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Chapter 0

Abstract:

The behavior of quantum mechanical systems can be influenced by factors rang-
ing from ground state physics and unitary evolution to measurements or deco-
herence due to the coupling to a bath. For large composite quantum systems,
these mechanisms can give rise to collective phenomena like phases, phase tran-
sitions and universality. One example are quantum phase transitions (at zero
temperature) in the ground states of a Hamiltonian H. Close to the phase
transition, where the energy gap closes, scale invariant behavior emerges. It
is characterized by a set of universal critical exponents and the leading scaling
behavior is determined by only a few relevant parameters. Complementarily,
many of the microscopic details are irrelevant for the physics at large distances
- the origin of universality.

If the system is driven in the vicinity of the phase transition, the additional drive
scale can lead to a breakdown of the equilibrium scaling behavior. The state
gets excited away from the ground state - adiabaticity is broken. Nevertheless,
the breakdown inherits universal properties: Driving the gap parameter gives
access to the leading critical exponents (Kibble-Zurek mechanism). However,
the whole hierarchy of critical exponents, relevant and irrelevant, is accessible
by a slow drive. We establish this generalized mechanism and its observable
consequences at the level of elementary, but experimentally relevant, spin and
fermion models. In particular, we construct drives that turn equilibrium irrel-
evant couplings into relevant drive couplings with an observable scaling in the
excitation density.

Criticality and universality also arise from the competition of unitary evolu-
tion and measurements. Entangling unitary dynamics can compete with lo-
cal measurements, such that the stochastic evolution of pure states can un-
dergo a measurement-induced (entanglement) transition. An example are (free)
fermion models featuring a transition between an extended ‘critical’ phase and a
‘pinned’; weakly entangled phase. However, the inevitable coupling to an envi-
ronment can result in mixed and dephased states. We investigate the role of this
third mechanism of dephasing (or imperfect measurements) onto the aforemen-
tioned transition. For this we use (i) numerical approaches based on stochastic
quantum trajectories, (ii) an effective bosonic replica field theory, paired with
a renormalization group treatment and (iii) a perturbative treatment of the
fermion dynamics. On the one hand, weak dephasing leaves the ‘critical’ phase
and measurement-induced transition in tact. On the other hand, we observe
the emergence of a new, temperature-like scale for strong dephasing and weak
measurements, enabled by the interplay of all three mechanisms. Despite the
presence of the finite scale, observables like density-dependent correlations still
feature scale invariant behavior. Paired with a perturbative treatment for strong
dephasing, this behavior hints at a diffusion-like dynamics on the diagonal of
the density matrix in the occupation number basis.
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Zusammenfassung:

Das Verhalten quantenmechanischer Systeme kann durch verschiedene Faktoren
wie der Grundzustandsphysik, unitédrer Entwicklung bis hin zu Messungen oder
Dekohérenz durch die Kopplung an die Umwelt beeinflusst werden. Fiir aus-
gedehnte Quantensysteme konnen diese Mechanismen zu kollektivem Verhal-
ten in Form von Phasen, Phaseniibergingen und Universalitdt fithren. Ein
Beispiel sind Quantenphaseniiberginge (bei verschwindender Temperatur) im
Grundzustand von einem Hamiltonian H. In the Ndhe des Phasentlibergangs,
angezeigt durch die sich schlieende Energieliicke, tritt skaleninvariantes Ver-
halten auf. Dieses Verhalten ist durch universelle kritische Exponenten charak-
terisiert, wobei das fithrende Skalenverhalten durch nur wenige Parameter bes-
timmt wird. Hingegen sind viele mikroskopische Details irrelevant fiir das Ver-
halten auf groflen Skalen - die Ursache der Universalitit.

Wenn das System getrieben wird, kann die zusétzliche Treibskala zur Ein-
schrénkung des skaleninvarianten Verhaltens im Gleichgewicht fithren. Die
Dynamik fithrt zu Anregungen im System, welches sich somit nicht mehr im
Grundzustand befindet - Adiabatizitiat wird gebrochen. Jedoch tragt diese Dy-
namik immer noch universelle Informationen: durch das Treiben des Parame-
ters, der die Energieliicke kontrolliert, kénnen die fithrenden kritischen Expo-
nenten bestimmt werden (Kibble-Zurek Mechanismus). Jedoch kann im dy-
namischen Fall die gesamte Hierarchie von kritischen Exponenten, relevant wie
irrelevant, bestimmt werden. Wir weisen diesen verallgemeinerten Mechanis-
mus und seine beobachtbaren Implikationen fiir elementare, aber experimentell
relevante, Spin Modelle nach. Insbesondere konstruieren wir Protokolle, die es
ermoglichen, irrelevante Kopplungen im Gleichgewicht in relevante Kopplun-
gen im dynamischen Fall zu iibersetzen. Diese fiihren zu einem nachweisbaren
Skalenverhalten in der Dichte von Anregungen.

Kritisches Verhalten und Universalitédt kénnen auch durch den Wettbewerb von
unitdrer Dynamik und Messungen erméglicht werden. Verschriankende unitire
Dynamik kann mit lokalen Messungen konkurrieren, sodass ein messinduzierter
Phaseniibergang in der stochastischen Entwicklung von reinen Zustdnden moglich
wird. Ein Beispiel sind (freie) Fermionen, die einen Phasentibergang zwischen
einer ‘kritischen’ Phase und einer ‘gepinnten’, schwach verschriankten Phase
zeigen. Jedoch kann die unausweichliche Kopplung an die Umwelt zu gemis-
chten Zusténden flihren. Wir untersuchen die Rolle dieses dritten Mechanis-
mus der Dephasierung (bzw. unvollstdndiger Messungen) in Bezug auf diesen
Phaseniibergang. Dazu verwenden wir (i) numerische Methoden, basierend
auf stochastischen Quantentrajektorien, (ii) eine effektive, bosonische Replika-
Theorie, gepaart mit einer Renormierungsanalyse und (iii) eine Stérungsrech-
nung der fermionischen Dynamik. Fiir schwaches Dephasieren ist die kritis-
che Phase und der messinduzierte Phaseniibergang stabil. Hingegen induziert
starkes Dephasieren eine neue, temperaturdhnliche Skala, die erst durch das
Zusammenspiel aller drei Mechanismen erméglich wird. Trotz dieser neuen
Skala bleibt skaleninvariantes Verhalten zum Beispiel fiir dichteabhéngige Ko-
rrelationen erhalten. Zusammen mit der stérungstechnischen Untersuchung
deutet dieses Verhalten auf eine effektiv diffusive Dynamik auf der Diagonalen
der Dichtematrix (in der Besetzungszahlbasis) hin.
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1 Introduction

The properties of a quantum mechanical system can be shaped by quite dif-
ferent means, ranging from equilibrium settings with thermal states and uni-
tary evolution, to the coupling to a bath or frequent measurements, resulting
in a non-unitary (even non-linear) evolution. The four pillars, which we are
going to investigate are: (i) an equilibrium setting with p ~ exp(—8H) for
a static Hamiltonian H and inverse temperature 5 (e.g., ground states), (ii)
driven setups with a time-dependent Hamiltonian H (t), (iii) dephasing due to
the coupling to an additional quantum system (a bath), and (iv) frequent local
measurements to reveal information.

A notable feature of all these ‘mechanisms’ is that in extended systems, they
can give rise to collective phenomena like phases, phase transitions and emerg-
ing universality [1-4]. The concept of universality refers to the idea that the
qualitative behavior at large, macroscopic length (and time) scales only de-
pends on fundamental information like the dimensionality and symmetries of
the system. Different systems with the same symmetries and dimensionality
can have the same qualitative behavior, whereas other details of the systems
are irrelevant. The concept of phases or phase transitions refers to a qualitative
change of the properties of the quantum state between the one and the other
phase (see, e.g., Ref. [2] for quantum phase transitions). Both concepts are in-
timately connected: an example for the first scenario mentioned above is given
by a Hamiltonian H = Hy + AH; (e.g, a quantum Ising model) in one spatial
dimension. The Hamiltonian consists of two incompatible parts: [Hq, H1] # 0
and hosts a symmetry [G, H] = 0. For A > 1 the ground state is approximately
the ground state of Hy, sharing the symmetry G|GS) « |GS). For A <« 1, the
ground state |GS) is approximately the ground state of H with a broken sym-
metry G|GS)  |GS) [2]. Since these ground states do not share the same
symmetry, they are qualitatively different. At A = A. the energy gap between
the ground states and excited states closes and a continuous phase transition
emerges. In its vicinity, |A — ;| < 1, the interplay of both incompatible terms
results in a universal and self similar behavior accompanied by a diverging cor-
relation length.

Independent of the mechanisms, which play a part, the properties of an extended
quantum system can be classified from different perspectives. On the one hand,
states can be characterized in terms of correlations or order parameters in the
system. They reveal typical length scales (e.g., the correlation length) or the
presence of symmetry breaking. On the other hand, though connected to it,
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states can be characterized by its entanglement properties. An example is the
entanglement shared between different spatial regions of a system. Denoting
these regions as A and B (the complement of A), the Hilbert space under con-
sideration can be written as a tensor product H = H4 ®H . An entangled state
cannot be written as a product state [¢)) # |14) ® [¢p). In this case, quantum
information is scrambled over different parts of the system. The degree of en-
tanglement can be quantified by, e.g., the von Neumann entanglement entropy
Syn(A) = —tr(pylog(p,)) of the reduced density matrix p, = trg(|v) () [5].
Different thermodynamic phases can be indicated by different scalings with the
subsystem size [6, 7].

Role of a drive: At criticality, the aforementioned ground state displays a ‘log
law’ entanglement Syn(A) ~ log(]A|) with the size |A| of the subsystem (in one
dimension) [8, 9]. In contrast, the ground states deep inside the phases display
a weakly entangled area law: SyN(A) ~ const.. An arising question is how such
‘critical’ states can be prepared. One possible approach is to prepare the ground
state deep inside one of the phases and slowly drive the Hamiltonian towards
the critical point: A(t) — A.. As long as the evolution is sufficiently slow, the
pure state |¢(t)) remains in the proximity of the ground state at time ¢ (adi-
abatic evolution). However, there is an arising dynamic competition between
(i) the time scale on which the parameters are changed and (ii) the diverging
correlation length (and time) of the ground state. Close to the transition, the
drive inevitably becomes ‘fast’ compared to the diverging reaction time in the
system. An adiabatic evolution is not possible anymore and |1 (t)) gets excited
[10]- a non-equilibrium situation. Even at the transition A(t) = A, the corre-
lation length £* of |1)(t)) stays finite, reflected in a finite density of excitations.
Similarly, correlations are exponentially decaying on length scales > £* and the
entanglement entropy is bounded: Syn(A4) ~ log(min(|A|,£*)) [11, 12]. Coming
back to the original question: for a fixed drive velocity v, we can (only) adia-
batically prepare (ground) states with a correlation length £ < £*(v). However,
for a slow drive, the length scale £*(v) depends universally on the underlying
equilibrium properties (Kibble-Zurek mechanism (KZM) [13-15]).

Role of a bath: The ground state and drive
scenario considered above made use of pure states,
their correlations and entanglement. The situa-

dephasing dynamics

tion changes once the system is (inevitably) cou- Hy o Bath
pled to its surrounding environment (a bath - see SBT

Fig. 1.1). The interaction between the system Hg lSYStem
and the bath often results in system-bath entangle-

ment, where information spreads between system and Ps
bath [16].  This is reflected in a mixed state of

the system, described by the reduced density ma- lWss) # [¥s) ® |oB)
trix pg = tre(|vss)(Yssl)- A competition be-

tween the system evolution and the system-bath cou- Ps becomes mixed

pling can arise again once the two Hamiltonians Figure 1.1: System
do mnot commute: [Hg,Hgsg] # 0. However, (s~ Hamiltonian Hs)
even for commuting terms, effects like dephasing can coupled to a bath (B,
occur, where the off-diagonal elements of pg are Hamiltonian Hp) via

. . the Hamiltonian Hgp.
strongly suppressed (e.g., in the particle number ba-
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Chapter 1

sis).

Role of measurements: The last dynamic ingre-
dient are measurements. If local measurements are generalized
performed frequently on a system, they will influence measurements
the evolution of the system and can even compete measurements
with, e.g., the unitary evolution due to Hg (see, e.g., Lo |[g] [g] ancilary
Refs. [6, 7, 17-20]). The ‘direct’ version of a mea- systems
surement is a projective measurement of an opera- l l 1
tor M: the measurement outcome is an eigenvalue of
M and the state is projected onto the corresponding [¥s(6)
eigenspace. However, this is an idealized scenario for Hg system
an extended system. An alternative version (gener-
alized measurements [5]) are again based on entan- Figure 1.2: System cou-
glement: the system is coupled to a small ancillary pied to ancialls, which are
system (e.g., a qubit [21]), such that the desired sys- measured projectively (re-
tem information gets entangled with the ancilla. By $uting in a conditional evo-
.. . . . lution of the state |g)).
projectively measuring the ancilla, we extract infor-
mation about the system (see Fig. 1.2). In both sce-
narios, local (in space) measurements reduce the entanglement between subparts
of the system. If the measurements are performed frequently, they give rise to
a stochastic and non-linear dynamic evolution [21-23], competing with mecha-
nisms that build up entanglement. An example is the interplay with a unitary
evolution due to Hg with [Hg, M| # 0.

All the above mentioned dynamic mechanisms play a part in the realm of quan-
tum computation and simulations, in particular for noisy intermediate-scale
quantum (NISQ) devices [24]. Ingredients of their operation are: (i) state prepa-
ration, (ii) state manipulation (e.g., via unitary transformations) and (iii) (read-
out) measurements. In case of digital quantum computers, the existing devices
are of intermediate scale with a number of qubits! at the order of L ~ O(10?)
[25]. Their potential is rooted in, e.g., making use of controlled interference
and entanglement in well-controlled quantum systems. In theory, these ingredi-
ents can lead to a computational speedup for problems that are believed to be
hard to solve classically [24]. An example is the simulation of complex quantum
systems itself. However, the existing devices are prone to errors - the systems
are noisy. As an example, the inevitable coupling to an environment can in-
duce decoherence in the system, based on the entanglement of system qubits
with the environment. Decoherence, e.g., in the form of dephasing, leads to a
suppression of the off-diagonal elements in the density matrix pg (in the compu-
tational basis), with rates that can even scale with L [27]. However, the desired
interference and entanglement in the system rely on the off-diagonal elements
of pg. Therefore, error correction might be necessary?, which can be based on
entanglement and measurements. One possibility is to decode ‘logical’ qubits
in a redundant fashion (e.g., using a repetition code [29]) in multiple entangled
physical qubits. The decoherence of single physical qubits can then be corrected
by (i) identifying the error by ‘stabilizer’ measurements and (ii) afterwards un-

!The numbers are platform dependent, see also Refs. [25, 26].
2For an introduction to error correction, see, e.g., Ref. [28]
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doing the error. Therefore, measurements play a two-fold role in those systems:
on the one hand, they can be harmful if we think of the environment as per-
forming undesired measurements on the system. On the other hand, they can
be used to protect/recover quantum information. The competition of a finite er-
ror rate and stabilizer measurements can lead to a measurement-induced phase
transition, separating (i) a regime, where error correction is possible (the logical
qubit can be decoded) and (ii) a regime where error correction is not possible
anymore [30-32]°.

Closely related to quantum computers are quantum simulators (and annealing
devices). In the analogue form of quantum simulators [26, 35], quantum models
are analyzed by engineering the desired Hamiltonian H(¢) in a well-controlled
quantum experiment like Rydberg atoms [26]. As an example, critical proper-
ties of quantum phase transitions can be accessed dynamically by making use of
the Kibble—Zurek scaling [36]. A related platform are quantum annealers (see,
e.g., Ref. [37]), where a time dependent Hamiltonian H (¢) is used to prepare a
desired ground state (e.g., the solution to an optimization problem) (see, e.g.,
Refs. [38, 39]). Here, a relevant question is how the drive speed and drive proto-
col affect the final state. From the NISQ perspective, the KZM, in combination
with exactly solvable (spin) models, provides a testbed to probe adiabaticity as
well as decoherence and other sources of errors in the hardware [40].

In the following chapters, we investigate the interplay of different mechanisms:
(i) critical ground state physics with slow drives and (ii) unitary evolution with
measurements and dephasing.

(i) Generalized slow drives: In Chap. 3, we analyze the interplay of gener-
alized slow drives with a quantum phase transition in the transverse XY model
(Z3 symmetry in one dimension) and its corresponding fermionic version. We
demonstrate that even equilibrium irrelevant couplings, once they are driven,
can give rise to a universal scaling behavior of £*, complementing the RG predic-
tions made in Ref. [41]. Therefore, the KZM is enriched by another competing
scale. The observable scaling is determined by the smallest of up to three scales:
(i) a drive scale associated with a relevant coupling, (ii) a drive scale associated
with an irrelevant coupling and (iii) a (finite) equilibrium correlation length.

e This part is based on the publication: B. Ladewig, S. Mathey, and S.
Diehl: 7"Kibble-Zurek mechanism from different angles: The transverse
XY model and subleading scalings” Phys. Rev. B 102, 104306 (2020).

(ii) Measurements and dephasing: In Chap. 4 we investigate the interplay
of a fermionic hopping Hamiltonian (U(1) symmetry in one dimension) with
measurements of the local particle number and dephasing. In the absence of de-
phasing, the model hosts an extended critical phase for weak measurements [18,
19], reminiscent of the ground state at the critical point discussed before. Such a
critical behavior can be fragile against the introduction of new scales stemming,
e.g., from drives (as we have seen before). We expend the stability analysis

3First experimental investigations are performed, e.g., on a trapped ion based quantum
computer [33] (see also Ref. [34]).
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Chapter 1

including a dephasing bath. Besides being stable against weak dephasing, the
interplay of strong dephasing and weak measurements indicates a new phase
with scale invariant features, but strongly suppressed off-diagonal elements in
the density matrix (in the measurement eigenbasis).

e This part is based on the publication: B. Ladewig, S. Diehl, and M.
Buchhold: "Monitored open fermion dynamics: Exploring the interplay of

measurement, decoherence, and free Hamiltonian evolution” Phys. Rev.
Research 4, 033001 (2022).

About the structure of the thesis: The thesis was written with the intend to
be self-consistent (assuming only the knowledge of second quantization), there-
fore many details are provided throughout the text. Those details appear (i)
in boxes in the main text (to indicate that they can be skipped if necessary)
and (ii) in an extended appendix, where, e.g., fermionic Gaussian states are dis-
cussed in detail. The thesis has three main chapters apart from the introduction:
In Chap. 2, minimal models for the aforementioned scenarios are introduced,
ranging from linear drives and dephasing for single qubits to the renormaliza-
tion group discussion of the transverse XY model. In Chap. 3 the generalized
KZM is discussed and in Chap. 4 the interplay of measurements, dephasing and
unitary evolution is analyzed.

Notation:

e Operators will be denoted with bold symbols, like a Hamiltonian H and
creation/annihilation operators cf, c.

o Dimensionless quantities will be denoted by a hat (or a bar).

Box 1: Repetition code

Quantum error correction: In a quantum computing setup, the coup-
ling to an environment and imperfections in applying quantum gates
can lead to local errors in qubits (e.g., bit flips, described by the Pauli
operator 0'3?). To circumvent this issue, a logical qubit can be encoded
in a redundant fashion in many physical qubits. An example is the
repetition code [32]:

logical bit: ag|0) + a1|1)
1
physical encoding: a(|00...0) 4+ aq|11...1).

Errors in the physical model, like bit flips o7, distort the state, but can
be detected by performing a set of stabilizer measurements {ajo’j iy
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2 Minimal Models — From
single Qubits to the Ising
Model

The main questions we are addressing in the following can be divided into a few
categories: (i) ground state problems for time independent Hamiltonians; (ii)
time evolved states |¢(t)) of time dependent Hamiltonians H (t) starting from
a ground state; (iii) global properties (like entanglement) of time evolved states
for fixed Hamiltonians starting [from (a superposition of) highly excited states],
and (iv) stationary states for non-unitary evolutions p(t — 00) = Pgtationary-
The discussion in Sec. 2.2 contains parts which are adapted (and partly ex-
tended) from the publication [42].

2.1 Minimal Models (1): Single Qubits

All models we will discuss in the next chapters are based, in one form or an-
other, on single qubits as their ‘atomic’ unit. Despite the simplicity of two level
systems, many ingredients for the effects we study in the many body context
are already rooted in this reduction. In the following, we consider: (i) a two
level system in the presence of a time dependent Hamiltonian (which already
renders the solution of the model quite intricatly (and not exactly solvable in
many cases)) and (ii) the effect of a bath (an ancillary system) onto the qubit,
which will lead to dephasing.

2.1.1 Time dependent Hamiltonian: Landau-Zener Model
— An Exercise in Scales

The category we consider first are time-dependent Hamiltonians H (). The
question we address (belonging to the category (ii)) in the following is: Does
a state, initially prepared in the ground state of H(t = 0), stay close to the
ground state of H(t)? Here, H(t) corresponds to slowly changing one of the
systems parameter in time. The quantitative version of the question is how
strongly the system gets excited during the drive.

The minimal version of this scenario is a driven two level system, which is
not just an elementary version but also experimentally relevant, for example in

7
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trapped ion experiments [43, 44]. We consider the time dependent Hamiltonian
H(t) = bo, + vto,, written in terms of the Pauli operators' and the drive
velocity v. The eigenenergies of H (¢) are shown in Fig. 2.1): due to the the
presence of o, an avoided level crossing occurs. The state is parametrized as
[(t)) = (U(t),V(t))T with its time evolution given by

o (vio) = (5 ) (V) 21

The evolution starts at ¢{; = —oo in
the ground state: |U(—o0)| = 1 and Al .
V(—o0) = 0. The evolution equation RN Z
(2.1) can be parametrized in terms 2 R i
of a single dimensionless effective pa- 3 | N —diagonal
rameter Jeft := v/b® and rescaled time g 0 A < full
t = bt: o = NN
-2 iz SN

a-(17 290 Lo

T\ bt V) e

(2:2) Dot

The evolution is adiabatic, if the state Figure 2.1: Energy levels of the ‘un-

remains in the instantaneous ground jerpyrbed” dimensionless model (dashed,
state |GS(t)) of H(t) during the drive only o) and the full model (orange) in
(corresponding to lower orange line in 4,0 driven two-level system, (2.2). The
Fig. 2.1). The probability of |¢(tf)) energy difference between the ground
to be in the excited state for t; = oo |GS(t)) and excited state |E(T)) is given

. 2 . .
is |U(o0)|* (corresponding to the up- by the (instantaneous) energy gap A(t).
per branch in Fig. 2.1 with the ex-

cited state given by |E(c0)) = (1,0)).

Calculating the final state |¢(tf)) is

already a challenging task since the Hamiltonians at different times do not
commute [H(t1), H(t2)] # 0. Nevertheless, for such a linear drive an exact
asymptotic solution is known? [46-48]:

Landau-Zener: p(t;) := [(E(t)[0(t))*> = |U(c0)* = exp(—mig). (2.3)

According to (2.3), a slow drive with O < 1 results in a strongly suppressed
excitation probability - the evolution is adiabatic. For a fast drive, Oeg > 1,
adiabaticity is broken and the excitation probability is close to 1. To get a
more physical understanding, we identify/approximate the time range where
adiabaticity is broken (in the vicinity of the avoided level crossing). We divide
the dynamics into three regimes: adiabatic-impulse-adiabatic (AIA approxima-
tion [45, 49]). The excitation probability builds up in the ‘impulse’ regime, see
Fig. 2.2(b). To extract the time of adiabaticity breaking, we identify the com-
peting time scales. The first one, &, (t), is set by the (instantaneous) energy gap
A(t), giving rise to a characteristic time scale &, = %:

AN =2/ T F =2 f (o D2 41 = &= (24)

1 Using the basis {|0),|1)}: oz = [0)(1] 4+ |1)(0],0> = |0)(0] — [1)(1].
2Even the full time evolution can be determined, see, e.g., Ref. [45].
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The second one corresponds to the time scale on which the ‘coupling’ ¢(t) = vt
changes. This scale is given by g(t)/d(t) = ¢ (see also Ref. [10]) and corresponds
to the time needed to reach the anti-crossing center. For an adiabatic evolution,
this time ¢ is larger than &,(¢). Once both time scales become comparable at
t* = & (t*), adiabaticity is assumed to be broken:

1
= ayt”. 2.5
24(t7) ! (25)
with a constant a;%. Starting at ¢; = —oo, the state up to time —t* is

well described by the instantaneous ground state [1(t)) = |0(t)). Afterwards,
in the range of adiabaticity breaking [—t*,¢*] the state is essentially frozen:
[(t*)) =~ [(—t*)) (also referred to as ‘impulse regime’). For ¢ > t*, the evolu-
tion is again adiabatic, although [¢(¢)) is an excited state. Since the dynamics
is adiabatic for ¢ > t*, the probability to be in the excited state will not change:
KE(ts)|w(te))|? ~ [(E(t*)]4(t*))|?. Therefore, once tf > t*, the overall excita-
tion probability for the drive is estimated to be [49]:

p=[E(tp)[p(te)* = (EE) ()
~ [(EE) (=) ~ [(BE(E)|GS(=t"))[*.

ATA approximation:

The advantage of this expression is that its final form only requires the know-
ledge of (i) the eigenstates of H(t) and (ii) the adiabaticity breaking time t*.
Looking back at the argumentation, we did specify the order of the drive, which
means that this approximation can also be used for different drive protocols.
An example of and a comparison to the exact result is shown in Fig. 2.2: the
approximation works particularly well for fast drives.

10 A il: A
0.6 [

0.4

p@®)

0.2

p(t)

V/
;

1 2 2 4 6 8 10

O (G-

0.0 k¢

Figure 2.2: (a) Evolution of |U(t)|?, which corresponds asymptotically (t —
00) to the excitation probability and reaches the Landau-Zener result. (b) Time
resolved excitation probability p(t), starting from the ground state at some t; < 0
(here: v/b* = Doy = 8 - fast drive). The area between the dashed lines marks the
impulse regime. (c) Comparison of the AIA approximation, exact asymptotic
results and numerical simulations (starting from the same Hamiltonian with
vt; /b= —200) for p(ty). The approzimation becomes very good for Dem > 1.

In summary, we can adiabatically prepare the ground state of H(t), starting
from the ground state of H(t;). However, this requires a sufficiently slow drive
(Defr < 1), related to the energy gap in the system. It is this requirement that
will be violated close to a quantum phase transition.

31t can be determined by a comparsion to a diabatic expansion [45].
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2.1.2 Coupled Systems: Dephasing of a Qubit coupled to
a Bath

The second dynamical scenario we consider is dephasing in a system due to the
coupling to an additional system (bath). As a system, we consider again a qubit
with Hilbert space Hg spanned by {|0),|1)}. The qubit is coupled to a bosonic
bath, described in terms of creation/annihilation operators* b,t /by, for L modes,
labelled by k (following Refs. [16, 27, 50]):

w
Soe 4 Y ablbton Y (bl gibe), [Ho Hi] =0.  (26)
k

H =
2
k

iHO :Hint

The summation over k can, e.g., correspond to the summation over quasi mo-
menta of phonons. Qualitatively, we expect the time evolution U (¢) to entangle
the system degrees of freedom and the bath degrees of freedom: an initial prod-
uct state will evolve into |¢sp) # |ps) ® |xpB). Therefore, the reduced density
matrix of the system:

ps(t) == tra[U()ps ® ppU' (1), (2.7)

will become mixed. In the following, we derive an expression for pg(t) and
afterwards specify the energies €;’s and coupling strengths gi. The time evo-
lution of this model can be solved exactly by going to the interaction picture
p(t) = e'Hot p(t) e=iHat [50]

H(t) = ¢ Hot Hy o7 Hot — o Z (gke“’“tb}; + h.c.) . (2.8)
k

In this new frame, the Hamiltonian H(t) is still time dependent, but its com-

mutator [H (t2), H(t1)] is merely a time-dependent scalar. The time evolution
operator is [50]:

() = b [ [ el B e)] = [ Ein () (2.9)
phase factor ¢(t)
. o ak(t)bf,fmb.) 1 — efert
_ e—up(t)e Zk( 2 Yk PR ’ Oék(t) = QQk%. (2.10)

This evolution will entangle an initial product state of the form (with |ag|? +
a2 = 1) [27]

(a0[0) + a1[1)) ® (H |0k>> = [T (a0l0) ® [ /2) + ar[1) ® | = ai/2)).

k k

#los)®|xB)

The states |y /2) are bosonic coherent states (see info box below), created by
the displacement operator Dy («y/2) acting on the vacuum:

bk\ak/2> = Oék/Q‘Oék/2>,
Dy(2) 1= exp (b — =" (i), Jan/2) = Dian/2)|0n).

4[bk,bi,] = 0,k With vacuum states |Oy).

10
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Calculating the reduced density matrix pg(t) according to (2.7), we observe
that the diagonal elements are not affected by the dynamics®. The off-diagonal
elements are of the form:

(0lps(t)[1) = (0lps(0)[1) - trp [H Dy (o (t))pp

k

(2.11)

So far, the analysis is exact, but will depend on the initial state and the not
yet specified coefficients (entering ay(t)). To be definite, we consider a thermal
(Gaussian) state of the bath: pg ~ exp(—=8)", ekblbk). The expression in
(2.11) can be evaluated by inserting a completeness relation in terms of coherent
states (see info box), which gives rise to [50]:

trB [H Dk(ak(t))pB] = exp (—Z |a§| coth (2;;T)> . (212)
k k

To infer the implication of (2.12) onto the off-diagonal elements, we have to
specify the model. First of all, we work in the thermodynamic limit (thinking
of, e.g., an infinite lattice L — o0), such that the energies € become dense.
Therefore, we rewrite the summation of functions f(ex) over k in terms of an
integral (including some phenomenological cutoff €.):

thermodynamic limit: Zf(ek) b /deu(e)f(e) (2.13)
k 0

with the mode density p(e). The bath contribution then reads:

€c

~ oxo | — (e o2 1 — cos(et) o €
trp [];[Dk(ak(t))pB] A exp /d 1(€)4g(e)l = th <2kBT> ,

0 =:J(€)

where J(€) denotes the spectral density of the bosonic bath [50]. Here, we
assume an ohmic version J(e) = ce with ¢ > 0. The only scales are set by (i) the
inverse temperature 1/(kg7") and (ii) the cutoff €.. Dimensionless variables can
therefore be defined as € = ¢/(kgT) and t = kgT't. In the limit ¢./(kgT) > 1,

the bath contribution can be calculated exactly®. For long times ¢ >> 1, the
off-diagonal elements decay exponentially [16, 50]:

dephasing: (0|pg(t)]1) = (0|pg(0)[1)e™ ' ®  with: I'(t) ~ ckpT - t.

Therefore, the off-diagonal elements are suppressed and the state becomes more
mixed: tr[p%] < 1. The suppression of the off-diagonal elements p;.; in the
density matrix pg = >, ; pi;|i)(j| leads to the loss of, e.g., interferences in
the system. For extended systems, also the entanglement in the system etc.
will be suppressed (which also depends on p;»;). We consider an extended

Strg[U(t)|o) (o] @ pBUT(t)} =|o)(o|-trp [pg] for c =0, 1.
6See Ref. [16] on details on how to evaluate the integral.

11
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fermionic system” in Sec. 4.3. Here, the interplay of non-commuting system
and bath operators results in the featureless ‘infinite temperature’ state pg ~ 1
for long times. Information that are encoded in, e.g., (quantum) ‘coherences’
like |(c!¢;)|? will vanish for i # j for those heated states.

Remark: The fermionic model consists of a finite chain and a fixed number of
fermions, where each lattice site is subject to dephasing. The dephasing might
stem from, e.g., contributions of the drive laser used to create an optical lattice
[51]. Alternatively, it might result from a phonon bath at high temperatures
(see also Ref. [4]).

Box 2: Coherent states & Co.

Coherent states are eigenstates of bosonic (or fermionic) annihilation
operators:

bk}|ak:> =S aklak>’ (6% = C’ |ak —e 2|Oék| Z |nk

1
o) = exp (] — i) 10x) = exp(arb]) exp(—ajby) exp(—3ar[*)[0),

where |ny) is a number eigenstate with nj bosons. Different coherent
states have a non-vanishing overlap, but nonetheless provide a complete-
ness relation® (see also Ref. [52]):

(@lo) = oxp (~3(al +167) +a%6) 1= [ Eelapol.

The expression (2.12) in the main text can be evaluated as follows for
PB X 3 i,y XP(=B 3y exm) [{ni}) ({nk}], where [{ny}) are the Fock
states with ny bosons in mode k. Focusing on a single mode k, we insert
the completeness relation to convert creation/annihilation operators into

numbers:
Z (ng|D(ag) exp(—Berng)|n)
nE=0
2
= S el exp(-aib)t explanb) exp (+ %4 ) exp(-geune) )
1 2 2 * * |O[k|2
=2 [ #65 limlo) P exp(~Genu) explans) expl~aje exp + 24

Nk

exp(—(1—exp(—Bex))|4[*)

The remaining integral is a complex Gaussian integral and evaluates to
the result (2.12) in the main text. This idea of converting creation/an-
nihilation operators into numbers (or fields) will be a recurrent theme in
the following sections.

continued on next page

"Described by creation/annihilation operators c}, c; on lattice sites j.
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continued from page before

%Depending on the reference, there can be a difference in the normalization of the
coherent states.

2.2 Minimal Models (2): Quantum Ising Chain

The third class of models we consider are ground states in extended many body
quantum systems (L lattice sites and lattice spacing a). Different phases can
be distinguished by, e.g, the symmetry of the ground state. Importantly, the
ground state of a Hamiltonian H does not need to have the same symmetries
as H itself, a scenario referred to as (spontaneous) symmetry breaking [2].

A paradigmatic and exactly solvable model to study those transitions are quan-
tum Ising and XY models, consisting of a chain of interacting spin—% particles (or
qubits). The competing terms are ferromagnetic nearest-neighbor interactions
and a (non-commuting) transverse magnetic field®:

L L L
H=-gY oi—I,Y ofol, —J,» olol,,. (2.14)
=1 =1 =1

The chain consists of L sites with periodic boundary conditions (of11 = 01)
and it has a Zs-symmetry, encoded in

H,[[ei]=0. (2.15)
l

For ferromagnetic spin-spin couplings, we have J,,J, > 0. The special case
Jy = 0 corresponds to the transverse Ising model. For simplicity, we stick with
Jy = 0 for the moment. The competition is encoded in the incompatibility of
the transverse field g ) | o} and the interaction term J, ) ofof, ;. The ground
state of the first term would take the form | 11 ....) (paramagnetic phase),
whereas the ferromagnetic coupling favors | —— ...) or | <+ ...) (ferromag-
netic phase). The latter are not invariant under the symmetry operation and
therefore correspond to the symmetry broken or ordered phase. The competi-
tion is encoded in the dimensionless ratio g/J and a phase transition takes place
at g/J = 1, indicated by a vanishing energy gap.

Deep inside the phases (g/J > 1 or g/J < 1), the ground states are nearly
product states with correlations bounded to nearby spins (in the following we
rescale ¢ — ¢/J). This property is quantified by a dimensionless correlation
length of order one: £/a ~ O(1). It is the relevant scale for (connected) corre-
lation functions [53] (a,b € {x,y, 2}):

(@§a)) = (ab)(al) ~ exp(~1/€). (2.16)

8.1 1) =|1),0:14) =~ ) and ou| =) = | =) ete. with | =) = 2=(| 1) + 1))

13
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A very different behavior emerges at the critical point ¢ = g., where the en-
ergy gap A in the spectrum vanishes. At this point, the correlation length
diverges and, instead of exponentially decaying correlations, an algebraic be-
havior emerges [53]:

(ofar) — (o) (o) ~ 177 (2.17)

The exponents « reveal universal information about the transition and the
model. In the vicinity of the transition, many quantities, like the correlation
length or the inverse gap, scale algebraically with the distance to the critical
point. The corresponding ‘critical’ exponents are defined as [2]

energy gap: A~ g —gel™,
correlation length: ¢ ~ |g — g.|”, (2.18)
A~ ET2

Besides correlations, a (pure) quantum mechanical states |¢) can also be clas-
sified according to the entanglement between a subregion A of the lattice and
the rest of the system B. The amount of entanglement can be quantified by the
von Neumann entanglement entropy Syn of the reduced density matrix of the
subregion:

SiN(A) = —tralpalog(pa)l, pa=trs[[Y)(¥]. (2.19)

Considering first the limiting case J — 0, the ground state is close to a product
state. Therefore, we expect that the entanglement between a bipartite system
should be (vanishingly) small. Similarly, for ¢ — 0, the ground state is again
a product state, though there is one difference: the ground state is twofold de-
generate, corresponding to an entanglement entropy of log(2) [9]. In both cases,
increasing the subsystem size |A| will not lead to an increase in the entangle-
ment: Syn(A) ~ |A|? (area law), see Fig. 2.3(b). Quite in contrast, close to the
critical point, large parts of the system become correlated and the entanglement
becomes A-dependent. To be precise, Syx(A) grows logarithmically as a func-
tion of the subsystem size [8]: Syn(A) ~ log(|4]) (log law), see Fig. 2.3(c).

Outlook towards a field theory: This critical behavior is a hallmark of
a conformal field theory (CFT), where the scaling of the entanglement of a
subregion of size |A| is known [9, 54]:

c L A
finite system: S,N(4) = cte log, | — sin mlAl , (2.20)
6 m L
s qas c+c
thermodynamic limit: S,x(4) = 5 logy (| AJ). (2.21)

The constants ¢, ¢ are the central extensions/charges of the CFT [54], encoding
universal information. Whenever there is a finite length scale £ in the system,
either due to (i) a finite distance to the critical point (static case) or due to
(ii) adiabaticity breaking (dynamical case) [12], we expect the entanglement
entropy to be bounded:

Sen(A) ~ log, (minf| Al €)). (2.22)

Nevertheless, in Chap. 4 we will encounter a (fermionic) critical theory, extended
in a finite parameter regime.

14
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Figure 2.3: Entanglement entropy S,y of a subsystem (size |A|) with the rest
of the system (infinite chain) for the ground state of the transverse Ising model
(see, e.g, Ref. [8] how to calculate the entanglement). (a) Entanglement entropy
for fized subsystem size and different points in parameter space, signalling a
transition at g/J = 1; (b) Subsystem size resolved scaling, distinguishing ‘area
law’ scaling (inside the phases) and ‘log law’ scaling at criticality; (c) Semi
logarithmic plot of the entropy at the critical point up to |A| = 1000.

2.2.1 Exact Solution — Formal Treatment

The advantage of this class of models is that they can be mapped to local non-
interacting fermion models via a non-local Jordan-Wigner transformation [2,
11, 55-59]). The fermionic models, in turn, are exactly solvable (see App. A.1
for more details). However, not all spin observables are local in the fermionic
language. The spin model (2.14) in terms of fermions takes the form:

L
Z (Js + Jy) clcl+1—|—(J —J, )cchlJrl gclcl+ +hc , (2.23)
=1 \—v—" ‘W—’

=:J =y

which is valid in the sector with an even number of fermions, including the
ground states [11]. This Hamiltonian is still a local Hamiltonian. Making use
of the discrete translational invariance, the model takes the following form in
Fourier space”

H+_;Z(CL0_)hk< k)+const. ,

- -

— J cos(ka sin(ka (2.24)
e = (2 (QQVin(k:c(Ll)ﬂ ) —2(?— Jﬁﬁs?ka)))'

The Hamiltonian is not yet diagonal, but can be diagonalized by introducing
new quasi-particle operators: {c, cL} = {Xk> XZ} (Bogoliubov transformation

9Convention as in Ref. [11]:

et ik(la) 27r[ L ( 1)} ,
= , k= -2 -2 )|.ie{1,...,L}.
“ ﬁz,;cke = latig) et 0
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[11, 55, 56] - see info box):

1
H :Zek (xlxk—2>,

k (2.25)
€r = 2\/(9 — Jcos(ka))? + (ysin(ka))?.
Here, +¢; are the eigenvalues
of hp. Therefore, the inter-
acting spin model is mapped J/74
to non-interacting fermionic ferromagnetic
. . . IGS) ~
quasi-particles, described by (RS
the creation/annihilation op- - -/
erators xl,xk. To recapitu- |GS) zl.TT...T)
late: the possibility of (con- paramagnetic
tinuous) phase transitions in — >
g=0 9/

the spin model is encoded in

the energy spectrum of H.
In the fermionic formulation, Figure 2.4: Phase diagram of the transverse

we can determine the ground XY model, extracted from the gap (closing) of
state (no quasi-particles), the A(g, J.7) f0_7" (i) ka.—> 0 (chCk b%ac.k line),
excited states and their en- |ka| = (thin black line) and (ii) minimal gap
ergies exactly. The energy 0f intermediate k (above dashed line) followed
gap between the ground state 0¥ @ region of incommensurability [60, 61]. The
and lowest-lying excited state (approximate) ground states for two parameter
is: A(g,J,y) = mingle,]. It Points are shown.

closes for k — 0 for g = J and for a finite system it scales as:

1
ex~ k|, Alg=J,v)~ I (2.26)

The different gap closings are indicated in Fig. 2.4.

Box 3: Bogoliubov transformation & ground states

The fermionic Hamiltonian can be written as a sum H = Zk>0 Hy _;,

where each Hy, _j only acts on the space spanned by {|0), chT_k|()>k}.
Here, |0); is the vacuum state of the original operators ci) (see also
Refs. [11, 62]) and Hy, _j, takes the form:

1 c
Hk k== (CL C,k) hk Tk o (2.27)
’ 2 cl,
The hermitian matrix hy is a 2 x 2 matrix that can be parametrized
as hy = O - & with & being the vector of Pauli matrices (not to be

confused with the spin operators). Due to h} = |<§’k|217 the eigenvalues

continued on next page
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continued from page before

are ¢, = |0 with eigenstates

[+ = (ZL:) ;e = (:j;’“> : (2.28)

The diagonal form of hy is given by (see also, e.g., Ref. [62])

- - up —vj
Gl =ao., U= (D)= (2 5. e
k Uy,
Correspondingly, the operator H, _j, takes the form:
Loy f Ck
Hy ;= 5 (e} c—&) U} (exo) U o) (2.30)
—k

with new creation and annihilation operators (see also Ref. [63] for more
details on the properties such a Bogoliubov/fermionic transformation

needs to fulfill):
Ck Xk
U =: . 2.31
* <CT—k) <XT—k> (231)

They fulfill, e.g., {xk,xl} =1 (using v_ = —v and u_; = ug). This
reproduces the Hamiltonian in the quasi-particle representation given
in (2.25). The ground state is the state without any quasi-particles
Xx|GS) =0 Vk. The ground state correspondingly takes the form

GS) = [ (ui — vielel)0), (2.32)
k>0

where the coefficients can be chosen to be real-valued:

()= (era) . anton = 72

2.2.2 Coarse Graining, Field Theories and Emergence of
Universality

In the vicinity of a continuous phase transition, e.g., in the transverse XY model,
a scaling behavior emerges on large length scales L' (on scales a < L' < £).
Additionally, the correlation length £ itself diverges with a universal, critical
exponent [52, 64, 65]. In the following, we argue why the phenomenon of uni-
versality emerges, which in turn is characterized by a set of critical exponents
(which only depend on the dimensionality and symmetries of the system). To
this end, we derive an effective description at the scale L’ by integrating out
degrees of freedom at shorter distances, also referred to as coarse graining. An
intuitive version for a lattice spin system would correspond to first separating
the lattice into two sublattices: every second spin corresponds to the sublattice
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B, whereas the remaining spins correspond to the sublattice A. Afterwards, the
spins on sublattice B are traced out, giving rise to a reduced density matrix
p4 = trp[p] on the remaining lattice A with L/2 sites and lattice distance 2a.
With p 4, we can ‘only’ calculate correlations etc. for the remaining degrees of
freedom (dof’s). Repeating this procedure n times, we get an effective density
matrix for the remaining L /2" lattice sites/spins. The remaining spins are de-
fined on a lattice with a lattice distance of 2"a. Therefore, by repeating this
procedure, we are describing the physics at larger and larger length scales. The
general strategy for coarse graining!'® is to ‘sum out’ or ‘integrate out’ degrees of
freedom, either at the level of the density matrix p (in and out of equilibrium),
the partition sum Z = trlexp(—FH)] (in equilibrium with inverse temperature
B = 1/(kgT)) or Z = tr[p] (in the context of Keldysh field theories) [4, 69].
In all these cases, a unifying approach is to rewrite the objects in terms of a
field theory [4, 52, 69, 70], by inserting completeness relations of, e.g., coherent
states. In the following, we consider one explicit example.

In the equilibrium setting, the partition sum is defined in terms of the trace
over the Fock states (of symmetric (bosons)/anti-symmetric states (fermions))
[52]

Z =Y (nle”"H|n). (2.34)

This is a challenge for a generic Hamiltonian with unknown eigenstates. In the
following, we consider a reformulation of Z for fermion models (relevant for the
transverse XY model) like the one in (2.24). However, the strategy also works
for interacting theories. In both cases, the strategy is to convert the creation/an-
nihilation operators into fields. To this end, fermionic coherent states, as eigen-
states of annihilation operators ¢; (or ¢; in momentum space), are used. They
are defined as ¢;|1)) = ¢;|1)), where ¢; are anti-commuting Grassmann numbers
(Vi = —YmiPp) [52]. They, again, give rise to a completeness relation, which
can be inserted in (2.34) (similar to the treatment of the bosonic bath before).
In this procedure, the summation over |n) is exchanged for the integration over
fields 7 . These fields depend on an ‘imaginary time’ 7 and, e.g., the physical
(quasi)momentum k (see info box). Each field configuration is weighted by an
action S[t, 1], which in case of our fermionic theory (2.24) takes the form (see
also Ref. [52] for more details on this procedure):

B
Sy, ¥ = %/drz (@ (07 + hie] Wr], Wy = (f_’“}) : (2.35)

k

The partition sum is given as a functional integral over all field configurations:

Z = /D(’l/_)v’l/))eisw’w]‘boundary condition- (236)

10Such a coarse graining procedure, only considering a subset of degrees of freedom, is
ubiquitous in statistical physics. As an example, the entropy of a closed quantum system
will stay constant under unitary evolutions. However, the entanglement entropy between
subsystems evolves and can, e.g., indicate the approach towards equilibrium [66—68].
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The boundary condition is given by: 7717107;C = fzﬁwg and Yo = —1p k. It emerges
from tacking the trace in (2.34) and tacking the Grassmann nature into account
[52].

Box 4: Construction of the field theory

The idea behind inserting completeness relations in terms of coherent
states is that objects like (/| H|y) are straightforward to evaluate for
normal ordered Hamiltonians. The completeness relation for fermionic
coherent states takes the form [52]:

1= [ Tadtndvne™ ZP ), (@/16) = exp (Zw;wl>,
l l (2.37)

where the summation runs over all lattice sites (or momenta). Therefore,
we can write [52]

Z =3 (nlLyePHn) = /Hdd?zdwl R
" l

n

Grassmann /Hdijldd)l o Zliﬁzm<7w|6*5H|¢>' (2.38)
l

To evaluate

—le PH|¢)), the exponential is split into infinitesimal
chunks (6 = :

):

‘tm/\

&=

N,

— _ B _ — —

e BH:He NTHzleTe ‘SHl,/,Nfle OH  1y,e °H,
i=1

Each of these terms becomes simple, based on the identity (for § — 0):

n Zl IR <'¢t+1 ‘6_5H|¢t> ~ ezl(%,zﬂ—@z,t)wz,te—(SH({v,[_;l,tH,wl,t})_
(2.39)

Here, H({z/;l7t+1,1/117t}) corresponds to H, where the creation/annihila-
tion operators have been replaced by the fields. Recombining this con-
tribution from all chunks gives rise to the partition sum (2.36) with the
action S, (2.35), in the exponential with 7 =1¢ - NLT

Renormalization group:

Abstract idea: Given such a field theory, we can make the notion of coarse
graining more precise. We consider a theory, described by couplings'! {g;} and
fields ¥x (X = (7,z)). We denote the short distance modes we like to integrate
out as ¥< and the long distance modes as ¥~>. An explicit example is the

1 Containing (all) terms that are allowed by symmetry.
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momentum-shell RG , where the modes are defined as [52, 64]

dk dk

- ik - ik
W; = / %el wd}'r,ka w)? = / %62 1:@7‘,]63

A/b<|k|<A |kl<A/b

relative to a momentum cutoff A. Formally, integrating out the short distance
modes gives rise to a new action for the remaining degrees of freedom ¥~:

Z = /D[¢<,w>]e*5[¢<w>’{gi}] = /D[W]e*S[V’{gi}]. (2.40)
The new action is formally defined as:
e S {gi}] . /D[gp<]675[q/<1w>v{gi}]7 (2.41)

whose calculation in many cases is a formidable task.

Transverse XY: The application to the transverse XY model in the fermionic
version instead is straightforward, since the modes at different momentum scales
are not coupled. We study the model in the vicinity of the gap closing (g = J)
for £ — 0 and start from the operator perspective. In the thermodynamic limit
L — oo, we define continuum field operators as 1, = cx\V/La for k € [—A, A]
and write the Hamiltonian as (for k& — 0):

A
H* ~ / % [Aam + %lew}z«/;ik + ] + Dokl + O(KY) |

(2.42)
couplings: {go, 91, 92,...} = {A=2(g —J), D1 =2vya, Dy=Ja* ...}.
The corresponding field theoretic representation of the partition sum is con-

structed with the help of (2.35). Based on the coherent eigenstates ¢q of ¥y,
the action at zero temperature (8 — oo) reads (Q := (7,k)) (see also Ref. [2]):

oo A
dk |+ - 1 -
S / dT_/A . [1/@37% +Aqiq + 5Dik [Yo-q — Yev-q] (2.4

+ Dokhoibg + (’)(k?’)} .
Integrating out the short distance modes is feasible since S = S[@<] + S[¥~]:

e—S[w>,{g§;H .= (/D[gjﬂes[wﬂ) e*S[lI/>,{gi}]’

0o A/b
dk - - 1 - -
swi= [ar [ 5% [5500 + Al5ug + 5Dik [0 — v30%)
—oo  —A/b

+ Dok P35 + O(k3)] + const. .
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The follow-up conceptual idea is to compare this coarse grained action with the
original one. However, in its current form the length scales etc. are different
(the ‘resolution’ has changed). Therefore, the action is rescaled according to

rescaling of space/time: x —=b-xz, 7 —=b*-7, k= b1k,
rescaling of the field: !I/Q> — b Y,

with z the dynamical critical exponent relating space and time. The rescaling
restores the original cutoff A and the coarse grained and rescaled action reads:

Z = Z< X
global prefactor from integrated out modes
[eS) A
dk - 1 - -
Dfexp (— [ dr [ = 0" hodrg + 5kD1 [Pot-q — Yav-q]
—o0 —A
- Adoipg — KD Yaig + O( B").

Abstract idea: The smallest length scale of the coarse grained model is b - a,
where b > 1 parametrizes the coarse graining. Therefore, the correlation length,
measured in terms of this enlarged length scale, is reduced by b: £ — £/b (it
is measured in rescaled units). To compare the model before and after this
step, the coarse grained version is also rescaled. We denote the renormalized
couplings and fields as {gg”)} and ¥,. Here we use dimensionless couplings
(indicated by a hat), such that the process reads:

microscopic model: (¥ =¥~ + @< {g;}, S[¥, {§;}]|not coarse grained)
!
renormalized model: (LTIb, {gl(”)} = Rp[{gi}], S|P, {_@Eb)}ﬂcoarse grained by factor b) .

