he
however realized that rather large fluctuations and no clear gain in energy
seemed to be the typical behavior. Two decades later, the development
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of KAM theory allowed to prove that the conjecture is indeed false. If
the forcing p is sufficiently smooth, all orbits stay bounded in the phase
space, since the existence of invariant curves prevents the orbits from
escaping [Pus83|, [LLI1]. The proofs are based on Moser’s twist thoerem
IMos62b], which relies on a higher regularity. And indeed, Zharnitsky
showed the existence of escaping orbits if only continuity is imposed on
p [Zha9§|. In the non-periodic case, one can even find C*°-forcings with
this behavior [KOT11]. More recently, Dolgopyat and De Simoi developed a
new approach. They considered the periodic case and studied some maps
which are basically approximations of the successor map f. This way they
could prove several results regarding the Lebesgue measure of the escaping
set

E = {(to,v0) : nlgrgovn = 00},

consisting of initial data, which lead to infinitely fast particles [Dol0O8D,
Dol08al [DS12, [Sim13]. Finally, Zharnitsky investigated the case of a
quasi-periodic forcing function with frequencies satisfying a Diophantine
condition. Again, using an invariant curve theorem, he was able to show
that the velocity of every particle is uniformly bounded in time [Zha00].
Since no such theorem is available if the Diophantine condition is dropped,
a different approach is necessary in this case. In [KO20], Kunze and Ortega
proved an analog of Theorem for quasi-periodic maps. Its application
to the ping-pong map shows that typically the escaping set E has measure
zero. They also raised the question whether this result can be generalized
to the almost periodic case. By applying Theorem with the adiabatic
invariant W (w, F) = P(w)?E, one obtains the following result, giving an
affirmative answer.

Theorem 1.5 (Theorem . Assume 0 < a < b and P € Ci(Q) are
such that
a < P(w) <b, Yw € Q.

Denote by E,, the escaping set for the ping-pong map with the almost
periodic forcing function p,(t) = P(w+(t)). Then, for almost all w € €,
the set E,, C R? has Lebesgue measure zero.

Even in the completely non-periodic case one can obtain some interest-
ing insights. Recently, Kunze and Ortega studied holomorphic twist maps
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of the form (1.3). After a suitable change of variables (¢, E) — (7, W), the
ping-pong map can be written in that form. This way, they showed that
the velocity v, after the n-th impact satisfies v, = O(logn) if the forcing
function is holomorphic [KO21]. This rigorously verifies an older result by
Neishtadt [Nei84]. In the same way, an application of Theorem yields
the following.

Theorem 1.6 (Theorem . Given k > 3, let p € C’Z“H(R) be so that
0<a<pt)<bfortcR. There are constants C,E > 0 such that
if (tn, En)nen, denotes any complete forward orbit of the ping-pong map
P e CFR x [E,00)), then

B, <Cn¥*=D0 n > npy,
for some ng € N.

Moreover, we show how to construct a smooth forcing function p(t)
leading to escaping orbits. This example was first introduced in [KOT11],
where it is shown that bounded and unbounded motions coexist. We
prove that if [|p[|cx+1(g) < M for a prefixed parameter M, then there are
a constant C' > 0 and a complete forward orbit (¢, vy )nen, such that

Up > C’nl/(k+1), n € N.

Note that this example fails to show the optimality of the rates stated in
Theorem However, the influence of the regularity on possible growth
is clearly demonstrated.

1.3 Littlewood boundedness problem
The dynamics of the Duffing-type equation
i+ G'(x) = p(t) (1.6)

have been studied extensively due to its relevance as a model for the motion
of a classical particle in a one-dimensional potential field G(x) affected by
an external time-dependent force p(t). In the 1960’s, Littlewood [Lit66b]
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asked whether solutions of (1.6) stay bounded in the (z,4)-phase space if
either

(i) G'(z)/z — +o00 as x — +o0
or (ii) sign(z) - G'(z) = +o0 and G'(z)/z — 0 as z — +oo.

Despite it’s harmless appearance, this question turned out to be a quite
delicate matter. Whether resonance phenomena occur, does not only
depend on the growth of GG, but also on the properties of p. The most
investigated case is that of a time-periodic forcing p. The first affirmative
contribution in that regard is due to Morris [Mor76], who showed the
boundedness of all solutions to

i+ 223 = p(t),

where p is continuous and periodic. Later, Dieckerhoff and Zehnder [DZ87]
were able to show the same for

2n
R ij(t)xj =0,
=0

where n € N and p; € C are 1-periodic. In the following years, this result
was improved by several authors (see [Bin89], [LLI1], [Lev91],[Nor92],|[LZ95]
and the references therein). If however the periodicity condition is dropped,
Littlewood [Lit66b] himself showed that for any odd potential G satisfying
the super-/sublinearity condition, there is a bounded forcing p leading to
at least one unbounded trajectory. Later, Ortega [Ort05] was able to prove
in a more general context that for any given C?-potential one can find an
arbitrarily small p € C'* such that most initial conditions (in the sense of
a residual set) correspond to unbounded solutions of . Even in the
time-periodic case, Littlewood [Lit66a] constructed G € C* and a peri-
odic p such that there is at least one unbounded solution. (Actually both
[Lit66b] and [Lit66a] contain a computational mistake; see [Lev92, Lon91|
for corrections.) Let us also mention [Zha97], where Zharnitsky improved
the latter result for the superlinear case such that the periodic p can be
chosen continuously. These counterexamples show that besides periodicity
and regularity assumptions on p an additional hypothesis on G is needed
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if one hopes for boundedness of all solutions. Indeed, all positive results
mentioned above suppose the monotone growth of G’(x)/x. This condition
guarantees the monotonicity of the corresponding Poincaré map, and thus,
enables the authors to use KAM theory.

We also want to point out that the Fermi-Ulam ping pong can be
obtained as a limiting case, where the time-dependent potential becomes
infinitely steep at the boundaries [LLI1].

In the last twenty years a wealth of works on the Littlewood bound-
edness problem has been published, including the sublinear, semilinear
and other cases. Since those are far too many to be presented here, we
focus on the two particular cases studied in this thesis. First, consider the
superlinear oscillator equation

&+ J2[* e = p(b),

where o > 3. In [LZ95], Levi and Zehnder were able to show that for a

quasi-periodic forcing p all solutions are bounded, if the frequencies of p
satisfy a Diophantine condition. Here, we shall investigate the case where
p is only assumed to be almost periodic. Denote by z(t) = z(t;Z,7,1)
the solution to this equation satisfying the initial condition x(f) = & and

#(t) = 9. We consider solutions x(; 0, vg, tg) with vo < 0 and the map
w : (vo,to) — (Ul,tl),

where t1 is the first zero to the right of ¢y such that corresponding velocity
vy = @(t1;0,v0,%0) is negative. This Poincaré map will be well-defined
for |vg| sufficiently large, since then the corresponding solution oscillates

quickly. )
T A

k ’
» V0

V14

Figure 1.1: For large energies the trajectory spins clockwise around the
origin
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After applying several coordinate transformations ¢ has a form suitable
for the application of Theorem [I.3] Thus, the escaping set

E = {(vo, to) : nlggo vy, = —00}

has Lebesgue measure zero. It follows that also the set of initial condition
(#,7,t) € R3 leading to solutions such that lim; .. (|z(t)| + |Z(¢)]) = oo
has measure zero. In fact, we will even show that almost all solutions
are Poisson stable. There are various ways to define this notion. We will
use the following (cf. [CL20] and the references therein). A solution z(t)
is called Poisson stable, if there is a sequence (ty)necz with ¢, — +oo as
n — oo such that

|z(t + tn) —z(t)| + |2(t + ) — ()] = 0, asn — +oo,
uniformly on every bounded interval in R.

Theorem 1.7 (Theorem . Given P € Cf})(Q), consider the family
{pw}wea of almost periodic forcing functions defined by

pw(t) = P(w+1(t)), teR.

Let 2, (t; &,0,t) denote the solution of ([&.22) with forcing function p(t) =

pu(t) satisfying the initial condition x,(t) = & and z,(t) = v. Then, for
almost all (%,9,t,w) € R? x Q, the solution x,,(t; %, ,t) is Poisson stable.

Remark 1.8. For a > 3 the same holds, if only P € Ci(Q) is imposed.

Just Lemma requires higher regularity and the latter is needed only
for a = 3.

The other case we will consider deals with a quadratic potential G(z).
More precisely, we study oscillators of the form

i+ nPx + hiz) = p(t), (1.7)
where n € N and h,p € C(R) are bounded, with p also 27-periodic. The
n-th Fourier coefficient of p is given by

1 2

by = — te "t dt.
Pn o7 J, p( )6
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In the linear case h = 0, it is a well established fact that solutions
of are 2m-periodic (and hence bounded) if p,, = 0, and otherwise
unbounded and non-recurrent due to resonance phenomena. In [LL69],
Lazer and Leach studied the case when h has two distinct finite limits
h(£o0) = lim,; 1o h(x) at infinity and all values of h lie between those
limits. They were able to show that has a 2m-periodic solution if and
only if

7|pn| < [h(+00) — h(—00)]. (1.8)

Later, it was proven in [AO96|] that the negation of this inequality implies
that all solutions z(t) satisfy

. 2 a(n2]
7:_lglrinoo [2(t)* + &(t)°] = oo. (1.9)
See also [Sei90] for a previous related work. Results with respect to
boundedness were obtained in [Ort99]. There, it was shown that the same
condition ([1.8)) leads to the boundedness of all solutions in the special case
where h = hy, with L > 0 is the piecewise linear function given by

L if x > 1,
hr(x) =< Lx if |z| < 1,
—L if o < —1,

provided that p € C°(R) is 2m-periodic (see also [KKY97] for a related
result with a discontinuous k). Moreover, this led to the insight that almost
every solution x(t) is Poisson stable. In the same year, Liu obtained a
similar result for general h € C%(R) such that lim, ") (z) = 0 for
1 <k <6,if pe C"(R) is 27-periodic [Liu99]. Recent findings for more
general non-linearities can be found in [PWW16, WWX19]. All latter
results were obtained by using variants of Moser’s small twist theorem.
However, the application of any such invariant curve theorem requires a
considerable degree of smoothness of either h(x) or p(t). It is an interesting
question if any of the nice features of solutions survive if only mild regularity
assumptions are made. Here, we investigate this question for the piecewise
linear equation

i+ n2x + hi(z) = p(t). (1.10)



18 Chapter 1. Introduction

By rescaling & 4 n?z + hr(x) = p(t), one obtains the same equation with
p = £ and a function hy given by hr(z) = sign(x) for |z| > 1 and
hp(x) = La for |z| < 1. Since the slope L has basically no effect on the
dynamics we have normalized the equation by setting L = 1. Besides
giving a good starting point for more general non-linearities, such piecewise
linear oscillators are also known in the engineering literature. E.g.
can be considered as a model for an oscillator with stops (see [Har85] and

also [Ort99] for the derivation of (1.10f)). Our main result is the following.

Theorem 1.9 (Theorem [3.4). Suppose p € C(R) is 2m-periodic and
satisfies the Lazer-Leach condition 7|p,| < 2. If z(t) = z(t; %, 0,t) denotes
the solution of with initial condition x(t) = & and ©(t) = 0, then
x(t;,0,1) is Poisson stable for almost every (¥,7,t) € R3.

This theorem is an improvement of Corollary 2.1 in [Ort99].

Remark 1.10. (a) The result is also true for the discontinuous equation
&+ n?x + sign(x) = p(t), (1.11)

if ON is countable, where N = {t € R : |p(t)| = 1}. This is basically the
case considered in [KKY97] and it can be seen as a limit case of (1.10).
Note that one first has to define a proper notion of solutions to (|1.11))
(see Definition down below). We also refer the reader to [LZ20] for a
discussion of chaos in second-order equations with signum non-linearities.
(b) The Lazer-Leach condition is not only sufficient but also necessary for
recurrence, since all solutions satisfy if 7|p,| > 2 [AO96).

(c) Theorems [L.5] and state that the set of initial conditions
leading to escaping orbits has measure zero. It should be noted, that the
author knows of no example exhibiting unbounded orbits, provided the
assumptions of the respective theorem are satisfied.

The proof is similar to the one of Theorem A Poincaré map
P : (1,v) = (7m1,v1) is constructed, which sends the initial condition
(t,v) of z(t;0,v,7) to (71,v1), representing a subsequent zero and its
corresponding velocity. This map has an expansion of the form

v

Tl :T+27T—M+R(T,U),
vy =v+ L'(1)+ S(r,v),
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where L € C? and R, S € C! are 2n-periodic in 7. Moreover, the Lazer-
Leach condition guarantees that L is positive. Therefore, P can be viewed
as the lift of a twist map P defined on the cylinder S! x [0, 00). Theorem
below states that any such map is recurrent if R and S satisfy certain
bounds. This result should be compared to Theorem [I.3] only that the
construction of the associated adiabatic invariant is already included in
the proof. This again yields the Poisson stability of almost every solution.






Chapter 2

Recurrence

Let (X, A, 1) be a measure space and introduce the following useful nota-
tion. For A, B € A we write

ACB mod p,

if AC BUN, where N is a set of measure zero. Now, consider a map
T : X — X which is bi-measurable, that is

T7YA), T(A) c A for all A € A.
Such a map T is said to be measure-preserving, if
w(T(A)) = u(A) for all A € A.
As a consequence, such a measure-preserving transformation satisfies
wW(T7HA) < pu(A)  forall Ac A,

with equality if A C T(X) mod u.

Remark 2.1. In the literature, there is no unique way of defining the two
properties above. In particular, T is often called measure-preserving, if
w(T=H(A)) = u(A) for all A € A. However, the definition in this work
was chosen since it seems to be the most natural in the application to
mechanical problems and suchlike.

21
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Since T maps X into itself, the iterates 7" = T" 1o T, where T° = id,
are well-defined for all n € N. We call the map T recurrent, if for every
A € A for almost all x € A there is n € N such that 7" (z) € A, that is

AcC U T7"(A) mod p,
n=1

where T7"(A) denotes the pre-image under 7". In other words, the set
of points in A not returning to A has measure zero. Since T is measure-
preserving, also any (iterated) pre-image of this set has measure zero.
Hence T is even infinitely recurrent, i.e. for almost all x € A there is an
increasing sequence (ng)reny C N such that 77+ (z) € A for all k € N.

In the case of a finite measure-space, the famous Poincaré recurrence theo-
rem characterizes the relation between measure-preserving and recurrent
maps. We will use it in the following form.

Lemma 2.2. Let (X, A, ) be a measure space such that u(X) < oo and
suppose T : X — X is measure-preserving. Then T is recurrent.

Unfortunately, the situation is less clear if the space has infinite measure.
However, the statement of the recurrence theorem stays valid if there exists
a set M of finite measure which acts as some kind of bottleneck. This is
described in the following generalization of Lemma due to Maharam
IMah64], which also recently got some attention in the context of twist
maps by Dolgopyat [Dol].

Lemma 2.3 (Maharam’s Recurrence Theorem). Consider a measure space
(X, A, 1) and suppose T : X — X is measure-preserving. If there exists a
set M € A with p(M) < oo, such that

X C U T7"(M) mod p,
n=1

then T is recurrent.

Proof. The “time of first return” r(z) = min{k € N : T*(z) € M} is
well-defined for almost all x € X by assumption. In particular, it can be
shown that there is a set I' of measure zero such that the induced map
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S : M\T — M given by S(z) = T"®)(z) is well-defined and satisfies
S(MN\T) c M\T. Moreover, S is measure-preserving and hence, one
can apply the Poincaré recurrence theorem to see that S is also recurrent.
Now, let A € A be a measurable set in X and for £ € N consider the sets

Ay ={x € A:r(x) =k}

Moreover, define By, = T*(A;) C M. Since S is recurrent, we have

By C U S™™(By) C U T "(Bg) mod pu.

n=1

From this it follows

o

U —(n+k) Bk mod p.

Since Ay C T7¥(By) and u(Ay) = u(By,) we know that T—%(By,) = Ay up
to a set of measure zero. This in turn implies

Ay C U T "(Ax) mod p.

n=1

Finally, taking the union over all £ € N shows that almost every point in
A returns to A. O

There are two drawbacks to Lemma On the one hand, such a set
M does not exist for every recurrent measure-preserving transformation,
as already a trivial example like the identity shows. On the other hand,
even when it does exist, it can be hard to find. A key idea of Chapters
and [4] will be that certain symplectic twist maps offer a class of measure-
preserving transformations for which the construction of M can be done
explicitly.
Remark 2.4. If X is o-finite, the following observation can be made. A
measure-preserving map 1" : X — X is recurrent if and only if there is a
covering {X;}jen of X and a collection of sets {M;}jen with (M) < oo
such that for all j € N we have T'(X;) C X; and X; C U2, T~ "(M;)
mod pu.
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Note, that there are several more generalizations to the Poincaré
recurrence theorem and depending on the situation one might choose the
appropriate version. For example, if {X;};en is a covering of X with
1(X;) < oo and for every fixed j € N the measure-preserving map T

satisfies
N
Jim (kl—llT (Xj)> =0,

then T is also recurrent (see [KS19]). For a more thorough discussion of
maps preserving an infinite measure we refer the reader to [Aar97] and
[Doll.

In Chapters [3] and [ we will consider functions
f:DCQx(0,00) = Qx(0,00),

where D is an open set and € is a compact commutative topological group.
The space Q x (0, 00) is equipped with the product measure o ® 5\, where
X denotes an absolutely continuous measure on the real line and uo is a
Borel probability measure called the Haar measure of € (see Section [4.1.3]
for details). The map f is assumed to be a homeomorphism with respect
to its image and measure-preserving, that is

(1o @ N)(f(B)) = (no ® N)(B)

for all Borel sets B C D. In general, we can not assume that f(D) C D.
Therefore, we have to carefully construct a suitable domain on which the
forward iterations are well-defined. We initialize D1 = D and set

Dypy1 = fY(D,), forneN.
This way f™ is well-defined on D,. Inductively it can be shown that

Dyy1 ={(w,r) €D: f(w,7),..., f"(w,r) € D} and thus Dy41 C D,, C D
for all n € N. Initial conditions in the set

Doo = (] Pn C Q x (0,00)

n=1



25

correspond to complete forward orbits, i.e. if (wg, ) € Duo, then

(wnv Tn) = fn(w07 TO)

is defined for all n € N. It could however happen that D,, = () or even
D,, = () for some n > 2. The set of initial data leading to unbounded
orbits is denoted by

U = {(wo,70) € Doo : limsupr,, = co}.
n—oo
Complete orbits such that lim, . 7, = oo will be called escaping orbits.
The corresponding set of initial data is

€ ={(wo,m0) € Do : li_>m Ty = 00}.

Note, that both ¢/ and £ are Borel measurable. The escaping set £ can
be viewed as the transient part of the domain. Indeed, f is obviously
non-recurrent on £ and its complement Dy \ € on the other hand can be
covered by the measurable sets

B, = {(wo,70) € Do : linginfrn <m}, meN

Since every orbit starting in B,, eventually has to enter the set 2 x [0, m+1],
Lemma [2.3] can be applied to the restricted map f : By, — By,. It follows
easily, that f is recurrent on Dy, \ €. Therefore, proving the recurrence
of f: Doy — Do is equivalent to showing (ug ® A)(£) = 0. In particular,
it is sufficient to find a set M of finite measure such that every escaping
orbit enters M in the future, that is

gc|Jr M) mod (uo®N).
n=1






Chapter 3

The periodic case

In this chapter, we consider periodic twist maps of low regularity. First,
the setup of Chapter [2]is employed to prove the recurrence for a class of
these maps. Then, this is applied to deduce the Poisson stability of almost
every solution to a piecewise linear oscillator and its discontinuous limit
case in Sections and respectively. The content of this chapter stems
mostly from the paper [OS22], which is a joint work of Rafael Ortega and
the author.

3.1 Twist maps of the cylinder

We identify the circle S' with the quotient space R/27Z. With a small
abuse of notation, C™(S!) denotes the space of n-times continuously dif-
ferentiable functions F': R — R that are 2m-periodic. Sometimes, we will
not differentiate between a map F : S — S! and its lift satisfying

F(6+2r)=F(#) mod 2.

Given v, > 0, consider the cylinder ML, = S x [v,, 00) equipped with the
absolutely continuous measure y = v dfl ® dv. We write M,, = R x [v,,00)
for its universal cover. In this section we will study twist maps of M,,.
These are functions

f : M'U* — Sl X [0700)7 (0_,’1)) — (él,’l)l),

27
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such that there is a corresponding lift f : M,, — R x [0, c0) satisfying
01(0 + 2m,7r) = 601(0,71) + 2, r1(0 4 2m,7r) =ri(0,r),

which is a diffeomorphism with respect to its image and has twist, i.e.

691 A0, in M,

Furthermore, suppose there is a function n € C'(M,, ) such that
dn = vidf; — v2de. (3.1)

Then, we will say that f is ezact symplectic on M,,. Note, that this is not
consistent with the (classical) definition given in the introduction. The
map does not preserve the two form df A dv, but it is symplectic in the

sense that B -
v1df1 A dvp = vdf A dv. (3.2)

However, within the scope of Chapter [3| we use the definition above, simply

because it is more practical in the applications considered. After all, there

are only minor qualitative differences, since changing the second coordinate
2

to &/ = % yields a map symplectic in the classical sense. Condition (3.1)

also implies that for any embedded circle C, = S! x {v} C M, we have

0_/ dn_/< %— 2>d9.
v St

In the introduction we already mentioned the spaces F*(m) of functions
F(7,v) such that
sup 02| F(T,v)| < 00
(T, v)EMy,

for [v| < k and some v, > 0. Let us also introduce the class F,(m)
of continuous functions F' : M,, — R, such that v"*F(-,v) converges
uniformly as v — oo. We write F¥(m) for the intersection F*(m)N Fy(m).
Some properties of these spaces can be found in Appendix [A]

As depicted in the last chapter, we write Dy, for the set of initial con-
dition (Ao, vp), such that the complete forward orbit (6,,,vy,) := (0o, vo),
n € N, is well-defined. The escaping set is given by

& ={(00,v0) € Do : li_)m Uy, = 00}
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Theorem 3.1. Consider a map f : M,, — S' x [0, 00) with a lift f given
by

v

vy =v+ L'(0) + S(0,v),
where L € C*(SY), L >0, R,S € CY(M,,), R € Fu(2), S € Fu(1) and

{91—9+27T—L(0)+R((9,U),

sup  v"2|0YR(0,v)| < oo, lim v"20Y R(0,v) = 0,
(Q,U)GMU* v—00

for every 0 € R and v = (v1, 1) with |v| = 1. Moreover, assume that f
is one-to-one and exact symplectic in the sense that there is a function
n € CY(M,,) with dn = vidf, —v*df. Then u(€) =0, i.e. f is recurrent.

Remark 3.2. (a) Under the stronger assumptions L € C%(S!) as well
as R, S € C°(M,,), R € F5(2) and S € F°(1), KAM-theory is
applicable and shows the boundedness of all orbits. See [Ort99] for
a suitable invariant curve theorem and it’s application to a map of
the type under consideration.

(b) For forcing functions p € C?(S'), the Fermi-Ulam ping-pong map
(to,vo) = (t1,v1) from the introduction is a symplectic twist map in
the sense above and has an expansion of the form

t = to+ 210 4 Rtg, ),
U1 = Vo — 2p(t0) + S(to, U0)7

with R € F1(2) and S € C' N Fy(1). Thus it would be feasible for
an application. However, Theorem down below (dealing with
almost periodic forcing terms) already includes this case.

In the proof, we will need the following auxiliary lemma, which is
basically a variant of Lemma 4.1 in [KO20].

Lemma 3.3. Consider a map f:D— S_l x [0,00), (6,v) = (61,v1),
where D C S' x [0,00). Let p(0,v) = v + B(0) with B € C(SY). Moreover,
suppose there is v, > 0 such that for all (6,v) € D NM,, we have

- 0(v)

[p(f(0,0)) = p(B,v)| < == (3.3)
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where § : [ve,00) — [0,00) is a decreasing function with lim,_, 6(v) = 0.
Then, there is a set M C S' x [0,00) with u(M) < oo such that every
unbounded orbit of f enters M.

Proof. Let (pj)jen C [2v4,00) be an increasing sequence with lim p; = oo
J—00

such that
1 _ ,
p1>>§;—+HﬁHm and  §(%) <2°UtD
1

for all j € N. Now, define
M=JM;,  Mi=p" it
_jeN VB J p p] 2]/)]70] 2]pj .

Then, M; C S! x [0,00) and moreover we have

2r ppitog _
/ / vdv do
pj f—fﬁ
:/ 2j<1—5(0)>d§
0 Pj
- 204

In particular, this implies u(M) < oco.
Fix some (50, vg) € D such that the corresponding complete forward
orbit (0, v,) is unbounded. Moreover, select jo € N such that

pio > 2[8llscvs™ + 2/|Blloc- (3-4)

Since limsup,,_, o p(0n, vn) = 00, there is N € N so that p(On,vn) > pj,-
Thus, p(fn,vn) lies in the interval |pj,, pj,] for some j; > jo. Since
the orbit is unbounded, there must be a first index K > N such that
p(Ok,vi) ¢lpjo, pj,)- However, this can not happen without the orbit
entering either M;; or M;, . First, consider the case where we have
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p(0x,vi) > pjy > p(Ox 1,0k 1). Then, using (3.3) and (3.4) yields

vr—1 = p(Ox—1,vK—1) — B(OKx_1)

— (5 UK—I —
> p(0k,vK) — ( ) _ B(Or-1)
VK1

> i, — 16/lsovs = 11Blloo

> B
From this, it follows

_ _ _ S(vk— 26 (L 1
100, 010) = | < 19O 010) =01, )] < 20) (20 E) 1
VK1 P 21 pj,

Thus (0, vk) € M, . In the other case, p(Ox_1,vK_1) > Pio > (0K, v),
we have B

VK1 > pjo — B(Ok-1) > 2.
Then, (0x,vk) € Mj, follows analogously. O

Now, we are in position to prove the main result of this section.

Proof of Theorem[3.1]. As the first step we perform the change of variables
®: (0,v) — (7,7) defined by

0 1
() :'y/o L(ls)2ds, r(0,0) =~ S L(0),

2 1 -1
v =27 </0 ()2 ds) > 0.

The constant ~y is chosen such that

where

7(0 4 2m) = 7(6) + 27.