The computationally heavy part, related to calculating (2.41), is encoded in the
‘RG transformation’ Ry, [64]. Repeating the renormalization step for two rescal-
ing factors by and by should give rise to a single rescaling with bby (equivalently
to calculating the reduced density matrix, where tracing out two subsystems suc-
cessively is the same as tracing out both jointly). Therefore, the transformation
has the property Ry, Ry, = Rp,5, [64]. A special scenario arises once the effective
description is not changing anymore under renormalization:

{97} = Rol{97}): (2.44)

Such a fixed point of the RG can have different meanings: (i) the correlation
length can be infinite, corresponding to a critical point (the special case we
have mentioned before) or (ii) the correlation length is zero (corresponding to a
‘bulk’ phase) [64]. Note that these are the only two options since under the RG
transformations, the correlation length always shrinks (in the new units) [64].

Transverse XY: The (possible) fixed points in this model depend on the choice
of the rescaling factors x,z. For (i) 2y — 1 = 0 and (ii) z = 1, the temporal
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and the leading spatial derivative term are invariant under rescaling (see also
Ref. [2]). This results in a scale invariant fixed point theory once the gap
vanishes A = 0'2 [2]:

St = / dr / & Jadra + SkD: [gbq ~ vigv—q] (2.45)

In particular, the only remaining coupling is Di. Based on D; and the cutoff

A, we define dimensionless couplings in a two-step process:

1. Rescaled couplings (using D;): A" = g;—a‘] and D = AL

2. Dimensionless couplings (using A): A=AA"1 and Dj = D;A’dim[DJ‘].

The couplings and their dimensions (in terms of [k]) are summarized in Tab. 2.1.
In the vicinity of the critical point, the set of dimensionless couplings and cor-

microscopic | rescaled (dimensionful) | scaling dim. | dimensionless
t t'=2vyat [t']=[k]"! t =29t
Yp=cVla | Pp =4, [¥i) =k P = VL
Dy =2va
A=20g-J) | A=2 [N =[k] A=A

= Ja? Dy=sta [Dy] = k]! -1 Dy =4
D,=... D=2~ [Dp)=[k~"""D | —-(n—1) D, = D/ A1

Table 2.1: Owverview of the operators and couplings in the fermionic theory
for the microscopic model (2.42), its rescaled, and dimensionless version. The
corresponding couplings and dimensions (a: lattice spacing) are given, where [k]
denotes the dimension of momentum. Here we used A = 1/a as the scale to

define the dimensionless couplings (e.g., k= ka).
responding fixed point are:
A 0
couplings: 5: Dy |, fixed point: 5* =0 (2.46)

Abstract idea: The RG transformations in the vicinity of a critical point
give rise to the universal scaling behavior. To see this, we consider the RG
transformation in the vicinity of a critical point 5*, where the deviation 5§ =
§* — § is small [64]:

A(b)

+Z o

=:(Mp-6§)n

Ry[{gn}] = {9} with: g

FIERY (2.47)

The behavior close to a critical point is therefore solely determined by the eigen-
values (and eigenvectors) of the matrix M. According to the same argument as

12For A — oo or a — 0.
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before, this matrix fulfills: My, My, = Mp,p,. This behavior also holds true for

the eigenvalues {)\,()a)} of My, which in turn can be written as {)\z()a) =¥}, In
this form, the critical exponents vy, are independent of b and, together with the
eigenvectors, encode the behavior in the vicinity of the critical point. To clarify
the implication for a microscopic model, we write each microscopic coupling
(understood as a vector) as a linear combination of the effective couplings g,
(the eigenvectors of Mj). The behavior of g, depends on the sign of y,'*:

. with y, > 0: the corresponding coupling will grow
(relative to the fixed point) for larger b.

e irrelevant coupling with y, < 0: the corresponding coupling will shrink
for larger b.

Physically, only very few couplings will be relevant and determine the leading
behavior. In turn, much of the microscopic information is irrelevant for the
behavior at large distances - the origin of universality. The set of irrelevant
couplings spans a basin of attraction: each set of microscopic parameters inside
the basin will flow to the same fixed point (same critical theory, see Fig. 2.5).
In the following, we will denote y, as the scaling dimension dim[;] of the oper-
ator/coupling g;. The full set of all relevant and irrelevant scaling dimensions
(and their corresponding operators) are defined as a universality class.

A R : dim[g;] > 0
distance to fixed point grows
D,
Ds irrelevant: dim[g;] <0

distance to fixed point shrinks

A

Figure 2.5: Concept of universality (here: Ising universality class) defined by
the (infinite) set of relevant and irrelevant couplings and sketch of the RG ‘flow’
(for larger and larger b) for different initial couplings. The gray ones lie in the
basin of attraction of the fived point.

Transverse XY: Looking back at Tab. 2.1, the RG transformations for the
transverse XY model have the form:

Ry[Al=A-b™', RyD,] =D, -b=""b, (2.48)

The gap A is the relevant coupling in this setting, growing away from the fixed
point (see Fig. 2.5). The remaining derivative couplings are irrelevant at large
distances. Practically, this means that a different microscopic spin model with,
e.g., additional next-nearest neighbor interactions etc. can have the same scaling

13There is is also the possibility of marginal couplings with yo = 0, which will not be our
main focus.
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behavior in the vicinity of the critical point. An example would be an additional

go-term, as given in Tab. 2.2. In Tab. 2.2, different spin terms and their scaling

dimensions are given'4.

scaling dim. | spin operator fermionic action

dlm[g()] =1 —4g0 Zl G'f ~ ko'l/j'r,k’(/}'r,k

dim[g1] = —1: | g1 (Zz oi +>(ofof + U?Uitl)) ~ k2’¢_}7’,kw’r,k

dimgs] = —1: | g2 (3, 07 + 310741 (07075 + 0]0],5)) | ~ K ritbr

kept fixed: vy (ofof — o'?a?_ﬂ) ~ k' pibr _k + conj.
dim[g,] = § 9z Y, 07 (non-local)

dim[J,] = —2 | .Y, 0707, ~ x (Oethx) (Buthx) Px

Table 2.2: Spin operators and their scaling dimensions (with X = (7,z)). The
gray marked terms map to non-local and/or non-quadratic fermions [2].

Note that for this simple model, there is no need for linearization as the trans-
formations are already linear: Ry[g;] = §; - b3™9] and we can directly read of
the scaling dimensions (see Fig. 2.6). A reduced part of this coupling space is
shown in Fig. 2.6 with the ‘transversal’ direction given by A and ‘longitudinal’
directions Do, Ds, ... (spanning the basin of attraction). In a last step, we can
reformulate the RG transformation in a continuous way by rewriting b = e® and
sending s — 0:

Da(b) =D, R’ Dy - (1 = (n—1)s) — Dy,
H,A_/
Rb[Dn]

RG flow equation: 8,D,(s) ~ —(n —1) - D,, = dim[D,,] - D,,.
The corresponding differential equation is referred to as a flow equation.

Origin of scaling - transverse XY model: In the transverse XY model,
the transverse field g allows us to cross the phase transition - it is a relevant
coupling associated with A. The leading behavior of the correlation length &.q

~

depends on this coupling: £eq(A). Or to put it more precisely: it depends on
the distance to the critical point A = A — Ax = A. Physically, &eq is the scale
beyond which we do not expect a universal scaling behavior anymore. Therefore,
we can extract . from the breakdown of the linearized analysis above. The
analysis is valid for I6A| < 1, but an initially finite coupling A # 0 will grow

Ry[A] = A-bv4 with ya > 0. Once Ry-[A] ~ 1 (see Fig. 2.6(mid)), the analysis
breaks down, translating into a scale:

N

foalA) ~ A775 = A7, (2.49)

From this analysis, the critical exponent for the quantum Ising transition in one
dimension are given by (compare to (2.18) again) [2]:

quantum Ising universality: z=1, v =1. (2.50)

M The scaling of g Zl o can be inferred from, e.g., the scaling of (ofof, ) [2].
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phase diagram (spins) phase diagram (fermions)  critical exponent spectrum

D dim([g;
ferromiagnetic A 1
° : +
Dy, -1
& Dy —2
* —
9=0 g/ T A ’

Figure 2.6: Sketch of the phase diagram of the transverse XY model, expressed
in terms of the spin couplings (left) and a subset of the corresponding fermionic
couplings (middle). In the fermionic version, the axes point in the eigendirec-
tions of the linearized flow. The scaling dimensions of the corresponding cou-
plings are given to the right. The two marked points correspond to (i) a point
close to criticality (o brown) and (i) a point at criticality (e red; lying inside
the basin of attraction). The corresponding RG flow is sketched in the middle.

Connection to the spin couplings: Since we understand the scaling of the
fermionic couplings (which directly define the eigendirections of the linearized
RG flow), we can expand the spin couplings in terms of the fermionic ones to
obtain their leading scaling behavior. As we see from the phase diagram in
Fig. 2.4, both spin couplings g and J can be used to tune over the transition
(with A = (g—J) /7). Therefore, both are relevant. However, J corresponds to a
combination of relevant and irrelevant couplings. The first subleading coupling
Dy (in the limit & — 0) can be varied by changing J/~ while keeping g — J
constant:

Ax9"T poal
g 2y
(see also Tab. 2.2 again).

Remark: The RG analysis is done with respect to a chosen fixed point. The
corresponding scaling dimensions and the dynamical critical exponent z are di-
rectly linked to the scaled out coupling of the critical theory. For the equilibrium
transverse XY model, the Ising critical theory S* contains the first order tem-
poral and spatial derivative terms, where we scaled out D;. Later on, we will
also encounter two different scenarios: (i) by fine tuning, the couplings D1, Do
will be absent and the leading derivative coupling is D3. In turn, the critical
theory is described by z = 3; (ii) in a quenched scenario where D; is driven
(D1 — D1(t)), such that this coupling cannot be scaled out. The resulting
theory has a dynamical critical exponent z = 2.
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3 Generalized Kibble-Zurek
Mechanism in Spin and
Fermion Models

The main results of this chapter have been published in the publication [42]
(they are in large parts adapted in the following summary and in particular in
Secs. 3.3, 3.4 and beginning of Sec. 3.5 and partly in Secs. 3.1-3.2). The follow-
ing sections contain an adapted and partly extended discussion.

The KZM [13-15] describes the interplay of the universal equilibrium physics
(determined by H({g;}) in the quantum setting) in the vicinity of a critical
point and a slow drive of the system parameters H — H ({g;(t)}) close to it. A
typical scenario is a ‘transversal’ drive, starting in the ground state of the sym-
metric phase and running into the symmetry broken phase (see, e.g., Ref. [11]).
In terms of couplings, such a drive can take the form g;(t) — g;. = v;t" (‘order
n drive’), where g; . is the coupling at the critical point. It is parametrized
by a ‘generalized’ velocity v;, which is slow in the sense of its dimensionless
version being small: ¥; < 1. Outside the critical region, deep in a gapped
phase (A > 1), the evolution will be adiabatic: a state initially prepared
in the ground state will stay in the ground state during the time evolution
[(t)) =~ |GS(t)). In contrast, close to the phase transition and the gap closing,
the equilibrium correlation length (and time) are diverging. Even a slow drive
will inevitably break adiabaticity - being ‘fast’ compared to the equilibrium
scales - with [¢(¢)) # |GS(t)). Even though the time evolution cannot break
the global symmetry, the breaking of adiabaticity is reflected in the emergence
of locally symmetry-broken domains. The average size of these domains induce
a finite, observable length scale £* in the system. This scale can also be inferred
from the density of ‘defects’, separating the domains [15, 71].

This finite length £* signals that the drive was diabatic close to the transition,
hindering the time evolved state from adapting the diverging correlation length
of the ground state close to the transition. Nevertheless, £* can be used to
extract the universal equilibrium critical exponents. For a coupling gg, relevant
at equilibrium, the ground state correlation length scales as eq ~ |go fgo7c|’1/”.
Once gq is driven with an order n drive and ‘velocity’ vg, the induced scale &*
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depends algebraically on vy with an exponent depending on z,v [72-75]:

1

€ oy T

To estimate this scaling of £*, we assume that the evolution is adiabatic initially,
such that the state |1(t)) follows the ground state. At some point in time
t*, adiabaticity will be broken. The system is essentially frozen in the state
|GS(t*)), which is characterized by the finite correlation length £*. Therefore,
&* can be estimated by determining the adiabaticity breaking time ¢t*. To do
so, we compare the two available time scales: (i) the rate of change of the
coupling, given by |(go(t) — go.c)/do| o t, and (ii) the equilibrium correlation
time &, (t) ~ A7 (t). As long as t >> & (t), the system is essentially adiabatic.
The onset of adiabaticity breaking is signalled by &, (¢*) = t*, see Fig. 3.3(b).
At this point in time, the spatial correlation length is estimated to be'

1
£ =& ~vy T (3.1)

This heuristic perspective can be complemented by a RG consideration [41].
In the adiabatic regime, the physical properties are still encoded in the zero
temperature partition sum Z(g, J,v) — Z(g(t), J(t),v(t)) (encoding the ground
state properties for the transverse XY model). In the RG, the equilibrium coup-
lings as well as the new velocity couplings are scale dependent. The adiabatic
description breaks down once the velocity couplings grow large. The length
scale of the breakdown corresponds to £*. Furthermore, the RG indicates that
even driven couplings that are irrelevant at equilibrium can lead to adiabaticity
breaking [41], generalizing the aforementioned KZM scenario. The idea is that
any coupling g; with scaling dimension dim[g,] that is driven according to v;t"
gives rise to a length scale

N N
&~ T (3.2)

Once nz +dim[g;] > 0, this scale grows large in the limit of slow drives and can
become observable.

In this chapter, we complement the abstract RG prediction of the scales &; with
an analysis of paradigmatic spin/fermion models (in particular the transverse
XY model). In these models, we extract the observable consequence of adia-
baticity breaking - a finite excitation density - and its scaling with the drive
velocities of relevant and irrelevant couplings. Depending on the drive protocol,
we consider the competition of three scales: (i) the equilibrium length scale &eq,
(ii) the KZM length scale £, , resulting from a drive across the transition, and
(iii) the length scale due to a drive parallel to the phase boundary, correspond-
ing to a drive of an irrelevant coupling (see also Fig. 3.2(a)). The observable
length scale is determined by the smallest of those scales:

f* Nmin[fcq,gl,fn]. (33)

In case of £* ~ {4 the drive is adiabatic and we refer to this scenario as adia-
baticity restoring.

1Based on the scaling of the correlation time: & ~ |90 — go,c| ~*¥ and go — go,c = vot™.
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Variants: Close to equilibrium
+ first order trans.: [76] critical point universal Sudden quench [80]
« non-equilibrium trans. [77, 78] universal physics relevant couplings L erameter important
renormalization group (RG) time
universal breakdown E Sielution
slow drive 1
Methods: ety : linear growth of
. AIA approx. [45, 49] é adiabatic RG g [ entanglement [81, 82]
* ad. pert. theory [73, 80, 83, 84] £ Z(g(t)’ J(t)’ «y(t)) ,_sa ;E:
« Non-analytic results [85-87] § [41] dow deive 2 2
« exact asymptotic results [46—48)] \ .—q %
wn <
dynamical RG (Floquet)
[79]
Experiments: transverse Ising/XY:
« superfluid 3He [88, 89] « transversal: [11, 72, 74, 122-124]
.« liquid crystals [90, 91] « APT: [72, 80]
« ultracold gases (finite T/QPT) [92-105] . Gapless systems: [80, 125, 126]
« trapped ions [106—-108] e Multi critical points: [126-128]
« ferroelectrics (multiferroic crystals) [109-111] « Symmetry breaking field (relevant): [129, 130]
« superconducting systems [112-115] « Ground state fidelity: [131]
« colloidal particles (in two dimensions) [116] « Path dependence: [84, 128]
« hydrodynamic systems [117] . Non-linear drives: [75, 132]
« qubits [43, 44, 118, 119] « Temperature quench: [133]
. Dicke models [120, 121] « Long range models: [134, 135]
« Rydberg simulator [36] + quantum annealing: [39]

Figure 3.1: Fraction of the KZM (literature) landscape relevant for this chapter
(APT: adiabatic perturbation theory).

We demonstrate the generalized KZM for two spin models: the transverse XY
model (z = 1) and an effective description of an extended XY model (z = 3). In
both cases an order n drive is used, where the driven couplings are one relevant
coupling (with v ) and one irrelevant coupling (with v ). The different kind of
drives are shown in Fig. 3.2(a). The model class of transverse XY /Ising models
is well-studied and many different drive scenarios have already been analyzed,
see Fig. 3.1 for an overview. Nevertheless, on the one hand, the RG perspective
gives a unified framework to explain many of the observations in those models.
On the other hand, the observable scaling due to equilibrium irrelevant coupling
is a novel aspect, completing existing drive protocols. Two approaches that are
related to our investigation are:

« Drives along critical lines [61, 125, 126, 132]: depending on the driven
coupling, such a drive either corresponds to (i) a special case of the drive
(3) in Fig. 3.2(a), or (ii) the drive of the coupling of the equilibrium
fixed point theory as in Ref. [125]. The scenario (i) is only realized once
the driven coupling corresponds to the drive of an equilibrium irrelevant
coupling and will be our focus.
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o Adiabaticity restoring due to the presence of a small symmetry break-
ing field as studied in Ref. [129]. Such a field corresponds to another
relevant coupling. Its presence keeps the correlation length &, finite,
competing with the drive scale of a transversal drive £ .

Summary of the main results:

(a) (b)
I/,
ferromagnetic 0
(1]
9=0  g/y
o* )
P @ | (@ ‘
Vcut r*-~——-\\\\r‘10n-universal ge r::;: aIIZEdfast slow
T | o
L * *
K7M subleading scaling 0 k' k” Aett k
7 nEN{]”"z%l parallel
1 slow fast slow
[ ng~©37"" ‘__—'
©0,0) ‘ ‘ 7‘7/2¢ 0 ka k/'ﬁ A k
(1) (2]

Figure 3.2: Conceptual overview of the generalized KZM: (a) Drive scenar-
i0s: (1) transversal drive crossing the transition (‘velocity’ v, ); (2) generalized
drive ending/starting at the transition (vi and v); (3) longitudinal/parallel
drive (v) with a finite gap A during the drive. (b) Algebraic scaling behavior
of the excitation density ng as a function of the drive speed and for the different
protocols. A transversal drive gives rise to the leading scaling, whereas a gen-
eralized drive has two scaling regimes (separated by ©*). The scaling regime of
the parallel drive is limited to finite velocities by the finite gap A. (¢) Depend-
ing on the momentum scale k, the different drives are either effectively slow
or fast (indicating adiabaticity breaking, onset denoted by k*). For a parallel
drive, the finite gap restores adiabaticity for k < ka. (d) Schematic scaling
regimes of the excitation density ng(0,®), parametrized by the drive angle (in
the fermion model). For © — 0, the KZM scaling emerges, separated from the
subleading scaling by the crossover velocity v*(¢) (orange line). For velocities
0> Veut(Aegr) no universal behavior is expected.

Generalized drives - Competing drive scales: The generalized drives of
order n are based on vy, v and reach and/or cross the critical point in the spin
models, scenario @ in Fig. 3.2(a). Therefore, adiabaticity is inevitably broken
(with {eq > €1, €)|) even for slow drives. Here, the notion of slow ‘microscopical’
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velocities refer to their dimensionless? versions as being small: © Lo < L
The breaking of adiabaticity is signalled by a finite correlation length £*.
manifests in a finite density of excitations ng, like spin flips (paramagnetic
phase) or domain walls (ferromagnetic phase): & ~ n;'. To infer the long
distance behavior, both spin models are mapped to non-interacting fermions via
a Jordan-Wigner transformation. In both cases, the fermionic Hamiltonian takes
the form H = 3", Hy, _ with time evolved states [¢(t)) = @< [Yr,~k(1))-
Therefore, different momentum sectors decouple and we can study adiabaticity
breaking at each length scale (or momentum scale k) individually. The breaking
of adibaticity is signalled by a significant population of the excited states. The
total excitation density is given by

np(vL,v)) = 7 Zpk VL)), P = (W, k[ Br, 1),

where pj, corresponds to the excitation probability at momentum k. Adiabatic-
ity breaking at momentum k is signalled by pr ~ O(1) and is associated with
an effectively fast drive. At each k, we can associate effective velocities U(J )

(4 € {L,|I}) with the bare velocities 9, ,0). The effective velocities will grow

for £ — 0, indicating adiabaticity breaking once U(J ) ~

~1 = kj~v, (3.4)

J

i>1 o pr~0(1), S0 ﬁ
A(J) < 1 EN Pk <1

Therefore, the drive is effectively fast for sufficiently small momenta (|k| < k),
with the observable excitation density scalings as:

ne(vi,v)) = Zpkwmax[kL,kl‘] ~ (min[@dfﬂ})_l. (3.5)

In summary, the dynamics of the states |15, (t)) can be classified as either: (i)
non-universal for k >> Aeg, (i) universal (k < Aeg) but slow (|95 | < 1), and (iii)
universal and fast (|0gx| > 1), see Fig. 3.2(c). The last two cases are separated
by the onset of adiabaticity breaking at k ~ k*. In case of two driven couplings,
there are also two scales: k7 and k. Only for kj > E7 the scaling due to
the longitudinal drive becomes observable (see again (3.5) and Fig. 3.2(c)). A
convenient way to parametrize the drive in terms of dimensionless couplings is:

T =014 +0)p, =0 (‘;’s((i;) . (3.6)

In this setting, the choice of ¢ (how steeply we approach the transition) sets a
crossover velocity 9*(¢) defined by k\T ~ k7, such that the excitation density
ng(0, @) is either dominated by (i) the drive of the subleading coupling for
1> 0> 9*(¢) or (ii) the leading coupling for & < 9*(¢). A schematic overview
plot is shown in Fig. 3.2(d).

2The dimensionless velocities are determined from the two-step process: (i) rescaling with
the leading derivative coupling D and (ii) forming dimensionless combination using the cutoff
A.
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Parallel drive - Competing drive and equilibrium scales: Since the
drives above either cross or at least reach the critical point, the equilibrium
scale §eq ~ A~ is not observable in the dynamic setting (in the thermodynamic
limit). A different scenario is the drive parallel (with v)) to the phase boundary,
while keeping a constant distance to it (see € in Fig. 3.2(a)). In this case, &q
is finite based on A(t) = A® = const.. Therefore, the finite correlation length
§eq can become smaller than §)|, resulting in a competition. The role of & is
to restore adiabaticity at large distances, see Fig. 3.2(c¢). It provides an ideal
testbed for the generalized KZM since the observable scaling of £* as a function
of v) is only provided by an equilibrium irrelevant coupling.

Drive geometry - microscopic vs macroscopic couplings: The construc-
tion of a drive is (naively) based on the phase digram in terms of ‘microscopic’
couplings as in Fig. 3.2(a). From the geometry of the ‘microscopic’ phase di-
agram, a transversal drive would cross the phase boundary in a perpendicular
fashion, whereas a parallel drive would run along the phase boundary. In con-
trast, the large distance behavior and the induced scales by the drive are inferred
from the RG analysis. The geometry in the RG need not be ‘aligned’ with the
geometry in terms of the microscopic couplings. The first is dictated by the fixed
point of the flow equations. In its vicinity, effective couplings (the eigendirec-
tions of the linearized flow) can be defined with well-defined scaling dimensions.
These effective couplings can be different from the microscopic couplings. In
particular, they need not be orthogonal to each other (interpreting effective
couplings as vectors in the coupling space). In this framework, a transversal
drive corresponds to a drive of a relevant effective coupling. A longitudinal
drive corresponds to a drive of an irrelevant effective coupling. Therefore, it
is possible that a perpendicular drive in the ‘microscopic’ phase diagram can
correspond to a generalized drive of a relevant and a subleading coupling. In
contrast, driving parallel to the phase boundary is unambiguous and corresponds
to a drive of a subleading coupling. We demonstrate this at the level of spin
vs. fermion couplings (see also @ in Fig. 3.5, which corresponds to a purely
transversal drive). Finally, we argue that the same issue arises for Wilson-Fisher
fixed points in interacting theories.

3.1 Driven transverse XY Chain - Mechanism
of Adiabaticity Breaking

In the following, we approach the KZM from different perspectives: (i) a phe-
nomenological perspective, (ii) a RG perspective with a generalization for ir-
relevant couplings, and (iii) a practical implementation for spin models. A
well-studied version, theoretically and experimentally, of the KZM in quan-
tum models corresponds to the driving of the (relevant) transversal field g(t)
in transverse XY and related models (see again Fig. 3.1). An example of an
experimental realization in the same universality class are slow drives in Ry-
dberg atom systems®, revealing a remarkable agreement with the theoretical
predictions [36].

3Here, the correlation length was extracted from the density-density correlations Cij =
(ninj) — (n;)(n;)) where n; is the projector onto the Rydberg state.
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3.1.1 Phenomenological Perspective

We consider the aforementioned drive of the transversal field ¢(¢) — g. = vot in
the transverse XY model [11]. The drive starts at time ¢; with g(¢;)/J > 1 in
the Zy-symmetric ground state and ends at ¢t at g(¢t;)/J = 0 in the symmetry
broken phase. Since the system is initialized in the ground state of H(¢;), it
will stay (approximately) in the ground state as long as the drive with velocity
vg is slow compared to the time scale set by the gap A(t) of the instantaneous
Hamiltonian: & ~ A7L(¢). Close to the gap closing at the transition, adia-
baticity will inevitably break down and the system gets excited. The symmetry
of the ground state will not be broken during the unitary evolution. However,
the non-adiabatic evolution results in a final state of the form*

|¥(ty)) = superposition(] =— | ¢4+ | =— ...)). (3.7

The state contains locally ordered patches, separated by domain walls (marked
orange) with a density:

£ ) B ¢ DR PIE)

. fermion op.
spin operators

In this limit, the density of spin defects is also equal to the quasi-particle density
in the fermionic description. The average size of the domains is denoted as £*
and depends on the drive velocity. This length scale is directly related to the
domain wall density (in one dimension®) [10]

* —1
& ~ng .

The scaling of £* with the drive velocity is dictated by the underlying equilibrium
model, as argued before (see also Fig. 3.3(b):

1
£ =& ~uy T (3.9)

The finite length scale £* depends on the equilibrium critical exponents z, v and
the information of the drive (order n and the velocity vg).

Box 5: Adiabaticity breaking from a physical perspective

Physically, the system can be seen as being frozen in the non-adiabatic
regime (‘impulse regime’), unable to follow the fast time-evolved
Hamiltonian. A second, more refined point of view takes the speed of
quasi-particles/excitations into account. The excitations spread with
a velocity, determined by their dispersion with a (maximal) velocity
scale v &= &*/t* [124, 137]. Therefore, the correlation length still grows
during the ”impulse” regime, which will nevertheless not change the
overall scaling with the critical exponents. For an example of a fully
time-resolved process see, e.g., Ref. [138].

*With (£ >, 07) =0.
5The generalization in d dimensions and ‘defects’ of dimension p is: ng ~ £*~(4=P)[136].
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Generalized heuristics: The aforementioned scaling behavior can be gener-
alized as was shown in Ref. [41]: even equilibrium irrelevant couplings can lead
to a ‘universal’ breaking of adiabaticity with an observable length scale. We
can anticipate this effect from the earlier heuristic derivation, if we associate a
length scale with each coupling g; (and its dimensionless version §;) according
to

1

£~ g; — g7 T (3.10)

Here, g7 is the fixed point value of the coupling. This scale is only a relevant
scale once it grows at larger distances, which is the case for relevant couplings.
Nevertheless, this is not a necessary condition to break adiabaticity in the driven
scenario. If a coupling g; is driven with f)jf” relative to the fixed point (¢;: gen-
eralized ‘velocity’), the same heuristic arguments as above lead to the prediction
of a scaling behavior:

1
A nzfdim[g;]
&~ i, 9%t (3.11)
Even for irrelevant couplings with dim[g;] < 0, a drive of sufficiently high order
n can lead to a diverging length in the limit of a slow drive (9; — 0) once
nz + dim[g;] > 0. Therefore, even couplings irrelevant at equilibrium can lead
to universal breaking of adiabaticity.

3.1.2 Generalized Mechanism — RG Perspective

This heuristic derivation of the universal KZM scaling can also be obtained from
an adiabatic RG analysis, summarized in Fig. 3.3. In this approach, the onset of
adiabaticity breaking is signalled by the breakdown of the adiabatic description
at the length scale £* [41].

Adiabatic perspective:

A system prepared in the ground state of H (t;) will approximately stay in the
ground state of H (t) for an adiabatic evolution. Therefore, the thermodynamic
quantities can still be obtained from the equilibrium partition sum, evaluated
at a given point in time, Z({g;}) — Z({g:(¢)}) [41]. The role of time ¢ is
comparable to an additional parameter in the equilibrium RG. Therefore, the
equilibrium RG discussion, based on {g;}, can be lifted to an adiabatic RG
analysis including a slow drive with velocities v;. The full set of couplings
therefore is given by {g;,v;} (for drives of order n). In analogy to the equilibrium
case, the new couplings {v;} can be classified as (i) relevant, (ii) marginal or
(iii) irrelevant. The relevant ones will be responsible for adiabaticity breaking
and the breakdown of the adiabatic description. As an example, we consider
again the partition sum of the transverse XY model. This time, we include a
slow drive of the relevant coupling A with v, t" (perpendicular to the phase
boundary) and a drive of the irrelevant coupling Dy with v)t" (parallel to the
phase boundary), see Fig. 3.4. To keep the notation light, we do not include the
index n in the following. Repeating the three RG steps in the momentum-shell
RG (including a rescaling of time as t — b*t), the coarse grained description
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(a) phase diagram (spins) (b) competition (heuristic)
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Figure 3.3: Owverview of the Kibble-Zurek mechanism for transversal drives
across a continuous phase transition ((a) spin couplings; (a’) fermion cou-
plings). (b) Two time scales compete: (i) the correlation time &, (solid line),
and (ii) the time scale of the drive (dashed in (b)). The slower the drive, the
closer to the transition adiabaticity gets broken. In the fermionic version, this
drive corresponds to changing a relevant coupling A in time. (b’) In the adia-
batic RG, this drive corresponds to a new relevant coupling v, = va. Depending
on the value ofA and the drive velocity, adiabaticity is broken (at larger scales)
once [0a(s)| = 1 before |A(s)| = 1. In the reversed case, the evolution remains
adiabatic. The brown dot corresponds to the undriven scenario, the black dot
corresponds to (AA7ﬁfast) (adiabaticity broken), and the purple dot to (A,ﬁslow)
(adiabaticity unbroken).

reads:

Z({gi(t)}) = Z<x
SO exp ([ dr [2, 8 Ggasug | WP seating i
oo —A 27w o A
Y A 41
+%kD1 [wa—Q - de)—Q] b +1+nz
+ (b A+ vIt") Yoig l; 1
— (b 'k*Dy + ot k?) Yoibg AQ B
o) Lo

The scaling dimensions and RG transformations of the drive couplings have a
very similar structure compared to the equilibrium case in (2.48). Collecting the

dimensionless equilibrium couplings in f;eq = (A, D, ...) and the drive couplings
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in §drivc = (da,0p,,...), the flow equations are:
asgcq = Mgcqy asgdrivc = (M + n21)§drivc~ (312)

Therefore, the (linearized) flow equations for the drive couplings have the same
eigendirections (eigenvectors of M) as their equilibrium counterparts but with
shifted critical exponents:

dim[v;] = nz + dim[g;]. (3.13)

This also applies to interacting models with a Wilson-Fisher fixed point [41].

Adiabaticity breaking:

This adiabatic description is valid as long as the drive couplings stay small:
|garive| < 1. However, adiabaticity can be broken once |garive(s*)| ~ O(1). As
an example, consider the flow of ¢, (s) based on (3.13):

f/L(S*) — ﬁLe(nz+dim[A])s* _ ,le*nz+dim[A] ;l,v 1 = b* ~ ﬁj_ nz+d1im[A] )
The corresponding length scale £* ~ a - b* has the same scaling behavior as
the heuristically derived one in (3.1). Nevertheless, for a finite distance to the
critical point, the underlying equilibrium correlation length & is also finite. It
is determined by the growth of A at larger distances: |A(s*)| ~ 1. For a given

set of microscopic couplings A, 9, (two dots in Fig. 3.3(b")), two length scales
emerge:

~ A~ 1

Als)|=1 = ~ AT TmlA]

|A(s)] €eq - (3.14)
|7A}J_(S)| ~1 = fdrive ~ ’{)J_ netdmia) .

The observable behavior is determined by the smaller scale. At a given point

in the phase diagram the drive is either (i) adiabatic with a correlation length

& ~ €oq or (ii) non-adiabatic with £* ~ Edrive, see Fig. 3.3(b’). If more than one

coupling is driven, &arive is replaced by the individual drive scales &; (see (3.2))

for each driven coupling g;:

g* ~ min[feqa 50) 517 ] (315)

3.1.3 Practical Implementation for Spin Models

Our main goal in the following sections is to demonstrate (i) a competition of
scales due to multiple driven couplings and (ii) the emergence of a finite length
scale from driven irrelevant couplings in the transverse XY and related models.
Therefore, we combine the phenomenological perspective (spin observables) with
the RG considerations for the fermion model. Possible options to extract the
correlation length £* from spin observables are: (i) extract £* from correlation
functions like C77 or C{7, (ii) extract £* from order local expectation values like
the domain wall density (ferromagnetic) or spins flip density (paramagnetic) or
(iii) extract &* from the entanglement entropy (see, e.g., Refs. [11, 12]). The
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second option is directly linked to the fermionic excitation density. If the drive is
stopped at a vanishing transverse field g = 0 (deep in the ferromagnetic phase),
the fermionic excitation density corresponds to the density of domain walls, see
again (3.8). If the drive is stopped deep in the paramagnetic phase (g — J >
or J(g — J) > ~?), the excitation density corresponds to the density of spin
flips [11]. In this regime, the quasi-particle operators are X, = ¢, such that®

= {(Srde) = 3 (Seda) =1 (Sha-on). i

l

Therefore, we can directly relate the fermionic excitations with observable spin
excitations and extract £* ~ ngl in the limiting cases. This leads to a simplifi-
cation: to extract £* we can entirely work with local operators in the fermionic
description. Nevertheless, the drives have to be built around tuning the spin
couplings J(t) = Jo + vst" and g(t) = go + v4t™ for the transverse XY model.
We have already argued that driving ¢(¢) will lead to the known KZM scal-
ing, associated with the relevant coupling A In contrast, driving parallel to the
phase boundary with g(t) —J(t) = const. corresponds to a drive of the irrelevant

coupling Ds. In the limit £k — 0 the drives are related as

eff. fermion couplings ‘ eff. velocities
t)—=J() k20 22 A PO o 2(vg—

o )7k (z) ~ A(l) =A%+ 0.t | oy~ —((;,i)ni‘i),

J(t) k20 A o a A - .

=~ Do) =Dy + oy, | o)~ e

In the fermionic language, the desired drive of a relevant and an irrelevant
coupling corresponds to the time dependent dimensionless Hamiltonians for each
momentum sector (k, —k) (see again (2.24)):

he(f) =] A"+ 08" +2(D9 + oyf")(1 — cos(ka))| o + sin(ka)o.
=(g(t)=J(@®)/v =J(t)/~

Exemplary drives are shown in Fig. 3.5. The involved static and driven couplings
give rise to three competing length scales

1 1
A—1 AT T+nz AT Titnz
Eeq ~ AO 5 fj_ ~vU o P fH ~ ’U” e (317>

For the transverse XY model with z = 1, both drive scales diverge for o — 0
once the drive is at least quadratic n > 2. Depending on the microscopic
coupling strengths, either one of the three length scales becomes observable as
shown in Fig. 3.4(b). A microscopic velocity 1> 0 >> 9 favors the emergence
of £* ~ &, (case 3 in Fig. 3.4). For 1 > o > 0., the subleading scaling can
become observable * ~ & (case (1) in Fig. 3.4). Therefore, the observable scale
§* depends on the ratio of 9| and 9. However, we will specify the conditions

6The Hamiltonian at the end of the drive is:
transverse XX: H(|¢| = 00) o< — ﬁi—l—A z—ﬂ (zg“ +oVo? )
ransverse XX: 00) o 5 ) o] 5 ojotojo
1 1

with the ground state | 71 ...). The fermionic version is diagonal in momentum space with
Xk = Ck-
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(a) generalized drives in the phase diagram (b) adiabatic RG perspective
D2 1) QA}L (2] \7" = f'i - z"’ QA)L
~ adiabaticity broken
Y 1 & ~E
g X
= o
g :
5 1 *
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2 a adiabatic
B = — >
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~ @ subleading scaling dominant )
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@ adiabatic

adiabaticity broken
© leading scaling dominant

Figure 3.4: (a) A generalized drive in the transverse XY model with a compon-
ent along the relevant direction 0, and along the subleading (irrelevant) direc-
tion 0. (b) At a given point in time, the relevant information is encoded in
(AA7'DJ_,’[/)H), which changes under the RG at larger distances. Depending on the
position parameters at that time, the drive is either adiabatic (case 2) or non-
adiabatic due to the drive of A (case 3) or the drive of Dy (case 1).

more precisely in the following sections.

Parametrization: The scaling behavior of £* (and ng) is inferred from the
fermionic RG flow in the vicinity of the fixed point. As mentioned before,
the drive couplings have the same eigendirections compared to the equilibrium
RG. Therefore, the simple structure of the equilibrium RG flow allows us to
decompose a drive coupling vector # in terms of the orthogonal (equilibrium)
directions A and D,. In terms of dimensionless couplings the decomposition
reads:

(S

— s+ 08, =0 (). (3.15)

as shown in Fig. 3.4(a). The angle 7/2 — ¢ is defined as the angle enclosed with
the equilibrium irrelevant direction (Dy-direction) [notation as in Ref. [41]]. We
will typically consider drives for a fixed angle and very ¢ to extract £*(9). An
example is sketched in Fig. 3.2(b). For © — 0, the scaling due to £, will be
observable, since the transversal drive is the leading relevant coupling. Nev-
ertheless, for an intermediate range of velocities ¢ (1 > 0 > 0* = 0*(¢)) the
subleading scaling will be observable as well, sketched in Fig. 3.2(b). The leading
and subleading scaling regime are separated by a crossover velocity 9*(¢). For
angles closer to 7/2, *(¢) becomes smaller and the subleading scaling regime
increases.
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Box 6: Spin vs. fermionic coupling space

The definition of the angle is
based on the linearized fermionic
RG and the eigendirections of M
at the fixed point 5* A drive of
the transversal field corresponds
to ¢1 = 0 (see Fig. 3.5(b)). By
definition, this is a transversal
drive (driving an equilibrium rele-
vant coupling). A longitudinal (or
parallel) drive (3) lies in the basin ~

of attraction spanned by all the (b) k—0

irrelevant coupling directions. A o

feature of these drive protocols is K [ 2]
that the notion of ‘transversal’ is J

less obvious in the spin language, /5 (1)
where the same protocol corre- -
sponds to path (1) in Fig. 3.5(a) y— A
with ¢} # 0. Formally speak-

ing, the mapping between the spin
and fermion couplings ((3.19) for
k — 0) is not angle preserv-
ing. Practically, this means that
the nature of a drive (transver-
sal or longitudinal) cannot always
be inferred from the ‘microscopic’
phase diagram. Mathematically,
for kK — 0 and in the vicinity of the
critical point, the fermionic and
spin couplings are related by:

M (%1) ~ <1§2> ’ M= ((1) ;1) : (3.19)

with M~1 # MT. Given a drive o, the corresponding angles can be
expressed in terms of M and the unit vectors €; in coupling direction j:

<’U,6ﬁ2>

’ —

eﬁz

Figure 3.5: Transversal (1), gener-
alized (2) and (8) parallel drive for
the transverse XY model, reaching
the same critical point (top: spin
couplings, bottom: fermionic cou-
plings). The angles in the spin and
fermion setting are ¢/1,2 and ¢1.2 Te-
spectively. Importantly, ¢1 = 0 cor-
responds to ¢ # 0.

15 1z
(M1, M1Ep,)
[M-18] | M1,

2

fermions: sin(¢) = , spin: sin(¢’)

v

Even though the angles will deviate for a composite drive, a ‘longitudinal’
drive is longitudinal in both systems (see Sec. 3.4 for an example).

3.1.4 Interlude: Time Evolution of Gaussian States

The time evolution of interacting models becomes intractable for large system
sizes due to the exponentially (in L) large number of needed parameters to de-
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scribe the state. The advantage of quadratic non-interacting fermion models
is that the ground states (as well as thermal states) are Gaussian states. In
particular, the ground state is described by the set of complex coeflicients
(ug,vx) (polynomial in L) with |GSy,) = [[,<q(uy — vkckc .)|0). This Gaus-
sian form is preserved under the time evolution of a quadratic Hamiltonian
H(t) = -0 Hy,—k(t), where the different momentum sectors completely de-
couple. Therefore, we seek for a description in terms of time dependent parame-
ters (U (¢), Vi(t))’s (where the capital letters are used to distinguish them from
the ground state values). There are two equivalent approaches to find the evo-
lution of the coefficients: (1) Schrodinger picture approach and (2) Heisenberg
picture approach.

Schrédinger picture: The direct approach is to solve the Schréodinger equation
in each momentum sector spanned by {|0)x, cle! ,10).} =: {]0),]1)} (forming a
two level system). The (k, —k) part of the initial ground state in this basis is
given by |GS) = (—v},u;)T and the Hamiltonian takes the form

(O|H g, —r(t)[0)  (O|Hr, (M) _ 7  _
<<1IH: _:(t)|0> <1|HZ :(t) 1 ) = hi(t) = ozhy(t)os, (3.20)

|
1)
VU>~ ( t»
10y k h 3.21
(vl (0 (3:21)
Therefore, each momentum sector corresponds to a Landau-Zener like model in
disguise and can be solved individually.

Heisenberg picture: The second equivalent approach, often used in the litera-
ture [10, 11], takes the operator perspective in the Heisenberg picture. As an
ansatz, the time-dependent annihilation operators ¢ (t) are written in terms of
the initial quasi-particle creation and annihilation operators {x(¢;), Xk( i)}

ansatz: g () = Up(t)xp () + V35 (Ox " ()

3.22
evolution: ey (t) = [en(t), HT (1)) (3.22)

The time evolution of ¢ (t) translates into the time evolution of the coefficients
(Uk(t), Vi(t)), which evolve according to [11] (see again (2.28)):

A= ()« 14D =+ ()
DAWD) = heAWD)

Note that in this second approach, the initial ground state of the fermion model
corresponds to the excited state of hy.

(3.23)

In both approaches, the time evolved state (in the Schrodinger picture) takes
the form:

diabatic representation: |¥(t)) = H(U,:( )= Vit )ckc 10). (3.24)
k>0

The state has a similar appearance as the ground state, but it can host excita-
tions. Rewriting the state in terms of the instantaneous ground state |GS;) and
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quasi-particle operators X, ; gives:

adiabatic representation: |¥(¢)) = H(ak(t) + bk(t)XL,tXT_k7t)|GSt>~
k>0
(3.25)

The coefficients in the two representations are related as:

(Z:) - <Z: —%;) (%f) ' (3.26)

The advantage of the adiabatic representation (3.25) is that we can directly
deduce the excitation density:

1

ne(t) = £ WOV = 7 Y= S (3am)
k k k

Box 7: Relation of the coefficients

To relate the coefficients ag, b in the adiabatic representation to the
diabatic representation, we express |?(t)) in terms of the ground state
and excited states (for momenta +k):

1GSex) = (uf —vielel DI0k),  |Eex) = xhx! 4|GSer),

many-body state: |[¥(t)) = H (ak|GSy k) + be|Ee k) -
k>0

(3.28)

The adiabatic representation of the corresponding two level description
(|A(t))x) is obtained by using the instantaneous eigenstates {|+ (¢))x, | —

(t)>k} of hk(t):
two-level state: |A(t))x = ar(t)| + () — b ()] — () k- (3.29)

The overall relation between the coefficients is given in (3.26).

\ 7

To summarize: starting from the ground state in the transverse XY model, the
evolution of the different momentum sectors (k, —k) decouples. Each sector
is described by a two level system with time dependent Hamiltonian hg(t).
Nonetheless, the time evolution for hy(t) is not necessarily exactly solvable. A
notable exception is a linear drive, corresponding to the Landau-Zener model
discussed in Sec. 2.1.1 (and, e.g., Ref. [11]).

3.2 Linear Drive (1): Transverse XY Model and
relevant Couplings

In the following, we will supplement the heuristic and RG derivation of the
KZM scaling of £* (and therefore ng) with an exact calculation for a linear
drive of the transversal field - a purely transversal drive [11]. The derivation in
the context of a quantum phase transition and the quantum Ising model was
first performed by Dziarmaga [11]. Besides its simplicity, it also lays out the
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strategy we will follow in the next sections.

For such a linear drive, the excitation density ng can be exactly calculated
based on the asymptotic Landau-Zener result (2.3). The drive starts from the
paramagnetic phase and ends deep in the ferromagnetic phase with g(¢)/y =
—uwpt for t; = —oo and ty = 0. The coupling J/v = Jy/7v is held fixed and the
transition is crossed at g. = Jy, see Fig. 3.3(a). In the paramagnetic phase,
the physical observable is the domain wall density ng(?dy), depending on the
dimensionless velocity 99. Using the KZM argument, the domain wall density
should scale universally with 9 in the vicinity of the transition (z = v = 1):

1
ng(do) ~ &1 = KZM prediction: &* ~ 4, 2.

In the fermionic formulation, the excitation density ng is given by summing up
the excitation probabilities py, for each two level system labelled by (k, —k), see
again (3.27). In case of a linear drive, the p;’s can be determined exactly based
on the Landau-Zener result (2.3). In Sec. 2.1.1, the two level model was recast
in a canonical dimensionless form:

iy (g) _ (vfit @jﬁ~t> (g ) , (3.30)

The asymptotic excitation probability will only depend on the dimensionless
velocity Ueg. A fast drive with g > 1 will lead to a probability close to 1.
In the following, we adapt this strategy for the two level systems hy(t) for the
transverse XY model. In this case, the effective velocity will be k-dependent
(scale dependent). Adiabaticity breaking is indicated by a diverging effective
velocity for £ — 0, as we will analyze in the following.

Canonical parametrization: In analogy to (3.30), the state in each sector
is described by (Ug(t), Vi(t)). The time evolution is encoded in the hermitian
matrix hg(t), see again (3.23). Similar to the RG discussion, we will use di-
mensionless quantities in the following. Scaling out y, the drive is parametrized
by dimensionless time ¢ = 2yt and velocity 99 = 2v/(2y)?. Similarly, the
dimensionless fermion couplings are:

Aty = A° — o1t~ (g(t) — Jo) /7, Da(t) = D3 = Jo/(27). (3.31)

To extract the excitation density, we bring the two level models hy(t) into the
aforementioned canonical form (3.30), which we will use extensively throughout
the whole chapter. The advantage of this form is that it reveals the scaling of
equilibrium and non-equilibrium couplings in the limit £ — 0 on equal footing.
Generalizing for later use to a drive of order n, we define”:

canonical form: hg = (’f)kfz + [Lk) 0, + 0,

R ~ 5 (3.32)
eigenvalues: E(k,ty) = i\/(@ktz + ﬂk) +1,

(where n = 1 for the linear drive here) with rescaled time #;, = 27t - sin(ka) and

"See also Refs. [139, 140] for a linear and quadratic drive.
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effective parameters:

effective parameters: O = (—1)"+ 30 (ka)~(+D - (3.33)
sin " (ka)
~o(l—cos(ka)) k-0
[, = QDO(i ~ (ka). .34
Kk 2 sin(ka) - ( a) (33 )

The effective parameters encode the effective velocity oy at momentum k and
the effective static (equilibrium) scale fir. The effective velocity 0y scales as
~ (ka)~(*t1Y and is comparable to the scale dependent velocity coupling (s)
in the RG (diverging for s — oo, see (3.12)). Therefore, the effective velocity 0y
will become dominant at large distances even though the microscopic velocity
is small 99 < 1. The second parameter, [iy, instead becomes vanishingly small
(~ (ka)). Tt incorporates equilibrium irrelevant couplings, which similarly be-
come irrelevant at large scales®.

Linear drive: Rewritten in the form (3.32) and n = 1, the excitation prob-
ability px = exp(—m|dx| 1), and therefore ng, for asymptotically large times can
be predicted exactly. For sufficiently small k, the formal limit of asymptotically
large times and the usage of the Landau-Zener formula is justified (as we discuss
in the info box). The overall excitation density (3.27) is obtained by summing
up all excitation probabilities py. The expression can be turned into a Gaussian
integral and the density of fermionic excitations, being equal to the density of
domain walls, scales in the predicted fashion [11]:

1 [ d(ka) [ _pwe?d(ka)
nE—LZk:pk~/pk or ~/e 5~ 00 (3.35)

—T —1T

[=FRT

Note that for 99 < 1, the excitation probabilities py is strongly suppressed for
those momenta where the asymptotic result would not hold (making it self-
consistent).

Box 8: Applicability of the asymptotic result

For small enough k, the asymptotic result can be used even though the

final time is finite ({7 # c0). In the following, we make use of the

intuition developed around the AIA approximation (see again (2.5) in

Sec. 2.1.1) to argue that the asymptotic Landau-Zener result is applic-

able once the drive starts and ends in an adiabatic (A) regime. In partic-

ular, it should cross the entire impulse (I) regime (where the excitations

are generated). The onset of the impulse regime is marked by the adia-
baticity breaking time® f,’;:

1 1 ! N

BhE) o e

Tk 2\/(Ukt7;" + )" +1

where [ij is negligible in the limit £ — 0. The condition of starting and

continued on next page

8Nevertheless, once A # 0 (staying at a finite distance to the critical point), fi; will
become the leading scale and allows for the restoring of adiabaticity.
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continued from page before

ending outside of the impulse regime in terms of initial and final times
ik, tyk reads:

i\/i’k; < —fz < tA;; < tAf’k.

The drive ends at /1, defined by g(t;) = 0 & A(i;) = —2D3:

. 2D)
trp= T2 sin(ka). (3.36)
0

In the limit & — 0, the effective velocity becomes large ¢, > 1 and
N 1

the adiabaticity breaking time scales as ¢, ~ 0, > - (ka). Therefore, the
requirement (3.36) for the final time translates into

~ ~0 2 g q ~ @0

Uy K (2D2) , given a fast eff. velocity: 0 = —5— > 1. (3.37)

sin®(ka)

This requirement is always fulfilled for sufficiently small momenta and a
microscopically slow drive.

“Making use of (2.5) for the canonical Hamiltonian (3.32).

3.3 Linear Drive (2): Scaling and Crossover Scales
in the generalized XY Model

In the last sections, we have laid out the formalism to treat and understand the
generalized KZM, in particular from a RG perspective. Though the treatment
of the XY model in the fermionic formalism is straight forward, an exact ana-
lytical calculation is hindered by the numerical values of the critical exponents.
With z = v = 1 and the scaling dimension of the first subleading coupling
dim[Dy] = —1, at least a quadratic drive (n = 2) of Dy is required, to make
the subleading scaling observable. However, quadratic drives are not exactly
solvable anymore. To make use of the exact solutions for a linear drive, we
start with a full analysis of the related extended XY model (also used in, e.g.,
Ref. [137]; see also Refs. [141, 142])) and discuss the transverse XY model after-
wards. The extended model includes spin interactions between up to second
nearest neighbors:

— z T LT Yy Y
H——QE O'Z—ng 0'l°'z+1_Jy§ 01041
7 ! 7

T T z Yy LY z
— Jox g O[O 207 1 — Jyy E 010, 2041-
1 1

(3.38)

In contrast to the transverse XY model, the additional couplings can be fine
tuned such that the model hosts a critical theory with z = 3. In this case,
a linear drive is sufficient to ‘activate’ equilibrium irrelevant exponents. By
construction, the model can still be mapped to fermions, where each momentum
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sector is described by (see also App. A.1)

hi, = 2[g — J cos(ka) — Ja cos(2ka)|o, + [2ysin(ka) + 272 sin(2ka)|oy,
) J=Jdo+Jdy, Jo=dpx+ Jyy,
couplings:
'YZJx_Jya Y2 :wa_Jyy
By choosing 7o = —1/2 -~ and Jy = —1/4 - J, the lowest momentum terms are
of order O(k?) and therefore the dynamical critical exponent is z = 3:

hi =2[g — J cos(ka) + iJcos(?ka)]aZ + [2ysin(ka) — vsin(2ka)]os,
(3.39)

e 3 1
P g — 17+ g/ (ko) | 0w+ [y(ka)*] o

The gap A(g,J,v) = ming[ex] closes at &k — 0 for g = %J. In the vicinity of
the gap closing and at large distances (k < Aeft), higher order momentum terms
can be ignored (defining Aog). At those large scales and in the thermodynamic
limit L — oo, the effective Hamiltonian is given by (see also again the discussion
around (2.42))

Aest
dk 1
Hx~ [ — [mpizbk 5 Dak? [l 4] + DM“«PZ%] :
—Aesr
(3.40)

Static setup: The model (3.40) is similar to the transverse XY model but with
the couplings D1 and D5 absent. In a first step, we derive the scaling dimensions
of the equilibrium couplings from the RG perspective. Therefore, we identify
the equilibrium RG fixed point and the scaling dimensions from the flow in its
vicinity. Using a similar rescaling as before but with z = 3, the RG fixed point
theory is described by the leading derivative term D3. Scaling out D3 and using
Aetr, the dimensionless couplings §eq (with fixed point 5* = (0,0,...)T) are given
by:

~

v A 4-3 dim[A] +3
- D4 %i Aeiﬁ dlm[D4] -1
Jea=| Py | = | s et dim[Ds] —2 - (3.41)

Drive setup: Due to the larger dynamical critical exponent z = 3, even a
linear drive (n = 1) of the irrelevant coupling Dy with @HE will induce a diverging
length scale. To study the competition of scales induced by driving the relevant
gap A with 9,7 and D, with o€, we consider two scenarios: (i) a combined
(generalized) drive, and (ii) a linear drive of the irrelevant coupling Dy only
while keeping a constant distance (A(t) = A%) to the phase boundary (parallel
drive). Both scenarios are described by the dimensionless hermitian matrix for
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each momentum sector with k = k [ Aot

(A° + 00 8) + (DY + 0yf) k* i
hi(t) ~ At) Da(t)
k? —(AO + @Lﬂ — (ﬁg + 17”@];‘4

- (3.42)

From the point of view of the adiabatic RG (and dimensional analysis), the drive
couplings have scaling dimensions that are shifted by z (for a linear drive):

0y B A dimlv,] |+6
o N v —2 .
gdrive - ’U” = Dllg ACH dlm[’t}”] +2 . (343)

From the spin perspective, a purely transversal drive would correspond to driv-
ing g(t) and keeping J(¢) = Jy constant. Similar to the linear drive in the
transverse XY model, a protocol can be to start from ¢; = —co with g(¢;) = oo
and ending at g(t;) = 0. A parallel drive corresponds to driving J(¢) > 0 (and
Jo(t)) while keeping g(t) — 3.J(t) constant.

Fermionic perspective: In the following, we rather think of this model as a
‘minimal’ fermion model, putting aside the aforementioned details of the drive
protocols. An idealized drive with ¢; = —oo and ¢t = 400 would take the form:

Ay=A"+0o.8) - /o
() = R <1il) =9 <C9S(¢)) : (3.44)
Dy(f) = DY+ oy ol sin(¢)
For each (k, —k) two level system, the Hamiltonian (3.42) can be brought into
its canonical form (3.32). The effective parameters for the z = 3 model are:

drive: U =~ All%_f" + ﬁHI%_Q
static: g =~ AO 34 DOEHL (3.45)

rclcvant irrelevant

Focusing on this asymptotic limit, we extract the contribution to the excitation
density ng(0,¢) for k < A.g. We separate the contributions to ng into two
parts: (i) a non-universal part for k > Ao and (ii) a universal part for k < Aeg:

A T L m/add
ng = 208 / ppdk =2 /pkdkz + a et / pr dk, (3.46)
™
0 0 1

universal non-universal

assuming py = p_g. By restricting our discussion to the long distance model
(3.40), we only consider the universal part. As a reminder: this is also the
regime where the asymptotic results are applicable.
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3.3.1 Key Results — Generalized Drives

The first class of drives we will consider are generalized drives, where A and
Dy are linearly driven across the critical point. Here we choose A = D§ = 0.
Driving these two couplings gives rise to two competing scales according to the
previous RG considerations (3.43):

1

LS, Gty t = £ ~ minfg L, €)].

The excitation density ng(9, ¢) should have two universal scaling regimes: (i)
ng ~ &' for the smallest velocities & < 9*(¢), and (ii) ngp ~ 5”_1 for 1 >
> 9*(¢). The two regimes are separated by the crossover velocity 0*(¢). A
prototypical dependence of np with respect to © with a fixed angle ¢ is shown
in Fig. 3.6(a). It is obtained from summing up the exact expressions for py,
as discussed in further detail down below. For a fixed angle ¢, the behavior
of np(0;¢) as a function of ¢ indicates two scaling regimes in the excitation
density ng(0;¢), as well as a regime of saturation:

1
o For v — 0 we observe the KZM scaling behavior ng ~ 511 ~ D7,

o For intermediate velocities 9*(¢) <« ¢ < 1, the scaling stems from the
1

driven subleading coupling ng ~ 13”5.
o For velocities & ~ O(1), the excitation density saturates.

The two scaling regimes are separated by the crossover velocity 9*(¢), indi-
cated by orange dots inFig. 3.6(b). It is estimated by a direct fit as detailed in
Fig. 3.6(c).

Universal scalings: For drives nearly parallel to the phase boundary (|7/2 —
@| < 1), the crossover velocity 9*(¢) itself scales algebraically: 0*(¢) ~ |7/2 —
#|'/? as shown in Fig. 3.6(b),(f). The extracted universal scaling exponents of
ng(0;¢) (with ©) are shown in Fig. 3.6(e). For a reasonable quantitative es-
timate of the subleading scaling, we require the subleading scaling to cover at
least on order of magnitude in .

Observability: The possibility of observing the subleading scaling strongly
depends on the crossover velocity 0*(¢). Excitations are dominantly generated
by the subleading drive in the velocity range 9 € [0*(¢), 1]. For a broader range
of ¢, the crossover velocity (orange line) and the extent of this velocity range in
the (¢, 0) plane’ are shown in Fig. 3.6(d). As we anticipate from Fig. 3.6(d)-(f),
the velocity range [0*(¢), 1], relevant for the drive of the subleading coupling,
gets very narrow for intermediate values of ¢. To extract a quantitatively reli-
able subleading scaling exponent, the angle ¢ has to be large enough: ¢ > ¢in-
Here, ¢min is marked by red dots in Fig. 3.6(d),(f)).

In the following, we pair this overview (based on the exact excitation density for
an asymptotic drive) with an analytical investigation to extract the crossover
scales. This analysis, based on the excitation density, complements the abstract
RG analysis from before. Finally, we investigate drives parallel to the phase
boundary with A° £ 0.

9Corresponding to a quantitative version of Fig. 3.2(d).
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Figure 3.6: (from top to bottom): (a) Ezample of the excitation density
ng(d,6) as a function of © and fived ¢ = 7/2 — 10~* (log-log scale). It fea-
tures two scaling regimes: KZM scaling at low velocities, separated from the
subleading scaling at intermediate velocities and a non-universal regime at ve-
locities © ~ O(1). Deep inside a scaling regime, ng is dominated by either
ny orny. (b) Multiple ng curves for different ¢’s are shown; for ¢ — /2
the onset of the KZM scaling is shifted to lower velocities, where the crossover
velocity 0*(¢) also scales in a power law fashion (for & < 1). (d) Zooming
out, the KZM regime (white), subleading scaling regime (light gray) and the
non-universal regime (estimated from the saturation of ng) are indicated for an
extended range of ¢. The extracted universal scaling exponents (e) and crossover
velocities (f) are extracted by fitting ng(0; ¢) as detailed in (¢). (e) The critical
exponents for different ¢’s are plotted (log-linear scale) with the RG predictions
(dashed lines). The vertical line indicates the smallest ¢ (Pmqin) which enables
a good extraction of the exponents. (f) For ¢ — 7/2, the crossover velocity also
scales universally, which is estimated using (i) Eq. (3.56) (orange dots) and (i)
a full fit (blue circles) of the curves in (b). Both approaches are consistent with
the analytical expression Eq. (3.56) (gray dash-dotted line).
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3.3.2 Generalized Drives — Analytical Investigation

We are considering linear drives in the asymptotic limit of the z = 3 model.
Therefore, the Landau-Zener result is applicable to determine p,. With the
effective velocity 0 in (3.45), py reads:

PO 1 1
p(k,0) =exp | - T————5— | =t exp(—70, ). 3.47
(k. ( @Lk_ﬁmk_Q) (~riih). (34)

Depending on the size of 0, the drive is either slow (0 < 1) or effectively fast
(0 > 1) at momentum k. If we consider the two contributions in (3.45) and

(3.47) as two different effective velocities (ﬁ](cl) and @lgl))7 we can associate fast
drives with an excitation probability close to 1:

excitation density

@](Cj) >1 &  pp~ O(1) diabatic ﬁ,(j') ~ D k6
o «1 & pp< 1 adiabatic o) ~ ok

The limiting cases correspond to a transversal drive (¢ = 0,9 = 0) and a par-
allel drive (¢ = 7/2,9, = 0). In both cases, we can associate an excitation
density ny (01) or n)(¢)) to the drive (3.48). The excitation density for inter-
mediate angles ng(9, ¢) is approximately given by the larger of those individual
excitation densities:

ny(0L) ~ aATeH fol exp (—71'{“—6) dic ~ ﬁi

v

~

TLE(U7 (;5) ~ maX[TLL(’LA)L),ﬂH(’DH)].

. 1
o) g e (1 kY gk~ 52
ny(0)) = “2= [ eXp( mo- ) dk ~ 0,

vl

(3.48)

The expressions n (01 ) and n)(9)) are plotted in Fig. 3.6(a) as well. The differ-
ent scaling regimes of ng (0, ¢) are rooted in the two different velocity contribu-
tions in 9. Based on them, the excitation probability py features two different
regimes as a function of k, separated by the crossover scale & := (ﬁl/ﬁ”)l/‘l:

. . ];6 R . Ez
P (k < R, 17) ~exp|—-m— 1|, »p (k: > R, 0) ~exp|—-m—]. (3.49)
V] 2}“

The momentum range is separated by & into (i) a range, where excitations
are generated due to the transversal drive (k < &) and (i) a range, where
excitations are generated due to the longitudinal drive (]% > &). Therefore, the
contributions to the full excitation density ng(d,®) can also be split into two
parts:

R 1
Ae [ 2 Ae [ 7
nE(&ng):aﬂﬂ/p<k,ﬁ)dk+aﬂﬁ/p(k,v>dk. (3.50)
0 R
~ny (v1) an('ﬁH)

Apart from a crossover regime, ng (9, ¢) in (3.50) is dominated by only one of
the terms, see again Fig. 3.6(a). The lowest order approximation of both terms
is given in (3.48). It corresponds to setting # — 1 or & — 0 in (3.50).
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Crossover velocity - Scaling behavior: In the last section, we have iden-
tified the scaling of ng for the limiting cases of 9 — 0 or o, — 0. The
important question regarding observability is: Where is the crossover veloc-
ity 9*(¢) located and how does it depend on the universal information of the
transition? In the following, we derive under which conditions the subleading
scaling, and therefore the contribution n)(?)), becomes dominant/observable.
Furthermore, we extract the universal scaling of the crossover velocity 9*(¢) in
the limit ¢ — /2 (which can be similarly derived from the RG considerations

[41]).

Starting from (3.50), the contribution n) is approximated as

I—

1 o /2,
N ~ ki=k/0 1 _ _
n| z/p(k;,@”) di =" o / p (k1) dk. (3.51)

K

==
=l

1
k)07

The expression scales algebraically with o once the remaining integral is a
O-independent constant to a good approximation. Therefore, we require the
integration domain to be sufficiently large such that the integral itself does not
depend on 9 anymore:

1
R/ ﬁl’f < 1: Corresponds to 9 < ﬁﬁ The transversal drive velocity needs
to be small enough compared to the longitudinal one. Otherwise, the
transversal drive and scaling would overwrite the subleading scaling.

1
1/ 17”2 > 1: Corresponds to the requirement of a slow drive (small enough

to not enter the non-universal regime: 9 < Vcyy & 1).

Since we are only concerned with (microscopically) slow drives (7 < 1), the

observability of the subleading scaling depends on . Parametrizing the drive
in terms of ¥ and ¢ instead of ¢ and 9, the crossover velocity ©*(¢) indicates
the velocity scale, where the condition is violated. For ¢ — /2, the crossover

1
velocity, determined from &/ 17”2 ~ 1, scales as:

z+dim[Dy4]
dim[A]—dim|[Dg4]

extended transverse XY: 9*(¢) ~ ‘f -

This scaling behavior is in full agreement with the RG predictions [41]. The
generalization to other (Gaussian) models is straightforward (see info box). In
all cases, the scaling of 9*(¢) depends universally on the equilibrium critical
exponents.

Box 9: Generalization to other Gaussian models

This discussion can be generalized to variants of this fermionic Gaussian
model with a dynamical critical exponent z, where a relevant coupling
(dim[go] > 0) and an irrelevant coupling (dim[g;] < 0) are driven linearly.

continued on next page
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continued from page before

Firstly, the crossover scale & is determined by the difference in the scaling
dimensions:

B (@L/@”)dim[gmidim[m = (tan(@))dim[yo]ildim[gll_ (3.52)

The order of the drive does not enter the expression, as long as the
couplings are driven with the same order n. Secondly, the conditions for
n| to take a scaling form are given by:

RfoTT <, VT ! (3.53)

Correspondingly, the crossover velocity 9*(¢) takes a scaling form as a
function of |7/2 — ¢| in the limit |7/2 — ¢| < 1:

z+dim[g;]

0°(9) ~ /2 — | TR (3.54)

(compare to Eq. (17) in Ref. [41]). For an order n drive, we only have
to update z — nz, resulting in

nz+dim[gj]

0°(9) ~ /2 — ¢ TEOT-TnET (3.55)

Crossover velocity - prefactor: The analysis so far was based on scaling
considerations. However, we are also interested in the prefactor, which will
depend on the specifics of the model at hand. To estimate ©*(¢) including the
prefactor, we compare our first approximations for n; and n, (3.48), with each
other. We identify the crossover scale as the point where both contributions
become comparable:

n(67) = ny (o). (3.56)

In the limit, where the width of the probability distribution pi as a function
of k becomes narrow, we can analytically evaluate the integrals in (3.48) by

extending the integration to infinity. The two expressions are (b := fg{/‘? ):
A 1laA
ni(vy)~ pEeett cos(qb)% L ny (0)) = 5(1 off sin(qﬁ)% 93 (3.57)
™

The crossover condition (3.56) translates into:
0*(¢) ~ (2b)% /2 — ¢|'/*. (3.58)

The exponent o = 1/2 fits exactly to the estimate in (3.54). In Fig. 3.6(f), we
compare this limiting expression for ©*(¢$) with the crossover velocities extracted
from a full fit of ng(; ).

3.3.3 Limiting Case: Purely parallel Drive and Adiabatic-
ity Restoring

For generalized drives that reach the critical point (with A = 0), the observ-
able length scale {* is determined by one of the drive scales £, or § (due to
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the diverging equilibrium correlation length). A related scenario is a purely lon-
gitudinal drive, parallel to the phase boundary. In contrast to the generalized
drives discussed before, a constant distance to the transition is kept, encoded
in A° # 0. Therefore, the equilibrium correlation length is finite in this setting,
competing with the drive scale §. For sufficiently small drive velocities, the
finite distance to the transition will restore adiabaticity with £* ~ .

In this scenario, the effective parameters 0 and fis, in (3.45) are competing. For
k — 0, i will grow as well, indicating the growth of the relevant coupling A.
At those scales, the asymptotic results (< ¢;,t; = £oo) will not be applicable.
Therefore, the excitation density adapted from (3.49):

L6

2 aAeﬂ N
k,op) = L by < 1)~ 22 [o 3.59
p(k, ) = exp ( W@|k4> np(t) < 1) 5 0 ( )

will only be applicable for an intermediate k range.

Breakdown of asymptotic description: From the spin perspective, it is
reasonable to assume that a parallel drive starts at couplings J(t;)/y — oo'?
with (g(t) —3/4J(t))/y = const.. The drive ends at J(t;)/y ~ O(1) (to stay in
a parameter regime dominated by the Ising transition) with ¢ty ~ —1/9). In the
following, we check under which conditions the drive ends outside the impulse
regime such that the asymptotic analysis stays valid. In a first step, we bring
the model into the canonical form (the same as in Sec. 2.1.1):

hi = —0klro. + 0a, by =t — —. (3.60)

Here, the static part on the diagonal, fi; (dictated by AO), was absorbed in the
redefinition of time. For a fast effective drive velocity |0x| > 1, the onset of the
impulse regime at time fz is estimated by:

1 1 L N 1\"2
_ ~afl = T~ () . (3.61)
o

Therefore, the evolution in the time range (—t;,%;) is assumed to be non-
adiabatic (impulse). In the original (unshifted) time frame, the impulse regime
at momentum k is given by (£:tart,k7li’\:nd,k)' To check if adiabaticity will be
broken, we compare this time range with the time ¢y, where the drive stops.
There are three conditions:

U > 1: Fast effective drive, allowing for adiabaticity breaking.

f:tart,k <t #,k: Adiabaticity breaking requires the drive to enter the non-
adiabatic regime.

trp > f:nd’ .. For the asymptotic results to apply, the full impulse regime
needs to be exploited.

10This is not entirely unproblematic: It might happen that for some finite ¢;, the drive
already starts in the impulse regime for some momenta k.
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Condition reads:

N ~ ! ~
;ktart,k = _tz + < tk,f . (362)
~k ~~ ~ k3

1

~k

Depending on the momentum under consideration, there are two relevant scen-
arios for (3.62):

o Intermediate k:
least partly).

(the drive enters the impulse regime at

o« k—o0:

(the drive cannot enter the impulse regime).

Due to the second scenario, the finite gap A0 suppresses adiabaticity breaking
for sufficiently small momenta. The conditions to have a fast effective drive

and to enter the impulse regime give rise to a momentum range, where
adiabaticity breaking is possible:

effectively fast drive e>1: k< (13”)1/2 =: k¥,
entering impulse regime il >t k< (17H)1/4 =k
A (3.63)
|t;:|>>,LLk/Uk k»wi ]CA

Depending on IAC, the dynamics of the two level systems is either adiabatic for
the whole drive or partly non-adiabatic, see Fig. 3.7. For microscopically slow
drives (0 < 1), we have k* < k, and therefore the momentum splits into
‘adiabatic’ and ‘diabatic’ parts, see Fig. 3.7.

ha < kB o< kb Jeo
adiabatic (not fast: 0 < 1)
(due to A® £ 0) (fast: o > 1)

Figure 3.7: For a parallel drive with 0 at a finite distance A to the critical
point, excitations are only generated in a finite momentum range. At the largest
distances, k < ka the drive is adiabatic due to the ﬁmte gap A in the system.
For intermediate momenta, the drive is fast ka < k< k*. For larger momenta
k> k*, the drive is not fast and generates no significant excitations.

Observability of subleading scaling: For ng(9)) to follow a scaling form,
the evolution for a sufficiently large portion of momenta has to be diabatic.
For a fixed velocity o), a sufficiently large gap will restore adiabaticity once

ka ~ k*. In this case, the drive stays adiabatic up to ¢y at all momentum
scales. Therefore, only a sufficiently small gap A0 « AO*, with

A%~ g2, (3.64)

allows for non-adiabatic evolution and the subleading scaling can become ob-
servable. To estimate ng(?)), we determine the momenta, which also fulfill

o4



Chapter 3

condition . With a similar line of argumentation, the asymptotic results are
roughly applicable for ka<k (< l:‘r):

1 .
a/leff ki2 A

0)) ~ —m— | dk. 3.65

ne(0)) - /eXP< Wﬁ”> (3.65)

kea

Here, the exact numerical value of the upper bound is not crucial, because ex-
citations at those momenta are suppressed. Parallel to the discussion around
(3.51), the excitation density (3.65) algebraically scales with 9| under the con-
ditions: (1) A® <« @ﬁ’/z and (2) 9 < 1.

In summary, a parallel drive with A(f) = A can reveal the universal scaling
due to an equilibrium irrelevant coupling. However, the observability is limited
by the size of AY, which restores adiabaticity for k& — 0.

3.4 Generalized Drives in the transverse XY Model

The extended XY model and its (effective) fermionic version we have discussed
before, require fine tuned parameters to guarantee z = 3. Without fine tuning,
the extended XY model is in the Ising universality class with z = v = 1. In this
case, to study the interplay of different drive scales, including the ones induced
by driven irrelevant couplings, we need a drive of at least order n = 2. Those
higher order drives are not exactly solvable anymore. Therefore, we rely on two
different methods to extract the excitation density ng for the transverse XY
model: (1) AIA approximation (excitation density) and (2) numerical solution
of the time dependent Schrodinger equation (full information). We extract the
scaling exponents ng(0;¢) ~ 0%, crossover velocities 9*(¢) and the extent of
the overall scaling regime. The line of reasoning follows the discussion of the
linearly driven extended XY model in Sec. 3.3.

Setup: The transverse XY model (in the vicinity of the fixed point) is described
by the dimensionless (fermionic) couplings {A, Dy, D3, ...} (see again Sec. 2.2.2).
The leading (relevant) coupling A and the first subleading (irrelevant) coupling
Dy are driven, which corresponds to a drive of the transversal field g(t) and the
ferromagnetic coupling J(t):

" A . 2(g(t) — J(t A A A J(t

Ay = A% + 0. 8" = 2g®) — J(1) )27 ( )), Dy (t) = Dy + o)t" = 2(7)
In contrast to the effective model discussed before, we will mostly consider drives
that either start or end at the transition. The advantage of this protocol is that
even for different drive angles, the start (or end) point in the phase diagram
is always the same, e.g., J(t;) = g(t;). To be explicit, we set J/v = 2 at the
transition if not stated differently. This corresponds to D9 # 0 with D9 = 1.
Building upon the discussions so far, we distinguish four different cases:

(3.66)

1. Driving a relevant coupling towards the critical point (corresponding
to A = 0 in (3.66)). This scenario was discussed in Sec. 3.2. The finite
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observable length scale is only determined by the drive:

1
EnEl o e~
2. Driving a relevant and an irrelevant coupling g; towards the critical
point. Such a generalized drive induces two competing scales:

f* NHliH[ﬁL,fu] <~ nNg Nmax[nL,nH],

1 1
AT mztl/v A nz+dim[gy]

with: &, ~ Y , fH ~ 1)

3. Driving an irrelevant coupling parallel to the phase boundary with
AY £ 0. In this case, the finite equilibrium correlation length &, stays in
competition with the drive scale §:

1
boa ~ (A0 g~y "L

4. Driving a coupling along a gapless line (corresponding to A = 0).
A special case corresponds to driving v(¢) (which nevertheless does not
correspond to an irrelevant coupling in this setting).

The dynamic competition in the different momentum sectors (k, —k) is encoded
in the effective velocity 05 (drive scales) and static fi;; (equilibrium scales). In
the limit & — 0, the competition of §; and | is encoded in competing terms
in 93, whereas the role of & is reflected in fi,. For small momenta, the terms
scale as

drive: g ~ 01 (ka)~(™D 4 @H(]m)f(nfl)7

static: = A%(ka) ™YY + DY (ka) ™! . (3.67)
1 1
relevant irrelevant

In the following, we extract the observable scaling and crossover velocities for
the different scenarios. Different methods to extract the excitation density are
also discussed in the info box below.

Box 10: Adiabatic-impulse approximation for drives start-

ing/ending at the transition

For drives that start or end at the transition (and end/start deep in
the paramagnetic phase), the AIA approximation [45, 49] introduced
in Sec. 2.1.1 has to be slightly adapted. From the perspective of the
excitation density ng, a drive starting or ending at the transition will
give rise to the same expression [45]. For concreteness, we set t; = —o0
and ty = 0, in such a way that the drive term is always non-negative:
okt > 0. Therefore, the gap for each (k, —k) two level system is smallest
at t = 0. As before, the evolution starts in the adiabatic regime. Once the
drive time scale and equilibrium correlation time scale are comparable (at
f’,g), adiabaticity is broken. Since the drive stops in the impulse regime,

continued on next page
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continued from page before
the AI approximation is based on

P~ (=) + EDel* = K=E)] + )],

1 1 | .
= = = Oéntk,

28 (k, 1) 2\/(@k£;" + i)’ +1

(3.68)

where «,, is a coefficient we still need to fix. Depending on the scaling
behavior of iy, we have two limiting cases for the time of adiabaticity
breaking:

. e o
P (an|'Uk|) n+1 : W >1 (3 69)
k"~ A _ S o .
(O‘nMaX[lvﬂ'k]) o W <1

Diabatic limit: The first case in (3.69) is relevant for A° = 0. In this
case, [iy, is vanishingly small for k& — 0, such that ¢, = 0 corresponds to
the ‘anti-crossing’ (or ‘touching’) center of the two level systems. The
coefficient «, can be fixed by comparing the AI approximation of ng
with a diabatic expansion (assuming strong occupation, see Ref. [45]):

1/An

an = (1 — An)I'(1 — An)Y/A" cos (gAn) , An:= 1in.
Adiabatic limit: Once A? # 0, fi;, will become the dominant scale for
k — 0 and the second case in (3.69) applies. In this limit, the Al ap-
proximation (3.68) indicates a suppression of the excitation probability:

" 2

(an 1 Ok 1
P ™y (azMax[l, ﬂk]"”) <

(3.70)

This expression can be compared to a first order adiabatic approxi-
mation (see Refs. [73, 80, 83] for in depth discussions). In this approx-
imation, the excitation density is expanded around the adiabatic limit
ar(tr.s) = 1 (see again the adiabatic representation (3.25)) for small ve-
locities 9y < 1. For fk,i = —oo and tAk,f = 0, the leading contribution
for an order n drive in powers of 9y, is [73, 80]

( n! )2( o )2 @) ¢ <1

Pk ~ ~ R 2 R .

2n+1 |\ (€(0)>+2) (72)" ¢+ a1
k

(3.71)

The two cases underline the role of [ix: on the one hand, for 0, i < 1,
the excitation density is small in accordance with a (quasi) adiabatic
drive. Adiabaticity breaking is indicated by 0 ~ 1, reflecting the
breakdown of the approximation (see also Ref. [10]). On the other
hand, fix > 1 can restore adiabaticity: even for an effectively fast

continued on next page
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continued from page before

drive, py is suppressed by fix. This adiabatic approach complements the
exact asymptotic approach and the adiabatic-impulse approximation.
Whereas the adiabatic approach is controlled for 0y < 1 (breaking down
for k < k*), the adiabatic-impulse approximation works well for 9 > 1.

In the asymptotic limit ¢ty — oo, another method can be used (see
App. C): the leading contribution to py for t; — oo is non-analytic
and can be determined from the complex zeros of &(k, ;) [85, 86].

Cases (1) and (2) - generalized drives: We consider a quadratic drive
(n = 2) that reaches the equilibrium critical point, where the underlying cor-
relation time diverges. Therefore, a microscopically slow drive will inevitably
break adiabaticity. For case (2), the onset of a fast effective drive 95 = 1 at
momentum k* can either result from the driven relevant coupling (with 9, ) or
the driven irrelevant coupling (with ©¢)). Parallel to the discussion in Sec. 3.3,

we can define a momentum scale & := (9, /9))"/2. For k* < &, excitations
are dominantly generated from the driven equilibrium relevant coupling. For
1> k> , excitations are generated from the driven equilibrium irrelevant
coupling:

! k* < i (KZM) : b~ o7
1

f}k* ~1: (372)

i < k* < 1 (subleading) : k* ~ ﬁl‘"".

An overview of the analysis for the generalized case (2) is shown in Fig. 3.8.
Parametrizing the drive in terms of the angle ¢ and magnitude o:

(57) =+ ().

sets of ng(?; ¢) are shown in Fig. 3.8(a),(b). For intermediate angles, numer-
ical integrations of the Schrédinger equation'® (+) are compared with the Al
approximation (orange lines). Afterwards, the Al approximation is used for a
wider range of ¥ and ¢. For ¢ sufficiently close to 7/2, the subleading scaling
regime becomes observable for 1 > o > 9*(¢). The corresponding extent of the
scaling regimes are shown in Fig. 3.8(d).

Universal scalings: Based on (3.67), the two scaling regimes of ngp are ng ~

1
9% and ng ~ 01, see Fig. 3.8(c). The scaling of the crossover velocity is expected
to be

z+dim[Ds]
dim[A]—dim[Dg]
)

1/2 ‘

transverse XY: 0*(¢) ~ ‘g _ ¢‘ g —¢

which fits to the findings in Fig. 3.8(d). Here, the crossover velocity was ex-
tracted from (i) a direct fit as well as (ii) the approximation (3.56).

HUsing the adiabatic basis to solve the dynamics, stopping at J(t5)/(27) ~ 600.

o8



Chapter 3

= a
< K (a) —
. >
0 s " N
Q >
g 8 q00l * ’
O + +
g +
(=] 10 102 107 10°
v
<
< Q102 (b
;o o) 5
= s -
a, o) 2 10 =
o, o0 s . O — @=0.98
= = 510
= © ol = =033
< H’E 1w07) =
= 107 107 107 107 107"
v
Analysis
Fitting np(9; ¢) with nge(d) Analytical estimated crossover:
extracting exponents o ,q and 0* 3 m(@i) ~ nu(@ﬁ)
(c) Critical exponents a o (d) Crossover velocity 0*
1
10 Ty . —
.......... nz+dim[g;] 10°
0.8 107"
@2 8g .
S osl . 1072 ._.‘ Subleadlng Estimate: crossover
§ « subleading exponent <> g,
g - 103 e Full it
T 04 R > KZM exponent ..
-0 000G OO \,,{)t‘rfft)‘." ‘-n\‘\ _
S o KZM ., T
102 107 10® 10® nz+1/v 107 10° 107 10°°
i2-¢ ni2-¢

Figure 3.8: Summary of generalized drives in the transverse XY model (n = 2)
starting/stopping at the transition: (a) Set of curves ng(9; ¢) (log-log) for fized
angles (7/2—¢ = 1071,5x1072,2x 1074,107°) using (i) the AI approzimation
(orange lines; dashed line describes limiting case ¢ — mw/2) and (i) numerical
solutions (4, starting at the transition). (b) To analyze an extended velocity
range, the AI approximation is used to approximate ng (log-log). Two scaling
regimes are observable (ng ~ 0% fits are shown as well) with crossover velocities
indicated by orange dots. (¢) Scaling exponents extracted from the same fitting
model as in the minimal model. The extracted exponents approach the RG pre-
dictions (dashed lines), where ¢ > G (vertical line) allows for a quantitatively
reasonable estimate. (d) Different scaling regimes in the (w/2— ¢,0) plane with
the crossover velocities estimated by Eq. (3.56) (orange dots) and a full fit (blue
squares) of the curves in (b). In the limit |w/2— ¢| < 1, the crossover velocities
obey a scaling law with B = 0.49 (fitting to the RG prediction of 1/2).
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Case (3) - Longitudinal drive: Building upon the intuition from the ex-
tended XY model, we consider a slow quadratic drive of Dy (with o)) parallel
to the phase boundary with A(t) = A° > 0, see Fig. 3.9(a). For n = 2, the drive
coupling is a relevant coupling with dim[9)] = 2z4-dim[D,] > 0 and can lead to
adiabaticity breaking. However, a sufficiently large gap can restore adiabatic-
ity. Only for small enough gaps, a parallel drive with 9, induces adiabaticity
breaking for a finite range of momenta k.

. 1072} + t + } ' N
Legend: S + + + . . - .
AT approximation: > |t + +
. : @ 107} +
adiabatic pert. theory: & . + + +
. =L +
numerical data: + 1 +
© 10t * +
+
1077
J/’Y“ 8 +
/\ 107t~ 4 3 2 -
(a) o (©) 10~ 10~ 10~ 10”
a c
A
(0,0) 9/
Do 4 -
ST y
> 1 A-0
3 107
3 / A=10"7
X 107
Dy F ® A=10"°
-9
0 A " — A=107

0
A, <A 10°° 107 10 10 107"

(b) (d) ¢

Figure 3.9: Parallel drive in the transverse XY model (n = 2): drive protocol
in (a) spin coupling space and (b) fermionic coupling space for finite gaps
A= A% (¢) Excitation density ng(A;d) (log-log) for fized velocities, extracted
from (i) numerics (+), (it) AI approximation (orange line), and (iii) (first
order) adiabatic perturbation theory (gray dotted line). The velocities from top
to bottom are: v =1.0 x 10°,1.8 x 1071,3.2 x 1072,5.6 x 1073,1.0 x 103 with
system size L = 2 x 10® (L = 10* for the smallest velocity). (d) ng(0; A) for
different fized gaps A (AI approzimation). The numerical data (+) from (b)
for the smallest gap (A =10"*%) are also plotted. The subleading scaling regime
(ng ~ ') is only observable for A< bl (0 ~ A indicated by the gray
horizontal lines).

We consider a drive starting at Da(t;) ~ J(t;)/(2y) = 1 and running up to
J(ty)/(27) > 1, see Fig. 3.9(a),(b). We compare (i) direct numerical integra-
tions with (ii) the AI approximation, see Fig. 3.9(c),(d). By construction, the
AT approximation is quantitatively valid for fast drives ¥y > 1. Therefore, using
the AT approximation for all momenta becomes reasonable once adiabaticity is
broken for a sufficiently large range of momenta. In contrast, the finite gap can
restore adiabaticity even for all k. In this case, the excitation density should
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be better described by the adiabatic perturbation theory (3.71). In Fig. 3.9(c)
a comparison between the Al approximation for all momenta (orange line) and
the adiabatic approximation for all momenta (gray dashed line) is shown.

To reveal the competition between the drive and the finite gap, we extract
ng(A%d) as a function of the gap size A® and different fixed velocities, see
Fig. 3.9(c). Lowering the gap leads to an increased excitation density, satur-
ating for nE(AO — 0;0). In the limiting case A° - 0, adiabaticity is broken
on all momentum scales with k < k*. These asymptotic values of ng can be
plotted as a function of ¥, see Fig. 3.9(d). In this limit, ng is an algebraic
function of ¥ again, revealing the subleading scaling behavior ng ~ 5”_ ! with

ng ~ f)ﬁ Complementarily, the excitation density ng(9; AO) as a function of

o but finite fixed gaps A° is shown in Fig. 3.9(d). An algebraic scaling regime
is restricted to A? <« © < 1. For smaller velocities, the excitation density
vanishes more quickly and the observable scale £* in the system is dictated by
the equilibrium correlation length (analytically known for the XY model [59,
60]), see Fig. 3.10(b).

() Qualitative scaling (b) Quantitative scaling
drive scale: 5” ~ngt(0),
eq. scale: £oq ~ (A)1/7 10° + )
+
=
. F L
£ ~ min[¢, &eq] 10 Tl . )
s adiabatic
10°+ RS ¥

= ¥

Ton-adiabatic
Legend: 4q2L POH-E} 1a *a 1c_ ot

<<

AT approx.: / numerics: 4+, ~

analytical €oq: = = 10 102 102

A
Figure 3.10: Parallel drive in the tansverse XY model (n = 2): (a) Qualitative
consideration: For a parallel drive, the competing length scales are set by the
finite gap, dictating ey, and the drive velocity, dictating & (0). Only the smaller
one is observable. (b) Comparison of ng*(A;0) ~ é” (solid lines (AI) as in
Fig. 3.9; +: (inverted) numerical data from Fig. 3.9) and éeq (red dashed line;
evaluated for fized J/v close to D§ = 1). Once éu(@) & Eoqr @ non-adiabatic
regime is entered.

Comparison of scales: The onset of a fast drive in the generalized setting is
indicated by ¥« =~ 1. However, this condition is not sufficient for adiabaticity
breaking once the static scales, encoded in iy, grow large as well. We can
associate individual onset scales to 9% and iy according to: Ox« ~ 1 and fig, =~ 1.
Non-adiabatic dynamics is expected for k, < k < k*. Therefore, for a given
velocity 9 adiabaticity breaking, and there observable algebraic scaling of ng,

61



Non-equilibrium universality

is only possible for a sufficiently small gap A0« A0*:

1/v
~ . nzt+dim[g;] here .
A%~ gy =) (3.73)

The condition AY <« A% is also required for ng(6; A°) to have an algebraic scal-
ing form (in analogy to the discussion of the extended XY model in Sec. 3.3.3).

Case (4) - Driving along a gapless line: The limiting case of AY 0
corresponds to a drive along the gapless line (related drives were already used
in the transverse XY model, an overview is given in [61, 125, 126]). In this limit,
ng(0) becomes an algebraic function of 9. A simpler to realize scenario instead
is a drive of the coupling v (see again (2.24)), analyzed in Ref. [125]. In the limit
k — 0, this corresponds to driving D, which requires a reevaluation of the RG
approach. In the approach used in Sec. 2.2.2, we scaled out the coupling D;.
It corresponded to the lowest momentum term, defining the fixed point theory
Siit- Once Dy is driven, we cannot scale out D; anymore and the leading non-
driven derivative term corresponds to Dy. In turn, the fixed point theory we are
analyzing in the driven scenario has changed. The resulting critical exponents
are 2/ = 2 and v/ = 1/2. This implies that D; is a relevant coupling with
dim[D;] = +1. Therefore, even a linear drive induces an observable scaling as
predicted from the RG:

1

consistent with the findings in Ref. [125].

Box 11: Drives along gapless lines in Gaussian models

To cover a more general fermionic Gaussian case, consider an equilibrium
model with dynamical critical exponent z. This corresponds to a fixed
point theory with a term oc D,k*. The next subleading term is of the
form o« Dyk!. If the coupling D, is driven with an order n drive, we
scale out the next subleading coupling D; and the critical exponents and
scaling of ng are given by:

2 =1, dim[D,]| =1—-z: ng(0)) ~ 0", (3.75)

consistent with the findings in Refs. [125, 132].
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3.5 Outlook: Generalized KZM, Universal and
Non-Universal Aspects

In the following, we discuss some further aspects: (i) the role of the cutoff, (ii)
geometries at a Wilson-Fisher fixed point (complementing the non-interacting
fermionic model), (iii) measures of adiabaticity breaking beyond the excitation
density and (iv) the scaling of the entanglement entropy.

Role of the cutoff: The
scaling behavior of £* (or here v
ng) is universal. It only de-

non-universal

pends on the equilibrium crit-  ~ A2 :

ical exponents and the order g

of the drive. From an ab- »

stract point of view, it re- LS

sults from the RG flow in 4 m

the vicinity of a fixed point. /. scaling

Many microscopic details are _ ‘ v
irrelevant in its vicinity. As [_‘{’_L_A_ > ~ Mg

an example, spin models with

additional interaction terms Figure 3.11: Schematic scaling regimes of

(e.g. between site [ and | +
3 etc.) can have the same
critical behavior compared to
the (extended) transverse XY

the generalized KZM for dimensionful veloci-
ties: the orange line separates the leading scal-
ing (white region) from the subleading one (light
gray region). The cutoff Aqg sets a scale, be-

low which drives can be considered slow. The
dashed lines correspond to tracking ng(0; ¢) for
two different angles ¢y)2, 4. Only for sufficiently
large angles (here: ¢1,4) both scalings are ob-
servable with the crossover velocity indicated by
the darker orange dot.

model. At large length scales,
the differences are washed
out. However, they enter
the description of a model at
hand in the form of, e.g., an
effective cutoff scale Aqg. For
the extended XY model, we
have used the description (3.40), where Aeg is sensitive to the introduction of
further couplings. In case of a drive, the cutoff is related to the range of dimen-
sionful, microscopic velocities v, v, for which the different universal scalings
become observable. From the sketch in Fig. 3.2(c), we can already infer that a
larger cutoff is favorable to observe the subleading scaling regime. To quantify
this range, consider the extended XY model with z = 3:

e To observe the subleading scaling, we need: vi/ P« (IR Agﬁ.

« To not enter the non-universal regime, we need: v, < A%; and v < AZg.

The three regimes (i) leading scaling, (ii) subleading scaling and (ii) non-universal
are summarized in a (vy,v))-plot of microscopic velocities in Fig. 3.11. For

vi/ b« v, the subleading scaling with v becomes observable (orange region).
Otherwise, the leading KZM scaling with v, is observable (white region). Two
exemplary drive protocols'?, are shown in Fig. 3.11 as dashed lines: only once
the angle ¢4 is sufficiently close to 7/2, the subleading scaling regime is entered.

12Corresponding to the setup we have discussed before (in terms of ¥ and ¢ = ¢ 4).
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Box 12: Cutoff-dependence of the angles ¢4

The dimensionless velocities and the angles in the extended transverse
XY model are defined as:

01 (Aegt) = (vL/D3) Ae_ffﬁ} san(d) = Oy (Aesr)
0 (Aerr) = (vy/D3) Acgt 01 (Aes)

= L. A4 (3.76)
v

Changing the cutoff from Aeg — AlLg, the new angle is related to the
previous one by:

4 ’ —4
tan(g.x) = tan(¢.) (ﬁi) = o ET-(4E) (50
(3.77)

A larger cutoff (ALg > Aeg) therefore has two manifestations: (i) it
pushes the angles closer to /2 (see (3.77)), and (ii) the range of micro-
scopic velocities, where subleading scaling is observable, is enlarged (the
gray area in Fig. 3.11 is pushed outwards).

Geometry at an interacting (Wilson-Fisher) fixed point and the gen-
eralized KZM: So far, we have studied a non-interacting fermion theory and its
RG analysis. In this case, the eigenvectors of the linearized RG flow (described
by the matrix M) are orthogonal to each other (corresponding to A,f)g, ).
Therefore, the (de)construction of a generalized drive in terms of those cou-
plings is straightforward. Nevertheless, the notion of a ‘transversal’ drive is
already altered once spin couplings are considered (see again Sec. 3.1.3): in this
case, a transversal drive is not necessarily oriented orthogonally to the phase
boundary. Another instance of this ‘orthogonality issue’ arises in interacting
theories, e.g. a ¢* theory (field theoretic relative of the lattice Ising model,
defined below). It features a Wilson-Fisher fixed point [143], describing the
transition (with, e.g., a finite value of the mass and interaction coupling). In
this case, the matrix M is non-symmetric and has non-orthogonal eigenvectors.
The equilibrium ¢* theory in d dimensions is defined as:

1 A2 A4
off = d . g 2,2 g 14—(1 4
Sff—/dx( V¢ V¢—T/1¢—‘” QZ)):

where ¢ is a real-valued field. Here, the cutoff scale A is used to define dimen-
sionless couplings [144]. Without going into the details, the linearized flow for
the ¢* theory in d = 4 — € dimensions [143] and relative to the non-Gaussian
Wilson-Fisher fixed point §* = (3, 45) # (0,0) reads (see, e.g., Ref. [52, 144]):

0, (ggz) - (2 *06/ 3 ““_t 9) (ggz) , (3.78)

=M

where a is a constant. Note that M is non-symmetric and we have to dis-
tinguish between left and right eigenvectors (which nonetheless have the same
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eigenvalues) [64]:
M-e =xed, Y. M =ep);. (3.79)

The set of right eigenvectors are not orthogonal to each other, but the left and
right eigenvectors corresponding to different eigenvalues are orthogonal. The
eigendirections define the effective couplings with unique scaling dimensions:

irrelevant
. R . R a(l+¢€/6) .
=0 =0y — ————20 .
02 92; 04 g4 2(1 + 6/3) 92’ (3 80)
dim[o3] =2 —€¢/3, dim[oy] = —e. (3.81)

Therefore, a slow transversal drive in the ¢* theory has to point in the direction
of &5 and a parallel drive in the direction of 4. A general drive can then be
decomposed into these two directions (with the help of the left eigenvectors).
In terms of angles, a longitudinal drive corresponds to ¢ = m/2, whereas a
transversal drive corresponds to ¢ # 0 (in analogy to the drives in the spin
coupling space we have discussed before).

Box 13: Outlook - Beyond quasi-particle excitation densities

The analysis so far was based on the excitation density. For the models
under investigation, excitations are well-defined, either as the quasi-
particles in the fermionic system or domain walls/spin flips in the spin
system. If such a notion is not possible anymore, other measures like the
entanglement entropy, diagonal entropy density or excess energy density
can be used [80] (see also, e.g., Refs. [130, 145]). The last two are based
on the overlap of the state with the (instantaneous) energy eigenstates
|eém) (in one dimension):

1
diagonal entropy density: Sgiag = 7 me log(pm), Pm = |(W]em)]?,
m
. 1
excess energy density: @ = 7 ;(Em — Eo)pm.-

Here, Ey is the ground state energy. Making use of, e.g., the adiabatic
perturbation theory, these quantities also depend universally on the un-
derlying critical exponents [80, 83]. As an example, consider the excess
energy density for a generalized order n drive that ends at the transition:

241

1 241 @lrz+dim[gj] subleading,
@~ LS attpmettn) ~ )~ U,
k @Iz“/” leading.
. 7

Sudden quenches and the role of time: Complementary to the slow drives
we have considered here, the limit of very fast drives (sudden quenches) have
been studied in the literature (see, e.g., Ref. [73]). Here, the system is prepared
in the ground state and a parameter of the system (e.g., the transversal field)
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is changed instantaneously. The original ground state corresponds to a (su-
perposition of) excited state(s) of the new Hamiltonian. Also in this scenario,
observables like the excitation density scale universally with the equilibrium
critical exponents as a function of the parameter change [73, 80]. Therefore, a
slow quench and a sudden quench are qualitatively related. This can be traced
back to the adiabatic impulse scenario: a slow drive (ending at the transition)
can be understood as a sudden quench from the point in parameter space where
adiabaticity is broken to the final point: (g(t*), J(t*)) — (g(t¢), J(tf)) (where
t* is the time of adiabaticity breaking) [80]. To compare sudden quenches with
generalized slow drives (including irrelevant couplings), we take reconsider the
role of the adiabaticity breaking time. In the realm of the ATA approximation,
we extracted it from equating (i) the time to reach the smallest gap and (ii) the
time scale set by the gap, (3.68), for each two level system labelled by k. In
this context, we used the rescaled, k-dependent time ¢j, ~ k*t. For a transversal
drive, where only the relevant coupling A is driven, we find:

B o VO e g YY) (3.82)

This implies that there is a unique time of adiabaticity breaking t* for all low
lying momenta (no k-dependence of t*). In contrast, adiabaticity breaking due
to a driven irrelevant coupling gives rise to

i~ @H—l/<n+1> fpnztdimlgs /(1) ) @F/ (nt1) fp—o (3.83)
=y — 2T ORI + dimg;] > 0.
n+1

This relation has two implications: (i) the unrescaled adiabaticity breaking time
t*(k) is k-dependent and (ii) t*(k) is diverging for k — 0. Therefore, we cannot
associate a unique adiabaticity breaking time ¢* to the drive of irrelevant cou-
plings.

Accordingly, the association of slowly driven couplings with a sudden quench of
the form (g(t*), J(t*)) — (g(ts), J(ts)) does not hold directly for the generalized
case'. The implication (ii) mentioned above can limit the observability of the
subleading scaling behavior. Depending on the other involved scales (stemming
from o, and A°), the diverging behavior of t*(k) indicates that the microscopic
parameters (g(t*(k)), J(t*(k)), below which the drive is non-adiabatic, will be-
come large. If a drive is supposed to start in an adiabatic regime for all k, the

aforementioned growth of (g(t*(k)), J(¢t*(k)) can be an obstacle.

Remark: In the last sections, we have made massive use of drives with (for-
mally) t; = oo and therefore g(t;), J(¢;) — oo. This is reasonable as long as
finite values of g(t;), J(¢;) will reproduce similar results. This is the case for
drives of relevant couplings. In light of the discussion above, this can be a
problematic assumption for longitudinal drives with A% =0and 6, =0. These
scales, once present, dominate the dynamics for & — 0.

Quantum information perspective - bridge to the second project: As
we have already mentioned partly in Sec. 2.2, close to the critical point of the

13We can still make use of this conceptual idea, but we have to consider the different states
[9(t7))r individually: [GS(g(t* (k)), J(£* (k) e — |GS(g(ts), J(ts)))k-
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Ising transition, the entanglement entropy between a subregion A in space and
the rest of the system scales as:

Syn(A) = élogQ(min[f, |A]]). (3.84)
Therefore, it is a witness of the correlation length scaling. For a slow transversal
drive, the created excitations reduce the correlation length and therefore also
the entanglement between two subsystems!*. Combining this scaling behavior
of the entropy with the KZM scaling of £*, we expect that the entanglement
between one half of the system and the other half scales as (see also Ref. [12]):

S (L/2) ~ Glog(€1) ~ —grr s lom(0) (385)

6-(nz+1/v

(for an order n drive and é 1 < L/2). As an example, we consider a linear (or
quadratic) drive with velocity v of the transverse field. The drive starts at some
finite value (g — J)/~ in the paramagnetic phase and ends at the transition (the
linear drive scenario was considered in Ref. [12]). The resulting entanglement
entropy scaling is shown in Fig. 3.12(a) (linear drive) and Fig. 3.12(a) (quadratic
drive).

(a) linear drive (b) quadratic drive
25}
2.1 [«==: © \
TN 201 >
— 1.8 —_— ©-0000°
N t @0 —O (\ o\l \
~ o ~—
S : S|
z - Z
> O L =1000 Q > O L = 10000
0 - S @ L = 2000
@ L =600 .
12 L@L=100 Qi
’ O L =200 © 10(|@L— 100
a= —0.087 S a= — 0057
1 1 1
107* 1072 107° 10°
ZA)l f/L

Figure 3.12: Half system entanglement entropy of the transverse XY model for
different system sizes L and (a) a linear drive, starting at g(t;)/y = 5,J/7 =
1/2 and ending at the transition, and (b) a quadratic drive, starting at g(t;)/y =
20, J/v = 1/2 and ending at the transition (semi-log scale). For a finite system,
a sufficiently slow drive is still adiabatic. In the limit o, — 0 (ng' > L), the
entanglement entropy is given by the ground state entanglement entropy (dotted
lines in (a)). For intermediate velocities, we observe a scaling according to
Sun ~ alogy(01). The values of a from a fit (dashed lines) are close to the
expected values —1/12 (linear drive) and —1/18 (quadratic drive).

Remark: Here we consider excitations on top of the translationally invariant
ground state close to the critical point. In the next chapter, we will consider
a quite different (energy) regime of a similar gapless fermionic model, starting

14The mutual information, which is directly related to the entanglement entropy, also pro-
vides an upper bound to possible correlations [146].
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from an initial state that is a superposition of highly excited states. In this case,
the evolution drives the state into a volume-law state Syn(L/2) ~ L/2.
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4 Unitary Evolution, Mea-
surements and Decoher-
ence

In the previous chapter, we have encountered two important pillars of quantum
dynamics:

¢ Unitary evolution for a time-independent Hamiltonian: On the
one hand, the ground state of the Hamiltonian can undergo a quantum
phase transition, displaying universal behavior in its vicinity [2]. On the
other hand, states composed out of highly excited states can feature infor-
mation scrambling leading to strong entanglement between subsystems.

e (Slowly) Driven Hamiltonian: Unitary time evolution due to a time-
dependent Hamiltonian can excite the state, departing from an initial
ground state. Even a slow drive can eventually break adiabaticity in the
vicinity of a critical point.

In the following, we investigate two further fundamental aspects shaping the
time evolution of a quantum state, resulting in non-unitary evolution:

¢ Local measurements: Measurements of local observables, like the par-
ticle number n; at lattice site I, lead to the (local) projection onto an
eigenstate of the measured operator. The projected state displays a re-
duced spatial entanglement.

¢ Coupling to an environment: If the system is coupled to an additional
(quantum) system (‘bath’), the interaction between system and bath can
induce system-bath entanglement. In return, the reduced description of
the system becomes mixed, which can manifest in, e.g., dephasing.