Since 7/(0) = ﬁ > 0, the map 7 € C3(S!,S!) is a diffeomorphism.
Hence, also @ is a diffeomorphism with regard to its image. The Taylor
expansion of 7 implies

7(61) = (61 — 27) = 7(8) — ﬁ + Ri(6,0),
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where
91 27
R (0 ’U) — 'Yf((g);’) +A (91 — o — S)T”(S) ds
1
= 7R<(g>3) + (61 — 27— 6)? / (1= X)7"((1 = X0 + A6 — 27)) dA
0
1
R0, 0 L6
= Lo + (R(9 v)— & )) /0 (1—=x7" (0+/\ (R(H v) — & >)) A

Then R; € Fy(2), since R € F(2) and

7 (6)

lim v*(6; — 27 — 0)? /1(1 —N7"((1 = N0 + X0, — 27)) d\ = L(0)?
0

vV— 00

holds uniformly in 6. Moreover, a direct calculation shows that also the
derivatives have the same asymptotics, i.e. for v = (v1,1,) with |v| =1
we have

sup  v"?|0"R1(0,v)| < oo, lim v"2|0" R1(0,v)| = 0.
(0,0)EMy, Voo

Similarly, the Taylor expansion of L yields
L(0)) = L(6: — 27) = L(0) + T'(0) (R(O,v) - X2) + 1(0,0)
with I € F,(2). Altogether, this yields

L(6:)v; = (L(e) — LOLO) 4 1(0)R(0,v) + 1(6, v)) (v +L(0) + S0, u))
= L(0)v + S1(6,v),

where S1 € Fy(1). On ®(M,,) we define

Ro(7,r) = Ry (7Y (r,1)) and  Sa(7,r) =728 (@7 Y(r,7)).

Then, the lift g = ® o f o ®~! of the transformed twist map g is given by

T =T+ 21 — @ + Ra(1,71),
ry =1+ So(1,71),
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with Ry € Fu(2) and Sy € Fu(1). Writing (6(7),v(r,7)) = ®~1(1,7), we
get

ORy OR, . OR; A

B = ap D00+ 5005
_ OR, L*(0) ORy vL(0)L'(6)
90 (0,v) v v (0,v) v

In particular, it follows

OR»

or (7', 7“) OF,

< oo, and lim —=(7,7) =0,
r—oo OT

sup
(7’,7‘) Eq)(MU* )

for any 7 € R. Also, note that g is again one-to-one and
ridr — r’dr = di

holds for # = no ®~!. Therefore, the new map is an exact symplectic twist
map as well. Hence, Lemma can be applied to g if a suitable adiabatic
invariant p(7, ) can be found. In order to construct p, let

a(t) = lim rSy(r,7)

=00

be the uniformly continuous and 2m-periodic limit. Due to the fact that g
is exact symplectic, we know by (3.1]) that

2 or
20T 2
i dr =
/0 <’I“187_ T‘)T 0

holds for any fixed r > r, = 7_% max L(0)v,. Furthermore, we have

fcR
r1(T, ?")2%(7', r) — r? = 1"2%(7, r) 4+ 2rSay(r,r) + U(r, 1),

where U = S3 + %(27“52 + 52). In particular, U is bounded on M, and
U(r,r) = 0, as r — oco. Since Rs is 27-periodic in 7, we get

21
/0 (2rSa(7,7) + U(7,7r))dr = 0.
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Sending r — oo yields fOZWa(T) dr = 0 by the dominated convergence
theorem. Now, the sought adiabatic invariant p(7,7) can be defined as
p(tr,r) =1+ B(7), where

Note that 8 € C'(S'), because « is purely periodic. With a similar
argument as before, it follows

T1—27
Bm) = B(r) +~~} / a(s) ds

) 1
=pB(1)+~v 2(m — 27 — 7')/0 a((1 = XN)7 4+ AX(mp —27)) dA

RQ(T’T)fl la -7 T — 27
v r)/o (1= A7+ Alm — 27)) d

1
— B(r) — /0 (1 = A)r + (1 — 27)) dA + Ss (7))

oo+

with S3 € F,(2). From this, we obtain

p(rirn) = 1+ Salr,7) + B(r) — %/0 a((1 = A7+ A — 27)) d\ + Ss(r.7)

= p(t,7) +

S|

(7"5’2(7, r)— /01 a((l = N7+ X(m — 2m)) dA + 7S3(T, 7"))

= plr.r) + 2D

where Sy(7,7) — 0 uniformly as r — oo. Thus, one can find a decreasing
function § : [ry, 00) — R with |Sy(7,7)| < d(r) on M, such that 6(r) — 0,
as r — oo. Therefore, we have shown that all conditions of Lemma [3.3| are
satisfied. The application yields a set M with u(M) < oo such that every
unbounded orbit of § enters M. But since limsup,,_,,, 7, = oo holds if
and only if lim sup,,_,,, v, = 00, this means that every unbounded orbit
of f enters M’ = ®~1(M). In particular, this implies

EC U (M) mod p.
n=1
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Finally, due to the fact that p (®~1(M)) = (M) < oo, we can apply
Lemma to deduce that the restricted map f : £ — £ is recurrent and
thus u(€) = 0. O

3.2 A piecewise linear oscillator

As an application, we study the equation
i+ n’z + hi(z) = p(t), (3.5)
where p € C(S!) and hy is the piecewise linear function given by

1 if x> 1,
hi(x) =< x if |z| <1,
-1 if x < —1.

In this section we prove the following result.

Theorem 3.4. Let p € C(S') satisfy the Lazer-Leach condition w|py,| < 2.
If 2(t) = z(t;Z,0,t) denotes the solution of with initial condition
x(t) = % and ©(t) = 0, then x(t; T, 0,t) is Poisson stable for almost every
(%,7,t) € R3.

Proof. As indicated in the introduction, we start by constructing a twist
map suitable for the application of Theorem such that its orbits
correspond to large amplitude solutions. In a second step, we then show
that the recurrence of this twist map implies Poisson stability of almost
every solution. In the context of 2w-periodic system, a more suitable
definition of this property is as follows. There is a sequence of integers
{on}nez with 0, — £00 as n — o0 such that

|z(t + 2moy,) — x(t)| + |2(t + 270y,) — ()] = 0 as |n| — oo,

uniformly with respect to ¢ € [0, 27].

To this end, suppose z(t) is a solution of such that there are
7 € R and v > 0 with z(7) = 0 and @(7) = v. Then, z is also a solution of
the integral equation

sinn(t —7 t sinn(t —s
o) =22 T ) - o)™ =D as, a6)
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and the derivative is given by

t
z(t) =vcosn(t —7) + / [p(s) — hi(x(s))] cosn(t — s) ds. (3.7)
T
Given any time span T > 0, it follows from these formulas that z(t)/v is
arbitrarily close to (sinn(t — 7))/n in C?([r,7 + T)) for large values of v.
In particular, one can find v, > 0 with the following property. If v > w,,
then z(t) has 2n consecutive non-degenerate zeros

T=T0< T <...<Top =1

and crosses the line # = (—1)? twice in each interval (7;,7;41). We denote
these crossings by 7 < *1;41 and write

v = &(1), v =a(r]), Tvi=1("n),

for the corresponding velocities. For ¢ = 0,...,2n — 1, each of the three
maps
(7i,vi) = (777, 07) = (Tisr, "vig1) = (Tig1, viga)

can be described in terms of a forced linear oscillator. The arguments in
Proposition 2.2 and Proposition 2.3 of [Ort96] show that these maps are
of class C! and exact symplectic in the sense of (3.1)). Since the induced
function

P:M,, — St x [0, 00), P(7,v) = (7,7") = (Fon, v2n),

is decomposable into 6n such maps, also P € C*(M,,) is exact symplectic.
The map P is one-to-one due to the unique solvability of the corresponding
initial value problem. Following the computations in Section 7 of [Ort99),
it can be seen that for p € C(S') the associated lift P : M,, — R x [0, c0)
has the form

{T/:T+27r_(1/nv)L1(T)+R1(T’U)’ (3.8)

v/ = v+ La(7) + Ra(T,0),

where ' '
Li(1) =27(e" pp,) + 4, Lo(1) = 27R(e" pp),
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and R, S € C'(M,,), Ry € FY(2), Ry € F(1). Throughout the computa-
tions in [Ort99], one can in fact replace the space F*(r) by Fk(r) with
some obvious adjustments. This leads to the conclusion that Ry € F.(2)
and Ry € Fu(1). The Poincaré map of the discontinuous oscillator dis-
cussed in the next section has an expansion of the same form. This is
shown in full detail in Appendix Bl Finally, note that for L; € C?(St)
we have L) = nLs and also L; > 0 is guaranteed by the Lazer-Leach
condition 7|p,| < 2. In total, P satisfies all assumptions of Theorem
and therefore the escaping set
Ep ={(T,v) e My, : (7},v}) = Pi(7,v) € M,,Vj € Nand lim v} = oo}
J]—00

has measure zero.

Going back to the question of Poisson stability, it is sufficient to consider
initial time ¢ = 0. We denote by z(t) = x(t;%,?) the solution of
satisfying the initial condition x(0) = Z and #(0) = ¢. Thus, the time-27

map of (3.5)) is given by
II:R? - R?, (%,0) = (x(2m; &, 0), (27 2, 0)).

It can be shown that II preserves the two-dimensional Lebesgue measure
A2. We now prove that it is also recurrent. To this end, consider the
solution z(t) = x(t; Z,v) for some (,7) € R?. The corresponding solution

of the unperturbed linear system % + n?z = 0 satisf}éing) the same initial
~sinn(t—7

condition z(0) = &, £(0) = ¥ is given by 2(t) = 7~ for some 7 € R

and 7 = v/n2z? + v2. Furthermore, z(t) also solves the integral equation
sinn(t —7 t sinn(t — s

x(t) = T(n) —|—/0 [p(s) — hl(:c(s))](n) ds. (3.9)

Again, z(t)/7 is close to (sinn(t — 7))/n in C?([0, 47]) for large values of

7. Let r(t) = y/n?x(t)? + x(¢)2. Then, one can infer from (3.9) that there

is a constant Cp, > 0 (depending on ||p[/~) such that
Ir(t) —r(0)] < Cp, for t € [0,4n].

Thus, if # = r(0) > v, + C)p, then r(t) > v, holds for all ¢t € [0,4n]
In particular, there is a unique first 7 > 0 such that z(7) = 0 and
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v =Z(T) > vs. Let S be the induced map
S:R*\E— M,, (%) (1,0),

where

E = {(a,b) € R*: V/n2a2 + b2 < v, + Cp}.
S is a diffeomorphism with respect to its image and the inverse map can
be obtained by plugging ¢ = 0 into (3.6) and (3.7). For a given solution
x(t) = x(t; 2,0) define r,, = r(27j) for j € N. Then, the escaping set Er
of the map II is given by

&n = {(#,9) € R?: lim r; = oo}.
J—00

It can be shown by the same argument as in Section that the restricted
map IT : R?\ &g — R?\ &y is recurrent. Thus it remains to show that
A2(€n) = 0. Suppose (#,7) € &q. Then, there is m € N such that
II7(%,9) € R?\ E for j > m. Thus, clearly we have (S (II"™(Z,7))) € Ep,
where ¢ : M,,, — M, denotes the covering map ¢(7,v) = (7,v). This leads
to the inclusion

o0
Enc I (ST (ER)),

m=0
which in turn implies A?(€q) = 0. In summary, we have shown that
II is recurrent. Due to the symmetry of the problem, the same is true
for the inverse map II"'. Now, the Poisson stability of almost every
solution x(t;Z,0) follows from the fact that the corresponding flow is
Lipschitz-continuous on R2.

O
3.3 An oscillator with jump discontinuity
Consider the piecewise linear oscillator
&+ n?x + sign(x) = p(t), (3.10)

where p € C(S!). Let N = {t € R: |p(t)| = 1} and suppose the set ON of
its boundary points is countable. The goal of this section is to verify part
(a) of Remark that is to show that almost every solution of is
Poisson stable. But first we have to give the following
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Definition 3.5. We say a function x € C'(I) with I = (o, 8) C Ris a
solution of (3.10)) if it satisfies the following conditions:

(i) @(t) #0if t € Z, where Z ={t € R: z(t) = 0},
(i) z € C%(I'\ Z) and z satisfies (3.10) on I \ Z.
Moreover, we say a solution is global if I = R.

Between two consecutive zeros, any such solution must coincide with
the solution of the corresponding linear problem. Thus given (7,v) € R?,
let y+(t) = y+(¢;0,v,7) be the unique solution of

j+nly+1= p(t), y(r)=0, gy(r)=".

The functions (t,7,v) — y+(t;0,v,7),9+(t;0,v,7) are both in C!(R3).
Moreover, note that y4(t) also solves the integral equation

n n

y(t) = g sin(n(t — 7)) + / (p(s) F1) sin(n(t = 5)) ds. (3.11)

In the following, we discuss properties of the solution y (¢). Its counterpart
y—(t) can be dealt with completely analogously. It can be shown that
all solutions of the linear equations are either oscillatory or of constant
sign [Ort96]. In particular, if v # 0 there is a unique time 7 > 7 and a
corresponding velocity v such that

y+(F) =0, y4(t)#0 Vie (r,7), y+(7)=7. (3.12)
Therefore, we can define the map
S :RxRy =R x (R_U{0}), Sy (1,v) = (#,0),

where Ry = (0,00) and R_ = (—00,0). This mapping is well-defined,
one-to-one and satisfies

Si(1 4 2m,v) = S(7,v) + (2m,0) V1 e R.

Let ¥4 = {(r,v) € Rx Ry : v = 0}. The map Sy can have discontinuities
on Y;. On the open set (R x R;) \ ¥4 however, the implicit function
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theorem can be applied to the equation y4 (7;0,v,7) = 0. This way one
obtains a function 7 = 7(7,v) in C' (R x R;)\ ¥4). Also & given by
0(7,v) = y4(7;0,v,7) is in that class. Since the same argument can be
applied to the inverse, this shows that S5 restricted to (R x Ry)\ X is a
diffeomorphism with respect to its image. Moreover, S is symplectic in
the sense of on this domain (see Proposition 2.2 in [Ort96]). Next
we will show that ¥ has measure zero. To this end, define

Ni={7eR:(70) € 5. (S}

Given 7, € Ny, let (1y,v4) = S;l(f'*,()). The equation y4(7;0,0,7) = 0
can be solved implicitly for 7 at 7 = 7. This yields an open interval I;,
containing 7, and a function 7 = 72, of class C!(I+,) such that 7(7.) = 7.
and

y+(7(7);0,0,7) = 0, for 7 € I;,.

Hence, the map T' = T, defined by
T:Lr - R 70 (1(7),94(7(7);0,0,7)),

is also C' and A\?(T(I5,)) = 0. We also have T%, () = S:'(%,0) and
therefore ¥4 = ST' (W} x {0}) C Us,en, T7.(I7.). If one can extract a
countable sub-covering, then clearly A\2(X,) = 0 follows.

First suppose 7. € Ny N Ny, where Ny = {t € R : p(t) = 1}. If
7« would be in the interior of N, then y(¢) = 0 needs to hold in a
neighborhood of 7,. But this contradicts the minimality condition in
. Thus 7. € Ny NIN,;. By assumption, this set is countable and
hence A2(S7((My N N4) x {0})) = 0.

Now, assume 7, € Ny \ N, that is p(7.) # 1. Then y4(£;0,0,74) has
a strict local extremum in 7,. Due to the continuous dependence on initial
condition, one can in fact find € > § > 0 such that 7 € (7. —0, 7 +9) implies
y+(t;0,0,7) # O for t € [Tx—e, T +€]\{7}. Moreover, since v, > 0, one can
find a neighborhood U of (74, v«) such that y (¢;0,v,7) # 0if ¢t € (1,7 —¢)
for all (7,v) € U. By decreasing § > 0 if necessary, one can assume that
(7 — 8,7 +0) C I, and T((F4 — 6,7 +)) C U. Then T%, () = S;'(-,0)
on (7% — 9,7« + 0). In particular, it follows that N, \ N, is open and that
S71(-,0) € CY NG\ N4, R x Ry). Thus N2 (STH(NG \ Ny) x {0})) = 0.
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In summary, we have shown that ¥, has measure zero. Using y_ ()
instead of y4(¢) in (3.12)) one can define the successor map

S_:RxR_—Rx (RLU{0}), S_(r,v) = (7,0),

and the set ©_ = STH(R x {0}). Again, S_ restricted to (RxR_)\X_ is a
symplectic diffeomorphism with respect to its image and ¥_ has measure
zero. Now, define X1 = Y1 and X7, = SEI(E;_I) for r > 2. Then X7
consists of those points (79,v9) € R x Ry such that the corresponding
orbit (75, v;) satisfies v; # 0 for j = 0,...,r —1 and v, = 0. Finally, define

= JELusn)u R x {0}),
reN

then ¥ has measure zero and every (19,v9) € R? \ ¥ leads to a complete
forward orbit (7;,v;);en, that never touches the line v = 0. In particular,
the map P = (S_ 0 S4)™ given by

P: (]R X R+) \ Y —>Rx [0, OO), P(T(),’U()) = (Tgn,vgn), (313)

is well-defined. In Lemma of the appendix, we show that P has an
expansion of the form and moreover satisfies all conditions necessary
for the application of Theorem [3.1] Hence, the corresponding twist map P
is recurrent. Since P is recurrent for almost all (7,v) € S x R, we have
lim;_, 7 = oo for almost all orbits (7;,v;) starting in R? \ . This leads
to the following observation.

Lemma 3.6. For almost every (Z,7) € R? there exists a global solution
xz(t) = z(t;2,0) of (3.10) with initial condition x(0) = &, ©(0) = 0.

Proof. Let Q, C (R\ {0}) x R be the set of initial condition leading to
solutions x(t) = x(t; Z,0) such that x(t) # 0 for t > 0. For (z,0) € Q, we
have x € C%(]0,)), since then x(t) solves the linear problem. Similar to
S+ we define

Si:(RexR)\Q = Rx (ReU{0}),  S4(z0) = (7,9),

where again 7 > 0 denotes the first zero of z(¢; Z, ) to the right and v is the
corresponding velocity. Let ¥4 = {(Z,0) € Ry x R: 0 = 0}. These sets



42 Chapter 3. The periodic case

have measure zero since we have Y4 C v+ (R) for the Cl-maps v+ (7) =
(y+(0;0,0,7),9+(0;0,0,7)). Moreover, S, et ((Ri xR)\ (Q Uii)) are
diffeomorphisms with respect to their images and thus also the sets 5'; 1(Z)
have measure zero. Therefore, z € C*([0,00)) is a solution in the sense of
Definition for almost all (Z,7), since almost every (7o, %) € R?\ &
leads to a complete forward orbit (7}, 7;)en, such that 7; — oo, x(7;) =0
and 4(7;) = 0; # 0. Now, the assertion follows by repeating the whole
argument for the set €); of initial condition producing solutions such that
x(t) # 0 for t < 0. O

We have shown that there is a set I" of measure zero such that all initial
condition in R? \ T' lead to global solutions of . In particular, the
time-27 map IT: R2\T' — R?\ T is well-defined. We will demonstrate that
this map is also measure-preserving. To this end, we keep the notation
introduced in the proof of Lemma Given (Z,7) € (Rx xR)\ (2, UT)
let Si(Z,7) = (%9, 70), then there is an infinite series of non-degenerate
consecutive zeros (7;);en, of z(t; Z,0). Moreover, let 79 = oo if (Z,0) € ;.
We define the sets

AT = {(&7) € (R x R)\T': j = min{i € Ny : %; > 2m}},

where the index j counts the number of zeros in the interval [0, 27]. Clearly,
R2\T = jENo(A;— U A}"). Moreover, the sets {2, and A;E are measurable.
For 2, this follows from the fact that (R+ x R) \ (€, UX4) is open, so
that €, differs from a Borel set only by a set of measure zero. In the
case of A;.—L with j € N consider the maps g¢;(Z,?) = (7, 0j). These maps
are well-defined and continuous almost everywhere on R? \ 2, and hence
measurable. Thus also

Ajc = (R xR)N gj_l([27r, o0) x R) \gj__ll([27r, o0) x R)

is measurable. The argument for j = 0 is similar. On Aac the map II
is just the time-27 map of a linear oscillator and thus it preserves the
2-dimensional Lebesgue measure A\2. For Aji with j € N we again consider
the maps g;. Without loss of generality let (Z,0) € Aj, where j = 2k with
k € N. Then i

(7, 95) = (S 0 S)*(S4(%,)).
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S restricted to (Ry xR)\ (Q,UX, ) is a diffeomorphism with respect to its
image and the inverse is given by 5‘;1(%, 0) = (y+(0;0,0,7),9+(0;0,0,7)).
Considering formula (3.11]), one easily derives det DS‘;l(f',f)) = —0 for
the Jacobian determinant. This implies that we have A\2(B) = u(Sy(B))
for any measurable set B C (Ry x R) \ (2, UX,), where y = vdr @ dv.
Furthermore, the maps S+ are exact symplectic in the sense of on
the relevant domain and therefore preserve the measure p. It follows that
the sets
B ={(2,0) € A] : 7 = 2m}

have measure zero. Finally, note that for (z,0) € A;-F \ B;.r we have
I(z,9) = ST (7 — 2m, 9)).

In view of the argument above, the latter identity shows that II preserves
the 2-dimensional Lebesgue measure also on A;-t with j > 1 and hence on
all of R?\ I'. Analogously to the continuous case, it now follows that II is
recurrent and that almost every solution x(¢; Z,v) is Poisson stable.






Chapter 4

The almost periodic case

Now, we will consider twist maps of the form

(tlarl) = (t—f—f(t,?“),T—l—g(t,T)), (4‘1)

where f and g are almost periodic in t. A definition of the latter notion
and some associated properties are presented in the first section. Then, in
the following section consequences for symplectic maps of the form
are discussed and a general framework is developed. This is applied to
the Fermi-Ulam ping-pong in Section and to a superlinear oscillator
in Section This chapter is based on the two publications [Sch22] and
[Sch19] by the author, including improvements to the latter one.

4.1 Almost periodic functions and their represen-
tation

4.1.1 Compact topological groups and minimal flows

Let  be a commutative topological group, which is metrizable, compact
and connected. We will consider the group operation to be additive.
Moreover, suppose there is a continuous homomorphism  : R — €2, such
that the image 1 (R) is dense in 2. This function v induces a canonical
flow on €2, namely

AxR—=Q, w-t=w+P(1).

45
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This flow is minimal, since

w-R=w+yR)=w+p(R)=Q

holds for every w € Q. Let us also note that in general ¢ can be nontrivial
and periodic, but this happens if and only if Q = S' [OT06].

Now consider the unit circle S! = {z € C: |z| = 1} and a continuous
homomorphism ¢ : Q — S'. Such functions ¢ are called characters and
together with the point wise product they form a group, the so called dual
group 2*. Its trivial element is the constant map with value 1. It is a
well-known fact that nontrivial characters exist, whenever {2 is nontrivial
[Pon66]. Also non-compact groups admit a dual group. Crucial to us will
be the fact that

R* = {t — € : a € R}.

Now, for a nontrivial character ¢ € Q* we define
Y=kerp={weQ:pw)=1}

Then ¥ is a compact subgroup of Q. If in addition Q 2 S!, it can be
shown that ¥ is perfect [OT06]. This subgroup will act as a global cross
section to the flow on 2. Concerning this, note that since ¢ o 1 describes
a nontrivial character of R, there is a unique a % 0 such that

p(P(t)) = '™

for all ¢ € R. Therefore, the minimal period of this function,

can be seen as a returning time on X in the following sense. If we denote
by 7(w) the unique number in [0, S) such that ¢(w) = ™) then one
has

Pl 1) = plw + (1)) = plwlp((h) = Tt

and thus
w-teXete —7(w)+ SZ.
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Also 7 as defined above is a function 7 : Q — [0, S5) that is continuous
where 7(w) # 0, i.e. on ©\ X. From this we can derive that the restricted
flow

O:¥x[0,5) =, &(o,t)=0-t,

is a continuous bijection. Like 7(w), its inverse

is continuous only on © \ X. Therefore, ® describes a homeomorphism
from ¥ x (0,.5) to Q\ X.

Before giving some examples, we introduce the notion of morphism
(Q1,191) — (22,12) between two such tuples. Those are continuous group
homomorphisms V¥ : 7 — Q9 such that ¥ o = 1.

Lemma 4.1. There exists a morphism (Qq,11) — (Qa,%2) if and only if
Pa(ty) — 0 holds for every sequence (tp)nen such that 11 (t,) — 0.

Proof. The condition is obviously necessary, since any such morphism
is continuous. To show its sufficiency, define ¥ on ;(R) by setting
U(1)1(t)) = 1a(t). By this relation, ¥ is well-defined even if 11 is periodic,
since for any two sequences (t,), (s5) in R we have

wl(tn) - 1/11 (Sn) —0 implies 1/’2(tn) - ¢2(3n) — 0.

Due to this relation, ¥ can be extended to a continuous map on 21, which
is also a group homomorphism. O

Ezample 4.2. One important example for such a group €2 is the N-Torus
TV, where T = R/Z. We will denote classes in TV by § = 6 + Z". Then,
the image of the homomorphism

Y(t) = (vt ..., vnt)

winds densely around the N-torus TV, whenever the frequency vector
v = (vi,...,vn) € RV is nonresonant, i.e. rationally independent. It is
easy to verify that the dual group of TV is given by

(T = (B, By) > e2ila0tcthndn) | o 7Ny,
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Therefore, one possible choice for the cross section would be
Y ={(0y,...,0y5) € TV : 20 = 1} = {0} x TN,

so p(f1,...,0N) = e2m01  In this case, consecutive intersections of the
flow and ¥ would be separated by an interval of the length 1/v;.

1

0

0 1
Figure 4.1: On the 2-torus T2, intersections of ¥ = {0} x T and the orbit
of 1(t) are separated by time intervals of length S = 1/vy.

Ezample 4.3. Lets consider another important topological group. Let
2 = S, be the p-adic solenoid, where p = (p;)ien is a sequence of prime
numbers. Sp, is defined as the projective limit of the inverse limit system

st

where S <2 S! denotes the mapping z — 2P of the circle St into itself.
A point z € Sp has the form z = (20, 21, 22, ...), where z;_1 = z}* for
k € N. Moreover, if we take the coordinatewise multiplication as the action,
Sp becomes a compact abelian group with neutral element (1,1, ...) [HR79,
Theorem 10.13]. It can be endowed with the metric

d(z,w) = i dgl(Zk,U)k),

=0 gk

where dg1 denotes the canonical metric on Stand ¢ =1, g = p1 - Pk
for £ € N. For A > 0, the map

1/1(75) _ (627ri/\7f/qo7 e?m’)\t/ql, e?m'/\t/qg’ N )



4.1. Almost periodic functions and their representation 49

provides a minimal flow on Sp. A cross section with return time S =1/
is then given by
Y={2e8p:2 =1}

Geometrically, S, can be described as the intersections of a sequence of solid
tori Ty D Ty O ... in R3, where T}, is wrapped py times longitudinally
inside T}, without self intersecting. See [BMO95] for a nice description of
the construction in the case of the dyadic solenoid Sa.