In the following, we discuss the competition between unitary evolution in varies
forms that builds up entanglement and local measurements that reduce entan-
glement. We briefly recapitulate some of the model classes which have been
considered in literature. The interplay of unitary evolution due to a local (or
non-local) Hamiltonian or due to random unitaries and different forms of mea-
surements gives rise to a broad landscape of models and aspects of measurement
induced dynamics, which is partly displayed in Fig. 4.1.
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The main results of this chapter have been published in the publication [147].
In particular the key results, implications and Secs. 4.4-4.9 contain large parts
which are adapted and extended from the publication [147].

Quadratic models: So far, we have considered fermionic hopping Hamilto-
nians in a closed system, featuring a quantum phase transition in its ground
state. At the critical point, the ground state has features log law entanglement
between subparts of the system. However, the time evolution due to the same
Hamiltonians can also generate volume law entanglement. Initial states which
are superpositions of highly excited states (from the middle of the energy spec-
trum of H) feature an extensive entanglement entropy between subsystems (see
also, e.g., Refs. [148, 149] and Sec. 4.1). In contrast to the ground states and
slow drives considered before, this scenario can arise in sudden quenches (see,
e.g., Refs. [81, 82]).

Interacting models: Similarly, and beyond Gaussian models, volume law en-
tanglement emerges in non-integrable, thermalizing closed quantum systems,
which nonetheless are described by a unitary time evolution operator U; =
exp(—iHt). A related scenario are random unitary circuits, where instead of
a fixed time evolution operator random unitary gates are applied at each dis-
crete time step. They are randomly drawn from a specified distribution and
act on, e.g., two neighboring lattice sites. In this setup, even the energy is not
conserved, but the dynamics of quantities like the entanglement S,n(t) show
remarkable universal behavior [150, 151].

In all the models above, the growth of entanglement can be counteracted by
measurements of local observables, favoring a spatial product state with locally
well-defined eigenvalues of the measurement operators. Once these measure-
ments take place with a certain probability p at each time step (and location),
they constitute an additional dynamical stochastic process competing with the
unitary evolution. This competition may result in a sharp continuous phase
transition at a critical p., separating a volume law phase (p < p.) and an area
law phase p > p. [6, 152, 153]. As we will see later, quadratic fermion models
are different: they do not support a volume law in the presence of local mea-
surements [154], but can still feature a log to area law transition [18].

Observables: To extract and describe such phase transitions, we have to deal
with the stochastic nature of individual measurement trajectories (due to the
stochastic nature of the measurement outcomes). In a first step, we consider
properties of the evolved states once a stationary value has been reached. As
before, two possible approaches are based on: (i) extracting the entanglement
properties or (ii) extracting correlations and/or order parameters of individual
trajectories. In both cases, statistical non-stochastic statements can be obtained
by averaging over the stochastic trajectories. However, it can be shown that av-
eraged observables of the form (O) (where (...) denotes the average of different
measurement outcomes) are trivial in the sense that they are independent of
the details of the model like the measurement rate [6]. To obtain non-trivial
statistical averages, higher moments, e.g., correlations of the form (©O)? or the
entanglement entropy Syn, have to be considered.
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Replica theory: The fact that the transition is only encoded in higher mo-
ments also influences the relevant symmetries in the model. The transitions
cannot be extracted from the averaged density matrix p, but rather from av-
eraged replicated density matrices of the form: p@p®..®@ p [9, 19, 20, 54,
155-162]. As discussed before, phase transitions can result from spontaneous
symmetry breaking and a qualitative change in the correlations. In the stochas-
tic measurement setup, the relevant symmetries consist of two parts: (i) the
physical symmetry of the time evolution of single trajectories and (ii) replica
exchange symmetries. Therefore, the interplay of unitary evolution and mea-
surements gives rise to an extended set of symmetries, which possibly can be
broken (spontaneously) (for examples see, e.g., Refs. [158, 160, 163, 164]). The
coupling to an additional bath will explicitly break some of those symmetries.

Role of mixed states: The aforementioned aspects refer to static properties
of the evolved states once a stationary value has been reached. By using the
entanglement entropy, we implicitly assumed that the measurement trajectories
were pure. A complementary perspective is to study the dynamical purification
of an initially mixed state: under monitoring, an initially mixed state will purify.
Depending on the underlying stationary phase (e.g, volume or area law), the
purification is qualitatively different [31, 154, 158, 165, 166]. As an example,
the typical purification time can scale differently with the system size L. The
advantage of this approach is that it is also applicable to long range or all to all
coupled models [31, 158], where the notion of entanglement between subsystems
is not clearly defined.

Mixed states can also arise from the coupling to an environment/bath (e.g,
another quantum system). Once system and bath build up entanglement, the
reduced description! of the system pg = trg[pgsp] becomes mixed. This is
comparable to the scrambling dynamics in an extended, isolated system, where
entanglement builds up between different subsystems. The interplay of mea-
surement induced phase transitions and the presence of a (dephasing) bath is
still a very open field and the main topic of this chapter. Recent works regarding
this topic are:

e In Refs. [20, 172] a Zy symmetric circuit model was analyzed, based on
competing measurements and a dephasing channel, each applied with a
certain probability. The competing measurements are Z;Z;,; and X,
featuring a measurement induced phase transition. The dephasing chan-
nel is based on X ;. The resulting phase diagram entails three different
phases. Two of these phases feature different finite (non-linear) order pa-
rameters, indicating a symmetry breaking transitions (also present with-
out dephasing). The third phase is a ‘trivial’ phase, where none of the
order parameters is finite. Qualitatively, the same physics is obtained by
coupling the model to an explicit bath (in a Zy-preserving fashion). The
bath consists of a similar model, which is not monitored but evolves under
random unitary dynamics.

o In Ref. [160] the influence of quantum errors (loss of measurement out-
comes with a certain probability) onto a monitored Sachdev-Ye-Kitaev

!Determined by taking the partial trace of the full density matrix pgp with respect to the
bath.
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(SYK) model with a measurement induced transition was analyzed. The
finding is that the presence of those errors can smear out the transition.
A related scenario for a (non-symmetric) stabilizer circuit model with a
measurement induced transition was studied in Ref. [175]. In the presence
of imperfections, the transition is broadened into a crossover. In both
models, the original transition is based on the spontaneous breaking of a
replica exchange symmetry, which is explicitly broken in the presence of
imperfections.

In Ref. [193], the influence of imperfect measurements on a bosonic CFT
was studied, indicating that such conformal theories are robust against the
imperfections. However, suitable observables like the logarithmic entan-
glement negativity (defined in (4.40)) have to be used to obtain non-trivial
scaling information (in contrast to Syn).

A partly related scenario corresponds to dephasing at the boundary in a
random unitary circuit, discussed in Ref. [173]. In this case, measurements
counteract the ‘trivializing” dynamics of the dephasing. The interplay al-
lows for the logarithmic negativity to scale as ~ |A|'/3 (with |A| the sub-
system size) for weak measurements. An increasing measurement strength
induces a phase transition into an area law phase. In contrast, bulk de-
phasing in this model would result in a featureless maximally mixed state.
Related to that, boundary driven fermions have been studied in Ref. [174],
featuring a transition from log law negativity to area law negativity (a
transition that is not visible in, e.g., the purity).
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Key results: In this chapter, we approach the question of the stability of
measurement induced transitions against dephasing in an elementary fermionic
model. At the level of measurements and unitary evolution, it features a continu-
ous U(1) symmetry with a Berezinskii-Kosterlitz-Thouless (BKT) phase tran-
sition. For weak measurements, the model hosts an extended critical phase
(C) with log law entanglement and algebraically scaling correlation functions,
comparable to the critical physics at the quantum Ising phase transition. For
strong measurements, an area law phase ‘measurement’ (M) with exponentially
decaying correlations is found [18-20].

The competing contributions in the model are (i) unitary evolution due to a hop-
ping Hamiltonian (with strength J), (ii) continuous measurements of the local
particle number (with strength ~,7), and (iii) a dephasing bath (with strength
vg). In the absence of dephasing and weak measurements, vy;/J < 1, the
unitary scrambling dynamics is still dominant, resulting in ‘delocalized’ states.
In contrast, strong measurements ‘pin’ the states close to number eigenstates
(close to product states). We probe these phases against dephasing in the form
of a Markovian Lindblad equation with Lindblad operators L; = m; for each
lattice site . Even though the validity of such a description will depend on the
physical details of the system-bath coupling, it has the major advantage that it
is equivalent to imperfect measurements. Imperfect measurements correspond
to the scenario, where only a subset of the measurement outcomes are known to
the observer. To analyze the interplay of the three dynamical contributions, we
combine four different methods: (1) numerical simulations of the full conditional
fermionic density matrix p(¢) for small system sizes (L = 8 — 10); (2) numerical
simulations of an approximation of p(®) in terms of quantum trajectories; (3)
perturbative treatment of the fermion dynamics in the limit of y5/J > 1 in the
dephasing-free subspace; (4) replica theory for an effective bosonic model in the
thermodynamic limit (where the unitary part is parametrized by v), formulated
as a Keldysh field theory. All approaches are summarized in Fig. 4.2.
Effective theory approach: The long distance behavior can be effectively
described by a bosonic replica theory [19, 188]. In the bosonic language, mea-
surements of the particle density translate into a derivative term in the action,
as well as a non-linear sine-Gordon term. For weak measurements and a weak
bath (var/J,vp/J < 1), the non-linearities are irrelevant at large distances.
Therefore, the description can be reduced to a massless bosonic CFT with a
Green’s function G;' ~ 72,02 — €2,0? (phase ‘scale invariant’ (C')). Once the
non-linearities are relevant, we can still describe the model effectively in terms
of a Green’s function with additional mass terms, which are non-vanishing in
the limit & — 0, see Fig. 4.2. The absence or presence of different mass terms
or scales gives rise to a partition of the phase diagram into three parts, which
we qualitatively summarize as:

e (C): massless, featuring algebraic correlations.

o (M): massive with exponential decay of correlations; states are close to
eigenstates of the measurement operators.

e (Cp): massive with a mass scale that resembles an effective temperature
like scale, still featuring algebraic correlations; dynamics is strongly con-
fined to the diagonal of the density matrix.
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Simulation of conditional density matrix
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Figure 4.2: Qverview of the four different methods used to study the effect
of dephasing (Lp) onto the dynamics of L/2 fermions on a lattice of size L
subject to coherent hopping (unitary) (Lg) and local measurements of the par-
ticle number (Lpr). In the lower left corner a sketch of the phase diagram, as
synthesized from the different approaches, is shown. Cp/o and Prjs are the
density-density correlations and subsystem parity variance at largest distances
(dashed line: guide to the eye).

In particular, the critical phase (C) is stable against weak dephasing albeit
describing mixed states (see also Ref. [193]). The stability is inferred form a
RG analysis, indicating the irrelevance of non-linearities at large scales in phase
(C). The same analysis suggests that additional dephasing enhances the mea-
surement induced phase (M). It also enables a new phase (Cp), which still
features algebraic particle number correlations. However, it includes a mass
term that can be associated with the suppression of off-diagonal terms in the
density matrix?, similar to a (high) temperature term.

Numerical approach: Measurement-induced transitions are encoded in ob-
servables that are non-linear in the density matrix. To extract averaged observ-
ables like ()2 requires to perform several runs of the stochastic dynamics to
average over different measurement outcomes. In the presence of a bath, each
individual trajectory becomes mixed (and non-Gaussian), which limits an exact
treatment to small system sizes (here L = 8 — 10). Nonetheless, this approach
grants full access to quantities like the purity and entanglement measures like
the logarithmic negativity®. Qualitatively, three regimes can be identified with
the regime ‘scale invariant dephasing’ (Cp) featuring the lowest purity tr[p(<)2]

2]t suppresses fluctuations of fields in a Keldysh field theory description that can be asso-
ciated with off-diagonal terms in the density matrix.
3We discuss this object in, e.g., Sec. 4.3.
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(for L = 8 — 10), whereas regime (C) is characterized by the largest logarith-
mic negativity. For larger system sizes (here L < 256), a different approach is
needed and we approximate the mixed states p(¢) in terms of a weighted set of
quantum trajectories: p(©) = 3" po[t(*))()(¥)], with the probability weights
Po. In this representation, the individual states [1)(*)) are Gaussian, such that
quantities like the density-density correlations are straightforward to evaluate.
In phases (C) and (Cp), these correlations are algebraic in the range of acces-
sible system sizes, supporting the ‘scale free’ nature of both phases. However,
the method does not give efficient nor reliable access to quantities like the pur-
ity. In summary, the results support the RG picture provided by the effective
bosonic model, but the accessible system sizes are too small to make a definite
statement about the sharpness of the transition.

Qualitative picture: Physically, we can make these findings plausible by con-
sidering the dynamics of the fermionic density matrix p(®) in the occupation
number basis {|{n;})} for a fixed number of particles. One the one hand, strong
dephasing decreases the magnitude of off-diagonal elements with the diagonal
elements being decoherence-free. One the other hand, strong measurements tend
to localize the diagonal to a few finite entries, corresponding to a product state
with well defined local particle numbers. Complementary, the unitary dynam-
ics connects the diagonal and off-diagonal elements and causes the scrambling
of information. The contribution of the unitary evolution onto the dynamics
on the diagonal is suppressed by strong dephasing. In this limit, the effective
contribution of the unitary evolution takes the form of a weak diffusion with
strength ~ (v5/J)~!. For strong measurements and dephasing, this suppressed
role of H favors the larger extend of phase (M).

For weak measurements but strong dephasing, the same line of argument
gives rise to a competition: the suppressed diffusion with ~ (yg/J)~! can
become the same size as the weak measurement evolution (y;/J). Comparing
these scales lends itself to a rough estimate of the two regimes, see Fig. 4.2.
Therefore, phase (Cp) is described by (incoherent) diffusion, only weakly stirred
by the stochastic measurements. Once vy > vp, the critical behavior of phase
(C) is expected to dominate with a separation roughly given by vy ~ v5.

Organization of the chapter: We introduce the individual parts of the
fermionic model in Sec. 4.1 (unitary part), Sec. 4.2 (coupling to an environ-
ment) and Sec. 4.4 (continuous measurements) in detail. In case of familiarity,
the reader can also directly start with Sec. 4.5, where the qualitative aspects for
our model are discussed, followed by the analysis of the full density matrix evo-
lution for small system sizes in Sec. 4.6. The complementary replica approach is
introduced in Sec. 4.7 and finalized by a RG discussion in Sec. 4.8. The numer-
ical approach based on quantum trajectories is discussed in Sec. 4.9. Finally,
the perturbative approach to the fermion dynamics is discussed in Sec. 4.10.

76



Chapter 4

4.1 Fermion Models and the Role of Entangle-
ment

In this section, we study the unitary entanglement (evolution) in fermionic mod-
els reaching a stationary volume law scaling. For those models, the entanglement
evolution can be explained by a (heuristic) quasi-particle picture. However, this
entanglement mechanism will not be robust against local measurements [17,
154] (in contrast to other models that support a volume law phase even in the
presence of measurements).

4.1.1 Definition of the fermionic hopping Model

The model system we will investigate consists of N (free) fermions subject to
three ingredients: (i) hopping on a lattice of L sites and lattice distance a in
one dimension:

L
H-= —JZ clei + cL_lci = Z —2J cos(ka) czck (4.1)

i=1 P S
with (ii) local (continuous) measurements of the particle number n; = c}Lcl at
each lattice site [, and (iii) the coupling to a dephasing bath. The unitary
evolution tends to build up entanglement between distant parts of the system,
whereas local measurements reduce the entanglement by enforcing a definite
particle number at a given site. The last aspect, coupling to an environment, is
also tightly connected to the build up of entanglement, but this time between
the system and another system (the environment). Loosely said, the interac-
tion between system and environment will often lead to an overall state |1)sp,
which is not a product state between system and bath*. In turn, the system
itself is described by a reduced density matrix: pg = trp[|¢) (1] that is mixed.
In our case, this is accompanied by dephasing: off-diagonal elements in the pg
are suppressed.

In the following, we ‘disentangle’ the different dynamical contributions, start-
ing from identifying the relevant excitations in the system and how they influ-
ence, e.g., the entanglement. In contrast to the transverse XY model, this
fermion model conserves the particle number [», n;, H] = 0. For a given num-
ber of fermions N < L, the ground state [¢)o is the state with the lowest
N energy eigenstates occupied (up to some ‘Fermi momentum’ kp (or ‘Fermi

energy’ €p)):

o= ] < |10 (4.2)

This is again a Gaussian state, which can also be represented in real space

4There are purposefully designed scenarios, where this is not the case, see, e.g., Ref. [200,
201].
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according to

Uji(t)el | |0y, Ut@)Ut) = 1. (4.3)
1

|¢t> =

L
i=1 \j=

:Xj

This is a flexible representation of particle number conserving Gaussian states,
used in many parts later on. The state is parametrized in terms of the L x N
matrix U and is fully characterized by the correlation matrix

Dij(t) = (cle;) = (UMUT (1)) (4.4)

(see again App. A). Since the particle number is conserved by the dynamics,
excitations on top of this ground state have to preserve this number. In mo-
mentum space, excitations can be generated by destroying a particle at quasi
momentum k and create one at k + g¢: CL +qCh (particle-hole excitations). For
a monotone dispersion relation, a larger momentum difference ¢ comes with a
larger excitation energy. In the following, we are going to focus on the long
distance properties of this model (and its interplay with measurements and de-
phasing). Therefore, we can restrict the analysis to the lowest energy excitations
q — 0. In this light, it is reasonable to confine our attention to momenta close to
+kp, where we can linearize the dispersion, see Fig. 4.3. In this approximation,
we can describe the fermionic theory equivalently in terms of bosons, which we
will use as an effective description in later parts of the chapter.

Box 14: Linear dispersion: To be more precise ...

Consider some dispersion ¢, = e_j (e.g. from our microscopic model
1 — cos(ka)) on an infinite lattice with lattice spacing a. The ground
state for a given number of fermions corresponds to the state with all
low-energy states filled up to |k| = kp. Around these two points £ky,
we approximate the dispersion by linear ones with the corresponding

velocity vp = 8kek|kf. We refer to the two branches as ”—” species
(—kp) and "+” species (+kp)%

Hitice = Z’UF (—k = kF) CITCC]C + ZUF (k = k’p) CLCk (45)
k<0 k>0
=:k_ ::k}+
= Z vpk_clkc_,k + Z vpk+ci7kc+,k (4.6)
k_>kr ky>kp
= Z Z vrk c;kcgwk. (4.7)
o=+ k>—kp

Here, we redefined the momentum k as relative to the Fermi momentum,
such that k& > 0 corresponds to €, > 0 for both species [202]. The
full field operator for fermions in real space is given by the sum v, =

continued on next page
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continued from page before
e~ thrteh 4 etikrTeh, . which reads:

’l,bz ~ efikrpz zkzc_Jf + e+ikpz 77kac+,k' (48)

1 o0 1 (o]
L. L.

La , — La —
Here, we already made an essential approximation: the different species
would physically only be defined for k& > —kp, but we extended both
summations to oo, fulfilling the requirement for bosonization [202]
(where fermionic operators are expressed in terms of bosonic ones). The
ground state is given by the state with all (infinitely many) (k¥ < 0)-states
filled.

@Also denoted as right and left movers [202].

€4k

__'m.m_\.(.u_.-l_ e ‘I‘————) k+

0
modes
k- ___+ S m.mm.i«n]_ -
0 e
(a): (non-linear) lattice dispersion - (b): linear dispersion

Figure 4.3: (a) Non-linear lattice dispersion, where filled (empty) dots indicate
occupied (unoccupied) modes. The horizontal dashed line indicates the Fermi
energy. (b) Extended linearized dispersion with two branches (+), including
unphysical modes (darker color).

In this linearized setting, we can already anticipate that besides the single
particle-hole excitation cz +qCk also the superposition of these excitations:

b;q>0 ~ Z CLHqu,k, (4.9)
k

will describe a collective excitation, see also Fig. 4.4. This operator will turn
out to be a proper bosonic operator, corresponding to an excitation with an
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GS) bl 4k/GS)
S S I =S
unphysical
modes _|_‘_._._|_ _@___) k+>

Figure 4.4: Bosonic excitation generated by bi oAk acting onto the ground state
(only showing the +-particle part). Here, Ak is the distance between neighboring
discrete momenta.

additional energy vpq. To see this, consider the commutator [202]

H. D el gkl =050 ) €5 pgCok
k k

which implies that b;q describes an excitation on top of any eigenstate |e) of
the Hamiltonian:

HZcz)k+qca7k|e> = (e +vsq) ch)k+ch7k|e>. (4.10)
k k

By carefully choosing the prefactors of the operators b, bT, we see that they are

indeed bosonic in nature (see also Fig. 4.4):

t (o VMoo t
by gs0 =1 (La|q|) 2 koo Co,k+qCok> +
[bs.q, ba,,q,] =04/ 00,00 (4.11)

The construction of fermionic operators in terms of bosonic ones, under certain
conditions, is an exact operator identity (which is also valid for finite system
sizes La as long as the conditions are fulfilled), see e.g. Ref. [202]. Instead of
following a rigorous construction, we give the main plausibility arguments to
derive the relation of fermionic and bosonic operators and sketch a more formal
approach in the App. D.

Starting point of the heuristic derivation is to rewrite the bosonic creation and
annihilation operators (for a single species) in terms of a density operator p,
and phase field 6, (for extended discussion see, e.g., Refs. [70, 202-206]):

b, = \/p,e'®, (4.12)
where the commutation relations [b,, bl/] = d(z—2a') can be fulfilled by requiring
0., p,] = —id(x — ). (4.13)

This identifies the density and phase as conjugate variables. A further useful
quantity is the (cumulated) deviation from the mean density (as we will see in
the following), defined by

1
Pr =:po — ;awqu. (4.14)
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With (4.14), the bosonic creation/annihilation operators can be described in
terms of the fields ¢ and 8. To construct a fermionic creation and annihilation
operators based on ¢ and 6, we need three ingredients:

1. Creating a particle: Since 0, p are conjugate variables, we can make use
of the analogy to the harmonic oscillator with p,,0, — X, P. In case of
the harmonic oscillator, the translation operator e**F shifts the operator
X: Xe@P = ¢ @P(X — gl). In analogy, the exponential of the phase
operator, €®9= changes the local density p,. In particular, e®®= decreases
the density by 1.

2. Anti-commutation relations: To implement anti-commutation rela-
tions, we introduce a Jordan-Wigner string at position x by counting the
number of particles to the left:

xT

exp :tiw/p:c/dz’ ~ exp [Limpox Fid,], (4.15)

—0o0
where the sign is a priori not fixed.

3. Anti-commutation relations for multiple species: In the presence
of multiple species (here: =+) of fermions, we need an additional anti-
commuting factor: Uy (denoted as Klein factors). It might be roughly
approximated by a Majorana fermion (for L — oo) [206] (though it can
be constructed rigorously [202]).

Using these ingredients, the full fermionic field operator v, = e~ P+
eTikrq) +,» can be constructed as follows: the operators 1, , consist of two
exponential contributions from (1) — (2) and the Klein factor. Therefore, 1,

reads:

P, ~ Z eI mP0Tap o with  ap,, ~ U, exp[—cig, +i6,]. (4.16)
o==+

With this translation add, we can reformulate a fermionic theory in terms of
a bosonic® one with the fundamental operators being ¢, and 6,. Using these
operator identifications, the fermion theory with a linear dispersion can be ex-
pressed in terms of bosonic operators as (see also Ref. [202])

H= %/ [(0:0,)% + (0u6,)%] - (4.17)

x

The strength of this approach is twofold: Firstly, some linear bosonic oper-
ators like 0,¢, corresponds to quadratic fermionic operators ¢L,m1,ba,m [205],
which maps certain interacting fermion theories to non-interacting bosonic ones.
Secondly, the physical fermion density (which will be used as measurement op-
erators or as a dephasing operators), is given by (pg = 3,z = j - a) [19]

i, =yl +ply, + (e%m%im + h.c.) . (4.18)

5Strictly speaking, this requires for the Klein factors to drop out or at least play no role
(since these are not bosonic operators).
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Therefore, we associate two bosonic operators to the density®:

fermionic bosonic
1
O =9y +yly, - ——09, (4.19)
Osp =t b, +9plp. = mocos(2¢,), (4.20)

where m is a constant depending on the details of the bosonization (see App. D).
Measurements and/or dephasing based on the first operator still describe a
quadratic, exactly solvable theory. The role of the second operator can then be
studied (perturbatively) on top of the quadratic theory, which is the approach
we choose in this chapter (following a strategy introduced in Ref. [19]).

Summary: The fundamental excitations in the fermionic model, confined to
the vicinity of +kp, are bosonic in nature. Under certain assumptions, we
can reformulate the fermionic theory in terms of bosonic one, which can be
technically advantageous. Nevertheless, our viewpoint on the relation of the
bosonic to the fermionic model is the one of an effective theory (with the same
long distance behavior) to a microscopic model. Depending on which properties
we like to study, we will either use the fermionic model or the effective bosonic
one (for the long distance behavior).

4.1.2 Phenomenology of the fermionic Model: Entangle-
ment and Quasi-Particle Picture

In the following, we consider the different dynamic mechanisms individually
and their interplay. Firstly, we analyze the properties of the unitarily evolving
quadratic fermion model and afterwards take a look at the modifications due to
local measurements or a dephasing bath.
Starting from an unentangled (Gaus-

sian) Néel state [10101...), the en-

tanglement entropy between two g r °
subsystems Syn(L/2) of size L/2

grows linearly in time up to a g T °
value oc L (volume law), see 3 | o
Fig. 4.5. uy °
20 b e
To understand this behavior, we take .
a closer look at the initial state: it 0w L w0 om0

is globally very different from the

ground state. It rather corresponds TYigure 4.5: Unitary evolution in a
to a superposition of (highly) excited fermionic chain: Stationary entangle-
states, a situation that is similar to ment entropy Sun(L/2)  between two
sudden quenches”. The linear growth subsystems of size L/2, starting from
and stationary volume law can be un- [1010...). The entropy scales linearly
derstood from the evolution of quasi- With the subsystem size.

particle pairs (see, e.g., Ref. [81]),

6Here, we neglect the role of the Klein factors.

"See, e.g, Ref. [82], where the entanglement in a transverse XY model (parameters: 7, g)
is tracked, starting from the ground state of the XY model at different parameters (v/,g’)).
For an overview, see also Ref. [207].
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quasi-particle
spreading

wor

—
|
..

time

(@) 2v(k)t < |A] (b) 2v(k)t, > |A|

contribution: ~ 2v(k)t, contribution: ~ 2|A |

:quasi-particle pairs in this region contribute

Figure 4.6: Qualitative picture of the spreading of quasi-particles (‘velocity’
v(k)), which lead to the growth of entanglement (starting from some highly ex-
cited state/ quench) between subsystem A (size |A|) and its complement B. (a)
Initially, the entanglement growths linearly (more pairs contribute). (b) For
long times it saturates. The horizontal lines correspond to the lattice/system
(at different times).

which spread with a velocity v(k) := 2J sin(k). The ‘excited’ initial state serves
as a reservoir of quasi-particle excitations (at momentum k), which will spread
with the velocity v(k)®. Formally, this spreading can be described at the level
of a (coarse grained) density” of quasi-particles n(z, k,t), which evolves as:

on(z, k,t) = —v(k)Oyn(x, k,t), (4.21)

describing the ballistic spreading. Quasi-particle pairs, which start from the
same position = (or are separated by a distance closer than the correlation
length) are and stay entangled during the evolution. The entanglement between
two subregions A and B is determined by the number of pairs, where one partner
is found in A and the other in B, see Fig. 4.6. Taking all initial pairs into account
(with some distribution'® f(k)), the entanglement between subsystem A and the
rest is described by [81]:

Sun(A, 1) ~ t / FOR)20(k)dk + |A] / F(k)dk. (4.22)
2u(k)t<|A| 2u(k)t>|A|
‘early time’ contribution ‘late time’ contribution

The first contribution describes the linear growth of Syn, saturating once a
volume law scaling Syn(4,t — 00) ~ |A] is reached.

Such a volume law scaling in the stationary limit appears in a broad range of
models (where a quasi-particle picture will not always be valid). Once the dy-
namics is enriched by local measurements, the volume law might not persist,

8Ignoring for the moment that the initial state is actually not translationally invariant, but
see also Ref. [208].

9Based on the correlation matrix D [17, 209] and formally defined as n(z,k,t) :=

661k5Dr75/2,z+5/2(t) [17}'

10 Assuming a translational invariant initial state for sake of simplicity.
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depending on the mechanism behind the volume law. To make a rough dis-
tinction, we separate models into non-stochastic and stochastic ones. A few
examples are given in the following:

o (Non-stochastic) Thermalizing quantum models (see, e.g., Ref. [68]) with
an entanglement entropy given by the thermodynamic entropy. Related
example: non-integrable spin chains with a ballistic growth of entangle-
ment [210] (for an overview see also Ref. [211]).

o (Stochastic) Random unitary circuits, where the averaged entanglement
—_ 1
entropy Syn grows linearly, though fluctuations grow as ~ t3 (KPZ uni-
versality) [150, 151].

 (Stochastic) Stochastic Hamiltonian models (H = H (t), e.g., fluctuating
chemical potentials), examples are: (i) free fermion models with a v/t
growth of Syn [17, 212] (and references therein), and (ii) noisy interacting
spin systems with a linear entanglement growth, but fluctuations scaling
as ~ t3 (KPZ universality) [187].

The effect of local measurements on the entanglement in these different model
classes can be quite different: the volume law entanglement for free fermions
discussed above is actually not stable against arbitrary weak measurements for
free fermions [154]. It will be reduced to either a log law or an area law [17-20],
in contrast to, e.g., monitored random unitary circuits with an extended volume
law phase (see, e.g., Ref. [6]). This behavior for free fermions is also not changed
once we include an additional, local stochastic Hamiltonian. We will study this
scenario at the end of this chapter (as a proxy for a bath) in Sec. 4.10.2.

4.2 Coupling the System to an Environment

Before we analyze the role of measurements on the dynamics, we clarify the
role of the coupling to a bath (a second quantum system) and its subsequent
entanglement with the system. Here we consider:

e Derivation of the Markovian Lindblad equation in a toy model of fermions
coupled to ancillas.

o Application to the case of an occupation number sensitive interaction,
resulting in dephasing.

In the last section, we have seen that starting from a highly excited (though
unentangled) state, the unitary evolution leads to a strong entanglement be-
tween subsystems. Following the same line of thought: if the system S is cou-
pled to an auxiliary system (bath/environment/...) B, the joined dynamics can
entangle both systems. Denoting the joint system as SB, this would mean:
|¥YsB # |1)s ®|d) . Consequently, the system itself is not described by a pure
state anymore:

ps = trelpspl,  trlpd] < 1. (4.23)

Depending on the complexity of the interaction, we might not be able to evaluate
the full unitary dynamics U, of system and bath exactly (in contrast to the
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model discussed in Sec. 2.1.2). However, here we are only interested in the
effective dynamics of pg itself (formally written as (4.24)). Even if we are not
able to determine the dynamics exactly, under certain assumptions (e.g., weak
system-bath coupling), approximations for the evolution of pg(t) can be found
[16, 50]. A simplification arises once the time scale of the bath, tp, where
information of the system is still relevant, is small compared to (i) our time
scales in the system, which can be resolved and (ii) to the time scales, where we
like to observe the physical effect like decoherence. In this case, the dynamics
of pg(t) takes the form of a Markovian quantum master equation or Lindblad
master equation, where pg(t + dt) only depends on pg(t).

Box 15: Tracing out the bath

There are different methods to approximate the dynamics of the system,
many based on a ‘weak’ interaction between system and bath [16, 50]
or differently put: a clean separation of scales. If we consider an initial
state of the form pgp = pg ®10)(0|, where |0) is the vacuum or ground
state of the bath, the evolution of pg is given by

ohps = Z (J|U+|0) ps (0|UT]) = ZMJ'PSM;,
7, J

(4.24)
> MIM; =1s.
J

The operators M ; are denoted as Kraus operators [5]. Though very
general, we still need a practical way to approximate the M ’s.

\ 7

An elementary though very instructive workhorse to study the interplay of a
system and an environment are finite dimensional (qubit) models (following
Ref. [21]). If the system only briefly interacts with one qubit at a time (which
afterwards stays in a fixed state), the operators M; can be determined (we
also give a weak coupling derivation in App. E.1, paralleling this discussion).
Initially, we assume the system S and the environment B to be in a product
state:

[V)sp = |Y)s ®|P)B & psp = Ps @ Pp- (4.25)

With §; and Bj being hermitian operators, acting on the individual Hilbert
spaces Hg and Hp, an arbitrary time evolution for a time step dt can be written
as

U=cxp | —ieY S;0B, |, pls = trp [UpSBUq . (4.26)
J

Here, € is a small parameter (similar to a weak coupling assumption). The
coupling between system and bath can generate entanglement between both.
For a time evolution operator that cannot be written as a tensor product, U #
Us ® Up, an initial product state becomes entangled under the evolution.
Expanding U up to second order in €, we get the time evolution for one time

85



Non-equilibrium universality

step dt [21]:

ps =ps —ie ZUB [Bips] - Sj.ps (4.27)

J

= 0 (assumption)

2
€
+3 > trg[B;Bipg| (251p5S; — 8;Skps — psS;Si) + O(€?). (4.28)
— —
il =50
The matrix v, can be diagonalized with eigenvalues \; and eigenvectors 70,
Assuming that e ~ v/t, we get the Markovian Lindblad equation:

1
Ps—Ps = 5tz (LszL} - 2{L;‘Ljvps}) = E :MszM} (4.29)
J J

with the Lindblad operators being defined as

_ . [EN 0)
L=y~ ;vj S;. (4.30)

This describes the evolution in a single discrete time step. We can turn this
into a time discrete process under the following assumption: firstly, we leave
the final state of the environment (ancilla) as it is. Secondly, we couple the
system to a freshly prepared new ancillary system with the same initial state
pp and let system and bath interact for time d¢ again. The effect onto the
system is comparable to the coupling to a large bath (with its own dynamics),
which itself stays (nearly) in a stationary state (see again App. E.1). Another
example is given in Ref. [21].

Summary: The ancilla approach therefore captures much of the system-bath
coupling physics. The continuous version for 6t — 0 reads:

1
general: Opg = Z (LjpSL} - 2{L}Lj,ps}> , (4.31)
J
o 1
L; hermitian: Opg = —3 Z [L;,[Lj, psl] - (4.32)
J

Example (lattice sites coupled to ancilla): In the following, we consider
an explicit example of a system-bath coupling following the argumentation
above. The system consists of fermionic lattice sites j, which are individu-
ally coupled to an ancilla qubit (Hp = C?). The coupling is sensitive to the
occupation of the fermionic lattice sites and will give rise to dephasing in the

form of an effective non-unitary Lindblad evolution with L; o< n;.

To entangle an initially unentangled system and bath, the time evolution opera-
tor should not be a tensor product. A possible choice is a variant of a controlled-
NOT (CNOT) operation, based on the Hamiltonian H ; (the following example
follows Ref. [21]):

Hj:(l—nj)®13+nj®0'w,

U;(0) = exp(—iH ;) = cos(#)1sp —isin(§)H ;. (4.33)
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Here, n; is the number operator acting on a single lattice site j. The role of H;
is to flip the ancilla qubit state only if the system state is occupied (analogues
to a CNOT gate). Note that H; is unitary as well and fulfills sz = 1gp. For
simplifying reasons (compensating same residual phase factors), we work with
a slightly modified version of U;(0) — U’(0) = Z;U ;() with

0
The state |¢s) ® |og) (¢ = 0,1) evolves under this time evolution operator as

U'ls) ® lop) = e 3 [(1 —ny) + cos(0)n;)[s) @ |op) —isin(0)n;|ds) @ |-op)] |
(4.34)

where —o is the negation of 0. Starting from the initial product state pgp =
[¥s)(¥s|®|0p)(0p| and working with 6 < 1, the reduced density matrix of the
system evolves according to

92
pis = e [U} s (U)T] = s — o [, [y, o)) + O). (435)
The time evolution in the limit 6¢ — 0, assuming 6 = /~0t, is of Lindblad form:

, ~ét

Pls — ps = — - [n;.[n;, ps]] + O(63/?)

5630
2

v
ops = _5["3'7 [, psl]-
As an example, consider a single fermion on two lattice sites, each coupled to
an ancilla qubit. The basis states are given as {|01),]10)}, such that the time
evolved density matrix takes the form

{ Opii(t) = 0,

Ps(t) = Z p”(t)|’t><j| Pi;éj(t) = exp (—%t) . Pi;éj(o)‘

4,5=0

Similar to the exactly solvable case, the off-diagonal elements decay exponen-
tially.

Box 16: Dependence on the initial state

In the above example, we have chosen pgp = [ths){(¥s| ® |05){(0p].
However, the resulting dynamics can depend on the choice of the ini-
tial state of the ancilla. Though there are other initial conditions
like* pp = |y—)(y—|, featuring the same dynamics, an initial state like
pp = |x_){x_]| will give rise to a different result. If we look back at the
abstract derivation, (4.28), we assumed that the first order term would
vanish. This assumption will depend on the initial state and to check
this, we rewrite Z;U ;, using a combined Hamiltonian:

H,=H;— -(1-2n;)®1, Z;U;=exp(—ifH)). (4.36)

continued on next page
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continued from page before

Therefore, the condition in (4.28) translates into:

1 1 !
5 &lpsl 10)(0[ + | trlowpp] + 5 trlps] | [1)(1], pa| =0,  (4.37)
S~—— S~——
= =il

which is fulfilled for any pg with trjo,pg] = 0 (graphically: lying in in
the z — y plane of the Bloch sphere).

%The states |y+), |r+) denote the eigenstates of oy, o, with eigenvalues £1.

4.3 Fermionic Model (1): Unitary Evolution and
Dephasing — Evolution towards the maxi-
mally mixed State

The aforementioned model describes an interaction between individual fermionic
lattice sites and ancillary qubits. The extended version corresponds to a fermionic
(hopping) model with Hamiltonian H g, where each lattice site j is coupled to
an ancillary qubit (e.g., prepared in |0; g) before each interaction step) and the
coupling between them results in local dephasing'': L; = n;. The correspond-
ing model reads'?:

Ohps = —ilHs, ps] = 12 3 [, [, ps]l; (4.38)
K3

For Hg = 0, only the off-diagonal elements (in the occupation number basis)
of the density matrix pg are affected by dephasing, in analogy to the two sites
considered before. In contrast, the unitary evolution due to Hg will induce
transitions or mixing between diagonal and off-diagonal elements. Since the
Hamiltonian Hg and the Lindblad operators L; do not commute, we expect
some non-trivial interplay in the dynamics. Roughly speaking, the interplay
leads to a diffusional dynamics of the diagonal elements of pg, whereas the
off-diagonal elements are suppressed. In the limit v5/J > 1, the dynamics on
the diagonal can be approximated perturbatively and results in the diffusional
spreading of n; in the Heisenberg picture (see Sec. 4.10.2 for further details'?®):

-1
Oymy ~ 2 (773) (ni—1 —2n; +nyyq).

For long times, all diagonal entries ‘equilibrate’ to a common value. Formally,
this is encoded in the (only/unique'®) stationary state of the evolution being
pg(t = 00) xx 1g (also referred to as infinite temperature state).

HFor a derivation of dephasing in the context of optical lattices, see, e.g., Ref. [51].

2Dephasing of fermions, XX-models and hard-core bosons has been studied in, e.g.,
Refs. [185, 213-220].

13 Perturbative treatments of Lindblad operators have been discussed in, e.g., Refs. [221-223]
(in Ref. [224] an alternative method is used). Physically related models have been discussed in,
e.g., Refs. [179-182] (quantum diffusive XX model, open quantum symmetric simple exclusion
process) are relevant.

MUnder certain conditions, see, e.g., Refs. [225-227].
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From the entanglement perspec-

tive and at long times, system (S) and 4 (A, 4)
bath (B) are in a pure but strongly S, o(4)
entangled state |Y)sp (Syn(S) ~ S \(AU 4)

O(L)), such that pg is strongly I
mixed. In the closed system setup ‘w}
(without ancillary systems), we stud-
ied the entanglement between two ‘
subparts of the system (A and its T S e o s o

complement A), quantified by the Jt HA®HZ®Hp
von Neumann entanglement entropy

Sn(A). In the presence of a bath, Figure 4.7: Evolution of the von Neu-

the same object S,n(A) has a differ- mann entropy S,y as well as the log-

ent meaning: it describes the entan- arithmic entanglement negativity £ for

glement of the subsystem A with the @ fermionic system with Hilbert space

rest of the system and the bath, since Ha ® Hz (with |A] = |A| = L/2 and

pa = tri[tre[psg]] (see also the pic- L =8) coupled to a dephasing bath with

togram in Fig. 4.7). It does not de- Hilbert space Hp.

scribe the entanglement between the

regions A and A in the system alone. In Fig. 4.7, the von Neumann entropy

of p4 and the full system p, 7 = pg are shown, both being of the order of L.

However, we know that the system itself evolves into the trivial state 1g with no

entanglement between A and A. To quantify this lack of entanglement, we need

(i) a notion of ‘product states’ in the context of mixed states and (ii) a measure

to probe this property. The analog of pure product states are separable states

defined as:
! i i
ps =Y aipl @ p}.

The infinite temperature state is separable since 1¢ = 14 ® 1. One possible
approach'® to detect such states is the logarithmic entanglement negativity
E(A, A), defined in the info box below. It is also shown in Fig. 4.7 and goes to
zero for long times in accord with the separable nature of pg.

Box 17: Entanglement negativity

Mathematically, one idea to detect separability is to use the partial trans-
pose (...)T4 (only transposing the indices in subsystem A)® , which for a
separable state reads

s=> upPep) - pp Zaz o7 @ p§.

._.
|

For separable states, this operation maps a valid density matrix to (dif-
ferent) valid density matrix with non-negative eigenvalues. In contrast,
this need not be the case for entangled states and can result in negative
eigenvalues of pgA. To detect these, we can make use of the operator

continued on next page

15Unfortunately, these measures do not guarantee that the state is not entangled (they are
necessary but not sufficient), see, e.g., Ref. [228, 229].
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continued from page before

norm

10| := tr {\/ofo : (4.39)

which is equal to one for O = pg. Including the partial transpose, the

norm is ||pg*|| > 1. Once p™ is still a valid density matrix we have
|pE4|| = 1. A corresponding entanglement measure [233] is defined as:

log negativity: E(A) = log (||p§A||) . (4.40)

Remark: In the limiting case of a pure density matrix pg = |1) (1|, the
log negativity reduces to the Renyi-1 entropy: £(A) = S1(A) [231] with
Sa(4) = 125 log(tr(p%))-

%In fermionic systems, there some subtilities, see, e.g., Ref. [230, 231]. Never-

theless, for fermionic Gaussian states the calculation is straightforward, see, e.g.,
Ref. [232].

Furthermore, the complexity of this evolution has increased: though H g and
the terms like n?pg = n;pg, acting on pg are still quadratic in the fermionic
creation and annihilation operators, the term n;pgn; is not. Therefore, the time
evolution will result in a non-Gaussian state. Such theories are in many cases
hard to deal with, since correlation functions with two and more operators/fields
often depend on each other in a hierarchical fashion. Nevertheless, the case of a
quadratic Hamiltonian and pure dephasing is special'®: two-point correlations
have a closed expression!” (even though the state is non-Gaussian) [17] :

Dij = (cl¢;), dD = —i[h, D]dt — y5(D — Dgiag)dt. (4.41)

Here, Dagiag is the diagonal part of the correlation matrix and h is the hermitian
matrix describing Hg. The first term in the time evolution encodes the mixing
dynamics due to the Hamiltonian and the second term encodes the exponential
decay of off-diagonal correlations (or coherences). This equation can numerically
be solved without any approximations, though we do not get access to higher-
order correlations.

Heating in the bosonized Description

In the beginning of this chapter, we have introduced the relation of the fermionic
model to an (effective) bosonic model, encoding the fundamental excitations
around £kp. In the following, we investigate the heating dynamics in the ef-
fective bosonic description. To set the stage, we write the linearized fermionic
dispersion with the added unphysical modes as a Dirac Hamiltonian with some

161t is still ‘exactly’ solvable in a sense. Some explicit results have been obtained in, e.g.,
Refs. [185, 215, 220] (see also Ref. [17, 179]).
17The matrix h is defined as hij = —=J(05,5—1 + i,j41)-
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effective parameter v (see also Ref. [70] for more details on such a construction)

eff. model

Hy,ihice H = iV/dﬂZle@zJ’m (442)

with 1Z = (¢ +,¢_)T. Physically, the coupling to a dephasing bath leads to
the generation of those excitations, as we will see in the following. As we have
already discussed, we can bosonize the fermion density (being cavalier about
Klein factors and some other technical points (like normal ordering) here and
refer to App. D for a more refined discussion) according to

T boson.

G, "R 0.6, + (-1 meos(28,) (443

for half-filling pg = % If we want to study dephasing according to L, ~ @ZL'(ZT,
the corresponding bosonic operators for this theory are:

Hamiltonian: H = QL /dx [(31035)2 + (6r¢)2] )
™
g’ (4.44)
1
Lindblad operators: Ly, = ——03¢,, L2, =mcos(2¢,).
T

Here, m = 1/(wA) depends on a regularization in the bosonization procedure
(see App. D) and the operators fulfill: [0,0.,¢,] = —imd(x —y). As a reminder:
this reformulation of the theory has the major advantage that L; . is linear
in ¢, and together with the quadratic Hamiltonian forms an exactly solvable,
overall quadratic theory. On top of this solvable theory, the influence of L, ,
can be studied.

Focusing on the linear (Lindblad) operators Ly ,, the bosonic occupation num-
ber operator in momentum space, n,, (with ¢ = £), and in the Heisenberg
picture evolves as'® (see App. E.2 for more details)

Ono g = VB4, (4.45)

implying a linear growth in time. Similarly, the (normal ordered!'?) square of
@, grows linearly in time:

1
1 [ deze o~ vt (1.46)

indicating an (unbounded) growth of fluctuations.

Remark: This description can only capture the dynamics (i) as long as we can
ignore the contribution of the non-linear parts in the bosonic version of n,, and
(ii) no unphysical modes get excited.

181gnoring the terms n/L in the full bosonic Hamiltonian.

198trictly speaking, we have to take care of the infinite set of occupied modes for k < 0,
therefore we can subtract the expectation value with respect to the fermionic vacuum state
(corresponding to state with no bosons).
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Summary: The coupling of the fermionic system (or the bosonic system) to a
dephasing bath leads to entanglement between the system and the bath. In turn,
the reduced density matrix of the system pg approaches a maximally mixed
(featureless) state ~ 1g. Formally, the dephasing is described by hermitian
Lindblad operators L; = n;. In the simplified bosonic version (L, ~ —0,¢,),
this heating towards an infinite temperature state is signalled by indefinitely
growing fluctuations, e.g., <¢i7t> ~ ypt — 0.

4.4 Measuring the Environment: How Measure-
ments and Dephasing are connected

The coupling to a bath (in the aforementioned setting) results in system-bath
entanglement. Information about the system becomes delocalized over the sys-
tem and bath and therefore inaccessible from observing the system itself. To
counteract this tendency, we can perform measurements on the ancillas, our toy
model of a bath. In the following, we clarify the direct connection of dephasing
and performing measurements.

First of all, such measurements of the ancillas correspond to a generalized mea-
surement process: the ancillas can be seen as an ‘occupation number meter’ for
the different lattice sites. Letting system and ancillas interact (with an occupa-
tion number sensitive interaction), measurements of the ancillas partially reveal
information about the occupation number. Focusing on a single ancilla coupled
to lattice site j, the process takes the form (see, e.g., Ref. [21]):

(4)
interaction (7) (7) measurement MO |'¢> ® |0>
) @ |0) "N M |y) @ |0) + MY [p) @ [1) T ,
M y) @ 1)
In the last step, the measurement reveals one of the two possible measurement
outcomes ((0) or (1)) and one of the two possible post-measurement states are
realized. Since we know the measurement outcome, the evolution, reduced to
the system and conditioned (c¢) to the measurement outcome, takes the form

M)
—2——~  with prob. py,
Oy =3 o e p (4.47)
M) ith prob
V/P1 w b . P1-

This is a pure state: the measurement cuts the entanglement between the ancilla
and the system.

Box 18: Generalized measurements

This indirect measurement and gain of information about the system is
also referred to as a generalized measurement. The probability of a gen-
eralized measurement outcome and the corresponding post-measurement
state are expressed in terms of M,. The role of M, is similar to the
role of the projection operators P, in case of projective measurements

continued on next page
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continued from page before

(see, e.g., Ref. [5] for more details):
projective generalized
post-measurement state: P,ly) M, |y,
probability:  p, =tr[pP,] p, = tr[pMiM,,]7
completeness relation: Z P,=1 Z M:’,M,, =1
14 1%

We can turn these generalized measurements into a continuous measurement
process by repeatedly coupling the fermionic sites to ancillas for a time §t and
measuring the ancillas afterwards. The result are stochastic trajectories pg(t),
also denoted as a quantum trajectories. Focusing on the same model as before,
the process takes four steps: (i) apply Z;U;|¢) ® |a), (ii) perform a projective
measurement on the ancilla, (iii) reset the ancilla into the initial state |a), and
(iv) repeat this process multiple times. With these, we can derive a continuous
time evolution equation for the state pg. If the initial state is a pure state, the
time evolved state |1g(t)) is also pure.

Example: Starting from the initial state |a) = \%(|0> — 1)) = |y-), the
operators M Ef ) are given by (see again Ref. [21]):

) e—i6/2 e—i0/2
M) = 75 (@ =my) & (cos(0) = sin(0))my] ~

, —i0/2 —i6/2
e
MEJ) = —

V2 V2

For 6 < 1, the two operators M E)j % are close to the identity and therefore the
post-measurement states are only slightly changed. The probabilities for the

different measurement outcomes are close %:

[(1 -n;)+ Mnj] ,

>

[(1—my) + (cos(8) + sin(8))my] ~ =

Q

[(1 —-n;)+ \/mnj] .

1

p0=2

1
(1 =20(n;)), pr=5(1+20(ny)), (4.48)
such that we measure (1) slightly more often once the fermionic site is occupied.
The continuous process in the limit ¢ — 0, as described above, is obtained by
identifying § = 1/ydt and expanding up to order 62 with § = /76t:

) = ) = [~ Tbt(n; = () + VAW, (n; = ()] [4),
AW, = £V5t, AW; = 0. (4.49)

Such a dynamics is also denoted as Quantum State Diffusion (QSD) [196].
This is a stochastic (AW;) and non-linear ((n;)) equation, where both fea-
tures stem from the measurement process: the outcomes are random and the
post-measurement states need to be renormalized (non-linearity required). This
non-unitary evolution also allows for dynamical fixed points: 9;|1)(¢)) = 0 for
(<)) =10;) or |1;).
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Relation to dephasing: In a final step, we clarify how these measurements
are related to the physics of a dephasing bath. To this end, we study the effect
of unknown measurement outcomes. If an observer, confined to .S, has no access
to the measurement outcome, the observer’s state of knowledge is the incoherent
sum of both possibilities in (4.47) (see, e.g., Ref. [21, 22]). The reduced density
matrix for such an ‘uninformed’ observer reads

) Mops M) MipsM!
Ps = Po - T b1 T
tr[Mopg M| tr[M1pgM!]

=Y "M;psMi.  (4.50)
J

To rephrase once more: Being limited to S, the observer can only obtain the
information encoded in pg (e.g., by quantum state tomography). However, the
same expression describes the dynamics of the system being coupled to a bath,
see again (4.29). For such an observer, there is no detectible difference. The
state pg evolves into the maximally mixed state, in contrast to the pure state
evolution once the measurement outcomes are known. To connect the limiting
cases of (i) performing measurements at all times and (ii) not performing mea-
surements at all (being the same as not knowing the measurement outcomes),
we consider the scenario, where the ancillas are only measured with a certain
probability [21-23]. This scenario is captured by the generalized measurement
operators for the ancillas [21]

M = mloyo], M = /L)), MY = /(1)1 (4.51)

Here, n < 1is the probability that the ancilla is measured projectively. Following
the same formal procedure to construct a continuous process, the time evolution
takes the form (adding a Hamiltonian for completeness)

C (& . c ’Yét (& C
pg)’ — pg) =—i[Hg, p(s)]dt - Z 7[7%7 [nupfg)ﬂ + VYAWi{n; — <"i>,Pfg)},

(4.52)
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coupling to a bath imp. measurement

Lindblad prefactor Y™ + VB Y
Noise strength YM ny
Conversion n= M]fm

Table 4.1: (Conversion) Imperfect knowledge of measurement outcomes,
characterized by (n,7), and measurements in the presence of a dephasing bath
(vamr,vB) are different, but related, points of view to describe the evolution of a
monitored system.

Crucially, the noise strength is modified by 7. This description is equiva-
lent to performing measurements and being coupled to a dephasing bath, see
Tab. 4.1. For n = 1, we recover the measurement scenario from before: (i) the
evolution of an initially pure state stays pure and (ii) an initially mixed state
purifies (under certain conditions, see, e.g., Ref. [234]). An example is shown in
Fig. 4.8(b). For n < 1, not all ancillas are measured and some residual entan-

(@ tr[p(?] (b) trlpll-trlp’.]
10 — 10°
08 1072
107
06 —L =6.0 10
L =280 "
04 10
L =100 - _7B/J =01
02 L =120 v /J=102
1072 B
5 10 15 20 0 20 0 60 80
Jt Jt

Figure 4.8: Purity in the limiting cases: (a) Purification for vp = 0 with
measurements and a Hamiltonian (yp/J = 1), starting from F’ic:)o ~ 1. (b)
Mixing in the absence of measurements (ypr = 0) with a dephasing bath and
Hamiltonian for L = 10 (decay towards the (mazimally low) purity of the infinite
temperature state tr{p?_, .| with p,_, . ~ 1).

glement remains between those ancillas and the system, resulting in p(sc) being

mixed. The last case, n = 0 (not knowing any of the outcomes) corresponds to
the dephasing bath scenario, where the stochastic term is absent and the state
evolves into a strongly mixed state, see Fig. 4.8(b).

Summary: The coupling between the system and ancillas leads to the dephas-
ing and mixing dynamics of pg. If we intervene this process by performing
measurements on the ancillas, pg rather evolves stochastically and purifies (or
stays pure). However, if we do not have access to the measurement outcomes,
our knowledge of the state of the system, pg, is again equal to the dephasing
scenario since we have to sum up all possible outcomes.
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4.5 Fermionic Model (2): Unitary Evolution and
Measurements — Qualitative Picture of Mea-
surement Dynamics

If we have access to the ancillas and can measure them, the state of the system
follows a conditional evolution described by?° p(¢), conditioned on the measure-
ment outcomes. The stationary states of this evolution are the eigenstates of
the measurement operators n; (product states in real space). If we do not have
access to the outcomes, our state of knowledge is described by the incoherent
sum of the possible outcomes, p(¢). This has the same effect as being coupled
to a dephasing bath with Lindblad operators n; and a stationary state ~ 1.
Both mechanisms compete with the hopping Hamiltonian, already encoded in
[H,n;] # 0. At the level of states, the stationary states of the measurement
operators correspond to a superposition of many excited states of the Hamilto-
nian. In contrast, the unitary evolution would evolve those states into strongly
entangled states. Therefore, there is a (dynamical) competition between the
two processes with the possibility of a phase transition. The situation is partly
reminiscent of ground state quantum phase transitions. Here, the Hamiltonian
consists of competing, non-commuting terms: H = Hy + AH; with Hy and
H |, themselves featuring qualitatively different ground states.

The main question we are addressing in the following is the interplay of uni-
tary evolution, measurements, and a bath (where both do not commute with
the Hamiltonian): How is the measurement-induced dynamics influenced by an
additional coupling to a bath? Or differently put: How is the measurement-
induced dynamics influenced if we have an incomplete record of the measurement
outcomes?

4.5.1 Qualitative Identification of Observables

To identify physically suitable ‘observables’ to study the interplay?!, we start
from the simplest incarnation of our model: one fermion on a lattice with two
sites (L = 2) and a Hilbert space spanned by {|1,0),|0,1)}. In the absence of
measurements, the model is described by:

H = J(cley + cher) = —J(11,0)(0, 1] + [0, 1)(1,0]),
dp'? = —i[H, p'”]dt — WTM ([nl, (1, p'9)] + [n2, 2, p(c)]]) dt (4.53)

+r (dW1 (B){na — (1), p©} + dWa(t) {2z — (na), p<c)}> _

To get a first impression of the interplay, we extract the occupation of the
first site, (n1), for a single quantum trajectory, see Fig. 4.9. In the absence of
measurements, the particle oscillates between the lattice sites (Rabi oscillations),
whereas for yy;/J > 1, the fermion has the tendency to be pinned onto one

20We will drop the subscript S in the following.
21'We are a bit sloppy with the wording here, these are not quantum mechanical observables
in the strict sense.
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lattice site (nq) &~ 0,1 (which becomes a stationary state for J = 0). This is
the toy version for larger systems: starting from an initially pure state |¢(C)>,
the unitary evolution tends to delocalize the particles and spread correlations
(and entanglement) over the system, as we have seen in Sec. 4.3. In contrast,
measurements of the local particle number favor a state with well-defined local
particle numbers, corresponding to a product state [n1) ® |n3).. ® |ng).

(n1)

10 20 30 20 50 B 10 15 20 25 5 10 5 20

Jt Jt Jt Jt

° . > Yar/J
unitary limit weak noise strong noise J—0

’y]\/[/J<<1 ’VM/J>>1

08 o

07 °

<2n1 — 1>2

05 @®
0 2

4 6
Y/ J
Figure 4.9: Top: Time evolution of the expected particle number (ny) at site
1 for a system of two sites (L = 2) and one fermion. In the absence of noise,
there are Rabi oscillations, which are only slightly disturbed for vyn/J < 1.
For vy /J > 1, the particle number is temporally pinned to the value 0 or
1, describing a ‘localized’ state. Without a Hamiltonian, the system relaxes

into one of the number eigenstates. Bottom: Fluctuations around the mean
occupation number as a non-trivial quantity under averaging.

The full model for an arbitrary lattice size L, combining the dynamics of stochas-
tic, measurement-induced evolution, dephasing and unitary evolution reads:

L
dp'”) = —i[H, p'?)dt *%B > [, [na, p )t
=1
bath contribution
o i (4.54)
M c c
T Z[nia [, 0Nt + VAn ZdWi(t){ni — (n), p'}.
=1 =1

measurement contribution

It describes the evolution of p(®), conditioned to the measurement outcomes
{m;} for each lattice site j and time ¢. As in the KZM discussion, we want to
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extract the typical behavior of, e.g., order parameters, correlation functions or
the entanglement entropy on large distances, examples being:

order parameter (Q) = tr[Op()],

correlation < D(ng) — (niny) = trfnp] - trfn; p9] — tr[nn;p'?),
entropy Syn(4) = —tr[p )-log(pff))].

Before going into the details, there are multiple important points to raise: (i)
p'©) will depend on the particular measurement outcome and therefore vary for
each experimental run, and (ii) extracting the expectation values experimentally
is subtle. To calculate/approximate the expectation value, we would need to
repeat the measurement on the same state multiple times. However, we cannot
copy the state and it is very unlikely to experimentally obtain the same set
of measurement outcomes {m;,} (and state) again (due to the exponentially
growing number of possible measurement trajectories in time). The second
issue is not so easy to address and we leave it for now, but the first issue can be
addressed by working with averages over the measurement outcomes, which we

denote as (...). Therefore, we are dealing with quantities like:

N

_ 1 .

©)~ 3+ >_ulop)], (4.55)
a=1

where we are summing over N runs of the experiment (< sets of measurement
results 1, = {mgat)}) This represents a challenge: As we have seen before, the
averaged dynamics evolves towards the featureless stationary state pﬁﬂm x 1,
which reveals no information about the interplay of the Hamiltonian and the
measurements:

{O)(t — 00) x tr[O1]. (4.56)

To access non-trivial information, we have to consider higher moments of p(¢),
e.g. in the form??

(0)(0] = HOp ] # tr [0p®] . (4.57)

An example is shown in Fig. 4.9 and (n;)(n;) — (n;n;) or Syx being further
examples. Physically, the ‘pinned’ dynamics (ypr/J > 1) is characterized by

. li—j>1
a near-product state with (n;n;) S (n;)(n;) such that connected correla-

tions like (n;)(n;) — (n;n;) are strongly suppressed. Similarly, the deviations

from the flat particle number distribution (given by (n;) = 1/2) can be charac-

terized by ({n;) — )2 and should be non-vanishing. A version, which is relevant
to many body system, is the observation that the particle number and therefore
the parity is well defined in a large subsystem A. Correspondingly, the parity
variance P, 4|, defined in (4.58), should be non-vanishing even for |[A| > 1. In

the presence of a bath (or mixed states in general), observables like correlations

22Related to the Edwards-Anderson order parameter [20, 32, 155, 157, 235, 236] in the
theory of spin glasses.
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and the subsystem parity variance are still reasonable quantities. However, the
von Neumann entanglement entropy Syn(A) is plagued by a (volume law) scal-
ing (as we have already seen in Sec. 4.3)%3. A related measure of correlations
is the mutual information I,,(A, B) = Syn(A) + Syn(B) — Syn(AB) between
subsystems A and B, which due to its structure is not plagued by the volume
law scaling. An alternative entanglement measure for mixed states is the loga-
rithmic entanglement negativity, introduced in Sec. 4.3. In summary, we classify
the interplay of unitary evolution, measurements and dephasing based on:

subsystem parity variance: P4 = <H(2nj —-1))2 = <H ety )2
JEA JEA

Pureétates ‘<CTCj>|27

density-density correlation: Cj; = (n;)(n;) — (n;n;) )

entanglement entropy (pure states): Syn(A) = —tr[p, -log(py)] = 21,
mutual information: I,,(A, B) = Syn(A) + Sun(B) — Syn(AB),

log negativity: £(A) = log (||PTA|D .
(4.58)

4.5.2 Limiting Case: Unitary Evolution and Measurements

The first scenario we analyze is the interplay of unitary evolution and (con-
tinuous) measurements. To characterize the properties of the (free) fermion
evolution, we follow two approaches:

1. Study the stationary limit for initially pure states.

2. Study the dynamics of purification of an initially mixed state (which
afterwards evolves according to (i)).

In the first case, the analysis is massively simplified because an initially Gaus-
sian state, e.g., |0101...), will stay Gaussian (see App. A.2 for more details), a
feature that will be spoiled in the presence of a bath.

Stationary approach: The stationary properties of this fermion model have
been studied in, e.g., Refs. [17, 18] (see also Refs. [176-178, 188, 189, 198, 199,
237] for related models), revealing a measurement-induced phase transition. For
strong measurements, a shortly correlated, weakly entangled phase (M) is found
with a transition towards an extended critical phase (C) with algebraically scal-
ing correlation functions and a logarithmically scaling entanglement entropy, see
Fig. 4.10(b). The (1 + 1) dimensionality of the model and the U(1) symmetry,
together with the finding of exponentially vs. algebraically decaying correla-
tions, are hallmarks of a BKT transition (analytically studied in Refs. [19, 20]).
This scenario is also supported by a finite size scaling analysis in the vicinity of
the critical point [18, 189] (as well as Ref. [20]).

To further illustrate the qualitative change in the behavior, we extract the
subsystem parity variance P 4|, supplementing the study in Ref. [18]. For

231n particular the maximally mixed state p(¢) o 1 — pf? o 14 would result in the largest

possible entropy (it is also formally not an entanglement measure for mixed states).
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Y /J < 1, Pla) decays algebraically (Fig. 4.10(a)). In this regime, we anticipate
a critical behavior and therefore make use of the rescaled length Lsin(w|A|/L)/m
(as it would emerge for a conformal theory [9, 18, 198]). This decay corresponds
to strong fluctuations of the particle number parity in subsystem A. In contrast,
for yar/J ~ 1, P 4| saturates for a large enough subsystem size, indicating a
well-defined parity in subsystem A.

Bl
it rezsm— BRT
25 i .
(a) w I — (b) transition
10 .t
° e S > Y /J
—75
10
10_100 Seereereseeee , AT
107125 58 -::-”-};-; o : critical phase area law phase
YT =06 ‘P Alme P
10—15.0 g’;.u T o0s : ‘A‘ ~ ‘ | : ‘A‘ ~ const.
17175 I!‘r:; J=10 Cw ~ |l‘|_2 Cw ~ BXP(—‘UUV@
| e | . .
10400 1125 1150 1175 1200 225 SyN ~ 10g(|A|) : SyN ~ const.

LSIH(’/T|A|/L)/7T e e

Figure 4.10: (a) Subsystem resolved parity variance (log-log) for L =
256,512,768 (square, triangle, circle), plotted against the rescaled length in an-
ticipation of a conformal regime for ypr/J < 1. (b) Qualitative phase diagram
of the fermionic model subject to weak measurements of the local particle num-
ber with two phases: (i) algebraically correlated phase (with S,n(A) ~ log(|4]))
and (i) short-ranged correlated phase (with Syn(A) ~ const.).

Dynamical approach: Starting from a mixed state, the measurement dy-
namics enforces the evolution towards a pure state (purification). The capacity
of the model to allow for a strongly entangled state or not also directly influ-
ences the purification dynamics. The purification is substantially slower once
the stationary state can sustain strong entanglement. As pioneered in Refs. [31,
165], we can distinguish qualitatively different phases by identifying the speed
of purification (as a function of L). A related probe of these different dynam-
ical regimes was introduced in Ref. [165]: Instead of starting from a fully (or
strongly) mixed state, we entangle the state with a single or a few reference
ancillas, which do not have any dynamics on their own. Over time, the moni-
toring dynamics will reduce the entanglement between system and ancilla until
reaching a product state. Following this route, we extract a purification time
scale that either grows as ~ L (weak measurements) or depends only weakly on
the system size (strong measurements). Our setup consists of coupling a single
ancilla qubit (B) to the system (S), initializing the state as**

1 1
[VsB) = EWJ(D ®10) + EWJQ 2 [1), (4.59)

|o) = (1010...), |¢1) = |0110...).

Afterwards, we let the system evolve under measurement-induced dynamics.

24 Another option would be to start from p(¢) o 1, but this is technically not feasible for
large system sizes.
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Figure 4.11: Dynamical perspective onto the measurement-induced transi-
tion: (a) Time evolution of the entanglement Sg between system and an an-
cilla qubit for: for (i) « ypm/J = 0.2 and (ii) o yp/J = 1.0 (system sizes
L =32,64,128,256,512,768). (b) Purification time ty as a function of L (from
fit of exponential decay), where the system size dependence depends on the pa-
rameter regime. For (i) it grows roughly linearly («: best algebraic fit), whereas
for (ii) it saturates as a function of L for L > 256. Numerical details: (i)
L = 32: ngyy = 105; L = 64 — 256: ngyy = 4 x 103; L = 512: ngyy = 103;
L =768+ ngyy = 250. (ii) L < 256, ngyy = 4x 10%; L = 512, 768: ngyy = 4x 103,

The reduced density matrix of the system is given by pgci =trg[|Ysp.)(VsB.

|:

P} = Po(t)[W0,) (o,e| + pr(t)[thr,e) (¥1,4]- (4.60)

The purification of the density matrix over time corresponds to growing overlap
of the states: [(¥o¢lth1+)] — 1. We quantify this evolution by tracking the
entanglement between the ancilla and the system (which initially is maximal):

Sp = —trlpglogy(pp)] = —tr[pglogy(ps)]- (4.61)

Averaging this quantity over multiple runs gives rise to Sg(t), see Fig. 4.11.
For long times, the averaged entropy decays exponentially Sg(t) ~ exp(—t/to),
with a system size dependent to(L). In the weak measurement regime, tg grows
nearly linearly with the system size L, as expected for a conformal field the-
ory [238] with a dynamical critical exponent z = 1. For strong measurements,
to flattens as function of L, indicating an area law phase. Both are shown in
Fig. 4.11(b).

Remark: Our initial state, (4.59), corresponds to a weakly mixed state (from
the perspective of the system). For a strongly mixed initial state and in the
parameter regime of the critical phase, an algebraic decay of Syn is expected
initially [19, 31, 165, 238], turning into an exponential one for long times. Sim-
ilarly, an algebraic decay Syn ~ (t/L)~! is observed at a critical point [31],
turning into an exponential one once the entanglement becomes small (around
one bit).
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Box 19: Purification and mixed states in the quantum trajec-
tory approach

So far, we have considered the measurement dynamics of initially pure
states. In the following, we derive the dynamics of an initially mixed
state under measurements (see also, e.g., Refs. [22, 239]). A generic
density matrix can be written as an ensemble of pure states

P = Zpaw(a)xw(a”. (4.62)

In one time step with measurement outcomes {m;} for each lattice site,
it evolves into the state

L L
pl9 — (H Mg) P [ T MGT . (4.63)
i=1 j=1

In the limit of ¢ — 0, the evolution operators can be trotterized. In our
case, they read (see also Ref. [17]):

p©) 5 VOV =3 p VIg@) @V, (4.64)

L
V= exp | 30 VA AW (n; — ((n3))) = ymedt(ns — ((m5))?)-
j=1

Here, ((n;)) = tr(n;p?) = 3", pa(n;)q is the average of m; over the
whole ensemble. Therefore, the combined unitary and measurement evo-
lution reads:

pgét r = HOY PO YT i HE _ > palt+ 5t)|¢t(j_2§ t)@/,ﬁ_% . (4.65)

This corresponds to an update of the probabilities and the states in the
ensemble according to:

efiHétijga)>
SOV (4.66)
Palt + 8t) = pa () (W VIV,

k) =

4.6 Solving the conditional Master Equation for
small Systems — Including Dephasing

e We analyze the density-density correlation function and the subsystem

parity variance for system sizes of L = 10 in the presence of dephasing.

Additionally, we consider the log negativity and mutual information for
L = 8 (being numerically expensive quantities to extract, even for L = 10).
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In the absence of a bath, an initially pure state stays pure under the measure-
ment and unitary dynamics. Additionally, an initially mixed state will purify
over time. If the pure states are also Gaussian states, this leads to a tremen-
dous simplification and system sizes of L ~ O(10? — 103) are reachable (see,
e.g., Refs. [17, 18, 188]). However, the coupling to a dephasing bath renders
the reduced description of the system mixed and non-Gaussian. Therefore, the
numerical solution of pgc) is limited to small system sizes, with only limited
informative value regarding larger system sizes. Nevertheless, the small scale
analysis provides a first guide line to understand the influence of the additional
dephasing bath.

10g10(PL/2) Crs2 p((ni))
075 4 00225 05 15 A
-1.00 0.0200 ~ 0T = 4.0
Q -125 Q 3 00175 S27-60| 10
[ -150 M 0.0150 7 ’
= 175 =2 00125
—2.00 0.0100 05
225 1 0.0075
k —250 0.0050 00
02 04 06 08 10 02 04 06 08 10 0.000.250.500.751.00
Y/ Y/ (n;)
(a) subsystem (b) density-density (c) (n;) histogram
parity variance correlation

Figure 4.12: Overview of a fermionic system subject to unitary evolution,
measurements and a bath with L = 10 (L/2 fermions). In (a) and (b) the log
of (i) the parity variance for |A| = L/2 and (i) the density-density correlations
at 1 = L/2 are shown in the (yp/J, v/ J) parameter plane. Both indicate a
rough bipartition (dotted lines are a guide to the eye). (c) Probability density
p({n;)) of the local occupation number (n;) for yar/J = 0.3 and different vg/J
with a unimodal distribution for small to intermediate vg/J, turning into a
bimodal distribution for yg/J > 1.

The correlations, subsystem parity variance and distribution of the local particle
numbers p({n;)) are plotted in Fig. 4.12. First, for vy = 0, the density-density
correlations Cf,/, are overall larger (less strongly decaying) for weak measure-
ments vy /J < 1, crossing over to a stronger decay for stronger measurements.
Complementarily, the subsystem parity variance is suppressed for vy /J < 1,
in contrast to the strong measurement limit, see Fig. 4.12(a),(b). Similarly, the
distribution p({n;)) is peaked around (n;) ~ 1/2 for weak measurements, turn-
ing into a bimodal distribution for strong measurements (in accordance with a
stronger pinning onto number eigenstates).

From the information theoretic point of view, the mutual information®,
plotted in Fig. 4.13(c), is largest for weak to moderate measurement rates.
In the limit vy = 0 and pure states, it is proportional to the entanglement
entropy Syn(A) (see again (4.58)). These are small system indicators of the
measurement-induced transition studied numerically in Ref. [18] for large sys-
tem sizes and analytically in Ref. [19].

25The mutual information is also an upper bound to correlations between A and B, see
Ref. [146].
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—log, (tr(p(©)2)) /L £(A) In(A, A)
vB/J vB/J vB/J
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Figure 4.13: Overview of measures of global properties of p'®): (a) log of the
averaged purity, (b) log negativity E(A), and (c) mutual information I,,(A, A)
between two subsystems of size L/2. The purity indicates a third regime, with
strongly mized states to the left of the dashed line (guide to the eye), in accord
with the regime of lowest values of E(A). E(A) and I, are largest for the regime
of weak bath strength and moderate measurement strength.

In the other limiting case (yy = 0,vp > 0), the state evolves into a strongly
mixed state with (exponentially) suppressed purity and small log negativity, see
Fig. 4.13(a),(b)). Both quantities indicate the approach towards the featureless
and unentangled state p(9 — 1. In the intermediate range (yar > 0,vp > 0),
the regime of larger subsystem parity Pr /o increases for yp # 0. Complemen-
tarily, the regime of more strongly decaying correlations is extending towards
smaller vp;. The purity instead decreases notably for yg > ~vas (close to the
vp-axis), indicating the strong mixedness induced by the bath. In the limit
vB > v the situation is changed: the purity becomes larger, suggesting that
the interplay of strong dephasing and moderate measurements tend to purify
the states. Qualitatively, this corresponds to the suppression of the scrambling
dynamics of the unitary evolution due to strong dephasing, which therefore
enhances the measurement-induced dynamics. The information gained by the
weak measurements about the local particle numbers is only weakly altered by
the unitary dynamics, favoring states close to pure product states. Together
with the log negativity (and mutual information) being most pronounced for
vB/J < 1, we can qualitatively identify three regimes:

o (C): significant correlations and entanglement, while the purity is large
and the local parity is not well-defined.

o (Cp): significant correlations, while the purity and log negativity are small
and the local parity is not well-defined.

o (M): more strongly decaying correlations with a well-defined parity and
large purity.

To investigate the fate of these regimes for (thermodynamically) large systems,
we pair two approaches: (i) the numerical investigation for larger system sizes
based on quantum trajectories and (ii) an analytical approach based on effective
bosonic version of the model. The second approach is suitable for the thermo-
dynamic limit L — oo and the corresponding long-wavelength physics.
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Remark: The purity tr[p%] is re-
lated to the Renyi entanglement en-
tropy S2(S) between the bath ancil- 0.80
las and the system (S): tr[p3] =

rity in itself as a measure to dis-
tinguish thermodynamically different 060
phases. As an example of the av-

eraged purity for different accessible

system sizes L, see Fig. 4.14. Never- vB/J

theless, measures like I,,, = Syn(A) +

Syn(B) — Synx(AB) and € can be sen- Figure 4.14: Log of the averaged pu-
sitive about the correlations or entan- Tty as a function of yp/J, rescaled by
glement between two subsystems even  the system size L (for ym/J = 0.5).

in case of mixed states with possibly

different scalings with L for L — oo (see, e.g., Refs. [173, 174, 193, 219, 240,
241]).

exp(—S52). It is therefore expected ; 075

for, e.g., bosonic Gaussian CFT’s ,if

[193] that S2(S) scales with the sys- 2 070

tem size whenever yg # 0 (and vy # £

0), which would disqualify the pu- é%' 065
I

4.7 Analytical Approach: Observables from Replica
Approach

Numerically, the ‘observables’ as given in (4.58), are obtained by evolving and
averaging over many quantum trajectories with different measurement outcomes
to perform the average (...). This approach is manageable for Gaussian states
even up to large system sizes. Nevertheless, we want to make statements in the
thermodynamic limit . — oo about the possibility of different thermodynamic
phases. In this limit, a description in terms of an effective model is favorable
which only takes into account the long distance degrees of freedom - the bosonic
theory. Therefore, we discuss in the following:

o General replica setting, which allows us to work (analytically) with non-
random objects.

o Application of this setting to the effective bosonic model to study the long
distance limit.

4.7.1 Measurements in the bosonic Theory — Model Def-
inition
In the following, we bundle the ingredients to describe the time evolution of the

effective bosonic model (which have already been mentioned before):

e Unitary part: The unitary part is described by the quadratic Hamilto-
nian H in (4.44) and gives rise to the contribution

Lulp] =i [H,p)].
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o Measurement part: The fermionic measurement operator n; (with mea-
surement strength vy ) is replaced by two bosonic measurements operators
in analogy to the bath case [19]:

) 1 .
linear: L") = —~9,¢,, non-linear: LM = mcos(2¢,). (4.67)
7r

Each operator comes with the same measurement strength v, giving rise
to two contributions in the conditional Master equation:

La[p©)] = _7%515/ [Lélin)’ {Lgin)’H +\/’VT4/AWm {Lélin) _ <Lgin)>,p(c)}

x

B 7%515/ [Lg(rnhn), [Lg(tnun)7H +\/W/wa {L;nlin) _ <L§Cn1in)>,p(c)}_

x

o Dephasing part: The dephasing bath operators L; = n; (with bath
strength v5) are replaced by the same two bosonic operators (4.67), each
with the same strength ~;;:

Lo[p] = _VB?&/ {L(zlin)’ |:L(Ilin)7p(c)}:| _ VBT&/ I:ngnlin)’ [L;nun)’p(c)ﬂ _

x x

The competition in the fermion model lies in coherent hopping on the one hand
and pinning onto number eigenstates |[{n;}) by measuring the particle number
on the other hand. In the bosonic model, the competition is rooted in the mea-
surement operators favoring eigenstates of ¢,., whereas the (9,,0,)*-term in the
Hamiltonian tends to delocalize the eigenstates in the ¢-basis. As we will see in
the following, L;“‘U does not induce a transition but stabilizes, e.g., algebraic
correlations (see Sec. 4.7.2) and therefore describes the long distance properties
of the weak measurement phase [19]. This is an advantage compared to the
fermionic model: the quadratic fermion part (H only) describes the evolution
into a volume law state, which is not stable against weak measurements (as we
have seen). The transition is driven by L™ = m cos(2¢,), which induces
a finite, non-vanishing scale in the system at large distances (k — 0) once it
describes a relevant perturbation.

Remark: In the following, we will often use discrete sums instead of integrals
over z. The reason is the easier readability and connection to the (discrete)
fermionic setup. In a final step, the sums should always be replaced by integrals
in case of the effective bosonic description.

4.7.2 Interlude: Exact Solution of Connected Correlation
Functions in case of linear Measurement Operators

Before we are going to discuss the replica theories and related RG calculation,
we consider an exactly solvable case. Once the non-linear measurement and
bath operator are absent, the density-density correlations can be calculated
exactly (discussed in Refs. [19, 193]) without the need of a replica theory. The
important point here is that the exact solvability remains in tact even in the
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presence of a bath. Restricting ourselves to linear measurement/bath operators,
the density-density correlations read:

(4.68)

1
This correlation function is a special case of the expectation value of operators
like Oap := ${A — (A), B — (B)}, where A and B are linear operators. The
expectation value (O 4p) for t — oo can be found exactly, because its dynamics
is deterministic for Gaussian states (all stochastic parts cancel out). To see this,
consider the time evolution of any expectation value:

a(0) =i([H. ) ~ Pt Y (L, (L, O) + ki 3 dWil{Li — (L), O}).

In the special case of O = O4p, the last line vanishes exactly (as we will

show below) and we can solve it in the stationary limit d{O4p) L 0. The
reason is that the last line is the expectation value of three fields with vanishing
means, evaluated for a Gaussian state. According to Wick’s theorem, such
expressions vanish. The remaining deterministic equation is of algebraic Riccati
type, admitting a stationary solution that can be found exactly (see Ref. [19,
193] for further details) with

1
momentum space: Cy ~ |k|, real space: Cy ~ —

ER (4.69)

It describes the aforementioned algebraic correlations in the weak measurement
phase and is valid in the absence and presence of a dephasing bath (as we show
below).

Box 20: Details about the exact solution of simple correlation
functions

First, we show that the stochastic part is vanishing for Gaussian states:
!
dWi{{L; — (L;),Oap}) =0.

To only ingredient we need is Wick’s theorem for (ABC'). This expecta-
tion value vanishes for operators shifted by their mean: @ := @ — (O):
<IN}AB ) = 0. Since the operator O 45 by construction only involves the
operators A and B, we get:

1,2 - - 1,2 -~
({Li — (Li),0aB}) = §<LiAB> + §<LiBA> = 0.
To find the exact relative correlation function, we will adapt the strategy
derivation in Ref. [19] (also Ref. [193]) and start from a lattice version
of the bosonic model with conjugate operators [Q;, P;] = id;; with
Piv1— Pia
=1 P, =0, 4.
= PPl (470)

continued on next page
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continued from page before

and a Hamiltonian

H =) Q)ViQ;+P;W;;P;, (4.71)
2%
v v
V= 71, Wij = g(éw — (;i_Lj — 5,’4_17]'). (472)
Finally, we can calculate the stationary correlations C4P = (OABY:

d(OABY = 0. The correlator involves local operators A, B at lattice
sites a and b (which are either P, or Q, and L, ~ @Q,). Therefore,
C’(ﬁ)B can be read as a matrix with indices a,b. The time evolution of
such an expectation value depends on three parts: (i) unitary part, (ii)
Lindblad part and (iii) Measurement/Ito product part, stemming from
the identity:

d((AB) — (A)(B)) = d(AB) — (d{A))(B) — (A)(d(B)) —

Measurement part: The last contribution (in orange), evaluated for
C(ﬁ,B, gives rise to:

—y{{Li = (Li), Aa — (Au)}){{Li = (Li), By — (Bs)}) = 4y Ci Ci,
which only depends on vyp;. This non-linear term leads to a unique
stationary solution (it is absent for vy = 0).

Lindblad part: The Lindblad contribution reads:

- 03 (@ [Q OAFN) = + (s + 78)0wbapdp . (A73)

Unitary part: To evaluate the unitary part, we have to keep in mind
that the matrices V, W are symmetric and CA4P = CEA, which allows us
to write

([H,05]) = +i(VC?P)ap +i(CTV )a, (4.74)
([H,03%]) = —i(WCT?)ap — i(CFW)ap. (4.75)

Stationary solution: The stationary solutions fulfill dCA4? = 0. Con-
sidering the two cases A = B = P and A = B = Q, we get two coupled
matrix equations:

0=—-VC9 — COPV — 4y (COF)? + (var +7B)1,
0=WCFPY + CTOW — 4y, (CP9)2,

The first equation gives rise to

1 YM 1 1
CoF = 2 1+ V2 — Vol (4.76
2\/71\/1 +7B 4(vam +vB)? 4(vm +vB) (4.76)

continued on next page
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Therefore, C?? can be found from the second equation:

(€= ——

=——— ""W(\/4 + 1+V2—-V)x W.

(4.77)

Fourier transforming: Going to momentum space and assuming trans-
lational invariance: C9@(k, k') = 6(k + k')C?® (k) with k € [~7/a,7/a]
(where a is the lattice spacing), we get: C%%(k — 0) = - |k|, where the
constant is defined as

2 16
o= v \/\/ VM(ZM;F B) L, (4.78)
A2y (v +¥B) vem

4.7.3 General Construction of the Replica Theory

Two challenges in indentifying measurement-induced transitions are rooted in
observables being (i) non-linear in the conditional density matrix p(®) and (ii)
that p(¢) are themselves stochastic objects. The point mentioned first also arises
in the context of entanglement entropy calculations (for closed systems), which
requires an (infinite) hierarchy of copies of the density matrix. To this end,
replicated density matrices [9, 54, 155-157] can be used, consisting of multiple
copies of the same state. The simplest example is the two-replica density matrix
p) = p(o) @ p(©) operating on the Hilbert space H*F) = H@H. Observables
like (©)2 can be expressed in terms of p(2#):

(0)? = u[(0W . 0®)p) @ p)] = tr[(OV - OF) p() @ p°]]
N——

=:p(2R)

Here, operators like o0 .= ®®1 act on the extended Hilbert space (2% By
construction, p®®) is non-stochastic and gives access to all expectation values
involving two or less p(©)’s. It already encodes information relevant for the phase
transition, like the behavior of density-density correlations or the subsystem
parity variance. Therefore, we will concentrate on the dynamics of p2%) in the
following. Note that it also encodes the heating to an infinite temperature state
(if applicable):

[0V R = (0) — (O). (4.79)

Box 21: Higher replicas

Formally, we can define a hierarchy of replica density matrices

p"P = plD @ p g ..., (4.80)
—_— ——

continued on next page
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consisting of equal copies of the conditional states. They act on the n-
replica Hilbert space (%) = @®" H. Operators only acting on a replica
« are constructed as

(@ _
o 18.19 O ©l.ol (4.81)

position «

As already discussed, observables in the long time limit (¢ — oco) linear
in p{® will be determined by the infinite temperature state. This heating
is reflected in all replica density matrices:

&[0Vp P = T0) - (O)e. (4.82)

This replica approach lends itself to the following strategy: (i) find the evolution
equation 9;pf (or 9,p("™)); (ii) formulate this theory in terms of a field theory
(amenable to a renormalization treatment) and (iii) extract the long wavelength
behavior.

4.7.4 Executive Summary — Replica Approach in the bosonic
Theory

In the following sections, we derive the evolution equation 9,p® and its cor-
responding field theoretic formulation for the bosonic theory. Since there are
multiple steps involved, we briefly summarize the main points in the following
as a guideline.

The separation of measurement and bath operators into L;,““) and L;nhn) gives
rise to an ordering principle: Firstly, we evaluate the influence of the linear
measurement operators onto the dynamics. Secondly, we check under which
conditions the non-linear parts are relevant.

Linear case: In case of linear measurement operators, the dynamics separates
into two (independent) components (‘relative’ and ‘absolute’) and p®) can be
written as a product state p@f) = p(@ @ p("). The ‘absolute/relative’ basis is
defined as:

5 — o) + oY o) — ¥ ¢<2

where p(®) is heating up (similarly to the Lindblad scenario), but p(") encodes

non-trivial information in its stationary state. To make this transparent, con-
) _ (2)

ol = (4.83)

sider Cy; and P, 4|, which only depend on n; . This operator combination

translates into an operator?® that only acts on p(’").

~ 1 2
n—n® 5 Lo, (o) — o) = ~¥29 600 (4.84)
s s

26Here, we ignore the non-linear contributions.
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Analogy to system-bath coupling: The role of the absolute and relative
mode can also be interpreted in terms of a system (r) and a bath (a). Once we
include the non-linear terms, the system dynamics gets affected by the bath,
though the bath is still heating up. Going along the analogy of a system-bath
coupling, we derive the effective dynamics of p(") by tracing out the absolute
mode. We obtain a path integral description (translating operators into fields),
which gives access to:

tr[o(r) p(c) ® p(c)] ~ /D[qﬁgr),qﬁff)] O(v») ei fx %@}}Galéx—HASr’ (4.85)

with?” @ = (qﬁg{, ((IT;) In case of only linear measurement operators, the
inverse propagator G|, L of the relative mode reads (using the rescaling t — vt):

1 (z‘}rz”gfag 02 — 02 )

Gol=-=
0 T at2 _ 83 Z‘%Q('YMj’YB)ag

(4.86)

It describes a scale invariant theory and is directly related to correlations like
<¢§c")¢(y")>, which encode the features of phase (C).

Including non-linearities: The non-linear measurement operators induce
couplings between the relative and absolute mode. These couplings result in
sine-Gordon like interaction terms (once the absolute mode is integrated out):

AS, = / d?X [id. cos(4¢e x) + iMg cos(4dy x) (4.87)

+i)\£f1) cos(2¢¢,x ) cos(2¢4, x) + ,\g) sin(2¢c, x ) sin(2¢q7X)} )

These contributions are formulated in the Keldysh basis, incorporating two
classes of terms: (i) Ac, Aq (depending only on ¢, or ¢¢) and (ii) Aq’s, describing
a coupling between the classical and quantum components. To identify the
dominant physics at long distances, we analyze the relevance of the interaction
terms at large distances based on a momentum shell RG. We identify three
different scenarios:

1. All interaction terms are irrelevant at large scales.
2. Only A, becomes relevant, reminiscent of an effective temperature scale.
3. Acg’s become most relevant.

Though we do not have direct access to the interacting cases, we can qualita-
tively interpret the relevant interactions as inducing mass scales [205] at the level
of the Green’s function (the mass terms myy,., mys, and mp are real-valued):

(C): Gt=aGyt, (4.88)
(Cp): G =Gyt +imp(l—o.), (4.89)
(M): Gt =Gyt +mar,on +imag, L. (4.90)

27The role and meaning of the classical (¢) and quantum (gq) component (Keldysh basis) is
explained in Sec. 4.7.7.
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Observable consequences: Indicators like Cy and P4, are determined by
G, based on the identification:

1 : r
Cy ~ —ﬁ<aaz¢g)aa:¢§gly>a (4'91)
Plag v (V2O D) (700", (4.92)

Therefore, Cy, and P4 are sensitive to the presence or absence of the induced
mass terms. The corresponding ¢-correlations and the different scalings of the
observables are summarized in Tab. 4.2.

(0595 C, P
case (C),(Cp) | ~ log(ly)) ~ [y| 2 ~ 4]

case (M) | ~exp(—|y|/€) |~ exp(=[y[/¢) | const.

Table 4.2: Correlations in the different regimes identified in the RG analysis
of the bosonic replica model, based on the correlation length & and a propagator-
dependent exponent K.

4.7.5 Dynamics of Replicas — Part 1: Replica Master Equa-
tion

In the last sections, we have seen that connected correlation functions (of linear
operators) can be found exactly as long as we are dealing with linear measure-
ment operators. The aforementioned approach does not require the introduction
of replicas. Nevertheless, within the replica approach, we recover the same re-
sults and it allows us to include non-linear measurement operators (cos(2¢,,))
in the picture.

The strategy is the following:

1. Derive the dynamical equation for the replica density matrices (replica
master equation), in particular for p@%) = p() @ p(e),

2. Identify suitable degrees of freedom (absolute and relative) in case of linear
measurement operators.

3. Include non-linear terms and identify, if and when these terms become
relevant at large distances (via a RG analysis). Relevant non-linearities
indicate a strongly interacting theory and the generation of an effective
mass scale.

To derive the replica master equation, we have to average over the measurement
outcomes (the noise). For a discrete time step dt this takes the form:

. 2R : :
discrete: P§+(si = pg:-)ét ® ng/:-)(?t‘
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Replacing Pii)at with the expression in (4.54), we get the time evolution equa-
tion:

1
piror = o™ st HY + HE) = S+ ap)an 7 (107, (1)

i %
%

+[L§2),[L§2),p§2R)) +yu 6t2{ L (LY, (C>®p,§C)}} : (4.93)

measurement-induced interaction between replicas

with i(z) :
single replica are the same for all replicas: <L£1)> = <L§2)> since the replicas are
identical. The first and second term in (4.93) correspond to the Hamiltonian and
Lindblad operators, acting individually on the replicas (in the enlarged Hilbert
space). Since we use the same initial state for each conditional evolution, the
initial replica state is a product state pgilg) = Pi—o @ Pi—o- 1t would remain a
product state under the evolution of the first two contributions. Only the last
term in (4.93) induces a coupling between the replicas and turns pEQR’ eventually
into a non-product state. Besides cross coupling terms between replicas, the
last contribution also includes non-linear contributions in the form of expect-
ation values. Their presence requires even higher order replicas to describe
the evolution. Formally, the dynamics of p®® is coupled to p®®) and p(*H)
(replicas are coupled hierarchically). To disentangle the last expression, we

separate it into three parts:

PSR O N FICNTICINCIAC
colpl? @ o) =Y {17 ALY 07 @ o7} =

7

1 2 1 2 c c c c
S {E AL 2y — (LD + 2P 0l © p7} + 4L @ pf.

%

=L" — (L(i)>. Expectation values of operators that only act on a

(4.94)

The first term describes the cross coupling and the last two terms contain ex-
pectation values. Therefore, the last two terms also involve higher-order replicas
(since every expectation value requires another copy of the state):

R R R R
colpt? @ pi”) = Zelp*™ o™, o) = > {10 (L, p*7} ]

_ (1) 2)y7(3) (3R) @) ) (4R) (4.95)
22“‘3 [ L LZ )LZ y Pt }:| +4Ztr3,4 |:Lz Lz P } ,
[

where tr,[...] denotes the partial trace over the nth replica. This gives rise to an
infinite hierarchy of coupled master equations, which will not be exactly solvable
(except for certain limiting cases, see info box).

Box 22: Exact replica solution

A similar construction can be used to find dp(™®) for any higher-order
replica, resulting in (4.99). In the limiting case of H = 0 and measure-

continued on next page
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continued from page before

ment and bath operators being equal (L; = m;), we can exactly solve
the stationary limit of the n-replica master equations. The master equa-
tions consist of (4.99) and the analogues terms from (4.93). Consider an
arbitrary initial state:

Po = Z Paa|{n}a){({n}tel- (4.96)

a,af

Dephasing will suppress the off-diagonal elements of py/. Measurements
increase our knowledge about the local particle number and force the
state into a pure product state

P oo = {n}a)({n}al with prob. pa = paa- (4.97)

The exact solution for all replica density matrices is given by

P =3 pa R l{n}a){ntal- (4.98)
«a i=1

It commutes with all L;’s and results in L& = 0, giving rise to a station-
ary state. The normalized stationary replica solutions, (4.98), reflect the
reduction onto the diagonal with the weights given by the initial state.
The coupling term for replica n reads:

L n
nR n+1)R n+2)R 1 o nR
Lolp™. o0 PO = 237 3T (B ALY o™
i=1 a,B=1,08

= e [{(LEQ) i L(»B))Lgn+1)’p£(n+l)R)}]

i

+4tT, 41 npo [L("H)L(”“)} pg(n+2)3)} _

7 7

(4.99)

Decoupling the hierarchy: In the following, we seek for an approximation,
which decouples the different orders of replicas. At the level of p(#), one ap-
proach is to decouple the fluctuating expectation values from the replica density
matrix:

(Li}p@ @ p@ ~ (L) p = (L)) - p,

0o (4.100)
(L2 @ p©) ~ (L2 - p10 = (LVL)) - p1,

with ((O)) := tr[OpP®)]. To justify this approximation in the bosonic for-
mulation, we first consider yg = 0 and linear measurement operators. It was
shown in Ref. [19] that the exact connected correlation functions, found from
the approach outlined in Sec. 4.7.2, are the exact same using this decoupling
approximation. Therefore, this approximation might be referred to as ‘exact’
in this context. Adding (linear) bath operators (yg # 0), the same correla-
tion functions can still be inferred exactly, as we have seen in Sec. 4.7.2. The
same scaling is obtained from the approximate dynamics (see Sec. 4.8 and also
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Ref. [193]).

Normalization: Since all other contributions in Eq. (4.93) are norm preserving,
we approximate Lo using (4.94) and the requirement of norm-preservation:

Loy (—4CpM + (L — (LF) ALY — (L)), p27}})
i (4.101)

Ci = (LLP)) — (L) (L)),

Using this norm-preserving approximation, we can write down a closed evolution
equation for p(f). To this end, we introduce the Lindblad superoperators:

Lolp =3 10.(0.5], (4.102)

1) (2)

and we regroup terms according to il(. + L,

absolute/relative structure, where we define INZEO‘) = L — ((L{™))). The full
evolution equation reads:

This regrouping reveals the

ﬁ@ +ist[p*™ HY + H®)

+ 735752( e p" ]+£ m L<2>[P(23)])

heating Lindblad terms

+6t7MZ R A PACLAT AR A (4.103)

(heating) contour coupling

1 ~ (1 ~ (2 _
- 5t7M{ 3 Z(LE Lo Ly ,P§2R)} — 4yt Y CipP.

(2

non-Hermitian Hamiltonian

Eq. (4.103) is the closed, non-linear evolution equation for p§2R), which we will

analyze in the following subsections.

Stationary limit: If we are only interested in the stationary limit of the evo-
lution, we can approximate the remaining expectation values ((Ll(-a)>> by their
stationary ones. The stationary values are only numbers, which will allow us
to convert the operator-based master equation (4.103) into a path integral for-

mulation. To evaluate ((O)) for t — oo, we note that p(©) heats up to the
infinite temperature state. Therefore, linear expectation values ((O®)) = (O)

can be evaluated with respect to p(©) ~ 1. For our bosonic model this amounts
to:

(0:68)) = tr (Dupopl”) 2570, ((cos(2g())) B0, (4.104)

4.7.6 Symmetries in the Replica Formulation

So far, we have discussed a general construction of a replica master equation in
case of measurements and a coupling to a bath. The qualitative properties at
long times and at large scales are determined by the symmetries in the system.
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In this replica setup, we have two symmetry contributions: (i) symmetries of the
conditional evolution equation (here: each operator preserves the particle num-
ber - U(1) symmetry) and (ii) additional replica exchange symmetries (see, e.g.,
Refs. [20, 159]). To identify possible symmetry breaking phase transitions, both
contributions are important. In the following, we discuss some of the replica
exchange symmetries and identify the presence of a bath with an explicitly bro-
ken replica symmetry (compare also to Refs. [20, 160, 173]).

Operator perspective: We start with the 'replica’ symmetries at the operator
level (4.103) and afterwards consider their incarnation at the path integral level:

1. v # 0: We can exchange the replica labels (1) <+ (2) for all operators
n (4.103) (we refer to this as the ‘global’ replica exchange symmetry).

2. ypr = 0: We can additionally exchange replica labels (1) < (2) for op-
erators acting only from the left (or right) onto pR)  This additional
symmetry is broken by the term (i(l) - i(2))p(2R) (j}(l) - i/(z)) in (4.103),
stemming from the Lindblad superoperator. This term is absent in the
absence of a bath.

State perspective: Another angle to look at these (replica) symmetries is to
study the properties of the state p(2%) itself for yg = 0 and v # 0. In the
absence of a bath and starting from a pure state, p®) is given by

.
B =0: p* =l @ |[p{) (i) = 1Z|w<“) W) @ |y (i),

where a runs over all A noise realizations (different measurement outcomes).
The ‘contraction’ lines indicate, which objects we can exchange: (i) the replicas
in total or (ii) only the bras (or kets respectively). However, in the presence
of a bath (yp # 0), even an initially pure state will become (partially) mixed.
Therefore, we have

vB #0: P(2R) Pt i ® pt =N"! ZP ® Pia)v (4.105)

where only the ’global” exchange symmetry is still intact.

Field theory perspective: The translation into the language of a Keldysh
path integral®® goes as follows: operators ¢, 8 acting from left or right onto the
replica j are translated into fields ¢$),9$) (left) and gb(f),ﬁ(f) (right) respec-
tively (the subscript + is also referred to as contours) [4, 19, 69]. The weight
of different field configurations is dictated by an action S. In the presence of
measurements and dephasing, the action is invariant under exchanging replica
labels on both contours simultaneously. In the absence of a dephasing bath, also

labels on a single contour can be exchanged, providing an additional symmetry:

15 #0: ¢ 0 0P, 0 and ¢ 0" 6@ 9@

(4.106)
p=0: ¢, 00 =62 0% or ¢ 0" & ¢ 0.

28Introduce in more detail in Sec. 4.7.7.
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It is this explicitly broken symmetry, at the level of the generator of the dynam-
ics, as well as the state, which opens the possibility of new phases (induced by
the competition of a bath, measurements, and a Hamiltonian). In the following,
we construct the corresponding field theory and identify the role of the presence
or absence of this additional symmetry for physics at large distances.

4.7.7 Dynamics of Replicas — Part 2: Linear Measurement
Operators
We derive the individual master equations for the ‘absolute’ and ‘relative’ mode.

From there, we construct the Keldysh path integral description in the stationary
limit.

Absolute and relative Mode

Looking back at (4.103), we observe a prominent structure: the measurement

and bath operators only appear in the combination i}(l) + j}(2). In case of
linear measurement (and bath) operators, L, ~ 0,¢,, we can make use of this
structure by going into the ‘relative’ and ‘absolute’ basis [19]

oW — o) + ¢ o) = ¢ — ¢
x \/i ) xT \/§ )
. o) L g ., o) _ g2

.= = o o) .=z "=

V2o V2

If we assume that the initial state is a product state in this new basis: p(?%) =
p'9 @ p(") the time evolved state stays in a product state. However, p(® and
p'") behave very differently. The difference is already manifest at the level of

((@™)): due to (@) = (@), we have
(@) = V2((el)), (1)) =0. (4.107)

Since ((d)(zl))) displays heating dynamics, the relation above suggests that the
absolute part will (and has to) heat up. The individual master equations read

0™ = —ilH, p®] =I5 3" 0,1, 0,01, p|

TS 0 — (BP0 — (BN (108)

_|_

™

2vm

~EE Y ((@el)) = (Dal)?) o,

"

xT

ap") = —ilH.p") = T3 0:60. 0.0 5|
= B @ e )+ el e (4109)

T2
T

=— (Heﬁ‘p(r) - p(r)HlH) + (normalization).
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The gray-colored terms are needed to preserve the normalization, though there

is no need for both density matrices to be normalized individually?®. The Hamil-

tonians H(®") are the same as in (4.44) but with the operators Pl gl
In the following, we analyze the two individual evolutions:

Absolute part, v = 0: The absolute part p(*) evolves into an infinite tem-
perature like state [19] with an indefinitely growing number of excitations (at
least linear in time) and correlations (assuming that p(®) is Gaussian):

number of excitations: (bg?pbg‘f;}(t — 00) = 00, (4.110)
correlations: (¢fla)¢(fg>(t — 00) = 00, (4.111)

see App. E.3 for further details. This scenario is reminiscent of the heating of
pg in the presence of dephasing (without measurements).

Relative part, vg = 0: The relative density matrix instead evolves under a
non-Hermitian Hamiltonian H .g. Its normalized solution reads:

Hypi= H — i) Zf(am;”)%
s

¢~ iHut 1) i gt (4.112)

Pl = :
tr[e—iHeﬁtpgT)eiHlﬁt]

The imaginary part of H.g is non-positive and the evolution ‘cools’ the state

py) into a (unique) pure dark state (see Ref. [19]):

pi” = [¥p) (Wpl. (4.113)

In contrast to p(®, the stationary state of pgT) depends on the details of the
model and contains information about possible phase transitions.

Role of dephasing: If there is a residual coupling to an environment, the same
decoupling into absolute and relative degrees of freedom still works, though both
modes are subject to additional Lindblad evolution. The qualitative heating of
the absolute mode will not be affected, but p(™) will approach a mixed state as
well. Overall, the different cases are summarized in Tab. 4.3.

p?) (fermionic) %) (bosonic)
v =0 | = (non-trivial) ~ p @ |vp)(¥p|
H=0 | =%,p, QL {n}){nkl | =3,p &y {ea}s) ({62}l
ywmw=0| x1®1 x1l®1

Table 4.3: Overview: Two-replica density matrix pgz_i)o for the different limit-
ing cases and in the fermionic as well as bosonic description with ¢ |{¢z};) =

29Therefore, we can also leave the additional terms out, though they will reappear once we
calculate expectation values.
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Summary: The separation of the dynamics into (i) the heating dynamics of
the absolute mode and (ii) the ‘cooling’ dynamics of the relative mode is a key
feature for the following analysis. The presence of non-linear measurement op-
erators will not qualitatively alter the heating dynamics of the absolute mode.
Therefore, we can study the interacting dynamics of the relative mode by inte-
grating out the absolute mode in the spirit of a weak coupling between a system
and a bath.