4.1.2 Almost periodic functions

The notion of almost periodic functions was introduced by H. Bohr as a
generalization of strictly periodic functions [Boh25]. A function u € C(R)
is called (Bohr) almost periodic, if for any € > 0 there is a relatively dense
set of e-almost-periods of this function. By this we mean, that for any
£ > 0 there exists L = L(g) such that any interval of length L contains at
least one number 7" such that

lu(t+T) —u(t)] <e VteR.

Later, Bochner [Boc27] gave an alternative but equivalent definition of
this property: For a continuous function u, denote by u,(t) the translated
function u(t + 7). Then u is (Bohr) almost periodic if and only if every
sequence (ur, ),y Of translations of u has a subsequence that converges
uniformly.

There are several other characterizations of almost periodicity, as well
as generalizations due to Stepanov [Ste26], Weyl [Wey27] and Besicovitch
[Bes26]. In this work we will only consider the notion depicted above and
therefore call the corresponding functions just almost periodic (a.p.). We
will however introduce one more way to describe a.p. functions using the
framework of the previous section:

Consider (£2,1) as above and a function U € C(Q2). Then, the function
defined by

u(t) = U(y(t)) (4.2)
is almost periodic. This can be verified easily with the alternative definition

due to Bochner. Since U € C(2), any sequence (ur, ), oy Will be uniformly
bounded and equicontinuous. Hence the Arzela—Ascoli theorem guarantees
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the existence of a uniformly convergent subsequence. We will call any
function obtainable in this manner representable over (§2,1). Since the
image of 1 is assumed to be dense, it is clear that the function U € C(2)
is uniquely determined by this relation. As an example take Q = S!, then
1 is periodic. Thus gives rise to periodic functions. Conversely it is
true, that any almost periodic function can be constructed this way. For
this purpose we introduce the notion of hull. The hull H, of a function u
is defined by
Hy = {ur : 7 € R},

where the closure is taken with respect to uniform convergence on the
whole real line. Therefore if u is a.p. then H,, is a compact and connected
metric space. If one uses the continuous extension of the rule

Ur ¥ Us = Urps VT, €ER

onto all of H,, as the group operation, then the hull becomes a commutative
topological group with neutral element u. This and some other properties
of the hull are verified in Appendix [C] If we further define the flow

Uy (7) = ur, (4.3)

then the pair (H,, ¥, ) matches perfectly the setup of the previous section.
Now, the representation formula (4.2)) holds for U € C(H,,) defined by

U(w) =w(0) Yw € Hy. (4.4)

This function is sometimes called the ‘extension by continuity’ of the
almost periodic function u(t) to its hull #,. This construction is standard
in the theory of a.p. functions and we refer the reader to [NS60] for a more

detailed discussion.
Using Lemma one easily shows the following (cf. [OT06], Lemma 12).

Lemma 4.4. An a.p. function u(t) is representable over (§2,1) if and
only if there exists a morphism (,1) = (Hy,¥y)-

For a function U : 2 — R we introduce the derivative along the flow
by

oy () = iy UV V),
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Let C}p(Q) be the space of continuous functions U :  — R such that 0,U

exists for all w € Q and dyU € C(2). The spaces CIIZ(Q) for kK > 2 are
defined accordingly. Let us also introduce the norm

U = sup ||07'U| -
| ch;(g) 1§m1;kH W oo

For later reference, we also introduce the following. Let Cq})(Q x RY)
denote the space of functions V : Q x R = R, V(w,x1,...,24) such
that the derivatives 9,V and 0,,V, 1 < i < d, exist on {2 X R? and
OpV, 05,V € C(2 x RY). The spaces CIIZ(Q x R?) for k > 2 can now be
defined recursively.

Consider U € C(Q2) and assume the a.p. function u(t) = U(¥(t)) is
continuously differentiable. Then 0, U exists on ¢(R) and we have

u'(t) = 0pU (¢(t)) for all t € R.
Lemma 4.5. Let U € C(R2) and u € C(R) be such that u(t) = U(y)(t)).
Then we have u € C1(R) and u'(t) is a.p. if and only if U € C}p(Q)

One part of the equivalence is trivial. The proof of the other part
can be found in [OT06, Lemma 13]. Furthermore, given U € C’{Z(Q) and
u(t) = U(v(t)) we have

Hu”Ck(R) = ||U||cfb(sz)7

since w - R lies dense in 2. Finally, we note that the derivative u/(t) of
an almost periodic function is itself a.p. if and only if it is uniformly
continuous. This, and many other interesting properties of a.p. functions
are demonstrated in [Bes26].

Ezample 4.6. Let us continue Example where Q = TV. For U € C(T¥)
consider the function

u(t) = U@ () = Ui, ..., unT).

Such functions are called quasi-periodic. In this case, 0y is just the
derivative in the direction of v € R, So if U is in the space C*(TV) of
functions in C*(R¥Y), which are 1-periodic in each argument, then

N
6¢U = Z vy 89iU.
1=1
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Note however, that in general C''(TV) is a proper subspace of C}p(TN ).

Ezxample 4.7. The so called limit periodic functions are another important
subclass of the a.p. functions. Here, a map f : R — R is called limat
periodic if it is the uniform limit of continuous periodic functions. Now, in
continuation of Example let Q = S, and consider U € C(Sp). Then,
the function u(t) defined by

u(t) _ U(w(t)) _ U(€27ri)\t/q0, e2m)\t/q176271'1'/\15/(]27 N )

is limit periodic, since it is the uniform limit of a sequence of gi-periodic
functions uy given by

up(t) = U(eX™Mlao  2miz/ak 11 ).

Vice versa it is true, that for suitable p and A > 0 any limit periodic
function v(t) can be obtained in this manner. To see this, first note that v
can be expanded in a uniformly convergent series of continuous 1-periodic

functions,
o0
) => w(t/Th),
k=0

with Tp > 0 and T} such that Tj/T;—; € N for all £ € N (cf. [Chu89]).
W.l.o.g. we can assume that py := TZEI is a prime number for all .

Moreover, one can show that the hull H,, of v(¢) consists of those functions
we(t) which can be written in the form

o

= or((t+ ér)/Ti),

k=0

where ¢, is an angle defined modulo T}, such that ¢p_1 = ¢ mod Tx_1
for all k£ € N (see [MS89] for a more detailed discussion in the case of a
specific example). We can then define z;, = e2mi9r/Tk to obtain a series
(2k)ken, in S! so that

Zik — 2™k /Th—1 — 2midp—1/Th—1 — Zh1.

So we have z € Sp, where p = (pi)ren. We write 1 : S, — H, for the
resulting continuous map (z;,) = (e2™?/Tk) s wy(t). The translation
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flow restricted to H, as described in (4.3) then corresponds to ¢ as above
with A\ = 1/Tp, that is (1) = (e>77/70 ¢2m7/Ti ). Indeed, defining
V = U on, where U is the extension by continuity as in (4.4), yields

V(i(r)) = Ulwr) = wr(0) = Y vp(r/Ti) = v(7).
k=0

4.1.3 Haar measure and decomposition along the flow

It is a well-known fact, that for every compact commutative topological
group € there is a unique Borel probability measure pgn, which is invariant
under the group operation, i.e. uq(D + w) = ua(D) holds for every Borel
set D C 2 and every w € ). This measure is called the Haar measure of
Q. (This follows from the existence of the invariant Haar integral of
and the Riesz representation theorem. Proofs can be found in [Pon66] and
[HR79], respectively.) For Example if = S! we have

1 .
pst(B) = %)\{t € [0,27) : e € B},

where ) is the Lebesgue measure on R. Let ¢, 2 and ® be as in Section
Then ® defines a decomposition = ¥ x [0, S) along the flow. Since
¥ is a subgroup, it has a Haar measure uy itself. Also the interval [0, S)
naturally inherits the probability measure

s (1) = GA(D).

As shown in [CT13|, the restricted flow ® : ¥ x [0,5) — Q,®(0,t) =0 -t
also allows for a decomposition of the Haar measure uq along the flow.
Lemma 4.8. The map ® is an isomorphism of measure spaces, i.e.
1 _
pa(B) = <lus @ A)(® (B))
holds for every Borel set B C Q.

Before we prove this lemma, let us begin with some preliminaries.
Consider the function x : ¥ x [0,00) — 3 x [0, S) defined by

x(o,t) =0 o -t) = (o +9(1)). (4.5)
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Since @ is just the restricted flow, we have y = id on ¥ x [0,S). This
yields

X(0,8) = 3 (o +(t)) = & <a + o Q;J S) + <t - {%J s)>

~(e([5]9) - [s)9)

for every (o,t) € ¥ x R, where [-] indicates the floor function. This
representation shows that x is measure-preserving on any strip ¥ x [t,t+.5)
of width S, since ux, and A are invariant under translations in ¥ and R,
respectively. Moreover, the equality

(@ Hw)+ 27 1@) =2 L w+d) Yw,eQ (4.6)

follows directly from the definition of y.

X

\

0 S
Figure 4.2: Let x(o,t) = (6,s). The map x ‘divides out’ every complete
period of ¢ o4, that is s = ¢ mod S, while preserving the relation
o-s=w=o0"t.

Proof of Lemma[/.8 First we show that ®~! is Borel measurable. To
prove this, it suffices to show that the image ®(A x I) of every open
rectangle A x I C ¥ x [0,5) is a Borel set. If 0 ¢ I this image is open
in Q\ 3, since @~ is continuous. But if 0 € I, again ®(A x (I\ {0})) is
open and ®(A x {0}) = A is it as well.

Now, consider the measure e on ) defined by

1 (B) = (s @ N)(®(8)).
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Since pue(€2) = 1, this is a Borel probability measure. We will show that
pe is also invariant under addition in the group. For this purpose, let
B C Q be a Borel set and let wg € Q. Then, by (4.6) we have

(B + o) = g s © N) (@ (B -+ wn))

= (i ) (x(7(B) + 7 (wo))

Denoting ®~*(wp) = (09, s0), we get ®~H(B) + &~ (wg) C X x [0, 50 + 5).

So it is contained in a strip of width S and therefore

%(uz @A) (x(®~1(B) + (00, 50))) = %(MZ @A) (271(B) + (00, 50))

But the product measure puy ® A is invariant under translations in ¥ x R.
Thus, in total we have

(B + ) = g1 @A) (27 (5)) = pa(B).

Therefore, pge is a Borel probability measure on ) which is invariant under
group action. Since the Haar measure is unique, it follows ug = ue. O

4.2 A theorem about escaping sets

4.2.1 Almost periodic successor maps

From now on we will consider functions
f:DCQx(0,00) = Qx(0,00),

where D is an open set. We will call such a function measure-preserving
embedding, if f is continuous, injective and furthermore

(na @ A)(f(B)) = (ko @ A)(B)

holds for all Borel sets B C D, where A denotes the Lebesgue measure of
R. This matches the setup depicted at the end of Section [2| Thus, let Dy,
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be the set of initial data (wp,79) € © x (0,00) leading complete forward
orbits (wn, ) = f™(wo,70), n € Ng. We again write

U = {(wo,r0) € Do : limsupr, = oo}

n—o0

and
E ={(wo,m0) € Do : 1i_>m rp = 00}

for the set of initial condition leading to unbounded and escaping or-
bits, respectively. In particular, we are interested in measure-preserving
embeddings of the form

flw,r) = (@+¢(F(w,r),r+Gw,r)), (4.7)

where F,G : D — R are continuous. For w € {2 we introduce the notation
Yo(t) = w4+ 1Y(t) = w -t and define

D, = (1, x id)"1(D) Cc R x (0, 0).

On this open set, consider the map f, : D, C R x (0,00) — R x (0,00)
given by

folt,r) = ({t+ F(u(t),r), 7+ G(Yu(t),r)). (4.8)
Then f, is continuous and meets the identity

fo(waid):(ww Xid)ofw on D,

i.e. the following diagram is commutative:

DL (D) cQx(0,00)

Py X idT P X idT

Do 1“5 £.(DL) C R x (0,00)

Therefore f,, is injective as well. Again we define the sets D, ; = D,, and
Dy i1 = f51(Dyn) to construct the domain

Dyoo = ) Durn € R x (0,00),

n=1
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where the forward iterates (t,, ) = f'(to,70) are defined for all n € N.
Analogously, unbounded orbits are generated by initial conditions in the
set

Uy = {(to,70) € Dy oo : limsupr, = oo}

n—oo

and escaping orbits originate in
E, = {(to,70) € Dy oo : lim r, = co}.
n—oo
These sets can also be obtained through the relations
Dy oo = (Y x id) H(Deo), Uy = (1o x id) 1 (U), Eu = (¢ x id)"H(E).

If there is a suitable adiabatic invariant W (w,r) which is approximately
constant for r sufficiently big, then one can show that f is recurrent. As a
consequence, most escaping sets E,, have measure zero.

Theorem 4.9. Let f : D C Q x (0,00) = Q x (0,00) be a measure-
preserving embedding of the form and suppose that there is a function
W =W(w,r) satisfying W € Ci}(Q x (0,00)),

0<B<OW(w,r)<d for weQ, re (0,00), (4.9)
with some constants 8,8 > 0, and furthermore
W(f(w,r)) < W(w,r)+ k(r) for (w,r) €D, (4.10)

where k : (0,00) — R is a decreasing and bounded function such that
lim, o0 k(r) = 0. Then, for almost all w € Q, the set E, C R x (0,00)
has Lebesgue measure zero.

4.2.2 Proof of Theorem 4.9

Similar to the proof of Theorem the main idea in the proof of Theorem
is to apply Maharam’s Recurrence Theorem to the restricted map
f‘u' The necessary space engendering set M of finite measure can be
constructed by means of the present adiabatic invariant W (w, ). This is
expressed in the following lemma.
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Lemma 4.10. Let f : D C Q x (0,00) — Q x (0,00) be a measure-
preserving embedding and suppose that there is a function W = W (w,r)
satisfying W € C}p(Q x (0,00)), and (4.10). Then, there is a set
M C Q x (0,00) of finite measure such that every unbounded orbit of f
enters M, i.e. we have

o0
uclJrmmm
n=1
up to a set of measure zero.

Proof. Let (gj)jen be a sequence of positive reals with Z;X:’I g; < oo.
By assumption, we can find a corresponding sequence (W;);cy with the
properties Wj > 0, lim; oo Wj = 0o and lim; o0 € k(55 W;) = 0. The
sought set can then be defined by

M= M;, Mj={(w,r)eQx(0,00): |[W(w,r)—W;| <e;}.

jeN

We start by showing that M has finite measure. By Fubini’s theorem,
(109 M) = [ MMy dn(e)

holds for the sections M;,, = {r € (0,00) : (w,7) € M;}. Now, consider
the diffeomorphism w, : r + W(w,r). Its inverse w,' is Lipschitz
continuous with constant 8~!, due to . But then, the fact that
M =wy (W, —e;j,W;+¢;)) implies A\(M,,,) < 287 e;. Thus in total
we have
(o ® N)(M) <D (o @ A)(M;) < 7] < o0.
: =

J=1

Next we prove that every unbounded orbit has to go through M. To this
end, let (wp,79) € U be fixed and denote by (wy,r,) the forward orbit
under f. We will start with some preliminaries. Using and the mean
value theorem, we can find 7 such that

B _ Wiw,r)
2~ r

<26 V(w,r) € Qx (F,00). (4.11)
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Furthermore, by definition of the sequence W; we can find an index jo > 2
such that
1

Wjy > max{W (w1, 71), ||| s —i—meaécW(w,f)ﬂHkHOO} and k<45Wj°) < €jy-
w

Moreover, we have limsup,,_,., W(wn,,) = 00. Indeed, the fact that
(wo,70) lies in U and (4.9) imply

W(wn, ) > B(rn —r1) + W(wn, 1)

for some n sufficiently large. But then limsup,, ,.o W(wp, r,) = oo follows
from the compactness of 2. Now, since W (wq,71) < W}, we can select the
first index K > 2 such that W(wg,rx) > Wj,. So in particular this means
W(wg—1,7rk-1) < Wj,. Since the estimate yields W(wg,rg) <
W(wg—1,75-1) + k(rKx—1), we can derive the following inequality:

W(wk-1,75-1) 2 W(wk, 1K) = [[kllc > Wjy — ||kl
> max W(w,7) > W(wg—1,T)
we

Then, the monotonicity of w,,, , implies 7x_1 > 7. Hence we can combine
(4.11)) with the previous estimate to obtain

1 1
rr-1 2 o Wilwr—1,mx-1) 2 o= (Wjo — [|k]l)

1
2 20 Wio-

>
46

Finally, since k(r) is decreasing, W(wgk,rx) > Wj, > W(wk-1,7K-1)
yields

W(wk,rK) — Wjo| < W(wik,rk) — W(wk-1,7K-1)

1
<k(rg—1) < k<46Wj ) < €jo,

which implies (wg,7x) € Mj,. O
Now, we are ready to prove the theorem.

Proof of Theorem[[.9. Consider the set

U = {(wo,70) € Doo : limsupr,, = oco}.

n—0o0
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We can assume that U # (), since otherwise the assertion follows immedi-
ately.

Step 1: Almost all unbounded orbits are recurrent. We will prove the
existence of a set Z C U of measure zero such that if (wg,79) € U \ Z, then

lim inf r,, < oco.
n—o0

In particular, we would have &€ C Z. To show this, we consider the
restriction T' = f }u :U — U. This map is well-defined, injective and, like
f, measure-preserving. We will distinguish three cases:

(i) (ne®@A)U) =0,
(i) 0 < (o ® A)(U) < oo, and
(ili) (po ® A)(U) = cc.

In the first case Z = U is a valid choice. In case (i) we can apply
the Poincaré recurrence theorem (Lemma [2.2]), whereas in case (iii) the
analogue by Maharam (Lemma is applicable due to Lemma Now,
let us cover Q2 x R by the sets B; = Q x (j — 1,7+ 1) for j € N. Then, for
Bj = B, NU one can use the recurrence property to find sets Z; C B; of
measure zero such that every orbit (wy,, rn)nen starting in B; \ Z; returns
to B; infinitely often. But this implies liminf, o7, < 79 +2 < o0.
Therefore, the set Z = jeN Z; C U has all the desired properties.

Step 2: We will show the existence of a subgroup ¥ C 2 such that E, has
Lebesgue measure zero for almost all 0 € ¥. Since £ C Z by construction,
the inclusion

E, = (¢, ®id) 1) C (o ®id) " H(Z)
holds for all w € Q. To j € Z we can consider the restricted flow
Q;: X x[jS,(7+1)S) = Q, ®j(0,t) =0-t=1s(t).
It is easy to verify that just like ® = ®g of Lemma those functions are

isomorphisms of measure spaces. In other words, ®; is bijective up to a
set of measure zero, both ®; and @;1 are measurable, and for every Borel
set B C ) we have

po(B) = (i ® N) (@} (B). (4.12)
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This clearly implies

(10 N)(B) = 5 (1us ® X2)(; " x id)(B) (113)

for every Borel set B C Q x (0,00). Let
Gy = {(0,t,1) € S X [S,( +1)8) x (0,00) : (B(0,8),7) € 2} = (B x id)(Z).

Since Z has measure zero, ([4.13)) yields (ux ® A?)(C;) = 0. Next we

consider the cross sections
Cio={(t,r) €[S, (1 +1)S) x (0,00) : (0,t,7) € Cj}.

Then, A\?(C; ) = 0 for ps-almost all o € X follows from Fubini’s theorem.
So for every j € Z there is a set M; C ¥ with pux(M;) = 0 such that
N (Cjs)=0forall c € £\ M;. Thus M =

well and
>\2< U Cj,(,) =0

JEZL
for all 0 € ¥\ M. But we have

ez M has measure zero as

U Cio ={(t.7) € R x (0,00) : (ths(t),7) € 2} = (o x id) ' (2),
JEZL
and recalling that E, C (¢, x id)71(Z), we therefore conclude A\?(E,) = 0
foralloc € ¥\ M.

Step 3: Concluding from ¥ to €. If we denote by Ts(t,r) = (t + s,r) the
translation in time, then clearly

fw~s :T—sofons on Dw~s

holds for all w € 2 and s € R. But this implies Ts(E,.s) = E,, since the
identity above stays valid under iterations. In particular we have

N (E,.s) = (E,), VweQ,scR.

Again, we consider the restricted flow ® : ¥ x [0,5) — Q, ®(w,t) =w - t.
Using M C ¥ of Step 2 we define Z, = ®(M x [0,5)) C Q. Then, (4.12)
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and px (M) = 0 imply that also Z, has measure zero. Now let w € Q \ Z,
be fixed and let (o,7) = ®"!(w). Then o € X\ M and o -7 = w. Therefore,
Step 2 implies

)‘2(Ew) - )‘2<Ea~7’> = )‘2(Ecr) =0,

which proves the assertion. ]

4.3 Application to the ping-pong

We start with a rigorous description of the ping-pong map. To this end,
let p € CZ(R) be a forcing function such that

O0<a<p(t)<b VieR, [pllcz =max{[[plloo, [Plloc, lBlloc} < o0  (4.14)

Now, consider the map
(to,vo) = (t1,v1),

which sends a time t( of impact to the left plate z = 0 and the corresponding
velocity vg > 0 immediately after the impact to their successors t; and
v1 describing the subsequent impact to x = 0. If we further denote by
t € (to,t1) the time of the particle’s impact to the moving plate, then we
can determine t = (g, vg) implicitly through the equation

(t —to)vo = p(?), (4.15)

since this relation describes the distance that the particle has to travel
before hitting the moving plate. With that we derive a formula for the
successor map:

~ t -
it PO o) (4.16)
U1

To ensure that this map is well-defined, we will assume that

v > vy = 2max{supp(t),0}. (4.17)
teR
This condition guarantees that vy is positive and also implies that there is
a unique solution ¢ = £(tg,vp) € C1(R x (vy,00)) to ([#.15). Thus we can
take R X (vy,00) as the domain of the ping-pong map . Now, we are
finally ready to state the main theorem.
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Theorem 4.11. Assume 0 < a <b and P € C’i(Q) are such that
a< Pw)<b YweQ. (4.18)

Consider the family {p,}wea of almost periodic forcing functions defined
by
pu(t) = P(w+1(t)), teR. (4.19)

Let v, = 2max{maxqecq Oy P(w),0} and denote by

E, = {(to,v0) € R X (v4,00) : (tn,Vn)nen ezxists and lim v, = oo}
n—oo

the escaping set for the ping-pong map with forcing function p(t) = p,(t).
Then, for almost all w € §, the set E,, C R? has Lebesque measure zero.

Remark 4.12. The notation v, = 2max{maxecq 0y P(w), 0} is consistent
with (5.5)), since for every w € Q the set w - R lies dense in © and thus
Sup Pu(t) = sup Oy P(w + 9 (t)) = max dy P(w).
teR teR wel
We will give some further preliminaries before starting the actual
proof. First we note, that the ping-pong map (to,vo) — (t1,v1) is not
symplectic. To remedy this defect, we reformulate the model in terms of
time ¢ and energy F = %02. In these new coordinates the map becomes
P (to,Eo) — (tl,El) with

p(t)
V2E;’

where ¢ = £(tg, Fo) is determined implicitly by the relation ¢ = tq +

ty =1+

Ei=FEy—2 2E0p( —|—2p \/E[)—\/>p

()
V2B,
This map is defined for (to, Ep) € R x (3v2,00). Since it has a generating

function [KO10, Lemma 3.7], the map P is indeed symplectic.

Now, we demonstrate that W (tg, Ey) = p(to)?Ep acts as an adiabatic
invariant for the ping-pong map. For this purpose we cite the following
lemma [KO20, Lemma 5.1]:

Lemma 4.13. There is a constant C' > 0, depending only upon ||pl|c2

and a,b >0 from (4.14)), such that
Ip(t1)2Ey — p(to)*Eo| < CA(ty, Eg) Y(to, Ey) € R x (v2/2,00),
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where (t1, E1) = P(to, Ep) denotes the ping-pong map for p(t), and A(ty, Eo) =
Ey % 4 sup{[p(t) — p(s)| : t,5 € [to — Cyto + C), |t — 5| < CEy /?}.

Proof. This is a consequence of the fact that t; —tg < C‘EO_ 1/2 for a
suitable constant C' > 0 together with formula (5.55)) down below. O

So far we have depicted the case of a general forcing function p. Now,
we will replace p(t) by p,(t) from (4.19) and study the resulting ping-pong
map. First, we note that due to P € Cg}(ﬂ) we have p, € CZ(R). Also

0 < a < py(t) <bholds for all w € Q by assumption. Furthermore, we
have [|pullc2r) = HPH% (o) for all w € Q. Therefore all considerations

above apply with uniform constants. As depicted in Remark also the
threshold v, = 2 max{maxgcq 0y P(w), 0} is uniform in w. Finally, since
Pu(t) = 83)]3(0«} + 9(t)), the function A(tg, Ep) can be uniformly bounded
by

A(Eo) = Ey ' + sup{|02 P(w) — 92 P(w')| : w, ' € Q, |w — @'|| < CE, /?}.
Hence, from Lemma [4.13] we obtain

Lemma 4.14. There is a constant C' > 0, uniform in w € Q, such that
p(t1)?E1 — p(to)* Eo| < CA(Eo) Y(to, Eo) € R x (v}/2,00),
where (tg, Eo) — (t1, E1) denotes P for the forcing function p,(t).

Consider the equation

1
= ——=P . 4.20
r= Pl +6(7) (4.20)
Since P € C’}b(Q) and 1 — (2Ey) ~Y/20,P(wo + (1)) > & > 0 for Ey > 102,
(4.20) can be solved implicitly for 7 = 7(wg, Eo) € C(Q x (v2/2,00)) (cf.
[BGASO8] for a suitable implicit function theorem). For w € Q and tg € R
one can consider 1' with wgp = w + ¢ (tp). Then, P € C’}b(Q) and the

classical implicit function theorem yield 7 € Czlﬁ(Q x (v2/2,00)). Moreover,
comparing this to the definition of £, we observe the following relation:

t(to, Eo) = to + 7(w + ¥ (to), Eo)- (4.21)

Now, we will give the proof of the main theorem, in which we will link the
ping-pong map corresponding to p,,(t) to the setup of Section
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Proof of Theorem[{.11 Let D = Qx (E*,00), where E* = max{3v2, E,.}
and E,, will be determined below. Consider the function

f:DCQx(0,00) = Qx(0,00), f(wo, Eo) = (w1, E1)

given by
w1 = wo + Y (F(wo, Ep)), E\ = Ey + G(wo, Ep),
where
Flen, ) = (= + = ) Plea-+ 6(r)
w =—+—|Pw T
0’ 0 \/E \/E 0 b

G(OJ(), Eo) = —24/ 2E08¢P(OJ0 + 1/)(7')) + 28¢P(W0 + 1!)(7’))2,

for 7 = 7(wo, Ep). Then f has special form and therefore we can
study the family {f,},eq of planar maps defined by . But plugging
into the definition of P shows, that f, is just the ping-pong map
P in the case of the forcing p,(t). Independently of w, these maps are
defined on D,, = (1, x id)"}(D) = R x (E*, ).