Box 23: About the normalization

If we leave out the overall normalization of p(2%) expectation values
(e.g., for the absolute mode) have to be expressed as:

tr[(’)(a)p(a) ® p(r)] tr[(’)(a)p(a)]

= . 4.114
wp@ e ulp@)] 1)
The dynamic evolution of such an expectation value reads
tr[@0,p 4] tr[Op(®)
ooy = TP w00 i o, (4.115)

wlp@]  t[p@]?

In terms of properly normalized expectation values, this takes the form

0,((0)) = i(((H'V,0)])) - %73 - {(L[0 )
bath contribution

+Yar / (0w 3O, L)) — ya (O - / (0w B2,

& &

with ¢, := ¢, — ((¢,)). In this scenario (including only linear measure-
ment operators), the evolution of linear operators 0@ are unaffected by
the measurement-induced terms in the second line once p(® is Gaussian.

Construction of the Field Theory — Quadratic Part of the Action

Our goal is to analyze the stability of the critical phase, where the interacting
terms are irrelevant and the long distance theory is massless. At the replica
level, we perform a RG analysis at the level of the path integral formulation.
The construction of the path integral is based on the master equation Eq. (4.103)
in the stationary limit, making use of stationary expectation values Eq. (4.104).
In the following, we briefly sketch the construction of the Keldysh path integral
and analyze the significance of the associated terms in the action.

The properties of, e.g., Cy and P 4| are encoded in the correlators

(6 )") = tr |¢6[) p*"| (4.116)

The path integral can be understood as a generating function for these correl-
ations. To construct it, we make use of the canonical conjugate variables and
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their eigenstates:

O, ,¢.]=—ib(xz—1a'), +|0y) = @0 4.117
[Jﬁ'%] iz —a') (02102) = e (4.117)

The eigenstates of each of the two operators provide a basis and completeness
relations (= 1), which allows us to write3’

<¢(mr)¢?(f)> —tr 18,t,+¢§5r)¢3(,r)1¢,t,+p£2R)1¢,t7—19’t’+] . (4.118)

The =+ index indicates, whether the 1 operators have been inserted to the left
(4) or the right (=) of the density matrix. Since we are dealing with Marko-
vian dynamics, the state at time ¢ only depends on the state at time t — t:
pl(tZR) = E[pgl}z]. Therefore, we can replace p,ng) in terms of pﬁ};z in the
above expression and insert another set of identities etc.. Iterating this pro-
cedure, we finally get (see App. B for a detailed derivation) the Keldysh path

integral [4, 19, 69, 188]:

<¢z¢y> ~ /D[@Eg’r)’ (bgll:l’r)] ¢t7+7a:¢t,+,y eiS‘boundary conditions ’

S =80 +50 +AS,,,

(4.119)

where the boundary conditions include, e.g., the initial conditions. The path
integral consists of a ‘sum’ over all field configurations, weighted by the complex
factor e (comparable to the partition sum in equilibrium statistical mechan-
ics). Understanding how these weights, determined by the action S, behave on
large scales will be the main focus in the next sections. To turn this construction
into a generating function, we introduce ‘source fields’ J, x:

2[J) = / DI, ¢S S L I, (4.120)

with X = (¢,z). Therefore, correlation functions are obtained as, e.g.,

1 k) 5
— Z Ja- = > X > Y ,
Z00] 370 570y 217 . (6e(X) e (V)
with Z[0] = tr| pEQR)]. The form of the action S can be inferred from the master

equation. As an example, we consider a generalized Lindblad superoperator of
the form

Clo) = [deallglpie) +b{FBdp}. @12

Here, L[] are functions of the operators ¢, and a,b are real numbers. The
corresponding action reads:

iSe = [ ddola{of JLior ) + b (L2105 + l62,)). (4.122)

The first two contributions in the action S in (4.119) describe the individual
quadratic parts for absolute and relative mode. These stem from the quadratic

30The identities are 1 = 1(@) @ 1(7)

120



Chapter 4

Hamiltonian and the linear measurement operators (as in (4.122)). The remain-
ing part, AS, 4, incorporates all higher order interactions (from the non-linear
measurement operators). In the following, we focus on the long time, stationary
limit: we assume that the system is space translation invariant as well as time
translation invariant. Therefore, we can work with a single set of frequencies
(w) and a single set of momenta (k) (instead of two in the more general case).
Note that the construction of the path integral becomes tractable because the
expectation values in the stationary limit are treated as numbers. In the bosonic
case, they are even vanishing.

Relative mode: Information about correlations etc. are encoded in the relative
dynamics, governed by (4.109) for p("). The master equation translates into

(0) — (r) (r _ Y 202 _ VYV (r) \2
5 /dt/dx(;: [cr (907)(315(2507)( 2 (m QU’X) QW(axqsa’X) )
('YM + l’YB) r '7 r r
i (020 X ) — i (0:00)) (00| -
(4.123)

The correlations like C, only depend on #("). Therefore, we construct an effec-
tive theory for ¢(") alone by integrating out the field ©("), based on:

/D[@m]eifz,t09511(6@5?’ —oH @O0 | \r o otinss [@ol)?

In the stationary limit, we work in Fourier space (of space and time)3!, where
the action reads (Q = (k7w)).

?Q AV i L2
50 = / ) + ) ) 4.124
r 2 (27T) ( Q) i %k2 A(j) Q> ( )
GO icoutour
—a(,’,) (;S(T) 1 2 1% 2 Z 2
Py = , A =4 (w - =k ) + — 2vm +7B))E"
¢ ,Q v s s

As we have mentioned earlier, the presence of a bath is also indicated by an
explicit symmetry breaking. At the level of the action in (4.124), this manifests
as a finite coupling between the contours (off-diagonal terms). For v = 0, the
unbroken replica exchange symmetry reads

60 S5~ or ¢ o g0

Absolute mode: Similarly, we obtain the quadratic part of the action for the

310ur convention: f(z,t) = f(X)= [T ¢21k et Wttk) £} () f (27r)2 ZQXf (@).

— oo 27 27
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absolute mode (in Fourier space):

S0) — 1/ d2Q (@'(a) )T AS?) _Z'('YB‘;#M)]CQ g:;(a)
¢ 2/ @m0\ —ilmtino e Al Q>
Gy ! (4.125)

0,a,contour

1
AW = 5 <w2 - ”k2> +ilB2,
m e

The correlation functions <¢§?§¢g€?y> are determined by the Green’s function
Go,a,contour- As we can see from the example in (4.129), the behavior of the
correlations is determined by the poles of the Green’s function, wp (k). One
feature of the absolute mode are poles of G g contour that lie on the real axis
(similar to the ‘standard’ Lindblad scenario) [19]. They herald the absence of a
stationary state with finite correlations.

Changing basis: Looking back at our initial example: <¢w¢y>7 we anticipate
that there is more than one option to translate this expectation value into
the field theoretic language (at least for the standard Keldysh scenario®?). By
cyclically shifting the operators ¢ in (4.118) from acting both to the left of p to
(i) one from the left and one from the right or (ii) both from the right, we get

<¢x¢y> = <¢+,z¢+,y> = <¢—,w¢+,y> = <¢—,w¢—,y>- (4-126)

Therefore, the contour description has some redundancies [4, 69]. An alterna-
tive basis, making use of this structure, is the Keldysh basis (c: classical, ¢:
quantum):

(a,r) (a,r) (a,r) (a,r)
A plon = — O (4.127)
V2 ‘ V2

For the replica master equation of the relative mode, the same action reads:

1 [ &Q = iLoyk?  Lw?orp2 o\ -
(0) = — (r)\T 24 TM = z ()

4

oL =

-1
:GO

In this description, the measurement couplings v, appear symmetrically in the
c— c¢ sector and ¢ — ¢ sector. In contrast, the bath couples only to the quantum
component. To reconcile this with our earlier symmetry consideration: (i) for

vp = 0 we can exchange qﬁt(f) ~ ¢£T)7 whereas for (ii) v # 0 we only have the
symmetry {67, ¢5"} & {0, ¢y }.

Physical significance: We have seen before that the dephasing bath leads to
a decay of the off-diagonal contributions in the density matrix. In the Keldysh
formulation, dephasing only affects the ¢4 g¢4,—@ components in the action. It
results in the suppression of fluctuations away from ¢4 o = 0 (since it qualita-
tively contributes a factor exp(—ya¢?|¢q.0/%) in the path integral).

32A word of caution: The structure of the relative mode path integral is not of the usual
Keldysh structure, therefore not all identities can be transferred to the relative case.
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Box 24: Accessing correlation functions

To turn the path integral, described by the quadratic action S :=

% f (gjr% QBTQGAQ;;Q, into a generating function we add source terms
J, to iS according to [4]

[ d*Q .
z/ )y > 0Je—@toq :z/dQX > 0Joxtex -
o=+

o==

Je,xPq,x+Jg,x Pe, x

Correlators are obtained by taking derivatives with respect to the sources
as given in the main text. For simplicity, we consider the case yp = 0: to
obtain Z[J], we integrate out the fields ¢,. To this end, we use ¢, o =
0,0 + Jo0 a(guﬂ—u;)ﬂ'"‘%/@’ which constitutes a Gaussian integral.

After performing the Gaussian integral, we get:
i d*Q
Z Y 7o\ a oo o ’
[J] o<exp< 2/(2#)2 U:ZiJ @Goo(Q)J ,Q>

where in this special case G, is a diagonal matrix. Moving back to real
space, we can accordingly write

Z[J] o exp (—;/d2X/d2YZJa,xGm(X — Y)JJ’Y> ,

20 ﬂ_e—ié)?
(2m)? o (Lw? — vk?) + iQ%kQ'

GoalX -¥) = |

Correlators are therefore obtained as:

16 9
<¢U,X¢G,Y> - 7Z[0] 6JU,X 6JU,Y

Z[J]

= iGoo(X — Y).
J=0

In the Keldysh basis, we get similarly for a,b € {c, q}:

T
($a.x00,x) = Z[0] 6Jzx 05y

Z[Je, Jg) =iGu(X —-Y),

J=0

where @ is the respective other index.

4.7.8 Dynamics of Replicas — Part 3: Non-linear Measure-
ment Operators

At the level of p(?f) we have access to the density-density correlations Cy and
the subsystem parity variance, which take the following form in the bosonic
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theory:
1 r
Play =~ <6N§(¢ér)_¢(;))> w7 O, (4.130)

Both expressions depend only on the relative mode, which in hindsight is to
be expected: since p(® heats up, the non-trivial information is encoded in the
relative mode. The combination of (i) the separation pCPR) ~ pl@) @ p() and
(ii) the relevant information begin encoded in p(™) is reminiscent of the scen-
ario of a weak system (r) - environment (a) coupling. Even in the presence
of non-linear measurement operators, we do not expect that these bounded
operators qualitatively alter the heating of the absolute mode [19]. Neverthe-
less, they can qualitatively affect the relative mode due to coupling terms like
cos(v2(¢ + ¢™)). Similar to the system-bath scenario, p(") is altered by the
coupling to the bath, whereas the bath density matrix, here p(®), is assumed to
be stationary [16].

Therefore, the ‘system’ of interest is the relative part of p(2%).
tracing out the bath, we will focus onto p("), defined by

P = try [p?)] (4.131)

In the spirit of

and derive its effective master equation (including interactions). Formally, we
are integrating out the absolute mode, which we perform on the path integral
level in the stationary limit. Starting point is the full action

S[p@, ¢ =85O + 5O L Ag, (4.132)
The corresponding path integral can be rewritten as

7 — /D[¢(7')]ei55~0) /D[¢(a)]eisg0)+iAS+,f L /Dw(r)]eiswm]. (4.133)

i=(ei54,-),

We will integrate out ¢(*) in a perturbative fashion and therefore restrict our-
selves to observables depending only on ¢("). The perturbative treatment is
based on the formal identity

iS[¢p"] = S + log ((e"29+-),) . (4.134)

The perturbative input is to expand the second expression, formally assuming
that corrections are small. Up to second order, the expansion reads

log ((e"29+=),) ~log (1 +i(AS _)a — E(AS2 _a
g ( ) 2 < + B +, ) (4.135)

_ 1 1
~i(ASL Yo — §<ASi7_>a + 5<AS+,_>3.

In summary, the original quadratic action of the relative mode is complemented
by a first and second order correction term:

S[¢M] =59 +(ASy o+ % ((AS% Do —(AS+2)7) - (4.136)

=AS,
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This approach is feasible since the diverging correlations of the heated absolute
mode result in many vanishing/suppressed contributions. The full calculation
is performed in App. H for our model. The result takes the form of sine-Gordon
like terms

AS, = / d2X [iAC cos(4¢£3<) +iAq COS(4¢$()

(4.137)
+iAl) cos(2¢£2() cos(2¢((;;() +28) sin(2gz$g))<) sin(2¢[(; )] ,
where the \’s are real-valued interaction couplings with dimension [A] = [z]72.

The action S [gb(r)] is the effective description that captures the behavior of, e.g.,
Cy and P 4. In the following, we investigate under which conditions interaction
terms will become relevant.

Remark: The role of the bath non-linearities is also incorporated in (4.137):
they do not lead to different couplings compared to the measurement scenario,
but they modify the initial coupling strengths. The more drastic effect of the
bath stems from the modified propagator.

4.8 Correlation Functions and RG Analysis

In the last sections, we have constructed the dynamics of the replica density
matrices (in particular p(>®)) and derived the path integral description in the
stationary limit. In the following, we study the stability of the quadratic theory
of the relative mode towards the interacting contributions (due to LX) by
successively integrating out short distance modes. Many of the following line of
arguments are similar to, e.g., Ref. [242] for the RG analysis of the sine-Gordon
model.

In a first step, we define the fixed point theory whose stability we like to probe
(in analogy to the KZM discussion in the previous chapter). We rescale t — vt,

such that space and time have the same dimension [z] = [t] and the inverse
propagator®® Gy L of the relative mode reads:
1 (122222 o7 — 03
—1 T v “x t x
Gyl = ( 5o i;2<“4j73)a§> . (4.138)

The corresponding action describes a Gaussian fixed point theory under the RG
under the symmetric rescaling (note that the fields themselves are dimensionless

[¢] = 1):
r—i=x/b, k—k=kb,
~ g (4.139)
t—t=1t/b, w—w=uw/b

In line with the scale free nature of the Green’s function, the equal-time corre-
lation functions are algebraic and read in Fourier space (a,b € {c,q}):

Qap 1 a=>b
B0 p)) = Xap b oy = . 4140
(Da,(0,k)> Pb,(0,—k)) = Xab ] Xab {—i oy ( )

33Related to the action S(()r) = %f (;i% &TITQGalWQ.
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The prefactor ag;, defined in (4.142). This scaling behavior is in line with
the earlier result based on the (exact) analysis (see again Eq. (4.69)). The
correlation function

Cy ~ (02,05¢,1y) = O~ kX (b0,1)(0,-1)) ~ | (4.141)

reproduces the exact scaling behavior in the absence of a mass scale®*. The
coefficients of the expression above are given by

Qe IM+YB
ag | = I O] (4.142)
Qeq (1 —1z[%)

They depend on the pole of the propagator wpe (k) = £z|k|, £2*|k| (extracted
from (4.138) in Fourier space) and the function f(z):

2 Jym(ym +vB) . 1
2
1.2 _ , 4143
: T v? » JE) =i [2]2(z — 2*) ( )

4.8.1 Momentum Shell RG— Part 1: First Order Analysis

To derive the effective theory at long distances, we integrate out (or trace out)
the short distance degrees of freedom. To this end, each field is separated into
short (<) and long (>) distance modes relative to the momentum cutoff A ~ 1.
The separation reads ¢x = ¢35 + ¢5 with:

|k|<A/b -0 |k|>A/b  —oo

As a reminder: The three conceptual steps of the RG are

1. Integrate out the short distance modes, here the modes with
|k| € [A/b, A], in the spirit of a partial trace p(;) = tr.[p(")].

2. Rescale the length scales to regain the same resolution (which
makes the coarse-grained theory comparable to the initial one).

3. Renormalize the fields such that, e.g., the leading kinetic term
stays invariant.

In summary, the action is transformed as S[¢, {g;}] — S[¢®, {gz(b)}] with

renormalized couplings {ggb)}. For b — 0, we can derive flow equations
for the couplings.

In practice and similar to the separation of the relative and absolute mode, we
split the action into three contributions:

Slo) = 5010 + SO + AL, 60) = SF + S5 + AS. (4.144)

34Here, we assume that operator expectation values (¢ d)y) correspond to the leading con-
tribution of field versions: (¢c (0,0)%c,(0,y)) O (Pq,(0,0)Pq,(0,y))- Therefore, we left out the
index intentionally.
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The last term describes the coupling between the different fields, which we treat
perturbatively. We use the same scheme as before in (4.134) and (4.136), such
that the action reads®”

S[ps] ~ Sy + (AS)« + % ((AS%) . —(AS)2). (4.145)

The expectation values (¢35 (X)dy (X)) < are obtained by integrating over |k| €
[A/b, A]:

dk
(Pn xPox)< = / %<¢a,(t,—k)¢b,(t,k)>|t:0
A/b<|k|<A
) (4.146)
dk Qab Agb
=2 [ 5o = Xa—— log(b).
Afb

The factor of 2 originates from the two k-regimes around —A/b and A/b. At first
order, we have to evaluate (AS).. Tt gives rise to four additional terms in the
action according to the four terms in (4.137). In the following, we demonstrate
the RG procedure for a single term in (AS) .

Integrate out: We consider the A, term in (4.137):

Ao / d* X (cos(4(67 x + d5x)))< = Ae / d*X cos(497 x e *0ax < (4.147)
The correlator appearing in the expression is evaluated according to (4.146).

Rescale: To regain the same momentum resolution, the next step in the RG
is the rescaling step. Since we are expanding around the space time symmetric
action, we rescale space and time symmetrically according to (4.139). This gives
rise to an overall contribution

Ach—%“w/cFXcos 46> ). 4.148
— (497 x) ( )

Rewriting the factor b = e® with s < 1, we finally get the flow equation

Dshe ~ (2 - 8acc) Ae. (4.149)
™

Renormalize: The kinetic part of the action is unchanged at this order, there-
fore no further rescaling of the field is performed.

As anticipated, the flow of A, is a threshold phenomenon: only once . is
small enough, A, will grow. Repeating similar steps for all interaction terms

35(0)< = [ DI$p<]0e™ .
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(couplings: Ac, Aq, )\EZ), )\Sz)) gives rise to the set of first order flow equations:

8 . 2 4 ,
OsAc = (2 - ﬂacc) A, asqu) ~ (2 - ;(acc + aqq)) )‘EZ) - ;achﬁz),

8 S 2 S 4 c
85)\q ~ <2 — T(Cqu) )\q, 35)\£q) ~ <2 - ;(acc + acq)) )\Eq) + ;O[Cq)\gq).

Making use of the ‘intra contour’ couplings Ay = ()\g(é) ii)\g‘;)) /2, we can rewrite:

2 4
OsAy ~ (2 - ;(acc + Qgq) + iﬂ,acq> Aty
0 A (4.150)
OsA— =~ <2 - ;(Ofcc + aqq) - iﬂo‘C(I> A

Therefore, all flow equations have a similar structure to the first order BKT
flow equations [70, 205, 242]. The important features of these flow equations
are:

« In the absence of a bath (yg = 0), the intact additional symmetry: ¢. <>
¢4 enforces a.. = ayq and therefore Ao(s) = A\y(s). Consequently, the Acq’s
are always more relevant or become relevant earlier compared to A, Aq.
This leads to a reduction of complexity, since the interactions A;, A, can
be neglected.

 In the presence of a bath, the coefficients a.. and ogy deviate from each
other (see (4.142)). Once vp > 2yum, Ay can become more relevant than
the A;’s. This opens the possibility of a new phase, only realizable for
the interplay of measurements and dephasing.

o In the limiting case yg = 0 and v /v — 0, the couplings A.;, become
marginal, in accord with the limit of free fermions at half filling [70]. This
is reasonable since the model reduces to the unitary fermionic hopping
model in this limit.

Once any of the interactions becomes relevant, their RG flow is unbounded
and does not reach another fixed point. Nevertheless, we can interpret the
cosine interaction terms as generating an effective mass scale. Once, e.g.?5,
|Ag/m?| > 1, the term A, cos(4¢, x) in the action confines ¢, x to one of the
extrema, say ¢4 x = 0. Approximating the term to second order®” results in an

effective mass term
strong coupling limit: A cos(dey x) = 78/\(1(;5(217)( + const..

Therefore, we roughly identify a phase diagram with three different phases
shown in Fig. 4.15(c) and summarized in Tab. 4.4.

The novel ingredient is phase (Cp) with the mass term mp: similar to pure
dephasing, it only affects the gg-sector of the action. In contrast to dephasing,
it has no momentum dependence and is reminiscent of a finite temperature

36y is the prefactor stemming from the regularization in the bosonization procedure.

37There are also other excitations like solitons, connecting different minima, but we will not
cover them here (see Appendix E in Ref. [205]).
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phase ‘ relevant coupling ‘ interaction ‘ eff. quad. theory
(@) no coupling relevant | - Gy*

(M) Ai,s are relevant cos(2¢.) cos(2¢,) | Gyt +mas, 00 +imay, 1
(Cp) | Aq becomes relevant | cos(4g,) Gyt +imp(l — o)

Table 4.4: Overview of the different qualitative phases from first order perturb-
ation theory.

term ~ T¢2 (in the limit, where the temperature is the dominant scale in
the model). Tn both cases, the term leads to a suppression of the fluctuations
between ¢4 and ¢_. This affects the non-diagonal terms in the density matrix
in the ¢-basis. A major difference to a single replica equilibrium scenario is the
existence of a finite entry in the ce-sector (which is ruled out in the common
Keldysh theory, reflecting causality [4, 69]). This entry induces a pole structure
of the form:

const.,

= C, ~|y|2 4.151

li ~
kl_%wPol(k> {

Therefore, the leading behavior of the correlation functions stays the same com-
pared to phase (C') (in the absence of mp). Switching from the effective bosonic
description to the fermionic description, we interpret this dephasing scenario as
confining p(*®) onto its diagonal elements (in the occupation number basis).
However, the interplay with the scrambling and measurement dynamics sup-
ports diffusional dynamics onto the diagonal, giving rise to a scaling behavior.
We will consider this limit from the fermionic perspective in more detail in
Sec. 4.10.

Remark: The phase boundary obtained at first order has to be considered with
care. As an example: for v = 0, the Gaussian fixed point is always unstable
towards the non-linear perturbation (see Fig. 4.15(c)). We have to include at
least the second order corrections to get a more trustworthy prediction of the
phases. The technical reason is that only at second order, the quadratic parts
(derivative terms) of the theory are renormalized as well.

4.8.2 Momentum Shell RG— Part 2: Second Order Anal-
ysis
At second order in perturbation theory, the derivative terms in the quadratic

part of the theory are renormalized (and generated) as well. Therefore, we make
use of a more flexible parametrization:

. 2 2,2 2 2 12
-1 _ (nqqk — €qq¥ ) W qk
Gy < 2w -2k i(n? b k2 —e2w?)) (4.152)

All derivative couplings €4, and 14, will be renormalized, fed by the flow of the
interaction couplings A. Formally, this leads to a set of approximate flow equa-
tions for the six derivative couplings and four interaction couplings (neglecting
less relevant contributions generated at second order). We give the explicit
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expressions and full derivation in App. I and discuss the implications in the fol-
lowing. The tentative phase diagram?®, extracted by tracking the most strongly
growing couplings, is shown in Fig. 4.15 with exemplary s-resolved flows.

Gaussian fixed point: First of all, there is a stable, extended phase (C),
described by a Gaussian fixed point in the RG. Here, all interaction terms are
irrelevant at large scales, indicating the stability of the Gaussian fixed point.
Phase (M): For vg = 0, the transition towards an interaction dominated
regime (M) takes place at a finite value of y57/v. In this regime, the couplings
Acq’s are most dominant, but all A’s are growing. For finite yg/v < 1.5, the
transition point is shifted towards smaller vy, /v as expected (though beyond
Y /v, ¥B/V ~ 1 the analysis becomes questionable)®. This behavior supports
the idea that strong dephasing enhances the measurement-induced pinning onto
number eigenstates (by suppressing the scrambling dynamics). The correspond-
ing interaction terms can be interpreted as generating an effective mass scale
my: G = Go_l + mu,. 02 + 9may, 1, inducing a finite length scale and expo-
nentially decaying correlations with

lim wpei (k) = const. .
k—0

Phase (Cp): The left half of the phase diagram, on top of phase (C), is domi-
nated by phase (Cp). It is characterized by either A. or A\, being most relevant
(with the other couplings remaining small). Therefore, in contrast to phase
(M), only a single interaction term is growing in magnitude, generating a mass
term of the form i(1 &+ o,)mp. As already mentioned before, the evolution of
p") is not of Lindblad type (e.g. there is a finite entry in the cc-sector) and
the clear physical distinction between ¢. and ¢, is not given. Accordingly, we
interpret the growth of either A. or A, as belonging to the same physical scenario.

Summary: The overall scenario is qualitatively in line with the findings of the
quantum trajectory simulations for small systems. However, the precise form
and position of the phase boundary are varying (compared to a complementary
numerical analysis of larger systems in Sec. 4.9). To recapitulate, the deriva-
tion of these second order flow equations is based on two major approximations:
(i) Integrating out the absolute mode perturbatively and (ii) treating the in-
teractions in S(") perturbatively. The second approximation is controlled for
|A/m?| < 1, a condition that depends on the initial couplings provided by the
approximation in (i). Due to the perturbative treatment of the absolute-relative
coupling, the initial couplings A are also perturbative in ~yp; /v, vg/v. This re-
stricts the predictive power of the perturbative RG to va /v, v5/v < 1.

Remark (1): An additional feature of the RG flow equations is the possibility
that the complex poles (encode in z) of the propagator also flow (on contrast
to the case with yp = 0 [19]). In the regions with larger vg /v, this additional
flow results in a breakdown of the RG flow due to the poles wandering onto the
real axis (such that the correlator is not well defined anymore). Real poles also
emerge in the presence of pure dephasing, where they indicate the divergence of

38With the initial conditions given in (I.5).
39Tn this regime, all interaction couplings are growing, therefore we also interpret the spot
around s /v &~ 0.55 as part of the this regime.
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Figure 4.15: (a) Phase diagram from solving the second order RG flow equa-
tions up to s = s¢, Eq. (1.34), indicating, whether some coupling (brighter
colors) or no coupling (light orange) becomes relevant (see App. 1.8 for more de-
tails). (b) Examples of the resolved flows with case (1): no interaction becomes
relevant, corresponding to (C); case (2): only A\, grows significantly, indicating
(Cp) (the flow breaks down at some s < sy, where real poles in the propagator
emerge); case (3): multiple couplings are growing in magnitude, corresponding
to (M); case (4): blurred, oscillatory regime on top of (C). If the flow breaks
down early, the most relevant coupling is estimated from the largest (absolute)
change |\(s)|. (¢) First order phase diagram: the orange region corresponds to
no relevant interaction, in (Cp) only Ag is relevant and in (M) only Aey'’s are
relevant. In the upper right corner, multiple interactions are relevant.
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¢ fluctuations (as discussed in, e.g., Ref. [243]). They herald a strongly mixed,
infinite temperature state. Comparing this scenario to the RG flow, it is not
a priori clear whether the emergence of real poles corresponds to (i) a physical
meaningful (heating) behavior or (ii) is an indicator that higher order terms are
needed in the RG to compensate this effect (a formidable task though).

Remark (2): The blurred region above phase (C) can be associated with
another numerical instability. During the flow in this region, the interaction
couplings become very small at some scale, in line with asymptotically vanish-
ing values. However, for sufficiently long integration times, the near-vanishing
couplings start to grow again and result in an oscillatory behavior (Fig. 4.15(b)-
4).

Box 25: Symmetric case

In the limiting case yg = 0, the +-contours decouple®. At the quadratic
level, this is the effect of the additional symmetry (see again (4.106)).
Including interactions, it is not a priori obvious that no contour couplings
are generated or become relevant (like cos(2v/2¢ x) cos(2v/26_ x) re-
lated to cos(4¢.,x),cos(4¢, x)). Nevertheless, the first order equations
already indicate that these interactions are always less relevant than
cos(Q\/iqbi x ), which preserve the decoupling. This in turn supports the
evolution into a (pure) dark state and the flow equations can be mas-
sively simplified (less couplings; reduction to a single contour; no flow
of the poles) and we only need to track the flow of the interaction A4
and the derivative couplings €4 and 1. We can also interpret this as
reducing the problem to a Feynman path integral for the state

(™) (£)) = e~ Hemt |y ()

turning the necessity of two Keldysh contours obsolete. By introduc-

ing the effective derivative coupling” K := ““2 they reduce to two
+

equations of BKT type:

2 1
OsAy = (2 - ) i, OsK3 =64X% Ao, (4.153)
™ K+

see App. 1.6 for more details. In contrast to the equilibrium case, the cou-
plings are complex [19]. Therefore, the interaction coupling will become
less relevant at second order (for vy, /v < 1), stabilizing the Gaussian
fixed point. This is comparable to a sine-Gordon model with imaginary
couplings [244] (see also Ref. [19] for an extended discussion).

2Up to a possible regularization, as also present in the Keldysh scenario [69] due
to initial conditions and the closing of the contours at final time ;.
"With ag 1= sgn(Im(ne/€5)).-

In the following, we pair this long distance, analytical perspective with a nu-
merical investigation based on quantum trajectories. As a physical reminder:
we can think of the dynamics under consideration as coupling each lattice site
at each time step to two ancillary qubits. One of them is measured and we keep
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track of the record (measurement-induced dynamics) and the other one is left
entangled with the system and has to be traced out (bath dynamics).

4.9 Fermionic numerical Investigation: Ensem-
ble of Quantum Trajectories

In the presence of measurements and unitary evolution, an initially pure state
p'®) stays pure. Furthermore, unitary hopping as well as measuring the local
particle number leave a Gaussian state Gaussian. Therefore, the states can be
described efficiently, e.g., in terms of a L X N matrix U and the correlation ma-
trix D = UUT (see App. A.2)[17, 18, 176, 178, 188, 198, 199]. For those states,
correlation functions and, e.g., the entanglement entropy can be efficiently cal-
culated from the correlation matrix [17]. In the presence of an additional bath,
each p(© will inevitably involve into a mixed state. Nonetheless, for suitable
initial conditions, they can be written as an ensemble of Gaussian states:

Zpa |wta) Zpa =

Here, the members \¢§Q)> are are not necessarily mutually orthogonal. In the
following, we derive the approximate evolution of such a state and discuss the
advantages and disadvantages of this approach. One advantage of this repre-
sentation is that a sum of Gaussian states still gives access to quantities like

(r[009] ) = (L pa(0)a)’s (O)a = (w01,

where (O),, can be calculated from the correlation matrices D, of the individ-
ual Gaussian states. However, there are two drawbacks: (i) the overall state
is not Gaussian anymore, which means that, e.g., the purity or entanglement
measures like the entanglement negativity are numerically more expensive to
evaluate®; (ii) depending on the initial condition, p(®) might involve a huge
number of states*!. From a practical perspective, we have to limit the size of
the ensemble to some finite value, which in turn implies that strongly mixed
states cannot be (reliably) represented in this approach.

Technical derivation: To derive the time evolution of the ensemble, we fol-
low the approach introduced in Refs. [23, 239]. In Sec. 4.5.2, we have already
derived the evolution of (mixed) states p{® under measurement dynamics. In
contrast, the evolution due to a dephasing bath corresponds to the sum over the
different measurement trajectories p(®) (corresponding to our ignorance about
the outcomes):

plo) = Zpﬁ ) (4.154)

40Ty extract the purity, the overlaps (1/1726) ‘QZJ£DL>> between all members need to be calculated.

41 As an example: if the initial state is the maximally mixed state, we can choose the different
members |wt(iz)> = [{n}a) to be the occupation number, forming a basis of the Hilbert space,
which has a dimension exponentially large in L.
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This sum runs over all possible sets of measurements outcomes {my, mo,...},
labelled by 8. However, the full set of possible ‘measurement paths’ will grow
exponentially*?. Therefore, we restrain the sum to a finite number of trajecto-

ries*® nens. Starting from an initially pure state, the individual measurement

trajectories \¢t(a)> stay pure and the density matrix pgi)(;t, summed over the
measurement outcomes, is approximated as:

Nens

pt+5t~ ZU [N @ut, (4.155)

U = exp [Z WBAW;% = (ny)a) — 18tn; — (n,)a)?].

o/)

Each U, describes an independent measurement process with AW AW
da,ar0j,5:0t. 1t is important to note that there can be many dlfferent measure-
ment protocols that give rise to the same dephasing Lindblad dynamics.

Technical summary: The infinitesimal evolution of the ensemble of
pure states under unitary evolution, measurements and a dephasing
bath is given by the direct combination of the individual processes (see
also again Eq. (4.64)):
measurement :  [) (| — V]ip) |V,
pi(H—)(st R VPEC)VJr?

B
bath: p,. 5 ~p, — 7&2 [n, [0, p]]

Mens

~ > Udp @)Ul
a=1

combination : p(c) ~ Z UaV|¢(a)><1/’(a)|VU:rx:
a=1

Mens

& Zpa|wa><woclv

a=1

where V' describes the read out measurement and the U,’s describe
measurements, where the outcome is unknown to us. In summary, the

continued on next page

42For a single lattice site it would be 27 with N7 the number of time steps. For a lattice
of site L it is already (2L)NT.

43The required number of trajectories depends on observables we like to study. Therefore,
whether a reduction of computational complexity is achieved in this approach depends on the
observables, see, e.g., Ref. [245].
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continued from page before

weights and states in the ensemble get updated according to:

p{%, =3 palt + 815 W,
«

- e—iH&tVUa ¢ a)
W) = i (1.156)

VUL VU 9
Palt+68t) = pa(t) (Wi |UL VU |9™).

The interplay of unitary evolution, measurements and dephasing in terms of the
ensemble description is sketched in Fig. 4.16. Measurements tend to purify the
ensemble onto a single member, which itself will wander around in the Hilbert
space due to the unitary part. Dephasing instead leads to an ensemble of diverse
states.

measurement+ba_th x N 1
T8> Tu @
g

% VI W X O O RO

measurement+bath @@%
Ym > 7B = '

Figure 4.16: Sketch of different scenarios in the ensemble approach, where
points correspond to states in the Hilbert space H (vertical axis): (i) In the
presence of measurements (orange lines), even an initially mized state will pu-
rify; (it) under dephasing (gray lines) the state becomes more mized and the
ensemble consists of many different states; (iii) measurements and dephasing
compete and will either keep the states in the ensemble close by (strong mea-
surements) or will lead to a broadening (strong dephasing).

Remark: The operators V' describe a specific, here particle number sensitive,
interaction between the system p(® and the ancillary qubits. Therefore, the
form of V is fixed by the choice of interactions. The operators U, instead
describe independent measurement processes for the different ensemble mem-
bers. The requirement for U, is that summing over the different measurement
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outcomes results in the dephasing bath dynamics. Therefore, a dephasing bath
based on Lindblad operators L; = n; does not fix the operators U, uniquely.
There can be different unravellings that give rise to the same dephasing bath
dynamics. An alternative measurement process that gives rise to dephasing are
measurements where the measurement outcomes are random and state indepen-
dent. They give rise to a random unitary evolution in the form of:

U = exp {z Z \/’yBAWj(a)nj . (4.157)
J

Here, AW, = 0 and AW; AW;, = §; ;;6t. We make use of this unravelling for the
dephasing bath dynamics to avoid an artificial bias towards the measurement-
induced phase. In Sec. 4.10.2, we will discuss this alternative measurement
scenario in more detail.

4.9.1 Quantum Trajectory Picture in the Presence of a
Bath

To compare the predictions of the effective bosonic theory with the fermionic
model, we use the ensemble of quantum trajectories for system sizes L =
128 — 256 and nens = 500 if not stated differently (see also App. A.3). In the
ensemble approach, two factors determine the numerical complexity. Firstly, all
Nens States in the ensemble have to be updated simultaneously for each time
step. This is necessary since the evolution depends on{(n;)), which in turn de-
pends on all ensemble members. Secondly, the simulations have to be repeated
Navg times to perform a stochastic average of observables. Therefore, the nu-
merical complexity is increased compared to the ‘standard’ quantum trajectory
approach used, e.g., to simulate the Lindblad equation®*. In the following, we
focus on qualitative features in the different parameter regimes. However, we
cannot make definite statements about sharp phase transitions due to the lim-
ited system sizes. Accessible quantities are the density-density correlations Cj,
the subsystem parity variance P 4|, and the distribution of (n;). We identify
two different regimes: (i) C; ~ [I|72 and P 4| ~ |A|~* (phase (C),(Cp)) and (ii)
a regime with more strongly decaying correlations and a flattening P|4| (phase
(M)). The numerical method is not well-suited to describe, e.g., the purity,
which would require ne,s ~ dim[H] in the worst case. Therefore, we do not
attempt to separate phase (C) and (Cp) in this approach. In the following, we
consider the two related scenarios of (i) measurements and a dephasing bath
and (ii) imperfect measurements.

Measurement and bath: To get a first orientation in the (vyar/J,v5/J)-
phase diagram, we plot the subsystem parity variance P4 for [A| = L/2 in
Fig. 4.17(a) on a logarithmic scale. Qualitatively, a bipartition of the phase
diagram can be identified with a regime of strongly suppressed subsystem parity
variance. However, different phases have to be classified according to the scaling
of P4 with the subsystem size. To complement this analysis, we plot the
density-density correlations Cj as a function of the rescaled length L sin(wl/L)/m
(in expectation of a conformal behavior). At va/J = 0.3 and vg/J = 0.5
(L < 256), the density-density correlations are still approximately decaying as

44The numerical cost is at least as high as using nens X navg pure state quantum trajectories.
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C; ~ |I|72. In contrast, increasing the bath strength to vg/J > 1 indicates
a more rapid decay (~ |I|7%/2 shown as a reference) for L = 192. Due to the
limited system size, we cannot make a definite statement about the long distance
behavior of the decay. At these intermediate system sizes, the behavior could
indicate (i) an algebraic behavior or (ii) correspond to a transient towards an
exponential decay. A qualitative change is supported by the (n;) distributions:
they change from being unimodal with (n;) ~ 0.5 in phase (C) towards a
(more) bimodal distribution for yg/J > 1 (in line with a more pronounced
pinning scenario).
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Figure 4.17: Quantum trajectory results for measurements and a dephasing
bath: (a) half-system parity variance (|A| = L/2) for L = 128; (b) density-
density correlations C; (log-log) for different vg/J and fized vps/J = 0.3 for
system sizes L = 192 (and additionally L = 256 (triangles) for yg/J = 0.5).
(¢) Distribution p({n;)) of the local particle number for L = 192, turning from
unimodal (yg/J = 0.5) towards a more bimodal distribution (yg/J = 4.0).

4.9.2 Quantum Trajectory Picture in the Presence of
imperfect Measurements

As we have mentioned before, the interplay of measurements of the local par-
ticle number and dephasing (yas/v vs. v /v) are directly related to imperfect
measurements. In the second case, we only have partial access to the measure-
ment outcomes (y vs. measurement probability of the ancillas 7). In Fig. 4.18,
the numerical results for small and large system sizes are summarized. For
v/J ~ 1 and n = 1, we observe the measurement-dominated phase. The condi-
tional states are close to number eigenstates with a subsystem parity variance
P4, which flattens for large subsystem sizes |A| — L/2 (see Fig. 4.18(a’) with
L = 128,192). Once 7 is reduced, a decay of P4 becomes notable on larger
subsystem sizes, most pronounced for = 0.2 in Fig. 4.18(a’). Complement-
ary, the density-density correlation decays rapidly for n = 1, but approaches
C; ~ |I|72 for smaller . This qualitative behavior is again reflected in the
(n;) distributions, which evolves from a bimodal distribution at n = 1 into a
distribution with a single peak around (n;) =~ 0.5 for n = 0.2. To translate this
back into the language of (yar,vg): In the limit  — 0, we are approximately
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Figure 4.18: Quverview of the imperfect measurement scenario, described by
(v,m). (top) Solving the master equation for small systems (L = 10); (bottom)
quantum trajectory approach for L = 128,192. (a) Half-system parity variance
for L =10 and (a’) subsystem resolved parity variance for L = 128,192 (tri-
angles, circles) for v/J = 1.0. (b) Overview of density-density correlations for
|Al = L/2 and (b’) subsystem resolved for fized v/J = 1.0 and L = 128,192
(triangles, circles). (c) Averaged purity of p\©). (d),(d’) Distribution p((n;))
of the expected local particle number for v/J =1.0 (L =10 and L =192).

working at a fixed vp &~ =, but reducing ;s — 0. Therefore, by reducing 7, we
are entering the phase (C') or (Cp).

4.10 Outlook: Effective (fermionic) Descriptions

In the last sections, we used three different approaches to study the interplay
of unitary evolution, measurements and dephasing: (i) numerically exact solu-
tion for small systems (fermionic), (ii) long wavelength effective replica theory
(bosonic) and (iii) quantum trajectory simulations (fermionic). From these ap-
proaches, we extracted indicators for three different regimes (C),(Cp) and (M).
In the following subsections, we zoom in onto phase (Cp), which is absent in the
absence of dephasing. We focus onto the limit vg/J > 1, where we can treat
the fermion dynamics perturbatively. We argue that (i) an effective description
of the dynamics in the dephasing-free subspace can be found, and (ii) depending
on the observables, a reduction to a simplified Gaussian model is plausible.

4.10.1 Dynamics in the dephasing-free Subspace

The novel aspect of the fermionic measurement dynamics in the presence of a
bath is the predicted regime (Cp) (featuring algebraic correlations, while p(©)
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is strongly mixed/dephased). The guiding idea is that the strong (yg/J > 1)
dephasing Lindblad dynamics suppresses the off-diagonal contributions in the
density matrix p(®) (in the occupation number basis). Therefore, the remain-
ing dynamics can be effectively described as taking place on the diagonal (the
dephasing-free subspace). We make this point more precise by performing a
perturbative analysis*®, starting from the evolution operator for the conditional
density matrix:

__IM+7B
ni=-——:

; (4.158)

9ip' = Lulp']+ Ly [0+ L[],
—_—— ———— N——

unitary stochsatic Lindblad

Here, £),[p'®)] describes the stochastic, non-linear part of the evolution and
L B[p(c)] collects all Lindblad-type contributions. In the following, we consider
the limit n > 1, corresponding to strong dephasing. The non-trivial dynamics
is therefore confined to the dephasing-free subspace, here the diagonal elements
of the density matrix. Therefore, we split p(©) into a diagonal part pl(‘c) and

an off-diagonal part p(f). With the perturbative ansatz of the form p(¢) =

péc) +n! p(lc) + nfngc) + ..., we can find the perturbative dynamics on this
subspace [182]. As a second order effect, the Hamiltonian part induces an
effective diffusion on the diagonal of order n=! (see App. G):

o) n>1 c — c c
atpﬁ VZ L}V[ ZdWl{ng — <nl>,p‘(| Vo (E1 [pﬁ N+ 52[P|(\ )]) - (4.159)
1

The dynamics is composed of two parts: (i) a measurement-induced stochastic
part and (ii) two Lindblad operators describing incoherent hopping:

) . 1 ) . LW .=¢f cy,
£lp) =Y L o) — (L)L, p} { 1O _ o
1 1 = CCly.

These Lindblad parts are a quantum analog of a simple symmetric exclusion
process (SSEP) [181]. They lead to an (undirected) diffusion of, e.g., the occu-
pation number as we have seen before:

only Lindblad evolution: — dyn,, = 2n~* (N1 — 2Ny + Nypg1) . (4.160)

=:Aznm,
Including the measurement-induced dynamics, the expectation values evolve as

Dy(n) = %TM SO AW () — () () + 277 A (), (4.161)
l

being part of a hierarchy of equations. The diffusion due to the Lindblad op-
erators, controlled by n~!, is strongly suppressed if either y5/J > 1 and/or
ym/J > 1. For v # 0, this opens the possibility to suppress n~! without
requiring vy /J > 1. Therefore, a competition of the terms in (4.159) becomes
possible. For very weak measurements vy;/J < 1~ !, the dynamics is dom-
inated by the diffusion, being randomly stirred by the stochastic term. For

45See also Ref. [164] in the measurement context and Refs. [180-182, 221-223] in the Lind-
blad/random unitary context.
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strong measurements, the stochastic term tends to pin the states to number
eigenstates. An open question is whether the above model can indeed describe
a phase transition.

Summary: In the perturbative regime n > 1, we get diffusional dynamics
competing with the pinning dynamics of the measurements. For v,//J < n~ !,

we still expect the diffusional dynamics to be relevant up to

E 'YZVI/J<<1 (M) -1

4.162

For vp > ~%, regime (M) is expected. Such a behavior of v} is qualitatively
in line with the numerical findings, see again Fig. 4.17(a).

4.10.2 Random Unitary Evolution as a Proxy for a Bath

A numerical challenge in the presence of a dephasing bath is the loss of the
Gaussian nature of the density matrix p(¢). For this reason, we made use of an
ensemble of Gaussian states to approximate p(¢). In the ensemble approach, the
bath dynamics is described by summing up a set of trajectories (unravelling),
corresponding to an unknown set of measurement outcomes. The unravelling
is not unique and we used a random unitary unravelling, which we will discuss
in more detail in the following. The guiding question for this section is: (1)
To what extent does a single member of the ensemble entails properties of the
full ensemble? Related to that: (2) Is there an approximation or a substitute
for the bath dynamics in terms of a Gaussian evolution? The answer to both
questions is a tentative yes, but with a restriction onto a class of observables
that only depend on n;.

Random unitary evolution: The random unitary unravelling is based on an
alternative measurement protocol, which bears the same resemblance of the de-
phasing bath dynamics. Starting point is again the coupling of a single fermionic
lattice site to an ancilla qubit as in Sec. 4.2. The ancilla is prepared in the initial
state |a) = |0), but is measured in the z-basis [21]. The corresponding operators
describing the state evolution are (see again Ref. [21]):

1

M(f) = 7 [(1-mny)+eny], MY = % [(1-mny)+efn;]. (4.163)
Both operators M Ej) have the property M LM a= %1. Since the measurement
probability is given by p, = tr[p(c)M LM o), both measurement outcomes are
equally likely: pg = p1 = % In contrast to the measurements discussed before,
the probabilities are independent of the state p(¢). Therefore, we also refer to
this as a non-informative measurement. The evolution equation for § = /770t
follows as:

. oy 1 c
W) = [ ~ Fiy AT AZ; s ) = Sotnlut),
AZj = +V6t (with equal probabilities).

(4.164)

Notably, the evolution does not depend on expectation values. Therefore, we
can interpret the evolution as stemming from a random unitary operator for a
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time step ot
U\ = exp(iya1AZm;). (4.165)

Comparing this expression with the non-linear measurement operator in (4.64),
we can think of the noise in (4.165) as being imaginary. Therefore we use the
superscript I, see App. F for more details. So far, we have used U () as an un-
ravelling of the dephasing bath. In the following, we first analyze the properties
of individual trajectories that evolve under UY) and exp(—iH4t). Afterwards,
we consider the interplay with measurements.

Properties of the random unitary evolution: The describe the dephasing
Lindblad dynamics with the help of uY ), we have to sum over the individual
trajectories to obtain pg. However, also individual trajectories display partly
similar behavior as the mixed state, as we will consider in the following. Indi-
vidual trajectories evolve according to:

L
dp'® = —i[H, p©]dt — %gn i, p dt+z\/~TIZdZ [n <>}_
(4.166)

Notable feature of this evolution in case of pure states are:

« The stationary entanglement entropy follows a volume law: Syn(L/2) ~ L.
The entanglement grows as ~ /7, analyzed in Ref. [17] (see also Ref. [246]).
See also Fig. 4.19(a).

o Density-density correlations C; become flat and are of the order of O(L™1).
For an initial Néel state, C) reaches values comparable to an infinite tem-
perature state, see Fig. 4.19(b),(c).

o In the limit v;/J > 1, the model is equivalent to models studied in, e.g.,
Refs. [182, 186]. Leading properties are determined by the non-random
equilibrium state. However, the coherent evolution gives rise to sublead-
ing corrections as was shown in Ref. [182]. The states pgc_)mc still have
structure: since the random unitary evolution is Gaussian, the informa-
tion about the state is encoded in D;;. Since the evolution is unitary as
well, the quantities tr[D™] with m € N are constant under the evolution
(see also the info box below). The stationary properties are determined
by these invariant quantities.

In summary, the evolution due to additional random unitary evolution features
similarities with the infinite temperature state, but with subleading corrections
(see also Ref. [183]).

Individual ensemble members: In the context of measurements and dephas-
ing, we can roughly interpret the individual trajectories resulting from U as
single members of the ensemble?. In the following, we analyze to what ex-
tent we can use quantum trajectories without averaging over non-informative

46Technically, this is not correct in the presence of measurements and a bath: the evolution
of each ensemble member depends on the collective expectation value (n;) E patr[ng p(o‘>]
which requires the knowledge of all ensemble members at each point in time.

141



Non-equilibrium universality

(b) (c)
Ci(t = o0)

. = — L =256
™ 9
< qols = L =128
5 10 - L =64
s | __ [ _ 39

O? 1072° 3

10730

S
0 20 40 60 80 100 120

Jt l

Figure 4.19: FEvolution due to hopping Hamiltonian with additional random
unitary evolution: (a) Entanglement entropy S,n(L/2) growth over time. (b)
Time evolution of the density-density correlations for different distances | and
L = 256. (c) Stationary density-density correlations for system sizes L =
32 —256 (v;/J = 0.5 with ngyy = 400).

measurement, outcomes to approximate the measurement+dephasing dynamics.
Without averaging, the states evolve under (i) unitary evolution from the Hamil-
tonian, (ii) random unitary evolution due to the non-informative measurements
and (ii) non-unitary, non-linear evolution due to measurements:

L
ap'®) = —i[H, p)dt — E S g s, ol

i=1

L
iV Y dZi(1) [n ~ (), p<0>} (4.167)

+ Mi dW;(t) {nl — (ni>,p(c)} )
i=1

Qualitative picture: The interplay of the two processes is shown in Fig. 4.9
for the example of a single fermion on two lattice sites. For vy = 0, the
dynamics due to the random unitary evolution is strongly fluctuating without a
preferred direction (Fig. 4.9(b)). However, once weak measurements are present
vum/J < 1, the additional random unitary evolution will enhance localization,
see Fig. 4.9(c).

In hindsight, this bears a resemblance with the interplay of the dephasing bath
with measurements. In the limit v5/J > 1, dephasing enhances phase (M).
In the following, we address the question to what extent the resemblance is
quantitative. We argue that in the limit v5/J > 1 and v;/J > 1, the dynamics
on the diagonal of p'©) is approximately the same for (i) measurements and
dephasing and (ii) measurements and random unitary evolution. Therefore,
observables that only depend on the operators n; are comparable in both cases.

Box 26: Random unitary evolution

The measurement scenario we have discussed in the previous chapters
is based on non-linear stochastic Schrodinger equations. In case of the

continued on next page
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+random unitary:

(a) vr/J > 1 (b) /T <1 (c)
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Figure 4.20: Interplay of unitary evolution and different measurements.
(a) Unitary evolution; (b) Adding non-informative measurements (yar/J =
0, ~v1/J = 10) accompanied by a random unitary evolution. (c) Adding weak
informative measurements (yar/J > 0) will lead to a pinning scenario (here:
ar)J =02, 1/ = 12).

continued from page before

random unitary evolution, the dynamics, (4.166), is linear and preserves
Gaussian states. See also Ref. [182] for a directly related model. The
dynamics of the correlation matrix takes the form

dDy = —il[h, D] + iy [Dy, dZ] (4.168)

where dZ; = diag(dZ1 4, ...,dZn+). The evolution of D, is described by
unitary operators Uy (here in discrete time):

Dyyse o e~ 0t AZ p =i AZs gindt _ 17, D, T (4.169)

The unitary evolution implies that tr[D;] = const., as well as tr[D}*] =
const. [182]. Therefore, partial information about the initial state is
preserved during the evolution. Parallel to the discussion before, we can
access the properties of correlation functions by studying replicas. The
two replica evolution equation reads (compare also to [183, 186]):

2R 3 2R VI 2R
0ip* = —i[HW + H® p! )]+32£n5n+n52>[p§ . (4.170)

In contrast to the previous case, this is a Lindblad-type equation and
does not involve a coupling to higher replicas. It is reminiscent of the
dephasing fermion model with an additional internal degree of freedom.
An in depth analysis for a closely related model can be found in Ref. [186].