We show that f is injective on Q X (FEi.,0), if F.. is sufficiently
large. Therefore suppose f(wo, Fo) = (w1, E1) = f(&o, Eo). Since then
wo + Y (F(wo, Eo)) = o +¢(F (@0, Eo)), there is w € Q and tg, fy € R such
that wp = w + Y (tg) and @y = w + (fy). Implicit differentiation yields
Bro7(w + U(to), Bo) = O(Ey"?) and 9g,r(w + v(to), Eo) = O(E, ).
Moreover, £y = O(Ey) implies

1+O0EYY oE??
Dy, (to, Eo) = ( 0 él% ) (B —1}2
(Ey'") L+0(E, ')

for the Jacobian matrix of f,,. Throughout this paragraph C' will denote
positive constants depending on F,, and HPHq% (@)> Which will not be

further specified. Without loss of generality we may assume Fy < Ey.
Then, applying the mean value theorem yields

- —1/2 - ~3/2 =
Ito — fo| < CEy ?|to — #o| + CEy **|Ey — By

and |Ey — Eo| < CEY |ty — To| + CEy "/*|Ey — Ey|, provided E,, is
sufficiently big. Thus, for large E.. we get |tg — to| < CEO_?’/Q\EO — Ey
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and |Ey — EO\ < CE' 1/ 2]150 — tg|. Now, combining these inequalities gives
us |tg — to| < C’E_?’/2 1/2|t — to|. But since E1 = O(Ep) and also
Ey = O(Ey), we can conclude [ty — to] < CE;'to — fo|. In turn, this
implies tg = tg and Ey = E, for E., sufficiently large, which proves the
injectivity of f,, and f.

Next we want to show that f is also measure-preserving. To this end,
consider the maps g : 3 x [0,5) x (E*,00) — X x [0,00) X (0,00) defined
by

g(o,s,E) = (o, fs(s, E))
P

and x : ¥ x [0,00) = £ x [0,5), x(0,t) =@ (o-¢t) from ([&.5). Then,
the identity
f=(®xid)o(x xid)ogo (&' x id)
holds on D. This can be illustrated as follows:
(wo, Eo) — (w1, E1)
¢7lxidl Pdxid

id
(0_078())E0) ’L (0_0781aE1) & (Ulas/laEl)

Recalling Lemma and the fact that f, has a generating function,
it suffices to show that y x id preserves the measure of any Borel set
B C g ((® ! xid)(D)). Therefore, consider the sets

B, =BnN(Xx[(k—1)S,kS) x (0,00)), keN.
Then we have
(ns ® X?) ((x x id)(Bk)) = (us @ A*) (Br) ,

as depicted in Section Moreover, the injectivity of f implies the
injectivity of x xid on B and thus the sets (x xid)(By) are mutually disjoint.
Since B = UpenBi, this yields (us @ A?) ((x x id)(B)) = (us @ A?) (B).

Flnally, we need to find a function W € C} (€% (0, 00)) such that ( @.9)
and ( are verified. For this define

W(wo, E()) = P(wO)2E0.
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Conditions ([4.9)) clearly holds if we take 8 = a? and § = b? with a, b from
(4.18]). Moreover, the definition of f yields

W (f(wo, Eo)) — W (wo, Eo) = P(w1)*Ey — P(w)*Eo
= P(wo + ¥(F(wo, Eo)))*E1 — P(wo)?Ey
= Puwo (F(w07 EO))2E1 — Puwo (O)ZEO'

Now let to = 0 and (t1, E1) = fu,(to, Eo). Then t; = F(wo, Ey) and thus
Lemma yields

W(f(OJo, EO)) - W(WO’ EO) = Puwo (tl)QEl — Py (t0)2E0 < CA(EO)a

where C' > 0 is uniform in wg. But then taking k(Ey) = CA(Ep) proves
, since lim, o, A(r) = 0 follows from 812pP e C(Q).

Now we have validated all conditions of Theorem for the map f.
Applying it yields \? (Ew) = 0 for almost all w € 2, where

~ A~

Ew = {(t()?EO) S Dw,oo : llm En = OO}
n—oo

and ijoo is defined as in Section This can be translated back to
the original coordinates (¢,v) = (t, vV2F). We write g, for the ping-pong

map (to,v0) — (t1,v1) from (5.5) for the forcing p(t) = p,(t) and let

Dw =R x (V QE*,OO), Dw,l = Duw Dw,n+1 = gojl(Dw,n)v Dw,oo = ﬂ Dw,n
n=1

Then A2(E,,) = 0 for almost all w € Q, where
Ew - {(t()?UO) c Dw’oo : IL)HI Un = OO}

Now, consider the escaping set E,, from the theorem and take (tg, vg) € E.
Since lim,, oo v, = 00, there is ng € N such that v,, > V2E* for all n > nyg.
But this just means (t,,v,) € E,, for n > ng. In particular, this implies
E, CUnen 95 "(E,). Considering that g, is area-preserving, this proves
the assertion: A\?(E,) = 0 for almost all w € €. O
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4.4 A superlinear oscillator

For oo > 3, consider the second order differential equation
i+ |zt = p(t), (4.22)

where p € CZ(R). Here, CF(R) denotes the space of bounded functions
with continuous and bounded derivatives up to order k.

Recall that a solution to (4.22]) is called Poisson stable, if there is a
sequence (ty,)nez with t, — +00 as n — £00 such that

|z(t +tn) — x(t)| + |2(t + tn) — 2(t)] — 0, as n — Foo,

uniformly on every bounded interval in R. With this definition in mind
we can state the main result of this section.

Theorem 4.15. Given P € Cfi(Q), consider the family {p. }weq of almost
periodic forcing functions defined by

pu(t) = P(w+ (1)), teR.

Let x,(t;&,0) denote the solution of (4.22) with p(t) = p,(t) satisfying
the initial condition x,(0) = T and ©,(0) = 0. Then, for almost all
(%,7,w) € R% x Q, the solutions x,,(t;Z,v) is Poisson stable.

The remainder of this chapter is dedicated to proving this theorem.

4.4.1 Transformation to suitable coordinates

We start by considering the case of a general (not necessarily almost
periodic) forcing function p € Cjf (R). Note that solutions z(t) to (4.22))
are unique and exist for all times. To see this, we define

1 1

E(t) = 5j:(t)Q o

Then |E| = |p(t)i| < |p(t)|v2E, and therefore
1

VE(t) < VE(to) + 7

So F is bounded on finite intervals and thus x can be continued on R.

()]

[p(s)|ds

to
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Action-angle coordinates

First we want to reformulate (4.22) in terms of the action-angle coordinates
of the unperturbed system, that is

i+ |zt =0. (4.23)

The orbits of 1) are closed curves, defined by %yQ + a%rl]a;\a*l = const.
and correspond to periodic solutions. For A > 0 let x) denote the solution

of (4.23) having the initial values
27(0) = A, @(0) = 0.

Using the homogeneity of the problem, we get z(t) = /\:Ul()\aT_lt). In
particular z has a decreasing minimal period T'(A\) = A2 T'(1). Thus we
can find the unique number A > 0, such that T'(A) = 2w. We will use the

notation
() = 2a(t), s(t) = éb),

since in a lot of ways these functions behave like the trigonometric functions
cos and sin: ¢ is even, s is odd, and both are anti-periodic with period .
Hence they have zero mean value, i.e.

/:ﬂ o(t) dt = /0% s(t)dt = 0.

In this case however, (c(t), s(t)) spins clockwise around the origin of the
(z, &)-plane. Furthermore ¢ and s meet the identity

1

1
is(t)Q + ——le(@®)|*Tt = —— AT Vi eR. (4.24)

a+1 a+1
We define a change of variables 7 : S' x (0,00) — R2\ {0}, (J,7) — (z,v)
by

atl a+l -

xr = 77«(1%36(15)7 v = yTrms(ﬁ),
where v > 0 is determined by

a+3 2
2 [

a—+3

0 AT =1,
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This choice of v makes n a symplectic diffeomorphism, as can be shown
by an easy calculation. Moreover, (4.24) implies the identity

1 1 2(at1)
2 a+1

-+ ——|T = KT ot3

2 o+ 1 | ’ ’

where k1 = %H(WA)O‘“. Adding a new component for the time, we define
the transformation map

R:R?\ {0} xR = S' x (0,00) x R, R(x,v;t) = (1" (x,v);t).

Going back to the perturbed system, the old Hamiltonian
1

1
K(z,i;t) = =i% + ——|z|*T — p(t)z
(i) = 5% + ——[al™" = p(t)
expressed in the new coordinates is
_ 2(a+1) _

H(D,rit) = kar a5 — yracsp(t)e(d).

For simplicity’s sake let us denote the lift of H onto R x (0,00) x R by the
same letter H. The associated differential equations then become

. a a—1 _atl
19 = 87,7-[ = 2((1—:‘31)2,€17aa+3 — ai%f)/r a+3p<t>c(19) . (425)
P = —0gH = Ar i p(t)s()

It should be noted that solutions to (4.25)) only exist on intervals J C R,
where r(t) > 0. Therefore, we can only make assertions about solutions of
the original problem defined on intervals, where (x, ) # 0, when
working with these action-angle coordinates.

Time-energy coordinates

In order to construct a measure preserving embedding one could take the
Poincaré map of Hamiltonian system . However, to fit the setting of
subsection this map would need to have the time (and thus the almost
periodic dependence of the system) as the first variable. Therefore, we will
follow [Lev91] and take the time ¢ as the new “position”-coordinate, the
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energy H as the new “momentum” and the angle ¥ as the new independent
variable.

Since the first term in is dominant for r — oo, one can find r,
such that

OH(I,r;t) > 1 for all r>r,. (4.26)

Remark 4.16. The value of 7, depends upon a,7, k1, ||c[/¢c, and HpHCg;,
where again v, k1, ||c[|¢, are uniquely determined by the choice of a. We
will call quantities depending only upon « and || p||0;); constants. Let us also
point out, that r, can be chosen “increasingly in || p||C£;”. By this we mean,
that if r, = r«(a, HpHCg) is the threshold corresponding to some p € Cj (R),
then (4.26) also holds for any forcing p € Cjf with ||15||C;1 < ||p||C;L. Indeed,
all thresholds we will construct have this property.

Now consider a solution (¢, 7) of (4.25)) defined on an interval J, where
r(t) > ry for all t € J. Then, the function ¢ — J(t) is invertible, since

9(t) = O H(I(L), r(t);t) > 1.

Adopting the notation of [KO13|, we will write 7 = ¥(¢t) and denote the
inverse by ¢, i.e. ¢(7) = t. Since ¥(t) is at least of class C?, the same
holds for the inverse function ¢ defined on ¥(J). Let us now define

I(t) = H(7,r(p(7)); (7)) for 7€ I(J).

This function will be the new momentum. It is a well-known fact that
the resulting system is again Hamiltonian. To find the corresponding
Hamiltonian, we can solve the equation

H(P hit) =1

implicitly for h(t, I;9). Because of (4.26)), this equation admits a solution,
which is well-defined on the open set

G={(t109) eR®:I>H,rt)}
Indeed, by implicit differentiation it can be verified that

¢ = rh, I' = —94h,
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where the prime ' indicates differentiation with respect to 7. Using the
new coordinates, we have to solve

2(a+1) 2
Kih™et3 —~yhat3p(p)e(r) =1 (4.27)
or equivalently
_ot3  — edd |, =2 _ 43
B = I35 1, B0 (1= Ty ha S plg)e(r) T, (4.28)

Since p € C* and ¢ € C3, also h will be of class C3. Moreover, we can find
I, > 0 (depending upon «, v, k1, ||c||lc,, [|pllc, and ) such that

{(p, ;7)) eR3: T> L} CG.
Furthermore, we can choose I, so large that the solution h of (4.27)) satisfies
a+3 a+3
gl 2+ < b < Bol2e+D for [ > I,
for some constants ag, Sy > 0. Let
a+3
o — 572(‘;—131) _ 2(a + 1)71%& 2(+1) .
! oa+3

To approximate the solution h(¢, I;7) of (4.28 -, one can use the Taylor
_a+3
polynomial of degree one for (1 — z) 2(+D and then plug in the highest

a+3
order approximation kgl 2t for the remaining A on the right-hand side.
Therefore we define the remainder function R € C3(G) through the relation

o a+5 —a
1) = k35 48 ) 15 4 R, T, (420
«

The corresponding system is described by

a+o

1-3a
¢ =0rh = ko5l )12( =D + WWO P p(@)e(r) 12T + Or R,
I' = —0sh=~— )’Y’%’” B(S)e(r) T — 3,R.

2ot
(4.30)
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The change of variables (¥, r;t) — (¢, ;T) can be realized via the trans-
formation map S : R x [ry,00) x R — R x (0,00) x R defined by

S,rit) = (¢, H(9,r;t); 9).

So S maps a solution (J(t),r(t)) of with the initial condition
(O(to), r(to)) = (Yo, 70) onto a solution (¢(7), (7)) of with initial
condition (¢(y), I(¥g)) = (to, H(Yo, r0;t0))-

The following lemma by Kunze and Ortega [KO13| Lemma 7.1] shows
that R is small in a suitable sense:

Lemma 4.17. There are constants Co > 0 and Ic, > I, > 0 (depending
upon Hp||cg(R)) such that

3(1—a)
|R| + |0sR| + 1101 R| + |054R| + 1|03 R| + I*|07;R| < Col*@+1)  (4.31)
holds for all p,7 € R and I > Ic,.

In terms of the function space F*(r) from Appendix this could

be expressed as R(-, ;1) € F? (253;8) for all 7 € R. Now we could use
these coordinates and a corresponding Poincaré map for Theorem
Unfortunately, the energy I(7) fails to be an adiabatic invariant in the
sense of , since for a = 3 we do not have I’ — 0 as I — oco. Therefore
we have to do one further transformation. For o > 3 this last step would

not be necessary.

A last transformation

In [KOI3| Theorem 6.7] Ortega and Kunze constructed a change of coor-
dinates, which reduces the power of the momentum variable in the second
term of while preserving the special structure of the Hamiltonian.
Since in their paper they had to use this transformation several times
consecutively, the associated theorem is somewhat general and too compli-
cated for our purpose here. Thus we will cite it only in the needed form.
For > 0 we set

X, =R x [u,00) x R. (4.32)
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Lemma 4.18. Consider the Hamiltonian h from , i.e.

h(p, I;7) = kol 630 + f(@)e(r) 2D + R(g, I;7),

where f(¢) = ((0;131)) 7/16”’3

p(¢), and Ic, from Lemma|4.17 Then there
exists L. > Ic,, Ie > 0 and a C'-diffeomorphism

T X, — T(EI**) C Yz, (¢7I; 7-) = (5071;7_)7
which transforms the system into @' = 0zh1,T" = —0,h1, where
a+3
h(e,Z;7) = K250 + fi(p)er ()T + Ri(ep, T; 7).

The new functions appearing in h1 satisfy

2 2a+8
(a) filp) = —5tyrof(0) = = (5535 ) ve™ Blo),
(b) e1 € CAR), €\ (1) = (), [y e1(r) dr =0,

(c) ba 30‘ —20-9 <0, and

3(at3)(arl) < 2(a+1)

(d) Ry € C3(Xz,) satisfies for all T > I, and with some constant
Cy > 0.

The quantities I, T, and Cy can be estimated in terms of «, ko, HfHCg;(R),

lclle,®y, and Cy from Lemma . Furthermore, the change of variables
T has the following properties:

(i) T (-, 7) is symplectic for all T € R, i.e. dp NdZ =dp Ndl,
(i) T(p,I;7+2m) =T (¢, I;7)+ (0,0;27), and
(i1i) 1/2 <TI(p,I;7) <2l for all (¢,1;T).

Even if we omit the proof here, let us note that the change of variables
can be realized via the generating function

U(g,T;7) = —TFo4D f(@)er(7),
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where ¢; is uniquely determined by the conditions in (b). Therefore T is
implicitly defined by the equations

I:I+8¢\I/, p=¢+ 0¥
and one can determine h; through the relation
hi(e,Z;7) = b, I; ) + 0- 9 (4, Z; 7).
4.4.2 The successor map
Consider the new Hamiltonian from Theorem that is

a+3
h(p,Z;7) = koZ2@HD + f1(p)er(T)I% + Ri(p, Z;7),

which is well-defined on the set 7(X7,, ) and 27-periodic in the time variable
7. The corresponding equations of motion are

a+3 a o
{(‘O/ = 0rhi = Kog(ar = )IQ( =D +bo‘f1( Jer(r)Z% ! + o, (4.33)

T = —0ph1 = —fi(p)er(T)I* — Ry,
: 2 2048
where fi(p) = — (58535) Ko™ iie)-
Now, suppose (g, Zp; To) € T(Xr1..) and denote the solution of
with initial data ¢(79) = o, Z(70) = Zp by

(@75 90,20, 70), Z(T; 0, Zo, T0))-

We want to construct a subset ¥7,, = RX[Z,,,00) xR C T(Xy,,) such that
(p,7) is defined on the whole interval [y, 70 + 27| whenever (o, Zo, 70) €
Y7,.. Similar to [KO13, Lemma 4.1], we state:

Lemma 4.19. There exists a constant Ly > T (depending only upon
Hf||c4 s lelley )y and Co from Theorem such that ¥z, C T(271,.)

and for any (¢0,Zo,m0) € X1,, the solution (v,I) of (4.35 ' with initial
data

©(10) = o, Z(r0) =To
exists on |19, 70 + 27|, where it satisfies

v
ZO <ZI(r) <4Zy for T € [10,70 + 27].
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Proof. Suppose Zy > Z.. > 4Z., then (iit) from Theorem yields
Y7.. C T(X1,.). Now, let T' > 0 be maximal such that Zy/4 < Z(1) < 47
holds for all 7 € [m, 70 +T"). On this interval we have

(Z10) = (1= bo)TPT = (1 = bo) L (= fr(p)er (1) TP — Do Ry)

and thus
(@Y < 1= ba)l (Ifilley lewle, + 19, RalZ7)
< 1= ba)l (Ifilley llealle, +Co) = €,
with Cy > 0 from (d) of Theorem [4.18] since by, = —Q?S‘igf&;%) > 3&?{;

Now assume T < 27, then for Z,, sufficiently large we conclude

T\ 1-ta ) .
(20> < Iyt —2mC < I(r)' b < Iyt 4 200 < (2Zp) 0

on the whole interval [y, 70 + T'). This contradicts the definition of T" and
thus completes the proof. O

We can therefore consider the Poincaré map ® : R x [Z.., 00) — R?
corresponding to the periodic system (4.33)), defined by

®(p0,Zo) = (¢(57/2; o, Lo, 7/2), L(57/2; @0, Lo, 7/2)). (4.34)

The choice 79 = 7 is basically due to computational advantages, since
¢(¥) = 0 if and only if ¥ = 7/2 + mm with m € Z. Moreover, values of
T =1 in /2 4 27Z correspond exactly to those zeros of the solution z(t),
where © < 0. We write

(0, Zo) = (¢1,Th)-

Now that we have defined a suitable successor map, we can prove that 7
is an adiabatic invariant in the sense of equation (4.10)):

Lemma 4.20. There 1;5 a constant C > 0 (depending only upon «,
”f”cg(R); ||Cch(R) and Cy) such that

1Ty — To| < CT}e
holds for all (vo,Zo) € R X [Zyx, 00).
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Proof. With a similar reasoning like in the proof of Lemma we get

3(1—a

. . ~ )
()] = |=fi(@)a (T (7) = 9, Rl < lfulley lerlo,Z(r)' + CoZ(r) 5D
< (Iillew erlle, + Co) Z(r)* < (Il llerlle, + Co) 47T

Now integrating over [7/2, 57 /2] gives us

2~ Zol < 27 (I filley llerlle, + Co ) 47T

4.4.3 Almost periodicity

So far all our considerations have dealt with the case of a general forcing
function p € C}(R). Now, let (£2,1) be as in Section and consider a
map P € C’i(Q). We will replace p(t) by

Pu(t) = Plw+9(t), wef,

and show that the almost periodicity is inherited by the Hamiltonian
system . We have p,, € Cit(R) and prHCg(R) = HPHCjJ(Q)' Therefore
all results of the previous sections are applicable. Considering Remark [£.16]
this also implies that we can find new constants r, I, etc. depending only
upon « and || P ||C$(Q) such that corresponding estimates hold uniformly
inw e Q.

Since R and S basically leave the time variable ¢ unchanged, it is
straightforward to prove that the transformation to action-angle coordi-
nates as well as the change to the time-energy coordinates (¢, I) preserve
the almost periodic structure. Using the notation v, (t) = w + ¥(t), we
find functions

H,R:Qx[l,00) xR—Rx[[,00) xR
in the class CEZ(Q X [I,00) x R) depending on P such that
h(¢,I;7) = H(¢w(9), I;7), R(¢,1;7) = R(tho(9), I; 7).

holds for every w € Q.
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Remark 4.21. Let us note, that the functions h, R etc. now depend on the
choice of w. Thus it would be more precise to write h,,, R, and so on, but
for reasons of clarity we will omit the index throughout this section. The
functions H, R etc. on the other hand are uniquely determined by P.

However it requires a bit more work, to see that also the transformation
T defined in Theorem retains the almost periodic properties. We
recall that this change of variables is defined by

I'=T+04¥, p=0¢+07Y,

where U(¢p,Z;7) = —Iﬁf(gb)cl (7). In particular, we have (¢, Z;7) =
¢ +n(Z,7)f(¢) with

33—« 1-3a (a + 3) a+5

n(Z,7) = _mIQ(“+1)Cl(7) and f(¢) = m

P(¢u(9)).
Lemma 4.22. Let F € C’4( ) and f(¢) = F(¢y,(9)) b

suppose 1 € C*((0,00) x R) satisfies limy oo (Z, 7) = 0 uniformly and
Z > 0 is such that |n(Z, 7')H|F||C4 y <1/4 for T >1I. Finally, let

e given. Moreover,

(¢, L;7) = ¢+ n(Z,7) f(¢)-

Then, the map ¢ — (P, Z;T) is invertible for T > T and its inverse can
be written in the form

o(p, L;7) = o+ alp, I;7),
where (@, Z;7) = Q(Vu,(¢), Z;T) with Q € Cﬁ(Q x [Z,00) x R).

Proof. First, consider the function Z(¢,,Z,7) = ¢ + n(Z,7)f(¢) — ¢.
For I > I, we have 04Z > 3 and since Z € C*(R? x [Z,00) x R) the
equation Z = 0 defines a unique solution ¢(¢,Z;7) of class C*. Thus also

the function
q(p, ;1) = ¢(, I;7) — ¢

is of that class. At this point we fix (Z,7) € [Z,00) x R and for clarity we
do not write the dependence explicitly. Thus, the reasoning above yields

q(p) = d(p) — o = —nf(p(v)) = —nf(p + a(¥)) (4.35)
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and vice versa

9(¢+nf(d) = —nf(9). (4.36)

Now, let (¢,,) be any sequence of reals. In order to show that ¢ is almost
periodic, we need to find a subsequence (¢, ) so that ¢(¢ + ¢p, ) converges
uniformly. Since f is a.p., there is a subsequence (say the whole sequence)
and a function f., € C*(R) such that lim, ;o0 f(¢+dn) = fool(@) uniformly.
By Lemma there is @ € Q such that fo(¢) = F(© + ¥ (¢4)). Now, let
000 (0, Z; 7) be the implicit solution of the equation g + nfeo (@ + q) = 0,
which exists due to the assumption ‘UH‘FHCﬁ)(Q) < 1/4. That is

QOO(QO) = _nfoo((p"i_QOo((P))v v eR.
In fact, we also have
@oo(z + Nfoo(2)) = —nf(2),  z€R. (4.37)

This can be seen as follows. The function ¢ is of class C* and

Nfoo (0 + too(9)
L+ nfoo(p + goo())

400(90) - -

SO [|geo||ct < 1/3 and thus the function z(¢) = ¢ + goo(¢p) is invertible.
Its inverse (z) satisfies

SO(Z) =z = CIOO(SO(Z» =z+ Ufoo(‘P(Z) + QOO(()O<2))) =z+ nfoo(z)'

Plugging this into the definition of g yields . Now, we show that
limy, 00 (¢ + dn) = Goo(p) holds uniformly for the same (sub-)sequence
(¢n). First, note that again w — w + 1 foc(w) is homeomorphism with
respect to R. Thus

sup [q(¢ + én) = Goo(0)| = sup |q(w + 1 foo (W) 4 Pn) — oo (W + N foo(w))].
peR weR

The right hand side can be split into two parts converging to 0. Since ¢ is
uniformly continuous we have

q(w + 1 foo(w) + én) — q(w +nf(w + ¢n) + ¢n)| — 0
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and moreover, using and we get
|lg(w+dn+nf(w+dn)) = goo(W+nfoo(w))| = [nf(w+Pn) =1 foo(w)] = 0,

uniformly. Thus in total, we have proven that ¢ is almost periodic. More-
over, differentiating (4.35) yields

i) = Mletal)
L+nf(p + oo ())

So () is a continuous combination of a.p. functions and hence almost
periodic. The fact that the higher derivatives ¢\9) are a.p. follows analo-
gously. Finally, it remains to show that ¢ is representable over (£2,1). We
need to find a morphism (£2,) — (H4, ¢q), which is equivalent to showing
that 1 (t,) — 0 implies 1, (t,) — 0. But 9(t,) — 0 yields

lim (6 +ta) = lim F(6(6) + (t)) = F(5(0)) = [(0)

n—o0

and thus lim,,—, ¢(¢ + t,) = q(¢) just follows from the argument above,
in the special case foo = f and thus ¢ = g.
O

Without loss of generality we can assume that 7= T« satisfies the

assumption of Lemma since || fllcaq) < 7/{(2)||PHC$(Q). The new
Hamiltonian is given by

hi(p,Z;7) = h(9, I;7) + 0-¥ (¢, T; 7),

3—«
where 0;V(¢,Z;7) = =121 f(¢p)c(), and because of Lemma we
have

3—a
hi(e, Z;7) = h(e + (e, Z; 7), 1y 7) — 225D fp 4 q(p, 5 7) )e(T).
Moreover, I can be expressed as
I=7- IQEa_fU f(gzﬁ)cl(T) =7 IQE&TU f(cp +q(p, Z;7))er (7).