4.10.3 Effective Dynamics due to additional random uni-
tary Evolution

An important difference between (i) the evolution in the presence of dephasing
and measurements and (ii) random unitary evolution and measurements is the
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purity of the state. In the first case, the evolved states are mixed, whereas in
the second case the states are (or can be) pure. However, observables that are
not sensitive to these global features might be comparable in both cases. This
is reminiscent of a thermalizing closed quantum system, where we evaluate local
observables either with respect to the (globally) pure state or the thermal Gibbs
state.

Along this line of thought, we argue that observables like C, and P4, are
comparable within both approaches and the limit vg/J = 7;/J > 1. Both
observables only depend on the diagonal entries of p(©) as well as p?%). In
the limit yp/J > 1, the resulting effective dynamics of the diagonal of p(¢)
takes the form in (4.159). Along the same lines, we can derive the effective
dynamics on the diagonal for random unitary evolution and measurements for
~vr/J > 1. Using the same perturbative approach, the evolution on the diagonal
is the same as the one of a dephasing bath*’. The technical reason is that the
additional stochastic term in (4.167) does not act onto the diagonal elements.
Furthermore, it does not produce a second order contribution (in contrast to
the Hamiltonian) in the perturbation theory. Therefore, the dynamics on the
diagonal takes the form (compare again to (4.159)):

(L1l + L2lp|1)

(4.171)

(e) M o (c)
atp” 7 zl:dWl{nl <nl>ap|\ }+ I

This suggests that in the limit v;/J > 1, the dynamics relevant for operators
depending on nj, is approximately the same compared to the dephasing sce-
nario in (4.159) once v;/J = vg/J > 1.

Remark: Using a different approach to calculate the perturbative dynamics is
based on using the interaction picture (discussed in App. G). The result, (G.18),
deviates in that it still contains a stochastic, coherent contribution.

Numerical investigation: In Fig. 4.21, the density-density correlations, en-
tanglement entropy and the distribution of (n;) are shown in case of the proxy
model (random unitary evolution with measurements). The correlations and
the (n;) distributions show the same behavior we have seen for the first model
(compare to Fig. 4.17). For ~;/J > 1 and L = 512, the algebraic scaling in
C; is only a transient phenomenon, turning into stronger decay. This behavior
could not be resolved in the ensemble approach due to the limitation to L < 256.
Since we are dealing with pure, Gaussian states we also have direct access to the
entanglement entropy Syn(L/2). For v;/J > 1, it deviates from the log-law, in
accord with the more strongly decaying correlations.

Bosonic description: The aforementioned analysis was focusing on the realm
of phase (Cp). Adding random unitary evolution to the QSD dynamics does not
spoil an effective description in terms of bosons. Therefore, we study the role of
random unitary evolutions (instead of a bath) in the (yas,yr)-phase diagram.

47The dynamics can be approximated along two lines: (i) using the same perturbative ap-
proach as before or (ii) going into the ‘interaction’ picture, adapting the approach in Ref. [180]
for a directly related model. The second approach is discussed in App. G.
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Figure 4.21: (a) Density-density correlations C; for ~v;/J = 0,4,7 and
v /J = 0.2 (log-log scale for L = 512). (b) Entanglement entropy Sy,n(L/2) for
vi/J = 4,7 and var/J = 0.2, indicating a deviation from the log law (semi-log
scale). (¢) Distribution of (n;) for vi/J = 4,5,7 and v /J = 0.2 (indicating
a trend towards a bimodal distribution for increasing vr/J; L = 128).

In contrast to dephasing, the random unitary evolution does not enter the in-
verse propagator G, L of the relative mode. However, it does affect the initial
couplings Ay /m? — (2L — 22) and therefore modifies the phase diagram (see
App. 1.7 for further details*®).

Including the random unitary evo-
lution to the measurement dynam-
ics leads to the same RG equa- 1.00

tions (4.153).  However, the ini- o5 B

tial couplings depend on ~; as /v

well and the phase diagram is 050 fno interactior)
shown in Fig. 4.22. In contrast 025

to the bath scenario, the regime

(C) (or rather: the combination 000751702 03 04 05 06

of (C) and (Cp) in the bath v

case) is compact, although we ex-
pect a ~ 1/yp behavior with-
out a transition at finite ~yg/J.
The phase diagram depends on
the initial coupling strengths, which
we have calculated perturbatively
for yum/v,vr/v <1 There-
fore, we do not expect the analy-
sis to hold beyond ~ar/v,vi/v <

Figure 4.22: Phase diagram (2nd or-
der RG) for a bosonic model with mea-
surements (yar/v) and random unitary
evolutiopn (yr/v). A darker color in-
dicates the growth of couplings under
the RG and a lighter color indicates a
shrinking of the couplings. The darker
island for ~var/v < 0.1 corresponds to
a regime of slowly growing couplings
L (which finally diverge).

Remark: The modified initial cou-
plings depend on (yar —7r)/v, which can become small in the blue island region

48Note that for yps/J — v1/J < 1 also the second-order contributions should be included
eventually.
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in Fig. 4.22. Here, the second order corrections are larger than the first order
corrections.
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4.11 Summary, Limitations and Outlook

In this chapter, we have discussed four different approaches to measurement-
induced dynamics in the presence of dephasing, each having its advantages and
shortcomings. Before discussing each individually, we outline the implications
of the results. One challenging question in the area of measurement-induced
transitions is how to extract ‘observables’ like ()2 experimentally. Formally,
this would require multiple copies of the same state or differently put: mul-
tiple experiments with the same measurement outcomes. To circumvent this
issue, one can ask if (O) can be approximated by using n trajectories with only

partly agreeing measurement outcomes mi. Using such a subset of trajectories
().

m "

to approximate (O) is related to using the ‘effective’ conditional state p

1 - 7 i c . c 1 " 7 7
(0) ~ - Z<¢;)‘O|’(/}£ﬁ)> ~ tr [(’)pgﬁ)} with psﬁ) ~ o Z |1/J7(ﬁ)><1/}7(ﬁ)|
i=1 =1

(4.172)

However, since only a fraction of the measurement outcomes are equivalent,
the conditional state corresponds to an imperfect measurement with n < 1 (or
vB # 0). If we treat pfg) as a proxy for a perfect measurement scenario (1 = 1),
we can be misguided since (O),~o # (O),—o. Even taking n < 1 into account
can still hinder us from analyzing the ideal measurement-induced transition,
since the phase described by 7 < 1 can be different from the phase at n ~ 1.
Nevertheless, this is another variant of the issue we raised at the beginning of
the chapter: How to experimentally detect the transitions? A possibility is the
aforementioned post-selection, which becomes intractable for large systems/long
time evolutions. An alternative approach are pre-selections as recently investi-
gated [169] or the use of only a few ancilla systems for tracking the purification
dynamics (as we have discussed for v5 = 0) [33, 165].

In the following, we briefly collect some of the more technical issues and open
questions from the different fermionic and bosonic approaches used in this chap-
ter.

Fermionic approaches: The first fermionic approach (numerical solution of
the conditional master equation) is limited to small system sizes, but gives access
to correlations as well as entanglement measures. The complementary quantum
trajectory approach for large systems already involves further approximations
(e.g. the restriction of the number of ensemble members) and only grants ef-
ficient access to quantities like C;; and P4 and is not well controlled. In the
last approach, we considered a perturbative treatment in the limit vg/J > 1 of
strong dephasing. We compared the perturbative dynamics with the dynamics
due to random unitary evolutions replacing the bath dynamics. In the limit
vg/J > 1, both approaches give rise to the same dynamics on the diagonal of
p'®). This in turn justifies the usage of a finite ensemble of quantum trajectories.
As long as we focus onto observables which are functions of n; :  f({n,}), also
individual pure states in the ensemble behave similar to p(©). The perturbative
treatment also reveals a competition between ‘localizing’ measurements and dif-
fusion on the diagonal. Nevertheless, it is an open question if this perturbative
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model can capture the transition from phase (Cp) to (M).

Bosonic approach: We described the long distance physics for L — oo in
terms of an effective bosonic model, which is amenable to a momentum shell
RG [19, 188]. It is an effective description with the same universal properties
as the fermionic model. In this description, also fermionic interactions like [70]

Nyt N4 o — (aw¢z + aazam)z )
Ny oM — (az¢x)2 - (amem)za

can be incorporated and only modify the quadratic sector of the bosonic model.
Nonetheless, this approach also has shortcomings. In the presence of heating,
the description will eventually break down for long times (see Refs. [218, 243])
and will not be able to describe the heating of the fermionic system anymore.
This is plausible since the bosonic model is based on the bosonization of the
Dirac model. The Dirac model in turn can be seen as an effective description of
the fermionic lattice model close to +kp, but with an infinite set of non-physical
states added. This becomes problematic once these modes get excited, as the
heating dynamics will eventually do. In the absence of a bath, this can affect the
heating absolute mode, which nevertheless will not change the overall physical
picture. However, in the presence of a bath and in the regime (Cp), the effect
onto the relative mode might not be ignored anymore.

Role of purity: Physically, we distinguished three different phases: (C), (Cp)
and (M). We associated phase (Cp) with a strong suppression of the off-
diagonal elements in p(?#) (in accord with the emergence of a term ~ Teﬁcﬁ,(;)Q in
the bosonic replica action). As we have already noted in passing, for monitored
bosonic CFT’s, the purity was extracted in Ref. [193]. In case of imperfect
measurements (n < 1), the purity is exponentially suppressed in the system
size. Since we expect phase (C') to be described effectively by a CFT, it seems
doubtful to use the purity as a measure to distinguish this phase from (Cp) in
the thermodynamic limit. From the symmetry point of view, it was argued in
other models that the explicit breaking of replica exchange symmetries due to
bulk decoherence (can) lead to (i) a volume law scaling in Syn [20] and/or (ii)
even the maximally mixed state [173]. This would be in line with an extensive

scaling of the Renyi entropy S(2) and an exponentially suppressed purity in the
whole phase diagram. However, this does not automatically imply the wash-
ing out of measurement-induced phases in the presence of a bath (as, e.g., in
Ref. [175]). In the presence of additional physical symmetries, as is the case for
the fermionic model at hand or the Z; symmetric models studied in Refs. [20,
172], different phases can stay intact. To characterize the phases from an infor-
mation theoretical point of view and to circumvent the above mentioned issue,
the entanglement negativity could be a valuable tool [173, 174, 193, 219, 240,
241]. However, it can be a challenging task to extract if from a (bosonic) field
theory (but was achieved for, e.g., boundary driven models by mapping to a
statistical physics model [173]). In this light, it is an open question how to re-
late the new emergent mass/‘temperature’ scale in the relative mode and phase
(Cp) to observable consequences and/or information theoretical measures.

Quality of phase transitions: From the analysis above, the RG gives evidence
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for the stability of phase (C) in a finite parameter region. Less clear instead
(from the RG perspective) are the properties and transitions between the other
phases, which we expect to be partly rooted in the insufficiency of the bosonic
model (see discussion before). Due to the numerical challenges for strongly
mixed and non-Gaussian states, we cannot make a sharp prediction about these
transitions (or crossovers) in the thermodynamic limit based on simulations.
However, some limitations might be overcome with alternative methods like,
e.g., matrix product states [216, 218, 247, 248]. Nevertheless, strong dephasing
can also lead to a simplification by reducing the quantum dynamics onto dy-
namics on the diagonal of the density matrix (as outlined in the last section).
It is an interesting but open question if a transition between (Cp) and (M) can
be effectively described in this setup and whether a ‘classical’ phase transition
is emerging.

Dynamical perspective: In the ab-
sence of a bath, the dynamical pu-
rification can be used to identify pos- 10
sible phase transitions [31, 165] (see
Sec. 4.5.2). We expect that a sim- 107
ilar strategy should be possible in
the presence of a bath: the mu- |§
tual information I,, (or similar quan-

tities) between one or a few ancil- 107

las, initially entangled with the sys-

tem, can be tracked. For an ex-

ample, see Fig. 4.23. For long ° ® Jtso » .

times, system and ancilla ‘decorrelate’

with an exponential decay of I,(t). Figure 4.23: Mutual information
Adapting the findings for yvp = 0, 1I,,(S,B) between an ancilla qubit
we hypothesize that the correspond- (B) and an imperfectly (n = 0.9)
ing decay time scale in I,,(t) should monitored fermion system (S) of
have a L-dependent scaling for phase size L and L/2 fermions for v/J =
(©). 0.2.

Relation to other methods: The measurement-induced transitions are based
on the properties of the individual quantum trajectories. In earlier works, the
statistical properties of quantum (jump) trajectories have been studied in [249—
251] based on the probability P;(K) = tr[p5)(t)] to find K events/quantum
jumps induced by the dynamics at time t. This question can be mapped onto a
generalized quantum master equation. The leading properties of the dynamics
are described by the largest eigenvalue of this master equation. This approach is
still based on a single ‘replica’, therefore it is not clear whether this strategy can
be adapted to measurement-induced transitions where the transition is masked
at the level of linear averages.
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5 Conclusion

In the last chapters, we have investigated (dynamic) settings in quantum sys-
tems ranging from ground state settings for static Hamiltonians H, to time-
dependent Hamiltonians H (¢) and environmental dephasing and measurements.
In all these scenarios, as well as their interplay, a collective behavior like phase
transitions and universality can emerge. The models we have discussed are
directly or indirectly related to elementary spin models with Hamiltonian H,
measured operators M (with projection operators P; 1) and Lindblad opera-
tors L;:

Hamiltonian: H = —g Z oi—J, Z ooy —Jy Z olo},,, (5.1)
1 1 1

1
measurements: M; =0}, P;i= 3 (1+07), (5.2)

dephasing: L; == (1-07). (5.3)

N =

Phase transitions and universality are closely related to the symmetries of the
(competing) terms. In the ground state and driven scenario, the competition
is rooted in the non-commuting transversal field term (g) and the XY terms
(Jz # Jy) with a shared Z; symmetry. In case of measurements, the competi-
tion is similar, but the model features a U(1) symmetry® (J, = J,, g = 0).

In case of a slow drive, we have shown that the universal breaking of adiabatic-
ity (and connected observable behavior) can result from equilibrium relevant
and irrelevant couplings at the level of the model (5.1). Drives along or across
a phase boundary can reveal different scaling, but universal , exponents asso-
ciated with the different driven couplings. This analysis complements the RG
analysis in Ref. [41]. However, the quadratic setting hints at two challenges.
Firstly, there are indications that long drives are needed to make the scaling
from equilibrium irrelevant couplings observable. Secondly, the associated scal-
ings become observable only for drives that run nearly parallel to the phase
boundary. Therefore, it seems that an experimental realization requires good
control of the parameters involved and long coherence times. However, these
are in parts model-dependent properties. So far, we confined the model-based
analysis to quadratic (fermion) models. The RG analysis instead also applies for
interacting theories. Therefore, a further step to substantiate the possibilities

IHowever, for the measurement scenario, the U(1) symmetry is not necessarily required for
the phenomenology [20, 176] (since it is the symmetry at the replica level that is relevant).

151



Non-equilibrium universality

and limitations of the generalized KZM should be the investigation of inter-
acting models. Complementarily, the investigation of the generalized KZM in
quantum simulations of the transverse XY or similar models would be interest-
ing. An alternative implementation for drives of irrelevant couplings could be
based on Ising Hamiltonians (J, = 0) with additional controllable terms like
92(t) >, 0f of,,. The coupling go is as well irrelevant at equilibrium [2].

Making use of unitary evolution and measurements, an extended critical phase
can be stabilized in (free) fermion models [18]. We have shown that this phase is
also stable against weak dephasing. On the one hand, dephasing can emerge due
to the coupling to, e.g., a bosonic (e.g., phonon) bath or in the context of optical
lattices [51]. On the other hand, it describes imperfect measurements where a
fraction of the measurement outcomes are not known to the observer. There-
fore, the stability against weak dephasing also implies the robustness against
some imperfections in the measurements. For strong dephasing and weak meas-
urements, we found indicators for a new phase, still displaying scale invariant
behavior for the dynamics on the diagonal of p(®). In contrast, we hypothesize
that measures like the entanglement negativity are suppressed in this phase.
However, the numerical as well as analytical methods we chose are challenged
by the strongly mixed properties and the non-Gaussian ones in the presence of
strong dephasing. Therefore, the properties of this new phase and the quality
of the phase transition (or crossover) are still not fully settled.

In the above setting, the measurement and bath operators commute (similar
to the case discussed in Ref. [32]). However, depending on, e.g., the NISQ
devices under consideration, other sources of decoherence might become im-
portant, which do not necessarily commute with either the Hamiltonian nor the
measurement operators. This in turn can enrich the competitions and possible
phases. Finally, one challenge in the realm of measurement-induced transitions
is the detection in experiments. Approaches to make active use of the mea-
surement outcomes in the form of outcome-dependent feedback is an interesting
(and open) investigation [169, 171, 252].
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A (Gaussian States

Even though the (typical) time evolution of a quantum mechanical state is
linear, a complexity arises due to the exponentially large (in the number of par-
ticles) Hilbert space, which can make it difficult to access large system sizes.
One class of states, which withstands this problem, are ‘Gaussian’ states, where
a parametrization in terms of a polynomial number of parameters is possible.
In the following, we will summarize some of the important properties of Gaus-
sian states, used in the main text. A very readable reference, which will use
throughout is Ref. [63].

The discussions in Secs. A.1-A.3 are partly adapted and extended from the pub-
lications [42, 147].

Similarly as a Gaussian distribution, fermionic Gaussian states are fully char-
acterized by the second moments of the basic operators, the creation and an-
nihilation operators c;f, Ci: <c;rcj>, <czc;[>, (c;cj). Higher moments are entirely
determined by these expectation values (Wicks’ theorem).

Field theory: One form we encounter in Sec. 2.2.2 are Gaussian field theories.

Here, the action is quadratic in terms of Grassmann fields:
S = T M, (A1)

with some matrix M. In this case, the calculation of expectation values is re-
duced to calculating Gaussian integrals (see, e.g., Ref. [52]).

Operator perspective: At the operator level, a fermionic Gaussian state is
defined as [63]:

p= %exp (—EThé') , Z=tr [exp (—EThE)} , (A.2)
&l = (e, ...cl,cJ{, ...,cTL), (A.3)

for some given hermitian matrix h. We can interpret p as the thermal state
of the effective Hamiltonian SH = %EThE. Its properties are encoded in the
correlation matrix G:

G = (<C’"CIL> <cmc">> . (A.4)

(cl.el) (chen)

To relate G¢my with the matrix h, we can first use a Bogoliubov/fermionic
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transformation U to diagonalize the Hamiltonian:
é'he = Zel (erxl — XlX;r) ., D=U"nU. (A.5)
1
In terms of the x fermions, the correlation matrix is given by
G — ((xmxb <xmxn>) _ <5mn(1 — (X} Xm)) 0 >
,mn 0 .

(xhxh)  (xhxa) S (X Xom)
(A.6)

Therefore, all information is encoded in the occupations (x,X,,). They are
related to the energies of the Hamiltonian according to [63]:
(XX} = 7o (A7)

To obtain the correlation matrix G, of the original fermions, the same trans-
formation U can be used: G, = UGXUT.

e Purity: The density matrix is pure in the limit €, — +o0o0. In terms of the
correlation matrix, this translates into [63]:

purity condition: G*=G. (A.8)

In case of particle number conservation (relevant for our measurement discus-
sion) and (c;c;) = 0, all information is encoded in

Dij = (cl¢;). (A.9)

Here, D;; is the correlation matrix used in the main text. The purity condition
is similarly given by D? = D.

e Wick’s theorem: The aforementioned Wick’s theorem allows us to express
arbitrary expectation values with respect to the 2-operator correlation functions.

Field theory: In case of the expectation values of 2N fields [52]:

<7/1m11/)m2~-~¢mN1/_’lN~--l[;l1> = ngn(P)MﬂTLilpl'“M'r;[l\ijN
P

the result is given by the sum (all possible permutations P) over the product of
pairings (V) = M| (see Ref. [52] for more details).

Operator perspective: Given a set of creation and annihilation operators,
a similar results holds. For example, the expectation value of four operators
gives rise to all terms where two operators are paired up (taking into account
possible signs in case of fermions) [17, 253]. In case of number conservation,
this example reads:

(c;rcchcﬁ = (c}q)(czcl) + <cIcl><cjc,T€>. (A.10)

In case of bosons, a similar strategy can be applied (though additional possible
signs are absent). However, some care has to be taken once the expectation
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values like (b) # 0 in the bosonic case.

e Time evolution with quadratic Hamiltonians: The important feature
of Gaussian states is that they stay Gaussian during the time evolution with a
(time-dependent) quadratic Hamiltonian: U (t) = T exp (—i ft H(t’)dt’) (where
T denotes the time ordering operator) (see also Ref. [63]). The time evolved
state takes the form UpUT, though it is enough to consider the one product
of exponentials of the form eXe¥Y = eZ, with eX = U,e¥Y = p. Both X,Y
are quadratic in the creation and annihilation operators. According to the
Baker-Campbell-Hausdorff formula, the operator Z is built from commutators
of X,Y, which in turn can always be reduced to the form [AB,CD] with
A ,B,C,D € {c, c;[} Due to the canonical (anti-)commutation relations, any
such commutator remains quadratic in the creation/annihilation operators:

[X,Y] — [AB,CD] = ((at most) quadratic in ¢, c'). (A.11)
Therefore, any further commutator also fulfills:
[EF,[AB,CD)] = ((at most) quadratic in ¢, c). (A.12)

Together with the Baker-Campbell-Hausdorff formula, this guarantees that Z

in eXeY = eZ is a quadratic operator as well: a Gaussian state stays Gaussian.

Entanglement entropy (for the transverse XY model): Since the ground
state for the transverse XY model is a Gaussian state, all information is con-
tained in the covariance or correlation matrix. In terms of the quasi-particles
in momentum space, the correlation matrix takes a simple form, which can
afterwards be transformed into the one for the original fermions:

(1 0 B i (|ue)?* ugvy
nyk—<0 O>’ Gc’k_UkGX’kUk_(uZUk ? ) (A.13)

In real space, the correlations are obtained as (see, e.g., Ref. [12, 176]):

G = ((cmcL> <cmcn>) <cmcL> = %iﬂ;“Cchelka(m__n)’
’ (chel) (chen) (emen) = S, (epey)eikatm—n),
Knowledge of the correlation functions in real space is sufficient to further deter-
mine, e.g., the entanglement between two subsystems. Following Ref. [63], for
Gaussian states the information about a subsystem A for an observer limited to
that subsystem is given by the correlation matrix restricted to A. In case of G
or D we write G|4 or D|4 respectively. Therefore, the reduced density matrix
p 4 is itself a Gaussian state. The entanglement entropy in turn only depends
on the eigenvalues of p 4, which we can obtain from the known correlation ma-

trix. In terms of the ‘diagonalized’ form of p, (with occupations <x2xl>), the
entropy is given by [8, 63]):

Sex(4) = =~ ((xdx) in () + (0= ()i (1= (xdx)) ) - (A14)
leA

Practically, this means that we can calculate Syn(A) by diagonalizing the cor-
relation matrix G|4 and inserting the eigenvalues (= occupations) in (A.14).
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A.1 Jordan-Wigner Transformation

The Jordan-Wigner transformation [254] (see also Refs. [2, 11, 55-57, 60, 141,
142, 255-258]) describes spin—% operators in terms of non-local strings of fermion
operators. The spin operators are o7, o}, o; at lattice site . They fulfill the
commutatioril relations [0, o8] = 2i€a30] 01 Equivalently, we can use the
operators o, o} with

+ _ 1 x - Y
o =3lo] +107),

A ey RS N (A15)
o = §(o-lz - ZO’%’),

The fermionic operators instead are defined by

{cl)cjn} =0m, {cnCm} = {c;r,cin} =0. (A.16)

Locally, spins and fermions behave similarly though spin operators at different
lattice sites commute whereas fermion operators anti-commute. To reinstall
commutation relations, a string [],, -, (1—2¢f,¢,,,) is added. It takes the number
parity to the left of the fermion into account, such that the spin operators are
expressed as

o =1-— 2CILCna O': =cy H (1 - QCI”Cm),

T m<n
o2 = (cl +cn) [1hen(1—2¢h,cm), - L gt (A.17)
ol =i(cl, —cp) [lnen(l— 2¢ch cn), Tn = Cn H (1 —2¢p,em).

m<n
Alternatively, we can express fermions in terms of spins:
T - z _ .t z
Cl —0'l O'm, (&) —O'I O'm. (A.IS)
m<l m<l

The relevant scenarios for our discussion are interaction between nearest-neighbor
(or second-nearest-neighbor) spins. The typical terms take the following form
in the fermionic representation:

real space mom. space
1

c}cj_H + cj»ﬂcj =3 lofof +ola?, ] —2cos(ka)cl.ey,

Tt ) o 1 z T Yy _y in(k TooT
cici g +cjric = 3 [a'jajﬂ — O'ja'jH] —sin(ka) (! c) + cre_i ),

1

C;Cj+2 +h.c. = 3 050 s +olal | of, —2 cos(2ka)ckcy,

el Lraga Vol 1 o2 : ool
cjci o +he = B (o908, 0'j0'j+2] o5y —sin(2ka) (el e +ere i) .

(A.19)

A.2 Gaussian States in Measurement Scenarios

Time evolution in the presence of measurements:
In the following, we briefly list the kind of states we are dealing with depending
on the scenario:
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¢ An initial Gaussian state stays Gaussian under the unitary evolution due
to a quadratic Hamiltonian. Furthermore, if we add additional measure-
ments, the evolved state is still Gaussian. For the model discussed in
Sec. 4.4, we first sort the dynamic contributions according to trivial op-
erators and non-trivial ones with % = n;. The time evolution operator
reads

Ugf) ~ (factor) - exp ([AW]-\E —ot(1 — 2<n]>)] nj) , (A.20)

where the prefactor only changes the overall norm of the state (not rele-
vant for single trajectories). In summary, this operator also preserves the
Gaussian character (up to a normalization).

o If we are dealing with a dephasing bath instead, the Gaussian property is
lost, though we can still efficiently simulate D;; = <c;rcj>.

e Combining measurements and a dephasing bath also leads to a loss of
this last property - the evolution is non-Gaussian and the hierarchy of
correlation functions does not decouple.

Gaussian state scenario: In case of a Gaussian evolution, we only need to
keep track of the correlation matrix D, though it is advantageous to keep track
of 1) directly, as pioneered in Ref. [17]. The state evolves as:

[Veyot) ~ Uff)e””“wt), (A.21)

and the state can be parametrized in terms of N fermions at all times (due to
particle number conservation). This means that at each point in time there is a
set of fermions created by {x;t}é\le with {x;, x;} = d;,1, or differently put: the

single particles states X;|O) are orthonormal to each other. A parametrization
is given in terms of the L x N matrix Uy:

N L

N
o) =1 Ujieel | 10) = [T x!10). (A.22)
1 i=1

i=1 \j=

The requirement for <O|xlx;f\0) = 0;; translates into U/U, = 1. The time
evolution in terms of the matrix U; can be approximately written as [17]

time evolution: UH(; = Me_ihétUt,

(A.23)
matrices: hi; = JO;—j,1, M = (SijeAWf‘/E*‘St(l*?("j))7
though the state, parametrized by UH&, is not yet normalized. At time ¢ + 0t
we still have NV orthogonal modes, which requires that the columns of Uy,
have to be orthonormal to each other. Therefore, we perform a Gram-Schmidt
decomposition and only keep the orthonormal contributions in Ut+5t- In this
context, this amounts to a QQ R-decomposition: @ is a L x L unitary matrix and
R an L x N upper triangular matrix:

Uirs: = QR = Q1 R;. (A.24)
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The second equality is an equal rewriting with the L x N matrix ()1 with
orthonormal columns and the upper triangular N x N matrix R;. This matrix
product corresponds to the decomposition of the columns (‘vectors’) in UHM
into the sum of orthonormal states (encoded in Q1) with the weights in the sum
given by the entries in R;. Therefore, @)1 is the desired matrix with the property
QJ{Ql = 1 and we choose U5 = @1 (see also Ref. [17]). The correlation matrix
is the matrix product:

UrsstUl s, = Diys. (A.25)

Comparison: conditional master equation (non-Gaussian states) To
solve the conditional master equations, we restrict ourselves to the fixed particle
number Hilbert space H with N = L/2 fermions and dim[H] = ( L%). All
operators are therefore dim[H] x dim[#] matrices and we trotterize and re-
exponentiate the time evolution (valid up to order dt):

Uy =exp(—iHot),

0i; = (ZZL:I ”li)nl(j)) [{n}i){{n};l, © b (VU gt VT)
D =exp ((O — 51) ypét), Piyst ~ Py Uy )

Vij = (52‘]‘ exXp (([ijm — (St(l — 2(nj>)D) 5
(A.26)
Here, nl(i) is the number of particles at site ! in state |[{n};). The dephasing
of off-diagonal matrix elements is given by the element-wise (-) multiplication
with the dephasing matrix D.

Observables from Gaussian states: Given the description of the Gaussian
states in terms of the matrix U and D = UUT [17, 18, 176], we can directly access
the density-density correlations Cj;, as well as the subsystem parity variance
Play:

Cij = (ni)(nj) — (niny) = |(c]e;) 2, (A.27)
Pa=det(2- D], — 1],)*. (A.28)

Here, D], is the subset of the matrix D with indices in region A and the overline
indicates the average over different measurement trajectories. For the expression
C;;, we used Wick’s theorem:

(clejefer) = (ny)(ni) — (clew)(ches) — (clew)dr. (A.29)

Observables from sums of Gaussian states: Once p'© is described by a
convex sum of (Gaussian) states, the density-density correlations are given by

MNens

Cij = ((na)) - {(ny)) = ((nimy)),  ((0)) == 1[0p ] =} pa(O)a. (A.30)
a=1
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In the following, we derive the relationship of C;»; with the correlation function
of the individual Gaussian ensemble members:

D@ = y@yr, DZ(;X) W Dcle;[v @) = (clej)a.

The first part in the correlator can be written as

{(na)) - () = 3 papar DI DY, (A.31)

where DE?) corresponds to the correlation function of the individual ensemble
members. The remaining part of the correlator:

((nin;)) = ((cleicle;)) Zpa (cleicle;)a (A.32)

can be simplified (using Wicks theorem as in (A.29)):

nsz Zpa (DE?)D%'-“) - |D£;‘)|2 + DE?(S,»J»). (A.33)
In summary, the density-density correlation function is given by

Cz] = Zpapa’D(a (o Zp ( a)D a) |D(a ‘2 +Dz(ia)6ij)’ (A34)

a,af

only requiring the knowledge of the probabilities p, and the corresponding cor-
relation matrices D(®).

Remark: In the limit of yg/J ~ O(1) or var/J ~ O(1), fluctuations between
the different ensemble members become large. For a finite number of trajecto-
ries, this can even result in negative values for C;; (see, e.g., Fig. 4.17(b) for
the visible effect of those fluctuations at yg/J = 4). We assume that a larger
ensemble size could mitigate this issue, which nevertheless is not a practical
option.

Limiting the ensemble size: For any practical purposes, we have to limit
the ensemble size to some finite number ne,s of states, each coming with a
weight p,. During the time evolution, these weights are updated, eventually
resulting in some weights becoming vanishingly small, ‘depleting’ the ensemble.
To counteract this effect, we use a recycling procedure, introduced in Ref. [239]
(for this context). Initially, we set some threshold pinres (Pihres = 107* for
Nens = 500 if not stated differently):

1. Identify the states with p, < Dthres-

2. Identify the most likely state with pg = pmax and replace |1/J(O‘)> by a copy
of [¢p(#).

3. Change the weights of the original state |¢(6)> and its copy to half its
value: PasPmax —7 Pa = P = pmax/2~
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4. Normalize the full set of probabilities.

The idea is that by ‘recycling’ the most likely state, the ensemble is essentially
unchanged without reducing the ensemble size:

Palt ) )] + ps v D))~ T2 ) O] + |y D)@,

A.3 Numerical Parameters

The numerical simulations of the fermion systems are based on the parameters:
L (system size), Jét (time step), JT (running time), naye (number of indepen-
dent runs) and ne,s (ensemble size, if applicable). The initial state is chosen to

be piZ = [) (] with 1) = |0101...).

| L | J6t | JT | nae

Fig. 412 | 10 | 0.01 | 40 | 400
Fig. 4.18(top) | 10 | 0.02 | 20-80 | 400
Fig. 4.13 8 | 001 | 40 | 400

Table A.1: Numerical parameters used for the simulation of the full conditional
density matriz where longer times corresponds to yar/J = 0.1,0.2.

L Jot JT Nens | Navg
Fig. 4.17(a) (top) 128 0.05 200 500 50
Fig. 4.17(b),(c) (top) 192 0.05 | 200-300 | 500 | 400
256 0.05 200 500 | 200
Fig. 4.18(bottom) 128,192 | 0.05 200 500 50
Fig. 4.10(a) 256-512 | 0.05 300 - 400
768 0.05 300 - 200

Table A.2: Numerical parameters for the ensemble simulations with the initial
condition given in the text, where only for Fig. 4.17(a) top an ensemble of
random number eigenstates has been used.

Technical remark: For this work, the following programs/languages have been
used:

o Wolfram Mathematica (in particular in the context of the AIA approxi-
mation)

o Programming language Julia with different packages (in particular for the
trajectory simulations and for solving the RG equations)
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B Keldysh Field Theory
for a (bosonic) Master
Equation

In the following we will derive the path integral representation of a master equa-
tion for real bosonic operators (see also, e.g., Ref. [4]). Irrespective of the kinds
of operators which are used, the strategy is always the same: use eigenstates
of the basic operators (e.g. coherent states for annihilation operators) and in-
sert identity operators, constructed from these eigenstates at proper places. For
the real bosonic operators which we consider here, we make use of canonical
commutation relations and the eigenstates of ¢, and @, = %:

(60]02) = 1.

Starting point is the (time discrete) quantum master equation for hermitian
Lindblad operators L = L' and a density matrix py at time step N (for sim-
plicitly we just consider a single one, the generalization is straightforward):

. 1
PN =Pyt Ot <Z[H7 pn-1]+Lpy L — By (Lpy_1 + PN—1L2)) :
(B.2)
We are finally interested in calculating expectation values (O) = tr[Opy]. To
do so, we start by going into a new basis using completeness relations for ¢ and

©@. With the index £+ we indicate whether the identities have been inserted to
the right (4) or to the left (—) of p:

PN = 19N,+1¢N,+pN1¢N,—1@N,—
= /dQN,+d9N,—d¢N,+d¢N,—67i@N’*¢N‘*BHQN”‘M”<¢N,+\PN|¢N,—>|@N,+><@N,—\-

We can iterate this procedure by expressing p, in terms of py_; using the rhs
of (B.2). Afterwards, we insert an additional set of identities (this time with
index N —1). All resulting terms are of the form (A, B some arbitrary operators
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depending on O, ¢):

(On+[Apy_1Blon,—) = (dn Loy 1 ALy 1 PN_11lon_yBley . _|én-)
_ ei@N—1,+(¢N,+—¢N—1,+)e_i@N—l,—(¢N,——¢N—1,—) %

A(PN-1,4:ON-14)B(dN-1,—,ON-1 ) IN-1,+|PN_1|ON-1,-).

Using this expression together with (B.2), we get

ox :/d(.,.)ei@N71,+<¢N,+7¢N71,+>646N71,7<¢N,:¢N71,7>
X (1+ 6t [-iH(ON-14,¢N-1,4+) + iH(On-1,— ¢N-1,-) + 2L(¢N-1,4)L(dN-1,-)
5 (E2o1) + Do) )
X (pN-1 4PN 1N -1, )eTONHINEHON OOy ) (O, |,

where d(...) contains all the integration elements from 1y, 1x_; insertions. Re-
peating this construction, we can compactly write down a path integral repre-
sentation of the density matrix (valid in the limit ¢ — 0):

PN~ /D[%a@i]eis (Go,+|poldo,—) e ONHIN L HIONINZ QN N (On,_|
—— —

initial condition
N

{ .
S = ot Z <+0’ (@J;L(,—Atd)j’g — ijl’g) + ZL?LU) — 2’LLJ‘,1’+LJ‘,1’,.
1

j=1 o=+

Here, H;_; , corresponds to the Hamiltonian where the operators have been
replaced with the fields at time step 7 — 1 and contour index o.
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C ATA vs. exact Results,
Fitting and adiabatic non-
perturbative Contribu-
tions

This discussion is adapted from the publication [42].

For the minimal (spin) model with
z = 3, we can directly compare the
exact result (Landau-Zener) for f; =
—oo0 and ff = +4oo with the ATA
approximation, which in this case is
based on p = |(~(E5)| + (=)l
The adiabaticity breaking time ¢ is
extracted from the same expression,
(3.68), discussed before with i =
0. As anticipated, the agreement
is quite good, also for the general-

ized drive scenario with two dr%ve Figure C.1: Eucitation density (log-
sc'ales. The Landau—Zener.result 0= 159) for the minimal model (2 = 3): AIA
dlca'ttes that the (asym'ptotlc) Cf)ntr}_ approzimation (full lines) vs. the ex-
bution to the excitation density is act results (dashed lines) for ¢ — /2 =

non-a.nalytic. This.is a%so the case -2 10-5 108 (from top to bottom).
for higher order drives in the limit

tx.; — +oo and a slow drive 95 — 0.
The leading contribution stems from complex zeros of the energy difference
& (tAZ,’l7 k) (n zeros for an order n drive) in the complex time plane:

11

ex. density
2

_\
<
b

107 1073 1072 107" 10° 10"

%

. N —fy 1
et R =0, (G = (TR,

Vg

The excitation density at momentum k& is given by a sum of the non-analytic
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contributions [85, 86:

Dykhne-Davis-Pechukas (DDP) approximation :

Z o1 exp (zD(f;l))
=1

oy =4i lim (£, — &Y)(fr) = 1.

t—tL

2

Pr =~

L D=2 e, o
0

From D(fk), we can extract the leading scaling. By rescaling time 0," = y™,
we get

D(i,) = o, 72 / E(y)dy = o, " T(fu). (C.2)
0

The integral Z(fix) only depends on fig. If the integral is a constant (as a
function of k) to good approximation, the behavior of ¥ determines the scaling
of ng. It takes the role of an adiabaticity parameter (see also Ref. [140] for the
quadratic case): once ¥ 2 1 the excitation is of order O(1) in agreement with
adiabaticity breaking. This approximation reproduces the exact Landau-Zener-
Majorana-Stiickelberg [46—48] for n = 1. In this case, only one pole contributes
and we get

pi(te,s — 00) ~ exp (—2ImD(£})) = exp (—7d; ') . (C.3)

Fitting approach: In the main text, we used the fitting function

ag —o p

~

na(0) = A 1+(”> e (C.4)

re

to extract (i) the scaling exponents from o, and o) and (ii) the crossover
velocity ©*. In Fig. C.2, examples of ng(0;¢) and the fits for the transverse
XY model are shown (compare also to Fig. 3.8 again). The fits are in good
agreement with the AI data. Note that we keep the parameter p as a free
parameter as well. Its values are shown in Fig. C.2(b).
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(a) (b)
or
0.7F .
= 2 06f ° .
S st 3 o0sf
5 =
20 g 0.4}
Q -0 = 03 .
2 o2
15[ & 0.1F
\ . . . . 0.0E
-20 -15 -10 -5 0 0.001 107 107 107
log (%) T/2—¢

Figure C.2: Transverse XY model: (a) Al approximation for ng(0;¢) for
different angles (orange dots) and the numerical fits f(0) (gray lines).

(b) Extracted parameter p for different angles. The red marked dots correspond
to the ¢ values used in (a) (from left to right in (b) corresponds to top to bottom
in (a)). The values of ¢ correspond to the ones used in the main text Fig. 3.8.
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D Bosonization

General Construction & Linear Dispersion

We discuss the idea of bosonization and follow Ref. [202] due to its technical
clarity (though we leave out some fine details), but also keep notational connec-
tion to Ref. [205]. We use a Hamiltonian with a linear dispersion although the
bosonization identities do not rely on the linear nature of the dispersion. Note
that in our notation the length of the system is La (L: number of lattice sites,
a: lattice distance). There is an infinite, but discrete, set of momenta k = La -m
with m € Z.

As we have already mentioned in the main text (see (4.8)), we consider the

full field operator for n—fermions in real space (where 7 can, e.g., correspond to
a replica index or contour index etc.):

e 1
wn,x ~e zkp.r\/fa Z el c_7nk+e+zkpz Z e —ik c+,n,k~ (Dl)

The ground state |GS) is given by the state with all k& < 0 (¢, n)-fermion states
filled. The basic particle-hole excitations on top of this state are given by

t s 27 t
b07177q>0 =1t Lalq| Zszoo ca’,n,kJrqc(Tﬂ%k?

1/2 t [bs. bl /| = 04q/ 800 Sy -
— 2 00
b07177q = =1 (LaTq\) Zszoo ca,n,quc‘fv’fhkz

a,1,9> Yo’ ,n’,q

(D.2)

The structural relation between the fermionic Hilbert/Fock space and the bosonic
creation/annihilation operators is summarized in Fig. D.1. One key ingredient is
that for a fixed number of (o, n)-fermions, collected in N (relative to the ground
state), each state [¢5) € H can be reached by applying a proper function of
bosonic creation operators: [i)g) = F(BN)|N)o [202] onto the bosonic vaccum

state |N)o (b07n7q|ﬁ>0 = 0). To transfer between different fermion numbers, the
Klein factor is introduced as

7’]|1/}N> (bT) anmvo'n|NO>

where cf creates a (o, n)-fermion in the lowest unoccupied mode.
Gmin, 057
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Full fermionic Fock space

U _
_________ 5 B, | Yo 5,

e ) a7 IREDN & Tt

U;
— on ~
ground state |V)o IN+15,)0
coherent state
'I/m,,q|ﬁ>u
Figure D.1: Schematic relations between the fermionic operators ¥ in Fock

o9
space F and the bosonic ones (which span the entire Hilbert space for a fized

fermion number N (including different species of fermions, labelled by o,n)).
Notation partly adapted from Ref. [202, 205].

Actual construction: Similarly to the heuristic discussion, we like to define a
field operator ¢ by looking at the fermionc density:

o

! 1
pa,n,x = pO,U,n - *6z¢a,n,a: . (DS)
S—~— T

mean density Auctuations

Due to the infinite amount of occupied states, a meaningful density is the

normal-ordered! one, denoted by? ¥...%:
oo
_ E e—oax E ' * 1 *
pa,n,x - /IIJU ,1,T o' ,1, z* *ca,n,k—qc(ﬂn,k* (D4)
k=—o00
. oo
i | Lalq| io 1
_ " —ioqx eTinazpt - § : * T *
- La 2r (6 bUﬂ% ba n,q) +La *Ca,n,kCUﬂ?»k* .
q>0 k=—o00
=—10,0,, ., =Nom

(D.5)

The operators ¢ are defined as:

o,z

/La’|q| 7A /2 77,0 T +ioqr T
¢¢7,n,.7: +A£1£)n0 E Z a a bo’ 1,4 +e q bo’n q) (D6)

which are regularized by A, an effective inverse momentum scale (e.g. A~!)
[202]. For a model, where modes had to be artificially added, the allowed values
of ¢ in bﬁ n.q have to be restricted. Otherwise non-physical modes would play
a role. This is achieved by the exponential factor, limiting the range ¢ < 1/A4

IWith respect to the fermionic vacuum state |GS).
QMeanlng *1% n, zwo- 31 z* ’(»bo n, a:’lpo-,n, <GS|¢L,n,z¢g7n,m‘GS>'
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(though formally the limit A — 0 has to be taken). These fields have the
property® (for A — 0)

1. ) 1
(Don.z> O Pyt ] = 500/6,],]/§ma (TnXG:Z 0(x — a2’ — mLa) — La) (D.7)
L—oo

— 5ggl5nn/%7ri0'5($ — :L'/). (DS)

As we have already argued heuristically, the fermionic operators should be an
exponential function of bosonic operators: 1 ~ exp(B(b, bT)). By checking the
commutators with b, b'

| 2T _,
[bl,n,qa’(tba,n,r] =1 La\q|e zaqm¢07n7z7

*
. 2T _,
[ba,n,qad’g,n,m] = <Z La|q|e quI) 17[)0,77,:5,

(D.9)

we can find the expression for First, we probe these commutators onto

1,

the bosonic ground states |N)o. We see that ¢07n7q|ﬁ>0 is an eigenstate of b
202):

2T

bo.n.q (¢n,z|f\7>o) =i me""‘” («,bamll\7>o> : (D.10)

Therefore, it is a coherent state (see again info box in Sec. 2.1.2). In terms of
b', it takes the (anticipated) form

. 2T . -
_ - ioqr T
Yo oIN)o = UqgnAoy, exp Lioz 7La|q|e a bg,mq] |N)o. (D.11)

Here, U, , decreases the fermion number by one and X, is some phase factor
(operator) (which we determine later). This fits to a refined ansatz of the form
1 ~ exp(i@! (b')) exp(i' (b)), since the last factor only contributes a factor of

—

1 once acting onto |N)g. To find the general form of 1, , . we use this ansatz
and the identity

[A,eB] =CeB, C:=[A,B] valid for [A,C] = [B,C] =0, (D.12)
and find from Eq. (D.9):

2 )
T _ +ioqzpt / _
Ponz = Xq: Lalq| ey 0 g Pome = Pona (D.13)

(compare to Eq. (D.6)). Therefore, we get*

La

1/2 )
27“4) Ug-on-,ne’LU?(b"’"’w. (D14)

_ +i » o tiel _
1/’0,77@ =UgnAope Comnee Pome = (

3By using the bosonic commutation relations and the Poisson formula.
4Note that we are using a slightly different convention compared to Ref. [202]. In particular,

we have: 20¢n,n,m = (‘po',n,z + ‘P(T;,n,z)'
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In the second equality, we have used the Baker-Campbell-Hausdorff® relation to
identify ¢ Finally, we need to identify the operator A, , and therefore the

missing (exact) prefactor, where we only need to consider |N)o and [202]

o,z

1 k=2Nyy,

) (D.15)
0 otherwise.

o(NIU eomilN)o = {

Here, N, , is the number of (o,n)-fermions in the state |N)o. Therefore, the
combination U’

leaves the fermion number unchanged, and the overlap
onr o g
reads

1
v La

Updating the number A, to an operator, the fermion operator is exactly iden-
tical to

0<N|Ul,n¢am,x|]\7>0 = )\0'777 = e_iU%NU’”w- (D16)

1 on B
Yo = e Ugye OB None 20 (D.17)

V2TA

Based on these operators and the commutation relation (D.8) (in the L — oo

limit), we can construct the operators ¢, , and 8, ., which fulfill [@,, ,, 0.0, /] =
Sprimd(x — ') [205]:
¢777$ = (¢+a"71x + ¢_1"7,$) ’ 077775 = (¢+,77,.’,C - ¢—,777x) . (DIS)
Using these, the fermion operators takes the form
1 P . )
Vona = —=Uqye 0 EaNonTemi0by 4000, (D.19)

7T om A

Bosonized Hamiltonian: Linear Dispersion

As we have already argued, the bosonic modes are particle-hole excitations. For
a linear model

o0
H= Z Z UFkicI*,n,kC”vnykia (D20)
o, k=—oco
with energy eigenstate |e) we have:

[H,bT |= qub:r,,n,q = Hb;mq|e> = (e+ qu)bJr e}, (D.21)

;1,4 a,1,9

meaning that by acting with b'’s, we can create (arbitrary) energy eigenstates
(actually all of them). From this we can already anticipate the form of the
Hamiltonian in bosonic terms:

H = Z Z vEq b;n’qbg’n’q + (ground state contribution). (D.22)
o,n g>0

We mneed to evaluate the commutator [¢, . . Doy ] = =

%Z"O Le—m(zﬂrf —io 3L (z—a’)) _ —%ln 1-— 5_%(‘4"'"‘7(5”_9”/))), which for L — oo

=—0o0o m

reproduces the above result (see Ref. [202] for more details).
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The second contribution can be determined by looking at the bosonic vaccum
states |J\7 Yo containing no excitiations [202]. Since the Hamiltonian does not
change the number of (o, n)-fermions, the states |N)o are indeed eigenstates
with an energy (where the k’s are multiples of 2% ):

o{N|H|N)o —uF Z Nyy(Nyy +1). (D.23)
Therefore, in terms of bosonic creation and annihilation operators we have

2m v
H = Z [UF qug 7,9 0'777‘1 + La 2 NO’,n(NU,n + 1) . (D24)
q>0

The first term is just equivalent to

/d O Dby ) —/d UE o [(Dapya)® + (0:0,2)7] 2, (D.25)

which gives rise to the familiar bosonized form of the (Dirac) Hamiltonian (the
normal ordering for bosons refers to |N)g).

Remark (full density): The full density operator is expressed as

¢j77m¢n7r = ’lﬂz_ et me T P! ma¥— et (e2ika¢T—,n,x¢+,n,z + h-C-)

where we already see that the second term, corresponding to a conversion of
(+ + —) fermions, cannot be entirely expressed in terms of bosonic operators.
Furthermore, since U :_U_ U U +, the term cannot simply be identified as
a cos(2d)n7m + ...). Nevertheless, in many cases it might be acceptable to make
such an identification (see, e.g., Ref. [206] for a discussion).
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E Heating Dynamics

E.1 Lindblad Dynamics from weak System-Bath
Coupling

The derivation, leading to the Lindblad equation, in the main text is based on a
simplified model. A more ‘physical’ approach is presented here, even though it
parallels much of the original discussion (following Refs. [16, 50]). The overall
model is H = Hg + Hp + H;i,; and we work in the interaction picture

ﬁint:ZSl®Bl7 (El)
l

with S; and B; hermitian operators on ‘Hg and Hp. The time evolution of the
system-bath density matrix p is given by the exact von Neumann equation:

t

0ip = —i [Hing, p(t)] = =i [Hins, p(0)] — /ds [Hine (), [Hin(3), p(5)]] -
’ (E.2)

We initially assume that p ~ pg ® pp and [pg, Hg] = 0. Furthermore, we
assume that

Born approx.: p(t) = ps(t) @ pg. (E.3)

Loosely speaking, this approximation incorporates that the time scale of the
bath tp is smaller than our resolution time scale. The dynamics of the reduced
density matrix pg is given by ((Op)p := tr[Oppp|):

ati)S(t) ~ _ZZ<Bk(t)>B [Sk,i)s(t)] —trp /dS [-Hint(t)7 [-Hint(s)ai)S(S) ® i)BH
k 0

will be neglected
t

~— [ STBLO)Bi(t - )5 (31()81(s)ps(s) — 8i()ps(5)8k(1)) + hc.
K,
' (E.4)

The expression is non-local in time, the right hand side depends on pg(s).
However, the contributions of the bath depend on (¢ — s) and we assume that
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they decay on a time scale tp faster than the time time scales relevant for the
system (S). Therefore, we approximate pg(s) — pg(t) and, for the same reason,
extend the integration to infinity [16]:

oo

Born-Markov approx.: 0;pg(t) =~ —trp /ds [I:Iint(t), [fImt(t —5),ps(t) @ ppl]
0

This amounts to replacing pg(s) — pg(t) and Si(s) — Si(t — s) in (E.4).
To further evaluate the expression, we assume that the Hg has discrete and
non-degenerate eigenvalues. The idea is that we are interested in time scales
(compared to the inverse gap of Hg) and will neglect terms that oscillate fast
compared to this time scale. To this end, we use the eigenstates {|e,)} as a
basis, such that the time dependence of the remaining operators becomes:

HS - Zﬁa|6a><€a|7

(03

5= Sl
—Z Y (ealSiles)lea)(esl,

W €g—€q=w

=:S;(w)

Z e zthl Z e-i—zwtsT

If we use the expressions for S;(t), Sy (t — s) in the updated version of (E.4),
the time dependence appears in terms of ¢*'~)teiws for the combination of
operators Sj(w) and S’lT (w') [16, 50]. Assuming that we are only interested in
time scales much larger than the largest scale set by Hg (~ 1/ming, 4, [w—w']),
oscillatory terms in time can be ignored [50]

Rotating-wave/secular approx.: Z UGt tf (w,w) Zf w,w)

This finally leaves us with the Lindblad master equation [50]:

oo

Oeps(t) = Z /dsews<Bk(8)Bz(0)>B {Sl(w)i)s(t)sz(w) — S%(w)Sl(w)i)S(t)} +h.c.

klw

= 2vk (W) Fihg ()

s, (0] + 3 i) [ 815 S]w) - F(S1)Siw)ps)].

k,l,w
where the first term is an effective Hamiltonian (based on the hermitian matrix

hii) and g is a positive matrix [50]. In a last step, we can diagonalize the
matrix 7, define new Lindblad operators Li(w) (as in the main text) and go
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back to the Schrodinger picture:

Lindblad master equation

Oups(t) ~ ~ilH s+ His, ps(0)] + 3 | Lel@lpsELw) = L) L) ps)].
k,w
(E.5)

E.2 Heating under Lindblad Dynamics

Following the analysis in Ref. [243], we consider the heating dynamics due to
density operators L = —%(%cd)gc with ¢, = ¢, , + ¢_ .. We show that @2 and
6?2 are growing (linearly) in time:

1 1 T

— dx ¥ 2 )= — —e~ M oqlt) ~ 7,

La/ z 3¢5 . (8)% La P qe Noq(t) ~

1 1 T _ (E.6)
= |a =Yz Aq(b b, +bl bl )

La/ I¢+,z¢—,z La g 2q6 +,q0—,g T 04 40_ 4

~ (oscillating).