Hereby motivated, we define the C3-maps I, Hy : Q X [T.y,00) x R — R
by
3—a
Iw,Z;7) =T — 20t 0y F (Y, (Q(w, Z; 7)) )er (T)
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and further
Hy(w,T:7) = H@po(Qw. T: 7)), I(w, T3 7);7) — 20 F (4, (Q(w, T; 7)) (7).

This way, the relation hy(p,Z;7) = H1 (¢ (), Z;7) holds for all (¢,Z;7)
in R X [Zys,00) x R.

4.4.4 Proof of the main result
Given P € C’é(ﬂ), let py,(t) = P(w +1(t)) be the induced almost periodic

forcing function. We write x,,(¢; &, 0,1) for the solution of
i+ [o* e = pu(t), (4.38)

satisfying the initial condition z,,(#) = & and @, (t) = ©. Generally, it is
sufficient to consider only ¢ = 0. We show that m,,(t; 35 0,0) is Poisson
stable for almost all (7,7, w) € R? x Q.

The proof follows a similar approach as in Section [3.2] First we are
going to construct a measure-preserving embedding suitable for Theorem
which corresponds to the Poincaré map ® of system . It follows
that for almost all w € Q the corresponding escaping set F,, has Lebesgue
measure zero. In the second part we transform this map back to the
original coordinates and deduce that also for this Poincaré map there are
almost no escaping orbits. Finally, the last part contains the conclusion
that almost every solution is Poisson stable.

Escaping orbits of the transformed system

For w € Q, denote by (¢, (7; %0, Zo, T0), Zw(T; 0, Zo, To)) the solution to
system with initial data ¢(70) = @0, Z(70) = Zp and forcing function
p(t) = pu(t). Furthermore, we will write (o (7;wo, Zo, 7/2), Z(T; wo, Zo, 7/2))
for the solution of

80/ == 8IH1(W0 + w((p>717 T)u I/ = _8¢H1<w0 + w((p)71.7 7—)7 (439)

with H;p defined as in the last section and satisfying the initial condition
p(n/2) =0, Z(n/2) = Zy. If we have wy = 1,(v0) these solutions meet
the identity

0u(T:00,T0,7/2)\ _ (0 + o(; w0, To, 7/2)
<Zw(7390071.0,7T/2)> _< Z(7;wo, Lo, 7/2) ) (4.40)
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Set 7% = max{4Z.,., (2/11)0%3} and D = Q x (Z*,00). Moreover, let the
functions F,G : D — R be defined by

F(wo,Zo) 2/2 ¢ (T;w0,Zo,7/2) dr

2

and

ot

G(wo,Zo) :/2 I/(T§WOaIOa7T/2) dr,

™

2

respectively, and consider g : D — Q x (0, 00) given by
g(wo,Ig) = (w() + w(F(wO,Io)),Zo + G(wo,z())).

Then F and G are continuous, since the solution of (4.39)) depends con-
tinuously upon its initial condition and the parameter wgy. Therefore g
has special form (4.7). The corresponding family of maps of the plane

{gw}weﬁ as in is
9w : Dy CR x (0,00) = R x (0,00),
9w (00, Zo) = (o + F(Yu (o), Zo), Lo + G(Yw (o), To)),

where D, = (1, x id)71(D) = R x (Z*,00). Because of (4.40)) this map
coincides with the successor map @ from for the forcing function p,,.

The injectivity of ¢ is a consequence of the unique resolvability of the
initial value problem

¢ =0rH (w1 + ¢ (9),T;7), T' = —0,Hi(wi +¥(p), ;)

with ¢(57/2) = 0 and Z(57/2) = 73, where (w1,Z1) = g(wo, Zo).

The proof that ¢ is measure-preserving is analogue to the corresponding
proof for the ping-pong map, since g, corresponds to a Hamiltonian flow
and thus Liouville’s theorem yields det Jy_ (40, Zo) = 1.

Hence we have shown that ¢ is a measure-preserving embedding. Now,
we have to find suitable functions W, k as described in Theorem Since
C from Lemma depends only upon || f]| Ci(w) this constant is uniform

in w € Q. Therefore, if we take W (wo,Zo) = Zy, Lemma implies

W (g(wo,Zo)) — W(wo,Zo) = T1 — Ty < k(Zo),
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where k(Zp) = C’Iga with C' as mentioned above and b, < 0 from Theorem
That way W and k meet all demanded criteria and thus the measure-
preserving embedding g satisfies all conditions of Theorem This gives
us A\2(E,) = 0 for almost all w € § for the escaping set

E = {(¢0,Z0) € Duoo : lim T, = o0},

where D, o is the set of initial conditions leading to complete forward
orbits of g,, as described in Section

Undoing the transformations

Recall the transformations of Section [4.4.1}

(@, vit) B (0,rit) = (@W,r:8) > (6, ;7)) D (0,15 7)

Let 7* > 0 be such that

2(a+1) 2 * *
par ot —qrat3[|Pllos g flelle = 227, V>0

Using the notation introduced in (4.32)), it follows
S(Er*) C Yoz~ and 7-(221*) C Xzx.

Moreover, define G, = R™Y(S! x [r*, 00) x R). Given (z¢,v0,t0) € Gy, let
(150, T, to) = R(l‘o, Vo, to) and (gDo,Io, 7'0) = T(S(’ﬁo, To, to)). Furthermore,
fix some w € 2. Note however, that all considerations below hold uniformly
in w. Due to Lemma we know that the corresponding solution
(0w (T390, Zo, 70) s Lo (75 00, Zo, T0) ) Of satisfies Z,,(7) > Z., for all
T € [10, 70 + 27]|. Also, we have

742z, )%, and S7HZ.)CX,,.

Hence, the solution (¢, Z,)(7) can be transformed back to the original
coordinates for all 7 € [r9, 79 + 2x|. Illustrative, this means that cor-
responding solution (z,,)(t) does a full turn around the origin. In
particular, it enables us to consider the following Poincaré map. Let
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Vg < —y/ 2/€1r*%¥ré and define the function (,, that maps the initial values
(vo,to) € (—00,vx) X R to (v1,t1), where v1 = &,(t1;0, v, to) and
t1 = inf{s € (tg,0) : x,(8;0,v0,t0) = 0, Zw(s;0,v9,t9) < 0}.

This map is well-defined by the argument above. In fact, it coincides
with the Poincaré map g, of the last step if it is transformed back to the
original coordinates. Since z = 0 and v < 0 corresponds to ¥ = 7/2 and
therefore 7 € {m/2 + 277}, we consider restrictions of the transformation
maps onto some 2-dimensional subspaces, namely

RO : (_007 0) X R — (07 OO) X Rv RO(Uat) = ((7[-27 773) © R)(Oa ’U;t),

So [T’*,OO) xR — R x <O7OO)7 80(7“, t) = ((71772) o S)(W/27T§t)7

To: R X [Lix;00) = R x (0,00),  To(¢, 1) = ((m1,72) © T)(¢, I3 7/2),
where 7; : R3 — R denotes the projection on to the j-th component. Then,
(. can be written in the following way:

G =(Rg' 085" 0T ") 0 g0 (To 0 SooRa)
If (vn, tn)nen = (C2(vo,t0))nen denotes a generic complete forward orbit,
the escaping set &, consists of those initial values (vg,tg) € (—00,v4) X R
such that lim,, ,., v, = —00. Clearly, we have
€0 C(Ry' o8y o Ty ) (Eu):

Since Tp, Sp and Rg are diffeomorphisms with respect to their images, the
latter inclusion implies \?(&,,) = 0.
Finally, note that by the same argument as above and by (4.26) we
can also implicitly define a function 7;, : G,« — [0, 27) such that
T.,(Z,0) = inf{s € [0,00) : z,(s;Z,7,0) =0, &,(s;%,0,0) < 0}.
By restricting initial values to a set
Gpee = RTH((SM\ {7/2}) x (™", 00) x R)

where r** < r* < 0 is a suitable constant, we can assure that the map

Vi 1 Gpex = (—00,v™) x (0,27), V,(2,0) = (2,(Tw(Z,0); £,0,0), T, (Z,0))
is well defined and in fact a diffeomorphism with respect to its image.

Hence, also the set E,, = V;1(&,) of initial values (&,7) € Gy« leading to
escaping orbits has measure zero.
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Poisson stability

Denote by II,, : R? — R? the time-27 map of ([4.38)), that is
I, (x,v) = (zy,(2m; x,v,0), 2,(27; 2, v,0)).

Moreover, define I : RZ x Q — R? x Q by

I(z,v,w) = (I, (z,v),w + P(21)).

Then II preserves the measure N @puq. Let (Zn, Vn, Wn)nen = ﬁ”(xo, Vo, W)
denote a generic orbit. By construction we have

(Tn, V) = (X (2705 20, V0, 0), Twy (27715 20, 0, 0)).
Consider the set

N = { (o, v0w0) = lim (| + fou]) = o .

: lim

n—oo
The reasoning depicted at the end of Chapter [2] leads to the conclusion
that II is recurrent on (R? x Q) \ NV. Moreover, for every (g, vo,wp) € N

there is m € N such that (2, vm) € Ey,,. S0 N C U,,en I (Z), where
Z= {(:L‘,v,w) eER?xQ: (z,v) € E‘w}.

Thus N has measure zero, since
(¥ a)(2) = [ N(B.) duate) = 0

Let (20, v0,wo) = (7,v,w) be a point in R? x  and consider the corre-
sponding orbit (2, Up,wn)nen. Then, for almost every such (z,v,w) there
is a sequence (0y, )pen of natural numbers with o, — oo as n — oo such
that

lim (xa—n7vo'n7w0'n) = (xﬂvﬂw)'
n—oo

In particular, we have p,, (t) = P(ws, + % (t)) = pw(t) uniformly. Thus,
the right hand side of

i+ |2 e = pu, (1),
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converges uniformly as n — co. Write z,,, (t) = 2w, (t;%s,,vs,,0) for
the corresponding solution. Considering the fact that also for the initial
condition we have lim,, o0 (24, , Vs, ) = (,v), it follows that

Lwo (t)> (xw(t))
o - | , as n — 00,
<$wgn (t) oo (t)
uniformly on compact intervals in R (cf. [Har82], Chapter II Theorem
3.2). But because we have x,, (t) = z,(t+ 270y,), this yields

|2y (t + 2m0y) — 2 (V)| + |2w (t + 270y) — T ()] — 0,  as n — oo,

uniformly on bounded intervals in R. Since the inverse map I~ is recurrent
as well, the whole argument can be repeated to conclude that almost every
solution z,(t) is Poisson stable. O



Chapter 5

The non-periodic case

In this chapter, we will study certain twist maps of the plane without any
periodicity assumption. More precisely, we consider symplectic maps of
the form

1
01 :9+T7a(7+F1(9’T))’ 71 =T+T1_aF2(9,T),

with a € (0,1), v € R\ {0} and Fi, I, € F**2(a). We denote by b the
primitive function satisfying dh = r1 dfy — r df. The main result of this
chapter, Theorem down below, states that under suitable assumptions
on h all complete forward orbits are subjected to the growth condition
= O(n'/(*k+Da)  The chapter is essentially based on [KO21]. In this
paper, Kunze and Ortega studied maps of the form above with F;, Fs and
b holomorphic. They were able to prove growth rates r,, = O((logn)'/®)
for all forward complete real orbits.

The proof to Theorem can be found in Section To motivate
the preliminary sections, we briefly sketch its strategy. On one hand,
the fact that the involved functions are non-holomorphic simplifies some
computations in contrast to [KO2I]. On the other hand, this also implies
that the Cauchy integral formula is not available. In particular, the norm
l9]loe of a function g € C* yields no control over the norm |g||cr. As
a consequence, we will be dealing with higher derivatives of implicitly
defined functions. For this reason, a version of Faa di Bruno’s formula is

87
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introduced in Section 5.1}
The first step of the proof will be to rescale the vertical coordinate.
With & = '/®r the map becomes

Ye(0,8) = (0,€) +l(0,¢, €),
where | = (I1,12) is given by

n069 - (145 (0.55)). noga-en (05).

For € > 0 sufficiently small, 1), is well-defined on the p-neighborhood G/,
of G = R x (1,2), where p > 0 is a small constant. The form of v is
reminiscent of the near identity symplectic maps

Peioi=x +5l($>5)’ Ty = (Q17p1)7 xr = (q’p)’

studied by Neishtadt in [Nei84]. In this context, Kunze and Ortega
introduce the notion of E-symplectic families of maps. In Section [5.3
we adapt this notion to the non-analytic case and say that {P.} is an
E-symplectic family of class C**1 if the following conditions hold. There
is a function ((gq, p,e) such that

p1dgr —pdg = d((-,¢e).

Both I(z,¢) and ((z,¢) lie in a suitable class M’;fgl of functions (k + 1)-
times continuously differentiable in x, differentiable in e, but with possible
discontinuities in & = 0. Moreover, there is m € C}"(G,) such that

((z,6) = em(z) + O(e?),  9:L(w,e) = m(z) + O(e),

uniformly in € G, as € — 0. Under these assumptions, it is possible to
construct an adiabatic invariant for P.. Indeed, any map in this family
can be viewed as the Poincaré map of a 1-periodic Hamiltonian system

t=eJVH(x,t,e),

where H (-, t,¢) is of class C**2, Using a method of Hamiltonian averaging
discussed in Section the system can be brought into normal form

y=¢eJVN(y,e)+eJVR(y,t,e),
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where the remainder satisfies R(y,t,e) = O(¢¥). In Theorem we
conclude that E(x) = N(z,0) is an adiabatic invariant for P.. More
precisely, there are &,C' > 0 such that if € € [0, 5] and

(@n)o<n<n = (PZ(20))o<n<n
denotes a forward orbit piece of P. with z,, € G for 0 <n < N, then
|E(z,) — E(z0)| < Ce, 0<n<min{N,|e7*|},

where [w] denotes the integer part of w. The content of Section [5.2]and
should be compared to [KOJ|. In our case, the family {v.} is E-symplectic

of class C¥*! and E(0,¢) = ﬁflf& can be chosen as the corresponding

11—«

adiabatic invariant. After one additional change of variables s, ~ r,”%,

this leads to an estimate of the form

s — Sm| < C'sh, form <n<m+ |[sF0-F)],

where 8 = % In Section we present a Lemma by Kunze and Ortega
applicable in such situations. It is related to the notion of lower and
upper solutions of the difference equation x,+1 = x, + C:cﬁ and allows to
conclude the growth rates asserted in Theorem [5.25|in a rigorous way.
Finally, Section [5.5| contains the application of this theorem to the
Fermi-Ulam ping-pong. Given a forcing function p € C{fH(R) with k& > 3,
we show that the ping-pong map can be transformed into a suitable form
and deduce that there is a constant C' > 0 so that any complete forward

orbit (tn, Un)nen, must satisfy
v, < CRYED > g,

for some ng € N. At this point, we also want to mention the paper [GNOG6],
in which the same adiabatic invariant of the ping-pong map is derived by
a Hamiltonian averaging procedure as well. At the end of this section,
we show how to construct a smooth forcing function p(t) leading to at
least one escaping orbit. This example stems from [KO11]. We prove that
for [[pl|cr+1(m) < M, with a prefixed parameter M, there are a constant
C > 0 and a complete forward orbit (¢, vn)nen, such that

Uy > C’nl/(kﬂ), n € N.
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5.1 Derivatives of composite functions

We start by clarifying some notation. As the norm in R% and R% x R%
we take || = max<;<q|2;| and |A| = maxi<;<q, 1<j<d, |@ij|, respectively.
Let G C R be an open set and k € Ny. We use the following definition of
the C*-norm. For u € C*(G) we set

u||cr ey = max sup|0¥u(z)|.
Jullos(@ = max sup)o”u(a)

Note, that for multi-indices v = (v1, ..., v4) € N& the term |v| sill denotes
its length |v1] + ... 4 |vg|. For vector and matrix valued functions u the
maximum in the definition is also taken over all components.

Lemma 5.1. Let f,g € CF(G) and consider h(x) = f(z)g(z). Then

IRllor@y < 281 Florey gl ore)-

Proof. Let v € N& be a multi-index of length |v| < k. For z € G the
Leibniz product formula yields

#ha)=Y (:) OH F ()0 Hg().

v

Moreover if we denote by 1 and 2 the vectors in R? with every component
equal 1 and 2 respectively, then the multi-binomial theorem implies

> <V> = (")mw _gv o,
p<v ® pn<v i
Thus the assertion follows. O

Since we will be dealing with many composite functions, we introduce
a multivariate version of the Faa di Bruno formula [CS96]. Write p < v,
if one of the following conditions hold:

L [yl < v,

2. |p| =|v|and p1 < vy, or
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3. |ul =], mi=vi,.. oy = v and pip41 < vpyq for some 1 < r < d.

Lemma 5.2. Let v € N& be a multi-index with length |v| = k and consider
h = fog, where g € CK(G,R™) and f € C*(g(Q)). Then, for x € G we

have i
:L'
> (gl (Z H ,W (5.1)
p(v,u)  J=1

1<|pl<k

where p € Ni* and

p(v.p) =
{(rl,...,rk,fh...,ﬁk):ri eENP L eNd for1<i<k, thereis0<s<k

sothatr; =0 and £; =0 for 1 <i<s; |ry| >0 fors+1<i<Ek;

k k

and moreover 0 < €511 < --- < £, are such that Zri =u, Z|ri|& = I/}.

i=1 j

For a better comprehension of this formula, one may consider the
special case m = 1. Then g = r is just a natural number and every
element of p(v,r) corresponds to a partition of the multi-index v into
smaller multi-indices £;. There are k — s distinct parts £;, each with
multiplicity r; and the whole partition contains r non-zero multi-indices
(counted with multiplicity).

In order to describe the occurring terms more thoroughly, we also
mention the Stirling numbers of second kind defined by

!
1 (Y.
Skt = g 2 (1) J(j)‘j L
j=1
and the Bell numbers Bj, = Z?:o Sk, Then, the number of terms occurring
in Lemma [5.2] is given by the following equality (cf. [CS96], Lemma 2.7).

Lemma 5.3. Let v be a multi-index of length |v| = k. Then, for1 <1<k
we have the identity

k
1
Z Z V!f[lwwzmlsm.

|u|=l pv,p)  J=
neN
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In particular, this yields the following estimate for composite functions.

Corollary 5.4. Under the same assumptions of Lemma we have

1hller(ay < m*Bll fllcr gy max{l Dgllce-1(cy, 1Dgllén-16) 3}

where Dg denotes the Jacobi matrix of g.

5.2 Hamiltonian normal forms

In this section, we establish a theorem about normal forms of periodic
Hamiltonian systems and also give the fully detailed proof. The reader
familiar with Hamiltonian averaging may only read Definition and
as well as Theorem [5.13 below. The interested reader on the other hand is
referred to [AKNSS] for a comprehensive discussion of such topics and to
[KO] for the full proof in the analytic case. For the sake of simplicity we
will stick to the case relevant for our application. Thus, let I C R be an
open bounded interval and consider the strip G =R x I. Given p > 0, we
write G, =R x (inf I — p,sup I + p) for the p-neighborhood of G.

Definition 5.5. For £ € N and p,0 > 0, let ’Hl;’g be the class of all
functions H : G, x R x [0,0] = R, H = H(x,t,¢) so that

(i) H is 1-periodic in t,
(ii) for every t € R, ¢ € [0,0] we have H(-,t,e) € C*(G,) and

OYH € C(G, x R x [0,0]) for 0 < |v| <k,
(i) |1t < o0, where [[H|po = sup supl H(-t.¢) v,

e€l0,0] teR

Moreover, let 7:[';,70 be the subclass of functions H € 7-[';;‘,0 such that

/ 1 H(x,t,e)dt =0 (5.2)
0

for all z € G, and ¢ € [0, 0].
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For functions f = (f1,..., f4) with values in R? we set

I/

Remark 5.6. Clearly the estimates both in Lemma [5.1 and Corollary
are also true for the norm ||-|[x 0

koo = lrgggd!!fi!!k,p,a-

5.2.1 A near-identity transformation

On this class of Hamiltonian systems, we will consider a suitable type of
transformations.

Definition 5.7. Let 0 < r < pand ¢ > 0. Amap ¥ : G, xRx[0,0] = G,
U(X,t,e) will be called an admissible change of variables of class C*, if it
satisfies

(i) W is 1-periodic in t and ¥(-,0,¢e) = idx for € € [0, 0],
(ii) for every t € R, e € [0, 0] we have ¥(-,t,¢) € C*(G,) and
oV e C(Gr xR x [0,0]) for 0 < |v| <k,
(iii) for every t € R, ¢ € [0,0] the map ¥(-,¢,¢) is an exact symplectic
diffeomorphism with respect to its image.
The following canonical transformation is of this type.

Lemma 5.8. Firke N, 0<r <p, 0 >0 and set o1 = min{%,p —r,0}.
Then, for every h € H’;j,l with ||h]|k41,p,0 < 1, the equations

L on ©oh
= “(q,P =P-c| Z(¢P .
1=Q+z [ paPseds p=P-c [ GaPsods (53

implicitly define an admissible change of variables of class C* denoted by
U:G, xR x[0,01] = G, (Q, P, tye) — (q,p).

Moreover, there is an increasing sequence of positive constants (Cp,)men
depending only on m € N such that

1W(,t,e) —idlloma,) < Cmellbllkirpo  for O<m <k, (54)
holds for allt € R and € € [0, 01].
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Proof. First, we show that W is well-defined. To this end, consider the
function

t
Z(Q7Q7P7t7€):q_Q_6/ @(Q,P,S,z’f)ds,
, P

where ¢ € R, (Q, P) € G, t € [0,1] and ¢ € [0,01]. We have

v

t
——55(q, Ps,e)ds| > 1 —¢l|h|lg41,p0 =1 —01 > 0.
0

Therefore, the equation Z = 0 has a unique solution ¢ = ¢(Q, P, t,¢) if
(Q, P,t,e) is fixed. A suitable implicit function theorem shows that locally
q is continuous and due to the uniqueness we get ¢ € C(G, x [0, 1] x [0, 01])
[BGAS08]. And since Z is of class C* in (g, Q, P), also the implicit solution
q(,t,e) is in that class. Then, p is given by

pQ P te)=P—c gh( (Q.P.t.2), P.s.c) ds.
0

Note that Z is 1-periodic in ¢ due to . Thus, the definition of ¥ is
completed by extending it periodically to ¢t € R. In the following we also
write X = (@, P) and = = (¢, p).
Next, we verify . For m = 0, it is clearly true with Cy = 1. This also
proves that W(G, x [0,1] x [0,01]) C G,,. Differentiating the first equation
in with respect to @ yields

dq t 9%h
1- P,s,)ds) = 1. .
5017 | gagp@Pse)ds (5.5)
and consequently
h o
‘(‘Bq _ 1‘ < _elPllkt1p0 < 2| hllit1p0-

~ 1—ellhllkt1p0
In the same way, differentiation with respect to P yields

dq t 9%h
8P(1 8q6P(q’P s,e)ds —5/ P2 (g, P, s,e) ds. (5.6)
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And therefore

h
’ 5” ||k+1’/” < 2€Hth+1,p,U'

oP| = 1 - EHthH,p,

The bounds on ‘@‘ and 1} can be obtained in an analogous way.

Thus, we have verified |D for m = 1 and C1 = 2. Now, assume that (5.4))
holds for j =0,1,...,m with m < k. Let ¢(Q, P,t,e) = (¢(Q, P, t,e), P).
Then for v € N2 with |v| = m + 1 Lemma [5.2] yields

m—+1 N

— w
0%q = 5/ Z " h(q,s,e) Z H E ' Irj\ ds, (5.7)
1<|p|<m+1 pv,p)  J=1
where i/ = p+ (0,1). Note, that on the right hand side there is exactly

one term € fot %(d, s,€)0%qdt, all other terms contain only derivatives

of ¢ up to order m. Thus the inductive hypothesis and Lemma lead to
the estimate

el\hllx+1
|8)V(Q| S || 1” +U,p,<7 (1 + C?n£||h||k+1,p,a)m+12m+1Bm+1 S C7n+1€Hh||k+1,p,Ua
— 01

for a suitable constant Cj,+1 > 0. Again, the estimates for p can be
obtained in a similar way. Thus is verified. Moreover, , ,
and their counterparts for p show that the derivatives 0%V are
also continuous in t and €. It remains to show that also condition (iii)
of Definition is satisfied. Let X, X’ € G, and write z = V(X,t,¢),
x’ = U(X' t,¢) respectively. Then, by the convexity of G, and the mean
value theorem we have

X — X| < |z — | +€Hh\|k+1,pa(|q—</| +|P—P')
<o —a| + 3(je - 2| + |X - X))

Hence V¥ is one-to-one. Finally, note that equations ({5.3|) can be derived
from the generating function

t
S(q, P, t,e) =qP — E/ h(q, P, s,¢) ds. (5.8)
0

Therefore, det D¥ = 1 and WV is an exact symplectic diffeomorphism with
respect to its image. O
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Note, that in fact the slightly stronger estimate

[0C.t,8) = idflomg,) < Cmesupl|A(t,&)llorc,), (5.9)
€

with € € [0, o], follows by the same argument.

Corollary 5.9. Under the assumptions of Lemmal[5.8, let 0 <7 <r < p
and denote by UG, xR x[0,01] = G, the map induced by (5.3)). Let
oy = min{"5",01}. If e € [0,02], then ¥(G,,t,€) D Gi for allt € R.

In the proof we use the following Lemma (cf. [Shu87], Proposition 1.3).

Lemma 5.10. Let X,Y be Banach spaces and suppose that U C Y is open.
IfU:U = Y (U) C X is a homeomorphism, W~ is Lipschitz continuous
with constant Lip(¥~1) < A, and B,(y) C U, then

V(B (y)) D Byya(¥(y)).

Proof of Corollary[5.9. First fix some ¢t € R and € € [0, o2]. For simplicity
we write ¥(y) = ¥(y, t,e). Using the von Neumann series and ((5.4]) yields

< i(006)j7

C0Gy) =0

ID¥ o)

i I — DU(-t¢e))
7=0

Since we know from the proof of Lemma [5.§ that Cp = 1 is a viable choice,
o1 <3 L shows that W' is Lipschitz continuous with constant A = 2. Now
let y € Gy, then ||y — ¥(y)|| < € implies y € B:(¥(y)). Thus Lemma
yields

y € Bo(¥(y)) C B—iy/2(¥(y)) € ¥(B—i(y)) C V(Gy).

5.2.2 Hamiltonian averaging

Given H € H’;’U we denote the averaged part of H by

H(x,e) := /OIH(x,t,s)dt
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and the purely periodic part by

H(x,t,e) = H(z,t,e) — H(z,¢).

Then, H € H% ,, H € 1%, and
HH”k,p,a = HHHk,p,m ||H||k,p,0 < 2HH| k,p,0°

1
Moreover, J = (_01 O> denotes the symplectic matrix.

Lemma 5.11 (Basic transformation). For cd>0,keNand0<r<p,
let H € HkH be such that ||H||y41,p0 < 3. Set o1 =min{%,p—r,0} and
denote by \IJ the admissible change of variables of class C* given by (5.3 .
with h = H, that is

(Q,P,t,f) = (Xatag) =X = (q7p> = \Il(Xat7€>7

where (X, t,e) € G, x Rx [0,01]. Then, for every e € [0,01] the 1-periodic
Hamiltonian system

&t =¢eJV H(x,t,¢)
is transformed into
X =eJVxK(X,t,¢),

where .
K(X,t,e) = HY(X,t,e),t,e) — H(q(X,t,e), P, t,e)

Moreover, K € HE

7,01

1K (- t,e) = H(,e)leray < fullH ks poll Hllkrpoc, (5.10)

where kK, = 3 - 22kBk(2 + Ck)kﬂ with By from Corollary and Cy from
Lemma[5.8

and fort € R, € € [0,01] we have

Proof. Since ¥ is induced by a generating function of the form S(q, P, t),
the new Hamiltonian K is given by

K(Q.P,0) = Ha.p.t) + 0 (a(@.,0),Q.1)
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Considering ([5.8) and the additional € this leads to
K(Q,P,t,e) = H(W(Q, P,t,e),t,e) — H(q(Q, P,t,¢), P,t,e)

K is well-defined on G, x [0,1] x [0,01] and clearly 1-periodic in t. Also
K(-,t,e) € C*(G,) is satisfied for all t € R, £ € [0,01] and furthermore
0% K € C(G, x [0,1] x [0,01]) for |[v| < k follows from the continuity of W
and its derivatives. It remains to show the boundedness of || K|, and
to prove . To this end, fix t € R and ¢ € [0,01]. For clarity’s sake
we omit the dependence of x with respect to (X,¢,¢) and simply write
x = (q,p). Then, spitting up H yields

K(X,t,e) — H(X,e) = H(x,e) + H(x,t,e) — H(q, P,t,e) — H(X,¢).
We have H(z,e)—H(X,e) = fol VH(Az+(1-))X, ¢)(z—X) d\. Therefore,
Lemma Corollary and (5.4) imply

”H(\II(’ t, 5)7 8) - H(a 5)||C’“(GT)
< ASI&)pl] 2| VH(: ) o (1= N)id + AU (,t,))lcr e ¥ (- 1, €) — id]|or (e,
€lo,
< 2By H (- t,€)llcrrr (e (2 + Cr) | H k41,00 Cre
K _ ~
< S k10 H 41,05

The second term is dealt with in the same fashion so that
2Ky

|H(Y(- t,e),t,e) — H(q, P, t,e)|lonig,) = THFI”kJrLPﬁHFIHkJrl,p,crE-

Thus in total
HK(v t, 5) - H(? E)HC”“(GT) < K‘k||H||k+1,p,0||HH1€+1,/J,05'
Together with || H ||k, < ||H|/kr0, this also yields |K||grq < o0. O

Corollary 5.12. Under the assumptions of Lemma estimate ({5.10))
also implies the following inequalities

K Gt e)llera,) < (ke + DIH k1100, (5.11)
IKCe) = H(e)llene,) < mrllH k1,008, (5.12)
1K Ctelene, < mesuplH(t e)llor g, (5.13)

€

fort € R and ¢ € [0, 01].



5.2. Hamiltonian normal forms 99

Proof. The first inequality follows immediately with || H || k+1p0 < 1. In

view of (5.9)), also (5.10]) can be improved to -

1K (- t.e) = H(8)low(a,) < Fi iuﬂgHﬁ(',ta€)Hok+1(ap)HHHHLp,a&
€
for all t € R and € € [0,01]. Thus, we have

/ 1[8}’<K(X, t,e) — O H(X,e)] dt
0

K(-e) = H(-,e)llor(c,) = max sup
1K (- e) = H(,e)lloriay vI<k XeG,

< max sup Ha}}K(X,t,e) - af(ﬁ(X,e)H
lv|<k Xegr
te

< K Suﬂg"ﬁ(’at>€>HC’k+1(GP)HHHk+17p,0€’
te

implying (5.12). Finally, (5.13) follows from ||H ||j11,,, < & together with
the identity K = (K — H) + (H — K). O
By iterating Lemma [5.11] we obtain the following.

Theorem 5.13 (Hamiltonian normal forms). Let k € N, o > 0 and fix
O0<r<r<p. ForHEe H];;‘;Q consider the 1-periodic Hamiltonian system

& =eJV H(z,t,¢). (5.14)

There are o, € (0,0] and a constant Cy > 0 (depending only upon k and
| H||k+2,p,0) with the following properties. There is an admissible change
of variables ¥ : G, x R x [0,0,] = G,, x = ¥(X,t,¢), of class C? such
that
U (Gr,t,e) D G (5.15)
forallt € R, e € [0,04], and (5.14) is transformed into
X =e(JVXN(X,e) + JVXR(X,t,¢)),

where N € HZ, , R € 7:[%0*. Moreover, for every t € R, € € [0,0.] we
have

IMl2,r0. < 2/ H|k+2,0.00

IRtz < Cudt (5.16)
INC.&) = H(,8)llcaa) < Cee. (5.17)
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Proof. Step 1: First, define Hy = H and assume that ||Hol[r42,0 < i.
ForO<i<kletr,=p—z(p—r)ie 0<r=rm<rn_<...<r9=p.
We are going to apply Lemma k-times consecutively and concatenate
the according transformations. For 1 < ¢ < k (and starting at ¢ = 1), the
i-th step will be to apply Lemma to H;_1 with

1 p—r 21 1
, = 0. = mi = 5.18
i = I mm{”’f k0 ke 22RkCr [ (5.18)

which yields an admissible change of variables of class C*t2% that is
v, : Gn— X R x [0,0'*] — Gri_l, Tit—> Tij—1 = \Ili(xi,t,a),

so that the Hamiltonian equations &;_1 = eJVH;_1(x;_1,t,€) are trans-
formed into

T = EJVHZ'(.%'Z', t, 8).

Since H; € H’ﬁjﬁ:i, the subsequent change of coordinates is well-defined if
| Hillkt2—irion < % This is guaranteed by the estimate

| Hillkso—iron < 27%| Hollks2,p0s (5.19)

which we will now prove inductively for 1 <14 < k. Using (5.11]) and (5.18])
yields

[H1(-,t,8)l[orr(q,,) < (rgre + D[ Hollkt2,00 < 2K Holk12,p.0

for t € R and € € [0,04]. Now, assume i € {1,...,k — 1} changes of
coordinates have been done and H; € ’H,’fff:z satisfies . In particular,
the assumption ||Hol|pt2,p0 < 7 and show that || H;|lkt2—irs 0. < 3-
Therefore Lemma can be applied. Again, using , the inductive
property and , we get

HHH-I(U 2 €)|’C’“+171(GM+1) S (Hk+17i€ T 1) HH@IHkJrQii’”’U*
Kis1€ + 1)27F| Holljs2,p.0

<(
< 2008 Holles2,p,0-
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Thus we have shown that Lemmalb.11|can be applied k-times consecutively
so that the bound (5.19) holds for 1 < ¢ < k. Hence, the transformation

UG xR x[0,0.] = G,
\I/(‘,t,&') = \Ill('at75) o \IIQ('at7E) O---0 \I]k('7t7€)7

is well-defined and an admissible change of variables of class C%. Also the
new Hamiltonian Hy, is in H?, and we define N' = Hy, R = Hj. Due to

(5.4) and ([5.19)) we have

[Wi(-,t,8) —id||crro-i(a,,) < IHimallktrs—ir 1.0.Chya—ie < Crpre  (5.20)

for 1 <i <k, t € Rande € |[0,0,]. In particular, thus implies
1Wi(-, t,€)llrre-i(q,,) < 2- In order to prove we introduce the
following notation: For a fixed ¢ € R and € € [0, 0] set xx = Y (-, 1,¢)
and

Xi = Vi, t,e)oxit1, 1<i<k-—1

In particular, it follows x1 = ¥(-,t,e) = ¥y(-,t,€) o...0 WUg(-,t,&). More-
over, |[xkllci(e,) <2 and for 1 <4 <k — 1 applying Corollary yields
Ixilleray < 20%iCs te)llervanlixitillena,y < 4lixitllera,)-

Hence [|xillc1(q,) < 22(k=1)+1 By using Corolaryand (5.20)), we obtain

Ixi — Xl = 1(Wi(-t,e) —id) o Xitllor(any < 220D Cppre.
In total, we have

k—1

(- t,8) —idll e, < D _lIxi = xittllore, + Ixe —idllere,)
=1

k
< Z 2200y e
i=1

In particular, [|[DV(,t,€) — I[|co(q,) < % by (5.18) and thus (5.15) follows
from the same argument as Corollary Finally, define

Cy = 265 1| Hollkt2,p.0-
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In order to check the estimates, we fix t € R and ¢ € [0, 0,]. We start by
verifying the bound (5.16)). By (5.13|) we have

1Hi (-t )l onrei(a,,) < Frra—i iu]g\\ﬁi—l(wt, e)llerrs-ia,, )
€
for 1 <14 < k. Thus inductively it follows

|’}~Ik(‘,tv5)HCQ(GT) < I<;],12+1 iulg”]:fo(-,t,€)||ck+2(GT0)5k < C*gk.
(S

The bound ||Hgll2,r0. < [[Hill2r0. < 2|/ Hollk+2,p,0 follows directly from

(5.19). Therefore it remains only to prove (5.17). Due to (5.12)) and (5.19))

we have

[Hi(-e) = Hi—1(, )l erra-i(a,,) < 26n41 ] Hollkr2,p.06

i

for 1 <i < k. Since k < s}, adding up yields

Hﬁkf('7t75) - ‘H—O(‘7E)HCQ(G7) < C*E_
Step 2: Now, consider the case A := 4| Hol||p+2,0 > 1. Rewrite (5.14))

as @ = EJV Ho(x,t,€), where & = Ae and Hy(x,t,8) = A~ Ho(x,t, A~12).
Then ||Hollk+2,06 = A7 |Hollk+2,p.0, Wwhere 6 = Ao. In particular, the

rescaled Hamiltonian satisfies HJEIO lkt2,06 < i. Therefore, the first step
can be applied to obtain an admissible change of variables

U: G xRx[0,64] = G,, x=U(X,t,8),

with its image contained in G and a new Hamiltonian Hy e Hf 5, satisfy-

ing the required bounds with a constant C.. Then, defining

U(X,t,e) = W(X,t,Ae) and Hp(z,t,e) = AHy(z,t, Ae)

for € € [0, 0] with o, = A~16, proves the assertion. O

5.3 An adiabatic invariant for F-symplectic maps

Again, let G = R x I and write G, for its p-neighborhood. We study
symplectic maps of the form

P.:G =R oz =a+cl(ne).
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One can find a function F(x) satisfying JVE(x) = I(x,0), which acts as
an adiabatic invariant. In fact, for small € the iteration z,+1 = P.(x,,) can
be viewed as a numerical integration step for the autonomous Hamiltonian
system & = JVE(z). This was already observed in [Nei84], where it is
shown that for holomorphic maps one has

|E(P!(z)) — E(z)| < Ce, 0<n< N,

where N is of the order eP/¢ and C, D > 0 are suitable constants. How-

ever, since the domain G is unbounded, some additional assumptions are
required. This is discussed in detail by Kunze and Ortega in [KO]. They
introduce the notion of E-symplectic families of maps. Here, we shall
follow their arguments with the according adaptation to the non-analytic
case.

Definition 5.14. Let K € N, p > 0 and o > 0. The class M’;p consists of
those functions [ : G, x [0,0] — R%, I = [(x,¢), such that

(i) lis in C%(G, x (0,0],R%),
(ii) for every € € [0,0] we have I(-,¢) € C*(G,,R?) and

ol e C(G,x[0,0],RY)  for 0<|v| <k,

(i) for every e € (0, 0] we have 0:(-,€) € C¥(G,,R?) and

0.l € C(G, x (0,0],RY)  for 0<|v| <k,
(iv) one has [/I[[} ,, < oo, where

1Ukp0 = Nl po + sUD [[O:L( €)llor (5, -

e€(0,0]

Remark 5.15. (a) Here |||, denotes the same norm as in Definition

that is

Ulep,0 = sup [[1(-;€)llor(,) < o0,
e€[0,0]

k

.o can be regarded as functions in

since the components of [ € M

Hk

po constant in ¢ € R.
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(b) Functions in ./\/lk have values in R for some d € N. Here, we will
only encounter d e {1,2} and the respective dimension will be clear
from the context.

Definition 5.16. Suppose [ € M]p"”o. and for ¢ € [0, o] consider the family
of maps P; : G, — R? given by

Px) =X =x+el(x,e), X =(Q,P), x=(q,p).

We say {P.} is an E-symplectic family of class CF, if there is a function
s M’;,o such that

P dQ —p dg = dC(-<) (5.21)
for all € € [0,0] and if moreover there is a function m € CF(G,) and a
constant Cy, > 0 such that

1€ e) = emller(q,) < Cme® (5.22)
and

10:C(,8) =mllco(g,) < Cme (5.23)
for all € € [0, 0].

Remark 5.17. (a) Equation (5.22)) implies ((g,p,0) = 0 and thus divid-
ing by € shows that e71((-,e) = m in C1(G,) as e — 0. Moreover,
for e > 0, equation ([5.21)) can be reformulated as

¢ Bll 2 oy  0¢ ol ol
— =el — l = =
El2 +ep 28q ap €pap ap’

dq 8q
where Iy, 1y denote the components of I. Since e~ !((-,¢) — m in
CY(G,), this yields

42,

om, L om, ol

or expressed differently

0

This relation will be used later. In fact, it shows that JVE = (-,0)
for the autonomous Hamiltonian

Vm(z) = pVii(x,0) + <l2($7 0)> (5.24)

E(q,p) = li(¢,p,0)p — m(q,p).
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(b) Condition ([5.22)) does not imply ([5.23)), as can be seen in the example

((x,¢) = em(z) + €% sin (é)

First, we observe that certain symplectic isotopies can be realized as
the solution map to a suitable periodic Hamiltonian system.

Lemma 5.18. Consider a continuous map ® : G x [0,1] — R? such that
O(-,t) is a diffeomorphism onto its image for every t € [0,1]. We will
write U(-,t) for the inverse and further denote

O(x,t) =(Q,P)=X and Y (X,t)=(q,p) = .

With a small abuse of notation we also write Q(x,t), P(x,t) and q(X,t),
p(X,t) for the components of ® and U, respectively. Moreover, assume
that there is a continuously differentiable function n(x,t) such that

Finally, suppose ®,n € C1(G x [0,1]) and that the cross-derivatives
9’Q  0%°Q o*P  9°P 0%n 0?n

Otdx ~ Dxdl’  Otdr  dxd’  Odx  dxdt (5.26)
exist, coincide and are continuous functions of (x,t). Then
0P
E(W(X’ t),t) = JVhau(X, t). (5.27)
where 5 5
D X, 1) = a—?(\l/(X,t,a),t)P - SHEX 1)), (5.28)

is defined on {(X,t):t € [0,1], X € ®(G,t)}.
Proof. First note, that (5.25)) can be stated as

o _p0Q - On _
dqg ~ Oq b, op

Differentiation with respect to t yields

82 <ap>aQ pPQ P <ap)aQ »PQ

Q

Pa—p.

ap ' otop

otoq  \ot ) ag T atag aap - \ ot
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On the other hand, differentiating (5.28)) with respect to P results in
e = [(G) (38) + () (38)| P+ 52 - () (38) - ) (%)
Together this leads to
Ohans _ 0Q _ (OP) 1 (0QN (dq\  (0Q) (Op
oP Ot ot dq oP op oP )|’

The second term vanishes, as can be seen by differentiating the identity
Qq(Q, P,t),p(Q, P, t),t) = Q with respect to P. Similarly, we get

Ohaux oP 0Q Jdq oQ dp
s = (o) [(50) (a) + (5) (o))
Thus, % Qq(Q, P,t),p(Q, P,t),t) = 1 proves . O

Remark 5.19. In the notation of Lemma let X (t) = ®(z,t) for x € G.
Then X () is a solution of the Hamiltonian system

X(t) = JVhaux(X (t),1).

In the context of E-symplectic families this leads to the following result.

Lemma 5.20. Let G =R x I, where I C R is an open bounded interval.

Forl e ./\/ll;,a and € € [0, 0] assume that the family P- : G, — R? given by

P(z) =z +el(x,¢)
is E-symplectic of class C¥. Given 0 < r < # < p, there is & € (0,0] and
a Hamiltonian H,y, € ’Hfi’f such that for e € [0,5] the map P- restricted
to G, coincides with the time-1 map for the 1-periodic system

X = eJVH (X, t,¢),
and for X € G, we have
JV H (X, 0) = 1(X,0). (5.29)

Moreover, there is a constant Cyyy > 0 depending only upon k, p, ¥, r, o,
U5 pos €15 0 Cr=max{p+|p| : p € I} and Cq (where ¢ € M}, and
Cw are from Deﬁm'tion such that | Hgug|| k41,76 < Couz and

|Houa( X, t,6) — Haua( X, 6,0)| < Clauat (5.30)
uniformly in X € Gy, t € [0,1] and € € [0, 5].
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Proof. Let x : [0,1] — [0,1] be a strictly increasing C°°-function such that
x(0) =0, x(1) =1 and x(0) = x(1) = 0. Consider the map

®:G,x[0,1] x[0,6] = R?  &(x,t,e) =z +ex(t)l(z,ex(t)),

where

1 p—T F—r 1 }
, , , . (5.31)
Nillkpo” 20Uk po” Nllr,pi0” 231 Byl 1, p,0

6 = min {J, 1,

We will show that @ is suitable for the application of Lemma [5.18]if ¢
is fixed. First, note that ®(z,t,e) = P.,()(z) and therefore it is exact
symplectic in the sense of ((5.25)) with potential

n(x,t,e) = ((,ex(t)).
Obviously, ® is continuous. Now fix ¢ € [0,1] and € € [0, 5], then
(Dy®)(z,t,e) =1+ ex(t)(Dyl)(x,ex(t)). (5.32)

Thus |(Dy®)(z,t,e) — I| < + by (5.31)), which shows that ®(-,t,¢) is a
local C*-diffeomorphism with respect to its image. Since G is convex, for
z1,x2 € G, we have

‘(p(xlu t7 5) - (P(an) tu 8)‘

N gx(t)</01(Dxl)()\a:1 (1= X, ex(t)) dA) (1 — )|

> |z1 — mo| — 3|21 — 22| = F|T1 — 22

Hence ®(-,t,¢) is also one-to-one and therefore it is a C*-diffeomorphism
with respect to its image. It also follows that the inverse W(-,t,¢) is
Lipschitz continuous with constant 2. Hence, and the same argument
as in Corollary show that ®(G),t,e) D G;. Moreover, since we have
® € C(G, x [0,1] x [0,6],R?), the inverse ¥ is continuous with respect to
all three variables as well.

We now prove that ®(-,-,&) is C! in G, x [0,1] for all € € [0,6] and
that is satisfied. For ¢ = 0 we have ® = id,, so one only has to
consider the case € > 0. Clearly, ®(-,-,¢) is C? in G, x (0,1] as | € MI;G.
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Since ®(-,0,¢e) = id,, formula (5.32)) together with [/I[|s ), < oo imply
D,®(-,-,¢) € C(G, x [0,1],R?). The derivative with respect to ¢ on the
other hand is given by

O®(z,t,e) = ex(t)[l(z, ex(t)) + ex(t)Oel(z, ex(t))]-
if t > 0 and in the case ¢t = 0 it is

0®(x,0,€) = lim L(®(x,t,e) — B(x,0,¢)) = lim X0 (2, ex(t)) =0, (5.33)

due to x(0) = x(0) = 0 and [{l[[; ,, < oco. The latter also implies
the continuity of 0;® in t = 0. Regarding the cross derivatives, we
have 0,®(x,0,¢) = 0 so that D,0;®(x,0,e) = 0. The fact that also
0Dy ®(x,0,¢) = 0 follows from an equation similar to . Fort >0
on the other hand, we have

(01D ®)(x,t,€) = eX(t)(Dal)(w,ex(t)) + X (8)X (t) (Do 0el)(w, ex(1)).

Thus, the continuity of the cross derivatives follows from [|I[|}; ,, < oco.

Since also ¢ € M’;J, the same argument can be done for n verifying
n(-,-,e) € CY(G, x [0,1]) and (5.26). In summary, we have shown that
Lemma is applicable. Considering the additional e, let haux(X,t,€)
be the function given by , which is defined on

D={(X,t,e):te€[0,1],e €[0,6],X € ®(G,,t,¢)}.

In particular, it is well-defined for all X € G;. We have hyux (X, t,e) =0
if either e =0 or t € {0,1}. Otherwise,

haux(Xa L, 6) :EX(t) [ll(\p(X7 2 5)7 EX(t)) + EX(t)aell (W(X7 2 5)’ EX(t))] P
- X(t)aaC(‘ll(Xv t’ 5)’ 5X(t))
For X € G; and t € [0, 1] we define

e haux (X, 8, €), e € (0,6]

x®)[1(X,00P —m(X)], =0, (5.34)

Haux(X) t, 5) = {

where m = ((+,0) is the function from Definition Note also, that
Haux(X,0) = E(X) with E defined in Remark [5.17} This verifies (5.29).
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We will now show that H,. has all the other required properties as
well. First, we prove that H,., € Hf'gl. To this end, observe that

H,.x is continuous, since [ € MIZJ and due to (5.23]). Moreover, we have
H,ux(X,0,¢6) = Haux(X, 1,€) = 0 so that one can extend Hyyx continuously
and 1-periodically to ¢t € R. For all € € [0,6] and ¢ € R we have

| Haws (1) 0 < 1 Xloe (W7o €1 + 1€ o + Cm)

since ||m|[co< [|0:C(+, €) |loot|Im — 0:€(+, €)|| 0o and |P| < Cr. Next, we will
check the conditions regarding the derivatives. For the gradient one obtains

e I Vhaux (X, t,€), e € (0,0]

JvHaux(thvg) - {X(t)J[PVZl(X, 0) + (0,11(X, 0)) — Vm(X)]a e=0.

But by definition, we have JVhaux(X,t,€) = 3—q>(\II(X t,e),t,e) and this
yields

e IV haux (X, t,€)
= XUV (X, t,e),ex(t) +ex(H)I:UY (X, t,€),ex(1))],

whereas for £ = 0 equation (5.24)) leads to

(5.35)

IV Haux (X, 2,0) = >’<(t)J<_lfz(§’0()))> = x(H)I(X,0).

Hence, V Hy,x is continuous. In order to show the continuity of the higher
derivatives in € = 0 we differentiate . To this end, fix some ¢ € [0, 1],
e € [0,6] and a multi-index v € N3 with 1 < |v| = n < k. The Faa di
Bruno formula yields

Ix[li(V(X,t,¢),ex(t))]

S o e e Y n ][ Xxm ,

1<|pl<n p(v,p)  J=1

for i = 1,2. We will show inductively, that

[(Dx V)t e)lciay <2, for0<j<k-1 (5.36)
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By the Neumann series, the Jacobian of ® satisfies

o
(D:®) Nz, t,e) = > (I - (Da®)(x,t,e))™

m=0

for all z € G, and thus
(DX\I’)(X t E Z (X,t,E),t, 5))m
=1

for X € G;. Consequently, the estimate || — (D;®)(,t,¢)|lco,) < %
verifies ([5.36)) for j = 0. Now, for 1 < j < k — 1 we have

||I - (D$(I))(\IJ<'7t75)7t7€)|‘cj(G7~.)
< Y Bj|I = (D2®)(-,t,€)llos max{[|(Dx ) (-, t,€) [ ci-1, [ (Dx¥) (-, t,) g1}
< 2 Bje|llllkp.o

due to Corollary (5.32) and by the inductive hypothesis. Together
with Lemma [5.1] and the definition of & this leads to the conclusion

I(Dx ) t,e) = Illesny < D 27V (2 Biellillnpo)”

m=1

< 271 Be|llkpo < 2.

On the one hand this proves (5.36)) and on the other hand it implies that
. £, k;
lim (OY U (X, t,e))™

_ {1, (k;,£;) € {((m,0), (1,0)), ((0,m), (0,1)) : 0 < m < k}

0, otherwise,

holds uniformly. Therefore only one partition has to be considered in the
limit € — 0, namely the one for which (k,—1,€n,—1) = ((0,22),(0,1)) and
(kTL?en) = ((Vh 0)7 (17 O)) Hence

lim aX[ ( (X,t,&‘),&‘x(t))] = ;i_I)I(ljaxuli(\Il(th’E)7€X(t)) = 83:’/[1(X7 0)

e—0
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The second part in the derivative of (5.35) vanishes for ¢ — 0, since
le M’;,U and ([5.36)) imply that 0% [0:1(¥(X,t,¢),ex(t))] is bounded. Thus
we have shown the continuity of V. H,y and its derivatives. Also the bound

||V H,

k
. < 92 BkHXHooHl”k,p,U

follows from 5)) by applymg Corollary [5.4] n and . In summary, we
have proven that H,x € 7—[

According to Remark [5.19) the function X (¢) = ®(z,t,¢) is a solution to
the differential equation

X = eJVHau (X, t,¢),

for the initial value X (0) = = € G,. Since 6||l||rpo < 7 — 7, we have
®(Gr,t,e) C Gy for t € [0,1], € € [0,6] and thus also X(t) € G; for
t € [0,1]. Hence we have shown, that z — ®(x,1,e) = z +el(z, &) = P-(z)
coincides with the time-1 map for this Hamiltonian system on G,.