Therefore, we first consider the individual densities n,,, of the + bosons in
momentum space and show that they increase linearly in time (making use of
the Heisenberg picture):
. q

atna,q = +i[H, no,q] + VBEi%8$¢$ [na,q] = Jr’YB% (E.7)
(where the same heating would result if we had L ~ 0,¢,, , individually). Sim-
ilarly, we can calculate the evolution of the off-diagonal contribution m, =
bl bl

+

4~ —q"

2 122 i
—— (et — 1) 4 et™9'm (0).

. q .

omy = 2ivgmy +v— = my(t) = —i

tTTq qmyg ’YW q(t) owm

(E.8)

These contributions are bounded, therefore it is the linearly increasing occupa-
tion number which drives the dynamics of quantities like (],’)i.

E.3 Heating of the absolute Mode

In the following, we discuss the non-linear evolution equations for the absolute
mode (in the case of linear measurement operators), see again (4.108). The aim
is to show that ((;53:) — oo for long times, being compatible with a state that

indefinitely heats up. Note that we mostly do not explicitly write the contribu-
tion of the normalization but rather indicate, which term will be cancelled by it.

Expectation values of single fields:
The expectation values of linear operators are only affected by the dynamics
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due to the Hamiltonian:

at<ba,q> = _Z%q <b‘7 q>7

9 (@,) = —ivq(fy), (E.9)
at<0q> = 77'VQ<¢q>7

8t<¢a,q> = _illq<¢0 q>

Due to the normalization factor in the evolution equation of p(®), all measurement-
induced contributions cancel out for linear fields.

Expectation values of quadratic fields:
To derive the overall evolution equations, we start with the contribution from
the Hamiltonian:

¢3) = —iv{0.0,, b, }

H 0214—4¢v{07,am¢x}
H {0,,0,¢,}] = —i2v[+6,020. + (0:¢,)"],
H, {$,,0,0.}] = —i2v[+¢,0:0, + (0.0.)°].

(H
{ (E.10)
[

In a first step, we switch to the creation/annihilation operator perspective and
use translational invariance (so we assume that the initial state is translationally
invariant). The commutators with the Hamiltonian give rise to

[H, b by o] =0,
[H, bl b, /] =2vgbl b, . (E.11)
[H, by gbor .q/] = —2vGbs gbyr o

Considering some arbitrary operator O, the measurement-induced term in (4.108)
acts as (O := O — (O))

~ ~ T q ~T ~
M /(a:r’¢aﬂoaw’¢m'> =~ <Z = ( Z b%Q’Ob Z b%q’Obv,q’
v

q'>0

x!

+ l~)+’q10b,,q/ + b,7q10b+’ql
+b} ,ObL , + bl OBl ).
(E.IZ)

Starting from O = 52741307(1, the first line in (E.12) gives rise to

TYM4 ozt 7 A 7 gt A
TM <<b0>qbo7q>2 + <b5>qb07q><bo,qb6’,q> + Z Z<b"/,1)b'y,p><bo,qb07q>
T (E.13)
s - -
# @bl (o) 6 + L b ”“‘”)'
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The second and third line give rise to

™mq (5 f it Al
—2<<b+,qb_,q> ({8} 4bo.a) + (b, bgq)+22b pb.3) (B borg)

(b b ) (] 1boa) + (bogb )+2Z 4Bl ) (B) b q>>~
(E.14)

Combining these terms, we get a time-evolution

oz ™A (5 oz RN
3t<bg7qb(,7 > o (<b ba,q>2+<ba,qb074>2+2<b+»qb—7q><b b s >

it it Al
~({b.gbq) + (B BL ) (Boaby ) + (Bl 4Boa))
YmMP g ;oo it A
Jmp ((Z<bwbw+bwbw>)2<b+,,b +b, b >) (b bo.q)

2T
p>0 vy

7 q P s
s (L |Bogl* + [Co ) + <Z oo (ALA, + 4, A>><bmbg,q>.

27
p>0

>0

The gray marked term should be canceled by the normalization factor and we
have defined

~ ~T ~ ~
Bsq = <bo,qba, > <b+ b— >
Cog = (Bogbl ) — (B B" ), (E.15)
~—i— ~
A =b\ b,

The equation implies that the occupation number of the bosonic modes grows
at least linearly in time (similar to the Lindblad case, we have discussed in the
main text). A similar analysis applies for, e.g., O = (by ¢b_ ,):

" : p i 27mq
3t<b+,qb—,q> = ( 12vq + <Z %(l + 5q,p)<ALAp + APA;:E>> > : <b+7qb—,q> + T |<b+,qb—7q>‘2

2
p>0

>0

G (gt E i it A U B
~ DI (@ bea) (bl )+ (brabl )(BL b))

<0

However, this expression is not very telling. Therefore, we switch to the de-
scription in terms of the conjugate variables in Fourier space again.

Conjugate variables in Fourier space:
In the following, we work with the conjugate variables in momentum space:
[#,60—¢] = %. The Hamiltonian takes the form (where we for now work with

the convention as in Ref. [205]):

_ %/qz’ (0,0—q+ D, 0_,)- (E.16)
q
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The overall time evolution of the expectation value (O) takes the form:

2 ~ ~ .
0:(0O) =i [H,O] + ,y—;v'[ p2<¢p(’)¢_p> + (normalization contribution).
T

P
(E.17)
For the correlation function O = ¢,¢_,, we find:
Oy ) =+i% (({,,0-0}) = ({4 04}))
ras (E.18)

+ B 228 B2+ [ 10,0 (6,0

P

Terms marked gray are cancelled out by the normalization factor in the evolution
equation. The dynamics of the anti-commutators takes the form:

0:(8,0_0}) = +i20 (0,6_,) — 0,60_0)) + L2, ,) (@, 0_,))
2

7T

| /‘p'-)<<b,)qb,,,> by 0y},

P

0:({D_q:04}) = (0 {dg,0-4})) "

Therefore, the dynamics of their difference is only determined by the measurement-
induced part (with a positive prefactor). Finally, for O = 0,0_,, we get:

00,0-3) =+ % (({85,0_}) — ({84, 0-4)))

200G B+ 1B, D-P) 4 [ 106,000

P

The time evolution equations for 9;(|¢,|*  |6,4]*) can be evaluated directly. In
the case with a relative minus sign, we have:

8t<|(r‘bq|2 - |0q‘2> = +Z’Vq<{¢q10*q} - {¢Lq70q}>7

. ) 9 (E.19)
Oy ({#g0—q} = {9y, 04}) = +4ivq(|@,[” — 104]%),
which gives rise to a bounded contribution. For the other case, we have:
9:(|04]° + |p, %) >0, (E.20)

which leads to an (unbounded) growth. Since the difference between (|6,|?) and
(|,]?) is bounded, we get (¢p,¢_,) — oo (similarly to <537q507q>).
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F Different Measurement
Protocols

Regarding indirect measurements of the system by coupling to an ancilla, we
can distinguish three different cases [21]. One case was discussed in Sec. 4.4. As
a reminder, the interaction between system and ancilla is supposed to be weak,
0 < 1.

1. The choice of the initial state of the ancilla |a) = |0) will lead to a mea-
surement probability py &~ 1 for the outcome o = 0 after the interaction.
Therefore, for most measurements, the dynamics will be deterministic.
Only rarely, the result 1 will be measured, which will result in a sizable
change of the state: a quantum jump (briefly discussed below).

2. Picking |a) = |0) but measuring in the z-basis gives rise to a very different
result: using the same logic, here pg = p1 = 1/2 (as we have shown in the
main text).

3. Similarly, changing the initial state to |a) = 1/4/2 - (|0) —4|1)) and mea-
suring in the standard basis will give rise to pg =~ p1 &~ 1/2. Therefore,
the outcome is nearly unpredictable on the one hand. On the other hand,
the state p(©) will only be slightly changed after each interaction and the
corresponding dynamics is referred to as quantum state diffusion.

Nevertheless, the last two scenarios are drastically different. The first one gives
rise to an effectively stochastic unitary evolution, whereas the second one gives
rise to non-linear, non-unitary evolution. The interplay of these two has been
discussed in Sec. 4.10.2. Both cases can be cast into a general form of quantum
state diffusion, discussed below.

Quantum jumps: Looking back at (4.34), we anticipate that the form of Mga)

will depend on the initial state of the ancilla. In the limit § < 1, we can write
the state after the interaction up to second order as (see again Ref. [21]):

2
U9)y) ® o) = [¢) ® |o) —i0((1 - n;)[¥) @ o) +n;[¥) @ |o')) — %w ® o).
(F.1)

For |a) = |1), we get (the overall phases are uninteresting as they will not give
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rise to any observable consequence):

_ ; 6?
Mgo) =it [(1—mn;) +cos(§)n,] ~ e i {1 - 2”;} ; (F.2)

Mgo) = —ie7i3 sin(f)n; ~ —ie_i%Onj (F.3)
(the case we have already encountered before). Here, M| is close to the iden-

tity operator, whereas M is a projector, massively altering the state. The
corresponding probabilities to measure outcome (0) or (1) are given by:

po = (1 —~dt(n;)), p1 =~yot(n;). (F.4)

Therefore, we measure outcome 0 in most cases . Only rarely, the outcome (1)
is measured!, which leads to the projection onto the space with one particle at
site j.

General form of quantum state diffusion: All the different measurement
scenarios we have discussed here lead to the same averaged Lindblad dynamics
(here for L = LT), which generally would take the form (considering only a
single Lindblad operator for simplicity):

oipl” = —ilH. p{") = 3 |L,[L.p("]. (F.5)

Each of these cases is an instant of an unravelling of the same master equation.
The second and third case can be seen as special cases of a form of QSD [196]
(in discrete time):

'y = (1 —iHdt — %f;QcSt + AWti> W), L:=L— (WL (F.6)
The conditional Master equation evolves as:
pilsi = i — it H. p|] — %5t{i27 ol + aw,awy (Lp?L)
+ AW, (Lpi?) + aw; (p7L),

which requires AW, AW} = 4, 40t and AW, = AW = 0 to recover the quan-

tum master equation for pgj_)ét in (F.5). The noise term AW can be complex
and the measurements and random unitary evolution correspond to its real or
imaginary valued version:

AW, = cos(8)x: + isin(0)m,
AW, AW, = 6,06t © XoxXe = cos(0)20,.40t  Tijer = sin(0)25, 45t

The ‘trotterized’ form of the time-evolution in (F.6) reads:

U =exp (AWJ/ — a(9)i25t) exp (—iHt)

~ 1 ~ ~
_ (1 — iH§t — a(0)L 75t + 5Awa2 + AWtL) +O(5t),

IThis is also related to the ‘thermodynamics of quantum jump trajectories’, where these
rare events are analyzed [249]. In Ref. [176], the post-selected trajectories have been consid-
ered, where no rare event takes place (‘no-click limit’).
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where «() depends on the form of the noise:

real noise: a=1,
complex noise: (f) = cos?(6) { ) i
imaginary noise: a =0
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G Perturbative Dynamics
of the Diagonal of the
Density Matrix

In the following, we work out the dynamics of p() in the limiting case yp/J > 1.
The guiding idea is that in this limit, the non-trivial dynamics will be reduced to
those matrix elements that are left invariant under the dephasing (all other terms
are strongly suppressed), see also, e.g., Ref. [221] for an example. For dephasing,
these are the diagonal elements of the form [{n}){{n}|. As an example, consider
the case of measurements and a bath in the absence of any unitary evolution.
We decompose p(© in its diagonal and non-diagonal part p(¢) = p‘(‘c) (c) and
obtain:

8tp ZdW {nz - nlp” ] pﬁC)}a

c c c c (Gl)
o' = Lplp}” +ZdW {ni — trfnip], p17 .

Therefore, the dynamics of the diagonal p‘(lc) decouples from the off-diagonal

terms. Including a Hamiltonian, we are confronted with a stochastic master
equation (see again Sec. 4.10.1):

8tp(c) = Lulp'9] + Lu[p'] + nLp[p'], (G.2)
(c) ZdW {nz i>; p(c)}_ (GS)

In the following, we assume 7 = (yp + vg)/J > 1. Adapting the discussion

in Ref. [180], we make an ansatz p(¢) = péc) +n" p§°) + T}”péc) + ... with p(°)

being a diagonal matrix. The evolution equations in orders of ! are:

order 0: Lp [p(()°)] 0, (G.4)
order 1: 0ipl? = Lupl?) + Lo [p] + L5[p47), (G.5)
order 2: 8tplc) =Ly [ N+ E(n)[ ©)+Lp [pz‘ 1, (G.6)

Note that the presence of the expectation values requires some care: as an
example, the term EEZ) [p(?)] describes first order contribution. We want to
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work out the dynamics on the space left invariant under Lp or differently put:
the dynamics on the diagonal (in the occupation-number basis). Therefore, we
use a projection operator IT, projecting onto the diagonal. At first order, we
get:

ps) =11 (Lulp1+ Lulol])., (G.7)

where we used that ITp € KerLpg, such that H,CB[ng)] = 0. Projecting onto
the complement with (1 — IT) at first order gives rise to:

0= (Lalel) + Lule]) + LBIAY] = Lhlol] + Lh7).  (G)
Projecting with IT at second order gives rise to:

0| = M Lylp\”) + IL{) (). (G.9)

Now we investigate the structure of pgc) — pg(f\)l + pgcl To this end, we assume

ITLIT = 0'. Therefore, we can make the following identification:
(- I Lslpl) + P\ = Lolpl)] = LE[p\)).
Together with (G.8) it gives rise to

rménéo

(G) Lhlp)) = ~LnlTpf,

Lp invertible on | Kerl c _ c
B dnvertibies 5 P\ = —(LH) LpIIpl.

This works the same way without measurements. Finally, we conclude

ooy = Larlp) (G.10)
0up\) =+ Ly [p\")] + I LY [p)]
= MLy (L3) " Lull[pf)) + TLS) [p)]. (G.11)
N————
=7 o]

Therefore, we get an effective evolution equation for the diagonal components
of the density matrix

drp| & Latlp )+ L5 (o] =0~ L (L5) 7 Ll pf)],  (G12)

=Ly [P‘(‘C)]

(see also again Ref. [180] (appendix D) for a discussion of how to deal with
(L5)~L.) The essential difference to the case of no measurements is that p‘(lc)
still has dynamics at order O(vyys/J). Furthermore, the measurement operator
is non-linear, such that the different orders cannot be so easily split. Can these

terms compete? In our case

Lu~o(BL), =220 (G.13)

LAs it is clearly the case for the fermionic hopping Hamiltonian.
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therefore the analysis is first of all controlled for large vg5/J > 1. During the
analysis we did not specify the strength of the measurement-part, therefore it
might be small as well. In the absence of a bath, such a treatment would require
~Yar/J > 1. In turn, this treatment would not be suitable to effectively describe
the phase transition.

Technical details: To evaluate HﬁH(Eé)’lﬁHH[pl(f)], we only need a few
insights:

o Lyl [pl(lc)] can only produce terms of the form:

pix = clew[{n})({n}| = {n}) ({n}|cleizr.
For these cases, the inverse bath operator acts as:

_ J
(£§> 1[Pi¢] = ——Pi+>
B

meaning that they are eigenstates with eigenvalue 7’)/%'
o Building on that, we can write:
_ c J . c
Ly (Lh)" LnMlp|’) = (=i TT [H [Hp? || (G1a)

This expression gives rise to the simple symmetric exclusion-like dynamics
discussed in the main text.

e In Sec. 4.10.3, we have discussed the situation where we replaced the bath
with random unitary evolution:

B il Rt >
— - = —= Z .
2J l [nl7[nl7p” — 2J l [nl7[nl’p]] +7’ J i d l,t[nlvp]
(G.15)

Here, the ‘imaginary’ noise terms only affect the off-diagonal part of the
density matrix. Since we are only interested in observables based on n;, we

can use a version of UiI)T to go into an interaction picture [180] (eventually
‘undoing’ the simple part of the time evolution?):

~(c I c I c ~(c
P = U pPU, [ f({nahel? | = [1(UmhaY ] (Gu6)
This transformation, in the limit v;/J > 1, only affects the Hamiltonian

non-trivially, as they do not commute. The transformed Hamiltonian
becomes stochastic. To go to the interaction picture, we use the unitary

operator
. (Y1 +Ym
U, =exp —zzj: 7 Zing |,

2Evolution in the interaction picture: ih% U@)p)) = ih(%U(t)) Utlr () +
UHUT ()|y1(1)).-
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188

which will not compensate the stochastic term, but will instead compen-
sate the Lindblad terms. Its version for an infinitesimal time step reads:

. [v1 +
Ut+dt = exp(—z Z WdZﬂn])Ut
J

In the interaction picture, we get two updated contributions:

noise prefactor: :y]I—> — 1 <\/m \/’T[)

Hamiltonian: H— U,(Hd)U| = Zc cj1dZ; +c;+1cde;‘,t.

The noise terms are given by

. s
dZ;, :=exp | —i W(Zj,tfzj+l,t) dt.

—_———
=7

Based on the analysis in Ref. [180], we can write

5 5 oo 2
dZ;,dZ;, "= Zat, (G.17)

such that the de.,t are themselves complex Gaussian noise processes again.
The transformed Hamiltonian describes an ‘ordinary’ stochastic Hamilto-
nian and the overall time evolution reads

~ Zsz{nz (), o7} + 207" (L41pt7] + L[]

[ZdZ“ {nl,pt } +Z (let [cchl,pg ] +h.c.).

(G.18)

In contrast to (4.159), the evolution still describes the full density matrix
(in the limit v;/J > 1 and in the interaction picture). The expression
is similar to (4.159), however the last two terms in (G.18) are absent
n (4.159). Nevertheless, by close inspection we see that (G.18) all but
the last term evolve diagonal terms into diagonal terms (and off-diagonal
terms into off-diagonal ones). The last term originates from the stochastic
Hamiltonian. If we can ignore the last term, the dynamics on the diagonal
is perturbatively the same as the one for a bath given that v;/J = yg/J >
1.



H Integrating out the ab-
solute Mode

This discussion is adapted and extended from the publication [147].

In the following, we discuss details about the procedure of integrating out the
absolute mode to obtain an effective theory for the relative mode. The inter-
action terms between the relative and absolute mode are given by (dimensions:
[m] = [2]7 =[] X = (t,2)):

iAS, _ =m? /dtdx {w cos(\/§¢5f7)x) cos(\/ﬁgbgf})x) cos(\f2¢(f’)x) Cos(\@qb(:)x)

+ 227 sin(vVa9 ) sin(vVa0 ) sin(V26 ) sin(v4 )

- %M {605(2\/5(;53?7))() cos(Q\/§¢>S:)X) + cos(2\f2(,z5(_a,)x) cos(2\f2¢(_r,)x)

+ Zi %’YTM [cos(?\/g@(ﬁ;() + 605(2\/5@:;)} } ’

where the stationary expectation values have already been left out. The cor-
relations for the absolute mode are simple under the assumptions of a p(®
being a (i) Gaussian state with vanishing correlations between different lattice
sites and that (ii) contour correlations are negligible:

i) (a)
(ia) <ez¢n,x> S (O N
a

(ib) <ei(¢y;{i¢gﬁ;)> _ 6_%<(¢(Ua;;(i¢<a(jz/)2>a . m=26(X —Y) for +
a 0 for —,
2
(i) exp < <(¢‘f}x + qb(_",)y) > ) 0. (H.1)
a

Here, the usage of m~2 stems from the relationship of m with the effective cut-
off scale in the Dirac model (A). Under these assumptions, we can evaluate
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(ASy _)q in a straightforward manner and the correction AS, reads:

AS, — m? / it {WM 3 o v + L2 k) L P V3

_ %i [((Q’YM-F’YB) _ (7;;) )2005(2\/5‘?3:))()

v2

N ((Q’YM 4273)2 N (7;)2) cos(2\/§¢$,)X)COS(2\/§¢(T7)X):| } (H.2)

14

We parametrize the interaction terms as follows (in the contours description)
(X = dadt):

Contour description

AS, =: /d2X i (A(C)ﬂ)\( )) cos(2xf¢(r) )+ <)‘(C)2/\(> cos(2\f¢>(r) )
——

—_—
=4 =:A_
+i(Ae+Ag) cos(Q\@qS(l,)X) cos(2\/§¢(j,)x)
——

—\ ()
=

+i (Ag — Ae) sin(2v26 )y ) sin(2v26y )
(s)
::)\+7
(HL3)

The same interaction can also be formulated in the Keldysh coordinates:

Keldysh description

AS, =: / d*X [z‘)\c cos(46% ) + iAg cos(46. X )
’ ’ (H.4)
Jri)\g‘;) cos(2¢£73() cos(2¢l(;:) )+ )\(S s1n(2¢ )sin(2¢((3()] .

Note that we have already included couplings, which are absent initially but
will be generated under the RG (and higher order terms like cos(4\/§gz5$() have
been ignored). In the RG discussion, also a mixed representation can be useful:

Mixed description
AS, = / d?X [i)\c cos(4¢§tg() +i)g COS(4¢¢(IT,.;()
+idg cos(2\/§q§5:7)X) + A cos(2\f2¢(_r7)x)} :
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1 Details about the Deriva-
tion of the Flow Equa-
tions

The main results of this chapter have been published in the publication [147].
The following discussion is in large parts adapted and partly extended from the
publication [147].

Continuing the discussion in Sec. 4.8.1, we derive the renormalization of the
action S[p("] = S 4+ AS, of the relative mode, using the momentum shell
RG and integrating out short distances modes (<) with momenta in the range
|k| € [A/b, A]. In first and second order, the correction terms read (omitting the
index (r)):

Slos]= S5 + (AS)< +5 (<AS2> —(48)2). (L1)

1st order

second order

Depending on the interaction term, it will be more helpful to work either in the
contour description (H.3) of the interaction terms or in the Keldysh description
(H.4). As an example, the terms cos(2v/2¢+ x) are more convenient to deal
with in the contour version since they correspond to a coupling term between
¢. and ¢4 in the Keldysh version.

Remark: In the following, we will use the notation ¢x — ¢(X) to enhance the
readability.
Conventions and general properties:

« Fourier-transform: f(z,t) = f(X) = [7_ S dheilwttha) f(k w) = [ (27522 ei@X £(Q).
Using X = (t,2)T and @ = (w, k).
e« Parametrization of the quadratic sector: At second order, the derivative

couplings of the action will also be renormalized. Therefore, we use a flexible
representation of the form:

5 ancon (EE ) (19)
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The corresponding correlators are therefore given by (with x,, as in the main
text (4.140)):

dw nZk? — €2,w?
a(0, k 0,—k)) =: Xxa — < ¢
(80, K)u( ) =X b/ 271 Ae(w — z|k|)(w + 2|k[) (w — 2*|k|) (w + 2*[k])
_ Xab [ 772(; 625 i

2 m_m] VAe(z — z%)

; (1.3)

It depends on the poles of the propagator, which are given by

22 -+ (Ggqngq + %(egqngc + egcngq))Q - AT/Ae + qungq + %(egqngc + Eicngq)
Ae? Ae ’
2

Ae := 53062q + eiq, An = nccngq + nfq.

e Properties of the action: The microscopic action in the contour basis is
invariant under exchanging ¢, and ¢_ and complex conjugating all the cou-
plings:

by — O, b — oy, g} — {97} (L.4)

As an example, consider the terms i [y Ay cos(2v/2¢ x) and i [ A cos(2v2¢_ x)
in the action, (H.3). They are converted into each other under (I1.4) for Ay = A\*.
This symmetry will be preserved during the RG steps and therefore restrains
certain contributions from the RG to be real valued.

«Initial conditions: The initial (s = 0) derivative and interaction couplings
(from integrating out the absolute mode to second order) in the contour basis
are given by:

2 (ym +7B) 2 vm 1
2 2 _ 2 _
ncc(o) ﬁ v ’ qq(O) ﬁ?v cq(o) - ;’
1
GZC(O) = egq(o) 07 6?q(o) = ;7
1.5)
1 (@ym+78)?* v (
2 2 B
A0 = 0)fm? = - (0D 02,
Ly +v8) 1 [((2ym+v8)? A7
A m2 = M | _z _ 1B
cq (0)/m v + 8 v? 4 v?2 V2

Note that in this basis all couplings are real, a property that is preserved during
the flow.
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I.1  (AS). — 1st Order Renormalization

Integrating out the fast modes in (AS). leads to the following set of terms:

interactions A., \;:
(cos(4(¢7 (X) + ¢ (X)))) < = cos(d¢7 (X))e 805N <, (L6)
(cos(4(67 (X) + ¢ (X)) < = cos(4ey (X))e 3@a (D)<, '

interactions )\E(q

(cos(2(¢7 (X) + 65 (X)) cos(2(¢g (X) + 67 (X)) < =

1 1
5 OS(2(67 (X) + 67 (X)))e 265 1T 0NNy os(2(67 (X) — 67 (X))o (05 (X)=05 (01 <

[cos(267 (X)) cos(267 (X)) — sin(267 (X)) sin(2¢7 (X))] e~ 2@ 0405 (0)) <

[cos(267 (X)) cos(267 (X)) + sin(267 (X)) sin(26] (X))] =265 (X)=07 ()<
(1.7)

+

N =N =

interactions )\fg)

(sin(2(67 (X) + 65 (X)) sin(2(07 (X) + 65 (X)) < =
— L con(2(67 (X) + 67 (X))e~206 01405 < 4 Loos(a(47 () — g7 (X)) 267 -7 0000«

- %COSW;( X)) cos(267 (X)) [_672<<¢§<x>+¢;<x>>2>< " 672<<¢§<X>7¢;<X>>2><}

+ %Sin(2¢c> (X)) sin(2¢ (X)) {e—2<(¢§<X>+¢;(X))2>< n e—2<<¢§(X)—¢;(X))2><} ,
(L8)

By performing the symmetric rescaling, the flow equations in Sec. 4.8.1 are
obtained.

1.2 2nd Order Renormalization

In the second order RG, many different terms are renormalized and newly cre-
ated as well, including the derivative couplings and interaction couplings. To
deal with the range of terms, we first of all check, which terms are renormalized
from which combinations of interaction terms. We label these combinations by
the product \; - Aj, which emerge in, e.g., (AS?):

((AS?*) o = (AS)2) = Y ASa,

a,beC

CK—{CQCQ Cq()}orCC—{+_+ C)_|_ 9)}

1
2

The sets Cx and C¢ specify the set of indices, depending on the description
(Keldysh vs. contour). Firstly, the derivative and couplings terms subject to
renormalization are given in Tab. I.1. Secondly, we also indicate terms, which we
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_ 2nd order correction to neglected

% Al (Vy)? cos(8¢q)

R (Vge)® cos(8¢c)

g X (V)% (Voo (Voe) (Véy) cos(1/20,)

2 (V60)*, (V9e)*, (Vo) (Vo) cos(1v/20-)
)\+)\(C) )\+)\(S) cos(2v2¢_) cos(2V2(2¢4 £ ¢_))
AN AN cos(2v26,) cos(2v2(26_ + ¢))
A cos(4¢.), cos(4eq)

Acg cos(4 V20 )

Table I.1: Derivative and interaction terms present in the different contri-
butions ASqup’s from the second order RG, which will either give an (additive)
correction or are ignored due to stronger suppression at first order compared to
the interaction terms already included in (AS) <

will neglect in the following, because they are more strongly suppressed already
at first order. In particular, this refers to terms like cos(8¢,), which are much
stronger suppressed in first order than cos(4¢,).

Remark: The list is not exhaustive, there are also interaction terms like
(0x0a)? cos(yds), which we will neglect as well. In the following, we consider
one example in detail and afterwards investigate the different contributions, or-
ganized by A; - A;.

Example with details:
We start with the terms of order )\(21:

Ay ==X [ @XPY (e OO - 1)e 19090 cos((67 (X) + 65 (V)
< < _ <
(e 1O 090 )10 cos(4(67 (X) — 67 (Y))] -

At first, these terms seem hard to handle due to the coordinates X and Y being
arbitrary. Nevertheless, the correlations at different X and ¥ = X + X with
(60X := (dt,dx)) are decaying and therefore we can expand in 6X (see, e.g.,
Ref. [242]). Secondly, for small X, cos(4(¢; (X) + ¢7 (Y)) — cos(8¢7 (X)),
which is less relevant and will be ignored. The relevant term is (VT := (9, ,)):

cos(4(¢7 (X) — 67 (X +6X))) ~ 1 — 8 (X Vo7 (X))?. (.9)

In the next step, we have to evaluate the two exponential factors in ASg,. The
first one is already linear in the small parameter s:

(eF100T (X057 (X+0X)) 1)~ (£16(p5 (X) o3 (X +0X))) +O(s?).  (1.10)

~0O(s)

For the flow equations we only need to consider expressions of order O(s) and
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can neglect the second term in (I.10). The second exponential
e 166" = 14 O(s)

gives no additional correction. Thirdly, we have to consider the rescaling step:
a factor of b? = e2° is added, which also does not change the expression to first
order in s.

At last, we have to evaluate the remaining integrals over § X. Generalizing to
arbitrary field combinations, the two possible expressions (with a leading linear
scaling in s) are given by:

potential corrections:

_ 2 ~ i My _ €ab .
Aus = [ EEX)@a(X)60(X +830) = xab s (=~ A ) (o)

=:Aup
(L11)
derivative corrections:
(t,x) 2 ot %ib
BGY = [ 63) (1) 0u(X)en(X +630) = xar | 41 ) (A2-9). (112)
T Ae

The dimensionless, real numbers A;, A, contain the parameter independent con-
tribution of the integrals. Both couplings have to be real, which can be inferred
from (i) the symmetry mentioned above (I1.4) and (ii) from the limiting case
v = 0, resulting in the flow equations derived in Ref. [19]. We derive the
overall scaling of these expressions in App. 1.3.

In summary, the contribution AS,, gives rise to additive corrections to the
derivative couplings 5§q and ngq:

ASyq ~ +2iN2 / X / @ (0X) [(¢+1007 (007 0] 1) (5X T, (X))?

~ 3202 / X (B (0004(X))? + B (9.64(X))?) .
(1.13)

which, using (I.12), is linear in s.

Corrections of the derivative terms at second order

As given in Tab. 1.1, the derivative corrections emerge from the terms AS,,.
The corresponding corrections are given below, making use of (I.12) and are
derived using the mixed representation (H.5).
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A2 ASy = +21)\2/d2X/d2 5X) { P60 (X007 (XH0X) — 1)(6X Vy(X)) }
z32i)\2/d X (B (0004(X))? + B (0:04(X))?)

A2 AS, = +2z)\2/d2X/d2 (6X) { HI6(0Z (X)0S (X+H0X) _ 1)(§X V(X)) }
~ 3202 [ X (B (06c( ) + B (0,0:(X))7)

M AS,, = +iX2 / PX / P(5X) (¢SO0 15X V6, (X))?]
~ i8N / X (B, [(0:6(X)) + (0164(X))? + 2(0000(X)) (0164 (X))]
B [(0:66(X))? + (2204(X))? +2(0:6(X)) (0:64(X))] )

A2 AS__ = 4iA? / d>X / d*(6X) [(e+8<¢f<x>¢f<x+5x>> - 1)(6XV¢>_(X))2}

~ i8\2 /d2X (B(_t)_ [(3t¢c)2 + (3t¢q)2 - 2(3t¢c(X))(at¢q(X))]
+BY) [(0260(X))? + (0268(X))? = 2(0060(X))(004(X))] ) -

Since the derivative couplings only get corrected at second order in \’s, we can
directly read off the corresponding flow equations, based on the definition of the
quadratic part of the action, (I.2) with a € {q, ¢} and @ the respective opposite:

2 2 2
2 | _eqn2am (N2 y(sn2] [ €aa T €aa (c) (9) €og
Osmis l 64)2°22 4[(Acq) (ML) ] (A —16AEAG | Ao,

A27

Bye2, ~ —64A2ﬁ—4[(A<C>)2—(A<S>)2] Tz + e ) 10 00 Ten
aa aA,r] cq cq A cq " cq An

Corrections of the potential terms at second order

In contrast to the equilibrium BKT analysis, the potential terms are also renor-
malized at second order, see again Tab. I.1. Using (I.11), the corrections (in-
cluding rescaling) to the action read:
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AS, 4~ 2N / X [A@,AH - A<:L4+,] cos(2V2¢_ (X)),
AS_ .~ —2iA_b? / X [A@,A,, - A$ZA+,} cos(2v/26, (X)),
' Combined (Keldysh basis)
ASy ,_ = / 42 X b {—4 [MCAE?ACC +IAAD Agg — (Ao + Aq)Agg)Acq} c08(26,) cos(2,)

4 [Ac)\gz)Acc AN Ay +i(Ae + Aq)Ag?Acq} sin(2¢.) sm(zqaq)} ,

AS, o~ —idA AV / X [~ (Ace — Agq) cos(4pe (X)) + (Ace — Agq) cos(4ey)] .

The additional factor of 2 results from the fact that the terms are a cross prod-
uct between different \;’s and therefore appear twice in the overall correction.

Collecting the first and second order corrections to the potential cosine terms,
the flow equations for A;’s are obtained by using the first order approximations

(I.11) (4mAy =: Aq):

4 1 c s 1
DA, = (2 T Acc> et o ((qu>)2 + (qu>)2) (Aee — Agg) A1, (L14)

N 3

1 _
0 = (24 243 ) = - (N9 + OGP) (o= A) A1, (115

INE) = (2 + 1 (1= Nedi)Aee + (1 - Aqu)Aqq)) AL

) ™ (1.16)
1 _ _
A7

—

—i— (24 (Ae + Ag) A1) Acg) A,

3

1.3 Scaling of the Integral Expressions

In the remaining part, we analyze the integral expressions A, ((I1.11)) and By
((I.12))in more detail and extract the aforementioned scaling behavior. Both
expressions depend on the propagator (¢,(0)¢s(X)), which in Fourier space
takes the qualitative form:

Gabw2 - 77abk2
(w2 _ ZZk.Z)(w2 _ (Z*)QkQ)

(0a(—Q)D(Q))< ~ (L18)

The scaling of the expressions of Ay, and By, in turn depends on the poles of
the propagator, w = +z|k|, £2*|k|. Since we are analyzing the stability of the
scale invariant theory, where space and time are treated on equal footing, it is
reasonable to ‘symmetrize’ the above expression in a way which makes w and k
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(nearly) exchangable. To this end, we perform the rescaling:

w? = \z|®2, 2 = \z|_1t?,

- 1.19
E? = |z| k2, 2? = 2|32 (1.19)

In turn, the denominator of the above expression (I.18) is symmetric under
T tked.

Scaling of A.:

To derive the scaling behavior of A,p, we introduce two ‘symmetric’ expressions,
based on the above rescaling’:

243 ~2 —iGX
(@) _ [ 2x d-Q w’e
A () = / / (27)? (a@? — a~1k2)(a~ 102 — ak?)’
2p—i@X

(k) — 2X d’Q
A (a) = /d X/ (2m)2 (a@? — a~1k2) (@ 1@% — ak?)’

2%

with a := (/Z-. We assume that both expressions are equal, meaning that

(1.20)

the transformation & < £,k < @ leaves the expressions invariant. This in
turn implies that we assume that there exists a regularization scheme, which is
consistent with this requirement. In this framework, A, can be written as

Agp = /d2x<¢a(0)¢b(x)>< = Xab (AZTEP - 46§|bz|> Ax(a), (I.21)

Ae = e?ce?]q + egq, An = nfcngq + nfm (1.22)

where A; («) still depends on « and therefore on the derivative couplings. To
extract the remaining scaling, we identify

_ EXdPQ 1 5%
(a=a™DA = / 2m2 w2 — k2" WX = Ai(s) = Ar - s, (1.23)

with o '@? = @2, ak? = k2. The remaining integral does not depend on the
derivative couplings and gives rise to an s dependent constant A;(s) ~ A; - s.
Therefore, we get the relation A (o) = —4ZL 4;.

2*—z

Scaling of Bé’;’m) :

The scaling of B((;Z’x) is a bit more tedious to extract, though simplifications arise
in the limit v = 0, which we take as a starting point. We use two approaches:
(i) a direct approach (not generalizable) and (ii) an indirect approach, which,
though being less informative, allows us together with (i) to infer the scaling for
vg # 0. For 5 = 0, the different Keldysh contours are essentially decoupled

1'We left the integration domains unspecified intentionally, as they can depend on the exact
regularization scheme to be used.
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(see App. 1.6 for more details) and the correlator for the +-contour reads:

2 _e—iQX (2 2 7.2
040040 = [ 5 T ;(J) - s QkQ) (1.24)
[ dPQ e 16)?(( =12 eg2)
- / (2m)2 eyny (27 w? — 2k2)((2%) " tw? — 27k2)’ (I.25)
= ZT?F ()" = ZT% (1.26)
T z

Notice that the numerator and one term in the denominator cancel each other,
but we keep this structure for now as it will reappear later. Using the same
rescaling as before:

dQQ efiéf(afchQ . a/2:2)
000 =~ [ G

(1.27)

The integrals Bs;’x) for a = b = + are given by (making use of translational
invariance):

B 2 (ot)
(BH) /d (0X) ( ><¢+( )6+ (0X)). (1.28)

Approach (i): the expression can be directly evaluated, simplifying the nu-
merator and denominator (and using a rescaling a@? = @? etc.):

(t) 2 72 eT1OX
BY, = / X /
e e+n+ (a@? — a~1k2?)
—lQX 1
— /dQXt / = ——As(s). (1.29)
| \€+TI+ l<:2) ny
77+ = Az(s)

As(s) is another integral, which does not depend on the propagator details, but
will depend on the exact regularization procedure. For yp # 0, the situation
is more difficult because the terms in the numerator and denominator do not
cancel each other out.

Approach (ii): We split the expression for (¢4 (0)¢, (X)) into two parts, not
relying on the cancelations between numerator and denominator:

2 A e—i1QX o —152
(64 (0)b (X)) = — / (d 9 .

2m)2% e ny (a@? — a*lkz)(a*%ﬂ — ak?)

= G(“’)
5+77
N / d2Q 671QX05];:2
(2m)2 ey ny (a@? — a~1k2) (e~ 102 — ak?)’
=t G0
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where we have defined:

Gwelkw}) ::/ d2Q QXg
(27)? (a@? — a~ 1k2)( 152 — ak?)’

The integral expressions (1.28) for B(ff) therefore reduce to

® 1 =
B(+J :/d2(5 )<IZI (%) ) [_a G 4 @ GW} (1.30)
B |2|(67)? €47+ E+M+

To finalize the evaluation, we have to treat the remaining integrals of, e.g.,
the form [ d2X#2G™. Since we are working under the assumption of a scheme
that treats space and time on equal footing, we identify expressions, which result
from exchanging @ < k (as we have done before):

/ *Xi2GW = / PXPCW = ), / PXPEH = / P’ X#2GW) = C,.

::A;k) ::Aiw) ::Aik) ::A;w)

Expressing Bgff) in terms of the expressions C),C |, we get:

1 -1 1 1 1
BE:Z,_Z[—O[ C||—|- @ CL:|=|:— *C|+7720l],

z
|| " E+7+ 1€+77+ €+M+ T (1.31)
B = [—CL +2*—C } :
++ e €ins I
Comparing this approach to the first approach, we get the conditions:
1 ! 1 1 1
B'(ifzi' = —777142(3) = [—6 , chn + 7’204 ;
+ A (1.32)
B(””>—1A(s)i[ LCL 4ot c}
= —As(s) = |——=
++ 2 e ens I
For vg = 0, the & couplings are related by complex conjugation®. Therefore,

the equations simplify to

[f /LY CH JrOL] = *A27 [7 - CH +Ci} = 7A2'

€41 G
——
=5 EE

For our case (measurement dynamics), 3 is a complex quantity and the solution
requires C = 0 (this is different from the equilibrium/statistical mechanics
case). Therefore, we have the relationship C; = —As(s) = —As - s, where
both quantities do not depend on other parameters anymore. Furthermore, this
relation, as well as C|| = 0, hold true for complex z (independent of yp = 0 or
v # 0). In turn, we can evaluate (I.12) using the same approach and obtain
(in the Keldysh basis):

(t,x) nab OL Lzb
Bal; ~ Xab AQ = —Xab AEQb (A2 . 8). (133)

~Ae Ac

The sign of As can again be inferred from the case yp = 0 and the comparison
to the analysis in Ref. [19].

2

€ =e—,n} =n-and z =1y /eq.
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1.4

Osno =
6877§q =
Osnoq =
dsele =
asegq =

2
Os€cq =

2nd Order Renormalization: Full Set of Flow
Equations

r 2 2 2 2
St - () (09 - ) 100 G2 4e

B 2 2 2 2
2 €cc €cc T €qq (c)\2 (s)\2 (c)y (s) €cq
_64)‘0 Ae -4 ( Ae ) (()‘cq ) - (>‘cq ) ) - 16Acq >‘cq KE A27

2 2 2
,SA(C))\(S) €ec + €qq 48 (()\(C))Q _ (A(S>)2) eﬂ As
cq “eq Ae cq cq Ae )

2 2 2 2
7, Nee +1 )\ 2 )\ 2 )y (s)  Te
_gan2_aa 4 Hee T Tlag ) ()32 (2 (D)2) _1ga@)\() _Tlea | 4

q AEZ%Z% AEZ%Z% (( cq ) ( cq ) ) cq “\cq AEZ%Z% 2,

2 e Mee + 1 ()2 _ (A2 () \(5) "
—64)\ <-4 ==L Ao )™ — (Mg — 16Ac A < | A
CAEZ%Z% ( Anz%z% (( cq ) ( cq ) ) cq “cq Aez%z% 2

2 2 2

c s Cc+n c)\2 s)\2 e
NGOG n qq A2 _(y\() q A
3 cq \cq AEZ%Z% +38 (( cq) ( cq) ) Aezfz% 2

4 i e 2
OsAe =24+ ——F——— e« o Ac
( + m Ae(z1 + 22) (zle te

AN =

1

+ T Ae(z1 + 22)

BN =

1

B ; AE(Zl —+ 22)

(()‘(CZ>)2 + (ASI))Q) Ae(z1 + 22)

4 i 772 2
= aq
2 + T AE(Zl + 22) (2122 + €qq)) )\q

7

)2) Ae(z1 + 22)

1 i nfc 2 qu 2 (c)
24— " (a=ra) Ty ) ya1-rA Al
( + m Ae(z1 + 22) <( 1) <2122 te > +( af1) (zlzz * 1

. 2
' (2= (Ae +Ag)A1) (nq +e§q> AL,
Z172

1 { Nee 2 Mg 2
2 A 1 CA cc 1 A
( t o Adn T2 (( +A 1)(le2+e )+( + g 1)(le2+eqq

. 2
. (24 (e + A9 A1) (77" +eZq> AL
Z1%22

(1.34)

The z’s encode the poles of the propagator and are given by:

1 1
Zi _ i\/(egqngq + §(€gqngc + Egcﬁgq))2 - AUAE + egqngq + §(€2qnc2,c + Egcﬁgq)

Ae? Ae ’

An =02z, + 1k

(1.35)

Here, 2; and zp are the roots of 23, corresponding to poles in the upper half
plane with a finite imaginary part (we assume that there are no real poles). In
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the simplest case, we have zo = —z}. The initial couplings are given in (I1.5).
The constants A, As are chosen as:

e Ay-m* = —1/16 (compensating some prefactors in (1.34)),

e« Ay -m?=-1/10.

I.5 First Order Flow Equations from treating
Space and Time on equal Footing
Using the same RG procedure, we should also recover the same flow equations at

first order (up to a constant) (see again Sec. 4.8.1). As an example, we consider
the renormalization of cos(4¢4(X)):

micro.: A [ d*X cos(4dq(X)) Bod ~ (2 — 85~ (82) A
renorm.: b2€_8<(¢’1)2><>\qfd2X cos(4¢4(X)) o \q,_i -
O(s)

Using the same ‘symmetrizing’ approach (I.19), the correlation function at equal
times is given by:

77317 €<21b A
<¢a¢b>< = Xab <A€|Z|3 - A€|Z|> 05

_ [ &Q 2 o
Ao = / (2m)? (a@? — a~1k2)(a~ 102 — ak?)’ (@ —a™")Ag = ido(s),
(1.36)

where Ag(s) &~ Ap-s and Ay is a real number. The corresponding flow equation

is given by
) 2 2
[ Mgq  €qq
o~ (2 Mag _ faa ) 4 5 1.37
o, <+82_Z*<|22 Ae) 0>/\q 137

where the original case of a sharp cutoff is recovered for Ay = —|Ay| (see again
Sec. 4.8.1) with the initial conditions given in (I.5).

[.6 Limiting Case: Flow Equations for v =0

For yp = 0, the additional symmetry ¢. <> ¢, locks the cc and gg couplings
together: 7. = 0qq, €cc = €qq- Furthermore, A, A, are always less relevant
than Ay and can therefore be ignored from the start. This leads to a contour
decoupling, also in the case of interactions, and it is sufficient to consider the
couplings for the +-contour. The inverse Green’s function is given by:

Gyl =i ((ﬁfc +inZg )k — (€2 + el )w? 0 >
0,+ 0 (7]35 - anq)kQ - (636 - iEzq)MQ

(MR — W 0

= 0 77%/{2 —e2w?)
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Correlations: The inverse Green’s function gives rise to the correlation func-
tion in Fourier space

<¢0(Q)¢U(_Q)> = (ngQ - 62“’2)717
where the contour couplings are related by (n2)* = (%), (€1)* = €2. In the
time domain, we get
o0
dw ﬂ'e_th . ei‘k“tlao‘ea/na 1 No 1 ag

[ S v e oo () 0

—o0
Initially, €2 = o/7 and n2 = o — i2%L (as a sanity check: we always have an
exponential decay in time). The equal time correlator reads:

T dk 1 Qg
Or(X =000, (X =0) = —a, ] [ G = 0T log(o)

A2 [k A/¢
(1.39)

Renormalization: Integrating out the k modes in [A/e®, A], the flow equations
for the derivative couplings are:

a2, = —16 [Aié +X2 %] 4,

1
Osm? = —32)2 5 Ay, (1.40)
dun2, = 16 [Aié 22 ﬂ Ao, €
By symmetry, ei evolves as:
2 2 1
856+ = —32A+ TAQ (141)
%

Defining An := n2n% and Ae := €3 €2, the interaction coupling A} = (/\E?} +

M&Z) )/2 evolves as:

2. (e %% ngc - an ch - ng ( 2 ia+
OsAy = [2——=3 1 _ LA =2+ = A
* ( T Ae(z — 2z*) VAn vV Ae * Tper )T
(1.42)
Combining 7y and e; into K, := %, we obtain the flow equations given

in the main text (4.153) with the initial condition K (0) = 1,/1 — 22 (with

v

a4 = —1)
Note 1: To recover the flow equations in Ref. [19], A2 has to be negative.

However, there is a difference: In our case, we analyze the flow of 68Ki (also
compatible with the standard BKT flow equations), in contrast to 9sK .
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Note 2: In the case yp > 0, we have observed that the poles of the propagator
can wander onto the real axis. For yg = 0 instead, the poles oﬁr = 22k? with

2 4 2 2
+1
52 77;(; .’72cq 772+ 7 (1.43)
€oc Ti€s, €1

do not flow:

9,22 = 8, <77+> ~0. (L44)

6+
1.7 Effective Action for the relative Mode in the
Presence of random unitary Evolution
In Sec. 4.10.3, we introduced an additional random unitary evolution (with

‘imaginary noise’) of strength «;. This dynamic contribution translates into
additional contributions to the action:

i(AST 4 ASMy =
_ L / MM os(2v/26) )
2 J o X
+ (W 7M)COS(?\f(;S ¥)+ (W—’;W) cos(2\f2¢((ﬁ;()cos(2\/§¢f,f)x)
pam? [ (T con(v/20l ) cos(v20 ) cos(VB ) cos( V24,
X

In the absence of a bath, the decoupling of the 4+ contours for the relative mode
is still intact and it is sufficient to consider the renormalization of the terms
cos(2v/2¢,). Starting point are the first and second order contributions from
the coupling of the absolute and relative mode:

(AS)(a) = % (W_VW) 3 / X cos(2v261%), (L45)
o=+

% (<AS>(a) — (AS)%G)) ~ —i ((y) WA/M) Z /d2X cos( 2\f¢(r) ).
(1.46)

I[.8 Details about Solving the Flow Equations

A general feature of the BKT type flow equations like (I1.34) is that they can
result in indefinitely growing couplings beyond the Gaussian phase (there is no
interacting fixed point in this perturbative RG). Therefore, the flow has to be
terminated once the interaction couplings become large: |A\/m?| > 1. In this
regime, the perturbative treatment is not valid anymore. For (I.34), another
difficulty is the flow of the poles wpei(s) = z(s)|k|. On the one hand, z(s) can
become real at some finite sy ~ O(1). On the other hand, two poles can coalesce
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21 — 22, which also renders the flow equations invalide. Otherwise, we terminate
the flow at spmax = 100 and identify the most strongly growing coupling, which
we take as an indicator for the underlying strong coupling phase, shown in
Fig. 4.15(a). The overall scheme reads:

e Termination condition: Terminate flow once |\/m?| > 10% and/or the
imaginary parts of any pole gets smaller than [Im[z; ]| < 107!, If none
of the above applies, terminate flow at sy ax.-

o Identification: Check if any interaction fulfills [A/m?| > 1072, In this
case, identify the dominant coupling with maxyy}[9sA[, which is plotted
in Fig. 4.15(a).

¢ Numerical solver: We use the ‘DifferentialEquations.jl’-package in Julia
with the algorithm ‘AutoTsit5(Rosenbrock23())’ with ‘reltol=1e-7, abstol=1e-
7’ up to Smax = 100.

We checked that for different constant A; and As a qualitatively similar phase
diagram is obtained (A; = —0.5,4+0.1, Ap = —1/2,—1/5,—1/10 with syax = 50
and ‘reltol=1e-6, abstol=1e-6"). For larger |As| the region (C') shrinks. Using
different solvers, the detailed structure in region (M) changes, where neverthe-
less multiple couplings are strongly growing.
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