It remains to prove , i.e. the existence of a constant Cyux > 0 so that

‘Haux(X7t75) - Haux(Xaty O)’ < Cauxe
holds uniformly in X = (@, P) € G;, t € [0,1] and € € [0,5]. Again, for

t =0 or € = 0 both terms are zero. Thus suppose t,e > 0. Using ([5.34])
and the explicit formula for h,,x we obtain

|Haux(Xat75) - Haux(Xv ta 0)|

=[x

(1 x(8) + X (0., X ()P = D:Claex() = [ (X, 0)P - m(X)]’
< Xl (T2 (X, £, )P+ To((X, 1) + 2x(8) 01, ex(8))] [P ).

where again 2 = U(X, ¢,£) and T}, T} are given by

Ti(X,t,€) = (e, ex(D) -1 (X, 0)],  To(X.t,2) = [m(X) — 8-, ex(D)]

Now, we study the latter terms more thoroughly. First, observe that due
to the definition of & we have

|z = X[ = ex(®)li(z,ex()]| < elltllk,po-
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Moreover, X € G; implies x € G, and hence Az + (1 — \)X € G, for
A € [0,1] by convexity. Thus

L1 (z, ex(t)) — (X, ex(®))] =

<]

/1 Vi Oz + (1 — N X, ex(t) (@ — X) dA
0

2
k.,p,o

Therefore, we can find a bound for 77. Namely, the mean value theorem
yields

Ti(X t,e) = |l (z,ex(t)) — (X, 0)]
< [h(z,ex(t)) — (X, ex(®))| + [ (X, ex(t)) — L (X, 0)]
< ellUllE po +elltl o
The bound on 75 can be obtained in a similar way. We have
To(X, t,e) < [m(X) — 0:0(X, ex(t))] +|9:C(X, ex(t)) — O=C(z, ex(2))]
< Cme +£llCllx po 12k 0.0
where Cy, > 0 is the constant from . Therefore, in total we get
| Haux (X, t,€) = Haux (X, 1, 0))
< ell Xlloo [(1117 .0 + 12117 .0) Cr 4 Con + W€l o N1k 0 + N2l s Cr -
Thus we have verified . O

Before stating the main result of this section, we make the following
simple observation, which will be used several times in the proof. Given
H € 7—[’;70 with £ € N and 0 < r < p, we call ®(x,t,¢) the solution
map to the corresponding Hamiltonian system X = eJVH (X, t,e) if
X(t) = ®(x,t,¢€) is the solution satisfying X(0) = = € G,. Clearly,
®(x,t,e) can be written in the form

t
O(z,t,¢) :x—i-a/ JVH(®(x,s,¢),s,¢)ds.
0

Since VH is bounded, one can find o, € (0, 0] such that
®(G,,t,e) C G
for all t € [0,1] and € € [0, 04].
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Theorem 5.21. Let G = R x I for an open bounded interval I C R, k € N,
o >0 and p > 0. Suppose | € M’;ﬂgl and for € € [0, 0] consider the family
of maps Pz : G, — R? given by

P. a1 =x +el(x,e).

Let {P.} be an E-symplectic family of class C*T'. Then there exist
5 € (0,0), C > 0 (depending only wpon &, p, &, [UEs1 s IClIEs1 prs Co
from (5.23) and Cr = max{p+|p| : p € I}) and a function E(x) satisfying
JVE(z) = l(x,0) with the following property. If € € [0,6] and

(Zn)o<n<n = (PL(20))o<n<n
denotes a forward orbit piece of P. such that z, € G for 0 <n < N, then
|E(z,) — E(20)] < Ce, 0<n<min{N,|e ]|}

Proof. Let 0 < r3 < rg < 11 < 19 = p. First, applying Lemma [5.20
with r = ry and # = ry yields 01 € (0,0] and Haux € Hi T2, such that if

e € [0, 01], then P; restricted to Gy, coincides with the time-1 map for the
1-periodic Hamiltonian system

& =eJVHyx(x,t,¢). (5.37)

Moreover, there is a constant Cyux > 0 such that || Haux||k+2,r1,00 < Caux
and
|Haux (2, t,€) — Haux (2, 1,0)| < Cauxe (5.38)

holds for all z € G, t € R and € € [0, 01].

Now, since 0 < 73 < 719 < r; we can apply Theorem to the
Hamiltonian Hux € H,’ff 31. This gives us o2 € (0,01] and Cy > 0 such
that the following holds. For ¢ € R and € € [0, 0] there exists an admissible
change of variables ' : G, x R x [0, 02] = G, z = I'(y,t,¢), of class C?
such that

I'(Gy,,t,e) D Gry
for all t € R, ¢ € [0, 03], and so that (5.37)) is transformed into

y=¢e(JVN(y,e) + JVR(y,t,¢)), (5.39)
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where N € 7—[?2702, R € 7:[3275,2. Moreover, for every t € R, ¢ € [0, 02] we
have
IR(,t,8)lle2a,,) < Cyet (5.40)
IMl2,r0.00 < 2/ Hauxl k42,7101
HN(,E) - Haux('a g)HCQ(GTQ) < 0*5- (541)

Denote by ®(x,t,¢) and ¢(y,t,e) the solution maps to (5.37) and (5.39),
respectively. Furthermore, let o3 € (0, 03] be such that ®(z,t,¢) € G,, for
x € G,te€|0,1] and € € [0,03]. Then, these maps satisfy

oy, tye) = Ffl(q)(f‘(y, 0,e),t,e),t,e) = I‘*l((I)(y,t,a),t,s)

fory € G,t €[0,1] and ¢ € [0,03]. Since I'(-,1,e) = I'(-,0,¢) = id, this
also implies

(Z)(y? 176) = F_l(q)(ya 175)7 175) = cI)(Z/: 175) - pe(y)'

Thus, ((5.39)) is constructed in such a way that P restricted to G coincides
with the time-1-map of this new system. Finally, consider the autonomous

system
y=eJVN(y,e), (5.42)

together with its solution map ¢(y,t,) and let & € (0, 03] be such that
¢(G x [0,1] x [0,6]) C Gyy. Then, using ((5.40) we conclude

|¢(y7 t’ E) - ¢(y7 t7 5)'
/0 JIVN($(y,s,€),¢) — VN (d(y, s,¢), )] ds+/0 VR(d(y, s,€),8,¢)ds

=&

< el NMlzirse /Otlci)(y,tﬁ) — d(y,t,e)|ds + Cue™!
Hence Gronwall’s inequality yields
16y, £,8) — (y, 1, )| < Coe"H1eTWlar ot < 0, 2Cuxtht1
Let C = C,e?Cavx and define P.(x) = ¢(z,1,¢), then the latter estimate

implies

”Pa(x) - ﬁa(x)‘ < C5k+1 (5.43)
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for x € G and € € [0,5]. Moreover, since is autonomous we have
N(Pe(z),2) = N(,e).
By (5.41), we have |N(z,e) — Haux(z,€)| < Cie and implies
| Haux (X, €) — Haux (X, 0)| < Cauxe-
Together this yields
N (@, ) = Haux(,0)] < (Ci + Caux)e.

Let (zn)o<n<n = (PX(z0))o<n<n be such that z, € G for 0 <n < N. If
we define E(x) = N (x,0), then the latter estimate and (5.29)) show that

JVE(z) = JVN(2,0) = JV Haux(2,0) = I(z,0).
Furthermore, it follows

|E(2n) — E(x0)|
N (@n, 0) = N(zn, €)| + [N (20, €) = N (w0, )| + [N (20, €) = N0, 0)]

<
< 2(Cy + Caux)e + [N (20, &) — N(z0,€)].

Finally, (5.43]) yields

N (@n, &) = N (0, €)|

VAN
=
S
o
—
i3
=
U
|
=
)
=
o

> nHNH2,T3ﬁC€k+1‘

Therefore, one can choose C' = 2(Cy + Caux) + 2C,uxC' to verify the
assertion. I
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5.4 Application to twist maps

In this section, we will prove our main result of the chapter. Preliminary
to the proof, we briefly discuss some properties of difference equations
with the form

Tnt1 = g(zp), (5.44)

where g : Z — R is an increasing function defined on Z = (d, c0). More
specifically, we discuss the notion of upper and lower solutions. A sequence

(Yn)nen, C Z is called a lower solution of (5.44), if v,41 < g(yn) for
n € Ng. An upper solution has to satisfy the reversed inequality.

Lemma 5.22. Suppose (Vn)nen, 5 a lower solution and (I'y)nen, is an
upper solution of (b.44)) such that vy < T'g, then v, < Ty, holds for all
n € Np.

By imposing some additional properties one gets the following result
(cf. [KO21], Lemma 3.4 and Remark 3.5).

Lemma 5.23. Let h : Ny — Ny be a function such that h(n) > n+1 for
all n € Ng. Moreover, suppose

(a) (Vn)nen, C Z is a sequence such that

Ym < 9(Tn), n <m < h(n),

(b) (Tn)nen, CZ is an upper solution of (5.44),
(¢) 70 < To,
(d) (T'y,) is increasing and limsup,,_, ., Y = 00.
Then, there is a non-decreasing function o : Ng — N such that
Yom) > Tm  and 4, <Tp, ne{0,...,0(m)—1}.

In addition,
o(n+1) > h(c(n)—1), n € Ny.

Remark 5.24. Condition (a) implies that (7,) is a lower solution. The
statement of Lemma ([5.23|) remains true under the following relaxation.
Instead of (a), one can also impose



5.4. Application to twist maps 117

(a*) (n)nen, C R is a sequence such that there is a number d* > d with
Ty > d* so that

Yot1 > dY = d <7y, <g(mwm), n<m<h(n).

Now we are in position to prove the main result. For the sake of clarity,
we restate it.

Theorem 5.25. For k€ N, r, >0, a € (0,1) and v € R\ {0}, consider
a twist map f: My, — R x [0,00) with (6,7) — (01,7r1) given by

1
01 =0+ ”)/+F1(9,7‘)), 1 =T+Tl_aFQ(9,T‘),

o
where Fy, Fy € F*2(a). Moreover, suppose there is h € C¥T2(M,,) such
that dhy = r1dfy — rdf and

b(@, T) = hO(Hv T) + R(Hv T)7

where ho(0,1) = — <ﬂ) =% and R € F**2(2a — 1). Then, there is a

-«
constant C > 0 such that if (0n, 7 )nen, denotes a complete forward orbit
of f, then there is ng € N so that

T < Cnl/(kH)O‘, n > ng.

Proof. The proof will be presented in three parts. First, a rescaling brings
the map f into a form suitable for the application of Theorem In
the second step, the Theorem is applied and the resulting estimate is
translated into some growth condition for the original map. Finally, the
last part contains a further change of variables allowing for the usage of
Lemma [5.23] Then, the sought growth estimate can be concluded in a
rigorous way. The corresponding constant C' > 0 from the assertion will
be obtained from a sequence of constants C1,...,Cg > 0, all depending
only upon the parameters.

Step 1: We rescale the map by using the transformation & = ¢'/%r. The
twist map f then becomes

Pe(0,8) = (0,€) +l(0, ¢, ),
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where | = (I1,12) is given by

l1(97£,6) = é.la <7 +Fl (‘9’ €1€Q>> 3 l2(9,€,8) = gl—an <9’ 516(1)

for e € (0,0], and
l1(97£70) = é‘la’ l2(0>£70) =0.

Define o = (2r,)~“ and let € € (0, 0]. Then, the map 1. is well-defined for
£€>ellop, > % In particular, ). is defined on G = R x I, where I = (1, 2).
In order to apply Theorem we will show that [ € M’;ﬂgl for p >0
small enough and that {1.} is an E-symplectic family of class C**1. We
have seen that a function g € C™(M,,) lies in F™(\) iff

”g(0,71) =0 ), |y <m,

holds uniformly in § € R. After applying the rescaling it follows

ol 3 1 o 3 \
= = /a
89V18§V2 |:g <6’ 61/a>:| gv2/a 9PV Orra <07 51/a> O(E )7 (545)

uniformly in z = (0,€) € G,. Clearly, | € C*(G, x (0,0],R?) and I(-,¢) €
CH*Y(G,,R?) for € € [0, 0] are satisfied. Considering (5.45), the fact that
F1, Fy € F**2(a) implies

o |1 (05 )| =00, wiskeL
&

for i = 1,2 and uniformly in (0,£) € G,. Since also (0,§) — &% is in
Ci°(G,) for every s € R, it follows 841 € C(G, x [0,0],R?) for [v| < k+1
and

sup [[I(+, €)llgr+1(a,) < 00
e€l0,0]

Furthermore, for € € (0, 0] it is

1 11—«
8511(9)575) = _ajl-l-l/aarFl <07 515/‘)‘) ’
1 52701
~ e

3

T el/a

a€l2(97 g) 6) =

Or Fy <9
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Thus, clearly 8%0.1 € C(G, x (0,0],R?) for |v| < k + 1. Since we have
O F; € F*1(a + 1), equation (5.45)) implies

o [aF (0, 5)} =0,
I «

which in turn yields sup.¢ o) |0:0(+; €)llort1(q,) < 0. So far we have
shown that [ € M];’ng. Next, we prove that the family {1.} is E-symplectic.

Define ¢(6,£,0) =0 and ¢(0,&,¢) = 61/O‘f)(9, 61%) for e > 0. Then, ( is a
potential for 1., that is & df; — £df = d((-,&). Moreover, we have
1/a 5
C(6,6,2) = ebo(6, ) + R (0, ).
where R € F**2(2a — 1). Thus by (5.45), it follows
07C(0,6,€) = e0"ho(6,€) + O(e?)
for [v| < k + 1 uniformly in z = (6,£) € G,. This equation shows that
0%¢ € C(G, x [0,0]). Similarly
l1-a
0.0(0,6,6) = 00(0.6) + < = R(6, ) - ~So.R(6,-5)

and so 070.C(6,&,e) = 0"ho(0,€) + O(e) by (5.45] - Together, these
estimates verify [|(|[; ,, < oo and show that the conditions (5.22)) and

(5.23) are satisfied.

Step 2: Application of Theorem Since

I(2,0) = (”50_a> |

the function E(0,&) = E(§) = {1:¢'“ satisfies JVE(z) = I(z,0). If

(gnafn) = ¢?(90a§0), 0<n< N,

is such that &, € I for 0 < n < N, then according to Theorem
there are 6 € (0,0] and C > 0 (depending only upon k, p, o, ||”|Z+1,p,m
1CI5s1 9,00 Cr =max{p+ [p| : p € I} and Ci from (5.23)) such that

|E(&,) — E(&)| < Ce, 0 <n < min{N, |e7*]}. (5.46)
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Fix two numbers 1 < a < 3/2 < b < 2. By decreasing & if necessary, we
can assume that

< (1—70z)CA' min { <g>1—a —al7 ptTo — (g) 1_a} (5.47)
and . a—1 2—-b 5 48
o < min{ g i) (5:48)

Now let (6, 75 )nen, be a complete forward orbit. Assume there is m € Ny
such that (2r,,/3)™* < 6. If we apply the rescaling introduced in the first
step with € = (2r,,/3)™%, then by construction we have &,, = 3/2. Thus

Npax =max{M >m:1<§, <2form<n<M}

is well-defined. From ([5.46|) we know that

3\ 1-« 1— N
1o (5) ‘ < aC’s, for m < n < min{ Nyayx, m + [e7*]}.
Y

For these n, (5.47)) implies

1— 1— - 1— 1—a -

al = < (§) R (§) Y% <l
2 gl 2 gl

In fact one can deduce that Nyay > m+|e7%], since &, € (a,b), (5.48) and

Ent1 = &n +ela(bn,&n,€) yield £,41 € (1,2). In the original coordinates,
this means

rl=® —plme| < Oyt for m <n <m+ [(2rm/3)], (5.49)

n

where C7 > 0 depends on «,~ and C.

Step 3: A difference equation. We write s, = (2%)1—04 for all n € Ny. To

complete the proof, one thus has to show that

<C, (5.50)

. n
limsup ——— <
n—00 pnkFa
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for a suitable constant C, > 0. This will be achieved by applying Lemma

and Remark with v, = s,. In terms of s,, the estimate (5.49))

—1

yields that if s, > 6°a , then

_ B k(1-8)
n m| = — — )
|sn, — sm| < Cas), form <n<m+ sy 7|

where § = 11120?‘ and Cy = (%)aCl. The corresponding difference equation

is thus induced by the function g(z) = x 4+ Co2®, which is increasing on
Z = (d,o0), where

.10 if 3> 0,
~(CalBnTE, i <.

Furthermore, let
h(n) = n+ max{1, [s*1=A ]}

In order to find d* such that condition (a*) from the Remark is
satisfied, we will first establish an estimate of the type s, > Csp41 — 1
with a suitable constant C' > 0. We have

1_
Tonal = Tn + 17 “Fo(Opn,70).

With C3 = supg ryenr,, [F2(0,7)], this implies

snp1 = (2) 7 (rn + 1y O Fo(0n,)) T < (B) TN (i (T g
= s+ Casy < (Ca+1)(s + 1),

where Cy = (%)a(lfa)Cé_a. In particular, it follows
$n > (Cy+1) sy — 1. (5.51)
Thus define » )
d. =max{d o« +1,2d,(2C2)-5} (5.52)

a—1

and let d* = (Cy+1)(ds«+1). Then sy, +1 > d* implies that s, > dy > &
and hence

S — C’ngl < sn < g(sm), for m <n <m+ h(m),
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where we also used the fact that 5%1_6 ) > 1. For the lower bound, (5.52))
also yields

Sn, Zsm(lfC'gs ) > —5,, > d.

1
2°
Finally, note that we can assume limsup,,_,,, S, = 00, since otherwise

(5.50) is trivial. In summary, (s,) has all the required properties and
it only remains to find a suitable upper solution (I'y,)nen,. To this end,

define I'y, = (A+Bn)ﬁ, where B = 2C3(1 — ) and ATF > max{so,d*}
sufficiently big. The sequence is obviously increasing and I'g > max{sg, d*}.
The mean value theorem yields

B

for some ¢, € (n,n+ 1). In the case that 8 € [0,1), it follows

L
L1 =T = ——(A+ BG) 17
B s 8
11n—‘,—1 > Fn + frn = 11n + 202Fn > g(rn)a
If 8 < 0 on the other hand, we have

B
I‘nJrl > Fn + BF;BHJ

FQH B lfﬁ B fﬁ
_ (1 > (142
Y (*A+Bn> —< +A> )

n

Since

the latter estimate yields

2Cy(1 - B)\ 5
00V 12 o,

Tpi1 > T, 420, (1 +

provided that A is chosen sufficiently big (depending on Co and (). Hence,
Lemma [5.23| yields a non-decreasing function ¢ : Ny — N such that
So(m) > T'm, 8n < Ty for n € {0,...,0(m) — 1} and moreover

om+1)>o(m) =1+ [so Pl meN,
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The latter estimate, (5.51), Sy(m) > I and Iy, > d* > 2(Cy + 1) show
that

om+1)—o(m) > s];((i:)’fi)l -2
> ((Cy+ 1) sy — DFIA —2
> ((Cy+ 1)1, — DFE=A) 9
> (3(Ca+1)7'Ty,) M0 —2
= C5(A+ Bm)F -2
> C’Gmk -2,

with suitable constants C5,Cs > 0 (depending only upon Cy, Cy, k and ).
Thus

m—1 m—1

o(m) > 0(0)+ > (0l +1) —0(j) 2 1+ C5 3 1 —2m
=0 =0
Since )
-k >/ ks — (m
Z =) 7" kr1
]:
it follows

o(m) > Cr(m — 1"
for an appropriate constant C7 > 0 and m sufficiently large. Now define
t(m) = min{n € Ng : m < o(n)}.
If ¢p(m) > 1, this yields m > o(¢»(m) — 1). Thus for m large we have
m > o(ip(m) —1) > Cr(¥(m) — 2)**,

that is )
¢(m) < C8mm7

_ 1
where Cg = C, *** + 2. Moreover, the definition of ¢ also implies that
m < o(y(m)) — 1 and hence s, < Ty It follows

sm < (A + Bip(m))TF < (A + BCsmF1)T55 < Cym/+1(1-5)
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for a suitable constant Cg > 0. In the original variables, this yields
v < Cm/ (kDo

for a constant C' > 0 and m > mg with mg sufficiently big. Note that mq
is depending on the initial condition (g, ), whereas C' is independent of
the specific orbit. O

5.5 Growth rates for the Fermi-Ulam ping-pong

Fix k € N and let p € CF ™ (R) be a forcing function with 0 < a < p(t) <b
for t € R. We consider the ping-pong map

(to,vo) + (t1,v1),

introduced in Section 4.3l That is

_ ot o
hh=t+ }715), vy = vy — 2p(1),
1

where ¢ = £(tg,vo) is defined implicitly through the equation
(£ = to)vo = p(f).
To ensure that this map is well-defined, we will assume that

v > vy = 2max{sup p(t),0}.
teR
The ping-pong map becomes symplectic if we change to time-energy
coordinates with E = 1v2. It then has the form P : (t, Eo) — (t1, E1)

given by

- p() -2
=1+ . Ey=((/Ey—V2p(i))?, 5.53
1 N (v Eo p(t)) (5.53)
where ¢ = £(tg, Ep) is defined by the relation
. p()
t =ty + .
°" V2E,
Note, that P should not be confused with the map P. from the previous

sections. Clearly, we have P € C¥(Mpg,) for E, = $v2. By applying

Theorem one can derive the following upper bound on the growth in
velocity.
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Theorem 5.26. Given k > 3, let p € C’fH(R) be so that 0 < a < p(t) <b
for t € R. There are constants C,E > 0 such that if (tn, En)nen, denotes
any complete forward orbit of the ping-pong map P € C’k(ME) defined in

(-53), then

B, < Cn¥®=1 >,
for some ng € N, or in terms of velocity v, < v/ 2CnY/*=1),

The remainder of this section is divided into three parts. As a prepara-
tion for the proof, we will first determine some estimates for the ping-pong
map and its derivatives. Afterwards, we introduce a change of variables
that will be used to bring P into a form suitable for the application
of Theorem [5.25] This enables us to state the proof of Theorem
Finally, the last part contains the construction of an admissible forcing
function p € CfH(R), for arbitrary k € N, having a complete forward
orbit (tn, vn)nen, such that

vy > vg + Cen/*HD >

where Cy, > 0 and n, € N are appropriate constants. Note that this
example fails to show the optimality of the upper bound on growth given
above.

5.5.1 Expansions of the ping-pong map

Now, we establish some estimates for P. Also note, that in this section
the O-notation is always understood to be uniform in ¢y € R, even when
not explicitly stated. We start by showing that (£ — to) € F*(1/2).

Lemma 5.27. Let f € CF(R). We have
8”[5— tO] _ O(Eofl/quz)

and

) {O(E01/2”2), va >0, (5.54)

IO =1\on), vy =0,

uniformly in to and for all v € N3 with |v| < k.
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Proof. We use induction over m = |v|. By definition

It follows easily that

Opt = <1 - \]/b%>_1 = O(1).

Hence the assertion holds for m = 0 and v = (1,0). Now, assume that
the hypothesis is true for 7 = 0,...,m < k — 1 and fix v # (1,0) with
|v| =m + 1. Using f(t) = p(t), we deduce

o[t —to) = Z <:>0Np(£)au_“(\/21T0) _ \/%au“_o( go1/2- Vz)

pu<v

and thus 9Vt = (’)(E_l/ Q_VQ) uniformly in ty. Moreover, applying the Faa
di Bruno formula (5.1)) to f((to, Eo)) yields

) o mAl ) m+1 (8£j£),,,j
010 = f0o i+ 3 100 3 T ey
r=2 pwr)  g=1 IS

In the case vy = 0, this clearly implies 8" f(£) = O(1). This can not be
improved, since (0,...,0,7,0,...,0,(1,0)) € p(v,r). If o5 > 0 on the
other hand, the inductive hypothesis yields

mil 8‘3]75 T il —1/2 —li o —1/2—1y
Z H Z H O , ) = O(Eo ),
p(v,r) Jj=1 e #(1 0

where £; = ({j1,4;2), because 37, 1)1 = 1 and 32y g 7ilje = vo.
Thus, we have shown that the assertion also holds for |v| =m + 1. O

As a consequence we get
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Lemma 5.28. For any v = (11,12) € N(2) with |v| < k we have
0”[t1 —to] = O(Eoil/sz) and OBy — Ey| = O(Eé/%”),

Furthermore,

& [VE - VE] = { (B,"71%), m>0

(1), Vo = 0.

Proof. First, recall that Ey = Eg — 2v/2Eop(t) + 2p(f)?. Thus, Lemma
implies

O [By — Eo—22<>8“p (£) 0 H[p(t) — /2B

plv

_ Z (9 1/2 B2 O(Eéﬂ*('/zﬁuz)) _|_0( EL/2= 1/2)
p<v
p27#0

—O( 1/2 1/2)

for any v € N with |v| < k. For t; — ¢y on the other hand we have

t —to = 1+1> p(f)
<\/E V2E;

Here, the estimate for 0¥ F yields

|v| lv| ’ .
§ (0 JEl j
{ 2E1] — 22r+1/2 ,Er+1/2 (Z H

j—l
1/2 r id 1/2 fﬂ
Z )Y, I o
=1 p(v,r) J=1
£;#(0,1)

Z —1/2 r Z %) E(r ry)/2— 1/2+7“J)

= p(v.r)
- O(Ea”‘”?)
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Where ry € Ny denotes the multiplicity of £; = (0,1) in p(v,r) and thus
#£(0,1) 7“3(2 li2) = T}r“’ —vo+1ry <r—wrvy. So together with Lemma

m we obtain

0¥ty —to] = O(E, "*™)
for all v € N2 with |v| < k. Finally, Lemma also leads to
O(Ey*™), w>0
o |VE Eo| = —V20”[p(t)] = 0 ’
[VE = VEo] = p(D)] = {0(1)’ V0.
O

Remark 5.29. There is an analogue to (5.54)) for convex-combinations of
t1,t and tg. Let ty = Ait1 + Aol + Astg, where \; € [0, 1] are such that
A+ A2 + A3 =1 Given f € Ci*(R) with 0 < m < k, we have

O(E,” %), w>0

0(1), Vo = 0,

D10 = {

for all v = (v1,12) € NZ with |v| < m. In particular, f(t\) € F™(0).
Moreover, if m > 1 one can write

1
£ — flto) = (F—to) /0 FOF+ (1 = Ato) dA.

Thus, applying Lemma vields (f(t) — f(to)) € F™~1(1/2). In fact, if
t3 denotes another convex-combination, then (f(¢\) — f(tg)) € F™1(1/2)
follows by the same argument.

5.5.2 Growth rates

Consider the change of variables I' : Mg, — R x (0, 00) defined by

ds
p(s)?’

I is a C*¥*l-diffeomorphism between Mp, and T'(Mg,). Moreover, note
that a < p(t) < b. Therefore, defining W, = b’E, and E,, = % yields

W (t,E) = p(t)*E.

(4 E) s (W), 7(t) = /0

My, cT(Mg,) and Mg, C I (My,).
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Lemma 5.30. Given 0 <m < k+1 and a function f € C™(Mg,), denote
by f=(fol™ 1) e C™(I(Mg,)) the same function in the new coordinates.
Then, f € F™(r) if and only if f € F™(r).

Proof. We perform a proof by induction over m. Since a < p(t) < b, we
have f = O(E;") if and only if f= O(Wy ") uniformly in ¢y and 7,
respectively. Now assume the hypothesis is true for some m € {0, ..., k}
and also let f € F(r). For f = fol and Ey > E,, it follows

s f (to, Eo) = p(to) " *0r, f (T (to, Eo)) + 2p(t0)p(to) Eodwy f (T (to, Eo))

and
9, f (to, Eo) = p(t0)*w, f(T(to, Eo)).-

Moreover, 8y, f € ]-"m(r),AaWOf € F™(r + 1) and thus the inductive
hypothesis implies that 0, f o' € F™(r) and oy, foI' € F™(r+1). Thus,
f € F™L(r) follows from Lemma The other direction can be shown

analogously. O
Now we are ready to give the proof.

Proof of Theorem [5.26, Denote by P =T 0P oI'~! the ping-pong map in
the new coordinates. We will apply T heoremto P My, — Rx[0,00),
(10, Wo) = (11, W1) with v = v/2 and a = £. This map has the required
form if we take F7; = F and Fy = GG, where

F(10,Wo) = VWo(r = 10) = V2, G(ro,Wo) = Wi/_W?fo

We must confirm that F,G € F¥(1/2). Since P € C*(My,), we clearly
also have F,G € C*(Myy,). Moreover,

1
7(t1) — 7(to) = (t1 — tO)/O p(\t1 + (1 — /\)t0)2 dA

1 1 [t 1
- (m * JE) T e L
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Plugging this into F' yields

(L VE [ it
Firto- 20 = 5 (1 750) ) s (- p

i(2+Rl)(1+R2)—\/§

= \/ﬁ
1
RlR27
where the two auxiliary functions Ry, Ry € C*(T~}(Myy,)) are defined by
VvVET —VE
Ry(to, Bp) = -~ 221
vV E1
e 0
p(to)p(t
Ro(to, Fo) = A —1.
2(to, Eb) Pt + (1= A)tg)?

0
Lemma yields Ry € F¥(1/2). Regarding Ry we have

p(to) _ o, plto) = p(At1 + (1 = N)io)
p(At1 4+ (1 — N)to) p(At1 + (1 — Ntg)

:1+R37

where R3 € F*(1/2) by Remark A similar argument shows that

p(t)
(p(Atl + (1= Nto) 1) € FH(1/2),

and thus it follows Ry € F¥(1/2). So F € F¥(1/2) is verified. For

G (19, Wp) = % we will use a representation developed in [KOII,

Lemma 3.11]. Denoting ¢(t) = p(t)?, we have

Wl—WO:% ()/1(1 NS = N Mo) — 3((1— N+ At1)] dA. (5.55)

Applying Remark yields

oYWy — Wy = {
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for v = (11, v9) with 0 < |v| < k. Hence, in total G € F*(1/2). It remains
to prove that P is E- symplectic with a suitable potential h € C*(Myy,)
satisfying

h T(),Wo —1/2 —i—R To,W() (5.56)

with a remainder R € F¥(0). According to [KOI1, Lemma 3.8], the
function G(to,t1) defined on a suitable domain and given by

1 - 1 1
G(to,t1) = =p(D)? | = + _ ),
(0,10) = 30002 (7 + )
is a generating function for the ping-pong map P on Mg, , if E, > 0 is
sufficiently big. Thus g(7o, 1) = G(t(79),¢(71)) is a generating function for
P, where t(7 ) denotes inverse transformation of 7(¢). That is Wy = dm

and —W7 = . Hence, the function

b(70, Wo) = —g(70, 71 (10, W0)),
is indeed a potential for P, since é%b = —5790 — g%g;é Wy g% Wo
as well as 687[70 = —g—fl 881;}0 Wi 5w aTl . Using the definitions of #; and ¢,

together with the fact that v/ E; = \/ —/2p(t), we obtain

G(to, t1) = 2( ( 2E + 2E1)

= p(t)\/2Eo — p(D)p(t)
= p(to)\/2Eo + R(to, Ep),
where
R(to, Eo) = (p(t) — p(to))v/2Eo — p(D)p(f).

Since (p(t) — p(to)) € F¥(1/2) by Remark we have R € F*(0). Thus,
R = —RoT~! defines a function in F¥(0) satisfying (5-56). In summary,
we have shown that all conditions of Theorem [5.25 are satisfied. This
yields a constant C' > 0 such that if (7, Wy, )nen, denotes any complete
forward orbit, then there is ng € N so that

W, < C’n2/(k_1), n > ng.

Choosing C=a2Cand E = E.. proves the assertion.
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5.5.3 An example with escaping orbits

Let k € N with £ > 2 and numbers 0 < a < b < M be given. We will
construct p € CF(R) with a < p(t) < b for t € R and [pllcrm) < M such
that there is a corresponding orbit (,, vy )nen, satisfying v, > vo + Cnt/k
for n > n, with some n, € N and a constant C, > 0. The example was
introduced in [KO11] to prove the existence of unbounded orbits. Here,
we will additionally determine a lower bound for the growth in v,,.

This forcing function p(t), which oscillates between a and b, will be
obtained by combining two basic motions: A “blocking motion”, in which
p moves monotonically from a to b (i.e. p(t) > 0) so that p(t) = 0 at all
instances t = ¢, of collisions with the moving wall and an “accelerating
motion”, in which it moves monotonically from b to a such that p(t) < 0
at all instances t = t,. We start by constructing these isolated parts.
Afterwards we combine them and show that the resulting function has the
desired properties. To this end, consider a smooth function w € C*°(]0, 1])
such that w(0) = 0, w(1) = 1, w(t) > 0 for t € (0,1) and w?(0) =
w?) (1) = 0 for j € N. For example one could take

w(t) = <1 +exp<% - 1;))_1.

The blocking motion p, ()
Define p = p(vg) by
_ MaF
[wll e (jo,1) 06

Now, fix (tg,v0) € R x (0,00) with vyg > a so large that u < b — a. Denote
by N4 > 2 the integer such that

(N+—1),u<b—a§N+,u,
Moreover, define the sequence (7,,)necz by setting 79 = to and
2a n S _1

vg !

Tagr — Tn = 4 2(CHEEE) 0 <p <Ny — 1.

2b n2N+

vo?
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Now, consider the function py : R — [a,b] given by

a, t <o

a+np+ pw(2(t — 7)), n=0,...,Ny =2 t € [Tn, T + 5]
p+(t) =qa+ (n+ 1, n=0,...,Np =2 t € [tn + -, Tny1]

at (No = Dt (3 (¢ — 7, —1)), 1€ [rny—1,mns -1 + 2]

b, 2527'N+—1—|—%

where [i € (0, ] is given by it = b —a — (N4 — 1)u. Denote by (tn, vn)nez
the complete orbit of the ping-pong map P using p = p4 and the given
initial condition (tg,vp). It is straight forward to check that

t, = ™ and v, = vg for all n € Z.

Moreover, we have py € C*°(R) and |[p4||crm) < M by construction.
Finally, note that the definition of N, implies the bound

Crof < Ny < (Cy + 1)k, (5.57)

where
(b= a)[Jwller o)

Cr = Mak

The accelerating motion p_(t)

N § LI NUEY
1<m<k M

Given (tp,v9) € R x (0,00), consider the map p_ : R — [a, b] defined by

Let

3=

b, t<to
p-(t) =< b—(b—a)w(c~ (t —ty)), tE [to,to+0]-
a, t2t0+0

Then, again p— € C*(R) and [|p—||cx@®) < M by construction. Denote
by (tn,vn)nen, the complete forward orbit of the ping-pong map P using
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p = p— and the given initial condition. Note, that p_(¢) < 0 for all t € R.
Hence vy,+1 > v, for all n € Ny. We have

<al—+
Un Un+1

2 1 1 1 2b
e ( )gtn+1—tn§b<—+ )g 2 (5.58)
Un+1 Un Un+1 Un

Let N_ € N be the first integer such that ty_ > tg+ 0. We will determine
constants Cy,C3 > 0 depending only on the parameters such that

CQUQ S N_ S Cgvo. (559)
By (5.58), we get
a<Nil(t —tn) < N. 2
> pard n+1 n) > _UO

rzmd thus N_ > Covg with Cy = . Since vpy1 — vy = 2|p— (tn)|, where
tn € (tn,tnt1) denotes the time of collision with the moving wall, we have
Up — Vg = Z;'l;ol 2|p—(t;)| < 2Mn. Using (5.58)), it therefore follows

t0>2 ZQM]-F’UO

Moreover, it is

Hence t, —ty > 557 log <2M n 1), which verifies (5.59) with

=gy (7))

Now, one can establish bounds on the growth vy_ — vg. Since we have
un_ < wvg+ 2M N_, estimate ([5.59)) yields

N < (1 + 2M03)’U0. (560)
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For the lower bound, note that N_ — oo and sup,en(tn+1 — tn) — 0 as
vg — 00. Hence, we can choose vg so large that

N_-1

N L b—a
[ a3 bt )| < 5
to n=0
In particular, it follows
N_-1 iy
7 - b—a b—a
- Z p(tn)(tn-i-l - tn) > _/ p(t) dt — 9 = 9
t
n=0 0
But then this yields
e vo =t vo(b—a)
UN_ — g = —2 nz:% B(ln) 2~ > BT (b1 = ) > =2 (5.61)

The combined function p(t)

Now, we glue p_ and py together as follows. Given tg = 0 and vy
large enough, we start by setting p(t) = p_(¢t) for t € [0,tx_], where
N_ = N_(vp) is as described above. In particular, this means p(tg) = b,
p(ty_) = a and v, < vp41 for 0 <n < N_ — 1. Next, using (ty_,vn_) as
the initial condition for py yields some N; = Ny (vy_) as defined above.
Let N = N_ + Ny and set p(t) = p4(t) for t € [ty _,tn]. Thus p(tny) =b
and v, = vy_ for N_ < n < N. We want to find a lower bound for
(vy — vg)/NV*. The numerator can be estimated using (5-61). For the

denominator, applying (5.59)), (5.57) and then (5.60) yields

N =N_+ Ni(vy_) < Csvg+ (C1 + 1)vh_ < (Cs+ (Cr + 1)(1 +2MC5)") vf.
In summary, one obtains
UN — Vo > C’4N%7

with a constant Cy > 0 depending only on the parameters. Until this
point, the forcing p(t) is only defined on the interval [0, ¢x]. However, since
p(ty) = b and vy > vy the procedure above can be repeated infinitely
many times to obtain a forcing p € C°°([0,00)) N CF([0,00)) oscillating
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between a and b. Moreover, this yields sequences of natural numbers
NSJ), NJ(FJ) and N with the following properties. For all j € N we have

NY =N, NY=nN, NO=
N(jfl) + NS]) + N—(l-j) — N(j),

p(tyu) = b,
Un < Un+1 for N(]_l) SnSN(J_1)+N£J) _1’
Un = VNnG-1 N0 for NU=D 4 NU) <n< NV,

Since the constants Cy depends only upon the parameters, the estimate
. Ly
UNG) — UNG-1) = 04(1\7&) +N9yi
stays valid for all j € N. In particular, through summation it follows
un) = vo + Ca(ND)E,

Now, consider n > N1 arbitrary but fixed and let j € N be such that
NGO <n < NG 1t > NG £ NUTD then

Up, — V0 = Up(i+1) — Vo > C4(N(j+1))% > C’4n%.
IfFNU <p<NO 4 N£j+1) on the other hand, it follows
Un — 0 > Uyt — o > Ca(N)E.
Moreover, nk < (NOHYE 4 (Ng—'—l))l/k and by (5.59), we have
NYTY < Covyi) < Cy(vg + 2MNW) < Cs(vg + 2M)ND.,
In total, we obtain
vn—UOZC*nl/k, n > Ny,

where n, = N and
Cy

C, = .
1+ (Cs(vo + 2M))/*




Chapter 6

Conclusion

The development of the theories of Kolmogorow-Arnold-Moser and Aubry-
Mather, respectively, have been major breakthroughs in the theory of
dynamical systems, which led to a wealth of publications in the last
decades. In this work, we successfully demonstrated the utility of studying
twist maps even in cases where the classical theory is not available.

First, we used Maharam‘s Recurrence Theorem to prove the recurrence
of a class of periodic twist maps under low regularity assumptions. This
was shown to imply the Poisson stability of almost every solution to the
piecewise linear oscillator

. . 1
F4+n2e4ho(x) = pt),  ho(z) = {Slgn(m) iflal 2 7,

Lz if [z < 7,
with p € C(S') and its discontinuous limit case.

Using a similar approach, the improbability of escaping orbits was
proven for some near-integrable systems having adiabatic invariants and
almost periodic time dependence. This includes the Fermi-Ulam ping-pong
with forcing functions p € Cg and the super-linear oscillator

i+ |z|* e = p(t),

with p € C’gl and a > 3. For the latter, one has again Poisson stability.
Note, that by Theorem the set of initial condition leading to
escaping orbits has measure zero. However, the author knows of no
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admissible example exhibiting even unbounded motions. Hence, it may be
an interesting and also promising task to either construct such a counter-
example or to show that there are indeed no escaping orbits, thereby
overcoming a possible shortcoming of the measure-theoretical approach.

Finally, we determined growth rates for a large family of twist maps
without imposing any periodicity condition. This class again covered the
ping-pong model and we were able to show that the velocity satisfies
v, = Ok ifp e Cf” with k& > 2.

Since there is a gap between the maximal growth proven for twist maps
of the form and the actual growth rates realized in the ping-pong
example, it remains an open question whether the upper limit is optimal.



Appendices

A The space F*(r)

Given k € Ny and r € R, we define F*(r) to be the space of functions
F(r,v) such that F' € C*(M,,) for some v, > 0 and

sup v 2|07 F(1,v)| < 00
(T,v)EMy,

for every multi-index v = (v1,12) with |v| < k. Moreover, we define
Fu(r) to be the space of functions F' € FO(r) such that v" F'(-,v) converges
uniformly as v — co. We also write F¥(r) = F¥(r) N Fu(r).

In this section, we state some properties that are true for F* and F*
with any k¥ € NU {0}. The proofs regarding F* can be found in Section 5
of [Ort99]. For this reason, we only include proofs for the spaces F.

Remark A.1. In contrast to [Ort99], functions in F*(r) are in general
not periodic. If periodicity is assumed, the listed operations retain this

property.

First, we state some algebraic features.
Lemma A.2. (i) If r; <72, then FF(ra) C FF(r1).
(i3) If 11 < ro, Fy € FF(ry) and Fy € FE(ry), then Fy + Fy € FF(ry).
(iii) If Fy € F¥(r1) and Fy € FE(ra), then Fy - Fy € F¥(r1 +1r2).
The remaining lemmata deal with different composite functions.
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Lemma A.3. Consider a function ¢ € C*([-0,0]) for some 6 > 0
satisfying
p(0)=0, or  »(0)=¢'(0)=0.

Ifr >0 and F € FE(r), then poF € FE(r) or po F' € F¥(2r), respectively.
Proof. By taylor p(z) = ¢/(0)z + ¢"(0)2? + R(z) with R € C*°(R) and

R = o(z?). Hence lim, o v"(F(7,v)) = ¢'(0) lim, 00 v" F(7,v). If also
¢'(0) = 0, then

vp(F(r,v)) = " (0w F(r,v)* + v* F(7, v>2R5vT

converges uniformly as v — oco. O

Lemma A.4. If G € F¥(0) and F € F¥(1), then

v+ G(T, ’Ui + F(1,v) - % - G(;’U) +F(r0)
with F e FF(3).
Proof. Consider the smooth functions
1 1
@(f):m—l, ¢(§):m—1+§-

Then, we have

11 G 16\, L (F
v+G+F v 02w v v—i—GsD v+ G

Since ¢(0) = 0 and (0) = ¢/(0) = 0, Lemma[A.3| proves the assertion. [

Lemma A.5. Let R, S € FF(0) and F € FE(r) be given. If F is uniformly
continuous, the map F defined by

F(r,v) = F(r + R(1,v),v + S(1,v)),

satisfies F € FE(r).
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Proof. Denote by a(r) = limy 0o v"F(7,v) and B(7) = limy—oo R(T,v)
the uniform limits. We show that F(7,v) — a(7 + (7)) uniformly. To
this end, let € > 0. Since S(7,v) is bounded, we have

a(r) = lim (v+ S)" F(r,v+ 8) = lim v"F(r,v + 5),

vV—00 vV—00

uniformly and independently of the arguments of S. Here, we used the
expansion (v + S)" = v" +rSv" ! + o(v"~1). In particular, one can find
© > 0 such that for (7,v) € Mj the estimate

|v" F(r,v+ S(t,w)) — OA(T)’ < %

holds for all (¢, w) € Mj. Moreover, a(7) is uniformly continuous. There-
fore, we can find § > 0 such that |7 — 7| < ¢ yields |a(r) — a(7’)| < §.
Now, choose 0 > ¥ so that |R(7,v) — 3(7)| < 6 for v > 0. Then, it follows
" F(7,v) — a(r + B(1))| < ¢ for all (1,v) € M.

U

Lemma A.6. Given [ € C’fH(R) such that f' is uniformly continuous
and F € FF(r) with r > 0, define

G(t,v) = f(r + F(1,v)) — f(7).
Then G € F¥(r).

Proof. Write a(1) = limy_,oo v" F(7,v) for the uniform limit. First, con-
sider the case » = 0. Since f is uniformly continuous, the limit

lim G(1,v) = f(r+a(r)) — f(1)

V—00

follows directly from the definition of G. If » > 0 on the other hand, the
identity

1
G(r,v) = F(T,U)/D (7 + AF(1,v)) d\

implies the uniform limit lim,_,o v"G(7,v) = a(7) f'(7). O
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B Expansions for a piecewise linear oscillator

Here, we will verify the expansion of the map P introduced in (3.13]). We
start by determining the expansions in the linear case. To this end, let
y(t) be the solution of

g+ n2y = f(t)v x(T) =0, y(T) =,

where f € C(S!). Moreover, consider the functions

F(r,t) = / f(s)sin(n(t —s)) ds, G(r,t) = / f(s)cos(n(t —s))ds.
We have F,G € C}(R?) and

O-F(t1,t) = —f(7)sin(n(t — 7)), 0:G(7,t) = —f(7) cos(n(t — 7)),
O F(1,t) = nG(T,1), 0G(1,t) = f(t) — nF(7,1).

Then, y(t) has the form

y(t) = %sin(n(t — )+ %F(t, 7). (B.1)

As shown in Section the successor maps
St :R xRy — Rx (RyU{0}), Si(r,v) = (7,0),

sending (7, v) to the coordinates of the subsequent zero, are well-defined
and of class C! on (R x Ry) \ ¥4, where ¥4 = {(1,v) € R x Ry : © = 0}.
Also, note that

Y1 NM, = 0

for v, > 0 sufficiently large. This leads to the following.

Lemma B.1. For v, sufficiently large S+ and S_ have expansions of the

form
7A.
D

where R, S € CY (ML), R € FL(2) and S € F,(1) N F(0).

T4+ I+ L+ )+ R(r, v)),
—v+ G(1, 7+ T) + S(7, ]v)),
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Proof. Tt follows from (B.1)) that for v sufficiently large S has the form

0= G(1,7) — \J/v? — F(1,7)%,

where arcsin maps [—1,1] onto [-%,%]. Since F € C}(R?), it follows

lim, 00 7 = 7 4 & and thus also lim, ;o F(7,7) = F(7,7 4+ =) uniformly
in 7. Moreover, a direct calculation shows that

07 =1+0w™h), 8,7=0w?).

In summary, we have F(7,7) € F.(0). Since ¢(z) = arcsin(z) — = satisfies
»(0) = ¢'(0) = 0, we may apply Lemma to infer that

F=74+ I+ 1F(1, %)+ Ri(r,v),

where Ry € F1(2). The fact that O,F = nG € C}(R?) yields

F(r,#)— F(rr+ %) = (¢ — 7 ﬂ)/o nG(r,m+ 5+ A(F — 7 — 1)) dA.

n

Consequently, we have
F(r,7) = F(1,7 + =) + Ra(T,v)

with Ry € FL(1). Thus, we have proven the claimed expansion for 7. Note

that in contrast to F, the function G(7,t) is not of class C? in t. However,

we still obtain (G(7,7) — G(7,7 + I)) € Fy(1) N F'(0). Hence, one can

derive the formula for © by applying Lemma |A.3| with ¢(z) = V1 — 22 — 1.
t).

The expansion of S_ follows by considering z( )= —y( O
Now, for p € C(S') consider the piecewise linear oscillator

&+ n?x + sign(x) = p(t),

and the map P defined in (3.13)).
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Lemma B.2. Forv > 0 sufficiently big, P(t,v) = (7/,v") has an expansion
of the form

v =74 2m— B+ R(r0), (B.2)
v =v+ Lao(1) + 5'(7,0), ‘
where
Li(7) = 273(e™ p,,) + 4, Ly(7) = 27R(e™ py,),
and R, S" € C*(M,,), R € FL(2), §" € F.,(1).

Proof. Define

T-‘y—% T+
(1) :/ p(s)sin(n(s—7)) ds, WP(T) :/ p(s) cos(n(s—7)) ds.

For t € [r,71], the corresponding equation is & + n?x = p(t) — 1. Hence,
one could apply Lemma with f = p — 1 to obtain the expansions of 7
and v1. Since

T+%
F(r,r+ %) = / (p(s) — 1)sin(n(r + Z — s))ds = (1) — 2

T

and similarly G(7,7 + ) = —(7), we get the expansion

=TT ()~ 2) 1 Ralrn),
V] = —U — ¢(7’) + 51(7—7 ’U),

with Ry € FL(2) and S1 € Fu(1) N FL(0). In the same way, one can derive
the expansions

{ml =7+ T o (p(m) + (—1)TF2) + Ry (75, [vg)),

vjr1 = —vj — P(75) + Sjp1(7y, ’Uj’)a

for j =1,...,2n — 1, where Rj41 € FL(2) and Sj+1 € Fu(1) N F1(0). In
particular since S;;; € F1(0), Lemma EI yields % =—-1 1 . witha

Vj—1

remainder in F!(2). By repeatedly using this fact as well as Lemmata
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and [A.5] we obtain
2n—1
Ton = T + 27 + v jgo (—1Y¢(mo + L&) — 4| + R'(1,v),
2n—1
U2n—U0+Z 14(r0 + 25) + §'(7, v),

where R € F1(2), S’ € Fu(1) N F1(0). Thus, the assertion follows from

2n—1

2T ; j
271'6mT0pn _ /0 p(t)em(ﬂ'oft) dt = Z (_1)3 |:¢(T0 + %) — iSO(TO + %)] .

J=0

O]

C The hull of an almost periodic function

Consider an almost periodic function v € C(R). We write u,(t) for the
translation u(7 + ¢). The hull of u is given by

Hy = {ur : 7 € R},

where the closure is taken with respect to uniform convergence. On
H. we define the group operation * as follows. For v,w € H, with
v = limy 00 Ury and w = limy, o0 urw, let

vxw= lim urvyrw, —v= lim u_rv.
n—oo "M n—00

These limits exist and define continuous operations.

Lemma C.1. Letu € C(R) be almost periodic. If the sequences (ur, ), (us, )
are uniformly convergent, then (ur,—s,) is uniformly convergent as well.

Proof. Let € > 0 be given. Since (ur, ), (us, ) are Cauchy sequences, there
exists N € N such that for n,m > N we have

€
|, (—8n + 1) — U, (—sp +1)| < )
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and .
‘u5n<7—m —Sp — Sm +t) - usm(Tm — Sp — Sm +t>’ < 5,

where t € R is arbitrary. Together this yields
|u(m — s+ 1) — u(Tim — sm + 1) < e.
for all n,m > N and t € R, and thus proves the assertion. ]

The continuity of both operations can be shown by a similar argument.
Therefore, the hull becomes a commutative topological group with neutral
element u.

If w € C(R) is an almost periodic function representable over (£2,)),
then also any element of its hull is a.p. and representable over (€2,). In
fact, we have the following.

Lemma C.2. Given U € C(Q2) and u(t) = U(3(t)), let v € Hy. Then,
there is w € Q such that v(t) = U(w + ¥(t)).

Proof. Let (7)nen be such that lim, o us;, = v. Since 2 is compact,
there is w € Q and a subsequence (7, )ken such that limy_,o (7, ) = w.
But this implies

o(t) = lim ur, (t) = lim U((7,) + () = U(w + (1))

k—o00 k—o00

O]

In particular, this implies that if « € C*(R) then also its hull H,,
consists of functions in C*(R).



Notation index

Meaning

the positive and non-negative integer numbers

the circle R/27Z

the upper plane R x [v, 00)

the cylinder S! x [v, 00)

the p-neighborhood of a domain G ¢ R?

the N-torus, where T =R/Z

a compact group () together with a homomorphism
P R — Q (see Section

the Lebesgue measure of R and R?, respectively

the Haar-measure of € (see Section

partial derivative with respect to a variable z

mixed derivative 97" - -- 8%, where v = (v1,...,vq) € Nd
denotes a multi-index and 0; is the derivative with respect
to the i-th coordinate

derivative along the flow (see Section

Jacobian matrix of a function f

set of all ordered partitions of a multi-index v into r
non-zero multi-indices (see Lemma

the hull of an a.p. function u (see Appendix |C])

space of k times continuously differentiable functions
f:G = R;if G € {S',M,} we refer to functions periodic
in the respective coordinate

space of functions in C* with bounded derivatives up to
order k
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Symbol Meaning

CckB space of functions in C* such that the k-th order deriva-
tives are Holder continuous with exponent (8

CJZ (Q) space of functions with continuous derivatives along the
flow up to order k; C(Q x G) with G C R? is defined
accordingly

FE(r) space of functions F(7,v) in C*¥(M,,) for some v, > 0
such that O¥F = O(v™"""2); FX(r) denotes the subspace
where v" F(7,v) converges uniformly as v — oo

7—[’;,0, 7:[’;’0 classes of Hamiltonians H (z,t,¢) defined on G, x T x [0, o]
and with bounded derivatives in x up to order k (see
Definition

MIZ’U class of functions [(x,e) with bounded continuous deriva-
tives (see Definition

|- | depending on the context, the maximum norm on R, R?
or the length |v| = |v1|+. .. +|v4| of a multi-index v € N¢

Il oo the supremum norm

[loe  the nom |[fflce = maxy <y 0% o

g the norm [|H o = subecio) supea |l H (-, 1.) ok,

I-l% .0

the norm [|[[[5 ), = [lUllk,p.0 +5uPce(0,01 [0:L(s )|,
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